FUNCTIONS .. . .. . . . R e ,
31 ;4':'.1.)-5» L& & ;’1.1’:'#' -J}E 2753

(+2 ) (248T) (+7.62)
4274 137)04 60 44
(@-) (-60 |

) 51 q 22 9871 685 f';!m;;*

| sl " '?m

Ths chapter revses and extends the algebrac technques that you wll need for ths course
These nclude ndces algebrac expressons expanson factorsaton algebrac fractons and surds

" . 1 | I i RIS

CHAPTER OUTLINE

Index laws

("l"' { ’m tl"‘l
Zero and negatve ndces

Fractonal ndces
Smplfyng algebrac expressons 93 52 75 41
»

)

Expansion

Binomial products

|" ||'r| 1"l
Special products 53 ( I 1':::| " u.l"n.l
Factorisation (- i

Factorsaton by groupng n pars

Factorsng trmomals F 28 9
Further tinoials 1 43 653 64 1 JO}'U .
( a "I-IE:lt -i::|n -I:ill )

Perfect squares
Difference of two squares &
" v I

Mixed factorisation "‘I"" l ilml l )
Smplfyng algebrac fractons ( UL b
Operations with algebraic fractions !

Substitution

Smplfyng surds

Operations with surds
Rafonalsng the denomnator

g 1
H A i
1 i ]
- - — i§ i
¥ 5= 7 i ¥ i o " §
i1d e i A i ¢ -
! o7 Fye e Wil i
115 = MRT aiinehb
" 1



30,4 15000

IN THIS CHAPTER YOU WILL:

dentfy and use ndex rules ncludng fractonal and negatve ndces

smplfy algebrac expressons

remove groupng symbols ncludng perfect squares and the ifference of 2 squares
factorse expressons ncludng bnomals and specal factors

smplfy algebrac fractons

use algebra fo substtute nto formulas

smplfy and use surds ncludng ratonalsng the denomnator




TERMINOLOGY

binomial A mathematical expression consisting
of 2 terms for example x+ 3 and 3x—1
binomial product The product of binomial
expressions for example ( x + 3)(2x — 1)
expression A mathematical statement involving
numbers pronumerals and symbol; for
example 2 x -3
factor A whole number that divides exactly into
another number. For exampe, 4 is a factor of 28
factorise To write an expression as a product
of its factors that is take out the highest
common factor in an expression and place the
rest in brackets For exampl, 2 y-8=2(y-4)
index The power or exponent of a numbe.
For example 2 * has a base number of 2 and
an index of 3 The plural of index is indices

1.01 Index laws

power The index or exponent of a numbe. For
example 2 * has a base number of 2 and a power of 3

root A number that when multiplied by itself a
given number of times equals another number.
For example J25 =5 because 52 =25

surd A root that ca’t be simplifid; for
example NE)

term A part of an expression containing
pronumerals and/or numbers separated by an
operation such as + — X or + For example
in 2x — 3 the terms are 2x and 3

trinomial An expression with 3 term; for
example 3 % — 2x + 1

An index (or power or exponent) of a number shows how many times a number is
multiplied by itself A root of a number is the inverse of the power.

For example

o F=4x4x4=064

o 2P=2x2x2x2x%x2=32
e /36 =6 since 6* =36

° %/§:25ince23:8

o §64 =2 since 2° =64

Note In 4 2 the 4 s called the base number and
the 3 s called the ndex or power.

There are some general laws that simplify calculations with indices These laws work for any
m and 7 including fractions and negative number.

Index laws

aA"xad'=a"""

a’+d"=a"""
@y ="
(ab)" = a"b"
La _a”
b) b
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Simplify

a mxm7+m

Solution

a m Xm +7m

Exercise 1.01 Index laws

=m

9+7-2

14

b &

b (2_)’4)3 — 23()/4)3

— 23y4><3

— 8_)’12

1 Evaluate without using a calculator

a 53 x2?

d 27

b
e

34 8
{16

2 Evaluate correct to 1 decimal place

a 37°
d {19
3 Simplify

Y
g [—
ys
i G
w0 xw’
m 3
w
ﬂz X(bZ)é
atxp’

b

e

106

3348-12x43 1

@)
613 X ﬂs -+ 6l7
prx(pt?
p9
(@) x(y*)?
x_l xy4

¢ Oxy™

. (S P =y =y18><y4

18+ (—4

c 237"
§f L
3/099 +.61
C a X [3
f p3 +P_7
i Q)
5
xZ
Y
xé +x7
o
xZ
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4 Simplify

a »xi b s+ xa°
d Bxit+p e s’ xa*xa’
5 4 2 2
m’ Xn hoPIxp
9 T 2 B
m”* xn P
j (ah)
s

5 Expand each expression and simplify where possible

8
35 a
a () b ( b]
773
d (7ﬂ5b)2 (2Z4)
Q%) st
6FY h Cy)xs

3
5xy9
x® xy3

6 FEvaluate #°h> whena=2 and b = %
32
7 Ifx:gandyzl find the value of = );
3 9 xy
2,3
8 Ifu= 1 b= 1 and c= L evaluate 2 f as a fraction
2 3 4 c
11,8
b
9 a Simplify Z
plify 5y
A p? 2
b Hence evaluate ——— as a fraction when 2 == and b =
>y 5
58 4
. D gT
10 a  Simplify -
paqr
58,4
b Hence evaluate ~~+— as a fraction when p =
pqr

11 Evaluate (ﬂ4)3 when 2 = (%)6

a2 b°

12 Evaluate 7
b

Whenﬂ=landb=g
2 3

@ |~

~

c
s
23
f xS’
i Gl
4a ’
<
f WBX(W2)4
Xy
-3
a®xa*
pr
Bl
2 3
= — d = —
q 3an 7 :
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4.7

13 Evaluate xsys whenx=§andy=§
Xy
k> 1

14 Evaluate —; when k=
k 3

at b’ 3 1
15 Evaluate 55 whena=—and b =—
a’ (b°) 4 9
a®xb’ 1 3
16 Evaluate 5 asa fraction when z = — and b = —
a’ xXb 9

1.02 Zero and negative indices

Zero and negative indices

=1
1
x'=—
xﬂ
0
be
a  Simpli [”
plify abc4J
b Evaluate 27}
¢ Write in index for:
. 1 . 3 e 1 1
i = [ J—— i — v —
%’ x Sx x+1

d  Write 47 without the negative index

Solution
0
a [abst _1 b 2‘3=i3
abct 2
_1
8
1 ) .o 3 1
C 1 —_=X 1] —_— = 3 X —
x? % %
=35

Review o
index law

ISBN 9780704352
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i L1, 1 v L __1
S5 5 «x x+1 (x+1)
1 _
=§x =(@+1)"
1
d a73_—
e

Exercise 1.02 Zero and negative indices

1 Evaluate as a fraction or whole number

a 37 b 4 c 77 d 10 e 2%
f ¢ g 2° h 3+ i 7 j 97
k 2°¢ 372 m 4° n 6’ o 57
p 107 q 27 r 2° s 87 t 47
2 Evaluate
—4 — ) 0
a 2° b l) c E) d i) e x+2y
2 3 6 3x—y
1"’ 3Y 1\ 2\ 1
£ (= Ed h (= ‘ -
(sj 9 4) 7) ' 3] . (2)
3\ 8Y 6\ 9 \? 6\
< () LN ) R £ R 1
7 9 7 10 11
1\’ 2\ i 3\’ )
N _= 2 _ = 1
P ( 4) 9 5) fo(3) s 8) bl

a Lz b 1 < — d l() e is
m x p d k
1 2 3 1 3
f — — h — i — i —
%) 9 o 52 226 J 58
2 5 2 1 1
Tx 2m 3y Bx+4) (a+b)
x=2 Gp+1) (4t -9y 4(x+1)! 9(a+3b)
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4 Write without negative indice:

a b «°
f 2x g 3m’
k @+1)° 8y +2)”

) e )

h 5y

m (¢k-3)7 n

1.03 Fractional indices

NN NN NN SS .
: :
3 INVESTIGATION :
. .
. .

.

FRACTIONAL INDICES

. Consider the following examples

: 2
(xE) =x (by index laws)

=X

. Now simplify these expressions
1 (xz )E 2 \/x—2
4
6 v 7l

. Use your results to complete

[a+b

Gr+2y)~

J o

e w—lO

j (4n)~
0
> (3]
X
- -7
J ¢ [Zw—z)
3x+y

Indice

Facional
indices and
adical

oooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo
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1
Power of n

Proof

[ﬂ;] =a (by index laws)
®lay'=a
Soalt = (’/;

a Evaluate
i 492 i 273
b Write \/3x—2 in index form

¢ Write (#+5)7 without fractional indices

Solution

a i 492-39-7 i 273=327=3

b JBxr-2=(3x-2)2 ¢ (a+b)1=Ya+b

Further fractional indices

MATHS IN FOCUS 11. Mathematcs Advanced
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a Evaluate

i 8 i 1253
b  Write in index for:
- o1
2
J(422-1)

3
¢ Write r ° without the negative and fractional indices

ISBN 9780704352

1. Algebrac technques @



Solution

4
a i 83:(%)4@&/8—4) ii

5
b i Ji¥=x? ii

DID YOU KNOW?

Fractional indices

125 3= 1L
1253
1
3125
_1
5
1 1
3 2 2
@27=D7 g2 _py3
2
=(4x?-1) 3

Nicole Oresme (1323-82) was the first mathematician to use fractional indices

John Wallis (1616-1703) was the first person to explain the significance of zero negative
and fractional indices He also introduced the symbol e for infinit.

Research these mathematicians and find out more about their work and backgrouds.
You could use keywords such as indices and infinity as well as their names to find this

information

Exercise 1.03 Fractional indices

1 Evaluate
a 812 b 273
£ 1000} g 16%
k 81+ 325
p 1287 q 256*
3 -
u 9?2 v 83

d 8

i 643

n 125
5

s 42

x 164

e 492
7

o 3433
2
8

2

y 64°
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2 Evaluate correct to 2 decimal places

a 234 b %458 ¢ {124+ 3
d 1 36-14 p 459%x37

e 3
129 15+37 8.79-14

a b ¢ c a? d ¢° e
3 2 4 o -
f ot g b h 47 i x? j d?
. _ — 3 3
k «8 y 3 m g * n z* o y’
_ - _ - 2
p (2x+5)2 q (6g+7) r (a+b)° s GBx-D2 t (x+7)°
4 Write in index for:
a r b iy ¢ i d 39—« e fas+l
1 1 1 1
f JGx+1)’ g h i j
J2t+3 ’(5x—y)3 (x=2)? 2Jy+7
k 5 1 m 3
Jr+4 3¢y -1 53(x?+2)°
5 Write in index form and simplif:
Jx x x?
b — — d — N
a xx " < T e x¥x
6 Write without fractional or negative indice:
5 2
_ 2 4 4 9
a @-2)° b (y-33 ¢ 46a+D) d % e M

DID YOU KNOW?
The beginnings of algebra

One of the earliest mathematicians to use algebra was Diophantus of Alexandria in
Greece It is not known when he live, but it is thought this may have been around
250 ce

In Persia around 700-800 ct a mathematician named Muhammad ibn Musa
al-Khwarizmi wrote books on algebra and Hindu numerals One of his books

was named A/-Fabr wa’l Mugabala and the word algebra comes from the first word
in this title
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1.04 Simplifying algebraic expressions

Simplify
a  4a’ =347+ 647 b £-3x-5x+4 ¢ 3a—-4b-5a-b

Solution

Only lke terms can be

2 2 2_ 2 2
a 4dx -3y +6x" =x" 4+ 6x added or subtracted

=7
b «-3x-5Sx+4=x'-8x+4 ¢ 3a-4b-Sa-b=3a-5a—4b-1b
=-2a-5b
Simplify
3
a —Sxx3yx2x b Sa_bz
154b
Solution
a  —Sxx3yx2x=-30xyx b Sa3b 15y
= 302 15ab° 3
=la2b_
3
_a
3b
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Exercise 1.04 Simplifying algebraic expressions

1 Simplify
a 9a2-6a
d 2r-5r
g 2a-2a
j Sw-—w+3w
m 8h—-h-7h
P Ox-5y-y
s 2ab’ —Sab’ - 3al’
v ab+2b—3ab+8b
X -7 +a -2 +1
2 Simplify
a 5x2b
d -3z2x2w
g 8abx6e
i 3
m  54°bx 2ab
p 4rx-2i
s Tmlx-2m’
3 Simplify
a 30x=+5
2
d 8a”
a
g 12 =4y
. —9x’
] 3at
m P
4 pgs
$2p°4*
p L1
7pq
s —Satylz+ 152827

X g T2 3 /500

= 0 3 A>T 0 T

52 -4z
—4y + 3y
—4k+ 7k

4m — 3m — 2m
3b—5b+4b+9b
8a+b—4b—"7Ta
m’ = Sm—m + 12

ab + bc— ab — ac + be

-

4b - b

—2x —3x
3t+4t+2t
x+3x—Sx
—Sx+3x—x—Tx
xy + 2y + 3xy

PP =Tp+5p—6

& = 3ay’ + 4ty — 'y + vy + 2

2x x4y

—Sax-3b

4d x 3d

@y

Tpq’ X 3p%¢°

Bpx p?

—2x% % 32y x —4uy?

2y+y

s
2a

34°h°
6ab

—15ab + -5b
l4ed” + 2154
54552 < 208°073 ¢

9" ) + 184" b

Spx2p

x X2y X7z
3ax4axa
2ab® x 3a
Sab x ab

(-36)*

84’

Xy
2x
20x
15xy

2ab
6a°b’
20y%5
4x°y’z

407 (b*)
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1.05 Expansion

Expanding
algebaic
expeion

Expanding expressions

To expand an expressio, use the distributive Iw:

alb+c)=ab+ ac

EXAMPLE 7

Expand and simplify
a 54@+3ab-0 b 5-2(p+3)
Solution
a SAP@+3ab—0) =545 x4+ 54 X 3ab— 54" x ¢
=204 + 154°b - 54°¢
b 5-2(+3)=5-2xy-2x3
=5-2y-6
=-2y—1
c 20-5-G+1)=2xb+2x-5-1xb—-1x1
=2b-10-b-1
=bh-11

Exercise 1.05 Expansion
Expand and simplify each expression

12(x-4) 2 32h+3)
4 x(2y+3) 5 x(x-2)

7 abQa+b) 8 Sn(n-4)
10 3+4(k+1) 11 2:-7)-3
13 9-50+3) 14 3-(Qx-5)

16 2(h+4) +3Qh-9) 17 32d-3)-(5d-3)
19 «Gx-4)-5@+1) 20 2ab(3 — a) — b(4a - 1)
22 8-4Q2y+1)+y 23 (a+b)-(a-b)

When we remove grouping symbols we say that we are expanding an expression

¢ 20-5-G+1)

3
6
9

=5(a-2)
2a(3a — 8b)
3a%y(ay +29°)

12 y4y+3)+8y

15
18
21
24

53=-2m)+7(m-2)
aQRa+1) =@ +3a-4)
Se—(x—-2)-3
2B3t—-4)—(@+1)+3
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1.06 Binomial products

A binomial expression consists of 2 terms for example x + 3.

oooooo

A set of 2 binomial expressions multiplied together is called a binomial product for poduc
example (x + 3)(x —2)

Each term in the first bracket is multiplied by each term in the second bracket

Binomial product
A
(%)=x2 + b + ax + ab

EXAMPLE 8
Expand and simplify
a (p+3)g-9 b (+5) ¢ (@+dHQx-3y-1)
Solution
a ﬂ@)=pq—4p+3q—12 b (a+5)2=(afs_@)
= +5a+5a+25
= +10a+25
e <
¢ G R0r—3y—T)=27—day—x+8x—12y—4
=2x" -3y +7x—12y—4
Exercise 1.06 Binomial products
Expand and simplify
1 (1+5)@a+2) 2 (c+3)@-1) 3 2y-3)@y+5) 4 (m—4)m-2)
5 (x+4)(x+3) 6 (y+2)(y-5) 7 Qx-3)x+2) 8 (h-7)h-3)
9 (@+5x-9 10 Ga—-4)Ba-1) 11 2y+3)4y-3) 12 -4y +7)
13 (P +3)(x-2) 14 (n+2)(n-2) 15 Qv +3)2x-3) 16 4-7y)(@+7y)
17 (a+2b)a—-2b) 18 Gr-4)Gr+4) 19 (x+3)w-3) 20 (y— 6)(y + 6)

21 Ga+1)Ga-1) 22 2z-7)2z+7) 23 (x+9)(x-2y+2)

24 (h-3)Q2u+2b-1) 25 (x+2)’-2x+4) 26 (@-3)d* +3a+9)

27 (a+9) 28 (k-4 29 (x+2)° 30 (y-7)’
31 (x+3) 32 2:+-1) 33 (Ga+4b)’ 34 (v -5y
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35 (2u+b) 36 (1-b)a+1b) 37 (a+0b) 38 (v-0b)’
39 u+b)d—ab+V) B8O (a—b)d +ab+ V)

1.07 Special products

Some binomial products have special results and can be simplified quickly using their special
expeion properties Did you notice some of these in Exercise .06 ?

