SMITH | LANGSFORD WILLING | BARNES | UTBER

JACARANDA

MATHS QUEST

AUSTRALIAN CURRICULUM | FIFTH EDITION

m -, =

‘?gﬁv’

AUSTRALIAN
CURRICULUM

v9.0

jacaranda




JACARANDA

MATHS QUEST

AUSTRALIAN CURRICULUM | FIFTH EDITION







JACARANDA

MATHS QUEST

AUSTRALIAN CURRICULUM | FIFTH EDITION

CATHERINE SMITH

BEVERLY LANGSFORD WILLING
MARK BARNES

CHRISTINE UTBER

CONTRIBUTING AUTHOR:

James Smart | Geetha James | Caitlin Mahony | Rebbecca Charlesworth

Michael Sheedy | Kahni Burrows | Paul Menta

AUSTRALIAN

CURRICULUM

v9.0
%

jacaranda

A Wiley Brand



Fifth edition published 2023 by
John Wiley & Sons Australia, Ltd
Level 4, 600 Bourke Street, Melbourne, Vic 3000

First edition published 2011
Second edition published 2014
Third edition published 2018
Fourth edition published 2021

Typeset in 10.5/13 pt TimesLT Std

© John Wiley & Sons Australia, Ltd 2011, 2014, 2018,
2021, 2023

The moral rights of the authors have been asserted.
ISBN: 978-1-394-19408-7

Reproduction and communication for educational purposes
The Australian Copyright Act 1968 (the Act) allows a maximum
of one chapter or 10% of the pages of this work, whichever is
the greater, to be reproduced and/or communicated by any
educational institution for its educational purposes provided that
the educational institution (or the body that administers it) has
given a remuneration notice to Copyright Agency Limited
(CAL).

Reproduction and communication for other purposes

Except as permitted under the Act (for example, a fair dealing
for the purposes of study, research, criticism or review), no part
of this book may be reproduced, stored in a retrieval system,
communicated or transmitted in any form or by any means
without prior written permission. All inquiries should be made
to the publisher.

Trademarks

Jacaranda, the JacPLUS logo, the learnON, assessON and
studyON logos, Wiley and the Wiley logo, and any related trade
dress are trademarks or registered trademarks of John Wiley &
Sons Inc. and/or its affiliates in the United States, Australia and
in other countries, and may not be used without written
permission. All other trademarks are the property of their
respective owners.

Front cover images: © AlexanderTrou/Shutterstock; ©
Marish/Shutterstock; © alexdndz/Shutterstock; © Vector
Juice/Shutterstock

Ilustrated by various artists, diacriTech and Wiley Composition
Services

Typeset in India by diacriTech

A catalogue record for this
I:ATE IOTA'L book is available from the
LIBRARY National Library of Australia

OF AUSTRALIA

The Publishers of this series acknowledge and pay their respects
to Aboriginal Peoples and Torres Strait Islander Peoples as the
traditional custodians of the land on which this resource was
produced.

This suite of resources may include references to (including
names, images, footage or voices of) people of Aboriginal
and/or Torres Strait Islander heritage who are deceased. These
images and references have been included to help Australian
students from all cultural backgrounds develop a better
understanding of Aboriginal and Torres Strait Islander Peoples’
history, culture and lived experience.

It is strongly recommended that teachers examine resources on
topics related to Aboriginal and/or Torres Strait Islander
Cultures and Peoples to assess their suitability for their own
specific class and school context. It is also recommended that
teachers know and follow the guidelines laid down by the
relevant educational authorities and local Elders or community
advisors regarding content about all First Nations Peoples.

All activities in this resource have been written with the safety
of both teacher and student in mind. Some, however, involve
physical activity or the use of equipment or tools. All due care
should be taken when performing such activities. To the
maximum extent permitted by law, the author and publisher
disclaim all responsibility and liability for any injury or loss that
may be sustained when completing activities described in this
resource.

The Publisher acknowledges ongoing discussions related to
gender-based population data. At the time of publishing, there
was insufficient data available to allow for the meaningful
analysis of trends and patterns to broaden our discussion of
demographics beyond male and female gender identification.



Contents

ADOUL thiS FeSOUICE...--..............o oo vii 3 Linear equations 147

ACKNOWIEAGEMENTS ... Xiv 8.1 OVEIVIEW ..o 148

3.2 Solving linear equations and inequations ...... 150

NAPLAN practice only 8.3 Solving linear equations with brackets .......... 161
Set A Calculator allowed 3.4 Solving Iir)ear equations with pronumerals

SetB N loulat onbothsides ... 165

© on-caieuiator 3.5 Solving problems with linear equations ......... 169
Set C Calculator allowed .

Set D N lculat 3.6 Rearranging formulas ........................o 175

et b Mon-calcuiator 3.7 ROVIEW oo 181
Set E Calculator allowed

ANSWEIS .o 187
Set F Non-calculator
4 Congruence and similarity 191
4.1 Overview ... 192
1 Number SkI”S and |ndex |aWS '1 4.2 Ratio and st?ale ............................................. 195

1.1 Ovemview 5 :2 (’\‘]ongruelnthflgc;iures dEIf ........ S 2(1)421

1.2 Realnumbers ... 4 4'5 S.etj’ p(;y edra and Eulers formuia ... 017

1.3 Rounding numbers and significant figures ...... 11 ’ imiar figures ... Sy

. . 4.6 Area and volume of similar figures ................ 229

1.4 Review of index laws .................................. 16 4.7 Revi 038

1.5 Raising POWErs ......................ccccoieieii, 24 A Pl ROVIBW oo 047

1.6 Negativeindices ...................ccoooiiiiii, 28 MSWEIS oo

1.7 Scientific notation ... 34 5 Pythagoras and trigonometry 253

1.8 Square roots and cube roots ......................... 41 510 )

1.9 Surds (extending) ................o 44 5'2 Pvirwew ’th '''''''''''''''''''''''''''''''''''
1,10 REVIBW ..o 56 e Ayt If"g‘:_ras fesre: o o
ANSWEIS .. 64 -3 Applications of Pythagoras’ theorem ...........

5.4 Trigonometricratios ... 274
2 Algebra 71 5.5 Calculat?ng unknown side lengths ................ 282

2.1 OVerview ... 72 :: ialc,;ulatl?glunktr'lown anles """ S 22;

2.2 Using pronumerals ...................cccoooi, 74 5.8 Rng.es ot elevation and depression ...

2.3 Algebra in worded problems ........................... 83 A ’ eview

2.4 Simplification of algebraic expressions ........... 88 NSWETS oo

2.5 Expanding brackets ... % 6 Linear and non-linear graphs 321

2.6 Difference of two squares and perfect )

SOUANES .....o.otooooeoee oo 104 6.1 Over.vleV\{ '''''''''''''''''''''''''''''''''''''''' 322

2.7 Further expansions ......................... 109 6.2 Plotting Ilnee.Ir graphs ... 325

2.8 The highest common factor ..................... 112 6.3 Features 0T linear graphs e 331

2.9 The highest common binomial factor ............ 118 6.4 The eq%Jatlc?n of astraight line ... 339
2.10 Solving worded problems ... 122 6.5 Sketching linear graphs ...
2.11 Review 131 6.6 Technology and linear graphs ...

AnSwers 138 6.7 Practical applications of linear graphs .......... 360
6.8 Midpoint of a line segment and distance

between two points ... 365

6.9 Non-linearrelations ...........................oo 371

6.10 RevView ... 385

ANSWEIS ...t 393

Semester review 1 only 410

CONTENTS v



vi

7 Proportion and rates

7.1 Overview ..................cccooei.

7.2 Direct linear proportion

7.3 Proportionality ....................oo

7.4 Introductiontorates ...

7.5 Constant and variablerates ........................ 429

7.6 ReVieW ..................cccciiii 436
ANSWEIS ... 444

8 Financial mathematics

9 Measurement

(extending)
8.1 OVerview ...
8.2 Salaries and wages ...
8.3 Penaltyrates ...
8.4 Simpleinterest ... 461
8.5 Compoundinterest .............................. 469
8.6 Review ... 478
ANSWENS ..ot 483

9.1 Overview ...................
9.2 Measurement
9.3 Ar€a ...

9.4 Area and perimeter ofasector ..................... 512
9.5 Surface area of rectangular and triangular
PriSMS ..o 519
9.6 Surface areaofacylinder ............................. 525
9.7 Volume of prisms and cylinders .................... 530
9.8 Review ... 543
ANSWENS ..ot 552
10 Probability 557
10.1 OVerview ... 558
10.2 Theoretical probability ................................. 564
10.3 Experimental probability ............................... 571
10.4 Venn diagrams and two-way tables .............. 580
10.5 Compound events ....................ccccciiiiiin, 597

10.6 Review
Answers

11 Statistics 625
11.1 OVerview ... 626
11.2 Collectingdata ..................oo 630
11.3 Organisingdata .....................ccooo 639
11.4 Displayingdata ......................ooooo 649
11.5 Measuresofcentre ... 664
11.6 Measures of spread .................ccooc 680
11.7 Review ... 689
ANSWEIS ... 695

CONTENTS

12 Quadratic equations and

graphs 707
12.1 OVerview ... 708
12.2 Quadratic equations (extending) .................. 710

12.3 The Null Factor Law (extending)
12.4 Solving quadratic equations with two

terms (extending) ... 719
12.5 Factorising and solving monic quadratic
equations (extending) ..................
12.6 Graphs of quadratic functions
12.7 Sketching parabolas of the form y=ax*> ... 738
12.8 Sketching parabolas of the form
Y= =) Ak 744
12.9 Sketching parabolas of the form
y=@x+a)x+b)(extending) ... 756
12.10 Applications ....................c 760
12, 41ReVIeW ... 766
ANSWEIS ... 775
Semester review 2 only 800
13 Algorithmic thinking only
13.1 Overview
13.2 Programs
13.3 Arrays
13.4 Loops
13.5 Set structures
13.6 Sorting algorithms
13.7 The Monte Carlo method
13.8 Review
Answers
GlOSSANY ..o 802
INAEX e 808



About this resource

32 The real number system

LEARNING INTENTION

ST

= ey smat e sn s

@ 3.2 Introduction to real rumbers
T

usbetarsad by e aynkad 1.

T

JACARANDA

MAT

e s es se e

S QUEST

g

i

i
selnb

AUSTRALIAN CURRICULUM
FIFTH EDITION

NEW FOR

CURRICULUM V9.0

Developed by teachers for students

Tried, tested and trusted. The fifth edition of the Jacaranda Maths Quest series, revised fourth
edition, continues to focus on helping teachers achieve learning success for every student —
ensuring no student is left behind, and no student is held back.

Because both what and how students learn matter

Learning is personal

Whether students need a challenge or a
helping hand, you’ll find what you need to
create engaging lessons.

Whether in class or at home, students
can get unstuck and progress! Scaffolded
lessons, with detailed worked examples,
are all supported by teacher-led video
elLessons. Automatically marked,
differentiated question sets are all
supported by detailed worked solutions.
And Brand-new Quick Quizzes support
in-depth skill acquisition.

Learning is effortful

Learning happens when
students push themselves.
With learnON, Australia’s
most powerful online
learning platform, students
can challenge themselves,
build confidence and

ultimately achieve success.
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Learning is rewarding

Through real-time results data,
students can track and monitor
their own progress and easily
identify areas of strength and
weakness.

And for teachers, Learning
Analytics provide valuable insights
to support student growth and
drive informed intervention
strategies.

ABOUT THIS RESOURCE vii



| earn online with Australia’s most

Trusted, curriculum-aligned content
Engaging, rich multimedia

All the teacher support resources you need
irl one Sim ple View ¢ Deep insights into progress

Immediate feedback for students

Create custom assignments in just a few clicks.

Practical teaching advice and ideas for i

each lesson provided in teachON
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At the end of this subtopic you should be able to: 3-1
= classify real numbers as irrational or rational
» classify rational numbers as integers or non-integers o
 place real numbers on a number line.
Place the follow
a —4
Teaching videos for all lessons © 3.2.1 Introduction to real numbers
* The real number system contains the set of rational and irration } }
is denoted by the symbol R. 5 4
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Drag and drop cack number into its appropriate real sumber category.
Select the Submit button to check your work. b3
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and interactivities

" : ———
Irrational Nofn-imteger Negative Positive
k s s i 2
e — egan itegers
L et Drop here Drop here Drop here Drop bere Deop here Y

[ X N N N N J
[ XX N N NN J
[ XX N N NN J
[ N N N N N J

STUDENT RESU

{ 3.1 OVERVIEW

viii ABOUT THIS RESOURCE



powerful learning tool, learnON
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3.3 ADDING AND SUBTRACTING FRACTIONS

New! Quick Quiz questions for

skill acquisition

Differentiated question sets

Teacher and student views

Textbook questions

Fully worked solutions

eWorkbook

Digital documents

Video elLessons

Interactivities

Extra teaching support resources

Interactive questions with
immediate feedback
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Get the most from your
online resources

Trusted Jacaranda theory, plus tools
to support teaching and make learning
more engaging, personalised and visible.

complete package

learnIQ) iscorsrsia wat
Embedded
interactivities and
videos enable students
to explore concepts and
learn deeply by ‘doing’.
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New teaching videos for every
Dv= no. drink dviviva charges lesson are designed to help
- o 2 students learn concepts by
plite patrols having a ‘teacher at home’, and
‘ are flexible enough to be used for
: pre- and post-learning, flipped
ih classrooms, class discussions,
remediation and more.
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Brand new! Quick
Quiz questions for skill
acquisition in every

lesson.
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Flowcharts

Three differentiated question sets,
with immediate feedback in every
lesson, enable students to challenge
themselves at their own level.

Instant reports give students visibility
into progress and performance.

Every question has immediate,
corrective feedback to help students
overcome misconceptions as they
occur and get unstuck as they study
independently — in class and at home.
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Maths Quest 7 includes Powering up for Year 7

A six-week ‘Powering
up for Year 7’ online
program is designed
to plug any gaps from
earlier years.

NAPLAN Online Practice

Go online to complete
practice NAPLAN
tests. There are

6 NAPLAN-style
question sets available
to help you prepare for
this important event.
They are also useful
for practising your
Mathematics skills in
general.

eWorkbook

| I

NAPLAN: strategies and tips

NAPLAN:
Strategies and Tips

NAPLAN:
Strategies and Tips

Also available online is a
video that provides strategies
and tips to help with your
preparation.
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The eWorkbook enables teachers and students to
download additional activities to support deeper
learning.



A wealth of teacher resources
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Customise and assign

Enhanced teacher support resources

for every lesson, including:

e work programs and curriculum grids

¢ practical teaching advice

¢ three levels of differentiated teaching
programs

e quarantined topic tests (with solutions)

learnElR] luam s G 7

Select your content
7 Mevntuges
2mgete:

An inbuilt testmaker enables you to create custom
assignments and tests from the complete bank of

thousands of questions for immediate, spaced and
mixed practice.

Reports and results
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Data analytics and instant reports provide data-driven
insights into progress and performance within each
lesson and across the entire course.

Show students (and their parents or carers) their own
assessment data in fine detail. You can filter their
results to identify areas of strength and weakness.
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NAPLAN practice

Go online to complete practice NAPLAN tests. There are 6 NAPLAN-style question sets
available to help you prepare for this important event. They are also useful for practising

your Mathematics skills in general.

Also available online is a video that provides strategies and tips to help with your

preparation.

SETA
Calculator allowed

SETC
Calculator allowed

SETE
Calculator allowed

xvi NAPLAN PRACTICE

SETB
Non-calculator

SETD
Non-calculator

SETF
Non-calculator



NAPLAN practice

Overview
Why learn this?

Our lives are interwoven with mathematics. Counting, measuring and pattern-making are all part of everyday
life. We use numbers to mark significant events (such as birthdays) and for identification (such as passports and
credit cards). We use numbers to describe ourselves (for example our height and weight). Shopping involves
understanding numbers, and tallying scores in sports requires a comparison of numbers. You may not realise just
how much you rely on numbers.

@ Video eLesson NAPLAN: Strategies and tips (eles-1688) |
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Set A

Calculator allowed

1.

10.

11.

. The graph shows the number of juices sold each day of a particular

(102 +12+3) = (=8)=7?

. Lena wants to make 2 chocolate cakes. The recipe for a

Which of the following is the longest time?
A. 95000 seconds B. 22 hours C. 1800 minutes D. 1 day

. Anne bought 20 pens and Jo bought 30 pens. Each pen costs the same amount, and the pens cost $75

altogether. How much did Jo pay for her pens?

. When a ball is dropped it bounces on the ground. The maximum height reached after each bounce is half

the distance the ball drops. If a ball is dropped from a ladder 6 m above the ground, what is the total distance
travelled by the time the ball hits the ground the third time?

A.9m B. 18m C. 10.5m D. 15m

. Last year at Fern Hill High School, there were 985 students. The student population has increased by 20%

this year. How many students are at Fern Hill High School this year?
A. 1000 B. 1182 C. 1218 D. 1320

. The length of a rectangle is 9 cm and its perimeter is 30 cm. What is the area of the rectangle?

A

~
o
1

week at a school. Calculate the mean daily number of juices sold at the
school that week.

(O8]
(=]
L

Number of juices sold
(3]
S

A 13 B. 14 o H
c. -13 D. —14 ﬂ
. 3 expressed as a percentage is: Mon. Tues. Wed. Thurs. Fri.
8 Day of week
A. 30.8% B. 13%
C. 37.5% D. 0.375%

chocolate cake is:

1% cups self-raising flour

1
— cup sugar
> p sug

2 tablespoons cocoa

legg

125 grams butter.

How much of each ingredient will she need to use?
cups self-raising flour

cup sugar

- tablespoons cocoa

eggs

grams butter

In the diagram shown, what is the value of x?
A. 110° B. 105° c. 120° D. 100°

Express in binary form.
113,
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12.

13.

14.

15.

16.

17.

18.

19.

Jen bought a car on sale for 15% off the original price, which was $12 500. How much did she pay for
the car?

A. $1875 B. $8505 C. $10625 D. $10510

Connor climbs to the summit of a mountain 4250 m above sea level. Inga is scuba diving at the bottom of the
ocean. The ocean floor is 27 metres below sea level. What is the vertical distance between Connor and Inga?

The ratio of cordial to water in Shinji’s favourite drink is 2 : 5. How much water does he need to add to
80 mL of cordial to make his favourite drink?

A. 100 mL B. 200 mL C. 300 mL D. 400 mL

Which of the following represents the right side view of the 3-dimensional .

figure shown? °

A. — B.
| :

(& ] D. ]

A rectangular paddock is surrounded by a fence. The perimeter of the paddock is 870 m. If the length of the
paddock is 65 m longer than its width, calculate the dimensions of the paddock.

Calculate the area of material required to make the tent shown, including
the floor. 1.8 /
A 12m? B. 12.5m? Lk
C. 12.45m? D. 24.45 m? I%I
Sm =< >

Write the rule for the following pattern made from sticks.

HpEEENEEEE

Let s = number of squares.
A.n=2s+2 B.n=3s+1 C. n=4s D. n=s+3

]

If 1 teaspoon = 5 mL and 1 tablespoon =20 mL, how many teaspoons are there in a tablespoon?
A3 B. 4 C.5 D. 2
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20.

21,

22,

23.

24,

25.

26.

27.

28.

29.

30.

The total surface area (TSA) of a cylinder can be found using the formula
TSA =27r (r+ h) where r is the radius and 4 is the height of the cylinder.
Find 7 when r =4 cm and the TSA is 377 cm?.

A car travelled at 60 kilometres per hour for 2 hours and 15 minutes. How far did
it travel?

A. 165km B. 120km C. 75km D. 135km

The table below shows the times for 4 students to run 100 m.

Student Mitch Josh Ben Liam

Time (s) 14.2 15.4 14.8 14.4

What is the average (mean) time the 4 students ran 100 m?
Which of the following is the smallest number?

A V6 B. 0.18 c. 0.52 D.

oo | W

Complete the following to make this equation true. 13 X (15—-1)=180 + ?

The diagram shows a bag of tokens. Aneko chooses a token from the bag without
looking. What is the chance of Aneko choosing a star token?
3 1 1 1
A. — B. - C. - D. —
10 3 4 2

Which of the following diagrams shows an equilateral triangle?

Il
)

<>

OO ®

Y @¢g
© 0%

@

TS

What is the volume of this rectangular prism?

6 mm

~ 5 mm

What is the longest pencil that can fit inside the box shown? (Round

—

to I decimal place.)
A.269mm  B. 25mm C.224mm  D. 24.6 mm

10 mm
Which coordinates will the graph of y = —2x + 1 pass through? | #*
A (5, 11) B. (5,-9) c.(1,3) D. (1, —=3) 20 mm
If a = —3, then 34> equals:
A. 27 B. —27 C. 81 D. —81
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Set B

Non-calculator

1. How many faces does a rectangular prism have?

A 4 B. 6
C.8 D. 12

2. Oranges sell for $2.50 per kilogram. What is the total cost of
3 kg of oranges?

A. $2.50 B. $5.00
C. $4.50 D. $7.50

3. A fair, six-sided die is rolled. What is the chance of it landing on a 2?

Al B. - c. 1 D. 2
6 3 2
4.74+(2%x5-9="?
A. 36 B. 17 C.8 D. 7
5. Evaluate 1.3 X 0.6. YA
6. What is the equation of the graph shown? -1/
A y=x+3 3
B.y=x-3
C.y=3x+3 /
D. y=3x-3
/ 1
‘_z -3 ) / 0 ) 3 E
1
/ 2
3
Ty
7. Draw a linear graph using the table of values below.
-3 -2 -1 0 1 2 3
2 1 0 -1 -2 -3 —4

8. Sivan recorded the colour of cars travelling along her street between 9 am and 10 am.

Colour Blue White Red Silver | Black Gold
Number 1 6 2 5 3 3

What was the percentage of white cars?
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9.

10.

11.

12,

13.

14.

15.

16.

17.

18.

19.

20.

What type of angle is this? C
A. Acute

B. Obtuse

C. Reflex

D. Straight A B

What is the inequation that represents the interval shown on the number line? o————
A 1<x<6 B. 1<x<6 C.1>x>6 D. 1<x<6 0123456

A store is having a 25% off sale. What would be the reduced price of an item that
was originally $120?

A. $40
B. $30
C. $100
D. $90

Two friends share 24 lollies. One friend gets twice as many as the other. How many lollies do they
each receive?

A. 10 and 14 B. 8 and 16 C. 6and 18 D. 4 and 20

Calculate the product of % and %

A 1L B. — c. 2 . 2
12 10 12 8
The sum of 3 consecutive odd numbers is 21. Which equation best represents this situation?
A. x+3=21 B. 3x=21 C.3x+6=21 D. 6x+3=21
Find the mean and the median of the data below. 2, 1, 5, 5, 4, 0, 2, 5, 2, 6
A. Mean = 3, median =2 B. Mean = 3.2, median =4
C. Mean = 3, median = 3 D. Mean = 3.2, median =3
The Venn diagram shows the number of students in Year 9 who play z
basketball, tennis and hockey. Find n(tennis N hockey)’.
A. 61 B. 78
c. 70 D. 64
Evaluate 3% + 23 + 3°.
A. 40 B. 44
C. 36 D. 38

What is the missing number?
5000+ 70047+ 6=15746

A piece of string 30 cm long forms a rectangle. If the length of the rectangle formed is 10 cm, what is
its width?

A. Scm B. 10cm C. 15cm D. 20cm

Which of the following is the top view of the 3-dimensional figure shown?

A. B. C. D.
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21.

22,

23.

24,

25.

26.

27.

28.

This ruler is used to measure the height of a teacher. How tall is the teacher?

A. 1.6 m
B. 1.75m
C. 1.075m
D. 175m

A roof makes an angle of 40° with the ceiling.
What is the value of x?

A. 50°
B. 40°
C. 45°
D. 90°

The stem-and-leaf plot shows the number of goals scored in each netball match over a
season. The range is:

A. 48 B. 50 C. 14 D. 42

A circular spinner with 5 equal-sized sectors is labelled from 1 to 5. The spinner is spun.
What is the probability of it landing on an odd number?

A3 B. l C. i D.
2 5

W | =

Write an expression to represent the following:
P is added to the square of ¢ and then the sum is divided by y.

If one hour of parking costs $4.50, how much will it cost to park from 9 am until 2 pm?

A. $45 B. $22.50 C. $20 D. $16.50

Leaf

49
579
1248
04
47

A map has a scale showing that 1 cm on the map represents an actual distance of 2 km. Write the appropriate

scale ratio for this map.

A 1:2 B. 1:200 C. 1:2000 D. 1:200000

The shape shown is rotated 90° in a clockwise direction around the black dot. Which of
the following choices represents the result?

A. B.
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29.

30.

ABC is an isosceles triangle. What is the value of y?

A5 B. 7

c.9 D. 11

Which of the following is the net of a cube?

A ] B. [1]
[ ] -

C. ] D. [

Set C

Calculator allowed

1.

. Solve the equation for q. —

The cube root of 64 is between:

A. 12 and 13 B. 12 and 32
C. 23 and 42 D. 32 and 42

. A javelin is thrown 3 times. The mean distance of the 3 throws is 55 m. The

fourth throw reaches 63 m. What is the mean distance after 4 throws?

A. 52m B. 57m
C. 55m D. 60m

. The monthly cost (C) of renting a mobile phone is given by the equation

C =20+ 0.2x, where x is the call time in minutes. If February’s bill was
$120, the call time was:

A. 300 minutes B. 100 minutes
C. 500 minutes D. 450 minutes

. A music store has two promotions running at the same time:

* Buy 2 CDs for $26.95 each and get the third free.

® 30% off all CDs which normally retail at $24.95 each.

If Emma wants to buy three CDs, what is the best price she can get?
A. $53.90 B. $52.40 C. $51.90

number?

2y+5 3y-2

D. $54.50

. A number is multiplied by 3, then 12 is subtracted. The final answer is the square of 6. What is the original

. A painter quotes $448 to paint the walls of a bedroom with the following dimensions:

length =4m
width =3 m
height =3.2m.
How much extra will he charge to paint the ceiling as well (at the same original cost per square metre)?
A. $100 B. $110
C. $120 D. $150
3—-4q

1
4
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8. What is the equation of the graph shown? 6y\
A y=—=2x-2
B. y=2x—2 4
C.y=—2x+2 o
D.y=2x+2

10.

11.

12.

13.

14.

15.

16.

17.

4
-6
Y
. For the triangle shown, x equals: B
A. 16 B. 17 [>
C. 18 D. 19
The scale 200cm < 4m simplifies to the ratio:
A1:2 B.1:4 >
C.2:4 D. 50:1
>
A

A house is bought for $450 000 and sold for $525 000. Express the profit as a percentage of the cost price.
(Round to 2 decimal places.)

A. 14.29% B. 16.67% C. 85.71% D. 16.7%

A 300-g block of chocolate is to be broken into its
individual squares. What is the mass of 4 squares
of chocolate?

A. 10g
B. 16¢
C.5¢g
D.20¢g

The area of the composite shape shown is:

5cm+

What is the next term in the following pattern? 1, 4, 9, 16, ...
A. 20 B. 25 C. 29 D. 36

A cyclist travels 15km in 30 minutes. The speed (in km/h) she is
travelling is:

A. 40km/h B. 60km/h

C. 80km/h D. 30km/h

The intersection point fory=2x+4 and x+y=11is:

A (=2, 1) B. (-1, =2) c. (-1, 2) D.(2, 1)

The factorised form of 2x?y> — 6xy? is:

A. 2xy? (xy —3) B. 2xy (xzy - 3)
C. 2xy (xy —6) D. 2x’y (xy —3)
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18. The graph shows the frequency of the number of bread rolls bought at a
bakery. What is the total number of rolls bought?

A. 200
B. 188
C. 150
D. 168
19. What are the mean and median of the data shown in the table?
Score (x) | Frequency
1 1
2 2
3 3
4 4

A. The mean is 3 and median is 4.
B. The mean is 3 and median is 3.

20. Which number is exactly halfway between 3.25 and 4.75?

A. 3.95 B. 4.15 C. 4.25
21. Write a fraction equivalent to 0.75.
22. Which diagram is the net of a square-based pyramid?

A. B. C.

23. The table summarises how much time Lian spent on her Maths project.

What was the average amount of time each day Lian worked on her
project?
A. 25 minutes
B. 30 minutes
C. 43 minutes
D. 1 hour

24. Draw a line of symmetry through the diagram.

?

25. If x = —2, what is the value of 5

—
1

B. -
4

=
SR
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Frequency

Fo 0 —
6 -
4 -
i H i
T T T T T -
" 4 8 12 16 20
Number of rolls bought
at a bakery

C. The mean is 4 and median is 3.
D. The mean is 4 and median is 4.

Time spent on project

Day Time
Monday 30 minutes
Tuesday 15 minutes
1
Wednesday 1 1 hours
Thursday 50 minutes
Friday 45 minutes

W | =




26. A map of Fern Island is shown below.

Treasure

Point
Shipwreck

What direction is the treasure from Point Shipwreck?

27. The shape at right is to be enlarged by a factor of 3.
The new area will be:

A. 3 times the original area
B. 6 times the original area
C. 9 times the original area
D. 12 times the original area

28. Complete the table of values for the rule y = 3x°.

4’2

+2cm

x =3 -2 -1 0 1 2

y

12 cm

29. The population of a city is expected to increase by 2.5% each year for the next 5 years. If this city’s current

population is 300000, what is it expected to be in 5 years’ time?

A. 339422 B. 755000 C. 3750345

D. 355406

30. Find the area of material (m?) needed to make a circular cushion with a diameter of 110cm.

Note: Two pieces of material are cut out and sewn together to make the cushion.

A. 2.5m? B. 2.0 m? C. 1.9m?

Set D
Non-calculator

. . . 2
1. What is the equivalent fraction to 35?

17 11 17
A — B. — Cc. —
3 5 5
> 1| s
2. The value of (—) +2—| +=1is:
2 4 7
A B B. 3. c.4l
14 2 2

Jacaranda Maths Quest 9
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3. A large cube, shown at right, is painted blue. How many cubes, inside this large
cube, have no painted faces?

A. 8

B. 16
C. 36
D. 64

4. A glass of water (250 mL) is poured from the jug. How much water is left in the jug?

A. 1.75L 2L
B. 1.5L
C. 1.25L 1L
D. 1L
5. Measure the size of the unknown angle, x, using the protractor.
R0 90 10p I
® o 10 90 80 700 2
S % /7,
N 2
NS %
v 2%
Ve 2%
°E :
A. 125° B. 66° C. 54° D. 126°
6. 14.076 — 9.25 equals:
A. 4.826 B. 4.51 C. 4.926 D. 0.482
7. Jake recorded his classmates’ preferred ice-cream flavours in the table below.
Ice-cream flavour Number of students
Chocolate 14
Vanilla 3
Strawberry
Choc-mint 6
What percentage of students prefers choc-mint flavoured ice-cream?
A. 60% B. 20% C. 6% D. 25%
8. A car travels at 75 kilometres per hour. How far will it travel in 4 hours?
A. 300km B. 150km C. 100km D. 250km
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9.

10.

11.

12.

13.

14.

1
Which of the following diagrams shows the arrow below multiplied by a scale factor of 5?

XZis 32cm. XY is a quarter of the distance of XZ. Find YZ.

- >

X Y zZ

A. 8cm B. 16cm C. 20cm D. 24cm

How many sticks would be needed to make the Sth shape in R
this pattern?

A. 10 1 [ 1
B. 16 ' ‘ : 1 ‘ !

C. 28

D. 34 8 o . o o s ..

To convert from degrees Fahrenheit (°F) to degrees Celsius (°C), the following formula is used:
5

C=—-(F-32).
o ( )

What is the Fahrenheit temperature equivalent to 35 °C?

A. 86°F B. 95°F C. 70°F D. 100°F
The two points A and B are on which line? Y
A y=1—x B. y=x+1 ;:
C.y=x—1 D.y=3—x 1A
. 4 T T T 0 T T T

Solve the equation 2 7=11. 3-2-L4 1237

5 -2 eB
A.m=5 B. m=4 -3
C.m=-5 D. m=2
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15.

16.

17.

18.

19.

20.

21,

22.

23.

24,

25.

26.

27.

A football team played 22 games during a season. The team won 4 more games than it lost. How many
games did the team win?

A9 B. 11 c. 13 D. 14
«BAD and #BCD are supplementary angles. B C
£ABC is 130°. Find the size of ZADC.
Draw the reflection of the shape shown below.
| 75°
i A D
|
|
|
|
|
|
|
|
|
If p=3and g = -5, evaluate ¢*> — 2p.
A. =31 B. —19 C. 21 D. 19

The area of a circle is A = 7rr2. Which value best estimates the area of a circle with a radius of 5cm?
A. 75 cm? B. 15cm? C. 50 cm? D. 7.5cm?

This dot plot shows the ages of people in a choir.
What is the most common age of the choir members?

A. 50 B. 58 o o . . ..
¢ % - 60 SRR RS
. o . . . .. 9 < T T T T T T >
What is the probability of getting Tails when a fair coin is tossed? 5051 52 53 54 55 56 57 58 59 60
A. 0 B. l Ages of people in a choir
2
1
c. 1 D. —
3

Insert ‘<’ or >’ to make this statement true. 4> 2°

The following scores were recorded in a test: ;—(8) and 88%.
Which is the higher score?

The cost of two different books is in the ratio 4 : 5. If the
more expensive book costs $25, what does the cheaper
book cost?

A. $5 B. $10

C. $15 D. $20

Calculate the valueof 3 m 75 cm + 5 m 36 cm.
A. 8m 95cm B.9m llcm

C.9m 20cm D. 8m I1cm

2
There are 60 squares in a chocolate block. If Stef eats 3 of the block, how many squares are left?

A. 30 B. 25 C. 20 D. 15

The length of a rectangular sporting field is four times its width. If the perimeter of the field is 200 m, find
the length and width.
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28. A bag of marbles contains 22 red, 20 yellow, 15 green and 18 blue marbles. Darcy chooses one marble
without looking. What is the chance it will be green?

1 1 1 1
A. - B. - C. - D. -
3 4 5 6
29. Which pair of shapes fits together to make a cube?
A e . B. . .
C.-* ° D. R ° ° . R
30. What shape is revealed when a triangular prism is cut vertically?
Knife Triangular
— < prism
A. Triangle B. Square C. Rectangle D. Trapezium

Set E

Calculator allowed

1. The volume of a cylindrical glass with diameter 7.2 cm and height 15.4 cm is:

A. 2L B. 627 cm?
C. 550 cm? D. 750 mL

2. Use the diagram below to determine the values of x and y.

L

y/y
/
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10.

11.

12.

13.

. A square window is to be inserted into a square wall. The side length of the window is
70 cm. What is the area of the remaining wall?
A. 39200 m?
B. 3.92m?
C. 441 m?
D. 6.8 m?
. The formula y = ==— rearranged to make x the subject is:
S5y—3 4y -5 3y+4 4
A.x=—y B.x=—y C. x= v+ .x=—5y+
4 3 5 3
. How many hours are there in 4 weeks and 3 days?
. The value of x in the diagram is equal to: ]
A. 107° *
B. 110°
c. 77 730
D. 90° ]
. An unknown number is multiplied by 6 and then added to 4. The result is 46. Which equation best

describes this?

A. 6+4x=46 B. 46+ 6x=4 C. 6x+4=46 D. 6(x+4)=46
. The number line shown can be described by the equation: O ——
A x < —1 B.x > —1 C.x > —1 D.x <1 -1 01 2 3 4

. Arrange the following in descending order.

1\* 1
2.202,0.12, <—) ) \/j 0.01
2 4

A car uses 10L of fuel to travel 80 km. How much fuel is needed to travel 400 km?
A. 30L B. 40L c. 50L D. 60L

A length of rope is 7.5 m. It is to be cut into 2 pieces in the
ratio of 2:3. What will be the two new lengths?

A. 2.5m and 5m
B. 3mand 4.5m
C. 3.5m and 4m
D. 1m and 6.5m

A 5-kg bag of potatoes cost $7.99. The cost of loose potatoes @rz, -
is $1.55 per kg. Is it cheaper to buy:

A. 5kg of loose potatoes?
B. a 5-kg bag of potatoes?

Which diagram of the net of a cube has opposite faces that sum to 7?

A. —] B. . C. " D. P
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14.

15.

16.

17.

18.

19.

20.

Which of the following shapes is represented by the net shown at right?

A. A triangular prism

B. A triangular pyramid
C. A square pyramid
D. A cube

If A = {odd numbers between 0 and 10} and B={3, 6, 9} then A U B is equal to:
A {1,3,5,7,9} B. {3, 9} C. {2,4,8,10} D. {1,3,5,6,7, 9}
The following map shows campsites in a campground.

15
14
13
12
11
10

XS
o

=]

L Jos)

Toilet N
L 2

A E
. .

— N Wk NN X

ABCDEFGHTIJKLMN

Jon is camped at grid reference C2. If he is facing north and looks due east, what is he looking at?
A. Toilets B. Campsite C C. Campsite A D. Campsite E

Using the similar triangles shown below, find the value of x.

1.3 3.9
2.1 .
X
A. 1.3 B. 2.6 C. 63 D. 9.3
The perimeter of the race track shown to the right is: Y
A. 390.23m *44m
B. 3952m Y
C.405m <126 m—>
D. 309.35m

There are 1500 people in a fun run; 1125 are over 18 years of age. What percentage of people are aged
18 years and under?

A. 25% B. 55% C. 45% D. 35%

The vertices of a triangle are A (1, 1), B (3, 4) and C (4, 2). Give the vertices of the triangle if it is reflected
in the y-axis.
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21. The data in the table below shows the number of books read by 6 students in Year 9 during one month.

22.

23.

24,

25.

26.

27.

Number of books read 3,6,8,4,4,2

Which of the following is true?

A. Mean = median
B. Median = mode
C. Mean = mode
D. Mean < mode

A bike worth $420 has been reduced by $x. The new value of the bike (in dollars) is:

A. 420 —x
B. 420x

c. 30

X
D. 420+ x

X and Y are 12.5 cm apart on a map.
Calculate the actual distance between X and Y using the given key.

A. 12.5km
B. 7.5km
C. 75km
D. 42km

Pat bought a packet of 100 marbles for $5.00. The cost of one marble is:

A. $0.50 B. $0.20 C. $0.02

D.

Lo

°Y

Key: 1 cm < 6 km

$0.05

A bag contains 6 red, 8 green and 4 blue counters. What is the ratio of red to blue counters?

A. 3:2 B. 2:3 C.3:4

The graph at right shows the distance travelled by a hiker. The
average speed of the hiker is closest to:

A. 15km/h

B. 1km/h

C. 2km/h

D. 8 km/h

What is the value of x on the number line shown?

Y
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28. Which window has the largest area?
A. Yy B. T
l.im
25m =< 32m >|
Y
f«——1.5m—
C. ry D. T
I 1.3 m
2.7 m AL
l =< 5.5m >
fe——2.7m——
29. What is the size of £XYZ?
80 90 100
LS w0 71"]05% ; Z
0 L3y
N ;\"-9 ) 5 ; %
s o
X— ¥ ==
30. 24%x7=16
The missing value is:
1 2 1 3
A — B. — C. — D. —
3 3 2 4
Set F
Non-calculator
1. The sum of 11 and a number, r, is 37. What is r?
A. 27 B. 14 C. 26 D. 8
2. 1/150 is between:
B. 10 and 12 C. 12 and 14 D. 14 and 16

A. 8and 10
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3. The arrow on the spinner is spun 50 times. Which table is most likely to represent the results?

A Colour Number of spins 5 Colour Number of spins

Red 25 Red 16

Blue 17 Blue 25 <

Yellow 8 Yellow 9 w
c. Colour Number of spins P Colour Number of spins

Red 8 Red 25

Blue 15 Blue 12

Yellow 27 Yellow 13

1 1
4. You are going to share 31 pizzas with your friends. How many P sized slices can you cut from the pizzas?

A. 20 B. 19l C. 18 D. 16l
2 2
5. 2X2X2X2xX2is equal to:
A 22x2? B. §%X2 C.2x5 D. 42x2
6. There are 12 boys and 14 girls in a class. What fraction of the class is boys?
6 6 1 3
A. — B. - C. - D. -
13 7 2 4

7. Of 100 000 newspapers printed, 5% are delivered to homes, with the remaining papers going to the
newsagent. How many papers are delivered to the newsagent?

A. 5000 B. 50000 C. 95000 D. 75000

8. A cricketer played 10 innings and scored the following number of runs.
45,0, 33,7, 11, 25, 57, 80, 33, 47
What will change if the score of 80 is removed from the set?
A. Mean and range
B. Mean and mode
C. Mean and median
D. Mean only

9. The side view of an A-frame swing looks like this. C
«#BCD =68°
Find «BDC and «DEF.
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10. How many faces does this pyramid have?
A 4

~N O\

B.
C.
D.

11. For the following graph, state the domain (possible x-values) and range (possible y-values).
Y

12. Which of the following represents the reflection of this triangle in the mirror shown below?

]

I

]
A
:

]

]

]

]

|
B C !
]

I

:

A. I C B B. A
: :
| |
I |
I |
: :

Al I C B
I A B C |
: :
] ]
] I
I |
l l
B C | P A

C. : D. !
] ]
| |

Al A AlA
: :
] ]
] ]
] ]
] ]
I I
| |

B C !B C B cC!C B
l l
] ]
I I
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13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

24,

n—dqr

p

Which of the following is the rearranged version of the formula m = ?

_m+qr
P

+ D. n

A. p=mn—qr B. n=mp+qr C.n=

S IR

n
p

If a number is halved and then increased by 4, it will be equal to 2 less than the original number. What is the

original number?
A8 B. 10 c. 12 D. 20

When a =1 and b = —1, the value of (a — b)2 is:

A. 0 B. 1 c.2 D. 4

Which linear graph joins the points (5, —9) and (=3, 7)?

Ay=x+4 B.y=2x+1 C.y=—x—4 D. y=—2x+1

A T-shirt worth $35 is discounted by 15%. Which of the following calculations gives the new price?
A. 35%0.85 B. 35x%0.15 C. 35+0.15 D. 35—-15

A fair coin is tossed twice. Write down the four possible outcomes.

Which of these patterns does not possess a line of symmetry?
A ] B. ] C. ] D. ]

Arrange the following in ascending order.

1 1\°
~.0224/4, (-
2 \/_ <2>

—X

The solution to 4 —5>3is:

A. x> 20 B. x>-20 C. x<-20 D. x <20

Fill in the missing value to make the following equation true.
22h—-1)=3h-2+7?

Evaluate\/ (=2)% + (—4)* +5.

3 5
AS B. 25 c. 10 D. 15 O Vi H

What is the probability of choosing a 5 in a regular deck of cards (no jokers)? '
5

A o A ¥ ¥

5 IR T
c. — \4

o1 ® 0|V v
2
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25.

26.

27.

28.

29.

30.

What percentage of this shape is shaded?

A. 8%

B. 20%
C. 50%
D. 40%

The probability of hiring a certain coloured bicycle is shown in the table below.

Colour White Red Silver Blue
Probability 0.55 0.25 ? 0.05

What is the probability of hiring a silver bicycle if there are no colours other than the ones shown?
A. 0.15 B. 0.25 c.0.2 D. 0.5

Two people buy a $5 ticket in a $200 000 lottery. They each contribute $2 and $3. How much would each
collect if they won?

Andrew rides x km to school. Isabelle rides 3 km more. Together they ride 13 km. Which equation represents
this situation?

A.x—3=13 B.2x+3=13 C.x+3=13 D.2x—3=13

The maximum temperature recorded for a June day was 14°C. The minimum temperature recorded that day
was —2°C. What is the difference between the maximum and minimum temperatures recorded that day?

The mean, median and mode for the following set of data is:
0,1,1,2,3,3,3,3

A. Mean =2, median =3, mode =1

B. Mean =2, median =3, mode =3

C. Mean =2, median = 2.5, mode =3

D. Mean = 3, median = 2.5, mode =3
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Answers
NAPLAN practice

Set A Calculator allowed

8.

9.
.3,1,4,2,250 10,

A 11.
. 1110 001, 12.
.C
. 4277m 14.
. B 15.
. C 16.
. 1=250m w=185m 17.

© @ N0 P Dd

S e
M = °

13.

= a4 a4
o O AW

N
§voUnUEooTy

18.
19.
20.
21.
22,
23.
24.

N N = =
0O 0

22,

N
(o

N
:h
Q, 0> > @0 >

+
S|

25.

NN
[
\< ‘

26.
27.
28.
29.
30.

N
~

NN
© ®
@ o ow

30.

W)

Set B Non-calculator Set C Calculator allowed

1. B
2.B
3.C
4.B
5. 16
6.

@]

7.

11
| L

CWwWOwW»Aa» S




25.
26.
27.
28.
29.
30.

QD rwT®® >0

3

A

North-east

C

27, 12, 3, 0, 3, 12, 27
A

C

Set D Non-calculator

T N G N G Y
N ook, Dd2O

1.
2.
3.
4.
5.
6.
7.
8.
9.

C
B
A
B
D
A
B
A
D
D
C
B
A
A
C
. 50

22,
23.

24,

25. B

26. C

27.[=80m, w=20m
28. C

29. A

30. C

Set E Calculator allowed
1. B
2. x=20° y=120°
3. B
4.D
5. 744 hours
LA
7.C
8.C

9.

[\
N
S
N

: <1>2
, V_’ -], 0.12, 0.01
4" \2

10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22,
23.
24.
25.
26.
27.
28.
29. 132°
30. B

"(-1, 1), C'(-4, 2), B'(-3, 4

AOwWapPTaQr»®w>»»>» 00000 %A

Set F Non-calculator
C

® N oo, Dd 2




. «BDC = 56°
«DEF = 124°

10. D

11. Domain: —4 <x <8
Range: 3<y<9

12.
13.
14.
15.
16.
17.
18.
19.

20.

21.
22,

23,

24,

25,

26.

27. $80 000 and $120 000
28. B

29. 16°C

30. C
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LESSON
1.1 Overview

1.1.1 Why learn this?

The earliest mathematics that humans used involved simple counting.
Knowing that two goats could be swapped for six chickens was an important
part of life twelve thousand years ago, so being able to count was a big deal.

Of course, being able to count is still a big deal today, but over thousands

of years we have moved on from counting sheep. Ancient Egypt was the
first recorded civilisation to think about fractions. Later on, ancient Greek
mathematicians became the first people we know of to think about numbers
that can’t be expressed as fractions — these thoughts gave rise to the idea

of irrational numbers. The value of 7 (pi) — which is the ratio of the
circumference of a circle to its diameter — is one such irrational number.
The value of 7 can only be approximated — if you were to try to say all of
the digits in the value of 7 (that we presently know of) at a rate of 10 digits a
second it would take you around 200 000 years to say them!

As new kinds of numbers have been discovered, new ways of writing them have been developed. These new
ways of writing numbers can make it easier to work with numbers like the massively large ones that describe the
distances between stars, or the incredibly small ones that describe the size of subatomic particles.

In this topic we will continue our mathematical journey by exploring a range of different types of numbers and

the ways they can be written.

Hey students! Bring these pages to life online

Watch Engage with Answer questions
videos interactivities and check solutions

Find all this and MORE in jacPLUS (C)

Reading content
and rich media,
including
interactivities
and videos for
every concept

Irativadiol Hattimand AltlivEs

Extra learning
resources

Differentiated
question sets

Questions with
immediate
feedback, and
fully worked
solutions to help
students get
unstuck
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Exercise 1.1 Pre-test learn

1. State whether the following statement is True or False.
Decimals that do not terminate and also do not recur are irrational numbers.

2. State the kind of number that 7.324 is an example of.

3. State whether the following statements are True or False.
a. 7 is an irrational number. b. Every surd is an irrational number.

4. Calculate \3/ 27.

5. I Select the simplest form of /50 from the following.

A.51/10 B.24/5 c.5v2 D. 10V/5 E. 2512

6. I Select the correct answer for the expression \/g —24/45 +34/20.

A.74/5 B. V5 c.2v/70 D. 19v/5 E. 184/5

7. The length of the hypotenuse of a right-angled triangle uses the formula ¢? = a® + b*.

Calculate the length of the hypotenuse for a triangle with side lengths of \/5 and \/5 . Leave your
answer as a surd.

8. A Select how many significant figures there are in 0.0305.
Al B.2 C.3 D.4 E.5

9. Round 7.43861 to 3 decimal places.
10. Round 7.43861 to 3 significant figures.

11. I Select the correct scientific notation to 3 significant figures for 0.000 000 021 37.
A.2.137x 108 B.2.14x 108 C.2.14x1078 D.2.137x 1078 E.21.4%x107°

12. [T Select the series of numbers that is correctly ordered from smallest to largest.
A —V/8, —/27,4/81 B. V/3,e,5x 10
2
C.2.1x107%,2.13%10%,2.75x 107! D. <§) ,1/0.16,0.3

E. V3.e,5% 102,3.ﬁ,7z,27—2

13. An electron has a mass of 9.1093819 x 103! kg, correct to 8 significant figures. A neutron is
1836 times the size of an electron. Evaluate the mass of a neutron correct to 4 significant figures.

14. Rationalise %
3

5 /10
15. Simplify —4/ —.
plity >V
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LESSON
1.2 Real numbers

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e distinguish between natural, integer, rational, irrational and real numbers
e remember and use the symbols used to represent natural, integer, rational, irrational and
real numbers
e write integers and decimals as rational number fractions
e write recurring decimals using dot notation
e distinguish between recurring and terminating decimals.

1.2.1 Natural numbers

eles-4374 .
e The earliest use of numbers by humans was for

counting things. The numbers we used were the
positive whole numbers: 1, 2, 3, 4 ...

e These counting numbers are now known as the
natural numbers.

* We use the symbol N to represent the set of natural
numbers.

Integers

e Integers include the entire set of whole numbers. This means that the integer group contains:
« the positive whole numbers (i.e. the natural numbers) 1, 2, 3, 4 ...
« the negative whole numbers —1, =2, =3, —4 ...
o 0 (which is neither positive nor negative).

e We use the symbol Z to represent the full set of integers. You may also see Z~ used to represent only the
group of negative integers and Z* used for only the group of positive integers. This means that Z* and N
represent the same group of numbers.

_ +
I e ———— >~
-8 -7 -6 -5 -4 3 -2 -1 0 1 2 3 4 5 6 7 8
<«—— Negative integers e E—— Positive integers —— >

< Integers >

Rational numbers

¢ Integers, along with recurring decimals, are part of a larger group called the rational numbers represented
by the symbol, Q.

e Rational numbers are numbers that can be expressed as a fraction with whole numbers both above and
below the dividing sign.

Examples of rational numbers include %, -5 <which can be written as _T>,

3.2 (which can be written as 15—6> and —0.036 (which can be written as ;()?)%)

4 Jacaranda Maths Quest 9



The denominator in a fraction

The denominator (bottom number) in a fraction cannot be 0. The quotient 9 + 0 has no answer.
9
Because of this, numbers such as (—) are said to be undefined. Because they do not exist, they are

not rational numbers!

WORKED EXAMPLE 1 Writing rational numbers as fractions

By writing each of the following in fraction form, show that these numbers are rational.

a. 7 b. —11 c. 0 d. —4§ e. 1.2

THINK WRITE
Each number must be written as a fraction using integers.

a. The number 7 has to be written in fraction form. To a. 7= z This number is rational.
write a number as a fraction, it must be written with 1
a numerator and denominator. For a whole number
like 7, the denominator is always 1.

b. The number —11 has to be written in fraction form. b. —11= _—” This number is rational.
To write a number as a fraction, it must be written 1
with a numerator and denominator. Because —11 is
a whole number, the denominator is 1.

c. The number 0 has to be written in fraction form. c. 0= 9 This number is rational.
To write a number as a fraction, it must be written I
with a numerator and a denominator. Because O is a
whole number, the denominator is 1.
2

2 -22
d. Write —4— as an improper fraction. d. —4— = ——. This number is rational.
5 5 5
e. The number 1.2 can be expressed as 1 + 0.2. This e. 1.2= 2 This number is rational.
2 10
can then be expressed as 1 + 10 Write this as an

improper fraction.

1.2.2 Recurring decimals

eles-4377
e When a rational number is written in decimal form, there are two possibilities:

1. The decimal will come to an end (or terminate).

5 L . . .
For example, 1 = 1.25, which is a decimal that terminates (ends) after two decimal places.

2. The decimal will repeat itself endlessly. For example, % =1.16666...

The 6 in this number is a repeating digit, which means the decimal does not terminate — it has no end.

e Decimals that endlessly repeat digits (or blocks of digits) are called recurring decimals.
e Recurring decimals are written by placing dots or a line above the repeating digits.

TOPIC 1 Number skills and index laws 5



Writing recurring decimals

Number of
recurring digits Example How to write the decimal
1 recurring digit 1.615555555 ... 1.615
(Only the digit 5 repeats.)
2 recurring digits 1.615151515... 1.615 or 1.615

(The digits 1 and 5 repeat.)

3 or more recurring digits | 1.615615615... 1.615 or 1.615
(The digits 6, 1 and 5 repeat.)

WORKED EXAMPLE 2 Writing recurring decimals in extended form

Werite the first 8 digits of each of the following recurring decimals.

a. 3.02 b. 47.1 c. 11.549
THINK WRITE

a. In 3.02, the digits 0 and 2 repeat. a. 3.0202020
b. In 47.1, the digit 1 repeats. b. 47.111111
c. In 11.549, the digits 4 and 9 repeat. c. 11.549494

WORKED EXAMPLE 3 Writing fractions as recurring decimals

Write each fraction as a recurring decimal using dot notation. Use a calculator for the division.

5 57

a. — b. —
6 99
25 4

@ = d. -
11 7

THINK WRITE

a. 5+6=0.8333333 a. 2 =083
3 repeats, so a dot goes above the 3. 6

b. 57+99=0.5757575757 b. 2L =057
5 and 7 repeat, so dots go above the 5 and the 7. 99

c. 25+11=2.27272727 c. = =2.27
2 and 7 repeat, so dots go above the 2 and the 7. 11

d. 4+7=0.571428571 d. §=0.571428

It looks as though 571 428 will recur, so dots go
above the 5 and the 8.
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1.2.3 Irrational numbers

e A number is irrational if it cannot be written either as a fraction or as a terminating or recurring decimal.
e Irrational numbers may be expressed as decimals. In irrational numbers the digits do not repeat themselves
in any particular order.
For example:

eles-4378

V18 =4.242 640 687 12...
V0.03 = 0.173 205 080 757 ...
* We use the symbol I to represent the set of irrational numbers.

e Surds are irrational numbers that cannot be expressed as the ratio of two integers. They are typically written
in the form \/ﬁ, where 7 is a positive integer that is not a perfect square.

Identifying irrational numbers

To classify a number as either rational or irrational:
1. Determine whether it can be expressed as a whole number, a fraction or a terminating or

recurring decimal.
2. If the answer to step 1 is yes, then the number is rational. If the answer is no, then the number

is irrational.

e Exact representations of irrational numbers refer to representations that are precise numbers not in a
decimal form.
» They are expressed as roots, logarithms, or trigonometric functions.
« Commonly used in theoretical or mathematical contexts where precision is crucial.
e Approximate decimal representations of irrational numbers are decimal numbers that are close to the actual
value of the irrational number, but not exact.
« These representations are obtained by truncating or rounding off the decimal expansion of the number to
a certain number of digits.
For example, 7 is an irrational number that can be approximated to different degrees of accuracy, such as
3.14, 3.1416, or 3.14159265359.

Approximate decimal representation
3.14

-

2 3 4

0 1 T
V2
Exact representation

e The main difference between exact representations and approximate decimal representations of irrational
numbers is the level of precision.
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Real numbers

¢ The set of real numbers is made up of the group of rational numbers and the group of irrational numbers.
These groups can, in turn, be broken up into subsets of other number groups.

e A real number is any number that lies on the number line.

e We use the symbol R to represent the set of real numbers.

~1.625 -0.31 V2

9 lwn
3

E

- N

0 Terminating 1

decimals .
Non-terminating

Recurring decimals
decimals

Non-recurring
decimals

N
Positive whole

numbers

Negative whole
numbers

Zero

DISCUSSION

Determine how many recurring digits there will be for %

x (pi) — a special number

The symbol 7 (pi) is used for a particular number. That number is the circumference of a circle
whose diameter length is 1 unit. Pi can be approximated as a decimal that is non-terminating and
non-recurring. Therefore, x is classified as an irrational number. It is also called a transcendental
number.

In decimal form, = = 3.141 592 653 589 793 23 ... It has been calculated to 62.8 trillion decimal places
with the aid of a computer.

Resources

eWorkbook Topic 1 Workbook (worksheets, code puzzle and project) (ewbk-2001)

Interactivity Individual pathway interactivity: Real numbers (int-4476)
The number system (int-6027)
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Exercise 1.2 Real numbers learn

1.2 Quick quiz 1.2 Exercise

Individual pathways

B PRACTISE B CONSOLIDATE B MASTER
1,4,9,11, 14 2,5,6,8,12,15 3,7,10, 13,16, 17
Fluency

1. IKIZM Show that the following numbers are rational by writing each of them in fraction form.

a. 15 b. —8 o 22 a -5t

2. Show that the following numbers are rational by writing each of them in fraction form.

a. V16 b 7S c. 0.002 d. 87.2
10
3. Show that the following numbers are rational by writing each of them in fraction form.
a. 0 b. 1.56 c. 3.612 d. —0.08
4. I Write the first 8 digits of each of the following recurring decimals.
a. 0.5 b. 0.51 c. 0.51 d. 6.031 e. 5.183
5. Write the first 8 digits of each of the following recurring decimals.
a. —7.024 b. 8.9124 c. 5.1234 d. 5.1234 e. 3.002
6. I Write the following fractions as recurring decimals using dot notation. (Use a calculator.)
a. > b. 3 c. 23 d. 3 e. 173
9 11 11 7 99
7. Write the following fractions as recurring decimals using dot notation. (Use a calculator.)
73 5 7 46 46
a. — b. —3— c. — d — e. —
990 6 15 99 990

Understanding

8. From the following list of numbers:

-3 . A3
-3, —,0,23,2-,15
7 5
a. write down the natural numbers b. write down the integers
c. write down the rational numbers d. write down the recurring decimals.

9. Write these numbers in order from smallest to largest.
2.1, 2.12, 2.121, 2.121, 2.12

10. State which of the following statements are true.

a. All natural numbers are integers. b. All integers are rational numbers.
c. All rational numbers have recurring decimals. d. Natural numbers can be negative integers.
e. All numbers with decimals are rational numbers. f. Irrational numbers are not real numbers.

TOPIC 1 Number skills and index laws



Reasoning
11. Explain why all integers are rational numbers.
12. a. If positive integers are represented by Z*, explain what symbol we would use to represent the set of

negative rational numbers.
b. Explain why we could not write N~ .

13. Are all fractions in which both the numerator and denominator are integers rational?
Explain why or why not.

Problem solving

. . a . . . . .
14. a. Using the fraction —, where a and b are natural numbers, write 3 recurring decimals in fractional form
using the smallest natural numbers possible.

b. Determine the largest natural number you used.

15. Write 2 fractions that have the following number of repeating digits in their decimal forms.
a. 1 repeating digit
b. 2 repeating digits
c. 3 repeating digits
d. 4 repeating digits

16. If a $2 coin weighs 6 g, a $1 coin weighs 9 g, a 50 ¢ coin weighs 15 g, a 20 ¢ coin weighs 12g, a 10 ¢ coin
weighs 5 g and a 5 ¢ coin weighs 3 g, determine what the maximum value of the coins would be if a bundle
of them weighed exactly 10kg.

17. A Year 9 student consumes two bottles of water every day, except on every fifth day when they only have
one. Evaluate their annual bottled-water consumption.
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LESSON
1.3 Rounding numbers and significant figures

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e round decimal numbers to a given number of decimal places
e identify the significant figures in a decimal number
e round decimal numbers to a given number of significant figures.

1.3.1 Rounding decimals

e If a number can’t be written as an exact decimal, or if it has a lot of digits after the decimal point, we can
use a shorter, approximate value.

¢ A number’s approximate value can be found by using a calculator and then rounding it off to the desired
level of accuracy.

e When we round numbers, we write them to either a certain number of decimal places or a certain number
of significant figures.

Rounding to a given number of decimal places

1. Decide how many decimal places you need to round the number to.
2. Identify the digit that is located at the position you need to round to. This digit is called the
rounding digit.
3. Look at the digit that comes after the rounding digit.
— If the digit’s value is 0, 1, 2, 3 or 4, leave the rounding digit as it is.
— If the digit’s value is 5, 6, 7, 8 or 9, then increase the rounding digit by adding 1 to its value.
4. Remove all of the numbers after the rounding digit.

WORKED EXAMPLE 4 Rounding a decimal number to three decimal places

Round 3.456 734 correct to three decimal places (3 d.p.).

THINK WRITE
1. Identify the rounding digit located at the third decimal place. In this 3.45@734
case it is 6.
2. Look at the digit that comes after the rounding digit. Y
3.45@734
3. The number after the rounding digit is a 7, so increase the value 3.457

of the rounding digit by adding 1.
Next, remove the digits after it.
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WORKED EXAMPLE 5 Writing a real number to three decimal places

Write these numbers correct to three decimal places (3 d.p.).

a. V3 b. « c. 5.19 L= e. 7.123456
3

THINK WRITE

a. V/3=1.7320... The rounding digit is 2. The next digit is 0, so a. V3~1.732
leave 2 as it is.

b. 7 =3.1415 ... The rounding digit is 1. The next digit is 5, so add b. 7~3.142
1 to the rounding digit.

c. 5.19=5.1999 ... The rounding digit is 9. The next digit is 9, so c. 5.19~5.200
add 1 to the rounding digit.

d. % =0.6666 ... The rounding digit is 6. The next digit is 6, so add d. % ~0.667
1 to the rounding digit.

e. 7.123456. The rounding digit is 3. The next digit is 4, so leave e. 7.1234~7.123

3 as is.

1.3.2 Rounding to significant figures

eles-4381
¢ Another method of rounding decimals is to write them so that they are correct to a certain number of

significant figures.

e When decimals are rounded, they don’t always have the same number of decimal places as significant
figures.
For example, the number 1.425 has three decimal places but four significant figures.

Counting significant figures in a decimal number

1. Identify the first non-zero digit in the number. This digit may be located either before or after the
decimal point.
This digit is counted as the first significant figure.

2. Continue to count all digits in the number to the end of the number as it is written.
This will give you the total number of significant figures.

WORKED EXAMPLE 6 Counting significant figures

State the number of significant figures in each of the following numbers.

a. 25 b. 0.04

c. 3.02 d. 0.100

THINK WRITE

a. In the number 25, the first significant figure is 2. There is a. 2 significant figures

1 more significant figure after the first one.

b. In the number 0.04, the first significant figure is 4. There are b. 1 significant figure
no more significant figures after the first one.

c. In the number 3.02, the first significant figure is 3. There are c. 3 significant figures
2 more significant figures after the first one.

d. In the number 0.100, the first significant figure is 1. There are d. 3 significant figures
2 more significant figures after the first one.
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WORKED EXAMPLE 7 Rounding real numbers to five significant figures

Round these numbers so that they are correct to five significant figures.

a. m b. /200 c. 0.03 d. 2530.166
THINK WRITE
a. w~3.14159 ... The first significant figure is 3. Starting with 3, write a. 3.1416

down the next 4 digits. The 6th digit is 9, so add 1 to the value of
5, the 5th digit.

b. V200~ 14.1421 ... The first significant figure is 1. Starting with 1, b. 14.142
write down the next 4 digits. The 6th digit is 1, so leave 2, the
Sth digit, as it is.

c. 0.03=0.0303030... The first significant figure is 3. Starting with c. 0.030303
3, write down the next 4 digits. The 6th digit is 0, so leave 3, the 5th
digit, as it is.

d. 2530.16 ... The first significant figure is 2. Starting with 2, write the d. 2530.2
next 4 digits. The 6th digit is 6, so add 1 to the value of 1, the 5th digit.

DISCUSSION

Is there an equal number of rational numbers and irrational numbers? Explain.

Resources

eWorkbook Topic 1 Workbook (worksheets, code puzzle and project) (ewbk-2001)

Interactivity Individual pathway interactivity: Rounding numbers and significant figures (int-4478)
Rounding to significant figures (int-6030)

Exercise 1.3 Rounding numbers and significant figures learn
1.3 Quick quiz 1.3 Exercise

Individual pathways

B PRACTISE Bl CONSOLIDATE B MASTER
1,4,7,10,12, 15,18 2,5,8,11,13,16, 19 3,6,9,14,17, 20
Fluency

1. IZEE Write each of the following correct to 3 decimal places.
a. % b. V5 c. V15 d.5.12x3.21 e 5. f. 5.15

2. Write each of the following correct to 3 decimal places.

> d. L e. 2% f. 0.999999

a. 5.5 b. 11.722 c. =
7 13
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3. Write each of the following correct to three decimal places.

a. 4.00001 b. 2.79 + 11 c. 0.0254 d. 0.0009136 e. 5.00001 f. 2342.156
4. IEA State how many significant figures there are in each of the following numbers.

a. 36 b. 207 c. 1631 d. 5.04
5. State how many significant figures there are in each of the following numbers.

a. 176.2 b. 95.00 c. 0.21 d. 0.01
6. State how many significant figures there are in each of the following numbers.

a. 0.000316 b. 0.1007 c. 0.010 d. 0.0512
7. Round each number so that it is correct to five significant figures.

a_% b. /5 c. V15 d.5.12x321 e 5.1 f. 5.15
8. Round each number so that it is correct to five significant figures.

a. 5.5 b. 11.72 c. %

% e. 2 % f. 0.999999

9. Write each number so that it is correct to 5 significant figures.

a. 6.58129 b. 4.00001 c. 2.79+11 d. 0.0254 e. 0.0009136 f. 5.00001

Understanding

10. Write the value of 7 correct to 4, 5, 6 and 7 decimal places.

11. State whether each of the following numbers has more significant figures than decimal places.
a. 17.26 b. 0.0032 c. 1.06 d. 0.010005

12. State whether each statement is True or False.

. Every surd is a rational number.

. Every surd is an irrational number.
. Every irrational number is a surd.
. Every surd is a real number.

0O T O®

13. State whether each statement is True or False.

a. 7 is a rational number.
b. 7r is an irrational number.
c. 7 is a surd.
d. 7 is a real number.

14. State whether each statement is True or False.

a. 1.31 is a rational number.

b. 1.31 is an irrational number.
c. 1.31 is a surd.

d. 1.31 is a real number.

Reasoning

15. Write a decimal number that has 3 decimal places, but 4 significant figures. Show your working.

16. Explain why the number 12.995412 3 becomes 13.00 when rounded to 2 decimal places.
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17.

The rational numbers 3.1416 and 2 are both used as
approximations to 7.

a. Determine the largest number of decimal places
these numbers can be rounded to in order to give
the same value.

b. Explain which of these two numbers gives the best
approximation to 7.

Problem solving

18.

19.

20.

The area of a circle is calculated using the formula A = 7 X r2, where r is the radius of the circle. Pi () is
sometimes rounded to 2 decimal places to become 3.14. A particular circle has a radius of 7 cm.

a. Use w = 3.14 to calculate the area of the circle to 2 decimal places.

b. Use the 7 key on your calculator to calculate the area of the circle to 4 decimal places.
c. Round your answer for part b to 2 decimal places.

d. Are your answers for parts a and c different? Discuss why or why not.

The volume of a sphere (a ball shape) is calculated using the formula

4
V= 3 X 71 X r°, where r is the radius of the sphere. A beach ball with a

radius of 25 cm is bouncing around the crowd at the MCG during the
Boxing Day Test.

a. Calculate the volume of the beach ball to 4 decimal places.

b. Calculate the volume to 4 decimal places and determine how many significant
figures the result has.

c. Explain whether the calculated volume is a rational number.

In a large sample of written English there are about 7 vowels for every 11 consonants. The letter e accounts

for about one-third of the occurrence of vowels.

Explain how many times you would expect the letter e to occur in a passage of 100 000 letters. Round your

answer to the nearest 100.
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LESSON
1.4 Review of index laws

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e identify the base and the exponent of a number written in index form
e recall the first three index laws
e use the first three index laws to simplify expressions involving indices.

1.4.1 Index notation
eles-4382 . .
e The product of factors can be written in a shorter form called index notation (also known as exponent
notation).

Index (exponent)

Base —> 6% = 6 x 6 x 6 X 6 <— Factor form
= 1296

¢ Any composite number can be written as a product of powers of prime factors using a factor tree, or by
other methods, such as repeated division.

100

2/ \50
/\
/\

100=2x%x2x%x5x%x5

= 22x 5%

WORKED EXAMPLE 8 Using index notation to express a product of prime factors

Express 360 as a product of powers of prime factors using index notation.

THINK WRITE

1. Express 360 as a product of a factor pair. 360 =6x60

2. Further factorise 6 and 60. =2X3Xx4x%x15

3. Further factorise 4 and 15. They are both composite numbers. =2X3X2X2X3X5
4. There are no more composite numbers. =2X2X2X3%x3X%X5
5. Write the answer using index notation. 360=23x3%*x5

Note: The factors are generally expressed with their bases
written in ascending order.

16 Jacaranda Maths Quest 9



1.4.2 Multiplication using indices

eles-4383

* When multiplying terms with the same bases, add the indices. This is the First Index Law.
* When more than one base is involved, apply the First Index Law to each base separately.

The First Index Law

a®xa' =a

For example,
2x2 Xx3 — 2x2+3 — 2x5

WORKED EXAMPLE 9 Simplifying an expression using the First Index Law

Simplify 5¢'° x 2¢°.

THINK

1. The order is not important when multiplying, so place the
coefficients first.

2. Simplify by multiplying the coefficients and then applying
the First Index Law (add the indices).Write the answer.

WRITE
5¢10 x 263
=5x2xe'%%e3
= 10e"3

WORKED EXAMPLE 10 Simplifying using the First Index Law on multiple bases

Simplify 7m> x 3n° x 2m®n?.

THINK

1. The order is not important when multiplying, so place the
coefficients first and group all similar pronumerals together.

2. Simplify by multiplying the coefficients and applying the
First Index Law (add the indices). Write the answer.

WRITE
Tm? X 3n° X 2m3n*
=7x3Xx2xm>xm®xn xn*

=42m''n’

1.4.3 Division using indices

eles-4384

* When dividing terms with the same bases, subtract the indices. This is the Second Index Law.

* When the coefficients do not divide evenly, simplify by cancelling.

The Second Index Law
a”+a"=a"" or
ﬂ =qgm "
an

For example,
5

2513 =2 53 222
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WORKED EXAMPLE 11 Simplifying using the Second Index Law

25v x 8w’
Simplify =~ X"
1004 x 4w®
THINK WRITE
2 6 9
1. Simplify the numerator and the denominator by multiplying o : XEw -
the coefficients. 10v" % ?W9
_ 200v°w
40v*+w?d
5200 5w
2. Simplify further by dividing the coefficients and applying the = X—X—
Second Index Law (subtract the indices). Write the answer. ém . veoow
=5v°w

WORKED EXAMPLE 12 Simplifying using the Second Index Law with non-cancelling

coefficients
76 x 48
Simplify ——_
12¢4
THINK WRITE
o o . 76 x 468
1. Simplify the numerator by multiplying the coefficients. o
t
_ 281!
124
. e . 28 ¢!
2. Simplify further by dividing the coefficients by the highest =—X—
common factor. Then apply the Second Index Law (subtract iz
the indices). Write the answer. _ E
3

1.4.4 Zero index

eles-4385
e Any number divided by itself is 1.

e This means that a_m =1.S0,a" "m=a"=1.
a
e In general, any number (except zero) to the power of 0 is equal to 1. This is the Third Index Law.

The Third Index Law

a’= 1, wherea # 0

For example,
20=1
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WORKED EXAMPLE 13 Evaluating using the Third Index Law

Evaluate the following.

a b. (xy)° c. 17°

d. 5x° e. (5x)° +2 f. 5043

THINK WRITE

a. Apply the Third Index Law. a. '=1

b. Apply the Third Index Law. b. (xy)’=1

c. Apply the Third Index Law. c. 17°=1

d. Apply the Third Index Law. d. 5x%=5xx°
=5%1
=15

e. Apply the Third Index Law. e. 5x)°+2=1+2

=3
f. Apply the Third Index Law. f. 59+30=1+1
=2

WORKED EXAMPLE 14 Simplifying using the First and Third index laws

9g7 x 4g*
Simplify ———5_,
6g> x 2g%
THINK WRITE
9g” x 4g*
1. Simplify the numerator and the denominator by %
applying the First Index Law. 68" X 2g
- : : 36g"
2. Simplify the fraction further by applying the = o
Second Index Law. 12¢
- 336611
T Vgl
3. Simplify by applying the Third Index Law. =3g"
=3Xx1
4. Write the answer. =
1.4.5 Cancelling fractions
eles-4386 x3
¢ Consider the fraction —. This fraction can be cancelled by dividing the denominator and the numerator by
X
3
the highest common factor (HCF), which is x3, so x_7 = i4.
x' X

3

Note: x_7 =x~* when we apply the Second Index Law.
X

We will study negative indices in a later section.
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DISCUSSION

How do the First, Second and Third index laws help with calculations?

WORKED EXAMPLE 15 Using the first three index laws to simplify expressions

Simplify these fractions by cancelling.

a. —

1248
30x5y®
10x7y?

THINK WRITE

a. Divide the numerator and denominator by the an———
highest common factor (HCF), which is x°. s

b. 1. Divide the numerator and denominator by the b. =
HCEF, which is 6x.

X
L . 1
2. Simplify and write the answer. =
2x’
30 5.,6 30 5 6
c. 1. Divide the numerator and denominator by the c. % =—X x_7 X yT
HCF, which is 10xy3. 107y 10 &7y
3.1y
=-X—=X=—
1 X2 1
3 3
2. Simplify and write the answer. = lz
X

Resources

eWorkbook Topic 1 Workbook (worksheets, code puzzle and project) (ewbk-2001)
Video eLesson Index notation (eles-1903)

Interactivities Individual pathway interactivity: Review of index laws (int-4516)

Review of index form (int-3708)
First Index Law (int-3709)
Second Index Law (int-3711)
Third Index Law (int-3713)
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Exercise 1.4 Review of index laws learn

1.4 Quick quiz 1.4 Exercise

Individual pathways

B PRACTISE B CONSOLIDATE B MASTER
1,3,6,10, 13, 15, 19, 20, 21, 26 2,4,7,8,11,18, 22, 23, 27, 28 5,9,12, 14,16, 17, 24, 25, 29, 30
Fluency

1.

10.

1.

. Simplify each of the following.

. Simplify each of the following.

M= Use index notation to express each of the following as a product of powers of prime factors.
a. 12 b. 72 c. 75 d. 240 e. 640 f. 9800

. IEEA Simplify each of the following.

a. 4p” x 5p* b. 2x% % 3x° c. 8y0 x 7y* d. 3px7p’ e. 128X xTt f. 6¢°Xq X5¢°

. EE Simplify each of the following.

a. 2a’> X 3a* x e* x ¢* b. 4p3 x 217 X b x p* c. 3k x 2k x k d. 3*x3*x 3%

a. 2m’ x 5m* x 8m* b. 2ghx3g> I’
c. 5ptq® x6p*q’ d. 8utw X 3uw? x 2w

a. A Xy d® x 3y*d’

b. 763¢2 x 2b%c* x 3b°3

c. 4252 x 3r%s12 x 2/8s*

d. 10h'%? x 2810 x 3p20p12

. INZEW Simplify each of the following.

15p'? 187° 45a° 6057
a. b. — c. d.
5p8 37 5a° 20b
. Simplify each of the following.
10071 9¢* 130d° 211"
a. b. — (o d.
5r° q & 3t
. lZHEA Simplify each of the following.
8p° x 3p* 5 12b% X 4b* 25m'? x 4n’ g 27x%y*
a —— S — c. ——— L —
16p° 18h2 15m> x 8n 12xy?
. Simplify each of the following.
1258 x 6f3 5 8p3 X 7r? X 2s 27a° X 18b° x 4c? g 81f15 x 25¢'2 x 1613
— S — c. .
8 x 3f2 6p X 14r 18a* x 12b* X 2c 27F° x 1510 x 1210

IZEN Evaluate the following.
a. m® b. 6m° c. (6m)° d. (ab)° e. 5(ab)°

Evaluate the following.

a. w0 b. 85° c. 8504 15° d xO+1 e. 5x"=2
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12. Evaluate the following.

L b. x0 —y? c. 3x%+ 11 d. 3a° +3b° e. 3(a’ + 5%
30
13. IEZH Simplify each of the following.
a 2a° X 6a® b. 3¢® x 6¢3 . 567 x 100° d 83 x 3f7 . 9k'? x 4k!°
124° 9¢? 25b'2 C4f5x 3f° 18k* x k'8
14. Simplify each of the following.
o 2h* x 5k* P’ xq* . m’ X n? a 8u’ X v? . 9x0 x 2y!?
20h> X k? C 5p3 5m3 x m* 200 X 4ut " 3yl0x3y2

Understanding

15. [EIEEH Simplify each of the following by cancelling.

a. i b. ﬂ9 c. m_3 d. E
%10 m am® 63
16. Simplify each of the following by cancelling.
a 1268 b 24410 . 5y° g 35x2y!0
6x° t* " 10y'0 " 20x7y7
17. Simplify each of the following by cancelling.
_ L’ 16w _ 200y @b
30m°n® 8mn'? 1045y a®h*c?

18. Calculate the value of each of the following expressions if a = 3.

a. 2a b. a* c. 24> d. a*+2 e. a*+2a f.a>—a

Reasoning
19. Explain why x% and 2x are not the same number. Use an example to illustrate your reasoning.
20. 4

a. 12a8bzc4(de)0f, when simplified, is equal to:

A. 12a8b%c* B. 12a8b*c*f C. 12a8b%f D. 12a%p? E. 12a8b%c*f?
0
b. <%a2b7> X — (3612b“)0 + 7a°b, when simplified, is equal to:

A. b B. 1+7b C. =1+4+7ab D. =1+7b E. —=1-7b

c. You are told that there is an error in the statement 3p’ > s® = 3p’sS.
Explain what the left-hand side should be for this statement to be correct.

A. (3p7q3r5s6)0 B. (3p7)0q3r5s6 C. 3p7(q315s6)0 D. 3p7(q3r5)036 E. 6p7(q315)0s6
21. 3

. _ 8F6o7H3  8f2
a. You are told that there is an error in the statement /"8 = i

of'ch g
Explain what the left-hand side should be for this statement to be correct.
8f6(g7h3)0 8(f6g7h3)0 8(f6g7)0h3 5 8f6g7h3 8f8(g7h3)0
C 0 4 200 B —— C <, . (6 4 2},)0 B
(6 F*g*(h) (6f* %) (6*) g /'8 ©)1*g (h)
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7m2n8

b. Select what ——— is equal to.
7 (11,6
6 4k (m n) 3 3t
A. - B. — c. —
4 2 2

22. Explain why 5x° X 3x? is not equal to 15x'.

3m2n® 3m2n®

23. A multiple-choice question requires a student to multiply 5° by 5%. The student is having trouble deciding

which of these four answers is correct: 5'8, 5%, 25'8 or 25°.

a. State the correct answer.

b. Explain your answer by using another example to explain the First Index Law.

24. A multiple-choice question requires a student to divide 5%* by 58. The student is having trouble deciding

which of these four answers is correct: 5'¢, 53, 11© or 17.

a. Determine the correct answer.

b. Explain your answer by using another example to explain the Second Index Law.

7
25. a. Calculate the value of 2—7

b. Determine the value of any number divided by itself.

(2}

what index?

d. Use an example to explain the Third Index Law.

Problem solving

26. Answer the following questions.

a. For x2x® = x!° to be true, determine what number must
replace the triangle.

b. For x*x°x° = x'2 to be true, there are 55 ways of assigning
positive whole numbers to the triangle, circle, and

diamond. Give at least four of these.

27. Answer the following questions.

a. Determine a pattern in the units digit for powers of 3.

b. The units digit of 3° is 9. Determine the units digit of
32001

28. Answer the following questions.

a. Determine a pattern in the units digit for powers of 4.
b. Determine the units digit of 4'%°,

29. Answer the following questions.

a. Investigate the patterns in the units digit for powers of 2 to 9.

b. Predict the units digit for the following.
i 2% ii. 31

30. Write 4"+! + 47+ a5 a single power of 2.

7

. According to the Second Index Law, which deals with exponents and division, 2—7 should equal 5 raised to

@k \!

jii. 8°!
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LESSON
1.5 Raising powers

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e apply the Fourth, Fifth and Sixth index laws to raise a power to another power
e apply the first six index laws to simplify expressions involving indices.

1.5.1 More index laws

eles-4387
* When a power is raised to another power the indices are multiplied. This is the Fourth Index Law.

e The Fourth Index Law can then be applied to products and quotients of mixed bases to develop the Fifth
and Sixth index laws.

The Fourth Index Law

(am )n = amxn

3_,6

For example, (x2)’ = x2%

The Fifth Index Law

X

(@ X b)"=a™" xb™

For example, (2x)° =23 x x = 8x3

The Sixth Index Law

WORKED EXAMPLE 16 Simplifying using the Fourth Index Law

Simplify the following.

a. (7% b. (3a%°)’
THINK WRITE
a. Simplify by applying the Fourth Index Law a. (74)8
(multiply the indices). =7
— 732
b. 1. Write the expression, including all indices. b. (3'th5)3
2. Simplify by applying the Fourth Index Law =333 p>x3
(multiply the indices) for each term inside =3%aSp"
the brackets.
3. Write the answer. =27a5p"
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WORKED EXAMPLE 17 Simplifying using the Fifth Index Law

Simplify (26°)” x (5b)’.

THINK WRITE

1. Write the expression, including all indices. (21b5)2 x (5" b! )3

2. Simplify by applying the Fifth Index Law. = 212 p3x2 x 513 p1x3
= 22xb'"%x 5% x b’

3. Calculate the number values and bring them =4x125x b'0+3

to the front. Then use the First Index Law to
simplify the powers of b.

4. Write the answer. =500p"3

WORKED EXAMPLE 18 Simplifying using the Sixth Index Law

5 3
Simplify <£> .
d2

THINK WRITE
2la? ’
1. Write the expression, including all indices. <7>
21><3 a5><3
2. Simplify by applying the Sixth Index Law for each term inside ==
the brackets. 23dals
8 alS
3. Simplify and then write the answer. = pe
Tl | THINK WRITE CASIO | THINK WRITE
In a new problem, on a . On the Main screen R e
Calculator page, compSletg i’ el ] complet;: th3e entry line & [ [afsme o+ [ HL
2 2 [ 3 a
the entry line as: <i> as: <i> (%s'] '
d* ! d* o
Ba 7
Press ENTER. Press EXE. af
1]
24° ’ B 8a"
2] as
]
Mlg  Stadard Reasl Deg @

<2as )3 8a"
e d°
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DISCUSSION

What difference, if any, is there between the operation of the index laws on numeric terms compared with
similar operations on algebraic terms?

Resources

eWorkbook Topic 1 Workbook (worksheets, code puzzle and project) (ewbk-2001)

Interactivity Individual pathway interactivity: Raising powers (int-4517)
Fourth Index Law (int-3716)
Fifth and sixth index laws (int-6063)

Exercise 1.5 Raising powers learn
1.5 Quick quiz 1.5 Exercise

Individual pathways

B PRACTISE B CONSOLIDATE B MASTER
1,3,7,9, 14, 15,20 2,5,8,10, 12, 16, 17, 21 4,6,11, 13,18, 19, 22,23
Fluency
1. IIEEAN Simplify each of the following.
a. (&)’ b. ()" c. ™) d. (") e. (22)°
2. Simplify each of the following.
a. (@b’ b. (0q%) c (3" d. 3w’ e. (16572¢%)
3. EHA Simplify each of the following.
a Y x(@ b xeY e ) x0T d (9 x (&Y e. 2a) x (b7)’

N

. Simplify each of the following.
2 5 8 0.8 2
a. (¢°)" x (") b. ()" X (%)
5. INEEN Simplify each of the following.
354\’ 5p10\?
a. | — b. { —
(%) (%)

. Simplify each of the following.

< 5y’ 3 b <4a3>4
a | = =
3Zl3 7C5

(1)

e (3 X (2)°
2%\’ 7
 (55)  (5)

—4i2\’ —2¢7\*
‘. (W) d. <3h“ )

(Y x @y d. (%) X (u*)

2

o
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Understanding

7. Simplify each of the following.
a. 2 x 2% b. (7Y x@)" c. (@ x (@) d. () x (&)

8. Simplify each of the following.

a. (&) x (%) b. (3a2) X (2a5)° c. d")’ x 32y’ d. (102" x 2%
9. ™ (p7)2 + p? is equal to:
A p’ B. p2 c. p'f D. p*S E. p
542 743
X
10. I —(W )2 P )5 is equal to:
W)™ X (P?)
A. w2pt B. (wp)6 C. w4p3® D. w?p? E. (wp)7

3 2,
1. & (%) = (*)” is equal to:
A P B. #* c.r D. r10 E. r12

12. Simplify each of the following.

a. (@) =@’ b. (m%) = m?)" c. (%) =Sy’
d. (b% =9 e. (/7Y = (£’ £ (g% + ()
13. Simplify each of the following.
6 5
a ")+ ") b 04+ (7 L
(c®)
. >’ RGN RN
oy @) Y
Reasoning

14. a. Replace the triangle with the correct index for the equation 47 x 47 x 47 x 47 x 47 = @n®,

b. The expression (p° )6 means to write p> as a factor how many times?

c. If you rewrote the expression from part b without any exponents, in the format p X p X p..., determine
how many factors you would need.

d. Explain the Fourth Index Law.
15. a. Simplify each of the following.
i. (=D i. (=1 iii. (=D iv. (=1)°
b. Write a general rule for the result obtained when —1 is raised to a positive power. Explain your answer.
16. Jo and Danni are having an algebra argument. Jo is sure that —x? is equivalent to (—x?), but Danni thinks

otherwise.
Explain who is correct and justify your answer.

17. A multiple-choice question requires a student to calculate (5*)". The student is having trouble deciding
which of these three answers is correct: 5%, 512 or 57.

a. Determine the correct answer.
b. Explain your answer by using another example to illustrate the Fourth Index Law.
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18. a. Without using your calculator, simplify each side of the following equations to the same base and then
solve each of them.
. 8°=32 . 277=243 iii. 1000* = 100000
b. Explam why all 3 equations have the same solution.

19. Consider the expression 47, Identify which is the correct answer, 4096 or 262 144. Justify your choice.

Problem solving

20. The diameter of a typical atom is so small that it would take about 10® atoms
arranged in a line to reach a length of just 1 centimetre.
Estimate how many atoms are contained in a cubic centimetre. Write this
number as a power of 10.

21. Writing a base as a power itself can be used as a way to simplify an
expresswn Copy and complete the following calculatlons

2
o 163 = (@) = b. 3435 = (7%)3 =

22. Simplify the following using index laws.

1 4 _2 2

a. 83 b. 273 c. 12573 d. 5129
1 1 1 1

e. 1672 f.472 g.3275 h. 4972

23. a. Use the index laws to simplify the following.
1 1 1 1
i. (3%)2 ii. (4%)2 iii. (8%)2 iv. (11%2)2
b. Use your answers from part a to calculate the value of the following.

1 1 1 1
i. 92 i. 162 iii. 642 iv. 1212
c. Use your answers to parts a and b to write a sentence describing what happens when you raise a number
to a power of one-half.

