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PREFACE

Maths in Focus 12 Mathematics Advanced has
been rewritten for the new Mathematics
Advanced syllabus (2017) In this 3rd edition
of the book teachers will find those familiar
features that have made Maths in Focus a
leading senior mathematics series such as

clear and abundant worked examples in plain
English comprehensive sets of graded exercise,
chapter Test Yourself and Challenge exercises
Investigations and practice sets of mixed revision
and exam-style questions

The Mathematics Advanced course is designed
for students who intend to study at university
in a field that requires mathematics especially

calculus and statistics This book covers the
content of the Year 12 Mathematics Advanced
course The theory follows a logical ordr,
although some topics may be learned in any
order. We have endeavoured to produce a
practical text that captures the spirit of the
course providing relevant and meaningful
applications of mathematics

The NelsonNet student and teacher websites
contain additional resources such as worksheets
video tutorials and topic tests We wish all teachers
and students using this book every success in
embracing the new senior mathematics course

AB° UT THE AUTHOR

has spent over 30 years
teaching HSC Mathematics most recently at
Bankstown TAFE Collee. She has written
numerous senior mathematics texts and study
guides over the past 25 years including the
bestselling Maths in Focus series for Mathematics
and Mathematics Extension 1

Margaret thanks her family, especially her
husband Geoff for their support in writing this
book
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and from
Homebush Boys High School wrote many of the
NelsonNet worksheets

created the video tutorials

and
wrote the topic tests

wrote the ExamView questions

and
wrote the worked
solutions to all exercise sets

Preface
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® Each chapter begins on a

double-page spread showing the
Chapter contents and a list of
chapter outcomes

Terminology is a chapter
glossary that previews the
key words and phrases from
within the chapter
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IN EACH CHAPTER

¢ Important facts and formulas are highlighted
in a shaded box

* Important words and phrases are printed in
red and listed in the Terminology chapter

glossary.

* Graded exercises include exam-style
problems and realistic applications

*  Worked solutions to all exercise questions
are provided on the Ne/sonNet teacher website

* Investigations explore the syllabus in more
detail providing ideas for modelling
activities and assessment tasks

* Did you know? contains interesting facts
and applications of the mathematics learned
in the chapter
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AT THE END OF EACH CHAPTER

* Test Yourself contains chapter revision exercises

* Ifyou have trouble completing the 7eést Yourself exercises
you need to go back and revise the chapter before trying
the exercises again

¢ Challenge Exercise contains chapter extension questions
Attempt these only after you are confident with the
Test Yourself exercises because these are more difficult
and are designed for students who understand the topic

really well s Lo
4 Fid ——d
* Practice sets (after several chapters) provide a o= i
comprehensive variety of mixed exam-style questions . o .
from various chapters including short-answe, g =

free-response and multiple-choice questions @ v -

AT THE END OF THE BOOK O s s

* Answers and Index (worked solutions on the
teacher website)

NELSONNET STUDENT WEBSITE

Margin icons link to print (PDF) and multimedia G o

resources found on the NelsonNet student website w B
A ‘(A'fUd ‘(Y nd

www.nelsonne.co.au  These inclue: & Ry

3Fd 4 5 94

A C

Wirshes Puzzle hee Video Chape
voial quizze

* Worksheets and puzzle sheets that are write-in

enabled PDFs () marswrocsia,  unsn

* Video tutorial: worked examples explained by
flipped classroom teachers

¢ ExamView quizzes interactive and self-marking
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NELSONNET TEACHER WEBSITE

"The NelsonNet teacher website also at www.nelsonne.co.au  contain:
* A teaching program in Microsoft Word and PDF formats

¢ Topic tests in Microsoft Word and PDF formats

¢ Worked solutions to each exercise set

* Chapter PDF:s of the textbook

* ExamView exam-writing software and questionbanks

* Resource finder search engine for NelsonNet resources

Note Complimentary access to these resources is only available to teachers who use this book as
a core educational resource in their classroom Contact your Cengage Education Consultant for
information about access codes and conditions

NELSONNETBOOK

NelsonNetBook is the web-based interactive version of this book found on NelsonNet

* To each page of NelsonNetBook you can add note, voice and sound bits, highlightng, weblinks
and bookmarks

e Zoom and Search functions

* Chapters can be customised for different groups of students

‘mlsunnelbook 2 o N = Damian v

Display Annctatiors (o @)

a 2

£D

Qe

€ 78-79 /601 >
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STUDY SKILLS

The Year 11 course introduces the basics of topics such as calculus that are then applied in the

Year 12 cours. You will struggle in the HSC if youdon’t set yourself up to revise the Year 11 topics as
you learn new Year 12 topis. Your teachers will be able to help you build up and manage good study
habits Here are a few hints to get you starte. There is no right or wrong way to lern. Different
styles of learning suit different people There is also no magical number of hours a week that you
should study, as this will be different for every studet. But just listening in class and taking notes is
not enough especially when learning material that is totally ne.

If a skill is not practised within the first 24 hours up to 50% can be forgotte. If it is not practised
within 72 hours up to 85-90% can be forgotte! So it is really important tha, whatever your study
timetable new work must be looked at soon after it is presented to yo.

With a continual succession of new work to learn and retai, this is a challene. But the good news is
that you dont have to study for hours on en!

In order to remember, first you need to focus on what is being said and doe.
According to an ancient proverb

1 hear and 1 forget
1 see and I remember

1 do and I understan.

If you chat to friends and just take notes without really paying attention you are’t giving yourself a
chance to remember anything and will have to study harder at home

If you are unsure of something that the teacher has said the chances are that others are also not sur.
Asking questions and clarifying things will ultimately help you gain better results especially in a
subject like mathematics where much of the knowledge and skills depends on being able to understand
the basics

Learning is all about knowing what you know and what you dont kno. Many students feel like
they dont know anythin, but t’s surprising just how much they know alredy. Picking up the main
concepts in class and not worrying too much about other less important parts can really help The
teacher can guide you on this

Here are some pointers to get the best out of classroom learning
* Take control and be responsible for your own learning

® Clear your head of other issues in the classroom

* Active not passiv, learning is more memorable

* Ask questions if you dont understand something

ISBN 97807043220 Study sks



Listen for cues from the teacher

Look out for what are the main concepts

Note-taking varies from class to class but here are some general guideline:

Write legibly

Use different colours to highlight important points or formulas
Make notes in textbooks (using pencil if you dont own the textbook)
Use highlighter pens to point out important points

Summarise the main points

If notes are scribbled rewrite them at hom.

You are responsible for your own learning and nobody else can tell you how best to stud. Some

people need more revision time than others some study better in the mornings while others do better
at night and some can work at home while others prefer a librar.

Revise both new and older topics regularly

Have a realistic timetable and be flexible

Summarise the main points

Revise when you are fresh and energetic

Divide study time into smaller rather than longer chunks
Study in a quiet environment

Have a balanced life and dont forget to have fu!

If you are given exercises out of a textbook to do for homework consider asking the teacher if you can
leave some of them till later and use these for revision It is not necessary to do every exercise at one
sitting and you learn better if you can spread these over tim.

People use different learning styles to help them study The more variety the bettr, and you will find
some that help you more than others Some people (around 35%) learn best visuall, some (25%) learn
best by hearing and others (40%) learn by doing

Summarise on cue cards or in a small notebook
Use colourful posters

Use mind maps and diagrams

Discuss work with a group of friends

Read notes out aloud

Make up songs and rhymes

Do exercises regularly

Role-play teaching someone else

MATHS IN FOCUS 12. Mathematcs Advanced ISBN 97807043220



ASSESSMENT TASKS AND EXAMS

You will cope better in exams if you have practised doing sample exams under exam condition.
Regular revision will give you confidence and if you feel well prepared this will help get rid of nerves
in the exam You will also cope better if you have had a reasonable niht’s sleep before the xam.

One of the biggest problems students have with exams is in timing Make sure you do’t spend too
much time on questions youre unsure about but work through and find questions you can do firs.

Divide the time up into smaller chunks for each question and allow some extra time to go back to
questions you couldnt do or finis. For exampe, in a 3-hour exam with 50 questins, allow around

3 minutes for each question This will give an extra half hour at the end to tidy up and finish off
questions Alternativey, in a 3-hour exam with questions worth a total of 100 mrks, allow around
15 minutes per mark

* Read through and ensure you know how many questions there are
* Divide your time between questions with extra time at the end

* Dont spend too much time on one question

* Read each question carefully, underlining key words

* Show all working out including diagrams and formulas

* Cross out mistakes with a single line so it can still be read

*  Write legibly

AND FINALLY...

Study involves knowing what you dont kno, and putting in a lot of time into concentrating on these
areas This is a positive way to lean. Rather than just sayig ‘Ican’t dohis’, say intead ‘I can’t do this
yet and use your teacher, friens, textbooks and other ways of finding ut.

With the parts of the course that you do kno, make sure you can remember these easily under exam
pressure by putting in lots of practice

Remember to look at new work
toda tomorow, in week, ina month.

Some people hardly ever find time to study while others give up their outside lives to devote their time
to study. The ideal situation is to balance study with other aspects of your Ife, including going out
with friends working and keeping up with sport and other activities that you enjo.

Good luck with your studies!

ISBN 97807043220 Study sks @



MATHEMATICAL

VERBS

analys: study in detail the parts of a situation

appl: use knowledge or a procedure in a given
situation

classify, identiy: state the type name or feature
of an item or situation

comment express an observation or opinion
about a result

compare show how two or more things are
similar or different

construct draw an accurate diagram
describe state the features of a situation

estimate make an educated guess for a number,
measurement or solution to find roughly or
approximately

evaluae, calculte: find the value of a numerical
expression for exampl, 3 x 87 or 4x + 1 when
x=5

expan: remove brackets in an algebraic
expression for exampl, expanding 3(2 y+1)
gives 6y + 3

explai: describe why or how

factoris: opposite to expand to insert brackets
by taking out a common factor, for exampe,
factorising 6y + 3 gives 3(2y + 1)

give reasos: show the rules or thinking used
when solving a problem See also justify

MATHS IN FOCUS 12. Mathematcs Advanced

increase make larger
interpret find meaning in a mathematical result

justify give reasons or evidence to support your
argument or conclusion See also give reasons

rationalis: make rational remove surds

show tha, prove: (in questions where the answer
is given) use calculation procedure or reasoning
to prove that an answer or result is true

simplify give a result in its most basic shortes,
neatest form for exampl, simplifying a ratio or
algebraic expression

sketch: draw a rough diagram that shows
the general shape or ideas less accurate than
construct

solv: find the value(s) of an unknown
pronumeral in an equation or inequality

substitute replace a variable by a number and
evaluate

verif: check that a solution or result is correct
usually by substituting back into the equation or
referring back to the problem

write stat: give the answer, formula or result
without showing any working or explanation
(This usually means that the answer can be found
mentally, or in one step)
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SEQUENCES AND S

A sequence s a set of numbers that form a pattern. Many sequences occu in reallife — the growth
of plants savngs n the bank populatons clearng of forests and so on In the Year 11 course you
looked at how thngs can grow or decay decrease exponentally. In tis chapter you ill look at

two other types of patterns that apply to realife appicaion.

CHAPTER OUTLINE

General sequences and seres
Arthmetc sequences

Arthmetc seres

Ceometrc sequences

Geometre seres

Lming sum of an ninte geometrc seres

s




IN THIS CHAPTER YOU WILL:

dentfy the dfference between a sequence and a seies

dentfy the dfference between aithmeic and geometic sequences and seies
fnd the nth term of aithmeic and geometic sequences

fnd the sum to n terms of aithmeic and geometic seies

understand and apply the Iming sum formula foriniite geometic seies




TERMINOLOGY

arithmetic sequence A list of numbers where geometric series A sum of the terms forming a
the difference between successive terms is a geometric sequence
constant (called the common difference) limiting sum The limi, where it exiss, of a
arithmetic series A sum of the terms forming an geometric series as 72 — oo
arithmetic sequence recurrence relation An equation that defines a
common differenc: The constant difference term of a sequence or series by referring to its
between successive terms of an arithmetic previous term(s)
sequence sequence A list of numbers where each term of
common rati: The constant multiplier of the sequence is related to the previous term by
successive terms in a geometric sequence a particular pattern
geometric sequence A list of numbers where series The sum of terms of a sequence of numbers
the ratio of successive terms is a constant term A value of a sequence

(called the common ratio)

1.01 General sequences and series
Sequences

Sequence
and seies

A sequence is an ordered list of numbers called terms of the sequence which follow a
pattern Some patterns are easy to see and some are more difficult to fin.

o
auence EXAMPLE 1

Find the next 3 terms in the sequence

a 14,17,20, b 5,10, 20,40, c 5,1,-3,
Solution
a For the sequence 14 1, 0, we add 3 to each term for the next term

14+3=17and 17 +3 =20
Following this pattern the next 3 terms are 2, 26 and 9.

b For$,10,20,40, we multiply each term by 2 for the next term
5x2=10,10x2=20,20%x2=40
So the next 3 terms are 80 160 and 32.

¢ Forthesequence 5, -3, we subtract4 (or add —4) to each term for the next term
S—4=1land1-4=-3

So the next 3 terms are —7, =11 and —15

@ MATHS IN FOCUS 12. Mathematcs Advanced ISBN 97807043220



Series

A series is a sum of terms that form a sequence

Find the sum of the series with 5 terms

a 8+15+22+ b 4+8+16+

Solution

a We add 7 to each term in the series 8 + 15 + 22 +

So the series with 5 terms is 8 + 15 +22 + 29 + 36

Sum=8+15+22+29+36
=110

b We multiply each term in the series 4 + 8 + 16 +

So the series with 5 terms is 4 + 8 + 16 + 32 + 64

Sum=4+8+16+32+ 64
=124

DID YOU KNOW?

Polygonal numbers

to find the next term

by 2 to find the next term

Around 500 BC the Pythagoreans explored different polygonal numbers

Triangular number: 1 +2+3 +4 +

1 1+2 1+2+3

Square numbers 1 +3+5+7+

1+3+5+7

ISBN 97807043220
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Exercise 1.01 General sequences and series

1 Find the next 3 terms in each sequence

a 53811,.. b 813,18, ..
¢ 11,22,33, d 100,95,90...
e 7,53, f 12,3,-6,..
LR h 13,1925
g 2’ b 2 7y *7y 7
i 2,-4,8,-16,.. J 139
5 20 80
2 Find the sum of each series if it has 6 terms
a 4+12+36+ b 1+2+4+
¢ 3+7+11+ d —6+12-24+
e 1+4+9+16+ f 1+8+27+64+
. 111
3 Find the next 3 terms of the sequence 5~ o

4 Find the next 4 terms in the series 3 + 6 + 11 + 18 + 27 +
5 What are the next 5 terms in the sequence 1, 1,2, 3,5,8,3,... ?

6 Complete the next 3 rows in Pascals triangl:

1
1 1
1 2 1
1 3 3 1
1 4 6 4 1

@ MATHS IN FOCUS 12. Mathematcs Advanced ISBN 97807043220



DID YOU KNOW?

Fibonacci numbers

The numbers 1, 1,2, 3,5,8, are called Fibonacci numbers after Leonardo Fibonacci
(1170-1250) These numbers occur in many natural situatios.

For example when new leaves grow on a plan’s stm, they spiral around the sem.The
ratio of the number of turns to the number of spaces between successive leaves gives the

. 11235 8 13 21 34
sequence of fractions- — = = = — — — 2t

123581321 34 55

____________________

4th turn

3rd turn

2nd turn

1 2 .
2 3 : z
\
" .
(=2
3 5
S 8
1st turn

The Fibonacci ratio is the number of turns divided by the number of spaces

Research Fibonacci numbers and find out where else they appear in naure.

ISBN 97807043220 1. Sequences and seres @



1.02 Arithmetic sequences

s In an arithmetic sequence each term is a constant amount more than the previous ter.
Ihnmeic
«uence  The constant is called the common difference d

Find the common difference of the arithmetic sequence

a 5913,17, b  85,80,75,

Aihmeic
pogeion

Solution

a For thissequence 9 —5=4,13-9=4and 17-13 =4
So common difference d = 4
b For this sequence 80 — 85 =—5 and 75 — 80 = -5

So common difference d = -5

A recurrence relation is an equation that defines a term of a sequence by referring to its
previous term In any arithmetic sequenc, a term is 4 more than the previous term We can
write this as a recurrence relation

T,=T,_,+d where T, is the nth term of the sequence
orT,-T,_,=d

a If5 x 31, isan arithmetic sequence find x
b i Evaluate kifk+2,3k+2,6k—1, isan arithmetic sequence
ii Write down the first 3 terms of the sequenc.

ili Find the common difference 4
Solution

a For an arithmetic sequence
TZ_T =dandT3—T2=d
Sol, -T =T;-1T,

x—5=31-x
2x=5=31
2x =36
x=18

Note « is called the arithmetic mean because x = %
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b i For an arithmetic sequence
T,-T =Ty~ T,
Gh+2)—(k+2)=(6k—1)— Gk +2)
3k+2-k-2=6k-1-3k-2

2k=3k-3
2k+3 =3k
3=k
ii Substituting # =3 into the terms of the sequence
T =k+2 Ty=3k+2 Ty =6k -1
=342 =3(3)+2 =6(3) - 1
=5 =11 =17

ili The sequence is 5, 11, 17,
d=11-50r17-11

=6

So d=6

The general term of an arithmetic sequence

Given an arithmetic sequence with 1st term 7" = # and common difference 4

=a+d =@+d)+d =(@+2d)+d

Notice that the multiple of 4 is one less than the number of the term So the multiple of 4 for
the nth term T, isn — 1.

nth term of an arithmetic sequence
T,=a+n-1)d
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a Find the 20th term of the sequence 3 1, 7,

b  Find a formula for the nth term of the sequence 2 , 4,

¢ Find the first positive term of the sequence =50 —47 —44

Solution
a a=3,d=7,n=20
T,=a+@n—-1)d
T,=3+Q20-1)x7
=3+19x7
=136

¢ 4=-50d=3
For the first positive term
T,>0
a+@m—1)d>0
=50+m-1)x3>0
=50+32-3>0
3n—-53>0

b s=2,d=6
T,=a+m—1)d
=2+m—-1)x6
=2+6n-06
=6m—4

3n>53
n> 1766
So n = 18 gives the first positive term
Tig=-50+(18-1)x3
= Il

So the first positive term is 1

The 5th term of an arithmetic sequence is 37 and the 8th term is 55 Find the common

difference and the first term of the sequence
Solution

T,=a+m—-1)d
Given 75 =37
a+ (G —-1)d=37
a+4d=137 [1]
Given Tg =55
a+@—-1)d=55
a+7d=55 [2]

Solve [1] and [2] simultaneously

3d=18 2]-[1]
d=6
Substitute d = 6 into [1]
a+4(6)=37
a+24=37
a=13

So the common difference is 6 and the
first term is 13

MATHS IN FOCUS 12. Mathematcs Advanced
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Exercise 1.02 Arithmetic sequences

1 Find the value of the pronumeral in each arithmetic sequence

a 59y b 8,2« c 45x9,
d 16 4,6, e 14,21, f 32 x-1,50,
g 3,5k+2,21, h xx+3,2¢+5, i r—=5,353r+1,

J 26-3,3t+1,5t+2,

2 Find the 15th term of each sequence

a 4,710, b 813,18, ¢ 10,1622,
d 120,111,102, e -3,2,7,

3 Find the 100th term of each sequence
a -4,2,8, b 41,3223, c 18,22,26,
d 125,140,155, e -1,-5,-9,

4 What is the 25th term of each sequence?
a 14 -18 22 b 04,914, ¢ 13,.90.5,
d 1,214 e 132,23

2 5 5

5 Find the formula for the nth term of the sequence 3 ,7,

6 Find the formula for the nth term of each sequence

a 917,25, b 100,102,104, c 6,912,
d 80, 86,92, e -21,-17 -13, f 1s5,10,5,
g % 1, 1% h -30 -32 34 i 32,456,
. 1 1
J 57 127 2)

7 Find which term of 3, 1, is equal to 111

8 Which term of the sequence 1,9, is 2132
9 Which term of the sequence 15 2, 3, is 2767
10 Which term of the sequence 25 1, 1, is equal to =737
11 Is 0 a term of the sequence 48 4, 2, ?
12 Is 270 a term of the sequence 3 1,9, ?
13 Is 405 a term of the sequence 0 ,6, ?
14 Find the first value of » for which the terms of the sequence 100 9, 6, is less than 20

15 Find the values of » for which the terms of the sequence —86 —83 —80  are positive
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16 Find the first negative term of the sequence 54 5, 6,
17 Find the first term that is greater than 100 in the sequence 3, 1,

18 The first term of an arithmetic sequence is —7 and the common difference is 8
Find the 100th term

19 The first term of an arithmetic sequence is 15 and the 3rd term is 31
a Find the common difference
b Find the 10th term of the sequence

20 The first term of an arithmetic sequence is 3 and the 5th term is 39
Find the common difference

21 The 2nd term of an arithmetic sequence is 19 and the 7th term is 54
Find the first term and common difference

22 Find the 20th term in an arithmetic sequence with 4th term 29 and 10th term 83

23 The common difference of an arithmetic sequence is 6 and the 5th term is 29
Find the first term of the sequence

24 1f the 3rd term of an arithmetic sequence is 45 and the 9th term is 75
find the 50th term of the sequence

25 The 7th term of an arithmetic sequence is 17 and the 10th term is 53
Find the 100th term of the sequence

26 a Show that log; x logs «* logs«® s an arithmetic sequence
b Find the 80th term

¢ Ifx =4 evaluate the 10th term correct to 1 decimal plac.

27 a Show that /3 V12 ,\/ﬁ is an arithmetic sequence
b Find the 50th term in simplest form

28 Find the 25th term of log, 4 log , 8, log, 16,
29 Find the 40th term of 54, 85, 114

30 Which term is 213y of the sequence 28y, 33y, 38y  ?
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1.03 Arithmetic series

The sum of an arithmetic series with 2 terms is given by the formula

Sum of an arithmetic series with n terms

S, = %(a + /) where 2 = 1st term and / = last (nth) term

Proof
Let the last or nth term be /
S,=a+@+d)+(@+2d)+ +I/ (1]
Writing this around the other wa:
S,=l+(-d)+(-2d)+ +ua 2]
(1] +[2]
2S,=@+D)+@+)+@+D)+ +(a+/)ntimes
=n(a+1)
n
S, =E(ﬂ+1)

We can find a more general formula if we substitute 7, =2 + (n — 1)d for /

Sum of an arithmetic series with n terms

%Z%Dﬂﬂn—Dﬂ

Proof

%=%@+n
=§m+ﬂ+m—1m]

:%pﬂ+@—1m]

We can also use these formulas to find the sum of the first # terms of an arithmetic sequence
(also called the nth partial sum)

Aihmeic
eie

Aihmeic
eie

Aihmeic
eie

Aihmeic
ie

Aihmeic
eie
exenion
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EXAMPLE 7

a Evaluate9+14+19+ +224

b For what value of 7 is the sum of the series 2+ 11 + 20+  equal to 618?

¢ The 6th term of an arithmetic sequence is 23 and the sum of the first 10 terms is 210
Find the sum of the first 20 terms of the sequence

Solution

a 2=9,d=5,T,=224
T,=a+@m-1)d
224=9+m-1)x5

=9+5n-5
=5Sn+4
220 =5n
4 =n
b 4=2,d=9,5,=618
Sn=%[2ﬂ+(n—l)d]

618:§[2x2+(n—1)x9]

1236 =n(4 + 91 -9)
=n9n - 5)

=9 - 5n

C T,=a+m-1)d
Ty=a+(6-1)d=23
a+5d=23
Sn=§[2ﬂ+(n—1)d]

Sio= %[Zﬂ +10 - 1)d] =210

5Qa+9d) =210
20+9d=42
(1] x 2:
(3] - (2]

20+ 10d =46
d=4

%=§@+n

= %(9 +224)

=5126

0=9n"—5n—1236
= (n - 12)(9n + 103)
(or use the quadratic formula)
n—12=0,92+103=0
n=12

(97 + 103 = 0 gives a negative value of 7)

MATHS IN FOCUS 12. Mathematcs Advanced
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Substitute d =4 in [1]

a+54)=23
a+20=23
a=73

Substitute 2 =3, d =2, n = 20 into the formula for S,

S =220+ 20~ D4

=106 +19x4)
=820

Exercise 1.03 Arithmetic series

1 Find the sum of 15 terms of each series
a 4+7+10+ b 2+7+12+ € 60+56+52+

2 Find the sum of 30 terms of each series
a 1+7+13+ b 15+24+33+ ¢ 95+89+83+

3 Find the sum of 25 terms of each series
a -2+5+12+ b 5-4-13-

4 TFind the sum of 50 terms of each series
a 50+44+38+ b 11+14+17+

5 Evaluate each arithmetic series
a 15+20+25+ +535 b 9+17+25+ +225
c 5+2-1- -91 d 81+92+103+ +378
e 229+225+221+ +25 f 2+6+14+ +94
g 0-9-18- 216 h 79+81+83+ +229
J

i 1441148+ —43 L1242+ 425

2 % 4
How many terms of the series 45 + 47 + 49 +  are needed to give a sum of 13657
For what value of # is the sum of the arithmetic series 5+ 9+ 13+  equal to 152?

How many terms of the series 80 + 73 + 66 +  are needed to give a sum of 495?

How many terms of the series 20 + 18 + 16 +  are needed to give a sum of 104?

© v ©® N o

The sum of the first 5 terms of an arithmetic sequence is 110 and the sum of the first
10 terms is 320 Find the first term and the common differenc.

11 The sum of the first 5 terms of an arithmetic sequence is 35 and the sum of the next
5 terms is 160 Find the first term and the common differenc.
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Geomeic
equence

Geomeic
pogeion

12
13

14

15

16

17

18
19

Find S,5 given an arithmetic series with 8th term 16 and 13th term 8.

The sum of 12 terms of an arithmetic series is 186 and the 20th term is 83 Find the sum
of 40 terms of the series

The sum of the first 4 terms of an arithmetic series is 42 and the sum of the 3rd and 7th
term is 46 Find the sum of the first 20 term.

a Showthatx+1,2x+4,3x+7, are the first 3 terms in an arithmetic sequence

b Find the sum of the first 50 terms of the sequence

The 20th term of an arithmetic series is 131 and the sum of the 6th to 10th terms
inclusive is 235 Find the sum of the first 20 term.

The sum of 50 terms of an arithmetic series is 249 and the sum of 49 terms of the series
is 233 Find the 50th term of the serie.

Prove that T, =S, - S, _ for any arithmetic sequence

a Find the sum of all integers from 1 to 100 that are multiples of 6

b Find the sum of all integers from 1 to 100 that are not multiples of 6

1.04 Geometric sequences

In a geometric sequence each term is formed by multiplying the previous term by a
constant The constant is called the common ratio 7

EXAMPLE 8
Find the common ratio of the geometric sequence
a 3,6,12, b -2,10,-50 C 112
25 25
Solution
a For this sequence 6 +3=2,12+6=2
So common ratio 7 = 2.
b For this sequence 10 +-2=-5,-50+10=-5
So common ratio » = =5
¢ 1.1 22 1 2

572525 55

: 2
So common ratio 7 = E
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In any geometric sequence a term is 7 times more than the previous term We can write this

as a recurrence relation

T =rT

n n—1

a i Findxif5,x4, isageometric sequence

ii  Find the sequence

— —  ageometric sequence?

a i Fora geometric sequence

Ezr and E—r
T 2
oD T
T T,
*_ 4
5 x
x? =225
x =225
==+15

Note « is called the geometric mean because x = /5 x 45

ii Ifx=15 the sequence is 5, 15,45, (r=3)
If

x=-15 the sequence is 5 -15,45, (r=-3)
T 6 4 T, 18 6

_2 _L

3 3
% # 5 so the series is not geometric

2
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General term of a geometric sequence

Given a geometric sequence with 1st term 7' = and common ratio

T=ﬂ T3=T2X7" T4=T3X7’
T,=T xr = () xr = (ar?) xr
=ar =ar =ar

Notice that the power of 7is one less than the number of the term So the power of 7 for 7, isn — 1.

nth term of a geometric sequence
T,=ar""!

EXAMPLE 10

a i Find the 10th term of the sequence 3 , 2,

ii  Find the formula for the nth term of the sequence
b Find the 10th term of the sequence -5, 10, -20
¢ Which term of the sequence 4 1, 6, is equal to 78 732?

d  The 3rd term of a geometric sequence is 18 and the 7th term is 1458
Find the first term and the common ratio

Geomeic
equence

Solution
a i Thisisa geometric sequence with b 4=-5r=-2,n=10
a=3,r=2andn=10. T, = ar!
_ n— 1
Ty=ar oot Tyo=—-5(-2)""""
TIO = 3(2) =_5x (_2)9
=3x2°
=2560
=1536
i T,=a""!
=3Q2)"!
¢ This is a geometric sequence with log19683 1
a=4,r=3and T,="78 732 log3
_n-1
T,=ar’" log19 683 tl=n
78 732 = 4(3)" log3
19683 =3""" 10=n
log 19 683 = log 3"~ So the 10th term is 78 732
=m-1log3

MATHS IN FOCUS 12. Mathematcs Advanced
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d Given T;=18
ar " 1=18
o’ =18
Given 75 = 1458
ar’ ~'=1458
ar® = 1458
(2] + [1]:
ar® 1458

o’ 18
=81
r=+Y81

=13

Substitute 7 = 3 into [1]
a(3)? =18
[1] 92 =18
a=2
Substitute 7 = -3 into [1]
(2] a(-3)* =18
92 =18
a=2

The first term is 2 and the common
ratio is +3

Here is an example of a geometric sequence involving fractions

a Find the 8th term ofg
315 75

b Find the first value of » for which the terms of the sequence %, 1,5,

Solution
T, 4 2
a —=—+-—
T 15 3
_2
s
L_8 4
T, 75 15
_2
s
So1f=z
5
T, =1

4 8

— — in index form

exceed 3000

b s4=—7r=5
T, > 3000
ar” = 1> 3000
%(5)”—1 > 3000
5771515000
log 5"~ > log 15 000

(n—1)log 5 >log 15 000

i
5

ne 1> log 15000
log5
ns log 15000 ‘1
log5
> 6974
Son=7

The 7th term is the first term to
exceed 3000
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Exercise 1.04 Geometric sequences

1 Is each sequence geometric? If so find the common rati.

a 5,20,60, b -4,3,-21 ¢ 22
4 4 14 49
5 41 18 8
d 7, SE’ 3§ e -144, -168 f 1;,5 37
1 7 81 . 7
g 5.7,1.71,0.513, h ZZ’_IE’W 1 63,9,1§
j —1%,15,—120
2 Find the pronumeral in each geometric sequence
a 42, x b -3,12,y ¢ 2,472,
d 42,6, e x8,32, f 5,p20,
g 7,y,063, h -3,m-12 i 3,x-415,
J 3 k-1,21, k ltl 11:i
4 9 303
3 Find the formula for the nth term of each sequence
a 1,525, b 1,.02,1.0404, ¢ 1,981,
d 210,50, e 6,18,54, f 816,32,
g %,1,4, h 1000 -100, 10, i -3,9,-27
124
J 3157
4 Find the 6th term of each sequence
a 8,24,72, b 936,144, ¢ 8,-32,128,
d -1,5,-25 e ERLE
3.9 27
5 What is the 9th term of each sequence?
a 1,24, b 412,36, ¢ 1,.04,1.0816,
d -3,6,-12 e 333
4 816
6 Find the 8th term of each sequence
a 3,15,75, b 21,284, ¢ 5-208,
1 3 9 47 510 45
-2 7 a7 910 30
d 210 S0 € 8172779’
7 Find the 20th term of each sequence leaving the answer in index for.
a 3,612, b 1,749, ¢ 104.04 °.04°
i e 2227
4 8 16 4 16 o4
8 Find the 50th term of 1, 11,121,  in index form
9 Which term of the sequence 4 2, 10, is equal to 12 500?
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10
11

12
13

14

15
16

17

18

19
20

Which term of 6 3, 26, is equal to 7776?
Is 1200 a term of the sequence 2 1, 18, ?
Which term of 3 2, 17, is equal to 352 947?

Which term of the sequence 8 —4,2, s %’?

Which term of 54 1,6, is i?
243

Find the value of 7 if the nth term of the sequence -2, 1% - 1% is — %

The first term of a geometric sequence is 7 and the 6th term is 1701
Find the common ratio

The 4th term of a geometric sequence is -648 and the 5th term is 3888
a Find the common ratio
b Find the 2nd term

. .2 .
The 3rd term of a geometric sequence is — and the 5th term is 1%
Find the first term and common ratio

Find the value of # for the first term of the sequence 5000 100, 20, that is less than 1

Find the first term of the sequence ; g, 2; that is greater than 100

1.05 Geometric series

The sum of a geometric series with 7 terms is given by the formulas

Geomeic
eie

Sum of a geometric series with n terms

n
a(r” —1
Sn = g Geomeic
il
This formula can also be written as
a(l-7"
s —d=r")
=~

aignmen

to be used if 7 is a fraction thati, —1 <7 <1 also written as || < 1.

Proof Geomeic

eie
poblem

The sum of a geometric series can be written

S,=a+ar+a’+ +ar’"! (1]

Multiplying both sides by 7

rS,=ra+ar+a’+ +a Y
=ar+art+ar+  +ar” 2]
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(2] - [1]
rS,-S,=ar"—a
S,r=1)=a@"-1)

_a(r" =)
(|
[1] - [2] gives the formula
S = a(l—7")
1-7

We can also use these formulas to find the sum of the first # terms of a geometric sequence

(also called the nth partial sum)

a Find the sum of the first 10 terms of the series 3 + 12 + 48 +

b FEvaluate 60+20+62 + +%

¢ Thesumofzntermsofl+4+ 16+ is21 845 Find the value of »

Solution

a This is a geometric series with 2 = 3,7 =4, n = 10.

Sn=ﬂ(r -1)
r—1
341°-1)
&=
10 -1
34—

3
=410_1
=1048 575

b a=60,r=1 T,,:Q

3 81

T,=ar""!
ar"” Y
81

ofl) -2
3 81
1y~ 1
) -5
11
o243
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So3" 1=243
=3
n—1=5
n==6
Since |r| < 1 we use the second

formula

_a(l-7")
r—1

S,

n

¢ a=1,r=4S,=21845

Sn=M
r—1
21 845 = 14" 7D
4-1
4" -1
3

Exercise 1.05 Geometric series

65535=4"-1
65 536=4"
log 65 536 =log 4"

=nlog4
log 65536 .
log4
8=mn

So 8 terms give a sum of 21 845

1 Find the sum of 10 terms of each geometric series

a 6+24+96+

2 Find the sum of 8 terms of each series

a -1+7-49+

3 Find the sum of 15 terms of each series

a 4+8+16+

4 TEvaluate
a 2+10+50+ +6250

¢ 3+21+147+ +7203

e -3+6-12+ +384

3+15+75+

8+24+72+

% - % + % —  (to 1 decimal place)

18+9+4L + +i
2 64

i+21+6i+...+1821
4 "4 4 4
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5 For the series 7+ 14 +28 +  find
a the 9th term b the sum of the first 9 terms

6 Find the sum of 30 terms of the series 109 + 109 %+ 109° +  correct to 2 decimal
places

7 Find the sum of 25 terms of the series 1 + 1.12 + 1.12°+  correct to 2 decimal places
8 Find the value of  if the sum of z terms of the series 11 +33 +99 +  is equal to 108 251

1023,
1024

9 How many terms of the series % + % + % + give a sum of

10 The common ratio of a geometric series is 4 and the sum of the first 5 terms is 3069
Find the first term

11 Find the number of terms needed to be added for the sum to exceed 1 000 000 in the
series 4+ 16 + 64 +

12 a Find the sum of 10 terms of the series 2 +4 + 8 +
b Find the sum of 10 terms of the series 1 +3 + 5 +
¢ Find the sum of the first 10 terms of the series 3 +7 + 13 +

PUZZLES

1 A poor girl saved a rich king from drowning one day. The king offered the girl a
reward of a sum of money in 30 daily payments He gave her a choice of payment:

Choice 1 $1 the first day, $2 the second dy, $3 the third day and s on.

Choice 2 1 cent the first day, 2 cents the second dy, 4 cents the third day and s on,
the payment doubling each day.

How much money would the girl receive for each choice? Which plan would give the
girl more money?

2 Can you solve Fibonaccis problem ?

A man entered an orchard through 7 guarded gates and gathered a certain number of
apples As he left the orchard he gave the guard at the first gate half the apples he had
and 1 apple more He repeated this process for each of the remaining 6 guards and
eventually left the orchard with 1 apple How many apples did he gather ? (He did not
give away any half-apples)
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1.06 Limiting sum of an infinite geometric series

In some geometric sequences the sum becomes very large as 7 increases for exampl, the
series2 +4+8+16+32+  We say these series diverge (their sum is infinite) o an ininie

Limiing sum

geomeic
eie

In other geometric sequences howeve, suchas 8 +4+2+1+  the sum does not increase
greatly after a few terms but approaches some constant valu. We say these series converge
(they have a limiting sum that is a specific value sometimes called the sum to infinity)

a Find the sum of 15 termsof 2 + 6 + 18 +

Geomeic
eie
owod

b By evaluating the sum of 10 terms and 20 terms correct to 4 decimal places for the

1 1

. 1 . e
series 2 + 1 + 5 + z + 3 +  estimate its limiting su.

Solution

a a=2,r=3,n=15

_a(r” 1)
r—1

S

7

=3"-1
= 14 348 906

b amgrel, o800
2 1-7

Sum to 10 terms

Sjp=—

DO

—

|
7/
v |

Sum to 20 terms

Sy=—=

=40000

The limiting sum is 4
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Can you see why the series 2+ 6+ 18 +  does not have a limiting sum and the series
1 1 1 -

2+14+=-+—+—+ hasalimiting sum?
2 4 8

Its because of the common rati. Only geometric series with common ratios that are
fractions | 7| < 1 will have a limiting su.

-7
Asn — oo 7 5 0when-1<7r<1

We write lim 7" =0
n—>o0

Limiting sum of a geometric series

S=—%_ when I < 1.
1-7

Proof
Sn:a(l—r”)
1-7
For|r|< 1, lim " =0
n—>o0
szﬂ(l—O)
1-7
_a
-

a  Find the limiting sum of the series 2 + 1 + % + % + % +

b  Find the sum to infinity of the series 6 + 2 + 5 +

3,15 11 0
¢ Does the series it et have a limiting sum?
Solution
a 4122,7':l

: 2
Since | < 1 the series has a limiting su. =7
S=17 2
-7
2
=2X—-
S 1
-1 =4
2

So the limiting sum is 4
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b 4=6 ¢ For—+—+1—+

1 2 1 1
2+6=§and§+2=§507’=§ 15 3 1115

Since || < 1 the series has a limiting

sum = 11
4
S = z o ° °
-, Since || > 1 this series does not have
6 a limiting sum
1
3
o
2
3
=6><E
2
=9

So the limiting sum is 9

DID YOU KNOW?

A series involving tand e

Here is an interesting series involving 1

Gottfried Wilhelm Leibniz (1646-1716) discovered this result It is interesting that
while 7 is an irrational number, it can be written as the sum of rational numbes.