Difference of two squares
(a+b)(a-b)=d -

Special
binomial
poduc

Perfect squares
(a+b)° =d* +2ab+ 1

(a—bY =d* = 2ab+ 1

Expand and simplify

a (Qx-3) b Gy-490Gy+4

Solution

a (Qx—37=Qx)7—2Q2x)3 + 32 b Gy-43y+4) =03y’ -4
=4 — 120 +9 =9 - 16

Exercise 1.07 Special products

Expand and simplify

1 (t+4) 2 (z-6) 3 @-1)Y

4 (y+8) 5 (q+3) 6 (k-7)

7 (n+1) 8 (2b+5) 9 (3-ux)’

10 3y-1)° 11 (x+y) 12 (Ga-10)

13 (4d + 5e) 14 (t+4Hr-4) 15 (x-3)(x+3)
16 (p+1)(p—1) 17 (r+6)(r—6) 18 (x—10)(x + 10)
19 24+3)Q2a-3) 20 (v-5))x+5y) 21 (4a+1)(da-1)
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22 (7-3x)(7 +3%) 23 (P +2)’*-2) 24 (¥’ +5)

2
25 (3ab - 4c)(3ab + 4c) 26 (x+£) 27 (ﬂ—l)(ﬂ+lJ
X a a
28 [x+(-Dlx-(y-2)] 29 [(@a+b)+c’ 30 [(x+1)—y)
31 (t+3°-@-3) 32 16-GE-Dz+9 33 2x+QGx+17-4
34 (x+))’ -xQ2-y) 35 @n-3)@n+3)-20"+5 36 (-4’
2 2
37 (x—l) —(l) +2 38 (F+y)’ —4uty 39 (24+5)°
X X

1.08 Factorisation

Factors divide exactly into an equal or larger number or term without leaving a remainde.
Facoiin
dlgebare
expeion

Factorising

To factorise an expression we use the distributive law in the opposite way from when we
expand brackets

ax + bx = x(a + b)

Factorise
a 3x+12 b -2 ¢ -2
d S@+3)+ 2y +3) e 84V -2ab
Solution
a The highest common factor is 3 30+ 12=3(x+4)
b  The highest common factor is y Y =2y=y(y-2)
¢ xand a” are both common factors 2 =2t =t (x-2)
"Take out the highest common facto,
which is x?
d  The highest common factor is x + 3. Se+3)+2y(x+3)=(x+3)5 +2y)
e The highest common factor is 2ab* 820 — 2ab® = 2ab*(4d® - b)
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Exercise 1.08 Factorisation

Factorise

1 2)+6 2 5x-10 3
4 8c+2 5 24-18y 6
7 w’—3m 8 2'+4y 9
10 ab’ +ab 11 4oy —2ay 12
13 8x’z — 22’ 14 6ub+ 3024 15
16 34° - 24 17 50° +150° 18
19 x(m +5) +7(m +5) 20 2(-1)-y(y-1) 21
22 6x(a—2)+5(a-2) 23 xQ2t+1)-yQt+1)

24 4(3x—-2)+2b(Bx—2) - 3c(B3x-2) 25
26 3pg - 64° 27 154% +3ab 28
29 35w’nt - 25m’n 30 244°0 + 16ab’ 31
32 (x-3’+5(x-3) 33 Y+4)+2x+4) 34

3m—-9

x4+ 2x

150 - 34°

3mn’ + 9mn

5a? = 2w + wy

6a’’ =34’V

47 +y) = 3x(7 +y)

61 + 9
4o’ — 24°
21 + 2mrh

aa+1)-(a+1)

1.09 Factorisation by grouping in pairs

Factorising by grouping in pairs

If an expression has 4 terms it can sometimes be factorised in pair.

Factorise

a ¥-2x+3x-6

Solution

ax +bx +ay + by =x(a +b) + y(a + b)

=(a+b)(x+y)

b 2x—4+6y-3xy

a ¥-2x+3x-6=x(x-2)+3x-2) b 20—4+6y—3xy=2(x—2)+3y2 —x)
=2(x—2)-3y(x-2)
=(x—-2)2-3y)

=@-2)x+3)
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Exercise 1.09 Factorisation by grouping in pairs

Factorise

1 2x+8+bx+4b 2 wy-3a+by-3b 3 & +5x+2x+10
4 ' -2m+3m—6 5 ad—ac+bd-be 6 2 +x°+3x+3
7 S5ab-3b+10a—6 8 2wy—a"+2y —ay 9 wy+a+y+1

10 &' +5v—x-35 11 y+3+ay+3a 12 m-2+4y-2my
13 227 + 100y - 3ay — 15y 14 Z’b+ab’ —4a —41° 15 5Sx—a'—3x+15
16 »*+7x —4x 28 17 7x—21-xy+3y 18 4d+12—de-3e
19 3x— 12 +xy -4y 20 24+6-ab-3b 21 ' -3x"+6x-18
22 pg-3p+q- -3¢ 23 3x' 64" — 5w+ 10 24 44— 12b+ac - 3bc
25 xy+7x—4y-28 26 ' —4x’ - 50420 27 45’ —62° +8x— 12
28 34°+ 94+ 6ab + 18b 29 5y—15+10xy - 30x 30 wl+2mr-3r-6

1.10 Factorising trinomials

A trinomial is an expression with 3 terms for example «” — 4x + 3 Factorising a trinomial
. . . Facoii
usually gives a binomial product quadoie

expeion

We know tha: ( x + a)(x + b) = &” + bx + ax + ab

=x" + (a + b)x + ab

Factorising trinomials
& + (@ +b)x + ab = (x + a)(x + b)

Find values for # and 4 so that the sum # + 4 is the middle term and the product 44 is the
last term

EXAMPLE 12

Factorise

a wm-5m+6
b y2+y—2
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Solution

a a+b=-Sandab=6

"To have # + b = -5 at least one number must be negativ.

To have ab = 6 both numbers have the same sig. So both are negatie.

For ab = 6 we could have —6 X (=1) or =3 X (=2)

-3+(-2)=-5soa=-3and b=-2
So m? — Sm + 6= (m - 3)m - 2)
Check (72 -3)m —2)=m’ —2m—3m+6

=m’ —Sm+6

b s+b=1andab=-2

To have ab = -2 the numbers must have opposite sign. So one is positive and one is

negative

For ab =-2 we could have -2 x 1 or -1 x 2

-1+2=1soa=-1landb=2.

Soy’ +y—-2=(y-1)(y+2)

Check (y—1)(y+2)=y"+2y—y -2
=y2+y—2

Exercise 1.10 Factorising trinomials

Factorise

1 &% +4x+3 2 Y +7y+12
4 7 +8t+16 5 2’+2-6

7 v -8v+15 8 F-6t+9
10 )" - 10y +21 11w’ —9m+18
13 »° - 5x—24 14 2/ —4u+4
16 ' -5y -36 17 # - 10n+24
19 p*+8p-9 20 ¥ -7k+10
22 ' —6m -7 23 4 +12¢+20

12
15
18
21
24

m* + 2m + 1
K —-5x—6

x*+9x—10
¥ +9y - 36
&+ 14x - 32
x* —10x + 25
& +x—12

d>—4d-5
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1.11 Further trinomials
When the coefficient of the first term is not 1
2
for example Sx” = 13x + 6, we need to The coeffcent of the frst termis the numberin
use a different method to factorise the front of the x2.
trinomial

This method still involves finding 2 numbers that give a required sum and product but it also
involves grouping in pairs

Factorise

a 5x-13x+6
b 4+4-3

Solution

a  First multiply the coefficient of the first term by the last ter: 5 x 6 =30

Now a +b=-13 and ab =30
Since the sum is negative and the product is positive # and » must be both negative
2 numbers with product 30 and sum —13 are —10 and -3

Now write the trinomial with the middle term split into 2 terms —10x and —3x
and then factorise by grouping in pairs

54— 13x+6=5¢>—10x—3x+6
=5x(x—2)—-3@x-2)

If you factorse correctly, you should always ind

a common factor remanng such as  x — 2) here

=(w-2)5x-3)

b  First multiply the coefficient of the first term by the last ter: 4 (-3) =-12
Nowa+b=4and ab=-12

Since the product is negative # and b have opposite signs (one positive and one
negative)

2 numbers with product —12 and sum 4 are 6 and -2

Now write the trinomial with the middle term split into 2 terms 6y and —2y and
then factorise by grouping in pairs

Facoiing
quadaic
expeion

(Advanced)

Excel
wokhee:
Facoiing

inomials

Excel
peadhee:
Facoiing

inomials
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4y +4y-3 =47 +6y—-2y-3

=2y2y+3) - 12y +3)

=@y +3)Q2y -1

There are other ways of factorising these trinomials Your teacher may show you

some of these

Exercise 1.11 Further trinomials

Factorise

1 24 +11a+5 5y + 7y +2 3 32+ 10x+7
4 3" +8v+4 20"~ 5b+3 6 Tx'—9x+2

7 3y +5y-2 267 + 1x + 12 9 p+13p-6
10 6%+ 13x+5 11 2y -1ly-6 12 1027 +3x—1
13 8/ —14r+3 14 6% —x—12 15 6 +47y-8
16 4’ —11n+6 17 8/ +18t-5 18 124°+23¢+10
19 47 +11r-3 20 40’ —4x-15 21 67 -13y+2
22 6’ -5p-6 23 8x’ +31x+21 24 121 -43b+36
25 6x* —53x -9 26 9x* +30x+25 27 16y°+24y+9
28 25k* - 20k+4 29 364" -12a+1 30 49’ + 84m + 36

1.12 Perfect squares

You have looked at expanding (z + b)* = a* + 2ab + b* and (a — b)* = 4* = 2ab + I’
These are called perfect squares

When factorising use these results the other way aroun.

Factorise

a £ -8x+16 b 44 +20a+25

Solution

a -8r+16=2"-2@)x+4’ b 44> +20a+25=Qa) +2Qa)(5) + 5°

=(x—4)2 =(2ﬂ+5)2
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Exercise 1.12 Perfect squares

Factorise
1/ -2y+1 2 X +6x+9 3 w+10m+25
4 7 41+4 5 &' —12x+36 6 4 +12x+9
7 166° -8b+1 8 9/ +124+4 9 254" —40x+16
10 49y° + 14y + 1 11 9 —30y+25 12 16k - 24k +9
13 254% + 10x + 1 14 814°-36a+4 15 49%° + 84m + 36
16 241+ 17 221 18 Qf+§l+l—

4 39 5025

2 1 2 4

19 v +2+— 20 25k°-20+—

x k
1.13 Difference of two squares
Difference of two squares

=V =@+b)a-b)

Factorise
a &£-36 b 1-9 ¢ @+3Y’-@0-17
Solution

a 4&-36=d4-6
=(d+6)(d-6)
b 1-9°=1°-(@3b’
=(1+3b)1 - 3b)
¢ @+3’-0-1=[@+3)+G-D][@+3)-@E-1)]

=@+3+b-1)a+3-5b+1)
=(@+b+2)a-b+4)
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Exercise 1.13 Difference of two squares

Factorise

1/7-4 2 -9 3 y-1

4 ' -25 5 4x’-49 6 16/ -9

7 1-4%° 8 2571 9 97 -4

10 9- 164 11 -4 12 3627 -
13 44° -9 14 - 100y° 15 44" - 810
16 (x+2) —y* 17 (@-1°-@-2)° 18 2’ —(1+w)
19 xz—% 20 %2- 21 (x+2°-Qy+1)
22 -1 23 9° -4y 24 - 16)*
1.14 Mixed factorisation

coion m

Factorise 5x% — 45

Solution

Using simple factors 5% —45 = 5" - 9)

The difference of 2 squares

Exercise 1.14 Mixed factorisation

Factorise

1 44’ - 36a 2 22 -18

4 5/ -5 5 5/-10a+5

7 9ab - 44’0 8 Y -x

10 »'(y+5) - 16(y + 5) 11 2+ 8 —of -8«
13 & -3 - 10x 14 - 32" —9x+27
16 24-61° 17 18x% +33x-30

=50+ 3)(x-3)

3 3pP-3p-36
6 32’ +272 + 60z
9 6x°+8xr—38
12 -4

15 4u’y’ —y

18 31’ —6x+3
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19 & + 247 —25x-50 20 2’ +62°+92 21 3y’ +30y+75
22 4’ —9a 23 4k + 40k + 100k 24 35 +9x7—3x-9

25 44°b + 84°H — 4ab® — 24°b

1.15 Simplifying algebraic fractions

EXAMPLE 17

Simplify
4x +2 p 2x —3w-2
3
2 x =4
Solution
a 4x+2 2(2x+1) b Factorise both top and bottom
2 2 20 —3x—2_ Qu+1)(x-2)
=2t P-4 (x-2)(x+2)
_ Zmel
)
Exercise 1.15 Simplifying algebraic fractions
Simplify
1 5a+10 2 6t-3 3 8y+2
5 3 6
2 —
a 8 5 Zx— 6 2y74
4d-2 Sx® =2 y —=8y+16
a2 2, 4_
7 Zﬂl; 4a 8 sz+x 2 9 b2 1
a”—3a sT+5s+6 b -1
2 _ 2 _ _
10 2p7+7p-15 1n zﬂ 1 12 3(x 2)2+y(x 2)
6p-9 a”+2a-3 x =4
3,22 _Qu_ 2 A, _ _
13 +32x 9x-27 14 2p 23p 2 15 Y ax+by—bx
x"+6x+9 2p°+p 2ay—by—2ax+bx
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1.16 Operations with algebraic fractions

Algebaic
EXAMPLE 18

Simplify
x=1_x+43 2a°b+10ab  a® -25 2 1 2 1
_— + c + d —-
5 4 -9 4b+12 x=5 x+2 x+1 x2-1
Solution
- x—l_x+3=4(x—l)—5(x+3)
5 4 20
_ 4x—4-5x-15
- 20
_ =w=19
20

b 24°0+10ab 4’25 _24’h+10ab  4b+12
-9  4b+12 b -9 a*-25
_ 2ab(a+5)  4(b+3)
(b+3)(b=3) " (a+5)(a-5)
B 8ab
"~ (a=5)b-3)

2 . 1 =2(x+2)+1(x—5)
x=5 x+2 (x=5)(x+2)
_ 2=
T (x=5)(x+2)
B 3x—1
T (x=5)(x+2)

d 2 1 2 1
x+1 x2—1 x+1 (x+D(x-1)

o 2Ax-1) 1
T (D=1 (x+D)(x=1)
_ 2x—2 1
T+ D(x=1) (x+D)(x—-1)
_ 2x-2-1
S (x4 D(x-1)
B 2¢-3
S (x+1)(x—=1)
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Exercise 1.16 Operations with algebraic fractions

1 Simplify
a X3 p 2t 2y at2_a
2 4 5 3 3 4
d L=3,r%2 e Y3 x-l
6 2 3
2 Simplify
346 10 a’ =4 Sb
a X b
5 x+2 3 a+2
£*+3t-10 _5¢-10 20-6_ Sx+10
c S+ d X
xy 2xy 2x+4 4
o 2
e S +10—xy 2y+7x+14 f 3 xb +2b
15 3 b+2 6a-3
3ab*  12ab—6a h ax—ay+bx—by  x*y+xy’
9 Sav 22 2 2_ 2 X3
y  xty+2xy x =y ab®+a”b
x2—6x+9;x2—5x+6 ) P-4 ><5q-i—5
¥-25  xtdx-s I 241 3p+6
3 Simplify
a 3_{_1 b L__ C 1+i
x x x—=1 w a+b
x? 1 11
- e p—g+— f ——
x+2 ptq x+1 x-3
2 3 S
9 i n2 a*+2a+1 a+l
4 Simplify
2 2 2
- - —y-2
a a”—Sa +3ﬂ2 15 y —y b 3 +2320+8xx + 3
Yy —4y+4  y -4 Say x=3 x°-9 4x-16
b ¥ b ' =8x+15 x'-9 x’+5x+6
2+6 b +b-6 b+l S¢?+10x 10 2x-10
5 Simplify
5 3 2 2 3 a b 1
a 2 4 0 2 + 2 ot 22
x*—4 x-2 x+2 P Hpg pg—q at+b a-b a7 -b
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1.17 Substitution

Algebra is used for writing general formulas or rules and we substitute numbers into these
formulas to solve a problem

a V=mhis the formula for finding the volume of a cylinder with radius 7 and height &
Find V' (correct to 1 decimal place) when =21 and /=87

b IfF= % + 32 is the formula for converting degrees Celsius (°C) into degrees

Fahrenheit (°F) find F when C=25

Solution
a When =21, h=87
V=mrh
=1(21) %(87)
=120533

= 1205
b When C=25
F=%+32

=—9(§5) +32

=77 Ths means that 25 °C s the same as 77 °F.

Exercise 1.17 Substitution

1 Givena=31and b=-23 find correct to 1 decimal plac:
a ab b 3 c 54 d
e a+b)’ f Ju-b g -V

2 For the formula T=a+ (n — 1)d find Twhena=-4,n=18 and d = 3.
3 Given y =mx + ¢ the equation of a straight lin, find yifm=3,x=-2and c=-1
4 Tf =100z — 57 is the height of a particle at time  find 4 when 7= 5.

5 Given vertical velocity v = —gr find v when g =98 and =20
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6 Ify=2"+3is the equation of a function find y when x = 13 correct to 1 decimal plac.

7 S=2mr(r+ h) is the formula for the surface area of a cylinder. Find S when »= 5 and
h =7 correct to the nearest whole numbe.

8 A=mis the area of a circle with radius  Find A when 7 = 95 correct to 3 significant
figures

9 For the formulau=a""' find uifa=5,r=-2 and n=4

10 Given V= % Ibh is the volume formula for a rectangular pyramid find V'if /=47, b=5.1

and /= 65
11 The gradient of a straight line is given by 7 = 222N Find mifx = 3,4, =-1,y =-2
andy, =5. AR

12 If4= %h(ﬂ + b) gives the area of a trapezium find A when 7=7,2=25and b=3.9.

13 V= %mf} is the volume formula for a sphere with radius »

Find V'to 1 decimal place for a sphere with radius =76

14 The velocity of an object at time # is given by the formula v =z + ar
Findehenuzl a==andt==
4 5 6

15 Given S=—" find Sifs=5and r= % S is the sum to infinity of a geometric series
-r

16 ¢=/a*+b* according to Pythagora’ theore. Find the value of ~ cifz=6andb=8.
17 Given y = 16—« is the equation of a semicircle find the exact value of y when x = 2.

18 Find the value of E in the energy equation E = if m = 83 and ¢=1.7.

19 A=P (l+ﬁ) is the formula for finding compound interest Find A correct to

2 decimal places when P=200,7=12 and n =5.

a(r" —1)

-

20 IfS=

is the sum of a geometric series find Sifz=3,r=2andn=>5.
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1.18 Simplifying surds
An irrational number is a number that cannot be written as a ratio or fraction
Surds such as 2 +/3 and /S are special types of irrational numbers

If a question involving surds asks for an exact answer, then leave it as a sud.