LESSON
1.6 Negative indices

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e apply the Seventh Index Law to evaluate expressions using negative indices
e apply the first seven index laws to simplify expressions involving indices.

1.6.1 The Seventh Index Law

¢ Negative indices occur when the power (or exponent) is a negative number.
For example, 372,

e To explain the meaning or value of negative indices it is useful to consider patterns of numbers written in
index form.

For example, in the sequence 3* =81, 33 =27, 32=9, 3! =3, 3°=1 each number is % of the number

before it.
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Powers decrease by 1

N T N T NN T N

34 33 32 3! 30
81 27 9 3 1
3 3 3 3
e Itis logical, then, that the next numbers in this sequence are:
3—1=l 3—221 3—3:i 3—4:i
3’ 9’ 27 81

Powers decrease by 1

7 N N N N

30 3! 32 33 34
| I T T T
3 9 27 81
1 1 1 1
X3 X3 X3 X3
The Seventh Index Law
1
a™"=—,whereaz0
a’l

1
For example, 23 = — =
23

L | =

WORKED EXAMPLE 19 Evaluating using the Seventh Index Law

Evaluate the following.

-1
a. 572 b. 771 c. <§>
5

THINK WRITE

a. 1. Apply therule a™" = i a. 5= 1
a’ 52

1
2. Simplify and write the answer. = s

_ 1 o1
b. Applytherulea™ =—. b. 77 = —
a 71

.y

7
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a\" _a" 3\ 37!
c. 1. Apply the Sixth Index Law, { — )] =—. c. | = )=—
Y <b> b <5'> 5
_ 1 1 1
2. Apply the Seventh Index Law, a™" = —, to the numerator = 3 = 5
a
and denominator.
3. Simplify and write the answer. = % X ?
2
3

WORKED EXAMPLE 20 Writing with positive indices

Write the following with positive indices.

a. x3 b. 5x~° c. xTz
y
THINK WRITE
1 1
a. Apply the Seventh Index Law, a™" = —. a. x=—
at X3
b. 1. Write in expanded form and then apply the Seventh b. 5x 6=5xx7°
Index Law, a™" = —. =5X E
a’ X6
2. Simplify and write the answer. =
X
x=3
c. 1. Write the fraction using division. c. —=x7+y?
y
- 1 1
2. Apply the Seventh Index Law, a™" = —. =— 0 —
a’ x3 y2
- . 1y
3. Simplify and write the answer. S =
I
)2
=7

WORKED EXAMPLE 21 Simplifying products of powers with positive and negative indices

Simplify the following expressions, writing your answers with positive indices.

a. x>xx 8 b. 3x2y~3 x Sxy~*
THINK WRITE
a. 1. Apply the First Index Law a”" X a” = a"™*". a. X’ Xx 8=x*-8
-5
=X

2. Write the answer with a positive index. ——
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b. 1. Write in expanded form and apply the First Index Law. b. 3x72y73 x Sxy~*
=3x5xXx2xx' xy 3 xy™?

1
2. Apply therule a™" = —. =15x"1y™’
a 15 1 1
=—X-X—
1 x

_1s

)Cy7

3. Simplify and write the answer.

WORKED EXAMPLE 22 Simplifying quotients of powers with positive and negative

indices

Simplify the following expressions, writing your answers with positive indices.

£ 15m=5
a. — b.
3 10m=2
THINK WRITE
a £
a. Apply the Second Index Law, — =a"~". a. —=r"
a t~
— 245
= t7

b. 1. Apply the Second Index Law and simplify.

2. Write the answer with positive indices. = —

DISCUSSION

What strategy will you use to remember the index laws?

Resources

eWorkbook Topic 1 Workbook (worksheets, code puzzle and project) (ewbk-2001)
Video eLesson Negative indices (eles-1910)

Interactivity Individual pathway interactivity: Negative indices (int-4518)
Negative indices (int-6064)
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Exercise 1.6 Negative indices

1.6 Quick quiz

Individual pathways

B PRACTISE

1,2,5,8,11, 14,17, 21

Fluency

l CONSOLIDATE

1.6 Exercise

3,6,9,12, 15, 18, 19, 22

1. Copy and complete the following patterns.

a. 3°=243
3*=81
33=27
32=

3=

b. 5% =625
5=
2=
5'=

2. llIIZEA Evaluate each of the following expressions.

a. 27>

3. Evaluate each of the following expressions.

a. 573

£

4. Evaluate each of the following expressions.

()

£

5. [lIZZA Write each expression with positive indices.

a. x*

C. z_l

6. Write each expression with positive indices.

a. (m*n®)”"

7. Write each expression with positive indices.

a. a*b=3cd™*
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c. 10x72y

c. 471

)

B MASTER

learn

4,7,10, 13, 16, 20, 23, 24

c. 10=10 000
103 =
102 =



Understanding
8. N3N Simplify the following expressions, writing your answers with positive indices.
a. a’xa® b. m’ xm™?2 c.m3xm™*  d. 2x7?x7Tx e. 2b72x3b* f. ab™d x5b*
9. Simplify the following expressions, writing your answers with positive indices.

a. x> xXx8 b. 3x?y~*x2x7 Ty c. 10x x 5x72
d. X xx73 e. 10a®> x 5a7 f. 10a'9 xa=®

10. Simplify the following expressions, writing your answers with positive indices.

3
a. 16w? x —2w™> b. 4m~=2x 4m=?2 c. (3m2n_4)
-3 -2 2
d. (azbs) e. (a_lb_3) f. (Sa_l)
11. IEZ2A Simplify the following expressions, writing your answers with positive indices.
. x? b x~3 . x? d x~3 o 6a’c
8 S8 Ty S x8 C dte
12. Simplify the following expressions, writing your answers with positive indices.
5b6 2b8 —3b 3
a. 10a* + 5a® b. 5m’ +m® c. 22 4 e. 2 7€
a’b’ a’b'? abc
13. Simplify the following expressions, writing your answers with positive indices.
a1
4=2ab m=3xm™> 212 X 3173 £xt (m*n=3)
a. b. —— c. —— d ——— e. ————
a’b m=> 4 2xt? (m_2n3)2
14. Write the following numbers as powers of 2.
1 1
a. 1 b. 8 c. 32 d. 64 e. — f. —
8 32

15. Write the following numbers as powers of 4.

p—
f—

a. 1 b. 4 c. 64 d.

ESY
N
o)

A

16. Write the following numbers as powers of 10.
a. 1 b. 10 c. 10000 d. 0.1 e. 0.01 f. 0.00001

Reasoning

17. Answer the following questions.

a. The result of dividing 37 by 3% is 3*. Determine the result of dividing 3° by 3.
b. Explain what it means to have a negative index.
c. Explain how you write a negative index as a positive index.

18. Indices are encountered in science, where they help to deal with very small and large numbers. The diameter
of a proton is 0.000 000 000 000 3 cm.
Explain why it is logical to express this number in scientific notation as 3 x 10713,

19. Answer the following questions.
a. When asked to write an expression with positive indices that is equivalent to x*> +x~3, a student gave the
answer x°. Is this answer correct?
Explain why or why not.
b. When asked to write an expression with positive indices that is equivalent to (x_l +y~! )_2, a student
gave the answer x> + y2. Is this answer correct?
Explain why or why not.
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20. Answer the following questions.

a. When asked to write an expression with positive indices that is equivalent to x* — x>, a student gave the
answer x°. Is this answer correct?

Explain why or why not.

)C2

. . 1 1 . .
is equivalent to — — —.. Is this answer correct? Explain why or
K- PO

b. Another student said that

why not.

Problem solving

21. Write the following numbers as basic numerals.

a. 4.8 x 1072 b. 7.6 X 103 c. 29x107* d. 8.1 x 10°
22. Determine the value of n in the following expressions.

a. 4793 =4.793 x 10" b. 0.631=6.31Xx10" c. 134=1.34%x10" d. 0.00056 =5.6 x 10"
23. Evaluate the following.

a. Half of 2%° b. One-third of 3%!
24. Simplify the following expressions.

a (2714+371)”" b 10

" 6200

LESSON
1.7 Scientific notation

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e identify numbers that are written in scientific notation
e write numbers in scientific notation as decimal numbers
e write decimal numbers using scientific notation.

1.7.1 Using scientific notation

eles-4389
e Scientists often work with extremely large and extremely small numbers. These can range from numbers as

large as 1 000 000 000 000 000 000 km (the approximate diameter of our galaxy) down to numbers as small
as 0.000 000 000 06 mm (the diameter of an atom).

e Doing calculations with numbers written this way can be challenging — it can be easy to lose track of all
of those zeros.

¢ It is more useful in these situations to use a notation system based on powers of 10. This system is called
scientific notation (or standard form).

e A number written in scientific notation looks like this:

5.316 x 10?
A number between X A power of 10

1 and 10
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Using a calculator for scientific notation

e Numbers written in scientific notation can be entered
into a calculator using its scientific notation buttons.

e Some calculators have different ways of displaying
numbers written in scientific notation.
For example, some calculators display 5.71 x 10* as
5.71EA4.

* When you are writing down scientific notation
yourself, you should always show this number as
5.71 x 10%,

Writing any number in scientific notation

1. Move the decimal point so that it is between the first and second significant figures.
2. Consider how many places the decimal point has moved — this number of places corresponds to

the appropriate power of 10.

3. If the decimal point has moved to the left, the power of 10 will have a positive index (this happens

with very large numbers).

4. If the decimal point has moved to the right, the power of 10 will have a negative index (this

happens with very small numbers).

WORKED EXAMPLE 23 Writing decimal numbers in scientific notation

Write each of these numbers in scientific notation.

a. 827.2 b. 51920000000

c. 0.0051 d. 0.000000 007 648

THINK

a. 1. The numerical part must be written so it is a number
between 1 and 10. This means we must move the
decimal point 2 steps to the left.

2. Moving the decimal point 2 steps left corresponds to the
power 102
Note that the number of steps moved is equal to
the index.
b. 1. Even though the decimal point is not written, we know that
it lies after the final zero.

2. To get a number between 1 and 10 we move the decimal
10 steps to the left. The corresponding power will be 10'°.

c. To get a number between 1 and 10 we must move the decimal
point 3 steps to the right. This corresponds to the power 1073,
Note that moving to the right gives a negative index.

d. To get a number between 1 and 10 we must move the decimal
point 9 steps to the right. This corresponds to the power 107°.

WRITE
a. 8272
S

-
Decimal moves 2 steps left

8.272 x 10?

b. 5.192 x 100

c. 5.1 x 1073

d. 7.648 x107°

TOPIC 1 Number skills and index laws 35



1.7.2 Converting scientific notation to decimal notation

eles-4390
e Converting scientific notation to decimal notation is simply the reverse of the process outlined in

section 1.7.1.

WORKED EXAMPLE 24 Converting scientific notation with positive indices to decimals

The following numbers are written in scientific notation. Write them in decimal notation.

a. 7.136 x 10? b. 5.017 x 10° c. 8x10°
THINK WRITE
a. The index on the power of 10 is positive 2, therefore we move a. 7.136 x102= 713.6

the decimal point 2 steps to the right.

b. The index on the power of 10 is positive 5, therefore we move b. 5.017 x 103 = 501700
the decimal point 5 steps to the right. To do this we will need
to add extra zeros.

c. The index on the power of 10 is positive 6, therefore we move c. 8 x 10°=8000000
the decimal point 6 steps to the right. While the decimal point
has not been written as part of the scientific notation, we know
it lies after the 8. We will need to add extra zeros.

WORKED EXAMPLE 25 Converting scientific notation with negative indices to decimals

Write these numbers in decimal notation.

a. 9.12x 107! b. 7.385 x 107> c. 6.32%1077
THINK WRITE
a. The index on the power of 10 is negative 1, therefore we move a. 9.12 x10~'= 0.912

the decimal point 1 step to the left.

b. The index on the power of 10 is negative 2, therefore we move b. 7.3857 x 1072 = 0.073 857
the decimal point 2 steps to the left. To do this we will need to
add extra zeros.

c. The index on the power of 10 is negative 7, therefore we move c. 6.32 x 1077 =0.000000 632
the decimal point 7 steps to the left. To do this we will need to
add extra zeros.

WORKED EXAMPLE 26 Representing decimals in exponential form

Write these numbers in exponential form.

a. 0475 b. 0.03 c. 0.00023
THINK WRITE
. . . 4 7 5
a. 1. Write 0.475 in expanded fraction form. a. 0475=—+ —+ ——
10 100 1000
2. Express the expanded from in the exponential =4X107'+7x1072+5x 1073
form.
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0 3

b. 1. Write 0.03 in expanded fraction form. b. 0.03=—+ —
10 100
2. Express the expanded fraction from in the =3x1072
exponential form.
. . 0 0 0
c. 1. Write 0.00023 in expanded form. c. 0.00023= —+ —+ ——+
10 100 1000
2 3
+
10000 100000
2. Express the expanded from in the exponential =2x107*+3x 107

form.

Metric prefixes for SI units

The following prefixes allow us to describe tiny numbers as well as incredibly large numbers of units

succinctly.
Symbol Multiplication Factor

T tera 102 | 1000000000 000
giga 10° | 1000000 000
mega 10° | 1000000

kilo 10° | 1000

hecto | 10> | 100

da deka 100 | 10

deci 107! | 0.1

c centi 1072 | 0.01

milli | 10~ | 0.001

micro | 10~% | 0.000 001

nano | 10~ | 0.000 000001
pico 10712 | 0.000 000 000 001

== 2@

(=}

= |3 | B

For example, 1 pico-gram = 10~'2 gram and 1 terabyte = 10'? bytes

Resources
eWorkbook  Topic 1 Workbook (worksheets, code puzzle and project) (ewbk-2001)

Interactivities Individual pathway interactivity: Scientific notation (int-4479)
Scientific notation (int-6031)

TOPIC 1 Number skills and index laws 37



Exercise 1.7 Scientific notation

learn

1.7 Quick quiz 1.7 Exercise

Individual pathways

B PRACTISE B CONSOLIDATE
1,4,6,7,10,13, 14,19, 23 2,5,8,11,15, 16, 20, 24
Fluency

1.

10.

11.

12.

IF=Z=0 Write these numbers in scientific notation.

Understanding

13.

38

Write each of the following sets of numbers in ascending order.

a. 8.31x 102, 3.27x 10%, 9.718 x 102, 5.27 x 10?
b. 7.95x 102, 4.09 x 102, 7.943 x 102, 4.37 x 10?
c. 5.31x1072,9.29% 1073,5.251 x 1072, 2.7%x 1073
d. 8.31x10% 3.27%x10%, 7.13%x 1072, 2.7%x 1073

Jacaranda Maths Quest 9

B MASTER
3,9,12,17, 18, 21, 22, 25, 26

d. 350000

d. 5.1x10°

d. 8.05x 10*

d. 3.518 x 10?

d. 725000 000

e. 1632000 f. 1 million

d. 3x 1072

d. 3.753x 1073

d. 1.273x 1071

d. 0.000 00000001

d. 0.063

0.000068 3
0.01246

a. 5000 b. 431 c. 38
. Write these numbers in decimal notation.
a. 1x10° b. 3.92673 x 102 c. 5911 x10?
. Write these numbers in decimal notation.
a. 7.34x10° b. 7.1414 x 10° c. 3.51x10
. =28 Write these numbers in decimal notation.
a. 6.14x 102 b. 6.14%x 103 c. 6.14x10*
. Write these numbers in scientific notation.
a. 72.5 b. 725 c. 7250
. Write these numbers in scientific notation, correct to 4 significant figures.
a. 43.792 b. 5317 c. 258.95 d. 110.11
. lZ3A Write these numbers in decimal notation.
a.2x 107! b. 4% 1073 c. 7x10~*
. Write these numbers in decimal notation.
a. 8.273x 1072 b. 7.295 x 1072 c. 29142 x 1073
. Write these numbers in decimal notation.
a. 5.29%x 10~ b. 3.3333x 1073 c. 2.625%x107?
Write these numbers in scientific notation.
a. 0.7 b. 0.005 c. 0.0000003
IZZ Write these numbers in exponential form.
a. 0.231 b. 0.003 62 c. 0.0007
Write these numbers in scientific notation, correct to 3 significant figures.
a. 0.006731 b. 0.14257 c.
d. 0.000000005 12 e. 0.0509 f.



14. One carbon atom weighs 1.994 x 10723 g,

a. Write this weight as a decimal.

b. Calculate how much one million carbon atoms will weigh.

c. Calculate how many carbon atoms there are in 10 g of
carbon. Give your answer correct to 4 significant figures.

15. The distance from Earth to the Moon is approximately
3.844 x 10° km. If you could drive there at a constant speed of
100 km/h, calculate how long it would take. Determine how
long that is in days, correct to 2 decimal places.

16. Earth weighs 5.97 x 10?4 kg and the Sun weighs 1.99 x 103 kg. Calculate how many Earths it would take to
balance the Sun’s weight. Give your answer correct to 2 decimal places.

17. Inside the nucleus of an atom, a proton weighs 1.6703 x 10728 kg and a neutron weighs 1.6726 x 10~%" kg.
Determine which one is heavier and by how much.

18. Earth’s orbit has a radius of 7.5 X 107 km and the orbit of Venus has a radius of 5.4 X 107 km.

Calculate how far apart the planets are when:

a. they are closest to each other
b. they are furthest apart from each other.

Reasoning
19. A USB stick has 8 MB (megabytes) of storage.
1 MB =1 048 576 bytes.

a. Determine the number of bytes in 8 MB of storage correct
to the nearest 1000.
b. Write the answer to part a in scientific notation.

20. The basic unit of electric current is the ampere. It is defined as the constant current flowing in 2 parallel
conductors 1 metre apart in a vacuum, which produces a force between the conductors of 2 X 107 newtons

(N) per metre.
Complete the following statement. Write the answer as a decimal.
1 ampere =2 X 10" N/m = N/m

21. a. Without performing the calculation, state the power(s) of 10 that you believe the following equations will
have when solved.
i. 5.36x107+2.95%x10° ii. 5.36x107—2.95%10°
b. Evaluate equations i and ii, correct to 3 significant figures.
c. Were your answers to part a correct? Why or why not?

22. Explain why 2.39 x 1073 4+ 8.75x 1077 =2.39 x 1073, correct to 3 significant figures.
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Problem solving

23. Distance is equal to speed multiplied by time. If we travelled at 100 km/h it would take us approximately
0.44 years to reach the Moon, 89.6 years to reach Mars, 1460 years to reach Saturn and 6590 years to
reach Pluto.

a. Assuming that there are 365 days in a year, calculate the distance (as a basic numeral) between Earth and:
i. the Moon ii. Mars iii. Saturn iv. Pluto.

b. Write your answers to part a, correct to 3 significant figures.
c. Write your answers to part a using scientific notation, correct to 3 significant figures.

24. A light-year is the distance that light travels in one year. Light travels at approximately 300 000 km/s.
a. i. Calculate the number of seconds in a year (assuming 1 year = 365 days).
ii. Write your answer to part i using scientific notation.
b. Calculate the distance travelled by light in one

year. Express your answer:
i. as a basic numeral

ii. using scientific notation.

c. The closest star to Earth (other than the Sun) is in
the star system Alpha Centauri, which is

4.3 light-years away.
i. Determine how far this is in kilometres, correct

to 4 significant figures.

ii. If you were travelling at 100 km/h, determine
how many years it would take to reach Alpha
Centauri.

Alpha Centauri

25. Scientists used Earth’s gravitational pull on nearby celestial bodies (for example, the Moon) to calculate the
mass of Earth. Their answer was that Earth weighs approximately 5.972 sextillion metric tonnes.

a. Write 5.972 sextillion using scientific notation.
b. Determine how many significant figures this number has.

26. Atoms are made up of smaller particles called protons, neutrons and electrons. Electrons have a mass of
9.109 381 88 x 10~3! kilograms, correct to 9 significant figures.

a. Write the mass of an electron correct to 5 significant
figures.

b. Protons and neutrons are the same size. They are both
1836 times the size of an electron. Use the mass of
an electron (correct to 9 significant figures) and your
calculator to evaluate the mass of a proton correct to
5 significant figures.

c. Use the mass of an electron (correct to 3 significant
figures) to calculate the mass of a proton, correct to
5 significant figures.

d. Explain why it is important to work with the original
amounts and then round to the specified number of
significant figures at the end of a calculation.

O Proton
o Neutron

O Electron
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LESSON
1.8 Square roots and cube roots

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e write square and cube roots using the radical symbol
e use fractional indices to represent square roots and cube roots
e simplify expressions that use square roots and cube roots.

1.8.1 Square roots

e The symbol \/_ (the radical symbol) means ‘square root’ — a
number that multiplies by itself to give the original number.

e Every number actually has a positive and negative square root.
For example, (2)2 =4 and (—2)2 =4,

e This means that the square root of 4 is +2 or —2. For this topic,
however, assume that \/_ is positive unless otherwise indicated.

e A square root is the inverse of squaring (raising to the power 2).

e Because of this, a square root of a number is equivalent to raising
that number to an index of %

1
e In general, \/a=a2.

WORKED EXAMPLE 27 Evaluating square roots

Evaluate 1/16p2.

THINK

1. We need to work out the square root of both 16 and p?.

2. Remember that 4 is multiplied by itself to give 16, so the square
root of 16 is 4. For the square root of the pronumeral, replace the
square root sign with a power of %

3. Use the Fourth Index Law.

4. Simplify and write the answer.

WRITE

V1692 = V16 1/p?

=4x (pz)

S e

1
=] 4)(p2><2
=4xp!

=4p

1.8.2 Cube roots

e The symbol \3/' means ‘cube root’ — a number that multiplies by itself 3 times to give the original number.

e The cube root is the inverse of cubing (raising to the power 3).

. . . .. . 1
e Because of this, a cube root is equivalent to raising a number to an index of 3

1
¢ In general, \3/5 =a3.

n
 In more general terms, am = y/a".
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WORKED EXAMPLE 28 Evaluating cube roots

Evaluate \3/ 8

THINK WRITE

1. We need to work out the cube root of both 8 and j . \3/ 8j6 = \3/§ X j 6
1

2. Remember that 2 multiplied by itself 3 times gives 8, =2X ( j 6) S

so the cube root of 8 is 2. For the cube root of the

pronumeral, replace the cube root sign with a power of >

64

3. Use the Fourth Index Law. =2Xj 3

=2xj?
4. Simplify and write the answer. =2j?
DISCUSSION

Why does the cube root of a number always have the same sign (positive or negative) as the number itself?

Resources

eWorkbook Topic 1 Workbook (worksheets, code puzzle and project) (ewbk-2001)

Interactivities Individual pathway interactivity: Square roots and cube roots (int-4519)
Cube roots (int-6065)
Square roots (int-6066)

Exercise 1.8 Square roots and cube roots learn
1.8 Quick quiz 1.8 Exercise

Individual pathways

B PRACTISE Bl CONSOLIDATE B MASTER
1,4,7,10, 14 2,5,8,11,15, 16 3,6,9,12,13, 17
Fluency

1. Write the following in index form.
a. V15 b. \/ﬁ c. \3/; d. \3/w2

2. Evaluate the following.

1 1 1
a. 492 b. 42 c. 273 d. 1253
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3. Evaluate the following.
1 1
a. 10003 b. 642
1 1
d. 1 000 0002 e. 1 000 0003

Understanding

4. I3 Simplify the following expressions.

a. Vm? b. Vb3 c.

5. Simplify the following expressions.

a. V1256 b. {/x5yl0 c.

6. Simplify the following expressions.

a. /64x6y6 b. \/25a2b*c6 c.

7. W28 T /8000mn3p3¢0 is equal to:

A. 2666.6m’npg>  B. 20m*npq® C. 20m*n°p°q?

s. 3 \3/ 3375a9b°c3 is equal to:

A. 11254%b%¢ B. 11254°b3c° C. 1123455
9. I /15 625f3g61 is equal to:

A. 25fg*h? B. 25f0g3hS C. 25g3h°
Reasoning

10. Answer the following questions.

1
a. Using the First Index Law, explain how 32 x 32 =3,

1
b. Express 32 in another way.

c. Write 1/a in index form.

1
d. Without a calculator, evaluate 83.

11. Answer the following questions.

a. Explain why calculating 7> is a square root problem.
b. Explain whether z°3 is a cube root problem.

V364 d. g m3no

adm40 d. \3/ 216)16

b d. Vb x v/b

D. 7997m’npq* E. 2m’npg*

D. 154°b%¢c E. 5a°b3c

D. 5208.3fg2h} E. 250fgh}

12. Prithvi and Yasmin are having an algebra argument. Prithvi is sure that V/x2 is equivalent to x, but Yasmin

thinks otherwise. State who is correct.
Explain how you would resolve this disagreement.

1 1

13. Verify that (—8)3 can be evaluated and explain why (—8)% cannot be evaluated.

Problem solving

14. The British mathematician Augustus de Morgan enjoyed telling his friends that he was x years old in the
year x>. Determine the year of Augustus de Morgan’s birth, given that he died in 1871.
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15. Kepler’s Third Law describes the relationship between the distance of planets from the Sun and their orbital
11
periods. It is represented by the equation d2 = 3. Solve for:
a. d in terms of ¢ b. tin terms of d.

3 8
16. If n4 = E evaluate the value of n.

17. An unknown number is multiplied by 4 and then has 5 subtracted from it. It is now equal to the square root
of the original unknown number, squared.

a. Determine how many solutions to this problem are possible. Explain why.
b. Determine all possible values for the unknown number.

LESSON
1.9 Surds (extending)

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e identify when a square root forms a surd
e place surds in their approximate position on a number line
e simplify expressions containing surds.

1.9.1 Identifying surds

eles-4393
e In many cases the square root or cube root of a number results in a rational number.

For example, 4/25=%*5 and V1.728 = 1.2.
e When the square root of a number is an irrational number, it is called a surd.

e For example, 1/10~3.162 277 660 17 ... Since /10 cannot be written as a fraction, a recurring decimal or
a terminating decimal, it is irrational and therefore it is a surd.
e The value of a surd can be approximated using a number line.

For example, we know that 4/21 lies between 4 and 5, because it lies between /16 (which equals 4) and
V25 (which equals 5).
We can show its approximate position on the number line like this:

0

4 5 6 7

W -

Jar

(approximately)

e Geometric constructions can be used to locate rational numbers and square root on a number line.

For example, \/E is located at the intersection of an arc and the number line, where the radius of the arc is
the length of the diagonal of a one-unit square.
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WORKED EXAMPLE 29 Locating the square root on a number line

Represent \/5 on the number line.

THINK WRITE/ DRAW
1. Start with a horizontal number line from 0 to 2. (.) i i
2. Extend a vertical number line up from the origin. YA
2 -
1 —
T T >
g 1 2 7
3. Draw in a unit square with its lower left corner at the YA
origin. All sides of the unit square are
1 unit. 2
1 1
1
T >
v 1 2
4. Draw a diagonal of the unit square from the origin, O \
to the opposite corner, B.
2 -
1 > B
Pl
T >
0 1A ) X

5. Apply the Pythagoras theorem to determine the length OB> = OA” + AB’
of the side OB: — 12412
OB* = 0A* + AB® —»5

OB =12

The length of the diagonal is \/5

YA
2 —
B
1 7
2
0 1A i x
6. Now to locate \/5 accurately on the number line, YA
draw an arc with its centre at the origin, O and its
radius (diagonal) of \/5 using a compass. 2
-~ g
1 N
\fg/ 1\\
‘ B}
0 A 5, x
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7. Label \/5 at the intersections of the arc on both the y

horizontal and vertical number lines. k
2_
VIge..
1 >
1
Vi Y
0 Vi %

\/5 is located at the intersection of an arc
and the number line, where the radius of the
arc is the length of the diagonal of a one-unit
square.

WORKED EXAMPLE 30 Identifying surds

Identify which of the following are surds.

a. \/6 b. m
C. —\/6 d. %

THINK WRITE

a. \/6 =0. This is a rational number and therefore not a. \/6 = 0. This is not a surd.
a surd.

b. v20=4.472 135955 ... This is an irrational number b. V20 is a surd.

and therefore a surd.

c! —\/_ = —3. This is a rational number and therefore ! —\/_ = —3. This is not a surd.
not a surd.
d. %z 1.817 120592 83 ... This is an irrational number d. \76 is a surd.

and therefore a surd.

1.9.2 Multiplying and dividing surds

eles-4394
e Multiplication of surds is done by multiplying the numerical parts of each surd under a single radical sign.

e Division of surds is done by placing the quotient of the numerical parts of each surd under a single
radical sign.

Multiplying surds
Va xVb=ab

Dividing surds
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WORKED EXAMPLE 31 Multiplying surds

Evaluate the following, leaving your answer in surd form.

a. 7><\/5 b.5x\/§ c. Sx\/g d. —2\/§x4\/§

THINK WRITE

a. ApplytheruleﬁX\/Z:\/E. a. 7X\/§:\/ﬁ

b. Only \/5 is a surd. It is multiplied by 5, which is not a surd. b. 5X \/_ = 5\/§

c. Apply the rule \/EX\/Z=\/E. c. V5x% :\/E

=5

d. Multiply the whole numbers. Then multiply the surds. d. —21/3%x4/5=-2x4%x1/3%x/5
=-8x1/15
=-84/15

WORKED EXAMPLE 32 Dividing surds

Evaluate the following, leaving your answer in surd form.

Vio N ~68 Vi -
a. : ? c. d — \/g
V5 4/4 VB
THINK WRITE
a \/ﬁ 10
. Apply the rul =Vb=4/-. L —=4]—=
a ppyteme\/a \/E \/; a \/3 5
e
L . /10
b. Simplify the fraction. b. = = \/5
c. Simplify the whole numbers. Then apply the rule c. L\/\{g = %E
44/4
Va+vb= \/g :
d. Applythemle\/a+\/3=\/§. d. @= @=\/Z
b \/g 5
=)
e. Rewrite the numerator as the product of two surds e. =N = \/g X \/g
and then simplify. \/g \/g
=1/5
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1.9.3 Simplifying surds

. . . 5 7 .
e Just as a rational number can be written many different ways <e. g. —=— —>, so can a surd. It is

2710 14
expected that surds should normally be written in their simplest form.

e A surd is in its simplest form when the number inside the radical sign has the smallest possible value.

e Note that 4/24 can be factorised several ways.
For example:

V24=v2x V12
V24=13x3
V24=v4ax 6

In the last example, \/Z =2, which means:

V24 =2x1/6
=26

24/6 is equal to \/ﬂ, and 2\/8 is \/ﬂ written in its simplest form.

e To simplify a surd you must determine a factor that is also a perfect square. For example, 4, 9, 16,
25, 36 0r49.

e A surd like \/Z, for example, cannot be simplified because 22 has no perfect square factors.

¢ Surds can be simplified in more than one step.

V72 = Vax /18
=24/18
=2x1/9% /2
=2x3v2
=612

WORKED EXAMPLE 33 Simplifying surds

Simplify the following surds.

a. V18 b. 61/20

THINK WRITE

a. 1. Rewrite 18 as the product of two numbers, a. V18 = \/5 X \/5
one of which is a perfect square (9).

2. Simplify. =3x12

=34/2

b. 1. Rewrite 20 as the product of two numbers, b. 61/20=6X \/4_1 X \/g
one of which is square (4).

2. Simplify. =6x2x1/5

=124/5
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eles-4396

eles-4397

1.9.4 Entire surds

e The surd 1/45, when simplified, is written as 3\/5 .

The surd /45 is called an entire surd because it is written entirely inside the radical sign. The surd 3\/5,
however, is not an entire surd.
e Writing a surd as an entire surd reverses the process of simplification.

WORKED EXAMPLE 34 Writing entire surds

Write 31/7 as an entire surd.

THINK WRITE
1. In order to place the 3 inside the radical sign it has to be written 3 \/5 = \/5 X \/7

as \/5
2. Apply the rule \/Ex \/Z: \/J. = \/@

WORKED EXAMPLE 35 Comparing surds

Determine which number is larger, 31/5 or 5\/5.

THINK WRITE

1. Write 3\/5 as an entire surd. 3\/5 = \/5)( \/g
- Va5

2. Write 5\/5 as an entire surd. 5 \/5 = \/g X \/3
=1/75

3. Compare the values of each surd. V75> \/45
4. Write your answer. 54/3 is the larger number.

1.9.5 Addition and subtraction of surds

e Surds can be added or subtracted if they have like terms.
e Surds should be simplified before adding or subtracting like terms.

WORKED EXAMPLE 36 Adding and subtracting surds

Simplify each of the following.
a. 6V3+2V/3+4V/5-5/5 b. 3v/2-5+412+9

THINK WRITE

a. Collect the like terms (v/3 and V/3). a. 6V3+2v3+4v5-5¢/5

=8v3-1/5

b. Collect the like terms and simplify. b. 3 \/5 =34F 4\/5 +9
=3v2+4y2-5+9
=T7v2+4
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WORKED EXAMPLE 37 Simplifying surd expressions

Simplify 51/75 — 61/12 + /8 — 44/3.

THINK

1. Simplify 51/75.

2. Next, simplify 64/12.

3. Lastly, simplify \/§

4. Rewrite the original expression and simplify by adding

WRITE

575 =5x125x/3
=5%x5x1/3
=253

6\/E=6>< \/ZX\@
:6x2><\/§
=12¢/3

VB=ix V2
=242

5v75-6V12+/8—44/3

like terms. =25v/3—12V/3+21/2-41/3
=9v3+21/2
TI| THINK WRITE CASIO | THINK WRITE
In a new problem, T ro g Make sure the © Edit Action Interactive
on a Calculator page, s [E s fiafe-tfi ofiefs calculator is set to e [ea]sm [ [ ] I_
complete the entry i Standard mode. S TV I BdV3 a
line as: 54/75 — On the Main screen, 942 T
6v/12 + \/g _ 4\/5 complete the entry 0
line as:
Press ENTER.
5v75—-6v12+
VB-4/3
Press EXE.
5V75—6V12+ V8 —44/3
=9v3+2V2
£
Mlg  Stenderd  Resl Deg @
5v75—6V12+ V8 —44/3
=93 +2v2
DISCUSSION

Are all square root numbers surds?
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Resources

eWorkbook Topic 1 Workbook (worksheets, code puzzle and project) (ewbk-2001)
Video eLesson Surds (eles-1906)

Interactivities  Individual pathway interactivity: Surds (int-4477)
Simplifying surds (int-6028)
Surds on the number line (int-6029)

Exercise 1.9 Surds (extending) learn
1.9 Quick quiz 1.9 Exercise

Individual pathways

B PRACTISE Bl CONSOLIDATE B MASTER
1,5,7,10, 13, 16, 19, 21, 23, 24, 2,4,9,11,15,17, 22, 25, 29, 31, 3, 6, 8,12, 14, 18, 20, 26, 28, 33,
27, 30, 35, 39 32, 36, 40 34, 37, 38, 41, 42
Fluency
1. Write down the square roots of each of the following.
a. 1 b. 4 c. 0 a L e 12
9 16
2. Write down the square roots of each of the following.
a. 0.16 b. 400 c. 10000 d. 4 e. 1.44
25
3. Write down the square roots of each of the following.
a. 20.25 b. 1000000 c. 0.0009 d. 256 e. 2§
49

4. Write down the value of each of the following.
a. /81 b. —1/81 c. V121
5. Write down the value of each of the following.
a. /8 b. V64 c. V343 d. v/81
6. Write down the value of each of the following.
a. /1024 b. V125
7. IlZZA Place the following on a number line.
a. V3 b. V7 c. V12 d. /34
8. INE Identify which of the following are surds.
a. —V/216 b. V/-216
9. Identify which of the following are surds.
a. 1.32 b. 1.32 c. \/64 d. 1.752 16

o

. —V441

—/49 d. V=27

o

o
|
5
o

1442
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10.

11.

12,

13.

14.

15.

16.

17.

18.

19.

20.

21,

22.

52

=3 Simplify each of the following.

a. 3xﬁ b. —\/gx\ﬁ c.2><\/8
d. 2x31/7 e. 20/7x5V2
Simplify each of the following.
a. 3\/7x4 b. V7X9 c. —21/5x-11V2
d. 2¢/3x11 e. V3x1/3
Simplify each of the following.
a. —3v2x-5/5 b. 21/3x44/3 c. V6x1/6
d. Viix V11 e. V15x24/15
ZEA Simplify each of the following.
12 10
a. : b. — ?
V18 -V15
c. —— d.
V3 -V3
Simplify each of the following.
: 5\/5 "o
.. 1376 0 3./2
\/37 3V 3
Simplify each of the following.
—10\/ﬁ b \/5 c. i d. l
a. 5\/5 : % \/5 \/7
II=EE Simplify each of the following.
a. \/ﬁ b. \/g c. \/E d. \/@
Simplify each of the following.
a. \/% b. \/% c. \/ﬁ d. \/ﬁ
Simplify each of the following
a. /288 b. /48 c. /500 d. /162
Simplify each of the following.
a. 2¢/8 b. 54/27 c. 61/64 d. 7v/350 e. 10124
Simplify each of the following.
a. 512 b. 41/42 c. 12472 d. 9v/45 e. 121242
M= Write each of the following in the form \/E (that is, as an entire surd).
a. 2¢/3 b. 5v/7 c. 613 d. 4/5 e. 816
Write each of the following in the form \/E (that is, as an entire surd).
a. 31/10 b. 42 c. 12¢/5 d. 101/6 e. 13V2
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23. lIEE Determine which number in each of the following pairs of numbers is larger.

a. V10 or24/3 b. 3v/5 or 5v/2 c. 102 or44/3 d. 24/10 or /20
24. =AM Simplify each of the following.

a. 6V2+3v2-72 b. 4v/5—-61/5-2/5

c. =3V3-7V3+4/3 d. —9v/6+6v6+316
25. Simplify each of the following.

a. 10V/11—6V11 + V11 b. V71+V7

c. 4v/2+6V2+5V3+23

26. Simplify each of the following.

. 10V5-2v5+8v6—-716

o

a. 510+ 24/3+31/10+5V/3 b. 12¢/2-35+4y2-84/5
c. 66 +1V2—4V6-12 d. 16V/5+8+7-11/5
27. Simplify each of the following.
a. V8+118—1/32 b. V/45—1/80+1/5
c. —V12+V75-/192 d. V7+1/28—1/343

e. V24 +1/180+ /54

28. Simplify each of the following.

a. V12 +20—4/125 b. 24/24 +31/20-74/8
c. 3v/45+2v/12+51/80 +31/108 . 6V/44 +44/120 — /99 — 31/270
e. 24/32—51/45—44/180 + 10V/8

29. [T Choose the correct answer from the given options.

a. \/§+6\/§—5\/§—4 3 is equal to:

o

A =5V2+2v3  B.=3V2+23 . 6V2+2V3 D —4V2+42V3 E 424243
b. 6—5\/€+4\/g—8is equal to:
A —2—1/6 B. 14—1/6 c. —2+1/6 D. —2—9+/6 E. 2496
c. 4v/8 —61/12 = 7v/18 + 24/27 is equal to:
A =745 B. 20v/2—18v/3 €. —13y/2-6v/3 D. —=13V2+6V3 E 75
d. 2 20+5\/ﬁ— \/5_4+5\/Eis equal to:
A 19v5+7v6  B.9V5-7v6  c. —11V/5+7v6 D. —=11/5-7V6 E. —9v/5-716
Understanding
30. I Choose the correct answer from the given options.
a. Mis equal to:
A. 31.6228 B. 502 c. 504/10 D. 101/10 E. 100110
b. 4/80 in simplest form is equal to:
A 44/5 B. 21/20 c. 84/10 D. 51/16 E. 2+161/5
c. Choose which of the following surds is in simplest form.
A. /60 B. V147 c. V105 D. V117 E. V20
d. Choose which of the following surds is not in simplest form.
A. /102 B. V110 c. V116 D. V118 E. 1/105
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31. @ Choose the correct answer from the given options.

a. 64/5 is equal to:

A. v/900 B. v/30 C. V150 D. V180 E. 1800
b. Choose the expression out of the following that is not equal to the rest.

A. V128 B. 24/32 c. 8v2 D. 644/2 E. 612

c. Choose the expression out of the following that is not equal to the rest.

A 44/4 B. 21/16 c.8 D. 16 E. 32
d. 54/48 is equal to:

A. 804/3 B. 201/3 c. 9v3 D. 21/3 E. 10V/3

32. Reduce each of the following to simplest form.

a. V675 b. v/ 1805 c. V1792 d. /578

33. Reduce each of the following to its simplest form.

a. Vd%c b. \Vbd* c. \/ h2jk? d.
34. Write the following sequences of numbers in order from smallest to largest.

a. 612, 8, 24/7, 31/6, 41/2, /60
b. V6, 2v/2, V2, 3, /3, 2, 2V/3

Reasoning

35. The formula for calculating the speed of a car before it brakes
in an emergency is v = \/ﬁ, where v is the speed in m/s and
d is the braking distance in metres.
Calculate the speed of a car before braking if the braking
distance is 32.50 m.
Write your answer as a surd in its simplest form.

36. A gardener wants to divide their vegetable garden into
10 equal squares, each of area exactly 2 m?.

a. Calculate the exact side length of each square. Explain
your reasoning.

b. Determine the side length of each square, correct
to 2 decimal places.

c. The gardener wishes to group the squares in their
vegetable garden next to each other so as to have the
smallest perimeter possible for the whole garden.

i. Determine how they should arrange the squares.
ii. Explain why the exact perimeter of the vegetable

patch is 14\/5 m.
iii. Calculate the perimeter, correct to 2 decimal places.

37. Explain why V/a3b? can be simplified to ab\/a.

38. Determine the smallest values that a and b can have, given that they are both natural numbers, that
1 <a < b, and also that y/ab is not a surd.
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Problem solving

39. Kyle wanted a basketball court in his backyard, but he could not fit a full-sized court in his yard. He was able

to get a rectangular court laid with a width of 6\/5 m and a length of 34/10m.
Calculate the area of the basketball court and represent it in its simplest surd form.

40. A netball team went on a pre-season training run. They completed 10 laps of a triangular course that had
side lengths of (200y/3 + 50) m, (50v/2 + 75v/3)m and (125v/2 — 18) m.
Determine the distance they ran, in its simplest surd form.
g g =

41. The area of a square is xcm?. Explain whether the side length of the square would be a rational number.

42. To calculate the length of the hypotenuse of a right-angled triangle, use the formula c* = a® + b.

Hypotenuse

.

b

a. Calculate the length of the hypotenuse for triangles with other side lengths as given in the following pairs
of values.

i V5,48 i. V2,17 i. /15,23

b. Describe any pattern in your answers to part a.
c. Calculate the length of the hypotenuse (without calculations) for triangles with the following side lengths.

i. /1000, /500 ii. v423,4/33 iii. v/124,4/63
d. Your friend wrote down the following explanation.

Vo ve=va
Is this answer correct?

If not, explain what the correct answer should be.
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LESSON
1.10 Review

1.10.1 Topic summary

Rounding to significant figures Rounding to decimal places

¢ The natural numbers are the positive * In a decimal number, the significant e Identify the rounding digit.
whole numbers, e.g. 1, 2, 3, 4 ... They figures start at the first non-zero digit. « If the digit after the rounding
were our first counting numbers. ¢ To round a decimal number to digitis 0, 1, 2, 3 or 4, leave the

¢ The set of natural numbers is significant figures: rounding digit as it is.
represented by the symbol N. 1. Start at the first non-zero digit. « If the digit after the rounding

2. Write down the digits that follow until digitis 5, 6, 7, 8 or 9, increase
you have reached the required number the rounding digit by 1.
Integers of significant figures. (You may need * Leave out all digits that come
« Integers are the whole number values to round off the final digit.) after the rounding digit.

on the number line. They include the 3. Leave out the digits that come after the

positive and negative whole numbers last significant figure that is required.
as well as zero, e.g. ~2, -1, 0, 1, 2. e.g. 1.425 has 3 decimal places but 4

¢ The set of integers is represented by significant figures.

the symbol Z. Recurring decimals Rounding

e A recurring decimal is a decimal e Rounding is used to write
Rational numbers —  number with digits or groups of digits approximate values of irrational

0 TS AR TIEE that repeat themselves endlessly. numbers, recurring decimals or

that can be expressed as a e When writing recurring decimals, we long terminating decimals.
whole number fraction, i.e. as -, place dots above the first and last o Numbers can be rounded to a
where a and b are both repeating digits. . set number of decimal places
integers and b # 0. For example, 3.333333 ... becomes 3.3 or to a set number of

and 11.923 923 923 ... becomes 11.923. significant figures.

The symbol Q is used for the set of

rational numbers.

e The set of rational numbers includes
the integers as well as terminating A square root is the inverse of squaring
decimals and recurring decimals. (raising to the power of 2).
eg. — (_5] 3.2 [l 6] -0.036 [ 36) » Every number has a positive and a
7 1 5 1000, negative square root.
e.g.2?=4and -2°=4
The cube root is the inverse of cubing

Transcendental numbers

(raising to the power of 3). ¢ Transcendental numbers are
irrational numbers that have
significance.

* Real numbers lie on the number line. * Irrational numbers are numbers that result « Pi (n) is an example of a
* The set of real numbers includes in decimals that do not terminate and do (TeEETG el T e,
the irrational numbers and the not have repeated patterns of digits.
rational numbers. e.g.1/18 =4.242 640 687 12...
¢ The symbol R is used for real numbers. e The symbol / is used for the set of

irrational numbers.

NUMBER SKILLS AND INDEX LAWS

Index laws Scientific notation

¢ There are a number of index laws: * Scientific notation is used to write very large and * Surds result when the
e a"xd'=a"t" very small numbers. root of a number is an
e d"+d'=a"" e A number written in scientific notation has the form: irrational number.
e a’=1, where a0 (number between 1 and 10) x (a power of 10). e.g.v/10
e (@)'=ag™m*" ¢ Large numbers have powers of 10 with positive ~3.162 277 660 17 ...
e (axby"=a"xb" indices, while small numbers have powers of 10 * They are written with
L (aY"_a” with negative indices. aroot (radical) sign
b)) pm For example: in them.
e gnzl where a #0 * 8079 can be written as 8.079 x 103_4 e Va x+b=+ab
: a" * 0.000 15 can be written as 1.5 X107 i a
o an=+/a. s == |—
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1.10.2 Success criteria

Tick the column to indicate that you have completed the lesson and how well you have understood it using the
traffic light system.

(Green: I understand; Yellow: I can do it with help; Red: I do not understand)

Lesson Success criteria @

o

1.2

1.3

1.4

1.5

1.6

1.7

| can identify real numbers that are natural, integer, rational or irrational.

| can recall and use correct symbols for the sets of real, natural, integer,
rational or irrational numbers.

| can write integers and decimals as rational number fractions.

| can write recurring decimals using dot notation.

| can explain the difference between recurring and terminating decimals.
| can round decimals to a given number of decimal places.

| can identify how many significant figures a decimal number has.

| can round decimals to a given number of significant figures.

| can identify the base and the index of a number written in index form.

| can recall the first three index laws.

| can use the first three index laws to simplify expressions involving indices.

| can apply the Fourth, Fifth and Sixth index laws to raise a power to
another power.

| can apply the first six index laws to simplify expressions involving indices.

| can apply the Seventh Index Law to evaluate expressions using negative
indices.

| can apply the first seven index laws to simplify expressions involving
indices.

| can identify numbers that are written in scientific notation.

| can write numbers in scientific notation as decimal numbers.

| can write decimal numbers using scientific notation.

| can represent decimals in exponential form.

(continued)
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(continued)

1.8 | can write square and cube roots using the radical symbol.

| can use fractional indices to represent square roots and cube roots.

| can simplify expressions that use square roots and cube roots.

1.9 | can identify when a square root forms a surd.

| can place surds in their approximate position on a number line using
geometric constructions.

| can simplify expressions containing surds.

1.10.3 Project

Concentric squares

Consider a set of squares drawn around a central point on a grid, as shown.

These squares can be regarded as concentric squares, because the central point of each square is the point
labelled X. The diagram shows four labelled squares drawn on one-centimetre grid paper.

e

1. Use the diagram above to complete the following table, leaving your answers in simplest surd form (if
necessary). The first square has been completed for you.

Square 1 2 3 4
Side length (cm) 2
Diagonal length (cm) 2\/5

Perimeter (cm) 8

Area (cm?) 4
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Observe the patterns in the table and answer the following questions.

2. What would be the side length of the tenth square of this pattern?
3. What would be the length of the diagonal of this tenth square?

Consider a different arrangement of these squares on one-centimetre grid paper, as shown.

These squares all still have a central point, labelled Y.

4. Use the diagram to complete the following table for these squares, leaving your answers in simplest
surd form if necessary. The first square has been done for you.

! R

O T
OO
[ — .
ETCI

5. What would be the side length of the tenth square in this pattern of squares?
6. What would be the length of the diagonal of the tenth square?

Use the two diagrams above to answer the following questions.

7. In which of the two arrangements does the square have the greater side length?
8. Which of the two arrangements shows the squares with the greater diagonal length?
9. Compare the area of a square (your choice) in the first diagram with the area of the corresponding
square in the second diagram.
10. Compare the perimeter of the same two corresponding squares in each of the two diagrams.
11. Examine the increase in area from one square to the next in these two diagrams. What increase in area
would you expect from square 7 to square 8 in each of the two diagrams?
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Consider a set of concentric circles around a centre labelled Z, drawn on one-centimetre grid paper, as
shown.

12. Investigate the change in circumference of the circles, moving from 4
one circle to the next (from smallest to largest). Write a general 3
formula for this increase in circumference in terms of 7.

13. Write a general formula in terms of 7z and r that can be used to

calculate the increase in area from one circle to the next (from smallest
to largest).

Resources

eWorkbook Topic 1 Workbook (worksheets, code puzzle and project) (ewbk-2001)
Interactivities Crossword (int-0698)
Sudoku puzzle (int-3202)

Exercise 1.10 Review questions learn
Fluency
1. I Choose which of the given numbers are rational:\ / 1—62, v0.81, 5, —3.26, 0.5, %, % .

A V081, 5, —3.26, 0.5 and,/i B. /% and =
12 25
6 3 6
C. 1/, 4/081 and /= D. 5, —3.26and 1/ —
V 12 V12 R VP

E. 4 / %, 5 and v/0.81

2. For each of the following, state whether the number is rational or irrational and give the reason for your

ansSwer.
d.0.6 e. v0.08

a. V12 b. V121 .

NN )

3. I Choose which of the numbers in the set {3 \/5 5\/7, 9\/2, 6\/5, 7\/5, 12\/6_4} are surds.

A. 94/4,124/64 B. 31/2 and 7V/12 only
c. 3v/2,54/7 and 64/10 only D. 3v/2,51/7,64/10 and 74/12
E. 9\/4_1 and 7\/E

4. State which of the following are not irrational numbers.

a.\/7 b.\/g c.\/8_1 d.\/ﬁ
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10.

11.

12.

13.

14.

15.

16.

I Choose which of the following represents the number 0.000 67 written using scientific notation.

A. 67%x107°

B. 0.67x 1073

C.6.7x10™* D. 6.7%x 1073 E. 6.7x1073

T Choose which of the following is a simplification of the expression 4/250.

A. 25/10 B. 51/10

. Simplify each of the following.

a. b’ xb?
d. f2xfixf4
Simplify each of the following.

a. 2¢° X3g*x q'°
d. 542 b* x3a® b’ x 7a° b®

Simplify each of the following.

a. Pt

b. !+ 12

Simplify each of the following.
m24 ¢t x g’
a. 0 b. 2
m 4

Simplify each of the following.
L X Xpxpt

p*xp*xp?
98 2d"
C 16610 16

Simplify each of the following.
a. 5° b. 12°
Simplify each of the following.
a. ab’ b. 3w’
Simplify each of the following.
a. v!oy?
d. j8Km?

Simplify each of the following.
a. 2x° % 3xy?

0
c. 15— 12x<2>
8

e. 3(6w0)2 +2(5w5)0

. m® X m?
WX XK

SR X TwlZ2 x w4

b. prt0
e. 4e20—36(a?h?)’

c. 10v/5 D. 51/50 E. 101/25

c. Xk

c. 2 p* X 6> p

. @ = d?
17 100
8 . 5 f y
c. p°=p d. ﬁ e. yTo
O xatxx doxd x d* I xtxe
- - - d ———— AL
X8 &8 2xtt
16k 88 205, 28
21 42 e T8
243 X ab
" 4xaxb
c. 345° d. ¢° e. 1°
c. 5¢°—24° d. 100s°+992°  e. a’'p°
c. a’b*c°

b. —8(18x2y426)0

d. —4p°x6(r)" = 8(~124%)"

Raise each of the following to the given power.

a. (b%)°

b. (a®)’

e (k)" d. (%)
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4

3
4
17. X2 (i> is equal to:

d2

" 4b3 8 12612 c 64b12 B 64b7 E 64b1°
B G G P b

18. Raise each of the following to the given power.
a. (asbz)3 b. (m7;112)2 c. (st6)3 d. (qp30)10

19. Write each of the following with positive indices.
a. a”! b. k=* c. 4m? =2m’ d. 7xX3y~* x 6x73y~!

20. Write each of the following using a negative index.
1 2
a. — b. — c. z+7* d. 45p°¢~*x3p~q
x y*

21. Simplify each of the following.
a. \/ﬁ b. \/% c. Va? d. \/l; e. \/W
22. Simplify each of the following.
a. V27 b. v/1000 c. V3 d. V8 e. V/64f6g3
Problem solving
23. If your body produces about 2.0 X 10!! red blood cells each day, determine how many red blood cells

your body has produced after one week.

24. If your body produces about 1.0 X 10'° white blood cells each day, determine how many white blood
cells your body produces each hour.

25. If Earth is approximately 1.496 X 10® km from the Sun, and
Mercury is about 5.8 X 107 km from the Sun, evaluate the
distance from Mercury to Earth.

26. Calculate the closest distance between Mars and Saturn if
Mars is 2.279 x 10® km from the Sun and Saturn is
1.472 x 10° km from the Sun.

27. Consider the numbers 6 X 10, 3.4 x 107 and 1.5 x 10°.

a. Place these numbers in order from smallest to largest.

b. If the population of Oceania is 3.4 X 107 and the world population is 6 X 10°, determine the
percentage of the world population that is represented by the population of Oceania.
Give your answer to 2 decimal places.

c. Explain what you need to multiply 1.5 x 10° by to get 6 x 10°.

d. Assume the surface area of Earth is approximately 1.5 X 10%km?, and that the world’s population is
about 6 X 10°. If we divided Earth up into equal portions, determine how much surface area each
person in the world would get.
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28. The total area of the state of Victoria is 2.27 X 10° km?. If the total area of Australia is 7.69 x 10° kmz,
calculate the percentage of the total area of Australia that is occupied by the state of Victoria.
Write your answer correct to two decimal places.

29. A newly discovered colony of bees contains 3
2.05 % 10® bees. If 0.4% of these bees are estimated &*i@
to be queen bees, calculate how many queen bees 'S SS 8
live in the colony. 7P

e
Y T

30. Third-generation fibre optics that can carry up to 10 trillion (1 X 10'?) bits of data per second along a
single strand of fibre have recently been tested.
Based on the current rate of improvement in this technology, the amount of data that one strand of fibre
can carry is tripling every 6 months. This trend is predicted to continue for the next 20 years.
Calculate how many years it will take for the transmission speed along a single strand of fibre to exceed
6 % 10'° bits per second.

31. Mach speed refers to the speed of sound, where
Mach 1 is the speed of sound (about 343 metres per
second (m/s)). Mach 2 is double the speed of sound,
Mach 3 is triple the speed of sound, and so on. Earth
has a circumference of about 4.0 X 10*km.

a. The fastest recorded aircraft speed is 11270
kilometres per hour (km/h).

Express this as a Mach speed, correct to
1 decimal place.

b. Create and complete a table for three different
speeds (Mach 1, 2 and 3) with columns labeled
‘Mach number’, ‘Speed in m/s’ and ‘Speed
in km/h’.

c. Calculate how long it would take something travelling at Mach 1, 2 and 3 to circle Earth. Give your
answer in hours, correct to 2 decimal places.

d. Evaluate how long it would take for the world’s fastest aircraft to circle Earth. Give your answer in
hours, correct to 2 decimal places.

e. Evaluate how many times the world’s fastest aircraft could circle Earth in the time it takes an aircraft
travelling at Mach 1, 2 and 3 to circle Earth once. Give your answers correct to 2 decimal places.

f. Explain the relationship between your answers in part e and their corresponding Mach value.

To test your understanding and knowledge of this topic, go to your learnON title at
www.jacplus.com.au and complete the post-test.
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Answers

Topic 1 Number skills and

index laws
1.1 Pre-test

. True
. Recurring decimal

1
2
3.
4
5.
6.
7
8
9,

10. 7.44
11. C
12. B
13. 1.672 x 107

44/3

3

52
2

14.

16. —

1.2 Real numbers
15 -8

1. a. — —
1

73
b. —

10

156
b, —

100
4. a. 0.55555555

c. 0.51111111

e.5.1831831

. —7.0244444
c. 5.1234343

—1o =&

b. True

8
c. — d.
3

2
1000
3612

c. —— d.
1000

b. 0.51515151
d. 6.0313131

b. 8.9124912
d. 5.1234123

—41

872
10
-8
100

e. 3.0020202

6.a. 0.5
~. 0.428571

. 0.073

. 0.46

.15
.=3,0, 15

-3 .3
-3, —,0,23,2-,15
7 5

< 0.27 . 2.08

1-1.74
b. —3.83
e. 0.046

c. 0.46

[
oo aw

o

. 3
d.2.3and — =
7

9. 2.1, 2.121, 2.121, 2.12, 2.12

10. Statements a and b are true.

a
11. Every integer a can be written as 1 and therefore every

integer is rational.
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12,

13

14,

15

16.

a.

o

b. N~ implies a set of negative natural numbers. As the
natural numbers include only positive numbers, this set

would not exist.

. Yes, because the division of an integer by another integer
will always result in a rational number.

a.

a.

1000

1 21
= =, = b. 6
3'3°6
. Answers will vary. Sample responses are shown.
10 100
= b. — c. —
9 99 999

. $3330.20
17. 657 bottles of water per year

d ——
9999

1.3 Rounding numbers and significant figures

1

10.
11.

12,
13.
14,

15.
16.

17.
18.

19.

20.

N o o »

. a.
d.

o o

. a.

d.
3.1416, 3.14159, 3.141593, 3.1415927

a.

a.

a.

a.

1.571 b. 2.236 c. 3.873
16.435 e. 5.111 f. 5.156
. 5.152 b. 137.358 c. 0.429
. 0.077 e. 2.429 f. 1.000
. 4.000 b. 0.254 c. 0.025
. 0.001 e. 5.000 f. 2342.156
.2 b. 3 c. 4 d. 3
.4 b. 4 c.2 d. 1
.3 b. 4 c.2 d. 3
. 1.5708 b. 2.2361 c. 3.8730
. 16.435 e. 5.1111 f. 5.1556
. 5.1515 b. 137.36 c. 0.42857
. 0.076 923 e. 2.4286 f. 1.0000
6.5813 b. 4.0000 c. 0.253 64

0.025400 e. 0.00091360 f. 5.0000

Yes b. No c. Yes

False b. True c. False
False b. True c. False
True b. False c. False

d. No

d. True
d. True
d. True

A number of answers are possible. Example answer: 2.004.
The 5th digit (5) causes the 4th digit to round up from 9

to 10, which causes the 3rd digit to round up from 9 to 10,
which causes the 2nd digit to round up from 2 to 3.

a.

o O T o

2 decimal places b. 3.1416

. 153.86 cm?
. 153.9380 cm?
. 153.94 cm?
. Yes, because 3.14 is used as an estimate and is not the

value of 7 as used on the calculator.

. 65449.8470 cm®
.9

. Yes, any number with a finite number of decimal places

is a rational number.
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1.
1

10.
11.
12,
13.

14.

15.

16.

17.

18

19.

20.

21.

22.

23.

24.

25.

26.

o o &

4 Review of index laws
.a.2°x3 b. 2° x3? c.3x5%
d.2*x3x5 e. 2" x5 f. 22 x5 x7?
a. 20p"! b. 6x° c. 56y
d. 21p® e. 84/ f. 309"
a. 6ab’ b. 8p°h'2 . 6k d. 3"
a. 80m’° b. 6g°h® c. 30p6q9 d. 4810w’
a. 27d"'y"" b 420" e 241" d. 60K
a. 3p* b. 6 c. 94° d. 3b°
2074 b. 9 130 d. 7"
a r . C. —— N
1 2
3p° 8b° 5m'%n8 9ady
a. — b. — c. d —
2 3 6 4
4p’rs 9a°b’ 20f °g*n*
a. 3j°f3 b d c. a2° d. U
3 2 3
a. 1 b. 6 c. 1 d. 1 e.5
a. 1 b. 1 c.2 d.2 e. 3
a. 1 b. 0 c. 14 d. 6 e. 6
a. 1 b.2 c.2 d.2 e.2
"2 4 3
a. — b. z c. z d. v e. 2x°
2 5 5
1 1 1 2
a. x_3 b. % c m d. ;
1 7y
a. 2x* b. 24¢° c. — >
2y3 4x°
2 L2 2y g ¢t
a. ————— . T c. — T
Sm3n* n? X at
.a. 6 b.9 c.18 d.11 e 15 f. 6
Sample responses can be found in the worked solutions in
the online resources.
a.B b.D c.D
a. A b.D
Sample responses can be found in the worked solutions in

the online resources.

a. 5’

b. Sample responses can be found in the worked solutions
in the online resources.

a. 5

. Sample responses can be found in the worked solutions

in the online resources.

1

1

0

. Sample responses can be found in the worked solutions

in the online resources.

a.A=14

b. Answers will vary, but A + O + () must sum to 12.
Possible answers include: A =3,0 =2, Q =7,A=1,
0=3,0=8,A=4,0=4,)=4A=5,
0=1, (> =6.

T

e o T

27.

28.

a. The repeating patternis 1, 3,9, 7.
b.3

a. The repeating pattern is 4, 6.
b. 4

29. a. Sample responses can be found in the worked solutions
in the online resources.
b.i. 8 ii. 1 iii. 2
30. 22n+3
1.5 Raising powers
1. a. €® b. 80 c. p'® d. r1% e. 8a°
2. a. a®b"? b. p°q" c. g%
d. 81w*%4® e. 49¢'07448
3. a. p8¢® b. r3w’ c. b'%"
d. j'8g"? e. 84°b*
4. a.¢*"*° b. h?4j1 c. a*'f'e
d. 1'% e. ilsjI2
. 9p* . 25h* 8k'3 g 49p'®
.a. —— . c. .
d° 4 274 64¢*
. 125y ) 2564 —64k8 g 168
. a. . C. .
277% 240120 343m!8 81h*
7.a. 2% b. 13 c. a* d. e
8. a. g’ b. 12a"  ¢.2164*  d. 40000/
.B
10. B
11. D
12. a. d® b. m* c.n’
d. bt e. fV7 f. g°
13. a. p9 b. y2 c.
d.f’ e k1 f. p'®
14. a. 5
b. 6
c. 30
d. Sample responses can be found in the worked solutions
in the online resources.
15. a.i. 1 i. —1 ji. —1 iv. 1
b. (=1 = 1(—1)°% = —1. Sample responses can be
found in the worked solutions in the online resources.
16. Danni is correct. Explanations will vary but should involve
(=x0)(=x) = (=x)? =x?and — x> = =1 xx* = —°.
17. a. 512
b. Sample responses can be found in the worked solutions
in the online resources.
5 5 5
18.a. j.x=- ii.x=—- ii. x=—
3 3 3
b. When equating the powers, 3x = 5.
19. Answers will vary. Possible answers are 4096 and 262144.
20. 108 x 10% x 10° = (10" atoms
21. a. 4! b. 7*
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22, a. 2!

1
2
23.a.i. 3

b.i. 3

=

w
'S

| =

i. 4
i. 4

o

@
= A

.
[\
[S]

=
<=

iii. 8
jii. 8

iv. 11
iv. 11

c. Raising a number to a power of one-half is the same as
calculating the square root of that number.

1.6 Negative indices
1.a.3°=243,3*=81,3=27,32=9,3' =3,3 =1,

1

371 =-,37=

3

9

l 373

1 1

P 3—4=_ -5
27’ 81

s

1
243

1
b. 5% =625,5°=125,5>=25,5'=5,5"=1 ,5-1:5,

1

5—2=_5—3=_ -4 _
25’ 125° 625
c. 10* =10000, 10° = 1000, 10> = 100, 10' = 10, 10° =1,
1 1 1
107'=—,10%2=—,10% = —, 107
{ 10 100 1 1000
2.a. — b. — c. — d. —
32 27 4 100
1 4
3.a. — b. 7 c. — d. —
125 3
2 16 49
4.a. 27 b. — c. — . —
3 81 4
5 1 b 1 1
. a. )& . y5 C. B
a* 1
d. E e. PR
6. a ! b. x%y? c. 5x°
m2n3
5
w 2.2
d. x_2 e. x7y
a*c ad’ 10y
T e “ 7
g X 1
. 3 e. m3x2
1 s 1
8. a. } b. m c. ﬁ
14 Sa
d — e. 6 f. —
X b3
1 6 ;
9. a. x_z b. W c. 50x
50 4
d. 1 e. — f. 10a
aS
-32 16 27m®
10. a. F b. % c. P
1 2.6 25
d. IAE e.a’b f. ;
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1

1

1

~ 10000

11.

12,

13.

14.
15.
16.

18.

19.

20.

21.
22,
23.

24,

1 1
11
a. — b. — c. X
x5 X1
5 6¢*
d. x e. ?
2 5 1
a. — b. — c. —
a® m b
g 1 A3
. — e. —
a’h? a*
1 b 1 3
a. — . — c. —
16a m3 2t°
2
m
d. t3 e. —
}’l3

a2’ b2 2 d20 e23 £27
a4’ b4 4 d4a4l e 4 5473

a. 10 b.10" ¢ 10* d. 107" e 1072 £ 1073
1

—4_
_34

b. Answers will vary, but should mention that if you are
dividing, the power in the numerator is lower than that in
the denominator. Sample responses can be found in the
worked solutions in the online resources.

c. Sample responses can be found in the worked solutions
in the online resources.

Answers will vary, but should mention that the negative

13 means the decimal point is moved 13 places to the left

of 3. Using scientific notation allows the number to be

expressed more concisely. Sample responses can be found
in the worked solutions in the online resources.

a. No. The equivalent expression with positive indices is
B+1

3

b. No. The equivalent expression with positive indices is

()’

Pt
(x+)
a. No. The equivalent expression with positive indices is
13
x =1

x5
. oo 1
b. No. The correct equivalent expression is .
6 —3
a. 0.048 b. 7600 c. 0.00029 d. 8.1
a. 3 b. —1 c.2 d. —4

a. 2" b. 3%°

6 3 200
a. — b. | =
5 (5)

1.7 Scientific notation

1.

a. 5.00% 10> b. 4.31 x 10?
c. 3.8x 10! d. 3.5%10°
a. 1000000 000 b. 392.673
c. 591.1 d. 5100

a. 734000 b. 7 141 400
c. 35.1 d. 80500



10.

11.

12.

13.

14.

15.
16.
17.
18.
19.
20.
21.

22.

23.

.a. 614 b. 6140
c. 61400 d. 351.8
a. 7.25x 10! b. 7.25 x 10?
c. 7.25x 10° d.7.25x 108
.a.4.379% 10" b.5.317%x10° ¢ 2.590 x 10
d. 1.101 x 10> e 1.632x10° . 1.000x 10°
.a.0.2 b.0.004  c. 0.0007 d.0.03
. a. 0.08273 b. 0.07295
c. 0.0029142 d. 0.000037 53
. a. 0.000529 b. 0.000033 333
¢. 0.000 000 002 625 d. 0.000 000 000 000 001 273
a. 7x 107! b. 5% 1073
c.3%x1077 d. 1x107™1
a.2x107' +3%x1072+1x1073
b. 31073 +6%x107* +2%x107°
c. 7x 107
d. 6x1072+3x1073
a. 6.73%x107  b.143%x107" ¢ 6.83%x107°
d.5.12%x107° €. 5.09x1072 . 1.25%x1072
a. 5.27x10%, 8.31x10%, 9.718 x 10%, 3.27x 10°
b. 4.09 x 10%, 4.37 x 10%, 7.943 x 10%, 7.95 x 10?
c. 2.7x1073,9.29% 1073, 5.251 x 1072, 5.31 x 1072
d.2.7x 1073, 7.13x 1072, 8.31 x 10?, 3.27 x 10°

a. 0.000 000 000 000 000 000 000 019 94 g
b. 1.994x 107" g
c. 5.015 % 10% atoms

3844 hours ~ 160.17 days

333 333.33

The neutron is heavier by 2.3 x 10~ kg.

a. 2.1x 10’ b. 1.29%x 10°

a. 8389000 bytes b. 8.389 x 10° bytes
0.0000002N/m

a. i. Sample responses can be found in the worked solutions

in the online resources.

ii. Sample responses can be found in the worked solutions
in the online resources.

b. i. 5.36x 10’ ii. 5.36x 107

c. The answers are the same because 2.95 x 10° is very
small compared with 5.36 x 10 .

8.75%x 107 is such a small amount (0.000 000 875) that,
when it is added to 2.39 x 1073, it doesn’t affect the value
when given to 3 significant figures.

a. i.385440km
ii. 78489 600 km
ii. 1278960000 km

iv. 5772 840000 km
b. i 385000km

ii. 78500000 km
ii. 1280000 000km
v. 5770000 000 km

24.

25.

26.

c. i.3.85x10°km
ii. 7.85x 107 km
iii. 1.28 x 10° km
iv. 5.77x 10° km

a. i.31536000s
i. 9460 800 000 000 km
i. 4.068 X 10"3 km

a. 5.972x 10*!

.9.1094 x 10731
. 1.6725x 1077
. 1.6726x 107

. It is important to work with the original amounts and
leave rounding until the end of a calculation so that the
answer is accurate.

ii. 3.1536x 107 s
ii. 9.4608 x 10'2 km
ii. 46440000 years

ou

b. 4

Q 0 T 9o

1.8 Square roots and cube roots

1.

2.

(&)

11.

12.

13.

14.

15.

16.

17.

© ® N o o »

1 ! !

1 1
a. 152 b. m2 c.t3 d. (wz)3
a. 7 b. 2 c. 3 d. 5
.a. 10 b. 8 c. 4
d. 1000 e. 100 .9
a.m b. b c. 61 d. mn®
a. 57 b. xy* c. a*m'° d. 6y°
a. 4x%y? b. Sab*c? c. b’ d. b*
B
D
A
L 1
a. 3272 =3! b.\/§ c.an d.2
5 1
a’=2=()=V5
3 L
b. No, it is the tenth root: 7% =710 = (*) 10 = V2.

1
Prithvi is correct: \/; =2t =4 = X; X can be a positive
or negative number.

1
(—23) 3 = —2; answers will vary, but should include that
we cannot take the fourth root of a negative number. Sample
responses can be found in the worked solutions in the online
resources.

1871 ~43.25
42% = 1764
43% = 1849

He was 43 years old in 1849. Therefore, he was born in
1849 — 43 = 1806.

1]
QU
1w

2
ad=n b. t
16
81
a. There are 2 possible solutions, because the square root of
a number always has a positive and a negative answer.

b. =, 1

[SSE NV
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1.9 Surds (extending) 23. a. 2/3 b. 5v/2 c. 10v/2  d.24/10

1.a1 b. 2 c.0 24.2.2/2  b.—4\/5 ¢ —6V3 d.0
a3 .3 5. o SV b.2v/7
c. 1012 +7V/3 d. 8v/5 +v/6
2.a. 04 b. 20 . 100
? ) ¢ 26. a. 8/10 + 71/3 b. 1612 —11V/5
o < e 1.2 c.21/6 d.5vV5+15
3.a.45 b. 1000 c. 0.03 7. 2. 12 b-0 e =5V3
11 d — \/7 e. 5\/6'*‘6\/5
d- 16 “7 28. a.2/3-3V/5 b. 4/6 +6/5 — 141/2
4.2.9 b. =9 e 11 d. 21 e 29V5 +22¢/3 6. 9V11 = /30
5.a.2 b. 4 c.7 d.3 e 28v2- 395
6. a. b. 5 c. _’7 d. _3 29.a.D b. A c.D d. A
7. a. ] 7 30.a.D b. A c.C d.C
] ! T 3 31.a.D b.D c.D d.B
3 32.a.15V3 b 19v5 ¢ 16V/7  d. 17V2
b. T T Jo 33. a. a\/g b. dz\/l_a c. hk\/} d.f\/f
L2 }s 34. 2. 2/7, 4V2, 3V6, V60, 8, 612
7 b. V2, V3,2, V6, 2v2,3,2V/3
c. \/? \/‘5 \/.1_6 35. 5\/%
2 3 T 4 36. 2. V/2m
b. 1.41m
vi2 c. i. Any of the arrangements shown would work.
d. V25 V36 ‘
4 5 T‘é 7
N
8. candd ii. The length of each square is \/5 m and there are 14
9. ¢ lengths around each shape.
10. a. V21 b. —/21 c.2v/6 iii. 19.80m
GOVT e iovie 3. Ve = V@ x Vi
1. a. 12¢/7 b. 9v/7 c. 22¢/10 = Va2 x \Jax /b
d.22\/§ e.3 =aXy/axb
12. 2. 15110 b. 24 c.6 = ab\/a
d. 11 e. 30 38.a=2and b=38.
39. 36/5m?
13.a. /3 b.—V2 ¢ V6 d. /s Vsm
0. (1750 2 +2750/3 + 320) m
14. a. 3\/5 b. % c. 1 5\/5 d. ﬂ 41. The side length will be rational if x is a perfect square. If x
2 3 is not a perfect square, the side length will be a surd.
42. a. i. \/E i. 3 iiii. \/ﬁ

15.a. —=21/5 b3 c. V3 d. V7

b. For side lengths \/E and /b, the length of the

16.2.2v/5  b.2v2  e3V2 a7 hypotenuse is \/a + b.
17,2430 b.5V2  2v7  d.6V3 c. i. V1500 = 10V/15
18.2.12¢/2  b.4V3 e 10v5  d.9v2 i. 2v114

iii. /187

19.2.4V2 b.15V3 c. 48  d.35V2 e 2016
20. a. 103 b.4V42 c.72¢/2 d.27V/5 e 13212
21.2. V12 b. V175 c V108 d. /80 e 1/384
22.2./90 b./32 /720 d. 600 e. /338

d. No. The correct answer is \/b +a = \/E
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Project
1. Square 1 2 3 4
Side length (cm) 2 4 6 8
Diagonal
length (cm) 2 \/E 4 \/5 6 \/E 8 \/E
Perimeter (cm) 8 16 24 32
Area (cm?) 4 16 36 64
2. 20cm
3. 20V/2cm
4 Square 1 2 3 4
Side length (cm) V2 ol 2v2 | 32 | 42
Diagonal
length (cm) 2 4 6 8
Perimeter (cm) | 41/2 | 8v/2 | 12¢/2 | 16V/2
Area (cm?) 2 8 18 32
. 10y/2cm
.20 cm

. First arrangement

. First arrangement

© 00 N o O

. The squares in the first diagram are twice the area of each
corresponding square in the second diagram.

10. The squares in the first diagram have a perimeter that is \/5
times the perimeter of each corresponding square in the
second diagram.

11. An increase of 60 cm? in the first diagram and an increase
of 30 cm? for the second diagram.

12. 21T
18. TQr+1)

1.10 Review questions

1.

2

N o o,

A

. a. [rrational, because it is equal to a non-recurring and
non-terminating decimal.

b. Rational, because it can be expressed as a whole number.
c. Rational, because it is given in a rational form.
d. Rational, because it is a recurring decimal.

e. Irrational, because it is equal to a non-recurring and
non-terminating decimal.

D

.candd
C
B

.a. b b. m!! c. k®
d.f! e. h'°

. a. 697 b. 35w c. 1258
d. 1054'°6" e d’

. a.t? b. r’ c. p%
d.f5 e. y90

b. g c.x d.d’ e.t

10. a. m
Moap b4 o 115 AN
3242 2
12. a. 1 b. 1 c. 1 d. 1 e. 1l
13. a. a b.3 c.3 d. 199 e.a
14. a. y'° b. pr c.d’b  d.ffm® e 4e* =36
15. a. 6xy* b. —8 c. 15— 12«
d. —3 e. 54
16. a. b® b. a** c. k" d. %
17. C
18. a. a*p° b. m'"“4n?*
c. S3t18 d. q10p300
19. a l b. i c. i d ﬁ
a K m* ¥’
20. a. x! b. 2y~
73 d 135p_3 q_3
21. a. 10 b. 6 c.a d.b e. 7f?
22. a. 3 b. 10 c. x d. 2d e. 4f? g
23. 1.4x 102
24. 4.167x 108
25. 9.16 x 10’ km
26. 1.2441 x 10°km
27. a. 3.4x107,1.5% 10°,6 x 10°
b. 0.57%
c. 4
d. 0.25km?
28. 2.95%
29. 820 000 queen bees
30. At the beginning of the 5th year, or in 5.5 years.
31. a. Mach 9.1

5| Mach number Speed in m/s | Speed in km/h
1 343 1234.8
2 686 2469.6
3 1029 3704.4

c. At Mach 1 it would take 32.39 hours.
At Mach 2 it would take 16.20 hours.
At Mach 3 it would take 10.79 hours.

. 3.55 hours

e. The fastest aircraft could circle Earth 9.12 times in
the time an aircraft travelling at Mach 1 could circle
Earth once.

The fastest aircraft could circle Earth 4.56 times in
the time an aircraft travelling at Mach 2 could circle
Earth once.

The fastest aircraft could circle Earth 3.04 times in
the time an aircraft travelling at Mach 3 could circle
Earth once.

f. (Number of times to circle Earth) X (Mach value) ~ 9.1

o
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2.1 OVBIVIBW ..o
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2.5 Expanding brackets ...,
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2.8 The highest cOmMMON FACTON ...
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2.10 Solving worded problems
2,11 REVIBW .o




LESSON
2.1 Overview

2.1.1 Why learn this?

Most people will tell you that if you want a career in
fields like engineering, science, finance and software
development, you need to study and do well in
algebra at high school and university. Without algebra
we wouldn’t have landed on the Moon or be able

to enjoy the technological marvels we do today, like
our smartphones.

Learning algebra in school helps you to develop
critical thinking skills. These skills can help with
things like problem solving, logic, pattern recognition
and reasoning.

Consider these situations:
* You want to work out the cost of a holiday to Japan at the current exchange rate.
* You’re driving to a petrol station to refuel your car, but you only have $30 in your pocket. You want to
know how much petrol you can afford.
* You're trying to work out whether a new phone plan that charges $5 per day over 24 months for the latest
smartphone is worth it.

Working out the answers to these kinds of real-life questions is a direct application of algebraic thinking.

Understanding algebra can help you to make reasoned and well-considered financial and life decisions. It can
help you make independent choices and assist you with many everyday tasks. Algebra is an important tool that
helps us connect with — and make sense of — the world around us.

Hey students! Bring these pages to life online

Watch Engage with Answer questions
videos interactivities and check solutions
Find all this and MORE in jacPLUS @

Reading content , Extra learning
and rich media, e o - resources
including g =

interactivities
and videos for

every concept Differentiated

question sets

Questions with
immediate
feedback, and
fully worked
solutions to help
students get
unstuck
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Exercise 2.1 Pre-test learn

1.

10.

11.

3
. . . =X
3 Select the coefficient of x in the expression Ty + x? + 2ax + b, where a and b are constants.

A 1 B. —g C.2 D. 2a E. b

Evaluate the following expression if x=—3, y=1 and z=—-2.

2x2 —y? —xyz

Determine the value of m in the following equation if £=25 and v=5.
E= lmv2
2
I Choose the expression out of the following that is not equivalent.
A x—y+z B. z—y+x C.x—(y—2) D.z4+x—y E. z—(x+Yy)
I A bag of chips costs x cents. Select the correct expression for the cost of 6 bags of chips if each

bag is discounted by 50 cents.
A. 6(x—50) B. 6(x—0.5) C. 6x—50 D. 6x—0.5 E. 50 —6x

Expand and simplify the following expressions.
a.4(m+3n)— (2m—n)
b. —x(y+3)+y(5 —x)

Expand and simplify the expression (3g — r)(2g + r).

I3 Students were asked to expand —2(3x — 4). They gave the following answers.

Student 1: —6x — 8

Student 2: —6x+ 6

Student 3: 6x — 8

Student 4: —6x + 8

Student 5: —5x+ 6

Choose the student who has the correct answer.

A. Student 1 B. Student 2 C. Student 3 D. Student 4 E. Student 5

State whether 232 can be expanded using the following method.

(2043)> =20 +2x20%x 3 + 32

State whether the following statement is True or False.
(a+ 3)* expanded is equal to a* + 9

Expand and simplify the following expression.

(2b—5)% —(b+4)(b—13)
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12. Factorise the following expressions.

a. 8p” +20p b. 25x2 — 10y 5 G By — B

13. Factorise the following expressions.
a.7a(b+3)—(b+3) b. 10xy+5x—4y—2

14. A box has the following dimensions: x, 2x — 1 and 3x + 2.
Determine the correct expression for calculating the total surface area of the box.

15. Factorise the expression x> + 3x — 4.

LESSON
2.2 Using pronumerals

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e identify the number of terms in an algebraic expression
e identify the variables and coefficients of the terms in an expression
e identify the constant terms in an expression
e evaluate an expression or formula by substituting values for each variable.

2.2.1 Expressions

eles-4588
e A pronumeral is a letter or symbol that stands for a number. Algebra is the branch of mathematics in

which we use and manipulate pronumerals.
¢ In algebra an expression is a group of terms in which each term is separated by a + sign or a — sign.
¢ An expression with two terms is called a binomial. An expression with one term is called a monomial.
e Here are some important things to note about the expression 5x — 3y + 2:

o The expression has three terms and is called a trinomial.

o The pronumerals x and y may take different values and are called variables.

o The term 2 has only one value and is called a constant.

o The coefficient (the number in front) of x is 5, and the coefficient of y is —3.

Algebraic expressions

An algebraic expression is a group of terms that are separated by + or — signs.
Consider the following expression: 5x* — 6y + 13x + 8 + 2y°>.

e This expression is made up of five terms.

e The pronumerals/variables used in this expression are x and y.
The coefficients of the terms are (in order): 5, —6, 13 and 2.
The coefficient of x is 13.

The smallest coefficient is —6.

The constant is 8, it does not have a pronumeral.
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WORKED EXAMPLE 1 Identifying coefficients of terms in an expression

2
For the expression 6x —3xy +z + 2+ x*z + y?, determine:

a. the number of terms b. the coefficient of the second term
c. the coefficient of the last term d. the constant term
e. the term with the smallest coefficient f. the coefficient of x*z.
THINK WRITE
a. Count the number of terms. a. There are six terms.
b. The second term is —3xy. The number part is b. The coefficient of the second term is —3.
the coefficient.
2
. 1
c. The last term is y_‘ This can be rewritten c. The coefficient of the last term is —.
1o
as — X y-.
7 y
d. The constant is the term with no pronumeral. d. The constant term is 2.
e. Identify the smallest coefficient and write the e. The term with the smallest coefficient is —3xy.

whole term to which it belongs.

f. x%z can be written as 1x2z. f. The coefficient of X2z is 1.

2.2.2 Substitution

eles-4589
* We can evaluate (find the value of) an algebraic expression if we replace the pronumerals with their

known values.
e This process is called substitution.
¢ Consider the expression 4x + 3y. If we substitute the values x = 2 and y = 5, then the expression can be
evaluated like this:
4%x24+3%x5=8+15
=23

It is more common to use brackets for substitution instead of multiplication signs. For example:
4x+3y=4(12)+3(5)
=8+15
=23

WORKED EXAMPLE 2 Substituting values into terms

Evaluate the following terms for the values x =4 and x = —4.

a. 3x? b. —x2 c. V5—x

THINK WRITE

a. 1. Substitute 4 for x. a. Ifx=43 3x*=34)
2. Only the x term is squared. =3X16
3. Evaluate. =48
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4. Repeat for x = —4. If x=—-4: 3x2 = 3(—4)2

=3X%16
=48
b. 1. Substitute 4 for x. b. fx=4: —x2=—4)’
2. Evaluate. =—16
3. Repeat for x = —4. Ifx=—4: —x2=—(—4)
=-—16
c. 1. Substitute 4 for x. c. Ifx=4: 5—x=45—-4
2. Evaluate. =1/1
=1
3. Repeat for x = —4. Ifx=-4 \/5—x=\/5—(—4)
=4/5+4
=19
=3

WORKED EXAMPLE 3 Evaluating expressions using substitution

If x =3 and y = —2, evaluate the following expressions.

a. 3x+2y
b. Sxy—3x+1
c. 2x2 +y?
THINK WRITE
a. 1. Write the expression. a. 3x+2y
2. Substitute x=3 and y = —2. =33)+2(-2)
3. Evaluate. =9—-4
=5
b. 1. Write the expression. b. Sxy—3x+1
2. Substitute x=3 and y = —2. =53)(—2)—-303)+1
3. Evaluate. =-30-9+1
=38
c. 1. Write the expression. c. 2x* +y?
2. Substitute x=3 and y = —2. = 2(3)2 + (—2)2
3. Evaluate. =18+4
=22
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Tl | THINK WRITE
a-c. On a Calculator a-c.
page, complete 3 342 pfxmZ and ye-a B
the entry lines as: 5 py-3 e L= and =2 B

3x+2yx=3
andy= -2
SxXy—=3x+1]|
x=3andy=-2
2 +y*|x =3
andy=-2

Press ENTER
after each entry.

2 ey =t and =2 o=

If x =3 and y = —2, then
a. 3x+2y=5

b. 5xy—3x+1=-38
c. 22 +y*=22

CASIO | THINK
a-c. On the Main

screen, complete
the entry lines as:
3x 4+ 2y|x =3
y=-2
S5xXy—=3x+1|
x=3y=-2

2% + y e =3
y=-2

Press EXE after
each entry line.

WRITE

a-c.

© Edit Action Intersctive
2] e Tika] s [ [ o A 1T
T2y | x=3 | y=—2 B

kil
Sxxy-3x+1 |x=3|y=-2
-38
2x24y? |x=3 | y=-2
22
el

v
Mg  Stenderd  Feal Deg @

If x=3 and y = —2, then
a.3x+2y=5

b. 5xy—3x+1=-38

c. 2’ +y* =22,

®» 2.2.3 Substitution into formulas

eles-4590

¢ A formula is a mathematical rule. Formulas are
usually written using pronumerals.
e For example, the formula for the area of a

rectangle is given by:

where A represents the area of the rectangle, /
represents the length and w represents the width.
e If a rectangular kitchen tile has length [ =20 cm
and width w=15cm,
values into the formula to find its area.

A=Ilw
=20x15
=300 cm?

A=Iw

we can substitute these

e If the area of a kitchen tile is 400 cm? and its width is 55 cm, then we can substitute these values into the
formula to find its length.

