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PREFACE

Maths in Focus 12 Mathematics Extension 2 is
written for the new Mathematics Extension 2
syllabus (2017). Although this is a new book,
students and teachers will find that it contains
the familiar features that have made Maths in
Focus a leading senior mathematics series, such
as clear and abundant worked examples in plain
English, comprehensive sets of graded exercises,
chapter Test yourself exercises and practice sets of
mixed revision and exam-style questions.

The Mathematics Extension 2 course is designed
for students who intend to study mathematics
at university, possibly majoring in the subject.

AB UT TH

is Head of Mathematics at
Trinity Catholic College, Lismore, where he
has spent most of his teaching career of over
35 years. He has taught pre-service teachers
at the Southern Cross University, written
HSC examinations and syllabus writing
drafts, composed questions for the Australian
Mathematics Competition and recently
co-authored Nelson Senior Maths 11-12 Specialist
Mathematics for the Australian Curriculum.

is Head of Mathematics at
Ascham School, Edgecliff, and has worked in the
finance sector and in tertiary/adult education as
a lecturer. She has been a senior HSC examiner
and judge, an HSC Advice Line adviser, served
on the editorial team for the MANSW journal

ISBN 97807043435

The theory presented in this book follows a
logical order, although some topics may be
learned in any order. We have endeavoured to
produce a practical text that captures the spirit
of the course, providing relevant and meaningful
applications of mathematics.

"The NelsonNet teacher website contains
additional resources such as worksheets,
ExamView quizzes and questionbank, topic tests
and worked solutions (see page viii). We wish
all teachers and students using this book every
success in embracing the new Mathematics
Extension 2 course.

AUTHORS

Reflections, and recently co-authored Nelson
Senior Maths 11-12 Specialist Mathematics for the
Australian Curriculum.

and also wrote the
topic tests.

wrote the ExamView questions.

wrote the worked solutions to all
exercise sets.

Preface
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ABOUT
THIS B

* Each chapter begins on a
double-page spread showing
the Chapter contents and a
list of chapter outcomes

* Terminology is a chapter
glossary that previews the
key words and phrases from
within the chapter

js: Ane
(AR

ayfbkgarud

MATHS IN FOCUS 12. Mathematcs Extenson 2 ISBN 97807043435



IN EACH CHAPTER

¢ Important facts and formulas are highlighted 3 nvsricanion [

in a shaded box. M o i oo impuo e

* wh h dnon whn w up poo nd o u gou whn ppyng h
* mhm gohm o h h onuon vd.

* Important words and phrases are printed CSuiphpooh = bownd youn adho. el
. . . . * omwh bu -t
in red and listed in the Terminology * profihn = 1
© Cond h omp numb i=y=.
chapter glossary. o b
ises i LA
* Graded exercises include exam-style problems L Fl
and realistic applications. C v

*  Worked solutions to all exercise questions e

are provided on the NelsonNet teacher e §
website. 204 Proofsinvling numbers
) 1 h on ww dvop om hnqu o povg ommon pop o numb.
¢ Investigations explore the syllabus in more Pe————

A

detail, providing ideas for modelling activities
and assessment tasks.

* Did you know? contains interesting facts
and applications of the mathematics learned
in the chapter.
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AT THE END OF EACH CHAPTER

¢ Test yourself contains chapter revision exercises.

* Practice sets (after several chapters) provide a comprehensive variety of mixed exam-style
questions from various chapters, including short-answer, free-response and multiple-choice

questions.
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AT THE END OF THE BOOK
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Answers and Index (worked solutions on the teacher website).
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NELSONNET STUDENT WEBSITE

Margin icons link to worksheets and chapter quizzes found on the NelsonNet student website,
www.nelsonnet.com.au. These include:

Worksheets Chapter
quizzes

e Worksheets that are write-in enabled PDFs

® ExamView quizzes: interactive and self-marking

NELSONNET TEACHER WEBSITE

The NelsonNet teacher website, also at www.nelsonnet.com.au, contains:
* A teaching program, in Microsoft Word and PDF formats

e Topic tests, in Microsoft Word and PDF formats

e Worked solutions to each exercise set

e Chapter PDFs of the textbook

¢ ExamView exam-writing software and questionbanks

* Resource Finder: search engine for NelsonNet resources

Note: Complimentary access to these resources is only available to teachers who use this book as
a core educational resource in their classroom. Contact your Cengage Education Consultant for
information about access codes and conditions.
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NELSONNETBOOK

NelsonNetBook is the web-based interactive version of this book found on NelsonNet.

* To each page of NelsonNetBook you can add notes, voice and sound bites, highlighting, weblinks

and bookmarks
e Zoom and Search functions

* Chapters can be customised for different groups of students
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MATHEMATICAL

VERBS

analyse: study in detail the parts of a situation

apply: use knowledge or a procedure in a given
situation
classify, identify: state the type, name or feature

of an item or situation

comment: express an observation or opinion
about a result

compare: show how two or more things are
similar or different

construct: draw an accurate diagram
describe: state the features of a situation

estimate: make an educated guess for a number,
measurement or solution, to find roughly or
approximately

evaluate, calculate: find the value of a numerical
expression, for example, 3 x 87 or 4x + 1 when
B=5

expand: remove brackets in an algebraic
expression for exampl, expanding 3(2 y + 1)
gives 6y + 3

explain: describe why or how

factorise: opposite to expand, to insert brackets
by taking out a common factor, for example,
factorising 6y + 3 gives 3(2y + 1)

give reasons: show the rules or thinking used
when solving a problem. See also justify

ISBN 9780170413435

increase: make larger
interpret: find meaning in a mathematical result

justify: give reasons or evidence to support your
argument or conclusion. See also give reasons

rationalise: make rational, remove surds

show that, prove: (in questions where the
answer is given) use calculation, procedure or
reasoning to prove that an answer or result is
true

simplify: give a result in its most basic, shortest,
neatest form, for example, simplifying a ratio or
algebraic expression

sketch: draw a rough diagram that shows
the general shape or ideas, less accurate than
construct

solve: find the value(s) of an unknown
pronumeral in an equation or inequality

substitute: replace a variable by a number and
evaluate

verify: check that a solution or result is correct,
usually by substituting back into the equation or
referring back to the problem

write, state: give the answer, formula or result
without showing any working or explanation
(This usually means that the answer can be found
mentally, or in one step)

Mathematical verbs
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Imaginary numbers were first noticed by Hero of Alexandria in the 1st century CE. In 1545, the

ltalian mathematician Girolamo Cardano wrote about them, but believed negative numbers did not e,
have a square root. Imaginary numbers were largely ignored until the 18th century when they were
studied by leonhard Euler and Carl Friedrich Gauss.

Imaginary numbers are useful for solving physics and engineering problems involving heat
conduction, elasticity, hydrodynamics and the flow of electric current.
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learn about complex numbers of the form z= a + b where a, b are real numbers and
determine the real and imaginary parts of a complex number

perform arithmetic operations with complex numbers

realise the denominator of a complex number

find the square rootf of a complex number

find the complex conjugate of a complex number

represent complex numbers in the complex plane

add and subtract complex numbers in the complex plane

find the modulus and argument of a complex number

convert a complex number in Cartesian form to polar form

multiply and divide complex numbers in polar form

prove properties of complex numbers involving modulus and argument
prove properties of complex numbers using Euler's formula
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Complex
numbers

Complex
conjugates

Complex
number
operations

Complex
conjugates
and inverses

TERMINOLOGY

Argand diagram: A diagram usetE)o represent geometrically the complex number z = # + ib as the

point P(a, b) or the vector z or OP on the complex plane.

YA
Pla, b)
yp------- °
|
1
0 x

argument: If a complex number, 2, is represented
by a vector in the complex plane, then the
argument of z, denoted arg z or 6, is the angle
that the vector makes with the positive x-axis.

Forz:a+ib,tan6:£.

a

C: The set of complex numbers.

Cartesian (rectangular) form:The notation
z =4+ ib for a complex number.

complex conjugate: The conjugate of
z2=a+ibisz =a—1ib.

complex number: A number that can be
written in the form # + ib, where 2 and b are
real numbers. It is a member of C, the set of
complex numbers.

complex plane: A number plane for graphing

complex numbers. Also called Argand diagram.

exponential form: The notation z = 7¢® for
a complex number, which involves Euler’s
formula.

1.01 Complex numbers

Imaginary numbers

Im(z) A
P(z)

o Re(z)

Euler’s formula: For any real 6,
¢®=cos @ +isin®

imaginary number i: The number such that
i =+~1, which implies 7 = 1.

imaginary part: The imaginary part of
z=a+1bis Im(z) =b.

modulus: If a complex number, z, is represented
by a vector in the complex plane, then
the modulus of z, denoted mod z, |z| or 7,
is the length of the vector. For
Z=ﬂ+ib,7’=|z|=\/6l2+bz.

polar form: The notation z = 7(cos 6 + 7 sin 6)
for a complex number. Also known as
modulus—argument form.

real part: The real part of z =4 +ib is Re(z) = a.

vector: A quantity with both magnitude and
direction, represented graphically by an arrow
with specific length and direction.

Imaginary numbers arose because mathematicians wanted to solve equations such as
«° + 1 =0, which have no solutions in the set of real numbers. If we define v/—1 =7 then all

quadratic equations will have solutions.

The imaginary number i

The imaginary number 7 is the number such that i = /1.

An imaginary number is a number that can be written in the form &7, where & is a constant

and real number.

For example, 37, — and +/2/ are imaginary numbers.

@ MATHS IN FOCUS 12. Mathematcs Extenson 2
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a  Express each imaginary number in terms of 7.

iy i Vo5 ki 10

b Simplify: E
i 7 i 7 i * v
¢ Solve the equation * + 1 = 0.
Solution
a i J9=J-1x9 il 75 = V-1 x4/25 %43
—ix%3 =ix5x~f3
= =5i\3
i [10 _J-1x+10
49 J49
10
7
b i 2=/ 1) i A=Pxi i =X
=1 =(-1)xi =D x (1)
iv 0= %t x or 0=
=1x1x(-1) = (1)’
c £+1=0
xF=-1
xzi\/—_l

x==i

Complex numbers

We have seen that a quadratic equation can have solutions with rational and irrational parts,
for example, &% — 6x + 7 = 0 has solutions x = 3 % /2. Similarly, some quadratic equations have
solutions with real and imaginary parts, for example, x = 5 £ 37. In this case, we say that the
solutions are complex.

A complex number is a number that can be written in the form # + 7, where # and & are real
numbers.

A complex number is often denoted by the letter 2, so z = a + ib.

ISBN 97807043435 1. Complex numbers @



Real and imaginary parts of a complex number
The real part of z = 2 + ib is denoted by Re(z) where Re(2) =«

The imaginary part of z = 2 + i/ is denoted by Im(z) where Im(z) =&

If Re(2) = 0 then we say that z is purely imaginary.
For example, 2/, —5i and —/10/ are purely imaginary.

If Im(z) = 0 then we say that z is purely real or just real.
For example, 12, /7 and 2 — /3 are purely real.

The set of complex numbers is shown as C, and includes R, the set of real numbers.
All real numbers are also complex numbers.

a  Solve the equation & + 2x + 10 = 0 using the quadratic formula.

b Solve the equation &” — 4x + 7 = 0 by completing the square.

¢ Factorise x* — 2x + 5 as a difference of 2 squares, then solve the equation
x*—2x+5=0.

Solution

a Z+2x+10=0

_ b+ —4ac

X
2a
—2+,J22 —4(1)(10)
B 2(1)
_ 2+4-36
2
_ 246i
2
=-1%+31
b K —4x+7=0
-4 +4+7=0+4
x-2+7=4
(x-2"=-3

x-2=+J-3
x—Zziz\/g
x=Zii\/§

@ MATHS IN FOCUS 12. Mathematcs Extenson 2 ISBN 97807043435



¢ First complete the square, then note that +4 = —4*.

=245 =0"-2w+1-1+5
=(w—17+4
=(v— 1) - 44
=@w—-1-2)0x—1+2i)
Hence solving:
#-2x+5=0
x—1-20)x—-1+24)=0

sLx=1+2iorx=1-2i

State the real and the imaginary parts of each complex number.
3-i5
%=
2
il z=x—dy+5+3 where x,y eR

Solution

3-iS 3 i
5 can be expressed as z = 5 g

Therefore Re(z) = % Im(z) = —ﬁ.

2
il z=x—1iy+5+3ican be expressed as z = (x + 5) + i3 — y).
Therefore Re(z) =x + 5, Im(2) =3 — .

Complex conjugates

Earlier, we saw that the quadratic equation &> — 6x + 7 = 0 has solutions x = 3 ++/2. Recall
that 3 ++/2 and 3 —+/2 form a conjugate pair and the product (3 + \/E)(3 - \/E) =71is
rational. Similarly, the solutions to the quadratic equation x* — 4x + 7 = 0 are x = 2 +44/3.
Note that 2 +i+/3 and 2 — /3 form a complex conjugate pair and their product is real:

Q+i3)2 —i3) =2 - (\3)

=4 -3/
=4-3(-1)
=4+3
=7

ISBN 97807043435 1. Complex numbers @



Complex conjugate

For a complex number z = # + ib (where # and 4 are real numbers), its
complex conjugate is denoted by z and z =4 — ib.

The product 2z is real.

a  State the conjugate of each complex number.
i3 o 2x=Si—ix+3y
2 - v+ _)’2

where x,y € R

b  Ifz=a+ibwherea, b e R, prove that the product 27 is always real.

a, b e R means ‘a and b are real numbers’

Solution
. -1+iV3 , _ . -1-i3
a i w= 5 2 the conjugate w is w = TR
o . —5i—i 20+3y—i(5
il Regrouping z = w we have z = x+)2/—z(2+x) so the
x4y X"ty
) .
conjugate is z = w
x“+y
b Proof:
22 = (a + ib)(a — ib)
=a’ — i
=d* - (-1)V
=a +

Since both 4, b € R, then &’ + #* is also real, therefore =z is always real.
) Wt

MATHS IN FOCUS 12. Mathematcs Extenson 2 ISBN 97807043435



Operations with complex numbers

Just like real numbers, complex numbers can be added, subtracted, multiplied and divided.
When operating with surds, we group or equate the rational and irrational parts.
When operating with complex numbers, we group or equate the real and imaginary parts.

Equivalence of complex numbers

For complex numbers # + i and ¢ + id (where 4, b, c and d are real numbers), @ + ib = ¢ + id
ifand only if #=c AND b =d.

a Ifxandy are real, solve the equation 2x — 67 — 2yi + 10 = 0.
x+yi—=3+ix—2y+5i
b Ifw= T
X +y
xand yif Re(W') =0.
Solution
a 2x—6i—2yi+10=0 means 2x — 6 —2yi + 10 =0+ 0z
(Qx+10)+i(—6—-2y)=0+0i
Equating real and imaginary parts:
2x+10=0 —-6—-2y=0
2x0=-10 “2y=6
x==5 y=-3
b W:x+yi—3+ix—2y+5i:(x—3—2y)+i(y+x+5)
2y FEIY:
If Re(W) = 0 then
H=3=2
=0
X +y
sLx—2y-3=0

where w, y are real, find a relationship between

ISBN 97807043435
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Simplify each expression.

a 3-7i+4+9

b 6i(1+2i)—4(5 -4

¢ (2+3)2-3)-@E-i)

Solution

a 3-7i+4+9=7+2
b 6i(1+2i)—4(5—4)=6i+ 12 -20+ 16 Note that we can replace
2 by —1 when it arises.
=22i+12(-1)-20

=22i-12-20
=-32422
¢ Q+3)Q2-3)-@G-i)=4-97-(16-8i+7)
=4-9(-1)-(16-8i—1)
=4+9—(15-8i)
=13-15+8;
=-2+8:

EXAMPLE 7

Find the quadratic equation with roots 0= 2 —3/5 and B =2 +i+/5.
Express your answer in the form 4z + bz + ¢ = 0 where 4, b, ¢ are real.

Solution

A quadratic equation with roots o and B can take the form (x — o)(x — B) = 0.
Expanding, we have 22— (0 +P)z + of = 0.
Now substitute 0= 2 — /5 and B =2 +i/5:
2= [2-i5)+Q+iV)z+ 2 -iV5)2 +i5)=0
2 —dz+@-5=0
Z—4z+@+5)=0
2 —42+9=0
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Realising the denominator

When simplifying surds with a rational denominator, we multiply the numerator and
denominator by the conjugate surd to rationalise the denominator. Similarly, when
simplifying numbers with a complex denominator, we multiply the numerator and
denominator by the complex conjugate to realise the denominator.

Realising the denominator

To realise a denominator z of a complex number, we multiply the number by 2.
zZ

EXAMPLE 8
Simplify each complex number by realising the denominator.
1 b 2+2V3 1 1
— ¢« —— + —
1+ B-i V2+i2  1-i
Solution

= X— E 24203 24213 3+i
1 B-i  B-i  B+i

"1 _ 2\3+2i+6i+2%\3
_1-i - 342

T 11 _2B+8i-2\3
_1-i R
-2 8

1L 4

2 2 =2

1 1 (1 V2-id +(Lxﬁ)
V+i2 1-i (2+i2 " 2-iv2 ) =i  1+i
2-i2 1+i

=t —

2+2 1+1
_N2-i2 1+i
4 2
J2-i2+2+2i
R
ﬁ+2+—i 2+2i
4 4

2+\/§+(2—\/§}.

4 4
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. INVESTIGATION (R

: POWERS OF i
. 6 16

* We have seen the powers of 7: 7, i, 7, i*. Evaluate 7°, °, ..., i
. Can you see a pattern?

Evaluate i'% and i°.

Can you see a way to evaluate i ~'?

Exercise 1.01 Complex numbers

1 Simplify each expression, writing the answer in terms of 7.

a J4 b J7 ¢ |-L

9
d V12 e -2;‘5 £ JC2 =300
-7 -13 . 99
g ¢ h 1 7
4
jooitA R kL I l
7 13

2 Find the roots of each quadratic equation.

a =-4 b ++9=0
I d 52°+100=0
36
3 Use the quadratic formula to solve each quadratic equation.
a +2r+3=0 b +¥-x+6=0
€ 27+32+3=0 d 32-52+9=0
4 Complete the square to solve each quadratic equation.
a " -2r+3=0 b »-4x+11=0
¢ 2*+82+20=0 d 2*-2:+4=0

5 For each quadratic equation, factorise the expression as a difference of two squares, then
solve the equation.

a ¥-2¢+2=0 b v-6v+12=0
¢ w+4w+10=0 d 22+2247=0
e 2+z+1=0 f 2’-32+4=0

6 State the real and imaginary parts for each complex number, where 4, 4, x, y e R.

b 5-i\2

a 341 5 ¢ 6i-3
d ¥yt 342 e 4;+21b2 f x—z—4:—zx—26y+yz
a”+4b x“+y
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7 Determine the conjugate for each complex number in Question 6.

8 Evaluate each product.

a (2+3)Q2-3i) b (1-i/2)1+iV2)
¢ GitdEi-9 d [i_ﬁ)[iﬁ)
2 2 2 2
(4+z‘)(4—i) ¢ (V22224212
3 3 8 8
9 For each complex number z, find zz. Assume 4, b, x, y € R.
a z=5+6; b z2={3-i ¢ z=4-3
1+i\3 1 4
d : : e = z=5+i\3
g z2=2a-3ib h z=x+y+i(x-y)

10 Ifz=w — /v where w, v € R, prove that 2% is real.
11 Ifz=a+iband w=c+id where a,b,c,d € R, prove thatz+ w =z + w.

12 By equating real and imaginary parts, solve each equation for x and y.
a 2x+8i-4+iy=0 b 3x+2y=9-8
€ x+y+2xi—yi=7+8i d 3x-2y-8+uxi+3yi-10i=0

13 Given z =3y — 6i +xi — 8 + yi and Im(z) = 0, find a relationship between x and y.

14 Simplify each expression.
a 4-3i+7i-8
c (2-9)7
e f5-4)(5 +4)
9 (V2+i)(2-i3)-i(\6 +2i)
15 Show that:
a (1+i\/§)(\/§+ i) is purely imaginary
b (\/E+ z’ﬁ)(—ﬁ+ z\/f) is real

16 a Find a quadratic equation az” + bz + ¢ = 0 that has the complex conjugate roots:

P24 i s iii %i?i v 443

In each case, verify that the coefficients 4, b and ¢ are real.

2B +i)—i(7 - 2i)
@+ -39)
3(8i— )2 +1)
(@—iy) = (@ +iy)’

= ™ o U

b Copy and complete the statement: A quadratic equation with complex conjugate
roots will have coefficients.

17 Realise the denominator of each complex number z then state Im(z).

a .o b b .o lti 57 d B-i2

c =
2= 12 T34 T Btz
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18 Show that:

2t is purely imaginary b ﬂ is real
1+i (1-i\3)?
19 Simplify each expression.
o 1 b 1
(1+2i)? W3+i3)? (3-i3)

20 a Find a quadratic equation in the form #z* + bz + ¢ = 0 with non-conjugate roots 3— i

and 2 + 94. Identify the values of #, & and ¢. Are they real?

b  Copy and complete the statement: A quadratic equation with complex

non-conjugate roots will have some coefficients that are not

21 Find the values of x and y, where x and y are real, if:

a x+iy=2_3l‘ b (+iy(1-5)=2+i

22 Ifz=5-2iand w=-3 + 4, evaluate each expression.

z
a Zw b zZ—w C —
w

1.02 Square root of a complex number

Square root of a complex number

To find \/a +ib, let a + ib = (x + iy)’, x, y € R, then equate real and imaginary parts.

Find /5 +12i.

Solution

Let+/5S+12i =x + iy where x and y are real.
Then, squaring both sides,
5+ 12i= (x + iy)’

= 2 + 2uyi + 7y

=’ —y2+2xyi

MATHS IN FOCUS 12. Mathematcs Extenson 2
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Equating real and imaginary parts,

5=x2—y2
12 = 2xy
xy =6

Method 1: Solving by inspection
By inspection, we can see thatx=3,y=2 ORx=-3,y=-2.
Therefore 5+12i =3+2i or —3-2i.

It is conventional to take the solution with the positive real part (x > 0) for the
square root of a complex number unless both roots are required.

SoV5+12i =3+2i.
Method 2: Solving algebraically

Solving simultaneously:

-y =5 [1]
xy=6 2]
From [2]:
6
=8 3]
%
Substitute into [1]:

36
2
X ——=5
xZ
' —36=5x
¥ =522 -36=0

@ =N +4)=0
¥ -9=0 xeR

x =73
Substitute into [3] to find y:
When «x = 3,y:g:2

It is conventional to take the solution with the positive real part (x > 0) for the
square root of a complex number unless both roots are required.

SoS+12i=3+2;
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Addition and
subtraction in
the plane

The complex
plane

Exercise 1.02 Square root of a complex number

1 Evaluate each square root.

a f3+4i b J5-12 ¢ 8+6i d V4
2 Find 2 square roots of each complex number.

a 15-8; b -3-4 c 21-20:

d -24+10i e -9 f
3 Find the possible values of z such that:

a z'=9+40i b '=-7+24i ¢ F=12-16i

4 a Findv-3+4:.

b  Hence, use the quadratic formula to solve the complex quadratic equation
2 —3z+(3-1)=0.

5 Solve each quadratic equation over the set of complex numbers.

a -Q+3)x+(=5+i)=0 b *-2iv-3v+6i=0

)

¢ z7—-z+2i=0

1.03 The Argand diagram

It is possible to represent the complex number z = 2 + i geometrically on a number plane,
with a horizontal axis denoted by x or Re(z) and a vertical axis denoted by y or Im(z).

"This plane is called an Argand diagram or complex plane, after the French mathematician
Jean-Robert Argand (1768-1822).

y Im(z) A
P(a, b) P(z)
/] ESp——— . =
= 0 7 % 0 Re(;)
/

%
The complex number z = # + b can be represented by the point P(z, b) or the vector OP.

A vector is a quantity with both magnitude and direction, and is represented graphically by
an arrow with a specific length and direction.

Real numbers are plotted along the x-axis so the axis is labelled Re(z), Re or sometimes «.

Purely imaginary numbers are plotted along the y-axis so the axis is labelled Im(z), Im or
sometimes 7y.

By convention, the complex number z = 0 + 07 is just written as O on the Argand diagram.
It is the origin.
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All complex numbers z = # + b correspond to a unique point (#, b) or vector z with head (z, b)
and tail O on the complex plane.

Plotting complex numbers as points

Represent each complex number as a point on the complex plane.

a u=2+3: b w=-1-4
c v=>01+2)1-20) d z=§,

i
Solution

a,b s and w can be plotted as points U(2, 3) and (-1, —4) respectively.

Im(z)A
5

4
34
2]
14

<

Nf-———-—--@

¢, d vand z need to be expressed in the form a + 7b:

v=(1+2i)(1 -2i) 3
=1+4 S
=5 3
=5+0i =757
_
-1
=-3i
=0-3;
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We can now plot v and z as V(5, 0) and Z(0, —3) respectively.

Im(z)A
54

4
3
2
14

—'5—'4—'3—'2—'110 1 2 3 4
2
—302
4

—5
\

Plotting complex numbers as vectors

Given z =3 — 2i and w = -2 + 54, plot u, u, w and @ as vectors on the Argand diagram.
Solution

We can plot a complex number as a vector on the Argand diagram with tail on O and head
on the corresponding point. This is the position vector.

uw=3-2i u=3+2i w=-2+5; w=-2-15i

Im(z)A

|

wn

N

|

w

B N S O I Y

|

=

(3]

LS

N

]

2

&

Note that the vectors of complex conjugates # and #, and w and @, are reflections of each
other in the real axis.
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Complex conjugates on the Argand diagram
On the Argand diagram, the vectors of a complex number z and its conjugate z are
reflections in the real axis.

Im(z)
z=a+ib

o Re(z)

Adding and subtracting complex numbers on the complex plane

EXAMPLE 12

Ifz=1+3iand w =4+, find 2 + w and plot z, w, —z and z + w on the Argand diagram.

Solution
—2z=—(1 +39%) z+w=>_0+3)+@+9)
=-1-3; =5+4i
Im(z)
5_
z+w
4] ErE
2 /
14 'Izu

5432190 1 23 4 5R@
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Note that the vector —z is the same length as z but in the opposite direction. Note also that
the points corresponding with O, z, w and z + w form a parallelogram. The vector addition
2+ w is the vector from O along the diagonal of the parallelogram to z + .

A similar result holds for subtraction.

The vector -z

The vectors z and —z are the same length but in opposite directions.

Im(z) 4

wa

Re(z)

The parallelogram rule for adding and subtracting vectors

Given vectors z and w, the vector sum z + w and difference z — w correspond with the

diagonals of a parallelogram.

Im(z)

The vector z+ w has tail at O and head
at the point representing z + w. It is the
diagonal of the parallelogram where z

and w are adjacent sides, from the tails

of z and w.

\

head of z.

The vector z — w has tail at O and head
at the point representing z — w. It is
translated from the diagonal of the
parallelogram from the head of w to the
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Multiplying complex numbers by a constant

We can also multiply a complex number by a constant real number (scalar), which will alter
the length of its vector. For instance, the vector 2v is twice the length of v.

EXAMPLE 13

The complex numbers #, z and v are plotted as vectors on the Argand diagram.

Im(z)

we

RZ(z)

Plot the points A4, B, C and D corresponding to the vectors —u %v u+zandu—z

respectively on the same diagram.

Solution

Im(z)

0| —

Q

Exercise 1.03 The Argand diagram

1 Plot each complex number as a point on the complex plane.
a 2-4 b 1+5; c 4 d 3
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2 Express each point shown as a complex number.

Im(z)
5 .

44
3
2
Ae 1

®B

5 432 10
-2
34
4

° -5

'F

ec

3 Plot each complex number as a vector on an Argand diagram.

a (“4-3)+(=2+2i) b (G-i)-03-5) ¢ B+ +20)
d (1+i3)1-i3) e 4Q2-5)-2i3-i) f ZL
—i
4+8i
1+
4 Plot each complex number as a vector in the complex plane.
a 15-8 b -3-4 21-20:
d -24+10; e -9 f 3
5 The vectors v and « are shown on the complex plane.
Use the parallelogram rule to plot the points IV, P Im(z)
and Z representing complex numbers corresponding
to the vectors w, p and z respectively, where: u
a w=v+u
b p=— 5

C zZ2=Uu—v

Re(z)

Q

6 On an Argand diagram, plot the vectors corresponding to each complex number z with

its conjugate z.

a z=1-if3

C

z=-4-3i
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7 'The vectors corresponding to 4 complex by
numbers are shown on the Argand diagram. 51
a State the complex number representing 4]
each vector z,v, k and w. 3
. v .
b State the complex conjugate of each ~ 2
vector in part a. . 2
¢ Plotz,7,k and @ on an Argand 5 4 5 5 2 1 2 3 4 5«
diagram. -1
k -2
_3 . E]
—4
-5

8 Represent each number as a vector on an Argand diagram.

a z=Q+i)(1-9) b w= ! - [
-2+
9 Forz=2+3:
a  Evaluate the complex numbers w = iz, v = i’z and u = i’z.

v=(f3 i)

b Plot the corresponding vectors 2z, w, v and # on an Argand diagram.

¢ What effect does multplying a complex number by 7 have on the position of its vector?

1.04 Modulus and argument

The modulus of a complex number is the length or Im() A
magnitude of the corresponding vector on the complex plane.
The modulus, 7, of 2 = # + ib is written as mod z or |z]. Z(a, b)
7’=]z‘=\/ﬂz+b2 I ib
[ -
0 a Re(2)

The argument of a complex number is the angle the vector makes with the positive x-axis

in a clockwise direction.

The argument, 0, of z =« + ib, where z # 0 + 07, is written as
arg z.

Im(z) A

tan 0 = ’ where 8 =arg z
a

Note that if z = 0 + 07, then arg z is undefined.

As with solutions to trigonometric equations, the angle 6

can take multiple values in an unrestricted domain. For this
reason, by convention, mathematicians define the principal
argument of z, Arg 2, as the unique angle in the interval (—x, .

Modulus and
argument

Complex
number
conversions

Evaluating
the modulus
of a complex

number

Evaluating
the modulus
of a complex

number 2

Mulfiplication
in the plane

Division in
the plane
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Modulus and argument

Forz=a+ b,
o r=lg=Va’+’

. tanezéwhereezargz
a

Arg z is the principal argument of 2 in the interval (-, 7t].

If 2 =1-4+/3, find 7 and Arg .

Solution

Forz=1—i\/§,ﬂ=1,b=—\/§

r=va*+b’

SR

_ &

=2
tan9=%:¥:—\/§

If we graphed z = 1—i+/3 or (1, —/3) on the complex plane, it would be in the 4th

quadrant, so 6 = —g (in the interval (-, 7).

Therefore Arg z = —g.

Im(z) 4

0 z Re(z)

|
w[a
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Polar or modulus-argument form of a complex number

We saw that a complex number z = 2 + ib can be expressed Im(2) A
in terms of its modulus 7 and its argument 6.

We know from trigonometry and the parametric equations Z(a, b)
of a circle that , |

a . b 1
cos0=—andsin 0=— 9 =

r r 0 a Re(z)

or a =7 cos 0 and b =7 sin 0. So we can write:
z=a+ib

=7cos O + i sin 6

=7(cos 0 + 7 sin 0)
So z is now expressed in terms of 7 and 6.

This is called the polar form or modulus—argument form of a complex number because it
is based on the distance and angle from the ‘pole’ or ‘centre’ that is the origin.

Polar form of a complex number
z =7(cos O + 7 sin 0)

where 7 is the modulus and 6 is the principal argument.

When z is expressed in terms of x and y, that is & + 7y, this is called the Cartesian form or
rectangular form because it is based on the number plane.

Note: Sometimes z = 7(cos 0 + 7 sin 0) is shortened to z = 7 cis 0, where cis 0 stands for
cos B +7sin 6.

Express each complex number in polar form.

a z2=—2+i2 b z:Z(cosg—ising)

Solution

a a=-\2 b=\
= T
A

=2
tan6 = £2 =—land z = —/2 +i/2 lies in the 2nd quadrant, so 6 = %
(in the interval (-, 7).
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L volar £ 3t .. 3n 2
n polar form, z =2 cosT+zsmT c N

0 Re(z)

oL, W), . L .
b :z= Z(COS o g) is not in polar form since it is not in the form

z =7(cos 0 + i sin 0) where the cos and sin terms are separated by
a + sign. However, we can use the relations cos (-6) = cos 0
and sin (—6) = —sin 0 to express z in the correct form.

T .. T
z=2| cos——isin —
6 6
yI% .. s
=2|cos| —— |[+isin| ——
6 6

which is now in polar form.

The conjugate in polar form

The conjugate of z = 7(cos 0 + 7 sin ) is Z = 7(cos 8 — 7 sin 6) which can be written in
polar form as

z =r[cos (=0) + 7 sin (—0)].

Express z = 3(cos STE +1sin STTC) in Cartesian form.
Solution

To convert from polar form to Cartesian form, simply evaluate and expand.

( St . 575)
z=3| cos—+17sin —
3 3

4]
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Exercise 1.04 Modulus and argument

1 Find the modulus of each complex number.

a 1+i b 2+4i c 7-2i d f3+i2
e —%+§i f —5-i2 g

2 Find the argument of each complex number.

a 1+i b 3+i c 2-i2 d -5+
e -1-i f 4 g
3 Express each complex number in polar form.
press e P ,p —2-2i 1 i3
a 1-i b -1+i3 c 3 d i
@ f —2\/§—2i g _\/g
4 Convert each complex number to Cartesian form.
T .. T 1 T .. T
a zzZ(cos—+zsm—) b z:—(cos—ﬂsm—)
3 3 2 6 6
T .. T T .. T
C z=3(cos—+zsm—) d z=cos(——)+zsm(——)
4 4 3 3

¢ el BonlF] ¢ (2]

5 Convert each complex number to rectangular form.

a z:%(cosg—ising) b z=\/§(cosszn—isin%c)

A T\ .. T
c z:—Z(cos—+zsm—) d z=- cos(——)ﬂsm(——)
2 2 4 4

e z= Bﬁ[cos (-m)+i sin (-m)] f == i{cos (—g) —7sin (—g)]

o = len{Fon(3)

=
IN]
I
(]
| —|
o
(@]
w
|
wn
&g
N—
|
@
]
VN
P
N——
—
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6 Write each complex number graphed in modulus—argument form.

a Im(z) A . b Im(2)
3
T
- 3 > - >
0 Re() OINGE Re(2)
5
w
\ \
c Im(z) | d Im(z)
B NEH
T
- 6 > - 0 >
0 Re(z) ZTR Re()
2
v
\ \
e Im(z) ) f Im(z) )
< Z e < o
-3 0 Re(z) 0 Re(z)
we —6
\ ] /

7 Plot each number on an Argand diagram and express it in modulus—argument form.

a -2 b -3
¢ L d l(cosE—isinEJ
3 2 6 6
3n 3n
e —|cosErisinl fo2-203i
(cos 4 7sin 4) NEY
g 2
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8 Express each number in polar form. Where necessary, give an approximation to the
argument in radians.

a 2+i b -5+7i

C 4 d 4(0057—n+isin7—n)
6 6

5
e 2( s—+zsm—n) N N T}

g cos —3 —isin _STE) h \/E(singﬂ'cos g)

. NE) . ( T 315)

i Ly j sin ——7 cos —
44 4 4

1.05 Properties of moduli and arguments

There are many advantages in using polar form on operations with complex numbers,
especially when multiplying or dividing them. They rely on the properties outlined below. Polor

complex
number
operations

Properties of moduli and arguments

Let z; =r(cos 0, + i sin 6,) and z, = r,(cos 6, + i sin 0,).
Property 1: Product of 2 complex numbers

212y = rlrz[cos (8,+6,)+isin (6, +6, )]

Property 2: Quotient of 2 complex numbers

L r—[cos (91 —92)+i sin (91 —92)], 2, %0

%

Property 3: Power of a complex number

Let z = 7(cos 6 + 7 sin 0).

2" =7"(cos 10 + i sin n0) where # is an integer.

This is an extension of de Moivre’s theorem, which you will meet in Chapter 4.

Property 4: Reciprocal of a complex number

2z 1= (cos 0 —isin 0),z # 0

Property 5: Negative power of a complex number

2" =7"[cos (—n6) — i sin (—n0)], z # 0 where # is an integer.

Let z; =7/(cos 8, + 7 sin 6,), 2, =7,(cos 6, +7sin 0,), ..., 2, =7,(cos B, + 7 sin 6,).
Property 6: Product of complex numbers

212923...2, = F7l3...7,[cos (0] + 6, + 0; +...+ 0,) + i sin (0; + 0, + 0; +...+ 0,)] where 7 is
an integer.
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We will prove properties 1 and 4 below. The others can be done as an exercise.

Proof of Property 1: Product of 2 complex numbers

Using the identities cos (4 + B) = cos A cos B —sin A sin B
and sin (4 + B) =sin A cos B + cos A sin B we have:

212, =7(cos By + i sin 0,) X 7;,(cos 8, + 7 sin 6,)
=7,75(cos 0, cos 0, + cos 0, 7 sin 0, + 7 sin O; cos 0, + 7 sin O, 7 sin 6,)
=7,7;[cos 0, cos 6, — sin 0, sin 0,+ i(cos 0, sin B, + sin B, cos 6,)]

=7,7;[cos (0, + 6,) +7sin (B, + 6,)]

Proof of Property 4: Reciprocal of a complex number

Realising the denominator we have:

1 cos©—17sin O

7(cos B+ sin 0) % cos®—7sin 0
cos0—17sin 0

7(cos’ 0+sin’ 0)

_cosO—isin®

)

=7" (cos 0 —1sin 0)

These properties can also be written separately in terms of their moduli and arguments.

Properties of moduli and arguments
Property 1: Product of 2 complex numbers
|21||2;| =|z12,| and arg 2,2, = arg z; + arg z,
Property 2: Quotient of 2 complex numbers

2]

|Zz| -

Z

22

z
and arg— =arg z; —arg 2,
%

Property 3: Power of a complex number

2 n

|2|" =|2"|and arg 2" =n x arg z for n € Z

Property 4: Reciprocal of a complex number

|z_ |=i and arg 2™ = —arg z,z # 0

2]
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Property 5: Negative power of a complex number

—n

= 1|n andargz™” =-nargz,z#0forne Z

|2

Property 6: Product of complex numbers

|Zl||Z2||Z3| |Zn|=|ZIZZZ3 Zn| and arg z1z,z3...z2, = arg z; +argz2 +...+ arg z,

where n € Z

EXAMPLE 17

Forz = Z(COS % +7sin g) and z, = 5(003 % +7sin g), evaluate:

a 212) b C i d (Zz)

2
Zz zZ
Solution

a Using 2,2, =77;[cos (8; + 6,) + i sin (6, + 6,)]

T .. T T .. T
212y = Z(COS§+Z sin g) X 5(00574-1 sin 7)

= (2x 5)[cos (% ; g)+i sin (§+ g)]

2 . . 12n
=10| cos — +7 sin —
35 35

b Using £ - r—[cos (6, —6,)+isin (6, —6,)]
220N

Z(COS E+z’ sin n)
5 5

2z, T .. W
5 cos7+zsm7

2 T T .. [t w
=—|cos| ——— |+isin| ———

(55 (3-3)

2

5

2n .. 2;
COS—+17SIn —
35 35]

7
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¢ Using 21 =7 (cos 0 — i sin 0) d  Using 2" = 7"(cos 76 + 7 sin 78)

L ! (z,) =5 cos7—‘n:+isin7—7E
( T n) 7 7
2| cos —+1isin —

5 5 =57 (cos T+ sin )
=%(cos%—isin%) = 5[-1+i(0)

=_57

EXAMPLE 18

(cos 2B +7 sin 2PB)(cos oL — 7 sin L)

Findargzifz = —
cos 30+ sin 30

Solution

We can use the properties above if the complex numbers are in polar form.
Note cos o0 — 7 sin ¢ = cos (—) + 7 sin (—).
. (cos 2B +7 sin 2B)(cos oL — 7 sin o)
cos 30+ sin 30
_ (cos 2B+ sin 2B)[cos (—ov) + 7 sin (—a1)]
cos 30 +7 sin 30

=cos [2B + (o) — 30] + 7 sin [2B + (—o) — 36]

=cos 2B — o —30] +isin [2— o — 36]
Soargz=2B-o—36.

Properties of conjugates

Property 7: Reciprocal of a complex number with modulus 1
Ifz=cos®+isin O, thenz™ =%.

Property 8: Product of complex conjugate pairs

For any complex number z,

2z =|z|2 and argzz =0.

Property 9: Modulus and argument of a complex conjugate
|Z| =|z| and argz = —arg =

Property 10: Sum of conjugates of 2 complex numbers

Zl+22:Z1+Z2
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Property 11: Product of conjugates of 2 complex numbers

212) = %1%

Property 12: Sum of conjugate pairs

z+2z =2Re(2)

Property 13: Difference of conjugate pairs

z—2z =2iIm(2)

The triangle inequality Im(2)) z
For 2 complex numbers z and w, \

|z + @] <[z]+]w] \

Proof of the triangle inequality

Since |z

,|w|and |z+w] are all non-negative quantities, we can use the argument that if
2 numbers 4, b > 0 and 4 > b* then « > b. Recall also the property of complex conjugates that
u+v=u+v from page 13, Question 11.

Consider:

|z+w|2:(z+w)(z+i)) from Property 8
=22+ ww+2z0+ Wz
:|z|2+|w|2+z77)+w2
s|z]2 +|w|2 +| 2@ | +|wZ |
=|z* +|w|’ +|2||@| +|w||Z|  using Property 1
=|z[ +|o[ +jz[|w|+[wllz] since |z|=|z]
=|z[ +w|* +2Jz |||

= (2] +]w)’

Therefore |z + |’ <(|2| +|w|)2 and we can deduce that |z + | < |z|+|w].
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Exercise 1.05 Properties of moduli and arguments

1 Verify that each equation is true for z =—1 + 27.
a |z|2 =2z b |z
2 Letz; =3 —iandz, =2+ 5i. Verify that each property is true.

= |_lz]

22

a  zz)f=[zz] b € tz=z+3%n d zm;=zyn

=
3 Letz; =1—-iand 2, =+/3 +i. By first expressing in polar form, evaluate exactly:

a argzz b arg™ c arg(z) d arg(z)?
22

4 Ifz =\/§(cos§+isin g) and z, =2(cos%+z’sin %), find:

a =z b £ c L d )
%2 %2
5 Simplify each expression.
.. .. cos 3 —i sin 3B
a (coso+7sin o)(cos 20 + 7 sin 20r) b — &

cos 2\ + 1 sin 2\

(c055+isin 5)(cos3—isin 3)

cos2—isin 2
6 Letz=ua+ib where a, b eR. Prove that:
a |z =22 b |z|>= |2
7 Letz,=a+iband z,=c+ id where a, b, c,d € R. Prove that:
_l=]
B

8 Letz=7(cos 0 + i sin 6). Show that:

pe

22

a [uz[=|z=] b ¢ EHFm;=5+5 d HH=:%

a z+zisreal b 2z isreal

. 1 1 .
9 Isit true that W = |T for all complex numbers 2? Give reasons for your answer.
z 2z

10 Simplify for z = cos 6 + i sin :

a =+ b z2+i2 c z3+i3
Z zZ zZ

2 1 3 1

d Z —z—z e Z —;

11 Simplify each expression.

, Dy
a |7 - 4)3 +i) b ‘(1+z\/§) (\/E+i\/§)‘ c ’3 2
S+i

(2+i) 1

(4-3)° (1-4)°
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12 Use the properties of arguments to evaluate exactly:
a arg[(l+i)(1—z\/§)] b arg[(\/g—i)(—\/z—iﬁ)]
¢ arg [i3 +3i§)] d arg( \2/; Zi.)
+i
Tz

13 Letz=3 cos£+z'sinE and w=2 cos£+z'sin£ .
6 6 4 4

a Find z and w in exact Cartesian form.

b Hence find the exact values of = in both polar and Cartesian form.
z

¢ Hence, by equating real and imaginary parts, find the exact value of:

. T e . T
I cos— n sin—
12 12

14 Using a similar proof to the one for the triangle inequality on page 33, prove that

o=l 2| -Juf

DID YOU KNOW?

Leonhard Euler

Leonhard Euler (pronounced Oiler)
was a prolific mathematician who
was born in 1707 in Switzerland.

He was famous by the time he was
33 years old, having won the Grand
Prize twice from the Paris Academy
while working for the Russian and
German governments on such things
as cartography, sailing, sewerage

and finance. Function notation,

the natural number e, the imaginary
number 7 and sigma notation are

all attributed to Euler. He had

13 children and claimed that much of his creativity came while a child was on his knee.
Euler was blind by the time he was 59 but maintained his flair, producing half of his life’s
work with no sight. He died in 1783 at the age of 76.
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1.06 Euler’s formula

Leonhard Euler is considered to be one of the greatest mathematicians in history and his
innovative thoughts were centuries before his time. One of his most famous results was a
formula linking the real world with the imaginary world.

Euler’s formula

For any real 6,

)

¢’ =cosO+isin O

This is called the exponential form of a complex number.

If 6 = m, then we have the extraordinary result:

e =—1
"This links an imaginary number with a real number.

Writing a complex number in terms of ¢ enables us to use the index laws to prove and
simplify many results and expressions like the ones seen in the previous section, only much
more efficiently. Euler’s formula can be derived using polynomial expansions of sin 8 and
cos 0. This appears in the next exercise.

Use Euler’s formula to write each expression in exponential form.

a cos§+isin§ b  3(cos2—isin2)

Solution

a Using ¢® = cos 0 + 7 sin 6:
T

Forcos£+isinz,9=—
4 4 4

T .. T ;ﬂ
L cos—+isin—=e
4 4
b First express 3(cos 2 — 7 sin 2) in the form 7(cos 6 + 7 sin ).
3(cos 2 — i sin 2) = 3[cos (=2) + 7 sin (-2)]
=32

=3¢
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Convert each complex number to polar form.

5 2
a ¢6 b 4¢
Solution

a Usinge®=cos0+isin 0

Sm

6 S .. Sm

@ =CcOoS— +17SIn —
6 6

2T
b 4 9 = 4|:cos(—2—n)+isin (—2—71;)}
9 9

This can also be written as 4(cos %t —isin %t)

i — 2
If z = 7¢® prove that zxz =|z]|".

Solution

Since z = (cos 8 + i sin 8) then Z = (cos 8 — i sin 8) = 7[cos (—0) + 7 sin (-0)] = r¢

L oaxzZ=re'% xre 0
— 2,9+ i6)
=20

2

=af
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Exercise 1.06 Euler’s formula

1 Convert each complex number to:

i polar form ii  Cartesian form

o)y

-n
a &~ b 2¢3 c 5 d —

2 Express each complex number in exponential form 7e ©.

3n 3n
a 3 —+isin—
\/_(COS 7 SIn )

o)l )

1( T n)
¢ =|cos=-isin=
2 5 5
d ﬁ(cos%ﬂ'sm%)

e 6(cos1+isinl)

f 4-4
g —BB+i
h ~1+i3
2
i
1
I 3
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1.07 Applying Euler’s formula
In this section, we will see the elegance of the formula ¢"® = cos 0 + 7 sin 0 in simplifying
complex numbers and executing proofs. Since ¢ has an index, the usual index laws apply.

Simplify each expression.

Y
—e6
:e™=—1 so we could write

0

But this is not strictly in the form ¢’

ISBN 97807043435
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Use Euler’s formula to simplify (cos §+ isin %)(cos 2?1'5 +7sin z?n)

Solution

in 2im
n .. T 2 .. 2; T 3
COS —+17 SIn — COS—+i78In— |=e ™ Xe
4 4 3 3

in  2in
EEp
—e4 3
Uz
—e 12
11
12
If z = 7¢®, prove that arg 2" = n arg z.
Solution
z=re®
= (Vei(-))n — rneine
arg 2" = arg ("¢"°)
=n0
=nargz since O = arg z

DID YOU KNOW?

Euler’s formula
We can use Euler’s formula to evaluate (7).

Did you know it is real?
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Exercise 1.07 Applying Euler’s formula

1 Use Euler’s formula to simplify each expression.

T .. T Sm .. Swm
a COS —+17SsIn — COS— +17S1mn —
6 6 6 6

b 3(COSE+iSin£)X 2(C05E+i5in£)
4 4 3 3

3 .. 3m;
COS —+17SIn —

T .. T
—5(c055+151n3)

d 2 2
ﬁ(cos%ﬂ'sin%)

2 Simplify each expression, writing the answer in exponential form.

. . cos 0, +7sin O
a (cos 0, +isin 0;)(cos 6, + 7 sin 0,) b —L — 1L
cos 0, +7sin 0,

P ~
c l(cos3—ﬂ:—z‘sin3—n) d ﬁ(cosz—n+z’sin2—n)
2 4 - 5 5

\/E(cos 200 —7sin 20()

€ x/z(c0557u+isin57») f (_2+2i)(1_i\/§)
. _{—\/§+i) h zﬁgizﬁ

3 Ifz =¢® and z, =¢ 9, prove that:
a arg 2, =arg z; +arg 2,
b = -
arg —=arg 7 —arg 2
2

4 a Using the fact that ¢ = cos 8 + 7 sin 6, write down a similar result for ¢ .

b Hence prove that:

. e .
I sinf=——— I cosO=
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1 Express each complex number in terms of 7.

a -25 b .-18 c &

9

2 Simplify each expression.

a b J4)’-4)©) c i{

i
2+ 2 _
4 P . 252 -406)
2

3 Solve each equation.

a x*+49=0 b (x+3)7+4=0
4 Solve each equation using the quadratic formula.

a ©—4+9=0 b ++6x+15=0 € 27+3x+9=0
5 Solve each equation by completing the square.

a ' -2x+2=0 b +*+8x+20=0 ¢ ¥ -x+3=0

6 Factorise each expression in the equation as a difference of 2 squares, then solve the
equation.

a Z+4x+8=0 b +-8+25=0 ¢ Z+10x+41=0

7 State Re(z) and Im(z) for each complex number.

J3-2i
%=
4
b 2=(3-7)+(-2)
(4o = 3iy) + (x + y1)
2=
x% 4y

,x,y€R

8 State the complex conjugate of each complex number.

a z=—-6+11;

PR 2
2

c u:—ﬂ+221+a§—7b’ﬂ,beR
a”+b°

9 Ifz=p-3ig where p, g € R, prove that:
a 2z is always real

b z+3z isalways real

¢ the expression \/ (Re(z))? + (Im(2))* is always real.
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10

11

12

13

If x and y are real, solve each equation for x and y.
a 4v-6i-3yi-12=0
b Sx+2xi+i-3y+yi+20-4i=0

Iy - 20+2yi—5+3ix—2y+7i

T is always real, where w, y are real, find a relationship
x“+y
between «x and y.

Simplify each expression, giving your answer in the form # + iv where #, v € R.
a 8i+5-4+10 b -32-7)+2i(6-1)

c  (1-3)(4+9) d Q-5 -(3+4)(3-4)
Find the quadratic equation with the given roots o and f.

Use the formula (x — a)(x — B) = 2* — (ot + B)x + op.

a oa=1-iy2 andB=1+i\2

b oa=-3-Siandp=-3+5i

¢ o=+7+3%andp=+7-3

d oc=_—l+£and[3=_—1—£
2 2 2 2

14 Simplify each expression by realising the denominator.
a L bﬁ—zﬁ . S S 3 +2i
1-2i 1+i 23+i S+i 32
15 Find the 2 square roots of each complex number.
a 3-4 b 8+6i ¢ 15-8; d 12+5;
16 Represent each of the following complex numbers as a point on the complex plane.
a u=-1-i\3 b w=y2+i2
¢ v=Q2-3)2+3) d z:%
-1
17 Givenz=-2+5iand v=3 — 4, plot 2, Z,v and v as vectors on an Argand diagram.
18 Ifu=4-iand z=-1+24 find  + z and plot #, z, —# and # + z on an Argand diagram.
19 The complex numbers z, v and w are plotted on v Im@)
the complex plane. Copy the plane and plot the points
corresponding with —z, Pk + v and z — v on the plane.
9 Re(z)
zZ
v
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20 Find |z| and Arg(z) in exact form for each complex number.

a Z=\/§—i\/§ b z=\/§+i
_=ll=g
2

¢ z2=-2+2i3 d :

21 Express each complex number in polar form.

—3+1
a z=
2

b z=\/§(cosz—n—isin2—n)
3 3
1( n .. 7n)
€ 2z=——|cos—+isin—
2 6 6
22 Express each complex number in Cartesian form.
n .. T
a z=2|cos—+isin—
[en5ein3)

1( To.. T
b 2 =—| COS— +17SIn—
2 3 6

5w St
c =+2| icos— +sin—
zZ (l COoSs Sin )

23 Ifz = L(cos%t +isin %) and z, = 3(005% + ising) find, in exact modulus—argument

3

form:
a z:2, b = ¢ L d )"
& 2
24 Find arg z for each complex number.
oo cosO+1:sin O
cos 2B +7sin 2B
b 2 =(cos30.—isin 30.)(cos 2A +7sin 2))
( d 8)( o ..oc)
cos— +isin— || cos— —isin—
2 2 4 4
€ z= ,
cos 2¢p —zsin 2¢
d z=(cos3e—isin3e)
25 Find mod z for each complex number.
2+ 1

a z=(1+7)Q2-39) b z=

3-4i “W
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26 = 2(cos£+ z'sinE) and w = 4(cos£+z’sin£).
4 4 3 3

a Find z and w in exact Cartesian form.
b  Hence find the value of zw in both polar and Cartesian form.
¢ Hence find the value of:

. m n

i cos— ii  sin—
12 12

27 Use Euler’s formula to write each expression in exponential form.

a z=cosg?n+isin3?7E b ﬁ(cosS—isin3)

28 Convert each complex number to polar form.
s e
a ¢* b —

29 Ifz =ne® and z, =ne®, prove that arg{z—] = arg(z;) —arg(z,).

2

30 Simplify each expression.

sim - _7in 22
a ¢6 xe 6 b |¢ 3

31 Use the fact that cos 8 + i sin 8 = ¢ to simplify

32 Ifz =7¢®, prove that arg 2™ = —n arg 2.
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MATHEMATICAL PROOF

Mathematical proof is used to defermine whether assertions are true or false. Proofs form the
basis of mathematics. In this chapter, you will examine the nature of proof and develop rigorous
mathematical arguments of a type that is common in number, algebra and geometry.

CHAPTER OUTLINE

2.01 The language of proof

2.02 Proof by confradictfion

2.03 Proof by counterexample

2.04 Proofs involving numbers

2.05 Proofs involving inequalities ; .
Test yourself 2 : N




IN THIS CHAPTER YOU WILL:

learn the formal language and symbols of proof, including Vv, 3, =, &, =P, iffand €
use the proof concepts of implication, negation, equivalence and equality

state the contrapositive and converse of a statement

use proof by contradiction and counterexample

prove resulfs involving numbers and inequalities

prove further results involving inequalities based on previous results




contrapositive: The contrapositive statement to
P = Q (if P then Q) is =Q = —P (if not Q then
not P). If P = Q is true, then the contrapositive
statement —=Q = —P is also true.

converse: The converse to P = Q (if P then Q) is
Q = P (if Q then P).

counterexample: An example that shows that a
statement is not true.

equivalence: P & Q (P if and only if Q, also
written P iff Q). If P= Q and Q = P then we
can write P < Q.

implication statement: P = Q (if P then Q, or
P implies Q)

negation: The negation of a statement P is not P,
written —P, P or P.

proof by contradiction: A proof that assumes
that the direct opposite of a statement is true
and then a logical argument is used to show the
assumption is false.