Properties of surds

JaxJb =ab
Na _ [a
N

(\/;)2=\/x_2=xforx20

a  Express+/45 in simplest surd form

b Simplify 340

¢ Write5y2 asa single surd

Solution

a J45=ox5 b 3J40 =3x\/4x+/10 € 5V2=\25x\2
=JI9x-5 =3x2x+/10 =50
=3x/5 =610

=35
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Exercise 1.18 Simplifying surds

1 Express these surds in simplest surd form

a J12 b J63 c J24 d 50 e 12
£ V200 g V8 h 75 i 32 i V54
k Ji12 V300 m 128 n 243 o 245
p 108 q J9 r 125

2 Simplify
a 227 b 5J80 ¢ 498 d 228 e 820
f 456 g 8405 h 158 i 7J40 N

3 Write as a single sur:

a 32 b 25 ¢ 411 d 82 e 53
f 410 g 33 h 72 i 113 RN

4 Evaluate x if

a Jr=3 2B3=Vxr ¢ 3i=Vxr d 52=Vr e Nil=Vx
f Jr=73 g 4/19=Vxr h Jr=6y23 i S5BI=Vxr j Jx=8JI5

o

1.19 Operations with surds

EXAMPLE 21
Simplify +/3-+/12
Solution

First change into like surd.
2=
=3-243
3

Multiplication and division as in algebr, are easier to do than adding and subtractig.
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Simplify ,
yNIT 10
a 4\/5)(5\/@ b m C [ 7}
Solution
2
a  4/2x5J18=20436 b 214 _2xV7 c [EJ _
20%6 N 3 3
=120 7 3L
2 3
Expand and simplify
a 37(2\3-32) b (V2+3J/5)(\3-2) ¢ (5+2B3)5-243)
Solution
a 3723 -3v2)=3VT x 23 -3 x32
=621-9\14
b (V24353 -V2)=v2x\3-V2x2+3/5x3-35x2
=6 -2+315-3.10
¢ Using the difference of 2 squares (5 +23)5 - Zﬁ):(\/g)z —(Zﬁ)z
=5-4x3
=—7

Exercise 1.19 Operations with surds
1 Simplify

a J5+25 b 32-242 c B3+53

d 73-43 e f5-445 f 466

g V2-82 h 5+405435 i V2-22-32
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V5 +45 k V8-12 3448

[

m Ji2-27 n 50-+32 o 28+V63
p 2J8-418 q W54+2424 r o \/90-5J40-2J10
s 4J48+3J147+5V12 t 3W2+/8-V12 u J63-28-+/50
v V1245485
2 Simplify
a J7x\3 b 3xJ5 c 2x383
d 5J7x22 e -3f3x2\2 f SUB3x23
g 45 x3J11 h 2J7xJ7 i 23x5V12
i Ex\2 k (V2) (27)
m 3><\/§><\/5 n 2\/§>< 7><—\/§ o \/EX\/EXS\E
3 Simplify
o W2 p 128 ¢ B a 162
NE) 3V6 1042 212
o 1030 Y 2 N
510 620 g9 8J10 315
0 N o S 1518
NG S NIT] V8 10410
N 7Y 5Y
o LN (BN ()
4 Expand and simplify
a ﬁ(ﬁ+\/§) b ﬁ(zﬁ—ﬁ) c 4J§(J§+2J§)
d V7(5v2-243) e —3(V2-46) £ B(sVIT+37)
g —3ﬁ(ﬁ+4ﬁ) h \E(\/?—sﬁ) i \/§(Jﬁ+\/ﬁ)
i 2B(Vis+4) k  —42(V2-3V6) =745 (-3420+243)
m 10\/§(ﬁ—2\/ﬁ) n —ﬁ(ﬁu) o zﬁ(z—Jﬁ)
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5 Expand and simplify

a (V2+3)(V5+343) b (V5-V2)(V2-v7) e (V2+53)(25-3V2)
d (3/10-25)(4V2+6v6)e  (25-742)(V5-3v2) £ (V5+6v2)(3V5-+53)

g (VI+B)V7-\3)  h (V2-B)(V2+B) i (V6+342)(V6-342)

i (BB+2)35-V2) ko (VB-5)(VBH) (V2+943)(v2-943)

m (2J11+5V2)(2J11-5V2) n (5+2)

o (22-43) P (32+7) a (23+345)
ro(V7- 2J§) s (2J§—3ﬁ)2 t (35+242)

6 1f =32 simplif:
a 7 b 2/ c Qa)
d @+1)’ e @+3)a-3)

7 Evaluate 2 and b if
a (25+1)=asvb b (22-5)(V2-345)=a+5J10
8 Expand and simplify
o (il b ()
9 Evaluate (247 —V3)(247 +43)
10 Simplify (v +4/y )(vr =3/
11 If(zﬁ—ﬁ) =a—lb evaluate 2 and b

12 Evaluate #z and b if(7\/§—3)2 =a+b\2
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1.20 Rationalising the denominator

Rationalising the denominator of a fractional surd means writing it with a rational number

(not a surd) in the denominator. For exampe, after rationalising the denominator

becomes %

Raionaliing
he
denominao

3
NS

"Io rationalise the denominato, multiply top and bottom by the same surd as in the denominaor: Sud

Rationalising the denominator

aNb

b

ﬂX
Jb

S5

. ) : 2
Rationalise the denominator of —

5\3

Solution
2 3 23
NN
243
T5x3
213
15

When there is a binomial denominator, we use the difference of 2 squares to rationalise t.

Rationalising a binomial denominator

Ne=d
Ne—d
Je+ld
Je+d

"To rationalise the denominator of multiply by

b
Je+d

"To rationalise the denominator of multiply by

_b
Je—d
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a  Write with a rational denominato:

5 . 2
J2-3 BB+42
ENE)
b Evaluate z and b if —— —=4+/b
B3-2
2 5 L . .
¢ Evaluate + as a fraction with rational denominator.
NCOES N

Solution

a i ﬁxﬁ+3_ﬁ(\/§+3)
V2 -3 ﬁ+3_(ﬁ)2_3z
_N10+3V5

229

V104345

7

23+45 B-4v7_(2B3+35)(V3-42)
V2B () -(447)

_2x3-8J6+15-44/10

3-16x2
_6-8J6+/15-4410

-29
_—6+8J6 /15 +410
- 29
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33 eI 3B(B+V2)
V-2 B2 (3-42)(V3+42)
__3\9+3V6
(V3) ~(v2)
=3><3+3£
3-2

9436
1

=9+36
:9+\/§><\/5
=9+4/54

Soa=9and b=>54

2 5 2(V3-H5(V3+2)
G iz (BB
234415425
e
_ 23-4+V15+245
3-4

_ 2B3-4+/15+245
-1

=-23+4-15-25

Exercise 1.20 Rationalising the denominator

1 Express with a rational denominator

o« L b . 20
J7 N2 J5
1+2 J6-5 J5+242

© 5 Fr S 5
8+32 . 4B3-22
45 J 75

67
4
3W2-4
NG
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2 Express with a rational denominator

a + b —\B 72\5
B+42 V2-7 J5+246
d -4 o V2+5 3WV3+42
S+4 NERNG) 2054342
3 Express as a single fraction with a rational denominator
1,1 b Y2 3
V2+1 V2-1 ﬁ_ﬁ \/3+\/§
C t+%wheret=\/_—2 d zz—izwherez=1+\/§
2z
o Y243, 1 ¢ B V2
V2B V243 3
52 I
9 o2 53 443 4-3
N
NG RN R
4 Tind s and b if
3 _Na p 3 _ave ¢ 2 —uriis
25 b 42 b J5+1
27 J2+3
=a+b7 e =a+-b
V74 J2-1
5 Show that%+%is rational
6 Ifx=13 + 2 simplif:
2
a xit b x2+i2 c [x+l)
x x x
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1 Rationalise the denominator of £

For Questions 1 to 8 select the correct answer A B C or D

there may be more than one answer acice quiz
2\/7 ( y ) P q
A I s 2 ¢ I o I
28 28 14 7
-3 «x+1
Simplify = — =
implify : 2
A —(x+7) B x+7 C x+17 D —(x+17)
20 20 20 20
Factorise &° — 4x” — x + 4 (there may be more than one answer)
A -Dr-9 B (+Dx-4)
C Y@x-9 D (x—4Hu+1Dx-1)
Simplify 3+/2 +2:/98
A 52 B 5J10 C 172 D 102
3 2 1
Simpli -
1mp1fyx2_4+x_2 x+2
x+5 x+1 x+9 D x=3
(x+2)(x—2) (x+2)(x—-2) (x+2)(x=2) (x+2)(x—-2)
Simplify 5ab — 24* — Tab — 34*
A 2ab+d’ B -2ub-54 C -134% D -2ub+54
80
Simplify , [—
implify / >7
w5 5 5 ¢ 85 b 85
33 93 93 33
Expand and simplify Gx — Zy)2
A 37— 12xy — Zyz B 9’ - 12xy — 4y2
C  3x’ —6ay+2y D 9’ —12xy+4’
Evaluate as a fraction
a 77 b 5 92

ISBN 9780704352

1. Algebrac technques



10 Simplify
5\4 17 6\ 4\°
5.7 . .3 3\2 (@) b [Zx [ ab
a X x' + b ¢ c d | — —_
X’ Xa' +u Sy = 3 T
11 Evaluate
2
a 362 b 47 as fraction c 83
d 49 2asa fraction e 16% f (3
12 Simplify
LY b (x5y3)6 - pﬁ ><p5 +p2
7\3 2
d (2179)4 e %
xy
13 Write in index for:
1 1
a b — C d #x+1 e a+b
\/; xs X+ y * “
f 2 g % h {« i (5x+3)9 j !
% 2x A’
14 Write without fractional or negative indice:
a 4’ b »t ¢ (v+1)2 d ¢-y) e @-7"
__ 3 4 _3
f (a+d)s g « h 5 i (2043)3 j x?
15 Evaluate 225" 9 2

whens=—and b =1=
25 3

16

17

Write in index for:

a Jr b L c  x+3
Y

18 Write without the negative inde:

a x° b Qu+5)
19 Simplify

a ST b 3aJ3r 12

e 4a-3b-a-5b f B+32

4
Ifa= [%) and b = % evaluate b’ as a fraction

o

¢ 2k x 3K d

g 35-20+45
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20 Factorise

a »-36 b Z+24-3 c  4ab’® —8ab
d 5y-15+xy-3x e 4n-2p+6
21 Expand and simplify
a b+3(k-2) b (Qx-1x+3) ¢ Sm+3)-(m-2)
d  (4x-3) e (p-50p+53) f 7-20+4-5a
g ﬁ(zﬁ—s) h (3+ﬁ)(ﬁ—z)
22 Simplify
44-12 10k Sm+10  m’—4
X b o
56 479 mt—m—2 3m+3

23 The volume of a cube is V' =5° Evaluate /" when s = 54
24 a Expand and simplify (2\/§+\/§)(2\/§—\/§)

33
25 +3

b Rationalise the denominator of

. . 3 1 2
25 Simpl + -
implify x=2 x+3 x’4+x-6

26 Ifa=4,b=-3 and c = -2 find the value o:

a a’ b a-i c Ja d &)’ e Qu+3b)
27 Simplify
W12 b 432
6415 YN

28 The formula for the distance an object falls is given by d = 5# Find d when ¢=1.5.

29 Rationalise the denominator of

2 p 13
5\3 V2
30 Expand and simplify
a (3&—4)(«5—\/5) b (\/7+2)2
31 Factorise fully
a 3x'-27 b 6x*—12x-18 c 57 —30y+45
32 Simplify
3aty b 5
9y’ 1525
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33

34

35

36
37

38

39

40

41

42

43

Simplify
2 3
a (3Vi1) b (243)
Expand and simplify
a @+ba-b b (1+05)
Factorise
a o -2ab+V b +/-F
If x =+f3 + 1 simplify x+ 1 and give your answer with a rational denominator.
%
Simplify
a 3.3 p Y3 x-2
a b 2

writing your answer with a rational denominato.

. .3 2
Simplify —— — — Y=
lmplfyﬁu 22-1

Simplify
86
a 38 b -2/2x43 c  J108-+/48 d ==
218
3
e Sax-3bx-2a f 2’”2”_ g 3x-2y—x—y
6mn’
Expand and simplify
a 2/2(\3+2) b (5v7-3\5)(2v2-\3) ¢ (3+2)(3-2)
d (W5-F)a5r) e (NI
Rationalise the denominator of
a El b ﬁ c _Z d 22 e 7\5%/5
NG 5\3 NG 3V2+3 45-33
Simplify
3x, x-2 a+2 24-3 1 2
a —- b —+ c -—
5 2 7 3 ¥’ -1 x+1
S S e VB 5
E+2k=3 k+3 2+ B-2
Evaluate » if

a i08-B=Jn b ViB+T=in ¢ 208+300=
d 4iF -+ 25+ 0y

(1]

Jn
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1 Write 64 3 as a rational number.

2 Show that 22f — 1) + 2k =20**1 - 1).
C AN | 2
3 Find the value of% in index form if # = [z) b= L—l) and ¢ = (é)
b’c 5 3 5
4 Expand and simplify
a  4ab(a—2b) - 24°(b - 3a) b (-2’ +2) ¢ Q-5

5 Find the value of x + y with rational denominator if ¥ =+/3 + 1 and y =

NE]
76 —[54

7 Tactorise

253
6 Simplify

a @+ +50+4) b x'—2Yy-67’ ¢ Fb-245-4b+38
. .. 2xy+2x—6-6y
8 Slm ll D B
plity 4x?-16x+12

3
9 Simplify (ﬂjli
at—

2
10 Factorise iz - ﬂ—z

x° b
11 a Expand Qx-1)°

2 —_—
b Hence or otherwis, simplify bx” +3x =4

8x° —12x° +6x—1

12 If V= wh is the volume of a cylinder, find the exact value of 7 when V=9 and / = 16.
13 Ifs= u+%ﬂt2 find the exact value of s when # =2,ﬂ=\/§ and t =23

14 Expand and simplify, and write in index fom:

o (] b ({FE) 1)
° 1 2 o | 2
c Lp+ﬁJ d L\/;+ﬁ)

372 2 3 4
15 Find the value ofﬂ[; ifﬂZ(%J bztg) andcz(%)
c
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EQUATIONS AND
INEQUALITIES

Equatons are found n most branches of mathematcs They are also mportantin many other ield,
such as scence economcs stafstcs and engneerng In ths chapter you wil revse basc equatons
and solve harder equatons ncludng those nvolvng absolute values exponental equatons
qugdrotc equofons and smulfaneous equcﬂons

— o

e

CHAPTER OUTLINE

Equatons
202 Inequaltes
203  Absolute value
2.04 Equatons nvolvng absolute values
205  Exponental equatons
206 Solvng quadrafc equatons by factorsaton
2.07 Solvng quadratc equatons by compleing the square
2.08 Solvng quadrate equatons by quadratc formula
209 Formulas and equaions
210  Lnear smultaneous equatons
211 Nonlnear smultaneous equatons
212 Smulianeous equatons wih three unknown varables
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, IN THIS CHAPTER YOU WILL:

* solve equatons and nequaltes
understand and use absolute values n equatons

[ ]

® solve smple exponental equatons

® solve quadrafc equatons usng 3 dfferent methods
undersfand how to substtute nfo and rearrange formulas
solve Inear and non-near smultaneous equatons
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TERMINOLOGY

absolute value |x| is the absolute value
of x its size without sign or directio.
Also the distance of x from 0 on the
number line in either direction

equation A mathematical statement that has a
pronumeral or unknown number and an equal
sign An equation can be solved to find the
value of the unknown number, for exampe,
3x+1=7

exponential equation An equation where the
unknown pronumeral is the power or index
for example 2 =8

. probLEM (HRERR

inequality A mathematical statement involving
an inequality sign with an unknown
pronumeral for exampl, x—-7<12

quadratic equation An equation involving x°
in which the highest power of x is 2

simultaneous equations 2 or more equations that
can be solved together to produce a solution that
makes each equation true at the same time

. The age of Diophantus at his death can be calculated from his epitaph

. Diophantus passed one-sixth of his life in childhood one-twelft h in youth and one-seventh more
- as a bachelor; five years after his marriage a son was born who died four years before his father at
- half his fathers final ae. How old was Diop hantus?

2,01 Equations

o m

Solve each equation

a 4y-3=8y+21

Solution
a 4y—-3=8y+21
-4y -3=8y—4+21

—-3=4y+21
-3-21=4+21-21
-24=4y

—24_ 4y
4 4
6=y

y=-6

b 2B8x+7)=6-(x-1)

b 2Bx+7)=6—-(x—1)
6x+14=6—-x+1

=7—x
bx+x+14=7-x+x
Tx+14=7
Tx+14-14=7-14
Tx=—7
% _=7
7 7
x=-1

MATHS IN FOCUS 11. Mathematcs Advanced
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When an equation involves fractions multiply both sides of the equation by the common

denominator of the fractions

Solve
a m_,_ 1 gl B g
3 34
Solution
a m 1 x+1 «x
3 34
6| 7~ | -6(4)=6| 1 | 2 1o 2 | =125
3 2 3 4
2m—24=73 4x+ 1)+ 3x =60
2m—24+24=3+24 4 + 4+ 32 =60
2m =27 7x+4 =60
m _27 Tx+4-4=60-4
2 2 7x =56
27
m=T 156
® 7 ®
=13% x=38

DID YOU KNOW?

History of algebra

Algebra was known in ancient civilisations Many equations were known in
Babylon although general solutions were difficult because symbols were not
used in those times

Diophantus around 250 ce first used algebraic notation and symbols (.. the minus sig).
He wrote a treatise on algebra in his Arithmetica comprising 13 book. Only six of these
books survived About 400 ce Hypatia of Alexandria wrote a commentary on thm.

Hypatia was the first female mathematician on record and was a philosopher and
teacher. She was the daughter of Thon, who was also a mathematician and who ensured
that she had the best education

In 1799 Carl Friedrich Gauss proved the Fundamental Theorem of Algeba: that every
algebraic equation involving a power of x has at least one solution which may be a real
number or a non-real number.