Here is another interesting series involving e

2 3 x4

F=l+ao+—+"—4+"—4. ..
2 3 4

Remember2 =2x1,3'=3x2x1,4/=4x%x3x2x1 and so on

Research these and other serie.
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Exercise 1.06 Limiting sum of an infinite geometric series

1 Which series has a limiting sum? Find the limiting sum where it exists

a 9+3+1+ b %+%+1+ c 16-4+1-
2 7 49 2 4 51 1
d “+—+—+ e 1+=+—+ f —+—+—+
39 54 309 8 8 40
g —6+36-216+ h 2 4172124 i l+l+l+
4 '8 48 9 6 4
. 4 8
2——+—=-
J 5725
2 Find the limiting sum of each series
a 40+20+10+ b 320+80+20+ ¢ 100-50+25-
d 6+3+11+ e E+£+£+ f 72-24+8-
2 5 35 245
g +2-1s R i 12+9+62+
3 4 2 3 4
2 5 25

j Bl
3 12 96
3 Find the difference between the limiting sum and the sum of 6 terms of each series
correct to 2 significant figures

a 56-28+14- b 72+24+8+ c 1+%+2—15+
d 1,11, e ll+£+£+
2 4 8 4 16 64

L o !
4 A geometric series has limiting sum 6 and common ratio 3 Evaluate the first term of the
series

5 A geometric series has a limiting sum of 5 and first term 3 Find the common rati.

o . NN .. 2
6 The limiting sum of a geometric series is 95 and the common ratio is 3
Find the first term of the series

7 A geometric series has limiting sum 40 and its first term is 5 Find the common ratio of
the series

8 A geometric series has limiting sum —6% and first term —8 Find its common rati.

- o3 . .1
9 The limiting sum of a geometric series is 10 and its first term is -3
Find the common ratio of the series

10 The second term of a geometric series is 2 and its limiting sum is 9
Find the values of first term # and common ratio

11 A geometric series has 3rd term 12 and 4th term -3 Find # 7 and the limiting sum
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12 A geometric series has 2nd term % and 4th term % Find # rand its limiting sum

13 The 3rd term of a geometric series is 54 and the 6th term is 11%
Evaluate # » and the limiting sum

14 The 2nd term of a geometric series is % and the 5th term is 32

Find the values of # and 7 and its limiting sum

15 The limiting sum of a geometric series is 5 and the 2nd term is 1;
Find the first term and the common ratio

16 The series x + % + % +  has a limiting sum of % Evaluate x

17 a For what values of # does the limiting sum exist for the series &+ &* + & + 2
b  Find the limiting sum of the series when k = —%

¢ Evaluate k4 if the limiting sum of the series is 3

18 Show that in any geometric series the difference between the limiting sum and the sum
n
of 7 terms is

-r
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Fomula shet:

Meauemen

Sequence and
eie

Pacice quiz

For Questions 1 to 3 select the correct answer A B € or D

1 The sum of # terms of a geometric sequence is

A S =2a+(n-1)4d B S =2
2 1-7
c s -4=r) D S, =2@+))
1-7 2

2 The limiting sum of an infinite geometric series exists when

A r>1 B |1>1 C <1 D
3 The nth term of the statement that can be proved 12 6, is

A 9+3n B 15-3»n C 9-3 D
4 Find a formula for the nth term of each sequence

a 913,17, b 7,0 -7, c 2,6,18,

d 200,50, 127 e -2,4,-8

5 For the series 156 + 145 + 134 +
a Find the 15th term

b Find the sum of 15 terms
¢ Find the sum of 14 terms
d  Write a relationship between Ty5 S5 and Sy,
e Find the value of  for the first negative term of the series
6 Find whether each sequence is
i arithmetic il geometric iii neither.
a 97,93,89, b 213
3 28
c 520,445 d -16, —04.,
e 34,5 16, f 48,2412,
g —%, 1,-5, h 105,100, 95,
1 1 . 2 3
IE, IZ’ 1, J logxlog a® log x

r<l

12n -15
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7 'The nth term of the sequence 8 1, 8, is 543 Evaluate =

8 The 11th term of an arithmetic sequence is 97 and the 6th term is 32
Find the first term and common difference

9 A sequence has nth term given by T, = #’ — § Fin:

a the 4th term b the sum of 4 terms ¢ which term is 5827
10 Asequence hasterms 5 x 4,  Evaluate x if the sequence is
a arithmetic b geometric

11 Ifx, 2x+ 3 and 5« are the first 3 terms of an arithmetic series calculate the value of x

12 Find the 20th term of
a 3,10,17, b 101,98,95, c 03,.6,0.9,

13 Find the limiting sum of the series 81 + 27 + 9 +

14 TFor each series find the formula for the sum of » terms
a 5+9+13+ b 1+107 +107%+

15 a For what values of x does the geometric series 1 +x +a” +  have a limiting sum?
. o 3
b Find the limiting sum when x = 5
¢ Evaluate x when the limiting sum is 1%

16 The first term of an arithmetic series is 4 and the sum of 10 terms is 265
Find the common difference

17 Ifx+2,7x—2 and 15x + 6 are consecutive terms in a geometric sequence evaluate x
18 Evaluate 8 +14+20+  +122.

19 a Calculate the sum of all the multiples of 7 from 1 to 100
b Calculate the sum of all numbers from 1 to 100 that are not multiples of 7

20 The sum of z terms of the series 214 + 206 + 198 +  is 2760 Evaluate »

21 Evaluate # if the nth term of the sequence 4 1, 6, is 236 196
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1 The nth term of a sequence is given by 7, =

+1
a Whatis the 9th term of the sequence?
b  Which term is equal to 18%?
. 3n _ Sm
2 For the series & T v find the exact value of

a the common difference
b the 7th term

¢ the sum of 6 terms

3 Evaluate the sum of the first 20 terms of the series
a 3+5+9+17+33+65+
b 5-2+10-8+15-32+

4 Which term of the sequence 713 28 is equal to 224
9 45 225

7
28125

5 Find the sum of all integers between 1 and 200 that are not multiples of 9
6 Find the values of 7 for which S, > 2499 for the series 20 +4 + % +

7 The sum of the first 5 terms of a geometric series is 77 and the sum of the next 5 terms
is —2464
a Find the first term and common ratio of the series

b Find the 4th term of the series

8 a Find the limiting sum of the series 1 + cos’ x + cos' ¥+  where cos’ x#0, 1.

b  Why does this series have a limiting sum?
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FUNCTIONS

" TRANSFORMATIONS OF
. FUNCTIONS

_ In ths chapter you wll explore transformaions on the graph of the funcion  y = f x that move or
“. stretch the functon We have already met some transformtions of funtion in Year11.
0 For example we learned that the graph of y = ~fx s a reflecton of the graph of y = fx n the
. xaxs y=ksn xsthe graph of y=sn xbut stretched verically to ive an ampitude of ~ k, and
© . y=cos x+ b sthe graph of y=cos x shfted b unis o the rght

' You ill also look at both grapical and algebric soluions of equaions ving the transformtions
of functons

201 Vertical transltions of funtions n
202 Horzontal translatons of functons S 2
203 Verticaldiltions of funtions L %
2.04 Horzontal dlatons of functons N '

205 Combnatons of transformaions

206  Graphs of functons wth combned
fransformaions

2.07 Equatons and nequaltes



IN THIS CHAPTER YOU WILL:

understand and apply franslatons and dlatons of funcfons

apply combnatons of transformaions to funcions

use fransformaions to sketch the graphs of ifferent types of funtions
solve equatons and nequaltes graphcally and algebracally




TERMINOLOGY

dilation The process of stretching or scale facto: The value of 4 by which the graph
compressing the graph of a function of a function is dilated
horizontally or vertically. transformatio: A general name for the process
paramete: a constant in the equation of a of changing the graph of a function by moving
function that determines the properties of reflecting or stretching it
that function and its graph for example the translatio: The process of shifting the graph of a
parameters for y = 7 + ¢ are m (gradient) and ¢ function horizontally and/or vertically without
(y-intercept) changing its size or shape

2.01 Vertical translations of functions

. INVESTIGATION R

VERTICAL TRANSLATIONS

. Some graphics calculators or graphing software use a dynamic feature to show how a
. constant ¢ (a parameter) changes the graph of a function

- Use dynamic geometry software to explore the effect of ¢ on each graph below. If you
dont have dynamic softwar, substitute different values for ¢ into the equation Use

* positive and negative values integers and fraction.

1 floy=a+c 2 fx)=a+c
© 3 f)=xee 4 f)=xt+e
5 flx)=¢"+¢ 6 flx)=Inx+c
7 f(x)=%+c 8 flw=|x|+c

. How does the value of ¢ transform the graph? What is the difference between positive
. and negative values of ¢?

Notice that ¢ shifts the graph up and down without changing its size or shape We call this a
vertical translation (a shift along the y-axis)
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Vertical translation k7 y=fla)+c
For the function y = f(x) 0

y =f(x) + ¢ translates the graph vertically c ¥ =fl)
(along the y-axis)

If ¢ > 0 the graph is translated upwards
by ¢ units B : / N
If ¢ < 0 the graph is translated downward. /

A vertical translation changes the y values
of the function

n Year 11, we learned that
y sn x+ cs the graph of
y sn xshfted up cunts

a  Explain how the graph of y =&’ + 2 is related to the graph of y =

b If the graph of the function y =&* + 7x + 1 is translated 4 units down find the
equation of the transformed function

¢ The point P(3 -2) lies on the function y = f(x) Find the transformed point
(the image of P) if the function is translated

i 6 units down il 8units up

Solution

a  The graph of y =’ + 2 is a vertical translation 2 units up from the original (parent)
function y =«

b For a vertical translation 4 units down
y=f(x) +c where c=—4
Y= L +Tx+1-4
=a’ +7x-3
The equation of the transformed function is y = * + 7x — 3
¢ 1 P(3 -2)is translated 6 units down so subtract 6 from the y value
The transformed pointis 3 -2 — 6) = (3, -8)

. For ponts we use
il P(3 -2)is translated 8 units up so add 8 to the y value =' dentcal to

rather than

The transformed pointis (3 -2 + 8) = (3, 6.
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a  Sketch the graph of y =&’ — 3.
b i State the relationship of y = 1w y= 1
x x

il State the domain and range of y = 1,
x

iii Sketch the graph of y = 1,

—-2
Solution

@ Avertical translation of —3 units shifts the
function y =&’ down to the graph of y =2’ — 3.
If you need to find some points on the graph of
y=x" =3 you could subtract 3 from y values of y = x

b i y:l—Zisavertical
%
translation 2 units down of
1
y==
b

it Since x # 0 domain
is (o0, 0) U (0, o0)

98]

Sincel;tO,l—Z #=2
% %
So range is (—eo , =2) U (=2, o)

Since the horizontal asymptote
is at y = —2 we sketch
it as a dotted line
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Exercise 2.01 Vertical translations of functions

1 Describe how each constant affects the graph of y =«
a y=x«+3 b y=+"-7
¢ y=x-1 d y=a+5

2 Describe how each constant affects the graph of y = «°
a y=x+1 b y=4+'-4 c y=x+8

3 Describe how the graph of y = 1 transforms to the graph of y = ! +9
x x

4 Find the equation of each translated function
y =" is translated 3 units downwards
f(x) =2%is translated 8 units upwards
y=|x| is translated 1 unit upwards

a

b

C

d y=2"is translated 4 units downwards

e f(v)=logxis translated 3 units upwards
f

2. .
y =—is translated 7 units downwards
x

5 Describe the relationship between the graph of f(x) = «* and
a fw=x"-1 b fw=x'+6

6 Find the equation of the transformed function if
a y=2x"+3is translated
i 5 units down ii 3 unitsup
b y=|x| —4is translated
i 1unitup ii 2 units down
¢ y=¢"+2is translated
i 1 unitdown ii 3 unitsup
d y=log,x— 1is translated

i 11 unitsup ii 7 units down

7 If P=(1,-3) lies on the function y = f(x) find the transformed (image) point of P if the
function is translated

a 2 unitsup b 6 units down € s unitsup
8 Find the original point P on the function y = f(x) if the coordinates of its transformed
image are (—1 2) when the function is translate:

a 1 unitup b 3 units down

9 Sketch each set of functions on the same number plane
a y=« y=2'+2andy=+"-3
b y=3"andy=3"-4
¢ y=|x|andy=|x| -3
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10 a Describe the transformation of y = l intoy = l +1.
X

b  Sketch the graph of y = LY

X

11 The graph shows y = f(x) Sketch the graph o: v
a y=flx-1

2 =
b y=fw+2 1‘/\ =1
RN R

24

3x+1=l+3

x ox
b Hence or otherwise sketch the graph of y=

12 a Show that

3x+1

2.02 Horizontal translations of functions

s INVESTIGATION [N

HORIZONTAL TRANSLATIONS

. Use a graphics calculator or graphing software to explore the affect of parameter 4 on

Trashios . each graph below. If you dn’t have dynamic softwre, substitute different values for &
o - into the equation Use positive and negative value, integers and fractions for &
S 1 fe)=(x+b)’ 2 fx)=(x+b)
© 3 flw)=(x+b" 4 fy=e*"’
Gaphing . 1
ans\ci.ons o o — 6 -
ien - 9 fl)y=In(x+b) flx) oy

© 7 f)=|x+b]
. How does the graph change as the value of 4 changes?

. What is the difference between positive and negative values of 5?

.................................................................

Notice that the parameter shifts the graph to the left or right without changing its size or
shape We call this a horizontal translation (it shifts the function along the x-axis)

For a horizontal translation the shift is in the opposite direction from the sign of 4

To understand why this happen, we change the subject of the equation to x since the
translation is a shift along the x-axis For exampl:

y=@+5)
%/;=x+5
%/;—5=x

This is a shift of 5 units to the left
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Horizontal translations

For the function y = f{(x)

y=flx+b) y=
y = f(x + b) translates the graph y=flc+b) y=F)

b>0
horizontally (along the x-axis) y=flw+b)
b<0
If & > 0 the graph is translated to
the left by & units
If b < 0 the graph is translated to A

— / / / PO :
A horizontal translation changes

the x values of the function

n Year 1, we learned that y tan (x+ b) s the
graph of y  tan x shfted left b unts

a  What s the relationship of f(x) = log, (x + 3) to f(x) = log, x?

b If the graph y = (x — 4)’ is translated 7 units to the right find the equation of the
transformed function

¢ The point P2 5) lies on the function y = f(x) Find the corresponding (image) point
of P given a horizontal translation with 4 = 1.

d  The point Q (3, —4) on the graph of y = f(xx — 2) is the image of point P(x )
on y = f(x) Find the coordinates of P

Solution

a  f(x)=log, (x+3) is a horizontal translation 3 units to the left from the parent
function f(x) = log, «

b Ify=(x—4) is translated 7 units to the right
y=f(x+0b) where b=-7
y=@-4-7"=@-11)y
So the equation of the transformed function is y = (x — 11)*
¢ y=f(w+b) describes a horizontal translation (along the x-axis)
When b = 1, x values shift 1 unit to the left
Imageof P=(2-1,5)=(1,5)
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d  y=f(x—2)is ahorizontal translation 2 units to the right of y = f(x)
So (x y) becomes (x + 2, y)
But Q(3 —4) is the image of P(x y)
Sox+2,9=0G,-4
Sox+2=3,y=-4
x=1,y=-4
SoP=(1,-4)

a  The graph of y = f(x) shown is transformed

Vi
into y = f(x + &) Sketch the transformed graph if 4 =-3 37 /y=f@
24
1
T T — T >
21, 12 3"
2
Y

b Sketch the graph of

i y=lx+3| i y=
Solution

a  The graph y = f(x + b) where b = -3 describes
a horizontal translation of 3 units to the right

The transformed graph is 3 units to the right
of the original function
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The function y = |x+ 3| is in the
form y = f(x + b) where b = 3.

Since 4> 0,y = |«| is shifted
3 units to the left

y |x+3] 7
\\1- ///
\\ //
8-7-6-54-3-2-1] 123"
2

If you need to find some points on the graph of y =|x + 3 | you could subtract 3
from x values of y = | x|

y= is in the form y = f(x + b) where b = -2
r= 1

Since b < 0, y = — is shifted 2 units to the right
x

Hm—— e —— - -

7
|
—
1
cooooooooooooool=

Exercise 2.02 Horizontal translations of functions

1 Describe how each constant affects the graph of y = ¥

a y=@x-4" b y=@+2)’
2 Describe how each constant affects the graph of y = «°
a y=(x—5)3 b y=(x+3)3
3 Find the equation of each translated graph
a y=2" translated 3 units to the left b  f(x)=2"translated 8 units to the right
¢ y=|x| translated 1 unit to the left d y =2’ translated 4 units to the right

e f(x)=log x translated 3 units left
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‘ -

4 Describe how y = ! transforms to y =
x x—

TNEON)

5 Describe the relationship between f(x) = x™ and

a f)=@+2) b f(x)=@-5)"
6 Find the equation if

a y=-—x"is translated

i 4 units to the left ii 8 units to the right
b y=|x| is translated

i 3 unitsto theright i 4 units to the left
¢ y=¢""is translated

i 4 units to the left ii 7 units to the right
d y=log, (x—3)is translated

i 2 units to theright i 3 units to the left

7 If P=(1,-3) lies on the function y = f(x) find the image point of P if the function is
transformed to y = f(x + ) where

a b=-4 b /=9 ¢ b=t

8 Find the original point on the function y = f() if the coordinates of its image are (-1, 2)
when the function is translated

a 4 units to the left b 8 units to the right

9 Sketch on the same number plane

a y=+andy=(@+1) b f(x)=Inxandf(x)=1In (x+2)

10 The graph shown is y = f(x) Sketch the graph o: y
3_
a y=fx-1) b y=f+3)
2 =@
14
2o 13
2

11 Find the equation of the transformed function if f(x) = &’ is translated
a 5 units down b 3 units to the right
¢ 2 unitsup d 7 units to the left

12 The point P(3 -2) is the image of a point on y = f(x) after it has been translated 4 units
to the left Find the original poin.
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2.03 Vertical dilations of functions

A dilation stretches or compresses a function changing its size and shap.

. INVESTIGATION R

. VERTICAL DILATION

Explore the effect of parameter # on each graph below. If you dn’t have dynamic
. software substitute different values for k into the equation Use positive and negative
. values integers and fractions for

S fw) = kx 2 f(x) =k’ 3 flx) =k’
D4 () =kt . 5 f(x)=ke" 6 f(x)=klnx
: 1

7 fv)=k ;) 8 flw)=k|x|

. How does the graph change as the value of & changes?

. What is the difference between positive and negative values of ?

.................................................................

Notice that 4 stretches the graph up and down along the y-axis and changes its shape
We call this vertical dilation The value of the parameter % controls the amount of
stretching (expanding) or shrinking (compressing)

We call k the scale factor

Vertical dilations
For the curve y = f(x)

y = kf(x) dilates the curve vertically (along the y-axis) by a scale factor of %

If k£ > 1 the graph is stretche, or expandd. n Year 11, we learned that
y kcos x s the graph of
If 0 < k < 1 the graph is shrun, or compressd. y cos x strefched verically to

gve an ampltude of k.

A vertical dilation changes the y values of the function
p y = k(@)
k>1

=1

) = kf(x)
0<k<l
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The function y = & is dilated vertically by a factor of 3 Find the equation of the
transformed function

Describe how the function f(x) = logsz is related to the function f(x) = log, «

Find the scale factor of each dilation of a function and state whether the dilation
stretches or compresses the graph

= 7% =
J= 42 y 5

If a function y = f(x) has a vertical dilation with factor # the equation of its
transformed function is y = f(x)

So if the function y =« has a vertical dilation with factor 3 the equation of the
transformed function is y = 3%’

Since k£ > 1 the function is stretched verticall.

log, x

2

! log, x
2

fl)=

So the function is in the form y = kf(x) where k = %
Since 0 < k# < 1 the function is compressed verticall.

So f(x) =logsz is the result of f(x) = log, x being dilated (compressed) vertically

by a scale factor of %

The function y = kf(x) has scale factor &

y = 7x" has scale factor 7 (stretched)

X

| 3

y:

ex

=y

Scale factor is % (compressed)
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a  The point N = (-1 8) lies on the function y = f(x) Find the image of N on the
function y = kf(x) when

=y op=l
>

b A function y = f(x) is transformed to y = kf(x) If the image of point A on the
transformed function is (—6 12, find the coordinates of A when k = 3.

¢ The graph shown is y = f(x). Y
Sketch the graph of y = 2f(x) 3

d  Sketch the graphs of y = »* and y = % on the same set of axes

Solution
@ y=kf(x) describes a vertical dilation (along the y-axis)
So the y values of the parent function will change
i When k =5: y values are multiplied by a factor of 5
Image of N= (-1, 8 x 5) = (-1 40)
il When k= % y values will be multiplied by a factor of % (or divided by 2)
Image of N= (—1 8% %: =(-14)
b When k=3, (x y) becomes (x, 3y)
(%, 3)) = (=6, 12)
x=-6
3y=12
y=4
SoA=(-64)
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The graph of y = 2f(x) is a vertical dilation
of y = f(x) with factor 2
So each y value is doubled and the

graph is twice as high as the original graph
For example -

y =1 becomes y =2
y =2 becomes y =4

The transformed graph is still a parabola
However it is higher (stretched) and
narrower than the original graph

2
y= % is a vertical dilation of y = x* with scale factor %

"This halves the y values

(-3,9) becomes (_3 4%\

J
(24 becomes (-2,2)
1)
(-1, 1) becomes (—1 E)
(0,0) becomes 0, 0)
B
(1,1) becomes (—1 5)
2,4 becomes 2,2
1 A
(3,9 becomes (3 45)
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Reflections in the x-axis

You studied reflections in Year 11 in Chapte 5, Further functions

Reflections in the x-axis
y=—f(x) is a reflection of the curve y = f(x) in the x-axis

This is also a vertical dilation with scale factor k£ = —1

y y=flx)

EXAMPLE 7

a  Point P2 4) is on the function y = f(x) Find the image of P on the function y = —f{(x)

b Sketch the vertical dilation of f(x) = L with scale factor —1
5

Solution
a  The function y = —f(x) is a reflection in the x-axis
The y values are multiplied by —1

Image of P= (2,4 x [-1])=(2,-4)
b Avertical stretch with scale factor —1

. . 1. .
is a reflection of f(x) = — in the x-axis
%
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Exercise 2.03 Vertical dilations of functions

1

Describe how the constant affects each transformed graph given the parent functio,
and state the scale factor.

a y=x
i y=6x i yz% T
b y=4«
. 2 .o xz ™ 2
1 y=2x ] y:? m y=-x
3
C =X
?, 3 . x’ 4x°
1 y=4x i y="— i y=——
d s 7 3
i y=o oy=i iy =2
)’|| r=3 y=-g
e y=
i y=5|«| ii —m i y=-
= y=5g i y=—|x|
f flw=logx
. - 2logx
i flwy=9logx i f(x)=—logx iii f()——

Find the equation of each transformed graph and state its domain and range

a y=24" dilated vertically with a scale factor of 6

y =In x dilated vertically with a scale factor of %
flx) =| x| reflected in the x-axis

f(w) = ¢" dilated vertically with a scale factor of 4

o Qo o T

y= 1 dilated vertically with a scale factor of 7
x

Find the equation of each transformed function after the vertical dilation given
a y=3"with scale factor 5 b f(x) =’ with scale factor %
¢ y=x with scale factor -1 d y= ! with scale factor %

x

e y=|x| withscale factor%

Point M = (3 6) lies on the graph of y = f(«x) Find the coordinates of the image of M
when f{(x) is

a dilated vertically with a factor of 4 b reflected in the x-axis

¢ dilated vertically with a factor of 12 d dilated vertically with a factor of %

The coordinates of the image of X(x y) are (4 12) when y = f(x) is vertically dilated
Find the coordinates of X if the scale factor is

a 3 b 2 c - d

3 e -1
3 4
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6 Sketch each pair of functions on the same set of axes

a f(x)=log, xand f(x) =2 log, x b y=3"andy=23"
c yzlamdyzi d y=|x|andy=2]|x|
x x
e y=x3 andy:—x3
7 Points on a function y = f(«x) are shown on the graph N7
Sketch the graph of the transformed function showing 3 )
the image points given a vertical stretch with facto: 24 y=f
1_
a 3 b ! c -1
2 I
211237
8 Sketch the graph of y = 24/1— «? -2
Y

2.04 Horizontal dilations of functions

. INVESTIGATION (R R

. HORIZONTAL DILATIONS

¢ Use dynamic geometry software to explore the affect of parameter # on each graph
. below. If you dn’t have dynamic softwre, substitute different values for  # into the
. equation Use positive and negative value, integers and fractions for #

f 1 f(x)=ax 2 f(x) = (av)’ 3 flx)=(ax)’
D4 f(v)= ()} 5 flx)=e" 6 f(x)=Inax
5 7 f(x)=$ 8 f(x)=|ax|

. How does # transform the graph as the value of # changes?

. What is the difference between positive and negative values of 4?

.................................................................

Notice that with horizontal dilations the higher the value of # the more the graph is
compressed along the x-axis from left and right This is inverse variation and the scale factor

. oo 1
for horizontal dilations is —
a

"This is because horizontal dilation affects the x values of the function To see tis, we change
the subject of the function to x For exampl:
y =06’

3 n Year 1, we learned that y sn axis
\/; =3« the graph of y  sn x compressed horzontally
3

L

2n

to gve a perod of —.

3 [e]

=X

Dilaions o
uncion

Advanced
gaph
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This shows a scale factor of %

Like horizontal translations a horizontal stretch works the opposite way to what you would
expect because the equation is in the form y = f(x) rather than x = f(y)

Horizontal dilations
For the curve y = f(x)

y = f(ax) stretches the curve horizontally (along the x-axis) by a scale factor of 1
a

If 2 > 1 the graph is compresse. ¥ = flaw)

Ny a> =
If 0 <2 < 1 the graph is stretche. o U
y = flax)
- ~____» 0<a<l1
vz

\

Describe how the function f(x) = «° is related to the function flw) = (4x)*

The function y = In « is dilated horizontally by a scale factor of 2 Find the
equation of the transformed function

Find the scale factor of each function and state whether it stretches or compresses
the graph

y= F flo) = %

The function y = f(ax) is a horizontal dilation of y = f(x) with scale factor 1
a

So the function f(x) = (4x)’ is a horizontal dilation of f(x) = »* with scale factor %

If y = In « is dilated horizontally by a scale factor of 2
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y=¢*is in the form y = f(ax) where f(x) = ¢*
This is a horizontal dilation with 2 = 3.

Scale factor = 1 % (stretched)
a

x

The function is in the form y = f(ax) where f(x) = | x|

can be written as f(x) = Hx

This is a horizontal dilation with 2 = a

Scale factor =

(compressed)

The points P(-3 4) and Q(9 0) lie on the function y = f(x) Find the coordinates of
the images of P and Q for the function y = f(#x) when

a=3 421
5
When the function y = f(x) is transformed to y = f(ax) the coordinates of the image

of N(x y) are (16, —5) Find the coordinates of N when

a=4 ﬂ=l
2
The graph of y = 5* shown is transformed to y = 5** i
Sketch the graph of the transformed function 3
2 = b
4/./14
2 . 12 37
-24
Y

State the scale factor if the graph y = | x| is transformed to y =

‘x
graphs on the same set of axes

5 and sketch both

2. Transformtions of funtions



The function y = f(ax) is a horizontal stretch of y = f(x) with scale factor 1
a

When a = 3 scale factor is 1

All « values are multiplied by% (divided by 3)

1 A
Image ofPE(—3><§, 4 =(-14)
J

1 )
Image of Q E(‘)xg, 0) =(3,0)

When 4 =% scale factor is z or5

5
All x values are multiplied by 5

Image of P=(-3 x5 4) =(-154)
Image of Q= (9 x5,0)= (45, 0)

We multiply all x values by scale factor 1

When 2 = 4 scale factor is L

1 %
So (x y) becomes (WX— )’)z(_ y

4 4

x N\
(Z Y =(16,-5)

=16

S RN

When « =% scale factor is Lz or 2

2
So (x y) becomes (x %2 y)=(2x y)

(2x y)=(16,-5)
20=16

The graph of y = 5** describes a horizontal dilation

of y = & with scale factor %
So we halve the x values
x=—1 becomes x = —%

x =0 becomes x=0

x =2 becomes x = 1
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)

x =064

==
So N= (64 -5)

x=8
===
So N=(8,-5)
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The transformed function is still in the shape of an y= b2

exponential function but it has changed shape and siz. 3y_ y=b*
2]
T T T T T ;
2 -1, 1203
-2
The graph y = ‘% is a horizontal dilation of y = | x| with a scale factor 1 or 2
We double the x values ’
(-3,3) becomes (-6, 3) y
(-2,2) becomes (-42) 7 |x j_
(-1,1) becomes (-2,1) ]
(0,0) becomes 0, 0) . Tz
(1,1) becomes (2, 1) S B N T | » | zl .-
2,2)  becomes (4,2) = T O R T A
(3,3) becomes (6, 3) -2
You studied reflections in the y-axis in Year 11 in Chapter5, Further functions
Reflections in the y-axis 7 ) 1@
y = f(—x) is a reflection of the curve
y = f(x) in the y-axis
"This is a horizontal stretch with scale
1
factora =—=-1 - -
— X
y flax)
¥ a=-1

Notice that for even functions y = f(x) = f(—x)

Even functions are already symmetrical about the y-axis so the reflected graph is the same as
the original graph
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Sketch the graph of the horizontal dilation of y = ¢* with scale factor —1

The horizontal dilation with scale factor —1 is a
reflection of y = ¢" in the y-axis

Exercise 2.04 Horizontal dilations of functions

1 Describe the transformation that the constant makes on f(x) = x* and state the scale factor.

4

a f=(®" b -(})
4

c ﬂ@=(%) d ="

2 Describe whether the constant describes a horizontal or vertical dilation and
state the scale factor.

a y=« ,
i y=Qu) i y=(x) iii y=(§j
b y=x3 3
i y=4 i y:(%) i y= ()’
c y=« , -
i y=(Ow iioy=2 i y=flJ
8 4
d r=17] x 3w
i y=|5x| ii yzE iii yz?
e _)/st x
i y=53x i y=-5% iii y=5E
f flx)=logx
i f)=8logx il f(x)=log (—x) iii f(leog%
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3 Find the equation of each transformed graph and state its domain and range

a f(x)= |x| is dilated horizontally with a scale factor of 1

b y=4is dilated horizontally with a scale factor of 3

¢ y=« isreflected in the y-axis

d y=¢"is dilated vertically with a scale factor é

e y=log,xisreflected in the x-axis
4 Point X (-2 7) lies on y = f(x) Find the coordinates of the image of X on y = f(ax) given

a a= 2 b a= —1 C a= g
5 The function y = f(x) is transformed into the function y = f(ax) The coordinates of the

image point of (x y) on the original function are (—24 1) on the transformed functio.
Find the values of (x y) if

a a=3 b s=2 C ua= l
4
6 Sketch each pair of functions on the same set of axes .
a f(x)=Inxandf(x)=1n 2x) b y=2"andy=2%
c y=landy=i d y=|x|andy=|2«|
x 3x
e f(x)=+"and f(x) = 3x)° f y=Inxandy=In(-w)
7 Sketch the graphs of y = ¢* y = ¢** and y = 2¢* on the same set of axes
8 Explain why a reflection in the y-axis does not change the graph of
a y=« b ()= x|
9 Sketch the graph of y = f(ax) given the graph of y = f(x)
shown whe: i_‘
1
a a= E b a=2 3 y f(x)
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A function can have any combination of the different types of transformations acting on it
Combinaion

Transformations

For the curve y = f(x)

y =f(x) + ¢ translates the function verticaly:

e upifc>0

e downifc<0

y =f(«x + b) translates the function horizontally:

* totheleftif4>0

* totherightif/<0

y = kf(x) dilates the function vertically with scale factor %

* stretchesif k> 1

* compressesif 0 <k <1

e reflects the function in the x-axis if # = -1

y =f(ax) dilates the function horizontally with scale factor 1
*  compressesifz> 1 ‘

e stretchesif 0<a< 1

e reflects the function in the y-axis if # = —1

Find the equation of the transformed function if y = +* is shifted 2 units down and
5 units to the left

Find the equation of the transformed function if y = ¢" is dilated vertically by a scale
factor 3 and translated horizontally 2 units to the right

Starting with y = «*
A vertical translation 2 units down gives y = x* — 2.
A horizontal translation 5 units to the left gives b = 5.

So the equation becomes y = (x + 5)* - 2.
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Notice that we could do this the other way around
A horizontal translation 5 units to the left gives y = (x + 5 )

A vertical translation 2 units down gives y = (x + 5)* = 2.

Starting with y = ¢"

A vertical dilation of scale factor 3 gives y = 3¢"

A horizontal translation 2 units to the right gives b = -2
So the equation becomes y = 3¢* ~*

Notice that we could do this the other way around

2

A horizontal translation 2 units to the right gives y = ¢~

A vertical dilation of scale factor 3 gives y = 3¢* ~*

When the transformations are both vertical or both horizontal then the order is importan.

When the function y = & is translated 3 units up (vertically) and vertically dilated by
scale factor 4 the equation of the transformed function is y = 44" + 3 Find the order
in which the transformations were done

The equation of the transformed function is y = (2x + 5)° when the function y = &’ is

horizontally dilated by scale factor 1 and translated 5 units (horizontally) to the left

In which order were the transformations done?
The equation of the transformed function is y = In [3(x — 2)] when the function

y =In « is horizontally dilated by scale factorl and translated 2 units (horizontally)

to the right In which order were the transformations done ?

Starting with y = &
A vertical translation 3 units up gives y = x* + 3.
A vertical dilation by scale factor 4 gives y = 4(x” + 3).

This is not the equation of the transformed function

ISBN 97807043220 2. Transformtions of funtions



"Try the other way aroun:
A vertical dilation by scale factor 4 gives y = 4x”
A vertical translation 3 units up gives y = 4x” + 3.

So the correct order is the vertical dilation then the vertical translatio.

b Starting with y =’

A horizontal dilation of scale factor % gives 2 = 2 so the equation is y = (2x)’
A horizontal translation 5 units to the left givesb=5soy=[2(x + 5 NE
"This is not the equation of the transformed function
"Try the other way aroun:
A horizontal translation 5 units to the left gives y = (x + 5)°
A horizontal dilation of scale factor % gives 2 = 2 so the equation is y = 2x + 5)’
So the correct order is the horizontal translation then the horizontal dilatio.
¢ Starting with y=Inwx
A horizontal dilation of scale factor % gives y =In 3x)
A horizontal translation 2 units to the right gives y = In [3(x — 2)]

So the correct order is the horizontal dilation then the horizontal translatio.

Doing the horizontal dilation first gives y = f{a(x + b)) while doing the horizontal translation
first gives y = flax + b)

We can state the order we want to perform the transformation.

Find the equation of the function if y = is first horizontally dilated with scale factor 1
then translated 3 units to the right 2

Solution

A horizontal dilation with scale factor % gives a = 2.
So y = 2* becomes y = (2x)’

A horizontal translation 3 units to the right gives b = -3

Soy= (2x) transforms to y=[2(x— 3 Remember to put brackets around x — 3

We can combine all the transformations into a single expressio:
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Equation of a transformed function

y = kf(a(x + b)) + c where 2 b cand k are constants is a transformation of y = f(x)

o

. . 1
a horizontal dilation of scale factor —
a
a horizontal translation of &
a vertical dilation of &

a vertical translation of ¢

Order of transformations
For y = kfla(x + b)) + ¢

1
2

do horizontal dilation (#) then horizontal translation ( 4)

do vertical dilation (k) then vertical translation ( ¢)

It doesnt matter whether you do horizontal or vertical transformations firs.

Notice that the horizontal dilation and translation parameters # and b are inside the brackets
(they change x values) and the vertical dilation and translation parameters k4 and ¢ are outside
the brackets (they change the y values)

Describe the transformations of y = ¢" in the correct order to produce the transformed
. I,
function y > T =3

Describe the transformations of y = x” in order that give the transformed function
y=3Qx—-6)* +1.

Find the equation of the transformed function if y = f{x) undergoes a vertical dilation
with factor 5 a horizontal dilation with factor —1 a translation 4 units to the right
and 9 units down

1
Fory=—=¢" -3:
772
Horizontal transformations (# and 4) No dilation 4 =1 gives a translation 1 unit left

. . g 1 . .
Vertical transformations (k and ¢) dilation of scale factor = and translation 3 units down
Correct order is

1  Horizontal translation 1 unit left
2 Vertical dilation of scale factor %

3 Vertical translation 3 units down
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For y=3Q2x—6)* + 1:
First put the equation in the form y = kfla(x + b)) + ¢
y=3Qx—6)+1
=320 -3)]*+1
Horizontal transformations dilation # =2 and translation b = -3
Vertical transformation: dilation % =3 and translation ¢ =1
1 Horizontal dilation of scale factor %
2 Horizontal translation 3 units right
3 Vertical dilation of scale factor 3
4 Vertical translation 1 unit up

Alternative method There is another possible orde, if you notice that
y=3Qx - 6)* + 1 is of the form y = kflax + b) + ¢ where the (ax + b) is not factorised
so we can do the horizontal translation first then horizontal dilatio.

The horizontal translation is 6 units right (b = —6) followed by a horizontal

dilation of scale factor % then 3 and 4 as abov.

We require y = kfla(x + b)) + ¢

Horizontal transformations dilation # =—1 and translation b = —4
Vertical transformation: dilation % =5 and translation ¢ = -9

Horizontal transformations y = kf{-1(x—4)) + ¢

Add vertical transformations y = 5f—(x—4)) -9

"This answer can also be written as y =5l—«x+4) -9 or y=5f4-x)-9

We can find the domain and range of functions without drawing their graph.

Effect of transformations on domain and range
Horizontal transformations change x values so affect the domain

Vertical transformations change y values so affect the range
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Find the domain and range of

f@)=-3@-27>+5 y=5V2x+1

y =« has domain (—eo e0) and range [0 o)
Horizontal transformations affect the domain
No horizontal dilation

Horizontal translation 2 units right domain of x — 2 is (—eo o) so domain of f(x) is
unchanged

Vertical transformations affect the rang:

Vertical dilatio, scale factor —3 Range of y is [0, =) so range of 3 y is 3 times as
much so no change for [, o)

But the - sign in —3 means the y is reflected in the x-axis so range of —3y is (-, 0.
Vertical translation 5 units u: Range of —3y is (—eo 0] so range of =3y + 5 is (oo, 5].
So y=-3(x - 2)* + 5 has domain (—e ) and range (—eo, 5].

y=+/x has domain [0 eo) and range [0 o)

Horizontal transformations affect the domain

Domain of 2x + 1 is [0, ) so 2x+ 1 >0
202> -1
1

X 2Z——
Vertical transformations affect the rang:

Vertical dilatio, scale factor5: Range of /2x+1 is [0, =) so range of 5 /2x +1

is 5 times as much so unchange.
No vertical translation

So y =5+2x +1 has domain l:—% oo) and range [0 oo)
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Exercise 2.05 Combinations of transformations

1 The point (2 —6) lies on the function y = f(x) Find the coordinates of its image if the
function is

a horizontally translated 3 units to the right and vertically translated 5 units down
b translated 4 units up and 3 units to the left
¢ translated 7 units to the right and 9 units up

d translated 11 units down and 4 units to the left

2 Find the equation of the transformed function where f(x) = «° is reflected
a in the x-axis and vertically dilated with scale factor 4

b in the y-axis and horizontally dilated with scale factor 3

3 Find the equation of each transformed function

y =" is translated 3 units down and 4 units to the left

fl@) = |x| is translated 9 units up and 1 unit to the right

f(x) =« is dilated vertically with a scale factor of 3 and translated down 6 units

y =¢"is reflected in the x-axis and translated up 2 units

y =4’ is horizontally dilated by a scale factor of % and translated down 5 units

= 0 o 0~ U Q

flw) = 1 is vertically dilated by a factor of 2 and horizontally dilated by a factor of 3
x

g f(®) =+/x is reflected in the y-axis vertically dilated by a scale factor of 3 and
horizontally dilated by a scale factor of %

h  y=Inwxis horizontally dilated by a scale factor of 3 and translated upwards by 2 units

i f(x)=log, x is horizontally dilated by a scale factor of L and vertically dilated by a
scale factor of 3 4

j  y=4«ishorizontally dilated by a scale factor of 2 and translated down 3 units

4 Describe the transformations to y =&’ in the correct order if the transformed function
has equation

a y=@-17+7 b y=4r-1 ¢ y=-5¢'-3
d y=2+7)° e y=6Qr-4°’+5 f y=26x+9°-10
5 Describe the transformations in their correct order for each of the functions from
a y=logxtoy=2log (x+3)-1 b fx)=x"tof(x)=—(Gx)*+9
¢ y=ctoy=20"-3 d f@=Vrtof¥)=4Jx-7+1
e y=|x|toy=|2@+1| -1 f yzltoy:—i+8
X 2x

MATHS IN FOCUS 12. Mathematcs Advanced ISBN 97807043220



6 The point (8 —12) lies on the function y = f(x) Find the coordinates of the image point
when the function is transformed into

a y=3fx-1)+5 b y=—fC2x-7 ¢ y=2fx+3)-1
d y=6f(—x)+5 e y=-2f2x-4)-3

7 Given the function y = f(x) find the coordinates of the image of (x y) if the function is
a translated 6 units down and 3 units to the right
b reflected in the y-axis and translated 6 units up
¢ vertically dilated with scale factor 2 and translated 5 units to the left
d horizontally dilated with scale factor 3 and translated 5 units up
e

reflected in the x-axis vertically dilated with scale factor , translated 6 units to the
left horizontally dilated with scale factor 5 and translated 1 unit down

8 Find the equation of the transformed function if y = f(x) is
translated 2 units down and 1 unit to the left

translated 5 units to the right and 3 units up

reflected in the x-axis and translated 4 units to the right
reflected in the y-axis and translated up 2 units

reflected in the x-axis and horizontally dilated with a factor of 4

- 0 o o T Q

vertically dilated by a scale factor of 2 and translated 2 units down

9 Find the equation of the transformed function using the correct order of
transformations for y = kfla(x + b)) + ¢

a fx)= ! is reflected in the y-axis translated up 3 units and dilated vertically by a
x

scale factor of 9

b y=4is translated down by 6 units and by 2 units to the left and is horizontally
dilated with scale factor %

¢ f(x) =In x has a vertical dilation with factor 8 a vertical translation of 3 dow, a
horizontal dilation with factor 2 and a horizontal translation of 5 to the right

d y= Jx has a vertical translation of 4 up a horizontal translation of 4 to the lef, a
reflection in the y-axis and a vertical dilation with factor 9

e f(x)= |x| is translated up by 7 units dilated horizontally by a factor of é and
reflected in the x-axis

f y=4is translated 4 units to the left then dilated horizontally with scale factor %

g y=2"is translated up by 5 units translated 2 units to the righ, then is vertically
dilated with scale factor 6
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10 Find the domain and range of each function
a f@=@E+3>+5 b y=5|-2x|-2 c fw=
d y=4%12 e fx)=3log(Bx—6)-5

! +1
-4

2x

11 a By completing the square write the equation for the parabola y =’ + 2x — 7 in the
f01rmy=(x+zl)2 +b

b Describe the transformations on y = «” that result in the function y = &* + 2x — 7.
12 Describe the transformations that change y = x” into the function y = * — 10x — 3.

13 The function y = f(x) is transformed to the function y = kf(a(x + b)) + ¢
Find the coordinates of the image point of (x y) when

a c=5,b=—3,/e=23nda=%
b ¢=-2,b=6k=-1anda=3

14 a Find the equation of the transformed graph if »* + y* = 9 is translated 3 units to the
right and 4 units up

b The circle +* +y* = 1 is transformed into the circle &* — 4x +y* + 6y + 12 = 0.
Describe how the circle is transformed

2.06 Graphs of functions with combined
h‘ transformations

ween  We can find points and sketch the graphs of functions that are changed by a combination of
transformations Translations are the easiest transformations to use since they shift the graph
while keeping it the same size and shape

Sketch the graph of y = (v — 2)* - 5.

Solution

y=(x—2)* =5 is transformed from y = »” by a horizontal translation of 2 units to the
right and a vertical translation of 5 units down

The vertex (turning point) of parabola y = 2 is (0, 0.

So the vertex of y = (x = 2)* = 5 is (0 + 2,0 — 5) = (2, =5)

Sketching the graph we keep the shape of y = and shift it to the new vertex

WEe can find the intercepts for a more accurate grap.
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For x-intercepts y =0 For y-intercepts x =0

0=(x—2)>%-5 y=(0-2y-5
5=(x-2) =4-5
S5 =a-2 =-1
2+ ﬁ =
So the x-intercepts are approximately 42 —02 y
104
To find other points on the grap, you can transform g
points on y = &” the same way as for the vertex | y @=2?2-5
6_
Sketch the graph using a scale on each axis that 4
will show the information For exampl, the )
vertex is at (2 —5) so the y values must go B N
down as far as y =-5 ) _'12_ L2 3 A 57
_4_
—6- 2 -5
-84
—10
-121
EXAMPLE 17
The graph y = f(x) shown is reflected in the y-axis Vi
dilated vertically with a scale factor of 2 and 7
translated 1 unit up 6
Sketch the graph of the transformed function a
4_
3 -
2l y f®)
1 .
3 —'2—'1_1_ | 5 3 4 *
2
Y
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A reflection in the y-axis is a horizontal dilation
with scale factor —1

Multiply each x value by -1
x =1 becomes x = -1
x =4 becomes x = -4

x =-2 becomes x =2

For a vertical dilation with scale factor 2
Multiply each y value by 2
y=—1becomes y =-2

y=3 becomes y=6

For a vertical translation 1 unit up
Add 1 to y values
y=06becomesy=7

y=-2 becomes y =-1
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In the previous example we took one transformation at a tim. In the next exampe, we take
transformations together (in the correct order) and plot images of key points on the original
(parent) curve

The function y = f(x) is sketched 7
. . . -25)

below with stationary (turning)

points as shown

vy 129

Describe the transformations if y = f(x) is transformed to y = 3f(x + 1) — 2 and
how they change the coordinates (x y) of the parent function

Find the coordinates of the image of each stationary point when the function is
transformed

Sketch the graph of y =3f(x + 1) - 2.

Describe the transformations if y = |« | is transformed to y =—|=|+ 3 and the

x
image of point (x y) on the parent function ‘

Sketch the transformed function

Transformations (in order) ar:

A horizontal translation 1 unit to the left
So (v y) becomes (x — 1, y)

A vertical dilation scale factor :

So (x — 1, y) becomes (x — 1, 3y)

A vertical translation 2 units down

So (v — 1, 3y) becomes (x — 1, 3y — 2)

For (-2, 5:

Image becomes (-2 — 1,3 x5 —2)=(-3, 13.
For (1 -9)

Image becomes (1 — 1, 3 x [-9] — 2) = (0, -29)
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y = f(x) passes through (0 0. 3 13) i

Image becomes (0 — 1,3 x0—2)

=(-1,-2)
Sketch the graph showing this Y= =2
information using a suitable -25)
scale on each axis For exampl, TN 4
the y values must go up to 13 / \ /
and down to —29 ! \ f
'I \ / x

~—_
-
~

0 -29)

Transformations (in order) ar:

A horizontal dilation scale factor :

So (x y) becomes 2x y)

A vertical dilation scale factor —1 (reflection in the x-axis)
So (2x y) becomes (2x —y)
A vertical translation 3 units up

So 2x —y) becomes 2x —y + 3).

