MATHEMA
ADVA

CambridgeMATHS

STAGE 6

BILL PENDER
DAVID SADLER | DEREK WARD | BRIAN DOROFAEFF | JULIA SHEA

INCLUDES INTERACTIVE
TEXTBOOK POWERED BY
CAMBRIDGE HOTMATHS

B CAMBRIDGE

g UNTVERSITY PRESS

ISBN 978-1-108-46904-3 © Pender et al. 2019 Cambridge University Press
Photocopying is restricted under law and this material must not be transferred to another party. Updated May 2022



CAMBRIDGE

UNIVERSITY PRESS

University Printing House, Cambridge CB2 8BS, United Kingdom

One Liberty Plaza, 20th Floor, New York, NY 10006, USA

477 Williamstown Road, Port Melbourne, VIC 3207, Australia

314-321, 3rd Floor, Plot 3, Splendor Forum, Jasola District Centre, New Delhi — 110025, India
103 Penang Road, #05-06/07, Visioncrest Commercial, Singapore 238467

Cambridge University Press is part of the University of Cambridge.

It furthers the University’s mission by disseminating knowledge in the pursuit of education, learning and research at the highest international levels of
excellence.

www.cambridge.org
© Bill Pender, David Sadler, Derek Ward, Brian Dorofaeff and Julia Shea 2019

This publication is in copyright. Subject to statutory exception and to the provisions of relevant collective licensing agreements, no reproduction of
any part may take place without the written permission of Cambridge University Press.

First published 2019
20 19 18 17 16 1514 13 1211 1098 7 6 5

Cover and text designed by Sardine Design
Typeset by diacriTech
Printed in China by C & C Offset Printing Co., Ltd

A catalogue record for this book is available from the National Library of Australia at www.nla.gov.au
ISBN 978-1-108-46904-3 Paperback
Additional resources for this publication at www.cambridge.edu.au/GO

Reproduction and Communication for educational purposes

The Australian Copyright Act 1968 (the Act) allows a maximum of one chapter or 10% of the pages of this publication, whichever is the greater, to be
reproduced and/or communicated by any educational institution for its educational purposes provided that the educational institution (or the body that
administers it) has given a remuneration notice to Copyright Agency Limited (CAL) under the Act.

For details of the CAL licence for educational institutions contact:

Copyright Agency Limited

Level 12, 66 Goulburn Street

Sydney NSW 2000

Telephone: (02) 9394 7600

Facsimile: (02) 9394 7601

Email: memberservices @copyright.com.au

Reproduction and Communication for other purposes

Except as permitted under the Act (for example a fair dealing for the purposes of study, research, criticism or review) no part of this publication
may be reproduced, stored in a retrieval system, communicated or transmitted in any form or by any means without prior written permission.
All inquiries should be made to the publisher at the address above.

Cambridge University Press has no responsibility for the persistence or accuracy of URLSs for external or third-party Internet websites referred to in
this publication and does not guarantee that any content on such websites is, or will remain, accurate or appropriate. Information regarding prices,
travel timetables and other factual information given in this work is correct at the time of first printing but Cambridge University Press does not
guarantee the accuracy of such information thereafter.

Cambridge University Press acknowledges the Australian Aboriginal and Torres Strait Islander peoples of this nation. We acknowledge the traditional
custodians of the lands on which our company is located and where we conduct our business. We pay our respects to ancestors and Elders, past

and present. Cambridge University Press is committed to honouring Australian Aboriginal and Torres Strait Islander peoples’ unique cultural and
spiritual relationships to the land, waters and seas and their rich contribution to society.

ISBN 978-1-108-46904-3 © Pender et al. 2019 Cambridge University Press
Photocopying is restricted under law and this material must not be transferred to another party. Updated May 2022



Contents

Rationale vii
Overview Xii
Acknowledgements Xiv
About the authors XV

Methods in algebra

—h
|

1A Arithmetic with pronumerals 3

1B Expanding brackets 6

1C  Factoring 9

1D Algebraic fractions 13

1E  Solving linear equations 18

1F  Solving quadratic equations 21

1G  Solving simultaneous equations 24

1H  Completing the square 27
Chapter 1 Review 30

’2 Numbers and surds 32
2A  Whole numbers, integers and rationals 33

2B Real numbers and approximations 38

2C  Surds and their arithmetic 44

2D Further simplification of surds 47

2E  Rationalising the denominator 50
Chapter 2 Review 53

<} Functions and graphs 55
3A  Functions and function notation 56

3B Functions, relations and graphs 60

3C  Review of linear graphs 68

3D Quadratic functions — factoring and the graph 73

3E  Completing the square and the graph 79

3F  The quadratic formulae and the graph 87

3G Powers, polynomials and circles 91

3H  Two graphs that have asymptotes 98

31 Four types of relations 104
Chapter 3 Review 112

iii
ISBN 978-1-108-46904-3 © Pender et al. 2019 Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party. Updated May 2022



% Transformations and symmetry 115
4A  Translations of known graphs 116

4B Reflections in the x-axis and y-axis 124

4C  Even and odd symmetry 131

4D The absolute value function 135

4E  Composite functions 141
Chapter 4 Review 145

i Trigonometry 148
5A  Trigonometry with right-angled triangles 149

5B  Problems involving right-angled triangles 155

5C  Three-dimensional trigonometry 160

5D  Trigonometric functions of a general angle 167

5E  Quadrant, sign, and related acute angle 172

5F  Given one trigonometric function, find another 178

5G  Trigonometric identities 181

5H  Trigonometric equations 186

51 The sine rule and the area formula 192

5J  The cosine rule 199

5K Problems involving general triangles 204
Chapter 5 Review 211

Appendix: Proofs of the sine, cosine and area rules 217

I The coordinate plane 219
6A  Lengths and midpoints of intervals 220

6B  Gradients of intervals and lines 224

6C  Equations of lines 232

6D  Further equations of lines 236

6E  Using pronumerals in place of numbers 242
Chapter 6 Review 246

4| Exponential and logarithmic functions 248
7A  Indices 249

7B Fractional indices 256

7C  Logarithms 261

7D The laws for logarithms 266

7E  Equations involving logarithms and indices 271

7F  Exponential and logarithmic graphs 275

7G Applications of these functions 281
Exponential data investigation (digital-only resource) 283

Chapter 7 Review 284

iv
ISBN 978-1-108-46904-3 © Pender et al. 2019 Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party. Updated May 2022



]| Differentiation 286

8A  Tangents and the derivative 287
8B The derivative as a limit 291
8C  Arule for differentiating powers of x 297
8D  Tangents and normals — % notation 303
8E  Differentiating powers with negative indices 3N
8F  Differentiating powers with fractional indices 315
8G  The chain rule 319
8H  The product rule 325
81 The quotient rule 328
8J  Rates of change 331
8K Continuity 338
8L Differentiability 342
Chapter 8 Review 345
Appendix: Proving differentiation rules 348

‘I Extending calculus 351
9A  The exponential function base e 352
9B  Transformations of exponential functions 358
9C  Differentiation of exponential functions 362
9D  Differentiation and the graph 365
9E  The logarithmic function base e 369
9F  Exponential rates using the base e 375
9G  Radian measure of angle size 378
9H  Solving trigonometric equations 384
91 Arcs and sectors of circles 388
9J  Trigonometric graphs in radians 396
Chapter 9 Review 401

1[IH Probability 404
10A  Probability and sample spaces 405
10B  Sample space graphs and tree diagrams 414
10C  Sets and Venn diagrams 420
10D Venn diagrams and the addition theorem 427
10E  Multi-stage experiments and the product rule 434
10F  Probability tree diagrams 441
10G  Conditional probability 446
Chapter 10 Review 457

ISBN 978-1-108-46904-3 © Pender et al. 2019 Cambridge University Press
Photocopying is restricted under law and this material must not be transferred to another party. Updated May 2022



11 Probability distributions

vi

11A  The language of probability distributions
118 Expected value
11C  Variance and standard deviation
11D Sampling
Chapter 11 Review

Answers
Index

Online appendices

460
468
476
485
499

502
570

See the Interactive Textbook for guides to spreadsheets, the Desmos graphing calculator, and links to scientific

calculator guides.

ISBN 978-1-108-46904-3 © Pender et al. 2019
Photocopying is restricted under law and this material must not be transferred to another party.

Cambridge University Press
Updated May 2022



Rationale

CambridgeMATHS Advanced Year 11 covers all syllabus dotpoints for Year 11 of the Mathematics
Advanced course being implemented in 2019. This rationale serves as a guide to how the book covers
the dotpoints of the syllabus. Further documents are available in the teacher resources.

The Exercises

No-one should try to do all the questions! We have written long exercises with a great variety

of questions so that everyone will find enough questions of a suitable standard — they cater for
differentiated teaching to a wide range of students. The division of all exercises into Foundation,
Development and Challenge sections helps with this. Each student will need to tackle a selection of
questions, and there should be plenty left for revision.

The Foundation section in each exercise provides a gentle start to each exercise with many
straightforward questions on each new skill and idea. Students need encouragement to assimilate
comfortably the new ideas and methods presented in the text so that they are prepared and confident
before tackling later problems.

The Development section is usually the longest, and is graded from reasonably straightforward questions to
harder problems. The later questions may require the new content to be applied, they may require proof or
explanation, or they may require content from previous sections to put the new ideas into a wider context.
The Challenge section is intended to match some of the more demanding questions that HSC Advanced
examination papers often contain — we assume that this will continue with the HSC examinations on

the new syllabuses. They may be algebraically or logically challenging, they may establish more difficult
connections between topics, or they may require less obvious explanations or proofs. The section may be
inappropriate at first reading.

Syllabus Coverage of the Chapters
Chapter 1: Methods in algebra

References: F1.1 dotpoints 2—3

Chapter 1 revises algebraic techniques. The Advanced course relies heavily on fluency in algebra, and the
chapter is intended for students who need the revision. If students are confident with this material already
from Years 9-10, they should not spend time on it, but simply know that it is there if they find later that
some techniques need revision.

F1.1 dotpoint 1 index laws & Sections 7A—7B: The index laws from Years 9-10 are not reviewed here.
They need a clearer and fuller presentation in Chapter 7 in the context of exponential and logarithmic
functions and their graphs.

F1.1 dotpoint 1 surds & Sections 2C-2D: Surds are dealt with thoroughly in Chapter 2.

F1.1 dotpoint 2 & Sections 3D-3F: When quadratics graphs are developed in Chapter 3, the quadratic
techniques of this dotpoint are covered again, but at a higher level.

Chapter 2: Numbers and surds

References: F1.1 dotpoint 1 surds; F1.2 dotpoint 2 intervals

Chapter 2 reviews the four standard sets of numbers: N, Z, Q and R — students should be clear about
these before tackling functions. In particular, they must know how to manipulate surds. They must also

vii
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understand the geometric basis of the real numbers as the points on the number line, and be able to
approximate them in various ways. The syllabus mostly takes all this as assumed knowledge from
Years 9-10, but it is mentioned specifically in the two dotpoints above.

This chapter may be mostly review, and time should not be spent on it unnecessarily.

Types of intervals and their line graphs are introduced in Section 2B. ‘Interval notation’ in the form 3 < x < 6
is used throughout the Year 11 book. The alternative ‘interval notation’ (3, 6) is introduced in Appendix C
(Bracket interval notation) and can follow section 3H.

Chapter 3: Functions and graphs
References: F1.2 dotpoints 1-4, 6, 8; F1.3; F1.4 dotpoints 14

Section 3A, 3B and 31 introduce the more sophisticated notions of functions, relations and graphs
required in the course and mentioned in F1.2 dotpoints 1-4, 6, 8.

Functions are introduced in Section 3A using a function machine, f(x) notation, and tables of values.
This leads in Section 3B to the graph, and to the use of the vertical line test to distinguish between a
function and the more general concept of a relation.

The final Section 31 returns to the general theory and covers several related matters — reading a graph
backwards using horizontal lines, graphical solutions of f(x) = k (F1.3 dotpoint 3, sub-dotpoint), the
horizontal line test, the classification of relations as one-to-one, many-to-one, one-to-many and many-to-
many (F1.2 dotpoint 4), and ‘mappings between sets’. Dotpoint 1 of F1.2 presumably implies sets others
than numbers, as they occur in databases and spreadsheets. This section may be too challenging so early,
and could be left until later in the year.

F1.2 dotpoints 4 & Section 7C: A full treatment of inverse functions is not part of the Advanced course,
but some ideas about them are needed for the square root function y = Vx, and in Chapter 7 where the
idea is briefly introduced and formalised in Sections 7C, 7D and 7F so that the laws of logarithms can be
established and the graphs discussed. The discussion in Section 31 of reading a graph backwards, and of
one-to-one and many-to-one functions, is good preparation for logarithms.

F1.2 dotpoint 7 & Section 4E: Composite functions are delayed until Chapter 4, after translations,
reflections and absolute values have already provided specific examples.

F1.2 dotpoints 6-7 & Chapter 8: The functions of algebra almost all involve sums, differences, quotients,
products and composites of functions. Apart from composites, it would not be helpful at this stage to
formalise rules for domains and ranges because the rules quickly become very complicated, and things
are best done case-by-case throughout Chapter 3 and beyond. Each of these five ways to build functions
is considered separately as the rules of differentiation are developed in Chapter 8: Differentiation.

Sections 3C-3H present, in the unified manner introduced in Sections 3A-3B, a variety of graphs that
are partly known from Years 9-10, particularly linear graphs quadratics, square roots, and also higher
powers of x, polynomials, circles, and graphs with asymptotes. Section 3G sketches cubics and general
polynomials factored into linear factors, using a table of values to test the sign.

F1.3 dotpoint 1 & Chapter 6: Lines are only briefly mentioned in Section 3C, and are discussed in far
more detail in Chapter 6: The coordinate plane. Gradient is the key idea with linear graphs, and gradient
in turn requires tan € and the ability to solve, for example, the trigonometric equation tan § = —1, where
0° < 0 < 180° (see also the mention at C1.1 dotpoint 3).

Chapter 4: Transformations and symmetry

References: F1.2 dotpoints 5, 7; F1.4 dotpoints 5-9

Chapter 4 begins with translations of graphs, then reflections of them in the x-axis and y-axis, stressing
the equivalence of the geometric and algebraic formulations. It then introduces even and odd functions
and explains them in terms of the symmetry involving these two reflections.
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With these two sets of symmetries, the graphing of simple functions involving absolute value can mostly
be done using transformations and symmetry rather than the confusing algebra with cases.

Composites fit well into this chapter because translations horizontally and vertically, and reflections in
either axis, are special cases of composites.

Translations & F2 from Year 12: Translations have been brought forward from Year 12 Functions because
translations are able to unify many things about graphs and their equations, particularly with the graphs
of circles, parabolas and absolute value, and make them much easier to deal with. Dilations are also
important in such unification, but they cause more difficulty and have been left in Year 12 where the
syllabus has them.

F1.4 dotpoint 9 & Section 3G and 4A: Circles with centre the origin are in Section 3G, and circles with
other origins are in Section 4A.

Chapter 5: Trigonometry

References: T1 omitting radian measure; T2

Chapter 5 begins to turn the attention of trigonometry towards the trigonometric functions and their
graphs. This requires their definition and calculation for angles of any magnitude, the solving of simple
trigonometric equations, and the examination of their graphs. The wave properties of the sine and cosine
graphs are the most important goal here, because so much of science is concerned with cycles and
periodic events.

The chapter is thus partly a review of Years 9-10 triangle trigonometry, extended to three dimensions, and
partly a change of attention to the functions and their graphs, with all the required calculations and identities.

T1.1 dotpoint 3 & Section 5J-5K: The use of the cosine rule in the ambiguous case is not mentioned in
the syllabus, but is briefly touched on in Exercise 5J and Section 5K.

T1.2 (radians) & Chapter 9: Radians are not introduced in Chapter 5. First, there is too much
trigonometry to review, including general angles and the six graphs, ideas which students already find
unfamiliar and difficult. Secondly, radian measure is unmotivated at this stage, because what motivates

it is the derivative di(sin x) = cos x. We have therefore placed radian measure later in the book, in the
X

second half of Chapter 9: Extending calculus, which begins the extension of calculus to the exponential

and trigonometric functions.

Given one trigonometric function, find another & Section SF: This material is not in the syllabus, but is in
the support material, so is covered in Section 5F.

Chapter 6: The coordinate plane
References: F1.3 dotpoint 1; C1.1 dotpoint 3

Chapter 6 is mostly, if not all, a review of Years 9—-10 material. Its main purpose is the analysis of
gradient and the equation of lines — revising gradient is an immediate preparation for calculus, which
takes place initially in the coordinate plane, where the derivative is a gradient.

As further preparation, length and midpoint are also revised. The final section, which may be regarded as
Challenge, asks for coordinate plane calculations involving pronumeral constants — this is required in
many calculus problems — and explores the geometric implications.

Chapter 7: Exponential and logarithmic functions

References: F1.1 dotpoint 1 (index laws); E1.1-E1.2 E1.4

Chapter 7 begins with a thorough treatment of indices, then introduces and develops logarithms, before
turning attention to the exponential and logarithmic functions, their graphs, and their applications.

ix
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Indices and logarithms base e are not covered in this chapter, but are presented in the first part of Chapter 9:
Extending calculus, which follows Chapter 8: Differentiation and deals with e*, then with radian measure
of angles. It is important that students first encounter exponential and logarithmic functions with familiar
bases such as 2, 3 and 10 so that they are well prepared for Euler’s number and its surprising definition,
and for base e calculations.

This chapter has been placed before differentiation because indices, including negative and fractional
indices, are essential for the introductory chapter on differentiation that follows.

Exponential equations reducible to quadratics & Year 12 Functions: These equations are not in the
syllabus, but are in the support material. They will be discussed in Year 12, along with algebraic
equations reducible to quadratics, when students are more confident with indices.

Chapter 8: Differentiation
References: F1.2 dotpoint 6; C1.1-1.4

This long chapter follows very closely the development given in C1, except that continuity and
differentiability have been placed at the end of the chapter — experience with tangents is necessary to
understand the significance of these ideas.

Sections 8A-8I present the standard theory of the derivative, first geometrically using tangents, then
using the definition of the derivative as a limit. The geometric implications are stressed throughout,
particularly as they apply to quadratics and higher-degree polynomials. As negative and fractional indices
are introduced, the geometry of hyperbolas and other more exotic curves is investigated.

The proofs of the derivative of x", and of the chain, product and quotient rule, have been placed in an
appendix at the end of the chapter so as not to disturb the exposition of the theory with difficult proofs.
They are part of the course.

As remarked in the notes to Chapter 3, extending differentiation to the sums, differences, products,
quotients and composites of functions are significant advances in the theory in Sections 8C and 8G—8I,
and draw attention to these five ways of combining functions.

Families of curves with a common derivative are covered lightly here in Section 8D. The intention is to
break the ground for their later use in integration and boundary value problems.

C1.1 dotpoint 3 & Chapter 6: The angle of inclination of a line is part of the theory of gradient, and was
covered in Chapter 6, apart from the mention of a tangent.

C1.2 dotpoint 1 and C1.3 dotpoint 7 & Year 12 Curve-sketching-using-calculus and integration:

The terms ‘increasing’, ‘decreasing’, ‘stationary’ and so forth are used informally in this chapter and earlier,
and are then defined formally in terms of tangents in Section 8J: Rates of change. Their proper treatment,
however, occurs in the Year 12 syllabus, where turning points, concavity, inflections, and increasing over

an interval, are also essential parts of the story. In many problems here, however, one is required to find the
points where the derivative is zero, and other questions deal lightly with the other concepts.

Section 8J interprets the derivative as a rate of change, as in C1.4 dotpoints 4-7.

C1.4 dotpoints 67 & Year 12 Motion chapter: Motion receives only a brief mention in Section 8J
because the necessary theory for motion has not yet been developed. In particular, curve-sketching-
using calculus is needed even to discuss stationary points, derivatives of the sine the cosine functions
are needed for many interesting situations, and without integration not even the motion of a body
falling under gravity can be derived. Students find motion difficult, and need an extended treatment to
understand it.

Sections 8K-8L present continuity at a point, and then differentiability at a point, informally, without
limits, as in C1.1 dotpoint 1. ‘Differentiable’ and ‘doubly differentiable’ are mentioned several times in
the syllabus glossary.
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Chapter 9: Extending calculus
References: E1.3-E1.4; T1.2

After the derivative has been developed for algebraic functions, it then needs to be developed for the two
groups of special functions: the exponential and logarithmic functions, and the trigonometric functions.
This two-part chapter first develops the derivative of ¢*, then develops radian measure in preparation for
the derivatives of the trigonometric functions.

The intention of this two-part chapter is to allow some of the parallels between the two sets of functions
to emerge naturally, particularly between the new base e required for exponential functions and the new
units of radians, based on, required for the trigonometric functions.

Sections 9A-9F explain carefully the definition of e, taking care to emphasise the importance in
calculus of y = e¢” having gradient 1 at its y-intercept. They then establish the derivatives of ¢* and e
introduce log,x without its derivative, and show how calculus can be applied to find the rate of change of
a quantity that is a function of time expressed in terms of the base e.

ax+b
2

Sections 9G-9] explain radian measure, use it in problems involving arcs, sectors and segments, and
develop the theory of the general angle and the graphs of the trigonometric functions in radians, which
is their true form from the point of view of calculus. The derivative of sinx, however, is not developed,
although it is reasonably clear from the graph that y = sinx has gradient 1 at the origin and that

di(sin x) = cos x looks like y = cosux.
b

The final Exercise 9] has been constructed as an investigation on the large variety of symmetries that
these six graphs display.

Chapter 10: Probability
References: S1.1

This chapter follows the usual exposition of probability, with Section 10C on sets and Venn diagrams
necessary because sets will often not have been taught in earlier years.

Uniform sample spaces — sample spaces consisting of equally likely possible outcomes — are in
this course the basis of the theory and of the whole idea of probability. As mentioned at the end of the
chapter, various probability formulae are valid in much more general situations. Probability in such
general situations, however, is not easy to define, and the sort of axiomatisation required for rigorous
proofs is beyond school mathematics.

Experimental probability is introduced briefly in terms of relative frequency, in preparation for the more
extended account in Chapter 11.
The final section on the new topic of conditional probability still begins with a definition that uses

equally likely possible outcomes, and is based on the reduced sample space. From this, formulae with
more general applicability can be derived.

Chapter 11: Discrete probability distributions
References: S1.2

Discrete probability distributions are new to NSW mathematics courses, and there are thus no accepted
conventions about definitions, notations, and layouts, nor have any been specified in the syllabus.

The choices in this chapter were carefully made on the basis of logical coherence, and of being the
most straightforward way to present the material in the senior classroom and perform the necessary
calculations with the minimum of fuss.

Bill Pender, November 2018
Xi

ISBN 978-1-108-46904-3 © Pender et al. 2019 Cambridge University Press
Photocopying is restricted under law and this material must not be transferred to another party. Updated May 2022



Overview

As part of the CambridgeMATHS series, this resource is part of a continuum from Year 7 through to 12.
The four components of Mathematics Advanced Year 11 — the print book, downloadable PDF textbook,
online Interactive Textbook and Online Teaching Resource — contain a range of resources available to
schools in a single package at a convenient low price. There are no extra subscriptions or per-student
charges to pay.

Features of the print textbook

Refer to the Rationale for details of question categories in the exercises and syllabus coverage.
Chapters 1 & 2 in particular provide revision of required knowledge.

Each section begins at the top of the page to make them easy to find and access.

Plenty of numbered worked examples are provided, with video versions for most of them.
Important concepts are formatted in numbered boxes for easy reference.

Investigation exercises and suggestions for projects are included.

Proofs for important results are provided as appendices to certain chapters.

Chapter review exercises assess learning in the chapter.

Downloadable PDF textbook

9 The convenience of a downloadable PDF textbook has been retained for times when users cannot go
online. PDF search and commenting tools are enabled.

0O N O Gl A W N =

Digital resources in the Interactive Textbook powered by the HOTmaths platform
(shown on the page opposite)

The Interactive Textbook is an online HTML version of the print textbook powered by the HOTmaths
platform, completely designed and reformatted for on-screen use, with easy navigation. It is included
with the print book, or available as digital-only purchase. Its features include:

10 Video versions of the examples to encourage independent learning.

11 All exercises including chapter reviews have the option of being done interactively on line, using
workspaces and self-assessment tools. Students rate their level of confidence in answering the
question and can flag the ones that gave them difficulty. Working and answers, whether typed or
handwritten, and drawings, can be saved and submitted to the teacher electronically. Answers
displayed on screen if selected and worked solutions (if enabled by the teacher) open in pop-up
windows.

12 Teachers can give feedback to students on their self-assessment and flagged answers.

13 The full suite of the HOTmaths learning management system and communication tools are included in
the platform, with similar interfaces and controls.

14 Worked solutions are included and can be enabled or disabled in the student accounts by the teacher.

15 Interactive widgets and activities based on embedded Desmos windows demonstrate key concepts and
enable students to visualise the mathematics.

16 Desmos scientific and graphics calculator windows are also included.

Xii
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17 Chapter Quizzes of automatically marked multiple-choice questions are provided for students to test
their progress.

18 Definitions pop up for key terms in the text, and are also provided in a dictionary.

19 Spreadsheet files are provided to support questions and examples based on the use of such technology.

20 Online guides are provided to spreadsheets and the Desmos graphing calculator, while links to
scientific calculator guides on the internet are provided.

21 Links to selected HOTmaths lessons are provided for revision of prior knowledge.

22 Examination and assessment practice items are available

INTERACTIVE TEXTBOOK POWERED BY THE HOTmaths PLATFORM L&j

Numbers refer to the descriptions on the opposite page. HOTmaths platform features are updated regularly.
Content shown is from Mathematics Standard.

rs Pop-up definitions I 17 Chapter multiple choice quiz

N
14 Worked solutions
(if enabled by teacher) e 16 Desmos
\ calculator
windows
* 15 Interactive
10 Video — Desmos
worked widgets
examples | W& 2000 | elll  m—
Find tha mean, median and mode. ° Answers
e displayed on
Ao st e working | show answer | screen
22 Exam i [Cowe ]
practice and .|
investigations /
11 Interactive ‘:1] 5‘.\ !
exercises with /
typing/hand- - !
writing/drawing 19 Spreadsheet
entry showing question and 18 Dictionary
working files 13 Tasks sent by teacher

Online Teaching Suite powered by the HOTmaths platform (shown on the next page)

23 The Online Teaching Suite is automatically enabled with a teacher account and appears in the
teacher’s copy of the Interactive Textbook. All the assets and resources are in Teacher Resources panel
for easy access.

24 Teacher support documents include editable teaching programs with a scope and sequence document
and curriculum grid.

25 Chapter tests are provided as printable PDFs or editable Word documents.

26 Assessment practice items (unseen by students) are included in the teacher resources.

27 The HOTmaths test generator is included.

28 The HOTmaths learning management system with class and student reports and communication tools
is included.

Xiii
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ONLINE TEACHING SUITE POWERED BY THE HOTmaths PLATFORM L&J

Numbers refer to the descriptions on the previous page. HOTmaths platform features are updated regularly.

CAMBRIDGE

CambridgeMATHS Stage 6

28 HOTmaths
learning
management
system

27 HOTmaths test oL
generator

23 Teacher
resources T

v Updstes New

b Teacher program

24 Teacher
support
documents

b Chapter tests and answers

+ Worked solutions

b Practice Papers and assessment tasks 0
sheets’

* Word documents for all tests and work:

RIS ]

25 Chapter tests 26 Assessment practice

Acknowledgements

The authors and publishers wish to thank William McArthur, Mathematics Master and Tutor at Sydney
Grammar School, for his help in the preparation and proofing of this book.

The authors and publisher wish to thank the following sources for permission to reproduce material:
Cover: © Getty Images / Christophe Launay

Images: © Getty Images / MirageC, 91, 1D (1) / sakkmesterke, Chapter 1 Opener / John Lamb, 1B (1) /
Jonathan Knowles, 1C (1) / shuoshu, 1E (1) / vkbhat, 1G (1) / hakkiarslan, Chapter 2 Opener / Pasieka, 2D /
Jesper Klausen / Science Photo Lilbrary, Chapter 3 Opener / Aeriform, 3B (1) / Roya Markazi, 3C (1) / PM
Images, 3H (1) / Busa Photography, Chapter 4 Opener / Jose A. Bernat Bacete, 4A (1) / Mats Langeid, 4B
(1) / Philippe Intralig, Chapter 5 Opener / Artur Debatm 6B (1) / Mehau Kulyk / Science Photo Library,
Chapter 6 Opener / undefined undefined, Chapter 7 Opener / DEA Picture Library, 7F (1) / kruwt, 7F (2) /
fbatista72, 7C (1) / oxygen, 7D (1) / Auscape, 7F (3) / fbatista72, 7F (1) / Chabruken, 7G (2) / Pat Gaines,
7G (3) / KiraVolkov, 7G (4) / deyangeorgiev, 7G (5) / Katsumi Inoue, Chapter 8 Opener / Sino Images, 8A
(1) / Daniel Bosma, 8B (1) / KTSDESIGN / Science Photo Library, 8C (1) / matma, 8D (1) / DonJohnston,
8F (1) / Suwan Wanawattanawong, 8J (1) / Nordroden, 8J (2) / Mumemories, 8J (3) / Roya Markazi, 8L (1) /
enot-polosku, Chapter 9 Opener / Gina Pricope, 9B (1) / Pobytov, 9E (1) / Sean Andrew Maynard, 9E (1) / C
Powell, P. Fowler & D. Perkins / Science Photo Library, 9F (1) / Kathy Collins, 9H (1) / Diego Power, Chapter
10 Opener / HearttoHeart0225, 10B (1) / Yuji Saka, 10D (1) / Iefym Turkin, 10D (2) / Hero Images, 101D
(3) / Schafer & Hill, 10E (1) / Carolyn Hebbard, 10G (1) / Jose Luis Pelaez Inc., 10G (2) / danm, Chapter 11
Opener / Randy Faris, 11C / AnnettVauteck, 11D (1) / work by Lisa Kling, 11D (2).

Every effort has been made to trace and acknowledge copyright. The publisher apologises for any accidental
infringement and welcomes information that would redress this situation.

ISBN 978-1-108-46904-3 © Pender et al. 2019 Cambridge University Press
Photocopying is restricted under law and this material must not be transferred to another party. Updated May 2022



About the authors

Dr Bill Pender is retired Subject Master in Mathematics at Sydney Grammar School, where he taught
from 1975 to 2009. He has an MSc and PhD in Pure Mathematics from Sydney University, with theses
in geometry and group theory, and a BA(Hons) in Early English from Macquarie University. He spent

a year at Bonn University in Germany, and he has lectured and tutored at Sydney University, and at the
University of NSW where he was a Visiting Fellow in 1989. He was a member of the NSW Syllabus
Committee in Mathematics for two years and subsequently of the Review Committee for the Years 9—10
Advanced Syllabus, and has contributed extensively to syllabus discussions over the last 30 years.

He was a member of the AMSI Mathematics Education Committee for several years, and an author of
the ICE-EM Years 7-10 textbooks for the National Curriculum.

Dr Brian Dorofaeff is currently Subject Master in Mathematics and Second Master in Charge of
Statistics at Sydney Grammar School. He is an experienced classroom teacher, having taught for over
20 years in New South Wales. He has previous experience in HSC marking and has been on the HSC
Mathematics Examination Committee. Brian holds a Ph.D. in Mathematics from the University of
New South Wales.

David Sadler is currently teaching senior mathematics part-time at Talent 100. He taught for 36 years

at Sydney Grammar School and was Head of Mathematics for 7 years. He also taught at UNSW for
one year. He was an HSC marker for many years and has been a presenter at various conferences and
professional development courses. He has a strong passion for excellence in mathematics education and
has previously co-authored several senior texts for Cambridge University press.

Derek Ward has taught Mathematics at Sydney Grammar School since 1991 and is Master in Charge

of Database Administration. He has an MSc in Applied Mathematics and a BScDipEd, both from the
University of NSW, where he was subsequently Senior Tutor for three years. He has an AMusA in Flute,
and sings in the Choir of Christ Church St Laurence.

Julia Shea is currently Principal of St Peter’s Girls” School in Adelaide. She was formerly Head of
Mathematics and Director of Curriculum at Newington College, Sydney. She has a BSc and DipEd from
the University of Tasmania, she taught for six years at Rosny College, a State Senior College in Hobart,
and was a member of the Executive Committee of the Mathematics Association of Tasmania for five
years. She then taught for five years at Sydney Grammar School before moving to Newington College.

The mathematician’s patterns, like the painter’s or the poet’s,
must be beautiful. The ideas, like the colours or the words,
must fit together in a harmonious way. Beauty is the first test.

— The English mathematician G. H. Hardy (1877-1947)

XV

ISBN 978-1-108-46904-3 © Pender et al. 2019 Cambridge University Press
Photocopying is restricted under law and this material must not be transferred to another party. Updated May 2022



S Ly

|n alebra

Fluency in algebra, particularly in factoring, is absolutely vital for everything in this course.
This chapter is intended as a review of earlier algebraic techniques, and readers should do as
much or as little of it as is necessary.

P
Digital Resources are available for this chapter in the Interactive Textbook and Online Teaching
Suite. See the Overview at the front of the textbook for details.

\ - -
/
/ / . : Y
' ISBN 978-1-108-46904-3 1/ | F ‘© Pender etjal. 2019
Photocopying is restricted under law and this material mL}s not be transferred _to anot_r]‘ezparty.

ambridge University Press




1A Arithmetic with pronumerals

m Arithmetic with pronumerals

A pronumeral is a symbol that stands for a number. The pronumeral may stand for a known number or
for an unknown number, or it may be a variable and stand for any one of a whole set of possible numbers.
Pronumerals, being numbers, can take part in all the operations that are possible with numbers, such as
addition, subtraction, multiplication, and division (except by zero).

Like and unlike terms

An algebraic expression consists of pronumerals, numbers and the operations of arithmetic. Here is
an example:

K20+ 37 —dx—3=4-2x -3
This particular algebraic expression can be simplified by combining like terms.
* The two like terms x* and 3x? can be combined to give 4x°.

® Another pair of like terms 2x and —4x can be combined to give —2x.
¢ This yields three unlike terms, 4x?, —2x and —3, which cannot be combined.

Example 1 1A
\e—— )

Simplify each expression by combining like terms.

a 7a+15—2a-20 b >+ 2x+3x>—4x -3
SOLUTION
a 7a+15—-2a—-20=5a-5 b > +2x+3x%—4x—-3=4x>—-2x-3

Multiplying and dividing
To simplify a product such as 3y x (—6y), or a quotient such as 10x’y + Sy, work systematically through the
signs, then the numerals, and then each pronumeral in turn.

Example 2 1A

Simplify these products and quotients.

a 3y x (=6y) b 4ab x Tbc ¢ 10x% + 5y

SOLUTION

a 3y x (—6y) = —18y? b 4ab x Tbc = 28ab*c ¢ 10x% + 5y = 24°
Index laws

Here are the standard laws for dealing with indices. They will be covered in more detail in Chapter 7.
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Chapter 1 Methods in algebra

1 THE INDEX LAWS

e To multiply powers of the same base, add the indices: aa =at’
» To divide powers of the same base, subtract the indices: g =a”
* To raise a power to a power, multiply the indices: ()" =a™"
* The power of a product is the product of the powers: (ab)* = a'b"
* The power of a quotient is the quotient of the powers: (Z)x = Z—i

In expressions with several factors, work systematically through the signs, then the numerals, and then each

pronumeral in turn.

Example 3

Use the index laws above to simplify each expression.

a 3x*x4x°
d (%3 x Qxy)*

SOLUTION
a 3¢ x4 =124

b (20x"y?) + (4x’y?) = 547
¢ (3a*? = 274"

d (—x)° x 2xy)* = —x° x 16x*y*

b (20x7y%) + (4x%%)

¥

(multiplying powers of the same base)
(dividing powers of the same base)
(raising a power to a power)

(two powers of products)

= —16x'%* (multiplying powers of the same base)
4 4
e <2x> _ le (a power of a quotient)
3y 81y*
1 Simplify:
a 3x+x b 3x—x c —3x+x
2 Simplify:
a —2a+3a+4a b —2a—-3a+4a ¢ —2a-3a-4a
3 Simplify:
a —x+x b 2y -3y —3a — Ta
e 4x — (=3x) f —2ab — ba —3pq + Tpg
4 Simplify:
a -3ax?2 b —4a x (-3a) c a*xad

ISBN 978-1-108-46904-3
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1A Arithmetic with pronumerals

5 Simplify:
a —10a +5 b —24a + (—8a) c o +d d 74>+ 7Ta
6 Simplify:
a P+ b #—-¢ c 2x? d 2+7
7 Simplify:
a —6x + 3x b —6x - 3x c —6x X 3x d —6x =+ 3x
8 If a = -2, find the value of:
a 3a+2 b & -4d° c 3d>—a+4 d a*+3a>+2d>-a
DEVELOPMENT
9 Simplify:
a 6x+3-—5x b -2+2y-1
c 3a—-7—-a+4 d 3x —2y+ 5x + 6y
e —8t+12—-2r—17 f 2a*+ 7a — 54°> — 3a
0 9> —Tx+4— 14 - 5x -7 h 3a—4b—2c+4a+2b—c+2a—-b-2c
10 Simplify:
3 2 6.7
a S5x b —Tm c —12a°b d 27p%q"r
X —m ab 9p3q3r
11 Subtract:
a xfrom 3x b —x from 3x ¢ 2afrom —4a d —b from —5b

12 Multiply:

a Saby?2 b 6xby -3 ¢ —3abya
d —2a*by —3ab e 4x’>by —2x° f  —3p*q by 2pq®
13 Divide:
a —2xbyux b 3x° by x? c x’y’byx?y
d % by —a’x® e 14a°b* by —2a*b f  —50a’b°c® by —10ab’c?
14 Simplify:
a 2a** x 3a’b? b —6ab’ x 4a°b’ c (=3a%)? d (-2a*b)?
15 If x = 2 and y = -3, find the value of:
a 3x+ 2y b y*—5x c 8x*—y° d x? — 3xy + 2)?
CHALLENGE
16 Simplify:
3a X 3a X 3a b 3¢ X 4¢* x 5¢° ab® x 2b°c® x 3c3a*
3a + 3a + 3a 3¢ + 4c* + 5 &b + 24°0° + 3a°h?
17 Simplify:
(—2:%)° , Gu) o (Cab) X (ab)’ L (=2a%%) x 16a’)
—4x 3x2y4 —a5b3 (2(1217)5
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6 Chapter 1 Methods in algebra _

m Expanding brackets

Expanding brackets is routine in arithmetic. For example, we can calculate 7 X 61 as
TXx60+1)=7%x60+7x1
which quickly gives the result 7 X 61 = 420 + 7 = 427. The algebraic version of this procedure can be

written as:
2 EXPANDING BRACKETS IN ALGEBRA
alx +y) =ax + ay and (x+y)a=xa+ya

There may then be like terms to collect.

Example 4 1B
\—— )

Expand and simplify each expression.
a 3x(4x-17) b 5a3 - b) — 3b(1 — 5a)

SOLUTION
a 3x(4x —7) = 12x* - 21x

b 5a(3 — b) — 3b(1 — 5a) = 15a — S5ab — 3b + 15ab
= 15a + 10ab — 3b (collecting like terms)

Expanding the product of two bracketed terms

Expand one pair of brackets, then expand the other pair of brackets. Then collect any like terms.

Example 5 1B
\—— )

Expand and simplify each expression.

a x+3)x-95) b B+ x(9+3x+x%)
SOLUTION
a x+3)x—-95) b B+ x(9+3x+x%)
=x(x—5) +3(x—-5) =309 +3x+ %) +x09 +3x + 1%
=x>—5x+3x-15 =274+ 9x + 3% + 9x + 3> + x°
=x*-2x-15 =27 4+ 18x + 6> + x°
ISBN 978-1-108-46904-3 © Pender et al. 2019 Cambridge University Press
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1B Expanding brackets

Special expansions

These three identities are important and must be memorised. Examples of these expansions occur constantly,
and knowing the formulae greatly simplifies the working. They are proven in the exercises.

3 SPECIAL EXPANSIONS

e Square of a sum: (A + B)?> = A? + 2AB + B?
 Square of a difference: (A — B)>=A%? — 2AB + B?
* Difference of squares: (A+ B)(A — B) = A®> — B?

Example 6 1B

Use the three special expansions above to simplify:

a (x+4)? b (s —3¢)? c (x+3y)(x—3y)
SOLUTION

a x+4)?=x>+8x+16 (the square of a sum)

b (s-30)%=s*— 6st+ 97 (the square of a difference)

c (x+3y)(x -3y = X - 9y2 (the difference of squares)

FOUNDATION

1 Expand:

a 3x-2) b 2(x-3) c -3(x-2)

d —2(x-3) e —3(x+2) f —2x+3)

g —(x—-2) h -2-x I —(x+3)
2 Expand:

a 3x+y) b -2(r -9 ¢ 4(a +2b)

d x(x=17) e —x(x—=3) f —aa+4)

g 5(a+3b—2c) h -3Q2x -3y + 52) i xy(2x — 3y)
3 Expand and simplify:

a 2x+1)—x b 3a+5+4(a-2) c 24+2x-3)

d —3(@+2)+10 e 3—x+1 f b+c—(0b-0)

g (2x—3y) — (3x —2y) h 3x-2)-2(x-5) I 4Qa —3b) — 3(a + 2b)

] 46—-1—-6(s+0 k 2x(x + 6y) — x(x — 5y) I 5Qa — 5b) — 6(—a — 4b)
4 Expand and simplify:

a @+2)(x+3) b 6+4)0+7) c (t+6)(1r-3)

d &c=-4Hx+2) e ¢t—D@E-3) f Qa+3)a+5)

g (u—4GBu+?2) h @p+5@02p-3) I 2b-T7)(b-3)

] Ga-2)(Ba+1) k (6-c¢)(c-3) I Q2d-3)4+4d)
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Chapter 1 Methods in algebra _

DEVELOPMENT

5 a By expanding (A + B)(A + B), prove the special expansion (A + B)? = A> + 2AB + B>
b Similarly, prove the special expansions:

i (A-B)?=A>-2AB + B i (A-B)(A+B) =A>- B’
6 Use the special expansions to expand:

a (x+y)° b (x—y? c x—yx+y d (a+3)°

e (b—4)? f (c+5)> 0 (d—6)d+6) h (7+e)(7—-e)

i 8+’ i 9-g)? k (h+ 10)(h — 10) I G+ 11)?

m (2a + 1)° n (b -3)>? 0 (3¢ +2)? p (2d + 3e)?

q @2f+39)Qf - 3g) r (3h — 2i)(3h + 2i) s (57 +4)? t (4k — 50)?

u 4+ 5m)4 - 5m) v (5-3n)? w (7p + 4¢9)° X (8 -3r)?

CHALLENGE

7 Expand and simplify:

N L

8 By writing 102 as (100 + 2), and adopting a similar approach for parts b and ¢, use the special
expansions to find (without using a calculator) the value of:

a 1022 b 9992 ¢ 203 x 197
9 Expand and simplify:
a (a—0b)(a®+ab+ b b (x+2)?%—-@x+1)>
c @=-372=-(@-3)(a+3) d Cx+3)x-1D—=-x=-2x+1)
e (x-2)° f p+q+n*=2pg+qr+rmp)
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1C Factoring

m Factoring

Factoring is the reverse process of expanding brackets, and is needed routinely throughout the course. There
are four basic methods, but in every situation common factors should always be taken out first.

4 THE FOUR BASIC METHODS OF FACTORING

* Highest common factor: Always try this first.

* Difference of squares: This involves two terms.
¢ Quadratics: This involves three terms.

* Grouping: This involves four or more terms.

Factoring should continue until each factor is irreducible, meaning that it cannot be factored further.

Factoring by taking out the highest common factor

Always look first for any common factors of all the terms, and then take out the highest common factor.

Example 7 1C

Factor each expression by taking out the highest common factor.
a 4x° +3x° b 94%° - 15b°

SOLUTION
2

a The highest common factor of 4x> and 3x? is x%,
so 4x° + 3x% = x*(4x + 3).

b The highest common factor of 9a°h® and 15b% is 3b°,
s0 9a’b’ — 15b° = 3b°(3a” - 5).