A=lw
400 =1x 55
= 400
55

_ 80
BET

~ 73 cm(to 1d.p.)
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WORKED EXAMPLE 4 Substituting values into a formula

The formula for the voltage in an electrical circuit can be found using the formula known as
Ohm’s Law:

V=IR
where I = current (in amperes)
R = resistance (in ohms)
V = voltage (in volts).
a. Calculate V when:
i. I =2 amperes, R =10 ohms ii. =20 amperes, R =10 ohms.
b. Calculate I when V =300 volts and R = 600 ohms.
THINK WRITE
a. i. 1. Write the formula. a.i. V=IR
2. Substitute /=2 and R = 10. = (2)(10)
3. Evaluate and write the answer using the correct units. =20
The voltage is 20 volts.
ii. 1. Write the formula. ii. V=1IR
2. Substitute /=20 and R = 10. = (20)(10)
3. Evaluate and write the answer using the correct units. =200
The voltage is 200 volts.
b. 1. Write the formula. b. V=IR
2. Substitute V=300 and R = 600. 300 = 1(600)
. . . 300
3. Evaluate and write the answer using the correct units. = 600
=0.5

The current is 0.5 amperes.

Note: Even if we know nothing about volts, amperes and ohms, we can still do this calculation.

DISCUSSION

Which letters (pronumerals) should you avoid using when writing algebraic expressions?

Resources

eWorkbook Topic 2 Workbook (worksheets, code puzzle and project) (ewbk-2002)
Video eLesson Substitution 2 (eles-1892)

Interactivities Individual pathway interactivity: Using pronumerals (int-4480)
Substituting positive and negative numbers (int-3765)
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Exercise 2.2 Using pronumerals learn
2.2 Quick quiz 2.2 Exercise

Individual pathways

B PRACTISE Bl CONSOLIDATE B MASTER
1,4,7,10, 13, 14,17, 18, 25 2,5,8,11,15,19, 20, 21, 26 3,6,9, 12, 16, 22, 23, 24, 27
Fluency
1. Determine the coefficient of each of the following terms.
t
a. 3x b. —2m c. 2 d. -Z
3 4
2. Evaluate the coefficient of each of the following terms.
2 2
X 2mn
a. 5 b. =2 c. — d. —
Y Pq 6 7
3. Determine the coefficient of each of the following terms.
2 7 2.4 3
a. 15xy b. i c. 2Z d. T
5 2 7

4. IIZH For each expression below, determine:

i. the number of terms

ii. the coefficient of the first term

iii. the constant term

iv. the term with the smallest coefficient.
a. 5x2+7x+8
b. —9m*>+8m—6
c. Sx%y—Tx*+8xy+5
d. 9ab® —8a—9b* +4

5. For each expression below, determine:

i. the number of terms

ii. the coefficient of the first term

ili. the constant term

iv. the term with the smallest coefficient.
a. 4a—2+94*b* —3ac
b. Ss+s*t+9+ 12t—3u
c. —m+8+5n*m+m*+2n
d. 7c¢?d+5d* + 14 —3cd® —2e

6. For each expression below, determine:

i. the number of terms

ii. the coefficient of the x term

iii. the constant term

iv. the term with the smallest coefficient.
a. —10x%+3x—7
b. 4y +6xy —6x> +7—3x
c. 10x° —4x3 +2x2 —5x+8
d. 6—y*+6x—7y°+10y— 15xy
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7. B Evaluate the following expressions for x=0, x=2 and x = —2.

a. S5x+2 b. x> —x c. x> +3x—1 d. %
8. Calculate the value of the following expressions for x =0, x=3 and x = -3.
a. —5x+4 b. x> —2x+1 c. x(x+4) d. 8
x+1
9. Determine the value of the following expressions for x=0, x=1 and x = —-2.
2
a. Vx+3 b. 2 ; L e (r+3)(x—4) d. 2x5+ &
10. I Answer the following questions.
a. If x = —3, then state the value of —5x — 3.
A —18 B. 12 c. 30 D. 18 E. —56
b. Choose the expression that is a trinomial.
A. 3x? B. x+5+2 c. x*-7 D. x> +x+2 E. 4x°
c. Choose the value of x for which the expression 4/(x — 6) cannot be evaluated.
A. 2 B. 6 c. 17 D. 10 E. 16
d. In the expression 5x*> — 3xy + 0.5x — 0.3y — 5, identify the smallest coefficient.
A. 5 B. -3 c. 0.5 D. —0.3 E. -2
11. [lIIEH Determine the value of the following expressions if x=2, y=—1 and z=3.
a. 2x b. 3xy c. 2y*z
14 s 2
d. — e. 62x+3y—72) f. x* =y~ +xyz
X

12. If x=4 and y = —3, evaluate the following expressions.
a. 4x+3y b. 3xy—2x+4 c. x> —y*

Understanding

13. [lIIZH The change in the voltage in an electrical circuit can be found using the formula known as Ohm’s Law
V=IR, where I = current (in amperes), R = resistance (in ohms) and V = voltage (in volts).

a. Calculate V when:

i. =4, R=8 ii. =25, R=10.
b. Calculate R when:
i. V=100, I=25 ii. V=90, I=30.

14. Evaluate each of the following by substituting the given values into each formula.
a. If A = bh, calculate the value of A when b=15 and h = 3.

b. Ifd= ﬂ, determine the value of d when m =30 and v = 3.
V

c.IfA= %xy, calculate the value of A when x=18 and y =2.

1
d. IfA= 2 (a+ b) h, determine the value of A when h=10,a=7 and b =2.

e. f V= A3—H, determine the value of V when A =9 and H=10.
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15.

16.

Calculate each of the following by substituting the given values into each formula.

a. If v=u+ at, calculate the value of vwhenu=4,a=3.2 and r=2.1.
b. If t=a+ (n—1)d, determine the value of f when a=3,n=10and d=2.

c.IfA= % (x+y) h, determine the value of A when x=5,y=9 and h=3.2.

. If A =2b?, calculate the value of A when b=15.
e. If y=5x? — 9, determine the value of y when x = 6.

o

Calculate each of the following by substituting the given values into each formula.

a. If y=x? — 2x + 4, determine the value of y when x = 2.
b. If a = —3b* + 5b — 2, calculate the value of @ when b =4.

c. fs=ur+ %atz, determine the value of s when u=0.8, r=5 and a =2.3.

d. If F= %, calculate the value of F correct to 2 decimal places, when m=6.9, p=8 and r=1.2.

e. If C =nd, determine the value of C correct to 2 decimal places if d=11.

Reasoning

17.

18.

19.

20.

21.

. L 1 . .
The area of a triangle is given by the formula A = Ebh, where b is the length of the base and 4 is the
perpendicular height of the triangle.
a. Show that the area is 12 cm? when b=6cm and 2 =4 cm.
b. Evaluate / if A=24cm? and b =4 cm.
Using E=F + V-2, where F is the number of faces on a prism, E is the number of edges and V is the
number of vertices, calculate:
a. Eif F=5and V=7 b. Fif E=10and V=2.

The formula to convert degrees Fahrenheit (F) to degrees

Celsius () is C= g (F—32).

a. Determine the value of C when F =59.
b. Show that when Celsius (C) is 15, Fahrenheit (F) is 59.

The length of the hypotenuse of a right-angled triangle (c) can be found using the formula ¢ = /a2 + b2,
where a and b are the lengths of the other 2 sides.

a. Calculate ¢ when a=3 and b =4.
b. Show that whena=5and c=13,b=12.

. L . 1 . .
The kinetic energy (E) of an object is found by using the formula £ = Emvz, where m is the mass and v is the

velocity of the object.

a. Calculate E when m=3 and v=3.6.
b. Show that when E=25andv=5, m=2.
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22, If the volume of a prism (V) is given by the formula V=AH, where
A is the area of the cross-section and H is the height of the prism,
calculate:

a. Vwhen A=7cm? and H=9cm
b. H when V=120cm? and A = 30 cm?.

23. The volume of a cylinder (v) is given by v = 7zr%h, where r is the radius in centimetres and # is the height of
the cylinder in centimetres.

a. Determine v correct to 2 decimal places if r =7 and 4 =3.
b. Determine £ correct to 2 decimal places if v =120 and r=2.

24. The surface area of a cylinder (S) is given by S =27z r(r + h), where r is the radius of the circular end and 4 is
the height of the cylinder.

a. Calculate S (to 2 decimal places) if r=14 and 2 =5.
b. Show that for a cylinder of surface area 240 units® and radius 5 units, the height is 2.64 units, correct to
2 decimal places.

Problem solving

25. a. In a magic square, every row, column and diagonal adds to the same number. This number is called
the magic number for that square. Complete the unfinished magic square by first finding an algebraic
expression for the magic number.

b. Make three different magic squares by substituting different values for g and d in the completed magic
square from part a.
c. Calculate the magic number for each magic square.

2d+2g

d+g

0 |d+2g

26. A flat, rectangular board is built by gluing together a number of square pieces of the same size. The board is
m squares wide and n squares long. In terms of m and n, write expressions for:

a. the total number of squares
b. the number of completely surrounded squares
c. the perimeter of the figure, given that each square is 1 unit by 1 unit.

27. Determine which of the following eight expressions is not equivalent to the others.

xX—=y+z Z—y+x
2=0=x —ytx+z
Z+x—y x—(y-—2
y—(z—x) xX+z—y
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LESSON
2.3 Algebra in worded problems

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e assign pronumerals to the unknown quantities in a worded problem
e convert the worded statements presented in a question into algebraic expressions.

2.3.1 Algebra in worded problems

e In order to make use of the skills you learn in algebra, it is useful to be able to take a real-life problem and
convert it into an algebraic expression.

e The starting point for any worded problem is to define the unknown quantities in the question by assigning
appropriate pronumerals to those unknown quantities.

Key language used in worded problems

In order to be able to turn a worded problem into an algebraic expression, it helps to look out for the
following kinds of words.

e Words for addition: sum, altogether, add, more than, and, in total

¢ Words for subtraction: difference, less than, take away, take off, fewer than

* Words for multiplication: product, groups of, times, of, for each, double, triple

* Words for division: quotient, split into, halve, thirds

WORKED EXAMPLE 5 Converting worded problems into algebraic expressions

Werite an algebraic expression for each of the following, choosing an appropriate pronumeral if
necessary.
a. The number that is 6 more than Ben’s age.

b. The total value of a bundle of $10 notes.
c. The total cost of 8 adults’ and 3 children’s train tickets.
d. The product of a and w.
e. w less than a.
THINK WRITE
a. 1. Ben’s age is the unknown quantity. a. Let Ben’s age = b years.
Note: You must not say, ‘Let Ben=25’,
because b is a number.
2. Write an expression for Ben’s age plus 6. b+6
b. 1. The number of notes is the unknown quantity. b. Let n= the number of $10 notes
2. The value is 10 times the number of notes. Total value = 10n dollars
Write the expression for the value of the
notes.
c. 1. The cost of tickets is the unknown quantity. c. Let an adult’s ticket cost a dollars
2. The adults’ tickets cost 8 X a and the and a child’s ticket cost ¢ dollars.
children’s Tickets cost 3 X ¢. Write the Total cost = 8a + 3¢ dollars.

expression for the total cost of the tickets.

4
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d. ‘Product’ means to multiply.
Write the expression.

e. In this expression, w is subtracted from a.
Write the expression.

d. aXw

e. a—w

WORKED EXAMPLE 6 Solving a worded problem

Kot has a block of chocolate that is made up of 40 smaller pieces.
a. If he breaks off x pieces to give to Akira, evaluate how much of the block remains.

1
b. Kot then eats g of the remaining chocolate for dessert. Determine how much he ate.

c. Finally Kot gives a third of what remains to his sister Temar. Calculate how much Temar receives if

the original amount Kot gave to Akira was 10 pieces.

THINK

a. 1.

The unknown quantity is the amount passed
to Akira, which is x.
Write an expression for x less than 40.

. The unknown quantity is still x.

Using the answer to a, write an expression
1 . .
for — of what is left. Note: ‘of” is a word that

means multiplication.

. The unknown quantity is still x from part a.

Use your answers to a and b to write an
expression for the amount left over after Kot

eats 5 of the remaining chocolate.

1
Multiply that expression by 5

Substitute the value of x =10 into the
expression to find the final answer. Write the
answer in words.

WRITE

a.

C.

x = number of pieces given to Akira

Amount remaining =40 — x

1 ..
Amount eaten = E of amount remaining
1
Amount eaten = g X (40 —x)
Amount eaten = é 40 —x)
Amount left =40 — x — é (40 —x)

.1 .
Amount passed to Temar is 3 of what is left

over after Kot’s dessert.

<40—x— é (40—x)>

Temar’s amount =

W | =

When x=10

_ (40—10—1(40—10)>
3 5

1 1
=3 <30 == (30))

1
= 5(30—6)

1
=—(24
: (24)
=8
Temar receives 8 pieces of chocolate from Kot.
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Resources

eWorkbook Topic 2 Workbook (worksheets, code puzzle and project) (ewbk-2002)

Interactivity Individual pathway interactivity: Algebra in worded problems (int-4481)

Exercise 2.3 Algebra in worded problems learn
2.3 Quick quiz 2.3 Exercise

Individual pathways

B PRACTISE Bl CONSOLIDATE B MASTER
1,4,5,6, 10, 14 2,7,8,11,15,16 3,9,12,13,17, 18
Fluency

1. Iam studies five more subjects than Xan. Determine how many subjects lam studies if:

a. Xan studies six subjects
b. Xan studies x subjects
c. Xan studies y subjects.

2. Eva and Juliette walk home from school together. Eva’s home is 2 km further from school
than Juliette’s home. Calculate how far Eva walks if Juliette’s home is:
a. 1.5km from school b. xkm from school.

3. Lisa watched television for 2.5 hours today. Calculate how many hours she will watch
tomorrow if she watches:

a. 1.5 hours more than she watched today
b. ¢ hours more than she watched today
c. y hours fewer than she watched today.

4. Samir ran d km today. Calculate the distance he will cover tomorrow if he runs:

a. xkm less than he ran today
b. ykm more than he ran today
c. 4km more than double the distance that he ran today.

Understanding

5. I Write an algebraic expression for each of the following questions.

a. If it takes 10 minutes to iron a single shirt, calculate how long it would take to iron all of Anthony’s shirts.
b. Ross has 30 dollars more than Nick. If Nick has N dollars, calculate how much money Ross has.
c. In a game of Aussie Rules football Luciano kicked 4 more goals than he kicked behinds.

i. Determine how many behinds Luciano scored, if g is the number of goals kicked.
ii. Calculate the number of points Luciano scored.
(Note: 1 goal scores 6 points, 1 behind scores 1 point.)
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6. Jeff and Chris play Aussie Rules football for opposing
teams. Jeff’s team won when the two teams played each

other.
a. Calculate how many points Jeff’s team scored if

they kicked:

i. 14 goals and 10 behinds
ii. x goals and y behinds.

b. Calculate how many points Chris’s team scored if his
team kicked:

i. 10 goals and 6 behinds
ii. p goals and g behinds.

c. Calculate how many points Jeff’s team won by if:

i. Chris’s team scored 10 goals and 6 behinds, and Jeff’s team scored 14 goals and 10 behinds
ii. Chris’s team scored p goals and g behinds, and Jeff’s team scored x goals and y behinds.

(Note: 1 goal scores 6 points, 1 behind scores 1 point.)

7. Yvonne’s mother gives her x dollars for each school subject she passes. If she passes y subjects, determine
how much money Yvonne receives.

8. Rosya buys a bag containing x Smarties.

a. If they divide them equally among n people, calculate how
many each person gets.

b. If they keep half of the Smarties for themselves and divide the
remaining Smarties equally among n people, calculate how
many Smarties each person gets.

9. A piece of licorice is 30 cm long.
a. If Ameer cuts d cm off, calculate how much licorice remains.

b. If Ameer cuts off i of the remaining licorice, calculate how

much licorice has been cut off.
c. Determine how much licorice remains after the two cuts that Ameer has made.

Reasoning

10. One-quarter of a class of x students plays tennis at the weekend. One-sixth of the class plays tennis and also
swims at the weekend.

a. Write an expression to represent the number of students playing tennis at the weekend.
b. Write an expression to represent the number of students playing tennis and also swimming at
the weekend.

c. Show that the number of students playing only tennis at the weekend is 1x_2

. . . 1
11. During a 24-hour period, Vanessa uses her computer for ¢ hours. Her brother Darren uses it for 2 of the

remaining time.

a. Determine the length of time for which Darren used the computer.

b. Show that the total number of hours that Vanessa and Darren use the computer during a 24-hour period

can be expressed as be —; 24.
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12.

13.

Dizem had a birthday party last weekend and invited n friends. The table shown indicates the number of
friends at Dizem’s party at certain times during the evening. Everybody arrived by 8.30 pm and everyone
left the party by 11 pm.

a. Show that 1 person arrived between 7.00 pm and 7.30 pm.

b. Determine the start and end times during which the most friends arrived.
c. Calculate how many friends were invited but did not arrive.
d. Show that 24 friends were invited in total.
e. Determine the start and end times during which the most friends were present at the party.
Time Number of friends
7.00 pm n—24
7.30 pm n—23
8.00 pm n—_8
8.30pm n—>5
9.00 pm n—>5
9.30 pm n—="7
10.00 pm n—12
10.30 pm n—18
11.00 pm n—24

A Ty earns $y per week working at his part-time job.

a. If he spends $30 a week on his phone, calculate how much money he has left.

b. If he saves two-thirds of the remaining money for rent each week, calculate how much money is left.

c. If, after paying for his phone, saving for rent and spending $100 on food, Ty still has $200 left over,
determine how much he earns in a week.

Problem solving

14.

15.

16.

17.

A child builds a pyramid out of building blocks using the pattern shown.

a. Determine a rule that gives the number of blocks on the bottom layer, b, for a
tower that is & blocks high.

b. If the child wants the tower to be 10 blocks high, determine how many blocks
they should begin with on the bottom layer.

[z]

A shop owner is ordering vases from a stock catalogue. Red vases cost $4.20 and clear vases cost $5.70. If
she buys 25 vases for $120, determine how many of each type of vase she bought.

A father is 4 times the age of his son. In 4 years time the father will be 3 times the age of his son. Determine
how old the father is now.

If a circle has 3 equally spaced dots (A, B and C) on its

circumference, only 1 triangle can be formed by joining the dots. A
Investigate to determine the number of triangles that could be

formed by 4, 5 or more equally spaced dots on the circumference.

From your investigation, can you see a pattern in the number of
triangles (¢) formed for a circle with d equally spaced dots on its
circumference?

Determine whether it is possible to express this as a formula.
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18. Answer the following questions, showing full working.

. by
a. Transpose the equation 7=

1 to make x the subject.
x—

b. Evaluate T when x=1.
c. Evaluate x when T=1.

LESSON
2.4 Simplification of algebraic expressions

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e identify whether two terms are like terms
e simplify algebraic expressions by adding and subtracting like terms
* simplify algebraic expressions that involve multiplication and division of multiple algebraic terms.

2.4.1 Addition and subtraction of like terms

eles-4592
e Simplifying an expression involves writing it in a form with the least number of terms, without X or +

signs, and with any fractions expressed in their simplest form.
¢ Like terms have identical pronumeral parts (including the power), but may have different coefficients.
For example:
« 5y and 10y are like terms, but 5y” and 10y are not like terms.
o 3mn? and —4mn? and like terms, but 3m?n and —2mn? are not like terms.
e If a term contains more than one pronumeral, the convention is to write the pronumerals in alphabetical
order. This makes it easier to identify like terms.
For example:
e 3ch’a and —7b*ca are like terms and should be written as 3ab*c and — 7ab’c to make this easier to
identify.
e We can simplify like terms by adding (or subtracting) the coefficients to form a single term. We cannot
simplify any terms that are not like terms.
For example:
e 10xy + 3xy — 7xy = 6xy.

WORKED EXAMPLE 7 Simplifying algebraic expressions

Simplify the following expressions.

a. x+2x+3x—5 b. 9a%b + 5ba’* + ab’ c. —12—4c% +10 + 5¢2
THINK WRITE
a. 1. Write the expression. a. x+2x+3x-5
2. Collect the like terms x, 2x and 3x. =6x—5
b. 1. Write the expression. b. 9a’b + 5ba* + ab?
2. Collect the like terms 9ab and 5ba’. = 14a*b + ab?
c. 1. Write the expression. c. —12—4c*+10+5¢?
2. Collect the like terms 4c* and 5¢”. =—12+10—4c +5¢2
3. Simplify the expression. =-2+c?orc*—2
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2.4.2 Multiplication of algebraic terms

* Any number of algebraic terms can be multiplied together to produce a single term.

e Numbers can be multiplied in any order, so it is easiest to multiply the coefficients first, then multiply the

pronumerals in alphabetical order.

* Remember that, when multiplying pronumerals, we also add their indices together.

Note: x=x!

4abx3a’bx2a° =4xaxXbX3xXa>XbX2Xa’
= 4X3X2XaXa>Xa*xXbXxb
24 % a® X b?

= 24a°h?

WORKED EXAMPLE 8 Multiplication of algebraic terms

Simplify the following expressions.

a. da X 2b X a b. 7ax X (—6bx) X (—2abx)
THINK WRITE
a. 1. Write the expression. a. 4dax2bxa
2. Rearrange the expression, writing the =4X2XaXaXb
coefficients first.
3. Multiply the coefficients and pronumerals = 8a’b

separately.
b. 1. Write the expression.

2. Rearrange the expression, writing the
coefficients first.

b. 7ax X (—6bx) X (—2abx)

=TX(—6)X(=2)XaXaXbXbXxXxXx

3. Multiply the coefficients and pronumerals = 84a’bh’x’
separately.
Tl | THINK WRITE CASIO | THINK WRITE
a-b. In anew problem, a-b. On the Main a-b. et
on a Calculator page, T = screen, complete 1] o [ 0] o] ,n_
c.omplete the entry Paxbbxdaby gyt phd the entry lines T
lines as: as: a2
4ax2bxaTaxXxX ' 4ax2bxXa Taxx—Bhxsxx—2axbhxx
—6bXxX —2aXbXx Taxxx —6b X 84-a2.p2x

Press ENTER after
each entry line.

a. 4ax2bxa=84’b
b. 7aXxX —6bXxX —2a X
b X x=84d’b’x>

XX —=2aXbXx

Press EXE after
each entry line.

n

Alg Decimal Real Deg @

a.dax2bxa=8d’b
b. 7Ta X xX —6bXxX —2a X b X
x = 84a°b’x°
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2.4.3 Division of algebraic terms
eles-4594
e When dividing two algebraic terms, first rewrite the terms in fraction form.

e Simplify the fraction by dividing through by the highest common factor of the coefficients and cancelling
down the pronumerals.

¢ Remember that when dividing pronumerals we subtract their indices.
' 36x°y7
36x7yz? + (40x%)?) = 007
| 367 XXX AXAXYXZXZ
- 1040 X XXXy X y
9xz?
oy

WORKED EXAMPLE 9 Dividing algebraic terms

Simplify the following terms.

12x
a. —2 b. (—8ab?) + (—16a%)
4xz
THINK WRITE
. 12xy
a. 1. Write the term. a. ——
4dxz
SV X X
2. Cancel the common factors. = M
AXEXZ
3
3. Write the answer. =
Z
Q12
b. 1. Write the term as a fraction. Sab
—16a*b
1 1
2. Cancel the common factors. = iy X%b
27/]/6/ Xa ﬂz X ﬁl
. . . 1 1 b
3. Simplify and write the answer. = > X — X .
a
_b
2a
DISCUSSION

Is the expression ab the same as ba? Explain your answer.
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Resources

eWorkbook Topic 2 Workbook (worksheets, code puzzle and project) (ewbk-2002)
Video elesson Simplification of expressions (eles-1884)

Interactivities Individual pathway interactivity: Simplification of algebraic expressions (int-4482)
Simplifying expressions (int-3771)
Multiplying variables (int-3772)
Dividing expressions with variables (int-3773)

Exercise 2.4 Simplification of algebraic expressions learn
2.4 Quick quiz 2.4 Exercise

Individual pathways

H PRACTISE Il CONSOLIDATE H MASTER
1,3,9, 10, 11, 14, 19, 22, 25, 26 2,4,5,7,12,15, 17, 20, 23, 6, 8, 13, 16, 18, 21, 24, 29, 30
27,28
Fluency
1. For each of the following terms, select the terms listed in brackets that are like terms.
a. 6ab (7a, 8b, 9ab, —ab, 4a2b2) b. —x Bxy, —xy, 4x, 4y, —yx)
c. 3az  (3ay, —3za, —az, 37%a, 3d%z) d. 22 (2x, 2x%, 2x3, —=2x, —x?%)
2. For each of the following terms, select the terms listed in brackets that are like terms.
a. 2x°y (xy, 2xy, 2xy2, —2x2y, —2x2y2)
b. 3x%y° (3xy, 30y —x y, —3x2y )
c. 5x* p*w’ ( 3w5 p3 P’ x> wd, 5xp3w’, —5x% pPwd, wd p?
d. —x2y5Z4 ( VS, =25 —x 4+ y+2, 4y5 A2 _Dx27 5)

3. INEA Simplify the following expressions.

a. Sx+2x b. 3y + 8y c. Tm+12m
d. 13g—2¢q e. 17r—9r f. —x+4x
4. Simplify the following expressions.
a. Sa+2a+a b. 9y +2y—3y c. Tx—2x+8x
d. 14p—-3p+5p e. 2¢° +74° f. 5x% —2x?
5. Simplify the following expressions.
a. 6x2 +2x> — 3y b. 3m* +2n—m? c. —2g*—4g+5g—12
d. =5m® +5m—4m+15 e. 12a*> +3b +4b* —2b f. 6m+ 2n* —3m + 5n?
6. Simplify the following expressions.
a. 3xy+2y” +9yx b. 3ab +3a’b + 2a’b — ab c. 9x%y — 3xy + Tyx?
d. 4m*n+3n—3m*n+ 8n e. =3x2 —4yx? —4x? + 6x°y f. 4 —2a’b — ba® + 5b — 9a*

7. I Choose which of the following is a simplification of the expression 18p — 19p.
A.p B. —p c.p? D. —1 E.p—1
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8. I Choose which of the following is a simplification of the expression 5x*> — 8x + 6x — 9.

A. 3x—9 B. 3x2—9 C.5x*+2x—9
D. 5x2—2x—-9 E. —3x2+6x—9

9. [T Choose which of the following is a simplification of the expression 12a — a + 15b — 14b.

A lla+b B. 12 C. 1lla—-b

D. 13a+b E. —12a—b
10. IITA Choose which of the following is a simplification of the expression —7m?n + 5m? + 3 — m? + 2m’n.

A. —9m’n+4m* +3 B. —9m’n +8 C. =5Sm’n—4m*+3

D. —5m’n+4m?>+3 E. 5m’n+4m*+3
11. A Simplify the following.

a. 3mX2n b. 4xX Sy c. 2pX4q d. Sx X (—2y) e. 3yx(—4x)
12. Simplify the following.

a. (—3m)X(—5n) b. 5aX2a c. 3mnX2p d. (—6ab) X b e. (—5m) X (—2mn)
13. Simplify the following.

a. (—6a) X 3ab b. (—3xy) X (—5xy) X 2x c. 4pg X (—p) X 3q>

d. dc X (—=7cd) X 2¢ e. (—3a2) X (—5ab3) X 2ab*
14. IEM Simplify the following.

a. b b. 9?m c. 1—? d. 87m e. 12m+3
15. Simplify the following.

a. 14x+7 b. —21x+3 c. —32m+8 d. am e. bx

8 18

16. Simplify the following.

, \, ot Zing

18n 12a°b 14x
d. 2x_2yZ e. =7xy*z? = (11xyz)

8xz

Understanding
17. Simplify the following.
a. Sx X4y X 2xy b. 7xy X 4ax X 2y .. @ d —15x%ab
12y? 126°x*
18. Simplify the following.

2 3.2

a. p3 q2 b. (—4a) X (—Sabz) X 2a
g

c. (—a)x4abx2baxb d. 2aX2aX2axX?2a

19. Jim buys m pens at p cents each and n books at g dollars each.
a. Calculate how much Jim spends in:
i. dollars ii. cents.
b. Calculate how much change Jim will have if he starts with $20.

20. At alocal discount clothing store 4 shirts and 3 pairs of shorts cost $138 in total. If a pair of shorts costs
2.5 times as much as a shirt, calculate the cost of each kind of clothing.
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21. Anthony and Jamila are taking their 3 children to see a movie at the cinema. The total cost for the 2 adults
and 3 children is $108. If an adult’s ticket is 1.5 times the cost of a child’s, calculate the cost of 1 child’s
ticket plus 1 adult’s ticket.

Reasoning
22. Class 9A were given an algebra test. One of the questions is shown below.
. . . 3ab _ 4ac
Simplify the following expression: BN X b X7Tc.

abc

. . . 12a . .
Sean, who is a student in class 9A, wrote his answer as X 7c. Explain why Sean’s answer is

incorrect, and write the correct answer.

23. Using the appropriate method to divide fractions, simplify the following expression.
1542b* . <5a02 N L)
16t ~\ 4b® " 2pt

(n+1)

X .

n+1) (m+2)
X(n+1)x(n+2)‘
n+1) (m+2) @®+3)

24. Answer the following questions.

a. Simplify the expression

b. Simplify the expression

c. Use the results from parts a and b to evaluate % X % X 3 X .. X 2

4 100

Problem solving

25. a. Fill in the empty bricks in the following pyramids. The expression in each brick is obtained by adding the
expressions in the two bricks below it.
i ii..

8p + 3¢q

2a+3b Sp—2q

2a-b 3a+b 2p + 3¢q

b. Fill in the empty bricks in the following pyramids. The expression in each brick is obtained by
multiplying the expressions in the two bricks below it.
i. ii..

48d%?

26. For the triangle shown:

. . B . X
a. write an expression for the perimeter of the triangle 3 5y
. . o 43 7
b. show that the triangle’s perimeter can be simplified to Ex /
c. calculate the cost (to the nearest dollar) to frame the triangle using timber
that costs $4.50 per metre, if x equals 2 metres. X
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27. For the rectangle shown:

16w

7
a. write an expression for the perimeter of the rectangle
. . o 4
b. show that the expression for the perimeter can be simplified to 6;w

c. calculate the cost (to the nearest cent) to create a wire frame for the rectangle using wire that costs
$1.57 per metre, if w equals seven metres.
28. A rectangular chocolate block has dimensions x and (4x — 7).

a. Write an expression for the perimeter (P) in the form P =[x+ [(4x — 7).
b. Expand and simplify this expression.

c. Calculate the perimeter of the chocolate block when x = 3.

d. Explain why x cannot equal 1.

29. A doghouse in the shape of a rectangular prism is to be reinforced with steel edging along its outer edges
including the base.

The cost of the steel edging is $1.50 per metre. All measurements are in centimetres.

a. Write an expression for the total length of the straight edges of the frame.
b. Expand the expression.
c. Evaluate the cost of steel needed when x =80 cm.

30. A tile manufacturer produces tiles that have the side lengths shown. All measurements are in centimetres.

a. Write an expression for the perimeter of each shape.
b. Evaluate the value of x for which the perimeter of the triangular tile is the same as the perimeter of the
square tile.
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LESSON
2.5 Expanding brackets

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e apply the distributive law to expand and simplify an expression with a single set of brackets
e apply the distributive law to expand and simplify expressions containing two or more sets of brackets.

2.5.1 The Distributive Law

eles-4595 . 5 3
e There are two ways of calculating the area of the rectangle shown. cm cm

1. The rectangle can be treated as a single shape with a length of

4 cm and a width of 5+ 3 cm.
4 cm
A=IXw

=4(5+3)

=4X8
=32cm?

2. The areas of the two smaller rectangles can be added together.

A=4X5+4X%3
=20+12
=32cm?

e The length of the rectangle shown is a and its width is b + c.

b+c
b c

e This rectangle’s area can be found in two different ways.
1.A=Ixw
=ab+c)

This expression is described as factorised because it shows one number (or factor) multiplied by
another. The two factors are a and (b + ¢).

2. The areas of the two small rectangles can be added together.
A=ab+ac

This expression is described as expanded, which means that it is written without brackets.
e a(b+c)=ab+ ac is called the Distributive Law.

The Distributive Law

In order to expand a single set of brackets we apply
the distributive law, which states that:

ab+c)=axb+axc=ab+ac
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e A helpful way to expand brackets is to draw arrows between factors as you work out each multiplication.
x[(\} —y) =x%..

x(x —y) =x> —xy

WORKED EXAMPLE 10 Expanding a single set of brackets

Use two different methods to calculate the value of the following.
a. 75 +15) b. 109—-1)

THINK WRITE

a. 1. Method 1: Work out the brackets first, then evaluate. a. 7(5+15)
=7%20
= 140

2. Method 2: Expand the brackets first, then evaluate. AN

7(5 + 15

=7X5+7x%x15

=35+4+105

= 140

b. 1. Method 1: Work out the brackets first, then evaluate. b. 109-1)
=10x8
=80

2. Method 2: Expand the brackets first, then evaluate /&‘\

109-1)

=10x9+10x—1

=90-10

=80

WORKED EXAMPLE 11 Expanding using arrows

Expand the following expressions.

a. 5S(x+3) b. —4y(2x —w) c. 3x(5—6x +2y)
THINK WRITE
a. 1. Draw arrows to help with the expansion. a. AN
S5(x+3)
2. Simplify and write the answer. =5Xx+5X%3
=5x+15
b. 1. Draw arrows to help with the expansion. b. &\
—4y(2x — w)
2. Simplify and write the answer. = —4yX2x—4y X (—w)
= —8xy + 4wy
c. 1. Draw arrows to help with the expansion. c.

3x(5 — 6x + 2y)
2. Simplify and write the answer. = 3x X5+ 3x X (—6x) +3x X2y
= 15x— 18x + 6xy
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2.5.2 Expanding and simplifying
eles-4596
* When a problem involves expanding that is more complicated, it is likely that the like terms will need to

be collected and simplified after you have expanded the brackets.
* When solving these more complicated problems, expand all sets of brackets first, then simplify any like
terms that result from the expansion.

WORKED EXAMPLE 12 Expanding and simplifying

Expand and simplify the following expressions by collecting like terms.

a. 4dx—4)+5 b. x(y —2)+5x c. —x(y—2)+5x d. 7x — 6(y — 2x)
THINK WRITE
a. 1. Expand the brackets. a.
@ 4)+5
2. Simplify and write the answer. =4x—16+5
=4x—11
b. 1. Expand the brackets. b.
x(y —2) + 5x
2. Simplify and write the answer. =xy—2x+5x
=xy+3x
c. 1. Expand the brackets. c.
—x(y —2) + 5x
2. Simplify and write the answer. (Note: There =37 4 3% AP S5E

are no like terms.)

d. 1. Expand the brackets. d. ’i\
Tx — 6(y — 2x)
2. Simplify and write the answer. =Tx—6y+12x

= 19x— 6y

WORKED EXAMPLE 13 Expanding two sets of brackets and simplifying

Expand and simplify the following expressions.

a. 5(x +2y) + 6(x — 3y) b. 5x(y —2) —y(x + 3)
THINK WRITE
a. 1. Expand each set of brackets. a.

S5(x + 2y) + 6(x — 3y)

2. Simplify and write the answer. = S5x+ 10y + 6x— 18y
=11x—8y

b. 1. Expand each set of brackets. b. A\

Sx(y —2) — y(x + 3)

2. Simplify and write the answer. = Sxy — 10x —xy — 3y
=4xy— 10x — 3y
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2.5.3 Expanding binomial factors

eles-4597
e Remember that a binomial is an expression containing two terms, for example x + 3 or 2y — z2. In this

section we will look at how two binomials can be multiplied together.
¢ The rectangle shown has length @ + b and width ¢ +d.

| c+d |
| |
a ac ad
a+b
b bc bd
c d

e There are two ways of finding the area of the large rectangle.
1.A=Ixw
=(@+b)x(c+d
=(a+b)(c+d)
This is a factorised expression in which the two factors are (a + b) and (¢ + d).
2. The areas of the four small rectangles can be added together.
A=ac+ad+bc+bd
So(a+b)(c+d)=ac+ad+ bc+ bd

¢ There are several methods that can be helpful when remembering how to expand binomial factors.
One commonly used method is FOIL.
Each of the letters in FOIL stand for:
First — multiply the first term in each bracket.
Outer — multiply the two outer terms of each bracket.
Inner — multiply the two inner terms of each bracket.
Last — multiply the last term of each bracket.

FOIL - First Outer Inner Last

/NF\O

(a+ b)(c+d)
N 1

(a+b)(c+d)y=ac+ad+ bc+ bd

Expanding binomial factors
Using FOIL, the expanded product of two binomial factors is given by:

(@+b)c+d)=axc+axd+bxc+bxd=ac+ad+bc+bd

It is expected that the result will have 4 terms.

Note: It may be possible to simplify like terms after expanding.
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WORKED EXAMPLE 14 Expanding and simplifying two binomial factors

Expand and simplify each of the following expressions.

a. (x—=5)x+ 3) b. x4+ 2)(x+ 3)
THINK
a. 1. Expand the brackets using FOIL.

2. Simplify the expression by collecting like terms.

c. 2x+ 2)2x+ 3)

WRITE
a.

%

=x2+3x—5x—15
=x2—-2x—15

b. 1. Expand the brackets using FOIL. b. m
(x+2)(x+3)
LA
2. Simplify the expression by collecting like terms. =x*+3x+2x+6
=x>+5x+6
c. 1. Expand the brackets using FOIL. c.
2x+2)2x + 3)
LA
2. Simplify the expression by collecting like terms. = 4x* +6x+4x+6
=4x*+10x+6
Tl | THINK WRITE CASIO | THINK WRITE
a-c. In a new problem, a-C. T a-c. On the Main screen, a-C. [T
on a Calculator cxpandlins) (e=1]) e, press: Lo [Ealsm S O]
page, press: expanclfeed)- v scns ® Action expand( (x-5) (x+3)) o
. . ek
MENU e Transformation x2-2.x-15 If
® 3: Algebra 3 ¢ Expand expand ( (x+2) (x+3))
e 3: Expand 3. ! Complete the entry x2+5x+5 10
Complete the entry lines as: exmnd((2x+23(2x+3];
lines as: expand expand ly 4-x2410-x+6
(x=35)x(x+3) TR ((x=5)(x+3)
=x" —2x—
expand b. (x +2)(x + 3) expand
((x+2)x(x+3)) =x" +5x+6 ((x+2)(x+3))
expand c. (2x -{; 2)(2x + 3) expand
(2x+2) X 2x +3)) S0 ((2x +2)(2x +3))
&
P ENTER L
ress Press EXE after each Mlg  Standerd  Real Red
after each entry. )
entry line.

Note: Remember
to include the
multiplication
sign between

the brackets.

a (r—5x+3)=x"—2x—15
b. x4+2x+3) = +5x+6
c. 2x+22x+3)

=4 +10x+6

DISCUSSION

Explain why, when expanded, (x + y)(2x + y) gives the same result as (2x + y)(x + y).
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Resources

eWorkbook Topic 2 Workbook (worksheets, code puzzle and project) (ewbk-2002)

Video eLessons Expanding brackets (eles-1838)
Expansion of binomial expressions (eles-1908)

Interactivities Individual pathway interactivity: Expanding brackets (int-4483)
Expanding binomial factors (int-6033)
Expanding brackets (int-6034)
Like terms (int-6035)

Exercise 2.5 Expanding brackets learn
2.5 Quick quiz 2.5 Exercise

Individual pathways

B PRACTISE Bl CONSOLIDATE B MASTER
1,2,7,9,12, 15, 18, 22, 24, 26, 3,4,6,10, 13, 17, 20, 21, 25, 27, 5, 8,11, 14, 16, 19, 23, 28, 29, 32,
30, 33 31, 34 35, 36

Fluency

1. IIEIA Use two different methods to calculate the value of the following expressions.
a. 8(10-2) b. 11(99+1) c. -53+1) d. 7(100—1)

2. [IlTZEM Expand the following expressions. For the first two examples, draw a diagram to represent
the expression.

a. 3(x+2) b. 4(x+3) c. 4x+1) d. 7(x—1)
3. Expand the following expressions.
a. =3(p—-2) b. —(x—1) c.32b—-4) d. 8(3m—2)
4. Expand each of the following. For the first two examples, draw a diagram to represent the expression.
a. x(x+2) b. a(a+5) c. x(4+x) d. m(7 —m)
5. Expand each of the following.
a. 2x(y +2) b. —=3y(x+4) c. —=b(3—a) d. —6a(5 —3a)
6. IlIZAN Expand and simplify the following expressions by collecting like terms.
a.2(p—3)+4 b. 5(x—5)+8 c. =Tp+2)-3
d —4Gp—-1)-1 e. 6x(x—3)—2x
7. Expand and simplify the following expressions by collecting like terms.
a. 2m(m+5)—3m b. 3x(p+2)—5 c. dy(y—1+7
d. —4p(p—2)+5p e. 5(x—2y)—3y—x
8. Expand and simplify the following expressions by collecting like terms.
a. 2m(m—5)+2m—4 b. =3p(p—2q9)+4pg—1 c. =7a(5—-2b)+ 5a—4ab
d. 4¢(2d—3c)—cd - 5c¢ e. 6p+3—-42p+5)
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

. IIZEM Expand and simplify the following expressions.

a. 2(x+2y)+3(2x—y) b. 42 p+39)+2(p—29) c. 712a+3b)+4(a+2b)
d. 53c+4d)+2Qc+d) e. —4(m+2n)+32m—n)

Expand and simplify the following expressions.

a. =3(2x+y)+4(3x—2y) b. =2(3x+2y)+ 3(5x+ 3y) c. 54p+29)+2@p+q)
d. 6(a—2b)—5Q2a—3b) e. 52x—y)—2(3x—2y)

Expand and simplify the following expressions.

a. 42p—4q9)—3(p —29) b. 2(c—3d)—5Q2c—3d) c. 7(2x—3y)— (x—2y)
d -5@p—-29)—Q2p—¢q) e. —3(a—2b)—(2a+3b)

Expand and simplify the following expressions.

a. alb+2)+bla—?3) b. x(y+4)+y(x—2) c.c(d=2)+c(d+5)

d. p(g—5)+pg+3) e. 3c(d—2)+c(2d—-5)

Expand and simplify the following expressions.

a. 7a(b—3)—bQa+3) b. 2m(n+3)—mQ2n+1) c. 4c(d—5)+2c(d—-38)
d. 3m(2m+4)—-2GBm+5) e. 5¢2d—1)—Bc+cd)

Expand and simplify the following expressions.
a. —=3a(5a+ b)+2b(b —3a)

. —4c(2c — 6d) + d(3d — 2c)
.6mQ2m—3)—(2m+4)

xS —x)+6(x—1)

. =2ySy-1)—-4Q2y+3)

®O o 0 T

I Choose the expression that is the equivalent of 3(a + 2b) + 2(2a — b).
A. 5a+ 6b B. 7Ta+4b C. 5Ba+b) D. 7a+ 8b

I Choose the expression that is the equivalent of —3(x — 2y) — (x — 5y).
A. —4x+ 11y B. —4x—11ly C.4x+ 11y D. 4x+ 7Ty

I Choose the expression that is the equivalent of 2m(n + 4) + m(3n — 2).
A. 3m+4n—8 B. Smn+4m C. Smn+ 10m D. 5mn+ 6m

32 Expand and simplify each of the following expressions.
a. (a+2)a+3) b. (x+4)(x+3) c. y+3)y+2) d. m+4)(m+5)

Expand and simplify each of the following expressions.

. Sa+2b

. —4x—="Ty

. 3mn+4m

C(b+2)(b+ 1)

a. (p+p+4) b. (a—2)a+3) c. x—4)(x+5) d. (m+3)(m—4) .0+ -3)
Expand and simplify each of the following expressions.

a. (y—-600@+2) b. x=3)x+1) c. x=3)x—4) d (p-2)(p-3) .(x=3)x—-1)
Expand and simplify each of the following expressions.

a. 2a+3)a+2) b. (c—6)(4c—T7) c. T-20(5-1 d. 2+3H(5-21)

e. (7T—5x)(2—3x) f. 5x—2)(5x—2)
Expand and simplify each of the following expressions.
a. x+y)(z+1) b. 2x+y)(z+4)

(2]

Cp+g(r+1)

d. (a+2b)(a+b) e. Qc+d)(c—3d) f. (x+y)2x—3y)

Expand and simplify each of the following expressions.

a. 4p-3q¢)p+q) b. (a+2b)(b+c¢)
d. (4x—y)(Bx—y) e.(p—q)(2p—r)

- O

. Bp—2g)(1-3r)
. 6-2)Bk-1)
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24. I Choose the expression that is the equivalent of (4 — y)(7 + y).
A. 28 —y? B. 28 — 3y +y? C.28—-3y—y* D. 11 -2y E. 28 —11y—y?

25. [T Choose the expression that is the equivalent of 2p + 1)(p — 5).
A. 2p* =5 B. 2p*—11p—>5 C.2p*—9p—5 D. 2p>—6p—5 E.2p*>—4p—5

Understanding

26. Expand the following expressions using FOIL, then simplify.

a. x+3)(x—3) b. (x+5x—5) c. x+7Nx—=T7)

d x—Dx+1) e. x=2)(x+2) f. 2x—1D2x+1)
27. Expand the following expressions using FOIL, then simplify.

a. x+Dx+1) b. x+2)x+2) c. (x+8)(x+8)

d. (x=3)(x—3) e. (x=5x-5) f. x=9x—-9)

28. Simplify the following expressions.
a. 2.1x(Bx+4.7y) = 3.1y(1.4x + y) b. (2.1x—3.2y)(2.1x+ 3.2y)
c. (3.4x+5.1y)

29. For the box shown, calculate the following in expanded form:

3x—1

4x+3

a. the total surface area b. the volume.

Reasoning

30. For each of the following shapes:

i. write down the area in factor form
ii. expand and simplify the expression
iii. discuss any limitations on the value of x.
a. (x+3y)m b.

] L]

(4x—y) m

[ ] []

31. Show that the following is true.

(a—x)a+x)—2(a—x)(a—x)—2x(a—x)

=—(a—x)°

32. A series of incorrect expansions of (x + 8)(x — 3) are shown below. For each of these incorrect expansions,
explain the mistake that has been made.

a xX+11x+24 b. x> +5x+24 c. x> —3x
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Problem solving
33. Three students gave the following incorrect answers when expanding —5(3x — 20).
i. =5x—20 ii. —8x+25 iii. 15x—100
a. Explain the errors made by each student.
b. Determine the correct answer.
34. In a test, a student expanded brackets and obtained the following answers. Identify and correct the student’s
errors and write the correct expansions.
a. —2(a—5)=-2a—-10
b. 2b(3b—1) = 6b* — 1
c. 2(c—4)=2c+38

35. Three students’ attempts at expanding (3x + 4)(2x + 5) are shown.

Student A Student B

Student C

&=y

ot **):,,5 2T

F}

®S b Loe + Hx

a. State which student’s work is correct.
b. Copy each of the incorrect answers into your workbook and correct the mistakes in each one as though

you were their teacher.

36. Rectangular floor mats have an area of (x> + 2x — 15) cm?.

a. The length of a mat is (x + 5) cm. Determine an expression for the width of this mat.
b. If the length of a mat is 70 cm, evaluate its width.
c. If the width of a mat is 1 m, evaluate its length.

TOPIC 2 Algebra 103



LESSON
2.6 Difference of two squares and perfect squares

LEARNING INTENTIONS

At the end of this lesson you should be able to:
* recognise and use the difference of two squares rule to quickly expand and simplify binomial products
with the form (a + b)(a — b)
e recognise and use the perfect square rule to quickly expand and simplify binomial products with the
form (a £ b)z.

2.6.1 Difference of two squares

eles-4598 . .
e Consider the expansion of (x + 4)(x —4):

x+Hx—4)=x>—4x+4x—16=x>*—-16
e Now consider the expansion of (x — 6)(x + 6):
(x—6)(x+6)=x>+6x—6x—36=x>—36

¢ In both cases the middle two terms cancel each other out, leaving two terms, both of which are perfect
squares.

e The two terms that are left are the first value squared minus the second value squared. This is where the
phrase difference of two squares originates.

e In both cases the binomial terms can be written in the form (x + a) and (x — a). If we can recognise
expressions that have this form, we can use the pattern above to quickly expand those expressions.
For example: (x + 12)(x — 12) =x2 — 12> =x2 — 144

Difference of two squares

The difference of two squares rule is used to quickly expand certain
binomial products, as long as they are in the forms shown below:

* (a+b)a—b)=a®>—-b*

* (@a—b)a+b)=a*-b*
Because the two binomial brackets are being multiplied, the order of
the brackets does not affect the final result.

WORKED EXAMPLE 15 Expanding using difference of two squares

Use the difference of two squares rule to expand and simplify each of the following expressions.

a. (x+8)x—98) b. (6—-3)(6+x) c. 2x—3)2x+3) d. Qx+5)(5—3x)
THINK WRITE
a. 1. Write the expression. a. (@x+8)(x—28)
2. This expression is in the form (a + b)(a — b), so the = x% — §2
difference of two squares rule can be used. Expand -2 _64

using the formula.
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b. 1. Write the expression. b. (6—x)(6+x)

2. This expression is in the form (a + b)(a — b), so the = 62 — x2
difference of two squares rule can be used. Expand —
using the formula.

Note: 36 — x? is not the same as x> — 36.

c. 1. Write the expression. c. 2x—3)2x+3)
2. This expression is in the form (a — b)(a + b), so the = (2)5)2 — 3
difference of two squares rule can be used. Expand —42—9

using the formula.
Note: (2x)2 and 2x? are not the same. In this case
a = 2x, 0 a®=(2x)°.

d. 1. Write the expression. d. Bx+5)(5—-3x)
2. The difference of two squares rule can be used if we 5+ 3x)(5—3x)
rearrange the terms, since 3x + 5 =5 + 3x. Expand using =52 — (3x)°
the formula. =25 _0y2

2.6.2 Perfect squares

eles-4599
e A perfect square is the result of the square of a whole number. 1 X 1=1,2X2=4and3 X3 =9, showing

that 1,4 and 9 are all perfect squares.
e Similarly, (x+3)(x+3)=(x+ 3)2 is a perfect square because it is the result of a binomial factor multiplied

by itself.
e Consider the diagram illustrating (x + 3)*. What shape is it? X 3
e The area is given by x* + 3x+3x+9=x> + 6x +9.
* We can see from the diagram that there are two squares produced (x2 and 3% = 9) and «x x? 3x

two rectangles that are identical to each other (2 X 3x).
e Compare this with the expansion of (x + 6)*:

x+60)(x+6)=x>+6x+6x+36=x>+12x+36

3 3x 9

e A pattern begins to emerge after comparing these two expansions. The square of a binomial equals the
square of the first term, plus double the product of the two terms plus the square of the second term.
For example: (x + 10)(x + 10) =x*> + 2 X 10 X x + 10 =x% +20x + 100

Perfect squares

The rule for the expansion of the square of a binomial is given by:

* (@+b)’ =(a+b)a+b)=a*+2ab+b’

* (@a—b)’ =(a—b)a—b)=a*—2ab + b’
We can use the above rules to quickly expand binomial products that are
presented as squares.
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WORKED EXAMPLE 16 Expanding perfect squares

Use the rules for expanding perfect binomial squares to expand and simplify the following.

a (x+Dx+1) b. (x —2)°
c. 2x+5) d. (4x —5y)
THINK WRITE

a. 1. This expression is the square of a binomial. a. (x+ 1)(x+ 1)

2. Apply the formula for perfect squares: =x>+2XxXx1+1?
(a+b)* =a®+2ab + b* =24+ 2x+1
b. 1. This expression is the square of a binomial.  b. (x— 2)?
2. Apply the formula for perfect squares: =x—2)(x—2)
(a—b)* =a? —2ab + b*. =2 — 22X x X2 X 22
=x>—4x+4
c. 1. This expression is the square of a binomial. ~ c. (2x+ 5)
2. Apply the formula for perfect squares: =(2x)> +2x2xx5+5?
(a+b)2=a2+2ab+b2. :4X2+2O)C+25

d. 1. This expression is the square of a binomial.  d. (4x— 5y)

2. Apply the formula for perfect squares: = (4x)* =2 x 4x X 5y + (5y)°
(a—b)2 =a2—2ab+b2. — 16)62 _40xy+25y2
DISCUSSION

How could you represent (x — 3)2 on a diagram?

Resources
eWorkbook Topic 2 Workbook (worksheets, code puzzle and project) (ewbk-2002)

Interactivities Individual pathway interactivity: Difference of two squares and perfect squares (int-4484)
Difference of two squares (int-6036)
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Exercise 2.6 Difference of two squares and perfect squares  learn
2.6 Quick quiz 2.6 Exercise

Individual pathways

B PRACTISE B CONSOLIDATE B MASTER
1,3, 5, 8, 13, 16, 20, 21 2,6,9,11,14,17,22, 23 4,7,10, 12,15, 18, 19, 24, 25
Fluency

1. IEHE Use the difference of two squares rule to expand and simplify each of the following.

a. (x+2)(x—2) b. y+3)(y—3) c. m+5(m-5) d. (a+7(a-=T)
2. Use the difference of two squares rule to expand and simplify each of the following.

a. (x+6)(x—06) b. p—12)(p+12) c. (a+10)(a—10) d. (im—1D)(m+11)
3. Use the difference of two squares rule to expand and simplify each of the following.

a. 2x+3)2x—=3) b. Gy—1D@By+1) c. (5d—-2)(5d+2) d. (7c+3)(Tc—=3) e 2+3p)(2—-3p)
4. Use the difference of two squares rule to expand and simplify each of the following.

a. (d—9x)(d+9x) b. 5 —12a)(5+ 12a) c. (Bx+10y)(3x—10y)
d. 2b—5¢)(2b+ 5¢) e. (10—2x)(2x+10)

5. [lIEMA Use the rule for the expansion of the square of a binomial to expand and simplify each of
the following.

a (x+2)(x+2) b. (a+3)(a+3) c. b+T7)(b+T) d. (c+9(c+9)

6. Use the rule for the expansion of the square of a binomial to expand and simplify each of the following.
a. (m+12)° b. (n+ 10) c. (x—6)° d. (y=5)°
7. Use the rule for the expansion of the square of a binomial to expand and simplify each of the following.

a. (9—c) b. (8 +¢)° c. 2(x+y)* d. (u—v)*

8. Use the rule for expanding perfect binomial squares rule to expand and simplify each of the following.
a. 2a+3) b. Gx+1)* c. @m—5) d. (4x—3)’

9. Use the rule for expanding perfect binomial squares to expand and simplify each of the following.
a. (5a—1)* b. (Tp +4)? c. 9x+2)° d. (4c—6)*
10. Use the rule for expanding perfect binomial squares to expand and simplify each of the following.
a. (5+3p)° b. (2 —5x)° c. 9x—4y)? d. (8x—3y)’
Understanding

11. Use the difference of two squares rule to expand and simplify each of the following.

a. x+3)(x—3) b. 2x+3)(2x—3) c. Mx—dH(Tx+4)
d. Cx+7y)2x—"Ty) e. (x2 + y2) (x2 - y2)
12. Expand and simplify the following perfect squares.
a. (4x+5) b. (Tx—3y)’ c. (522—2y)
2
d. 2(x—y)2 e. (2 +4x>
X

13. A square has a perimeter of 4x 4 12. Calculate its area.
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14. Francis has fenced off a square in her paddock for spring lambs. The area of the paddock is
(9x + 6x+ 1)m?.
Using pattern recognition, determine the side length of the paddock in terms of x.

15. A square has an area of x*> + 18x + 81. Determine an expression for the perimeter of this square.

Reasoning

16. Show that a> — b?> = (a + b)(a — b) is true for each of the following.
a.a=5,b=4 b.a=9,b=1 c.a=2,b=7 d.a=-10,b=-3
17. Lin has a square bedroom. Her sister Tasneem has a room that is 1 m shorter in length than Lin’s room,
but 1 m wider.
a. Show that Lin has the larger bedroom.
b. Determine how much bigger Lin’s bedroom is than Tasneem’s bedroom.
18. Expand each of the following pairs of expressions.
a. i x—4)(x+4)and(4—x)4+x)
i. @x—1D(x+11)and (11 —x)(11+x)
iii. 2x—9)2x+9) and (9 —2x)(9 + 2x)
b. State what you notice about the answers to the pairs of expansions above.
c. Explain how this is possible.

19. Answer the following questions.
a. Expand (10k + 5)°.
b. Show that (10k + 5)* = 100k(k + 1) + 25.
c. Using part b, evaluate 257 and 85°.

Problem solving

20. A large square has been subdivided into 2 squares and 2 rectangles. b

a. Write formulas for the areas of these 4 pieces, using the dimensions a and b
marked on the diagram.

b. Write an equation that states that the area of the large square is equal to the
combined area of its 4 pieces. Do you recognise this equation? a

21. Expand each of the following pairs of expressions.
a. i (x=3)*and 3 —x)* a b
ii. (x—15)> and (15 —x)°
iii. (3x—7)%and (7 —3x)
b. State what you notice about the answers to the pairs of expansions above.
c. Explain how this is possible.

22. Use the perfect squares rule to quickly evaluate the following.
a. 277 b. 33° c. 397 d. 47°

23. Allen is creating a square deck with a square pool installed in the middle of it. The side length of the deck is
(2x+ 3) m and the side length of the pool is (x — 2) m. Evaluate the area of the decking around the pool.

24. Ram wants to create a rectangular garden that is 10 m longer than it is wide. Write an expression for the area
of the garden in terms of x, where x is the average length of the two sides.
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25. The expansion of perfect squares (a + b)* = a® + 2ab + b* and (a — b)* = a® — 2ab + b? can be used to
simplify some arithmetic calculations. For example:

97% = (100 — 3)?

=100 —2x 100 x 3 + 32
= 9409

Use this method to evaluate the following.
a. 103° b. 62° c. 997° d. 1012° e. 53 . 98

LESSON
2.7 Further expansions

LEARNING INTENTION

At the end of this lesson you should be able to:
e expand multiple sets of brackets and simplify the result.

2.7.1 Expanding multiple sets of brackets

eles-4600
e When expanding expressions with more than two sets of brackets, expand all brackets first before

simplifying the like terms.
e It is important to be careful with signs, particularly when subtracting one expression from another.
For example:
3x(x+6)— (x+5) (x—3)=3x> + 18x — (x* + 5x—3x— 15)
=3x> 4+ 18x— (xz +2x— 15)
=32+ 18x— x> —2x+15
=2x*+16x+15
e When expanding this, since the entire expression (x + 5)(x — 3) is being subtracted from 3x(x + 6), its
expanded form needs to be kept inside its own set of brackets. This helps us to remember that, as each term
is being subtracted, the sign of each term will switch when opening up the brackets.
* When expanding, it can help to treat the expression as though it has a —1 at the front, as shown.

AN

—(x>+2x = 15) = —=1(x*> + 2x — 15)
=—x>-2x+15
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WORKED EXAMPLE 17 Expanding and simplifying multiple sets of brackets

Expand and simplify each of the following expressions.

a x+3)x+4H+4x—-2) b. *x—2)x+3)—(x—-1Dx+2)
THINK WRITE
a. 1. Expand each set of brackets. a.

(x+i)<(4x/+(4)+4(x—2)

2. Simplify by collecting like terms. =x>+4x+3x+12+4x—8
=x>+11x+4

b. 1. Expand and simplify each pair of brackets. b. A~
Because the second expression is being (@ 3)—(x— Dx+2)
W W

subtracted, keep it in a separate set of

brackets. =x2+3x—2x—6— (x2+2x—x—2)
2. Subtract all of the second result from the =x2+x—6— (P +x-2)
first result. Remember that

=x*+x—6—x*—x+2
_<x2+x—2)=—1(x2+x—2). :i4 . g '

Simplify by collecting like terms.

WORKED EXAMPLE 18 Further expanding with multiple sets of brackets

Consider the expression (4x + 3)(dx + 3) — (2x — 5)(2x — 5).
a. Expand and simplify this expression.
b. Apply the difference of perfect squares rule to verify your answer.

THINK WRITE
a. 1. Expand each set of brackets. a. (dx+3)4x+3)—2x—52x—95)
2. Simplify by collecting like terms. = 16x% + 12x + 12x + 9 — (4x* — 10x — 10x +25)

= 16x7 +24x +9 — (4x> — 20x + 25)
= 16x% 4+ 24x +9 — 4x> + 20x — 25
= 12x% +44x— 16

b. 1. Rewrite as the difference of two squares. b. 4x+3)4x+3)—(2x—5)(2x—-95)
2. Apply the difference of two squares rule, =(@dx+3)—(2x=5)
where a = (4x+3) and b= (2x—Y5). =(@x+3)+2x—=5)((4x+3)—(2x—Y5))
3 Simplify, then expand the new brackets. = (6x—2)2x+8)

= 1222 +48x—4x— 16

4. Simplify by collecting like terms. =12x> +44x— 16

DISCUSSION

On a diagram, how would you show (m + 2)(m + 3) — (m + 2)(m + 4)?
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Resources

eWorkbook Topic 2 Workbook (worksheets, code puzzle and project) (ewbk-2002)

Interactivity Individual pathway interactivity: Further expansions (int-4485)

Exercise 2.7 Further expansions
2.7 Quick quiz 2.7 Exercise

Individual pathways

B PRACTISE Bl CONSOLIDATE B MASTER
1,4,8,11, 14 2,5,7,9,12,15 3,6,10, 13, 16
Fluency

1. Expand and simplify each of the following expressions.

a. x+3)E+5+x+2)(x+3) b. x+dHx+2)+(x+3)(x+4)

c. x+5x+H+x+3)(x+2) d. x+DE+3)+x+2)(x+4)
2. Expand and simplify each of the following expressions.

a. (p-3)p+5+@E+DHpEp-—-06) b. (a+4)a—2)+(a—-3)a—4)

c. p=-2)p+2)+@P+HpP-5) d x—Hx+4)+x—1)(x+20)
3. Expand and simplify each of the following expressions.

a -Do+3)+0-2)r+2) b. d+7)(d+ 1)+ (d+3)(d—-3)

c. x+2)x+3)+x—dHx—-1) d 0+6)00—D+0Oy—-2)y—-3)
4. Expand and simplify each of the following expressions.

a. (x+2)* +(x—5)(x—3) b. (= 1’ + (0 +2)(y—4)

c. P+ +7+p—3)* d. (m—6)(m—1)+ (m+5)*
5. Expand and simplify each of the following expressions.

a (x+3Hx+5-x+2)(x+5) b. x+5)x+2)—x+1(x+2)

c. x+3)x+2)—(x+dH(x+3) d m—2)m+3)—m+2)(m—4)
6. Expand and simplify each of the following expressions.

a.(b+4dHb-6)—b-DbB+2) b. y=2)(y=5)—-@+2)(y+6)

c. p—-Dp+4H-@P-2)p-3) d x+7x+2)—(x—-3)(x—4)
7. Expand and simplify each of the following expressions.

a. (m+3)" — (m+4)(m—2) b. (a—6)* —(a—2)(a—-3)

c. p=3Np+H—p+2) d. (x+5)x—4)—(x—1)°

Understanding
8. IIZE Consider the expression (x + 3)(x + 3) — (x — 5)(x — 5).

a. Expand and simplify this expression.
b. Apply the difference of perfect squares rule to verify your answer.
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9. Consider the expression (4x —5)(4x —5) — (x + 2)(x + 2).

a. Expand and simplify this expression.
b. Apply the difference of perfect squares rule to verify your answer.

10. Consider the expression (3x —2y)(3x —2y) — (y —x)(y — x).

a. Expand and simplify this expression.
b. Apply the difference of perfect squares rule to verify your answer.

Reasoning

11. Determine the value of x for which (x + 3) + (x + 4)2 =(x+ 5)2 is true.
12. Show that (p — D(p+2)+ (p—=3)(p+1)=2p> —p 5.
13. Show that (x + 2)(x —3) — (x + 1)* = =3x — 7.

Problem solving

14. Answer the following questions.
a. Show that (@ + b? )(c? +d ?) = (ac — bd)* + (ad + bc)’.
b. Using part a, write (2> + 12)(3? + 4?) as the sum of two squares and evaluate.

15. Answer the following questions.
a. Expand (x2 +x— 1)2.
b. Show that (x+x—1)* = (x— Dx(x+ 1)(x+2) + 1.
c. i. Evaluate 4 X3 x2X141.
ii. Determine the value of x if 4 X3 X2X 1+ 1=(x— Dx(x+ 1)(x+2)+ 1.

16. Answer the following questions.

a. Expand (a + b)(d + e).
b. Expand (a + b + ¢)(d + e + f). Draw a diagram to illustrate your answer.

LESSON
2.8 The highest common factor

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e determine the highest common factor for a group of terms
e factorise expressions by dividing out the highest common factor from each term.

2.8.1 Factorising expressions
eles-4601
e Factorising a number or term means writing it as the product of a pair of its factors. For example, 18ab

could be factorised as 3a X 6b.
e Factorising an algebraic expression is the opposite process to expanding.
3(x + 6) is the product of 3 and (x + 6) and is the factorised form of 3x + 18.
In this section we will start with the expanded form of an expression, for example 6x + 12, and work to
re-write it in factorised form, in this case 6(x + 2).
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WORKED EXAMPLE 19 Factorising terms

Complete the following factorisations.

a. 15x =5x x b. 15x2 =3x X c. —18ab® = 6a x
THINK WRITE
1
a. Divide 15x by 5x. a. o =
S5x
So, 15x=5x X% 3.
1 2
b. Divide 15x? by 3x. b. % =5
X
So, 15x% =3x X 5x.
—18ab>
c. Divide —18ab? by 6a. c. 68“ = —3p?
a

So, —18ab” = 6a X (—=3b?).

e The highest common factor (HCF) of two or more numbers is the largest factor that divides into all of
them. The highest common factor of 18 and 27 is 9, since it is the biggest number that divides evenly into
both 18 and 27.

* We can determine the HCF of two or more algebraic terms by determining the highest common factor
of the coefficients, as well as any pronumerals that are common to all terms. For example, the HCF of
30xyz, 25x%z and 15xz° is 5xz. It can help to write each term in expanded form so that you can determine
all of the common pronumerals.

WORKED EXAMPLE 20 Determining the highest common factor of two terms

Determine the highest common factor for each of the following pairs of terms.

a. 25a*b and 10ab b. 3xy and —3xz
THINK WRITE
a. 1. Write 25a%b in expanded form. a. 25a’°b =5X5Xaxaxb
2. Write 10ab in expanded form. 10ab =2x5Xaxb
3. Write the HCF. HCF = 5ab
b. 1. Write 3xy in expanded form. b. 3xy =3XxXy
2. Write —3xz in expanded form. —3xz=—-1%X3XxXz
3. Write the HCE. HCF = 3x

2.8.2 Factorising expressions by determining the highest
sles-48%2 common factor

* To factorise an expression such as 15x%yz + 12xy?, determine the highest common factor of both terms.
Writing each term in expanded form can help identify what is common to both terms.

15x%yz+12x)? = 3XSX XXX Y XZ+3X4X Xy Xy
=3XXXYXIXXXZH+IXxXYX4XYy
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e We can see that 3xy is common to both terms. To complete the factorisation, place 3xy on the outside of a
set of brackets and simplify what is left inside the brackets.

=3XxXy(OXxXz+4Xy)
=3xy(5xz +4y)

e By removing the HCF from both terms, we have factorised the expression.
e The answer can always be checked by expanding out the brackets and making sure it produces the original
expression.

WORKED EXAMPLE 21 Factorising by first determining the HCF

Factorise each expression by first determining the HCF.

a. Sx + 15y

b. —14xy — Ty

c. 6x%y + 9xy?

THINK WRITE

a. 1. The HCFis 5. a. Sx+ 15y =5( )

2. Divide each term by 5 to determine the =5(x+3y)
binomial.

3. Check the answer by expanding. m
5(x + 3y) = 5x + 15y (correct)

b. 1. The HCF is 7y or —7y, but —7y makes things b. —14xy —7y = —7y( )
a little simpler.

2. Divide each term by —7y to determine the =-—Ty2x+1)
binomial.
. AN
3. Check the answer by expanding. —7y(2x + 1) = —14xy — 7y (correct)
c. 1. The HCF is 3xy. c. 6x%y 4 9xy? = 3xy( )
2. Divide each term by 3xy to determine the = 3xy(2x + 3y)
binomial.
3. Check the answer by expanding. 3xy(2x + 3y) = 6x%y + 9xy? (correct)
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TI | THINK CASIO | THINK WRITE

a-c. Inanew problem, i a-c. Onthe Main screen, — a-c. (o
on a Calculator i 5 et 3 press: [ ]:Ij::gls.-mp]hi\,[. l 1 ']'[
page, press: factorl- 14 x =73} 7 (2e1) p « Action T =
« MENU rcds s ks Blraea gl « Transformation 5+ (x+3+y)
« 3: Algebra 3 , « Factor. factor (~14xxy=Ty)
« 2: Factor 2. Complete the entry 4 '; PEREL
Complete the lines as: e xﬁs?y. ).(2. +30y)
entry lines as: factor(5x + 15y) o B
factor(5x + 15y) @ 5S¢+ 15y=5(x+3y) factor
factor b. —14xy —Ty=—7y(2x+1) (—1dxxy—7y)
(—ldxxy—Ty)  ©-6x'y+9x7=302x+3y) factor
factor (6x2 Xy+9x X yz)
(6x2 Xy + 9x><y2)

Press EXE after

Press ENTER each entry. | |
after each entry. Mg Standerd  Feal Red @

a. (5x+ 15y) =5(x+ 3y)

b. (—14)(_\‘— 7_\') =
—T7y2x+1)

c. (6,\‘2_\' + 9x)‘2) =
3xy(2x + 3y)

DISCUSSION

How do you find the factors of terms within algebraic expressions?

Resources

eWorkbook Topic 2 Workbook (worksheets, code puzzle and project) (ewbk-2002)
Video elesson Factorisation (eles-1887)

Interactivities Individual pathway interactivity: The highest common factor (int-4486)

Highest common factor (int-6037)

Exercise 2.8 The highest common factor learn

2.8 Quick quiz 2.8 Exercise

Individual pathways

Bl CONSOLIDATE
2,4,6,8,10, 14,17, 18, 22, 24, 27

B MASTER
5,9, 12, 15, 19, 20, 25, 28

B PRACTISE
1,3,7,11,13, 16, 21, 23, 26

Fluency

1. IEEEN Complete each of the following factorisations by writing in the missing factor.

b. 8a=2a X c. 12x2 =4xx
e. 3x2=xXx f. 15a2b=abx

a. 8a=4X
d. —12x2 =3x2 x
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2. Complete each of the following factorisations by writing in the missing factor.

a. 12x=—-4x b. 10mn=10n X c. I0mn=-10x%
d. i?b*=abx e. 30x2=10x X f. —15mn*=-3mx

3. IlIZZA Determine the highest common factor (HCF) of each of the following.

a. 4and 12 b. 6 and 15 c. 10 and 25 d. 24 and 32 e. 12, 15 and 21
4. Determine the highest common factor (HCF) of each of the following.

a. 25, 50 and 200 b. 17 and 23 c. 6a and 12ab

d. 14xy and 21xz e. 60pg and 30¢g
5. Determine the highest common factor (HCF) of each of the following.

a. 50cde and 70fgh b. 6x* and 15x c. 6a and 9c

d. 5ab and 25 e. 3x%y and 4x?z
6. [T Choose which of the following pairs has a highest common factor of 5m.

A. 2m and 5m B. 5m and m C. 25mn and 15Im

D. 20m and 40m E. 5m and Im

7. EZ2H Factorise each of the following expressions.

a. dx+ 12y b. Sm+ 15n c. Ta+14b d. Tm—21n e. —8a—24b f. 8x—4y
8. Factorise each of the following expressions.
a. —12p—2q b. 6p+ 12pg + 18¢q c. 32x+8y+ 16z
d. 16m—4n+24p e. 72x—8y+ 64 pq f. 15x2 — 3y
9. Factorise each of the following expressions.
a. 5p* —20q b. 5x+5 c. 56q + 8p?
d. 7p—42x%y e. 16p> +20q+4 f. 12 +36a*b — 24b?
10. Factorise each of the following expressions.
a. 9a+21b b. 4c+ 184> c. 12p* + 204> d. 35— 14m’n e. 25y* —15x
11. Factorise each of the following expressions.
a. 16a* +20b b. 42m? + 12n c. 63p> +81—27y
d. 121a* = 55b + 110c e. 10 —22x%y* + 14xy
12. Factorise each of the following expressions.
a. 18a’bc —27ab —90c b. 144p + 364> — 84pq c. 63a’b* — 49 + 56ab”
d. 22 +99p3q> — 44p?r e. 36 —24ab” + 18bh*c
13. Factorise each of the the following expressions.
a. —x+5 b. —a+7 c. —=b+9 d. —2m—6 e. —6p—12 f. —4a—38
14. Factorise each of the following expressions.
a. =3n%>+15m b. —7x%y? +21 c. =7y —49z
d. —12p* —18¢q e. —63m+56 f. —12m® — 50x°
15. Factorise each of the following expressions.
a. —9a’bh + 30 b. —15p—12¢g c. —18x% +4y?
d. —3ab+ 18m—21 e. —10—25p* —45¢ f. —90m? + 27n + 54p°
16. Factorise each of the following expressions.
a. a’>+5a b. 14q — ¢* c. 18m+ 5m?
d. 6p +7p? e. Tn*> =2n f. Tp—p*q+pq
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17. Factorise each of the following expressions.

a. xy+9y—3y? b. 5¢+3c*d—cd c. 3ab+ a*b + 4ab?

d. 2x%y +xy + 5xy? e. 5p*q* —4pq +3p*q f. 6x%y% — 5xy + x%y
18. Factorise each of the following expressions.

a. 5x% + 15x b. 24m> — 6m c. 32a> —4a

d. —2m*+8m e. —5x% +25x f. =7y* + 14y
19. Factorise each of the following expressions.

a. —3a*>+9a b. —12p> —=2p c. —26y> —13y

d. 4m — 18m? e. —6t+ 361 f. —8p — 24p?

Understanding

20. A large billboard display is in the shape of a rectangle as shown. The billboard has : .
3 regions (A, B, C) with dimensions in terms of x, as shown.

a. Calculate the total area of the billboard. Give your answer in factorised form. 2x
b. Determine an expression for the area of each region of the billboard. Write

the expression in its simplest form.
x+1

21. Consider the expression 3ab” + 18ab + 27a.

a. Factorise this expression by taking out the highest common factor from
each term.
b. Use the rule for perfect squares to fully factorise this expression.

22. Consider the expression x*(x 4+ 4) + 8x(x + 4) + 16(x + 4).

a. Factorise this expression by taking out the highest common factor from each term.
b. Use the rule for perfect squares to fully factorise this expression.

Reasoning

23. A question on Marcia’s recent Algebra test was, ‘Using factorisation, simplify the following expression:
a*(a —b) — b*(a — b)’. Marcia’s answer was (a + b)(a — b)z. If Marcia used the difference of two squares
rule to get her solution, explain the steps she took to get that answer.

24. Prove that, as long as a #0, then (x + a)* #x% + a2.

2

25. Using the fact that any positive number, n, can be written as (ﬁ ) , factorise the following expressions
using the difference of two squares rule.
a. x> —13 b. 4x2 — 17 c. (x+3)° =10

Problem solving
X%+ 2xy +y? ) x? + xy
4x2 —4y2  8xy—8x%

26. Evaluate

27. It has been said that, for any 2 numbers, the product of their LCM and HCF is the same as the product of the
2 numbers themselves. Show whether this is true.

28. a. Factorise 36x> — 100y? by first taking out the common factor and then using the difference of two
squares rule.
b. Factorise 36x> — 100y? by first using the difference of two squares rule and then taking out the
common factor.
c. Comment on whether you got the same answer for parts a and b.
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LESSON
2.9 The highest common binomial factor

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e factorise expressions by taking out a common binomial factor
e factorise expressions by grouping terms.

2.9.1 The common binomial factor

eles-4603
* When factorising an expression, we look for the highest common factor(s) first.

e Itis possible for the HCF to be a binomial expression.
¢ Consider the expression 7(a — b) + 8x(a — b). The binomial expression (a—b) is a common factor to both
terms. Factorising this expression looks like this:

7(a—b)+ 8x(a—b) =7 X (a—b) + 8x X (a—b)
= (a—b)(7 + 8x)

WORKED EXAMPLE 22 Factorising by finding a binomial common factor

Factorise each of the following expressions.
a. S(x+y)+6b(x +y) b. 2b(a — 3b) — (a — 3b)

Note: In both of these expressions the HCF is a binomial factor.

THINK WRITE
S+ 6b(x +
a. 1. The HCF is (x + y). a XY _5 60HY o,
X+y X+y
2. Divide each term by (x + y) to determine Therefore,
the binomial. S50 39) - BB )
= (x+y)(5+6b)
2b(a—3b —1(a—3b
b. 1. The HCF is (a — 3b). p, 22650 _,, Zl@=30)
a—3b a—3b
2. Divide each term by (a — 3b) to determine Therefore,

the binomial. 2b(a—3b) — (a—3b)

= 2b(a—3b) — 1(a — 3b)
=(a—=3bh)2b—1)

2.9.2 Factorising by grouping in pairs
les-4604
o e If an algebraic expression has four terms and no common factors in any of its terms, it may be possible to

group the terms in pairs and find a common factor in each pair.
e Consider the expression 10x + 15 — 6ax — 9a.
e We can attempt to factorise by grouping the first two terms and the last two terms:

10x+15—6ax—9a =5X2x+5%X3—-3aX2x—3aXx3
=52x+3)—3a2x+3)
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* Once a common factor has been taken out from each pair of terms, a common binomial factor will appear.

This common binomial factor can also be factorised out.

52x+3)=3a(2x+3)=2x+3)(5—3a)

e Thus the expression 10x + 15 — 6ax — 9a can be factorised to become (2x + 3)(5 — 3a).

e It is worth noting that it doesn’t matter which terms are paired up first — the final result will still be

the same.

10x+ 15 — 6ax—9a = 10x — 6ax+ 15—9a
=2xX54+2xX(=3a)+3X5+3%(—3a)
= 2x(5 —3a)+ 3(5 — 3a)
=05 -3a)2x+3)
=2x+3)5-3a)

WORKED EXAMPLE 23 Factorising by grouping in pairs

Factorise each of the following expressions by grouping the terms in pairs.

a. Sa +10b + ac + 2bc b. x — 3y +ax — 3ay

THINK
a. 1. Write the expression.

2. Take out the common factor a + 2b.

b. 1. Write the expression.

2. Take out the common factor x — 3y.

c. 1. Write the expression.

2. There are no simple common factors.
Write the terms in a different order.

3. Take out the common factor 1 + 3q.
Note:1+3g=3g+1.

c. Sp+6q+15pq +2

WRITE
a. Sa+ 10b+ ac + 2bc
Sa + 10b = 5(a +2b)
ac +2bc = c(a+ 2b)

= 5(a+2b) + c(a + 2b)
= (a+2b)(5+c)

b. x—3y+ax—3ay
x—3y=1(x—-3y)
ax—3ay = a(x—3y)

= 1(x—3y) +a(x—3y)
=(x—=3y)(1+a)

c. Sp+6qg+15pg+2

=5p+ 15pg+6g+2
S5p+ 15pg = 5p(1 + 3q)
6g+2=23g+1)

= 5p(1+3g)+23g+1)
= 5p(1 +3¢q)+2(1 +3¢q)
=(14+39)(5p+2)

DISCUSSION

How do you factorise expressions with four terms?
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Resources

eWorkbook  Topic 2 Workbook (worksheets, code puzzle and project) (ewbk-2002)
Interactivities Individual pathway interactivity: The highest common binomial factor (int-4487)
Common binomial factor (int-6038)

Exercise 2.9 The highest common binomial factor learn
2.9 Quick quiz 2.9 Exercise

Individual pathways

B PRACTISE Bl CONSOLIDATE B MASTER
1,8,6,9,12 2,4,7,10,13 5,8,11, 14
Fluency
1. IEIZAA Factorise each of the following expressions.
a. 2(a+b)+3c(a+b) b. 4(m+n)+p(m+n) c. xCm+1)—y2m+1)
d. 4a(3b+2)—b(3b+2) e. Z(x+2y) —3(x+2y)
2. Factorise each of the following expressions.
a. 12p(6—q)—5(6—-¢q) b. 3p*(x—y) + 2g(x —y) c. 4a*(b—3)+3b (b—73)
d. p*(g+2p)—5(qg+2p) e. 6(5m+ 1) +n*Sm+1)
3. IlIZEH Factorise each of the following expressions by grouping the terms in pairs.
a. xy+2x+2y+4 b. ab+3a+3b+9 c.xy—4y+3x—12
d. 2xy+x+6y+3 e. 3ab+a+12b+4 f. ab—2a+5b—10
4. Factorise each of the following expressions by grouping the terms in pairs.
a. m—2n+am—2an b. 54+3p+ 15a+9ap c. 15mn—>5n—6m+2
d. 10pg—q—20p+2 e. bx—2—-3xy+y f. 16p —4 —12pg+3q
5. Factorise each of the following expressions by grouping the terms in pairs.
a. 10xy+5x—4y—2 b. 6ab+9b—4a—6 c. Sab—10ac —3b + 6¢
d. 4x+ 12y —xz —3yz e. 5pr+10gr—3p —6q f. ac —5bc —2a+ 10b

Understanding

6. Simplify the following expressions using factorising.

ax+2ay + 3az b 103x—4) +2y(3x—4)
a —— .
bx +2by +3bz 7a(10 4+ 2y) — 5(10 + 2y)
7. Use factorising by grouping in pairs to simplify the following expressions.
3x+6+xy+2y b S5xy 4+ 10x+ 3ay + 6a
a. .
642y + 18x+ 6xy 15bx — 10x 4+ 9ab — 6a
8. Use factorising by grouping in pairs to simplify the following expressions.
6x% + 15xy — 4x — 10y b mp +4mg — 4np — 16nq
a. .
6xy +4x + 15y + 10y mp + 4mq + 4np + 16nqg
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Reasoning

9. Using the method of rectangles to expand, show how a(m + n) + 3(m + n) equals (a + 3)(m + n).
10. Fully factorise 6x + 4x” + 6x + 9 by grouping in pairs. Discuss what you noticed about this factorisation.
11. a. Write out the product 5(x + 2)(x + 3) and show that it also corresponds to the diagram shown.

X 3 X 3 X 3 X 3 X 3

b. Explain why 5(x + 2)(x + 3) is equivalent to (5x + 10)(x + 3). Use bracket expansion and a labelled
diagram to support your answer.

c. Explain why 5(x + 2)(x + 3) is equivalent to (x + 2)(5x + 15). Use bracket expansion and a labelled
diagram to support your answer.

Problem solving

12. A series of five squares of increasing size and a list of five area formulas are shown.

a. Use factorisation to calculate the side length that correlates to each area formula.
b. Using the area given and the side lengths found, match the squares below with the appropriate algebraic
expression of their area.

1 II I v \Y

A, =x*+6x+9
Ay =x>+10x+25
A, =x*+16x+64
A;j=x>—6x+9
A, =x>+12x+36

c. If x=5cm, use the formula given to calculate the area of each square.

13. Fully factorise both sets and brackets in the expression (—12xy + 27x + 8y — 18) — (—8xy + 18x + 12y — 27)
using grouping in pairs, then factorise the result.

14. The area formulas shown relate to either squares or rectangles.

i. 9s% + 485 + 64
ii. 255% — 4
iii. 7 +4s+3
iv. 45 — 285 —32
a. Without completing any algebraic operations, examine these formulas and work out which ones
belong to squares and which ones belong to rectangles. Explain your answer.
b. Factorise each formula and classify it as a square or rectangle. Check your classifications against your
answer to part a.
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LESSON
2.10 Solving worded problems

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e write an algebraic expression for worded problems
e apply the skills covered in this topic to solve worded problems.

2.10.1 Converting worded problems into algebraic expressions

eles-4605
e It is important to be able to convert worded problems (or ‘real-world problems’) into algebraic expressions.

The key words that were identified in lesson 2.3 can help with this process.
e Drawing diagrams is a useful strategy for understanding and solving worded problems.
e If a worded problem uses units in its questions, make sure that any answers also use those units.

WORKED EXAMPLE 24 Converting worded problems

A rectangular swimming pool measures 30 m by 20 m. ™
A path around the edge of the pool is x m wide on each
side.

a. Determine the area of the pool.

b. Write an expression for the area of the pool plus the

area of the path. g
c. Write an expression for the area of the path. ~< /
d. If the path is 1.5 m wide, calculate the area of the TG
path.
THINK WRITE/DRAW
a. 1. Construct a drawing of the pool. a. T
_x_ %0 m _x_
y 30 m
2. Calculate the area of the pool. Area = length X width
=20x%30
= 600 m?

b. 1. Write an expression for the total length from b. Length =30+ x+x

one edge of the path to the other. Write =30+ 2x
another expression for the total width from Width =20+ x+x
one edge of the path to the other. =20+ 2x
2. Area = length x width Area = length X width
= (30 + 2x)(20 + 2x)
= 600 + 60x + 40x + 4x*

= (600 + 100x + 4x?) m?
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c. Determine an expression for the area of c. Area of path = total area — area of pool

the path by subtracting the area of the pool — 600 + 100x + 4x2 — 600
from the total area of the pool and the path _ N s
combined. = (100x+4x") m
d. Substitute 1.5 for x in the expression you d. When x=1.5,
have found for the area of the path. Area of path = 100(1.5) + 4(1.5)2
=159 m?

e The algebraic expression found in part ¢ of Worked example 24 allows us to calculate the area of the path
for any given width.

WORKED EXAMPLE 25 Writing expressions for worded problems

Suppose that the page of a typical textbook is 24 cm high s s i
by 16 cm wide. Each page has margins of x cm at the sl UGl
top and bottom, and margins of y cm on the left and right. B | O LOG Y
a. Write an expression for the height of the section of the page that

lies inside the margins. » .

b. Write an expression for the width of the section of the page that
lies inside the margins.

c. Write an expression for the area of the section of the page that lies
inside the margins.

d. Show that, if the margins on the left and right are doubled, the
area within the margins is reduced by (48y — 4xy) cm. e

e. If the margins at the top and the bottom of the page are 1.5 cm
and the margins on the left and right of the page are 1 cm,
calculate the size of the area that lies within the margins.

THINK WRITE/DRAW

a. 1. Construct a drawing that shows the  a. |«—16 cm —>]
key dimensions of the page and its I by
margins.

| 24 cm

T
X
I

2. The total height of the page (24 cm) Height =24 —x—x
is effectively reduced by x cm at the = (24 —2x)cm
top and x cm at the bottom.

>
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b. The total width of the page (16 cm) is b. Width=16—y—y

reduced by y cm on the left and y cm on = (16 —2y)cm
the right.
c. The area of the page that lies within the c. Area; = (24 —2x)(16 —2y)
margins is the product of the width and = (384 — 48y — 32x + dxy) cm?
height.
d. 1. If the left and right margins are d. Width = 16 —2y—2y
doubled they both become 2y cm. = (16 —4y)cm

Determine the new expression for the
new width of the page.

2. Determine the new expression for the Area, = (24 — 2x)(16 — 4y)
reduced area. =24X16+24X -4y —2xX 16 —2xX —2y

= (384 — 96y — 32x + 8xy) cm?

3. Determine the difference in area Difference in area = Area; — Area,
by subtracting the reduced area = 384 — 48y — 32x + 4xy
obtained in part d from the original —(384 — 96y — 32x + 8xy)
area obtained in part c. = 384 — 48y — 32x + 4xy
—384 4+ 96y + 32x — 8xy
=48y — 4xy

So the amount by which the area is reduced is
(48y — 4xy) cm?.

e. Using the area found in c, substitute e. Area = (384 — 48y — 32x + 4xy) cm?
1.5 for x and 1 for y. Solve the =384 —48(1) —32(1.5) +4(1.5)(1)
expression. 204 cm?