The intercepts of y = | x| are at (0, 0.
Image of (00)is 2 x0,-0+3)=(0, 3.

We can find the intercepts on y = —‘% +3
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For x-intercept y =0

0=-
B =
3=%

2
+3=2

2
t6=x

For y-intercept «x = 0:

+3

__‘9
Y=72
=3

Sketching this information using an appropriate scale gives the graph

)
61

‘//—'6—5—4—3—2—1_1_ 12 3 45

\

1 Given f(x) = «” sketch the graph o:

a fx)= & + ¢ when

i ¢>0

b (= (x+b5)”when

i >0

¢ f(x)=kx’ when

i k>1

d  f(x) = (ax)’ when

i a>1

i <0
i /<0
ii O<k<l

ii O<a<l

Exercise 2.06 Graphs of functions with combined transformations

i k=-1

2 Sketch the graph of the transformed function if the parabola y = +* is transformed into

a y=(@+2)’+4
d y=—(@+1)'-2

ISBN 97807043220

b y=@-3"-1
e y=2x-17>-4

¢ y=@-17+3

2. Transformtions of funtions



3 Sketch the graph of the transformed function if the cubic function y = & is
transformed into

a y=@-1>+2 b y=ux-2°-3 c y=—(@@+1’+4
d y=2@+3P°-5 e y=3x-1>-2

4 A cubic function has stationary points at (6 1) and (-3, -2)
a Find the images of these points if the function is transformed to y = -2/(3x) + 1.
b  Sketch the graph of the transformed function

5 Given each function y = f(x) sketch the graph of the transformed functio.

a y i y=3fx-1) il y=—Q2x)+3
3_
2
H ¥ f®
T T T T Ix
2~ 123
2
. . x)
b y i y=3fw+3)-2 ii y:—Zf(— +3
3 4
2
v 1
14
AN YESE
2
c y i y=2f(~)-1 i y=-3fQx+4)+2
3_
2
\ e
T hd T T |x
2 -] 1 3
2
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6 For the function y = f(x) with turning points as shown sketch Vi

the transformed function if it is vertically dilated with scale 00
factor 3 translated 4 units dow, and horizontally translated \ / y f)
2 units to the left \/ \ -
4-7)
7 For the function y = g(x) with turning points as shown Vi
sketch the graph of the transformed function *12)
y=-gl2-D]-5. (-25)

y g
VANZY N

/]

8 Sketch the graph of

a y=-3@w-2y +1 b y=2""'-4
¢ flo=3Jx-2-1 d y=2|3x| +4

e y=-0G’+1

9 Sketch the graph of
a y=3-2lnx b flxy=-2¢+1
¢ y=1-@+1) d y=i+3
x-1
e y=-2x-3)+1

10 a The coordinates of the image of (v y) when y = f(x) is transformed to
y=3f(w—2)+1are (-3 2. Find the original point ( x y)

b  Sketch the graph of the original function y = f(x) if y = 3f(x — 2) + 1 is a cubic
function with turning points (-3, 2) and (2, -4)

11 The coordinates of the image point of the vertex (x y) of a parabola are (=24 18) when
y = f(w) is transformed as shown below. Find the coordinates of the original point (¢ y)
and sketch the graph of the original quadratic function

a y=3fx-2)-5
b y=—5fB(+1D)]
¢ y=2fQx-6)-3
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Solving
inequaliies
gaphically

2.07 Equations and inequalities

We can use the graphs of transformed functions to solve equation.

The graph of the cubic function
y=2(x—1)’ =5 is shown

a  Solve graphically
i 2x-1’-5=0
i 20c-1°-5=10

b Solve each of the equations in part a
algebraically.

Solution
a i Thesolution of 2(x— 1)’ =5=01s
where y = 0 (x-intercepts)

From the graph the
x-intercept is 24

The solution is x = 24

il Draw the line y =10 on
the graph

The solution of 2(x — 1) =5 =10
is where the line intersects the
graph

The solution is x = 29

b i 2x-1P°-5=0

2—1°=5
(x=1°=25
x—l=%/ﬁ
x=3Y25+1
=236

y=2x-1) -5

y=2x-1) -5

i 20-1°-5=10
20c—1’°=15
x-1>=75

x—1=375

x=375+1
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We can use transformed functions to find solutions to practical question.

The graph of N =27¢"* shows the number N N

of cases of measles over # weeks in a country region 30+
a  Use the graph to find the solution 25
to 278_025t= 10. 20
b State the meaning of this solution 151
¢ Solve the equation algebraically. 10+
5 .
5 10 15 t
Solution
a  Draw the line N =10 on the graph 3]\5 ]
The solution will be where the 25
line intersects the graph 0
The solution is t =4 154
10 N=10
5 N=27¢02
é ll() 1I5 t

b This solution means that after 4 weeks there will be 10 cases of measles

c 27¢1=10
e—OZitZE
27
Ine®*=In w
27
—025 +=-099325
. 099325
-025
=397300
=397
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We can solve inequalities graphicall.

The graph is of the function di

d= —%(Zt + 1) + 7 where d is the distance (in cm) 61
-1 +1)+

of a marble at ¢ seconds as it rolls towards a barrier. d=5 @+ D7

Solve graphically and explain the solutions

—%(2t+1)+7=4 ]
1 T T T bl
_§(2t+1)+724 2 4 6 1t
Sketch the graph of y = 2(x + 3)* — 5 and solve graphically
2x+3)°-5=3 2 +3)°-5<3
Draw the line d = 4 across the graph d

From the graph the solution of 6'\
1 .
—§(2t+1)+7—4lsx—2.5. 4 d=4

This means that at 25 seconds the marble
is 4 cm from the barrier. 2

d:-%(2t+1)+7

The solution of—%(Zt + 1)+ 7 241is all the

t values on and above the line
d =4 shown in purpl.

For this part of the graph 7<2.5.
Because # 2 0 (time is never negative) 0 <7< 25 is the solution

This means that for the first 25 seconds the marble is 4 cm or more from the
barrier.

The function y = 2(x + 3)* — 5 is a transformation of y = x*

The vertex of y = &7 is (0, 0.
The image of (0 0)is (0 —3,0x 2 —5)=(-3,-5)

MATHS IN FOCUS 12. Mathematcs Advanced ISBN 97807043220



For x-intercept y=10 For y-intercept =0

0=2(x+3y°-5 y=2(0+3)7-5
5=2(x+3) =2(9) -5
25 =(x +3)? =13
i\/ﬁ=x+3
i\/ﬁ—3=x
~14 46 =x

Sketch the graph using a suitable scale on the axes

y 17
14
13

-6 —514 3 -1, 12 3°
46 F14
4

—6
¥

Draw the line y = 3. 7 2 +372=5

From the graph the solution of
20 +3)’ -5=3isx=-5,-1

The solution of 2(x + 3)*> = 5 < 3 isall x
values below the line y = 3.

From the graph the solution of y=3
20 +3)Y -5<3is—5<a<-1 \
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Exercise 2.07 Equations and inequailities

1 For each function y = f(x) state how many solutions there are for the equation

fx)=0.

a J b i

=Y

/
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2 The graph of the quadratic function
f@)==2(x + 1)* + 3 is shown
a Solve graphically
i 2@+ 1)?+3=1
i 2@+ 1) +3==-2
iii —20c+1)2+3=0

b Solve —2(x + 1)’ + 3 = 0 algebraically.

3 The graph of the linear function
f(x) =3(4x - 5) - 2 is shown
Use the graph to solve
a 3(@r-5-2=0
b 3@4r-5-2=5
€ 3@x-5-2=-15
d 3@x-5-2>10
e 3@xr-5)-2<20

ISBN 97807043220

20

f@)==2@x+1)+3

@) =3(@x—5)-2

52 L]
—10

-151

7
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4 a Sketch the graph of the cubic function y = — (v + 3)’ + 1.
b Solve graphically
i —(x+3°+1=0
ii —(x+3)’+1=-10
i —(x+3)°+1=-20
¢ Solve —(x+ 3)’ + 1 = 0 algebraically.

5 a Sketch the graphof y =3 |x-2| +4
b How many solutions does the equation 3 |x—2| +4 =1 have?

¢ Solve 3 |x—2]| +4=10 graphically and check your solutions algebraically.

6 a Sketch the graph of the function f(x) = % — 4 showing asymptote.
x—

b Solve the equation -4=-5

x—=3

¢ Solve -4=-2

r—
7 The formula for the area of a garden with side x metres is given by A = —3(x — 2)* + 18.
a Draw the graph of the area of the garden
b  From the graph solve the equation —3(x — 2)* + 18 = 10.

8 A factory has costs according to the formula C = 2(x + 1)* + 3 where C stands for costs
in $1000s and «x is the number of products made
a Draw the graph of the costs
b  Find the factory overhead (cost when no products are made)

¢ Solve 2(x + 1)* + 3 = 20 from the graph and explain your answer.

\
9 Loudness in decibels (dB) is given by dB = 10 log (§ where [ is a constant

a Sketch the graph of the function given I = 2. ’

b From the graph solve the equation

N
i 1010g(§ =5
J
N

i 10 log(? =2
)
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10 According to Newtons law of coolin, T
the temperature 7 of an object as it 907
cools over time 7 minutes is given by the 80
formula 7'= A + Be™ The graph shown 70 o3
is for the formula T'= 24 + 70¢™ for 60 T=i24470¢ >
a metal ball that has been heated and is 501
now cooling down 40
304
20
10
6 5 4 3 2 -1 123 45 6°
—104
-204

a From the graph solve these equations and explain what the solutions mea.
i 24+470e7%7=50 i 244707 =30

b  Solve these equations algebraically
i 24+470e7%7=80 i 244707 =26

¢ What temperature will the object approach as # becomes large?

Can you give a reason for this?

11 a Sketch the graph of y = (x — 1)* - 2.
b From the graph solv:
i (x—1°-2=2 i (x—1°7-2>2 il (—-1Y7-2<2

12 a Sketch the graph of f(x) = —Qx + 4)* + 1.
b From the graph solv:
i —Qe+dP+1=-3 i —Qx+4’+1>-3 il —Qr+4)7+1<-3
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20 TEST YOURSELF

For Questions 1 to 3 choose the correct answer A B € or D

- 1 The function y = f(x) transformed to y = f(x — 8) is
| A  avertical translation 8 units up
B  ahorizontal translation 8 units to the right
C avertical translation 8 units down
D ahorizontal translation 8 units to the left

2 -

2 The graph below is a transformation of y =«
Find its equation

A y=(x+3) B y=(x-3)
C y=—(x+3) D y=—(x-3)

3 Find the coordinates of the image of (x y) when the function y = f(x) is transformed
toy=-2f(x+1)+4
A (x+1,-2y-4 B @+1,-2y+4)
C @-1,-2y+9 D («+1,2y+4

4 a Draw the graphof y=¢*"'-2.
b  Use the graph to solve ¢* ' =2 =8.
¢ Solve ¢! =2 =20 algebraically.

5 The point (24 36) lies on the graph of y = f(x) Find the coordinates of its image point if
the function is transformed to

a y=3f(4x) -1 b y=fBx+2)]+4 ¢ y=5f(x)-3
d y=-2f(x+7)-3 e y=—fQ2x-8)+5
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6 Find the equation of each transformed function
a y=« is translated
i 3 units up ii 7 units to the left
b y=|x]isdilated
i vertically with scale factor 3
ii horizontally with scale factor 2

¢ f(x)=In «xis dilated vertically with factor 5 and reflected in the y-axis

d fiv= % is reflected in the x-axis and translated 4 units to the right

e f(x)=3"is dilated vertically with scale factor 9 dilated horizontally with scale factor
% and translated 6 units down and 2 units to the right

7 a State the meaning of the constants # » ¢ and k in the function y = kf{(a(x + b)) + ¢
and the effect they have on the graph of the function y = f(x)

b  Describe the effect on the graph of the function if
i k=-1 i a=-1

8 Show that if y = »” is dilated vertically with scale factor 3 reflected in the x-axis and
translated 1 unit up the transformed function is eve.

9 a Draw the graph of y=2(x - 3) + 5.
b From the graph solv:
i 2(0-3)+5<7 i 20-3)+5>9
10 The population of a city over time # years is given by P = 2¢*** D where P is population
in 10 000s
a Sketch the graph of the population

0.4(z+ 1) —

b  Use the graph to solve 2¢ 5 and explain the meaning of the solutio.

11 Find the equation of the transformed function if f(x) = x* is horizontally translated
4 units to the left

12 If (8 2) lies on the graph of y = f{(x) find the coordinates of the image of this point when
the function is transformed to y = —4f2(x + 1)] - 3.

13 Solve graphically (and also algebraically for part a)
a 2Bx-6°-5=9 b 23x-6>-5>9 c 2Bx-6°-5<9

14 The function y = f(x) is transformed to y = -7f(x - 3) — 4
a Find the coordinates of the image of (x )
b  If the image point is (-3 3, find the value of xandy
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15 From the graph of y = f{x) shown draw the graph o: y
a y=2f(x-1)
b y=—fx)-2 2]

y f®)
1\_\:;3 4 %

16 By drawing the graph of y = 2(x + 1)* - 8 solv:
a 2x+1°-8<0
b 2x+1°-8>0

17 Sketch on the same set of axes

a y=+andy=-4x"+3 b y=|x|andy=—|x-1]+2
X2

c f(x)=exandf(x)=e -1 d y=landy=L+1
2 x x+2

e y=x3 andy=2(x—3)3+1 f f@)=Inxandf(x)=In(-x)+5

g y=Jxandy=2Jr+4 -1

18 Find the number of solutions of f(x) = 0 given the graph of each function y = f(x)
a

iy y x
c y d \ yi
— N
e f
i Ji
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19

20

21

22

23

24

8

I Y ! Ny

X / A ¥
a  Show that & +y* = /7 is not a function and describe its graph
b  Find 2 functions that together form «” + y* = 77

¢ By applying a vertical dilation with scale factor # to both these functions what
shape does the combination of these stretched functions make?

The point (x y) lies on the function y = f(x) The image of (x y) is the point (12 6) when
the function is transformed to y = —6f(2x + 8) Find the coordinates of (x y)

a Draw the graph of y = (x — 2)* + 1.
b  From the graph solv:

i @—-2+1=10 i (x—2°+1>10 iii (x—-27+1<10
Point (x y) lies on y = f(x) Find the image of (x y) if the function is transformed to
a y=3flx+1)-5 b y=-2f2x-6)]+4
¢ y=5f(=«)-3 d y=-3f(-3x+9) -1
State whether the function y = f(x) is stretched or compressed if it is dilated
a vertically with scale factor 7 b horizontally with scale factor 1

¢ horizontally with scale factor 3 d vertically with scale factor %

e horizontally with scale factor %

Find the domain and range of
a y:3(x—7)2—10 b y:—|x+1|+2 C y:___s
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1 A ball is thrown into the air from a height of 1 m reaches its maximum height of 3 m
after 1 second and after 2 seconds it is 1 m high

b
c

The path of the ball follows the shape of a parabola Find the equation of the height
h of the ball over time # seconds

After how long does the ball fall to the ground?

Put the function in the form /4 = kf{a(z + b)] + ¢ and describe the transformations to
change /1 = #* into this equation

If (4 -3) lies on the function y = f(x) find the coordinates of its image poin.
i Pony=3f(x+3)+1
il Qony=—(Q2x) -3
iii Rony=fQ2x-2)+1
Find the equation of the linear function passing through P that is perpendicular to QR

If y = x is transformed into this linear function describe the transformation.
Zp=7 1

Show that =———+42
=3 B=3
Zr=1 . .
Sketch the graph of y = and state its domain and range
Solve g
i 275 i 2o
w=3 p=3

Ify = ! is dilated horizontally with scale factor 2 explain why the equation of the
x
transformed function is the same as if it was dilated vertically with scale factor 2
Is this the same result for the function y = LZ? Why?
x

What is the equation of the axis of symmetry of the quadratic function
F@) = ax’ + bx + 2
What types of transformations on this function will change the axis of symmetry?
Find the equation of the axis of symmetry of the quadratic function
i f)=2@+1)Y"-2
il y=— (-3 +7
i y=k@+b)’ +c
v y=klax+ b’ +¢
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6 The function y = sin x in the domain [0 27] is transformed by a reflection in the
x-axis a vertical dilation scale factor , a horizontal dilation scale factor 2 and a vertical
translation 1 unit down
a Find the equation of the transformed function

b State the amplitude period and centre of the transformed functio.

7 The circle &” +4x +y* — 6y + 12 = 0 is transformed by a vertical translation 3 units down
and a horizontal translation 5 units right Find the equation of the transformed circl.

8 The function y = 2% is transformed to y = 3(27* ¢

applied to the function

) — 5 Describe the transformations

9 The polynomial P(x) =&’ — 3x — 2 is translated up 2 units and then reflected in the
y-axis Find the equation of the transposed polynomia.
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TRIGONOMETRIC FUNCTIONS

In ths chapter you wll study the effect of transformtions on rigonomeric funtions and solve
frgonometrc equatons graphcally and algebracally.

SR S = O\ BSRPR )  E o

301 Transformtions of rigonomeric funtions
302 Combned fransformaions of tigonometic
functons

Tigonometic equaions



* apply and understand the effect of ifferent transforations ontrigonomiric fuctions
* solve frgonometrc equatons graphcally and algebracally




Trafrming
igonomeic
uncion

Skeching
peiodic
uncions
amplivde
and peiod

Skeching

peiodic

uncions
phae and
vetical sht

TERMINOLOGY

amplitude The height from the centre of a
sine or cosine function to the maximum or
minimum values (peaks and troughs of its graph
respectively) For y =k sin ax and y = k cos ax
the amplitude is &

centre The mean value of a sine or cosine function
that is equidistant from the maximum and
minimum values For y=# sin ax + ¢ and
y=k cos ax + ¢ the centre is ¢

period The length of one cycle of a periodic function
on the x-axis before the function repeats itsel.
For y =/ sin ax and y = k cos ax the period is 2n
phase A horizontal shift (translation. “
For y =k sin [a(x + b)] and y = k cos [a(x + b)]
the phase is & that is the graphs of

y =k sin ax and y = k cos ax respectively are
shifted & units to the left

3.01 Transformations of trigonometric functions

The transformations you studied in Chapter 2 Tiunsformations of functions can be applied to

the trigonometric functions

Vertical dilations

A vertical dilation of y = f(x) is y = kf(x) with scale factor 4

a Describe the transformation if y = cos « is transformed to y = 3 cos «x

b Sketch the graph of y = 3 cos x in the domain [0 2 7t] and state its range

Solution

a y=3cosxisavertical dilation of y = cos x with scale factor 3

b A vertical dilation multiplies the y values by 3

0, 1) becomes (03)
N N
(E 0 becomes (n 0
2 2
(m -1) becomes (m =3)
A 3\
(3_7t’ 0 becomes (3_7t’ 0
2" 2"
Q2m, 1) becomes (2m, 3)

The range is [-3, 3].

Notice that y = 3 cos x has amplitude 3

y=3cosx

(SIE]
a
o
a
)
a

24
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MATHS IN FOCUS 12. Mathematcs Advanced

ISBN 97807043220



Amplitude as a vertical dilation
y=ksinx or y = k cos x has amplitude # (a vertical dilation with scale factor k)

e If%>1 the function is stretche.

Note y ktan x does
* If0<k<1 the function is compresse. not have an ampliude

e Ifk=-1 the function is reflected in the x-axis

a Sketch the graph of f{x) =2 sin x in the domain [0 2 7]

b  Find an equation for a cosine function reflected in the x-axis with amplitude 7

Solution
a This is a vertical dilation of f{x) = sin « y
with scale factor 2 (it has amplitude 2) 3 y=2sinx
2
1_
T sn fnt
-1 2 2
2
3

b  y=cosxis reflected in the x-axis with scale factor k= -1
y=—cosx
Amplitude k=7

Soy=-7cos

Horizontal dilations

A horizontal dilation of y = f{x) is y = flax) with scale factor 1
a
a Describe the transformation if f{x) = sin x is transformed to y = sin 2x

b  Draw the graph of fiz) = sin 2x in the domain [0 2 7]
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Solution
a flx) =sin 2x is a horizontal dilation of f{x) = sin x with scale factor %

b A horizontal dilation multiplies the x values by% (or divides them by 2)

(0 0) becomes 0 0)
A A\
(E, 1 becomes (E, 1
2 ) 4 J
n \
(w, 0) becomes (—, 0
2
(3_75’ —1) becomes (3_1t’ —1)
2 4
2m, 0) becomes (m, 0)

Notice that these image points lie in the domain [0 7] and not [0 2 ]
The period of y = sin 2« is 27n =T

"To sketch the function in the domain [, 2 7] we repeat the sine curve from x =7 to 27

y . Notice that a horizontal dilation
1 y=sin 2 compresses the graph of y = sin x
- which changes its period The function
_1<‘ %\ﬁ %\j” y =sin 2x has 2 complete sine function
cycles in the domain [0 2 7]

Period as a horizontal dilation

. Ny
y = sin ax has period -
a
. 21
y = cos ax has period —
a

. T
y = tan ax has period —
a

* Ifa>1 the function is compressed horizontall.
* If0<a<1 the function is stretched horizontall.

e Ifs=-1 the function is reflected in the y-axis
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a Find the period of each function
ii flx)=sin Sx

i y=cosx

b  Sketch each graph in the domain [0 2 7]

i y=tan >
I
Solution
a i y=cosux hasperiod 21t
ii flx) =sin Sx has period Z?Tt
. LT
iii y=tan 2x has period 5
b i

ii y=sin (-)

y=tan - ba horizontal dilation of y = tan x

It has period * or 21
2

So there will be one cycle of the tan function

in the domain [0 2 7]

y = sin (—x) is a reflection of y = sin « in the

y-axis so 2 =—1

"This will change the x value. Transforming
points in the domain [-2n 0] will give image

points in the domain [0 2 ]

00) becomes

(—g,— 1) becomes

(==, 0) becomes
N

(_3_1t’ 1 becomes
2

(-2m, 0) becomes

(0 x~1,0)=(0,0)

iii y=rtan2x

5
= tan =
y an2

SIEE
B B
o
(3]
a
]
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Vertical translations

A vertical translation of y = flx) is y = flu) + ¢

Sketch the graph of y = cos x + 2 in the domain [-nt 7]
Solution

y = fla) + ¢ is a vertical translation of y = f{x)
So y = cos x + 2 is a vertical translation of y = cos x up 2 units
"This changes the y values by adding 2 to each

The domain is [-1t 7]

(=m -1) becomes (- -1+2)=(-m 1)
\
(—E, 0 becomes (—E, 2)
2" 2
0, 1) becomes 03)
) N
(E, 0 becomes (E, 2
2 ) 2 J
(m -1) becomes (w, 1)
y
4_
y=cosx+2
2 —
1
T T T T
w® _% L I ¥
2 14 2

Notice that the centre of the function is 2

Centre as a vertical translation

The centre of y=sinx +cand y=cosx+cisc¢
* Ifc¢>0 the centre is translated upward.

e Ifc <0 the centre is translated downward.
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a Find the centre of the function
i flx)y=sinx—7 il y=cosx+4
b  Sketch the graph of f(x) =sin x - 1.

Solution

a i The centreis—7

ii The centre is 4

b  This is a vertical translation 1 unit down ¥
of flx) = sin x The centre is —1

flr)=sn x-1

-3

Horizontal translations

A horizontal translation of y = f{x) is given by y = flx + b)

EXAMPLE 7
)
Sketch the graph of y = sin (x -3 in the domain [0 2 r]
J
Solution

. . . . . T . .
y=sin (x -5 e horizontal translation of y = sin x by P units to the right
J

We change the x values by adding %

But since we need the transformed values of x to be in the domain [0 2 7] our original

values need to be in the domain [O _Eon- E] = [_E 3_75]
2 2 2 2
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(—E, —1) becomes -

|
+
|
|
=
N—
Il
A
=)
|
Iy
N—
<

z (
\ \ 7 y=sin (x = —]
(0 0) becomes (0+£,0 E(R,O N
27 ) \2" !
\ N
(g, 1 becomes (g - g, 1 =(m, 1) /i Tlr 3_75'\2'75 x
J J A p 5
3\ A
(m, 0) becomes (n +£, 0 5(3_15’ 0 54
22, \Z2
3
(3—n, - 1) becomes (3_1t+ E, - IJE @2r -1)
2 2 2
y
Instead of finding points you could sketch 2
y =sin «x and then shift it g units to the right y=sn x y=sin (v - %j
1— &
/i T 3n r X
1 2
-2

Phase as a horizontal translation

The phase of y =sin (x + b), y = cos (x + b) and y = tan (x + b) is b
e If 5> 0 the phase shift is to the lef.

e If b <0 the phase shift is to the righ.

EXAMPLE 8

Phase shi o
igonomeic

\
uncion a Explain the meaning of g in the equation y = tan (x + %

)

A
b  Sketch the graph of y = tan (x + g in the domain [0 2 7]
)

Solution

\
a The function y = tan (x + % has a phase of % (to the left)
J
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b To find points on the transformed grap, subtract g from x values

But since we need the zransformed values of x to be in the domain [0 2 7],

our original values need to be in the domain [0 +Zom+ E:l = |:£ 9—n:|
4 + 4 4
T \
(—, 1 becomes 0, 1)
4+
Undefined at x = = becomes Undefined atx== - =L
2 2 4 4
(B—R, —1) becomes (E, —1)
4 2
\
(w, 0) becomes (S—R, 0
4
\
(S—R, 1 becomes (w, 1)
4
3n 3t m Sm
Undefined at x = — becomes Undefined ata=— —— =—
2 2 4 4
(7_15, - IJ becomes (3_1t, - 1)
4 2
A
(2m, 0) becomes (7_1t, 0
4
I
(T, - 1) becomes 2m, 1)
y
5 : y=tan (x s —) :
o [ |
39 [ i
1/ e
g i
oz v or s o o
4 4 ¥ 2 4
21 :
340 i
44 |
s i
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Instead of finding points you could sketch y = tan x and then shift it% units to the left

y=tan {x F x)
( ) y=tanx

1
1
1
1
1
1
1
1
1
1
1
1
L
1
T
I
T

wn

3 T

el =) i

=
¥
1
1
1
1
1
1
1
1

Exercise 3.01 Transformations of trigonometric functions

1 Describe whether each transformation of a trigonometric function changes its
amplitude perio, centre or phae.

a horizontal translation b vertical dilation

¢ horizontal dilation d vertical translation

2 Sketch the graph of each function in the domain [0 2 7]

a y=S5sinw b fivy=2tanx € y=-cosx
d fixy=-2sinx e y=-tanx
3 Sketch the graph of each function in the domain [0 2 7]
a y=sinx+1 b y=tanx-2 ¢ flxy=cosx—3
4 Sketch the graph of each function in the domain [0 2 7]
a y=cos 4w b y=sin§
¢ flxy=tan2x d y=tn %
5 Sketch the graph of each function in the domain [0 2 =]
n : n
a y=cos (x+m) b y=tan(x—— c y=sm(x——
2 ) 4 J
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6 Find the equation of the transformation of y = sin x if the transformed function has
a amplitude 9
b areflection in the x-axis
¢ centre -4
d periodn
e a phase shift of 7 units to the right

7 Find the equation of the transformation of y = cos x if the transformed function has

a amplitude 4
b aphaseof g units

¢ centre 8
. T
d period =
2
e avertical dilation with scale factor 7
8 Find the equation of the transformation of y = tan  if the transformed function has
a period 2n

b ashiftof % units to the right

¢ areflection in the y-axis

9 Sketch each graph in the domain [-1t 7]
a y=3sinx
b y=tan(-w)
¢ flx)=cos2x
d y=sin(x-m)
e

flo) =—cos x

ISBN 97807043220 3. Tigonometic funcions



3.02 Combined transformations of
- trigonometric functions

uncion We can put all the information about trigonometric functions togethe.

General equation of trigonometric functions

Skeching
peiodic

uncion Function Amplitude Period Phase Centre
y=ksin[a(x +b)] +¢ k 2n
a b c
y =k cos[a(x + b)] +¢ b m Shift left if 4> 0 Shift up if ¢> 0
4 Shift rightif 5< 0  Shift down if c< 0
y=ktan[a(x+b)] +c  No amplitude L
a
EXAMPLE 9
a Sketch each function in the domain [0 2 7]
A
i y=4sint +1 iiyz")’cos(x—E
2 4)

b  Find the equation of a cosine function that has amplitude 5 period 4 T centre —2 and
a phase of 2 units to the left

Solution
a i y:4sin£+1hasamplitude4 Wy
2 6 y:4sin(%)+l
period 2Tn =4m and centre 1 ek
- 4
2
Period 4m means only half the ]
sine function curve will be in 27
the domain [0 2 7] oy
Centre 1 and amplitude ) i TIE 3l_n Zln x
4 means . 2 2
Minimum 1 -4 =-3 !

Maximum 1 +4=35
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\
il y=3cos|x — T has amplitude 3 period 2 Tt phase T to the right and centre 0
4 4

A phase is a horizontal translation so it changes the x values and the domain
T
Add A to each x value

But since we need the transformed values of x to be in the domain [0 2 m],

our original values need to be in the domain | 0 — Ton- g] = [—g %]
)
(—E, 2 IJ becomes (0, .1) y
4 4]
A |
03) becomes E, 3 ’
4 ) 21 y:3cos(x7%)
T A i \ 19
—p | becomes =, 21 >
4 J 2 ) 1 &
T ) 3t ) -27
) O 9 O 4
7", becomes 4" 3
_4_
= A 21
1 ) ecomes (m —21)
Sm
(m -3) becomes 4 -3
STt 3\ 3 \
(T’_ZIJ becomes ;,—21)
7w
(3_7t 0\ becomes e 0}
27

(7_7: 21 b 2w, .1
3’ J ecomes  (2m,.1)
Alternatively, sketch y = 3cos x and then shift it% units to the right

y

41 "
y =3 cos [x - 7)
3 ) 4

14 y=3cosx /
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b y=kcos[a(x+b)]+c

Amplitude k=5 Phase b=2
Period % = 4n Centre ¢=-2 1
“ The equation is y = 5 cos |:— (o + 2):| =2
21 = 4na 2
1
Z=g
2

Exercise 3.02 Combined transformations of trigonometric

functions

1 Sketch the graph of each function in the domain [0 2 7]

C

e

y=2sinx—3 b y=-tan2x
T . x
flry=cos|x+— +1 d y=sin[-= +2
2y 2y,

flx) =3 cos 2x -2

Find the equation of the transformed function if y = sin « is vertically dilated with
scale factor 5 horizontally dilated with scale factor 1 vertically translated 6 units
down and horizontally translated 5 units to the left

Describe each transformation as a change in period amplitud, centre or phase of
the function

3 Find the equation of the transformed function of y = cos x if it is

vertically dilated with scale factor 4 horizontally dilated with scale factor é
vertically translated 2 units up and horizontally translated g units to the right

reflected in the x-axis reflected in the y-axis translated 5 units down and = units to

the left

4 Sketch each graph in the domain [-nt 7]

a
b

C

y=3sin2x

x
=2tan—+1

y an <
fle) =2 cos 3w
y=5sinx—3

y=cos (—2x) + 1
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5 Describe the features of each function in terms of amplitude perio, cente, and phse.
a y=3tandr-5
b y=8cos(x+m)-3
¢ y=5sin2(x-3)]+1

6 Find the equation of each function
a asine function with amplitude 7 period m phase of 1 unit to the right and
centre —3
b  a cosine function with amplitude 1 a reflection in the x-axis period Z?Tl: and
centre 2

¢ atangent function with period 2m a reflection in the x-axis and a phase of 2 units to

the left

d  y=sinx with a vertical dilation scale factor 4 a reflection in the y-axis a
horizontal dilation scale factor 3 a vertical translation 2 units up and a horizontal
translation 5 units to the left

7 Describe the features of y = k cosec [a(x + b)] + ¢

8 Find the equation of the transformed function if y = tan x is translated 3 units to the

right and then dilated horizontally with scale factor %

9 The water depth at a harbour entrance is 5 m at low tide and 25 m at high tide
The time between each low tide is around 12 hours

a Find the centre of the tidal motion
b  What is the amplitude and period?

¢ Write an equation for the water depth D metres in terms of time ¢ hours as a cosine
function

10 Find an equation for blood pressure B as a sine function of tim, 7 minutes if the
maximum blood pressure is 120 and the minimum is 80 with a heart rate of 60 beats
per minute
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3.03 Trigonometric equations

oo Graphical solutions
b

aphical . . . . .
7 We can use the work on transformations to help solve trigonometric equations graphicall.

Trigonomric
equaion

a The graph of the trigonometric Y
' . - . 4 y=zsin[3( —%)]+1
function y = 2 sin 3(35——) +1is
3 3
shown for [0 2 7] 2
1 -
Find Fhe numbeF of solu.tlons to \/A X %-%/T-E S Se/ Th e .
the trigonometric equation -1 My 5 4 4
24
2 sin [3(x - gn +1=0 for [0, 27]

b i Sketch the graphs of y =% —1and y=3 cos x -2 for [0, 2n]
ii Find the number of solutions to the equation 3 cos x — 2 =§ — 1 for [0, 27
iii Solve the equation graphically.

Solution

a Tosolve 2 sin |:3(x - g):| + 1 =0 graphically, we find the x-intercepts
The function has 6 x-intercepts in the domain [0 2 T
So the equation has 6 solutions

b i y=3cosx-2hasamplitude 3and  y
centre —2

y= % — 1 is a linear function with

x-intercept 4 and y-intercept —1
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ii  The solutions to 3 cos x — 2 =% — 1 are shown by where the graphs y =3 cosx —2

X
and y = i 1 intersect

The graphs intersect in 2 places in [0 2 ©t] so the equation has 2 solutions
ili The graphs intersect just afterx =1 and x = %t =~5.5.

A precise graph drawn on graph paper or using technology would show that the
solutions are x = 11 and 56

Algebraic solutions

Solve for [0°, 360°]

1
NG

a sin 3w =% b cos Qx—60°) =

Solution

a For the domain [0°, 360°]
0°< & <360°
0° < 34 <1080°
So the new domain is [0°, 1080°] (3 revolutions of the circle)

sin 3x =% sn x>0 n 1st and 2nd quadrants

3x=30°,180° —30° 360°+30° 360° + (180° —30°) 720 ° +30° 720° + (180° — 30°)
=30°,150° 390°, 510°, 750° 870°
x=10°,50°,130°,170°,250° 290°

b 0°< x  <360°
0°<  2x <7200
—60° < 20 — 60° < 660°

So the new domain is [-60° 660°] (2 revolutions of the circle starting at —60°)

1
cos 2x — 60°) =— cos x> O n 1st and 4th quadrants
V2

2 — 60° =—45° 45°,360° — 45°, 360° + 45°
(720° — 45° is outside the domain)
=—45° 45°,315° 405°
2x=15°,105°,375° 465°
x=75°755 °185 °23.5 °
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Solve each equation for [0 2 T

)
a 6cos2x—3=0 b tan x—% =\/§
)
Solution

a For the domain [0 2 7]
0< x<2rn

0 < 2x < 4n so when solving for 2x we need to go around the circle twice

6cos2x—3=0
6 cos 2x =3
2
2x:§,2n—ﬁ,2n+§,2n+2n—§asOSZxS47t
& T e T
3 3 3 3
=2 38 1
6 6 6 6
b 0< x <2n
n_,._ T _Tn
4 4 4

N
So the new domain is [—E 7_11:
4 4

TC\
tan| ¥ _Z = ﬁ tan x> O n 1st and 3rd quadrants
/)

] (l revolution of the circle starting at —g
/

T T b
X——=— T+—
4 3 3
_T4n
3 3
T m4n =
X=—+— —+—
3 4 3 4
_7m 19n
12 12
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Exercise 3.03 Trigonometric equations

1 By drawing the graph of y = 2 sin 3x in the domain [0 2 ]
a find the number of solutions of 2 sin 3x = 1

b solve 2 sin 3x =1 graphically

2 a Sketch the graphs of y=—cosx + 3 and y =x — 1 for [0, 27]
b Solve

i —cosx+3=x-1 ii —cosx+3=2

3 Solve for [0°, 360°]

a 2sin2x=1 b tan3x=-1 € cos (x+90°):§
d tan@x-459=3 e sin(x+60°=0

4 Solve for [0 2 1t
a tan2x=3 b 2cos3x+1=0 C 4sin2(x—§:=3

d 2cos’2x-1=0 e cos(+m=1
5 Solve for [-1t 7

a tndx=1 b cos(x+g)= ¢ sin2x=-1

5l

d Cos(x—g)zo e tan’4xr=0

6 Solve for [0 2 «t]
N N
a cosZ(x—E 1L b Zsin(3x+3—1E =1
2, 2 2

7 The function 7= 15 cos %t + 20 models the average monthly temperatures in

Nelson Springs starting in Januar.

a Find the amplitude period and centre of the functio.

b Solve 15 cos %t + 20 =35 and explain the meaning of the solutions

8 A set of tidal waves has a maximum height of 20 m and a minimum height of 6 m
The waves break every 10 seconds

a Find the equation of a sine function that describes the motion of the waves
b  Find the first 4 times that the waves reach their maximum height

¢ Find the first time that the waves reach their minimum height

d  When will the height of the waves be in the centre?
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9 Sound waves have the shape of sine functions The graph below shows the sound wave
that occurs when playing the note A above middle C on a pian. Its equation is
y = sin (8807x) where « is time in seconds

Ny

1_
05 - /\ /\ /\
0001 0020.000.04 045 0.00 0007 [ 008 009
_05 .
14

A

a Find the amplitude and period of this sound wave
b  Use the graph to solve for [0 .01:

i sin (880mx) = 05 ii sin (880mx) =0
¢ Solve algebraically for [0 .01] (to 2 significant figures:
i sin (880mx) =05 ii sin (880mx) =0

d The higher the amplitude the more volume the sound has (it is louder. (The word
amplifier comes from this property.) Find the equation of the note A that is
3 times as loud as the one drawn

e Anote that is higher in pitch has a higher frequency (more cycles) than a lower
note Draw a rough sketch of a middle C note with the same volume as the A note

above C

f  The unit of measurement for frequency is hertz (Hz) the number of wave cycles of
a sound in 1 second What is the frequency in hertz of note A ?
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10 Biorhythms is a theory that emotional physical and mental activity in humans can be
modelled by 3 sine functions physical y = sin Zz—n; emotional y = sin ZZ—TESt and intellectual
y=sin % where ¢ is time in days starting from your date of birt. It was first developed

by German doctor Wilhelm Fliess in 1878 but became popular in the 1970s when
computers were able to chart the 3 biorhythms Their graphs are sketched belw.

Ny
1 y=sin [%) Emotional cycle
— sin[ 2% ~
05 | y=sin ( >3 ) Physical cycle
5 30 /0
=05 1 y=sin (%J Intellectual cycle
14
Y
a What s the period of each function? What does this mean?
b  When do the physical and intellectual graphs intersect?
¢ When do the emotional and physical graphs intersect?
d  Biorhythms are supposed to be at optimal levels when y = 1 (maximum points)

Estimate the range of times when all 3 biorhythms are near optimal levels together.

11 A vertical spring is pulled down and then let go
It bounces back up and down again according
to the equation /1 = 12 cos t + 15 where / is the
height of the spring in cm and # is time in seconds

a Describe the significance of the 15 in the
equation

b  What are the maximum and minimum
heights of the spring?

¢ Whatis the height of the spring after
7 seconds?

d At what times will the spring be at its
minimum height?
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For Questions 1 to 3 choose the correct answer A B € or D

1 The function y =2 cos 3x — 7 has
Fomula shet:
Funcion A amplitude 2 period 3 and centre -7

Trigonomry and
Wis

B amplitude 7 period % and centre 2

C amplitude 2 period ZTE and centre 7

Pacice quiz

D amplitude 2 period Z?E and centre —7

2 The equation of a function with phase 7 units to the left is
A y=tn(x+mn) B y=tan ()
C y=tanx+n D y=tan(x—n)

3 The solution of cos 2x = 1 in the domain [0 2 1] is

A x=0,2rn B x=0,72n
C «== b D x=n
2 2
4 Sketch the graph of each function in the domain [0 2 7]
a y=3cosx b y:tanﬁ
€ y=sinx—2 d y=-sinx

e y=3cos2x—1
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\
5 The function 4 =3 cos [E + 10 shows the water level in a lock in metres over

time ¢ hours /

a Find the maximum and minimum levels of water and when they occur.
A\

2nt
b Solve 3 cos (— + 10 = 11 and explain what the solution means

3

6 Simplify
a 2cot’x+2
¢ (sec A+ tan A)(sec A — tan A)
7 Solve for [0 2 7|
a 4cos’x=3
T \

C Cos(x—— =-1
2,

b
d

tan A cosec A
sin (180° — )

2sin2x=1

2 T
tan” | x + —

\

/)

=3

8 A persons blood pressure has a maximum pressure of 135 and a minimum pressure of 85

and the heartbeat is 70 beats per minute

a Write an equation showing this blood pressure y as a sine function of time ¢ minutes

b  Draw a graph showing this function

ISBN 97807043220

3. Tigonometic funcions @



9 Solve for [-1t 7]
N )
a 2cos2y=1 b tan(x—E __ L c sin(x +Z - L
4, B 2) \2
10 The high tide mark on a cliff above a river is 80 m and the low tide mark is 50 m
The average time between high tides in the river is approximately 13 hours
a Write the equation for the height of the tides as a sine functio.

b Find the times when the river is halfway between high and low tides

11 Find the equation of each transformed function of y = cos x that has

a periodn b amplitude 5 ¢ areflection in the x-axis

d aphase of % units to the right e centre4

12 a Sketch the graph of y =2 sin % — 1 for [0, 27]
b From the graph solve 2 sin % -1=0
¢ Solve 2 sin ; — 1 =0 algebraically.