Factoring by difference of squares

The expression must have two terms, both of which are squares. Sometimes a common factor must be taken
out first.

Example 8 1C

Use the difference of squares to factor each expression.
a a*-36 b 80x* — 5y?

SOLUTION
a a*-36=(a+6)(a—6)

b 80x* — 5y% = 5(16x% — y?) (take out the highest common factor)
=5(x —y)@x+y) (usethe difference of squares)
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10 Chapter 1 Methods in algebra

Factoring monic quadratics

A quadratic is called monic if the coefficient of x” is 1. Suppose that we want to factor the monic quadratic

expression x> — 13x + 36. Look for two numbers:
® whose sum is —13 (the coefficient of x), and
® whose product is +36 (the constant term).

Example 9

Factor these monic quadratics.
a x*—13x+36 b o+ 12a — 28

SOLUTION

a The numbers with sum —13 and product +36 are —9 and —4,
so x> — 13x +36=(x —9)(x — 4).

b The numbers with sum +12 and product —28 are +14 and -2,
s0 @’ + 12a — 28 = (a + 14)(a — 2).

Factoring non-monic quadratics

1C

In a non-monic quadratic such as 2x* + 11x + 12, where the coefficient of x” is not 1, look for two numbers:

e whose sum is 11 (the coefficient of x), and
e whose product is 12 X 2 = 24 (the constant times the coefficient of ).

Then split the middle term into two terms.

Example 10

Factor these non-monic quadratics.
a 2+ llx+ 12 b 6s*— 11s—10

SOLUTION
a The numbers with sum 11 and product 12 X 2 = 24 are 8§ and 3,
sO0 2x% + 1lx 4+ 12 = 2x* + 8x) + Bx + 12) (split 11x into 8x + 3x)
=2x(x+4) +3(x+4) (take out the HCF of each group)
=2x+3)x+4) (x + 4 is a common factor)

b The numbers with sum —11 and product —10 X 6 = —60 are —15 and 4,
s0 657 — 115 — 10 = (65> — 155) + (45 — 10)  (split —11s into —15s + 4s)
=3sQ2s —5) +2Q2s —5) (take out the HCF of each group)
=0Bs+2)2s —95) (2s — 5 is a common factor)
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1C Factoring 11

Factoring by grouping

When there are four or more terms, it is sometimes possible to factor the expression by grouping.
e Split the expression into groups.

¢ Then factor each group in turn.

¢ Then factor the whole expression by taking out a common factor or by some other method.

Example 11 1C
—

Factor each expression by grouping.

a 12xy —9x — 16y + 12 b *—F+s—1
SOLUTION
a 12xy —9x — 16y + 12 =3x(4y — 3) — 44y — 3) (take out the HCF of each pair)
=GBx—4)4y -3) (4y — 3 is a common factor)
b —FP+s—t=G+DGE—-0D+(G—-1 (factor s> — tzusing the difference of squares)
=GE-HE+t+1) (s — tis a common factor)

FOUNDATION
1 Factor each expression by taking out any common factors:
a 2x+8 b 6a-15 c ax —ay d 20ab — 15ac
e x4+ 3x f p*+2pq g 3a* — 6ab h 12x% + 18x
i 20cd — 32¢ i b+ ba k 6a*> + 24 I 7%y — 14x%H?

2 Factor each expression by grouping in pairs:

ax+3a+2x+6
ac + bc — ad — bd
5p — 5q — px + gx
X447 = 3x— 12
2x° — 6x% — ax + 3a

a mp + mq + np + ng b ax—ay+ bx— by
d a®+ ab + ac + be -7 +z-1

g pu—qu-—pv+q X’ —3x—xy+ 3y
] 2ax — bx — 2ay + by ab+ac—b—-c

ma -3da>-2a+6 2£ + 57 — 10t — 25

o — = = o0

= X =5 @

3 Factor each expression by using the difference of squares:

a a* -1 h »» -4 c ¢*-9 d & - 100
e 25—y f 1-n? g 49 —x? h 144 — p?
i 4c2-9 i ot -1 k 25x* — 16 I 1 — 49k
m x* — 4y? n 94° — b? 0 25m* — 36n? p 81a°h* — 64
4 Factor each quadratic expression. They are all monic quadratics.
a a*+3a+2 b K+ 5k+6 c m +Tm+6 d x*+8x+ 15
e y° 49y +20 f 2+12t+20 g x> —4x+3 h ¢2=7c+10
i a*—=Ta+12 i b*—8b+12 k #4+1-2 I W —u-2
m w?>—2w —8 n a+2a-8 o pP-2p-15 p y*+3y—28
q ¢ —12¢c+27 rou?— 13u+ 42 s x>—x—-90 t x>+ 3x—40
u 2 —4r-32 v pP+ 9 —36 w > — 16u — 80 X £ +23t—50
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12 Chapter 1 Methods in algebra

DEVELOPMENT

5 Factor each quadratic expression. They are all non-monic quadratics.

a 3 +4x+1 b
e 22 —3x+1 f
i 2*-x-3 i
m 2x> —7x - 15 n
q 6x>+5x—-6 r
u 52— 1lx—-12 v

2+ 5x + 2 c
5> - 13x+ 6 g
2> +3x -5 k
23 +x-15 (]
5x2 4+ 23x + 12 s
5x% 4+ 28x — 12 w

32+ 16x + 5
52— 1lx+ 6
3 +2x -5
6x> + 17x = 3
502 +4x — 12
9x> — 6x — 8

6 Use the techniques of the previous questions to factor each expression.

a> - 25

2d* + 25d + 50

16g2 _ g3

57+ 16j — 16

24> + ab — 4a — 2b

£ — 14t + 40

57 + 33t + 40

3x° — 2x%y — 15x + 10y

<m-::3‘—'tnn.m

b

e
h
k
n
q
t
w

b* — 25b

e+ 5¢* + 5e + 25

W + 16h + 64
4k*> — 16k — 9
6m’n* + 9m*n’
32 + 2t — 40
58 + 102 + 15¢
P+’ -r

—_———h o

X o = O

d 3>+ 8x+4

h 6x>—11x+3
I 3x>+ 14x =5
p 6x*—7x—3
t 5x2—19x + 12
X 3x% 4 13x — 30

= 25¢ + 100

16 — f?

i? - 16i — 36

2k — 16k* — 3k + 24

49p% — 12147

5 + 54t + 40

w> + 15u — 54

4a* — 12a + 9

CHALLENGE

7 Factor each expression as fully as possible. (Take out any common factors first.)
a 3a°-12 b
e 25y —y° f
i +9*-c-9 i

4 4

X =y

16 — a*

X =8 + Tx

c

3

X —X

g 4x> + 14x — 30

k x*-3:22-4

d 5% —5x—30
h dd+d+d>+a
I a®—a—-22+2
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1D Algebraic fractions

m Algebraic fractions

An algebraic fraction is a fraction that contains pronumerals. Algebraic fractions are manipulated in the
same way as arithmetic fractions, and factoring may play a major role.

Adding and subtracting algebraic fractions

A common denominator is needed. Finding the lowest common denominator may involve factoring each
denominator.

5 ADDING AND SUBTRACTING ALGEBRAIC FRACTIONS

e First factor each denominator.
e Then work with the lowest common denominator.

Example 12 1D
\—— )

Use a common denominator to simplify each algebraic fraction.

a { — { b Sl 1L & c l — i d 1 — 1
2 3 6 4 3x  S5x x—4 X
SOLUTION
x x _ 3x 2x 5x  11x  10x = 33x
AR - b 24 A oo
a 2 3 6 6 6 * 4 12 * 12
_X _ B
6 12
s 2.2 10 g L _1_x-@G-9%
3x 5x 15x 15x x—4 x  x(x—4)
L -4
15x T x(x—4)
Example 13 1D
\—— )
. 2+ x 5 . .
Factor the denominators of o1 then simplify the expression.
—x Xx-
SOLUTION
24x 5 _ 2+x 5
¥Y—_x x—1 xx—-1) x-1
24 x-5x
x(x—1)
2 —4x
x(x — 1)
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14 Chapter 1 Methods in algebra _

Cancelling algebraic fractions

The key step here is to factor the numerator and denominator completely before cancelling factors.

6 CANCELLING ALGEBRAIC FRACTIONS

¢ First factor the numerator and the denominator.
e Then cancel out all common factors.

Example 14 1D
\ —— )

Simplify each algebraic fraction.

- 6x + 8 b X —x
6 P -1
SOLUTION
6r+8  20x+4)
6 6
= SE Rt (WhiCh could be written as x + i)
3 3
b xz—x: x(x—1)
-1 G+DhHx-1D
X
x+1

Multiplying and dividing algebraic fractions

These processes are done exactly as for arithmetic fractions.

7 MULTIPLYING ALGEBRAIC FRACTIONS AND DIVIDING BY AN ALGEBRAIC FRACTION

Multiplying algebraic fractions

» First factor all numerators and denominators completely.
e Then cancel common factors.

Dividing by an algebraic fraction

» To divide by an algebraic fraction, multiply by its reciprocal. For example:

3.4 3
2o 2x
X Yy x 4
. . 4.y
* The reciprocal of the fraction — is =.
y 4
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Example 15
\e—— )

Simplify these products and quotients of algebraic fractions.

x+1 2o+

(factor a* — 9)

(cancel a — 3 and a)

a f%9x
SOLUTION
a 2a % _ 2a Xa—3
-9 (a—3)(a+3) Sa
2
"~ 5(a+3)
12x _1x P+ 2x+1
x+1 242v4+1 x+1 6x
=1m:x@+1f
x+ 1 6x
=2(x+ 1)

Simplifying compound fractions

A compound fraction is a fraction in which either the numerator or the denominator is itself a fraction.

8 SIMPLIFYING COMPOUND FRACTIONS

* Find the lowest common multiple of the denominators on the top and the bottom.
e Multiply top and bottom by this lowest common multiple.

This will clear all the fractions from the top and bottom together.

Example 16

Simplify each compound fraction.

X
SIS

(multiply by the reciprocal)

(factor x*> + 2x + 1)

(cancel x + 1 and 6x)

—_—

-~ =
+

—_—

~ | —

-~ =
+

—_—
—

~ =
+

~ |~

—_
—

a i
it
SOLUTION
111
a2 3_2 3
T g
_6—4
T 342
_2
"5

ISBN 978-1-108-46904-3
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1 Simplify:
2
a X p X e X g a 3x ¢ 12ab
X X 2x a2 Oxy 4a°b
2 Simplify:
x_3 a . a 2.3 1 2
a -x= b —+— c X = d —xb
3% 472 M 2
L 3,2 ¢ 510 g b 6 , 8ab . dab
4 52 a 3 ab? 5 15
3 Write as a single fraction:
X y .,y m m n . n
a x+= b =+= cC ——— d - +—
) 472 379 275
x_ (20 3a g Tb_ 19 W
8 12 3 2 10 30 30 12
4 Write as a single fraction:
1,1 1 2 1,1 1 1 3 5 1
a —+— b —-= C —+— d ——— e —+ — f =———
a a X X a  2a 2x  3x 4a  3a 6x 3x
DEVELOPMENT
5 Simplify:
x+1 x+2 2x—1  2x+3 x+3 x-3
a + b + c +
2 3 5 4 6 12
d x+2 x+3 e 2x+1 2x-3 f 2x—1 2x+1
2 3 4 5 3 6
6 Factor where possible and then simplify:
. 2P t+2 3r—12 X+ 3x
p+q 2t — 8 3x+9
d a 3a* — 6ab X+ 2x
ax + ay 2a*b — 4ab* -4
g a* -9 ¥ 4+2x41 x* + 10x + 25
a+a-12 -1 X+ 9x + 20
Simplify:
1 1 1 1 1 1
—+ e -
X x+1 X x+1 x+1 x-—1
d 2 + 3 32 2 2
x—=3 x-2 x+1 x-1 x—2 x+3
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1D Algebraic fractions

8 Simplify:
2 2 _ 2 _
3x+3>< X ba+a 2>< a 3a
2x =1 a+?2 a*—4a +3
cz+5c+6;c+3 d xz—x—ZOXx2—x—2_x+1
t-16 c—4 x> =25 P +2x—8 2+ 5x
CHALLENGE
9 Simplify:
a b—a b 1 c m 4 d X =5x+6
a—>b a—-b b-a m-—-n n-—m 2—x
10 Simplify:
2% —
a #4_# b 1 +U
¥4+x x*-x X=Y -y
3 _ 2 d 1 1 _ 1
X+2x—8 X*+x-6 X—4dx+3 X —-5x+6 xX>—=3x+2

11 Study the worked example on compound fractions and then simplify:

1 1 1
-5 243 275
a 1 b 2 ¢ 1
1+ 5-2 L+
1 1
— t_,
e o 9
1+ t+ - St
x t b a
1 3 2
i 1_x+1 A x+2_x+1
1 1 5 4
;c+x+1 x+2_x+1

7 _ 3
2 4
d 0
4_3
5 10
X
t
h
x_2Y
y X
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18 Chapter 1 Methods in algebra _

m Solving linear equations

The first principle in solving any equation is to simplify it by doing the same things to both sides. Linear
equations can be solved completely this way.

9 SOLVING LINEAR EQUATIONS

* Any number can be added to or subtracted from both sides.
* Both sides can be multiplied or divided by any non-zero number.

An equation involving algebraic fractions can often be reduced to a linear equation by following these steps.

Example 17 1E
\——)

Solve each equation.

a 6x+5=4x—9 b 1
* * 4x — 7
SOLUTION
a 6x+5=4x—9 b 1‘7;=1
x_
—4x|2x+5=-9
(=4x] 2 X@r=T)| 4—Tx=4x—7
2x=-14
7] ; 4=11x-7
+2] x=-
11=11x

Changing the subject of a formula

Similar sequences of operations allow the subject of a formula to be changed from one pronumeral to
another.

Example 18 1E
\——)

Change the subject of each formula to x.

+ 1
a y=4x—-3 b y="2
Y= Y x+2
SOLUTION
a y=4x-3 b == I ;
X
3 3=4
Ll o=t Ay |
: Y
2 - X Rearranging, xy —x=1 -2y
i y+3 Factoring, x(y—1)=1-2y
=4 1 -2y
4 (-1 =
=
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1E Solving linear equations 19

FOUNDATION
1 Solve:
a 2x+1=7 b 5p—-2=-2 03—1:3 d 3—w=4
e 3x—-5=22 f 4x+7=-13 g 1—’25:9 h 11 —6x=23
2 Solve:
a 3n—-1=2n+3 b 4b+3=2b+1 C 5x—-2=2x+10
d 5—x=27+x e 16 4+9a =10 - 3a f 13y — 21 =20y — 35
g 13- 12x=6 — 3x h 3x+21 =18 — 2x
DEVELOPMENT
3 Solve:
a 4.2 b L1 ¢ =3 d 2=5
12 3 20 5 X a
e 1=i i 2x+1=_3 g3a—5=4 h7—4x_§
2y 5 4 6 2
i 20+a:_3 j 9—2t_13 K 3 -1 I 3x 5
a t x—1 2x—1 3
4 a Ifv=u+at,findawhent=4,v=20and u = 8.

b Given that v> = u?> + 2as, find the value of s when u = 6, v = 10 and a = 2.

1 1

¢ Suppose that % +o= e Find v, given thatu = —1 and = 2.

If S=—15,n =10 and a = —24, find ¢, given that S = g(a +0).
The formula F = gC + 32 relates temperatures in degrees Fahrenheit and Celsius. Find the

value of C that corresponds to F = 95.

f  Suppose that ¢ and d are related by the formula !
c

5

+1 d-1

5 Solve each problem by forming, and then solving, a linear equation.
a Three less than four times a certain number is equal to 21. Find the number.

= ———_ Find ¢ when d = 4.

b Five more than twice a certain number is one more than the number itself. What is the number?

¢ Bill and Derek collect Batman cards. Bill has three times as many cards as Derek, and altogether they
have 68 cards. How many cards does Derek have?

d TIf I paid $1.45 for an apple and an orange, and the apple cost 15 cents more than the orange, how

much did the orange cost?

6 Solve:
ay+X=1 b
2
e 2o2=%_3 f
3 2
i 3 __ 4 j
x—2 2x+5

ISBN 978-1-108-46904-3
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20 Chapter 1 Methods in algebra _
7 Rearrange each formula so that the pronumeral written in square brackets is the subject.
a a=bc—d [b] b t=a+ (- 1)d I[n]
Pt 14 dou=1+2 [v]
q+r v
8 Expand the brackets on both sides of each equation, then solve it.
a x-3)x+6)=x—-4dHx -5 b (1+4+2x)4+3x)=2 —x)(5—-6x)
c x+3)7=@x-17 d 2x—5Qx+5) =@2x-3)°
CHALLENGE
9 Solve:
aa+5_a—1:1 bé_x+l:g_x—l
2 3 4 12 3 6
cé(x—l)—l(3x+2):O d4x+1_2x—1:3x—5_6x+1
4 2 6 15 5 10
10 Rearrange each formula so that the pronumeral written in square brackets is the subject.
a b 1, 2_5 Y b+5
a - ——= b —+=== C x=—"— d a=—-— 1[b
573 a lal te h[g] X T2 [y] a b—4[]
11 Solve each problem by forming, and then solving, a linear equation.
a My father is 40 years older than me and he is three times my age. How old am I?
b A basketballer has scored 312 points in 15 games. How many points must he average per game in his
next 3 games to take his overall average to 20 points per game?
¢ A cyclist rides for 5 hours at a certain speed and then for 4 hours at a speed 6 km/h greater than his
original speed. If he rides 294 km altogether, what was his first speed?
ISBN 978-1-108-46904-3 © Pender et al. 2019 Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party.



1F Solving quadratic equations 21

n Solving quadratic equations

There are three approaches to solving a quadratic equation:
® factoring

e completing the square

¢ the quadratic formula.

This section reviews factoring and the quadratic formula. Completing the square is reviewed in Section 1H.

Solving a quadratic by factoring

This method is the simplest, but it only works in special cases.

10 SOLVING A QUADRATIC BY FACTORING

e Get all the terms on the left, then factor the left-hand side.
* Then use the principle thatif A X B =0, then A =0 or B = 0.

Example 19 1F

Solve the quadratic equation 5x* + 34x — 7 = 0 by factoring.

SOLUTION
5x*+34x-7=0
5° +35x—x—-7=0 (35 and —1 have sum 34 and product —7 X 5 = —35)
Sxx+7) —(x+7)=0
Gx—DHx+7)=0 (the LHS is now factored)

S5x—1=0or x+7=0 (one of the factors must be zero)

= é or x =-7 (there are two solutions)

Solving a quadratic by the formula
This method works whether the solutions are rational numbers or involve surds. It will be proven in the last
challenge question of Exercise 3E.

11 THE QUADRATIC FORMULA

o The solutions of ax’ + bx + ¢ = 0 are:
x—_b+ Vb? — dac or —b — Vb* — dac
B 2a B 2a ’

 Always calculate b*> — 4ac first.
(Later, this quantity will be called the discriminant and given the symbol A.)

ISBN 978-1-108-46904-3 © Pender et al. 2019 Cambridge University Press
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22 Chapter 1 Methods in algebra

Example 20 1F
Solve each quadratic equation using the quadratic formula.
a S?+2x-7=0 b 32> +4x-1=0
SOLUTION
a For5x* +2x—7=0, b For3x*+4x—1=0,
a=5,b=2andc = -7. a=3,b=4andc = —1.
Hence b? — 4ac = 2% + 140 Hence b* — 4ac=4>+ 12
=144 =28
=122, =4x7,
o go—2t12 2-12 “ x=—4+2«ﬁ0r—4—2f7
10 5 10 6 6
=1 or —IZ. _—2+xf70r =7
3 3
FOUNDATION
1 Solve:
a x*=9 b y*=25 c a*—4=0
d 2-36=0 e 1-7=0 fox?=3
g 4°-1=0 h 9¢> - 64=0 i 25y*=16
2 Solve by factoring:
a ¥-5x=0 b y¥+y=0 cC A+2=0 d ¥—-7k=0
e P=t f 3a=d g 26>°-b=0 h 3u>+u=0
i 4x*+3x=0 2a> = 5a k 3y’ =2y I 3n4+5n°=0
3 Solve by factoring:
a X*+4+3=0 b x#*-3x+2=0 c ¥*+6x+8=0
d a>-7a+10=0 e £ —4-12=0 f c?=10c+25=0
g -9 +8=0 h p>+2p—-15=0 i a*—10a-24=0
i Y +4y=5 k pP=p+6 | a®=a+132
m ¢+ 18 =9¢c n 8+20=7¢ 0 u*+u=>56
p k=24 +2k g 504+ 27h+h*=0 I a*+ 20a = 44
DEVELOPMENT
4 Solve by factoring:
a 2+3x+1=0 b 3¢>-7a+2=0 C 4> =5y+1=0
d 22+ 1lx+5=0 e 2> +x-3=0 f 3n*—=2n-5=0
0 3> —4b—-4=0 h 2a>+7a-15=0 i 2y’ —y—-15=0
i 3y*+10y=38 k 522 —26x+5=0 | 4749 =15t
m 13t + 6 =57 n 10 +3u—-4=0 0 25x* +1=10x
p 6x*+13x+6=0 q 126> +3+20b=0 r 6k*+ 13k =8
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1F Solving quadratic equations 23

5 Solve each equation using the quadratic formula. Give exact answers, followed by approximations
correct to four significant figures where appropriate.

a X*—-x—-1=0 b y+y=3 c a4+ 12=7a
d W+2u—-2=0 e 2—6c+2=0 f 4 +4x+1=0
g 2a>+1=4a h 5>+ 13x-6=0 i 20°+3b=1
j 3¢*=4c+3 k 47 =2t+1 I X*+x+1=0
6 Solve by factoring:
a x=tt2 b at 10—y
X a
2 9
cC y+=== d Gb-3)3b+1)=1
y 2
7 Find the exact solutions of:
a x=l+2 b 4x_1=x c a:a+4 d 5ﬂ=2+l
X X a—-1 2

8 a Ify=px—ap’find p,giventhata =2,x=3andy = I.
b Giventhat (x — a)(x — b) = ¢, find x whena = -2, b =4 andc = 7.

¢ Suppose that § = g<2a + (n— 1)d>. Find the positive value of n that gives S = 80 whena = 4
andd = 6.

9 a Find a positive integer that, when increased by 30, is 12 less than

its square. (x+2)cm
b Two positive numbers differ by 3 and the sum of their squares is 117. rem
Find the numbers.
¢ Find the value of x in the diagram opposite. (x=7)cm
CHALLENGE

10 Solve each equation.

5k+7=3k+2 b u+3:2u—1 c y+1=3—y
k—1 2u—7 u-73 y+2 y—-4
d 2(k—1)=4_5k e 2 +a+3:& f k+10 10 _ 11
k+1 a+3 2 3 k-5 k 6
g 3t 3 h 3m+1_3m—1=2
2-6 3m—1 3m+1

11 Solve each problem by constructing and then solving a quadratic equation.
a A rectangular area can be completely tiled with 200 square tiles. If the side length of each tile was
increased by 1 cm, it would take only 128 tiles to tile the area. Find the side length of each tile.
b A photograph is 18 cm by 12 cm. It is to be surrounded by a frame of uniform width whose area is
equal to the area of the photograph. Find the width of the frame.
¢ Two trains each make a journey of 330 km. One of the trains travels 5 km/h faster than the other and
takes 30 minutes less time. Find the speeds of the trains.
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24 Chapter 1 Methods in algebra _

m Solving simultaneous equations

There are two algebraic approaches to solving simultaneous equations — substitution and elimination. They
can be applied to both linear and non-linear simultaneous equations.

Solution by substitution

This method can be applied whenever one of the equations can be solved for one of the variables.

12 SOLVING SIMULTANEOUS EQUATIONS BY SUBSTITUTION

* Solve one of the equations for one of the variables.
* Then substitute it into the other equation.

Example 21 1G
\——)

Solve each pair of simultaneous equations by substitution.

a 3x—2y=29 (1) b y=x (1)
Ax +y =24 (2) y=x+2 (2
SOLUTION
a Solving (2) for y, y =24 — 4x. 2A)
Substituting (2A) into (1), 3x — 2(24 — 4x) =29
x=1.
Substituting x = 7 into (1), 21 —2y=29
y=—4.

Hence x = 7 and y = —4. (This should be checked in the original equations.)

b Substituting (1) into (2), X=x+2
P#=-x-2=0
x=2)x+1)=0
x=2 or —1.
From (1), when x = 2, y =4, and when x = -1,y = 1.
Hencex =2andy=4,orx=—1and y = 1. (Check in the original equations.)

Solution by elimination

This method, when it can be used, is more elegant, and usually involves less algebraic manipulation.

13 SOLVING SIMULTANEOUS EQUATIONS BY ELIMINATION

» Take suitable multiples of the equations so that one variable is eliminated when the equations are
added or subtracted.
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25

Example 22 1G
Solve each pair of simultaneous equations by elimination.
a 3x—-2y=29 (1) b ¥*+y*=53 (1)
4 +5y=8 (2 ¥ -y =45 (2)
SOLUTION
a Taking4 X (1) and 3 X (2), b Adding (1) and (2),
12x — 8y =116 (1A) 2x* =98
12x + 15y = 24. (2A) x> =49.
Subtracting (1A) from (2A), Subtracting (2) from (1),
23y = -92 2y’ =8
y=—4 =4
Substituting into (1). Hence x=7andy =2,
3x+8=29 or x=Tandy = -2,
x=17. or x=-7andy =2,
Hence x = 7 and y = —4. or x=-Tandy = -2.
FOUNDATION
Solve by substituting the first equation into the second:
a y=xand2x+y=9 b y=2xand3x—-y=2
c y=x—1land2x+y=5 d a=2b+1landa—-3b=3
e p=2—-—gandp—g=4 f v=1-3uand2u+v=0
Solve by either adding or subtracting the two equations:
a x+y=5andx—-y=1 b 3x—2y=7andx + 2y = -3
c 2x+y=9andx+y=>5 d a+3h=8anda+2b=5
e dc—d=6and2c—-d=2 f p—2g=4and3p—-2¢g=0
DEVELOPMENT

ISBN 978-1-108-46904-3
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Solve by substitution:

a y=2xand3x +2y=14

c y=4—xandx+3y=8

e 2x+y=10and 7x + 8y = 53
g 4x—5y=2andx + 10y =41

= = o T

Solve by elimination:

a 2x+y=landx—y=-4
3x+2y=—-6andx — 2y = —-10
3x+2y=7and5Sx+y=7

15x + 2y =27 and 3x + 7y = 45
2x + 3y = 28 and 3x + 2y = 27

- o O
- o - o T
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y=—-3xand 2x + 5y = 13
x=5y+4and3x —y=26
2x—y=9and3x -7y =19
2x + 3y =47 and 4x — y =45

2x+3y=16and 2x + 7y = 24
5x — 3y =28 and 2x — 3y = 22
3x+2y=0and 2x — y = 56

Tx —3y=4land3x —y =17
3x —2y=11and 4x + 3y =43
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26 Chapter 1 Methods in algebra _

Solve by substitution:

a y=2-—xandy=x’ b y=2x—-3andy=x>—4x+5

¢ y=3x"andy = 4x — x* d x—y=5andy=x"—11

e x—y=2andxy=15 f 3x+y=9andxy=6

Solve each problem by forming and then solving a pair of simultaneous equations.

a Find two numbers that differ by 16 and have a sum of 90.

b 1 paid 75 cents for a pen and a pencil. If the pen cost four times as much as the pencil, find the cost
of each item.

¢ If 7 apples and 2 oranges cost $4, and 5 apples and 4 oranges cost $4.40, find the cost of each apple
and orange.

d Twice as many adults as children attended a certain concert. If adult tickets cost $8 each, child tickets
cost $3 each, and the total takings were $418, find the numbers of adults and children who attended.

e A man is 3 times as old as his son. In 12 years’ time he will be twice as old as his son. How old is
each of them now?

f At a meeting of the members of a certain club, a proposal was voted on. If 357 members voted and
the proposal was carried by a majority of 21, how many voted for and how many voted against?

CHALLENGE

Solve simultaneously:

a x+y=15and ¥’ +y* =125 b x—y=3andx*+y* =185

C 2x+y=>5and4x’> +y* =17 d x+y=9andx’>+ xy + > =61

e x+2y=>5and2xy — x* =3 f 3x+2y=16andxy =10

Set up a pair of simultaneous equations to solve each problem.

a Kathy paid $320 in cash for a CD player. If she paid in $20 and $10 notes, and there were 23 notes
altogether, how many of each type were there?

b Two people are 16 km apart on a straight road. They start walking at the same time. If they walk
towards each other, they will meet in 2 hours, but if they walk in the same direction (so that the
distance between them is decreasing), they will meet in 8 hours. Find their walking speeds.
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1H Completing the square 27

m Completing the square

Completing the square can be done with all quadratic equations, whereas factoring is only possible in
special cases.

The review in this section is mostly restricted to monic quadratics, in which the coefficient of x? is 1.
Chapter 3 will deal with non-monic quadratics. Chapter 3 will also require completing the square in a
quadratic function, which is only slightly different from completing the square in a quadratic equation.

Perfect squares
The expansion of the quadratic (x + 5)%is

(x+5)%=x"+ 10x + 25.
Notice that the coefficient of x is twice 5, and the constant is the square of 5.

Reversing the process, the constant term in a perfect square can be found by taking half the coefficient of x
and squaring the result.

14 COMPLETING THE SQUARE IN AN EXPRESSION x* + bx + ---

Halve the coefficient b of x, and square the result.

Example 23 1H

Complete the square for each expression.
a x>+ 16x+ - b x*—3x+ -

SOLUTION

a The coefficient of x is 16, half of 16 is 8, and 8 = 64,
so x° 4+ 16x + 64 = (x + 8)°.

b The coefficient of x is —3, half of —3 is —1%, and (—1%)2 = 2&,

so x? = 3x + 2t = (x - 11)%.

Solving a quadratic equation by completing the square

This process always works.

15 SOLVING A QUADRATIC EQUATION BY COMPLETING THE SQUARE

Complete the square in the quadratic by adding the same to both sides.
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Example 24 1H
\—— )

Solve each quadratic equation by completing the square.

a r+8=20 b *»—x-1=0
SOLUTION
a £+ 8 =20 b ¥-—x—-1=0
[+16] 7 + 8t + 16 = 36 Z—x=1
2 __
(t+4)" =36 +i xz_x"'i:li
t+4=6o0rt+4=-6 5
— _ 1\“ _5
t=2 or =10 <x_5> =3
11 11
X—E—ESOI‘X—E——*S
1 1 1 1
X:£+E\/§OI'E—E\/§
The word ‘Algebra’

Al-Khwarizmi was a famous and influential Persian mathematician who worked in Baghdad during the early
ninth century when the Baghdad Caliphate excelled in science and mathematics. The Arabic word ‘algebra’
comes from al-jabr, a word from the title of his most important work, and means ‘the restoration of broken
parts’ — a reference to the balancing of terms on both sides of an equation. Al-Khwarizmi’s own name came

into modern European languages as ‘algorithm’.
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FOUNDATION
1 What constant must be added to each expression in order to create a perfect square?
a x4+ 2 b y*— 6y ¢ a*+ 10a d m®>— 18m
e ¢+ 3c foxX—x g b*+5b h #—-9¢
2 Factor:
a X*+4x+4 b y*+2y+1 c p’+ 14p + 49 d m®— 12m + 36
e - 16t + 64 f X%+ 20x + 100 g u® — 40u + 400 h & —24a + 144
3 Copy and complete:
a X>+6x+...=x+..)>2 b y+8+..=(0+..)?
c a>=20a+..=(—..)> d »>=100b+...=(b—..)*
e WHu+..=w+..)? fP—Tt+...=(-..)>
g m*+50m+...=m+...)? h =13¢+..=(c—-..)°
DEVELOPMENT
4 Solve each quadratic equation by completing the square.
a xX*-2x=3 b ¥ —-6x=0 C a*+6a+8=0
d X +4x+1=0 e ¥—10x+20=0 f y*4+3y=10
g b*-5b—-14=0 h ¥—y+2=0 i ®+T7a+7=0
CHALLENGE
5 Solve, by dividing both sides by the coefficient of x> and then completing the square.
a 2 —4x—-1=0 b 22 +8x+3=0 C 3 +6x+5=0
d 4% +4x-3=0 e 4 —2x—1=0 f 22— 10x+7=0
6 a Ifx>+y* +4x—2y+1=0,showthat (x +2)> + (y — 1)} = 4.
b Show that the equation x*> + y* — 6x — 8y = 0 can be written in the form
x—a’+ @y -b’=c
where a, b and ¢ are constants. Hence find a, b and c.
¢ Ifx’> + 1 = 10x + 12y, show that (x — 5) = 12(y + 2).
d Find values for A, B and Cif y> — 6x + 16y + 94 = (y + C)> — B(x + A).
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30 Chapter 1 Methods in algebra

Review activity

e Create your own summary of this chapter on paper or in a digital document.

Chapter 1 Multiple-choice quiz

e This automatically-marked quiz is accessed in the Interactive Textbook. A printable PDF worksheet
\/ version is also available there.

Chapter review exercise

1 Simplify:
a —8y+2y b —8y -2y c —8yx2y d —8y+2y
2 Simplify:
a 24> -d° b —24* - (-d% ¢ —2a>x (—d%) d —24% = (-d%
3 Simplity:
a 3t—1-1¢ b —6p+3g+ 10p
C 7x—4y —6x+2y d 2¢*>+8a—1343a*>—1la—-5
4 Simplify:
a —6k° x 3k’ b —6k° + 3k C (—6k? d 3K)°

5 Expand and simplify:

a 4x+3)+52x—-3) b 8(a —2b) — 6(2a — 3b) ¢ —(a—b)—(a+b)

d —4%x+3) —2x%(x - 1) e n+7)(2n-3) f (r+3)>

g 0-50+)5) h Bx-5Qx-3) i (t—28)°

i Qc+7DQ2c-17) k (4p+1)>? I Gu-2)>

6 Factor:

a 18a+ 36 b 200 - 36 ¢ 9c¢* + 36¢

d & -36 e >+ 13¢ + 36 f f2-12f+36

g 36 — 25g° h h*—9h-36 i *+5i-36

i 27+ 11+ 12 k 3k* -7k -6 | 5P —-141+8

m 4m® + 4m — 15 n mn+m+pn+p 0 P +9p’+4p+36

p gt—rt—>5qg+5r q w’w+wvw —ux —x r x> -y +2x—2y
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7 Simplify:
X X X X X _x X . X
a -+°= b =-= C =XxX= d Z+=
2 * 4 2 4 2 % 4 2 4
o 3a, 2 { 3a_2 g 3,2 b 3a.2
2b  3b 2b  3b 2b 3b 2b  3b
i X4 j 22 kK Xx? | *.Y
y X y X y X y X
8 Simplify:
ax+4_|_x—5 b 5 + 3 cx+1_x—4
5 3 x+4 x-5 2 5
2 5 x x+3 f 2 4
x+1 x-4 2 4 X x+3
9 Factor each expression where possible, then simplify it.
6a + 3b b 2x — 2y c X 4+2x=3
10a + 5b P -y ¥ —5x+4
2"+ 3x + 1 6 a+b § 3 —19x-14
20+ 2 +2x + 1 a* + 2ab + b* ox* — 4
10 Solve each linear equation.
a 3x+5=17 b 3(x+5) =17 c x§5=17
d ;£+5=17 e 7Ta—4=2a+11 f 7(a—4)=2(a+11)
a—4 a+1l a a
= h ——-4==-+11
- 7 2 7 2 M
11 Solve each quadratic equation by factoring the left-hand side.
a a®-49=0 b »*»+7p=0 C +7c+6=0
d #+6d-7=0 e —5+6=0 f 22-f-6=0
g 28°—13g+6=0 h 3 4+2h-8=0
12 Solve using the quadratic formula. Write the solutions in simplest exact form.
a ¥—4x+1=0 b ¥+3y-3=0 c P+61+4=0
d 3% -2x-2=0 e 2a°+5a—-5=0 f 4k-6k-—1=0
13 Solve each quadratic by completing the square on the left-hand side.
a ¥+4x=6 b ¥»-6y+3=0 c xX*—2x=12 d y»+10y+7=0
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Arithmetic is the study of numbers and operations on them. This short chapter reviews

whole numbers, integers, rational numbers and real numbers, with particular attention to the
arithmetic of surds and their approximations. Most of this material will be familiar from earlier
years.

Digital Resources are available for this chapter in the Interactive Textbook and Online Teaching
Suite. See the Overview at the front of the textbook for details.
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2A Whole numbers, integers and rationals 33

m Whole numbers, integers and rationals

Our ideas about numbers arise from the two quite distinct sources:
® The whole numbers, the integers and the rational numbers are developed from counting.
e The real numbers are developed from geometry and the number line.

This section very briefly reviews whole numbers, integers and rational numbers, with particular attention to
percentages and recurring decimals.

The whole numbers

Counting is the first operation in arithmetic. Counting things such as people in a room requires zero (if the
room is empty) and then the successive numbers 1, 2, 3,..., generating all the whole numbers:

0,1,2,3,4,5,6,...

The number zero is the first number on this list, but there is no last number, because every number is
followed by another number, distinct from all previous numbers. The list is therefore called infinite, which
means that it never ‘finishes’. The symbol N is generally used for the set of whole numbers.

A non-zero whole number can be factored, in one and only one way, into the product of prime numbers,
where a prime number is a whole number greater than 1 whose only divisors are itself and 1. The primes
form a sequence whose distinctive pattern has confused every mathematician since Greek times:

2,3,5,7,11, 13,17, 19, 23, 29, 31, 37, 41, 43, 47, 53, 59, 61, 67, 71,...
The whole numbers greater than 1 and not prime are called composite numbers:
4,6,8,9,10, 12, 14, 15, 16, 18, 20, 21, 22, 24, 25, 26, 27, 28, 30, 32,...

The whole numbers 0 and 1 are special cases, being neither prime nor composite.

1 THE SET N OF WHOLE NUMBERS

¢ The whole numbers N are 0, 1, 2, 3, 4, 5, 6, ...

* Every whole number except 0 and 1 is either prime or composite, and every composite number
can be factored into primes in one and only one way.

*  When whole numbers are added or multiplied, the result is a whole number.

The integers

Any two whole numbers can be added or multiplied, and the result is another whole number. Subtraction,
however, requires the negative integers as well:

.y —6, =5, -4, =3, =2, —1

so that calculations such as 5 — 7 = —2 can be completed. The symbol Z (from German ‘Zahlen’ meaning
numbers) is conventionally used for the set of integers.

2 THE SET Z OF INTEGERS

e The integers Z are ..., =5, -4, =3, =2, —1,0, 1, 2,3, 4,5, ...
*  When integers are added, subtracted or multiplied, the result is an integer.
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34 Chapter 2 Numbers and surds _

The rational numbers

A problem such as, ‘Divide 7 cakes into 3 equal parts’, leads naturally to fractions, where the whole is
“fractured’ or ‘broken’ into pieces. Thus we have the system of rational numbers, which are numbers that can
be written as the ‘ratio’ of two integers. Here are some examples of rational numbers written as single fractions:
L L 30:24=2  372=212 4=%
33 3 3 4 100 1

The symbol Q for ‘quotient’ is conventionally used for the set of rational numbers.

Operations on the rational numbers

Addition, multiplication, subtraction and division (except by 0) can all be carried out within the rational numbers.
e Rational numbers are simplified by dividing top and bottom by their HCF (highest common factor).
For example, 21 and 35 have HCF 7, so

21 _21+7
35 35=+7
_3
5

e Rational numbers are added and subtracted using the LCM (lowest common multiple) of their
denominators. For example, 6 and 8 have LCM 24, so

1 §:1x4+5x3 1 _5_1x4 5x3
6 8 24 24 6 8 24 24
=19 _ 1
24 24

® Fractions are multiplied by multiplying the numerators and multiplying the denominators, after first
cancelling out any common factors. To divide by a fraction, multiply by its reciprocal.

0.9 2.3 8 .3_8 _4

—X—==x:= =X

21 25 7 5 21 4 21 3
6 _ 32
35 63

The symbol Q for ‘quotient’ is conventionally used for the set of rational numbers.

3 THE SET Q OF RATIONAL NUMBERS

e The rational numbers (Q are the numbers that can be written as fractions %, where a and b are

integers and b # 0.

. . . a . .
» Every integer a can be written as a fraction 1 and so is a rational number.

*  When rational numbers are added, subtracted, multiplied and divided (but not by zero), the
result is a rational number.

Decimal notation — terminating or recurring decimals

Decimal notation extends place value to negative powers of 10. For example:

123456 = 1 x 10> +2x 10" +3x 10° +4x 107" + 5x 102+ 6 x 107°

123456

1000 and so is a rational number.

Such a number can be written as a fraction

ISBN 978-1-108-46904-3 © Pender et al. 2019 Cambridge University Press
Photocopying is restricted under law and this material must not be transferred to another party.



2A Whole numbers, integers and rationals 35

If a rational number can be written as a fraction whose denominator is a power of 10, then it can easily be
written as a terminating decimal:

3 12 3 o _
35 = 100 = 0-12 and ST =518+ n = 578.06

If a rational number cannot be written with a power of 10 as its denominator, then repeated division will
yield an infinite string of digits in its decimal representation. This string will cycle once the same remainder
recurs, giving a recurring decimal.

% = 0.666666666666... = 0.6 (which has cycle length 1)
6% = 6.428571428571 ... = 6.428571 (which has cycle length 6)
427—2 =4.31818181818... = 4.318 (which has cycle length 2)

Conversely, every recurring decimal can be written as a fraction — such calculations are discussed in Year 12
in the context of geometric series.

Percentages

Many practical situations involving fractions, decimals and ratios are commonly expressed in terms of
percentages. The symbol % evolved from the handwritten ‘per centum’, meaning ‘per hundred” — interpret
the symbol as ‘/100’, that is, ‘over 100’.

4 PERCENTAGES

* To convert a fraction to a percentage, multiply by 1?—O%:

3 3,10 _ 59
20 20 1
» To convert a percentage to a fraction, replace % by X 1(1)—0:
15% =15 % 1= >
100 20

Many problems are best solved by the unitary method, illustrated below.

Example 1 2A

a A table marked $1400 has been discounted by 30%. How much does it now cost?
b A table discounted by 30% now costs $1400. What was the original price?

SOLUTION
a 100% is $1400 b 70% is $1400
10% is $140 10% is $200

70% is $980 % 10]100% is $2000

so the discounted price is $980. so the original price was $2000.
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FOUNDATION
Note: Questions 1-11 are non-calculator questions.
1 Write as a fraction in lowest terms:
a 30% b 80% c 75% d 5%
2 Write as a decimal:
a 60% b 27% c 9% d 16.5%
3 Write as a percentage:
a l b g c i d E
4 5 25 20
4 Write as a percentage:
a 032 b 0.09 ¢ 0.225 d 1.5
5 Factor into primes:
a 35 b 18 ¢ 90 d 220
6 Cancel each fraction down to lowest terms.
a i b i c & d 271 e L6
12 10 15 28 40
f 21 g 24 h 45 i 36 j 54
45 42 54 60 72
7 Express each fraction as a decimal by rewriting it with denominator 10, 100 or 1000.
a 1 b 1 c 3 d 3
2 5 5 4
25 20 8 8
8 Express each terminating decimal as a fraction in lowest terms.
a 04 b 0.25 ¢ 0.15 d 0.16
e 0.78 f 0.005 g 0.375 h 0.264
9 Express each fraction as a recurring decimal by dividing the numerator by the denominator.
a 1 b 2 c 1 d >
3 3 9 9
11 11 6 6
10 Find the lowest common denominator, then simplify:
1,1 3 .2 1,1 2 2
a —+ - b —+= cC —+= d =-=
2 4 10 5 2 3 3 5
1,1 5 3 7 2 2 1
e —+— f =-= —+ = h =—-—
6 * 9 12 8 ¢ 10 * 15 25 15
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2A Whole numbers, integers and rationals 37

11 Find the value of:

1 2 11 1.3 2.5
a —x20 b =x12 C —X— d -x= e =X
4 3 2 5 37 5 8
f 221 g 3.3 hl.l1 LN j i+1z
3 4 3 2 2 8 12 3
DEVELOPMENT
12 a Find 12% of $5.
b Find 7.5% of 200kg.
¢ Increase $6000 by 30%.
d Decrease 1% hours by 20%.
13 Express each fraction as a decimal.
a ﬁ b i c i d ﬂ
250 40 16 80
7 9 2 13
e — f 1— — h —=
12 11 g 15 55

14 a Steve’s council rates increased by 5% this year to $840. What were his council rates last year?
b Joanne received a 10% discount on a pair of shoes. If she paid $144, what was the original price?
¢ Marko spent $135 this year at the Easter Show, a 12.5% increase on last year. How much did he
spend last year?