ISBN 9780704352
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Exercise 2.01 Equations

Solve each equation

1
4

7

10
13

16

19
22
25

28
31
) 34
37

40

43

COULD THIS BE TRUE?
Half full = half empty

t+4=-1

w—-26 =41
1

5y=§

r 2

6 3

7d—-2=12

%—3:7

4a+7=-21

2Ba+1)=8

2@-2)=4-3a

2450-D)=5p—(p-2)

- full = empty

11
14

17

20
23
26

29

32

35

38

41

44

z+1.7=-39
S5=x-7

b

Z=5

7

2y+1=19
—2=5x-27
Zi7=11
7y—1=20
Tt+4=3t-12
Sh+2=-3(b-1)

370+12 =54x-63

3 y-3=-2
6 15x=6
9 ="
12 33=4k+9
15 214-9
3
18 3x+5=17
21 3(x+2)=15
24 x—-3=6x-9
27 3(t+7)=2Q2t-9)
30 ézz
5 3
33 5+x:E
7 7
36 w__3:5
2
39 ¥_X_3
5 2 10
a9 13,171 4
7 3
a5 x+3 =x+7
2
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2.02 Inequalities
> means greater than > means greater than or equal to

< means less than < means less than or equal to

Solving inequalities

The inequality sign reverses when
*  multiplying by a negative

e dividing by a negative

* taking the reciprocal of both sides

On the number plane we graph inequalities using arrows and circles (open for greater than
and less than and closed in for greater than or equal to and less than or equal to)

Inequalities on a number line

IN

< . Inequaliies on

< H a numbe \ir\e
.—>

> O

[\

Solve each inequality and show its solution on a number line
a Sx+7217 b 3:-2>5:+4 c 1<2z+7<11

Solution

a Sx+7217

Sx+7-7217-7
50> 10 4 3 2 -1 0 1 2 3 4

A

51,10

5 5
x=>2

ISBN 9780704352 2. Equatons and nequates @
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3t—2>5t+4
3t—5t=2>5t—-5t+4
2t-2>4
—2t—-2+2>4+2
-2t>6 . ..
Remember to change the inequality sign
=2t 6
—<— when dividing by -2
-2 =2 .
t<-3 4 3 -2 -1 o0 1 2 3 4
1<2z2+7<11
1-7<2z+7-7<11-7
-6<2z<4
3<z<2 4 3 2 -1 0 1 2 3 4

Exercise 2.02 Inequalities

1 Solve each equation and plot the solution on a number line

a x+4>7 b y-3<1
2 Solve
a 5t>35 b 3x-7>2
d 4-@x-1)<7 e 3y+5>2y-4 f
g 3+4=2-2(1-y) h 2x+9<1-4(x+1) i
2y b
j = k —+5<+4
j 8> 3 5
3 Solve and plot each solution on a number line
a 3<x+2<9 b -4<2p<10 c
d —6<5y+9<34 e -2<32y-1)<7

MATHS IN FOCUS 11. Mathematcs Advanced
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2p+5)>8
20—6<54-3

o
IN
&

2 456
3

2<3x-1<11

ISBN 9780704352

22/11/18 3:29 PM



| T T ®

2.03 Absolute value

The absolute value of a number is the size of the number without the sign or direction

So absolute value is always positive or zero
We write the absolute value of x as |x]

For example 4| =4 and |-3| =3.

We can also define || as the distance of x from 0 on the number line

If x is positive then its absolute value is itsel.

If x = 0 then its absolute value is .

If x is negative then its absolute value is its opposit, —x Because x is already negative the
effect of the negative sign in front of it is to make it positive for example —(-5)=75.

Absolute value

x when x>0

—x when ¥ <0

[4| =4 since 4> 0
|-3| =—(-3) since -3 <0
=3

Properties of absolute value

Property Example

jab] = a] x |8 2 x-3| = 2] x -3 =6

laf* = * =3P =(=32=9

i =l V&5 = 5] =5

|=a| = |a] =71=171=7

la—b|=1b—a 2-3|=3-2|=1

o+ 8] < |a| + |b] [2+3]= 2]+ 3| but |-3 + 4| < |-3| + |4|

ISBN 9780704352
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a Evaluate 2| - |-1| + |-3|?
b Show that |z + | < |a| + |b| when 2a=-2 and b =3.

¢ Write expressions for |2x — 4| without the absolute value signs

Solution

a 12|-]-1]+|-3P=2-1+3

=10
b LHS =l|a+} RHS = || + |5
=[-2+3| =[-2| + 3]
=1 =2+3
=1 =5

Note LHS means left-hand side and RHS means right-hand side
Since 1 <5,

la+b| < |a| + |b|

¢ [2x—4|=2x—4when2x-42=0 evihen 2pS4

@ ie when x22
|20 — 4| =—(2x —4) when 2x -4 <0 ‘ewihan  ped

=-2x+4 iewhen  w<2

. CLASS Discussion RN

ABSOLUTE VALUE

. Are these statements true? If so are there some values for which the expression is
- undefined (values of x or y that the expression cannot have)?

B Q| 2 |2x|=2x

S Y

03 (24 = 2] 4 x| +[yl=|r+yl
5 |x*=4’ 6 |v=+

: 3¢ -2

ST x| =la]+1 g 2,

. 3 -2

-9 @=1 10 [x]20

. x

................................................................
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Exercise 2.03 Absolute value

1 Evaluate
a [7] b |-5]
e |2 f |-11]
PP i P
2 Evaluate
a [3|+]-2 b
d [2x-7| e
g [2+5x-1] h
i B=71+4=2]
3 Evaluate |z —b| if
a s=5andb=2 b
d s=4andb=7 e
4 Write an expression fo:
a |4/ whena>0 b
d |34/ whena>0 e
g |a+1|whena>-1 h

5 Show that |z + 5| < || + |b| when
@ a sz=2andb=4 b
d s=-4andb=5 e

6 Show thatyx? = |v| when
a x=5 b
d x=4 e

c |6
g [-2 3]
=3[ — [4]
=3+ -1
3|4
a=-landb=2
a=-1land b=-2

|| when 2 < 0
|34| when 2 <0

|2+ 1] when 2 < -1

a=-1landb=-2
a=-7andb=-3
x=-2
x=-9

d 0]
h 3-8
|-5+3]

f5—|-2/x|6)
i 21-3]-34

¢ as=-2andb=-3

|| when 2 =0

f |34/ whena=0

i |x—2|whenx>2

€ a=-2andb=3

7 Use the definition of absolute value to write each expression without the absolute

value signs

a |v+5] b
d |2y-¢| e
g [2k+1] h

8 Find values of x for which |x| = 3.

9 Simplify M where 7 # 0
n

10

ISBN 9780704352
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|b-3]
[3x+ 9|
|52 —2|

-2
Simplify h and state which value x cannot be

¢ |a+4
f [4-4
i |a+b
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2.04 Equations involving absolute values

On a number line |x| means the distance of x from 0 in either direction

Abolue value

equaion and
inequaliies
Solve |x| =2.
Solution
|x| = 2 means the distance of x from zero is 2 (in either direction)
2 2
r = N/ = AY
4 3 2 10 1 2 3 4
x=12
3l CLASS DISCUSSION :
. ABSOLUTE VALUE AND THE NUMBER LINE
. What does |2 — b| mean as a distance along the number line?
. Select different values of # and & to help with this discussion
® e ®
Solve
a |x+4/=7 b [2¢-3[=9
Solution

a  This means that the distance from x + 4 to 0 is 7 in either direction

Sox+4=4%7
x+4=7 or x+4==7
x+4-4=7-4 x+4-4=-7-4
=3 x=-11
Sox=3or-11

MATHS IN FOCUS 11. Mathematcs Advanced ISBN 9780704352
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Checking your anser:

LHS =3 + 4
=17l
=7
=RHS
|20 —3|=9
22— 31=9 or
2x=12
x=06
Sox=6or-3

Checking your anser:
LHS=12x6-3|

=19

=9

=RHS

LHS =|-11 + 4|
=|-7]
=7
=RHS
20-3=-9
20=-6
B==3

LHS =2 x (-3) - 3|
= |-9|
=9
=RHS

Exercise 2.04 Equations involving absolute values

1 Solve
a |x=5 b [y=8 c |x/=0

2 Solve
a |[v+2|=7 b |n-1/=3 ¢ 9=[2x+3|
d [7x-1/=34 e |%|=4

3 Solve
a |[8x-35|=11 b |5-3x=1 c 16=1[5t+4|
d 21=19-2)] e [Bx+2(-7=0

ISBN 9780704352 2. Equatons and nequates
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2.05 Exponential equations

The word exponent means the power or index of a number.

Exponenial
equaion

EXAMPLE 7

Solve

a 3'=81
Solution

a  3%=81
3¢ =34
Lx=4

b 5%-1=25

52k—1=52

S 2k—1=2
2k=3
%3

2 2

1

k=11

b s5%*-1=25

So an exponential equation involves an unknown index or power for example 2 * = 8.

It is hard to write 8 as a power of 4 or 4 as
a power of 8 but both can be written as
powers of 2

8" =4
(23)71:22
23n=22
s3n=2
n_2

3 3

2
n=—
3

"To solve other equations involving indice, we do the opposite or inverse operatin. For examle,

squares and square roots are inverse operations and cubes and cube roots are inverse operation.

EXAMPLE 8

Solve

a x=9

Solution

a  There are two possible numbers
whose square is 9

xZ

+ O

X

I+

b 52°=40
b 5#2°=40
sn’_ 40
5 5
=8
n=38
n=2
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............................................

. SOLUTIONS FOR EQUATIONS INVOLVING x"

Investigate equations of the type x” = k where £ is a constant for example x”"=9
Look at these questions

What is the solution when 7 = 0?

What is the solution when 7z = 1?

How many solutions are there when n = 2?

1

2

3
. 4 How many solutions are there when 7 = 3?

5 How many solutions are there when 7 is even?
6

How many solutions are there when 7 is odd?

Exercise 2.05 Exponential equations

1 Solve
a 2'=16 b 3=243 c 27=512 d 10°=100000
e 6"=1 f 4°=064 g 4+3=19 h 539=45
. .6
® i 4°=4 J 7=18 ®
2 Solve
a 3**=81 b 2% '=16 c 473=4 d 3 7’=1
e 7X*l=7 f 33=27 g 5V =125 h 7% %=49
i 2%=256 o 9¥*l=9g
3 Solve '
a 47=2 b 27=3 ¢ 125%=5 d (i) =
49
1 k
(m) =100 f 16"=8 g 25°=125 h 64"=16
3k
i (%) =2 josl=4
4 Solve
a 24x+1=8x b 35x=9x—2 c 72k+3=7k—1
d 43n=8n+3 e 6x—5=216x f 162x—1=4x—4
x 2x+3 x 2x-3
g 27 =3 h (L) oL co(3) (%
2 64 4 64

N

ISBN 9780704352
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5 Solve s
m 9 3 1 2x=5
a 4"=42 b (= =\/: c —=4
V2 (25) 5 J2
3n+1 3n+1 \—72
d 3-303 . (L) _¥ ¢ (z] (z)
27 81 5 2
9 32—]62% h 92b+5:3b\/§ i 81x+1:\/37
6 Solve giving exact answer:
a =27 b =04 ¢ #n'=16
d =20 e p =1000 f 247=50
g 6*=486 h 2 +7=15 i o’ -4=9
7 Solve and give the answer correct to 2 decimal places
a p'=45 b =100 c #=240
d4
d 2=70 e 4'+7=34 f 5 =14
2 3
g L_3-7 h ¥l i 27-9=20
2 5
8 Solve
a x =5 b +°=8 c y°=32 d »?+1=50
® e 2w =3 £ =l 2 1 h » =L
8 4 9
L [
81
. PUZZLE

© Test your logical thinking and that of your friend.
. 1 How many months have 28 days?
. 2 IfI have 128 sheep and take away all but 10 how many do I have left ?

. 3 Abottle and its cork cost $110 to make If the bottle costs $1 more than the cor,
how much does each cost?

4 What do you get if you add 1 to 15 four times?
- 5 On what day of the week does Good Friday fall in 2030?
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2.06 Solving quadratic equations by
factorisation -

A quadratic equation is an equation involving a square For exampl, x*—4 =0 e

acoiing

When solving quadratic equations by factorising we use a property of zer.

For any real numbers # and 4, if 46 =0 then2=00r b =0

Solve
a ¥+x-6=0 b y-7y=0 ¢ 34 -14a=-8
Solution
a F+x-6=0 b yY-7=0
(x+3)x-2)=0 y(y=-7=0
Lx+3=0o0rw-2=0 SLy=0o0r y-7=0
x=-3 or x=2 y=7
(O} So the solution is x = -3 or 2 So the solution is y =0 or 7 (O]
¢ First we make the equation equal to zero so we can factorise and use the rule
for zero
34 - 140 = -8
34— 142 +8=-8+8
34— 142 +8=0

Ba-2)a-4)=0
n3a—-2=0o0r a—4=0

34=2 or u=4
a2
3 3
2
a=—
3

So the solution is z = % or 4

ISBN 9780704352 2. Equatons and nequates
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Exercise 2.06 Solving quadratic equations by factorisation

Solve each quadratic equation

1 y+y=0 2 V¥-b-2=0 3 P +2p-15=0
4 #-5:=0 5 X +9%x+14=0 6 /-9=0

7 ¥-1=0 8 /+3u=0 9 24 +8x=0

10 44~ 1=0 11 3% +7x+4=0 12 2y’ +y-3=0
13 8°—10b+3=0 14 ' -3x=10 15 37 =2x

16 22" =7x-5 17 5x-4=0 18 y'=y+2

19 8n=wn’+15 20 12=7x-%’ 21 > =6->5m

22 x(x+1Dx+2)=0 23 (y-D(y+5)(y+2)=0 24 (x+3)(x-1)=32

25 (- 3)(m —4) =20

2.07 Solving quadratic equations by
completing the square

Not all trinomials will factorise so other methods need to be used to solve quadratic

Compleing
he quae

equations
@ Solve
a (@+3y°=11 b (y-27%=7
Solution
a (x+3)* =11 b (y=2>=7
x+3=1J11 y=2=17
x+3-3=11-3 y=2+2=%£7+2
x=i\/ﬁ—3 y:iﬁ+2

To solve a quadratic equation such as x> — 6x + 3 = 0 which will not factoris, we can use the
method of completing the square

We use the perfect squar:

A+ 2ab+ 0 = (a+ by
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Complete the square on 4* + 64
Solution

Compare with & + 2ab + b* 2 ab = 6a
b=3
To complete the squar: 4° + 2ab + b* = (a + b)*
2 +2a(3)+3 =@ +3)

2 +6x+9=(a+3)

Completing the square
To complete the square on 4° + pa divide p by 2 and square it

2 2
azipa+(£) =(ﬂi£)
2 2

Solve by completing the square
a £ -6x+3=0

by +2y—7=0 (correct to 3 significant figures)

Solution

a «*-6x+3=0 b y+2y-7=0

2 2
Y 2y+l1=7+1 (E] =i =l

&t —6x=-3 : Y+2y=7
—6x+9=-3+9 (g) =32=9
x-3Y%=6 (+1)7°=8
.‘.x—3=i\/8 .'.y+1:i\/§
PRI e fhe ssere y=+B-1

step n both solutons

y~183 or 383
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Exercise 2.07 Solving quadratic equations by completing the square

1 Solve and give exact solutions

a (+1°=7 b (y+57°=5 c @-37=6
d -2°=13 e (y+3)7=2
2 Solve and give solutions correct to one decimal place
a (h+2°=15 b (-1)7>=38 c (—-4’=17
d +7)7=21 e (GBx-17=12
3 Solve by completing the square giving exact solutions in simplest surd for:
a F+4-1=0 b /-6a+2=0 ¢ yY-8-7=0
d »+2x-12=0 e pP+14p+5=0 f 2 -10x-3=0
g )y +20y+12=0 h «-2x-1=0 i A +24n+7=0

4 Solve by completing the square and writing answers correct to 3 significant figures

a ¥-2x-5=0 b ++12x+34=0 ¢ 4 +18-1=0
d «-4x-2=0 e K +16b+50=0 f ' -24r+112=0
g 7-22r-7=0 h »+8x+5=0 i A +6a-1=0

2.08 Solving quadratic equations by
® quadratic formula ®

Completing the square is difficult with harder quadratic equations such as 2x* —x — 5 = 0.
Completing the square on a general quadratic equation gives the following formula

equeion The quadratic formula

For the equation ax” + bx + c =0

) —b+~B —dac
Poblem =S

involving 2a

Proof

teaedic  Solve ax” + bx + ¢ = 0 by completing the square

omula

ax’ +bx+¢c=0

bx ¢
W —+==0
a a
2 bx c
Xt —=—=
a a
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Completing the square

2 2
2, b b0 ¢ b b —4ac+ b
X" +—+ > =—— 3 U
2 - Excel
a  4a a 4a 2a 44° wokhes:
The quadaic
omula
2 L ¥ _+\/b2—4ﬂc
X+— | =—+ — = —72
2a a 4a a
2
—4ac+b* x_—b+ b™—4ac
= - - EXCel
4‘ﬂ2 Zﬂ zﬂ Tﬁeadhze:.
e quadaic
—bNb —dac o
2a

Solving
algebaic
equaion

a  Solve x* — x — 2 = 0 by using the quadratic formula

b Solve 2y — 9y + 3 = 0 by formula and give your answer correct to 2 decimal places

Solution
a s=1,b=-1,c=-2 b 2=2,=-9 ¢=3
e —b+b* —4ac e —bENB —4ac
2a 2a
@ _ —(DE(1 - 4(01)(=2) _ (99 -4Q)3) @
2(1) 2(2)

_1£1+8 _9+./81-24
2 4
_1x9 _9+./57

2 4
_ 143 ~414 or 036
2
=2or -1

Exercise 2.08 Solving quadratic equations by quadratic formula

1 Solve by formula correct to 3 significant figures where necessar:

a yY+6y+2=0 b 2-5x+3=0 c KF-b-9=0
d 2 -x-1=0 e 8+x+3=0 f A +81-2=0
g m+Tm+10=0 h +-7x=0 i P +5x=6
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2 Solve by formula leaving the answer in simplest surd for:

a P+x-4=0 b 3x-5x+1=0 ¢ 4£-44-3=0
d 47 +12h+1=0 e 37-8+2=0 f P+11x-3=0
g 64+54-2=0 h «-2x=7 i P=r+1

. CLASS INVESTIGATION IR

. FAULTY PROOF
. Here is a proof that 1 = 2 Can you see the fault in the proof?

xz—x2=x2—x2

x(e—x) = (x +x)(x — x)

xX=x+x
x=2x
=2

................................................................