DISCUSSION

How can you use algebraic skills in real-life situations?

Resources

eWorkbook Topic 2 Workbook (worksheets, code puzzle and project) (ewbk-2002)

Interactivity Individual pathway interactivity: Solving worded problems (int-4488)
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Exercise 2.10 Solving worded problems learn
2.10 Quick quiz 2.10 Exercise

Individual pathways

B PRACTISE Bl CONSOLIDATE B MASTER
1,2,6,9,12 3,5,7,10, 13 4,8,11,14,15
Fluency

1. Answer the following for each shape shown.

i. Determine an expression for the perimeter.

ii. Determine the perimeter when x =35.
iii. Determine an expression for the area. If necessary, simplify the expression by expanding.
iv. Determine the area when x=35.

a. | b. | c. |
T T 3x T Tx+2 T T4x-1
L[] O —L
d. v+ 1 e 5r+2 f. 3x+5
T T
=+ = 2x + Fx-3
B
x+4

3x

Understanding

2. lIZZA A rectangular swimming pool measures 50 m by 25 m.
A path around the edge of the pool is x m wide on each side.

a. Determine the area of the pool.

b. Write an expression for the area of the pool plus the area of
the path.

c. Write an expression for the area of the path.

d. If the path is 2.3 m wide, calculate the area of the path.

e. If the area of the path is 200 m2, write an equation that can
be solved to calculate the width of the path.

3. IKZEA The pages of a book are 20 cm high by 15 cm wide. The
pages have margins of x cm at the top and bottom and margins of
y cm on the left and right.

a. Write an expression for the height of the section of the pages
that lie inside the margins.

b. Write an expression for the width of the section of the pages that
lie inside the margins.

c. Write an expression for the area of the section of the pages that
lie inside the margins.

d. Show that, if the margins on the left and right are doubled, the
area between the margins is reduced by (40y —4xy) cm.

TOPIC 2 Algebra 125



4. A rectangular book cover is 8 cm long and 5 cm wide.

a. Calculate the area of the book cover.

b. i
iii.
iiii.

If the length of the book cover is increased by v cm, write an expression for its new length.
If the width of the book cover is increased by v cm, write an expression for its new width.
Write an expression for the new area of the book cover. Expand this expression.

Calculate the increased area of the book cover if v=2cm.

. If the length of the book cover is decreased by d cm, write an expression for its new length.
ii. If the width of the book cover is decreased by d cm, write an expression for its new width.
i. Write an expression for the new area of the book cover. Expand this expression.

Calculate the new area of the book cover if d=2 cm.

. If the length of the book cover is made x times longer, write an expression for its new length.
i. If the width of the book cover is increased by x cm, write an expression for its new width.
i. Write an expression for the new area of the book cover. Expand this expression.

Calculate the new area of the book cover if x =5 cm.

5. A square has sides of length 5xm.

a. Write an expression for its perimeter.
b. Write an expression for its area.

c. i
iii.
iiii.
iv.

If the square’s length is decreased by 2 m, write an expression for its new length.
If the square’s width is decreased by 3 m, write an expression for its new width.
Write an expression for the square’s new area. Expand this expression.
Calculate the square’s area when x =6 m.

6. A rectangular sign has a length of 2xcm and a width of xcm.

a. Write an expression for the sign’s perimeter.
b. Write an expression for the sign’s area.

c. i
iii.
iiii.
iv.

If the sign’s length is increased by y cm, write an expression for its new length.
If the sign’s width is decreased by y cm, write an expression for its new width.
Write an expression for the sign’s new area and expand.

Calculate the sign’s area when x =4 cm and y = 3 cm using your expression.

7. A square has a side length of x cm.

a. Write an expression for its perimeter.
b. Write an expression for its area.

c. i

iii.

iiii.

iv.

V.

8. A swimming pool with length (4p +2) m and width 3p m is

surrounded by a path of width p m.
Write the following in expanded form.

SQ .0 20 T

. An expression for the perimeter of the pool.

. An expression for the area of the pool.

. An expression for the length of the pool and path.

. An expression for the width of the pool and path.

An expression for the perimeter of the pool and path.
. An expression for the area of the pool and path.

. An expression for the area of the path.

. The area of the path when p =2 m.

If the square’s side length is increased by y cm, write an expression for its new side length.
Write an expression for the square’s new perimeter. Expand this expression.

Calculate the square’s perimeter when x=5cm and y =9 cm.

Write an expression for the square’s new area and expand.

Calculate the square’s area when x =3.2cm and y =4.6 cm.

126 Jacaranda Maths Quest 9



Reasoning

9. The Body Mass Index (B) is used as an indicator of whether or not a person is in a healthy weight range for

their height. It can be calculated using the formula B = ﬂz, where m is the person’s mass in kilograms and

h is the person’s height in metres. Use this formula to answer the following questions, correct to 1 decimal
place.

a.
b.

Calculate Samir’s Body Mass Index if they weigh 85 kg and are 1.75 m tall.
A person is considered to be in a healthy weight range if their Body Mass Index is between 21 to 25
inclusive. Comment on Samir’s weight for a person of their height.

. Calculate the Body Mass Index, correct to 1 decimal place, for each of the following people:

i. Sammara, who is 1.65 m tall and has a mass of 52 kg
ii. Nimco, who is 1.78 m tall and has a mass of 79 kg
iii. Manuel, who is 1.72 m tall and has a mass of 65 kg.

. The healthy Body Mass Index range for children changes up until adulthood. These graphs show the

Body Mass Index for boys and girls aged from 2 to 20 years of age.
Study these graphs carefully and decide on possible age ranges (between 2 and 20) for Sammara, Nimco
and Manuel if their BMI was in the satisfactory range. Give the age ranges in half-year intervals.

Body Mass Index for boys and girls 2 to 20 years
337
327
317
307
29 7
28 7
277
26 7
257
24 7
23 7
22
21
207
19 7
18
17 7
16
15 7
14
137
12 7
117
10

— Girls

— Boys

Body Mass Index (kg/m?)

T T T
6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
Age (years)

0

o
w -
N
wn -
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10.

11.

The figure shown is a rectangle. For the purpose of this activity we are going to call this X
rectangle an ‘algebra rectangle’.

The length of each algebra rectangle is x cm and the width is 1 cm.

These algebra rectangles are put together to form larger rectangles in one of two ways.

Long algebra rectangle (3-long) Tall algebra rectangle (3-tall)
X X X X
1] | | |1 1 1
X X X 1 1
1 1

To calculate the perimeter of each of these algebra rectangles:
e perimeter of 3-long algebra rectangle P=(x+x+x+x+x+x)+(1+1)=6x+2
e perimeter of 3-tall algebra rectangle P=(x+x)+(1+1+1+1+14+1)=2x+6.

a. Using the expressions for the perimeters of a 3-long algebra rectangle and a 3-tall algebra rectangle as a
basis, find the perimeter of each of the following algebra rectangles and add them to the table shown.

Type of algebra Type of algebra
rectangle Perimeter rectangle Perimeter
1-long 1-tall
2-long 2-tall
3-long 6x+2 3-tall 2x+6
4-long 4-tall
5-long 5-tall

b. Can you see the pattern? Based on this pattern, calculate the perimeter of a 20-long algebra rectangle and
a 20-tall algebra rectangle.

c. Determine the values of x that will result in a tall algebra rectangle that has a larger perimeter than a long
algebra rectangle.

Can you evaluate 997? without a calculator in less than 90 seconds? It is possible to work out the answer
using long multiplication, but it would take a fair amount of time and effort. Mathematicians are always
looking for quick and simple ways of solving problems.

What if we consider the expanding formula that produces the difference of two squares?
(a+b)a—b)=a*>—b?

Adding b to both sides gives (a + b)(a — b) + b* = a*> — b*> + b*.

Simplifying and swapping sides gives a*> = (a + b)(a — b) + b*.

We can use this formula, combined with the fact that multiplying by 1000 is an easy operation, to
evaluate 997°.

a. If a=997%, determine what the value of b should be so that (a + b) equals 1000.

b. Substitute these a and b values into the formula to evaluate 9972_

c. Try the above method to evaluate the following.

i. 9952 ii. 9907
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Problem solving

12.

13.

In the picture of the phone shown, the dimensions are in cm.

x+7

a. Use the information in the picture to write an expression for the area of:
i. the viewing screen ii. the entire front face of the phone.

b. Your friend has a phone that is 4 cm longer than the one shown, but also 1 cm narrower. Write expressions
in expanded form for:

i. the length and width of your friend’s phone
ii. the area of your friend’s phone.

c. If the phone in the picture is 5 cm wide, use your answer to part b to calculate the area of the front face of
your friend’s phone.

A proposed new flag for Australian schools will have the Australian flag in the top left-hand corner. The
dimensions of this new flag are given in metres.

2x

a. Write an expression in factorised form for the area of:
i. the Australian flag section of the proposed flag ii. the whole area of the proposed flag.

b. Use the answers from part a to write the area of the Australian flag as a fraction of the school flag.
Simplify this fraction.

c. Use the fraction from part b to express the area of the Australian flag as a percentage of the proposed
school flag.

d. Use the formula for the percentage of the area taken up by the Australian flag to find the percentages for
the following suggested widths for the proposed school flag.

i. 4m ii. 4.5m iii. 4.8m
e. If the percentage of the school flag taken up by the Australian flag measures the importance a school
places on Australia, determine what can be said about the three suggested flag widths.
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14. A new game has been created by students for the school fair. To win the game you need to hit the shaded
region of the target shown with 5 darts.

a. Write an expression to calculate the area of the shaded region of the game board.
b. Calculate the area of the shaded region of the game board if R=7.5cm and x =4 cm.

A 2
c. Show that R=1/ j;x by transposing the formula found in part a.

d. If A=80cm? and x = 3 cm, calculate the value of R.
e. The students found that the best size for the game board is when R =10 and x = 5. For a board of this size,
determine the percentage of the total board that is shaded.

15. Cubic expressions are the expanded form of expressions with three linear factors. The expansion process for
three linear factors is called trinomial expansion.

a. Explain how the area model can be altered to show that binomial expansion can also be altered to become
a model for trinomial expansion.
b. Investigate the powers in cubic expressions by expanding the following expressions.
i Gx+2)(—x+Dx+1)
i. @x+5Q2x—2)4x—-738)
ii. 3—x)(x+8)(5—x)

c. Describe the patterns in the powers in a cubic expression.
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LESSON
2.11 Review

2.11.1 Topic summary

Expressions Substitution

e An expression is a group of terms in which
each term is separated by a + or a — sign.

A pronumeral is a letter that can take the

place of a number. Pronumerals are also

referred to as variables.

Consider the expression 3x + 5y — 8 — 9x’z.

* This expression has 4 terms.

 The constant term is —8.

* The smallest coefficient is —9.

* The coefficient of x is 3.

 The pronumerals used are x, y and z.

 Evaluating an expression
involves replacing pronumerals
with specific values.

* This process is called
substitution.

e.g. Evaluate 3x% — 4y

whenx=2and y=>5:

3% -4y =3(2%) - 4(5)
=12-20
=-8

ALGEBRA

* An algebraic expression can be simplified by adding or subtracting like terms.
* Two terms are considered like terms if they have exactly the same
pronumeral component.
3x and —10x are like terms.
5x% and 11x are not like terms.
4abc and —3cab are like terms.
e.g. The expression 3xy +10xy — 5xy has 3 like terms and can be simplified to 8xy.

The expression 4a x 2b x a can be simplified to 8a%b.

3y
f.

* We can expand a single set of brackets
using the Distributive Law:

The expression 12xy + (4xz) can be simplified to

* Factorising is the opposite
process to expanding.

* An expression is factorised
by determining the highest
common factor of each term.

e.g. 9xy + 15xz— 2112
=3x(3y + 5z —Tx)
The highest common factor
of each term is 3x.

zl/(f? c¢)=ab + ac
* The product of binomial factors can be
expanded using FOIL:

DT ) it e il e 5
NI A

eg. (x+3)(y-4)=xy—4x+3y-12

Special cases

Grouping in pairs

* We can also expand if we recognise the
following special cases.

* When presented with an
expression that has 4 terms
with no common factor, we
can factorise by grouping
the terms in pairs.
€.g. 6xy + 8y — 12xz — 16z

=2y(3x +4) —4z(3x + 4)
=Bx+4)(2y-4z)

* Difference of two squares:
(a+b)a—-b)=a>-b*

* Perfect squares:
(a + b)?=a*+ 2ab + b*
(a—b)*=d>-2ab + b*

e.g. (x—6)(x +6)=x>—36

(2x + 5)? = 4x? + 20x + 25
(x-2P2=x2-4x+4

Formula

¢ A formula is a mathematical rule that
represents a real-world relationship.

* The area of a triangle is given by
the rule:

Area=lxbxh
2

e.g. The area of a triangle when
b=10cmand /= 15 cm:

Area:%x10x15=75cm2

Setting up worded problems

* In order to turn a worded problem
into an algebraic expression it is
important to look out for the
following words.

* Words that mean addition:
sum, altogether, add, more than,
and, in total

* Words that mean subtraction:
difference, less than, take away,
take off, fewer than,

* Words that mean multiplication:
product, groups of, times, of,
for each, double, triple

* Words that mean division:
quotient, split into, halve, thirds.

Solving application questions

* Drawing diagrams will help set up
expressions to solve worded problems.

* Make sure you include units in your
answers.
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2.11.2 Success criteria

Tick the column to indicate that you have completed the lesson and how well you have understood it using the
traffic light system.

(Green: I understand; Yellow: I can do it with help; Red: I do not understand)

Lesson Success criteria %

o

2.2

2.3

2.4

2.5

2.6

2.7

238

29

2.10

| can identify the number of terms in an algebraic expression.

| can identify the variables, constant terms and coefficients of the terms in
an expression.

| can evaluate an expression or formula by substituting values for each
variable.

| can assign pronumerals to the unknown quantities in a worded problem.

| can convert the worded statements presented in a question into algebraic
expressions.

| can identify like terms.
| can simplify algebraic expressions by adding and subtracting like terms.

| can simplify algebraic expressions that involve multiplication and division
of multiple algebraic terms.

| can use the distributive law to expand and simplify an expression with a
single set of brackets.

| can use the distributive law to expand and simplify expressions containing
two or more sets of brackets.

| can quickly expand and simplify binomial products using the rule for
difference of two squares.

| can quickly expand and simplify binomial products using the rule for
perfect squares.

| can expand multiple sets of brackets and simplify the result.
| can determine the highest common factor for a group of terms.

| can factorise expressions by dividing out the highest common factor from
each term.

| can factorise an expression by taking out a common binomial factor
| can factorise expressions by grouping terms in pairs.

| can write an algebraic expression for a worded problem and use it to solve
that problem.
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2.11.3 Project

Quilt squares

People all over the world are interested in quilt making, which involves stitching
pieces of fabric together and inserting stuffing between layers of stitched-
together fabric. When making a quilt, the fabric can be arranged and sewn in a
variety of ways to create attractive geometric designs. Because of the potential
for interesting designs in quilt-making, quilts are often used as decorative
objects.

Medini is designing a quilt. She is sewing pieces of differently coloured fabric
together to make a block, then copying the block and sewing the blocks together
in a repeated pattern.

Making your own quilt

A scaled diagram of the basic block that Medini is using to make her T
quilt is shown. The letters indicate the colours of the fabric that make

up the block: yellow, black and white. The yellow and white pieces are
square, while the black pieces are rectangular. The finished blocks are sewn
together in rows and columns.

Trace or copy the basic block shown onto a sheet of paper. Repeat this
process until you have 9 blocks. Colour in each section and cut out
all 9 blocks.
1. Place all 9 blocks together to form a 3 X 3 square. Draw and colour a y b y
scaled diagram of your result. |
2. Describe the feature created by arranging the blocks in the manner
described in question 1. Observe the shapes created by the different colours.

Medini sold her design to a company that now manufactures quilts made from 100 of these blocks. Each
quilt covers an area of 1.44 m? Each row and column has the same number of blocks. Answer the following,
ignoring any seam allowances.

Calculate the side length of each square block.

If the entire quilt has an area of 1.44 m2, what is the area of each block?

Determine the dimensions of the yellow, black and white pieces of fabric of each block.

Calculate the area of the yellow, black and white pieces of fabric of each block.

Determine the total area of each of the three different colours required to construct this quilt.

Due to popular demand, the company that manufactures these quilts now makes them in different
sizes. A customer can specify the approximate quilt area, the three colours they want and the number
of blocks in the quilt, but the quilt must be either square or rectangular. Come up with a general
formula that would let the company quickly work out the areas of the three coloured fabrics in each
block. Give an example of this formula. Draw a diagram on a separate sheet of paper to illustrate your
formula.

® N ook

Resources
eWorkbook  Topic 2 Workbook (worksheets, code puzzle and project) (ewbk-2002)

Interactivities Crossword (int-0699)
Sudoku puzzle (int-3203)
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Exercise 2.11 Review questions learn

Fluency

1

134

1.

0.

T3 Select the coefficient of the second term in the expression —5xy” + 2y + 8y* + 6.
A. =5 B. 2 C. 8 D. 6 E. 5

I Jodie had $55 in her purse. She spent $x. Select the expression for the amount of money she has
left.

A. $(x—55) B. $(x+55) C. $55x D. $(55—x) E. $ <§>
X
3x x .
[ MC | < e be simplified to:
Tx 2x 2x 4x g X
A = B. = c.= D. — .
20 20 1 20 20
= 3 = 6 is equal to:
p P
A.2 g 1 c.12p D. 12p? .
2 2p?

47
I3 The volume of a sphere, V, is given by the formula V= L, where r is the radius of the sphere.
If r =3, select the volume of the sphere from the following options.
A. 25.12 B. 38.37 C. 64.05 D. 113.10 E. 4.19

I Choose the equivalent of 6 — 4x(x + 2) + 3x.
A. 6—4x> —5x B. 64 4x> + 5x C. 6 —4x%+5x D. 6+ 4x> + 5x E. 644x> —5x

T Choose the equivalent of (3 —a)(3 + a).
A. 9 +ad? B. 9—a? C.3+4d° D. 3—a? E.9—a

[T Choose the equivalent of (2y + 5)°.
A. 4y*+20y+25 B. 4 +10y+25 C.2y*+20y+25 D.2y>+20y+5 E. 2y’ +10y+25

I Select what 6(a + 2b) — x(a + 2b) equals when it is factorised.
A. 6—x(a+2b) B.(6—x)a+2b) C.6(a+2b—x) D.(6+x)(a—2b) E. (6+x)(a+2b)

a. For the expression —8xy? + 2x + 8y? — 5:
i. state the number of terms
ii. state the coefficient of the first term
iii. state the constant term
iv. state the term with the lowest coefficient.
b. Write expressions for the following, where x and y represent the following numbers.
i. A number 8 more than y.
ii. The difference between x and y.
iii. The sum of x and y.
iv. A number that is 7 times the product of x and y.
v. The number given when 2 times x is subtracted from 5 times y.
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11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

a. Leo receives x dollars for each car he washes. If he washes y cars, calculate how much he earn.
b. A piece of rope is 24 m long.
i. If Rawiri cuts £ m off, calculate how much is left.
ii. After Rawiri has cut km off, he divides the rest of the rope into three pieces of equal length.
Calculate the length of each piece.

Simplify the following expressions by collecting like terms.
a. 8p+9p b. 5y +2y —4y? c. 9s%t—125%t
d. 11¢*d —2cd + 5dc? e. n>—p*q—3p’q+6 f. 8ab +2a*b* — 5a*b* + Tab
Simplify the following expressions.
4
a. 6ax2b b. 2abX b c. 2xy X dyx d. é e. 18+ (4b)
Expand the following expressions.
a. 5(x+3) b. —(y+5) c. —x(3—2x) d. —4x(2m+1)
Expand and simplify the following expressions by collecting like terms.
a. 3x—2)+9 b. —2(5m—1)-3
c. dm(m—3)+3m—5 d. 7p—2—-03p+4)
Expand and simplify the following expressions.
a. 3(a+2b)+2Ba+b) b. —4(2x+ 3y) + 3(x — 2y)
c. 2m(n+6)—m@Bn+1) d. —2x(3 —2x)— (4x—3)
Expand and simplify the following expressions.
a. x+4Hx+5) b. (m—2)(m+1) c. Bm—2)(m-Y5) d. (2a+b)(a—3b)
Expand and simplify the following expressions.
a. x+4)(x—4) b. (9—m)(9+m) c. x+y)x—y) d. (1 -2a)(1+2a)
Expand and simplify the following expressions.
a. (x+5) b. (m—3)* c. (4x+1)>° d. 2-3y)°
Expand and simplify the following expressions.
a (x+2)x+1D)+x+3)(x+2) b. (m+7)(m—2)+ (m+3)*
c. x+6)x+2)—(x+3)(x—1) d. (b—7>—®B-3)(b—4)
Expand and simplify the following expressions.
a. (x+2)*+(x+3) b. (x—2)" — (x=3) c. (x+4)” — (x—4)
If y=5x* 4+ 2x — 1, determine the value of y when:
a.x=2
b.x=35.

The volume (V) of each of the following paint tins is given by the formula V= 772, where r is the
radius and £ is the height of the cylinder. Determine the value of V (to 2 decimal places) when:
a.r=7cmand h=2cm

b.r=9.3cm and 2 =19.8 cm.
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24. Factorise each of the following expressions by determining common factors.

a. 6x+12 b. 6x> + 12x%y c. 8a*>—4b
d. 16x> —24xy e. —2x—4 f. b>—3b+4bc

25. Simplify each of the following expressions using common factor techniques.
a. S(x+y)—4da(x+y) b. 7a(b+ 5c)— 6¢(b+ 5¢) c. 15x(d+ 2e) + 25xy(d + 2e)
d. 2x+2y+ax+ay e. bxy+4x—6y—4 f. pg—r+p—rq

Problem solving

26. A rectangular rug has a length of 3xcm and a width of x cm.

a. Write an expression for the rug’s perimeter.

b. Write an expression for the rug’s area.

c. The rug’s side length is increased by y cm.

i. Write an expression for its new side length.

ii. Write an expression for the rug’s new perimeter. Expand this expression.
iii. Calculate the rug’s perimeter when x =90 cm and y =30 cm.
iv. Write an expression for the rug’s new area. Expand this expression.
v. Calculate the rug’s area when x =90 cm and y = 30 cm.

27. A rectangular garden bed has a length of 15 m and a width of 8 m. It is surrounded by a path with a
width of p m.
a. Write down the total area of the garden bed and path in factorised form.
b. Expand the expression you wrote down in part a.
c. Calculate the area of the path in terms of p.
d. Write an equation that can be solved to find the width of the path if the area of the path
is 200 m?.

. . . X . .
28. Calculate the circumference of a circle whose area is 7 <—> cm?. Give your answer in terms

Yy
of 7.

29. The large sign shown appears in a parking lot at the entrance to car park 5. It has
a uniform width, with dimensions shown.

v [

X

Write an algebraic expression for the area of the front of the sign.
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30. At the end of a lesson involving boxes of Smarties, the Smarties left over are shared equally among the

class. There are 6 boxes full of Smarties left over and 42 Smarties that are no longer in boxes.

a. Write an expression for the total number of Smarties
left over.
(Hint: Let n = the number of Smarties in a box.)

b. Write the expression from part a in factorised form.

c. If there are only three people in the class, write an
expression for the number of Smarties each
person receives.

d. If there are x people in the class, write an expression
for the number of Smarties each person receives.

31. When entering numbers into an electronic device, or even
writing numbers down, we can often make mistakes. A
common type of mistake is called a transposition error. This
is when two digits are written in the reverse order. For
example, the number 2869 could be written as 8269, 2689
or 2896.

A common rule for checking if these mistakes have been
made is to see if the difference between the correct number
and the recorded number is a multiple of 9. If it is, a
transposition error has occurred.

We can use algebraic expressions to check this rule. Let the digit in the thousands position be
represented by a, the digit in the hundreds position by b, the digit in the tens position by ¢, and the digit
in the ones position by d.

In this way the real number can be represented as 1000a + 1006 + 10c¢ + d.

a. If the digits in the ones position and the tens position were written in the reverse order, the number
would be 1000a + 1005 + 10d + c. The difference between the correct number and the incorrect one
would then be 1000a + 1005 + 10c¢ + d — (1000a + 1005 + 10d + ¢).

i. Simplify this expression.
ii. Is the expression a multiple of nine? Explain your answer.

b. If a transposition error had occurred with the tens and hundreds positions, the incorrect number
would be 1000a + 100c¢ + 106 + 4.

Perform the procedure shown in part a to work out whether the difference between the correct
number and the incorrect one is a multiple of 9.

c. Consider a transposition error in the thousands and hundreds positions. Explain whether the
difference between the two numbers is a multiple of 9.

d. Comment on this rule for transposition errors.

e. The price marked on the tag of a CD in a music store is x dollars and y cents. Its value is less than
$100. The person on the counter makes a mistake and enters a value of y dollars and x cents into the
cash register.

Show whether the multiple of 9 rule for checking transposition errors applies in this case.

To test your understanding and knowledge of this topic, go to your learnON title at
www.jacplus.com.au and complete the post-test.
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ANswers 14. a. 15 b. 10 c. 18
d. 45 e. 30
TOpiC 2 Algebra 15. a. 10.72 b. 21 c. 22.4
d. 50 171
2.1 Pre-test °
D 16. a. 4 b. =30 c. 32.75
’ b2 " d. 38.33 e. 34.56
2.2 —y* —xyz =
x_ YRR 17. a. Sample responses can be found in the worked solutions
8.m=2 in the online resources.
4.E b. 12cm
5 A 18. a. 10 b. 10
6.a.2m+ 13n b. —2xy — 3x + 5y 19. a. 15
7.64 +qr—r b. Sample responses can be found in the worked solutions
8.D in the online resources.
9. Yes 20.a.5
10. False b. Sample responses can be found in the worked solutions
11. 3b* —21b 4+ 37 in the online resources.
12.a. 4p(2p+5) b. 5(58° —=2y) c. xy(6+ 8x—3y) 21. a. 19.44
13. 2. (Ta—1)b+3) b, (5x—2) (2y + l) b. Sample responses can be found in the worked solutions
T ) in the online resources.
14. 2x2x = 1)+ 2x(3x +2) + 2(3x + 2)(2x — 1) 25 4. 63 cm’ b. dem
15. (x+4)(x—1)
23. a. 461.81 b. 9.55
2.2 Using pronumerals 24. a. 1671.33 b. 2.64
1 1 25. a.
1.a. 3 b. =2 [ 5 d'_Z a d 2d +2g g
| ) 2g d+g 2d
2.a.5 b. —2 ¢ ¢ d.—; 2d+g 0 d+2g
2 7 1
3.a. 15 b. -3 ¢ =3 d. 5 Magic number = 3d + 3g
4. a.i.3 i.5 iii. 8 iv. 5x2 b, c. Sample responses can be found in the worked solutions
b.i. 3 i —9 iii. —6 iv. —9m> in the online resources.
c.i.4 ii. 5 i, 5 iv. =722 26. :' ’("" D—2)
.(m—=2)(n—
d.i4 ii. 9 iii. 4 iv. —9b* c. (2m + 2n) units
5. a.i. 4 i. 4 ii. —2 iv. —3ac
27.y—(z—x)
b.i. 5 ii. 5 iii. 9 iv. —3u )
ci5 i —1 i, 8 v, —m 2.3 Algebra in worded problems
d.i.5 ii. 7 iii. 14 iv. —3cd® 1.a 11 b.x+5 c.y+5
6.a.i3 ii. 3 iii. —7 iv. —10x% 2. a. 3.5km b. (x+2) km
b.i. 5 ii. =3 ii. 7 iv. —6x° 3.a4 b. 2.5 +1 c. 2.5 — yhours
e i3 fi- =5 i 8 fu. =5x 4.a.d—xkm  b.d+ykm  c 2d+4km
i v —1
d-i. 6 i 6 fi. 6 a Sxy 5. a. 10n, where n = number of shirts
7.a.2,12, -8 b. 0,2, 6 b. N + 30, where N = the number of Nick’s dollars
c.—1,9, -3 d. 0,1, -1 c. i.g—4 ii. 7g—4
8 : g’ 2_11 1’_;9 2' é’ ;’ 1_64 6.a. i.94 ii. 6x +y
e T b. i 66 ii. 6p+¢q
9.2.1/3,2, 1 b. 0,3, =2 c. i.28 i 6x+y—6p—gq
3 1
c. —12, =12, —6 d -, 1,—= 7. xy dollars
5 5 8 X b X
10. a. B b. D c. A d.B S " 2n
11.a. 4 b. —6 c. 6 o 5 (30— d) b 30—d 3(30—4d)
dq.7 e —12 £ 3 . a. cm . cm c. 1 cm
12. a. 7 b. —40 c.7 10 X b X X X
.a. — .= c.———-=—
13.a. .32 ii. 250 4 6 4 6 12
b. i.4 i. 3
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11.

12,

13.

14.
15.
16.

17.

18.

24 —¢ < 24—c> 6c +24
a hours b. {c+ =
7 7

a. 1 b. 7:30 pm and 8:00 pm
c.5 d. 24
e. 8:30 pm and 9:00 pm
a. $ (y - 30)
b. $ <l(y— 30))

3
c. $930
a. b=2h—-1 b. 19 blocks
15 red vases and 10 clear vases
The father is 32 years old.

4 dots = 4 triangles

5dots = 10 triangles

6 dots = 20 triangles

7 dots = 35 triangles
!

t= where d! is the product of all positive integers

d!
6(d — 3)!
less than or equal to d.
T-3

a.x=——

-1
b, c. Answer is undefined.

2.4 Simplification of algebraic expressions

1.

10.
11.

12.

13.

14.

15.

Q-!-"UEI>IU'UJS°.°E”

a. 9ab, —ab b. 4x
c. —3za, —az d. 2x2, -
a. —2x%y b. —x%y°, —3x%y°
c. p’xw’, — 52w’ d. 472, =227
.a.7x  b.1ly c. 19m d.1llg e.8r f. 3x
.a.8a¢ b.8y ¢ 13x d.16p e 94> £ 3x°
a. 8x* — 3y b. 2m? + 2n
c. —2¢"+g—12 d. =5m?* +m+15
e. 12a” + b + 4b* f. 3m+Tn’
12xy +2)° b. 2ab + 5a°b
16x%y — 3xy d.m’n+11n
—7x% 4+ 227y f. =3a°b—9a*> +5b + 4
6mn b. 20xy c. 8pgq
. —10xy e. —12xy
a. 15mn b. 104> c. bmnp
d. —6ab* e. 10m’n
a. —18a%b b. 30x°y” c. —12pzq3
d. =56¢*d e. 30a*b’
a. 3x b. 3m c. 2y d. 4m e. 4m
m X
a. 2x b.=7x c.—4m d. — e. —
2 3

16.

17.

18.

19.

20.

21.
22,

23.

24.

25.

26.

27.

28.

29.

4m 1
a. F b. a c. 2yz
a
—Tyz
d. Q e. J
4 11
a. 40x%y? b. 56ax*y*
X —5a
“ 2 4b
a.2 b. 404’ b
c. —84°p? d. 16a*

a. i. (0.01 mp + ng) dollars
b. 20 — (0.01mp + ng) dollars

Shirt = $12 each
Shorts = $30 each

$45

The correct answer is 7a°c?. Sample responses can be found
in the worked solutions in the online resources.

3b°
2c0

ii. (mp + 100 ng) cents

n b n 1
a. . C.
(n+2) (n+3) 100

a. i. ’m‘

| a+b | 2a+3b |
| 2a-b | -a+26 | 3045 |
ii. ’W‘
I 3p+5¢q | S5p—-2¢q I
| p+2q [ 2p+3¢ [ 3p-5¢ |

18m>n?

25 | 6mn I
|

| 3

3n

—3

b. Sample responses can be found in the worked solutions
in the online resources.

c. $18
32w
a. P=2w+ -

b. Sample responses can be found in the worked solutions
in the online resources.

c. $72.22

a. P=2x+2M4x-17)

b. P=10x—14

c. 16 units

d. If x = 1 the rectangle will have a negative value for the

perimeter, which is not possible.

a. [ =4(x +40) + 8(x + 20)
b. [=12x 4320
c. $19.20
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30. a. P, =(10x + 12)cm b.x=2 17. D

P, =16xcm 18.a.a® +5a+6 b. x* + 7x + 12
c.y* +5y4+6 d. m* +9m + 20
2.5 Expanding brackets e. b* +3b+2
1. a. 64 b. 1100 19.a. p* +5p+4 b.a*+a—6
c. =20 d. 693 c. x> +x—20 dm*—m—12
2.a.3x+6 ey +2y—15
3 3x 6 20. a. y> —4y—12 b. x> —2x—3
c. XX —Tx+12 d.p?=5p+6
* 2 e. X’ —4x+3
b- 4+ 12 21. 2. 2d* +Ta +6 b. 4c* —31c +42
4| 4x 12 c. 2 — 17t + 35 d. =6 + 11t + 10
B 3 e. 15x° = 31x+ 14 f.25x* —20x +4
c.dx+4 d. 7x—=7 22. a.xz+x+yz+y b. 2xz+ 8x+yz +4y
3.a —3p+6 b. —x+ 1 c.3pr+3p+gr+gq d. a* + 3ab + 2b*
c.6b—12 d. 24m— 16 e. 2¢* —5cd — 3d° f. 207 —xy =3y’
4. a. X2 +2x 23. a. 4p* 4+ pq — 3¢* b. ab + ac + 2b> + 2bc
o e . c.3p—9pr—2q+6gr d.12x* — Txy + y*
e. 2p* —pr—2pg+gqr i 15k—5—6jk+2j
* 2 24, C
b. 612 + Sa 25. C
al & 5a 26.a. x> —9 b. x* — 25 c. x> —49
d x2—1 e. X’ —4 f.4x* —1
a 5
o dx 4 22 4 Tm— 27.a. X +2x+ 1 b.x* +4x+4
c. x> + 16x + 64 d. x> —6x+9
5. a. 2uy + 4x b. —3xy — 12y e X —10x+25 f. x> —18x+ 81
c. =3b+ab d. —30a + 184> ) s
28. a. 6.3x~ 4+ 5.53xy — 3.1y
6.a.2p—2 b. 5x—17 c. =Tp—17 b. 4.41x% — 10.24
d. —12p+3 e. 6x* —20x c. 11.56x% + 34.68xy + 26.01y?
7.a.2m* +Tm b. 3px +6x =5 29. a. Surface area = 38x> + 14x — 6
c. 4y —dy+7 d. —4p* +13p b. Volume = 12x> + 5x* — 3x
e. 4x— 13y . 2
5 ) 30. a. i ((x+3y)(4x—y))m
8. a.2m" —8m—4 b. =3p° 4+ 10pg — 1 ii. (4% + 11xy — 3y?) cm?
c. —30a + 10ab d. 7ed — 12¢* = 5¢ y
e. =2p—17 iii. Both brackets must be positive; therefore, x > —3y, x > 4_1
9.a. 8x+y b. 10p + 8¢ c. 18a +29b b 2x—1D(x+5)
d. 19¢ + 224 e.2m—1ln U 2
10. a. 6x— 11y b. 9x + 5y c. —14p —8q 2% 49x—5
d. —4a+3b e.dx—y b
11. a. 5p — 10¢q b. —8c +9d c. 13x—19y iii. Sample responses can be found in the worked
d =7p+11g e. —5a+3b solutions in the online resources.
12. a. 2ab +2a —3b b. 2xy +4x — 2y 31. Sample responses can be found in the worked solutions in
c. 2cd + 3¢ d. 2pq —2p the online resources.
e. Scd—1lc 32. a. Negative sign ignored.
13. a. 5ab —21a —3b b. 5m b. Negative sign ignored.
c. 6¢d — 36¢ d. 6m% + 6m — 10 c. Distributive law not used.
e. 9cd — 8¢ 33. a. i. The student did not multiply both terms.
14. a. —15a2 + 2b% — 9ab ii. The student used addition instead of multiplication.
b. —8¢% 4 3d* 4+ 22cd iii. The student did not change negative and positive
c. 12m* —20m — 4 signs.
d. —7x* +41x—6 b. 100 — 15x
e — 10}’2 —6y—12 34. a. —2(a — 5) =2a — 10 is incorrect because the student did
15. B not change the multiplied negative signs for —2 X (=5) to
16. A a positive sign. The correct answer is —2a + 10.
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b. 2b(3b — 1) = 6b> — 1 is incorrect because the student did

not multiply —1 and 2b together. The correct answer is
6b* — 2b.

c. —2(c —4) =2c + 8 is incorrect because the student left
out the negative sign when multiplying —2 and c. The
correct answer is —2c¢ + 8.

35. a. Student C

b. Corrections to the students’ answers are shown in bold.
Student A:
Bx+4)2x+5)
=3xX2x+3xX5+4X2x+4x%x5
=6x? +23x + 20
(Also, 29x + 20 does not equal 49x.)
Student B:
Bx+4)2x+5)
=3xX2x+3xx5+4%x2x+4x%x5
=6 + 15x + 8x + 20
= 6x% 4 23x + 20

36. a. w=(x—3)cm
b. w=62cm
c. [=108cm

2.6 Difference of two squares and perfect

squares
tax’—4 b y'—=9 cm*—25 d.a>—49
2.a.x° =36 b.pP—144 c.a*—100 d.m*—121
3. a.4x° -9 b. 95> — 1 c. 254% —4
d. 49¢2 -9 e. 4—9p?
4. a. d&* — 814% b. 25— 144d>  c. 9x* — 100y?
d. 4b* =250 e. 100 — 44°
5 a x +4x+4 b.a*+6a+9
c. b* + 14b + 49 . +18¢ + 81

.n% +20n + 100
.y =10y 425
.64 + 16¢ + ¢
Cu? = 2uy +1?

8. a. 4a* + 12a+9 Lo 4 6x+ 1

d
6. a. m> + 24m + 144 b
d
b
d
b
c. 4m® —=20m +25 d. 1667 —24x+9
b
d
b
d
9
4

c. x> —12x+36

7.a.81 —18c+¢?
c. 207 + 4xy + 2y*

9. a. 254° — 10a + 1 . 49p% +56p + 16
c. 81X 4+ 36x+ 4 . 16¢* — 48¢ + 36

10. a. 25 4 30p + 9p° . 4 —20x +25x°

c. 81x% — 72xy + 16y? . 64x% — 48xy 4 9y?
1M1.a.x—9 b. 4x* — c. 493 — 16
d. 4x* — 49y° e.xt—y
12. a. 16x* + 40x + 25 b. 49x* — 42xy + 9y?

c. 25x* — 2007y + 4y* d. 2x% —dxy +2y°
4 2

e. — + 16+ 16x
2

13. (x* 4+ 6x 4 9) units’
14. Bx+ 1)m
15. Perimeter = 4x + 36

16. Sample responses can be found in the worked solutions in
the online resources.

17. a. Sample responses can be found in the worked solutions
in the online resources.

b. Lin’s bedroom is larger by 1 m?>.
18. a. i. x> — 16and 16 — x* iii. 4x* — 81and 81 — 4x
i. ¥ —121and 121 — ¥’
b. The answers to the pairs of expansions are the same,
except that the negative and positive signs are reversed.
c. This is possible because when a negative number is
multiplied by a positive number, it becomes negative.
When expanding a DOTS in which the expressions have
different signs, the signs will be reversed.
19. a. 100k + 100k + 25

. (10k+5)2 = 100 X kX k + 100X k + 25
= 100k(k + 1) + 25

c. 257 = (10X 2 + 5)
Let k=2.
252 = 100k(k + 1) + 25
=100x2x 2+1)+25

T

=625
852 = (10X 8 + 5)
Letk =8.

85% = 100k(k + 1) + 25
=100x 8% (8 + 1)+ 25
= 7225

20. a. A; = @’ units’
A, = abunits*
Ay = ab units
A, = b? units?
b. A =d*+ab+ab+ b’

=a* +2ab+b*
This is the equation for perfect squares.
21.a. i.x’—6x+9and 9 —6x+x°
ii. x* = 30x + 225 and 225 — 30x + x°
iii. 9x* — 42x + 49 and 49 — 42x + 9x*
. The answers to the pairs of expansions are the same.

T

(2]

. This is possible because when a negative number is
multiplied by itself, it becomes positive. When expanding
a perfect square in which the two expressions are the
same, the negative signs cancel out and result in the same

answer.
22. a. 729 b. 1089 c. 1521 d. 2209
23. (3% + 16x + 5) m?
24. (x* —25)m>
25. a. 10609 b. 3844 c. 994009
d. 1024 144 e. 2809 f. 9604

2.7 Further expansions

1. a. 2% 4+ 13x 4+ 21 b. 2x% + 13x 4 20
c. 2x% + 14x + 26 d. 2x% +10x + 11

2. a.2p* —3p—21 b. 2a* —5a + 4
c.2p —p—24 d. 2x* +19x — 36

3.a.20°+2y—7 b. 2d* + 8d — 2
c. 2> 4+ 10 d. 2y°
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a. 2x> —4x+ 19 b. 2y> — 4y —7
c.2p” +3p+23 d. 2m® + 3m + 31
a.x+5 b. 4x + 8

c. —2x—6 d.3m+2

a. —3b—-22 b. —15y -2
c.8p—10 d. 16x+2

a. 4m+ 17 b. =7a+ 30

c. —6p—17 d. 3x — 21

a. 16x—16

b. Sample responses can be found in the worked solutions

in the online resources.

10.

11.

a. —=2(6p+¢q) b.
c. 8(4x+y+2z) d
e. 8(9x —y + 8pq) f
a. 5(p* —4q) b
c. 8(7q + p?) d
e. 4(4p* + 5+ 1) f
a. 3Ba+17b) b
c. 4(3p* +5¢%) d
e. 5(5y* = 3x)

a. 4(4a* + 5b) b
c. 9(7p* + 9 —3y) d.

e. 2(5 — 11x%° + 7xy)

6(p + 2pg + 3q)

. 4(4m —n + 6p)
L3553 =)

S5+ 1)

. T(p — 6x7y)

. 12(1 4 3a*b — 2b°)

.2Q2c +9d4%)
.75 = 2mPn)

. 6(7m?* + 2n)

11(11a*> = 5b + 10¢)

9. a. 15x% —44x +21
b. Sample responses can be found in the worked solutions 12. a. 9Q2a’bc — 3ab—10c)  b. 12(12p + 3¢> — Tpq)
in the online resources. c. 79a°b* =7+ 8ab?)  d. 112+ 9p°¢* — 4p*P
10. a. 8x* — 10xy 4 3y? e. 6(6 — 4ab” +3b%c)
b. Sample responses can be found in the worked solutions 18. a. —(x—5) b. —(a—17) c. —(b—9)
in the online resources. d. —2(m + 3) e. —6(p+2) f. —4(a+2)
M.x=-6 14. a. =3(m* = 5m) b. =73 =3) c. =70* +72)
12. Sample responses can be found in the worked solutions in d. —6(2p2 +3q) e. =7Om—8) f. —2(6m° + 25x%)
the online resources. 15. a. —3(3a%b — 10) b. —3(5p + 4q)
13. Sampl§ responses can be found in the worked solutions in c. —2(9x% = 2y%) d. —3(ab—6m +7)
the online resources. e. =52+ 5p2 +99) f. —9(10m> — 3n— 6p3)
14. a. Sample responses can be found in the worked solutions
o th‘e’ onnnz e 16. a. a(a + 5) b.q(ld—q)  c. m(18+ 5m)
’ d. p(6 + Tp) e.n(Tn—2) f. p(7—pq+q)
b.a=2,b=1,c=3,d=4 P P p(1—pg+q
Q2 +12) (32 +45) = 2x3— 1x4% + (2x4—1x3) 17. a. y(x + 9 — 3y) b. ¢(§ +3cd —d)
=4 + 121 c. ab(3 + a+ 4b) d. xy(2x + 1 + 5y)
=125 e. pq(Spg — 4+ 3p) f. xy(bxy —5 + x)
15. 2. 2+ 20 — 2 —2x + 1 18. a. Sx(x + 3) b. 6m(dm—1) c.4a(8a—1)
b. Sample responses can be found in the worked solutions d.—2mm—4) e —Sxx—3) £ -Ty—-2)
in the online resources. 19.a. —3a(a—3) b. —2p6p+1) c. —13yQ2y+1)
e i.25 d.2m(2—9m) e. —61(1—61) 1. —8p(1+3p)
i.x=2 20. a. 2(x+3)(4x+ 1)
16. a. ad + ae + bd + be b. A = x(x+3)
b.(a+b+c)d+e+f)= ad+ae+bd+ be+ cd+ ce+ B=0x+2)x+3)
af + bf + cf C=2x(x+3)
p 5 . 21. a. 3a(b* + 6b +9)
b. 3a(b + 3)
d ad bd cd )
22, a. (x+4)(x" + 8x+ 16)
e ae be ce b. (x +4)°
f af bf of 23. Sample responses can be found in the worked solutions in
the online resources.
2.8 The highest common factor 24. Sample responses can be found in the worked solutions in
’ 5 A 3 the online resources.
1. a. 2a b. c. 3x
o o s, 25.a. (v+ \/13> (x—\/lS)
2. a. —3x b. m c. —mn b. <2x— \% 17) (2x+ \% 17)
2
d. ab e. 3x f. 5n c.(x+3+\/ﬁ><x+3—\/l_0>
3. a4 b. 3 c.5 d. 8 e. 3
26. —2
4.a.25 b. 1 c. 6a d. 7x e. 30g 27. True. Sample responses can be found in the worked
5.a. 10 b. 3x c.3 d. 5 e. ¥’ solutions in the online resources.
6. C 28. a. 4(3x — 5y)(3x + 5y)
7. a. 4(x + 3y) b. 5(m + 3n) b. 4(3x — 5y)(3x + 5)
c. T(a+ 2b) d. 7(m — 3n) c. Yes, the answers are the same.
e. —8(a+ 3b) f. 42x—y)
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2.9 The highest common binomial factor

1.

10.
11.

12,

[Y

. (@a+b)(2+30¢)
c. 2m+1)(Tx—y)

e. (x+2y)(z—3)

a. (6—¢q)(12p —5)

c. (b—=3)4a* + 3b)
e. 5m+ (6 +n?)

ca (Y +2)(x+2)

c. x—4Hy+3)
e.Bb+ 1)(a+4)

.a.(m—2n)(1+a)

c. Bm—1)(5n—-2)
e. Bx—1)2 -y

ca. Qy+ DGx—2)

c. (b—2c)5a—-3)

e. (p+2¢)(5r—3)
a

a. —

b
x+2
" 24 6x
3x—2
"3y +2

the online resources.

b. (m+n)4 +p)
d. (3b + 2)(4a — b)

b. (x — )(3p” + 29)
d. (g +2p)(p* —5)

T

.(b+3)(a+3)
2y +D(x+3)
f. (b—2)a+5)
.(5+3p)1 +3a)
-(10p—1)(g—2)
- @p— (A -3g)
.(2a+3)(3b—-2)
-(x+3y)d -2

. (a+5b)(c—2)
3x—4

Ta—>5

y+2

- O T o

- QO T

b.

m+ 4n

. Sample responses can be found in the worked solutions in

2x+ 3)2, this is a perfect square.
a. 5(x +2)(x 4+ 3) = 5% + 5x + 6) = 5x* + 25x 4 30

x|[3|x |3 | x |3 | x|3]|x]|3
3| x| 3x | 22| 3x | 2| 3x | 22| 3
2x| 6 |2x| 6 |[2x| 6 |2x| 6 |2x| 6

b. 5(x+2)(x+3) =GO Xx+2X5)(x+3)
=Gx+10)(x+3)

x (2 |x

2 |x |2 |x [2 [x |2

2

x |22 |2x |2

26 |22 | 2x |22 |2x |22 |2

3 [3x |6 |3x

6 |3x |6 |(3x |6 [3x |6

c. 5+ +3)=(GXx+3X5)(x+2)
=(5x+ 15)(x +2)

5x 15
5x° 15x
10x 30

a. Sidelength, =x+3
Sidelength, =x+5
Sidelength . =x+ 8
Sidelength, =x—3
Sidelength, =x + 6

b. A, =11=(x+3)
A, =TI = (x + 5)
A, =V =(x+8)>
Ay=I=(x—-3)
A, =IV=(x+6)

c. A, =II=64cm?

A, =1II = 100 cm®
A, =V =169cm’
Ay=1=4cm?
A, =1V =121cm’

13. —(x+ 1)4y—9)

14. a. i. Square, because it is a perfect square.

ii. Rectangle, because it is a DOTS.

iii. Rectangle, because it is a trinomial.

iv. Rectangle, because it is a trinomial.

b. i.(35 +8)> ii. (554 2)(55 —2)

ii. (s+ D(s+3) iv.4s—=8)(s+ 1)

2.10 Solving worded problems
1. a. i.12x i. 60 iii. 9x?
b. i.4x+8 i. 28
iii. x> + 4x + 4 iv. 49
c. i.l6x—4 ii. 76
iii. 16x> — 8x + 1 iv. 361
d. i.10x+2 i. 52
iii. 6x% + 2x iv. 160
e. i12x—=2 ii. 58
iii. 5x> — 13x— 6 iv. 54
f. .20x+ 18 i. 118
iii. 21x% 4 42x iv. 735

. 1250 m?

. (1250 + 150x + 4x%) m?

. (150x 4 4x%) m?

. 366.16 m?

. 150x + 4x* =200

. (20 —2x)cm

. (15—=2y)cm

. (300 — 40y — 30x + 4xy) cm?

iv. 225

O o 0 T O

o 0 T o

in the online resources.
4. a. 40cm’
b. i. 8+ v)cm
i. 5+v)cm
iii. (V> 4+ 13v 4 40) cm?
iv. 70 cm?
c. . 8—d)cm
i. §—d)cm
iii. (40 — 13d + d*) cm?
iv. 18 cm?

d. i.8xcm?

iii. (8x% 4 40x) cm?
5. a. 20xm
c. i.(5x—2)m
i. 5x—3)m
iii. (25x% — 25x + 6) m?
iv. 756m?
6. a. bxcm
b. 2x*cm?

i. (5+x)cm
iv. 400 cm?

b. 25x*m?

TOPIC 2 Algebra

. Sample responses can be found in the worked solutions

143



c. i.(2x+y)cm
i. (x—y)cm
iii. (2x% — Xy — yz) cm?
iv. 11cm?
7. a. 4xcm
b. x* cm?
c. i.(x+y)cm
ii. (4x+4y)cm
iii. 56 cm
iv. (2 + 2xy + y*) cm?
v. 60.84 cm®
8. a (4p+4m b. (12p? + 6p) m*
c. (6p+2)m d. 5pm
e. 22p+4)m f. (30p? + 10p) m?
9. (18p* + 4p)m* h. 80m?
9.a. 27.8
b. Samir is not within the healthy weight range.
c.i. 19.1 i. 249 ii. 22.0
d. Sammara: 9 to 20 years of age; Nimco: 17.5 to 20 years
of age; Manuel: 13.5 to 20 years of age
10. a. Type of
Type of algebra
algebra Perimeter | rectangle | Perimeter
1-long 2x+2 1-tall 2x+2
2-long 4x+2 2-tall 2x+4
3-long 6x+2 3-tall 2x+6
4-long 8x+2 4-tall 2x+38
5-long 10x +2 5-tall 2x+ 10
b. Perimeter: long 40x + 2, tall 2x + 40
c.0<xx<1
11.a. 3
b. 994009
i. 990025 ii. 980100
12,8, i Agpeen = X(Xx+2) = 2+ 2x

13. a.

e

14.

o

144

o T o o

it Appone1 = @+ D +7)=x" +8x+7
il=x+11,w=x
it Ajponez = X(x+11) =x> + 11x

— — 2
- x=4em, Apyoner =60 cm

i x(x—2)m? ii. x(2x) m?
x—2
2x
50(x — 2
Vx=2,
X

i. 25%

i. 27.8% ii. 29.17%

. The third flag places the most importance on Australia.

A=7R*—x*

. A=160.71cm?
. Sample responses can be found in the worked solutions

in the online resources.

.R=5.32cm
. 92.0%
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. a. Sample responses can be found in the worked solutions

in the online resources.

b. i =32 =22 +3x+2
ii. 8x* + 16x* — 104x + 80
iii. X’ — 49x + 120

c. In a cubic expression there are four terms with
descending powers of x and ascending values of the
pronumeral.
For example, (x + a)3 =2 +3ax? +3a*x+d° , where
the powers of x are descending and the values of a
are ascending.

Project

1.
2.

Solution not required.

Students need to describe the feature created by arranging the
blocks.

3.0.12m
4. 0.0144 m>
5. Yellow: 0.03 m X 0.03 m

2.

S
S WHWHU® > U

11.

© ® N o o, DN

Black: 0.03 m X 0.06 m
White: 0.06 m X 0.06 m

. Yellow: 0.0009 m?

Black: 0.0018 m?
White: 0.0036 m>

. Yellow: 0.0036 m?

Black: 0.0072 m?
White: 0.0036 m>

. Students are required to derive a general formula that

would allow the company to determine the area of the three
coloured fabrics in each block. They should give an example
and illustrate it with the help of a diagram.

11 Review questions
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12,

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.
23.
24.

25.

26.

27.

28.

29.
30.

31.

c. —3s%t
e.n® —4p*q+6

a. 12ab b. 2ab*

X
d —
3

a. 5x+ 15
c. =3x+ 2x?

a.3x+3
c.4m®> —9m—>5
a. 9a + 8b

c.—mn+ 11lm

a. x> +9x+20

c.3m>=17m+10

a.x’>—16
c. xz—y2

a. x> +10x+25
c. 1632 +8x+1

a. 2 +8x+38
c. bx+ 15

a. 2@+ 10x+ 13
c. 16x

a. 23
a. 307.88cm’

a. 6(x+2)
c. 4Q2a* — b)
e. —2(x+2)

a. (S—4a)x+Yy)

c. 5x(3 + 5y)(d + 2e)
e. 2(x—1)3y+2)

a. 8xcm

b. 3xcm?

c. i. Bx+y)cm
i. (8x+2y)cm

iii. 780 cm

iv. (3x% + xy) cm?

v. 27000 cm?

a. (8 +2p)(15 + 2p) m?

. (4p* + 46p) m?
27Tx

—Cm

y

5xy — 4y?
a. 6n +42

0

c.2(n+7)

a. i. 9(c — d)

ii. Yes, this is a multiple of 9 because the number that

- QO T

b. (4p* + 46p 4 120) m*
. 4p* 4 46p =200

T 27 29 2T 295 275 25 27y

~o T T T

.Y+ 2y
.16¢%d — 2cd
. 15ab — 3a2b*

c. 8x%y?

—y—5
—8mx — 4x
—10m—1
4p—6
—5x—18y

43 — 10x + 3
m—=m—=2

2a* — 5ab — 3b*
81 —m’

1 —4d®

m*—6m+9

.4 — 12y 4 9y?

2mP +1lm =5
. —Tb+37

. 2x—5

134
5379.98 cm®

L 6x2(1 + 2xy)
. 8x(2x — 3y)

b(b—3+4c)

. (7Ta—6¢)(b + 5¢)
. 2+a)x+y)
(p=ng+1)

.6(n+7)

6(n+7)

X

multiplies the brackets is 9.

. 90(b — ¢) —90 is a multiple of 9, so the difference

between the correct and incorrect numbers is a multiple
of 9.

. 900(a — b) is a multiple of 9, so the difference between

the correct and incorrect numbers is a multiple of 9.

. If two adjacent digits are transposed, the difference

between the correct number and the transposed number is
a multiple of 9.

. Let the correct price of the CD be $ab.cd. This can be

written as 10a + b + 0.1¢ + 0.014.

The cashier enters $cd.ab as the price. This can be
written as 10c +d + 0.1.

The difference is 10a + b + 0.1¢ + 0.01d — (10c +d +
0.1a + 0.015).

This is equal to 9.9a + 0.9956 — 9.9¢ — 0.99d, which is
a multiple of 9.

This means that the rule for checking transposition errors
applies in this case.
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3 Linear equations

LESSON SEQUENCE

BT OVEIVIEBW ..
3.2 Solving linear equations and inequations
3.3 Solving linear equations wWith brackets ...

3.4 Solving linear equations with pronumerals on both sides ... 165
3.5 Solving problems with linear equations
3.6 Rearranging formulas
3.7 Review




LESSON
3.1 Overview

3.1.1 Why learn this?

Mathematical equations are all around us. Learning how to
solve equations lets us work out unknown values. Being able

to manipulate and solve equations has many uses in many fields,
including chemistry, medicine, economics and commerce, to
name just a few.

Being able to solve linear equations is a useful skill for many
everyday tasks. Linear equations can be used when converting
temperature from Celsius to Fahrenheit, when working out how
to balance chemical equations, or when converting between
different currencies. Linear equations can also be used when
working out fuel consumption for a road trip, deciding on the
right dosage of medicine, or budgeting for a holiday.

Any calculation of rates will use some kind of linear equation.
Linear equations can also be used to help predict future trends
involving growth or decay. An understanding of the underlying
principles for solving linear equations can also be applied to the
solution of other mathematical models.

Hey students! Bring these pages to life online

Watch Engage with Answer questions
videos interactivities and check solutions

Find all this and MORE in jacPLUS

Reading content
and rich media,
including
interactivities
and videos for
every concept

Extra learning
resources

Differentiated
question sets

Questions with
immediate
feedback, and
fully worked
solutions to help
students get
unstuck
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Exercise 3.1 Pre-test learn

10.

11.

12.

13.

. Solve the linear equation g —2=-1.

Solve the linear equation 0.4x — 2.6 = 6.2.
T Select which of the following equations has the solution x = 2.
A . x+3=-5 B.3—x=5 C.3x+1)=2x+5
D.§:6 E. x>—x=1

X
Solve the following linear equations.
A 3x+1=_5 b_ﬂz—él.

4 2

Solve the equation —3(2a —4) = —12.

Dylan is solving the equation 4(y + 3) = —10. State whether it is true or false that Dylan will calculate
the correct value of y if he subtracts 3 from both sides of the equation then divides both sides by 4.

T Select the correct value for m in the equation 0.4(m — 8) = 0.6.

A. m=-—6.5 B. m=6.5 C.m=17.8

D. m=8.2 E. m=9.5

= Select the first step to solve the equation 2x+ 1 =11 — 3x.

A. Add 2x to both sides. B. Add 1 to both sides. C. Add 3x to both sides.
D. Add 11 to both sides. E. Subtract 3x from both sides.

Solve the following equations.
a. S(a+2)=4a+12 b. 0.2(b—6)=52+b

3 Choose the equation that matches the statement ‘subtracting 6 from 5 multiplied by a certain
number gives a result of —8’.

A 6—5x=-8 B. 5x—6=-8 C.5—6x=-8

D. 6x—5=-8 E. -6—5x=-8

The cost of renting a car is given by ¢ =75d + 0.4k, where d = number of days rented and k = number
of kilometres driven. Toni has $340 to spend on a car for three days.
Calculate the total distance she can travel.

Solve the value of x in the statement ‘x is multiplied by 5 and then 4 is subtracted. The result is the
same as three times x minus 10°.
L . y+b . .
T Select the correct equation in which = m is rearranged to make x the subject.
X
4x+3 —b +b
y== B. x=—— c.x=2224p
X y+b m
+b—bm
p. x=212""" E x=2
m m
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14. I Select the correct equation in which x(y — 4) =y + 3 is rearranged to make y the subject.
:4x+3 B.y=4x+3 C.y=3x+3 D. )’+3+4 E.y=y+3—4x

A.
Y X x—1 X

15. Rearrange 1 = 1 to make:
a b c

a. a the subject b. b the subject.

LESSON
3.2 Solving linear equations and inequations

LEARNING INTENTIONS

At the end of this lesson you should be able to:
° recognise inverse operations
e solve multistep equations and inequations with pronumerals on one side of the equation
* solve equations and inequations with algebraic fractions.

3.2.1 What is a linear equation?

* An equation is a mathematical statement that contains an equals sign (=).

e The expression on the left-hand side of the equals sign has the same value as the expression on the
right-hand side of the equals sign.

¢ Solving a linear equation means determining a value for the pronumeral that makes the statement true.

¢ ‘Doing the same thing’ to both sides of an equation (also known as applying the inverse operation)
ensures that the expressions on either side of the equals sign remain equal, or balanced.

WORKED EXAMPLE 1 Using substitution to check equations

For each of the following equations, determine whether x =10 is a solution.

eles-4689

q T+2 _ . b. 243 =3x—7 c. x—2x =9x—10
THINK WRITE
a. 1. Substitute 10 for x in the left-hand side of the equation. a. LHS = )%2
_10+2
3
12
=4
2. Write the right-hand side. RHS =6
3. Is the equation true? Does the left-hand side equal the LHS # RHS
right-hand side?
4. State whether x =10 is a solution. x =10 is not a solution.
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b. 1. Substitute 10 for x in the left-hand side of the equation. b. LHS =2x+3

=2(10)+3
=23
2. Substitute 10 for x in the right-hand side of the equation. RHS =3x—-7
=3(10)—7
=23
3. Is the equation true? Does the left-hand side equal the LHS =RHS
right-hand side?
4. State whether x =10 is a solution. x=10is a solution.
c. 1. Substitute 10 for x in the left-hand side of the equation. c. LHS = x> —2x
= 10° —2(10)
= 100—20
=80
2. Substitute 10 for x in the right-hand side of the equation. RHS =9x—10
=9(10)—10
=90-10
= 80
3. Is the equation true? Does the left-hand side equal the LHS = RHS
right-hand side?
4. State whether x =10 is a solution. x=10is a solution.

3.2.2 Solving multistep equations

eles-4690
e If an equation performs two operations on a pronumeral, it is known as a two-step equation.

e If an equation performs more than two operations on a pronumeral, it is known as a multistep equation.

¢ To solve multistep equations, first determine the order in which the operations were performed.

e Once the order of operations is determined, perform the inverse of those operations, in the reverse order, to
both sides of the equation. This will keep the equation balanced.

Inverse operations

The inverse operation of an operation has the effect of
undoing the original operation.

__ovcraion  nre opraion
- +
X -
- X

e Each inverse operation must be performed one step at a time.
e These steps can be applied to any equation with two or more steps, as shown in the worked examples
that follow.
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WORKED EXAMPLE 2 Solving equations using inverse operations

Solve the following linear equations.
a. 3x+1=11 b.1-X=11
3

THINK

a. 1. Subtract 1 from both sides of the equation.

2. Divide both sides by 3.

3. Write the value for x.
Note: It is preferable to write fractions in improper
form rather than as mixed numbers.

b. 1. Subtract 1 from both sides of the equation.

2. Multiply both sides by —3.

3. Write the value for x.

b. 1. Subtract 1 from both sides.

2. Multiply both sides by 3.

3. Divide both sides by —1.

4. Write the value for x.

c. 1. Add like terms to simplify the left-hand side of the
equation. To do this, you will need to determine the
lowest common denominator.

2. Multiply both sides by 12.

3. Divide both sides by 11.

4. Write the value for x.
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c. =-11

LR

WRITE

~1.1
2

3+ 1=11

3x+1-1=11-1
3x_10
3 3
10
xX=—
3
1-X=-11

3

-2 1=11-1
3

_?xx(—3)=10><(—3)

x=-=-30

1-2=11
3

1-X-1=11-1
3

X x3=10x3
3
—x_ 30
-1 -1
x=-30
20N
3 4
2x 4 x 3
xS +IxZ =11
3 4 4 3
8x+3x__ll
12
&X12=—11X12
12
1lx _ =132
111
x=-—12
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d. 1. Multiply both sides of the equation by 2. d. 5 —1.1
—x—0.3
X2=-11x%x2
2
2. Add 0.3 to both sides. —x —034+03=-22+03
. . = =19
3. Divide both sides by —1. = = —
4. Write the value for x. x=19
TI| THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE
a-d. On a Calculator page, ™ a-d. On a standard Main B Bt Action Interactive
press: solvel3- x+1=11y, =20 screen, press: 3| e [ 15 s | v [ [ 5]
e MENU 3 ® Action solve(3x+1=11) 4]
® 3: Algebra x=-20 ® Advanced [Figr
® 1: Solve sowe(l_?zl“ ® Solve " 2
Complete the entry lines [g.x > ) s Complete the entry lines e L
solve|=——+t=—=-11x {x=—30}
as: 34 as: x
solve Bx+1=11,x% =03 ailh solve 3x+1=11) wivelma i
sol'\rr_-[ - =—Ll,\') . {x=-12}5
X = X ve(=X=0.8__
solve <1——=11,x> aldr+1=11 solve <1——=11> ik B T
3 o 3 b=13
solve T 2x  x 18
<2x X 1" ) . 3 solve <—+—=—11> 1o ol
—+-=-11,x r_ 3 4 =9
3 4 b. 1- ; =11 o
solve
solve x=-30 —-x—0.3
—x—0.3 —=-11
— =—1.1,x 2x  x 2 =
2 c.—+-=-11 Alg Decimal Real Rad ¢l
3 4 Press EXE after each N
Press ENTER after each Y=_12 entry. a.3x+1= "
entry. x—03 Note: As x is the only x=—
d. =-11 variable in each equation ] 3
2 there is no need to b. 1—2 =11
=1.9 e ,
* specify ‘solve for x’, so 3
the ‘x” at the end of each x=-=30
entry line may be left o x
out. This only applies c. —+-=-11
if x is the variable. 4
x=—12
—x—0.3
d. =—1.1
2
x=1.9

3.2.3 Algebraic fractions with the pronumeral in the denominator

e If an equation uses fractions and the pronumeral is in the denominator, there is an extra step involved in

determining the solution.

e Consider the following equation.

= I

0| W
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In order to solve this equation, first multiply both sides by x.

4 3
—XXx=-=XX
by 2
4=
or 3 =4
2
e The pronumeral is now in the numerator, and the equation is easy to solve.
x_y
2
3x=8
8
xX==
3
e Alternatively, the equation can be solved using the equivalent ratios method
4.3
x 2
e This equation can be written as the equivalent ratio.
x_2
4 3

Now the equation can be solved by multiplying both sides by 4.

fx4=gx4
4 3

Solve each of the following linear equations.

3 4 5
a. - = - b. - =-2
a 5 b
THINK WRITE
a. 1. Write the equation a. & = 4
a 5
. . 4a
2. Multiply both sides by a. 3= =
3. Multiply both sides by 5. 15 =4a
.. . 15
4. Divide both sides by 4. a= "
. . 5
b. 1. Write the equation. b. 5 =2
2. Multiply both sides by b. 5=-2p
.. . 5 =5
3. Divide both sides by —2. — =bor - b
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3.2.4 Solving linear inequations

e Compared to an equation, an inequation is a statement of inequality such as x > 9 (x is greater than 9).
e The solution to an inequation has many values.

Inequations on a number line

The following table displays four inequations and their representation on a number line.

Mathematical statement English statement Number line diagram
o,
x>-4 x is greater than —4 <~T T T 1 T T T T T T T17%
-10 -8 -6 4 -2 0 2 4 6 8 10
x4 x is greater than or equal to -4 <71 T 1 1 T T T T T T T
-10 -8 -6 4 - 6 8 10
«~——0
x<-4 x is less than —4 <717 T T T T T T T T T T
-10 -8 -6 4 -2 0 2 4 6 8 10
-~ o
x<—4 x is less than or equal to —4 <~T T T T T T T T T T 1 :x
-10 -8 -6 4 -2 0 2 4 6 8 10

* Note that an open circle does not include the number and a solid circle does include the number.

To solve inequations:
¢ Imagine that the inequality sign is replaced with an equal sign.
e Solve the inequation as if it was an equation and keep the original inequality sign unless there is a special
case as outlined below.

WORKED EXAMPLE 4 Solving linear inequations

Solve each of the following linear inequations and display the solution on a number line.
a.x+7<19

b. 3x—-12>9
THINK WRITE/DRAW
a. 1. To get x by itself, subtract 7 from both sides and a. x+7<19
keep the inequality the same. w1 =7 L 19=7
x<12
2. Display the answer on a number line. . _
L T T T T =
0 4 8 12 16 20
3. Write the answer. x<12
b. 1. Firstly, get 3x by itself, by adding 12 to both b. 3x—12>9
sides and keep the inequality the same. 3x—124+12>9+12

3x>21
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2. To get x by itself divide both sides by 3. 3x > 21

3. Display the answer on a number line. o———>

4. Write the answer. x>7

The special case — multiply or divide both sides of the inequation by a negative number

* When multiplying or dividing by a negative number, change the direction of the inequality sign.

WORKED EXAMPLE 5 Solving linear inequation with negatives

Solve the following linear inequation.

a. —4x—16<20 b. —1.6x +4.8 <12.2
THINK WRITE
a. 1. To get —4x by itself, add 16 to both sides and keep a. —4x—16 <20
the inequality the same. —4x—164+16 <20+ 16
—4x < 36
2. To get x by itself, divide both sides by —4. Since —4x <36
dividing by a negative number, change the direction
. .o —4x _ 36
of the inequality sign. — 2> —
-4 -4
x>-9
3. Write the answer. x>-9
b. 1. To get —1.6x by itself, subtract 4.8 from both sides b. —1.6x+4.8 <12.2
and keep the inequality the same. —1.6x+48—-48<122—-428
—1.6x<7.4
2. To get x by itself, divide both sides by —1.6. Since —1l6x<74
dividing by a negative number, change the direction _léx 74
of the inequality sign. — - —
-1.6  —-1.6
x> —4.625
3. Write the answer. x> —4.625

Resources

eWorkbook Topic 3 Workbook (worksheets, code puzzle and project) (ewbk-2003)
Video eLesson Solving linear equations (eles-1895)

Interactivities Individual pathway interactivity: Solving linear equations and inequations (int-4489)
Using algebra to solve problems (int-3805)
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Exercise 3.2 Solving linear equations and inequations learn
3.2 Quick quiz 3.2 Exercise

Individual pathways

B PRACTISE Bl CONSOLIDATE B MASTER
1,3, 6, 8, 12, 16, 20, 21, 25, 28, 31 2,4,9,10,13, 14,17, 19, 22, 23, 5,7,11, 15, 18, 24, 27, 30, 33, 34
26, 29, 32
Fluency
1. IEEA For each of the following equations, determine whether x = 6 is a solution.
a. x+3=7 b. 2x—5=7 c. x>—2=38
2 1
d.§+x=7 e. (ot )=2 f.3—x=9
X 7
2. For each of the following equations, determine whether x = 6 is a solution.
a. x> +3x=39 b. 3(x+2)=5(x—4) c. > +2x=9x—6
d.?=@+1y>-14 e. (x— 1)’ =4dx+1 f.5x+2=x>+4
3. IlIZ2N Solve each of the following linear equations. Check your answers by substitution.
a. x—43=167 b. x+286=516 c. 58+x=81
d. 209 — x =305 e. 5x=185 f. 60x=1200
4. Il Solve each of the following linear equations. Check your answers by substitution.
a. 5x=250 b. ==6 c. ==26
23 17
d. §=27 e y—16=-31 f.55+y=173
5. [lIZ23 Solve each of the following linear equations. Check your answers by substitution.
a.y—73=55 b. 6y=14 c. 0.9y=-0.05
d 2=43 e. 2 =23 f.2=-104
5 7.5 8
6. Solve each of the following linear equations.
a.2y—3=7 b. 2y+7=3 c.5y—-1=0
d. 6y+2=38 e. 7+3y=10 f.84+2y=12
7. Solve each of the following linear equations.
a. 15=3y—1 b. -6=3y—1 c. 6y—7=140
d. 45y+23=177 e. 0.4y—27=6.2 f. 600y — 240 =143
8. Solve each of the following linear equations.
a.3-2x=1 b. -3x—1=5 c. -4x—T7=-19
d. 1-3x=19 e. =5-"Tx=2 f. -8—2x=-9
9. Solve each of the following linear equations.
a. 9—6x=-1 b. =5x—4.2=74 c.2=11-3x
d. —-3=—6x—38 e. —1=4—4x f. 35— 13x=-5
10. Solve each of the following linear equations.
a.7—x=8 b. 8—x=7 c =5
d. 5—x=0 e. 153=6.7—x f.5.1=42—x
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11.

12.

13.

14.

15.

16.

17.

18.

Solve each of the following linear equations.
a. 9—x=0.1 b. 140 —x=121

d —-5=—-6—x e. —x+1=2

Solve each of the following linear equations.

a l41=3 b. 2 —2=—]
4 3
d. —X=5 e.5-L=_8
3 2

Solve each of the following linear equations.

a.2—x=6 b_5_x:_3
3 2

d. —§=6 e.g=—2
3 7

Solve each of the following linear equations.

2 ilos b 21 g
3 4
d. 6=z =0 e. Sl =6
7 2
Solve each of the following linear equations.
o 144 _ A
2.1 7.4
o 2204 o5 . S0 45
2 9
Solve each of the following linear equations.
. 5)c+1=2 b, 2)c—5=3
3 7
a 4x—13=_5 e_4—3x=8
9 2
Solve each of the following linear equations.
. —5x—3:3 b, —10x—4=1
9 3
a 5)(—0.7:_3'1 .. 1—0.5x:_2‘5
-0.3 4

A Solve each of the following linear equations.

2 1

a. —=— b.§=7
x 2 X
5 =3 04 9

d —=— e, — ==
X 4 X 2
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19

20

21

22

23

24

. Solve each of the following linear equations.

—4 2 -6 —4 1.7 1
a. —=— b, — = — c. — = —
x 3 by 5 x 3
6 4 -—15 50 =35
X x 22 by 43
. Solve each of the following linear equations.
a. 3a+7=4 b.5—-b=-5 c.4c—4.4=44
— 2
d.u=0 e.5—3e=-10 f. —f=8
67 3
. IIZA Solve each of the following linear inequations and display the solution on a number line.
a. x+12<28
b.x—3>14

. Solve each of the following linear inequations.

a. 2x+6<L24
b. 5x—28>22

. IEEA Solve the following linear inequations.
a. —5x—35<30
b. —8x+21<-35

. Solve the following linear inequations.

a. —2.5x —15<20
b. —1.4x —13.1<-38.3

Understanding

25

26.

27.

. Write each of the following worded statements as a mathematical sentence and then solve for the
unknown value.

a. Seven is added to the product of x and 3, which gives the result of 4.

b. Four is divided by x and this result is equivalent to %

c. Three is subtracted from x and this result is divided by 12 to give 25.

Driving lessons are usually quite expensive, but a discount of $15 per lesson is given if a family member
belongs to the automobile club.
If 10 lessons cost $760 after the discount, calculate the cost of each lesson before the discount.

Anton lives in Australia. His friend Utan lives in the USA. Anton’s home town of Horsham experienced one
of the hottest days on record with a temperature of 46.7 °C.
Utan said that his home town had experienced a day hotter than that, with the temperature reaching 113 °F.

The formula for converting Celsius to Fahrenheit is F = gC +32.

State whether Utan was correct. Show full working.
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Reasoning

28. If the expression always results in a positive integer value, explain how you would determine the

possible values for x.

29. Santo solved the linear equation 9 =5 — x. His second step was to divide both sides by —1. Trudy, his
mathematics buddy, said she multiplied both sides by —1. Explain why they are both correct.

30. Determine the mistake in the following working and explain what is wrong.

I 1=2

5

x—1=10
x=11

Problem solving

31. Sweet-tooth Sami goes to the corner store and buys an equal number of 25-cent and 30-cent lollies for a total
of $16.50. Determine the amount of lollies he bought.

32. In a cannery, cans are filled by two machines that together produce 16 000 cans during an 8-hour shift. If the
newer machine of the two produces 340 more cans per hour than the older machine, evaluate the number of
cans produced by each machine in an eight-hour shift.

33. General admission to a music festival is $55 for an adult ticket, $27 for a child and $130 for a family of two
adults and two children.
a. Evaluate how much you would save by buying a family ticket instead of two adult and two child tickets.
b. Determine if it is worthwhile buying a family ticket if a family has only one child.

34. A teacher asks her students to determine the value of » in the diagram shown. Use your knowledge of linear
equations to solve this problem.

3n-6

sn-+2 [ — /A
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LESSON
3.3 Solving linear equations with brackets

LEARNING INTENTION

At the end of this lesson you should be able to:
e solve equations involving brackets.

3.3.1 Linear equations with brackets

eles-4692
e Consider the equation 3(x 4 5) = 18. There are two methods for solving this equation.

Method 1: Method 2:
Start by dividing both sides by 3. Start by expanding the brackets.
3x+5) 18 AN
3 3 3(x+5)=18
x+5=6 3x+15=18
x=1 3x=3
x=1

e In this case, method 1 works well because 3 divides exactly into 18.
e Now try the equation 7 (x + 2) = 10.

Method 1: Method 2:
Start by dividing both sides by 7. Start by expanding the brackets.
Tx+2) 10 K\
7 7 Tx+2)=10
10 7x+ 14 =10
x+2=—
7 Tx=—4
= =4
7 7

e In this case, method 2 works well because it avoids the addition or subtraction of fractions.
e For each equation you need to solve, try both methods and choose the method that works best.

WORKED EXAMPLE 6 Solving equations with brackets

Solve each of the following linear equations.

a. 7(x —5)=28 b. 6(x+3)=7
THINK WRITE
a. 1. 7 is a factor of 28, so it will be easier to a. 7x—5) =28
divide both sides by 7. Tx=5) _ 28
7 7
2. Add 5 to both sides. x—5+4+5=4+5
3. Write the value of x. F=9

4
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b. 1. 61s not a factor of 7, so it will be easier to b.
expand the brackets first.

2. Subtract 18 from both sides.

6(x+3)=17
6x+ 18=7

6x+18—18=7—-18

6x =—11
. . . 11
3. Divide both sides by 6. x=— 3
TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE
a-b. In a new problem, a-b. ITE T R a-b. On the Main screen, a-b. T T

on a Calculator page, solvel?: (c-5)=22) T press: i I e [ }33315,-[,‘,[94 = [ 1_.1._'_| Z [‘L
press. solvel6: (x+3)=7.x) - 393 ¢ Action I.solve('?(.x-ﬁ).=28) = [ .
* MENU g e Advanced {(x=9} |
o 3: Algebra e Solve |solve (B (x+3)=T)
® 1: Solve Complete the entry {"5“1"'1'}
Complete the entry lines as:
lines as: solve
solve a.x=9 (7T(x—=5)=28)
(7T(x—=5)=28, x) 11 solve (6(x+3)=7)
solve b.y=-— g Press EXE after
G6x+3)=17, x) each entry.
Press ENTER
after each entry. |

Alg Standard Real Rad (i)

a.x=9

11
b.x=——
6

Resources

eWorkbook  Topic 3 Workbook (worksheets, code puzzle and project) (ewbk-2003)

Interactivities Individual pathway interactivity: Solving linear equations with brackets (int-4490)
Linear equations with brackets (int-6039)
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Exercise 3.3 Solving linear equations with brackets learn

3.3 Quick quiz 3.3 Exercise

Individual pathways

B PRACTISE B CONSOLIDATE B MASTER

1,3,5,11,13, 16 2,7,9,12,14,17 4,6,8,10, 15, 18

Fluency

1. IEEA Solve each of the following linear equations.
a. 5(x—2)=20 b. 4(x+5)=38 c. 6(x+3)=18
d. 5(x—41)=75 e. 8(x+2)=24 f. 3(x+5)=15

2. Solve each of the following linear equations.
a. Sx+4)=15 b. 3(x—2)=—-12 c. 7(x—6)=0
d. —6(x—2)=12 e. 4(x+2)=4.8 f. 16(x —3)=48

3. Solve each of the following linear equations.
a. 6(b—1)=1 b. 2(m—3)=3 c. 2(a+5)=17
d. 3(m+2)=2 e. 5(p—2)=-7 f. 6(m—4)=-8

4. Solve each of the following linear equations.
a. —10(a+1)=5 b. -12(p—2)=6 c. -9(a-3)=-3
d. —2(m+3)=-1 e. 32a+1)=2 f. 4Bm+2)=5

5. Solve each of the following linear equations.
a. 9x—-7)=82 b. 2(x+5)=14 c. l(a—1)=28
d. 4b—6)=4 e.3y—-7)=0 f. 3x+1)=7

6. Solve each of the following linear equations.
a. —6(m+1)=-30 b. -4(y+2)=-12 c. -3(a—6)=3
d 2@p+9)=-14 e.32m—-T)=-3 f. 24p+5)=18

7. Solve each of the following linear equations. Round the answers to 3 decimal places where appropriate.
a. 2(y+4)=-7 b. 0.3(y+8)=1 c. 4y+19)=-29
d. 7(y—5)=25 e. 6(y+3.4)=3 f. 7(y—2)=8.7

8. Solve each of the following linear equations. Round the answers to 3 decimal places where appropriate.
a. 1.5(y+3)=10 b. 24(y—2)=1.8 c. L7y+22)=7.1
d =7+2)=0 e. —6(y+5)=-11 f. =5(y—2.3)=1.6

9. [T Select the best first step for solving the equation 7(x — 6) = 23.
A. Add 6 to both sides. B. Subtract 7 from both sides. C. Divide both sides by 23.
D. Expand the brackets. E. Multiply both sides by 7.

10. I Select which one of the following is closest to the solution for the equation 84(x —21) =782.
A. x=9.31 B. x=9.56 C. x=30.31
D. x=-11.69 E. x=30.32
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Understanding

11. In 1974 a mother was 6 times as old as her daughter. If the mother
turned 50 in the year 2000, calculate the year in which the mother’s
age was double her daughter’s age.

12. New edging is to be placed around a rectangular children’s playground.
The width of the playground is x metres and the length is 7 metres
longer than the width.

a. Write down an expression for the perimeter of the playground.
Write your answer in factorised form.

b. If the amount of edging required is 54 m, determine the dimensions
of the playground.

Reasoning

13. Explain the two possible methods for solving equations in factorised form.

14. Juanita is solving the equation 2(x — 8) = 10. She performs the following operations to both sides of the

equation in order: + 8, + 2.

Explain why Juanita will not be able to determine the correct value of x using her order of inverse

operations, then solve the equation correctly.

15. As your first step to solve the equation 3(2x — 7) = 18, you are given three options:

e Expand the brackets on the left-hand side.
e Add 7 to both sides.
¢ Divide both sides by 3.
Explain which of these options is your least preferred.

Problem solving

16. Five times the sum of four and an unknown number is equal to 35. Evaluate the value of the

unknown number.

17. Oscar earns $55 more than Josue each week, but Hector earns three times as much as Oscar. If Hector earns

$270 a week, determine how much Oscar and Josue earn each week.

18. A school wants to hire a bus to travel to a football game. The bus will take 28 passengers, and the school

will contribute $48 towards the cost of the trip.

The price of each ticket is $10. If the hiring of the bus is $300 + 10% of the total cost of all the tickets,

evaluate the cost per person.

164 Jacaranda Maths Quest 9



LESSON
3.4 Solving linear equations with pronumerals on
both sides

LEARNING INTENTION

At the end of this lesson you should be able to:
e solve equations by collecting pronumerals on one side of the equation before solving.

3.4.1 Linear equations with pronumerals on both sides

eles-4693
e If pronumerals occur on both sides of an equation, the first step in solving the equation is to move all of the

pronumerals so that they appear on only one side of the equation.
° When solving equations, it is important to remember that whatever you do to one side of an equation you
must also do to the other side.

WORKED EXAMPLE 7 Solving equations with pronumerals on both sides

Solve each of the following linear equations.

a. S5y=3y+3 b. 7x+5=2—4x
c.3x+1)=14—2x d. 2x+3)=3(x+7)
THINK WRITE
a. 1. 3yis smaller than Sy. This means it is easiest a. Sy=3y+3
to subtract 3y from both sides of the equation. Sy—3y=3y+3—-3y
2y=3
.. . 2y 3
2. Divide both sides by 2. — ==
2 2
_
72
b. 1. —4x is smaller than 7x. This means it is b. Tx+5=2—4x
easiest to add 4x to both sides of the equation. Ix+5+4x=2—4x+4x
1lx+5=2
2. Subtract 5 from both sides. 1lx+5—-5=2-5
11x=-3
3. Divide both sides by 11. 1 = =
11 11
-3
xX=—
11
c. 1. Expand the brackets. c. AN
3x+1)=14-2x
3x+3=14-2x
2. —2x is smaller than 3x. This means it is 3x+3+2x=14-2x+2x
easiest to add 2x to both sides of the equation. S5x+3=14

TOPIC 3 Linear equations 165



3. Subtract 3 from both sides.

4. Divide both sides by 5.

. Expand the brackets.

2. 2x is smaller than 3x. This means it is easiest
to subtract 2x from both sides of the equation.

3. Subtract 21 from both sides.

S5x+3-3=14-3

Sx=11
se_11
5 5

11
X=—

5

d.
A

3)=3é:‘7)

2x + 6 = 3x + 21

2x+ 6 —2x = 3x +

21 — 2x

6 =x+ 21

68 =218 =R - 218 =10

—15=x
4. Write the answer with the pronumeral written x=—-15
on the left-hand side.
Tl | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE
a-d. In a new problem, S EXUESREER> Linesrcq a-d. On the Main screen, iR i et
on a Calculator page, [ """ , press: [Ei] & Tafsm]m [ T -
press: R oy e Action [solve (5y=3y+8,y)
* MENU ® Advanced {=31 18
solve(7- x+5=2-4- x,x) -3 |
® 3: Algebra i e Solve | solve (Tx+5=2~4x)
® 1: Solve Complete the entry {x=--1§1' }
Complete the entry solve(3: (es1)e16-2:2) \__1‘_1 lines as: | solve(3(x+1)=14-2x)
lines as: i solve (5y =3y +3,y) {35
solve (5y =3y +3, ) solve(2- (+3)=3: (v47)x) e solve (7x+5=2— | solve (2 (x+3)=3(x+7))
solve (Tx+5=2— ; 4x,x) I e
4x, x) a.y=- solve B(x+1)=14 —
solve B(x + 1) = 2, 2x, x)
14 — 2x,x) b.x= solve 2(x+ 3)=3(x +
solve (2(x +3) = ! 7), %)
3(x+7),x) LXx=— Press EXE after each
5 . |
Press ENTER after dox=215 entg. the. If thef ey~ =
each entry. variable is not x, it must
be specified. a = 3
T2
-3
b.x=—
11
11
X=
d.x=—15
DISCUSSION

Draw a diagram that could represent 2x + 4 =3x + 1.
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Resources

eWorkbook Topic 3 Workbook (worksheets, code puzzle and project) (ewbk-2003)

Video eLesson Solving linear equations with pronumerals on both sides (eles-1901)

Interactivity Individual pathway interactivity: Solving linear equations with pronumerals on both sides (int-4491)

Exercise 3.4 Solving linear equations with pronumerals on

both sides
3.4 Quick quiz

Individual pathways

B PRACTISE Bl CONSOLIDATE
1,3,5,8,12,14, 17 2,6,10, 13,15, 18
Fluency

1. Solve each of the following linear equations.

a. S5y=3y-2 b. 6y=—y+7
d. 254+ 2y=-3y e. 8y=T7y—45
2. Solve each of the following linear equations.
a. Ty=-3y-20 b. 23y =13y 4200
d. 6-2y=-Ty e. 24—y=>5y

3.4 Exercise

3. I Select the first step for solving the equation 3x + 5 = —4 — 2x.

A. Add 3x to both sides. B. Add 5 to both sides.
D. Subtract 2x from both sides. E. Divide both sides by 3.

4. I Select the first step for solving the equation 6x —4 =4x + 5.

A. Subtract 4x from both sides. B. Add 4x to both sides.

D. Add 5 to both sides. E. Divide both sides by 6.
5. Solve each of the following linear equations.
a. 2x+3=8-3x b. dx+11=1—-x
d. dx—5=2x+3 e.3x—2=2x+7
6. Solve each of the following linear equations.
a. 5x+3=x-5 b. 6x+2=3x+14
d. 10x—1=-2x+5 e. Ix+2=-5x+2
7. Solve each of the following linear equations.
a.x—4=3x+8 b. 2x+9=T7x—1
d. —3x+2=-2x—11 e. I1-6x=18—-5x

8. [l Determine the solution to 5x + 2 = 2x + 23.
A x=3 B. x=-3 C.x=5

9. I Determine the solution to 3x —4 =11 — 2x.
A x=15 B. x=7 C.x=3

learn

B MASTER
4,7,9,11,16, 19, 20

. 10y=5y—15
. 15y —8=—12y

. S5y—3=2y
. 6y=5y-2

. Add 2x to both sides.