QED: guod erat demonstrandum, Latin for
‘demonstrated as required’.

statement, proposition or premise: A sentence
that is either true or false (but not both).

triangleinequality:|x| +|y| > |x+y|,Vx,ye R.

A proof in mathematics is most often an argument that shows a statement or premise is true
for all cases. This is different from an example where the statement may be true only for a
particular case. There are different types of proof, such as deductive, inductive and proof by
contradiction or counterexample. They are based on reason, a way of thinking attributed
most often to the Classical Greek mathematicians and philosophers such as Euclid, Socrates,
Plato and Aristotle.

Converse

Contrapositive

In mathematics, deductive proof and proof by contradiction are often used, whereas inductive
p p Y
proof is common in science. Proof by counterexample is used to show a statement is not true.

Quantifiers

Statement, proposition or premise

A statement, proposition or premise is a sentence that is either true or false (but not

both).

‘It is raining’ is a statement. ‘Is it raining?’ is not a statement but a question. We denote a
statement by a capital letter; for example, P: It is raining.

A statement could be mathematical; for example, Q: For all real «, %(x2 +2x)=2x+2.
Q is a true statement.

Sometimes the truth of a statement depends on the context For instanc, the statement that

1 < ! when # > b is true only if # and b are both positive but it is not true for all numbers.
a

We will now define some terminology used in logical proof.

One of the most common arguments is the if-then statement, also known as the
implication statement or conditional statement. This can be written using symbols.
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Implication

If P and Q stand for the 2 parts of an if-then statement, we can write the statement
4f P then Q" as P = Q.

The notation P = Q can also be read as ‘P implies Q’.

Write the following statement in mathematical notation:

If I don’t study, then I will fail.

Define P and Q as follows:
P: 1 don’t study.
Q: T will fail.

Then we can write:

P implies Q, or P = Q.

To find the converse of a statement, we reverse the implication.

Converse

For the statement ‘If P then Q’, the converse is ‘If Q then P’, or the converse of
‘P implies Q’ is ‘Q implies P’.
In symbols, the converse of P= Qis Q = P.

The converse of a true statement may or may not be true. Equally, the converse may be true
but the original statement may or may not be true.

For example, both Pythagoras’ theorem and its converse are true.

Pythagoras’ theorem: In a right-angled triangle, the square of the hypotenuse is equal to the
sum of the squares of the other 2 sides.

Converse: If the square of the longest side of a triangle is equal to the sum of the squares of
the other 2 sides, then the triangle is right angled.

However, consider the statement ‘If you are a cow, then you eat grass’. This is a true
statement.

The converse is ‘If you eat grass, then you are a cow’. The converse is not true because there
are other animals that eat grass.
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Express each sentence as a mathematical statement and write the converse of each
statement.

If you drink alcohol, then your brain is damaged.

If you do your homework, then you have more knowledge.

Let P and Q be as follows.

P: You drink alcohol.

Q: Your brain is damaged.

Then we can write:

P implies Q, or P= Q.

Reverse the implication so we have the converse.
Q implies P, or Q = P.

In words, the converse is: If your brain is damaged, then you drink alcohol.
Let P and Q be as follows.

P: You do your homework

Q: You have more knowledge.

P implies Q, or P = Q.

Reverse the implication so we have the converse.
Q implies P, or Q = P.

In words, the converse is: If you have more knowledge, then you do your homework.

It is worth pointing out here that we are operating with statements logically without claiming
that such statements are actually true. For example, we are examining the converse of ‘If you
drink alcohol, then your brain is damaged’ without saying whether this statement is correct.
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If a statement is true and its converse is also true (such as Pythagoras’ theorem) then we call
this an equivalence.

The term ‘if and only if” is used to describe an equivalence. This can be abbreviated to ‘iff’.

Equivalence
If P= Q and Q = P then we can write P < Q.

In words, P < Q means ‘P if and only if Q’ or ‘P iff Q’.

This pair of statements A and B relate to a quadrilateral.
A: It is a parallelogram.
B: Its diagonals bisect each other.

Determine whether they form an equivalence and 4 < B.

Test4A = Band B= A.

A = B:If itis a parallelogram, then the diagonals bisect each other. This is true.
B = A: If the diagonals bisect each other, then it is a parallelogram. This is true.
SoA = Band B= A. We can say A < B. It is an equivalence.

In words the statement becomes: It is a parallelogram if and only if the diagonals bisect
each other.

The negation of a statement P is to say not P.

Negation
The negation of P, or not P, is written —P, P, ~P or P.

If P is true, then —P is false. If P is false, then —P is true.

When statements are in words, we need to be careful with the negation. For example, some
people might think that the negation of the statement ‘All of the students passed’ is ‘All of
the students failed’, but this is incorrect. It is ‘Not all of the students passed’, or ‘Some of the
students did not pass’.
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Write the negation of each statement.

a  A:Itis wet.

b B: The number is even.

C: All birds are black.

D: The parcel weighs less than 250 g.

E: Trees have leaves.

F: No boys can sing.

g G: Some plums are sour.

Solution

a  A:Itis wet.

The negation is —4: it is not wet.
b B: The number is even.

The negation is —B: The number is zoz even.
¢ C:All birds are black.

The negation is —C: Not all birds are black, OR | =i leiist e eiien = o
There is at least one bird that is not black. at least one’, so we could also say

d  D:'The parcel weighs less than 250 g.

‘Some birds are not black’.

The negation is —D: The parcel doesn’t weigh less than 250 g; that is, The parcel
weighs 250 g or more, OR The parcel weighs at least 250 g.

e  E:Trees have leaves.

This one is tricky. We will interpret the statement “Trees have leaves’ to mean A//
trees have leaves. The negation is —E: Not all trees have leaves, or There is at least
one tree that does not have leaves.

f  F:No boys can sing.

The negation is —F: It is not true that no boys can sing. That is, there is at least one
boy who can sing.

g  G: Some plums are sour.

The negation is —G: It is not true to say that some plums are sour. That is, no plums
are sour.
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Contrapositive

Contrapositive
For the statement P = Q, the contrapositive statement is =Q = —P.

In words, the contrapositive statement of ‘If P then Q’ is ‘If not Q then not P’

Write the contrapositive of each statement.
a Ifyou are tired when driving, then you have road accidents.

b X=VY

Solution

@ P:You are tired when driving
Q: You have road accidents.

We can write P = Q. Again, we are examining the logic of

these statements without claiming that
such statements are actually true.

—P: You are not tired when driving

—Q: You do not have road accidents
So the contrapositive is =Q = —P
or: If you do not have road accidents, then you are not tired when driving.

b The contrapositive of X = Vis -V = —X.

The contrapositive can be a useful way to check whether or not a statement is true.

Contrapositive and equivalence

If the original statement P = Q is true, then the contrapositive statement —=Q = —P is
also true.

If the original statement P = Q is not true, then the contrapositive statement
—Q = —P s also not true.

P = Qand —Q = —P are an equivalence.
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Consider the statement: If a polygon is a triangle, then its interior angle sum is 180°.

Explain why the contrapositive of the statement is true. State the contrapositive.

Solution

P: A polygon is a triangle.

Q: Its interior angle sum is 180°.

Since P = Q is true, then the contrapositive =Q = —P is also true.
—P: A polygon is not a triangle.

—Q: Its interior angle sum is not 180°.

So the contrapositive is =Q = —P.

or: If a polygon’s interior angle sum is not 180°, then it is not a triangle.

Quantifiers

Mathematical notation is useful because it is brief and precise. Mathematical symbols called
quantifiers are commonly used in mathematics proofs.

Quantifiers
VY  forall

3 there exists

We use V to specify a whole set of numbers or items we are talking about. We use 3 to refer
to a particular set of numbers or items that have a specific property.

Sets of numbers

We have already met the set R of real numbers and the set C of complex numbers, which
includes all the real numbers. The natural numbers {1, 2, 3, ...} form the set N.

The integers {...,-2,-1,0, 1, 2, ...} form the set Z, which includes all of N.

The rational numbers form the set Q, which includes all of Z.

The real numbers form the set R, which includes all of Q.

Some definitions of natural numbers include the number O in the set N.
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Sets of numbers

N the set of natural numbers

Z  the set of integers

Q the set of rational numbers
R  the set of real numbers

C the set of complex numbers
Other symbols

€ is an element of, belongs to

such that

Use quantifiers to express each sentence as a mathematical statement.
For all integers 7, there exists an integer M such that M = 2n.

p

For all rational numbers 7, there exist 2 integers p and ¢ such that» = L.
7

Since 7 belongs to the set of integers, we can write # € Z.

Also, M is an integer so we can write M € Z.

Using the quantifiers we can write the sentence mathematically as:
Vune Z,AMe Z: M=2n

(‘for all  belonging to the set of integers, there exists M belonging to the set of
integers such that M = 2#’)

Vre (@,Elp,geZ:r:£
9

(‘for all 7 belonging to the set of rational numbers, there exists p and ¢ belonging to

the set of integers such that 7= %’)

It is important to use mathematical notation correctly. For example, ‘=" means ‘is equal to’
and should only be used in mathematical equations such as 2x + 1 = * — 2, not in word
statements. For instance, if P and Q are statements and P iff Q, then we would write P < Q,
not P=Q.
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Exercise 2.01 The language of proof

Write each P = Q implication statement in mathematical notation, identifying P and Q.
a If there are crumbs, then ants will come.
b Ifa quadrilateral has equal diagonals, then it is a square.

¢ If people are unemployed, then they are bored.

Wrrite the converse of each statement.

a Ifyoulive in Cooma, then you go skiing.
b  Ifyou like maths, then you have friends.

¢ Ifyouare a politician, then you can debate.

d Ifan animal can fly, then it is a bird.

For each true statement, find the converse and decide whether it is true.
a Ifyouare a carnivore, then you eat meat.

b Ifyou are seasick, then you are on a boat.

¢ Ifashape is a square, then it has equal sides.

d Ifan animal is a honeybee, then it can sting.

For each true statement, find the converse and decide whether or not it is an
equivalence. If it is, write it in the form ‘P iff Q’.

a Ifx—-5=4thenx=09.

b Ifa quadrilateral is a rhombus, then it has diagonals that are perpendicular.
C Ifﬂ>b>0,thenl<l.

a b
d Ifyou have a driver’ licence, then you passed a driving test.

Write the negation of each statement.

a Itis white. b Iknow everything.

¢ Fish swim in the ocean. d  All babies are cute.

e 'There are more than 5. f  There is none.

g No one passed the test. h  Some teachers are mean.
i The potatoes weigh less than 3 kg. j  Cassieis small.

Write the contrapositive statement for each statement.

If you live in a mansion, then you are rich.
If you are in the army, then you have boots.
If you are old, then you are wise.

Ifx=3 then &’ = 9.

If an animal is a horse, then it has four legs.

= 0 o 06 T Q

If you are a woman, then you are superior.
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7 Given each contrapositive statement, state the original statement.
If the water is not rising, then it is not global warming.

If you do not speed, then you do not have accidents.

If there is not a drought, then animals do not die.

If a number is not rational, then it is not a fraction.

If Sam does not pass his exams, then he is lazy.

= 0 o o T Q

If a number is negative, then it does not have a square root.

8 Write the contrapositive of each true statement, then verify that its contrapositive is
also true.

a Ifnzl,thenlz .
n n+l

b Ifaline is horizontal, then its gradient is zero.

Bulldust is the fine powdery dust that

¢ In the outback, the bulldust is red. often covers the ground in the
Australian bush.

d  All blue whales are mammals.

9 Write the contrapositive of each statement, then state whether the statement and its
contrapositive are both true or both false.

a Ifyou exercise, then your heart rate increases.

b Ifa plant does not get sufficient water, then it dies.
¢ Ifatriangle is isosceles, then it has 2 equal angles.
d Ifanumber is an integer, then it is real.

e Ifx>2 thena®>4.

10 Write the contrapositive of each statement, then determine whether the statement is
true or false.

a Ifan animal is a bird, then it has a beak.

b A quadrilateral with 2 pairs of opposite angles equal is a rhombus.
¢ All fish have fins.

d Ifx<s5,thens’ <25.
e

If a number is odd, then it is prime.

11 Isobel was trying to work out whether the following statement was true by stating the
contrapositive. She decided it was true. Can you explain where she went wrong?

Statement: If a quadrilateral has 4 equal angles, then it is a square.
Contrapositive: If a quadrilateral does not have 4 equal angles, then it is not a square.

12 If -4 = —B s a true statement, which of the following statements is always true?
A A=3B B —B=-4 C 4B D B=4
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13 Use symbols and quantifiers to write each sentence in mathematical notation.

a For all natural numbers «, there exists a natural number y such that y is greater
than .
b  Ifuxis rational, then there exist 2 integers p and ¢, where ¢ is not zero, such that

p

x=+.
q

¢ For all non-zero integers 4, there exists a rational number & such that b = —.
a

d  For any 2 ordered pairs (x, y) and (w, v) where «, y, w and v are real, and x <, y < v,
there exists an ordered pair (¢, ) such that ¢ is between x and w and d is between y
and v.

e For all real non-negative numbers w, there exists a real non-negative number y such

thaty:x/;.

14 Write each mathematical statement in words.

a VmeN3dneZ:n+m=0

b VabeZ b+0, Elp,qe(@suchthat =p+q\2

\/_

15 The statement M iff N can be written as:
A M=N B M&N C NeM D -M=-N

DID YOU KNOW?

Charles Dodgson

Lewis Carroll (1832-1898), the author of Alice In Wonderland, was a mathematician. His
real name was Charles Dodgson and he lectured in mathematics at Oxford University.
Like his contemporaries, he worked on algebra and set theory, logic and proof.
Mathematicians at that time began to assert that mathematics and logic were different.
The argument continued into the 20th century.
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Sometimes it is easier to prove a statement is true by assuming the opposite is true, then
showing that this leads to a contradiction.

Proof by contradiction

A proof by contradiction works by taking an assumption that the direct opposite of
a statement, or negation, is true, and then showing by a logical argument that the
assumption is false.

Use proof by contradiction to show that +/3 is irrational.

Proof
Assume that /3 is rational.

Thatis,3 p,q € Z, q# 0 (p and ¢ are integers) such that:

3= P2 Ghere P, ¢ have no common factors
q
2
Squaring both sides: 3= Z—Z
Rearranging: P =34

So p? is a multiple of 3, which implies that p is a multiple of 3.
Therefore we can write p = 3k for some k € Z.
So p* = 9k* but p* = 34% also.
5348 =9k
7 =3
So ¢* is a multiple of 3, which implies that 4 is a multiple of 3.
. p and ¢ are both multiples of 3.
Contradiction of the assumption that p and ¢ have no common factors.

Therefore the original assumption was wrong.

Therefore /3 is irrational. QED.

The abbreviation QED stands for guod erat demonstrandum, which is Latin for ‘demonstrated
as required.’” It is commonly put at the end of a proof to show that the proof is complete.
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Use proof by contradiction to show that log, 3 is irrational.

Proof
Assume that log, 3 is rational.

Thatis,3 p, g € Z, g # 0 such that:
P

log, 3=+ where p, 4 have no common factors.
Pr
Expressing as an index: 21=3

Raising both sides to the power of ¢: 27 = 37

Now, since 2 is even then 27 is also even.

Also since 3 is odd then 3 is also odd.

Therefore 27 # 37.

Contradiction, since 2” = 37 but an even number cannot be equal to an odd number.
Therefore the original assumption was wrong.

Therefore log, 3 is irrational. QED.

Exercise 2.02 Proof by contradiction

1 Prove by contradiction that each of the following numbers is irrational.

a 2 b 5 c 7 d 2 e s

2 Prove by contradiction that each of the following numbers is irrational.

a log,5 b log,7 ¢ log;8
3 Complete this proof by contradiction that the angle in a
semicircle is 90°. ¢ B
Proof
Assume that 4, B, C lie on a circle of centre O. 4
Assume that ZACB # 90°.

4 Prove each statement by contradiction.

a The bisector of the angle between the equal sides of an isosceles triangle bisects the

third side.
b  The opposite angles of a parallelogram are equal.

¢ The diagonals of a kite intersect at right angles.
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5 Prove each statement by contradiction.
a A triangle with sides 8, 15, 17 is a right-angled triangle.
A triangle with sides 4, 5, 6 is not a right-angled triangle.
The number I = 5 + /2 is irrational. [Hint: isolate the v/2.]
The number I =+/2 + /3 is irrational. [Hint: square both sides.]

A number in the form # + b2 where 4, b € N is irrational.

o o 0 T

6 Prove by contradiction that each statement is true.

a Given a number in the form _ where 2,0, N, b#0,3p, g€ Q:

a+b\2

1
—= 2.
ﬂ+b\/§ p+q\/_

b VeeN3IbeZ:ia+b=0

2.03 Proof by counterexample

It can be difficult to construct a rigorous proof to show a statement is true for all cases. It is

. . Counter-
much easier to show a statement is false. You only need to find one case where the statement cxcmples
is false to disprove the statement. This is called a counterexample.

Counterexample

A counterexample is an example that shows that a statement is not true for all cases.

EXAMPLE 10

Provide a counterexample to show that the following statement is not always true:

Vne Z,n2>n

Solution

The statement says that the square of an integer is always greater than the integer.
It appears to be true for almost all cases. However, if we choose 7 = 0, it is not true.

0> £ 0.1In fact 0° = 0.

Therefore the statement is false.

The statement is also not true for n = 1.
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Determine whether this statement is true:
All camels have one hump.
Solution

Most camels have one hump, but the Bactrian camel has two humps.

Therefore the statement is false.

Explain what is wrong with the following argument.
Teacher: Smoking is bad for you.

Student: I have a counterexample: social media is bad for you.

Solution

The student has found another habit that is bad for you rather than a counterexample to
show that smoking is not bad for you.

Exercise 2.03 Proof by counterexample

1 Find a counterexample to prove that each statement is not true.

a VeeRn2n

b VueR #+n20

¢ All prime numbers are odd.

d VyyeZandne N,a"+y" =@+ ' —a" Hy+a" Y — L ahy" 24y
e

Ve Z,x+122
X

2 Find a counterexample for each statement to demonstrate it is false.
a If#’ =100, then » = 10.
The statement x* — 6x° + 11x — 6 =0 is true forx = 1,2, 3, ...

All lines that never meet are parallel.

o~ T

If an animal lays eggs, then it is a bird.
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3 Decide whether each statement is true or false. If it is false, provide a counterexample.

a Ifa quadrilateral has diagonals that are perpendicular, then it is a square.

b prSB,thenlzl
p 3

¢ (w+y’zal+y forallx,ye R

d Ifpg=rgthenr=p

e All rectangles are similar.

4 In each case, determine whether the counterexample shows that the statement is false.
a  Swtement: x* =3x -2 forxe N
Counterexample: For x =3, LHS =3 =9
RHS=33)-2=7 .. LHS # RHS
The statement is not true.
b  Statement: All dogs are domesticated.
Counterexample: Cats are domesticated.

The statement is not true.
5 Decide whether the statement below is true or false. If it is false, find a counterexample.

Ifﬂ>bthenl<l.
a b

. 1 1 2x—4
6 Isital true that + = forx=4,5,6,...2
S e O e ) —2) (7 -)(x=3) (x-D(x-2)(x-3)
7 Isitalways true thatl< ?
n n-—1

8 Are all squares rhombuses? Are all rhombuses squares?

9 A circle can always be drawn through the four vertices of a rectangle. Is this true for all
quadrilaterals?

10 Is the angle sum of all polygons with z sides S, = 180°(n — 2)?
11 Do the diagonals of a kite always intersect inside the kite?
12 Is it always true that|x—y|=|y—x|?

13 Isitalways true that if 7 > 7 then nk > mk?

Bertrand Russell was a philosopher and mathematician who studied logic. He is famous
for inventing a paradox in 1901 that is understandably called Russell’s Paradox. It was a
proof by contradiction for an idea in set theory.
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. INVESTIGATION (R

1=-1?
. Mathematics is based on definitions and proof. It is very important to be accurate

- with the definitions when we set up a proof and to use rigour when applying the
- mathematical algorithms so that the conclusions are valid.

Study the proof that 1 =—1 below and see if you can find the error. There must be a flaw
- somewhere because 1 #—1!

* Proof that 1 = -1
Consider the complex number ; = v/-1.
Then we know that:

. Then cross-multiplying we have:

TxT =TT X

2.04 Proofs involving numbers

In this section we will develop some techniques for proving common properties of numbers.

Properties of positive integers

An even number can be described by the formula 27 where 7 € N.
An odd number can be described by the formula 2z — 1 where 7 € N.
A square number can be described by the formula #* where n € N.

A number, X (X € N), is divisible by another number, p (p € N),if 3V (Y € N)
such that X = pY.

Note that in general, properties such as even, odd, multiples, factors, refer to the positive

. . . 4.
integers only. For instance, we would not usually say —7 is an odd number or that 9 isa
square number.
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EXAMPLE 13

Consider 2 odd numbers M and N. Prove that their sum is even.

Solution
Proof
Let M =2m—1and N=2n—1 for some 2, n € N.
Then M+ N=Qm-1)+Q2n-1)
=2m+2n-2
=2(m+n-1)
=2k whereke N
~. M + N is divisible by 2.
.. The sum is even. QED.

EXAMPLE 14
n’ +n
Ifs, = > ,n€ N, prove that S, - S, | =n.
Solution
Proof
2
Let S”—” 2+n’ eN
Then S =—(n—1)2+(n—1)
" 2
Then S. —S _n2+n_(n—1)2+(n—1)
n n— 2 2
_n2+n—[n2—2n+1+(n—1)]
2
_n2+n—[n2—n]
2
P +n-n’+n
2
_
2
=n QED
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Exercise 2.04 Proofs involving numbers
1 Copy and complete this proof that the product of 2 odd numbers is an odd number.
Proof

Let the 2 odd numbers be M and N.

LetM=2m—1and N= for some m, 1 €
Then M x N=( YX(2n-1)
=4mn + +1
=2( )+
=20+ where[]e N
Since 2[1is then 2[_1+ is
Therefore the is .QED.

2 Use a similar structure as the proof in Question 1 to prove that:

the sum of 2 even numbers is even

the product of 2 even numbers is even

the difference between 2 even numbers is even

the difference between 2 odd numbers is even

the sum of an even and an odd number is odd

the product of an even number and an odd number is even

the difference between an even number and an odd number is odd

the square of an odd number is odd

= Q@ =0 o 5 U Q

the square of an even number is even

3 Prove each property.

1
- 3
5 p+qV3

a Va,beN3IpgeQ:
a+

b2
b VabedeN3pgeQ? TN i, 2
¢ pq @Hdﬁpq

4 Prove each formula.
a IfS,=n’+nneN,thenS,-S, ,=2n.
b IfS,=#n’,ne N,thenS,-S, ;=2n-1.
¢ IfS,=3n-n',me N, thenS,-S, ,=4-2n.
d IfS,=2n’+mnne N thenS,-S, ,=4n—1.

e IfS, =W, ne N, thenS,—S, = 2”2”.
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3 For each function, prove the given property.

a Iff(x) =% then f(x) = f(—)

b Iff(x) =+, then f(-x) = f(x)

¢ Iff(w)= j‘—}l then f(—x) = —f(x)

d Iffx)= j: sin x, then f(x) = f(—x)

e Iff(x) =" cosx, then f(¥)=f(-)

f Iff(x)=xe ,then f(—x) =—f(x)

6 Prove each equation for all positive integers #z, n, k.

a n(n+1)(2n+1) (1) = (n+1)(n+2)2n+3)
6 6

b n(n+1)(n+2)+(n+1)(n+2):(n+1)(n+2)(n+3)
3 3

¢ 2k+1_1+2k+1:2k+2_1

dEx2+(k+2)25=(k+1)28H!

e m 1 _m+l

+ =
m+1 (m+1)(m+2) m+2

7 Prove the following for all positive integers 7.

a If3"—1=2Xforsome X e N (thatis, 3" — 1 is divisible by 2), then 3" *! = 1 =2V
for some ¥ e N (that is, 3" "' — 1 is also divisible by 2).

b If4"-1=3XforsomeXe N,then4""!—1=3Yfor some Ve N.
¢ If#’ +2n=3Xforsome Xe N, then (z + 1)* + 2(n + 1) = 3Y for some ¥ e N.

If n* + 2m is a multiple of 8 for # € N where 7 is even, then (7 + 2)* + 2(n +2) is a
multiple of 8.

8 Prove each equation.
a @+5’Qr-1"+@+5"Qr-1)=Qx-Dx+5’Cr+4)

423 (2-3x) +154% (2= 3x)* _ 2% (8+3x)
(2-3x)"° (2-3x)°

[#]

9 Prove that V x € R, x # 0, — can take 2 values and find for what values of x they occur.
x

b
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2.05 Proofs involving inequalities

There are many famous results in mathematics that use inequalities. An inequality begins
with a very simple yet powerful definition.

Inequality definition

For any two real numbers z and 6,2 > bif a — b > 0.

We can use this definition to prove an inequality, # > b, by considering the difference, z — 7,
and showing it is positive for all cases.

For n € N, prove l>L

n n+l
Solution
Proof
Consider the difference, Lo
n n+l

Thenl— 1 =(n+1)—n
n n+l  nmn+l)
1

- n(n+1)

Now since 7 > 0 and 7 + 1 > 0 then the product #(z + 1) > 0.

Therefore > 0.

n(n+1)

Since the difference is positive then 1 > b VneN.
n n+l

QED.
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EXAMPLE 16

a  Prove that

2, 2
+
£ zq 2pgVp,q€ R
b Hence prove 2’ +y* + 2> 2ay +yz +zx V 2, ),z € R.

Solution

a Proof

Consider the difference,

2 2 2 2
pre Pt g =2pg
2 M 2
_ P =2pg+
2
_(p—9
2

Now since (p q) 20V p,qe R, [equahty Whenp q] then M~ 7/ (p— q) > (.

2, 2
Therefore £ erq 2pgV p,qe R.

2, 2
b We have just proved the result % > pgq, where the p and ¢ represent any real

variables. Rearranging, we can also write p* + ¢° > 2pq.
This means that, using the result from part a, we can write:
& +y* > 2uy

Y +27 22y

2 +af 2 2z

Then adding all 3 LHS and adding all 3 RHS we have:

207 + 2% + 227 2 2(ay + yz + 2)

Now dividing both sides by 2 we have

Ay +2 2y +yz+z20 Vo, y,z € R.QED.
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EXAMPLE 17

a Prove£+122‘v’x,ye R, x,y> 0.

y x
1 1 +

b Hence prove —+—2 Va,ye R xy>0.
x oy x+y

Solution

a Proof

Consider the difference
.y 5 ¥ty -2y
y & )
_x=y)’
55
Now, since (¢ — y)* > 0 [equality when x =y] and xy > 0, V 2,y € R, x,y > 0,

Y
thenuzo.
xy

Therefore 2+ 2 >2 v x,y€ R xy>0.
y x
b Proof
Consider the product

(x+y)(l+lJ=l+£+l+1

y X

>2+2sinceX+2>2  froma
y &%
>4

Now, since x+y >0V x,y € R, x,y > 0, then dividing by (x +y) we have

Lols

. QED
x y x+y
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Recall the definition of absolute value.

Definition of absolute value
x, forx=>0

o] =1
—x, forx <0

We can deduce the following results by considering positive and negative cases of # and &:

Properties of absolute value

|a|2ﬂ,‘v’ae R
|a||b|=|ab|,V a,be R
|ﬂ|2=ﬂz,Vﬂ€ R
|ab|2ab,‘v’ﬂ,be R

ﬂ22b2<:>|ﬂ|2 |Z7|,‘v’ﬂ,be R
"This leads us to the important triangle inequality.

The triangle inequality
|x|+|y|2 |x+y|,Vx,y€ R

Consider the expression
(=l+ ol ==+ 2=l [+l

>| x|’ + 20y +|y |

>af + 2wy +y°

> (x+y)

2 (| x+y |)2
Then, since both sides are positive, it follows that
|x|+]y|=]x+y|,Vx,ye R QED
The triangle inequality can also be written in the form

,Va,ye R

|*[=y]< ][>~y
Chapter 1, Complex numbers, and Chapter 3, 3D vectors, show how the triangle inequality

describes the 2 diagonals of the parallelogram rule, or that the sum of the lengths of 2 sides
of a triangle is always greater than the length of the 3rd side.
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Exercise 2.05 Proofs involving inequalities
1 By considering the difference, prove that 2P+ 0 >2ab, N a,be R.

2 By choosing a suitable substitution for p and ¢ in the result p* + ¢* > 2pq, prove each
statement below.

a 2+yt22 Ve yeR

b Y +w’ > 2mwy, Va,y,w,ve R

C %+L22i,Vx,ye R, x,y#0
oy v
1 1 2
d —+—>——- VryeRuxyz0
A Ty Y Y
3 The AM—-GM inequality, where AM = arithmetic mean, GM = geometric mean, states
that ry > \/E, V x,y € R, such thatx, y > 0. Prove this result.

4 Prove each property.
Ifa>bandb>cthena>c
Ifa>band ¢ >0 then ac > be
Ifa>band ¢ <0 then ac < be
If2>band b > 0 then ab > ¥
Ifa>b>0andc>d>0thenac>bd
Ifa>band b > c then ac+ bd > ad + be

- 0 QO N~ T Q

g Ifﬂ>bandlﬂ>0thenl<%
a

5 By considering the difference, prove each statement is true V z € N.

a T, =L thenT,>T,., b IfT,=—" then T,<T,.,
n n+1
n -1
< If’]—;7=2—7then7;1<’rn+l
- on+1

6 Prove each result, assuming that a* + 5* > 2ab.
a @+b’24ab,Va,be R
b ab+cd>2Jabcd,V a,b,c,de R

1 1
c (ﬂ+lﬂ)(;+g]24,vpl,be R,a2,b>0

d MZW,Vﬂ;b;C,dER,ﬂ7b7C’d>O

7 Provethat,Va,be R,a,b>0:

a ﬂ+122 b 1+£22 ¢ i+i2 ;
a b a b a
d DD hed Y by de R, a6 d> 0

4
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8 Prove each inequality.
a x\/;+12x+\/;,‘v’xe R,x>0
b i Forl<p<g wherep,ge N,thatp(g—p+1)=¢q

ii Hence for 1 <r<swherer,se N,that\/;s1/r(s—r+l)ﬁs—+l.

2
9 Prove that (kn — mp)2 > (b — m*)(n? —pz), Y k,m,n,pe R.
Hence prove that (¢* — #2°)? > (k* — ) (k* — m*).

10 Use similar techniques to those shown in Examples 16 and 17 to prove that:

a i ot y4 +ot 2t 4xywz for real w, y, z, w, and hence:
il ifa*+yt+otrzt<dandy,y, z,w>0 thenxid'+yi4+w_14+zi4>4

il (v+y+z+w)t 2256wz
b Assumea, b, ce R such thata, b, c> 0.

Prove that:

@+ b+ +a)=cla—b) +bc—a)’ +alb—c) + 8abe
Hence prove that:
(a+ b)(b + o)(c + a) > Babc.

¢ Provefora, b, ce R such thata, b,c> 0:

1

(a+b+c)(l+1+-)z9

a b ¢

d Prove for a, b, c € R such thata, b, ¢ > 0:
i P+0+0 —3abe=(a+b+0* + 0+ —ab—be - ca)
i =0 +(C—a)+l-0 =2+ +J —ab—bc— ca)
Hence prove that:

iti 2 +0+7>3abc v LMZ%MI% v 2;24:8
3 b ¢ a
e Prove fora,b,ce R such thata, b, ¢ > 0:
(@+b+0)°>27abc.
f  Prove fora, b,c,d e R such thata, b, c,d > 0:
ﬁ+é+i+£24.
b ¢ d a
When does equality hold?

11 Usethefactthat|x| +|y| 2|x+y|,Vx,ye IR, to prove that:
a |z+w|+|z—w|2|2z|,‘v’z,weR
b |x+z|+|y—z|2|x+y|,‘v’x,y,zeR
c |x—z|2|x—y|—|z—y|,Vx,y,zeR
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2 e TEST YOURSELF

1 Write each if-then statement in the form P = Q and state P and Q.
a IfIgetalotofsleep, then I am healthy.
b Ifapolygon has 5 sides, then it is a pentagon.

¢ If the teacher is nice, then I will learn.

2 Write the converse of each statement,
a A=28 b —-P=0 ¢ N=-M d —B=-F
e IfI can save money, then I can buy a car.
f  If my computer is broken, then I am bored.
g Ifa=bthend =0
3 Define ‘iff’. Give an example.
4 For each statement, find the converse and determine if the statement is an equivalence.

If it is an equivalence, then write an iff statement.

a Ifa quadrilateral has equal diagonals, then it is a square.

b Ifr> l,thenl<1.
X

¢ IfI pass my exams, then I study hard.
d Ifsz=3,thend =09.

e Ifa triangle has 2 equal angles, then it is isosceles.

5 Write the negation of each statement.

a Itis raining. b  The apple is not ripe.
¢ Koalas are cute. d  Some people are sexist.
e They are all correct. f «x<4

g peN

6 Joe was asked what was the negation of the statement “There were more than 10’.
He said, “There were less than 10.” Is he correct?

7 Write the contrapositive of each statement.
a A=2B b -P=0 ¢ N=-M d —-B=-F
If the boy has red hair, then he has blue eyes.
If the country is rich, then the citizens have money.
If a quadrilateral is a kite, then the adjacent sides are equal in length.
Ifx=y, then & :yz

Ifae N,thenae Z

= s aQa =0
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8 Explain why a statement and its contrapositive are equivalences. Give an example.

9 Determine whether each statement is true by considering its contrapositive.
a Ifd#b thena#b.
b  If the car’s battery is flat, then the car does not start.
¢ Ifanumber is an integer, then it is rational.
d

If a quadrilateral has diagonals that bisect each other at right angles, then itis a
rhombus.

e Ifa>b, thenab>b.

f  Ifan animal lives in the water, then it is a fish.

10 Write each sentence in mathematical notation.

a For all positive real numbers x and y, if x is greater than y, then the square of x is
greater than the square of y.

b There exists a rational number ¢ between integers # and b where a < b, such that ¢ is

the average of # and b.
_n(n+1)

¢ Letn be a positive integer such that forall n, 1 +2+3 + ... +n 5

11 Write each mathematical statements in words.

. 1 1
a VameZ,nm>0,ifn<m,then —>—
n o m

b VabeR s+ >2ab
€ VpqeQp<g,dreRip<r<yg

12 Prove by contradiction that:
a /i1 s irrational
b log; 4 is irrational
c 2+ \/§ is irrational
d The diagonals of a square are perpendicular.
e A triangle with sides (# — 1), 2¢, (/* + 1) where ¢ > 0 forms a right-angled triangle.

13 Find a counterexample to prove that each statement is false.

Vux,ye Q,x,y;tO,ifxz:yz thenx =y

b VeeNn> L
n
¢ If an animal sheds its skin, then it is a snake.
d If4* + 1 = then a4, b, ¢ are the lengths of the sides of a right-angled triangle.
e VkeN,k(k—1)+17is prime.
f VeeR (<)== (<))
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14

15

16

17

18

19

20

21

Itis asserted thatif # 2 b and ¢ > d, then ac 2 bd, ¥ a, b, ¢, d € R. Either prove that it is
true or find a counterexample to prove it false.

Ifx>yVa,yeR,xy=0,then iz < iz Prove this result or find a counterexample to

disprove it. oy

Prove each property.

a Ifme N, then m(m + 1) is always even.

b Ifne N, then n(n + 1)(n + 2) is always divisible by 6.

¢ Ifne Nandnisodd, then n(n+2) + (n + 2)(n + 4) is always even.

Factorise ¥° — 7° in two ways. Hence prove K+ o+ = (0 + ke + m?)(KP — ke + m®).
Note: #* =0 = (a+ b)a — b), & — b = (a — b)(d® + ab + 1)

Prove each statement.
4" —1

a IfS, = andne N,n>1,then S, - S, ,=4"""

b IfS,=2""'"-n-2andne N,n>1,thenS,, , -S,=2"*""-1
k N 1 _ k+1

“3k+1 Gk+DGk+4) 3k+4

d Iff(x) =« sin x, then f(—x) = —f(x)

¢ VkeN

Prove each property.
a Ifasbanda, b+0 then ab’® > b’

b Ifﬂ—h>b—cthenb<ﬂ+c

c |x| >yforxe R

Prove each inequality by considering the difference.

2 0 2
a+b
> ab

a Ifsbe R,then

b Ifke NandizL,thenTk<Tk+l
2k+1

Prove each inequality for 4, , ¢, d € R such thata, b, ¢c,d > 0.

A +b _a+b
a >

2 2
b A+ +d? > Y abed
p >
¢ Ifa+b=1 then:
. 11
1 —+-2>4
a b
i —+-—-52>8 Hint: consider the product (x+y)[l+l]
a &y
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22 Prove 2 < l+l+l for a, b, c € R such that g, b, c> 0.
a+b+c a b ¢

23 Prove for a,b,c € Rsuch thata,b,c>0and g+ b +c=1:

1 1 1 1 1 1
—+—-+-129 b |—+—>+= (227
s ] [F2)

a b ¢
24 Prove each inequality.
a |x[-|y[<|e-y|VryeR
b |x|+|y[ +|z|2[x+y+z|VayzeR
C |x_3’|_|Z—)’|S|x—z|,Vx,y,ze]R
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Aircraft vectoring is a service provided to individual aircraft by air traffic control. The controller
defermines the best pattern for the aircraft fo fly on take-off, during a flight and at landing.

The aircraft follows specific headings (directions) at particular times and for set durations.
Aircraft are vectored to apply adequate separation, improve fraffic flow, to comply with noise
regulations, to avoid hazardous weather, and fo assist in arrival and departure schedules.

3.01 Review of 2D vectors

3.02 3D vectors

3.03 Angle between vectors

3.04 Geometry proofs using vectors
3.05 3D space

3.06 Vector equation of a curve
3.07 Vector equation of a straight line
3.08 Parallel and perpendicular lines
Test yourself 3

d




extend our knowledge and skills with vectors in 2 dimensions to vectfors in 3 dimensions
add and subtract 3D vectors, and multiply by a vector by a scalar

calculate the magnitude of a 3D vector

determine the scalar (dot) product of 2 vectors

defermine the angle between 2 vecfors

use vectors fo prove geometrical relationships

determine lines and curves in 3 dimensions, including spheres, using parametric equations
defermine parallel and perpendicular vectors
determine whether a given point lies on a vector




TERMINOLOGY

Cartesian equation: An equation for a line or perpendicular vectors: Lines that have a right
plane in terms of x, y and z. angle between their directions.
component form: Representation of a vector scalar: A quantity that has magnitude but no

direction.

scalar (or dot) product: The product of 2 vectors
as a scalar or value (not a vector).

unit vector: A vector with magnitude 1.
The standard unit vectors are 7 in the x
direction and j in the y direction.

vector: A quantity with both magnitude and

a). . . .. .
[17] in the form i + bj where i is a unit vector

in the x direction and ; is a unit vector in the
y direction.

parallel vectors: Vectors that have the same or
opposite direction.

parametric equations: A set of equations that

express a set of quantities as explicit functions direction. A vector can be represented as #,
of a number of independent variables, known as or ATB%
parameters. '

3.01 Review of 2D vectors

A vector is a quantity with both magnitude and direction.

All geometric situations can be transformed into algebraic language using vectors. Instead
of combining points and lines using geometry, we perform algebraic operations on vectors.
Vectors obey algebraic laws similar to those we use for numbers. For example, if # and 4 are
vectors, thenaz +b =50+ a.

— >
When v is represented by interval AB, we write v = AB. Thus, AB denotes the vector
determined by the directed line segment AB.

—

We often choose a fixed origin O and then represent each vector « as OP. This is a directed
line segment from O to P, called a position vector.

B

There are many examples where vectors are used in mathematics, for example displacement,
velocity, acceleration, force and momentum. For example, force has both magnitude and
direction and so can be represented by a directed line segment.

The magnitude or length of a vector v is |v]. If |v| = 1 then v is called a unit vector.

—
The zero vector 0 is a directed line segment from a point to itself. That is, PP = 0.
"This vector has magnitude 0 and can have any direction.

Numbers or quantities having magnitude but not direction are referred to as scalars.
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Vector addition
— —
Given 2 vectors # = AB and v = BC, then « + v is the resultant vector given by w = AC.

B

IR
Q

- = —
We can write AB + BC = AC.

The parallelogram law gives the rule for the vector addition of # and v. The sum of the
vectors # and v is the longer diagonal of the parallelogram.

The laws of vector addition

u+v=v+u Commutative law
@w+v)+w=u+@+w) Associative law
u+0=u Additive identity
|u+v| <|u|+|v] ‘Triangle inequality

Vector subtraction

- — -
Given 2 vectors # = AB and —v = BC, then u + (-v) is given by w = AC.

- -
We can write 4B + BC = AC, so we getu —v = w.
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u

Q

The parallelogram law gives the rule for the vector subtraction of # and v.

The difference between the vectors v and # is the shorter diagonal of the parallelogram,
pointing from the second vector to the first.

Scalar multiplication of vectors

If 2 is real number, or scalar, and v is a vector, then av is a vector whose magnitude is |«||v],
having the same or opposite direction to v according to whether 2 >0 or 2 < 0.

Graphically we can show scalar multiplication of vectors as below:

- e
- 2v
2 /

‘/;UV'

Components of vectors

A vector can be written as a column vector. For example, [ ] is the vector 3 across and 2 up

2
or 3i + 2 j, where i and j are the unit vectors in the x and y directions respectively. We say
that 37 and 2/ are the components of the vector. Vectors in column and component form
can easily be added, subtracted and multiplied.

. . . 3 5 8
For example, (31 + 2.7) + (51 - 3]) =8/ - 17. Slmllarly, (2J + (_3) = [_IJ

Magnitude of a position vector

x
Magnitude of the vector z = (}’J is:

y 4
1)
— 2 2 Y-~ %
|”|_ X Yy x2+y2 y
y
- X [
(0] X x
¥
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Direction of a position vector

x
The direction of vector [}/J is 0, the angle of

inclination of the vector with the positive x-axis,
measured anticlockwise.

tanezl
X
0° <0< 360°

Scalar (dot) product of vectors

"Two vectors can be combined as a scalar product. When we calculate the scalar product of
2 vectors the result is a scalar rather than a vector. The scalar product applies the directional

growth of one vector to another.

Scalar product

The scalar product of # and v is:
u v=x1%+y1)

or

u-v=|u||v|cos 6

where 6 is the angle between # and v.

As the symbol for the scalar product is the dot (), we sometimes call it the dot product.

Proof of the cosine form

In component form,
U-v=x%+55

Using the cosine rule,
|u—o|* =|u]* +|o]" = 2|u||o| cos &
Now substituting # = xi + y; j and v = x,i + y, j:
(=2, + (= y) =a 2+ y 2+ ay’ + 9," = 2|u|v]cos ©
~231205 = 23y, ==2|ul|v| cos ©
1063 + 1y, =|u||v| cos 6

Hence, u-v=|ul[v|cos 6.
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Parallel and perpendicular vectors

"Two vectors # and v are parallel vectors if and only if they are scalar multiples of one
another; that is, # = kv, k is a constant not equal to zero.

0=0%0r180°sou-v = |u| |v| for vectors in like directions and # - v = —|u| |v| for vectors in

unlike directions.
z
,Z,t

In component form, x,i + y,j =k (xyi + y; 7).

"Two vectors z and v are perpendicular vectors if and only if their scalar
product is equal to 0.

0 =90° or 270° sou-v=|u||v|c059=0.

Exercise 3.01 Review of 2D vectors

1 How many different vectors are there below?

AN

2 Copy and complete each statement.
a Geometrically, the sum of 2 vectors is the longer diagonal ...
b  Geometrically, the difference of 2 vectors is ...
¢ Two vectors are parallel if and only if ...

d Two vectors are perpendicular if and only if ...

3 Determine the magnitude and direction of each vector in exact form.

a 2j b 5 c 10i-5j
d —4i+4j e 2i+23j
4 Express the vector in terms of components if the magnitude and direction are, respectively:
a 6 units, 45° b 8 units, 30° ¢ 2 units, 135°
d 10 units, -60° e 6 units,—150°

5 Write each vector in Question 4 in column vector form.

6 Find the scalar (dot) product of each pair of vectors.

3 5 2 0
a [OJand[O] b (OJand[7] ¢ i+2jand2i+j

d /i-2jandi+2j e G6i+2jand3i-4j
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7 Find the scalar product of each pair of vectors, and hence find the angle between the
vectors to the nearest degree.

a [ 3 }and[ + )
4 3
¢ —i+jand3i-3j d (:iJand[gJ

e -2i+3jandi-2j

o

2i+8jandi +4j

8 Which pair of vectors are perpendicular?

a u=5+2j,v=jw=-2i b u=| > |o=| 2 lw=| 2
2 1 5

9 Which pair of vectors are parallel?

EHEGEE

- >
10 Consider the points P(0, 2), Q(2, 6) and R(4, 10). Express PQ and PR as component
vectors. Hence, show that P, Q and R are collinear.

o

w=3i+jv==2i+6j,w=06i +2j

DID YOU KNOW?

Vector images

A photograph taken with a digital camera is made up of many pixels, and each pixel may
be a different colour. These images are called raster images. Enlarging raster images is a
problem because they become pixellated when you zoom in. Raster images also require
large files because data for each point must be saved.

A vector image is made up of points, lines and curves that are defined by mathematical
equations. Vector images have the advantage of not pixellating with enlargement.

They also require less storage space. Vector images have the same small file size no
matter how much enlargement or reduction is used.
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3.02 3D vectors

As in the 2D plane, vectors are used to represent displacement, velocity and acceleration in 3D
E?:es:%cz space. In 3 dimensions, the unit vectors are 7, j and 4 in the directions of the x-, y- and z-axes

respectively. In a 3D coordinate system, the x-y Cartesian plane ‘sits on ground level” while the

z-axis points upwards. Hence, the position vector of a typical point P(x, y, z) from the origin is

7 =0P =xi+ yj + zk.

P(x, y, z)

Using Pythagoras’ theorem in 3D we can obtain:
ﬁ

r? =|oP| =xl 4yt 42’

So, the unit vector is given by:

7

r= S S (xi + yj +zk)

7| Jal +yt + 2

Magnitude and unit vectors
The vector 7 = xi + yj + zk has magnitude:

|7f| =,[x2 +y2 +2°

xi+ yj+zk

Jai + yt + 2

The unit vector is:

Find the position vector of P(-1, 2, 3) in component form.
Solution

Components in the x, y and z directions are —1, 2 and 3 respectively.

%
Hence, OP =-i +2j+3k
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Addition, subtraction and scalar multiplication for vectors
Letu=uii+yj+zkandv=x,i+y,j+2,k
Adding, we get:
w+v =07+ y j+2k)+ (220 + y, 7+ 2,k)
= (2 +x0)i+ (1 +y2) ] + (21 +22)k
Subtracting, we get:
w—v=_>07+ y,j+2.k)— (20 + v, ] + 2,k)
=(x;—x)i+ (=) j+ (21— %)k

If we multiply by a scalar quantity ¢ we get:
car=c(xyi+y, j+zk)

= ()i + () +(ez )k

Tfu=2i -2/ +k, find:
a |4
b u

¢ avector in the same direction as # that is 4 units in length

Solution
a |u=y22+(2)*+12 =3

b u=§(2i—2j+k)

C 4u=%(2i—2j+le)

The vector between 2 points

%
In expressing a vector in 3D from a point A(xy, v, 2;) to B(x,, ¥, 2,) we obtain the vector 4B.
e
AB=-0A+OB
- - -
AB=0B-04

% . .
AB=(x; —x)i+(y,—y1) ]+ (20 —2))k
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Find a unit vector « in the direction of the vector joining 4(0, 5, 2) to B(1, 3, 0).

Solution

u=(1-0)i+(3-5)j+0-2)k

|u| =(1-0)2 +(35)2 +(0-2)?
3

u=§(i—2j—2k)

Exercise 3.02 3D vectors

1 Find the magnitude of each 3D vector.

a 4i+3;-k b
c —4i+5-2J2k d
2 Find the unit vector for each vector in component form.
a i+j+k b
¢ 3i+4j-12k d

~2i +23 +3k

—
3 Write the vector AB joining each pair of points and determine its magnitude.

a A(0,4,0)and B3, 0, 0) b A,1,1)and B(-1,1,1)

¢ AQ,2,3)and B(1, 1,2) d  A(-2,-2,-3)and BG, 4, 5)

4 a The position vectors of points 4 and B are i — j — 2k and 2i + j — 2k respectively.

%
Find the magnitude of AB.

b The position vectors of points C and D are 2i — j — k and 2i — j — k respectively.

%
Find the magnitude of CD.

¢ The position vectors of points X and Yare i —2j — 2k and 7 + 2 j — k respectively.

%
Find the magnitude of XY

5 Find a vector that has, respectively, magnitude and the same direction as the vector:

a 2 units, b

c 5units,§i—ij d
5 5

Zlunits,ii—zj+—k
77

V12 units, i — j+k
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Ifu=i-2j+kandv=i— j+ 3k, find:
a 2u-v b u+2v € u+v d u-v

Find the length of each vector from point A to point B.

a A2,1,2),B0,4,4) b A(-1,1,2),B2,5,0)
¢ A(l,-2,1),B(-1,2,-1) d AG,1,4),B(-2,-2,2)
Two vectors # and v are given by u =27 + 2j + k and v = 37 — 4k. Find:

a |4 b | c u

d v e u+v f u-v

a Find a vector of \/7 units in the direction of 3i — 2 j+k.
b Find a vector of magnitude 3 in the direction of 4i — 4 + 4k.

¢ Find a vector of 6 units in the direction of 27 — 27 + k.

What is the angle between the vectors —i + 2j + 2k and 7 — 2j — 2k?
What is the significance of this result?

3.03 Angle between vectors

The scalar product of # and v is:

u
~ Scala

products

u'v=|u||v|cose

where 0 is the angle between # and v.

u has modulus 4 units, v has modulus 5 units, and the angle
between them is 60°.

3S!

R

Find the scalar product of # and v.

60°

Solution

u~v=|u||v|cos€

=4 x5 X cos 60°
=10
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Find the scalar product of the vectors « and v.

R

90°

Q

Solution

u~v=|u||v|c059
=|u||v|cos 90°
=0

Note that the scalar product is 0 and the vectors are perpendicular.

Properties of the scalar product

The scalar product is commutative:
w-v=v u
The scalar product is distributive over addition:

u-(v+w)=u-v+u-w

We now consider how to find the scalar product of 2 vectors given in Cartesian form.
Givenu = aji+ a,j+ azk and v = bji + b, j + b3k, the scalar (dot) product is:
u-v= (ﬂli + ﬂzj‘l‘ ﬂ}k) . (bll + b2]+ b3k)

= ﬂlbl + ﬂzbz + ﬂ3h3

Given 2 vectors # = 2i — 3j+ 7k and v = 4i — 5j — 3k, find their scalar product.

Solution
uv=2x4+[3xE5)]+[7x(3)]
=8+15-21
=2
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The angle, 6, between the 2 vectors # and v can be found using the scalar product
u-vz‘u’ |v| cos 0.

On rearranging we get:

cos 0= “
|u[2]

Angle between 2 vectors

The angle, 6, between the 2 vectors # and v can be found using:

cos 0=

[l

EXAMPLE 7

Find the angle between the vectors # = —5i + 37 —10k and v = 87 + 3k, correct to the
nearest degree.

Solution

u-v=(-5)x8+3%x0+(-10)x3=-70 cos 0=
| = (=5) + 32+ (-10)* =134 0
o =82 +32 =73 R

=-0.707757 ...
6= 135°

EXAMPLE 8

Find the angle between the vectors # =37 + 2j+k and v =i + 2 j — k, correct to the
nearest minute.

Solution

6
uv=3><1+2><2+1><(—1):6 cos = ——
JVi4e
|u|=V3?+22+17 =14 ~0.654 65...

|,v|: '12+22+(_1)2 :\/g 9:4906,
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Exercise 3.03 Angle between vectors

1 Calculate the scalar product of each pair of vectors.

2 4
a S fand| 1 b 2/and 6j
-1
2 -3
d 0 |and| 1 e 2i+3kand6i+2;—-4k
4 3

2 Which 2 pairs of vectors are perpendicular?

A 5i+27+3k B j-%

C -2i+2j+2k D —i+2%k

4k and 27 +k

3 Find the angle between each pair of vectors, correct to the nearest degree.

1 4
a 2 |and| -1 b 2i+j—2kandi+5;-k
3 0
1
c 5 |and| S d 2i+j-2kand4j
-1

4 Find the cosine of the angle between the vectors 27 + j — 2k and 3/ + 4.

S Givenu=2i+2j+2k,v=3i+2j—kandw=—i +4j+k:

a Showthatu-v=u w.

b Rearrange #-v=u w so that the expression equals zero.

Which 2 vectors are perpendicular?

6 Explain how you know that 27 — 3 j + 4k and 67 + 8/ + 3k are perpendicular vectors.

7 Find a vector that is perpendicular to both 27 + j —k and i —2j + k.

— —
8 ABCD is a rectangle, with vector AB =37 and AD = 2;.

a Express the diagonals of the rectangle as vectors in component form.

b Determine, correct to the nearest minute, the obtuse angle between the diagonals.

9 A parallelogram has all sides equal in length. Show, using vectors, that its diagonals are

perpendicular.
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3.04 Geometry proofs using vectors

Many geometric theorems can be formulated as relations between points directly, without
needing coordinates. In many cases the vector approach is simpler and more direct. Ceameic

proofs using
vectors

In using vectors to solve geometrical problems, we call on the actual properties of the 2D and
3D shapes to allow us to prove results as required. In particular, we use vector results that
relate to parallel lines, perpendicular lines and equal intervals.

Vector properties used in geometry proofs

Scalar (dot) product: #-v = |u| |v| cos 0, when the angle between 2 vectors is required

Parallel vectors: A vector parallel to x7 + yj + 2k is cxi + ¢yj + czk where ¢ is a scalar:

write and solve # - v =|u| |v|

Perpendicular vectors: A vector perpendicular to xy7 + v,/ + 2k is —y;i +x,j + 2, k:

write and solve # v = 0.
Midpoint of vectors:
u .
—, for a single vector
2

u+v

, for the sum of 2 vectors

u—v

, for the vector from z to the midpoint between # and v.

Show that the vectors # = 2i + 3j — 2k and v = 4/ + 6j — 4k are parallel.

Solution

Method 1

v=4i +6j— 4k
=2Qi +3j-2k)
=2u

Hence, the first vector is a multiple of the
second vector and so they are parallel.

Method 2
Using the scalar product,

u-v=|qu|cosG

8+18+8=\/ﬁ\/@c056

34=34cos O
cos=—=1
34
0=0°

Hence, the vectors are parallel.
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Show that the opposite sides of a parallelogram are equal.

Solution

For the parallelogram shown:
the side AB is represented by the vector 4 — 2
the side DC is represented by the vector ¢ —d i ;
the side DA is represented by the vector 2 — d D C
the side CB is represented by the vector & — ¢
Opposite angles are equal and opposite sides are equal, so scalar products are equal:
(b=a)-b-c)=d-a)-(d=-c)
b-b-b-c—a-b+a c=d-d-d-c—a-d+a ¢

a-d+d-c—b-c—a-b=d-d-b-b subtract # ¢ from each side
a-(d-b)+c-(d=b)=(d-b)-{d+b) take out common factor (d — b)
a+c=d+b
c—b=d—a

That is, one pair of opposite sides is equal.