13 State the amplitude perio, centre and phase of each functin.
\ N

T
c y=-3 tan(5x——

x
a y=2sin3x-1 b yzcos(i'l'n 4
J

/)
14 Solve for [0°, 360°]
a tan(x+45°9=1 b V2cos(x-20+1=0 ¢ 3sin[2(c+10%]-2=0

15 Solve for [-180°, 180°]
a Stan2x=-5 b cos[3(x-30°]+1=0
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)
1 a Find the amplitude period and phase of the function y =2 cos (Zx - gJ

3\
b Solve 2 cos (Zx - g = /3 for [0, 2]
J

2 Find the equation of

a acosine function with amplitude 8 period 2 w and centre 4

b  asine function with amplitude 2 period g phase g units to the right and centre 3

. . . T .
¢ atangent function with period 2n and phase - units to the left

3 Sketch the graph of y = 3 sec 2« for [0, 27]

4 Solve cosec 2x =+/2 for [0, 27]

5 a Find the equation of the transformation of y = cos « if it has a vertical translation
5 units down a horizontal translation — units to the right then a vertical stretc,

6

scale factor 4 and a horizontal stretch scale factor .

b  Find the amplitude perio, centre and phase of this transformed functin.
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Practice set 1 @O0

In Questions 1 to 7 select the correct answer A B € or D

1 For what values of 7 does the limiting sum of a geometric series exist?

A |7f|>1 B <1 C |7,|21 D |V|S1

7

2 The transformation of y = f(x) to y = 3f(2x) is
A Vertical dilation scale factor , horizontal dilation scale factor 2

B Horizontal dilation scale factor 3 vertical dilation scale factor 2

€  Vertical dilation scale factor , horizontal dilation scale factor %

) o . v 1
D Horizontal dilation scale factor 3 vertical dilation scale factor 5

in®
3 Simplify ———
plify cos’ Bsec
A cot0 B tn’0 C tno D cot’6
4 The nth term of the sequence 7 4,33, ... is
A n B 7! C 7n-1 D 7
3 y=cos (x+m) + 3 has a phase shift of
A 1 units to the right B 3 unitsup
€ 3 units down D 7 units to the left
6 Find the limiting sum ofi + 2 + hi +
5 5 15
A L B c 1} p &
5 10 15

7 The formula for the sum 1+ 1.03 + 103>+ + 1037 'is
103(103"~ —1) _103(103" 1)

A S= B §=
103 -1 103 -1
C =103 -1 D =103 -1
103 -1 103 -1

8 a Sketch the graphs of y = * and y = —(x + 2)* on the same set of axes
b Describe the transformations that changed y = #? into the transformed function

9 Solve each equation for [0° 360°.
a tan2x+1=0 b 2cos3x=1 C Zsin(x—90°)=\/§
d tn (x—180°)=\/§ e 2cos’ (x+45°=1
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10

12

13

14
15

16

17

18

Describe the amplitude perio, centre and phase shift of each functin.

a y=4cos Sy b y=—25in(x—%)+1 C y=tan(%+2)
o 33 3
Find in index form the 10th term of — — — ...
4 16 64
Copy the graph y = f(x) and sketch Vi
a y=2f() 1
b y=fl)+1 NERC
¢ y=flx—2) \H/'
d y =f(2x) - T T T T T T T T -
43 2-1,1 123 4%
2

The 2nd term of a geometric sequence is 52 and the 4th term is 13
Find 2 sequences that satisfy these requirements

Find which term =370 is in the series 17 +8 — 1 —

Describe the transformations on y = «* if the equation of the transformed function
is y = 4(x — 1)’ — 3 and state whether any dilations stretch or compress the graph of
the function

Solve each equation for [0° 360°.
a 6sinx—7sinx+2=0 b 2sin[2(x-30)]=1
A moving sculpture has a ball on the end of a wire that oscillates backwards and

forwards between 2 points The equation of the distance d cm of the ball from the
centre of the sculpture at time ¢ seconds is given by d = 6 cos 2nz) + 10.

a Find the centre of motion and the maximum distance of the ball from this
centre in both directions

b How long does it take the ball to complete one complete cycle between the
2 points?

Find the equation of the function if y = J/x is dilated vertically with scale factor
4 dilated horizontally with scale factor % translated vertically 1 unit down and

translated horizontally 7 units to the left
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19 a Find the 50th termof 3, 1, ...
b Calculate the sum of 50 terms

20 The nth term of a series is given by 7z - 3.
a Find the first 3 terms and the 12th term
b Evaluate the sum of the first 20 terms
¢ Which term is equal to 200?

21 a Sketchthegraphoff(x)zS|x—2|—3.
b From the graph solve each equatio.
i S|e-2]-3=2 i 5|x-2|-3=7 i 5|v-2]-3=-3
¢ State the domain and range of f(x)

22 Find the exact value of
a cos 120° b sin300° ¢ tan225°
d cos(-135°) e tan 690°

23 The 4th term of an arithmetic sequence is 18 and the 8th term is 62
Find the formula for the general term of the sequence

24 TFvaluate x if sec x = cosec (2x — 30°)

25 Sketch the graph of each function in the domain [0 2 7]
a y=-7cosx b y=2sinx € y=cosx+1

T
d y=tan(x+5) e y=3cos2x f y=—4sin§+3

26 Prove each identity.

a cotx secx=cosecx b sin®x cosec’ x — sin® x = cos’ x

27 Find the equation of the transformed function of y = sin « if the function has
amplitude 2
period 41

centre —3

a
b
C
d areflection in the x-axis and amplitude 5
e aphase shift% units to the left

f

amplitude 5 period 6 m centre 1 and a phase shift of 7 units to the right

28 The geometric series x +a” +&° + ... has a sum to infinity of 5 Find the value of x
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29 Solve each equation for [0 2 7]

a cosx =062 b tn’x=1 ¢ 2sinx—1=0
d cosx=0 e 4sin‘x=3 f 2cos2x+1=0
30 Find the first value of # for which the sum of the sequence 20,08, ... is greater
than 2485
2 2 2

31 Evaluate —+—+—+
25 125 625

32 The average temperature 7 over ¢ months is given by 7'= 20 cos T 118 where
January ist=0 6
a Find the amplitude period and centre of the functio. What do these features
mean in terms of maximum and minimum temperatures and cycles?

b Find the month with an average temperature of —2°C

¢ Whatis the month with the highest average temperature?
d  What is the average temperature in September?

e When is the average temperature 18°C?

33 Solve graphically (x— 1)> =4 <0
34 Show that f(x) = 32’ — 2 is an even function

35 a Show thatlog 3 log, log 27 ... are terms of an arithmetic sequene.

b  Find the exact sum of 20 terms of the sequence

36 a Sketch the graph of y = 3(x— 2)* - 4
b From the graph solve each inequalit.
i 3@w-2"-428 i 3(w-27-4<8
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FURTHER
DIFFERENTIATION

In ths chapter, you ill reiew ifferetition and learn how t diffeentiat frigonoeric,
exponental and logarthme funcfons and nverse functons ncludng nverse trgonometrc
functons You ill also look at igher deivaives and ani-deivaive.

CHAPTER OUTLINE ' P

401 Differeniaion reiew
4.02 Dervatve of exponental functons
403 Dervatve of logarthme functons
4.04 Dervalive of frgonometrc functons
4.05 Second dervatves

4.06 Antdervatve graphs

4.07 Antdervatves

408  Further ani-deivaives




IN THIS CHAPTER YOU WILL:

revew dffereniaion
dffereniate tigonometic funcions

fnd the dervatve of exponental and logarthme functons
understand the notaton and fnd second and further deivaives
dentfy and fnd antdervatves



TERMINOLOGY :

anti-derivative: A function F'(x) whose derivative  second derivative: The derivative f”(x) or d—g,
is f(x) thati, F’(x)=f(x) Also called the dx
primitive or integral function

anti-differentiatio: The process of finding the
original function given its derivative

the derivative of the derivative f* (x) or d_y

dx

4.01 Differentiation review

Chain rule

dy d d n_ n-—
2D L@ = F@nlf)
Product rule
Ifty=uv then%=v%+u% or y=wuv+vu
Quotient rule

P ’Uﬁ - u@ Loy
Ify=%then%y=% or y’=%

Rates of change
The average rate of change between 2 points (x y ) and (x, y,) is the gradient

Y2

m=——-
Xy =X

The instantaneous rate of change at point (v y) is the derivative f”(x) or ;ix—y

Water is pumped into a dam according to the formula Q = 37 + 272 + 270 where Q is the
amount of water in kL. and # is time in hours Fin:

a  the amount of water in the dam after 6 hours
b the average rate at which the water is pumped into the dam between 3 and 6 hours

¢ the rate of change after 6 hours
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Solution

a

Q=32+2¢#+270

Whent=6
Q=3(6)* +2(6)* + 270
=990

So there is 990 kL of water in the dam after 6 hours

When 7=3 ¢ L g2,
Q=33) +23) +270 d
369 Z\éhen t=6
Average rate of change = % P 9(6)" +4(6)
2~ 4
990369
T 6-3 So the rate of increase after 6 hours is
~ @ 348 kL h™
3
=207

So average rate of change is 207 kL h™

Exercise 4.01 Differentiation review

Differentiate each function
a -2 +7x-4 b 2x+5

Find the derivative f”(x) given f(v) = 4x” + 9«

Find%ifx:Znﬁ —37+1.
T

Find f7(=2) when f(x) = 8x° + 5x — 2.

5 Differentiate

a b 3
d ¥« e —%
x

Find the derivative of y =/x at the point where x = 8.

C

6x’ —3x—2
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7 Differentiate

a Gx-1) b ' -x+2)° c Jix-2
! e Yx’-3
3x—2
8 Find the derivative of
a 2@+49 b (Qx-1)6x+5) ¢ 4u(x®+1)
d  (@x+3)?-1)> e 2Jx+1
9 Differentiate
3 2
2x0+3 b X c x“+3
x=35 4 -7 20 =3
3 +1 3x+4
e

(2x+9)’ V22 -1

10 Find the gradient of the tangent to the curve
a y=u«"—2x+ 5 at the point where x = -2
b f(») =" -3 at the point (-1, —4)

11 Find the gradient of the normal to the curve
a  f(x)=3x"+a" - 2 at the point where x =1
b y=u"+x-3 atthe point (-3, 3)

12 Find the equation of the tangent to the curve
a y= 2x% — 5x — 6 at the point (3 —3)

b y=5x" -2+’ — x at the point where x = 2

13 Find the equation of the normal to the curve
a  f(x)=x"+ 24" — 3w — 5 at the point (-1, —1)
b y=ux"—3x+1 at the point where x = 3

14 For the curve y = »* — 8x + 15 find any values of x for which Z—y =0
x

15 Find the coordinates of the points at which the curve y = x* — 2 has a tangent with
gradient 12

16 Function f(¥) = +* +x — 4 has a tangent parallel to the line 3x +y — 4 = 0 at point P Find
the equation of the tangent at P

17 Find the coordinates of P if the gradient of the tangent to y =+/x is % at point P
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S -3
4x+1
a the tangent b the normal

18 For the curve y = at the point where x = 0 find the equation o:

19 Find a formula for the rate of change a:i—Q given
t

a 0=37+8 b Q=% ¢ Q0=32x+3

20 The mass M in kg of a snowball as it rolls down a hill over time 7 seconds is given by
M=+#+3t+4
a Find the average rate at which the mass changes between
i 2and S5 seconds ii  6and 8 seconds
b Find the rate at which the mass is changing after

i 5seconds il aminute
21 According to Boyles La, the pressure of a gas in pascals (Pa) is given by the formula
P= ; where £ is a constant and 7 is the volume of the gas in m® If & =250 for a certain
gas find the rate of change in the pressure when V=107

22 The height of a ball in metres is given by & = 4 — 2¢* where ¢ is time in seconds
a Find the height after
i 1s ii 15s
b How long does it take for the ball to reach the ground?
¢ Find the velocity of the ball after
i 05s i 1s i 2s

4.02 Derivative of exponential functions
You learned how to differentiate y = ¢" in Year 1, in Chapte 8,  Exponential and logarithmic o

functions exponenicl

uncion

Differentiation rules for e*

—e'=¢

dx
d
Ify=e/* then L = f'(x) e/ *
y=e en () e
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a  Iff(x) = 3¢" find the equation of the tangent to the curve at (, 3 ¢)

b Differentiate

i ot i iii 72
Solution
a flx)=3¢ Equation
f(x)=3¢" y—y =m(x—x)
At 236 y=3 =3 (x-2)
f@)=3¢ =3e%x — 66
Som =3¢’

y=3ex— 3¢
(or 3¢%x =p= 3¢ =0)
b i y=wv+vu
where # =% and v = ¢*
w=2x v=¢

Y = 2xé" + &%’

_ seSx -2
=xe"(2 + x)
We can differentiate other exponential function.

Differentiate 2*
Solution

_ In2
2% = (eln Z)x dx

I =In2x2"
— xn2

=2"1n2

MATHS IN FOCUS 12. Mathematcs Advanced ISBN 97807043220



Derivative of a*

Ify=a" thend—y:ﬂ"‘ Ina
dx

The proof of this has the same steps as in the previous example

Exercise 4.02 Derivative of exponential functions

1 Differentiate

a " b c &2 d &~
e ex +5x+7 f eSx g 67295 h ele
i j o+ 2w tel ¥ k @+ 34“)5 xe?™
3x er+1
m n e o
x? 2x+5
2 Iff(x) = €% find the exact value of £’(1)
3 Find the derivative of
a 3 b 10° c 2%°1

4 Find the gradient of the tangent to the curve y = ¢* at the point where x =0
5 Find the equation of the tangent to the curve y = ¢** — 3x at the point (0 1.

6 For the curve y = ¢'* at the point where x = 1 find the exact gradient o:

a the tangent b the normal

7 For the curve y=¢" at the point (1 e) find the equation o:
a the tangent b thenormal

8 Find the equation of the tangent to the curve y =4 *" at the point (0 4.

9 The population of a city is given by P = 24 500¢°*** where  is time in years
a Find the population after
i Syears ii 10 years
b  Find the average rate of change in population between
i thelstand Sthyears  ii the Sthand 10th years
¢ Find the rate of change in population after

i 5years ii 10 years

10 The displacement of a particle is given by s = 10¢*" — 5¢ cm after # minutes
a Find the average rate of change in displacement between 1 and 5 minutes
b  Find the rate of change in displacement after

i 1 minute il 2 minutes iii 8 minutes
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11 A radioactive substance has a mass of M = 20¢ %! in grams over time 7 years

a Find the initial mass
Find the mass after 50 years

b
¢ Find the average rate of change in mass between 50 and 100 years
d Find the rate of change in mass after

i 50 vyears ii 100 years iii 200 years

12 An object moves according to the formula x = 3¢* where « is displacement in cm and #is time in s
a Find the displacementat 5 s
b Find the velocity at 5 s

. INVESTIGATION (R

. DERIVATIVE OF A LOGARITHMIC FUNCTION

. Draw the derivative (gradient) function of a logarithm function

. What is the shape of the derivative function?

................................................................

4.03 Derivative of logarithmic functions

Deivaive o

logaihmic Logqril’hm I"Ules

Ify=4"thenlog,y=x

log, xy =log, x +log, y
Eoerid log, = = log, x ~log, y
= )

log, x" =nlog, x

log, x = log, x

log, a

"To find the derivative of a logarithmic functio, notice that the gradient of the function is
always positive but is decreasing

Ji

3]
2

—'3—'2—'11;/12'§4 x
Y
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The derivative function of a logarithmic function is a hyperbola

)
3
24
14
RN
—14
Y
There is a special rule for y=1nx
Derivative of y = In x
Ify =Inx then 4 _1 where x > 0.
dx  x
Proof
y_1 y_1
dx  dx dy  dv
dy dy
Given y =Inx =log,x =—
)
1
Thenx=¢ ==
I x
@y
dy
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a Differendate (In x + 1)°

b Find the equation of the tangent to the curve y = In x at the point (3, In 3.
Solution
a  (Inx+ 1) is a composite function in the form y = [ f(x)]"

d_)’ — L7 n—1

) D)

— Ll 3na+ 1)
9%

=3(]nx+l)2
5%
b & _1 Equation
dv  x
At(31n3) yoy smx—x)
d_y=1 y—ln3=%(x—3)
de 3
1 3y-3In3=x-3
S0 O=x—3y-3+3In3
Chain rule
dy _ f'(x)
If y=1In f(x) then — ==———= where f(x) > 0
y=1nfi & ) f
Proof

y=lIn f(x) is a composite function
Lety=Inu and u=f(x)
ﬂ:l and %:f'(x)

du u
b _d du
dv  du’ dv
- L
u
— 1 ’
—f(x)Xf(x)
_ ')
f)
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a Differentiate

i InGA-3x+1) i ln( ””)
3x —4

b Find the gradient of the normal to the curve y = In (x* — 5) at the point where x = 2.

Solution
&y _fi@)
de  f(x)
_ 2x -3
2 =3x+1

i Itis easier to simplify first using log laws

:ln( x+1 )
(A Y

=ln@x+1)—In(GBx—4)

dy _ (%)
de f(x)
L ¢
¥+l 3x—4
_ 1Bx—4)  3(x+]
(x+DBx—4) GBx—-4)(x+1)
_3x—4-3(x+1)
(x+1D)(3Bx—4)
_3x-4-3x-3
(x+1)(Bx—4)
B =/
(x+D)(Bx—-4)

b dy 3 Th ] 3
== e normal is perpendicular to the
de =5 tangent
When x =2

) m my =—1
dy _302)
E = 23—_5 47%2 =-1
T 4
m =4
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We can differentiate logarithmic functions with a different bas, «

EXAMPLE 6

Differentiate y = log, x

Solution
y=log, x ﬂ:ixl s N 2 s a constant
lnx de In2 «x
= —— using the change of base law
1 xIln2
=—Inx
In2
Derivative of log, x
dy 1
Ify=1 then — = ——
A e

The proof of this has the same steps as in the above example

Exercise 4.03 Derivative of logarithmic functions

1 Differentiate

a x+lnx b 1-In3x ¢ InGx+1)
d InG’ -4 e InGx’+3xr-9) f InGr+1)+a
g 37 +5r—5+Indw h In@Br-9)+2 i InQx+490Cx-1)
j ln(4x+1) k (1+Inx)’ (In x - x)°
26 -7
m (nx)* n (+lna° o «xlnx
P Inx q QCx+Dn« r Zhn@+1)
x
2x

s In(nx) t In ¥ v ¢

x=2 In x
v ¢lnx w 5(nx)’

2 Find f/(1) if f() = In V2 — =
3 Find the derivative of log;, x

4 Find the equation of the tangent to the curve y = In x at the point 2 In 2.

MATHS IN FOCUS 12. Mathematcs Advanced ISBN 97807043220



5 Find the equation of the tangent to the curve y = In (x — 1) at the point where x = 2.
6 Find the gradient of the normal to the curve y = In (x* + x) at the point (1 In 2.
7 Find the exact equation of the normal to the curve y = In x at the point where x = 5.
8 Find the equation of the tangent to the curve y = In (Sx + 4) at the point where x = 3.
9 Find the derivative of log; 2x + 5)

10 Find the equation of the normal to the curve y =log, x at the point where x = 2.

11 The formula for the time 7 in years for kangaroo population growth on Kangaroo Island

P
In
(20 000)

0021
a Whatis the initial population?

is given by t =

b  Find correct to one decimal place the time it takes for the population to grow to
i 25000 ii 50000
¢ Change the subject of the equation to P

Find correct to the nearest whole number the average rate of change in population
between 2 and 5 years

e Find correct to the nearest whole number the rate at which the population is
growing after

i 3years ii 5 years iii 10 years

. CLASS INVESTIGATION NEEREERR

DERIVATIVE OF TRIGONOMETRIC FUNCTIONS

: 1 Draw the derivative (gradient) function of sine cosine and tangent function.

What is the shape of the derivative function of each graph?

. o . . o . sinx
- 2 By substituting values of x in radians close to 0 find approximations to lim
x—=0 x
. tany . cosy
lim and lim
r=0 X =0 x

- 3 Differentiate by first principles to find the derivative of each trigonometric function
using the above limits The sine function will use the trigonometric identity
sin (A + B) =sin A cos B+ cos A sin B

.................................................................
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4.04 Derivative of trigonometric functions

e Derivative of sin x

uncion

We can sketch the derivative (gradient) function of y = sin «

Trigonomric
uncions and
gadien
Jure  The sketch of the gradient function is y = cos x
igonomeic
equaion
Y
Difretifing - / -
igonomeic X
uncion

Derivative of sin x

Ify=sinx thend—yzcosx
dx

Proof

"This proof uses trigonometric results from the investigation on the previous page

flxt+h) - f(x)
h

£ =l

sin(x + /1) —sinx

=lim
h—0 h
. sinxcosh+cosxsin/—sinx
=lim
h—0 h
. sinx(cosh—1)+cosxsinh
=lim
h—0 h
. sinx(cosh—1) . cosxsinh
=lim li
h—0 h =0 h
. (cosh-1) in/
=sin x lim + cos x lim
h—0 h N
. . (cosh-1) . _sinh
=sin x lim~———% + cos x lim
h—0 h =0 h

=sinxx0+cosxx1

=Cosxy
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EXAMPLE 7

a Differentiate y = sin x

b Find the equation of the tangent to the curve y = sin x at the point (x, 0.

Solution
a y=w«sinxisin the form y = uv y=uv+v'u
where # =x and v=sin«x =1Xsinx+cosxXx
' =1and v" = cos x =sinx +x cosx
b 2 —cosx Equation
dx
At (z, 0) y-y =mlx—x)
ﬂ=cosn y=0=-1(c-m
dx
=-1 y=—x+T
Som=—1 or x+y-m=0

Derivative of cos x

We can sketch the derivative (gradient) function of y = cos «

0
Ccos x +

N o

l _v

- +

0

]

The sketch of the gradient function below is y = —sin x

1~

=Y

Derivative of cos x

Ify=cosx thend—y=—sinx
dx

ISBN 97807043220 4. Further iffereniaion @



You can prove this in a similar way to the derivative of y = sin x A simpler proof involves

changing cos x into sin (E - x) and using the derivative of y = sin «

EXAMPLE 8

. o . T
a  Find the derivative of y = cos «x at the point where x = 3

b Find the equation of the tangent to y = cos x at this point

Solution

Equation

A
2y—-1=—f3 (x _g (multiplying both sides by 2)
J

VREY:

6y—3=-3Bx+m \/§ (multiplying both sides by 3)
33x+6y—3-n3=0
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Derivative of tan x

We can sketch the derivative (gradient) function of y = tan x Notice that the gradient
function will have asymptotes in the same place as the original graph because this is where
the tangent is vertical and the gradient is undefined

i

. . . 2
The gradient function is y = sec” &, where sec x =
cosx

Ji

=Y

Derivative of tan x

Ify=tanx thenﬂ=seczx
dx

You can prove this in a similar way to the derivative of y = sin ' A simpler proof involves
sinx

changing tan x into and using the quotient rule

osx
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. . tan x
a Differentiate y = 7
x

b Find the gradient of the tangent to the curve f(x) = tan x at the point where x = g

Solution
a y:tanzx is in the form y =~ b d—yzseczx
3x v dx
u=tanx and v=3x’ Atx=Z
w' = sec’ x v =6 J
Y VL
, wv—v'u . =sec -
T oo
L - W2
_sec” x X3x” —6x X tanx _

(Ga?)?
_ 3x(x sec? ¥ — 2tan x)
9x*

_ xsec’ x — 2tan x
3x°

Chain rule
If y = sin f(x) then ;ix—y =f"(x) cos f(x)
If y = cos f(x) then % =—f"(x) sin f(x)

If y = tan f(x) then % =f"(x) sec’? ()
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Here is the proof for y = sin f(x) The others are similr.

Proof
y=sin f(x) is a composite function
where y=sinzand #=f(x)

dy du
—_—= d _—= ’
COS 7 an . ()

U

Y _b

dv du dx
=cos u X f'(x)
=f"(x) cos u
=f"(x) cos f(x)

a Differentiate each function

N\

] e A e (4x3 + 5 i

3

y=tan (Sx — T)

b Find the gradient of the normal to the curve f(x) = cos % at the point where x =7

Solution

1 & "(x) cos f(x
a IE_f() flx)

=7 cos 7x

iii ;ix—y = f"(x) sec’ f(%)

=5 sec” Sx—m)

b D sin o

1 . «x
=——sin —
2 2
Atx=m
d—y———sin1t
dx 2 2
=—lx1
2
__1
2

ii ;ix—y =— f"(x) sin f(x)

=—124% sin (4x3 LI

\

3

Normal is perpendicular to the

So m =—l
2
tangent
m oy =—1
1
== g =]l
2"
m2=2
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While trigonometric functions are usually expressed in radians we can differentiate angles in
degrees by using the conversion 1t = 180°

Differentiate y = sin x°

Solution

180° = & radians d ,
= f/(x) cos f(x)

oo T
180 _
=—— oS —
oo 180 180
180 _.T 0
, =——cosx
So y =sin x° becomes 180
= sin =
SR TT)

We can also differentiate composite functions involving trigonometric function.

EXAMPLE 12
Differentiate
a tan (¢") b In(cosx)
Solution
d_}’ — £ 2 d_y — fl(x)
O 1'(x) sec” f(x) & )
= ¢" sec” (¢ sinx
" cosx
=—tan &

Exercise 4.04 Derivative of trigonometric functions

1 Differentiate

a sin4w b cos3x ¢ tan Sx
d tn(Gx+1) e cos(—x) f 3sinx
g 4cos(Sx-3) h 2 cos () i 7wan@+5)
j  sin3x+cos 8x k tan (m+x)+a° X tan x
. sinx 3x+4
m sin 2x tan 3x n o -
2x sinSux
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P (Qx+tan 7x)’ q sin’x r 3cos’Sx

s ¢ —cos2x t sin(l-Inx) U sin (" +x)
er
v  In(sinx) w % cos 2x x
tan7x

2 Find the gradient of the tangent to the curve y = tan 3« at the point where x = g

A
Find the equation of the tangent to the curve y = sin (T — x) at the point (g % in exact form
J
Differentiate In (cos x)
Find the exact gradient of the normal to y = sin 3x at the point where x = %

Differentiate ¢™"*

N &0 01 A W

. . . . T
Find the equation of the normal to the curve y = 3 sin 2« at the point where x = m
in exact form

8 Show that % [In (tan x)] = tan x + cot x
9 Differentiate each function

_ sinx®

5

a y=tanx° b y=3cosx® C
10 Find the derivative of cos x sin* x
11 The population of salmon in a salmon farm grows and reduces as fish are born and sold
The population is given by P =225 cos % + 750 where # is time in days

What is the centre of the population?
What is the minimum number of salmon in the farm at any one time?
What is the maximum population?

At what times is the population 700?

O o 06 T Q

At what rate is the population changing after
i 3 days? il aweek? iii 10 days? v 18 days?
f At what times is the population growing at the rate of 25 fish per day?

12 The tide was measured over time at a beach at Merimbula and given the formula

. Tt . . .o .
D =8 sin o + 9 where D is depth of water in metres and 7 is time in hours

a How deep was the water
i initially? ii after 5 hours?
b When was the water 10 m deep?
¢ At what rate was the depth changing after
i 3 hours? ii 11 hours? iii 12 hours?

d At what times was the depth of water decreasing by 3 m h™ ?
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4.05 Second derivatives
I50 Second derivative
Differentiating f(x) gives f’(x) the first derivativ.

Differentiating f(x) gives f”(x) the second derivative
Fis and
econd
deivaive

It is also possible to differentiate further.

Using function notation differentiating several times gives f”(x), f”(x), f

2 3

Using L] notation differentiating several times gives d_g/ d—); and so on
dx dx® dx

2

2
The notation ;g/ comes from %( y)

EXAMPLE 13

a  Find the first 4 derivatives of f(x) = x° — 40’ + 3w — 2.
b Find the second derivative of y = (2x + 5)’
¢ Iff(x) =4 cos 3x show that /”(x) = -9 f(x)

() and so on

Solution
a flx)=3x"—8x+3 ¢ fl@)=—f"(x) xsin f(x)
f7(x)=6x—8 =-3 x4 sin 3x
f7x)=6 =-12 sin 3x
f7@)=0 J7(x) =f"(x) x cos f(x)
. g " =3 X (=12 cos 3x)
A =) X nf(x) =36 cos 3x
=2 x7Qx+5)° =-9(4 cos 3x)
=14Q2x + 5)6 =-9f(x) since f(x) = 4 cos 3x

dz
;? = £/ X nf@)" !

=2x6x14Q2x+5)°
=168Qx+5)’
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Exercise 4.05 Second derivatives

12

13
14

15

16

17
18
19

20

21

Find the first 4 derivatives of &’ — 22" + 2" —x - 3.

If fx) =" = 5 find f"(x)

Find f”(x) and f”(x) if f(x) = 22" =2 + 1.

Find (1) and f”(-2) given f() =3¢ =21 + 5t 4
Find the first 3 derivatives of x” — 245 + 4a* - 7.

Find the first and second derivatives of y = 22 — 3x + 3.
If fx) = ot = 2* + 247 = 52— 1, find £'(~1) and f"(2)
Find the first and second derivatives of x~*

If g(x) = J/x find g”(4)
. T d*h
Given h=5¢ =2t +t+5 find — when t=1.

dt
2

Find any values of x for which —gl =3 given y=3x" - 22" + Sx
dx

Find all values of x for which f”(x) > 0 given that f(x) = -2t +x+9

Find the first and second derivatives of (4x — 3)°

Find £/(x) and £(x) if f(x) =2 — x

Find the first and second derivatives of f(x) = 3x+ 51
r—

2
Find%ifv = (t+3)Q2t - 1)
t

2
Findthevalueofbinysz3—2x2+5x+4if%=—2 whenxz%

Find /(1) if f(t) = 12t - 1)’
Find the value of b if f(x) = 562" — 4«” and f”(-1) = =3

2
Ity= ¥ + ¢ show that Zx—g/ =16y
2
Prove that % - 3% +2y=0 given y = 3¢**
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2
22 Show that j—g, = by for y = ae™
x

2
d y+2ﬂ+ny=0

23 Find the value of 7 if y = ¢** satisfies the equation —
dx dx

2
24 Show that % =-25yify =2 cos Sx
25 Given f(x) =-2 sin x show that f”(x) = —f(x)

2
26 Ify=2sin3x— 5 cos 3x show that d—glz—‘)y
dx

2
27 Find values of 7 and & if ;g, = 4e’* cos 4x + be** sin 4w given y = ¢’ cos 4x

28 Find the exact value of £”(2) if f(x) = x+/3x — 4

29 The displacement of a particle moving in a straight line is given by x = 2¢° — 5¢ + 7t + 8,
where « is in metres and ¢ is in seconds

a Find the initial displacement
b Find the displacement after 3 seconds
¢ Find the velocity after 3 seconds

d Find the acceleration after 3 seconds

30 The height in cm of a pendulum as it swings is given by / = 8 cos 7z + 12 where ¢ is time
in seconds

a Whatis the height of the pendulum after 3 s?
b What is the maximum and minimum height of the pendulum?
¢ What s the velocity of the pendulum after
i 1¢? ii 15s?
d  What s the acceleration of the pendulum

i initially? il after1¢? iii after 15s?
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4.06 Anti-derivative graphs

The process of finding the original function y = f(«x) given the derivative y = f’(x) is called .
anti-differentiation and the original function is called the anti-derivative function also s
called the primitive or integral function

Anideivaive

Sketch the graph of the anti-derivative (primitive function) given the graph of the ganh
derivative function below and an initial condition or starting poin, of 0,2).

)

N | S
.

Solution

Remember that when you sketch a derivative function the x-intercepts are where the
original function has zero gradient or stationary (turning) point.

On this graph the stationary points are at x = x; and x = x;

Above the x-axis shows where the original function has a positive gradient
(it is increasing) On this grap, this is where x <« and x >,

Below the x-axis shows where the original function has a negative gradient
(it is decreasing) On this grap, this is where x <x<w,

We can sketch this information together with the point (, ):

Y

/\2 /; = f(w)
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We are not given enough information to sketch a unique grap. There is no way of knowing
what the y values of the stationary points are or the stretch or compression of the graph Alo,
if we are not given a fixed point on the function we could sketch many graphs that satisfy the
information from the derivative function

>

=y

D}
74l

The anti-derivative gives a family of curves

Exercise 4.06 Anti-derivative graphs

1 For each function graphed sketch the graph of the anti-derivative function given it
passes through

a O-1) b (1,2

Jh
i \
3

c (03) d 1,-1)

VAN VA ;

—'3—'2—}\i2'3 x A2 1 iz\ x
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e (0,1

wn
=Y

J

2 Sketch a family of graphs that could represent the anti-derivative function of each graph

a i b N

¥

Ji
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3 The anti-derivative function of the graph below passes through (0 —1) Sketch its grap.

Y

4_/

]

4 Sketch the graph of the anti-derivative function of y = cos x given that it passes through

0 0.

Ji

24

14 y=cosx

AN T

14 2 2
2

V

Ji
2
1- y=sn x
n L in o
~1- 2
2
¥

. INVESTIGATION R

. ANTI-DERIVATIVE OF y = x"

* 1 Differentiate

2

a x b «+5 c -7

. What would be the anti-derivative of 2x?

. 2 Differentiate

3

a x b £¥+1 c ¥+6

. What would be the anti-derivative of 3472

d ¥+4

d -2

e 75

e -14
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* 3 Differentiate

a i b «*-3 ¢ ¥t+2 d «*+10 e x*-1
What would be the anti-derivative of 4x*?
4 Differentiate

a x’ b x"+7 c ¥"+9 d «"-5 e x'-2
What would be the anti-derivative of nx"~ ?

. Can you find a general rule for anti-derivatives that would work for these examples?

4.07 Anti-derivatives

Since anti-differentiation is the reverse of differentiation we can find the equation of an
anti-derivative function

Anideivaive

Anti-derivative of x" o

Y «" then y= % &" 1+ C where C is a constant
n

Anidifretition

Proof
i(L‘x”*’ +C) :—(n+1)x
dx\n+1 n+1

We can apply the same rules to anti-derivatives as we use for derivative. Here are some of
the main ones we use

Anti-derivative rules

Ifd—y:kthen y=kx
dx

FY b then y = —— b+ 14 C
dx n+1

If % = f(x) + g(x) then y = F(x) + G(x) + C where F(x) and G(x) are the anti-derivatives of

f(x) and g(x) respectively.
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Find the anti-derivative of x* — 4a® + 94 — 6x + 5.

Solution

Iff(x)=x4—4x3+9x2—6x+5
1

F(x)=—x5—4><lx4+9><lx3—6><lx2+5x+C
5 4 3 2

o 4 3 2
=?—x +3x” —3x" + 5S¢+ C

If we have some information about the anti-derivative function we can use this to evaluate
the constant C
The

anideivaive

uncion a  The gradient of a curve is given by b _ 6x” + 8x If the curve passes through the
point (1 =3) find its equatio.

b Iff”(x)=6x+2 and £/(1) = f(~2) = 0 find f(3)

Solution

a %=6x2+8x
Soy=6x%x3+8x%x2+c
=20 +42° + C
Substitute (1 -3)
-3=21P° +41)*+C
=6+C
9=C

Equation is y = 2x* + 4x” — 9
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b fx)=6x+2 Since f(-2)=0

f%@=6x§ﬁ+zx%x+c' 0=(-2) + (-2’ -5(-2) + D
I =-8+4+10+D
=3x" + 20+
=6+D
Since (1) =0
—6=D

0=3(1°+21)+C
Equation is f(x) =x* + * — 5x — 6

A (3)=3 +32-50)
3)=3"+3“"-53)-6
5@ U
) =2749-15-6
Sof/(x)=3x"+2x-5 5
=1l

f(x)=3x%x3+2x%x2—5x%x +D

=+’ =5Sx+D

Chain rule

Ifd—y:(ax+b)" then y = ! (ax +b)"" ' + C where Cis a constant 2 # 0 and 7 # —1
dx a(n+1)
Proof
i 1 (ﬂx+b)"+ +C =tl(n+1)(tlx+b)”
dx\ a(n+1) a(n+1)
= (ax + b)"
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EXAMPLE 17

a  Find the anti-derivative of (3x + 7)°

b The gradient of a curve is given by Zx_y = (2x — 3)* If the curve passes through the
point 2 -7) find its equatio.

Solution

Zx—y=(3x+7)8

y= (ax+b)" "'+ C

1
a(n+1)

Gxe+7) 1 +C

T36+10)

=2—17(3x+7)9+C

9
_Gx+7)
27

b %:(zx-n“

= +b)" 4 C
J ﬂ(n+1)(ﬂx )
1

T 24+

Qx-3)*""1+C

= % Qx-3Y+C
Substitute 2 -7)

—7=i(zxz—3)5+c
10

G
=— 1)y +C
10()

=L+C
10

—7L=C
10
L 1 5 1
So th: ti =—Qx-3y-7—
o the equation is y lo(x ) T

_Qx-3)-71
10
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General chain rule

If% =f"(@[f(x)]" theny= LI [ f@)]"*" + C where Cis a constant and 7 # —1
n+

Proof

d
dx\ n+

=@

EXAMPLE 18

Find the anti-derivative of

a 87" -1)
Solution

a Given flx)=2x"-1

(@) =8

% =822« - 1)
=@ fW]"
_L 7+ 1
y—n+1f(x) +C
IR TSR Y|
—5+1(2x 1yt @
=%(2x4—1)6+C
_@t-nt
6

b Givenf(x)=4’+2
f@) =347

dy 2,3 7

— = +2

Tl (" +2)
=%>< 3a2(x +2)

~ L T

b

—(L[ﬂx)]"* +C = @+ DL
1 ) n+l

P+ 2)7

1 n+1
==X —— +C
J n+1f(x)

1
3
1><—(x3+2)7+1+c
3 7+1

1l 3 58
=—~(" +2)°+C
24(x )

3 8
=M+C
24
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Exercise 4.07 Anti-derivatives

1

O ©© N o

10

Find the anti-derivative of

a 2x-3

d (x-1)

g 8Qx-7)?
Find f(x) if

a f’(x)=6x2—x

d )=+ 1)-3)

Express y in terms of x if

a ﬂ:sx“—C)
dx

g b_2
dx «x

Find the anti-derivative of

a Jx

d x»2+ Zx_g

Find the anti-derivative of

a 2x(+5)"
d 15"+ 1)°

g Qe-1)@'-x+3)*
i (-3 -6x—1)

Y -
dx

If f’(x) = 4x — 7 and f(2) = 5 find an equation for y = f(x)

(1]

(1

2 +8r+1

fl@)=a" =37 +7

fe)=x?

d_y =x =277
dx

307’ — 1)’
x(x2 - 4)7

Ga? + 4w = )’ + 245 = Tw)"°

c
f

Given f”(x) = 3x* + 4x — 2 and f(-3) = 4 find the value of f(1)

Given that the gradient of the tangent to a curve is given by

passes through (-2 3, find the equation of the cure.

Ifili_xz(t—3)2 and x =7 when =0 find x when r=4
t

dzy

dy

® — 4

Gx+2)

f)y=x-2
3

ﬂ — X — xz

de 5

1

8

8x(2x +3)°

Q% - 7)8

x> = 32" + 5 and y = 4 when x = 1 find an equation for y in terms of x

=2 — 6x and the curve

Given e 8 and % =0and y =3 when x =1 find the equation of y in terms of x

2
12 Ifjx—gl =12x+ 6 and % =1 at the point (-1, -2) find the equation of the curv.
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13 If f”(x) = 6 — 2 and f'(2) = f(2) = 7 find the equation of the function y = f(x)

14 Given f”(x) = 5x* £/(0) =3 and f(-1) = 1, find £(2)

2
15 A curve has Iy 8x and the tangent at (-2 5) has an angle of inclination of 45° with

de?
the x-axis Find the equation of the curv.
2
16 The tangent to a curve with fix_g/ = 2x — 4 makes an angle of inclination of 135° with the

x-axis at the point (2 —4) Find its equatio.

17 A function has a tangent parallel to the line 4x — y — 2 = 0 at the point (0 -2) and
(%) = 124" — 6x + 4 Find the equation of the functio.

2

18 A curve has d_g/ = 6 and the tangent at (-1 3) is perpendicular to the line
dx

2x + 4y — 3 =0 Find the equation of the curv.
19 A function has f’(1) = 3 and f(1) = 5 Evaluate f(-2) given f”(x) = 6x + 18.

20 The velocity of an object is given by ;ﬁ = 6t — 5 If the object has initial displacement of
t

-2 find the equation for the displacemen.

d’x

21 The acceleration of a particle is given by i 247 — 12t + 6 m s~ Tts velocity ;iﬁ =0 when
t t

t=1 and its displacement x = =3 when # = 0 Find the equation for its displacemen.

4.08 Further anti-derivatives

Anti-derivative of exponential functions
Ifﬂ:e’“ then y=¢"+C
dx
Chain rule

Ifﬂ = tt theny=l oty C
dx a

If;ix—y=f’(x)ef” then y=¢/* + C

Proof (by differentiation)

i(lg”’“'b.g-CJ :lX ﬂemﬁ'b i[efx + C] :f'(x)efx
dx\a a dx
ax +b

=e
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a  Find the anti-derivative of ¢* + 1.

b Find the equation of the function y = f(x) given f”(x) = 6¢** and f(2) = 2¢°

Solution
a le‘”“r[’+C=le4’”+C
a 4
b f@=6" If f2) = 2¢°
f(x)=6><§e3x+c 20=23%24C
46
=27+ C =2l
0=C

So f(x) = 2¢™

Anti-derivative of i
x

Ifﬂ=l thenyzlnlxl +C
dx «x

Chain rule

el then y=In|f@)| +C

dx  f(x)
Proof
%(ln x) = 1 for x> 0 because In « is defined only for x > 0
x

. .. 1 .
So the anti-derivative of — when x > 0 is In x
x

Suppose x <0

Then In (—x) is defined because —x is positive
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n(—x f(x)
Semeal=L

=l x<0
X

Inx+C ifx>0

Soifﬂ:l then y=
dx  «x In(—x)+C ifx<0

or more simply, y=In|x|+C

a  Find the anti-derivative of J
x

b Find the equation of the function that has Zx_y =

>— and passes through (3 3 In 4.

x° =35
Solution
a 9.3
dve x
=3><l
%
¥ 3ln|x|
DR A Substitute (3 3 In 4:
de  x*-5
3In4=31In [3*-5|+C
_3x 2x
x2—5 =3In4+C
4 0=C
= xMwheref(x)zxz—S
fx) Soy=31In|s’ -3

y=3Inf|x|+C
=3In [¥-5|+C
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Anti-derivatives of trigonometric functions

Ifﬂ =cosx theny=sinx+C since i(sin X) =cosx
dx dx

If Y =sinx then y=—cosx+ C since & (cos x) = —sin x so 4 (—cos x) = sin «
dx dx dx

If Y _ sec’ x then y=tanx+C since i(tan x) =sec’ x
dx dx

Chain rule

Ifﬂ=cos (ax + b) then y:l sin (ax + b) + C
dx a
dy . 1

If = =sin (ax + b) then y=——cos (ax +b) + C
dx a
d_)/ 2 1

If = =sec” (ax + b) then y=—tan (ax +b) + C
dx a

If % =f"(x) cos f(x) then y=sin f(x) + C

If% =f"(x) sin f(x) then y=—cos f(x) + C

If % =f"(x) sec’ f(x) then y=tan f(x)+ C

Proof
i|:lsin (ax+b)+C]=l><acos (ax + b)
dx | a a

= cos (ax + b)

The other results can be proved similarly.

EXAMPLE 21

a  Find the anti-derivative of cos 3x

b Find the equation of the curve that passes through (%, 3] and has Z—y
x
Solution

a y=%sin(ax+b)+(]

=%sin3x+C

= SCC2 X
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b y=tanx+C

Substitute (E, 3)
4

3=tan£+C
4
=1+C
2=C

Soy=tanx+2

Exercise 4.08 Further anti-derivatives

1 Find the anti-derivative of
a sinx b sec«x C cosx

d sec7x e sin(Rx-m)

2 Anti-differentiate

a ¢ b c 1
3 X *
d e 5
3x—1 x“+5
3 Find the anti-derivative of
a ¢+5 b cosx+4x c x+l

d 8’ -3x"+6xr—-3+x e sinSxr—sec’ 9x
4 Find the equation of a function with % = cos « and passing through (g, - 4)
S Find the equation of the function that has f"(x) = Bl and (1) =3.
x

3\
6 A function has % =4 cos 2x and passes through the point (g, 23
J
Find the exact equation of the function
7 A curve has f7(x) = 27¢% and has Q=)= ¢® Find the equation of the curv.