. Subtract 4 from both sides.

.x—3=6—2x

. Ix+1=4x+10

.2x—=5=x-9

. 15x+3=7x-3

. =2x+7=4x+19

.6—9x=4+3x
E.x=-5
E.x=-3
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10. Solve each of the following.

a. 5(x—2)=2x+5 b. 71x+1)=x—-11 c. 2(x—8)=4x

d. 3(x+5=x e. 6(x—3)=14—-2x f.9x—4=23—-x)
11. Solve each of the following.

a. 4x+3)=3(x—2) b. 5(x—1)=2(x+3) c. 8(x—4)=5(x—-06)

d. 3(x+6)=42—x) e. 2(x—12)=3(x—28) f.dx+1D)=2(x+7)

Understanding

12. Aamir’s teacher gave him the following algebra problem and told him to solve it.
3x+7=x*+k=T7x+15

Suggest how you can you help Aamir calculate the value of k.

13. A classroom contained an equal number of boys and girls. Six girls left to play hockey, leaving twice as
many boys as girls in the classroom.
Determine the original number of students present.

Reasoning

14. Express the information in the diagram shown as an equation, then show that n =29 is the solution.

20n + 50
n—36r|n—36 150 - 31n

_\
_/ [@m

15. The block shown has a width of 1 unit and length of I x I

(x + 1) units. f .

a. Draw two rectangles with different sizes, each using 3 1 _I: unit
of the blocks shown. o

b. Show that the areas of both of the rectangles you have drawn using the blocks shown are the same.
Explain how the areas of these rectangles relate to expanding brackets.

16. Explain what the difficulty is when trying to solve the equation 4(3x — 5) = 6(4x + 2) without expanding the
brackets first.

Problem solving

17. This year Tom is 4 times as old as his daughter. In 5
years’ time he will be only 3 times as old as his daughter.
Determine the age of Tom and his daughter now.

18. If you multiply an unknown number by 6 and then add
5, the result is 7 less than the unknown number plus 1,
multiplied by 3.

Evaluate the unknown number.
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19. You are looking into getting a business card printed for your new game store. A local printing company
charges $250 for the materials and an hourly rate for labour of $40.

a. If h is the number of hours of labour required to print the cards, construct an equation for the cost of the
cards, C.

b. You have budgeted $1000 for this printing job. Determine the number of hours of labour that you can
afford. Give your answer to the nearest minute.

c. The company estimates that it can print 1000 cards an hour. Determine the number of cards that you can
afford to get printed with your current budget.

d. An alternative to printing is photocopying. The company charges 15 cents per side for the first 10 000
cards, then 10 cents per side for additional cards. Determine the cheaper option to get 18 750 single-sided
cards made. Determine how much cheaper this is than the other option.

20. A local games arcade offers its regular customers
the following deal. For a monthly fee of $40, players
can play 25 $2 games of their choice. Extra games
cost $2 each. After a player has played 50 games in a
month, all further games are $1.

a. If Iman has $105 to spend in a month, determine
the number of games she can play if she takes up
the special deal.

b. Determine the amount of money Iman will save by
taking up the special deal compared to playing the
same number of games at $2 a game.

LESSON
3.5 Solving problems with linear equations

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e define a pronumeral and write an equation to represent a problem
* solve a problem and answer the question (or questions) posed in the problem.

3.5.1 Solving problems with linear equations

eles-4694
e When pronumerals are not provided in a problem, you need to introduce a pronumeral to the problem.

e When translating a worded problem into an equation, make sure that the order of the operations is
presented correctly.

TOPIC 3 Linear equations 169



WORKED EXAMPLE 8 Translating worded expressions into linear equations

Write linear equations for each of the following statements, using x to represent the unknown value.

Solve the equations.
a. Three more than seven times a certain number is zero. Determine the number.
b. The sum of three consecutive integers is 102. Determine the three numbers.

c. The difference between two numbers is 11. Determine the numbers if, when eight is added to each

of the two numbers, the larger result will be double the value of the smaller result.

THINK

a. 1.

2.

Let x be the number.

7 times the number is 7x. Increasing the
value of 7x by 3 gives 7x + 3. This expression
equals 0. Write the equation.

Solve the equation using inverse operations.

Werite the value for x.

. Let x be the first number.

The next two consecutive integers are (x + 1)
and (x + 2). The sum of all three integers
equals 102. Write the equation.

Solve the equation using inverse operations.

Write the value for x and the next 2 integers.

1. Let x be the larger number.

The difference between the 2 numbers is 11.
This means the smaller number is 11 less
than x. Write this as (x—11).

Increasing both numbers by 8 makes the
larger number (x + 8) and the smaller number
(x—11+38).

The larger number becomes double the
smaller number.

Solve the equation using inverse operations.

Werite the value of x and the other number.

WRITE

a.

x = unknown number

Tx+3=0

Ix+3-3=0-3
=3
7 7

-3

=
7

. x = smallest number

x+@x+1D+x+2)=102

3x+3-3=102-3

3 _ %
3 3
x =33

The three numbers are 33, 34 and 35.

. x= larger number

(x — 11) = smaller number

(x+ 8)=2(x—11 + 8)
x+8=2(x-3)

x+ 8—8=2x-6—8
x—x=2x— 14—x
0+14=x—14 +14
x=14

The two numbers are 14 and 3.
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WORKED EXAMPLE 9 Solving problems using linear equations

A taxi charges $3.60 plus $1.38 per kilometre for any trip in
Melbourne. If Elena’s taxi ride cost $38.10, calculate the
distance she travelled.

THINK WRITE
1. The distance travelled by Elena has to be Let x = the distance travelled (in kilometres).
found. Define the pronumeral.

2. It costs 1.38 to travel 1 kilometre, so the cost to Total cost = 3.60 + 1.38x
travel x kilometres = 1.38x. The fixed cost
is $3.60. Write an expression for the total cost.

3. Let the total cost =38.10. 3.60 + 1.38x = 38.10
4. Solve the equation. 3.60 + 1.38x = 38.10
1.38x = 34.50
_34.50
1.38
=25
5. Write the solution in words. Elena travelled 25 kilometres.
WORKED EXAMPLE 10 Solving problems using linear equations
In a basketball game, Hao scored 5 more points than Seve. P

If they scored a total of 27 points between them, calculate how
many points each of them scored.

THINK WRITE
1. Define the pronumeral. Let Seve’s score be x.

2. Hao scored 5 more than Seve. Write an expression ~ Hao’s score is x + 5.
for Hao’s score.

3. Hao and Seve scored a total of 27 points. x+x+5) =27
Write this as an equation.
4. Solve the equation. 2x+5=27
2x =22
x=11
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5. Since x =11, Seve’s score is 11. Substitute Hao’sscore = x+5

this into the expression to work out Hao’s =11+5
score. =16
6. Write the answer in words. Seve scored 11 points and Hao scored 16 points.

WORKED EXAMPLE 11 Solving problems using linear equations

A collection of 182 marbles is owned by four friends. Pat has twice the number of marbles that
Quentin has, and Rachel has 20 fewer marbles than Pat. If Sam has two-thirds the number of marbles
that Rachel has, determine who has the second-largest number of marbles.

THINK WRITE
1. Let p represent the number of marbles p = number of Pat’s marbles
Pat has.
Pat has twice the number of marbles <[—7> = number of Quentin’s marbles
that Quentin has. 2
Rachel has 20 fewer marbles than Pat. p — 20 = number of Rachael’s marbles
2
Sam has % of the number of marbles - (p — 20) = number of Sam’s marbles
that Rachel has.
2. Let the sum of all marbles equal 182. p+ <§> +(p—20)+ % (»—20) =182
L : : p 2p 40
3. Simplify the left-hand side of the equation p+—+p+—-20—— =182
by adding like terms. 6 3 26 4 3 o0 830
R P T
6 6 6 6 6 6
19p — 200
4. Solve using inverse operations. pT X 6=182X6

19p — 200 + 200 = 1092 + 200

@ 1292
19 19
p =68
5. Calculate the number of marbles that Pat has 68 marbles.

eatels bl Lo, Quentin has % = 34 marbles.

Rachel has 68 — 20 = 48 marbles.
Sam has % X 48 = 32 marbles.
6. Write down the second-highest number Rachel has the second-highest number of

of marbles and the name of the person marbles. She has 48 marbles.
with that number of marbles.
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DISCUSSION

Why is it important to define the pronumeral when using a linear equation to solve a problem?

Resources

eWorkbook Topic 3 Workbook (worksheets, code puzzle and project) (ewbk-2003)

Interactivity Individual pathway interactivity: Solving problems with linear equations (int-4492)

Exercise 3.5 Solving problems with linear equations learn
3.5 Quick quiz 3.5 Exercise

Individual pathways

Bl PRACTISE Bl CONSOLIDATE B MASTER
1,3,7,11,12, 16 2,4,8,9,13, 17 5,6, 10, 14, 15, 18
Fluency

1. IIEA Write linear equations for each of the following statements, using x to represent the unknown, without
solving the equations.

a. When 3 is added to a certain number, the answer is 5.
b. Subtracting 9 from a certain number gives a result of 7.
c. Multiplying a certain number by 7 gives 24.

d. A certain number divided by 5 gives a result of 11.

e. Dividing a certain number by 2 equals —9.

2. Write linear equations for each of the following statements, using x to represent the unknown, without solving
the equations.

Y

. Subtracting 3 from 5 times a certain number gives a result of —7.

b. When a certain number is subtracted from 14 and the result is then multiplied by 2, the final result is —3.
c. When 5 is added to 3 times a certain number, the answer is 8.

d. When 12 is subtracted from 2 times a certain number, the result is 15.

e. The sum of 3 times a certain number and 4 is divided by 2. This gives a result of 5.

3. I Select the equation that matches the following statement.
A certain number, when divided by 2, gives a result of —12.

A x= 12 B. 2x=—12 c.i=—12 p. L= e =12
2 2 12 X
4. I Select the equation that matches the following statement.
Dividing 7 times a certain number by —4 equals 9.
A =9 i c. X _g . X _g e X
—4 7 —4 —4 —4
5. I Select the equation that matches the following statement.
Subtracting twice a certain number from 8 gives 12.
A 2x—8=12 B. §—-2x=12 C.2—-8x=12 D.8—(x+2)=12 E.2@8—x)=12
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6. I Select the equation that matches the following statement.
When 15 is added to a quarter of a number, the answer is 10.

*5_ 10 bo1s+2=10 E. 15=§+10
X

A 154+4x=10  B. 10=§+15 C.

Understanding

7. When a certain number is added to 3 and the result is multiplied by 4, the answer is the same as when that
same number is added to 4 and the result is multiplied by 3. Determine the number.

8. IIEA John is three times as old as his son Jack. The sum of their ages is 48. Calculate how old John is.

9. In one afternoon’s shopping Seedevi spent half as much money as Georgia, but $6 more than Amy. If the
three of them spent a total of $258, calculate how much Seedevi spent.

10. The rectangular blocks of land shown have the same area. Determine the dimensions of each block and use
these dimensions to calculate the area.

x+5

20

30

Reasoning

11. [lIEMA A square pool is surrounded by a paved area that is 2 metres wide. If the area of the paving is 72 m?,
determine the length of the pool. Show all working.

12. Maria is paid $11.50 per hour plus $7 for each jacket that she sews. If she earned $176 for a particular
eight-hour shift, determine the number of jackets she sewed during that shift.

13. Mai hired a car for a fee of $120 plus $30 per day. Casey’s rate for his car hire was $180 plus $26 per day. If
their final cost and rental period is the same for both Mai and Casey, determine the rental period.

14. IIZEH The cost of producing an album on CD is quoted as $1200 plus $0.95
per CD. If Maya has a budget of $2100 for her debut album, determine the
number of CDs she can make.
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eles-4695

15. Joseph wants to have some flyers for his grocery business delivered. Post Quick quotes a price of $200 plus
50 cents per flyer, and Fast Box quotes $100 plus 80 cents per flyer.

a. If Joseph needs to order 1000 flyers, determine the distributor that would be cheaper to use.
b. Determine the number of flyers that Joseph need to get delivered for the cost to be the same for
either distributor.

Problem solving

16. A certain number is multiplied by 8 and then 16 is subtracted. The result is the same as 4 times the original
number minus 8. Evaluate the number.

17. Carmel sells three different types of healthy drinks: herbal, vegetable

and citrus fizz. In an hour she sells 4 herbal, 3 vegetable and 6 citrus fizz
drinks for $60.50. -_ .
In the following hour she sells 2 herbal, 4 vegetable and 3 citrus fizz .

il

drinks. In the third hour she sells 1 herbal, 2 vegetable and 4 citrus.
The total amount in cash sales for the three hours is $136.50.

Carmel made $7 less in the third hour than she did in the second hour
of sales.

Evaluate Carmel’s sales in the fourth hour if she sells 2 herbal,

3 vegetable and 4 citrus fizz drinks.

18. A rectangular swimming pool is surrounded by a path that is enclosed Fence
by a pool fence. All measurements given are in metres and are not
to scale in the diagram shown.

x+2

a. Write an expression for the area of the entire fenced-off section. 2 |s

b. Write an expression for the area of the path surrounding the pool.

c. If the area of the path surrounding the pool is 34 m?, evaluate the
dimensions of the swimming pool.

d. Determine the fraction of the fenced-off area taken up by the pool.

x+4

LESSON
3.6 Rearranging formulas

LEARNING INTENTION

At the end of this lesson you should be able to:
e rearrange formulas with two or more pronumerals to make only one of the pronumerals the subject.

3.6.1 Rearranging formulas

» Formulas are equations that are used for specific purposes. They are generally written in terms of two or
more pronumerals (also known as ‘variables’).

* One pronumeral is usually written on the left of the equals sign. This pronumeral is called the subject.

e Solving a linear equation requires determining a value for the pronumeral (or pronumerals), but rearranging
formulas does not. For this reason formulas are defined as literal equations.
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Inverse operations
When rearranging formulas, use inverse operations in reverse order, just as you do when
you are solving linear equations.

For example, C =2xr is a formula describing the relationship of the circumference of a
circle (C) to its radius (7). To make r the subject of this formula, the following steps are

required:
Divide both sides by 2. C=2nr
C _2ar
2r 2rxm
C
—_r
2r
. . C
Now r is the subject. r=—
2
DISCUSSION

In pairs, share some formulas that you know. Discuss each of the formulas by thinking about why we need
them, how and when they are used in the real world, and why rearranging the pronumerals in these formulas
can be helpful.

WORKED EXAMPLE 12 Rearranging formulas

Rearrange each formula to make x the subject.

a.y=kx+m b. 6(y +1)=7(x—2)
THINK WRITE
a. 1. Subtract m from both sides. a. y=kx+m
y—m = kx
. . y—m kx
2. Divide both sides by k. P = n
y—m
=
k
. . . y—m
3. Rewrite the equation so that x is on the =
left-hand side. 2
b. 1. Expand the brackets. b. m
6(y+1)=7x-2)
6y+6="7x—-14
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2. Add 14 to both sides.

6y +6+14="Tx— 14+ 14

6y + 20 = 7x
3. Divide both sides by 7. 6y +20  7Tx
77
6y + 20
Y —
7
4. Rewrit'e the equation so that x is on the left- _ 6y +20
hand side. r= 7
Tl | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE
a-b. In a new problem, a-b. gy a-b. On the Main ab g
on a Calculator page, T screen, press: 1o [ sme o] o] +H_H'L
press: % ® Action solve (y=kxx+m, x} D
* MENU soiveld per)er b-2be) 6y 20 ® Advanced f=i-m) =
® 3: Algebra v ® Solve 5 A
o 1 Solve solve (B (y+1)=T(x~2),X)
' Complete the entry [=52+20}
Complete the entry L lines as: o
lines as: y—m solve
solve r= P (y=kxx+m,x)
(y=k><x+m,x) 6y 20 solve (6(y+ 1) =
solve (6(y+ 1) = x=—+— T(x —2), x)
7(x —2),%) ro
’ Press EXE after
Press ENTER each entry.
after each entry. —
Alg Standard  Real Rad )
y—m
X =
k
6y 20
X=— -
7 7

WORKED EXAMPLE 13 Solving literal equations

a. If g =6d — 3, solve for d.

b. Solve for v, given that a = 4

THINK
a. 1. Add 3 to both sides.

2. Divide both sides by 6.

3. Rewrite the equation so that d is on the

left-hand side.

—u

WRITE
a. g=6d—-3
g+3=06d
g+3 _6_d
6 6
3
§+° _4
6
3
a=5%2
6
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V—u

b. 1. Multiply both sides by z. b. a=
t
V—Uu
axt= Xt
t
at=v—u
2. Add u to both sides. at+u=vy
3. Rewrite the equation so that v is on the v=at+u

left-hand side.

Resources

eWorkbook  Topic 3 Workbook (worksheets, code puzzle and project) (ewbk-2003)

Interactivities Individual pathway interactivity: Rearranging formulas (int-4493)
Rearranging formulas (int-6040)

Exercise 3.6 Rearranging formulas learn
3.6 Quick quiz 3.6 Exercise

Individual pathways

B PRACTISE Bl CONSOLIDATE B MASTER
1,3, 6, 8, 11 2,4,7,9,12 5,10, 13
Fluency

1. [IIIEEN Rearrange each formula to make x the subject.

a. y=ax b. y=ax+b
c.y=2ax—b d. y+4=2x-3
e. 6(y+2)=5@—-x) f.x(y—2)=1
2. Rearrange each formula to make x the subject.
a.x(y—2)=y+1 b. 5x—4y=1
c. 6(x+2)=5(x—y) d. 7(x—a)=6x+5a
e. 5(a—2x)=9x+1) f. 89x—2)+3=7(2a—3x)
3. IlIIZHEH For each of the following, make the variable shown in brackets the subject of the formula.
a.g=4P-3 (P) b.f=% (c)
9c
c.f=?+32 (c) d. v=u+at (¥
4. For each of the following, make the variable shown in brackets the subject of the formula.
—k
a. d=b*—4ac (¢ b.m=yT »)
y—a y—a
c.m= a d m= X
" (@) b (x)
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5. For each of the following, make the variable shown in brackets the subject of the formula.

a. C=2—7T () b. f=ax+by (x)
r
c. s=ut+ %at2 (a) d. F= % G

Understanding

6. The cost to rent a car is given by the formula C =50d + 0.2k, where d = the number of days rented and k =
the number of kilometres driven. Lin has $300 to spend on car rental for her four-day holiday.

———m,

Calculate the distance that she can drive on her holiday.

7. A cyclist pumps up a bike tyre that has a slow leak.

The volume of air (in cm?) after  minutes is given by the formula V = 24 000 — 300.

a. Determine the volume of air in the tyre when it is first filled.
b. Write out the equation for the tyre’s volume and solve it to work out how long it would take the tyre to go
completely flat.
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Reasoning

8. The total surface area of a cylinder is given by the formula T'= 277 + 27rh, where r = radius and
h = height. A car manufacturer wants its engines’ cylinders to have a radius of 4 cm and a total surface area
of 400 cm?.
Show that the height of the cylinder is approximately 11.92 cm, correct to 2 decimal places. (Hint: Express h
in terms of 7 and r.)

9. If B=3x— 6xy, write x as the subject. Explain the process you followed by showing your working.

4
10. The volume, V, of a sphere can be calculated using the formula V= 57173, where r is the radius of the

sphere.

Explain how you would work out the radius of a spherical ball that has the capacity to hold 5 litres of air.

Problem solving

11. Use algebra to show that ! = 1.1 can also be written as u = .
v u f v+f

12. Consider the formula d = v/ b% — 4ac.
Rearrange the formula to make a the subject.

13. Evaluate the values for a and b such that:
4 3 ax+b

1 142 @+DE+2)
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LESSON
3.7 Review

3.7.1 Topic summary

LINEAR EQUATIONS

Inverse operations

¢ Solving a linear equation means determining a value for the pronumeral
that makes the statement true.

» Solving equations requires inverse operations.

¢ The inverse operation has the effect of undoing the original operation.

+ —
- +
X -
- X

¢ To keep an equation balanced, inverse operations are done on both sides
of the equation.
& 3x+1=11
3x+1-1=11-1

3 _ 10
3 3
10
x=—
3

Equations with brackets Equations and inequations with

¢ The number in front of the brackets indicates the

pronumerals on both sides

multiple of the expression inside the brackets. ¢ Pronumerals must be moved so that they appear only
 Brackets can be removed by dividing both sides  on one side using inverse operations.
by the multiple. Once this is done, you can solve the equation.
c& 3x+5)=18 eg.
3(x+5)- 18 Sy=3y+3
3 3 5y-3y=3y+3-3y
x+5)=6 2y=3
 Alternatively, brackets can be removed by expanding y= 3
(multiplying) out the expression. 2
o o x+2<14
X +2<
AN 3x+2-2<14-2
3(x+5)=18 3x< 12
3x+15=18 el

Rearranging formulas

Pronumeral in the denominator * The subject of the formula is the

* The pronumeral needs to be pronumeral that is written by itself.
expressed as a numerator. The difference between

¢ This can be done by multiplying Worded problems r.ean'anging .fonn.ulas and solvin.g
both sides of the equation by the linear equations is that rearranging
pronumeral. * Worded prf)blems Sl{OUId be formulas does not require a value
cg 4 3 translated into equations. for the pronumeral to be found.
© XX =SXx  Pronumerals must be defined in e.g. Rearrange the following to
* Alternatively, you can flip both the answer if this is not already make x the subject:
. . done in the question. =/
sides of the equation. Th ion for th ded y=Kkx+m
e.g. 4 3 e.g. The equation for the worde y—m=kx
=5 problem ‘When 6 is subtracted [
X 5 from a certain number, y- Tk
becomes % = = the result is 15’ is m _
43 x-6=15". TR
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3.7.2 Success criteria

Tick the column to indicate that you have completed the lesson and how well you have understood it using the
traffic light system.

(Green: I understand; Yellow: I can do it with help; Red: I do not understand)

Lesson Success criteria

o

3.3

3.4

3.5

3.6

| can recognise inverse operations.

| can solve multistep equations and inequations with pronumerals on one
side of the equation.

| can solve equations and inequations with algebraic fractions.
| can solve equations involving brackets.

| can solve equations by collecting pronumerals on one side of an
equation before solving.

| can define a pronumeral and write an equation to represent the problem.

| can solve a problem and answer the question (or questions) posed in the
problem.

| can rearrange formulas with two or more pronumerals to make only one
of the pronumerals the subject.

3.7.3 Project

Forensic science

Scientific studies have been conducted on the relationship
between a person’s height and the measurements of

a variety of body parts. One study has suggested that
there is a general relationship between a person’s height
and the humerus bone in their upper arm, and that this
relationship is slightly different for men and women.

According to this study, there is a general trend indicating
that 4 =3.08] + 70.45 for men, and & =3.36/+ 57.97 for
women, where 4 represents body height in centimetres
and / the length of the humerus in centimetres.

Imagine the following situation.

A decomposed body has been in the bushland outside your town. A team of forensic scientists suspects that
the body could be the remains of either Alice Brown or James King, both of whom have been missing for

several years.

From the descriptions provided by their Missing Persons files, Alice is 162 cm tall and James is 172 cm tall.

The forensic scientists hope to identify the body based on the length of the body’s humerus.
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1. Based on the relationship suggested by the study previously mentioned,
complete both of the following tables using the equations provided.

Calculate body height to the nearest centimetre.

Body height (men)

30

35

40

Length of humerus, / (cm) 20 25
Body height, /2 (cm)

Body height (women)

30

35

40

Length of humerus, / (cm) 20 25
Body height, # (cm)

2. On a piece of graph paper, draw the first quadrant of a Cartesian plane.

Since the length of the humerus is the independent variable, place it on the
x-axis. Place the dependent variable, body height, on the y-axis.
3. Plot the points from the two tables onto the set of axes drawn in

question 2. Join the points with straight lines, using different

colours to represent men and women.
4. Describe the shape of the two graphs.

5. Measure the length of your humerus. Use your graph to predict
your height. How accurate is the measurement?
6. The two lines of your graph will intersect if extended. At what

point does this occur? Comment on this value.

The forensic scientists measured the length of the humerus of the decomposed body and found it to

be 33 cm.

7. Using methods covered in this activity, is it more probable that the body is that of Alice or of James?
Justify your decision with mathematical evidence.

Resources

eWorkbook  Topic 3 Workbook (worksheets, code puzzle and project) (ewbk-2003)

Interactivities Crossword (int-0700)
Sudoku puzzle (int-3204)

Exercise 3.7 Review questions

learn

Fluency

1. & Select the linear equation represented by the sentence ‘When a certain number is multiplied by 3,
the result is 5 times that certain number plus 7°.
A. 3x+7=>5x B. 5(x+7)=3x
D. 5x=3x+7 E. 3x=7x+5

. . X
2. A Calculate the solution to the equation B =5.

A. x=-—15 B. x=15 C.x

=1

[SSR N \S)

C. 5x+7=3x

D.x=3 E. x=-3
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3. I Determine the solution to the equation 7 =21 + x.
A. x=28 B. x=-28 C.x=-14 D. x=14 E. x=7

4. I Calculate the solution to the equation 5x + 3 = 37.
A x=8 B. x=-8 C.x=6.8 D. x=106 E. x=—6.8

5. I Determine the solution to the equation 8 — 2x = 22.
A x=11 B. x=15 C. x=-15 D. x=-7 E. x=7

6. Il Determine the solution to the equation 4x + 3 = 7x — 33.

A x=-—12 B. x=12 C.x=§ D.x=2 E.x=£
11 11 30

7. A Calculate the solution to the equation 7 (x — 15) = 28.
A x=11 B. x=19 C. x=20 D. x=6.14 E. x=6

8. I Select the correct rearrangement of y = ax + b in terms of x.

— —-b b— +b —
y—a B.x:y C.x= Y D.x:y . Bl
a a a a

A x=

9. Identify which of the following are linear equations.
a. 5x+y*=0 b. 2x+3=x-2

c. £=3 d 2=1
2

e. l+1=3x f. 8=5x—-2
X

g. S(x+2)=0 h. x> 4+y=-9
i. r=7—-5@-r)

10. Solve each of the following linear equations.
a. 3a=84 b. a+23=1.7

! £=—O.12 d. b—1.45=1.65
21

e. b+345=0 f. 7.53b=5.64

11. Solve each of the following linear equations.
2x—3 5—x —3x—4
a. =5 b. =—4 c. =
7 2 5

d. é=5 e.

= |~

3
= s
5

12. Solve each of the following linear equations.
a. 5(x—2)=6 b. 7(x+3)=40 c. 456—x)=15
d. 6(2x+3)=1 e. 4x+5=2x—-5 f. 3(x—2)=7x+4)

13. Liz has a packet of 45 lolly snakes. She saves 21 to eat tomorrow, but she rations the remainder so that
she can eat 8 snakes every hour until today’s share of snakes is gone.
a. Write a linear equation in terms of the number of hours, £, to represent this situation.
b. Determine the number of hours it will take Liz to eat today’s share.
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14. Solve each of the following linear equations.

a. 1lx=15x—-2 b. 3x+4=16—x
c. Sx+2=3x+38 d. 8x—9=7x—4
e. 2x+5=8x—17 f. 3—4x=6—x

15. Translate the following sentences into algebraic equations. Use x to represent the number in question.
a. Twice a certain number is equal to 3 minus that certain number.

. When 8 is added to 3 times a certain number, the result is 19.

. Multiplying a certain number by 6 equals 4.

. Dividing 10 by a certain number equals one more than dividing that number by 6.

. Multiply a certain number by 2, then add 5. Multiply this result by 7. This expression equals 0
Twice a certain distance travelled is 100 metres more than that certain distance travelled plus
50 metres.

S0 Q0T

16. Takanori decides to go on a holiday. He travels a certain distance on the first day, twice that distance on
the second day, three times that distance on the third day and four times that distance on the fourth day.
If Takanori’s total journey is 2000 km, calculate the distance he travelled on the third day.

17. For each of the following, make the variable shown in brackets the subject of the formula.

a. y=6x—4 (%) b. y=mx+c (x)
c. g=2(P—-1)+2r (P) d. P=2[4+2w (W)
18. For each of the following, make the variable shown in brackets the subject of the formula.
a. v=u-+at (a) b.s=<u-2l_v>t ©)
c. V=u*+2as (a) d. 2A=h(a+b) (b)

Problem solving

19. Saeed is comparing two car rental companies, Golden Ace
Rental Company and Silver Diamond Rental Company.
Golden Ace Rental Company charges a flat rate of $38 plus
$0.20 per kilometre. The Silver Diamond Rental Company
charges a flat rate of $30 plus $0.32 per kilometre.

Saeed plans to rent a car for three days.

a. Write an equation for the cost of renting a car for three
days from the Golden Ace Rental Company, in terms of
the number of kilometres travelled, k.

b. Write an algebraic equation for the cost of renting a car
for three days from the Silver Diamond Rental Company,
in terms of the number of kilometres travelled, k.

c. Evaluate the number of kilometres Saeed would have to
travel so that the cost of hiring from each company is
the same.

20. Frederika has $24 000 saved to pay for a holiday. Her travel expenses are $5400 and her daily expenses
are $260.
a. Write down an equation for the cost of her holiday if she stays for d days.
b. Determine the number of days Frederika can spend on holiday if she wants to be able to buy a new
laptop for $ 2500 when she gets back from her holidays.
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21. A company that makes bottled orange juice buys their raw materials from two sources. The first source
provides liquid with 6% orange juice, whereas the second source provides liquid with 3% orange juice.
The company wants to make 1-litre bottles that have 5% orange juice.

Let x = the amount of liquid (in litres) that the company buys from the first source.

a. Write an expression for the amount of orange juice from the first supplier, given that x is the amount
of liquid.

b. Write an expression for the amount of liquid from the second supplier, given that x is the amount of
liquid used from the first supplier.

c. Write an expression for the amount of orange juice from the second supplier.

d. Write an equation for the total amount of orange juice in a mixture of liquids from the two suppliers,
given that 1 litre of bottled orange juice will be mixed to contain 5% orange juice.

e. Determine the quantity of the first supplier’s liquid that the company uses.

22. Jayani goes on a four-day bushwalk.
She travels a certain distance on the first day, half of that distance on the second day, a third of that
distance on the third day and a quarter of that distance on the fourth day.
If Jayani’s total journey is 50 km, evaluate the distance that she walked on the first day.

23. Svetlana goes on a five-day bushwalk, travelling the same relative distances as Jayani travelled in
question 22 (a certain amount, then half that amount, then one third of that, then one quarter of that, and
finally one fifth of that).

If Svetlana’s journey is also 50 km, determine the distance that she travelled on the first day.

24. An online bookstore advertises its shipping cost to Australia as a flat rate of $20 for up to 10 books.
Their major competitor offers a flat rate of $12 plus $1.60 per book. Determine the number of books
you would have to buy (6, 7, 8, 9 or 10) for the first bookstore’s shipping cost to be a better deal.

To test your understanding and knowledge of this topic, go to your learnON title at
www.jacplus.com.au and complete the post-test.
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Answers

Topic 3 Linear equations

3.1 Pre-test
3
22

© ® NSO G AN
N

b.b=-8

[ S U U S Y
> ®d =20
wO | W W
w J
n
o
3

bc ac
a= b. b=
b+0)

Y
o

(c—a)

3.2 Solving linear equations and inequations

1. a. No b. Yes c. No
d. Yes e. Yes f. No
2. a. No b. No c. Yes
d. No e. Yes f. No
3.a.x=210 b. x =230 c.x=23
d.x=-96 e.x=237 f.x=20
4.a.x=50 b. x =138 c.x=442
d. x =243 e.y=-—15 f.y=1.8
1
5 —128 b. :2— = —_-—
a.y y 3 c.y 18
d.y=21.5 e.y=172.5 f.y=—8.32
6.a.y=5 b.y=-2 c.y=0.2
dy=1 e.y= f.y=2
2
7.a.y=5~- by——lg c.y=24.5
dy=1.2 =22.25 f —383
Y= SYESS Y= 600
8.a.x=1 b.x=-2 c.x=3
1
dx=-6 e.x=—1 f.x=-
2
2
9. a.x 15 b. x=-2.32 c.x=3
5 1
dx=—- e.x=1- f.x=3—
6 4 13
10. a. x=—1 b. x= c.x=0
d.x=5 e.x=-—8.6 f.x=-0.9
11. a. x=8.9 b.x=19 c.x=-26
1
dx=-1 e.x=-—1 fx=——
2
12.a. x=8 b.x=3 c.x=4
dx=-—15 e.x=26 f.x=—42

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

24,

25.
26.
27.
28.

29.

30.

31.
32.
33.

34.

a.x=9 b.x=-—1- c.x=9-
5 3
1 2
dx=-2- e.x=-—7 f.x=—
4 3
a.z=16 b. z=31 c.z=—
d. z e.z=-9 f.z=—6
a.z=-1.9 b. z=16.88 c.z=140
d.z=0.6 e.z=-354 f. z
a.x=1 b.x=13 c.x=-2
1
d.x=-8 e.x=-—4 fx=305
7
a.x=-—6 b.x=—— c. x=10.35
10
d. x=0.326 e.x=22 f.x=-5
3
a.x=4 b.x=— c.x=—1-
7 7
4
dx=—-6— e.x=— f.x=38
45
a.x=-—6 b.x=17.5 c.x=5.1
13 3
d.x=-—6 e.x=—-5— x=-—61-
15 7
a.a=—1 =10 c.c=12.1
d.d=4 = f.f=12
a 16
-9

< T T T T >
8 12 16 20 24 28
b. x> 17

°—>

I I
19 21 23 25

>

Il
15 17
.x<9
x> 10
x>-—13
x>=7
x>-—14
x> 18
-1 b. 6
$91

No. 46.7 °C =~ 116.1 °F
For a positive integer, (x—4) must be a factor of 12.
x=5,6,7,8,10, 16

Sample responses can be found in the worked solutions in
the online resources.

P T TP T D

c. 303

The mistake is in the second line: the —1 should have been
multiplied by 5.

60 lollies

Old machine: 6640 cans; new machine: 9360 cans
a. $34

b. Yes, a saving of $7

17
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3.3 Solving linear equations with brackets

1.

10.
11.
12.

13.
14.

15.

16.
17.
18.

3.4 Solving linear equations with pronumerals

ax=6 b.x=-3 c.x=0
d. x=56 e.x=1 f.x=0
ax=-1 b.x=-2 c.x=6
dx=0 e.x=-0.8 f.x=06
1 1
ab=1- b.m=4- ca=-—1-
6 2 2
3
dm=-1- e.p=- f.m=2
5
1 1 1
aa=-1- b.p=1= c.a=3-
2 2 3
1 1 1
dm=-2~- e.a=—- f.m=—-
2 6 4
a.x=16—- b.x=2 c.a=>5
1
db=7 e.y=7 fx——3§
am=4 y=1 c.a=>5
dp=-2 m=3 f.p=1
a.y=-17.5 b.y=—4.667 c.y=-26.25
d.y=28.571 e.y=-29 f. y=23.243
a. y=3.667 b.y=2.75 c.y=1.976
dy=-2 e.y=-3.167 f.y=1.98
D
C
1990

a. [22x+7)]m
b. Width 10 m, length 17 m
Expand out the brackets or divide by the factor.

x = 13. Sample responses can be found in the worked
solutions in the online resources.

Adding 7 to both sides is the least preferred option, as it
does not resolve the subtraction of 7 within the brackets.

3
Oscar: $90, Josue: $35
$20

on both sides

1l.a.y=-—1 b.y=1 c.y=-3
8
d.y=-5 e.y=-—45 f.y=—
y y y 27
2.a.y=-2 b. y=20 c.y=1
1
dy:—lg e.y=4 f.y=-2
.C
LA
La.x=1 x=-2 c.x=3
d.x=4 x=9 f.x=3
6.a.x=-—2 b.x=4 c.x=—4
1 3
d.x=— e.x=0 fox=—-
2 4
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10.

11.

12,
13.
14.

15.

16.

17.
18.
19.

20.

.a.x=—-06 b.x=2 c.x=-2
1
dx=13 e.x=-7 f.x=-—
6
.D
.C
a.x=5 b.x=-3 c.x=-—8
1 10
dx=-7- e.x=4 f.x=—
2 11
2
a.x=—18 b.x=3- c.x=-—
3
3
dx=-1- e.x=0 f.x=-—15
7
k=-3
24
3(n —36) — 98 = —11n + 200. Sample responses can be

found in the worked solutions in the online resources.

a. | |
| ! |1

|
|

| X 1

. 1

| 1
1] || ||

b. Areaof firstrectangle = (x + 1) X 3
=3x+3
Areaofsecondrectangle = (x+1+x+14+x+1)X1
=3x+3
Both rectangles have an area of 3x + 3.
You cannot easily divide the left-hand side by 6 or the
right-hand side by 4.
Daughter = 10 years, Tom = 40 years
The unknown number is —3.
a. C=40h+ 250
b. 18 hours, 45 minutes

c. 18750
d. The printing is cheaper by $1375.
a. 65 games b. $25

3.5 Solving problems with linear equations

1.

N o o pro

ax+3=5 b.x—9=7 c. 7x=24
X X
d —-=11 e.—=-9
5 2
.a.5x—3=-7 b.2(14 —x)= -3
c.3x+5=8 d2x—12=15
3x+4
e. =5
2
C
D
B
B
0



8. 36 years old
9. $66

10.
11.
12.
13.
14.
15.

20 % 15; 30 X 10; area = 300 square units
Tm

12 jackets

15 days

947 CDs

a. Post Quick (cost = $700)

b. The cost is nearly the same for 333 flyers ($366.50 and
$366.40).

16. 2
17. $42.50
18. 8. Apgpeea = 5x+20) m* b, A,y = Bx+ 16) m’
c.l=8m,w=2m d. —m
25
3.6 Rearranging formulas
—b
1.a.x=X b.x:y
a a
y+b y+7
c.x= d.x=——
2a 2
8 — 6y 1
e.x=— f.x=——
5 y—2
+1 4y +1
2. a x:y— x=y— c.x=-5y—12
y—2 5
5a—9 l4a+ 13
d. x=12a e.x= f.x=——
19 93
+3 5
3.a.P:g— b.c——f
4 9
5(f—32 —
S Gk ) g 1= 224
9 a
b —d
4.a.c= b.y=hm+k
4a
—a+mb
c.a=y—m(x—>b) d.x:y
m
27 —b
b.a.r=— b.x:f Y
C a
2(s — ut) Fr?
c.a=——— d G=—
2 Mm
6. 500 km

7. a. 24000 cm®

10.
11.

12. a

13.

b. t=80 min=1h20 min
. Sample responses can be found in the worked solutions in
the online resources.
B
. ——— =X
3(1—=2y)
radius = 10.6 cm

Sample responses can be found in the worked solutions in
the online resources.

b —d
4c
a=1;b=5

Project

1.

o o~ W

3.

a
=4

© ® N o 0O, DN

Body height (men)

Length of humerus, 20 |25 |30 |35 |40

! (cm)

Body height, 2 (cm) 132 | 147 | 163 | 178 | 194

Body height (women)

Length of humerus, 20 |25 |30 |35 |40

[ (cm)

Body height, 2 (cm) 125 | 142 | 159 | 176 | 192

. and 3.

210+
200 +
190 4
180+
170+
160 +
150 +
140 +
130+
120+
110+
100
90 +

h=3.08] +70.45 (males)

Body height (cm)

h=3.36l + 57.97 (females)

0 51015202530354045
Length of humerus (cm)

. Linear

. Results will vary for each student.

. (44.6, 207.8)

. The height of the male body with / =33 cm:

h=3.08%33+70.45=172.09cm

The height of the female body with / =33 cm:
h=3.36%x33+57.97=168.85cm

The estimated height for a male body is very close to the
known height of James King; the estimated height for a
female body is more different from the known height of
Alice Brown. Therefore, the body is more likely to be that
of James King.

7 Review questions

C

B

C

C

D

B

B

B

b,c, f, g1

a.a=2.8 b.a=-0.6
c.hb=-2.52 d.b=3.1
e.b=-345 f. b=10.749
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11.

12.

13.

14.

15.

16.

17.

a.x=19
1
dx=1-
5
1
a.x=3-
5
1
c.x=1-
4
1
e.x=—12-
2
a. 8h+21 =45
1
a.x=—
2
d.x=5
a.2x=3—x

c.x=4

e.72x+5)=0
600 km

_y+4

T 6

a. x

b.
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c.x=—6-
3
f.x=-—11.13
x=2-
x=—-1—
1
x=—-8—
2
3 hours
c.x=3
f.x=-—1
.3x+8=19
10 X
——1==
X 6

. 2x—100=x+50

18.

19.

20.
21.

22.

23.

24,

2s
a. Cg =114+ 0.20k
b. C3 =904 0.32k
c. 200km
a. 5400 + 260d = Cy

. 0.06x
.(1—=x)

2s
_u+v

2A —ah

d. b=

b. 61 days

. 0.06x + 0.03(1 — x) =0.05

a
b
c. 0.03(1 —x)
d
e

. 0.667 or 66.7%
24km

123
2] — ~21.9km
137

The online bookstore’s fee is a better price than their major
competitor’s fee for all of the options given: 6, 7, 8, 9 and

10 books.
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LESSON
4.1 Overview

4.1.1 Why learn this?

Geometry allows us to explore our world in very precise
ways. It is also one of the oldest areas of mathematics.
It involves the study of points, lines and angles and

how they can be combined to make different shapes.
Similarity and congruence are two important concepts
in geometry. When trying to determine whether two
shapes are exactly the same, or if they are enlargements
of each other, the answers can be found by considering
the sides and angles of those shapes.

When you take a photo on your phone it is very small.
If you save it to your computer you can make it larger.
The larger photo is an enlargement of the original photo
— this is an example of how similar figures work in the
everyday world.

The principle of similar triangles can be used to work out the height of tall objects by calculating the length of
their shadows. This technique was extremely important in early engineering and architecture. Today, architects
and designers still prepare scale diagrams before starting the building process.

In manufacturing, the products that come off an assembly line all have exactly the same shape and size. These
products can be described as congruent. Designers, engineers and surveyors all use the concepts of congruence
and similarity in their daily work.

Hey students! Bring these pages to life online

Watch Engage with Answer questions
videos interactivities and check solutions

Find all this and MORE in jacPLUS

Reading content Extra learning

and rich media, resources
including
interactivities
and videos for
Differentiated

every concept -
i P question sets

Questions with
immediate
feedback, and
fully worked
solutions to help
students get
unstuck
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Exercise 4.1 Pre-test learn

1. Express the ratio 1% : 2% in simplest form.

12:23< |:
3 5

2. Determine the value of x in the proportion 2 : 3=9 : x

3. T Select the correct symbol for congruence.
A.

Q |l

l

B.
C.
D.
E.

R R

4. A If OB = OC, choose which of the following congruency A D
tests can be used to prove AAOB =~ ADOC.
A. AAA
B. RHS
C. SSS
D. ASA
E. SAS

5. Determine the simplest ratio of y : z if 3x =2y and 4x = 3z.
6. The ratio 1.4 : 0.2 in its simplest form is 14 : 2. State whether this statement is True or False.

7. A Select the only pair of congruent triangles from the following.
A. AABC = ABCD
B. AABD 2 ABCD
C. ABCD = ADEF
D. AABC = ADEF
E. AABD =~ ADEF

8. For the diagram given:
a. name the angle that is equal to angle ABC
b. state the congruency test that can be used to prove
AABC = ACED.

>
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9. I Select which similarity test can be used to prove AABC = AADE. A
A. AAA
B. RHS
C.SSS
D. ASA
E. SAS B C

10. I AABC and ACDE are similar. A

Choose which of the following statements is true.

. AB_BC 5 AB _AC
"ED CD "ED CD ¢

AC _ BC 5 AB _BC

"EC CD "ED CE

. AB_CD
"ED AC

m
v}

11. AABC and ACDE are similar.

2.4 cm

1.4 cm

D
Determine the value of the length x correct to 1 decimal place.

12. AABC and ACDE are similar. Determine the value of b.

©

VAR

S5a B
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eles-4727

13. A pair of cones are similar. The ratio of their volumes is 27 : 125.

a. The perpendicular height ratio of the two cones is |:| : |:|
b. The areas of the base ratio of the two cones is | ]:[ |

14. A pair of rectangles are similar. If the width of the first rectangle is 3 times the width of the other, the
ratio of their areas is:
larger area : smaller area = |:| : |:|

15. Il A rectangular box has a surface area of 94 cm? and volume of 60 cm?®. Select the volume and
surface area of a similar box that has side lengths that are twice the size of the original.
A. Volume = 480 cm? and surface area =752 cm?
B. Volume = 480 cm? and surface area = 376 cm?
C. Volume = 120 cm® and surface area = 188 cm?
D. Volume =240 cm? and surface area = 376 cm?
E. Volume = 240 cm? and surface area =752 cm?

LESSON
4.2 Ratio and scale

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e compare two quantities of the same type using ratios
e simplify ratios
e enlarge a figure using a scale factor
e calculate and use a scale factor.

4.2.1 Ratio

¢ Ratios are used to compare quantities of the same kind, measured in the same unit.
. . . . 1
e The ratio ‘I is to 4’ can be written in two ways: as 1 : 4 or as g

e The order of the numbers in a ratio is important.
e In simplest form, a ratio is written using the smallest whole numbers possible.

WORKED EXAMPLE 1 Expressing ratios in simplest form

A lighthouse is positioned on a cliff that is 80 m high. A ship at sea is

3600 m from the base of the cliff. Lighthouse

a. Write the following ratios in simplest form. 7
i. The height of the cliff to the distance of the ship from shore. s T
ii. The distance of the ship from shore to the height of the cliff. /// 80m

b. Compare the distance of the ship from shore with the height of i l
the cliff. 27 3600m _
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THINK WRITE

a. i. 1. The height and distance are in the same a. i. Height of cliff : distance of ship from shore
units (m). Write the height first and the = 80 : 3600
distance second.
2. Simplify the ratio by dividing both terms =1:45
by the highest common factor (80).
ii. 1. Write the distance first and the height ii. Distance of ship from shore : height of cliff
second. _ 3600
80
45

2. Simplify by dividing both terms by the =—
highest common factor (80).
Note: Do not write E as 45, because a ratio

is a comparison between two numbers.

b. 1. Write the ratio ‘distance of the ship from b. 45:1
shore to height of the cliff’.

2. Write the answer. The distance of the ship from shore is
45 times the height of the cliff.

WORKED EXAMPLE 2 Simplifying ratios into simplest form

Express each of the following ratios in simplest form.

. : 4 2
a. 24:8 b. 3.6:8.4 e.12.12
3
THINK WRITE
a. Divide both terms by the highest common factor (8). a. 24:8
=3:1
b. 1. Multiply both terms by 10 to obtain whole numbers. b. 3.6 : 8.4
=36:84
2. Divide both terms by the highest common factor (12). =3:7
c. 1. Change both mixed numbers into improper fractions. c. 1 g : 1%
_13.5
9 3
2. Multiply both terms by the lowest common denominator (9) =13:15

to obtain whole numbers.

A proportion is a statement that indicates that two ratios are equal.
* A proportion can be written in two ways, for example in the format used for 4 : 7=x : 15 or in the format

used for i = i.
7 15
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WORKED EXAMPLE 3 Calculating a value in a proportion

Determine the value of x in the proportion4 : 9=7 : x.

THINK WRITE
. . . 4 7
1. Write the ratios as equal fractions. 9 = -
X
. . 4x
2. Multiply both sides by x. r =7
3. Solve the equation to obtain the value of x. 4x = 63
4. Write the answer. x=15.75

4.2.2 Scale

e Ratios are used when creating scale drawings or maps.

* Consider the situation in which we want to enlarge a triangle ABC (the object) by a scale factor of 2 (this
means we want to make it twice its size).
The following is one method that we can use.

eles-4728

1. Mark a point O somewhere outside the triangle and draw the lines OA, OB and OC as shown.
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2. Measure the length of OA and mark in the point A’ (this is called the image of A) so that the distance OA’
is twice the distance of OA.
3. In the same way, mark in points B and C". (OB’ =2x OB, and OC’' =2x OC.)

2/

4. Joining A'B'C’ gives a triangle that has side lengths double those of AABC. AA'B’C’ is called the image
of AABC.

Scale factor

i length
Scale factor = IMage ‘ength
objectlength

WORKED EXAMPLE 4 Enlarging a figure

Enlarge triangle ABC by a scale factor of 3, with the centre of enlargement at point O.

THINK DRAW
1. Join each vertex of the triangle to the centre of B’
enlargement (O) with straight lines, then extend them. /

2. Locate points A", B’ and C’ along the lines so J
that OA’ =30A, OB’ =30B and OC’ =30C. /

3. Join points A’, B’ and C’ to complete the image. B/ / -
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e Enlargements have the following properties.
- The corresponding side lengths of the enlarged figure are changed in a fixed ratio (they have same ratio).
- The corresponding angles are the same.
- A scale factor greater than 1 produces an enlarged figure.
- If the scale factor is a positive number less than 1, the image is smaller than the object (this means that
a reduction has taken place).

WORKED EXAMPLE 5 Calculating the scale factor

A triangle PQR has been enlarged to create triangle P’ Q’'R’. PQ=4cm, PR=6cm, P’ Q' =10cm
and Q' R’ =20 cm. Calculate:

a. the scale factor for the enlargement

b. the length of P'R’

c. the length of QR.

THINK WRITE/DRAW
a. 1. Draw a diagram. a. Q
Q
4 i “: 10 20
P 6 R
P’ R’
. . . 7 image length
2. Identify two corresponding sides. P'Q Scale factor = —————
corresponds to PQ. object length
- P/Q/
PQ
_10
4
=25
b. 1. Apply the scale factor. P'R’' =2.5 x PR b. P'R' =2.5xPR
=2.5X%X6
=15
2. Write the answer. P'R’ is 15 cm long.
c. 1. Apply the scale factor. Q'R' =2.5x QR c. QR _0em_,5
QR X cm
QR =25xQR
20 =2.5%XQR
20
R=—
Q 2.5
=8
2. Write the answer. QR is 8 cm long.
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Resources
eWorkbook  Topic 4 Workbook (worksheets, code puzzle and project) (ewbk-2004)
Interactivities Individual pathway interactivity: Ratio and scale (int-4494)
Introduction to ratios (int-3733)

Proportion (int-3735)
Scale factors (int-6041)

Exercise 4.2 Ratio and scale learn
4.2 Quick quiz 4.2 Exercise

Individual pathways

B PRACTISE Bl CONSOLIDATE B MASTER
1,3,5,10, 13, 16, 17, 19, 22, 26 2,4,6,8, 11, 15, 18, 21, 23, 27, 28 7,9, 12, 14, 20, 24, 25, 29, 30
Fluency
1. [lIIZM The horse track shown is 1200 m long and Finishing
35 m wide. Starting gate post

a. Write the following ratios in simplest form.

i. Track length to track width.
ii. Track width to track length.

b. Compare the distance of the length of the track
with the width of the track.

2. A dingo perched on top of a cliff spots an emu on the ground below.
a. Write the following ratios in simplest form.

i. Cliff height to distance between cliff base and emu.
ii. Distance between emu and cliff base to cliff height.

b. Compare the height of the cliff with the horizontal distance between
the base of the cliff and the emu.

3. 22N Express each of the following ratios in simplest form.

a. 12:18 b. 8:56
c. 9:27 d. 14:35
4. Express each of the following ratios in simplest form.
a. 16 : 60 b. 200 : 155
c. 32:100 d. 800 : 264

5. IlIZZA Express each of the following ratios in simplest form.
a. 1.2:0.2 b. 3.9:4.5 c.9.6:24 d. 18:3.6
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6. Express each of the following ratios in simplest form.

a. 1.8:3.6 b. 4.4 : 0.66 c.09:54 d. 0.35:0.21
7. Express each of the following ratios in simplest form.
a.6:12 b. 12.1:5.5 c.8.6:4 d. 0.07 : 14
8. IlIZZA Write each of the following ratios in the simplest form.
a.11:2 b.2:1E c.ll:Z d.lzzll
2 4 3 5 4
9. Write each of the following ratios in the simplest form.
a.i:2 b.5:1l c.2§:1l d.3§:2l
7 2 4 3 6 2
10. [IIZH Determine the value of the pronumeral in each of the following proportions.
a.a:15=3:5 b.b:18=4:3 c.24:¢c=3:4
11. Determine the value of the pronumeral in each of the following proportions.
a.e:33=5:44 b.6:f=5:12 c.3:4=g:5
12. Determine the value of the pronumeral in each of the following proportions.
a. 11:3=i:8 b.7:20=3:j c. 15:13=12:k%

For questions 13 to 15, enlarge the figures shown by the given scale factor and the centre of enlargement marked
with O. Show the image of each of these figures.

13. A Scale factor = 2

A B

D C

14. Scale factor = 1.5
B

VAN

O.

15. Scale factor = %

A B

O [ ]
16. IEA A quadrilateral ABCD is enlarged to A'B'C'D’. AB=7cm, AD=4cm, A'B'=21cm,
B'C’ =10.5cm. Determine:

a. the scale factor for enlargement
b. A'D’
c. BC.
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Understanding

17. The estimated volume of Earth’s salt water is
1285 600 000 cubic kilometres. The estimated volume
of fresh water is about 35 000 000 cubic kilometres.

a. Determine the ratio of fresh water to salt water (in
simplest form).

b. Determine the value of x, to the nearest whole
number, when the ratio found in part a. is expressed
in the form 1 : x.

18. Super strength glue comes in two tubes that contain
‘Part A’ and ‘Part B’ pastes. These pastes have to
be mixed in the ratio 1 : 4 for maximum strength.
Determine how many mL of Part A should be mixed o
with 10 mL of Part B.

19. A recipe for a tasty cake says the butter and flour needs to be combined in the ratio 2 : 7. Determine the
amount of butter that should be mixed with 3.5 kg of flour.

20. The diagram shown lays out the floor plan of a house. The actual size of bedroom 1 is 8 m X 4 m.

FP————————__ - 0 O T T ————-- gl
I |
| |
: :
[ |
i ia) Lounge 1 Kitchen Bedroom 2 Gym i
| |
! Toilet :
| and :
shower |
[ Linen
cupboard
Spa P
Carport Bedroom 1 T Family
: room Bedroom 3
: Ensuite

a. If the dimensions of bedroom 1 as it appears on the ground plan are 4 cm by 2 cm, calculate the scale
factor when the actual house (object) is built from the plan (image).

b. Determine the real-life dimensions of bedroom 3 if the dimensions as shown on the ground plan are
3cm X 3cm.

c. Determine the real-life dimensions of the kitchen if the dimensions as shown on the ground plan are
2.5cmXx2.5cm.
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Reasoning

21.

22,

23.

24.

25.

Pure gold is classed as 24-carat gold. This kind of gold is
too soft to use for making jewellery, so it gets combined
with other metals to form an alloy. The ratio of gold to other
metals in 18-carat gold is 18 : 6.

The composition of 18-carat rose gold is 75% gold, 22.25%
copper and 2.75% silver.

a. Show that the mass of silver in a 2.5-gram rose gold
bracelet is 0.07 g.

b. Determine the composition of metals in a rose gold
bracelet that contains 0.5 g of copper.

The angles of a triangle have the ratio 3 : 4 : 5. Show that the sizes of the three angles are 45°, 60° and 75°.

The dimensions of a rectangular box have the ratio 2 : 3 : 5. The box’s volume is 21 870 cm?. Show that the
dimensions of the box are 18, 27 and 45 cm.

Tyler, Dylan and Ari invested money in the ratio 11 : 9 : 4. If their profits are shared in the ratio 17 : 13 : 6,
is this fair to each person? Explain your answer.

It costs the same amount to buy either 5 pens or 2 pens and 6 pencils. This is also the cost of 6 sharpeners
and a pencil. Show a relationship between the cost of each kind of item.

Problem solving

26.

27.

28.

29.

30.

Sharnee, a tourist at Kakadu National Park, takes a
picture of a 2-metre-long crocodile beside a cliff.
When they develops the pictures, they can see that
on the photo the crocodile is 2.5 cm long and the
cliff is 8.5 cm high.

Determine the actual height of the cliff in cm.

Evaluate the ratio of y : z if 2x =3y and 3x=4z.

The quantities P and Q are in the ratio 2 : 3. If P is

reduced by 1, the ratio becomes l Determine the
values of P and Q.

The ratio of boys to girls among the students who signed up for a basketball competition is 4 : 3.
If 3 boys drop out of the competition and 4 girls join, there will be the same number of boys and girls.
Evaluate the number of students who have signed up for the basketball competition.

In a group of students who voted in a Year 9 class president election, the ratio of girls to boys is 2 : 3.
If 10 more girls and 5 more boys had voted, the ratio would have been 3 : 4.
Evaluate the number of students who voted altogether.
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LESSON
4.3 Congruent figures

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e identify congruent figures
e show that two triangles are congruent using the appropriate congruency test.

4.3.1 Congruent figures

eles-4729
e Congruent figures are identical figures. They have exactly the same shape and size.

e Congruent figures can be superimposed exactly on top of each other using reflection, rotation or translation
(or a combination of some or all of these actions).

B Mirror line

| ; A H H

| O] ]

i E ) i T
:

|

e The symbol for congruence is =. When reading this symbol out loud we say, ‘is congruent to’.
* For the diagrams shown, ABC = A'B'C’ and ABCDE = PQRST.
* When writing congruence statements, the vertices of each figure are named in corresponding order.

WORKED EXAMPLE 6 Identifying congruent shapes

Identify a pair of congruent shapes from the following set.

a. i b. <:> c. Q d. i
THINK WRITE

Figures a and c are identical in shape and size. Shape a = shape ¢
They just have different orientations.

4.3.2 Testing triangles for congruence

eles-4730
¢ To determine whether two triangles are congruent, it is not necessary to know that all three sides and all

three angles of a each triangle are equal to the corresponding sides and angles of the other triangle.
e Certain minimum conditions can guarantee that two triangles are congruent.
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Side-side-side condition for congruence (SSS)

e If all of the corresponding sides of two triangles are equal, the angles
opposite those corresponding sides will also be equal. This means that the
two triangles are congruent.

e This is known as the side-side-side (SSS) condition for congruence.

ONIVON
ANAN

T
NN

Abbreviation

Side-angle-side condition for congruence (SAS)

e If two triangles have two corresponding sides that are equal, and the angles
between those corresponding sides are equal, then the two triangles are
congruent.

e This is known as the side—angle—side (SAS) condition for congruence.

Angle-side-angle condition for congruence (ASA)

e If two triangles have two corresponding angles that are equal, and 1 side
that is also equal, then the two triangles are congruent. (Note: The third
corresponding angle will also be equal.)

e This is known as the angle—side—angle (ASA) condition for congruence.

Right angle-hypotenuse-side condition for congruence RHS

e If the hypotenuse and one other side of two right-angled triangles are
equal, then the two triangles are congruent.

e This is known as the right angle—hypotenuse—side (RHS) condition for
congruence.

Summary of congruence tests

Congruence test Description

e All corresponding sides are SSS

equal in length.

(side—side—side)

NN
ANAN

e Two corresponding sides are

equal in length.

e The corresponding angles

between them are equal
in size.

SAS
(side—angle—side)

[ o

e Two corresponding angles are

equal in size.

¢ One corresponding side is

equal in length.

ASA
(angle—side—angle)

NN

e The hypotenuse and

one other corresponding side
of two right-angled triangles
are equal in length.

RHS
(right angle-hypotenuse—side)
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WORKED EXAMPLE 7 Identifying congruent triangles

Identify which of the following triangles are congruent. Give reasons for your answer.

E IL,
b N
B 5 2 cm
D em 5cm 5cem M
2 cm 5 cm
D
A C F K
THINK WRITE

In all three triangles two given sides are of equal length (2cm and AABC = AMLK (SAS)
5cm). The included angles in triangles ABC and KLLM are also
equal (60°). B corresponds to L, and A corresponds to M.

WORKED EXAMPLE 8 Using congruent triangles to determine values of the pronumerals

Given that AABD = ACBD, determine the values of the pronumerals in the figure shown.

THINK WRITE
1. Congruent triangles have corresponding sides that are equal in AABD =~ ACBD
length. Side AD (marked x) corresponds to side CD. AD =CD
x=3cm
2. Since these triangles are congruent, the corresponding angles ZA = «C
are equal. y =40°
«BDA = «BDC
z=90°

WORKED EXAMPLE 9 Proving that two triangles are congruent

Prove that APQS is congruent to ARQS.
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THINK

1. Study the diagram and state which sides and/or
angles are equal.

2. This fits the SSS condition, which proves
congruence.

WRITE

QP = QR (given)
PS = RS (given)
QS is common.

APQS = ARQS (SSS)

COLLABORATIVE TASK

On a piece of paper, draw the trapezium shown as per the dimensions > cm

given in the diagram. Working in pairs or small teams, try to divide the
trapezium into four congruent trapeziums that are similar in shape to

the original trapezium.

5 cm

10 cm

Resources

eWorkbook  Topic 4 Workbook (worksheets, code puzzle and project) (ewbk-2004)

Interactivities Individual pathway interactivity: Congruent figures (int-4495)

Congruency tests (int-3755)
Congruent figures (int-3749)
Congruent triangles (int-3754)

Exercise 4.3 Congruent figures
4.3 Quick quiz

Individual pathways

B PRACTISE Bl CONSOLIDATE

learn

4.3 Exercise

B MASTER

1,4,5,8,11,12,16, 17, 22 2,6,9,13,14, 18,19, 23 3,7,10, 15, 20, 21, 24, 25

Fluency

1. IIEA Select a pair of congruent shapes from the figures shown.

ole

D
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2. Select a pair of congruent shapes from the figures shown.

3. Select a pair of congruent shapes from the figures shown.

Understanding

4. [T Select which of the following is congruent to the triangle shown.

3cm
5cm
P
B. C.
5cm
3cm >
5cm
3 cm
L
E.
3 cm
5cm

5. Identify which of the following triangles are congruent. Give a reason for your answer.
P

A N
5cm 5cm
5cm
C 4 cm R A
4 cm
B 4 cm LA Q
M
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6. Identify which of the following triangles are congruent. Give a reason for your answer.
P

2 L
N
1 2.5 5 1
M

7. Identify which of the triangles are congruent. Give a reason for your answer.

N
p
4
501
Q
5 v 5
5
B 4
L

C R

A

2.5

[\o)
o)
- ™
W
(9%}
=
e}

7 >

8. Identify which of the following triangles are congruent. Give a reason for your answer.

L P
I~ C N R
M 5 Q 5

9. Identify which of the following triangles are congruent. Give a reason for your answer.

L P
h h
3
C M 4 N Q 5 R

10. Identify which of the following triangles are congruent. Give a reason for your answer.

>
>

B

et >
[j )

E

B
/ 7 10 7
[ ]
A C

D F

11. IEA Determine the value of the pronumeral in the following pair of congruent triangles. All side lengths
are in centimetres.

4 3
4 X
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12. Determine the value of the pronumeral in the pair of congruent triangles shown. All side lengths are
in centimetres.

78°

13. Determine the value of the pronumerals in the pair of congruent triangles shown. All side lengths are
in centimetres.

30°

14. Determine the value of the pronumerals in the pair of congruent triangles shown. All side lengths are
in centimetres.

a. b.
y i Ll Z
7 \30° X y

15. Calculate the length of the side marked with the pronumeral using the following congruent triangles.

b. P Q

8 cmm
R S

C. 6 mm d. A

X
8 mm 7 mm
B D
7 mm
olo,
X

C
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Reasoning

16.

17.

18.

19.

20.

21.

Do congruent figures have the same area? Explain your answer.

If two congruent triangles have a right angle, is the reason for their congruence always due to the RHS
condition of congruence? Justify your answer.

Give an example to show that triangles with two angles of equal size and a pair of non-corresponding sides
of equal length may not be congruent.

A For each of the following, prove that the statement accompanying the diagram is true.

a. A b. P C. D
B C
B D
Q R S
c APQR = APSR A
AABC = AADC - ADBA = ADCA
ABCD is a trapezium with both AD and BC perpendicular B
to AB. If a right-angled triangle DEC is constructed with an
angle «ECD equal to 45°, prove that AEDA =~ AECB. E

A teacher asked their class to each draw a triangle with side
lengths of 5 cm and 4 cm, and an angle of 45° that is not
formed at the point joining the 5 cm and 4 cm side.

Explain why the triangles drawn by every member of the class
would be congruent.

Problem solving

22,

23.

24.

25.

Construct five congruent triangles from nine matchsticks.

Construct seven congruent triangles from nine matchsticks.

Demonstrate how the figure shown can be cut into four congruent pieces.

Determine the ratio of the outer (unshaded) area to the inner (shaded) area of
the six-pointed star shown.
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LESSON
4.4 Nets, polyhedra and Euler’s formula

LEARNING INTENTIONS

At the end of this lesson students should be able to:
e identify and produce nets of various solids
e define polyhedra and identify examples of Platonic solids
e verify Euler’s formula for various polyhedra.

4.4.1 Nets

eles-4731
e The faces forming a solid can be drawn as plane shapes, which are joined across the edges to form
the solid.
e The complete set of faces forming a solid is called its net. Note that for some figures, different nets can
be drawn.

WORKED EXAMPLE 10 Drawing a possible net for a cone

Draw a possible net for a cone, which has a radius of 7 cm and a
slanting height of 10 cm.

1O/Cm
THINK DRAW

1. The base of a cone is a circle of radius 7 cm.

2. The other (slanted) part of the cone when split open will
form a sector of a circle of radius 10 cm.

3. If the two parts (from steps 1 and 2) are put together, the
complete net of a cone is obtained.

KW

4.4.2 Polyhedra construction

eles-4839
¢ A 3-dimensional solid where each of the faces is a polygon is called a polyhedron. If all the faces are

congruent, the solid is called a regular polyhedron or a Platonic solid.
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¢ Platonic solids are shown below.

e A cube, with 6 faces, e A tetrahedron, with e An octahedron, with
each of which is 4 faces, each of which 8 faces, each of which
a square. is an equilateral triangle. is an equilateral triangle.

AN

¢ A dodecahedron, with e An icosahedron, with
12 faces, each of which 20 faces, each of which
is a regular pentagon. is an equilateral

v
Vﬁ/

-

!

e Construction of polyhedra is conveniently done from nets.

WORKED EXAMPLE 11 Drawing a net of an octahedron

Draw a net of an octahedron.

THINK DRAW
An octahedron is a polyhedron with 8 faces, each of which is /\

an equilateral triangle. So its net will consist of 8 equilateral
triangles. Draw a possible net of an octahedron. \/\/\/\

4.4.3 Euler’s formula

eles-4840
e Euler’s formula shows the relationship between the number of edges, the number of faces and the number

of vertices in any polyhedron. Note that a vertex (the singular of vertices) is a point or a corner of a shape
where the straight edges meet.

Euler’s formula
Euler’s formula states that for any polyhedron:

number of faces (F) + number of vertices (V) — 2 = number of edges (E)
F+V-2=E
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WORKED EXAMPLE 12

Verify Euler’s formula for a tetrahedron.

THINK WRITE

1. Look at the shape of a tetrahedron and state In a tetrahedron there are four faces, four vertices
the number of faces, vertices and edges. and six edges.

2. Write Euler’s formula. number of faces (F) + number of vertices (V) —2 =

number of edges (E)

3. To verify Euler’s formula, show that the left- F=4,V=4andE=6
hand side (LHS) is equal to right-hand side LHS=F+V-2

(RHS). Substitute the values of F, Vand E in =44+4-2
the formula. =06
RHS =6
LHS = RHS
4. Write the conclusion. Euler’s formula holds for a tetrahedron.
Resources

eWorkbook  Topic 4 Workbook (worksheets, code puzzle and project) (ewbk-2004)

Interactivities Individual pathway interactivity: Nets, polyhedra and Euler’s rule (int-4428)
Nets (int-3759)
Polyhedra construction (int-3760)
Euler’s rule (int-3761)

Exercise 4.4 Nets, polyhedra and Euler’s formula learn
4.4 Quick quiz 4.4 Exercise

Individual pathways

B PRACTISE B CONSOLIDATE B MASTER
1,3,7,11, 14 2,5,8,10,12, 15 4,6,9,13, 16
Fluency

1. [lIIE Draw a possible net for the cylinder shown.

214 Jacaranda Maths Quest 9



2. Draw a possible net for each of the following solids.

a. b. C.

/X £

3. IIEEH Draw 2 different nets to form a cube.

4. Draw a net for the octahedron that is different from the one shown. /\

Cut out your net and fold it to form the octahedron. \/\/\/\

5. Using nets generated from geometry software or elsewhere, construct:
a. acube
b. a tetrahedron
c. a dodecahedron.

6. Construct the pyramids shown in the figures.

a. ‘ b.

Understanding

7. Draw some 3-dimensional shapes of your choice. State how many of these shapes are polyhedra, and
name them.

8. INIEAN Verify Euler’s formula for the following Platonic solids.
a. A cube.
b. An octahedron.

9. Show that Euler’s formula holds true for these solids.
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10. Make the prisms shown. Verify Euler’s formula for each shape.

a.

Reasoning

11. Discuss why a knowledge of 3D shapes is important.

12. Explain whether you can verify Euler’s formula for the following shapes. Give reasons.

13. A spherical scoop of ice-cream sits on a cone. Draw this shape.
Explain whether you can verify Euler’s formula for this shape.

Problem solving

14. Renee knows that a polyhedron has 12 faces and 8 vertices. Show how she can determine the number
of edges.

15. Determine which of the following compound shapes are nets that can be folded into a 3D solid.
You may wish to enlarge them onto paper, cut them out and fold them.
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16. The net forms an icosahedron as shown.
Verify Euler’s formula for this shape,
showing your working.

/ b —— v — =

LESSON
4.5 Similar figures

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e identify similar figures
e determine the scale factor between similar figures
e show that two triangles are similar using the appropriate similarity test.

4.5.1 Similar figures and similarity condition

eles-4732 L. . . .
e Similar figures are identical in shape, but U

different in size.

e The corresponding angles in similar figures
are equal in size and the corresponding
sides are in the same ratio. 6

e The symbol used to denote similarity is ~. 5
When reading this symbol out loud we say,

‘is similar to’.

e In the triangles shown AABC is similar to B 4 C
AUVW. That is, AABC~AUVW.

e The ratio of side lengths is known as the
scale factor.

A

<>

Scale factor
length of image

Scale factor =
length of object

e If the scale factor is > 1, an enlargement has occurred.
o If the scale factor is < 1, a reduction has occurred.

e The scale factor for the triangles shown is 2. Each side in UVW is twice the length of the corresponding
side in ABC.
¢ Enlargements and reductions are transformations that create similar figures.
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e The method for creating enlarged figures that is explained in lesson 4.2 can also be used to create
similar figures.

Testing triangles for similarity

e As with congruent triangles, to determine whether two triangles are similar, it is not necessary to know that
all pairs of corresponding sides are in the same ratio and that all corresponding angles are equal.
e Certain minimum conditions can guarantee that two triangles are similar.

Angle-angle-angle condition of similarity (AAA)

e If all of the angles of two triangles are equal, then the triangles are similar.
¢ This is known as the angle—angle—angle (AAA) condition for similarity.
¢ In the diagram shown, AABC ~ ARST (AAA).

S
| /@\
/@\’\ (e3 4
A C R T

Side-side-side condition for similarity (SSS)

e If two triangles have a constant ratio for all corresponding side lengths, then the two triangles are similar.
e This is known as the side—side—side (SSS) condition for similarity.

¢ In the diagram shown, the ratios of all corresponding side lengths are equal(% = % = # = 1.5),

therefore AABC ~ ARST (SSS).

9cm 10.5cm
6cm 7cm

10cm 15cm

Side-angle-side condition for similarity (SAS)

e If two triangles have two corresponding sides in the same ratio and the included angles of those sides are
equal, then the two triangles are similar.
e This is known as the side—angle—side (SAS) condition for similarity.

1
¢ In the diagram shown, the ratio of the triangles’ two corresponding side lengths are equal <% = % = 1.5)
and the included angles are also the same, therefore AABC ~ ARST (SAS).

ANGAN

10cm 15cm
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Right angle-hypotenuse-side condition for similarity (RHS)

e If the hypotenuse and one other corresponding side of two right-angled triangles are in the same ratio, then
the two triangles are similar.

e This is known as the the right angle-hypotenuse—side (RHS) condition for similarity.

¢ In the diagram shown, the ratio of the hypotenuses and one other pair of corresponding sides are equal

(% _ 15_0 - 2), therefore AABC ~ ARST (RHS).

12cm

A S5cm C 10cm T

Summary of similarity tests

¢ Triangles can be checked for similarity using one of the tests described in the table shown.

Test description Abbreviation

All corresponding angles are equal in size AAA (angle—angle—angle)
All corresponding sides are in the same ratio SSS (side—side—side)

Two corresponding sides are in the same ratio and the SAS (side—angle—side)

included angles are equal in size

The hypotenuse and one other corresponding side of two RHS (right angle-hypotenuse—side)
right-angled triangles are in the same ratio

Note: When using the AAA test, it is sufficient to show that two corresponding angles are equal. Since the
sum of the interior angles in any triangle is 180°, the third corresponding angle will automatically be equal.

WORKED EXAMPLE 13 Identifying similar triangles

Identify a pair of similar triangles from the triangles shown. Give a reason for your answer.

a. b. c.
15
10 9 20
L=
et
THINK WRITE
1. In each triangle we know the size of two sides and the For triangles a and b:
included angle, so the SAS test can be applied. Since 15 9
. —===1.5
all included angles are equal (30°), we need 10 6
to determine the ratios of the corresponding sides, For triangles a and c:
looking at two triangles at a time. 20 5 15 55
0 "6
2. Write the answer. Triangle a ~ triangle b (SAS)
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WORKED EXAMPLE 14 Proving that two triangles are similar

Prove that AABC is similar to AEDC.

THINK WRITE

1. AB is parallel to DE. ZABC and £EDC are 2ABC = 2EDC (alternate angles)
alternate angles.

2. #BAC and #DEC are alternate angles. £BAC = «DEC (alternate angles)
3. The third pair of angles must be equal. «BCA = #DCE (vertically opposite angles)
4. This proves that the triangles are similar. AABC ~AEDC (AAA)

e The ratio of the corresponding sides in similar figures can be used to calculate missing side lengths or
angles in those figures.

WORKED EXAMPLE 15 Solving worded problems using similar triangles

A pole 1.5 metres high casts a shadow 3 metres long, as ;.‘v

>

shown. Calculate the height of a building that casts B 2 RE
a shadow 15 metres long at the same time of the day.

15 m
THINK WRITE/DRAW
1. Represent the given information on a diagram. B
/BAC = ZEDC; «zBCA = 2ECD
E
h
o h
A 15m C D 3m C
2. Triangles ABC and DEC are similar. This AABC ~ ADEC (AAA)
means the ratios of corresponding sides are h _ 15
the same. Write the ratios. 15 3
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3. Solve the equation for A.

4. Write the answer in words, including units.

_15x1.5

3
=175

h

The building is 7.5 metres high.

Digital tools to develop similar shapes

We have looked at similar shapes that get bigger with a scale factor greater than one and a similar shape that
reduces in size with a scale factor greater than zero and less than one.

When a shape in enlarged or reduced:
* Angles at the vertex stay the same.
¢ The side lengths increase or decrease.

These similar shapes can be produced by using CAS technology, as shown.

Digital technology

As an example, we will draw a square and enlarge it with a scale factor of 3 and then reduce it with a

scale factor of 0.5.

TI| THINK

1. On a Calculator page,
press MENU and select:
3 Add Geometry

2. Select
2 View and click on 1
Graphing. Then select 6 Grid
and click on 2 Dot Grid.

DISPLAY/WRITE

B 1 Add Calculator
i 2 Add Graphs

&
il 5 Add Data & Stafistics

- 6 Add Notes
L7 Add Vemier DataQuest™
B 8 Add Widget
B3 9 Add Program Editor >
A A Add Python »

108

CASIO | THINK

1. On the Main screen tap:
® Geometry

2. After selecting the
Geometry screen:

® Tap i tocreate a

grid. (You might need to
tap this multiple times
to get the grid).

DISPLAY/WRITE

imu

'.‘._ Picturs '.-—.n Insractive
(CE-

BB

| © File Edit View Draw

-5
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3. Click on and select:
a8 .

9 Settings and tick
Automatically label points

then click OK.

[ Automaticatty

4. To draw a shape, press
MENU and select:
8 Geometry
2 Shapes
To select a rectangle, select
3 Rectangle

£ 1 A

chons
iew L

7 5 Regular Polygon

= & Elipse

2|7 Parabola

J6 8 Hyperbola

<39 Conic by Five Points

5. Tap on the screen where you

j .55 By

nide plot label

Graphs & Geometry Settings

oK Cancel

Points & Lines *

Measurement ¥,
Construction  *}

Transformation ¥

want one of the corners to
be, then drag to the size of
the shape you require.
B Lo
9.5
444 0.8 LR
an point on G

6. From the Menu, click on

H 14 n@‘
8 Geometry, 9,98 4%

then select

X . i 1 Recent b
1 Points & Lines and click 2 Hide/Show ,
. 3 Select 4
OI} 1 POI-I]t. . 4 Window / Zoom 3
Right click on the point and 5 Text
select 5 Text. it S
“¥1 g Pin 5
-3.38 1,16 O 1052
7. Add text to the screen. Text -
being a numerical quantity s gy
‘3’ in this case.
B &
0.5 ®

338 95 {05
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text

Tap:
| =)
rectangle, or the arrow

next to it to choose other
shapes.

to select a

Tap on the screen where
you want one of your
corners to be, then drag

to the size of the shape you |

require.

Tap:
° [J—I' on the arrow as

shown.

® ~—— to enlarge/reduce |

4|

the size of the shape.

Tap the centre of the
shape you want to
enlarge/reduce.

Then type in 3 for the
scale factor and then OK.

| © File Edit View Orsw

[Tap Ditatice Cantar

| © Flla Edit View Drew




8. To enlarge the rectangle by 8. The diagram shows the [0 s Edit View Drew _
a factor of 3. Select from the new shape increased by a
Menu: scale factor of 3.
8 Geometry This shows that the angle i
5 Transformation at the vertices stay the 2 Cilio
5 Dilation .; same (90°), but the side HEEEN
Dilation of the rectangle by lengths are three times EwE ; .
a factor of 3 about a point A. longer. | I
The diagram shows the new
shape increased by a scale E
factor of 3.
9. Completing the same 9. Starting with the shape
process but reducing the shown, complete the same
size of the shape by using a process but reducing the
scale factor of 0.5. 0.5 size of the shape by using | s TR
a scale factor of 0.5.
L Use the same process to |
Bce .
input a scale factor of 0.5. |45
F™ ,:: o point o @0 |
A = ¥
| @ Flla Edit View Draw
Scale
=
[ o ] Carcel ||
L
A = o
@
10. Tap:
°* OK
The shape again has the
same angles at the vertices | & * c |
(90°), but the side lengths =
are half their original | |
length to produce the o
similar shape. ' N .
A D
@
Resources

eWorkbook Topic 4 Workbook (worksheets, code puzzle and project) (ewbk-2004)
Video eLesson Similar triangles (eles-1925)

Interactivity Individual pathway interactivity: Similar figures (int-4496)
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Exercise 4.5 Similar figures learn
4.5 Quick quiz 4.5 Exercise

Individual pathways

B PRACTISE B CONSOLIDATE B MASTER
1,2,6,7,11,14, 15,19, 20 3,4,8,12, 16, 21 5,9,10, 13,17, 18, 22, 23, 24
Fluency

IEEH For questions 1 to 5, Identify the pair of similar triangles among those shown. Give reasons for
your answers.

1. a. b. c.

/N7 60N AS0° 609N\ AR 607N,

c
(@)}
[\S}
(%)
~
0
)
<)
~
o~

10

N 7 w‘i ; \ 7
i oli ~ \S
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Understanding

6. Name two similar triangles in each of the following figures, ensuring that vertices are listed in the
correct order.

a. A B b. Q c. p Q
B
D E
R
A C
P R
C
S T
d B e. A
/\/E)\ /L\\
A C E B D C

7. In the diagram shown, C is the centre of the circle. Complete this statement: AABC is similar to ...
A D
B E
AB BC
a. complete the statement: — = = D

AD ] AE
b. determine the value of the pronumeral.

8. For the diagram shown:

9. Using the diagram shown:

a. determine the values of & and i
b. determine the values of j and k.

TOPIC 4 Congruence and similarity 225



10. Determine the value of the pronumeral in the diagram shown.

A

6

12 B 12 R

11. If the two triangles shown are similar, determine the values of the pronumerals x and y.

13. Determine the value of each pronumeral in the following triangles. Show how you arrived at your answers.

a.
6.8cm 5.2cm
X
9.3cm
b 300 800
6.1cm
X 0.6 5.4cm
30° 0 10.6cm
C.
5.2cm
12.6cm
X
11.1cm 8.5 cm)
y
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Reasoning

14. IIEEA A ladder just touches a bench and also leans on a wall that is
4 metres high, as shown in the diagram.
If the bench is 50 centimetres high and 1 metre from the base of the
ladder, show that the base of the ladder is 8 metres from the wall.

(HHHHHHHHHH]
]
[ |
~
=]

<
L H H A
alalalsl

< ]m->

15. [IZZH Prove that AABC is similar toAEDC in each of the following.
a. D b. E C. D d.

If Alex is 1.8 metres tall, show that their shadow would be 2.4 m long at the same time of day.

17. A string 50 metres long is pegged to the ground and tied to the top of a flagpole. It just touches Maz on the
top of her head. If Maz is 1.5 metres tall and 5 metres away from the point where the string is held to the
ground, show that the height, 4, of the flagpole is 14.37 m.

50 m

h
1.5m

I 5m I

18. Using diagrams or other methods, explain whether the following statements are True or False.

a. All equilateral triangles are similar.

b. All isosceles triangles are similar.

c. All right-angled triangles are similar.

d. All right-angled isosceles triangles are similar.
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Problem solving

19. Paw and Thuy play tennis at night under floodlights. When Paw
stands 2.5 m from the base of the floodlight, her shadow is 60 cm
long.

a. If Paw is 1.3 m tall, evaluate the height of the floodlight in
metres, correct to 2 decimal places.

b. If Thuy, who is 1.6 m tall, stands in the same place, calculate
her shadow length in cm.

20. To determine the height of a flagpole, Jenna and Mia decide to measure the shadow cast by the flagpole.
They place a 1 m ruler at a distance of 3 m from the base of the flagpole and measure the shadows that both
the ruler and flagpole cast. Both shadows finish at the same point.

After measuring the shadow of the flagpole, Jenna and Mia calculate that the height of the flagpole is 5 m.
Determine the length of the shadow cast by the flagpole, as measured by Jenna and Mia. Give your answer
in metres.

21. Use the diagram shown to determine the value of a if XZ=8cm, X'Z' = 12c¢m, X'X =acm and

XY=(a+1)cm. 7

X X Y
22. AB and CD are parallel lines in the figure shown.

a. State the similar triangles.
b. Determine the values of x and y.

A 12 cm B

10.5 cm
C D

21 cm 23 cm

23. PQ is the diameter of the circle shown. The circle’s centre is located at S. R is
any point on the circumference. T is the midpoint of PR. T

a. Write down everything you know about this figure.
b. Explain why APTS is similar to APRQ. P S Q
c. Determine the length of TS if RQ is 8 cm.
d. Determine the length of every other side, given that PT is 3 cm and the angle
PRQ is a right angle.
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24. For the diagram shown, show that, if the base of the triangle is raised to half of the height of the triangle, the
length of the base of the newly formed triangle will be half of its original length.

LESSON
4.6 Area and volume of similar figures

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e convert between different units of length, area and volume
* determine the area of similar figures, given a scale factor of n?
« determine the volume of similar figures, given a scale factor of n>.

4.6.1 Converting between units of length, area and volume
Units of length

e Metric units of length include millimetres (mm), centimetres (cm), metres (m) and kilometres (km).
e Length units can be converted using the chart shown.

+ 100 + 1000

/\/_\/_\

millimetres centimetres metres kilometres
(mm) (cm) (m) (km)

\/\_/\_/

x 100 X 1000

Units of area

e Area is measured in square units, such as square millimetres (mmz), square centimetres (cmz), square
metres (mz) and square kilometres (kmz)
e Area units can be converted using the chart shown. Note, 102 =100; 100> =10 000; 1000 = 1 000 000

=102 = 100? = 10002
77N 7N TN

square square square square
millimetres centimetres metres kilometres
(mm?) (cm?) (m?) (km?)

N

x 10? x 1002 x 1000%

e Area units are the squares of the corresponding length units.
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Units of volume

e Volume is measured in cubic units, such as cubic millimetres (mm3), cubic centimetres (cm3) and
cubic metres (m?).

e Volume units can be converted using the chart shown. Note, 10° = 1000; 100° =1 000 000;
1000° = 1 000 000 000

+ 103 +100° +1000°

TN TN TN

cubic cubic cubic cubic
millimetres centimetres metres kilometres
(mm?) (cm®) (m®) (km?)

N ]

x 103 x 100 x 10003

e Volume units are the cubes of the corresponding length units.

WORKED EXAMPLE 16 Converting between units of measurements

a. Convert 9 m into mm.
b. Convert 150 cm? into mm?.
c. A cube has a side length of 8 cm. Calculate the volume of the cube in m>.

THINK WRITE

a. 1. To convert m to mm: a. 1 m=1000 mm

millimetres centimetres metres
(mm) (cm) (m)
X 10 x 100
x 1000

9m =9 x 1000 mm
9m is 9000 mm.

2. To convert 9 m to mm, multiply 9 with 1000.
3. Simplify and write the answer.

b. 1. To convert cm? into mm?: b. 1cm? = 100mm?
square square
millimetres centimetres
(mm?) (cm?)
102 =100

N S

x 102

2. To convert 150 cm? into mm?, multiply 150 by 150 cm? = 150 X 100 mm?

102 (100).

3. Simplify and write the answer.

c. 1. Write the formula for the volume of a cube.

2. Substitute the value of the side length (/) in the
volume formula.
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150 cm? is 15000 mm?.

c. Volume of a cube (V)=1X[XI,
where [ is the side length.
V=8x8x%8

=512cm?



3

3. The question states that the answer should be given in m”. lem” = —m
To convert cm? into m?: 100
+100°
cubic cubic
centimetres metres
(cm’) (m?)
3. 3 . | s S12 4
4. To convert 512 cm” into m”, multiply 512 by —m. S512cm’ = ——m
100 100°
5. Simplify and write the answer. The volume of the

cube is 0.000512 m3.

