MATHS IN FOCUS 12 EXTENSION 2
WORKED SOLUTIONS

Chapter 1: Complex numbers

Exercise 1.01 Complex numbers

Question 1
a  g-itx4 g i=(@i=A
=2i h i13 - (I2)6I =i
; 99 — (i2V49; — &
b J=7 =i?x7 | i = (i7" =i
=7 j i+PP+R+HIr++ L + 149
+ i150
C 1 [, 1 Grouping the first 4 terms we get
R ) i—1-i+1=0
:i so each grouping of 4 equals 0
3 which leaves us with the last two
terms
d 712 =/i2x4x3 149 4 {150 — i _ 1
—_—= i3 = —
i
e \/ 6 \/.2 6
—_ = I"Xx—
25 25 1 1
_ive P
5 1 i
=—X<
i
f (—2)—4x3x3=/4-36 r
—J-32 g
=/i?x16x2 =
=4i2
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Question 2

a X2:—4
X = +y/—4 = +2i
b x*+9=0
x* =-9
X =+1/-9 = 43i
Question 3
a x?+2x+3=0
o —b++/b* —4ac
2a
3 —2++/2° —4x1x3
2x1
248 —2+2i\2
2 2
= -1+iy2

b X*—Xx+6=0

_—b+b®-4ac

2a
~ 1i\/(—1)2 —4x1x6
2x1

X
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z=1% /—izil
36 6

5z°+100=0
5z =-100
72 =-20

X = +4/—20 = +2iy/5

z°+3z+3=0

7=

372

=

—b++/b?-4ac

2a
—3+4/3%—4x1x3

2x1
—3+/-3
2
—3+iy/3

2

-52+9=0

—b++/b?-4ac

2a

5++/52 —4x3x9
2x3
5++/-83




Question 4

a

X*—2x+3=0
X —2x+1+2=0
(x-1)"+2=0
(x—lf::—Z
Xx—1=4/-2
x—1=+i\2
x=1+iy/2

X*—4x+11=0
X2 —4x+4+7=0
(x=2)"+7=0

7°+82+20=0
2°+8z+16+4=0
(z+4) +4=0
(z+4)2:—4
Z+4=+J-4
Z+4==2i
z2=-4+2i

2°-22+4=0
2°-27+1+3=0
(z-1)"+3=0
(z-1)"=-3
z-1=+J-3
7-1=+i/3
z=1+i3
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Question 5

a

X*—2x+2=0
X*—2x+1+1=0
(x-1)"-i?=0
(x-1+i)(x-1-i)=0
Xx=1—1i1+i

VP-6v+12=0
VZ—6V+9+3=0
(v—3)°"-3i*=0
(v—3+i\/§)(v—3—i\/§):0
v=3-iy/3,3+i/3

W2 +4w+10=0

W2 +4w+4+6=0
(Ww+2)*-6i* =0
(W+2+i«/€)(w+2—i\/§):0
w=-2-i/6,-2+i/6
2°+22+7=0
2°+2z+1+6=0
(z+1)"-6i*=0

(z +1+i\/6)(z +1—i\/6):0
z=-1-i6,-1+iV6
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2°+2z+1=0

2rz+2:3 0
4 4

_ 1,3 1 V8
2 2 2 2
2°-32+4=0
7° —3z+g+—:0
4

3 W7 3 W7

=t

2 2 2 2



Question 6

a z=3+i
Re(z):\/é
Im(z) =1
b _5-i2
2
5
Re(z) =—
(@)=7
2
Im(z) =——
(==
c z2=61—-3
Re(z) =-3
Im(z) =6
Question 7
a 7=+/3-i
b E=5+I\/§
2
c 7=-3-6i
Question 8

a  (2+30)@2-3i)=4+9=13

b (1-iV2)(1+iv2) =1+2=3
c  (5i+4)(5i-4)=-25-16=-41
g L@](E_@jziizl

2 2 )2 2 ) 4 4
. 4+ij(4—i]_16+1_£

3 3) 9 9
f \/E+i2\/§][x/§—i2\/§J:2+8_10_ 5
8 8
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64 64 32

Z=X—-1y+3+2i
Re(z) =x+3
Im(z)=2-y

_a+2ib
a’® +4b?®
a
Re(z) = ——
(2) a’ +4b?
2b
a’ +4b?

Im(z) =

_ X—i—4+ix-6y+iy
- X2 +y?
X—4—-6y
-1+ Xx+y

Re(z) =

Im(z) =

E=x+3—i(2—y)

a-2ib

7= 2“7
a’ +4b?

X—4-6y+i—ix—iy

7
X2 +y?




Question 9

a Z=5+6i
7=5-6i
22 =(5+6i)(5-6i)
=25+36
=61

b z=+3-i
7=~/3+i
ZE:<x@—i)(\/§+i)

=3+1
=4

c z=4i-3
7=—-4i-3
22 =(4i-3)(-4i-3)

=16+9
=25

d Z_LHJ§
2
1-iV3

2

(8]

_1+3
4
=1

=

Question 10
Z=W-iv
Z=W+iv

2z =(W—iv)(w+iv)

=w+Vv’eR
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= 1 4i1 4
(17 17}(17 17]

1 16
=t —
289 289
_1r
289
_1
17
z:J§+h@
z=/5-i\/3

77 = (\@+ ix@)(\/g—i\@)
=5+3
-8

z =2a-—3bi

z="2a+3bi

22 = (2a—3bi)(2a+3bi )
=4a% +9b?

Z=X+y+i(x-y)

E:x+y—ux—y)

ZE:[x+y+Kx—yﬂ[X+y—WX—YH

= X2+ 2Xy + Y+ X2 =2xy +y°
=2x% +2y?



Question 11

z=a+ib

w=c+id

z+w=a+ib+c+id

=a+c+ib+id
=a+d—-i(b+d)
=a—-ib+c-id

=7+W

Question 12

a

2Xx+8i—-4+iy=0

Equating real and imaginary parts
2x-4=0

2x =14

X=2

8+y=0

y=-8

3x +2iy=9-8i
Equating real and imaginary parts
3X=9
X=3
2y =-8
=4

X+y+2xXi—iy=7+8i

Equating real and imaginary parts
X+y=7

2x—-y=8

3x=15

X=5

5+y=7

y=2
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3x—-2y—-8+ix+3iy—10i=0
Equating real and imaginary parts
3x-2y-8=0

x+3y =10=0
3x+9y-30=0

11y-22=0

11y =22

y=2

3x-4-8=0

3x-12=0

3x=12

X=4



Question 13
z=3y—-6i+xi—-8+yi
Im((@)=0

=  b+x+y=0

X+y=06

Question 14

a 4-3i+71-8=-4+4i

b 23+ —-i(7-21)=6+2I-T7i-2
=4 -5i

c (2 - 9i)% = (2 - 9i)x (2 - 9i)
=4 - 2x2x(-9i) - 81
=4 -36i-81
=77 - 36i

d (4+i)(5-3i)=20-12i+5i+3
=23-7i

©  (V5-4i)(V5+ai)=(\B) ~(4i)
~5+16
=21

f o 3(8i-1)(2+i)=3(16i-8-2-i)
= 3(~10 + 15i)
=-30 + 45i
9 (J5+wbﬁ—h@ydb@+2ﬂ=2—i6+RE+J§—i6+2
:4+J§HJ§—EJ€
h (X —iy)? = (x + iy)? = X% = 2xyi + y? — (X2 + 2xyi + y?)
= —4xyi
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Question 15

a (1+i\/§)(\/§+i)=\@+i+3i—x/§=4i
(1+i\/§)(\/§+i) is purely imaginary

b (ﬁ+iﬁ)(—ﬁ+iﬁ):—2+2i+2i—2:—4
.-.(\/§+i\/§)(—\/§+ix/§) is real

Question 16

a i (z-2+i)@z-2-i)=0
?+z(-2-i)+z(-2+i)+(2-0)(-2+i)=0
2-27-ix-2z+iz+4+1=0
2-4z+5=0
Real coefficients

i (z—(\/§+5i))(z—(\/§—5i)):0

22—z(\/§—5i)—z(\/§+5i)+(\/§—5i)(\/§+5i):O
22 —\[37-5iz -3z +5iz+3+25=0

72 -232+28=0
Real coefficients

(1 B (1 iWB))_,
_§+TA_§T B

2 (1 W3] (1 i3] (1 3|1 iW3)_|,
2 e 2 2 )T
, 1 izd3 1 izaf3 1 3

-+ ——-271———+=+—-=0
2 2 2 2 4 4

2°-7+1=0

Real coefficients
a4 -

X —x(—4—i«@)—x(—4+i«/§)+(—4+ix@)(—4—i\/§)= 0

X2+ 4X +ix+/5 + 4x —ix/5 +16+5=0

x> +8x+21=0
Real coefficients

b A gquadratic equation with complex conjugate roots will have real coefficients.
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Question 17

2—i 2-i 2+i
241
T 4+1
2+

a 1 1 2+i
X

Im(z) =

b 1+i 1+ ><1+2i
1-2i 1-2i 1+2i
C14+2i+i-2

Question 18

a —2+2i_—2+2ixl—i

1+i 1+i  1-i

2+ 2i+2i+2

1+1

=242

+1
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is purely imaginary

5-7i _5-7i 3-4i
3+4i 3+4i 3-4i
~ 15-20i-21i-28
- 9+16
13-4
25

41
Im(z) = o
V3-iv2  B-iv2 _\3-iV2
B+i2 B+iv2 -2
3-i26-2
- 3+2
1-i2V6

" 5

Im(z) = —?



b 1+i/3 _ 1+i/3
(1_i¢§f (1-iv3)(1-iv3)

3 l+i\/§
1-iv/3-iv/3-3
3 1+i\/§
2-2i3
1+i\/§ X—2+2i\/§
—2-2i\3 —2+2i\3
_ —2+2iV3-2i/3-6
4+12
__8
16
_1
2
L\@z is real
(-1-iv3)
Question 19
a 11 1
(1+2i) 1+4i-4 -3+4i
1 —3-4i
= X
—-3+4i -3-4i
34
9+16
_-3-4i
25
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b 1 11 1
- 2 . - R
(\/§+i\/§)2 (@_i@) 3+6i—-3 3-6i-3
1 1
==+t
6i 6i
_1
3i
1 1
=S XT
3 i
__1
3
Question 20
a [z-B-D][z-(2+90)]=0
2272 +9i)-z(3-i)+(3-i)(2+9i)=0
72-22-9i1z-3z2+iz+6+27i-2i+9=0
72 +72(-5-8i)+15+25i =0
a=1b=-5-8i,c=15+ 25i
b A quadratic equation with complex non-conjugate roots will have some coefficients

that are not real.
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Question 21

a 2-3i _2-8i 3-4i
3+4i 3+4i 3—4i

6-8i—9i—-12
~—oiis
_ —6-17i
25
__6
25 25
Question 22
z=5-2i
wW=-3+Ii
a w=(5-2i)(-3+1)
=-15 +5i + 6i + 2
=-13 +11i

b Z-w=5-2i—-(-3+1)
=5+3-2i-i

=8-3i
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b (X +iy)(1=5i)=2 +i

X=5ix+iy+5y=2+i

Equating real and imaginary parts

X+5y=2
-ox+y=1
5x + 25y =10
26y =11
1

26

—5X +E =1
26
15
26
3
26
3 11

26 Y T 26

y

-5x

X =

z 5-2i

W =3+
5-2i -3-i
= _X—_
-3+1 -3-1I
_—15—5i+6i—2
9+1
=17+
10

22— W2 = (5 - 2i)2 - (=3 +i)?
= 25 - 20i — 4 — (9 — 6i — 1)
=25-20i—4-9+6i+1
=13 - 14i

13



Exercise 1.02 Square root of a complex number

Question 1

a

\3+4i
Let 3 + 4i = (x + iy)?
3+ 4i = X2+ 2xyi — y?

Equating real and imaginary parts

3=x2-y?
4 = 2xy
2
y:_
X
2
_
X
Ax2=x"-4
x*-3x*-4=0

(x*-4)(x*+1)=0
As x e R, x*+1 =0 has no real solutions
X*—4=0

X" =
X=12
2
y=—
X
y=+1
Xx=2,y=1 x=-2,y=-1
3+4i =%(2+i)
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b

J5-12i

Let 5—12i = (x + iy)?

5 —12i = x% + 2xyi — y?

Equating real and imaginary parts
5=x2—y2

=12 = 2xy

y=—
X

(2]

X

5x* =x*-36

x*—5x*-36=0

(x*-9)(x*+4)=0

As x e R, x*+4 =0 has no real solutions
x> -9=0

x=3,y=-2; x=-3,y=2

J5-12i = +(3-2i)

14



c

\/8+6i
Let 8 + 6i = (x + iy)?
8 + 6i = X2 + 2xyi — y?

Equating real and imaginary parts

8:X2_y2
6 = 2xy
3
y:_
X
2
il
X
8x* =x*-9
x*—8x*-9=0

(x*-9)(x*+1)=0

As x e R, x* +1 =0 has no real solutions
x*-9=0

x* =9

X==3

< | w

y

y==1
x=3,y=1 x=-3,y=-1

V8+6i =+(3+i)
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Ja4i

Let 4i = (x + iy)?

4i = X% + 2xyi — y?

Equating real and imaginary parts
0=x2—y?

4 = 2xy

4i = +42 (1+i)

15



Question 2

a Let15-8i=(x+iy)?

15 — 8i = x? + 2xyi — y?

Equating real and imaginary parts

15 = x? —y?
-8 =2xy

4
y=—

X

2
15=x° —(_—4j
X

15x? = x* 16
x*—15x?-16=0

(x2—16)(x2 +1):O

Asx e R, x* +1 = 0 has no real solutions
x*-16=0

x* =16

X=14

X=4,y=-1, x=-4,y=1

J15-8i =+(4-i)
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b Let-3-4i=(x+iy)?

-3 —4i = X% + 2xyi — y?
Equating real and imaginary parts

_3:)(2_y2

x*+3x*—4=0

(x2+4)(x2—1):0

As x e R, x*+4 =0 has no real solutions
x> -1=0

x> =1

x=%1

-2

X

y=%2

x=1ly=-2 x=-1y=2

V-3-4i =+(1-2i)

y:

16



c Let21-20i = (x + iy)?

21 — 20i = X2 + 2xyi — y?

Equating real and imaginary parts
21 =x2-y?

-20 = 2xy

_-10
X

21=x’ _(—_10]2
X

21x* = x* -100
x*—21x*-100=0
(x*—25)(x*+4)=0
As x e R, x*+4 =0 has no real solutions
x*—25=0
x> =25
X=15
-10

y=—"
X

y =72
X=5Yy=-2; x=-5y=2

J21-20i =+(5-2i)
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d Let-24+10i = (x + iy)?

—24 + 10i = x* + 2xyi — y?
Equating real and imaginary parts
—24 = x? —y?

10 = 2xy

5
y=—
X

~24=x%— (ET
X

—24x%* =x"-25

x*+24x*-25=0

(x*+25)(x*~1)=0

As x e R, x> +25 = 0 has no real solutions
x*-1=0

x*=1
Xx=%1
5
y=—
X
y=45

x=1Ly=5 x=-1Ly=-5

J=24+10i =+(1+5i)

17



Let —9i = (x + iy)?

—9i = x* + 2xyi — y?

Equating real and imaginary parts
0=x2—y?

-9 =2xy

y==2
2X
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Leti=(x + iy)?

i = X2+ 2xyi — y?

Equating real and imaginary parts
2

0=x>-y

1=2xy

18



Question 3

a z2=9+40i b z2=-7+24i
Let 9 + 40i = (x + iy)? Let 7 + 24i = (x + iy)?
9 + 40i = X2 + 2xyi — y? —7 + 24i = X% + 2xyi — y?
Equating real and imaginary parts Equating real and imaginary parts
9=x%-y? —7=x2-y?
40 = 2xy 24 = 2xy
20 12
y=— y=—
X X
2 2
- ) e )
X X
9x? = x* —400 —7x®=x*—144
x*—9x*-400=0 X' +7x*-144=0
(x2—25)(x2+16):0 (x2—9)(x2+16):0
As x e R, x*+16 = 0 has no real solutions As x € R, x*+16 = 0 has no real solutions
xX*-25=0 = Xx=15 xX*-9=0 = x=43
20 12
= — y:_
X X
y=+4 y=+2_s4
X=5y=4,x=-5Yy=-4 3
7 =+(5+4i) X=3,y=4 x=-3y=-4
z=+(3+4i)
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c 72=12-16i
Let 12 — 16i = (x + iy)?
12 — 16i = X? + 2xyi — y?
Equating real and imaginary parts
12 =x2 —y?

-16 = 2xy

y=—
X

12:x2—[_—8j2

X

12x* = x* — 64

X' —12x*-64=0

(x*-16)(x* +4)=0

As x e R, x*+4 =0 has no real solutions
X*-16=0 = x==4

-8
y=—
X
y=%2
X=4,y=-2;x=-4,y=2
z==+(4-2i)
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Question 4
a J-3+4i
Let -3 + 4i = (x + iy)?
=3+ 4i = X2 + 2xyi — y?
Equating real and imaginary parts
—3=x2-y?

4 = 2xy

2
y==
X

-3= X2 _(gjz
X

3x*=x"-4
x*+3x*-4=0
(x2 —1)(x2 +4):O

As x e R, x? +4 =0 has no real solutions

x?-1=0

x> =1

X=%1
2

y:
X

y =42

x:ly X=-1y=—
i(1+2|)
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722-3z+3-i

a=1,b=-3,c=3-i

—b++/b* —4ac
2a
3+.,/9-4(3-i)
B 2
_ 3+49-12+4i
- 2
_ 3+-3+4i
-
From part a,

V3440 = +(1+2i)
3+(1+2i)

2
4420 2-2

2 2
z=2+i,1-i

=

SZL=

21



Question 5

X2—(2+3i)x+(-5+i)=0

a=1b=-2-3i,c=-5+i

X_—bix/b2—4ac

2a

2+3i+./(2+3i) —4(-5+i

243 (2+3) ~4(-5+i)
2

X_2+3ii\/—5+12i+20—4i
2

‘o 2+3i +/15+8i
2

V15+8i

Let 15 + 8i = (x + iy)?

15 + 8i = x2 + 2xyi — y?

Equating real and imaginary parts
15 =x2—y?

8 = 2xy

y=—
X

15=x* —(ijz
X

15x* = x* -16
x*—15x* -16=0
(x2—16)(x2 +1)=O
Asx € R x*+1=0 has no real solutions
x*-16=0 = x=+4
4

Il
H <

1
y=1 x=-4,y=-1
(4+i)

y
y
X

N
(1
H+

X:2+3Ii(4+l)
2
o 6+4i -2+2i
2 2
X=3+2i,-1+i
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v2—(3+2i)v+6i=0

a=1b=-3-2i,c=-6i

_ —b++/b?—4ac

2a

\"

,_3+2 +J(3+2i) —4(6i)

2
Ve 3+ 2i £/5+12i - 24i

2

,_2+3i+6-12i
2

From 1 b,
V5-12i =+3-2i

V_3+2ii(3—2i)
B 2

V=

N | o

4_i
2

w

v=32i
i2-z+2i=0
a=i,b=-1,c=2i

_ —b++b*-4ac

2a

1+ (-1 - 4(i)(2i)

2i

z

=

,_1£49
2i
1+3
Z:—_
2

22



Exercise 1.03 The Argand diagram

Question 1
a Im(z)
0 Re(z)
o (25 _4)
b Im(z)
0 Re(z)
Question 2
A =3+i
B 4+ 2i
C 5-3i
D -4 - 5j
E 2
F =3i

© Cengage Learning Australia 2019

Im(z) |

Im(z)
®3

23



Question 3

a  4-3i+(2+2)=2-i e 4(2-5i)-2i(~3-i)=8-20i+6i-2
Im(z) 4 =6-14i
Im(z)4

- 0 Rel(z)
\ . - 0 Re(:,)

! 6 — 14
b (5-i)-(3-5i)=2+4i f 11 2+ 2+i
i 2—i 2-i 2+i 3
Im(z)4 2144 Im(z)4
241z

/5

0] R—e(z) 0 Re(:.:)
c B+)(1+2)=3+6i+i-2 g 4+8i_4+8ixl—i
=1+7i 1+i 1+i 1-i
4-4i+8i+8
IIH(Z)H 1+ 77 :#
12+ 4i
2
- > =6+2i
0 Re(z)
Im(z) 4
A
6+ 2i
d  (1+iV3)(1-iv3) =1+3=4 - —
0 Re(z)
Im(z) 4
) 0 T Re(z)
A
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Question 4

a 15 - 8i
Im(z) 4
= 0 \ R;(Z)
15 —8i
Y
b -3-4i
Im(z) 4
) R;(z)
3-4i |
c 21 - 20i
Im(z) A
- 0 R:e(:
21-20:
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24 + 10i
Im(z)4
-24+10;
) 0 Re(z)
1
—9i
Im(z) 4
" 0 R::(z)
(—0i
L ]
3
Im(z) 4
) 0 )
Y

25



Question 5

a v+u
Im(z)
u
/ |
OW Re(z)
v
\
b -V
Im(z)
P u
0 Re(z)
Question 6

a 7=1-i3, 7=1+i/3

Im('gh -
43 d =
/
- .Il T
0 | Re(z)
—3 1 z

b1t i -1 i
V2 2 V2 2
Imiz) 4
g 1
2
R Re(z)
VI X
rd
/./
¥ _ 1]
z vz
v
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Im(z) Z

0 ) Re(z)

e

z2=-4-3i, 7=—-4+3i

Im(z)
%z 34

) —|4 R—e(z)
Z -3

26



Question 7
a 2=4+i,v==-2+2i, k=-5-2i,w=2-3i

b Z=4-i V=-2-2i k=-5+2i, W=2+3i

v

2

© Cengage Learning Australia 2019
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Question 8
a z=(2+1)1A-1)

=2-2i+i+1

=3-i

—2+i

= X —
—2+1 —2-i
—2—i
4+1
—2—i

5

© ()
=3-2i/3-1
=2-2i\3

Question 9
z=2+3i

a i W =iz
=i(2 + 3i)
=2i-3
-3+2i

i V=i
-1(2 + 3i)
-2-3i

iii u=i%
—i(2 + 3i)
-2i+3
=3-2i

© Cengage Learning Australia 2019

Im(z)

c

z=3-1
Im(z)
Re(z)
w = 7257 i
Im(z)4
i 0 Re(z)
1 g = 2 - 2 \nif

It rotates the vector about the origin
by 90° counterclockwise.
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Exercise 1.04 Modulus and argument

Question 1

a 1+i e

r:\/12+12 1 2 6 2
=2 @ M
b 2+ 4i /1 36
r=,|—+—
49 49

r=~2+42 N
r=+20 T
r=2v5

C 7-2i f —5-iJ2
r=72+22 r= (5)2+(x/§)
r=/53 =27

r=3J3

d J3+iV2 9 !
SERG
r=+5

© Cengage Learning Australia 2019
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Question 2

a 1+i e —1—i
f=tan’ (—j f=tan™’ (—1J
9:% 9:—% 0 is in the third quadrant
b /3+i f 4
1 —
f=tan"| — 6=0
&
0T
6
¢ J2-i2 g
6=tan’1£ g=T"
J2 2
0= 0 is in the fourth quadrant
d J3 i
__+_
2 2
1
0=tan| —2_
]
2
1
f=tan'| —
=

0= %n 0 is in the second quadrant
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Question 3

a

z=1-i

6=—— 06 isin the fourth quadrant
z =x/§cis(—ﬁj

4
z=-1+i/3

r=y(-1)° +(v3) =V =2

f=tan™ [QJ
1

0 :g 0 is in the second quadrant

Z :Zcis(z—nj
3

:% 0 is in the third quadrant

yA :—2\/E cis(_—?’n ]
3 4

© Cengage Learning Australia 2019

1 i3
I==+—
2 2
2
1Y (3 1 3
(2) (2] 4 4 v
e
—tant —2_ | = tan! _n
0 =tan 1 = tan (\/5)_3
2
z=cis(£)
3
_N2+i2_V2 W2
7 7 7
_ (2 (2 - |22
r=y7) +(7) - 29" 49
_ |4 _2
9 7
0—tant[ 2 |~ tan (1) =
=tan”| £ | =tan ()_Z
7
2.(11)
Z =—CIS| —
7 4
2=-2/3-2i

= \/(—2@)2 +(-2) =12+4
=16 =4
SET

:_T?n 0 is in the third quadrant

z :4cis(—5—7T J
6

Z=—\/6,r= \/€,6=n
Z=\/€Ci8n
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Question 4
m . . T
Z=2| COS—+IisSin—
(o5 a3
x:2xcos£:2x1:1
3 2

y:2xisin%=2xi§:i\/§

7=1+i3

b 1( T .. nj
Z=—| COS—+I1SInN—
2 6 6
2 6 2 2 4
1 .. 1 .1 i
Yy==—XISIN —=—Xl—=—
6 2 4
J3 i
:—+_
4 4
C

m . . T
Z=3| COS—+1SIin—
( 4 4)

V2 32

X =3x00s % =3x X2 N
4 2

2
y=3xisin£=3xi£:&
4 2 2
32 i3V2
7=t
2 2

© Cengage Learning Australia 2019

el (2]

X = 2><cos(_—§nj:\/§x(_%j:_£

7=—/3-i
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Question 5

a

X= xcos—_ix£=£=_6
3 2 2J3 6
y=——x|sin£=—ixi£=_i__ﬁ
V3 4 3 2 2J3 6
_6 _ive
6 6
b 5 . . bn
Z=\/§ CcoOS— —1SsIn—
( 6 6)
5m 3 3
X=4/3XC0S— =3 X——=——
e e e
. 5n 1 i3
=—/3xisin—=—-/3xi==——
y X 5 \/—x > 5
__ 3 W3
2 2
c To.. T
Z=—2| cosS—+isin—
( 2 2)
x:—2><cos£:o
2
. . T .
=—2xisin—=-2i
y X >
z=—2i
d T .. T
Zz=—|cos| —= |+isin| ——
o sl
x:_lxcos(_ﬁj:_lxﬁz_ﬁ
4 2 2
y =-1xisin I :—1xi_\/§:£
4 2 2
V2 2
l1=—F—
2 2

© Cengage Learning Australia 2019
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z=3/2[ cos(—n)+isin(-n)]
X :Bﬁxcos(—n) —3/2x-1=-32
y:3\/§xisin(—n)=0

. T |
X=ICOS| —— |=—
52
y:ix—isin(l):—l V3
3
V3 i
I=—+—
2 2

mw .. T
z=~/3| cos—+isin—
( 6 3)

X = 3><COS%:\/§><§:3

2
.. A3 i3
=/3xISIN—=+/3xI—=—
y=+3 3 J3x =5
3 3
I=—+—
2 2

(—511:) .. T

Z=2|cos| — |—ISih—

{ 4 4

x:2xcos(—_5nj:2xcos(3—nj=2x
4 4

y=—2xisin£=_2xi£=_i\/§
4 2
z=—J2-i2

© Cengage Learning Australia 2019

34



Question 6

a VA =3cis(£j
3

b W:5Ci3(_—nJ
4

c u= ﬁcis(%nj

© Cengage Learning Australia 2019

d

v=20is(_—3nj
5

z =3cis(m)

W= 6cis(_—nj
2
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Question 7

a z=-=2i

Imiz)

0 Re(z)

Imi(z)

0 Re(z)

0 Re(z)

1. (=x
Z=—CIS| —
3 (2)

© Cengage Learning Australia 2019

d 1( T .. nj
Z=—| COS——ISIn—
2 6 6

1
X==x
2

cos£=£><\—/g
6 2

Im(z)

1.(
z==cis
2

'Y

of~{ &

6

0 Re(z)

S A
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f 7= _2_23i

1= J(-2)" +(-243) = a1z =6 =4
eztan‘l(i\f]ﬂan‘l(\@):

r
3

= —2—; 0 is in the third quadrant

Z= 4cis(—ﬁ j
3

Imi(z)d

Re(z)

Question 8

a Z2=2+Ii

=0464  0is in the first quadrant
z =+/5cis(0.464)

b Zz=-5+7i

=5y +(7) =N+ 20 =\Ta

0=tan™ (lj
-5

0=-0951 0Ois in the second quadrant
0=n-0.951 =2.191

z=+/T4cis(2.191)

© Cengage Learning Australia 2019

'

Imi(z)4

z=2cis(0)

0

24

Re(z)
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5
. (ﬂ](_lj 16 1 17
5 5 25 25 5
-1
_ 1| 5
0 =tan 4
5
0 =-0245  0is in the fourth quadrant
17

= Y=L Cis(~0.245
z z cis( )

z=4cis(7—7C j:4cis[_—57c j
6 6
z:Zcis(g—TE szCiS(E j

4 4

z=-/5-i410

= (~B) (0" ~JE+10 - i5
0=tan™ ~/10
V5
=0955  Ois in the third quadrant
0=-n+0.955 =-2.186

z =+/15cis(-2.186)

ool
o3

s

={3

wl|a

=ﬁcis(g

N—

© Cengage Learning Australia 2019

j”sm( g

ol [l

)

Jrien( 3l om(E) 5 )

)
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4 4
SOIERa s
1
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Exercise 1.05 Properties of moduli and arguments

Question 1

Letz=-1+2i

2 7= (-) +(2) =B b 22 =(-1+2i)(-1+2i)
|Z|2_5 :1—4i—4:—3—4i

. o= [(C3F +(4) =3B =5

2-7=(-1+2i)(-1-2i)=1+4=5 |Z|— (=3)" +(-4) = =
Ll =2z w2 =|27]

Question 2

2,=3-1, ,=2+5I

a  7,7,=(3-i)(2+51)=6+13i+5=11+13i € 7% =( ) (2+5i)
|2122|:\/m:\/ﬁ = =5-4i
|21|=\/W=J1_0 z_1+z_:( ) (2+5i) |
|Zz|:m:@ .'.zl+223:+z::j2 e

|2,||2,| = V10 x+/29 = V290

“Jez| =z
bz (3-1) (3-1) (2-5i) d 7z, =(3-i)(2+5i)
z, (2+5i) (2+5i) (2-5i) ~11713i =11-13;
_6- 15| 2| 5_1- 17| 2_12_2=m=(3+i)(2—5i)
=6-15i +2i +5=11-13i

al_ (ij {ﬂj 200 \F T ER

22 29 9 84 . lZZ_Zl 2
o] 10 _ [10
2 V2 V2s

z|_al

5| |z
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Question 3

2, =1-1i, 22:\/§+i, z,=1-1i

= —% 0 is in the fourth quadrant
Z, = ﬁcis(—zj
4
Z, =3 +i
r=y(v3) +(1)f =V =2
1

f=tan™ [ﬁj

- gisin the fourth quadrant

:
2ol

2 ag(az,)-aa(z)vane(z)=( )+ 5] 2
) g(_jgug()(ﬂ@%)
¢ ao(z)=san(z)=5{F ][ T

d arg(zlz)=—23r9(21)=_2(_7nj:(27:]=(gj

© Cengage Learning Australia 2019
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Question 4

z = ﬁcis(%), zZ,= 20is(gj

a zlzzzx/gcis(?’j {Zusﬁ ﬂ 2\/§CIS[ 5)=2J§Cis(%)
Jacis ™

7 ;;%J: e Tl

i iz_ 2cisl(“j %Cis(_ﬁj

d (z,) { 3C|s(—ﬂ5:(\/§) CIS(SX—) 9f0|s( j Q\fus(——j

Question 5

a (cisa)(cis2a) =(cis3a)

b cos3p—isin3p 1

COS2% +isin2L  (cos3B+isin3p)(cos2) +isin2))

" cos(3p+ 2x)+1isin(3|3+ 21)
=cos(—3B—21L)+isin(-3p—21)
=cis(—-3p—21)

c (cos5+isin5)(cos3+isin3) (cos5+isin5)(cos2+isin2)

cos2—isin2 cos3+isin3
= os(5+2 3)+isin(5+2-3)

cos(4)+isin(4)
cis(4)

© Cengage Learning Australia 2019 42



Question 6
z=a+ib Z=a-ib
72 =a’—b?+2iab
a  |7=va’+p’
|z|2 =a’+b?
77 =(a+ib)(a—ib)=a’+b’

N

|z| =7

© Cengage Learning Australia 2019

b

|z|2 —a’+b’

|zz| = |a2 —b?+ 2iab|

= (@ -b7)"+ (2ab

=+a' +b* —2a%’ + 4a’b?
=a* +b* +2a%?

= (a2+b2)2

=(a’+b?)

.'.|z|2 =|22|
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Question 7

z,=a+ib z,=c+id

a 2,2, =(a+ib)(c+id)=ac—bd +adi +cbi = (ac—bd ) +(ad +ch)i

|2,2,| = \/(ac—bd)z +(ad +cb)’
=/a%c? — 2achd +b?d? +a’d? + 2achd + c?b?
= \Ja’c? +b?d® +a%d’ +c?b’
:\/az(c2 +d?)+b?(c® +d?)
:\/(a2 +b*)(c*+d?)
= \/(az +b2)\/(c2 +d?)

=|z|z,]

b i:(a+ib):(a+ib)x(c—id):ac+bd+(bc—ad)i
z, (c+id) (c+id) (c—id) ¢’ +d?
7| (ac+bd)2+(bc_adj2_\/(ac+bd)2+(bc—ad)2
z,| \\c?+d? c2+d?) ¢®+d?

_ Ja’c? + 2abcd +b?d? +b?c? — 2abed +a?d?
- c®+d?
Ja2c? +b2d? +b%c? +a’d? \/(az+b2)(02+d2)
- c?+d? B c2+d?
) (a2+b2)_m
\jC2+d2 |2|
c z,+2,=a+ib+c+id =a+c+ib+id

=a+c—ib—-id=a—-ib+c—-id

=7+,

d  Zz,=(a+ib)(c+id)=ac—bd +ibc +iad
=ac—hd —ibc—iad =a(c—id)—ib(c—id)
= (a—ib)(c—id)

=1, 7,

© Cengage Learning Australia 2019
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Question 8

z=r(cosO+isind)

a z+Z =r(cosO+isin®)+r(cosf—isino)
=rCcosO+risin@+rcosO—risin®
=2rcosfeR

b 27 =r(cosO+isin6)xr(cosO—isino)

=r’(cos’ 0+sin”0)
=r’eR

Question 9

From6 b

© Cengage Learning Australia 2019
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Question 10

z=r(cosO+isind)

a

1 1
Z+==17+12
z

=c0s0+isin0+cos(—0)+isin(-0)
=cosB+isin0+cos(0)—isin(6)
=2c0s9

z? +Z—12 =z"+z7
=05 260 +isin 20+ cos(—26)+isin(-20)
= 05260 +isin 26+ cos(26)—isin(26)
=2Cc0s20
z° +i3 =7°+7°
z
= 0530 +1i5in 30+ cos(—30)+isin(-30)
= 0530 +1isin 30+ cos(36)—isin(30)
=2c0s30
72 _iz —2_ 2
z
=C0520+isin 26 —cos(-26)—isin(—26)
=C0520+isin20—cos(26)+isin(26)
=2isin20
z° —ia =7*-77
z
= 0530 +isin30—cos(—30)—isin(-30)
=c0s30+isin30—cos(30)+isin(30)

=2isin36

© Cengage Learning Australia 2019
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Question 11
a  |(7-4i)(3+i)| =[21-12i +7i+4
=25 5i|

=+/25° +5°
= /650

-5\26
(1+i3) (V2 +iv2) = iv3[ [V + 2
(VB j (77
(V4 ()
8

¢ 3-2i| _[3-2i]_v¥¥+2° V13 _ 1

5+i| [5+i 51 V26 2
d 2 22412 i
(2+1) | 2+| ( + ) 5

i) (] E

(on

1
5

43|

e 1| 11
- 3

© Cengage Learning Australia 2019
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Question 12

a arg[(l+i)(1—i\/§ﬂ:arg(1+i)+arg(1—i\/§)

)

_T
12

b arg[(\@—i)(—\/i—ix/iﬂ:arg<\@—i)+arg(—\@—i\/§)

i
C12

Cc . . . N T T 3n

3+3i)]= 343))=f E_2"

arg|i(3+3i) | =arg(i)+arg(3+3i) A

d .
arg{((jgfi))}=arg(22i)arg(\/§+i)

e arg(\ﬁ_i_i\i@j:arg(—l—i)—arg(ﬁ+iﬁ)

12

T
2

© Cengage Learning Australia 2019
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Question 13

yA :3cis(£j, W= 2cis(£j
6 4

a
7 :3cis(gj=3cos(gj+3isin(gj:3x§+3xi1:ﬁ+ :

2 2

w=2cis(%}=2cos(%}+2isin(4j x£+2x|£:\/§+ix/§

b w_V2+iv2 _2J2+i2V2 _22+i2/2 33-3i
2 33 3 3343 33+3  33-3
2 2

6£—i6ﬁ+i6£+6ﬁ:\@+ﬁ—i(ﬁ—\@)
36 6

ﬂﬂécis(ﬁ_ﬁjﬁcis(ij

z 3cis(gj 3 4 6) 3 \12

C Equating real and imaginary parts

© Cengage Learning Australia 2019
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Question 14
' =(z-w){z W)= (z-w)(7-)
=77 — ZW—WZ + WW
:|z|2+|w|2—zv_v—wf
= |2["+|w|' ~2Re(zwm)
> o 2J= 2 2=

Therefore

2 wf*(J2|-|w])

2= w=(J2|-w)

© Cengage Learning Australia 2019
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Exercise 1.06 Euler’'s formula

Question 1
a i e?" =cis(2n) =cis(0) i1
o 26T =ﬁcis(_—;) . \@cos(_—;jﬂ\@sin(%ﬂj
-\ .. (—-% 1 . \/§
:ﬁ{cos(?jﬂsm[?ﬂ - 2x§+|\/§x(—7J
_V2 V6
2 2
c i 56" =5cis(3) il 5cos(3)+i5sin(3)
=5[ cos(3)+isin(3) ] =-4.95+0.71i

Question 2

3in

2 J3 cis(%nj =3e 4

b _ -
2cis(—nj =2e3
3

Jgds(%] = x@cis(%) NS

e 6cis(1) = 6e'

© Cengage Learning Australia 2019
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r=4(4) +(4) =V16+16 =42
9:tan1(_74Jztanl(—1):_71t

—/3+i

\/7 V3+1=2
6=tan" [_—\1@} =5
Zcis(%ﬂ = Ze%n

—1+i\/§
2

i
2
V3
—tant| 2 |=
CIS

:e
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Exercise 1.07 Applying Euler’s formula

Question 1
a In i5%z  i6n c -
cis| = |cis[ 2% |=ete® —g o cis| =/®| o= 3in
6 8 )_&° _.%
) i3m
=e"=-1 cis(?’nj -
4
b in in d . .
3cis| — fms =3e*/2e? scis| ~| 5 sin
2 5e 5e _ JBe ¢
. ] 2 i2mn i2n
:3\/§e177 \@C'S( ;J Jees  Be?d
Question 2

a cis(6,)cis(6,) = ot it _ qi(0:+02)

b Cis(el) eiel _ Ai(6-67)
cis(0,) e

€ J10[cos(2a)-isin(2c:)] +10[cos(-2a)+isin Za} J10e?2*
V2] cos(51) +|S|n(5k)] ~ J2[cos(52) +|S|n(5x)] V26’

_ \/gef 20451)

i3n - i57

(—2+2i)(l—i\/_) 2\/—CIS( jZCIS( j 2J2e + 2e3 =42e 1

© Cengage Learning Australia 2019
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_[22Y) (22) _[s.8_[16_a
5 5 25 25 25 5
o=tan?| 2 =T

22| 4

2V2+if2 _4 %
5 5

Question 3

e

b 0 o :
arg Lj—zj = arg ( ° ] = arg(e™ ) =arg(e"™ ™)) =0, -0,

=arg(z,)-arg(z,)

Question 4
e®=cos0+isin®
a g f9_gl b i e’ —e™ =cosO+isin0—(cosO—isino)
=cos(—6)+isin(-0) =i2sin®
=c0s0—isin0 i2sin0=¢" -
i0 —i0
sin0 = € .e
21
i e®+e™ =cos+isin@+(cosO—ising)

=2c0s0

2cos0=¢"+e™"
eie +efi9

cos0 =

54
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Test yourself 1

Question 1
a =25 =5i
b J-18=i3/2
8 _i22
9 3
Question 2
a i°=i

b (-4 -4(2)(7) =V16-56 = -40 = 2110

. —2+(2)' -4(1)(5) _ 24716 _ —2:+4i
2 2 2
Question 3
a X +49=0 b
x? = —49
X ==7i

© Cengage Learning Australia 2019

(x+3)2+4=0
(x+3)2=—-4
X+ 3==2i

X =-=3 £2i
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Question 4

a X* —4x+9=0
‘o —b++/b*-4ac
2a

X =

4x\J(-4) - 4x1x9 4220 _4xi25

2x1 2
x=2+i/5
b x> +6x+15=0
X_—bi\/b2—4ac
2a
b (6) —4x1x15 g+ 24 —6+i26
- 2x1 22
x=-3+i/6
c 2x*+3x+9=0
X_—bi\/b2—4ac
2a
3 (3)—4x2x9  _31/-63 -3+i37
2x1 4 4
Question 5
a  x2-2x+2=0 X*—x+3=0
X2 —2x+1=-1 owel 1 4
(X—1)2:—1 2 )
(x-1)=+i (x—lj -4
Lai 2 4
x=1+i .
X—izi@
2 2
lei@
2 2

b x> +8x+20=0
X +8x+16=—-4
(x+4)2 =—4
X+4==12i
X=—4%£2i

© Cengage Learning Australia 2019
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Question 6

a x> +4x+8=0 c
X>+4x+4+4=0
(x+2)"~(2i)’ =0
(x+2+2i)(x+2-2i)=0
X=—-2-2i,-2+72i

b x? —8x+25=0
x> —8x+16+9=0
(x—4)"—(3i) =0
(x—4+3i)(x—4-3i)=0
X=4-3i,4+3i

Question 7

a Z_\/§—2i

4
3 -1
Re(z)=—, Im(2)=—
@)= Im2)=—

b z=(-3-7i)+(5-2i)=2-9i
Re(z)=2, Im(z)=-9

C _ (4x=3iy)+(x+iy) 5x—2iy

X2+y2 X2+y2

o5X =2y

Re(z) = . Im(z) =———
@)= M=

Question 8

a z=-6+11,Z=-6-11i

b i .
w3 i2 v_v=3+|\/§

2 2
c —a+2i+ai-7b —a-7h+i(2+a)
u= 2 2 = 2 2
a“+b a“+b
_ —a-7h-i(2+a)
u= a2 +b°
+b

© Cengage Learning Australia 2019

x* +10x+41=0
x*+10x+25+16=0
(x+5)"—(4i)’ =0
(x+5+4i)(x+5-4i)=0
X = —5—4i,~5+ 4i
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Question 9
z=p-3iq p,qeR

a 77 =(p-3iq)(p+3iq)=p*+99° R

b z+7=(p-3iq)+(p+3ig)=2peR

c (Re(z))2 and(lm(z))2 eR", .. \/(Re(z))z +(Im(z))2 eR*

Question 10

a 4x-6i-3yi+2=0 b 5x+2xi+i1-3y+yi+20-4i=0
Equating real and imaginary parts Equating real and imaginary parts
4x-12=0 5x-3y+20=0
4x =12 2x+y-3=0
X=3 =>y=3-2X
—-6-3y=0 5x-3(3-2x) +20=0
-3y =6 5x—-9+6x+20=0
y=-2 11x=-11
X=3,y=-2 x=-1

y=3-2x=3-2(-1)=5
Xx=-1,y=5
Question 11
2X+2Yi—5+3iXx—-2y+7i

Y= xX* +y?

For v to be real

2yi42r3ix;r7i 0

X“+y

= 2yi+3ix+7i=0

3X=—-7-2y

X=—7;2y

© Cengage Learning Australia 2019
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Question 12

a 8i+5-4i+10=15+4i c

b -3(2-7i)+2i(6-i) d
=—6+21i+12i+2
= —4+33

Question 13

a a=1-iv2, p=1+iv2
oa+B=1-1i 2+1+iv2=2
af=(1-iV2)(1+iV2) =1+2=3
x*-2x+3=0

b o =-3-5i, p=-3+5i
oa+pf=-3-51+-3+51=-6
B =(~3-5i)(-3+5i)=9+25=34
x*+6x+34=0

c o =~/7+3i, p=~/7-3i
a+B=~T+3i+/7-3i =27
ap = (N7 +3i)(N7 -3i)=7+9=16
x> —24/7Tx+16=0

d i3 -1 i3

_— [
2 2 b 2

X2+ x+1=0
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(1-3i)(4+9i)=4+9i -12i +27
=31-3i

(2-5i)° —(—-3+4i)(-3-4i)
= 4-20i-25—(9+16)
= —46 - 20i
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Question 14

a 1 1 ><1+2i_l+2i_1+2i
1-2i 1-2i 1+2i 4+1 5

b V2-iv2_\2-i2 1-i_V2-i2-iV2-V2_-i22_ .
1+i 1+i 1-i 2
c 1 1 1 2Y3-i 1 5-i_2J3-i 5-i_4/3-2i 5-i
2J3+i 5+i 2J3+i 243-i 5+i 5-i 13 26 26 26
435
26
d  J3+2i 3+2i 3+2i 3-4+i4V3 -1+i4\3
J3-2i 3-2i 3+2i 3+4 7
Question 15

a Let3—4i=(x+iy)?
3 — 4i = x% + 2xyi — y?
Equating real and imaginary parts
3=x2-y?

-2
y=—
X

i3]

X

X =x"-4
x*-3x*-4=0
(x*-4)(x*+1)=0

As x e R, x*+1 =0 has no real solutions

—4 = 2xy

X)-4=0 = x=42

-2
y:_
X
y=71
x=2,y=-1 x=-2,y=1
3—4i=J_r(2—|)
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b Let8+6i=(x+iy)?

8 + 6i = x? + 2xyi — y?
Equating real and imaginary parts
8=x2-y% 6=2xy

< | w

y:

atl
X

8x*=x"-9

x*-8x*-9=0

(x*=9)(x* +1)=0

As x e R, x* +1 =0 has no real solutions

x!-9=0 = x=43

3
y:_
X
y=%1
x=3y=1 x=-3y=-1
6+8i =+(3+i)
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c Let15-8i=(x+iy)?

15 — 8i = X% + 2xyi — y?

Equating real and imaginary parts
15 =x? —y? -8 = 2xy

-4

X

15=x* —(;4}2
X
15x* = x* -16
x*—15x* -16=0
(x2—16)(x2 +1)=O
As x e R, x*+1 =0 has no real solutions
x*-16=0 = x=+4

y:

-4
y=—
X
y=71
X=4,y=-1 x=-4,y=1
\V15-8i :i(4—i)
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Let 12 + 5i = (x + iy)?

12 + 5i = x2 + 2xyi — y?

Equating real and imaginary parts
12 =x2-y? 5=2xy

5
2X
2
12 =x* —(ij
2X
1257 =yt 2
4

4x* —48x*-25=0

(2x*—25)(2x* +1) =0

As x e R, 2x*+1 = 0 has no real solutions
2x2-25=0

=2 o oy
2 2

5

™

Y=t
2

LI S R S
27 2 V27 2

5 i
12+5|_J_r( 2+\/§)
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Question 16

a u=-1-i/3 c v=(2-3i)(2+3i)=4+9=13
Im(z) A Im(z) A
- 0 Re(z) - 0 B Re@
u l—\'?‘
A L
b u=v2+iV2 d 1+!:1+!X1+!:1+2l—1:§:
1—-1 1-1 1+1 1+1 2
Im(z)4
- Imiz)
V2 o
lez
g v'lf Re(z - -
o Relz)
L
1
Question 17 )
Z=-2+5i
7 =-2-5i B N
V= 3—4| i 2| é Re(z)
V=344
4"_3_
n"l;l _'.-I._ -~
s
h ¥
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Question 18

z=-1+2i Im(z) |
u=4-i
—U=—4+i
U+Z=4—i+(—1+2i) g.\“‘]“_u, n+z
=3+i = \\\\- e :;;\\ ”
- 10[ Tl 0
—14 ey
|
Question 19
w Imi(z)}
1g
e =5
~— e
- ~—— _._._-_____________._-r— T .
Re(z)
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Question 20
z=~2-i\2 c
2 2
r= (V2 +(~2) =2
f=tan™ £
V2
0= —% 0 is in the fourth quadrant
T
arg(z)=——
9(2) ==
z=+/3+i
r=y(v3) +(1) =2
1
O=tan"| —=
&
0 =% 0 is in the first quadrant
s
arg(z) =—
9(2) =+
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7=-2+i23

= \/(—2)2 +(243) =ar12=4

Zﬁlztan‘l(—ﬁ)

0=tan™ (—
2

2n 6 is in the second quadrant

0=-"

arg(z) :2?71

0 is in the third quadrant

g=_"2

arg(z) =~
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Question 21

a Z:—\fgﬂ b z:ﬁ{cos(z—;J—isin(%ﬂ

AT ol )l
1 =\/§cis(—2—;j
—tant| 2 |—ant[ X
o _;/é " [ﬁj ¢ z=—%{cos(%)+isin(%ﬂ
e:%“ 0 is in the third quadrant :—%{cos(%?cjﬂsin(_—?cﬂ
. [ 5m

Z=CIS(?j :i{cos( j+isin(%ﬂ

Question 22

a z=2|cos +isin =2x£+i2x£=\/§+i\/§
(i ron(3] |2 ey

1 Ty .. (= 11 .11 1 i
b Z==|C0S| — |+isin| = | |[==x=+i=x—=—+—
2{ (3] (GH 2 2 2 2 4 4

Na
NG

(@]
N
Il
)
—
(]
o
wn
7\
|9
N—
+
(25
>
7\
®|g'
N S
| I |
Il
N
X
7\
|
&1
N
+
N
| —
Il
IS
|
B
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Question 23
1( 37:..31tj ( n..nj
Z, =—=| coOs—+isin— |, z, =3| cos—+isin—
J3 4 4 6 6

2122=\%(c0537+|sm37}3(cos +isin j=%[cos( 3nj+|sm(g %’Tﬂ
_\/{cos( 12]+|sin(%ﬂ

Z@cis(%]

1(cos:”7t+isin%j
n_v3 4 4)_ 1 cos(g—n—zjnsin(g—n—EJ
4 6 4

Z_z 3(cosg+isingj 3V3 6
)
:%cis(z—gj
:_:= 3(cosgiising):%{cos(%j”sm(gﬂ
=%cis(—%)
(Z)ﬂ{\/lé(cos%ﬂsm—ﬂ :[ﬁj [cos(llx%n)ﬂsin(llx%ﬂ
1 3375
=243\/§{cos( n +|3|n }
= 24;\/5 {cos(%}ﬂsin(gﬂ

__ cis(E]
2433\ 4
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Question 24

7 zwzcos(e—ZB)Hsin(e—ZB)
cos2f+isin O
argz=0-2p

z =(cos3a—isin3a)(cos2h +isin 21)
= [cos(—Soc)+ isin (—3oc)](cos 2\ +isin 21.)
=cos(2A—3a)+isin (21 —3a)

argz=2r-3a

o g 3

cos 2¢ —isin 2

ool oo

cos(—2¢)+isin(—-2¢)

(-
o «
:COS(E_Z+ 2¢]+|sm(———+2¢)

0 o
argz= ———+2
gz= -7+

z=[ cos(3e)—isin(3e)] =cos(—3¢)—isin(-3¢)
=cos(3e)+isin(3e)

argz=3¢
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Question 25

a z=(1+7i)(2-3i)

(
7| = |(l+7|)(2 3i) | |1+7| || (2-3i) |—\/12+72><,/22

:\/%x\/ﬁzs\/%
b 2+
34
=25 |<2+'>| V24 5[5
N3- 4||‘ ‘ (\/5)2_'_(_4)2 J19 V19
c S 1
(2-i)

Question 26

z:Zcis(Ej, w:4cis(£j
4 3
a
Z=2cCis T =2C0S T +2isin T
4 4 4

=2x%+2xi§=\/§+i\/§

w= 4cis(£} = 4cos(£j+4i sin (Ej
3 3 3

NE

1 . .
:4X—+4X|—:2+|2\/§
2 2

b zw=2cistX4CiS(gj=8Cis(g+gj:8ds(%]
w= (V2 +iV2)(2+i2V3)

=242 +i2\6 +i24/2 - 2./6
=2(\/§—«/5)+2i<\/§+\@)
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C Equating real parts
8005(%) = 2(\/5—\/5)
cos(7—nj = 2(\/5_\/6) = V246

8 4

Equating imaginary parts
85in(1—§j:2(x/§+\/5)
(7—nj= 2(\/§+\/g) J2 ++/6

8 4

Question 27

3t .. 3m 3'?"
a Z=C0S—+ISInN—=¢€
5 5

b z=\/E(cos3—isin3)=\/E(cos(—3)+isin(—3))=ﬁe‘3‘

Question 28

a 7=g4 :cisiﬁj
4

-2i

b z:%:%cis(—Z)

Question 29

i0,
Z,=ne"

i0.
Z, =r,e"

0
arg(ij = arg( he - J = arg{ie a0 j =0,-6,
Z, r,e r,

=arg(z,)-arg(z,)
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Question 30

57i Tri 2mi m

a g6 xe 6 =g 6 =g 3

_2n 12 12{-%"] o o
b g 3 =e =" =e" =1

Question 31

2t . . 2%; o
COS—+1I1SIn— — 2|n+3ln
7 7 _
3n) .. 3n S
COS| —— |+1ISIN| ——— e 4
14 14

Question 32

Let z=re"

(2)"=(re®) " =rme™

arg (z‘”) =arg (r‘”e‘”“’) =-nb=-nargz
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MATHS IN FOCUS 12
MATHEMATICS EXTENSION 2

WORKED SOLUTIONS
Chapter 2: Mathematical proof

Exercise 2.01 The language of proof

Question 1

a P: There are crumbs.
Q: ants will come.
P=0Q

b P: A quadrilateral has equal diagonals.
Q: The quadrilateral is a square.
P=0Q

C P: People are unemployed.
Q: People are bored.

P=0Q
Question 2
a If you go skiing, you live in Cooma.
b If you have friends, you like maths.
C If you can debate, you are a politician.
d If an animal is a bird, it can fly.
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Question 3

a If you eat meat, then you ae a carnivore.
False — Omnivores
b If you are on a boat, you are seasick.
False — There are lots of people on a boat who are not seasick.
C If a shape has equal sides, it is a square.
False — Rhombus or any regular polygon of side n >4
d If an animal can sting, it is a honeybee.
False — Wasps
Question 4
a Ifx-5=4,thenx=9
Converse
Ifx=9,thenx-5=4
True, so it is an equivalence.
S Xx=5=4iffx=9
b If a quadrilateral has diagonals that are perpendicular, then it is a rhombus.
False, could be a kite.
c If1<£then a>b>0
a b
False,e.g.a=-2,b=-10
d If you passed a driving test, then you have a driver’s licence.
True, so it is an equivalence.
.. you have a driver’s licence iff you passed a driving test.
Question 5
a It is not white. There are some.
b I do not know everything. Someone passed the test.
C Not all fish swim in the ocean. Teachers are not mean.
d Not all babies are cute. The potatoes are more than or
equal to 3 kg.
e There is not more than five.

© Cengage Learning Australia 2019
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Question 6

a If you are not rich, you do not live in a mansion.
b If you do not have boots, you are not in the army.
C If you are not wise, you are not old.

d Ifx2+09, then x £ 3

e If an animal does not have four legs, it is not a horse.
f If you are not superior, you are not a woman.
Question 7

a If there is global warming the water is rising.

b If you have accidents then you speed.

c If the animals die there is a drought.

d If a number is a fraction it is rational.

e If Sam is not lazy then he will pass his exams.

f If a number has a square root it is not negative.
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Question 8

a |If 1<L,thenn <1.
n n+l
b  If the gradient of a line is not zero, then the line is not horizontal.
c Ifthe bulldust is not red, then it is not in the outback.
d If they are not mammals, then they are not blue whales.
Question 9
a If you exercise your heart rate increases.
True
Contrapositive
If your heart rate does not increase, you do not exercise.
True
b If a plant does not get water then it dies.
True
Contrapositive
If a plant does not die then it gets sufficient water.
True
C If a triangle is isosceles then it has two equal angles.
True
Contrapositive
If a triangle does not have two equal angles it is not isosceles.
True
d If a number is an integer then it is real.
True
Contrapositive
If a number is not real it is not an integer.
True
e If x>2 then x*>4

True
Contrapositive
If x* <4 then x<?2

True
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Question 10

a If an animal does not have a beak it is not a bird.
True
b If a quadrilateral is not a rhombus it does not have two pairs of opposite angles equal.

False — rectangle

c If an animal does not have fins, then it is not a fish.
True

d If x> >25 then x>5.
False: x =-15

e If a number is not prime then it is not odd.
False: 15

Question 11

This is not the contrapositive. She did negate the statement but did not reverse their order.

Question 12

D

If ~A = B, then the contrapositive is B = A.

Question 13

a (VXEN)(HyeN) X<y
b (VXEQ)(EIpeZ)(EIqeZ,q;to);x:E

c (Van,a;tO)(EIbe@):b:%

d (v(x,y)and(w,v),x, y,w,VGR)(H(c,d)eR):x< c<wandy <d <v

e (vxeR",x20)(Iy e R, y=0):y=/x
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Question 14

a For all natural numbers m, there exists an integer n such thann + m = 0.
b For all integers a and b where b is non-zero, there exist rational numbers p and q such
1
that = p+q2
a+bv2 P
Question 15
C

M iff N can be written as N < M.
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Exercise 2.02 Proof by contradiction

Question 1

a

Suppose a,b € Zandb= 0, withaandb ¢
having no common factors such that
=/2.
ay a’
2= (—] =2=—
b b?
=a’=2b*>=a’iseven

=2

ol o]

= a is even
.. We can write a = 2m.

a’_,_, (2n)
R T
= 4m® = 2b° = 2m* =b?