CHALLENGE

15 Express each fraction in lowest terms, without using a calculator.
588 455 500

630 1001 1000000

1234 10

16 a Use your calculator to find the the recurring decimals for I T T O T

. Is there a pattern?

b Use your calculator to find the recurring decimals for -, = % 2> 7 and g Is there a pattern?

17 The numbers you obtain in this question may vary depending on the calculator used.
a Use your calculator to express % as a decimal by entering 1 + 3.
b Subtract 0.33333333 from this, multiply the result by 10%, and then take the reciprocal.
¢ Show arithmetically that the final answer in part b is 3. Ts the answer on your calculator also equal
to 3?7 What does this tell you about the way fractions are stored on a calculator?
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m Real numbers and approximations

This section introduces the set R of real numbers, which are based not on counting, but on geometry — they
are the points on the number line. They certainly include all rational numbers, but as we shall see, they also
include many more numbers that cannot be written as fractions.

Dealing with real numbers that are not rational requires special symbols, such as V' and x, but when a real number
needs to be approximated, a decimal is usually the best approach, written to as many decimal places as is necessary.

Decimals are used routinely in mathematics and science for two good reasons:
® Any two decimals can easily be compared with each other.
* Any quantity can be approximated ‘as closely as we like’ by a decimal.

Every measurement is only approximate, no matter how good the instrument, and rounding using decimals is
a useful way of showing how accurate it is.

Rounding to a certain number of decimal places

The rules for rounding a decimal are:

5 RULES FOR ROUNDING A DECIMAL

To round a decimal to, say, two decimal places, look at the third digit.

o If the third digitis 0, 1, 2, 3 or 4, leave the second digit alone.

o If the third digitis 5, 6,7, 8 or 9, increase the second digit by 1.

Always use = rather than = when a quantity has been rounded or approximated.

For example,

3.8472 = 3.85, correct to two decimal places. (look at 7, the third digit)
3.8472 = 3.8, correct to one decimal place. (look at 4, the second digit)

Scientific notation and rounding to a certain number of significant figures

The very large and very small numbers common in astronomy and atomic physics are easier to comprehend
when they are written in scientific notation:

1234000 = 1.234 x 10° (there are four significant figures)
0.000065432 = 6.5432 x 107° (there are five significant figures)

The digits in the first factor are called the significant figures of the number. It is often more sensible to round
a quantity correct to a given number of significant figures rather than to a given number of decimal places.

To round, say to three significant figures, look at the fourth digit. If itis 5, 6, 7, 8 or 9, increase the third digit
by 1. Otherwise, leave the third digit alone.

3.0848 x 10° = 3.08 x 10°,  correct to three significant figures.
2789654 x 107* = 2.790 x 107%,  correct to four significant figures.

The number can be in normal notation and still be rounded this way:

31.203 = 31.20, correct to four significant figures.
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2B Real numbers and approximations 39

Unfortunately, this may be ambiguous. For example, when we see a number such as 3200, we do not know
whether it has been rounded to 2, 3 or 4 significant figures. That can only be conveyed by changing to
scientific notation and writing,

32x10° or 3.20x10° or 3.200x 10°.

There are numbers that are not rational

At first glance, it would seem reasonable to believe that all the numbers on the number line are rational,
because the rational numbers are clearly spread ‘as finely as we like’ along the whole number line. Between
0 and 1 there are 9 rational numbers with denominator 10:

' 1 5 6
0 10 10 10

o
o
_

(=

8
10

5‘1\)..
S

St
=

1

Between 0 and 1 there are 99 rational numbers with denominator 100:
50
0 25 1

Most points on the number line, however, represent numbers that cannot be written as fractions, and are
called irrational numbers. Some of the most important numbers in this course are irrational, such as
V2 and z, and the number e that will be introduced in Chapter 9.

The square root of 2 is irrational

The number V2 is particularly important, because by Pythagoras’ theorem, V2 is the diagonal of a unit
square. Here is a proof by contradiction that V2 is an irrational number — regard this proof as extension.

Suppose that V2 were a rational number.

Then V2 could be written as a fraction % in lowest terms.

That is, V2 = %’ where a and b have no common factor.

We know that b > 1 because V2 is not a whole number. V2

2

Squaring, 2 = %, where b* > 1 because b > 1.

a. . a. )
Because b is in lowest terms, — s also in lowest terms,
b

2
which is impossible, because % =2, buth* > 1.

This is a contradiction, so /2 cannot be a rational number.

The Greek mathematicians were greatly troubled by the existence of irrational numbers. Their concerns can
still be seen in modern English, where the word ‘irrational’ means both ‘not a fraction’ and ‘not reasonable’.
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The real numbers and the number line
The whole numbers, the integers, and the rational numbers are based on counting. The existence of irrational
numbers, however, means that this approach to arithmetic is inadequate, and a more general idea of number
is needed. We have to turn away from counting and make use of geometry.
6 DEFINITION OF THE SET R OF REAL NUMBERS
e The real numbers R are defined to be all the points on the number line.
e All rational numbers are real, but real numbers such as V2 and 7 are irrational.
| T T T T -
-2 -1 0 1 2
At this point, geometry replaces counting as the basis of arithmetic.
An irrational real number cannot be written as a fraction, or as a terminating or recurring decimal. In this
course, such as a number is usually specified in exact form, such as x = V2 or x = , or as a decimal
approximation correct to a certain number of significant figures, such as x = 1.4142 or x = 3.1416. Very
occasionally, a fractional approximation is useful or traditional, such as 7 = 3%.
The real numbers are often referred to as the continuum, because the rationals, despite being dense, are
scattered along the number line like specks of dust, but do not ‘join up’. For example, the rational multiples
of \/5, which are all irrational, are just as dense on the number line as the rational numbers. It is only the real
line itself that is completely joined up, to be the continuous line of geometry rather than falling apart into an
infinitude of discrete points.
Open and closed intervals
Any connected part of the real number line is called an interval.
e An interval such as % < x < 3 is called a closed interval because it contains e o
1
all its endpoints. 3 307
® Aninterval such as —1 < x < 5 is called an open interval because it does not Q———= »
— X
contain any of its endpoints. ! 3
® Aninterval such as —2 < x < 3 is neither open nor closed (the word half-closed .2—2 >
is often used). a
In diagrams, an endpoint is represented by a closed circle ¢ if it is contained in the interval, and by an open
circle o if it is not contained in the interval.
Bounded and unbounded intervals
The three intervals above are bounded because they have two endpoints, which bound the interval. An
unbounded interval in contrast is either open or closed, and the direction that continues towards co or —oo is
represented by an arrow.
® The unbounded interval x > —5 is a closed interval because it contains all its ;—’ >
endpoints (it only has one).
¢ The unbounded interval x < 2 is an open interval because it does not contain ‘—02 >
any of its endpoints (it only has one).
® The real line itself is an unbounded interval without any endpoints.
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7 INTERVALS

* An interval is a connected part of the number line.

e A closed interval such as % < x < 3 contains its endpoints.

* An open interval such as —1 < x < 5 does not contain its endpoints.

* Aninterval such as —2 < x < 3 is neither open nor closed.

* A bounded interval has two endpoints, which bound the interval.

* An unbounded interval such as x > —5 continues to co or to —oo (or both).

A single point is regarded as a degenerate interval, and is closed. The empty set is sometimes also regarded
as a degenerate interval.

An alternative notation using round and square brackets will be introduced in Year 12.

FOUNDATION

1 Classify these real numbers as rational or irrational. Express those that are rational in the form % in
lowest terms, where a and b are integers.

a -3 b 1} c V3 d V4 e V27
i 0 h 045 i 12% i 0333
9
k 0.3 I3 m z n 3.14 00
2 Write each number correct to one decimal place.
a 032 b 5.68 c 12.75
d 0.05 e 3.03 f 9.96
3 Write each number correct to two significant figures.
a 0429 b 5.429 c 5.029
d 0.0429 e 429 f 4290

4 Use a calculator to find each number correct to three decimal places.

a V10 b V47 ¢ o
37

d & e f ﬂz

5 Use a calculator to find each number correct to three significant figures.
a 58 b V133 c 622
d 14 e V0.3 f 1247

6 To how many significant figures is each of these numbers accurate?
a 0.04 b 0.40 c 0.404
d 0.044 e 4.004 f 400
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DEVELOPMENT

7 a Classify each interval as open or closed or neither (that is, half-closed).

i 0<x<7 i x>5 i x<7
iv 5<x<15 v x< -1 vi -4<x<10
viix>6 vii—4 <x < =3

b Classify each interval in part @ as bounded or unbounded.

8 Write each interval in symbols, then sketch it on a separate number line.
a The real numbers greater than —2 and less than 5.
b The real numbers greater than or equal to —3 and less than or equal to 0.
¢ The real numbers less than 7.
d The real numbers less than or equal to —6.

9 Use a calculator to evaluate each expression correct to three decimal places.

67 x 29 b 67 + 29 c 67
43 43 43 x 29
67 e 67 + 29 f 67 + 71

43 + 29 43 + 71 43 x 29

10 Use Pythagoras’ theorem to find the length of the unknown side in each triangle, and state whether it is
rational or irrational.

a b
6 4
5
3 1
5
c 17 d
2
15
3
e 1 f [
3
N
108 117
4
5
ISBN 978-1-108-46904-3 © Pender et al. 2019 Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party.



11 Calculate, correct to four significant figures:
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a 10704 b 1 V6.5 + 8.3
240 - 13 x 17 2.7
4
d v10.57 x 12.83 e 35 x 100 f 20000 x (1.01)*
23 x10°
32458
g o I3 h j j i (87.3 x 10% + (0.629 x 107%)
V19.5 — 14.7 45+ 65
2\ 3\’
| V34 . (2) x() | [3641 1957
V5 + V6 6\2 2\3 23.62 — 11.39
() +C)
7 3
CHALLENGE
12 a Identify the approximation of z that seems to be used in 1 Kings 7:23, ‘He made the Sea of cast
metal, circular in shape, measuring ten cubits from rim to rim and five cubits high. It took a line of
thirty cubits to measure around it.’
b Many centuries later, in the 3rd century BC, Archimedes used regular polygons with 96 sides to prove
that 223/71 < n < 22/7. To how many significant figures is this correct?
¢ What is the current record for the computation of z?
d It is well known that a python has a length of about 3.14159 yards. How many pythons can be lined

up between the wickets of a cricket pitch (22 yards)?

Use a calculator to answer questions 13 and 14. Write each answer in scientific notation.

13 The speed of light is approximately 2.997925 x 10%m/s.

a

How many metres are there in a light-year (which is the distance that light travels in a year)? Assume
that there are 365i days in a year and write your answer in metres, correct to three significant figures.
The nearest large galaxy is Andromeda, which is estimated to be 2560000 light-years away. How far
is that in metres, correct to two significant figures?

The time since the Big Bang is estimated to be 13.8 billion years. How long is that in seconds, correct
to three significant figures?

How far has light travelled since the Big Bang? Give your answer in metres, correct to two significant

figures.

14 The mass of a proton is 1.6726 x 1072"kg and the mass of an electron is 9.1095 x 10~'kg.
a Calculate, correct to four significant figures, the ratio of the mass of a proton to the mass of an electron.

b How many protons, correct to one significant figure, are there in 1kg?

15 Prove that V/3 is irrational. (Adapt the given proof that V2 is irrational.)
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44 Chapter 2 Numbers and surds _

m Surds and their arithmetic

Numbers such as V2 and v/3 occur constantly in this course because they occur in the solutions of quadratic
equations and when using Pythagoras’ theorem. The last three sections of this chapter review various
methods of dealing with them.

Square roots and positive square roots

The square of any real number is positive, except that 0> = 0. Hence a negative number cannot have a square
root, and the only square root of 0 is O itself.

A positive number, however, has two square roots, which are the opposites of each other. For example, the
square roots of 9 are 3 and —3.

Note that the well-known symbol Vx does not mean ‘the square root of x’. It is defined to mean the positive
square root of x (or zero, if x = 0).

8 DEFINITION OF THE SYMBOL V'x

* For x > 0, Vx means the positive square root of x.
e Forx=0, V0 = 0.
e Forx <0, Vx is undefined.

For example, V25 =5, even though 25 has two square roots, —5 and 5. The symbol for the negative square
root of 25 is —V/25.

Cube roots

Cube roots are less complicated. Every number has exactly one cube root, so the symbol Vx simply means
‘the cube root of x’. For example:

V8=2 and v—-8=-2 and V0 =0.

What is a surd?

The word surd is often used to refer to any expression involving a square or higher root. More precisely,

however, surds do not include expressions such as \/;E and V8, which can be simplified to rational numbers.

9 SURDS

. 0 . . . . . epe, .
An expression {x, where x is a rational number and n > 2 is an integer, is called a surd if it is not
itself a rational number.

The word ‘surd’ is related to ‘absurd’ — surds are irrational.
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2C Surds and their arithmetic 45

Simplifying expressions involving surds
Here are some laws from earlier years for simplifying expressions involving square roots. The first pair
restate the definition of the square root, and the second pair are easily proven by squaring.

10 LAWS CONCERNING SURDS

Let a and b be positive real numbers. Then:

\/af:a i Va x Vb = Vab
(Va) =a ’ Va_ [a
V5 Vo

Taking out square divisors
A surd such as V500 is not regarded as being simplified, because 500 is divisible by the square number 100,
s0 /500 can be written as 10V/5:

V500 = V100 x 5 = V100 x v/5 = 10V/5.

11 SIMPLIFYING A SURD

e Check the number inside the square root for divisibility by one of the squares
4,9, 16, 25, 36, 49, 64, 81, 100, 121, 144,...

* Continue until the number inside the square root sign has no more square divisors (apart from 1).

Example 2 2C

Simplify these expressions involving surds.

a V108 b 5v27 c V216

SOLUTION

a V108 =36 x 3 b 5vV27=5V9x3 ¢ V216 = V4 x V54
=36 x V3 =5xv9xV3 = V4 x V9 x V6
=63 =15V3 = 6v6

Example 3 2C

Simplify the surds in these expressions, then collect like terms.

a V44 +v99 b V72 - V50 + V12
SOLUTION
a V44 + 99 = 2v11 + 3V11 b V72 - V50 + V12
=5V11 =6V2 - 5vV2 +2V3
=v242V3
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46 Chapter 2 Numbers and surds _
Exercise 2C | FounoaTion

1 Write down the value of:

a V16 b V36 c V81 d V121

e V144 f V400 g V2500 h V10000
2 Simplify:

a V12 b V18 c V20 d V27

e V28 f V40 g V32 h /99

i V54 i V200 k V60 I V75

m V80 n 98 0 /800 p V1000
3 Simplify:

a V3+V3 b 5V7-3v7 c 2V5-+/5

d —3v2+ 2 e 4V3+3v2-2V3 f—5vV5-2V7 +6V5

g 7V6+5V3—-4vV6—-7V3 h —6V2-4V5+3v2-2V5 i 3V10 - 8V5 - 7V10 + 10V5

DEVELOPMENT
4 Simplify:
a 3V8 b 5V12 c 2V24 d 4v44
e 3V45 f 6v52 g 2v300 h 2496
5 Write each expression as a single square root. For example, 3v2 = V9 x V2 = V18.
a 2vs b 5v2 c 8V2 d 6v3
e 5V5 fo4v7 g 2V17 h 7v10
6 Simplify fully:
a V8+V2 b V12 -3 c V50 - V18
d V54 + V24 e V45 —v20 f V90 — v40 + V10
g V27 + V75 - V48 h V45 + V80 — V125 i V2+V32+V72
CHALLENGE
7 Simplify fully:
a V600 + V300 — V216 b 4v18 + 3vI2 — 250 ¢ 2v175 - 5V140 - 3v28
8 Find the value of x if:
a V63 — V28 = Vx b v80 — V20 = Vx ¢ 2V150 — 3v24 = Vx

ISBN 978-1-108-46904-3 © Pender et al. 2019 Cambridge University Press
Photocopying is restricted under law and this material must not be transferred to another party.



2D Further simplification of surds 47

m Further simplification of surds

This section deals with the simplification of more complicated surdic expressions. The usual rules of algebra,
together with the methods of simplifying surds given in the last section, are all that is needed.

Simplifying products of surds

The product of two surds is found using the identity
Va x Vb = Vab.

It is important to check whether the answer needs further simplification.

Example 4 2D
\—— )

Simplify each product.

a Vi5x V5 b 5v6 x 7v10

SOLUTION

a VI5xV5=V75 b 5V6 x 7V10 = 35v60
=V25x%3 =35v4 x 15
=5V3 =35x2V15

=70V15

Using binomial expansions

All the usual algebraic methods of expanding binomial products can be applied to surdic expressions.

Example 5 2D

Expand these products and then simplify them.

a (Vi5+2)(v3-3) b (VI5 - V6)?

SOLUTION

a (V15+2)(v3-3)=vi5(v3-3) +2(v3-3)
=45 - 3V15 +2V3 - 6
=3v5-3V15+2V3 -6

b (V5 -v6)" = 15-2v90 + 6 (using the identity (A — B)® = A> — 24B + B?)
=21 -2x3V10
=21 -6V10
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48 Chapter 2 Numbers and surds _
FOUNDATION
1 Simplify:
a (\@)2 b vV2x 43 c VIxV7 d Ve x5
e 2x3V2 f 2v5x%x5 g 2vV3x3V5 h 6V2x5V7
i (2v3)° i (3v7)’ k 5vV2x3V2 | 6v10 x 4V10
2 Simplify:
a V153 b V42 =6 c 3vV5=+3 d 2V7 =7
e 3V10+ 45 f 6v33 <6Vl g 10V14 = 5v2 h 15v35 = 3v7
3 Expand:
a \fs(\f5+l) b v2(vV3-1) ¢ \73(2—\/5)
d 2v2(V5 - v2) e V7(7-2V7) i v6(3v6 - 2v5)
DEVELOPMENT
4 Simplify fully:
a VoxV2 b v5x V10 c V3x+VI15
d v2x2v22 e 4V12x V3 f 3vV8x2V5
5 Expand and simplify:
a «5(@—«5) b \f6(3+«@) c \fs(\/ﬁ+4)
d V6(v8 -2) e 3v3(9-+21) i 3v7(Vi4 - 2v7)

6 Expand and simplify:
a (V3+1)(v2-1) (V5 -2)(v7 +3)
d (V6 -1)(ve-2) e (V7-2)(2v7+5)

o

7 Use the special expansion (a + b)(a — b) = a* — b*to expand and simplify:

a (Vs+1)(v5-1) b (3-v7)3++7)
d (3v2-V11)3v2+ V1) e (2v6 +3)(2v6 - 3)

8 Expand and simplify the following, using the special expansions

(a + b)* = a* + 2ab + b* and (a — b)? = a* — 2ab + b
a (V3+1) b (V5-1)
d (V7-+5) e (2v3-1)°
0 (2v7++5)° h (3v2-2v3)°
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c

f

c

f

c
f

(V5 + v2)(V3 +v2)
(3v2 - 1)(V6 - v3)

(V3 + v2)(v3 - v2)
(7 - 2v5)(7 + 2v5)

(\@+ \@)2
(2\f5+3)2
(3xf5+ \/E)z
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2D Further simplification of surds 49

CHALLENGE
9 Simplify fully:
., V4o , VI8 2v6 x V5
V10 V50 V10
g V1xV3 o VI5x+20 ; 6V3x8V2
V28 V12 V32 x V27

10 Use Pythagoras’ theorem to find the hypotenuse of the right-angled triangle in which the lengths of the
other two sides are:

a V2and V7 b /5 and 2V5

¢ V7+1landV7 -1 d 2v3 - v6and 2V3 + V6
11 Simplify by forming the lowest common denominator:

At Ao S T A

12 a Write down the expansion of (a + b)>.
b Use the expansion in part @ to square \/6 + V11 - \/6 —V11.
¢ Hence simplify \/6 + V11 - \/6 — V11.
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50 Chapter 2 Numbers and surds _

E Rationalising the denominator

When dealing with surdic expressions, it is usual to remove any surds from the denominator, a process called
rationalising the denominator. There are two cases.

The denominator has a single term

In the first case, the denominator is a surd or a multiple of a surd.

12 RATIONALISING A SINGLE-TERM DENOMINATOR

In an expression such as \j, multiply top and bottom by V3.
2vV3

Example 6 2E

Simplify each expression by rationalising the denominator.

a V1 b 55

2V/3 Vi1

SOLUTION

V1 _ V1 V3 p 55 _ 55 VIl

2v3 2v3 V3 Vil Vil Vi
_ Va1 5511
S 2x3 11
_vai = Vil
6

The denominator has two terms

The second case involves a denominator with two terms, one or both of which contain a surd. The method
uses the difference of squares identity

(A+ B)(A — B) = A> — B?

to square the unwanted surds and convert them to integers.

13 RATIONALISING A BINOMIAL DENOMINATOR

* In an expression such as , multiply top and bottom by 5 — V3.
3

5+
* Then use the difference of squares.
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Example 7

Rationalise the denominator in each expression.

2E Rationalising the denominator 51

2E

a > .
5+43 2V3 = 3V2
SOLUTION
S = X 5-V3 Using the difference of squares:
54v3 5+4V3 5-3 (5 + V)5 - v3) = 8 (\/5>2
+ - =5 —
_15-3V3
253 =25-3
_15-3v3
22
b 7 I 7 = NG I 7 X 2? + 3? Using the difference of squares:
2V3 —3v2 243 —=3v2 2Vv3 4+ 3V2 2 2
Y e (2v3 - 3v2)(2v3 +3v2) = (2v3) - (3v2)
_4X3—9X2 =4X3—9X2
_ _2V3+3V2
6
FOUNDATION
1 Rewrite each fraction with a rational denominator.
a 1 b € c 3 d S
V3 Vi Vs V2
V3 V7 5 V2
2 Rewrite each fraction with a rational denominator.
9 1 b 1 c 1 d 1
V3 -1 V7 +2 3+45 4-7
V5 -2 V10 + V6 2V3 + 1 5-3V2
© Pender et al. 2019 Cambridge University Press



52 Chapter 2 Numbers and surds _

DEVELOPMENT
3 Simplify each expression by rationalising the denominator.
a l b i c i d ﬂ
V2 V5 V3 V7
V6 V15 V6 V10
4 Rewrite each fraction with a rational denominator.
a L b L c i d L
2V5 3v7 5V2 7V3
. 10 i 9 ] V3 YT
32 4v3 2v10 5v7
5 Rewrite each fraction with a rational denominator.
a 3 b # c \/7 d i
V5+1 2V2 -3 5-7 V5 + V3
. 2V7 ¢ Vs . V3 -1 L V542
2V7 -5 V10 - V5 V3 +1 V5 -2
S 3-V7 j 32+ V5 . V10— V6 | T42v1L
3+47 32 -5 V10 + V6 7-2V11
CHALLENGE
6 Simplify each expression by rationalising the denominator.
V3-1 , 2V5-42
2-V3 V5 + V2
7 Show that each expression is rational by first rationalising the denominators.
Sy b —1 4+ 2
V2 242 3+v6 V6
c 4 N 1 d 8 6
24+V2 3-2V2 3-V7 2W7-5
8 Ifx= V5 + l,showthatl +%=x.
9 The expression M can be written in the form aV/3 + bV?2. Find a and b.
V3 +42
12
10 a Expand <x + x) .
b Suppose that x = V7 + V.
I Show that x + % =247.
i Use the result in part a to find the value of x> + lz
X
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Chapter 2 Review 53

Review activity

e Create your own summary of this chapter on paper or in a digital document.

Chapter 2 Multiple-choice quiz

e This automatically-marked quiz is accessed in the Interactive Textbook. A printable PDF worksheet
/ version is also available there.

Chapter review exercise

1 Classify each of these real numbers as rational or irrational. Express those that are rational in the

form %, where a and b are integers.

a7 b -2 c V9 d V10
e V15 f V16 g —0.16 h z
2 Use a calculator to write each number correct to:
i two decimal places il two significant figures.
a V17 b V102 c 1.167
a L e 7.37 f z%
64
3 Evaluate, correct to three significant figures:
s b —4.9 x (=5.8 — 8.5) ¢ V16x26
8.22 — 3.48
5 4_2
L e 9 7 f ﬁ/2.4—1.6
118 + 17 -3

1 3/1
g [ 1347 h 27 %107 , \é’f 3
2.518 — 1.679 1.7 x 107 AL St

4 5
4 Simplify:
a V24 b V45 c V50
d 500 e 3V18 f 2v40
5 Simplify:
a vV5+45 b v5x+5 ¢ (2v7)?
d 2v5+ V7 -3v5 e V35++5 f 6v55+2V11
g V8x12 h V10 x V2 i 2v6 x 4V15
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54 Chapter 2 Numbers and surds

6 Simplify:
a v27-v12 b V18 + v32
c 3vV2+3V8—+50 d V54 — v20 + V150 — V80
7 Expand:
a Vv7(3-v7) b v5(2v6 +32)
¢ Vi15(v3-5) d V3(V6 +2v3)
8 Expand and simplify:
a (V5+2)3-+5)
d (V10 - 3)(V10 +3)
g (V5+v2)°

9 Write with a rational denominator:

a 1 b
V5
1

"5
10 Write with a rational denominator:
a — L ! S —
V5 + V2 3-V7 2v6 - V3
V3 3 3W7

e ——— f

V3+1 V11 +v/5 2V5 - V7

11 Rationalise the denominator of each fraction.
a V1-V2 p 3V3+5
V7 +V2 3V3-5

12 Find the value of x if V18 + V8 = Vx.

3, 2
Vs—2 V542

o

(2v3 - 1)(3v3 + 5) c
(2v6 + v11)(2v6 - V11)
(4 -3v2)°

—

—3)(2v5 + 4)

SR

—h
—_—

(5-)

=

o Sl
S 3l

3
3]

[

d

13 Simplify by forming the lowest common denominator.

V5

14 Find the values of p and ¢ such that =p+ q\@ .

% 1
6-3V3 2vV3+3

15 Show that is rational by first rationalising each denominator.
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The principal purpose of this course is the study of functions. Now that the real numbers have
been reviewed, this chapter develops the idea of functions and relations and their graphs. A
variety of known graphs are then discussed, with particular emphasis on quadratics and their
parabolic graphs, on factored cubics and polynomials, and on graphs with asymptotes.

The final section uses the vertical and horizontal line tests to classify four types of relations.
It also gives examples of relations as they occur in databases and spreadsheets, where the
elements of the two sets are not restricted to numbers. This section is demanding, and could
be delayed until later in the year.

Curve-sketching software is useful in emphasising the basic idea that a function has a graph.
It is, of course, also useful in sketching quickly a large number of graphs and recognising

_ their relationships. Nevertheless, readers must eventually be able to construct a graph from
y its equation on their own.

2\

— Digital Resources are available for this chapter in the Interactive Textbook and Online Teaching
Suite. See the Overview at the front of the textbook for details.
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56 Chapter 3 Functions and graphs _

].W Functions and function notation

Many of the graphs studied in previous years are examples of functions. This section will make the idea more
precise and introduce some new notation.

Functions

Here is a situation that naturally leads to a function. An electrician charges $100 to visit a home, and then
charges $40 for each power point that he installs.

Let x be the number of power points he installs.
Let y be the total cost, in dollars.
Then y = 100 + 40x.

This is an example of a function. Informally we say that y is a function of x because the value of y is
determined by the value of x, and we call x and y variables because they take many different values. The
variable x is called the independent variable of the function, and the variable y is called the dependent
variable because its value depends on x.

Thus a function is a rule. We input a value of x, and the rule produces an output y. In this example, x must be
a whole number 0O, 1, 2, ..., and we can add this restriction to the rule, describing the function as:
‘The function y = 100 + 40x, where x is a whole number.’

A table of values is a useful tool — a few values of the function are selected and arranged in a table. Here is
a representative table of values showing the total cost y dollars of installing x power points:

X 0 1 2 3 4 5 6
100 140 180 220 260 300 340

1 INFORMALLY, A FUNCTION IS A RULE

* Avariable y is a function of a variable x when y is completely determined by x as a result of
some rule.
e The variable x is called the independent variable of the function, and the variable y is called the
dependent variable because its value depends on x.
* The function rule is almost always an equation, possibly with a restriction. For example:
“The function y = 100 + 40x, where x is a whole number’.

The function machine Input x Output y
The function and its rule can be regarded as a ‘machine’ with inputs and 0— - 100
outputs. For example, the numbers in the right-hand column are the outputs 1 —— — 140
from the function y = 100 + 40x, when the numbers 0, 1, 2, 3 and 4 are 2 — — 180
the inputs. 3—| f — 220
This model of a function has become far more intuitive in the last few 4— o 260
decades because computers and calculators routinely produce output from

a given input. x — — 100 + 40x
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3A Functions and function notation 57

Function notation

In the function machine diagram above, we gave the name f to our function. We can now write the results of
the input—output routines as follows:

£(0) = 100, £(1) =140, f(2) = 180, f(3) = 220,

This is read aloud as, f of zero is equal to one hundred’, and so on. When x is the input, the output is 100 + 40x.
Thus, using the well-known notation introduced by Euler in 1735, we can write the function rule as

f(x) = 100 + 40x, where x is a whole number.

This f(x) notation will be used throughout the course alongside the y = --- notation. The previous table of
values can therefore also be written as

X 0 1 2 3 4 5 6
f&) 100 140 180 220 260 300 @ 340

Example 1 3A
A function is defined by the rule f(x) = x* + 5x. Find f(@3), f(0) and f(-3).

SOLUTION
f3) =3>+5x%x3 f0)=0>+0x3 f(=3) = (=3)> + 5 x (-3)

=9+15 =0+0 =9-15

=24 =0 =-6
Example 2 3A

[This is an example of a function that is described verbally.]
A function g(x) is defined by the rule, ‘Cube the number and subtract 7°. Write down its function rule as an

equation, then draw up a table of values for —2, —1, 0, 1 and 2.

SOLUTION

The function rule is g(x) = x> — 7.

x -2 -1 0 1 2
g(x) -15 -8 —7 -6 1
Example 3 3A

[Other pronumerals, and even expressions, can be substituted into a function.]

If f(x) = X% + 5, find and simplify f(a), f(a + 1) and f(a + h).

SOLUTION
fla)=a*+5 fa+ =@+ 1)*+5 fa+h) =@+h*+5
=a>+2a+1+5 =a*+2ah + W +5
=a*+2a+6
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58 Chapter 3 Functions and graphs

Example 4 3A

[Many functions have natural restrictions on the variables. These restrictions are part of the function.]

Sadie the snail is crawling at a steady 10 cm per minute vertically up a wall 3 metres high, starting at
the bottom. Write down the height y metres as a function of the time x minutes of climbing, adding the
restriction on x.

SOLUTION

The snail’s height after x minutes is %x metres, and the snail will take 30 minutes to get to the top, so the
function is

y= %x, where 0 < x < 30.
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FOUNDATION
1 Let f(x) = 2x + 3. Calculate the following function values.
a f b f(0) c f(=2) d fé)
2 Let p(x) = x* — 2x — 3. Determine:
a p@) b p#) c p@3) d p(=2)
3 Find the value of the function y = 5 4+ 2x — x? at each value of x.
a o0 b 5 c -2 d -1
4 Find f(2), f(0) and f(—2) for each function.
a fx)=3x-1 b fx)y=4-x c f(x)=x>+38 d fix)=2"
5 Find h(=3), h(1) and h(5) for each function.
a h(x) =2x+2 b h(x):% ¢ h(x) = 3x — d h(x)=Vx+4
DEVELOPMENT
6 Copy and complete the table of values for each function.
ay=2x+1 by=x2—2x
x -1 0 1 x -1 0 1 2 3
y y
c fx)=1-x d f(x) =x> —4x
X -2 -1 0 1 2 x -3 -2 -1 0 1 2 3
fx) fx)
7 For the function L(x) = 3x + 1, determine:
a L2)+1 b L()-2 3L(-1) d LO5) +4
e L)+ L2 f L(1)—L(-1) g L(-2) X L(2) h LO) +LQ2)
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3A Functions and function notation 59

8 Given that f(x) = x> — 3x + 5, find the value of:
a 3(r@ +10) b

(F=D +2/0) +7(D))

1
4

¢ (S + 4O +7(D) d (SO + 4@ +/@)
6 6

9 Given that P(x) = x> — 2x — 4, find the value of:
a P(x@) b P(ﬁ)

10 a Write the equation 3x + 4y + 5 = 0 as a function with independent variable x.

b Write the equation 3x + 4y + 5 = 0 as a function with independent variable y.

¢ Write the equation 4 + xy = 0 as a function with dependent variable y.

d The volume of a cube with side length s is V = s°, and its surface area is A = 65> Write each formula

as a function with dependent variable s.

e If arectangle has area 100m? and sides £ and b, then b = 100. Write this formula as a function with:

I ¢ as the dependent variable ii £ as the independent variable.

11 A restaurant offers a special deal to groups by charging a cover fee of $50, then $20 per person. Write

down C, the total cost of the meal in dollars, as a function of x, the number of people in the group.

12 In each case explain why the function value cannot be found.

a F(0), where F(x) = Vx — 4. b H(3), where H(x) = V1 — x°.
¢ g(=2), where g(x) = i x d  £(0), where f(x) = %
CHALLENGE

13 Again using P(x) = x> — 2x — 4, find the value of:

a P(1+\/§) b P(x@—l)
14 Find g(a), g(—a) and g(a + 1) for each function.

2 o() = 2x— 4 b g(r) =2 —x ¢ o) =2 d g(x)=%

x —

15 Find F(¢) — 2 and F(t — 2) for each function.
a F(x)=5x+2 b F(x) = Vx C F(x)=x>+2x

16 If f(x) = x> + 5x, find in simplest form:
JFa+h —f(1) b f(p) —f(q)
h P—4q

17a If f(x) = x* + 2x% + 3, show that f(=x) = f(x) for all values of x.

b Ifglx) = x> + %, show that g(—x) = —g(x) whenever x # 0.

X

241

c Ifhkx) = , show that h( ) = h(x) whenever x # 0.

1
X
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m Functions, relations and graphs

A graph is the most important and helpful way to represent a function. Most things that we will discover
about a function can be seen on its graph, and the sketching of graphs is consequently central to this course.

A function and its graph
A ball is thrown vertically upwards. While the ball is in the air, its height y metres, x seconds after it is
thrown, is

y =5x(6 — x).

Here is a representative table of values of the function.

X (time) 0 1 2 3 4 5 6
y (height) 0 25 40 45 40 25 0

Each x-value and its corresponding y-value can be put into an ordered pair VA
ready to plot on a graph of the function. The seven ordered pairs calculated

here are: 40t

(0,0), (1, 25), (2,40), (3,45), (4,40), (5,25), (6,0)

and the graph is sketched opposite. The seven representative points have been 25 =g~
plotted, but there are infinitely many such ordered pairs, and they all join up
to make the nice smooth curve shown to the right.

Like all graphs of functions, this graph has a crucial property — no two —— >

points have the same x-coordinate. This is because at any one time, the ball
can only be in one position. In function-machine language, no input can have
two outputs.

2 THE GRAPH OF A FUNCTION

e The graph of a function consists of all the ordered pairs (x, y) plotted on a pair of axes, where
x and y are values of the input and output variables.

* No two points on the graph ever have the same x-coordinate.

* In most graphs in this course, the points join up to make a smooth curve.

A function as a set of ordered pairs

These ideas of the graph and its ordered pairs allow a more formal definition of a function — a function can
be defined simply as a set of ordered pairs satisfying the crucial property mentioned above.

3 MORE FORMALLY, A FUNCTION IS A SET OF ORDERED PAIRS SATISFYING A CONDITION

A function is a set of ordered pairs (x, y) in which:
* no two ordered pairs have the same x-coordinate.
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Domain and range

There are two restrictions on the time x in our example above:
¢ The time variable x cannot be negative, because the ball had not been thrown then.
¢ The time variable cannot be greater than 6, because the ball hits the ground after 6 seconds.

The domain of the function is the set of possible x-values, so the domain is the closed interval 0 < x < 6.
Thus the function is more correctly written as
y = 5x(6 — x),where 0 < x < 6.

The endpoints of the graph are marked with closed (filled-in) circles  to indicate that these endpoints are
included in the graph. If they were not included, they would be marked with open circles o. These are the
same conventions that were used with intervals in Section 2B.

From the graph, we can see that the height of the ball ranges from O on the ground to 45 metres. The range is
the set of possible y-values, so the range is the interval 0 < y < 45, which includes the two endpoints y = 0
and y = 45.

4 THE DOMAIN AND RANGE OF A FUNCTION

* The domain of a function is the set of all possible x-coordinates.
* The range of a function is the set of all possible y-coordinates.
It is usually easier to find the range after the graph has been drawn.

Reading the domain and range from the graph

Sometimes we have the graph of a function, but not its equation or rule. We may be able to read the domain
and range from such a graph.

5 READING THE DOMAIN AND RANGE FROM THE GRAPH

* Domain: Take all the values on the x-axis that have graph points above or below them.
* Range: Take all the values on the y-axis that have graph points to the left or right of them.

Example 5 3B

Write down the domain and the range of the functions whose graphs are sketched below.

a V4 b YA
N 8
-2
2 X
X
-8
SOLUTION
a Domain: all real x, range: y < 4. b Domain: -2 < x < 2, range: —8 <y < 8.
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The natural domain

When the equation of a function is given with no restriction, we assume as a convention that the domain is

all the x-values that can validly be substituted into the equation. This is called the natural domain.

6 THE NATURAL DOMAIN

If no restriction is given, the domain is all x-values that can validly be substituted into the equation.

This is called the natural domain.

There are many reasons why a number cannot be substituted into an equation. So far, the two most common

reasons are:
® We cannot divide by zero.
® We cannot take square roots of negative numbers.

Example 6

Find the natural domain of each function:

a y= ! b y=vx-2

x—2
SOLUTION

a One cannot divide by zero.

Hence the domainis x —2 # 0
that is, X # 2.
b One cannot take square roots of negative numbers.
Hence the domainis x —2 >0
that is, x > 2.

Relations

We shall often be dealing with graphs such as the circle sketched to the right.
This graph is a set of ordered pairs. But it is not a function, because for example,
the points (5, 0) and (5, 10) have the same x-coordinate,

so that the input x = 5 has the two outputs y = 0 and y = 10. The graph thus
fails the crucial property that no input can have more than one output. The more
general word ‘relation’ is used for any graph in the plane, whether it is a function
or not.

7 RELATIONS

A relation is any set of ordered pairs.
» Like a function, a relation has a graph.
e Like a function, a relation has a domain and a range.

3B

e Unlike a function, a relation may have two or more points with the same x-coordinate.

A function is thus a special type of relation, just as a square is a special type of rectangle.
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3B

In each part, show that the relation is not a function by writing down two ordered pairs on the graph with

the same x-coordinate. Illustrate this by connecting the two points by a vertical line. Then write down the

domain and range.

a Yhs
N
_5 x
&%ﬂ =25
SOLUTION

a The points (0, 5) and (0, —5) on the graph have the same x-coordinate x = 0.

Thus when x = 0 is the input, there are two outputs: y = 5 and y = —5.

The vertical line x = 0 meets the graph at (0, 5) and at (0, —5).

Domain: -5 < x < 5,range: -5 <y <5

)
Y

>

X

b The points (1, 1) and (1, —1) on the graph have the same x-coordinate x = 1.

Thus when x = 1 is the input, there are two outputs: y = —1 and y = 1.

The vertical line x = 1 meets the graph at (1, —1) and (1, 1).

Domain: x > 0, range: all real y.

The vertical line test

Example 7 above shows that we can easily use vertical lines on a graph to see whether or not it is a function.

To show that the graph is not a function, we need to identify just two points with the same x-coordinate. That

means, we need to draw just one vertical line that crosses the graph twice.

8 THE VERTICAL LINE TEST

If at least one vertical line crosses the graph of a relation more than once, then the relation is not a function.

The word ‘map’

Functions (but not relations in general) are also called maps or mappings. The word map may also be used as

a verb. Thus in the function f(x) = 2%, we may say that ‘3 is mapped to 8, and that ‘8 is mapped to from 3’.

A map of NSW is a one-to-one correspondence from points on the surface of the Earth to points on a piece of

paper or on a screen.
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FOUNDATION

1 1In each case, copy the graph, then draw a vertical line to show that the curve does not represent a function.

a Y4 b y c VA
an
-3

)
=Y
=

. T
VAN

|
[\

% | .
d 3y e \
-~
2
2>‘ ' /
P

2 Use the vertical line test to find which of the following graphs represent functions.
a V4 b y c VA

N

/xf
N\

e

1 X
11 /
-2
d Y4 e y f VA
3 4
1 / </.
/ | \ ‘ .
N SR -
) -
3 \.
g Y h y
Zdb\ 1
_é JZ ) x
L
-2
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3B Functions, relations and graphs

What are the domain and range of each relation in Question 2?

For each of the following functions:
I copy and complete the table of values
il plot the points in the table and hence sketch the function
lii then write down the domain and range.

a y=-2x+3 b y=x"4+2x+1
x 0 1 2 iy -3 -2 -1 0 1
y y
Use the fact that division by zero is undefined to find the natural domain of each function.
1 1 1 1
a == b =—— c =— d =—
fo) =< J&) =3 J&) =1 1 f@ =3 T

Use the fact that a negative number does not have a square root to find the natural domain of each
function.

a f(x) =Vx b f(x)=Vx—2 ¢ f(x)=Vx+3 d fex)=V5+x

DEVELOPMENT

The following relations are not functions. Write down the coordinates of two points on each graph that

have the same x-coordinate.

a VA b YA
AN AN
-3 -1 \
C y d VA A
5..
2 1
3..
] S
! . 2 2 x
2 4 X
2+
\ 4
8 Find the natural domain of each function.
a f(x) =4x b f(x) =7 - 3x ¢ fa)=-1- d fo) = ——
4 —x 2x — 1

e fx)=vx+4 fofx)=va+1 g fx)=v5—x h f(x)=v4 - 2x

1 2 1

i) =1 i fe) = ) =

k fl) =

Vx Vx + 1 V1—x Vox — 3

65

ISBN 978-1-108-46904-3 © Pender et al. 2019 Cambridge University Press
Photocopying is restricted under law and this material must not be transferred to another party.



66 Chapter 3 Functions and graphs _

9 For each of the following functions:
I copy and complete the table of values
il plot the points in the table and hence sketch the function
lii then write down the domain and range.
a y=2"
x -2 -1 0 1 2
y

b y=3(x-x)

B 3 2 -1 0 1 2 3
y

10 Let R(x) = V.
a What is the natural domain of R(x)?
b Copy and complete the table of values. Use a calculator to approximate values correct to one decimal
place where necessary.

1
X 0 5

R(x)

¢ Plot these points and join them with a smooth curve starting at the origin. This curve may look
similar to a curve you know. Describe it.

HLmM@=%.

a What is the natural domain of /(x)?
b Copy and complete the table of values. Why is there a star for the value where x = 0?

x 4 -2 -1 -3 0 5 1 2 4

h(x) *

¢ Plot these points and join them with a smooth curve in two parts. This curve is called a rectangular
hyperbola.

12 Jordan is playing with a 20cm piece of copper wire, which he bends into the shape
of a rectangle, as shown. Let x be the length of a side of the rectangle.
a What is the length of the opposite side? X

b What is the length of each of the remaining sides?
¢ Write down the area A of the rectangle as a function of x.
d Use the fact that lengths must be positive to find the domain of A.
e Use a table of values to graph A for the domain you found in part d.
13 Solve each equation for y and hence show that it represents a function.
a 2x—y+3=0 b xy=4 cC xy—2y=3 d y+2=v9 - x*
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CHALLENGE
14 State the natural domain of each function.
2 1
a fe)=—= b f) = ¢ ) =
Vy+2 -4 o+ x
e P —— e f=Vi-4 R p—
P —5x+6 1 =2

2+ x, forx<0,
2 —x, forx>0.