2.09 Formulas and equations

Sometimes substituting values into a formula involves solving an equation

@ The formula for the surface area of a rectangular prism is given by S'=2(/b + bh + Ih).
Find the value of » when S=180,/=9 and =6

b The volume of a cylinder is given by = m?h Evaluate the radius 7 correct to
2 decimal places when V=350 and /2 =6.5.

Solution
a S=2(lb + bh + Ih) b V=mrh
180 = 2(9b + 6b + 9 x 6) 350 = w2(65)
=2 (156 +54) 350 ' (65)
=300+ 108 L
350
72 =300 P
3030 65t
24 =b 414 =r
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Exercise 2.09 Formulas and equations

Given that v = + at is the formula for the velocity of a particle at time # find the value
of t when #=17.3,v=1006 and 2=98

The sum of an arithmetic series is given by S = %(ﬂ +/) Find /ifz=3,n=26 and
§=1625

The formula for finding the area of a triangle is 4 = %bh Find # when 4 =36 and =9

The area of a trapezium is given by 4= lh(ﬂ +b) Find the value of # when A = 120,
h=5andb=7. 2

5 Find the value of y when x = 3 given the straight line equation 50 —2y—-7=0

10

12

13

14
15
16

17

The area of a circle is given by 4 = m* Find 7 correct to 3 significant figures if A = 140

The area of a rhombus is given by the formula 4= %xy where «x and y are its diagonals
Find the value of x correct to 2 decimal places when y = 78 and A =25.1.
The simple interest formula is I = Prn Find n if r=0145, P=150 and [ =32625

The gradient of a straight line is given by 7z = 227N Find y whenm = —% y,=7,

Xy —x
x;==3andx =1. 27

The surface area of a cylinder is given by the formula S = 2nr(r + ).
Evaluate / correct to 1 decimal place if S =232 and » =45

h

The formula for body mass index is BMI = hﬂz Evaluat:

a theBMIwhenw=65and/i=1.6
b wwhenBMI=215and h=1.8
¢ hwhen BMI=197 and w =738

A formula for depreciation is D = P(1 — )" Find »if D =12 000, P =15 000 and 7z = 3.

x1+

The x value of the midpoint is given by x = 22 Find x whenx=-2 and x,=5.

Given the height of a particle at time 7 is / = 5#* evaluate # when / = 23.
Ify =a” + 1 evaluate x when y = 5.

If the surface area of a sphere is S = 417 evaluate 7 to 3 significant figures when S = 563

The area of a sector of a circle is A = % 70 Evaluate » when A = 246 and 0 = 045
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2
-1

18 Ify= find the value of x when y = 3.

19 Given y=+2x+5 evaluate x wheny =4

20 The volume of a sphere is ' = %nrs Evaluate 7 to 1 decimal place when J'=150.

. INVESTIGATION R

: BODY MASS INDEX

Body mass index (BMI) is a formula that is used by health professionals to screen for
- weight categories that may lead to health problems

- The formula for BMI is BMI = ﬂz where 2 is the mass of a person in kg and / is the
- height in metres h

. For adults over 20 a BMI under 1.5 means that the person is underweight and over 25
. is overweight Over 30 is considered obes.

e

The BMI may not always be a reliable measurement of bod fat. Can you think of
© some reasons?

. Is it important where the body fat is stored? Does it make a difference if it is on
. the hips or the stomach?

- Research more about BMI generaly.

................................................................
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2.10 Linear simultaneous equations

You can solve two equations together to find one solution that satisfies both equation. Such
equations are called simultaneous equations and there are two ways of solving them The
elimination method adds or subtracts the equations The substitution method substitutes

one equation into the other.

Solve simultaneously using the elimination method

a 3a+2b=5and2a-b=-6
b Sx-3y=19and2x-4y=16

Solution

Substitute 2 =—1 in [1]

3a+2b=5
20— b=-6
4a—-2b=-12
3a+2b=5
Ta =—7
a =-1
3-1)+2b=5
—3+2b=5
2b=8

b=4

(1]
2]
3]

(1]

Check that the soluton s correct by L
substtutng backinto  boh equatons = Solutionisa=-1,b=4

Se — 3y=19
2x — 4=16
200 - 12y =76
6x— 12y =48
14w =28

& =2

(1]
2]
3]
(4]
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Substitute x =2 in [2] 2Q)-4y=16
4-4y=16

—4y=12

y=-3

- Solutionisx =2,y =-3

Exercise 2.10 Linear simultaneous equations

Solve each pair of simultaneous equations

1 s-b=-2anda+b=4 2 Syx+2y=12and3x-2y=4

3 4p-3g=1landSp+3g=7 4 y=3x—landy=2x+5

5 2x+3y=-14andx+3y=—4 6 7t+v=22and4r+v=13

7 4x+5y+2=0and4xr+y+10=0 8 2x—4y=28and2x-3y=-11

9 Sx—y=19and 2x+5y=-14 10 Sm+4n=22and m - 5n=-13
11 4w +3wy,=11and 3w +w,=2 12 34-4b=-16and 24+ 3b=12

13 5p+2¢+18=0and2p—-3¢+11=0 14 7x +3x,=4and 3x +5x,=-2
15 9x-2y=-land 7x - 4y=9 16 5s-3t-13=0and3s-7t-13=0
17 34-2b=-6anda—3b=-2 18 3k-2h=-14and 2k - 5h=-13

& s @

. A group of 39 people went to see a play. There were both adults and children in the
. group The total cost of the tickets was $99, with children paying $17 each and adults
. paying $29 each How many in the group were adults and how many were children ?
. (Hint let x be the number of adults and y the number of children)

2.11 Non-linear simultaneous equations

In simultaneous equations involving non-linear equations there may be more than one set
of solutions When solving thee, you need to use the substitution metod.

Nenlinea Solve each pair of equations simultaneously using the substitution method

imulaneou
equaion

a xy=6andx+y=5
b #+y'=16and3x-4y-20=0

MATHS IN FOCUS 11. Mathematcs Advanced ISBN 9780704352
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Solution
a xy =06 (1]
x+y=5 [2]
From (2] Y=5—x [3]
Substitute [3] in [1] x(5-x)=6
Sx—at=6
0=a>—5x+6
0=(@—-2)(x-3)
sx=2or x=3
Substitute « = 2 in [3] y=5-2=3
Substitute &« = 3 in [3] y=5-3=2
Solutions are x=2,y=3 andx=3,y=2
b L+yi=16 [1]
3x—4y-20=0 2]
From (2] 3x—=20=4y
30 —20 @
= 3
2 (3]
2
Selbsianie ] oo [l 2 +(3x;20) _16
2_
x2+(9x 120x+400]=16
16
165" + 9x% — 120x + 400 = 256
254" —120x + 144 =0
(5x—12)*=0
S S5x—-12=0
x=24
Substitute x = 24 into [3] y= W
=-32

So the solution is x = 24, y=-32
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Simulaneou
equaion

Exercise 2.11 Non-linear simultaneous equations

Solve each pair of simultaneous equations

1 y=+"andy=wx

3 Y +y'=9andx+y=3

5 y=++4vand 2x—y-1=0

7 x=Fandx+r-2=0

9 xy=2andy=2x

11 y=x-landy=s"-3

13 y=2+'-3x+7andy=2x+3

15 h=Fand h=(t+1)

17 y=« andy=o" + 6x

19 y=2"—7r+6and 24x+4y-23=0

2 y=x"and 2x+y=0

4 x—-y=7andxy=-12

6 y=x"and6x—y-9=0

8 W +n'=16andm+n+4=0
10 y=+’ andy =4’

12 y=x'+landy=1-4

14 xy=1land4x-y+3=0

16 x+y=2and 24" +xy -y’ =8
18 y=|x|and y=o’

20 +*+y’=land S+ 12y+13=0

2.12 Simultaneous equations with three

unknown variables

Three equations can be solved simultaneously to find 3 unknown pronumerals

EXAMPLE 17

Solve simultaneously 2 —b+c¢=7,a4+2b—c=-4and 32 —b—c=3.

Solution

or

a—-b+c=7 [1]
a+2b—c=—4 2]
3a—b—c=3 [3]

a— b+c=7

a+2b-c=-4

2a+ b =3 [4]

a— b+c=7

3a— b—c=3

4a-26 =10

2a— b =5 [5]

@ MATHS IN FOCUS 11.
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(4] + [5] 2¢ +b =3
2¢ —b =5
4a =8
a =2
Substitute 2 =2 in [4] 2Q)+b =3
4+b =3

b =-1

Substitute # =2 and b =1 in [1] 2-(D+c=7
2+1+c=7

3+c=7
c=4

oo solutionisa=2,b=-1,c=4

Exercise 2.12 Simultaneous equations with three unknown
variables

Solve each set of simultaneous equations
1 x=-2,2x-y=4ande—y+62=0 (O]
a=-2,2a-3b=-landa—-b+5c=9
2a+b+c=1,a+b=-2andc=7
a+b+c=0,a-b+c=—4and 2a-3b—c=-1

x+y—z=7,x+y+2z=1and3x+y—-22=19

2

3

4

5

6 2p+59-r=252p—2¢-r=—24and3p—q+5r=4
7 2x—y+32=93x+y—-2z=-2and3x—y+5z=14
8 x—-y-z=1,2x+y-z=-9and 2x-3y-2z=7

9 3h+j—k=-3h+2j+k=-3and 5h—3j—2k=—13
0

10 24-7b+3c=7,a+3b+2c=—4and4a+5b—-c=9
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Pacice quiz

For Questions 1 to 3 select the correct answer A B € or D

1 Find the exact solution of #* — 5x — 1 =0
A TSEV29 g 521 o 529 o 5EV2L
2 2 2 2
2 If S=4m” find the value of 7 when S = 200 (there may be more than one answer)
A s\ﬁ B 20 ¢ 10\P p |2
T T T T
3 Solve the simultaneous equations x —y =7 and x + 2y = .
A x=5y=2 B x=5,y=-2 C x=-5,y=-2 D x=-5y=2
4 Solve ,
a 8=35-22 b %—%ﬂ ¢ 4Gx+1)=11x-3
d 3p+1<p+9
5 The compound interest formula is 4 = P (1 + 7)" Fin, correct to 2 decimal placs:
a AwhenP=1000 »=006and n=4
b PwhenAd=12450,7=0055and n=7.
6 Solve each pair of simultaneous equations
a x—y+7=0and3x-4y+26=0 b xy=4and2x-y-7=0
7 Solve
a 3""’=8l b 16=2
8 Solve [36-1|=5.
9 The area of a trapezium is given by A = %h(ﬂ +b) Fin:
a Awhenh=6,a=5andb=7
b /swhenA=40 h=5anda=4
10 Solve 24" —3x+1=0
11 Solve -2 <3y +1 <10 and plot the solution on a number line
12 Solve correct to 3 significant figure:
a F+7x+2=0 b y-2y-9=0 ¢ 3+2n-4=0
MATHS IN FOCUS 11. Mathematcs Advanced ISBN 9780704352
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13 The surface area of a sphere is given by A = 4m7? Evaluate to 1 decimal plac:
a Awhenr=78 b rwhenA4=1029
14 Solve the simultaneous equations x* + y* = 16 and 3x + 4y —20=0
15 The volume of a sphere is I'= %Tcr3 Evaluate to 2 significant figure:
a Vwhenr=8 b rwhen V=250
16 For each equation decide if it ha:
A 2 solutions B 1 solution C no solutions
a -6x+9=0 b |2x-3|=7 c +-x-5=0
d 27-x+4=0 e 3x+2=7
17 Solve simultaneously e +b=5,2a+b+c=4,a—-b—c=5.
18 Solve 9% *1=27*
19 Solve
a 2B3y-5>y+5 b 3> 1=27 c 5x¥°-1=39
d |5x-4|=11 e gtl=g f 2777 1=9
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y-s_ 1
a
The solutions of &> — 6x — 3 = 0 are in the form z + 5+/3 Find the values of # and &

Find the value of y if #

a Factorise ¥° — 9x° — 8x% + 72

b Hence or otherwise solve x° — 9x* — 8x* + 72 = 0
Solve the simultaneous equations y = x° + &% and y = x + 1.
Find the value of b if »* — 8x + b is a perfect square Hence solve & —8x—1=0 by

completing the square | |
B=3

=x where x # 3.
3—x

Considering the definition of absolute value solve

:
Solve x2 ==
8

8 Find the solutions of x* — 2ax — b = 0 by completing the square

MATHS IN FOCUS 11. Mathematcs Advanced
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In Questions 1 to 6 select the correct answer A B € or D

1 Write% in index form
3W(x=2)
5 = 5
_2 ~2)2 -= 1
A (x-2) B % C 3(x-2)2 D —
(x=2)3
2 Simplify 220’
(ab)’
A 8/b B 84% C 24b D 2%
3
3 Evaluate 4 ?
A -8 B 1 c ! D -6
8 6
at—6a+9
4 Simplify ——
implify 79
1 a-3
A a+3 B a+3
a+3 —6a+9
¢ a-3 D a—9

2
5 Factorise ° — n

a (3] e [org)o-5)
c (ﬁg)z D (&H—%)(ﬂ—%)

6 The solution to &> + 2x — 6 =0 is

A x=-1+2/7 B x=2i\/§
2
C x=_2i7 V20 D x=-1+7
2
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7 Solve

a 3x-7=23 b 5¢-3)=15 c §+4=5
d 4-7=3y+9 e 8z+1=11z-17 f 2v=32

g 9 '=3 h ' -3x=0 i |x+2|=5
j [5a-2]=8

8 Solve for p p=3_prl_y
2 5

9 Simplify 2412
10 Factorise fully 10 x + 2xy — 10y — 2y*

11 Write in index for:
1

a — b Ix*

x
12 Simplify the expression 8y — 2(y + 5)
13 Rationalise the denominator of R
5-2
14 Solve 24" — 3x — 1 = 0 correct to 3 significant figures
v+l xt—2x-3

510
16 Evaluate (39) * correct to 1 decimal place

17 Simplify 23 -+/27
18 Expand and simplify (x — 3@+ 5x—1).

15 Simplify

19 Expand and simplify v2(3/5 - 24/2)
20 Simplify 2* 2* 6

21 Solved4a-5<7a+4

22 The radius 7 of a circle with area A is given by = \/z Find 7 correct to 2 decimal
places if 4=759 T

23 Solve each set of simultaneous equations
a 3z2-b=7and2a+b=38
b s+b—c=8b+c=5anda+2c=3
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24 Solve 5 — 2x < 3 and show the solution on a number line
25 Solve the equation &* — 4x + 1 = 0 giving exact solutions in simplest surd for.
26 Write 77 as a rational number.

27 Solve the simultaneous equations y = 3x — 1 and y =&’ — 5.

28 Find integers x and y such that =x+y\3

J3
23+3
29 Evaluate |-2|* - [-1] + |4]

30 Factorise 8x° — 32.

23
31 Rationalise the d inator of
ationalise the denominator o NN

32 Simplify 2|-4| - |3| + |-2|

33 Rationalise the denominator of V541
2\/5 +3

43 16
34 Simplify ¢ ) X"
b fyﬂ()x(b_l)4

3
35 FEvaluate 4 2 asa rational number.