8 The rate of change of a population over time 7 years is given by L;—P =1350¢"0%
If the initial population is 35 000 fin: g

a the equation for population

b the population after 10 years
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9 The velocity of a particle is given by ;ﬂ =3¢ and the particle has an initial
t

displacement of 5 metres Find the equation for displacement of the particl.

2
10 A pendulum has acceleration given by j—f
t

initial velocity 3 cm s~
a Find the equation for its velocity.

b  Find the displacement after 2 seconds

=—9 sin 3 initial displacement 0 cm and

¢ Find the times when the pendulum has displacement 0 cm

Summary of differentiation rules

Rule

@ (xn) :nxn—l

~

N
Il
W&s

=
(=]

N
I
I

(sin x) = cos x
(cos x) =—sin x

(tan x) = sec’ x

Bl Bl Bl B B[ B

Product rule % (wv) =u'v+v'u

. du) vv—2u
Quotient rule —| — |= 2
dx\ v v

Chain rule

d n_ n—
E[f ()] = f(@)n[f(x)]

A 1eF )= Fra)el @

%

fx)
f®)

i[smf(x)] f/(x)cos f(x)

L In f9] =

% [cos f(x)]=—f"(x)sin f(x)

4 fan f(0)]= 1) sec” )
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4 e TEST YOURSELF

For Questions 1 to 4 choose the correct answer A B € or D

1 The anti-derivative of sin 6x is

A é cos 6x B 6cos6x C —6cos6x D —% cos 6x
2 The gradient of the tangent to the curve y = ¢** + x at (0, 1) i:
A 2 B 3 C o D 1
d’y
3 Ify=cos 2x then —-is:
A 4y B -2 C 4 D y
4 ‘The graph of the derivative y = f’(x) is shown %
Which of the following graphs could be the @
graph of y = f(x)? 7
- / —
J
A b7 B ¥
) x\/ ; / %\x
J
C Y D )
& &~ * ) / ¥ 5\ 7
5 Differentiate
a b 2.°* ¢ In4x d In@xr+5)
e x¢ f g g @+
%
6 Differentiate
a cosx b 2sin«x ¢ tanx+1 d «xsinx
tan x f cos3x g tan S
%
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10
11

12

13

14

15

16
17

18
19

Find the equation of the tangent to the curve y = 2 + ¢’ at the point where x = 0

T

Find the equation of the tangent to the curve y = sin 3x at the point (Z 7
J

2

If x = cos 2t show that d—f =4

1\

dt
Find the exact gradient of the normal to the curve y = x — ¢ at the point where x = 2.
Find the anti-derivative of
a 10— 4’ +6x-3 b ¢ sec’ 9x
A
L e coslx f sin (ﬁ
x+5 4 J

Find the gradient of the tangent to the curve y = 3 cos 2x at the point where x =

T
6
A curve has Zx—y = 6" + 122 — 5 If the curve passes through the point (, —3) find the

equation of the curve

Sketch the graph of the anti-derivative of the following function given that the

anti-derivative passes through (0 4.

y

Find the equation of the normal to the curve y = In x at the point (2 In 2.

\

Find the equation of the normal to the curve y = tan «x at the point (%, 1
J
Differentiate
a G2+7)* b 4xQx-3) Ll
3x+4

d 208 tan 3x

x+1
If f7(x) = 154 + 12 and f(2) = f"(2) = 5 find the equation of y = f{(x)

If f(x) = 3a° — 2 + &° — 2 fin:
a fD b 1) < [0
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20 Sketch an example of the graph of an anti-derivative function for each graph

a
Yk b )

'

21 A function has f’(3) =5 and f(3) =2 If f”(x) = 12x — 6 find the equation of the functio.

22 Find the anti-derivative of
a 3xt-35)° b 3x(*+1)
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4 e CHALLENGE EXERCISE

x+Inx

1 Find the exact gradient of the tangent to the curve y =¢ at the point where x = 1.

2 Find the first and second derivatives of 5,;163
(4x"+1)
3 Find the anti-derivative of
a 2uxe" b 4 sin ()

x sin 2x

4 Differentiate ¢

5 A curve passes through the point (0 —1) and the gradient at any point is given by
(¢ + 3)(x — 5) Find the equation of the curv.

6 The rate of change of I with respect to ¢ is given by a;_V = (2t — 1)
t
If V=5 when t:% find V"when z =3.

7 Find the derivative of y = xlo#
e

8 a Differentiate In (tan x)

b Find the anti-derivative of tan x

9 Find the anti-derivative of

a sin@-n b e
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GEOMETRICAL
APPLICATIONS OF

DIFFERENTIATION

We can use irst and second deivaives fo ind the shape of funcion,incluing speial features
such as sfafonary pint, and draw thir graph. Wewill also usedifferntation to solve prcfical
optmsaton problems

/

507

502
503
5.04
505
5.06
507
508

S AR AP

Increasng and decreasng curves
Statonary pints

Concavty and ponts of nflecton
Interpretng rates of change graphcally
Statonary pints and the second deivaive
Curve skefcing

Clobal maxma and mnma

Fndng formulas for opiisaion problems
Optmsaton problems

\\‘Gﬁ:lﬁ:"‘-u--:- e

E CHAPTER OUTLINE




= 3
APV

IN THIS CHAPTER YOU WILL:

apply the relafonshp between the frst dervatve and the shape of the graph of a funcion
ncludng statonary pints

apply the relatonshp between the second dervatve and the shape of the graph of a functon
ncludng concavty and ponts of nflecton

draw graphs of functons usng dervatves to fnd specal features ncludng maxmum and
mnmum values

dentfy and use dervatves fo solve optmsaton problems




concavit: The shape of a curve as it bend;
it can be concave up or concave down

global maximum or minimum The absolute
highest or lowest value of a function over a
given domain

horizontal point of inflection A stationary
point where the concavity of the curve changes

local maximum or minimum a relatively high
or low value of a function shown graphically as
a turning point

maximum point A stationary point where the
curve reaches a peak

minimum point A stationary point where the
curve reaches a trough

monotonic increasing or decreasing A function
that is always increasing or decreasing

point of inflection A point at which the curve is
neither concave upwards nor downwards but
where the concavity changes

stationary point A point on the graph of
y =1 (x) where the tangent is horizontal and
its gradient f (x) = 0 It could be a maximum
point minimum point or a horizontal point
of inflection

You have already seen how the derivative describes the shape of a curv.

The sign o he
deivaive

Sign of the first derivative

If f*(x) > O the graph of y = f(x) is increasing
If f(x) < 0 the graph of y=f{(x) is decreasing
If f”(x) = 0 the graph of y = f(x) has a stationary point

Sometimes a curve is monotonic increasing or decreasing (#/ways increasing or decreasing)

Monotonic increasing or decreasing functions

A curve is monotonic increasing if f”(x) > 0 for all x

A curve is monotonic decreasing if /(x) < 0 for all x
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Find all x values for which the curve f(x) = x* — 4x + 1 is increasing

Find any stationary points on the curve y =&’ — 48x — 7.

fo)=2x-4 2x>4
For increasing curve x>2
f(@)>0 So the curve is increasing for x > 2.
20—4>0
y =3x> — 48 When x =4
For stationary points y= 4 —484) -7
y'=0 =-135
307 - 48=0 When x = —4
¥~ 16=0 y= (-4 —48(-4) - 7
=16 =121
x=14 So the stationary points are (4 —135)
and (-4, 121.

Exercise 5.01 Increasing and decreasing curves

H 0N

© N O U

For what x values is the function f(x) = —2x” + 8x — 1 increasing?
Find all values of x for which the curve y = 24" — x is decreasing
Find the domain over which the function f(x) = 4 — »” is increasing

Find values of x for which the curve y =% — 3x — 4 is

a decreasing b increasing €  stationary
Show that the function f{x) = —2x — 7 is always (monotonic) decreasing
Prove that y =&’ is monotonic increasing for all x # 0

Find the stationary point on the curve f(x) =

Find all x values for which the curve y = 2x” + 32’ — 36x + 9 is stationary.
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10
11
12
13
14

15

16

17

18

19
20

21
22

23

24

25

Find all stationary points on the curve
a y=+"-22¢-3 b fw=9-«
¢ y=2-9%"+122-4 d y=a"-22"+1

Find any stationary points on the curve y = (x — 2)*

Find any values of x for which the curve y = 2x* — 21x* + 60x — 3 is stationary
The function f(x) = 24" + px + 7 has a stationary point at x = 3 Evaluate p
Evaluate # and b if y = x* — ax? + bx — 3 has stationary points at x =—1 and x = 2.

a  Find the derivative of y = & — 32 + 27x - 3.

b Show that the curve is monotonic increasing for all values of x

Sketch a function with f’(x) > 0 for v < 2, f"(2) = 0 and f"(x) < 0 when x > 2.

Sketchacurvewithd—y<0forx<4,ﬂ=0whenx=4andd—y>Oforx>4
dx dx dx

Sketch a curve with Zx_y >0 forall x # 1 and Z—y =0whenx=1.
x

Sketch a function that has f”(x) > 0 in the domain (—eo —2) U (5, o), f’(x) = 0 for x = -2
and x =5, and f"(x) < 0 in the domain (-2, 5.

A function has f(3) =2 and f”(3) < 0 Show this information on a sketc.

The derivative of a function is positive at the point (=2, —1) Show this information on a
graph

Find the stationary points on the curve y = 3x — 1)(x — 2)*

Differentiate y = xv/oo +1 Hence find the stationary point on the curv, giving the exact
coordinates

The curve f(x) = ax* — 2&° + 75> — x + 5 has a stationary point atx = 1.
Find the value of 2

Show that f(x) =+/x has no stationary points

Show that f(x) = % has no stationary points
x
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In Year 1, Chapte 6, Introduction to calculus you learned about 3 types of stationary point:
.. . . . . . . . Saiona
minimum point maximum point and horizontal point of inflectio. pein

At a local minimum point the curve is decreasing on the LHS
and increasing on the RHS

b LHS Minimum RHS
f () <0 0 >0

At a local maximum point the curve is increasing on the LHS
and decreasing on the RHS

59 LHS Minimum RHS
f (@) >0 0 <0

These stationary points are called local maximum or minimum
points because they are not necessarily the global maximum or minimum
points on the curve

global maximum
pont

Local maximum
turning point

=Y

Local minimum
turning point

global minimum
pont

These curves are increasing or decreasing on both
sides of the horizontal point of inflection

It is not a turning point since the curve does not
turn around at this point

We will learn more about points of inflection in the
next section
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Find any stationary points on the curve flx) = 2x* — 15x* + 24x — 7 and determine their
nature

f(x) = 627 — 30x + 24
For stationary points
f'@)=0
62" = 30x+24=0
6’ —Sx+4)=0

& —5x+4=0
(x-Dx-49=0
x=1, x=4

So there are 2 stationary points where x=1and x =4
F)=2(1)° = 15(1)° + 24(1) - 7

=4
So (1 4) is a stationary poin.

"To determine its natur, choose a point close to 1, 4) on the LHS and HS, for exaple,
x=0and x =2 and test the sign of f’(x)

y
X 0 1 2 0(14)
f@ 24 0 -12 VAR
+ —

Positive to negative so (, 4) is a maximum poit.

]
Ry

f@ =24 - 154’ + 244 -7
=-23
So (4 -23) is a stationary point

"To determine its natur, chooe, for examle, x=2andx=35.

7 2 4 5 Y4
f@ -12 0 24 p
= +
Negative to positive so (, —23) is a minimum point —\/"'
5@ -23)
V
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Exercise 5.02 Stationary points
1 Find the stationary point on the curve y = +* — 1 and show that it is a minimum point
2 Find the stationary point on the curve y = x* and determine its type

3 The function f(x) = 7 — 4x — «* has one stationary point Find its coordinates and show
that it is a maximum turning point

4 Find the turning point on the curve y = 34? + 6x + 1 and determine its nature
5 For the curve y = (4 — )’ find the turning point and determine its natur.

6 The curve y =’ — 6% + 5 has 2 turning points Find them and use the derivative to
determine their nature

7 Find the turning points on the curve y = x° — 3’ + 5 and determine their nature

8 Find any stationary points on the curve f(x) = x* — 2x* — 3 What type of stationary
points are they?

9 The curve y =" — 3x+ 2 has 2 stationary points Find their coordinates and determine their typ.
10 The curve y =&’ +ma’ — 24" + 5 has a stationary point at x = —1 Find the value of

11 For a certain function f’(x) =3 +« For what value of x does the function have a
stationary point? What type of stationary point is it?

12 A curve has f’(x) = x(x + 1) For what x values does the curve have stationary points?

What type are they?

13 a Differentiate P=2x+ 0 with respect to x
x

b  Find any stationary points on the curve and determine their nature

2 —_—
14 For the function 4 = % find any stationary points and determine their natur.

15 Find any stationary points on the function ¥ = 40r — 1” correct to 2 decimal places and
determine their nature

. . . 120 .
16 Find any stationary points on the curve S = 27 + — correct to 2 decimal places and
A . 7
determine their nature

17 a Differentiate 4 = 273600 — x°

b  Find any stationary points on 4 = xy3600 — x* (to 1 decimal place) and determine
their nature
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The first derivative f”(x) is the rate of change of the function y = f{x)

Concaviy

Similarly, the second derivative f” (x) is the rate of change of the first derivative f”(x)
This means the relationship between f”(x) and f’(x) is the same as the relationship between

/@) and flx)

Shape o
cuvs

If £”(x) > 0 then f"(x) is increasing
If £”(x) < 0 then f"(x) is decreasing
If f”(x) = 0 then f’(x) is stationary.

The sign of the second derivative
shows the shape of the graph

If £”(x) > 0 then f”(x) is increasing
This means that the gradient of the
tangent is increasing

Notice the upward shape of these curves The curve lies above the tangens. We say that
the curve is concave upwards

If f”(x) <0 then f”(x) is decreasing
"This means that the gradient of the m=1
tangent is decreasing

Notice the downward shape of these curves The curve lies below the tangens. We say that
the curve is concave downwards

Sign of 2nd derivative

If f”’(x) > 0 the curve is concave upward.

If f”’(x) < 0 the curve is concave downward.
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Find the domain over which the curve f(x) = 24 — 7x* = 5x + 4 is concave downwards

fl@)=6x"—14x -5
f7x)=12x-14
For concave downwards

(%) <0
126 - 14<0

12x < 14
14

X< —
12
x<1l
6

. . . . 1
So the domain over which the curve is concave downwards is (=, lg)

At the point where f”(x) = 0,

f”(x) is constant This means that

the gradient of the tangent is neither

increasing nor decreasing This happens

when the curve goes from being concave

upwards to concave downwards or @) >0
concave downwards to concave upwards
We say that the curve is changing
concavity at a point of inflection The diagrams above show a point of inflection and the
change in concavity as the curve changes shape

" 0
GCEUII

f®)=0
point of point of
inflection inflection

[@)=0

F7(x)>0

The diagrams on the right show a
horizontal point of inflection that
occurs at a stationary point Notice that
the tangent is horizontal at the point horizontal point
of inflection of inflection

f x>0 Fx)>0

f7x)=0

(@) <0 /f”:x) <0

horizontal point
of inflection

fx)=0

Points of inflection
If f”(x) = 0 and concavity change, itisa point of inflection

If f’(x) = 0 also, it is a horizontal point of inflection
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Find the point of inflection on the curve y = x* — 65" + 5x + 9

Does the function y = x* have a point of inflection?

Yy =32 - 122 +5

Y =6x—-12
For point of inflection y” =0 and concavity changes
6x—12=0

x=2

Check that concavity changes by choosing values on the LHS and RHS for example
x =1 and x =3 and testing the sign of the second derivative y”

Since concavity changes (negative to positive) there is a point of inflection at x = 2.

When x = 2:
y=2>-60Q)+52)+9
=3

So (2 3) is a point of inflectio.

L =4’
dx
2
25 _ 1z
dx P
For point of inflection Xg =0 and concavity changes
12 =0
=0
x=0
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Check that concavity changes by choosing values on the LHS and RHS for exampl,
2

x =%£1 and test the sign of d—g’
dx
2 =l 0 1
2
9 5 o 1
de
+ +
Since concavity doesnt change (both sides are 74
positive) (, 0) is not a point of inflectin. 50
So y = «* does not have a point of inflection 60 y @
We can see this by drawing the graph of y = «* 40
"This graph has a turning point at (0 0. 20+
3 02 -1 Yy 1 2 3 7

Exercise 5.03 Concavity and points of inflection
1 For what values of x is the curve y = * + 2” — 2x — 1 concave upwards?
Find all values of x for which the function f(x) = (x — 3)’ is concave downwards
Prove that the curve y = 8 — 6x — 4«” is always concave downwards
Show that the curve y = &% is always concave upwards
Find the domain over which the curve f(x) = x* — 7x° + 1 is concave downwards
Find any points of inflection on the curve g(x) =&’ — 3x* + 2 + 9
Find the points of inflection on the curve y = &% — 6x* + 12x — 24

Find the stationary point on the curve y = x* — 2 and show that it is a point of inflection

O 0 N O U h W DN

Determine whether there are any points of inflection on the curve
a y=2° b y=4 c y=x
d y=« e y=«"

10 Sketch a curve that is always concave up
11 Sketch a curve where f”(x) <0 for x> 1 and f”(x) > 0 forx < 1.
12 Find any points of inflection on the curve y = " — 8x* + 240" — 42 — 9

13 Show that f(x) = iz is concave upwards for all x # 0
x
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The shape o
acuve

14 For the function f(x) = 30° =107 + 7
a Find any points of inflection

b Find which of these points are horizontal points of inflection (stationary points)

15 a Show that the curve y = " + 12x? — 20x + 3 has no points of inflection

b  Describe the concavity of the curve
16 Ify=ax’ — 124 + 3x — 5 has a point of inflection at x = 2 evaluate #
17 Evaluate p if flx) = 2" — 6pa” — 20x + 11 has a point of inflection at x = -2

18 The curve y = 2ax" + 4bx* — 724% + 4x — 3 has points of inflection at x = 2 and x = —1.
Find the values of # and &

19 The curve y =x® — 35’ + 21x — 8 has 2 points of inflection
a Find these points of inflection

b  Show that they are not stationary points

We can find out more about the shape of a graph if we combine the results from the first and
second derivatives

For a particular curve f(2) =-1,f"(2) >0 and /”(2) < 0 Draw the shape of the
curve at this point

The curve below shows the population (P) of unemployed people over time # months

2 Py
Describe the sign of dap and Cg

dt dr’
How is the population of unemployed people
changing over time?

Is the rate of change of unemployment increasing
or decreasing?
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f(2) = -1 means that the point (2 —1) lies on the curve 57

If f(2) > 0 the curve is increasing at this poin. z 1

If £7(2) < 0 the curve is concave downwards at this poin. 14
R I I

-1

-2

The curve is decreasing so Lji—P <0 3

t
3

2
The curve is concave upwards so 7 >0
t

Since the curve is decreasing the number of unemployed people is decreasin.

Since the curve is concave upwards the (negative) gradient is increasin.
"This means that the rate of change of unemployment is increasing

Exercise 5.04 Interpreting rates of change graphically

2
1 For each curve describe the sign of & and d—g,
dx dx
a y b y

1 T
— -
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2 The curve below shows the population of a colony of sea lions
Py

w1

a Describe the sign of the first and second derivatives

b Is the rate of change of the sea lion population increasing?

3 Inflation is increasing but the rate of increase is slowin. Draw a graph to show this
trend

4 Draw a sketch to show the shape of each curve
a f'(x)<0andf"(x)<0 b f'(x)>0andf”(x)<0
¢ f'(w<0andf"(x)>0 d f(¥>0andf"(x)>0

5 The size of classes at a local TAFE college is decreasing and the rate at which this is
happening is decreasing Draw a graph to show thi.

6 As an iceblock melts the rate at which it melts increase. Draw a graph to show this
information

7 The graph shows the decay of a radioactive substance M

2
Describe the sign of an and d ];4
dt dr
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8 The population P of fish in a certain lake was studied over time At the start of the study
the number of fish was 2500

a During the study, Lfi_lz < 0 What does this say about the number of fish during the

study?
2

b  If at the same time ‘fi—z > 0 what can you say about the population rate of change ?
t
¢ Sketch the graph of the population P against ¢

9 The graph shows the level of education of youths in a E
certain rural area over the past 100 years Describe
how the level of education has changed over this period of

time Include mention of the rate of chang. /
1

10 The graph shows the number of students in a high school ~ P
over several years Describe how the school population is
changing over time including the rate of chang.

5.05 Stationary points and the
second derivative

Putting the first and second derivatives together gives this summary of the shape of a curve

Shape of a curve and the derivatives

BT
o\
RYA
N

Dz
-
TN
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We can use the table to find the requirements for stationary point.

If f’(x) = 0 and /" (x) > O there is a minimum turning point
(concave upwards)

If f7(x)=0and f”(x) <0 there is a maximum turning point
(concave downwards)

If f’(x) =0 and f”(x) = 0 and concavity changes then

there is a horizontal point of inflection

Stationary points and the derivatives
Minimum turning point f’(x) =0 and f”(x) >0
Maximum turning point f”(x) =0 and f"(x) <0

Horizontal point of inflection f’(x) =0, f”(x) = 0 and concavity changes

Now we can use the second derivative to determine the nature of stationary points

Find the stationary points on the curve f(x) = 2&° — 32’ — 12« + 7 and distinguish
between them

Find the stationary point on the curve y = 2’ — 3 and determine its nature

f(x) = 6x" — 6x— 12
fx)=12x-6
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For stationary points
F@=0
6x* —6x—12=0
K -x-2=0
(x+Dx-2)=0

x=—-1,x=2

y =10«
y’ =402’
For stationary points
y =0
106" =0
xt=0
x=0
Whenx=0
y=2(0)° -3

ISBN 97807043220

A1) =2(=1) = 3¢-1)* - 12(-1) + 7
=14
1) =12(-1)-6
=-18
< 0 (concave downwards)
So (=1 14) is a maximum turning poin.
f)=2Q) -3Q)° -12Q)+7
=-13
f72)=122)-6
=18
> 0 (concave upwards)

So (2 —13) is a minimum turning point

Check that concavity changes by choosing values
on the LHS and RHS for exampl, x==1

x -1 0 1
y’ -40 0 40
- +

Since concavity changes (, —3)isa
horizontal point of inflection

The table also tells us that the curve changes
from concave downwards to concave upwards
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Exercise 5.05 Stationary points and the second derivative

1
2

»

© N O u b»

11
12

13

14
15

Find the stationary point on the curve y =&’ — 2x + 1 and determine its nature
Find the stationary point on the curve f(x) = 3x* + 1 and determine what type of point it is

Find the stationary point on the curve y = 3x” — 12x + 7 and show that it is a minimum
turning point

Determine the stationary point on y = x — x” and show that it is a maximum point
Show that f(x) = 24’ — 5 has a horizontal point of inflection and find its coordinates
Does the function f(x) = 2x° + 3 have a stationary point? If it does determine its natur.
Find any stationary points on f(x) = 2&” + 15x” + 36x — 50 and determine their nature

Find the stationary points on the curve f(x) = 3x* — 42’ — 124? + 1 and determine
whether they are maximum or minimum points

Find any stationary points on the curve y = (4x” — 1)* and determine their nature

a Find any stationary points on the curve y = 24° — 27x* + 120x and distinguish
between them

b Find any points of inflection on the curve
Find any stationary points on the curve y = (x — 3)v/4 —x and determine their nature

Find any stationary points on the curve f(x) =" + 82’ + 16x* — 1 and determine their
nature

The curve y = ax® — 4x + 1 has a stationary point where x = %
a Find the value of #

b Hence or otherwis, find the stationary point and determine its natue.
The curve y = ° — mx” + 5x — 7 has a stationary point where x = —1 Find the value of m

The curve y = ax’ + ba” — x + § has a point of inflection at (1 —2)
Find the values of # and 4
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We can sketch the graph of a function by using special features such as intercept, stationary
points and points of inflection Here is a summary of strategies for sketching a curv. keching

Cuve

Sketching curves

. . ° d A . . Futhr crve
Find stationary points (Ey =0 and determine their natur. keching
J
dzy N
Find points of inflection P 0 and check that concavity change.
) Cuve

keching

Find any x-intercepts (y = 0) and y-intercepts (x = 0)

Find domain and range

Cuve

Find any asymptotes or other discontinuities keching wih

eivaive

Find limiting behaviour of the function

Use the symmetry of the function where possible

— check if the function is even f(—x) = f(x) o
— check if the function is odd f(-x) = —f(x)

Cuve
keching

Find any stationary points and points of inflection on the curve f(x) =" — 3x* — 9x + 1
and hence sketch the curve

Cuve
keching

Sketch the curve of the composite function y = f(g(x)) where f(x) = 2x + 1 and
g(®) =«’ showing any important feature.

/@) =32"—6x—9 f3)=3"-33)Y"-903) +1
f7(x)=6x—-6 =-26
For stationary points f73)=63)-6
f(x)=0 =12
307 —6x-9=0 >0 (concave upwards)
—2x-3=0 So (3 -26) is a minimum turning
point

x=3)x+1)=0

w=3 x=-1
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fED =1 =317 =91 +1
=6
f=D=6(-1)-6
=-12
< 0 (concave downwards)

So (-1 6) is a maximum turning poin.

For points of inflection

F@=0
6x—6=0
6x=06
g=ll

Check concavity changes by choosing values on LHS and RHS eg ¥ =0 and x =2.

7 0 1 2
ff@ -6 0 6

Since concavity changes x =1 is at a point of inflection
A =17 =31 =9(1) + 1
=-10
So (1,-10) is a point of inflection
For x-intercept y=0
0=u’—32" - 9x+1
This has no factors so we cant find the x-intercepts
For y-intercept x =0
£0) =0* = 3(0)* = 9(0) + 1

=1l
fiv) =« — 32 = 9x + 1 is a cubic function 57
ith n m r discontinuiti 104
with no symmetry or discontinuities cils Fo) & 32 9r+1
It is not an even or odd function /\
Notice that the point of inflection at -4 3 £ -1

(1,-10) is not a stationary point It is the

-10
point where the graph naturally changes |
concavity. 50
-30 G -26)
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y=fg))
=20+ 1

ﬂ = 6x”

dx

2
fbc—g, =12x
For stationary points
b

Il
S o o

dx
6x°
2

X
X

Whenx=0
y=2(0)° +1

=1
g
%%=1xm

=0
Check concavity either side
x -1 0 1

Iy -2 0 12

di?
Since concavity changes (, 1) is a
horizontal point of inflection

For x-intercepts y =0

0=2x+1
-1=2¢
05 =4
—-08 =«

For y-intercept =0
y=2(0)"+1

=1
"This is (0 1, the point of inflectin.

"This is a cubic function We can
make the graph more accurate by
finding some extra points

When x =-1
y=2(-1°+1
=1
When x = 1:
y=2(1)+1
=3
R
2 —
y=2x +1
1/
54 i )

You can use derivatives to help sketch other function, for example trigonometrc,
exponential and logarithmic graphs
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Sketch the curve y = xe* showing any important feature.

y=xe"
y =u'v+v'uwhereu=xandv=e¢"
w=1 v=¢
y=1xe+e"xx

=¢"(1 +x)
y' =uwv+vuwhereu=c¢"andv=1+x

ui=le =l

Y= x(1+x)+1x¢"

=2 +x)

For stationary points

y'=0
cf(1l+x)=0 1
So| -1 —— is a minimum turning
l+x=0 (€ #0) ¢)
x=-1 point
When o« =-1 For x-intercepts y =0
y=-le 0 = xe*
__1 %=0 (€ #0)
e
y'=e 2+-1) For y-intercepts x =0
L y= 0"
e p—
>0 (concave upwards) =0

The general exponential function y = 4" has an asymptote at the x-axis

Limiting behaviour as x — o

As x — oo x¢" — oo since x and ¢" are both becoming large as x becomes large
1)

As x — —oo x — —co but " — 0 when « is negative (since e’ = =

So xe” — 07 (it approaches zero from the negative side)
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We can sketch this information on a grap. 7

54 y e’

When the second derivative is hard to find we can use the first derivative to check the type
of stationary points

Find any stationary points and sketch the function y = xy/16 — x*

y=x\/16—x2
V =uv+vu u=x v=+16-x% = (16— x?)2
W =1 v':—zacx%(m—xz)_?

X

16 — x?

\
y=1xy16-2% +| ———— xux
V16-x2

2

=J16-a? ———

16 — «?
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For stationary points

y=0
2

J16-2? ——2 =0
* V16— &2

16 -2’ —2* =0 (multiplying both sides by 116 — x?)
16 24" =0
16 = 247
8 =
i\/g =x
When x =+/8 When x = —/8

y=\Bx\16-(8)? y=-\Bx\[16-(-J8)
=\8x+B =B x+8
=8 =-8

So (\/8 8)isa stationary poin. So (—/8 —8)isa stationary point

Since the second derivative is hard to find we can check the first derivative on LHS and
RHS of ++/8 = 28 to see where the curve is increasing and decreasin.

x 2 2.8 3
y +23 0 -08

Positive to negative so (/8 8) is a maximum turning poin.
x -3 -28 -2
% 08 0 +23
Negative to positive so (—/8 —8) is a minimum turning point
For x-intercepts y=0
0=x16-«’

x=0,416-2%=0

16-4>=0
16 =4
+=x
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For y-intercept x =0
y=016-07
=0
Domain m >0
"This simplifies to —4 < & < 4 or [-4 4] by solving the inequality or by noticing that the
graph of y = m is a semicircle with radius 4

We can sketch this information on a grap.

8y_ (8 8)
ol

y 16 -2 4+
5]

5 % 5 2 4 T > 3 4 5%

—4 4
—6
_8_

V8 -8)

Exercise 5.06 Curve sketching

1 Find the stationary point on the curve f(x) = x> — 3x — 4 and determine its type
Find the x- and y-intercepts of the graph of f(x) and sketch the curve

2 Sketch the graph of y = 6 — 2x — * showing the stationary poin.

3 Find the stationary point on the curve of the composite function y = f{g(x))
where flx) =’ and g(x) =x — 1 and determine its nature Hence sketch the curv.

4 Sketch the graph of y = x* + 3 showing any stationary point.

5 Find the stationary point on the curve y = x° and show that it is a point of inflection
Hence sketch the curve
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6 Sketch the graph of f(x) = x”
7 Find any stationary points on the curve y = 2’ — 9x* — 24x + 30 and sketch its graph

8 a Determine any stationary points on the curve y = x° + 65> — 7.
b Find any points of inflection on the curve

¢ Sketch the curve
9 Find any stationary points and points of inflection on the curve y = f(x) + g(x) where
flo) = x* —7x* = 1 and glw) = «” + 4 and hence sketch the curve
10 Find any stationary points and points of inflection on the curve y = 2 + 9x — 3% — &’
Hence sketch the curve

11 Sketch the graph of fix) = 3x* + 4x* — 122? — 1 showing all stationary point.

12 Find all stationary points and points of inflection on the curve y = Qx + 1)(x — 2)*
Sketch the curve

13 Show that the curve y = lf has no stationary points By considering the domain and
x

range of the function sketch the curv.

14 Sketch in the domain [0 2 ©t] showing all stationary point:
a y=cos2x b y=35sin4w

15 Draw the graph of each function showing stationary point, points of inflection and
other features

x 1
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A curve may have local maximum and minimum turning points but the absolute highest

Geae and

and lowest values of a function over a given domain are called the global maximum or lea value

minimum values of the function

Find the global maximum and minimum values of y for the function fix) = x* — 22” + 1

in the domain [-2, 3.

F/@) =42 — 4
fx) =122 -4

For stationary points

f'@=0
4o’ —4x =0
4x(a> = 1)=0

4x(x+ Dx—1)=0
x=0, x=-1, x=1
£0)=0%*-2(0)* + 1
=1
f7(0)=12(0 -4
=4

<0 (concave downward)

So (0 1) is a maximum turning poin.

ISBN 97807043220

f=CD"2cDE+1
=0
fr)=12(-17-4
=8
>0  (concave upward)
So (-1 0) is a minimum turning poin.
Ff)=1*-201Y +1
=0
)y =12(1)" -4
=8
>0 (concave upward)

So (1 0) is a minimum turning poin.
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At the endpoints of the domain
f) =) -2(-2 +1
=9
f3)=3"-203)7+1
=64
Checking we also notice that f(x) =x* — 24? + 1 is an even function
fem) = ()t = 2=+ 1
=xt— 22" +1
=f@)

Drawing this information

(3 64)

fla) x' - 272+ 1

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
:
3
;

In the domain [-2 3, the global maximum value is 64 and the global minimum value is0.
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Exercise 5.07 Global maxima and minima

1 Sketch the graph of y =’ +x — 2 in the domain [-2 2] and find the maximum value of y
in this domain

2 Sketch the graph of fix) = 9 — &’ over the domain [-4 2. Hence find the maximum and
minimum values of the function over this domain

3 Find the maximum value of y = x* — 4x + 4 in the domain [-3, 3].

4 Sketch the graph of fix) = 24 + 3x? — 36x + 5 for —3 <x < 3 showing any stationary
points Find the global maximum and minimum values of the functio.

5 Find the global maximum for y = x° =3 in the domain [-2, 1].

6 Sketch the curve f(x) = 32> — 16x + 5 for 0 < x < 4 and find its global maximum and
minimum

7 Find the local and global maximum and minimum of f(x) = 3a* + 40 — 1247 -3
in the domain [-2, 2.

8 Sketch y =’ + 2 over the domain [-3 3] and find its global minimum and maximu.

9 Sketchy=+/x+5 for -4 <x <4 and find its maximum and minimum values

10 Show thaty=

has no stationary points Find its maximum and minimum values
% —

in the domain [-3, 3].

One disc 20 cm in diameter and one 10 cm in diameter are cut from a disc of cardboard
30 cm in diameter. Can you find the largest disc that can be cut from the remainder of

the cardboard?
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5.08 Finding formulas for optimisation problems

Optimisation problems involve finding maximum or minimum values For exampl, a
salesperson wants to maximise profit a warehouse manager wants to maximise storage a
driver wants to minimise petrol consumption a farmer wants to maximise paddock size

"To solve an optimisation proble, we must first find a formula for the quantity that we are
trying to maximise or minimise

EXAMPLE 11

@ Arectangular prism has a base with length twice its width Its volume is

300 cm® Show that the surface area is given by S = 4x” + 200
x

5 ABCD is a rectangle with AB =10 cm and BC = 8 cm E
Length AE =x cm and CF =y cm
i Show that xy =80
i1 Show that triangle EDF has area given rem
by A =80+ 5x + 320
¥ B 10 cm y
8 cm
Pt D
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Volum:

V=lwh h
=2xxXxXh
X
= szh 2x
=300 Surface area
300=2x"h S =2(lw +wh + Ih)
Q 5 (1] =22 + xh + 2xh)
2x =224 + 3xh)
= 4o’ + 6xh
Substitute [1]
S =4a” + 6x % g
2x
=447 + 200
%
Triangles AEB and CBF are similar.
So 10_x
y 8
xy =80 (1]
Side FD =y + 10 and side ED =x + 8
Since xy = 80
80
== 2]
%
Area
A= 1 bh
2
1
:E(y+ 10)(x + 8)
=%(xy + 8y + 10x + 80)
1 80 .
= 5(80 + 8 x— + 10x + 80) substituting [1] and [2]
%
= 1(160 + ) + 10w)
2 x
=80+ 320 +5x
x
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Exercise 5.08 Finding formulas for optimisation problems

1 The area of a rectangle is to be 50 m* Show that its
. L . 100

perimeter is given by the equation P = 2x + — Y

x

X

2 A rectangular paddock on a farm is to have a fence with a 120 m perimeter.
Show that the area of the paddock is given by A = 60x — «

3 The product of 2 numbers is 20 Show that the sum of the numbers is S=x + 20
x
4 A closed cylinder is to have a volume of 400 cm’
Show that its surface area is S = 27/ + 800 -
7
h

5 A 30 cm length of wire is cut into 2 pieces and

each piece bent to form a square as shown ’ 30 cm
a Show thaty=30-«
b  Show that the total area of the 2 squares

%2 =30x + 450
8

6 A timber post with a rectangular cross-sectional area is to be cut out of a log with a
diameter of 280 mm as shown

a  Show that y = /78400 — x*

b  Show that the cross-sectional area is given by A4 = xy/78400 — x*

is given by A =
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7 A 10 cm by 7 cm rectangular piece of cardboard has equal square corners with side x cm

cut out The sides are folded up to make an open box as shon. Show that the volume of
the box is /= 70x — 34x + 4«

~
o
3

10 cm

8 A travel agency calculates the expense E per person of organising a holiday in a
group of x people as E =200 + 400x The cost C for each person taking a holiday is
C =900 — 100x Show that the profit to the travel agency on a holiday with a group of
x people is given by P = 700x — 500«

9 Joel is 700 km north of a town travelling
towards it at an average speed of 75 km h™ Joel
Nick is 680 km east of the town travelling
towards it at 80 km h™
Show that after ¢ hours the distance 700 km
between Joel and Nick is given by

d=1/952400 — 2138007 + 12025+ =
Town 680 km Nck

10 Taylor swims from point A4 to point B across a 7 km

500 m wide river, then walks along

the river bank to point C The distance along
the river bank is 7 km If she swims at
Skmh™ and walks at4 km h™ show that

the time taken to reach point C'is given 4
x? 4025 T-«x
by = +
5 4
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Opimiaion
poblem

Futhr
opimiaion
poblem

Sating
maxima and
minima
poblem

Applicion
o opimiaion

Maximum
volume

Applicaion
o deivaive

poblem

Applicaion
o deivaive
aignmen

Second
deivaive
aignmen

Second
deivaive
poblem

You can use derivatives to find the maximum or minimum value of a formul.

Always check that an answer gives a maximum or minimum value

The equation for the expense per year, E (in units of $10 000) of running a certain business
is given by E = &’ — 6x + 12 where « is the number (in 100s) of items manufactured

Find the expense of running the business if no items are manufactured

Find the number of items needed to minimise the expense of the business

Find the minimum expense of the business

When x=0
E=0%-6(0)+12

=12 (expense is in units of $10 000)

So the expense of running the business when no items are manufactured is

12 x $10 000 = $120 000 per year.

For stationary points

dE

YE 0
dx
@ =2x-6=0
dx
20=6
#=3 (x is in 100s of items)
2
>0 (concave upwards)

So x =3 gives a minimum value
3 x 100 =300

So 300 items manufactured each year will give the minimum expense

When x = 3:
E=3"-6(3)+12
=3

So the minimum expense per year is 3 x $10 000 = $30 000
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The council wants to make a rectangular swimming area at the beach using the
seashore on one side and a length of 300 m of shark-proof netting for the other
3 sides What are the dimensions of the rectangle that encloses the greatest area ?

Kristyn is at point 4 on one side of a A
20 m wide river and needs to get to
point B on the other side 80 m along the om N\ —
bank as shown Kristyn swims to any poblem
point on the other bank and then runs
along the side of the river to point B
If she can swim at 7 km h™ and run at 11 km h™ find x the distance she swims to the
nearest metre to minimise her total travel tim.

80 m B

Many different rectangles could have a perimeter of 300 m Let the length of the
rectangle be y and the width be x
/ 7

y

Perimeter 2 « + y =300 m

y=300-2«x [1]
Area
A=uxy
=x(300 — 2x) substituting [1]
=300 x — 2«
% =300 — 4«
For stationary points
o
300 —4x=0
300 =4«
75 =8
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)
<0 Concave downwards

So x =75 gives maximum area

When x =75 Substituting into [1]
y=300-2(75)
=150

So the dimensions that give the maximum area are 150 m x 75 m

First we need to find a formula for A
the time Kristyn takes to run the
distance AD + DB X

20 m
AD =« so find DB
DB=80-CD ¢ §0m B

By Pythagoras theorem «” = 20% + CD*
x> —20° = CD?

CD = x* — 400

DB =80 —/x? — 400

distance

Speed =

tume

Time taken to swim AD Total tim:

Time taken to run DB x 80 — V2 — 400

7 11
80 —/a? — 400
11 :&+7(80-\/x2-400)

77 77

t2=

_ 1lx+560—7(x* — 400)2
77
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11—7><2x><%(x2—400)_5

dr
d 77

_ 11-7x(x? - 400) 2

77
For minimum time ﬂ =]0)
dx
11-7x(x* —400) 2 _ 0

77
11-7x(x* —400) 2=0

11 =7x(x® —400) 2
7x

Vx? =400

11yx? 400 =7x

11=

121(x* — 400) = 49+ squaring both sides
121x% — 48 400 = 4947
72x% = 48 400
x* =672222...
~259

To check that ¢ is a minimum

i 25 25.9 26
ﬂ —0009 0 0.0006
dx
Since the function is decreasing on LHS and increasing on RHS 7 is a minimum at
x=259

So Kristyn should swim a distance of 259 m to minimise her total travel time
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Exercise 5.09 Optimisation problems

1

The height in metre, of a ball is given by the equation /= 167 — 4¢* where # is time
in seconds Find when the ball will reach its maximum heigh, and what the maximum
height will be

The cost per hour of a bike ride is given by the formula C = x> — 15x + 70 where « is the
distance travelled in km Find the distance that gives the minimum cos.

The perimeter of a rectangle is 60 m and its length is x m

a  Show that the area of the rectangle is given by the equation A = 30x — «*

b Hence find the maximum area of the rectangle

A farmer wants to make a rectangular paddock with an area of 4000 m? To minimise
fencing costs she wants the paddock to have a minimum perimeter.

a  Show that the perimeter is given by the equation P =2x + 8000

x
b Find the dimensions of the rectangle that will give the minimum perimeter, correct
to 1 decimal place

¢ Calculate the cost of fencing the paddock at $4.75 per metr.

Bill wants to put a small rectangular vegetable [ T T [ T T T 1

garden in his backyard using 2 existing walls as —
part of its border. He has 8 m of garden edging -
for the border on the other 2 sides Find the
dimensions of the garden bed that will give the
greatest area

Find 2 numbers whose sum is 28 and whose product is a maximum

7 The difference of 2 numbers is 5 Find these numbers if their product is to be minimu.

A piece of wire 10 m long is broken into 2 parts which are bent into the shape of a
rectangle and a square as shown Find the dimensions x and y that make the total area a
maximum

y
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9 A box is made from an 80 cm by 30 cm rectangle of H U]
cardboard by cutting out 4 equal squares of side
x cm from each corner. The edges are turned

up to make an open box 1 < [
cm

a Show that the volume of the box is given by the
equation V= 4x’ — 220x% + 2400x

b  Find the value of x that gives the box its greatest volume

¢ Find the maximum volume of the box

10 The formula for the surface area of a cylinder is given by S = 2mr(r + 1) where 7 is the
radius of its base and / is its height

a Show that if the cylinder holds a volume of 54m m® the surface area is given by the
108w

equation S = 21 +

,
b  Hence find the radius that gives the minimum surface area

11 Asilo in the shape of a cylinder is required to hold 8600 m’ of wheat

a Find an equation for the surface area of the silo in terms of the base radius

b Find the minimum surface area required to hold this amount of wheat to the
nearest square metre
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12 A rectangle is cut from a circular disc of radius 6 cm
a  Show that the formula for the area of the rectangle is 4 = x\144 — «*

b Find the area of the largest rectangle that can be produced

13 A poster consists of a photograph bordered by a
5 cm margin The area of the poster is to be

400 cm?

a Show that the area of the photograph is *
given by the equation 4 = 500 — 10x — 4000

b Find the maximum area possible for the ' y

photograph

14 A surfboard is in the shape of a rectangle and
semicircle as show. The perimeter is to be m.
Find the maximum area of the surfboard correct to
2 decimal places

15 A half-pipe is to be made from a rectangular piece
of metal of length » m The perimeter of the
rectangle is 30 m

a Find the dimensions of the rectangle that will ¥
give the maximum surface area

b  Find the height from the ground up to the top of
the half-pipe with this maximum area correct to 1 decimal plac.