15 Let f(x) = {

a Create a table of values for =3 < x < 3.

b Hence sketch this function. (The graph is not smooth.)
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m Review of linear graphs

The next few sections will review some functions and relations that have been introduced in earlier years, and
the sketching of their graphs. Linear graphs are briefly reviewed in this section and are the main subject of
Chapter 6.

Linear functions

A function is called linear if its graph is a straight line. Its equation is then something like

y=2x-13
with a term in x and a constant term. We often write a linear function with all its terms on the left — the
equation of the function above then becomes

2x—y—-3=0

where the coefficient of y cannot be zero, because we must be able to solve for y.

9 LINEAR FUNCTIONS

* A linear function has a graph that is a straight line.
* The equation of a linear function can be written in gradient—intercept form,

y =mx + b.
» Alternatively, the equation of a linear function can be written in general form,

ax + by + ¢ = 0, where the coefficient of y is non-zero.

Sketching linear functions
When all three terms of the equation are non-zero, the easiest way to sketch a linear function is to find the
two intercepts with the axes.

10 SKETCHING A LINEAR FUNCTION WHOSE EQUATION HAS THREE NON-ZERO TERMS

* Find the x-intercept by putting y = 0.
* Find the y-intercept by putting x = 0.

Example 8 3C
\—— )

a Sketch each linear function by finding its x-intercept and y-intercept.
i x+2y—-6=0 i y=x-3
b Estimate from the graph where the two lines intersect.
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SOLUTION
a i Consider x+2y—6=0
When y = 0, x—6=0
x=06
When x = 0, 2y —6=0
y =
ii Consider y=x-3
When y = 0, x—3=0 _3
x=3 ¥
When x = 0, y=-3

b From the diagram, the lines appear to meet at (4, 1).

Using simultaneous equations

== Solve the simultaneous equations in Example 8, and check that the solution agrees with the estimate from the

graph.
SOLUTION
The equations are x+2y—-6=0 (D
x—y—-3=0 )
Subtracting (2) from (1), 3y—3=0
y=1
Substituting into (1), x+2-6=0

x=4 Check this by substitution into (2).
Thus the lines meet at (4, 1), as seen in the graph of Example 8.

Linear relations

A linear relation is a relation whose graph is a straight line. By the vertical line test, every linear relation is a
function except for vertical lines, which fail the vertical line test dramatically. The equation of such a relation
has no term in y, such as the relation:

x=3

Its graph consists of all points whose x-coordinate is 3, giving a vertical line, which is sketched in Example 9.
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Three special cases

The two-intercept method for sketching graphs won’t work for sketching the graph of ax + by + ¢ = 0 if any
of the constants a, b or c is zero.

11 SKETCHING SPECIAL CASES OF LINEAR GRAPHS ax + by + ¢c=0

Horizontal lines: If a = 0, the equation can be put into to the form y = k.
o Its graph is a horizontal line with y-intercept k.

Vertical lines: If » = 0, the equation can be put into the form x = ¢.
o Its graph is a vertical line with x-intercept ¢.
* This is the only type of linear graph that is a relation, but not a function.

Lines through the origin: If ¢ = 0, and the line is neither horizontal nor vertical, then the equation
can be put into the form y = mx, where m # 0.

* Both intercepts are zero, so the graph passes through the origin.

* Find one more point on it, by substituting a value such as x = 1.

Example 9 3C

Sketch the following three lines. Which of the three is not a function?

a y+2=0 b x—-3=0 c x+2y=0

SOLUTION

a y b y4 A c YA
7 2“ 2x+y=0

4
- —

2 | 2|

i) 2 x 1 X
_2 4 277
< - > | S
2 1 y=-2 * Y

a Theline y + 2 =0, or y = —2, is horizontal with y-intercept —2.

b The line x — 3 = 0, or x = 3, is vertical with x-intercept 3.

¢ The line x + 2y = 0 passes through the origin, and when x =1, y = —%.

The vertical line is a relation, but not a function — it fails the vertical line test.
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FOUNDATION
1 Follow these steps for the linear function y = 2x — 2.
a Find the y-intercept by putting x = 0.
b Find the x-intercept by putting y = 0.
¢ Plot these intercepts and hence sketch the line.
2 Carry out the following steps for the straight line x + 2y — 4 = 0.
a Find the y-intercept by putting x = 0.
b Find the x-intercept by putting y = 0.
¢ Plot these intercepts and hence sketch the line.
3 Repeat the three steps in the previous two questions for each line.
a y=x+1 b y=4-2x c y=%x—3 d y=-3x-6
e x+y—-1=0 f 2x—y+2=0 g x—3y-3=0 h x-2y—-4=0
I 2x—=3y—-12=0 ] x+4+6=0 k 5x+2y—-10=0 I =5x+2y+15=0
4 A linear function has equation y = —2x.
a Show that the x-intercept and the y-intercept are both zero.
b Substitute x = 1 to find a second point on the line, then sketch the line.
5 Repeat the steps in Question 4 for each line.
a y=x b y=3x c y=—4x
d x+y=0 e x—=2y=0 f 3x+2y=0
6 Sketch the following vertical and horizontal lines.
a x=1 b y=2 c x=-2
d y=0 e 2y=-3 f 3x=5

7 a State which lines in Question 6 are not functions.
b For each line that is not a function, write down the coordinates of two points on it with the same
x-coordinate.

DEVELOPMENT
8 For parts el in Question 3, solve the equation for y to show that it is a function.
9 Determine, by substitution, whether or not the given point lies on the line.
a (3,1 y=x—-2 b (7,4) y=20—-2x
c (1,-2) y=-3x+1 d (-5,3) 2x+3y+1=0
e (-1,-4) 3x—-2y-5=0 f (-6,-4) 4x-59y-4=0
10 Consider the lines x + y=5and x — y = 1.
a Graph the lines on a number plane, using a scale of 1cm to 1 unit on each axis.
b Read off the point of intersection of the two lines.
¢ Confirm your answer to part b by solving the two equations simultaneously.
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11 Repeat the previous question for the following pairs of lines.
a x+y=2 b x-y=3 c x+2y=-4
x—y=-4 2x+y=0 2x —y=-3

12 Looksmart Shirts charges $60 for one shirt and $50 for each shirt after this.
a Find, as a function of n, the cost C in dollars of 7 shirts.
b Delivery costs $10 for one shirt and $2 for each subsequent shirt.
i Find, as a function of n, the cost D in dollars of delivering n shirts.
i Find, as a function of n, the total cost T in dollars of buying n shirts and having them delivered.

CHALLENGE

13 Consider the linear equation y = %x + c.

a Sketch on one number plane the four lines corresponding to the following values of c:

i c==2
i c=-1
i c=1
ivc=2

b What do you notice about all these lines?

14 Consider the linear equation y — 2 = m(x — 1).
a Sketch on one number plane the four lines corresponding to the following values of m:

i m=1
i m=2
n m= 2
ivm=0

b Which point in the number plane do all these lines pass through?
Now prove that the line y — 2 = m(x — 1) passes through the point found in the previous part,
regardless of the value of m.
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m Quadratic functions — factoring and the graph

A quadratic function is a function that can be written in the form

f(x) = ax> + bx + ¢, where a, b and ¢ are constants, and a # 0.
A quadratic equation is an equation that can be written in the form

ax* + bx + ¢ = 0, where a, b and ¢ are constants, and a # 0.

The requirement that ¢ # 0 means that the term in x> cannot vanish. Thus linear functions and equations are
not regarded as special cases of quadratics.

The word ‘quadratic’ comes from the Latin word guadratus, meaning ‘square’, and reminds us that
quadratics tend to arise as the areas of regions in the plane.

Monic quadratics

A quadratic function f(x) = ax® 4+ bx + c is called monic if a = 1. Calculations are usually easier in monic
quadratics than in non-monic quadratics.

12 MONIC QUADRATICS

A quadratic is called monic if the coefficient of x” is 1. For example:
y = x* — 8x + 15 is monic
y = —x* + 8x — 15 is non-monic.

Zeroes and roots

The solutions of a quadratic equation are called the roots of the equation, and the x-intercepts of a quadratic
function are called the zeroes of the function. This distinction is often not strictly observed, however, because
questions about quadratic functions and their graphs are so closely related to questions about quadratic equations.

Five questions about the graph of a quadratic

The graph of any quadratic function y = ax® + bx + c is a parabola, as seen in earlier years. Before
sketching the parabola, five questions need to be answered.

13 FIVE QUESTIONS ABOUT THE PARABOLA y = ax? + bx + ¢

Which way up is the parabola? Answer: Look at the sign of a.

What is the y-intercept? Answer: Put x = 0, and then y = c.

What are the x-intercepts, or zeroes, if there are any?

What is the axis of symmetry?

What is the vertex? Method: Substitute the axis back into the quadratic.

Gl A WN =

The first two questions are easy to answer:
e If ais positive, the curve is concave up. If a is negative, it is concave down.
® To find the y-intercept, put x = 0, then y = c.

73
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And once the axis of symmetry has been found, the y-coordinate of the vertex can be found by substituting
back into the quadratic.

But finding the x-intercepts, and finding the axis of symmetry, need careful working — there are three
standard approaches:
¢ factoring (this section)
e completing the square (Section 3E)
e formulae (Section 3F).
Factoring and the zeroes
Factoring of monic and non-monic quadratics was reviewed in Chapter 1. Most quadratics cannot easily be
factored, but when straightforward factoring is possible, this is usually the quickest approach. After factoring,
the zeroes can be found by putting y = 0 and using the principle:
IfAXxB=0 then A=0o0rB=0.
For example, y = x> — 2x — 3 is a quadratic function.
1 Its graph is concave up because a = 1 is positive.
2 Substituting x = 0 gives y=0+0-3
so the y-intercept is y=-3.
3 Factoring, y=x+ Dx-13).
Substituting y = 0 gives O=@x+DHx-23)
x+1=00rx-3=0
x=—-lorx=23,
so the x-intercepts are x=—-landx =3.
Finding the axis of symmetry and the vertex from the zeroes
The axis of symmetry is always the vertical line midway between the x-intercepts. Thus, its x-intercept is the
average of the zeroes.
Continuing with our example of y = x*> — 2x — 3, which factors as y = (x + 1)(x — 3), and so has zeroes
—1 and 3:
4 Taking the average of the zeroes, the axis of symmetry is A
x=3(-1+3)
x=1. >
-1 3 F
5 Substituting x = 1 into the factored quadratic,
y=({0+ 11 -3) -3
L S
(1, -4
so the vertex is (1, —4).
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14 THE ZEROES AND INTERCEPTS OF A FACTORED QUADRATIC

Suppose that we have managed to factor a quadratic as y = a(x — a)(x — f).
e Its x-intercepts (zeroes) are x = o and x = f3.

e Its axis is the line x = %(a + f). Take the average of the zeroes.

» Substitute the axis into the factored form of the quadratic to find the y-coordinate of the vertex.

Example 10 3D
\—— )

[This is an example of a non-monic quadratic.]

Sketch the curve y = —x* — 2x + 3.

SOLUTION

1 Because a < 0, the curve is concave down.
2 When x =0, y=3.
3 Factoring, y=—(2+2x - 3)
=—x+3)x-1).
Wheny=0, x+3=0andx—1=0,
so the zeroes are x = —3 andx = 1.

4 Take the average of the zeroes, the axis of symmetry is
x=3(=3+1)
x=-1.

y=—(-14+3)x(-1-=1)
=4,

5 Whenx=-1,

so the vertex is (—1, 4).

Quadratics with given zeroes

If a quadratic f(x) has zeroes at x = @ and x = 3, then its equation must have the Yy
form

J) =alx —a)(x = p)

where a is the coefficient of x°. By taking different values of the coefficient a, this

joy

equation forms a family of quadratics, all with the same x-intercepts. The sketch o B
to the right shows four of the curves in the family, two concave up with positive
values of a, and two concave down with negative values of a.

15 THE FAMILY OF QUADRATICS WITH GIVEN ZEROES

The quadratics with zeroes at x = a and x = f form a family of parabolas with equation
y =a(x — a)(x — pB), for some non-zero value of a.
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Example 11 3D

a Write down the family of quadratics with zeroes x = —2 and x = 4.
b Then find the equation of such a quadratic if:
i the y-interceptis 16 ii the curve passes through (5, 1).

SOLUTION
a The family of quadratics with zeroes —2 and 4 is y = a(x + 2)(x — 4).
b i Substituting the point (0, 16) gives 16 =a X 2 X (—4)

a= -2,

so the quadratic is y=-2(x+2)(x — 4).

ii Substituting the point (5, 1) gives l=ax7x1
1

a=-
7

so the quadratic is y= %(x +2)(x — 4).

FOUNDATION
1 a The parabola with equation y = (x — 1)(x — 3) is concave up.
I Write down its y-intercept.
ii Put y = 0 to find the x-intercepts.
lii Hence determine the equation of the axis of symmetry.
iv Use the axis of symmetry to find the coordinates of the vertex.
v Sketch the parabola, showing these features.
b Follow the steps of part a to sketch these concave-up parabolas.
I y=@x-Dx+3) i y=(x-Dx+1)
2 a The parabola y = —x(x — 2) is concave down.
I Write down its y-intercept.
ii Put y = 0 to find the x-intercepts.
lii Hence determine the equation of the axis of symmetry.
iv Use the axis of symmetry to find the coordinates of the vertex.
v Sketch the parabola, showing these features.
b Follow the steps of part a to sketch these concave-down parabolas.
I y=24+xQ2-x) ihy=x+2)@4—-x
3 a The parabolay = (x — 1)?is a perfect square.
I Write down its y-intercept.
il Puty = 0 to find its single x-intercept at the vertex.
lii Sketch the parabola showing the y-intercept and the vertex.
Iv. Use symmetry and the y-intercept to find another point on the parabola.
b Follow similar steps to part a to sketch the parabolas of these perfect squares.
i y=@x+1)? i y=—-(x-2)?
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4 Write down, in factored form, the equation of the monic quadratic function with zeroes:
a 4and 6 b Oand3 ¢ —3and>5 d —6and -1

5 Write down, in factored form, the equation of each quadratic function sketched below, given that the
coefficient of x* is either 1 or —1.

a Vi b V4
‘ _2\,/1 }
3 X
2
C V4 d V4
3 5 2 x
-1
3 X
—10&
DEVELOPMENT

6 Use factoring to find the zeroes of each quadratic function. Hence sketch the graph of y = f(x), showing
all intercepts and the coordinates of the vertex.
a fx)=x>-9 b fx)=x*>+4x-5 C f(x)=x"44x - 12

7 Use factoring to find the zeroes of each quadratic function. Hence sketch the graph of y = f(x), showing
all intercepts and the coordinates of the vertex.
a f(x) =4x — x* b f(x)=-x*+2x+3 C f(x)=8—-2x—x°

8 Sketch these parabolas involving perfect squares. Begin by factoring the quadratic. In each case,
symmetry will be needed to find a third point on the parabola.
a y=x>—6x+9 b y=-x*+2x—-1

9 Use factoring to sketch the graphs of the following non-monic quadratic functions, clearly indicating the
vertex and the intercepts with the axes.
a y=24+7x+5 b y=2x>+5x-3 C y=3x"4+2x-8
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10 Find the equations of the quadratic functions sketched below.

a y b V4
6
N L3 2\ X
NV
-2
c V4 d VA
) 7 x
24

11 Find, in factored form, the equations of the parabolas with the given intercepts.

a x=13 b x=-2,1 c x=-1,5 d x=-2,-4
y=6 y=4 y=15 y=2
w 12 [Technology]
Ydiai a Use computer graphing software to plot accurately on the one number plane the parabola
y =a(x — 1)(x — 3) for the following values of a.
I a=2 i a=1 il a=-1 iva=-2

b Which two points do all these parabolas pass through?

CHALLENGE

13 Use factoring to find the zeroes of each quadratic function. Sketch a graph of the function, clearly
indicating all intercepts and the coordinates of the vertex.

a y=2"-18 b y=3"+x-4 C y=Tx—3—4x°

14 The general form of a quadratic with zeroes x = 2 and x = 8 is y = a(x — 2)(x — 8). Find the equation
of such a quadratic for which:
a the coefficient of x> is 3 b the y-intercept is —16

¢ the vertex is (5, —12) d the curve passes through (1, —20).

15 Consider the quadratic function f(x) = x*> — 2x — 8.
a Factor the quadratic and hence find the equation of the axis of symmetry.
b |1 Expand and simplify f(1 + &) and f(1 — #). What do you notice?
Il What geometric feature of the parabola does this result demonstrate?
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m Completing the square and the graph

Completing the square is the most general method of dealing with quadratics. It works in every case, whereas
factoring really only works in exceptional cases.

We first review the algebra of completing the square, and extend it to non-monic quadratics. Once this has
been done, sketching the graph follows easily.

Completing the square in a monic quadratic

The quadratic y = x* + 6x + 5 is not a perfect square, but it can be made into the sum of a perfect square and
a constant. As explained in Chapter 1 the procedure is:

® Look just at the two terms in x, that is, x* + 6.

e Halve the coefficient 6 of x to get 3, then square to get 9.

® Add and subtract 9 on the RHS to produce a perfect square plus a constant.

y=x*+6x+5
= (x> + 6x + 9) — 9 + 5 (add and subtract 9)
=(x+3)?%-4

16 COMPLETING THE SQUARE IN A MONIC QUADRATIC

» Take the coefficient of x, halve it, then square the result.
* Add and subtract this number to produce a perfect square plus a constant.

Example 12 3E
\—— )

Complete the square in each quadratic.
a y=x*—-4x-5 b y=x>+x+1

SOLUTION
a Herey=x*—4x—5.

The coefficient of x is —4. Halve it to get —2, then square to get (—=2)° = 4.

Hence y = P —-—4dx+4)—-4-5 (add and subtract 4)
=(x—-2)72-09.

b Herey=x"+4x+ 1.
2
The coefficient of x is 1. Halve it to get %, then square to get (%) =5

Hencey = o+ x+ i) — i + 1 (add and subtract i)

=<x+%)2+%.
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Completing the square in a non-monic quadratic

For a non-monic quadratic such as y = 2x> — 12x + 16, where the coefficient of x> is not 1, divide through
by the coefficient of x> before completing the square. This slightly more difficult procedure was not covered

in Chapter 1.

17 COMPLETING THE SQUARE IN A NON-MONIC QUADRATIC

+ Divide through by the coefficient of x> so that the coefficient of x*is 1.
e Complete the square in the resulting monic quadratic.

Example 13

Complete the square in each quadratic.

a y=2>—-12x+16 b y=-x2+8x-15
SOLUTION
a y=2x"-12x+16
% =x*—6x+38 (divide through by the coefficient 2 of x?)
% = —-6x+9 -9+38 (complete the square on the RHS)
T=(x-3)1-1
y=2@x-3)2-2 (multiply by 2 to make y the subject again)

b y=-+8x-15

—y=x*—8x+15 (divide through by the coefficient —1 of x?)
-y = (x* = 8x + 16) — 16 + 15 (complete the square on the RHS)
—y=@x-4%-1

y=—-(x-4>+1 (multiply by —1 to make y the subject again)

Finding the vertex from the completed square

The completed square allows the vertex to be found using one fundamental fact about squares:

18 A SQUARE CAN NEVER BE NEGATIVE

e x*=0,whenx=0,
e x*>0,whenx# 0.
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Thus in part @ above, where V4
y=2(x—-3)2-2
the term 2(x — 3)? can never be negative.

Substituting x = 3 givesy =0 — 2
= -2, 5

but if x # 3, then y> -2, 2\/4 x
Hence the graph passes through the point V(3, —2), but never goes below (3,-2)
it. This means that V(3, —2) is the vertex of the parabola, and x = 3 is its

axis of symmetry.

But in part b above, where

y=—(x—4)2+1,

the term —(x — 4)? can never be positive. V4 @1
Substituting x = 4 gives y=0+1, /\

=L 5 5\ x
but if x # 4, then y<1

Hence the graph passes through the point V(4, 1), but never goes above it. This
means that V(4, 1) is the vertex of the parabola, and x = 4 is its axis of symmetry.

There is no need to repeat this argument every time. The result is simple:

19 FINDING THE AXIS AND VERTEX FROM THE COMPLETED SQUARE

For the quadratic y = a(x — h)* + k,
the axisisx = h and the vertex is V(h, k).

In Chapter 4, we will interpret this result as a translation — you may have done this already in earlier years.

Finding the zeroes from the completed square

The completed square also allows the zeroes to be found in the usual way.

20 FINDING THE ZEROES FROM THE COMPLETED SQUARE

To find the x-intercepts from the completed square, put y = 0.
* There may be two zeroes, in which case they may or may not involve surds.
* There may be no zeroes.
* There may be exactly one zero, in which case the quadratic is a perfect square.
The x-axis is a tangent to the graph, and the zero is called a double zero of the quadratic.

These methods are illustrated in the following four examples.
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Example 14 3E

[Examples with and without surds]

Use completing the square to sketch the graphs of these quadratics.
a y=x*—4x-5 b y=x2—4x-1

SOLUTION

a y=x"— 4x — 5is concave up, with y-intercept —5. YA
The square was completed earlier in this section, \ f

y=@x—-22-9, -1 5
so the axis is x = 2 and the vertex is (2, =9).
Puty =0, then (x —2)>=9
x—2=30orx—2=-3
x=5o0orx=—1.

Completing the square,y = (x> —4x +4) — 4 — 1
=(x-2)?-5,

b y=x?— 4x — 1 is concave up, with y-intercept 1. %
2+45
Q X

so the axis is x = 2 and the vertex is (2, =5).
Puty = 0, then (x — 2)> =5

x—2=vV50rx—-2=-v5
x=2+V50rx=2—5. 2, -5)

Example 15 3E

[An example with no zeroes, and an example with one zero.]

Use completing the square to sketch the graphs of these quadratics.
a y=x>+x+1 b y=x*+6x+9

SOLUTION

a y=2x"+ x+ 1is concave up, with y-intercept 1.
The square was completed earlier in this section.

y=(x+3) +%,

.. 1 . 13
so the axis is x = -5 and the vertex is <_E’ Z) .

<

Put y = 0, then (x + %)2 = —Z.

Because negative numbers do not have square roots,
this equation has no solutions, so there are no x-intercepts.
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b y=x*+ 6x + 9 is concave up, with y-intercept 9.
This quadratic is already a perfect square,

y=(@x+3)72+0,
so the axis is x = —3 and the vertex is (=3, 0).
Puty = 0, then (x + 3)>=0

x+3=0
x = —3 (a double zero).

3E Completing the square and the graph 83

-6, 9
\en |

3 X

Notice that the symmetric point (—6, 9) has been plotted so that the parabolic graph has at least three

points on it.

Note: With this method, the axis of symmetry and the vertex are read directly off the completed-square

form — the zeroes are then calculated afterwards. Compare this with factoring, where the zeroes are

found first — and the axis and vertex can then be calculated from them.

Example 16 3E
Use the completed squares from Example 13 to sketch the graphs of these quadratics.
a y=2>-12x+16 b y=-x>+8x-15
SOLUTION
YA

a y=2x> — 12x + 16 is concave up, with y-intercept 16.
Completing the square, y = 2(x — 3)? — 2,
so the axis is x = 3 and the vertex is (3, =2).

Put y = 0, then 2(x — 3)> =2

(x-3)2=1
x—3=lorx—3=-1
x=4orx=2.

b y=—x>+ 8x — 15is concave down, with y-intercept —15.

Completing the square, y = —(x — 4)> + 1,
so the axis is x = 4 and the vertex is (4, 1).
Puty = 0, then (x — 4)> =1

x—4=1lorx—4=-1
x=S5orx=23.
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The family of quadratics with a common vertex

A quadratic with vertex (/, k) must have an equation of the form
y=akx—-h*+k

where a is the coefficient of x. This equation gives a family of parabolas

all with vertex (h, k), as different values of a are taken. The sketch to the
right shows six curves in the family, three with a positive, and three with

a negative.

7/ RN

21 THE FAMILY OF QUADRATICS WITH A COMMON VERTEX

The quadratics with vertex (/, k) form a family of parabolas, all with equation
y = a(x — h)* + k, for some value of a.

Example 17 3E

Write down the family of quadratics with vertex (—3, 2). Then find the equation of such a quadratic:

a if x = 5is one of its zeroes b if the coefficient of x is equal to 1.
SOLUTION
The family of quadratics with vertex (-3, 2) is y
y=ax+3)7>+2. (%) f

a Substituting (5, 0) into the equation (*) gives 0 = a X 64 + 2, 3%

soa = —3%, and the quadratic is y = —3%()6 +3)% + 2. =3,2) 1%

-11

b Expanding the equation (*), y = ax® + 6ax + 9a + 2), / 5\ =

SO 6a = 1.

Hence a = é, and the quadratic is y= é(x +3)2 +2.

FOUNDATION

1 a The equation of a parabola in completed square form is y = (x — 2)* — 1.
I What is the concavity of this parabola?
i Substitute x = 0 to find the y-intercept.
lii Put y = 0 to find the x-intercepts.
iv. Use the results of Box 19 to write down the equation of the axis of symmetry and the coordinates
of the vertex.
Vv Hence sketch this parabola, showing this information.
b Repeat the steps of part @ in order to sketch the graphs of these quadratic functions.
i y=@+1)>-4 i y=(x-1*-9
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3E Completing the square and the graph 85

2 a A concave-down parabola has the completed square form y = —(x — 1)? + 1.
I Why is the parabola concave-down?
i Substitute x = 0 to find the y-intercept.
lii Puty = 0 to find the x-intercepts.
v Use the results of Box 19 to write down the equation of the axis of symmetry and the coordinates
of the vertex.
v Hence sketch this parabola, showing this information.
b Repeat the steps of part a in order to sketch the graphs of these parabolas.

i y=—(x+27%+4 i y=—-(x-22+9
3 Complete the square for each monic quadratic function.
a f)=x>—4x+5 b f(x)=x+6x+ 11 c fx)=x>—2x+38
d f(x) =x>—10x + 1 e fx)=x"+2x-5 fofe)=x>+4x—-1
4 Follow the steps in Question 1 to sketch these quadratics. The x-intercepts involve surds.
a y=(x+1*-3 b y=x-4)2*-17 c y=(x-3)?%-2
DEVELOPMENT

5 Complete the square in each quadratic. Then sketch the graph of each function, showing the vertex and
the intercepts with the axes.
a y=x"—2x b y=x>—4x+3 C y=x>-2x-15
d y=x>+2x-1 e y=x>+2x+2 f oy=x>-3x+4

6 Find the zeroes of each quadratic function by first completing the square. Then show that the same
answer is obtained by factoring.
a fx)=x>—4x+3 b fx)=x*+2x-3 cC fx)=x"—x-2

7 Use the formula in Box 21 to write down the equation of each of the quadratic functions sketched below.
In each case, the coefficient of x? is either 1 or —1.

a VA b ya

1,2

X (-2,-3)

(3,4

=Y

(2’ _1)
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8 Write down the equation of the monic quadratic with vertex:

a (2,5 b (0,-3) c (-1,7) d (3,-11
w 9 [Technology]
o a Use computer graphing software to plot accurately on the one number plane the parabola

y = a(x — 1)* = 2 for the following values of a.

I a=2 i a=1 il a=-1 iva=-2
b Which point do all these parabolas pass through?

For which values of a does the parabola have x-intercepts?
d Explain your answer to part ¢ geometrically.

CHALLENGE

10 Write down the coordinates of the vertex and the concavity for each parabola. Hence determine the
number of x-intercepts.
a y=2(x-3)?%-5 b y=3—-(x+1)? c y=-3(x+27>-1
d y=2(x—-4)2+3 e y=4(x+1)? foy=—(x-23)?

11 Complete the square for these non-monic quadratics. (In each case, notice that the coefficient of x* is
not 1.) Then sketch each curve, showing the vertex and any intercepts.
a y=-—x>—2x b y=—-x+4x+1 C y=2x>—4x+3
d y=4x"—8x+1 e y=2x"4+6x+2 foy=-2x-8x-11

12 Complete the square for each quadratic function. Hence write each quadratic in factored form. Your
answers will involve surds.
a fx)=x>+2x-1 b f(x)=x>—4x+1 C f(x)=—-x*>—2x+4

13 Explain why y = a(x + 4)* + 2 is the general form of a quadratic with vertex (—4, 2). Then find the
equation of such a quadratic for which:
a the quadratic is monic
b the coefficient of x* is 3
¢ the y-intercept is 16
d the curve passes through the origin.

14 Consider the general quadratic function y = ax® 4+ bx + c.
a Divide through by a and then complete the square in x in order to show that

y < b>2 b* — dac
S=x+ =) ——7.
2a 4a®

b Now make y the subject, and hence write down the coordinates of the vertex and the equation of the
axis of symmetry.
¢ Puty = 0in order to find the x-intercepts.
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m The quadratic formulae and the graph

Completing the square in the general quadratic yields formulae for its axis of symmetry and for its zeroes.
These formulae are extremely useful, and like factoring and completing the square, allow the graph to be
sketched.

The algebra of completing the square in a general quadratic was made into a structured question at the end of
the Exercise 3E.

The formula for the axis of symmetry

The structured question at the end of Exercise 3E yields the formula for the axis of symmetry:

22 THE AXIS OF SYMMETRY OF y = ax? + bx + ¢

* The axis of symmetry is the line x = —23.
a

* Substitute back into the quadratic to find the y-coordinate of the vertex.

Remember just the formula for the axis of symmetry, and find the y-coordinate of the vertex by substituting
back into the quadratic.

The formula for the zeroes

Further working in the structured question of Exercise 3E shows that putting y = 0 into y = ax’> + bx + ¢

x:—b+\/b2—4ac or x:—b—\/b2—4ac
2a 2a
The quantity b* — 4ac is very important in the theory of quadratics. It is called the discriminant because it
discriminates. It has the symbol A (Greek uppercase delta, corresponding to ‘D”). Using A in this formula

gives

makes it much easier to deal with and to remember.

23 THE ZEROES (x-INTERCEPTS) OF THE QUADRATIC y = ax? + bx + ¢
_-b-VA

2a
e Always calculate the discriminant first when finding the zeroes of a quadratic.

—b+ VA
x=——— and x
a

, where A = b? — 4ac.

* If A > 0, there are two zeroes, because positives have two square roots.

e If A =0, there is only one zero because 0 is the only square root of 0, and in this situation, the
x-axis is tangent to the graph.

e If A <0, there are no zeroes, because negatives don’t have square roots.

You will soon see from solving some quadratic equations that if A > 0 and all three coefficients are rational
numbers, then we can ‘discriminate’ further:

e If Ais a perfect square, then the zeroes are rational.

e If Ais not a perfect square, then the zeroes involve surds.
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Example 18

3F

Use the quadratic formulae to sketch each quadratic. Give any irrational zeroes first in simplified surd form,

then approximated correct to three decimal places.

a y=-x>+6x+1 b y=3x>-6x+4
SOLUTION
a The curve y = —x* + 6x + 1 is concave down, with y-intercept 1.
The formulae are now applied witha = —1,b =6 and c = 1.
. . : b
First, the axis of symmetry is x = 5
6
x=-(5)
x = 3.
When x=3,y=-9+ 18 + 1
= 10,

so the vertex is (3, 10).

Secondly, A = b* — 4ac
=40
=4 x 10 (take out square factors),

_~b+VA _-b-vA
2a 2a
_—6+2V10  —6-2v10
=2 -2
=3-+10or 3+ V10

= —0.162 or 6.162.

Soy =0 when x

b The curve y = 3x> — 6x + 4 is concave up, with y-intercept 4.
Apply the formulae witha = 3, b = —6 and ¢ = 4.

First, the axis of symmetry is x = —2%
_ (-6
x=~(3)
x=1.

and substituting x = 1, the vertex is (1, 1).

Secondly, A = 36 — 48
=—12

which is negative, so there are no zeroes, because negatives do not have square roots.

(3, 10)

17 ~

T 7\
3-v10

2,4
4 D

Notice that the symmetric point (2, 4) has been plotted so that the parabolic graph has at least three points

on it.
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Example 19 3F

a Use the discriminant to find the number of zeroes of y = 5x> — 20x + 20.
b What would be a better approach to this question?

SOLUTION
a y= 5x% — 20x + 20 b Better, take out the common factor:
A=20"-4x5x20 y = 5x* — 20x + 20
=0, =502 —4x+4)
so there is exactly one zero. =5k —2)>

FOUNDATION

1 Answer the following questions for the parabola y = x* — 2x — 1.
a 1 Use the value of a to determine the concavity of the parabola.
ii Write down the value of the y-intercept.
lii Use the formula x = ;—i’ to find the axis of symmetry.
Iv. Use the axis of symmetry to find the y-coordinate of the vertex.
v Calculate the discriminant A = b* — 4ac.
vi Explain why this parabola must have x-intercepts.
b+ VA o “b= VA
2a 2a

vii Find the x-intercepts by the formula x =
b Sketch the parabola, showing these features.

2 Follow the steps of Question 1 to sketch these parabolas.
a y=x"+4x+1 b y=-xX*+2x+5

3 Answer the following questions for the parabola y = x> + 2x + 3.

a 1 Use the value of a to determine the concavity of the parabola.
il Write down the value of the y-intercept.
lii Use the formula x = ;—: to find the axis of symmetry.
iv Use the axis of symmetry to find the y-coordinate of the vertex.
v Calculate the discriminant A = b* — 4ac.
vi Explain why this parabola has no x-intercepts.

b Sketch the parabola, showing the y-intercept and vertex. Then use symmetry to locate another point
on the parabola and add this to your sketch.

4 Follow the steps of Question 3 to sketch these parabolas.
a y=x>-2x+2 b y=-x*-2x—4

5 Find the discriminant A = b*> — 4ac of each quadratic function, then find the zeroes. Give the zeroes
first in surd form, then correct to two decimal places.

89

a f(x)=x"4+2x-2 b f(x)=x>—4x+1 C f(x)=x"+3x-2
d fx)=-x*—2x+4 e fx)=3x>-2x-2 fof)=2"+4x—1
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DEVELOPMENT

6 Sketch a graph of each parabola by carefully following the steps outlined in Question 1 or Question 3 as

appropriate.
a y=x"+6x+4 b y=x>—4x+5 C y=—x>+2x+2
d y=-2x>+4x-3 e y=3xr4+6x-1 foy=24+2x-1

7 1In each case, find the zeroes of the quadratic function first by factoring, then by completing the square,
and finally by using the quadratic formula. Observe that the answers to all three methods are the same
for each function.

a f(x)=x>-3x—-4 b f(x)=x*>-5x+6 C f(x)=—x*+4x+ 12

8 a Consider the parabola y = x> + 2.
I Calculate A and explain why this parabola has no x-intercept.
il What do you notice about the y-intercept and the vertex?
lii Sketch the parabola showing the y-intercept and vertex. Then add to your sketch the point where
x=1.
iv. Complete the sketch with another point found by symmetry.
b Follow similar working to sketch these parabolas.

i y=—x-1 i y=22+1

9 Find the discriminant A = b* — 4ac of each quadratic. Use this and the concavity to state how many
zeroes the function has, without drawing its graph.
a fx)=x"+3x-2 b f(x) =9x* —6x+ 1 c f(x)=-2x>+5x—4

10 Consider the parabola with equation y = —x* + 2x + 3.
a Use algebra to find the x-coordinates of any intersection points of this parabola with each of the
following lines.
i y=2 i y=4 il y=6
b Graph the situation.
¢ For what values of k does the parabola intersect the line y = k twice?

CHALLENGE

11 Use the quadratic formula to find the roots « and f of each quadratic equation. Hence show in each case

thata+ﬂ=—gandaﬂ=5.

a

a X>—6x+1=0 h X-2x—4=0 c 32+ 10x=5=0

12 Use the quadratic formula to find the zeroes a and f of each quadratic function. Hence write the function
in factored form, f(x) = (x — a)(x — p).

a fo)=x>—6x+4 b f)=x"+2x—-1 c f)=x"=3x+1
13 The parabola y = ax® 4+ bx + ¢ has axis of symmetry x = —2%.
a Use this value to show that the vertex of the parabola is <—2b , —4A>
a a

b Use this formula to check the coordinates of the vertices in Question 6.
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m Powers, polynomials and circles

This section deals with the graphs of cubes, fourth powers, and higher powers of x, and of the square root
of x, with particular attention to sketching cubics and polynomials that have been factored into linear factors.
Then it reviews circles and semicircles.

The function y = vx v

The graph of y = Vx is the upper half of a parabola on its side, as can be seen
by squaring both sides to give y* = x. Remember that the symbol Vx means the

positive square root of x, so the lower half of the parabola y> = x is excluded. 21
1 e
X 0 i 1 2 4 5 4 6 X
y=va
y 0 1 1 V2 2

2

The cube of x

Graphed to the right is the cubic function y = x°. It has a zero at x = 0,
it is positive when x is positive, and negative when x is negative.

1
2

=

-  _1 1 1
. & 1 -l o L 1 8

The curve becomes flat at the origin. You can see this by substituting a small

number such as x = 0.1. The corresponding value of y is y = 0.001, which is
far smaller.

The origin is called a horizontal inflexion of the curve — ‘inflexion’ means
that the curve ‘flexes’ from concave down on the left to concave up on the
right, and ‘horizontal’ means that the curve is momentarily horizontal.
Inflexions in general will be studied in Year 12.

The graphs of odd powers y = x°,y = x°, y = x/, ... look similar. The origin is always a horizontal inflexion.
As the index increases, they become flatter near the origin, and steeper further away.

The fourth power of x

The graph to the right shows y = x*. It has a zero at x = 0, and is positive

A <

elsewhere.

y=x
y 16 1 & 0 1 1 16 21

All even powers y = x% y = 2%, ... look similar. Like odd powers, as the index ) 2 -

increases they become flatter near the origin and steeper further away.
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Polynomials
Polynomials are expressions such as
t+4%—2x and X —x* and 720+ ixﬁ
that can be written as the sum of multiples of x, X%, x°, ... and a constant.
A polynomial is usually written with the powers in descending or ascending order, as above. The index of the
power with highest index is called the degree of the polynomial, thus the first polynomial above has degree 4,
the second has degree 3, and the third has degree 6.
We have already been studying three types of polynomials.
* Quadratic expressions such as 3x* + 4x + 5 are polynomials of degree 2.
® Linear expressions such as —4x + 2, where the coefficient of x is non-zero, are polynomials of degree 1.
e Numbers such as 7 and 12 are polynomials of degree 0, except that the zero polynomial O is regarded as
having no terms, and thus no degree.
Polynomials of degree 3 are called cubic polynomials — the volume of a cube is x°. Polynomials of degree 4
are called quartic polynomials, and further such names can be used for polynomials of higher degrees. The
word ‘polynomial’ means ‘many terms’.
Sketching a cubic factored into linear factors g |
At this stage, little systematic graphing can be done of polynomial functions of /8‘\
degree 3 and higher. If, however, the polynomial has already been factored into linear -1
factors, its basic shape can be established. This is done by drawing up a table of 2\}/4 *
values to test its sign. For example, consider the cubic
y=x+Dx-2)x—-4).

The function has zeroes at x = —1, x = 2 and x = 4. Its domain is all real x, and it
is continuous for all x, so the zeroes are the only places where it can change sign.
We can draw up a table of values dodging these zeroes,

X -2 -1 0 2 3 4 5

y —24 0 8 0 -4 0 18

sign - 0 aF 0 - 0 aF
We also know that, as with any cubic function, y becomes very large positive or negative for large positive or
negative values of x, and combining this with the table above allows us to draw a sketch.
Be careful! We cannot yet find the two points A and B on the curve because that requires calculus. Notice that
if we draw tangents there, the tangents are horizontal, which means that the curve is neither increasing nor
decreasing there. Don’t ever think that those points A and B are midway between the zeroes — this curve is
not a parabola. Mark the zeroes and the y-intercept, and nothing else.
Cubics with square factors
The cubic in the following worked example has a square factor, so that there are only two zeroes.
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Example 20 3G

Sketchy = —(x — 1)%(x — 4). What is happening at x = 1? VA

SOLUTION
The cubic has zeroes at x = 1 and x = 4.
Here is a table of test values dodging around these zeroes,

x 0 1 2 4 5 1 4l *
y 4 0 2 0 -16
sign + 0 + 0 —

At x = 1, the cubic has a zero, but does not cross the x-axis.
Instead, the x-axis is a tangent to the curve at (1, 0).

24 SKETCHING A CUBIC FACTORED INTO LINEAR FACTORS:

To sketch a cubic that has been factored into linear factors as

y=alx—-a)x—-pHx-7p.
e Draw up a table of values dodging around the zeroes to test the sign.
e If the curve meets the x-axis at x = a without crossing it, then the x-axis is tangent to the

curve at x = a.

Cubics such as y = 3(x — 2)° will be sketched in question 14 of Exercise 4A. Their basic shape has already
been discussed at the start of this section.

Sketching a polynomial factored into linear factors

This same method can be applied to polynomials of higher degree that have been factored into linear factors.

The factoring may now involve a cubic or higher degree linear factor such as (x — 5)3, but we will not consider
these situations yet because the behaviour at the corresponding x-intercept requires calculus to analyse.

Example 21 3G

Sketchy = —(x + D2(x — 1)(x — 3)% What is happening at x = —1 and at x = 3?

SOLUTION 7
The polynomial has zeroes at x = —1, x = 1 and x = 3. 9
Here is a table of test values dodging around these zeroes, \
-1 1 3 X
X -2 -1 0 1 2 3 4 9
y 75 0 9 0 -9 0 =75
sign + 0 + 0 — 0 —

At x = —1 and x = 3, the curve meets the x-axis, without crossing it, so the x-axis is a tangent to the curve

at those two places.
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25 SKETCHING A POLYNOMIAL FACTORED INTO LINEAR FACTORS:

To sketch a polynomial that has been factored into linear factors as
y=ax-—a)(x = fx -y x=9) ..
e Draw up a table of values dodging around the zeroes to test the sign.

» If the curve meets the x-axis at x = a without crossing it, then the x-axis is tangent to the
curve at x = a.

Circles and semicircles
The equation of the circle with centre the origin and radius a can be found
using Pythagoras’ theorem, in the form of the distance formula.

A point P(x, y) in the plane will lie on the circle if its distance from the centre
is the radius a.

That is, if OP =a
OP? = d*

x=01+@y-07>=d
X+ y2 =da.

To put it very briefly, the equation of a circle is Pythagoras’ theorem.

This graph fails the vertical line test, so is not a function. This can also be seen algebraically — solving the
equation for y yields

y=Va* - ¥ or y=-Va* - x*
giving two values of y for some values of x.

The positive square root y = Va* — x*, however, is a function, whose graph is the upper semicircle on the
left below.

Similarly, the negative square root y = —Va* — x* is also a function, whose graph is the lower semicircle on
the right below.

N,

X
—a

ISBN 978-1-108-46904-3 © Pender et al. 2019 Cambridge University Press
Photocopying is restricted under law and this material must not be transferred to another party.




3G Powers, polynomials and circles 95

FOUNDATION

Write down the coordinates of the centre and the radius of each circle.

1

a X*+y°=16 b x>+ =49 c X+y =g d X +y =144

Sketch graphs of these circles, marking all intercepts with the axes, then write down the domain and
range of each.

a X+y =1 b x*+y’=9 c x2+y2=i d x2+y2=§

Consider the curve y = x°.
a Copy and complete the following table of values:

i 1.5 -1 | -05 | 0 0.5 1 1.5
Yy

b Plot the points in the table, using a scale of 2cm to 1 unit on each axis, and then join the points with a
smooth curve.

Repeat Question 3 for the curve y = x*.

[Technology]

a Use computer graphing software to plot accurately on the one number plane the graphs for y = x,
y=x'andy = x".

b Which three points do all these graphs pass through?

¢  Which curve is nearest the x-axis for:

i 0<x<1? i x>1?
d Which curve is nearest the x-axis for:
i —-1<x<0? i x<-1?

e Rotate each curve by 180° about the origin. What do you notice?
f Try finding other powers of x that have the same feature found in part €. What do you notice about
the index of these functions?

[Technology]
a Use computer graphing software to plot accurately on the one number plane y = x°, y = x* and y = x°.
b Which three points do all these graphs pass through?