36 Simplify 2(x — 5) — 3(x - 1).
37 Solve 4**1=38,

38 Write

in index form
X+ 1 3 4 By
39 Find the value of #’°47 in index form if z = (EJ and b = [;)

40 Write 3x+2) 2 without an index
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41 Simplify

a 8x—-Ty—-y+4dx b 124
2
x° =9 1 2
¢ -7 d 4=
207 +5x -3 241 2-1
e 3 + 2 - 4 f x—lwhenx=2x/§
x+1 xr-1 x-1 X
g (x_2)5y4z_3 h a+b . a’ +2ab+ b’
) 5a—20ab®  3—6b

i 8/5-3V20+2J45
j M ifﬂ=(l)2 b:(ET andc:(i)_
(a®)?bc’ 2 3 9

42 The volume of a sphere is given by the formula /= % m° Find the exact radius 7

if the volume V'is 10% cm’

43 Find the value of & if 2x + 5)* = 4a” + kx + 25

44 Simplify \/81x7y’

45 TFactorise
a 5@-27+40u-2) b Qu-b+0’-@+5b-0)

46 Solve -2 < ol

<9

47 Simplify xTH _ xT”
48 Solvex’ —5x=0

49 Solve x* — 5x — 1 = 0 and write the solutions correct to 2 decimal places
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50 Simplify /8 ++/98

51 Write 34 + 2 asa single fraction

x +5¢ x x+5

52 Solve for x 42*~! =%

53 Factorise

a «-2x-8 b /-9 C y2+6y+9
d #+8+16 e 3 -1lx+6
54 Solve
a Sx—4=2x+11 b ) —2y—13=0 (correct to 2 decimal places)
¢ 47=38 d [2b+3|=7
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FUNCTIONS

Functons and ther graphs are used n many areas such as mathematcs scence and economcs In ths
chapter you wll explore what functons are and how to sketch some types of graphs ncludng straght
Ines parabolas and cubcs

CHAPTER OUTLINE

301  Functons
302 Functon notaton
303  Properies of funcions
304 Lnear funcfons
305 The gradent of a straght Ine
306  Fndng a Inear equaton
307 Parallel and perpendcular Ines
308 Quadrafc functons
Axs of symmetry
The dscrmnant
Fndng a quadratc equaton
Cubc functons
Polynomal functons
Infersecton of graphs




IN THIS CHAPTER YOU WILL:

understand the defnton of a functon and use funcfon notaton

fest a funcfon usng the verical ine test

dentfy a one-foone functon usng the horzontal Ine fest

fnd the doman and range of functons ncludng composte functons usng nferval notaion
dentfy even and odd funcfons

understand a Inear functon ts graph and properie, incluing the graient and axesintercepts
graph stuatons nvolvng drect Inear varaton

fnd the equaton of a Ine ncludng parallel and perpendcular Ines

dentfy a quadratc functon ts graph and properie, incluingits ais of symmetry, trnin point
and axes ntercepts

solve quadratc equatons and use the dscrmnant to dentfy the numbers and types of solutons
fnd the quadratc equaton of a parabola

dentfy a cubc functon ts graph and properie, incluing the shap, hoizontal pint of

nflecton and axes ntercepts

fnd @ cubc equaton

dentfy a polynomal and ts characterstcs

draw the graph of a polynomal showng ntercepts

solve smultaneous equatons nvolvng Inear and quadrate equatons both algebracally and
graphcally, and solve problemsinvolingintersecion of graphs of funcions(for exampl,
breakeven ponts




TERMINOLOGY

angle of inclination The angle a straight line
makes with the positive x-axis measured
anticlockwise

axis of symmetry A line that divides a shape
into halves that are mirror-images of each other

break-even point The point at which a busines’
income equals its costs making neither a profit
nor a loss

coefficient A constant multiplied by a pronumeral
in an algebraic term For exampl, in  ax’ the # is
the coefficient

constant term The term in a polynomial function
that is independent of x

cubic function A function with x” as its highest
power or degree

degree The highest power of x in a polynomial

dependent variable A variable whose value
depends on another (independent) variable
such as y (depending on x)

direct variation A relationship between two
variables such that as one variable increases
so does the other, or as one variable decreases so
does the other. One variable is a multiple of the
other, with equation y = kx Also called direct
proportion

discriminant The expression 4* — 4ac that
shows how many roots the quadratic equation
ax® + bx + ¢ =0 has

domain The set of all possible values of x for a
function or relation the set of ‘inpu’ values

even function A function f(x) that has the
property f(—x) = f(x) its graph is symmetrical
about the y-axis

function A relation where every x value in the
domain has a unique y value in the range

gradient The steepness of a graph at a point on

the graph measured by the ratio 2 or the
run

change in y values as x values change

horizontal line test A test that checks if a
function is one-to-one whereby any horizontal
line drawn on the graph of a function should
cut the graph at most once If the horizontal
line cuts the graph more than once it is not
one-to-one

independent variable A variable whose value
does not depend on another variable for
example x in y=f(x)

intercepts The values where a graph cuts the
x- and y- axes

interval notation A notation that represents
an interval by writing its endpoints in square
brackets [ ] when they are included and in
parentheses () when they are not included

leading coefficient The coefficient of the highest
power of x For exampl, 2 «*—x +3x+ 1 hasa
leading coefficient of 2

leading term The term with the highest power of
x For exampl, 2 «* — &’ + 3x + 1 has a leading
term of 2x*

linear function A function with x as its highest
power or degree

monic polynomial A polynomial whose leading
coefficient is 1

odd function A function f{(x) that has the property
f(=x) = —f(x) its graph has point symmetry
about the origin (0 0)

one-to-one function A function in which every
y value in the range corresponds to exactly one
x value in the domain

parabola The graph of a quadratic function

piecewise function A function that has different
functions defined on different intervals

point of inflection A point on a curve where the
concavity changes such as the turning point on
the graph of a cubic function

polynomial An expression in the form
P)=ax"+ +an’ +a x+aywherenisa
positive integer or zero

quadratic function A function with & as the
highest power of x

range The set of all possible y values of a function
or relation the set of ‘outpu’ values

root A solution of an equation

turning point Where a graph changes from
increasing to decreasing or vice versa sometimes
a turning point (horizontal inflection) where
concavity changes

vertex A turning point

vertical line test A test that checks if a relation
is a function whereby any vertical line drawn
on the graph of a relation should cut the graph
at most once If the vertical line cuts the graph
more than once it is not a function

zero An x value of a function or polynomial for

which the y value is zero thati, f(x)=0
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3.01 Functions

A relation is a set of ordered pairs (x y) where the variables x and y are related according o
to some pattern or rule The x is called the independent variable and the y is called the elaion
dependent variable because the value of y depends on the value of x We usually choose a

value of v and use it to find the corresponding value of y

A relation can also be described as a mapping between 2 sets of numbers with the set of
x values A, on the left and the set of y values B on the righ.
Types of relations

A one-to-one relation is a mapping where every element A B
of A corresponds with exactly one element of B and every
element of B corresponds with exactly one element of .

~__/

Each element has its own unique match

A one-to-many relation is a mapping where an element of A
corresponds with 2 or more elements of B For exampl,
5 in set A matches with 5 and 8 in set .

o T e N T S O

A many-to-one relation is a mapping where 2 or more
elements of A correspond with the same one element of .
For example , 6 and 7 in set A match with 5 in se B.

P R - NIV N VI NS

A many-to-many relation is a mapping where 2 or more
elements of A correspond with 2 or more elements of .

This is a combination of the one-to-many and many-to-one
relations
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Function

A function is a special type of relation where for every value of x there is a unique
value of y

The domain is the set of all values of « for which a function is defined

The range is the set of all values of y as x varies

A function could be a one-to-one or many-to-one relation

For example this table matches a group of people with their eye colour.

Person Anne Jacquie Donna Hien Marco Russell Trang

Colour  Blue Brown Grey Brown Green Brown Brown

The ordered pairs are (Anne Blue, (Jacque, Bron), (Dnna, rey),(Hien,Brown), (Marco,
Green) (Russel, Brown) and (Irag, Bron).

"This table represents a function since for every person there is a unique eye colou.
The domain is the set of people the range is the set of eye colours It is a many-to-one
function since more than one person can correspond to one eye colour.

Here is a different function

Set A is the domai, set B is the rane.
The ordered pairs are (A 2, B,4), (C, 1) ad (, 3).

It is a function because every x value in A
corresponds to exactly one x value in B

It is a one-to-one function because every y value in B
corresponds to exactly one x value in .

Here is an example of a relation that is not a function
Can you see why?

In this example the ordered pairs are (M 1, M,2),
(N, 1), (B, 4), (Q, 3) and(R, 2).

Notice that M corresponds to 2 values in set B 1 and 2
This means that it is not a function Notice also that M
and R both correspond with the same value 2 This is a
many-to-many relation
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The vertical line test

Relations can also be described by algebraic rules or equations such as y =a” + 1 and &” +y* = 4,

and hence graphed on a number plane There is a very simple test called the vertical line test
to test if a graph represents a function

If any vertical line crosses a graph at only one point the
graph represents a function This shows tht, for every value

of x there is only one value of y / —\\

Y

If any vertical line crosses a graph at more than one point
the graph does not represent a function This shows tht, for /

some value of x there is more than one value of y

VAIN

Does each graph or set of ordered pairs represent a function?

a y b Y

) [
7

C (_Za 3)’ (_17 4)’ (0’ 5)9 (17 3)7 (2’ 4) d y
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Solution

a J A vertical line only cuts the graph once So
the graph represents a function

A vertical line can cut the curve in more than
one place So the circle does not represent

/\'\ a function

[
\

A

¢ For each x value there is only one y value so this set of ordered pairs is a functio.

d ¥ The open circle at x = 3 on the top line
means that x = 3 is not included while the
closed circle on the bottom line means that
~ x =3 is included on this line

z
t— So a vertical line only touches the graph once
atx =3.

The graph represents a function

The horizontal line test

The horizontal line test is used on the graph of a function to test whether the function is
one-to-one

If any horizontal line crosses a graph at only y

one point there is only one x value for every /
y value The graph represents a one-to-one

function ]
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If any horizontal line crosses a graph at T4

more than one point this means that there /
are 2 or more x values that have the same N\
y value The graph does not represent a / /

. X
one-to-one function / N\

Does each graph represent a one-to-one function?

a A b y

—— x

Solution

a A horizontal line cuts the Y
curve in more than one place
The function is not one-to-one

b A horizontal line cuts the curve in Y
only one place The function
is one-to-one

By
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DID YOU KNOW?

René Descartes

The number plane is called the Cartesian plane after René Descartes (1596-1650)
Descartes used the number plane to develop analytical geometry. He discovered that any
equation with two unknown variables can be represented by a line The points in the
number plane can be called Cartesian coordinates

Descartes used letters at the beginning of the alphabet to stand for numbers that are
known and letters near the end of the alphabet for unknown number. This is why we
still use x and y so often

Research Descartes to find out more about his life and wok.

Exercise 3.01 Functions

1 List the ordered pairs for each relation then state whether the relation is a one-to-on,
one-to-many, many-to-one or many-to-may.

9 Name Wade  Scott Geoff Deng Mila Stevie
Hair colour  Black  Blond Grey  Black Brown Blond
b c

S W

B W
'\

g 0O w =

5 | =2 [ =7 | 3 6 0

e I
1 9
215
3 27
4 33
5 45
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2 Does each graph or set of ordered pairs represent a function? If it does state whether it
is one-to-one

a y b A C y

g y h YA

i I
e

2y
b3

.

i (1,3),2,-1),3,3),4,0) J @1L,3),2,-D,2,7),40)

k

A

=f) (=

——

/

m (2,5),3,-1),4,0),(-1,3),(=2,7)

N Person Ben Paula Pierre Hamish Jacob Leanne Pierre  Lien

Sport  Tennis Football Tennis Football Football Badminton Football Badminton
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A 3
B 4
@ 7
D 3
E 5
F 7
G 4

3 A relation consists of the ordered pairs (-3, 4), (-1, 5), (0, -2), (1, 4) and (6,3).
a  Write the set of independent variable, x
b  Write the set of dependent variable, y
¢ Describe the relation as one-to-one one-to-man, many-to-one or many-to-mny.
d

Is the relation a function?

3.02 Function notation

Since the value of y depends on the value of x we say that y is a function of x We write this
Funcion using function notation as y = f(x)

a  Find the value of y when x = 3 in the equation y = 2x — 1.
b Evaluate f(3) given f(x)=2x- 1.

Solution
a Whenux=3: b flx)=2x-1
y=203)-1 f3)=203)-1
—6-1 —6-1

Both questions in Example 3 are the same but the second one looks different because it uses
function notation
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EXAMPLE 4

a Iff(x)=+"+3x+ 1, find f(-2)
b Iff(x) =« — " find the value of f(~1)
¢ Find the values of x for which f(x) = 0 given that f(x) = * + 3x — 10.

Solution
a f@=+2+3x+1 b flx) =o° — &
=27 +3(-2)+1 fe) =1 = 1)’
=4-6+1 =-1-1
=-1 ==-2
c f@)=0
x+3x-10=0
x+5)x—-2)=0
x==5x=2

A piecewise function is a function made up of 2 or more functions defined on different intervas.

“a 3x+4 whenx>2 b 22 whenx>2
f(x)=
—2x  whenw<?2 g(x): 2x—1 when—1<x<2
5 whenx<—1

Find f(3) f(2) £(0) and f(-4)
Find g(1) + g(-2) — gB3)

Solution
a f3)=33B)+4 since3 22 b g)=2(1)-1 since-1<1<2
=13 =1
f@2)=32)+4 since2 =2 g=2)=5 since =2 < —1
=10 g(3) =3 since 3 > 2
£(0)=-2(0) since 0 < 2 =9
=0 Sog()+g(-2)-gB)=1+5-9
f(=4)=-2(-4) since 4<2 =3
=8
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You can also substitute pronumerals instead of numbers into function.

Find f(h + 1) given f(x) = Sx + 4
Solution

Substitute /2 + 1 for «x
fth+1)=5h+1)+4

=5h+5+4
=5h+9

DID YOU KNOW?

Leonhard Euler

Leonhard Euler (1707-83) from Switzerlan, studied functions and invented the
function notation f(x) He studied theolog, astronmy, medcine, physics and oriental
languages as well as mathematics and wrote more than 500 books and articles on
mathematics He found time between books to marry and have 13 childre, and even
when he went blind he kept on having books published

Exercise 3.02 Function notation
1 Given f(x) =x + 3 find f(1) and f(=3)
If h(x) = «* — 2 find A(0) h(2) and h(—4)
If f(x) == find £(5) f(-1) f(3) and f(-2)
Find the value of f(0) + f(=2) if f(x) =x* — 2? + 1.
Find f(=3) if f(x) = 22’ — 5x + 4
If f(x) = 2x — 5 find x when f(x) = 13.
Given f(x) =’ + 3 find any values of x for which f(x) = 28
If f(x) = 3* find « when f(x) = %
Find values of z for which f(z) = 5 given f(z) = |2z + 3|

-
© ¥V 0 N &0 U ~ O DN

If f(x) = 22 = 9 find f(p) and f(x + h)

Find g(x — 1) when g(x) = xf + 2x + 3.
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12 If f(x) = «* — 1, find f(k) as a product of factors

13 Given f(1) = #* - 2¢+ 1, fin:
a rwhenf(x)=0 b  any values of # for which f(z) = 9

14 Given f() = ' + ¢’ — 5 find the value of f(b) - f(-b)

s -1 T
Find £(5) f(1) and f(~1)
2x—4  ifa>1

16 f(x)=1{ x+3 if-1<x<l
x’ ifo<—1

Find the value of f(2) — f(-2) + f(-1)

x+1 whenx© 0

17 Find o(3 0) + g(=2) if g(x) =
ind g(3) + g(0) + g(=2) if g(x) {—2x+l when x<0

x  forx>2

18 Find the value of f3) — £(2) + 2(-3) when f(x) = { «* for-2<x<2
4  forx<-2

x -1 forx° 2

19 Find the value of (1) — f3) if f(x) =
fED =) i) {2x2+3x—1 for x<2

20 If f(x) =" — Sx +4 find f(x + h) — f(%) in its simplest form
21 Simplify w where f(x) = 24> + x
22 If f(x) = Sx — 4 find f(x) — f(¢) in its simplest form

3x+5 forx°0
23 Find the value of f(#%) if f(¥) = |
X

for x<0
¥ when x >3
24 Iff(x)=4 5 when 0<x<3
¥’ —x+2 when x<0
evaluate
a f0) b f2-51) ¢ fl-n)
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Funcion
noaion

2
25 Iff(x)="—2%=3
x=3
a ecvaluate f(2)
b  explain why the function does not exist for x = 3.

¢ by taking several x values close to 3 find the value of y that the function is moving
towards as x moves towards 3

3.03 Properties of functions

We can use the properties of function, such as their intercepts to draw their graph.

Intercepts
The x-intercept of a graph is the value of x where the graph crosses the x-axis

The y-intercept of a graph is the value of y where the graph crosses the y-axis

Intercepts of the graph of a function

For x-intercept(s) substitute y =0 y /
x =0 along y-axs

For y-intercept substitute x =0 J-intercep?

For the graph of y = f(x) solving f(x) =0 ‘
gives the x-intercepts and evaluating f(0) 7 TAETEEE

gives the y-intercept ,/y =0 alopg +-axs *

EXAMPLE 7

Find the x- and y-intercepts of the function f(x) =’ + 7x — 8.

Solution
For x-intercepts y=f(x) =0 For y-intercept x =0
0=a+7x-8 £(0)=0%+7(0)-8
=(x+8)w—-1) =-8
x=-8,x=1 So the y-intercept is —8

So x-intercepts are —8 and 1
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Domain and range
The domain of a function y = f(x) is the set of all x values for which f(x) is defined
The range of a function y = f(x) is the set of all y values for which f{(x) is defined

Interval notation

® [2 b] means the interval is between # and / including # and b

® (2 b) means the interval is between # and / excluding # and &

* [z b) means the interval is between # and 4 including # but excluding &
* (a2 b] means the interval is between # and 4 excluding # but including &

® (—o o) means that the interval includes the set of all real numbers R

EXAMPLE 8

Find the domain and range of each function

a fl)=4+ b y=Jx-1

Domain and
ange

Solution

a  You can find the domain and range from yA
the equation or the graph

For f(x) = & you can substitute any value
for x The y values will be 0 or positive

So the domain is all real values of x and
the rangeisally 20

We can write this using interval notatio: &
Domain (—eo o0) y
Range [0 )

b The function y =+/x 1 is only defined if x — 1 > 0 because we can only evaluate the
square root of a positive number or 0

For example x =0 gives y =+/~1 which is undefined for real number.

Sox—-120
x>1

Domain [1 <)
The value of & —1 is always positive or zero So y 20
Range [0 o)
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Increasing and decreasing graphs

When you draw a graph it helps to know whether the function is increasing or decreasing on
an interval

If a graph is increasing y increases as x increases and the
graph is moving upwards

If a graph is decreasing then y decreases as x increases and
the curve moves downwards

State the domain over which each curve is increasing

a ) b y

Solution

a  The curve is decreasing to the left of x, and increasing to the right of x, thati,
when x > x,
So the domain over which the graph is increasing is (x, oo)

b The curve is increasing on the left of the y-axis (x = 0) decreasing from x =0 to
x =3 then increasing again from x = ;3
So the curve is increasing for x < 0, x > x5

So the domain over which the graph is increasing is (—eo, 0) U (x5 o)

The symbol U is for ‘unio” and means‘a’. It stands for the union or joining of 2 separate
parts You will meet this symbol again in probabilty.
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Even and odd functions

Even functions have graphs that are symmetrical about the
y-axis The graph has line symmetry about the y-axis The left
and right halves are mirror-images of each othe.

Even functions

A function is even if f(x) = f(—x) for all values of x in the domain

Show that f(x) = «” + 3 is an even function

Solution
f=2) = (=2’ +3
=’ +3

=f@)

So f(x) = * + 3 is an even function

Odd functions have graphs that have point symmetry about
the origin A graph rotated 180 ° about the origin gives the

original graph

Odd functions

A function is odd if f(—x) = —f(x) for all values of x in the domain

=y

Odd and
even
uncion
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odd and Show that f(x) = #° — x is an odd function

uncion

Solution

flex) = () = (=)
= +x
=—(’ —x)
=)

So flw) = «° — xis an odd function

. INVESTIGATION R

. EVEN AND ODD FUNCTIONS
. Explore the family of graphs of f(x) = kx" the power functions

For what values of # is the function even?

For what values of # is the function odd?