= b? is even = b is even

2
:234m

C. we can writeb =2n
This is a contradiction as both
a and b have no common factors

~2eQ

Suppose 0,with and

.

and
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Suppose a,b € Zandb =0, with a and b having

no common factors such that% = \/7 .

a aY a’

b =J7= [Ej =71T= o
= a’ =7b* = a® is divisible by 7
= a is divisible by 7

. We can writea =7m

2
E—j =71= (liz) =71= %rznz =
= 49m® = 7b* = 7Tm? =b?
= b? is divisible by 7
= b is divisible by 7
.. We can write b = 7n
This is a contradiction as both

a and b have nocommon factors

A7¢Q

=7

7



e Suppose a,b € Zandb=0, with a and b having no common factors such that %: 3.

3 3
%:%:{%} =5:%=5:>a3=5b3:>a3 is divisible by 5
= a is divisible by 5
*. We can write a =5m.

3
Z—:=5:> (5;2) =5:>12§3m3 =
=125m°® =5b° = 25m° = b®
= b® is divisible by 5
= b is divisible by 5
", We can write b =5n.
This is a contradiction as both a and b have nocommon factors.

2 3BeQ
Question 2
a a
Suppose a,b € Zandb=0, such that " log, 5.
a % a b
E:I0g25:>2 =5=2"=5
LHS is always even and RHS is always odd.
An even number cannot be an odd number so it is a contradiction.
~.1og,5¢Q
b a
Suppose a,b € Zandb=0,such that " log, 7.
a % a b
B:I0g27:>2 =1=2"=7
LHS is always even and RHS is always odd.
An even number cannot be an odd number so it is a contradiction.
s log,7¢Q
c

Suppose a,b € Zandb=0,such that% =log,8.

%zlog38:>3b:8:>3a:8b

LHS is always odd and RHS is always even.
An even number cannot be an odd number, so it is a contradiction.

~.log,8¢Q
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Question 3
Suppose ZACB # 90°

An angle subtended at the centre of the circle by an arc is twice
any angle at the circumference on the same arc.

=/A0B =2/ACB
But 2/ACB # 180°, which is a contradiction.

.. the angle in a semicircle is 90°.

Question 4

a Assume AD # DC B
AB = BC (Isosceles triangle has equal lengths)
ZABD = ZDBC (Angle ABC is bisected)

BD is common

.. A ABD= A BDC (by SAS) D
This is a contradiction

.. The bisector of the angle between the equal sides of an isosceles triangle bisects the
third side.

b Assume ZA# ZCand ZB # ZD

Suppose ZA=a B

/B =180°-a  (Co-interior angles in a transversal of
parallel lines are supplementary)

/C =180°- «B (Co-interior angles in a transversal
of parallel lines are supplementary)

=a=/A

/D =180°- ZC (Co-interior angles in a transversal of
parallel lines are supplementary)

=180°-oa =«B
Both of these are contradictory.

.. Opposite angles of a parallelogram are equal.
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Suppose ABCD is a kite and that the diagonals do not A
intersect at right angles.

As ABCD is a kite AC bisects ZDAB

/DAC = ZCAB

DA = AB (Properties of a kite)
AQ is common

.. ADAO = ABAO (SAS)
..ZDOA = Z/AOB (Corresponding angles of congruent triangles are equal)
As DOB is a straight line ... /DOA + ZAOB =180

..Z/DOA = ZAOB =90

Which is a contradiction

.. The diagonals of a kite intersect at right angles.

Question 5

a

Assume there is a triangle with side 8, 15 and 17, which is not a right-angled triangle.

For a right-angled triangle with c as the hypotenuse, Pythagoras’ theorem applies:
a?+b%=c%

=c2£a’+b?

172 # 8% + 15°

289 # 64 + 225

289 # 289

Which is a contradiction, therefore a triangle with sides 8, 15, 17 is a right-angled
triangle.

Assume there is a triangle with side 4, 5 and 6, which is a right-angled triangle.
For a right-angled triangle with c as the hypotenuse, Pythagoras’ theorem applies:
a’+b?=c2

= c?=a?+b?

62 =42 + 52

36 =16 +25

36 =41

Which is a contradiction, therefore a triangle with sides 4, 5, 6 is not a right-angled
triangle.
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Suppose a,b € Z and b = 0, with a and b having no common factors.

Let] =52 —0+3

wA2=2

= a’ =2b?

= a’ is even

= aiseven

. We can write a=2m

a
b—2: 2
(2m)’
= o’ =2
2
4n; 5
b
= 4m? = 2b?
= 2m? =b?
= b? is even
= b iseven

. We can write b=2n
This is a contradiction as both a and b have no common actors.

~54/22Q
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Let I =243, then 12 = (V2 +3) =2+246+3=5+2.6.

Suppose a,b € Zandb =0, with a and b having no common factors such that

b

= a’iseven
= aiseven
. We can write a=2m

2 22
a_,_ (2m)

b2_6 b? =6
2
4rrz1 P
b

= 4m? = 6b?
= 2m? =3b®
= b? is even

= Db iseven

. We can write b = 2n.
This is a contradiction as both a and b have no common factors.

2 12=5+26¢Q
If 1’¢Q=1¢Q
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Suppose p,q € Zand q=0, with p and g having no common factors such that
a+byz = B0P

= p®iseven
= piseven
.. We can write p=2m

= 4m* = 2¢°

= 2m’ =¢°

= ¢’ is even

= q iseven

. We can write g =2n

This is a contradiction as both p and g have no common factors.
sa+bv22Q

This is a contradiction because /2 ¢ Q.
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Question 6

a Suppose (Va,beN)(EIp,qu):an\/E;t p+0v/2.
1 1 a—by2
a+bv2 a+bv2 a-by2
_a-by2
S a?-2v°
_ a _ b \/E
a’-2b* a’*-2p°
but a b € QQ, which is a contradiction.

a?—2b?"a%-2b?

. 1
..(Va,beN)(Hp,qu).aer\/E— p+qv2

b Suppose(VbeN)(JaeZ):a+b+0

AsaeN,

a+(-a)=0

—-ael

By setting b=-a

a+b =0, which is a contradiction
.'.(‘v’aeN)(EIbeZ):a+b:O

© Cengage Learning Australia 2019



Exercise 2.03 Proof by counterexample

Question 1

a

(YneR) n’=n
Counterexample

1
n==—
2
n? _1
4
n®<n
b
(YneR),n’+n>0
Counterexample
1
n=-—-—
2
) 11
nN“+n==—-=
4 2
=-—<0
o All prime numbers are odd.
p = 2 is an even prime number.
d

(VX yeZ)(neN)
Xn+yn :(X+y)(xn—l_xn—2y+xn—3y_ _Xzyn—2+yn—l)

Counterexample
n=2

X2+ y?#(x+y)(x-y)
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(VXGZ),X+122
X

Counterexample
x=-1

Question 2

a

If n? =100 then n = 10.
Counterexample

n=-10

(VX eZ*) :x*—6x*+11x—-6=0
Counterexample

X=4
4°—6x4°+11x4-6=6%0

All lines that never meet are parallel.

Counterexample

Segments, secants, rays and skew lines (depending on definition and geometry being

used)
If an animal lays eggs then it is a bird.
Counterexample

Snakes or lizards.

© Cengage Learning Australia 2019
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Question 3
a If a quadrilateral has diagonals that are perpendicular then it is a square.

False — Kite

b If p<3then —>1,
p 3

(VX yeR):(x+ y)2 > X2+ y?

Falsex =2,y = -1

(x+ y)2 =1

X’ +y? =5
d If pg=rqthenr=p.

False when g = 0. Then r and p can be different values.
e All rectangles are similar.

False

A rectangle 3 cm x 1 cm is not similar to a rectangle 4 cm x 1 cm.

Question 4
a The counterexample does show the statement is false.
b This does not show the statement is false. To show the statement is false you need an

example that shows an animal is a dog AND it is not domesticated.
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Question 5

If a>Db then 1<%.

a
False.
a=1b=-2
Question 6
1 N 1
(x-1)(x-2) (x-2)(x-3)

(D) 2)(x-3)

Yesitistrue forx=4,5,6, ...

Question 7

No it is not true.

n=1

Question 8

All squares are rhombuses.
True.

All rhombuses are squares.

False.

© Cengage Learning Australia 2019
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Question 9

A circle can always be drawn through the four vertices of a rectangle. Is this true for all
quadrilaterals?

False

3 points determine a unique circle. A 4th point can be chosen not on the circle to make a
quadrilateral.

Question 10

The angle sum of all polygons with n sides is S, =180°(n—2).

True.

Question 11
The diagonals of a kite always intersect inside the kite.
False.

Try arrowhead shape.

Question 12
Is it always true that |x—y|=|y —x|?

True.

Question 13
Is it always true that if n>m that nk > mk ?
False.

k=-1
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Exercise 2.04 proofs involving numbers

Question 1

Let M =2m-1and N =2n-1 for some m,ne N..
Then

M x N =(2m—1)><(2n—1)
=4mn-2m-2n+1
=2(2mn-m-n)+1
=2P+1

where P e N..
Since 2P is even then 2P +1 is odd.

Therefore the product of 2 odd numbers M and N is odd. QED.

Question 2
a Let the 2 even numbers be M and N.

Let M =2m and N =2n for some m,n e N.

Then

M+N=2m+2n
=2(m+n)
=2P

where P e N.

Therefore 2P is even.

Therefore the sum of 2 even numbers M and N is even. QED.
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Let the 2 even numbers be M and N.

Let M =2m and N =2n forsome m,neN, m,n>0.

Then

M xN =2mx2n
=2(2mn)
=2P

where P e N.

Therefore 2P is even.
Therefore the product of 2 even numbers M and N is even. QED.
Let the 2 even numbers be M and N.

Let M =2m and N =2n forsome m,neN, m>n..

Then

M—-N=2m-2n
=2(m-n)
=2P

where P e N.

Therefore 2P is even.

Therefore the difference between 2 even numbers M and N is even. QED.

© Cengage Learning Australia 2019



Let the 2 odd numbers be M and N.
Let M =2m-1and N =2n-1 forsome m,neN, m>n.
Then

M —N =(2m-1)—(2n-1)

=2m-2n

=2(m-n)

=2P
where P e N..

Therefore 2P is even.
Therefore the difference between 2 odd numbers M and N is even. QED.
Let the odd and even numbers be M and N respectively.

Let M =2m+1 and N =2n for some m,ne N..
Then

M +N =(2m+1)+2n
=2(m+n)+1
=2P+1

where PeN..
Since 2P is even 2P + 1 is odd.

Therefore the sum of an odd number and an even number is odd. QED.
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Let the odd and even numbers be M and N respectively.

Let M =2m+1and N =2n for some m,neN.
Then

M x N :(2m+1)><2n
=4mn+2n
=2(2mn+n)
=2P

where P e N.

Therefore 2P is even.

Therefore the product of an odd number and an even number is even. QED.
Let the odd and even numbers be M and N respectively.

Let M =2m+1 and N =2n forsome m,ne N, m > n.

Then

M —-N =(2m+1)-2n
=2(m-n)+1
=2P+1

where PeN.
Since 2P is even, 2P + 1 is odd.

Therefore the difference between an odd number and an even number is odd. QED.
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Let the odd number be M.

Let M =2m-1 forsome meN, m>0.
Then

M?=(2m-1)x(2m-1)
=4m® —4m+1
:2(2m2 —2m)+1
=2P+1
where PeN.
Since 2P iseven then 2P +1 is odd.
Therefore the square of an odd number M is odd. QED.
Let the even number be M.
Let M =2m for some meN.
Then
M? =(2m)x(2m)
=4m
= 2(2m2)
=2P
where PeN.
Therefore 2P is even.

Therefore the square of an even number M is even. QED.
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Question 3

a Required to prove

(va,beN)(3p,qeQ)

1
a+by3 P

Leta,beN

1

a+b3

1 a-by3

_a+b«@xa—b\@

_a-by3

S a?-3p?

_a bv/3

T a?-3p? a’-3p?

az—a3b2 az—t;bZEQ
a -b

op

T a2 _3p? 4= a®-3pn°

1
— p+qV3
a+by3 b+
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Required to prove

(va,b,c,d eN)(3p,qeQ)
2

_a+bf _ p+q\/§

c+dv2
Leta,b,c,d eN
a+b2

c+dv/2

_a+bV2 _c-dv2

TCrdvZ c-dv2
_ac—adv2 +bcy2 - 2bd
- c?—2d?
_ac—2bd+(bc—ad)\/§
- c?—2d?
ac—2bd (bc—ad)v2
TP 2d? | o2d?
35_53? (:20—2?2)6@
_ac—2bd = bc-ad
- ¢?-2d? q_02—2d2

a+b2
—p+a/2
c+d2 b+

Question 4

a

Required to prove

neN

IfS, =n*+nthenS —S _=2n

S, -S,_ :n2+n—((n—1)2+(n—1))
=n’+n—(n*-2n+1+n-1)

=n’+n-n®+2n-n
=2n QED
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Required to prove

neN

IfS, =n®thenS —S_ =2n-1
S,-S, =n*~(n-1)
=n’—(n’-2n+1)

=n’-n°+2n-1

-2n-1 QED

Required to prove

neN

IfS, =3n-n’ thenS_ —S _ =4-2n
S, =S, =3n-n’~(3(n-1)—(n-1))
=3n-n’—(3n-3-n’+2n-1)
=3n-n*-5n+4+n?

~4-2n QED

Required to prove

neN

IfS,=2n*+nthenS —S _ =4n-1
S, =S, =2n”+n—(2(n-1)"+(n-1))
:2n2+n—(2n2—4n+2+n—1)

=2n*+n-2n>+3n-1
—4n-1 QED
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Required to prove

neN

(n+1)(n+3) _2n+3

then S, -S, =
2

IfS, =

s _g _(n+1)(n+3) ((n-1)+1)((n-12)+3)
n n-1 2
_(n+1)(n+3) n(n+2)

2 2
_n°+4n+3-n’-2n

2
QED

_2n+3
2

Question 5

a

Required to prove

If f(x)=x*thenf(x)=f(-x)

Required to prove
If f(x)=x®then-f(x)=f(-x)

)= (7

—
—~
|
>
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Required to prove

X3

If f(x)== lthen—f(x):f(—x)

>

T x2-1
=—f(x) QED

Required to prove

If f(x)=xsinxthenf(x)=f(-x)

f (—x)=(-x)sin(—x)
= —x.(—sin X)
;f (x) QED

Required to prove

If f(x)=x’cosx thenf(x)=f(-x)

f(—x)= (—x)2 cos(—x)

= f(x) QED
Required to prove
If f(x)= xe™* then — f (x)=f(—x)

f(x)=(-x)e

XZ

=—xe~
= —f(x) QED
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Question 6
a Required to prove

n(n+1)(2n+1)
6

(n+1)(n+2)(2n+3)
6

+(n+1)2:
+

n(n+1)(2n

LH.S. = )+(n +1)°

6
_ n(n+1)(2n+1) . 6(n +1)2
6 6
_ (n+1)[n(2n+1)+6(n+1)]
6
(n+1)(2n° +7n+6)

) 6
_ (n+1)(n+2)(2n+3)

6

=R.H.S.
b Required to prove

n(n+1)(n+2) (n+1)(n+2)(n+3)

+(n+1)(n+2)=

3 3

n(n+1)(n+2)

LH.S. = +(n+1)(n+2)

n(n +1)(n+2)+3(n+1)(n+2)
3

_ (n+1)(n+2)(n+3)
3

=R.H.S.

C Required to prove

2k+1 _1+ 2k+l — 2k+2 _1
LH.S. = 2 —14 2
=2x2“" -1

=2k+2 _1

=R.H.S.
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Required to prove

kx2“+(k+2)2 =(k+1)2"
LH.S. =kx2+(k+2)2"
=kx 2" +kx2¥+2x2"
=2k x 2 +2

— k><2k+1+2k+1

=(k+1)2<*

=R.H.S.

Required to prove

m . 1 _ m+1
m+1 (m+1)(m+2)_ m+2

m N 1
m+1 (m+1)(m+2)

m(m+2)

LHS. =

(m+D)(m+2) (m+1)(m+2)
m?+2m+1
(m+1)(m+2)
(m+1)2
(m+1)(m+2)
~ m+1

T ma+2
=R.H.S.
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Question 7

a

Required to prove

If3"-1=2X forsome X €N, then 3" —1=2Y forsomeY e N
Let3"-1=2X

3(3"-1)=3x2X

3x3"-3=6X

3" =6X+3

3" -1=6X+3-1

3" —1=6X+2

3" —1=2(3X +1)

3" —-1=2Y

Required to prove

If 4" —1=3X for some X €N, then 4" —1=3Y forsomeY e N
Let4"-1=3X

4(4" 1) =4x3X

4x4" -4=12X

4™ =12X +4

4™ —1=12X +4-1

4™ —1=12X +3

4™ —1=3(4X +1)

4™ —1=3Y

Required to prove

If n®+2n=3X for some X €N, then (n+1)3+2(n+1):3Y forsomeY e N

Let n®+2n=3X
n®+3n°+3n+1+2n+2=3X +3n*+3n+1+2

(n+1)’ +2(n+1)=3X +3(n2 + n+1)
(n+1)’ +2(n+1) =3(X +n’ +n+1)
(n +1)3 + 2(n +1) =3Y
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Required to prove

For n being an even number:
If n? +2n=8X for some X e N, then (n+2)2+2(n+2)=8Y forsomeY e N

Letn®+2n=8X
N*+4n+4+2n+4=8X +4n+4+4

(n+2)2+2(n+2)=8x +4n+8
As n is even we canwrite itas 2 m

(n+2)2+2(n+2):8X +8m+8
(n+2)2+2(n+2)=8(x +m+1)
(n+2)"+2(n+2)=8Y

Question 8

a

Required to prove

(x+5)°(2x=1)" +(x+5)" (2x—1) = (2x~1)(x+5)’ (3x +4)
LH.S.

(x+5)*(2x—1)" +(x+5)* (2x-1)

= (x+5)°| (2x-1)" +(x+5)(2x-1)

= (x+5)’(2x-1)[2x~1+x+5]

=(2x-1)(x+5)’(3x+4)

=R.H.S.
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b Required to prove

4x3(2—3x)5 +15x“(2—3x)4 B x°(8+3x)

(2-3x)"
L.H.S.
4x°(2-3x)" +15x* (2 3x)"
(2-3x)"
~(2-3%)"(4x°(2-3x) +15x")
(2-3x)°
_(8x*—12x" +15x)
(2-3x)°
B (8x°+3x*)
(2-3x)’
_ x*(8+3x)
(2-3x)°

=R.H.S.

Question 9

Forx >0

¥ =x

L

X

Forx <0

|x|=—x

L

X
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Exercise 2.05 Proofs involving inequalities

Question 1

a?+b?-2ab
:(a—b)2 >0
sa’?+b%>2ab

Question 2

a From 1

a’+b?>2ab
Letx*=a,y*=b

= x'+y*'>2x%y°
b From 1

a’+b*>2ab

Letxy=a,wv=Db

= X2y + WV > 2xywv
c From 1

a’ +b®>2ab

Let l=a,1:b
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Question 3

(ﬁ—ﬁ)z >0

= X-2yxy+y=>0

:>x+y22\/x_y
=X fxy

Question 4

a

Required to prove

Ifa>b,b>cthen a>c.
Leta>b

b>c

adding both gives
a+b>b+c

=a>c QED

Required to prove

If a>b,c>0then ac > bc.
Leta>Db

a-b>0

c(a-b)>0 asc>0
ac—bc>0

= ac>bc QED

Required to prove

If a>b,c <0then ac > bc.
Leta>b

a-b>0

c(a-b)<0 asc<0
ac—hc<0

= ac<bc QED
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Required to prove

If a>b,b>0then ab > b

Leta>Db

a-b>0

b(a-b)>0 ash>0
ab—-b*>0

=ab>b’ QED

Required to prove

Ifa>b>0,c>d>0then ac > bd.

Leta>b

c>d

multiplying both (as they are positive it does not change the inequality) gives
ac >bd QED

Required to prove

Ifa>Db,c>d then ac+bd > ad +bc.
Leta>b

c>d

=a-b>0 and c¢c-d>0
.a—b and c—d are positive
~.(a-b)(c-d)>0
—ac—ad—-bc+bd >0

= ac+bd > ad +bc QED

Required to prove

Ifa>hb>0mmrl<l.
a b
Leta>b
:>3>1
b
1 1
=->=
b a
:>1<1 QED
a b
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Question 5

a

Required to prove

If T, = 1 thenT, >T ,
n

77 -1 1
n n+l n n+1

_(n+1)-n

n(n+1)

1

- n(n+1)
Asn and n + 1 is greater than zero n(n+1) > 0.
1
“n(n+1)
ST>T

>0

Required to prove

IFT, =— then T, <T.,,
n+1

T T - n+1 ~n
(n +1)+1 n+1
~n+l n

" n+2 n+l
_(n+1)2—n(n+2)

(n+2)(n+1)

n’+2n+1-n°-2n
~ (n+2)(n+1)
1

(n+2)(n+1)
Asn +1andn+2 are greater than zero (n+1)(n+2)>0.
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Required to prove

2_

T, = 1thenTn<Tn+1
n-+

T T_(n+1)2—1 n®-1

(n+1)2+1 n’+1
_n*+2n+1-1 n*-1

T n2i2n+1+l n?+l

_n’+2n  n*-1

Tn2i2n+2 n?+l
(n2+2n)(n2+1)—(n2—1)(n2+2n+2)
- (n*+2n+2)(n*+1)

B n+n®+2n°+2n—(n*—n’+2n°-2n+2n* - 2)
(n*+2n+2)(n*+1)
an+2
(n*+2n+2)(n*+1)

As n is greater than zero (4n+2) and (n® +2n+2)(n”+1)>0.

- n+2 0
(n +2n+2)(n2+1)
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Question 6

a

a’+b?>2ab
= a’+b%+2ab>2ab+2ab

= (a+b)2 > 4ab

a’+b*>2ab

Let/ab = a, v/ed = b
(V) + (o > s
= ab+cd > 2/abcd

a’+b%>2ab

2 2
a‘+b -

:>(a+b)(£+%j24

a

a’+b%>2ab

Let(‘/% = a, (‘/H =b
:(4 ab)2+(<‘/a)2 > 2%/abcd
:Mz{‘/abcd
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Question 7

a Required to prove

a+1>2 QED
a

b Required to prove

o | o

%-i- >2
(a—b)zzo
a?—2ab+b*>0
a’+b?>2ab

2 2
a“+b -
ab

a? b?

—+—2>2
ab ab

a.b.s oep
b a
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Required to prove

1 4
h2

2ab <a’+b® .. 1 1

PETE P

a? b?> a*+b?

QED

From 6d

M > {/abcd

= @+@2 ¥abcd

From AM —GM inequality

aTerzx/%and C;d > Jcd

@ + @ > {/abcd

% > {/abcd

= w > 4abcd

a+b c+d
2

= +
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Question 8

a

Required to prove

XX +1> X+\/;,VX€R,XZO
Consider the difference

X x+1—(x+\/§)

= /X +1-X—~/X

= (Vx-1)(x-1)

Forx>1

(ﬁ—l)and(x—l)>0

= (Vx-1)(x-1)>0

Forx<1

(&—1)and(x—1)<0

= (Vx-1)(x-1)>0

Forx=1

(&—1) and(x—1)=0

.'.(«/;—l)(x—l)zo

Hence

X x+1—(x+\/;)20

SXX 12 XHA/X

i required to prove
1<p<q,where p geN that p(q—p+1)>q
Consider the difference
p(a-p+1)-q
pa-p*+p-qg
p(a-p)-(a-p)

(P-1)(a-p)
Asp>1 p-1>0
Asg>p,g—p=0

~(p-1)(g-p)=0
~p(a-p+1)=>q
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i Required to prove
s+1
For 1<r <s where r seN that \/gs r(s—r+1)<——
Jr(s=re =2

From .

s<r(s—r+1)

< fr(s_re1)
For the other half of the inequality
(s+1-2r)
4
(s +1)2 —4r(s+1)+4r?
4

>0

= >0

2
:&—r(sﬂ)jtrz >0

2

(s+1)

>r(s+1)-r?
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Question 9

Required to prove

(kn—mp)° > (k*-=m?)(n* - p?) vk,m,n,peR

(kn—mp)2 2(kn—mp)2—(kp—mn)2

As (kp—mn)2 >0

(kn—mp)2 > k?n® — 2kmnp + m?p® —k*p? + 2kmnp — m?°n?
(kn—mp)2 >k’n® +m®p® —k*p*—m®n?

(kn—mp)* >k (n* = p*)—-m?*(n’ - p?)

(kn—mp)2 2(k2 —mz)(nz— pz) QED

Letn=k? p=m?

Using
(kn—mp)° > (k’ -m?)(n*-p?)

(kKk? = mm?)’ z(kz—mz)((kz)z—(mz)z)

(k*- m3)2 >(k*-m?)(k*~m*) QED

Question 10
a i Required to prove x* +y* +w* +z* > 4xywz

Using a® +b® > 2ab

We can write

x4yt > 2x%y?

wh+ 2% > 2wz’

Adding gives

X"+ yt+wt 42t > 2x%y? + 2wPz?

X'yt w2t 2 2( Xy + W'z

v y4 TwWrazt> 2(2waz) using (xy)2 +(WZ)2 > 2Xywz
x*+y*+w' +2* > 4xywz QED
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i Required to prove

If x*+y*+w'+2*<4 and x,y, z, w> 0 then

Let x*+y*+w'+z'<4
From i, this implies

4xywz < 4 = xywz <1

1 1 1 1

X4y4W4 + X4y4z4 + X4W4Z4 + y4W4Z4
= x“y“w“z“
. 4(xyw)(xyz)(xwz)(ywz)

NG y4w4z4

~ 4x3y3w3z3
x“y“w“z“
4

" wz

As xywz <1= >4

Xywz

1 1 1 1
.'.7+7+W+F>4 QED

iii Required to prove (x+ y+12 +W)4 > 256 Xxywz

From10 ai

X"yt w2t > dxywz

Xyt w42t

> Xywz
4 yw
Let
x=4x,y=4yw=4w,z=4z
x+y+w+z>4X .
— 4 2/ Xyw.
X+Y+W+ 2> 44 xywz

(X+y+w+ z)4 >256xywz QED
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Required to prove

(a+b)(b+c)(c+a)=c(a—b) +b(c—a) +a(b—c)’ +8abc
L.H.S.
(a+b)(b+c)(c+a)

=(ab+ac+b*+bc)(c+a
(c+a)

= abc +ac’® +cb?* +bc’ +a’h +a’c+ab® +abc

=ac’ +cb® +bc’ +a’h +a’c+ab® + 2abc

= ch® — 2abc + a’c + bc® — 2abc + a’b + ab® — 2abc + ac” + 2abc + 2abc + 2abc + 2abc
= c(b—a)2 er(c—a)2 + a(b—c)2 +8abc QED

(a+b)(b+c)(c+d):c(a—b)2 +b(c—a)2 +a(b—c)2 +8abc
c,(a=b)’,b,(c—a)’,a,(b—c)” areall greater than zero.
~.(a+b)(b+c)(c+d)>8abc

Required to prove

(a+b+c)(l+l+£j29
a b ¢

a C

a a b b ¢ c
=1l+—+—+—+1+—+—+—+1
c a c a

a a b b c¢c ¢
=3+—+—+—F+—+—+—
c a c a b

(a+b+c)(£+%+1j

Using %+222
a

>3+2+2+2

=9

.'.(a+b+c)(£+l+1j29 QED
a b c
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a’+b®+c®-3abc

=a’+ab”—ab”+ac’ —ac’ —abc
+b®+a’h-a’h+cb*—ch® —abc
+c*+a’c—a’c+ch® —cb*—abc
:(a+b+c)(a2+b2+cz—ab—bc—ca) QED

(a—b)2+(c—a)2+(b—c)2
a?—2ab+b’+c?—2ac+a’+b?—2bc+c?
=2(a’*+b’+c*-ab—bc—ca) QED

Required to prove

a®+b*+c®>3abc
a®+b*+c®*—3abc

=(a+b+c)(a2+b2+cz—ab—bc—ca)

:(a+b+c)x%((a—b)2+(c—a)2+(b—c)2)
>0

sa’+b’+c®-3abc>0

= a’+b*+c®>3abc QED

Required to prove ar k3) C > Yfabc
From iii

a®+b*+c®>3abc

Leta =§/5,b :\/B,c :3/5
a+b+c>33%abc

a+g+c >3/abc QED
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. a b c
Y Required to prove —+—+—2>3
c a

Using

a+b+c
> 3/abc

Let a =a’c,b =b%a,c =c%b

2 2 2
a‘c+ba+ch
—— - " >3a%b’%ach

3
2 2 2
a‘c+ba+cb
fzi/a"'b%?'
a’c+b*a+c’h

> abc

a‘c+b*a+c’ N 3abc

abc abc
3+9+£23 QED
b ¢ a

Required to prove (a+b +c)3 > 27abc

From 10 d iii

a®+b*+c®>3abc

Mzabc
Leta =%a,b =%b,c =¥c
a+b+c > 3abe
a+b+c>3%abc

(a+b+c)’>27abc QED
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Required to prove E+9+3+924
b ¢ d a

From 7 f

w > 4/ abcd

Let a = a’cd,b = ab?d,c = abc?,d = bcd?

a’cd +ab?d +abc? +bcd?

" > 4/a’cdabdabcbed 2
2 2 2 2
N a“cd +ab“d Zabc +bcd >W
a’cd + ab®d +abc?+bcd® 4abcd
= >
abcd abcd
a’cd +ab®d +abc?+bcd® 4abcd
= >
abcd abcd
a b ¢ d
=>—+—+—+—2>4 QED
b ¢c d a

The equality holds whena=bh=c=d.
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Question 11

a
|z+W[+|z-w[>|z+wW+Z-w|
-2
~zHw+|y—z]>]22|

b
x+2|+|y-z|=|x+z+y-7
=[x+Y|
s x+z|+]y -z =[x+ Y|

c

x—z|=|x-y+y-1
:|x—y—(z—y)|
2[x—y|~[z-y]
2[x—y|-[z-]
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Test yourself 2

Question 1

a P: I get a lot of sleep.
Q: I am healthy.
P=0Q

b P: a polygon has 5 sides.
Q: It is a pentagon.
P=Q

c P: The teacher is nice.
Q: I will learn.

P=Q

Question 2

a A=B
Converse
B=A

b -P=0Q
Converse
Q=-P

c N=-M
Converse
-M =N

d -B=-F
Converse

-F= B
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e If 1 can save money then | can buy a car.
Converse
If | can buy a car then | can save money.
f If my computer is broken then I am bored.
Converse
If I am bored then my computer is broken.
g If a=bthen a’=b’.
Converse

If a* =b%then a=bh.

Question 3

Iff means a statement and its converse is true.
Eg.

If x is even then x? is even.

If X is even then x is even.

. X is even iff X2 is even.

Question 4

a If a quadrilateral has equal diagonals it is a square.
(False — rectangles)
Converse
If a quadrilateral is a square it has equal diagonals.
True.

Not an equivalence statement as the original is false and the converse is true.
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Ifx>1theni <1
X

True

Converse

Ifl<1thenx>1
X

1
False because — < 1 when x < 0 also.
X

Not an equivalence statement as the original is true and the converse is false.
If | pass my exams, then | study hard.

Not necessarily true.

Converse

If I study hard then I pass my exams.

Not necessarily true.

Not an equivalence statement as the original and the converse are not necessarily true.

Ifa=3thena?=9.

True

Converse

If a> =9 then a = 3.

False: a = -3 also.

Not an equivalence statement as the original is true and the converse is false.
If a triangle has 2 equal sides it is isosceles.
True

Converse

If a triangle is isosceles then it has 2 equal sides.
True

A triangle has two equal sides iff it is isosceles.
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Question 5
a It is raining
Negation
It is not raining
b The apple is not ripe.
Negation
The apple is ripe.
c Koalas are cute.
Negation
Not all koalas are not cute.
d Some people are sexist.
Negation
No people are sexist.
e They are all correct.
Negation
Some are not correct.
f X<4
Negation
x>4
g pe N
Negation

pegN

Question 6

No he is not correct. The correct statement should be:

There are less than or equal to 10.
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Question 7
a A=B
Contrapositive
-B = -A
b -P=0Q
Contrapositive
Q=P
c N=-M
Contrapositive
M= =N
d -B = -F
Contrapositive
F=B
e If the boy has red hair then he has blue eyes.
Contrapositive
If the boy does not have blue eyes then he does not have red hair.
f If the country is rich then the citizens have money.
Contrapositive
If the citizens do not have money then the country is not rich.
g If a quadrilateral is a kite then the adjacent sides are equal in length.
Contrapositive
If a quadrilateral has adjacent sides that are not equal in length then it is not a Kite.
h If x=y then x* = y>.
Contrapositive

If x*>=y?then x=vy.
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i If aeN then aeZ.
Contrapositive

IfagZ then agN.

Question 8

A statement and its contrapositive are equivalent because the truth tables for them are exactly

the same.

Eg.

If x is odd then x? is odd.
Compared with:

If X2 is not odd then x is not odd.

Question 9
a If a®> #b* then a=b.
Contrapositive
a=b then a®*=b’.
This is true.
. If @> #b? then a=b is true.
b If the battery is flat then the car does not start.
Contrapositive
If the car does start then the battery is not flat
True

.. If the battery is flat then the car does not start is true.
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If a number is an integer then it is rational.
Contrapositive

If a number is not rational then it is not an integer.
True

.. If anumber is an integer then it is rational is true.

If a quadrilateral has diagonals that bisect each other at right angles then it is a
rhombus.

Contrapositive

If a quadrilateral is not a rhombus then its diagonals do not bisect each other at right
angles.

True.

.. If a quadrilateral has diagonals that bisect each other at right angles then it is a
rhombus is true.

If a>b then ab>b?.

Contrapositive

If ab<b* then a<b.

Falsea=2,b=-3

If an animal lives in the water then it is a fish.
Contrapositive

If an animal is not a fish then it does not live in the water.

False: Whales
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Question 10

a
X,y eR,x,y>0
X>y=x>y°
b
(IceQ)(Vva,beZ,a<h)a<c<b
_a+b
2
c
(Vn € N)
n(n+1)
1+2+3+4+..+n=
Question 11
a For all integers n and m greater than zero, if n is less than m then 1 is greater
n
than i.
m
b For all real numbers a and b, a + b? > 2ab
C For all rational numbers p and g such that p is less than g, there exists a real number r

suchthatp<r<aq.
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Question 12

a

Suppose a,b € Z with a and b having no common factors.
a_ J11
b

a 2
= (—j =11

b

2
= % ~11
= a’=11b*
= a’ is divisible by 11
= a isdivisible by 11
. we can writea = 11m
a.2
b—z :11

11m)*
= ( o’ ) =11

2
12bl£n 1
=121m? =11b?
=11m? =b?
= b? is divisible by 11
= b is divisible by 11
.. we can write b =11n
This is a contradiction as both a and b have nocommon factors.
~112Q
b

Suppose a,b € Z with a and b having no common factors.
a
" log, 4
=3 =4
=3 =4

LHS is always odd and RHS is always even.
This is a contradiction.

~log,4¢Q
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Suppose a,b € N with a and b having no common factors

= a’ is divisible by 5
= a is divisible by 5
.. We can write a = 5m

a
b—2:5
5m ?
:>( bz) =5
25m?
SR
= 25m? =5b?
= 5m? = b?

= b? is divisible by 5

= b is divisible by 5

. we can write b =5n

This is a contradiction as both a and b have nocommon factors

2+5¢20Q

© Cengage Learning Australia 2019



Suppose ABCD is a square whose diagonals intersect at O and are not perpendicular.
ZBAO = 45° (diagonals of a square bisect the angles of the square)

ZABO = 45° (diagonals of a square bisect the angles of the square)

ZAOB = 90° (sum of angles of a triangle add up to 180°)

Contradiction

Let there be a triangle with sides

2t, 12 -1Lt7 +1

Such that they do not form a right angled triangle

(2t)° +<t2 —1)2 # (t2 +1)2

4% 414 —2t2 + 12t + 2t2 +1
th 2t + 12t +2t° +1

Which is a contradiction.

© Cengage Learning Australia 2019 62



Question 13

a vx,yeQ,x,y =0, if x*=y? then x=y.
False:x=3,y=-3
b vneN, n> 1 :
n
False:n=1
o If an animal sheds its skin then it is a snake.
False — lizards or cicadas
d If a®>+b® =c? then a,b,c form a right-angled triangle.
False:a=-3,b=4,c=50ra=6,b=0,c=6.
e VkeNk=>1, k(k-1)+17 is prime.
False: k = 17 gives the number 289 which is 172,
f VeceR, (csl):(czgl).
False: ¢ =-10, ¢? =100
Question 14

a>b and c>d then ac>hd, Va,b,c,d eR

False

Leta=3,b=-1,c=-2,d=-3

a>b and c>d but 3 x (-2) <-1 x (-3).
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Question 15

If x>y VX,yeR,x,y#0,then i2<i2
Xy

False

X=-5y=-6

X>y

1.1

x> 25

1_1

y> 36

1 1

Question 16

a If meN, then m(m+1) is always even.

Let m be an even number.

From 2.04 2 f an even number times an odd number is always even.
Som(m + 1) iseven

If mis odd, m + 1 must be even.

As was stated an even number times an odd number is always even,
so m(m + 1) is even.

. m(m +1) is always even.
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b If neN, then n(n+1)(n+2) is always divisible by 6.

For any 3 consecutive natural numbers, one must be a multiple of 3.

Hence n(n+1)(n+2) is divisible by 3.

For any 3 consecutive natural numbers, must be even.

Hence n(n+1)(n+2) is divisible by 2.

As n(n+1)(n+2) is divisible by both 2 and 3 it must be divisible by 6. QED

c If nis odd, then n(n+2)+(n+2)(n+4) is always even.
n(n+2)+(n+2)(n+4)=(n+2)(n+n+4)
- (n+2)(2n+4)
=2(n+2)(n+2)

If nis odd then n + 2 is also odd.

2(n + 2)(n + 2) is even as the sum of 2 odd numbers is even.

n(n+2)+(n+2)(n+4) is always even.

Question 17

k® —m®
(e )

(k+m)(k* —km+m?)(k —m)(k? + km+m?)
(k+m)(k—m)(k* —km+m?*)(k* +km+m?)

6

=~

-m°

(k*=m?)(k* +k*m? +m*)

= (k+m)(k-m)(k*+k’m* +m*)

Equating both results gives

(k+m)(k=m)(k® —km+m?*)(k* +km+m?) = (k +m)(k —m)(k* +k*m? +m*)

= k*+k’m? +m* =(k2—km+m2)(k2+km+m2)
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Question 18
a Required to prove

neN,

4" -1

IfS, = thenS, -5, =4""

41 4 -1
3 3
4" —1-4 41
3
4" (4-1)
3
 3x4Mt
-3
—4™ QED

Sn - Sn—l =

b Required to prove
neN,
IfS, =2"*-n-2thenS  —S =2""-1
S, =S, =2""~(n+1)-2-(2" -n-2)
=2x2" 12"
=2" -1 QED
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C Required to prove

vk e N k 1  k+1

'3+1 (3k+1)(3k+4) 3Kk+4

ok 1

T3k+1 (3k+1)(3k+4)
k(3k+4) 1

(3k-+1)(3k+4) ' (3k+1)(3k+4)

3k? +4k +1
(3k+1)(3k+4)

_ (Bk+1)(k+1)

(3k+1)(3k+4)

_k+1

" 3k+4
—RHS

LHS

f (x)=x*sinx
f(-x)= (—x)2 sin(—x)
= x*sin(-x)

;—f (X)
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Question 19

a
Let
a>b
ab®>>bb®> asbh®>0
ab’ >b®* QED

b
Let
a-b>b-c
a-b+c>b
a+c>b+b
a+c>2b
2*C b QED

2

c
Let
x>0
[X|=x

~|X|=x for x>0

x<0

|X|=—x

=[x >x for x<0

~.|x|>x forall xe R QED
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Question 20

a
a’+b’
2
1
:—(a2 +b? —2ab)

—ab

Let T, - X
2k +1
Tk+ "'T}
_ k+1 k
T 2(k+1)+1 2k+1
k+1 k

B 2k+2+1_2k+1

3 k+1 B k
C2k+3 2k+1
~ (k+1)(2k +1) k(2k +3)

(2k +3)(2k +1) (2k+3)(2k +1)
(k+1)(2k +1)—k(2k +3)
(2k +3)(2k +1)
2k? +3k +1—2k* -3k
(2k +3)(2k +1)

1
(2k +3)(2k +1)

As (2k +3)and(2k +1) >0

N—"

[EEN

0
T (k1 3)(2k11)

ST, >T,

N—"
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Question 21
a
Required toprove

2 2
a“+b >a+b

2 2
(a—b)220
=a’-2ab+b*>0
= a’+b*>2ab
= 2a° +2b* > 2ab+a* +b?

a’ +b? . 2ab+a’ +b?
2 4

a’ +b? S (a+b)’
2 4

a’+b’ ath o
2 2

Required to prove

2 2 2 2
\/a +b ZC +d > fabed
From 2.0510a

a*+b*+c*+d*>4abcd

a*+b*+c*+d*

> abcd

Leta=+a,b=+b,c=+c,d=d

2 2 2 2
:>a +b ZC +d > Jabcd

2 2 2 2
:\/a +b ZC +d" 5 4abed QED
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c Leta+b=1
i From Example 17 b

14

=>

b a+b

a+b=1

1
—+
a
As

1.1 408D
a b

i From part i

1+£24
a

a+b
ab
Asa+b=1

Loy
ab

258
ab

Proving the required statement:
1+£24
a b

>4
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Question 22

From 2.0510c

11

(a+b+c)(1+—+—j29

a b c

(1 1 1] 9
=S| =+=+= >
a b c a+b+c

Question 23

a From 2.0510c

1

(a+b+c)[£+%+—}29

a c
a+b+c=1

:(é+%+%)29
b From 2.05 10 d iii
a’+b®+c® >3abc
Leta=3a,b=3b,c=3%c
a+b+c>3%abc (¥
(a+b+c)2 >93 (abc)2
Lpalo1
2 2
Substituting into (*) gives:
1 1 1 1
PO R o
Multiplying the 2 inequalities gives:

(a+b+c)’ (%eriﬁc%] >0} (abc)ﬁ#ﬁ

Asa+b+c=1
1 1 1
:>¥+b_2+c_2227 QED
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Question 24

a

Required to prove
IX|-|y|<|x-y].vx,y e R

X[ =[y]=[x=0[-]y-0]
<[(x~0)~(y-0)

=|x—y| QED

Required to prove

X|+]y|+|z| =[x+ y+7.¥x,y,zeR
X +[y]+[z[ =[x+ y]+[7
>|x+y+z| QED

Required to prove
x=y|-|z-y|<|x-2|.¥vx,y,zeR

[x=yl-[z=y[=|(x=y)-(z-)
=|x-z| QED
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MATHS IN FOCUS 12
MATHEMATICS EXTENSION 2

WORKED SOLUTIONS
Chapter 3: Vectors

Exercise 3.01 Review of 2D vectors

Question 1

N4

There are 5 different vectors.

Question 2

a Geometrically, the sum of the vectors is the longer diagonal of the parallelogram of
the vectors.

b Geometrically, the difference of the vectors is the shorter diagonal of the
parallelogram of the vectors.

C Two vectors are parallel iff one of the vectors is a scalar multiple of the other.

d Two vectors are perpendicular iff the dot product is zero.
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Question 3

a  y=2]
v|=2 By inspection
6=90° By inspection

=5i
|=5 By inspection

D < <

=0° By inspection

c v=10i-5]

|v| = /102 +(-5)" =545

tan6=—
10

0=tan" (_—SJ =333°26'
10

Question 4

a  x=6c0545°=32i
y =65sin45° :3\/§j
V= 3\/§1+3\/§j

b x=8cos30°=43i
y=8sin30°=4]

V=43 +4]

C  x=2c0s135°=—/2i
y =2sin135°=/2j
V=20 +2]
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v=—4i+4]j
M =(-4) +(4)" =42
tan 0 _4

—4

x =10cos(-60°) =5i

y =10sin(-60°) = -513]
v=5i —5/3]

x = 6os(~150°) = ~3+/3i
y = 65in(~150°) = 3]

v =-313i - 3]



Question 5

. 32
32
b [4B
4
2
C
J2
Question 6
a (3,0)o(5,0):3x5+0x0
=15
b (2,0)-(0,7)=2><O+O><7
=0
c (i+2j)+(2i+j)=1x2+2x1
-4
d (i-2j)+(i+2j)=1x1+(-2)x2
=-3
e

(6i+2j)+(3i—4])=6x3+2x(-4)
=10
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Question 7

a

v=(34)

M=V +47 =5

u=(4,-3)

o= +(-3)" =5

Veu :3><4+4><(—3) =0

As the dot product is zero the

vectors must be perpendicular
-.0=90°

v=(28)

| =22 +82 =2J17
u=(14)

lu[=V1* +4% =17

VeU=2x1+8x4=34
veu =y||u|cos®

217 x17 cos0 =34

coso=1
5.0=0°

v=(-11)

V= ()" +2 =2
u=(3-3)

=3 +(=3) =3V2

Veu =(-1)x3+1x(-3)=-6
Veu =|v||u|cos6

..ﬁxSfcose=—6

cosf=-1

.. 9=180°
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v=(-5 )

v=+(-5 =41
u=(4 )

lu|=v4?+0% =4
y-g:(—5)><4+(—4)x0:—20
veu =|v||u|cos®
.'.\/_X4C086:—20

cos0 =

4J—

4 —20
0 = cos (ij
.. 0=141°20 ~141°
v=(-23)
Ivl =\(-2)"+3" =13
= (1 —2)

_ (o =5

=(- 2)><1+3><(—2) =-8
|v||u|cose

\/_ J5cos0=-8

cosez_—8

/65
0=cos™ (%)

. 0=172°52 =173°



Question 8

a vand w By inspection

b Usw=>5x(-2)+2x5=0
~.uandw are perpendicular

Question 9
a vand w
2 —4
—2 X W =— = =
SHGR

d uand w

2% u=2x (3i+])=6i+2j=w
Question 10

PQ =(2,4) PR = (4, 8)

As PR = ZP—Q and there is a common point, P, P, Q and R are collinear.
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Exercise 3.02 3D vectors

Question 1

=41+

a C  y=—4i+5j-2J2k

v=4i+3j-k
M=o 34 (1 =28 M=) 5+ (-242) =Vaw=7

b v=81-6]+5k d  y=—2i+2/3j+3%
2 — —
|v|= /8" +(-6) +5°=J125=55 |\~/|:\/(—2)2+(2\/§)2+32 =25 =5
Question 2
a v=i+j+k c v=3i+4]-12K
lv|=y/12+12+12 =3 v|= /342 +(~12)° =169 =13
1,
Y=—3(l+J+K) y:li(31+4j—1215)
b v=2i-]j+2k d v=i+3j+2k
lv| =22+ (-1)" + 22 =10 =3 V=413 +22 =14
1. 1, ..
\~/=§(21—J+2l5) \~/=ﬁ(1+3!+2|5)
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Question 3

a

v=(3,0,0)-(0,4,0)=(3,-4,0)
V| = /32 +(~4)" +0? =5
v=(-111)-(111)=(-2,0,0)

v|=v2°+0?+0% =2

Question 4

a

OA=i-j-2k
OB =2i+ j—2k
AB =0B-0A

=i+2]

AB|—VE 2 =\

OC =2i- j-k
OD =2i + j-2K
CD=0D-0C

=0 As they are the same point

|ﬁ|=o
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v=(112)-(2,23)=(-1-1-1)

M=)+ (-2) +(-2) =3

v=(3,4,5)-(-2,-2,-3)=(5,6,8)

V| =~/5° +6° +8° =125 =515

OX =i-2j-2k

OY =i+2j-k

XY =0Y -0OX
=i+2j—k-(i-2j-2k]
:4J+I5

|E| a2 112 =17



Question 5

a 2i By inspection
b 3. 2. 6
V=—i—-—=j+=
v=Zlmo ok

21V=21(§I—gj Ej 9i — 6]+18k
77 77 -
c 3. 4.
V=—i——]
~ 57 5=
DRGRGRE
V= 2|+ =] +| 2| =4==1
5 5 7 25
5V=5(§I—i'j=3l—4j
v ] J
d v=i-j+k
|v|_1/12 ) +12 =43
Question 6
u=i-2j+k
v=i-j+3k

lt_
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Question 7

a  v=(0,44)-(212)=(-232)
V= y(-2) 3 42" =17

b v=(250)-(-112)=(34,-2)
V=3 444 (-2)" =29

¢ v=(-12-1)-(1L-21)=(-2,4,-2)

M =y(-2) +4% +(-2) =24 =216

d v=(-2-22)-(314)=(-5-3-2)

VM =(-5)° +(-3)° +(-2)’ =38

Question 8

< 1
Il
w
L
|
D
VX )

2i+2j+k

L

lu[=y22+2241% =/9=3
b =3 +(-4) =v25=5

c g:%(2i~+21+lg)

Q

1,..
d ==(3i -4k
v 5(1 k)

(¢
[ =
+

V=2i+2j+k+3i -4k =51+2]-3K

—
[ -

~V=2i+2j+k—(3i-4k)=—i+2]j+5K
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Question 9
a \N/:31—2~'+I5
= 5 (2 7

1 . . 1 /.. .
SATIV=AT—=—(3i-2j+k)=—+(3i-2j+k
Vry I\/ﬁ(l i+k 2(1 i+k)

b y:41—4j+4lg

=4+ (-4) + 4 =3B =443
.-.3y=3%4(1—j+|5)=\/§(1_j+|5)

c v=2i-2j+K
V=22 +(-2)" +1* =0 =3
R T W VS WP
By =6(2i-2]+k)=2(2i-2]+k)=4i-4j+2K
Question 10
u=-i+2j+2k
v=i-2j-2k
u=-v

.. The angle between the two vectors is 180°.
The significance is that they point in opposite directions.
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Exercise 3.03 Angle between vectors

Question 1

a  (2,5-1)+(411)=2x4+5x1+(-1)x1=12

b 2i6j=(20)+(0,6)=2x0+0x6=0

These two vectors are perpendicular hence their dot product is zero.

c 4I§-(21+|§):0x1+4x1:4
d (2,0,4)-(—3,1,3):2><(—3)+O><1+4><3:6

e (2i+3k)+(6i+2]—4k)=2x6+0x2+3x(-4)=0

Question 2

A+B=(5,2,3)+(0,1,-1) =5x0+2x1+3x(-1)=-1
.. They are not perpendicular.

A+C=(5,2,3)+(-2,2,2) =5x(-2)+2x2+3x2=0
.. They are perpendicular.

A.D=(5,2,3)+(-1,0,2) =5x(-1)+2x0+3x2=-1
.. They are not perpendicular.

B+C=(0,1,-1)+(-2,2,2) =0x(-2)+1x2+(-1)x2=0
.. They are perpendicular.

B.D = (O,l,—l)-(—l,O,Z) = 0><(—1)+1><0+(—1)>< 2=-2
.. They are not perpendicular.

CeD=(-2,2,2)+(-1,0,2)=(-2)x(-1)+2x0+2x2=6
.. They are not perpendicular.

A and C. B and C are perpendicular.

© Cengage Learning Australia 2019
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Question 3
a u=(4,-10)

lu= /4 +(-1)° +0* =17
v

- (129
v|=v1?+22+3* =14

g-y=4x1+(—1)x2+0x3:2

cos0 = gy 2

lullv NN
0=cos™ =82°33 ~83°

(J17J14J

cos0 = i
ullv  3x3v3
1
0=cos” | — |=54°44 =55°
%)
Question 4
Uu=2i+j-2k

v=3]j+4K

V| =+0%+3" +4% = J25=5
Uey=2x0+1x3+(-2)x4=-5
v -5 1

cosf =% = =
ully 3x5 3

© Cengage Learning Australia 2019

u=(0,51)
lu[=0?+5? +1* =+/26
v=(15-1)

lv| =12 +5% +(-1)" =27 =33
Uy =0x1+5x5+1x(-1)=24

N uy 24

ullv]  3v3v/26
8
0=co0s | — |=25°04 ~25°
(WS]

[v|=
Usv = 2><O+1><4+( 2)x0=4

cose——~ 4
ullv| 3x4
0=cos” (%j 70°32 =71°
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Question 5
u=(222), v=(32-1), w=(-141)
a g-y:2><3+2x2+2x(—1):8
Uew =2x(—-1)+2x4+2x1=8
SUeV=Uew

© Cengage Learning Australia 2019
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Question 8

B 2j

3i

& AC=AB+BC=3i+2]

BD=BC+CD=2j-3i=-3i+2]j

Question 9

A v D

As the parallelogram has sides of equal length

Ju =]y

AC =u+V

BC =v-u

AC-BC =(u+V)(v-u)=|vf -|uf
As [v] =y

V"~ uf =0

.. The diagonals are perpendicular.

© Cengage Learning Australia 2019

AC-BD =3x(-3)+2x2=-5

|AC| =& +2° =13
[BD|=(-3)"+2* =13

AC-BD -5

[AC @DEJE

0 =cos” (—ij =112°37'
13

€c0s0 =

14



Exercise 3.04 Geometry proofs using vectors

Question 1
2u

LI

—3n

Question 2

BC =-AB+AC B

BM = BC = (-AB+AC) A
2 2
A

AM = AB + BM = AB +—(~AB-+ AC ) == (AB + AC)
2 2

© Cengage Learning Australia 2019
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Question 3

AC =a+b
BD=b-a
As the diagonals are perpendicular:

.. The lengths are the same, thereforeitisasquare.

Question 4

a+b+c=BC+CA+AB
BC+CB

© g

© Cengage Learning Australia 2019
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Question 5

Let

OM = xi + Y

QM =-0Q +OM
PM =—-OP +OM
Using

o] =[om]

X2 +(y—6)" =X’ +y?
X +y? =12y +36= X"+’
12y +36=0
12y =36
y=3
Using
[ = o]

1/(x—4)2+y2 :\/m

X —8x+16+y* =x*+y°
—-8x+16=0

8x =16

X=2

M =(2,3)

Question 6

QP =i+xi+yj

RP =—i+Xi+y]j

QP-RP =(1+x)(x-1)+yxy

=-1+x*+Yy°
As P is on the unit circle
X +y?=1
-~ QP+RP =0

. QP is perpendicuar to RP
. The lines connecting any point on a semicircle are perpendicular.

© Cengage Learning Australia 2019
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Question 7

AB=AC+CB=CB-CA

Ch-1Ca
2

CE=1@
2

i3

— 1

ﬁ:—ﬁ+ﬁ:——CA+—CB=1(@—ﬁ):iﬁ
2 2 2 2

. DE is parallel to AB and half the magnitude.

Question 8

[

From the diagram

a+b=cd
= (a+b)=(c+d) d
:>la+1b:£c+£d

2° 27 2~ 2~

WX is parallel and equal in length to ZY.

WXYZ is a parallelogram.

Question 9
AB=-a+b

OP =OA+ AB

m+n

mT n (-a+b)
_a(m+n)+m(-a+b)

m+n

+

Q

_am+an-ma+mb
m+n

_an+mb
m+n

n m
——T_a+—Tp
m+n m+n

© Cengage Learning Australia 2019
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Exercise 3.05 3D space

Question 1
a v=2i-2j+k

V=422 +(-2)° +12 =9 =3
b v=3i-4j+12K

V| = 3 +(~4)’ +12 =169 =13

o v=2i+5]+14k
v|=V2° +5° +14* =225 =15
d V=4i+7)-32k
V| = 42+ 72+ (-32)" = /1089 =33
e v=-31—-2]+6kK
M =(-3)" +(-2) +6* =9 =7
Question 2
~ Ay
a y=§(21—2J+|5)
b v=-2(3i-4]+12)
c v=--(2i+5j+14k)
d v:i(4i+7j—32k)
V=g \ AT =32
e 0:1(—3u—2j+6k)
V=3 J+6K

© Cengage Learning Australia 2019
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Question 3

v=i+j+2k

V| =v12+12+22 =6

UeV =2x1+1x1+1x2=5

b u=i+2j+3k

lu[=1? +2% +3 =14

v=—i+]+2K

v =(-1)" +12+22 =6

Uoy=1x(-1)+2x1+3x2=7

coso uy __ 7
uly V146
0 =cos” (L =40.2°
84

v 2]—2k
W|ﬁ2 -5=3
~-\~/—2x1+2x(—2)+1x(—2)=—4
cosO =S¥ _ 4

| V| 3x3

0 =cos” (_?4) =116.4°

© Cengage Learning Australia 2019

u=2i+j+kK
u[=v22+1*+1* =6
v=i+j-2k

v =y +12+(-2)" =6
UeV = 2><1+1><l+1><(—2) =1
Usv 1

cos(9—|~ = \/_\/_
j:80.4°

0 =cos” (

u=-3i-2+6k

|-

| =(-3)" +(-2)" +6° = Va9 =7

V=1i+j+2K

v[=v1*+17+2° -6
g-y=(—3)><1+(—2)><1+6><2=7
uv _ 7

20



Question 4

a  v=2i-yj+14k

V| =15= /22 +(-y)’ +14°
225 = 2° +(—y)2 +14°
225=2 +y* +14°
y> =25
y=45

b v=2i+9]+zk
v[=43=+2+9% + 7
1849 = 4+81+7°

7?2 =1764
=142

Question 5

.'.\/2—9:\/22 +(—3)2 +m?
29=4+9+m’

m’ =16

m =4

Question 6

u=(2-34)

v=xi-11j-110K

V| =111=\|x* +(~11)° +(-110)’
12321 = X* +121+1210

x> =100

x==%10

Let v=(x,y,z) such that u and v are perpendicular.