Similarly, the other pair of opposite sides is equal.

— —
Prove that the midpoint of the 2 position vectors OA =z and OB = b is % (a +Db).

Solution y

Let M be the midpoint of A and B. M

- 5 1>
OM=OA+E AB

1 b
=7 t=(b= (0] £4
a ( ﬂ)
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Prove the cosine rule using vectors. A
Solution ¢ P
Sincea=b+cthenc=-b+a

B 0
Hence a4 ¢

c-c=(b+a) (-b+a)

e’ =b-b~a-b-b-a+a-a

el =10 +]a|* - 24 -5
Using the scalar product,

e =al* +[#]" - 2}

b| cos 0
Hence

E=a’+ b - 2ab cos 0

One pair of opposite sides of a quadrilateral is parallel and equal in length.
Show that the quadrilateral is a parallelogram.

Solution

AD is the vector from A4 to D and is expressed as d — 4. A B
Let the sides AD and BC be parallel and equal, so vectors

d —a and ¢ — b are in the same direction and equal in

length. D c

We need to show that the other 2 sides b — # and ¢ — d are parallel also for ABCD to
be a parallelogram.

Since d — a = ¢ — b, adding 4 to both sides gives

d—a+b=c and subtracting 4 from both sides gives
—a+b=c—d
Thatis,b—a=c—d.
- -

So vectors AB and DC are equal in size and direction.

Therefore they are parallel and ABCD is a parallelogram.
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Exercise 3.04 Geometry proofs using vectors

1 The vector « is drawn. Sketch the vectors represented by
2u,0.5u and —3u. /

- (= >
2 ABC s a triangle in which M is the midpoint of BC. Prove that AM = 5 AB+ AC |.
3 Use vectors and the scalar product to prove that if the diagonals of a rectangle are
perpendicular then the rectangle is a square.

- = —
4 ABCis a triangle in which BC =4,CA=b and AB =c. Prove thata+ b+ ¢ =0.

— —
5 Draw the triangle OPQ , where O is the origin, OP = 4; and OQ = 6.
%
Point M, with position vector OM = xi + yj, is at equal distances from O, P and Q.

Find the values of x and y.

6 Show that the lines connecting any point on ]
the semicircle of radius 1 to (1, 0) and
(-1, 0) are perpendicular.

-1 1
Y
7 The segment that joins the midpoints of 2 sides of a C
triangle is parallel to the third side and has a length
equal to half the length of the third side.
Show that DE is parallel to AB and its length is D 5
one-half the length of AB.
A B

8 Prove using vector methods that the midpoints of the sides of any quadrilateral form a
parallelogram.
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9 Points 4 and B have position vectors 4, b respectively
with respect to an origin O. Draw the line 4B, and take a
point P on that line which divides it in the ratio

m:n=AP : PB.
What is the position vector of P with respect to O?

3.05 3D space

%
In 3D space, every point P(x, y, z), can be determined by the position vector OP, which can be
represented by the vector » =xi +yj + zk.

Find the unit vector parallel to 27 + 3; — k.

Solution

Magnitude = /2 +3% + (-1)? =/14
2 3.k o L
N TR TR T U 7Y

Therefore, the unit vector is Qi +3j—k).

%
The distance between two points 4 and B in 3D space is the length of the vector 4B,
R
where AB =0B — OA.

Find the distance between the points A(2, 3, -1) and B3, -2, 1).
Solution

— -
Distance = length of OB — 04

=JB3=2) +(-2-3)" + (1= (-1))’
=30
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2 3
Find the angle between the vectors z and v ifu=| 3 |andv=| -2 |[, correct to
one decimal place. -1 1

Solution

U-V=010 Y Y+ 22 =|u||v| cos 0

=2 +3 (-1 =14, [of=\3?+(-2)+1 =14

23) +3(=2) + (1)1 =14 /14 cos 6

—1 =14 cos 6
cos 0 = —i
14
0=94.1°

Hence, the angle between the vectors is 94.1°.

Exercise 3.05 3D space

1 Find the magnitude of each vector.
a 2i-2j+k b 3i-4/+12k ¢ 2i+5j+14k

d 4i+7-32k e -3i-2j+6k
2 Find the unit vector for each vector in Question 1.

3 Find the angle between each pair of vectors correct to 1 decimal place.

a 2i+j+kandi+j+2k

b i+2j+3kand—i+j+2k

N

2i+2j+kandi—2j-2k

o

2i+j+kandi+j—2k

e -3i-2j+6kandi+ j+2k
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4 Find the value of the pronumeral in each vector.

a 2i —yj+ 14k has a magnitude of 15 units
b 2/ + 9/ + zk has a magnitude of 43 units

¢ xi —117— 110k has a magnitude of 111 units
2i =37 + mk
V29

3 Find the value of 7 if the vector 27 — 3 + mk has a unit vector given by

2
6 Find a vector that is perpendicular to the vector| -3
4
1 1
7 Find the value of 7 if the vectors| s |and| -1 [make an angle of 60°.
-1 1

DID YOU KNOW?

The bee jive

Honeybees returning to their hive use vectors to communicate information about the
location and value of a food source and the amount of energy needed to reach it. This
communication takes the form of a ‘waggle dance’. On returning to the hive they perform
vigorous movements of the abdomen to the left and right while repeatedly moving forward
in a straight line. The bees are communicating the locations of important food sources via
the direction (direction of line dance) and the distance (the length of the waggle run).

Through the bees’ movements, they are indicating ‘there is a food smelling of A,
requiring an effort B to reach it, in direction C, of economic value D.
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3.06 Vector equation of a curve

A convenient way to describe a line in 3D space is to provide a vector that ‘points to’ every

1 3 1+3t
point on the line as the parameter (¢) varies, for example| 2 [+7| -2 [=| 2-2¢
3 1 3+1

The individual functions of # make up the coordinates of this vector that traces out a

f@)

straight line. Any vector with a parameter, for example| g(z) |, will describe some curve in

h(t)
[

3 dimensions as ¢ varies through all possible values. We call | g(#) | a vector function.
h(t)

The equations x =f(t), y = g(¢) and z = h(t) are called the
parametric equations for the curve. We first learned ]
about parametric equations in Year 11 Mathematics ¢
Extension 1, Chapter 7, Further functions. We often N
think of the parameter 7 as time and thus the parametric .
equations indicate the position of an object in 3D space at
any time.

When graphing lines and curves in 3D space, draw the axes 7 =
as shown. /

/

/
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EXAMPLE 17
t

Graph the line produced by | ¢ | for 0 <#< 10.
7

Solution

The parametric equations are 42 (1010 10)
x(t)=1t,y(@) =t and z(z) = 1. |

The points (0, 0, 0) through to
(10, 10, 10) are included in this plot.
-12 g
12 16y

We can use parametric equations to obtain some familiar common curves.

EXAMPLE 18

Graph the curve produced by | sint | for all real z.
0

Ccost

Solution

The parametric equations are
x(t) = cos t, y(z) = sin ¢ and z(z) = 0.

As ¢ varies and z(z) = 0,
the coordinates trace out 5]
the points on the unit
circle on the x—y plane
starting at (1 0) when 7=0
and proceeding in a
anticlockwise

direction around

the circle as

t increases.
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As the relationships between x(2), y(¢) and 2(¢) become more complicated, so too the graph
becomes more complex. A simple way to have an idea of the graph of the vector equation is
to create a table of values for plotting and identifying the nature of the curve.

Draw the curve produced by | sinz |for 0 <z < 2m.

COoSt

t

Solution

As in Example 18, the x and y coordinates still describe a unit circle, but the z coordinate
increases at a constant rate (z = 7) so the height of the curve increases gradually.

Construct a table of values.

¥4
t x=cost y=sint z=t e
0 1 0 0 8
T 1 1 n
4 2 NG 4
w 0 1 w
2 2
w1 1 2 75
4 NG 2 4
b 1 0 T '
w1 1 5w
4 2 V2
3_TC 0 _1 3_75
2 2
mo 1L 1 m
4 2 2 4
27 1 0 27

"The curve is in the shape of a helix (spiral) beginning at (1, 0, 0) and ending at (1, 0, 21)
directly above its starting point, after one revolution of the circle.

Equation of a sphere

In 2 dimensions, the Cartesian equation of a circle with centre (0, 0) and radius r is

«* +y* =7%.In 3 dimensions, the Cartesian equation &” + y* + 2% = /% represents a sphere with
centre (0, 0, 0) and radius » More generall, the equation ( x — )’ + (y = b)* + (z — 0> =#7
represents a sphere with centre (#, b, ¢) and radius 7.
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Describe the sphere represented by:
a @-1’+@+2)7+(@-3)’=25

b #+4x+y +6y+2"—22=2
Solution

a This is a sphere with centre at (1, -2, 3) and with a radius of V25 =5.
b  Completing the square for x, y and =:
4+ 4+ 46y +9+2° - 22+1=2+(4+9+1)
@+2)+(@+3)’+E-17"=16
This is a sphere with centre at (-2, -3, 1) and with a radius of J16 = 4.

Exercise 3.06 Vector equation of a curve

1 Graph the curve represented by each vector function.

1 1

a t |for0<r<10 b t |for0<t<Ss
1 t
t 0

c t* |for0<t<3 d t |for0<t<3
1 £
COSt

e t for0<t<2n
sint

2 Graph the curve represented by each vector function.
a x=t,y=1-t,z=1+t
b x=2t,y=t2,z=t
€ «x=cost,y=sint,z=2
d x=sect,y=tant,z=3
e

x=2sint,y=3cost,z=1
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3 Describe the graph of each vector function for 7 > 0.

1 cost
a 1 b sint
t -t
¢ «x=1,y=2cost,z=sint d x=tcost,y=tsint,z=t

4 Find a vector function for the curve where &” +y* =9 and z + y = 2 intersect.

t2

5 Plotthe curve| #—1 [in 2 dimensions, projected onto the x—y, x—z and y—z planes,
2
" +5
for0<t<3.

6 Find a vector function for the curve where z = x” + y* and y = x intersect.

7 Find a vector function that represents the curve of intersection of the cone z = \/x? + 5

and the plane z =1 + y and then sketch this curve.

8 Find the radius and centre of the sphere with equation:
-+ @G+1) +@-1)’=1

@+ 2+ (-3 +@-1"=4

@=3+G+1) +@+1)'=9

2+ +2y+2°-22=6

® o~ T Q

o —de+y —6y+2t+22=11

9 The spheres with equations (x + 2)* + (y + 3)* + (z — 4)* = 16 and
(+2)*+(y+3)" + (2 + 2)* = 25 intersect at a circle.
What is the centre and radius of this circle of contact?
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TECHNOLOGY
zZ
Graphing in 3D space 301
Using graphing technology, graph some 3D 25
curves and determine the shape of the curve
and its projections on each of the x—y, y—z 201
and x—z planes. 15
For example, investigate the shape of the
curve given and the projections made by the 104
t 5]
vector function| ¢’
£’ o I
y
101 —~10-
—15
5
Do
o 5 5 o * hs
=7 30
x—y plane x—2z plane
y=ot PR
z)
81 z
4 .
4
8 4 ]
4
4
3
-2 1
-8
\ 3 2 4y
T4
y—z plane
z= y\/y .
* |in3D
23
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3.07 Vector equation of a straight line

The equation of a line in 2 dimensions is ax + by + ¢ = 0, so you might expect a line in
Equaion . . .. .
ol 3 dimensions to be ax + by + ¢z + d = 0, but actually this is the equation of a plane.

space

To specify a straight line, we need to know 2 things: a point through which the line passes,
and the line’s direction.

b
Suppose a line contains the point A(#,, 4, #3) and is parallel to the vector b=| &,

by
By placing these vectors with # from the origin Ay, by, b)
and b at its head then any point on the line can ’ B

be obtained by adding # and A, where A is

some real number.

(a1, a3, a3) 4

Vector equation of a straight line

The vector equation of a straight line through points 4 and B is = 2+ Ab, where R is
— —
a point on AB, 2 = OA is the vector from the origin to a known point, = 4B is the

direction of the required line and A is a parameter.

Note: If A < 0 then the point will lie to the left of 4, if 0 <A < 1 the point will lie between
A and B,and if A > 1 then the point will lie to the right of B.

What is the vector equation of the line through the point (2, -1, 0) parallel to the vector
—2i+j+k?

Solution

The line has vector equation 7 =2+ Ab, thatis, r = (2i — j) + M=2i + j + k).

Direction of a vector

Sometimes we do not know the direction of the required vector but are given 2 points
through which the vector will pass. In this case, we need to determine the direction of the

required vector first.
ay—

The direction of the vector joining A(ay, by, ¢;) and B(a,, b;, ¢;) is given by | &, — b,

Q=0

MATHS IN FOCUS 12. Mathematcs Extenson 2 ISBN 97807043435



What is the vector equation of the line through the points (1, -1, 2) and (2, -3, -1)?

Solution

2-1 1
The required line has direction given by | -3—(-1) |=| -2 |and passes through

—1=2 -3
(1,-1, 2). It has the equation

r=0—j7+2k)+ N3G —-25-3k)
or, using the other point,
r=Q2i-37—k)+ 1,0 —2j - 3k).

Note that both equations are correct; however, A; # A,.

A line passes through the points A(-2, 1, 5) and B(6, 3, —4).
a  Write a vector equation of the line.
b  Write parametric equations for the line.

¢ Determine if the point C(-10, -1, 14) lies on the line.

Solution

- —
a r=0B-04

A vector equation for the lineis| y |=[ 1 |+¢7| 2

b The corresponding parametric equations are:
x=-2+38t
y=1+2¢
z2=5-9¢
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¢ If the point lies on the line, then:
—-10=-2 +8t,s0 r=—1
—-1=1+2%sot=-1
14=5-9t,s0t=-1
t=—1 for (-10, -1, 14).

Therefore, C does lie on the line joining A to B.

Parametric and Cartesian equations for a line

Because A runs through all possible real values, the vector 7 = 2+ Ab points to every point on
the line when its tail is placed at the origin.

The parametric equations resulting from this expression are:
x=a;+Ab,y=a,+ by, 2 =03 + Ay
If a straight line passes through 2 given points A(xy, y;, z;) and B(x,, y,, 2,), then it is parallel
to the vector (v, —a))i + (y; —y1)j + (2, — 2)k.
The parametric equations are:
x =2y + My —x1),y =1 + My, —y1), 2= 21 + Mz — 21)

The standard Cartesian form of the straight line is found by equating the different expressions for A:

o X—x Y-y _z-2
Y2-% N—)N AT A
1 1 3 -1
Determine whether the lines| 1 |+A | 2 J|and| 2 |+X,| -5 |are parallel,
1 -1 1 3

intersect or neither.
Solution

In 3 dimensions, lines that do not intersect might not be parallel (they most likely are skew).
1 —1
In the 2 equations we can see the direction vectors| 2 |and| -5 |are different and

-1 3
so they are not parallel.

If they intersect there must be 2 values # and & such that:

1 3 -1
+a|l 2 |=| 2 |+b| -5
-1 1 3
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Therefore:

1+a=3-b4
1+24=2-5b
1—-a=1+3b

Solving any 2 equations above simultaneously, we get 2 =3 and b = —1.

These values satisty all 3 equations and so tell us that the 2 lines intersect at (4, 7, —2).

Exercise 3.07 Vector equation of a straight line

1 Write the parametric equations for each vector equation.

x
a Yy
2
x
¢ y
z

+A

-3

X
b | »
Z
X
d | y
zZ

11

+A

+A

2 a Whatis the line through the point (2, -1, 3) parallel to the vector i +2; — k?

b  What s the line through the point (-2, 1, —3) parallel to the vector —i + 2 + 3k?

¢ Whatis the line through the point (1, -1, 1) parallel to the vector 27 —2; + k?

3 Write a vector equation of the line through each pair of points.
a (3,-5)and (-2,-8)
¢ (1,1,-3)and (1,-1,-5)

b (62,5 and(9,2,8)
d (1,0,3)and (1,2, 4)

4 Determine whether the lines in each pair are parallel, intersect or neither.

a 3
-1
1
b 0
2

-1

1
1

and

and

+A,

+A,

1
4
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2
1 1 1 3
c 2 |+A| 2 |and| O [+A,] 2
-1 3 1 4
3
1 2
d 1 |[+A| 2 J|and| 3 [|+A,| 4
2 -3 -1 -6

5 Find the equation of the line through (3, 2, 6) and (-1, 0, 4) in vector, parametric and
Cartesian forms.

6 Find #; and 45 so that (4, 1, 43) lies on the line through (0, 2, 1) and (2, 7, 4).

2 1 3 2
7 Showthat| 1 [+A| 1 [and| 2 [+A,| 2 |are the same line.
3 2 5 4

8 The equations —x7+ 2_3 5_1 _ 2zl

Write the equation of the line in vector form.

determine a straight line.

9 The x coordinate of a point on the line joining (2, 2, 1) and (5, 1,-2) is 4.
Find its z coordinate.

3.08 Parallel and perpendicular lines

A normal vector to a line is a vector that is perpendicular to the line. n

In 2 dimensions, a line has an infinite number of normal 2
vectors, all parallel to each other. However, in 3 dimensions, n

the normal vectors are not necessarily parallel. :
2
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In 2 dimensions, we saw that the scalar product can be used to determine the angle between
2 vectors. We are particularly interested in whether the angle between the vectors is 0°
(parallel) or 90° (perpendicular).

A line in 2 dimensions can be defined using its gradient and y-intercept. The gradient
indicates the direction of the line and the y-intercept provides its exact position. In

3 dimensions, the gradient of a line is not defined, so a line in 3 dimensions must be defined
in a different way.

In 2D, lines can be defined in general form ax + by + ¢ = 0, which is a scalar equation. As well,
a line can be written in gradient—intercept form y = 7 + ¢. Vectors can also be written to
define a line in 2 dimensions. We identify the direction vector parallel to the given line and a
position vector to establish a unique line.

Show that 27 +3; — 2k and i — 2j — 2k are perpendicular vectors.

Solution
XXy +Y Yy + 212, = |u||v| cos 6
2x1+43(=2)+(=2)(-2) =179 cos 6
Ozx/ﬁcose
cos0=0
6 =90°

Hence, the vectors are perpendicular.

Find the vector equation of the line passing through the point (3, -1, 1) and perpendicular

x—3:y+1:z—1 andx—3:y+1:z—1.
3 —2 2 2 5

to the 2 lines

Solution

Since the equation that is perpendicular to both has equation (3 -1 1)+ A(a & ¢),
then 24+ 3b—2c=0 and 24+ 2b+ 5¢ = 0.

2+3b-2=0  [1]

2a+2b+5¢=0 [2]
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(1] - [2]:

b—T7c=0 3]
2x[1]1-3x[2]:

4a+6b—4c=0

6a+6b+15¢=0

—20-19=0 (4]

Putting ¢ =2, then #=-19 and / = 14.

Note: there are many lines perpendicular to both lines but only this one passes through
their point of intersection (3 -1 1).

In this case the perpendicular vector is (v y z)=(3 -1 1)+ A(-19 14 2)

-3 y+1 z—1
-19 14 2

or in Cartesian form

Exercise 3.08 Parallel and perpendicular lines

1 Show that each pair of vectors are parallel.

1 2 2 —4
a -1 |+A| -1 |and| 1 |+A| 2
1 1 -1 -2

b (2i—j+/e)+/l(z'+j—2k)and(z’+ Jk)+A(-3i-3j+ 6|

3 -2 -1 1
C 1 |+A] 1 Jand| -1 [+A| =05
-1 -2 2 1

d (3z'—j+2k)+/1(21'+2j—3/e)and(z’+3j—2k)+/l(4z'+4j—6k)

2 Show that each pair of vectors are perpendicular.

1 1 3 0
a —1 +1 O and| 2 |+A| 2
-1 0
b (z +/1(21 j+2k) and(3z'+ 2j—k)+)L(2i—2j—3k)
7 3 -2
-2 |[+4 0 and| 4 |+A| O
5 ) 2 1

d (z 3+ 2k +,1( i+2j+5k)and(4z’—2j+k)+/’L(—z’—3j+k)
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3 Write the equation of a vector that is parallel to each line.

2 -1 3
a -1 b 2 |+ 1
3 3 -2
¢ 4i+3j—k d (3i-j +k)+2(2i+2j- k)
4 Write the equation of a vector that is perpendicular to each line.
2 1 3
a -1 b =2 |+A] 1
3 3 -2
c 4i+3j—k d (3i_j+k)+/1(2i+zj-k)

5 Find which pairs of lines intersect and find their point of intersection.

7 4
_ 2 .
a =2 [+4] 0 b x61=y; =z53
5 )
€ 2i+4j-5k d (4= 11+ Sk)+ A(i+2/+2k)

6 A cube has sides of length L. By giving the vertices coordinates, determine the angle
between the diagonal of the cube and one of the edges adjacent to the diagonal correct
to one decimal place.

7 a Prove that the lines joining A(2, -3, 3) and C(-2, 3, -1) intersect the line joining
B(-3,2,1)and D(3,-2, 1).

b Find correct to one decimal place the angle between these 2 lines.

8 Write the parametric equations of the line that goes through the point (6, -2, 1)

1 3 9 1
and is perpendicular to both| 4 |+A | -1 |and| 5 [+2A,] -3
-2 1 -3 7
9 Given the Cartesian equation el g t_ _512 =2 _215, write the corresponding vector

equation.

10 Write the equations of 2 lines that intersect at the point (2, —1, 3) and are perpendicular
to each other.
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1 Find the scalar product of the vectors [

J and [ ; J, then find the angle between

these vectors to the nearest minute.

2 Are the vectors { 23 ] and [ 435 J parallel or perpendicular?

3 Express the 2D vector represented by 8 units of length in a direction of 60° in
component form and then write the unit vector in component form.

4 Find the exact magnitude and direction to the nearest minute of the vector 27 + 5;.

5 Write the component vector AB that joins the points A(-1, 2, -3) and B(0, 3, 1).

6 Calculate the scalar product for the vectors 2/ — j+4k and i — 27 — k.
What can you say about these 2 vectors?

7 Write a unit vector that is perpendicular to both 2/ — j+ % and 7 — 2j —%.
— — —
8 Given that OX =24 + b and OY = 34 + 4b, express the vector XV in terms of # and .
— —
9 0ABis a triangle. OA =4 and OB = b.

A

IR

%
a Find the vector AB in terms of # and 4. N
b If Pisa point on AB such that AP : PB =3 : 2, show that OP = é(Zﬂ +3b).

2 -3
10 Find the magnitude of each vectoru=| -2 |andv=| 1

1 22

Hence, find the angle between them to 2 decimal places.

11 Find a vector that is perpendicular to the vector i—2; — k.

t
12 Graph the curve represented by the vector| 0 |for0<z<5.
t
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13 Graph the curve represented by the vector| 4sint |for 0 <z<2m.

4 cost

t

14 A sphere has equation &% + (y — 4)* + (z + 1)* = 5. What is its radius and centre?

. 5 X+
15 For the Cartesian equation

parametric equations.

3 y-2 z
1

;rl, find the equivalent vector and

16 The y coordinate of a point that lies on the line joining (1, 5, -2) and (-2, 2, 3) is 3.
Find the x and z coordinates for this point.

1
17 Show that| O
-2
7
18 Show that| 1
-2

19 Find the angle between the vectors| 1 |and| 1 |to I decimal place.

and

and

=2

are parallel vectors.

are perpendicular vectors.

-2

-2

20 Find the vector equation of the line that passes through (1, -3, 2) and is perpendicular to

2
both| 3 |+A
-1

1
—2
3

and

1 0
-1 [+, 1
1 -5
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APPLYING COMPLEX
% NUMBERS

The mathematics of complex numbers is used in every electronic device you can imagine, including
computers, mobile phones, tablets and the tools used in social media.
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IN THIS CHAPTER YOU WILL:

use De Moivre's theorem with complex numbers in both polar and exponential form

use De Moivre's theorem to derive trigonometric identities

find solutions fo quadratic equations with real coefficients

find solutions o polynomial equations with real coefficients

solve problems using conjugate roots of polynomial equations

solve quadratic equations with complex coefficients

revise adding and subtracting complex numbers on the complex plane

multiply and divide complex numbers on the complex plane using rotation and dilation

relate a complex number z to the points and vectors z, z and cz

find the nth roots of unity and other complex numbers, and their location on the complex plane
solve problems using the nth roots of unity and other complex numbers

skefch curves and regions on the complex plane, the locus of points defermined by relations such

os|z—i|22,—%SArg ZS%, Relz) < Im(z) and |z +1| =2]|z -1




TERMINOLOGY

De Moivre’s theorem: ' locus: A set of points that obey a certain condition.
(cos 0 + 7 sin 0)" = cos 78 + i sin 70 = ¢, Its graph can be a line, curve or region.
Ve Z. roots of unity: Solutions to the equation 2" =1,
ne N.

4.01 De Moivre’s theorem

We saw in Chapter 1, Complex numbers, that if z = 7(cos 0 + 7 sin 6) = e, then

Using De
Moivre’s P ; . .
theorem 2" = 7"'(cos 70 + i sin #8) = /"¢, where 7 is an integer.
If » = 1, then this property simplifies to
(cos O + i sin )" = cos 70 + 7 sin 76 = ¢,
Trigonomric

deniiiesving T"his theorem is called De Moivre’s theorem, and can be extended to rational numbers, Q.

De Moivre's
theorem

De Moivre’s theorem

For any non-zero complex number z = cos 0 + i sin 6 = ¢”*:
*  (cosB+isin®)" =cosn®+isinn®=e" VneQ (polar form)

o (=" VneQ (exponential form)
The statement can be proved to be true for all rea values
of n, not only rational numbers, but this is not part of this course.
We can prove De Moivre’s theorem by induction for # € N, that is, for positive integers only.

Proof
Let P(n) be the proposition that (cos 6 + 7 sin )" = cos 176 + i sin 78, V n € N.

Prove P(1) is true:

LHS = (cos 6 + 7 sin )" RHS = cos (16) + i sin (16)
=cos0+17sin 6 =cosO+:7sin 6
- P(1) is true.

Assume P(k) is true; that is, (cos 0 + 7 sin 8)* = cos 0 + i sin k0 for some k € N.

Prove P(k + 1) is true; that is, (cos 0 + 7 sin 6)]“rl =cos (k+1)0+isin (k+1)0
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Proof: Consider the LHS of P(k + 1):
LHS = (cos 8 + 7 sin 9) *!
= (cos 0 + 7 sin 0)(cos 0 + i sin 0)*

=(cos 0 + 7 sin 0)(cos k0 + 7 sin £0) using P(k)

(e o b

=cos 0 cos k0 + i cos 0 sin kO + 7 sin O cos k6 — sin O sin k0
= cos 0 cos k0 — sin O sin %0 + (cos 0 sin kO + sin O cos k0)
= cos (0 + £0) + 7 sin (0 + £0)
=cos (k+1)0+isin (k+1)0
=RHS of P(k+ 1)

.. truth of P(k) = truth of P(k + 1)

But P(1) is also true.

. P(n) is true for all » > 1, by mathematical induction.

"The exponential form of De Moivre’s theorem, ()" = ™ is obvious from the index laws.
It could also be proved by induction. This will be left for you to do as an exercise.

Equating the modulus and argument on both sides of 2" = #”/(cos #6 + i sin #8) = 7"¢"°, ¥V n € Z
we can see the properties we saw in Chapter 1 follow directly from De Moivre’s theorem.

Power of a complex number

n
z" ,VnelZ

:lz

argz"=margz,VneZ

Both of these statements can be proved by induction and will be left as an exercise.
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Note that to use De Moivre’s theorem, the complex number must be in correct polar
form: z = r(cos 0 + i sin 0) = 7¢”®. If z = cos 8 — i sin O then we need to use the rule
cos 0 — i sin 8 = cos (-0) + i sin (-0) = ¢ before applying De Moivre’s theorem.

Use De Moivre’s theorem to simplify:

4
a  (2(cos 8 +isin 0))° b (cos 3?ﬂ:—isin %) c [8(cos T+ 7sin n)]§

Solution

a  (2(cos 0 + 7 sin 0))® = 2%(cos 86 + i sin 86)
=256(cos 80 + 7 sin 80)

b First express cos 3?n—isin 3?nin the form cos 6 + 7 sin 6.
3t .. 3m 3n) . ( 31:]
cos — —isin — =cos | —— [+isin | ——
5 5 5 5
( 3. 3n)4 ( 31t) . ( 37:)4
s cos ——isin — | =[cos|—— |+isin|——
5 5 5 5
lZn) . ( lZn)
=cos| ——— |+isin [ ——
5 5
21:) . ( 27‘5)
=cos| —— |+isin| ——
5 5
Zn) . (Zn)
=cos| — |—isin | —
5 5

Recall that polar form uses the principal argument so we converted _12T7t to an

angle in the interval (-m, ] WV

5 5

c [8(cos T +isin 1t)]g =83 (cos §+isin g)

T .. T
=2| cos —+isin —
( 3 3)
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Proving trigonometric identities

De Moivre’s theorem is useful for proving some trigonometric identities.

EXAMPLE 2

Use De Moivres theorem and the binomial expansion of (A4 + B)’ to prove each identity.
a sin30=3sin0-4sin’ O b cos30=4cos’0-3 cos O
Solution

a  Using De Moivre’s theorem we have (cos 8 + 7 sin 0)’ = cos 30 + i sin 36.

Using the binomial expansion (4 + B)’ = A + 34’B + 3AB* + B* we have:
(cos 0 + 7 sin 9)3 = cos’ 0 + 3i cos” 0 sin © — 3 cos 0 sin> O — 7 sin’ O

Equating both expansions:
cos 30 + 7 sin 30 = cos’ O + 3i cos” O sin O — 3 cos O sin’ 6 — i sin’ O
Equating imaginary parts we have:
sin 36 =3 cos’ O sin O — sin’ O
= 3(1 - sin” B)sin 6 —sin’ O so in terms of sin only
=3sin - 3 sin’ 6 —sin’ 0

=3sin O —4sin’ O as required.

b Equating real parts from part @ we have:
cos 30 = cos’ 8 — 3 cos O sin’ O
Substituting sin® 6 = 1 — cos” 6:
cos 30 = cos’ B — 3 cos 6(1 — cos’ 0)  so in terms of cos only
=cos’ 0 —3 cos B + 3 cos’ O

=4cos’®—3cosO asrequired
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De Moivre’s theorem and binomial expansions can also be used to simplify powers of
trigonometric ratios.

The identities z" + ln and z" - —
z z

Ifz=cos0+isin O, then V7 e N:

1
o z"+—”=2 cos 720
P

o z"—in=2isinn6

P4

These results are useful to express powers of trigonometric ratios as ratios with multiples of 6.

Use the fact that z + L 2 cos 0 and the binomial expansion of (z + )* to prove that
%

cos' = é (cos 40 + 4 cos 20 + 3).
Solution

4
Consider the expansion (2 cos 8)* = (z+ l) where z = cos 6 + 7 sin 6.
z

16 cos* 0 =z"+ 4-z31 + 6z2i2 + 4-zi3 + i‘}
z % % %

=z4+4z2+6+4i2+i4
P4 Z

4 1 (2 1}
=z'+—+4|2°+—= K6
% 3 e

=2 cos 40 +4(2 cos 20) + 6 using 2" + — =2 cos 70 twice
z

=2 (cos 46 + 4cos 26 + 3)

cos' = %(cos 40 + 4 cos 20 + 3)
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Exercise 4.01 De Moivre’s theorem

1 Use De Moivre’s theorem to simplify each complex number.

a (cos8+isin0)’ b (cos6+isin6)” ¢ (cos®—isin6)
-5 i
d (cos g+i5in g) e (cos 40+isin 40)*
2 For each value of z, evaluate 2’ in:
i polar form il Cartesian form
a z:Z(cos£+isin£) b z:\/g(cosﬁﬂ'sinﬁ)
6 6 -+ 4
1 T .. T t .. I=n
€ 2z=—|cos—+isin — d z=-3| cos —=+isin —
2 3 3 10 10

-6
3 Evaluate |:cos (_TBR) +isin (_TBRH , in modulus—argument form.

4 Evaluate each expression by first converting to polar form, giving your answer in
Cartesian form.

a (1-i b (1+;\B)4 c (—ﬁﬂ'ﬁ)s

N3 . 2
a4 [ e [L.AB
2 22
3 Evaluate each expression and give exact answers in modulus-argument form.
S Y
(3+3i) ( B- i)
12 6
6 Show that L+Li E+£i =-64.
BB 22
7 Simplify each complex number.
a  (cos 0 +isinB)’ x (cos O+ sin 6)”
b (coso+isin o)’ x (cos B—isin B)°

(cos 30 +7sin 38)8

c 3
(cos 28 +isin 23)
cos B +isin B) x(cos 2B —isin 2B)
d
(cos B+isin [3)5
2
T .. W4 T .. T)3
cos — +isin — | x| cos — +isin —
(g om)

T, W2
cos —+isin —
( 2 2)
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8 By expanding (cos 0. + 7 sin 0)” in 2 ways, derive expressions for cos 20 and sin 20..
Hence find an expression for tan 2a in terms of tan o.
2 sin oL cos O

2 2

- , then divide both sides by cos” o..]
cos” oL—sin” o

[Hint: show that tan 2o =

9 In Example 2, p.121, we proved that cos 36 =4 cos® 6 — 3 cos 6.
T
a Use this fact to find -[02 4 cos’0d6.

T
b  Use a similar result to evaluate J.03 sin’ 040.

10 Expand (cos 6 + i sin 6)* in 2 ways to prove that:
a cos40=8cos'O—8cos’ O+ 1
b sin 46 =4 sin 0 cos 8 (cos” O — sin’ 0)

30

11 a Complete the statement: tan30 =
cos

Using the results we derived from (cos 6 + i sin 8)° = cos 36 + 7 sin 30 in Example 2,
3sin @—4 sin’ O

cos’ 0—3cos O

p-121, show that tan36 =

3tan O—tan’ O

¢ Hence prove that tan30 = 5
1-3tan" 6

n—1_ ﬂ(Vn _1)

12 Using the fact that a + ar + @’ + ar’ + ... + ar , prove for n > 1:

—
(cos 0 + 7 sin 0) + (cos 260 + 7 sin 20) + (cos 36 + 7 sin 30) + ... + (cos 76 + 7 sin 70)

_ (cos @+isin 0)(cos 70+ isin n6 — 1)

cos O+i7sin 0—1 '
2n
13 Using a suitable expansion, find the value of Lf cos* x dv.
3

14 Prove by mathematical induction:
a (cos 0 +isin 0)" =cosn0 +isinn0,n € Z
b =[z|"VneZ
¢ argz'=mnargzVnel

d () =¢®n>1lneZ

Zﬂ

15 Ifz=cos 6 +isin 6, simplify:

1
a z--— b »-— c Z-—
zZ zZ zZ
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16 Simplify each expression.

T .. T 1

a COS —+izsIn —+

12 12 T .. T

COS —+1zsIn —
12 12

( st 515)7 ( St Sn)‘7
C cosS — +isin— | +| cos —+zsin —

7 7 7 7
17 If z=cos 0 +isin 0, prove that:

a 22+ ziz is always real b 2’ —% is purely imaginary

1.
¢ 2" +— isalways real
2

18 Letz=cos 6 +isin 6. Use the fact that 2" — in = 2i sin 76 and the binomial expansion of
z

3sin 6 —sin 30
—

3
(z - l) to prove that sin® 6 =
P2

DID YOU KNOW?

De Moivre’s final problem

Abraham de Moivre was a French mathematician
born in 1667. Although he is chiefly known for
De Moivre’s theorem, he also worked on a number
of other important areas of mathematics, including
probability. He published his findings in The
Doctrine of Chance in 1756. De Moivre allegedly
predicted the time of his own death. He noticed
that he was sleeping 15 minutes more each day
and proposed that by the time he was sleeping

24 hours per day he would be dead. Using an
arithmetic sequence he calculated that he would
die on 27 November 1754. Apparently he was
correct!
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4.02 Quadratic equations with complex
coefficients

Any quadratic equation of the form ax” + bx + ¢ = 0 can be solved using the quadratic

~b b’ —4ac
2a
then the complex roots always come in conjugate pairs. However, if the coefficients are

complex, then the roots will not be conjugates.

formula x = . We saw in Chapter 1 that if the coefficients 4, b and ¢ are real,

Solve each quadratic equation with complex coefficients.

a 2X+iz2+2=0
b ' -G-2)w+5-5i=0
¢ #+4i=0
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Solution

a 2+iz+2=0

Using the quadratic formula where 2 =1,b=iand c=2:

—b+\b —4ac

2a

—i )i —4(1)(2)
2(1)

—itJ-9

2
—i+3i

2
2% —4i
i
2 2

=7 or -2

b 2 -G-2)w+5-5i=0
Using the quadratic formula where 2 =1,b=~(5 —2i) and ¢ =5 - 5i:

(5205 - 20) —4()(5-57)
“= 2(1)
_ (5-2i)+/25-20i—4-20+20i
2

_(5-2)%1
2
5-2i+1

=3-7 or 2-1i
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¢ ¥ +4i=0

Method 1
Using the quadratic formula where =1, or &’ +4i=0
b=0and c=4i

¥ =—4i

—0+,/07 - 4(1)(44) x =44

ST I e o
+J-16i i i

Now this solution still contains a square root. Recall we can simplify /i using the
following technique.

Let /i =a + ib for some real z and b.
Then i = (a + ib)* = a* — b* + 2abi
Equating real and imaginary parts:

az—bzzo:ﬂzzbzand1=2ﬂb:>ab=%.

By inspection or solving simultaneously we see thatz =5 = % ora=b= —%. By
convention we take the solution such that # > 0. 2 2
L

V2 N2
So the solution to the original equation becomes

x=+2ii

(1 i
=i21($+—2)
=+(i2-2)
=—2+i2 or 2-i2

Although the equation x” + 4/ = 0 looks harmless, it requires some sophisticated
algebra to solve using this approach.

Then<i =a+ib=
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Method 2

An alternative method uses exponential form and Euler’s formula:
P +4i=0= " =—4i

Let x = re®.

Then x° = (re™®)’.

So equating we have (r¢”®)* = —4i.
Then 26 = —4i

So 72e*™® = 2%(=)).

We can see that 7 = 2 since 7 > 0 but we need 2 solutions to ¢**® = — for the argument 6
because x* = —4i is a quadratic equation.

Now recall that the domain for the principal argument is 8 € (-, 7],
50 20 € (-2, 2x]. We can express Arg () as 2 different angles in this domain.

So &®=_
20= _r or 3_7: in the domain
2 2
0=-"or £
4 4
So the solutions to &° + 47 = () are:
T 3n

x=2 % orx=2e4

Converting these to Cartesian form we have:

Al goel 2] Ael5n(3)
-3 =
== —V2+if2

as in Method 1.

Note that in the example we solved the simultaneous equations by inspection rather than by
using an algebraic method. The emphasis in this course is to provide elegant and efficient
solutions using mathematical insight rather than tedious algebraic manipulations if they can
be avoided. Sometimes algebraic techniques are necessary.

Graphical approach to finding the square root of a complex number

De Moivre’s theorem is useful for finding a square root.
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Solve the equation 2> = —1++/3.

Solution

Express in polar or exponential form:

|-1+i3] = (-1 +(+B)

=7
\/’ 21
arg(—1+z 3)=?
2n
So 2° =2(cos 2Tﬂ:+isin ZTRJ=26 3.

Since it is a quadratic equation there should be 2 roots.

. . . . 1 .
Using De Moivre’s theorem, we can raise both sides to the power of = to easily calculate
one of the roots, z;:

= 2w\
2 -
% = Z(COSZ—n+iSin2—n) =23
3 3
i T -
=\/§(cos §+isin?):\/§e3

Graphing 2 and z; on an Argand diagram:

) \ Im(z)
2n
3
2 il
\2
n
3
- ) >
Re(z
o )
&

/

22 = Z(COS 2?n+ isin ZTR) and z = \/f(cos gﬂ'sin %), so we see that z; has half the

argument of z* and the modulus of 2, is the square root of mod 2*. The other root 2, is
also graphed, and it is equally spaced around the origin at an angle of m from z; with the

2n
same modulus: z, =+/2 |:cos (_Z?n)_k isin (_ZTTEH =/2¢ 3 .This will be explained fully

later in this chapter when we examine the roots of complex numbers in more detail.
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Using this graphical approach for Example 4c on pages 128-129, we could have seen more
2

easily that J—i = {1|:COS (—%) +isin (—g):” = 1|:cos (—%) +isin (—%H without all the

algebra.

"This is a useful technique to keep in mind.

Exercise 4.02 Quadratic equations with complex coefficients

1 Solve each quadratic equation.

a #-2ix+3=0 b ++6ix=5
¢ F-CB+2x+(1+3)=0 d 327 -5ix+2=0
2 Use a graphical approach with De Moivre’s theorem to solve each equation in exact
form.
a =i b =-9 ¢ =z =cos E-H'sinE
_2n
d 22-1+i=0 e =" f 22=16c ?
g z'=cosd+isin4d
3 Show that 5 — 2iis a root of & — 6x + ix + 7 + 3i = 0. Hence or otherwise,
find the other root.
4 Find the quadratic equation that has the roots: .
a 3-il+7 b —4i3+5i c —2;”,1—1'
5 The quadratic equation zx” + px + ¢ = 0 has the roots %+% and %— %

Find the values of 4, p and ¢.

6 a Find/8+6i.

b  Use the quadratic formula to solve the complex quadratic equation
2% + 22 + 4iz = 11 + 2i, expressing the solutions in the form # + 7.
[Hint: you will need part a].

7 Solve each quadratic equation.
a Z-1+idx+i=0
b ' -2x+1-2i=0
¢ & -3x+3ix-5i=0
d ¥-@+3)x=2-8i
e i -3ix-x+2i+2=0
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Polynomial
with real
coefficients

Real and
imaginary
factors

Complex
polynomials

DID YOU KNOW?

The cubic formula

Just as the quadratic formula is used to find the roots of a quadratic equation, there exists
a formula to find the roots of a cubic equation. This formula was published in 1545 by an
Italian mathematician named Girolamo Cardano (1501-1576). When he was deriving the
formula, he was troubled because some of the solutions to a cubic equation required
finding the square root of a negative number, such as \/~15. Mathematicians did not yet
know how to handle this.

Cardano then made an astute observation about conjugates. If 2 of the roots were say

5 —+/—15 and 5 ++/—15, he noticed that the product of the 2 roots was real, (5 —+-15 )(5 + \/—15)
=25 —(-15) =40, so the offending /-15 disappeared. This was the beginning of complex

numbers.

Cardano was not the first to create this formula, only the first to publish it.
Mathematicians were very competitive back then. Whoever published first got the fame!

4.03 Polynomial equations

We have seen that if a quadratic equation with real coefficients has complex roots then the
roots will be complex conjugate roots.

Complex conjugate root theorem

If a polynomial equation P(z) = 0 has real coefficients and if .=z + b, 2, b € R, is a root
of P(z) =0, then ot = 2 — ib is also a root of P(z) = 0.

We use the properties of complex numbers developed in Chapter 1 to prove this theorem.

Proof

Let P(x) = a,x" +a, " ' +a, 2" ?+ ... +anx" + ayx + ay = 0 be a polynomial equation
where a,,a, (,a, 5, ...,0,,ay,a5 € R.

If o is a root then
Plo)=a,0 +a, (0" " +a, 0" 2+ .. +ao + a0+ ay=0

Using the property that if oo = 0 then & = 0, then we can deduce

n-— n

P (0)=a,0"+a, o' +a, 0"+ +a,07 +a,00+a,=0
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Then, using o, + 0., = 0 + 0, it follows that

"= 0" a0l v a0 + 4y =0

n
a,0” +a,_ o' +a

n—

Then, using #,0,; = 2, o; we can deduce

+a, 0"+ +a,0° + 40 + ay=0

n-—

n
a,0” +a,_ o

Then using (o, )" :((x_l)" for #» € N, we can say

n n o — n ——\n  —y—\n —
a, (O(‘n) + Ay (ail—l) + ay_2 (an—Z) + + a4, (O{‘Z) + a0 ((xl) + ag = 0

Butifa,, ...,aye Rthena, =a,,a, =a, i, ....a =ay,a,=ay,s0

—\77 n n —\77 —\77
a, ((X") + Ay (an—l) + ay_2 ((XII—Z) + + @ ((X‘Z) + @ ((xl) + ag = 0
Therefore we can deduce that P(o) = 0
that is, & is also a root of P(x) = 40" + a4, &' +a, " *+ ... +ax’ + 4 +ay = 0.
QED
It follows then that if x — o is a factor of P(z) = 0 then x — & is also a factor of P(z) = 0.

"This theorem has implications depending on the degree 7 of the polynomial P(z):

Real and complex roots

Given a polynomial equation P(z) = 0 with real coefficients and of degree n:

* ifnisodd, then P(z) = 0 has at least one real root and the complex roots will come in
conjugate pairs
e ifnis even, then P(z) = 0 has an even number of real roots or no real roots, and the

complex roots will come in conjugate pairs

e if P(z) = 0 has complex roots o = 2 + ib and o = a — ib then P(z) = 0 will have a
quadratic factor of the form (v — 0))(x — &) = [&” — (ot + Q) + 0oL
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As with polynomial equations with real roots, we can use the remainder and factor theorems
to solve polynomial equations with complex roots.

Consider the polynomial P(x) = x* — 4x* + 6x — 4.
a  Show thatx =2 is a root of ¥° — 4x? + 6x — 4 =0.

b Hence solve the equation &° — 4x* + 6x — 4 = 0.

Solution
a  Using the factor theorem, show that P(2) = 0.
PQ2)=2"-4Q2)" +6(2) -4
=0
Therefore x =2 is a root.

b To solve the equation we can use the fact that P(x) is monic so
& —4a? + 65 — 4 = (v — 2)(x" + bx + ¢) where b, c € R. We then solve for b and .

Expand the RHS and equate coefficients:

—2c=-4 Equating the constant terms
c=2
4=-2+b Equating the coefficients of x’
b=-2

=4 b —d=(-2)’ - 2x+2)
Now factorise fully or solve the quadratic factor to find all of the roots.
(x=2)@ =2x+2)= (- 2)[(* =22+ 1) + 1]

=@=2w -1y - 7]

=(-2)x-1-d)x-1+19)

=@ =2l - (1 +9][(r - (1-1)]

Sotherootsarex=2,1+14,1-4. Note: the complex roots are a conjugate pair.
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Creating polynomial equations

Sometimes we are given the roots and need to find the polynomial.

EXAMPLE 7

Given that o= % and B = 2 + 7 are 2 roots of the polynomial P(x) = ax* + b’ + cx® + d + e

where 4, b, ¢,d, e € 7, find P(x).

Solution

Using the fact that the coefficients are real, the complex roots must be in conjugate pairs.
_ 3 = .

Thus o = ~5 and B =2 - i are also roots.

The structure of P(x) is then

ﬂ(x—%)(x+%) [x— Q2 +D)][x- Q2 -9)]

(5 9t .
=a|x vy [ —Q+i+2-dDx+ Q2 +4)Q2-19)

= a(xz + 2)(&6‘2 —4x+5)

4
Now since all coefficients are integers, let # = 4 to eliminate the fraction.
ax b v o +de+e E‘{x2+%)(x2 —4x+5)

= (42’ + 9)(a? — 4x + 5)
=45 — 160> + 20%% + 92 — 362 + 45
=45t — 160° +29x% — 36x + 45

Therefore P(x) = 4x" — 162° + 29x% — 36x + 45.

Note: This is not the only solution for P(x).

Any constant multiple of this solution is
also a solution.
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Exercise 4.03 Polynomial equations

1 Factorise each P(z), showing:

P+ 2222

i all real factors ii  all complex factors
a Z+z b -62°+10z
c 2'+1 d -8
e z'+322-4 f zt+1027+9
g h

P+ rz+1

2 Find all the roots of P(z) = 0, given:
a z=-2isarootofz’ -2z -3z+10=0

b z=iisarootofz*—22°-22"-22-3=0

C Z=€ZiSaI‘OOtOfZg—\/iZZ—Z2+Z+\/§Z—1=0
d 2’-4z-5isafactorofz’ —62° +62° — 2215
e 2-2+iJSisafactorofz’ — 22> +2+18

3 Consider the polynomial 2* — 62° + pz* + gz + 70 = 0 where p, g € R. Given that 1 + 3/ is
a root, find p and ¢ and the other roots of the equation.

4 Find all the roots of each polynomial equation.
a 2-32%+z2-3=0
b z'-2'-32+42-4=0

5 Find the polynomial equation of minimum degree with integer coefficients that has

roots:
a z=1+42=5 b z=1-if3,2=22
¢ z=3+iJS,z2=-1-4i d z=%+§,z=4

e z=¢ 3,2=-3

6 Find the minimum degree of a polynomial that has real coefficients with roots:
a x=4x=-2,x=-3i
b x=V2+iV2,x=-2-5i,x=-1
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4.04 Operations on the complex plane

We saw in Chapter 1, Complex numbers, that complex numbers can be expressed as points
or vectors on the complex plane. They can also be expressed in Cartesian (# + ib), in polar
(modulus-argument) or in exponential (r¢'®) form.

We now look at multiplication and division of complex numbers on the complex plane.

Multiplying complex numbers

Multiplying complex numbers

If 2z, =7r((cos 0, + i sin 6,) and z, = r,(cos 0, + 7 sin 6,), then their product is

212, = 1y7;5[cos (07 + 0,) + 7 sin (0; + 6,)]

Geometrically, this means that the product of vectors z and w will have length |z ||= | and
argument arg z + arg w. Alternatively, if a vector z is multiplied by a vector w then its modulus
is increased by the factor || and its argument is rotated anticlockwise by arg w.

Geometric representation of multiplication

kS
w

arg z +argw

)

w

arg w
g% 4 argw z

arg z arg z

J
If z =|2|[cos (arg 2) + 7 sin (arg 2)] and w =|w|[cos (arg w) + i sin (arg w)],
then their product is

zw =|2||w| [cos (arg z + arg w) + i sin (arg z + arg w)].
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EXAMPLE 8

Ifz= 3(cos §+isin g) and w = 2(cos §+isin g), plot z and zw on an Argand diagram.

Solution

Multiply the moduli:
|2||w]=3 %2

=6
Add the arguments:

Argzw=£+E
3 6

T

2

So plotting zw we have dilated (‘stretched’) the length of z by a factor of 2 and rotated z

by an angle of g

A Im(2)

69 zw

length 6

z

ola

length 3

1Y

3

y
T .. T
zw = 6| cos—+7sin—
( 2 2)

=61
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Dividing complex numbers

Dividing complex numbers
If 2; = 7;(cos 0, + 7 sin 6,) and 2, = 7;(cos 6, + 7 sin B,), then their quotient is

2 =L [cos (0, - 8,) +isin (8, — 6,)]
2 N

Geometrically, this means that the quotient of vectors z and w will have length H

w

and argument arg z — arg w. Alternatively, if a vector z is divided by a vector w, then its
modulus is decreased by the factor |w| and its argument is rotated clockwise by arg w.

Geometric representation of division

Y YA
e
2] ) arg z E
i || e il [20]
Arg
Arg
= = < > £
0 kg 0 kg
arg z —argw
\ \)

If z = |z |[cos (arg 2) + i sin (arg 2)] and w = |w|[cos (arg w) + 7 sin (arg w)],

then their quotient is

2= i[cos (arg z —arg w) + 7 sin (arg z — arg w)].
v |l
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Ifz= 6(005 %+ isin %J and w= Z(COS ZTn +isin ZTTE), plot z and Z on the complex
w

plane.
Solution
Divide the moduli:
lo| _¢
w2
=3
Subtract the arguments:
ArgZ = sn_2n
6 3
_T
6

So plotting 2 we have dilated (compressed) the length of z by a factor of % and rotated z
w

by an angle of z?n clockwise.

2z T .. T
—=3| cos —+isin —
w ( 6 6)

Im(z)

eNE!
B
SN

0 Re(z)
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Multiplying and dividing by i

Since i = l(cos §+ isin g), it is easy to see that if we multiply a complex number z by 7 then

this is equivalent to rotating z byg anticlockwise. Similarly, if we divide by 7 then this is

. . T .
equivalent to rotating z by 5 clockwise.

Multiplying and dividing by i
Multiplication by 7 is equivalent to a rotation of % on the complex plane.

YA

(S1E]

'

Division by i or multiplication by — are transformations equivalent to a rotation of -3
on the complex plane.

|
A
|
e

Notice that division by 7 and multiplication by —i give the same result. We can prove this:

z z 1 iz .
—=—X-=—"=-12.
i 7 1 -1
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Ifz=+73 (cos %+ isin %), plot iz and 2 onan Argand diagram.

7

Solution

. . . T %
"To find iz, rotate the vector z anticlockwise by 3 radians. To find = rotate the vector z
i

clockwise byg radians.

Im(z) 4
) z
iz
1 3
3n
10 -+
0

Re?z)

/

In polar form, iz = \/g(cos I—g +isin Z—g) and ? = \/g[cos (—i—g) +isin (—i—g)]

Recall 2 properties we have met:
e 2" =¢"(cos n0 + i sin n0) De Moivre’s theorem
o iz 1 = l[cos (-0) + 7 sin (-9)]

z 7

We can use these properties to plot powers and reciprocals of z on the complex plane.

Given z = 1(cos 0 + i sin 0) in the diagram, plot i)
each complex number below on the complex plane.

a iz R
b E 1e
! = 0
C 2? Re(z)
d 1
%
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Solution

a iz=cos(9+£)+isin(9+£) Im(z) §
2 2 iz
T T 2
b Z-cos|0-Z|+isin|0-Z
i 2 2 %
2 . 0 0
¢ 2" =cos20+isin 20 - -
(0] 0
1 1 Re(z)
d = =cos (-0) +sin (-0) z
z
2
i

z and w with corresponding vectors are shown on the complex plane.

Prove that 2> + w’ = 0.

VA
w
P4
O &2
/
Solution

To find w we rotate z an angle of 90° around O. This is equivalent to multiplying by i.