. Does the value of k change this?

. Are these families of functions below even or odd? Does the value of k change this?

1 floy=o"+k 2 flo)=(@+k)"

.................................................................

Exercise 3.03 Properties of functions

1 Find the x- and y-intercepts of each function

a y=3x-2 b 2x-5y+20=0 c x+3y—-12=0
d f)=o+"+3x e fw=+"-4 f p=2"+5r+6
g y=x2—8x+15 h p(x)=x3+5 i _x+3
j g(x)=9—x2 N

2 f(x)=3x-6

a Solve f(x)=0.
b Find the x- and y-intercepts

3 Show that f(x) = f(—x) where f(x) = x> — 2 What type of function is it ?
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4 fr)=2"+1
a Find f(x?). b Find [f()]’ ¢ Find f(—x)
d Isf(x) =« + 1 an even or odd function?
e Solvef(x)=0
f  Find the intercepts of the function

Show that g(x) = «® + 32" = 247 is an even function
Show that f'(x) is odd given f(x) =«
Show that f(x) =&’ — 1 is an even function

Show that f(x) = 4x — +° is an odd function

O 0 N O U

a  Prove that f(x) = x" + &7 is an even function
b Find f(x) - f(—x)

10 Are these functions even odd or neither ?

= b = =
a7 xt—a? f) X - < @ x’—4
3
d ,-%3 __*
J x+3 ¢ fi X —ax’

11 Ifnis a positive integer, for what values of # is the power function f(x) = kx"
a even? b odd?

12 Can the function f(x) = x” + x ever be
a even? b odd?

13 For the functions below, stae:
i the domain over which the graph is increasing
ii the domain over which the graph is decreasing

iii whether the graph is odd even or neithe.

a y b y
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c J d y
4_
/\ g
_2 2 X T T T T
-2 -1 1 *
-24
4
e
¥
14 State the domain and range for each function
a f(x)=x2+1 b y=x3 ¢ y=+Jx
d flw)=+x+5 e y=—J/2x-6
15 f()= (-2
a Find f(3)
b Find f(-5)
¢ Solvef(x)=0
d Find the x- and y-intercepts
e State the domain and range of f(x)
f Find f(—v)
g Isf(x) even odd or neither ?

MATHS IN FOCUS 11. Mathematcs Advanced ISBN 9780704352



3.04 Linear functions

Linear functions A pageo

numbe plane

A linear function has an equation of the form y =mx +cor ax+ by +c=0
Its graph is a straight line with one x-intercept and one y-intercept
. B _ Gaphing
Direct variation e uncins

When one variable is in direct variation (or direct proportion) with another variable one is
a constant multiple of the other. This means that as one increaes, so does the oher.

x and

Direct variation Jinccep

If variables x and y are in direct proportion we can write the equation y = kx where £ is
called the proportionality constant

EXAMPLE 12

Huang earns $20 an hour. Find an equation for Huag’s income ( I) for working
x hours and draw its graph

Solution

Income for 1 hour is $20
Income for 2 hours is $20 x 2 or $40
Income for 3 hours is $20 x 3 or $60

Income for x hours is $20 x x or $20x I

100
We can write the equation as [ = 20x i
We can graph the equation using a table of value. 60 -
40

x 1 2 3
20

1 20 40 60

=)

I=20x is an example of direct variation Direct variation graphs are always straight lines
passing through the origin
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Graphing linear functions

a  Find the x- and y-intercepts of the graph of y = 2x — 4 and draw its graph on the
number plane

b Find the x- and y-intercepts of the line with equation x + 2y + 6 = 0 and draw

its graph
Solution
a For x-intercept y=0 For y-intercept =0
0=2x—4 y=20)-4
4 =2x =4
EY So the y-intercept is —4

So the x-intercept is 2

Use the intercepts to graph the line

i
4 .
3 .
24 y=2x-4
1
DI Y
~1
2]
3]
4
Y
b For x-intercept y =0 For y-intercept x =0
x+20)+6=0 0+2y+6=0
£ +6=0 2y=—6
x=-6 y=-3
So the x-intercept is -6 So the y-intercept is —3
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The domain of a linear function is (—eo oo) all real number.

- 11.

Is

EXAMPLE 14

aitinge

,1a(2).
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y can have any value and «x is always —1 ¥
5 -
Some of the points on the line will be 4
(-1,0), (-1, 1) and (-1, 2.
3 -
"This gives a vertical line with 24
x-intercept —1 1
Domain [-1] Range (—co o) — —T—T—
—4—3—2—1_1_1234x
2
-3
4
5
Horizontal lines y
y=bis a horizontal line with y-intercept &
y =b is a many-to-one function
Domain (—eo o) - x
Range [/] B
Vertical lines i
x = a is a vertical line with x-intercept #
x = is not a function
Domain [4] 4 x
Range (—oo o)
¥

Exercise 3.04 Linear functions

1 Write an equation fo:
a the number of months (V) in x years
b the amount of juice (4) in 7 lots of 2 litre bottles
¢ the cost (¢) of x litres of petrol at $150 per litre
d the number (y) of people in x debating teams if there are 4 people in each team
e the weight (w) of x lots of 400 g cans of peaches
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2 Find the equation and draw the graph of the cost (¢) of x refrigerators if each refrigerator
costs $850

3 Find the x- and y-intercepts of the graph of each function

a y=x-2 b y=3x+9 ¢ y=4-2x
d fxv)=2x+3 e flx)=5x-4 f flx)=10x+5
g x+y-2=0 h 2x-y+4=0 i x-y+3=0

j 3v—6y—-2=0

4 Draw the graph of each linear function

a y=x+4 b flx)y=2x-1 ¢ flw)y=3x+2
d x+y=3 e x-y-1=0
5 Find the domain and range of each equation
a 3x-2y+7=0 b y=2 c x=—4
d x-2=0 e 3-y=0
6 Sketch each equations graph and state its domain and rang.
a x=4 b x-3=0
¢ y=5 d y+1=0

7 A supermarket has boxes containing cans of dog food The number of cans of dog food
is directly proportional to the number of boxes

a If there are 144 cans in 4 boxes find an equation for the number of cans ( N) in «x
boxes
b How many cans are in 28 boxes?

¢ How many boxes would be needed for 612 cans of dog food?

8 By sketching the graphs of ¥ —y —4 =0 and 2x + 3y — 3 = 0 on the same set of axes find
the point where they cross

3.05 The gradient of a straight line

The gradient of a line measures its slope It compares the vertical rise with the horizontal ru.
Gadi d
Jinecep o
aline

The gradient of a line

Gradient =
run
Positive gradient leans to the right Negative gradient leans to the left
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rise

Gradient=——
run

2
3

On the number plane gradient is a measure of the rate of change of y with respect to x

Gradient formula

The gradient of the line joining points (x y ) and Vi
(2 72)s ) B )
=22~ N
27 %=y
| ]
Y 14aG ) ¢
RE P

Find the gradient of the line joining points (2 3) and (-3 4.

Solution

Gradient 7z = J2m N
X=X

MATHS IN FOCUS 11. Mathematcs Advanced
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The angle of inclination of a line

The angle of inclination 6 is the angle a straight line makes with the positive x-axis
measured anticlockwise

rise Ny

__ opposite
adjacent rise

=tan O

! run X

Gradient and angle of inclination of a line

77 = tan ©

where 2 is the gradient and 6 is the angle of inclination

A( \\@

X

J

d

y ¥

For an acute angle tan 6 >0 For an obtuse angle tan 6 <0

I ¢ ¢ ¢ e e e e e e e .
: :
. m .
: :

:

ANGLES AND GRADIENTS
© 1 What type of angles give a positive gradient?

2 What type of angles give a negative gradient? Why?

- 3 What s the gradient of a horizontal line? What angle does it make
with the x-axis?

. 4 What angle does a vertical line make with the x-axis? Can you find its gradient?

.................................................................
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a  Find the gradient of the line that makes an angle of inclination of 135°

b Find correct to the nearest minute the angle of inclination of a straight line whose

gradient is
i 05 i -3
Solution
a m=tan0 VA
=tan 135°
=-1
135°
X
b i 7 =tan O
o tan 0 =05
6 =rtan" (05)
oaar ., See page 172 of Chapter 4 f you need to
=26°33'5418 revse roundng an angle to the nearest mnute
= 26°34
Operation Casio scientific Sharp scientific

Enter data tan- 8 e tan- 8 e
Change to degrees and m

minutes
ii m = tan O Y
Sotan 0=-3
6=tan" (-3) 180° — 71°34¢
=-71°33"5418" _71f34o
=-71°34

A negative gradient means that the angle of inclination is obtuse
To find this angl, subtract the acute angle from 180 °
0=180°—-71°34
=108°26’
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. INVESTIGATION (R

- GRAPHING y=mx + ¢

. Graph each linear function using a graphics calculator or graphing software Find the
. gradient of each function What do you notice ?

1 y=x 2 y=2 3 y=3x 4 y=4x
5 y=— 6 y=-2x 7 y=-3x 8 y=—4«

. Graph each function and find the y-intercept

9 y=x 10 y=x+1 11 y=x+2 12 y=x+3
13 y=x-1 14 y=x-2 15 y=x-3

................................................................

The gradient-intercept equation of a straight line

The linear function with equation y = 7zx + ¢ has gradient 7 and y-intercept ¢

y mx+c

EXAMPLE 17

a  Find the gradient and y-intercept of the linear function y = 7x — 5.

b Find the gradient of the straight line with equation 2x + 3y — 6 =0
Solution
a  Gradient = 7, y-intercept = -5

b First change the equation into the form y=mwx + ¢

2x+3y—-6=0 2% 6
26 +3y=6 U I
2
3)/:6—2;5 =—§x+2
=—2x+6

So the gradient is —%
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Exercise 3.05 The gradient of a straight line

1 Find the gradient of the line joining the points

a (G,2)and(,-2) b (0,2)and (3,06) ¢ (-2,3)and 4,-5)
d (2 -5and(-3,7) e (2,3)and(-1,1) f (-5,1D)and(3,0)
g (-2,-3)and (-406) h (-1,3)and (-7,7) i (1,49 and (55

2 Find the gradient of the straight line correct to 1 decimal plac, whose angle of
inclination is

a 25° b 82° c 68°
d 100° e 130° f 164°

3 For each linear function fin:
i the gradient ii the y-intercept
a y=3x+5 b flx)y=2x+1 € y=6x-7
d y=—x e y=—4x+3 f y=x-2
g flw=6-2« h y=1-« i y=%

4 Find the gradient of the linear function
a with x-intercept 3 and y-intercept —1
b passing through (2 4) and x-intercept 5
¢ passing through (1 1) and (-2, 7)
d  with x-intercept —3 and passing through (2 3)
e passing through the origin and (-3, -1)

5 Find the angle of inclination to the nearest minut, of a line with gradiet:

a 2 b 17 c 6
d -5 e 085 f -12
6 For each linear function fin:
i the gradient ii the y-intercept
a 2x+y-3=0 b Sx+y+6=0 € 6x—y-1=0
d x-y+4=0 e 4uv+2y-1=0 f 6x-2y+3=0
g x+3y+6=0 h 4x+5y-10=0 i Tx-2y-1=0
7 Find the gradient of each linear function
a y=-2x-1 b y=2 ¢ x+y+1=0
d 3x+y=8 e 2x—-y+5=0 f x+4-12=0
g 3x-2y+4=0 h  Sx—4y=15 i y=§x+3
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j ==-1 k y=—+5 =-—=-2
J 5 Y= Y 5
x 1 y Xy
=42 3x-2 =8 il
m Zy 773 n X 5 o 2+3

8 If the gradient of the line joining (8 y ) and (-1 3) is , find the value of y
9 The gradient of the line through 2 —1) and (x, 0) is -5 Find the value of x

10 The gradient of a line is —1 and the line passes through the points (4 2) and (x —3) Find

the value of &

11 The number of frequent flyer points that Mario earns on his credit card is directly
proportional to the amount of money he spends on his card

a If Mario earns 150 points when he spends $450 find an equation for the number of
points (P) he earns when spending d dollars

b Find the number of points Mario earns when he spends $840
¢ If Mario earns 57 points how much did he spend ?

12 The points A(-1, 2), B(1, 5), C(6 5) and D(4 2) form a parallelogra. Find the gradients
of all 4 sides of the parallelogram What do you notice ?

3.06 Finding a linear equation

EXAMPLE 18
Find the equation of the line with gradient 3 and y-intercept —1
Solution

The equation is y = mx + ¢ where 7 = gradient and ¢ = y-intercept
m=3and c=-1

Equation is y = 3x — 1.

There is a formula you can use if you know the gradient and the coordinates of a point on

the line

The point-gradient equation of a straight line

The linear function with equation y —y =m(x —x ) has gradient 7z and the point (x y )
lies on the line

Linea uncions
code puzzle

ea
modelling

Finding he
equaion o
line

Equaion o
line
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Proof

Let P(x y) be a general point on the line with gradient 7z J
that passes through A(x y)

Then line AP has gradient

P(x y)

m=2"d
rex A A y)
mx—x)=y—y -

Find the equation of the line
a  with gradient —4 and x-intercept 1
b passing through (2 3) and (-1, 4.

Solution

a  The x-intercept of 1 means the line passes through the point (1 0.
Substituting 7z =—-4,x =1 andy =0 into the formula
y-y =mx-x)
y—0=—4@x-1)
y=—4r+4

b First find the gradient
Y2~

m=22"1
&5p =)
4-3
T2
1
)
Substitute the gradient and one of the points say (, ), into the formla.

y—y =m(x—x)

1
y-3 =—§(x—2)
3X(y—3)=3x—%(x—2)
3y-9=—(x-2)
== 2
x+3y-9=2
x+3y—-11=0

<Y
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Applications of linear functions

A solar panel company has fixed overhead costs of $3000 per day and earns $150 for each
solar cell sold

a  Write the amount ($4) that the company earns on selling x solar cells each day.
b Find the amount the company earns on a day when it sells 54 solar cells
¢ If the company earns $2850 on another day, how many solar cells did it sell that day?
d  What is the break-even point for this company (where income and costs of
production are equal)?
Solution
a  The company earns $150 per cell so it earns $150 x for x cells
Daily amount earned = value of solar cells sold — overhead costs
So A=150x—3000
b Substitute x = 54
A=150(54) - 3000 =5100
The company earns $5100 when it sells 54 solar cells
¢ Substitute 4 = 2850
2850 = 150 — 3000
5850 =150«
39=w
The company sold 39 solar cells that day.
d At the break-even point

Income = overhead costs
150x = 3000 (or A=0)
x=20

So the break-even point is where the company sells 20 solar cells
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Exercise 3.06 Finding a linear equation

1 Find the equation of the straight line

a with gradient 4 and y-intercept —1
with gradient -3 and passing through (0 4)
passing through the origin with gradient 5
with gradient 4 and x-intercept —5

with x-intercept 1 and y-intercept 3

- 0 o N T

with x-intercept 3 y-intercept —4

2 Find the equation of the straight line passing through the points
a (2,5and(-1,1) b (0,1)and (-4,-2) ¢ (-2,D)and(3,5)
d (G4and(-1,7) e (—4,-1)and(-20.

3 What is a the gradient and b the equation of the line with x-intercept 2 that passes
through 3 -4)?

4 Find the equation of the line

a parallel to the x-axis and passing through (2 3)
b parallel to the y-axis and passing through (-1, 2.

5 A straight line passing through the origin has a gradient of -2 Fin:
a the y-intercept b its equation

6 In a game each person starts with 20 point, then earns 15 points for every level
completed

a  Write an equation for the number of points earned (P) for x levels completed

b Find the number of points earned for completing

i 24levels ii 55 levels iii 247 levels
¢ Find the number of levels completed if the number of points earned is
i 2195 ii 7700 iii 12 665

7 ATV manufacturing business has fixed costs of $1500 renta, $3000 wages and other
costs of $2500 each week It costs $250 to produce each V.

a  Write an equation for the cost (¢) of producing # TVs each wee.

b From the equation find the cost of producin:

i 100TVs ii 270 TVs iii 1200 TVs
¢ From the equation find the number of T'Vs produced if the cost i:
i $52000 i $78250 i $367 000

d Ifeach TV sells for $95, find the number of TVs needed to sell to break even
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8 There are 450 litres of water in a pond and 8 litres of water evaporate out of the pond
every hour.

a  Write an equation for the amount of water in the pond (A4) after / hours
b Find the amount of water in the pond after
i 3 hours il aday.

¢ After how many hours will the pond be empty?

9 Geordie has a $20 iTunes credi. He uses the credit to buy singles at 1.69 eah.
a  Write an equation for the amount of credit (C) left if Geordie buys x singles

b How many songs can Geordie buy before his credit runs out?

10 Emily-Rose owes $20 000 and she pays back $320 a month
a Write an equation for the amount of money she owes (4) after x months
b How much does Emily-Rose owe after
i 5 months? ii 1year? iii 5 years?

¢ How long will it take for Emily-Rose to pay all the money back?

11 Acme Party Supplies earns $5 for every helium balloon it sells

a If overhead costs are $100 each day, find an equation for the profit (P) of selling
x balloons

b How much profit does Acme make if it sells 300 balloons?
¢ How many balloons does it sell if it makes a profit of $1055?

What is the break-even point for this business?

3.07 Parallel and perpendicular lines

. . Pacllel and
Gradients of parallel lines y pepenio

line

If 2 lines are parallel then they have the same
gradient Thats, m =m, W

Linea uncions

<
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a  Prove that the straight lines with equations 50 — 2y —1=0and 5x —2y+7=0
are parallel

b Find the equation of a straight line parallel to the line 2x — y — 3 = 0 and passing
through (1 -5)

Solution
a  First change the equation into the form y=mx +¢
Sx=2y-1=0 Sx=2y+7=0
Se—1=2y Se+7=2y
5.1 5,7
2727 %727
5 5
m =— mz—_
2 2
m =m =£
272

.. the lines are parallel
b 2x—y—-3=0
2x—3=y
som =2
For parallel lines 7z =z,
Sy =2
Substitute this and (1 =5) intoy —y =m(x—x)
y-(5) =2 1)
y+5=2x-2
y=2x-7

. CLASS INVESTIGATION R

. PERPENDICULAR LINES

. Sketch each pair of straight lines on the same number plane
1 3x—-4y+12=0and 4x+3y-8=0
2 2x+y+4=0andx-2y+2=0

. What do you notice about each pair of lines?