Uy =2xX+(-3)xy+4x2=0 =2x-3y+4z=0
= 2X+4z72=3y
v is any vector such that its components (X, y,z)

satisfy the condition 2x + 4z =3y
eg. (121)

© Cengage Learning Australia 2019
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Question 7

u=(Lm-1)
lu[= 22 +m? +(-1)" =v/2+m?
v=(1-11)

V| = 22 +(-1)"+1% =3

Uy =Ix1+mx(-1)+(-1)x1=-m

4m? = 6+ 3m?
m?=6
m=+1+/6

© Cengage Learning Australia 2019
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Exercise 3.06 vector equation of a curve

Question 1

a | %

iz —4- 16

_12_10‘3—5—4 2_""‘-'-4._:_9__
P

'121 goz=2]
“% 16 -
e
3
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12
¥
= 12
?._.-'iﬁ 16
]
e .
10-
8
65
q__
24 =
—12 T =R
Hieery 1"'“({(
2ok
S iR 16 d
+716
i
|
A helix (spiral) of radius 1 unit revolving around the y-axis,
with endpoints (-1, 0, 0) and (-1, =, 0)
Question 2
a
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Ly Y6 8 3

Question 3

a vertical line going through (1, 1, 0).

b helix (spiral) starting at (1, 0, 0) in both downward and anticlockwise directions
around the negative z-axis.
C ellipse (oval) 1 unit in front of the y-z plane, centred on (1, 0, 0),
4 units long on the y-axis, 2 units high on the z-axis.
d helix (spiral) in z direction starting at (0, 0, 0) and increasing in radius and height
Question 4

x=3cos(t), y=3sin(t), z=2-3sin(t)

Question 5

x—y
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-
201 s
18- 204
161 18 4
14+ 16 1
144
12 -
12
104
104
H -
o (-1, 5) 67
44 4]
21 74
- T T T T T T = —= — T T T T T T
2 4 6 B 10 12 14 —12 2 4 6 B 10 12 14y
24 ot
Y Y
Question 6

Given that y = x, we can write z = 2x? or z = 2y2. So we get (t, t, 2t?) or in parametric form
x=t,y=tandz=2t%

© Cengage Learning Australia 2019
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Question 7
Let

X=t

=z=1+y=t?+y’
t?+y*=(1+ y)2
Y +2y+1=y* +t?
2y +1=t?
2y =t -1
21
2
Usingz = 1+Yy gives
t?+1
=
2
which gives

tt2—1 t>+1
22

© Cengage Learning Australia 2019
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Question 8

a

(x=12+(y+1)7*+(z-1)°=1

Generally (x —a)? + (y — b)? + (z - ¢)? = r? represents a sphere with centre (a, b, c) and
radius r.

So centre (1, -1, 1) and radius = Ji=1,

(x+2)°+(y-3)?+(z-1)7*=4

Applying the general equation for a sphere, centre (-2, 3, 1) and radius = Ja=2,
(=32 +(y+ 17+ @+ 12=0

Applying the general equation for a sphere, centre (3, -1, 1) and radius = Jo=3.
X+ 2X+Y2+2y+7°2-22=6

XA2X+ 14y +2y+1+722-27+1=6+1+1+1

(+ 17+ (y + 17 + (- 1)2 =

Applying the general equation for a sphere, centre (-1, -1, 1) and radius = J9=3.
X2—4x+y? -6y +72+2z=11
X—AX+4+y?—6y+9+72+22+1=11+4+9+1

(=27 + (=32 + (2 + 1 =25

Applying the general equation for a sphere, centre (2, 3, —1) and radius = J25 = 5.
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Question 9
First sphere: (x + 2)% + (y + 3)% + (z - 4)? = 16, centre (-2, =3, 4), radius 4.
Second spere: ( X+ 2)2+ (y + 3)2 + (z + 2)? = 25, centre (-2, -3, —2), radius 5.

The line joining the centres of the spheres is in the z-plane and is 6 units long, and forms a
triangle other sides of length 4 and 5 (the radii of the spheres).

For the angle between the centre joining line and the 5 radius line,
4% =52 + 62 - 2(5)(6) cos O
16 =25+ 36-60 cos 0

45 3
cos= ——=—

-60 4
Radius of intersection circle=r=5sin 0

. J7
sin 0= —
4

r= —S\ﬁ
4

Distance between circle centres =z =15 cos 0

Centre of intersection circle has z-value -2 + % :1%

57

Centre (-2, -3, 1%) and radius 4

© Cengage Learning Australia 2019
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Exercise 3.07 Vector equation of a straight line

This section will have multiple answers.

Question 1

a

(x,y,2)=(11,0)+2(2,-3,0)
X=1+2A

y=1-3A

z=0

(x,y,2)=(11,2,0)+1(3,0,0)
=11+3A

X
y=2
z=0

(x,y,2)=(3,0,-1)+1(6,-9,1)
X=3+6A

y=—9A

z=-1+A

(x,y,2)=(5-21)+1(7,-4,2)
X=5+7A

y=-2-4\

Z=1+2\

© Cengage Learning Australia 2019
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Question 2

a
r=a+xid
r=(2,-1,3)+x1(12,-1)
b
r=a+id
r=(-21-3)+1(-123)
C
r=a+xid
r=(1-11)+x(2,-2,1)

© Cengage Learning Australia 2019

32



Question 3

a

(11,-3)-(1-1,-5)=(0,2,2)
—a+id
~(11,-3)+1(0,2,2)

(1,0,3)-(1,2,4)=(0,-2,-1)

=(1,0,3)+4(0,-2,-1)

© Cengage Learning Australia 2019
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Question 4

a

(1L3,-1)+x (1,1,0)
and
(0,0,0)+1,(1,4,5)
If they intesect then then for some a,b € R such that
(1,3,-1)+a(1,1,0)=(0,0,0)+b(1,4,5)
~1l+a=Db
3+a=4b
-1=5b
1

b=—=
5

Usingl+a=»b
6

a=-——
5

Using 3+a=4b

(2)-0(3
5 5

Which is a contradiction.
.. The two lines are skew.

(L0,2)+x (-1,-12)

and

(4,4,2)+1,(2,2,-4)

These lines are parallel as setting A, (-1,-1,2)=2,(2,2,-4)
for A, =21,
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(L2,-1)+2 (1,2,3)
and

(1,0,1)+x2(3,2,ij
3 3
If they intesect then then for some a,b € R such that
(1,2,_1)+a(1,z,3):(1,0,1)+b(§,2,%j
.'.1+a:l+gb
3
2+2a=2b
—1+3a:1+%b

Using 1+a :1+§b

a:zb
3
Using 2+2a=2b
2+ Z(Ebj =2b
3

b

N W wlN

2
b
a
. 4
Using -1+3a :1+§b

-1+3x2 :1+%x3

Which is consistent.
. The two lines meet when A, =2 and A, = 3,at(3,6,5).

(L1,2)+2 (1,2,-3)

and

(2,3,-1)+2,(2,4,-6)

These lines are parallel as setting 2, (1,2,-3) =%,(2,4,-6)
fork, =2,

Setting A =1 gives is the point (2,3,-1)

.. They are the same line.
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Question 5

(3,2,6)—(-1,0,4)
=(4,2,2)
Vector form
r=a+id
r=(326)+1(422)
Parametric form
X=3+4\
y=2+2\
Z=6+2\
Cartesian form
Xx-3 y-2 7-6
4 2 2

Question 6

2,7,4)-(0,2,1)=(2,5,3)
a+ad

= =/

=(2,7,4)+1(2,5,3)

For (a,,1,a,) to lie on the line (2,7,4)+1(2,5,3)
We need to solve 7 + 54 =1

5L=-6

© Cengage Learning Australia 2019
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Question 7

(213)+1 (11,2)

and

(3,2,5)+1,(2,2,4)

These lines are parallel as setting 1,(1,1,2) =1,(2,2,4)
for i, =2A,

Setting A = 1 gives the point (3,2,5).

.. They are the same line.

Question 8

-X+2 3y-1 2z+1

7 5 3
—X=-2+Tt
X=2-Tt
3y =1+5t

1 5
=—+—t
y 3 3
22 =-1+3t
z:—1+§t

2 2

Vector form

S
32 32

© Cengage Learning Australia 2019
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Question 9

(2,21)-(51-2)

~(-3,1,3)

—a+1d

=(2,2,1)+k(—3,1,3)

For a point with x ordinate 4 to lie on the line (2,2,1)+A(-3,1,3)
We need to solve 2 — 3L =4

3L =2

n=2
3

z:1+(_—2jx3
3

=-1

r
r
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Exercise 3.08 Parallel and perpendicular lines

Question 1

The vectors are parallel if A2 = cAs.

1 2 2 -4
a -1+A|-1jand | 1 [+A,| 2
1 1 -1 -2
—4 2
A,| 2 |=A,| 2| 1| so A2 =2\ and they are parallel.
-2 1

b (20— j+k)+n (i+j-2k) and (i+ j+k)+n,(-8i-3j+6k)

A, (—31—3j +6I§)=x2 [—3(1+ i —25)} so A2 = —3A1 and they are parallel.

3 -2 -1 1
o 1 |+A| 1 |and|-1|+A,|-05
-1 -2 2 1
1 —2
A,| =0.5 [=A,| 0.5 1 || soA2=-0.51 and they are parallel.
1 -2

d (3i-j+2Kk)+2 (2i+2j-3k) and (i+3j—2k )+, (4i+4]—6k)

A, (41+4j —6I5):x2 [2(21+21 —33)} so A2 =21 and they are parallel.
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Question 2

Vectors of the form (a1, az, as) + Mby, b2, b3) and (c1, 2, €3) + A(d1, d2, d3) are perpendicular
if bid1 + bod2 + bads =0

1 1 3 0
a -1|+A|0|and | 2 |+A|?2
1 1 -1 0
bidy + badz + bads =1x0+0x2+1x0=0, so they are perpendicular.
. (i-j+k)+r(2i-j+2k) nd (3i+2j—k)+n(2i-2j-3K)
bidy + badz + bads =2 x 2 + (1) x (=2) + 2 x (=3) = 0, so they are perpendicular.
7 -1 3 -2
c —2|+A| 0 |and |4 [+A] O
5 -2 2 1
bidy + badz + bads = (1) x (=2) + 0 x 0 + (=2) x 1 =0, so they are perpendicular.
g (i-3j+2k)+n(~i+2 j+5k] nd (4i-2j+k)+n(-i-3j+k)

bidy + badz + bads = (1) x (-1) + (=2) x (-3) + 5 x 1 =0, so they are perpendicular.
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Question 3

a

2
The vector part must be parallel to | -1

3

3
The vector part must be parallel to | 1

-2
(X1, y1, 21) + M3, 1,-2)

4
The vector part must be parallel to | 3

-1

(X1, y1, 21) + M4, 3,-1)

The vector part must be parallel to | 2

(X1, y1, 1) + (2, 2,-1)
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but it can go through any point, so
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Question 4

For the vectors to be perpendicular bid: + b2dz + bsds = 0, so the required vectors will be of
the form (xq, y1, y2) + A(X2, Y2, 22), and dixz + day2 + d3zo= 0.

2
a -1|,d1=2,d2=-1,d3=3,502%x2— Y2 + 3= 0.
3
1 3
b —2+A| 1 |,di=3,d2=1,d3=-2,50 3x2 + Y2 — 22,=0.
3 -2

c 4i~+3j—|5,d1:4, d2=4,d3=-1,504x2 + 3y2—22=0.

d (3i - j+k)+1(2i +2j—k) , d1=2,d2 =2, ds =1, 50 2x2 + 2y2 ~ 2= 0.

© Cengage Learning Australia 2019
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Question 5

Check if each pair is parallel or skew, and if they are not, find the point of intersection. These
solutions do not show the lines that were parallel or skew:

A intersects D:

T+4Mm=4+ 4

A —ha=-3 [1]
2+0=-11+2\

20=9

ha= % [2]

Substitute into [1]:
4h1— 9= -3
2

41 =

N | w

8

Checking for consistency:

17-8M=5+2M

LHS = 17 —S(EJ =14
8
9

RHS =5 + 2£§j =14

.. Point of intersection is: (7 +§x 4,-2 +§>< 0,17 —%x8} = (8% , —2,14)
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B intersects D:

S—10A2=4+ 24

102 +2a=1 [1]
O+ 5=-11+2\

5h2 —2ha=-2 [2]
[1] x 2:

2002+ 20 = 2 [3]
[2] + [3]:

25X02=0

r=0

Substitute into [1]:

10(0)+rs4=1

=1

Checking for consistency:
7T-9%=5+2\
LHS=7-9(0)=7
RHS=5+2(1)=7

.. Point of intersection is: (5 —0x[-10],-9+0x5,7-0x [—9]) =(5,-9,7)
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C intersects D:

6+6A3=4+ 4

BAz—Aa=-2 [1]
3+20=-11+2\4
203—-20=-14

A3—ha=—7 [2]
[1]1-12]:

5x3=5

A3=1

Substitute into [2]:

1-d=-7
1+7=X\
=8

Checking for consistency:
16 +5h3 =5+ 24

LHS =16 + 5(1) = 21
RHS =5 +2(8) = 21

~.Point of intersection is: (6+1x6,3+1x 2,16 +1x5)=(12,5,21)
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Question 6

Lk

L;
O Li

For the point L(1+ J + Ig) an adjacent edge is Li

u=L(i+j+k)

|u|=LV1? +22 +12

=13

v=LI
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Question 7

a

A(2, -3, 3) and C(=2, 3, -1):

—2-2 —4
The line AC has direction | 3—(-3) |=| 6 | and equation (2, -3, 3) + A(-4, 6, —4).
-1-3 —4
B(-3, 2, 1) and D(3, -2, 1):
3-(-3) 6
The line BD has direction | —2—2 |=| —4 | and equation (-3, 2, 1) + A(6, -4, 0).
1-1 0
—4 6

The direction vectors | 6 | and | —4 | are different and so the lines are not parallel.

4 0

If they intersect there must be 2 values a and b such that

2 4\ (-3 6

—3|+al 6 |=]| 2 |+b| -4

3 4 1 0
So2 - 4a=-3+6b [1]
—3+6a=2-4b 2]
3-4a=1 [3]

From [3] a= % from[2] b =

N |-

mdm[uLHs:z—«%):ONMRHs:—3+a%):Q

so a and b satisfy all 3 equations.

Hence, the 2 lines intersect.
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b Angle is 0 where:

| AC.E5
|AC||eD
(—4)><6+6><(—4)+(—4)><0
J(4) +6% +(<4) |67 +(—4) +0°
48
\/68/52
—0.8072..
01438239 °
~1438°

cos0

Question 8

The line will be of the form (6, -2, 1) + A(a, b, ¢), such that (a, b, c) is perpendicular to
(3,-1,1)and (1,-3,7).

From the perpendicular conditions:

3a-b+c=0

a-3b+7c=0

Leta=1,s0-b+c=-3[1]and -3b + 7c =-1[2].
[2] — 7[1] gives 4b =20, b =5.
So03-5+c=0,s0c=2.

(6,-2, 1)+ M1, 5, 2)
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Question 9

x-4 y-12 z-15
8 5 2
X=4+8\

y=12+5L
z=15+2A
r=(4,12,15)+1(8,5,2)

Question 10
2 a 2 a,
Any 2 lines of the form | =1 |+A| b |and | -1 |+A| b, | where aiaz2 + bib2 + c1c2 = 0, for
3 C 3 C,
2 1 2 -1
example, | =1 |+A| 2 |and | -1 |+A| 1
3 -1 3 1
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Test yourself 3

Question 1

UeV =2x1+1x2

v
v =|u][v|cos®

5x+/5cos0=4

cosezi
5

0=cos™ (ij
5

. 0=36°52'

] -

Question 2

u=(2-3)

v=(45.3)

These vectors do not appear to be a multiple of each other, so they are not parallel.
Uy =2x4.5+(-3)x3

=0

.. They are perpendicular.
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Question 3

v =8(cos60,sin60)
=(4,443)
=4i+44/3]
\~/=—(41+4\/§j)

|

Question 4
V=-2i+5]
v=(-2)"+(5)

N

tan e:i
-2

O=tan~ [—Ej
2

=180°-68°12'=111°48

Question 5

(0,31)—(-1,2,-3)
~(114)

Question 6

21— j + 4k
e

<
Il
l—

—

—_ X

Uev =2x1+
=0
The vectors are perpendicular.

—1)x(-2)+4x(-1)
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Question 7

Let
Uu=2i-j+k
' K

such that vew =0 and u.w =0
X—2y—2=0

2X—y+12=0
Letx=12y+z=land—y+z=-2.
So 3y=3,y=landz=-1.

- Any vector such asA (1,1,-1)

will be perpendicularto both vand u

Such a unit vector would bei(l,l, -1)

NE

Question 8

OX =2a+b

OY =3a+4b

XY =-OX +0Y
=3a+4b-(2a+b)
=a+3b
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Question 9

AB - OA+0B
~-a+h
~b-a

AP-27B
5

OP =0A+ AP
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Question 10
u=(2-21)
lu[= 22 +(-2)" +22

=9

=3

y:(—3,1,2\/§)

= i-0) 21+ (242)
=18

=32
Uy = 2x(-3)+(-2)x1+1x(2V2)

0=11397°

Question 11

u=i-2j-k

Let

v=Xi+yj+zk such that u and v are perpendicular.
g-y=l><x+(—2)>< y+(—1)><z =0

=>X-2y-2=0

X=2y+12

v is any vector such that its components (x, Y, z)
satisfy the condition x =2y +z

eg. (2,-14)
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Question 12

Question 13
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Question 14
X*+(y—4)*+(z+1)*=5

Generally (x — a)? + (y — b)? + (z - ¢) = r? represents a sphere with centre (a, b, c)
and radius r.

So centre (0, 4, 1) and radius = J5

Question 15

(x+3) (y-2) (z+1)

2 1 3
Parametric equation.

X=-3+2\

y=2+AX

z=-1+3\

Vector equation
r=(-32-1)+21(213)
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Question 16

(-2,2,3)-(15,-2)

—(-3,-3,5)

—a+nd

= (—2,2,3)4—7»(—3, —3,5)

For (a,,—3,a;) to lie on the line (-2,2,3)+A(-3,-3,5)
We need to solve 2 -3k = -3

5=-3)

)

3

a, :—2+[§jx(—3):—7

5 1
=3+| — |[x5=11=—
% [3) 3

X coordinate = -7

=N 1S

A=

z coordinate = 11%

Question 17
1 -2
Let the vectorsbe A,| O |and A,| O
-2 4

The vectors are parallel if X2 = c\s.

-2 1

X, O [=A,|—2] 0 ||soAz=-2A and they are parallel.

4 -2
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Question 18

Vectors of the form (a1, az, as) + Mby, b2, b3) and (c1, 2, €3) + A(d1, d2, d3) are perpendicular

if bidy + bod> + b3d3 =0

7 3
A1 |and A| -3
-2 9

bidy + badz + bads =7 x 3 + 1 x (-3) + (-2) x 9 =0, so they are perpendicular.

Question 19

u=((-2).10)

(—2)" +12 402
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Question 20

The line will be of the form (1, -3, 2) + A(a, b, ¢), such that (a, b, ¢) is perpendicular to
(1,-2,3)and (0, 1, -5).

From the perpendicular conditions:

a-2b+3c=0

b-5c=0
Letc=1,sob-5=0,b=5anda-10+3=0,s0a=7.

(1,-3,2) + M7, 5, 1)
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MATHS IN FOCUS 12
MATHEMATICS EXTENSION 2

WORKED SOLUTIONS
Chapter 4: Applying complex numbers

Exercise 4.01 De Moivre’s theorem

Question 1

a

(cos@+isin 6)5 =C0s50+isin50

(cos8+isin@)”
=cos(—30)+isin(—30)
=Cc0s30—isin30

(cos@—isin 6)7
=cos(76)+isin(-76)
=c0s70-isin70

( 0 . . ejf’
COS—+1SIN—
2 2

3

(cos46+isin46)« =cos30+isin36
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Question 2

o eefg)el)

=2 oo 55+ )
:32(005(53”“”(%)]

el o)

Z=32x —ﬁ +i><32><£
2 2
7 =-16+/3 +16i

el

ool
adfo)on(3]
oo o 3]

sl )

- 9\/5005(—%) +943isin (_%nj
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- GHE G

2 TY . .
z:?(cos(—gjﬂsm(——n
—£x£+£x£i
8 2 8 2
1 3.

“8v2 842
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 fod o)
2* = (-3) (COS(ESX%)HW(&%D

=—-243| cos 35n +|S|n(35nj
10

(3

(o(z)i(z)
o il 3)

(el (3)
w2o{en{3)(3)

(o3

=243(0+i(1))
= 243

=243

=—243

N

Question 3

5
= COS(—6X—3—nj+iSin(—6x—3—nj
5 5
T

© Cengage Learning Australia 2020



Question 4
a

(L-i)

z=1-i

l2|= 12 +(-1)" =2

e

f=tan" (-1)= —%

7 s(1)

:\/Escis£3x—%)
=2J§ds[—%§j
:ZJECOS(—%§j+i2J§ﬁn(—%f]

:2\5{_*2/5}”2\5{“2/5)

=—2-2i
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(l+i«/§)3
z=1+iy/3

= F (9] =2
tanez[ﬁl

1
0=tan" f:%
z“:(ZCis(gJ 4
=2"cis 4x£)

3
=16¢Cis 4—“)

=16c¢is _—an
=16 cos(—ﬁj +i16sin (_Z_nj
3 3
=16x (—1j+ i16 x —ﬁ
2 2

—_8-83i
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(25142
z=-+2+iV2

e

%

| (men
w{oe

4
=32cis 157[)

=32cis —j
4

=32cis _—nj
4

=32 COS(_%j +i32sin (—%]
zgzx[ﬁ}igzx(i}
2 2

=16+/2 —16/2i
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Question 5
a

1
+3|)

(3
(3+3i)"
z=3+3i

|2|=V3+3* =32

tan = (Ejzl
3

0=tan" (1)=%

o))

Sf _4CIS( —Ax— j

:ﬁms( m)

1 ..
=——(cosm+isinm)
324
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Question 6

3 .33
Z,=—+I——
2 2
2 2
2 (zjﬂ _ 054
2 2 4 2
33
tan© % =3
2
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=-2°

=—-64

As required

Question 7
(cis8)’ x(cisB)
= (cis®) "
= cis(-46)
=cos(—46)+isin(-46)
=cos(46)—isin(46)

b
(cisa)' x [cis(—B)]6
= cis(4a)xcis(—6p)
=cis(4o.—6p)
=cos(4o.—6p)+isin(4a—6p)
(ci538)8
(cis 28)3
_ (cis243)
- (cis63)
=cis(183)

=c0s(188)+isin(183)
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(cisB)’x(cos2p—isin2B)

(usB)
C|s[3 x| cis( 2[3]
(CISB)
:(cisB) ><(cis[3)4
(cisB)5

=(cis[3)2
=cis(2p)
=cos(2p)+isin(2B)

()]

=G
L[5
-a(3)
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Question 8

(cosa +isin a)2

=c0s” oL+ 2i cosasin o +i°sin’ o
=c0s® oL+ 2i cosa.sin o —sin® o
=c0s® o.—sin® o+ 2i cosa.sin o
(cosa +isin oc)2 =C0S 20 +isin2a
Equating real and imaginary parts
cos® o.—sin’ o = cos 20,
2cosasino =sin2a,

_2cosasino
cos? o —sin’a
2cosasina

___ cos*a
cos® o —sin’a

cos® a
2sina

__ cosa
1 sin® o

cos®a

_ 2tana
1-tan’a
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Question 9

a
If4cos39d6
Using cos30 = 4cos’6—3cos0
4c0s°0 = cos30+3cos0
154cos3ed9=F(c0539+3cose)de
0 0
(1 . ) 2
= —sm39+3sme}
|3 0
—[LsinaxZr3sin® |- sino+3sin0
3 2 2 3
1. 3rn . T
=| =sin—+3sin—
3 2 2
:—l+3
3
_,2
3
b

Using sin30 =3sin0—4sin*0
4sin*0 =3sin®—sin30

sin®0 :%(BSin 6-sin30)

Fsin3 0 do= Fl(:%sin 0-sin30)do
0 04

:l —3cose+lcos39}3
41 3 0
:i —3cos£+1cos3xE - —3cosO+lcosO
4| 3 3 3 3
:l (_§+lx(_l)j_(_3+lj
4 3 3
_1( 1116
4 6 6
o

N
S
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Question 10

- . 4
(cosa+isina)
=cos* o+ 4i cos® asin o + 6i% cos® asin® o + 4i* cosasin® o + i sin a
=c0s* o+ 4i cos® asin o — 6cos? a.sin? o — 4icosasin® o +sin® a.

- 4 P
(cosa+isina) =cos4a +isin4o

a Equating real parts
cosda = cos* o —6¢c0s? asin®a +sin® a
2
= cos” o, — 6¢0s> oc(l—cos2 (1)-‘1-(1—(:052 a)

=cos* oo —6¢0s® o+ 6¢0s* o +1—2cos? o+ cos* o
=8cos* o —8cos? o +1

b Equating imaginary parts

isin 4o = 4icos® asin o —4icosasin® o
sinda = 4cos® asina —4cosasin® o,

- 4SinocCOSOL(C0520c—Sin2 oc)
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Question 11

a
tan30 — sin30
cos 30

b
tan 30 sin30
cos30

From question 9
sin30 =3sin0—4sin°0
c0s30 = 4¢0s’*0—3cosO
3sin0—4sin’0
4c0s*0—3c0s0
sin6(3—4sin’0)
B cos0(4cos’0-3)

tan30 =

tan 0(3-4sin’0)
4c0s°0-3
_tan 0(3sec’0—4tan’0)
4—-3sec’0
tan 9(3(1+ tan® 0) - 4tan’ 6)

- 4—3(1+tan26)
tan 9(3—tan29)
~ 1-3tan’0
_ 3tan0-tan®0
1-3tan’0

© Cengage Learning Australia 2020

18



Question 12

CisO+Cis20+cis30 +Cis 40 +...+ cisnO=cis 0 + cis® 0 + cis®* 0 + cis* 0 +...+cis" 0
by De Moivre's theorem.

This is a geometric series with a =is6,r =cis0
. CisO+Cis20+cis30+cis40 +...+cisnod
cise((cis 0)" —1)
- ciso-1
_ cisO(cisnd-1)
cis6-1
_(cos@+isin®)(cosnd+isinno-1)
cosO+isin6-1
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Question 13

2n
fn?’ cos® x dx

3
Using cos4x =8cos* x —8cos” x +1
8cos’ x = cos4x +8cos” x—1

=Cc0s4x+8c0s®x—4+3
=C0S4X+4c0s2X+3

cos* x = %(cos4x+4cos 2x+3)

2n 2n
Ifcos“ X dx= %Lﬁ(cos4x+4cos 2X +3) dx
3 3

_ 2
:1 lsin 4x+2sin 2x+3x} ?
8| 4

3
1 1Sin4><ﬁ+25in2><ﬁ+3><ﬁ — isi
gL\4 3 3 3 4

1
8

3 Wﬂ
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Question 14

a Required to prove

(cis®)" =cis(no)

Prove true forn =1

LHS=(cisB) =cis6

RHS = cis10 = cis6 =LHS

Trueforn=1

Assume formula is true forn=k:

(cis6)" =cisko

Prove true for n =k +1, that is:

(cis0)"" =cis[(k+1)0]

LHS = (cis0)"
=(cis e)k (cis®)
=ciskociso
=(coskb+isink6)(cos6+isin6)
=cosk0cos0+coskOisinO+isinkOcosO+i’sinkOsin O
=coskBcos@—sinkOsin 6 +i[coskOsin 6 +sinkcos 6]
=cos(k6+0)+isin(ko+6)
=cos| (k+1)6]+isin[(k+1)6 ]
=cis[ (k+1)0]
=RHS

So the formula is true for n=k +1.

The formula is true for n =1 so by mathematical induction it is true Vn e N.
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b Required to prove

2| =lzf
Prove true forn =1

LHS = |2'| =]

RHS =|z| =|z|]=LHS
True forn=1
Assume formula is true for n =k, that is:

|-l
Prove true for n=k +1, that is:

k+1

LHS =|z**

Zk+1

:|zk ><z|

:|Zk|><|z| as |a><b|:|a|><|b|
=[] x|7]

=|Z|k+1

=RHS

So the formula is true for n =k +1.
The formula is true for n =1 so by mathematical induction it is true Vn e N.
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C Required to prove

arg(z")=nargz

Prove true forn =1

LHS=arg(z )=argz

RHS =1argz =argz=LHS

True forn=1

Assume formula is true forn=k :

arg(zk):kargz
Prove true for n =k +1, that is:
arg(z‘” )z(k +1)argz
LHS = arg(z*")
= arg(zk x z)
=arg (zk ) +argz (property of arguments)
=kargz+argz
=(k+1)argz
= RHS

So the formula is true for n =k +1.
The formula is true for n =1 so by mathematical induction it is true Vn e N.
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Question 15

Letz=cis O
a
1
Z__
z
:cisé)—(cise)_l

= (cos0+isin®)—[ cos(—0)+isin(-0)]
=cos0—cos(—0)+isin@—isin(-0)
=C€0S0—CcosO+isinO+isind

=2isin0

= cis(Ze)—(cise)f2

=[ cos(26)+isin(20) ][ cos(—26)+isin(-26) |
=c0s(26)—cos(—26)+isin(26)—isin(-26)
=c0s(26)—cos(26)+isin(26)+isin(26)

= 2isin(26)

a1

=(cis0)" —(cis0) ™"

=[ cos(n@)+isin(n6) || cos(—nd)+isin(—no) |
=cos(n6)—cos(—nd)+isin(nd)—isin(—nd)
=cos(n6)—cos(nB)+isin(nb)-+isin(no)
=2isin(no)

n
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24



Question 16

B

o) | ()

E T
_ cos(%j+cos(—%j+isin(%j+isin(-%)
_ cos(%j+cos(%)+isin(%j_isin(%)

aly

© Cengage Learning Australia 2020
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CIS

7
= cis(5m) + cis(-5n)
=[ cos(5m)+isin(5m)]+[ cos(-5m)+isin(-5m)]

=cos(5n)+cos(—5m)+isin(5n)+isin(-5n)

{Cis(%nﬂ? T . (;ﬂ

=cos(5m)+cos(5m)+isin(5m)—isin(5m)
= 2cos(5m)

=2c0sT

=-2

Question 17

:cis(26)+(cise)_2

=[cos(20)+isin(20)]+[ cos(-20)+isin(-26) ]
=c0s(20)+cos(—20)+isin(260)+isin(—26)
=c0s(20)+cos(26)+isin(260)—isin(26)
=2co0s(20)eR

=cis(30)—(cis 9)73

=[ cos(360)+isin(30) | [ cos(-30)+isin(-30) ]
=c0s(30)—cos(-30)+isin(36)—isin(-30)
=c0s(30)—cos(30)+isin(36)+isin(30)

= 2isin(30) which is purely imaginary
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1
2"+ —
z

= cis(n0)+(cis0) "

=[ cos(n@)+isin(n6) |+[ cos(—n6)+isin(-no) |
=cos(n6)+cos(—n6)+isin(nd)+isin(—no)
=cos(n6)+cos(nd)+isin(nd)—isin(no)
=2cos(nf) e R

Question 18

Sl

3
=2 -3z+=-=
z 1

=Cis(30)—3cis6 +3cis(—6)—cis(—30)
= cis(30) —cis(-30) - 3[ cis0 —cis(—0) ]
= 2isin(30)-3(2isin®)

= 2isin(30)—6isin6®

Z—E:Zisine
yA

3
(z —%) =(2isin 9)3
=-8isin’0

. —8isin®0 = 2isin(30)—6isin O
4sin®6 =3sin 0 —sin(30)

_ 3sin6-sin(30)

- 4

sin®0
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Exercise 4.02 Quadratic equations with complex
coefficients

Question 1

a

x*—2ix+3=0

_be b dac
2a
2i+(-2i) —4x1x3

- 2x1
2i+N-4-12
=T
2i+4/-16

2
_ 2i+4i
2
=—i,3i

x* +6ix=5
7° +6ix-5=0
Xz—bi\/b2—4ac
2a
—6i+,)(6i)° —4x1x(-5)
2x1
—6i+/-36+20
2
—6i +/-16
2
_ —6i £ 4i
2
=-bi,—I
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x> —(3+2i)x+(1+3i)=0

o —b++b*-4ac

2a

(3+21)+(~(3+2i))’ ~4x1x(1+3])

2x1
 3+2i+/5+12i —4-12i
- 2
3+2i+4/1
-
342i+1
2
=24+i0,1+i

3x* -5ix+2=0
‘o —b++/b*-4ac
2a
Sii\/(—Si)2—4x3x2
- 2x3
_5itV-25-24
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Question 2

a
li|=1

argi =

3 Na

. .. T . T
I =COS—+Isin—=CIs—
2 2 2

> . T
Z” =CIS—
2

2rootsz, and z, :
1

[o3)
Z, =| CIS—
! 2

. T
=CIS—

mw .. T
=COS—+1sin—
4 4

1 .1
=——+i—

2 2
L

2

1 . 1
)
2
Soz:i(j;)
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~9i[=9

arg(—9i):—g

sl el o5
ol §

2rootsz, and z, :
L
2
Z, =(9cis[—£D
2
= BCi{—E}
4
=3(co{—z}+isin{—ED
4 4

z, will be equally spaced around the origin, so at an angle of = from z :

S
-s{3)
Aol p(¥)

(3]
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mw .. T . T
COS—+1isin—=Cis—
3 3 3

s . T
Z” =CIS—
3

2rootsz, and z, :

1

[o3)
Z, =| CIS—
! 3

.
= Cis—
6

mw .. T
=COS—+1sin—
6 6

V31
T2 2
_\/§+i
S22

z, will be equally spaced around the origin, so at an angle of = from z,:

. T
Z,= ms(E—nj

= cos(—gjﬂsin(—s—j
()
_—3-i
2
Soz :M
2
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2’ -1+i=0

z* =1-i

L-i|= 1 +(-1)° =2
arg(1-i)=

1—iﬁ(cof[—w—zncis[—ﬂ
el £

2rootsz, and z, :

Z, =[\/§cis{—ﬂjz
= Zicis{—g}
:@cis(_gj

z, will be equally spaced around the origin, so at an angle of = from z :

Z, = {‘Ecis(—g+ nj

:@is(?_ﬂj
(o)
e
o o

()
Soz= ii‘/zcis(—gj

I

)
)

oolr-l

oo|:1
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Z2 — e3in
2rootsz, and z, :
1
7 =(e3in)2
3in
=e 2

3t .. 3x
=COS—+I1SIn—
2 2
=0+i(-1)
=—j

z, will be equally spaced around the origin, so at an angle of = from z,:

)

It

=g?
T .. T
=COS—+I1SInN—
2 2

=0+i(1)
=i
Soz=+4i
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2roots z, and z, :
1

22
yA =[16e 3]

in

—4e 3

o 5Jronl5)
(4]

=2(1-iV3)
z, will be equally spaced around the origin, so at an angle of = from z,:
z _46(%“[].
2in
=4e3
( 21 . . 271)
=4| coOsS—+1sIn—
3 3
2 2
= -2(1-iv3)

SOZ:J_rZ(l—i\/é)

72 =cos4+isin4
2roots z, and z, :

z :(cos4+isin4)%
=C0S2+isin2
z, will be equally spaced around the origin, so at an angle of = from z,:
z,=cos(2—m)+isin(2—m)
=cos(n—2)—isin(n—-2)
=—-C0s2—isin2
Soz=x(cos2+isin2)
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Question 3

2° —67+iz+7+3i
22 —(6—-1)z+7+3i
Letz=5-2i
(5-2i)" —(6-i)(5-2i)+7+3i
— 25-20i —4—(30-12i —5i —2)+ 7 +3i
=21-20i—28+17i+7+3i
=0
-.5=2i is aroot
z—(1+i)

2-(5-2i))2° ~(6-i)2+7+3i
2’ —(5-2i)z

(-1-i)z+7+3i
(-1-i)z—(1+i)(-5+2i)

The other root is 1+i
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Question 4
a

3-1,1+7i

0= x—(3-i)][x—(1+7i)]
0=x*+(3-i)x—(1+7i)x—(3-i)(1+7i)
0=x*+(-4-6)x—3+2li—-i+7
0=x*—(4+6i)x+10+ 20i

—4i,3+5i

0=[x—(—4i)][ x—(3+5i)]
0=x"+4ix—(3+5i)x—4i(3+5i)
0=x*—(3+i)x+20-12i

Question 5

N
%[22—(1+i)]%[22—(3—i)] =0
[2z-(1+i)][22-(3-i)]=0

422 —(1+1)22—(3-i)2z2+(1+i1)(3-i) =0
47 -82+4+2i=0

222 —47+2+i=0
a=2,p=—4,g=2+i
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Question 6

a
Let z* =8+6i
(x+iy)2 =8+6i

X2 — y® + 2ixy =8+ 6i
Equate real and imaginary parts

X2_y2:8
2xXy =6
Xy =3

3
y=—

X
X2_y2=8

2

XZ—(EJ =8

X
x'—9=8x"
x*-8x*-9=0

(x*-9)=0
x*=9
Xx=3, usepositive value sox=3
3
:—:l
y 3
z=3+Ii
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22 +27+4iz=11+2i
2? +(2+4i)z-(11+2i) =0

. —b++/b*-4ac

2a

~(2+4i)£J(2+4i) —4x1x(~(11+2i))

2x1
_ —2-4i+/4+16i —16 + 44 + 8i
- 2
-2 4i++/32+ 24i
- 2
_ —2-4i+28+6i
- 2
fromparta/8+6i =3+i
_ —2-4i£2(3+i)
- 2
=—1-2i+(3+i)
=2-i,-4-3i
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Question 7

a

x> —(1+i)x+i=0
‘o —b++/b*—4ac
2a
(L+1) £ (1+i) —4x1xi
2x1

C1+ikV2i-4i
2
_1+ii\/—2i

2
Let 22 = —2i

(x+ iy)2 =-2i
X2 — y® + 2ixy = —2i
Equate real and imaginary parts

x*—y?=0
2Xy =2
Xy =-1
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x?—2x+1-2i=0

‘o —b++/b?-4ac

2a

) _(_z)i\/(_z)2 —4x1x(1-2i)

B 2x1

2++/8i
2

—1++/2i

Letz> =2i
(x+ iy)2 =2i
X? —y? +2ixy = 2i
Equate real and imaginary parts
X —y?>=0
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x?—3x+3ix=5i=0
X? —(3-3i)x=5i =0

o —b++/b?-4ac

2a

~(~(3-3i)) /(~(3-3i))" —4x1x(-5i)

2x1

3-3i £/-18i+20i

2

3-3i++/2i

2
Let 2> = 2i
(x+ iy)2 =2i
X2 —y? +2ixy = 2i
Equate real and imaginary parts
X -y =0
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X*—(4+3i)x=2-8i = x*—(4+3i)x—(2-8i)=0

‘o —b++/b*—4ac
2a
—(~(4+30))£(~(4+31)) ~4x1x(2-8])
2x1
4431 £/7 + 24i +8-32i
- 2
4+3i++/15-8i

B 2

Let z* =15-8i

(x+iy)’ =15-8i

x> —y® +2ixy =15-8i

Equate real and imaginary parts
x?—y*=15
2xy=-8=>xy=-4

4

y=—-
X

x?—y*=15

2
x? —(—ij =15
X

x* —16 =15x?
x*—15x*-16=0
(x2—16)(x2+1):0

(x2 +1) =0 has no solutionas x e R

_8+2i 4
2 2
=4+i,2i
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ix* —(1+3i)x+(2+2i)=0
‘o —b ++/b? —4ac
B 2a
—({1+3U)¢J(41+m)f—4xix(2+2o
B 2xi
_ 1+3i++/-8+6i-8i+8
2i
_14+3i£-2i
- 2i
Let 22 = -2i
(x+iy)2 =-2i

X2 — y® + 2ixy = —2i

Equate real and imaginary parts
x> —y*=0

2Xy =2

Xy =-1

X:1+3ii\/——2i
2i
C143ix(1-0)
- 2i
2420 4i
T2 2
_H
|
=1-i,2
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Exercise 4.03 Polynomial equations

Question 1
a 2°+12

i z(zz+1)

i z(z+i)(z-1)
b 2°-62° +10z

i 2(22—62+10)

z 22—62+1O)
z 22—62+9+1)

(
(

z((z )
(

z(z-3+i)(z-3-i)
i (z +1)(22—z+1)

(z+1)(2*-z+1)

1
N 2-z4242
(z+) z z+4+ j

(z+1

ol

A —
7\
N
|
N| -
N—

N
+
Nlw
N—
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7-2 22+22+4)
72-2

)
)
z-2)
)

(

(22 +272+1+ 3)

((z +1)2 +3)

(z +1+i\/§)(z +1—i\/§)

-2

f z* +10z°9

i (22+9)(22+1)

(z+3i)(z-3i)(z+i)(z-i)

g ’+7%+z7+1
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22-7°+22-2

Question 2

a

(22 +2)(z—1)
(Z—l)(Z+i\/§)(Z—i\/§)

P(z)=2"-22"-3z+10

2°-42+5
z+2>23—222—3z +10
2% +27°
—47° -3z
—47°> -8z
5z+10
5z+10
0
P(z)=2"-22"-3z+10
:(z+2)(z2 —4z+5)
=(z2+2)(2* -4z +4+1)
=(2+2)((z-2)" +1)
=(z+2)(z-2+i)(z-2-1)
roots
—2,2—1,2+I
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P(z)=2"-22"-27"-2z-3
If z=1 is aroot then z =—i must also be a root
(z—i)(z+i): 2’ +1

2°-22-3
22+1)z4—223—222—22—3
' +02° + 7°
—22%-372-2z
—272°-0z>-2z
-3722-3
—3z°-3
0

P(z)=2"-22"-27"-2z-3

(z +1)(z —-27— 3)
=(z+1)(z-3)(z+i)(z-i)
roots

-1,3,+i

in —in
z=¢e* isaroot therefore e 4 is also a root.
in i
e4 xet xy:—(—l)
y=1
roots are

in  —in

et et 1
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P(z)=z*-62°+62"-2z-15

722 -4z -5isaroot

22-27+3
22—42—5>z4—623+622—22—15
7' —47° -57°

—27°+112° -2z
—27° +82° +10z
3z2-12z-15
3z2-12z-15
0

roots

~1,51-+/2,1++/2

z—2+i+/5 is a factor therefore z — 2 —i+/5 is also a factor.
(z-2+iV5)(z-2-iv5)

=22~ 2(2-iV5)-2(2+iV5) +(2-iV5)(2+iV5)
=27°-47+9

P(z)=2°"-22"+z+18

Looking at the product of roots taken three at a time
opy=-d

afy=-18

aBf=9

y=-2

Roots are

2+i5,2-i/5,-2
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Question 3

As all coefficients are real, complex roots must occur in conjugate pairs.

1+ 3i is a root therefore 1-3i is also a root.
(z2-1-3i)(z-1+3i)

=7"-27+10

P(z)=2"-62"+ pz* +qz+70

2°—4z7+7

7°-21 +10>z4 —62°+ pz®+qz+70
2* —27° +107°
-47°+(p-10)z* +0qz
—47° +87% — 40z
(p-18)z°+(q+40)z+70
77° -147+70
(p-25)z°+(q+54)z=0

. p-25=0

p=25

g+54=0

qg=-54

P(z)=2"-62°+252"-54z+70
2°-22+10)(2* - 42+7)

(
(2-1+3i)(z-1-3i)(2* - 4z+4+3)
(

2-1+3i)(2-1-3i)((2-2)" +3]

:(z—1+3i)(z—l—3i)(z—2+i\/§)(z—2—i\/§)
roots
1+3i,2+i/3
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Question 4

a

P(z)=2"-3z"+2-3
P(3)=0
z—-3isaroot
7°+1
z—3>23—322+z—3
-3

|
w w

YA
7 —

o ‘

P(z) 2°-32%+2-3

-3)(2°+1)
( 3)(z+i)(z-0)

roots
3,—,i
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P(z)=2'-7"-32"+4z-4
P(2)=0=1z-2isaroot
2+ -z7+42
z—2>z4—23—322+4z—4
z'-27°
7®-37°
27"

~ 2% +4z

~-7°+22
274
22-4
0
P(2)=2"-2°-32°+421-4=(2-2)(’ +2* - 2+2)
Q(z)=2+72"-z+2
Q(-2)=0=z+2isaroot
2’ —z7+1
z+2iz3+zz—z+2
’+27°
-7°-1
—7° = 27°
Z+2
742

P(z)=2"-2"-32"+4z-4 :(z+2)(z—2)[z—%+%
roots —2,2,£+£,——£
2 2 2 2

© Cengage Learning Australia 2020

52



Question 5

a

(z-(1+D))(z-(2-1))
=72°-27+2

(z—5)(z2 —22+2)
7°-27*+22-57°+10z-10
=7°-77°+122-10

The equation is
0=2"-7z"+122-10

(2-(2+i3))(z-(1-iv3))
=2°-271+4

(z+2)(z2 —22+4)
2°-27°+47+27*-42+8
=7°+8

The equation is

0=2°+8

(2-(3+15))(2—(3-i5))

=2 -6z+44

(z-(-1-4i))(z—(-1+4i))

=2 +27+17

(2 —62+44)(2° +22+17)

7' +272°+177° -62° -127° -1027 +147% + 287 + 238
=7"-47°4+192° - 747+ 238

The equation is

0=12"-47°+192°-742+238
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, 14, 28 16
r-—'+—z7-—
3 9° 9

=97° 427> +282-16
The equation is
0=9z>-427%+282-16

ol

=7°-17+1
(z+3)(2°-z+1)
2°~7°+2+32°-32+3
2°+272°-27+3

The equation is
0=2"+22"-22+3

Question 6

a As coefficients are real, any complex root must also have its conjugate pair as another
root.

Roots will be 4, -2, -3i, 3i
So there will be 4 roots, and the minimum degree of the polynomial will be 4.

b As coefficients are real, any complex root must also have its conjugate pair as another
root.

Roots will be v/2 +iv/2,v2 —i/2,-2 - 5i,-2 + 5i,-1

So there will be 5 roots, and the minimum degree of the polynomial will be 5.
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Exercise 4.04 Operations on the complex plane

Question 1

a

. T . T
2, = 2Cis—,z, = 3Cis—
6

|z,||z,|=2%x3=6
arg(zlzz):£+£:2—7t
6 2 3
Tmiz)

6
n
]
= 0 E_c{z}l
b
7z =J2cisZ,z _cis 2"
' 37 3
|22.|=V2x1=+2
arg(z,z )=E+E:n
172 3 3
Imiz) 4
I
I .
T 0 Re(z)
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. —TC . T
Z, =+/5CIS—, 7, = 2CIS—
=5 6 ° 3

|2)||z,|]=v5x2 =25

—T7T T T
arg(zlzz):?-l'g :g
Imiz)k
245 -
- E -
0 Reiz)
Y
d
Z, :%cis _jn,zz =/3cis—
1
|z,/|z] :ﬁxﬁ =1
-3t -nm -bn 3=n
L Y
Imiz) k
1 3
N
= 0 Er_.:{z}
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Question 2

a
z, =cis—,z, =Cis—
Z
A
z,| 1
Z 2t ® 3 T«
arg| — |=—-=="=—
z, 3 6 6 2
Imfz.‘]I
1
= 0 RE_c{z}
Y
b
2, = 4ci33—n, zZ,= 2cis =
4 2
z
kel 4,
z,| 2
yA 3t T w
arg| — |=—-—==—
{sz 4 2 4
Imi=) k
2 i
= 4 =
0 Re(=z)
]
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) 3 6 6
Im(=} )
- O l-i:cfz‘]
—wﬁ;
d
-7 _
2, = 3C|sl—2n, zZ, = 6Cis—
o] _3_1
2| 6 2
T

r-,...|._.
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Question 3
Z :2(c052—n—isin2—nj:2cis(__2“]
3 3 3
T .. T . (-7
2, =+/2| cos=—isin= | =/2cis| —
’ ( 6 6} ( 6 j
|2.][2.|=2xv2=2V2
arg(z,z ):ﬁJr m__om
3 6 6

22, = Zﬁcis(—%nj

Im(z)d

ﬁ:c{z}l

=NF

]
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Question 4

6 cosE—isinE = 6Cis _r
2 2 2

3t . . 3n . [ 3m
Z, =2| COS— —isin— |=2cCiS| —
4 4 4

z

Imiz) &

=

0 l.l_c (=)

© Cengage Learning Australia 2020

60



Question 5
Z, = \@cis[—zj
6
z, = \/gcis(—ﬁ)
3
T .. W . 2n
Z, = —3(cos—+|sm—]: 3ms(——j
3 3 3
x@cis(—njx@cis(—znj
2,2, _ 6 3

Z 3cis(—2§j

) Bﬁcis(—sg)

3cis(—2nj
3

Imiz) &

li:v: (=)

=
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Question 6

Question 7
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Question 8

Let z =cisO
1 1 z
—=—X=
7 7 2

1z

2

N |

S~—"

(

N

|2
=z as |z =1
It is only true when |z|=1.

Question 9
. u
a V=—iuor —
i
b vV=-u=i%
c vV=iu
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Question 10

a

Z =3cisE
4

1

z
e
3cis (
9
ms(

)
)

Im(=z) 4

4>\;1

ooll—\
4>|;1

A
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Z=—CiS—

2 3

= icis _2n
1__z 2 3
"R

4 Relz)
i/ T &
z=4cisﬂ
6
. (5x
- 4cis| —
5 (T
z |z||E| 16
1. (571)
=—cis| —
4 6
Imiz) k
1
Pa 4
- 6 -
0 Re{z)
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Question 11

a
z=1+i=+/2 cis%
2° :(\E cis%js
()

= 2x/§cis%7T

Tmiz) k

Im(z) 4

li-zc{z}

f
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1 . 4xn
= Cis—
16 3
1 ( 2nj
=—CIS| —
6 3
Imiz) k
1
16
n
- T
- 0
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Imiz) 4

i

© Cengage Learning Australia 2020

li_cfzj

68



)

i8n

g lom
=(V2) e
— 1662in
=16
=16¢cis0
Tmi=) 4
B 0 16 Relz)
]
2\3
1.
2
-3 i3n
0%
=8e?
=8 cis =~
2
Imfz‘]I
b
B 0 chz‘]
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Question 12

a Modulus doubled, anticlockwise rotation of g:
W=12Zx ZcisE
3
b Modulus halved, clockwise rotation of 7—n+E = 10—“ = 5_7: :
12 4 12 6
1. 5n YA
W:ZXECls —? or W:—5
Zcis(nj
6
C Modulus raised to power of 4, argument multiplied by 4:
w=z*
OR Modulus multiplied by 8, anticlockwise rotation of 36:
W= 12zx8cis30
Question 13
a z,=—1z, = i
i
b
OB =0A+ AB
=2,+1,
=2,—-1z
=7 (1—i)
C
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Question 14

a

|AD| =3|AB]|
~.|CB|=3|CD|
CD=5-vy
CB=pB-vy
AsCD L CB

§§¥32=B—v

From diagram,
OM =0D + DM

:@%ﬁ

- 0D +(CB+bC)
2
1
m=6+E(B—8)
1.1
—8+=p-=8
+ZB 2
1.1

2 ZB

==(5+p)
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Question 15

PQ 1 PR
LW, =W = (W —w)
W -W
W, =W,
Question 16
a
Xi
Ty _2:1
31 '::_ _'_w,Zl'FZz
e | ) 2 'l
; v
jll'
f
— A 52 B
— -
v A=721,B=2,C=21+ 2,
b It is a rhombus as all 4 sides are equal.
c If |2,|=|z, -z, then OA = AB, so A ABC is equilateral as all 3 sides are equal.
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Question 17

u—iv
1-i
consider mods:

Letw=

w—uf’ =

. 2
u-—iv
——Uu
1-i

. .2
u—Iv—-u+Iu

1-i
B 1><|u—v|2
2
Similarly

oo
w-v|" =—=~
2

uof o

|W—U|2+|W—V|2
2

:|u—v|2

. UVW is aright-angled triangle.
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Exercise 4.05 Roots of unity

Question 1
a
7’ =1

The third roots of 1 are equally spaced 2—; apart fromz =1

. 2m . ( 271)
z=1_cis—,cCis| —
3 3

Yk
2

The fifth roots of 1 are equally spaced 2?71 apart fromz =1

.2 . An . 2 . 4r
z=1c1s—,cis—,cCis| —— |,ciS| ——
5 5 5 5

15

]

3
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28 =1

The eighth roots of 1 are equally spaced % apart fromz =1

.M .M . . 3T . T) . T .. 3n
z=1-1cis—,cis—=1,ciIsS—,Cis| —— |,CIS| —— [=—1,CIS| ——
4 2 4 4 2 4

¥
].=2::

2°-1=0
2% =1

The ninth roots of 1 are equally spaced %ﬁ apart fromz =1

.2n . 4An . 2m . 8m . 2 . A\ . 2%
Z:1,CIS—,CIS—,CIS—,CIS—,CIS ,CIS| — [,CIS| ——
9 9 3 9 ( 9 j ( 9 j ( 3
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Question 2

a

. T
o =CIS—
3

al = cis(zej
3

=cis(2n)
=1

) [ 4nJ
o = Cis| ——
7
a7:cis(7xﬂ]
-

= Cis(—4n)
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. (2.
=Ccis| —
3
—4
at=a
Question 3
a
2’ -1=0
7' =1
— —2 —3 —a —s —6
a=0’a =a’,a =a*,a =a’,a =a’,a =a
b
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Question 4

. 2%
=Cis—
b 5
2°-1=0

(z-1)(2*+2°+ 2 +2+1)=0

As B #1it must be aroot of (z*+2°+2° +z+1)
BB+ +P+1=0

dividing both sides by B—lz gives

2

B2+B+1+%+i=0

Question 5

22 =1

2°-1=0
(z—l)(zz+z+1):0
Asw =1 it must be a root of (22+z+1)
AW HwW+1=0

a

wWe w4+ w

:W(W2 +W+1)
=wx0

=0

© Cengage Learning Australia 2020

78



W +w+1=0

w=-w -1

w2 +w=-1

W =-w-1

(W2 +W)(W2 +W3)(W+ W3)
=-1x w(w2 +W)w(w2 +1)
=-1x Wx(—l)xWx(—W)
=1><(W3)

=1x(-1)

~-1

(6w-+1)(6w +1)

= 36W° +6W+6W* +1
=36+6(W2 +W)+1
=36-6+1

=31

[

—W—WZ)(W—WZ —1)(w2 —1—w)
= (1—(W+ wz))(w—(w2 +1))(W2 —(1+ w))
(1= (-0) (w—(-w)) (w* ~(~w"))

2% 2Wx 2W?

3

8w
8
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WA wWe w4+ W wt w4 w4 wt
=W7(1+W+W2+W3+W4+W5+W6+W7)
1+w+w? +W3(1+W+W ) W6(1+W))
+1(0) +1(1+w))
+W)

W)

0
1

=
=w(
o

(

= —W3
-1

Question 6
a
2% =1
2°-1=0
(z—l)(28+z7+26+25+z4+23+22+z+1):0
As o =1 it must be a root of (28+z7+26+25+z4+23+22+z+1)

Lol ratral ot i+t +o+1=0

(z) =1

(23) -1=0

(- 1( +1)=o
( )(26+z +1):O

As o= 1 it must be a root of (z° +2°+1)

nal+ai+1=0
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Sum of roots =0
1+a+o’+a+a'+o’+af+a’+a® =0

2,2 "3, .4, 4
at+ota’+o’+o’+o’+at+at = -1

20032—n+ 2(:os4—n+2005@+20038—7T =-1
9 9 9 9
T 4rt 67 8n 1
COS— 4 C0S— + C0S— + CO0S— = ——
9 9 9 2
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Exercise 4.06 Roots of complex numbers

Question 1
a
u=1+iv3
ju]= 12 +(3) =2
LB o
—tan 1= ==
arg(u)=tan 13
u=2cisX
3
22 = 2cis =

7= ﬁcisg,ﬁcis(—%ﬂj

Yi

1

=

=1E
=y

L]
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U=_cis—
22 =Cis—
2
. . (31
Z =cCis—,Cis| —
4 ( 4 ]
Yi
4
1
n
]

A

=
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u=-1-iv3
= (- () =2
N

arg(u)=tan*—= =
9(u) e
U=2cis(—ﬁj

3
22=20is£_2_nj

3

Z= \/Ecis(—z_gj
2= \/ECiS(—%j,ﬁcisz—;

i

-
.
.-IL

i
T

u—llﬁ

[
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]

A
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Question 2

a

28=-1

As roots are equally spaced around the argand diagram

. . T . T
Z=CISm,CIS—,CIS| ——
3 ( 3]

Y
z° =cis—
2

z=cis(£+3j
2

. T
Z=cCis—
6

As roots are equally spaced around the argand diagram

. m . bm . ( 371]
Z=CIS—,CIS—,CIS| —
6 6 6

. m . bm . o
Z=CIS—,CIS—,CIS| ——
6 6 ( 2}
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Question 3

a
z* =16i
2 =16cis~
2
Z= (‘/Ecis(g+ 4)
2 =2cis~
8
As roots are equally spaced around the argand diagram
Z—2CIS— 2CI55— 20|s[—3—nj ZCIS(—EJ
8 8 8 8
b
u=-1-iv/3
2
lu|= \/(—1)2 +(—\/§) =2
—\/§ 27
arg(u)=tan'——=—-—
9(u) -1 3

u= ZCiS(—Z—TCj
3

74 = 2cis(—ﬁ
3

7= \/70|s(—?—4j

7= i‘/§cis(—E

As roots are equally spaced around the argand diagram

z:i‘/ims[ —
6
z:(‘/Ems[ %

(‘/Ecis(—ﬂj,(‘/zcisﬁ,i‘/icisin
(‘/Ecis( j \/—CIS CIS%T
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As roots are equally spaced around the argand diagram

. TY . 5rn) . 3n . =
Z=CISs| —|,CIS| — |,CIS—,CIS—
8 8 8 8

Question 4

] ( 3nj
Z=CIS| —
5

a

=cis(-3n)
=-1

2’ +1=-1+1
=0

7= cis(_??m] is a fifth root of 2° +1=1
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C
Z,=13
Z,=1s
d
2°+1=0

2, +2,+2,+2,+2,=0

—1+2003(3—nj+2cos(£j:0
5 5
2 cos(g—nj+cos(£] =1
5 5
3n T 1
COS| — |+CoS| — |=—
5 re{E)3
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Question 5

z'=-1
2" =cis(m)
z,=-1

As roots are equally spaced around the argand diagram

. T\ . 3t . 50y . w . 3n . 5=n
z=-1cis| —— |,cis| —— |,cIs| —— |,cIS—,CIS—,CIS—
7 7 7 7 7 7

a As the complex solutions are vectors of a regular septagon the sum of the vectors
IS zero.