Sow =iz,

Squaring both sides:
w’ = (iz)°
v’ = 2

L +wt =0
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Exercise 4.04 Operations on the complex plane

1 For each pair of complex numbers, find |z,||2,| and arg z,z,. Hence sketch 2z, on the
complex plane.

n .. T T .. T
a z =2[cos —+isin — |and z, =3| cos —+isin —
6 6 2 2

b = =\/§(cos §+isin g) and z, :(cos zTnﬂ'sin ZTRJ

c =z =\/§(cos (—g)ﬂ'sin (—%)) and z, :2(005§+isin %)
d 2 =L cos (—3—TCJ+isin (_3_15) and z, = /3| cos (—£)+isin (—E)
B 4 4 : 2 2

2|

2 For each z; and 2,, find ||—’ and arg £ Hence sketch 2 on the complex plane.
%) %2 Z2
( 2n .. 2m T n)
a 2z =|cos —+isin — [and 2, =| cos —+isin —
3 3 6 6

b 2 =4|cos 3—Tc+z'sin3—1E and z, =2 cos = +isin =
4 4 2 2

Z(COS (—§)+i5in (—g)) and z, = \/E(cos %H’sin %)
) .. n T\ .. T
3| cos (——)+zsm (——) and 2z, = 6| cos (——)+151n (——)
12 12 - 4 4

3 Find 2,2, ifz = Z(COS 2Tn—z'sin 2?75) and z, = ﬁ(cos g—z’sin g) Sketch z;z,.

C

3
Il

d =

4 Find = ifz = 6(cos g— isin g) and z, = Z(COS % —isin %) Sketch =

22 2

5 By first expressing in polar form, sketch 222 o1 the complex plane if
z3

z = \/g(cos (—g)+isin (—g)}zz = \/g(cos 2?n—isin 2?75) and z; :—3(cos gﬂ‘sin g)

6 Given the vector z representing z on the complex

plane, copy the diagram and sketch each expression. ¥
In each case, state which transformations of z are
equivalent.
. . . zZ
a iz b c iz r
d iz e —= - 0 .
0 x
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7 Given z representing z on the complex plane, copy 4
the diagram and sketch each expression. In each case,
state which transformations of z are equivalent.
z
b2 z
a = b = r
7 [ 0
z . o
C 3 d -1z v
i
e -z
/
8 Given z representing z = cos 6 + 7 sin  on the yA
complex plane, copy the diagram and sketch
each expression.
. _ 1 z
Explain why z = = ]
Is this true for all z on the complex plane? - 0 .
0 x
a 2’ b 2’
1 1
C — d -
2z b4 '
e =z f =z
9 Given u| =|t|, express the complex number v in terms of «.
a 74 b . 7 c 7
u
T
0 x 0 x 0 0 x
0
v v
| u u Y
. 1
10 Given each z, sketch —.
b4
. 1 . 2m . Sm
a z=3cis— b z=—cis— ¢ z=4cis|-—
4 V23 6

11 By first expressing in modulus—argument form, simplify each expression and sketch on

an Argand diagram.
AN
1+i)’ b |-+
a (1+9) (2+2)
-3 2\
d [—%+i§] e [ﬁe“}

c (l—z\/g)4
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12 Describe each transformation from z to w.

a Wy, Im(z) z b z Im(z)
10 6
5
5
HAVAY; s
0 Re(z) 0 % Re(z)
w
Y Y

C

w Im(z)

16
40
q 23z
0 \9 Re(z)
13 Consider the complex numbers zy, 2,, z3, O, which | Tm(z)

correspond to the vertices of a square ABCO, where A A
and C are shown in the diagram.
a Express z; in terms of z,.
b  Explain why B is represented by z, - 7z,. 0 Re(2)
¢ The diagonals intersect at M. Find the complex C

number corresponding to M.

|
14 Consider the complex numbers o, B, 7, 8, which y
correspond to the vertices of a rectangle ABCD where Ao
AD =3A4B.
a  Show that 6_—7 = B_TY Bg
i - >

b Find the complex number corresponding to M, D o ’

the point of intersection of the diagonals, in terms

of 8 and .

Cy
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15 Consider the points P, Q, R representing W

R
wy, Wy, wy on the complex plane as shown. 0
wy—wy .
Prove that —2—L = . \
w3 — Wy
P
0 x

/

16 Points 4 and B representing complex numbers z,, z, respectively form a triangle
together with O on the complex plane. It is given that 2| =|z,)|.

a Plot the information and draw the point C representing z; + 2,.
b Describe the quadrilateral OACB.
, what can you deduce about A4BC?

¢ Given that|z| =|z, -2,
‘- i_zj form a
—i

17 Prove that the vectors representing the complex numbers #, v and
right-angled triangle.

. INVESTIGATION (N

. FRACTALS AND COMPLEX NUMBERS

. Fractals are part of chaos theory. This is a relatively new area in the history of

. mathematics, the development of which was only possible after the invention of the

- high-powered IBM computer in the 1970s. Before that, it was difficult to process

- numerous repetitive calculations quickly. Benoit Mandelbrot coined the term “fractal’,
and with his computer he generated what is now known as the Mandelbrot set.

The Mandelbrot set is the set of points that can be generated by multiple iterations

* using the equation 2, , | = 2,7+ C where z € C . We can choose the initial points for
¢ z; and C then iterate a number of times, selecting an arbitrary value of #. This can be
. done using a spreadsheet. After # iterations, we calculate z,|. If z,| <2 then z, is a

. member of the Mandelbrot set.

. For instance, choose z; = 0.5 — 0.5 and C'=0.25 + 0.254. Set up a spreadsheet similar to
- the one below and then determine whether or not z,| <2 for some arbitrary value of 7
- (say 50).
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n

W00 s oL B W N e

1
12
13
14

16
17
18
19
20
21
22
23

25
26
27
28
29

Re(z,)
0.5
0.25
0.25
0.296875
0.240479
0.118129
0.052833
0.124229
0.182554
0.179946
0.147403
0.125635
0.134246
0,151652
0.156314
0.149397
0.142325
0.142286
0.146463
0.148867
0.147863
0.145861
0.145269
0.146103
0.146934
0.146933
0.146447
0.146161
0.14628

Im(z,,)
-0.5
-0.25
0.125
0.3125
0.435547
0.459479
0.358556
0.287887
0.321528
0.367392
0.382221
0.362681
0.341131
0.341591
0.353606
0.360547
0.357729
0.351828
0.350121
0.352559
0.354969
0.354974
0.353554
0.352721
0.353067
0.353755
0.353957
0.353672
0.353386

Re( C)
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25

Im( C)
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25

Re(z,’)

0

0
0.046875
-0.00952
-0.13187
-0.19717
-0.12577
-0.06745
-0.07005
-0.1026
-0.12437
-0.11575
-0.09835
-0.09369
-0.1006
-0.10767
-0.10771
-0.10354
-0.10113
-0.10214
-0.10414
-0.10473
-0.1039
-0.10307
-0.10307
-0.10355
-0.10384
-0.10372
-0.10348

Im{z,.z}

-0.5
-0.125
0.0625
0.185547
0.209479
0.108556
0.037887
0.071528
0.117392
0132221
0.112681
0.091131
0.091591
0.103606
0.110547
0.107729
0.101828
0.100121
0.102559
0.104969
0.104974
0.103554
0.102721
0.103067
0.103755
0.103957
0.103672
0.103386
0.103386

1zl

0.707107
0.353553
0.279508
0.431035
0.497525
0.474421
0.362427
0.313547
0.369738
0.409094
0.409659
0.383825
0.366595
0.373742
0.386615
0.390274
0.385002
0.37951
0.37952
0.3827
0.384534
0.383773
0.382234
0.381783
0.382421
0.383056
0.383056
0.382683
0.382465

If it is the case then z; = 0.5 — 0.5/ belongs to the Mandelbrot set. We can colour all such
points, say, black. The resulting set looks like the image below.

1 Setup your own spreadsheet and experiment with differing values of z; and C.

2 What is the meaning of ‘self-similar’?

3 The Mandelbrot set is contained within a circle. What is its radius?
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. 4 What can you say about the area and perimeter of the Mandelbrot set?

. 5 There are other types of fractals. Find some of them and if they can be generated
using an equation. Try to generate them if you can.

. 6 Where are fractals used now?

. 7 Find a fractal generator on the Internet and build your own fractal.

.................................................................

4.05 Roots of unity

The solutions for z to an equation in the form 2" = 1 are called roots of unity, where unity
means 1. The equation can be solved by factorising if z is not too large.

EXAMPLE 13

a  Show that 2 — * = (4 - b)(@* + ab + V).

b Use the above identity to find the roots of z* = 1 and then show them on an Argand
diagram.

Solution

a  RHS=(a-b)@ +ab+1)
=& +a’b+ab’ - a’b— b’ - b
X
b =1
2-1=0
-DE+1z+1)=0 a=zb=1
E-DE+2+1)=0

nz=1 or 2Z+z2+1=0

L ~1212 —4(1)(1)

s.z=1 or
2
—1+4-3
z=1 or z=—"-——
2
—1+i3
z=1 or z= 5

In polar form these solutions are

2n .. 2n ( Zn) . ( Zn)
z=1,z=cos —+isin —, z=cos | —— |+isin| —— |
3 3 3 3
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Note that we have one real and 2 complex conjugate solutions that are equally spaced
on the complex plane around the origin from z = 1. Since z = 1 satisfies the equation
2’ =1 then z = 1 is a solution.

Plotting these on an Argand diagram we have:

® Im(z)
2 3
- |
0 =0= %

It is conventional to name the complex cube roots of unity using the small Greek letter
omega, O.

If ® =cos 2715 +sin ZTR |:or cos (—ZTTE)+ isin (—ZTTEH, then it can be shown that the

other 2 roots are ®° and ®’.

Cube roots of unity
The cube roots of unity are the solutions to the equation 2* = 1.

A complex cube root of unity is denoted by ® = cos L +isin n

( Zn) .. ( Zn)
or cos|——|+zsm| ——
3 3

The following properties hold:
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EXAMPLE 14

Find the 4 roots of z* = 1 and show them on the complex plane.

Solution

2t=1

2 -1=0

& -1DE+1)=0
z-DE+)Ez-i)Ez+i)=0

soz=1,-1,i0r—i

Re(z)

Note that we have 2 real and 2 complex conjugate solutions that are equally spaced on
the complex plane around the origin from z = 1. Since z = 1 satisfies the equation z* = 1
then z =1 is a solution.

There is no convention for naming higher complex roots of unity so in this example we
have named the first one o, so the 4 roots are o, o, o’ and ot where

_ 1
o =0=—,

o
3, 2 _

o +o +o+1=0,
of =—1

and ot = 1.
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The equation z” = 1 cannot be solved by factorising if 7 is too large. However, notice that
when graphed on the complex plane, the roots are equally spaced around the origin with one
of the roots at z = 1. Since z = 1 satisfies the equation 2" = 1 then z =1 is one of the solutions.

This observation can be used to solve 2" =1 for any z € Z.

Roots of unity

If z is a complex number then the equation z” =1 Im(z)
has 7 solutions on the complex plane.

The solutions are called the zth roots of unity.

/

When plotted on the complex plane, the zth roots of unity z;, 2, 23, 24, ..., 2, are equally

. ey § g
spaced — radians apart around the origin, including z = 1.
n

Since z = 1 satisfies the equation z” = 1 then z = 1 is a solution.

The roots 21, 25, 23, 24, ..., 2, form the vertices of a regular polygon and the vector sum
is zero. Thatis,z; + 2, + 23 + 24+ ... +2,=0.

Therefore the sum of the roots is zero and the complex roots come in conjugate pairs.

Note also thatif z; = o, 2, =0, 23 = o, ..., 2z, =" = 1 then 2, + 2, + 23 + 24 + ... +2,=0

can be written as 1 + o+ o + o’ + ... + o" ' = 0. We can note the conjugate pairs:
3

&:oc"‘l,ocz 20(11—2’(13 :(x”_

We can now solve 2" = 1 algebraically by first expressing 1 in polar form: 1 = cos 0 + 7 sin 0.
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EXAMPLE 15

Find the complex roots of z’ = 1 and show them on the complex plane.

Solution

Solving 2’ = 1 algebraically in polar form,
Letz=7(cos0+isin6) for-t<O<m

LHS =z’ = #/(cos 70 + i sin 76) using De Moivre’s theorem
RHS =1 = 1(cos 0 + 7 sin 0)

Then equating we have:

#(cos 70 + i sin 78) = 1(cos 0 + i sin 0).

s.r=1and cos 70 = cos 0 for -7n <70 < 7m

cos 760 =1
Solving:
70 =0, £27, +47, +67
9=0,+2% 441, On
7 7

For convenience, we will use the shorthand notation cis 6 = cos 6 + 7 sin 6.
Therefore the 7 solutions are:

. .2t . 4m . 6m . —6m . —4m . -2n
z=cis 0, cis —, cis —, cis —, cis —, ¢cis ——, ¢cis ——
7 7 7 7 7 7

.2t . 4n . 6m . —6m . 4n . -2n

z=1 cis —, cis —, cis —, ¢cis ——, cis ——, ¢is —

7 7 7 7 7 7

Plotting these we see that the roots are equally spaced around the origin on the complex
plane, starting at z = 1.

Geometrically we could bypass the algebra and cisdn A Im@)
use the pattern developed above to plot 7 equally 7 o

C1S ==

7
spaced roots 277t apart around z = 1. Joining the cis 671t
2

roots forms a regular septagon (polygon with 7
7 equal sides). E I Re()

cis (— 677:)
cis (— 4775) .
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Find the 5 roots of z° = 1 and plot them on the complex plane.
a Ifpisa complex root of z° = 1, explain why p* + p* + p> + p + 1 =0.

b Factorise z° — 1 into one linear and 2 quadratic factors with real coefficients.

¢ Find the exact value of cos Z?E

d  Show that cos 2—n—cos Ez—l.
5 5 2

Solution

The 5th roots of 1 are equally spaced Z?TC apart from

I
z =1, and the roots form a regular pentagon. } 1@
21=p
a  Since the sum of the roots is zero then 2 =p
pt+p’+p’+p+1=0. I
5
b We can factorise using the roots. Re(z)
l=z5=p°
2 - 1=(-1E-pe-p)e-p)eE-p) -
23=p3=2, A
Now using the conjugates we can pair them to ST

create quadratics with real coefficients.
2 —1=(z—1)(z—p)(z—§)(z—p2)(z—p2)

(e~ ()= 00 <[ 7)< 497

Now:
_( Zn..Zn)( Zn..Zn)
p+p=|cos —+izsin— |[+| COS — —1zSINn —
5 5 5 5
=2cosz—7.t
5

_ 2t .. 2m 2 .. 2m
pp =| cos —+zsin — || cos — —zsIn —

5 5 5 5
1
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Similarly:

>y 3 4t .. 4m 4n .. 4m

p +p° =| cos —+isin — |+| cos — —isin —
5 5 5 5

zzcosﬂ

5
4r .. 4m 4r .. 4m
COS — +1i7SIn— COS — —17S1In —
5 5 5 5
=1l

sz —1=(z- 1)(z2 —(zcos %")z + 1)(% —(2cos 4—5")z + 1)

¢ We know that p* + p’ + p> + p + 1 = 0, or, as conjugates

p’p’

(p+§)+(p2+g?)+l=0
. 2cos 2—ﬂ:+ZCos ﬂ+1=0
5 5
. 2 . 2n
Using cos 2x =2 cos” x — 1 with F= then we have
2cos 2?n+2(20052 2?ﬂ:—l)+l=0

4cos’ 2—n+2cos 2—Tl:—1:0
5 5

Solving for cosz?n:

Since0<2—n<£thencosz—n>0
5 2 5

—1+\/§

So the exact value of COSZ?TE = .

4
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d  Weknow that p*+p* +p> +p+1=0.

[ 47 ..41:)( 47 ..4n)( 2 .. 2;
CcOS—+12SIn— |+| cOS— —17S1In — |+ COS?"'ZSIH—

5 5 5 5

Now since cos 4% =—cos (n - 4?“) =—cos % using cos (T — ) = —cos 0

then cos 2—n—cos£=—l.
5 5 2

Solving problems using the roots of unity

.. Zn)
cos — —isin— [=-1

5
27

2cos 4_51t +2cos —=-1

5
2n 1

41
COS T+COS—=——

b 2

There are many identities that can be derived and used in solving problems with complex
numbers. You saw earlier that we can use De Moivre’s theorem to derive results in

. . . . 1
trigonometry. The relationships between the cube roots of unity such as ®* = — were also
[0}

demonstrated. Further examples are shown below.

EXAMPLE 17

o is a complex cube root of unity.
a  Show that ®* + @ + 1 =0.
b Simplify (1 + 20 + 30%)(1 + 20 + 3).

Solution

a  Using 2’ =1 then
2-1=0
E-DE+2+1)=0

Then eitherz—1=0o0r2’+z+1=0.

Since o is complex then ® satisfies 2* + z + 1 = 0; therefore @’ + @ + 1 = 0.
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b Now we can rearrange ®” + ® + 1 = 0 and substitute.

(1+20+30)(1 + 20’ +30) = [1 + 20+ 3(-0 - D][1 + 2(-0 - 1) + 30

=(-2 -1+ )
=2-20+0-o

=2-0-0

=2+1 since —0 — @’ =1
=3

Alternatively we could expand (1 + 2w + 30°)(1 + 200° + 3) and use the results
o =1,0"'=0,® = and so on.

Exercise 4.05 Roots of unity
1 Solve each equation on the complex plane and plot the roots on an Argand diagram.
a =1 b 2-1=0 ¢ =1 d 2"-1=0
2 Verify that each statement is true.

T P [ 6
a 0(=cos§+zsmglsarootofz =1.
47 .. 4.
b 0c=cos(—— +isin | —— |isaroot of 2" = 1.
7 7
T .. T. —
C Oc=cosg+zsmglsaroot0fz12=1andoc7:065
27 .. 2n . = _
d azcos(—T +isin -5 isarootofz’=1and ot =™

3 List the conjugate root pairs of each equation if o is a complex root.
a -1=0 b =1

4 1fB=cos 2?Tc+z'sin Z?R is a root of 2° — 1 = 0, explain why B + B* + B* + B*+ 1 = 0.
Hence show that B> + B + 1 +%+Bi2= 0.

5 If o is a complex root of 2° = 1, simplify each expression.
a o+’ +o b (0+0’)(0 +o’)e’+n)
¢  (60+ 160’ +1) d (l-0-0)®-0’ -0 -1-0)

[0
e 0+0*+0’+0+0""+0” +0" + 0"

6 If o is a complex 9th root of unity, show that:
a l+o+o’+a’+ot+o’+of+a’ +a=0
b 1+d’+0°=0
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4.06 Roots of complex numbers
You saw in Example 13 on page 149 that the square roots of a complex number are equally

complex spaced around the origin. This is true for all types of roots and the solution can be shown

numbers

geometrically on the complex plane.

EXAMPLE 18

Find the square roots of 15 + 8i.

Solution

I 15 +8i
Solving 15 + 8i = (a + ib)’, 4, b € R algebraically, p e FON o
we see that the square roots of 15 + 8 are 4 + i & _
and 4 — 7. :‘;%arg (15 + 8i)
If we plot these on the complex plane we can 0 Re(2)
make the following observations. —4-i \\ od (5785
1 The first root 4 + 7 has half the argument of ‘

15 + 8, that is, arg (4 +4) = %arg (15 + 8i).
2 The modulus is the square root of |15+ 84, that is, mod (4 + ) = \/mod (15+8:).

3 The 2 square roots of 15 + 8i are equally spaced around O on the complex plane
(halve 2 to get  apart in this case).

We can use this thinking to solve any complex equation in the form 2" =z + ib.

We know that the 7 solutions to 2" = # + ib are equally spaced around the origin at a spacing
of %t apart. We need to find the first solution, which we will call ;.

First write in polar form:

2'=a+ib

.. 7"(cos 0 + 7 sin #0) = R(cos o + 7 sin o)

Equating we have

7”"=R 7o =o
r:’\’/f e:g
n

So we can plot z; = 7(cos 6 + i sin 6).
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The other solutions to 2" = 2 + ib are equally spaced around the origin starting at
z; =7(cos 0 + 7 sin 6).

Roots of a complex number Im(z) | S =a+ib=15 cis 50

The solutions to 2" = # + ib are equally spaced 2
2n . - .

— radians apart around the origin, starting at 5
n e

1 2 \ 1
z; =7(cos 8 + 7 sin 0), where 6 = arg(a+ib) and - - e
n | f Re(z)

r=1/|a+ib|. z4‘___.__'ZS
The example of z° = 4 + ib is sketched.

The roots z;, 2,, 23, 24, 25 form the vertices of a w
regular pentagon.

Using vector addition of the regular polygon, notice that the sum of the roots is zero;
thatis, z; + 2, + 23 + 24+ ... + 2,=0.

However, since # + b is complex, the roots do nor come in conjugate pairs.

Note that # + ib is not necessarily a root of the equation 2" = + ib.
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Solve the equation z* =—1.

Solution

Using the technique above, we know the 4 roots zy, 2,, 23, 2, will be equally spaced
around the origin starting at 2, forming the vertices of a square.

Now we need to find the location of z;.

Let z; =(cos 8 + 7 sin 8) and note —1 = 1(cos T + 7 sin T).

Then z14 = *(cos 40 + i sin 40) = 1(cos T + 7 sin T)

Sor=land49=nsoe=§.

Therefore z = 1(cos §+ isin %] The other 3 roots will be equally spaced from

b4

T T |+ 3t .. 3n
2y =1|cos | —+— |[+isin| —+— | [=cos —+isin —
4 2 4 2 4 4
T .. (m St .. Sm 3m) .. 3n .
z3=1|cos| —+m |+isin| —+7 | |=cos —+isin — =cos | —— [+7sin| —— | using the
4 4 4 4 4 4

principal argument

T m) .. (mt ® T) .. T
%4 = 1|:COS (Z—E)Hsm (Z—EH:COS (—Z)+zsm (—Z)

l(cos % +isin %) Dividing 2n by 4 we have a spacing of g So the other 3 roots are:

|
—

Re(z)

B

Note that z = -1 is not a root of the equation z* = —1.

Also note that z; + 2, + 23 + 24, = 0 and that since -1 is real, the roots do come in
conjugate pairs.
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EXAMPLE 20

Solve the equation z° = —/3 +i.

Solution

The 5 roots, 21, 25, 23, 24, 25, wWill be equally spaced around the origin, starting at z;.
Now we need to find the location of z .

Let z; = 7(cos 6 + 7 sin 0).

Converting to polar form we have —/3 +/ = 2(cos % +isin %)
5 5 .. S .. Sm
Then, z;” =7’(cos 50 + 7 sin 50) = 2| cos ?+zsm 3
Sorzé/fandSGzS—nsoﬁzﬁ.
6 6
Therefore z = Q/E(cos %+ isin g)
The other 4 roots will be equally spaced from z =3/2 (cos %+ 7sin g)

Dividing 2 by 5 we have a spacing of Z?n So the other 4 roots are:

2 :{/5|:cos (g+2—n)+z’sin(g+2—n”=cos 17—Tt+z'sin17—7r

5 5 30 30

23 =§/§|:cos §+4?n)+isin (%+4?n):|=§/§(cos 239—0n+isin239—0n)

£+6_7r +7sin E+6—n) =§/§(cosﬁ+isinﬂ)
6 5 6 5 30 30

={2 |:cos (— 139—071:] +isin (—139—015)] using the principal argument

n 2n) .. (n 2xn ( 7n) . ( AT _
——=— |+i4sin| === ||=cos | —— |+ isin [ —— | using the principal
6 5 6 5 30 30

argument.
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2> Im(z)

)
g
P
ol
aa
LA

9 ie(z)

\

Note that the roots are equally spaced around z =3/2 (cos §+i sin g)

Also note that z, + 2, + 2; + 24 + 5 = 0 and that since —/3 + 7 is not real, the roots do not
come in conjugate pairs.

Exercise 4.06 Roots of complex numbers

1 Find the roots of each equation on the complex plane. Sketch your solutions on an
Argand diagram.

a 2=1+if3 b =i ¢ 2=-1-if3 d 2=

2 Solve each equation, giving your answer in exact modulus—argument form.

a 2’=-1 b =i c P=-i

3 Determine the roots of each equation, answering in modulus—argument form.
a z'=16i b t=-1-i\3 ¢ =i

4 a Show thatcos (—%)+isin (—3?“) isarootofz’ +1=0.

b  Find the other roots of z° + 1 = 0 and plot them on the complex plane.

¢ State which roots are conjugates.
T 3n
d  Prove that cos 3 +cos —=—.

5 2
5 TFind the 7th roots of —1. Hence:

a explain why the sum of the roots is zero

T 3n St 1
b prove that cos —+cos —+cos —=—
7 7 7 2
6 Solve over the complex plane:
a 2f=-1 b =1 c =i

7 a Showthat\/f[cos %+isin %]isarootofz3—2 -2i=0.

b  Find the other roots of z° — 2 — 2i = 0 and plot them on an Argand diagram.
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4.07 Curves and regions on the complex plane

Curves and regions on the complex plane are sets of points representing complex numbers

. . .. . Complex
described by a certain rule or condition placed on the variable complex number z. The set of ~ plone graphs
points is often called the locus of z.

We can take a geometric approach or an algebraic approach to solving locus problems.
We can graph a locus in the complex plane algebraically, by first deriving the Cartesian
equation, or geometrically by using the definitions of modulus and argument.

Using the algebraic approach we can let z = x + #y and let Re(z) = x and Im(z) = y. Recall that
2| = 7= \Jx” + y* and Arg 2 is the principal argument.
Using a geometric approach we can use the definition of z — z; to mean a vector where z is a

variable point and 2, is a fixed point. This means that |z—z | is the distance from z to z; and
arg (z — z;) is the angle between the vector z — z; and the positive x-axis.

Modulus and argument of z - z,

Given a variable point z and a fixed point z; in the complex plane, then:
*  z-—z|is the distance from z to z,

* arg (z—z;) is the angle between the vector z — 2, and the positive x-axis.

Im(z)

Y P

NG
> />( 9"
. 0 Re(z)
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We can now develop some basic ideas regarding moduli and arguments.

Modulus and argument on the complex plane

Consider 4 complex numbers z, 2,, 23, 2, represented by points 4, B, C, D respectively
on the complex plane.

1 |2, —2,|=|2; — 24| means AB = CD.

Im(z) B

A

C Re(z)

D

2 arg (z; —2,) =arg (23 — z4) means AB || CD.

Im(z) C

B

3 2, —2,=2; — 24 means both differences are equal, so their moduli and arguments are
equal. Either ABDC forms a parallelogram or 4, B, C, D are collinear and AB = CD.

Im(z) c A Tm(z)
y \/\

A"
or .

/ 0 Re(z) 0 e Re(2)
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Modulus on the complex plane

EXAMPLE 21

Sketch each curve using:
i analgebraic approach il a geometric approach

a |z=3 b |z+1-2i|=1
Solution

a |z|=3
i Letz=x+14y,x,y,¢€R.
|x+iy|=3
x’+y' =3
Then & +y* =9

il |2]=3 means|z—(0+0i)| = 3; that is, the  Im(z)
distance of z from O is 3 units.

In both cases we see that the locus of z is a f

circle, centre O and radius 3.

3 Re(z)

Y
N,

b |z+1-2i|=1 Im(z)

i Letz=x+1iy,x,y,€R.

Z
We can write |z — (-1+2i)| =1 so @_2
11

|l +iy—(-1+2i)| =1

Ja+1)2+(y=2) =1 -10 Re(z)

Then (x+ 1)* + (y—2)* =1

ii |z+1— 2i| = 1 means the distance of z from
(-1 + 24) is 1 unit.

In both cases we see that the locus of z is a circle, centre (-1 + 27) and radius 1.
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Sketch |z—2|=|z—2i| using:

a an algebraic approach b a geometric approach

Solution
a Letz=x+14y,x,y,¢€ R. Then|z-2|=|z-2i| becomes
|(x—2)+iy|=|x+(y—2)i|
\/(x—2)2+y2 =\/x2+(y—2)2
@-27+y =2 +(y-2)

A -dxtd+y =ty —dy+4
J=&

b Geometrically |z—2|=|z—2i| means that z is equidistant from both 2 and 2;; that is,
it is the perpendicular bisector, y = x.

A Im(2)

2 Re(z)
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Arguments on the complex plane

Sketch the graph of each equation.

a argzzg b arg(z+z)=%t
Solution

a argz= T
3
The complex number z is the vector

from O at an angle ofg.

arg 0 is undefined so we draw an open circle

there to indicate that it is not part of the graph.

b argz+i)= %
The complex number z is the vector

from — at an angle of %

arg 0 is undefined so draw an open circle at —.

c arg[z—(l+i)]:—%

The complex number z is the vector from

1 +7atan angle of—%.

¢ arg [z—(1+z)]=—§

A Im(2)
z
Ei
) 3
0l Re(z)
/
Im(z)
z
\é"
4
Y ie(z)
h—1

Im(z)
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Sketch the graph of each equation.
a

b

arg [z — 3 +7)] =arg [z - (1 + 37)]
arg [z— (G +7)]—arg [z— (1 +37)]==xn
C arg(z—3)—arg(z+3)=§

Solution

a  The arguments are equal so the vectors
2z — (3 +4) and z — (1 + 37) must be running in
the same direction. They have a common

point z, so the locus of
arg [z — 3 +7)] =arg [z - (1 + 37)]

must be points on the line through 3 +i and
1 + 3. The solution has 2 sections, excluding
the points between 3 +7and 1 + 3i.

Note: the in-between points must be

excluded. If z was a point between 3 +7 and 1 + 37 then the vectors

z—(3 +4) and z — (1 + 34) would be running
in opposite directions.

The arguments differ by 180° so the
vectors must be running in opposite
directions. They have a common point z,
so the locus of

arg [2— G +i)]—arg[z—(1+37)] ==n

must be points on the line joining 3 + 7 and
1 + 37 and must be the points between 3 + 7
and 1 + 34.

c arg(z—3)—arg(z+3)=§

The arguments differ by 90° but
they have a common point z. It uses
the theorem that in a triangle the

Im(z)

1+ 37

J
.
.
N
N+i
N
<
N
.

Re(z)

RN

exterior angle equals the sum of
the two interior opposite angles.
The solution is a semicircle with
diameter between 3 and -3 because
the angle in a semicircle is 90°.

A Im(2)
2 B=13
arg (z— 3) —arg (z + 3)
Za 3
=3 ) 0 3 Re(z)
arg (z + 3)
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Regions on the complex plane

We will examine more examples of graphing sets of points where the locus is a shaded region
rather than a line or curve.

EXAMPLE 25
Sketch the graph of each inequality.
a —gSargz<§ b %<|z—2|£1 ¢ Re(@)>Im(z)+1
Solution
- - | Im(2)
Gl = <argz < — is the region between the two 4
. T T 2
vectors from O with arguments 7 and o \ .
‘\3
- le!
Note the dotted vector since arg z = I is not 0 —% Re(z)
included. .
y

b % <|z—2 <1 represents the region between the Im(z)

2 circles centred on 2 with radii % and 1.

¢ Re(z) > Im(2) + 1. Using a Cartesian approach Im(z)

we can say ¥ >y + 1 or, rearranging, y <« — 1. P,
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Exercise 4.07 Curves and regions on the complex plane

1 For each equation, draw a sketch and describe it.

a argz=argw b |z|=|y| ¢ argz=-argw

d argz-w)=arg(u-v) e |z—w|:|u—v| f z-w=u-v

g |zt+w|=|z-v| h z+w=u+v i z—u=iz+u)
2 Sketch the circle defined by each equation.

a |s|=1 b |z|=2 ¢ |s|=4 d |o|-7

e |a-1]=3 fo|z+3)=1 g |z-3i]=3 h [o+i]=3
3 Sketch each equation on the complex plane.

a argz=§ b argzu:iTTE c argz=—§ d argu=n
4 Sketch the vector z if:

a arg(z—l)zg b arg(z—z)zg

C arg[z—(l—z')]=27n d arg(z—3—2i)=—%E
5 Sketch the graph of each equation.

a |w-(+i)|=1 b \z—a-iﬁ)\:z

c |z—2—i|=% d |w+3-4i]=5
6 Sketch the graph of each inequality.

a —ESarngE b £<argws3—7E C —Tl:<argw<E

6 6 4 4 2

7 Sketch the region defined by each inequality.

a |z<9 b |u>3 I NEE d 1<[z-3<2
8 Sketch the graph of each equation.

a argz=arg(l+i) b argz=arg(l+i\3)

c arg(z—Z)zarg(\/E—ix/E) d arg(z+3i)=arg (/3 +1)

9 For a complex number z, let arg z = 0. Find a relationship between arg z arg (-2)
and —arg z in terms of 8. Draw a sketch.
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10 Sketch the graph of z if:

a argz-arg(-1-9)=0 b argz-arg(-1-i/3)=0
i .
¢ argztarg -3 =0 d argz+arg(—\/5—z\/§)=0
e arg(z-l)=arg(-1+9) f argz-2i)=arg(1+iy3)
11 Sketch the graph of z for:
a Re(@)=3 b Imk)=2
¢ Rez)=-4 d Im@)=-1
12 Find the Cartesian equation of each locus and then sketch it.
a Re@)+Im(z)=0 b Im(z)=2Re(z)
¢ Re(@)=2Im()-1 d Im(z)+3Re(z)=6
13 Sketch the locus of w if:
a argw=arg(w-2) b argw=arg@w-1)
¢ arg(w+2)—argw=0 d arg(w+i)—arg(w-1)=0

14 Sketch the parabola defined by Im(z) = |z — 24

15 Sketch z defined by each inequality.

a Re@)>1 b Im(k)<2 ¢ —2<Re()<3
d Imi) <-landRe(z)>-2 e |Re(z) <3 f |Im(z) <1
g [Re(z)2 % h |Re(z)| > 5 and Im(z)| < 4
16 Sketch:
a arg(z—2)—argz=sn b arg(z—3)—arg(z+3)=g
c arg(z—Zi)—arg(z+1)=§ d arg(z+2i)—arg(z—2) ==

17 Using the theorem arg Z= arg z — arg w, sketch:
w

@l ) ()5
z—2 2—i) T
C arg(z_Zi)=i-Tc d arg(;)=3
18 Describe each locus and hence sketch the graph.
a |z|=|z—4| b |z-2|=|z+2]
¢ |z—1+i|=|z+1-i] d |z-5-i|=|z+3+3i]
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19 Describe the subset of the complex plane defined by each equation and sketch the graph.

-2
a arg(g+2i)=0 b arg(

20 Sketch each region.

u—Zi)_E
u+2 2

a |z|£3and0<argz<E b |z—2|£13nd0<argz£E
2 3

c |z—i|2landESargz<5—Tc d lS|z|<3and—£<argz£E
6 6 2 4 4

21 The triangles OXZ and OYW in the diagram are
similar. Z and W represent the complex numbers
z and w respectively. Let arg z = 6.

Show that w|x)| =iz | y,|-

22 PQRis a right-angled isosceles triangle.

If P, Q, R represent the complex numbers p, ¢, 7
respectively, prove that:

a |p—q|=|r—q|

b arg(—p_q)=E
r—q 2

¢ p-g=ir-q
d (-9 '+@-97=0

2 2 2
e |p—g| +lr—q|" =|r-p|

23 Consider the parallelogram KLMN representing the
complex numbers z,, z,, 23 and z, respectively.
Plot the point:

a P corresponding to z; — z4
b  Q corresponding to z; — z;

¢ R corresponding to —i(z, — z;)

35

—EY

Im(z)

KE]

0 |71

o il X Re@

A Im(2)
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24 Consider the triangle UV whose vertices represent y W
u, v, w respectively. UV is parallel to the x-axis.
Show that:

a arg(w-u)=06

b agw-v)=n-a

=B '

—-v

w

¢ arg

w—1u

25 Consider the complex numbers 4, b, ¢, d represented Im(z) )
by the points A, B, C, D respectively in the complex plane.
Express b, ¢, d in terms of 4.

a
ENE]

- N Ee(z)

10

]

26 Consider the complex numbers p, g and 7 such that|p|=|¢| = 1,arg p=0 and arg g = 0.
Draw a sketch and find an expression for 7 in terms of p and ¢ if:

a argr=6-o b argr=06+a
27 Consider the 5 numbers sketched on the complex plane. YA
a Find the value of o. 2
b  Write down the complex numbers 2y, 2, 23, 24, 25. 2z
¢ Show thatz,> = z,. 1
d Show that z,” = z,. ¢ 4
0 25 X
e Show thatz;" = z,.
f  Findz+2,° 4237 +2,° + 1. 23
28 Sketch: A
z+4 _1 b z—Zz. <1 c z—3 _1
z—2 2+2i 2z

29 a Show that the equation |z+3| =2 | z—1]| describes a circle.

b Find its centre and radius.

30 Find the maximum value of arg (z + 1) if |z—1| = 1.
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40 TEST YOURSELF

1 Use De Moivre’s theorem to simplify:
7
a [V3(cos & +isin d)* b (cos %—isin %)
C [9(cos 72°+isin 72")]E

2 Using De Moivre’s theorem and the binomial expansion of (# + 5)’:
a i show thatsin 58 =5 cos’ 0 sin 8 — 10 cos’ 8 sin® 8 + sin’ 0
i express sin 50 in terms of sin 6
b i show that cos 50 = cos’ 6 — 10 cos® 0 sin’ 6 + 5 cos 0 sin* 0
i express cos 56 in terms of cos 6
sin 50
cos 56

term by cos’ 0 to find an expression for tan 56 in terms of tan 6.

3 a Giventan 50=

, use your results in Question 2 and divide every

b  Hence find exact distinct solutions to the equation x* — 104 + 5 = 0.

4 a Usez- L 2i sin 0 and the binomial expansion of (z + b)’to prove that:
2z

—128i sin’ © = 2i(sin 76 — 7 sin 56 + 21 sin 30 — 35 sin 6)
b Hence find j 35sin 0 — 64sin’ 0 d6.

5 Solve each quadratic equation.
a +2iz+3=0 b ' -Q-3)w-1-3i=0
¢ ’-9=0

6 Solve each equation.

a zzzl—iﬁ b zzz—ﬁ—iﬁ

7 Consider the polynomial P(x) = " — 4x® + 11x* — 140 + 12.
a Show thatx =1 -2 is a root of P(x) = 0.
b  Hence solve the equation P(x) = 0.
¢ Express Px) =x" — 4x’ + 11a” — 14x + 12 as a product of 2 real quadratic factors.

8 Given that 0.=-2 + 3/ is a root of the polynomial P(x) = 24 + Bx” + Cx + 13 where
B, C € 7Z, find P(x) and the other roots.
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9 For each value of z and w, plot on an Argand diagram:

i zandzw ii zand =
w

a z=42 cosEJrisinE andw=2 cos£+z‘sinE
2 2 4 -+

b z=2(cos E+z'sin EJ andw=3(cos E—isin E)
3 3 6 6

G
¢ z=(l+i)’andw= ( \/§2+z } [Hint: express in polar form first.]

10 Ifz= 5(005 %— isin g), plot 7z and 2 on the complex plane.
i

11 The complex number z = 3(cos 23 + 7 sin 2B) is e
shown in the diagram. Copy the diagram and plot
each number below on it.
a i b ? - 0 R
c d L ; ’
“ u
12 Consider the complex numbers #, v and w with y
corresponding points U, J”and ¥ as shown. o
OUWYV forms a square.
a Find win terms of # and v. g U
b Show thatw =u+ iu.
¢ Explain why # — w = i(v — w)
d  Prove that & + v* = 0. 0 x
e Find the vector 7 corresponding with the

point M, the intersection of the diagonals of
the square, in terms of .
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13 For each equation, find the roots of unity, show them on the complex plane and state the
conjugate pairs.
a =1 b =1 c =1 d #=1

14 a Find the 7 roots of 2’ = 1 and plot them on the complex plane.
b If o is a complex root, explain in 2 different ways why

Sttt + ol +a+1=0.

o’ + o
¢ Factorise 2’ — 1 into one linear and 3 quadratic factors with real coefficients.

d Henceshowthat2l+2° +27 +2° + 22+ 2+ 1 =

|:z2 + Z(COS g)z+ 1:||:z2 + 2(005 37n)z+ 1:||:z2 +2(cos 57n)2+ 1}

e Show that cosz—n+cos4—n+cos6—n = —l.
7 7 7 2
15 a Expand (cos 6 + i sin 6)° in 2 ways to show that cos 36 =4 cos® 6 — 3 cos 6.

b Hence solve 8x° — 6x— 1 =0.

2 47 B
¢ Hence show that cos 5 +c0os — — cos ) =0

16 If o is a complex cube root of unity, simplify:

a (o+1) b 1+l+i2
O o
¢ (lI-0-0)1-0+0)1+0-ad)
17 If o is a complex cube root of unity, prove that:
2
1 1 =i b k+lw+mwz=m
l+o 1+o [+ m + ko
18 Find the square roots of each complex number.
T
a 15-8i b . c 4(cos%+ising)

19 Solve each equation and plot the roots on the complex plane. i

a *=-16 b =-1-i ¢ =32 2.
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20 Solve the equation 2 = 1+

complex plane.

3 . .
, expressing the roots in polar form. Plot them on the

21 a Solvez’+1=0.
b Factorise 2° + 1.

¢ Hencesolve 20 —2° +1=0.

d  State the real quadratic factors of 2° — 2° + 1.
22 Sketch each equation using:
i analgebraic approach il a geometric approach
a |z|=6 b |z-2-i|]=1 ¢ |z-2i|=Im(z)
d |o|=|z—2-2i] ;_*fi -1
23 Sketch the graph of each equation.
a argzz—g b arg(z+1)=§ C arg(z+1—i\/§)=277.c
24 Sketch the graph of:
a arg(z-2)=arg(z-4-2i) b agi@+l-i)-argz-1+i)=n
C arg(z—l)—arg(z+1):%
25 Sketch each region.
a —§<arg(z—1)é%t b 1S‘z—2i|£2

¢ Re(z) +Im(z) >3
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26 The fixed points Z; and Z, represent the vectors Im(z)
z; and z,. Sketch the graph of:
(] Z]
a -z|=|z-
[ e
b arg(z_z ]:0 0 Re(z)
z2—2,
€ |z—2y|=|z —2,|and arg( 27 % J=£
21— 2 4
27 The fixed points W, W, and W; represent the /' Tosn()
vectors wy, w, and w; respectively. It is given o .Ws
2
that 2291 = D79 prove that WiWw,Wws o
W3—wW; W —W, W .
forms an equilateral triangle. 0 Re(z)
Y
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Practice set 1 [ 1@)

In Questions 1 to 10, select the correct answer A, B, € or D.

1 Jake listed these complex number rules in a summary.
How many are correct?

_ _ 21 _ =]

|2125| =|2|| 2] arg z,z, = arg z; x arg z, =i

, SINE
|z| =2-2 Z12) = 212
A all B one C some D none

2 (sin ®—icos 0)' =

A sin 70— cos nb B sin (—#0) + 7 cos (-10)
C  (-)"(cos 0 + i sin 10) D /“(cos 70 + i sin n6)

3 If o is a complex root of 2° = 1, which statement is false?
A o'+o+1=0 B o'=0

C o=o0 D w’=—
0

4 Consider the statement: ‘If there is a stationary point at x = 3 then /’(3) = 0.’
Which of the following is false?

A The converse B  The contrapositive

C The negation D The proposition

5 Which inequality always holds for 2 > 5?
A 1.1 B i<i C />0 D >V

a h ﬂz bZ

6 Consider the vectors u = 3 LU= 6 S W= - and z = _1.
S l=1)- N2 ) 3 ~ 3

Which vectors are parallel?
A uandv B zandw

C vandw D wandz

7 What do the set of equations x = cos t, y = sin ¢, z = £, where 0 < 7 < 21 describe?
A Acircle B Asphere C Acylinder D Ahelix
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10

11

12

13

14

15

16

17

18

What is the equation of this circle with centre at (1, 0)? Im(z)
A |z+1|=10 B |z—1|=10
C |z+1]=9 D |z-1|=9
Ifv=(1 -2 cos o) — 27 sin a, the real part of v!is: ) ol 10 Re(2)
A 1-2cosa B 1+ 2coso
5—4cosa S5—4cosa
c 5—4cosa D S5+4cosa
1-2cosa 1+ 2coso

What does the equation |z—3| = |z+3¢| describe?

A Acircle B A parabola

C A hyperbola D A perpendicular bisector

Express each expression in terms of 7.

a J-16 b [ c
4

Simplify:

a b Z+P+ L+

Solve each equation in the complex plane.

a ¥ +64=0 b ++2x+7=0 c

State the real and imaginary parts of each complex number z.

5-2 b x+2i—yzz'+7

3 x’+y

For each complex number z, state the complex conjugate z.

a z=5x-3iy,wherex,ye R

b zzw,wherea,be R
+1 .
Ifow=2 +m where 72, n € R, prove that ww is always real.
m+n

Solve each equation, given that x,y € R.

a 3x+2iy-18+6i=0 b x+y—ilx—y)=6-2i

Simplify each expression, giving your answer in the form « + 7b.

a  3-4i5+2i) +i b (2-i3)(2+i3) c

MATHS IN FOCUS 12. Mathematcs Extenson 2

where x,y € R

(x=3)+9=0

(1 + 5 = (1 = 5i)?
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19

20

21
22
23
24

25

Express each quadratic equation in the form ax? + bx + ¢ = 0, where 4, b, c € Z.

a x-1-2)x-1+2)=0 b (x_—l—l\/zj(x_—l.ﬂ'ﬁ]:o

6 6

Simplify each expression by realising the denominator:

2 b \/§+2i+\/§—2i . 1
1-i3 5=2i 5+2 (1-i)?

Find v/24 - 10:.

Find 2 square roots of —48 + 14i.

Solve the equation & — (1 + 2i)x + 1 + 7i = 0.

Represent each complex number on an Argand diagram as:
i apoint il avector
a z=1-4 b w=3i € u=-2-3i

The vector representing the complex number # is sketched below.
Copy the diagram and sketch vectors representing #, —z and 2.

Im(z)

0 Ee(z)

26 The complex numbers z and w are shown. Im(z)

Copy the diagram and plot the points P and Q
that represent the numbers z + w and w — 2 oz
respectively.

0 Re(z)
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27 For each complex number, find:

i the modulusr ii  the principal argument Arg =

a -1+if3 b 2-2i ﬂ

28 Express each complex number in modulus—argument form.
3n
a 3((:05 E—isinEJ b f(51n—+zcos —J
3 3 4

¢ i d —2+2\3 e i}’
29 Express each complex number # and v graphed below in:

a polar form b Cartesian form

4 Im(2)
u
V8
n
- 4 -
ON/=
3 Re(z)
2
v
Y

30 Simplify:

a r(cos oy +7sin o) x 7;(cos 0, + 7 sin O,)

n (cosozl +isino )
7 (cosocz + isin(xz)

31 Simplify:

a arg (cos 0 +isin 0)" b arg(cos 6 —isin0)”

¢ arg(cos 0 +isin 6)” d arg(cos0—isin 6)”
32 Ifz, =r(cos oy +isin o) and z, = 7,(cos 0, + 7 sin 0,,), prove A= %

2)
Sm Sm T

33 Ifz =3|cos ?Hsm? and 2, = 2| cos g—zsm , find:

a z2 b 2 < () d @)*

2
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34 Express each expression in modulus—argument form and hence find its exact value.

(1+i3) 1

a (1-5)° b UrW2)

=i ¢ Wy

35 Simplify (1 + )3 +7) in 2 different ways. Hence find the exact value of sin i—;

36 Express each complex number in the form 7e®.
To.. W
a cos3+isin3 b 4(cos g—zsng ¢ —BB3-i
37 Express each complex number in polar form:
‘ _im 1=
a 2 b ¢’ c ——¢3
2
38 Evaluate, expressing your answer in the form r¢”.
i ) ., _
a  2e?x3e” b &= !
E
e’

39 Ifz=¢"and w = ¢ prove that arg zw = arg z + arg w.
40 Write the following statement as an implication:

If it rains, then the dam is full.
41 Write the converse of the statement:

If there is not enough food, then the people are starving.

42 For each statement write the converse and determine if it is an equivalence.
a Ifanumber is even, then it is divisible by 2.
b Ifa number is positive, then its reciprocal is positive.
¢ Ifa quadrilateral has 4 equal angles, then it is a rectangle.

d Ifan animal is a kangaroo, then it eats grass.

43 Write the negation of each statement.

a The dam is full. b The teacher is good.
¢ All cats are fluffy. d  There is at least one smart politician.
e No wine is sweet. f  Some sheep are black.
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44 Write the contrapositive of each statement and hence determine if the original

statement is true.

a Ifyou geta speeding ticket, then you speed.

b Ifyou get the old-age pension, then you are over 65.
¢ Ifatriangle is equilateral, then it has 3 equal sides.

d Ifyou go swimming, then you get wet.
45 Write in words: Ve N,3ye N:y=2u.

46 Write the following statement in mathematical notation:

For all natural numbers x such that x is a multiple of 4, there exists a natural

number y such that Jx = 2\/; .

47 If P= Qis true, which of the following is always true?
A Q=P B -P=-Q C -Q=-P

48 Give a proof by contradiction to prove that /10 is irrational.

49 Find a counter-example to show that the following statement is false.

Given y = f(x) and f”(p) = 0 then there is a point of inflection at x = p.

50 If M,Ne N,M> N and:
a Mand N are even, prove that M? — N” is even.
b M and Nare odd, prove that M* — N* is even.
¢ Miseven and Nis odd, prove that M* — N is odd.

2, 2
51 a Prover,yeR:x,y>0thatx ;y > xy.

b ProveVxe R:x>0thatx+122.
x

¢ ProveVa,b,c,de R:a,b,c,d>0 that W >Yabed.

52 Find the dot product of the vectors # =3i —2j andv=4i+6;.
What can you say about the angle between the vectors?

53 Consider the points A(1, -2, 4) and B(3, 1, 2). Find:

%
a the vector AB

%
b the magnitude of 4B N

¢ the unit vector # in the direction of 4B

D PsQ
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534 The vectors p=2i+5j+k and ¢ =—7i + j+nk are perpendicular. Find the value of z.
55 Consider the points A(-2, 3,4), B2, 5, 8), C(3,-2,4) and D(1, -3, 2).
- -
a Show that AB is parallel to CD. R

%
b  Find the length of each vector AB and CD.
¢ What type of quadrilateral is ABCD?

5 -2
36 Find the angle between the vectors| —1 |and| 4 [. Answer to the nearest minute.
3 -3

57 Find a vector equation of the line through F(1, 3,-2) and G4, -2, 7).
58 Find a Cartesian equation of the line joining P(3, -1, 3) and Q(4, 5, 1).

x 1 -3
59 Determine whether the point K(-5, 18, 1) lieson the line| y |=| 4 |[+A| 7
-2 1

z

x=2 y-1 z-4
2
61 Plot the vector functionx=2,y=3 cost,z=3 sin 7 for 0 <z < 2m.

60 FExpress the Cartesian equation as a vector equation.

62 Prove by mathematical induction: (cos 0 + 7 sin 8)” = cos 70 + 7 sin 6, V n € N.

63 Use De Moivre’s theorem to simplify:
1

a  [V2(cos 3B +isin 3B)’° b [512(cosl44 isin144 )]
1 2 ’

C — COS —— 1S1In ——
2 3 3

64 a Use De Moivres theorem and the binomial expansion of (4 + B)® to show that
cos 60 =32 cos® 0 — 48 cos* 6 + 18 cos’ 0 — 1.

b Find the roots of cos 60 = 0.

¢ Hence prove that cos 60 =32 cos®  cos’ o cos

cos cos” —
12

N | —

65 Letz=cosO+isin 6.

a Prove thatz - 1 =2isin 0.
z

5
b  Use the expansion of (z - —) to express sin’ 0 in the form
2z

sin’ © = A sin 56 + B sin 30 + C sin 6, and state the values of 4, B and C.

T
¢ Hence evaluate .[02 sin’ x dx.
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66 Solve the quadratic equation 2* — 4iz — 12 = 0.
67 Solve the equation z* = -1 + /3.

68 Consider the polynomial P(x) = ° + 2x° — &% - 2.
a Explain why P(x) has at least one real root.

b Show thatx=i/2 is a root of P(x) = x° + 2x° — &* — 2.

¢ Hence solve the equation x° + 2x° — x> =2 =0.

d  Express P(x) =a’ + 2’ —x* — 2 as a product of real factors.

69 The complex number z is shown on an Argand
diagram. Copy the diagram and sketch each

. . nm .. T
expression if w = 2| cos §+151n 3

z
a zw b =
w

z

ENE

Im(z)

Re(z)

70 The complex numbers z, w, # and v are shown on the Argand diagram.

Express w, # and v in terms of z.

Im(z)

w

0 Re(z)

71 Consider the complex numbers #, b and ¢ with
corresponding points A , B and C as shown.
ABCD forms a parallelogram.

a Finddin terms of 4, b and c.
b)zz, find arg(d_ﬂ).
b) 4 b—a
¢ Find the vector 7 corresponding with the

point M, the intersection of the diagonals of
the parallelogram, in terms of #, 4 and c.

b Ifarg(ﬂ

c—

Im(z)

A
/

yc Re(z)

B
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72 a Find the 5th roots of unity for z° = 1 and show them on an Argand diagram.
State the conjugate pairs.

b Ifaisacomplex solution to 2° = 1, show that o* + o’ + o + 0+ 1 = 0.
¢ Factorise 2° — 1 into one linear and two quadratic factors with real coefficients.

d Show that Cosz—n+cos4—n=—l.
5 5 2

73 If o is a complex cube root of unity, simplify:
a o'+o+l
b o+0®+0 +0'+0 +o
c (l-ohl-0

74 Find both square roots of each complex number.

i T,.. T
2 b 9 —+isin —
a ¢ (cos S Hisin <
75 Solve each equation and plot its solutions on the complex plane.
a =-8 b f=-1+i3
76 Sketch each equation on an Argand diagram.
a |z|=2 b |z—1—2i|=1
c |z+1|=|z+i| d Re(z)=2Im(2)

77 Sketch each equation.
a arg(z—l):%t b arg@@+l+i)=argz-1-19)
¢ arg(z+4)-—arg(z—-4)=mn
78 Sketch each region.
a %<argz£§ b |z-3<3 ¢ |Im(z)|<1
79 The points Z,, Z,, Z; and Z, form a quadrilateral and represent the

complex numbers 2z, 2, z; and z4. [t is given that z; — 2z, + 23 — 24, =0.
What type of quadrilateral is Z,Z,7;7,?
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FURTHER MATHEMATICAL | =
INDUCTION |

Mathematical induction is used to prove results in series, divisibility, inequality, algebra, calculus,
probability, combinatorics and geometry. In Mathematics Extension 1, you learned about the logic
and technique of this type of proof. You will now be infroduced to its use in a variety of contexts,
including a new nofation — sigma nofation. A further application, recursive formula proofs, will also

‘ be discussed.

- NN A U
CHAPTER OUTLINE

5.01 Review of mathematical induction

5.02 Further mathematical induction

5.03 Series and sigma notation

5.04 Applications of mathematical induction
5.05 Recursive formula proofs

5.06 Proofs involving inequalities and graphs
Test yourself 5

-




y.
IN THIS CHAPTER YOU WILL:

review proofs of sums and divisibility by mathematical induction

prove results for cases other than for n being a positive integer

understand and use sigma notation for sums

use induction to prove results in inequalities, algebra, calculus, probability, combinatorics
and geometry

use induction to prove recursive formulas

= oy ' v,




Proof by
mathematical
induction

divisibility: Whether or not a number is divisible ~ series: Asum of terms 77, + T, + T3+ ... + T,
by another number. sigma notation: A shorthand way of writing

induction: A method of proof where, based on the a series using the Greek letter sigma X:
truth of earlier statements forming a pattern, "
pattern is proved true for all statements.

recursive formula: A formula for calculating r
the next terms of a sequence based on the
previous terms.

T, =T +T,+T;+..+T,.

In Mathematics Extension 1, we learn that a proof by mathematical induction takes a
statement or proposition, proves it is true for an initial value such as # = 1, assumes it is true
for some value &, then shows it can be proved for the next value k + 1 and beyond, using the
assumption, thus proving the proposition true for all the defined values.

Proof by mathematical induction
Let P(n) be the proposition V # € b, where bis the set of natural numbers {1, 2, 3, ...}.

Step 1: Show that P(n) is true for n = 1.
Step 2: Assume the statement is true for some positive integer value z = k.

Step 3: Using the assumption, prove that the statement is also true for the next integer
n=k+1.

Conclusion: State why the statement is true for all (positive) integers 7 > 1.

We will now revise proof by mathematical induction used to prove series and divisibility.

Use mathematical induction to prove the following proposition is true for all positive
integers:

Pn):2+4+6+...+2n=nmn+1).