4.6.2 Area and volume of similar figures

Area and surface area of similar figures

o If the side lengths of any figure are increased by a scale factor of n, then the area of similar figures
increases by a scale factor of n?.
For example, consider the squares shown.

C
B
A
2 cm
4 cm
6 cm
AreaA =2X2 AreaB =4 x4 AreaC=6X6
=4 cm? = 16cm? =36cm?

e The scale factors for the side lengths and the scale factors for the areas are calculated in the table shown.

Squares Scale factor for side length Scale factor for area
Aand B i=2 E=4=22

2 4
Aand C §=3 §:9:32

2 4

2

BandC 6 = 3 36 = 9 = 3

4 2 16 4 2
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e The surface area of a 3D object also increases by the square of the length scale factor.
For example, consider the cubes shown.

6 cm

Surfacearea A = 6 X4 SurfaceareaB = 6X 16 Surface areaC = 6 X 36

=24 cm? = 96cm? =216cm?

e The scale factors for the side lengths and the scale factors for the surface areas are calculated in the
table shown.

Cubes Scale factor for side length Scale factor for surface area
Aand B ) 9 _,_ o

2 24
A and C §:3 %:9=32

2 24

2

B and C 6.3 ﬁ:2=<§>

4 2 % 4 2

Areas of similar figures

When side lengths are increased by a factor of n, the area increases by a factor of n?.

Volume of similar figures
e If the side lengths of any solid are increased by a scale factor of 7, then the volume of similar solids

increases by a scale factor of n®.
For example, consider the cubes shown.

4 cm

6 cm

Volume A =2X2X2 Volume B =4 x4 x4 VolumeC =6X6X%X6

=8cm’ =64cm? =216cm?

232 Jacaranda Maths Quest 9



e The scale factors for the side lengths and the scale factors for the volumes are calculated in the table shown.

Cubes Scale factor for side length Scale factor for volume
Aand B i=2 g=8:23

2 8
A and C §=3 £=27=33

2 8

3

B and C 6_3 216_21_ (3

4 2 64 8 2

Volumes of similar figures

When side lengths are increased by a factor of n, the volume increases by a factor of n°.

WORKED EXAMPLE 17 Calculating area and volume of similar figures

The side lengths of a box have been increased by a factor of 3.
a. Calculate the surface area of the new box if the original surface area

was 94 cm?.

b. Determine the volume of the new box if the original volume was

60 cm3.

THINK

a. 1. State the scale factor for side length used to increase

the size of the original box.

2. The scale factor for surface area is the square of the

scale factor for length.

3. Calculate the surface area of the new box.

b. 1. The scale factor for volume is the cube of the scale

factor for length.

2. Calculate the volume of the new box.

WRITE

a. Scale factor for side length = 3

Scale factor for surface area
=32

=9

Surface area of new box
=94x%x9

= 846 cm?

b. Scale factor for volume
=33
=27
Volume of new box
=60x27

= 1620cm?
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WORKED EXAMPLE 18 Using technology to calculate volume for similar figures

A small cone has a radius of 5 cm and a height of 15 cm.

a. If the scale factor is 4, determine the dimensions of a larger similar cone.

b. Giving your answers both in exact form and correct to 3 decimal places, calculate the volume of:
i. the smaller cone
ii. the larger cone.

c. Show that the volumes of the two cones are in the ratio 1 : 64.

THINK WRITE
a. The scale factor is 4, so multiply the radius and a. For the larger cone:
height by 4. Write the answers. radius = Scm x4 =20cm

height = 15 cm X4 =60 cm

1
b. i. Use your calculator to work out the volume b. i. V,=-nr’h
of the smaller cone by substituting the 3
following into the formula: — 2 1x52%15
r=35
=15 = 1257 cm’
~ 392.699 cm? (to 3 d.p)
1
ii. Use your calculator to work out the volume i. V, =-mr’h
of the larger cone (V1) by substituting the .
following into the formula: — 27 %20% %60
r=20
h=60. = 80007
~ 25132.741 cm? (to 3d.p)
. V 1
c. Use your calculator to evaluate the ratio of the c. —=—
volumes of the smaller cone and the larger cone. Ve 64 ) )
v 1257 The volumes are in the ratio 1 : 64.
S
V. 80007
TI| THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE
a-b. In a new problem, a-b. On the Main a-b. o e iction imaractive
on a Calculator g screen, complete Ly [ b Jia]sme] e[« [+ |
page, complete the T the entry line as: Lawxs2x15
elntry line as: {].25- 1{_‘]’ Diecimal 302699081699 % X 7T X 52 %15 . s 392, 6990817
X X52%15 £ ool 8000+ = gl
3 7 e Then press EXE. ) 26182, 14123
Then press ENTER. (8000- m)b Dicimat 25122.7412287 1 X 7T % 20% X 60
1 I :
3 X 7 %207 X 60 Then press EXE.
Then press ENTER. V, = 125 e’ Note: Change
To convert the Vj ~ 392.699 CITI3 (to3 dp) Standard to
answer to decimal: V, = 80007 cm’ Decimal :
° Menu ’ ; Alg Decimal Real Deg am
o 2: Number V, ~ 25132741 cm’ (to3d.p.) i
¢ 1: Convert to Vy = 1257 ey
Decimal V, ~ 392.699 cm® (to 3 d.p.)
Then press ENTER. V, = 80007 cm’
V, ~ 25132.741 cm’ (to3d.p.)
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Resources

eWorkbook  Topic 4 Workbook (worksheets, code puzzle and project) (ewbk-2004)

Interactivities Individual pathway interactivity: Area and volume of similar figures (int-4497)

Units of length (int-3779)

Area of similar figures (int-6043)

Volume and surface area of similar figures (int-6044)

Exercise 4.6 Area and volume of similar figures

4.6 Quick quiz

Individual pathways

B PRACTISE Bl CONSOLIDATE
2,5,7,10,14,15

1,3,4,8,9,13

Fluency

4.6 Exercise

B MASTER
6,11, 12,16, 17, 18

1. INZEAN The side lengths of the following shapes have all been increased by a factor of 3.

Copy and complete the table shown.

Original surface area Enlarged surface area
100 cm? a.
7.5 cm? b.
95 mm? c.
d. 918 cm?
e. 45 m?
f. 225 mm?

2. A rectangular box has a surface area of 96 cm? and volume of 36 cm?. Calculate the volume and surface area

of a similar box that has side lengths that are double the size of the original box.

3. The side lengths of the following shapes have all been increased by a factor of 3.

Copy and complete the table shown.

Original volume Enlarged volume
200 cm? a.
12.5cm? b.

67 mm? c.
d. 2700 cm?
e. 67.5m?
f. 27 mm?
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Understanding

4. The area of a bathroom as drawn on a house plan is 5 cm?.
Calculate the area of the actual bathroom if the map has a scale
of 1 : 100.

5. The area of a kitchen is 25 m?.
a. IIETA Convert 25 m? to cm?.
b. Calculate the area of the kitchen as drawn on a plan if the
scale of the plan is 1 : 120. (Give your answer correct to
1 decimal place.)

6. The volume of a swimming pool as it appears on its construction plan is 20 cm?. Determine the actual
volume of the pool if the plan has a scale of 1 : 75.

7. The total surface area of an aeroplane’s wings is 120 m?.

a. Convert 120 m2 to cm?.

b. Calculate the total surface area of the wings of a scale model of the aeroplane if the model is built using
the scale 1 : 80.

Reasoning

8. A triangle ABC maps to triangle A’'B’C’ under an enlargement.
AB=7cm, AC=5cm, A'B'=21cm, B'C' =30cm.
a. Show that the scale factor for enlargement is 3.
b. Determine BC.
c. Determine A'C’.
d. If the area of AABC is 9 cm?, show that the area of AA'B'C’ is 81 cm?.

9. A pentagon has an area of 20 cm?. If all the side lengths are doubled, show that the area of the enlarged
pentagon is 80 cm?.

10. Two rectangles are similar. If the width of the first rectangle is twice of width of the other, prove that the
ratio of their areas is 4 : 1.

11. A cube has a surface area of 253.5 cm?. (Give answers correct to 1 decimal place where appropriate.)

a. Show that the side length of the cube is 6.5 cm.

b. Show that the volume of the cube is 274.625 cm?.

c. Determine the volume of a similar cube that has side lengths twice as long.

d. Determine the volume of a similar cube that has side lengths half as long.

e. Determine the surface area of a similar cube that has side lengths one third as long.

12. In the diagram shown, a light is shining through a hole, resulting in a circular bright spot with a radius of
5 cm on the screen.

d

The hole is 10 mm wide. If the light is 1 m behind the hole, show that the light is 10 m from the screen.
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Problem solving

18. The areas of two similar trapeziums are 9 and 25. Determine the ratio of one pair of these trapeziums’
corresponding side lengths.
14. Answer the following questions.
a. Calculate the areas of squares with sides 2 cm, 5 cm, 10 cm and 20 cm.
b. State in words how the ratio of the areas of these squares is related to the ratio of their side lengths.
15. Two cones are similar. The ratio of these cones’ volumes is 27 : 64.
Determine the ratio of:
a. the perpendicular heights of the cones
b. the areas of the bases of the cones.
16. Rectangle A has dimensions 5 by 4 units, rectangle B has the dimensions 4 by 3 units, and rectangle C has
the dimensions 3 by 2.4 units.
a. Determine which of these rectangles are similar. Explain your answer.

b. Evaluate the area scale factor for the similar rectangles that you have identified.

17. A balloon in the shape of a sphere has an initial volume of 840 cm?. Its volume is then increased to
430080 cm?®.
Determine the increase in the radius of the balloon.

18. A The bottom half of an egg timer, which is shaped like two cones connected at their apexes, has sand
poured into it as shown by the blue section of this diagram.

10 cm

Using the measurements given, evaluate the ratio of the volume of sand in the bottom half of the egg timer to
the volume of empty space that is left in the bottom half of the egg timer.
You could also use technology to evaluate the answer.
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LESSON
4.7 Review

4.7.1 Topic summary

Units of measurement

When converting units of length:

+10 +100 +1000
P e N
millimetres  centimetres metres kilometres
(mm) (cm) (m) (km)
N — ~~— —
x 10 x 100 x 1000
When converting units of area:
+10? +100? +1000?
millimetres  centimetres metres kilometres
(mm?) (cm?) (m?) (km?)
x 102 x 1002 x 1000%
‘When converting units of volume:
+10° +100° +10003
millimetres  centimetres metres kilometres
(mm?) (cm®) (m?) (km?)
x 103 x 1003 x 10003

CONGRUENCE
AND SIMILARITY

Congruent figures

¢ Congruent figures have exactly the same shape and size.

* The symbol for congruence is =.

Tests for congruent triangles

» Ratios compare quantities of the same type.
* Always simplify ratios. For example: 8 : 24 =1:3
image length
object length *
* For a scale factor of n:
if n > 1 the image is larger than the object
if n < 1 the image is smaller than the object.

¢ Scale factor =

Similar figures

 Similar figures have the same shape, but
different sizes.

e The symbol for similarity is ~.

If the scale factor of similar figures’ sides is 7, then:

« the scale factor of their areas is n”

« the scale factor of their volumes is 7.

Tests for similar triangles

N
P

B
/3\ AAA
a Y a Y
A C R T

S
B
6 W cm 10.5cm SSS
T

9
A 10cm C R 15cm

S
B
6cy\ 9%\ SAS
a 14

A 10cm C R 15¢cm T
S
B 12cm
I()cm RHS
A 5cm C R 10cm T

e Note: Sides of similar triangles are not equal. They are
proportional, or have the same scale factor.

NNIE
AN
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Nets, polyhedra and Euler's formula

* The complete set of faces forming a solid is called
its net.

* A 3-dimensional solid where each of the faces is a
polygon is called a polyhedron.

e Euler’s formula shows the relationship between the
number of edges (E), faces (F) and vertices (V) in
any polyhedron: F+V -2=E



4.7.2 Success criteria

Tick the column to indicate that you have completed the lesson and how well you have understood it using the
traffic light system.

(Green: I understand; Yellow: I can do it with help; Red: I do not understand)

Lesson ‘ Success criteria @ Q Q

4.2 | can compare two quantities of the same type using ratios.

| can simplify ratios.

| can enlarge a figure using a scale factor.

| can calculate and use a scale factor.

4.3 | can identify congruent figures.

| can show that two triangles are congruent using the appropriate
congruency test.

4.4 | can identify and produce nets of various solids.

| can define polyhedra and identify examples of Platonic solids.

| can verify Euler’s formula for various polyhedra.

4.5 | can identify similar figures.

| can determine the scale factor between similar figures.

| can show that two triangles are similar using the appropriate similarity test.

4.6 | can convert between different units of length, area and volume.

| can, for a given scale factor of n?, determine the area of similar figures.

| can, for a given scale factor of n®, determine the volume of similar figures.

4.7.3 Project

What'’s this object?

When using geometrical tools to construct shapes, we have to make sure
that our measurements are precise. Even a small error in one single step
of the measuring process can result in an incorrect shape. The object
you will be making in this task is a very interesting one. This object is
made by combining three congruent shapes.
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The instructions for making the congruent shape that you will use to then make the final object are
given below.

Part 1: Making the congruent shape

1. Using a ruler, a protractor, a pencil and two compasses, draw a shape in your workbook by following the
instructions below.

Measure a horizontal line (AB) that is 9.5 cm long. To make sure there is enough space for the whole
of the final object, draw this first line close to the bottom of the page you are working on.

At point B, measure an angle of 120° above the line AB. Draw a line that follows this angle for 2 cm.
Mark the end of this line as point C, creating the line BC.

At point C, measure an angle of 60° on the same side of line BC as point A. Draw a line that follows
this angle for 7.5 cm. Mark the end of this line as point D, creating the line CD.

At point D, measure an angle of 60°above the line CD. Draw a line that follows this angle for 3.5 cm.
Mark the end of this line as point E, creating the line DE.

At point E, measure an angle of 120° above the line DE. Draw a line that follows this angle for 2 cm.
Mark the end of this line as point F, creating the line EF.

Join point F to point A.

Colour or shade this shape using any colour you wish.

2. Determine the length of the line joining point A to point F.
3. Describe what you notice about the size of the angles FAB and AFE.

Part 2: Making the final object

You have now constructed the shape that will be used three times to make the final object. To make this
object, follow the instructions below.

the edges of both of the shapes you have just drawn. Label the shapes
with the same letters you used to mark the points A—F when making the

e Trace the original shape onto a piece of tracing paper twice. Cut around '

first shape
¢ Place the line DC of your second traced copy so that it is covering up line
FA of the shape you first drew. Use the tracing paper to transfer this shape o/
onto the original shape. Colour or shade this third section with a /
third colour.
4. Describe the object you have drawn.
5. Using the internet, your school library or other references, investigate

other ‘impossible objects’ that can be drawn as 2-dimensional shapes.
Recreate these shapes on a separate sheet of paper. Beside these '
shapes, briefly write some reasons for these shapes being referred to

original shape. /
Place line AF of the first traced copy of the original shape so that it is )
C

covering up line CD of the shape you first drew. Use the tracing paper
to transfer this shape onto the original shape. Colour or shade the traced ¥7
shape using a colour that is different to the colour you used for the / \‘/

Q

as‘impossible’.

Resources

eWorkbook  Topic 4 Workbook (worksheets, code puzzle and project) (ewbk-2004)

Interactivities Crossword (int-2693)

Sudoku puzzle (int-3205)
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Exercise 4.7 Review questions learn

Fluency

1.

10.

11.

12

Express each of the following ratios in simplest form.

a.8:16 b.24:16 c.27:18

Express each of the following ratios in simplest form.

a. 56 : 80 b.8:20 c.49:35

T There are 9 girls and 17 boys in a Year 9 maths class. Select the ratio of boys to girls.

A.9: 17 B.17:9 C.17:26 D.9:26 E.26:9

Jan raised $15 for a charity fundraising event, while her friend Lara raised $25. Calculate the ratio of:

a. the amount Jan raised to the amount Lara raised
b. the amount Jan raised to the total amount raised by the pair
c. the amount the pair raised to the amount Lara raised.

A pigeon breeder has 45 pigeons. These include 15 white, 21 speckled pigeons, and the rest grey.
Calculate the following ratios.

a. White pigeons to grey pigeons.

b. Grey pigeons to speckled pigeons.

c. White pigeons to the total number of pigeons.

Express each of the following ratios in simplest form.
a.4l:1 b.6l:9 c.7l:3l
2 8 4 2
Express each of the following ratios in simplest form.
a.8.4:72 b.0.2 : 2.48 c.6.6:0.22
I Jack has completed 2.5 km of a 4.5 km race. Choose the ratio of the distance Jack has completed to
the remaining distance he has left to run.
A.9:5 B.4:5 C.4:9 D.5:4 E.5:9
I If x : 16 =5 : 4, select the value of the pronumeral x.
A. 1l B.4 C.16 D. 20 E. 25
= If 40 : 9 =800 : y, select the value of the pronumeral y.

A. 20 B. 40 C. 180 D. 450 E. 761

Determine the value of the pronumeral in each of the following.
a.a:15=2:5 b.b:20=5:8 c.9:10=12:¢

A polyhedron has a faces, 3a vertices and (2a + 8) edges. Evaluate a.
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13. APQR ~ ADEF. Determine the length of the missing side in each of the following combinations.
a. Calculate DF if PQ =10 cm, DE =5 cmand PR = 6 cm
b. Calculate EF if PQ =4 cm, DE=12cmand QR =5cm
c. Calculate QR if DE =4 cm, PQ =6 cm and EF = 8§ cm
d. Calculate PQ if DF =5 cm, PR =8 cm and DE =6 cm
e. Calculate DE if QR = 16 cm, EF =6 cm and PQ = 12 cm

14. Identify which of the following pairs of shapes are congruent.
a. b.

15. Name the congruent triangles in these figures and determine the value of the pronumerals in each case.

P
2 cm
135°
3cm A
D X

a.
N

W
ZV
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16. Copy each of the following shapes and enlarge (or reduce) them by the given factor.
a. b.

Enlarge by a factor of 2. Reduce by a factor of 3.

/N

Enlarge by a factor of 4.

17. Determine the enlargement factors that have been used on the following shapes.

a. b.
A , B
A . B ' 12.5 C 5
T —_—
+ F2cm —> = 6 cm 4
! 10

3cm ,
D’ 9 cm ¢

d.
P P’
’ R!
Q R Q
5em 3cm
18. Evaluate the value of the pronumerals in the pair of congruent o
triangles shown. 80
12cm Y

40°
\/ A

19. The area of a family room is 16 m? and the length of the room is 6.4 m. Calculate the area of the room
if it is drawn on a plan that uses a scale of 1 : 20.
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20. Each of the diagrams shown shows a pair of similar triangles. Calculate the value of x in each case.

a.
5
3
10 —
6 4
-
X

b.

3 3

X
9 9
12
C.
5
7
8
X

d.

3

3 10
X

Problem solving

21. The diagram shows a ramp made by Jinghua for her automotive
class. The first post has a height of 0.25 m and is placed 2 m from
the end of the ramp.

If the second post is 1.5 m high, determine the distance it should be
placed from the first post.

22. Consider the figure shown.
a. Write a formal proof for a similarity relationship between two triangles in this
figure. Give a reason for the similarity.
b. Determine the values of the pronumerals.
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23. Slocum is a yacht with a length of 12 m and a beam (width) of 2.5 m. A model of Slocum is constructed
for a museum. If the length and width of the model are one fifth of the yacht’s actual length and width,
determine how the volume of the yacht and the volume of the model compare.

24. Before the start of a yacht race, judges must certify that all of the yachts have the same size of sail.
Without removing the triangular sails from their masts, state the congruency rule that the official could
most efficiently use to work out if the sails on each of the boats are exactly the same.

Explain why this is the most appropriate rule.

25. Calculate the height of the top of the ladder in the photo shown by using similar triangles. Give your
answer correct to 1 decimal place.

26. Pohis given a 1 m ruler and asked to estimate the height of a palm tree. She places the ruler vertically
so that its shadow ends at exactly the same point as the shadow of the palm tree. The ruler’s shadow is
2.5m long and the palm tree’s shadow is 12.5 m long.

1-m rulerll *

2.5 m>
-~ 125m——>

Poh performed some calculations using similar triangles and calculated the height of the palm tree to be
4 m. Her friend Mikalya said that she thought Poh’s calculations were incorrect, and that the answer
should be 5 m.

a. State the correct answer.

b. Explain the error that was made by the person with the incorrect answer.
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27. A flagpole casts a shadow 2 m long. If a 50 cm ruler is placed upright at the base of the flagpole it casts
a shadow 20 cm long. Evaluate the height of the flagpole.

5001111 }

20 em
-~ 2m —>

28. A student (S) uses a tape measure, backpack (B), water bottle (W), tree (T) and jacket (J) to help
calculate the width of a river.

T

a. Copy and complete the following:

i. £ and £ are both .
ii. ZSBT and « are equal because .
iii. «£STB and « are equal because .

b. Rewrite the following statement, selecting the correct alternatives from within each set of brackets.
«STB and #JWB are (similar / congruent) (SSS / SAS / AAA / ASA / RHS)

c. Copy and complete the following equation.

5t_[

w []

d. Use your answer to part ¢ to evaluate the width of the river.

To test your understanding and knowledge of this topic go to your learnON title at
www.jacplus.com.au and complete the post-test.
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Answers

Topic 4 Congruence and similarity

4.1 Pre-test

.25:39

.x=13.5

E

C

.y:z=9:8

. False

D

. a. £CED b. ASA
A

10. B,D

11. x=2.3cm

12. b=17.5

13.a.3:5 b.9:25
14.9:1

15. B

© ® N O O A 0N =

4.2 Ratio and scale
1. a.i. 240:7 ii. 7:240

2
b. The track is 34; times as long as it is wide.
2.a.i. 5:2 i. 2:5
b. The cliff is 2.5 times as high as the distance from the
base of the cliff to the emu.

3.a.2:3 b.1:7 c.1:3 d.2:5
4.a.4:15 b.40:31 ¢ . 8:25 d. 100 : 33
5.a.6:1 b.13:15 ¢ 4:1 d5:1
6.a.1:2 b.20:3 c.1:6 d.5:3
7.a.5:1 b.11:5 c.43:20 d.1:200
8.a.3:4 b.8:7 c.2:3 d. 28 : 25
9.a.2:7 b.10:3 c.33:16 d.23:15
10.a.a=9 b.b=24 c.c=32
11.a.e=3é b.f=142 c.g:?aE
4 5 4
12, a.i=29l b.j=8i c.k=10%
3 7 5
13. >
A,/,/’///
b /
N /’/D////é
// /
D’/ C
14, B
BAA
.zéééc'"' c

15.

16.
17.
18.
19.
20.
21.

22,

23.

24.

25.

26.
27.
28.
29.
30.

a. 3 b. 12cm c.3.5cm

a. 175 : 6428 b. 37

2.5mL

1000 g

a. 200 b.6mX6m c.5mX5m

a. Sample responses can be found in the worked solutions
in the online resources.
b. 1.69 g gold, 0.5 g copper, 0.06 g silver

Sample responses can be found in the worked solutions in
the online resources.

2k x 3k x 5k = 30k>

306° = 21870
¥ =729
k=9

Substituting & into the ratio 2k : 3k : 5k, the dimensions are
18 cm, 27 cm and 45 cm.

The profits aren’t shared in a fair ratio. Tyler gets more
profit than his share and Dylan gets less profit than his
share. Only Ari gets the correct share of the profit.

Sample responses can be found in the worked solutions in
the online resources.

680 cm
y:z=9:8
P=4,0=6
49 students
125 students

4.3 Congruent figures

[ T Gy
A W N = O

15.
16.
17.

© 0O N O O A~ W DN =

.bandc
.aandc
.aand b

D

. AABC and APQR, SAS
. AABC and ALNM, SSS
. ALMN and APQR, SAS
. AABC and APQR, ASA
. AABC and ALMN, RHS
. AABC and ADEF, ASA

.x =3cm

. x=178°

. x=280°y=30°z="70°
ca.x=30%y=7

b. x=40°,y=50° z=>50° n=90°, m =90°
a.2cm b. 8cm c. 6mm d. 7mm
Yes, because they are identical.

No. The reason for congruence in this situation
could alternatively be ASA.
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18.

15 cm
15 cm

w00 Y 9° 20° ™\
19. a. SSS b. SSS c. SAS

20. Sample responses can be found in the worked solutions in
the online resources.

21. Because the angle is not between the two given sides, the
general shape of the triangle is not set. This means that
it is possible to draw many different shapes that fit these
conditions.

22. This can be done by making an equilateral triangle and a
regular tetrahedron.
[ J

o
4

e )
a o

23. This can be done by making a a double regular tetrahedron.

24. Each piece shown in this solution is similar to the original

shape.
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25.1:1

AN

A/
/NN \

V

4.4 Nets, polyhedra and Euler’s formula

1.

Sem

10 cm
2. a
b.
c.
3. Two possible nets are:
or




4. A possible net is:

V

5 to 7. Sample responses can be found in the worked solutions
in the online resources.
8.a. EF=12,V=8,F=6,84+46—-2=12
b. E=12,V=6,F=8,6+8—-2=12
9.a.E=18, V=12, F=8,8+12—-2=18
b.andc E=12,V=8,F=6,6+8—-2=12

10. a, b. For each shape, E=9, V=6 and F =5 where

5+46—-2=09.

11. Answers will vary. Sample response: A knowledge of 3D
shapes reinforces key maths concepts such as volume
relationships, geometrical models and shape recognition.
Identify and orgainse visual information. Interpretations of
data displays require an understanding of the representation
of space.

12. No. Edges, vertices and faces can not be identified on a
solid with curves.

13. .--~. No
N\

14. Sample responses can be found in the worked solutions in
the online resources.

15. a. Yes b. Yes c. No

16. 20 triangular faces, 30 edges and 12 vertices
20+ 12-2=30

4.5 Similar figures

.aand c, AAA

. aand b, SSS

. aand b, SAS

. aand c, RHS

. aand c, SSS

. a. AABC and ADEC
b. APQR and AABC
c. APQR and ATSR
d. AABC and ADEC
e. AADB and AADC

o O A WON =

7. AEDC

g a 2B _BC_AC
"® AD _ DE _ AE
b.y=10

9.a. h=3.75,i=17.5
b.j=24,k=11.1

10.
11.

12.
13.
14.

15.

16.

17.

18.
19.
20.
21.
. a. AEDC and AEBA

23.

24.

x=12
. 1
x=20 ,y=2Z
x=6,y=8
a.x=7.1 b. x=3.1 c.x=75y=17.7

Sample responses can be found in the worked solutions in
the online resources.
Sample responses can be found in the worked solutions in
the online resources.
Sample responses can be found in the worked solutions in
the online resources.
Sample responses can be found in the worked solutions in
the online resources.

a. True b. False c. False d. True
a. 6.72m b. 78 cm

3.75m

a=1cm

b. x=3cm, y~3.29cm

a. Sample response can be found in the worked solutions in
the online resources.

b. SAS
c. 4cm
d. PR6cm, PS5cm and PQ 10cm

The triangles are similar (AAA). [ = g

4.6 Area and volume of similar figures

1.

a. 900 cm? b. 67.5cm’ c. 855 mm?
d. 102 cm? e.5m? f. 25 mm?>

2. SA =384 cm?, V=288 cm’

w

10.

11.

© N o o s

. a. 5400 cm’® b. 337.5cm® c. 1809 mm’

d. 100 cm® e. 2.5m’ f. 1mm’
. 50000 cm?
. a.250000cm?  b. 17.4cm?
. 8437500 cm’

. a. 1200000 cm? b. 187.5cm?

a. Sample responses can be found in the worked solutions
in the online resources.

b. 10cm
c. 15cm

d. Sample responses can be found in the worked solutions
in the online resources.

. Sample responses can be found in the worked solutions in

the online resources.

Sample responses can be found in the worked solutions in
the online resources.

a. Sample responses can be found in the worked solutions
in the online resources.

b. Sample responses can be found in the worked solutions
in the online resources.

c. 2197 cm?
d. 34.3cm’
e. 28.2cm?
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12. Sample responses can be found in the worked solutions in 15. a. AANP~ ADWR, x =3 cm

the online resources. b. ATKB = AKTS or ATKB = AKST,
13.3:5 x=75°%y=30°%2z=75° p=5cm, g=5cm
14. a. 4cm2, 25 cmz, IOOcmz, 400 cm? 16. a.

b. The ratio of the areas is equal to the square of the ratio of
the side lengths.

15.a.3:4 b.9:16

16. a. A and C are similar rectangles by the ratio 5 : 3 or scale

5
factor —.
3

25
b. —
9

17. The new radius is 8 times the old radius.
18. The ratiois 7 : 1.

Project

1. F

A B
2. 7.5cm

3. «.FAB = 60°, £AFE = 60° ;

4. The impossible triangle

5. Students are required to research and investigate other
‘impossible’ objects drawn as two-dimensional shapes.
These need to be created on a separate sheet of paper with
reasons as to why they are termed ‘impossible’. Q

4.7 Review questions

1.a.1:2 b.3:2 c.3:2
2.a.7:10 b.2:5 c.7:5
3.B 3
4.a.3:5 b.3:8 c.8:5 17.a.3 b. 0.4 c.g d. 3.5
5.a.5:3 b.3:7 c.1:3 18. x = 12cm, y = 80°, 7 = 40°
6.a.9:2 b.49:72 c.29: 14 19. 400 cm?
1 2
7.a.7:6 b.5:62 c.30:1 20.a.x=38 b.x=4 c.x=11- d.x=26-
5 3
8.D
9.D 21. 10m
10. C 22. a. AABC ~ AQPC, AAA
1 1 b.y=12,z=3
11.a.a=6 b.b=12- c.c=13- 1
12. g = 2 3 23. The model is — the volume of the yacht.
.a=5 125
13. a. 3cm b. 15cm c. 12cm 24. The easiest way to check for congruency is to measure
d. 9.6cm e. 45cm the parts of each sail that are easiest to reach. This would
14. a. Congruent b. Not congruent c. Congruent be the bottom of each sail and the angles at the bottom of

each of those sails. In this situation ASA would be the most
appropriate rule to use.
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25.2.1m
26. a. 5m
b. Mikalya had the correct answer. Poh used the distance
of 10 m (from the ruler to the tree) in her calculations
instead of 12.5 m (the whole length of the tree’s shadow).
27.5m
28. a. i. «TSB and «WIJB are both right angles.
ii. £SBT and £JBW are equal because they are vertically
opposite.
«STB and 2JWB are equal because they
are alternate.
b. £SBT and £«BJW are similar (AAA).

ST 50
C. — = —

w5
d. 27m
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LESSON
5.1 Overview

5.1.1 Why learn this?

Trigonometry is the branch of geometry that is concerned with triangles. The word
‘trigonometry’ was created in the sixteenth century from the Greek words trigonon
(‘triangle’) and metron (‘measure’), but the study of the geometry of triangles

goes back to at least the sixth century BCE, when the ancient Greek philosopher
Pythagoras of Samos developed his famous theorem.

Pythagoras was particularly interested in right-angled triangles and the
relationships between their sides. Later, Greek mathematicians used Pythagoras’
theorem and the trigonometric ratios to calculate all kinds of distances,
including Earth’s circumference. Trigonometry is still the primary tool used by
surveyors and geographers today when working out distances between points on
Earth’s surface.

None of the structures we build would be possible without our understanding of

geometry and trigonometry. Engineers apply the principles of geometry and trigonometry regularly to make sure
that buildings are strong, stable and capable of withstanding extreme conditions. Triangles are particularly useful
to engineers and architects because they are the strongest shape. Any forces applied to a triangular frame will

be distributed equally to all of its sides and joins. This fact has been known for thousands of years — triangular

building frames were used as far back as the sixth century BCE.

A truss is an example of a structure that relies on the strength of triangles. Trusses are often used to hold up the
roofs of houses and to keep bridges from falling down. Triangular frames can even be applied to curved shapes.
Geodesic domes, like the one shown here, are rounded structures that are made up of many small triangular

frames connected together. This use of triangular frames makes geodesic domes very strong, but also very light

and easy to build.
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Exercise 5.1 Pre-test learn

1. Calculate the value of x in the diagram shown.

13 cm

2. Calculate the value of a in the diagram shown, correct to 2 decimal places.

37.1m

24.6 m

559 m

3. I Identify which set of 3 numbers could represent the sides of a right-angled triangle.
A.2,3,4 B. 5,12, 13 c.1,2,3 D.5,6,7 E. 3,56

4. If aright-angled triangle has side lengths a, a + b and a — b, where both a and b are greater than 0, state
which one of the lengths is the hypotenuse.

5. I Identify the correct rule linking the sides of the right-angled triangle
shown.

A c?=(a +b)2

B.c=a+b

C.c2=a*+b?

b
D.c= -
a

E.c?=a*-b?

6. T Consider the right-angled triangle shown. Identify the correct option for
angle 6.
A. a is the adjacent side. ¢
B. b is the opposite side.
C. a is the hypotenuse 0
D. b is the adjacent side.
E. c is the opposite side.

4
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7. I Identify the correct trigonometric ratio for the triangle shown.
a

A. tan(6) = — b 0
c
B. sin(6) = b
a c
c
C. 0)=-—
cos(0) >
c
D. sin(f) = —
sin(0) P
E. cos(6) = é
c

8. Calculate the length of the unknown side of each of the following triangles, correct to 2 decimal places.

a. b. b

6.2 cm

a
34°
13.4 mm
21°
9. Evaluate, correct to 4 decimal places.

a. sin(62.5°) b. cos(12.1°) c. tan(74.9°)

10. I Identify the lengths of the unknown sides in the
triangle shown. 15 b

A.a=6.1, b=137and c=7.3 24° 40°

B.a=6.1, b=13.7and c=5.1
C.a=5.1,b=6.1and c=13.7
D.a=13.7, b=6.1 and c=5.1
E.a=13.7, b=6.1and c=17.3

11. Calculate the value of 6 in the triangle shown, correct to 1 decimal place.

153 cm

6.2 cm
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12. I Identify the value of 6 in the triangle shown, correct to 2 decimal places.
A.25.27° 0
B. 28.16°
C.28.17°
D. 61.83° 3078
E. 64.73°

145.3

13. & Determine the correct value of the side length a.
A.7.62
B. 10.04
C.14.34 2
D. 20.48
E. 29.25

H

14. A person who is 1.54 m tall stands 10 m from the foot of a tree and records the angle of elevation
(using an inclinometer) to the top of the tree as 30°.
Evaluate the height of the tree, in metres correct to 2 decimal places.

30°

1.54mI

10 m

15. The angle of depression from a scuba diver who is floating on the water’s surface to a shark swimming
below them on the sea floor is 35.8°. The depth of the water is 35 m.
Evaluate the horizontal distance from the scuba diver to the shark, in metres correct to 2 decimal places.
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LESSON
5.2 Pythagoras’ theorem

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e identify the hypotenuse in a right-angled triangle
e recall Pythagoras’ theorem
e apply Pythagoras’ theorem to calculate unknown side lengths.

5.2.1 Introducing Pythagoras’ theorem

e A right-angled triangle is a triangle that contains a right angle (90°).
e The longest side of a right-angled triangle is always found opposite the ’
right angle. This side is called the hypotenuse. e”o&e
e Pythagoras (580-501 BCE) was a Greek mathematician who explored
the relationship take between the lengths of the sides of right-angled triangles.

eles-4750

e The relationship he described is known as Pythagoras’ theorem.
e If the lengths of two sides of a right-angled triangle are given, then Pythagoras’ theorem lets us calculate
the length of the unknown side.

Pythagoras’ theorem

In any right-angled triangle, the square of the hypotenuse is equal to
the sum of the squares of the other two sides. This rule is written as
follows.

c=a*+b*

In this rule, a and b represent the two shorter sides of a right-angled b
triangle, while c represents the hypotenuse.

WORKED EXAMPLE 1 Assigning Pythagorean identities

For the right-angled triangles shown below:

i. state which side is the hypotenuse ii. write Pythagoras’ theorem.
a. b.

f m p

d

- t
THINK WRITE
a. i. The hypotenuse is always opposite the right a. Side f is opposite the right angle. Therefore,

angle. side f is the hypotenuse.
! Y,
pO[
d e’)llse
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ii. If the triangle is labelled as usual with a, b and c,
as shown in blue, Pythagoras’ theorem can be cf
written and then the letters can be replaced with
their new values (names).

e b
c=fia=d;b=e
2 =a?+b?

f2:d2+€2

b. i. The hypotenuse is opposite the right angle. b.

Hypotenuse ¢

Side 7 is opposite the right angle.
Therefore, side ¢ is the hypotenuse.

ii. If the labels on the triangle are replaced with a, b
and c, as shown in blue, Pythagoras’ theorem can
be written out, and then the letters a, b and ¢ can
be changed back to the original labels.

c=t;b=p;a=m

¢t =a*+b?

£ =m?+p?

5.2.2 Calculating unknown side lengths

eles-4751
e Pythagoras’ theorem can be used to calculate the unknown side length of a right-angled triangle if the other

two side lengths are known.

* To calculate an unknown side length, substitute the known values into the equation ¢* = a*> + b* and solve
for the remaining pronumeral.

¢ Remember that the hypotenuse always corresponds to the pronumeral c.

WORKED EXAMPLE 2 Calculating the length of the hypotenuse

For the triangle shown, calculate the length of the hypotenuse, x, correct to 1 decimal place.

11

THINK WRITE
1. Copy the diagram and apply the labels a, b and c to the
triangle, pairing them with the known values and the
pronumeral. Remember to label the hypotenuse as c.
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2. Write out Pythagoras’ theorem. 2 =a*+b?

3. Substitute the values of a, b and c into this rule and simplify. x> =77+ 11°
=49+ 121
=170

4. Calculate x by taking the square root of 170. Round the x=/170

answer to 1 decimal place. x=13.0

WORKED EXAMPLE 3 Calculating the length of a shorter side

Calculate the length, as an exact value and correct to 1 decimal place, of the unmarked side of the
triangle shown.

14 cm

THINK

1. Copy the diagram and label the sides a, b and c. Remember to
label the hypotenuse as c.

2. Write out Pythagoras’ theorem for a shorter side.

3. Substitute the values of b and c into the equation and simplify. a2 = 14> —§2
=196 — 64
=132
4. Calculate the value of a by taking the square root of 132. a= /132 Exact answer.
Round the answer to 1 decimal place. =11.5cm 1 decimal place.

5.2.3 Applying Pythagoras’ theorem

eles-4752
e If a problem involves a right-angled triangle, then Pythagoras’ theorem can be applied to determine

a solution.

Applying Pythagoras’ theorem to a problem

Read the question carefully and draw a right-angled triangle to represent the problem.

Identify the known values and place them on the diagram in their correct positions.

Identify the variable that you will need to determine.

Substitute the known values into Pythagoras’ theorem. Make sure that they are all using the same
units of length. You may need to convert some units.

Solve for the unknown value.

6. Use the result to write the answer as a complete sentence.

>oODdp =

o
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WORKED EXAMPLE 4 Solving problems using Pythagoras’ theorem

A wedge of cake has been cut so that it forms a right-angled
triangle. The longest edge of the wedge is 12 cm long and its shortest

edge is 84 mm long.
Calculate the length of the third side, in cm correct to
1 decimal place.

THINK

1.

Draw a right-angled triangle.

Identify the longest side (this will always be the
hypotenuse) and place its value on the diagram.
Identify the shortest side and place its value on
the diagram.

Label the side with unknown length as x.

Identify the length of the hypotenuse and the two
shorter sides.

Check that the units for all measurements are the same.

Convert 84 mm to centimetres by dividing by 10.

Substitute the values into the equation and simplify.

Solve the equation for x by:
subtracting 70.56 from both sides and taking
the square root of both sides.

It is not possible for a triangle to have a side with a
negative length, therefore the solution must be the
positive value. Round the answer to 1 decimal place
and include the appropriate units.

Werite the answer as a sentence.

\ K

WRITE
12 cm
84 mm
X
c=12cm
a=84mm=2_8.4cm
b=x
2 =a?+b?
12% = (8.4)* + 2
144 = 70.56 + x*
144 —70.56 = 70.56 — 70.56 + x>
73.44 = x2
\V73.44 = /22
+ 8.5697 ~ x
x =8.6cm

The third side of the slice of cake is
8.6 cm long.

5.2.4 Pythagorean triads

eles-4753

¢ A Pythagorean triad is a group of any three whole numbers that satisfy Pythagoras’ theorem.

For example, {3, 4, 5} is a Pythagorean triad because 3° =9,4” = 16 and 5° =25, and 9 + 16 =25.

e Pythagorean triads are useful when solving problems using Pythagoras’ theorem.

e If two known side lengths in a triangle belong to a triad, the length of the third side can be stated without

performing any calculations.

e Some well known Pythagorean triads are {3, 4, 5},{5, 12, 13},{8, 15, 17} and {7, 24, 25}.
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WORKED EXAMPLE 5 Identifying Pythagorean triads

Determine whether the following sets of numbers are Pythagorean triads.

a. {9, 10, 14} b. {33, 65, 56}
THINK WRITE
a. 1. Pythagorean triads satisfy Pythagoras’ a. >=da’+b
theorem. Substitute the values into the LHS = ¢? RHS = a’ + b*
equation ¢* = a*> + b* and determine = 14? =924107
whether the equation is true. Remember = 196 =81+ 100
that c is always the longest side. = 181
2. Write your conclusion. Since LHS # RHS, the set {9, 10, 14} is not a
Pythagorean triad.
b. 1. Pythagorean triads satisfy Pythagoras’ b. 2 =a*+b?
theorem. Substitute the values into the LHS = 65> RHS = 33% +56°
equation c? = a® + b? and determine = 4225 = 1089 + 3136
whether the equation is true. Remember = 4225
that c is always the longest side.
2. Write your conclusion. Since LHS = RHS, the set {33, 65, 56} is a

Pythagorean triad.

e If each term in a Pythagorean triad is multiplied by the same
number, the result is also a triad.
For example, if we multiply each number in {5, 12, 13} by 2,
the result {10, 24, 26} is also a triad.

e Builders and gardeners use multiples of the Pythagorean
triad {3, 4, 5} to make sure that walls and floors are at right
angles to each other.

§o

a0

There are different ways to determine Pythagorean Triads, such as Fibonacci’s Method and Sequences of mixed
numbers to name a couple.
We will look at an algorithm using Dickson’s Method of determining Pythagorean Triads.

by W

Algorithm for Pythagorean Triads:

Step | THINK WRITE
1. Select a number and call this r. r==8
2
2. Calculate the value of ﬁ ﬁ = 8— = ﬁ =32
2 2 2 2
. . r
3. List all the pairs of factors of the —value. Factors of 32 are:
2
(1,32)
(2,16)
4,8)
4. Call the factors s and . Factor (1,32)
s=1landr=32
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5. Use the following to calculate the Pythagorean Triads. xX=r+s
xX=r+s =841
y=r+t -9
z=r+s+t

y=r+t
=8+32
=40

z=r+s+t
=8+1+32
=41

6. Write the Pythagorean Triad. {9,40,41}

7. Repeat for the other factor pairs.

8. Call the factors s and . Factor (2, 16)

s=2andr=16

9. Use the following to calculate the Pythagorean Triads. xX=r+s
xX=r+s =842
y=r+t - 10
z=r+s+t

y=r+t
=8+16
=24

z=r+s+t
=8+2+16
=26

10. | Write the Pythagorean Triad. {10,24,26}

11. | Call the factors s and ¢. Factor (4, 8)

s=4andr=38

12. | Use the following to calculate the Pythagorean Triads. xX=r+s
xX=r+s =844
y=r+t - 12
z=r+s+t

y=r+t
=848
=16

Z=r+s+t
=8+4+4+8
=20

13. | Write the Pythagorean Triad. {12, 16,20}

Resources
eWorkbook  Topic 5 Workbook (worksheets, code puzzle and project) (ewbk-2005)

Finding the hypotenuse (int-3844)
Finding the shorter side (int-3845)
Pythagorean triads (int-3848)

Interactivities Individual pathway interactivity: Pythagoras’ theorem (int-4472)
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Exercise 5.2 Pythagoras’ theorem learn
5.2 Quick quiz 5.2 Exercise

Individual pathways

B PRACTISE B CONSOLIDATE B MASTER
1,5,6,8,12,15 2,7,9,13, 16 3,4,10, 11, 14, 17
Fluency

1. [IEZM For the right-angled triangles shown below:

i. state which side is the hypotenuse
ii. write Pythagoras’ theorem.

a. b. C. d.
y w A\ F
r » z
X P m
s
U

2. IZA For each of the following triangles, calculate the length of the hypotenuse, giving answers correct to
2 decimal places.

a. 47 b. 19.3
804
6.3
27.1
562

3. = Calculate the value of the pronumeral in each of the following triangles. Give your answers correct to
2 decimal places.

a. x b. C. 80 cm d-
168 mm >2m B
12 cm
10 f
16
100 mm

P 24 mm

4. llIZA Calculate the value of the missing side length. Give your answer correct to 1 decimal place.

12.7 cm
7.5 cm \
1
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5.

A Determine whether the following sets of numbers are Pythagorean triads.

a. {2, 5, 6} b. {7, 10, 12} c. {18, 24, 30}
d. {72, 78, 30} e. {13, 8, 15} . {50, 40, 30}

Understanding

6.

In a right-angled triangle, the two shortest sides are 4.2 cm and 3.8 cm.

a. Draw a sketch of the triangle.
b. Calculate the length of the hypotenuse correct to 2 decimal places.

. A right-angled triangle has a hypotenuse of 124 mm and another side of 8.5 cm.

a. Draw a diagram of the triangle.
b. Calculate the length of the third side of this triangle. Give your answer in millimetres, correct to
2 decimal places.

8. I Identify which of the following sets is formed from the Pythagorean triad {21, 20, 29}.
A. {95, 100, 125} B. {105, 145, 100} C. {84, 80, 87}
D. {105, 80, 87} E. {215, 205, 295}
9. 1A Identify the length of the hypotenuse in the triangle shown. 4 cm

A. 25cm
B. 50cm 3cm
C. 50 mm
D. 500 mm
E. 2500 mm

10. [T Identify the length of the third side in the triangle shown. 82 cm
A. 48.75cm
B. 0.698 m 43 cm
C. 0.926m
D. 92.6cm
E. 69.8 mm

11. The lengths of two sides of a right-angled triangle are given below:
a. a = 37cm, ¢ = 180 cm; calculate bin cm.
b. a=856mm, b= 1200 mm; calculate ¢ in cm.
c. b=4950m, ¢ =5.6km; calculate a in km.
d. a=125600mm, ¢c =450m; calculate binm.
Calculate the value of the third side. Give your answer in the units specified (correct to 2 decimal places).
The diagram shown illustrates how each triangle is to be labelled.

c
a
b

Remember that ¢ is always the hypotenuse.

Reasoning

12. A ladder that is 7 m long leans up against a vertical wall. The top of the ladder reaches 6.5 m up the wall.

Determine how far the foot of the ladder is from the wall.
Give your answer correct to 2 decimal places.
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13. A rectangular park measures 260 m by 480 m. Danny usually trains by running five circuits around the edge
of the park. After heavy rain, two of the adjacent sides are too muddy to run along, so Danny runs along
a triangular path that traces the other two sides and the diagonal. Danny does five circuits of this path for
training.
Show that Danny has run about 970 metres less than his usual training session.

14. A water park has hired Sharnee to build part of a ramp for a new water slide. She builds a 12-metre-long
ramp that rises to a height of 250 cm. To meet safety regulations, the ramp can only have a gradient between
0.1 and 0.25.
Show that the ramp Sharnee has built is within the regulations.

Problem solving
15. Spiridoula is trying to hang her newest painting on a hook in her hallway. She leans a ladder against the wall
so that the distance between the foot of the ladder and the wall is 80 cm. The ladder is 1.2 m long.

a. Draw a diagram showing the ladder leaning on the wall.

b. Calculate how far up the wall the ladder reaches. Give your answer correct to 2 decimal places.

c. Spiridoula climbs the ladder to check whether she can reach the hook from the step at the very top of the
ladder. When she extends her arm, the distance from her feet to her fingertips is 1.7 m.
If the hook is 2.5 m above the floor, determine whether she can reach it from the top step of the ladder.

16. a. The smallest numbers of four Pythagorean triads are given below. Determine the middle number of each
triad, and use this answer to determine the third number of each triad.

i.9 ii. 11 iii. 13 iv. 29
b. Comment about the triads formed in part a.

17. We know that it is possible to determine the exact square root of some numbers, but not others. For example,

we can determine 4/4 exactly, but not \/5 or \/g . Our calculators can calculate decimal approximations of
these square roots, but because they cannot be found exactly they are called ‘irrational numbers’.
However, there is a method of showing the exact location of irrational numbers on a number line.

Using graph paper, draw a right-angled triangle with 2 equal sides of length 1 cm as shown below.

2
0 1 23 45 6 7 8

Using Pythagoras’ theorem, we know that the longest side of this triangle is \/5 units. Place the compass
point at zero and make an arc that will show the location of \/5 on the number line.

0 122 3 4 5 6 7 8

Draw another right-angled triangle using the longest side of the first triangle as one side, and make the other
side 1 cm in length.

0 122 3 4 5 6 7 8

The longest side of this triangle will have a length of \/g units. Draw an arc to determine the location of \/5
on the number line.
Repeat these steps to draw triangles that will have sides of length \/4_1, \/g, \/g units, and so on.
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LESSON
5.3 Applications of Pythagoras’ theorem

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e divide composite shapes into simple shapes
e calculate unknown side lengths in composite shapes and irregular triangles
e use Pythagoras’ theorem to solve problems in 3D contexts.

5.3.1 Using composite shapes to solve problems

eles-4754
e Complex or unusual shapes can be thought of as composites of simpler shapes with known properties.

¢ Dividing a shape into a series of these simpler shapes lets us use the known properties of those shapes to
determine unknown values.

* For example, to calculate the value of x in the trapezium shown, a vertical line can be added to the
trapezium to create two shapes: a right-angled triangle and a rectangle.

e Using Pythagoras’ theorem, we can now calculate the length of x, which has become the hypotenuse of

triangle ABE.
B 20 C B 20 C
L] | L]
X X |
10 | 10
—> |
[] [ []
A 36 D A E 36 D

WORKED EXAMPLE 6 Calculating unknown side lengths in composite shapes

Calculate the value of x in the diagram shown, correct to 1 decimal place.

4.2

35
55

THINK WRITE

1. Add a horizontal line to divide the shape into 2 smaller 4.2
shapes, one that is a right-angled triangle, as shown in u L
orange. x is the hypotenuse of a right-angled triangle.
To use Pythagoras’ theorem, the length of the side shown
in green must be known. This length can be calculated as the 42
difference between the long and short vertical edges of the ]
trapezium: 5.5 —3.5=2. X

3.5 3.5
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2. Write out Pythagoras’ theorem and substitute the values of 2 =ad*+b?

a, b and c. R=024 (4‘2)2

a=2,b=42,c=x
x* =4+17.64

X2 =21.64

Vo2 = \/21.64

x =~ *£4.651 88

3. Itis not possible to have a side with a negative length. x=4.
Therefore the solution is the positive value. Round the
answer to 1 decimal place

e To determine the value of y in the irregular triangle shown, the

B
triangle can be split into two right-angled triangles: AABD (pink)
and ABDC (blue). There is now enough information to calculate 4 . 7
the missing side length from AABD. This newly calculated length
A 2 D Y C

can then be used to determine the value of y.

WORKED EXAMPLE 7 Applying Pythagoras’ theorem to non-right-angled triangles

a. Calculate the perpendicular height of an isosceles triangle with equal sides that are both 15 mm
long and a third side that is 18 mm long.
b. Calculate the area of this triangle.

THINK WRITE
a. 1. Draw the triangle and label all side lengths as described. a.
15 mm i t 15 mm
18 mm
2. Draw an additional line to represent the height of the
triangle (shown in pink) and label it appropriately. 15 irin 15 mm
Because the triangle is an isosceles triangle, 4 bisects the
base of 18 mm (shown in purple) to create two right-angled
triangles. 18 mm
3. Consider one of these right-angled triangles, which both
have a height of 4. The base length of each of these triangles 15 mm
is 18 =9 mm.
2
9 mm
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4. Substitute the values from this right-angled triangle into
Pythagoras’ theorem to calculate the value of 4.

5. It is not possible to have a side with a negative length.
Therefore the solution is the positive value. Include the
appropriate units in your answer.

b. 1. Write the formula for the area of a triangle. Using the

answers from part a, the base is 18 mm and the height is
12 mm.

2. Answer the question with appropriate units.

¢t =a*+b?

152 = h? 4+ 92
225 = h* + 81
225—81=h>+81-81

144 = 1?
+12="h
h=12mm

The perpendicular height of the
triangle is 12 mm.

b. AA = %bh

=l><18><12
2

= 108

The area of the triangle is 108 mm?.

5.3.2 Pythagoras’ theorem in 3D

eles-4755

e Pythagoras’ theorem can be used to solve problems in three dimensions.

e 3D problems often involve multiple right-angled triangles.

¢ It is often helpful to redraw sections of a 3D diagram in two dimensions. This makes it easier to see

any right angles.

N

WORKED EXAMPLE 8 Using Pythagoras’ theorem in 3D problems

Calculate the maximum length of a metal rod that would fit into a rectangular crate with dimensions

Imx1.5m x0.5m.

THINK

1. Draw a diagram of a rectangular box with a rod in it. Label
the dimensions of this diagram.

2. Draw a right-angled triangle that has the metal rod as one
of its sides (x, shown in pink). The lengths of x and y in this
right-angled triangle are not known.

Draw a second right-angled triangle (shown in green) to
allow you to calculate the length of y.

WRITE

1.5m

Wi y 1m
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3. Calculate the length of y using Pythagoras’ theorem.

y
1 m
1.5m
=a’+b
¥ =15+12
y* =325
y=1V3.25
4. Draw the right-angled triangle that has the rod as its
hypotenuse. Use Pythagoras’ theorem to calculate the x
length of x. 0.5m
z=height of the crate = 0.5 m
y= y325m
c? =a*+b?

x=13.5
~ 1.87

5. Answer the question with appropriate units. The maximum length of the metal rod is
1.87 m (correct to 2 decimal places).

Resources

eWorkbook Topic 5 Workbook (worksheets, code puzzle and project) (ewbk-2005)
Video eLesson Pythagoras’ theorem in 3 dimensions (eles-1913)

Interactivities Individual pathway interactivity: Applications of Pythagoras’ theorem (int-4475)
Composite shapes (int-3847)
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Exercise 5.3 Applications of Pythagoras’ theorem learn
5.3 Quick quiz 5.3 Exercise

Individual pathways

B PRACTISE Bl CONSOLIDATE B MASTER
1,2,4,8,14,18 3,6,7,9, 13,15, 16, 19 5,10, 11,12, 17, 20
Fluency
. . 13
1. IEEA Calculate the length of the side x in the figure shown, correct to =
2 decimal places.
X 11 cm
-
18 cm

2. Calculate the values of the pronumerals in each of the following photographs and diagrams. Give your
answers correct to 2 decimal places.

3. For each of the following diagrams, calculate the lengths of the sides marked x and y. Give your answer
correct to 2 decimal places (where necessary).

a. b.
10 12
X 5 X
]
- ——>
3 Y 4
- 5 .
c 5 d
7 y
18
18
2
20 ]
] NS
ul m
<> <>
10 y
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4. The height of an isosceles triangle is 3.4 mm and its equal sides are twice as long.

a. Sketch the triangle, showing all the information given.
b. Calculate the length of the third side, correct to 2 decimal places.
c. Calculate the area of the triangle, correct to 2 decimal places.

Understanding

5. IlIEH Calculate the length of the longest metal rod that could fit diagonally into each of the boxes shown
below. Give your answers correct to 2 decimal places.

a. b. 1.1m C.

18 cm 17.02 cm

| |
I I
I +
| |
| |
< |

N ————F--L 1.75 cm Y
19.5cm \ S~ Y

1. 7
15 cm 6m J/ 42.13 cm

6. The side length of an equilateral triangle is 1 m. Calculate:

a. the height of the triangle in metres, correct to 2 decimal places
b. the area of the triangle in m?, correct to 3 decimal places.

~

. [T Identify the longest length of an object that fits into a box with dimensions of 42 cm X 60 cm X 13 cm.
A. 74.5cm B. 60cm C.732cm D. 5533 cm E. 74cm

(o]

. Priya wants to pack an umbrella into her suitcase, which measures 89 cm X 21 cm X 44 cm.

a. State whether her 1 m umbrella will fit in.
b. Give the length of the longest umbrella that Priya could fit in their suitcase, correct to 2 decimal places.

©

. Giang is packing her lunch into her lunchbox, which measures 15 cm X 5 cm X 8 cm.

a. State whether her 22 cm straw will fit in.
b. Calculate the length of the longest object that will fit into Giang’s lunchbox, correct to 2 decimal places.

10. A cylindrical pipe is 2.4 m long. It has an internal diameter of 30 cm. Calculate the size of largest object that
could fit inside the pipe. Give your answer correct to the nearest cm.

11. A classroom contains 20 identical desks << 1.75m

shaped like the one shown.

a. Calculate the width of each desktop
(labelled w). Give your answer correct
to 2 decimal places.

b. Calculate the area of each desktop,
correct to 2 decimal places.

c. If the top surface of each desk needs
to be painted, determine the total area
of the desktops that need to be painted.
Give your answer correct to
2 decimal places. (18

d. Each desktop needs to be given 2 coats :
of paint. The paint being used is sold
in 1-litre tins that cost $29.95 each.

Each of these tins holds enough paint to cover an area of 12 m?.
Using your answer to part c, calculate how much it will cost to paint all 20 desks.
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12. A utility knife has a blade shaped like a right-angled trapezium. Its sloping edge is 2 cm long and its parallel
sides are 32 mm and 48 mm long.
Calculate the width of the blade, then use your answer to calculate the blade’s area.

13. A cylindrical pencil holder has an internal height of 16 cm. If its diameter is 8.5 cm and its width is 2 mm,
calculate the length of the longest pen that could fit inside the holder. Give your answer correct to the
nearest mm.

Reasoning

14. Consider the figure shown. ¢
a. State whether you can calculate the length of AC without first calculating the lengths of AD
and DC.
b. Calculate the lengths of the sides in part a. Give your answer correct to 2 decimal places.
c. Explain whether the triangle ABC is right-angled. 4 cm
i 6

10 cm

D B

cm

15. Explain in your own words how a 2D right-angled triangle can be seen in a 3D figure. A
16. Katie goes on a hike. She walks 2.5 km north, then 3.1 km east. She then walks 1 km north and 2 km west.

Finally, she walks in a straight line back to her starting point. Show that Katie has walked a total distance of
12.27 km.

17. Consider the following diagram:

a. Show that the distance AB is 18.44 metres.
b. Show that the angle ZACB is not a right angle.

Problem solving

18. The diagram shown illustrates a cross-section of the roof of Gabriel’s house.

a. Calculate the height of the roof, #, to the nearest millimetre.
b. The roof’s longer supports, labelled L, are 5200 mm long. Show that the
shorter supports, labelled s, are 2193 mm shorter than the longer supports.

~—— 9000 mm ——>

19. A flagpole is attached to the ground by two wires, as illustrated in the <
diagram shown. Use the information in the diagram to determine
the length of the lower wire, x.
Give your answer correct to 1 decimal place.

124 m

20. Evaluate the values of the pronumerals w, x, y and z in the diagram shown.

N
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LESSON
5.4 Trigonometric ratios

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e identify the hypotenuse, opposite and adjacent sides of a right-angled triangle with respect to a
given angle
e use the ratios of a triangle’s sides to calculate the sine, cosine and tangent of an angle.

5.4.1 What is trigonometry?

eles-4756
e The word trigonometry is derived from the Greek words trigonon (‘triangle’) and metron

(‘measurement’). The literal translation of the word is ‘to measure a triangle’.

¢ Trigonometry deals with the relationship between the sides and the angles of a triangle.

¢ As we have already seen, the longest side of a right-angled triangle is called the hypotenuse. It is always
located opposite the right angle.

 In order to name the remaining two sides of a triangle, another angle, called the ‘given angle’, 8, must be
labelled on the triangle. 6 is pronounced ’theta’; it is the eighth letter of the Greek alphabet.

e The side that is across from the given angle is called the opposite side (or altitude). You can see that the
opposite side does not touch the given angle at all.

e The remaining side is called the adjacent side (or base).

e Note that the given angle always sits between the hypotenuse and the adjacent side.

* When the hypotenuse equals one, sin(6) = Opposite (or altitude) and cos(8) = Adjacent (or base).

Opposite Hypotenuse
Hypotenuse (Altitude)
0
Adjacent
(Base)

WORKED EXAMPLE 9 Labelling the sides of a right-angled triangle

Label the sides of the right-angled triangle shown using the words ‘hypotenuse’, ‘adjacent’
and ‘opposite’.
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THINK WRITE

1. Identify the hypotenuse. Remember that the hypotenuse
always lies opposite the right angle.

2. Look at the position of the given angle. The given angle
always sits between the hypotenuse and the adjacent side;
therefore, the adjacent side is the bottom side of
this triangle.

3. The opposite side does not touch the given angle; therefore, it
is the vertical side on the right of this triangle.

Adjacent

ausoddp

5.4.2 Trigonometric ratios

eles-4757

special name.
e In any right-angled triangle:

sit

sine(g) = —2PO°C

hypotenuse

< d.L C t
cosine(0) = Lo
hypotenuse

sit
tangent(0) = —OPP o
adjacent

TOPIC 5

e Trigonometry is based upon the ratios between pairs of side lengths. Each of these ratios is given a

o
S
Ny
S

)

Opposite

Adjacent
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These rules are often abbreviated as shown in the following.

Trigonometric ratios

. (0]
sin(@) = —
©)] -

A
cos(0) = —
© -

(0]
tan(0) = —
@ A

The following mnemonic can be used to help remember the trigonometric

ratios.

SOH — CAH —TOA

In this mnemonic:

Opposit
» SOH refers to sin(f) = _ZPPOstte
Hypotenuse
Adj t
o CAH refers to cos(6) = _Adjacemt
Hypotenuse
O it
o TOA refers to tan(f) = w.
Adjacent

WORKED EXAMPLE 10 Identifying trigonometric ratios

For the triangle shown, write the equations for the sine, cosine and tangent ratios of the given

angle (0).
13
5
= 0
12
THINK WRITE
1. Label the sides of the triangle.
Hypotenuse
5
Opposite
-
12
Adjacent
. . . . . (0] A (@)
2. Write the trigonometric ratios. sin(6) = —, cos(f) = —, tan(6) = —.
H H A
. . . 5 12 5
3. Substitute the values of A, O and H into sin(6) = —, cos(f) = —, tan(6) = —
each formula. 13 13 12
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WORKED EXAMPLE 11 Relating sides to trigonometric ratios

For each of the following triangles, write the trigonometric ratio that relates the two given sides and
the given angle.

a. b. <
18
15
6 ) \
b
THINK WRITE
a. 1. Label the given sides. a.

Hypotenuse

Opposite

2. We are given O and H. These are used in SOH. Write sin(0) = o
the ratio. H
3. Substitute the values of the pronumerals into the ratio. sin(b) = %
. . . 2
4. Simplify the fraction. sin(b) = s
b. 1. Label the given sides. b. Adjacent
Opposite
X

2. We are given A and O. These are used in TOA. Write tan(0) = 9
the ratio. =
3. Substitute the values of the angle and the pronumerals tan(50°) = 1x_8

into the ratio.

Resources

eWorkbook  Topic 5 Workbook (worksheets, code puzzle and project) (ewbk-2005)

Interactivities Individual pathway interactivity: Trigonometric ratios (int-4498)
Triangles (int-3843)
Trigonometric ratios (int-2577)
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Exercise 5.4 Trigonometric ratios learn
5.4 Quick quiz 5.4 Exercise

Individual pathways

B PRACTISE Bl CONSOLIDATE B MASTER
1,3,5,8,11,13,16, 19 2,6,9,14,17,20 4,7,10,12, 15, 18, 21
Fluency

A For questions 1 and 2, label the sides of the following right-angled triangles using the words ‘hypotenuse’,
‘adjacent’ and ‘opposite’.

1. a. b b. c.
\ 0
2. a. b. \ -
0 )
Adjacent
0

3. For each of the following right-angled triangles, label the given angle and, where appropriate, the
hypotenuse, the adjacent side and the opposite side.

a. Opposite

b. C. K
G I e
S
J
H L

4. [T Identify which option correctly names the sides and angle of the triangle shown.

A
he\
B C
. #B =0, AB = adjacent side, AC = hypotenuse, BC = opposite side
«2C =0, AC = opposite side, BC = hypotenuse, AC = adjacent side
«£A =6, AB = opposite side, BC = hypotenuse, AC = adjacent side

«2C =0, AB = opposite side, AC = hypotenuse, BC = adjacent side
. £C =0, BC = adjacent side, AB = hypotenuse, AC = opposite side

moow»
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IET For questions 5-10, based on the given angle in the triangles shown, write the expressions for the ratios
of sine, cosine and tangent.

5.

0

8

1

h

a

7.
s
0.9
H
8. i
|

N

2
g

10.

<

6
L]
0
8
1.5
1.2
24
5
a b
c

t

11. IKEEH Write the trigonometric ratio that relates the two given sides and the given angle in each of the
following triangles.

a.

1

[\

b. 25 @ c. . 3 - d.
17
30 }9
(6N
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12. Write the trigonometric ratio that relates the two given sides and the given angle in each of the
following triangles.

a. 14.3 b. 7 c. 77 d.
20 31 9.8
17.5
3.1

Understanding

13. I Identify the correct trigonometric ratio for the triangle shown.

a C

A. tan(y) = B. sin(y) = C. cos(y) = % b

S o |

D. sin(y) = E. tan(y) =

S

14. I Identify the incorrect trigonometric ratio for the triangle shown.

C. cos(ax) = a
c

A. sin(@) = B. sin(a) =

D. tan(x) = E. cos(a)=

SN
als 0 IR

15. I A right-angled triangle contains angles a and 8 as well as its right angle. Identify which of the
following statements is always correct.

A. sin(a) = sin(B) B. tan(a) = tan() C. cos(ax) =1 —sin(P)

D. tan(x) = E. cos(ax) =1 +sin(p)

tan(3)

Reasoning

16. If a right-angled triangle has side lengths m, (m + n) and (m — n), explain which of the lengths is the
hypotenuse.

17. Given the triangle shown:

45°

a. explain why a=»>
b. determine the value of tan(45°).
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18. Using a protractor and ruler, carefully measure and draw a right-angled triangle with a
base 10 cm long and an angle of 60°, as shown in the diagram. Measure the length of the
other two sides of this triangle and mark these lengths on the diagram as well. Give the
lengths of these sides to the nearest millimetre.

Use your measurements to calculate the following three ratios, correct to 2 decimal places.

opposite opposite adjacent
adjacent " hypotenuse " hypotenuse 5

Draw another triangle, similar to the first. Make the base length any length you want,
but make sure all angles are equal to the angles in the first triangle. Once this is done,
measure the length of the remaining two sides.

Calculate the following three ratios correct to 2 decimal places.

10 cm

opposite _ opposite adjacent

adjacent B " hypotenuse - " hypotenuse B

Comment on the conclusions you can draw from these two sets of ratios.

Problem solving

19. A ladder leans on a wall as shown. In relation to the angle given,
identify the part of the image that represents:

a. the adjacent side
b. the hypotenuse
c. the opposite side.

20. Consider the right-angled triangle shown.
a. Label each of the sides using the letters O, A and H with respect to

the 41° angle. @
b. Determine the value of each of the following trigonometric ratios,
correct to 2 decimal places. 49 mm
i sin(41°) ii. cos(41°) iii. tan(41°) 32 mm

c. Calculate the value of the unknown angle, c.

d. Determine the value of each of the following trigonometric ratios,
correct to 2 decimal places. (Hint: Start by re-labelling the sides of
the triangle with respect to angle «.) 37 mm

i. sin(x) ii. cos(a) iii. tan(or)

e. Comment about the relationship between sin(41°) and cos(c).

f. Comment about the relationship between sin(a) and cos(41°).

g. Make a general statement about the two angles.

41°

21. In relation to right-angled triangles, investigate the following.

a. As the acute angle increases in size, determine what happens to the ratio of the length of the opposite side
to the length of the hypotenuse in any right-angled triangle.

b. As the acute angle increases in size, determine what happens to the ratio of the length of the adjacent side
to the length of the hypotenuse. Determine what happens to the ratio of the length of the opposite side to
the length of the adjacent side.

c. Evaluate the largest possible value for the following.

i. sin(8) ii. cos(6) iii. tan(9)
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LESSON
5.5 Calculating unknown side lengths

LEARNING INTENTIONS

At the end of this lesson you should be able to:
* use a calculator to calculate the trigonometric ratios for a given angle
e determine the lengths of unknown sides in a right-angled triangle given an angle and one known
side length.

5.5.1 Values of trigonometric ratios
eles-4758
e The values of the trigonometric ratios are always the same for a given angle.

For example, if a right-angled triangle has a given angle of 30°, then the ratio of the opposite side to the
hypotenuse will always be equal to sin(30°) = 0.5.

e The ratio of the adjacent side to the hypotenuse will always be equal to cos(30°) ~ 0.87. This relationship
is demonstrated in the table.

(0] A O

sin(30°) = — cos(30°) = — tan(30°) = —

(30°) q (30°) q (30°) A
10 cm = i — @ — i
3 cm 10 10 8.66
300 =0.5 =0.87 =0.58

8.66 cm

(0] A (0]

sin(30°) = — cos(30°) = — tan(30°) = —

(30°%) q (30°) 0 (30°) A
I cm 2cm = l — ﬂ — L
2 2 1.74
30° =05 =0.87 =0.58

1.74 cm

WORKED EXAMPLE 12 Evaluating trigonometric ratios using a calculator

Evaluate each of the following. Give your answers correct to 4 decimal places.
a. sin(53°) b. cos(31°) c. tan(79°)

THINK WRITE

a. 1. Set the calculator to degree mode. Make the calculation a. sin(53°) = 0.798 63
and then write out the first 5 decimal places.

2. Round the answer to 4 decimal places. =~ 0.7986

b. 1. Set the calculator to degree mode. Make the calculation b. cos(31°) = 0.857 16
and then write out the first 5 decimal places.

2. Round the answer to 4 decimal places. ~ 0.8572

c. 1. Set the calculator to degree mode. Make the calculation c. tan(79°) = 5.144 55
and then write out the first 5 decimal places.

2. Round the answer to 4 places. ~ 5.1446
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TI| THINK DISPLAY/WRITE

a-c. 1. Ensure your calculator Document Sattings

is set to Degree and Display Digits

Approximate modes. To
do this, press:

« HOME

« 5: settings

« 2: Document settings
In the Display Digits,
select Fix 4, tab to
Angle and select
Degree, then tab to
Calculation Mode and
select Approximate.

Tab to OK and press
ENTER.

2. On a Calculator page,
complete the entry lines
as:
sin(53)
cos(31)
tan(79)

Press CTRL ENTER
after each entry to get a
decimal approximation.

oK Cancel

Triganometiy ceo [{]

sin{53) 0.7986

cos(21) 0.8572
fanl73) 51446

a. sin(53°) ~ 0.7986
b. cos(31°) ~ 0.8572
c. tan(79°) ~ 5.1446

CASIO | THINK DISPLAY/WRITE
. Ensure the calculator iS [ & actien i
in Degree and Decimal [ b-[iafsm]2[v [T '£7
modes. On the Main T i
screen, complete the | cas¢3L)
. 0,857 1673007
entry lines as: tan(79)
Sln(53) £, 144554018
a
cos(31)
tan(79)
Press EXE after each
entry.
Mg Decimal Real Dag E

a. sin(53°) ~ 0.7986
b. cos(31°) ~ 0.8572
c. tan(79°) ~ 5.1446

5.5.2 Determining side lengths using trigonometric ratios

eles-4759
e If a given angle and any side length of a right-angled triangle are known, it is possible to calculate the

lengths of the other sides using trigonometry.

WORKED EXAMPLE 13 Calculating an unknown side length using the tangent ratio

Use the appropriate trigonometric ratio to calculate the length of the unknown side in the triangle
shown. Give your answer correct to 2 decimal places.

16.2 m 8!

THINK WRITE
1. Label the given sides. Adjacent
16.2 m

O
Opposite

¥\

2. These sides can be used in TOA. Write tan(0) = 9
the ratio. A
3. Substitute the values of 8, O and A into the ratio. tan(58°) = ﬁ
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4. Solve the equation for x. 16.2 X tan(58°) = x

5. Calculate the value of x to 3 decimal places, then round the x = 16.2 tan(58°)

answer to 2 decimal places. x =25.925
x=x2593m
Tl | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE
Ensure your calculator is set e e Ensure your calculator is S T e |
to Degree mode. In a new N sl | st to Degree mode. On the 53 [0 [Hea]sme oo [ [ o]
problem, on a Calculator solv m(ss)-;x Main screen, complete the — [—— - -
page, complete the entry z entry line as: solve (tan (58) =15 5+ %) :
li : | X =
ine as . solve (tan(58) _ ,x) {x=25.92541937}
solve <tan(58) = —,x> 16.2 n
16.2 Then press EXE.
Then press ENTER.
x =25.93 m (correct to
2 decimal places)
Alg Decimal Real Deg lT[I
x =25.93m (correct to
2 decimal places)

WORKED EXAMPLE 14 Calculating an unknown side length using the cosine ratio

Use the appropriate trigonometric ratios to calculate the length of the
side marked m in the triangle shown. Give your answer correct to 17.4 cm

2 decimal places.
22°

THINK WRITE

1. Label the given sides. Adjacent

17.4 cm

22°
m
Hypotenuse
. . . A
2. These sides can be used in CAH. Write cos(f) = —
the ratio. H
. . o 17.4
3. Substitute the values of 6, A and H into cos(22°) = —
the ratio. mn
4. Solve the equation for m. m cos(22°) = 17.4
17.4
m=———
cos(22°)
5. Calculate the value of m to 3 decimal places, m = 18.766

th d th to 2 decimal places.
en round the answer to 2 decimal places m~ 18.77 cm
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WORKED EXAMPLE 15 Solving worded problems using trigonometric ratios

Bachar set out on a bushwalking expedition. Using a compass, he set off
on a course N 70°E (or 070°T) and travelled a distance of 5 km from
his base camp.

A

Base camp

a. Calculate how far east Bachar travelled.
b. Calculate how far north Bachar travelled from the base camp.
Give answers in km correct to 2 decimal places.

THINK WRITE
a. 1. Label the eastern distance x. a. Opposite
Label the northern distance y. %
Label the sides of the triangle as hypotenuse, -
opposite and adjacent.
Adjacent
y

5 km
Hypotenuse

. (0]

2. To calculate the value of x, use the sides of sin(6) = —

the triangle: x=0, H=15. H
These are used in SOH. Write the ratio.

3. Substitute the values of the angle and the sin(70°) = a
pronumerals into the sine ratio. 5
4. Make x the subject of the equation. x = 55in(70°)
5. Solve for x using a calculator. Write out the = 4.698
answer to 3 decimal places.
6. Round the answer to 2 decimal places. ~ 4. 70 km
7. Write the answer in sentence form. Bachar has travelled 4.70 km east of the
base camp.
A
b. 1. To calculate the value of y, use the b. cos(6) = —
hypotenuse and the adjacent side: y = A, =
H=5.

These are used in CAH. Write the ratio.

TOPIC 5 Pythagoras and trigonometry 285



2. Substitute the values of the angle and the cos(70°) = %

pronumerals into the cosine ratio.

3. Make y the subject of the equation. y = 5cos(70°)
4. Solve for y using a calculator. Write out the =1.710
answer to 3 decimal places.
5. Round the answer to 2 decimal places. ~ 1.71 km
6. Write the answer in sentence form. Bachar has travelled 1.71 km north of the
base camp.

Resources

eWorkbook Topic 5 Workbook (worksheets, code puzzle and project) (ewbk-2005)
Interactivity Individual pathway interactivity: Calculating unknown side lengths (int-4499)

Exercise 5.5 Calculating unknown side lengths learn
5.5 Quick quiz 5.5 Exercise

Individual pathways

B PRACTISE Bl CONSOLIDATE B MASTER
1,4,6,9,12,13, 16, 19, 22 2,5,7,10,14, 17, 20, 23 3, 8,11, 15,18, 21, 24, 25
Fluency

1. a. IlEAN Calculate the following. Give your answers correct to 4 decimal places.
i. sin(55°) ii. sin(11.6°)
b. Complete the table shown. Use your calculator to calculate each value of sin(6). Give your answers
correct to 2 decimal places.
(7] 0° 15° 30° 45° 60° 75° 90°
sin(0)

c. Summarise the trend in these values.

2. a. Calculate the following. Give your answers correct to 4 decimal places.
i. cos(38°) ii. cos(53.71°)
b. Complete the table shown. Use your calculator to calculate each value of cos(0). Give your answers
correct to 2 decimal places.

(7] 0° 15° 30° 45° 60° 75° 90°
cos(0)

c. Summarise the trend in these values.
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3. a. Calculate the following. Give your answers correct to 4 decimal places.

i. tan(18°)

ii. tan(51.9°)

b. Complete the table shown. Use your calculator to calculate each value of tan(9). Give your answers
correct correct to 2 decimal places.

o

00

15°

30° 45°

60°

75° 90°

tan(0)

c. Determine the value of tan(89°) and tan(89.9°).

d. Comment on these results.

For questions 4—10, use the appropriate trigonometric ratios to calculate the length of the unknown side in each
of the triangles shown. Give your answers correct to 2 decimal places.

b.
27°
7.9 m y

4. IZH
a.
17 m
a ]
% P 34em
p
6. =
a.
k 11 cm
75°
7.a. 572km
] W
P
8. a [y /
119.83 mm

b.

7.7 km

b.

N\

a
[ ]

e
242

46.7 cm

C.
Z
31°

46 mm

S
37.8 m
22°

C. q y
16.1 cm‘
C. b
4
L]

29.52 m

C.
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9. a. b. 39.75m c. 40.25 m
80
33°
d
1.73 km @ Y
y

10. a. b. E c. O
> ‘
m
63.2m
3(0° 312.18 mm
98 cm

11. Calculate the lengths of the unknown sides in the triangles shown.
Give your answers correct to 2 decimal places.

) b. c.
18
/ /4—\\
58.73 30° 40° 38
. a C
b Q

N

42° 63°) ]

S

Understanding

12. I Identify the value of x in the triangle shown, correct to 2 decimal places.

A. 59.65
B. 23.31
C. 64.80
D. 27.51
E. 27.15
13. I Identify the value of x in the triangle shown, correct to 2 decimal places. 135.7 mm
A. 99.24mm B. 92.55mm N
C. 185.55mm D. 198.97 mm x
E. 92.55mm
14. I Identify y in the triangle shown, correct to 2 decimal places. Y —~
A. 47.19 B. 7.94
c. 1.37 D. 0.23 3.3
E. 6.33 86°
15. 1A Identify the value of y in the triangle shown, correct to 2 decimal places. Y
259
A. 0.76km B. 1.79km
C. 3.83km D. 3.47km 1.62 km
E. 3.47m
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16. IEEN A ship that was supposed to travel due north veers off course and travels N
N 80°E (or 080°T) for a distance of 280 km instead. The ship’s path is shown in |
the diagram. E
a. Calculate the distance east that the ship has travelled, in km correct to 2 decimal [~~~ 7
places. i
b. Determine the distance north that the ship has travelled, in km correct to 2 decimal !
|
|
|

laces.
p 80°

17. A rescue helicopter spots a missing surfer drifting out to sea on their damaged
board. The helicopter descends vertically to a height of 19 m above sea level and
drops down an emergency rope, which the surfer grabs onto.

Due to the high winds, the rope swings at an angle of 27° to the vertical, as shown
in the diagram.
Calculate the length of the rope, in metres correct to 2 decimal places.

18. Walking along the coastline, Michelle (M) looks up
at an angle of 55° and sees her friend Hella (H) at the
lookout point on top of the cliff.
If Michelle is 200 m from the cliff’s base, determine the
height of the cliff, in metres correct to 2 decimal places
(Assume Michelle and Hella are the same height.)

Reasoning

19. Using a diagram, explain why sin(70°) = cos(20°) and cos(70°) = sin(20°). Generally speaking, explain
which cosine sin(6) will be equal to.

20. One method for determining the distance across a body of water is illustrated in the diagram shown.
B

9 S AN AN

A 50 m c

The required distance is AB. A surveyor moves 50 m at a right angle to point C, then uses a tool called a
transit to measure the angle 6 (ZACB).

a. If 6 =12.3°, show that the distance from A to B is 10.90 m.
b. Show that a value of 8 = 63.44° gives a distance from A to B of 100 m.
c. Determine a rule that can be used to calculate the distance from A to C.

21. Explain why cos(0°) =1 and sin(0°) =0, but cos(90°) =0 and sin(90°) = 1
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Problem solving

22. Calculate the value of the pronumeral in each of the triangles shown in the following photos.

23. A tile in the shape of a parallelogram has the measurements shown. Determine
the tile’s width, w, to the nearest mm. 43 mm

24. A pole is supported by two wires as shown. If the length of the lower wire is 4.3 m,
evaluate the following to 1 decimal place.

a. The length of the top wire
b. The height of the pole

25. The frame of a kite is built from six wooden rods as shown. Evaluate the total length of
wood used to make the frame of the kite. Give your answer to the nearest metre.
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LESSON
5.6 Calculating unknown angles

LEARNING INTENTIONS

At the end of this lesson you should be able to:

* use a calculator to identify an angle from a given trigonometric ratio
e determine the given angle in a right-angled triangle when given two side lengths.

5.6.1 Inverse trigonometric ratios

When we are given an angle, the sine, cosine and tangent functions let us determine the ratio

of side lengths, but what if we only know the side lengths and we want to determine the angle in a
right-angled triangle?

The inverse trigonometric functions allow us to calculate angles using sine, cosine or tangent ratios.
We have seen that sin(30°) = 0.5. This means that 30° is the inverse sine of 0.5. This is written as
sin”'(0.5) = 30°.

Inverse trigonometic ratios

Inverse sine function
sin(30°)=05 | sin”'(0.5)=30°

When reading the expression sin_l(x) out loud, we say, ‘the inverse sine of x’.

When reading the expression cos™!(x) out loud, we say, ‘the inverse cosine of x’.

When reading the expression tan~!(x) out loud, we say, ‘the inverse tangent of x’.

You can calculate inverse trigonometric ratios using the SIN™!, cOS™" and TAN"" buttons on
your calculator.

Digital technology

1a

Use your calculator to determine sin(30°), then determine the inverse sine (sin_l) of the answer. Choose
another angle and do the same thing.
Now determine cos(30°) and then determine the inverse cosine (cos™!) of the answer. Choose another

angle and do the same thing.
Lastly, determine tan(45°) and then determine the inverse tangent (tan~') of the answer. Choose another

angle and do the same thing.

The fact that sin and sin™' cancel each other out is useful when solving equations like the following.
Consider: sin(6) =0.3.
Take the inverse sine of both sides

sin~!(sin(8)) = sin~'(0.3)
6 = sin"'(0.3)

Consider: sin_l(x) = 15°.

4
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Take the sine of both sides.
sin(sin~' (x)) = sin(15°)
x = sin(15°)
Similarly, cos(6) = 0.522 means that
0 = cos™(0.522)
and tan(0) = 1.25 means that
0 = tan"'(1.25).

WORKED EXAMPLE 16 Evaluating inverse cosine values

Evaluate cos~1(0.3678), correct to the nearest degree.

THINK WRITE

1. Set your calculator to degree mode and make cos~1(0.3678) = 68.4

the calculation.

2. Round the answer to the nearest whole number and ~ 68°
include the degree symbol in your answer.
Tl | THINK WRITE/DRAW CASIO | THINK WRITE/DRAW
Ensure your calculator ERERIERR Tisoronen < Ensure your calculator is © Edit Action Interactive
is set to Degree mode. aoe{5.3678) e set to Degree mode. On w 41 ol ”‘“"‘l A I T
In a new problem, on a | the Main screen, complete ;m4(0"[3§;]; Ll_"l JL
Calculator page, complete the entry line as: 68. 41999859
the entry line as: cos~'(0.3678) LE
solve cos™!(0.3678) Then press EXE.
Then press ENTER.
II.J
cos1(0.3678) = 68° (to the nearest
degree)
Alg Decimal Real Deg .
cos~1(0.3678) = 68° (to the
nearest degree)

WORKED EXAMPLE 17 Determining angles using inverse trigonometric ratios

Determine the size of angle 0 in each of the following. Give answers correct to the nearest degree.
a. sin(0) = 0.6543 b. tan(0) =1.745

THINK
a. 1. O is the inverse sine of 0.6543.

WRITE
a. sin(@) = 0.6543
6 = sin”1(0.6543)

2. Make the calculation using your calculator’s = 40.8
inverse sine function and record the answer.
3. Round the answer to the nearest degree and ~41°

include the degree symbol in your answer.
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b. 1. 0 is the inverse tangent of 1.745. b. tan(6) = 1.745

2. Make the calculation using your calculator’s 0 = tan~'(1.745)
inverse tangent function and record the answer. = 60.18
3. Round the answer to the nearest degree and ~ 60°

include the degree symbol in your answer.

5.6.2 Determining the angle when two sides are known

eles-4761
e If the lengths of any two sides of a right-angled triangle are known, it is possible to determine an angle

using inverse sine, inverse cosine or inverse tangent.

WORKED EXAMPLE 18 Determining an unknown angle when two sides are known

Determine the value of 0 in the triangle shown. Give your answer correct to the nearest degree.

63
0 [
12
THINK WRITE
1. Label the given sides. These are used in CAH.
Write out the ratio.
Hypotenuse
63
12
Adjacent
A
cos(B) = —
©) —
. . . . . 12
2. Substitute the given values into the cosine ratio. cos() = 5
. . . 12 12
3. O is the inverse cosine of —. 6 = cos™! <—>
63 63
4. Evaluate. =79.0
5. Round the answer to the nearest degree. ~ 79°
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5.6.3 Relating the tangent of the angle to the gradient

e tan(f) = %

Opposite (altitude)

0 []
Adjacent (base)
e The gradient is given as:
Ri
Gradient (m) = e
Run
Rise
%
Run
e Comparing the two right-angled triangles, we can see:
Opposite (Altitude) = Rise
and
Adjacent (Base) = Run
e Therefore, we can say that:
Ri
tan(0) = 0 =
A Run

Therefore, tan(6) =m
Where m is the gradient.

WORKED EXAMPLE 19 Solving word problems using the inverse tangent

Roberta goes water skiing on the Hawkesbury River. She is going to

try out a new ramp. The ramp rises 1.5 m above the water level and

has a length of 6.4 m. 15m
Determine the magnitude (size) of the angle that the ramp makes

with the water’s surface. Give your answer to the nearest degree. 6.4 m

Hence determine the gradient of the ramp to 2 decimal places.