L, +2,+2,+2,+2.+2,+2,=0

. ( n} (nj . ( Snj .(SRJ ( 5nj . (575]
cist+cis| —— |+cCis| — |+cis| —— |[+cis| — |[+cis| — |[+cis| — |=0
7 7 7 7 7 7
—1+2cos(£)+2005(3—nj+2003(5—nJ=O
7 7 7
2| cos (EJ +C0S (3—nj +C0S (5—71) =1
7 7 7
(n 3 5n 1
cos| = [+cos| — |+cos| — |==
7 7 7 2
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Question 6

a

2°=-1

z° =cis(n)

ol

As roots are equally spaced around the argand diagram

) ( ch LT ( 37:} . 3m . ( 575] . 51
Z=cCIs| ——|,CIs—,clIs| —— |,CIS—,CIS| — |,CIS—
6 6 6 6 6 6

] T) . W . T) . W . 5n) . 5¢m
Z=CIS| —— |,CIS—,CIS| —— |,CIS—,CIS| — |,CIS—
( GJ 6 ( 2) 2 ( Gj 6

28=-1

2° =cis()

ol

As roots are equally spaced around the argand diagram

. T . T . 3t) . 3m . 5r) . 5m . n) . 7=
Z=cCIs| -—|,CIs—,cls| -—|,CIS—,CcIs| —— |(,CIS—,CIS| — |,CIS—
8 8 8 8 8 8 8 8

=i
. T

z° =cis—
. T
Z=Cis—
10

As roots are equally spaced around the argand diagram

. T . m . .91 . ) . 3
Z=CIS—,CIS—=I,CIS—,CIS| — |, CIS| ——
10 2 10 10 10
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Question 7

a
:(ﬁ)%is(%"xsj_z_zi
asol2)

- 2«/§cos(£]+ iZﬁsin(%j—Z—Zi

1 . 1 .
— 22 x——ti22x———2-72j
J2 J2

=2+2i—-2-2i
=0

So z=+/2 cis%ﬂ is a factor of z3 — 2 — 2i = 0 as required.

The other 2 roots will be length V2, and equally spaced around the diagram, 2—3“

from each other.

d\; _+‘~I:ﬂ 3
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Exercise 4.07 Curves and regions on the complex plane

Question 1
a arg (z) = arg (w)

Means z and w lie on the same line through O (or vector or ray from O) on the same
side of O.

arg (z —0) = arg {w - 0)
b |z|=|w

Means z and w lie on the same circle of centre O.

C arg (z) = —arg (w)

Means the line OW is a reflection of the line OZ over the x-axis, but not necessarily
the same size.
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d arg (z—w) =arg (u-v)

Means vector (z —w) is parallel to vector (u - v).

e |z—w|=|u-v|
Means the lengths of the vectors (z — w) and (u — v) are equal.
Xi

-
[

f Z-W=U-V

Means the vectors (z — w) and (u — v) are equal in length and parallel (or collinear with
the same argument).

i

[ ke

II r

= 7 v
n

P4

el

collinear

or
/)/z
f/ ]

v
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lz+ W =]z-w|
Means the lengths of vectors (z + w) and (z — w) are equal in length.

Hence O, w, z, z + w form a rectangle.

.}I]l L \ = +

I
=]

Z+W=U+V
Rearranging gives

Z-v=Uu—-w

Means the vectors (z —v) and (u — w) are equal in length and parallel, forming a

parallelogram or they are collinear.

z—-u=i(z+u)
Means the diagonals of the quadrilateral formed by O, z, u and z + u are equal and

perpendicular.

Hence it is a square.

¥i
1
%
. |I %
- | i, %
. )~
~— | (4T
% e )
§ -
i I||‘ = d -7
% '3 -
"' { "".-k‘
sl Tw
N P
0 x
L )
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Question 2

a
b |z|=2
Circle of radius 2 centred on the origin.
¥
/" j\lz _7
- ¢'- 1;’ v
N 4
c |z|=4
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1
d |Z|:Z

Circle of radius % centred on the origin.

e z-1=3

Circle of radius 3 centred on (0, 1).

Imiz) 4
il —e—0
/- -1 =NI
7 (0 :
—|E | 1 / ¥ Relz)
e —-*"/
Y

f lz+3=1
Circle of radius 1 centred on (-3, 0).

Imiz)4

A 1_

,'/ '“\\
IJ‘ -3 2 0 o
3 A2 . Re(z)

|2+ 3|=1
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g |z-3i[=3

Circle of radius 3 centred on (0, 3).

st
771\

. |

is

NG 4

- T T {]I =T T T Ec{::]

/
t

h |z+i|:%

Circle of radius % centred on (0, -1).
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Question 3
a arg(z):g

Imiz) &

b arg(w) =3Tn

A

c arg(z)=-

A
&
i = % =
Re(z)
]
Imiz) &
x
4 -
Re(z)
|
Imiz) |
- \/3 Re(z)
3
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d arg(u)=mn

Imiz) &
argu=m
u L -
Re(z)
Y
Question 4
a arg(z-1)= I
3
Imiz) 4
az
/
(T
-y - 3 —
1 Relz)
1r

b arg(z—i):%
Imiz) 4
E i
e
ide N6
- 16 -
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C arg(z—(l—i)):z—:;T

Imi(z) 4

N

[ ]
L=
]

d
arg(z—3—2l):—%7E
51
arg(z—(3+2|)):—?
Imi{z
2 n __.-C T -
75
~ o
;;’f 0 I 3 IE_:.{::
Question 5
a  |w-(1+i)=1

Circle of radius 1 centred on (1, 1).
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b ‘z—(l—i\/g)‘=2

Circle of radius 2 centred on (1, —\/5) .

c
g1 1
1-2-ll=—=z2—(2+1) ==
2-2-i=5 = [z-(2+)=3
Circle of radius % centred on (2, 1).
Yi
1
7 ),
i V) |:_2-f|=%
- — -
'
d

|w+3—4i|=5= |w—(-3+4i)|=5
Circle of radius 5 centred on (-3, 4).

Im(z) A
10+
9]

* 4

5

TT ILHL“'I-‘-L"L—“I T
-1 —14
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Question 6

a Icagwsl
6 6
Imiz) 4
w
T
0 A Re(z)
]r
T 3n
b —<argw< —
4 4
Im(z) & -
u P
I n
= ﬁ' s &'1 =
0 Re(z)
1[
T
c —m<argw< —
2
Im(z) I
-
- o -
0 Reiz)
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Question 7
a 2| <9

Solid circle of radius 9 (including the boundary) centred on the origin.

Im{=) 4
T j;__ T
i ™
Ve \ M9
,-"If. x."-'.
I'.I II|
- _if‘,t o él }-{_r_ =
"x_\\ ;
AN v
~— -
—g]
i
b lu[>3

Outside of a circle of radius 3 (excluding the boundary) centred on the origin

Imiz) &
3.
F . H| =13
& b
#, L
() L}
] L]
_— | 1 o
- | , -
A ] r3 Re(z)
L !
" s
LY '
\-\ .r/
Y
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¢ le<
2

A torus with inner radius % (excluding the boundary) and outer radius 1 (including

the boundary) centred on the origin.

Im(z)

|-\.|.l||—'

5.\‘
A1
— -
&
uﬁy-

d 1<|z-3<2

A torus with inner radius 1 and outer radius 2 (including the inner boundary excluding
the outer boundary) centred on (3, 0).

Imi=z) §
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Question 8
a arg (z) =arg (L +1)

Imiz) &

'

o7 I[ ﬁt{:}

b arg(z):arg(1+i\/§)

Imiz) &

Y3

o] 1 Re(z)

c arg(z—2)=arg(\/§—i\/§)

Imiz) &
- i) . ] % Reiz)
a7 \"‘\ o
VL o z
VZ-f2 °
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d arg(z+3i):arg(—J§+i)

Imiz) 4
" - LS
" .
:‘“‘x _\:q o1 Re(z)
T
i1
—1 _1531
Question 9
arg(z)=0
arg(-z)=6+180°
—arg(z)=-0
Imiz) 4
. ,/!:
- '//; { -
};”f HHHE«R Reiz)
& .
'!r

Arg(-z)=arg(-1xz)=arg(-1) +argz=mn+0
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Question 10

a
arg(z)-arg(-1-i)=0
arg(z)=arg(-1-1i)

Imiz) &
) Ic’.l-:c{:j
Y
b

arg(z):arg(l—i\/§)
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'
.,
N\

arg(z)+arg(—\/§—i\/§)=0
arg(z):—arg(—x/E—i\/E)

Imi(z) 4

[’
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e arg(z—1)=arg(-1+i)

Imiz)

f arg(z—2i)=arg(l+i\/§)

Imi(z)

Ec(z)

Question 11

a Re(z)=3

Y

=y
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=2
i
— 5 ] -
= 0 =
]r
i
]r
—1
X
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Question 12

Re(z)+Im(z)=0
Re(z)=-Im(z)
X+y=0

b

Im(z)=2Re(z)
y =2X
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x=2y-1
2y =x+1
_x+1
2
¥
“x+1
1 Y=

Im(z)+3Re(z)
y+3x=6
y=-3X+6

6
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Question 13

a arg(w)=arg(w-2)

b

[
Tk
4}

or

Y

b arg(w)=arg(w—i)

[
=y

arg(w+2)—arg(w)=0
arg(w)=arg(w+2)
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arg(w+i)—arg(w-1)=0
arg(w+i)=arg(w-1)

Yi

=Y

/|

Question 14

Im(z)=|z-2i|

¥

i
=]
]
_...-“

© Cengage Learning Australia 2020 115



Question 15

a Re(z)>1

Yi

'

=Y

c —2<Re(z)<3
¥i
|
i
|
|
|
|
|
I |
10 —
|
1r
d Im(z)<-1and Re(z)>-2
}T
L o x
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Re(z)|<3

Yk

13 ) x
|
Im(z)| <1
¥
________ _i -
_______ .__,.'l R
1
R >—
Re(o)>
7
- 0l s
1z | 7
Y
|Re(z)| >5 and |Im(z)| <4
i T4 i
[} |
5 4 !
I |
I I
| |
. | |
B -5 0 51
| i
I |
I |
! — i
! i !
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Question 16

a arg(z—2)-arg(z)=+n

Imiz) }

e
GJ 3 Re(z)

A

b arg(z-3)—arg(z+3) =

T
2

I'miz) §
arg (z —3)

nrg{:+yﬁ_
\\

3 0 3 Re(z)

-

c

N a

d arg(z+2i)-arg(z—2)=+n

Im(z) |
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Question 17

arg(z)-arg(z-1)=0
arg(z)=arg(z-1)

Imiz)

f

u+l) 2
arg(u—1)—arg(u+1) =g

Im(=z)

ar (—Z_ZJ—W
. 2-2i) ~
arg(z—2)-arg(z-2i)==n
Imi(z)
.

7 Re(z)

'

Y
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ar (Z_—i)_z
J Z+i) 2
arg(z—i)—arg(z+i):g

Imiz)

Question 18
a 2| =|z - 4i|
This is a perpendicular line bisecting (0, 0) and (0, 41i).

¥i

(]

0 x
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b |z—2|=|z+2|

This is a perpendicular line bisecting (-2, 0) and (2, 0).

c
|z-1+i|=|z+1-i|
j2=(1-1)|=[z=(-1+1)
This is a perpendicular line bisecting (1, —i) and (-1, i).
¥
(-1 +i)® y==
= *
®(1-4)
d

|z-5-i|=|z+3+3i|
|z—(5+i)|=|z—(—3—3i)|

This is a perpendicular line bisecting (5, i) and (-3, -3i).

¥
1 [
- _I} T T 0 T T T T :; ;‘
- y=—2x+1
. -3
Y
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Question 19

a
or (W—Zj_

g W+2i)
arg(w—2)—arg(w+2i)=0
arg(w—2)=arg(w+2i)
y=x+2forx>2o0rx<Q0.

Xi
il O |l’r,L'z x
A
b

arg(u—2i)—arg(u+2):§

Semicircle, centre (-1, 1), radius /2 .

=Y
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Question 20

a |z|<3 and O<arg(z)<g

Im(z)

-3
b |z-2|<1 and 0<arg(z)<g
Im(z) &
0 \‘-. zl_f,’ Re(z)
]r

. on
—il>1and Z< 22
C |z—i[>1an 5 arg(z) < 5

Im(z)
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d %£|z|<3 and —%<arg(z)<%

Imi(z) 4
J’.-’ et gl
J'lr’ \‘4
%
.lr|l “‘l
T R A
L1 o
A L L
\.‘\\ \Z{f,-
~—g | == \\\ T
3 a4
Y
Question 21
& Imi(z)
|2
W ¥
. |24
Z
_ =
O il ¥ Re@
Y

As AOXZ and AOWY are similar

Xl _

Vol W

12]]y| = [x/[w]

As AOXZ and AOWY are similar

ZWQY =0

/ZYOZ =90°-0

ZZ0W =2YOZ + ZWQY =90°-0+0=90°
wx|=iz|y,|
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Question 22

a

|p—q|=length PQ
|r —g| = length QR
APQR is isosceles
|PQ|=|QR|
[p-a=|r-q

p-q)_ =
ol 22)-3

arg| 2 | = arg(p—q)-arg(r-q)
-

As APQR is a right-angled triangle

arg(p—q)-arg(r-q)=-

follows directly from b

Using c

Using Pythagoras’ theorem

(PQ) +(QR)"=(PRY

(p=q) +(r=q) =(r-p)’
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Question 23

Imiz)

b f1 75
-E!l": t G
C
R
v
Question 24
¥ W
p
vl Sy
= 3
a
arg(w—u)

= angle UW makes with the x-axis
As UV is parallel to the x-axis
ZVUW is corresponding and equal
carg(w-u)=9
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arg(w—v)
= angle VW makes with the x-axis measured counter clockwise
sarg(w-v)=n-o

c
=)
arg| ——
w-u
=arg(w-v)—arg(w—u)
= (n—a)-6
= 1—(a+86)
From AUVW
=p
Question 25
a:5cisE
b=5cis(—£]:5
6
c:EociSS—7t
12
=5cis(£+£j
6 4
:EocisﬁcisE
6 4
. T
=acis—
4
d=2><(—1)c
=-2C
:—2acisE
4
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Question 26

[Pl =[al=1
arg(p)=0
arg(q)=o
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Question 27

z. =1
Cc
(21)2 = [Cisﬁj2
5
. A4rn
=CIS—
= 22
d
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. 21
=Cis—
5
=Zl
f
2
2 . 27
SECE
. ( 47:]
=Cis| —
5
=23
(z)" +(2,) +(2,) +(z,)" +1
=2,+72,+7,+7;+1
=0
Question 28
a
lz+4]
-2
|lz+4|=|2-2|
Ry
xr=-1
R T Y B T
I |
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|z - 2i|

—<1
|z +2i|
|z-2i|<|z+2i|
Y
7
- Ol y=z0 x
-2
'"
23| 1
|27
|z-3|=|27|
-9-2f
forz=x+iy

|x—3+iy| = 2|x+iy|

(x=3)" +y? =2\/ﬁy2
(x=3)" +y? =4(x*+y?)
3x°+6x-9+3y*=0
X*+2x-3+y*=0
X +2Xx+1+y° =4
(x+l)2+y2 =4
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Question 29

a

|z+3|=2|z-1

forz =x+1y
|x+3+iy|=2[x—1+iy|
\/(x+3)2+ y’ :2\/(x—1)2+ y?
(x+3)2+y2:4(x2—2x+1+y2)
3x* ~14x-5+3y*=0

, 1449 ., 64

X ==X+ —+
3 9 y 9

gfor-
3 9

Which is a circle of the form (x — a)? + (y — b)? = r2.

7
b from a, centre (on radius %
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Question 30
From|z-1|=1,forz=x+1y,

X—-1+iy|=1

arg(z+1)=arg (x +1+1iy)

oo

+1 X+1

Using calculus, maximum argument of tan™t is x =

=tan™

=tan™

2

1
=tan| —

x@]

ola
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Test yourself 4

Question 1

a
(\/§Ci88)4
=(V3) cis(4x3)
~ 9cis 4

b

1
2

(9cis72°)

1
=92 cis(1x72°j
2

=3cis36°
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Question 2

(cise)5 =Cis50

=c0s° 0 +5icos*0sin0—10cos®0sin? 0 —10icos®Osin®*0+5cosOsin*O+isin® 0

a Equating Imaginary parts
sin50 = 5co0s* 0sin 0 —10cos? Osin® 0 +sin° 0
—5sin 6(1—sin26)(1—sin2e)—lo(l—sin2e)sin36+sin59
= 5sin 9(1—25in26+sin46)—105in39+103in56+sin59
=5sin0—-10sin*0+5sin>0—10sin*06 +10sin° 6 +sin> 0
=5sin0—20sin*0 +16sin° 0

b Equating real parts
(cis)” = cis50
cos50 = cos® 0 —10cos® 0sin? 0+ 5cosHsin* O
—cos’0—10cos® 6(1—cos2 6) + 5cose(l—cos2 9)(1— cos? 9)
— cos® 0 —10cos® (9(1—cos2 9) + 50039(1— 200s%0 +cos’ e)

=c0s°0-10c0s*0+10c0s* 0 +5c0s0—10c0s®0+5c0s° 0
=5c0s0—20c0s*0+16c0s°0
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Question 3
a

sin50
cos560
_ 5sin0—20sin®0+16sin° 0
~ 5c0s0—20c0s® 0+16c0s’ 0
5sin0—20sin*0+16sin° 0
( cos’ 0 j
5c0s0—20c0s®0+16cos’ 0
( cos® 0 j

tan 50 =

_ 5tan0sec’ 6—20tan® Osec’ 0+16tan® 0
5sec’ 0 —20sec’ 0 +16
5tan 9(1+ tan? 9)(1+tan2 E))—ZOtan3 E)(1+tan2 E))+16tan5 0

5(1+ tan? e)(1+ tan? e)— 20(1+ tan? e)+16
5tan 9(1+2tan2 e+tan46)—20tan39(1+tan26)+16tan56
- 5(1+2tan” 0 +tan* 0)— 20(1+tan’ 0)+16
_ 5tan0+10tan®0+5tan® 6—20tan® 0—20tan’ 6 +16tan° O
5+10tan’0+5tan* 0—20—20tan’*0+16
_tan®6-10tan®0+5tan 0
1-10tan®0+5tan* 0
tan 6(tan“6—10tan2 6+5)
~ 1-10tan’0+5tan* 0
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tan 6(tan48—10tan26+5)
1-10tan’0+5tan* 0

tan50 = 0 when tan e(tan4 0 —10tan? 6+5): 0

then 50 =0, tx, +2x, +3m, ...

m2n 3

5 5 5

For tan 9(tan4e—10tan29+5):0

tan6=0or tan*0—-10tan’0+5=0

Fortan6 =0,0=0,*+r,+2x, £3mx,...

So other solutions to 6 above must yield 4 unique solutions to x* —10x* +5 =0 where x = tan 0

Test for tan (iﬁj , tan (iﬁj ,tan (is—nj ,tan (i4—n) etc
5 5 5 5

So unique solutions are:

X = tan (iﬁ tan (iz—“j
5 5

=Ftan (— ,Ftan (%n) tan is an odd function

— +tan (E +tan (ﬁj
5 5

tan50 =

6 =0,

I+
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Question 4

z—l:ZisinO
Z

(z —1]7 =(2isin 9)7

Z
=-128isin’ 0

7 7 7 7 7 7 7
=7 —(Jzﬁz‘l +(2J 2°z? —(3} 2773 +(4j %z _(SJ 7°77° + [6] 7'z°° _(YJ 7’

=7 —77°+212°-352' +352' - 2122 +7z2° -z’

= (27 — z’7)—7(25 — 2’5)+ 21(23 - 2’3)—35(21 - z’l)
=2isin70—7x2isin50 + 21x 2isin 30 —-35x 2isin
=2i(sin76—7sin50 + 21sin 36 —35sin 0)
-.—128isin” 6 = 2i(sin 76 — 7sin 50 + 21sin 30 —35sin 0)
64sin’ @ =35sin0—21sin 30+ 7sin50 —sin 70
35sin0—64sin’ 0 = 21sin30 — 7sin50 +sin 70

[ (355in0—64sin” 0)do

:I(lein36—7sin59+sin 76)de

—7c0536+zc055e—£cos76+c

Question 5

a

22 +2iz+3=0

Z:—bi\/b2—4ac
2a
~2i+(2i)° —4x1x3
2
2i+-4-12
2
—2i+/-16
2
_ 2i+4i
2
=-3i,i
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w? —(2-3i)w-1-3i=0

e —b ++/b* - 4ac

2a

2-3i+,)(2-3i)" —4x1x(-1-3i)

- 2
_ 2-3i£y/-5-12i+4+12i
- 2
_2-3i++/-1
-
_2-3i+i
2
=1-2i1-i

ixX*-9=0

X:—bi\/b2—4ac
2a
Oi,/—4><i><(—9)
- 2i
++/36i
"2
+6/i

2i
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Question 6

a

22 =1-i/3

- T a2
arg(zz)ztan‘l(¥j=—E

o 5

= ﬁcis(—gxéj

ol

7= ﬁcis(—%},ﬁcis(%"}
b
2 =—2-iV2
= () (2 = A=
oz “(iﬁ%
- ﬁcis(—%nx%j

7= ﬁcis(—%},ﬁcis(%ﬁj
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Question 7

P(z)=2'-47°+112°-142+12

a

P(1-iv2)=(1-iV2) ~4(1-iv2) +11(1-iV2) ~14(1-iV2)+12
z=1-i\2

z? :(1—i\/§)2

=1-2iv/2-2

=-1-2i\2

2 =(-1-2iV2)(1-i2)

= —1+iv2-2iV2 -4

=-5-i/2

z* :(—S—i\/i)(l—i\/i)

= -5+5i\/2-iv2-2

T+4i\2

1—i\/§)4 —4(1—iﬁ)3 +11(1—iﬁ)2 ~14(1-iv2)+12
~7+4iN2 - 4(-5-iv2) +11(-1-2iV2) -14(1-iV2 ) +12

~7420-11-14+12 + 4iN2 + 4i2 — 22i/2 +14i/2
0

- 1—iv2 is aroot

—

As P(z) has only real coefficients 1+i+/2 is also a root
(z-(2+iv2))(2-(1-1v2))
=2 - 7(1+iv2) - 2(1-iv2 )+ (1+iv2)(1-1V2)

=72-27+3
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7°-21+4
2’ -22+3)2' —42° +112° 147 +12
7' —27° +37°
-27°+87*-14z
—27° 1+ 47* 62
112° -147+12
117° —147+12
0
P(z)=2"-4z°+11z* -147+12
:(z2 —22+3)(z2 —22+4)
2°-271+4=0
. ~b++/b® -4ac
2a
~ Zi\/(—Z)2 —4x1x4
2

24412

2
_2+2J-3

2
—1+i/3
Solutions

x=1+i/3,1%i/2

P(x)=x"-4x*+11x* -14x +12
= (x* —2x+3)(X* —2x+4)
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Question 8

P(z)=22°+bz* +cz+13

As all coefficients are real if a.=—2+3i is a root then o.=— 2 —3i must also be a root.

(z—(-2+3i))(z—(-2-3i))

=2 -7(-2+3i)-z(-2-3i)+(-2+3i)(-2-3i)
=7 +472+4+9

=2"+42+13

Let the third root =

22%+bz% +cz+13= (22 +47 +13)(22 +1)

=22°+7°+82° +42+262+13
=22°+92*+30z+13
P(x)=2x"+92” +30x+13=(2x+1)(x* +4x+13)

x=—1,—21r3i
2
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Question 9

a

Z= \/Ecis(gj

W= 2cis(£j
4

(= . (3
i W = 24/ 2CiS| —+— |= 24/ 2¢CIS| —
| V2 Ez 4) V2 (4J

+=[|=

A

By

cis(ﬁ_ﬂ —icis(zj
2 4) J2 \4
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Z= 2cis(£j
3
W= 3cis(—£j
6

et

®y

=Yy
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-l
AEARGHIEE

el 3l

2

ay
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Question 10

7= SCis(—Ej
3
iz = 5cis(£j
6

i

=3E ]

A

=1E

h_IN
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Question 11

a,b

Imiz) &

o

'
/

c,d
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Question 12

a wW=u+yv

As |v|=|uland v is L to u clockwise
V=iu
SoW=Uu+iu

C As OVWU is a square, all adjacent lines are perpendicular.
U —w represents the vector WU .

vV — W represents the vector WV .
WU is the vector WV rotated anticlockwise .

Hence u—w =i(v—w).
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Question 13

a
2’ =1
z,=1z,=-1
Imiz)
-1 O 1 Re(z)
b
2°=1
3 roots of unity must be equally spaced around the unit circle
z,=1
. 2m
z, =CiS—
3

Z,=122 =Cis| ——
3
2n

] . 2T . ( )
COﬂjU&tGSZ CIS —CIS | —
3 3

Imiz) &
. Im

—
1 Rez)
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6
2’ =1
6 roots of unity must be equally spaced around the unit circle
z,=1
z,=-1
z, =Cis—
- f T
2, =122 = ms(——}
3
. 2n
Z, =Cis—
3

- . ( 2nj
Z; =24 =CiS| ——
3

. LT T . 2T . 21
conjugates :cis—,CIS| —— and cis—,cis| ——
3 3 3 3

Imiz)
[12 'Elfl
n
o kD
- } } —
-1 ET“ 1 Re(z)
[14 §
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8
2’ =1
8 roots of unity must be equally spaced around the unit circle
z,=1z,=-1
z,=11, =73 =i
. T
z,= C|sZ
- . T
Z,=122= us(——)
4
. 3n
z, =Cis—
4

Z, =24 =CiS| ——
4

. LT ( n) . 3T . ( 371) ..
conjugates .CIS—,CIs| —— |, CIS—,CIS| — and I, —1
4 4 4 4

Imiz) I
1
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Question 14

a
2" =1
Seven roots of unity must be equally spaced around the unit circle
z,=1
z, =Cis—
- . 27
Z,=22=CIS| ——
7
. T
z, =Cis—
- . 47
Z, =74 =CIS| ——
-
Zs =CiS—
- . 67
Z, =175 =CiS| —
7
Imiz) A
[12
Lo
[13
n
- — ——
l=o" Reiz)
th'
vl]ﬁ
o ¥
b
7' =1
7' -1=0

(z—l)(26+25+z4+z3+22+z+1):0
As o isa complexroot, o — 1 # 0
sttt +rat+rol+ral+oa+1=0

As the roots are equally spaced around a unit circle they form a regular heptagon,
adding these vectors returns you to the origin.
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A S
=7’ 22008(67 J+1

2’ -1=(z- 1)(2 chos(z7 j+1j(z chos(ﬂ'7 j+1j[z 22cos(67 j+1}

d
z'-1=(z- 1)[2 chos( - j+1)(z 22003( - j+l)(z 22003(67n]+1j
(z- 1)(26+25+z4+23+22+z+1)=( —1)( 22c05(27 )+1j

- ()

v varte( - zvon{ )1 - 2]
o)
(e ol e ol e o]l ]
(el o (5
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2°+2°+2*+ 2%+ 22 +2+1=0

7 7 7
1+ 2cos 2—“ +2C0s n +2C0s 6_n =0
7 7 7
21 4 67
2| cos| — |+cos| — |+cos| — | |[=-1
7 7 7
21 4 61 1
COS| — |+C0S| — |+cCoS| — |=—=
7 7 7 2

Question 15

a

(cis 9)3 =c0s30+isin® b De Moivre's theorem
(cis®)’ = cos® 0+ 3i cos? Osin 6 —3cosOsin® O—isin® 6 by expanding
Equating real parts:
c0s30 = cos’® 0 —3cossin® O
= cos® 0—3cos 0(1—cos’ 0)

=4c05°0—3c0s0
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Let x =cos0
Then cos30 = 4co0s®0—3cos0 = 4x® —3x
If 8x* —6x—1=0, then:

8x°—6x=1
4x3—3x:1
2
cos3€):1
2
g2 2n fr Un
33 3 3
= 5 7n lin
9'9'9" 9"

T 5n Vi 11n
X=C0S0= cC0s—,C0s—,C0S—,C0S—,...
9 9 9 9

but 8x® —6x—1=0 has 3 roots and cos% = cos(—%nj = cos%n,so

T 5n Vs
X=C0S—,C0S—,CO0S—
9 9 9

8x® —6x—1=0 the sum of the roots = 0

T 5n n
COS—+C0S—+cos—=0
9 9 9

o Lol ol

T 47 27
c0S——-Cc0s——cos—=0
9 9 9

T 21 47
—C0S—+C0S—+Cc0s— =0
9 9 9

21 47 T
C0S—+Cc0S——c0s—=0
9 9 9
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Question 16

Letz®=1

2°-1=0

(z—l)(22+z+1):0

As o is a complex cube root of unity ® # 1

Lt +om+1=0

(l—m—mz)(l—w+m2)(1+ c)—u)z)
= (1+1-1-0-0’ )(1-20+0" )(1+ 0+ o - 20°)
=(2—(1+0)+0)2))(—Zw+(1+w+0)2))((1+c0+c02)—20)2)

=(2)(-20)(-20")

(
8w
8
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Question 17
a

1 1
l+o 1+0°
_ lte+l+o’

- (1+ co)(1+ 032)

1+t e+’
l+o+o’+0°
1

0)3

=1

k+lo+ mo?
| +mo+ ko?
3 kK+lo+mon® o

_I k 2)(—2
+ Mo+ K® Q)

2

_ ko’ +loo’ + mo’e’
m2(|+mco+ kcoz)
B ko’ +lo® + mo*
coz(l + Mo+ kcoz)

ko? +1+mo

- coz(l +mc0+ko)2)

5 8n

© Cengage Learning Australia 2020

158



Question 18

a

Letz*> =15-8i

(x+ iy)2 =15-8i

x? —y% + 2ixy =15 8i

Equating real and imaginary coefficients
x*—y*=15

2xy =-8

4
y=—
X

xz—(iﬂj2=15

X

x* —16 =15x°

x* —15x* -16=0
(x2 —16)(x2 +1) =0
x> -16=0

X==4

y=71
z2=4—-i,-4+i
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Question 19

a

7' =-16
z* =16cis(n)

1 . T
z =16 ciS| —xm |=2CiS—
4 4

The four roots of 16 are equally spaced g apart fro z2cis %

z=2cis£,2ci33—n,20is _r ,2CiS —3—n
4 4 4 4

Imiz) &

'

© Cengage Learning Australia 2020 160



2 =-1-i

=2 cis(—g—nJ
4
2=%2 cis(—ﬁj
4
The three roots of —1—i are equally spaced %ﬁ apart from z =42 cis(—%].

z= \fﬁcis(—%j,E/Ecisﬁ—;j,?/?cis(_ﬁ]

Imiz) &
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25 =32 2

1
_Z\s
z=|32e 2
z=2¢
The five roots of 32¢ 2 are equally spaced 2_5n apart from z =2 0.

LT T 9n I 3n
Y Y —l— i— [da
z=2e °,2e 2,2e 10,2e10 210

Im(z) A

.
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Question 20

The five roots of e 3 are equally spaced 2—; apart from z =5,

LT In 13mn ilil.n _iT

7=eB eB e® e B e 3

Imiz) &

© Cengage Learning Australia 2020 163



Question 21

z3 +1)([z3}2 ~z +1)
z° +1)(z6 -7° +1)
z+1)(z2 —z+1)(z6 -7 +1)

Il

7° +1=(z3+1)(z6 _7 +1)
The solutions of (z6 K +1) are the 6 solutions of z° +1

that do not include the solutions of (23 +1).

The solutions not required are—1, cis%,cis(—%), leaving

. T .5t . TIm . ) . 5t . T
ciIs—,CIs—,ciIs—,cI1s| —|,CIs| —— |,CIS| ——
9 9 9 9 9 9

The real quadratic actors of z°—z> 1 are:

S G By G B I L

=[22 -2z cos%+1],(z2 -2z cos%[ﬂ},(zz -2z cos%[ﬂj.
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Question 22

a [
|7|=6
X2 + y2 — 62
x*+y® =36
ii Set of points equidistant 6 units from O.
¥i
6
- 3 '.-;
Y
b i

lz-2-i|]=1
|x+iy+(—2—i)|=1

Jx=2) +(y-1) =1

(x—2)2+(y—1)2 =1°

ii Set of points equidistant 1 unit from (2, 1).

¥
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|z-2i[=1m(z)
|x+iy—2i[=y

Vo) +(y=2) =y
x2+(y—2)2 =y°
X?—4y+4=0

1.2
=—(X"+4
y=5(x'+4)
ii Set of points equidistant from (0, 2) and the x-axis.

¥i

'

=Y
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|z| =]z -2-2i

|X+iy|=|x+iy —(2+2i)|

VOO +(y) =y(x-2) +(y-2)
X4y =X —AX+4+y* -4y +4
4Xx+4y-8=0

y=2-X

I It is the perpendicular bisector of the line joining (0, 0) and (2, 2).

{2, 2)
[ ]

(0,0 *
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lz+6]

|z 4il

|2+6|=|z—4i
|x+iy—(—6)|=|x+iy—4i|

Jx+6) +(y)F = (%) +(y -4y

X*+12x+36+y> =x"+y>* -8y +16

12x+8y+20=0
3X+2y+5=0

i It is the perpendicular bisector of the line joining (-6, 0) and (0, 4).

Jx+2y+5=0

270, 4

#

:'I—{’;_rfﬁ"x | \\‘
..-'-"_I-r] —2
Question 23
I
a arg(z)=—=
9(2)=-3
Imiz) 4
4 X Re(z)
\T
) =

© Cengage Learning Australia 2020
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b arg(z+1)=

c arg(z+1—i\/§):2—:;T

Imiz) &

n

T
______ LY
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Question 24.

a arg(z—2)=arg(z—4-2i)

Y4

i
\:
+.__

b arg(z+1-i)-arg(z-1+i)=m=

c arg(z—l)—arg(z+1):g
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Question 25

a —§<arg(z—1)35—n

A

'
=4

b 1<arg(z-2i)<2
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Question 26

a perpendicular bisector

i
f,f’"

\
o
=¥

Z is intersection of ray and circle

Imiz) 4
]
e
- I o
- i w
P I }:zl
- ] LY
L
’.f .aIE r,. "\
4 4. Y
] i, 1
I .7 \
I e i
I zé I
1 B I
\ I
v F
- . —
L9 ,
\ S Reiz)
b1 i
e -~
LY -
'\'l._“ ’.!'
"I‘_'l_ _____ '_.r
L ]
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Question 27

W, - W W — W

W, —W, W, —W,

.. Moduli and arguments are equal

. |W2_W1|:|W3_W2|
|W3_W1| |W1_Wz|

W, —W, W, —W.
W; —W, W, =W,

arg (w, —w, ) —arg(w, —w, ) =arg (w, —w, ) —arg (w, —w,)

S LWW, W = LW, W W,

g =W | =y — |

- |w, —W1|2 =|w, —W1|2

|W3 _W2| = |W3 _W1| = |W2 _W1|

All 3 sides are equal, hence it is an equilateral triangle.

© Cengage Learning Australia 2020

173



MATHS IN FOCUS 12
MATHEMATICS EXTENSION 2

WORKED SOLUTIONS

Chapter 5: Further mathematical induction

Exercise 5.01 Review of mathematical induction

Question 1

a

P(n):1+2+3+4+....+n:g(n+1)

P(1)LHS=1

RHS =%(1+1):%><2:1: LHS

- P(1) is true
Let P(k) be true
ie. 1+2+3+4+....+k:g(k+1)

P(k+1)LHS
1+2+43+4+...+k+(k+1)

=g(k+1)+(k+1)

=(g+1j(k +1)
=(k +1)(g+§j

~(k+1) 2 (k+2)

:ﬂ((k +1)+1)

=RHS

- P(k+1) is true

P(1) is true and the truth of P (k) implies the truth of P(k +1)
by mathematical induction P(n) is true.
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P(n):1+3+5+...+(2n-1)=n’

P(1) LHS=1

RHS=1* =1=LHS

. P(1) is true

Let P(k) be true

ie. 1+3+5+..+(2k-1)=k?
P(k+1) LHS
1+2+3+4+...+(2k-1)+(2(k +1)-1)
=k*+(2(k+1)-1)

=k*+(2k +1)

=(k +1)2

= RHS

- P(k+1) is true

P(1) is true and the truth of P (k) implies the truth of P(k +1)

by mathematical induction P(n) IS true.
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P(n):1*+2*+3°+4*+....+n’ =%(n+1)(2n+1)
P(1) LHS=1*=1
RHS:%(1+1)(2+1) :%x2><3:1: LHS

. P(1) istrue

Let P(k) be true

i.e. 12+22+32+42+....+k2:%(k+1)(2k+1)

Required to prove

P(k+1):1% +22+3 + 42+ ...+ k? +(k +1)° :(k—;l)((k +1)+1)(2(k +1)+1)
LHS 12 4+2% +32 + 4% + ...+ k2 + (k +1)°

k(k+1 )(2k+1)+ (k +1)°

=(k+1) (6 (2k +1)+ k+1)j

(ks (k (2k+1) | k+1)j

(k

1)

+

k(2k+1)+6(k+1))

+ o

(k

I|
+ o
H

)(k(
l
(2k2+k+6k+6)
k
)

2k2+7k+6)

o+ o

(k +2)(2k +3)

((k+1)+1)(2(k+1)+1)
=RHS
P(k+1) is true
P(1) is true and the truth of P(k) implies the truth of P(k +1)
by mathematical induction P(n) is true.

© Cengage Learning Australia 2020



Question 2

a

P(n):1+3+32+33+34+....+3”lz%

P(1) LHS=1

. P(1) is true
Let P(k) be true

k_
e 143434343 4. +31=5 1

Required to prove
3 -1

P(k+1):1+3+3°+3°+3"+...+31+3 =

LHS1+3+3%+33+3* +....+ 314+ 3
31
2
-1 2x3*
+
2 2
3 —14+2x3"

+3

B 3k+ _1
2
=RHS

- P(k+1) is true
P(1) is true and the truth of P(k) implies the truth of P(k +1)

by mathematical induction P(n) is true.
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P(n):1+4+4° + 4 +4" +...+4" =%
P(1) LHS =1

RHs=2"2_3_1_1hs
3 3

. P(1) is true
Let P(k) be true

4 -1
3

e l+4+42 443 44% . 445 =

Required to prove
4 -1
P(k+1):1+4+4°+42+4% 4 +4 44 =———=

LHS1+4+4% + 4%+ 4% + 4+ 4 4 4

_4-1
3

4 -1 3x4*

= +
3 3

+ 4

41
3
=RHS

- P(k+1) is true
P(1) is true and the truth of P (k) implies the truth of P(k +1)

by mathematical induction P(n) is true.
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1 1 1 1 1 1
P(n):1+z+?+?+?+....+ = =2- =
P(1) LHS =1

RHS = 2—%=2—1=1=LHS

. P(1) is true
Let P(k) be true

ie. 1+£+i+i+i+....+é: 2—i

Requiredtoprove

P(k+1):1+%+2—12+i+i+ 1t 1

1 1 1 1 1 1
LHS 1+§+?+?+?+ +F+?
1 1

T

- P(k+1) is true
P(1) is true and the truth of P (k) implies the truth of P(k +1)
by mathematical induction P(n) is true.
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Question 3

a

P(n):4"-1is divisible by 3 Vn>1
ie.4"-1=3m meN

P(l)LHS=4 -1=3

- P(1) is true

Let P(k) be true

i.e. 4“~1=3m

P(k+1):4“ -1

=4x4" -1

=3x4"+4-1

=3x4*+3m

=3(4"+m)

Ask,m,4“+meN

3(4“+m)=3q

-4 —1is divisible by 3

- P(k+1) is true

P(1) is true and the truth of P (k) implies the truth of P(k +1)
by mathematical induction P(n) is true.
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P(n):7"-1is divisible by 6 ¥n>1
ie.7"-1=6m meN
P(L)LHS=7 -1=6

. P(1) is true

Let P(k) be true

i.e. 7 —1=6m

P(k+1):7 -1

=7x7-1

=6x7 +7" -1

=6x7"+6m

=6(7“+m)

Ask,m7"+meN

6(7*+m)=6q

S 7% —1is divisible by 6

- P(k+1) is true

P(1) is true and the truth of P (k) implies the truth of P(k +1)

by mathematical induction P(n) IS true.
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P(n):3*" —1is divisible by 8 ¥n>1
i.e.3""-1=8m meN

P(1) LHS=3*-1=8

. P(1) is true

Let P(k) be true

i.e.3% -1=8m

P(k+1):3*"" -1

=3 x3* -1

=9x3%* -1

=8x3% +3% -1

=8x3% +8m

=8(3% +m)

Ask,m3*+meN

8(3 +m)=8q

~.3" _1is divisible by 8

- P(k+1) is true

P(1) is true and the truth of P (k) implies the truth of P(k +1)
by mathematical induction P(n) IS true.
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Question 4

a

2

P(n):13+23+33+43+....+n3:n?(n+1)2
P(1) LHS =1°=1

12 2 l 2
RHS == (1+1)" ==x2°=1=LHS

4 4
- P(1) istrue
Let P(k) be true

2

e P+22+3F+43+ .+ k3=k7(k+1)2

Required to prove

P(k +1):13+23+33+4‘°’+....+k3+(k+l)3 =

LHS 1 +2° +3°+ 4+ ...+ K +(k +1)’

k? K1+ (k 217
:T( +1)" +(k+1)

:(k+1)2(k72+(k+1)j

=RHS

- P(k+1) is true

P(1) is true and the truth of P(k) implies the truth of P(k +1)
by mathematical induction P(n) is true.
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3(3"-1
P(n):3+32+33+34+....+3”:¥
P(1) LHS =3

3(3 -1
RHS = (2 )=3xz=3=LHS
. P(1) is true

Let P(k) be true

3(3-1
ie.3+32+3F+3" +...+3 :%

Requiredtoprove

2 a3, ot K-l | ok | ki 3(3k+ _1)
P(k+1):3+3°+3 +3"+...+37+3 +3“ ==
LHS 1+3+3%+3¥+3% +... +31 43¢+ 31

2 " 2
_ 3k+1—3+2><3k+1
- 2
3" (1+2)-3
==
3(3 -1)
———
= RHS
- P(k+1) is true
P(1) is true and the truth of P (k) implies the truth of P(k +1)
by mathematical induction P(n) is true.
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1 1 1 1 n

P(n):—+—+ + o+ =
1x2 2x3 3x4 n><(n+1) n+1
P(1) LHS =2
2
1
RHS===LHS
2
- P(1) istrue
Let P(k) be true
1 1 1 1 k

2 23 3 Tkx(keD) ket
Required to prove

S S S SR 1 _(k+Y)
1x2 2x3 3x4 kx(k+1) (k+1)x((k+1)+1) ((k+1)+1)
S S S S L
1x2 2x3 3x4 kx(k+1)  (k+1)x((k+1)+1)
_ k N 1

k+1 (k+1)x(k+2)

k(k+2)+1
(k+1)(k+2)

k?+2k +1
(k+1)(k+2)

(k+1)2
(k+1)(k+2)
(k+1)
(k+2)
o (k+1)
((k+1)+1)
=RHS
- P(k+1) is true
P(1) is true and the truth of P(k) implies the truth of P(k +1)

by mathematical induction P(n) is true.

P(k+1):

LHS
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Question 5

a

P(n):9™?—4" is divisible by 5 vn >1
i.e. 9" -4"=5m meN

P(l) LHS =9°—4' =725 =5x145

. P(1) is true

Let P(k) be true

i.e. 9% -4 =5m

P(k+1):LHS 9*#2 4

_ QK3 _ gk

=9x 9" _4x 4

=5x 92 4+ 4x Q"2 _4x 4"

=5x 9" +4(9* - 4")
=5x9?+4(5m)

=5(9" +4m)

Ask,m,9? +4me N

5(9"% +4m) =5q

5942 _ 4% s divisible by 5

- P(k+1) is true

P(1) is true and the truth of P(k) implies the truth of P(k +1)
by mathematical induction P(n) is true.
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P(n):n(n+1) is divisible by 2 vn>1
ie.n(n+l)=2m meN

P(1) LHS =1(1+1) =2

. P(1) is true

Let P(k) be true

ie. k(k+1)=2m

P(k+1):LHS (k+1)((k+1)+1)
=(k+1)(k+2)

=k(k+1)+2(k+1)

=2m+2(k+1)

=2(m+k+1)

Ask,mm+k+1eN

2(m+k+1)=2q

c(k+1)((k+1)+1) is divisible by 2

- P(k+1) is true

P(1) is true and the truth of P (k) implies the truth of P(k +1)
by mathematical induction P(n) is true.

This is actually a repeat of question 5 a as 32 = 9.
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P(n):n(n+1)(n+2) is divisible by 6 ¥n >1
ie.n(n+1)(n+2)=6m meN

P(1) LHS=1(1+1)(1+2) =6

- P(1) istrue

Let P(k) be true

ie. k(k+1)(k+2)=6m

P(k+1): (k+1)((k+1)+1)((k+1)+2)

(k+1)(k+2)(k+3)

=k(k+1)(k+2)+3(k+1)(k+2)

=6m+3(k+1)(k+2)

from 5b (k +1)(k+ 2) must be an even integer so we can write
=6m+3x2a

=6(m+a)

Asa,ma+meN

6(m+a)=6q

c(k+1)((k+1)+1)((k+1)+2) is divisible by 6

- P(k+1) istrue

P(1) is true and the truth of P(k) implies the truth of P(k +1)
by mathematical induction P(n) is true.
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P(n):n’+2n is divisible by 3 vn>1
ie.n®+2n=3m meN

P(1) LHS=1’+2x1=3

. P(1) is true

Let P(k) be true

i.e.k®+2k =3m

P(k+1): LHS (k+1) +2(k +1)
=k®+3k*>+3k+1+2k +2
=k®+2k+3k*+3k+3
:k3+2k+3(k2+k+1)
:3m+3(k2+k+1)

=3(k2+k+l+m)
Ask,mk’+k+1+meN

(k+1)"+2(k +1)=3q

~(k+2)*+2(k +1) is divisible by 3

- P(k+1) is true

P(1) is true and the truth of P (k) implies the truth of P(k +1)
by mathematical induction P(n) is true.

© Cengage Learning Australia 2020

16



Question 6

a

P(n) a+(a+d)+(a+2d)+(a+3d)+....+(a+(n—1)d)=g(2a+(n—l)d)
P(l) LHS=a
RHS:%Qa+a—nd)=%2a=a=LHS
- P(1) istrue
Let P(k) be true
ie. a+(a+d)+(a+2d)+(a+3d)+....+(a+(k—1)d):g(2a+(k—l)d)
Requiredtoprove
P(k+1):a+(a+d)+(a+2d)+(a+3d)+....+(a+(k—1)d)+(a+((k+1)—1)d)
=Q%?2@a+«k+n—nd)

LHS a+(a+d)+(a+2d)+(a+3d)+....+(a+(k—1)d)+(a+((k+1)—1)d)
= 5(2a+(k-1)d)+(a+ka)
M+a+kd

2

k(k-1)d  2kd
+ +2

=ka+

=a(k+1)

2
=a(k +1)+#d
_2a(k+1) . k(k+1)
2 2

:%(2a+ kd)

d

:@(Zaﬂ(k +1)—1)d)

=RHS

- P(k+1) is true

P(1) is true and the truth of P(k) implies the truth of P (k +1)

by mathematical induction P(n) is true.
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a(r'-1
P(n) a+ar+ar’+ar’+ +ar"'= (r - )
P(1) LHS =a
rus= 20U ol iks
r-1
. P(1) is true
Let P(k) be true
a(r-1
ie. a+ar+ar’+ar’+ +ar'= (r . )
Required to prove
a rk+1—1
P(k+1):a+ar+ar’+ar’+ +ar“+ar"+1‘1:¥

LHS a+ar+ar?+ar’+...+ar +ar®

k
:—a(rr_ll) +ar
_a(r'-1) art(r-1)
r-1 (r-1)
_arf-a+ar‘r-ar*
- r-1
_ar'-a
r-1
a(r*-1)
r-1
=RHS
- P(k+1) is true
P(1) is true and the truth of P (k) implies the truth of P(k +1)
by mathematical induction P(n) is true.
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Exercise 5.02 Further mathematical induction

Question 1

a

P(n):5"—1is divisible by 8 V even n > 2
i.e5"-1=8m meN

P(2) LHS =5 ~1=24

- P(2) is true

Let P(k) be true

i.e. 5-1=8m

P(k+2):5%-1

=52x5-1

=24x5"+5 -1

=8x3x5"+8m

=8(3><5k +m)

Ask,m,3x5 +meN

8(3x5"+m)=8q

-.52_1is divisible by 8

- P(k+2) is true

P(2) is true and the truth of P(k) implies the truth of P(k +2)

by mathematical induction P(n) is true.
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P(n):3"—2" is divisible by 5 V even n>2
ie3"-2"=5m meN

P(2) LHS=3?-2?=9-4=5

- P(2) is true

Let P(k) be true

i.e. 3“—2=5m

P(k+2):LHS 3“?-2*

=3 x 3 —22x 2"

=9x 3 —4x2

=5x3" +4x3 —4x2"

=5x3 +4(3-2")

=5x3“+4(5m)

=5(3"+4m)

Ask,m,3+4meN

5(3" +4m) =5q

- 32 _2%2 is divisible by 5

- P(k+2) istrue

P(2) is true and the truth of P(k) implies the truth of P(k +2)

by mathematical induction P(n) is true.
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P(n):x"—1is divisible by x* —1V even n>2
iex"-1=(x*-1)Q(x) meN
P(2) LHS=x*-1=(x"-1)x1
- P(2) istrue
Let P(k) be true
e x“—1=(x"-1)Q(x)
P(k+2):LHS x*?-1
(x +1- 1)x -1
=(x -2+
=(x*-2)x ( )
=(x*-1)(Q(x)+x’)
x“z—l:(x —1)(Q( )+ X )
X% —1is divisible by x? -1

P(k+2) is true
P(2) is true and the truth of P(k) implies the truth of P(k +2)
by mathematical induction P(n) is true.

Q(x
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Question 2

a

P(n):5"+2" is divisible by 7 ¥ odd n > 1
i.e5"+2"=7m meN

P(1) LHS=5'+2"=7

- P(1) is true

Let P(k) be true

i.e. 5+2“=7m

P(k+2):LHS 52 +2*

=52 x5 +22x 2

=25x5" +4x 2

= 21x5" +4x5" +4x 2"
=7x3x5" +4(5 +2")
:7><3><5k+4(7m)

=7(3x5" +4m)

Ask,m,3x5+4meN

7(3x5" +4m)=7q

- 5% 4+ 242 s divisible by 7

- P(k+2) istrue

P(1) is true and the truth of P(k) implies the truth of P (k +2)

by mathematical induction P(n) is true.
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P(n):6"+3" is divisible by 9 V odd n>1
i.e6"+3"=9m meN

P(1) LHS =6'+3' =9

- P(1) is true

Let P(k) be true

i.e. 6“+3“=9m

P(k+2):LHS 6243
=6°x 6" +3x3"

=36x6" +9x3

=27x6" +9x6" +9x 3

=9x3x6" +9(6"+3")

=9(3x6" +6"+3")

=9(3x6" +9m)

Ask,m,3x6"+9meN
9(3x 6" +9m)=9q

5. 65?432 is divisible by 9

- P(k+2) istrue

P(1) is true and the truth of P (k) implies the truth of P(k +2)

by mathematical induction P(n) is true.
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P(n):4"2+7" % is divisible by 11 vV odd n >3
ie. 4" 247" %=11m meN

P(3) LHS=4"?+7"2=11

- P(3) istrue

Let P(k) be true

ie. 47 4+7%7 =11m

P(k+2):LHS 42247422

S LENY Ly LV A

=16x4" % +49x7"?

=16x4" 2 +16x 7" 2 +33x 72

=16(4" 2 +77) +11x3x 7"
16(11m)+11x3x 72

=11(16m+3x7"?)

Ask,m,16m+3x7?eN

11(16m+3x7*?) =11q

S AR 72 s divisible by 11

S P(k+2) istrue

P(1) is true and the truth of P (k) implies the truth of P (k +2)
by mathematical induction P(n) is true.
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Question 3

a

P(n):9"-8(n—1)-9 is divisible by 64 ¥n > 2
ie.9"-8(n-1)-9=64m meN

P(2) LHS=92-8(2-1)-9=81-8-9=64
- P(2) istrue

Let P(k) be true

i.e.9“-8(k—-1)-9=64m

P(k+1):9"" —8((k+1)-1)-9
=9x9“-8(k+1)+8-9
=8x9"+9*-8k-8+8-9
=8x9“+9“-8(k-1)-9-8
=8x9“-8+9“-8(k-1)-9
=8x9“—8+64m

=8(9" ~1)+64m
:8((9—1)(9"’1+9k’2+9k’3+....+1))+64m
=8(8(9" " +9"? +9" " +...+1))+64m
=64(9k‘1+9k‘2+9k‘3+....+1)+64m
:64(9k’1+9k’2+9k’3+....+1+ m)

Ask,m, 9" +9?4+ 9%+ +1+meN

9" —8((k+1)-1)-9=64q

9" —8((k+1)-1)-9is divisible by 64
- P(k+1) is true

P(2) is true and the truth of P(k) implies the truth of P(k +1)
by mathematical induction P(n) is true.
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P(n):13" —12n-13 is divisible by 144 vn>1
i.e13" -12n-13=144m meN

P(1) LHS=13""-12-13=169-12-13=144
. P(1) is true

Let P(k) be true

ie. 13" —12k -13=144m
P(k+1):13** —12(k +1)-13

=13x13*" —12k-12-13
=12x13“"* 413" —12k -12-13
=12x13“"" 413 12k —-13-12
=12x13"1 —12 413 —12k -13

=12x13"" —12+144m

=12(13** -1)+144m

=12((18-1)(18" +13" * +18° +...+1)) +144m
=12(12(13k 41361 41342 +....+1))+144m
:144(13k +13 4132 441+ m)

Ask,m13“+13 +13*°+...+1+meN

131 -12(k +1)-13=144q

.13 —12(k +1)-13 is divisible by 144

- P(k+1) is true

P(1) is true and the truth of P (k) implies the truth of P(k +1)

by mathematical induction P(n) is true.

© Cengage Learning Australia 2020



Exercise 5.03 Series and sigma notation

Question 1
10

a Drt=12427 43+ 47457+ 67+ 77 +87 + 97 +107

r=1

b Zn:(Zk+3):(2><1+3)+(2><2+3)+(2><3+3)+....+(2xn+3)

M +1
c lel+1+l+1+ 1
N 2 M +1
d

3 (1) =(-1) 2 (< B (1) d o (<1 x5 (<1)" 6

© Cengage Learning Australia 2020

27



Question 2

a

Il
—
H
+
N
~
+
—_
N
+
N
~
+
—
w
+
N
N
+
—_
N
+
N
N—

Z3r—l

r=1

=3 +3+37+3+3°
=1+3+9+27+81
=121

ij(m)

=1x(1+1)+2x(2+1)+3%x(3+1)

e T
9 16 25 36 49 64

15433
235200
~0.065616
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Question 3

a
B S CN N/ L RN & £
77 r
2 (1) r*=
r=1
b
1 11 1
4+ 4+ +=
2 3 4 n
$1
r:2r
c
34434343
99
:ng
r=1
d
111 1 1
11— — 4.
4 8 16 32
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Question 4

a

p(n):isr-zzg(sn-l)
r=1
P(1) LHS 3-2=1
RHS = 1(3—1) ~12-1=LHs
2 2
. P(1) is true
Let P(k) be true
Kk
i.e. ZSr—Z:g(3k—1)
r=1

Required to prove

P(k+1): tijpr 2= (k;rl)(s(k +1)-1)

K+1

P(k+1) LHS > 3r-2
r=1

=Zk:3r—2+(3(k+1)—2)

=g(3k—1)+3(k+1)—2

3K’ —k  6k+6_4
2 2 2
_3k*-k+6k+6-4
- 2
3k? +5k +2
2

3k*+3k + 2k +2

2
_Bk(k+1)+2(k+1)
- 2
(k+1)(3k +2)

2

—~

k+1)

2
=RHS

- P(k+1) is true
P(1) is true and the truth of P (k) implies the truth of P(k +1)
by mathematical induction P(n) is true.