¢  Which curve is nearest the x-axis for:

i 0<x<1? i x> 1?
d Which curve is nearest the x-axis for:
i —-1<x<0? i x<-=1?

e Reflect each curve in the y-axis. What do you notice?
f Try finding other powers of x that have the feature found in part e. What do you notice about the
index of these functions?

In each case, state whether or not the function is a polynomial. If it is a polynomial, write down its
degree and the coefficient of x.

a ax)=2x+3 b b(x)=x—4x>+5 c c(x):3x2—%
3 2
d dx)=vVx+x-1 e e(x)=—%+%—x+l fofe) =V —9+1
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8 Consider the curve y = Vx.
a Copy and complete the following table of values:

X 0 0.25 1 2.25 4 6.25
y

b Plot the points in the table, using a scale of 2cm to 1 unit on each axis, and then join the points with a
smooth curve.
9 Write down the zeroes of each cubic, use a table of values to test its sign, then sketch it, showing the

y-intercept.
a y=xx-D&x-=-3)x-95) b y=-3x+4)x(x-2) c y=2x2(3—x)

DEVELOPMENT

10 Write down the equation of each circle.

a YA b V4 c YA d YA
- T An AR
o Ao O
-2
5 1.-3)
11 Consider the circle x* + y* = 25.
a Copy and complete the following table of values, correct to one decimal place where necessary.
(Remember that a positive number has two square roots.)
X 0 1 2 3 4 5
>0
<0
b Plot the points in the table, using a scale of 1cm to 1 unit on each axis.
¢ Reflect the points plotted in part b in the y-axis, and so sketch the entire circle.
12 Sketch each semicircle, and state the domain and range.
a y=V4-x h y=-V4 -4 c y=-VI-x
d y= 24—5—162 e y=-— %—xz f y=v0.64 — x*
13 Write down the zeroes of each polynomial, use a table of values to test its sign, then sketch it, showing
the y-intercept.
a y=x+2)(x+ Dx(x—-1)x—-2)
b y=—-(x—-3)>x+2)?
c y=2x0x—-2)*x—-4)
© Pender et al. 2019 Cambridge University Press
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14 Consider the curve y = —Vx.
a Copy and complete the following table of values:

X 0 0.25 1 2.25 4 6.25
y

b Plot the points in the table, using a scale of 2cm to 1 unit on each axis, and then join the points with a
smooth curve.

w 15 [Technology]

diatl a Graph these cubic polynomials accurately using computer graphing software.
i y=}1x3+2 i y=%(x3—6x2+9x) iiiy=%(x3—2x2—5x+6)

In each case, check that the y-intercept is equal to the constant term.
Read the x-intercepts from the screen and then check these values by substituting them into the
corresponding polynomial.

CHALLENGE

16 These graphs are known to be polynomials, and the second is known to have degree 7. Write down their
equations factored into linear factors.

a V4 b VA

>
O
(O8]

Y

1\ ARE: 1]

17 a Use the results of Question 8 to sketch the graph of y = Vx.
b On the same number plane, sketch the graph of y = —Vkx, by using Question 14,
¢ What shape has been formed?
d Explain why this has happened.

18 [Technology]
diatl As you discovered in the previous sections, the graphs of quadratic functions fall into one of two

categories: concave up and concave down. In contrast, cubic functions have six basic types.

a Use computer graphing software to plot accurately the cubic y = c¢(x) for:
i c)=x+x i cx)=x il c(x) =x* —x

b These three curves have some similarities.
I For large positive and negative values of x, which two quadrants does the graph of y = c(x) lie in?
Il Rotate each curve by 180° about the origin. What do you notice?
lii By considering your investigation in Question 5, explain why that might be.

¢ Look carefully at each curve as it passes through the origin. What distinguishes each graph there?

d Conclude this investigation by accurately graphing y = —c(x) for each cubic function in part a. Then
look for any similarities and differences.
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m Two graphs that have asymptotes

This section reviews exponential graphs and rectangular hyperbolas. They are grouped together because both
types of graphs have asymptotes, which need further discussion. Then direct and inverse variation are briefly
reviewed.

Exponential functions

Functions of the form y = a*, where the base a is positive and a # 1, are called exponential functions,
because the variable x is in the exponent or index.

Here is a sketch of the function y = 2*. y

y=2" 2

B P R
1
Three key features should be shown when sketching this graph: /%
e The y-intercept is y = 1, because 2° = 1. i : >

® When x = 1, y = 2, which is the base 2, because 2l =12,
® The x-axis is a horizontal asymptote, as discussed below.

Limits and asymptotes of exponential functions

On the far left, as x becomes a very large negative number, y = 2* becomes very small. Indeed, we can make
y ‘as small as we like’ by choosing sufficiently large negative values of x. We say that ‘as x approaches
negative infinity, y approaches the limit zero’, and write:

asx— —o0,y—>0 or Ilim y=0.

X— — 00

The x-axis is called an asymptote of the curve (from the Greek word asymptotos, meaning ‘apt to fall
together’), because the curve gets ‘as close as we like’ to the x-axis for sufficiently large negative values of x.

Rectangular hyperbolas

The reciprocal function y = 1 can also be written as xy = 1, and has a graph that is called a rectangular
hyperbola. This graph has two disconnected parts called branches.

o - : ;1 2 5 10

< 0|52 1 | &
y:% 1 1 1

-0 -5 2 -1 - - -

y |-+ -5 -5 -1 =2 -5 -10

The asterisk (*) at x = 0 means that the function is not defined there.
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Limits and asymptotes of rectangular hyperbolas

The x-axis is an asymptote to this curve on both sides of the graph. We can make y ‘as small we like’ by
choosing sufficiently large positive or negative values of x. We say that ‘as x approaches —co, y approaches
the limit zero’, and write:

Asx — 00,y —> 0 Asx - —0,y > 0
. and .
or limy=0 or Ilim y=0

X— 00 X——00

The y-axis is a second asymptote to the graph. On the right-hand side of the origin, when x is a very small
positive number, y becomes very large. We can make y ‘as large as we like’ by taking sufficiently small but
still positive values of x. We say that ‘as x approaches zero from the right, y approaches co’, and write:

Asx = 0%,y = oo.

On the left-hand side of the origin, y is negative and can be made ‘as large negative as we like’ by taking
sufficiently small negative values of x. We say that ‘as x approaches zero from the left, y approaches —oo’,
and write:

Asx - 07,y - —o0.

These notations, with their superscript + or —, will not often be used in this course — regard them as
extension.

Direct and inverse variation

Direct variation and inverse variation were introduced in previous years, and are easily summarised.

26 DIRECT AND INVERSE VARIATION

Direct variation: A variable y varies directly with a variable x if
y = kx, for some non-zero constant k of proportionality.
* The graph of y as a function of x is thus a line through the origin.

Inverse variation: A variable y varies inversely with a variable x if

k . .
Y=o for some non-zero constant k of proportionality.

* The graph of y as a function of x is thus a rectangular hyperbola whose asymptotes are the x-axis
and the y-axis.

Inverse variation is also called ‘indirect variation’, and
the word ‘proportion’ is often used instead of ‘variation’.
Most applications begin by finding the constant of
proportionality, as in the next two worked examples.
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Example 22 [Direct variation] 3H

a Garden mulch is sold in bulk, with the cost C proportional to the volume V in cubic metres. Write this
algebraically.

b The shop quotes $270 for 7.5m?. Find the constant of proportionality, and graph the function.
How much does 12m? cost?

d How much can I buy for $600?

SOLUTION
a C = kV, for some constant k. C
b Substituting the known values, 270 = k X 7.5
k = 36.
(More precisely, k = $36/m?.) 270

c C=36x12

= $432
d 600 =36V

V= 16% i 7.5 Vv
Example 23 [Inverse variation] 3H

a The wavelength A in metres of a musical tone is inversely
proportional to its frequency f in vibrations per second.
Write this algebraically.

b The frequency of middle C is about 260 s™! (‘260 vibrations
per second’), and its wavelength is about 1.319 m. Find the
constant of proportionality.

¢ Find the wavelength of a sound wave with frequency 440 s~'.

d Find the frequency of a sound wave with wave length 1 m.
e What is the approximate speed of sound in air, and why?

SOLUTION
a A= Ij, for some constant k. A
b Substituting the known values, 1.319 = L
260
k = 343.
(More precisely, k = 343ms™") 1.319-
c A= 5 i >
440 260 f
= 0.779m
d 2=k
f
f=343s""
e About 343ms~!, because 343 waves, each 1 metre long, go past in 1 second.
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Direct and inverse variation are closely related

Direct and inverse variation are very closely related, despite their contrasting graphs. For example, if a
rectangle has area A and adjacent sides x and y, then:
A
A=xy and y==—.
y Y=5
e If the side y is constant, the area A is directly proportional to the other side x.
e [f the area A is constant, the side y is inversely proportional to the side x.

FOUNDATION

Note: If computer graphing software is not available, the two technology questions can be completed using
tables of values.

1 a Copy and complete the following table of values for the hyperbola y = %

0 5 1 2 4

Plot the points, using a scale of 1cm to 1 unit on each axis, then sketch the hyperbola.
Which two quadrants do the branches of the curve lie in?
Write down the equations of the two asymptotes of the hyperbola.

o QO T

Write down the domain and range of the function.

2 Construct a table of values for each hyperbola, then sketch it. State the domain and range of each

hyperbola and the equations of the two asymptotes. Also state which quadrants the branches lie in.

4 3

ay=. b y= e
3 [Technology]

Use computer graphing software (if unavailable, tables of value will also do) to plot accurately these

graphs on the one number plane.

1 4 9

y=7 and y=7 and y=7

a Which two quadrants do the the branches of each hyperbola lie in?

b Write down the equations of the two asymptotes of each hyperbola.

¢ Write down the domain and range of each hyperbola.

d  Write down the coordinates of the points on each hyperbola closest to the origin. What do you notice?

4 Consider the exponential curve y = 3%,
a Copy and complete the following table of values of the exponential function y = 3*. Give answers
correct to one decimal place where necessary.

x -2 —-15 -1 =05 0 05 1 1.5 2
y

Plot these points, using scales of 1cm to 1 unit on both axes, then sketch the curve.
What is the y-intercept of the function?

What is the y-coordinate when x = 17

Write down the equation of the asymptote.

Write down the domain and range of the function.

-~ 00 Q O T
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5 Construct a table of values for each exponential function, then sketch its graph. Write down the domain
and range in each part and the equation of the asymptote. Also state the y-intercept and the y-coordinate
atx = 1.

a y=4* b y=15"

w 6 [Technology]
g

Use computer graphing software to plot accurately on the one number plane: y = 2%, y = 3*and y = 4%,
Which point is common to all three graphs?

Write down the equation of the asymptote of each exponential curve.

Write down the domain and range of each exponential function.

Confirm by observation that at x = 1, the y-coordinate equals the base.

Which curve increases more rapidly to the right of the y-axis, and why?

- 0D Qo 0O T Q

Which curve approaches the asymptote more quickly to the left of the y-axis? Why?

DEVELOPMENT

7 a Construct a table of values for each hyperbola then sketch it.
i y=_2 i y=-4 i y=—3
X X X
b Compare these equations and graphs with those in Questions 1 and 2.
I In which quadrants do the graphs of part a lie?
Il What has changed in the equation to cause this difference?

8 Rewrite each equation with x as the independent variable and then sketch its graph.
a xy= % b xy=-6

9 a Construct a table of values for each exponential function then sketch it.
i y=37"% i y=4"> i y=15>
b Compare these equations and graphs with those in Questions 4 and 5.
I Has the y-intercept changed?
i Has the asymptote changed?
lii For the graphs in part a, at what value of x is the y-coordinate equal to the base?
iv Heading to the right along each of these curves, describe how the y-coordinate changes.
v What has changed in the equation to cause these differences?

10 Sketch these exponential graphs without resorting to a table of values. Ensure the key features are
shown.
a y=5" b y=27"

11 [Direct Variation]|

a The amount of paint P, in litres, used to paint a building is directly proportional to the area A, in
square metres, to be covered. Write this algebraically.

b A certain building requires 48 L to cover an area of 576 m?. Find the constant of proportionality, and
graph the function.

¢ A larger building has an area of 668 m? to be painted. How many litres of paint will this require?

d A paint supplier sells 40L buckets and 4L tins of paint. How many buckets and tins must be bought
in order to paint the building completely?
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12 [Inverse Variation]

The owners of the Fizgig Manufacturing Company use a uniformly elastic demand curve to model their

sales. Thus if the price of a Fizgig is p and the quantity sold per year is g, then the turnover from sales is

constant. That is, pg = T, for some constant 7.

a Last year, the price of a Fizgig was p = $6 and the quantity sold was ¢ = 400000. Find 7.

b The company’s board of directors want to raise the price to p = $8 next year. How many Fizgigs can
the company expect to sell if this happens?

¢ Under this model, what will happen to the sales if the price is doubled instead?

d Sketch the graph of the demand curve with g on the horizontal axis and p on the vertical axis.

CHALLENGE

13 This question requires the language of limits from the first two pages of this section.
a In Question 4 above, the line y = 0 is an asymptote to y = 3*. Write a statement using limits to justify
this.
b In Question 4b, the line y = 0 is an asymptote to the exponential curve y = 27, Write a statement
using limits to justify this.

¢ In Question 1, the lines y = 0 and x = 0 are asymptotes to the hyperbola y = % Write four

statements using limits to justify this.

14 Does the equation xy = 0 represent a hyperbola? Explain your answer.

15 a Construct a table of values, and hence sketch the graph of the function y = (%)x
b Use the index laws to explain why y = (%)x has the same graph as y = 27

16 a2 Where does the hyperbola xy = ¢? intersect the line y = x?
b Confirm your answer by plotting the situation when ¢ = 2.

17 [Inverse Variation]
An architect is designing a building. The client has insisted that one of the rooms in the building must
have an area of 48m?. For ease of design, the length £ and the breadth b must each be a whole number of
metres. Because of the furniture that must go into the room, no wall may be less than 4m. What are the
possible dimensions of the room?

18 Some curves can cross their asymptote.

2x

x2+1'

X -8 —4 =2 -1 =05 0 0.5 1 2 4 8

a Complete the following table of values for y =

y

b Plot the points, using a scale of 1cm to 1 unit on each axis, and join them with a smooth curve.
¢ What is the horizontal asymptote of this curve?
d Where does the curve cross its asymptote?
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m Four types of relations

In Section 3B, functions were generalised to relations, and a relation was defined as any set of ordered pairs.
The vertical line test was used to establish from the graph whether or not a relation is a function.

This section introduces the corresponding horizontal line test, and classifies relations into four types
depending on whether their graphs pass or fail one or the other of these two tests. Reading the graph
backwards is the key idea because it makes it clear why horizontal lines are so important on a graph.

There are also a few examples of relations and functions whose domain and range do not consist of numbers.
Such relations do not appear very often in this course, but they are vitally important in the databases and
spreadsheets that we use every day on the internet and in our record-keeping.

Using horizontal lines to read a graph backwards
Here is a graph of the temperature y°C measured x hours after midnight over two days. Call the function

y=f.

6 12 18 24 30 36 42 48~

The straightforward way to read this graph is to take a time, say x = 2, on the horizontal axis, draw the
vertical line x = 2 to the graph, and read the temperature off the y-axis. This graph is a function, there are
never two answers.

‘After 2 hours, the temperature was 5°C’.
Algebraically, substituting x = 2 gives f(2) = 5.

We can also read the graph backwards. Take a temperature, say 5°C, on the vertical axis, draw a horizontal
line to the graph, and read off the times when the temperature was 5°C,

‘The temperature was 5°C after 2, 7%, 24,38 and 45% hours’.

Algebraically, the solutions of f(x) = 5 are x = 2,7, 24, 38 and 45_.

27 USING HORIZONTAL LINES TO READ A GRAPH BACKWARDS

* To solve f(x) = b from the graph, draw the horizontal line y = b and read off the corresponding
x-values.

e Thus we are reading the graph backwards — starting with the y-values and looking for the
corresponding x-values.
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The horizontal line test

The graph above is called a many-to-one function, because many x-values all map to the one y-value. To
formalise this, we introduce the horizontal line test. This test is the companion of the vertical line test — the
two definitions simply exchange the words ‘vertical” and ‘horizontal’.

28 THE VERTICAL AND HORIZONTAL LINE TESTS
e Vertical line test:
No vertical line meets the graph more than once.

* Horizontal line test:
No horizontal line meets the graph more than once.

Using the horizontal line test with functions

The two graphs below are both functions, because they pass the vertical line test.

=Y
=Y

2
x=1

y = 2" is one-to-one y = x* is many-to-one

The first graph of y = 2% also passes the horizontal line test. This means that the situation is symmetric in the
following way:

e Every number in the domain corresponds to exactly one number in the range.

® Every number in the range corresponds to exactly one number in the domain.

This graph is therefore called one-to-one, and the function is a one-to-one correspondence between the domain,
all real x, and the range, y > 0. When the graph is read backwards, there is never more than one answer.

The second graph of y = x” fails the horizontal line test. For example, the horizontal line y = 4 meets the
curve twice. This is why 4 has two square roots, 2 and —2. The situation is no longer symmetric vertically
and horizontally.

e Every number in the domain corresponds to exactly one number in the range.

® At least one number in the range (say 4) corresponds to more than one number in the domain (to 2 and —2).

The graph is therefore called many-to-one, because, for example, many x-values map to the one y-value 4.
When we read the graph backwards, at least one value of y will give more than one answer.
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106 Chapter 3 Functions and graphs _

29 ONE-TO-ONE AND MANY-TO-ONE

Suppose that a graph passes the vertical line test, that is, it is a function.
e [Ifit also passes the horizontal line test, it is called one-to-one.
— Whether the graph is read forwards or backwards, there will be no more than one answer.
— It is a one-to-one correspondence between the domain and the range.
e If it fails the horizontal line test, it is called many-to-one.
— When the graph is read forwards, there is never more than one answer.
— When the graph is read backwards, at least one value of y gives more than one answer.
Many values of x map to this one value of y.

Two diagrams of a different type may help to clarify the situation. Both functions are something-to-one
because every number in the domain maps to exactly one number in the range.

) :
2 4
1
-1 1
l—>—2
0 1
y = 2% is one-to-one y = x? is many-to-one
For every input there is at most one output, and for For every input there is at most one output, but for
every output there is at most one input. at least one output there is more than one input.

Using the horizontal line test with relations that are not functions

The two graphs below are relations, but not functions, because they fail the vertical line test.

-5 x=3

y? = x is one-to-many x* + y* = 25 is many-to-many
The left-hand graph of y* = x fails the vertical line test, but passes the horizontal line test. For example, the
vertical line x = 4 meets the curve where y = 2 and where y = —2, but no horizontal line meets the graph
more than once. The situation here is not symmetric vertically and horizontally.

® At least one number (say 4) in the domain corresponds to more than one number (2 and —2) in the range.
e Every number in the range corresponds to exactly one number in the domain.
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This graph is therefore called one-to-many, because, for example, the one number 4 in the domain
corresponds to the two numbers 2 and —2 in the range.

The right-hand graph of x* + y* = 25 fails both horizontal and vertical line tests. For example, the vertical
line x = 3 meets the curve twice, and the horizontal line y = 4 meets the curve twice. The situation is again
symmetric.

¢ At least one number in the domain corresponds to more than one number in the range.

e At least one number in the range corresponds to more than one number in the domain.

The graph is therefore called many-to-many, because, for example, the one numbers 3 in the domain
corresponds to the two numbers 4 and —4 in the range, and the one number 4 in the range corresponds to the
two numbers 3 and —3 in the domain.

30 ONE-TO-MANY AND MANY-TO-MANY

Suppose that a graph fails the vertical line test, that is, it is not a function.
e If it passes the horizontal line test, it is called one-fo-many.
— When the graph is read forwards, at least one value of x gives more than one answer. Many
values of y correspond to this one value of x.
— When the graph is read backwards, there is never more than one answer.
e If it also fails the horizontal line test, it is called many-to-many.
— Whether the graph is read forwards or backwards, there will be values of x or of y that give more
than one answer.

Again, two further diagrams help to clarify the situation. Both relations are something-to-many because at
least one element of the domain maps to at least two elements of the range

y? = x is one-to-many x* + y* = 25 is many-to-many
For at least one number in the domain, there are For at least one number in the domain, there are more
more than one corresponding numbers in the range, than one corresponding numbers in the range, and for
but for every number in the range, there is only one at least one number in the range, there are more than
number in the domain. one corresponding numbers in the domain.
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108 Chapter 3 Functions and graphs _
The four types of relations
Here is a table of the four types of relations:
Type Vertical line test Horizontal line test
One-to-one Passes (so a function) Passes
Many-to-one Passes (so a function) Fails
One-to-many Fails (so not a function) Passes
Many-to-many  Fails (so not a function) Fails
Relations may involve objects other than numbers
Function and relations do not have to act on numbers. They can act on anything at all, and the four types of
relations defined in this section are as common in database logic as in mathematics.
Example 24 3l
In a firm of 10000 employees, a database records the postcode (y-value) that each person (x-value) has
nominated as a home address.
a Explain why this is a function, and whether it is one-to-one or many-to-one.
b What change may there be for a firm of 10 employees?
SOLUTION
a Itis a function because every person’s nominated home has a postcode. It will not pass the horizontal
line test because there are fewer than 10000 postcodes in NSW.
b It is quite possible that the 10 employees all live in different postcodes, in which case the function would
be one-to-one.
Example 25 3l
Many people (x-values) in the suburb of Blue Hills own a pet (y-value).
a What sort of relation is this?
b Council registers each pet (y-value) with only one owner (x-value). What sort of relation is this?
SOLUTION
a It fails the vertical line test because many residents have several pets. It fails the horizontal line test
because many pets are owned by everyone in the family. Hence the relation is many-to-many.
b This relation passes the horizontal line test because each pet has no more than one person registering it.
Hence the relation is one-to-many.
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31 Four types of relations

FOUNDATION

1 Printed below is a graph of the tides at Benicia, Carquinez Strait, California, on Sunday, September 16th
2016. It is in feet because the US uses imperial measure, and there are no vertical lines, which is
inconvenient. Your numerical answers will only be approximate.

7 ft
6 ft
5 ft
4 ft i
3 ft
2 ft
1ft
0 ft
—1 ft

00 02 04 06 08 10 12 14 16 18 20 22

Does the graph pass or fail the vertical line test? Is it a function?

Does the graph pass or fail the horizontal line test? Is the graph one-to-one,

many-to-one, one-to-many or many-to-many?

The graph runs for 24 hours. What are the starting and finishing times?

What were the tide heights at 6:00 am and 5:00 pm?

When was the tide height:

I 3ft? i 2ft? i 6ft?

iv. What are the possible numbers of solutions of the equation f(x) = k, as k varies, where f(x) is the
function?

2 Go back to the temperature graph printed at the start of this Section 31.

a

b
c
d

Why is the graph a function, and why is it classified as many-to-one?

What was the temperature at 6:00 am on the second day?

When was the temperature 20°C, and when was it 8°C?

What are the possible numbers of solutions of the equation f(x) = k, as k varies?

Say whether each relation sketched below passes the vertical line test, and whether it passes the
horizontal line test.

-2

LI

109
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b Which graphs above give no more than one answer when read forwards from x-value to y-value(s)?
¢ Which graphs above give no more than one answer when read backwards from y-value to x-value(s)?
d  Which graphs above are a one-to-one correspondence between domain and range?

e Classify each graph as one-to-one, many-to-one, one-to-many or many-to-many.

4 Classify each graph as one-to-one, many-to-one, one-to-many or many-to-many.

a V4 b y c YA
2l — 3 <3/
‘/_2 -1 > <\.
-3+

d V4 e y f YA
5..
1
3..
-1
X x 8 .
2 4 X
DEVELOPMENT
5 a Explain, with an example using a y-value, why each function is many-to-one.
i y=x*—4 i y=@x-Dx(x+1) i y=x*+1
b Hence classify each relation below.
i x=y -4 i x=@-1Dyy+1) i x=y"+1
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6 a By solving for x, show that each function is one-to-one. (This method works only if x can be made
the subject. Then the relation is one-to-one if there is never more than one answer, and many-to-one
otherwise.)

i y=3x—1 i y=5-2x iy = 83 iVy:%
b Hence classify each relation below.
i x=3y—1 i x=5-2y i x = 83 iVx=§

7 By giving an example using an x-value, and an example using a y-value, show how each relation fails the
horizontal and vertical line tests, and hence is many-to-many.
2 2
a (x—3)2+ G+ 1)2=25 b%+%=1 c -y =1
8 a A database records all the doctors that a person has visited. Does this relation pass the horizontal or
vertical line tests, and how should it be classified? (The x-values are all people in Australia, and the
y-values are the doctors.)
b The database is queried to report the last doctor (y-value) that a person (x-value) has visited.

Does this change the answers in part a?

9 Every student (x-value) in a class has a preferred name (y-value).
a What types of relation could this be?
b Explain what extra condition could make the classification unambiguous?

CHALLENGE

10 a A dancer points north, closes his eyes, and spins, ending up pointing east. Through how many degrees
has the dancer turned (take clockwise as positive)?
b Regard the final position as the x-value, and the degrees the dancer turns as the y-value. Classify this
relation.
¢ Now regard the degrees the dancer turns as the x-value, and the final position as the y-value. Classify
this relation.

11 A person living in a block of flats is called a co-habitant of another person if they both live in the same
flat.
a Classify this relation (the x-values and y-values are both any person in the block).
b Under what condition would this relation be one-to-one, and what would then be particularly special
about the relation?
¢ What happens if the block is being renovated and no one is living there?

12 Classify each relation as one-to-one, many-to-one, one-to-many or many-to-many.

a y=4 b x=—3 C X+y=0 d X2+y2=0
e X*—-y'=0 f x=y"—5y+6 0 y=x —7x* + 12 h y=x"+38
i y=(x+28)° J xy=236 k x*y* =36 I x*y* = 1000
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112 Chapter 3 Functions and graphs

Review activity

e Create your own summary of this chapter on paper or in a digital document.

Chapter 3 Multiple-choice quiz

e This automatically-marked quiz is accessed in the Interactive Textbook. A printable PDF worksheet
/ version is also available there.

Chapter review exercise

1 Determine which of the following relations are functions.

a V4 b ya

c V4 d YA A
2
2 >
5 x 2 x
—
A/

2 Write down the domain and range of each relation in Question 1.

3 Find f(3) and f(—2) for each function.

a f(x) =x>+4x b f(x)=x>-3x*+5
4 Find the natural domain of each function.
a f(x):L2 b for) = Ve—1 ¢ fo) =V3x+2 d fo) = —1
x —
2—x
5 Find F(a) — 1 and F(a — 1) for each function.
a F(x) =2x+3 b Fx)=x*-3x—-7
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x+1, forx<O,

6 Suppose that f(x) = {1 —x, forx>0.

Complete the table of values for f(x), then sketch its graph.

x| 3 =2 -1 o0 1 2 3
EE

7 Find the x-intercept and the y-intercept of each line, then sketch it.
a y=2x+2 b x-3y+6=0
8 Sketch each of these lines through the origin.
a y=2ux b x+2y=0
9 Sketch each vertical or horizontal line.
a y=-1 b x-3=0
10 Use factoring where necessary to find the zeroes of each quadratic function. Hence sketch the graph of
y = f(x), showing all intercepts and the coordinates of the vertex. Also state the domain and range.
a f(x)=16-x° b f(x) =x(x+2) c f(x)=x-2)(x—06)
d fW)=-Cx+5x-1) e fx)=x+x—-6 f f)=—x"+2x+8
11 Complete the square in each quadratic. Then sketch the graph of each function, showing the vertex and
the intercepts with the axes.
a y=x>+2x-5 b y=->+6x-6
c y=—2+2x-3 d y=x>+6x+10
12 Sketch the graph of each parabola. Use the discriminant to determine whether or not there are any
x-intercepts. Show the vertex and the intercepts with the axes.

a y=—x*-2x+1 b y=x>—4x+2

C y=x>—4x+38 d y=-x>+6x-15
13 Use a table of values to test the sign, and then sketch each polynomial.

a y=x—-Dx—-3)(x—-06) b y=—x2(x+2)(x—2)2
14 Sketch each circle.

a ¥*+y*=9 b x*+y?=100

15 Sketch each semicircle, and state the domain and range in each case.
a y=Vv16 - x* b y=-v25-x*

16 Construct a table of values for each hyperbola, then sketch it. State the domain and range in each case.

4

17 Construct a table of values for each exponential function, then sketch it. State the domain and range in

each case.
a y=2* b y=3"*
18 Construct a table of values for each function, then sketch it.
a y=x"—3x? b y=x*—4x? c y=Vx+1
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114 Chapter 3 Functions and graphs

19 [A revision medley of curve sketches]

Sketch each set of graphs on a single pair of axes, showing all significant points. A table of values may
help in certain cases.

a y=2ux, y=2x+ 3, y=2x-1
b y=—%x, y=—%x+l, y=—%x—2
¢ y=x, y=(+2)72 y=@-17
d x+y=0, x+y=2, x+y=-3
e y=x% y = 222, y= %xz
f x—y=0, x—y=1, xX—y=-—
g P +y =4, 2=1-9, =252
h y=3x, x =3y, y=3x+1, x=3y+1
i y=2% y =3 y=4"
j y=-—x y=4—x, y=x—4, x=—4-—y
kK y=x>—1x, y =x* — 4x, y =+ 3x
I y=x-1, y=1-2x, y=4-24, y=—1-2
my=(x+2)? y=@x+2)7—4, y=@+2)7+1
n y=x>-1, y=x*—4x + 3, y=x*-8x+15
0 y=V9—x, y=—-V4 -, y=VI1 —x
1 2 3

p y== y=3 y=-3

y=\/}, y=2—\/;c, y=VIl—x
r y=x, y=x+1, y=@x+1)>3
s y=x* y=@x— 1) y=x*-1
t y=27 y=(5)" y=o:

20 Classify each relation below as one-to-one, many-to-one, one-to-many or many-to-many. It’s probably
best to work from a sketch of the curves, but you may want to approach the question algebraically.
a y=5x-17 b x-2°+(y-3)72=4
c y¥=x-2 d y=x'+1

21 a Twenty people (x-values) in an office have their country of birth (y-values) recorded in the office
manager’s spreadsheet. Is this relation a function? Classify it as one-to-one, many-to-one,
one-to-many or many-to-many.

b What condition would make this relation one-to-one?
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In the previous chapter, various graphs of functions and relations were reviewed or introduced.
This chapter deals with transformations of these graphs under vertical and horizontal
translations, under reflections in the x-axis and y-axis, and under rotations of 180° about the
origin (dilations are introduced in Year 12). These procedures allow a wide variety of new graphs
to be obtained, and relationships amongst different graphs to be discovered.

Many graphs are unchanged under one or more of these transformations, which means
that they are symmetric in some way. This chapter deals with line symmetry under
reflection in the y-axis, and point symmetry under rotation of 180° about the origin. These
transformations and symmetries are described geometrically and algebraically, and the
theme remains the interrelationship between the algebra and the graphs.

The absolute value function is then introduced, together with its own transformations and
reflection symmetry. The final section generalises the transformations of this chapter to the
far more general idea of composite functions.

As always, computer sketching of curves is very useful in demonstrating how the features of

a graph are related to the algebraic properties of its equation, and to gain familiarity with the
variety of graphs and their interrelationships.

Digital Resources are available for this chapter in the Interactive Textbook and Online Teaching
Suite. See the Overview at the front of the textbook for details.
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116 Chapter 4 Transformations and symmetry

m Translations of known graphs

Once a graph has been drawn, it can be shifted (or translated) vertically or horizontally to produce further
graphs. These procedures work generally on all functions and relations, and greatly extend the range of

functions and relations whose graphs can be quickly recognised and drawn.

In particular, translations are very helpful when dealing with parabolas and circles, where they are closely

related to completing the square.

Shifting right and left

The graphs of y = x> and y = (x — 2)? are sketched from their tables of values.

X -2 -1 0 1 2 3 4
2 4 1 0 1 4 9 16
x=2?% 16 9 4 1 0 1 4
e The values for (x — 2)? in the third row are the values of x> in second
row shifted 2 steps to the right.
e Hence the graph of y = (x — 2)? is obtained by shifting the graph of

y = x> to the right by 2 units.

1 SHIFTING (OR TRANSLATING) RIGHT AND LEFT

e To shift a graph % units to the right, replace x by x — h.

e Alternatively, if the graph is a function, the new function rule is y = f(x — h).

Shifting a graph / units to the left means shifting it —/ units to the right, so x is replaced by x — (=h) = x + h.

Example 1

a Draw up tables of values for y = 4 and y = 1 .
X x+ 1
b Sketch the two graphs, and state the asymptotes of each graph.
¢ What transformation maps y = 0 toy = : ?
X x+1
SOLUTION
a
X -3 =2 —1 0 1 2 3
1 1 1 1 1
. : = !¢ ! 2 3
1 1 1 1 1
e : ! ! 2 3 s

b y= %has asymptotes x = 0 and y = 0.

y= L has asymptotes x = —1 and y = 0.
x+1

¢ Because x is replaced by x + 1 = x — (—1), it is a shift left of 1 unit.
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4A Translations of known graphs 117

Shifting up and down
The graphs of y = x? and y = x> + 1 are sketched on the right from their tables of values.

x 3 -2 -1 0 1 2 3 "

x2 9 4 1 0 1 4 9 2

£+1 10 5 2 1 2 5 10
1

* The values for x> + 1 in the third row are each 1 more than the corresponding

values of x” in second row. 1 1 X

e Hence the graph of y = x> + 1 is produced by shifting the graph of y = x*
upwards 1 unit.

Rewriting the transformed graph as y — 1 = x> makes it clear that the shifting has been obtained by replacing
yby y — 1, giving a rule that is completely analogous to that for horizontal shifting.

2 SHIFTING (OR TRANSLATING) UP AND DOWN

e To shift a graph & units upwards, replace y by y — k.
* Alternatively, if the graph is a function, the new function rule is y = f(x) + k.

Shifting a graph k units down means shifting it —k units up, so y is replaced by y — (—k) =y + k.

Example 2 4A
\——)

The graph of y = 2" is shifted down 2 units.

a Write down the equation of the shifted graph.

b Construct tables of values, and sketch the two graphs.
¢ State the asymptotes of the two graphs.

SOLUTION
a Replace yby y — (—2) =y + 2, so the new function is
y+2=2 that is, y=2"-12.

b
X -2 —1 0 1 2 y
4
1 1
2* 1 2 1 2 4
2
B B Il I B M
C y = 2" has asymptote y = 0. 2 -1 _11 2 x
y = 2 — 2 has asymptote y = —2. 4,./
-2
ISBN 978-1-108-46904-3 © Pender et al. 2019 Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party.



118 Chapter 4 Transformations and symmetry _

Combining horizontal and vertical translations

When a graph is shifted horizontally and vertically, the order in which the translations are applied makes no
difference. The following example shows the effect of two translations on a cubic graph.

Example 3 4A

a How is the graph of y = (x + 2)* — 4 obtained from the graph of y = x* by a horizontal translation
followed by a vertical translation?

b Draw up a table of values for the two functions and the intermediate function.

¢ Sketch the two curves, together with the intermediate graph.

SOLUTION
a Shifting y = x° left 2 gives y =@+ 2)>
Shifting y = (x + 2)° down 4 gives y+4=(x+2)>
which can be written as y=(x+ 2)3 — 4.
b c
X -4 -3 -2 -1 0 1 2
X -64 -27 -8 -1 0 1 8
(x+2)° -8 -1 0 1 8 27 64 /
x+2°-4 -12 -5 -4 -3 4 23 60 -
X
4
-8
YA
Translations and the vertex of a parabola
When we complete the square in a quadratic, it has the form
y=alx—h?+k  thatis y—k=a(x—h)>.
This is a translation of the quadratic y = ax®. The parabola has been shifted k J
h units right and k units up. ) '
This gives a clear and straightforward motivation for completing the square. h X
3 THE COMPLETED SQUARE AND THE VERTEX OF A PARABOLA
The completed square form of a quadratic
y=a(x—h)2+k or y—k=a(x—h)2
displays its graph as the parabola y = ax” shifted right 4 units and up k units.
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Example 4 4A

In each part, complete the square in the quadratic. Then identify its graph as a translation of a parabola
with vertex at the origin, and sketch the two graphs.
a y=x"—4x+5 b y=-2x"—4x

SOLUTION

a y=x*-4x+5
y=@*—4x+4)—-4+5
y=x—-224+1 or y—1=(x-—2)>

This is y = x° shifted right 2 and up 1.

b y=-2x"—4x YA
—% =x>+ 2x 5 1°
=@+ +1) -1 _1 >
=G+ 1)1 -\
y==20x+1>+2 or y-2=-2(x+ 1)
This is y = —2x” shifted left 1 and up 2.
Translations and the centre of a circle
The circle drawn to the right has centre (3, 2) and radius 3. VA
To find its equation, we start with the circle with centre the 57
origin and radius 3,
¥ +y =09, 3
then translate it 3 to the right and 2 up,
x-3)2+(-22=09. 1l 3 6

This formula can also be established directly by Pythagoras’
theorem in the form of the distance formula, but as we saw with parabolas, translations make things clearer
and more straightforward.

When the squares in the equation of a circle have both been expanded, the centre and radius can be found by
completing the squares in x and in y.
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Example 5 4A

a Complete the squares in x and in y of the relation x> + y> — 6x + 8y = 0.

b Identify the circle with centre the origin that can be translated to it, and state the translations.

¢ Sketch both circles on the same diagram, and explain why each circle passes through the centre of the
other circle.

SOLUTION
a Completing the squares in x and in y,
P—6x+9+0*+8+16)=9+16 e
=32+ (+4*=25. ‘
b It is the circle x* + y* = 57 shifted right 3 and down 4,
so its centre is Z(3, —4) and its radius is 5.

¢ Using the distance formula,
07> =3+ 4
OZ =5,

which is the radius of each circle.

FOUNDATION
1 a Copy and complete the table of values for y = x> and y = (x — 1)

X —2 -1 0 1 2 3

(x—1)°
Sketch the two graphs and state the vertex of each.
What transformation maps y = x> to y = (x — 1)>?

2 a Copy and complete the table of values for y = ix3 andy = ixg’ + 2.

X =3 =2 =1l 0 1 2 3

1.3
X

1.3
Zx +2
b Sketch the two graphs and state the y-intercept of each.
¢ What transformation maps y = ix3 toy = ix3 + 2?
3 How far and in which direction has the parabola y = x* been shifted to produce each of these parabolas?

a y=x>+2 b y=x>-5 C y=(x+4)? d y=(x-3)?

4 How far and in which direction has the hyperbola y = % been shifted to produce each of these

hyperbolas?
1 1 1 1
ay= b y= c y=——4 d y=—+5
Y x—2 Y x+3 YT U
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4A Translations of known graphs 121

5 Sketch each parabola by shifting y = x> either horizontally or vertically. Mark all intercepts with
the axes.
a y=x"+1 b y=x*-1 c y=(x—1)7? d y=(x+1)?
6 Sketch each hyperbola by shifting y = % either horizontally or vertically. Mark any intercepts with
the axes.
1

da - b =
Y x+1 Y

-1

c y=—+1 dy=%

1
x—1 X
7 Sketch each circle by shifting x*> 4+ y* = 1 either horizontally or vertically. Mark all intercepts with

the axes.
a x—-D*+y'=1 b ¥*+@-1*=1 c ¥+ G+D3=1 d &+ D*+y* =1

DEVELOPMENT

8 Write down the new equation for each function or relation after the given translation has been applied.
Then sketch the graph of the new curve.

a y=x* right 1 unit b y=2% down 3 units c y=x> left1 unit
d y= % : right 3 units e ¥4y =4 upl unit f y=x>—4: left1 unit
g xy=1: down I unit h y=\/);: up 2 units
9 In each case an unknown function has been drawn. Draw the functions specified below it.
a ¥ y =) b ¥ y=PE
1
-2 1 2
-1 2 X
-1
\ 1
—é -1 1 2 X
I y=fx-2) i y=Pkx+2)
i y=f(x+1) i y=Px+1)
c d
d y=h(x) g
1 y =g)
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10 In each part, complete the square in the quadratic. Then identify its graph as a translation of a parabola
with vertex at the origin. Finally, sketch its graph.

a y=x"+2x+3 b y=x>-2x-2 c y=—-x>+4x+1

d y=—x>—4x-5 e y=2x>—4x -2 f y=%x2—x—2

11 Describe each graph below as the parabola y = x* or the hyperbola xy = 1 transformed by shifts, and
hence write down its equation.

a Ay b VA
4\/

INDA

12 Use shifting, and completing the squares where necessary, to determine the centre and radius of each

circle.

a x+1D>+y'=4 b x=D*+ @y -27=1

C -2+ —4y—-4=0 d P®+6x4+y>—8y=0

e ¥ —10x+y" +8y+32=0 f X+ 14x+144y2-2y=0

13 Describe each graph below as the circle x> + y* = > transformed by shifts, and hence write down its

equation.
a y b V4 c y d
4
-2
3 @1 e 17 S . *
4 / - 2,-1)
é X \_/

14 a Use a table of values to sketch y = %x3. Then use translations to sketch:

i y=3x2-2 i y=2(x-2) il y=2(x+3)°+1
b Use a table of values to sketch y = —2x>. Then use translations to sketch:
i y=3-2 i y=-2(x+3)° i y=-20x-1>%-2
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CHALLENGE

15 Consider the straight line equation x + 2y — 4 = 0.
a The line is translated 2 units left. Find the equation of the new line.
b The original line is translated 1 unit down. Find the equation of this third line.
¢ Comment on your answers, and draw the lines on the same number plane.

16 Sketch y = %, then use shifting to sketch the following graphs. Find any x-intercepts and y-intercepts,

and mark them on your graphs.

| 1
a y= b y=14+4— cC y= -2
YE Ly Y —2 YEr 2
1 1 1
d y= -1 e y=3+—F7 fy= +4
Y F Y X+2 YErI3

17 In each part, explain how the graph of each subsequent equation is a transformation of the first graph
(there may be more than one answer), then sketch each function.
a Fromy = 2x:

I y=2x+4 i y=2x—-4
b Fromy = x*:

i y=x"+9 i y=x>-9 i y=(x—3)?
¢ Fromy = —x*:

i y=1-x i y=—-@+1)> i y=—-@x+ 1242
d Fromy=\/;c:

i y=Vx+4 i y=Vx+4 il y=Vxi+4-2

2,

e Fromy—;.

. 2 - 2

i ==+41 i y= i y= +1

YT Y x+2 Y x+2

18 a The circle x> + y* = 7 has centre the origin and radius r. This circle is shifted so that its centre is at
C(h, k). Write down its equation.
b The point P(x, y) lies on the circle with centre C(h, k) and radius r. That is, P lies on the shifted circle

in part a. This time use the distance formula for the radius PC to obtain the equation of the circle.

ISBN 978-1-108-46904-3 © Pender et al. 2019 Cambridge University Press
Photocopying is restricted under law and this material must not be transferred to another party.



124 Chapter 4 Transformations and symmetry _

m Reflections in the x-axis and y-axis

Reflecting only in the x-axis and the y-axis may seem an unnecessary restriction, but in fact these two transformations
are the key to understanding many significant properties of functions, particularly the symmetry of graphs.

When these two reflections are combined, they produce a rotation of 180° about the origin, which again is the
key to the symmetry of many graphs.

Reflection in the y-axis
The graphs of y = 2* and y = 27" have been sketched to the right from their tables of values.

y 3
X -3 =2 -1 0 1 2 3
N ;. . ; 1 2 4 8
1 1 1 2
27 8 4 2 1 B A 5
® The second and third rows are the reverse of each other. 1
® Hence the graphs are reflections of each other in the y-axis. <« T~
-1 1 X

4 REFLECTION IN THE Y-AXIS

* To reflect a graph in the y-axis, replace x by —x.
* Alternatively, if the graph is a function, the new function rule is y = f(—x).

Reflection is mutual — it maps each graph to the other graph.