.................................................................
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Gradients of perpendicular lines

If 2 lines with gradients 7z and 7z, are perpendicular, then mz m, = -1,

. 1
thatis m, =——
m

a  Show that the lines with equations 3x+y — 11 =0 and « — 3y + 1 = 0 are perpendicular.

b Find the equation of the straight line through (2 3) that is perpendicular to the line

passing through (-1, 7) and (3, ).

Solution
a 3x+y-11=0 1 1
X to=y
y=-3x+11 33 1
cm =_3 0o 7%2 =§
x=3y+1=0 mm2=—3x%=—1
x+1=3y ... the lines are perpendicular.

b Line through (-1, 7) and (3, ):
Y2 N

) 8ip =
_7-3
-1-3
_
=4
=-1
For perpendicular lines »z 72, = -1
mZ = 1

Substitute 7z = 1 and the point (2 3) into y—y =m(x—x )

y=-3=1x-2)
=x-2
y=x+1
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Exercise 3.07 Parallel and perpendicular lines

1 Find the gradient of the straight line
a parallel to the line 3x+y—-4=0
perpendicular to the line 3x +y—-4=0
parallel to the line joining (3 5) and (-1, 2)
perpendicular to the line with x-intercept 3 and y-intercept 2
perpendicular to the line that has an angle of inclination of 135°
perpendicular to the line 6x — 5y —4 =0
parallel to the linex =3y —-7=0

>SQ@ =0 o o T

perpendicular to the line passing through (4 —2) and (3, 3.

2 Find the equation of the straight line

passing through (2 3) and parallel to the line y=x+6
through (-1 5) and parallel to the line x -3y —-7=0

with x-intercept 5 and parallel to the line y =4 —x

through 3 —4) and perpendicular to the line y = 2«

through (-2 1) and perpendicular to the line 2x+y+3 =0
through (7 -2) and perpendicular to the line 3x —y—5=0
through (-3, —1) and perpendicular to the line 40 -3y +2 =0

>S@Q@ =0 o " T Q

passing through the origin and parallel to the linex +y+3 =0
through (3 7) and parallel to the line 5x—y—-2=0
through (0 -2) and perpendicular to the line x — 2y =9

r = mme

perpendicular to the line 3x + 2y — 1 = 0 and passing through the point (-2 4.
Show that the lines with equations y = 3x — 2 and 6x — 2y — 9 = 0 are parallel
Show that lines v + 5y = 0 and y = 5x + 3 are perpendicular.

Show that lines 6x — 5y + 1 =0 and 6x — 5y — 3 = 0 are parallel

Show that lines 7x + 3y + 2 = 0 and 3x — 7y = 0 are perpendicular.

If the lines 3x — 2y + 5 = 0 and y = kx — 1 are perpendicular, find the value of &

Show that the line joining (3 —1) and (2 -5) is parallel to the line 8x -2y -3 =0

O 0 N &0 u ~

Show that the points A(-3, -2) B(-1,4), C(7 —1) and D(5 —7) are the vertices of a
parallelogram

10 The points A(-2, 0), B(1, 4), C(6 4) and D(3 0) form a rhombu. Show that the
diagonals are perpendicular.

11 Find the equation of the straight line passing through (6 —3) that is perpendicular to the
line joining (2 —1) and (-5, -7)
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3.08 Quadratic functions
° ° chhir}g
Quadratic functions i
A quadratic function has an equation in the form y = ax” + bx + ¢ where the highest
power of x is 2 The graph of a quadratic function is a parabola

Gaphing
quadaic

EXAMPLE 23

Graph the quadratic function y = &* — x

Solution
Draw up a table of values for R 0 1 2 3
_ 2
yExr=x y 12 6 2 0 0 2 6
Plot (_37 12)7 (_2’ 6)1 (_1, 2), (0’ 0)1 y
(1,0), (2, 2) and (3, 6) and draw a 12
parabola through them 114
10
Label the graph with its equation ol
g
2: y =xl—x
5
4
34
2
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o090

TECHNOLOGY
Transforming quadratic functions

Use a graphics calculator or graphing software to graph these quadratic functions
Look for any patterns

_)/:x2 y=x2+l _y=x2+2 y=x2+3
y=a -1 y=a -2 y=a -3 y =24
y=3a y=o'+x y=a"+2x y=a +3x
y=x2—x y=x2—2x y=x2—3x y=—x2
y=—x2+1 y=—x2+2 y=—x2+3 y=—x2—1
y=—x2—2 y=—x2—3 y=—2x2 y=—3x2
y=—a"+x y=—a"+2x y=—x'—x y=—a" = 2x

Could you predict where the graphs y =a? + 9, y = 5% or y = 2* + 6x would lie?

Is the parabola always a function? Can you find an example of a parabola that is not a
function?

DID YOU KNOW?

The parabola

The parabola shape has special properties that are very useful For exampl, if a light

is placed inside a parabolic mirror at a special place called the focus then all light rays
coming from this point and reflecting off the parabola shape will radiate out parallel to
each other, giving a strong ligt. This is how car headlights ork. The dishes of radio
telescopes also use this property of the parabola because radio signals coming in to the
dish will reflect back to the focus

light source " parallel

(focus) ~ rays
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Concavity and turning points
For the parabola y = ax” + bx + ¢

® if2> 0 the parabola is concave upwards
and has a minimum turning point

* if 2 <0 the parabola is concave downwards
and has a maximum turning point

The turning point is also called the vertex or stationary point of the parabola

Notice also that the parabola is always symmetrical

a i Sketch the graph of y =&’ — 1 showing intercept.

il State the domain and range

b i Find the »- and y-intercepts of the quadratic function f(x) = —a” + 4x + 5.

i Sketch a graph of the function
it Find the maximum value of the function

v State the domain and range

Solution

a i Since >0 the graph is concave upward.

For x-intercepts y =0

0=o"-1
1=
x==1

For y-intercept x =0
y=0"-1
=-1

Since the parabola is symmetrical the
turning point is at x = 0 halfway between
the x-intercepts —1 and 1

When x =0,y =-1 Vertexis 0, —1)

4 -3

) _%

24

o 4

w o

& 4
(oo
=Y
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ii  From the equation and the graph x can have any value

Domain (—oo o)

The values of y are greater than or equal to -1

Range [-1, =)

b i For«x-intercepts f(x) =0 For y-intercept x =0
0=—x"+4x+5 £(0)=—(0)* +4(0) + 5
&' —4x-5=0 =
@=5x+1)=0
x=5x=-1

ii Since # < 0 the quadratic function is /
concave downwards 8-

14

——]
o]
o
-+~
o

=2

5 f1.4]
2
-3
4
_5_‘

iii The turning point is halfway between x = -1 and x = 5.

-1+5
=
2
=y
Q=) +42)+5
=9

The maximum value of f(x) is 9

v For the domain the function can take on all real numbers for «
Domain (—ee o)
For the range y<9
Range (—ee 9]
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Exercise 3.08 Quadratic functions

1 Find the x- and y-intercepts of the graph of each quadratic function

a y=++2x b y=-x"+3«

d y=+"-x-2 e y=x"-9x+8

2 Sketch each parabola and find its maximum or minimum value

a y=«+2 b y=-'+1
d y=o+2x e y=—'—x
g f@)=(+1) h y=o+3r-4

j f(x)=—x2+3x—2

3 For each parabola fin:

i thex-andy-intercepts  ii the domain and range
a y=x-Tx+12 b f(x)=x2+4x
d y=+"-6x+9 e fw=4-i
4 Find the domain and range of
a y=«-5 b fx)=x+"-6x
d y=— e f0)=@-7

5 A satellite dish is in the shape of a parabola
with equation y = —3x” + 6 and all dimensions
are in metres

a Find d the depth of the dis.

b Find w the width of the dis, to 1 decimal -

C

c
f

JORESS
fl)=a"—4
fle) =@ -3
y=24"—5x+3
y=x2—2x—8
f(x)zxz—x—z

~—— . ——)

place
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Quadaic

uncion

Skeching
quadaic
uncion

Feave o a
paabola

3.09 Axis of symmetry

Axis of symmetry of a parabola

The axis of symmetry of a parabola with the equation y = ax” + bx + ¢ is the vertical line

with equation

b
x=——
2a
Proof
The axis of symmetry of a parabola lies R
halfway between the x-intercepts Y

For the x-intercepts y =0

ax> +bx+c=0

2 — —_—
_ —hENE - 4ac ~b-°b —4ac —b+°b —4ac

2a 2a 2a

X

The x-coordinate of the axis of symmetry is the average of the x-intercepts

—b—J? —duc N —br b —4ac  —2p

X = 2” 2” = 2ﬂ =_—2b=_i

2 2 4a 2a

Turning point of a parabola
The quadratic function y = ax* + bx + ¢ has a minimum value if 2 > 0 and a maximum
value if 2 < 0
o 5
The minimum or maximum value of the quadratic function is f L—Z}
. . .° b o b
The turning point or vertex of a parabola is "2 f k_ZD

a  Find the equation of the axis of symmetry and the minimum value of the quadratic

function y = &* — 5w + 1.

b Find the equation of the axis of symmetry, the maximum value and the turning point

of the quadratic function y = —3x* + x — 5.

MATHS IN FOCUS 11. Mathematcs Advanced

ISBN 9780704352



Solution

a  Axis of symmetry o 52 5)
Minimum value y = = | =5, = +1
e b 2 2
2a 25 25
=—-=+1
__ ) + 2
20 — sl
5 I
2
=21
- Axis of symmetry is the line x = 2%
2
b . 1 1)
=== =—3l—1+L— =
b =« 7 Maximum value y 3[6) £6) 5
1 1 1
=—— =——t= -
2(-3) 12 6
_1 11
=< —45
- Axis of symmetry is the line x = é The turning point is %,— 4 %
EXAMPLE 26
Determine whether each function is even
a f@)=+"+3 b y=—++3«
Solution
a f@=x«"+3 b Letf(x)=—«"+3x
fe) =y +3 few) =~ +3()
=x’+3 =" —3x
=f) # f(x)
So f(x) =&’ + 3 is an even function So y = —«” + 3x is not an even function
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Exercise 3.09 Axis of symmetry

1 For the parabola y = &” + 2x find the equation of its axis of symmetry and the minimum
value

2 Find the equation of the axis of symmetry and the minimum value of the parabola
2
y=x -4

3 Find the equation of the axis of symmetry and the minimum turning point of the
parabola y = 40 — 3x + 1.

4 Find the equation of the axis of symmetry and the maximum value of the parabola
2
y==x +2x-7.

5 Find the equation of the axis of symmetry and the vertex of the parabola y = —2x — 4w + 5.

6 Find the equation of the axis of symmetry and the minimum value of the parabola
y= &+ 3+ 2.

7 Find the equation of the axis of symmetry and the coordinates of the vertex for each

parabola
a y=+"+6xr-3 b y=-"-8x+1 ¢ y=3"+18x+4
d y=-2x"+5« e y=4x'+10x-7

8 For each parabola fin:
the equation of the axis of symmetry

il the minimum or maximum value

iii the vertex
a y=x'+2x-2 b y=-2"+4x-1
9 Find the turning point of each function and state whether it is a maximum or minimum
a y=x'+2x+1 b y=o'-8x-7 ¢ f@=+"+4x-3
d y=+"-2x e f)=o+"—4x-7 f fo=22"+x-3
g y=—+"—2x+5 h y=-22"+8x+3 i @) =-3"+3x+7

10 For each quadratic function
find x-intercepts using the quadratic formula

i
ii state whether the function has a maximum or minimum value and find this value
i

iii sketch the graph of the function on a number plane
v solve the quadratic equation f(x) = 0 graphically
a f(x)=x2+4x+4 b f(x)=x2—2x—3 c y=x2—6x+1

d f(x)=—x2—2x+6 e f(x)=—x2—x+3
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11 a Find the minimum value of the parabola with equation y =% — 2x + 5.
b How many solutions does the quadratic equation x* — 2x + 5 = 0 have?
¢ Sketch the parabola

12 a Find the maximum value of the quadratic function f(x) = —2+* +x — 4
b  How many solutions are there to the quadratic equation —2x” +x — 4 = 0?

¢ Sketch the graph of the quadratic function
13 Show that f(x) = —x” is an even function

14 Determine which of these functions are even

a y=x++1 b fx=x+"-3 c y=-2
d f(x)=x2—3x e f(x)=x2+x f y=x2—4
g y=a-2x-3 h y=o'-5r+4 i p)=(x+1)
15 Abridge hasa parabolzic span as shown y
with equation d = ——— + 200
800
where d is the depth of the arch in metres < i >

Show that the quadratic function is even

Find the depth of the arch from the top of the span

Find the total width of the span

Find the depth of the arch at a point 10 m from its widest span

® o N~ T Q

Find the width across the span at a depth of 100 m
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3.10 The discriminant

The solutions of an equation are also called the roots of the equation
The
disciminan

~b+\Jb* —4ac
2a
It gives us information about the roots of the quadratic equation ax’ + bx + ¢ = 0

EXAMPLE 27

Use the quadratic formula to find how many real roots each quadratic
equation has

In the quadratic formula x = the expression b* — 4ac is called the discriminant

a x+5x-3=0 b «-x+4=0 ¢ ¥ -20+1=0
Solution
. ~b+ b ~4ac b ~b+ b ~4ac
= =
g 2a 2a
5257 —4x1x(-3) —(~1)£4(-1) -4x1x4
B 2x1 B 2x1
_ =5%425+12 1+/-15
-2 2
—5+.37 There are no real roots since v—15 has
= 9 no real value

There are 2 real roots

N _=5+-37 =537

2 2

2440
-2
=1l
There are 2 real roots
w=1, 11
However, these are equal roos.
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The discriminant

The value of the discriminant A = #* — 4ac tells us information about the roots of the
quadratic equation ax” + bx +¢=0

When A 2 0 there are 2 real root.

e If Aisa perfect square the roots are rationa.

e If Ais nota perfect square the roots are irrationa.

When A = 0 there are 2 equal rational roots (or 1 rational root.

When A < 0 there are no real root.

EXAMPLE 28

a  Show that the equation 2x* + x + 4 = 0 has no real roots

b Describe the roots of the equation
i 2°-T7x-1=0 i A’ +6x+9=0

¢ Find the values of k for which the quadratic equation 5% — 2x + & = 0 has
real roots

Solution

a A=b —4a
=1°-4Q)@
=-31
<0

A < 0 so the equation has no real root.

b i A= —4a i A=b—4dac
= (-7 - 4Q)-1) = (6)’ - 4(1)(9)
=57 =0
>0 A =0 so there are 2 real equal

. rational roots
A > 0 so there are 2 real irrational root.

Roots are rratonal

because 57 s not
a perfect squar.
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For real roots A >0
b —4ac>0
(=2)> = 4(5)(k) =0
4-20k>0
4>20k
p<l
5

The discriminant and the parabola

The roots of the quadratic equation ax” + bx + ¢ = 0 give the x-intercepts of the parabola
y=ax’ +bx+¢

If A> 0 then the quadratic equation has 2 real roots and the parabola has 2 x-intercepts

Y

y

a>0 a<0

\/

'

K
K

If A = 0 then the quadratic equation has 1 real root or 2 equal roots and the parabola has
one x-intercept

a>0

=y

=y
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If A < 0 then the quadratic equation has no real roots and the parabola has no
x-intercepts

Y Y
\ a<0
a>0
i
x
IfA<Oand2>0then ax’ +bx+¢>0 IfA<Oand 2<0then ax’ +bx+c<0
for all x for all x

a  Show that the parabola f(x) = &> — x — 2 has 2 x-intercepts
b Show thata® — 2x +4 >0 for all x

Solution

a A= —4a
=(-1)’ - 4(1)-2)
=9
>0

So there are 2 real roots and the parabola has 2 x-intercepts

b Ifa>0and A<O then ax’ +bx+c> 0 forall x y
a=1>0 \\
A=b —4ac a>0

= (-2 - 4@
=-12
<0

Since #>0and A< 0, 1% —2x+4>0 for all x
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Exercise 3.10 The discriminant

1 Find the discriminant of each quadratic equation

a ¥ —-4x-1=0 b 27+3x+7=0 ¢ 4’ +2x-1=0
d 6°-x-2=0 e ' -3x=0 f +4=0
g & -2x+1=0 h 327 -2x+5=0 i 2 +x+2=0

2 Find the discriminant and state whether the roots of the quadratic equation are real
or not real If the roots are rea, state whether they are equal or unequl, rational or

irrational

a F-x-4=0 b 2+°+3x+6=0 ¢ -9x+20=0
d +6x+9=0 e 2’-5x-1=0 f —+2x-5=0
g 22 -5x+3=0 h —52%+2x-6=0 i o +x=0

3 Find the value of p for which the quadratic equation x> + 2x + p = 0 has
equal roots

4 Find any values of  for which the quadratic equation x* + kx + 1 = 0 has
equal roots

5 Find all the values of & for which 2x” +x + b + 1 = 0 has real roots

6 Evaluate p if px” + 4x + 2 = 0 has no real roots

7 Find all values of k for which (k + 2)x* + x — 3 = 0 has 2 real unequal roots

8 Prove that 34’ —x + 7 > 0 for all real «

9 Show that the line y = 2x + 6 cuts the parabola y =&? + 3 in 2 points

0 Show that the line 3x +y — 4 = 0 cuts the parabola y = x* + Sx + 3 in 2 points
11 Show that the line y = —x — 4 does not touch the parabola y = »*

12 Show that the line y = 5x — 2 is a tangent to the parabola y = x* + 3x — 1.
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3.11 Finding a quadratic equation

Find the equation of the parabola that passes through the points (-1, -3), (0, 3)

a
and (2, 21.
b A parabolic satellite dish is built so it is 30 cm
deep and 80 cm wide as show.
i Find an equation for the parabola
il Find the depth of the dish 10 cm out from
the vertex
Solution
a  The parab