(3(k+1)-1)
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6"-1
5
1

p(n);ieflz

P(1) LHS 6" =
RHs=2"1_3_1_1hs
5 5
- P(1) is true
Let P(k) be true
k k
ie > 6 _&-1
= 5
Requiredtoprove
k+1 6k+ _1

P(k+1):> 6" = :

r=1

k+1

P(k+1) LHS > 6"
r=1

k
— Z6r—1 + 6k+l—l
r=1

k_
6 l+6k

6“-1 5x6*
5 s
6“+5x6" -1

5

_6°(1+5)-1
5
~ 6k+ —l
5
=RHS
- P(k+1) is true
P(1) is true and the truth of P(k) implies the truth of P(k +1)
by mathematical induction P(n) is true.
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n):ZnZZr—lzn2
r=1
P(1) LHS 2-1=1
RHS=1*> =1=LHS
. P(1) is true
Let P (k) be true
k

ie Y 2r-1=k’

r=1

Required toprove
k+1
P(k+1):Y 2r-1=(k+1)’
r=1
k+1
P(k+1) LHS > 2r-1

r=1

- P(k+1) is true
P(1) is true and the truth of P (k) implies the truth of P(k +1)

by mathematical induction P(n) is true.
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31 1
gznl

P(1) LHS%:l

RHS=2- - =2 1=1=LHS
2

. P(1) is true

Let P(k) be true
1

I €. Z 2n 1 -

Required to prove
k+1 1 1

P(k-i‘l);ZT:Z—W
P(
k
1
Zzn k+1 -1

k+1 1

-
=RHS

P(k+1) is true
P(1) is true and the truth of P (k) implies the truth of P(k +1)

by mathematical induction P(n) is true.
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n(2n-1)(2n+1)

lv(n):zn“(21<—1)2 = .

k=1

P(1) LHS (2-1)'=1

1(2-1)(2+1) :§=1=LHS

RHS =

. P(1) is true
Let P(k) be true
o Zk:(ZK—l)Z _ k(2k—1)(2k +1)
= 3
Required to prove
el (k+1)(2(k+1)-1)(2(k +1)+1)

P(k+1): > (2k-1)" = -

k=1

k+1

P(k+1) LHS > (2k-1)°

Mz—

(2k 1)° +(2(k +1)-1)’

k(2k-1)(2k+1) 3(2k+1)
k(ZK—S(2k +1)+3(2k3+1)2
_ (2 +1)('<(2k3—1)+3(2k +1))
<z<k+1>-1><5kz-k+ek+s>
2(k+1)- (23k2+5k +3)

x

w

(2(k+1)- )(2k +3)(k+1)

(K +1)(2(k +1)—1)(2(k +1)+1)
- 3

= RHS
P(k+1) is true
P(1) is true and the truth of P (k) implies the truth of P(k +1)

by mathematical induction P(n) is true.
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Question 5

1 1
P(1) L ==
) (L+1)! 2
RHS=1- ! =1—1—1=LHS
L+~ 2 2
. P(1) is true
Let P(k) be true
1

e. Z (r+1)! (k+1)!

Requwed toprove
k+1

" 1
P(k+1):r2=;(r+1)! =1—m

k+1

P(k+1) LHS }:

r
(r+1)!

k k+1
; r+1)! (k +1+1)!

3 1 k+1
kD) (k+2)
3 k+2 k+1
~ T k+2) (k+2)!
1
T (k+2)!
1

]

((k+1)+1)!
= RHS

P(k+1) is true
P(1) is true and the truth of P (k) implies the truth of P(k +1)
by mathematical induction P(n) is true.
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Question 6
P(n):ilog(%l]:log(nﬂ)

P(1) LHS Iog(%}logZ
RHS =log(1+1)=log2 = LHS
. P(1) is true

Let P(k) be true

k
i.e. > log (%1) =log(k +1)
r=1

Required to prove

P(k+1) :ilog(%lj =log((k+1)+1)

k+1
P(k+1) LHS ng(%l}

r=1

- P(k+1) is true

P(1) is true and the truth of P (k) implies the truth of P(k +1)

by mathematical induction P(n) is true.
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Exercise 5.04 Applications of mathematical induction

Question 1

a

P(n):3">1+2n neN
P(1) 3 =3>1+2x1=3
- P(1) istrue
Let P(k) be true
ie. 3“>1+2k
Required to prove
P(k+1):3“ >1+2(k+1)
LHS=3""
=3x3
23><(1+2k)
=3+06k
=2k +2+1+4k
=2(k+1)+1+4k
>2(k+1)+1
- P(k+1) is true
P (1) is true and the truth of P(k) implies the truth of P (k +1)
By mathematical indution P (n)is true.
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P(n):2">1+n neN
P(1) 2 =2>1+1=2
- P(2) istrue
Assume P (k) is true
e 2>1+k
Required to prove
P(k+1):2“ >1+k+1=k+2
LHS=2"
=2x2"
> 2><(1+ k)
=2+2k
=2k +2
>k+2
- P(k+1) is true
P (1) is true and the truth of P (k) implies the truth of P(k +1)
By mathematical induction P(n) is true.
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P(n)3">n* neN,nx>4
P(4) 3*=81>3°=27
- P(4) istrue
Assume P (k) is true
ie 3>k
Required to prove
P(k+1):3< >(k+1)’
LHS=3""
=3x3"
> 3xKk?
=k*+k*+k?
As k>4, k®>3k? k®>3k+1
KKK > KB 4+3k% +3k+1
=(k +1)3
o P(k+1) is true
P(4) is true and the truth of P (k) implies the truth of P (k +1)

By mathematical indution P (n)is true.
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P(n):(1+y)'>1+ny neN,yeR,y>-1
P(1) (1+y) =1+y

. P(1) is true

Let P(k) be true

ie (1+ y)k >1+ky

Requiuired toprove

P(k+1):(L+y)" >1+(k+1)y

LHS (1+y)"

=(L+y)(a+y)’

>(1+y)(1+ky)

=1+ y+ky +ky?

Ask,y? ky? >0

1+ y +ky + ky?

>1+(k+1)y

- P(k+1) is true

P(1) is true and the truth of P (k) implies the truth of P(k +1)
by mathematical induction P(n) is true.
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P(n):n!>2" neN,n>4
P(4)=41=24>2-16
- P(4) istrue
Assume P (k) is true
e ki>2*
Required to prove:
P(k+1):(k+1)l>2""
LHS=(k +1)!
:k!x(k +1)
>2k><(k +1)
>(1+1)x2“ ask=4
=2x2
_ o+l
S P(k+1) istrue
P(4) is true and the truth of P (k) implies the truth of P(k +1)

By mathematical indution P (n)is true.
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Question 2

a

Lety=x"

M XM—l
~ (M-
. P(1) is true
Let P(k) be true

. dy M XM
i.e. =

dx“ (M -k)!
Required toprove
dk+ly M XM—k+1

dx** (M —k+1)!

P(k+1):

M x"
k+ d[ J
ths 4y LMK

dx** dx
M (M =—k)x"
(M —k)!
M (M _k)XM—k+1)
(M —k)(M —k—1)!
M xM kD
~(M—(k+1))!
=RHS
- P(k+1) is true
P(1) is true and the truth of P(k) implies the truth of P(k +1)

by mathematical induction P(n) is true.
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. P(1) is true

Let P(k) be true

dy (-1)k!

ko xt

Required to prove

d“y (-1)" (k+1)!

dxk+ - k+1+1

i.e.

P(k+1):

., 15
LHs &Y

dx dx

~1)“k
= _(k +1)(Xk+)l+l

(-1)" (k+1)k!
(1) (ke

- k+1+1
X

= RHS

- P(k+1) is true

P(1) is true and the truth of P (k) implies the truth of P(k +1)
by mathematical induction P(n) is true.
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Question 3

a

n
P(n) (x+a)’ z "C,x"""a’

P(1) LHS =x+a

1
RHS=>'C.x""a" =x+a=LHS

r=0
- P(1) is true
Let P(k) be true
k
ie (x+a) =Y “Cxa’

r=0

Required to prove
k+1

P(k+1):( x+a ZK”C XKy

P(k+1) LHS (x+a)""
k

(x+a)(x+a)

(x+a) +a(x+a)k

kaC xk~'a’ +aZkC x*~'a

r=0
_ k K+l-rqr k K—ror+1
—Z Cx**'"'a +Z Cx“'a
r=0 r=0

Collecting powers of x
=kC Xk+1 0 0 (kc +kC) k+1 1 1 (kC +kc) k+1 2a2+ +(O+ka)Xk+1—k—lak+l
— k+lC Xk+l 0a0+k+lclxk+l—1al+k+1C2Xk+l—2a2+ +k+ Ck+1xk+ —(k+1)ak+l
k+1
Zk+lCer+l—rar
r=0
=RHS
P(k+1) is true
P(1) is true and the truth of P(k) implies the truth of P (k +1)

by mathematical induction P(n) is true.
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P(n) (x+a er”Cx a"’

P(1):

LHS=1(x+a)°=1

RHS = Z“rxle-1 a’

—0+1x"tat?
=1
=LHS
P(1) is true
Assume P(k) is true:
x+a Zrkc X"~ ak
Required to provetrue for P (k +1).

k+1

(k+1)( x+a Zrk”Cxrl ki’

_0+ k+lC Xl 1 k+1- l+2k+lC X2 1 k+1- 2+3k+lC X3 1 k+1- 3+ kk+1C Xk 1 k+1-k
+(k+l) k+1Ck+ Xk+1—1ak+1 k+1)

="ICa" +2C xa" 1 +3" Cx%a" P+ +k“'C X fa+(k +1) X"
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LHS = (k +1)(x+a)‘
=k(x+a) +(x+a)"

=(x+a)[k(x+a)k7 }+(x+a)k

K
(x+a)> r*C,x""a“" +(x+a)" from assumption
r=0

— _ _ _ _ _ _ _ k
x+a)[ 0+ CxX a4 2"C,x* A P 43 C A" P+ C X a [+ (x+a)

(
(

x[kclak’ +2'Cxa" 2 +3 Cx%a P+ +kFC X ]

X+ a)l:kclaL + ZKCZX{:W2 +3kC3x2ak’3 +...+k kaXk’l:I + (x + a)k

+ a[kClak’ +2C,xa“ 2 +3C,x%a P + ...+ kFC x* }+ (x+a)"
=[fCxat+24C,x*a" ? +3 Cx’a" T+ + K C X ]

+|:kclak +2'C,xa“ " +3 Cx%a P ...+ k C X~ a]

+4Cx%a" +*Cxfa* T+ C,x%a" P+ +*C_ x“ ' +*C x*a’
(C,+%C)a" +(2"C,+2"C, ) xa" +(3*C, +3"C,)x"a" *+ +(k"C,_ +k'C, )X a+([k+1]*C, )"
("CO + kCl)ak +2(kC1+ kCZ)xak’ +3(kC2 + kC3)x2ak’2 + +k(ka7 + ka)x"’ a+(k+1)“C x"

=(Mejare(@ ) ) () ()

(
() () ()
()
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Question 4

a

P(n)sin (nt+0)=(-1)"sin@ neN
P(1)sin(n+6)=-sin6

. P(1) is true

Let P (k) be true

ie. sin(kn+e):(—1)k sin@

Required to prove
P(k+1):sin((k+1)n+6)=(-1)"" sin@
LHS sin((k+1)n+9)
=sin(m+(kn+6))
=sinncos(kn+6)+cosnsin(km+0)
=0+(-1)sin(kn+6)
=0+(-1)(-1)"sin®

=(-1)"" sin6

- P(k+1) is true

P(1) is true and the truth of P (k) implies the truth of P(k +1)
by mathematical induction P(n) is true.
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P(n)cos (nn—0)=(-1)"cos6 neN
P(1)
LHS =cos(n—6)=-cos0
RHS =(-1) cos6=—-cos6
- P(1) istrue
Assume P (k) is true
Le.cos(kn4—e)=(—4)kcose
Required to prove
P(k+1):cos((k+1)m+6)=(-1)
LHS=cos((k+1)m+0)
= cos(kn+(m+9))
=coskmcos(n+0)—sinknsin(n+0)
=coskn[-cos8]—0[-sin 6]
—coskmcosH
—(—1)kcose
(—1f“’cose
S P(k+1) is true
P (1) is true and the truth of P(k) implies the truth of P (k +1)
By mathematical indution P (n)is true.

k+

cos0
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Question 5

P(n):S,=(n-2)x180° neN,n>3
P(3) LHS S,=180°

RHS (3—2)x180° =180° = LHS

. P(3) istrue

Let P(k) be true

ie. S, =(k-2)x180°

We see from the diagram that there are k vertices labelled V1, V2, V3, ... Vk-1, Vk.

Joining the diagonals from V1 we create k — 2 triangles, with a total interior angle sum
of (k —2) x 180°.

Required to prove
Pk +1): Sk+1=((k +1)-2) x 180°

Consider the diagram with (k + 1) vertices.

By adding an extra vertex it has created an extra triangle

- LHS=S,

=S, +180

=(k—-2)x180+180  usingS,

=((k+1)-2)x180=RHS

- P(k+1) istrue

P(3) is true and the truth of P (k) implies the truth of P (k +1)
by mathematical induction P(n) is true.
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Question 6

Formula for maximum number of slices for a pizza

s =—n(n2+1)+1 neN

n

P(n):s, :w+l neN
P(1) LHS S =2

RHS 1(1—2+1)+1 —2=LHS

. P(1) is true

Let P(k) be true

k(k+l)+

ie. S = 1

Required to prove

(k+1)((k+1)+1)
2
The nth cut will create n extra pieces
(k+1)((k+1)+1)
k+1) = 2

:—k(k2+1) +1+k+1

+1

P(k+1):S,, =

+1

k(k+1) 2+2k
+ +
2 2
k(k +l)+2(k +1) .\

1

1

(k+1)(k+2)
2
(k +1)((k +1)+1)
2

+1

+1

=RHS

- P(k+1) is true

P(1) is true and the truth of P (k) implies the truth of P(k +1)
by mathematical induction P(n) is true.
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Question 7

P(n) |z +2,+2,+2,+ +7,|<|z|+|z|+|zs| +]za|+  +]|za|
P(2) |z,+12,|<|z|+|z,|, giveninquestion

- P(2) istrue

Assume P (k) is true

ie |z +z,+2,+2,+ +z|<|z|+ ||+ |z |z + +]z|
Required to prove

P(k+1)

i.e. |zl+zz+zg+z4+ +7,., z

<z |+ |z,|+|za|+|za] +- +

k+1

LHS:|21+22 +2,+2,+ +7,+27,.,,

<|lz+z,4z,+7,+ 7]+ |7,

<|z|+|z,|+ |25 +|za|+ +|zd]
- P(k+1) is true
P(2) is true and the truth of P(k) implies the truth of P (k +1)
By mathematical indution P (n)is true.
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Exercise 5.05 Recursive formula proofs

Question 1
a

T,=2T, =T ,+2

T,=2n, neN

P(n):T,=2n

P(1) LHS=2

RHS=2x1=2=LHS

. P(1) is true

Let P(k) be true

e. T, =2k

Required to prove

P(k+1):T,, =2(k+1)

LHS T,

=T, +2

=2k +2

=2(k+1)

— RHS

- P(k+1) is true

P(1) is true and the truth of P (k) implies the truth of P(k +1)
by mathematical induction P(n) is true.
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T,=2T =2T ,

T,=2", neN

P(n):T,=2"

P(1) LHS=2

RHS=2 =2=LHS

- P(1) is true

Let P(k) be true

ieT, =2

Required to prove

P(k+1):T,, =2*

LHST, ,

=2T,

=2x 2"

_ p(k+D)

= RHS

- P(k+1) is true

P(1) is true and the truth of P (k) implies the truth of P(k +1)
by mathematical induction P(n) is true.
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T,=1T, =T, ,+5

T,=5n-4, neN

P(n):T,=5n-4

P(1) LHS =1
RHS=5x1-4=1=LHS

. P(1) is true

Let P(k) be true

ie.T, =5k—4

Required to prove

P(k+1):T,. =5(k+1)-4

LHS T,

=T, +5

=5k—4+5

=5k +5-4

=5(k+1)-4

=RHS

- P(k+1) is true

P(1) is true and the truth of P (k) implies the truth of P(k +1)
by mathematical induction P(n) is true.
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T,=7T =3T ,

T,=7x3", neN

P(n):T,=7x3""

P(1) LHS=7

RHS=7x3"'=7=LHS

. P(1) is true

Let P(k) be true

e T, =7x3?

Required to prove

P(k+1):T,, =7x3%*"

LHS T,

=3T,

=3x7x3*

=7x3

—7x 3kt

=RHS

- P(k+1) is true

P(1) is true and the truth of P (k) implies the truth of P(k +1)
by mathematical induction P(n) IS true.
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Question 2
a

T,=5T,=7T,=3T,,-2T, ,

T,=2"+3, neN,n>3

P(n):T,=2"+3

P(3) LHS=3T,, 2T, ,=3xT,~2xT,=3x7-2x5=21-10 =11
RHS=2°+3=8+3=11=LHS

- P(3) istrue

Let P(k) be true

ie. T, =2+3

This also implies P(k —1) is true

ie.T, =2 +3

Required to prove

P(k+1):T, =2 +3

LHS T, ,
=3T,,, ,—2T
=31, -2T, ,
=3(2°+3)-2(2“ +3)

=3x2+9-2x2“ -6

=3x2"+3-2%

=2x2“+3

=2 +3

=RHS

S P(k+1) is true

P(3) is true and the truth of P (k) implies the truth of P(k +1)

by mathematical induction P(n) is true.

k+1 -2
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T,=2T,=16,T, =8T ,-15T ,

T,=5"-3", neN,n>3

P(n):T,=5"-3"

P(3) LHS =8T,, 15T, ,=8xT, —15xT, =8x16 ~15x 2 =128 —30=98
RHS=5°-3*=125-27 =98 =LHS

- P(3) istrue

Let P(k) be true

ieT, =5-3

This also implies P (k —1) is true

ie. T, =5"-3"

Required to prove

P(k+1):T,, =513

LHS T,
=8T,,, ,—15T
=8T, —15T,
=8(5 -3")-15(5" " -3

=8x5 —8x3  —~15x5“" ~15x 3"

=8x5" —3x5x5 " -8x3 —3x5x 3"

=8x5" —3x5“ —8x 3" —5x 3

=5x5% —3x 3"

_ gkl _ gk+t

= RHS

o P(k+1) istrue

P(3) is true and the truth of P (k) implies the truth of P(k +1)
by mathematical induction P(n) is true.

k+1 -2
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T,=1T =T ,+2n-1

T =n° neN,n>2

P(n) T,=n?

P(2) LHS=T, ,+2x2-1=T +4-1=1+3=4
RHS = 22 = 4= LHS

- P(2) istrue

Let P(k) be true

ie. T =k?

Required to prove

P(k+1):T,. =(k+1)°

LHS T,.,

=T, +2(k+1)-1

=k*+2k+2-1

=k*+2k+1

=(k +1)2

— RHS

S P(k+1) istrue

P(2) is true and the truth of P(k) implies the truth of P(k +1)
by mathematical induction P(n) is true.
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T,=1T, :Tnfl+(n—1)(n—1)!

T,=nl, neN,n>2

P(n):T, =n!

P(2) LHS=T,,+(2-1)(2-1)!=T +(1)(1)=1+1=2
RHS=2!=2=LHS

- P(2) istrue

Let P(k) be true

ie. T, =k!

Required to prove

P(k+1):T,, =(k+1)!

LHS T, .,

=T, +((k+1)-1)((k+1)-1)!

=k (k)(k)!

=k!(k+1)

=(k+1)!

=RHS

- P(k+1) is true

P(2) is true and the truth of P(k) implies the truth of P(k +1)
by mathematical induction P(n) is true.
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Question 3
T,=1T,=1T,=T,,+T,,

(1+\/§]n _[1—\/§
T

2 2

L= ] , neN,n>3

J5
P(3)LHS=T, ,+T, , =T, +T,=141=2

(14—@]3 [1—@}3
2 ]| 2
RHS =

J5
1+3J5+15+5/5 1-3J5+15-55
_ 8 8
J5
6+/5 +10+/5
8 :2J§:2:LHS
J5 J5
P(3) is true

Let P(k) be true

1445 (1-5)
L2 o2
ie. T, = NG

This also implies P(k —1) is true

1+\/§ k-1 1_\/§ k-1
2 2
5

eT, ;=
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Required to prove

(1+\/§jk+l_[l_\/§jk+l
P(k+1):T, = 2 2
NG

‘ [1+IJ“ [ 5]
ﬁ[ul fj(l x/_j“
2+1+\£J(1+2[]“ (2+1 NG { ] 3

345 )(14+5 ) J5)(1-+5
z](szJ(zJ
NG
625 )(1+5)  (6-25 1\/_kl

4 2 | 4
J5
145 Y (1445 ) (1= ) (1=5 )"
=)0 58
J5
1+\/—k+l 1_\/§k+1
2 2
J5

LHS T, =T,,,,+T
=T +T,,

[

17
[0

2 2

Mk

(6]

=RHS

o P(k+1) is true

P(3) is true and the truth of P(k) implies the truth of P(k +1)
by mathematical induction P(n) is true.
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Exercise 5.06 Proofs involving inequalities and graphs

Question 1
a
[x-2/>x]
X<1
«
b
|2X| < x+3
-1<x<3
c
x* <X
-1<x<1,x#0
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d /\\’
x2—62|x| 3 Y= ||
X<-3,x=>3 tF
; it I / :
£3,3) (3,3)
et
v
e
1
x>~
X
x<0,x>1
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Question 2

a

Clearly from the graph

12X > [x|-1

y=vxr—1

ﬁ_

:u'_,_

4

T
y=|x+1]| -
1

- 320

[
i
=
]
=Y

From the graph [x+1] is always above vx—1 for x>1

|x+]1<r\/m
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Question 3

3x? —2x—2>3x|

3x% —2x -2 =3x
3x*-5x-2=0
(3x+1)(x—-2)=0

take the positive solution
X=2

3x% —2x—-2=-3x
3xX°+x-2=0
(3x—2)(x+1)=0

take the negative solution
x=-1

X<-=1,x>2
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Question 4
a

y=xe"

X

y'=—xe+e
y'=e(1-x)
Lety'=0
0=e"(1-X)
1-x=0
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Question 5

a
In(l+1j—0
M= n
l+£—1
n
In (l+1j
M= n
1
n
mznm@+1j
n
(n+1)
m=nln| —=
n
b

m=nm@+1)
n

As n— o, m— gradient of tangentat x =1
d 1

&(IHX):;:latle

Asn—ooo,m-—o1

lim 1
nin|1+=|=1
n — oo n

lim n
In(l+£) =1
n— n

lim ( 1T
1+—| =e =¢
n— oo n
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c Consider the point if y = In x where x =1+i1,
n+

slightly left of x =1+l as shown on the graph.
n

The tangent at x :1+i1 is more steep than at
n+

X :1+1, so its gradient will be greater. This can
n

be seen on the graph or by noting that % 1 is a decreasing gradient function for x >
X X
1.
In(l+1)—0
M= n+1
1+i—1
n+1
In[1+1)
M= n+1
1
n+1
1
m=(n +1)In(1+—j
n+1

Comparing gradients:
(n +1)In(1+ij >n In(l+£j
n+1 n
In (1+ Lj >1In (1+1j
n+1 n
(1+—1 j > (l+ ij
n+1 n
d The compound interest formula is A = P(1 + r)" where r is the interest rate and n is
the number of compounding periods. For a fixed term, for example, one year, if the
value of n increases, the interest is compounded more often and the value of r is

smaller as it is the annual interest divided by the number of compounding periods per
year. What part c’s result shows is that the higher the number of compounding periods

n+l
in A= P(1+ Lj , the faster the investment grows and the higher the interest

n+1
earned on the investment.
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Question 6.

a

Consider rectangles with width 1 above the curve.
n

a
f (F) is the height of the rectangle 1<a<n.

Area of the rectangles will be

Azlx f [lj—klx f (Ej+lx f (gj—l— +l>< f (Ej
n n n n n n n n

Area under the curve will approximately equal area of the rectangles.

1
I f (x) dx =~ lim Area of the rectangles
0

n—oo

s (33 )
ol o3 (3]
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Question 7

a

a(r"-1
P(n) a+ar+ar’+ar’+ +ar”1:_(r 1)
P(1) LHS=a
a(rl—l)
RHS=——~ —a=LHS
r-1
. P(1) is true
Let P(k) be true
a(rt-1
ie. a+ar+ar’+ar®+ +ar‘'= (r 1)
Required to prove
a(r(k+l)_1)
P(k+1):a+ar+ar’+ar’+ +ar"*1*1:T
k+1 -1

LHS a+ar+ar’+ar®+ +ar*!+ar
k

2
a(r 1) art(r-1

r-1 " r-1
a(r*-1)+ar*(r-1)
- r-1
_ar‘-a+ar" -ar
- r—1
_ar'-a

r-1

a(r-1)

r-1
=RHS
- P(k+1) is true

k

k

P(1) is true and the truth of P (k) implies the truth of P(k +1)

by mathematical induction P(n) is true.
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A‘)Alzasin30=%
_ 30053023
AiAz_Ecos30_ 2
_ a3 _3a
A2A3_Tcos30_ 3
3a
AA_ 8 N3
AR a3 2
4
a3
AA_ T2 N3
AN 22
2
N3
2
ii
A A=ar"
_a \/§ n—l_a\/gn—l
’*1—’*‘5(7} S

AA+AA+AA+. +A A

—a+ar+ar’+ +ar"?

S

" 2-8
e

S,
4-3

sw=a(2+\/§)
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Question 8
a

Rectangle has height = 1
width = \/p -1
Area = \/B -1

Area under the curve is less than the rectangle

;Iﬁ%?<JE—1

Asp>1
O<Inp

Je dx
0<I 7<\/6—1
0<[Inx]ﬁ<\/6—1
0<Inyp-Ini<\/p-1
0<In\/6<\/6—1
0<%In p<\/6—l

O<Inp<2p-2

From b:

0<In\/6<\/6—1
Let x:\/B:

O<Ilnx<x-1
O<Inx<x
In x

0<—«1
X

N In x
As x approaches infinity, x grows faster than In x, so —— approaches 0.
X

. Inx
lim——=0

X—00 X
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Question 9

a
y =xInx
Letu=x, v=Inx
u'=1 v’:l
X
y' =uv'+u'v
1
=X—+Inx
X
=1+InXx
b
jnh1x dx
:I%Lan—Ddx
:L(Lﬂn@dx—lex
Z[XMX—XH
=(nlnn—-n)—(1In1-1)
=nlhn-n+1
(o i

S,=In2+In3+In4+...+In(n-1)
=|n[2><3><4><5 ...... x(n—l)]

=In[(n-1)!]

S,=In2+In3+In4+....+Inn
=In(2x3x4x5...... ><n)

=In(n!)

iii
The area under the curve y = In x from 1 — n must be between S, and Sp
In[(n—lﬂ]<jnk|xdx<ln(nD

= In[(n-1)!]<nlnn-n+1<In(n!)
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In[(n-1)1]<nlnn—-n-+1<In(n!)
gL Mt < gninnnst  giin)
(n-1)t<e™ ™ <nl
(n-1)!<e"e" <n!

(n-1)l<e ™" <n!
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Test yourself 5

Question 1

a

P(n):5+11+17+23+...+(6n—1)=3n’+2n
P(1) LHS=5
RHS=3+2=5=LHS

- P(1) istrue

Let P(k) be true

i.e.5+11+17+23+....+(6k —1) =3k* + 2k

Required to prove

P(k+1):5+11+17 +23+...+(6(k +1)-1)=3(k +1)° + 2(k +1)
P(k+1) LHS 5+11+17+23+....+(6(k +1)-1)

=3k*+2k +(6(k +1)-1)

=3k’ +2k +6k +5

=3k*+6k+3+2k+2

=3(k+1)" +2(k+1)

=RHS

- P(k+1) is true

P(1) is true and the truth of P(k) implies the truth of P(k +1)

by mathematical induction P(n) is true.
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11 1 1 n
P(n):—+ + + o+ =

1x4 4x7 7x10 (3n—2)><(3n+1) 3n+1
1

P(1) LHS ==
(1) LHs =2

RHS:izlz LHS
3+1 4

- P(1) istrue
Let P(k) be true
. 1 1 1 1 k
i.e. + + + o+ -
1x4 4x7 7x10 (3k—2)><(3k+1) 3k+1
Required to prove
111 1 (k+1)

x4 4x7 7x10 +(3(k+1)—2)><(3(k+1)+1)_3(k+1)+1
L S S 1
1x4 4x7 7x10 (3(k+1)—-2)x(3(k+1)+1)
__ ko 1
3k+1 (3k+1)(3k+4)
k(3k+4) . 1
(3k+1)(3k+4) (3k+1)(3k+4)

3k2+4k +1
(3k+1)(3k +4)

_ (Bk+1)(k+1)
(3k+1)(3k +4)
_(k+1)
(3k+4)
o (k+1)
~(3(k+1)+1)
=RHS
- P(k+1) istrue
P(1) is true and the truth of P (k) implies the truth of P (k +1)
by mathematical inducion P(n)is true.

P(k+1):

LHS
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a a a(l-p")

P(n) a+ —+—+—+ +
( ) p p2 p3 pn—l pn—l(l_ p)

P(1) LHS=a

1_ 1
RHS = 1(1 p) =a=LHS

P (1-p)

- P(1) is true

Let P(k) be true

iearor 2 &, 2 a(l—p")
e P pz ps pk—l pk—l(l_ p)

Required to prove

al1- (k+1)
P(k+1):a+i+i2+i3+ + k?l—lz k(+11p )
p p° P p P (1-p)
a a a a
LHS a+B+F+F+ +W
_ a(l— pk) N a
pkf (1_ p) p(k+1—1

_ap(1-p")  a(l-p)

pk+1—1 (1_ p) D k+1 -1 (1_ p)
B ap(1- p*)+a(1-p)

pk+l—1 (1_ p)
_ap-ap“* +a-ap
pk+1—1(1_ p)

B a_apk+1

pk+1—1 (1_ p)
B a(l— pk+1)

P (1-p)
=RHS
- P(k+1) is true
P(1) is true and the truth of P (k) implies the truth of P(k +1)
by mathematical induction P(n) is true.
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Question 2

a

P(n):9"—1is divisible by 8 Vn>1
i.e9"-1=8m meN

P(1) LHS=9-1-8

. P(1) is true

Let P(k) be true

i.e.9—1=8m

P(k+1):9 -1

=9x9* -1

=9x9* -1

=8x9“+9" -1

=8x9+8m

=8(9" +m)

Ask,m,9+meN

8(9" +m)=8q

-9 _1is divisible by 8

- P(k+1) is true

P(1) is true and the truth of P(k) implies the truth of P(k +1)
by mathematical induction P(n) is true.
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P(n):2"2+3*"" is divisible by 7 vV odd n >1
2" 43" =7m meN

P(1) LHS =22 +3% -8427=35

. P(1) is true

Let P(k) be true

ie 22 43%" =7m

P(k+1): LHS 212437

=2x 2" 4 9x 3

= 2x 22 4 2 B L 7 3

=2 (267 371 ) 4 7 x 3

=2x7m+ 7(32“1)

=7(2m+3*)

Ask,m,2m+3*" eN

7(2m+3%")=7q
S22 32 s divisible by 7

- P(k+1) is true

P(1) is true and the truth of P (k) implies the truth of P(k +1)

by mathematical induction P(n) is true.
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Question 3

a

P(1 ) LHS 13 =1
RHS:%X12(1+1)2=%><4=1=LHS
. P(1) is true

LetP(k) be true

i.e. Zr ==k (k+1)’

Requwed to prove
k+1

P(k+1) Zr k+1 ((k+1)+1)2

k+1

P(k+1) LHS >'r®

r’+(k +1)3

I
M-
:

==k (k+1)" +(k +1)’

==(k +1)2(k2 +4(k +1))

- .|>||—\ .bll—\

:Z(k +1)° (K + 4k +1)

= H(k+1) (k+2)

:%w+nqu+g+gz

=RHS
P(k+1) is true
P(1) is true and the truth of P (k) implies the truth of P(k +1)

by mathematical induction P(n) is true.
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ZK N=(n+1)-1

P(1) LHS 1x1=1

RHS = (1+1)! -1 =2-1=1=LHS
. P(1) is true

Let P(k) be true

ie. Zk N=(k+1)! -1

Required to prove
k+1
P(k+1): > (k+1)(k+1)!=((k+1)+1)-1
k=1
k+1

P(k+1) LHS Z(k +1)(k +1)!

k
D k() (k+1)(k+1)!

aN

k+1)1-1+(k+1)(k +1)!
k+1+1)(k+1)1-1
K+
K+

2)(k+1)1-1
2)i-1
(k+1)+1)1-1
HS
(k +1) is true
P(1) is true and the truth of P (k) implies the truth of P(k +1)

by mathematical induction P(n) is true.

(k+
(
(k+
(k+
(
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Z”: n

J:11 j+l n+1

1 1
P(1) LHS =—
) 1(1+1) 2
RHS=L=1=LHS
1+1 2
. P(1) is true
Let P(k) be true

R 1 K
I'e'éj(j+1):k+1
Required to prove
& 1 k+1

PO 2 7))~ er) o

k+1 1
P(k+1) LHs;J(JH)
k 1 1
:§,(J+1) (k+1)((k+1)+1)

k 1
k+1+(k+1)((k+1)+1)

k((k+1)+1) 1
(k+l)((k+1)+1) (k+1)((k+1)+1)
_ k(k+2)+1
_(k+1)((k+1)+l)
_ k?+2k +1

(k+1)((k+1)+1)
_ (k+1)2

(k+1)((k+1)+1)
_ (k+1)

((k+1)+1)
=RHS

P(k+1) is true
P(1) is true and the truth of P (k) implies the truth of P(k +1)

by mathematical induction P(n) is true.
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Question 4

a

7" +13"+19" is divisible by 13 V odd n>1
Since 13" is already divisible by 13 we only need to show
P(n):7"+19" is divisible by 13 ¥ odd n >1
i.e7"+19"=13m meN

P(1) LHS =7"+19"' =26

- P(1) istrue

Let P(k) be true

i.e. 7“+19* =13m

P(k+2):LHS 7% +19"*?

=7?x 7" +19° x19"

=49x 7" +361x19"

=49x 7" +49x19" +13x 24 x19"

=49x(7" +19)+13(24x19")
=49x(13m)+13(24x19")

=13(24x19" +49m)

Ask,m,24x19* +49m e N

13(24x19" +49m) =13q

S 7% 4192 s divisible by 13

S P(k+2) istrue

P(1) is true and the truth of P(k) implies the truth of P (k +2)
by mathematical induction P(n) is true.

= 7" +19" is divisible by 13 V odd n >1

= 7"+13" +19" is divisible by 13 V odd n >1
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P(n):n*+4n’+11 is divisible by 16 V odd n >1
ien*+4n*+11=16m meN

P(1) LHS =1+4+11=16

- P(1) is true

Let P(k) be true

i.e.k*+4k*+11=16m

P(k+2): LHS (k+2)" +4(k+2)"+11

=k* +8k® +24k* + 32k +16 + 4k* +16k +16+11
=k* +4k*+11+8k> + 24k* + 48k +16

=16m +8(k° +3K* + 6k + 2)

As k is odd k®+3k? + 6k + 2 must be even

so we can write k® +3k? + 6k + 2 = 2b for some be N
=16m+8(2b)

=16m+16b

=16(m+b)

Asb,meN

16(m+b)=16q

(k+2)" +4(k+2)" +11is divisible by 16

- P(k+2) istrue

P(1) is true and the truth of P(k) implies the truth of P (k +2)
by mathematical induction P(n) is true.
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Question 5

a

1 1 1 1 1
P(n):1+?+?+5—2+?+....+F£2—

P(1) LHS =1

RHS:Z—% =2-1=1=LHS

- P(1) is true

Let P(k) be true

ie1+i+i+i+i+ +i<2_l

22 ¥ 525 T KTk

Required to prove

iz+i2+iz+....+ L ><2-— 1

3 55 (k+1) k+1
1 1 1 1 1

LHS 1+?+¥+5—2+¥+ +(k+1)2

1,1
k (k+1)2
(k+1)" —k
k(k+1)°
—k? -2k -1+k

k(k+1)°

—k?—k-1
t———
k(k+1)
+—k(k+1)2—1

k(k+1)

1 -1
_ n .
k+1 k(k+1)

1

_k+1
=RHS

- P(k+1) is true
P(1) is true and the truth of P (k) implies the truth of P(k +1)
by mathematical induction P(n) is true.

P(k+1):1+%+

—2_

=2+
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1 1 1 1 1 1 1
P(n)——=—— =~ ~ =
(n) x-1 x x> x* x X" x"(x-1)
1 1 x-x+1 1
P(1) LHS=———== =
® x-1 x x(x-1) x(x-1)
1
RHS = = LHS
(x1)
. P(1) is true
Let P(k) be true
g1 1 1 1 1 1 1
x-1 x x¥* xX* x* xk_xk(x—l)
Required to prove
1 1 1 1 1 1 1
P(k+l) ———————-————~—
( +) X—l X X2 X3 X4 Xk+l Xk+1(x_l)
1 1 1 1 1 1
e A N
X — X X2 X3 X4 Xk+l
1 1
Xk(x_l) Xk+1
X —xf(x-1)
X x*(x-1)
Xk+1_Xk+l+Xk
T x“(x-1)
Xk
=xk*xk(x 1)
_ 1
_Xk+1(X—l)
=RHS

- P(k+1) is true

P(1) is true and the truth of P (k) implies the truth of P(k +1)
by mathematical induction P(n) is true.

© Cengage Learning Australia 2020

86



Question 6

P(n) (ab)"=a"b"
P(1) LHS=(ab) =ab
RHS =a'n'=ab = LHS
. P(1) is true

Let P (k) be true
i.e. (ab)k =a“p"
P(k+1) LHS (ab)
- (ab)(ab)"

= aba“b"

= aa“bb*

— ak+lbk+l

= RHS

o P(k+1) is true
P(1) is true and the truth of P (k) implies the truth of P(k +1)
by mathematical inductio P(njs true.

k+1
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Question 7

P(n) %(x‘”) ——nx "

d, . -1 )
P(1) LHS:&(X 1)=7=—1x 2— RHS

. P(1) is true
Let P(k) be true

= X (D) x (ko)

= X ¥ 2 _kx

=—(k+1)x <+

=RHS

- P(k+1) is true

P(1) is true and the truth of P (k) implies the truth of P(k +1)

by mathematical induction P(n) is true.
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Question 8

n

P(n): dde” (sin po) = p“sin[ p6+n—2nJ

d .
P(1) LHS =— 0
(1) LHS = (sin po)
= pcos po
. T
= 0+=
psm(p +2J

= RHS
. P(1) is true
Let P (k) be true
k
i.e. ddF(Sin po) = p%in[p(ﬂ%ﬂj

k+1

P(k+1) LHS ddeT(Si” po)

d K = le:
=—1| p sin| pO+—
dx[p [p 2 D
‘ krm
=pxp COS(pe+?j

) kt =
= p**!sin| pO+—+—
p (p W +2j

= p** sin(p€)+—(k +21)nJ

=RHS
- P(k+1) is true

P(1) is true and the truth of P (k) implies the truth of P(k +1)

by mathematical induction P(n) is true.
Question 9.

X2n _ y2n _ (Xn _ yn)(xn + yn)
It must be divisible by x" + y".
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Question 10

P(n):(x+1)"—nx—1is divisible by x* V n>1

ie (x+1)"—nx-1=mx> meN

P(1) LHS=(x+1)—-x-1=0
. P(1) is true

P(2) LHS = (x+1)" —2x-1= X* + 2x+1-2x-1= X’
. P(2) is true

Let P(k) be true

e (x+1) —kx—1=mx?
P(k+1):LHS (x+1)*" —(k+1)x-1
=(x+ )(x+1)k—kx—x—1
=(x+ )k—kx—1+x(x+1)k—
mx2+x((x+1)k—1)

=mx? + x((x+1)k —kx—1+ kx)

= mx® + x(mx? +kx)
= mx” + Xmx® + kx’
=x*(m+xm+k)
~(x+1)" —(k+1)x—1is divisible by x*
P(k+1) is true
P(1) is true and the truth of P (k) implies the truth of P(k +1)

by mathematical induction P(n) is true.
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Question 11

a

P(m):m(m+3) is divisible by 2 Ym >1
iem(n+m)=2n neN
P(LLHS=1(1+3) =4

- P(1) is true

Let P(k) be true

ie.k(k+3)=2n

P(k+1):LHS (k+1)((k+1)+3)
=(k+1)(k+4)

=k?®+5k +4

=k?+3k+2k +4

=k(k+3)+2(k+2)

=2n+2(k+2)

=2(n+k+2)

Ask,nn+k+2eN

2(n+k+2)=2q

- (k+1)((k+1)+3) is divisible by 2

- P(k+1) is true

P(1) is true and the truth of P (k) implies the truth of P(k +1)
by mathematical induction P(n) is true.
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P(n):n(n+1)(n-1) is divisible by 6 ¥n > 2

ien(n+1l)(n-1)=6m meN
P(2)LHS =2(2+1)(2-1)=6

- P(2) istrue

Assume P (k) is true

ie k(k+1)(k-1)=

P(k+1): (k+1)((k+1)+1)((k+1)-1)

=(k+1)(k-1+3)k

=k(k+1)(k-1)+3k(k+1)

=6m+3k (k+1)

from 5.01, Q5b k(k +1) must be an even integer so we can write

=6m+3x2a

=6(m+a)

Asa,ma+meN

6(m+a)=6q

c(k+1)((k+1)+1)((k+1)-1) is divisible by 6
P(k+1) istrue

P(2) is true and the truth of P(k) implies the truth of P (k +1)

By mathematical indution P (n)is true.
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P(n):n(n+2)+(n+2)(n+4) is divisible by 2 ¥n>1and n is odd
this is actually true Vh e N

P(n):n(n+2)+(n+2)(n+4) is divisible by 2 vn>1
ien(n+2)+(n+2)(n+4)=2m meN

P(1)LHS =1(1+2)+(1+2)(1+4)=3+15=18

- P(1) istrue

Let P(k) be true

ie k(k+2)+(k+2)(k+4)=2m

P(k+1):LHS (k+1)((k+1)+2)+((k+1)+2)((k+1)+4)
=(k+1)(k+3)+(k+3)(k+5)

=k®+4k +3+k?+8k +15

=k?+2k+2k +3+k>+6k +2k +8+7

=k?+2k +k®+6K+8+2k +2k +3+7
=k(k+2)+(k+2)(k+4)+2(2k+5)

=2m+2(2k +5)

=2(m+2k +5)

Ask,mm+2k+5eN

2(m+2k+5)=2q

S (k+D)((k+1)+2)+((k+1)+2)((k+1)+4) is divisible by 2
- P(k+1) is true

P(1) is true and the truth of P(k) implies the truth of P (k +1)
by mathematical induction P(n) is true.
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Question 12

a

K™ —K"L+L"" - KL"
K-L
K"(K-L)+L"(L-K)
K-L
K"(K-L)-L"(K-L)
K-L
(K'=L")(K-L)
K-L
=K"-L"

fK>L = K">L"

=K"'-L">0
Kn+1_KnL+LI’H—1_KLn
= >0
K-L

= K" -K"L+L""-KL" >0
= K"+ "™ > K"L+KL"
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K+Lj" K"+ L"
<

P(n):( > >

P(1) LHs = K *E

K+L

RHS = =LHS

- P(1) is true
Let P(k) be true

. (K+ij KK LX
l.e. <

2 2
Required to prove
k+ k+1 k+1
p(kﬂ):(mtj S
2
k+1
LHS (K;"]

s

k k
SK + L (K+LJ

2 2
C(KE+L)(K+L)
4
K U KL+ LK
4
Kk+l+ Lk+1+ Kk+1+ Lk+1
: 4
Z(Kk+l+ Lk+l)
4
Kk+1+ Lk+l
=
= RHS
- P(k+1) is true
P(1) is true and the truth of P (k) implies the truth of P(k +1)

by mathematical induction P(n) IS true.
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Question 13

a

cos(A+B)=cos Acos B —sin Asin B
cos(2P)=cos(P+P)
=cosPcosP—sinPsinP
=cos’ P —sin® P
=1-sin®*P —sin’*P
=1-2sin’P

cosQ—-cos(Q+2P) cosQ—(cosQcos2P —sinQsin2P)
2sinP - 2sinP
_ c0osQ(1-cos2P)+sinQsin 2P
- 2sin P
cosQ(l—(l—Zsin2 P))+sinQ(25in PcosP)

2sin P
cosQ(2sin’ P)+2sinQsin Pcos P
B 2sinP
=c0sQsinP +sinQcos P

=sin(Q+P)
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_1-cos2nP

P(n):sinP+sin3P+sin5P +...+sin[ (2n-1)P | s
sin

P(1) LHS=sinP
1-cos2P
2sinP
1-(1-2sin’P)
2sin P
_ 2sin’P
~ 2sinP
=sinP
=LHS
. P(1) istrue
Assume P (k) is true.

RHS =

_ 1-cos2kP

sin P+sin3P+sin5P+...+sin[(2k—1)P] 2sin P
i

Required to prove

P(k+1):sinP+sin3P +sin5P +...+sin((2k -1) P)+sin((2(k +1)-1) P) = 1_C052(;E1kp+1) ")

LHS=sin P +sin3P +sin5P +...+sin((2k —1) P) +sin((2(k +1)-1)P)

1-cos2kP .
—W+Sln((2k +1)P)
_17C0s2P | Gin(2kp + P)

2sinP
_ 1—C(?S 2kP | cos 2kP —co.s(ZkP +2P) from part b where O = 2kP
2sinP 2sinP

1-cos 2kP +cos 2kP —cos(( 2k + 2) P)
B 2sin P

1-cos(2(k+1)P)
- 2sinP
=RHS

- P(k+1) istrue
As P(1) is true and the truth of P (k) implies the truth of P(k +1)
By mathematical indution P (n)is true.
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Question 14

a

T,=5T =2T ,+1ln>2
T,=6(2" )-1 neN
P(n):T,=6(2" )-1
P(2) LHS=2T, , +1=2T, +1=2x5+1=11
RHS =6(2"")-1=6(2)-1=12-1=11=LHS
. P(2) istrue
Assume P (k)is true
ie. T, =6(2 )-1
Required to prove
P(k+1):T,, =6(2""*)-1=6(2")-1
LHS=2T, +1
:2(6(2k‘1)—1)+1
=6x2(2 )-2+1
=6(2)-1
=RHS
- P(k+1) istrue

P (1) is true and the truth of P (k) implies the truth of P(k +1)

By mathematical indution P (n)is true.
b i

T, -1
T=1T, =

2T-1 2x1-1 1
3 3 3
1 1

o1,-1 2371 3
T3: = =?=__

T2
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2T -1

T=1T,=

Tn:B(gj -1, neN,n>2
3
p(n):Tnzg@ 1

2T,,-1 2T,-1 2x1-1 1

P(2) LHS =
3 3 3
2
RHSzB(EJ a2t ks
3 9 3 3
- P(2) istrue

Let P(k) be true

k
ie.T, =3(§) -1

Required to prove

2 k+1
P(k+1):T,, :B(EJ -1
LHS T, _2-1

- P(k+1) is true
P(2) is true and the truth of P(k) implies the truth of P(k +1)

by mathematical induction P(n) is true.
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T,=5T,=11T, =4T, 3T ,
T,=3"+2, neN,n>3

P(n):T,=3"+2

P(3) LHS=4T, ,—3T, ,=4T, —3T,= 4x11-3x5=44—-15= 29
RHS=3%+2=27+2=29=LHS

. P(3) istrue

Let P(k) be true

ieT, =3+2

This also implies P (k —1) is true

ieT_ =37 +2
Required to prove
P(k+1):T,, =3 +2
LHST,,, =4T, ., ,-3T
=4(3+2)-3(3 +2)
=4x3“+8-3x3" -6
= 4x3 -3 +2
=3(4-1)+2
=3x3“+2

=3 42

=RHS

- P(k+1) is true

P(3) is true and the truth of P(k) implies the truth of P (k +1)
by mathematical induction P(n) is true.

=4T, 3T, ,

k+1 -2
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Question 15

The sum S, of the exterior angles of an n-sided convex polygon is given by
P(n):S,=360 neN,n>3

P(3)

The sum of the exterior angles of a triangle is360 ©

Sum of interior and exterior angles of a triangle = 3x180° = 540°(3 straight angles)
Sum of interior angles of a triangle =180°

.. Sum of exterior angles of a triangle = 540°-180° = 360°

. P(3) istrue

Assume P (k) is true

i.e. S, =360

Required to prove

P(k+1):S,, =360

We see from the diagram a convex polygon with k sides.

Consider a convex polygon with k +1 sides by replacing side BD with
the 2 red sides BC and CD.
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Adding an extra side has created an extra triangle.

From the original polygon's exterior angles,

we lose the angle sizes ZCBD and ZGDH

and gain ZFCD which is the exterior angle of a triangle and equal to the
2 opposite interior angles #CBD and ZCDB.

But Z/GDH = ZCDB (vertically opposite).

So there is no change in the exteropr angle sum of the polygon because the angle size gained
is equal to the angle lost from the original polygon.

Hence S,, =360

- P(k+1) is true.

P(3) is true and the truth of P (k) implies the truth of P (k +1).

By mathematical indution P (n)is true.
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Question 16

a
|x|2x2—
-2<x<L2
b
is X+2
x—-1
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Question 17
a

From the diagram
Avrea of the triangle <Area of the semicircle < Area of the rectangle

i><2r><r<lfcr2<2r><r
2 2

1
=ri<=nr’<2r?
2
=2r> <mr’ <4r?

=2<n<4

b A better approximation for = could be found by using polygons with a greater number
of sides for inscribing and escribing the semicircle in a similar process to Archimedes.
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Question 18

a From the diagram the chord AB is always below the curve y = In x.

Hence the area under the curve must be greater than the area of the trapezium.

j':lnx dx>b;2a(lna+lnb)

b b-a
>—

= [xInx—x] (Ina+Inb)

a

:>blnb—b—alna+a>9lnb+Elna—Elnb—ilna
2 2 2 2
:RInb—ElnaJr(a—b)>Elna—ilnb
2 2 2

:Elnb—glna—ilna+ilnb>b—a
2 2 2 2
zgln[9j+iln(gj>b—a

2 a) 2 a
:{E+E]In(9j>b—a

2 2 a

:%(b+a)ln(9]>b—a

a

:>(b+a)|n(9j>2(b—a)

a

:In(EJ>2(b_a)

a) (b+a)
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MATHS IN FOCUS 12
MATHEMATICS EXTENSION 2

WORKED SOLUTIONS
Chapter 6: Further integration

Exercise 6.01 Integration by substitution

Question 1

X

a jef+1dx

Letu=¢e*+1, d_u: e* so du = e* dx.
dx

X d
J‘ef+ldX:J._uE

=lhu+C

=In(e*+1)+C

X

eE
b Iex+1 ax

Letu=e2?, du_ 1eE, sodu= 1eE dx.
dx 2

X X 1 l
[ e? dx=| e? dx=2] P =2 du
2

e*+1 x)\? x)? u?+1
e2 | +1 e2 | +1

=2tantu+C

=2tan! (ezj +C
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J'x(1+ x2)4dx
Letu=1+x? du_ 2X, so du = 2x dx
dx
Ix(l+ xz)4 dX=%J-(1+ x2)4><2 dx :%J'u“du

5
«Lic
5

N |-

=L
0

f 1X—x dx

(1+ X )5+C

-

Letu=1-x, 3—“: -1,and x =1 —u, so du =-1 dx and dx = —du.
X

1- -1
ILX dx='f—u—du:_[uwdu

=§J1—7(—2—x)+(:
:—é\/l—_x(x+2)+c
=—§(x+2)ﬂ+c
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Let x = atan 0, j—)(;: a sec® 0, so dx = a sec? 0 do.

I dx _J- asec’0do J- asec’0do
a’+x* Ja’+a’tan’0 Ja’(l+tan’0)

2
:Jafec ?de:jlde
a“sec do a

=19+C
a

:ltan’ (ﬁ}c
a a
Ix./x—3 dx

Letu=x-3, g—u:landx:u+3,sodu:dx.
X

I\/_dxfu+3\/—du

—Iu +?>u2 du
5 3

=Zu2+2u2+C
5

=§(x—3)2\/ﬁ+2(x—3)\/ﬁ+c
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Letx=u®-1, j_x: 2u and x + 1 = u?, so dx = 2u du.
u

2_ 2_
u—1><2u><du:ju 1><2deu
™

X
— dx=
J.,/X—i—l J.«/uz
:Zjuz—ldu
=gu3—2u+C
3
2 3 1
:g(x+1)2—2(x+1)2 +C
12
= (x+1)? g(x+1)—2 +C
2 1l 1)-3 |+C
=— 2 —
3(x+ ) [(x+ ) :|+

:é(x—z) X+1+C

j xx—l dx

Letx=u?+1, :—X: 2u and x — 1 = u?, so dx = 2u du.
u

2
1><2u du= Iu +1><21>Ldu

[ o

=2[u*+1dy
:§u3+2u +C
:%(x_l)ﬁ_z(x_1)§+c
:(x—l);[g(x—l)—Z}FC
:é(x—l);[(x—l)—B}rC

:é(x+2)1/x—1+c
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Question 2

a If/gdx

du 1 1
Letu:\/;,so_=_anddu:_
dx  24x 24/x

Jx 1
I%dx:ZjeI ><m dx
:Zje“ du
=2e"+C

=2e™4C

b 'fe)x(z dx

Let u = X3, 3—“: 2X, so du = 2x dx.

X
1
fe%dxjf

1
X

=% 2X dx

Letu=x%+1, 3—“: 2X, so du = 2x dx.
X

X 1 1
J.W dX—EIWXZX dX
zljidu — EJ.U_; dU
29 Ju 2
:u%+C

=X*+1+C
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j(1+I;1 x)2 i

Letu=1+Inx, OI—u=£,sodu:1dx.
dx X X

(L+Inx)’ 2 1
~ 7 dx=|(1+1 =d
j » X j( +nx) Xx X
:qudu

u3

=—+C
3

3
(1+I§x) ic

(sin” [x]+1)2

I dx
J1-x?
Letu=sint[x] + 1, du_ 1 .
dx  J1-x?

(sin” [x]+1)2

IW
:qudu

u3

=—-+C
3

:%(sin [x]+1)3+C

dx = I(sin’ [x]+1)2><?

:%(l+sin x)3+C
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tan” (x+1)
Im dx

Let u=tan™ (x + 1), u_ 1

dx (x+1)2+1'

dx = jtan’ (X—i—l)x; dx

tan” (x+1)
j— (x+1)2+1

(x+1)2+1
:.[u du

Letu=Inx, OI—u=£,sodu:i dx.
dx X X

Letu=Inx, OI—u=£,sodu:i dx.
dx X X

=In|inx|+C
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Question 3

s

~ COSX
a IZ ——dx
0 1+sinX

Letu=1+sinx, d_u = COS X.
dx

T I

~ COSX - 1

jz ——dx=|?2 ——xC0S X dx
0 1+sinXx 0 1+sIinX

Whenx:O,uzl,andwhenx:g,u:Z.

b J‘E COS X ZdX
° (1+sinx)

Letu=1+sinx, d_u = COS X.
dx

s

JgLdex{P;zxcosx dx
° (1+sinx) ° (1+sinx)

Whenx:O,uzl,andwhenx:g,u:Z.
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T

- COSX
[

° (1+sin x)3

Letu=1+sinx, d_u = COS X.
dx

FLXadx:J‘E;sxcosx dx
° (1+sinx) ° (1+sinx)

Whenx:O,uzl,andwhenx:g,u:Z.
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Ig cos® X
0 1+sinx

dx

Lau:1+smx50ﬂnx:u—Lamﬁ%i:cmx.