Step 1: Prove P(1) is true.
LHS=2 RHS=1x(1+1)=2
= PQ1) is true.
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Step 2: Assume P(k) is true, that is:
244+6+...+2k=k(k+1)forsomeke b
Step 3: Prove P(k + 1) is true, that is:
24446+ ... +2k+2k+D=F+D[k+D+1]=(+1)(%k+2)
Consider P(k): 2 +4+6+ ...+ 2k =k(k+ 1)
Adding the (k + 1)th term to both sides of P(k):
24446+ ... +2k+2(k+ D) =k(k+1)+2(k+1)

LHS of P(k + 1) = (k + 1)(k + 2) on factorising

= RHS of P(k + 1).

-~ Truth of P(k) implies truth of P(k + 1)

Conclusion: But P(1) is also true.

. P(n) is true for all positive integers # by mathematical induction.

Use mathematical induction to prove that P(r) is true for all positive integers:

Pm):1+2+22+2%+ ... 2" 1=2"—1.

Prove P(1) is true:

LHS=1 RHS=2'-1=1 - P(1) is true.

Assume P(k)is true: 1 +2 + 22+ 2° + ... 28=1=2*_1 for some ke b
Prove P(k+ 1)istrue: 1 +2+22+ 23+ .. 2k 142k =2k+1
Consider P(k):

1+2+224+23 4. 28 1=2F1

Adding the (k + 1)th term to both sides of P(k):

1 +2+224+2°+ .. 2’H+2’ﬁ:2’f— 1+2*

LHS of P(k+ 1) =2 x 2%~ 1
=2/€+1

— 1 on adding the indices
=RHS of P(k + 1)
. Truth of P(k) implies truth of Pk + 1)

But P(1) is also true.

= P(n) is true V 7 € b, by mathematical induction.
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Note that saying X is divisible by V'is equivalent to saying X is a multiple of Y. You saw
in Chapter 2 that we can write X = pY for some p € h. We can use induction to prove

divisibility.

Use mathematical induction to prove the following proposition is true for all positive integers:

P(n): 5" — 1 is divisible by 4.

Prove P(1) is true:
5' —1=5—1=4, which is divisible by 4. .. P(1) is true.
Assume P(k) is true:
5% —1=4Y, for some k € band some positive integer Y.
S =4v+1 1
Prove P(k + 1) is true, that is: 5¥*!
LHS of P(k+ 1) =5*"1—1
=5x5k-1
=5%x(@4Y+1) -1 using [*]
=5x4Y+5-1
=20Y+4
=4(5Y+1)

— 1 =4Z for some positive integer Z.

=4Z for some positive integer Z
which is divisible by 4. Therefore P(k + 1) is true.
- truth of P(k) implies truth of P(k + 1)

But P(1) is also true.

. P(n) is true for all positive integers # by mathematical induction.
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Exercise 5.01 Review of mathematical induction

1 Prove each proposition P(n), V n € b, by mathematical induction.
a P(n):1+2+3+4+...+n=§(n+1)
b Pu):1+3+5+..+Qu-1)=n

¢ Pm):12+27+32+ .. +nz=%(n+ DQn + 1)

2 Use mathematical induction to prove each proposition.

a P(n);1+z.+32+33+...+3”*1=3 _I,Vne b
b P(n):1+4+42+43+...+4’“1=u,vne b
1 1 1 1 1
¢ Pm):l - — — 2 —,Vneb

() 2 22 23 2711 2171

3 Prove each divisibility statement is true for all positive integers # by mathematical
induction.

a  P(n): 4" — 1 is divisible by 3
b P®): 7" - 1is divisible by 6
¢ P(n): 3" — 1 is divisible by 8

4 Use proof by mathematical induction to prove each proposition P(n), V 7 € h.

2
a P@): 13+23+33+43+...+n3:%(n+1)2

b P(n):3+32+33+...+3”=¥
¢ Pl L 1 i n
1223 3 4 w1 on 1

5 Write a proof for each proposition for all natural numbers 7 using mathematical induction.
P(n): 9"** — 4" is divisible by 5

P(n): n(n + 1) is divisible by 2

P(n): 37" *% = 2%" is divisible by 5

P(n): n(n + 1)(n + 2) is divisible by 6

e P(n):n’ +2nis a multiple of 3

o 0~ T Q

6 Prove by mathematical induction that each series formula is true for all positive integers, 7.

a P(n):tl+(ﬂ+d)+(ﬂ+2d)+(ﬂ+3d)+...(ﬂ+(7l—1)d)=%(24+(7l—1)d)

b P(n):ﬂ+mf+a72+...+m]”1=”(77_11),,f¢1
r—

ISBN 97807043435 5. Further mathematical induction



The principle of mathematical induction is often used in computer science but the
technique was first formulated in a systematic way by Blaise Pascal, long before
computers were thought of. He was trying to prove the properties of the triangle that
came to be known as Pascal’s triangle.

There are some propositions that are only true for integers 7 such that # > 2 (or another
value) or only for odd # or even 7.

Use proof by mathematical induction to show that 7> + 27 is a multiple of 8 V 7 € b,
where 7 is even.

Let P(n) be the proposition that #” + 27 =8M V n € b, where 7 is even and
Me h.

Prove P(2) is true:
LHS=2?+2()
=8
which is a multiple of 8, .. P(2) is true.
Assume P(k) is true for some even k € h.
K + 2k = 8Y for some Y e h.
Required to prove (RTP): P(k + 2) is true,
(k+2)* +2(k +2) = 8Z for some Z € b.
LHS of Pk +2) = (k+ 2)* + 2(k + 2)
=k +4k+4+2k+4
=k +2k) + 4k + 8
=8Y + 4k + 8 using P(k)
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Now since k is even, let k£ = 24 for some A € b. Then:
LHS of P(k +2) = 8Y + 4Q2A) + 8
=8Y+84+8
=8 +4+1)
=87
which is a multiple of 8.
o P(k + 2) is true.
.. Truth of P(k) = truth of P(k + 2)
But P(2) is also true

. P(n) is true by mathematical induction.

Use proof by mathematical induction to show that 3” + 2" is divisible by 5, V z € b,
where 7 is odd.

Let P(n) be the proposition that 3" + 2" = 5B V n € b, where 7 is odd and
Be b

Prove P(1) is true:
LHS=3"+2"

=5
which is a multiple of 5, .. P(1) is true.
Assume P(k) is true for some odd k € b.
3%+ 2% = 5p for some p e b.
RTP: P(k + 2) is true:

342 4 282 = 54 for some g € h.

LHS of P(k +2) = 3k +2 4 2k+2
=32 x3% 422 x2*

=9(3% + 4(2%
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Now rearranging P(k) to make 3* the subject:
3F42k=5p
3k=5p-2*
Substitute into P(k + 2):
LHS of P(k +2) = 9(5p — 2¥) + 4(2%)
=45p - 92" + 4(2h

=45p - 52
=59p-2%

which is a multiple of 5.

o P(k+2)is true.

. Truth of P(k) = truth of P(k + 2)
But P(1) is also true.

. P(n) is true by mathematical induction.

Exercise 5.02 Further mathematical induction

1 Prove each proposition by mathematical induction.
a P(n): 5" —1is divisible by 8 for all even # > 2
b  P(n): 3" — 2" is divisible by 5 for all even > 2
¢ P(n): x" —1is divisible by x> =1 for all even > 2

2 Prove each divisibility statement is true by mathematical induction.
a P(n): 5"+ 2" is divisible by 7 for all odd > 1
b  P(n): 6" + 3" is divisible by 9 for all odd n > 1
¢ P(m):4""%+ 7" ?is divisible by 11 for all odd z >3

3 Prove each proposition is true by mathematical induction.
a Pm):9"—8(n—1)—9is divisible by 64 for all integers 7 > 2
b P): 13"*! - 127 13 is divisible by 144 for all natural numbers 7
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You have seen that the capital Greek letter sigma, written X, is used in statistics to represent

a sum.

Sigma notation can also be used to describe a series, a sum of terms.

The sum of # terms can be written like this:

T+ T+ +Ty+...+T,_ +T,= T,.

7
n

T, means the sum of the terms, 7,, starting at » = | and ending at 7 = ».

”

For an infinite series, we write T, + T, + T3+ Ty + ...+ T, _+1T,+ 71T, +...= T,

Sigma notation

n

T, means T\ + T, + T3+ Ty + ... T, + 17,

n

Note that we can begin and end at any number » we choose.

7
Write out the series represented by 7.

7

6
Evaluate
k3

7
P=P+2+3+4+53+6+7

| 1 1 1 1
3k2 332342352362

k3
11 1 1
33 3 3
40
81

ISBN 97807043435

n re

”

5. Further mathematical induction



Express each sum using sigma notation.

=22 +32 -4+ .+ (D) %100

I U S 1
12233445 nn 1

r 100
PP-2243 -4+ .+ DO Ix100°= (1 ' A

7

Note that the value of (—1)" ™! alternates between 1 and —1.

1 1 1 1 1 1
12 2334 45 n(n 1) . k1)

Often sigma notation is used to abbreviate a sum in an induction proof. We will now look at
one such example.

Prove by mathematical induction:
N 1

Qk D2k 1) 2N 1

where ke b.

k

First write out the series to see the pattern and where the series stops.

: : N means
. (Qk D2k 1) 2N 1
1 1 1 1 N
@) 12 1 (22 122 1] [20) 2][26) 2] 2N 12N 1] 2N 1
Then simplifying we have:
1 1 1 1 N

+ + +..+ =
3x1 5x3 7x5 N +1D)(2N -1) 2N +1

Now we can begin the proof.
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Proof

Let P(N) be the proposition that ! + ! + ! +...+ ! __ ,
3x1 5x3 7x5 N +D(2ZN-1) 2N +1
V Ne N
Prove true for P(1):
LHS ! RHS = !
3x1 2(1)+1
_1 _1
3 3

Since LHS = RHS then P(1) is true.

Assume P(k) is true for some k e N.

11 1 1 k
+ + +..+ =
3x1 5x3 7x5 Qk+1)Q2k-1) 2k+1

RTP: P(k + 1) is true, that is:

11 1 1 1 k+1
+ + +..+ + =
3x1 5x3 7x5 Qk+D)2k-1)  QUk+)+D)Q2*k+1)—-1) 20k+1)+1

which simplifies to:

11 1 1 1 k+1
+ + +..+ + =
3x1 5x3 x5 Qk+1)(2k-1)  (k+3)(2k+1) 2k+3

Consider the LHS of P(k + 1):

! + ! + ! + ...+ ! + :
3x1 5x3 7x5 Qk+1)(2k—1)  (2k+3)(2k+1)

k 1
Tkl (k+3) 2+ 1)

_ k(2k+3)+1

T (k+3)(2k+1)
2k +3k+1

T (k+3)(2k+1)
_ (k+1)(2k+1)
T (k+3)2k+1)
_ k+1

C2k+3

=RHS of P(k+ 1)
... Truth of P(k) = truth of P(k + 1)

LHS =

using P(k)

But P(1) is also true.

. P(n) is true by mathematical induction.
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Exercise 5.03 Series and sigma notation

1 Write out the series represented by each expression.

10 7 M+ 1
2
a - b 2k+3 c =
- 2k Z
’ o 1
d (D r e 2 —
r 2 2"
2 FEvaluate each expression.
4 5 3 8 (1)
a Y (k+2) b 3 < YjG+D d -
k r j vy k
3 Express each sum in sigma notation.
a -1°+22-3 447+ =77 SRS S ST
2 3 45 n
¢ 343243 43% . 43” d (-1, 1.1
2 4 8 16
4 Prove each proposition by induction.
a P(n) n (37. 2) 2(31’1 1) b P(n) i 6 = 6" —1
r 2 r 5
n N 1 1
c Pwm): 2r 1) 7 d P@®): Z = = Z—ZT

r n

n(2n—-1)2n+1)

e P@): Z(Zk D’ = ;

5 nl=nmn—-1)n-2)n-3)x...x3x2x1.For convenience, we define 0! =1 and 1! =1.

1

Prove by induction P(n): 2( D =1- e
n

6 Prove by mathematical induction 2 log ( ) =log (n +1).
/a

r
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. INVESTIGATION (R

: VON KOCH’S SNOWFLAKE

. The Von Koch curve is found by taking the limit of a sequence of shapes 7}, 15, T, ..., T,
- based on an equilateral triangle as shown below. It resembles a snowflake and it is
sometimes referred to as Von Koch’s snowflake.

/NTRE

Term 1 Term 2 Term 3

1 Draw the next shape Term 4 in the pattern.

. 2 If the length of a side in Term 1 is &, find an expression for the perimeter in terms
ofxwhenn=2,3,4

-3 Find an expression for the perimeter if 7 = N.

As n — oo, does the Von Koch curve have finite or infinite perimeter?

. 5 Is the area finite or infinite?
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In this section we will see applications of proof by mathematical induction in different areas
of mathematics.

Recall some important results used in inequality proofs from Chapter 2, Mathematical proof.
1 For any two real numbers z and b,a >bifa—b > 0.

2 Ifa>bandb>cthena>e.

3 Ifa>bandc>dthena+c>b+d.

4

5

If4,b,c>0and @ > b then ac > be.

Ifﬂ>b>0thenl<l.
a

We can use these simple results to prove further inequalities by induction.

Prove by mathematical induction: 2” > #* where n €N, n > 5.

Let P(n) be the proposition that 2” > #* where n €N, n > 5.

Prove true for P(5).
LHS=2° RHS = 5°
=32 =25

Since LHS > RHS, then P(5) is true.
Assume P(k) is true for some £ €N, k> 5.
2k >

RTP: P(k + 1) is true: 281> (& + 1)?
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Proof
Consider the LHS of P(k + 1).
LHS =2¢*!

=2x2*

> 2 x k* using P(k)

=k +
Now k% > 2k + 1since k> 5
LR A S+ Qk+1)

> (k + 1)

... Truth of P(k) = truth of P(k + 1)
But P(5) is also true.

. P(n) is true by mathematical induction.

Prove by mathematical induction:

i(ac”)zmc”_l,ne N
dx

1

Let P(n) be the proposition that di(x") =mx""",me N.
x

Prove true for P(1).

LHS = %(x )

=1l
since the gradient of y =x is 1.
RHS=1xu' "'

= 1"

=1l

Since LHS = RHS then P(1) is true.
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Assume P(k) is true for some k € N.
RTP: P(k + 1) is true: %(x“ Y=k + Dt

Proof
Consider the LHS of P(k + 1).
LHS =i(xk+ )
dx
= % (x xa*)
=k i(x) + xi(xk) by the product rule
dx dx yaep

=afx 1 +ax k! using P(k)
= ot + ke
=(k+ Dt
=RHS of P(k+ 1)
.. Truth of P(k) = truth of P(k + 1)
But P(1) is also true.

. P(n) is true by mathematical induction.

Recall the binomial expansion:

(x+ﬂ)71 — i IZCT xﬂ—]'ﬂ?‘

r 0

n

n
where "C, = =,
(r] 1’!(11—7)1

It is possible to prove the binomial theorem by mathematical induction but it will be left for
you to do as an exercise below.

The sum S, of the interior angles of an n-sided polygon is given by the formula
S, =(n-2)x180°%ne N,n>3.

You will find a guided proof of the theorem in Question 5 of the exercise on the next page.
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Exercise 5.04 Applications of mathematical induction

1 Prove each inequality by mathematical induction.
a 3'>1+2nwherene N
b 2">1+nwherene N
¢ 3">n’wherene N,n>4
d (1+y">21+nywherene Nandy>-1,ye R
e

n!>2"wherene N,n>4

2 Prove each proposition by mathematical induction.

d"y ~ M x]W—ﬂ
dx" (M —-n)

a LetyzxM. P(n) for n € N, where M >n, M € N.

n _ n ]
b Lety:l,x;tO.P(n) y =D " forme N.
x dxﬂ x7l+

3 Prove each equation by induction.

n
a (x+a)"= Z "C.x"""a" where n € N.
r 0

You will need the identity "C, +"C,, , ="*'C, , , where "C, =

r(n-—r)

n
b nx+a" '= 2 rXx"C.x"" 4" wheren e N.
r 0

4 Prove each formula by induction.
a sin(@n+0)=(-1)"sin6,ne N
b cosmn-0)=(-1)"cos8,ne N

5 Complete in your notebook the blank spaces in the induction proof below.

The sum S, of the interior angles of an n-sided convex polygon is given by the
formula S, =(n —2)x 180°,n€ N,n>3.

Let P(n) be the proposition that S, = (7 —2) x 180°,n € N, n > 3.
Prove true for P(3).
LHS = 8; RHS = (3 - 2)180°
=180° =180°
since the angle sum of a triangle is 180°.
Since LHS = RHS then P(3) is true.

Assume P(k) is true for some k€ N, k£ > 3.
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S, = (k- 2) x 180°

We see from the diagram that there are & vertices labelled V', V5, Vs, ..., Vi_ |, Vi
Joining the diagonals from V] to the other vertices we create k — 2 triangles, with a total
interior angle sum of S, = (k — 2) x 180°.

RTP: P(k + 1) is true; thatis S, , | =
Proof

Consider the diagram with (k + 1) vertices.

Veer Vi

By adding an extra vertex, this has created another triangle.

-~ LHS =

= using P(k)

=RHS of P(k + 1)
.. Truth of P(k) = truth of P(k + 1)
But P(3) is also true.

. P(n) is true by mathematical induction.

QED.
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6 Consider the number of ways you could cut through a pizza to gain the maximum
number of slices, as seen in the diagram below.

() (R X

By making a table of values we can find a formula relating the number of cuts # with the
number of slices, S,

n 1 2 3
2 4 7

n

Find a formula for S, in terms of # and prove it by mathematical induction.

7 Recall the triangle inequality as shown below for vectors, z , 2, 23, ...

21t t+%

|21l
We can see that |z + 2, < |z |+ |z2| and that |z, + 2, + 23| < |z |+ |2, + 23]

Prove by mathematical induction that:

|zl+zz+z3+ +zn|S|z|+|z2|+|z3|+...+|zﬂ|Vne N,n=2.
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The sequence T, =3,7,=5,T3=7,T,=9, Ts =11, ... can be described by the
recursive formula 7, =T, _, + 2. We can use recursive formulas to prove by
mathematical induction the general formula 7, = 2% + 1 for the nth term of
the sequence.

Prove by mathematical induction:

Given Ty =3 and T,,=T,,_ + 2, prove by mathematical induction that 7,,=2n + 1 is true
VneN.

Let P(n) be the proposition thatif 7y =3 and 7,,=7T,_; + 2, then T,,=2n+ 1 is true
Vne N.

Prove true for P(1).
Given 77 = 3. Using the formula 7, =2n + 1, T} = 2(1) + 1 = 3 which is consistent.
P(1) is true.
Assume P(k) is true for some k € N. Thatis, given 7, =7, _; + 2, then T}, =2k + 1.
RTP: P(k + 1) is true; thatis, given T, , ; =71, + 2, then 7, . | =2(k+ 1)+ 1 =2k + 3.
Proof
Consider the given P(k + 1) formula:
Tpo1=T,+2
= (2k + 1) + 2 using P(k)
=2k + 3 as required
.. Truth of P(k) = truth of P(k + 1)
But P(1) is also true.

. P(n) is true by mathematical induction.
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Given T, =1,T,=5and 7,,=57,_, — 67,,_,, prove by mathematical induction
that 7,=3"-2"istrue Vn e N,n > 3.

Let P(n) be the proposition thatif 7y =1,7T,=5and T,,=5T,_, - 6T, _,
then 7,=3"-2"istrue Vne N,n > 3.

Prove true for P(3).
GivenT,=1,T,=5,T3=5x5-6x1=19.
Now using the formula 7, = 3" — 2"

T; = 3* = 2° = 19, which is consistent.

P(3) is true.

Assume P(k) is true for some k€ N, k> 3.

That is, given T, = 5T}, _, — 6T}, _,, then T, = 3* — 2% This also true for P(k — 1); that is,
T, =3"1-2¢"1

RTP: Pk + 1) is true; that is, given T}, ; = 5T, — 6T, _,, then Tj,, ; = 3¢+ 1 = 2¢+ 1,
Proof
Consider the given P(k + 1) formula.
Ty =5T, - 6T, _,
Now we can use both T}, = 3* = 2¥and 7, _, = 3*~" - 2* 7! to substitute.
Th.1=5G% =2 631 =21

=535 -502 -6 H+62F Y

=535 -502%-2x3x3 143 x2 %2k !

=535 -5025-236%+302%

=33h-202h

:3k+1_2k+1

which is the required expression.
.. Truth of P(k) = truth of P(k + 1)
But P(3) is also true.

. P(n) is true by mathematical induction.

ISBN 97807043435 5. Further mathematical induction



Exercise 5.05 Recursive formula proofs

Prove by mathematical induction:

a GivenT)=2andT,=T,_,+2,provethat 7,=2nistrue Vne N

b GivenT,=2and 7,,=2xT,_,,prove that T,=2"istrue Vn e N

¢ GivenTy=1andT,=7T,_;+5,provethat T,=5n—4istrue Vne N
d GivenT,=7and T,=3x T, ,,provethat 7,=7x 3" 'istrue Vze N

Prove each result by mathematical induction.

a GivenT,=5,T,=7and T,=3T,_,-2T,_,, for n >3, prove that T, = 2" + 3
istrue Vaoe N

b GivenT,=2,T,=16and T,,=8T,_, - 15T, _,, for n >3, prove that T, = 5" — 3"
istrue Vane N

¢ GivenTy=1and T,=T, ,+2n—1,forn>2, prove that T, =n’ is true V n € N

d GivenTy=1and T,,=T,_,; +(n— 1)(n—1)!,for n>2, prove that T, =n! is true Vn € N

Probably the most famous recursive formula is that describing the Fibonacci sequence:

1,1,2,3,5,8,13, ...

LetTy=1,T,=1and T,=T,_, + T, _,, for n > 3. Rather than expressing the next term
as a sum of the 2 previous terms, it has actually been shown that 7, can be calculated
using the following formula:

1+5) (1=v5)
HER
" J5

, V m e N. Prove this by mathematical induction.

Although the idea of mathematical induction was used informally by a number of
mathematicians, the name given to the technique was not stated in a formal manner
until an Italian mathematician, Giuseppe Peano (1858-1932), produced a work called
Formulaire de mathématiques. In this publication he attempted to write 5 postulates,
known as the Peano axioms, that form the basis of arithmetic.

o b ODN

Zero is a number.

If x is a number, the successor of x is a number.

Zero is not the successor of a number.

"Two numbers of which the successors are equal are themselves equal.

If a set S of numbers contains zero and also the successor of every number in S,
then every number is in S.

Can you spot the inductive step in the list?
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Most proofs we have seen in this chapter are algebraic. Sometimes results can be proved or
problems can be solved using a geometric or graphical approach by comparing concavity,
heights or areas.

Often equations and inequalities can be difficult to solve algebraically but are straightforward
if we draw a graph.

Solve #* — 1 >|2x+2|.

Graphy=+"—1andy = |22+ 2| on the same axes.

yA
15 1

144
13
12 1
11 1
104
9]
8
7
6
54
4
34

y=—Qx+2)

The solutions to the equation x> — 1 = |22+ 2| are the points of intersection of the
2 graphs. These can be found by solving simultaneously y = x> — 1 with the 2 arms of
y=|2x+2], thatis,y = 2x + 2 and y = —2x - 2.
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Solving:

Right arm: Left arm:
A —1=2x+2 —1=-2x-2
¥ —2x-3=0 #+2x+1=0
(x=3)x+1)=0 (x+1°=0
x=3orx=-1 x=-1

From the graph we can see the solution to the right arm is x = 3 and to the left arm is
x=-1.

Now to solve the inequality x* — 1 >|2x + 2 we look for the values of x where the
parabola is #bove the absolute value graph.

This is equivalent to the solution on the number line where x < -1 or « > 3.

Therefore the solution to the inequality &* — 1 >|2x +2/is ¥ < ~1 or x> 3.
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Let us examine some general concepts comparing the area under a curve with
approximations using rectangles.

yi

Curve concave down Curve concave up
Area under curve > sum of the rectangles Area under curve < sum of the rectangles

We can use these observations to prove various results.

Consider the areas of the # rectangles each of width L under the curve y=+/1-? for
n

0<x<1 as shown.

J A
1

0]

2 3
non

1
Y 7u

Show that the sum A, of the areas of the rectangles is given by

A, :niz(\/n2—1+\/n2—22 +\/n2—32 + +\/n2—(n—1)2).

Hence show that

lim iz(\/n2—1+\/nz—22 +\/n2—32 + ):

n—co g

T
T
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Let the area of the first rectangle be denoted A(1), the second be A(2), and so on

so the last is A(z). Then the height of each rectangle is the y value, calculated using
2

y=vl-x".

A(1) = height x width A(2) = height x width A(n — 1) = height x width

/ 2
><— = 1_(%—1) ><l
n n
n

Ny 1
n2 - = Jn? -2 == \n’ —(n-1)

n

and A(n) = 0.
So the sum A, of the rectangles is given by:
A,=A1)+AQ2)+AB) + ... + Am - 1) + A(n)

=i2\/n2—1+i2\/n2—22 +i2\/n2—32 +...+i2\/nz—(n—l)2 +0
n n n n
:niz(\/n2—1+\/n2—22 R =B R — (1)} +0)

From the graph we can see that y =+/1—x? is concave down so the sum of the
rectangles is Jess than the area under the curve; that is, 4, < area under curve.

But as the number of rectangles increases the sum will approach the area under the
curve; that is,

lim A4, = J\/l x% dx so

n—>o0
i iZ(J C1Nm 4+ n =3+ r —(—1) +0) anx(l)
n—e 7
- lim —2(\/ 1+\/n 224-\/112—3’2+...)=E
) 4

Exercise 5.06 Proofs involving inequalities and graphs

1 Solve each inequality graphically.
a |x-2|>|«| b |2x|<x+3 c x2<|x|
d 6> e |xf>—
x
2 Explain with the use of a graph why each inequality is true.

a |2x| >|x|— 1 for all real values of &

b |x+1| <+/x —1 has no solution
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3 Solve3x’ —2x-2> |3x |

4 a Sketch the graph of y =xe™ and find any stationary points.

b  Hence prove thatx < ¢* ! for all real .

5 Consider the secant drawn on y = In « between x = 1

¥y
=1
andx=l+lasshown. Jem
n
a Find an expression for the gradient of the secant. 5= -
1+ 7w ¥
b  Using part @ and the fact that i(ln x) = l, j 7

X X

show that lim (1+ l) =e.

n—roo 7

n+ n
¢ Also using the method in part @, show that [1+ L 1) > (1 + l) .
n+ n
Explain with the aid of a sketch.

d  What implication does this have for compound interest?

6 a Iff(x)is a continuous function, show with the aid of a diagram the meaning of:
lim l(f(l}r f(3)+ f(3)+ +f(ﬁ)] = | flw)dx
n—ses 1 n n n 7 0

1. m .2 . 3nm . AT
b Hence evaluate lim —| sin— + sin— +sin— + ... +sin— |[.
n—rc0 71 n 7 n n

7 a Prove by induction for 2> 0,0 <7<1and z» € N that:

atvar+w’+ar + .. +w” ! =7ﬂ(r —1)
r—1
b Consider the rays OP and OQ such that ZPOQ = 30° p
as shown. Ay
Let OA4, be # units. aunts 4,
i Show that the lengths Ay 4y, 4,4y, A, A5, A, A, ... /14
form a sequence in the form «, ar, o’ ... and S
find the value of 7 in exact form. 30° -
As A, A, Q

ii Write down an expression for the length 4, 4,
in exact form.

iii Show that AjA, + A, A, + Ay Ay + Ay Ay + ... = a2 +3).
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8 Consider the curve y = l, x>0, as shown in the diagram.
x

y
a Explain why jﬁ 1 dx < \/; —1wherep > 1.
X y= %
b Hence show that 0 <Inp < 2\/; -2
¢ Hence deduce that lim Inx —0. 1
x—00 X
- - -
.. d
9 a Find—(xInx). w
dx

b Hence evaluate exactly the integral Jn Inwx dx.

¢ Consider the curve y =In .

i Rectangles each of width 1 unit are drawn below the curve to approximate the
area under the curve for 1 <x <7 as shown below.

y
y=lnx

o 123 45 n—1n x
y

Show that the sum of the areas of the rectangles is S, = In [(z —1)!]

ii Rectangles each of width 1 unit are now drawn above the curve to approximate
the area under the curve for 1 <x <7 as shown below.

y A

ol7 2 3 4 n—1ln X
Y

Find the sum of the areas of the rectangles, S,.
ili Hence explain why In [(z— 1)!]<nlnn-n+1<In (n!).

v Prove that (n — 1)! <n"' " < !
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5 e TEST YOURSELF

1 Prove each series by mathematical induction V 7 € N.
a S+11+17+...+6n-1)=3n+2n

1 1 1 1 7
+ + +..+ =
I1x4 4x7 7x10 Brn-2)3n+1) 3n+1

a a a_ a(l p")
P pZ pﬂ 1 pn (1 p)

c 4 ,p#0,1
2 Prove by induction:

a 9"-1isdivisibleby8Vne N

b 2" 43" isdivisibleby 7V ne N

3 Prove each series by mathematical induction V 7 € N.

n

a iﬁ:%nz(nﬂ)z b kE) (n 1! 1

i 1
F JjG+D) mn+1

4 Prove by induction:

a 7"+13"+19"is divisible by 13 if z is odd.
b " +4n’ + 11 is divisible by 16 if  is odd.

5 Prove each statement by mathematical induction V 7 € N.

a 1+i+i+i+ +i<2—l
2 3 4 R

AL U 0 N WS SR
=1 @& & g x" x"(x-1)

6 Prove by induction (#b)" =4"b",¥ n € N.

7 Prove by induction %(x‘") =" ,VneN.

n

8 Prove by induction

677

(sinpe):p"sin(penL?),Vn eN,pe Q.

9 Prove by induction P(n): " — y*" is divisible by «” + y" for all z > 1.
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10 Prove by induction that the expression (v + 1)” — nx — 1 is divisible by «” where 7 is a
positive integer.
11 Prove each property by mathematical induction.
a Ifme Nandm 21 then m(m + 3) is always even.
b Ifne Nandn>2 then n(n+ 1)(n — 1) is always divisible by 6.
¢ Ifne Nandifnisodd, then n(n +2) + (n + 2)(n + 4) is always even.

12 Given K>0and L >0 where K # L andz € N:

K11+1 _K71L+Ln+l _KLH
K-L '
b deduce that K" "'+ L" "' > K"L + KL"

a find

¢ hence prove by mathematical induction that ( K ; L) < K ; L VneN.

13 @ Write the expansion for cos (4 + B). Hence prove cos 2P = 1 — 2 sin” P.
cos Q —cos (Q+2P)
2sin P

Hence prove by mathematical induction that:
1—cos 2nP
2sin

b Prove that =sin (Q + P).

0N

sin P+sin 3P+sin 5P+ ... +sin 2n—1)P= ,VneN.

14 Use the recursive technique for each proof.

a Given Ty=5and T, =2T,_, + 1, for n>2, prove that T, = 62" ') - 1 is true
V 7 € N by mathematical induction.

27, -1
b i GivenT,=1andT,= "f for n 2 2, find the values for 75, 75 and 7.

ii Prove that 7, = 3(;) —1is true V z € N, by mathematical induction.

¢ GivenT;=5,T,=11and T,,=4T,_,-3T,_, for n> 3, prove that 7,,= 3"+ 2 is
true V 7z € N, by mathematical induction.

15 Use mathematical induction to prove that the sum of the exterior angles of an z-sided
convex polygon is 360°.

16 Solve each inequality graphically.

a |¢|2a?-2 b —t <r42
x—1
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17 Consider the diagram showing an isosceles triangle inscribed in a semicircle inscribed in
a rectangle.

]
a By considering areas, show that 2 <t < 4.

b Explain how you could find a better approximation for .

18 Consider the curve y = In x and the chord joining A(4, In #) and B(b, In &) as shown in
the diagram. Perpendiculars are drawn from A and B to the x-axis to form a trapezium.
Note 2 # b.

Y

B %y:lnx

a Explain why the area under the curve between A and B is greater than the area of
the trapezium.

{i=)_s
b Prove that ¢ \"**/ <2
a
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FURTHER INTEGRATION

One of the first uses of integration was in finding the volumes of wine casks. Because the casks have
a curved surface, infegration is required to defermine area and volume.

| Other uses of integration include determining centres of mass, fluid flow and modelling the behaviour
of objects under stress. In the real world the equations that model these types of applications are
generally not simple nor standard.

In this chapter, we develop a broader range of fechniques and strategies to solve more complex
problems involving differential equations and infegration.

CHAPTER OUTLINE .

1 Integration by substitution
6.02 Rational functions with quadratic denominators
6.03 Partial fractions
6.04 Integration by parts
6.05 Recurrence relations :
Test yourself 6 (R




IN THIS CHAPTER YOU WILL:

use the method of integration by substitution

infegrate rational functions with quadratic denominators that are reducible or ireducible
decompose rational functions into partial fractions

use infegration by parts

infegrate functions that form a recurrence relation (recursive formula)




TERMINOLOGY

integration by parts: A method of integrating a the numerator and the denominator are

function by splitting it into one function to be polynomials.

differentiated and one function to be integrated. recurrence relation or recursive formula: A
partial fractions: A rational function can be formula or integral that is expressed in terms of

expressed as the sum of smaller fractions called itself with a smaller parameter value, for example

partial fractions that are easier to integrate. T n—1 &

. . . 24in"0do= —— 2~n—26de
rational function: A function that can be , S = , S .

n
f(x)

expressed as a fraction , such that both

g(x)

6.01 Integration by substitution

In Mathematics Extension 1, Chapter 8, Further integration, we learned to use integration by
"y substitution for integrals of composite functions involving a function and its derivative.

ngcion by Evaluate [6x°(2x° — 1)* dx.
Solution
o [6x2 Q= D dw = [ut d
Let”=2x3—1,%=6x2 jx(x )" dx flu 74
2 =—w+C
du = 6x” dx 5
1

:§(2x3—1)5+C

In cases like these you will notice that the derivative of ‘the function within the function’ can
be identified as the multiplier.

In many cases, you will be required to find and evaluate indefinite and definite integrals using
the method of integration by substitution where the substitution is not given. It is therefore
necessary to be able to identify convenient substitutions.

Evaluate J4—x dx.
V2x? +1
Solution

Letu=zx2+1,@=4x
dv

du = 4x dx
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=22x +1+C

sin\/;

\/;alx.

Evaluate f

Solution
du 1 " \/’ .
Letu=+Jx,—=—, sinyx ,_ sinu
0 dv=2Jx du =2J.Sinudu
=-2cosu+C

=-2 cos\/;+C

Many integrations with trigonometric integrands, such as [(sin” x cos x) dx or
[(cos” x sin x) dx, could use a simple substitution to form a standard integral.

EXAMPLE 4

Evaluate [(sin’ x cos x) dx.

Solution

Let # = sin x, noting that Zx_u =cos x [ sin® x cos x dx = [u’ du

du = cos x dx. =Lu10+C
10

:i sin'®x+ C
10
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2

sin? x and cos? x

sin? x = % (1 — cos 2x)

cos’ x = % (1 + cos 2x)

These identities from Mathematics Extension 1, Chapter 8, Further integration, allow other
similar integrations to be quickly determined.

sin” 2x = % (1 - cos 4x) or sin’ 3 = % (1 - cos 6w)

cos® 2x = % (1 + cos 4w) cos’ 3x = % (1 + cos 6x)

T

Evaluate .[04 cos® 2x dx.

Solution

T T
f“cosz 2x dy = J.“ l[1+cos 4ux]dx
0 0 2

i

= l[x + lsin4x]4

SR

4 1
Evaluate J. m dx.

Solution

Substitute z =1 +/x.

.

N

Therefore @ = ; thatis, dx = 2Jx du
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Whenx=1,2=2,and when x =4, z = 3, so we get:

4 1 301
eyt

= ij w™ du

we can use the

dx J' dx or J‘ dx

For integrations of the form J. -
a+bsinx

. b
acosx+bsinx Y acosx+b

x
t-formulas where # = tan 5:

2

and tan x = Lz, along with dx = Zdtz as proven below.
1+

. 2t
SIn ¥ = ——, COS & =
1-¢

1+¢ 1+2°

It is easy enough to show that when ¢ = tan (%) then

1 2
==+t
2( )

and therefore: dx = 2dt

1+¢

7

EXAMPLE 7

2n
Use the substitution ¢ = tan 9 to show that Lﬁ —= 1 log, 3.
2 5 sinf 2

Solution

When9=2—n,t=tan£= 3,andwhen9=£,t=tan£=1
3 3 2 4
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21‘2 10— Zdt2
1+¢ 1+¢

sin® =

40 =Iﬁ1+t2 2dt

2 sin® 2t 1+¢7

3
= [log. |l
=log,f3 —log, 1
=log, 30

= % log, 3 as required.

When changing the variable »? in an integrand it usually involves \/972 , which is the same

as | x| In this case, we take the positive case for convenience. There are other situations where
a similar problem arises, especially in the case of trigonometric functions; again we take the
convenient solutions that lie in the domain of the standard inverse trigonometric functions.

When the integrand has a sum or difference of 2 squares:

J' dx
Vat +x?

I\/dz —x? dx use the substitution x = 4 sin § or x =z cos 0

d.
I

These results help to determine what should be the best substitution.

use the substitution x = # tan 0

use the substitution x = # sec 0

Some standard integrals

[F@f@)]" dv= f(xi"; ff’(x) sec’ f(v) dv = tan f(x) + C
[F)e D de=e 9+ C i C) N [f(x)]+c
£, . 2 -[f@T
j o n|f(x)|+ L I:f(x>]+ )
[f'(x) sin f(x) dx = —cos f(x) + C 4t — [f(x)
If'(x) cos f(x) dx = sin f(x) + C J f(x) _ ltan_ l:f(x)]+ c
a+[f (x)] 4 a
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Exercise 6.01 Integration by substitution

1 Find each integral using the given substitution.

(o)

9

2 Find each integral using an appropriate substitution.

d

9

3 Find each integral using an appropriate substitution.

9

m J-cose

.X'

j v, n=e+1
e

e+ dwyu =1+«

,x>0,u=¢"~-1

oF
1=
Ix\/x_—de,uzx—3

de,x=u+1

I7=

j%dx
x
J‘(1+lnx)2 P

Ix(ln x)’

T cosx
J.Z —— dx
0 1+sinx

T cos’x
J.z —— dx e
0 1+sinx

[ sin*x cos’® x dx h

J- sin® 40 k

cos’ 0

sin’ O

de

J‘Sln ‘0

cos’ 0

4 Evaluate each definite integral.

d

9

T
.’.04 tan” xsec’ x dv b
T
ny X X
j Fe'sine” dx e
nr

T
j04 sin? 2x dx

. -1 2
J(sm x+1) I

\ll—x2

dx
Jxlnx

Jz cosx »
2
0 (I+sinx)

[ sin® x cos® x dx
[ sin’ x cos* x dx

de

J' sin©®
cos* 0

_[ cos 0 40

sin*@

T an®
+ €
0 cos’@

de

T
j04 cos” x dx

(o)

1
J-Z co.sx i
0 (1+sinx)

| sin® x cos’ x dx
_[ 51n26 20

cos” 0
J- cos 0

de

sin’ @

j sin’ @ 20

cos O

[a

.’.04 cos” 4x dx
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5 Evaluate each integral using an appropriate substitution.

8 x s 36
fs(x+1)m # b [V9-s & ¢ j09+xz

X

J0(1:(3*”)2 e J01+x

6 Verify the answer to Question 5b by considering the area the integral represents.

7 Using the substitution 7 = tan 5

2n

a evaluate _[n - x b evaluate L? dx
0 I+sinx S sinx
¢ find j dx d  show that I =—1+3
1-cosx 1+sin
TE '
e show that 46 T f evaluate J ;40
0 sin®+ 2 3\/§ 0 1+ cos20
8 Find each integral using the given substitution.
J;L,x=2tan9 b JL,x=3Sin9 c J‘QL,xzztane
x"+4 V9 — 2 4x°+9 2
9 Evaluate each integral using an appropriate substitution.
2 - 4
a J- dx b J- 2dx c J'S 3dx : d J' 2xdx
0 ,4—36'2 0 _xz 014+9«x 3 25_x2

3
10 a Using the substitution #* = 9 — &, evaluate Jo x*\9—x? dr.
dx

b  Using the substitution # = tan =, find I—
2 1+ cosx +sinx

¢ Using the substitution « = sec x, or otherwise, find j sec’ x tan x dx.
\/<4 )

d  Use the substitution x = 2 sin 0 to evaluate j

2x

e Find the integral j% dx.
e +

f  Show that Joz,lx(4 —x) de=m.

2
g Showthatj 4 —9x? dx=§.
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DID YOU KNOW?

Length of an arc

Integration can be used to find the length of an arc.
By considering a small portion of a curve and using
Pythagoras’ theorem, we get:

sv ) o 3
SL? ~ dx” + 8y’ = 8o’ |i1+(é) :|
As dx — 0, the length of the curve y = f(x) between the 8

points where x =2 and x = 4 is:

2
b
L=[" 1+ (d—y) dx
a dx
For example, the length of the arc on the circle, in the first quadrant, given by

x=ua cos tand y = 4 sin ¢ can be found using this expression:

p v\
L=j 1+ 2 e
0 d

Ay _ x

ey

a 1
And the length of the arc L= J. — 2 k= —Ta, as expected.
0. /2_,2 2

6.02 Rational functions with quadratic
denominators

Integration of rational functions with quadratic denominators can be classified into those
with denominators that can be factorised and those with denominators that do not reduce.
Of the 3 integrals below, the first one has a denominator that can be factorised but the others
all have irreducible quadratics so they cannot be factorised.

1 1 1
dx, dx,
jx2+2x+1 Ix2+1 J‘9«¢2+2x+5
Some integrals involve quadratics under a radical (square root) in the denominator.

1 1
J‘\/4—962 dx,'[\/3—2x—x2 *
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Other integrands with quadratic denominators also have a linear or quadratic function in the

numerator.
2x+1 2x+1 x?
dx, dx, dx
J.x2+x+1 J.x2+2x+3 J‘xz+1

To integrate these functions, we need to know how to complete the square and recognise
standard forms for integration.

Some standard integrals

n. (ax+b)"" fix)y
f(ax+b)dx——a(n+l) +C J—f(x)dx_1n|f(x)|+c

1 1 _(«x 1 x
dx =—ta = |#C —— dx=sin” | =
Jﬂ2+x2 P n (ﬂ) I ,_ﬂz_xz dx =sin (ﬂ)+C

EXAMPLE 8
Find:
1 1 1
a L b d c S —
J‘3«¢2+2x+1 Ix2+1 § J‘x2+2x+5
Solution
1 1
-
x5 +2x+1 (x+1)
= [(x+D? dx
=M+C
-1
:—L+C
x+1

b Izl de=tan'x+C
x“+1

¢ Complete the square.
[ = [——
x’+ 20+ o+ 20 +1+4

:j;
(x+1%+4

:ltan_ (—x+l)+C
2 2

MATHS IN FOCUS 12. Mathematcs Extenson 2 ISBN 97807043435



Find:

a I 1 7 b J-;d’c
4—y* V3-2x —«?

Solution

a J L dx =sin” £+C
4y’ 2

b Complete the square.

1 1
dx = dx
IJ3—2x—x2 J\/—xz—zx—1+4
=‘[;dx
J4—(x+1)?
=sin~ (x—H)+C
2
Find:
2x+1 2x+1
a [ =227 g b [T 4
Jx2+x+1 Jx2+2x+3
Solution

a  Recognise that the numerator is the derivative of the denominator.

J‘ 2x+1

- dlen|x2+x+1|+C
xt +a+1

b  Recognise that the numerator is almost the derivative of the denominator.

20 +1 dy— 2x+2 1
_[ 2 __[ 2 T2
x“+2x+3 x“+2x+3 x"+2x+3
Cnfe? 23 [— L
(x+1)"+2

1 x+1
=In|a? +2x +3 ——tan_l(—)+(]
| R

"This is a combination of recognising the log result, splitting the numerator,
completing the square and recognising the y = tan™" x result.
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Exercise 6.02 Rational functions with quadratic denominators

1 Find the integral of each function.

1 b 1 -2
a 2 2 ¢ 2
(x+3) (x—4) x”+4x+4
1 1 1
d e f
¥’ +1 x> +9 ¥’ 43
1 1
2 h 2 _
x“+5 x"—4x+4
2 Find:

ale_lex ngdex cj\/‘}i_xzdx

1 1 1
d —dx e —dx f —_—x
I V9 -4y’ J Vax — o I V=927 +12x
3 a Find ji dx by first showing that #* + 2x + 2 = (x + 1)* + 1.
x“+2x+2
b Find J.—dx by first showing that 2x — x* = 1 — (x — 1)%.
\/2x—x2
2
¢ Show that x2+2:1+ 21 . Hence, ﬁndJ.
x“+1 x“+1 X’ +1
d  Show thata? — 2x + 5 =4+ (v — 1)>. Hence, ﬁndj.idx.
x°=2x+5
4 Tind:
2 2 2
X x° =1 x“+4
a b d. c d.
J.xz+1 J.xz—kl v J.x2+2 v
2
1) (x— 1)
d Y e e (e + f
J.x2+9 '[ X +1 J.x +2
5 Find:
2x+1 4x+3 X
b dx C dx
J.xz+4x+5 '[x2+1 J.x2+1
1
d e Y N
'[x +1 '[x —2x+2 sz—l
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6 Find each indefinite integral.
—dx dx dx
b [% _a
5= e © e
d [—& e [ & fo[—

2 2 2 X
x“+4x+8 4x +4x+10 x“—6x+13

¥’ -1
2

7 a ‘'Thegraphsofy= andy=1are

y 4

X
1.5

shown in the diagram. Evaluate the
area shaded. Leave your answer in 1
terms of 7.

b The area shaded above is rotated
about the y-axis. Find the volume T Y, 5 -
of the figure generated. Leave your 05

05 A

answer as an exact value.

¢ Calculate the volume of the solid of
revolution formed when

1
U
x”+4x+8

x=-1and x = 2. Leave your answer in terms of 7.

is rotated about the x-axis between

6.03 Partial fractions
f(x) Partial
(

)’ where f(x) and g(x) are polynomials, is called a rational function. o
x

A function

If the degree of f(x) is greater than the degree of g(x), the function is called an improper
function. If the degree f(x) is less than the degree of g(x), the function is called a proper
function. Inegl

calculus
An improper function can be expressed as the sum of a polynomial and a proper rational
3

. X

function. For example, =x-
2 2

x“+1 x“+1

A proper function can be expressed as a sum of simpler fractions called partial fractions.
This process is also known as decomposing the function into partial fractions.

X

ISBN 97807043435 6. Further integration @



f 0 = =l + B + & , find the values of 4, B and C and hence write
(x—Dx+D(x+2) x—-1 x+1 x+2

6
(x=D(x+1D(x+2)

as the sum of partial fractions.

Solution

Multiply both sides by (x — 1)(x + 1)(x + 2):
6=Ax+1Dx+2)+Bx—1)x+2)+Clx—1)(x+1)
Expand and equate coefficients of x:

6 =A@ +3x+2)+ B0’ +x-2)+ C(x* - 1)
=Ax’ +3Ax+2A+ By’ + Bx— 2B+ Cx* - C
=A+B+0O)x*+(BA+Bx+Q2A-2B-0C)

Hence:

A+B+C=0
34+B=0
24-2B-C=6

From [2]: B=-34

1]+ [3]:34-B=6 [5

Substitute [4] into [5]:

34-(-34)=6
64=6
A=1
Substitute into [4]:
B=-3(1)
=-3

Substitute into [1]:

1-3+C=0
—2+C=0
C=2

" A=1,B=-3and C=2

) 6 L3 2
T=Dx+Dx+2) x-1 x+1 x+2
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4 A B Cc
f 5= + + L
(x=D(x+1)" x-1 x+1 (x+1)

the sum of partial fractions.

Solution
Multiply both sides by (x — 1)(x + 1)*:
4=Al+17?+Blx—-Dx+1)+Cl—1) *

Expand and equate coefficients of x:
4=A@x+1>+B@—-D@+1)+Cx—-1)
=AW +2x+ 1)+ B -1)+Cx-C
=Ax’ +2Ax+ A+ B’ -B+Cx-C
=A+Bx* +Q24A+COx+(A-B-0)

find the values of 4, B and C and hence write as

ISBN 97807043435
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Hence:

A+B=0 (1]

24+C=0 (2]
A-B-C=4 [3]

From [1]: B=-4 [4]
From [2]: C=-24 [5]

Substitute into [3]:
A-(-A)-(24)=4
44=4
A=1

Substitute into [4] and [5]:

B=-1
C=-2(1)
=2

~A=1,B=-1and C=-2

, 4 112
Tae-Dx+1)? x-1 x+1 (x+1)?

Alternatively, using [*] above, substituting « = 1, we obtain A = 1 rather quickly, and by
substituting ¥ = —1, we can get C = -2, again fairly easily. Last, we can choose x to be any
other number, say x = 0, to find that 4 — B — C =4 and therefore B =-1.

Repeated linear factors in denominator

"To each linear factor ax + b occurring 7 times in the denominator of a proper function, there

corresponds a sum of 7 partial fractions of the form 4 4 >+t L
ax+b  (ax+1b) (ax+b)"
For example: 5= L 12 v
(x=D(x+1)" x—-1 x+1 (x+1)
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EXAMPLE 13

Sx+2 A N Bx+C

Find A4, B and C such that 5 = 2 .
(x—D(x"+2x+4) x—-1 x"+2x+4

Solution

Note that when a partial fraction has a quadratic denominator, then it has a linear
numerator Bx + C.

Multiply both sides by (x — D + 2x + 4):

Sx+2=A@" +2x+4) + (Bx + O)(x - 1)
=Ax* +2Ax+4A+ By’ —Bx+ Cx - C
=A@A+Bx*+Q2A-B+Cx+(@A4-0C)

Hence:
A+B=0 (1]
2A-B+C=5 [2]
44-C=2 [3]
From [1]: B=-4 (4]
From [3]: C=44-2 [5]

Substitute into [2]:
24— (-A)+44-2=5

TA-2=5
TA=17
A=1
Substitute into [4] and [5]:
B=-1
C=4(1)-2
=7

~A=1,B=-1land C=2

Quadratic factors in denominator

To each irreducible quadratic factor ax” + bx + ¢ occurring once in the denominator of a

Ax+B

2

proper function, there corresponds a single partial fraction of the form P
ax” +bx+c

Sx+2 1 N —x+2
(-’ +2x+4) x-1 x*+2x+4
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vl A 12 69 ernc) el b e 2oty BTG B D

x(?+17 x xP+1 (P41

Solution

Multiply both sides by x(x” + 1)*:

1=Au? +1)° + (Bx + O)* + Dx + (Dx + E)x
=A@t + 227 + 1) + Bx + CO)(x* + x) + (Dx” + Ex)
=Ax*+ 24> + A+ Bx* + Bx* + C® + Cx + Da? + Ex

=A+Bx*+Cx’ +2A+B+ D)’ +(C+Ex+A4

Hence: A+B=0 [1]
C=0 2]
2A+B+D=0 [3]
C+E=0 [4]
A=1 (5]
Substitute A = 1 into [1]: 1+B=0
B=-1
Substitute C = 0 into [4]: 0+E=0
E=0
Substitute A =1,B=-1into [3]: 2(1)-1+D=0
1+D=0
D=-1

~.A=1,B=-1,C=0,D=-1,E=0.

Repeated quadratic factors in denominator

To each irreducible quadratic factor ax” + bx + ¢ occurring # times in the denominator of
a proper function, there is a sum of z partial fractions of the form

Ax+ B, . Ayx+ B, A,x+B,
axt+be+c  (ax? +br+c) (ax® +bx+c)"
1 _ A4 Bx+C Dx+E _ 1 1 G %

For example: ——— = L = - _ _
P 2@ +1? x 2241 (D w417 x x4+l (WP 41)
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Once the rational functions are distributed as partial fractions they become far easier to
integrate using common integration strategies.

9x —2
Qx-1)(x-3)

Solution

Find j

Using partial fractions:

9x —2 4 N B
QRx-1)(x-3) 2x-1 x-3

9x-2=Ax-3)+BR2x—-1)

Substituting x = 3, we get B=5.

And so by putting « = 0, or any other number, 4 =-1.

Hence:
JL‘W:J‘ 10
(Qe-D(x=3) " 2x-1 x-3
Integrating,
J-de:_lln |2x-1]+5In [x-3] +C
(2x —1)(x-3) 2
[l
(x® +1)(x> +2)
Solution

Using partial fractions:

322-2x+1  Ax+B Cx+D

2 2 ) R

(" +D(x"+2) x°+1 a"+2

307 = 20+ 1 =(Ax + B)(¥* + 2) + (Cx + D)(x* + 1)
=Ax’ +2Ax+ Bx* + 2B+ Cx’ + Cx + Dx* + D
=A+Cx’ +(B+D’ +Q2A+Cx+2B+D
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Equating coefficients:
A+C=0 (1]
B+D=3 [2]
24+C==-2 3]
2B+D=1 [
B]-[1]:4=-2
Substitute into [1]:
-2+C=0

C=2
[4]-[2]: B=-2
Substitute into [2]:
-2+D=3

D=5

Hence:

J 3x? —2x+1 oo [C2X=2 2045
(x2+1)(x2+2) P+l w42

—2x 2 2x 5

x2+1_x2+1+x2+2+x2+2

=—ln(x2 +1)—2tan_1x+ln(x2 +2)+%tan_l(%)+6’

EXAMPLE 17

2
The expression M can be written as A B Cx+D

+ +
(x-1)*(x* +4) =1 (x-17% x*+4

and D are real numbers.

where A4, B, C

a FindA4, B, Cand D.

22 +5x+3
b Hence ﬁnd Im
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Solution

a  Using partial fractions:

267 +5x+3 A B Cx+D
7,2 = + 7t
(x=D7(x"+4) x-1 (x-1)° «x"+4

On multiplying both sides by (x — 1)*(x” + 4):

202 +5x+3=Alx— ) +4) + Bx* +4) + (Cx + D)(x — 1)°
Substituting « = 1 we get 10 =5B,s0 B=2.