Example 6 4B
a Sketch the parabola y = (x — 2)?, and on the same set of axes, sketch its reflection in the y-axis.
b Use the rule in the box above to write down the equation of the reflected graph.
¢ Why can this equation be written as y = (x 4 2)*?
d What are the vertices of the two parabolas?
e What other transformation would move the first parabola to the second?
SOLUTION
a y b Replacing x by —x gives the equation

y=(-x-2)

4\ ¢ Taking out the factor —1 from the brackets,

y=(-x=2)
y= (DX (x+2)?
» y=(x+2)?
) > 2 d The vertices are (2,0) and (-2, 0).

e The second parabola is also the first parabola shifted left 4 units.
This replaces x by x + 4, so the new equation is the same as before,
y=(G+4-2)% o  y=(@x+2>
The reason why there are two possible transformations is that the parabola has line symmetry in its axis
of symmetry.
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Reflection in the x-axis
The graphs of y = 2* and y = —2" have been sketched to the right from the table of values.

¢ The values in the second and third rows are the opposites of each other.
® Hence the graphs are reflections of each other in the x-axis.

Rewriting the transformed graph as —y = 2" makes it clear that the reflection has
been obtained by replacing y by —y, giving a rule that is completely analogous to
that for reflection in the y-axis.

5 REFLECTION IN THE X-AXIS

e To reflect a graph in the x-axis, replace y by —y.
e Alternatively, if the graph is a function, the new function rule is y = —f(x).

Again, reflection is mutual — it maps each graph to the other graph.

Example 7 4B

The graph of y = (x — 2)?is reflected in the x-axis.

a Write down the equation of the reflected graph.

b Construct tables of values, and sketch the two graphs.
¢ What are the vertices of the two parabolas?

SOLUTION y

a Replace y by —y, so the new function is

%

—y = (x — 2)% that is, y=—(x—2)>2

x o 1 2 3 4 5

=Y

(x—=2)2 4 1 0 1 4

—x-2? -4 -1 0 -1 -4 7

¢ They both have vertex (2, 0).
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Chapter 4 Transformations and symmetry

Combining the two reflections — rotating 180° about the origin

happened?

Draw an x-axis and y-axis on a thin, semi-transparent sheet of paper.

Hold the paper out flat, and regard it as a two-dimensional object.

Reflect it in the x-axis — do this by holding the sheet steady at the two ends of the x-axis and rotating it 180° so
that you are now looking at the back of the sheet. Then reflect it in the y-axis — do this by holding the sheet at
the two ends of the y-axis and rotating it 180° so that you are looking at the front of the sheet again. What has

Reflect it in the y-axis, then in the x-axis. What happens?

Reflect in the y-axis

y
2l first
quadrant
) , X
2+
Reflect in|the x-axis
v
_S 1
) S T
| dnsquyng
3 ey
Y

Reflect in the y-axis

e
teit lc
instbsup
N o
to

Reflect in|the x-axis

This little experiment should convince you of two things:

4 Z—
C (%
juerpenb |
18Iy 4
Y

¢ Performing successive reflections in the x-axis and in the y-axis results in a rotation of 180° about the origin.

e The order of these two reflections does not matter.

This rotation of 180° about the origin is sometimes called reflection in the origin — every point in the plane

is moved along a line through the origin to a point the same distance from the origin on the opposite side.
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6 ROTATION OF 180° ABOUT THE ORIGIN

» To rotate a graph 180° about the origin, replace x by —x and y by —y.

* Successive reflections in the x-axis and the y-axis are the same as a rotation of 180° about the
origin.

* The order in which these two successive reflections are done does not matter.

* Rotation of 180° about the origin is also called reflection in the origin, because every
point is moved through the origin to a point the same distance from the origin on the
opposite side.

Rotation of 180° about the origin is also mutual — it maps each graph to the other graph.

Example 8 4B

a From the graph of y = Vx, deduce the graph of y = —V —x using reflections.
b What single transformation maps each graph to the other?

SOLUTION Y4
a The equation y = —V —x can be rewritten as
Y=V | 1"';:—'-' """""""
so the graph is obtained from the graph of y = Vx by successive 11 *
reflections in the x-axis and the y-axis, where the reflections may
be done in either order.
b This is the same as rotation of 180° about the origin.
FOUNDATION
1 Consider the parabola y = x> — 2x.
a Show that when y is replaced by —y, the equation becomes y = 2x — x%.
b Copy and complete the table of values for y = x> — 2x and y = 2x — x°.
X -2 -1 0 1 2 3 4
x = 2x
2% — x?
¢ Sketch the two parabolas and state the vertex of each.
d What transformation maps y = x*> — 2xto y = 2x — x*?
ISBN 978-1-108-46904-3 © Pender et al. 2019 Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party.



128 Chapter 4 Transformations and symmetry _
Consider the hyperbola y = 5
x —_—
a Show that when x is replaced by —x the equation becomes y = — i 5
X
b Copy and complete the table of values for y = and y = — 2 .
x—2 x+2
X -4 -3 -2 -1 0 1 2 3 4
2
x—2 *
_ 2
x+ 2 *
¢ Sketch the two hyperbolas and state the vertical asymptote of each.
d  What transformation maps y = 2 toy=— 2 ?
x—2 x+2
a Sketch the graph of the quadratic function y = x> — 2x — 3, showing the intercepts and vertex.
b In each case, determine the equation of the result when this parabola is reflected as indicated. Then
draw a sketch of the new function.
i In the y-axis ii In the x-axis iii In both axes
a Sketch the graph of the exponential function y = 27, showing the y-intercept and the coordinates at
x = —1, and clearly indicating the asymptote.
b In each case, find the equation of the curve when this exponential graph is reflected as indicated.
Then draw a sketch of the new function.
I In the y-axis il In the x-axis iii In both axes
In each case, an unknown function has been drawn. Draw the reflections of the function specified below it.
a b 4 c
g y=P@) g
y=f) 2
2 1 _1. 11— E y=A(x)
1 ! i 1 X
12 3 x - N
/ 1 2 X )
Iy =f(=x) I y=-P® I y=A(=x)
i y=-f(x il y=-P(—x) i y=-A(—x)
ISBN 978-1-108-46904-3 © Pender et al. 2019 Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party.



4B Reflections in the x-axis and y-axis 129

DEVELOPMENT

6 Write down the new equation for each function or relation after the given transformation has been
applied. Then sketch the graph of the new curve.

a y=x": reflect in the x-axis b y=x reflect in the y-axis
c y=2% rotate by 180° d y=2x—x* rotate by 180°
e x> +y*=9: reflect in the y-axis fy= %: reflect in the x-axis

7 Consider the hyperbola y = -1

x+2

a Sketch this hyperbola.

b In each case, determine the reflection or rotation required to achieve the specified result. Then write
down the equation of the new hyperbola and sketch it.
I The vertical asymptote is unchanged, but the horizontal asymptote changes sign.
Ii  The intercepts with the axes are positive.

8 a Sketch the circles (x — 3)> + y* = 4 and (x + 3)> + y* = 4.
What transformation maps each circle onto the other?
Confirm your answer by making an appropriate substitution into the first equation.

9 Consider x> + y* = #°, the circle with centre the origin and radius r.
a Show that this equation is unchanged when reflected in either the x-axis or the y-axis.
b Explain this result geometrically.

CHALLENGE

10 In each part, explain how the graph of each subsequent equation is a reflection of the first graph or a
rotation of 180°, then sketch each one.

a Fromy:%x+l:

i y=—%x+1 ii y=—%x—1 iiiy=%x—1
b Fromy=4 — x:

I y=x-4 ihy=x+4 il y=-x-4
c Fromy=(x—1)2:

i y=—(x+1)? i y=@+1)? i y=—(x—1)?
d Fromy=\/;c:

i y=-V—x i y=—Vx i y=v—x

e Fromy = 3"

i y=-3" i y=-3" i y=3"
f Fromy=1+ L:
x—1
1 1 1
i =1- i y=-1+ i y=-1+
Y X+ 1 Y X+ 1 Y I —x
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11 Consider the two parabolas y = x> — 4x + 3 and y = x*> + 4x + 3.
a Sketch both quadratic functions on the same set of axes.

What reflection maps each parabola onto the other?
How can the second parabola be obtained by shifting the first?
Confirm your answer to part € algebraically.

o QO T

Investigate which parts of Question 10 could also have been achieved by shifting instead.

12a Letc(x) = % Show that c(—x) = c(x), and explain this geometrically.

b Lett(x) = % Show that —#(—x) = #(x), and explain this geometrically.

w ¢ [Technology]
g

Confirm your observations in parts a and b by plotting each function using graphing software.

13 Consider the parabola y = (x — 1)% Sketches or plots done on graphing software may help answer the

following questions.

a i The parabola is shifted right 1 unit. What is the new equation?
ii  This new parabola is then reflected in the y-axis. Write down the equation of the new function.

b i The original parabola is reflected in the y-axis. What is the new equation?
ii  This fourth parabola is then shifted right 1 unit. What is the final equation?

¢ Parts @ and b both used a reflection in the y-axis and a shift right 1 unit. Did the order of these affect
the answer?

d Investigate other combinations of shifts and reflections. In particular, what do you notice if the shift is

parallel with the axis of reflection?
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m Even and odd symmetry

It has been said that all mathematics is the study of symmetry. Two simple types of symmetry occur so often
in the functions of this course that every function should be tested routinely for them.

Even functions and line symmetry in the y-axis 4
A relation or function is called even if its graph has line symmetry in the y-axis.

This means that the graph is unchanged by reflection in the y-axis, as with the 27
graph to the right. 1

As explained in Section 4B, when the graph of y = f(x) is reflected in the
y-axis, the new curve has equation y = f(—x). Hence for a function to be even,
the graphs of y = f(x) and y = f(—x) must coincide, that is,

f(—=x) = f(x), for all x in the domain.

7 EVEN FUNCTIONS

* A relation or function is called even if its graph has line symmetry in the y-axis.
e Algebraically, a function f(x) is even if
f(=x) = f(x), for all x in the domain.
More generally, a relation is even if its equation is unchanged when x is replaced by —x.

0dd functions and point symmetry in the origin y

A relation or function is called odd if its graph has point symmetry in the origin.

This means that the graph is unchanged by a rotation of 180° about the origin, 27

or equivalently, by successive reflections in the x-axis and the y-axis. o
-3 3 X

When the graph of y = f(x) is reflected in the x-axis and then in the y-axis, the
new curve has equation y = —f(—x). Hence for a function to be odd, the graph 27
of —f(—x) must coincide with the graph of f(x), that is,

f(=x) = —=f(x), for all x in the domain.

8 0DD FUNCTIONS AND POINT SYMMETRY IN THE ORIGIN

* A relation or function is called odd if its graph has point symmetry in the origin.
* Algebraically, a function f(x) is odd if
f(=x) = —f(x), for all x in the domain.

More generally, a relation is odd if its equation is unchanged when x is replaced by —x and y is
replaced by —y.

» Point symmetry in the origin means that the graph is mapped onto itself by a rotation of 180° about
the origin.

» Equivalently, it means that the graph is mapped onto itself by successive reflections in the x-axis
and the y-axis. The order of these two reflections does not matter.
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Testing functions algebraically for evenness and oddness

A single test will pick up both these types of symmetry in functions.

9 TESTING FOR EVENNESS AND ODDNESS (OR NEITHER)

e Simplify f(—x) and note whether it is f(x), —f(x) or neither.

Most functions are neither even nor odd.

Example 9 4C

Test each function for evenness or oddness, then sketch it.

a fo)=x*-3 b fx) =x° c f(x)=x*—-2x
SOLUTION
a Here flx) = 7 =3, y
Substituting —x for x, f(=x) = (-x)* =3
=x*-3
= f(x). >
Hence f(x) is an even function. ‘\4/?\\] \45 *
-3
b Here f(x) =x°. YA
Substituting —x for x, f(=x) = (=x)° |
— _3 1
= —x
= —f(x) 1 X
Hence f(x) is an odd function.
¢ Here flx) = 5 = O, YA
Substituting —x for x, f(=x) = (—x)*-2(-x)
=2 + 2x.
Because f(—x) is equal neither to f(x) nor to —f(x), the function is
neither even nor odd. 1 2 %
(The parabola does, however, have line symmetry, not in the y-axis, _1
but in its axis of symmetry x = 1.)
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FOUNDATION
1 Classify each function y = f(x) as even, odd or neither.
a V4 b y c YA
X
/ X
X
d VA e y f YA
X
X
2 In each diagram below, complete the graph so that:
I f(x)iseven i f(x)1is odd.
a V4 b y c VA
1
1
1 X 1
1 2 X X
14 2
3 Consider the function f(x) = x* — 24> + 1.
a Simplify f(—x). b Hence show that f(x) is an even function.
4 Consider the function g(x) = x* — 3x.
a Simplify g(—x). b Hence show that g(x) is an odd function.
5 Consider the function h(x) = x° + 3x* — 2.
a Simplify h(—x). b Hence show that i(x) is neither even nor odd.

6 Simplify f(—x) for each function, and hence determine whether it is even, odd or neither.

a f=x"-9 b fx)=x>—6x+5 c flx) =x>—25x
d flx) =x* — 4x? e f(x) =x+ 5% f flx)=x — 16x
0 f(x)=x — 8 + 16x h f(x) =x*+3x° — 9% — 27x
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7 On the basis of the previous questions, copy and complete these sentences:
a ‘A polynomial function is odd if ... .

b ‘A polynomial function is even if ...".

DEVELOPMENT

8 Factor each polynomial in parts a—f of Question 6 above and write down its zeroes (that is, its
x-intercepts). Then use a table of values to sketch its graph. Confirm that the graph exhibits the
symmetry established above.

w 9 [Algebra and Technology]
¥

In Questions 3-8, the odd and even functions were all polynomials. Other functions can also be
classified as odd or even. In each case following, simplify f(—x) and compare it with f(x) and —f(x) to
determine whether the function is odd or even. Then confirm your answer by plotting the function on
appropriate graphing software.

X —X X _ /=X 2

a fo =212 WOEE ¢ fw=vh d 5 = (%)

e f=5" =51 9 f@=V9-2 b fe=w9-2
x° = X =

10 Determine whether each function is even, odd or neither.

a f(x)=2" b f(x)=27" c f(x) =V3—x?

d =" e =2 i) =343
x+1 X+ 4

g f(x) =3 -3 h f() =3 +x°

CHALLENGE

11 a Explain why the relation x> + (y — 5)* = 49 is even.
b Explain why the relation x> + y* = 49 is both even and odd.

12 a Prove that if f(x) is an odd function defined at x = 0, then y = f(x) passes through the origin.
Hint: Apply the condition for a function to be odd to f(0).
b If f(x) is an even function defined at x = 0, does the graph of y = f(x) have to pass through the
origin? Either prove the statement or give a counter-example.

13 a Suppose that 2(x) = f(x) X g(x).
I Show that if f and g are both even or both odd, then A(x) is even.
ii  Show that if one of f(x) and g(x) is even and the other odd, then A(x) is odd.
b Suppose that h(x) = f(x) + g(x).
I Show that if f(x) and g(x) are both even, then 4 (x) is even.
ii Show that if f(x) and g(x) are both odd, then A(x) is odd.
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m The absolute value function

Often it is the size or magnitude of a number that is significant, rather than whether it is positive or negative.
Absolute value is the mathematical name for this concept.

Absolute value as distance

Distance is the clearest way to define absolute value.

10 ABSOLUTE VALUE AS DISTANCE

* The absolute value |x| of a number x is the distance from x to the origin on the number line.

>

For example, |-5| =5 and [0 =0 and 5] =5.
» Distance is always positive or zero, so
|x| > 0, for all real numbers x.
e The numbers x and —x are equally distant from the origin, so
|—x| = | x|, for all real numbers x.

Thus absolute value is a measure of the size or magnitude of a number. In the examples above, the numbers
—5 and +5 both have the same magnitude 5, and differ only in their signs.

Distance between numbers

Replacing x by x — a in the previous definition gives a measure of the distance from x to a on the number line.

11 DISTANCE BETWEEN NUMBERS

e The distance from x to a on the number line is |x — a].
|x—a
D

>

a X

For example, the distance between 5 and -2 is |5 — (=2)| = 7.
* If follows that |x — a| = |a — x|, for all real numbers x and a.

An expression for absolute value involving cases

If x is a negative number, then the absolute value of x is —x, the opposite of x. This gives an alternative
definition:

12 ABSOLUTE VALUE INVOLVING CASES

x, forx>0,

For any real number x, define |x| = { —x. forx<0
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The two cases lead directly to the graph of y = | x|.

A table of values confirms the sharp point at the origin where the two branches VA
meet at right angles.
2 4
X =2 -1 0 1 2
|x] 2 1 0 1
e The domain is the set of all real numbers, and the range is y > 0. -2 20X

e The function is even, because the graph has line symmetry in the y-axis.

e The function has a zero at x = 0, and is positive for all other values of x.

Graphing functions with absolute value

Transformations can now be applied to the graph of y = |x| to sketch many functions involving absolute

value. More complicated functions, however, require the approach involving cases.

A short table of values is always an excellent safety check.

Example 10
\——)

a Sketch y = |x — 2| using shifting.
b Check the graph using a table of values.
¢ Write down the equations of the two branches.

SOLUTION
a This is y = | x| shifted 2 units to the right.

b % 0 1 y) 3 4
y 2 1 0 1 2

¢ From the expression using cases, or from the graph:
B {x -2, forx>2,

—x + 2, forx<2.
Example 11
\—— )

a Use cases to sketch y = |x| — x.
b Check using a table of values.

SOLUTION

a Considering separately the cases x > 0 and x < 0,

4D

V4

_Jx—-x, forx>0,
Y= —x —x, forx<O0,

0, forx > 0,

that is,y = {_2x, forx < 0.

4D

b Checking using a table of values,

-2 —1 0 1 2
4 2 0 0 0
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Solving absolute value equations:

Three observations should make everything clear:

4D The absolute value function 137

* An equation such as |3x + 6] = —21 has no solutions, because an absolute value can never be negative.
® An equation such as |3x + 6| = 0 is true when 3x + 6 = 0.

® An equation such as |3x + 6| = 21 can be solved by realising that:

[3x + 6] =21 istrue when 3x+ 6 =21

13 TO SOLVE THE EQUATION |ax + b| = k

e If k < 0, the equation has no solutions.

3x + 6 =-21.

e If k = 0, the equation has one solution, found by solving

ax + b =0.

» If k> 0, the equation has two solutions, found by solving

ax+ b=k or ax + b = —k.

Example 12
\—— )

4D
Solve each absolute value equation.
a [3x+6| =-21 b |3x+6/=0 c [3x+6| =21
SOLUTION
a |3x + 6| = —21 has no solutions, because an absolute value cannot be negative.
b [3x+ 6]/ =0 [3x + 6] =21
3x+6=0 3x+6=2lor3x+ 6 =-21
3x = —6 3x = 15 or 3x = =27
x=-=-2 x=50rx=-9
Example 13 4D
\——)

Solve each absolute value equation.

a [x-2|=3

SOLUTION

a lx—2|=3
x—2=30rx—2=-3

x=5o0rx=-1
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Sketching y = |ax + b|:
To sketch a function such as y = |3x + 6|, the first step is always to find the x-intercept and y-intercept. As in
the example above,

Put y =0, then [3x + 6] =0 Put x=0
3x+6=0 Theny = |0 + 6]
x=-2. = 6.

Plot those two points (-2, 0) and (0, 6).

The graph is symmetric about the vertical line x = -2,
so the point (—4, 6) also lies on the curve.

Now join the points up in the characteristic V shape.
Alternatively, draw up a small table of values,

x -4 -3 -2 -1 0 X
y 6 3 0 3 6
A good final check: The two branches of the curve should have gradients 3 and 3.
Absolute value as the square root of the square
Taking the absolute value of a number means stripping any negative sign from the number. We already have
algebraic functions capable of doing this job — we can square the number, then apply the function v that
says ‘take the positive square root (or zero)’.
14 ABSOLUTE VALUE AS THE POSITIVE SQUARE ROOT OF THE SQUARE

* For all real numbers x, |x? = x? and |x| = Va2,

For example, |-3]> =9 = (=3)> and  |-3| = V9 = V(=3)%.
Identities involving absolute value
Here are some standard identities.

15 IDENTITIES INVOLVING ABSOLUTE VALUE

* |=x| = |x|, forall x.

* |x—y| =]y —x|, forall x and y.

e |xy| = |x|ly|, for all x and y.

. X = M, for all x, and for all y # 0.

Yoyl
Substitution of some positive and negative values for x and y should be sufficient to demonstrate these results.
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FOUNDATION

1 Evaluate:

a |3] b |-3| c |4-17| d |7 —4|

e [14 -9 — 12| f |=7+ 8] g |32 -5 h |11 -16| -8
2 Solve each absolute value equation, then graph the solution on a number line.

a |x|=1 b |x|]=3 c |4x|=8

d |2x] =10 e [2x|=6 fo|3x]=12
3 Solve each equation and graph the solution on a number line.

a |[x—4]=1 b |x-3|=7 c |[x-3]=3 d |[x-7|=2

e [x+5]=2 flx+2]=2 g [x+1/=6 h |x+3[=1

4 a Copy and complete the tables of values for the functions y = |x — 1|and y = |x| — 1.
X -2 -1 0 1 2 3
|x =1

B > -1 o 1 2 3
x| -1

b Draw the graphs of the two functions on separate number planes, and observe the similarities and
differences between them.
¢ Explain how each graph is obtained by shifting y = |x|.

5 Show that each statement is true when x = —3.

a |5x| = 5|x]| b |—x|=|x] c |xP=x*
d |[x=7]=1]7 — x| e x<|x| fo—|x|<x
6 Show that each statement is false when x = —2.
a |x|=x b |—x|=x C |x+2|=|x]+2
d [x+1]=x+1 e |x—1]<|x| -1 flxP=x
DEVELOPMENT

7 In each case, use the rules of Box 13 to solve the equation for x.

a |7x| =35 b |2x+1|=3 ¢ |2x—1]=11
d |7x - 3|=-11 e |3x+2|=-8 f [5x+2/=0
g |3x=5/=0 h |6x—7|=5 i |5x+4|=6

8 a Consider the equation |1 — 2x| = 3.
I Explain why this equation has the same solution as |2x — 1| = 3. (Refer to Box 11.)
ii Hence, or otherwise, solve the equation.
b Likewise, solve these equations.
I 3-2x|=1 i |1-3x|=2
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140 Chapter 4 Transformations and symmetry _

9 a Use cases to help sketch the branches of y = |x]|.
b In each part, identify the shift or shifts of y = |x| and hence sketch the graph. Then write down the
equations of the two branches.
I y=|x-3] i y=|x+2]| i y=|x| -2
v y=|x|+3 v y=|x-2|-1 viy=|x+1]-1

10 Sketch each function using cases. Check the graph with a table of values.

a y=|2x| b y= ‘Ex‘
11 Find the x-intercept and y-intercept of each function. Then sketch the graph using symmetry, and

confirm with a small table of values.

a y=|2x—6| b y=1]9 - 3x| c y=|5x|

d y=|4x + 10| e y=—|3x+7| foy=—|7x|

12 [Technology]
Use suitable graphing software to help solve these problems.
a i Sketchy=|x—4|and y = 1 on the same set of axes, clearly showing the points of intersection.
Ii Hence write down the solution of |x — 4| = 1.
b Now use similar graphical methods to solve each of the following.
I |x+3]=1 i [2x+1|=3 i |3x=3|=-2 iv |2x=5|=0

CHALLENGE

13 Consider the absolute value function f(x) = |x]|.
a Use the result f(x) = \/)? given in Box 14 to help prove that the absolute value function is even.
b Why was this result obvious from the graph of y = |x|?

14 a For what values of xis y = |j§—| undefined?
b Use a table of values of x from —3 to 3 to sketch the graph.

x|

¢ Hence write down the equations of the two branches of y = -

15 Sketch each graph by drawing up a table of values for —3 < x < 3. Then use cases to determine the
equation of each branch of the function.

a y=|x|+x b y=|x|—-x
C y=2(x+1) —|x+1] d y=ux>—|2x]
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m Composite functions

Shifting, reflecting, and taking absolute value, are all examples of a far more general procedure of creating
a composite function from two given functions. The example below shows how a translation left 3 and a
translation up 3 are obtained using composites. In this section, however, attention is on the algebra rather
than on the final graph.

Composition of functions

Suppose that we are given the two functions f(x) = x 4+ 3 and g(x) = x>. We can put them together by
placing their function machines so that the output of the first function is the input of the second function

X fx) g(f(x))
-2 — — 1 — — 1
-1 — — 2 — — 4
0 — — 3 — — 9
N Add 3 .4 Square . 16
2 — — 5 — — 25
x — — x+3 — — (x+3)?

The middle column is the output of the first function ‘Add 3’. This output is then the input of the second
function ‘Square’. The result is the composite function

g(f)) = (x + 3)? ‘Add 3, then square.’
If the functions are composed the other way around, the result is different,
flew) = ¥ +3 ‘Square, then add 3.’
Notice how in this example, both ways around are examples of translations.
* The composite graph y = g(f(x)) is y = g(x) shifted left 3.
* The composite graph y = f(g(x)) is y = g(x) shifted up 3.

Example 14 4E
Find and simplify k(/(x)) and % (k(x)) when i(x) = 2x + 3 and k(x) = 1 — 5x.

SOLUTION

k(h(x)) = k(2x + 3) h(k(x)) = k(1 — 5x)
=1-52x+3) =2 — 5x) + 3
= —10x — 14 =-10x+5

Domain and range of the composite function

In Example 14 above, h(x) and k(x) have domain and range all real numbers, so there are no problems, and
the domains and ranges of both composites are all real numbers.

In the original example with the function machines, f(x) and g(x) again both have domain all real numbers,
and so do g(f(x)) and f(g(x)). But while f(x) has range all real numbers, g(x) has range y > 0. Thus the
range of g(f(x)) = (x + 3)%is y > 0, and the range of fg(x)) = ¥+ 3isy > 3.
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In general, neither the domain nor the range of g( f(x)) are all real numbers.

¢ For a real number a to be in the domain of g( f(x)), a must be in the domain of f(x), and f(a) must be in
the domain of g(x).

¢ The range of g( f(x)) is the range of g(x) when it is restricted just to the range of f(x).

Example 15 4E
Find the domain and range of g(f(x)) if f(x) = Vx — 4 and g(x) = %

SOLUTION

The domain of f(x) is x > 4, and the domain of g(x) is x # 0.

When x = 4, f(4) = 0, and when x > 4, f(x) > 0, so g( f(x)) is not defined at x = 4, but is defined for x > 4.
Thus the domain of g(f(x)) is x > 4.

When restricted to x > 4, the range of f(x) is y > 0, and when g(x) is restricted to x > 0, its range is y > 0
(note the change of variable as output becomes input). Thus the range of g( f(x)) isy> 0.

This approach, however, is rather elaborate. It is almost always enough to find the equation of the composite
and look at it as a single function. In this example,

g(f) = \/174,
o

from which it is easily seen that the domain is x > 4 and the range is y > 0.

16 COMPOSITE FUNCTIONS:

* The composites of two functions f(x) and g(x) are g(f(x)) and f(g(x)).

¢ For a real number a to be in the domain of g( f(x)), a must be in the domain of f(x), and then f(a)
must be in the domain of g(x).

e The range of g( f(x)) is the range of g(x) when it is restricted just to the range of f(x).

It is almost always enough to read the domain and range from the equation of the composite function.

The notations (g = f)(x) for the composite g(f(x)), and (f g)(x) for f(g(x)), are also widely used.

The empty function
Let f(x) = —x* — 1 and g(x) = Vx. Then

g(f(x ) =V_x?-1.

This is a problem, because V—x*> — 1 is undefined, whatever the value of x. The range of f(x) is all real
numbers less than or equal to —1, and g(x) is undefined on all of these because you can’t take the square root
of a negative. Thus g( f(x)) has domain the empty set, and its range is therefore also the empty set. It is the
empty function.

The empty function has domain the empty set, and its range is therefore also the empty set. For those
interested in trivialities, the empty function is one-to-one.
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FOUNDATION
1 Consider the function f(x) = x + 2.
a Find the values of:
o) i f(f3)) i f(f-1)) v f(f-89))

b Find expressions for:
() i ()
¢ Find the value of x for which f(f(x)) = 0.
2 Consider the function F(x) = 2x.
a Find the values of F(F(0)), F(F(7)), F(F(=3)) and F(F(=11)).
b Find expressions for F(F(x)) and for F(F (F ®)))
¢ Find the value of x for which F (F (x))

3 Consider the function g(x) =2 — x.
a Find the values of g(£(0)), g(g(4)), g(g(=2)) and g(g(-9)).
b Show that g(g(x)) = x.
¢ Show that g(g(g(x))) = g(x).

4 Consider the function Ah(x) = 3x — 5.
a Find the values of 1(h(0)), h(h(5)), h(h(=1)) and h(h(=5)).
b Find expressions for 4 (/(x)) and for h(h(h(x))).

5 Two linear functions are defined by f(x) = x + 1 and g(x) = 2x — 3.
a Find the values of f(g(7)), g(f(7)), f(f(7)) and g(g(7)).
b Find expressions for:
L fle) i g(f)) i f(f(x)) v g(gM)
¢ What transformation maps the graph of y = g(x) to the graph of y = g( Jx) ) ?
d What transformation maps the graph of y = g(x) to the graph of y = f( g(x)) ?

6 Two functions £(x) and g(x) are defined by £(x) = x — 3 and g(x) = x*.
a Find the values of £(g(=1)), g(£(=1)), £(¢£(=1)) and g(g(=1)).

b Find:

i {(qW)) i q(t)) i £(£(x)) v g(q())
¢ Determine the domains and ranges of:

i {(qW)) i q(t))

d What transformation maps the graph of y = g(x) to the graph of y = q([(x)) ?
e What transformation maps the graph of y = ¢g(x) to the graph of y = ¢ (q(x)) ?

DEVELOPMENT
7 Suppose that F(x) = 4x and G(x) = Vx.

a Find the values of F(G(25)), G(F(25)), F(F(25)) and G(G(25)).
b Find F(G(x)).

¢ Find G(F(x)).

d Hence show that F(G(x)) = 2G(F(x)).

e State the domain and range of F(G(x)).
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8 Two functions f and h are defined by f(x) = —x and h(x) = %
. | 1
a Find the values of f(h(—3)), h(f(~3)). ff(—3)) and k(A (=3)).
b Show that for all x # O:
L f(h@) = h(f) i f(f0)) = h(hx)

¢ Write down the domain and range of f(/(x)).

d Describe how the graph of A (x) is transformed to obtain the graph of h( f(x)).
9 Suppose that f(x) = =5 — |x| and g(x) = Vx.

a Find f( g(x)), state its domain and range, and sketch its graph.

b Explain why g(f(x)) is the empty function.

10a Show that if f(x) and g(x) are odd functions, then g(f(x)) is odd.
b Show that if f(x) is an odd function and g(x) is even, then g( f(x)) is even.
¢ Show that if f(x) is an even function, then g(f(x)) is even.

CHALLENGE

11 Find the composite functions g(f(x)) and g(f(x)).
a f(x) =4, forall x, and g(x) = 7, for all x.
b f(x) = x, g(x) any function.

12 Let f(x) = 2x + 3 and g(x) = 5x + b, where b is a constant.
a Find expressions for g(f(x)) and f(g(x)).
b Hence find the value of b so that g(f(x)) = f(g(x)), for all x.

13 a Let f(x) be any function, and let g(x) = x — a, where a is a constant. Describe each composite graph
as a transformation of the graph of y = f(x).
Iy =g(f) i y=flgWw)
b Let f(x) be any function, and let g(x) = —x. Describe each composite graph as a transformation of
the graph of y = f(x).
oy =g(f) i y=f(sm)
14 Let f(x) = 2x + 3 and g(x) = ax + b, where b is a constant.
a Find expressions for g(f(x)) and f(g(x)).
b Hence find the values of a and b so that g(f(x)) = x, for all x.
¢ Show that if @ and b have these values, then f(g(x)) = x, for all x.
15 Let f(x) = x> + x — 3 and g(x) = |x|.
a Find f(g(0)), g(£(0)), f(g(~2)) and g(f(=2)).
b Write an expression for f( g(x)) without any use of absolute value, given that:
i x>0 il x<0
16 Let L(x) = x + 1 and Q(x) = x* + 2x.
a State the ranges of L(x) and Q(x).
b Find L(Q(x)) and determine its range.
¢ Find Q(L(x)) and determine its range.
d Find the zeroes of Q(L(x)).
x+2)GBx+4)
(x+1)°

e Show that O(L(——)) = , provided that x # —1.
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Review activity

e Create your own summary of this chapter on paper or in a digital document.

Chapter 4 Multiple-choice quiz

e This automatically-marked quiz is accessed in the Interactive Textbook. A printable PDF worksheet
/ version is also available there.

Chapter review exercise

1 a Copy and complete the table of values for y = x> and y = (x — 2)°.
-2 -1 0 1 2 3 4

b Sketch the two graphs and state the vertex of each.
¢ What transformation maps y = x>to y = (x — 2)%?

2 Consider the parabola y = x* — 2x.
a Show that when this is reflected in the y-axis the equation becomes y = x> + 2x.
b Copy and complete the table of values for y = x> — 2x and y = x> + 2x.

—3 =2 =i 0 1 2 3

¢ Sketch the two parabolas and state the vertex of each.

3 Evaluate:
a |-7| b |4] c |3-8]
d |-2 - (-9 e |-2|-1|-5] f |13 -9 - 16|
4 Solve for x:
a |x|=5 b |3x| =18 c |x-2|=4
d |[x+3]=2 e |[2x-3|=5 f |3x—-4|=7
5 Explain how to shift the graph of y = x° to obtain each function.
a y=x*+5 b y=x*-1 c y=(x—3)? d y=x+4*+7
6 Write down the equation of the monic quadratic with vertex:
7 Write down the centre and radius of each circle. Shifting may help locate the centre.
a xX*+y' =1 b x+1)?+y =4
C -2+ (@ +3)7=5 d 2+ (-4 =64
ISBN 978-1-108-46904-3 © Pender et al. 2019 Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party.



146 Chapter 4 Transformations and symmetry

8 In each case, find the function obtained by the given reflection or rotation.
a y=x -2x+1: reflect in the y-axis
b y=x>-3x—4: reflect in the x-axis
cC y=2"-x: rotate 180° about the origin
d y=v9 —x% reflect in the y-axis

9 C(lassify each function y = f(x) as odd, even or neither.

a V4 f b y c ya
/ }

10 In each diagram below, complete the graph so that:

i f(x)isodd il f(x)iseven.
a VA b VA

11 Sketch each graph by shifting y = | x|, or by using a table of values. Mark all x- and y-intercepts.
a y=|x|-2 b y=|x-2| c y=|x+2] d y=|x|+2

12 Sketch each graph by finding the x-intercept and y-intercept and then using symmetry. Perhaps also use a
table of values to confirm the graph.

a y=|3x+9| b y=—|2x— 8| ¢ y=|4x+ 13|
13 Solve these absolute value equations:

a |3x]|=15 b [x+4|=5 ¢ |[x+4|=-5 d |5-x|=7

e |2x+7/=9 f [3x-8|=4 g |7x+2|=0 h |x*-25/=0
14 Find f(—x) for each function, and then decide whether the function is odd, even or neither.

a f()=x+3 b f() =22 -5 ¢ fo) =1 d fo)=—>

x 2+ 1

15 For each parabola, complete the square to find the coordinates of the vertex.

a y=x>-2x+5 b y=x*+4x-3 C y=2x>+8x+11 d y=—x"+6x+1

16 Use completion of the square to help sketch the graph of each quadratic function. Indicate the vertex and
all intercepts with the axes.

a y=x>+2x+3 b y=x>—4x+1 C y=2+2x—x d y=x>-x-1
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17 Complete the squares to find the centre and radius of each circle.
a ¥+y"-2y=3 b »+6x+y>+8=0
C ¥*—4x+y"+6y—-3=0 d X®+y* —8x+ 14y =35

18 Consider the cubic with equation y = x> — x.
a Use an appropriate substitution to show that when the graph of this function is shifted right
1 unit the result is y = x* — 3x? + 2x.
b [Technology]
Plot both cubics using graphing software to confirm the outcome.

19 Given that f(x) = 5x — 2 and g (x) = x> + 3, find:

a f(g0) b ¢(f(0)) c f(g@®)
d g(f4) e f(g@) f g(flw)
20 Find the domain and range of the composite functions f(g(x)) and f(g(x)) given that:
a fO)=x—1and g(x) = Vx b f(x)=%andg(x)=x2+1
21 The graph drawn to the right shows the curve y = f(x). Use this graph A
to sketch the following.
a y=f(x+1) b y=f0)+1 2
c y=fx-1D d y=fx) -1 .
e y=f(-x ty=—® -3-2 \’ .
9 y=-f(-»

22 [A revision medley of curve sketches]
Sketch each set of graphs on a single pair of axes, showing all significant points. Use transformations,
tables of values, or any other convenient method.

a y=2x, y=2x+ 3, y=2x -2
b y=—%x, y=—%x+1, y=—%x—2
cC y=x+3, y=3-uzx, y=—-x-—13
d y=@x-2>%-1, y=@x+2)7?-1, y=—-(x+2?%*+1
e y=x y = (x + 2)% y = (x — 1)
f c-D*+y*" =1, x+D*+y' =1, P+ -1)2=1
g y=x"—1, y=1-2, y=4 -2
h y=(x+2)? y=(x+2)* -4, y=@+2)%+1
i y=—|x], y=—lx|+1, y=|x-2]|
j y=\/;c, y=\/;c+l, y=Vx+1
k y=2% y=2"—1, y =251
| yzl, yzL, y= 1
X x—2 x+1
my=x, y=x -1, y=@x-1)>3
n y=x* y=(x—1)4 y=x*+1
0 y=\/;c, y=—-Vx, y=2—\/;c
p y=27, y=27"-2, y=2-2*
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Trigonometry is important in science principally because the graphs of the sine and cosine
functions are waves. Waves appear everywhere in the natural world, for example as water
waves, as sound waves, or as the electromagnetic waves that are responsible for radio,
heat, light, ultraviolet radiation, X-rays and gamma rays. In quantum mechanics, a wave is
associated with every particle.

Trigonometry began in classical times, however, in practical situations such as building,
surveying and navigation. It used the relationships between the angles and the side lengths

in a triangle, and its name comes from the Greek words trigonon, ‘triangle’, and metron,
‘measure’. This chapter develops the trigonometric functions and their graphs from the
geometry of triangles and circles, and applies the trigonometric functions in practical problems.

Some of this chapter will be new to most readers, in particular the extension of the
trigonometric functions to angles of any magnitude, the graphs of these functions,
trigonometric identities and equations, and three-dimensional problems.

Digital Resources are available for this chapter in the Interactive Textbook and Online
Teaching Suite. See the Overview at the front of the textbook for details.
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5A Trigonometry with right-angled triangles 149

m Trigonometry with right-angled triangles

This section and Section 5B will review the definitions of the trigonometric functions for acute angles, and
apply them to problems involving right-angled triangles.

Pythagoras’ theorem and similarity

You will know from your previous study that the trigonometry of triangles begins with these two
fundamental ideas.

First, Pythagoras’ theorem tells us how to find the third side of a right-angled triangle. The theorem is the
best-known of all theorems in mathematics, and has been mentioned several times already in earlier chapters.
Here is what it says:

The square on the hypotenuse of a right-angled triangle is the sum of the squares on the other two sides.

The diagrams below provide a very simple proof. Can you work out how the four shaded triangles have been
pushed around inside the square to prove the theorem?

c A b 4

B c B c
Secondly, similarity is required even to define the trigonometric A P

functions, because each function is defined as the ratio of two 3 6
sides of a triangle. 12
6

e Two figures are called congruent if one can be obtained [0) 5 R
from the other by translations, rotations and reflections.

* They are called similar if enlargements are allowed as well. 5 10 C

In two similar figures:
matching angles are equal, and matching sides are in ratio.

The trigonometric functions for acute angles

Let 0 be any acute angle, 0° < 8 < 90°. Construct a right-angled

triangle with an acute angle €, and label the sides: hyp opp

hyp — the hypotenuse, the side opposite the right angle, 0

opp — the side opposite the angle 0, adj
adj — the third side, adjacent to @ but is not the hypotenuse.

1 THE TRIGONOMETRIC FUNCTIONS FOR AN ACUTE ANGLE 6

&
sin0=o— cos6=Q tan9=0—,
hyp hyp adj
h h
cosec ) = — secQ=LI.) cotd = —
opp adj opp
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150 Chapter 5 Trigonometry

Any two triangles with angles of 90° and @ are similar, by the AA similarity test. Hence the values of
the six trigonometric functions are the same, whatever the size of the triangle. The full names of the six
trigonometric functions are:

sine, cosine, tangent, cosecant, secant, cotangent.

Question 14 in Exercise 5A gives some clues about these names, and the way in which the functions were
originally defined.

Special angles
The values of the trigonometric functions for the three acute angles 30°, 45° and 60° can be calculated
exactly using half a square and half an equilateral triangle, and applying Pythagoras’ theorem.

A P
450
2 1
¢ 1 B 0 1 R

Take half a square with side length 1.
The resulting right-angled triangle ABC has two

Take half an equilateral triangle with side length 2 by
dropping an altitude.

The resulting right-angled APQOR has angles of 60° and
By Pythagoras’ theorem, the hypotenuse AC has  30°.

length V2 By Pythagoras’ theorem, PQ = V3.

angles of 45°.

Applying the definitions in Box 1 gives the values in the table below.

2 A TABLE OF EXACT VALUES

0 sin @ cos 6 tan 6 cosec 6 sec 6 cot @
1 2

N R I e

45° v 5 I NG NG I

Trigonometric functions of other angles

A calculator is usually used to approximate trigonometric functions of other angles. Alway check first that

the calculator is in degrees mode — there is usually a key labelled [ mode ] or[ DRG ] or something similar.
Later, you will be swapping between degrees mode and radian mode (ignore the ‘grads’ unit).
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5A Trigonometry with right-angled triangles 151

Make sure also that you can enter angles in degrees, minutes and seconds, and that you can convert decimal

output to degrees, minutes and seconds — there is usually a key labelled or or something similar.
Check that you can perform these two procedures:

sin53°47" = 0.8068 and sinf = % so 0 = 38°41".

The reciprocal trigonometric functions

The functions cosecant, secant and cotangent can mostly be avoided by using the sine, cosine and tangent
functions.

3 AVOIDING THE RECIPROCAL TRIGONOMETRIC FUNCTIONS

The three reciprocal trigonometric functions can mostly be avoided because

cosec ) =

—, secGzL, cotl =
sin 0 cos 0 tan 0

Finding an unknown side of a right triangle

Calculators only have the sine, cosine and tangent functions, so it is best to use only these three functions in
problems.

4 TO FIND AN UNKNOWN SIDE OF A RIGHT-ANGLED TRIANGLE

1 Start by writing W =... (place the unknown at top left).
nown side

2 Complete the RHS with sin, cos or tan, or the reciprocal of one of these.

Example 1 5A
\e——)

Find the side marked with a pronumeral in each triangle. Give the answer in exact form if possible, or else
correct to five significant figures.

a b
5
70°
x o ;
0 60°\
SOLUTION
it hypot
a X sin 60° m b Yy — 1 Ypo en.use
5 hypotenuse 5 sin70° opposite
x = 5sin60° 5
-x 5 =
= ﬂ s sin70°
2 = 5.3209
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Finding an unknown angle of a right triangle

As before, use only sin, cos and tan.

5 FINDING AN UNKNOWN ANGLE, GIVEN TWO SIDES OF A RIGHT-ANGLED TRIANGLE

Work out from the known sides which one of cos @, sin @ or tan @ to use.

Example 2 5A
\—— )

Find 6 in the triangle drawn to the right.