X
T 3 T 2
~ €0S° X -~ C0S” X
IZ ——dx=|2 —xCOS X dx
0 1+sinX 0 1+sinX
T =2
~1-sin“x
=12 ——xC0S X dx
0 1+sinx

= (1-sin X i
2( )?I¢S“llzxcosxdx
0 TPsinx

::Lg(l—sh1x)xcosxdx

When x =0, u=1, and when x = u=2.

a3
=["[1-(u-1)]du=["(2-u)du

5,2
2 4
2
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.[sinz x cos® x dx

. du
Let u =sin X, SO — = COS X.
dx

J'sinz X €0s° X dx:J'sin2 X €0S? X xC0S X dx
:J'sin2 x(l—sin2 X ) xC0S X dX
=J.u2(l—u2) du:j(uz—u“) du

u® u®

—— = +C
3 5

:isin3x—lsin5x+c
3 5

:—isin5x+ 1sin‘q‘x+C
5 3
Isin3 X cos? x dx

du .
Letu=cos X, SO — =-SIn X.
dx

jsing X c0s% X dx:—J'sin2 X c0s% X xsin x dx
=—'|'(1—cos2 X ) cos” X xsin xdx
:_J‘(l—uz)uzdu:j(utuz) du

:lcossx—%cos3x+c
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.[sin“ X cos° x dx

. du
Let u =sin X, SO — = COS X.
dx

_[sin“ X C0S° X dx:.[sin4 X cos* x xcos x dx
=J.sin“x(cos2 x)2 % C0S X dX
:.[sin“x(l—sinzx)2 x COS X dX
:'[u“ 1—u2 ’ du:ju4(l—2u2+u4)du
_J. —2u®+u® du

uw 2u” U’

=—-——+—+C
5 7 9

:lsinf’x—gsin7 x+lsin9+C
5 9

:isin9 x—gsin7 X+ Esin5 X+C
9 7 5

Isin5 x cos* x dx

du .
Letu=cos X, SO — =-SIn X.
dx

J‘sin5 X cos” x dx:—J'sin4 X €os? x x—sin xdx
=— jsm X cos Xx—Ssin xdx

1-cos x) cos* X x—sin xdx

(
alll
- {(1-u?)u’ du_—J.(1—2u2+u4)u4du
alll

u*-2u°+u®)du
7 9
:——+2L——+C
5 7

2 1
cos’ x+7cos x—§cos Xx+C

LOII—‘ U‘IlH

2 1
cos® x+7cos x—gcos Xx+C
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de

I sin®
cos? 0

Let u=rcos 6, so d_u = —sin 0.
dx

[0 40—~ [——x—sin0 do
cos“ 0 cos“ 0

=secO+C

J-sm36 do
cos° 0

Let u=cos 6, so d_u = —sin 0.
dx

[0 40=— [——x—sin0 do
cos’ 0 cos” 0

:—J‘%du
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de

I sin®
cos* 0

Let u=rcos 6, so d_u = —sin 0.
dx

[0 4o [ —x—sin0 do
cos" 0 cos" 0

=lsec36+C
3

de

,f cos0
sin’o

Let u=sin 6, so d_u =cos 0.
dx

J-c_os;e de:_[ _12 xC0s0 do
sin“0 sin“ 0

=-—cosec0+C
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do

J-cose
sin®0

Let u=sin 6, so d_u =cos 0.
dx

[2%%9 4o [~ _xcos6 do
sin® 0 sSin“ 0

[
sin” 6

Let u=sin 0, so d_u =cos 0.
dx

Ic.oie d9=j _14 x€0s6 dO
sin“ 0 sSin” 0
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de

Isin36
cos* 0

Let u=rcos 6, so d_u = —sin 0.
dx

=3
Ism48de:_jsm ex sin@ do
cos" 0 cos* 0

1 cos? 0 _
—I x—sin0do

u
= —ui4+u— du
1 1
"3 o' ¢
1 1

= 3 — =+
3c0s°0 cosO

de

J'Sin39
cos? 0

Let u=rcos 6, so d_u = —sin 0.
dx

=3 =2
[209 go=— [0 sino do
cos“ 0 cos“ 0
1 cose _
—j x sin0do

LI2

:—I<1_uz)du

2

:'[—ui+1 du

=l+u+C
u

:L +cos0+C
cos0

=sec0+cos0+C
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Question 4
K
a j04 tan* x sec? x dx

Let u = tan x, g_u = sec? x.

X
When x =0, u =0, and when x = %,uzl.
Ptan“xseczx dx:J. u* du

0 0
5 0
5 5
_1
5
L3 etane

b 4 de
IO cos%0
Let u=tan 0, so d—u=seC26= -

do cos- 0

When x =0, u =0, and when x = %,uzl.
L3 ano n

S do=[e™ x——do

0 cos 0 0 cos 0
:.[le“ du

0

u 1

=[],
:el_eO
—e-1
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Letu:x2—4,503—u = 2x, du = 2x dx.
X

Whenx:2,u:0,andwhenx:\/g,uzl.

x 2X dx

vBooX 15
J mdx:ﬂz
:%J':u_;du
=5[],
(2v1-20)

InZ .

J' 4e*sine* dx
0

6

du
Let u = ¢, d—= e*, so du = e* dx.
X

T
,u==,and when x =1In

Whenx:InE E,u:
6 6 4

T
4
nE . HE .
[ fersinerdx=] #(sine*)xe" dx
"6 "6

TC
=J.,fsinudu
s

E
=[- cosu]é
6

it

w
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J'Oicos2 X dx:_[o“%(lJr cos 2x) dx

=%J‘O4(1+COSZX) dx

1{ 1. }3

=—| X+—=8In2x

2 2 0
1

Fcosz 4x dx=F£(1+cos8x) dx
0 02

=%L“(1+c038x) dx

il 1. 7

=—| X+—=SIn8x
2[ 8 }o

E+£sin gxZ | |- O+lsin(8x0)
4 8 4 8

nt 1.

T Zsinf2
4+83|n[ n])
E

4
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I sin’2xdx= I (1-cos4x) dx

:Ejf(l—cos4x) dx

At
[z-3m(o o]
(5-3nl)
(

1
2
1
2
1
2
T
8
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Question 5

a IS; dx

3 (x+1)\/m

Letu:x+1,3—u:1,sodu:dx,andx:u—1.
X

Whenx=3,u=4, and whenx=8,u=09.

IS—X dx=["Y"2 4y
3(x+1)4/x+1 4 uu

=J‘ju_1du=ﬁu;—uz du

3
2

u
r 9
= 2u2+£}
L u? 4
2 2
=| 29+ |- 2\/Z+—j
&
=6+g—4—1
3
12
3
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J: 9—x? dx

Let x=3sin 0, so g—g =3 cos 0, dx =23 cos 0d0.

Whenx=0,0=0,andwhenx=3,0=g.

Jj 9-x* dX:EWX%OSG de
- [2[o(Lsin?0)x3cos0 40

:IEB cos?0x3cos0 do
=9_|7c0329 do

_9j [1+cos20] do

:g[6+lsin 29}2
2|7 2 )

—2{[2 +;S|n(2xgﬂ{0+%sin(2x0)}}
9
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r 62dx
09+Xx

_ dx _ 2 — 2
Letx—3tan8,£ =3 sec” 0, dx = 3 sec 0 do.

Whenx=0,0=0,andwhenx=3,0=%.

f 0 zdx:jz%x%ecze de
°9+X ° 9+(3tano)
_ﬁ 18sec’0

0 9+9tan®0

18} sec’®

9 Jo 1+tan®0
Tsec’

_2 (s
0 sec’ 0

do

=2j5de

-2]o];

A2

Letu:1+ex,3—u:ex,du:exdx.
X

Whenx=0,u=2,andwhenx=1,u=1+e.

X

1o
d
IO (1+ex)2

0

x:j“eu—l2 du
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1£dx

01+x

B

24/x

Whenx=0,u=0,andwhenx=1,u=1.

:ﬂdx:j1 u =% 2U du
1+x 01+u
w?+1-1

0 u’+1

1

u+1

Letu= +/x,du= dx, so dx = 2+/x du = 2u du.

=2 du

du

o
=2[u —tan” u]:)
=2{[1-tan*(1)]-[0-tan*(0) ]}

43

:2——
2

Question 6

Lf 9—x? dx

Area = 1>< xr?
4

=" xnx3?
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Question 7

F l dx

0 1+sIinX

Lett:tani,dx: 2dt,sinx: 2 )
2 1+t 1+t

Whenx:O,t:O,whenx:g,t:tan%

[t =[x dt
0 1+sin X o1 2t 1+t
1+t2

2

e

1 I
Z_[ T a0t
01+t°+ 2t
1 2

e

=[5 2=zt
0t +2t+1 °(t+1)
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Lett =tan ﬁ,dx:izdt,sinx: 2
2 1 1+

+t 2
Whenx:E,t:tanﬁzl,whenxzﬁ,t:tan
2 4 3

27

= dx NI 2

3 = X dt

3 sinx J. 2t 1+t

1+t?

32 V31
=], dt=[; Tt
~[int]?”
=In\@—ln1

:In\/§=ln(32]:% In3

1
J.:|.— COS X dx

2

Let t = tan 5,dx: 5
2

dt, cos x = 1-
1+t 1+

1 1 2
dx= X dt
I1—cosx -[ _1—t2 1+t?
1+t2

~ 2
_Il+t2—(l—t2)

=j2it2dt:jtlzdt:jt2dt
1

=——+C
t

:—1+C

tan (Xj
2
=—cot (EJ +C
2

dt
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B LT
01+sin®

Lett =tan 9,d0=i2dt,sin0= 2
2 1+t 1+t

When 6 =0,t=0, when 0 =

IO 1+S|n9 _-[f 1+t2

1+t2

-2-(+/3-3)
=—1++/3

As required.
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2

J’E do

0sinf+2
Lett=tan O, do— —>_dt,sin0— 2

2 1+t 1+t
When 0 =0, t =0, when 0 = g =tan§=1.

-[025|n6+2_-[ 2t 2 ><1+t2

L2 20 1
=, 2t+2(1+12) at= §I°t+(l+t2) o

(S N S S
0t +t+1 0( 1)
t +

3
+i —
2) "4
l 1
I
B R
2 /o
1 1
:i tan™ [1]+§ —tan™} [O]JFE
V3 V3 V3
2 2
(3 1
_ 2 L an 2 |t 22
BB
| 2 2
2 (3 . 1]
=—| tan — |—tan —_—
Ao (e (F
_2 E_Ej
J3\3 6
3 27 _ T
6J3 33
As required.
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J'g do
0 1+c0s20

1

1-t2

, T=tan

Lett=tan 0, d6 = L dt, cos 20 =
When6=0,t=0,andwhen6=%
Z do N 1
IS—:I T 2Tz
014+c0s20 Jo . 1-t* 1+t?

1+ 5
1+t
V3 3
:I 3 2 - 2 dt:j 3ldt
0 1+t +(1—t) 02
1. .3
:E[t]o
1 3
-1(5)-2
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Question 8

d
2 JXZI4

Let x =2 tan 0, :—g =2sec? 0, sodx =2 sec?0do, 0=tan* (g)

J- dx _J 2sec’ 0

xX2+4 J4tan?0+4
_2J- se026 B J-sec 04
4 tan29+1 sec’0
1
:19+C
2
:ltan’ (E}C
2 2
dx
b
I 9_X2

Letx =3 sin 0, % =3 cos 0, sodx=3cos 0d0, 0=sin" (%}

,[ dx : :I 3cos.9 do
Vo-x \/9—(3sm6)2
J~ 3cos0 3cose

cosO ﬁde

"3 '[/COS e_J‘COSG
= [de
=0+C

=sin~ (E}C
3
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J‘ dx
4x°+9
Letx = 3 tan 0, dx _3 sec? 0, so dx = 3 sec? 0 do, 0 =tan™*
2 do 2 2
dx gsecze

I 2 = 2 do
4x°+9 3
4 Etane +9

_EJ- sec’0
2 9(tan29+1)
3 1.sec’0

X

2 97sec’0
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Question 9

aj\/n

Letx=2sin0, :—g =2 cos 0, so dx =2 cos 0 do.

When x=0, 0 =0, and when x=1, 6 = g
J- _.[ 2c0s0 de
0\/4 X2 \/4 2sin0)

de

_[ 2c0s0 2c0s0

J4—4sin’0 _J‘ \/4 1-sin 9
=~ 2c0s0 =2c0s0
_ IG c0S 40— .[06 coS

0 J4cos’0 2c0s6

de
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J-Z 2 dx

0 J16-x°

Letx=4sin 0, % =4 cos 0, so dx =4 cos 0 dO.

Whenx=0,0=0,andwhenx=2,0=E.

6
2 2dx 2x4c0s0
= de
IO V16— x2 J \/1 (4sin6)
4c0s0 4c0s0
— do
) \/16—163in26 j 16(1—sin?0)

do

=2J-§ 4c0s0 2J-Og4cose

0 /16c0s?0 ~ o 4c0s0

Il

N
= I ]

o

D

Il

N
~—

s
e
Cola

[l
N
o3
N—

w3
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0 14+9x?
Letx = 1 tan 0, dx _1 sec? 0, so dx = 1 sec? 0 do.
3 do 3 3
1 T
Whenx=0,0=0,and whenx= =, 0= —.
3 4
1 .
x 3x-Sec0
014+9x% Jo 1 2
1+9| =tan©
3
3 sec’® _ﬁ sec’ 0
= [ = de=["——
; 1+9[1tan29j ? L+tan”0
9
™ sac? ki
=j4seczede=j4de
0 sec“ 0 0
=[0]s
_r
4
J~4 2Xx dx

3 J25-x2
_ » du _ _
Let u =25 —x*, ™ = -2X, S0 —du = 2x dx.
X

When x=3,u=16,and whenx=4,u=09.

4 2x dx 9 —du
.[3 \/25_)(2 :.[6 Ju
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Question 10
3
a Ix"‘ 9—x? dx
0
Letu?=9-x%s0x>=9-u? andu= /9-x°.

_ 2
Sod—u— X du= _dex,dx:“9 X du

dX_\/9—x2’ J9-x —X

Whenx=0,u’=9-0=9,sou=3,andwhenx=3,u?=9-9=0, sou =0.

I03x3 9-x? dx:‘[:xe’JQ—x2 “‘9__XX2 du
:Jso—xzxuzdu

:—LO(Q—uz)uzdu
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J‘ dx
1+cos x+sin x

2
Lett:tanﬁ,%: 22 dx= 22dt,sinx:i2,cos -1 t2.
2 dt 1+t 1+t 1+t 1+t
2
2
j L _ dx=j 1+t dt
1+cosx+sinx 1-t 2t
1+ st ——
1+t° 1+t
2

:I1+t2 1-t2 2t
2 + 2 + 2
1+t 1+t° 1+t

2 2
_I1+t2+1—t2+2t OIt_12+2t
et

1at

=In(1+t)+C

1+1an(§j
2

j%&anxm

=In +C

du .
Lau:%cma—:anX%&X:Mnchmxnm:Mnchxm.
X

jsecsx tan x dx:juzdu

u3

=—-+C
3
sec® x

3

+C
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JH/E dx
0 (4—X2)3

Letx=2sin0, % =2 cos 0, so dx =2 cos 0 do.

When x =0, 6 =0, and when X = \/§,6= %
V2ooodx 7 2co0s6
=5
\/(4—X ) \/(4—[25|n6] )
:J-E 2c0s6 de:J-OZ 2c0s6 40

i \/(4—4sin26)3 \/[4(1—sinze)f

oy 1 [, cosO 40

()2 ’ \/(cosz 6)3

2 4 cosB de—l 2 1

— — 4
8Jo cos’0 470 cos? 0

:%Lzsecze de
=%[tan 6]§

“i{e5] o)

1

4
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Iex +e*

dx
¥ +1

du
Letu=¢€* so d—zeX , SO du = e* dx.

X
e +e 1+e
-[ e 41 _I e? +1
1+e* 1
:J.e;:ilxe dx = -[ujrl au
-[u +1 _I
=tan'u +—In|u2+1|+C
2
—tan (ex)+%ln e“+1|+C

J.:Jx(4—x) dx:J.O2 4x—x* dx

:j‘:\/—4+4x—x2 +4 dx
=j021/4—(x—2)2 dx

Letu=x-2,s0 d—uzl,so dx = du.
dx

When x=0,u=-2,and whenx=2,u=0.

J:m dx:.l._oz\/mdu

The graph of y =,/4—u? is a semicircle with radius 2 and centred at (0, 0), so the
integral is the area of a quadrant with radius 2.

joz,/x(4—x) dx:%n(Zz)
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du

Alternatively, let u=2 sin 0, so 6 = sin™* [%) 36 =2 cos 0, du=2 cos 0 do.

Whenu =-2, 0 =sin"}(-1) = —g, and when u =0, 8 =sin™}(0) = 0.
2 0
jo JX(4-x) dx:L«M—u2 du
:j_"ﬁ,/4—4sinze 200360 do
2
:J‘fﬁ,/4(1—sin29) 200s0 do
2
:J‘_OE\MCOSZO 2c0s0 do
2
:J‘_OE 2¢0s0 2cos0 do*
02
:J‘_E4cosze deo
2
0 1
= n4[—(1+c0326)} de
_E 2

— 1 0
=2 6+§sin 26}

- 2;(0+%sin Oj—(—g+%sin {—n}ﬂ

:2_(0+0)—[—g+0ﬂ
=2 gj

*cosOZOfor—g <0<0.
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e

Letx:ésin e,dx=§cosed9

When x=0,0= Owhenx_ge sin” ):g
j«/4 9x? _I = 9 sm 6 >< cosede

—'[22cosexscosed9
:gj'oz cos?0do

23

=§j0 (1+c0s26)do

:g{(ﬂisin 26}2
3 2 0

2 T
_X_
3 2
r
3

As required.
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Exercise 6.02 Rational functions with quadratic
denominators

Question 1
-1
a I ! 2dx:I(x+3)2dx:(X+3) rc-—t.c
(x+3) -1 X+3
-1
J. L 2dx=.[(x—4)2dx:(x_4) tc="t.c
(x_4) -1 X—4
2 1 - (x+2)"
=— =2 2 =-2
c Ix2+4x+4 I(X+2)2dx j(x+ )~ dx S
d j 1 dx=tan" (x)+C
x?+1
e J' 21 dx:ltan‘ (EJ+C
X +9 3
1 1 X
f —— _dx=——tan?| == [+C
Ix2+3 X N an (\/éj-i-
1 1 4 X
g I—X2+5dx:£tan 1(E]+C
1 (x-2)" -1
h = dx = -2) dx= C=——+C
J‘x2—4x+4 J.(x 22X (x=2)"dx 1 T x=2 !
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Question 2

a

1 .
dx=sin" (x)+C
I 1-x? ()

J
J

1 dx:sm‘(§J+C
9—x? 3
1 dx:sm‘£5j+c
4-x? 2

j ! dx:ESM‘(Eij+C
V9-4x? 2 3

dx

1 1
J.\/4x—x2dX:J‘\/—4+4x—x2+4
B 1
_I\/—(4—4x+x2)+4
:J.;dx
J4-(x=2)’
:sm*(513)+c
2

dx

dx

1 1
dx =
J.\/—-9x2+12x I\/—4—9x2+12x+4

:I\/—(4+9x2 ~12x)+4

_J,F{3x—2f-+4d
1
_'[1/4—(3x—2)2 ‘

:Esm‘(sx_2j+C
3 2

dx
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Question 3

a X2 4+2X+2=xX>+2x+1+1
:(x+1)2+1

I 5 L dx:_[ 12 ax
X°+2X+2 (x+1) +1
=tan” (x+1)+C

b 2X—x2=1-1+2x—Xx°

=1-(x-1)’
[ = [———dx
V2x-x? J1-(x-1)’
=sin” (x-1)+C

© Cengage Learning Australia 2019

X*+2 xP+1+1 x*+1 1
2 =72 =7 .t
X°+1 X“+1 X“+1 x°+1
1
X% +1

x?+2 1
dx=1]1 dx
J.x2+1 I(ererlj

=x+tan” (x)+C

=1+

52X+ X =4+1-2X+X°
=4+ (x-1)’

1 1
— = dx=|———d
J5—2x+x2 X I4+(x_1)2 X

:ltan‘ (X—_1j+c
2 2
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Question 4

a

c

2

X x?+1-1
J.x2+1dX:J x?+1 o

X +1
—j dx
[x +1 NG +1]
:j(l— 21 jdx
X +1

=x—tan” (x)+C

x+12
J.x+1

X“+1
_J' dx
[x +1 X +1)

= J'(l— x22+1j dx

=x—2tan” (x)+C

J.x+1

X +4 x? +2+2
Ix2+2 _J X2 +2

X +2
_I dx
(x +2 x? +2]
=.|'(1+ 22 jdx
X“+2
1 X
=X+2—tan | — [+C
V2 (ﬁj

= x++/2tan" (TJ
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NG x?+9-9
dx = | ———dx
Ix2+9 -[ x?+9

x°

e

_J-x+9
x*+9 x*+9

= _[(1— x21+9jdx

e

= x—gtan’ (fjm
3 3

=Xx-3tan" (5j+c
3

J~ x+1 _[X +2x+l

x?+1
_J-x+1 2X
x2+1 x?+1

[l

:x+ln( )

+1

2
1) dx
+2

_IX —2x+1

—I(
_I(

X2 +2

X +2 2x-1
dx
x? +2 X242

jdx
NG +2 X242

Jox

x—In(x* +2)—%tan [Tj
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Question 5

a J- 2X+1 J~2X+4 3
x2+4x+5 X +4x+5

2X+4 3
=I 2 Nz dx
X“+4x+5 X +4x+4+1

2X+4 3
=I 2 - 2 dx
X +4x+5 (x+2) +1

- In(x2 +4x+5)—3tan’l(x+2)+C

b 4x+3 2X
J‘x2+1d)(=-[( m X2 +de
:2In(x +l)+3tan‘ (x)+C
c
Ix +1 __J.x +1 =—In X +1) *C
d

x-1 1 2x 1
J‘x2+1dx_-'.(§x2+1_x%l}dx
1
=ZIn(x*+1)-tan™ C
> n(x +) an™(x)+

e _
j . X dX:Ii 22X 2+2jdx
X —2X+2 2\ X" =2X+2

1 2X—2 2
:I— 5 +— dx
2\ X5 =2X+2 X =2x+2

1 2X -2 2
:—I 5 + 5 dx
29 X =2x+2 (x—l) +1

1
=_1 2_2x+2)+tant(x-1)+C
> n(x X + )+ an™(x—1)+
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Question 6

a -1 . _
I dx=-sin*x+C or cos*x+C

J1-x?

b 1 1.
————dx==sin" (2x)+C
j\/1—4x2 2 (2x)

c dx 1,
I1+4X2:Etan (2x)+C

d J~ dx _J- dx
X +4x+8 I x*+4x+4+4
I N
(x+2) +4
:ltan‘ (XLZJJrC
2 2
e I dx _J- dx
4% +4x+10 Y 4x*+4x+1+9

(2x+1)"+9

= ltan’ (2X3+1J+C

6

f J-z#dx=2j2;dx
XS —6X+13 X°—6X+9+4
oL g
(x—3) +4
:2x£tan’ (X—_?’j+c
2 2

=tan (XT_BJ +C
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Question 7

a

Top rectangle

A=2x1=2
For the bottom bell
1 X2 +1- 2
A=
le +1 I x?+1

_I (X 1 jdx:ZIl(l— 22 jdx
1 x? +1 X% +1 0 X“+1
:2(x—2tan‘1(x))2

=2[1-2tan” (1)—O|:2‘1—2><£

=n—2
Total area = 2 + © — 2 = 7 units?
Volume of top rectangle
r=1,h=1
V = nr’h
V = 1 units®
Volume of bottom bell (rotated)

V=n.[OX2d
x—1 x+1 2 1 2
R ] x?+1
2
1=-
y X2 +1
X241=——2_
y-1
N
y-1

Total volume

n(21In2-1) + = 2n In2 units®
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0.5

71 15
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et
X +4x+8
2 1
S S
X +4x+8
2 1
—nf ————dx
nj—lx2+4x+4+4

2 1
=n| —————dx
Il(x+2)2 +4

1 _(x+2j2
=x| =tan” | —=
2 2 )],
-z tanl(—ZJrzj—tanl(_LQJ
2 2 2
_I tan‘12—tan‘l(£j
2 2

We can simplify tan™ 2 — tan! (%j by letting A = tan™* 2 and B = tan! (%}

SoA-B=tan!2-tan™ (%j

tan A—tan B

1+tan Atan B
5 1
_ 2
l+2><1
2

tan(A-B)=

SoA-B=tan™ (%j

SoV ==|tant2—tan (lj
2 2

= Ztan™ (Ej
2 4
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Exercise 6.03 Partial fractions

Question 1
a
J' 3x+1 dx
(x—=3)(x+2)
3x+1 A B

(x=3)(x+2) (x—3)+(x+2)

= 3x+1=A(x+2)+B(x-3)

Letx=-2

-6+1=0A+-5B

-5=-5B

B=1

Letx=3

10=5A+0B

A=2

N 3x+1 _ 2 N 1
(x=3)(x+2) (x-3) (x+2)
3x+1

J.(x—3)(x+2)

-l £<xfs>+<xiz>]dx

:2In|x—3|+ln|x+2|+C

dx
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J‘ 5x+8
(x+3)(2x-1)

5x+8 _ A N B
(x+3)(2x-1) x+3 2x-1
= 5x+8=A(2x-1)+B(x+3)
Letx=-3
-15+8=-7A+0B
—7==7TA
A=1
Letx=0
8=-1+3B
9=3B
B=3

5x+8 1 3

T (x+3)(2x-1) x+3 2x-1

5X+8
j(x+:~;)(zx-1) "

_J.(x+3 2X — 1) X

:In|x+3|+EIn|2x—]4+C
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J~ 3x+1 “
(x+3)(x+2)
3x+1 _ A N B

(x+3)(x+2) x+3 x+2
= 3x+1=A(Xx+2)+B(x+3)
Letx=-2
—-6+1=0A+B
-5=8B
Letx=-3
-9+1=-A+0B
—-8=-8A
A=8

3x+1 8 5

= (x+3)(x+2) T X+3 x42
J‘ 3x+1 X
(x+3)(x+2)

:8In|x+3|—5ln|x+2|+C
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J~( 3X+7 dx

X —3)(x+5)
3X+7 _ A N B
(x=3)(x+5) x-3 x+5
= 3x+7=A(x+5)+B(x-3)

Letx=-5
-15+7=0A-8B
-8=-8B

B=1

Letx=3
9+7=8A+0B
16 =8A

A=2

3X+7 2 1

:j(x—3Xx+5):x—3+x+5
I 3X+7
(x—3)(x+5)

)
=|| —+——|dx
X—3 X+5

:th—ﬂ+mh+Q+C

dx
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I 3+X «
(1+2x)(1-3x)
3+X A B

(1+2xﬂ1—3x):1+2x+1—3x
= 3+x=A(1-3x)+B(1+2x)
3+Xx=A-3xA+B+2xB
Equating coefficients
3=A+B

9=3A+3B

1=-3A+2B

10=5B

B=2

3=A+B

3=A+2

1=A

3+X 1 2

:>l+2x 1-3x :1+2x+1—3x
(1+2x)(1-3x)

3+X
J 1+ 20(1-30)

1 2
:I + dx
(l+2x 1—3xj

zlmp+24—3mp—34+c
2 3
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(a—-b)x y
J‘(x—a)(x—b)d

(a—b)x A, B
(x—a)(x— b) X—a X-b

= (a-b)x=A(x-b)+B(x-a)

Letx=a
(a-b)a=A(a-b)+B(a-a)
(a-b)a=A(a-b)

A=a

Letx=Db

(a—b)b=A(b-b)+B(b-a)
(a—b)b=-B(a-b)

B=-b

- (a—b)x a b
(x—a)(x- b) x—a x-b
(a—h)x

™
—j(x—a—x—bjdx

=aln|x—a|-bln|x—b|+C

Question 2

a
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11
- S—t
6X +5x 4

I (3x+4)(2x-1) dx
11 A B

(3x+4)(2x-1) 3x+4 2x-1
=11=A(2x-1)+B(3x+4)
11=2xA- A+3xB+4B
Equating coefficients
0=2A+3B
11=-A+4B
22=-2A+8B
22=11B
B=2
0=2A+6
—-6=2A
-3=A

11 -3 2
= = +
(3x+4)(2x-1) 3x+4 2x-1

11
J (3x+4)(2x—1) o

J( jdx
3x+4 2x-1

:In|2x—1|—ln|3x+4|+C
2x-1
3Xx+4

=In +C
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X—7
[l ox
2X°—-3x-2

=IX—_7dx
(2x+1)(x—2)

X—7 _ A N B
(2x+1)(x-2) 2x+1 x-2
= x—-7=A(x-2)+B(2x+1)
X—7T=XA-2A+2xB+B
Equating coefficients
1=A+2B
2=2A+4B
-7=-2A+B
-5=5B
B=-1
1=A-2
3=A

X—7 3 1

T (2x11)(x—2) 2x+1 x-2

X—7
I(2x+1)(x—2) dx

3 1
= ——— |dx
(2x+l x—Zj

:gln|2x+]4—ln|x—2|+c
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dx

J- 3x* —12x+11
(x-1)(x-2)(x-3)
3x*—-12x+11 _ A N B N C

(x-1)(x-2)(x-3) x-1 x-2 x-3

= 3x* —12x+11= A(x—2)(x—-3)+B(x-1)(x—3)+C(x-1)(x-2)

Letx=1

3-12+11= A(-1)(-2)+0B+0C

2=2A

A=1

Letx=2

12-24+11=0A+B(1)(-1)+0C

~1=-B

B=1

Letx=3

27-36+11=0A+0B+C(2)(1)

2=2C

C=1

- 3x* —-12x+11 _ 1 N 1 . 1
(x-1)(x-2)(x-3) x-1 x-2 x-3

I 3x* -12x+11
(-D)(x-2)(x=3)

1 1 1
:j + + dx
(x—l X—2 X—3j

:In|x—1|+In|x—2|+|n|x—3|+C

dx
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5x*+9x+6
I(x2 —l)(2x+3)
5x*+9x+6 __A N B . C
(x+1)(x-1)(2x+3) x+1 x-1 2x+3
= 5X” +9x+6 = A(Xx—1)(2x+3)+B(x+1)(2x+3)+C(x+1)(x—1)
Letx=1
5+9+6=0A+B(2)(5)+0C
20=10B
B=2
Letx=-1
5-9+6=A(-2)(1)+0B+0C
2=-2A
A=-1
Letx=0
6=-1(-1)(3)+2()(3)+C ()(-)
6=3+6-C
C=3
. 5x* +9X+6 _ -1 . 2 N 3
(x+1)(x-1)(2x+3) x+1 x-1 2x+3
J~ 5x° +9X+6 N
(x+1)(x—-1)(2x+3)

-1 2 3
:j + + dx
(x+l x-1 2x+3}

:—In|x+]4+2In|x—]4+%ln|2x+3|+c

=In|x—6[+C
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Question 3

a

dx

4+7X
I(x+1)2(2+3x)

447 A B C
(x+1)"(2+3x) (x+1)° x+1 2+3x

multiply by (x+1)2 (2+3x)

4+7x=A(2+3x)+ B(x+1)(2+3x)+C(x+1)2
4+7x=A(2+3x)+B(3x" +5x+2)+C(x* +2x+1)
Equating coefficients

3B+C=0
3A+5B+2C =7
2A+2B+C =4

6A+10B+4C =14

6A+6B+3C =12

4B+C =2

3B+C=0

B=2

3x2+C=0

C=-6

2A+2x2-6=4

2A=6

A=3

N 4+7X _ 3 N 2 N —6
(x+1)°(2+3x) (x+1)° x+1 2+3x

j 4:—7X "

(x+1) (2+3x)

6
_I dx
{ x+1 x+1 2+3x]

:—3+2In|x+14 2In|2+3x|+C
X+1

3

X+1

X+1
2+3X

=2In
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I%dx
(x+1)"(x-1)

1 _ A N B N C
(x+1)"(x=1) (x+1)" x+1 x-1

multiply by (x+1)2(x—1)

1= A(x—1)+B(x+1)(x~1)+C(x+1)’
1= A(x—1)+B(X* ~1)+C(X* +2x+1)
Equating coefficients

B+C=0

A+2C=0

-A-B+C=1

-B+3C =1

B+C=0

4C =1

_I L + L dx
x+1 4(x+1) 4(x-1)

:2(X1+1)——In|x+]4+%ln|x—]4+c
1x=q, 1
|x+1| 2(x+1)

+C
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c

I x® —6x° +25
(x+1)2(x—2)2
x°* —6x° +25 A B C D
2 2~ 7T + 7T
(x+1)"(x-2)" (x+1)° x+1 (x-2)° x-2
multiply by (x+1)2 (x—2)2
X‘°’—6x2+25:A(x—2)2+B(x+1)(x—2)2+C(x+1)2+D(x—2)(x+1)2
X° =6 +25= A(X* —4x+4)+B(Xx+1)(X* —4x+4)+C (X’ +2x+1)+ D(x—-2)(x* + 2x+1)

X3 —6x2 +25= A(x2 —4x+4)+ B(x3 —3x? +4)+c:(x2 +2x+1)+ D(x3 —3x—2)
Equating coefficients

B+D=1
A-3B+C =-6
-4A+2C-3D=0

4A+4B+C-2D =25
Solve system of linear equations with 4 unknowns using T1 Nspire
A=2
B=3
C=1
D=-2
x® —6x*+25 2 3 1 2

(1 (x—2)  (x+1) x+1 (x-2) x-2
J~ x® —6x% +25
(x+1)2(x—2)2

1 2
—j > = dx
L x+1 X+1 (x-2) X—Z]

:—2+3In|x+1|———2ln|x 2]+C
Xx+1 2
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Question 4

a

X—2
j(xz +1)(x+1) dx

X—2 _AX+B+ C
(x2+1)(x+1)_ x2+1  x+1

multiply by (x* +1)(x+1)
x—2=(Ax+ B)(x+1)+C(x2 +1)
x—2=Ax"+(A+B)x+B+Cx*+C
Equating coefficients

A+C=0 [1]
A+B=1 [2]
B+C=-2 [3]
A+B=1= A=1-B rearranging[2]
1-B+C=0 substituting for A in[1]
-B+C=-1 [4]
2C=-3 [3]+[4]
c=-3

2
a=3

2
B=1-A
B=1—E

2
B—_1

2
N X—2 _ -1 3
(+1)(x+1) 2(x*+1) 2(x+1)
J' X—2 dx
( ) x+1

'—x

3x-1 3
z(x +1) 2(X+1)de

3X 1 3
_I 2(x? +1)_ 2(x* +1) - 2(x+1)}dx

3 1. 3
:Zln|x2 +]4—Etan 1(x)—EIn|x+]4+C
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dx

-[(x2+1)(x—1)
X _Ax+B  C
(x*+1)(x-1) "1 x-1

multiply by (x2 +1)(x—1)
=(Ax+B)(x-1)+C(x*+1)
= AX* — AX+Bx—B+Cx*+C
=(A+C)x*+(-A+B)x-B+C
Equating coefficients

A+C=0 [1]
-A+B=1 [2]
-B+C=0 [3]
C+B=1 [4]:Add [1] and [2]:
2C=1 Add [3] and [4]:
c-1
2
1 .
A+§: 0 Sub into [1]:
A=
2
1 .
__E+B:1 Sub into [2]:
B-1
2
1.1 1
X —=X+= =
S0 — _ 22 2, 2
(x*+1)(x-1)  x*+1  x-1
1[—x+l 1)
= — + —
2\ x*+1 x-1

e F e s de

1
=— dx
2 (x +1 x° +1 X — 1}

1 _
:E[—Eln(xz +1)+tan 1x+|n|x—]4)+C

:—iln(x2 +1)+£tan’lx+iln|x—1|+c
4 2 2
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J~ X+3
X3 +3x%+x+3

X+3
_IL x? +1 x+3)}dX

:j >—dx
X +1
=tan” (x)+C
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Question 5

a
12 12

J‘(x3+8) dx_j(x+2)(x2 —2x+4) dx

12 A Bx+C

(x+2)(x2—2x+4) TX12 X—2x14
multiply by (x+ 2)(x2 —2x+4)

12= A(x2—2x+4)+(Bx+C)(x+2)

12 = AX® —2xA+4A+ BX2+(ZB+C)X+2C

Equating coefficients
A+B=0 =>A=-B

—-2A+2B+C=0 [1]

4A+2C=12=2A+C=6 [2]

2B+2C =6 [1]+[2]
B+C=3

C=3-B

2B+2B+3-B=0 substituting for Aand C in[1]

3B=-3

B=-1

A=1

C=3-(-1)

C=4

N 12 _ 1 N —X+4
(x+2)(x*-2x+4) x+2 x*-2x+4

12
J‘(x+2)(x2 - 2x+4)

1 X—4 )
:J' -— dx
X+2 X -2x+4

1 1 2x-8
:J- == dx
X+2 2X -2x+4

1 1 2X—-2 6
:j 5l L2 T2 dx
X+2 2\ x°=2x+4 X" -2x+1+3

1 1 2x-8 3
:J' -—= + 5 dx
X+2 2Xx°-2x+4 (x—l) +3

dx

=

_ In|x+2|—%|n|x2—2x+4|+\/§tanl(x_sl}rc
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9Xx+6 A N Bx+C
(x—2)(x2+2x+4) X—2 X’+2x+4

multiply by (x—2)(X* +2x+4)

9x+6=A(X* +2x+4)+(Bx+C)(x-2)

9x+6=Ax"+2xA+4A+Bx’ +(-2B+C)x-2C

Equating coefficients

A+B=0 = A=-B

2A-2B+C =9

-4B+C =9

4A-2C =6

-4B-2C =6

3C=3

Cc=1

-4B+C =9

-4B+1=9

-4B =8

B=-2

A=2

N 9x+6 _ 2 N —-2x+1
(x=2)(x*+2x+4) x-2 X’ +2x+4

J‘ 9x+6
(x—2)(x?+2x+4)

dx

2 2x-1

I -— dx

X—2 X +2x+4

2 2X+2 3

=I -— +— dx
X—2 X +2X+4 X +2Xx+1+3

2 2X+2 3
-— + 5 dx
X—2 X +2x+4 (x+l) +3

:2|n|x—2|—|n|x2+2x+4|+\/§tan1(X—+lj+c

V3
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Question 6

a
2 _ A +BX+C
(1+x)(1+x2) 1+x  1+x°
multiply by (1+x)(1+x*)
2:A(1+x2)+(Bx+C)(1+x)
2=A+Ax’+Bx*+(B+C)x+C
Equating coefficients
A+B=0
= A=-B
B+C=0
A+C=2
-A+C=0
2C=2
C=1
B+C=0
B=-1
A=1
b
2 1 +—x+1
(1+x)(1+x2) 1+x 1+x°
2
—dx
J‘(1+ x)(1+ x2)
= L_ X_];jdx
1+x 1+X
1 12x—2)
= - > |dX
1+x 21+X
1 1 2x 1 j
= —-= + dx
1+x 21+x* 1+X%°

=In[L+ x|—%|n|1+ x2|+tan‘1(x)+C
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Question 7
a

1 _ A N B
(x+3)(x+1) x+3 x+1
=1=A(x+1)+B(x+3)
Letx=-1
1=0A+2B

1

B=—
2

Letx =-3
1=-2A+0B
1

A=—_—
2

1 _ -1 N 1
(x+3)(x+1) 2(x+3) 2(x+1)

Il(x+3 x+1) _I( 2(x+3) (;;g]dx

1

={——In|x+3|+—ln|x+1|}
2 2 0
1 1 1 1
:_Em|1+3|+E|n|1+q_(_§|n|0+3|+5|n|0+14j
:—lln 4+1In 2+lln 3—£In1
2 2 2 2
=%(In 2+In3-In4)

1 (2x3j
=—1In
2 4

1,3
==In=
2 2
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Question 8

Using partial fractions,

2x% +5x+3 A B Cx+D

(x-1)° (x2 +1) (x-1) " (x-1)° " (x2 +1)

On multiplying both sides by (x—1)° (x2 +1);

2X* +5x+3= A(X* +1)(x-1)+ B(X* +1)+(Cx+D)(x-1)’
Substituting x = 1, we get 10 = 2B, so B = 5.

Substituting x = -1, we get 0 = —4A + 2B - 4C + 4D.
Substituting x =0, we get 3 =-A +B + D.

Substituting x = 2, we get 21 =5A + 5B + 2C + D.

Solving simultaneously, A= —% B=5,C :%and D= —g.

Hence,
1 1X 5
2x° +5x+3 ) 5 277 o
| x=[ 2 4 +2 24y
(x-17(x+1)  (x=1) (x-1)° (x¥*+1)
Integrating,
1 1 5

2 . O +§X_E dx:—iln|x—1|—i+£|n(xzJrl)—Eta”_l(X)+C
N A O i
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Question 9

2x°—x-7 A . B Cx+D
(x+2)2(x2+x+1)_X+2 (x+2)2 X2 +x+1

multiply by (x+ 2)2(x2 +x+1)
2X° =X =7 = A(x+2)(x* +x+1)+ B(X* + x+1)+(Cx+ D)(x+2)’
Letx = -2, so 8+2-7=A(0)+3B+(Cx+D)(0)
=3=3B=B=1
2X* —x=7 = A(x+2) (X" + x+1)+ (X’ + x+1)+(Cx+ D)(x+2)’
X —2x—8= A(x+2)(X* + X+1)+(Cx+D)(X* +4x+4)
(x + X2+ X+2X° +2x+2)+Cx +4Cx* +4Cx+ Dx* +4Dx+4D

= AX® + AX® + AX+ 2AX? + 2AX + 2A+Cx® + 4Cx* + 4Cx + Dx* + 4Dx+4D
=(A+C)x*+(3A+4C+D)x*+(3A+4C +4D)x+2A+4D
Equating coefficients
A+C=0 [1]
3A+4C+D=1 [2]
3A+4C+4D=-2 [3]
2A+4D=-8 [4]
[31-[2]:
3D=-3
D=-1
Sub into [4]:
2A-4=-8
2A=-4
A=-2
Sub into [1]:
—2+C=0
C=2
2x5 —x—7 -2 1 2x -1
2 = + 2T 2
(x+2)° (X +x+1) X+2 (x+2) X +x+1
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fl 2x2 —x—7
0(x+2)2(x2 +x+l)

1
—2In|x+2|—i+ In|x2 + x+1|—itan1(zx+lﬂ

1 =2 1 2x-1
J. + >t dx
0l Xx+2 (x+2) X+ Xx+1

1 =2 1 2x+1 2
. 2+ >+ 1 13 dx
X+ (x+2) X +x+l o o 22
4 4
1 =2 +(X+2)_2 22X+:|. B 22 dx
0| X+2 X +X+1 ( 1) 3
X+=| +=
2 4
1
9 x+E
2In|x+2|-(x+2) +In[x* +x+1-2x—tan| —=%
[x+2|~(x+2) +In| | N B
2 Jl

V3 V3

X+2 .

[ 1 4. (3 1 4 (1
_—2In3—§+ln3—ﬁtan (Eﬂ—[—ZInZ—EHnl—ﬁmn (Eﬂ

=—In3—%—itan‘ J3+2In 2+£+i(£j

J3 2 3

6

1 4 (nrn 4 (n
=—In3+=-—| = +In22+—(—j
6 \/5(3j J3\6
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Question 10

a
(x+1)3
XZ
X3 +3x% +3x+1
x> 3x? 3x 1
XX X3
:x+3+§+i2
X X
SoA=1,B=3,C=3,D=1.
b

X2 1Y
:(—+3x+3ln|x|——J

2 X

2
=(3—+3x3+3ln|3|—1j—(1+3+3|n|1|—1j

2 3 2 1

:£+3In3
3
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Question 11
a

X
x2+2x+3

[x +2X+3

|
gt

X“+2Xx+3
2X+2 1
(x +2x+3] E(x +2x+3j
1( 2x+2
=§(x +2x+3j

NG +2x+3

(or prove RHS = LHS)

X
I X
X +2X+3
1 2X+2 1
:I . -— dx
X4+2X+3) X +2X+3

2
1 2X+2 1

:I - -— dx
2\ X°+2X+3) X +2x+1+2

1 2x+2 1
:I 5l 2 ]_ 7 [dx
2\ X*+2x+3 (X+DZ+(/2)
1 1 x+1
==In|x*+2x+3 -—=tan| — |+C
S 2xed- [_2}
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Question 12

a

1 B Ax+B+Cx+D
(x2+a2)(x2 +b2) Cx2+al X2 +b?
=1=(Ax+ B)(x2 +b2)+(Cx+ D)(x2 +a2)
1= Ax® + Bx® + Ab?x + Bb? + Cx® + Dx* + Ca’x + Da?
Equating coefficients

A+C =0
= A=-C
B+D=0
=B=-D
Ab?+Ca’=0
Bb2+ Da? =1
_Db%+Da?=1
D(az—bz):l

1
@)

1
STE )
Ab?+Ca?=0
_Cb?*+Ca’=0
C(az—b2)=0
Asa’—-b*%0
=C=0
A=0

1 1
2 12 2 |2

_ 1 :(a b)+(a b*)

(x2+a2)(x2+b2) x*+a’ X% +b?

1 ( 11 j
_(az—bz) x> +b? x*+a’
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Exercise 6.04 Integration by parts

Question 1
a
Iln(x+1)dx
Let u'(x)=1 v(x) =In(x+1)

u(x) = x V'(X) = ﬁ

fu’(x)v(x)dx =u(x)v(x)— ju(x)v’(x)dx

1
1x1 1)dx = x| 1)-
Ix n(x+1)dx=xIn(x+1) Ix><xle

dx

=xIn(x+1)- lex
X +

X+1-1
X+1

dx

:xln(x+1)—f
(x+1)—j1—$dx
(x+1)—x+In(x+1)+C
=(x+1)In(x+1)-x+C

=XIn
=XxIn

Let u'(x)=1 v(x) =In(x)
u(x)=x V'(X) :%
Iu'(x)v(x)dx =u(x)v(x) - ju(x)v’(x)dx
1
2J'1><In(x)dx = 2(X|n(x)—JXx;dX)
= 2(x|n(x)—j1dx)

=2(xIn(x)-x)+C
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jxcos(x)dx
Let u'(x)=cos(x) v(X) = X

u(x) =sin(x) VI(x)=1
ju’(x)v(x)dx =u(x)v(x) - Ju(x)v'(x)dx
[ cos(x)x xdx = xsin(x) - [sin(x) x1dx
= xsin(x)—(-cos(x))+C

= xsin(x)+cos(x)+C

jxe’xdx

Let u'(x)=e™" v(X) = X
u(x)=—e" V(x)=1

Iu'(x)v(x)dx =u(x)v(x) —ju(x)v’(x)dx

Ie’* xXdx=x—-e™* —J'—e’x x1dx

=x(-e™)-(e™)+C

=—e*(x+1)+C

jxsin(Zx)dx
Let u'(x) =sin(2x) v(X) = X
u(x) :—%COS(ZX) V(x) =1
J'u’(x)v(x)dx =u(x)v(x) - J.u(x)v’(x)dx
J'sin (2x)x xdx = x(—%cos(Zx)) —~ j—%cos(Zx)xldx

:—gcos(2x)+%sin(2x)+c
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Ixezxdx
Let u'(x)=e* V(X) = X

u(x) = %ezx VI(x) =1
Iu'(x)v(x)dx = u(x)v(x) —ju(x)v’(x)dx
Iezx x Xdx = x e J. e?* x1dx

2X
X —£92X+C
2 4

e (2x-1)+C

jxln Xdx
Let u'(x)=x v(x) =Inx
u(x) N V'(X) 1
2 X

ju’(x)v(x)dx =u(x)v(X) —Iu(x)v'(x)dx
jx><|n xdx =2 x2In x—flx2 « L dx
2 2 X

:ilenx—jlxdx
2 2

_1 x%In x—ix +C
2 4
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Question 2

a

Iexsin(x)dx
Let u'(x) =¢* v(x) =sin(x)

u(x) =e* V'(x) =cos(x)
ju'(x)v(x)dx =u(x)v(x) —ju(x)v’(x)dx

Iex xsin(x)dx = exsin(x)—J'eX x cos (X ) dx

Iex x €os (X )dx
Let u'(x) =¢* v(x) = cos(x)
u(x) =¢e* V'(x) =—sin(x)

Iu'(x)v(x)dx =u(x)v(x)— ju(x)v'(x)dx
jex x cos(x)dx =e* cos(x)—jex x(—sin(x))dx

=excos(x)+jexxsin(x)dx

je*sin(x)dx = exsin(x)—(excos(x)+jex xsin(x)dx)

2J'exsin(x)dx = e*sin(x)—e*cos(x)+C

=%(sin(x)—cos(x))+c

© Cengage Learning Australia 2019

79



Iexcos(x)dx
Let u'(x)=¢* v(x) = cos(x)

u(x) =e* V() =—sin(x)
J'u’(x)v(x)dx =u(x)v(x) - ju(x)v’(x)dx

Iex x cos(x)dx = e* cos(x)jtjeX xsin(x)dx

jex xsin(x)dx
Let u'(x) =¢* v(x) =sin(x)
u(x) =e* V'(x) = cos(x)
Iu'(x)v(x)dx =u(x)v(x) - J.u(x)v’(x)dx
J'eX xsin(x)dx =e” sin(x)—_[eX x cos(x)dx

:exsin(x)—fexxcos(x)dx

J'ex cos(x)dx =e” cos(x)+(exsin(x)—jeX xcos(x)dx)
2J.eX cos(x)dx =e*cos(x)+e*sin(x)+C

X

:%(sin(x)+cos(x))+c

jxexzdx
1 2
= EI 2xe* dx

:lexz +C
2

© Cengage Learning Australia 2019

80



Ixz In xdx
Let u'(x)=x* v(x) =Inx
u(x) :%xe’ V'(X) _1
Iu'(x)v(x)dx =u(x)v(x) —fu(x)v’(x)dx
sz In xdx:ix3 Inx—j£x3x£dx
3 3 X

Ixz In xdx:lx3 Inx—j£x3x£dx
3 3 X
=lx3Inx—I1x2dx

3

=£x3ln x—lx +C
3 9

Ixzsin(x)dx
Let u'(x) =sin(x) V(X) = x?

u(x) = —cos(x) V'(X) = 2X
Iu’(x)v(x)dx = u(x)v(x) —Iu(x)v’(x)dx
jsin(x)x x“dx = x* (—cos( I cos(x)x 2xdx

= xz(—cos(x))+2Ixcos )dx

jxcos(x)dx
Let u'(x) =cos(x) V(X) = X

u(x) =sin(x) V(x)=1
Iu’(x)v(x)dx =u(x)v(x) —Iu(x)v’(x)dx
jcos x)x xdx = xsin( _[sm X) x 1dx
= xsin(x)—(-cos(x ))+C

= xsin(x)+cos(x)+C

jsin(x)x x2dx = —x? cos(x)+2(xsin(x)+cos(x))+C

© Cengage Learning Australia 2019



Ixtan‘ (x)dx
Let u'(x)=x v(x) =tan™(x)

12 '
u(x) ==x V(X) =
()2 ()x2+1

Iu'(x)v(x)dx =u(x)v(x) - ju(x)v’(x)dx

] 1, . 1, 1
jx><tan (x)dx_Ex tan (x)—jgx ><X2+1dx
1 ) 1.x°+1-1
=§x2tan1(x)—z_|' ) dx

1o, 1¢(x*+1 1
_EX tan (x)—EI( —de

x2+1 x*+1

- %xz tan‘l(x)—%j(l— ! jdx

X% +1

:%x2 tanl(x)—%(x—tan (x))+C

:%(x2 tan‘l(x)+tan‘1(x)—x)+c
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jx2e4xdx
Let u'(x) =e* V(X) = X

u(x) :%e4X V(X) = 2x

J'u'(x)v(x)dx =u(x)v(x) - J'u(x)v’(x)dx

= ix2e4X J.xe“xdx
4
jxe4xdx
Let u'(x) =e* v(X) = X

u(x) = %e“ V'(x) =1
J'u (X)v(x)dx =u(x)v(x) — J.u(x)v’(x)dx
&% x ¥ = X = e —Ile“ x1dx
4 4

xe”™ 1

4 16

4x
J.e“ x X2dx :%xze4X —1(&—ie“j+c

4x

:(;—2(8x2 —4x +1)+C
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Question 3

a

jzln(x)dx

Let u'(x)=1 v(x) =In(x)

u(x) =x V'(X) :%

Lzu'(x)v(x)d = (U(V(x))’ - fu(x)v'(x)dx
jlzlxln(x)dx :(xln(x))2 —J.:XX%dX

=2In2-2-(1In1-1)
=2In2-1

I:e&dx

a=Jx =a’=x
dx
e
dx = 2ada

f:eﬁdx = _[Ole""Zada

2a

= ZJ';eaada
Let u'(a) =¢* v(x)=a
u(a)=¢e* vV'(x)=1

[Lueovx)d = (V) - [Lu(V(x)dx
ZI:eaada = 2((aea)0 —J':eada)

=2 (ae), (&),
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rln(xz)dx
:ZJ'eIn(x)dx

Let u'(x)=1 v(x) =In(x)

u(x) =x V'(X) =1

X
j:u'(x)v(x)d = (UOV(0)" - jleu(x)v'(x)dx
e e € 1

ZL 1xIn(x)dx = 2((x|n(x)) _.[1 XX;de
= 2((x|n(x))j —.[eldx)
((xin()); ()}

2
2(e—e—(0-1))
2
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joo'scos’ (2x)dx
Let u'(x)=1 v(x)=cos™ (2x)

-2

u(x) =x V'(X) =

2
J1-(2x)°  V1-4¢

J.:'Scos’1 (2x)dx = [xcos’1 (2x)]0'5 —IOO'S —2X dx

0

- [0.5 cos™(1)—0cos™ (O):'o

:[0—0]—%{2(1—4%)2}05
_ _%[WJO.S

0

40~

0

Ixcos(x)dx

From 1c

jxcos(x)dx = xsin(x)+cos(x)+C
jonxcos(x)dx =(xsin(x) +cos(x));

= (msin(m) +cos(x))—(0sin(0)+cos(0))
~0+(-1)-1

_ 2
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J':In(x2 +l)dx

Let u'(x)=1 V(X) = In(x2 +1)

2X

x> +1

[ uve)d = (uV)); - [ UV (x)dx

J.ozlx In(X2 +1>dx = (XIn(XZ +1))z _J‘OZ XZZ)ildX

u(x) = x V'(X) =

:(xln(x2+1)—2x+2tan‘1(x))z
=(2In5-4+2tan" (2))-(0)
=2In5-4+2tan” (2)

fﬂxsin(x)dx

Let u'(x)=sin(x) v(x)=x
u(x)=-cos(x) Vv'(x)=1

fﬂu'(x)v(x)d = (u(x)v(x))" - fﬁu(x)v’(x)dx

J:xsin(x)dx =(—xcos(x))" —J._T;—cos(x)dx

(—xcos(x)+sin(x))"

= (—mcos(m)+sin(m))—(—xcos(—m)+sin(-x))

21
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Exercise 6.05 Recurrence relations

Question 1
a
J'x“ cos(x)dx
Let u'(x) =cos(x) V(x) = X"
u(x) =sin(x) V/(X) = nx"!

Iu’(x)v(x)dx =u(x)v(x) —Iu(x)v'(x)dx
Icos(x)x x"dx = x" sin(x)—.[sin(x)x nx"" dx

jcos(x)x x"dx = x”sin(x)—njx”‘ sin(x)dx

I(In(x))n dx

Let (=1 v(x)=(In(x))

u=x  VO)=—(In(x)""
JuGov(xdx =u(x)v(x) - [u()v'(x)dx
Jo(in(x))" e =x(In(x))" = [xox(In(x))" o
=x(In(x))" ~nf(n(x))" dx

jx”ezxdx
Let u'(x)=e* v(x) = x"
u(x) = %ezx V(X) =nx"*

Iu'(x)v(x)dx =u(x)v(x) - ju(x)v'(x)dx

e 1
Ie“ x X"dx = 5 X" —Jzezx x NXx"Ldx

_ ixneb( _EJ‘Xn—leZXdX
2 2
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Question 2

a
=) o
Let u'(x)=1 v(x):(l_XZ)g
=% V) =xn(1-x)?
jolu'(x)v(x)d = (UOIV(X)), — J.Olu(x)v’(x)dx
jollx(l—xz)gdx:[x(l—xz)g} —J-:xx(—xn(l—xz)n?jdx
0

=0+ n_[:(x2 —1+1)(1—x2)n_22 dx
=—nJ.:(1—X2)(l—X2)n;2 dx+n.f01(1—x2)n;2 dx
{1 e n [ (1ox7) 7 dx
=-nl,+nl_,
l,=-nl,+nl_,
I,+nl =nl_,
l,(1+n)=nl_,

n
b= n+1 -

b
l, :% ,
5 3
=—x—]|
6 4

| = I:(l— x? )5 dx= J-lell— x2dx

This is the area of a quarter of acircle, radius =1.

| ==xnx?=2

4
OR let x=c0s0,dx =—-sin0d0
0=cos™x

When x =0, 6 =cos” Oz—g.