Substituting x = -1, we get 0 =—-104 + 10 — 4C + 4D

—5=-54-2C+2D (1]
Substituting x = 0, we get 3 =—44 + 8 + D
-5=—44+D 2]
Substituting x =2, we get 21 =84+ 16+ 2C+ D
5=84+2C+D [3]
Solving simultaneously, 4 =1,B=2,C=-1and D =-1.
b  Hence:
2
I% dx:Jxl—lJr(x—zDZ _;:14
Integrating:
J. % dx =In|x —1] —ﬁ—%ln (a? +4)—%tan_1 (%)+C

Exercise 6.03 Partial fractions

1 Find each integral using partial fractions.

J- 3x+1 Iy b J' Sx+8 »
(x—3)(x+2) (x+3)(2x—1)
3x+1 3x+7
j(x+3)(x+2) " j(x—3)(x+5) v
j“—xdx f jM[lwa
(1+ 20)(1—3x) (x—a)x—b)

ISBN 97807043435 6. Further integration



2 Find each integral.

J' 2x e j . 11
(x=2)(x+2) 6x% +5x -4
—_— 2 f—
c j zx 7 e d J- 30t —12x +11 »
2x° =3x -2 (x—l)(x—Z)(x—B)
2 —_—
_[ SZx +9x+6 e f j : x—1 o
(x"=1D)(2x+3) x"=Tx+6
o . . A B C . .
3 By writing each integrand in the form + 5+ , determine each integral.
x+a (x+a) x+b
1 3 _ g2
J' 4 -ZI- 7x e J‘  dx c J x 62x + 252
(x+1)*(2+3w) (x+D(x-1) (x+1)*(x-2)
4 By decomposing into partial fractions, determine each integral.
J- : x—2 e b J‘ : x dr
(" +D(x+1) (" +D(x-1)
x+3
c —_—
I 430t +x+3

5 Using the expansions for the sum and difference of 2 cubes, P +V =@+ —ab+ 1)
and 2> — b* = (4 — b)(@® + ab + V), find:

12 9x+6
a J.x3+8dx b J.xs— dx
6 a Find the real numbers A, B and C such that 2 = A, Br+ ZC
(I+x)(1+x7) 1+x  1+x
b Hence, find J.;z
(I+x)d+x7)
. 1 A B
7 a Find real values for A and B such that = + .
(x+3)(x+1) a+3 x+1
b Hence evaluate .[ S S dx.
0(x+3)(x+1)
2
8 Write ht—sﬂﬁin the form A4 + B >+ sz+D and then find the
(x =1 (2" +1) x=1 (x=17 «x°+1
. 202 +5x+3
integral J.T
(x =D (2" +1)
2 — f—
9 Write sz f ! as a partial fractions A + B >+ §x+D and then
(x+2) (2" +x+1) x+2 (x+2) x"+a+l
2 f— f—
evaluatej sz f !
0(x+2) (x"+a+1)
3
10 a Find the values of the constants 4, B, C and D if@ =Ax+B+ £+ 22
x X x
3
b Hence find jg(x+21) dx.
x
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11 a  Show that——> :1[ B }_ .
x 420 +3 2Lt +2x0+3] x +2x+3
b Henceﬁndj%
x“+2x+3
12 a Show that 5 212 = 212(21 5= 21 2).
(" +a" ) x"+b") a"=b"\x"+b" x"+a

o 1
b Hence evaluate
J0 (x? +a?)(x? +5%)

. INVESTIGATION (IR R

- THE SHAPE OF A GOBLET

- Mathematics can be used to model many real-life situations. In this task you are
: modelling the shape of a goblet using mathematics and technology to ascertain the
¢ volume of liquid the goblet can hold.

6 cm

12 cm

Task 1
Determine an equation, of the form y = # cosec % (x—a) — b to model the shape of a

goblet. Find suitable values for #, b and 0., given that (0, 0) and (3, 7) are on the curve
¢ that models the goblet. Show that the function is symmetrical.

: Task 2

. Find the cross-sectional area of the goblet.

+ Support your answer with reasoning and calculations.

Task 3

Find the volume of liquid that can fill the goblet to the very top.

- Support your answer with reasoning and calculations.

. Discuss the accuracy, reasonableness and limitations of your results for this investigation. .
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6.04 Integration by parts

There are 2 main methods for simplifying integration of a function. The substitution method
is based on the chain rule, while integration by parts is based on the product rule.

Integration by parts allows us to integrate functions such as In x, tan™" x and xe";
that is, find [ In x dx, [ tan™! x dv and [ xe® dx.

The product rule for differentiation is:
d du  dv

— wv =v— +u— where u# and v are functions of «.
dx dx dx

Integrating both sides:
uy = J.vﬂ abc+J.uﬂ dx
dx dx

.'.Ju%dxzuv—‘[vii—;dx

Integration by parts
If # and v are both functions of x, then:

Ju%dx = uv—jv%dz

or [ uv’ dv=wuv — [ vu’ dx

This expression often allows us to convert a difficult integral into more manageable integral

parts. The key to using integration by parts lies in choosing the # and % to split the function

. . . . dv .
into. One part, #, needs to be differentiated, while the other part, o needs to be integrated.

EXAMPLE 18

Find [ xe® dx.

Solution

Letu=x and v =¢"
Souw' =1 and v=¢"

Using integration by parts:

| v’ dx = v — [ vu’ dx

[ owe® doe = oe® — [ ¢ x 1 dx
=we" — [ " dv

=xe*—e"+C
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Find [ x sin x dx.

Solution

Letu=x and v =sin &
Souw =1 and V=—Cos X

Using integration by parts:

[ v’ dx =uv— [ vu’ dw

[ o sin & dx = —x cos x — [ —cos & x 1 d
=—x cos x + [ cos x dx

=—xcosx+sinx+C

For integrands such as In x and sin™" x that cannot be integrated easily but which can be
differentiated, let # be the integrand and v" = 1.

EXAMPLE 20

Find [ In « dx.
Solution
Letu=Inx and v =1
, 1
Sou =— and v=x
x

Using integration by parts:

[’ dx=uv— [ va’ du
flxlnxdx=(lnx)xx—flxxdx
x

|Inyxde=xInx—[1dx

=xlhx—u+C
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The LIATE rule

For integrating by parts, LIATE is a handy guide to choosing which function should be # to
differentiate.

L

I

A
T
E

logarithmic function: In x log, x

inverse trigonometric functions: tan™' x, sin" x
leebrai . 2 10

algebraic functions: x°, 2x

trigonometric functions: sin x, tan x

exponential functions: e, 5*

Evaluate Jz xInx dx.
Solution

According to the LIATE rule, L for logarithms comes first, so let # = In .

Souw ==

Letu=Inx and v =x
1 15
v and v—Ex

Using integration by parts:

[ wv’ dx=uv - [ vi’ do

2
J.z(lnx)xdx=[(lnx)%x2] _J'Z%X%xzdx

B
szlnx dx=|:lx2 lnx:l —ljzx dx
2

2
1 1 i1 .7
=| =x2?In2-=x1’Inl |- =| = &2
2 2 202

:(21n2—0)—1(1x22—1x12)
202 2

=2ln2—l(i)
2\ 2

=21n2—i
4
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. INVESTIGATION (R

DIFFERENTIATE, HENCE INTEGRATE

. Because integration by parts is the reversal of the product rule for differentiation, many
. problems requiring integration by parts can also be approached using differentiation.

For example, %xsinx =sinx +xcosx and so we can deduce that
[ o cos x dx = x sin x + cos x.
Differentiate the given functions to find following integrals.
1 Use the derivative of x In x to find [ In x dx.
2 Use the derivative of we" to find [ xe* du.
.3 Use the derivative of x cos x to find [ x sin x dw.

. 4 Use the derivative of »”¢" to find [ »”¢" dx.

Find [ &” In x dx.

Solution

Letu=Inx and v ="

Sou’=l and v= L et
b n+1

Using integration by parts:

[’ dx=uv— [ vu’ dx

J.(]nx)x” dx =(lnx)Lx"Jr1 _J'anﬂl dx
n+1 n+1 X

xn+

n _ _ 1 n
'[x lnxdx—n+l(lnx) —n+1fx dx

n+

=X (lnx)—L( ! x"t )+C

n+1 n+l\n+1

n+
—Z (lnx— ! )+C
n+1 n+1
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The table method

Integration by parts can be done using the table method. It works best when applied to
certain functions in the form f(x) = g(x)/(x) where one of g(x) or h(x) can be differentiated
multiple times easily, while the other function can be integrated multiple times easily.

There are 2 types of tabular integrations. The first type is when one of the factors of f(x)
goes to 0 when differentiated multiple times. The second type is when neither of the factors
of f(x) goes to 0 when differentiated multiple times.

Type 1

Find [ 2 cos x dx. Let z =’ and v’ = cos x.

Sign Derivatives of # Integrals of v
ar x3 Cos x
= 34 \ sin x
+ 6! §‘ —cos x
- 6 —sin x
A 0 cos &

The integral is then found by multiplying the derivative in line 1 by the integral in line 2, and
so on (see arrows in table).

[ % cos x dx =’ sin x — 3x%(=cos x) + 6x(=sin x) — 6(cos x) + C
=’ sin x + 32% cos x — 6x sinx — 6 cos x + C

Type 2

Find [ ¢“ sin x dx. Letu=¢"and v =sin x.

Sign Derivatives of # Integrals of v
+ e* \ sin &
- ¢ —Cos &
+ & s‘ —sin x
- ¢ cos x

You will notice that neither of the functions goes to 0. In the second type we can stop at any
multiplication as in Type 1 and finish with the integral of the product of the last 2 functions.

[ ¢" sin & dx = ¢“(=cos x) — ¢*(=sin x) + [ ¢*(=sin x) dx + C

It is preferable to stop when the product being integrated is the same as the original question,
so we can bring it to the LHS.

2[ e sinvdy=—"cosx+e sinw+C
Hence:

Jexsinxdxz%ex(sinx—cosx)wLC
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Exercise 6.04 Integration by parts

1 Find each integral using integration by parts.

a [In(+1)dxe b [Inx’dx
¢ [xcosuxdxy d [xe“dx
e [xsin2xdy f [ xe®dx
g Jxlnxde
2 Find each integral using integration by parts. Some will need to be integrated twice.
a [ sinxdy b [¢ cosxdy
¢ Jxe¥dx d [ lnxdr
e [« sinxdx f Jxtanlxdy
g J2Mdx
3 Evaluate each each definite integral using integration by parts.
2
a j Inx dx b J.Oe‘g dx, put =[x
e 0.5
c j Inx? dx d Io cos” 2w dx
2
e j;x cosx dx f Io In (x? +1) d

I
g J x sinx dx
-T

6.05 Recurrence relations

Sometimes when integrating a function with a high power, such as (cos x)°, we find the
integral of the same function with a smaller power in the answer, such as (cos x)’.

A recurrence relation is a recursive formula that expresses an integral in terms of a similar
integral with a smaller power.

"Two examples of a recurrence relation for integrating a difficult function are:
[ 2" dx=o"¢" —n [ 2"~ " dw
(tanx)"~

n—1 -

jtan" x dx= J.(tanx)”_2 dx

With repeated application of the formula, we can eventually reduce the power of the integral
to 1 or 0, when it can be easily found.
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If I, = [ cos” x dx, prove that [, = l[s.in x (cosx)" "'+ (- 1)I,_,] for n>0.
n

Solution
Let u = (cos x)" ! and v’ = cos x
So#’ = (n— 1)(cos x)" ~*(— sin x) and v=sinx

=—(n— 1) sin x (cos x)" >
Using integration by parts:
| wv’ dx = uv — [ vu’ do
I,=] cos" x dx
=(cos )" 'sina— [ —(n— 1) sin « (cos x)" 2 sin x dx
=sinx (cos x)" "'+ (n — 1) [ sin® x (cos x)" "% dx

=sinx (cosx)” '+ (m—1) [ (1 = cos® x)(cos x)" ~? dx

=sinx (cos x)" '+ (n—1) [ (cos x)" "% = cos” x dx Ths last fermis the same
=sina (cos )" 1+ (m— 1) [[ (cos x)" 2 dx—fco
=sinx(cos )" '+ (m-1)[I, ,—1)]
=sinx (cos )" '+ -1, ,—(@m—-1I,

Move —(n — 1)1, to the LHS:

I+@m—1DI,=sinx(cosx)" '+ @m-DI,_,

(1+n-1I,=sinx(cosx)" '+ @m—-1I,_,

nl,=sinx (cos x)" "'+ (- 1)I,_,

I,= l[sin x (cos x)" ' (n—1)L,_,] as required.
n
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I,=[«"¢" dx for n > 0.
a Show that I, =x"¢" —nl,_,

b Hence evaluate .

Solution
a Letu=4&" and v =¢"
Sow =nx""! and v=2¢"

Using integration by parts:
[’ dx=uv— [ vu’ dx
I,=[«"¢" dx
=" — [ na” "' dx
=2 —n [ """ dx
=ux"¢" —nl,_ as required.
b Froma,l=x'"-3I,
but L =a’e" - 21
and I, =x'¢" -1,
L= dv=¢"+C
Hence:
L=x'¢" =3I,
=x’¢" — 3% - 21,)
=a’¢" - 3[%e" - 2(x'e* — 11})]
=23 =3[l — 2(xe" — )] + C
=3¢ = 3(Pe" = 2ue" + 2¢) + C

=’ - 37 +6x—6)+C
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Exercise 6.05 Recurrence relations

1 Prove each recurrence relation.

n—1

a [Fcosxde=x"sinx—n|x"""sinxdr

b [(nx)" dx—x(ln 0 =n [ (nx)"""dx
c J. n szlx—— n 2@ %J.xn—lerdx

-2
I(tanx) dx Hint: tan” x = (tan x)" 2 tan? x

2 Letl, = Io 1- x2)§ dx, where n 2 0 and is an integer.

d Jtan"x dx = %

a Showthatln:L I, , forn=2.
n+1

b Evaluate I.

Y tn

3 For every integer n >0, [ —J x"(x? =1y dv.

Prove that forn 22,1, _ ol I,_,.
n+11

4 a Differentiate sin” ' 8 cos 0, and express your result in terms of sin 6.

b Hence, deduce that

a

¥
J—Ozsin"ed9= n-1 jzsin"_zede, forn>1.

7 0

¢ Evaluate -[0 sin* 0 4o.

5 Forintegersn 20,1, = r (log, x)" dx.
Show that for n > 1,1, =*2" —ul, _,.

2n

6 Letl,,:-[ 5— dx, where 7 is an integer 7 > 0.
0x°+1
a Showthatl():%.
b Showthatl,+1, = !
2n—1

4

¢ Hence, find >— dx.
0w +1

I
7 Letl,= I04 sec”x dx, where 7 is an integer.

a Showthat], = [(I)” 2v(n=-2I,_ 2]forn>1.

b Hence evaluate 14.
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1 Find Jx386x4+ dx.
2 Evaluate using the substitution x = sec 6.
J.‘/— wva? -
3 Using an appropriate substitution, find [ sin 0 sec’ 0 6.
48 n\f
4 Show that j
2+cos® 9
3 dx
5 Evaluate J —
0(Bx+1)
6 Find [ —=
ind | —.
J9-(GB-x)
0 2
7 Evaluate J. x5 dx.
> x°+4
8 Find Ji
x"—4x+7
2
9 Evaluate J‘O'S f dx.
0 x"—1 A B
10 Find real numbers A and B such that =—+—— Hence, find J. dx.
x(x=1) «x x—l x(x— 1)
11 Find real numbers 4 and B such that ! 5= A + & + G o
(x+D)(x-1)" x+1 x-1 (x-1)
Hence, find J.% dx
(x+1)(x—1)°
12 Using partial fractions, find J‘ﬁ dx.
x“+3x+2
13 Find JM dr.

-t rx—1

14 Find J.E x—+3 dx to 2 decimal places.
0 (x? +1)(x+2)

Inx

2

15 Use integration by parts to evaluate JAL} dx.

16 Use integration by parts to show that [ (In x)> dx=x[In |x’]2 —2xIn |x| +2x+ C.

17 Use integration by parts to evaluate r Inx dx.

Jx

18 Evaluate J.On erx dx.

2n
2n+1

19 If],= -i.o (x* —=1)" dx for n >0, show that [, = — I,  forn>1.

n-—
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+. Mechanics, sometimes referred to as classical mechanics or Newtonian mechanics, is the study
of the effects of forces on objects. In the early days of mechanics, mathematics was applied to
b understand the motion of objects. For example, the Greek astronomers and philosophers tried to
- understand the motion of the planets and other celestial bodies.
3 i Mechanics can be classified info 3 main domains: statics, kinematics and dynamics.
b 5]

_» » _ Statics deals with the study of objects at rest, kinematics deals with motion without taking into
account the causes of the motion (forces), and dynamics deals with motion but takes into account the
forces responsible for the motion.

- TR A
®

CHAPTER OUTLINE < &.: -
Sed .

’
o
7.01 Velocity and acceleration in terms of x » {‘ '
7.02 Simple harmonic motion
7.03 Projectile motion o

7.04 Forces and equations of motion

7.05 Resisted horizontal motion

7.06 Resisted vertical motion

7.07 Resisted projectile motion

Test yourself 7 '




IN THIS CHAPTER YOU WILL:

® derive equations of motion given the acceleration or velocity as a function of displacement
[a=fx, v=glx]
* define simple harmonic motion and derive and describe its equations of motion
 draw graphs of, and solve problems involving, simple harmonic motion
® resolve horizonfal and vertical components for displacement, velocity and acceleration for
projectile motion
e find the range, maximum height and the equation of the path of a projectile
* use Newton's laws of motion fo create force diagrams and derive equations of motion involving
constant and variable forces and accelerations
* solve problems involving normal force, friction, tension and applied force
\ ® derive equations of motion and solve problems where a particle moves horizontally in a resistive
' medium
® derive equations of motfion and solve problems where a projectile moves vertically (under gravity)
in a resistive medium

~T

»r o m




Motion
with
variable
forces

TERMINOLOGY

acceleration: The rate of change of velocity with
respect to time.

applied force: A force that is applied to an object
by a person or another object; it can be a push
or a pull action.

at rest: Stationary, at zero velocity.

displacement: A change in position relative to
original position.

frictional force: The force exerted on an object by
the surface it sits or moves on.

initially: At the start, when time is zero.

normal force: For an object on a surface, the
reactive force of the surface on the object that
is equal in size and acting perpendicular to the
surface.

phase shift: A horizontal translation of a
trigonometric function.

projectile: An object that is thrown or projected
upwards.

resisted motion: Motion that encounters
resisting forces, for example friction and air
resistance.

simple harmonic motion: Motion in which
an object’s acceleration is proportional to its
displacement.

spring force: A restoring force, always acting to
restore the spring toward equilibrium.

tension force: The pulling force transmitted by
means of a string, cable, chain, or similar.

terminal velocity: The constant velocity that a
free-falling object will eventually reach when
the resistance of the medium through which it
is falling prevents further acceleration.

velocity: The rate of change of displacement with
respect to time.

weight: The amount of gravitational force acting
on matter.

7.01 Velocity and acceleration in terms of x

Velocity (x or v) and acceleration (x or ) are by definition functions of time, that is,

dx

dv . . . .
v =— and 2 =—. However, if acceleration is determined by displacement, x, then we need
T

dt

to rewrite these expressions as derivatives with respect to x.

Acceleration

by the chain rule

== by the chain ruleagain
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. . . . . dv . .
Hence, if acceleration depends on time (¢), write acceleration as —, but if the acceleration

depends on position (x), we write acceleration as %(E v )

A particle moves in a straight line such that its velocity v cm s™' when it is & cm from the
origin is given by v =1 —2¢™".

Find the acceleration of the particle at the origin.

Solution
dx\ 2

A1y ey
_dx(z(l 2e ))

L e a0y
2 d

1, _ )
e =8

=2¢" — 47"
When x =0,
a=2-4
=—2cms’
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2
The acceleration of a particle is given by d—f = 124% — 2x + 3 where x is the displacement.

Find the velocity when the particle is 5 m from the origin if initially the particle is at the

origin and has velocity =2 ms™".

2
j_f:lzx2_2x+3 Sov’=8x" =247 +6x+4
i
When x=35:
41 2) o122 2043
A R v’ =984
=+/98
lv2=4x3—x2+3x+c ‘ 4
2 =+31.4ms’!

Whent=0,x=0,v=-2
s C=2

Exercise 7.01 Velocity and acceleration in terms of x
1 Find an expression for the acceleration of a particle whose velocity is given by v = y/x? + 2.

2 A particle moves on a line so that when it is x m from the origin its acceleration is
—3x m s, It is released from rest atx = 5 m.

a In which direction will it first move?

b Ifits velocity is v m s, express o as a function of .

¢ Where will the particle next come to rest?

d  What is the direction of the acceleration at this point?
e Describe the motion, including the greatest speed.

3 A rocket is fired vertically from the ground with an initial velocity of 60 m s™".

It is subject to a force that gives it a constant acceleration of —10 m s ™.

After  seconds it is x m above the ground with velocity v m s~

Express v” in terms of .

Express v in terms of ¢.

What is the greatest height reached by the rocket?
When does it reach this height?

Where is the rocket 3 seconds after being fired?

- 0 O N T 0

When is the rocket 105 m above the ground?
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4 A particle moves on a straight line so that, when x m from the origin, its velocity is
vms |, where v* = 4(7 + 6x — 7).

a Prove that its acceleration is —4(x — 3) m s .

b  Find the positions at which it is at rest and its acceleration at these positions.
¢ Since v’ > 0, then 4(7 + 6x — %) > 0. Determine the interval of the line on which the
particle is constrained to move.

d  What is the particle’s greatest speed?

5 When a particle is x m from the origin, its acceleration is 2,

It is released from rest at the origin.

1
————ms
V4x+9
a In which direction will it first move?

b Ifits velocity at a position x is v m s, express v as a function of .
¢ Prove that the particle does not change direction.
d Find its velocity at x = 4.

6 A particle is initially at the origin where it is given an initial velocity of 5 m's™".

When x m from the origin, its acceleration is —50¢™* m s

a Determine its velocity as a function of x.

b Determine x as a function of time.

7 The velocity of a particle is given by v = de _ 3x cm s~ The particle is initially at rest
1 cm to the right of the origin. dt

a Find the particle’s displacement after 3 seconds.
b Calculate the velocity after 3 seconds.

¢ Show that the particle is never at the origin.

d  Show that the acceleration is 9x cm s™°.

1

m s~ The particle is initially at rest at
6+«x

8 The acceleration of a particle is given by
x=0m.

2

a  Find an expression for v” in terms of .

b  What is the maximum speed of the particle and where does it occur?

9 The velocity of a particle is given by v = v/4x + 6. If the particle is initially at the origin,
find an expression for the displacement x at time ¢.

10 The acceleration of a particle is given by —8¢™ cm 5. If initially the particle is at the
origin, moving with a velocity of 4 cm s, find an expression for the displacement
x at time ¢.

11 A particle moves with a constant acceleration of 8 m s™2. It starts from the origin with

velocity of 4 m s\,

a Find the velocity in terms of displacement.
b Findvwhenx=3m.

¢ Find the displacement in terms of time.
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12 A rocket launched vertically from Earth’s surface has a downwards force producing a

160000

xZ

centre of Earth. Given the radius of Earth is 6400 km and the initial velocity is
4 km s7!, find at what distance above Earth’ surface the rocket will have v = 0.
Answer to the nearest km.

motion given by z = — km s, where « is the distance in kilometres from the

13 A mass has acceleration 2 m s~ given by # = v — 8 m s, where v m s™" is the velocity
of the mass when it has a displacement of x metres from the origin. Find v in terms of «,
given that v = -3 m s™' where x = 1.

14 A particle moves in a straight line so that at time # seconds, it has acceleration 2 m s,
velocity v m s~ and position & m from the origin. The velocity and position of the particle
at any time 7 seconds are related by v = —24” m s, Initially x = 4 m. Find the initial
acceleration of the particle and express x in terms of 7.

In mechanics, simple harmonic motion is a type of periodic or oscillating motion in which
the restoring force is directly proportional to the displacement and acts in the direction
opposite to that of the displacement.

That is, the more you pull it one way, the more it wants to return to the centre of the motion.
The classic example is a mass on a spring because the more the mass stretches it, the more it
wants to return towards the centre of the motion. Under simple harmonic motion, an object
moves back and forth about a central position in a cyclic way.

Newtons second law of motion states that force equals mass times acceleration (F = 74):

the force acting on an object is proportional to, and in the same direction as, the acceleration
of the object. If you imagine pulling a mass on a spring and then letting it go, it will bounce
back and forth around an equilibrium position. With simple harmonic motion, the velocity
is greatest in the centre of the motion, whereas the restoring force (hence acceleration) is
greatest at the extremes of the motion or where displacement is a maximum. Other examples
of simple harmonic motion are: a pendulum, though only if it swings at small angles as in a
pendulum clock, the rise and fall of the tide in a river, and other wave motions.
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Simple harmonic motion (about x = 0)

Simple harmonic motion is defined by
x =—n'x.
We can show that one solution to this differential equation is the displacement function:

x =A cos (nt + o).

If a particle is undergoing simple harmonic motion about the origin, then
x=A cos (nt + o), where A, n and o are constants and 4 > 0 and # > 0.

Using our knowledge of trigonometric functions:
* the amplitude (4) is the maximum value of x
* the phase shift %is dependent on the initial conditions
¢ the period of thz motion (7) is the time for the particle to complete one full oscillation
(cycle),and T = 2n

* the frequency (f )nis the number of complete oscillations per second, f = % = %
Given x = A cos (nt + o), then on differentiating we get:

x =—An sin (nt + o)

x =—An’ cos (nt + o)

=—n’A cos (nt + o)

Hence, x = —n’x

Note that the sine function x = A sin (1t + o) can also be used to represent simple harmonic
motion. It is better to use this result when the particle starts its motion at the centre.

Similarly for x = A sin (nt + o) we can show that x = —’x.

A particle is moving in simple harmonic motion with a period of ) seconds and amplitude

of 5 cm. Find its displacement as a function of time given that it starts at x = —5.

Since T = 2—n:E
77 2
4t =nm

n=4.
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Given A =5 and x = A4 cos (nt + o), we get
x =15 cos (4 + o).

When t=0,0=-5,

—5=5cosa

o =T.

Displacement is x = 5 cos (4t + 1) =5 cos 4z, as cos(nt + 8) = —cos 6.

Velocity in simple harmonic motion
.X'Z — nZ(AZ _xZ)

Proof

In simple harmonic motion the position of the object is proportional to the force acting on it.

This force acts in the opposite direction to the displacement.

k

X=—X
m

We generally write this as

[ &
x =—n’x, where n = |—
m

x = i(lxz) = —n’x.
dx \ 2

Integrate both sides with respect to x,

1
=22 e
2

We know that x = 0 when « = 4, which gives C =

2.2 2 42
Hence,lx2 - Ir LI A
2 2 2

& =t + n* A

xZ — nZ(AZ _ xZ)

n* A

MATHS IN FOCUS 12. Mathematcs Extenson 2

ISBN 97807043435



Simple harmonic motion about x = ¢

If a particle is undergoing simple harmonic motion about x = ¢, then the equations of
motion are:

x =—n*(x— o)
xt=n’[A* - (x—c)z]
x—c=A cos (nt+ o) orx —c=A sin (nt + o)

These last 2 equations are generally written x = A4 cos (1t + ) + ¢ and v = A sin (nt + o) +c.

A ship requires 9 metres of water to enter the harbour safely. At low tide, the harbour is
8 metres deep and at high tide the harbour is 11 metres deep. Low tide is at 11 a.m. and
high tide is at 5 p.m. The tidal motion is simple harmonic.

State the amplitude and period of the tidal motion.

Between what times of day is it possible for the ship to enter the harbour and how
long is this period?

24=11 —8=3,50A=%><3= 1.5 metres
Time between low and high tides=5 p.m.— 11 am.=6 h

T=6hx2=12hours

Since T'= i 12 thenn = %, and the centre of motion is Sl

7

= 9.5 metres

Let x be the depth of the water in metres at ¢ hours after 11 a.m.

Equation describing tidal motionisx =15 cos (gt + Oc) +95

Using the fact that x = 8 when 7= 0, we get:

8=15 cos (%x0+oc)+95

—15 =15 cos
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cos oo =—1

aA=T

sox=1S5cos (gt+n)+95

Tt Tt
But cos (Z + n) = —COS? as cos(t + 8) = —cos 6

x=-15cos (n_t)+9 5
6
The earliest time the ship can enter the harbour is when x = 9.

9=-15cos (%t)+95

1
o cos~ (%) or 21 — COS_I(E) Ist, 4th quadrants Make sure your

calculator is in radian
mode.

~1.2309 ...or 5.0522 ..
=8 12309 ) or & (5.0522 ..)
T T

=2.3508 ... or 9.6490 ...

t=2.35 hours (after 11 a.m.)=1.21 p.m., and
t=9.65 hours (after 11 a.m.) = 8.39 p.m.

So the harbour is navigable for this ship between 1:21 p.m. and 8:39 p.m., a period
of 7 hours and 18 minutes.
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When an elastic object, such as a spring, is stretched, the increased
length is called its extension. The extension of an elastic object is
directly proportional to the force applied to it.

"This is Hooke’s law, an example of simple harmonic motion. Its
formula is F = kx, where k is called the spring constant and has units
in N m™". The greater the value of £, the stiffer the spring.

x is the displacement or extension of the spring.

Objects cannot be stretched indefinitely. If the elastic object is stretched 3
beyond its limit, known as the elastic limit, it may not retain its E 10 | x
elasticity. The equation works as long as the elastic limit is not exceeded. ;
Provided the elastic limit is not exceeded, the graph of force versus ;‘20
displacement (x) produces a straight line that passes through the origin. 3
The gradient of this line is the spring constant (k). B

Properties of simple harmonic motion

For simple harmonic motion oscillating about the origin
x =—n’x xr=n*A? -2 x = A cos (nt + o)

At x =0, x = £ nA. The velocity of the particle is a maximum at the centre of motion with
the sign indicating the direction of motion.

Atx =+ 4, x = 0. the velocity of the particle is zero at the extremities of the motion.
Atx =0, x = 0. The acceleration of the particle is zero at the centre of the motion.

Atx=+A, x =37n° A. The acceleration is a maximum at the extremities of the motion
and is always directed towards the centre of the motion.

Exercise 7.02 Simple harmonic motion

1 A particle is moving in simple x
harmonic motion. The graph of its 3
displacement as a function of time is
drawn below.

0
a Ifx=Acos(nt+o)is the
displacement of the particle at

any time ¢, find 4, » and o..

SEE

n 3n m
7

¢ Draw a graph of acceleration versus time for 0 <7 < 2.

b  Draw a graph of the velocity !
versus time for 0 < ¢ < 2m.
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2 A particle is x metres from the origin after 7 seconds where x = 2 ++/3 sin z.
a Prove that its acceleration is —(x — 2) m s .

b  Draw a graph of x =2 +/3 sin # for 0 < # < 2 and state the amplitude and period of
the motion.

3 A particle is oscillating about a central point so that its displacement in metres at any
time ¢ seconds is given by x = 3 cos 2.

a Draw the graph of this function for displacement.

b  What are the first 3 times when the particle has maximum displacement and what is
this maximum displacement?

¢ Write an expression in terms of # for the velocity of the particle and draw a graph
for velocity.

d  What is the velocity when the particle is at its maximum displacement?
e  Write an expression for the acceleration and draw its graph.

f  Whatis the acceleration when the particle is at the origin?

4 The displacement for a particle is given by x = 5 cos 3¢ — 12 sin 3¢, where x is in metres
and ¢ is in seconds.

a By deriving the equation for its acceleration, prove that the particle is moving in
simple harmonic motion.

b Find the period of the motion.

¢ Find the maximum speed.

5 A particle is moving in simple harmonic motion with acceleration given by x = —16wx,

where x metres is the displacement of the particle from the centre of motion (origin).

Initially the particle is at the origin, moving to the right at 6 ms™,

Find the displacement as a function of time.

6 A mass is oscillating at the end of a spring with squared velocity
given by x% = 225 — 625x" where x cm is the displacement from

the centre of motion.
a Find the acceleration of the mass as a function of «.

b Find the amplitude, period of the motion and maximum
speed of the mass.

7 The squared velocity of a particle moving in simple harmonic
motion in a straight line is given by x” = 6x — &’ m s,
where x is the displacement in metres.
a Find the 2 points between which the particle is oscillating.
b Find the centre of the motion.
¢ Find the maximum speed of the particle.
d Find the acceleration of the particle in terms of x.
e Find the period.
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8 The squared velocity of a particle moving in simple harmonic motion is given by

2= 60 — 8x — 4x" m s, where « is the displacement from the centre of motion in metres.

x

a Find the acceleration of the particle in terms of x.

b  Write down the centre of the motion.

¢ Find the amplitude, period and frequency of the motion.

d [Ifinitially the particle is at x =—1 and x > 0, find an expression for the displacement

in the form x = A4 cos (nt + o) + c.

9 A particle oscillating in simple harmonic motion is x metres from an origin after
t seconds where x =3 cos (27 + o).
a State the amplitude, period and greatest speed of the particle.
b Ifits velocity is x m s™', prove that x> = 4(9 — »?).
¢ Prove that its acceleration is —4x m s,

d

If initially the particle was at x = 1.5 m with velocity 3v/3 m s, find a suitable value
for a.

10 At x metres from the origin, the squared velocity of a particle in m s is x? = 28 — 24x — 4a°.
a  Prove that its acceleration is —4(x + 3) m s2.

b Explain how this shows the motion is simple harmonic and find the period of
oscillation.

¢ Find the positions at which the particle is at rest and hence state the amplitude.
d  What is the greatest speed?

e Show that x? can be written in the form x> = #*[4* — (v + 3)*].

11 The displacement of a particle from an origin is x metres after 7 seconds, where
x=sin 5t —+/3 cos 5t

a Rewrite this in the form x = A sin (5t — o), with 4 >0and 0 < a < g, and hence
describe the motion.

b  Find the first time at which its velocity is 5 m s™".

12 A particle P is moving on the x-axis according to x = 3 sin 4z, where x cm is the
displacement of P from O at time # seconds.

a Prove that P moves in simple harmonic motion and state the period of the motion.

b  Find the first time when the particle is 1.5 cm right of the origin and its velocity at
this point.

¢ Find the greatest speed of P and the interval in which it moves.
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13 A particle is moving in simple harmonic motion with acceleration given by x = —4w.

Initially the particle is at the centre of the motion and has a velocity of 12 ms™.

a Find the velocity as a function of «.

b  Use the fact that ﬂ = S to show that x = 6 sin 2t.
dv  dx

dr
Find the period and frequency of the motion.

(o)

d  Sketch a graph of acceleration against time for one complete period.

14 A particle is moving according to the formula x* = (4 — &%), where x metres is the
displacement of the particle from the origin at time # seconds.

a Find the period and amplitude of the motion.

b  If the particle is initially at x = 2, write down an expression for the displacement as a
function of time.

¢ For what percentage of the period is the particle within /2 m of the origin?

15 The table below shows the depth of water (in metres) at the end of a wharf as it varies
with the tides at different times during the morning.

Time (z) midnight 2 a.m. 4 a.m. 6 a.m. 8 a.m. 10 a.m. midday
Depth (d) 8.50 12.74 14.50 12.74 8.50 4.26 2.50

a Assuming that the tidal motion is simple harmonic, find the amplitude and period
of the tidal motion.

b Calculate the depth of water at the wharf at 3:00 p.m.

¢ Asship requires a depth of 10 m to dock safely at the wharf. For how long can the
ship dock safely at the wharf on this morning?

7.03 Projectile motion

A projectile is a body in free fall that is subject only to the force of gravity.

Projectile
motion

We have studied projectile motion in Mathematics Extension 1, Chapter 10,
Further vectors. The acceleration due to gravity is represented by g and near Earth’s surface

g is approximately 9.8 m s, often rounded to 10 m s™.

An object must be dropped from a height, thrown vertically upwards or thrown at an angle
to be considered a projectile. The path followed by a projectile is known as a trajectory.
The existence of gravity forces the projectile to travel along a trajectory that has the shape of
a parabola, and gravity pulls the object downwards.

For simplicity, we assume:

Assume g = 10 m 572

¢ the influence of air resistance is zero unless otherwise

specified.

* there is a single force of gravity acting downwards
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The factors that affect the trajectory are:
* the angle of projection, 6

® the initial speed,

* the height of projection.

From the Mathematics Extension 1 course, Chapter 10,
Further vectors, we know that the initial velocity has

2 components, x =} cos 6 and y =}"sin 6, which are
velocity components in the x and y directions

(or horizontal and vertical directions) respectively.

The horizontal component remains constant because
there are no forces acting on the particle in this direction

height N

N
\
Y
\

horizontal distance

moved (range)

and so is independent of #, while the vertical component changes with ¢ due to gravity.

Projection from the origin
Horizontal

x=0

Integrating with respect to t:

x = C, where Cis constant

Whent=0,C=1V cos 0

sx=Vcos0

Integrating with respect to t:

x =Vt cos ©+ D, where D is constant

Whent=0,x=0,s0 D=0

x=VtcosO

Maximum height

At maximum height, y=0

Hence 0 =—gt + Vsin © [0 0
. V7 sin 6 maximum height

g

Vertical

y=-8

Integrating with respect to t:
y=—gt+ E, where E is constant
Whent=0,E=1)'sin0

s y=—gt+Vsin 0

Integrating with respect to t:

y= —%gtz + Vi sin 0 + F, where F is constant

Whent=0,y=0,s0 F=0

The formulas on these pages
do not need to be

y=—%gt2+Vtsin9

memorised, but they must be
proved for each problem.

Substitute into y, vertical displacement:

. 2 .
y=_lg(Vsm9J +V[Vsm0) sin 0
2 g g

3 72sin’ 0 N 72 sin’ @
2g g

72 sin’ 0
2g

ymax =
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Time of flight

Projectile returns to ground when y = 0.

Oz—%gtz +Vtsin@

0=—gt’ +2Vtsin®

gt’ =2Wisin®
gt =2V sin6 t#0
2V sin@
=
8
. — . . . V 'sin@
Note that the time of flight is double the time to reach the maximum height ¢ = .
8
Range Maximum range
Substitute into x, horizontal displacement, ~ For maximum range, sin 26 = 1.
for the range of flight:
5 26=90°
2V sin®
Lax=V cos 0 o
[ g ] 0=45
_ 2V?sin 0 cos O Sox. = 172 5in(90°)
g max g
V?sin 20 V?
r=— S Xy = ——

g

Equation of the trajectory (path of the projectile)

Since x = V't cos 8 andy:—%gtz +Vtsin @

From the first equation t = ; substitute into the second equation:

cos
2
1 X X .
= +V sin ©
Y Zg(Vcos 9) (Vcos GJ
2
g
Sy=—-"——+xtan O
) 2% cos’ 0

This is the equation of a parabola of the form y = ax” + bx, concave down (z < 0).
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TECHNOLOGY
Modelling projectile motion

Many sporting events use projectiles,

for example games such as cricket, 14 y=—0.06:2+8.5
golf, football and basketball that 124
use balls. Other pursuits that can be 10+

analysed using projectiles include
shooting, archery, snowboarding,
javelin, discus and shot put.

Many athletes and sporting coaches
study projectiles. Analysing results
and execution, through the use of
technology, can assist in improving
performance.

2 4 6 8 10 1\ 14

The parabolic graph shows the trajectory of a snowboarder excelling in the sport.

Using technology, we can determine the velocity at various points along the trajectory,
the length of the trajectory and the maximum height of the event.

1 Using the Internet, obtain some images of an activity that involves a projectile.
Using technology, determine the equation of the trajectory, the range and maximum
height of the projectile.

2 After checking to ensure that it is safe, drop an object from a multilevel building.
"Take a video of the falling object from another location so that the whole drop can
be observed. From the video, determine the height at a number of times during the
flight. Using the data collected, determine the total time of flight, the maximum
velocity and the gravitational constant.

3 Throw a basketball from the free throw line and use technology to determine the
maximum height of the throw and the initial velocity if the basketball is to go into the
hoop. Investigate the use of different angles for the free throw.

4 If a ball is dropped vertically from rest at the same time and height that a second ball
is launched horizontally, which ball will strike the ground first? Use technology to
investigate this problem.

5 Use technology to determine the range of a projectile on an inclined plane.
What is the relationship between the range, the angle of projection and the angle
of the inclined plane?
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DID YOU KNOW?

Trebuchets

A trebuchet is a type of catapult, and was a common type of siege weapon that used a
swinging arm to throw a projectile. These weapons appeared in ancient China in the
4th century BCE as a traction trebuchet, using human power to swing the arm.

By the 12th century CE trebuchets appeared in the Mediterranean region, employing a
counterweight to swing the arm.

The trebuchet was phased out as a weapon of war as the availability of gunpowder increased.

An object is projected vertically upward with initial velocity of 50 m s
a  What s the time for the object to reach its maximum height?
b Find the maximum height reached.

¢ How long does the object take to return to its starting point?

Solution

a  Since the object is projected vertically, 8 = 90°, =50 m s . g~ 10 m s~

Using y = —lgt2 + Vit sin O gives y = 52 + 50t The formulasin these
2 examples must be derived

Maximum height is attained when y = 0: (proved) using the given

values, not just quoted or
y=-10t+50=0 memorised. They are quoted

here just fo save fime.

—10t=-50

t=5s

b Therefore, maximum height is:
Yenax = =52 + 50t
=-5(5)* + 50(5)
=125m
¢ For the object to return to y = 0:
0=-5¢*+50¢
=-5#(t — 10)
s t=0o0rr=10

The object takes 10 seconds to return to its starting point.
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EXAMPLE 6

A rock is thrown with an initial vertical velocity of 30 m s™! and an initial horizontal

velocity of 15 m s™'. Take gravity as 9.8 m s~

a  What will these 2 velocity components be when the rock reaches its highest point?
b How long will the rock be in the air?

¢ Find the range for the rock.

Solution

a  Vecos®=15and Vsin 6 = 30.
Components of velocity at the highest point:

x =15 ms™! (this is constant for entire motion because it % 30ms™
is independent of 7)

and 15ms!
y=0ms" (always 0 at the highest point)

b Time of flightist = 2Vsin 6

¢ Range="V7cos 6
=15x6.12
=92 m

Projection from a height not at the origin

In the case of a projectile launched from a height /, such as shooting an arrow or cannonball
from a fortress at the top of a hill, the horizontal components remain the same but the
vertical displacement is different.

y=-8
y=-gt+Vsin0

From here the equation for vertical displacement changes:
y= —% g’ + Vt sin @ + D, where D is constant

Whent=0,y=hsoD=h

1 This is just the standard vertical displacement
y= __gtz +Vtsin®+h function translated h units upwards.
2

ISBN 97807043435 7. Mechanics @




EXAMPLE 7

A horizontal drain releases waste water 5 metres above a collection pond. The water
comes out horizontally and enters the pond 3 metres out from the end of the pipe.
Find the velocity at which the water escapes the drain.

Solution

Horizontally, x = V't cos 0°

=t
Vertically, y = =5 + Vi sin 0° + 5
=5/ +5
Whenx=3, y=0
3=Vt
3
t=—
7
Substitute into y:
2
o:-s(i) +5
V
9
IZW
V=9
V=3 (V>0)
V=3ms".
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EXAMPLE 8

A cannon is fired from a cliff of height 25 metres.
The cannonball has initial velocity of 60 m s~ at an
angle of 48° to the horizontal.

a  How long will the cannonball take to land?
b Find the range of the cannon.

¢ What is the maximum height obtained by the
cannonball?

¢ How much would the range change if the
angle of projection is 38°?

Solution

a  Time of flightis # wheny =0 b Range:x=1V%cos 6

1, S =60 x 9.45 x cos 48°
=—gt" + Vtsmo +
y=38

=379 m
0 = —5¢ + 60z sin 48° + 25
| ~60sin 48°% J(60 sin 48°)” +500
- -10
Sincet>0,r=945 s
¢ Maximum height is y when y =0 d  Range for angle of projection of 38°
: - 4Qo Time of flight (as in part a)
Thatis,t:V51n9=60><51n48 446 s :
8 10 ~605in38° + |/(60sin 38°)” + 500
=
y = =5 + 60¢ sin 48° + 25 -10

Sincet>0,=801s
Range x =60x801 x cos38°
=379 m

Hence, maximum height is given by
Yinax = —5(4.46)* + 60(4.46) sin 48° + 25

~1244m , . .
Comparing with part b, there is no

change in the range.
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Exercise 7.03 Projectile motion

2

10

An object is projected vertically upward with initial velocity of 35 ms™".
Find the maximum height reached. Use g = 10 m s~ and answer to 2 decimal places.

A small mass is dropped from a helicopter at 980 metres. Neglecting air resistance,
calculate the time that it takes to fall to Earth. Use g = 9.8 m s and give your answer in
exact form.

An object is projected up into the air with a vertical velocity of 45 m s™'. Neglect air
resistance and use g = 9.8 m s, Find correct to one decimal place:

a the time of rise to the top of the motion
b the maximum height

¢ the time that the object is in the air

d  the velocity of the object after 8 seconds

A mass is projected at an angle of 45° to the horizontal with velocity 20 ms™.

Use g=10m s,

a Derive the horizontal and vertical equations of the motion.
b  What is the time taken to hit the ground? Give your answer in exact form.

¢ Derive the Cartesian equation of the motion.

An object is projected at an angle of 30° to the horizontal. The target is 60 m from the
point of projection. At what initial speed must it be projected to hit the target?

An object is projected at an angle of o to the horizontal from a 50 m cliff. The target is
500 m from the base of the cliff. If the projectile has initial speed of 100 m s™', at what
angle must it be projected to hit the target?

A golf ball is hit at 50 m s™'. At what angle should it leave the club in order to travel
250 m horizontally?

Show by example that 2 projectiles can be launched with the same speed but at different
angles and still have the same range.

A ski jumper comes off the end of the jump horizontally and falls 90 m vertically before
contacting the slope a record 180 m horizontally from the end of the jump. What was the
initial speed of this jumper as she left the jump? Answer in exact form.

A projectile is fired horizontally with speed ' m s from a point / metres above
horizontal ground.

a  Prove that the projectile will reach the ground after /2hg~ seconds.

b  If the projectile hits the ground at an angle of 60° to the horizontal with a speed of
2V ms™, show that 317 = 2gh.
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11 A ball is thrown upwards from the top of a building at an angle of 22° above the
horizontal with an initial velocity of 16 m s™'. If the ball is in the air for 3 s, how tall is
the building, to 2 decimal places? Use g = 9.81 m s 2.

12 A stunt man jumps a canyon that is 10 metres wide. He rides his motorcycle up
an incline of 12°. What minimum speed is required for him to cross the canyon
successfully? Use g =9.81 m s and answer to 2 decimal places.

13 Amy is a 2-metre tall basketball player who is aiming at a basket that is 3 m above the
court 10 m away. If she shoots at an angle of 45°, at what initial speed must she throw
the basketball so that it goes into the basket without hitting the backboard?

Answer in exact form.

14 A football kicked at 15 m s~ just passes over the 4 m cross-bar from a distance of 15 m away.
Show that if o, is the angle of projection then 5 tan? ot — 15 tan ot +9 = 0.

15 Aballis kicked from ground level over 2 walls of height 6 m and distant 6 m and
12 m from the point of projection as shown in the diagra.

s i

12 m

a Prove thatif o is the angle of projection, then tan o = 2
b  Prove that if the walls are 7 metres high and distant x; and x, metres from the point
h(x, +x,)

vy

of projection, then tan o =

16 A golf ball is struck with initial speed /" m s™" at an angle of elevation of o.

V
( <— =

a Prove that, when it is y metres above the point of projection, the vertical velocity of
the ball is given by y* = 1* sin® o — 2gy.

b Ifspeed at this point is S m s, prove that S* = I — 2gy.
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o Over 300 years ago, Englishman Sir Isaac Newton worked in many areas of mathematics

e and physics. He developed the theories of gravitation in 1666 when he was only 23 years old.
"Twenty years later, he presented his 3 laws of motion in the Principia Mathematica Philosophiae
Naturalis.

Written in Latin, the Principia is a collection of 3 books written by Newton, covering his
laws of motion, his law of universal gravitation and a derivation of Kepler’s laws of planetary
motion.

"The Principia is considered by many to be the most important work in the history of science.

Newton’s laws of motion consist of 3 fundamental laws of classical physics.

1 An object remains in a state of rest or uniform motion in a straight line unless it is acted
upon by an external force.

2 For a constant mass, force equals mass X acceleration.
3 For every action, there is an equal and opposite reaction.

Newton’s first law defines inertia, and states that if there is no net force acting on an object
then the object will remain at constant velocity (including zero velocity if it was not already
moving and the object remains at rest).

Newton’s third law of motion states that for every force there is an equal and opposite force.
"This law is useful in explaining how a wing on a plane generates lift and an engine produces
thrust.

The force exerted by one object on another object is equal to the (reaction) force of the
second object on the first, acting in the opposite direction. For a person standing, the force of
the person’s feet on the ground is balanced by the force of the ground on the person’s feet.

Force is measured in newtons (N). One newton is the force required to produce an
acceleration of 1 m s~ in a mass of 1 kg.

Two areas of mechanics, kinematics and statics, involve the motion of a particle, which is a
dimensionless object and generally represented by a point. The first of these, kinematics,
applies when the object is moving and the second, as you might expect, when the object is
at rest.

In each case, there will be forces acting on the object that result in motion or no motion.
"The study of each is based on Newton’s laws of motion.

A force diagram shows all the forces acting on an object, the force’s direction and its
magnitude. All the forces included exist for that object in the given situation. Therefore, to
construct force diagrams, it is extremely important to know the various types of forces.
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The contact forces acting on a body may include:

Normal force (F,,

orm

=N)

Frictional force (Fi;. = F)

Tension force (F,

ens

Normal force

=T)

Applied force (
Air resistance force (F,
Spring force (F,
Gravity (Fyp,, = mg)

The normal force is the support force exerted upon an object that is in contact with another
stable object. For example, when 2 surfaces are in contact (such as a book on a desk), they

exert a normal force on each other, perpendicular to the contacting surfaces.

Friction

Friction is the resistance to motion of one object moving relative to another. If 2 surfaces can
move over each other without any resistance, they have smooth contact, whereas if resistance
is experienced, then they have rough contact.

"The force of friction is that resistance encountered at the point of contact of 2 bodies sliding
over each other. Friction opposes the direction of motion and the frictional force is equal in
size to the force causing the motion.

Tension

"Tension force on an object is transmitted through a string, rope or wire when it is pulled
tight from opposite ends. The tension is directed along the length of the wire and pulls
equally on the objects on the opposite ends of the wire.

Applied force

An applied force is exerted on an object by a person or another object. For example, when a

person pushes or pulls an object, they are applying a force to the object.

Norma
Friction Fordes| Push .
_ on|box ) o
Weigh Forces
on ball
Friction
Weight
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Draw a force diagram for each situation.

a  Abook resting on a desk

b A skydiver falling through the air
¢ Abox being dragged to the right
d A pendant hanging around a neck
e A stone dropped from a cliff (neglect air resistance)
f A spring scale used to weigh a suitcase
Solution
a N b R C AN
F Fom
d T T e f I3 spring
o
mg ' mg

When all forces are equal and opposite, the object remains at rest.

If, however, the forces are not in balance then the object will move in the direction
determined by the greater force.

Resolution of vector quantities

If a force (F') makes an angle of 8 with the x-axis, then F can y
be written in terms of components in the «x and y directions.
. F
F cos 0 and F sin 0 are called the components of the force F. Fan o
s
F cos 6 is called the horizontal component and F sin 6 is 0
called the vertical component. The process of writing a Fcos®

force in terms of its horizontal and vertical components is
called resolving a force.
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EXAMPLE 10

Resolve horizontally and vertically the force F that y
makes an angle of 60° to the x-axis.

F sin 60°

60°
Solution F cos 60° x

The horizontal component is F cos 60° = %F

The vertical component is F sin 60°= gF

Equilibrium
If several forces act on an object and the body remains at rest, then the forces are in equilibrium.
The condition for equilibrium is £F = 0.

For example, if there are 3 forces in equilibrium, the forces represent the sides of a triangle.
£y
B

Since a closed triangle is formed then F =0, thatis, F; + F, + F;=0.

By

In this force diagram, the normal force N has 2 components:

a horizontal component N sin 6 and a vertical component
N cos 6.

In the next force diagram F is the frictional force. If the
system is in equilibrium, then we can resolve horizontally and
vertically.

Horizontally: Vertically:
F cos ©=Nsin 6 Fsin © + N cos 6 =mg

From the first equation, /= N tan 0. Substitute into the
second equation: N tan 0 sin 0 + N cos 6 = mg

) 2
N(sm 9+cos e]zmg

cos®  cosO

Rearranging, N = g cos 0 and F = g sin 0
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Coefficient of friction

There will be a point where, if the angle is increased sufficiently, the frictional force will

no longer be able to maintain a system in equilibrium. If the object is just on the point of
moving, the particle is in limiting equilibrium and the force of friction is called the limiting
friction.

The magnitude of the limiting friction stays in constant ratio to the normal reaction on the
object, and this constant ratio is called the coefficient of friction, p (mu).

F
p= N or FF'=pN.
The coefficient of friction depends on the material of the objects in contact. There are
2 coefficients of friction. The static coefficient of friction is applied when both objects are
not moving. The dynamic coefficient of friction is applied when one or both objects are
moving.

Remember, friction always opposes any motion or intended motion.

An object of weight 25 N, in rough contact with a plane
inclined at 0 to the horizontal, is just about to slide.
If the static coefficient of friction between the plane and

the object is /3, find the angle 6.

Weight is the force due to gravity.

Weight = mass x gravity

Solution

Resolving forces on the object horizontally and vertically for equilibrium:

Along the plane:

UN =25 sin 6 [1]
Perpendicular to the plane:

N =25 cos 0 [2]

Solving for 6: [1] + [2]

WL =tan 0
hence, tan 6 =+/3
s 0=60°
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In this force diagram, the tensions 75 and 75 on
particle P can be resolved into the horizontal and
vertical components.

Horizontally:

TysinB=17,sina

Vertically:
T, cos B+ T, cos o= mg

The angles o and B, or the lengths AB, BC and BP, allow you to determine the tensions
T,y and T5.

EXAMPLE 12

Calculate the tension in a wire supporting a 60 kg tightrope walker where the weight of

the tightrope walker at the centre of the wire causes it to sag by 8°. Let g = 9.8 m s™.

Solution

Horizontally;

T cos 8° =T, cos 8°
Hence T\ =T,
Vertically:

T, sin 8° + T, sin 8° = mg

Solving simultaneously:
27T sin 8° = mg where T=T, =T,

mg
" 2sin8°

_60x98
~ 2sin8°

=2112 N
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The applied force in this force diagram can be resolved Fypp
into the horizontal and vertical components.

F, . sin 6

Horizontally: app

F,, cos 6 will provide the force to move the object in

the horizontal direction.

Vertically:
N+ F,,, cos 6 =mg

N is the normal force due to the
object sitting on a surface.

A 40 N force is applied to a 5 kg box at an angle
of 30° to the horizontal. If the dynamic coefficient
of friction is 0.4, find the acceleration of the box.

Fopp=40N

5 ki
g 300

Solution

A complete force diagram:

40N N20N

40 sin 30°=20 N F 203 N

F<—F

40 cos 30°=20V3 N S0N
mg=5x10=50 N

Resolving forces vertically:

Normal force (N) =50 N-20N=30N <—m
Resolving forces horizontally:

F=pN=0.4x 30, where p is the dynamic coefficient of friction
F =12 newtons

.. Net force horizontally

Fo. =203 — 12 =22.641... newtons

For the acceleration of the box, F,, = mx

22.641...=5«x
x=22.6=+5
~45ms?
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Exercise 7.04 Forces and equations of motion

1 Calculate the magnitude of the horizontal and vertical components of a force of:
a 16 N inclined at 60° to the horizontal
b 20 N inclined at 30° to the horizontal
¢ 24 N inclined at 20° to the vertical
d 18 N inclined at 40° to the vertical

2 Express each force in the diagrams below as components along the plane and
perpendicular to the plane.

a N b F

mg 30°

mg 25°

20N

] 50°

3 An object weighing 5 N is just about to slide up a plane where the inclination is 40° to
the horizontal, under the action of a force inclined at an angle 6 to the plane.

a If the static coefficient of friction is %, find the magnitude of the applied force in
terms of 6. 3

b  What s the applied force if 6 = 45°?

4 An object of mass 0.5 kg is pulled along horizontally at constant velocity. If it takes 2 N
of force to maintain this constant velocity, calculate the dynamic coefficient of friction to
one decimal place using g = 9.8 m s,

5 A 4.5 kg block is pulled up a 20° ramp
at a constant velocity by an 8 kg
counterbalance. Calculate the dynamic
coefficient of friction using

g=9.8m572. 8 kg
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10

11

The dynamic coefficient of friction between a 170 kg box and a carpet floor is 0.85.

a How much force would it take to push the box at a constant velocity across the

carpet floor? Use g=9.8 m s 2.

b  How much force would be required to push the box and to accelerate it by
0.5 ms™?