0
7
12
SOLUTION
The given sides are the opposite and the adjacent sides, so tan 8 is known.
7 \adjacent
0 = 59°45".
FOUNDATION
1 Find the following values for the triangle on the right:
a cosa b tanp
¢ sina d cosp 5 4
e sing f tana
2 Use your calculator to find, correct to four decimal places: 3 -
a sin24° b cos61° ¢ tan35° d sin87°
e tan2° f cos33° g sinl°® h cos3°
3 Use your calculator to find, correct to four decimal places:
a tan57°30’ b cos32°24’ ¢ tan78°40’ d cos16°51’
e sin43°6’ f sin5°50’ g sin&’ h tan57’
4 Use your calculator to find the acute angle 6, correct to the nearest degree, if:
a tand =4 b cosd =0.7 c sin@z%
d sin@ = 0.456 e cosf =2 focosf=]
g tan@zl% h sing =1.1
5 Use your calculator to find the acute angle a, correct to the nearest minute, if:
a cosazi b tana =2 ¢ sina=0.1
d tana =0.3 e sina = 0.7251 f cosa= %
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6 Find the value of each pronumeral, correct to the nearest whole number.

a b c 28° d d
24 c
20 ; 43 620
100

36°

7 Find, correct to the nearest degree, the size of each angle marked with a pronumeral.

a b Yij C /QX d 5
7 6
8 10 13 i

18
DEVELOPMENT
8 From the diagram opposite, write down the values of:
a sina b tanp B
c secf d cota 13
e coseca f seca 12
VAN
5
9 a Use Pythagoras’ theorem to find the unknown side in each 15
>
of the two right-angled triangles in the diagram opposite. X y
b Write down the values of: 8
I cosy i sinx iii cotx 10
iv cosecy vV secx Vi coty

10 Draw the two special triangles containing the acute angles 30°, 60° and 45°. Hence write down these
exact values:
a sin60° b tan30° C cosd45° d sec60° e cosec45° f cot30°

11 Find the lengths of the sides marked with pronumerals, correct to one decimal place.

a u b c c d
12 27°

32° b

31

27

75° d

440 .

12 Find the lengths of the sides marked with pronumerals, correct to two decimal places.

a a b 65°45" c d
57°30° 9
16 b 339" d
C

22.5
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154 Chapter 5 Trigonometry _

13 Find 6, correct to the nearest minute, in each diagram below.

a 17 b 9 c
5 JSA 6.73
0
13.
10 38 8.19
| L |
! 15
10

14 a The names fangent and secant refer to the lengths of the tangent 7P and

secant OP in the diagram to the right, where the tangent 7P subtends an
angle @ at the centre O of the circle of radius 1. Show that TP = tan 6
and OP = sec@.

b 1In classical times, the sine function was usually defined to be the length
of the semi-chord AM in the diagram to the right, where the semi-chord AM
subtends an angle € at the centre O of a circle of radius 1. Show that
AM = sin 6.

CHALLENGE

15 It is given that « is an acute angle and that tana = ?

a Draw a right-angled triangle (of any size), one of whose angles is @, and show this information.
b Use Pythagoras’ theorem to find the length of the unknown side.

¢ Hence write down the exact values of sina and cosa.

d Show that sin’a + cos’a = 1.

16 Suppose that f is an acute angle and secff = g

a Find the exact values of:
I cosecf ii cotp
b Show that cosec’f — cot’ff = 1.

17 Find without using a calculator, the value of:
a sin45°cos45° + sin30° b sin60°cos30° — cos60°sin30°
¢ 1+ tan’60° d cosec’30° — cot?30°

18 Without using a calculator, show that:

a 1 + tan?45° = sec’45° b 2sin30°cos30° = sin60°
2tan30’
¢ cos’60° — cos?30° = —% d — = tan60°
1 — tan“30°
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m Problems involving right-angled triangles

The trigonometry developed so far can be used to solve practical problems involving right-angled triangles.
The examples below are typical of problems involving compass bearings and angle of elevation or
depression.

When the figure has two or more triangles, always name the triangle that you are working in.

Angles of elevation and depression

Angles of elevation and depression are always measured from the horizontal, and are always acute angles.

Sun
Observer
25°
80°
Observer Boat
The angle of elevation of the sun in For an observer on top of the cliff, the
the diagram above is 80°, because the angle of depression of the boat is 25°,
angle at the observer between the sun because the angle at the observer
and the horizontal is 80°. between boat and horizontal is 25°.

Example 3 5B

From a plane flying at 9000 metres above level ground,
I can see a church at an angle of depression of 35° from i L
the cabin of the plane. Find how far the church is from
the plane, correct to the nearest 100 metres:

a measured along the ground,

b measured along the line of sight.

SOLUTION
The situation is illustrated in the diagram by APGC.
a 9C _tnsse L
9000 9000 cos55°
GC = 9000tan55° 9000
. PC =
= 12900 metres cos55° 350
= 15700 metres C
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Example 4 5B
\—— )

A walker on level ground is 1 kilometre from the base of a 300-metre vertical cliff.
a Find the angle of elevation of the top of the cliff, correct to the nearest minute.
b Find the line-of-sight distance to the top of the cliff, correct to the nearest metre.

SOLUTION
The situation is illustrated by ACWB in the diagram to the right.
a tanf = % b Using Pythagoras’ theorem, ~  _______ o
CW* = CB* + WB?
- 00 = 10007 + 300°
1000 = N
3 = 1090000
10 CW = 1044 metres. 6
0 = 16°42' 1% 1000 m B

Compass bearings and true bearings

Compass bearings are based on north, south, east and west. Any other direction is specified by the deviation
from north or south towards the east or west. The diagram to the left below gives four examples. Note that
S45°W can also be written simply as SW (that is, south west).

True bearings are measured clockwise from north (not anticlockwise as in the coordinate plane). The
diagram on the right below gives the same four directions expressed as true bearings. Three digits are used,
even for angles less than 100°.

N 000°T

N20°W N30°E 340°T, 4 030°T
20° 30°
w >E 270°T 090°T
o 70°
45 S70°E 110°T
S45°W 225°T |
S 180°T
Compass bearing True bearing
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Example 5

[Compass bearings and true bearings]

A plane flies at 400 km per hour, and flies from A to B in
the direction S30°E for 15 minutes. The plane then turns
sharply to fly due east for 30 minutes to C.

a Find how far south and east of A the point B is.

5B

b Find the true bearing of C from A, correct to the nearest

degree. d i - 200ikm ¢
SOLUTION |
a The distances AB and BC are 100km and 200km b Using opposite over adjacent in APAC,
respectively.
Wo?king inyAPAB, tan £PAC = %
PE _ sin30° 50 + 200
100 ===
PB = 100sin30° 50v3
= 50km, el
and AP = 100cos30° . V3
— 50v/3 k. £<PAC = 71°.

Hence B is 50V/3 km south of A and 50km east.

Hence the bearing of C from A is about 109°T.

157

FOUNDATION
1 A ladder of length 3 metres is leaning against a wall and is inclined at 62°
to the ground. How far does it reach up the wall? (Answer in metres
correct to two decimal places.)
3m
62°
2 Determine, correct to the nearest degree, the angle of elevation of the T
top T of a 6-metre flagpole FT from a point P on level ground 3 metres from F.
6 m
P 3m F
3 Ben cycles from P to Q to R and then back to P in a road race. P 23 km 0
Find the distance he has ridden, correct to the nearest kilometre. 569
R
ISBN 978-1-108-46904-3 © Pender et al. 2019 Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party.



158 Chapter 5 Trigonometry _

4 A ship sails 78 nautical miles due north from X to Y, then

61
Y Z
61 nautical miles due east from Y to Z. Find 8, the bearing =
of Z from X, correct to the nearest degree. 78
X

5 A tree snapped into two sections AB and BC in high winds and then

B
fell. The section BA is inclined at 51°38" to the horizontal and AC is
9.4 metres long. Find the height of the original tree, in metres correct
to one decimal place. 51938’

A 9.4 m C
6 A ladder makes an angle of 36°42’ with a wall, and its foot is 1.5 metres ,
out from the base of the wall. Find the length of the ladder, in metres 36742
correct to one decimal place.
1.5m
7 Eleni drives 120km on a bearing of 130°T. She then drives due west A
until she is due south of her starting point. How far is she from her starting \130
point, correct to the nearest kilometre?
120 km
8 John is looking out of the window W at a car C parked on the street W, I
below. If the angle of depression of C from W is 73° and the car is 7 metres
from the base B of the building, find the height WB of the window, correct
to the nearest metre.
B, C
DEVELOPMENT

9 A ladder of length 5 metres is placed on level ground against a vertical wall. If the foot of the ladder is
1.5 metres from the base of the wall, find the angle at which the ladder is inclined to the ground, correct
to the nearest degree.

10 Find, correct to the nearest tenth of a metre, the height of a tower, if the angle of elevation of the top of a
tower is 64°48" from a point on horizontal ground 10 metres from the base of a tower.

11 A boat is 200 metres out to sea from a vertical cliff of height 40 metres.
Find the angle of depression of the boat from the top of the cliff, correct to
the nearest degree.

12 Port Q is 45 nautical miles from port P on a bearing of 055°T. Port R is
65 nautical miles from port P, and ZPQOR = 90°.
a Find 2QOPR to the nearest degree.
b Hence find the bearing of R from P, correct to the nearest degree.
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13 The bearings of towns Y and Z from town X are 060°T and 330°T respectively. 7 *
a Show that £ZXY = 90°. |
b Given that town Z is 80km from town X and that £XYZ = 50°, find, correct

to the nearest kilometre, how far town Y is from town X.

14 A ship leaves port P and travels 150 nautical miles to port Q on a bearing
of 110°T. It then travels 120 nautical miles to port R on a bearing of 200°T.
a Explain why 2PQOR = 90°.
b Find the bearing of port R from port P, correct to the nearest degree.

CHALLENGE
15 a A b A c 8 cm
P aS 40° R
20 cm
18 cm
B
56° 46°
25° B P C o
2 a Show that AP = 20sin56°
D 7 cm c gvg a . d—h 1sm . Show that PR = 18c0s40°,
and hence find the lengt .
Show that AC = 7tan 50° of PC, giving your an;gwer find an expression for
and BC = 7tan25°, and Correc’t © lom PQ, and hence find the
hence find the length AB, ' angle a, correct to the
correct to 1 mm. nearest minute.
16 a b c
X X .
1 15°
30°
45° 30° [ 30°
10 10 10
Show that x = 10(V3 — 1). Show that x = 13—0(3 - V3). Show that x = 23—0\/5,
17 From the ends of a straight horizontal road 1km long, a balloon directly
above the road is observed to have angles of elevation of 57° and 33°
respectively. Find, correct to the nearest metre, the height of the balloon
above the road. 570 330
1 km
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m Three-dimensional trigonometry

Trigonometry is based on triangles, which are two-dimensional objects. When trigonometry is applied to

a three-dimensional problem, the diagram must be broken up into a collection of triangles in space, and

trigonometry applied for each triangle in turn. A carefully drawn diagram is always essential.

Two new ideas about angles are needed — the angle between a line and a plane, and the angle between two

planes. Pythagoras’ theorem remains fundamental.

Trigonometry and Pythagoras’ theorem in three dimensions

Here are the steps in a successful approach to a three-dimensional problem.

6 TRIGONOMETRY AND PYTHAGORAS’ THEOREM IN THREE DIMENSIONS

1 Draw a careful sketch of the situation.
2 Note carefully all the triangles in the figure.

3 Mark, or note, all right angles in these triangles.
4 Always name the triangle you are working with.

Example 6

5C
The rectangular prism sketched below has the following dimensions:
EF =5cm and FG =4cm and CG =3cm
a Use Pythagoras’ theorem in ACFG to find the length of the diagonal FC.
b Similarly find the lengths of the diagonals AC and AF.
¢ Use Pythagoras’ theorem in AACG to find the length of the space diagonal AG.
d Use trigonometry in ABAF to find ZBAF (nearest minute).
e Use trigonometry in AGAF to find ZGAF (nearest minute).
SOLUTION
D C
a In ACFG, FC* = 3* + 4%, using Pythagoras,
F€=5em. A== i 3cm
b In A ABC, AC? = 5% + 42, using Pythagoras, S JG
AC = V4lcm. . 4 cm
In A ABF, AF* = 5% + 32, using Pythagoras, 5cm
AF = V34cm.

¢ In AACG, the angle ZACG is aright angle, and AC = V41 and CG = 3.

Hence AG?> = AC? + CG?, using Pythagoras,
=41 + 3?
AG = V50
=5vV2cm.
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d In ABAF, the angle ZABF is a right angle, and AB = 5 and BF = 3.

Hence tan #BAF = o
AB

_3

s
4BAF = 30°58’
e In AGAF, the angle ZAFG is aright angle, and AF = V34 and FG = 4.

Hence tan £GAF = e
AF

4

V34
2GAF = 34°27’

The angle between a line and a plane

In three-dimensional space, a plane P and a line ¢ can be related in three different ways:

P 14 . [/4
/ P S P >PZ

/
/
/

¢ In the first diagram above, the line lies wholly within the plane.
¢ In the second diagram, the line never meets the plane. We say that the line and the plane are parallel.
¢ In the third diagram, the line intersects the plane in a single point P.

When the line £ meets the plane P in the single point P, it can do so in two \
distinct ways.

In the upper diagram, the line ¢ is perpendicular to every line in the plane P P >§,
through P. We say that the line is perpendicular to the plane.

In the lower diagram, the line ¢ is not perpendicular to P. To construct the
angle 0 between the line and the plane:

Aﬂ
e choose another point A on the line ¢
P W

e construct the point M in the plane P so that AM L P.

Then ZAPM is the angle between the plane and the line. /
4
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Example 7 5C
)

Find the angle between a slant edge and the base in a square pyramid of height 8 metres whose base has
side length 12 metres.

SOLUTION
Using Pythagoras’ theorem in the base ABCD,
AC? = 12% + 122
AC = 12V2 metres.
The perpendicular from the vertex V to the base meets the base at
the midpoint M of the diagonal AC.

In AMAYV, tan ZMAV = i
MA

£ZMAV = 43°19,
and this is the angle between the slant edge AV and the base.

The angle between two planes

In three-dimensional space, two planes that are not parallel intersect in a line ¢. P
To construct the angle between the planes:

e Take any point P on this line of intersection.

e Construct the line p through P perpendicular to ¢ lying in the plane P.

N

e Construct the line ¢ through P perpendicular to ¢ lying in the plane Q.
The angle between the planes P and Q is the angle between the two lines
pand q.

Example 8 5C

In the pyramid of Example 7, find the angle between an oblique face of the pyramid and the base.

SOLUTION

Let P be the midpoint of the edge BC.
Then VP L BC and MP 1 BC,
so £VPM is the angle between the oblique face and the base.

VM
In AVPM, tan 2 VPM = —
PM
=8
6
2 VPM = 53°8'.
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5C Three-dimensional trigonometry 163

Challenge — three-dimensional problems in which no triangle can be solved

In the following classic problem, there are four triangles forming a tetrahedron, but no triangle can be solved,
because no more than two measurements are known in any one of these triangles. The method is to introduce
a pronumeral for the height, then work around the figure until four measurements are known in terms of 4 in
the base triangle — at this point an equation in 4 can be formed and solved.

Example 9 5C

A motorist driving on level ground sees, due north of her, a tower whose angle of elevation is 10°. After
driving 3 km further in a straight line, the tower is in the direction due west, with angle of elevation 12°.

a How high is the tower? b In what direction is she driving?
SOLUTION
N
W Bk
3 km
A
S

Let the tower be TF, and let the motorist be driving from A to B.

a There are four triangles, none of which can be solved.
Let 4 be the height of the tower.
In ATAF, AF = hcot10°.
In ATBF, BF = hcot12°.
We now have expressions for four measurements in AABF, so we can use Pythagoras’ theorem
to form an equation in A.

In AABF, AF? + BF? = AB?
h?cot®> 10° + K% cot® 12° = 32
h? (cot® 10° + cot® 12°) =9

h* = .
cot? 10° + cot® 12°
h = 0.407 km,
so the tower is about 407 metres high.
. . FB
b Let & = 2FAB, then in AAFB, sinf = i
_ h cot 12°
3
0 = 40°,
so her direction is about N40°E.
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The general method of approach
Here is a summary of what has been said about three-dimensional problems (apart from the ideas of angles
between lines and planes and between planes and planes).

7 THREE-DIMENSIONAL TRIGONOMETRY

Draw a careful diagram of the situation, marking all right angles.

A plan diagram, looking down, is usually a great help.

Identify every triangle in the diagram, to see whether it can be solved.

If one triangle can be solved, then work from it around the diagram until the problem is solved.
If no triangle can be solved, assign a pronumeral to what is to be found, then work around the
diagram until an equation in that pronumeral can be formed and solved.

Gl A WN =

FOUNDATION

1 The diagram opposite shows a rectangular prism. H G
a Use Pythagoras’ theorem to find the length of the base diagonal BE.

b Hence find the length of the prism diagonal BH. D

¢ Find, correct to the nearest degree, the angle a that BH makes with E -------------- F

the base of the prism. o

2 The diagram opposite shows a cube. H G
a Write down the size of:
I ZABF il ZAFG iii £ZABG
b Use Pythagoras’ theorem to find the exact length of:
I AF i AG E
¢ Hence find, correct to the nearest degree:
I «£GAF ii ZAGB

3 The diagram opposite shows a triangular prism.
a Find the exact length of:

I AC ii AF ;

b What s the size of ZACF? J e

¢ Find ZAFC, correct to the nearest degree. g
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DEVELOPMENT

4 The diagram to the right shows a square pyramid. The point C is the centre
of the base, and TC is perpendicular to the base.
a Write down the size of:
I z2CMQ ii
b Find the length of:
I CM i CQ
¢ Find, correct to the nearest degree:
I the angle between a side face and the base,
Il the angle between a slant edge and the base.

2TCM i £TCQ

5 The diagram opposite shows a rectangular prism. H
a Write down the size of:

i ZABF i «DBF D —¢
b Find, correct to the nearest degree, the angle that the diagonal plane
DBFH makes with the base of the prism.

the prism, and M is the midpoint of the base diagonal BC.

a Find the exact length of MD.

b Hence find, correct to the nearest degree, the angle that the plane ~ (~/————
ABC makes with the base of the prism. D

6 The diagram opposite shows a square prism. The plane ABC is inside A

7 Two landmarks P and Q on level ground are observed from the
top T of a vertical tower BT of height 30m. Landmark P is due
south of the tower, while landmark Q is due east of the tower.
The angles of elevation of 7" from P and Q are 15° and 18°
respectively.

a Show that BP = 30tan75°, and find a similar expression
for BO.
b Find, correct to the nearest metre, the distance between the

two landmarks.
P

at Q. The two observers are 50m apart and the bearing of Q from P is
36°. The angle of elevation of 7" from Q is 28°.

a Show that BQ = 50sin36°.

b Hence find the height 4 of the tree, correct to the nearest metre.

8 A tree BT is due north of an observer at P and due west of an observer T

¢ Find the angle of elevation of 7 from P, correct to the nearest
degree.
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166 Chapter 5 Trigonometry

9 Two monuments A and B are 400m apart on a horizontal plane.
The angle of depression of A from the top 7 of a tall building is 18°.
Also £TAB = 52° and £TBA = 38°.

a
b
c

Show that TA = 400cos52°.

Find the height / of the building, correct to the nearest metre.
Find the angle of depression of B from 7', correct to the nearest
degree.

CHALLENGE

10 The diagram to the right shows a cube of side 2 cm, with diagonals H G

AG and CE intersecting at P. The point M is the midpoint of the face M

diagonal EG. Let a be the acute angle between the diagonals E E 2em

AG and CE. :

a What is the length of PM? a; P

b Find the exact length of EM. SRR R c

¢ Find the exact value of tan ZEPM. 2cm

d Hence find a, correct to the nearest minute. A 2cm B

11 A balloon B is due north of an observer P and its angle of elevation is 62°. From another observer Q
100 metres from P, the balloon is due west and its angle of elevation is 55°. Let the height of the balloon

be i metres and let C be the point on the level ground vertically below B.

a
b
c

Show that PC = h cot 62°, and write down a similar expression for QC.

Explain why 2 PCQ = 90°.
Use Pythagoras’ theorem in ACPQ to show that
12— 100? ‘
cot? 62° + cot? 55°
Hence find £, correct to the nearest metre.

B

P 100 m 0

12 From a point P due south of a vertical tower, the angle of elevation of the top of the tower is 20°. From
a point Q situated 40 metres from P and due east of the tower, the angle of elevation is 35°. Let & metres
be the height of the tower.

a Draw a diagram to represent the situation.
40
b Show that h = , and evaluate h, correct to the nearest metre.
\/tan2 70° + tan® 55°
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5D Trigonometric functions of a general angle 167

m Trigonometric functions of a general angle

The definitions of the trigonometric functions given in Section 5A only apply to acute angles, because in a
right-angled triangle, both other angles are acute angles.

This section introduces more general definitions based on circles in the coordinate plane (whose equations
are Pythagoras’ theorem, as we saw in Section 3G). The new definitions will apply to any angle, but will, of
course, give the same values as the previous definitions for acute angles.

Putting a general angle on the coordinate plane

Let 0 be any angle — possibly negative, possibly obtuse or reflex, possibly greater than 360°. We shall
associate with @ a ray with vertex at the origin.

8 THE RAY CORRESPONDING TO @

* The positive direction of the x-axis is the ray representing the angle 0°.
» For all other angles, rotate this ray anticlockwise through an angle 6.
If the angle is negative, the ray is rotated backwards, which means clockwise.

Here are some examples of angles and the corresponding rays. y
The angles have been written at the ends of the arrows representing

100 "\ |_320°, 40°, 400°
the rays.

Notice that one ray can correspond to many angles. For example,
all the following angles have the same ray as 40°:

..., —680°, =320°, 40°, 400°, 760°, ... _160°, 200°

A given ray thus corresponds to infinitely many angles, all differing —40°, 320°

by multiples of 360°. The relation from rays to angles is thus
one-to-many.

9 CORRESPONDING ANGLES AND RAYS

* To each angle, there corresponds exactly one ray.
* To each ray, there correspond infinitely many angles, all differing from each other by multiples
of 360°.
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168 Chapter 5 Trigonometry _

Defining the trigonometric functions for general angles

Let 0 be any angle, positive or negative.

Construct a circle with centre the origin and any positive radius r. Let the ray

corresponding to @ intersect the circle at the point P(x, y).

dhW
=
=
=

The six trigonometric functions are now defined in terms of x, y and r as follows:

10 DEFINITIONS OF THE SIX TRIGONOMETRIC FUNCTIONS

sinf = cosf = tan 0 =

cosec f = secd = cotf =

SIS S=
=l=x =xI<

<IN NI

Note: We chose r to be ‘any positive radius’. If a different radius were chosen, the two figures would be
similar, so the lengths x, y and r would stay in the same ratio. Because the definitions depend only on the
ratios of the lengths, the values of the trigonometric functions would not change.

In particular, we may use a circle of radius 1 in the definitions. When this is done, however, we would then
lose the intuition that a trigonometric function is not a length, but is the ratio of two lengths.

Agreement with the earlier definition /y_ 0
Let O be an acute angle. P(x, y)
Construct the ray corresponding to 4. -
Let the perpendicular from P meet the x-axis at M. y
Then 6 = £ZPOM, so relating the sides to the angle &, 0 >
ol * M /r X
hypotenuse = OP = r, opposite = PM =y, adjacent = OM = x.

Hence the old and the new definitions are in agreement.

Note: Most people find that the diagram above is the easiest way to learn the new definitions of the
trigonometric functions. Take the old definitions in terms of hypotenuse, opposite and adjacent sides, and
make the replacements,

hypotenuse «— r, opposite «— y, adjacent «— x.

Boundary angles

Integer multiples of 90°, that is ©. 7)

90°
...,—90°, 0°, 90°, 180°, 270°, 360°, 450°, ...
are called boundary angles because they lie on the boundaries between 180° 0°
quadrants. (=r, 0) (r, 0)
The values of the trigonometric functions at these boundary angles are not
always defined, and are 0, 1 or —1 when they are defined. The diagram to ©0,-r)
the right can be used to calculate them, and the results are shown in the 270°

table on next page (where the star * indicates that the value is undefined).
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5D Trigonometric functions of a general angle 169

11 THE BOUNDARY ANGLES

0 0° 90° 180° 270°
r 0 -r 0
0 r 0 -r
r r r r
sin 0 1 0 -1
cos 1 0 -1 0
tan 0 0 * 0
cosec 8 * 1 * -1
sec @ 1 * -1 *
cotd * 0 *

In practice, the answer to any question about the values of the trigonometric functions at these boundary
angles should be read off the graphs of the functions. These graphs need to be known very well indeed.

The domains of the trigonometric functions

The trigonometric functions are defined everywhere except where the denominator is zero.

12 DOMAINS OF THE TRIGONOMETRIC FUNCTIONS

* sin @ and cos @ are defined for all angles 6.
e tan @ and sec @ are undefined when x = 0, that is, when

0 =...,-90° 90°, 270°, 450°, ...
e cot# and cosec @ are undefined when y = 0, that is, when
0 =...,-180°, 0°, 180°, 360°, ...

FOUNDATION
1 On a number plane, draw rays representing the following angles.
a 40° b 110° ¢ 190°
d 290° e 420° f 500°
2 On another number plane, draw rays representing the following angles.
a -50° b —-130° ¢ —250°
d -350° e —440° f —=550°

3 For each of the angles in Question 1, write down the size of the negative angle between —360° and 0°
that is represented by the same ray.

4 For each of the angles in Question 2, write down the size of the positive angle between 0° and 360° that
is represented by the same ray.
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170 Chapter 5 Trigonometry

5 Write down two positive angles between 0° and 720° and two negative b a
angles between —720° and 0° that are represented by each of the rays in c 10°
the diagram to the right. 20°
40°
20° 0°
d f
30°
(J
DEVELOPMENT

6 Use the definitions

sin6=y Y
,

and and tan 0 =
X

X
cosf ==
.

to write down the values of the six trigonometric ratios of the angle 0 in each diagram.

a

0
(3.4

e
NI

b (-4,3)

0

c

7 [The graphs of sin 8, cos 8 and tan ]
The diagram shows angles from 0° to 360° at 30° intervals. The circle has radius 4 units.
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a Use the diagram and the definitions of the three trigonometric ratios to complete the following table.
Measure the values of x and y correct to two decimal places, and use your calculator only to perform

the necessary divisions.

g -30°

X

y

r
sin 0

cos O
tan 0

OO

30°  60°

90° 120° 150° 180°

210° 240°

270° 300° 330° 360° 390°

b Use your calculator to check the accuracy of the values of sin @, cos 8 and tan € that you obtained in

part a.

¢ Using the table of values in part @, graph the curves y = sin 8, y = cos 8 and y = tan 0 as accurately

as possible on graph paper. Use the following scales:

On the horizontal axis, let 2mm represent 10°.

On the vertical axis, let 2cm represent 1 unit.

CHALLENGE
8 Use the following diagram to answer the questions.
y =sinx y = cos X
—1 /
360°

0 90° 180° 270°
—-1
a Read off the diagram, correct to two decimal places where necessary, the values of:

I cos60° il sin210° il sin72° iv cos18°

vV sin144° Vi cos36° vii cos 153° viiisin27°

IX sin234° X cos306°
b Find from the graphs two values of x between 0° and 360° for which:

I sinx=0.5 ii cosx=-0.5 iii sinx=0.9 iv cosx = 0.6

v sinx = 0.8 Vi cosx =—0.8 vii sinx = —0.4 vilicosx = —0.3

¢ Find two values of x between 0° and 360° for which sinx = cos.x.
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Chapter 5 Trigonometry

E Quadrant, sign, and related acute angle

Symmetry is an essential aspect of trigonometric functions. In this section we will use

symmetry to express the values of the trigonometric functions of any angle in terms of 2nd
quadrant | quadrant

trigonometric functions of acute angles.

1st

The diagram shows the conventional anticlockwise numbering of the four quadrants of

3rd

4th

the coordinate plane. Acute angles are in the first quadrant, obtuse angles are quadrant | quadrant
in the second, and reflex angles are in the third a fourth.
The quadrant and the related acute angle 71
The diagram to the right shows the four rays corresponding to the four angles 30°, 20 gl
150°, 210° and 330°. 30° 30°
These four rays lie in each of the four quadrants of the plane, and they all make the 30° 30° x
same acute angle of 30° with the x-axis. The four rays are thus the reflections of each

. 210° 330°
other in the two axes.

13 QUADRANT AND RELATED ACUTE ANGLE

Let 6 be any angle.
* The quadrant of @ is the quadrant (1, 2, 3 or 4) in which the ray lies.
e The related acute angle of 0 is the acute angle between the ray and the x-axis.

Each of the four angles above has the same related acute angle 30°. Notice that € and its related angle are

only the same when @ is an acute angle.

The signs of the trigonometric functions

The signs of the trigonometric functions depend only on the signs of x and y. (The radius r is always

positive.) The signs of x and y depend in turn only on the quadrant in which the ray lies. Thus we can easily

compute the signs of the trigonometric functions from the accompanying diagram and the definitions.

Quadrant 1 2 3 4
YA
+ - - +
+ + — — (=) (++)
r + + + -
X
sin 6 + F — —
cos @ + - — + =-) (+.-)
tan 0 + — + —
cosec 6 + + - = (same as sin 9)
sec 0 + — - IF (same as cos )
cotd + — + = (same as tan )
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5E Quadrant, sign, and related acute angle 173

In NSW, these results are usually remembered by the phrase:

14 SIGNS OF THE TRIGONOMETRIC FUNCTIONS
‘All Stations To Central’
indicating that the four letters A, S, T and C are placed successively in the four

quadrants as shown. The significance of the letters is:
A means all six functions are positive.

S means only sine (and cosecant) are positive.
T means only tangent (and cotangent) are positive.
C means only cosine (and secant) are positive.

Three graphs of the trigonometric functions were constructed in Exercise 5D, and all six are drawn together

at the end of this section. Study each of them to see how the table of signs above, and the ASTC rule, agree

with your observations about when the graph is above the x-axis and when it is below.

The angle and the related acute angle o

In the diagram to the right, a circle of radius r has been added to the earlier 1507 30°
diagram showing the four angles 30°, 150°, 210° and 330°. Q 30° 30° g
The four points P, O, R and S where the four rays meet the circle are all R 30° 30 Sx
reflections of each other in the x-axis and y-axis. Because of this symmetry, the 210° 3300
coordinates of these four points are identical, apart from their signs.

Hence the trigonometric functions of these angles will all be the same too, except that the signs may be

different.

15 THE ANGLE AND THE RELATED ACUTE ANGLE

* The trigonometric functions of any angle € are the same as the trigonometric functions of its

related acute angle, apart from a possible change of sign.
* The sign is best found using the ASTC diagram.

Evaluating the trigonometric functions of any angle

This gives a straightforward way of evaluating the trigonometric functions of any angle.

16 TRIGONOMETRIC FUNCTIONS OF ANY ANGLE

Draw a quadrant diagram then:

* Place the ray in the correct quadrant, and use the ASTC rule to work out the sign of the answer.

* Find the related acute angle, and work out the value of the trigonometric function at this

related angle.
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Example 10 5E

Find the exact value of:

a tan300° b sin(-210°) C cos570°
SOLUTION
-210°
30°
60° 30°
570°
300°
a 300° is in quadrant 4, b —-210°is in quadrant 2, ¢ 570°is in quadrant 3,
the related angle is 60°, the related angle is 30°, the related angle is 30°,
so tan300° = —tan60° so sin (—=210°) = +sin30° so cos570° = —cos30°
- -5 3

==
Note: A calculator will give approximate values of the trigonometric functions without any need to find
the related acute angle. It will not give exact values, however, when these values involve surds.

General angles with pronumerals

This quadrant-diagram method can be used to generate formulae for expressions such as sin (180° + A) or
cot (360° — A). The trick is to place A on the quadrant diagram as if it were acute.

17 SOME FORMULAE WITH GENERAL ANGLES

sin (180° — A) = sinA sin (180° + A) = —sinA sin (360° — A) = —sinA
cos (180° — A) = —cosA cos (180° + A) = —cosA cos (360° — A) = cosA
tan (180° — A) = —tanA tan (180° + A) = tanA tan (360° — A) = —tanA

Some people prefer to learn this list of identities to evaluate trigonometric functions, but this seems
unnecessary when the quadrant-diagram method is so clear.

The graphs of the six trigonometric functions

The diagrams on the next page show the graphs of the six trigonometric functions over a domain extending
beyond —360° < x < 360°. With this extended domain, it becomes clear how the graphs are built up by
infinite repetition of a simple element.

The sine and cosine graphs are waves, and they are the basis of all the mathematics that deals with waves.
The later trigonometry in this course will mostly deal with these wave properties. These two graphs each
repeat every 360°, and the graphs are therefore said to have a period of 360°.

The piece of the sine wave from € = 0° to § = 90° is enough to construct the whole sine wave and the whole
cosine wave — use reflections, rotations and translations.

ISBN 978-1-108-46904-3 © Pender et al. 2019 Cambridge University Press
Photocopying is restricted under law and this material must not be transferred to another party.



5E Quadrant, sign, and related acute angle 175

The other four graphs also repeat themselves periodically. The graphs of cosecx and secx each have period
360° because they are reciprocals of sinx and cosx. The graphs of tanx and cotx, on the other hand; each
have period 180°. This will all be discussed in more detail in Chapter 9.

y=sinx YA

A 1+
/ Z360° 270° —180 —90° 90° 180 270° 360° X
-1+
y=CO0S X V4
_1..

=tan x
YA
1
_450 /
/&60" 270° 180°  —90° 45° 90° 180°  270° 60° X
-1
= Ccosec x
' N TR A \
1
_360° —270° —180° —90° 90°  180° 270°  360° X
TN v\
y =secx \y; ‘/ \/
i
_360°  —270° —180°  —90° 90° 180°  270° 360° X
Y N v\
y=cotx
V4 }34
1
—45° .
—360° —270°N\_ —180° —90° 45° 90 180° 270 360°0 X
-1
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FOUNDATION
1 Use the ASTC rule to determine the sign (+ or —) of each trigonometric ratio.
a sin20° b cos50° ¢ cos100° d tan140°
e tan250° f sin310° g sin200° h cos280°
i sin340° ] cos350° k tan290° I cos190°
m tan170° n sinll0° 0 tan80° p cos170°
2 Find the related acute angle of each angle.
a 10° b 150° c 310° d 200° e 80°
f 250° g 290° h 100° i 350° i 160°
3 Write each trigonometric ratio as the ratio of an acute angle with the correct sign attached.
a tanl30° b cos310° ¢ sin220° d tan260°
e cosl170° f sin320° g cos185° h sin125°
I tan325° ] sin85° k cos95° I tan205°
4 Use the trigonometric graphs to find the values (if they exist) of these trigonometric ratios of boundary
angles.
a sin0° b cos180° ¢ cos90° d tan0°
e sin90° f cos0° g sin270° h tan270°
I sin180° ] cos270° k tan90° I tan180°
5 Find the exact value of:
a sin60° b sin120° ¢ sin240° d sin300°
e cos45° f cosl35° g cos225° h cos315°
i tan30° J tan150° k tan210° I tan330°
DEVELOPMENT
6 Find the exact value of:
a cos120° b tan225° ¢ sin330° d sin135°
e tan240° f cos210° g tan315° h cos300°
I sin225° ] cos150° k sin210° I tan300°
7 Find the exact value of:
a cosec150° b sec225° ¢ cotl20°
d cot210° e sec330° f  cosec300°
8 Use the trigonometric graphs to find (if they exist):
a sec0° b cosec270° ¢ sec90°
d cosec180° e cot90° f cotl80°
9 Find the related acute angle of each angle.
a —60° b -200° c —150° d -300°
e 430° f 530° g 590° h 680°
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10 Find the exact value of:

a cos(—60°) b sin(—=120°) ¢ tan(—120°)
d sin(=315°) e tan(—210°) f cos(—225°)
g tan420° h cos510° i sin495°
] sin690° k cos600° I tan585°

11 Classify the six trigonometric graphs as one-to-one, many-to-one, one-to-many or many-to-many.

CHALLENGE

12 Given that sin25° = 0.42 and cos25° = 0.91, write down approximate values, without using a
calculator, for:

a sinl55° b cos205°
¢ cos335° d sin335°
e sin205° — cos155° f co0s385° —sin515°

13 Given that tan35° = 0.70 and sec35° = 1.22, write down approximate values, without using a
calculator, for:

a tan145° b sec215°
¢ tan325° d tan215° + sec145°
e sec325° + tan395° f sec(—145)° — tan(=-215)°

14 Show by substitution into LHS and RHS that each trigonometric identity is satisfied by the given values
of the angles.
a Show that sin260 = 2sin 0 cos 8, when 6 = 150°.
b Show that cos38 = 4 cos® @ — 3cos 8, when 6 = 225°.
¢ Show that sin(A + B) = sinA cosB + cosA sinB, when A = 300° and B = 240°.

15 Write as a trigonometric ratio of @, with the correct sign attached:

a sin(-0) b cos(—0) ¢ tan(—0)
d sec(—0) e sin(180° — @) f sin(360° — )
g cos(180° — ) h tan(180° + )

177
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E Given one trigonometric function, find another

When the exact value of one trigonometric function is known for an angle, the exact values of the other
trigonometric functions can easily be found using the circle diagram and Pythagoras’ theorem.

18 GIVEN ONE TRIGONOMETRIC FUNCTION, FIND ANOTHER

* Place aray or rays on a circle diagram in the quadrants allowed in the question.
e Complete the triangle and use Pythagoras’ theorem to find whichever of x, y and r is missing.

Example 11 5F
\—— )

It is known that sin 6 = é
a Find the possible values of cos 0.
b Find cos @ if it is also known that tan 0 is negative.

SOLUTION
a The angle must be in quadrant 1 or 2, because sin 6 is positive. . Y4 .
Becausesin&z%zé, we can take y = 1 and r = 5, 4 51 5 )
so by Pythagoras’ theorem, x = V24 or —V?24, 26 2:/6) *
2v6 26
SO cos = ——or ——.
5 5
b Because tan @ is negative, @ can only be in quadrant 2,
2v6
SO cosf = — 5

Note: In the diagrams of this section, some of the ‘side lengths’ on the horizontal and vertical sides of
triangles are marked as negative because they are really displacements from the origin rather than lengths.
Always trust the quadrants to give you the correct sign.

FOUNDATION

Note: Diagrams have been drawn for questions 1-4, and similar diagrams should be drawn for the
subsequent questions. Many answers will involve surds, but it is not important to rationalise
denominators.

Do not use the calculator at all in this exercise, because you are looking for exact values, not

approximations.
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5F Given one trigonometric function, find another

1 Write down the values of sin 8, cos 6 and tan 8 in each part.

a

6

—_

17,

15
.

b

0

dh

V

N
NI

c

24

-7
/
1S

25

0

NI

dh

L]
29 <<—21
._/ 9

2 In each part use Pythagoras’ theorem to find whichever of x, y or r is unknown. Then write down the

values of sina, cosa and tana.

a

2@
| >

b

o

—_
w
\

&

dh

0

Let cos § = g where 270° < 6 < 360°.

Find sin 4.
Find tan 0.

-1

[N

4
-

%

o

Suppose that sin 8 = —ﬁ.

Find the possible values of cos 6.

Il Find the possible values of tan 6.

NI

Suppose that cos 8 = —i.

c d
rdhwdh
B_l
5
\J 3|,
o o
b 0 \
s\ -12 J
Lettan @ = —15—2, where 6 is obtuse.
i Findsin@.
il Find cos 6.
b 0

i Find the possible values of sin 4.
ii  Find the possible values of tan 6.

5 Draw similar diagrams for this question and subsequent questions.
a Ifcosf = % and @ is acute, find tan 0.

¢ Ifcosf = % and @ is reflex, find sin 6.

e Find sin @, given that cos 8 = —% and

0° < 6 < 180°.
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b IfcosO = —g and @ is obtuse, find tan 4.

d Findcos@ iftané = —% and @ is reflex.

f Find tan @, given that sin § = %5 and

-90° < 6 <90°.
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DEVELOPMENT

6 In this question, each part has two possible answers.

a Iftana:%,ﬁnd sina. b Ifcos@ =%,ﬁnd sin 6.

¢ Ifsind = g, find cos 6. d Find tan @, given that cos 6 = —%.

e Find tan 8, given that sin 8 = —%. f Find cos @, given that tan § = —%.
7 a Ifcosa= %and sina < 0, find tana.

b Iftan@ = —%and sin@ > 0, find cos 4.

¢ Find cos @, given that sin § = i and tan 9 < 0.

d Find sin @, given that tan § = % and cos @ > 0.

e Find tan @, given that sinf = —% and cos @ > 0.

f Find sin @, given that cos 6 = —(5;) and tan @ < 0.
8 a Find sec, given that sind = -

ind sec €, given that sin 7
b Find tan 6, given that sec § = —%.
c IfsecC:—ﬁ,ﬁndcotC.
\@

d IfcotD = g, find cosecD.
9 a Find sec 8, given that cosec § = % and 6 is obtuse.

b Find sec @, given that cot§ = % and 0 is reflex.

¢ Find tan 8, given that sec 0 = —g and 0° < 6 < 180°.

d Find cosec @, given that cot 0 = % and —90° < 6 < 90°.
10 a IfsinA = —% and tanA < 0, find secA.

b If cosecB = % and cosB < 0, find tanB.

¢ Find cot @, given that sec § = —v/2 and cosecd < 0.

d Find cos 0, given that cosect = —15—3 and cot @ < 0.

CHALLENGE

11 Given that sin 0 = g, with @ obtuse and p and ¢ both positive, find cos 8 and tan 6.

12 If tana = k, where k > 0, find the possible values of sina and seca.

13 a Prove the algebraic identity (1 — 2+ 2% =1 + >

b Ifcosx = where x is acute and ¢ is positive, find expressions for sinx and tanx.

1+7
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5G Trigonometric identities

m Trigonometric identities

Working with the trigonometric functions requires knowledge of a number of formulae called trigonometric
identities, which relate trigonometric functions to each other. This section introduces eleven trigonometric
identities in four groups:

e the three reciprocal identities

® the two ratio identities

¢ the three Pythagorean identities

e the three identities concerning complementary angles.

The three reciprocal identities

It follows immediately from the definitions of the trigonometric functions in terms of x, y and r that:

19 THE RECIPROCAL IDENTITIES

For any angle 6:
cosec § = L (provided that sin 8 # 0)
sin 6

secd =

cos 0 (provided that cos 8 # 0)

cotd = ﬁ (provided that tan 8 # 0 and cot & # 0)
an

Note: We cannot use a calculator to find cot90° or cot270° by first finding tan90° or tan270°, because both
are undefined. We do already know, however, that
cot90° = cot270° = 0.

The two ratio identities

Again using the definitions of the trigonometric functions:

20 THE RATIO IDENTITIES

For any angle 6:

tan 0 = sin @
cos 0

(provided that cos € # 0)

cotf = 0953 (provided that sin 8 # 0)

S
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The three Pythagorean identities
The point P(x, y) lies on the circle with centre O and radius r, so its coordinates satisfy
¥4y =r

R

that is, sin’@ + cos’ @ = 1.

y
5 P(x, y)
. &Y
Dividing through by 77, —=1, \

Dividing through by cos® @ and using the ratio and reciprocal identities,
tan’0 + 1 = sec? 0, provided that cos 8 # 0.
Dividing instead by sin?@, 1 + cot’ @ = cosec’d, provided that sin & # 0.

These identities are called the Pythagorean identities because they rely on the circle equation x> + y> = 12,
which is a restatement of Pythagoras’ theorem.

21 THE PYTHAGOREAN IDENTITIES

For any angle 6:
sin?@ + cos?0 =1
tan’0 + 1 = sec’ 0 (provided thatl cos 8 # 0)
cot’0 + 1 = cosec’ 0 (provided that sin 6 # 0)

The three identities for complementary angles

The angles 6 and 90° — @ are called complementary angles because they add to a right angle. Three
trigonometric identities relate the values of the trigonometric functions at an angle € and the complementary
angle 90° — 6.

22 THE COMPLEMENTARY ANGLE IDENTITIES

For any angle 9:
cos (90° — @) = sin 0
cot(90° — 0) =tan@  (provided that tan @ is defined)
cosec (90° — @) = sec@  (provided that sec 0 is defined)
For example, c0s20° = sin70°,

cot20° = tan70°,
cosec20° = sec70°.

Proof
A [Acute angles]
The triangle to the right shows that when a right-angled triangle is viewed from 90°— 6
90° — @ instead of from @, then the opposite side and the adjacent side are
exchanged. Hence a

cos(90° — #) = = =sind, 0

cot(90° — ) = - =tand,

cosec(90° — 0) = — = secd.

S SR ol
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B [General angles]
For general angles, we take the full circle diagram, and reflect it in the
diagonal line y = x. Let P’ be the image of P under this reflection.
1 The image OP’ of the ray OP corresponds to the angle 90° — 6.
2 The image P’ of P(x,y) has coordinates P’(y, x), because reflection in
the line y = x reverses the coordinates of each point.