When x =1, 6 =cos” 1=0.
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| = I:\/l— X dx
= j_oﬁxll—cos2 6(-sin6)do
2

:J'_Oﬁx/sinz 0 (-sin6)de
_J' ~sin0)(-sin0)do*
*sin0 <0 for —Eseso
o .
=_[_Esm26d9
j (1-cos 26)d

0
6——sin 26}
2 K

Nll—\
I

Il
ol A NP NP N
I 1
N
N—

w
N
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Question 3
I :Iolx”(xz—l)sdx
Let u'(x):12x(x2—1)5 v(x):%xnl
24\ P L

u(x):(x —1) V'(X) = 5 X
jolu'(x)v(x)d = (UOWV(X)), — j:u(x)v'(x)dx
11 g 2 5 2 I ) 6 -1 .
IOEX x12x(x* -1) dx:((x -1) TR ] —Io(x -1) x(nl—zx jdx

0

_ 0—nl—_21 :(xz —1)(x2 —1)5 x(x“‘z)dx

- _nl—_zl(jolx2 (x? —1)5 x(x"?)—(x? —1)5 x(x”‘z))dx

__n-d l(xz—l)s><(x”)dx+n—_1 1(xz—l)sx(x”‘z)dx

12 b 12 Jo

n-1 n-1
=__In_l—_ln—z

12 12
In=_n__1|n—|—n__lln—z

12 12

n-1 n-1

I +—I, =

n 12 n 12 n-2

|n(1+”—_lj=”—_1|n_2

12 12

| (1l+nj:n_—1|

" 12 12 "?
_n-1

n_m n-2
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Question 4

a
y =sin"" 6cos6
u=sin" 0 vV =C0s0
u'=(n-1)cosBsin"?6  v'=-sin0
y' =u'v+uv’
=(n-1)cos6sin"*HcosO—sin"" Osin O
=(n-1)cos”Bsin"*H—sin" O
=(n-1)(1-sin’0)sin"* 0 —sin" 0
=(n-1)sin"?6—(n-1)sin"0-sin" 6
=(n-1)sin"?6—(n-1+1)sin" 6
=(n-1)sin"?6—nsin" 0
b From part a

isin”‘lecose:(n—l)sin“‘z6—nsin”e
do
So Lf(n—l)sin”‘z6—nsin”E)dez[sin“‘lecose]E
{ sin” —cos (sin“‘locoso)}

:[ (1x0)- oxlj
=0

3 TAN-2 3 H _
So Ioz(n—l)sm ede—joznsm 0d0 =0
3 TAN-2 _ 3 |
(n—l)Jlfsm ede_nj'ozsm 0do

[zsin" odo :n—_lfsin“’z 0do
0 n 0
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So Fsin4 0d0 = ﬂfsin“‘2 0do
0 4 Jo

=§j53in29de
4 Jo

Il
Nlw

~
N

sin® 0do

Il
—
NI

I
2 Jo

Il
'—i

N a
N |~

(1-cos26)d6

0

z
2

e—lsin 29}
2

0

A NP NP NP NP
I 1 T

So Fsin4 0do _3.z
0 4 4
3n

16
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Question 5

=" (In(x)" o
J(n(x))"dx
Let '()=1  v(x)=(In(x))

u=x  VeO="(In(x))"”
JuGovO)dx=u(v() - fu(v (x)dx
jlx (In x))”dx:x(ln X)) n—_[xx%(ln(x))n_ dx
- _nj( (%))

dx=(x(In(x)) )—nj (In(x))"" dx

=(e <'n<e I )-{atn@))-of" ()

=e?2"-0-nl_,
| =e’2"-nl_,

Question 6
2n
o Il)z( dx
0x°+1
a
1 x°
° J‘0x2+1dx
—J.l L dx
x*+1
:[tan x]
LY
4
_T
4
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1X
Inl__[ 2 dX
0x“+1
1 X2n 1 2n-2
I, +1, :I dx +
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C The required integral = I».

L+—=1 substitutingin for I, froma

1 X
l,=| ——dx
2 J.0x2+1

1 1 .

IL+1, = == using partb
2 1 2(2)_1 3 gp
I, +1 ;—1 using partb
211

T

4
| =1-=

4
+1-T=1

4 3
=11.T

3 4
| —_g+_
3
I_3 8
212
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Question 7
I, = Iozsec” X dx
a
| = .[Ozsec“ (x)dx = J.Esecz(x)sec“‘z(x)dx
Let u'(x)=sec’(x) v(x)=sec"*(x)
u(x)=tan(x)  v'(x)=(n-2)sec(x)tan(x)sec">(x)
j gu’(x)v(x)d = (u(x)v(x))§ - Iozu(x)v’(x)dx
J' sec’ (x)sec™? (x)dx =(tan (x)sec"* (x))¢
—L;‘tan (x)(n—2)sec(x)tan(x)sec™*(x)dx

(tan (%Jsec” (%D —(tan(0)sec™*(0))—(n- 2)]02 tan® (x)sec"?(x)dx
:(\/En_z) (0)-(n- Z)I (sec? (x)—1)sec™? (x)dx

=2 ~(n —Z)Ioz(sec“ (x)—sec™?(x))dx
=2 = (n=2)1,+(n-2)1,,
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Test yourself 6

Question 1

4
J'Xs eex +1 dx

Letu=6x* +1,3—u=24x3, dx = du

X 24 %%

Ixs e dx=_|.eu X° x Zju

=ije”du

=ie“+C
24

=ie6X4+1+C
24
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Question 2

Iz dx
2y X2 -1

Let x=secO = . (cos 9)7l

cos0
cos0 = 1
X
0=cos™ (EJ
X
dx sin®

d—e:—(cose)fz(—sin 0)=

1
When x=+/2,0=cos™ (—j
V2

;. tanbsecd o

Ifxwlx J.4 secO4/sec?0-1
_J“ tan ©

2 /tan’ @

_(>1an0 4o
7 tano

*tan ezoforﬁsegE
4 3

Wy

=|31de

T
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Question 3

de

jsmesa?ede:jgnex -
cos” 0

) du

Let u=cos0,du=-sin0d0 = d0 =———

sinQ

i de:jgnexi%x(_iﬁL]
cos’ 0 u sSin©®

Iﬁnex

© Cengage Learning Australia 2019

101



Question 4

do n\/§

+cosG: 9

42
Lettztang,dezZ—dtz,cose:1 tz.
2 1+t 1+t

Show that IOE >

When x=0,t=tan 0 = 0, when x:g,t:tanﬁzl.

2dt
J‘g do :J'l 1+t2
0 2+C0sO 02+1—t2
1+t2
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Question 5
J‘3 dx _|_ 1 ’
°(3x+1)’ 3(3x+1)

0
_(1.1
10 3

Question 6

dx

[ —
6X — X? J-9+6x-x*+9
1

=I\/—(9—6x+x2)+9

:J';zdx
=sin™t (XT_ngrC

dx

Question 7

0o 2dx _ (X °
[, 2% —tan [ X
- X +4 2)n
2

Question 8

1 1
dx = d
jx2—4x+7 X J'(x_2)2+3 X

- [ )
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Question 9

05 X2 05 x> —1+1
_[O x2—1dX=-[0 71 dx

B o.sxz—lJr 1
o x*-1 x*-1

1
5 1dx

dx

0.5
=| 1+
0

= 0'51+—1 dx
~Jo (x—-1)(x+1)

1 _ A N B
(x-1)(x+1) x-1 x+1
=1=A(x+1)+B(x-1)
Letx =1
1=2A+0B

1 1 1
(x-1)(x+1) 2x-2 2x+2

- Ioos(“ 2x1— 2 2x1+ 2jdx

= x+£|n|2x—2|—£ln|2x+2|]
2 2

0.5

0
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Question 10

1 A B

x(x—1) ;Jr x-1
=1=A(x-1)+Bx
Letx=1
1=0A+B

B=1

Letx=0
1=-A+0B

:In|x—1|—ln|x|+C
x-1

X

=In +C
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Question 11

1 A B C

2~ + + 2

(x+1)(x-1)° x+1 x-1 (x-1)

multiply by (x+1)(x—1)2

1= A(x-1)" +B(x+1)(x-1)+C(x+1)

1= A(X* = 2x+1)+B(x* ~1)+ C(x+1)

1= Ax* —2Ax+A+Bx*-B+Cx+C

1=(A+B)x*(-2A+C)x+A-B+C

Equating coefficients

A+B=0 [

—2A+C =0 [2]

A-B+C=1 [3]

[1] + [3]:
2A+C =1 [4]

[2] + [4]:
2C=15C=2
2

Sub into [2]:

—2A+1=0
2

i:2A
2

A==
4

Sub into [1]:

i+B=0
4

B=—=
4

G L 1 1 1

(x+1)(x-1)"  4(x+1) 4(x-1) ' 2(x-1)

1 1 1 1
Yewnpm: dxzj{z*(xuﬂ(x—l)*z<x—1>2 >
1

20— ¢

1 1
:Zln|x+1|—zln|x—1|—

1 |x+1 1
==In - +
4 |x-1 2(x-1)

C
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Question 12

2x-3 2X—3
%+3x+2_(x+2Xx+Q
2x—-3 _ A N B
(x+2)(x+1) x+2 x+1
= 2x—-3=A(Xx+1)+B(x+2)
Letx=-1
-5=0A+B
B=-5
Letx=-2
~7=-A+0B
A=7
__™x-3 _ 7 5
(x+2)(x+1) x+2 x+1

2X—-3
I(x+2)(x+1)o'x

:7mh+4—5mh+q+c

© Cengage Learning Australia 2019

107



Question 13

2x% +3x-1 2x% +3x -1 2x° +3x-1

Coxe+x—1 xz(x—1)+x—1: (x2 +1)(x—1)

2x>+3x-1 _Ax+B C

(x*+1)(x-1) X+l x-1
Multiply by (x2 +1)(x—1)
2x* +3x—1=(Ax+B)(x-1)+C(x* +1)
Letx=1
2+3-1=0(Ax+B)+2C
4=2C
C=2
2x* +3x—1= AX* +(B—A)x—B+2x* +2
3x—3=Ax*+(B-A)x-B
Equating coefficients
A=0
—B=-3
B=3
. 2x% +3x-1 _ 3 s 2
(¥ +1)(x-1) *x*+1 x-1

2x% +3x-1 3 2
I(xz +1)(x-1) dX:I(xz +1+ﬁ]dx

=3tan" (x)+2|n|x—1|+C
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Question 14

! x* +3
1 pay oIl
x*+3 _ Ax+B Cx+D

(x2+1)(x2+2) X+l K42
Multiply by (x2 +1)(x2 +2).

x*+3=(Ax+ B)(x2 +2)+(Cx+ D)(x2 +1)
= A +BxX* +2Ax+2B+Cx* + Dx?* +Cx+D
=(A+C)x*+(B+D)x*+(2A+C)x+2B+D
Equating coefficients

A+C=0=A=-C
2A+C=0=>2A-A=0=>A=0,C=0
B+D=1

2B+D=3=B=2,D=-1

1 2 1
J'z X +3 dx 2 1

— 12 _

0 (x2+1)(x2+2) o a2

1
1 X )2
= 2tan‘1x——tan‘1(—ﬂ
{ V2 V2 )],
1

=2tan™ (ij—itanl (—j
2) 2 242

~0.69
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Question 15

r In(zx) d

Let u'(x) :% v(x) =In(x)

u(x) = —% V'(x) :%

Leu'(x)v(x)dx =(u(x)v(x))" - J.leu(x)v'(x)dx

(e Sne) [
(2] +[ Lo

{am {]
[0
~(-gm(e)-3)-(-3m-)
2y
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Question 16

J(n(x)) ax

Let ') =1 v(9=(In(x))
u=x  V9=2in(x)

JuGovx)dx=u(xv(x) - j UV (x)dX

[1x(In(x)) dx = x(|n J.Xx In(x)dx

= x(ln(x))2 —Zjln

jln(x)dx

Let u'(x)=1 v(x) =In(x)

u(x) =x V'(X) :l
ju’(x)v(x)dx =u(x)v(x) - ju(x)v'(x)dx
jlxln(x Jdx = xIn(x J-XX dx

[(in(x)) dx=x(In(x))" =2 In(x)
:x(ln(x)) —2(xIn(x )— )+C
=x((In(x))’ ~2mn(x)+2)+c
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Question 17

o

oy L _
Let u(x)_\& v(x) =In(x)
u(x) = 2Jx V'(X) :%
j WV = (VX)) - J.leu(x)v'(x)dx

J-e Iri/_ :(zﬁln(x))e —Lezﬁx%dx

=(2x/_ln ) j—dx
=(2x/§In(x)— \&)i

= (2\/5In(e)—4\/g)—(2x/iln(1)—4\/i)
=—2Je+4

Question 18

j;nzxexdx
Let u'(x)=¢€" v(X) = X
u(x)=e" Vi(x) =1
[ oved = (uEv(0);” - [ v (x)dx
an xe*dx = (xex)on2 —fomexdx
e
=(In2e"* —e"?)—(0e® —¢°)

=2In2-2+1
=2In2-1
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Question 19
1= (x*-1)" dx
Let U(x)=1  v(x)=(x*-1)

) =x V) =2nx(x-1)"
JwOvO0d = (uGOv(9), - [[u0ov (x)ox
Jo< (7 =2) = (x(0 <)) =[x 2mx (3 <1)"
=0-2n[ x*(x*~1)"
=-an[(x* ~1+1)(x* -1)" o
= 2nf,{ (¢ -)(¢ -+ (5 -)" o
—2n[}{(x=1) + (¢ -1)"" ) ox
=-an[(x*~1)" dx—2n[ (x* -1)" "o
| =-2nl_-2nl_,
| +2nl_=-2nl_,

I, (1+ 2n) =-2nl_,

-2n

| =— 2
" 2n+1 M
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MATHS IN FOCUS 12
MATHEMATICS EXTENSION 2

WORKED SOLUTIONS
Chapter 7: Mechanics

Exercise 7.01 Velocity and acceleration in terms of x

Question 1

V=a/x2+2

Question 2
X =-3X
a Whent=0, ¥=-3x5 =-15 ms2

As it was at rest (v = 0) and the acceleration is negative, the velocity will be negative
as well.

It will move to in the negative direction (to the left, towards the origin).
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i[lvz] =-3x
dx\ 2

d (lvzj =-3xdx
2

l 2 _3X2
—v = +C
2 2

Whenv=0,x=5
—3x5°
2
75
C=—
2
vi=-3x*+75

0= +C

Particle comes to rest when v = 0.

0=-3x*+75
3x*=75
x? =25

X =-=5 (as x =5 at the start)
When x = -5, ¥=-3x = -3(-5) = 15 ms™.

As it was at rest (v = 0) and the acceleration is positive, the velocity will be positive
as well.

It will move to in the positive direction (to the right, towards the origin).
The particle oscillates between -5 and 5, greatest speed occurs when a = 0.

0=-3x
x=0
When x =0
vZ=0+75
v=+/75
v=5J3 ms*
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Question 3

a
Xx=-10
d szj
=-10
dx
lv2 =-10x+C
2
vZ=-20x+cC
x=0,v=60
60°=c
¢ =3600
v? = —20x + 3600
b
oy
dt
v=-10t+cC
v=60,t=0
60=0+c
c=60
v=-10t+60
C The greatest height occurs when v =0.
v? =—-20x+ 3600
0=-20x+3600
20x = 3600
Xx=180m
d
v=-10t+60
0=-10t+60
10t =60
t=6s
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v=-10t+60
v=-10x3+60
v=30

v? =-20x+3600

30° = —20x + 3600
20x =3600-900
20x =2700
Xx=135m

v2 = —20x + 3600

v2 = —20%105 + 3600
v2 =1500
v=+104/15

v =—10t + 60

104/15 = —10t + 60

10t = 60—-10415
t=2135s

By symmetry of the flight:

t=12-2.13 =9.87 on the downward path.

Question 4
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Particle is at rest when v = 0.

0=4(7+6x-x*)
0=7+6x—x’
0=(x-7)(x+1)
Xx=-17

X=-1m
X=-4(-1-3)=16 ms™
X=7m
X=-4(7-3)=-16 ms™

Frompartb: x=-1,x=7.[-1, 7]

Greatest speed of the particle when a = 0.

X=—-4(x—-3)
0=-4(x-3)
0=x-3

X =

x=-1

v :4(7+6x—x2)
= 4(7+18-9)
vi=64
v=8ms*
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Question 5
a

1
4x+9

X =

Whenx:O,X‘:i>O

J9

So the particle moves to the right.

Vi =4x+9-3

C As the particle is initially at rest and then moves to the right, x > 0.

vi=4x+9-3

As x>0,

J4x+9>3

s vi>0
So the particle will never slow down and hence will keep moving to the right.
d X=4

Vi =4x4+9-3
=25-3

v=+2 ms?
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Question 6

a

=50

dx
1 2 —4x
d (Ev j =-50e™dx

lv2 =125e* +¢

vi=25e"+c
x=0,v=5

52 =25¢° + ¢
c=0

vZ =25

v =+/25e"

v=5e*ms™

— =5
dt

dt 1 2X
—=—8
dx 5

1
t=—e"+cC
10

t=0,x=0

Ozie°+c
10

1
10
1
t:E(e2X =
10t =e* -1
e =10t +1
2x =In(10t +1)

Cc=

x=2In(10t+1)
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Question 7

vV=—=23X
dt

a1
dx 3x

dt :idx
3x

tzlln|x|+c
3
t=0,x=1
O:EIn1+c
3
c=0
t=1In|x|
3
In|x|:3t

x=e"

=3

x=¢e’ cm

— 3e3t
v(3)=3e’ cms™
c Particle starts to the right of the origin.

t>0
v =23e*
v>0

So it continues to accelerate to the right.
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a

b Limiting maximum speed occurs when v? :%tan‘1 (EJ is at its maximum,

which is at its horizontal asymptote v° :%(gjzﬁ.

4

vi=

K
4

7T _
v=+,[=ms™*
‘\/4

Limiting speed = \E:% ms™
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Question 9

V=+/4Xx+6
%%:v4x+6
da 1
dx 4x+6
VA4xX+6
t= +C
2
t=0,x=0
0:i§+c
2
o= Y8
2
_J4x+6—J€

t

2

2t =/4x+6 —/6
2t +/6 =/4x+6
4x+6:(2t+J€f
4x=(ﬂ+J€f—6

4 = 4t% + 4/6 + 66

x=t>+t/6
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Question 10

a=-8e"*
d(;vzj
=-8e”

dx
d (1\,2) =—8e *dx
—vi=8e*+cC
vi=16e " +c
x=0,v=4
4?2 =16e° +¢
c=0
v2=16e*
v=4e 2
%:4e_5
dt
dt _1.;
dx 4
t==e?+c
t=0,x=0
0—£e°+c

2

1
C=—=—
2

t:—[e2—1]

2
e2 —1=2t
e2 =2t+1
X
—=In(2t+1
X in(2t+1)
X=2 In(2t+1)
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Question 11

a

2

lv =8X+cC

v =16x+C
x=0,v=4
4 =¢

c=16
vi=16(x+1)

V=4x+1ms™

X=3
v=4,/(3+1) =8 ms™
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%:4\/x+1

QE_ 1
dX 4x+1

\/x+1+C
2
t=0,x=0

N

0=—+cC
2

1
C=—=—

2
t_\/x+1—1

2
2t=/x+1-1
Ix+1=2t+1
x+1=(2t+1)’
X+1=4t° +4t+1
X=4t° +4t m

t=
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Question 12

160 000

1>
d(zv j__160 000

dx

d (lvz _ 160 000
2 X

1 V2= 160 000

2 X

V= 320 000

X
Xx=6400,v=4
42 320 000

~ 6400
16 =50+

c=-34
, 320000
V- =
X
Letv=0
320000

X
320000

X
320 000
X =

34
X =9411.76...

Distance above Earth 1.76... 6400
=3011.76...
~3012 km

+C

+C

+C

~34

0 -34

34
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Question 13

a=v’-8
v\ g
dx
dv_v’-8
"
ax
dv v2-8
1 2
T 2v2-8

\Y
\Y

x=£|n|v2—8|+c
2

Xx=1v=-3

1:1In1+c
2

c=1

x:iln|v2 —8|+1
2

iIn|v2 —8| =x-1
2

In|v2 —8| =2(x-1)

VZ _8 — e2 Xfl)
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Question 14

a=28x°
a(4)=8x4> =512 ms™
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Exercise 7.02 Simple harmonic motion

Question 1

a

x = Acos(nt+o)
A=3n=2,a=mn
x =3cos(2t +n)

b )'(=—6$in(2t+n)

* x=—6sin (2t +7)
6
4
2 /
n b in [n T
-2 2 2
_4 \/ \/
—6
c X =—12cos(2t+m)
¥ #=-12 cos 2t +m)
12
8
4
T | 3| 2=n T
-4 2 2
-8
-12
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Question 2

a
x:2+\/§sint
% = /3 cost
% = —/3sint
=2-2—+/3sint
=2-X
=—(x-2) ms™
b
r=2+3sin ¢t
% x 3n Jnt
2 2
A=+3,T=2n
Question 3
a
x
l_jl x=3cos 2t
2_
]__
Ed r | | 2 T
-1 - 2 2
2
~3
]r
b Maximum at nr, so first 3 times 0, w and 2.

Maximum displacement = 3
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x =3cos(2t)

X =—6sin(2t)
x
r=—0Osin 2t
i
4
2
n T In
-2
4
—

Velocity at maximum displacement = 0.

X =—12cos(2t)

15 ¥=-12cos 2t

[TAWANS
b U \/

—13

When the particle is at the origin a = 0.
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Question 4

a

X =5c0s3t-12sin 3t

X =—15sin3t — 36 cos 3t

X =-45cos 3t +108cos 3t
=—9(5cos3t —12sin3t)

=-9x

.. Itis simple Harmonic Motion

5c0s3t—12sin3t = Rsin(t + a)

R=+/5"+12° =13

o=tan™ (_—QJ
5

5c0s3t —12sin3t =13sin (St +tan” (—?lZD

Period =T = 2n
3

X =13sin (3t +tan” (_?QD
Xx=39 cos(3t +tan~ (_THD

Maximum speed = 39 ms™
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Question 5

X = —n’*x = —16X

n’ =16

n=4

x = Acos(4t+a)
Whent=0, x=0, v=6.
0=Acos(0+a)

0=cosa
T

o=—
2

X= Acos(4t +§j

v=—4Asin (4t +gj

Whent=0, v=6.
6= —4Asin(£j
2
6=—4A
P
2

x:—§005(4t+£J
2 2

This can also be written as gcos(m —gjor gsin 4t.

OR
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v =36-16x>
dt 1

dX /3616

dt 1 1

a4 36,
=X
16
1
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Question 6

a

2 _ 225 625x"
2 225-625x’

),

dx

<

NS

=a=-625x

2 225 625 °
225

2 625 — °?
625

55
25
15
25

2 252

amplitude = = L

53
25 5
2

Period = :2—
25
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Question 7

x> =6x- X’
=9-9+6Xx—X°
=9—(x*-6x+9)
=9—(x-3)’
n=1,A=3c=3
a As A =3 and ¢ = 3 the points must be 6 m, 0 m.
b Centre of motion is 3 m.
c Maximum speed occurs when x = 3.
X* =6x—X*
>‘<2(3)=18—9=9
X=3ms™
d X=-n*(x-c)=—(x-3)ms™
. T 2n
e Period=T =—= TzZn S
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Question 8

X* =60—8x — 4x?
=4(15-2x - x*)
4(16-1-2x-x)
4

= (16—(1+2x+x2))
:22(42—(x+1)2)
n=2,A=4,c=-1

a X =-n’(x-c)=-4(x+1)

b Centre of motion x = -1.
c
Period =T = 2n :E: T
n
Frequency =f = l: 1
T =

x=Acos(nt+a)+c
x=4cos(2t+a)-1
t=0,x=-1
~1=4cosa -1
0=4cosa

oc:iE
2

But x >0 whent =0:
x=-8sin(2t+a)>0
—8sina >0

sina<0

T
L= ——
2

X = 4cos(2t—£j—1
2
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Question 9

X =3cos(2t+a)

a

Amplitude =3
Period = 2— =r
2

dx =—6sin(2t+a)

Greatest speed = 6 m/s

x =3cos(2t+ o)

X =-6sin(2t+o)

Xx* =36sin”(2t+a)
=36(1-cos’ (2t +a))
=36-36c0s" (2t +a)
=4(9-9cos’ (2t +a))
- 4(9—(3cos(2t+a))’)

=4(9-x%)

X =-6sin(2t+o)
X =—12cos(2t+a)
:—4[3003(2t+oc)]

=—4x ms”
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x =3cos(2t+a)

t=0s,x=15m, x=3v/3 ms
1.5=3cos(0+a)

1
cosa =—

r
3
But x=—6sin(2t+0) =33 whent =0

—6sina = 3\/§

3

sino=——
2

o==
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Question 10

52

n

a

=28-24x—4x°
4(7—6x—x2)
4(16-9-6x—x)
4(16—(9+6x+x"))
22(42—(x+3)2)
=2,A=4,c=-3

>‘(2=22(42—(x+3)2)

:2(42—(x+3)2)

™ |

=a=2(-2x-6)=-4(x+3) ms”

X =—nx
X* = nZ(A2 —x2)
These 2 equations satisfy the conditions for simple harmonic motion.

Period=T = 2—TC=2—TE=TE
n 2

A=4,c=-3.

The particleisatrestat-3+4==-7m,1m
Greatest speed occurs when

(x+3)=0

X’ =2°(4*-0)=64

x=8ms™*
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X% =28 —24x —4x?
:4(7—6x—x2)
4(16-9-6x—x)
4

= (16—(9+6x+x2))
:22(42—(x+3)2)
n=2,A=4,c=-3
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Question 11

a

X = Cos5t —/3sin5t = Rsin(t+a)
R=y12++3 =2

o= tanl[—:L j _on
-3 6

X= 2sin(5t—£j
6

It is simple harmonic motion with
Period =T :2%

Amplitude =A=2

X = Zsin[St—Ej
6

x=10cos 5t—E
6
Xx=5
5=10cos 5t—E
6
cos[St—Ej:i
6 2
st_*_T
6 3
5t==
2
t=" g
10
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Question 12

X = 3 sin (4t)

a

x = 3sin(4t)

x =12cos(4t)

X = —48sin (4t)

=-12x

which satisfies the condition for simple harmonic motion.

Period =T = 2—n:E
4 2

x = 3sin(4t)
1.5=3sin(4t)
. 1
at)=—
sin(4t) 5
a==
6
T

t=—s
24

x =12cos(4t)

X(Ej :12cos(4><ij
6 24

:m[ﬁj

2
=63 cms™
Greatest speed

X =12cos(4t)

Maximum occurs when 4t = 0,50 =12 x4=12 cms ".

The particle is centred on the origin and its amplitude is 3.

Hence the interval [-3, 3].
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Question 13

a

X2 = —4x° +144
X = +y—4x% +144
+2,/36— X2

X

%?:%4%+M4

dt 1
dx —4x?+144
dt 1
dx 4(36-x")
a1 1
dx 2/36-x?
1. (X
t=—sIn" | — [+C
(3
t=0,x=0,c=0
sin(ij:Zt
6
X .
—=sin(2t
—sin 2
X =6sin(2t)
27

c Period=T=—=x
2

alr

1
Frequency =f= =
q y T
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x =6sin(2t)
x =12cos(2t)
X =—24sin(2t)

&=-24sin 2t

|
—i
[ ]
1
[ %]

Question 14

X =1 (4-x°)
n=mnA=2

a Amplitude =A=2

Period =T 2 2
T
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x = Acos(nt+a)
X =2cos(nt+a)
t=0,x=2
2=2c0sa

cosa =1

a=0

X = 2cos it

J_rﬁ =2cosnt

cosmt ==

g
ol

I

it = ,—
4

T
4'
t=

.l>|o-|L
-l>|\| _h|g|

13
4’4’

e 13
It is within \/5 for t values between =,— and —,—
4'4 4’4

This gives a total of §—1+Z—E =1 for a period of 2 hence it is 50%.
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Question 15

a

Amplitude=A=145-85=6m

Period = T = 16 hours (2 x 8 hours [midnight to 8 a.m., both 8.5 m])

3:00 p.m. =15 hours after midnight, t = 15.
X =8.5+6sin (gtj

X(15) =8.5+6sin| —x15 | =6.2 m
8

10=85+ 6sin(§t}

15= 63in(£tj
8
sin (Etj = 1
8 4
us :sinl(i)
8 4

gt —0.2526.2.8889

t=0.64,7.36
736 —646.2hours 6heurs43minutes
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Exercise 7.03 Projectile motion

Question 1

v=35ms™*

V2

ymax = E

s
20
=61.25m

Question 2
y=980m,g=9.8ms™
s:ut+1at2
2
1 2
980:§><9.8><t

t? =200
tzloﬁs

© Cengage Learning Australia 2020



Question 3

v=45ms? g=98ms?

a

y=-9.8
y=-98t+c
Whent=0,y=45
45=0+c
y=-9.8t+45
Wheny =0:
0=-9.8t+45
9.8t =45

_ 45

98
=4.5919...

~4.65s

t

y =-9.8t+45
y =—4.9t* + 45t +d
Whent=0, y=0:
0=0+0+d
y = —4.9t° + 45t
When t = 4.6,
y=-4.9(4.6)"+45(4.6)
=103.316.31
~103.3 m

y=0:

0=—4.9t? + 45t
0=t(—4.9t+45)
0=-4.9t+45 t£0
4.9t =45

_ 45

T 49

=9.1836...

~9.2s

t
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y=-9.8t+45

When t =8,

y =-9.8(8)+45
=334 ms*
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Question 4
a

0
X=¢C

5

When t :o,xzzocos45°=£:¥=10ﬁ

V2
c=102
% =10v2
x=10tv/2 +d
When t=0, x=0:
0=0+d
d=0
x=10t+/2
j =-10
y=-10t+e

When t =O,y=203in45°=§:M:10\/§

22
e =102
y =10t +10+/2

y=—5t2+10t/2 + f
When t=0, y=0
0=0+0+f

f=0
y=—5t2+10t/2

y = —5t2 +10tv/2

y=0

0=t(-5t+10V2)
0=-5t+10+2 t=0
5t =10v2

t=242s

© Cengage Learning Australia 2020



x =10tv/2 [1]
y=-5t2+10tJ2  [2]
From [1]:

X

1042
Sub into [2]:

t=

=) 0757

Question 5

2 -
Range = V°sin 20
Range =60m, 0 = 30°
_ V?sin60°
10
600

60

V=

N[ &

1200
J3
V =/692.8203...

=26.3214...
~ 26.3ms™

v? =692.8203...

© Cengage Learning Australia 2020

40



Question 6

Xx=0

X=C
Whent=0,%x=100cosc.:
c=100cosa
x=100cosa

x =100tcoso +d
Whent=0,x=0:

d=0

x =100tcosa [1]
y=-g=-10
y=-10t+e
Whent=0,y=100sina:
100sina=0+e

y =-10t +100sin o

y = —5t* +100tsin o + f
Whent=0,y=50:

50=0+0+f
f =50
y = —5t* +100t sin o + 50
- X from[1]
100cosa

2
y= —S(Lj +100sin O{L}So
100cosa 100cosa

2

X Xana+50
2000cos” a

2

— % _sec?o.+ xtan o +50
2000

2

X (1+tan2 0c)+ X tan o + 50
2000
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When x =500, y=0:

2
0= —ﬂ(u tan? a)+500tan o +50

2000
0= —125(1+ tan? a)+500tan .+ 50

125tan® o —500tan o+ 75=0
5tan’o—20tana+3=0

~(~20)£(—20)° — 4x5x3
10

tano =

_ 20++/340
10
—3.8439...,0.1560...

o =75417..°=75° or a=8.971..°=9°

Question 7

v=50
v2sin20
X =
g
502sin 20
10

sin20 = @
2500

sin20=1

250 =
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Question 8

X=0

X=C

Whent=0,x=V cosa.:
c=V cosa

x=V cosa
x=Vtcosa+d
Whent=0,x=0:

d=0

x=Vtcosa [1]
j=-g=-10
y=-10t+e
Whent=0,y=Vsina:
Vsina=0+e
y=-10t+Vsina

y = —5t” +Vtsino + f
Whent=0,y=0:
0=0+0+f

f=0

y =-5t* +Vtsina [2]

:—\/2—2+ Xtan o
COoSs™ o
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Let R be the horizotal range.
Whenx=R, y=0:

2
0:—%+Rtancx
VZcos®a
2
0:—5R2 sec’ o+ Rtana
\Y
5R?

0=—

v (1+tan2a)+ Rtana

2
5\/i2(1+tan2 a)— Rtano =0

5R?+5R%*tan’ o — RV ?tana =0
5R?tan’ o.— RV ?tano +5R? =0

_(—sz)i\/(—sz)z—4><5Rz><5R2

tana = 2(5R2)

RV 2 ++/R%*-100R*

10R?

RV?+R+V*-100R?

10R?

VZ+4/V*-100R?
10R
2 solutionsfor o

tano =

tanoa =

tano =

Note: vV *—100R? <V ?so RHS > 0, so both solutions are less than g

OR, continuing from [2]
Finding the range R wheny = 0:

© Cengage Learning Australia 2020

44



0=-5t*+Vtsina
5t =Vtsino
5t=Vsina
¢ :V sina

5
Sub into [1]:
R =Vtcosa

R:V(VS;”“Jcosa

_V?Zsina.cosa
——
_VZsin2a

S 10

(t=0)

R

ok

Note: Both solutionsless than g
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Question 9

0
When 0, cos0
When 0, 0
0 0
0
[1]
10
10
When 0, sin0 0
10
5 2
When 0, 90
90 0
90
52 90 [2]
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Question 10
a

y=-9
y=—-gt+c
Whent=0,y=Vsin0°=0
0=0+c
c=0
y=-gt

gt’

=9 4
Y=

Whent=0,y=h
h=0+d
d=h

gt’

L
=7

At the groundy =0

2
0--9 ;h

t=4/2hg™

As required.
y=-gt =-g4/2hg™ [substituting in using answer to parta]

When x=0,%x=V cos0° =V
Xx=V

. / -1
tan 60° = |y| ﬂ

X Y,
V3 =gy2hg
V2= 922hg‘1
3vZ=2gh
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Question 11

y=—-g=-9.81
y=-981t+c

When t =0,y =16sin22°
16sin22°=0+c

y =-9.81t +165sin 22°

y =—4.905gt* +16tsin 22° +d

When t =0, lety = h(height of building)

h=0+0+d
y =—4.905t° +16tsin 22°+ h
When t =3, y =0(ground)
0=-4.905(3")+16(3)sin 22°+h
h =26.1639...

~26.16 m

Question 12

o vZsin 20
g
_Vv?sin24
- 981
;o 981
sin 24
v?=241.188
v=15.5302 ~15.53 ms™

10
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Question 13

y= ~0x’ (1+tan”0)+ xtan o
2V?
0=45%tan0=1y=1m,x=10m
—~10x10?
1=——(1+1)+10(1
=500
1= VE (2)+10
13(20 9
1000 _y?
9
V- /1000
9
:10\/Ems,1
3
Question 14
_-9¢

Y= (1+tan’ o)+ xtana

y=4m,x=15m,v=15ms™

_ 2
4= LXIf(l+tan2 a)+15tano
2x15

4= —5(1+tan2 a)+15tano

4=-5-5tan’a +15tana
5tan®a —15tana+9=0

As required.
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Question 15

a
—gx’ 2
V=" (1+tan’a)+ xtano
For wall 1
y=6,X=6
_ 2
6:L><26(1+tan2a)+6tanoc
Y
6= _1§0(1+tan2a)+6tanoc
\
For wall 2
y=6,x=12
_ 2
6:10—X32(l+tan2a)+12tana
2V
6= _730 (1+tan” o) +12tan o
V
Range
V2sin2a.
X=——
g
2 -
18:V sin2a.
10
y2_ 180
sin 2o
Using wall 1
6= _1§0(l+tan2a)+6tanoc
V
6=m(1+tan2a)+6tana
180

6 =—sin 2a(1+tan2 oc)+6tan(x
6—6tano = —sin 20c(1+tan2 a)

—2tana

6—6tano=———(1+tan’ o)
l1+tan“ o
6—-6tana =—-2tana
6=4tana
tanoc:E
2
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For walls x, and x, distance
Range =X, + X,
For height h

-9x* .
y = W(H tan’ o)+ xtan o

_ 2
h= L)2(1+tan2 a)+Xtana
2V

_5X2 2
h=—""3 (1+tan a)+xtana
V
Using range
V 2sin 2a.
X=— 2
g
iy _VZsin2a
Xt X, 10
V2:10(X1+ X,)
sin2a
sub V2 into wall 1
_5)(12 )
h=—_(1+tan + X tan
10(x,+ xz)( OL) ¢
sin2a
— 2 1
:M(l+tan2a)+x tan o
10(x1+ xz)
_ 2
N— 2tan<zx (1+tan2a)+x tan o
2(x,*x,)1+tan’ o
_ 2
h:m+x tan o
(%+%)

h(x+X,)=-x"tano+x tana(x,+ X, )
h(x,+X,)=tan oc(—xf +%° +x1x2)
h(x+X,)=(%X,)tano

h(x+x,)

tano = ———==

XX,

© Cengage Learning Australia 2020

51



Question 16
a

y=-9
y=-gt+c

t=0,y=Vsina
y=—gt+Vsina

2
y:—%+Vtsina+c

t=0,y=0,c=0

2
y= —%+Vtsina

y? =(-gt+Vsin (x)2

= g°’t* —2gtVsina+V?2sin®a
gt’
:stin2a+29{7—tv sin aj

=V?sin®o.—2gy

X =V cosa
S?=VZ?cos’o+V?sin® o —2gy
=V?(cos” o +sin’ o) - 2gy

=V*-2gy
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Exercise 7.04 Forces and equations of motion

Question 1
a

F, =16c0s60° =8 N
F, =16sin60° =813 N

b
F, =20c0s30° =10+/3 N
F, =20sin30° =10 N
c
F, =24sin20°=8.2 N
F, =24c0s20° =226 N
d
F, =18sin40° =11.6 N
F, =18c0s40° =13.8 N
Question 2
a

mg 25°

N

N, = ON alongplane

N, =N Nperpendiculartoplane

mg

mg, = mgsin25° Nalong plane

mg, =mg cos25° N perpendicular to plane
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30°

F

F, =F N alongplane

F, =0 Nperpendicular toplane

mg

mg, = mgsin30° N along plane

mg, =mg cos30° N perpendicular toplane

20N
50°

F

F, = F N along plane

F, =0 N perpendicular toplane
N

N, =0 N alongplane

N, =N N perpendicular toplane
20N force

20N, =20sin50° N along plane

20N, =20c0s50°N perpendicular toplane
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Question 3

a

mg=5N

N + F sin® = mg cos40° [1]

uN +mgsin40°=F cos40° [2]

= N +5sin40° = F cos40°  [3:from2]

3

N + Fsin 0 =5co0s40° [4:from 1]
N =5c0s40°—Fsin6

(substitute into3)

i(5cos40°— Fsin©)+5sin 40° = F cos40°

NE

5c0s40° - Fsin6+5\/§sin 40° = F«/§cose
F (sin9+\/§cose) :5cos40°+5\/§sin 40°

5(cos40° ++/3sin 400)

F =
sin6+\/§cose

0 =45°
5(cos 40° ++/3sin 400)
F

- sin45° + \/§cos 45°
=4.86421...

~49 N
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Question 4
N =mg =0.5x9.8=4.9

Fr=uN =49 pn
|Fr|=[F|
49u=2

1= 20408163 ~4
49

Question 5

N =mg cos20°

N =45 gcos20 °

T =uN +mgsin20

89 =ux4.5gcos20+4.5gsin 20
ux4.5gcos20=8g —4.5gsin 20

_ 89 —4.5¢gsin 20 153
45 gcos 20
Question 6
a
N =170g
For no acceleration
P=uN =0.85x170x g
P=14.59.8
P=1416.1 ~1420 N
b

F=ma=05%x170=85
S P—uN =85
P=85+1416.1=1501.1~1500 N
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Question 7

a

(20— x)* =10% + X*
400 - 40x + X* =100+ x*
40x =300

X=17.5

tan 0 :E
10

0 =36°52'

Resolving forces vertically

mg=T+Tsin0

T (1+5in3652") = 0.005g
0005 x8

 1+sin36°52'
T = 0030626 ~031 N

Resolving forces horizontally

TcosO=F
F =0031cos36 52
F=0.025N
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Question 8

cos0 =

ugllw

6
10
sin9=ﬂ

c®=a’+b*-2abcosC

62+52—2><5><6cos§

Il
N

5

=5

Resolving vertical forces
159 =T,c0os0+T,sin0

3 4
159 - ng + ETZ

(@]

759 = 3T, +4T,
Resolving horizontal forces
0=T,sin0+T,sin(90-6)
T,sin6=T,cosO
4_ 3
55"
4T, =3T,
;.3
4
759 = 3T, +4T,
75¢ =3%+4T2

759=£+4T2
4

_ 25T,
4
T,=12g N
3
4
3x12g

4
T =99 N

759

T =
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Question 9

N +T sin45° =mg
N +6+/2 =10g
N =10g—6+2 N

© Cengage Learning Australia 2020

a
10g
b Unresolved force
T cos45° =12x% =62 N
F =ma
6v2 =10a
N2
a=——ms
5
c
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Question 10

a For body M: N = Mg
Resolving horizontal forces:
F =T -uN =mg —uMg
F =ma
(M +m)a=mg-uMg

:mg—uMg
M+m

_(m-pM)g
M+m

a

b For body m:

(m-puM)g
M+m
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c

System won't move if the resultant force = 0

0=mg —uMg

uMg = mg
m

=M

This is the minimum possible value of the friction coefficient p
for the system to remain stationary.

Ifu> % the system will not move.

Question 11

Horizontal forces

uN +Mgsina = F coso [1]
Vertical forces

N + Fsin® = Mg cosa
N =Mgcosa—Fsind [2]

Sub [2] into [1]:

n(Mgcoso—Fsin6)+Mgsino = F coso
uMg coso — uF sin6+ Mgsina = F cos6
uMg cosa + Mgsina = F cos0 + pF sin 6
Mg (pcosa +sina) = F(cos@+psin6)
_ Mg(ucosa+sina)

cosO+pusin 6

F

(sina+pcosa)
cosO+pusin 6

F=
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Exercise 7.05 Resisted horizontal motion

Question 1
Fo-v
F=—kv
ma = —kv
__kv
m
av_ kv
dx m
dv__k
dx m
k
V=——X+C
m
x=0v=u
u=c
k
V=——X+U
m
k
—X=U-V
m
inﬂu—v)
k
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Question 2

F=-kv
K = —hv2
m

v ko

dx m
Wk
dx m
dx_ ml
dc k v

m
c=—Inu
k

m, u
X=—In—

k v

xk
In—=—
Y]

xk
U_em
v

xk
Vi egm
u

_xk
v=ue "
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Question 3

X':—(v+v3)
v%=—v(l+v2)
%:—(Hvz)
1

dc (1+v2)
x=—tan" (v)+c
x=0v=V
0=-tan™ (V)+c
c=tan™ (V)

X=—tan™ v)+tan H(V)

(
tanx—tan( tan™(v)+tan” (V))

1+Vv

X = tan‘{v _Vj
1+Vv

tanx =

Question 4
M X = F —kv?
a
MX =0,v=430
0=F —k(430%)
F =k(430%)
_F
430°
M X = F —kv?

MX=F - szz
430

ool
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, dv F ( v jz
X=—=— 1— _
d ™M 430

a M| 1
dv F ?
el
430
M1 1 1
“F2 v v
F2. vV 14 vV
430 430
M % Vv
t=—|-430In|1-—— |+430| 1+— | |+C
2F 430 430
v
t:430M In 430 |, ¢
2F -V
430
v
1+—
t= 215M In 430 |4 ¢
F v
1——
430
Whent=0,v=0
0= 215M In(l}tc; c=0
F 1
v
1+—
- 215M In 430
F oV
430
When v =400
1+@
- 215M In 430
F [, 400
430
_ 215M In @j
F 30
215M 83]
=——In| —
F 3
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Question 5

a

dx 1

dv kv

1
X=—+C
kv

Whenx=0,v=y,

0=—+c

>
|
|

=kx

!
S

=~
x

=
+
[EY

<|r <|Fr <|k
Il
=~
X
+
S|

<
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v:%: Y

dt  kvyx+1
dt  kvx+1
dx v,
t:i(kvoxz+xj+c
2
Whent=0,x=0

O:Vi(O+0)+c

0

c=0
2
t:i[kvox +XJ
Vo 2
L X

Vo
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tzikx2+l
VO

Whent =0.8,x =800

2
0. kx800° 800

2 vV,
0.8 =320000k + 800 [1]
VO

Whent =1.8,x =1600
_k x1600? N 1600

1.8
2 vV,
1.8=1280000k + 1600
VO
0.9 = 640000k +@ [2]
VO
[2]-[1]:
0.1=320000k
ke T+
3200000
Subinto[1]:

g_ 320000 800
3200000 v,

0.8= 0.1+@

Vo

0.7=%

VO
_800
VO

v =890 11408571 ms
° 07

0.7

Time taken to travel 2400 m
t= e X
VO
Lt (24002)+—2400
2 3200000 1142.8571...
=3s
Time taken to travel ast 800m =3 -1.8
=1.2s
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Question 6

a

a:k(l—vz)
d
d—\t/:k(l—vz)
d 1
dv k(l—vz)
dt 1

dv k(L+v)(1-v)

E_L(L+L)
dv 2k\1+v 1-v
2kt =In(1+v)—In(1-v)+c

2kt =1In ﬂj+c

1+v=(1-v)e*
v+vet =g -1
v(l+e™)=e™ -1
ekt _1
VT
12K
Terminal velocity occurs whena =0

0=k@—W)
1-v3=0
vi=1

v=1ms*
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Question 7

a=-k-v°
vﬂz—k— 2
dx

dv K
dx v
dv k+Vv?
dx v
dx v
v k+V?
dx 1 2v
dv 2k+V

x:—%ln(k +vi)+c
x=0v=u

0:—%In(k+u2)+c
c:%ln(k+u2)

x:—%ln(k +v2)+%ln(k+u2)

1. (k+u?
Xx==In
2 | k+Vv?
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d_
dt

E_ -1
dv  k+v?

1 \Y;
t=———tan" | — |+C
i ()

t=0v=u
1 u
O=——F=tan" | —= |+C
k (&j
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Question 8

a

F=-mk(c+v)
ma =-mk(c+V)
a=-k(c+v)
a=-k(c+v)
dv
ok
" (c+v)
a_ 1
dv. —k(c+v)
—kt=In(c+v)+b
t=0v=U
O=In(c+U)+b
b=-In(c+U)
—kt=In(c+v)-In(c+U)
_kt = In C*"J
c+U
t=T,v=0
C
—kT =1 1
nC+U) g
t:1v=lu
2 8
C+—
—kT_In 8
2 c+U
U
C+—
KT =2In| —38
c+U
U 2
C+—
KT =In| —8 [2]
c+U
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equating[1] and [2]

c C+—
m( J:m 8
c+U c+U

U
c _ c+§
c+U c+U

2
acu =2+ Y
4 64
_cu _u®
4 64
3cU _U?
4 64
30:9—
16
U
C=—
48
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w_ C+V
c+U
U
B 4—8+v
=1
—+U
48
U 48v
ekt _ 48 48
U 48U
48 48
U +48v
49U
4964 U +48v
U
49" =1 48v
U
4—8\/ =49e™ -1
U
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Exercise 7.06 Resisted vertical motion

Question 1
a
F=mg-kv’
ma =mg -k v*
a=g—kv
K=K
m
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a:vﬂ:g—kv2

dx
dv_ g—kv?
v
dx v
dv  g—kv?

1 2
x:—ﬁln|g—kv |+c
When x=0,v=0:

1
0=———Ing+c
2k d
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When it hits the ground, x = h.
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Question 2

=U:

o of)e

Whent=0,v

0 for maximum height:

V=

t=

|

an (u e
g

1
N
1
N

t=

79
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dv
a=v—=—g—kv?
dx J

dv _ —g—kv?
dx v
dx v v

dv  —g—kv? :_g+kv2
1 2
x:—iln(g+kv )+c

When x=0,v=U

Oz—zikln(g+kuz)+c
c=%ln(g+kuz)
x=—%ln(g+kv2)+%ln(g+kuz)

1, (g+ku?
Xx=—1In
2k | g+kv?

Maximum height occurs whenv =0
2
x=iln g+ku
2k g

2
x:iln 1+ kU
2k g
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Question 3

a

v
F:—g—z
asm=1
a:—g—X

4
x=-10-2

4
_ —40-v
4
Vﬂ:—40—v
dx 4
dv—-40-v
&_ 4y
dx  4v
dv 40+v
dx  4(v+40-40)
dv 40+v
dx  4(v+40)-160
dv 40+v
%=_4 160
dv 40+v
X =—4v+160In(40+v)+c
x=0,v=40

0=-160+160In(40+40)+c
¢ =160-1601n (80)
X = —4v+1601n(40+Vv)+160-160In(80)

x:—4v+160In(4O+V
80

j+160
Maximum height whenv =0
X =160In(%}+160

x=160-160In2
x=160(1-In2) m
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. —40-v
X =

4
dv._-40-v
a4
dt -4
dv 40+v
t=—4In(40+v)+c
t=0,v=40
0:—4In(40+40)+c
c=4In(80)

t=—4In(40+v)+4In(80)

t:4ln( 80 j
40+v

Maximum height occurs whenv =0

t:4ln(@j
40

t=4In2s
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Question 4

a
e
g8 R=0.1m"
E=
g
5
£
o
& ?Hg
b
F =mg-01mv®
ma = mg —01 mv?
a=g-01v?
=10-0.1v*
=01 (100 —v*)
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dv ,

—=010100 —

< =01 000 -v*)

dt_ 10

dv  100-v?

dt_ 10

dv (10+v)(10-v)
1 1

dat 4ol 20 . 20

dv 10+v 10-v

a1 1 1
dv. 2\10+v 10-v

t=L1n10+v|-2Inj10-v| +c
2 2

1, |10+v
t==In +C
2 [10-v

Whent=0,v=0

Oziln(gj+c
2 \10

c=0

=1 0 10+v
2 |10-v
10+v
10—-v
10+v 5

0-v *

10+v=(10-v)e* =10e* —ve™

v+ve? =10e* -10
v(1+e*)=10(e* -1)
B 10(e* -1)

e?+1

t

=2t

In‘

v
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lo(e2t —1)
e +1

t= In(1+ \/5) whenit hits theground

V=

2In 1++/2
P
o)
L g
(1+x/_ )
1+[1+\/7}
10(1+ 22+ 2—1)
141424242
10(2+242)
N 4+2\/§
10(1++2)
2442
_10+10V2 2-V2
2442 22
_20-10v2+20v2-20
4-2
1042
2
=5v2ms™
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dv )

V&:Ol floo -v?)

dv  0.1(100-v*)

x v

ax v

dv 0.1(100-v?)
11

x=———|n|100—v2|+c
20.1

x=—5|n|100—v2|+c
Whent=0,v=0
x=-5In100+c¢
c=5In100

x=—5|n|100—v2|+5|n100
:5(In100—ln|100—v2|)

100
100 —Vv?
When v = 5\/5 :

100
Xx=5In
100-50

50

=5In2m

=5In
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Question 5

a

When the stone is dropped, it falls under gravity with force mg and air resistance mkv.

So Total force = ma = mg — mkv

Dividing both sides by m gives: a = g — kv

dv
a=—=0g-kv
dt J
da 1
dv. g-—kv

1
t=—=In|g—kv|+cC

- Inlg —kv]
Whent=0,v=0.

0:—%In|g—0|+c

1 1
tz—EIn|g —kv|+IIng

1
:K(In g—Injg—kv|)

kt = In|—2
g—kv
ekt g
g—kv
e—ktzg_kv
g
ge* =g—kv
kv=g-ge™
g —kt
v=—(1-e
(1-¢)
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Terminal velocity occurs when t—oo ora =0.

AS t—o0,

V= %(1—e"‘)

When x=0,v=0.
0:—3(0+gln gj+c
k k
c:%lng
x:—i(v+gln(g —kv)j+ilng
k k k?

:%(Ing —In(g—kv))—%

:ih’] 9 _X
k2 \g—kv) k
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x=%|n g _y
k g-—kv) Kk

10 ( 10 )
X=——=In -——

022 (10-02v) 0.2
x=250|n(LJ—L

10-0.2v) 0.2
Sub t =3 into (b):

V= %(l—e“)

10 oo

=22.5594..ms*
10

| 22.5504...

10-0.2x22.5594...
=37.2029...
~37.2m

x:ZSOln(
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Question 6
For downward motion:

mX = mg — mkv®
X =g —kv’

For terminal velocity, X=0

X=g-kv?=0
kvVZ=g
vi=9

k
v=|2

k
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N\ )
x_v&_g—kv
dv_g-kv?
dx v
dx v
dv g-kv?

x:—z—lkln(g—kv2)+c

When x=0,v=0:

Question 7

a
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1
mX = —2g —=v?
g 3

2% :_2(10)_%%

5(':ﬂ:—10—1v2
dt 6

dv_ 60+V?

da 6

dt 6

dv 60+V?

15 30
o V15 (w5
5 30

Whent=0,v=15:

0=—\/Etan‘ 15\/E +C

5 30

5 2
tz—\/ﬁtan’l V15 Jr\/ﬁtan’l V15

5 30 5 2
tzﬁ tan~* E —tan™ —V\/E

5 2 30
Whenv=0:

t= @_tan‘1 [g] —tan™* (0)]
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dv _ 60+V?

dx 6
dv 60+V?
dx  6v
dx  6v
dv 60+V2

x=-3In(60+V*)+c
When x =0,v =15:
0=-3In(60+225)+c
c=3In285
x=-3In(60+Vv’)+3In285

x=3|n( 2852j
60+vV

X 285
—=In
3 (60+v2j

X 285
e° =
60+ Vv?
= 60+V?
e =
285

60 +v? = 285¢ 3

v? =285¢ 3 —60
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dv 60+V?
Ve—=—

dx 6
dv_ 60+V?
dx 6V
dx  6v
dv 60+

x=-3In(60+Vv*)+c
When x=0,v=15:
0=-3In(60+225)+c
c=3In285
Whenx=H,v=0:

H
0> =285¢ 3 —60

K
60 = 285¢ *
H
4
19
H 4

-—=In—
3 19

H :—3Ini
19

This can also be writtenas H = 3 In(%j = 3In(%)
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Question 8
Going downwards:

mX = mg — mkv®
X =g —kv?

For terminal speed = initial speed =V, let X=0:

0=g-kVv?
kVZ=g
ve=2

k
v= |3

k

Going upwards:
mX = —mg — mkv?

5(':vﬂ=—g—kv2

dx
dv g+kv’
ax v
dx v
dv g+ke?

x=—2—1kln(g+kv2)+c

Whenx:O,v:V:\/%:

Oz—iln(g+k%j+c

2k

1
c=—In2
2k ol

1 1
X=——In(g+kv’)+—In2
29 +kv)+ 5 In2g

2k | g+kv?
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Going downwards:

5(‘:vﬂ:g—kv2
X

dv_ g-—kv?
dx v
dx v
dv g-kv

x:—z—lkln(g—kvz)+c

When x=0,v=0:

0:—%In(g—0)+c

c—ilng
2k

x:—z—lkln(g—kvz)+ilng

:iln g 5
2k { g—kv
For greatest height, sub v = 0 into ‘going upwards’ equation:
X :iln 29
2k g+0

:ilnz
2k
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Distance travelled upwards = distance travelled downwards:

Sub this x-value into ‘going downwards’ equation to find final speed:

Lot ¢ >
2k 2k \ g—kv
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Question 9

mX = mg — mkv?

dv
X=v— =g —kv*
dx g

dv_g-—kv?
v
dx v
dv  g-—kv

x:—z—lkln(g—kvz)+c

When x=0,v=0:

—2kx __ g —kv

ge—ka — g _ kv2
kVZ — g _ ge—ZkX
, g (1_ e—2kX )
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k =0.003, x = 1200:

10(1— 2 0.003 1200)
2 _

B 0.003
—3330.8447...

v =+/3330.8447...

=57.7134...
~57.7ms*

Question 10

a

Going upwards:

mX = —mg — mkv®

dv
X=v— =—g —kv*
dx g

dv_ g+kv®
& v
ax v

v g+kv

1 2
x:—gln(ngkv )+c
Whenx=0,v=v,:

1 2
0=—Eln(g+kv0 )+c
c:iln(g+kv2)

2k °
x:—iln(g+kv2)+iln(g+kv2)

2k 2k °

2
:iln g+kv02
2k g +kv
v = 0 for greatest height reached.

2
x:iln[—ngkVO J

2k g+0

2

=iln g + kv,
2k g
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Going downwards:

mX = mg — mkv?

X=g-kv’

Terminal velocity when X =0

0=g—-kv?

kv? =g
g9

V2=

k

v= 3
k

mX = mg — mkv?

5(':vﬁ=g—kv2

dx
dv g-—kv?
d v
ax v
dv g-kv?

x=—2—1kln(g—kv2)+c

When x=0,v=0:
1

Oz—ﬁln(g—o)m

c—ilng
2k

x:—z—lkln(g—kvz)+ilng

:iln g
2k | g—kv?

Distance travelled upwards = distance travelled downwards

Sub greatest height and v =V into ‘going downwards’ equation above:

iIn(—ngkVOZJ:iln( J j
2k g 2k {g—kv?
g+kv,, g

g g—kv?
(g+kv02)(g—kvz):g2
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Exercise 7.07 Resisted projectile motion

Question 1
a
my = —-mg — kv
5y =—5x10— kv
k
y=-10——=v
¢ 5
b Terminal velocity occurs when y =0
k
y=-10—-—v
J 5
y =0 for terminal elocity, k 2.5
0= —1O—Ev
5
0.5v=-10
v=-20ms™
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k

y _—10—€v
vﬂ:—lo—gv
dy 5

:—(1O+XJ
2
_ 20+v
T2
dv. 20+v
d_y__ 2V
dy  2v
dv 20+v
2(20+v)—40
T 20+v
3 40
C T 204y

y=-2v+40In(20+v)+c
Wheny =0, v=100 sin 15°:

0=-2(100sin15°)+40In(20+100sin15°)+c
0=101.2790...+c
c=-101.2790...
y =-2v+40In(20+v)-101.2790...
Maximum height when v=0:
y=-2(0)+40In(20+0)-101.2790...
=40In20101.0...
=18.5502...
~18.55m
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Question 2

a
mX = —mkv,
X =—kv,
N _ o3y,
dt
a1
dv, 03v,
t= —iln V, +C
0.3

Whent =0,v, =380c0s5°

0= —iln (380c0s5°)+c
0.3

C :iln(380c055°)
0.3

t=—Ln vV, +Lin (380c0s5°)
0.3 0.3

1 380cos5°
t=—In| —————
0.3 \Y;

X

0.3t=|n(380C055 }

\Y

X

Q03 _ 380co0s5°
Vv

X

03t _ Vv,
380cos5°
v, =380c0s5°% %

,_ 380cos 50 %
-0.3

+d
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Whent=0,x=0:
_ 380co0s5°°
- -03
_380co0s5°
- 03

0 +d

d

~ 380cos 5°¢7%%  380c0s5°

+
0.3 0.3
X _ 3800085 (1—6_0'3t)
0.3
Whent=2:

o 380cos5 (1—e*°'6)
0.3
=569.3305...