A string of length 20 cm is attached to 2 points A and B at the same level and a distance
of 10 cm apart. A ring of mass 5 g can slide on the string and a horizontal force F is
applied so that the ring is in equilibrium vertically below B. Use g = 9.8 m s,

a Find the tension in the string.

b Find F, the force applied to maintain equilibrium.

A particle of mass 15 kg is suspended by 2 strings 6 m and 8 m long, their other ends
being fastened to a rod 10 m apart. If the rod is held at an angle such that the particle
hangs directly below the middle of the rod, find the tensions of the strings.
Useg=9.8ms™

A box of mass 10 kg is being pulled along a smooth surface by a rope inclined at 45° to
the horizontal. The tension in the rope is 12 N.

a Draw a force diagram for this situation.
b  Find the acceleration for the box.

¢ Find the normal reaction between the box and the floor.

"Two particles of masses M and 7z are N
connected by a light string. The first mass, T
M, is placed on a rough horizontal table uN ’—’_' """""" ®
with the string passing over a smooth pulley. l

The second mass, 7z, is hanging freely. The Mg
dynamic coefficient of friction between the T
mass M and the table is p.

a Find the acceleration of the system.
mg

b Find the tension in the string.
¢ Show that the system does not move if
p -
M

A particle of mass M is just about to slide up a plane, of inclination o to the horizontal,
under the action of an applied force F (pull) that is inclined at an angle 6 to the plane. If
the static coefficient of friction is p, show that:

o sin oL+ [Lcos O Mg
cos 0+ sin 0
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THE PERIOD OF A PENDULUM

- Italian astronomer and physicist

- Galileo Galilei (1564—1642) became
interested in pendulums when he watched

* achandelier swinging in a cathedral. He

. began to experiment with pendulums and

. discovered that the period of the pendulum
. is not affected by the amplitude.

. . . . . mg sn 0
. Devise an investigation to find an mg cos 8

- approximation for the acceleration due to o
- gravity using a pendulum.

mg

1 What effect does changing the mass on the end of the string make?
2 What effect does changing the length of the string have on a pendulum?
3 What difference does changing the angle of swing make?

Note: The periodic time for a swinging pendulum is constant only when amplitudes
are small.

. 4 Plota graph of periodic time, 7, against length, /, getting a curve (a parabola).
. "Try a few quick calculations to see whether the graph to produce a straight line is 7,

l, T or T? against /.
T

7.05 Resisted horizontal motion

When an object moves through a medium such as air, water or oil, the resistance (force), R,
of the medium slows down the object’s motion and varies as a function of the velocity.

The higher the velocity of the object, the greater the resistance. The resistance causes the
object to experience a retardation, which is a negative acceleration (or deceleration).

For horizontal motion, there are no other forces apart from the resistance due to the velocity
or velocity squared, that is R = —kv or R = —kv’.

If R = —kv, or linear resistance, the object is moving at low speeds. In this case the drag is
due to viscosity (thickness or ‘stickiness’) of the medium in which it is travelling.

Direction of motion

R=—kv<—o
ma = —kv
k
a=——v
m
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If R = kv, or quadratic resistance, the object is more likely at high speeds. In this case the drag is
related to the momentum transfer between the moving object and the fluid in which it is travelling.

Direction of motion «————

o R —.—kvz It is conventional to take the
B direction of motion to be positive.

ma = —kv’
k

a=-——2"
m

A particle of mass 7 initially with speed v, moves horizontally against a resistance
proportional to the square of the speed. Express its velocity in terms of the distance
travelled and its displacement in terms of velocity.

Solution
ma = —kv* When x=0,v=19v,s0 C=1n v,
ﬂ=—£7]2 lnv=—ix+lnv0
m m
dv k 2
T om Inv—lnv():—ix
On integrating, e 3 )
L P T
[zdv=-=ax vw) m
v m k
v —x
lnv=—£x+(] %—e

v> 0 because it is speed

I§
Q
1]
Q
mI
RNES
=
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A particle of mass 3 kg is propelled from the origin along the x-axis with initial velocity
of #m s™'. The only forces acting on the particle in the x direction are friction, which is a
constant 18 N, and drag due to air resistance which equals v* N, where v is the velocity of
the particle  seconds after leaving the origin.

a Showthat@=—6——v .
dt

2 18+ uv

¢ Byusing % = v%, find an expression for v in terms of «.

o ot -y [ 0]

Solution
a 3a=-18-7° ve o
1 direction of
a4=—6— —7}2 motion

Hence @ =—6-— l7}2
dt 3

b Rearranging the expression from part a,

On integrating:

sl (5o (e )+

“Ge)T Ga
Taking tan of both sides:

ol o 35

. . . tanA4 — tan B
Simpl tanA-B)=———
implify using tan( ) l+tanA tan B

where A=tan™" (%) and B=tan"! (%)
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u v

tan(ﬁt) _ 32 32

TR
V232

u—v

W2+
V2
3W2(u-v) o W2
=——— 7~ multiplying by —= again
(3\/5)2 +uv W2

32 (u—
= M as required
18+uv

. 3V2
multiplying by —=
ply: gyS\/f

%ln(18+vz)=—%x+c

ln(18+v2)=—§x+D

2

—x

2 —=x+D
184v° =¢ 3 =Ae 3
Whenx=0 v=u

18+u’=A
2

—x

.'.18+v2:(18+u2)e 3

2
v =(18+u’)e 3 —18

Formulas for acceleration, a

e Usea= % when x(?) or v(z) is required

e Usea= v% when v(x) is required
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Exercise 7.05 Resisted horizontal motion

1 A particle of mass 7 initially with speed # moves horizontally against a resistance
proportional to its speed (v). Express its velocity in terms of the distance travelled and its
displacement in terms of velocity.

2 A particle of mass 7 initially with speed # moves horizontally against a resistance
proportional to the square of its speed (v”). Express its velocity in terms of the distance
travelled and its displacement in terms of velocity.

3 A particle of unit mass moves in a straight line against a resistance
equal to v + v°, where v is the velocity of this particle. Initially, the
particle is at the origin and is travelling with speed "> 0. Show that v is related to the
displacement x by the expression

_1(V—7})
X =tan
1+

4 A high speed train of mass M starts from rest and moves along a straight track. At time

t hours, the distance travelled by the train from its starting point is « km, and its velocity
- -1
isvkmh™.

The train is driven by a constant force F and has a resistive force of kv” in the opposite

direction, where £ is a positive constant. The resultant force is zero when the train is
travelling at 430 km h™".

2
a Show that the equation of motion for the trainis Mz =F | 1- (%) .

b Find, in terms of F and M, the time taken for the train to reach a velocity of
400 km h™",

5 A particle of mass 1 kg moving in a straight line from the origin is subject to a resisting
force of kv*, where v is the speed at time 7 and  is a constant.

Initial speed is v, and x is the displacement of the particle.

a Show thatv= %
kvox + 1

b Deduce that = ~kx” +-.
2 Uy
¢ Abulletis fired horizontally at a target 2400 m away. The bullet is observed to
travel the first 800 m in 0.8 s and the next 800 m in 1 s. Assuming that air resistance

is proportional to v’ and gravity can be neglected, calculate the time taken to travel
the last 800 m.
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6 The acceleration of a particle moving in a straight line is given by 2 = k(1 - v%), k> 0
where v is its velocity at any time #. Initially the particle is at the origin and at rest.

a Find an expression for the velocity in terms of # and hence the velocity as ¢ — oo.

b Find an expression for the position of the particle in terms of velocity.

7 A particle of mass 72 moves in a horizontal straight line. The particle is resisted by a
constant force 7zk and a variable force 70, where k is a constant (¢ > 0) and v is the
speed. Initially its speed is # at the origin.

2
a Show that the distance travelled is lln ke uz .
2 k+v

b  Show that the time taken for the particle to come to restis ¢ = itan_ .
NN
8 The only force acting on a particle moving horizontally in a straight line is a resistance
of mk(c + v) acting in that line, where #z is the mass of the particle, v is the velocity and
k and ¢ are positive constants. Initially the particle moves with speed U > 0, and it comes

. N P o1
to rest at time 7. At time ET its velocity is —U.

a Show that the acceleration is given by 2 = —k(c + v).

b Show thate= iU.
48

¢ Show that at time ¢, % =49¢7% 1.

When a particle is moving vertically (either upwards or downwards) the acceleration due
to gravity is always towards Earth. There may also be a resistance, R, to the particle whose
direction is always opposing the direction of travel. Again, R = —kv or R = —kv’.

mg+ R

w Y g

Sometimes the motion of the particle is composed of an upwards journey followed by
its downwards journey. In these cases, we are required to treat each part of the journey
separately.
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Terminal velocity

As an object falls, air resistance may become so great that its magnitude is equal to that
of the force due to gravity. This means there is zero net force acting and the object is no
longer accelerating. It cannot fall any faster, and its velocity has reached what is called
terminal velocity, v

vt occurs when 2 =0 as # — oo.

m Retardation is negative acceleration.
2

An object falls from rest and the retardation due to the air resistance is 0.2° m s™.
eZ.St _ 1
a Useg=9.8ms" toshow thatv =7 5—— |.

b Show thatx =5 ln(ez-8t+ 1)—7t—5 In2

¢ Find the terminal velocity of the object.

Solution

a  Take the positive direction to be downwards. 0.2 2

ma = mg — 0.2mv*

a=g-020"=98 - 02° O
dv_98-20" 49—’

dt 10 5 y mg
Integrating,

d 1
J49—vv2=§Jdt
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Let L = L = = + 5
49— (7+9v)(7-v) 7+v T-v
1=A(7-v)+B(7+v)
1=7A- Av+7B+ Bv
1=74+7B+v(B-A)
~7A+7B=1
B-A=0
B=A4
LTA+T7A=1
14A4=1

a=—p=L
14 14

1 1 1 1
=— +
49 2 14(7+v 7—vJ
J' dv 2=i 1 + 1 p
49—v* 14\74+v 7-v

:ﬁ[ln|7+v|—ln|7—v|]

LR
14
dv 1
So j49—z12 _E-[dt
7+v
7—v

7+v
7—v

:lt+C
5

iln

14

Whent=0,2=0

-
14

7+0

" =—(0)+C

In

1i=c
14
C=0
1
=—1
5
5

t=—1In
14

1
—In
14

7+v
7-v

7+v
7—v

MATHS IN FOCUS 12. Mathematcs Extenson 2 ISBN 97807043435



14

—t 7+v
Hence, e’ =

-0

4,
7-v)e’ =7+v

7(e2‘8t = 1) = v(e2'8’ + 1)
2.8t
et =1
v=7
{32'8’ +1]
b Taking the result from part @,

ﬂ_7 eZ.Bt -1
dt | +1

_ 28t

e +1

. L4 280 _2p28t ]

ez.8t+1
2.8t
=7 1‘%)
e~ +1
Integrating
x =—7[t—iln(62‘8’f + 1)]+ C
28
=—7t+£ln(e2'8t+1)+(]
28
=—7t+51n(ez'8t+1)+C
Whent=0, x=0
0=0+5In2+C
C=-5In2

x=-7t+51n(ez~8f+1)—51nz

x=51n(e2‘8t +1)—7t—51n2
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The terminal velocity occurs as ¢ — oo.

2.8t

Since v = 7( 78 ] (from part a), we can divide numerator and denominator by
@ ap

_ 28t

W]’ Hence ast — «, v — 7(ﬂ) =7ms .

e*¥ 1o getv=7
1+e 1+0

Alternatively, we could simply make acceleration equal to 0.

2

Thus =7 _¢
v =49
v=7ms "

Many problems involving an object projected vertically through a resistive medium require
the motion to be analysed during its upward motion and then separately during its downward
motion. In the upward and downward motions the positive direction is taken to be in the
direction of the motion. These problems are usually about velocity, displacement or time to
reach significant points.

An object of mass 7 is projected vertically upwards with initial velocity v, in a medium
where the resistance is R = mzkv.

Prove that the maximum height is:

x:v—0+£ln 8

Prove that the time it takes to reach the maximum height is:

t=lln( g+kvoj
k g

. v . . . .
Given that v, =L (where v is the terminal velocity), show that the velocity v, of the
0= T

object on returning to its original launch point satisfies the equation:

@+ln £ +1+lng=0
g g—kv | 2 3
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For the upward motion (positive direction upwards):
ma = —mg — mkv

ﬂ:_g_kv mg + mkv

For maximum height, we want x when v = 0.

dv

—=—g-Fk

vdx g—kv

v _—g-kv_—(g+kv)
dx v v
d_x__ v

dv g+ko

Integrating wrt v,

x=—%(v—%ln[g+kv])+€ (g,k>0,02>0)
When x=0,v =10,

1
0=—;(UO —%ln[g+kv0])+C

1
sz(vo —%ln[g+kvo])

Hence

1 1
x=—;(v—%ln[g+kv]) +%(v0 —Zln[g+kv0])

- %[UO _%m[ngo]—(v—%ln[wkv])]

LY P W O Sl
k ko \ g+ ko,
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Maximum height when v = 0:

S 1 D |
kB | g+ko

For time to reach maximum height, we want # when v = 0.

dv

—=—g-k
i o
d__-l

dv  g+kv
Integrating,

t=—%ln(g+kv)+D
When =0, v =1

O:—% In(g + kvy) + D
1
D= m In(g + kvy)
1 1
Hence t = —Zln(g + kv) +Zln(g + kvp)
1 g+ky
=—In|" 7,
& g+ ()
Maximum height when v = 0:

t_z n g+k(0)

mkv
1 { g + kvo ]
=—In[=——
k g
For the downward motion (positive direction downwards): O
ma = mg — mkv
a=g—kv mg
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Terminal velocity v when 2 =0
0= g- k’UT
kUT =

UT=%

O S 4
07 2 T

Find velocity in terms of displacement:

dv
= — —_— k
a=v dx g-kv

g—kv

v
v

dv
dx
dx
&

- g—kv
__l|g-kv-g
k\ g—kv

Y PR
k g—kv

Integrating wrt v,

xz—l(v—%ln[g—kv])+E (g—kv:ﬂ>0)

k

When x=0,v=0:

1
0=—;(0—%ln‘g+k(0)|) +E
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Now, distance up equals distance down.

=20 & & _— v+ 3| £
ko B\ g+ky k k \g—kv

Substitute v, = £
2%k
8
EL N . =_élv+§h{ £ H
g+k s g-kv
2%k
& el & | v g, g
2% K (3_g) ke g—kv
2

Exercise 7.06 Resisted vertical motion

1 An object of mass 1 kg is dropped from a height of # m above the ground. It experiences
air resistance proportional to the square of its velocity.

a  Show that the motion of the object is given by 2 = g — k.
b Find v’ in terms of x.

¢ Find the velocity of the object as it hits the ground in terms of g, k and A.

2 A particle of unit mass is projected vertically upwards from the ground with initial speed
Um s™'. It experiences an air resistance that is proportional to the square of its speed.

a Find the time to reach the maximum height.
b Find the maximum height.
3 A body with mass 1 kg is projected vertically from a point on level ground with velocity

- . . o v
of 40 m s™". The forces acting on the body are gravity and air resistance of — newtons,

where v is the velocity of the body.
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a Show that the equation of motion of the body is # = — vt 40.

b Find the maximum height reached by the body.
¢ Find the time taken for the body to reach its maximum height.

4 An object of mass 7z kg is dropped from rest in a medium where the resistance has a
magnitude of 0.1 7z0* newtons, where the velocity of the object is v m s™'. After # seconds, the
object has fallen a distance of x metres, and has velocity v m s~ and acceleration of # m s

The object hits the ground in In (1 ++/2) seconds after it is dropped.

a Draw a diagram showing the forces acting on the object.

b Show that#=0.1(100 - v*) m s°.

¢ Express v asa function of 7.

d  Hence, show that the speed at which the object hits the ground is 542 ms™.
e Show that the distance the object falls is 5 In 2 metres.

3 Zoe drops a stone of unit mass into an empty well to determine its depth. When the

stone is dropped it experiences air resistance proportional to its velocity, v m s .

a Explain why the acceleration of the stone is given by 2 = g — kv, where k is a

constant and g is the acceleration due to gravity.

b  Show that the velocity of the stone is given by v = %(1 —e*yms™.

¢ Hence, find the terminal velocity of the stone.
Derive an expression for x, the distance travelled, as a function of the velocity, v, at
any time.

e Given that k=0.2, g= 10 and Zoe counted 3 seconds before the stone hit the
bottom of the well, how deep was the empty well?

6 A particle of mass 7 is projected vertically upwards and experiences a resistance of
magnitude 7kv’ newtons. During its downward motion, the terminal velocity of the
particle is "' m s, Find the position of the particle below its maximum height when it
reaches 50% of its terminal velocity.

7 A stone of mass 2 kg is launched vertically upward into the air from the ground with

I - . - 1 .
initial speed of 15 m s, The stone experiences a resistive force of gvz newtons in

the opposite direction to its velocity. The acceleration of this stone until it reaches its

2
maximum heightis 2 = - 60 2 °.

a Find the time taken by the stone to reach its maximum height.

b Show thato? =285¢ 3 - 60.
¢ Find H, the maximum height reached by the stone.
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8

10

Maximus fires an arrow, of mass 7, vertically upwards with initial speed of V'm s
The arrow experiences a resistance equal to zzkv?, k > 0. If the initial speed is equal to its
terminal speed, show that the final speed when the arrow returns to its initial position is

V{2
——ms .
2
An object of unit mass is dropped from an altitude of 1200 m in a medium whose
resistance is proportional to v°.

a Show thato? = %(1 —e¢72k)  where x metres is the distance fallen.
b Ifk=0.003, find the speed at which the object hits the ground.

A particle is projected vertically upward under gravity with initial velocity of v,
Air resistance is proportional to the square of the velocity.

g+kv(2)]

a Show that the greatest height reached is 2—1kln(
8

b The particle then falls from its greatest height. Find the terminal velocity.

¢ The particle then returns to its point of projection with speed V.
Show that (g + kul)(g — k%) = .

Consider an object launched with a velocity }”at an angle of 6 to the horizontal (ground).
Without air resistance, the trajectory followed by this projectile is known to be a parabola.

The extent to which air resistance affects various projectiles is determined by the speed,
shape, size and surface texture of the projectile. Air density can also be a factor.

In the case of a resistive force that grows linearly with velocity (R = —kv), we can still separate
the motion into horizontal and vertical components

Y

X

The components for acceleration in the horizontal and vertical directions

can be found using Newton’s laws of motion.

kax

mg + ky
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mx =—kx and myj = —mg — ky

k. k
sowe gety=——xand y=—g——y
m /i

Horizontal

doy _ —ivx where v, =«
dt m

d& — i At

v, m

Integrating:

lnvx:—£t+(]
m

When t=0,v,= )V cos 6
so C=1n (V cos 0)

On substituting and rearranging:

Inv, = —it +In (V' cos 6)
m

v, k
*In =——t
(Vcose) m

k
-t
sox=v,=(VcosB)e 7

Integrating again:

_k,
x=1V cos 0 je m(t

k
=—%Vcos Oe ' +D

Whent=0,x=0
soDz%Vcose

On substituting and rearranging,
k

X =—% (Vcos 6) e_;t +%Vcos 0

chosG[ —ﬁt]
= |1—e ™
k

Vertical
dv
d_ty=—g—£vy where v, =7y
dv
y
. T ) =—dt
g+ Y
Integrating:

m k
?ln(g+;vy)=—t+E

When t=0,v,=Vsin 0
o) E=%ln(g+£Vsin6)

m

On substituting and rearranging:
%ln(g+£vy)=—t+%ln(g+£l/sin9]
t= %ln(gw%VsinG)—%ln(g—k%vy)

m g+£Vsin9
t=—In| —2

k
g+—v

m 7

Lt mg+kVsin®
T mg+ kv,
Making v, the subject:
mg+ k) sin®

3

—t
em

mg + kv), =

k
kvy = (mg + szinG)e_;t —mg

k
yzvy:(%ngsine)e mt—%g
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Vertical (continued)

Integrating again:
kl‘
+Vsin® |e 7 ——g |d
y= J.l( g+Vsin )e kgjl t

k
=278 psing |e mt—ﬂng
k\ k k

Whent=0,y=0
so F=""1"8 \ sino
k\ k
On substituting and rearranging,

k
y:—ﬂ %+Vsin6 e ’”t—ﬂgt+ﬁ %+Vsin9
k\ k k k\ k

k
G g+Vsm9 — —g+Vsin9 e—mt_m_gt
E\ k E\ k k
k
=28 Vsing || 1-¢ 7 _me
E\ & k

Trajectory of a projectile in a resistive medium

"To find the equation of the path of the projectile, eliminate 7 from the 2 displacement
equations above.

k
:chos e[l—e mtJ (1]
k
k
ke o []

ml cos 0

m kx
t=——In| 1-————
k ( mV cos GJ
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Substituting in [2] and rearranging to eliminate ¢:

y=ﬂ(gﬂ+ysm e) S 4 BN PO S | o
k k ml cos 0 k k m V cos ©

b= ("8 Ly Gine (k_x)_% _ﬁln(l_k_xJ
E\ k ml cos© k k mV cosO
2
=28, v sine ( il )+mgln(1— k )
k V cos© Iz mV cos®

2
= 25 i tand |v+ 2 gln(l— ha )
kV cos® k ml cos®
The path is not a parabola because the function is more complicated and of the form
y=ax+bln (1 —cx).

Time for maximum height
At maximum height y=0
k
(%g+V ine)e m' —%gzo
on rearranging,

t= Zln(l+ &sinGJ
k mg

Speed at any point

The speed at any point on the trajectory depends on both the vertical and horizontal
velocities.

S= x2+y2

Terminal velocity

Terminal velocity occurs when the projectile is descending and y =0.
-g+ * y=0.
m

m
UT=.)’=?g
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EXAMPLE 18

A ball is kicked at an angle of 30° to the horizontal at 12 m s™ and experiences air
resistance proportional to the velocity in both the x and y directions. Find the equations
of motion, the equation of the path of the ball and an expression for the maximum height
reached.

Solution

Resolving forces, mx = —mkx and myj = —mg — mky

kx
12ms’ mg + ky
30° N
So we get
dv

i —kv, and —L =10 — kv

dt dt 7
Horizontal

In the x direction we get a differential equation like those we have seen in exponential
growth and decay problems.

So, v, = Ae*
When t=0,0v,=12 cos 30° s0 A = 6+/3, and we get
x=v,=63¢".

Integrating, we get

63

x=——"¢M4C

When t=0,x =0 and so C:%

=_@e_kt +@
k k

_ %a iy [

Note that 1 —¢™* = k_x, which we will use on page 308.  [2]

6\3
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Vertical

In the y direction the equation is now more complicated.

dv

—L =_10- kv

dt )

41

dvy —(10+/evy)

o dvy
10+kvy

Integrating, — :% In (10 + kv)) + D
When =0, v,=12 sin 30° = 6; hence, D = —% In (10 + 6k)
So, —kt=1In (10 + kv,) — In (10 + 6k)

~ 10+kvy

~ 10+6k
which gives

—kt

y=v, =%[(10 +6k)e ™~ 10]

Integrating, we get

_1[10+6k

e —10t:|+E
A

10+ 6%
kZ

_ 1(10+6Ie e_kt_lot)+10+6k

When#=0,y=0and so E =

-k K

10+6k . 4. 10
=—7 (e -t 3]

Path of projectile

The equation of motion is found by first making # the subject of [1]:

kx —kt

= =1-¢™

63

—kt :l_k_x
63

kx
—kt =In| 1- =X
n( 6J§)
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10+ 6k kx
Substitute # and [2] into [3]: y=——— ——=
(2] 3]: y 2 6B
10+6k
sz
5+3k
TN
Maximum height
At the maximum height, y=0
—kt _
0= k[(10+6k) 10]
(10+6k)e™ =10
—kt _ 10 4]
10+ 6k
=3k 1 o6k

kt=In(1+06k)

=%1n(1+06k)

i35
(- 3%)

10 ln(l— k_x)
63

Substituting into the equation for vertical displacement [3]:

y:10+26k(1_e,,ﬁ)_%t

:10+6k(1_ 10 )_B[lln(HOé/e)] from [4]

i 10+6k) k|k
:10+26k[10+6k_10)—%1n(1+06k)
k 10+ 6k k
6k 10
=k—2—k—21n(1+06k)
6 10
=Z—?1n(1+06/€)

Note: If you know the value of &, which is the coefficient of drag, then the height can be

calculated.
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Using geometry software

If we use a slider and let # = 1 in this example, it is possible to identify the time to reach
maximum height as 7 =1In 1.6 = 0.47s. The maximum heightis y=1.32 m atx = 3.89 m.

As well, it is possible to show that the range = 6.67 m.

k=1
O —
h=(3913)
\Range = (667 0)
T T T T T T T X
2 3 4 5 6 \ 8

Quadratic drag model

In the case of a resistive force that grows with the square of the

. . . . . . 2
velocity (kv?), we still separate the motion into horizontal and vertical ko,

components.

The components for acceleration in the horizontal and vertical can be

found using Newton’s laws of motion:

mx = —kx? and mj = —mg — ky’

sowegetx:——xzandy=_g__y2
m m

Horizontal
dv, k 5 ml cos 0
—==—-—0, S0V, =——
dt m m+kV (cos 0)t
dﬂ:—idt V cos
2 m x=p =
1+-—V (cos 8)z
m
Integrating: Integrating:
1ok x=ﬁln(l+£V(cose)t)+D
v, m k m
Whent=0,x=0
When t=0,v,=1Vcos 0
1 D=0
" Veoso Hence
H :
enee x:ﬂln(1+£ V (cos G)t)
it_L_ 1 k m
m v, Vcos6

X

mg + kj/z
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Vertical Hence:

dv k

Y _ k2
o ST D t= ﬂ{tan_l[ iVsin Gj—tan_ [ ]}

p \ g \ mg

v,

———=—dt

ML [k [%
E5 LetA=tan” ( VsmGJ Let B=tan" ( ]

. mg mg

Integrating:

A—-tanB
/m B / k tan(4 — By = nd-anb
Etan ( m_gvsz_t"' E an ) l+tan Atan B
When ¢ =0, v,=Vsin tan|:tan—1[ ’szinG)]—tan|:tan ( f J:l
mg
L E= /ﬁ tan~ [ /iVsinOJ - Z
gk mg 1+ tan tan_l{ VsinG) tan| tan~ ( ]
\ mg \ 7728
iVsine— iv
_\mg \mg
1+ iVsine ivy
\ 728 \ 7718
i(Vsine—vy)
\ 7

1+iny sin©

mg
\/Zg(VsinG—v},)

1+ inJ, sin O
mg

and

soA—-B=tan~

’i (Vsine—vy)
m _ mg
= —tan 2
V gk 1+, sin@

mg

Rearranging (after considerable algebra):

\Jmgk V' sin® —mg tan(wif tJ

Vi sin® tan{‘/g t)+ mgk
m

"This last step is left to the student as an exercise.

It is not possible to integrate this function to find y,
the vertical displacement.
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DID YOU KNOW?

Terminal velocity

In the case of a falling object, when the magnitude of the resistive force equals the
object’s weight, the object reaches its terminal velocity. The magnitude of the resistive
force depends on the size and shape of the object and on the properties of the medium
through which the object is moving.

A skydiver weighing 75 kg has a terminal velocity of 216 km h™", a golf ball 158 km h™"
and a raindrop 32 km h™".

A 5 kg cannonball is launched from the origin (0, 0) with velocity of 400 m s™' at an angle
of 30° to the horizontal. A drag force of magnitude kv’ is experienced with a proportion
constant of £ = 0.0001.

a  Write an expression for the range of the cannonball and find how long it takes it to
reach 1000 m.

b Find how long it takes the cannonball to reach its maximum height and its speed at
that point. Use g = 9.8 m s°.

Solution

a  mx=—kv;

5x = -0 000107
x =-0000 0202

Py _ 0000 0222
dt

dr 1 _ 50000
dv, 0000 020> v?
Integrating
_ 50000 LC
v

X

When 7= 0, v, = ¥ cos 8 =400 cos 30° = 400(?} =200./3

_ 50000
20043
:@ +C

NG
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2%

C=
3
Hence r = 20000 _ 230
B
. +@ 50000
NER N
50000
U, =
3
5000043
T 13+250
Integrating:

e sooooﬁ[ﬁln(t 3+ 250)]+ D
x= 500001n(tﬁ+250)+D

Whent=0,x=0
0=500001In(0+250)+ D
D =-500001In 250

Hence,

x= 500001n(tﬁ+ 250) ~500001n250

% = 50000In| 2Y3+250
250

For x=1000

1000 = 50000 In| 22 +220
250

250

002 _ 133 +250
250

250¢" =3 + 250

/3 =250¢"%? - 250
zso(e°-°2 - 1)

t————ij;———

=29s

oozzln[i_iizégj
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Maximum height is when v, =0

That is, when \/mgk V sin® —mg tan(,{g—k t)=0
m

gk .
,/— = Jmgk (V' sin®
tan mt] mgk (V sin 0)
mgk
n 1/g—szzﬂ(Vsine)
m

mg
\/9 8x0 001 ) J5x98 x 00001
tan t|=

(400 sin30°)
5 5%98

V5% 98 x 00001
5

tan (0 014¢) = ST

(200)

tan (0 014¢) = 02857
0 014¢ = 02782

t =198785
t~19.9s

Now, for speed we know S = ,[v? + vi , but v, =0.
s S=v,att=199s
and we know from the quadratic drag model that:
J cos®
1+ * V (cos8)t
m

400 x cos30°
00001

U, =

1+ x 400 x cos30°x19 9

= 304.4370...
~304

Hence the cannonball has speed 304 m s~ at the maximum height of the trajectory.
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Why do golf balls have dimples? Because their aerodynamic
design causes them to travel higher and further than balls
with smooth surfaces. The dimples make the air flow more
smoothly around the ball, resulting in less drag. The dimples
also help the air to move faster above the ball, which decreases
the pressure there and, similar to the airflow over the wings
of a plane, causes the ball to lift. Together, less drag and more
lift cause dimpled golf balls to travel further.

Exercise 7.07 Resisted projectile motion

1 A projectile of mass 5 kg is fired from the origin with velocity of 100 m s~ at an angle of
elevation of 15°. In addition to gravity, assume that air resistance provides a force that is
proportional to the velocity and that opposes the motion.

a Show that the vertical component of acceleration of the projectile is =10 — ?v.

b  Given the constant of proportionality is 2.5, find the terminal velocity.

¢ Whatis the maximum height reached by the projectile?

2 A bullet of mass 7.5 g is fired at 380 m s at an angle of 5° to the horizontal.

The resistance due to drag is 7zkv, where v is the velocity, k# = 0.3 is the coefficient

of drag and the acceleration due to gravity is 9.8 m s™2.

a Find the horizontal displacement of the bullet at 2 seconds.
b How long does it take to double the distance travelled in part a@?
¢ How long does it take to halve the distance travelled in part a?

3 A baseball of mass 145 g is thrown at an angle of 10° to the horizontal at a speed of
30 m s! and reaches the batter 18 m away in exactly 1 s. If the resistive force is
proportional to the velocity of the baseball, show that the coefficient of drag is 0.158.

4 A cricket ball with mass 160 g is hit at 50 m s at an angle of 5° to the horizontal.

The drag force is proportional to the speed and the coefficient of drag is 0.09.
a How long does it take the ball to reach its maximum height? Use g = 9.8 m s~
b  What is the horizontal distance travelled when it is at its maximum point?

¢ Whatis the speed of the ball after 1 second?
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5 A golfer drives a 46 g golf ball a distance of 155 m. The drag force is proportional to the
square of the velocity (v*) and the terminal velocity is 44 m s™".

a Calculate the drag coefficient (k) for the golf ball. Use g=9.8 m s,

b  If the initial speed is 60 m s~ and the time of flight is 4.53 seconds, calculate the
angle of projection.
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70 TEST YOURSELF

1 A particle moves in a straight line such that its velocity v cm s™' when it is x cm from the
origin is given by v = 2 — ¢”**. Find the acceleration of the particle at the origin.

2 A particle is initially at the origin where it is given an initial velocity of 10 m s™'. When
x metres from the origin, its acceleration is # = —40¢ % m s7. Determine its velocity v(x).

3 A particle is moving in simple harmonic motion with acceleration given by x = —36x,
where x metres is the displacement of the particle from the centre of motion. Initially,
the particle is at the origin, moving to the left at 5 m s™'. Find the displacement as a
function of time.

4 When x metres from an origin, the velocity of a particle is v m s, where
v* =40 — 8x — 4’
a Prove thatits acceleration is 2 = —4(x + 1).
b  Find the positions where the particle is at rest.
¢ What will be the greatest speed?

d  Write ¢ in the form v = °[4? — (x — ¢)’]

5 An object is projected vertically upwards with initial velocity of 25 m s™'. Find the
maximum height reached by the object and the total time taken to reach the ground again,
assuming no air resistance. Assume g = 9.8 m s * and answer correct to one decimal place.

6 A cricket ball is hit for a six, and just clears the 1 m high fence on the boundary at
104.2 m away. If the ball leaves the bat at 75.4 m s™', at what angles to the horizontal
must it leave the bat? Use g=9.8 m s and answer correct to 1 decimal place.

7 An object of weight 20 N, in rough contact with a plane inclined at 8 to the horizontal,

is just about to slide. If the coefficient of friction between the plane and the object is %,

find the angle 6. V3

8 A 50 N force is applied to a 10 kg box at an angle of 30° to the horizontal.
If the coefficient of friction is 0.3, find the acceleration of the box in terms of g.

9 Two particles of masses 10 kg and 5 kg are connected by a light
inelastic string. The first mass is placed on a rough horizontal table
with the string passing over a smooth pulley on the edge of the table
and the second mass is hanging freely. The coefficient of dynamic
friction between the first mass and the table is 0.6. Assuming
g=9.8m s, find, correct to one decimal place:

a the acceleration of the system

b the tension in the string
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10 A car of mass 7 initially at the origin with speed v, moves horizontally against a
resistance proportional to v°. Express its displacement in terms of velocity and its
velocity in terms of displacement.

11 A particle of unit mass is moving in a straight line with an initial velocity of 30 m s in a

. . . . v . .
medium which causes resistance equivalent to 0 m s~ when the velocity is v. Find the

velocity and distance travelled in 40 s.

. . . . - . . 1
12 A skydiver falling through the air at velocity v m s~ experiences a resistance of ¢ newtons.
a Find her terminal velocity in terms of v.

b  If the effect of a parachute is to increase the resistance to 2v, find an expression for
the approximate speed at which she hits the ground.

13 A 1 kg stone is thrown vertically upwards from the ground with a speed of 13 m s™.

. o S ) .
Assuming that the air resistance at velocity v is i find both the time taken to reach

maximum height and the maximum height reached by the stone. Use g = 9.8 m s™.
14 A ball is thrown at an angle of 30° to the horizontal at 8 m s™' and experiences air
resistance proportional to the velocity in both the x and y directions. The terminal velocity

2
is 2g m s™'. Show that the equation of motion is y = (&]x +4g ln(l = %)

23
15 A particle is projected with speed } at an angle o to the horizontal, up a plane that is
inclined at an angle of 6 to the horizontal.

a Show that the range R of the particle along the plane is given by

V7% cosou sin (00— 0) &

R= 2 and that the maximum range is R=——+——.
g(1+sin 6)

gcos’ @
b  Hence, show that the particle can never reach points outside the parabola given

p) N 7
byx2+—y——2:0.
g g
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In Questions 1 to 12, select the correct answer A, B, € or D.

In the proof by mathematical induction that 1 +2+3 + ... +n = n(n+1) , for all
positive integers 7, the inductive hypothesis would assume that:

A =1 B 1- @

C 1+2+3+...+k=@ D 1+2+3+..+n="00%D

n
For all positive integers , & =:

Bl
A nz(n+1)2 B n*(n+1)>? C n(n+1)° D n(n+1)
4 2 2 2
Let P(n) be the statement that 17 + 2> + 3% + ... +#° = M, n>0.
What is the statement P(1)? 6
A 124224 4pp =" DQnD) B n=1
6

c 0= 0(0+1)(0+1) D 1’- 1(1+D2+1)

6 6

If 10" + 3(4"* ) + k is divisible by 9 for all z > 0, then the least positive integer value
of & will be:

A 1 B 3 Cc 5 D 7

What would be a suitable substitution to determine J

2
—  Iy?
x\/xz -4

A x=cos0 B x=2sinb
C =+-4 D x=2secH
Findj#
¥’ +4x+13
A ltanl(x—-i-z)+c B gtan’I x—+2)+c
3 3 3 3
C ltan_l(ijz +C D Etan_1 x+2 +C
9 9 9 9
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7 Find | x log, x dx.

2 2
A L - ic
2 4

2
C «xlog, x—%+C

8 Find j# dx.
(x=1D(x+4)

A %loge|x+1|+%loge|x+4|+c

C %loge|x—1|+%loge|x+4|+(f

D

2
% log, x—§+C

x log, x—§+C

%log£|x+1|+%loge|x+4|+c

%loge|x—1|+§loge|x+4|+c

9 A particle of mass 7 is moving in a straight line under the action of an applied force

F= % (8 + 10x). What is the equation for its velocity at any position, if the particle

starts from rest at x = 1?

A vzil\/7x2—5x—2

x
C v=i£\/7x2 —Sx -2
x

D

v= ix\/7x2 —Sx -2
v=42x7x” = Sx =2

10 A particle moves in simple harmonic motion after starting at the origin with

amplitude 4 m and period g s. Which function could describe its motion?

A x=4sint B x=4sin4t

C

x=4%cost D x=4cos4

11 A particle of mass s falls from rest and the resistance is proportional to v*, where

v is its speed and & is a positive constant.

Which is the correct formula for v> where « is the distance fallen?

A /= %(1 — 72k

c :%(1 )

D

v = %(1 + e_z")

02:%(1+62")

12 A stone is thrown vertically upwards with a speed of 21 m s™' from the edge of a cliff
20 m above the water. How long does the stone remain in the air before it hits the

water?

A 425 B Ss

C

8.4s D 10s

13 Use mathematical induction to prove that 2 is a factor of (7 + 1)(n + 2), for all

positive integers 7.

14 Prove that-2 -4 -6 — ... — 2n=—n(n + 1) for any positive integer 7.

ISBN 97807043435
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15 Show by using mathematical induction that f*(x) = 4" sin (ﬂx + ﬂ) for all integers
n > 0 if f(x) = sin ax. 2

16 Prove thatz 2= -« , for all integers 7 > 1.
1-x
r=1

17 Prove that 2% —3" is divisible by 5, for all integers > 1.
18 Prove that4” > 3n + 7 for all integers 7 > 1.
19 Prove by mathematical induction that 4. o (x")=nx""" for all integers n > 1.

20 A sequence is given by the recurrence relation #;, =3,4,=a,_;+ 5 forn > 1.

»%n

Prove, using mathematical induction, that the general formula for the sequence is
a,=5n—2,n>1.

21 Given u; =8,u, =20 and u, =4u,_, —4u, _, for n 2 3, show by mathematical
induction that #, = (n + 3)2" forn > 1.

22 Simplify cos (x —y) — cos (x + y). Hence, prove by induction that for all # > 0 that

sin” 720

sinO+sin30+...+sin(2n—-1)0=
sin®

23 Find J.

dx
V4 +4x-«°

T
24 Evaluate J‘E

0 cosx +1
dx

2—zx+1o‘

dx, using an appropriate substitution.

25 Find |

26 Find I dx.

xx—)

27 Using partial fractions, find J‘ﬁ dx-

x +3x+2
28 Findj.#
(x+2)(x+3) r
nx

29 Use integration by parts to evaluate J. — dx.

In3
30 Evaluate J.o xe* dx.

31 Find [ ¢* sin x dx.
32 Find [ sin™! x dx.

33 A particle is moving in a straight line from a stationary position at the origin.
Its velocity is v when its displacement from the origin is x. If the acceleration of

the particle is given by 2 = find v in terms of «.

(x+3)*’
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34 The depth of water in a harbour is assumed to rise and fall with time in simple
harmonic motion. On a certain day the low tide had a height of 12 m at 12:30 p.m.
and the following high tide had a height of 18 m at 6:30 p.m.
If a ship requires a depth of 16 m of water before it can leave the harbour, find the
earliest time after 12 p.m. that the ship can leave the harbour.

35 Along jumper leaves the ground at an angle of 15° to the horizontal and at a speed of
2

12 ms™". How far does she jump on this occasion? Assume g = 9.8 m s 2.

36 A projectile is fired at a target (T) so that the projectile leaves the gun at the same
time the target is dropped from rest. Show that if the gun is initially aimed at the
stationary target, the projectile hits the target.

37 A ball is thrown vertically upward and is caught 2 s later by the thrower.
Find the initial velocity of the ball and the maximum height the ball reaches.

38 A mass is oscillating at the end of a spring with a velocity given by v* = 256 — 64a”
where x cm is the displacement from the centre of motion. Find:

a the acceleration of the mass as a function of x

b  the maximum speed of the mass.

39 An object of mass 7z kilograms is dropped from the top of a cliff 40 m above a body
of water. As the object drops in the air, the resistance to its motion has magnitude

1 . - .
0™ when the object has speed v m s After the object enters the water, the

resistance has magnitude %mvz .Useg=10m s

a  Write an expression for # before the object enters the water, where x is the
distance travelled from its initial position.

b dv 100-v

Show that — = , and show that the speed of the object as it enters the

10v

water satisfies _Y_ ln(l _ LJ +004 =0-
100 100

¢ Write an expression for # after the object enters the water.

d  Given that the object slows on entry, find its terminal velocity in the water.

40 An object of weight 40 N, in rough contact with a plane inclined at 6 to the

horizontal, is just about to slide. If the coefficient of friction between the plane and

1 , find the angle 6.
3

the object is

41 Aforce of 820 N is applied to a 2 tonne vehicle at an angle of 10° to the horizontal.
If the coefficient of friction is 0.04 and g = 10 m s, find the acceleration of the vehicle.

42 A ball is kicked at 30° to the horizontal at 15 m s~ and experiences air resistance
proportional to its velocity in both the x and y directions. Given that its terminal
velocity is 11 m s, find the time for it to reach its maximum height. Use g=10 m s,
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ANSWERS

Answers are based on full calculator values and only rounded at the end, even when different parts of a question
require rounding. This gives more accurate answers. Answers based on reading graphs may not be accurate.

8 a 13 b 3 —41
d 1 17 el
. 9 32
1 a 2 b iJ7 c% d 283 9 a 6l 4 25
: 1
6 . . -
e % f 42 g - h i d 1 € 17 8
- j i-1 k - 1 g 4a* + 90 h 2x2+2y2
2 a x=+2; b x=+3; 10 Proof: See Worked solutions
c z=ié d z=42i5 11 Proof: See Worked solutio;;s
12 a x=2,y=-8 x=3.y=-4
. 1,423
3 a x=-11i2 b :Eil\/z— € x=5,y=2 d x=4,y=2
13 x+y=6
—3+i +7/8
¢ 3= 32“5 d .=> ’6‘/—3 14 a —4+4 b 4-5i 77 - 36i
4 a x=1i2 b x=2+iJ7 d Zj‘jg e 2\2% D
¢ z=—4+2i d z=1%if3 s g (f+S )Vt;(kd_ 1)' R
5 a xo1+; b v=3+if3 roof: See Wor e.sounons ‘
) ) 16 a Constant multiples of each answer below is
¢ w=-2%iJ6 d z=-1i/6 also a solution.
e oo 1.3 PR i 2-434+5=0 i ©-23z+28=0
22 2 2 il 2’-z+1=0 v 2+82+21=0
6 a Re(x)=+3 Im(z)=1 b A quadratic equation with complex conjugate
roots will have real coefficients.
b Re(z)=> Im(z)=_Y2 e .
2 2 17 a 2 Imz)=1 5 2 =2
¢ Re(z)=-3Im(z2)=6 5 5 5
d Re@)=x+3Im(2)=—y+2 N c —132—5411 Im(z):—j—;
e Re(z)=—21 Im(2) =
© a* +4b? ( a* +4b? 1-2J6i __ 26
_x—4-6y _—l+aty
f Re@)= - Im(z) = 2, .2 18 Proof: See Worked solutions
Y X ty 3_4; .
; 19 a 2" b
7 a 3-i p StV 25 3
2 20 a - (+8)z+(15+25)=0,a=1,
¢ —6i-3 d x+3+4y-2i b=-5—8ic=15+25i
a—2ib £ x—4—-6y+i—ix—yi b A quadratic equation with complex non-
22 +4b? e yz conjugate roots will have some coefficients
that are not real.
& =



21
22

6 17 3 11
a X=E—— ) =—— x:_—’y:_
25 25 26 26
a -13+11; 8 37
i 13 —14
10
Taking 2 > 0:
a 2+i b 3-2i
c 3+i d V2+iV2
a 4-i,-4+1: b 1-2i-1+2i
c 5-2i,-5+42i d 1+5,-1-5i
e 3-37 -3+3i f —1-7 lj
V22 V22
a 544,54 b 3+4i,-3-4i
¢ 4-2i,-4+2
a 1+2; b 1-i,2+i
a 3+2i,-1+i b 23
c 24,1
a Im(=) A
= 0 Re(z)
O@,=4)
b Im(z) A
°(1,5)
0 Re(z)
y
[ Im(z) A
40 Re(z)
y

Im(z)

3 a

/

Re(z)

2 A=-3+iB=4+2i,C=5-3i,D=—4-5i

E=2F=-3i
Im(z)A
0 Re(z)
24
/
1 A
() 2+4
0 Re(z)
/
Im@)4 1.7
0 Re(z)
/
d Im(z)A
0 4 Re(z)




Im(z)

Im(z)4
0 Re(z) 0 =
‘ ot \ 21-20i
f Im(z) o
-24+10:
2+ 4+ 10;
5
’ we@ 0 Re(2)
‘ A
e, Im(z) 4
6+2i
0 Re(;) 0 Re)

Y-9i

‘ A
a4
. Im(z)4
0 Re(z) 0 3 e
15-8i
‘ A
=) Im(2) 4
g
\
R . R
e(2) 0} m Re(2)
W
34 y/
A
SNS.



Im(2) 4

-0

Im(z) 4

I;e(z)

v
y
Im(z) 4 -
_\F_ ~
0 1 Re(z)
3 1 z
y
Im(z) 4
z 1|
\2
1 Re(z)
\2
_ 1]
z \2
Im(2)
z
z o
4 R::(z)
z -3

7 a
b

0

z=4+iv=-2+2ik=-5-2i,w=2-3i
T=4—i,0=-2-2ik=-5+2i,=2+3i
Ny
5_
44
3 w
k 21
1_
555 K
z
k
34 w
—44
_5_
y
a Im(z) 4
0 Re(2)
z=3-1
b Im(z)4
Re(z)
w- —25—1‘
¢ Im(z) 4
0 Re(z)
v=2-2\3;




9 a w=-3+2,v=-2-3i,u=3-2i
b
Im(z)
W =iz

2 (2 +3i)

Re(z)

X U=rz
v:ZZ% ~ ~
\

¢ Multiplying a complex number by 7 rotates
the vector by 90° anticlockwise.

1 a2 b 25 c 53 d 5
e @ f 33 g1
2 a r b r [4 _r d S_TC
4 6 4 6
3n b4
= f O fad
€ 4 9 2
3 a 2cis(—£) b 2cis2t
4 3
C ﬁcs 2 d cist
3 4 3
e gcsl f 408(—5—n)
7 4 6
g J6cism
. N
4 =1+i\3 b =41
a =2 +1\/_ % 4 +4
343 1 i3
= d =
¢ 2 2 2
e =ﬂ f oom i
1 =B
5a z:=—-— b z=
% 2
1 i
¢ z=-2 d —d
zZ 1 zZ \/E \/z
e :-302 f z=$+%

LT
z=3cis—

”:\/gcis%t

b szcis(—EJ
4
. 3n

d v—2c1s(—?)

3cism f w=6cis(—%)
2 cis (— E)
2
Im(z)
B 0 Re(z)
_2 4
y
isn
Im(z)
55 0 Re(z)
y
1 T
Legd
32
Im(z) A
1
?4
0 Re(2)




Im(z)
- 0 Z Re(z)
1
2
(-3)
e cis|——
4
Im(z)
0 % Re(z)
1
f 4cs (— Z_Tc)
3
Im(z)
) B 195)
4
234
g 2cis0
Im(z)
0 3 R;(z)

5 cis 0464
J17

e 2<:isE
4

b 74cs219

d 4cs(—5—n)
6

f J15cs(-219)

h \/Ecis%

j cis (— 3—“)
s 4

1,2 Proof: See Worked solutions

3z =\/§cis(—g),z2=2cis%

P—1 b T
12 12
¢ T d’®
6 2
4 a 2\/§c58—n b ﬁcsz—rE
5 2 15
C %cs(—%) d Qﬁcis(—%J
5 a cs3o b cis(-38-22) c cis4
6-8 Proof: See Worked solutions
9 Yes, except undefined for z = 0.
10 a 2cosH b 2cos26 ¢ 2cos 30
d 2isin26 e 2isin 30
1
11 a 526 b 8 c —
42
d 1 e 1
5 8
12 a -~ A c Bl
12 12 4
d " o &
12 2
13 a z:3\/§2+3l,w= 2+i2
b 2.2 & w_V6+V2-iN2+i6
z 3 12z 6
. T N6+V2 .. . m J6-2
€ 1 cos—= Il sin —=
12 + 12 4

14 Proof: See Worked solutions

&



7 a Re(z)zﬁlm(z)z—l
1 ai cs0 i1 b 4 2
. Re(z) =2 Im(z)=-9
b i \/Ecis(—l) 1] M i )
3 2 € Re(z)=—— I m(z)=— 2
¢ i Scis3 il —4.95+0.706: x"t+y x“+y
di cis(—%) i 8 a z=—6-1li b a:“éﬁ
in n | ¢ gottTbokoa
2 a fBet b 2 3 C Ee 5 a“+b
5 9 Proof: See Worked solutions
T T
d e ¢ e 6 f a2 4 10 a »=3,y=-2 b x=-1,y=5
5 . . 11 Im(V)=0, . 3x+2y+7=0
g 26 h o3 i .2 12 a 15+4i b —4+33
1 c 31-3: d —46-20i
i —eTor=¢° 2 2
b5 13 a ¥ —2x+3=0 b x+6x+34=0
¢ 2-2/7x+16=0 d 2 +x+1=0
7x 3x 14 o 1% b -iV2
1 a ¢"or-1 b 3/2¢12 ¢ ¢8 5
S c 43-5-i d —1+4i\3
d J5e6 . 26 7
2 a ,@+e) b .(69) ¢ 1.2 15 a +2-9) b +3+i)
4
2n S S+i
_cm I ¢ +4-i d +—
d L5 e 5o lwh g gppn &= (ﬁ]
V2 16 a
R p E Im(z)
g 33 h g€4
3 Proof: See Worked solutions
4 a ¢"=cos(-0)+isin (-0) = cos 6 — i sin O - —5
b Proof: See Worked solutions -1 e
uO—\E'
1 a 5 b 32 c 2’;5 \
. . b
2 a i b 2iJ10 c -1 Im(@)|
d - e —-1x2;
3 a x=17; b x=-3+2; \7 4 o
4 a x=2+i5 b x=-3+i/6
R £ i of 5 Re(z)
4
5 a x=1%; b x=—4+2;
c x:liiz‘/ﬁ \
6 a x=-2+2i b »x=4+3;
c x=-5+4i



17

18

Im(z) 4

Im(z)4

Ik ¥4

—_
(98]

Re(z)

Im(z) 4
5

W

34
2

Re(z)

1 4ST]

2 4

2_
_3_
4
75_

w

Im(z) 4

20 a |z]|=2 Argzz—%
b |z|=2 ArgzzE
6
c |z|—4 Argzzz—;
1 3n
d lzl=-L Arez=_3"
|Z| \/5 I'g 4
21 a c155—n b \/Ecis(——n) lcsE
3 6
22 a :=2+i\2 b —+%
V2-i6
€ z=—~1
2
11w 1 n
23 a Bcis— b —cs—
cis NBREY:
c lcs(—l) d _L csz
3 6 2433 4
24 a argz=06-2p b argz=21-30
c argz:%—%+2¢ d argz=3e
5 1
25 a |z|=5V26 bz=£ c |z|==
g =L ¢ fof-]
26 a z=\2+iJ2,w=2+2i\3
b zw=8cis%,zsz\/z—Z\/g+i(2x/§+2\/g)
. 7 2-6 .. 7 2+J6
¢ i cos—= il sin — =
12 4 12 4
3n
27 a ¢’ b \/Efz
28 a cis~ b lcs(—Z)
4 2




29 Proof: See Worked solutions
T

30 a ¢ 3 b 1
31
32 Proof: See Worked solutions

1 a P:there are crumbs, Q: ants will come. If P
then Q or P = Q. There are crumbs = ants
will come.

b P:a quadrilateral has equal diagonals, Q: it is
asquare. If Pthen Qor P= Q. A
quadrilateral has equal diagonals = itis a
square.

¢ P:people are unemployed, Q: they are bored.
If P then Q or P = Q. People are unemployed
= they are bored.

If you go skiing then you live in Cooma.
If you have friends then you like maths.
If you can debate then you are a politician.

If an animal is a bird then it can fly.

Q 0 0 T Q

If you eat meat then you are a carnivore.
FALSE. May be an omnivore.

If you are on a boat then you are seasick.
FALSE. May not get sea sick.

¢ Ifashape has equal sides then it is a square.
FALSE. May be many other shapes, such as a
rhombus or pentagon.

o

d If an animal can sting then it is a honeybee.
FALSE. May be many other types of animal,
such as a wasp or jellyfish.

4 a Ifx=9thenx—-5=4"TRUE. .. x -5 =4iff
x=90R .. x-5=4x=9.
b Ifa quadrilateral has diagonals that are

perpendicular then it is a rhombus . FALSE.
Could be a kite.

¢ il <% then 2 > b > 0. FALSE. 2 could be
a

negative and 4 could be positive.

d Ifyou passed a driving test then you have a
driver’s licence. TRUE. You passed a driving
test < you have a driver’s licence.

5 a Itisnot white.

b 1 do not know everything.

- 0 Q 6 T

Not all fish swim in the ocean, o7 At least one
fish does not swim in the ocean.

Not all babies are cute.

There are not more than 5, o7 There are 5 or
less.

There is not none, or There are some, or
There is at least one.

Not no one passed the test, o Someone
passed the test.

Not some teachers are mean, or Teachers are
not mean, o7 No teachers are mean.

The potatoes weigh 3 kg or more.
Cassie is not small.

If you are not rich then you do not live in a
mansion.

If you do not have boots then you are not in
the army.

If you are not wise then you are not old.
If & # 9 then x # 3.

If an animal does not have four legs then it is
not a horse.

If you are not superior then you are not a
woman.

If it is global warming then the water is
rising.

If you have accidents then you speed.

If animals die then there is a drought.

If a number is a fraction then it is rational.

If he is not lazy then Sam will pass his exams.

If a number has a square root then it is not
negative.

Ifl<L thenn < 1.
n n+l

If a line has gradient not equal to zero then it
is not horizontal.

If the bulldust is not red then it is not the
outback.

If they are not mammals then they are not
blue whales.

If your heart rate does not increase then you
do not exercise. TRUE.