90°- 6
Applying the definitions of the trigonometric functions to the angle 90° — 6:
c0s(90° = 0) == = sin 0,
cot(90° — 09) = % = tan @, (provided that x # 0).

cosec(90° — 0) = )ﬁc = sec 0, (provided that x # 0).

Cosine, cosecant and cotangent
The complementary identities are the origin of the names ‘cosine’, ‘cosecant’ and ‘cotangent’: the prefix ‘co-’
has the same meaning as the prefix ‘com-’ of ‘complementary’ angle.

23 COSINE, COSECANT AND COTANGENT

cosine 6 = sine (complementof 6)
cotangent € = tangent (complementof 6)
cosecant € = secant (complementof 6)

Proving identities
An identity is a statement that is true for all values of @ for which both sides are defined, and an identity needs
to be proven. It is quite different from an equation, which needs to be solved and to have its solutions listed.

24 PROVING TRIGONOMETRIC IDENTITIES

*  Work separately on the LHS and the RHS of the identity until they are the same.
» Use the four sets of identities in boxes 19-22 above.

Mostly it is only necessary to work on one of the two sides. The important thing is never to treat it as an

equation, moving terms from one side to the other.

Example 12 5G

Prove that (1 — cos 8)(1 + cos 6) = sin’ 6.

SOLUTION
LHS =1 — cos’6 (use the difference of squares identity, from algebra)
= sin’ @ (use the Pythagorean identities in Box 21)
= RHS.
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Example 13

Prove that sinA secA = tanA.

SOLUTION
LHS = sinA X (use the reciprocal identities in Box 19)
cos
= tanA (use the ratio identities in Box 20)
= RHS.
Example 14
\—— )
Prove that + L = sec? @ cosec’6.
sin@  cos? @
SOLUTION
LHS = ! + L (use a common denominator)

sin?@  cos® 6
2 )
= G El (use the Pythagorean identities in Box 21)
sin® @ cos®

S (use the reciprocal identities in Box 19)

sin® @ cos> @
= sec? O cosec’ O
= RHS.

1 Use your calculator to verify that:
a sinl6° = cos74° b tan63° = cot27°
d sin?23° + cos?23° = 1 e 1+ tan’55° = sec?55°
2 Simplify:
1 1 c sinf}
sin 6 tana cosf}

3 Simplify:
a sinacoseca b cotftanp

4 Prove:
a tanfcosf =sinf b cotasina = cosa
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FOUNDATION

sec7° = cosec83°
cosec?32° — 1 = cot?32°

cos ¢

sin¢

cos @secd

sinfi secf} = tan
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5 Use the complementary identities to simplify:

5G Trigonometric identities 185

: 90° —
a sin(90° — 6) b sec(90° — a) c — 1 g 800 =)
cot(90° — ) sin(90° — ¢)
6 Use the Pythagorean identities to simplify:
a sin’a + cos’a b 1 —cos’p c 1+ tan’¢ d sec’x — tan’x
7 Use the Pythagorean identities to simplify:
a 1 —sin’p b 1+ cot’¢ ¢ cosec’A — 1 d cot’@ — cosec’d
DEVELOPMENT
8 Use the reciprocal and ratio identities to simplify:
. 2 2
a 12 b szﬂ c C?SZA d sin’acosec’a
sec” 0 cos“f sin“A
9 Use the reciprocal and ratio identities to prove:
a cosA cosecA = cotA b cosecx cosx tanx = 1 ¢ sinycotysecy =1
10 Use the reciprocal and ratio identities to simplify:
cosa sina c tanA d cotA
seca coseca secA cosecA
11 Prove the identities:
a (1 —sin@)(1 + sin@) = cos>H b (1 + tan’a)cos’a = 1
¢ (sinA + cosA)?> =1 + 2sinAcosA d cos’x — sin’x = 1 — 2sin’x
e tan’¢cos’gp + cot’psin’p = 1 f 3cos’d —2=1—3sin’0
g 2tan’A — 1 =2sec’A — 3 h 1 - tan’a + sec’a =2
i cos*x + cos?xsin’x = cos’x j cotO(sec’d — 1) =tané
12 Prove the identities:
a tanacoseca = seca b cotfsecf = cosecf
¢ cosec’y + sec’y = cosec’ysec’y d tand + coté = cosecd secd
€ cosec¢ — sing = cos¢ cotg f sec — cos@ =tanfsinfd
CHALLENGE
13 Prove the identities:
a sin@cos fcosec’§ = cot b (cos¢ + cotgp)seceh = 1 + cosece
¢ sin*A — cos*A = sin’A — cos’A d sinf + cotficosf = cosecf
2
1 + tan“x — tan?x f 1 + cotx — cotx
1 + cot’x l + tanx
1_ 1, = 2sec’ 6 h L - ! = 2tan¢
1+sind 1—sinf sec¢p —tan¢g sece + tang
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m Trigonometric equations

This piece of work is absolutely vital, because so many problems in later work end up with a trigonometric

equation that has to be solved.

There are many small details and qualifications in the methods, and the subject needs a great deal of careful

study.

Pay attention to the domain

To begin with a warning, before any other details:

25 THE DOMAIN

Always pay careful attention to the domain in which the angle can lie.

Equations involving boundary angles

Boundary angles are a special case because they do not lie in any quadrant.

26 THE BOUNDARY ANGLES

If the solutions are boundary angles, read the solutions off a sketch of the graph.

Example 15

a Solve sinx = —1, for 0° < x < 720°.
b Solve sinx = 0, for 0° < x < 720°.

SOLUTION

a The graph of y = sinx is shown to the right. VA
Examine where the curve touches the line y = —1, 1t
and read off the x-coordinates of these points.
The solution is x = 270° or 630°. 270°

5H

630° f X

b Examine where the graph crosses the x-axis.

360°

720°

The solution is x = 0°, 180°, 360°, 540° or 720°. -1
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The standard method — quadrants and the related acute angle

Most trigonometric equations eventually come down to one or more equations such as
sinx = —, where —180° < x < 180°.

Provided that the angle is not a boundary angle, the method is:

27 THE QUADRANTS-AND-RELATED-ANGLE METHOD

1 Draw a quadrant diagram, then draw a ray in each quadrant that the angle could be in.
2 Find the related acute angle (only work with positive numbers here):
a using special angles, or
b using the calculator to find an approximation.
Never enter a negative number into the calculator at this point.
3 Mark the angles on the ends of the rays, taking account of any restrictions on x, and write a conclusion.

Example 16 5H

Solve the equation sinx = —%, for —180° < x < 180°.

SOLUTION

Here sinx = —, where —180° < x < 180°.
Because sinx is negative, x is in quadrant 3 or 4.
The sine of the related acute angle is +%,

so the related angle is 30°. 30° 30°
Hence x = —150° or —30°.

-150° -30°

Example 17 5H
\—— )

Solve the equation tanx = —3, for 0° < x < 360°, correct to the nearest degree.

SOLUTION

Here tanx = —3, where 0° < x < 360°. 108°
Because tanx is negative, x is in quadrant 2 or 4.

The tangent of the related acute angle is +3, 790
so the related angle is about 72°. 72°
Hence x = 108° or 288°.

288°

Note: When using a calculator, never enter a negative number and take an inverse trigonometric function
of it.

In the example above, the calculator was used to find the related acute angle whose tan was 3, which is

71°34', correct to the nearest minute. The positive number 3 was entered, not —3.
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The three reciprocal functions

The calculator doesn’t have specific keys for secant, cosecant and cotangent. These functions should be
converted to sine, cosine and tangent as quickly as possible.

28 THE RECIPROCAL FUNCTIONS

Take reciprocals to convert the three reciprocal functions secant, cosecant and cotangent to the three
more common functions.

Example 18 5H

a Solve cosecx = =2, for —180° < x < 180°.
b Solve secx = 0.7, for —180° < x < 180°.

SOLUTION
a Taking the reciprocals of both sides gives
T = —
sinx = —2,
which was solved in Example 16,
so x = —150° or —30°.
b Taking the reciprocals of both sides gives
— 10
cosx = =,
which has no solutions, because cos 8 can never be greater than 1.

Equations with compound angles

In some equations, the angle is a function of x rather than simply x itself. For example,

tan 2x = \/5, where 0° < x < 360°, or

sin(x — 250°) = \2@, where 0° < x < 360°.

These equations are really trigonometric equations in the compound angles 2x and (x — 250°) respectively.
The secret lies in solving for the compound angle, and in first calculating the domain for that compound
angle.

29 EQUATIONS WITH COMPOUND ANGLES

Let u be the compound angle.
Find the restrictions on u from the given restrictions on x.
Solve the trigonometric equation for u.

W N =

Hence solve for x.
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Example 19
Solve tan2x = V3, where 0° < x < 360°.

SOLUTION

Let u = 2x.

Then tanu = V3.

The restriction on x is 0° < x < 360°
0° < 2x < 720°

and replacing 2x by u, 0° <u < 720°.

(The restriction on u is the key step here.)
Hence from the diagram, u = 60°, 240°, 420° or 600°.

Because x = %u, x = 30°, 120°, 210° or 300°.

Example 20

Solve sin (x — 250°) = \26, where 0° < x < 360°.

SOLUTION
Let u=x—250°
Then sinu = —3
2
The restriction on x is 0° < x <360°
—250° < x — 250° < 110°

and replacing x — 250° by u, —250° <u < 110°.
(Again, the restriction on u is the key step here.)

Hence from the diagram,  u = —240° or 60°.
Because x = u + 250°, x = 10°or 310°.

5H Trigonometric equations 189

5H
60°, 420°
60°
60°
240°, 600°
5H
-240° 60°
60°\/ 60°
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Equations with more than one trigonometric function

Some trigonometric equations involve more than one trigonometric function. For example,
sinx + V3cosx = 0

The general approach is to use trigonometric identities to produce an equation in only one trigonometric
function.

Example 21 5H
\——)

Solve sinx + \/gcosx = 0, where 0° < x < 360°.

SOLUTION
sinx + V3 cosx =0

tanx + V3 =0

tanx = —V/3, where 0° < x < 360°.
Because tanx is negative, x is in quadrants 2 or 4.
The tan of the related acute angle is V3, so the related angle is 60°.
Hence x = 120° or 300°.

FOUNDATION

1 Solve each equation for 0° < @ < 360°. (Each related acute angle is 30°, 45° or 60°.)

a sinH:é§ b sinH:% c tanf =1 d tan6 = V3

e COS@=—L f tan@ = —V3 g sin0=—l h cosH=—ﬁ

V2 2 2

2 Solve each equation for 0° < € < 360°. (The trigonometric graphs are helpful here.)

a sinf =1 b cosf =1 ¢ cosd =0

d cosd =-1 e tand =0 f sinf =-1

3 Solve each equation for 0° < x < 360°. Use your calculator to find the related acute angle in each case,
and give solutions correct to the nearest degree.

3 .
a cosx=: b sinx =0.1234 c tanx =7
. 2 20
d sinx = -3 e tanx = —3 f cosx=-0.77
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DEVELOPMENT
4 Solve for 0° < a < 360°. Give solutions correct to the nearest minute where necessary.
a sina =0.1 b cosa=-0.1 ¢ tana = —1 d coseca = -1
e sina =3 f seca=-2 g V3tana+1=0 h cota=3
5 Solve for —180° < x < 180°. Give solutions correct to the nearest minute where necessary.
a tanx = -0.3 b cosx=0 c secx = V2 d sinx =-0.7
6 Solve each equation for 0° < 6 < 720°.
a 2cosf —1=0 b cotd =0 ¢ cosecd +2=0 d tand =v2 -1
CHALLENGE

7 Solve each equation for 0° < x < 360°. (Let u = 2x.)
a sin2x = % b tan2x =3

c cos2x=—% d sin2x = -1

8 Solve each equation for 0° < a < 360°. (Let u be the compound angle.)

8 tan(a—457) = £ b sin(a +30°) = =2
|

¢ cos(a + 60°) = d cos(a —75°) = —L
V2
9 Solve each equation for 0° < 6 < 360°.
a sin@ = cos @ b sin@ +cos@ =0
¢ sin® = V3cosd d V3sinf + cos@ =0
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m The sine rule and the area formula

The last three sections of this chapter review the sine rule, the area formula and the cosine rule. These three
rules extend trigonometry to non-right-angled triangles, and are closely connected to the standard congruence
tests of Euclidean geometry.

The usual statement of all three rules uses the convention shown in the diagram to the
right. The vertices are named with upper-case letters, then each side takes its name from b ¢
the lower-case letter of the opposite vertex.

Statement of the sine rule

The sine rule states that the ratio of each side of a triangle to the sine of its opposite angle is constant for the
triangle.

30 THE SINE RULE

In any triangle ABC,

a b _ ¢
sinA sinB sinC’

“The ratio of each side to the sine of the opposite angle is constant.’

The sine rule is easily proven by dropping an altitude from one of the vertices. The details of the proof are
given in the appendix to this chapter.

Using the sine rule to find a side — the AAS congruence situation

When using the sine rule to find a side, one side and two angles must be known. This is the situation
described by the AAS congruence test from geometry, so we know that there will only be one solution.

31 USING THE SINE RULE TO FIND A SIDE

In the AAS congruence situation:

unknown side _ known side
sine of its opposite angle  sine of its opposite angle

Always place the unknown side at the top left of the equation.

If two angles of a triangle are known, so is the third, because the angles add to 180°.
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Example 22 51

Find the side x in the triangle shown to the right.

12
* 30°
SOLUTION 135°
Using the sine rule, and placing the unknown at the top left,
X _ 12
sin30°  sin135°
x= 12500
sin135°
Using special angles,  sin30° = %,
and sin 135° = +sin45° (sine is positive for obtuse angles)
= L (the related acute angle is 45°)
V2
Hence lelexﬁ
2 1
= 6V2.

The area formula

The well-known area formula, area = % X base X height, can be generalised to a formula involving two sides
and the included angle.

32 THE AREA FORMULA

In any triangle ABC,
area AABC = %bc SinA.

‘The area of a triangle is half the product of any two sides times the sine of the included angle’.

The proof of the area formula uses the same methods as the proof of the sine rule, and is given in the
appendix to this chapter.
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Using the area formula — the SAS congruence situation

The area formula requires the SAS congruence situation in which two sides and the included angle are
known.

33 USING THE AREA FORMULA

In the SAS congruence situation:
area = (half the product of two sides) X (sine of the included angle).

Example 23 51
\—— )

Find the area of the triangle shown to the right.
SOLUTION

Using the formula, area = % X 3 X 4 X sin135°. 4
Because sin135° = 1 , (as in Example 22)
V2
area = 6 1
V2
=6X A X @ (rationalise the denominator)
V2 V2

3V2 square units.

Using the area formula to find a side or an angle

Substituting into the area formula when the area is known may allow an unknown side or angle to be found.

When finding an angle, the formula will always give a single answer for sin 8. There will be two solutions
for 0, however, one acute and one obtuse.

Example 24 51
\—— )

Find x, correct to four significant figures, given that the triangle

X
to the right has area 72m?. 67°
24 m
SOLUTION
Substituting into the area formula,
1 .
72 =35 X 24 X x X sin67°
72 = 12 X x X sin67°
+12sin67°| x = — ¢
sin67°
= 6.518 metres.
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Example 25 51

Find 6, correct to the nearest minute, given that the triangle below has area 60cm?.

SOLUTION
Substituting into the area formula,
60 =3 x 13 x 12 X sin @ 13 cm

60 =6 X 13sin @

sin ) = 13. g

Hence 0 = 50°17" or 129°43’.

12 cm

Notice that the second angle is the supplement of the first.

Using the sine rule to find an angle — the ambiguous ASS situation

The SAS congruence test requires that the angle be included between the two sides. When two sides and
a non-included angle are known, the resulting triangle may not be determined up to congruence, and two
triangles may be possible. This situation may be referred to as ‘the ambiguous ASS situation’.

When the sine rule is applied in the ambiguous ASS situation, there is only one answer for the sine of an
angle. There may be two possible solutions for the angle itself, however, one acute and one obtuse.

34 USING THE SINE RULE TO FIND AN ANGLE

In the ambiguous ASS situation, in which two sides and a non-included angle of the triangle are known,

sine of unknown angle  sine of known angle
its opposite side its opposite side

Always check the angle sum to see whether both answers are possible.

Example 26 51

Find the angle 0 in the triangle drawn to the right.

e 14
SOLUTION

. ) o 45° 2]
sinf _ sin4s (always place the unknown at the top left)
7\@ 14
sin@ =7 x V6 x - X L, since sin45° = i,

147 V2 V2
sinf = ﬁ
2
0 = 60° or 120°.
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Note: There are rwo angles whose sine is \f, one of them acute and the other obtuse. Moreover,
120° + 45° = 165°
leaving just 15° for the third angle in the obtuse case, so it all seems to work.

Opposite is the ruler-and-compasses construction of the triangle, showing how
two different triangles can be produced from the same given ASS measurements.

In many examples, however, the obtuse angle solution can be excluded using the 120°
fact that the angle sum of a triangle cannot exceed 180°.

Example 27 51
\—— )

Find the angle @ in the triangle drawn to the right, and show that there is
only one solution.

4 7
SOLUTION
SIZ 4 sm780 (always place the unknown at the top left) 80 0
sinf = 4 51171 80
6 = 34°15" or 145°45'.
But 8 = 145°45’ is impossible, because the angle sum would then exceed 180°,
so O = 34°15’' is the only solution.
FOUNDATION
1 Find x in each triangle, correct to one decimal place.
a b 3 c 4
o~ 110° .
40° 85
Y X
50° X
10 55

7

3 x e foo3e
750 X
2 7 46°
65° 210

2 Find the value of the pronumeral in each triangle, correct to two decimal places.

a b 25° c 15
60° 48°
12 a e\J122
b
70° 20
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3 Find 0 in each triangle, correct to the nearest degree.

a b 10 c
700 0 9 1000

8\ 85° 13

[
7d24 19

0 53216

4 Find the area of each triangle, correct to the nearest square centimetre.

a b c
3cm 70°\_8 cm 7 cm™~1152"7 cm

5 cm

50°

4 cm

DEVELOPMENT

5 a Sketch AABC in which A = 43°, B = 101° and a = 7.5cm.
b Find b and ¢, in cm correct to two decimal places.

6 a Sketch AXYZ in which y =32cm, Y = 58° and Z = 52°.
b Find the perimeter of AXYZ, correct to the nearest centimetre.

7 Sketch AABC in whicha = 2.8cm, b = 2.7cm and A = 52°21'.
a Find B, correct to the nearest minute.
b Hence find C, correct to the nearest minute.
¢ Hence find the area of AABC in cm?, correct to two decimal places.

8 There are two triangles that have sides 9cm
.and 5 cm., anc.l in which the ang?e opposite the 5 cr.n side 9 cm 9 cm S em
is 22°. Find, in each case, the size of angle opposite the 5cm 550
9cm side, correct to the nearest degree.

9 Two triangles are shown, with sides 6cm and 4cm,
in which the angle opposite the 4cm is 36°. Find, in 6 cm 6 cm
each case, the angle opposite the 6¢cm side, correct to 4 cm 4 cm
the nearest degree. 36° 36°

10 Sketch APQR in which p = 7cm, g = 15¢cm and 2P = 25°50'.
a Find the two possible sizes of £(Q, correct to the nearest minute.
b For each possible size of £Q, find r in cm, correct to one decimal place.
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11 A travelling salesman drove from town A to town B, then to town C, and finally A C

directly home to town A. 63°
Town B is 67km north of town A, and the bearings of town C from towns A and B
B are 039°T and 063°T respectively. 67 km

Find how far the salesman drove, correct to the nearest kilometre. 39

12 Melissa is standing at A on a path that leads to the base B of a vertical flagpole.
The path is inclined at 12° to the horizontal, and the angle of elevation of the top 7 T
of the flagpole from A is 34°.

a Explain why 2TAB = 22° and ZABT = 102°.
b Given that AB = 20m, find the height of the flagpole, correct to the B
nearest metre. A

13 a In AABC, sinA = i, sinB = %and a = 12. Find the value of b.
b In APQR, p =25,¢g=21andsinQ = g Find the value of sin P.

14 Substitute into the area formula to find the side length x, given that each triangle has area 48 m”. Give
your answers in exact form, or correct to the nearest centimetre.

a 12m b c X 130°
30°
X 9m X 6
70°

15 Substitute into the area formula to find the angle €, given that each triangle has area 72cm?. Give

Vi

answers correct to the nearest minute, where appropriate.

a b c
16 cm 12 cm
9 24 cm
18 cm 20 em
10 cm
CHALLENGE
16 Find the exact value of x in each diagram.
a b 6 . c d 6
X
6 X 6 X
60°  45° 3V 457 45° 30°
45° 60°
17 The diagram to the right shows an isosceles triangle in which the apex angle is 35°.
Its area is 35cm?>.
Find the length of the equal sides, correct to the nearest millimetre.
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m The cosine rule

The cosine rule is a generalisation of Pythagoras’ theorem to non-right-angled triangles. It gives a formula
for the square of any side in terms of the squares of the other two sides and the cosine of the opposite angle.

35 THE COSINE RULE

In any triangle ABC,
a® = b* + ¢* — 2bccosA.
“The square of any side of a triangle equals:
the sum of the squares of the other two sides, minus
twice the product of those sides and the cosine of their included angle.’

The proof is based on Pythagoras’ theorem, and again begins with the construction of an altitude. The details
are in the appendix to this chapter, but the following points need to be understood when solving problems
using the cosine rule.

36 THE COSINE RULE AND PYTHAGORAS’ THEOREM

* When £A = 90°, then cosA = 0 and the cosine rule is Pythagoras’ theorem.
e The last term is thus a correction to Pythagoras’ theorem when ZA # 90°.
*  When £A < 90°, then cosA is positive, so a* < b* + &~

When £A > 90°, then cosA is negative, so a* > b*> + ¢

Using the cosine rule to find a side — the SAS situation

For the cosine rule to be applied to find a side, the other two sides and their included angle must be known.
This is the SAS congruence situation.

37 USING THE COSINE RULE TO FIND A SIDE

In the SAS congruence situation:

(square of any side) = (sum of squares of other two sides)
— (twice the product of those sides) X (cosine of their included angle).
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Example 28 5J

Find x in the triangle drawn to the right.

SOLUTION 12 N
Applying the cosine rule to the triangle,
=122 430 — 2 x 12 x 30 X cos110° 30

= 144 + 900 — 720 cos110°
= 1044 — 720 cos110°,

and since cos 110° = —cos70°, (cosine is negative in the second quadrant)
x> = 1044 + 720cos70°  (until this point, all calculations have been exact).
Using the calculator to approximate x>, and then to take the square root,

x =35.92.

Using the cosine rule to find an angle — the SSS situation
To use the cosine rule to find an angle, all three sides need to be known, which is the SSS congruence test.
Finding the angle is done most straight forwardly by substituting into the usual form of the cosine rule:

38 USING THE COSINE RULE TO FIND AN ANGLE

In the SSS congruence situation:
e Substitute into the cosine rule and solve for cos 0.

There is an alternative approach. Solving the cosine rule for cosA gives a formula for cosA. Some readers
may prefer to remember and apply this second form of the cosine rule — but the triangle may then need to be
relabelled.

39 THE COSINE RULE WITH cos A AS SUBJECT

In any triangle ABC,
2, 2_ 2
il = L =
2bc

Notice that cos @ is positive when 0 is acute, and is negative when 6 is obtuse. Hence, there is only ever one
solution for the unknown angle, unlike the situation for the sine rule, in which there are often two possible

angles.
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Example 29 5J
=),
Find 6 in the triangle drawn to the right.
6
3
SOLUTION 4
Substituting into the cosine rule, Using the box 39 formula,
6°=32+4>—-2x3x4xcosf cos9—32+42_62
24cos @ = —11 - 2x3x4
11 OR —11
= ="~
cos 0 7 cos 7
0 = 117°17". 0 =117°17".
Exercise 5J FOUNDATION
1 Find x in each triangle, correct to one decimal place.
a b c X
5 . 5
3 7
. 9
- 50
6
d e f 14
X b 12
10 13 *
108°
3 15
2 Find @ in each triangle, correct to the nearest degree.
a b 6 c
3 > 0 9
f 4 5 10
3 0
7
d e f 9
11 6 12
7 18 11
8
0
8
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DEVELOPMENT
3 Using the fact that cos60° = % and cos 120° = —%, find x as a surd in each triangle.
a b
3 X
X
60° 2
4
1
4 a IfcosA = i, find the exact value of a. b IfcosC = %, find the exact value of c.
C A c B
a 2
5 6
B 3 A
C
5 a b c 5
8 10
5 6
- 14 4 4
Find the largest 6

Find the smallest angle of the triangle
angle of the triangle, & gl Find the value of
correct to the nearest

correct to the nearest . cos d.
. minute.
minute.

6 There are three landmarks, P, Q and R. It is known that R is 8.7km from P and 9.3km from Q, and
that ZPRQ = 79°32’. Draw a diagram and find the distance between P and Q, in kilometres correct to one
decimal place.

120 Nm
7 In the diagram to the right, ship A is 120 nautical miles from lighthouse L on a bearing A-Qog A
of 072°T, while ship B is 180 nautical miles from L on a bearing of 136°T. L
136°
Calculate the distance between the two ships, correct to the nearest nautical mile. 1SON
m
B
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8 A golfer at G wishes to hit a shot between two trees P and Q, as shown P 31m 0

in the diagram opposite. The trees are 31 metres apart, and the golfer is
74 metres from P and 88 metres from Q. Find the angle within which the
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golfer must play the shot, correct to the nearest degree. 74 m 88 m
G
9 A parallelogram ABCD has sides AB = DC = 47mm and AD = BC = 29mm. A 4Tmm B
The longer diagonal BD is 60mm. 5
a Use the cosine rule to find the size of ZBCD. mm
b Use co-interior angles to find the size of ZABC. D C
Give your answers correct to the nearest minute.
10 The sides of a triangle are in the ratio 5:16:19. Find the smallest and largest angles of the triangle,
correct to the nearest minute where necessary.
11 In AABC, a = 31 units, b = 24 units and cosC = Z—g.
a Show that ¢ = 11 units.
b Show that A = 120°.
12 In APQR, p = 5v3cm, g = 11cm and R = 150°.
a Findr. b Find cosP.
CHALLENGE
13 In a parallelogram ABCD, ZADC = 60°, AB = 9cm and AD = 3cm. A 9 cm B
The point P lies on DC such that DP = 3cm. 3
a Explain why AADP is equilateral, and hence find AP. m
b Use the cosine rule in ABCP to find BP. 60° X
NG D 3cm P C
¢ Let ZAPB = x. Show that cos x = TR
14 Use the cosine rule to find the two possible values of x in the diagram
to the right. X !
60°
8
15 The diagram shows AABC in which £A = 30°, AB = 6¢cm and A 6 om
BC =4cm. Let AC = x cm. B
a Use the cosine rule to show that x> — 6v3x + 20 = 0.
b Use the quadratic formula to show that AC has length 3v3 + V7cm xcm 4 cm
or3v/3 — V7cm.
¢ Copy the diagram and indicate on it (approximately) the other possible C
position of the point C.
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m Problems involving general triangles

A triangle has three lengths and three angles, and most triangle problems involve using three of these six
measurements to calculate some of the others. The key to deciding which formula to use is to see which
congruence situation applies.

Trigonometry and the congruence tests

There are four standard congruence tests — RHS, AAS, SAS and SSS. These tests can also be regarded as
theorems about constructing triangles from given data.

If you know three measurements including one length, then apart from the ambiguous ASS situation, any two
triangles with these three measurements will be congruent.

40 THE SINE, COSINE AND AREA RULES AND THE STANDARD CONGRUENCE TESTS

In a right-angled triangle, use simple trigonometry and Pythagoras. Otherwise:

AAS: Use the sine rule to find each of the other two sides.

ASS: [The ambiguous situation] Use the sine rule to find the unknown angle opposite a known side.
There may or may not be two possible solutions.

SAS: Use the cosine rule to find the third side.
Use the area formula to find the area.

SSS: Use the cosine rule to find any angle.

In the ambiguous ASS situation, it is also possible to use the cosine rule to find the third side. See Questions
14 and 15 of the previous exercise.

Problems requiring two steps
Various situations with non-right-angled triangles require two steps for their solution, for example, finding
the other two angles in an SAS situation, or finding the area given AAS, ASS or SSS situations.

Example 30 5K

A boat sails 6 km due north from the harbour H to A, and a second boat sails 10km from H to B on a
bearing of 120°T.

a What is the distance AB?

b What is the bearing of B from A, correct to the nearest minute?

SOLUTION
a This is an SAS situation,

so we use the cosine rule to find AB:

AB?> = 6%+ 10> — 2 X 6 X 10 X cos 120°
=36+ 100 — 120 x (-)
=196

AB = 14km.
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b Because AB is now known, this is an SSS situation, so we use the cosine rule in reverse to find ZA:
10> =142+ 6> — 2 x 14 X 6 X cosA
12 X 14 X cosA = 196 + 36 — 100

A = 38°13’, and the bearing of B from A is about 141°47'T.

Challenge — using the cosine rule in three-dimensional problem:

The three-dimensional problem at the end of the Section 5C involved four triangles, none of which could be
solved. We assigned the pronumerals 4 to the height, then worked around the diagram until we knew four
things in terms of 4 in the base triangle, and could therefore from an equations in 4.

That final triangle was right-angled. The following problem has only one small change from the previous
problem, but as a consequence, we need to apply the cosine rule instead of Pythogoras’ theorem.

Example 31 5C

A motorist driving on level ground sees, due north of her, a tower whose angle of elevation is 10°. After
driving 3 km further in a straight line, the tower is in the direction N60°W, with angle of elevation 12°.

a How high is the tower? b In what direction is she driving?
SOLUTION
N
W 7 18
B
A 3 km
S A 3 km B

Let the tower be TF, and let the motorist be driving from A to B.
There are four triangles, none of which can be solved.
a Let & be the height of the tower.
In ATAF,AF = hcot10°.
In ATBF,BF = hcotl2°.
We now have expressions for four measurements in AABF, so we can use the cosine rule to form an
equation in A.
In AABF, 3% = h?cot®10° + h*cot?>12° — 2h*cot 10°cot 12° X cos60°
9 = h?(cot’10° + cot?12° — cot10°cot 12°)
1 = 2 :
cot’10° + cot?12° — cot 10°cot 12°
h = 0.571km
so the tower is about 571 metres high.
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b Let 0 = 2FAB.
In AAFB, sin 6 _ sin 60
hcotl12° 3
sin@ = hcotl12° X ?
0 =51°,

so her direction is about N51°E.

FOUNDATION

1 Use right-angled triangle trigonometry, the sine rule or the cosine rule to find x in each triangle, correct
to one decimal place.

a b 52° c
x 23 13.5 x 1 .
43° 57°
62°
13
d e f
54°
X 9.2
24 X X 18
98°
74
_| 41030' 490

2 Use right-angled triangle trigonometry, the sine rule or the cosine rule to find 6 in each triangle, correct
to the nearest degree.

a b c
6 13
10 11 ; 4
) 17
12
67°
8

d e 8.6 f

10.8
6.8 21

19

0 116° o
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DEVELOPMENT

3 [This question is designed to show that the sine and cosine rules work in right-angled triangles, but are

not the most efficient methods.]
In each part find the pronumeral (correct to the nearest cm or to the nearest degree), using either the sine
rule or the cosine rule. Then check your answer using right-angled triangle trigonometry.
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a b
Q
27 cm *
X 35°
40 cm
c 14cm d Sem O
v}
w 15 cm
17 cm
In APQR, 20 = 53°, 2R = 55° and QR = 40m. The point T lies on QR P
such that PT L QOR.
a Use the sine rule in APQR to show that PQ = 740,811;;5
sin
b Use APQT to find PT, correct to the nearest metre. -~ -
0 T R
40 m
In AABC, «B = 90° and £A = 31°. The point P lies on AB such that c
AP = 20cm and 2CPB = 68°.
a Explain why ZACP = 37°.
. 20sin 31°
b Use the sine rule to show that PC = =——————.
sin 37°
¢ Hence find PB, correct to the nearest centimetre. 31° 68°
A P B
20 cm
In the diagram to the right, AB = 6.7 cm, AD = 8.3cm and A__6.7cm B
DC = 9.2 cm. Also, zA = 101° and 2C = 73°.
a Use the cosine rule to find the diagonal BD, correct to the 8.3 cm
nearest millimetre.
b Hence use the sine rule to find £CBD, correct to the nearest degree. 73°
D 9.2 cm C
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7 In AABC,AB =4cm, BC = 7cmand CA = 5cm. A
a Use the cosine rule to find ZABC, correct to the nearest minute.
b Hence calculate the area of AABC, correct to the nearest square 4cm 5cm
centimetre.
B 7 cm C

8 A triangle has sides 13cm, 14cm and 15cm. Use the cosine rule to find
one of its angles, and hence show that its area is 84 cm?.

9 Intriangle XYZ, 2Y = 72° and £YXZ = 66°, XP L YZ and XP = 25cm. X
a Use the sine ratio in APXY to show that XY = 26.3cm. 66°
b Hence use the sine rule in AXYZ to find YZ, correct to the nearest
centimetre. 72°/ 125cm
¢ Check your answer to part b by using the tangent ratio in triangles
PXY andPXZ to find PY and PZ.

10 A ship sails 53 nautical miles from P to Q on a bearing of 026°T. A
It then sails 78 nautical miles due east from Q to R. Q 78 Nm
a Explain why ZPOR = 116°. 26°
b How far apart are P and R, correct to the nearest nautical mile? / 53 Nm

=

P

11 A golfer at G, 60 metres from the hole H, played a shot that landed at B, 10 metres 10 m

from the hole. The direction of the shot was 7° away from the direct line between H
Gand H.
a Find, correct to the nearest minute, the two possible sizes of ZGBH.

>}

b Hence find the two possible distances the ball has travelled. (Answer in metres 60 m B
correct to one decimal place.)

12 Two towers AB and PQ stand on level ground. The angles of elevation of

the top of the taller tower from the top and bottom of the shorter tower are \

5° and 20° respectively. The height of the taller tower is 70 metres. 50

a Explain why zAPJ = 15°.

BPsin15° J K

sin95°

70 20°

sin20° B Q
Hence find the height of the shorter tower, correct to the nearest metre.

b Show that AB =

¢ Show that BP =

(=X
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13 From two points P and Q on level ground, the angles of elevation of the T
top T of a 38m tower are 26° and 22° respectively. Point P is due south
of the tower, and the bearing of Q from the tower is 100°T.

a Show that PB = 38tan64°, and find a similar expression for OB.
b Hence determine, correct to the nearest metre, the distance between
P and Q.

14 Two observers at A and B on horizontal ground are 300m apart. From A, C
the angle of elevation of the top C of a tall building DC is 32°. It is also
known that ZDAB = 59° and ZADB = 78°.

300sin43°

sin78°
b Hence find the height of the building, correct to the nearest metre.

a Show that AD =

CHALLENGE

15 A ship sails 50km from port A to port B on a bearing of 063°T, then sails ‘
130km from port B to port C on a bearing of 296°T. |
a Show that ZABC = 53°.
b Find, correct to the nearest km the distance of port A from port C.
¢ Use the cosine rule to find ZACB, and hence find the bearing of port A
from port C, correct to the nearest degree.

16 Two towers AB and PQ stand on level ground. Tower AB is 12 metres taller A b 64°
than tower PQ. From A, the angles of depression of P and Q are 28° and m 28°
64° respectively. fam! P
a Use AAKP to show that KP = BQ = 12tan62°.
b Use AABQ to show that AB = 12tan62° tan 64°.
¢ Hence find the height of the shorter tower, correct to the nearest metre.
d Solve the problem again by using AAKP to find AP, and then using the sine B [ 0

rule in AAPQ.
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17 The diagram shows three straight roads, AB, BC and CA, where AB = 8.3km, \B
AC = 15.2km, and the roads AB and AC intersect at 57°.
Two cars, P, and P,, leave A at the same instant. Car P, travels along AB and
then BC at 80km/h while P, travels along AC at 50km/h. Which car reaches 8.3 km 570 15:2 km
C first, and by how many minutes? (Answer correct to one decimal place.) A

18 A bridge spans a river, and the two identical sections of the bridge, each 18m
of length x metres, can be raised to allow tall boats to pass. When the two />~ 7
sections are fully raised, they are each inclined at 50° to the horizontal,
and there is an 18-metre gap between them, as shown in the diagram. \

Calculate the width of the river in metres, correct to one decimal place.

19 In the diagram, TF represents a vertical tower of height x metres standing on level ground. From P
and Q at ground level, the angles of elevation of T are 22° and 27° respectively. PQ = 63 metres and
£2PFQ = 51°.

a Show that PF = x cot 22° and write down a similar expression for QF.
b Use the cosine rule to show that
2 _ 632
cot? 22° + cot®27° — 2 cot 22°cot 27°cos 51°
¢ Use a calculator to show that x = 32.

X

P 63 m 0
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Review activity

e Create your own summary of this chapter on paper or in a digital document.

Chapter 5 Multiple-choice quiz

e This automatically-marked quiz is accessed in the Interactive Textbook. A printable PDF worksheet
\/ version is also available there.

Chapter review exercise

1 Find, correct to four decimal places:

a
b
c
d

2 Find the acute angle @, correct to the nearest minute, given that:

cos73°
tan42°
sin38°24’
c0s7°56’

a sind =03
b tand = 2.36
=1
C cosf = i
d tan@ = 1%
3 Find, correct to two decimal places, the side marked x in each triangle below.
a b
7.2 .
16 36°
X
= 42°
c 67°30° d L 3344
=
X
13
25
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4 Find, correct to the nearest minute, the angle 6 in each triangle below.

a b 0
5 3
10
0 ]
7
c d
11.43
0
47 55 14.17
1 6\

5 Use the special triangles to find the exact values of:

a tan60° b sin45° ¢ cos30°
d cot45° e sec60° f cosec60°

6 A vertical pole stands on level ground. From a point on the ground 8 metres from its base, the angle of

elevation of the top of the pole is 38°. Find the height of the pole, correct to the nearest centimetre.

7 At what angle, correct to the nearest degree, is a 6-metre ladder inclined to the ground if its foot is
2.5 metres out from the wall?

8 A motorist drove 70km from town A to town B on a bearing of 056°T,
and then drove 90km from town B to town C on a bearing of 146°T.
a Explain why ZzABC = 90°.

b How far apart are the towns A and C, correct to the nearest

B

o]
—
~
[@))

=]

)

kilometre?
¢ Find £BAC, and hence find the bearing of town C from town A,

correct to the nearest degree.

9 Sketch each graph for 0° < x < 360°.
a y=sinx b y=cosx C y=tanx

10 Write each trigonometric ratio as the ratio of its related acute angle, with the correct sign attached.

a cosl25° b sin312° ¢ tan244° d sin173°
11 Find the exact value of:
a tan240° b sin315° ¢ cos330° d tan150°
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12 Use the graphs of the trigonometric functions to find these values, if they exist.
a sinl80° b cos180° ¢ tan90° d sin270°

13 Use Pythagoras’ theorem to find whichever of x, y or r is unknown. Then write down the values of sin 6,
cos @ and tan 4.

D v
> Y

7 X x
5
2]
14 a If tana = 15—2 and « is acute, find the values of sina and cosa.
b Ifsing = ¥ and f is acute, find the values of cos$ and tan /3.
¢ Iftana = —% and 270° < a < 360°, find the values of sina and cosa.
d Ifsing = 27ﬁ and 90° < f < 180°, find the values of cosf and tanjf.
15 Simplify:
. 1 b 1 ¢ Sin 0
cos 0 cotf cos 0
d 1-sin’0 e sec’d — tan’ @ f cosec’d — 1
16 Prove the following trigonometric identities.
a cosfsecd =1 b tandcosecd = sec @
c Guie cosec @ d 2cos’0 — 1 =1 - 2sin’0
cos 0
e 4sec’d —3 =1+ 4tan’ 0 f cos@ + tan@sin @ = sec O
17 Solve each trigonometric equation for 0° < x < 360°.
a cosx = % b sinx=1 ¢ tanx = —1 d cosx=0
e V3tanx=1 f tanx=0 g V2sinx+1=0 h 2cosx+V3=0
i cos’x= % i cos2x = % k cos(x — 75°) = % I sinx = —V3cosx

18 Solve each equation for 0° < @ < 360° by reducing it to a quadratic equation in u. Give your solution
correct to the nearest minute where necessary.

a 2sin’f +sinf =0 b cos’0 —cosf —2=0 ¢ 2tan’@d + Stan® — 3 =0
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19 Use the sine rule or the cosine rule in each triangle to find x, correct to one decimal place.
X b
47°
8 X
7
630 750
9
112° d
X
1540
20 Calculate the area of each triangle, correct to the nearest cm?.
a b 9.8 cm

8cm
5
42° h"?
10cm ~

21 Use the sine rule or the cosine rule in each triangle to find €, correct to the nearest minute.

a
C

18°30’

a b 13
6 7 0
0 10
8 770
c d
16
131°19’
13.9 23.8 cm
29
10.7
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22 A triangle has sides 7 cm, 8 cm and 10 cm. Use the cosine rule to find one of its angles, and hence find
the area of the triangle, correct to the nearest cm?.

23 a Find the side a in AABC, where 2C = 60°, b = 24 c¢m and the area is 30 cm?.

b Find the size of «B in AABC, where @ = 9 cm, ¢ = 8 cm and the area is 18 cm?.

24 A helicopter H is hovering above a straight, horizontal road AB of H
length 600m. The angles of elevation of H from A and B are 7°
and 13° respectively. The point C lies on the road directly below H.
. 7 13°
600sin7 C
m

a Use the sine rule to show that HB = —————. A
sin 160° 600

B

>

<

b Hence find the height CH of the helicopter above the road,
correct to the nearest metre.

25 A man is sitting in a boat at P, where the angle of elevation of the top T

the cliff to O, where the angle of elevation of T is 25°.

2 Show that 70 = 305115” Fom
sin10° m

b Hence find the height % of the cliff, correct to the nearest tenth

of a metre.

T
of a vertical cliff BT is 15°. He then rows 50 metres directly towards h
B

26 A ship sailed 140 nautical miles from port P to port Q on a bearing of i
050°T. It then sailed 260 nautical miles from port Q to port R on a A
bearing of 130°T. '
a Explain why 2zPOR = 100°.

b Find the distance between ports R and P, correct to the nearest

nautical mile.
¢ Find the bearing of port R from port P, correct to the nearest degree.

27 From two points P and Q on horizontal ground, the angles of elevation
of the top 7 of a 10m monument are 16° and 13° respectively. It is
known that ZPBQ = 70°, where B is the base of the monument.

a Show that PB = 10tan74°, and find a similar expression for OB.
b Hence determine the distance between P and Q, correct to the
nearest metre.
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28 The diagram below shows an open wooden crate in the shape of a rectangular prism. The base is
1.4 metres by 0.8 metres, and the height is 0.7 metres.

a Find, correct to the nearest millimetre the length of the base diagonal BD.

S
0.7m
D)oo cocd@
0.8 m
A 1.4m B

b Find, correct to the nearest millimetre the length of the longest metal rod BS that will fit in the box.
¢ Find, correct to the nearest minute the angle that the rod BS makes with the base.

29 The points P, Q, and B lie in a horizontal plane. From P, which is due west of B, the angle of elevation of
the top of a tower AB of height / meters is 42°. From Q, which is on a bearing of 196° from the tower, the
angle of elevation of the top of the tower is 35°. The distance PQ is 200 metres.

a Explain why 2PBQ = 74°.
200°

b Show that #%> = .
cot?42° + cot?35° — 2cot35° cot42° cos 74°

¢ Hence find the height of the tower, correct to the nearest metre.

A
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Appendix: Proofs of the sine, cosine and area rules

Proof of the sine rule
The sine rule says that in any triangle ABC,

a_ _ b
sinA  sinB’

The proof below begins by constructing an altitude. This breaks the triangle into two right-angled triangles,
for which previous methods can be used.

Given: Let ABC be any triangle. There are three cases, depending on whether ZA is an acute angle, a right
angle, or an obtuse angle.

C
b a
D c A ¢ B
Case 1: ZA