16 The picture frame shown has a border x
of 2 c¢m at the top and bottom and 3 cm at 2cem
the sides If the total area of the border is to be
100 cm? find the maximum area of the fram. 3 cm 3 em y
2 cm

17 A3 m piece of wire is cut into 2 pieces and bent around to form a square and a circle
Find the size of the 2 lengths correct to 2 decimal place, that will make the total area of
the square and circle a minimum
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18 Two cars are travelling along roads that intersect at right angles to one anothe.
One starts 200 km away and travels towards the intersection at 80 km h™ while the
other starts at 120 km away and travels towards the intersection at 60 km h™

a Show that their distance apart after ¢ hours is given by
d* =10 000" — 46 400z + 54 400

b Hence find their minimum distance apart

19 Xis a point on the curve y = x* — 2x + 5 Point ¥ lies N
X

directly below X and is on the curve y = 4x — »°

a Show that the distance d between X and Yis
d=2x>—6x+5.

b Find the minimum distance between X and ¥

)

20 A truck travels 1500 km at an hourly cost given by s* + 9000 cents where s is the average
speed of the truck

a Show that the cost for the trip is given by C=1500 (s +

9000 )

s
b Find to the nearestkm h ™ the speed that minimises the cost of the tri.

¢ Find the cost of the trip to the nearest dollar.
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One boundary of a farm is a straight river bank and on the farm stands a hous. Some
distance away there is a shed Each is sited away from the river ban. Each morning the
farmer takes a bucket from his house to the river, fills it with watr, and carries the water
to the shed

Find the position on the river bank that will allow him to walk the shortest distance from
house to river to shed Furthe, describe how the farmer could solve the problem on the
ground with the aid of a few stakes for sighting

After a battle at least 95% of the combatants had lost a tooth at least 90% had lost an
eye at least 80% had lost an ar, and at least 75% had lost a Ig. At least how many had
lost all four?
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5 e TEST YOURSELF

For Questions 1-4 choose the correct answer A B € or D

1 A maximum turning point has

Pacice quiz

2 2
A d—y=Oandd—g/<O B %>Oandi€—g’>0

X dx
2 2
C d—y<OandM>O D ﬂ=Oand—dy>0 Deivaive
dx dx? dx di? o

2 For the graph shown

2 2 y
A ﬂ>Oandu>0 B ﬂ>03ndd—g<0 1
x dx? dx dx devere
indawod
2 2
C d—y<0andd—%/>0 D ﬂ<03ndﬂ<0 \
dx dx* dx dx’? X
3 For a horizontal point of inflection
A f"(x)=0 B f'(@=0andf"(x)=0
C  f”(x) =0 and concavity changes D [’(x)=0,f”(x)=0and concavity changes

4 The graph below shows temperature 7 at time # Which statement describes the shape

of the graph?

A The temperature is increasing and the rate of T
change in temperature is increasing

B The temperature is decreasing and the rate of
change in temperature is increasing

C The temperature is increasing and the rate of
change in temperature is decreasing

D The temperature is decreasing and the rate of
change in temperature is decreasing

5 Find the stationary points on the curve y = x° + 6% + 9x — 11 and determine their nature
6 Find all x values for which the curve y = 24° — 7% — 3 + 1 is concave upwards

7 The height in metres of an object thrown up into the air is given by & = 20z — 2¢* where
¢ is time in seconds Find the maximum height that the object reache.
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8 Find the domain over which the curve y = 5 — 6x — 3" is decreasing

9 Find the point of inflection on the curve y = 2x° — 3a% + 3x — 2.

11

12

13

14

15
16
17
18
19

A soft drink manufacturer wants to minimise the amount of aluminium in its cans while
still holding 375 mL of soft drink Given that 375 mL has a volume of 375 cm *

a  show that the surface area of a can is given by S = 2m/” + 70

,
b find the radius of the can that gives the minimum surface area

For the function y = 3x* + 8x° + 6x

a find any stationary points

b determine their nature

¢ sketch the curve for the domain [-3, 3]

d find the maximum and minimum values of the function in this domain

A rectangular prism with a square base is to have a surface area of 250 cm’
3
a  Show that the volume is given by V"= 125‘”%

b Find the dimensions that will give the maximum volume

The cost to a business of manufacturing x products a week is given by C = x* — 300x + 9000
Find the number of products that will give the minimum cost each week

A5 m length of timber is used to border a triangular
garden bed with the other sides of the garden against
the house walls 5m

a Show that the area of the garden is 4 = %x\IZS — %
b Find the greatest possible area of the garden bed

Find any points of inflection on the curve f(x) = x* — 6x° + 2 : 1. Y

Find the maximum value of the curve y =&’ + 3x* — 24x — 1 in the domain [-5, 6.
A function has f”(2) < 0 and f”(2) < 0 Sketch the shape of the function near x = 2.
Sketch the graph of the function fix) = xe** showing all features

Sketch the graph of the function y = 2 cos 4x in the domain [0 7.
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1 Sketch the curve y = x(x — 2)’ showing any stationary points and points of inflection

2 Find the maximum possible area if an 8 m length of
fencing is placed across a corner to enclose a
triangular space

8 m

H

3 Find the greatest and least values of f(x) = 4o® — 32 — 18x in the domain [-2, 3.
4 Show that the function f(x) = 2(5x — 3)° has a horizontal point of inflection at (06 0.

5 Two circles have radii 7 and s such that » +s=25.
Show that the sum of areas of the circles is least when » =5

6 Find the equation of a curve that is always concave upwards with a stationary point at
(-12) and y-intercept 3

7 a Show thaty=x" has a stationary point at (0 0) where # is a positive integer.
b Ifnis even show that (, 0) is a minimum turning poit.

¢ Ifnis odd show that (, 0) is a point of inflectin.

8 Find the minimum and maximum values of y = ¥+ in the domain [-2, 2.

2
X< -

2
9 The cost of running a car at an average speed of "km h™ is given by ¢ =100 + :—5 cents

per hour. Find the average speed (to the nearest km h™ ) at which the cost of a 1000 km
trip is a minimum
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CALCULUS

Infegraton s the process of fndng an area under a curv. Tisis usedin many areas of
knowledge such as survein, phyics and the soial sience. In tis chapte, youwill look at how
fo fnd both approxmate and exact areas under a curve and you ill learn ho integrtion and
dffereniaion are relate.

601  Approxmatng areas under a curve
602 Trapezidal rule

603 Defnte ntegrals

6.04 Indefnte nfegrals

6.05 Chan rule

6.06 Integraton nvolvng exponental functons
6.07 Integraton nvolvng logarthme functons
608  Integrafon nvolvng trgonometrc functons
6.09 Areas enclosed by the x-axis
610  Areas enclosed by the y-axis
611 Sums and dfferences of areas




IN THIS CHAPTER YOU WILL:

estmate areas usng geometr , such as rectangls, frapziums and otherfigures
understand the relatonshp between dfferenicion andinfegraion

fnd ndefnte and defnte nfegrals of functons
calculate areas under curves




Aeas using
ecangle

TERMINOLOGY

definite integra: The integral or anti-derivative  integra: An anti-derivativ.
y = F(x) used to find the area between the curve  integratio: The process of finding an
y=f(x) the x-axis and boundaries x = # and anti-derivative

. b _ trapezoidal rul: A formula for approximating
x=b given by J a fla)dv = @) - Fla) area under a curve by using a trapezium

indefinite integra: A general anti-derivative

[ fx)de

6.01 Approximating areas under a curve

Mathematicians since the time of y iy
Archimedes have used rectangles to
approximate irregular areas In more recent
times we use the number plane to find
areas enclosed between a curve and the
x-axis We call this the area under the
curve

The first diagram has inner or left rectangles nner rectangles outer rectangles
that are below the curve because the top left corners of the rectangles touch the curv.

The second diagram has outer or right rectangles that are above the curve because the top
right corners of the rectangles touch the curve

The more rectangles we have the more accurately they approximate the area under the curv.

Integral notation

The diagram at right shows one of the rectangles The height of each rectangle
is f(x) and its width is dx so its area is f(x) dx So the sum of all the rectangles is

2f(x) x for the different values of x @

We can approximate the area under the curve using a large number of rectangles
by making the width of each rectangle very small

"Taking an infinite number of rectangle, dx — 0 o

Area = lim x)d
5x—>0(zf( ) ) dx s ‘delta x and means a small change n x.
_ J.f(x) dy 3 s the Greek letter for d for dfference

We use the integral symbol J- to stand for the sum of rectangles (the symbol is an S for sum)

We call J f(x)dx an indefinite integral

If we are finding the area under the curve y = f(x) between v =2 and x =/ we can
write j"’ Fla)dx

We call Ij f(x)dx a definite integral
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a Find an approximation to the shaded area ¥ f
by using 91
i 4 inner rectangles 5
7
ii 4 outer rectangles 6
. g . 54
b  Find the shaded area below by using a trapezium
4_
y
31 Y= 0gyx 3
2 \
1 y=(e+1) /1

Solution
a i Using inner rectangles the top left. Y= (et 1y y
corners touch the curve and they lie y
below the curve N Z
Each rectangle has height f(x) and 5
width 05 units 4
Height of Ist rectangle 3 /]
fO)=0+1)7=1 U
1_
Area=1x05 =05 . N/ B
X
Height of 2nd rectangle S 2L 234

£(05) =05 +1)*=225

Area=225 x05 =1.125

Height of 3rd rectangle
f=1+1)°=4

Area=4x05 =2

Height of 4th rectangle

£15) =(1.5+1)* =625

Area=625 x05 =3.125

Total area=05 + 1.125+2 +3.125 =675

So area is 675 units >
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il Using outer rectangles the top right
corners touch the curve and they go
above the curve 61

Height of 1st rectangle o 7
y=(v+ 1)2 4
£(05) =(05 +1)*=225

Area=225 x05 =1.125 2+
Height of 2nd rectangle j
fy=(1+1y=4 43 2 | 1
Area=4x05 =2 !

Height of 3rd rectangle
£A5) =(1.5 + 1)’ =625
Area =625 x05 =3.125

Height of 4th rectangle

f@=2+1)°=9

Area=9x05 =45

Total area=1.125 +2 +3.125 + 45 =1075

So area is 1075 units >

b Area of a trapezium

A= % h(a + b) where h = perpendicular height and b/
a and b are parallel sides

Here the trapezium has parallel sides atx =2 and x =4 14

a=fQ2)
=log, 2
=1

b=f4)
=log, 4
=2

h=4-2
=2

A:%h(ﬂ+b)

~2@1+2)

=3

So area is 3 units’
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DID YOU KNOW?

Archimedes

Integration has been of interest to mathematicians since very early times
Archimedes (287-212 BCE) found the area of enclosed curves by cutting them
into very thin layers and finding their sum He found the formula for the volume
of a sphere this way. He also found an estimation of © correct to 2 decimal place.

A
I
[
N

L ==

Area within curve

Archimedes

&

TECHNOLOGY
Areas under a curve

We can use a spreadsheet to find approximate areas under a curve using rectangle. Using
technology allows us to find sums of large numbers of rectangles without needing to do
many calculations This gives a more accurate approximation to the area under a cure.

For example we can use a spreadsheet to find the approximate area under the curve
y=(x+1)* between 2 = 0 and x = 2 from Example 1 a i

We find the y values using the formula =(A2+1)”2 (copy the formula down the column)
The width is =A3-A2 (copy this value down the column)
The area is =B2*C2 (copy the formula down the column)

) A | B | C |' D |
Iy ¢ y Width Area
2 0 1 0.5 0.5
B 0.5 2.25 0.5 1.125

4 | 1 4 0.5 2
= 15 6.25 0.5 3.125
6 |

7 Total area 6.75
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We can use the spreadsheet to find the area using a much larger number of rectangle,
for example 20 or 4.
A T B T ¢ T b T F T F T ¢ B

B . y Width Area < y Width Area

2 0 1 01 0.1 0 1 0.05 0.05
B3| 0.1 121 0.1 0.121 005 11025 0.05l 0.055125
L4 | 0.2 1.44 01 0.144 0.1 121 0.0 0.0605
Esdi] 03 1,69 01 0.169 015 13225 005  0.066125
6| 0.4 1.96 01 0.19% 0.2 144 0.05 0.072
EZa| 05 2.25 01 0.225 025 15625 005 0078125
B | 0.6 2.56 0.1 0.256 03 1.69 005 00845
o 0.7 2.89 01 0.289 035 18225 005 0091125
1o 038 3.24 01 0.324 0.4 1.96 0.05 0.098
| 09 3.61 01 0.361 045 21025 005 0105125
a2z 1 4 01 0.4 0.5 2.25 005 01125
[FEA 11 441 01 0.441 055 24025 005 0120125
1a | 12 4.84 01 0.484 0.6 2.56 0.05 0.128
S 13 5.29 0.1 0.529 0.65 2.7225 0.05 0.136125
ECH 14 5.76 01 0576 0.7 2.89 005 01445
17| 15 6.25 01 0.625 075 30625 005 0153125
a8 | 16 6.76 01 0676 0.8 3.24 0.05 0.162
ECH 17 7.29 0.1 0.729 085 34225 005 0.171125
20 18 7.84 01 0.784 0.9 3.61 005  0.1805
21 19 8.41 01 0.841 095  3.8025 005 0190125
2zl 2 9 0.1 0.9 1 4 0.05 02
23 105 4.2025 005 0210125
24 11 4.41 005  0.2205
25| Total area 9.17 115 46225 005 0231125
26 12 4.84 0.05 0.242
27 125 50625 005 0.253125
28 13 5.29 005 02645
29 | 135 55225 005 0276125
30 14 5.76 0.05 0.288
31 | 145 60025 005  0.300125
3z 15 6.25 005 03125
33 155 65025 005 0325125
34 16 6.76 0.05 0338
35 165 7.0225 005 0351125
36 17 7.29 005 03645
37 175 7.5625 005 0378125
38 18 7.84 0.05 0392
39 185 81225 005 0406125
40 19 8.41 005 04205
a1 195 87025 005 0435125
42 2 9 0.05 0.45
43
44 | Total area 8.9175
45
Use technology with a larger number of rectangles for a more accurate area to this
question
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We can find the area under the same curve by using different method.

We can use other shapes to find areas under a curv.

Find an approximation to the area under the curve y = #? between x = 0

and x =2 by using

a  squares

Solution

a  On the grid each square is 1 square uni.
By counting and approximating squares

A=3

So area is 3 units’

b Using a triangle

b=2-05 =1.5
h=£Q2)
=2’
=4
A=lbh
2
=1><1 5x4
2
=3

So area is 3 units’

a triangle

y=+

-4 -3 -2 -1 1 2 3 4 5
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Exercise 6.01 Approximating areas under a curve

1 Find an approximation to the area under the curve y = 2% + 2x between x = 1 and
x =2 by using
a 2 inner rectangles b 2 outer rectangles
2 Find an approximation (to 2 decimal places) to the area under the curve y = . from
x=1tox =3 using v+l
a 2 inner rectangles b 2 outer rectangles

¢ 4 inner rectangles d 4 outer rectangles
3 Use a trapezium to find an approximate area under the curve
a  f(x)=+"betweenxr=2and x =3
b y=Inxbetweenx=4andx=7
¢ f()=x"+1betweenx=0and x=4
d  f(x) =sin x between x = g and x = % (give answer in exact form)
e y=9-x"betweenx=1andx=2
4 Find the approximate area under the curve f(x) = &’ + 3 between x = 0 and x = 4 by using

a 2 inner rectangles b 2 outer rectangles € atrapezium

5 Use a trapezium to find each area under the curve

a y=§betweenx=13ndx=7

b y=x"+5betweenx=0andxr=1

¢ flx)=cosxbetweenx=0and x= g (in exact form)
d y=¢"between x =1 and x =4 (in exact form)

e flw)=xlx—4)(x—-9) betweenx=2andx=3

6 a Sketch the graph of y = 1 — ” and shade the area under the curve (enclosed between
the curve and the x-axis)

b  Find this approximate area by using a triangle

7 Find the approximate area under the curve y =+/x —1 between x =2 and x = 5 by using
a 6 inner rectangles b 6 outer rectangles

€ atrapezium d squares

8 Find the exact area under the curve y = /25— x*
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9 a Find the exact area under the curve y =+/9 — x*

b  Find the approximate area under the curve y =+/9 — x*
i between x=1and x =2 using a trapezium
ii between x =0 and 3 using 3 outer rectangles
10 Use a triangle to find the approximate area under the curve
a y=x«betweenx=0andx=4
b y=xbetweenx=0andx=3

T
C y=cosxbetweenx=0andx=3

11 Find the approximate area under each curve by using
i 4 inner rectangles ii 4 outer rectangles
a y= -’ + 4w

b y=sinxin the domain [0 7] (in exact form)

12 Find the approximate area under the curve y = 2’ + 5 between x = 0 and x = 5 (using
technology where available) using

a 10 inner rectangles b 10 outer rectangles

6.02 Trapezoidal rule

A trapezium usually gives a much closer approximation to the area under a curve than a

Trapezoidal
ule

rectangle does

The trapezoidal rule is a formula that uses a trapezium

to find the area under a curve 7]
A=%h[f(ﬂ)+f(b)] where h=b—a v
®)
1 1) /
=2 6= a1+ ) ) -~ ‘
a b x
1

Trapezoidal rule

J[ feie =3 @-alf@+f)
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Use the trapezoidal rule to find an approximation for
41
a —dx
I
b jox3dx using 2 subintervals
Solution
41 .
a I —dx is the area under the curve
x

as shaded in the diagram
f(x)zl a=1landb=4
x

j" Fx)dx % =) fla)+f®)]
I“l dr ~ (4= DLA) + F4)]
X 2

ol
=20117%

15

8

=1

|~

b 2 subintervals means 2 trapezia Y
We use the trapezoidal formula twic. y=a

f) =« and i = 05 1
J[ f@de =30 -alf@+f0)

joxs dx = J‘;).Sx3 dx + O.st dx

'/ 05 1 2 *
=305 —O)[f0) +O05)] +3(1 - 0)[ f05) +(D)

= % (05)[0°% +05°] + % (05)[05 * +1°]

=03125
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There is a more general trapezoidal rule when using several subintervals or trapezia

Trapezoidal rule for n subintervals

Given 7 subintervals (trapezia)
L =2 @+ fo+2 s+ + fix,-0}]

where 2 = x and b = x,, and the values of xy ¥ &,  x, are found by dividing the

interval # < x < b into 7 equal subintervals of width /1 = b-a
n
Since h = b-a the formula can also be written as
n
b b—a
J, fde==22] flare fO+2{f )+ + £, )} ]
a n
! fi, ) fO
(€ |
floy ]
flay)”
fe) ]
fla)
a T b g
Proof

Interval b — 4 is divided into 7 trapezia
—a

So the width of each trapezium is i =
n

J[ PG =2 B + 0]+ S HUG) + ] + 3 ML) + )] + 43 W s, )+ O]

- %{f@ FFE) @) )+ ) Hfa) + 4 fw, )+ fB)]
=2 @)+ 2@+ @) + @)+ + 260, )+ )
h

=2[f@+ fo+2{fa+ +fx, 0}

[\S)
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a Use the trapezoidal rule with 4 subintervals to find an approximation

for L —dx correct to 3 decimal places
e b Usethe trapezmdal rule with 7 subintervals to find an approximation for I (2 +3)dr
Solution
a From the question and diagram 74 : ,
4=2,b=3,n=4 i YT
The width of each trapezium is i f (ﬂ;(x )
2 |
Pl | fiy)
n i fla)
_3-2 1 : f®)
== |
_1 |
4 i .
=025 1 2 3 x

Substituting into the general trapezoidal rule

Note that these x values

ncrease by h 025 the

J.Zf(x)dx zﬁ[f(”)'|'f(b)'i'z{f(xl)'i- +f(x"—1)}] wdth of each trapezum
[i2ae= 2 [+ fO+2U @25 )+ £2 )+ F2T9)]

Zyx-1
=0125[L+L+2 2 + 2 + 2 }
2-1 3-1 225 -1 25-1 275 -1
=0125[2 +1+2(16 +1.3333 +11428 )]

= 139404
~ 1394
b 4=0,b=14,n=7. Y
The width of each trapezium is f),y=£+3
_ flg)
pol4=0 e
7
b
7
=72

O 2 4 6 8 100 12 14 !
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Substituting into the general trapezoidal rule

[ f@de=2[ @ fo+ 2 )+ + fe, )]

2

J, @ +3)de=S[ FO)+ fA4)+2{ D+ FA)+ f©+ F®+ F10)+ f1D}]

=[O +3)+ A4 +3)+ 2{22 +3) + @ +3) + (6 +3) + (87 +3)
+(10% +3) + (127 + 3)}]

=966

We can use the trapezoidal rule to find irregular area.

A surveyor needs to find the area of the
irregular piece of land shown /\\_\

Use the trapezoidal rule to find its
approximate area

Solution

We can use the values in the diagram or put them in the table belo.

® 0 1 2 3 4
f@ 3.7 59 64 51 49

a=0,b=4,n=4

From the diagram or table the height of each trapezium is .
Area=2[f@+ O+ 2D+ + )]
=2[F O+ f@+2{f0+ F Q)+ FOI}]
1
=5[37+49+2{59+64+51}]

=21.7

So the area of the land is approximately 217 m *
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Exercise 6.02 Trapezoidal rule

1 Use the trapezoidal rule to find an approximation for each integral

a jzxzdx b J;(x3+1)dx c e d 7

X x+3

3
2 Find an approximation to J. x* dx using the trapezoidal rule with

a 1 subinterval b 2 subintervals

3 Use the trapezoidal rule with 2 trapezia to find an approximation to

3 2 dy
a Llogxdx b J()x+4
4 Find an approximation to
a j410gx¢ix using 3 trapezia b Jj(xz — x)dx using 4 trapezia
c .[o Jx dx using 5 subintervals d r d—f using 4 subintervals
x

e J-éﬂ using 6 trapezia
N g p
5 Given the table of values find the approximate value of each definite integra.

a Jgf(x)dx Bl X 3 5 7 9
f 32 59 84 116 201

b J.4 f(t)dr t 1 2 3 4
f®@ 89 65 41 29

c jmf(x)dx x 2 4 6 8§ 10 12 14
2 flx) 25.1 37.8 523 893 67.8 454 399

6 Use the trapezoidal rule to find the approximate area of each irregular figure below.

a y b v

TN

98m 113 m 91m .7m8.5m
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< d
y
’-\;
29 23 1 km3.2 km 183 276 m 241m 23m 226
- 5 m 5 m 5 m 5 m—»
1 2 3 0«
—___]
[ ] [ ] [ )
6.03 Definite integrals
We can link the area under a graph to calculu. e
inegal
This graph shows the velocity of an object 40” Fiding
over time as it travels at a constant 30 m s~ inegal
30
20
10 A
0 T T T T >
1 2 3 4 4
Time (s)
a Find the distance it travels in
i 1s i 2s iii 3s
b  Find the area under the line between
i t=0andt=1 il t=0andzr=2 iii r=0andt=3

Solution

a i s= é, so d = st
In lts the object travels 30 x1=30m
ii In 2 s the object travels 30 x 2 =60 m
iii In 3 s the object travels 30 x 3 =90 m
b i Theareais30x 1 =30 units’
i The area is 30 x 2 = 60 units’

iii The areais 30 x 3 = 90 units’
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EXAMPLE 7

"This graph shows the speed of an object 5
increasing at a steady rate 14
a Find the distance travelled in 127
10 A
i 1s g
ii 4s 6
b Find the area under the graph between 7
2
i t=0andr=1 0 N
ii r=0andz=4 . 2 d i '
Time (s)
Solution
a i Atr=0,5s=0,andatz=1,5=3. ii Att=0,5=0,andatt=4,s=12.
Average speed = % Average speed = 0+12
=15ms" =6ms"
In 1 s the object travels In 4 s the object travels
15 x1=15m. 6x4=24m
b i A=l iA=L
2 2
:l><1><3 :l><4><12
2 2
=15 units > = 24 units’

The graphs in the last 2 examples show velocity (rate of change of displacement) and speed
(rate of change of distance) against time The area under each curve gave the information
about the original variable This is the anti-derivatie.

In the same way, the area under any rate of change graph will give the original variabe, or
the anti-derivative

Fundamental theorem of calculus

The area enclosed by the curve y = f(x) the x-axis and e _
. o y=ft)
the lines x = # and x = b is given by —~_
b
| fx)de=F®) ~Fa) —
where F(x) is the anti-derivative of function f(x)
a b x

MATHS IN FOCUS 12. Mathematcs Advanced ISBN 97807043220



Proof

Consider a continuous curve y = f(x) for all valuesof x >2  yJ 0o 37

Let area ABCD be A(x) c B

Let area ABGE be A(x + h) B

Then area DCGE is A(x + h) — A(x) /]

Area DCFE < area DCGE < area DHGE A D E

f)xh<A@w+h)-A@) — <fle+h)yxh ! ¥owrhoow
f) <M <flx+h)

lim f(x) < lim M < lim f(x +h) Ths s the formula for the deivaive of A )

h—0 h—0 h h—0 from frst prncples, from Year 11,

) < A' (@) < flx) Chapter 6 ntroducton to cacuus .
So A'(x) =f(x)
A(x) is an anti-derivative of f(x)
Let F(x) be the anti-derivative of f(x) with a constant term of 0
Then A(x) = F(x) + C 1]
Now A(x) is the area under y = f(x) between # and x
Aa)y=0
Substitute in [1]
A(a)y=F(@a)+C
0=F(@+C
—Fla)=C
A(x) = F(x) — F(a)
Ifx=bwhereb>a
A(b) = F(b) — F(a)
So jb" f(x)dv=F(b) - F(a)

y=f)

EXAMPLE 8

Evaluate
4 5. 5 2 ) 3
a L Qx +1)dx b josx dx c jo(—sx )die d j_x dx
Solution
You learned in Chapter, Further differentiation that the anti-derivative of x” is

%1 ¥ + C Let F(x) be the anti-derivative where C =0
n
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4
a L Qe+ 1)de=[y2 4 ]! The anti-derivative g_A /vxv
=@+49-3°+3)  Fb-Fa) 6
=20-12 44
-8 2
The graph shows the area that ths ntegral calculates —4{2_ 123 4 7
Can you fnd ts area an easer way ? \
5 2 3
b [ 32’ de=[]; 7
=5 -0 y =3
=125
- 0 5 @
A
2 ) 2
¢ JEhde=[]; o 2
=-2" - (-0°) - g
=-8
y =347

d jxsdx=[i4] 7
- 4 |

ey

4 4 -1 L
=0

We can also find the definite integral of x” when # is a fraction or negative

Evaluate

jzz’;fdx b jsi/hx
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Solution

2253 22¢ 3 8 8 -
de=["2 - dx 3 g = [ 3
J i J IR b j\/;dx—j x3 dx
22 3 C 4P
= = - " ix @
2 _ ﬁ
2 o 3 3 4
:j(zx —3x7)dx :
:”zx-l_sx-ZT [T
| -1 =2 = 3’”T
_’_z+i]2 I
| X 2x2 — 3%/x_4:|
2,3 ]2, 3 o
| 2 202 1201 _ gt s
4 4
SO 3x16 31
8 2 T4 4
_ 1 1
- 8 :112

We can use the definite integral to find original information given a rate of chang.

The velocity of a particle is given by v =87 =37 + 6t + 1 cm s~
Find the change in displacement in the first 3 seconds

Solution

v="2288 -3 + 6+ 1
t

3
x=JO (82 —3t2 + 6t +1)dr

=|:8i—3£+6£+t:|3
4 "3 "2 )
=[2¢% - +3¢2 +t]3

=123)" = 3*+33)* + 3] - [2(0)* = 0° + 3(0)* + 0]
=165

So the change in displacement in the first 3 seconds is 165 cm
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DID YOU KNOW?

Differentiation vs integration

Many mathematicians in the 17th century were interested in the problem of finding areas
under a curve The Englishman Isaac Barrow (1630-77) is said to be the first to discover
that differentiation and integration are inverse operations This discovery is called the
fundamental theorem of calculus

Barrow was an outstanding Greek scholar as well as making contributions in the areas of
mathematics theolog, astronomy and physcs. Howver, when he was a scholboy, he

was so often in trouble that his father was overheard saying to God in his prayers that if
he decided to take one of his children he could best spare Isaa.

Another English mathematician named Isaac Sir Isaac Newton (1643 —1727) was also
a scientist and astronomer, and helped to discover calculs. He was not interested in his
school work but spent most of his time inventing thing, such as a water clock and sundil.

Newton left school at 14 to manage the family estate after his sepfatherdied. However,
he spent so much time reading that he was sent back to school He went on to university
and developed the theories in mathematics and science that have made him famous today.

Exercise 6.03 Definite integrals

1 Evaluate each definite integral

2 3 6
a jo 4 dx b j 2w +1)dx ¢ [ 3td
2 3.2
d j (4t —7)dr e j (6y+5)dy f joéx dx
2 2 4
g J. (x* + 1) dx h . 4 d i J._ (a® = 2x)dx
2 Evaluate
3 2
a Jl x? d b J‘iz(x3 +1)dx c szs dx
4 2
d j Jx dy e jo(x3 3l +4x)de f j Qu—1) dx
4 2
g j_ (y +y)dy h L (2—x) du i j_24t3 dt
. 4 52 3527 4xt = 3x
N . <3 5.2 4.2
J- 4x” + +5xdx n J~>x 2x +3xdx ° J- x +a§+3abc
x 3 x 3 3«
3 For each velocity function find the change in displacement between 2 and 4 second.
a v=3+7ms b v=8-5kmh” ¢ v=47+2t+3cms
d v=(t+3)2msf e v=5-6t+97cms
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4 A high-power hose fills an empty swimming pool at the rate of 7= 25 + 47’ L min"
Find the volume to the nearest litre after

a S minutes b 15 minutes ¢ halfan hour

. INVESTIGATION R

. AREAS

. Look at the results of definite integrals in the examples and exercises Sketch the graphs
. where possible and shade in the areas found
- Can you see why the definite integral sometimes gives a negative answer?

. Can you see why it will sometimes be zero?

6.04 Indefinite integrals

"To find the indefinite integral j f(x)dx we find the anti-derivative of the functio.

Indeinie
inegal

Integral of x"

Ix"dx=Lx"+ + C where n # -1 -
n+1 negaing

uncion

Find each indefinite integral

a [5¢dv b j(i}+\/;)dx

Solution
a Jngdx =5Jx9¢lx
10
=5x*_+C
10
10
=L 4c

(et

) 3
=x_+x_+C'
-2 3
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DID YOU KNOW?

John Wallis

English clergyman and mathematician John Wallis (1616-1703) found that the area
under the curve y=1+x+x" +x’ + is given by
o % xt
[ D R S
2 3 4

He found this result independently of the fundamental theorem of calculus
We can use the indefinite integral to find original information given a rate of chang.

The rate of air flow into a container is given by R =4 + 37 mm’ s~
If there is initially no air in the container, find the volume of air in it after 12 secons.

3

Solution
R:‘Z_V=4+3t2 SoV=4t+r
t
VZJ(4+3t2)dt When r=12:
4+ P+ C V=412)+12°
Whent=0,V=0 =L
0=4(0)+0°+C So the container will hold 1776 mm’® of air after
12 seconds
=C

Exercise 6.04 Indefinite integrals

1 Find each indefinite integral

a [vld b |3 dx

c jzx‘* dx d j (m+1)dm
e j(tz ~7)dt f j (W +5)dh
9 [-9d h  [Qu+4)de

i j(b2+b)db
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2 Find

a j(x2+zx+5)4x b j(4x3—3x2+8x—1)dx
c j(6x5+x4+zx3)dx d j(x7-3x6—9)dx
e j(zx3+x2—x—2)¢x f j(x5+x3+4)dx
g _[(4x2 —5x—8)dx h J(3x4 —2x° + x)dx
i J(6x3 +5x% —4)dx J J(Sx_4 +a 4207 dx
3 Find each indefinite integral
dx < 20 —3x° + 22*
= b 3 4 TR
a J.x8 jx X C J. x3 X
3
d 1-2x)* d e -2)(x+5)d f | =4
dx 4o —x° —3x% +7 . _
= h de i 2oy 45)d
g |5 | = x [ =57 +5)dy
. 2
2_4)r-1)d k dx ~d
i J@-ae-na [V [

m J%dx n J.x\/;dx o Jl\/;(l+%)aix

4 The rate of change of the angle sum S of a polygon with # sides is a constant 180°
If S=360° when =4 find Swhenn=7.

5 For a certain graph the rate of change of y values with respect to its x values is given by
R =3« — 2x + 1 If the graph passes through the point (~1 3, find its equatin.

6 'The rate of change in velocity over time is given by ilﬁ =41+ -1
t

If the initial velocity is 2 cm's~  find the displacement after 15 .

7 The rate of flow of water into a dam is given by R = 500 + 20z L h™ If there
is 15 000 L of water initially in the dam how much water will there be in the dam
after 10 hours?

6.05 Chain rule

You found the anti-derivative of y = (ax + b)" in Chapter 4 Further differentiation
We can write this as an integra.

Chain rule for (ax + b)"

(ax+b)"*

a(n+1)

J(ﬂx+b)"alx: +C wheren#-1
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Find
a [Gx-9dr b jj(3—x)8dx ¢ [VAr—3ar
Solution

5 _94 3
N Y N

- 2
4
=(5x—9) L C

20 _ [_ G-x)’ T

¢ [Var3de=[ (4x-3)? e
- 3 3
(4a—3)2
3

4x=
L 2

_F (4x-3)° |

G
_J@Ex3-3  J@x1-3)°

In Chapter 4 Further differentiation you also learned about the general chain rule for f”(x)[ f(x)]"

Chain rule for f'(x)[f(x)]"

J.f'("f)[f(x)]n6119€=L[f(x)]”+ +C wheren#-1
n+1
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a Find jx(x2 +1) dx

2
b  Find the exact value of J w2xt —1dx

Solution
a fw=++1 b fw=+-1
fx)=2x fx) = 347
Jx(x2+l)3dx szz x3—ldx
=j1xzx(x2+1)3¢x - B
2 =|| 33 -1 de
=%jzx(x2+1)3dx

_12, 203 13
_gjsx(x—udx

1 1. 5
_2><4(x+1)+C [ 3T
1 = ?(JC —1)2
=— @+ D'+ C 315
’ 112 ‘
applyng the chan rule formula zgl:g (x3_1)3:|
5 >
=5l -]
_2( 3 3 _ [3_1e
=2 (Jr - - -ny)
_ AR S
_9(\/7— ‘/O_)
2
=§(7\/7)

14
=27
V7
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Exercise 6.05 Chain rule

1 Find each indefinite integral

a j(3x—4)24x b j(x+1)4dx c J.(Sx—l)()dx
d j(3 y=2) dy e j(4+3x)4 dx f j(7x+8)12 dx
g j (1-x)0 de h j\/zx ~5 dx i 2j Ga+ 1) dy
. ) 1

j j3(x+7) 2y k Imaﬁx jé/4x+34x
m j(z—xﬁdx n j (t+3) dr o j,/(5x+2)5 dx

2 Evaluate

a [‘@e+ntd b [Gy-2'd ¢ [a-x)
d jozo—zx)sdx e j()@dx f jj(s—x)édx

dx

6 25 4 2
9 L Nx—2dx h -[0 i D) dn j —'7(535_4)3

3 Find each indefinite integral

a j 423 (2 +5)2 dw b j 2x(x? =3) d

c J.3x2(x3 +1)° dx d j(zx +3)(x? +3x—2)t du

e j x(Ba? =7)0 d f j 224 =52 d

g j4x5(zx6 “3)tax h j3x(5x2 +3) dx

i j(x +2)(«? +4x) dr j j(3x2 )32’ —6x-2) dy
4 FEvaluate

a jozx(zxz +3Y dx b [ -1 de

¢ [t e d [ &6-2" e

e j;3x(x2 +2)* d f[ s -7 e

g LO (= D)(a? = 20 +3)0 dic h 4 jo(xz +2)(a +6x = 1) dx

sj_zzxz(aﬁ S1)( = 20 — 1)

5 A function has j—y =2’(x* — 2)* and passes through the point (1 4. Find its equatin.
x
6 The velocity of an object is given by v = x(x* — 3)* m s~ If the displacement is
0 after 2 s fin:
a the equation for the displacement
b the displacement after 3 s
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6.06 Integration involving exponential
functions

We can write the anti-derivative of ¢" as an integral

Integral of
J.ex de=¢"+C

Evaluate Jz4ex dx
0
Solution

[F4et de=al ]}
= 4(e2 - eo)
=42 -1)

Integral of a*

Find jzx dx
Solution

jaxdx=lif+c

na

jzmx:Lzuc
In2

Chain rule for e?**?

Jeax+bdx=leax+b+c
a

ISBN 97807043220
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EXAMPLE 17

a Find J.(ez" —e )dx b  Evaluate “‘25e3x dx

Solution

=%ezx+e_x+c :[56336‘}2
3
563><2 5€3X1
R 3
_5@6 5¢°

3 3

v 1, 1 _ 2 ’
a j(ez —e )dx=Ef32 - +C b J5€3xdx=|:5x%€3x:|

3
2@

Exercise 6.06 Integration involving exponential functions

1 Find each indefinite integral

a J.e4xdx b Je_xdx c J.esxdx

d Ie_zx dx e Ie4x+1 dx f I—3e5x dx

g [ h [ -2 [+ x)d
2 Evaluate in exact form

a J.Oesxdx b Joz—e_xdx c J.4Ze3x+4dx

d [Gxt-e)ie e [ +ndr £ [ —xar

3 —x
g J.o (e* —e)dx
3 Evaluate correct to 2 decimal places

3oL 2 6, .
a J-e dx b J.OZeS»"dy c J.S(e 3426 —3)dx

d [ @ -na e [l +e)d

4 Find the indefinite integral of
a 5° b 7* c 3!
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5 a Differentiate a’¢*
b Hence find jx(Z +x)e” dx

6 A function has f’(x) = x%¢** and passes through the point (0 0. Find the equation of the
function

7 A particle moves so that its velocity over time 7 is given by v =2¢' — 1 m s~
If displacement « = 10 when y = 0 find x when #=3.

6.07 Integration involving logarithmic functions

We can write the anti-derivatives that involve the logarithmic function as an integra.

involving
exponenial
Integral of 1 reon”
X
Jldx=ln|x|+C where x # 0
x
Inegaion o
EXAMPLE 18
Inegaion o
5 ecipocal
Evaluate I zdx pocal
x
Solution
aDn{;r?:%;;ion
e ; ks,
Jpde=Donlsl] ™
=3In5-3In1l
=3In5-3x%0
=3In5
f'(x)

Integral of

f(x)
J%dx =In|f@)|+C where f(x) %0

.
X +7

a Findj dx

3
b  Find the exact value of Zx;l
Ox"+2x+4
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Solution

a f@W=x+7, fix) =34

X 1 3’
de=|=x——dx
Jx3+7 Iz P +7
1¢ 37
== dx
3Ix3+7

=1 In |x3 +7| +C applyng the formula
3

b fw=+"+2x+4, f'(x)=2x+2

3 3
[l g lp 22 g, asx+1=2(x+2)
0x”+2x+4 290 x° +2x+4 2
1 3
=E[ln|xz+2x+4]0

=%[ln|32+2(3)+4| —In|0% +2(0) +4|]

[In 19 —In 4]

(19\
In| —=
4

1
2
1
2

Exercise 6.07 Integration involving logarithmic functions

1 Find the integral of each function

4
2 b —tx c Ssx d 1 e 2
20+5 2x° +1 x’ =2 2x X
5 203 X . 3x x+1
f — h i
3x 9 ¥’ =3y x> 42 x> +7 ¥ +2x-5
2 Find
2
j + dx b d_x C J. ol dx
41 x+3 2% =7
5
3
d [ e _Xt
J.2x6+5 '[x2+6x+2
3 Evaluate correct to one decimal place
3 5 7 g2
J. 2 dx b ﬂ C j ol dx
2045 2x+1 42
3 4 oy
d %dx e I f I dx
02x“+x+1 3 xt—2x
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4 a Showtha i1 , 2 b Hence ﬁndjﬂdx
x2—9 x+3 x-3 x2—9
x—06 5 x—06
5 a Show that =l-— b Hence find J dx
x—1 x—1 x—1
2
6 A function has f’(x) = f and passes through the point (1 0. Find the equation of
the function 307 -1
7 A particle has velocity v = 25t ms Find its displacement after 5 s if its initial
displacement is 4 m t"+4
2
8 The number of people with measles is increasing at the rate given by R = #
X+
people/week If 3 people had measles initiall, find the number with measles after

8 weeks

6.08 Integration involving trigonometric
functions

Inegals o
igonomeic
uncion

Integrals of trigonometric functions

Jcosxdx =sinx+ C

Mixed
inegaion
queion

Isinxdx =——cosx+C

jseczxdx =tanx+ C

T
Find the exact value of J 3sec’ wdx Finding
0 inegals
Solution
T o
j03 SeC2 xdx = [tan x]g ‘Fidndiljg

inegals 2

e
=tan§—tan0

-3

Finding
deinie
inegal
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Chain rule for trigonometric functions
jcos(ax+b)dx —Lsn@+n+c
a

jsin(ax+b)dx —Leos@r+p+cC
a

jsecz (ax+b)dx = tan (ax+B) + C
a

a Find Isin 3x dx b Find jcos x°dx
T
¢ Find the exact value of J.OS sin 2w dx

Solution

a Jsiandxz—% cos 3x+ C

2 1 g L sin | 2% ' +C
c j%iandx=|i——costj| on 180
0 2 I —
180
=——cos(2x£)—|i—lcos(2x0)] :ﬂsmx"+c
2 T
=——cos£ +—cos 0
2 4
1.1
2 2 2
1 1
= —b4—
N2 2
_2-v2
4
Exercise 6.08 Integration involving trigonometric functions
1 Find the integral of each function
a cosx b sin« ¢ sec’x
d sn;x e sin3x f —sin7x
g sec’ Sx h cos@x+1) i sin(Qx-3)
j  cosQx-1) k sin(m-x) cos (x + )
\ \
m 2 sec’ 7x n 4sin (f o 3sec (ﬁ
J 3
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2 Evaluate each definite integral giving exact answers where appropriat.

a .l.o% cos x dx b J.g sec’ x dx c E sin ; dx
. ' .
d -[02 cos3x dx e IOZ sin (T x) dw f .[08 sec? 2x dx
g -[01%3 cos 2ux dx h jol%—sin (Sx)dx
3 Find

T . . T
a J.(Cosxcos§—smxsm?)dx

b _[(sin‘n:cosx —cosmsinx) dx

4 A curve has % = cos 4w and passes through the point (n %).

Find the equation of the curve
5 A pendulum swings at the rate given by Z—x =127 cos % cms
t

It starts 2 em to the right of the origin
a Find the equation of the displacement of the pendulum
b Find the exact displacement after
i 1s i Ss
6 The rate at which the depth of water changes in a bay is given by R = 4 sin %t mh”
a Find the equation of the depth of water 4 over time # hours if the depth is
2 m initially.
b  Find the depth after 2 hours

Find the highest lowest and centre of depth of wate.
d  What is the period of the depth of water?