THINK WRITE
1. Draw a simple diagram, showing the known )
Opposite
lengths and the angle to be found. //_I 15
7 .
6.4
Adjacent
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o

2. Label the given sides. These are used in TOA. tan(0) = —
Write out the ratio. A
. . 1.5
3. Substitute the values of the pronumerals into tan(0) = —
the tangent ratio. 6.
. . . 1.5 1.5
4. 0 is the inverse inverse tangent of od 0 = tan™! <—>
5. Evaluate. =13.19
6. Round the answer to the nearest degree. ~ 13°
7. Write the answer in words. The ramp makes an angle of 13°
with the water’s surface.
8. Since m=tan(6) and 6 = 13.19°. m = tan(0)
Substitute the angle into the equation to determine = tan(13.19°)
the gradient. =0.23
9. Write the answer. The gradient of the ramp is 0.23.
Resources
eWorkbook  Topic 5 Workbook (worksheets, code puzzle and project) (ewbk-2005)
Interactivities Individual pathway interactivity: Calculating unknown angles (int-4500)
Finding the angle when two sides are known (int-6046)
Exercise 5.6 Calculating unknown angles learn
5.6 Quick quiz 5.6 Exercise
Individual pathways
Bl PRACTISE Hl CONSOLIDATE B MASTER
1,4,7,10, 11, 14, 18, 21 2,5,8,12,15,17,19, 22 3,6,9, 13, 16, 20, 23, 24

Fluency

1. IEIA Calculate each of the following, rounding your answers to the nearest degree.
a. sin_l(0.6294) b. cos~!(0.3110) c. tan='(0.7409)

2. Calculate each of the following, rounding your answers to the nearest degree.
a. tan~'(1.3061) b. sin™'(0.9357) c. cos~1(0.3275)

3. Calculate each of the following, rounding your answers to the nearest degree.
a. cos~1(0.1928) b. tan~!(4.1966) c. sin~1(0.2554)

4. Determine the size of the angle in each of the following, rounding your answers to the nearest degree.
a. sin(6) =0.3214 b. sin(6) =0.6752 c. sin(f) =0.8235 d. cos(B) =0.9351
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5. Determine the size of the angle in each of the following, rounding your answers to the nearest degree.
a. cos(a) =0.6529 b. cos(a) =0.1722 c. tan(6) =0.7065 d. tan(a) =1

6. Determine the size of the angle in each of the following, rounding your answers to the nearest degree.
a. tan(b) =0.876 b. sin(c) =0.3936 c. cos(6) =0.5241 d. tan(ar) =5.6214

7. BEE Determine the value of 6 in each of the following triangles, rounding your answers to the
nearest degree.

a. b. C. 16.54
0
85 15.16
/0) ]
49

8. Determine the value of 8 in each of the following triangles, rounding your answers to the nearest degree.

a. b. C. 6.9
41.32 % 38.75 0
12.61
/0) 21.8

12.61

N

9. Determine the value of 8 in each of the following triangles, rounding your answers to the nearest degree.

a. 26 b. 21.72 c.
g I
76.38
28.95
105.62 78.57

10. A If cos(8) = 0.8752, identify the value of 8, correct to 2 decimal places.

A. 61.07° B. 41.19° C. 25.84° D. 28.93° E. 29.93°
11. I If sin(8) = 0.5530, identify the value of 8, correct to 2 decimal places.

A. 56.43° B. 33.57° C. 28.94° D. 36.87° E. 33.67°
12. 1A Identify the value of 8 in the triangle shown, correct to 2 decimal places.

A. 41.30°

B. 28.55° 136.21

C. 48.70° 119.65

D. 61.45°

E. 60.45°

13. I Identify the value of 6 in the triangle shown, correct to 2 decimal places.

A. 42.10°
B. 64.63°
C. 25.37°
D. 47.90°
E. 22.37°
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Understanding

14.

15.

16.

17.

A piece of fabric measuring 2.54 m by 1.5 m has been printed with parallel <—‘>
diagonal stripes. Determine the angle each diagonal makes with the length of \

the fabric. 15m
Give your answer in degrees correct to 2 decimal places. .

=0 Danny Dingo is perched on top of a 20-metre-high cliff. They are W
watching Erwin Emu, who is feeding on a bush that stands 8 m away from the L oo
base of the cliff. Danny has purchased a flying contraption that they hope will T
help them capture Erwin.

Calculate the angle to the cliff that Danny should follow downwards to catch

their prey.

Give your answer in degrees correct to 2 decimal places.

a. Complete the table shown.
x 0.0 | 0.1 02 | 03|04 |05 |06 |07 08/ 09 1.0
y=cos(x) 90° 60° 0°

b. Plot the table from part a on graph paper. Alternatively you can use a spreadsheet program or a suitable
calculator.

A zipline runs from an observation platform 400 m above sea level to a landing platform on the ground
1200 metres away.

Calculate the angle that the zipline makes with the ground at the landing platform and hence determine the
gradient of the zipline.

Give your answers correct to 2 decimal places.

Reasoning

18.

19.

Safety guidelines for wheelchair access ramps used to state that the gradient of a ramp had to be in the
ratio 1 : 20.

a. Using this ratio, show that the angle that any ramp needs to make with the horizontal is closest to 3°.

b. New regulations have changed the guidelines about the ratio of the gradient of a ramp. Now the angle the
ramp makes with the horizontal must be closest to 6°.
Explain why, using this new angle size, the new ratio could be 1:9.5.

Jayani and Lee are camping with their friends Awer and Susie. Both couples have tents that are 2 m high.
The top of each 2 m tent pole has to be tied with a piece of rope so that the pole stays upright. To make sure
this rope doesn’t trip anyone, Jayani and Lee decide that the angle between the rope and the ground should
be 60°.

a. Determine the length of the rope that Jayani and Lee need to run from the top of their tent pole to the
ground. Give your answer in metres correct to 2 decimal places.
b. Awer and Susie set up their tent further into the camping ground. They want to secure their tent pole using
a piece of rope that they know is somewhere between 2 and 3 metres long.
i. Explain why Awer and Susie’s rope will have to be longer than 2 m.
ii. Show that the minimum angle Awer and Susie’s rope will make with the ground will be 41.8°.
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20.

sin(6)
cos(8)

A
Use the formulas sin(6) = % and cos(f) = m to prove that tan(6) =

Problem solving

21.

22,

23.

Calculate the value of the pronumeral in each of the following, in degrees correct to 2 decimal places.

A family is building a patio extension for their
house. One section of the new patio will have a
gable roof. A similar structure is shown, with the
planned post heights and the span of the roof
given.

To allow more light in, the family wants the peak
(the highest point) of the roof to be at least 5 m
above ground level.

According to building regulations, the slope of the
roof (the angle that the sloping edge makes with
the horizontal) must be 22°.

a. Use trigonometry to calculate whether the roof would be high enough if the angle was 22°.
b. Using trigonometry, determine the size of the obtuse angle formed at the peak of the roof.

The height of a square-based prism is twice its base length. Calculate the angle the diagonal of the prism
makes with the diagonal of the base.
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24. A series of seven shapes are marked out as shown inside a square with a side length
of 10 cm. If the dots marked on the diagram represent the midpoints of the square’s
sides, determine the dimensions of each of the seven smaller shapes.

LESSON
5.7 Angles of elevation and depression

LEARNING INTENTIONS

At the end of this lesson you should be able to:
¢ use angles of depression and elevation to determine heights and distances
e use trigonometric ratios to determine angles of depression and elevation.

5.7.1 Angles of elevation and depression

eles-4762
e When looking up towards an object, the angle of elevation is the angle between the horizontal line and the

line of vision.

&f{ Horizontal

* When looking down at an object, the angle of depression is the angle between the horizontal line and the
line of vision.

Zf{ Horizontal

Angle of depression

¢ Angles of elevation and depression are always measured from horizontal lines.
¢ For any two objects, A and B, the angle of elevation of B, as seen from A, is equal to the angle of
depression of A, as seen from B.

Angle of depression
of A from B

Angle of elevation
of B from A
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WORKED EXAMPLE 20 Determining height using angle of elevation

At a point 10 m from the base of a tree, the angle of elevation of the top of the tree is 38°. Calculate the
height of the tree. Give your answer to the nearest centimetre.

THINK WRITE
1. Draw a simple diagram to represent the situation.
The angle of elevation is 38° from the horizontal.

h
Opposite
38° =
10
Adjacent
2. Label the given sides of the triangle. These sides are used tan(38°) = i
in TOA. Write out the ratio. 1
3. Multiply both sides by 10. 10tan(38°) = h
4. Calculate the answer, correct to 4 decimal places. h=7.8129m

5. Convert metres into centimetres by multiplying the height ~ 7.8129 X 100 =781.29 cm
of the tree by 100.

6. Write the answer in words to the nearest centimetre. The tree is 781 cm tall.

WORKED EXAMPLE 21 Calculating an angle of depression

A 30-metre-tall lighthouse stands on top of a cliff that is 180 m high. Determine the angle of
depression (0) of a ship (to the nearest degree) from the top of the lighthouse if the ship is 3700 m
from the bottom of the cliff.

S
=

THINK

1. Draw a simple diagram to represent the situation.
The height of the triangle is 180 + 30 = 210 m. Draw a
horizontal line from the top of the triangle and mark the

angle of depression, 6. Mark the alternate angle as well. Opposite

210

S 3700 C
Adjacent
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2. Label the given sides of the triangle. These sides are tan(0) = o
used in TOA. Write out the ratio. =

3. Substitute the given values into the ratio. tan(6) = %

4. @ is the inverse tangent of 3271000. 6 = tan™! <%>

5. Calculate the answer. =324

6. Round the answer to the nearest degree. ~ 3°

7. Write the answer in words. The angle of depression of the ship from the

top of the lighthouse is 3°.

Resources

eWorkbook  Topic 5 Workbook (worksheets, code puzzle and project) (ewbk-2005)

Interactivities Individual pathway interactivity: Angles of elevation and depression (int-4501)
Finding the angle of elevation and angle of depression (int-6047)

Exercise 5.7 Angles of elevation and depression learn
5.7 Quick quiz 5.7 Exercise

Individual pathways

B PRACTISE B CONSOLIDATE B MASTER
1,4,6,9,12 2,5,7,10,13 3,8,11,14,15,16
Fluency

1. [IZZA A lifesaver standing on their tower 3 m above the ground spots a swimmer experiencing difficulty. The
angle of depression of the swimmer from the lifesaver is 12°.
Calculate how far the swimmer is from the lifesaver’s tower. Give your answer in metres correct to
2 decimal places.
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2. From the top of a 50-metre-high lookout, the angle of depression of a camp site that is level with the base
of the lookout is 37°. Calculate how far the camp site is from the base of the lookout. Give your answer in
metres correct to 2 decimal places.

3. Building specifications require the angle of elevation of any ramp constructed I m
for public use to be less than 3°.

A new shopping centre is constructing its access ramps with a ratio of 7m
horizontal length to 1 m vertical height.

Calculate the angle of elevation of these new ramps, in degrees correct to

2 decimal places.

Determine whether the new ramps meet the specifications required by ramps
intended for public use.

Hence, calculate the gradient of the ramp to 2 decimal places.

Understanding

4. From a point on the ground 60 m away from a tree, the angle of elevation of
the top of the tree is 35°.

a. Draw a labelled diagram to represent this situation.
b. Calculate the height of the tree to the nearest metre.

5. Miriam wants to take a video of her daughter Alexandra’s first attempts at
crawling. When Alexandra lies on the floor and looks up at her mother, the L
angle of elevation is 17°. .
If Alexandra is 5.2 m away from her mother, calculate how tall Miriam is. .
Give your answer in metres correct to 1 decimal place. }

6. IlIIZZM Hien, who is 1.95 m tall, measures the length of the shadow he casts along the ground as 0.98 m.
Determine the angle of depression of the sun’s rays to the nearest degree.

P

. 0 = angle of depression

<
~
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7.

8.

A ladder is 3.8 m tall and leaning against a wall.

a. Determine the angle the ladder makes with the ground if it reaches 2.1 m up the wall. Give your answer to
the nearest degree.
b. Determine how far the foot of the ladder is from the wall. Give your answer to the nearest metre.

3.8m

A A lighthouse is 78 metres tall. The angle of elevation to the top of the lighthouse from point B, which is
level with the base of the lighthouse, is 60°. Select the correct diagram for this information.

A. B. C. D. / E. None of these
kﬂ ‘ h ‘ ‘M
- Ag B A [] B /) [ B ]
78 m

Reasoning

9.

10.

11.

Con and John are practising shots at goal. Con is 3.6 m away from
the goal and John is 4.2 m away, as shown in the diagram.

If the height of the goal post is 2.44 m, determine the maximum
angle of elevation that each player can kick the ball in order to score
a goal. Give your answers to the nearest degree.

Lifesaver Sami is sitting in a tower 10 m from the water’s edge and 4 m above sea level. They spot some
dolphins playing near a marker at sea directly in front of them. The marker the dolphins are swimming near
is 20 m from the water’s edge.

a. Draw a diagram to represent this information.

b. Show that the angle of depression of Sami’s view of the dolphins, correct to 1 decimal place, is 7.6°.

c. As the dolphins swim towards Sami, determine whether the angle of depression would increase or
decrease. Justify your answer in terms of the tangent ratios.

A pair of office buildings are 100 m and 75 m high. From the top of fl\i?ééh
the north side of the taller building, the angle of depression to the Southe 50e vy
top of the south side of the shorter building is 20°, as shown. side O

Show that the horizontal distance between the north side of the taller T

building and the south side of the shorter building is closest to 69 m.
75 m

|

100 m
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Problem solving

12. From a rescue helicopter 80 m above the ocean, the angles of depression of two shipwreck survivors are 40°
and 60° respectively. The two survivors and the helicopter are in line with each other.

a. Draw a labelled diagram to represent the situation.
b. Calculate the distance between the two survivors. Give your answer to the nearest metre.

13. Rouka was hiking in the mountains when she spotted an eagle sitting up in a tree. The angle of elevation of
her view of the eagle was 35°. She then walked 20 m towards the tree. From her new position, her angle of
elevation was 50°. The distance between the eagle and the ground was 35.5 m.

a. Draw a labelled diagram to represent this information.
b. If Rouka’s eyes are located 9 cm below the very top of her head, calculate how tall she is. Give your
answer in metres, correct to the nearest centimetre.

14. A lookout in a lighthouse tower can see two ships approaching the coast. Their angles of depression are 25°
and 30°. If the ships are 100 m apart, show that the height of the lighthouse, to the nearest metre, is
242 metres.

15. As shown in the diagram, at a certain distance from an office
building, the angle of elevation to the top of the building is 60°.
From a distance 12 m further back, the angle of elevation to the top
of the building is 45°. Show that the building is 28.4 m high.

16. A gum tree stands in a courtyard in the middle of a group of office
buildings. A group of three Year 9 students, Jackie, Pho and Theo,
measure the angle of elevation from three different positions. They
are unable to measure the distance to the base of the tree because of
the steel tree guard around the base. This diagram shows the angles
of elevation and the distances measured.

45° 60°
A 12m D d

Not to scale

Height from
ground to eye
level

|
Theo  12m ' x Pho 15m Jackie

15 tan(a . . .
a. Show that x = 4, where x is the distance, in metres, from the base of the tree to

tan(f) — tan(a)
Pho’s position.
b. The students estimate the tree to be 15 m taller than them. Pho measured the angle of elevation to be 72°.
If these measurements are correct, calculate Jackie’s angle of elevation, correct to the nearest degree.
c. Theo did some calculations and determined that the tree was only about 10.4 m taller than them. Jackie
claims that Theo’s calculation of 10.4 m is incorrect.

i. Decide if Jackie’s claim is correct. Show how Theo calculated a height of 10.4 m.

ii. If the height of the tree was actually 15 metres above the height of the students, determine the
horizontal distance Theo should have used in his calculations.
Write your answer to the nearest centimetre.
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LESSON
5.8 Review

5.8.1 Topic summary

Trigonometric ratios Inverse trigonometric ratios

 For a given angle, 6, in a right-angled e These ratios can be used to determine the size of
triangle, the trigonometric ratios sine, cosine and a given angle when given two side lengths.
tangent are constant.

. o siml 0 =0
- s = opposite (O) H
hypotenuse (H)
+ cos() = 2diacent () _ . °°S_1(—§)=9
= hypotenuse (H) El0:t
X __opposite (O) o tan‘l[ o )= 0
) = adjacent (A) A

» To remember these ratios, use the mnemonic
SOH CAH TOA (Sine Opposite Hypotenuse,
Cos Adjacent Hypotenuse, Tan Opposite Adjacent).

PYTHAGORAS AND

TRIGONOMETRY

Pythagoras’ theorem states the relationship between the lengths of the sides of
right-angled triangles. Mathematically it is written as:

e a2 + b2 = c2, where c is the length of the hypotenuse (the longest side) and
a and b are the lengths of the other sides.

e This rule can be applied to any right-angled triangle.

» The hypotenuse is always located opposite the right angle.

A Pythagorean triad is a group of any three whole numbers that satisfy
Pythagoras’ theorem.
e.g. {3, 4, 5} is a Pythagorean triad because 32=9,42 =16 and 52 = 25, :

and 9 + 16 = 25. A y)

Opposite (O)

Angles of elevation and depression

* When looking upwards at an object, the angle of elevation o .
is the angle between the horizontal and the upward line of sight. 0@‘%
\}‘@ Angle of elevation
3 Horizontal
e When looking downwards at an object, the angle of depression is & Horizontal

the angle between the horizontal and the downward line of sight.

* The angle of elevation when looking from A to B is equal

to the angle of depression when looking from B to A. Angle of depression
of A from B

Angle of elevation

9  of B from A

A

TOPIC 5 Pythagoras and trigonometry 305



5.8.2 Success criteria

Tick the column to indicate that you have completed the lesson and how well you have understood it using the
traffic light system.

(Green: I understand; Yellow: I can do it with help; Red: I do not understand)

EEIE © © ¢

5.2 | can identify the hypotenuse in a right-angled triangle.

| can recall Pythagoras’ theorem.

| can apply Pythagoras’ theorem to calculate unknown side lengths.

5.3 | can divide composite shapes into simple shapes.

| can calculate unknown side lengths in composite shapes and irregular
triangles.

| can use Pythagoras’ theorem to solve problems in 3D contexts.

5.4 | can identify the hypotenuse, opposite and adjacent sides of a right-
angled triangle with respect to a given angle.

| can use the ratios of a triangle’s sides to calculate the sine, cosine and
tangent of an angle.

5.5 | can use a calculator to calculate the trigonometric ratios for a given
angle.

| can determine the lengths of unknown sides in a right-angled triangle
given an angle and one known side length.

5.6 | can use a calculator to identify an angle from a given trigonometric
ratio.

| can determine the given angle in a right-angled triangle when given two
side lengths.

5.7 | can use angles of depression and elevation to determine heights and
distances.

| can use trigonometric ratios to determine angles of depression and
elevation.
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5.8.3 Project

The Great Pyramid of Giza

The Great Pyramid of Giza, in Egypt, was built over 4500 years ago. It was constructed using
approximately 2 300 000 rectangular granite blocks. This construction took over 20 years to complete.
When it was finished, one side of its square base was 230 m long and its vertical height was 146.5 m.

=SS

= =

1. Each side of the Great Pyramid of Giza has a triangular face. Use Pythagoras’ theorem and the
dimensions provided to calculate the height of each triangular face. Give your answer correct
to 2 decimal places.

2. Special finishing blocks were added to the ends of each row of stones that were used to make the
pyramid. These finishing blocks gave each triangular face a smooth, flat finish. Calculate the area of each
face of the pyramid.

I

Finishing blocks

3. The edges of the pyramid join two of its faces and run all the way from the ground to the pyramid’s tip.
Use Pythagoras’ theorem to calculate the length of these edges.

Wall braces

Builders use braces to strengthen wall frames. These braces typically run between the top and bottom
horizontal sections of the wall frame.
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Building industry standards require that the acute angle that a brace makes with the horizontal sections
needs to be somewhere between 37° and 53°. Sometimes more than one brace may be required if the frame
is particularly long, as shown in the diagram.

f /TN /T N

AN
A&

37° to 53°

1. Cut out some thin strips of cardboard and arrange them in the shape of a rectangle to represent a wall
frame. Place pins at the corners of the rectangle to hold the strips together.
Notice that the frame can easily be moved out of shape. Attach a brace to this frame according to the
building industry standards discussed.
Write a brief comment to describe what effect this brace has on the frame.

2. Investigate what happens to the length of the brace as the acute angle it creates with the base is increased
from 37° to 53°.

3. Use your findings from question 2 to calculate the angle that requires the shortest brace and the angle
that requires the longest brace.

Most modern houses are constructed with a ceiling height (the height of the walls from floor to ceiling) of
2.4 m. Use this information to help with your calculations for the following questions.

4. Assume you are working with a section of wall that is 3.5 m long. Calculate the length of the longest
possible brace.
Draw a diagram and show your working to support your answer.

5. Calculate the minimum wall length for which two braces are required. Draw a diagram and show your
working to support your answer.

6. Some older houses have ceilings that are over 2.4. m high. Answer the questions in 4 and 5 for a house
with a ceiling that is 3 m high.
Draw diagrams and show your workings to support your answers.

7. Take the measurements of a wall with no windows at your school or at home. Draw a scale drawing of
the frame of this wall and show where the brace or braces for this wall might lie.
Calculate the length and angle of each brace.

Resources
eWorkbook  Topic 5 Workbook (worksheets, code puzzle and project) (ewbk-2005)

Interactivities Crossword (int-0703)
Sudoku puzzle (int-3206)
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Exercise 5.8 Review questions learn

Fluency

1.

[T Identify the length of the third side in the triangle shown.
A. 3471 m B. 2.96 m C. 5.89m 394 cm
D. 1722 cm E. 58.9cm

4380 mm
3 Select the most accurate measure for the length of the third side in the
triangle shown.
A. 4.83m. B. 23.3cm. C. 3.94m.
D. 4826 mm. E. 4.83 mm. Sy m
2840 mm

I Select the value of x in this figure.

A. 54 B. 7.5 C. 10.1
D. 10.3 E. 10.5

I Identify which of the following is not a Pythagorean triad.
A. 3,4,5 B. 6,8, 10 C.5,12,13

D.2,3,4 E. 12, 16, 20
T Identify which of the following correctly names the sides and angle of the

X
5
2 7
A
triangle shown. 0
A. 2C =6, AB = adjacent side, AC = hypotenuse, BC = opposite side
C

B. 2zC =06, AB = opposite side, BC = hypotenuse, AC = adjacent side
C. zA =6, AB = opposite side, AC = hypotenuse, BC = adjacent side
D. zA =6, AB =adjacent side, AC =hypotenuse, BC = opposite side
E. A =0, AB = adjacentside, BC =hypotenuse, AC = opposite side

B

I Select which of the following statements is correct.
A. sin(60°) = cos(60°) B. cos(25°) = cos(65°) C. cos(60°) = sin(30°)
D. sin(70°) = cos(70°) E. c0s(30°) =sin(60°)

T Identify the value of x in the triangle shown, correct to 2 decimal places.

16.31

525

X

A. 26.49 B. 10.04 C. 12.85
D. 20.70 E. 10.06

v
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10.

11.

12.

13.

T Identify which of the following could be used to calculate the value of
x in the triangle shown.
172.1 172.1
X = xX=
c0s(29°) sin(29°)
C. x=172.1 X sin(29°) D. x=172.1 X cos(29°)
E. x=172.1 X tan(29°)

T Identify which of the following could be used to calculate the value of
x in the triangle shown.
_ 1153 _ 1153
~ sin(23°) " cos(67°)
C. x=115.3° X 5in(67°) D. x= 153
c0s(23°)

E. x=115.3°Xcos(67°)

T Identify which of the following could be used to calculate the value of
x in the triangle shown.
b= 28.74 B. x=28.74 x sin(17°)
cos(17°)

C. x=28.74 X cos(17°)
E. x=28.74 X sin(73°)

D. x=28.74 X cos(73°)

T Select which of the following is closest to the value of tan~!(1.8931).
A. 62° B.0.0331° C. 1.08° D. 69°

T Select the value of 6 in the triangle shown, correct to 2 decimal places.

12
6
0
A. 40.89° B. 60° C.35.27° D. 30°
Calculate x, correct to 2 decimal places.
a. 7.2 m b. c.
X
8.2 cm
8.4 m X
9.3 cm

310 Jacaranda Maths Quest 9

172.1

67°

115.3

28.74

17°

318 cm

E. 63°

E. 0.5°

2.89 m



14.

15.

16.

17.

18.

19.

Calculate x, correct to 2 decimal places.
a. b. 117 mm c. t

X 10.3 cm

1951l i 82 mm X 117 o

48.7 cm

The top of a kitchen table measures 160 cm by 90 cm. A beetle walks diagonally across the table from
one corner to the other. Calculate how far it walks. Give your answer in cm correct to 2 decimal places.

A broom leans against a wall. The broom is 1.5 m long and reaches 1.2 m up the wall. Calculate how
far the bottom of the broom is from the base of the wall.
Write your answer in metres correct to 1 decimal place.

Calculate the unknown values in the figures shown. Give your answers correct to 2 decimal places.
a. b.

17 20 i

8 —><—4—> <~ > <—>

k 6

A beach athletics event involves three swimming legs and a run along the beach back to the start of the
first swimming leg. Some of the distances of the race course are shown.

Calculate the total distance covered in the race, correct to the nearest metre.
75 m

< >
23 >

Beach

Sea

100 m

250 m

True or False? The following are Pythagorean triads.
a. 15, 36, 39 b. 50, 51, 10 c. 50,48, 14
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20. Label the unlabelled sides of the following right-angled triangles using the symbol 6 and the words
‘hypotenuse’, ‘adjacent’ and ‘opposite’ where appropriate.

a. b. C. 7]
0 X
&
&4
®
=

21. Write a trigonometric ratio, in fraction form, that connects the lengths of the given sides and the size of
the given angle in the following triangles.
Use your ratio to then calculate the size of the angle, correct to the nearest degree.

Opposite

C.

a. b. 5
11
7 4
12 13
[ AN
6

22. Use a calculator to evaluate the following trigonometric ratios, correct to 4 decimal places.
a. sin(54°) b. cos(39°) c. tan(12°)

23. Calculate the values of the pronumerals in each of the following triangles. Give your answers correct to
2 decimal places.

a. b. C. ]
30 . 36
% \ 1.87 m Z
d. e f. 631 mm
29

=

24. Evaluate each of the following, correct to the nearest degree.

a. sin~1(0.1572) b. cos~'(0.8361) c. tan~'(0.5237)
25. Calculate the size of the angle in each of the following. Give your answers correct to the nearest degree.
a. sin(6) =0.5321 b. cos(6)=0.7071
c. tan(6) =0.8235 d. cos(ax) =0.3729
e. tan(a) =0.5774 f. sin(B)=0.8660
g. cos(B) =0.5050 h. tan(8)=8.3791

26. A treeis 6.7 m tall. At a certain time of the day it casts a shadow that is 1.87 m long. Determine
the angle of depression of the rays of the sun at that time.
Write your answer in degrees rounded to 2 decimal places.
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Problem solving

27.

28.

29.

30.

31.

32.

33.

A 10-metre-high flagpole stands in the corner of a rectangular park that
10 m
measures 240 m by 150 m. 240 m A
a. Determine the following, in metres correct to 2 decimal places. /
150 m

i. The length of the diagonal of the park
ii. The distance from A to the top of the pole
iii. The distance from B to the top of the pole
b. A bird flies from the top of the pole to the middle of the park. Determine far the bird has to fly to
reach this point, in metres correct to 2 decimal places.

B¢

Calculate the perimeters of the shapes shown, round your answers to 2 decimal places.
a. 20 cm

8 cm
14 cm
15 cm
b.
28 m
H 22 m
7 m
L1 [ 1

Evaluate the length of the shortest distance between points B and D inside the figure shown. Write your
answer in metres correct to 2 decimal places.

B 12m
Hpgn
30 m
40 m
25 m

10 m

[ []
D

A pair of towers stand 30 m apart. From the top of tower A, the angle of depression of the base of tower
B is 60° and the angle of depression of the top of tower B is 30°.
Rounding your answer to the nearest metre, calculate the height of tower B.

Calculate the angles of a triangle whose sides can be described using the Pythagorean triad 3, 4, 5.
Round your answers to the nearest degree.

A stack of chairs is 2 m tall. The stack needs to fit through a doorway that is 1.8 m high. The maximum
angle that the stack of chairs can be safely tilted is 25° to the vertical.
Based on this information, determine if it is safe to try to move the stack of chairs through the doorway.

Evaluate the side length of the largest square that can be drawn within a circle that has a radius of r.
Give your answer as a surd.
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34. A Biltmore stick is used by foresters to measure the height and diameter of a tree. The diagram below
shows how a Biltmore stick was used to measure the height of a tree.

Merchantable height

20.12 m

A Biltmore stick is usually used by standing 20.12 m from the base of a tree. If the Biltmore stick reads
35.24 m to merchantable height (the height to the top of the trunk of the tree) and 1.80 m to the stump
height (the height from eye level down to the base of the tree stump), as per the diagram.

a. Determine the angle of elevation to the merchantable height, in degrees correct to 2 decimal places.
b. If the average diameter of the tree is 0.8 m, approximate the surface area of bark that could be taken
off the tree to be used by First Nation artists to produce paintings.
Write your answer in square metres correct to 2 decimal places.

To test your understanding and knowledge of this topic go to your learnON title at
www.jacplus.com.au and complete the post-test.
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Answers

Topic 5 Pythagoras and
trigonometry
5.1 Pre-test

. 5cm

. 30.96 m

B

a+ b

C

D

D

.a.3.47cm b. 5.14 mm

. a. 0.8870 b. 0.9778 c. 3.7062
. E

. 23.4°

LA

. D

. 7.31m

15. 48.53 m

© ® N O s LN

O U U G Y
A O N = O

5.2 Pythagoras’ theorem

1. a. i.r
ii. 7 :p2 +5°
b. i.x
ii. x= y2 +7
c. ik
ii. K = m? 4+ w?
d. i. FU
ii. (FU)* = (VU)* + (VF)?
2. a.7.86 b. 33.27 c. 980.95
3.a.x=12.49 b.p=11.76cm
c.f=5.14m d. ¢ =97.08 mm
4. 10.2cm
5. a. No b. No
c. Yes d. Yes
e. No f. Yes
6. a.
42 cm
3.8cm
b. 5.66 cm
7. a
124 mm
8.5cm
b. 90.28 mm
8.B
9.C
10. B

11. a. 176.16 cm b. 147.40cm
c. 2.62km d. 432.12m
12. 2.60m

13. The length of the diagonal can be calculated using
Pythagoras’ theorem.

E=d+b
¢ = 2607 + 480>
¢? = 298000

¢ =1/298000 =546 m

The length of the triangular circuit is
260m + 480 m + 546 m = 1286 m.

5 laps of this circuit is 5 X 1286 = 6430 m.
5 laps of the regular circuit is

5% (260 + 260 + 480 + 480) = 7400 m.
7400 m — 6430 m =970 m.

14. The horizontal distance is 11.74 m, so the gradient is 0.21,

which is within the limits.

15. a.
1.2m
-
80 cm
b. 89.44 cm

c. Yes, she can reach the hook from the top step.
16. a. i. {9, 40, 41}
ii. {11, 60, 61}
iii. {13, 84, 85}
iv. {29, 420, 421}
b. The middle number and the large number are
one number apart.

17. The following figure shows the first three triangles, with the

values of \/5, \/5 and \/4_1

1
0 1 (33 2 3

5.3 Applications of Pythagoras’ theorem
1. 12.08 cm

2. a. k=16.40m b. x=6.78cm c. g=4.10km

3.a.x=4,y=9.17 b. x=6.93, y=15.80
c.x=13,y=15.20 d.x=2.52,y=4.32
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10.
11.

12.

13.
14.

15.

16.

17.

18.

19.
20.

© N o o

a.
6.8 mm 6.8 mm
I
e
b. 11.78 mm
c. 20.02 mm?
a. 30.48 cm b. 2.61 cm c. 47.27cm
a. 0.87m b. 0.433 m?
E
a. Yes.
b. The longest umbrella that can fit in the suitcase is an
umbrella that is 101.48 cm long.
a. No.

b. The longest straw that can fit in the lunchbox is a straw
that is 17.72 cm long.

242 cm

a.w=0.47m b. 0.64 m?
c. 12.79m? d. $89.85
Width = 12 mm, area = 480 mm?>

179 mm

a. No, AC is calculated by summing the lengths of AD and
DC, so these lengths have to be calculated first.

b. AD=4.47cm,DC=9.17cm, AC = 13.64 cm

c. The triangle ABC is not right-angled because
(AB)* + (BC)* # (AC)™.

Even though a problem may be represented in 3D,

right-angled triangles in 2D can often be found within the

problem. This can be done by drawing a cross-section of the

shape or by looking at individual faces of the shape.

Sample responses can be found in the worked solutions in

the online resources.

a, b. Sample responses can be found in the worked solutions
in the online resources.

a. 2606 mm

b. Sample responses can be found in the worked solutions
in the online resources.

16.7m

w=23.536m,x=7.071cm,y = 15.909 cm, z = 3.536 cm

5.4 Trigonometric ratios

1.

a b. c.
. hyp hyp h
opp adj adj
a b ihyp c. opp
adj d opP (o)
hyp adj .
O ! adj hyp
opp
a. DE = hypotenuse DF = opposite £E =6
b. GH = hypotenuse IH = adjacent «H =6
c. JL = hypotenuse KL = opposite 2] =6
D
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10.

11.

12.

13.
14,
15.
16.

17.

18.

19.
20.

21.

. sin(6) = ;l, cos(B) = %, tan(6) = —

] h
. sin(ax) = i, cos(a) = —, tan(ax) = —
g 8 h

o 7 2 2
. sin(y) = % cos(y) = 5’ an(y) =

4
3

i

. sin(3) = 0.8, cos(B) = 0.6, tan(3) = 1.3

7
b b
. sin(B) = —, cos(B) = C—l, tan(B) = —
c c a
. v t v
sin(y) = —, cos(y) = —, tan(y) = -
u u t
) _12 4 _25 5
a. sin(@) = T b. cos(0) = 0 ¢
4 . 17
c. tan(f) = = d. sin(35°) = —
5 t
a. sin(x) = 75 . sin(15°) = .
an(0) = 20 4 _ 31
c. tan(0) = n .cos(a) = 08
D
B
D

Provided 7 is a positive value, (m + n) would be the

hypotenuse, because it has a greater value than both

m and (m — n).

a. Sample responses can be found in the worked solutions
in the online resources.

b. 1

The ratios remain constant when the angle is unchanged.

The size of the triangle has no effect.

b. Ladder

a. Ground c. Brick wall

b. i. sin(41°) =0.65
ii. cos(41°)=0.76
iii. tan(41°) = 0.86
c. o =49°
i. sin(49°) =0.76
ii. cos(49°) =0.65
iii. tan(49°) = 1.16
e. They are equal.

=

. They are equal.

g. The sine of an angle is equal to the cosine of
its complement.

a. The ratio of the length of the opposite side to the length
of the hypotenuse will increase.

b. The ratio of the length of the adjacent side will decrease,

and the ratio of the opposite side to the adjacent

will increase.

c.i. l i. 1 jii. 00



1.

11.

12.
13.
14.
15.
16.
17.
18.
19.

5.5 Calculating unknown side lengths
a. i. 0.8192
ii. 0.2011
blo 0° | 15° | 30° | 45° | 60° | 75° | 90°
sin(0) 0 [0.26 0.50 | 0.71 | 0.87 | 0.97 | 1.00
c. As 0 increases, so does sin(9), starting at 0 and
increasing to 1.
. a. i. 0.7880
ii. 0.5919
b-g 0° | 15° | 30° | 45° | 60° | 75° | 90°
cos(0) | 1.00|0.97|0.87 |0.71 | 0.50 | 0.26 | 0
c. As 6 increases, cos(B) decreases, starting at 1 and
decreasing to 0.
. a. i. 0.3249
ii. 1.2753
blo 0° | 15° | 30° | 45° | 60° | 75° | 90°
tan(0) | 0 | 0.27 | 0.58 | 1.00 | 1.73 | 3.73 | Undefined
c. tan(89°) = 57.29, tan(89.9°) = 572.96
d. As O increases, tan(0) increases, starting at 0 and
becoming very large. There is no value for tan(90°).
a. 13.02m b. 7.04 m c. 27.64 mm
a. 2.79cm b. 6.27m c. 14.16m
a. 2.95cm b. 25.99 cm c. 184.73cm
a. 14.06km b. 8.43km c. 31.04m
a. 26.96 mm b. 60.09 cm c. 0.84km
a. 0.94 km b. 5.59m c. 41.67m
a. 54.73m b. 106.46 cm c. 298.54 mm
a.a=17.95,b=55.92
b. a=15.59, b =9.00, c =10.73
c.a=12.96,b=28.24, ¢c=15.28
D
B
A
D
a. 275.75km b. 48.62 km
21.32m
285.63m
Sample responses can be found in the worked solutions in

20.

21.

© ® N o o &

the online resources.
a. Sample responses can be found in the worked solutions
in the online resources.
b. Sample responses can be found in the worked solutions
in the online resources.
AB
tan(6)
Sample responses can be found in the worked solutions in
the online resources.

c. AC=

22. a. x=12.87m b. h=3.01m c. x=2.60m
23. w =41 mm
24.a.59m b.52m
25. 4m
5.6 Calculating unknown angles
1. a. 39° b. 72° c. 37°
2. a. 53° b. 69° c. 71°
3. a. 79° b. 77° c. 15°
4. a. 19° b. 42° c. 55° d. 21°
5. a. 49° b. 80° c. 35° d. 45°
6. a. 41° b. 23° c. 58° d. 80°
7.a. 47° b. 45° c. 24°
8. a. 43° b. 45° c. 18°
9. a. 26° b. 12° c. 76°
10. D
11. B
12. D
13. C
14. 30.56°
15. 21.80°
16. 2. x y=cos~!(x)
0.0 90°
0.1 84°
0.2 78°
0.3 73°
0.4 66°
0.5 60°
0.6 53¢
0.7 46°
0.8 37°
0.9 26°
1.0 0°
) ¢
o N,
= 70
—;’ 60 \
7o .
= 30 \
20 \
10
0 0.10.20.30.40.;0.60.70.80.91
17. 18.43° and m = 0.33.

18.

a. Sample responses can be found in the worked solutions
in the online resources.

b. Sample responses can be found in the worked solutions
in the online resources.
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19.

20.

21.
22,

23.

24.

a.2.31m

b. Sample responses can be found in the worked solutions
in the online resources.

Sample responses can be found in the worked solutions in
the online resources.

a. 6 =26.01° b. 6 =32.01° c. x=22.62°
a. The roof would not be high enough.

b. 136°

54.74°

Large square dimensions: length =5 cm, width =5 cm
Large triangle dimensions: base =5 cm, height =5 cm

5
Small square dimensions: length = > cm,

52
w1dtthm

52

o V2 o
Small triangle dimensions: base = — cm, height > cm

Parallelogram dimensions: height = 5 cm, length 5 \/E cm

5.7 Angles of elevation and depression
1. 14.11m
2. 66.35m
3. The new ramps have an angle of inclination of 8.13°.

13.

This does not meet the required specifications. m = 0.14.

. a. b. 42m

el [ ]

60 m
1.6m
63°
a. 34°
B

b.3m

. Con: 34°, John: 30°

. a.

Marker

10 m 20 m

IWater’s edge

b. Sample responses can be found in the worked solutions
in the online resources.

c. Sample responses can be found in the worked solutions
in the online resources.

. Sample responses can be found in the worked solutions in

the online resources.

b. 499m

a. Sample responses can be found in the worked solutions
in the online resources.

b. 1.64m
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14

15

16.

. Sample responses can be found in the worked solutions in

the online resources.

. Sample responses can be found in the worked solutions in

the online resources.

. a. Sample responses can be found in the worked solutions

in the online resources.
b. 37°
c. i. Yes

ii. 17.26m

Project
The Great Pyramid of Giza

1.
2.
3.

186.25m
21418.75 m?
218.89m

Wall braces

1

2.

N o a A

5.

823
> Q0O WwOUOUoooao

e
w

14.

15.
16.
17.

18.

19

© ® N o o, DN

. a. True

. Sample responses can be found in the worked solutions in the

online resources.

Sample responses can be found in the worked solutions in the
online resources.

. 53° requires the shortest brace and 37° requires the longest

brace.

.4.24m

. 3.62m

.4.61m, 4.52m

. Sample responses can be found in the worked solutions in the

online resources.

8 Review questions

.D
.a. 11.06m

b. 12.40cm

c. 429.70cm or 4.30m
a. 113.06 cm

b. 83.46 mm

c. 55.50 mm or 5.55cm
183.58 cm

0.9m

a. x=12.69

b. [=11.53, k=10.34
593 m

b. False c. True



21.

22.
23.

24.
25.

26.
27.

28.
29.
30.
31.
32.

33

34

hyp adj
[
opp
b. adj
Y/
opp hyp
\9/
adj
opp .
6
a. cos() = =
6 =31°
b. tan(B) = —
B=67°
c.sin(y) = —
y =58°
a. 0.8090 b. 0.7771
a. 7.76 b. 36.00
d. 19.03 e. 6.79km
a. 9° b. 33°
a. 32° b. 45°
d. 68° e. 30°
g. 60° h. 83°
74.41°
a. i.283.02m
ii. 240.21 m
iii. 150.33m
b. 141.86 m
a. 64.81cm b. 84.06 m
59.24m
35m
90°, 53° and 37°
of 25°.
2r
. — = \/Er
V2
.a.0=60.28°  b.93.09m?

. 0.2126

.2.56m
. 394.29 mm

. 28°

. 39°
. 60°

No. The stack of chairs must be tilted by 25.84° to fit
through the doorway, which is more than the safe angle
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LESSON
6.1 Overview

6.1.1 Why learn this?

In many aspects of life, one quantity depends on another quantity,
and the relationship between them can be described by equations.
These equations can then be used in mathematical modelling to
gain an understanding of the situation — we can draw graphs

and use them to analyse, interpret and explain the relationship
between the variables, and to make predictions about the future.
Scientists, engineers, health professionals and financial analysts all
rely heavily on mathematical equations to model real-life situations
and solve problems.

Linear graphs are used extensively to represent trends, for example
in the stock market or when considering the population growth

of various countries. Some of the most common curves we see
each day are in the arches of bridges. The arch shape is a parabolic
function. Architects and structural engineers use arches extensively
in buildings and other structures because its shape is very strong
and stable. In space, satellites orbiting Earth follow an elliptical
path, while the orbits of planets are almost circular.

Because of the many uses of linear and non-linear graphs, it is
important to understand the basic concepts that you will study in
this topic, such as gradient, how to calculate the distance between
two points, and how to sketch linear and non-linear relationships.

Hey students! Bring these pages to life online

Watch Engage with Answer questions
videos interactivities and check solutions

Reading content
and rich media,
including
interactivities
and videos for
every concept

Irativadiol Hattimand AltlivEs
|y rar

Extra learning
resources

Differentiated
question sets

Questions with
immediate
feedback, and
fully worked
solutions to help
students get
unstuck
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Exercise 6.1 Pre-test learn

1. State the location of the point (-3, 0).

2. Using the table shown, match each point in the left-hand column with the line in the right-hand column
that passes through that point.

a. (3,-1) Ay=3—-2x
b. (0,4) B.2y=x
c.(2,1) C.x+y=2
d.(-1,5) D.y=x+4

3. [ Select the rule that corresponds to the table of values shown.

3 | 2] 1] -0 |1
2 1 0 -1 | =2

A y=—x+1 B.y=x+1 C.y=—x—1 D.y=x—1 E. y=—x

5. I Select the gradient of the line 3x + 4y = 12.

A. i B. 3 C.4 D. —é E. -3
3 4

6. Match the gradients and y-intercepts to the rules given by y =mx + c.

Gradient and y-intercept

1
a-m=§,c=3 A 2y—6x=4
b.m=l,c=0 B.y=lx+3
4 2
c.m=4,c=-1 C.4y=x
dm=3,c=2 D.y=4x—1

7. a. Determine the rule for a straight line that passes through the origin and point (2.4, —0.6).
b. Determine the rule for a straight line that has an x-intercept = —20 and y-intercept = 400.

1 1
8. Determine the value of a so that the point M <—5, -1 5) is the midpoint of the segment joining points
A(3,2) and B(—4, a).

9. Calculate the exact distance between the points (2, 5) and (=3, 7).
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11.

12.

13.

14.

10. I Select the equation of the linear graph shown. YA
Ay=2x—6 |
B.y=2x—8
C.y=—2x—6 _
D.y=—-2x—4 x
E.y=—2x—8
A student plays the game Blue Blobs. She has the following blobs YA
on her screen, as shown in the diagram. j:

The student types in an equation for a line that will pass through 43
four blobs. -
a. Determine the equation of the straight line that passes through o 11 o °
four blobs. <T T T T 1 T T T 1%
b. The student then types in the equation x = —1. =5 -4-3-2-1 10_ 123457
State the coordinate of the blob that both lines would hit. )|
-3
‘4_
=5
Y
. . 5
T Select the vertical asymptote for the equation y = =.
X
A x=0 B. x=5 C.y=0
D.y=5 E. y=x
I Select the centre and radius for the graph (x4 1)* 4 (y —2)* =9.
A (1,-2),r=9 B. (1,-2),r=3 C.(-1,2),r=9
D. (—-1,2),r=3 E. (1,-2),r=81
I3 For the graph y = —x? + 4, select the correct turning point of the parabola.
A. a maximum at (0, —4) B. a minimum at (4, 0) C. a maximum at (—4, 0)

15.

D. a minimum at (0, —4) E. a maximum at (0,4)

I3 Select the correct equation for the graph shown.
Ay=x>—4

B.y=—(x—2)Y°—4

C.y=(x+2)°+4

D.y=—(x+2)"

E.y=—x*+2
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LESSON
6.2 Plotting linear graphs

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e plot points on the Cartesian plane
e plot a linear graph on the Cartesian plane.

6.2.1 Plotting linear graphs on the Cartesian plane

eles-4779
e The Cartesian plane is divided into four regions, known as

quadrants, by the x- and y-axes, as shown.

e Every point in the plane is described exactly by a pair of
coordinates (x, y), where x is the horizontal location and y is the
vertical location of the point. For example, the point P (4, 2) is
marked on the diagram.

Plotting linear graphs from a rule

e A straight-line graph is called a linear graph.

e The rule for a linear graph can always be written in the form
y=mx+c.
For example, y=4x—-5or y=x+2.

¢ A minimum of two points are needed to plot a linear graph.

6 y
Quadrant Quadrant
4 -
2 1
2 -

(]
P (4,2)

6 4 2 0 2 4 ¢=*
Quadrant 27 Quadrant
ol [ L] 4

—6-

Plotting a linear graph from a rule on a Cartesian plane

. Draw a table of values for the x-values.

. Substitute the x-values into the rule to find the y-values.

1
2
3. Plot the points on the Cartesian plane.
4

. Join the points with a straight line and label the graph.

WORKED EXAMPLE 1 Plotting a graph from a rule

Plot the graph specified by the rule y =x + 2 for the x-values —3,—-2,—1,0,1,2,3.

-1 0 1 2 3

THINK WRITE/DRAW
1. Draw a table and write in the required ~ -3 -2
x-values.
y
2. Substitute each x-value into the rule ~ -3 -2
y=x+2 to obtain the corresponding ~1 0
y-value.

When x=-3,y=-3+2=—1.
Whenx=-2,y=-2+2=0etc.
Write the y-values into the table.
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3. Plot the points from the table.
4. Join the points with a straight line and label
the graph with its equation: y =x + 2.

TI| THINK WRITE CASIO | THINK WRITE
1. In a new document, on a = 1. On the Spreadsheet screen, [ fis i araoh ool
Lists & Spreadsheet page, @1 wahes B yvalues ] = enter the x-values into @] e [ao]=]]e]in] ]
label column A as x-values  |= | column A. A s T Iy
. A il -3/ -1
and column B as y-values. : = i In cell.B 1, complete the ) —
Enter the x-values from —3 |5 1 2l ' entry line as: = Al +2 (a1 - I
to 3 into column A. Thenin | o 2 Press EXE. ; 'f-
cell B1, complete the entry '_l 1 g < :"lf 3|
=a1+3 a|r 5
line as: =al +2 1;

Press ENTER. Hold down I & |
SHIFT and the down arrow [VX

key to fill down the y-values. b2 =

2. Open a Data & Statistics 2. Highlight the required

O File Edit Graph Calc

page. cells in column B. 'ai] & [ ]=] ] ] ]
Press TAB to locate the label Press: [ S -
of the horizot}tal axis and o Edit L %_. :g. -é_
select the variable x-values. * Fill [ -1| 1
Press TAB again to locate * Fill Range ; 'f- §
the label of the vertical axis " H0 s oo 15 30 [ECH| 2
R v aElues 15
and select the variable ETH T T

y-values. The points will be - I
plotted. |=AB+2 [v]x
To change the colour of the L -
points, select any point and
press:

e CTRL

* MENU

e 3: Colour.

Choose a colour from the
palette.
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3. To join the points with a line, grrTs 3. Highlight both columns

] Edn View Type Calc [x]
press: 5] _ and then press Graph. T T
* MENU = Select the scatterplot. i 9 I I [ |
® 4: Analyze 2 2 E |
. £ 5 Uk B 5 H
® 4: Plot Function. = i 0 3 f
Complete the entry line as: v '5 S |- | =
fl)=x+2 " 30 -5 0o 15 30 O O
wvalues g . \/_X
4
+
= 3
(]
4. To determine the equation, S Ei m T )
press: :
® Calc

® Regression

® Linear Regression
The equation is
y=x+ 2. The line will L
appear as continuous. 4

WORKED EXAMPLE 2 Drawing linear graphs by plotting two points

Plot two points and use them to draw the linear graph y =2x — 1.

THINK WRITE/DRAW
1. Choose any two x-values, for example x =—2 and x = 3.

2. Calculate y by substituting each x-value into y = 2x — 1. X )
y=2%X(-2)—1=-5
x=3:y=2%X3-1=5

3. Plot the points (—2, —5) and (3, 5).
4. Draw a line through the points and label the line.
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6.2.2 Points on a line

e Consider the line that has the rule y=2x+ 3
as shown in the graph.
Ifx=1,theny=2(1)+3
=5
so the point (1, 5) lies on the line y =2x + 3.
e The points (1, —3) (1,9), (1, 12) ... are not on the line, but lie
above or below it.
e The point (-6, 4) is in quadrant 2.

eles-4781

Ifx=-6: y=2(-6)+3
y=-9
y#5

This shows that the point does not lie on the line.

WORKED EXAMPLE 3 Determining whether a point lies on a line

Determine whether the point (2,4) lies on the line given by:

a.y=3x—-2 b. x+y=S5.
THINK WRITE
a. 1. Substitute x =2 into the equation y=3x—2 a. y=3x—-2
and solve for y. x=2:y=32)-2
=6-—2
=4

When x =2, y=4, so the point (2,4) lies on
the line. Write the answer.

The point (2,4) lies on the line y =3x —2.

b. 1. Substitute x =2 into the equation x +y =35 b. x+y=5
and solve for y. x=2:24y=5
y=3
2. The point (2, 3) lies on the line, but the point The point (2, 4) does not lie on the line
(2,4) does not. Write the answer. x+y=>5.
DISCUSSION

In linear equations, what does the coefficient of x determine?

Resources

eWorkbook

Topic 6 Workbook (worksheets, code puzzle and project) (ewbk-2006)

Interactivities Individual pathway interactivity: Plotting linear graphs (int-4502)

Plotting linear graphs (int-3834)
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Exercise 6.2 Plotting linear graphs
6.2 Quick quiz

Individual pathways

learn

6.2 Exercise

Bl PRACTISE l CONSOLIDATE
1,2,4,9,12 3,5,8,11,13
Fluency
1. I a. The point with coordinates (-2, 3) is:
A. in quadrant 1 B. in quadrant 2
D. in quadrant 4 E. on the x-axis
b. The point with coordinates (—1, —5) is:
A. in the first quadrant B. in the second quadrant
D. in the fourth quadrant E. on the y-axis
c. The point with coordinates (0, —2) is:
A. in the third quadrant B. in the fourth quadrant
D. on the y-axis E. in the second quadrant

2. IlIZH For each of the following rules:

B MASTER
6,7,10, 14

C. in quadrant 3

C. in the third quadrant

C. on the x-axis

i. complete the table ii. plot the linear graph.
-3 -2 -1 0 1 2 3
y
a. y=x b. y=2x+2 c.y=3x—-1 d. y=—2x

Understanding

3. [l By first plotting two points, draw the linear graph given by each of the following.

a.y=—x b.y=%x+4 c.y=—2x+3 d y=x-3
4. [lIEH Determine whether these points lie on the graph of y =2x — 5.
a. (3,1) b. (—1,3) c. (0,5) d. (5,5)
5. Determine whether the given point lies on the given line.
a.y=—x—17,(1,-8) b. y=3x+5,(0,5) c.y=x+6,(-15)
d. y=5-x,(8,3) e.y==2x+11,5,-1) f.y=x—4,(-4,0)
6. A Select the line that passes through the point (2, —1).
A y=—-2x+5 B.y=2x—-1 C.y=—2x+1 D. x+y=1 E.x+y=-1
7. Match each point with a line passing through that point.
Point Line
a. (1,1 A x+y=4
b. (1,3) B.2x—y=1
c.(1,6) C.y=3x-7
d. (1,-4) D.y=7—x
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Reasoning

8. The line through (1, 3) and (0, 4) passes through every quadrant except one. State the quadrant through
which this line does not pass. Explain your answer.

9. Answer the following questions.

a. Determine which quadrant(s) the line y =x+ 1 passes through.

b. Show that the point (1, 3) does not lie on the line y=x+ 1.

10. Explain the process of how to check whether a
point lies on a given line.

11. Using the coordinates (—1, —3), (0, —1) and
(2, 3), show that a rule for the linear graph is

y=2x—1.

Problem solving

12. Consider the pattern of squares on the

grid shown.

Determine the coordinates of the
centre of the 20th square.

y
8_
6_ ‘
4_
L
2_
T T T T T T T T T
2 9% 4 6 8 10 12 14 16
2

13. It is known that the mass of a certain kind of genetically modified

tomato increases linearly over time. The following results were

recorded.
Time, ¢ (weeks) 4 6 9 16
Mass, m (grams) 6 21 31 46 81

a. Plot the above points on a Cartesian plane.
b. Determine the rule connecting mass with time.

c. Show that the mass of one of these tomatoes is 101 grams

after 20 weeks.

14. As a particular chemical reaction proceeds, the temperature increases at a constant rate. The graph represents
the same chemical reaction with and without stirring. Interpret the graph and explain how stirring affects

the reaction.
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LESSON
6.3 Features of linear graphs

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e calculate the gradient of a line or line segment
e calculate the y-intercept of a linear graph.

6.3.1 The gradient (m)

eles-4782
e The gradient of a line is a measure of the steepness of its slope.
e The symbol for the gradient is m.
e The gradient of an interval AB is defined as the rise (distance up) divided by the run (distance across).

Gradient formula

rise
run

rise

Al [

run

e If the line is sloping upwards (from left to right), the
gradient is positive.
e If the line is sloping downwards, the gradient is negative.

Positive gradient Negative gradient
(sloping upwards) (sloping downwards)
6 2

3 1

m=2 m=-2

Al |

2 2

1 1

m=— m=-——

2 2
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Determining the gradient of a line passing through two points

e Suppose a line passes through the points (1, 4) and (3, 8), as shown in YA

the graph. 8T (3,8)
e By completing a right-angled triangle, it can be seen that:

o the rise (difference in y-values): § —4 =4 o

« the run (difference in x-values): 3 —1=2
« to determine the gradient:

%)
|
N
[\®)

3
I

o l\)lll-lkw
o
—
[\
W
=y

Gradient of a line
In general, if a line passes through the points
(x1,y;) and (x2,y,), then:
Y2—=01
m=

X2 — X1

WORKED EXAMPLE 4 Determining the gradient of a line passing through two points

Calculate the gradient of the line passing through the points (—2,5) and (1, 14).

THINK WRITE
1. Let the two points be (x;,y;) and (x,, y,). (=2,5) = (x1,y1),(1,14) = (x5, y,)
2. Write the formula for gradient. m=2"20
X2 — X
_14-5

3. Substitute the coordinates of the given points  m

into the formula and evaluate. 1--2

=3

4. Write the answer. The gradient of the line passing through (=2, 5) and
(1,14) is 3.
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Note: If you were to switch the order of the points and let (x;,y;) = (1, 14) and (x,, y,) = (=2, 5), then the
gradient could be calculated as shown and it can be seen that the result is the same.

Rates of change

e A rate of change measures the change in the y-values with respect to the change in the x-values.
e The rate of change is equivalent to the gradient of the graph.

The gradient of horizontal and vertical lines

e The gradient of a horizontal line is zero, since it does not have any upwards or downwards slope.

rise 0
m= =

> 0
run  run
e The gradient of a vertical line is undefined, as the run is zero.
rise  rise
m = — = — =undefined
run 0

WORKED EXAMPLE 5 Calculating the gradient of a straight line

Calculate the gradients of the lines shown.

a. y b. y
(10, 13)
10+ 40
5 20
10, 6)
10 / 5 10* 10 -5 O s 10°
0,-2)
—297 (10, —24)
—40-
C y d. y
10 10
5 5
T T 0 T Ix T T 0 T Ix
-10 -5 5 10 10 -5 50 10
—5 —5
~10- ~10-
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THINK WRITE

a. 1. Write down two points that lie on the line. a. Let (x;,y;)=(0,—2) and (x,, y,) = (10, 13).
Rise=y,—y; =13—-2=15
Run =x, —x; =10—-0=10

2. Calculate the gradient by finding the ratio L
rise Lun
run _15

10

3
=—orl.5

2

b. 1. Write down two points that lie on the line. b. Let (x;,y;) =(0,6) and (x,, y,) = (10, —24).
Rise =y, —y; = -24-6=-30

Run =x, —x; =10—-0=10

2. Calculate the gradient. m= riﬁ
run
—30
"0
c. 1. Write down two points that lie on the line. c. Let (x;,y;)=(5,—6) and (x,, y,) = (10, —6).
2. There is no rise between the two points. Rise = y, —y;
=—6——6=0
Run = x, —x;
=10-5=5
3. Calculate the gradient. m= riﬁ
run

Note: The gradient of a horizontal line is
always zero. The line has no slope. = —

=0
d. 1. Write down two points that lie on the line. d. Let (x;,y;)=(7,10) and (x,, y,) = (7, =3).

2. The vertical distance between the selected Rise =y, —y;, = —-3-10=13
points i.s 13 units. There is no run between the  p . _ Xxy—x; =7=7=0
two points.

3. Calculate the gradient. m=—

Note: The gradient of a vertical line is always run
undefined. _13
0
= undefined
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6.3.2 The y-intercept

e The point where a line cuts the y-axis is called the y-intercept.
¢ In the graph shown the line cuts the y-axis at y =2, so the y-intercept

is (0,2).

e The y-intercept of any line is found by substituting 0 for x and

calculating the y-value.

y=2x+2

WORKED EXAMPLE 6 Determining the y-intercepts of lines

Determine the y-intercepts of the lines whose linear rules are given, and state the coordinates of the

y-intercept.
a.y=—4x+7 b. Sy +2x=10

THINK
a. 1. To calculate the y-intercept, substitute x =0
into the equation.
2. Solve for y.
3. Write the coordinates of the y-intercept.
b. 1. To calculate the y-intercept, substitute x =0

into the equation.

2. Solve for y.

3. Write the coordinates of the y-intercept.

c. 1. To calculate the y-intercept, substitute x =0
into the equation.

2. Write the coordinates of the y-intercept.
d. The value of y is —8 regardless of the x-value.

c.y=2x d.y=-8

WRITE

a. y=—4x+7
y=—-40)+7
y=1
y-intercept: (0, 7)

b. 5y+2x=10

S5y+2(0) =10
S5y =10
y=2
y-intercept: (0, 2)
c. y=2x
y =2(0)
y=0

y-intercept: (0, 0)
d. y-intercept: (0, —8)

DISCUSSION

Why is the y-intercept of a graph found by substituting x = 0 into the equation?
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Resources

eWorkbook Topic 6 Workbook (worksheets, code puzzle and project) (ewbk-2006)
Video eLesson Gradient (eles-1889)

Interactivities Individual pathway interactivity: Determining linear rules (int-4506)
The gradient (int-3836)
Linear graphs (int-6484)

Exercise 6.3 Features of linear graphs learn
6.3 Quick quiz 6.3 Exercise

Individual pathways

Bl PRACTISE Bl CONSOLIDATE B MASTER
1,3,5,8,11, 14, 16 2,4,6,9,12,15,17,18 7,10, 13,19, 20
Fluency
1. IlZH Calculate the gradients of the lines passing through the following pairs of points.
a. (2,10) and (4, 22) b. (1,-2) and (3,—10)
c. (=3,0) and (7, 0) d. (=4,—7) and (1,—1)
e. (0, 4) and (4,—4.8) f. (=2,122) and (1,—-13)
2. Calculate the gradients of the lines passing through the following pairs of points.
a. (2,3)and (17, 3) b. (=2,2) and (2, 2.4)
c. (1,—5) and (5,—15.4) d. (=12, =7) and (8.4, —7)
e. (—2,—17.7)and (0, 0.3) f. (=3, 3.4) and (5, 2.6)
3. lIEA Determine the y-intercepts of the lines whose rules are given below.
a. y=5x+23 b. y=54—-3x c.y=3(x—-2) d. y=70—-2x

4. Determine the y-intercepts of the lines whose rules are given below.

a.y=%(x+2) b.y=§+5.2 c. y=100—»x d. y=100

5. [l Calculate the gradients of the lines shown.
a. y b. y C. y

b

9 gls X 0 AR 0
3

‘Qz /
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6. Calculate the gradients of the lines shown.

a. y b. y C. y
(1, 200)

-200
_101 ] (5,-26)

7. Calculate the gradients of the lines shown.

a. y b. Xy c. y
1000 ?
(=1, 100)
0 X 02 X 0 X
5

—200 \

Understanding
8. I Select which of the following statements about linear graphs is false.

A. A gradient of zero means the graph is a horizontal line.
B. A gradient can be any real number.

C. A linear graph can have two y-intercepts.

D. In the form y = mx + ¢, the y-intercept equals c.

E. An undefined gradient means the graph is a vertical line.

9. Identify the y-intercept of the line y =mx + c.

10. Determine the coordinates of the y-intercepts of the lines with the following rules.

a.y=—6x—10 b. 3y+3x=—12 c. Ix—=5y+15=0
d. y=7 e.x=9
Reasoning

11. Explain why the gradient of a vertical line is undefined.

12. Explain why the gradient of a horizontal line is zero.

d—>b

c—a

13. Show the gradient of the line passing through the points (a, b) and (c, d) is

TOPIC 6 Linear and non-linear graphs 337



Problem solving

14. When using the gradient to draw a line, does it matter if you rise before you
run or run before you rise? Explain. Y

©,¢)
15. Consider the graph shown. > ()

Shm————
=

a. Determine a general formula for the gradient m in terms of x, y and c. / 0
b. Transpose your formula to make y the subject.
Discuss what you notice about this equation.

16. Calculate the gradient, correct to 2 decimal places, of the playground equipment in the diagrams
given below.

50 cm

17. Safety standards for escalators outline that the gradient of an escalator must not exceed 0.58.
Determine if an escalator with a height of 18 metres that has a horizontal distance of 30 metres meets the
required safety standards.

18. The maximum gradient for wheelchair ramps is 7 If a ramp is being built across a horizontal distance of

4.2 metres determine the maximum height of the ramp.

19. The price per kilogram for three different types of meat is illustrated in the graph shown.

20- Lamb Chicken

Cost ($)

Beef

o
o -
=Y

Weight (kg)

a. Calculate the gradient (using units) for each graph.
b. Determine the cost of 1kg of each type of meat.
c. Evaluate the cost of purchasing:

i. 1kg of lamb ii. 0.5 kg of chicken iii. 2kg of beef.
d. Calculate the total cost of the order in part c.
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e. Complete the table below to confirm your answer from part d.

Meat type | Cost per Kkilogram ($/kg) Weight required (kg) Cost = $/kg x kg
Lamb 1
Chicken 0.5
Beef 2
Total cost
20. Three right-angled triangles have been superimposed on the graph shown. I z
a. Use each of these to determine the gradient of the line. 12
b. Does it matter which points are chosen to determine the gradient of a line? 10
Explain your answer. 8-
c. Describe the shape of the graph. 6-
4_
2_
T O RRE
_4_
_6_
-8
—10
=124
—14-

LESSON
6.4 The equation of a straight line

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e determine the equation of a straight line given the gradient and the y-intercept
e determine the equation of a straight line given the gradient and one point
¢ determine the equation of a straight line given two points
¢ determine the equation of a straight line from a graph.

6.4.1 The general equation of a straight line
les-4784
e ¢ The general equation of a straight line is
y=mx+c

where m is the gradient and c is the y-intercept of the line.
e Once the gradient and y-intercept are known the equation of the straight line can be stated.

TOPIC 6 Linear and non-linear graphs 339



WORKED EXAMPLE 7 Determining the equation from the gradient and y-intercept

Determine the equation of the line with a gradient of —2 and y-intercept of 3.

THINK WRITE

1. Write the equation of a straight line. y=mx+c

2. Substitute the values m=—-2, c=3 to m=-2,c=3
write the equation. y=—-2x+3

6.4.2 Determining the equation of a straight line

eles-4785
e If the gradient (/) and any single point on a straight line are known, then the y-intercept can be calculated

algebraically.

WORKED EXAMPLE 8 Determining the equation of a line from the gradient and a point

Determine the equation of a straight line that goes through the point (1, — 3), if its gradient is —2.

THINK WRITE
1. Write the equation of a straight line. y=mx+c
2. Substitute the value m = —2. y=—2x+c
3. Since the line passes through the point (1, —3), substitute =~ Whenx=1, y=—3.
x=1and y= -3 into y = —2x + ¢ to calculate the value —3=-2X1+c
of c.
4. Solve for c. =3 = =2FE
—3+2=c¢c
c=-1
5. Write the rule. y=—2x—1

e If two points on a straight line are known, then the gradient (/1) can be calculated using the formula
=N .. tise

>

Xy — X1 run

* Using the gradient and one of the points, the equation can then be found using the method in Worked
example 8.

WORKED EXAMPLE 9 Determining the equation of a line from two points

Determine the equation of the straight line passing through the points (—1, 6) and (3, —2).

THINK WRITE
1. Write the equation of a straight line. y=mx+c
2. Write the formula for calculating the gradient, m. m=22"21
X2 — X
—2-6
3. Let (x;,y1) = (=1,6) and (x5, %) = (3, —2). m=
Substitute the values into the formula and 3—-1
determine the value of m. _—2-6
3+1
_ 8
4
=-2
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4. Substitute the value of m into the general equation

y=mx+c.

5. Select either of the two points, say (3, —2), and

y=—2x+c

Point (3, —2):

substitute into y = —2x + c. —2==-20B)+c
—2=—-6+c
6. Solve for c. e=d
7. Write the rule using the values ¢ =4,m = —2. y=—2x+4
TI | THINK WRITE CASIO | THINK WRITE

In a new problem, on a

Calculator page, complete

the entry lines as:
2o
x2 —x1

and yl =6 and x2 =3 and

y2=-=2

y==2x+c

solve (y =-2x+c, c)

(x=3) andy= -2

y=—=2x+clc=4

Press ENTER after each

entry.

(21 a1 ] 41 R

21
e e ] it Y I~ B A 22w A Y2
a2l

=2

y=r2-x+e y=e-2'%
solve(y*'z-m,c)h*l and yw=-2 c=4
y="2-x4clc=4 y=d-2-x

The equation is y =4 — 2x.

1. On the Spreadsheet screen,
complete the entries as:

A B
1 -1 6
3|1-2

2. Highlight the data in both
columns.
Press Graph and select the
scatterplot.
The points will be plotted.

3. To get the equation of the
line, press the Line icon.
The equation will appear
above the graph, and the
points will be joined by
a line.

© File Edit Graph Calc
il o [w]=] [T

A I e I |
=1 B
3 -2
—1

it

=R EREE R
xﬁ—ﬂ

= _ﬁ!.:' =
L*

O Edit View Type Calc

a | B P

i .
&

i J‘|
o
b
<
8l

wuw

Output>>

e

The equation is
y=-=2x+4.
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e The equation of a straight line can be determined from a graph by observing the y-intercept and
calculating the gradient.

WORKED EXAMPLE 10 Determining the equation of a line from its graph

Determine the equation of the linear graph shown.

0,4)
2 —
] T T
4 |4 |3 |9 x
15
_4 —
—6
THINK WRITE
1. Read the important information from the graph. The The graph passes through (0, 4) and (2, 0).
y-intercept is 4 and the x-intercept is 2. Write the
coordinates of each point.
2. Calculate the gradient using the formula m = u. m= 1=0
Xy — X1 0-2
Let (x,y1) =(2, 0) and (xp,¥,) =(0, 4). 4
-~
-2
y=-2x+c
3. From the graph, the y-intercept is 4. c=4
4. Write the equation. y=—-2x+4

Resources

eWorkbook Topic 6 Workbook (worksheets, code puzzle and project) (ewbk-2006)
Video eLesson The equation of a straight line (eles-2313)

Interactivity Individual pathway interactivity: The equation of a straight line (int-4503)
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Exercise 6.4 The equation of a straight line learn
6.4 Quick quiz 6.4 Exercise

Individual pathways

B PRACTISE Bl CONSOLIDATE B MASTER
1,3, 5,10, 15, 16, 19, 22, 25 2,4,6,8,11,13, 17, 20, 23, 26, 27 7,9,12, 14,18, 21, 24, 28, 29
Fluency

1. Determine the equations of the straight lines with the gradients and y-intercepts given.
a. Gradient =4, y-intercept =2
b. Gradient = —4, y-intercept =1
c. Gradient =4, y-intercept =8
2. Determine the equations of the straight lines with the gradients and y-intercepts given.
a. Gradient = 6, y-intercept =7
b. Gradient = —2.5, y-intercept =6
c. Gradient =45, y-intercept = 135

3. Determine the equation for each straight line passing through the origin and with the gradient given.

a. Gradient = -2
b. Gradient =4
c. Gradient =10.5

4. Determine the equation for each straight line passing through the origin and with the gradient.

a. Gradient = —20
b. Gradient =1.07
c. Gradient =32

5. [IIEA Determine the equation of the straight lines with:
a. gradient = 1, point =(3, 5)
b. gradient = —1, point =(3, 5)
c. gradient = —4, point = (-3, 4)
d. gradient =2, point = (5, =3).

6. Determine the equation of the straight lines with:

a. gradient = —5, point = (13, 5)
b. gradient =2, point = (10, —3)
c. gradient = —6, point = (2, —1)
d. gradient = —1, point = (-2, 0.5).

7. Determine the equation of the straight lines with:

a. gradient = 6, point = (—6, —6)
b. gradient = —3.5, point = (3, 5)
c. gradient = 1.2, point = (2.4, —1.2)
d. gradient = 0.2, point = (1.3, —1.5).
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10.

11.

12,

13.

14.

15.

16.

344

. Determine the equations of the straight lines with:

a. gradient = —4, x-intercept = —6
b. gradient =2, x-intercept =3
c. gradient = —2, x-intercept = 2.

. Determine the equation of the straight lines with:

a. gradient =5, x-intercept = —7
b. gradient = 1.5, x-intercept =2.5
c. gradient = 0.4, x-intercept = 2.4.

ZA Determine the equation for each straight line passing through the given points.
a. (—6, 11) and (6, 23) b. (1, 2) and (-5, 8)

c. (4, 11) and (6, 11) d. (3, 6.5)and (6.5, 10)
Determine the equation for each straight line passing through the given points.

a. (1.5, 2) and (6, —2.5) b. (=7, 3) and (2, 4)

c. (25, —60) and (10, 30) d. (5, 100) and (25, 500)
Determine the equation for each straight lines passing through the given points.

a. (1,3)and (3, 1) b. (2, 5) and (—2,6)

c. (9, -2) and (2, —4) d. (1, 4) and (-0.5, 3)

Determine the rules for the linear graphs that have the following x- and y-intercepts.
a. x-intercept = —3, y-intercept =3
c. x-intercept = 1, y-intercept =6

b. x-intercept =4, y-intercept =5
d. x-intercept = —40, y-intercept =35
Determine the rules for the linear graphs that have the following x- and y-intercepts.

a. x-intercept = —8, y-intercept =8 b. x-intercept = 3, y-intercept =6

c. x-intercept = —7, y-intercept = —3 d. x-intercept = —200, y-intercept =50
Determine the rule for each straight line passing through the origin and:
a. the point (4, 7) b. the point (5, 5) c. the point (—4, 8)
d. the point (—1.2,3.6) e. the point (—22, 48) f. the point (—105, 35).
=LA Determine the equation of the line shown on each of the following graphs.
a. y b. y
6 30 (6,30
20
10

T T T T T IO T T
2 4 6 X =30 =20 -10 10 20

-6 4
-10,
4 20
-6 B0
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17. Determine the equation of the line shown on each of the following graphs.

a. b. y
6
4 -
7 5. 1)
1 T T T 7 — T T T T T 7
_6 -6 2 9 246
o
4
6
18. Determine the equation of the line shown on each of the following graphs.
a. y b.
6
4_
1 7(1.3)
1 /MDD
T T T T — T T T T T T\ T T T T 1T
2 4 6 " 6 4 2 0] 4 6 *
o
4
6
Understanding
19. [l a. The gradient of the straight line that passes through (3, 5) and (5, 3) is:
A =2 B. —1 c.0 D. 1 E. 2
b. A straight line with an x-intercept of 10 and a y-intercept of 20 has a gradient of:
A =2 B. —1 c. —0.5 D. 0 E. 0.5
c. The rule 2y — 3x = 20 has an x-intercept at:
A 2 B. -2 c.0
2 3
2
D. 3 E. None of these

20. Given that the x-intercept of a straight line graph is (=5, 0) and the y-intercept is (0, —12):

a. determine the equation of the straight line
b. calculate the value of y when x=19.3.
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21. a. Determine the equation of the straight line shown in the graph. y
Use the fact that when x=15,y =7. 154
b. Determine the x-intercept.
105
5 -
T T T T T T
s -0 5 % s a0 a5t
-5+
—10
—15 1

Reasoning

22. The graph shows the carbon dioxide (CO,) concentration
in the atmosphere, measured in parts per million (ppm). J

Mean annual CO, concentration

a. If the trend follows a linear pattern, determine the
equation for the line.

b. Explain why ¢ cannot be read directly from the graph.

c. Infer the CO, concentration predicted for 2020. State the

£
(=9
=
g
. . . 5 350+ Py
assumption made when determining this value. £
= ®
-
23. Show that the equation for the line that passes through %’ 3001 °
the point (3, 6) parallel to the line through the points e 550
(0,—7) and (4, —15) is y=—2x + 12. S
200 T T T T T T >
1920 1940 1960 1980 2000 2020 2040
Year
. . . . . y
24. a. Determine the equations for line A and line B as shown in \({ Line A
this graph. 8
b. Write the point of intersection between line A and line B and mark 6
it on the Cartesian plane. 47
c. Show that the equation of the line that is perpendicular to line B 27

and passes through the point (—4, 6) isy =x+ 10.

Problem solving

25. The graph shown describes the mass in 6
kilograms of metric cups of water. =
Write a rule to describe the mass of f 4
water (m) relative to the number of é’s )

cups (¢).

T T T T T T =

0 2 4 6 8§ 10 12 14 16 18 20

Cups of water
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26. Harpinder plays the game Space Galaxy on her phone. The stars and y
spaceships are displayed on her screen as shown. 57 *
a. Copy the diagram. On the diagram, draw a straight line that will hit j:
three stars. i >
b. Determine the equation of the straight line that will hit three stars. %
1 1 .
. . . . _1 1 . :
c. Harpinder types in the equation y x+ 5 and manages to hit ‘_5 D % 2 _io_ 12345 %
two stars. Draw the straight line on your diagram. 5 s
d. If Harpinder types in the equation from part b and the equation from ~3 ¥
part c, determine the coordinate of the star that both lines will hit. Yo -4
e. If she types y =2, state how many stars will she hit. =5

f. Give another equation of a straight line that will hit two stars.

27. The temperature of water in a kettle is 15 °C before the temperature increases at a constant rate for
20 seconds to reach boiling point (100 °C). Adel argues that 7= 57+ 15 describes the water temperature,
citing the starting temperature of 15 °C and that to reach 100 °C in 20 seconds an increase of 5 °C for every

second is required.
Explain why Adel’s equation is incorrect and devise another equation that correctly describes the

temperature of the water.

28. A father wants to administer a children’s liquid painkiller to his child. The recommended dosage is a
range, 7.5 — 9 mL for an average weight of 12 — 14 kg. The child weighs 12.8 kg. The father uses a linear
relationship to calculate an exact dosage.

Evaluate the dosage that the father calculates.

29. The graph shown displays the wages earned in three different workplaces.

A

600 B
500 C
400
300
200
100

Total wage ($)

T
0 1 2 3 4 5 6 7 8

X
Time worked per day (h)

a. Identify the set allowance for each workplace.

b. Determine the hourly rates for each workplace.

c. Using your answers from parts a and b, determine linear equations that describe the wages at
each workplace.

d. Match each working lifestyle below to the most appropriate workplace.

i. Working lifestyle 1: Earn the most money possible while working at most 4 hours in a day.
ii. Working lifestyle 2: Earn the most money possible while working an 8-hour day.

e. If a person works an average of 8 hours a day, determine the advantage of workplace C.
f. Calculate how much money is earned at each workplace for a:
i. 2-hour day ii. 6-hour day.
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LESSON
6.5 Sketching linear graphs

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e sketch linear graphs using the x- and y-intercept method
e sketch linear graphs using the gradient—intercept method
e sketch vertical and horizontal lines.

6.5.1 The x- and y-intercept method

eles-4786
¢ To sketch a linear graph all you need is two points on the line. y

Once you have found two points, the line can be drawn through
those points.

¢ One method to sketch a linear graph is to find both the
x-intercept and the y-intercept.

e To determine the intercepts of a graph:
x-intercept: let y =0 and solve for x
y-intercept: let x =0 and solve for y.

e If both intercepts are zero (at the origin), another point is needed
to sketch the line.

x-intercept *

y-intercept

WORKED EXAMPLE 11 Sketching graphs using the x- and y-intercept method

Using the x- and y-intercept method, sketch the graphs of:

4
a.2y+3x=6 b.y=§x+5 c.y=2x.
THINK WRITE/DRAW
a. 1. Write the rule. a. 2y+3x=6
2. To calculate the y-intercept, let x = 0. x=0: 2y+3x0=6
Write the coordinates of the y-intercept. 2y =06
y=3
y-intercept: (0, 3)
3. To calculate the x-intercept, let y = 0. y=0: 2X0+3x=6
Write the coordinates of the x-intercept. 3x=6
x=2

x-intercept: (2, 0)
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4. Plot and label the x- and y-intercepts on a set of y
axes and rule a straight line through them. S
Label the graph. .|
grap 3\ (0, 3)
27 \2y+3x=6
T \aeo
| | 0 | | T I X
21,20 1 2\3 4 5
2
. 4
. 1. Write the rule. b. y= gx +5
2. The rule is in the form y = mx + ¢, so the c=5
y-intercept is the value of c. y-intercept: (0, 5)
4
3. To calculate the x-intercept, let y = 0. Write the y=0: y=—-x+5
coordinates of the x-intercept. 5
0=-x+5
—5=—x

4. Plot and label the intercepts on a set of axes and y
rule a straight line through them. /
Label the graph.

(o
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. Write the rule.

To calculate the y-intercept, let x = 0.
Write the coordinates of the y-intercept.

The x- and y-intercepts are the same point, (0, 0),
S0 one more point is required.

Choose any value for x, such as x = 3.

Substitute and write the coordinates of the point.

Plot the points, then rule and label the graph.

c. y=2x
x=0: y=2X%X0
=0
y-intercept: (0, 0)
x=3: y=2x%3
=6

Another point: (3, 6)

6.5.2 The gradient—-intercept method

eles-4787
¢ To use this method, the gradient and the y-intercept must be known.
¢ The line is drawn by plotting the y-intercept, then drawing a line with the correct gradient through
that point.
A line interval of gradient A line interval of gradient A line interval of gradient
3 . -2 . 3 . .
3(= 1 can be drawn with a =2\ = T can be drawn with 5 can be shown with a rise of
rise of 3 and a run of 1. a rise downwards of 3 and arun of 5.
2 and a run of 1.
1
3
3
2 5
L[]
1
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WORKED EXAMPLE 12 Sketching graphs using the gradient-intercept method

Using the gradient-intercept method, sketch the graphs of:

3
a.y=—-x+2
& 4

THINK
a. 1. From the equation, the y-intercept
is 2. Plot the point (0, 2).
2. From the equation, the gradient is
3 rise 3

E)

4 run 4
From (0, 2), run 4 units and rise 3 units.

Mark the point P (4,5).
3. Draw a line through (0,2) and P (4, 5).
Label the graph.

b. 1. Write the rule in gradient—intercept form:
y=mx+c.

. 3
From the equation, m=—-2,c = —.

Plot the point <0, %) .

i -2
2. The gradient is —2, so LS —.
run 1

From <0, %) , run 1 units and rise

—2 units (i.e. go down 2 units). Mark the
1
ointP(1,— ).
P ( 2)

1
3. Draw a line through <O, %) and P (1, —5> .
Label the graph.

b. 4x + 2y =3.

WRITE

b. 4x+2y=3
2y =3 —4x
3
)= — —2x
¥ 2
3
)= —2x+ —
¥ 2
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eles-4788

6.5.3 Horizontal and vertical lines

Horizontal lines (y=c¢)

e Horizontal lines are expressed in the form y = ¢, where c is the y-intercept.
¢ In horizontal lines the y-value remains the same regardless of the x-value.

e This can be seen by looking at a table of values, like the one shown.

X

-2

0

2

4

c

c

c

y c

Plotting these points gives a horizontal line, as shown in the graph.
Horizontal lines have a gradient of 0. They do not rise or fall.

Vertical lines (x =a)

e Vertical lines are expressed in the form x = a, where a is the x-intercept. y
In vertical lines the x-value remains the same regardless of the y-value. 47 oy
This can be seen by looking at a table of values, like the one shown.

x a a a a
y —2 0 2 4 R S S R B R B

Plotting these points gives a vertical line, as shown in the graph.

The run of the graph is 0, so using the formula m = 2% involves dividing
run 4

by zero, which cannot be done.
The gradient is said to be undefined.

WORKED EXAMPLE 13 Sketching horizontal and vertical lines

On a pair of axes, sketch the graphs of the following and label the point of intersection of the

two lines.
a.x=-3 b. y= 4
THINK WRITE/DRAW
a. 1. The line x=—3 is in the form a. y
xX=da. x=3
This is a vertical line. 2]
2. Rule the vertical line where 1
x=-=3.
Label the graph. : : o : : : e
-4 B 2 -1 1 2 3 4
—1
=5
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b. 1. The line y=4 is in the form y=c. b. y
This is a horizontal line.

2. Rule the horizontal line where =13
y=4. B, 4
Label the graph. y=4

3. The lines intersect at (—3,4). 5

Resources

eWorkbook Topic 6 Workbook (worksheets, code puzzle and project) (ewbk-2006)

Video eLessons Sketching linear graphs (eles-1919)
Sketching linear graphs using the gradient-intercept method (eles-1920)

Interactivities Individual pathway interactivity: Sketching linear graphs (int-4504)
The intercept method (int-3840)
The gradient-intercept method (int-3839)
Vertical and horizontal lines (int-6049)

Exercise 6.5 Sketching linear graphs learn
6.5 Quick quiz 6.5 Exercise

Individual pathways

B PRACTISE Bl CONSOLIDATE B MASTER
1,3,5,7,9, 11, 15, 20 4,8,12,13,16, 17, 21 2,6,10, 14,18, 19, 22
Fluency

1. INIZEM Using the x- and y-intercept method, sketch the graphs of:
a. S5y—4x=20 b. y=x+2 c.y=—-3x+6.

2. Using the x- and y-intercept method, sketch the graphs of:

a. 3y+4x=-12 b. x—y=5 c. 2y+7x—8=0.
3. lIEHA Using the gradient—intercept method, sketch the graphs of:

a.y=x—7 b. y=2x+2 c.y=—-2x+2.
4. Using the gradient—intercept method, sketch the graphs of:

a.y=%x—1 b.y=4—x c.y=—x—10.

5. IIZEH On a pair of axes, sketch the graphs of the following.
a.y=4 b. y=-3
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6. On a pair of axes, sketch the graphs of the following.
a. y=-12.5 b.y=2
'7s
7. Sketch the graphs of the following.
a.x=2 b. x=—6
8. Sketch the graphs of the following.
a.x=-25 b.x=§
4
9. Sketch the graphs of the following.
a. y=3x b. y=—-2x
10. Sketch the graphs of the following.
a.y= E)c b.y= —lx
.y 2 .y 3

Understanding

11. [l Select which of the following statements about the rule y =4 is false.
A. The gradient m =0.
B. The y-intercept is at (0, 4).
C. The graph is parallel to the x-axis.
D. The point (4, 2) lies on this graph.
E. There is no x-intercept for this graph.

. . . 3
12. I Select which of the following statements is not true about the rule y = —gx.

A. The graph passes through the origin.
B. The gradient m = —%.

C. The x-intercept is at x =0.
D. The graph can be sketched using the x- and the y-intercept method.
E. The y-intercept is at y =0.

13. 2x+ 5y =201is a linear equation in the form ax + by =c.

. Rearrange this equation into the form y =mx + c.
. State the gradient.

. State the x- and y-intercepts.

d. Sketch this straight line.

O T o

14. A straight line has an x-intercept of —3 and a y-intercept of 5.

a. State the gradient.
b. Draw the graph.
c. Write the equation in the form:
i. y=mx+c i. ax+by=c.

Reasoning

15. Consider the relationship 4x — 3y =24.

a. Rewrite this relationship, making y the subject.
b. Show that the x- and y-intercepts are (6, 0) and (0, —8) respectively.
c. Sketch a graph of this relationship.
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16. Consider the relationship ax + by =c.

a. Rewrite the relationship, making y the subject.
b. If a, b and c are positive integer values, explain how the gradient is negative.

1
17. Josie accidently spilled a drink on her work. Part of her calculations were smudged. The line y = zx + % was

written in the form ax + 4y = 3.
Show that the value of a = —2.

. _ . . ... 3 2
18. Explain why the descriptions ‘right 3 up 2, ‘right 6 up 4’, ‘left 3 down 2’, ‘right 2 up 1’ and ‘left 1 down 5

all describe the same gradient for a straight line.

19. A straight line passes through the points (3, 5) and (6, 11).
a. Determine the slope of the line.
b. Determine the equation of the line.
c. State the coordinates of another point that lies on the same line.

Problem solving

20. Consider the following graph.

a. Match the descriptions given below with their corresponding line.

i. Straight line with a y-intercept of (0, 1) and a positive gradient.
ii. Straight line with a gradient of 1%.

iii. Straight line with a gradient of —1.
b. Write a description for the unmatched graph.

. . 5 3
21. a. Sketch the linear equation y = —;x - =

4

i. using the y-intercept and the gradient
ii. using the x- and y-intercepts
iii. using two other points.
b. Compare and contrast the methods and generate a list of advantages and disadvantages for each method
used in part a.
Explain which method you think is best. Give your reasons.

22. Consider these two linear graphs.
y—ax=bandy—cx=d.
Show that if these two graphs intersect where both x and y are positive, then a > ¢ when d > b.
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eles-4789

eles-4790

LESSON
6.6 Technology and linear graphs

LEARNING INTENTION

At the end of this lesson you should be able to:
e produce linear graphs using digital technologies.