~570 m

C :iln(380c055°)
0.3
1

t=——"Inv, +Lin (380c0s5°)
0.3 0.3

o 380cos5 (1_ e‘°'3‘)
0.3
Make t thesubject:
0.3x _1_e0a
380co0s5°
03t _q_ 0.3x

380cos5°

0.3t = In(l—&j
380cos5°

te L1 03
0.3 380cos5°
When x =2x570=1140:
1 0.3x1140
—In|l-———
0.3 ( 3800035")
=7.7918...
~7.85s

e

t=
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When x =%>< 570 =285:

. 1|n[1 0.3><285j

03 |~ 380cos5°
—0.8533...
~0.85s

Question 3

m¥X = —kv

0.145% = —kv

% =ﬂ _ kv
dt 0.145

dt  0.145

dv kv

0.145

t= Inv+c

When t =0,v=30c0s10°:
B 0145

0= In(30c0s10°)+c

. 0.145

C In(30c0s10°)

0.145
K
_ 0.145 In (30(:0310")
k v

k) 3000310")
0.145 v

e& _ 30cos10°
v

v
30co0s10°

kt
v =30c0s10°e 0145

0.145
+

t= Inv In(30c0s10°)

t

L
0145 _
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_ ko
X= 3000510{—%% 0.145 1 d

. —435(:(0510 ° e-ﬁ od

Whent=0,x=0:

_ —435c0s10 ° o0
k

_ 4.35c0s10°

==

. _ ~4.35c0s10° efk— , 4.35c0s10°

0.145

k k
. 4.3500510"[ ‘ J

0 +d

d

1-¢ 018
k

Whent=1x=18:
° k
18— 4.35c0s10 1_e 01
k
Test k =0.158:
RHS = 4.35¢0s10 1_e 018
0.158

=18.2718...
~18 (LHS)
So k ~0.158.
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Question 4
a

m=0.16 kg, g = 9.8,k =0.09

d
v, 95 — 0.09V
dt 016 ’

V
—Y =98 ~5625 v,
dt 1

dv, 98 +5625 v,
f=__* In(9.8+0.5625v)+c
0.5625 y

Whent = 0,vy =50sin5°:

0=— 1 In(9.8+0.5625x50sin5°)+¢
0.5625

1
~ 0.5625
4.4544...

1
0.5625

C In(9.8 0.5625 50sin5 )

|n(9.8 0.5625 ) 4.4544..

— )
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k
X=——V,
m
0.09
X=———V,
0.16
ﬂ=—0.5625vx
dt
a_ 1
dv. 05625v,
t=— ! Inv, +c
0.5625
When t =0,v, =50c0s5°:
0=— L In(50c0s5°)+c
0.5625
C= L In(50c0s5°)
0.5625
t= L Inv, +

05625 * 0.5625

1 50co0s5°
t= In
0.5625 ( \Y; )

X

0.5625t = In [50 €0S> J
VX
Q056250 _ 50co0s5°
VX
056251 _ vy
50cos5°

v, =50c0s5°% %%

~ 50co0s5° o-05625

X = +d
-0.5625
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Whent=0, x=0:
0 50cos5 &0
—0.5625
~ 50co0s5°
0.5625
o 50c0s5° o 05625t 50c0s5°
—0.5625 0.5625
_ S0cos5° (1_ Q~05625¢ )
0.5625
When(@.3-.. at greatest height:

+d

X = 50c0s5° (1_ @ 0562503.. )
0.5625
=17.7141...

~17.7m

v, =50c0s5°% ***" (from b)

Whent=1:

v, =50c0s5% %%
=28.3807...

1

05625
Whent=1:

1
0.5625
1

—3.4544... = -
0.5625

1.9431...=In(9.8+0.5625v, )
e =0.8+0.5625v,
e ~9.8=0.5625v,

e1.9431... _ 9.8 _

\"
0.5625 '
v, =-5.0126...

Vi=v 24y’
v2 =28.3807..% +(-5.0126...)°

v2 =830.5920...
v =28.8199...
=28.8ms™

In(9.8+0.5625v, ) +4.4544... (from a)

In(9.8+0.5625v, ) +4.4544...

In(9.8+0.5625v, )
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Question 5

a

my = mg — kv?

v =44 ms~ when y=0,

s.mg =kv?

0046 x8
447

k =0.000233

k

X :mln(1+ﬁvcosej
k m

kx
gm :1+&vcose
m

kx
em -1
~m

"k vcos®

kx155
e 0046 _1
0.046

k 60cos6

kx155
e 0.046 __1
0,046

k  60x.53
cos0 =0.86629

6=29.9696...~30°

453 =
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Test yourself 7

Question 1

Question 2

a=-40e*

d szj
—c J 40

dx
Ly sevic
x=0,v=10
%xlo2 =5e’+¢

50=5+c
c=45

Ly _se a5
2

v? =10e* +90

v=+10e®+90 ms™
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Question 3

X =-36X
n*=36
n=6

x=acos(nt+o)

x =acos(6t+a)
Whent=0,x=0,v=-5
0=acos(0+a)

cosa =0
T
o=—
2

x:acos(6t+£)
2

V=X= —6asin(6t +gj

Whent=0,v=-5

-5=-6asin (Ej
2

-5=-6a

cos(Gt + Ej
2

a=

X =

ool oo u;
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Question 4

a

V2 =40 -8x —4x°

%vz =20—4x - 2x?

d(lvzj
2 ) _gay

dx
a=-4(1+x)

Particle is at rest when v = 0.

0=40-8x—4x?
4x* +8x+40=0
x> +2x-10=0
X:—bim

2a
X:—Zi\/22—4x1x(—10)

2
244
2

- —2-211 - —2+2J11

2 2
x=—1—\/ﬁ m,x:—l+\/ﬁ m

Greatest speed when a = 0.

0=—4(x+1)
X+1=0

x=-1

V2 =40 —8x —4x*

V2 =40-8(-1)-4(-1)’
Vi =44

v=12{11 ms™

speed = |v|:2x/ﬁ ms™
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v? =40-8x—4x*
4(10— 2X — xz)
4(11-1-2x-x*)

V2

V2

VZ

4(11—(1+ 2X + xz))

Vi =2 (11- (14 X))

Question 5
v=25

a—-9.8

y=-9.8
y=-98t+c
t=0,y=25
25=0+c
y=-9.8t+25
y=-4.9t° + 25t +c
t=0,y=0,c=0

y =—4.9t? + 25t
Maximimum height wheny =0
y=-9.8t+25
0=-9.8t+25
9.8t=25

t=255

Total flighttime 2 x2.55=5.1s
Maximum height

y = —4.9t% + 25t

y =-4.9x(2.55)" +25x 2.55
y=319m
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Question 6

Using the trajectory formula

y = ~0x" (1+tan”6)+ xtan 6
2v?
y=1x=104.2,v=75.4,0 =9.8
2
1= _9'8X(104'f) (1+tan”6)+104.2tan 6
2x(75.4)

1= —9.35812(1+ tan? e)+1o4.2tan 0
9.35812tan’0—104.2tan 0 +10.35812 = 0

—b ++/b? —4ac
2a

tan0 =

tan0 =

104.2+/(~104.2)° ~4(9.358)10.358

2x9.358

a6 — 104.2 +./10469.9
B 18.716
tan©® = 0.1003,11.0345

6=57748 °
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Question 7
Resolving forces
Vertical

N cosO+uN sin6 =mg
N (cos8+psin @) =20

1 .
N| cosO+——sin0 [=20
( V3 j

Horizontal
N sin® = puN cos0

NsineziNcose

V3

sin® = cos0

|—\é||'A

sind

cos9o ﬁ
1

tan0=—
J3
0="-30°
6

Question 8
Resolving forces

Vertical

N +50sin30=mg

N =10g - 25

Horizontal

F =50cos0 ©.3 N

F =50c0s30-0.3(10g - 25)

— 3(1030— 25)

£ _ 250¥3-3(10g - 25)

10
F
a:_
m
2 _ _
. 25043-3(10g-25)
100
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Question 9

a
M =10,m=5,g=9.8u=0.6
(M + m)X‘ =T-F
=mg —uN
=mg —uMg
(10+5)5(=5><9.8—0.6><10><9.8
15X =-9.8
. —9.8
X=—
15
=-0.65333....
~-0.7 ms®
b

MX=T —F on the table
Mx =T —uMg
10x(—0.65333...)=T —0.6x10x9.8
-6.5333...=T -58.8
T =-6.5333...+58.8

=52.2666...

=52.3N
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Question 10

F=—kv
kv
T m
dv kv®
x  m
dv kv?
& m
dx m
dv kv
kdx = —mv~*dv
kx=mv~ +c
x=0v=y,
O=my, +cC
c=-my, "

kx =mv*—my,™

1 1 xk
Vv, m
1 xk 1
—_——
v om y,
1 xkv,+m
v mv,
my
V= 0
xXkv, +m
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Question 11

F =a=—l
40

v v

dt 40

dt 40

v v

t=-40Inv+c

t=0,v=30

0=-40In30+c

c=40In30

t:40In(§j
Y

t (30)
— =Inl =
40 v

_t
v=30e %
When t =40

_40
v=30e %

30,
Vyy =—ms
(5]
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a=—
40
dv_ v
dx 40
dv_ 1
dx 40
X
V=—-+C
40
x=0,v=30
30=c
V=—2 430
40

Ly
30e 9 = — X 130
40
_t
X _30-30e @
40

X =1200[1—e‘40j

a0
x(40)=1200£1—e 40j :1200(1—% m

e
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Question 12

a Terminal velocity occurs when a = 0.

v
F=ma=mg-—
. 6

v
0=mg 5
Y —m
6" g
v, =6mg

F=ma=mg-2v
If she hits the ground at terminal velocity with the chute

0=mg-2v
2V =mg
v="9

2

Maximum velocity = 6mg

Minimum velocity = %
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Question 13

10
98 —
10
08
10
_ 0
08
10In(98 )

When 0, 13

0 10In(98 13)
10In111
10In(98 ) 10In111

10In

98
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t
98+v=111e ©

t
v=111e ° —-98

t
10
x=118 " o8y
1
1
10
ot
Xx=-1110e ° —98t+d
Whent=0,x=0:
0=-1110e"-0+d
d =1110

_t
Xx=-1110e ° —-98t+1110
When t =1.2456...

1.2456...

x=-1110e © -98(1.2456...)+1110
~7.9312.. ~7.9m

Question 14
2

y:[ mg +tan6]x+m—zgln(1— KX ]
kvcosO k mv cos 0

y:( 29 +tan 30° x+4g|n(1—L
8c0s30° 16c0s30°
29 4 X

=| —+—— |x+4gIn|1-—

Y=\ a3 4J§j | ( 8x/§j

29 +4

y= ﬁjx+4g In(l—%}
y= %—\Jgjx+4gln[l—%j
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Question 15

a

Path of the projectile
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2

_ X
2V %cos®a.
Let P(Rcos 0,Rsin 9) be the point on the incline where the particle lands on the plane.

y= +Xtana

Substitute into x nd yabove:
—g(Rcos 9)2

2V 2¢cos’ o

2V ?Rsin0cos® o = —gR? cos” 0 + 2V *R cos O tan 0.cos” o

Rsin6 = +RcosOtan o

2V ?Rsin0cos® o. = —gR? cos? 0 + 2V *R cos Bsin o.cos o
gR?cos’ 6 =2V *Rcosa(cosOsina —sinBcosa)
gR?cos® 6 =2V *Rcosasin (o —6)

gRcos?0 =2V ?cosasin(a —0) (R#0)
R 2V?cosasin(o—0)
gcos’ 0

Using cos Asin B :%[sin(A+ B)-sin(A-B)]:

2V2;[sin(ow{oc—6})—sin(a—{a—9})}
g cos’ 0
V?[sin(20.-6)-sin0 |
R= gcos’ 0

R=

As o is the variable, R has a maximum when sin(Zoc—e) is a maximum of 1.
_V?[1-sin6]
~ gcos?0
_Vz(l—sin 0)
- g(1-sin’0)
V?(1-sin0)

- g(1+sin6)(1-sinB)

VZ
g(1+sin®)

R

max
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2
I:zmax =V—-
g(1+sin6)

2 2
For 0°<0<90° R, lies between v - and V_
g(1+sin0°) g(1+sin90°)
2 2
between v and v
g(1+0) g(1+1)
2 2
between V— and V—
g 29

The graph of y = R__ is a concave-down parabola of the form y = —ax® +c.

This is the graph of y = Rmax
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V2
When x=0,0=90°y =—.
29

2
—=0+cC
29

V2

C=—
29

2
=—ax’ +—
y 29

2

When9:00,x=v—,y:0.
g

2\2 2
oz_a(v_j A
g 29

av® v?
9*> 29
av? 1
g 2
g
a=
2V 2
2
yoo 9 eV
2V 29
EE '
g g 29
Vi,V
y=X"——
g g
2 4
x2+2\; —\;—2=o
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MATHS IN FOCUS 12
MATHEMATICS EXTENSION 2

WORKED SOLUTIONS

Practice set 1

Question 1
C

The correct rules are:

|2,2,|=[z)||z,]
z|_|z|

Z, |22|

7| =27
7,7,=1,1,
Question 2
C

(sin®—icos0)’
= (~i(isin 6+(:ose))n
=(~i)"(isin®+cos)’

=(~i)"(cosn® +isinno)
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Question 3

2*=1

2°-1=0

(z—l)(z2 + z+1) =0
If o is complex root
A

o +n+1=0

True

B

As the roots are equally spaced around the unit circle

' =®

True

@)

Letw? = l
o

=0 =1
> on=1
But o is complex

False

Question 4
C

The negation is false.
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Question 5
Ifa>b
A False

Counterexample

Counterexample

a:i b:__l
0 4

1
>b

QD

=100

=16

1

>b2

o
Q’N||—\ ,\,||—\ 9’N||—\

C False
Counterexample

a=1b=-10
a>b

a’=1

b? =100

a’ <b?

D True

D
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Question 6

ves=sf {3

So u and w are parallel (though opposite in direction)

B

Question 7

D

Question 8

D

Question 9

v=(1-2cosa)-2isina
vi= !
(1-2cosa)-2isina

1 ><(1—2(:050c)+2isin0L
(1-2cosa)—2isina (1-2cosa)+2isina

(1-2cosa)+2isina
(1- 2COSa)2 —(2isin a)2
1-2cosa +2isina

(1- 2c030c)2 +4sin® o
Real part
1-2cosa

1—4cosa +4cos? a+4sin’ o
1-2cosa

1-4cosa +4(cos2 o +sin® oc)

_1-2cosa
5—-4cosa

A
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Question 10

D
Question 11
a \-16=4i
b
=f
4
W7
2
c
6++-12
2
6+27-3
2
=3++/-3
=3+i3
Question 12
a i®=1
b

R e R E C S h N

S S A A R N AR N
i"+it+i’+i*=0

N e e R ) e S e e i
-1
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Question 13

a

X2 +64=0
x> = —64
X = 18i

2a
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Question 14

X+2i—1y+7
Ty
y
X+7
Re(z)=
=11y

2-y
Im(z): x2+y2

Question 15

a

z =5x-3iy
Z =5x+3iy

, ai+6b—-2a-ib
4

6b—2a+ib—ai
4

7=
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Question 16

m+in
W=
m+n
m-—in
m+n
m+in m—in
m+n m+n
. 2
m? —(in)

el

o=

e

(m+n)2
_ m’+n? cR
(m+n)2

Question 17
a

3x+2iy—-18+6i=0
Equating real terms
3x-18=0

3x=18

X=06

Equating imaginary terms
2y+6=0

2y =—6

y=-3

X+y—i(x—y)=6-2i
Equating real and imaginary terms
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Question 18

a
3-4i(5+2i)+i
=3-20i+8+i
=11-19i
b
(2-iV3)(2+iV3)
=4+3
=7
c
(1+5i)" —(1-5i)°
= (1+5i+1-5i)(1+5i —1+5i)
=2x10i
=20i
Question 19
a
(x—1-2i)(x-1+2i)=0
X+ X(=1-2i)+x(-1+2i)+(-1-2i)(-1+2i)=0
X2 —2x+1+4=0
x*—2x+5=0
b

(x—_l_iﬁvx—_l“\ﬁjzo

6 6
. [ 1-iv2 1+iV2) [ 1-iV2)( 1+iV2
X“+X| — +X| - +| - - =0
6 6 6 6
e X X x2 g
6 6 36
X +=+-—=0

12x% +4x+1=0
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Question 20
a

2
1-i3
2 1+i\/§
T3 1+13
2(1+i\/§)

143
24203

4
_1+i\/§

2

J€+2L+J§—m
J5-2i J5+2i

(V5 +2i) +(v5-2i)
(J§+2Q(J§—2Q

 5+4i\5-4+5-4i/5-4

5+4
2

©o|
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Question 21

7° = 24-10i

(x+ iy)2 =24-10i

x? —y% +2ixy = 24—10i

Equating real and imaginary parts
X2 —y? =24

2xy =-10

-5
y=—
X

2
x? —(_—5J =24
X
-2 _ o4

X2
x* —25=24x?
X' —24x2-25=0
(x*+1)(x*-25)=0

Only take the real solutions as x e R

x? =25
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Question 22

2% = —48+14i

(x+iy)’ = —48+14i

X2 — y? + 2ixy = —48 +14i
Equating real and imaginary parts

X’ —y*=-48
2xy =14

7
y=-

X

2
X2 —(Zj =48
X

x? —4—? =-48

X
x* —49 = -48x*

x* +48x°-49=0
(x2 —1)(x2 +49) =0
Only take the real solutions as x € R
x* =1
X==1
7
YTa
y==%7
z=1+7i,-1-7i

Question 23

X —(1+2i)x+1+7i

‘o —b++b?*-4ac
2a
142 +)(1+2i) —4x1x(L+7i)
X= 2
X:1+2ii\/1+4i—4—4—28i
2
X:1+2iim
2
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2° =-7-24i

(x+ iy)2 =—7-24i

X2 —y% 4 2ixy =7 — 24i

Equating real and imaginary parts
X2 —y?=-7

2xy =24

12
y=—"=
X

2
xz—(_—lzj =7
X
& 144 _

XZ

x* —144 = —7x?
xX*+7x?-144=0
(x*+16)(x*-9)=0

-7

Only take the real solutions as x e R

x2=9
X =43
2,
+3
z==%(3-4i)
X_1+2ii\/—7—24i
2
1+2i+(3-4i
‘o +2i (3 4|)
2
X_1+2i+3—4i 1+2i—3+4i
2 2
4-2i —2+6i
X=——
2 2
X=2-1,-1+3i

© Cengage Learning Australia 2019
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Question 24

410, 3)

Question 25

Im(z) 4

—n

2|

a /0 R;EZ}

2u

© Cengage Learning Australia 2019
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Question 26

Imiz)y

W5

Question 27

a z:—1+i\/§

Which is in the 2nd quadrant as required.

b 2=2-2i
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arg(z)=tan™ (_72)

_3n
4
As z is in the 4th quadrant
T
arg(z)=——
9(2)=-7
c
_ -2
2

2
arg(z)=tan™ ﬁ
2

i

o3

A

(7]

z is in the third quadrant

T
arg(z)_n+g
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Question 28

a 3 cosz—isinE =3cCis _r
3 3 3

\/Z(Sin3—n+icos3—n]

4 4

=/2 (cosﬁ—isinﬁj= ﬁ cis(—EJ
4 4 4

c 5i=5 cis(ﬁj
2

d
7=-2+2i\/3
)= (-2) +(243)
=J4+12=16=4
2J3) 2n
=tant| = |= ==
arg(z)=tan (_2] 3
z:4cis(2—nj
3
e
1+i
7=—
3
1Y (1Y 2 2
=2 (2] - 522
3 3 9 3
1
_ _ T
arg(z)=tan™ % = tan l(1):Z
3
z:ﬁcis(z)
3 4

© Cengage Learning Australia 2019



Question 29

a

u=-+8 cis(%nj

v=2 cis(—ﬁj
3

= \/5005(%75 +i Ssin(%n]
R
=-2+2i

)

v=2 cis(—E
3

= 2cos(—£j+ 2i sin(—ﬁj
3 3

Ve

:2><1+2i><—
2 2

=1-iV3

Question 30
a r,cisa, xT,Ciso, = K, Cis(o, +a, )
b

ncisa,

r,ciso, cis(oy—a,)

© Cengage Learning Australia 2019
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Question 31
a arg(cis0)" =no
b

arg(cos0—isin®)’

=arg(cis(-0))’
=-n0O

c arg(cis®) " =-nod

d
arg(cos@—isin®) "
=arg(cis(-0)) "
=no

Question 32

z, =r.ciso,

z, =r,cisa,

|z]=n,

|z|=r,

2] _r

z|

2, _ KCisoy

z, r,ciso,

=—cis(o, —a,)

l’2
z|_n_laf
Z,| I | 2|

© Cengage Learning Australia 2019
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Question 33

Z, :3(:i35—7c
z, = 2cis—=

3
a

2,2, = (3Ci55—n)x[2cis—£j
6 3

=6Cis 5—n+_—nj
6 3

=6Cis 3—“)
6

T

=6Cis —j:6i

2

3 . 7nj
== cis| —
2

3 . —57:}
== cis| —
2
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1 .(27:}
=—Cis| —
81 3
Question 34
a
z:(l—i)8

[l 3]

z(\/z)acis(—%wj
=16cis(-2m)
=16

© Cengage Learning Australia 2019
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(1+ix/§)2

V2-iv2
yA :1+i\/§

ol

z, =2 -2

© Cengage Learning Australia 2019
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Question 35

(1+1)(V3+i)=B-1+i(1+3)
1+i:\/§CIS( j
-

)

=2/2cis Iz
53
. (5T
=22 cis| =
o)
Equating imaginary coefficients
Zﬁsin(s—n) =1++/3
12
sin(5—nj = 1+V3
12

NG|

o3

22
Question 36
a cis3=¢"
b 4 cos(ﬁj—isiniﬁ] =4cis(—£j:4e5
5 5 5
c
z=—/3-i
r=2

6: —_—_—_—=——
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Question 37

a 2e%* = 2cis(3a)

Question 39

Z:eie

eria

arg(z)=6

arg(w)=a
arg(z)+arg(w)=6+a
7W = ei9 Xei[x — ei6+i(x
arg(zw)=0+a =arg(z)+arg(w)

© Cengage Learning Australia 2019
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Question 40

If it rains = The dam is full

Question 41

If the people are starving then there is not enough food

Question 42
a If nis even = n s divisible by 2
Converse

If nis divisible by 2 = nis even
True

It is an equivalence.
. . 1. .
b If n is positive = — is positive
n
Converse
1. . : .
If = is positive = n is positive
n

True
It is an equivalence.
Cc If a quadrilateral has 4 equal angles = it is a rectangle
Converse
If a quadrilateral is a rectangle = it has 4 equal angles
True
It is an equivalence.
d If an animal is a kangaroo = it eats grass
Converse
If an animal eats grass = it is a kangaroo

False

© Cengage Learning Australia 2019
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Question 43
a The dam is full.
Negative
The dam is not full.
b The teacher is good.
Negative
The teacher is not good.
C All cats are fluffy.

Negative

There is at least one cat that is not fluffy.

d There is at least one smart politician.
Negative
There are no smart politicians.
e No wine is sweet.
Negative
There is at least one wine that is sweet.
f Some sheep are black
Negative

No sheep are black.

© Cengage Learning Australia 2019
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Question 44

a If you get a speeding ticket, then you speed.
Contrapositive
If you do not speed you then you do not get a speeding ticket.
True

b If you get the old-age pension, then you are over 65.
Contrapositive
If you are not over 65 you do not get the old-age pension.
True

C If a triangle is equilateral, then it has 3 equal sides.
Contrapositive
If a triangle does not have 3 equal sides then it is not equilateral.
True

d If you go swimming, then you get wet.
Contrapositive
If you do not get wet then you do not go swimming.

True

Question 45

vxeN,dJye N:y=2x
For every natural number X, there exists a natural number y such that y = 2x.

Question 46

For every natural number x such that x is a multiple of 4,
there exists a natural number y such that +/x = 2,/y
(vxeN:xisdivisible by 4),3y e N: Ix=2Jy

© Cengage Learning Australia 2019
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Question 47

C

Question 48

Suppose a,b € N with a and b having no common factors

g:m

= a’=10b*
= a’ iseven
= a iseven

. We can write a =2m
2

a
b_2:10

(2m)’

= =10

=10

= bz
= 4m? =10b?

= 2m?® =5b?

= b” is even

= Db iseven

. we can write b = 2n

This is a contradiction as both a and b have nocommon factors

~AN10¢Q
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Question 49

Lety=f(x)andf"(p)=0

f(x)=(x-p)

£'(x)=6(x-p)’

f"(x)=30(x- p)4

But p is not a point of inflection but a turning point.

Question 50

a

M,NeN,M>N>0
If M and N are even we can write

M =2m

N =2n

M?-N?
:(2m)2—(2n)2
=4m? —4n?
=4(m?*—n’)
=2x2(m’-n?)
Asm,n,m’*-n*eN
2(m? —n?) is even

~M?2-N?iseven

© Cengage Learning Australia 2019
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M,NeN,M>N>0

If M and N are odd we can write
M=2m+1

N=2n+1

M?2—-N?
:(2m+1)2—(2n+1)2

= 4m’ +4m+1—(4n’ +4n+1)
=4(m?+m—-n?-n)
:2x2(m2+m—n2—n)
Asmnm’+m-n’-neN
2(m2+m—n2—n) is even

~M?=NZ?iseven

M,NeN,M>N>0
If M is even and N are odd we can write

M =2m
N=2n+1
M?—N?

=(2m)’ —(2n+1)’

=4m’ —(4n’+4n +1)
=4(m?+m-n?-n)+1
=2x2(m*+m-n’—n)+1
Asm,n,m’+m-n’-neN
2(m?+m—n?-n) is even

S0 2x2(m?+m—n?—n)+1 s odd

~M?=N?is odd

© Cengage Learning Australia 2019
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Question 51
a

vX,yeR:x,y>0
Required to prove
X° +y?

2
(x— y)2 >0

=X =2xy+Yy°>0

> Xy

= x> +y°>2xy
x> +y°
2

> Xy

vxeR:x>0
Required to prove

x+1>2
X

(53]

:x—2+l>0
X

:>x+1>2
X

M2{‘/abcd
\/_ \/_ > /abcd

From AM-GM inequality

C-;dz\/a

J_J_W

2
a+b +d

%4‘% > {/abcd

- w > 4/abed

=
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Question 52

u=3i-2j

V=4i+6]j
uy=3x4+(-2)x6=0

The vectors are perpendicular.

Question 53

a
A=(1,-2,4)
B=(312)

AB=-(1,-2,4)+(312)=(2,3-2)
b [AB|=y22+8+(-2) =17

c  0=—-(23-2)

=
A7

Question 54
p:2i+5j+k
g:—7i+j+nk
p and g are orthoganal if
q=0
2><(—7)+5><1+1><n =0
-14+54+n=0
-9+n=0

n=9

(]
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Question 55

a

AB =0B-0A

= (2,5,8)(-2,3,4)
_(4,2,4)
CD=0D-0C

= (l, —3,2)—(3, —2,4)
~(-2,-1,-2)
CD=-2AB

. AB and CD are parallel

AB =(4,2,4)
[RB|~ a2 o a?
_ 36

=6

CD =(-2,-1,-2)

[CB|=(-2) +(-1)" +(-2
-9

=3

C ABCD is a trapezium.
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Question 56

3
[v] = /52 +(-1)° +3 =29

UsV = 5><(—2)+(—1)><4+3><(—3): -23

cos0 =

V/35+/29

0=180°-4347'=136°13

Question 57

F=(13-2)

G=(4,-2,7)

FG-0G-OF
=(4,-2,7)-(13,-2)

=(3,-5,9)

The vector equation of the line is
(1,3,-2)+1(3,-5,9)
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Question 58

1 6 -2
« _y+1l -z +3
2
Question 59

K(-5,18,1) lies on
1 -3

=14 [+ 7
-2 1

N < X

True if

1-3L=-5
4+7)=18
—2+1=1

4471 =18
=14
A=2

2+A1=1
A=3
It is not on the line.
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Question 60

x-2 y-1 z-4
6 2 3
=(2,1,4)+1(6,2,3)

Question 61

)

e
Lt

'
LY

(N} . W,
=Y
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Question 62

Requiredto prove: (cis 6)" =cis (1)
Forn=1
(cis®) =cis(0)
Let the kth term be true
(cisE))k =cis(ko)
The (k+1)thterm
(cis®)*" =(cis)(cis0)"
=(cis0)(cis k0)
=c0s0coskO+cosOisinkO+isinOcoskO +isinBisinko
=cos0coskO —sinOsinkO+i(cosOsinkO+sinBcos )
cos( ) sin( )
cos (1 ) sin (1 )

()

© Cengage Learning Australia 2019
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Question 63

a

(V2cis(3p)) = (V2) cis(5x3p)

= 442 cis(15B)

(512 cis(—144°))é = (512)3 cis(

— 2is(16°)

1 . (-4=n
=——cis| —
256 3 j

1 . (2xn
=——0CIS| —
256 3

© Cengage Learning Australia 2019
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Question 64

a

(cise)6 =cis(66)

(cos@+isin 9)6

= cos® 0+ 6¢0s’ Bisin 0 —15cos* Bsin® 6 —20cos® Bisin® O
+15c0s?0sin* 0 +6cosOisin®0—sin®O

Equating real coefficients

c0s60 = cos® 8 —15cos* Bsin® O +15cos’ Hsin* 6 —sin® O

= c0s° 0 —15c0s* 0(1—cos’ 0)+15cos’ 6(1-cos’ 0)(1—cos’ 0)
—(1-cos® 0)(1-cos’0)(1—cos’0)

= c0s° 0 —15c0s* 0 +15¢0s° 0 +15¢0s” 01— 2cos’ 0+ cos* 0)
—(1-3cos® 0+3cos* 0 —cos® 0)

=32c0s°0—48cos* 0+18cos*0 -1

cos60 =0
66 AV A Y A T yuee

2k -1
6:1,3_71’5_75'7_71,9_75’&““orwforintegerk
12 12 12 12 12 12 12
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Let 32cos®0—48cos*0+18cos’0-1=0

Roots a,a,,05,0,,0,, 0

32cos® 0—-48cos’ 0+18cos* 0 -1
=(cos0-oa,)(cosO—a,)(cosO—a,)(cosO—oa,)(cosO—a)(cosO—a )

S B I W
B e b 6 e ) e 6
o gl ]
o e ]
TN SN S )
o )
(COS oo (12B(C°S oo (12))((30329_%32(%)}

—| cos?0—cos?| = cosze—1 cos? 0 —cos’ Sm
12 2 12
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Question 65

a

Z =CisO
1 . .

z - cis0—cis(-0)
= cose+isin6—(cos(—e)+isin(—e))
=C0S0+isinO—cosO+isin®
=2isin0

b

(z —ET =(2isin 6)5

z

=32isin°0
1 5

(z——j =2°-52°+102-10z2+523 -7
z

:25—z’5—5(z3—z’3)+10(z—z’1)
. 1 . 1

= 50)— -5 30)-

(CIS( ) cis(59)] (CIS( ) cis(30)

=2isin50 —-10isin 30 + 20isin 6
.32isin® 0 = 2isin50 —10isin 30 + 20isin 6
32sin°0 = 2sin50 —10sin 36 + 20sin 6

sin°0 = isin Se—isin 3e+§sin 0
16 16 8

© Cengage Learning Australia 2019
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T[
jzsinsxdx

_I (—sm 5x——5|n 3X+ Zsm xjdx

= %I;(sin 5x —5sin3x +10sin x) dx

=i —lc035x+50053x—10cosx
16| 5 3
:i _10055_71 §cosg——locos
16|\ 5 2 3 2
_1 (o)—(—1+5+10)
16| 5 3
_ 1,128
16 15
_8
15
Question 66
722 —4iz-12=0
_ —b++/b*-4ac
2a
4i+|(4i) —4x1x(-12
_dis(4) ~4x1x(-12)
2
L _4i£y32
2
442
2
z:2|i2\/§

© Cengage Learning Australia 2019
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Question 67

22 =-1+i3

(x+iy)2 =-1+i/3

X2 — y? +2ixy = —1+i+/3
Equating real and imaginary parts

A" +4x*-3=0
(2x2—1)(2x2+3):0

Only take the real solutions as x e R

2x% =1

© Cengage Learning Australia 2019
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Question 68

a Given a polynomial equation P(z) = 0, by the fundamental theorem of algebra P(z)
can be factorised into a product of linear and quadratic functions all with real

coefficients. If the highest power is odd, then there must be at least one linear function

and hence one real root.

b
P(x)=x"+2x—x*-2
P(iW2)=(iv2) +2(iv2) - (iv2) -2
=442 - 2x2iV2 —(-2) -2
=0
~.iv/2 is a root

C

As i+/2 is a root of a polynomial with real coefficients
then the conjugate —i~/2 is also a root
(x+ i\/E)(x—i\/E): X*+2
x* -1
x? +2>x5+0x4+2x3—x2 +0x-2
x° +0x* +2x°
0—x*+0x-2
—x*+0x-2
0

P(x)=x"+2x°-x*-2
2

=(x*+2)(x*-1)

=(x=1)(x* +2)(x2 +Xx+1)

x> +Xx+1=0
R e
2a
X:—lJ_rx/l—_4
2
X:—lii\/§
2

—1+i
J_ri\/E, 1_2“/5 ,1 are the roots
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P(x)=x"+2x*-x* -2
(x2 +2)(x3 —1)
:(x—l)(x2 +2)(x2 +x+1)

Question 69

a

Imiz) 4

2]

© Cengage Learning Australia 2019
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Question 70

u=iz
w=i’z=-z
V=—iz=—
i
Question 71
a
OD= OA+AD
d=a+BC
=a+c-b
b

arg (a—_sj is the angle between the lines CB and BA, andisgiven %

As ABCD is a parallelogram, the angle between BA and AD must be supplementary.

(d—aj n 3n
arg| —— |=n—-=="—+
b-a 4 4

M :—{Eﬁ§+ﬁﬁﬂ
=—(a-b+d-a)

:%(a+c—b—b)

1
_Z(a+c-2b
2(a+c )

© Cengage Learning Australia 2019

46



Question 72

a
&3
%4
L
The fifth roots of unity must be equally spaced around the unit circle
Z :l,cis(iﬁ}cis(iél—n)
5 5
b
Let o bearootand oo =1
z°-1=0
(z—l)(z4+23+zz+z+1):0
o+l +ol+a+1=0
C
z° -1
) [271) ) ( ZTc) ) (4nj ) ( 471)
=(z-1)| z—cis| — | || z—cis| —— ||| z—cis| — | || z—cis| ——
5 5 5 5
=(z-1) 22—22cos(2—nj+1 22—22003(4—nj+1
5 5
d

o +al+al+a+1=0

o+l +ai+a=-1

. (2w ; 27 . (4m ) 47t
cis| — |+ciIs| —— |+cIS| — [+cIs| — |=-1
5 5 5 5
2C0s (Z_nj +2C0S (ﬂj =-1
5 5
(Zn] (471) 1
CcoS| — |+cos| — |=—=
5 5 2
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Question 73

a
Let o be a complex cube root of unity
© -1=0
(03—1)(032 +oa+l) =0
Aso =1
o’ +0+1=0
b
o+’ +o +0°+0° +o
= (033)3 +(co3)2c02 +(m3)2 0)+(c03)2 +0°0° + 0’0
=1+’ +o+l+0’+o
:2@+m+mﬁ
=0
c

-o")(t07)

=l-0'-0’+n

1 1
o o o
2
o o
_1_0)3 7 1
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Question 74

a
in
7* =e?
1
)2
7=|e?
im_3in
z=¢e* e *
b

22 = 9cis(£j
3
Z :SCiSKEJ,Scis(—S—n)
6 6
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Question 75
a *=-8
The 3 roots will be equally spaced around the origin.
Let z: = r(cos 0 + i sin 0)
Converting -8 to polar form, we have —8 = 8(cos 7 + i sin )
Then 213 = r¥(cos 30 + i sin 30) = 8(cos m + i sin m)

T

Sor=§/§=2and39=n,soe= 3

Therefore, z1 =2 cosE+isinE =2 1+£| _1+|\/_
3 3 2 2

The other 2 roots will have a spacing of 2—; They are:

22 =2(cosm+isinm)=2(-1+0) =-2

oo 5l

Imiz) k
- T
2 cis T
-
-2 0 Re(z)
2 cis [—%)

Solutions are: z = -2, 2 cis (%) 2 Cis (_%j
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b 2'=-1+i3
The 4 roots will be equally spaced around the origin.
Let z: = r(cos 0 + i sin 0)

Converting -1 + iv/3 t0 polar form, we have -1 + i3 = 2(cosz—g+isin %TCJ

Then z1* = r¥(cos 40 + i sin 40) = 2(c052—;+isin z—gnJ
So r=(‘/§and46=ﬁ, s00=2L,
3 6
2

4
Therefore, z1 = (‘/E[cosgﬂsing) = €/§[£+|%J =%(\/§+i) )

The other 2 roots will have a spacing of 27: = g . They are:

2 2

Z; = (‘@_cos[z—;}risin(%ﬂﬂ = 4/5(—34-@] :g(—ljt i\/é)

Z3= W:COS(_ngriSin(_Eﬂ = @[E—i—j =£(l—ix/§)

2= 42 cos(—%ﬁjﬂsin(—%ﬂ = @[—E—LJ =£(—\/§+i)

So the solutions are: {‘/Ecis(z—;],{‘/icis(gj,Wcis[—%),(‘/ﬁcis(—%ﬂj .

Imiz) &
_ 4
f\ll cis ZT“ V2 515%
Re(z)
4=
7 cis [_%J V2 cis [_T]
1[
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Question 76

a
b
Imiz) &
lE—1-24=1
3
) ol 1 Re(z)
L]
C
Im(z) 4
|2+ 1] =]z +1|
14
B —Il i R:{;}
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Imiz) &
Re(z) = 2 Im(z)
2, 1)
0 Re(z)
Y
Question 77
a
Imi(z)
z
in
4

b
Cc
Imi(z)
- & 4 Re)
z
-4
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Question 78

a
b
C
Imiz)
1
e S -
T
- 0 = Be(z)
-4—————————I ——————————— -
Question 79

21— 122 = 724—13

So opposite sides are parallel, so a parallelogram.
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MATHS IN FOCUS 12
MATHEMATICS EXTENSION 2

WORKED SOLUTIONS

Practice set 2

Question 1

C

Question 2

A

Question 3

D

Question 4

C

Question 5

D
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Question 6

2
—
X“+4x+13
. ;Z;dx
X +4x+4+9

Question 7

jxln(x)dx
Let u'(x)=x v(x) =In(x)
u(x) =1x2 V'(X) _1
2 X

ju'(x)v(x)dx =u(x)v(x) —ju(x)v’(x)dx

x><|n dx_—x In X% x = dx
J Sxn(x)-J3

12 1.,
| - C
=3 n()4x+

‘411 x?(2In(x)-1)+C

1, X
—=xIn(x)-2-+C
2x n(x) 4+

A
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Question 8

(x—=1)(x+4)
A B

=

x-1 x+4
= A(x+4)+B(x-1)=x
Equating coefficients
4A-B=0
A+B=1
B=1-A
4A-(1-A)=0
5A-1=0

1 ( 1 4 j
== || —+—— | dx

54 x-1 x+4

1
:gﬂnh—ﬂ+4mh+4b+c

zimp—q+fmp+4+c
5 5

D
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Question 9

=8x°+10x7°

%vz =-4x?-10x"+C

v =-8x7"-20x"+C
v=0,x=1
0=-8-20+C
c=28
vi=-8x?-20x"+28
=4(-2x7-5x"+7)

4(—2—5x+7x2)

XZ

v=i3‘/7x2—5x—2

X

Question 10

B
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Question 11

F =g—kv’
a=g-kv’
vdv )
E;_g—w
dv_ g-—kv?
dx v
dx v
dv g-kv?

dx 1 2kv
dv 2k| g—kv?
1 2
x=—ﬁln(g —kv?)+C

When x=0,v=0.

1
0=—Ling+c
2k Y

C:ilng
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Question 12

For the journey up (assume a = —10 m s72).

v=u+at
0=21-10t
10t =21
t=21

Height
s=ut +1at2
2

s=21x2.1+7(-10)2.1
s=22.05
Distance to water

22.05+20=42.05
s=ut +£at2
2

42.05=0+%><10><'[2

5t* = 42.05
t* =8.41
t=29

Total time=29+2.1=5.1=5

B
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Question 13

P(n):(n+1)(n+2) iseven
P(1):(1+1)(1+2)

=6 which is even

- P(1) istrue

Let P(k) be true

(k+1)(k+2) iseven

= (k+1)(k+2)=2m, meN
P(k+1) LH.S
((k+1)+1)((k+1)+2)
=(k+2)(k+3)
=(k+2)(k+1+2)
=(k+2)(k+1)+2(k+2)
=2m+2(k+2)

=2(m+(k+2))
Asmk,m+k+2eN
2(m+(k+2))=2q, gqeN
((k+1)+1)((k +1)+2) is even
- P(k+1) istrue

As P(1) is true and the truth of P (k) implies the truth of P(k +1)

by mathematical induction P(n) is true

Question 14

—2-4-6-..-2n
a=-2,d=-2,n=n

Sn:2(2a+(n—1)d)

S :g(—4—2(n ~1))

n

n
S, =—(-2-2

n

S, =2(-2)(L+n)

S,=-n(1+n)

n
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Question 15

P(n) " (x)=a”sin(ax+n—2nJ (YneN)

'(x)=acos(ax)

. T
=asin| ax+—
( Zj

- P(1) istrue
Let P(k) be true

f(x)=a" sin(ax+k—2nj

P(k+1) LHS

s )
—1 a“sin ax+—
dx

=axa COS(&X+—)

=a** sin(ax+—+ j
2 2

=a* sin(ax+—(k Jrzl)nJ

P(k+1) is true
As P(1) is true and the truth of P(k) implies the truth of P (k +1)

by mathematical induction P(n) is true
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Question 16
Zn: Xr—l — 1- Xn
r=1 1-x

a lel
a=x"
a=1
r=x

s - a(r"-1)
r-1
5 _1x'-1)
x—1
5 - x" -1
X_
. =1—xn
1-x
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Question 17

P(n):2°" —3" is divisible by 5
P(1):2°-3

=8-3

=5 which is divisible by 5

- P(1) is true

Let P(k) be true

2% —3* is divisible by 5
=2%-3=5m, meN
P(k+1) LH.S

Q3K g
_ gtk _qu

= 2% % 2% —3x 3"

=8x 2% —3x3*

=5x2% +3%x 2% —3x 3"

=5x2% +3(2% -3")

=5x 2% +3(5m)

=5x 2% +5(3m)

=5(2% +3m)

Asm,k,2¥* +3meN

5(2% +3m)=5q, geN

-.5(2%+3m) is divisible by 5

- P(k+1) istrue

As P(1) is true and the truth of P (k) implies the truth of P(k +1)

by mathematical induction P(n) is true
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Question 18

P(n):4">3n+7,n>1
P(2)LHS

4’ =16
RHS=3x2+7=13

- P(2) istrue

Let P(k) be true
4> 3k +7

P(k+1) LHS

4kt

=4x 4

>4x(3k+7)

=12k +4x7

=4k +4+8k +24
=4(k+1)+7+8k +17
Ask>08k >0
>4(k+1)+7

- P(k+1) istrue

As P(2) is true and the truth of P (k) implies the truth of P (k +1)

by mathematical induction P(n) is true
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Question 19

k) be true
£/(x) = ke
P(k+1) LHS
f(x)=x"

£(x) = lim f(x+h)—f(x)

h—0

L (x+h)k+ —xH
_LIEE)]—

~(x+h)(x+h) = xxx*
L (eh)(xh)

h—0 h
o x(x+h)k—x><xk+h(x+h)k
_L'Dg h
x| (x+h)< = x* k
:|imM+|imh(x+h)
h—0 h h—0 h
kK
limCE) X i ()
h—0 h h—0
= xx kx* +x*
=kx* + x*

= (k+1)x!

- P(k+1) is true

As P(1) is true and the truth of P (k) implies the truth of P(k +1)
by mathematical induction P(n) is true
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Question 20

a=3a=a,_+5 n>1
Required to prove: a, =5n-2
P(n):a, =5n-2

P(2):LHS

a=a+5

=345

=8

RHS

a, =5x2-2

=8 =LHS

- P(2) is true

Let P(k) be true

a, =5k-2

P(k+1) LHS

a. =a,+5

=5k-2+5

=5k +5-2

=5(k+1)-2

=RHS

- P(k+1) istrue

As P(2) is true and the truth of P (k) implies the truth of P (k +1)
by mathematical induction P(n) is true
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Question 21

u,=8u,=20,u, =4u,,-4u,, n=>3
Required toprove: u, =(n+3)2"
P(n):u,=(n+3)2"

P(3):LHS

u, =4u, —4u,

=4x20-4x%8

=48

RHS

U, =(3+3)x2°

=48 =LHS

. P(3) istrue

Let P(k) be true

u, =(k+3)2"

This also assumes P (k —1) be true
u_ =(k+2)2*

P(k+1) LHS

u. =4u, —4u,,
=4(k+3)2“-4(k+2)2“"
=2(k+3)2 —(k+2)2"*

=2 (2k+6-k-2)

=2 (k+1+3)

=RHS

- P(k+1) is true

As P(3) is true and the truth of P (k) and P(k —1) implies the truth of P(k +1)

by mathematical induction P(n) is true

Question 22

a cos(x—y)—cos(x+y)=2sinxsiny
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2
P(n):sine+sin36+sin56+...+sin((2n—1)6):Sm_(ne)
sin®
2
p(1)LHS sin 6RHS =S O) _ g
sino
- P(1) istrue
2
Let P(k) be true: sin9+sin39+sin59+...+sin((2k—1)9):Slr;irfze)

Required to prove:
_sin?((k+1) 6)

P(k+1);sin0+sin 30 +sin 56+...+sin((2k —1)e)+sin((2(k +1) —1)6) =

sin@
P(k+1) LHS
$in0+5in30+5in50 +...+sin((2k —1)0) +sin((2(k +1) —1)6)
:—Sir;:rfge)+sin([2(k +1) -1]0)

~ sin?(k0)+sin(2k6+6)sin6
B sin@

sinz(k9)+;[cos(2k6+9—9)cos(2k9+9+9)]

sin@

Sinz(k9)+;[cos(Zke)—cos(Z[k9+6])]

sin®
. 1 -
:sm (k9)+§[cos(2k6)—(1—23|n (k9+9))]
sin®
2$in2(k9)+cos(2k6)—(1—23in2(k9+9))
- 2sin0
_ 2sin?(k6)+cos(2k6)—1+2sin’ (k6 +6)
- 2sin0
25in2(k9)+(1—23in2(ke))—1+25in2(6(k+1))
- 2sin0

_sin?(6(k+1))
sin®
- P(k+1) is true
As P(1) is true and the truth of P(k) implies the truth of P(k +1)
by mathematical induction P(n) is true
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Question 23

dx
J.\/4+4x— x?
dx

j\/8—(x2—4x+4)

d
Zf—xz

Question 24
F i
0 cosx+1
2
t=tan| = ,cosx:l tz,dx= 2dt2
2 1+t 1+t

x:g:tzl,x:O:ﬂ:O

F L x
0 cosx+1
B
2
01—t2+11+t2
1+t
ot 1 2dt
l-t? 1487 14t
1+t% 1+t?
L
0 2 14t
1+t?
11+t 2 dt
0 2 1+t

=ﬂ1m

=[x,
-1
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Question 25

dx
J‘x2—2x+10
-[x —2x+1+9
_J. +32

1 B (x—lj
="tan”" | — |+¢C
3 3

Question 26
1
j;dx
x(x-2)

1 A B
—:_+—
x(x-2) x x-2
= A(x-2)+Bx=1
Letx=0
-2A=1

:—lln|x|+—ln|x—2|+c
2 2

1
==In
2

X—2

X

+C
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Question 27

y7£1:i—dx
X +3X+2
_J‘ 2X 1

x+2 x+1

2X 1 A N B
(x+2ﬂx+b X+2 X+1
= A(x+1)+B(x+2)=2x-1
Letx=-1
B(-1+2)=-2-1
B=-3
Letx=-2
A(-2+1)=—4-1
-A=-5
A=5

2x-1 5 3
(x+2ﬂx+1y_x+2_x+1

2x 1
I(x+2 X+1) _I(x+2 x+1j

:I dx—j X

X+ 2 X+1

=5 —E—dx—S —E—dx
X+ 2 X+1

:th+ﬂ—3mh+Q+C

(x+2)

(x+1)

=In +C
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Question 28

X

J.(x+2)(x+3)
X A B

(x+2Xx+3):x+2+x+3

= A(x+3)+B(x+2)=x

Letx=-3

B(-3+2)=-3

~B=-3

B=3

Letx=-2

dx

X _ 3 3 2
(x+2)(x+3) x+3 x+2

X 2
[t [

= idx— de
X+3 x+2

—3j— dx -2 —dx
+2
_3In|x+3|—2ln|x+2|+C

(x+3)3

=In 5
(x+2)

+C
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Jox

19



Question 29

jemdx

X

Let u:lnx,d—u=1, dx=xdu
dx x

Ie In(x) dx=Le%x du = Leu du

X

e
uz}
1

1 2 1 2
=—(Ine) —=(Inl
S(Ine)’~~(In1)
_1
2
Question 30
" xee*dx
0
Let u'(x)=¢" v(x) = x*
u(x) =e* V'(X) = 2x

jonsu (X)v(x)dx = u(x)v(x) —.folnsu(x)v'(x)dx
Iex x X*dx = [exle)n3 —Iex x 2X dx
= [equ:3 —~ 2_[ xe*dx
jxexdx
Let u'(x)=¢" v(X) =X
u(x)=e" V'(x)=1
ju'(x)v(x) dx =u(x)v(x) —Iu(x)v’(x) dx
Jerxxdx =e*x—[e*x1 dx
=e*x—e"
j;"3x2exdx = [xzex]:3 ~2[ xe* - ex}:s
=3(In3)" -2(3In3-2)
=3(In3)° -6In3 + 4
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Question 31
Iexsin(x)dx
Let u'(x)=¢* v(x) =sin(x)
u(x) =¢e* V'(x) =cos(x)
Iu’(x)v(x)dx =u(x)v(x) —J'u(x)v’(x)dx

Iex xsin(x)dx = exsin(x)—J'eX x €os( ) dx

Iex x os( x)dx
Let u'(x) =¢* v(x) = cos(x)
u(x)=e" V'(x) =—sin(x)

ju'(x)v(x)dx =u(x)v(x) —ju(x)v’(x)dx
[e*xcos(x)dx = e*cos(x) + [ " xsin(x) dx

=" cos(x)+ [ e* xsin(x)dx

[ersin(x)dx =e" sin(x)—(eX cos(x)+ e’ xsin(x)dx)

Zjexsin(x)dx = e*sin(x)—e*cos(x)+C

:%(sin(x)—cos(x))+c

Question 32

Isin’lx dx

Let u'(x)=1 v(x) =sin™ x
u(x) = x V'(X) = !

J1-x*
j u'()V(x)d = u(x)v(x) - j u(x)v'(x)dx

dx

jlx sin”* xdx = xsin* x—J‘x

=xsintx++1-x*+C

1-x?
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Question 33

1
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Question 34

18-12

amplitude=a = =3m

8+12

centre= ! =15 m

period=P =6x2=12h
27

12
n

271
—=nN
12

n=

o3

d =-3cos (%tj +15

16 =-3cos (%tj +15

—3cos(n—tj:1
6
mt 1
cos| — |=—=
5

n—t =1.91 for earliest time

t =365 h s3h 39 minutes
12:30p.m.+3h39min=4:09p.m.
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Question 35
Horizontal motion

0
C

5

X

Whent=0, x =V cos =12 cos 15°

6J3=C

X =6+/3
x=(6x/§)t+ D
Whent=0,x=0
0=0+D

D=0

X =12t cos 15°
Vertical motion

y=-g=-9.8
y=-98t+E

Whent=0, y=Vsin0=12sin 15°

12tsin15°=0+E

E =12tsin15°
y=-981t+12tsin15°

y =—49 t* +12tsin15°+F

Whent=0,y=0
0=0+0+F
F=0

y =—49t* +12tsin15°
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Long jumper lands wheny = 0.

0=-4.9t* +12tsin15°
0=t(—4.9t+12sin15°)
4.9t =12sin15° t>0
(_12sin15°

4.9

Substitute into x:

X =12t cos 15°

X = 12(%j cosl5°
49

_ 144sin15°cos15°

- 4.9

_ 72(2sin15°cos15°)
- 4.9

_ 72(sin30°)
49

=7.346...

~7.3m

Question 36

Let h be the height of the target and d be the horizontal distance between the projectile and
the target at the start.
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For the target:
Jr =g
Jy =—gt+C
Whent=0,y, =0
0=0+C
C=0
Jr ==t

1
m:—ggt+D

Whent=0,y; =h
h=0+D
D=h

1 .
=—=gt°+h
Yr 29

For the projectile:

YP =-0

Yo =—0t+E
Whent=0,y, =Vsinéd
Vsind=0+E
E=Vsing

Yo =—0Qt+Vsing

Yo = —%gt2 +Vtsind+F

Whent=0,y, =0
0=0+0+F
F=0

Yo = —% gt*> +Vtsin@
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Need to find when and where the projectile will be at x = d.

For the projectile:
Xo =0
X, =G
Whent=0, x, =V cos@
Vcosd =G
X, =V cos6
X, =Vtcoso+H
Whent=0,x, =0
0=0+H
H=0
X, =Vtcosd
d =Vtcosé
(o d

V cosé

Substituteinto y,:

d ). . 1 d Y
=V sinfd——
Ve (V cosej ZQ(V cosej

_gd”
2V?cosd
Substituteinto y;:

y——lg( d T+h
T 2%(Vcoso

o gd®
2V2cosd

Yy, =dtand—

Yr =

Buttan g = g from the right-angled triangle.

h=dtané@
gd’

=dtanfd-——
Y 2V 2 cos 6

which proves that yp = yr at the same time t = .
V cosO

So the projectile will hit the target at that height yp = y7.
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Question 37

Assume g = 9.8 m s72

V=u+at
0=u+(-g)x1
u=g=98ms™*

s=ut+£at2
2

s=g+5(-0)(1)

s—lg
2
s=49 m

Question 38

v =256 —64x>

%vz =128-32x?

Maximum speed occurs when x =0

v? =256
v=16 ms™
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Question 39

a
Assume initial velocity is 0 m s™.
mv
F=mg-—
J 10
azg-¥
10
A 10g-v 100-v
10 10
b
vﬂ _ 10g -v
dx 10

dv_10g-v 100-v

dx 10v 10v

% B 10v

dv 100-v

& o120
dv 100—-v
dx_ -10{ 1+100 -1
dv 100—v
98 -10-1000 -1

dv 100—v

x =-10v-1000In(100-v)+c
Whenx=0m,v=0ms™
0=-1000In(100)+C

C =10001In(100)

x=—10v—10001n (100—v)+1000In (100)

X =-10v+1000In 100
100-v
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When x=40(water level)

40=—10v+1000|n( 100 j

40+10V—1000|n( 100 ij
100

-V
40 10 100
——+——Vv—In =0
1000 1000 100-v
-1
0.04-+— +In( 100 j =0
100 100-v
v +|n(100_"j+0.04=0
100 100
L+In 1—L]+0.04=0 asrequired
100 100
2
C F=ma=mg- mv
10
2
a=10- v
10
_100-v?
10
100-v?
a=
10
Terminal velocity occurs whena =0
0= 100-v,?
10
0=100-v;’
v;? =100
v; =10 ms™

© Cengage Learning Australia 2019

30



Question 40
Equating horizontal forces

Nsin® = uN coso
_sin®

u_cose
p=tan0

=tan0

&l

(es]
I

30°

Question 41
Vertical forces

mg = N +820sin10
N =mg —820sin10

Horizontal forces

F =—uN +820cos10°
F =820c0s10°—0.04(mg —820sin10°)
F=13.24
F =ma
F

a=—
m

13.24
a=—"—

2000
a=0.0066 ms™
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Question 42

dv
—Y =-10-kv
dt Y

1 kdvy B
k10+kvy_

%In(10+kvy):—t+c

1In(10+kE]:c

k 2

1|n(10+ kv )=—t+1|n(10+ kEj
k y k 2

For maximum heightv, =0

Eln(10)=—t+£|n(1o+%j
k k 2
10+@
t==In 2
k 10

Givenv; =11
my = mg — mkv
y=0,v; =11
g=kv

10

k="
11

t=057s
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