(o]
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6.09 Areas enclosed by the x-axis

o The definite integral gives the signed area under a curve
ating

Areas above the x-axis give a positive definite integral

y

Aea unde a
cuve

Areas below the x-axis give a negative definite integral
i

| a b

N :

So to find areas below the x-axis we take the absolute value of the definite integra.

Area under a curve

rea=|[’ fle)a

It is important to sketch the graph to see where the area is in relation to the x-axis
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a  Find the area enclosed by the curve y =2 + x — «” and the x-axis

b Find the area bounded by the curve y = & — 4 and the x-axis

Solution

a  Sketch the graph of y = 2 + x — «” and shade the area yh y=2+a—o?
enclosed between the curve and the x-axis /"\
The area is above the x-axis so the definite integral e e
will be positive

Areaz.l._z2+x—x2dx
= 2x+x_2_x_3 2

2 3|

2 3 _1\2 13
=[z(z)+%—%)—(z(_1)+%_ﬂJ

3
\
=(4+2—§)—(—2+l+1J
3 23

]
T2

So the area is 4 3 units’
b Sketch the graph of y = &> — 4 y
¥ =
The definite integral will be negative because the area is \ \ /

below the x-axis : : :

2 3 .
[ @ —4>dx=[%_4xL

(Z-so){ L

— 102
a 3
Area:‘—lO—’
= 103 its
= 311111 S
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a  Find the exact area enclosed between the curve y = ¢** the x-axis and the lines x = 0

and x = 2.

Aea unde a b

cuve

x=1and x=2.

Find the exact area enclosed between the hyperbola y = 1 the x-axis and the lines
x

¢ Find the area enclosed between the curve y = cos x the x-axis and the lines

x=£andx=3—7t
2 2

Solution
a  Sketch the graph of y = ¢** y
The definite integral will be positive because the area is y=et
above the x-axis
2
Area = j e d
0
1. P
— |:_63x :I -
30 b 2 -1 12 3 °
163 x2 _ 183 x 0
3 3
le lg
3 3
1 6
==(e’ -1
3 -D
So the area is %(e6 —1) units’
b Sketch the graph of y = 1 For x=1and « =2 we only 1
x
need to sketch the graph in the 1st quadrant %
The definite integral will be positive because the
area is above the x-axis
2
Area = ﬂ ~— T T T o
*o 2 -1 2 3 x
= [ln |x|] \
_ _ Absolute value not requred
=In2-0
=In2

So the area is In 2 units’

MATHS IN FOCUS 12. Mathematcs Advanced
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¢ Sketch the graph of y = cos « b7
The definite integral will be negative because the 1'\ /

area is below the x-axis
3n 3n T T I

2 P 2
.[E cosxabc—[smx]E 1 2
2 2

. (375) . (n\
=sin| — |-sin| =
2 2)
- 1-1
=)
Area =|-2|

=2 units’

If the area has some parts above the x-axis and some below the x-axis we need to find these

separately.

Find the area enclosed between the curve y = «® the x-axis and the lines x = -1 and x = 3.
Solution

Sketch the graph of y = «*
There are 2 areas marked 4 and A4, on the diagram

A 1is below the x-axis so the integral will be negative

A, is above the x-axis so the integral will be positive

3
A . Ay= [ o d
O xt @
J. X dv=|2_ 4 3
- 4 L :[x_]
04 (_1)4 4 0
"4 4 _3t ot
1 4 4
14 :%units2
SoA =‘_Z‘ Total area=A4 + A4,
181
12 ey
= — units
4

= 20l units’
2
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Odd and even functions

Some functions have special properties that we can use to find their areas

Odd functions v
If f(—) = —f(x) then j_ F(x)de =0

The postve and negatve
areas cancel each other out - a x

Even functions

If f(—x) = f(x) then j_ Fx)dx =2 jo F(x)dx

)4

Find the area between the curve
a y=« the x-axis and the lines x = -2 and x = 2

b y=4«" the x-axis and the lines v = —4 and x = 4
Solution

a  Sketch the graph of y = x* and shade the area bounded y y=x
by the curve the x-axis and the boundaries x = £2

y= +° is an odd function since f(=x) =— f(x)
3 2 -1

"This means that the shaded areas are symmetrical
We can find the area between x =0 and x = 2. 123

The total area will be twice this area
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Exercise 6.09 Areas enclosed by the x-axis

N &6 00 h WO DN

2
Area = ZJO ¥ dx

So area is 8 units’

Sketch the graph of y = «” and shade
the area enclosed between the curve
the x-axis and the lines x = +4

y=x’ is an even function since
f(=2) = flx)

* o
Area =I x” dx

4
(.2
—ZIOx dx

4
:z[xi]
3 d
3 3
22(4__0_]
3 3

=2 XxX—
3

a2
73

: 2
So area is 42= units’

3

Find the area enclosed between the curve y = 1 — 2* and the x-axis

-5 4

3 2 -

Find the area bounded by the curve y = »* — 9 and the x-axis

Find the area enclosed between the curve y = & + 5x + 4 and the x-axis
Find the area enclosed between the curve y = x* — 2x — 3 and the x-axis
Find the area bounded by the curve y = —x” + 9x — 20 and the x-axis

Find the area enclosed between the curve y = —2x” — 5x + 3 and the x-axis

Find the area enclosed between the curve y = x° the x-axis and the lines x = 0 and x = 2.

ISBN 97807043220
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10
11
12
13

14

15
16

17

18
19
20

21
22

23

24

25

26

27
28
29

30

Find the area enclosed between the curve y = x* the x-axis and the lines x =1 and x = 1.
Find the area enclosed between the curve y =&’ the x-axis and the lines x = -2 and x = 2.
Find the area enclosed between the curve y =’ the x-axis and the lines x = =3 and x = 2.
Find the exact area enclosed by the curve y = 2¢** the x-axis and the lines x =1 and x = 2.

4x -3

Find the exact area bounded by the curve y =¢ the x-axis and the linesx =0 and x=1.

Find the area enclosed by the curve y =x + ¢™ the x-axis and the linesx =0 and x =2,
correct to 2 decimal places

Find the area bounded by the curve y = ¢** the x-axis and the lines x=0 and x = 1,
correct to 3 significant figures

Find the area enclosed between the curve y = sin x and the x-axis in the domain [0 2 ]

Find the exact area bounded by the curve y = cos 3x the x-axis and the lines x = 0 and
n

x=—
12
Find the area enclosed between the curve y = sec’ % the x-axis and the lines x =§ and

x= % correct to 2 decimal place.

Find the area bounded by the curve y = 3’ the x-axis and the lines x = —1 and x = 1.
Find the area enclosed between the curve y = &” + 1, the x-axis and the lines x=—2 and x = 2.
Find the area enclosed between the curve y = &” the x-axis and the lines x = -3 and x = 2.

Find the area enclosed between the curve y = x> + x and the x-axis

Find the area enclosed between the curve y = iz the x-axis and the linesw =1 and x = 3.

Find the area enclosed between the curve y = the x-axis and the lines x = 0 and

x=1.

(x-3)’

. 1 . .
Find the exact area between the curve y = — the x-axis and the lines x =2 and &« = 3.
x

Find the exact area bounded by the curve y = Ll the x-axis and the linesx =4 and x=7.
=

x . .
5 the x-axis and the linesx =2 and x = 4,

Find the area bounded by the curve y = "
X"+

correct to 2 decimal places
Find the area bounded by the curve y = y/x the x-axis and the line x = 4
Find the area bounded by the curve y =+/x + 2 the x-axis and the line x = 7.

Use the trapezoidal rule with 4 subintervals to find the area bounded by the curve

y=Inx the x-axis and the line x = 5 correct to 2 decimal place.

Find the area bounded by the x-axis the curve y = x and the lines x = —z and x = 2
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6.10 Areas enclosed by the y-axis

We can find an area bounded by a graph and the y-axis by y
writing the equation in the form x = f(y) 5 / Acao

inegaion

The definite integral gives the signed area

Areas to the right of the y-axis give a positive definite P
integral

Areas to the left of the y-axis give a negative definite / *
integral

Area bounded by a curve and the y-axis
For the curve x =f( y)

Area=|[* ()|

a  Find the area enclosed by the curve x = y* the y-axis and the lines y =1 and y = 3.

b Find the area enclosed by the curve y =+ the y-axis and the lines y = 0 and y =4 in
the first quadrant

Solution
= o
a  Sketch the graph of x = y* and shade the area bounded gj -
by the curve the y-axis and the lines y =1 and y = 3. 5]
This is the same shape as the parabola y = * with the 14

x and y values swapped I -
For example when x=1,y=%1 when x=4,y=1%2
The area is to the right of the y-axis so the integral -3
will be positive |
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So the area is 85 units’

b Sketch the graph of y = * and shade the area y 2
enclosed between the curve the y-axis and the al !
linesy=0andy=4 4l
"The area is to the right of the y-axis so the integral 2

will be positive - -

Change the subject of the equation to x
y=a

T Jy=x

In the first quadrant

o=y

b
Area:J‘ﬂ f(y)dy

4 —
— |2
_J.oy 4

- 3 4

|2

i

2

0
L 3 b
¥ 20

3 3
=5=

S
So the area is 5§ units’
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EXAMPLE 27

Find the area enclosed between the curve y =+/x +1 the y-axis and the lines y =0 and y = 3.
Solution

The area between y =0 and y =1 is to the

left of the y-axis so the integral will be negative 7

The area between y =1 and y = 3 is to the right H
of the y-axis so the integral will be positive 3 -

2]

Changing the subject k

y=NrHl IEETEEEEEREEEE
yz =x+1 y
yz —-1=x

3
X% —1>dy=[y7— y]o

__2
3
2 3, 2
A = -3 AZ:I (y" =Dy Total area=A + A4,
3 _2. 2
= = units’ —|:3’_3_ :| _3+63
3 y
: : = 7— units’
3 1
e
3 3
= 6= units’

Exercise 6.10 Areas enclosed by the y-axis
1 Find the area bounded by the y-axis the curve x =y and the lines y =0 and y =4
2 Find the area enclosed between the curve x = y* the y-axis and the lines y = 1 and y = 3.

3 Find the area in the first quadrant enclosed between the curve y = x* the y-axis and the
linesy=1andy=4

4 Find the area between the linesy=x— 1,y =0, y = 1 and the y-axis
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Sums and
difrencs f

aea

Calculaing
phyical
aea

Caleulaing
aea
beween
s

Aea
beween

Aea
beween
cuvs 2

©O Vv 0 N O U

11

13
14
15

16

Find the area bounded by the line y = 2x + 1, the y-axis and the linesy=3 and y =4
Find the area bounded by the curve y =+/x the y-axis and the lines y = 1 and y = 2.
Find the area bounded by the curve x = y* — 2y — 3 and the y-axis

Find the area bounded by the curve x = —* — 5y — 6 and the y-axis

Find the area enclosed by the curve y =+/3x =5 the y-axis and the lines y =2 and y = 3.

Find the area in the first quadrant enclosed between the curve y = iz the y-axis and the
linesy=1andy=4 ¥

Find the area enclosed between the curve y =’ the y-axis and the lines y =1 and y = 8.
Find the area enclosed between the curve y =" — 2 and the y-axis between y =1 and y = 25
Find the area in the second quadrant enclosed between the linesy=4andy=1-x
Find the area enclosed between the y-axis and the curve x = y(y — 2)

Find the area in the first quadrant bounded by the curve y = " + 1, the y-axis and the
lines y = 1 and y = 3 correct to 2 significant figure.

Find the area between the curve y = In x the y-axis and the lines y = 2 and y = 4 correct
to 3 significant figures

6.11 Sums and differences of areas

EXAMPLE 28

a  Find the area enclosed between the curves y = x° y = (x — 4)* and the x-axis
b Find the area enclosed between the curve y = * and the line y =« + 2.
Solution
a  Sketch the graphs of y =2? and y = (x — 4)° 4
(translation of y = #* by 4 units to the right) 44
and shade the area enclosed between the 3 ,
curves and the x-axis S ly=2f\ 7 =E-D
Find the x values of their intersection 4 /4 4,
({c =2 from the graPh or by solving ‘_-3 o S -
simultaneous equations)
Y

Shaded area=A4 + A4,

= [Catdv [ (o= 4) de
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y=x+2

0
20
33
_)2
3
Area 4,
4 _ay T
| <x—4>2dx=[7(x Ll ]
2 3 2 Total area=A4 + 4,
_@-9 - e
3 3 33
8 1
= — = 5—
0+ 3 3
= 22 So area is 5% units’
Sketch the graphs of y = x* and « + 2 and shade i
the area enclosed between them o 7= %2
We can find the x values of the points of 44
intersection of the functions from the graph 3
or by solving simultaneous equations 2
y=+ (1) 4
yms+2 & T
Substituting [1] into [2] )

¥ =x+2

¥ -x-2=0
x=2)x+1)=0
=2, x=-1

Notice that between x =—1 and &« = 2 the graph of y =x + 2 is above the
graph of y = »*

So we can find the area by integrating (x + 2) and «” between x =1 and x
then finding their difference

=2 and

ISBN 97807043220
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A= (@ de- [P de=[" @+2-27) do

2
[_2_]
31
_[2 2] [ m}
[ 2<2>—3H2 2A-1)-
_o (-1
3 (6,
_9
2
_4l
2

N
So area is 45 units’

Exercise 6.11 Sums and differences of areas

1 Find the area bounded by the line y = 1 and the curve y = &

2 Find the area enclosed between the line y = 2 and the curve y =2? + 1.

3 Find the area enclosed by the curve y = x” and the line y = x

4 Find the area bounded by the curve y = 9 — x* and the line y = 5.

5 Find the area enclosed between the curve y = x* and the line y =x + 6

6 Find the area bounded by the curve y = »° and the line y = 4x

7 Find the area enclosed between the curves y = (x — 1)? and y=(+ 1)? and the x-axis

8 Find the area enclosed between the curve y = x” and the line y = —6x + 16.

9 Find the area enclosed between the curve y = x° the x-axis and the line y = —3x + 4
10 Find the area enclosed by the curves y = (x — 2)* and y = (v — 4)°
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11 Find the area enclosed between the curves y =« and y = &°

12 Find the area enclosed by the curves y = »* and x = *

13 Find the area bounded by the curve y = x* + 2x — 8 and the line y = 2x + 1.

14 Find the area bounded by the curves y = 1 —«? and y =a? — 1.

15 Find the exact area enclosed between the curve y = m and the linex —y+2=0

. . 1 .
16 Find the exact area in the first quadrant between the curve y = — the x-axis and the
lines y =x and &« = 2. v

17 Find the exact area bounded by the curves y = sin x and y = cos x in the domain [0 2 7]
18 Find the exact area enclosed between the curve y = ¢* and the lines y = 1 and x = 2.

19 Find the exact area enclosed by the curve y = sin «x and the line y = % for [0, 2]

Summary of integration rules

Rule Chain rule
- _ 1 n+ ’ n _L 7+
Jamde=——a"t 4C [ F@Uf @Y de=—=[ f@y* J+C
Jexdx=ex+C Jeﬂx+bdx:leax+b+c
a

ﬂxdszax+C
7=

na
JLae=tmfaf+C J%mlnlﬂx)hc
jcosxdx=sinx+C J-cos(ﬂx+b)dx=ésin(ax+17)+C
Isinxdx‘=—cosx+C Jsin(ﬂx+b)dx=—écos(ax+b)+(]
Jseczxdx=tanx+c Jsecz(ﬂx+b)alxz%tan(ﬂx+b)+0
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For Questions 1 to 4 choose the correct answer A B € or D

1 Find j sin (6x) dx

A % cos (6x) + C
C —6cos(6x)+C

Pacice quiz

2 Find the shaded area below.

y

(=35 225)

y=a+2x-3

[\,

X

B 6cos(6x)+C

D —écos(éx)+C

A [ (' =3xtd)de-] (& +20-3)dr
B J_B (—x? =3x+4)dx —L S(xz +2x—3)dx
C J_}(—x2—3x+4)dx+j_3(x2+2x—3)dx

D j_“(—xz — 3w +4)dy +j_3 S(xz +2x—3)dy

—?—3x+4
3 Find [4¢™ dx
4 3x 3 3x 3x 1 3x
A —"+C B —7+C C 1227°+C D —¢*+C
3 4 12
4 Find [——dx
J.xz +3
A ﬁ"‘ B 21n|x2+3|+c
X"+
1 1 P
C —— D —Inja"+3|+C
2Aa?+3) 2
2
5 a Use the trapezoidal rule with 2 subintervals to find an approximation to d—f
)

. . 2dx
b  Use integration to find the exact value of J —
x

6 Find the integral of

a 3x+1

d (Qx+5)

b Sx’ —x

X

e PG -2)°
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7 Findjzxdx

8 Find the approximate area under the curve f(x) = * between x = 1 and x = 3 by using

a 4 inner rectangles b 4 outer rectangles € atrapezium
9 Evaluate
2
a jo(x3—1)dx b jxfdx c jo(sx—n“dx
2
d _[Oxz(x3—5)zdx e j3x(x2+1)3dx

10 Find the area enclosed between the curve y =In x the y-axis and the lines y =1 and y = 3.
11 Find the area bounded by the curve y = «” the x-axis and the lines x = —1 and « = 2.

12 Find Isin x° dx

13 Find the area enclosed between the curves y =x? and y = 2 — »*

14 Find the indefinite integral of

a b 2x c ¢
x° =9
! e (x-3) -6x+1)>
x+4
324 9.3 2
15 EvaluateJ. i 2x2+x lzix

x
16 Find the exact area in the first quadrant bounded by &* + y* = 9, the y-axis and the lines
y=0andy=3.

17 Find the area bounded by the curve y = &® the y-axis and the lines y =0 and y = 1.

18 Find the integral of (7x + 3)"!

19 Find the area bounded by the curve y = * — x — 2, the x-axis and the lines x = 1 and x = 3.
20 Find the exact area bounded by the curve y = ¢** the x-axis and the lines x =2 and x = 5.

21 Use the trapezoidal rule with 4 strips to find the area bounded by the curve
y=In (x* — 1), the x-axis and the lines x=3 and x = 5.

22 Evaluate j; (3t* — 6t +5)dt

23 Find the indefinite integral of

a sin2x b 3cosx ¢ sec’ S« d 1+sinx

24 Find the area bounded by the curve y =% + 2x — 15 and the x-axis
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25 The rate at which a metal cools is given by R = ~16¢™"* degrees min~
If the temperature is initially 215°C fin:

a the equation for the temperature 7 of the metal

b the temperature to the nearest degre, of the metal aftr:
i 5 minutes ii half an hour

26 Evaluate

a J‘O% cosx dx b J.Esecz xdx
27 Find ‘ .

a jS(zx ~1)* dr b J.%dx
28 Find the exact area bounded by the curve y = sin x the x-axis and the lines x = % and w = g
29 Find

a sz(aﬁ ~2Y dx b jx(sx2 +2)* dr

c j 563wt —1)2 dx d j(x+2)(x2 +4x—3) do

30 Find the area bounded by the curve y = cos 2x the x-axis and the linesx=0and x =7

31 Find (in exact form) the approximate area bounded by the curve y =+x -2, the
x-axis and the line x = 4 usin:

a atriangle b 2 inner rectangles ¢ 2 outer rectangles

32 Find f(x) given f’(x) and a point on the graph of f(x)
a f'(x)=3xQ2+" - 1)*and passing through (1 3)

A
b  f’(x) = sec’ 2x and passing through (g ?
)

¢ fv)= ¢* and passing through (0 %)
d f'(») =+'(" - 15)* and passing through (2 0)

, 3a°
e fl=—
x"+

" and passing through (0 2)

2

33 The velocity of a particle is given by v = ms_

£ +9
If the initial displacement is —2 m fin:
a the equation for displacement
b the displacement after 5 s

¢ when the displacement is 10 m
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1 a Show that f(x) =&’ + x is an odd function
b Hence find the value oszz f(x)dx

¢ Find the total area between y = f(x) the x-axis and the lines x = -2 and x = 2.

sec2 X

2 a Show thatsecx cosec x =

tanx
T

b Hence or otherwis, find the exact value of J.E cosec xsec x dx
Py
3 Find the area enclosed between the curves y = (x — 1)* and y = 5 — &

T
4 Find the exact value of'[fé sec’ 2x dx
12

X
5 Evaluate .[() m d%'

6 Use the trapezoidal rule with 4 subintervals to find the area enclosed between the curve
y :% the y-axis and the lines y = 1 and y = 3.
e
7 a Sketch the curve y = x(x — 1)(x + 2)

b Find the total area enclosed between the curve and the x-axis

8 Find the area bounded by the parabola y = #* and the line y = 4 — x correct to
2 decimal places

9 a Find the derivative of x+/x +3

x+2
x+3

dx

b Hence find J

10 a Find % (’ In x)
dx
3
b THence find the exact value of_[ 20(1+2Inx)dx

11 Find the area enclosed between the curves y = /x and y = &’

12 a Find the sum of 50 terms of the sequence 2°, 2%, 204 206

b  Hence use 50 inner rectangles to find the approximate area under the curve
y=2"between x =0 and x = 10.

¢ Find this approximate area by using 100 outer rectangles
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Practice set 2 [ 1 JOl@®)

In Questions 1 to 6 select the correct answer A B € or D

1 The area of a rectangle with sides x and y is 45 Its perimeter P is given by

A P=x+45¢ B P-= x+4—5

C P= 2x+% D P-= 2x+4—5

2 The area enclosed between the curve y = x* — 1, the y-axis and the lines y=1 and y =2

is given by
A [ -y B [+
2 2
C j Gfy +1)dy D j Gly+1)dy
3 Find j 422 (5% +4) dy
3048 348
A 4(5x” +4) L C B 5x"+4) L C
15 30
3048 348
C M +C D M +C
2 120
4 For the curve shown which inequalities are correct ? 4
A d—y>o,d—2>o B & o,d—{<o
dx dx dx
2 2
¢ 209250 D 2042 0 %
dx dx? dx dx

5 A cone with base radius 7 and height /4 has a volume of 300 cm’
Its slant height / is given b:

3 2
A /- [nh +900 B /- /h +900
mth mth
[12 [ 3
c - h”+810000 D /- h”+900
h h
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6 The rate at which a waterfall is flowing over a cliff is given by R = 4 + 3#* m’ s~
Find the amount of water flowing after a minute if the amount of water is 10 970 m’
after 20 seconds

A 223220m’ B 8800m’
C 225370m’ D 226250m’

7 Find all values of x for which the curve y = (2x — 1) is decreasing
8 Find J(3x2 —2x+1)dx
9 Find the maximum value of the curve y = & + 3x — 4 in the domain [-1, 4.

10 For the graph of y =8 sin 3x + 5 fin:
a the amplitude b the period ¢ thecentre

11 The area of a rectangle is 4 m* Find its minimum perimete.

2

12 Ify =sin 7x show that Z—Jz/ =—49y
x

13 Find the anti-derivative of 3a® + 4w

14 Sketch the curve y = &° — 35> — 9x + 2 showing all stationary points and points of
inflection

15 Find the area enclosed between the curve y = «” — 1 and the x-axis

3x
20° =5

17 Iff(x) =’ — 24" + 50— 9 find " (3) and f”(-2)

dx

16 Findj

18 Evaluate r(éxz +4x)dx

19 Find the domain over which the curve y = 3x° + 7% — 3x — 1 is concave upwards
2
20 Evaluate j xy3x? =3 dx

21 Find Jsecz x(tanx +1)° dv

22 a Iff(x)=2x"—2’ = 7x+9find f(1) /(1) and f”(1)
b  What is the geometrical significance of these results? Illustrate by a sketch of
y=flx)atx=1.
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23 A piece of wire of length 4 m is cut into 2 parts One part is bent to form a rectangle
with sides x and 3x and the other part is bent to form a square with sides y

a  Prove that the total area of the rectangle and square is given by 4 = 7’ — 4x + 1.

b Find the dimensions of the rectangle and square when the area has the least
value

24 Given the function f(x) = * find the equation of the transformed function if y = f(x)
is translated 5 units up 4 units to the lef, stretched horizontally by a factor of 2 and
stretched vertically by a factor of 3

25 The gradient function of a curve is given by f”(x) = 4x — 3. If f(2) = -3 find f(-1)
26 Fvaluate J;(2x+1)dx

27 The following table gives values for f(x) = iz
x

x 1 2 3 4 5
1 1 1 1
1 - z - _

f® ) 9 16 25

. . Sdx
Use the table together with the trapezoidal rule to evaluate '[ —- correct to

2
3 decimal places ¥

28 a Find the stationary point on the curve y = (x — 2)* and determine its nature
b IHence sketch the curve

29 Two families travelling on holidays drive along roads that intersect at right angle.
One family is initially 230 km from the intersection and drives towards the
intersection at an average of 65 km h™ The other family is initially 125 km from
the intersection and travels towards it at an average of 80 km h™

a Show that their distance apart after ¢ hours is given by
& =10 625 — 49 900t + 68 525

b Hence find how long it will take them to reach their minimum distance apart

¢ Find their minimum distance apart

30 For the sequence 100 —50 2, ... fid:
a the 10th term b the sum of the first 10 terms ¢ the limiting sum
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31 A rectangle is cut from a circular disc of radius 15 ¢cm Find the area of the largest
rectangle that can be produced

32 Find j(3x +5) de

3
33 Evaluatej e correct to 3 decimal places
x

34 Find the stationary points on the curve f(x) =" — 24" + 3 and distinguish between
them

2
35 Evaluate j \Sx —1dx as a fraction

36 Find the area enclosed between the curve y = (x — 1)* and the line y = 4
37 If a function has a stationary point at (-1, 2) and f”(x) = 2x — 4 find f(2)
38 Find the area enclosed between the curves y = x> and y = —«” + 2x + 4

39 Differentiate x° + ¢**

40 Water is flowing out of a pool at the rate given by R = -20 litres per minute
If the volume of water in the pool is initially 8000 L fin:

a the volume after 5 minutes

b how long it will take to empty the pool
41 Find the exact value of J.O3 3xe™ T dx

42 The velocity of a particle is given by v = 12# + 47+ 80 m's™ If the particle is
initially 3 m to the right of the origin find its displacement after 5 .

43 The graph of y = f(x) has a stationary point at 3 2. If f”(x) = 6x — 8 find the
equation of f(x)
44 Find the derivative of In (4x + 3)°
45 Find [
30" 4+3x -2
46 Differentiate

a % b log;x
e

47 Find the equation of the tangent to y = ¢** ' at the point where x = —1

48 Find the stationary point on the curve y = xe* and determine its nature

ISBN 97807043220 Practce set 2



49 Find the equation of y = f(x) passing through (r 1) and with f’(x) = —6 sin 3x
¥

50 Find [ 2sin 2vdx
0

51 Differentiate
a In(sinx) b tan(+1)

T
52 Find an approximation to '[04 tanx dx correct to 3 decimal places by using a triangle

53 Find the area under the curve y = 4 — x” by using

a 4 inner rectangles b 4 outer rectangles

54 Differentiate each function

SR
——

a sinx b twanlx c 2cos(3x—

55 Find the equation of the tangent to the curve y = tan 3x at the point where x =

NI

56 Differentiate
a sin’ (¢) b tan(nx+1)

37 Find the exact area bounded by the curve y =1In (x + 4) the y-axis and the lines

y=0andy=1.
58 Find the anti-derivative of each function
a b sed nx C L
2x
d cos (%) e sin 8x
2 p—
59 Find [2X 21 g
X

60 Find J(esx —sinTa)dx

61 Find the exact area enclosed between the curve y = ¢* the x-axis the y-axis and the
line x = 2.

62 Evaluate J.g cos(% + TC) dx
3
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In ths chapter, you ill study ifferent ways of desrbig,displying and summrsing sttitical
data You ill look at measures of central fendency and sprea, and use these toinferpret and
compare dafa
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-\!("-«_ 701 Types of data
# 7.02 Dsplayng numercal and categorcal data
= 703 Measures of central fendency
'f 7.04 Quarile, deiles and perceniles
¥ 7.05 Range and nierquartile range
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7.08 Analysng data sets
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dentfy dfferent types of dafa

dsplay data n tables and graphs

calculate measures of central tendency the mean medan and mode

calculate measures of spread the range quantles nterquartile rane, vriance and
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dentfy outlers

recognse dfferent modaiies and shapes of data sets

dentfy bas n data

compare 2 sets of data
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Saiical
doa
machup

bar chart Graph with vertical or horizontal
columns also called a column graph

bimodal A graph with 2 peak.

box plot Graphical display of five-number
summary, also called a box-and-whisker plot

categorical data Data that are named by
categories

continuous data Numerical data that can take
any value that lies within an interval

decile One of the values that divide a data set
into 10 equal parts

discrete data Numerical data that can only take
specific distinct values

dot plot A column graph of dot.

five-number summary The lowest and highest
values media, and lower and upper quartiles
of a data set

frequency polygon Frequency line graph

histogram Bar chart of frequencies with no gap
between columns

interquartile range Measure of spread the
difference between the upper and lower
quartiles

mean Average scoe, calculated by dividing the
sum of scores by the total number of scores

median The middle score when all scores are
placed in order.

modality The number of peaks in a set of dat.

mode The score with the highest frequenc.

multimodal Having many peaks in a set of data

nominal data Categorical data that is listed by
name with no order.

numerical data Data whose values are numbers

ogive Cumulative frequency polygon

ordinal data Categorical data that can be ordered

outlier A score that is clearly apart from other
scores — it may be much higher or lower than
the other scores

Pareto chart A chart containing both a bar chart
and a line graph where individual values are
represented in descending order by the bars and
the cumulative total is represented by the line
graph

percentile One of the values that divide a data set
into 100 equal parts

pie chart Circular graph showing categories as
sectors

quantile One of the values that divide a data set
into equal parts

quartile One of the values that divide a data set
into 4 equal parts

range Difference between the highest and lowest
scores

skewness The shape or asymmetry of a graph to
one side

standard deviation Measure of the spread of
data values from the mean The square root of
variance

stem-and-leaf plot Graphical display of tens
(stem) and units (leaves)

symmetrical distribution A distribution where
the left and right sides are mirror images of each
other.

two-way table A table that combines the effects
of 2 separate variables (usually categorical)

variance Measure of spread the square of
standard deviation

There are many different types of data for exampl, the type of public transport people use
to go to work the heights of basketball players or the marks students gain in an exa.

There are 2 main types of data

e Categorical data uses categories described by words or symbols

* Numerical data uses numbers or quantities

MATHS IN FOCUS 12. Mathematcs Advanced
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These types can be divided further

Categorical and numerical data
Categorical data

* Nominal data which cannot be put in order

®  Ordinal data which can be ordered

Numerical data

* Discrete data which can be counted as separate values

* Continuous data which is measured along a smooth scale

For example

® Public transport — bus trai, trm, ferry — is
put into an order.

categorical nominal data since it cannot be

* Ratings — strongly disagree disagre, agre, strongly agree —are  categorical ordinal
since they can be put in order.

e Shoe sizes — 6 6%, 7, 7%, ... —are numerical discrete since they can be counted

* Heights of basketball players — 181 cm 17.64 ¢, 12.1 cm ... —are numerical

continuous since they are along a smooth scale

Describe each type of data
The breeds of dogs

Exam marks
The volume of water in a dam Audience size for TV programs

Makes of cars Months of the year

Categorical nominal Numerical discrete

Numerical continuous

Categorical nominal

ISBN 97807043220
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Exercise 7.01 Types of data

1 State whether each type of data is categorical (C) or numerical (N)

a Length of a fence b  Number of koalas in captivity
¢ Shoe size d Colour

e Areaofland f  Scoresona test

g Number of lollies in a packet h  Gender

i Speed j  Type of swimming strokes

k Attendance at a football match Meals on a menu

m  Width of a building n Age

o Weight P  Ranking of quality of a movie
q Surface area of a balloon as it is blown up r  Shirtsizes

s  Iype of sports offered at a school t  Length of a swimming race

2 State whether each type of data is categorical nominal (N) categorical ordinal (O,
numerical discrete (D) numerical continuous (C.

a Survey of radio stations Excellent very goo, god, por, very poor
b  Weight of truck loads ¢ Make and model of motorbikes
d Eye colour e  Volume of water in rivers
f  Scores on a maths exam g  Number of jellybeans in a packet
h  Nationality i Acceleration
j  Olympic sports k  Concert attendance

Choice of desserts on a menu m  Types of trees in a park

3 Give 3 examples of

a categorical data b  numerical data
¢ numerical discrete data d  categorical ordinal data
e numerical continuous data f  categorical nominal data

Certain organisations are specially set up to collect and analyse data The Australian Bureau
of Statistics (ABS) collects all sorts of data including the organisation of a regular censu.

"The census attempts to collect details of every person living in Australia on a particular
day. Questions asked include where a person livs, occupaton, saary, number of chldren,
religion and marital status Governments and other organisations use this data to plan
future policies in areas such as education transpor, housig. For examle, if the number of
children in a certain region is increasing then extra schools could be planned in that are.
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. There is evidence that a census was done back in ancient Roman times Investigate the
. methods that the Romans or some other ancient civilisation used for collecting data and
- writing reports

What information do you think a census should collect? Is there information that you
- think that is not useful or invades privacy and therefore should not be collected?

" Go to the ABS website and find out more about what this organisation doe. Other

worldwide organisations such as the World Health Organization (WHO) and the United

. Nations also collect data Research these and other organisations that collect dat, such
. as universities and the CSIR

7.02 Displaying numerical and categorical data

Data can be displayed in many different ways using tables and graphs

Numerical data

Frequency tables histograms frequency polygons and other graphs can be used to
display numerical data

a  For the following Year 12 English essay marks (out of 1):
8,4,5,4,8,6,7,8,9,5,6,7,7,5,4,6,7,9,3,5,5

i
ii
iii
\

v

draw a frequency distribution table

draw a histogram for this data

draw a frequency polygon on the same set of axes as the histogram
how many scores are less than 5?

what percentage of scores are over 6?

b The assessment scores for a Year 12 mathematics class are belw.

75,53,58,71,68, 51, 60, 87, 62, 62, 89, 65, 69,47, 70,72,75, 68, 76, 83, 62, 88, 94,
53,85

Draw a frequency table that shows the results of the class test using groups of
40-49 50-59 and so o.

Add a column for class centre and cumulative frequency.
Draw a cumulative frequency histogram and a cumulative frequency polygon (ogive)

What percentage of students scored less than 60?

Gaphing
iaa

Tw-way
ables and
Paeo chas

Evey pitre
ells a soy
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The scores range from 3 to 9 We arrange them in a table as shwn.

Score Tally Frequency
3 | 1
4 11 3
5 LA 5
6 11 3
7 [T 4
8 11 3
9 I 2
The histogram is a bar chart or column Year 12 English essay marks
graph where the centre of the column is
lined up with the score and the columns 61
join together. 51
4
34
5
1

34 5 6 7 8 9

Score

The frequency polygon is a line graph Year 12 English essay marks
as shown It starts and ends on the
horizontal axis 6

5 o

44

3 .

2 .

345 6 7 8 9
Score

Reading from either the table or the graph scores of 3 and 4 are less than .

There is one score of 3 and 3 scores of 4

So there are 1 + 3 =4 scores less than 5

There are 4 + 3 + 2 = 9 scores over 6 out of a total of 21 scores

2 x100% = 429%
21
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Scores Tally Frequency
40-49 1
50-59 4
60-69 L1 8
70-79 L1 6
80-89 LA 5
90-99 | 1

The class centre is the average of the highest and lowest possible score in each
40+49

group For exampl, =445
Add each score to the previous total for cumulative frequencies

Scores  Class centre  Frequency Cumulative frequency

40-49 44.5 1 1
50-59 54.5 4 5
60-69 64.5 8 13
70-79 74.5 6 19
80-89 84.5 5 24
90-99 94.5 1 25

Use the class centres for the scores on the graph The cumulative frequency
polygon or ogive starts at the bottom left of the first column and ends at the top
right corner of the last column

Class test results

251

20

151

10

; |
445 5.5 4.574.845 94.5

Score

5 students scored less than 60

i>< 100% =20%
25
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You can also draw stem-and-leaf plots to show discrete data

EXAMPLE 3

The heartbeat rates in beats per minute of a sample of hospital patients were taken
75,53,58,71, 68,51, 60,87, 62,62, 89, 65, 69,47, 70,72, 75, 68, 76, 83, 62, 88, 94, 53, 85

Draw a stem-and-leaf plot to display these scores
Solution

On the left of a vertical line put in the 10s for the scores (the stem. On the rigt, place
the unit for each score in order (the leaf)

For example for a score of 68 show 6 |8

Stem | Leaf

417

511 3 3 8

60 2 2 2 5 8 8 9
710 1 2 5 5 6
813 5 7 8 9
914

Note The stem-and-leaf plot keeps the actual scores whereas grouping them into a
frequency distribution table loses this individual information

Categorical data

We can display categorical data in different tables and graph, including two-way tables
bar charts pie charts and Pareto charts

In a survey of Year 12 studens, it was found that 47 students had a dog but not a at, 19
had both a dog and a cat 32 had a cat but not a do, and 54 had neither a dog nor a ct.

@ Draw a two-way table showing this data
b Find the percentage of students who have
i both a dog and cat
it acatbutnotadog

il neither a cat nor a dog
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Solution

a A two-way table separates out the students with dogs from those with cats

Has a dog Does not have a dog
Has a cat 19 32
Does not have a cat 47 54

Note that this table could be the other way around with the cats at the top and the
dogs down the side

b There are 19 + 32 + 47 + 54 = 152 students altogether.

i 19 students out of 152 have both a dog and a cat % x 100% = 125%

it 32 students out of 152 have a cat but not a dog % x 100% = 211%

il 54 students out of 152 have neither a dog nor a cat % x100% = 355%

The table shows the eye colour of students

Colour Frequency
Represent this data in Blue 7
a  abar chart Brown 19
b apie chart Green 4
Grey

Solution

a  Unlike a histogram in a bar chart the columns do not need to join u.

[
20 -
15+
104
LU ]
Bllue BI‘(;WI] Grleen Grley -
Eye colour
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You can also draw the data as a horizontal bar chart like thi.

A

Grey -:I

Green

Brown

Bue A

s 10 15 20
Frequency

A pie chart is a circle divided into portions (sectors) Since the angle inside a circle is
360° each frequency is a proportion of 360.

There were 35 students surveyed

Colour Frequency Angle
Blue 7 7 x360°=72°
35
Brown 19 £X3600z1950
35
4
Green 4 — x360°=41°
35
5
Grey 5 —Xx360°=51°
35

Note The number of degrees calculated adds to only 359° because the answers are
not exact This will not greatly affect the pie chat.
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A Pareto chart is useful for displaying categorical data from the most to the least important

The table shows a survey groups preferences for types of TV shos.

Arrange the table in descending order of frequency
and add a percentage frequency column and a
cumulative percentage frequency column

Draw a Pareto chart to show this data

Type

Sport
Reality
Drama
Comedy
News
Total

Frequency

174
107
78
73
68
500

Percentage
frequency

348%
214%
156%
146%
136%

Type
News
Drama
Comedy
Reality
Sport

Cumulative percentage
frequency

348%
562%
718%
864%
100%

For example percentage frequency for Sport = ;773 x100% =348%

Step 1 Draw a bar chart of the frequencies using the left axis

500+
450
400
3504
3004
250+
200

150 1
100
50

ISBN 97807043220

Sport Reality

Drama  Comedy

Type

T
News

Frequency

68
78
73
107
174
500
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Step 2 Draw a line graph of cumulative percentages using the right axis

500+ r100%
450 + F90%
400 ~ -80%
3504 +70%
3004 F60%
2501 F50%
200 1 -40%
150 F30%
100 F20%
504 F10%

Splort Reallity Drama Conlledy News
Type

. INVESTIGATION (R

Saiical . GRAPHS AND SPREADSHEETS

aph
o . You can draw different types of graph, including Pareto chars, using a spreadshet.

. Enter the data into the spreadsheet highlight the table and select the chart you want to us.
. Ifyou are not sure of how to do this search for online tutorial.

DID YOU KNOW?
Vilfredo Pareto

The Pareto chart is named after Vilfredo Pareto (1848-1923) an economis, sociologit,
engineer and philosopher. The chart can be used as a tool for quality contol.

Research the Pareto chrt, the Pareto principle and the 80/20rule. Find examples
of its uses

Exercise 7.02 Displaying numerical and categorical data

1 For each set of scores on the next page
i draw a frequency distribution table
ii draw a histogram and frequency polygon
iii find the highest and lowest scores (groups for parts d and e)

v find the most frequent score (group for parts d and e)
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b

2 For each data set

a Number of cars in a school car park

C

Results of a class quiz
8,6,5,7,6,8,3,2,6,5,8,4,7,3,8,7,5,6,5,8,6,4,9,6, 5
The number of people ordering pizzas each night
15,12,17, 18, 18,15, 16, 13, 15, 17, 18, 12, 17, 14, 16, 15, 17, 18, 19, 15, 15, 12

The number of people attending a gym

110,112, 114,109, 112,113,108, 110, 113, 112, 113, 110, 109, 110, 110, 112, 114,

114,112,114, 113

The results of an assessment task

45,79, 65,48, 69,50, 62,74, 38, 69, 88, 96, 90, 58, 52, 68, 63, 61, 79, 74, 50, 65, 77,

91, 56,77, 63, 81,90, 59,67, 50, 61
(Use groups of 30-39 40-49 and so o.)

The heights of students (in cm) in a Year 12 clas:

159,173,182,166,172,179, 181,163, 178, 169, 183, 158, 162, 167, 174, 175, 180,
174,176, 159,161,171, 174,179, 180, 159, 157

(Use groups of 155-159 160-16, 165-169 and so n.)

Number of cars

Number of sales made in a shoe shop

Sales
0-4
5-9

10-14

15-19

20-24

25-29

30-34

ISBN 97807043220

10
11
12
13
14

Class centre Frequency

Frequency

4
8
11
9
5

6

2
3
5
8
9
5

i add a cumulative frequency column and class centre where necessary
i

sketch a cumulative frequency histogram and ogive (cumulative frequency
polygon)

b  Results of a science experiment

Score
1

AN i B W N

Frequency
7

1
3
0
2
5

d  Results of an assessment task

Scores
0-19
20-39
40-59
60-79
80-99

Class centre Frequency

3

2
7
6
1

7. Statstcs



3 The table shows the number of daily rescues at a
beach over a period of time

a
b

C

Draw a histogram showing this data
How many times were more than 6 rescues made?