6.6.1 Graphing with technology

e There are many digital technologies that can be used to graph
linear relationships.

e The Desmos Graphing Calculator is a free graphing tool that can be
found online.

e Other commonly used digital technologies include Microsoft Excel
and graphing calculators.

e Digital technologies can help identify important features and
patterns in graphs.

Sketching a linear graph using technology

e Depending on the choice of digital technology used, the steps
involved to produce a linear graph may vary slightly.

e Most graphing calculators have an entry (or input) line to type in
the equation of the line you wish to sketch.

* When using the Desmos Graphing Calculator you can simply type
y=x+ 1 into the input box to produce its graph.

* When using technologies such as a Texas Instruments or CASIO
graphing calculator you will need to open a Graphs page first.
The entry line for these types of technologies has a template that
needs to be followed carefully. Both of these graphing calculators
begin with f1(x) = or yl =, which is effectively saying y =.

e Thus, to draw the graph of y=x+ 1, you would simply
enter ‘x+1".

e The screen shows the graph of y =x+ 1 sketched on a
TI-Nspire CAS calculator.

6.6.2 Graphing parallel lines

e Lines with the same gradient are called parallel lines.
For a pair of parallel lines, m; =m,.

e Digital technologies can be used to help visualise this concept.
For example, y=3x+ 1, y=3x—4 and y = 3x are all parallel lines,
because m = 3.

¢ Select the digital technology of your choice and sketch these three
parallel lines on the same set of axes.
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6.6.3 Graphing perpendicular lines

eles-4791
e Lines that meet at right angles are called perpendicular lines.

* The product of the gradients of two perpendicular lines is
equal to —1.
e For a pair of perpendicular lines, m; X m, = —1.

* Digital technologies can be used to help visualise this concept. \

1 .
For example, y=2x+1and y= —Ex + 6 are perpendicular, 1 g

1 .
because 2 X _E =—1. rztﬁ\_}-—lw.\ +€

e Select a digital technology of your choice and sketch these two
lines on the same set of axes.

Resources

eWorkbook  Topic 6 Workbook (worksheets, code puzzle and project) (ewbk-2006)

Interactivities Individual pathway interactivity: Technology and linear graphs (int-4505)
Parallel lines (int-3841)

Exercise 6.6 Technology and linear graphs learn
6.6 Quick quiz 6.6 Exercise

Individual pathways

B PRACTISE B CONSOLIDATE B MASTER
1,3,4,11,15,16 2,5,6,7,12,14,17 8,9,10, 13,18

Understanding

Use technology wherever possible to answer the following questions.
1. Sketch the following graphs on the same Cartesian plane.

a.y=x b. y=2x c.y=3x
i. Describe what happens to the steepness of the graph (the gradient of the line) as the coefficient
of x increases in value.

ii. Identify where each graph cuts the x-axis (its x-intercept).
iii. Identify where each graph cuts the y-axis (its y-intercept).

2. Sketch the following graphs on the same Cartesian plane.

— 1 1
a.y=x b_y:E_x c.y=§x

i. Describe what happens to the steepness of the graph (the gradient of the line) as the coefficient of x
decreases in value.
ii. Identify where each graph cuts the x-axis (its x-intercept).
iii. Identify where each graph cuts the y-axis (its y-intercept).
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. Sketch the following graphs on the same Cartesian plane.

a.y=—x b. y=—-2x c.y=-3x
i. Describe what happens to the steepness of the graph as the magnitude of the coefficient of x decreases
in value (becomes more negative).
ii. Identify where each graph cuts the x-axis (its x-intercept).
iii. Identify where each graph cuts the y-axis (its y-intercept).

. Identify the correct word or words from the options given and rewrite the following sentences using the

correct option.

a. If the coefficient of x is (positive/negative), then the graph will have an upward slope to the right. That is,
the gradient of the graph is (positive/negative).

b. If the coefficient of x is negative, then the graph will have a (downward/upward) slope to the right. That
is, the gradient of the graph is (positive/negative).

c. The bigger the magnitude of the coefficient of x (more positive or more negative), the (bigger/smaller)
the steepness of the graph.

d. If there is no constant term in the equation, the graph (will/will not) pass through the origin.

. Sketch the following graphs on the same Cartesian plane and answer the following questions for each graph.

a. Is the coefficient of x the same for each graph? If so, state the coefficient.
b. State whether the steepness (gradient) of each graph differs.

c. Identify where each graph cuts the x-axis (its x-intercept).

d. Identify where each graph cuts the y-axis (its y-intercept).

i.y=x ii. y=x4+2 ii. y=x—2

. Sketch the following graphs on the same Cartesian plane and answer the following questions for each graph.

a. Is the coefficient of x the same for each graph? If so, state the coefficient.
b. State whether the steepness (gradient) of each graph differs.

c. Identify where each graph cuts the x-axis (its x-intercept).

d. Identify where each graph cuts the y-axis (its y-intercept).

i.y=—x ii. y=—x4+2 iil. y=—x—2

. Identify the correct word or words from the options given and rewrite the following sentences using the

correct option.

a. For a given set of linear graphs, if the coefficient of x is (the same/different), the graphs will be parallel.

b. The constant term in the equation is the (y-intercept/x-intercept) or where the graph cuts the
(y-axis/x-axis).

c. The (y-intercept/x-intercept) can be found by substituting x = 0 into the equation.

d. The (y-intercept/x-intercept) can be found by substituting y = 0 into the equation.

. On the same Cartesian plane, sketch the following graphs.

a.y=x+5 b. y=—x+5
2
c.y=3x+5 d.y:—§x+5

i. Is the coefficient of x the same for each graph? If so, state the coefficient.
ii. State whether the steepness (gradient) of each graph differ.
iii. Write down the gradient of each linear graph.
iv. Identify where each graph cuts the x-axis (its x-intercept).
v. Identify where each graph cuts the y-axis (its y-intercept).
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9.

Identify the correct word or words from the options given and rewrite the following sentences using the
correct option.

a. One of the general forms of the equation of a linear graph is y = mx + ¢, where m is the (steepness/
x-coordinate) of the graph. We call the steepness of the graph the gradient.

b. The value of c is the (x-coordinate/y-coordinate) where the graph cuts the (x-axis/y-axis).

c. All linear graphs with the (same/different) gradient are (parallel/perpendicular).

d. All linear graphs that have the same y-intercept pass through (the same/different) point on the y-axis.

10. For each of the following lines, identify the gradient and the y-intercept.
a.y=2x b.y=x+1 c.y=-3x+5 d_y=EX_7
3
Reasoning

11.

12.

13.

14.

15.

1
Using a CAS calculator, graph the lines y=3(x—1)+5, y=2(x—1)+5and y= -3 (x—1)+5. Describe

what they have in common and how they differ from each other.
1 5 .
Show on a CAS calculator how y = —x — — can be written as 6y = 3x — 10.

A phone company charges $2.20 for international calls of 1 minute or less and $0.55 for each additional
minute. Using a CAS calculator, graph the cost for calls that last for whole numbers of minutes.
Explain all the important values needed to sketch the graph.

Shirly walks dogs after school for extra pocket money. She finds that she can use the equation
P =—15+ 10N to calculate her profit (in dollars) each week.

a. Explain the real-world meaning of the numbers —15 and 10 and the variable N.
b. What is the minimum number of dogs that Shirly must walk in order to earn a profit?
c. Using a CAS calculator, sketch the equation.

Graph y=0.2x 4 3.71 on a CAS calculator. Explain how to use the calculator to find an approximate value
when x =70.3.

Problem solving

16.

17.

18.

Plot the points (6, 3.5) and (-1, —10.5) using a CAS calculator and:

a. determine the equation of the line

b. sketch the graph, showing x- and y-intercepts
c. calculate the value of y when x =8

d. calculate the value of x when y =12.

A school investigating the price of a site licence for their computer network
found that it would cost $1750 for 30 computers and $2500 for 60 computers.

a. Using a CAS calculator, find a linear equation that represents the cost of a site
licence in terms of the number of computers in the school.

b. Determine is the y-intercept of the linear equation and explain how it relates
to the cost of a site licence.

c. Calculate the cost for 200 computers.

d. Evaluate how many computers you could connect for $3000.

Dylan starts his exercise routine by jogging to the gym, which burns 325 calories.
He then pedals a stationary bike burning 3.8 calories a minute.

a. Graph this data using a CAS calculator.
b. Evaluate how many calories Dylan has burnt after 15 minutes of pedalling.
c. Evaluate how long it took Dylan to burn a total of 450 calories.
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LESSON
6.7 Practical applications of linear graphs

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e determine the linear rule from a table of values
e determine the linear rule that models a real-life problem
e interpret linear rules in real-life problems.

6.7.1 Determining a linear rule from a table of values

eles-4792
e If two variables are linked by a linear rule, then as one variable y
increases, the other increases, or decreases, at a steady rate. 20 1
e The table shown gives an example of a linear relationship. | y=3x+5
X 0 1 2 3 154
y 5 8 1 14 - ;19
. . . 10
« Each time x increases by 1, y increases by 3. |
o The linear rule connecting x and y is y =3x+ 5. 5470, 5)
I I I T I
0 12 3 4
¢ Consider the relationship depicted in the table shown. y
x 0 1 2 3 |
y 7 5 3 1

o Each time x increases by 1, y decreases by 2.
e The linear rule in this case is y=—2x+7.

WORKED EXAMPLE 14 Determining a rule from a table of values

Determine the rule connecting x and y in each of the following tables.

a.

b.

0 1 2 3 3 4 5
y -3 2 7 12 12 11 10
THINK WRITE

a. 1. yincreases at a steady rate, so this is a linear relationship.
Write the rule.

a. y=mx+c

2. To calculate m: y increases by 5 each time x increases by 1. m=>5
Write the value of the gradient.

3. To determine c: From the table, when x =0, y = —3. c=-3
Write the value of the y-intercept.

4. Write the rule. y=5x—-3
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b. 1. y decreases at a steady rate, so this is a linear relationship.

Write the rule.
2. To calculate m: y decreases by 1 each time x increases
by 1.
Write the value of the gradient.
3. To determine c: From the table, when x =3, y =12.
To calculate the y-intercept, substitute the x- and y-values
of one of the points, and solve for c.

4. Write the rule.

b. y=mx+c

m=—1

(3,12): y=-—x+c

12=—-0B)+c
12=-3+4+c¢
c=15
y=—x+15

6.7.2 Modelling linear relationships

eles-4793

¢ Relationships between real-life variables are often modelled by a mathematical equation.
In other words, an equation or formula is used to link the two variables.

For example:

« A =[’ represents the relationship between the area and the side length of a square
o C=rmd represents the relationship between the circumference and the diameter of a circle.
¢ If one variable changes at a constant rate compared to the other, then the two variables have a

linear relationship.

WORKED EXAMPLE 15 Determining the rule to model a relationship in a worded

question

An online bookstore sells a certain textbook for $21 and charges $10 for delivery, regardless of the

number of books being delivered.

a. Determine the rule connecting the cost ($C) with the number of copies of the textbook

delivered (n).

b. Use the rule to calculate the cost of delivering 35 copies of the textbook.
c. Calculate how many copies of the textbook can be delivered for $1000.

THINK WRITE
a. 1. Setup a table. a. e 1 ) 3
Costfor 1 copy = 21 + 10
31 52 73
Cost for2 copies = 2(21) + 10 ¢
=52
2. The cost rises steadily, so there is a linear C=mn+c
relationship. Write the rule.
. 52 —31
3. To calculate the gradient, use the formula m= =i
m=22"21 with the points (1,31) and
Xy — X =21
(2,52). C=2ln+c
4. To determine the value of ¢, substitute C=31 and (1,31): 31=21(1)+c
5. Write the rule. C=2Iln+10
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1. Substitute n = 35 and calculate the value of C. b. C=2135+10
=735+ 10
=745

2. Write the answer. The cost including delivery for
35 copies is $745.

1. Substitute C = 1000 and calculate the value of n. c. 1000 =21n+10
21n =990
n=47.14

2. You cannot buy 47.14 books, so round down. For $1000, 47 copies of the textbook can
Write the answer. be bought and delivered.

In Worked example 15, compare the rule C=21n 4 10 with the original question. It is clear that the 21n
refers to the cost of the textbooks (a variable amount, depending on the number of copies) and that

10 refers to the fixed (constant) delivery charge.

In this case C is called the response variable or the dependent variable, because it depends on the
number of copies of the textbooks (n).

The variable n is called the explanatory variable or the independent variable because it is the variable
that may explain the changes in the response variable.

When graphing numerical data, the response variable is plotted on the vertical axis and the explanatory
variable is plotted on the horizontal axis.

Resources
eWorkbook  Topic 6 Workbook (worksheets, code puzzle and project) (ewbk-2006)

Interactivities Individual pathway interactivity: Practical applications of linear graphs (int-4507)
Dependent and independent variables (int-6050)

Exercise 6.7 Practical applications of linear graphs learn

6.7 Quick quiz 6.7 Exercise

Individual pathways

B PRACTISE B CONSOLIDATE B MASTER
1,3,5,6,11,16 2,7,9,12,13, 17 4,8,10, 14,15, 18
Fluency

1. IIE Determine the linear rule linking the variables in each of the following tables.

a.

2. Determine the linear rule linking the variables in each of the following tables.

a.

362

0 1 2 3 b.l » 0 1 2 3
y -5 1 7 13 y 8 5 2 -1

0 1 2 3 b.l  x 0 1 2 3
y 4 6 8 10 y 1.1 2.0 29 3.8
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3. Determine the linear rule linking the variables in each of the following tables.

a.| x 2 3 4 5 b.l x 5 6 7 8
y 7 10 13 16 y 12 11 10

4. Determine the linear rule linking the variables in each of the following tables.

a.l ¢ 3 4 5 6 b.l g 1 2 3 4
" 18 15 12 9 C 11 14 17 20

5. 1A Sasha and Fiame hire a car. They are charged a fixed fee of $150 for hiring the car and then $25 per day.
They hire the car for d days.
Select which one of the following rules describes the number of days the car is hired and the total cost, C,
they would be charged for that number of days charged.

A. C=25d B. C=150d C. C=175d D. C=25d+ 150 E. C=150d + 25

Understanding

6. IlEEA Fady’s bank balance has increased in a linear
manner since he started his part-time job. After
20 weeks of work his bank balance was at $560 and
after 21 weeks of work it was at $585.

a. Determine the rule that relates the size of Fady’s bank
balance, A, and the time (in weeks) worked, .

b. Use the rule to calculate the amount in Fady’s account
after 200 weeks.

c. Use the rule to identify the initial amount in Fady’s
account.

7. The cost of making a shoe increases as the size of the shoe increases. It costs $5.30 to make a size 6 shoe,
and $6.40 to make a size 8 shoe. Assuming that a linear relationship exists:

a. determine the rule relating cost (C) to shoe size (s)
b. calculate much it costs to produce a size 12 shoe.

8. The number of books in a library (V) increases steadily with time (7). After 10 years there are
7200 publications in the library, and after 12 years there are 8000 publications.

a. Determine the rule predicting the number of books in the library.
b. Calculate how many books were there after 5.5 years.
c. Calculate how many books there will be after 25 years.

9. A skyscraper can be built at a rate of 4.5 storeys per month.

a. Calculate how many storeys will be built after 6 months.
b. Calculate how many storeys will be built after 24 months.

10. The Nguyens’ water tank sprang a leak and has been losing water at a steady
rate. Four days after the leak occurred, the tank contained 552 L of water, and
ten days later it held only 312 L.

a. Determine the rule linking the amount of water in the tank (w) and the
number of days (¢) since the leak occurred.

b. Calculate the amount of water that was initially in the tank.

c. If water loss continues at the same rate, determine when the tank will
be empty.
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Reasoning

11. The pressure inside a boiler increases steadily as the temperature increases. For each 1 °C increase in
temperature, the pressure increases by 10 units, and at a temperature of 100 °C the pressure is 1200 units.
If the maximum pressure allowed is 2000 units, show that the temperature cannot exceed 180 °C.

12. After 11 pm a taxi company charges a $3.50 flag fall plus $2.57 for each kilometre travelled.

a. Determine the linear rule connecting the cost, C, and the distance travelled, d.
b. Calculate how much an 11.5 km trip will cost.
c. If you have $22 in your pocket, calculate how far you can afford to travel, correct to 1 decimal place.

13. A certain kind of eucalyptus tree grows at a linear rate for its first 2 years
of growth. If the growth rate is 5 cm per month, show that the tree will be
1.07 m tall after 21.4 months.

14. A software company claims that its staff can fix 22 bugs each month. They
are working on a project to fix a program that started out with 164 bugs.

a. Determine the linear rule connecting the number of bugs left, N, and the
time in months, ¢, from the beginning of the project.

b. Calculate how many bugs will be left after 2 months.

. Determine how long it will be until there are only 54 bugs left.

d. Determine how long it will take to eliminate all of the bugs. Justify
your answer.

(2]

15. Michael produces and sells prints of his art at a local gallery. For each print
run his profit (P) is given by the equation P =200n — 800, where n is the
number of prints sold.

a. Sketch the graph of this rule.

b. Identify the y-intercept. Determine what it represents in this situation.

c. Identify the x-intercept. Determine what it represents in this example.

d. Identify the gradient of the graph. Determine what this means in this situation.

Problem solving
16. The cost of a taxi ride is $3.50 flag fall plus $2.14 for each kilometre travelled.

a. Determine the linear rule connecting the cost, C, and the distance travelled, d.
b. Calculate how much an 11.5 km trip will cost.
c. Calculate how much a 23.1 km trip will cost.

17. Theo is going on holiday to Japan. One yen (¥) buys 0.0127 Australian dollars (A$).

a. Write an equation that converts Australian dollars to Japanese yen (¥), where A represents amount of
Australian dollars and Y represents amount of yen.

b. Using the equation from part a, calculate how many yen Theo will receive in exchange if they have
A$2500.

c. There is a commission to be paid on exchanging currency. Theo needs to pay 2.8% for each Australian
dollar they exchange into yen. Write down an equation that calculates the total amount of yen Theo will
receive. Write your equation in terms of Y (total amount of yen) and $A (Australian dollars).

18. Burchill and Cody need to make a journey to the other branch of their store across town. The traffic is very
busy at this time of the day, so Burchill catches a train that travels halfway, then walks the rest of the way.
Cody travels by bike the whole way. The bike path travels along the train line and then follows the road to
the other branch of their store.

Cody’s bike travels twice as fast as Burchill’s walking speed, and the train travels 4 times faster than Cody’s
bike. Evaluate who arrives at the destination first.
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LESSON

6.8 Midpoint of a line segment and distance between

two points

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e calculate the midpoint of a line segment
e calculate the distance between two points.

6.8.1 Calculating the midpoint of a line segment

eles-4794
e The x- and y-coordinates of the midpoint are halfway between those of

the end points of a line segment.
e The coordinates of the midpoint, M, of a line can be found by
averaging the x- and y-coordinates of the end points.

Ny

()Cz, y2)

(xl’ yl)

=Y

The midpoint of a line segment

The midpoint, M, of the line segment joining the points

(x1,y1) and (x3,y>) is:

+
M= <x1+x2’y1 }’2)
2 2

WORKED EXAMPLE 16 Calculating the midpoint of a line segment

Calculate the midpoint of the line segment joining (5,9) and (-3, 11).

THINK WRITE
+ —
1. Average the x-values: u. %= St
2 2
_ 2
2
=1
+ 11
2. Average the y-values: % y= 9+2
_ 2
2
=10
3. Write the answer. The midpoint is (1, 10).
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WRITE

TI | THINK

1. On a Graphs page, set an
appropriate window as
shown and press:

° MENU

® §8: Geometry
® Points & Lines
o

3: Point by Coordinates e !

Type the coordinates of
one point on the keypad,
pressing ENTER after each
number.

Repeat the above step to
plot the second point.

2. To determine the midpoint,
press:
°* MENU
® 8: Geometry
® 4: Construction
® 5: Midpoint.

(-3,11) »

Move the cursor to one k!

CASIO | THINK

On a Geometry screen, select
a pair of axes with scale and
grid.

This is achieved by
continuous clicking on the
graph icon.

To get the desired window,
select:

® View

® Zoom out

Using the Line segment
tool, place the pointer at
(=3, 11) and hold to place
the second point at (5, 9).
The line segment will be
automatically labelled.

To locate the midpoint:

® Click on the line segment.

® Click again for the point C
to be placed in the centre
or midpoint.

To determine the coordinates

5 | of the midpoint C:

(1.00,10.00)

*(5.,9}

of the points and press

ENTER.

Move the cursor to the

other point and press

ENTER. This will place

a dot on the screen

representing the midpoint

of the two plotted points.

To display the midpoint’s

coordinates, press:

* MENU

® 1: Actions

® §: Coordinates and
Equations

Move the cursor to the

midpoint and press

ENTER twice.

3. State the coordinates of
the midpoint.

are (1, 10).

The coordinates of the midpoint

® Click on the point C.

® Use the measuring tool at
the top right to display the
coordinates.

State the coordinates of
the midpoint.

WRITE

# File Edit View Draw

(m

© Flle Edit View Draw
ey '][l' 101 L.p .

FHA

TP

5 g

=10

11,100 @

The coordinates of the
midpoint are (1, 10).

WORKED EXAMPLE 17 Determining the coordinates of a point given the midpoint and

another point of an interval

M(7,2) is the midpoint of the line segment AB. If the coordinates of A are (1, —4), determine the

coordinates of B.

THINK
1. Let B have the coordinates (x, y).

2. The midpoint is (7, 2), so the average
of the x-values is 7. Solve for x.
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A(l’ _4), B ()C, J’), M (7’ 2)

I+x
2

1+x=14
x= 13

7




eles-4795

—4+y

3. The average of the y-values is 2. 2
Solve for y. 2

—4+y=4

y=38

4. Write the answer. The coordinates of point B are (13, 8).

6.8.2 Calculating the distance between two points

¢ The distance between two points on the Cartesian plane is calculated using Pythagoras’ theorem applied to
aright-angled triangle.

Distance between two points

The distance, d, of the line segment joining the points (x1,y;) and y O ¥2)
(x2,y2) is: 2
d
G V1) (O2=y1)
d=\/(x2—x1)2+()’2 —)’1)2 o o
Y1
(o—2x1)
X1 X X
WORKED EXAMPLE 18 Calculating the distance between two points
Calculate the distance between the points (—1,3) and (4, 5):
a. in exact form b. correct to 3 decimal places.
THINK WRITE/DRAW
a. 1. Draw a diagram showing the a. y
right-angled triangle (optional). i 4, 5)
5 =
4+ 2
(-1.3) =]
| 5
2_
1 -
I [ I [ I [ I [ [ I [ I [ I [ I
7 S I O, S I I O O A
L

4
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2. Write the formula for the distance
between two points.

3. Let (x1,y;)=(—1,3) and (x,,y,) =(4,5).
Substitute the x- and y-values into
the equation.

4. Simplify.

5. Write the answer.

b. 1. Write 1/29 as a decimal to 5 decimal places. b.

d= \/(Xz— X))+ =)

d:\/(4——1)2+(5—3)2
V52 +22

V25+4

V29

d
d
d

The exact distance betwen points (-1, 3) and

4, 5) is V/29.
V29=5.38516

2. Round the answer correct to 3 decimal d= 5.385
places.
TI | THINK WRITE CASIO | THINK WRITE
a-b. In anew problem, on a a-b. a. Make sure the calculator TR ke et

Calculator page, complete
the entry lines as:

xli=-1

yI=3

is set to Standard mode.
On the Main screen,

xl:=-1 o 7 complete the entry
yl:=3 - line as:
x2:=4 e ¢ > >
y2:=5 dm|(c2=x)+(y2-31)2 V2 \/(4 -=D"+(5-3)
3 - - = Press EXE.

d:= \/(xz _ x1)2 + ()72 _ yl) d={x2-x7)2 +ly2-y1)? silaal

Press ENTER after The distance is /29 ~ 5.385 to

each entry. 3 decimal places.

Press CTRL ENTER to get

a decimal approximation.

b. Convert the answer to
a decimal by tapping
Standard and changing
it to Decimal.

Then press EXE.

\vz8

Alg

e[ O] ]

T
W a—1)2+05-3)2

VI

5. 385164307

Feal Deg g

a. /29

b. 5.385

Resources

eWorkbook Topic 6 Workbook (worksheets, code puzzle and project) (ewbk-2006)

Interactivities Individual pathway interactivity: Midpoint of a line segment and distance between two points (int-4508)

Distance between two points (int-6051)
Midpoints (int-6052)
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Exercise 6.8 Midpoint of a line segment and distance between
two points learn

6.8 Quick quiz 6.8 Exercise

Individual pathways

B PRACTISE B CONSOLIDATE B MASTER
1,4,8,11, 13, 16, 20 2,5,9,12,14,17, 21 3,6,7,10,15, 18,19, 22
Fluency

1. I3 Calculate the midpoint of the line segment joining each of the following pairs of points.

a. (1, 3)and (3, 5) b. (6,4) and (4, -2) c. (2, 3)and (12, 1)
2. Calculate the midpoint of the line segment joining each of the following pairs of points.

a. (6, 3) and (10, 15) b. (4,2) and (—4, 8) c. (0,=5) and (-2, 9)
3. Calculate the midpoint of the line segment joining each of the following pairs of points.

a. (8, 2) and (—18,—-6) b. (=3,-5) and (7, 11) c. (—8,-3) and (8, 27)
4. Calculate the midpoint of the segment joining each of the following pairs of points.

a. (7,-2) and (-4, 13) b. (0,22) and (-6, —29)

c. (—15,8) and (—4, 11) d. (—3,40) and (0, —27)

5. Determine the value of a in each series of points so that the point M is the midpoint of the line
segment joining points A and B.

a. A(-2,a),B(—6,5),M(—4,5) b. A(a,0),B(7,3),M <8, %)
c. AG3,3),B(4,a),M <3%, —6%) d. A(—4,4),B(a,0),M(-2,2)
6. M is the midpoint of the line interval AB. Determine the coordinates of B if:
a. A=(0, 0)and M= (2, 3) b. A=(2, 3)and M= (0, 0)
c. A=(-3, 2)and M =(4, 2) d. A=@3,—-1)and M =(-2,-2).

7. Determine the equation of a line that has a gradient of 5 and passes through the midpoint of the line segment
joining (—1,—7) and (3, 3).

8. IIEA Calculate the distance between each of the following pairs of points.
a. (4,5) and (1,1) b. (7,14) and (15, 8) c. (2,4) and (2,3)
9. Calculate the distance between each of the following pairs of points.
a. (12,8) and (10, 8) b. (14,9) and (2, 14) c. (5,—13) and (-3,-7)
10. Calculate the distance between each of the following pairs of points.
a. (—14,-9) and (—-10,—6) b. (0,1) and (—15,9) c. (—4,-8) and (1,4)
11. Calculate the distance between the following pairs of points, correct to 3 decimal places.
a. (—14,10) and (-8, 14) b. (6,—7) and (13, 6) c. (—11,1) and (2,2)
12. Calculate the distance between the following pairs of points, correct to 3 decimal places
a. (9,0) and (5,-8) b. (2,-7) and (-2,12) c. (9,4) and (—10,0)
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Understanding

13. Calculate the perimeter of each figure shown, giving your answers correct to 3 decimal places.

a. y b. ¥
y A 5
/ /
/1N
/
-5 5 X L \ r X
/
| \
5 5 N

14. Calculate the perimeter of each triangle shown, giving your answers correct to 3 decimal places.

a. YA b. YA
8 6
7 6,7) TR _—(55)
6 (_ ’ ) /T”
5 \ 3 /
. \ Vool
3 \ g /
2422 8.2) SR 4 >
43bL 101 2345 6%
1 3 \ 3 3
s - N
-10 2345617 ) X h Y
-1 (=2,-3) 3
=2 -4
o] -8
J J
-4 -6
Y Y

15. Two hikers are about to hike from A to B (shown on the map). Calculate the straight-line distance from
A to B.

Grid spacing: 1 km N
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Reasoning
16. Show that the distance between the points A (2,2) and B (6, —1) is 5.

17. The point M (-2, —4) is the midpoint of the interval AB. Show that the point B is (-9, —2), given
Ais (5,—-6).

18. Show that the point B (6, —10) is equidistant from the points A (15, 3) and C (-7, —1).

19. Answer the following questions.

a. Plot the following points on a Cartesian plane: A (—1,—4),B (2,3),C(-3,8) and D (4, -5).
b. Show that the midpoint of the interval AC is (=2, 2).

c. Calculate the exact distance between the points A and C.

d. If B is the midpoint of an interval CM, determine the coordinates of point M.

. . i
e. Show that the gradient of the line segment AB is 3

f. Determine the equation of the line that passes through points B and D.

Problem solving
20. Explain what type of triangle AABC is if it has vertices A (=4, 1),B (2, 3) and C (0, —3).

21. Calculate the gradient of the line through the points (—1, 3) and (3 + 41,5 + 21).

22. A map of a town drawn on a Cartesian plane shows the main street extending from (—4, 5) to (0, —7). There
are five streetlights positioned in the street. There is one streetlight at either end, and three streetlights
spaced evenly down the street.

Give the position of the five lights in the street.

LESSON
6.9 Non-linear relations

LEARNING INTENTIONS

At the end of this lesson you should be able to:
e recognise and sketch a basic parabola from its equation
e sketch a parabola that has been translated horizontally or vertically
e recognise and use digital technology to sketch hyperbolas, cubics and exponentials
e recognise and sketch a circle from its equation.

e There are many examples of non-linear relationships in mathematics. Some of them are the parabola,
the hyperbola and the circle.

Note: This lesson is an introduction to non-linear relations — parabolas will be discussed in more depth
in topic 12.
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6.9.1 The parabola

e The parabola is a curve that is often found in nature. It is also
commonly used in architecture and engineering.

* The simplest parabola has the equation y = x?.

e The key features of the parabola y = x? are:

« it has an axis of symmetry, which is the y-axis
« the graph is concave up (it opens upwards)
« it has a minimum turning point, or vertex, at (0, 0).

e All parabolas have the same basic shape; however, they can be
wider or narrower depending on their equation, or can be translated Axis of
vertically or horizontally or reflected. / symmetry

e To draw a parabola we can create a table of values and plot points, or

use calculator technology.

eles-4796

=Y

0 ‘s, 0)

Vertex

Y

WORKED EXAMPLE 19 Graphing a parabola

Plot the graph of y = x? for values of x from —3 to 3. State the equation of the axis of symmetry and
the coordinates of the turning point.

THINK WRITE/DRAW

1. Write the equation. y=x?

2. Produce a table of values using x-values x | 3] =2 ] =1 0 1 ) 3
from —3 to 3. 9 4 1 0 1 4

3. Draw a set of clearly labelled axes. Plot y
the points and join them with a smooth s .-

curve. The scale on the y-axis would be
from —2 to 10 and from —4 to 4 on the
X-axis.
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4. Write the equation of the line that The equation of the axis of symmetry is x = 0.
divides the parabola exactly in half.

5. Write the coordinates of the turning The turning point is (0, 0).
point.
TI | THINK WRITE CASIO | THINK WRITE
1. Open a Graphs page, and O O ——— Open a Graph & Table screen [fremmm
Window Settings X N View Window
press: and select the Window icon.  |[Fiie memary
M : | I~
e MENU s ijj Complete the entry lines as imi:'h]?"g' Ll
® 4: Window/Zoom S N T shown. '!'::]E‘f
® 1: Window Settings L [z ]-——3 |PressOK. e (008
10 19 'min -
Complete the entry lines s inlsx‘ ‘10
as shown. e [ I O oK | [ Gacel ][ Dot
Press OK. Ok Cancel G
ol | e S ]

2. To sketch the graph, m To sketch the graph, B e e =
complete the entry line oy complete the entry line as: R E IR E D
as: / yl =2 vt shemtsheots [oheet sheots|
flx) =2 Press the Graph icon. j;’l‘z -

Press ENTER. / The graph will be displayed. va:ll

The graph will be 2 s
displayed. 1 ) s8:

y 1 3

=

¢ The parabola y=x? can be transformed into other parabolas using transformations, such as:
« vertical translations
« horizontal translations
« reflections.
e Other parabolas can be sketched using their key features, such as the axis of symmetry and vertex.

Vertical translations

e Parabolas can be translated vertically by adding a number to or subtracting a
number from the right-hand side of the equation.

e When a number is added to the equation the parabola is translated vertically
upwards.

¢ When a number is subtracted from the equation the parabola is translated
vertically downwards.

 The graph shown displays the parabolas y = x°, y = x> + 2 and
y = x* — 1 on the same set of axes.

e y = x> + 2 has been translated 2 units upwards. The turning point is now
O, 2).

e y = x” — 1 has been translated 1 unit downwards. The turning point is now
0, —1).
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WORKED EXAMPLE 20 Stating vertical translations of parabolas

State the vertical translation (when compared with the graph of y =x?) and the coordinates of the
turning point for the graphs of each of the following equations.

a.y=x2+5 b_y=x2—4

THINK WRITE

a. 1. Write the equation. a.y=x>+5
2. +5 means the graph is translated upwards 5 units. Vertical translation of 5 units up
3. Translate the turning point of y = x?, which is (0, 0). The turning point becomes (0, 5).

The x-coordinate of the turning point remains 0 and the
y-coordinate has 5 added to it.

b. 1. Write the equation. b. y=x>—4
2. —4 means the graph is translated downwards 4 units. Vertical translation of 4 units down
3. Translate the turning point of y = x?, which is (0, 0). The turning point becomes (0, —4).

The x-coordinate of the turning point remains 0 and the
y-coordinate has 4 subtracted from it.

Horizontal translations

e Parabolas can be translated horizontally by placing x in brackets
and adding a number to it or subtracting a number from it.

e When a number is added to x, the parabola is translated to
the left.

e When a number is subtracted from x, the parabola is translated
to the right.

e The graphs shown displays the parabolas y = x*, y = (x + 1)?
andy = (x — 2)2 on the same set of axes.

o y = (x 4+ 1) has been translated 1 unit left. The turning point is
now (—1,0).

o y = (x — 2)” has been translated 2 units right. The turning point
is now (2,0).

WORKED EXAMPLE 21 Stating horizontal translations of parabolas

State the horizontal translation (when compared to the graph of y = x*) and the coordinates of the
turning point for the graphs of each of the following equations.

a.y=(x—3)2 b.y=(x+2)2

THINK WRITE

a. 1. Write the equation. a. y=(x— 3)?
2. —3 means the graph is translated to the right 3 units. Horizontal translation of 3 units right
3. Translate the turning point of y = x?, which is (0, 0). The turning point becomes (3, 0).

The y-coordinate of the turning point remains 0, and the
x-coordinate has 3 added to it.
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b. 1. Write the equation. b. y=(x+2)
2. 42 means the graph is translated to the left 2 units. Horizontal translation of 2 units left
3. Translate the turning point of y=x2, which is (0, 0). The turning point becomes (—2, 0).
The y-coordinate of the turning point remains 0, and the
x-coordinate has 2 subtracted from it.
Reflection I\
» Compare the graph of y = —x” with that of y =+’ 107
« In each case the axis of symmetry is the line x = 0 and the turning :_
point is (0, 0). 2
« The only difference between the equations is the — sign in y = —x?. 6 y =i
« The difference between the graphs is that y = x” ‘sits’ on the x-axis 5
and y = —x” ‘hangs’ from the x-axis (one is a reflection, or mirror 4
image, of the other). 3
« y =2’ has a minimum turning point and y = —x” has a maximum 9
turning point. -
 Any quadratic graph for which x? is positive has a U shape and is said < — T
X
to be concave up. S 4-3-2- 1 2345
 Conversely, if x° is negative the graph has a N shape and is said to be 2
concave down. -3
4 -
=5 Y
6.9.2 The hyperbola =67
eles-4797 =7
e A hyperbola is a non-linear graph for which the equation is 8
1 -9
y=-—(orxy=1). 10—
X Y

WORKED EXAMPLE 22 Graphing a hyperbola

1
Complete the table of values below and use it to plot the graph of y = —.
x

1 1
x -3 -2 -1 —= 0 - 2 3
2 2
y
THINK WRITE/DRAW
1. Substitute each x-value into 1 1
the function y = — to obtain x| -3 -2|-1 ) 0 ) L2173
X
the corresponding y-value. y _% _% 1! -2 undefined | 2 | 1 % %
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2. Draw a set of axes and plot y
the point from the table. Join
them with a smooth curve.

e The graph in Worked example 22 has several key features.
e There are no values when x=0 or y=0.

o The curve gets closer to the axes but never touches the x- or y-axes. We say the axes are horizontal and

vertical asymptotes.

o The hyperbola has two separate branches. It cannot be drawn without lifting your pen from the paper.

We say it is a discontinuous graph.

« All hyperbolas have the same basic shape but they can be wider or narrower depending on the equation.

6.9.3 The cubic

* A cubic is a non-linear graph for which the equation is y =x

WORKED EXAMPLE 23 Graphing a cubic

3

Complete the table of values below and use it to plot y = x>. 3| 21 3
THINK WRITE/DRAW
1. Substitute each x-value into the equation x 3| 21 2 0 3
_ .3 o 5 _
y=x’ to obtain the corresponding y-value. y | =27 =8 | =1 0 27
2. Draw a set of axes and plot the points from A
the table. Join them with a smooth curve. 8
6 —
y=x
4 —
2 —
X
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TI| THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE

In a new problem, on a On the Main screen (o Edit Zoom Aalyels + =
Graphs page, complete the complete the entry line 3 8 5 G2 BN 2 1
function entry line as: : as: y=xt
flx) =x° y=x" and then press the
Then press ENTER. - ! ‘ 3 Graph icon to bring up the

graphing screen.

Highlight the equation

and drag it down to the o

graphing screen.

/ x Deg Fesl a

1
= / L [ o Edit HI:T:IDH Interective
| HEEOC0eE0 1

| ==

vy

0

Mg Decims!  Real Dsg il

e A key feature of the graph in Worked example 23 is the point of inflection.

« The point of inflection is where the graph changes from concave up to concave down.

« It appears as a horizontal, or flat part, of the graph.

« The point of inflection of the graph in Worked example 23, y = x>, is at the origin (0, 0).
e Cubics can undergo transformations is the same way as parabolas and hyperbolas.

6.9.4 The exponential

eles-3690
e Exponentials are non-linear graphs of the form y = a*, where a is a real number not equal to 1.

WORKED EXAMPLE 24 Graphing an exponential

Complete the table of values below and use it to plot y = 2*.

-3|-2|-1/0|1|2|3

y
THINK WRITE/DRAW
1. Substitute each x-value into the
equation y = 2* to obtain the * |32t 0 : 2 3
ing y- 1 1 1
corresponding y-value. y 5 i 3 1 2 4 8

4
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2. Draw a set of axes and plot
the points from the table.
Join them with a smooth
curve.

=Y

/

TI | THINK

In a new problem, on a
Graphs page, complete the
function entry line as:
flx)=2"

Then press ENTER. : !

CASIO|THINK

On the Main screen

complete the entry line

as:

y =2" and then press the
Graph icon to bring up the

graphing screen.

Highlight the equation
and drag it down to the

graphing screen.

Deg  Real |

© Edit Zoom Anslysis #

— -|‘-
|_ =]
y=2*
Jy
. .
-t
Deg  Resl m

e The graph in Worked example 24 has several key features.

o The value of y is always greater than zero.
o The y-intercept is 1.
¢ As x increases, y becomes very large.

e As x decreases, y gets closer to but never touches zero, which is the x-axis.

an asymptote.
¢ Exponentials can undergo transformations.
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Comparing exponential graphs

. 1\"
e The diagram shows the graphs of y=2"and y = <5> .

Y

e The graphs both pass through the point (0, 1).
e y=01is an asymptote for both graphs.

1 X
e The graph of y=2" is reflected across the y-axis to produce the graph of y = <§> .

6.9.5 The circle

e A circle is the path traced out by a point at a constant distance (the radius) from a fixed point (the centre).
e Consider the circle shown. Its centre is at the origin and its radius is r.

Y
/ P(x, y)
v/
o

eles-4798

o Let P(x,y) be a point on the circle.

« By Pythagoras’ theorem, x> +y* = 2.

 This relationship is true for all points on the circle.

« The equation of a circle with centre (0, 0) and radius ris: x> + y* = 2.

e If the circle is translated /4 units to the right, parallel to the x-axis, and k units y b
upwards, parallel to the y-axis, then the equation of a circle with centre (4, k) and y|-- x %)
radius ris: (x—h)> + (y —k)* = 2. W (y—k)

Equation of a circle with centre (h, k) and radius r

x—h)?+@y—k=r
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WORKED EXAMPLE 25 Graphing a circle centered at the origin

Sketch the graph of x> + y* = 49, stating the centre and radius.

THINK
1. Write the equation.

2. State the coordinates of the centre.

3. Calculate the length of the radius by taking
the square root of both sides. (Ignore the

negative results.)
4. Sketch the graph.

WRITE/DRAW
X +y? =49

Centre = (0, 0)

rr =49
r=7
Radius = 7 units

y
7
-7 (0,0) 7
X
-7
TI| THINK WRITE CASIO | THINK WRITE

In a new problem, on a
Graphs page, press:

* MENU

® 3: Graph Entry/Edit
® 2: Equation

e 3: Circle

® 1: Centre form.

Complete the function
entry line as shown.
Press TAB to move
between the fields.
Press ENTER.

2

e (y-k) =-r’

- 1: Function
quation b

#- 3: Parametric

€ 2: Standard form a=x’+ay +bx+oy+d=0

On the Main screen,
complete the entry line
as:

¥ +y?=49

o (&6 Conic _ IT7: Diff Eq

«.8: {#€5: Hyperbola M| = 6: Sequence b

9.1 [101 13

O e e| (x-0)2H{y-0)2=7F

iii

Press the Graph icon to
bring up the graphing
screen.
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x2+y2=49

| e [ |

410 Decimal Real Deg

© Edit Zoom Analysis ]
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The graph of the circle is
shown.

To determine the centre
of the circle, press:

° MENU

® 6: Analyze Graph

® O: Analyze Conics

® 1: Centre.

Click on the circle and
press ENTER. The
coordinates of the centre
are displayed.

To find the radius of the
circle, press:

° MENU

® 6: Analyze Graph

® 9: Analyze Conics

® 7:Radius.

Click on the circle and

press ENTER. The radius
of the circle is displayed.

mm 11K *Graphs <

6.67 %y

mm 11K *Graphs <

The circle x> + y* = 49 has its
centre at (0,0) and has a
radius of 7.

Highlight the equation
and drag it down to the
graphing screen.

Press the Resize icon to
look at the graph on the
full screen.

© Edit Zoom Analysis &

123456

5
Lot
3
B8
1
o
o
-
Ll
s
=8|

Deg Feal

WORKED EXAMPLE 26 Graphing a circle

Sketch the graph of (x — 2 + o+ 3)’ =16, clearly showing the centre and radius.

THINK

1. Express the equation in general form.

2. State the coordinates of the centre.

WRITE

x—hP’+@—k*=r

=27+ +3) =4

3. State the length of the radius.

Centre (2, —3)

=16
r=4

Radius = 4 units
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4. Sketch the graph. y

Resources

eWorkbook Topic 6 Workbook (worksheets, code puzzle and project) (ewbk-2006)

Interactivities Individual pathway interactivity: Non-linear relations (parabolas, hyperbolas, circles) (int-4509)
Equations of circles (int-6053)
Horizontal translations of parabolas (int-6054)
Vertical translations of parabolas (int-6055)

Exercise 6.9 Non-linear relations learn
6.9 Quick quiz 6.9 Exercise

Individual pathways

B PRACTISE Bl CONSOLIDATE B MASTER
1,2,4,8,11,15,17, 21, 24 3,5,9, 12, 14, 16, 20, 23 6,7,10, 13, 18, 19, 22, 25
Fluency

1. I State the vertical translation and the coordinates of the turning point for the graph of each of the
following equations.

1
a. y=x>+3 b. y=x*—1 c.y=x>—17 d.y:x2+z

2. [IIZ3N State the horizontal translation and the coordinates of the turning point for the graph of each of the
following equations.
a. y=(x—1) b. y=(x—2) c. y=(x+10)* d. y=(x+4)

3. For each of the following graphs, give the coordinates of the turning point and state whether it is a maximum
or a minimum.

a. y=—x>+1 b. y=x>-3 C-)’=—()C'|'2)2

. 10
4. IIZZA Complete the table of values shown and use it to plot the graph of y = —.
x

=5 —4 =3 -2 -1 0 1 2 3 4 5
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o

10.

11.

12.

13.

14.

15.

16.

17.

a. Plot the graph of each of the following hyperbolas.

b. Write the equation of each asymptote.

5

i.y=-

X

. 20
i. y=—
X

2
. On the same set of axes, draw the graphs of y=—,y
X

Eandy=
X

X

-3

=2

-1

0

1

2

3

y

. ) 1
inflection: y = 5x3, y=3x23, y=7x

100

i, y=—

. . . . k
. Use your answer to question 6 to describe the effect of increasing the value of k on the graph of y = —.
X

. IIZE1 Complete the table of values shown and use it to plot the graph of y = 2x

. Use digital tools to sketch the graph of each of the following cubics on the same axes, noting the point of

Use your graphs in question 9 to describe the effect of increasing the value of k on the graph of y = kx>.

=23 Complete the table of values shown and use it to plot the graph of y =4*

X

=3

-2

-1

0

1

2

3

y

Use digital tools to sketch the graph of each of the following exponentials on the same axes:
y=3%y=5,y=10%

Use your graphs in question 12 to describe the effect of increasing the value of a on the graph of y=a*.

Use digital tools to sketch the graph of y= \/)_c

IIZEA Sketch the graphs of the following, stating the centre and radius of each.

a. x> +y?>=49
d. x> +y*=81

b. x* +y? =47
e. x> +y?>=25

c. x> +y*=36
f. x> +y* =100

I Sketch the graphs of the following, clearly showing the centre and the radius.

a. (x—1)" +(y—2)* =52
c. (x+3)+(y—1=49
e. x2+(y+3)2:4

b. (x+2)* +(y +3)* =62
d. (x—4) +(y+5)° =64
f. (x=5)%+y*=100

A Select which of the following is the graph of (x —2)* + (y + 5)* = 4.

A.

B.

® 5

y
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Reasoning

18.

19.

20.

21.

22,

Show that y =2x? is the same as y = (—x)°.
. s . 1 1
Explain the similarities and differences between y= —andy=—-—.
X X
Show that the turning point for y = (x + 3)* —1is (=3,—1). Explain whether this is a maximum or minimum

turning point.

Show the equation of the circle that has centre (2, 1) and passes through the point (6, 1) is
x—2+ (-1 =16.

Identify the point on the circle x? + y> — 12x — 4y = 9 that has the lowest y-value.

Problem solving

23.

24,

25.

At a kindergarten sports day, Edmond, Huot and Nalini ran a 20-metre race. Each child ran according to the
following equations, where d is the distance, in metres, from the starting line, and ¢ is the time, in seconds.
Edmond: d=2.4+0.5¢

Huot: d=0.12(z— 5)

Nalini: d=0.2¢(t— 5)(t— 9)

The following sketch shows their running paths.

dA
Nalini

Edmond

Huot

24 —

~Y

a. Describe Nalini’s race style.

b. Determine how long it took Huot to start running.

c. At the start of the race, determine how far Edmond was from the starting line.

d. If the winner of the 20-metre race won the race in 10.66 seconds, determine whether Huot or Nalini won
the race. Justify your answer using calculations.

A circle with centre (0, 2) passes through the point (3, 6). Determine the coordinates of the points where the
circle crosses the y-axis.

1 1
Consider the relationship — = — + 1. It appears that both variables are being raised to the
X

Yy
power of 1. The relationship can be transposed as shown. 2

a. Generate a table of values for x versus y using the transposed relationship.
b. Plot a graph to show the points contained in the table of values.
c. Use your plot to confirm whether this relationship is linear.
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LESSON
6.10 Review

6.10.1 Topic summary

LINE ND NON-LINEAR GRAPHS

Gradient and axis intercepts

» The gradient of a straight line is given the label m.
It can be determined by the following formula:

_ rise _Y2=N

un - Xp—x

If the line is sloping upwards (from left to B
right), the gradient is positive.

If the line is sloping downwards,

the gradient is negative.

The y-intercept of a line can be

determined by letting

x = 0, then solving for y.

The x-intercept of a line can

be determined by letting A

y = 0, then solving for x. e

rise

Equation of a straight line

* The equation of a straight line is y = mx + ¢ where:
* mis the gradient
* cis the y-intercept.

Sketching linear graphs

 To sketch a linear graph, all you need are two points
that the line passes through.

e The x- and y-intercept method involves finding both
axis intercepts, then drawing the line through them.

» The gradient and y-intercept method involves
plotting the y-intercept and then one other point
(usually x = 1) using the gradient.

Horizontal and vertical lines

* Horizontal lines are of the form y = c. They have a
gradient of zero (m = 0).

e Vertical lines are of the form x = a. They have an
undefined gradient.

* The midpoint of two points (x;, y;) and (x,, y,) is

I EoRE N ohw i )
2 2
. . M
* The distance between two points,
(x,y) and (x, y,) is
)

d= (= x)*+ (2 — y)*

Non-linear graphs

* A basic parabola has the

equation y = x°.

It has a concave upward shape and a turning point at

the origin.

Axis of symmetry 6

% -4 -2
=25

CEIvarac

* A hyperbola has the equation y = 1

vertex (0, 0)

%

¢ It consists of two curved arcs that do not touch.

¢ A circle of radius r, when
the equation x> + y? = 2.

YA
7

centred at the origin, has

x4y =49

(0,0) \7

¢ A circle of radius r, when

/

centred at the point (4, k),

has the equation (x — 1)? + (y — k)? = r2.

y
-
2 2 6 x
_3 4
7]
y(x=2)+(y+3)=16
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6.10.2 Success criteria

Tick the column to indicate that you have completed the lesson and how well you have understood it using the
traffic light system.

(Green: I understand; Yellow: I can do it with help; Red: I do not understand)

Lesson Success criteria %

o

6.2

6.3

6.4

6.5

6.6

6.7

6.8

6.9

| can plot points on the Cartesian plane.

| can plot a linear graph on the Cartesian plane.

| can calculate the gradient of a line or line segment.
| can calculate the y-intercept of a linear graph.

| can determine the equation of a straight line given the gradient and the
y-intercept.

| can determine the equation of a straight line given the gradient and a
single point.

| can determine the equation of a straight line given two points.
| can determine the equation of a straight line from a graph.

| can sketch linear graphs using the x- and y-intercept method.
| can sketch linear graphs using the gradient-intercept method.

| can sketch vertical and horizontal lines.

| can produce linear graphs using digital technologies.

| can determine the linear rule from a table of values.

| can determine the linear rule that models a real-life problem.

| can interpret linear rules in real-life problems.

| can calculate the midpoint of a line segment.

| can calculate the distance between two points.

| can recognise and sketch a basic parabola from its equation.

| can sketch a parabola that has been translated horizontally or vertically.

| can recognise and use digital technology to sketch hyperbolas, cubics
and exponentials.

| can recognise and sketch a circle from its equation.
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6.10.3 Project

Path of a billiard ball

The path of a billiard ball can be mapped using mathematics. A billiard table can be represented by a
rectangle, a ball by a point and its path by line segments. In this investigation, we will look at the trajectory
of a single ball, unobstructed by other balls.

Note: A billiard table has a pocket at each of its corners and one in the middle of each of its long sides.

Consider the path of a ball that is hit on its side, from the lower left-hand corner of the table, so that it
travels at a 45° angle from the corner of the table. Assume that the ball continues to move, rebounding from
the sides and stopping only when it comes to a pocket.

Diagrams of the table drawn on grid paper are shown. Each grid square has a side length of 0.25 metres.

25m¢ ] 25m ¢ )

45°

45° .
Diagram A Diagram B

1.25 m 1.5m

Diagram A shows the trajectory of a ball that has been hit on its side at a 45° angle, from the lower
left-hand corner of a table that is 2.5 m long and 1.25 m wide.

Note that, because the ball has been hit on its side at a 45° angle, it travels diagonally through each square

in its path, from corner to corner. Diagram B shows the trajectory of a ball on a 2.5 m by 1.25 m table.

1. In Diagram B, how many times does the ball rebound off the sides before going into
a pocket?

2. A series of eight tables of different sizes are drawn on grid paper in the following diagrams. For each
table, determine the trajectory of a ball hit at 45° on its side, from the lower left-hand corner of the table.
Draw the path each ball travels until it reaches a pocket.

a. b. c.

2 mé ®
225me ¢

25me )

0.75 m

0.5 m
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1.75m ¢ )

225m ¢ [ 25me q

1.25m

1.5m Im

1.25me ®

2me ®

1.25m

1.5m

3. Determine for which tables the ball will travel through the simplest path. What is special about the shape
of these tables?

4. Determine for which table the ball will travel through the most complicated path. What is special about
this path? Draw another table (and path of the ball) with the same feature.

5. Determine for which tables the ball will travel through a path that does not cross itself. Draw another
table (and path of the ball) with the same feature.

6. Consider the variety of table shapes. Will a ball hit on its side from the lower left-hand corner of a table
at 45° always end up in a pocket (assuming it does not run out of energy)?

Simplify matters a little and consider a billiard table with no pockets in the middle of the long sides. Use a

systematic way to look for patterns for tables whose dimensions are related in a special way.

7. Draw a series of billiard tables of length 3 m. Increase the width of these tables from an initial value of
0.25 m in increments of 0.25 m. Investigate the final destination (the pocket the ball lands in) of a ball hit
from the lower left-hand corner. Complete the table.

Length of table (m) ‘| Width of table (m) ‘ Destination pocket

3 0.25
0.5
0.75

1.25
1.5
1.75

Sle|™|o|alo|T|p

W W | W[W|W|W|Ww

8. How can you predict (without drawing a diagram) the destination pocket of a ball hit from the lower
left-hand corner of a table that is 3 m long? Provide an illustration to verify your prediction.
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Resources
eWorkbook  Topic 6 Workbook (worksheets, code puzzle and project) (ewbk-2006)

Interactivities Crossword (int-26388)
Sudoku puzzle (int-3207)

Exercise 6.10 Review questions learn

Fluency

1. I For the rule y =3x — 1, select the value of y when x=2.
A —1 B. 1 C.2 D.5 E.7

2. I Identify the gradient of the linear rule y =4 — 6x.

A.6 B. —6 C.4 D.—4 E. -2
3. I3 The graph with the rule 2y — x + 6 = 0 has an x-intercept of:

A -2 B.0 C.2 D.6 E.7
4. I3 The graph with the rule 2y — x + 6 =0 has a y-intercept of:

A.—6 B. -3 Cc.0 D.3 E.6

5. A Consider a linear graph that goes through the points (6, —1) and (0, 5). The gradient of this

line is:
A.S5 B. -5 C.1 D. -1 E.3
6. I A straight line passes through the points (2, 1) and (5, 4). Its rule is:

Ay=x—1 B.y=x+1 C.y=2x D.4y=>5x E.y=3x

7. I3 The rule for a line whose gradient is —4 and y-intercept = 8 is:
A.y=—4x+32 B.y=—4x+8 C.y=4x— 32 D.y=4x—8 E.—4y=x+ 8

8. I3 Identify which of the following linear rules will not intersect with the straight line defined by

y=3x.
A.y=3x+2 B.y=—-3x+1 C.y=—3x+2 D.y=—-2x+1 E.y=3
9. I If y=2x + 1, select from the following the point that could not be on the line.

A (3,7) B. (=3,-5) c.(0, 1) D. (=3, 0) E. (5, 11)

10. I The solution to y=3x+ landy=—3x+ 1 is:
A (0, 1) B.(1, 0) c <o,—%> . <_1,0> E.3, 1)
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11. Write down the gradient and the y-intercept of the following linear graphs.
a. y=8x—-3 b. y=5—-9x c. 2x+y—6=0
_2x—1

d. 4x—2y=0 e.y B

12. I3 Determine which of the following lines are parallel to the line with the equation y = 6 — x. There
could be more than one correct answer.
A y+x=4 B.y=13—x C.2y—2x=1
D. x+2y—4=0 E. 2x—3y—18=0

13. I Determine which of the following rules will yield a linear graph. There could be more than one
correct answer.

1 1
A. 3y=—5x—5 B.y:3x2—25 C.3x+4y+6=0
D. x+y—2xy=0 E. 2y=4’x+97

14. Determine the gradient of the lines shown.

a. y“/( b. YA
10

< X < 0 X
-5 0
(5.-2)
\ Y
c YA
~= 17 S
< 0 :x

Y

15. Calculate the gradient of the line passing through the following pairs of points.

a. (2,—3) and (4, 1) b. (0,—5) and (4, 0).
16. For each of the following rules, state the gradient and the y-intercept.
a. y=—3x+7 b. 2y—3x=6 c.y=—§x d. y=4

17. For the following rules, use the gradient—intercept method to sketch linear graphs.

a. y=—x+5 b. y=4x—-2.5 c. y=§x—1 d y=3—- %x
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18.

19.

20.

21.

22.

23.

24,

25.

26.

For the following rules, use the x- and y-intercept method to sketch linear graphs.
a. y=—6x+25 b. y=20x+45 c. 2y+x=-5 d. 4y+x—-25=0
For the following rules, use an appropriate method to sketch linear graphs.
1
a. y=-3x b.y=Zx c. y=-—2 d x=3
Determine the rule of the lines shown.
a. YA b. YA
(3. 6)
\\
_ - 0 T~ ;x
< 5 > 7
4

Determine the linear rules given the following pieces of information.

a. Gradient =2, y-intercept = —7 b. Gradient =2, x-intercept =7

c. Gradient =2, passing through (7, 9) d. Gradient = —5, passing through the origin
e. y-intercept = —2, passing through (1, —3) f. Passing through (1, 5) and (5, —6)

g. x-intercept = 3, y-intercept = —3 h. y-intercept =5, passing through (—4, 13)

Determine the midpoint of the line interval joining the points (—2, 3) and (4, —1).
Calculate the distance between the points (1, 1) and (4, 5).

Sketch each of the following, comparing it with the graph of y = x2.
a. y=x>-3 b.y=(x+2)2

4
a. Plot the graph of y = —.
X

b. Identify what type of graph this is.

Sketch the circle with the equation x> + y* = 16. Clearly show the centre and radius.

Problem solving

27.

Louise owes her friend Sula $400 and agrees to pay her back $15 per week.

a. State a linear rule that demonstrates this debt reduction schedule and sketch the graph.
b. Calculate how many weeks it takes Louise to repay the debt.

c. Calculate how much she owes after 15 weeks.

d. Evaluate how many repayments Louise needs to make to reduce her debt to $85.
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28. A bushwalker is 40 km from their base camp when they decide to

head back.

If they are able to walk 3.5 km each hour:

a. determine the linear rule that describes this situation and sketch
its graph

b. calculate how long, correct to 1 decimal place, it will take them
to reach base camp

c. calculate how far they will have walked in 6.5 hours.

29. Udaya is writing test questions. She has already written 25 questions and can write a further
5 questions per hour.
a. Represent this information as a linear equation where ¢ hours is the time spent writing test questions
and 7 is the number of questions written.
b. Predict the total number of questions written after a further 8 hours assuming the same
linear rule.
c. Calculate how long, to the nearest minute, it will take Udaya to have written 53 questions.

30. Catherine earns a daily rate of $200 for working in her
mother’s store. She receives $5 for each necklace that she
sells.

a. Write an equation to show how much money (m) Catherine
earned for the day after selling (n) necklaces.

b. Graph the equation that you created in part a, showing the
two intercepts.

c. Explain which part of the line applies to her earnings.

d. Explain which part of the line does not apply to
her earnings.

31. Calculate the gradient of the line passing through the points (2, 3) and (6 + 4¢, 5 + 2f). Write your
answer in simplest form.

32. Determine the point on the line y = 2x 4 7 that is also 5 units above the x-axis.

33. An experiment was conducted to collect data for two variables p and z. The data are presented in the
table shown.

3.6

_ 1
2
175 ~5.95

1
2
)1
4

It is known that the relationship between p and ¢ is a linear one. Determine the two values missing from
the table.

34. The distance from the origin to the y-intercept of a linear graph is three times the distance from the
origin to the x-intercept. The area of the triangle formed by the line and the axes is 3.375 units>. The
line has a negative gradient and a negative y-intercept.

Determine the equation of the line.

To test your understanding and knowledge of this topic go to your learnON title at
www.jacplus.com.au and complete the post-test.
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Answers
Topic 6 Linear and non-linear

graphs
6.1 Pre-test
1. On the x-axis (because y = 0).
2.a.C b. D
c.B d. A
3.C
4. -0.5
5.D
6.a. B b. C
c.D d. A
7. a.y:—ix b. y =20x + 400
8.a=-5
9. v/29
10. D
M.ay=-x+2 b. (-1, 3)
12. A
13. D
14. E
15. D

6.2 Plotting linear graphs
1.a.B b. C c.D

2. a. i.y=x

x =3 2| -1 0 1

y | 3 201

ii.y=x

L
I

(\S]
(=)

ro]

b. i.y=2x+2
=3 | 2| -1
y -4 | 2 0 4
i.y=2x+2

i.y=3x—1

10

6 y=3x—1

(-
o
[
To
o]
.
=

TOPIC 6 Linear and non-linear graphs 393



3. a. Sample points shown; y = —x 8.
y
y=-X b
4 9
=3,3) )
2 -

T | T | T T | T | T 10.
-4 2 0] 2 a4 *
2
U R /I 11.

1
b. Sample points shown; y = Ex +4

(-4,2)
- -
-4 2 0 2 4 x
2]
4

y
14.
2_
| T T
550 1.
-2
4+ 2.
d. Sample points shown; y=x —3 3.
y 4.
4 5.
i 6.
7.
— . 8.
4 X
9
10
N 11.
4. a. Yes b. No c. No d. Yes 1
5. a. Yes b. Yes c. Yes
d. No e. No f. No 13.
6. D
7.a. B b. A c.D d. C
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12,

o1 v 13.
y=pt . 2.5)

By plotting the points on the Cartesian plane and joining
them to make a line it can be seen that this line does not
pass through the third quadrant.

. a. The first, second and third quadrants.

b. Answers will vary. Sample response: Substitute point

(1, 3) into line equation. 3 # 1 + 1.
Answers will vary. Sample response: Substitute the point
into the line equation. If the LHS equals the RHS of the
equation, then the point lies on the line. Alternatively, graph
the line and check the point on the Cartesian plane.
Answers will vary. Sample response: Plot the points on the
Cartesian plane and draw a line through the points. Find
the equation of the line. Check all points lie on the line by
substituting into the line equation.

(59, 21)

a. m

b.m=5t+1
c. Sample responses can be found in the worked solutions
in the online resources.

Stirring increases the rate of reaction.

6.3 Features of linear graphs

a. 6 b. —4 c.0
6
d. = e. —2.2 f. —45
5
a. 0 b. 0.1 c. —2.6
d. 0 e. 9 f. —0.1
a. 23 b. 54 c. —6 d. 70
a. 1 b.5.2 c. 100 d. 100
a. 4 b. 1 c. 0
a. 20 b. 400 c. =52
a. 0 b. =5 c. =300
C
. y-intercept = ¢
.a. (0,—10) b. (0, —4) c. (0,3)
d. (0, 7) e. No y-intercept

rise
There is a rise and no run; T = undefined.

0
There is no rise and arun; — =0
run

Sample responses can be found in the worked solutions in
the online resources.



14

20

6.

1.

2
3
4
5

10.

11.

. It does not matter if you rise before you run or run before
you rise, as long as you take into account whether the rise
or run is negative.

y—c
.a.m= b.y=mx+c

X
.a. 0.28 b. 0.64
. 0.6 > 0.58, therefore the safety standards have not been met.
. 0.3 metres
. a. Lamb: m = $15/kg, Chicken: m = $10/kg,

Beef: m = $7.50/kg
b. Lamb: $15, Chicken: $10, Beef: $7.50

c.i.$15 ii. $5 jii. $15
d. $35
€ Cost per Weight
kilogram | required Cost =
Meat ($/kg) (kg) $/kg x kg
type
Lamb 15 1 15
Chicken 10 0.5 5
Beef 7.50 2 15
Total cost 35
3
.am=—-
2

b. It does not matter which points are chosen to determine
the gradient of the graph because the gradient will
always remain the same.

c. Straight line with a y-intercept of (0, —2)

and a slope of — >

4 The equation of a straight line

a.y=4x+2 b.y=—=4x+1 c.y=4x+38
La.y=6x+7 b.y=-2.5x+6 c. y=45x+ 135
La.y=-—2x b.y=4x c. y=10.5x
La.y=—20x b.y=1.07x c.y=32x
Lay=x+2 b.y=—x+8
c.y=—4x—8 d.y=2x—13
a.y=-5x+70 b.y=2x—23
c.y=—6x+11 dy=—x—1.5
.a.y=6x+30 b.y=-=3.5x+15.5
c.y=1.2x—4.08 d.y=0.2x—1.76
La. y=—4x—24 b.y=2x—6
c.y=—-2x+4
.a.y=5x+35 b.y=1.5x-3.75
c. y=0.4x—0.96
ay=x+17 b.y=—x+3
c.y=11 dy=x+3.5
a.y=-x+3.5

1 34
b.y=—x+—(or 9y=x+34)

9 9
c.y=—6x+90

12.

13.

14.

15.

16.

17.

18.
19.
20.

21.

22,

23.

24.

25.

d. y=20x
ay=—x+4
b.y=—-0.25x+5.5
2 (or7y=2x—32)
Y=o X— —\or/y= -
c.y 7x 7 y=2x
2 10
d.y=—x+—(or3y=2x+10)
3 3
-5
ay=x+3 b.y=7x+5
7
c.y=—6x+6 d.y:§x+35
a.y=x+38 b.y=-2x+6
s S dy= x40
c.y= 7 X .y—4x
7
a y=Zx b.y=x c.y=-—2x
dy=—3 —24 ; =X
yeT R TR A
a.y=2x+4 b.y=>5x
1
ay=—x+3 b.y=§x
ay=x+2 b.y=—-2x+3
a. B b. A c.E
a.y=-—24x—12 b. y=—58.32

a.y=—0.6x+ 10

2
o (1620)
3

5
a. The equation is y = Zx —2135

b. Values of ¢ cannot be read directly from the graph
because the graph doesn’t contain the origin, and since
c is found at x = 0, we need to use the equation.

c. In 2020 the concentration of CO, will be 390 ppm. The
assumption is that the concentration of CO, will continue
to follow this linear pattern.

—15+7
m= —=—
4-0
y=-=2x+c
6=—-6+c

c=12

The equation is y = —2x + 12.

a.LineAy=x—1,LineB:y=—x+38

b. (4.5,3.5)

c. Sample responses can be found in the worked solutions
in the online resources. Possible methods include
graphing on a Cartesian plane or using algebra.
LineB:y=—x+8m=—-1,m, =1

y=x+c¢
6=—-4+c
c=10
m=-C
4
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27.

28.
29.

b.y=-2x+3 ¢ (1,1 d. 1 star

e. Sample responses can be found in the worked
solutions in the online resources. Possible responses
could include the following.

y=—x—1,x=2

Sample responses can be found in the worked solutions in

the online resources. Responses should include the correct

equation: T=4.25¢ + 15.

8.1mL

a. A:$0, B: $100, C: $200

b. A:$80, B: $50 C: $33.33

c. A:w=80h, B:w=50h + 100, C: w =33.3h + 200

d.i. C i. A

e. The advantage of location C is that it has the highest
minimum pay, so you would be guaranteed at least $200
per day, regardless of how many hours you work.

f. i. A:$ 160, B: $200, C: $266.66
ii. A:$480, B:$400, C: $400

6.5 Sketching linear graphs

1.

a. 5y —4x=20

b.y=x+2
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2.2 3y+4x=—12

b.x—y=5
y
6_
4_
R B
%6 4 2

0,4
5] 2y+7x-8=0
1
(179)
| | T
-2 0 2 4
—=2—
—4—
—6-







11. D
12. D

2x
13. a.y=—? +4

2
b. ——
5

c. The x-intercept is 10, the y-intercept is 4.
d. YA

0O
v




b. v
6'/
©,5)

2_
(-3.0)
4/ 2 0 2 4
2
o y=Xys i, —5x+3y=15
3

15. a.y:gx—B

b.y=0,4x=24,x=6
x=0,-3y=24,y=-8

C. }’j
103y = 04
5
_ (6,0)
o s O A& 1o¥
-5
_}/_‘ (0, -8)
—ax+c
16. a. y = b

—a
b. Sample response: The gradient is Y substituting
positive values always
results in a negative gradient.

17. Sample response:

4 4 +3
= —x
V=2
4y =2x+3
—2x+4y=3

18. Sample response: All descriptions use the idea that a

rise 2
gradient is equal to 1—, which equals 3 in all of these
sun

cases.

19. a. The gradient is 2.
y=2x-—1.
c. One point is (1, 1).
20.a. i.C i. B ji. A
1
b. Straight line y-intercept of (0, 2) with a slope of — I

b. The equation of the line is

iii. Sample responses can be found in the worked
solutions in the online resources.
b. Sample responses can be found in the worked solutions
in the online resources.

22. Sample responses can be found in the worked solutions in

the online resources.

6.6 Technology and linear graphs

1.

. a. positive, positive

i. As the size of the coefficient increases, the steepness of
the graph increases.

i. Each graph cuts the x-axis at (0, 0).
. Each graph cuts the y-axis at (0, 0).

. As the size of the coefficient decreases, the steepness of
the graph decreases.

ii. Each graph cuts the x-axis at (0, 0)
iii. Each graph cuts the y-axis at (0, 0)
i. As the magnitude of the coefficient decreases, the
steepness of the graph increases.
ii. Each graph cuts the x-axis at (0, 0).
iii. Each graph cuts the y-axis at (0, 0).
b. downward, negative

c. bigger d. will

. a. Yes, 1

b. No, the lines are parallel.
c. i.(0,0),x=0

i. (—=2,0),x=-2
i. 2,0),x=2
d. i.(0,0),y=0
i. (0,2),y=2
ii. (0,=2),y=-2
.a. Yes, —1

b. No, the lines are parallel.
c. i.(0,0),x=0

i. (2,0),x=2
ji. (—=2,0),x=-2
d. i. (0,0),y=0
i. (0,2),y=2
iii. (0,—2),y=-2
. a. same b. y-intercept, y-axis

c. y-intercept d. x-intercept

i. No
ii. Yes
2
iii. a. 1 b. —1 c.3 d —-
5
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iv. a. (—5,0),i.e.x=-5 16. a. y=2x—28.5

b. (5,0),i.e.x=5 b. y
5 . 5 294 y=2x-85
c. (—5,0),1.e.x=—§ 4.25,0)
T T 0 | T | X
25 25 -4 2 2 6 8
d. (—,0>,i.e.x=— 2]
2 2 T
v. a. (0,5), i‘.e. y=5 4
b. (0,5),1i.e.y=5
c. (0,5),ie.y=5 6]
d. (0,5),ie.y=5
9. a. steepness b. y-coordinate, y-axis (0,-8.5)
c. same, parallel d. the same

10. a. Gradient = 2, y-intercept = (0, 0), y=0
b. Gradient = 1, y-intercept = (0, 1), y =1
c. Gradient = -3, y-intercept = (0, 5), y=5

2 c.y=17.5
d. Gradient = 3 y-intercept = (0, =7), y =7 d. x=10.25
11. Sample response: They all have in common the point (1,5).  17. a. C =25n+ 1000
Their gradients are all different. b. (0, 1000). This is the initial cost of the site licence.
12. Sample responses can be found in the worked solutions in c. 2(6)000
d.

the online resources. Use solve on your CAS calculator.
13. Answers should show the y-intercept (0, 2.2), point (1, 2.75) 18. a. Sample response: Possible methods include plotting

and gradient 0.55. the points (0, 325) and (1, 328.8) or using the equation
14. a. N is the number of dogs walked; —$15 is Shirly’s starting €= 3.8m'+ 325.
cost and out-of-pocket expense before she walks a dog, b. 382 calories
and she earns $10 for every dog walked. c. 32.9 minutes

b. She needs to walk at least two dogs a week before she

can make a profit. 6.7 Practical applications of linear graphs

l.a.y=6x—5 b.y=-3x+8

c P
10' 2.a.y=2x+4 b.y=0.9x+ 1.1
3.a.y=3x+1 b.y=—x+17
1 4.a.v=—3t4+27 b.C=3d+8
1 15,0y / P=-15+ 10N 5. D
5 0 2 4N 6. a. A =25t + 60 b. $5060
i c. $60
] 7. a. C=0.55s + 2.0 b. $8.60
109 8. a. N = 4007 + 3200 b. 5400
c. 13200
0, =15)
] 9.a.27 b. 108
10. a. w= —40t + 712 b. 712L
c. 18 days

15. Sample responses can be found in the worked solutions in
the online resources.
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11. Sample responses can be found in the worked solutions in 5.a.5 b. 9 c. —16 d. 0
the online resources. 6. a. (4,6) b. (=2, —3)
12. a. C=2.57d+3.50 c. (11,2) d. (=7,-3)
b. $33.06 7.y=5x-1
c. 7.20km 8.a.5 b. 10 c 1
18. 5%21.4=107cm=1.07m 9. a2 b. 13 . 10
14. a. N=-22t+ 164 b. 120 10.a. 5 b. 17 c. 13
e 3 d. 7.5 months 1. a.7.211 b. 14.765 c. 13.038
15. a. See the figure at the foot of the page.* 12. & 8.044 b. 19.416 19.416
b. (0, —800), y = —800. Fixed costs are $800. S S o
c. (4,0), x =4, this is the break-even amount 13. a. 24.472 b. 25.464
d. 200, this is the sale price per print that contributes to 14. a. 17.788 b. 25.763
profit 15. 21.024 km
16. a. C=2.14d +3.50 16.d =5
b. $28.11 XS
c. $52.93 TEE T TS
17. a. Y="T78.7A b. ¥196 750 c. Y =76.5A —6+y
. —4 = >y=-=2
18. Cody arrives first. 2
The required point is (=9, —2).
6.8 Midpoint of a line segment and distance 18 de = 10
between two points AT
2,4) b. (5, 1) 7,2 doc = V10
2@ R e b Therefore, B is equidistant from A and C.
2.a.(8,9) b. (0,5) c. (—1,2)
3.a.(=5,-2) b. (2,3) c. (0,12)
1 1 1
T (L B
272 2
1 1 1 1
c(oohol) e (oiked)
272 2° 2
*15. a. PA
1400 —
1200 P =200n— 800
1000 —
800 —
600 —
400 —
200 —
<~ ) 1 1 1 1 1 1 T
-4 -2 2 4 6 8 10 12 14 16
-200 —
400 —|
-600 —|
-800
/A
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19. a.

o

o 0

f.

y
C(-3,8)e 8
74
61
54
4

4. See the table at the foot of the page.*

3 ®B (2,3)
7
1_

—rrTr-1T 1T 177 0 T
8-7-6-54-3-2-14 1
27 5.

=3

A1, -4) o4~

-5 oD (4,-5)

=6—1

—74

=81

o -
© —
&~
W —
o —
-~ —
o0 —
=

M=(-2,2)
2¢/37
7,-2)
3—(=4) 7
2-(-1) 3
y=—4x+11

20. Sample responses can be found in the worked solutions in
the online resources.

dys =2V10
dge = 2V/10

dac = 4\/E

Side length AB is equal to side length BC but not equal to

side length AC. Therefore, AABC is an isosceles triangle.

1
21. —
2

22, (_41 5) ’ (_3’ 2) B (_23 _1) ’ (_15 _4) ’ (O’ _7)

6.9 Non-linear relations

1. a.
b.
c

Vertical 3 up, TP (0, 3)
Vertical 1 down, TP (0, —1) b.
. Vertical 7 down, TP (0, —7)

1 1
. Vertical Z up, TP <0, —>

4

=Y

2. a. Horizontal 1 right, (1,0)
b. Horizontal 2 right, (2, 0)
c. Horizontal 10 left, (—10, 0)
d. Horizontal 4 left, (—4,0)
3. a. (0, 1), max b. (0, —3), min c. (—=2,0), max
*4,
-5 -4 -3 -2 -1 0 1 3 4
-2 2.5 —3.3 -5 —10 Undefined 10 3.3 2.5
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6. CASIO
& Edit Zoom Analysis ¢ (%)
ilili)i g e t -~ XX
' [ B [ A | La I A ] N [l >
y=0. 5°x3
y=3x3
y=3x3
y=Tx 3
7. It increases the y-values by a factor of k and hence dilates 3
the curve by a factor of k. As k increases, the graph is y=TX
further from the origin. O
8. y
10+
8 -
6 -
L L L L L L 1 L 1 1 i L L L L xl
4 -3 E
2
o 4 % 4 a2 Bl 2 i 6 s 0 3
. [ B | O
1 Deg  Real 0
=7 10. It increases the y-values by a factor of & so as the value of &
g increases the arms of the cubic move closer to the y-axis.

11.

YA

—10 -

\ 8
9. The point of inflection for all three graphs is at the origin
0,0) 6
TI
44
‘ 3 3 2+
X

4 2 0 2 4

=3 2.4

=10 1

-
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12. TL

6.67 v f.).(f)=5"
£3(x)=10"
£1(c)=3% 1/ i
=10 1 10:
.67
CASIO _
& Edit Zoom Analysis e (%)
AEEES
y=3X%
y=5%
y=5%
y=10%
0
=124
" A L L xx
-3 ot E]
—af
IS
Deg Real i

13. As the value of a increases the values of y increase more

and more rapidly resulting in the graph moving closer to the

y-axis.

404 Jacaranda Maths Quest 9

14. T1
6.67 MV
1 fk)=Jx
™ 1 1
~6.67
CASIO
o Edlt Zoom Analysis ¢ (X]|
B E R E S ]"E
y=yx __‘
qf¥
o , L
-9 0: 2
—of
BE
Deg  Real (il
15. a y b. y
7 4
=1 T x —4 4 x
-7 2

Centre (0, 0), radius 7

Centre (0, 0), radius 4



16.

17.
18.

19.

20.

21.

d
9

-9 9 'x
-9

Centre (0, 0), radius 9

f- y
10

-10 10°x
-10

Centre (0, 0), radius 10

c. y
6

—6( )6 X
-6

Centre (0, 0), radius 6

e. y
5

75( )5 X
=5

Centre (0, 0), radius 5

C. d y
3_
4[4 g 2%
BT
e. f y
104
10,
-5 5 15°x
S I

D

Sample responses can be found in the worked solutions in
the online resources. Possible methods include using a table
of values or graphing both equations on a Cartesian plane.
Similarity: they both have asymptotes of x=0andy = 0.
Difference: one is a reflection of the other about the y-axis.
Sample responses can be found in the worked solutions in
the online resources. Use algebra or graph the equation. The
turning point is a minimum.

r=4

The centre is (2, 1). The equation is

(x—2)%+ (y— 1)2 =16

Sample responses can be found in the worked solutions in
the online resources.

22. (6, —5)

23. a. Nalini started well and raced ahead of Huot and Edmond.
She then turned around and went back to the starting
line. She stayed at the starting line for an amount of time
before turning around and sprinting to the finishing line,
passing Huot and Edmond.

b. From the graph, Huot took 5 seconds to start running.
c. From the graph, at =0, Edmond is 2.4 metres from the
starting line.

d. Nalini won the race.

24. A

At (0,7) and (0, —3)

Baly T 32 <1 ol 1273
3 1213
y = 2 Undef. | 0 | = | = | =
2 21314
b (=2,2) Y
. -
3
. =4
3 2 2
S (2’3),@3,)
1] .l. 14,
(0,02 lz)
PEERTIGERRE
L1
3]
T2
-2

c. This relationship is not linear.

Project
1.6

2. Sample responses can be found in the worked solutions in the
online resources.

.aandh

e
.a,b,cand h
Yes

o o & W
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7 Length of Width of Destination 17. a. YA
table (m) table (m) pocket y=—x+35
a 3 0.25 Far left
b 3 0.5 Far left K
c 3 0.75 Far left Vil
d 3 1 Far right
e 3 1.25 Far left
f 3 1.5 Far left B ol | 5 x
g 3 1.75 Far right
h 3 2 Close right
8. Sample responses can be found in the worked solutions in the Y
online resources. b. y
6.10 Review questions
1.D
2.B
3.D
4. B <
5.D
6. A
7.B
8. A
9.D
10. A
11. a. Gradient = 8, y-intercept —3 e
b. Gradient = —9, y-intercept 5
c. Gradient = —2, y-intercept 6
d. Gradient = 2, y-intercept O
. 2 1
e. Gradient = 5, y-intercept —g
12. A,B <
13. A,C,E
2
14. a. 2 b. —— c. 0
5
Y
15 2 b >
. a. .= d.
4
16.a.m=-=-3, c=7
3
b.m=—-, c=3
2
2
cm=——, c=0
5 <

=Y

4,-2)
S~ T 7
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a
C.
e

g.
22. (1.1)
23. 5 units

by=2— 2
Ly=2— =x
Y 7

b.y=2x— 14
d.y=—5x
f.y=-=2.75x+7.75
h.y=-2x+5




24. a. Vertical translation 3 units down, TP = (0, —3) 27. a. y=400 — 15x
Y YA

A
\
\

b. Horizontal translation 2 units to the left; TP = (2,0)

V= (x+2)?
M Ay=2
1

y

b. 26.7 or 27 weeks
c. $175
d. 21 repayments

28. a. y=40—3.5x

y

b. Hyperbola
P b. 11.4 hours

c. 22.75km
29. a. n=>5t+25 b. 65 c. 336 minutes




30. a.

m=>5n+ 200

. See the figure at the foot of the page.*

. Everything to the right of the vertical axis and including

the vertical axis applies to her earnings because she can
only sell 0 or more necklaces.

. Everything to the left of the vertical axis, because she

cannot sell a negative number of necklaces and because
she cannot make less than her base salary of $200.

1
31. —
2
32. (—1,5)
33. p=—-0.25,r= 0.25
34. y=—-3x—4.5
*30. b. m
250
200 -9 (0,200)
150 —
100 —
50—
» (=40, 0)
< I I 0 I |
100 =50 50 100
50
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Semester review 1

The learnON platform is a powerful tool that enables students to complete revision independently and allows
teachers to set mixed and spaced practice with ease.

Student self-study

Review the Course Content to determine which topics and subtopics you studied throughout the year. Notice
the green bubbles showing which elements were covered.

e Content | Positive Infegers

Prahims

Powering up for Year 7

NAFLAN practxe

1 Positive Integers

2 Positive and negatve iNtegars

1.1 Ovenview

Topic 1 Pre-test

1.1 Pace value

Quick quiz

Exsrrise

3 Factors, mulitiples, indices and primes 1.3 Strategies for adding and subtracting positive Integers

4 Fractions and percentages Quick iz

5 Ranos, rates and Dest buys Exareiss

6 Decimats
4 Agorithms For ading and subiracting positng Intigers
7 aigebra
i Quick quiz

& Eguations
Exeroise
9 Geometry
1.5 Mubtiptying positve integers

10 Measurament
11 Coordinates and the Cartestan plane

12 Transformasons
L) 1.6 Diviching posiave integers
13 Probabilicy
Quick quiz
14 Saatitics

Exsrcise
1.7 Rounding and sstimating

Quitk quiz

% Somings
Exercise

‘WearS-jacaranda-AC-2 % ralicisy anghion

1. Choose assignment type 2. Faiter further:

Te ssigned SHOW BEPORT

Teacher asuigned

R4 Heghiigne high scones of 55% or mone, to denafy areas of srrengm I" 3

DOWNLOAD C3V q
E

Mumber and Algebra

i Brghion £ -

Use these and other tools to help identify areas of strengths and weakness and target those areas for
improvement.

b 7
] T

d
g

EsaEUmoOT ¥ |
s pus DOREY §
=
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Teachers

It is possible to set questions that span multiple topics. These assignments can be given to individual students, to
groups or to the whole class in a few easy steps.

Go to Menu and select Assignments and then Create Assignment. You can select questions from one or many
topics simply by ticking the boxes as shown below.

Select your content

1 humesagy |

5 Fourm inges Lim

3 bt L -]

it are elatiy hers far spugreng, Ao Coere S

Select your content

4.4 Terminatieg and recurming decmals

g Acsass Course i Sk

Once your selections are made, you can assign to your whole class or subsets of your class, with individualised
start and finish times. You can also share with other teachers.

ASSIEN your content

hssgamn: sane

AR P
Question oeder. O Keep Inoroer Fardomee
Cormcred and manked' i 6 3UHmancally COMECIEg QUEsI0ns 0nly INCEManLarly conrecied)

PESsEnben m
o

i 58 AL g LIS

More instructions and helpful hints are available at www.jacplus.com.au.
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7 Proportion and rates

LESSON SEQUENCE

TA QVEIVIBW ... 414
7.2 DireCt IN@Ar PrOPOILION .......co.ooviioieieieiee b 416
7.3 PrOPOrtiONGIILY ......cooooiiiiiiiiie b 421
7.4 INrOdUCHION 10 FALES ..o 426

7.5 Constant and variable rates
7.6 Review




LESSON
7.1 Overview

7.1.1 Why learn this?

Proportion and rates are often used to compare quantities. Kilometres
per hour, price per kilogram, dollars per litre and pay per hour are all
examples of rates that are used in everyday life. Supermarkets give the
prices of items as a rate, such as dollars per kilogram, so customers can
compare different-sized packages of the same item and make decisions
about which is the better value. Chefs use proportions when combining
different ingredients from a recipe.

In geometry, the circumference of a circle is proportional to its diameter.
We say, simply, that the circumference, C, is pi (7r) times its diameter, d;
that is, C = md. Calculations of 7r date back to the time of Archimedes,
but the symbol became widely used in the 1700s. The Golden Ratio,
approximately 1.618, is a proportion that is found in geometry, art and
architecture and has been made famous in the illustrations of Leonardo
da Vinci (1452-1519).

In the construction industry, concrete is made in different proportions of
gravel, sand, cement and water depending on the particular application.
Exchange rates allow business people and the general population to
convert Australian dollars to an equivalent amount in an overseas
currency. Artists, architects and designers use the concept of proportion
in many spheres of their work.

Hey students! Bring these pages to life online

Watch Engage with Answer questions
videos interactivities and check solutions
Find all this and MORE in jacPLUS (C)

Reading content
and rich media,
including
interactivities
and videos for
every concept

Extra learning
resources

Differentiated
question sets

Questions with
immediate
feedback, and
fully worked
solutions to help
students get
unstuck
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Exercise 7.1 Pre-test learn

10.

. State whether this statement is True or False.

The expression y «x means y is directly proportional to x.

T Identify which of the following relationships is directly proportional.

Al oo [ 1| 2] 3 S o | 1 [ 2] 3
B o | 2] 4 |6 B o | 1409

o1 2] 3 4 i o [ 1 ][ 2] 3
4 |3 | 2 |1 L IR
S [ 2] 3] 4

&}
w
~
W

Mobile phone calls are charged at $1 per minute. State if the cost of a phone bill and the number of
1-minute time periods are directly proportional.

State whether this statement is True or False.
The perimeter of a square and its side length have a relationship that is directly proportional.

I If a x b and a =3 when b =9, select the rule that links a and b.
1
A.ang B. a=3b C.a=% D. a=9b E. 3a=9b
The quantities x and y are related to each other by direct variation. If & is the constant of proportionality,

complete the proportion statement x =

The voltage, v, that powers a mobile phone is directly proportional to the current, / amps.

A mobile phone with consistent resistance uses a current