What was the most common number of daily rescues
during the survey?

4 'The volume of traffic on a stretch of highway was
measured and the results are shown in the table

b

d
e

Draw a histogram to show this data

What was the percentage volume of traffic
between 21 and 40 minutes?

Draw a two-way table for the following data
* 27 people play soccer but not tennis

* 35 people play tennis but not soccer

* 28 play neither sport

* 12 play both sports

What percentage of people play
i both sports? il neither sport?

Rescues

4
5
6
7
8
9

10

Frequency
1

N O vt AN W

Volume/min  Frequency

1-10
11-20
21-30
31-40
41-50

7
10
8
5
4

What percentage of people who play at least one of these sports play only soccer

but not tennis?

What fraction of people who play soccer play tennis as well?

What percentage of tennis players do not also play soccer?

6 Lauren surveyed her friends and had them
rank a film from 1 to 10 The dot plot shows
the results of her survey.

b
c
d
e

How many friends did Lauren survey?

What was the most common ranking?
Draw the results in a histogram

What percentage of rankings were above 4?

w4 o e

What fraction of Laurens friends ranked the film below 4 ?

MATHS IN FOCUS 12. Mathematcs Advanced
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7 The stem-and-leaf plot shows the weights (in kg) of a
group of people surveyed at a local gym

d

8 The pie chart shows the number of students
taking different school sports

a
b

Arrange these weights in a frequency
distribution table using groups of 50-59 60-69
and so on and include class centre and
cumulative frequency columns

Draw an ogive of this data

How many people weighed
i 80 kg or more? i less than 60 kg?

Stem | Leaf
514 6 8 9
611 3 7 8
710 3 4 5
8|11 2 2 4 8 9
913 5
102 6 7

What percentage of people surveyed weighed from 70 kg to 89 kg?

What fraction of people weighed between 50 kg and 80 kg?

What percentage of students play cricket?

There are 720 students at the school
who play these sports By measuring the
angles in the pie chart complete a table
showing the frequencies for the
different sports

9 The table shows the results of a survey of

university students asking what degree they
were doing
a What percentage of students were studying law?
b  What percentage of students were studying
medicine or music?
¢ Draw a pie chart showing this information
10 The two-way table shows the results
of a survey into the protective effect
of vaccina};ion on a Ill)ew virus Infected
Not infected

b

o 0

How many people in the survey were
infected with the virus?

What percentage of people surveyed were vaccinated?
What percentage of vaccinated people had the virus?

How many people with the virus were not vaccinated?

Degree
Medicine
Arts

Music
Science
Economics

Law

Vaccinated
11
159

Basketball A

Frequency
104
87
58
93
79
101

Not vaccinated
76
58

ISBN 97807043220
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11 The two-way table shows the
number of people taking partin a
trial of a new medication to
prevent asthma

Taking medication Control group
Asthmatic 104 105
Not asthmatic 112 109

How many people took part in the trial?

What percentage of people were asthmatic?

a
b
¢ What percentage of asthmatic people were in the control group?
d How many people who were not asthmatic took part in the trial?
e

What fraction of the non-asthmatic people took medication?

12 The frequency histogram shows the !
scores on a maths quiz 10
9
Draw a cumulative frequency histogram 8-
and polygon 71
6
5 4
4
34
2

" 1

4 5 6 7 8 9 10
Score

13 The cumulative frequency histogram 1
shows data collected in a survey on the 20
number of junk mail items that people 18+
received daily in their inbox 12:
a Draw a frequency distribution table 121
to show the number of junk mail 1(8) ]
items people receive daily. 6]
b Construct a frequency 44
histogram to show this data 2

1 2 3 4 5 6 7
Number of unk mail items

14 Explain how a stem-and-leaf plot and grouped frequency distribution table can be used
for the same data What are the advantages and disadvantages of each ?
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15 Draw a Pareto chart for each set of data

a A survey into why people b Customer complaints about an
like a movie Internet provider
Reason Votes Complaint Frequency
Acting 33 Internet speed 34
Storyline 29 Cost 61
Music 12 Data allowance 59
Characters 26 Technical difficulties 46

¢ Votes for best café in a subur:

Café Votes
Coffee Haus 32
Coffee Bean 48
Café Focus 21
Jumping Bean 63
Caffeine Café 36

When we analyse data we try to find a‘typic’ ‘nomal’or ‘avrage’ core. For example

we might want to know the average crowd size at football matches through the season ,;Ai%;z\
You would usually expect to find this score somewhere in the centre of the dat. o
There are 3 measures of central tendency the mean the mode and the media.

Saiical

The mean meave

Sum of scores
Mean =

Total number of scores
ZX’ Saiic om
n

= a equency
able

The mean has symbol x 7 is the number of scores and X« is the sum of scores Not: X is the

Greek letter ‘sigm’ and is used in mathematics to stand for a su. oo

median and
mode

The symbol «x usually represents the mean of a sample For the mean of a population the
correct symbol is i the Greek letter m.
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There are 5 children in a family, aged 3,19, 11, 17 ad 10. Find the mean of thei ages.

v

n
:13+19+11+17+10
5

E:

_ 10
5

=14
So the mean age of the children is 14

The mean can also be calculated using a calculators statistics mod.

Casio scientific Sharp scientific

Place your calculator in MOBE 1 I T a

statistical mode

Clear the statistical memory. 1 —A

Enter data 1 Data to get table 13 19 @GS ctc

13 a 19 a etc to enter

in column (@XM to leave table

T3 .
Calculate mean SHIFT Rl VAR b4 RCL
Check the number of scores SHIFT B n a n

Change back to normal mode MODE [§]

For the mean of larger data sets it is easier to sort the data into a frequency distribution table
to add up the scores

The mean of data in a frequency table
Ifx
3

where Zfx is the sum of each score X its frequency and Xf'is the sum of frequencies

x =
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Find the mean number of hours that members of a class practise piano each week
The number of hours for each student is

1,4,6,1,3,6,2,1,1,3,2,5,6,6,1,2,6,2,5,6,6,2,3,6,2

First draw up a frequency distribution table for the hours of practice Include an fx column
for multiplying each score by its frequency.

The table gives us a quick way of finding the sum of scores For exampl, we know
from the table that there are 6 lots of 2 so we can use 2 x 6 = 12 The sum of the fx
column gives us the sum of all scores

— 3
Hours (x) Frequency (f) Score x frequency (fx) x=F
f
1 5 5
2 6 12 = ﬁ
25
3 3 =352
£l I £l So the mean time students
J 2 10 practise each week is 352
6 8 48 hours
3f=25 Sfi =88
On a calculator
Operation Casio scientific Sharp scientific

Clear the statistical memory first (see previous example previous page.

Enter data Ylelols scroll down to 1 5
STAT, Frequency? ON 2 6 VD ctc
1 Data to get table

1 a 2 a etc to enter in

x column

5 a 6 a etc to enter in

FREQ column

INell to leave table

Calculate mean 1D & (=
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Although grouped data is not completely accurate because we dont know exactly what scores
are in each group we can still calculate an estimate of the mea.

From the table find the mean commuting time that a Minutes

Frequency
sample of people take to travel to work
0-8 3
9-17 5
18-26 7
27-35 8
36-44 2

Add class centre and fx columns to the table

Use the class centres as the scores when calculating fx

Minutes Class centre (x) Frequency (f) Score X frequency (fx)

0-8 4 3 12
9-17 13 5 65
18-26 22 7 154
27-35 31 8 248
36-44 40 2 80
3f=25 Sfx =559

— 2fx

-2

_ 559

25

= 2236

The mean time taken to travel to work is 2236 minutes

The mode

The mode is the most frequent score
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There is no mode if all the scores are different or there could be several scores with the same
frequency.

a  Find the mode of these scores
7,4,3,5,7,1,2

b Find the mode for these shoes sold at a shoe store

Shoe size 5 53 6 63 7 75 8 85 9 93

Frequency 8 9 15 28 53 61 58 29 12 10

Solution

a  There are two 7s and only one of the other scores so the mode is .
b The shoe size with the highest frequency is 7% (there were 61 of them)

So the mode is 7%

With grouped dat, instead of finding the mode we find the modal class

Find the modal class in this data set showing

Scores  Frequency
the ages of people at a caravan park

10-19 2
Solution 2atd v
30-39 1
The group or class with the highest frequency is 50-59 40-49 5
While we do not know the individual score with the highest 50-59 7
frequency, we say the modal class is 50-9. 60-69 3

The mode is useful when looking at trends such as the most popular types of clothing It can
also be used for categorical data

The median

The median is the middle score when all scores are in order.

If there are 2 middle scores the median is the average of those score.
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Find the median age of a group of people in a band
18, 15,20, 18,17, 16,11, 13

Solution

Put the ages in order.

11,13, 15,0617 18, 18,20

There are 2 middle ages 16 and 1, so we find their averae.

16+17

Median = =165

So the median age of the band members is 165
The median can also be calculated using a calculators statistics mod.

Operation Casio scientific

Clear the statistical memory.

Enter data 1 Data to get table

18 a 15 a etc to enter in colum.

INell to leave table

Calculate the median 1 MinMax med a
Change back to normal mode

You can find the median of data in a frequency tabl. If there is a large number of scors, you
can find the position of the middle score using a cumulative frequency column

Find the median of this data set Score Frequency
5 3
6 2
7 4
8 7
9 6
10 3
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Solution

Add a column for cumulative frequencies

Score Frequency = Cumulative frequency
5 3 3
6 2 5
7 4 9
8 7 16
9 6 22
10 3 25

There are 25 scores so the position of the middle score is 25; 13

The 10th to 16th scores are 8 so the 13th score is . You can check tis by
wring the scores n order.
The median is 8

The position of the median

. . n+1
The median of # scores is the e th score

If n is even then the median is the average of the 2 middle scores on both sides of the

nT-I-l th position

Another way to find the median is from an ogive (cumulative frequency polygon) We simply
use the halfway point on the cumulative frequency axis of the graph

Find the median from the cumulative frequency polygon below.
/

20+

15

104

5
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Solution

There are 20 scores in the data set 1
so the halfway point is at the 10th score 20+
as shown on the cumulative frequency axis o
The dotted line meets the ogive inside
the 7 column 10— ,
I
The median is 7 ey |7 i
1
4 5 6 7 8 9 10
Score
Ouitliers

Sometimes a set of data contains a score that is unusual compared with the other score.
"This unusual or extreme value is called an outlier

The prices of houses sold in the town of Greenfield in a particular week are

$355 000, $420 000, $320 000, $285 000, $390 000, $1 200 000, $415 000, $320 000,
$435 000 $380 000

a s there an outlier? Why do you think an outlier may be in this data?

b Find the mean house price with and without the outlier.

¢ Find the median with and without the outlier.

d  Find the mode with and without the outlier.

Solution

a  The outlier is $1 200 000 as this is much higher than the other prices It may be that
there is one special house in the area that is much larger than the others or a certain
street with huge houses in it that is unusual for the area

b Using a calculator
With the outlie, the mean house price is $452 00.
Without the outlie, the mean house price is $368 8889.

¢ With the outlie, the median house price is $385 00.
Without the outlie, the median house price is $380 00.

d  The mode is $320 000 in both cases since this is the most frequent price with or

without the outlier.
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Note When real estate agents talk about house price, they usually use the median price

since this is not as affected by outliers as the mean

. INVESTIGATION (R

* OUTLIERS

© Which measures of central tendency do outliers tend to affect most?

Find other examples of data that contain outliers and find the mean mode and media.
. How do they change if the outlier is removed? Should outliers be looked at closely and

. discarded or is there a place for them?

Exercise 7.03 Measures of central tendency

1 For each data set find

i the mean ii

iii the median

a Number of people auditioning for parts in a play 5,7, 6,6, 1

b Number of minutes for an ambulance to respond to a call 1,6, 8 4, 6,4, 5
¢ Ages of students on a basketball team 15, 18, 14, 19, 18, 17, 11

d Scores on a class quiz 4, 6, 5,4, 7, 8
e Prices of petrol (in dollars) 143, .66,1.55, 1.49 1.2, 1.1, 149, 1.38

2 Find the mode of each data set

9 Hair colour Frequency
Brown 28
Blond 21
Red 8
Black 12
Grey 17

Type of cat
Siamese
Burmese
Russian blue
Tabby
Ginger

Persian

Frequency
18
12
9
32
26
19
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3 For each data set find

i the mean

the median

a Judges scores on a dance contest

Score
3

4
5
6
7
8
9

Frequency

3

4
2
7
6
2
3

¢ Results in a History assignment

Score
14
15
16
17
18
19
20

4 Find the median from each ogive

25

204

15

104

Frequency

Ranking of a film

4

N W R =N

MATHS IN FOCUS 12. Mathematcs Advanced

the mode

b Number of matches in each
match box surveyed

Score

50
51
52
53
54
55

Frequency

1

[\ ST O VSRRV, Tie N

d Attendances at hockey matches

Attendance  Frequency
100 3
101 0
102 2
103 1
104 6
105 5
Number of siblings
30
254
20
15 1
104
5
0 1 2 3 4 5
Number of siblings
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C Hours of guitar practice a week

[
100 4 —
80
60 |
40 |
20
1 2 3 4 5 6 7

Number of hours

5 TFor each data set find

i the mean

a Games of chess played each week
by members of a chess club

Score
2-4
5-7

8-10

11-13

14-16

17-19

Frequency

5

4
7
4
3
2

10
8
6

2

Attendance at social committee

meetings

1

the modal class

¢ Results in a Legal Studies exam

Score
10-24
25-39
40-54
55-69
70-84
85-99

ISBN 97807043220

Frequency

4

® O w1 = O

2 3 4 5 6
Number of meetings

b Hours per week that gymnasts train

Score
0-4
5-9

10-14

15-19

20-24

25-29

Frequency
3

2
6
8
9
5

d Time it takes for computers to boot u:

Time (s)
20-24
25-29
30-34
35-39
40-44
45-49
50-54
55-59

Frequency
12
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6 TFor each data set

a Number of athletes representing
their school over a 30-year period

Athletes

¢ Hours a week worked by

add a cumulative frequency column

draw a cumulative frequency polygon

find the median from the graph (estimate for parts € and d)

AN v AW N

Frequency

5

6
4
8
5
2

employees in a cafe

7 Tor each data set

\'4

a Home runs scored over a baseball season

Hours
1-5
6-10
11-15
16-20
21-25
26-30

Frequency

b Number of lollies in a bag

Number

45
46
47
48
49
50

3

—_ W g = W

Frequency

d Time to complete a rac:

Time (min) Frequency

2.5-2.8
2.9-3.2
3.3-3.6
3.7-4.0
4144
4.5-4.8
4.9-5.2

3

> H = O O N

draw a frequency distribution table including cumulative frequency

find the mean

draw an ogive

find the mode or modal class

v find the median from the ogive

4,6,5,8,8,6,5,3,4,9,6,3,5,6,5,4,7,5,8,5,6,2,3

b Number of movies seen in a year

+4 @ o

“vi{ © 00

a1 o0 00

7

w4 ®© oo

Number of movies
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¢ Ages of people living in a block of units (use classes of 20-29 30-39 and so on:

Stem | Leaf

211 3 55 89

310 2 45 6 67 8 8 9
412 3 3 6 8

510 1. 11 455 7 889
613 3 45 6 77
711 5 6
811 2 2 4 5 6

8 For each set of data fin:
i the outlier
ii the mean mode and median
iii the mean mode and median without the outlier
a Weights (in kg) of people in a lif:
69,75,58,77,32, 68, 60, 64, 59

b  Number of questions attempted in ¢ Ages of people at a family party
A exam Stem | Leaf
Questions  Frequency 2135
1 1 312 7
3 0 5100
4 1 613 5
7
5 3 8
6 6 9|7
7 5
8 3
9 4

d Rating of a venue for a dance party
[ ]

“vi41 © @0 00

+~41 @ 0 0 0
a4 @0 o0
~N-4 @ o 0 O
w4 & e

o1 e e 00

Ratng

9 TFor the set of times (in minutes) students are recorded as late for school shown below, find
the outlier. Which measures of central tendency (man, meian, mode) does it change ?

53,6,4,7,1,6,8,7,9,6,5,8,6,7,4,5,7,4

ISBN 97807043220
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10 The stem-and-leaf plot below shows the results of a class test

Stem | Leaf
11]7
2
318 9
414 5
511 3
614 5
710 2
8|3 4
910 1

A NS Y, BN N N

BRSNS BN

3

S 9
“»ni O ®

a  State which score is an outlier and what this means

b Draw a frequency table including a cumulative frequency column using groups
10-19 20-2, 30-39 and so n.

¢ Use the table to estimate the mean and find the modal class

i with the outlier included il without the outlier included

d Draw an ogive excluding the outlier and find the median

. INVESTIGATION (R

. LIMITATIONS OF CENTRAL TENDENCY

Find the mean mode and median of each set of dat. What do you notice ?

© Set15,6,7,7,8,9

Set21,2,7,7,12,13

. How do the 2 sets of data differ? Can we find out by using the measures of central
. tendency? How else could we describe how they are different from each other?

.................................................................

7.04 Quartiles, deciles and percentiles

The measures of central tendency give us good information about data sets but they do’t
deesand  describe the spread of data As we have sen, the median divides data sets so that half the

Qutil,

pecenile

values lie below the median and half lie above it A measure that divides a data set into parts

of equal size is called a quantile The median gives only a very rough description of the data
set but with more divisions we can describe the dat’s spread in more detal.

Boxand
whiske plos

Quartiles

A quartile divides a data set into quarters

! l r

Lowestscore ~ Q Medan Q Highest score
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The 1st quartile (Q ) is called the lower quartile and the 3rd quartile (Q;) is called the upper

quartile The 2nd quartile (Q,) is the median

A box plot (also called a box-and-whisker plot) gives a way of showing a five-number

summary the quartiles and highest and lowest scores

a Find Q Q, and Q; for the number of runs in a softball game
4,3,7,8,7,9,5,6,8,3,9
b Find Q Q; the media, the highest and lowest score for this daa.

¢ Find the quartiles of the data in this frequency table Score

O 0 I O W

10

Solution

a  Put the 11 scores in order.
3,3,4,5,6,7,7,8,8,9,9
Find Q, (the median) in the usual way the 6th score is 7
3,3,4,5,6D,7,8,8,9,9

Frequency
1
3
5
8
11
13
9

Q is the middle of the scores below the median If a quarile falls between 2
he 3rd scores we fake ther average
the 3rd score .

37 37@’ 5, 6?@7 77 8” 97 9
Q; is the middle of the scores above the median the 9th score .

SOQ :4,02:7,03:8
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On a calculator

Operation Casio Scientific

Clear the statistical memory.

Enter data 1 Data to get table

4 a 3 a etc to enter in colum.

JNoll to leave table

Calculate Q 1 MinMax Q a

Calculate Q, (median) 1 MinMax med a

Calculate Qs 1 MinMax Qs a

From the box plot
Lowest score =4, Q =6 Median =7, Q; =8 Highest score = 10.

Add a cumulative frequency column to the table

Score Frequency Cumulative frequency
1 1 1
5 3 4
6 5 9
7 8 17
8 11 28
9 13 41
10 9 50

+1

There are 50 scores so the median is the &
26th scores)

or 255th score (average of 25th and

So Q, =8 reading from the cumulative frequency colum.

Q isthezs-’_1

or 13th score (middle of the 1st 25 scores)

So Q =7 reading from the cumulative frequency colum.

Q; is the w or 38th score (middle of the last 25 scores halfway

between the 26th to 50th scores)
So Q3 =9 reading from the cumulative frequency colum.

SoQ =7,0,=8,0;=9
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EXAMPLE 17

Find the median and upper and lower quartiles from the ogive

y

20
151
10 1
5 .

4 5 6 7 8 9 10
Score
Solution

There are 20 scores

The median is halfway
1 x20=10
2

So the median is 7 reading across from
10 on the cumulative frequency ais.

To find the 1st (lower) quartil:
L x20=5
4

So reading across from 5 Q =5

To find the 3rd (upper) quartil:
3

—x20=15
4

So reading across from 15 Q;=7.5.

20

151

10
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Deciles and percentiles

For a more detailed description of the spread we can divide the data set into smaller parts
Deciles divide the data set into 10 parts and percentiles divide data sets into 100 parts

EXAMPLE 18
pislaatels The ogive shows the number of /
hours that a rock group rehearses each 25 4
week over 25 weeks The scores have
been sorted into groups 209
Use the ogive to estimate 15 1
a the 35th percentile 10
b the 60th percentile 5 |
¢ the 7th decile |7|7 .

T T T T T T T
4-6 79 10-12 13-15 16-18 19-21 22-24
We can only estmate because the Number of hours
scores have been grouped nto classes

Solution

Redraw the ogive using class centres for number of hours and use the cumulative
frequency axis to find answers

a  The 35th percentile is the score 4
that separates the lower 35% of 25
the scores

20 -
35% of 25 scores = 875th score ~  poo L_

5s4---———————— !
The 35th percentile = 13.

10 A

b The 60th percentile separates the

lower 60% of the scores 5

60% of 25 scores = 15th score I7|7 : : : >

T T
. s 8 11 14 17 20 23
The 60th percentile = 16. Number of hours

¢ The 7th decile separates the lower % of the scores

% % 25 scores = 175th score

The 7th decile = 17.

You can use a graphics calculator or software to draw graphs and find quartile, deciles and
percentiles more accurately.
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. NVESTICATION

RESEARCHING QUANTILES

Research the words quartile decile and percentile When were they first used? Where are
they used now? There are other measures such as tercile and quintil. What are they ?

Percentiles are used in many applications including graphs of infants and childrens
growth rates

Weight-for-age GIRLS (@) s

- . Organization
Birth to 6 months (percentiles)

97th

85th)

50th)

15th

WHO Child Growth Standards
o/ /www.who. t/childroth,/andrds /ct_fo_grls_p_0_6 pf 2a
Research and compare different types of growth charts used in Australia and those of the
World Health Organization (WHO.

© © 0 0 0 0 0 00000000 0000000000000 00000000000 0000000000000 00000000000

© © ¢ 0 00 0 00000000000 000000 000000000000 0000000000000 0000000000000 00 0 O

Exercise 7.04 Quartiles, deciles and percentiles

1 For each set of data fin:

© © ¢ 0 00 0 00000000000 000000 000000000000 0000000000000 0000000000000 00 0 O

i the Ist quartile ii  the 2nd quartile iii the 3rd quartile

‘ ‘ b Score Frequency
409 10 3
304 11 5
204 12 4
13 6

104
14 0
N ST A 5 2
Score
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10 11

a4 @ e

~N-4 e e 0 0 O
w41 © 06 0600 00
o4 @ o0

Score

2 Find the Ist and 3rd quartiles for the following data

201

15 1

10

A

54

Score

3 For the following data find

b

the 23rd 55th and 91st percentiles
the 2nd and 8th decile

4 For the dot plot

b

draw a cumulative frequency polygon
find

i the Ist quartile ii the 3rd quartile
iii the 35th percentile v the 7th decile
v the Ist decile

5 John measured the weights of children in a
particular year at school and organised
his findings in a table Estimate the weight that i:

b
c
d

the median

the Ist quartile
the 3rd quartile
the 60th percentile

MATHS IN FOCUS 12. Mathematcs Advanced

[ ] [ ] [ ]
[ ] [ ] [ ] [ ]
[ ] [ ] [ ] [ ] [ ] [ ]
e o o o o o
e o o o o o
12 3 4 5 6
Score
Score  Frequency
23 13
24 19
25 23
26 21
27 9
28 15
[ ]
[ ]
[ ] [
[ ] [ [ [
[ ] [ ] [ ] [ [ ]
[ ] [ ] [ ] [ ] [ ] [ ]
e o o o o o
Ib IH lé 13 14 13
Score
Weight (kg) Frequency
30-34 1
35-39 9
40-44 8
45-49 5
50-54 2

ISBN 97807043220



6 The number of different dress sizes in
Huangs Sportwear shop was counted in
a stocktake and the results set out in a tabl.

b
c
d
[

7 Antonietta surveyed a number of people to find out

How many dresses were counted?

What percentage of dresses in the store were size 12?
Find the median dress size

Find the 3rd quartile

What percentile is size 14?

how many pets they have Her results are show.

a
b
c

What percentage of the people surveyed had 2 pets?
Draw a cumulative frequency polygon for this data
From the graph fin:

i the median

i the 1st quartile

iii the 3rd quartile

8 Abdul measured the reaction times of a group of
drivers and placed his results in a table

b

What was the mean reaction time?

What percentage of people surveyed
reacted within 075 and 079 seconds ?

Draw an ogive to show this data
Use the graph to estimate

i the 30th percentile

ii the median reaction time

ili reaction times between the Ist and 3rd quartiles

9 For each data set fin:

i the median ii  the lower quartile iiii
The number of dogs at a pound over several days
36,79,38,29,45,83,85,47,51,72, 64

Size
8

10
12
14
16
18

Frequency
12
23
20
21
13
11

Number of pets Frequency

0 7
1 11
2 3
3 2
4 1
Time (s) Frequency
0.65-0.69 2
0.70-0.74 14
0.75-0.79 19
0.80-0.84 8
0.85-0.89 7
the upper quartile

b The number of flying hours that Alexis had during a helicopter flying cours:

C

3,4,9,8,14,17,15,11,12
"The distance (in km) travelled by a taxi during several shifts
1283, 14.2,13.7,99.5,137.5, 203.4 154.,1153,19.3,125.4

d The number of people attending a choir rehearsal over several weeks

15,14, 12, 16, 15, 19, 17, 18

ISBN 97807043220
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7.05 Range and interquartile range

] The range and interquartile range measure the spread of data

X

incautle
ange

Range and interquartile range

Range = highest score — lowest score

Inequle Interquartile range = Q; — Q

ange

SSB  EXAMPLE 19

Find the range and interquartile range of these scores 8 1,5,15, 202, 7, 16, 9

Saiical

machup Solution

Range = highest score — lowest score
Cumulaive = 2]. - 5
equT?cy
gopl
=16

Put the 9 scores in order to find the quartiles
5,8,9,13,15,16,17, 20,21

Q=15
5,8,19,13,3) 16, 17,120, 21
Q:?:.S 0,=17+20 _ o
Interquartile range = Q; - Q

=18.5-8.5

=10
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a  This set of data shows the results of a survey into the number of travel websites
people visit regularly. Fid:
i the range il the interquartile range

A

50 1

40

30+

20+

10

L] .

5 6 7 8 9 10 11
Number of websites

b From this box plot fin:

i the median it the range iii  the interquartile range

—] I —

4 5 6 7 8 9 100 11 12 13

Solution

a i Range=11-5=6 highest — lowest
il There are 50 scores
%X 50=12.5 so Q will be the 125th score

%x 50=375so Q; will be the 375th score

‘ Q =65and Q;=10
50
Interquartile range = Q; - Q
0.2 ]
i =10-65
309 i =35
201 i
Q. l
10+ !

5 6 7 8 9 10 11
Number of websites

b 1 Median=9 ii Range=13-4=9 iii Interquartile range=11-6=35
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Oulie

Outliers are extreme scores They affect the range because an outlier will be the highest or
lowest score Howeve, outliers do not affect the interquartile range because the interquartile

range does not depend on the highest or lowest scores

Some outliers are more obvious than others There is a formal definition of outlier that

allows us to test if its an outlier rather than just deciding by inspectio.

Outlier

A score is an outlier if it is more than 15 times the interquartile range (IQR) below Q or

above Q;
An outlier is below Q; — 15 X IQR or above Q; + 1.5 x IQR

For the scores 5, 2,9, 10, 6,7, 6, 5,10,9,5,7,8,7, 6,
determine if 2 is an outlier.
For this table of data find a score that looks like an

outlier and use the definition to determine
if it is an outlier.

IQR=0Q;-0Q =-1
=9_5 Q +15 xIQR=9+6
=4 =15

15 xIQR=1.5 x4

=6

Score
1

O 0 I O v B W N

—_
(=}

Frequency
1

Any outlier would have to be less than —1 or greater than 15 So 2 is not an outlie.

MATHS IN FOCUS 12. Mathematcs Advanced

ISBN 97807043220



A score of 1 looks like an outlier.

From Example 16¢

Q =7and Q;=9 Q -15xIQR=7-3
IQR=0Q;-0Q =4
=9-7 Q;+1.5xIQR=9+3
=2 =12
15 xIQR=1.5x%x2
=3

Any outlier would have to be less than 4 or greater than 12 So 1 is an outlie.

Exercise 7.05 Range and interquartile range

1 Find the range of each data set

a 7,498 11,4,3,19,7,16 d s ey
b 56,89,43,99,45,28,37,78 8 3
¢ 103,108,99,112,126,87,101, 123 9 3
10 7
11 0
12 8
13 7
2 For each set of data fin:
i  the median ii  the range iii the interquartile range
a Results of a class quiz b Daily hours of study
y y
30 254
254 204
204 154
151 104
101 54
54 = - - - - - >
0 1 2 3 4 5
- Number of hours
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Percentage participation in d

Hours of study the day before an exam

a basketball game y
8f 141
7] 12 4
6 10
5 81
4 6
3 H
2 *
1

50 60 70 80 90
Percentage (class centres)

3 For each set of data fin:

the median ii  the range

"

1 12 13 14 15 16 17 18 19 20

1 12 13 14 15 16 17 18 19 20

4 For this set of data fin:

® o~ T Q

the mean
the mode
the median
the range

the interquartile range

MATHS IN FOCUS 12. Mathematcs Advanced

the interquartile range

Rain (mm) Frequency

5

6
7
8
9

4

7
8
3
3
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5 Find a potential outlier in each set of data and use the definition to see if it really is an

outlier.
a 100,7.93,54,32,66,53,97,51,80
b 11,57,19,5,3,7,5,6,10,11.2,5,7,4,6,1

Score Frequency
1 1

N v bW N

0
0
0
5
4

7.06 Variance and standard deviation

Variance is another measure of spread It measures how far the scores in a data set are from

the mean o the data. You studied variance and standard deviation when studying discrete
probability distributions in Year 1, Chapter 10  Discrete probability distributions

The formula for variance o’ is
) Z(x—k)’
O =—-
n

However, you do not have to use it as the calculatr’s statistical mode can calculate it more
easily. The following example will show you what the above formula mens, but youdon’t
have to learn it

The data below shows the times (in minutes) taken for a fire engine to reach the site of a

fire Find the variance for this dat.

4,7,3,9,4,5,1,3,5,9
Solution

First we need to find the mean

Now we find the difference between each score and the mean Then we square each
difference because we only want positive values This is shown in the table next pae.

Vriance and
andad
deviaion

Saiical
calculaions

Saiical
meaue
puzzle
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=T (v - ) Variance is the mean of these squared difference.

X
1 1-5=-4 16 2_Z(ac—i)2
3 3-5=22 4 R
3 3-5=22 4 _62
4 4-5=-1 1 10
4 4-5=-1 1 =62
5 5-5=0 0
5 5-5=0 0
7 | 7=5=2 4
9 9-5=4 16
9 9-5=4 16

S(x-x) =62

Standard deviation is another measure of spread and it is simply the square root of varianc.

For the data in the previous example the standard deviation is v6 2 =2 49

We use s for standard deviation of a sample and ¢ (the lowercase Greek sigma) for the
standard deviation of a population In this course we will use s most of the time

The formula for standard deviation o, i:

"This example shows how to calculate standard deviation and variance using the calculators
statistical mode

The table shows the number of hours of karate practice
that students at a karate club do each week
Find correct to one decimal place

Practice times (h) Frequency

the standard deviation

the variance

O N N v PR W N
AN = N W A
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Operation Casio scientific Sharp scientific
Clear the statistical memory. (S8 | [ it Del-A

Enter data 1 Data to get table 2 STO P

2 3 a etc to enter in 3 sto B v+ [Ee
x column

2 a 4 a etc to enter in
column

INell to leave table

Calculate standard deviation 1 @V sxa s

s=20774 =2.1
Variance = s*
=20774 °
=4.3157 ...
=43

Exercise 7.06 Variance and standard deviation

1 For each set of data find

i the mean il the standard deviation

a Number of minutes kept on hold on the telephone 7,9, 8 ,6, 2,4, 5

b Travel time (in minutes) to get into the cit: 2, 5,67, 54 6, 8,59, 70, 59, 41
¢ Height of children (in cm) 101, 112, 131, 122, 130, 143, 152, 107, 112
d Number of repetitions on gym equipment 8,9, 5,7,6 .8, 9,6, 3,6

e Age of performers in a play 18, 19, 17, 16, 20, 18, 15, 19, 14, 20

2 For each data set fin:
i the standard deviation ii the variance
a Weights (in kg: 51, 67, 64, 53, 60, 48, 58,49, 61, 71, 67, 58
b Class quiz results 4, 6, 5,3,7,9,8,10,4,6,7,6,5,8,6,7,9,10, 5,4, 8
¢ Time spent waiting in a queue (in mins: 11, 14, 15, 25, 31, 54, 36, 39, 31, 41, 44, 50
d Weight of crates (in kg: 8, 8,56, 91 6,73, 55

e Response time (in mins) for helicopter rescue 1,7, 3,6, 5 4,8, 9, 3
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3 For each data set find

i the mean

a Number of books rad:

Books Frequency

O 0O I O W

10
11
12

¢ Weight of luggag:

3

w1 W = NN W

4

il the standard deviation iii

the variance

b Piano practice time per week

Practice (h) Frequency

1

A INe RV N VI o1

3

0
2
5
7
3
2

d  Results of a half-yearly exam

Weight (kg) Frequency Score  Frequency

31 3 10-19 1
32 0 20-29 4
33 2 30-39 8
34 5 40-49 12
35 7 50-59 15
36 3 60-69 11

70-79 7

4 Tn a taste test the people surveyed had to rank a new biscuit on a
scale from 1 to 5 The table shows the results of the survy.

a Whatis the range?

b Find the interquartile range

¢ Find the standard deviation

5 A Year 12 Art class received these results for their major wrk.

a Calculate

i the mean

ii the standard deviation

b Remove the outlier and calculate

i the mean

ii the standard deviation

6 The data shows the ages of students in an MBA course
20,25,31,34,17,27,29,53, 20,31, 19, 23, 30, 29, 18, 25

a Show that there is an outlier.

b Calculate the standard deviation

i with the outlier

ii without the outlier

MATHS IN FOCUS 12. Mathematcs Advanced

Rank Frequency

w1 AW N

Class
20-29
30-39
40-49
50-59
60-69
70-79
80-89
90-99

5
11
18
21

9

Frequency
1

N 0 © 9 b N O
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7 Jane recorded the number of crocodile sightings each week in a region of the Northern
Territory over several week.

58,9,4,11,7,9,15,17,10,8, 5,9, 12
a  What was the mean number of crocodiles sighted per week?
b Find the standard deviation

¢ Calculate the variance

The measures of central tendency and spread are called summary statistics and they help

us make decisions about data Other features of data can help with these decision, and one oo
of these features is the shape of the data The shape often gives us an idea of the centre and

spread even before we measure them while the modality describes the number of peaks in

the distribution of data

The shape o

A data set where the mean mode and median are R : R dibuion”
equal has a symmetrical distribution e o o o o

[} [} [} [ ] [ ] [ ] o
Notice how symmetrical this dot plot is -

34 5 6 7 8 9 Shape o
Other graphs that are not so symmetrical can be dibuion

described by their skewness

The shape of a statistical distribution

This distribution is negatively skewed as ~ This distribution is positively skewed as
most of the area is to the left (or negative ~ most of the area is to the right (or positive

direction) of the centre We can say that direction) of the centre We can say that
the ‘tai’ points to the low scores in the the ‘tai’ points to the high scores in the
negative direction positive direction

"This distribution is symmetrical All these graphs are also called unimodal

since they only have one peak.
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The modality of a statistical distribution

This graph is described as bimodal "This graph is described as multimodal
because it has 2 peaks because it has many peaks

3

Exercise 7.07 Shape and modality of data sets

1 Describe the shape and modality of each graph

a o b
e o o
e o o 6
e o o o o o °
B e B IS e B R — 4
4 5 6 7 8 9 10 11
2
1 2 3 4 5
Score
€ _Stem | Leaf d o0 [ T}
13445579 r r T T T+ T 1T 1T 1T 7
56 7 8 9 10 11 12 13 14
210 1 1 7 8 8 9 9
312 25 6 6 8 9 9
411 1 3 5
510 0 3
6|13 4 5 8
718 9
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€ L f : ° :
[ ] [ ] [ ] [ ] [ ] [ ] [ ]
[ ] L] [ ] [ ] [ ] [ ] [ ] [ ]
9 10 11 12 13 14 15 16
IIO lll 1I2 1I3 1I4 -
Score
9 A h
20
|
151
104
5' L
2 3 4 5 6 1 [T TTT]T]
Score 10 20 30 40 50
Frequency
T .
; é % é 6 1I0 lll IIZ
2 a Draw adot plot for this data
5,9,4,8,9,10,7,5,3,9,7,8,6,12,8,9
b  Describe the shape of the dot plot
3 Describe the shape and modality of each data set
a Score Frequency Score Frequency c Score  Frequency
1 7 12 3 10-14 3
2 9 13 7 15-19 6
3 5 14 11 20-24 7
4 3 15 14 25-29 4
5 1 16 9 30-34 7
6 1 17 35-39 5
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Score Frequency
6 1

7

8

9

10

11

S 3 o0 w1 N

Score
50-59
60- 69
70-79
80— 89
90-99

4 Draw graphs with the following shapes

a bimodal b
¢ symmetrical d

5 Describe the shape and modality of each set of data in the back-to-back

stem-and-leaf plot

skewed negatively
skewed positively

Frequency

Set 1 Set 2
41113 3 4
77 6 312|125 6 8 9 9
8 755 2 0|3]02 256
8 6 6413 6 7
98 8 7 1 1|50 1
54 0613
1 1|7

2

4
6
3
1

6 a Describe the shape of the distributions summarised by the parallel box plots

Plot2 e

1 2 3 4 5

b Whatis the difference between their medians?

¢ Find the difference in their interquartile ranges

6

7

8

9

10

7 The heights of a number of students were measured and the results are below.
159,175,181, 153, 177, 168, 175, 163, 155, 184, 167, 179, 157, 149, 160, 171, 180, 160,

162,169, 163, 179, 145, 187, 161, 148, 182, 151, 150, 178

a Draw a frequency distribution table for the heights using groups of 145-14,

150-154 155-159 and so o.

b  Describe the type of distribution for this data

8 Draw a box plot that describes a symmetrical distribution

MATHS IN FOCUS 12. Mathematcs Advanced

ISBN 97807043220



9 This table shows the results of an assessment task
a Find

Score Frequency

4 3

i the mean 5 5

ii the median 6 6

iii the mode 7 9

b  Describe the shape of the distribution 8 6
9 5

10 3

10 Choose a random sample of about 50 people and collect data on the number of siblings
(brothers and sisters) each one has Graph the data and describe the shape and modality
of the graph

. INVESTIGATION (HEEE R

: MISLEADING GRAPHS
- Sydneys median house price increased from $886 408 in 2014 to $929 842 in 201.

- The column graph shows this information

Looking at the graph you would think that this 10
* was a huge price rise because the second column

* is almost twice as tall as the first column

[
8 T T ot
2014 2015
Year
. Now look at this graph What is
. the difference between the 2 graphs? 10+
- Which one do you think shows the 94
- information better? Is one of the o
- graphs misleading? Why?
. 7]
* Search online for other misleading graphs ¢
. Collect them into a portfolio and share
. with the class Write an account of why N
. each one is misleading and how you 4-
- could change it to give a better 3
- reading of the information ,
14
2014 2015
Year
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Statistics can be misleading in different ways In the investigation this was caused by
the scale on the graph Sometimes the measures of central tendency or spread can be
misleading as well

7.08 Analysing data sets

Double box
plo

The table shows the heights of students in a Year 12 clas.

conpaing “ mei the mean and' standard Height (cm)  Class centre  Frequency
empeaue deviation of the heights
150-154 152 3
b Are the mean and standard 155-159 157 18
deviation misleading for
160-164 162 27
Compaing this data? Why?
wod lengh 165-169 167 31
170-174 172 12
175-179 177 15
Compaing 180-184 182 25
’ 185-189 187 11
190-194 192 3
Solution

a  Using a calculator
x =1706
s=102

b Looking at the table the data looks to be bimoda. This might be because the survey
is for both males and females

If this is the case the mean of 17.6 is misleading because it does’t tell us about
differences in male and female heights The spread may be less than 0.2 if we split
the data into male and female data
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Comparing two or more sets of data

Sometimes we need to compare different data sets to see how similar or different they are

"Two surveys were made into the number of people attending an outdoor cinem:
one in 2019 and one in 2020

For the 2019 survey, the mean was 112 and the standard deviation was67.
For the 2020 survey, the mean was 95 and the standard deviation was 19.
Describe how these results differ.

"This back-to-back stem-and-leaf plot shows the results of tests of the life of 2 brands
of batteries batteries (measured in hours)

Buzz Eternity
9 9 1145
5211 10|51 3 49
77 4 0[6|1 2 3
4 2 0|70 1 2
4 081 2 5 5 7
910

i Describe the shape of the distribution for each brand
il Find the mean result for each brand

iii  Find the standard deviation for each brand

v Compare the results for the 2 brands of batteries

The parallel box plots below show the results of 2 surveys into the number of hours
2 groups of students study each week

Year 11 O—D: o

2 4 6 8 10 12 14 16 18 20

i What is the median number of hours studied for each Year group?
it Calculate the range for each group
il What is the interquartile range for each group?
v What s the highest number of hours studied in each group surveyed?

v What is the main difference between the 2 groups?
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Solution

a  The mean was lower in the second survey, so it looks as f, on averge, fewer people
were going to the movies in 2020 than in 2019

The standard deviation was higher in the second survey, so there was a greater
variation in the number of people going to the movies

b i
ii
iii
v
c i
iii
v

Buzz is slightly positively skewed and Eternity is approximately bimodal
Using a calculator

The mean for Buzz is 604

The mean for Eternity is 694

The standard deviation for Buzz is 123 and the standard deviation for
Eternity is 140

The mean was higher on Eternity so these batteries had longer lives overall

The standard deviation was slightly higher on Eternity, showing slightly more
variability in the life of these batteries That s, the battery lives were more
spread out than for Buzz but there was’t a big difference between the 2 brans.

Year 1: median is . il Year l:range =16-2=14
Year 1: median is 1. Year 1: range =20-6=14
Year 1: interquartile v Year 1: highest hours =16
range=8-5=3 Year 1: highest hours =20

Year 1: interquartile
range=16-12=4

Year 12 students generally study for more hour.

. CLASS Discussion. NN

. ANALYSING DATA SETS

Why do you think the surveys in the example give different results? Are they taken
. from the same population? How could you tell? What other information could help you

° decide?

. Find other examples online in newspapers or in magazines that compare 2 or more sets
. of data Is the information taken from the same or different populations ? Can you tell?

. Put these examples in a portfolio and present a report to the class
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Exercise 7.08 Analysing data sets

1 The parallel box plots show the results of 2 surveys into the number of children in families

P I

0 1 2 3 4 5 6 7

What was the largest number of children in a family in

i survey 1? il 