If a plant does not die then it gets sufficient
water. TRUE

If a triangle does not have 2 equal angles,
then it is not isosceles. TRUE




10

12
13

14

15

d Ifanumber is not real then it is not an
integer. TRUE

e Ifx’ <4thenx<2. TRUE

a If an animal does not have a beak then it is

not a bird. TRUE

b If a quadrilateral is not a rhombus then it
does not have 2 pairs of opposite angles
equal. TRUE

¢ Ifit does not have fins then it is not a fish.
TRUE

d Ifx’>25 then x> 5. FALSE (try x = —6)

e If a number is not prime then it is not odd.
FALSE (try x =9).

If a quadrilateral is not a square, then it does not

have 4 equal angles. FALSE (rectangle)

D

a VxeN,IJye Niy>x

b Ifre Qthen3dp,qe Z,q:tO:x:ﬁ

q
¢ VaeZ,a+0,3be (@:b:l

a
d V(x,9 and (w,v), x,y,w,ve R, 3 (, d):
x<c<w,y<d<v

e VxeR,x20,3ye R,yzo;y:\/;

a For all natural numbers 7z, there exists an
integer 7 such that # + 2 = 0.

b For all integers # and » where & is non-zero,
there exist rational numbers p and ¢ such that

1
SRS
a+b\2 -

Proof: See Worked solutions

1 1

a n=— b n=—2= c n=2
2 2
d »n=2 e x=-1
a n=-10 b »x=4 ¢ skew lines
d Many lizards lay eggs.
a False. rhombus or kite.
b False.p=-1
¢ False.x=2,y=-1
d TFalse. If 4 = 0 then 7 and p do not have to be
equal.
e False. A rectangle 3 cm X 1 cm is not similar

to a rectangle 4 cm x 1 cm.

0 N O W”n

0

10
11
12
13

a Yes

b No. The counterexample needs to find a dog
that is not domesticated.

False.a=1,b=-2
Yes, true
False. Undefined if n = 1.

All squares are rhombuses. Not all rhombuses are
squares.

No. 3 points determine a unique circle. Choose a
4th point not on the circle.

Yes for n > 3.

No. Try arrowhead shape.
True

No. If k£ < 0 then nk < mk.

Let M=2m —1and N=2n - 1 for some 7,
ne N.

Then Mx N=Qm—1)x(2n—1)
=4mn +—-2m —2n+1
=2(mn—m—-mn)+1
=2P+ 1 where Pe N

Since 2P is even then 2P + 1 is odd.

Therefore the product of two odd numbers is
odd. QED.

2-8 Proof: See Worked solutions

9 m _ 1 for >0
x |-l for x<0
1-11 Proof: See Worked solutions
10 f Equality holds whena=b=c=d.
1 a Igetalotofsleep= Iam healthy. P=1geta

lot of sleep, Q =1 am healthy
b A polygon has 5 sides = it is a pentagon.
P=A polygon has 5 sides, Q =it is a pentagon
¢ The teacher is nice = I will learn.
P =The teacher is nice, Q = I will learn.

B=A b 0=-P
-M=N d -F=-B
If I can buy a car then I can save money.

If T am bored then my computer is broken.

Q 0 U 0o Q0

If & =5 then a=b.



3 P= QAND Q = P together, thatis, P < Q, an

equivalence. For example, if a quadrilateral is a
rhombus then the diagonals bisect each other at
right angles.

a Ifa quadrilateral is a square then it has equal
diagonals. Not an equivalence. Original
statement false.

b Ifl < 1 then « > 1. Not an equivalence.
%

Ifx<0thenl<1butx% 1.
7

¢ IfIstudy hard then I pass my exams. Not
necessarily true.

d If4* =9 then s = 3. Not necessarily true:
a=-3.

e Ifa triangle is isosceles then it has 2 equal
angles. Equivalence. A triangle is isosceles
& it has two equal angles.

a Itisnot raining.

b The apple is ripe.

¢ Not all koalas are cute. At least one koala is
not cute. Some koalas are not cute.

d No people are sexist.

e They are not all correct.

f x>4 g p£N

No. Negation is there were less than or equal to
10.

a -B=-4 b 0=-P

¢ M=-N d F=B

e If the boy does not have blue eyes then he
does not have red hair.

f If the citizens don’t have money then the
country is not rich.

g Ifa quadrilateral does not have adjacent sides
equal in length, then it is not a kite.

h Ifa’z) thenxzy
i Ifug Zthenag N

If A = B and B = A then we can write 4 < B or
A iff B. This is an equivalence. Now if P = Q is
true and -Q = -Pis also true then P = Q
implies ~Q = -P; thatis, (P = Q) = (-Q = -P).
Also -Q = -P implies P = Q; that is, (-Q = -P)
= (P = Q). Then we can write (P = Q) & (-Q
= -P) so they are equivalences. This is also true
if P = Q is false.

10

12
13

14
15
16
17

18-

a Ifa=bthen 4 =¥ True.

b If the car starts then the battery is not flat.
True.

¢ If a number is not rational then it is not an
integer. True

d Ifa quadrilateral is not a rhombus, then it
does not have diagonals that bisect each other
at right angles. True.

If ab < b* then 4 < b. False. Try b= -2.

f Ifan animal is not a fish then it does not live
in the water. False.

a Vaye R,x,y>0,(x>y):>(x2>y2)

Ifa,be Z,a<b,Ace Q,d<c<b:c=ﬂ—;b.

¢ Letne Z,n>0:Vn,

_ n(n+1)
==

a For all positive integers z and 7z, if

1+24+3+...m

n<mthenl>i‘
n m

b For all real numbers # and b, 4° + b* > 2ab.

¢ For all rational numbers p and ¢ where p < ¢,
there exists a real number 7 such that
p<r<y.

Proof: See Worked solutions

a x=3,y=-3 b n=1

¢ A cicada sheds its skin.

d 2=-3,b=4,c=5

e Ifk=17then 17(17 - 1)+ 17 =17 x 17 is not

prime.

f (=3)=>E=9

False;a=3,b=-1,c=-2,d=-3

False; v =-5,y=-6

Proof: See Worked solutions

K —mb = (| — D)k + Bwd® + m”)

= (k — m)(k + m)(k* + F*m’ +m") and
k> —m

= —m’) (B +n)

= (k= m)(k? + ke + )k + m) (> — kme + ).

Hence equate.

24 Proof: See Worked solutions

SNS.
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5
a ... in the parallelogram of vectors
b ... the shorter diagonal in the parallelogram
of vectors
€ ... one vector is a scalar times the other
d ... the dot product of the vectors is 0
a 2,90° b 5,0°
¢ 55, tan (-0.5) d 42,135°
4, 60°
3V2i+32) b 43i+4;
¢ —2i+ 2j d 5i-53;
e 33i-3j

L) &) &)

‘() ()
-5\3 -3
a 15 b 0c 4
d 3 e 10
a 0,90° b 34,0° c —6,180°
d -20,141° e -8,173°
a vandw b xandw
a vandw b zandw

— - - -
PQ: 2i+4j, PR: 4i +8j; hence PR =2PQ so P,

Q and R are collinear.

a V26 b 55 ¢ 7 d s
i+j+k 2i—j+2k
a b ——
B 3
3i+47-12k [ +37+2k
¢ U d 7
13 N
a 3i-4j5 b -2i2
—i—j—kA3 d 5i+6j+8k5\5
a 5 b 0 c J17

10

o b ODN

N O

(-]

a 2 b 9i-6;+18k

c 3i-4j d 2/-2j+2

a i-3j-k b 3i-4j+7k

¢ 2i-3j+4 d —j-2

a Ji7 b 29 ¢ 2J6 d 38
3 b 5

c zz'+3j+l/e d 2i-%;
3373 5 5

e S5i+2j-3k f —i+2j+5k

a #i—ﬁ]#gk b 3i-B3j+3k

c 4i—-4j+2k

180°; the vectors point in opposite directions.

a 12 b 0 c 4 d 6
e 0

Aand C,Band C

a 83° b 55° c 25° d 71°
3

a Proof: See Worked solutions

b % and v — w are perpendicular
scalar product = 0
(i +3j + 5k), c constant

= -
a AC=3i+2j,BD=-3i+2j
b 112°3¢
Proof: See Worked solutions

2u /
0.5

=3u




24 Proof: See Worked solutions

5 x=2,y=3
6-8 Proof: See Worked solutions
9 O_Z)’z LA A,
m+n  m+n
Exercise 3.05
1 a3 b 13 c 15 d 33
e 7
g o N2t p itz
3 13
2i+57+14k 4i+77-32k
¢ 15 33
~3i-2j+6k
€ 7
3 a 0=33.6° b 6=402° c 0=1164°
d 6=804° e 06=659°
4 a y=15 b =142 ¢ x=%I10
5 m=+4

6 Any vector that satisfies 22 — 3b + 4¢ = 0, where 4,

b and c are real, for example

8 1

4 or| 2

-1 1
7 m=+J6

Exercise 3.06

z
10
8,
6,
4]
2,
-12 3 ~ 7 38
B -4
- 4= 4 8
12 —4 12 16
Y 16
6

45124 63
Tl 1012 1416 y

12 —4+ 16

12 -4 16

A helix (spiral) of radius 1 unit revolving
around the y-axis, with endpoints (-1, 0, 0)
and (-1, 7, 0).

SNS.



e/
16
3 a vertical line going through (1, 1, 0)

b helix (spiral) starting at (1, 0, 0) in both
downward and anti-clockwise directions
around the negative z-axis

¢ ellipse (oval) 1 unit in front of the y-z plane,
centred on (1, 0, 0), 4 units long on the y-axis,
2 units high on the z-axis

Y d helix in 2 direction starting at (0, 0, 0) and
15 increasing in radius and height
4 x=3cost,y=3sintandz=2-3sin¢
5 xy
z y
6 2
T T T T T X
2, { 2 4 6 8
8 10 12y .
z 4
204
18
zZ

8- 16+
6] 141
121
10
84
6
4
2

) 2 4 6 8 10 12 147
!




2z |
20
15 1 a x=1+2A,y=1-31,2=0
» b x=11+3)y=2,2=0
4 € x=3+6Ay=-9Az2=-1+A
O d x=5+70y=-2-4Az=1+2L
10 2
q 2 a -1 |[+A] 2
1 3 -1
15)_67
4 -2 -1
2 b 1 +A 2
_ -~ -3 3
-1 2 4 6 8 10 12 14y
] 1 2
c -1 |+A] -2
5 1 1
6 t 0rx=t,yzt,z=2t2 ; s P 5
-5 3 -8 3
7 x—ty—l(t—l),z——(t +1) 6 3 9 3
2 b 2 [£A] O Jor| 2 |xA] O
14 5 3 8 3
121
1o- 1 0 0
c 1 [£A] 2 A 2
8 -3 2 2
6-
4 1 0 1 0
zé d | 0 [£tA| 2 |or| 2 [£A]| 2
7 /75/_T 3 1 4 1
;’15/10/5/_2‘ 5 10 4 a neither skew b parallel
5] ¢ intersectat (3,6,5) d same line
8 a centre(1,-1, 1); radius 1 x 3 2
b centre (2, 3, 1); radius 2 5 Vector equation:| y [=| 2 |+A| 1
¢ centre (3,—1,-1); radius 3 Z © I
d centre (-1, -1, 1); radius 3 or other variations for A
e centre (2,3, -1); radius Parz;me;ric equations: x =3+ 24, y =2 + A,
2=6+
9 centre [—2 -3 %), radius # Cartesian form: x —2y=—l andz—y =4
or x_3:y—2:z—6
2
6 al:—ganda}:g
5 5

7 Proof: See Worked solutions




o U

& 2
. 2 =7 8 =| -1 [+A] 5
1 5 3 2
= — + )\’ — zZ
) 3 3
® 1 3 x - 8
"3 2 9 =| 12 [+A] 5
. 15 2
-1
2 a
10 Any 2 lines of the form| -2 [+A| & |and
1
See worked solutions: in each case A, = cA,. 2 22 ‘
See worked solutions: where the vectors are of =2 |+A| by |whereaay +bby+ e, =0, for
the form(zll a;, d3)+l(b1, b, b3) and - %)
(Cl ¢y, C3)+/’{,(d1, dz, d3),then ) ] ) 1
bid; +byd, + byd; =0. example| _1 [ 2 [|and| —1 |+A] 1
a Any vector of the form 3 -1 3
(%1 y1,2 )+A(2 -1 3), A a constant
b Any vector of the form
(%1 y1,2 )+A(3 1-2), A a constant 1 4,36°52
Sy o efdhe B 2 Perpendicular (u-v =0)
(%1 y1,2 )+A(4 3-1), A aconstant 3 4i+4\/§j,%(4i+4\/§j)
d Any vector of the form 4 /29,111°48
(%1 y1,2 )+A(2 2-1), A a constant 5 i+ j+ak
Vectors in the form , 21)+ A (%2, ¥2,
where: (1 1, 21)+4 (%2, 32, 22) 6 0; vectors are perpendicular
a 236'2 iy +3Z2 =0
7 L 1
b 3x,+y,-22,=0 Na
X+ Y2 =22 B 1
€ 4x,+3y;—2,=0
2R 8 s4+3b
d 2x2+2_)/2—Z2 =0 ° N
aandd,bandd,cand d ) LlFSU=e )
e b Proof: See Worked solutions
a See worked solutions: e |u|=3, v|=3\/§,6= S

AC: (v,y,2)=(2,-3 3)+A (-4 6 —4)
BD: (x,y, 2)=(-3 2 1)+, (6 -4 0)
Solving ; =4, =%

b 36.2°




11 Any vector ai + bj + ck where ¢ = a — 2,
for example 2 — j + 4k

12

13

14 Radius /5, centre (0,4, —1)

% -3 2
15 Vector| y |=| 2 |+A] 1 |
= -1 3

parametricx =2A—-3,y=A+2,2=3A -1
16 x=—7,5-11z

17,18 Proof: See Worked solutions

19

20

6=78.5°

1 7
=3 [+A] §
2 1

b cos36—isin 360
50

d cos 5—e—isin—
2 2

a cos 50 +isin 50
€ cos70—isin 70

e cos30+isin 30

a i 32(cos %tﬂ'sin %") ii —163 + 16

b i 9\/§(cos (%)+isin (%D

_OJ6(1+i)
2

T EE

1 i3

8V2 82
d i 243(cosg+ising) i 243

(5 )n(5)

COS
a -2-2i b -8-83i
. -1
c 16V2-162i d - L
2 2
e Vi
2 2

1 ..
a ——(cosm+isinm)
324

SIWE WEY

Proof: See Worked solutions

a cos 46 —isin 46

b cos (40— 6pB) + i sin (4o — 6P)
c cos 185 +7sin 188

d cos 2B +isin 2B
e

7




8 cos 20 =cos’ o — sin’ o, sin 200 =2 sin o cos o,
tanZaz—ztan;X
1-tan“ o
9 a 22 b il
3 24
10 Proof: See Worked solutions
11 a tan39251n39
cos 30
b, ¢ Proof: See Worked solutions
12 Proof: See Worked solutions
13 ﬂ+£.
32 8
14 Proof: See Worked solutions
15 a 2isin6 b 2isin 260 ¢ 2isin 10
16 a 2COS% b i3 c -2
17,18 Proof: See Worked solutions
1 a x=3i-i b x=-i-5
€ x=2+i,1+i d x:2i,_?l
1 i 3 3i
2 a z=4—+— b z=4+2>_22
(ﬁ ﬁ) [x/f \/EJ
C z=i[§+%] d zzi%cis(—%)
_ W
e z=+i f z=+14, 3
g 2z==x(cos 2 +isin2)
3 1+:
4 a *—@G+6)x+10+20i=0
b #-G+idx+20-12i=0
¢ 3 -(G-2)x+3-i=0
5 a=2,p=-4,9g=2+i
6 a 3+i@>0) b 2-i-4-3;
7 a l,i b 2+i—i
€ 2-41-2 d 4+42
e 1-42

»

»
2 0 00 g2 Q™ o0

T Q

0

o]

i 2@ +1) ii

i 2:2—62+10)

i z2z-3-9)@z-3+19)

i G+DE-z+1)

ii (z+1)[z—l—£i](z—l+£i]
2 2 272

i G-2@E+22+4)

i (3-2)(z+1-i3) (s +1+i3)

i E-DE+DE+9

i @-DE+DE+2)E-2i)

i E+9E+1)

il (z-i)+i)(z-3)E+3i0)

i G+DE+1D)

i G+D@E-)z+i)

i E-DE+2)

ii (z—l)(z—z\/f)(zﬂ\/f)

2(z + i)(z — 1)

2=-22+i2-i b z=i-3,-1
mo_in

z=1,¢% ¢ 4 d z=-1,51+;\2

z2=-2,2+i5

25,g=-54,2=1%3i,2%i3 5

z=14i3 b z=—2,2,%i%

2 =722 +122-10=0

2 +8=0

2t =42 + 1922 — 742+ 238=0
92° — 4222 + 282 - 16=0

2 +222-2z2+43=0

4 b s

|21||22| = 6, arg 212, = ZTTE

Im(z)

212

0 Re(2)




b |22 =v2,arg zyz, =7

b Sy =L
|Z2| s Z) 4
Im(z) A
Im(z) |
T
. 40\ 2%
7 0 Re(z) 4
0 Re(z)
y
C |z1||z2| =25, argz1z2=£ !
6 |z | 2 T
C —= ﬁ arg—=——
Im(z) | |2 z 2
Im(z)
25 z
6
0 Re(z)
0 Re(z)
y
3n
d |z1||z2|=l,argz1zz=7 Y
Im(2) d ﬂ_largz_:_l
|zo| 27 "2z 3
1 3_7': Im(z)A
N
0 Re(z)
ON/z ﬁe(Z)
w 3
1
2
2 a |Z | =1l argz—z—
|Zz| 2 y
Im(z) 3 zz=212¢ s(—s?n)
[ 3]
Im(z) 4
0 Re(z)
% l;e(z)
! 2\2
y



4 Z—=3(cos£+isin£)
Zz 4 4
Im(z)
3
f
- 4
o Re(2)
5 ﬂzﬁ(cos(—£)+isin(——)]
Z3 6
Im(z)
B 0 z Re(2)
\2
6 a v
-
0
- 5 >
b=e
c=d
7
c J
,
0
O X
b=e
a=d

Z=cos0—17sin6
= cos (—0) + 7 sin (—0)
=(cos 0 + i sin 0) !

=l
=2

9 a v="=_iy b v=—u=iu
i
C v=1iu
10 a l:lcs(—ﬁ)
b4 4
Im(z)
ONJE %
I Re(z)
1
3

Jz_n Re(z)
3




11 a Z\ECS%t

Im(z) A

}:;e(z)

Ize(z)

Re(z)

I:e(z)

e

f

12 a

13 a

s5e(3)

Im(z)
0 Re(z)
33 ¢
¥
16 cis 0
Im(z)
0 16 Re(z)
y
8cs r
2
Im(z)
Se
0 Re(z)
y
w=zX2cis~ b w=—2
3 . T
2cis ?
w=z'
5 .
23 =— =712
i

Z) =21 +23 =2 — 2

%
OB = z; —iz; so B is the point represented by
the complex number z; — 7z;.

1 .
E (Zl —ZZI)




14 a Proof: See Worked solutions
b 2(5+p)

15 Proof: See Worked solutions
16 a

)i
2y — 21
Z1t+2
z _\___/_/7 1 2
7
X
s ’
,/’ ’
- ,, zz .
[0) &
¥

b Itis a rhombus.
¢ Itis equilateral.
17 Proof: See Worked solutions

2]

2
¥
2n . 4mn
b z=cs—,z =cis—
5 5
cs( 4n)z cis( 21':)
Z3=CS(——— |, 24 =CIS( ———
5 5
zs=1
Ny
Z1
2
2n
5
‘ 1;z5 x
Z3
24
¥

c T LT . 3m
2] =CS—,2) =CIS— =1, 23 =Cis—
4 2 4

z24=-12 —cs( _371:) z —cis( 71:]_ 1

4 == 5 = - y 26 = == ||[==
4 2

2 —cs(—ﬁ)

7 4

zg=1

2 Proof: See Worked solutions

3 a a=0 =00} =0

b a=o e2=a?, o’ =of, 0 =, &’ =}

4 Ifz’ —1=0andp isacomplex root then
Z-1=@Ec-De+z2+2+z'+1)
=B-DE@+p +B +p+ 1)
=0
thenB#1sop+p>+p +B*+1=0.

Rest is Proof: See Worked solutions




5 a0 b -1 ¢ 31
d s e -1
6 Proof: See Worked solutions

1 a 3 =\/§cisg,z2 =2c s(—%t)

Ji

2]

eNE)

\E]
=

29)

b z=c sz,zz :cis(—3—n)
4 4

Ji
2]

ENE

ESE]
)Y

2

. 2
c 2 =\/§c1s(—%),z2 =\/§c STR

i

Z)

n
3

w3
=y

21

2 —cs(—z) 2z —ciss—n
1 4 e 4

Ji

2)

ENE]

ENE]
)Y

2]

T q 2 T
z1=¢C s?,zz =CIST, 23 =CIS -3

% —csTc % —ci551t 23 =CIS T
1 6’ 2 6’3 3

Z1=CS I % —cisE 23 =CIS _5_71:
1 6 9 <2 2’ 3 6

Zl=2CiS£,Zz=2CSS—n,Z3=ZCS I
8 8 8
3n
24 c1s( 8)
Z =i‘/§cis§,zz=i‘/§cs%t

Z3 =3/Ecis(—2Tn),z4 =i}/§cs(—£)

6

Z1=CS _r z —cis3—7t Z —cis7—7t
! 8 )2 g’ 8

. -cs(f_")
4 8

a,d Proof: See Worked solutions

b cislciss—n,—lcis SEu cis[-Z
5 5 5 5

g Vi

cis 2=
5




T . 3 .S
5 z=cs—,z=cis—,z3=cis—,z4 =-1

7 7 7

% —cs(—s—n) % —cis(—3—n) Z _CiS(—EJ
5 = » 26 Z DS 7

a z7+1=0.Sumofroots=_—b=0
a
b Proof: See Worked solutions

T A .5
6 a z =cs—,z,=cis—=1i,2; =cis—
1 2 2 3 6

6

% —cs(—s—n) % —cis(—g)——i
4 = 6 ) 25 = 2 =
Z1=CS—,2 —cisS—TE Z —ciss—Tt % —cis7—1t
1 027 8’ 3 3 s 24
Zs=CS _7_1t 2 =Cis _5_7: 27 =CIS _3_7t
g g )¢ 8 )7 8
z8=cs(——)

c T LT Y
Z21=CS—,2)=CIS—=17,23 =CIS——
1 10’ 2 3 ) 43 10

Z4 =CS _7_1'c Zzz =CIs _3_n
4 10)7° 10

7 a Proof: See Worked solutions

2 ZﬁCiS(—i—g),Z3 =\2c s

a

Zg=CS

(=)

o
oo |3a

o |a

12
y
\2
n T
4 12
sn 57
12

1 a zandw lie on the same line through O (or
vector or ray from O) on the same side of O.

¥

arg (z — 0) =arg (w - 0)

)

b =z and w lie on the same circle centre O.

¢ The line (or vector or ray) OW is a reflection
of OZ over the x-axis.

y

|

-0

d Vector z — w || vector # — v

y

u

A %

e Lengths of vectors z — w and # — v are equal.

"\ pd
NS

\

f Vectors z —w and u — v are parallel and equal

in length (or collinear with the same

argument).
y o
! collinear
y/ u f% z X Z
- —~ Rt/
x //u
v w
(%
y




g Lengths of z — wand z + w are equal .. O, w,
z +w and z form a rectangle (diagonals equal

in length).
y -4\
P z+w
w, -1~ A)\/
ol y
\\ /‘\/Z v
\
\\ ,”’,z P
(0] X
/

h Either ZUWV form a parallelogram or the
vectors are collinear.

i The diagonals of the quadrilateral formed by

0,z,z+u

and # are equal and perpendicular;

thatis, O, 2, z + # and « form a square.

| =4

i
7 /// \\
(\\ z+u \\
\\\ ,4< %
\\\ /z’ =1
0 3
Im(z)
\
2 a 1
—
2 2 10 Re(z)
lz+3|=1
1 X
Im(z)
b
y
2N\ =2
- 2 i
0 Re(z)



30 i} 1i Re(z)
-1 j s+ 1] = %
-1 5
Im(z)
%
g1
6
Re(z)
Im(z)
w
n
4 -
Re(z)
Im(z)
% Re(z)
z
Im(z) A
argu=m
u‘
Re(z)

Im(z)

w3

Im(z)

- 1%

1 Re(2)

Im(z)

Re(2)

[o—(1+i)|=1




C
d
Y
e Im(z) 4
/
T
6
0 \KRe(z)
y
b Im(z) 4 »
l(

ESE]
N

C Im(z)I
1
1
I w
1
1
i
- — :
0} Re(2)
a Im z)
_ 0 Re 2)
b Im(z)
3
>3
// \\
/ \
1 1
- ! ! [
T T
| 0} y 3 Re(z)
\ l
\\ ,/
¢ Im(z) 4
1
1l /2
FES
—y // i \\ 2 -
-1\ al- )1 Re(z)
-1
¥




i) 9 Im(z)

£3
N ,‘I—S-[z\— 3)<2 n/>e/(
i ,:I /l\ \\‘l / \ Re(2)
O] L 234 5 Re® .
\\ 7’ -2
24 e __od
| A
arg (—z)=arg (-1 xz)=arg (1) +argz=m+0
Im(z) 10 a s
zZ
/ |
1 -
= 0 1 Re(z) - R;(z)
y
Im(z) b Im(2)
zZ
\/?' 6 T
O\ 1 A Re(z)
~ _ 3
0 1 Re(z) -3 1
y z
¢ Im(z)
Im(z) %
T
- 6 -
B R R 0 % N Re(z)
0 2\%\ Re(z) =d
Y 2
Q
d Im(z)
Z
Re(z)
Re(z) B 3n
4




1 O Re(z)
y
Im@)y
2(/
3
iy
3
of 1 Re(z)
y
11 a Y,
- S -
b Yy
.
0 &
< 57
il 0 i

d I
0
12 a x+y=0
Y
= 0 Y
y=—x
b y=2x
y
y=2x
X
c _ @l
77
Ny
“x+1
T
/1 0 &
y
d 3x+y=6
Ny
N
5
4 4
3_
2_
1_
- ol 1 2 ¥
3x+y=6
y




15

13

Iﬂ/_..lll

Ny

@,2)

14

S

SRS e—




g ) 17 a Im(z)
< % -
o] 1 Re(z)
- 10| 1 3
12 |2
b Tm(z)
h g y g /P X
i 4 i
: ! 10 1 Re@
i i ¢ Im(z) |
-5 o S
i i 2
: i 1 =
| -4 |
' ' "3 Re@
16 a Im(z) |
1 2 d
Oj 2 Re()
b Im(z) A - Rz(z)
Z
arg (z +3)
arg (z - 3)
18 perpendicular bisectors of line joining points
-3 0 3 Re(z) a y
44
c Im(z)
- y - 2 o) 2 »
z >
| - -
10 Re(z)
b y
d Im(z)
=0
3 = 5 0 2 7
o /i Re(2)
zZ
=2

@)



i
(-1+:)® y=x
- e
®(1-i)
¥
d Ny
1 \ °
_I} T T 0 T T T T é
1 y=—2x+1
° -3

i

20 a Im(z)

3 Re()

b Im(z)
B 3
Of .2 /) Re@
< Im(z) 4
~
! T
- 6 Y Pt 6 o
Re(z)
y
d Im(z)
L3

R Ny

; 9

II “

- J 1 ~
-5 0 ‘C% ,é Re(z)
\\\ \\\ II
p A - /O:\
Yzpde=e” i
3 a4

21,22 Proof: See Worked solutions

23

Im(z) 4

Nz,
3 o
b 1TZ3 L2
Q0 Y
c a
R 23 —z4P
3

24 Proof: See Worked solutions

25 bZE,CZﬂCiS%,JZ—ZﬂC s X




26 a

27 a

r=pq

29

Ji
0+a

30

2 =CSs—

5

% —cs(—z—n)z =1
4 S 075

2n . 4n . 4n
, 3y =CisS—,23 =cCis| ——

=Y
-l

5 5

(2]

Proof: See Worked solutions

=
&)
o
i

Ji
2

Proof: See Worked solutions

b

6

(o]

a
b

C

Centre (g 0 J, radius %

9(cos 48 + 7 sin 40)
3 cis 36°

i Proof: See Worked solutions

ii sin50=16sin’ 6 —20sin’ 6+ 5 sin O
i Proof: See Worked solutions

il cos50=16cos’ 6—20cos’0+5 cos O

b cis™
6

tan’ 0—10tan’ 0+ 5tan ®

tan 50 = 2 5
Stan' 0—10tan” 0+1

T 2n
x=itan?,itan—

5

Proof: See Worked solutions
—%cos 79+%cos 560—7cos 360+C

z=-3ii b w=1-4i1-2i

3(1-1)
J2

x=%

z=+/2 cis(—%t), V2cs
Proof: See Worked solutions
x=1%i2,12if3

P)= (" =22+ 3)(x* - 2x + 4)

Px) =22 + 927 +30x+ 13 = Qe+ D@ + 4 + 13),

xz—l,—2i3i

2

SNS.



2w

ENE]

b i

Zw =6cis—

i

S E)
=NE]

e |

2w

8 |w
)

Sl
wlr
w3

2y

c i szZ\/ECS%

10

Ny
2 2w
22 )
T s
‘ 4 4 -
X
f _=2ﬁcs(—3—n)
4
y
Z
2\2
n
_ 4 -
E X
4
2\2
2z
w
Ji
iz
5
g4
gy 6 -
E X
6
5
%
i
Im(z)
u
i
b
Re(z)
2B
3 u
a




2

p_1
3

o
28\ % / e

12 a w=u+v

26

b, d Proof: See Worked solutions

¢ u—wisv—wrotated 90° anticlockwise

e mzl(u+iu)

13 a z=+1
Im(z) 4

1 Re(z)

. 2m . 2n .
b z2=1,cis ?, cis _T ; conjugates

. 2m
CIS —=cCIS| ———
3 3

Im(2) 4

cis In

3

2n

cis (—2%)

1 R;(z)

. T . 2; . 2m) . T
€ z=cis—,cis—,—1,cis| —— |,cis| —— |, 1;
3 3 3 3

. .t (=
conjugates cis 3= cis (— —),

3
T 2n
CIS —=cCI1S| ——
3 3
Im(z)
ol o
2n
o ER
N 25 ‘ 1 Re@
ot b s

d z=cis E, 7, cis 3_7t’ -1, cis [_3_1'5)’ =1,
4 4 4

(= . (=)
CISHE=S= ,l;con}ugates CIS —=CIS| —— |,
( 4) 4 ( 4)

. — . 3m ( 31‘5)
i=—1,cls — =cis| ——
4 4

Im(z)




. 2n . 4n .
14 a a=cis—, o’ =cis—, o’ = cis —,
7 7 7

15

16
17
18

6T

(X4=CiS (—6—75):;, (X,S =cis (_4_7t)=_2’
7 7

af = cis (—2—n)=&,(x7=1

\ll'g’

1=o Re()

\

b .
b Sum of roots = —— = 0, or factorise
a

(a—-D@l+a’+o+o’ +o? +a+1)=0
and o is not real. .
¢ 2 -1=(@-1)z-o0)z-o)z-a)z-o’)

(z— o)z — a_3) = (z— 1)(z* - 2z cos 271t +1)
(2> — 2z cos 4775 + 1)(z* - 2z cos 67“: +1)

d-e Proofs: See Worked solutions
a Proof: See Worked solutions

b T 7n ( Sn)
X = COS —, COS —, COS | ——
9 9

9
¢ Proof: See Worked solutions
a -1 b 0 ¢ 8

Proof: See Worked solutions
a +@4-ioronly4-iifa>0

®|3

b

I+

(4

+2| cos l+isin il
12 12

19 a z1=2cisE,z2=2ciss—n,z3=2cis[—3—n),
4 4 4

z4=2cls (—g)

Im(z) 4

Re(2)
y
b 2z =%2cdis I ,z2=§/5ciss—n,
4 12
11m
6 .
=0/2 cis| ——=
23 \/_CIS( 12)
Im(z) 4
2)
St
12
- - -
. - ) i Re(z)
3 ﬁ \/z
21
¥




b i @-2'+@p-17=1
20 zIZCiSITC_S,ZZZCiS7—n,z3zciSB_n’ 1 (.X‘ )+(y )

15 15 ii set of points 1 unit from (2, 1)

24 =Cis (—%), 25 =Cis (—%) )/_‘
z, - -

\

=

Z3 In 15 1
z s z c i y= sz +1
‘1*_25 % Re(2) ii set of points equidistant from (0, 2) and
the x-axis
Ny
24 .

n

. T . T Y .
21 a Z| =CIS —, 2, = CIS —, 23 = CIS —, 2, = CIS —,
9 3 9

. n . ST
zs=—1,24=cis Y , 27 = CIS -5 ) 1

E;
2= cis| —= |, zg = cis [ -~
’ 3)7 9 |
2_ 6_ .3
b G+ -2+1)E°-2"+1) d i y-2-x
. T . Sm . Im . 7 . . L
€ z;=cis B cis o= cis 5 %= cis ii perpendicular bisector of line joining

2,2) and (0, 0)

n . ST . b8
-y , 27 =ClS -5 , 29 = CIS -9 vy
d [zz—Zz cos%+l)+(z2—2zcos%t+l) \ .(22)

(zz—Zz cos7?n+l) G=E

0o \ )
22 a i «+)'=36

ii set of points 6 units from O

y
6




e i 3x+2y+5=0

ii perpendicular bisector of line joining
(=6, 0) and (0, 4)

30+2y+5=0 &

23 a @)
% Re(z)
zZ
b

24 a

=Y

)
Z
- \)\
1 l 1
)
T
6
8 e
N/
T3
\
\
\
\
\
A}
y
T T ,X'
Ji
\3
X




26 a perpendicular bisector 16 Proof: See Worked solutions

57 17 a x=6,y=-3 b x=4y=2
WO 18 a 11-19 b 7 c 20:
Ut 19 a #-2x+5=0 b 122 +4x+1=0
Z) . .
- 5 20 a L+iy3 b 2 < L
\ 9 2
\ 21 5 - (assume real part >0)
b y 22 1+74,-1-7i

— 23 -1+3i,2-i

21 .
24 i Im(z)

A/OZ2 w0, 3)
3

2 ol 1 Re(@)

¢ zisintersection of ray and circle

Im(z) 4
Z ° .
) s S U2, -3)
! "y 1 z1,-9
// IIE 7,/,’ \\\
i 0.5 7 % M
: B0 i e
i =4 .‘ 1v
\\ ./ Re(2) b
e e 2 1 Re(2)
‘ .
27 Proof: See Worked solutions
; i
—“44 Y,
y
1 C 2 C 3D 4 C 5 D
25 Im(z)
6 B 7 D 8 D 9 A 10 D
11 a 4 b % c 3tif3
12 a 1 b -1-i u P
13 a x=18 b x=-1+i/6
€ x=3+3i 5N/6 -
5 ) 0 /10 Re(2)
14 a RC(Z)ZE Im(Z):—g
u
b Re@=—"" Im(z)=——L
2% +y 2% +y )
u

15 a z=5x+3jy
_6b—2a+i(b—a)
4

o
w|




26 Im(z))

w+z

0 Re(z)

27 a r:Z,ArgzzzTn

2 o o))

29 a u=2\/§(cos%+isin%),

o= e -2)ossn( -2

b u=-2+2iv=1-i3
30 a ryry(cos (0 + 0) + 7 sin (0 + 0,))
b~ (cos (o — o) +isin (a; — o))
7
31 a #0 b -8 ¢ -0 d

32 Proof: See Worked solutions

33 a 2122:6i b Z_ZECS(
Z) 2
c (z)=-8 d @) '=—cs=

34

35

36

37

38
39
40
41

42

43

44

45

46

a 16 b 2cisE
12
1 27
— og|[=2E
16 3
(1+i)(ﬁ+i)=(ﬁ—1)+i(1+ﬁ)=2cis%;
St _1+V3
12 2 )
) _T T
a b 4c 5 c 2 6
a 2cis3a b cis[—%]
L=
2 3
Bl _m
a 6e? b ¢
Proof: See Worked solutions

It rains = the dam is full.

If the people are starving then there is not

enough food.

a Ifanumber is divisible by 2 then it is even.
Yes, P & Q. A number is divisible by 2 iff it is
even.

b Ifits reciprocal is positive then a number is
positive. Yes, P < Q.

¢ Ifa quadrilateral it is a rectangle then it has
four equal angles. Yes, P < Q.

o

If it eats grass then an animal is a kangaroo.

False. P &£ Q.
The dam is not full.

The teacher is not good.

There is at least one cat that is not fluffy.
There are no smart politicians.

At least one wine is sweet.

No sheep are black.

Q 0 00 T Q

If you do not speed then you do not get a
speeding ticket. True.

b If you are not over 65 then you do not get the
old-age pension. True.

¢ Ifa triangle does not have 3 equal sides then
it is not equilateral. True.

d Ifyou do not get wet then you do not go
swimming. True.

For all natural numbers x there exists a natural
number y such thaty = 2x.

V x € N:x=4M for some M € N,

dye N:\/EZZ\/;




47 C

48 Proof: See Worked solutions

49 Counter-example f(x) = (v — 3)* atax =3
50, 51 Proofs: See Worked solutions

52 4-v=0;angle=90°

- 2 -
53 a AB=| 3 b |4B|=\17
-2
¢ u=_L_
W
54 =9
55 a Proof: See Worked solutions
— =
b |4B|=6,|CD|=3
¢ Trapezium
56 136°13’
1 3
57 r=| 3 |+A| S
-2 9
58 x—3:y_+1:_z+3
6 2
59 No
2 6
60 = 1 [+A| 2
4 3
61
kg
y

62 Proof: See Worked solutions

63

64

65

66

67 z=

68

69

a 42(cos 15B + i sin 15B)
b 2(cos 16° +isin 16°)

1 2n .. 2n
—| COS— +7SIn —
256 3 3

(o}

a Proof: See Worked solutions
b 9=2kni%,ke Z.

Proof: See Worked solutions

(o]

a Proof: See Worked solutions

( —lj = (2i sin 0)° and
%
(z—lj :(zs —L]—S[z3 —i}]+10(z—l)
zZ ZJ % zZ

using the binomial theorem;

o

sin5ezisinSG—isin39+isin9;

1g 5o

2
16 16 8
1}
15
z2=2i+22
T 2n
2cis—,\2cs| =
e )
a Degree is odd and coefficients are real so
must have 1 real root because complex roots
come in conjugate pairs.

b Proof: See Worked solutions

¢ x=1,+i2 - —+§

d P)=@-DE?+2)@? +x+1)

Im(z) | %

2
w
1 ST

45

—F 2 0 Re(2)




) z .
70 w=—z=Fz,v="u=iz

7

71 a d=c+a-2b

72

73

74

75

b

{i2) 2
5 b-a) 4
m:%(c+ﬂ—2b)

. 2n > . 4m
Zy=0=Cis —, 2, =0 = cis —,
5 5

3 — ( 41’[’,)
Z3=0" =0 =cis <)

z4=a4=a=cis(—2?n),z5=0(5=1

Im(z) 4
il
2z
{ b
5
‘ l1=25 Re(z)
23
24
y

Proof: See Worked solutions

2-1=
(z—l)(z2 —ZZCOSZTE+1)(Z2 —2zcos4Tn+l)

Proof: See Worked solutions
0 b 0 c 3

3(cos£+isin£ ,3| cos _on +7sin L
6 6 6 6

z=-2,2cis E, 2 cis [—E)
3 3

Im(z)
2 cis %
2 0 Re(2)
is| -t
2 CIS( 3)

b z=420is%,‘\‘/§csz—n,%cs(—s—n),4205(—£)

3 6 3
Im(z)
i 2 cis 28 1/5 cis &
3 6
Re(z)

i/f cis (_ %)

76 a

Im(z)

=2 r/2 RC(Z)
=
Y
b Im(z)
lz—1-2i=1
2 -®
o 1 Re(z)
Y
< Im(z) 4
|+ 1] =]z +1
1 _
-1 1 Re(z)




d Im() b y

Re(z) =2 Im(z)

0 3 )6 «
G)) -

0 Re(2) c )
.- — l ———————————— >
pa
) 0 " Re(a)
77 a Im(z) . | e
2z =Il
y
\ %t 79 Parallelogram
AN
o] 1 Re(z)
b This((2) All proofs: See Worked solutions
e
) ;_1 1 Re(2) All proofs: See Worked solutions
z

c @) 1 a P+22+32+4 452 +62+77 + 8+ 9>+ 10
b 5+7+9+...+Qn-1)+3)+Q2n+3)
1 1 1 1
B === &
1 2 3 M+1
- > d 2+3-4+...+9
¢ v LG 1 1 1 1
/ e 2—0+2—1+2—2+2—3+...
. 2 a 18 b 121
c 20 d 0.0656...
78 a
77 n— 1 n 1
3 a ( 172 b ——or -
r+1 7
7 a r 2
99 =
7 (_1)77
r r
\ 4-6 Proofs: See Worked solutions




1-5 Proof: See Worked solutions

6 S,

n+n+2

— proof: see Worked solutions

7 Proof: See Worked solutions

All proofs: See Worked solutions

Q ®0 A O

x<1 b -1<x<3
-1<x<1,420 d vx<-3orx>3
x<0orx>1

y = |2« lies above y = || — 1 for all real values

of «, so solution is x € R.

Jy
4
3 y=|2x]
2
BN Al i
3 2 _§1Q/1 2 03

b y=|x+1 never lies below y=+/x—1 so there

is no solution.
Ny
6
5
4

y=le+1] 5 y=Vx-1

A

—'3—'2—'110 1 2 3 4 5 %

|

3 x<-lorx>2

4 a Maximum stationary point (1 1)
e

5 a msecant =n ln (n—-'-l]

6

b

y
y=xer | (L
3 2 1 2 3 4 «
2
_3_
4

Proof: See Worked solutions

n

b, ¢ Proof: See Worked solutions

d

The smaller the compounding interval the
higher the rate of return on investment.

The area under the curve is approximated by
the sum of the rectangles as 7 — oo.

y Y =f)

RN

Proof: See Worked solutions

1 3 3 NE]
—a —4a a =—

’

2 4 8 2

i Lo B
27

iii Proof using part a; and let 7 — o.
See Worked solutions.

The area under the curve denoted by
[
B

— dx is less than the area of the

rectangle, which is (\/IJ -1)x1.

b, ¢ Proof: See Worked solutions




9 a %(xlnx)zlnx+1 g %(x—S)Z\/x—3+2(x—3)\/x—3+C
2
b Jnlnxdx.znlnn—n+l h g(x—Z)\/x+I+C
¢ i Proof: See Worked solutions : 2 [e—1 (x+2)+C
i In() 3
iii The exact area under the curve is a 2" +C b 1 +C
sandwiched between the sum of the 26*
rectangles under the curve and the sum 1
of the rectangles above the curve. c J¥¥+1+C d E 1+lnx’+C
v Proof: See Worked solutions 1 1
e - (I+sin'v+C  f S [tan™ G+ D]’ + C
g —L+C h In|lnx|+C
1-11 Proofs: See Worked solutions Inx
12 a K'-17 a In2 b 1
b, ¢ Proof: See Worked solutions . f
13 a cos(4+ B)=cosAcosB-sinAsin B 4 3 d 3
b, ¢ Proof: See Worked solutions 1. s 1,
14 a Proof: See Worked solutions e —_sin'witosinx+C
q 1 1 11
b i T2=§,T3:—§,T4:—E f %cossx—%coszx+c
ii  Proof: See Worked solutions . 9 .7 1 .5
g —sin"x——=sin’x+—=sin’x+C
15 Proof: See Worked solutions 7 5
16 a 2<x<2 b 3<x<lorx>2 h Lo vt 2 cos’ x—Lcos’ x4C
17 a Proof: See Worked solutions 9 7 5
b Approximate the area of the circle using i 1 +C j 1 —+ C
rectangles under the curve and above the cos6 2cos” 0
curve. k 1_+C | - ! +C
18 a Since curve is concave down then area under 3cos’ 0 sin©
curve > area of trapezium. 1 c 1 c
m — + n - +
b Proof: See Worked solutions 2sin2 0 3sin° O
o - ! + ! +C p cosO+ +C
cos®  3cos’ O cos 9
a l b -1 c 1
5
1 a hEE+)+C
. d 15-v2) e 1(51) f I
( -,) 1 ) 2 4\ 2 8
b 2an'\e?/+C c B(1+xz)>+c .
g —_—
d —Exll—x(x +2)+C 8
3 5 o
a g b T C 5
e /e -1+C
l — L e 2——
f lan Z4c 2 l+e 2
a a on
4



10

a 2 b %logﬁ
¢ —cotX+C
2

d,e Proof: See Worked solutions

¢\

3

al b I ¢ I d 2
6 3 4

a 32-

b log 1+tan§+C

¢ leedurcC d L
3 4

e %loge(ezx+l)+tan_1 e+ C

f,g Proof: See Worked solutions

a L ic b -—— +C

x+3 x-4
2 -1

¢ —+C d tan x+C
X2

e lan Z4c f Lon Zic
3 3 BB

g Lan Zic h ¢
NG =

a sin'x+C b sin~ §+C

¢ sinm 2+C d lsin_ 2—x+C

2 2 3

e —sin~ (2_—x]+C orsin” (x—_2)+C
2 2
f —1sin_ G +Corlsin_ it +C
3 2 3 2

a tan (x+1)+C b sn'@-1D)+C

¢ v+tanlx+C d %tan_ (xT_l)+C

-

x—tan’1x+C b x-2tn'x+C

x+—tan 2 4ic d x-3tan’! ?+C

2™

x+In (7 +1)+C

—In (+* +2)——tan

V2 f
In(*+4x+5)-3tan! (x+2)+C
2In(@* + D) +3tan 2+ C

%ln(x2+l)+C
%ln(x2+1)—tan’1x+C

%ln(xz—2x+2)+tan_1 @-DH+C

ln|x—1| +C

costx+C b %sin’1 2+ C
ltan_1 20+ C d ltan_ x_+2 +C
2 2 2

ltan_ ﬂ+€ f tn =3 +C
6 3 2

T b 2rnln?2 c %tan_

21n|x—3‘+1n‘x+2|+c

In 3]+ 3 In 2 1[ + €
81In|x+3|=5In|x+2|+C
2In|x=3|+In|x+5|+C

S|t 2x| -2 Inf1-3x|+C
aln|x—a|-bln|x—b|+C
ln|x—2|+ln|x+2|+Czln‘x2—4‘+C
ln|2x—1|—ln’3x+4‘+C
%ln|2x+l|—ln|x—2|+c
1n|x—1|+1n|x—2|+ln‘x—3|+C
21n x—1|~In |x+1] + 1n\zx+3|+c
In|x—6|+C

E




a Zln|x+1|—i—21n|3x+2|+c

x+1

! +lln|x—1|+C

b —Lin|v+1|+
4 2Ax+1) 4

2 1

C ————2 -2 ln|x—2|+ 3 In|x+1|+ C

x+1 x-

e —£c052x+lsin2x+C
2 4

1, .
4 a iln‘x2+1‘—ltanflx—zln|x+1|+c 4 ¢ Ee A
4 2 2 1
b —lln|x2+1‘+ltan_1x+lln‘x—1’+(] b Ee A
4 2 2
¢ tnlx+C c %L)x +C
1 1| xv-1
5 a —Zln|x? - nx—z
In|x+2| 2ln‘x 2x+4‘+\/§tan [ﬁ d §x3[ln|x|—§j+C
b 21n|x—2|—ln‘x2+2x+4‘+\/§tan_l[x+l e —’cosxy+2xrsinx+2cosx+C
V3 f lxz tan_lx—lx+ltan_ x+C
6 a A=1,B=-1,C=1 21
4x, 2
b ln|x+1|—%ln(x2+1)+tan_1x+C 9 3¢ @' —de+ 1)+ C
3 a2h2-1 b 2 c 2
7 a A=—l le b llni 1
2772 22 1 e
22 +5x+3 -3 5 7%-3 2
8 = 2, 2+22 2. f 2(2+In5+tan'2) g 2n
=D+ x-1 (x-1) x+1
%ln(x2+1)—il—%ln|x—l|—%tan_lx+C
5 = 1 Proofs: See Worked solutions
9 Sl + L E 22 el 3 2 a Proof: See Worked solutions
(x+2) (2 +x+]) *+2 (x+2)? x+x+l 5
b ;=2
1 2 4 T3
6 33 n 3 3 Proof: See Worked solutions
10 @ A=1,B=3,C=3,D=1 4 a (n—1)sin" >6-(n—2)sin" 0
32 b Proof: See Worked solutions
b —=+3In3
3 3n
C 14:—
11 a Proof: See Worked solutions 16
5 Proof: See Worked solutions
b lln‘xz+2x+3‘—imn1[96—1L1]+C 6 a,b Proofs: See Worked solutions
s 2 V2 2
12 a Proof: See Worked solutions C IZ—Z_E
T 7 a Proof: See Worked solutions
2ab(a+1b)
b 1,
3
1 a @+)Injx+l|-x+C
b xlnx2—2x+C=2x(ln|x|—l)+C 1 Le6x4+1+C
¢ xsinw+cosx+C 24
d e+ 1)+C 2 T
12



10

12

13
14

15
16
17

18
19

lsecz(-)+C
2

Proof: See Worked solutions

Ltan_ G0 +C
B NE]
11, 1
Z4=In=
22 3
A=-1,B=11n|*"|+c
4%
Aml et gl f | E
4 4 24 |x-1| 2x-1)

7In|x+2’—51n‘x+1’+C

3tan ' x+2In ‘x—ll +C
0.69
2

1-=
e

Proof: See Worked solutions

4-2e
2In2-1
Proof: See Worked solutions

Proof: See Worked solutions

x=-1 m,a=16ms_2

a=x
a Negative

b v'=75-34

¢ Whenx=-5

d Positive (towards the origin)

e Oscillating; greatest speed 5¢/3 ms™
a v’ =3600-20x b v=60-10¢
¢ x=180m d t=6s

e x=1798m f 1=2510s
a

b

C

-1,7] d |i|=8ms’

;x=7mya=-16ms"

2

7 a x=¢ cm

10
11

13
14

Positive

v? =J4x+9-3

Proof: See Worked solutions
#=+2ms’?!

#=5"ms! b x:%ln(10t+1)

Q o 5 U Q

9 1

b v=3"cms
¢, d Proof: See Worked solutions

2 1 1 X
a v =—tan —

2 4
b vmaszn’ms’I atx=—4m
x=£ +6¢
x=2InQt+1)
a v=4Jr+l ms’
¢ x=Qt+1Y-1m
9400 km

v=—8+2* 1 mg!

a=512 ms_z,x=i
8r+1

b v3)=8ms!

a A=3,n=2,0=m

b .
N i=6sinQr+m)

6
4
2- /
g T r |m 7
2 2

24
44
—6

X¥=-12 cos (2t + m)
12 1

8
4

ST
I

4
_8
—12-




a Proof See Worked solutions 4 a Proof: See Worked solutions

b ) b 7=, € |ipal=39ms!
4
- x=2+3sint .
5 x=2cos|4r-= orx=isin4t
2 2 2 2
14 6 a ¥=-625x
T T T > 3 ZTC . 1
vz 32_n 2m ! b A:E,T=2—5,|xmax|=15ms
A=\3,T=2n 7 a x=0Omande=6m b x=3m
a Y C |a'crmx|:3ms_1 d i=—@x-3)ms?
x =13 cos 2t e T=21s
a i=-4x+1) b x=-1

¢ A=4.T=mf=1
T

>
T

g m |\ 3m | 2n ¢ n
—14 2 2 d x=4cos Zt—z —lor4sin2t—1
-2
3 9 a A=3,T=mn,|iy,|=6ms"

! b, ¢ Proofs: See Worked solutions

T
¢ i=—6sin2t d a=-=

b x,,.=3when?=0,7, 2% seconds

10 a Proof: See Worked solutions

& =—6sin 2t b Acceleration is of the form ¥ = —nz(x -0,

6
where acceleration is proportional to
4 displacement and acts in the opposite
24 direction; T'=m1
n T 2% T
2 2

¥

- ¢ x=—T7mx=1m;A=4
1

-2 d ’xmax| =8ms_
—41 e Proof: See Worked solutions
-6 P
: 11 a x=2 sir{St - —); motion is simple
6
d &=0 harmonic motion
e x=-12cos 2t
b ="
. 10
X
15 ¥=—12 cos 2t 12 a T= g; Proof: See Worked solutions
10 1
5 b t=£s,o‘c=6\/§cms’1
N 24
ko b1 3t \2n [t . 1 T T
51 /3 p € |ty =12 cms Whent:O,Z,g,...
~10- over =3 cm<«x <3 cm
_15 o

f Atx=0,5=0




13

14

15

N =

0 N O W”

0

11
12

13
14

a i=1236-x"
b Proof: See Worked solutions

c T=Tc,f=l
d T
¥
My X =-24 sin 2t
20 A
10 1
i 21 ;
—10 A 2
204
~30 4
¥
a T=2,4A=2 b x=2cosnt
c 50%
a A=6m,T=16h b »x=620m
¢ 6h43 min
61.3 m
1042 s
a 4.6s b 1033 m c 92s
d -334ms"!

a Vertically, j = -10, j = -10¢ +10~/2,

y==52+102¢
Horizontally, ¥ = 0, & = 1072, x=10/2¢

b 225 C yz—ix2+x
I 40

263 ms

9° or 75°

45°

Proof: See Worked solutions

3082 ms™

a,b Proof: See Worked solutions

26.11 m

1553 ms!

10410
T3

Proof: See Worked solutions

15
16

0O 00 NO U b

10

11

a,b Proof: See Worked solutions
a,b Proof: See Worked solutions

a Along plane: 8 N, perp. to plane: 8y/3 N
b Along plane: 104/3 N, perp. to plane: 10 N

¢ Along plane: 24 cos 20° N,
perp. to plane: 24 sin 20° N

d Along plane: 18 cos 40° N,
perp. to plane: 18 sin 40° N

a N: 0 newtons along plane, N newtons
perpendicular to plane; m2g: mg sin 25°
newtons along plane, 72g cos 25° newtons
perpendicular to plane

b F:-F along plane, 0 perpendicular to plane;
mg: mg sin 30° along plane, 7g cos 30°
perpendicular to plane

¢ N: 0 along plane, N perpendicular to plane;
F: —F along plane, 0 perpendicular to plane;
20 N force: 20 sin 50° along plane,

—20 cos 50° perpendicular to plane

_ 5(cos40° ++/3sin 40°) N

a F
sin6+\/§c056

b 49N

p=04

p=15

a 1420N b 1500N

a T=0031N b F=0.025N
6 m string: 9g; 8 m string: 12¢

a 12N

b %m = ¢ 10g-62 N
a i \m-uM)g b 7o M+wg
M +m M +m

¢ Proof: See Worked solutions
Proof: See Worked solutions

@)



k m
v=——ux+u, x=—Iu—-0)
m k

k
=& 7 u
v=ue " , x=—1In|—
k v

Proof: See Worked solutions

a Proof: See Worked solutions

b /= 215M In 83

F 3
a,b Proof: See Worked solutions
c t=3s

2kt

e —1
a ()= ,U Leo=1

o2k 41 -

b xz—iln 1-2%

7, 8 Proofs: See Worked solutions

a Proof: See Worked solutions

2 g 2k
v==2(1-¢
k( ")

c v= %(I—e_w’)

o

b =2 In|1+ 202
2k g

Proof: See Worked solutions
Moy = 160(1 —1In 2) m
t=4In2s

Q A g Q

R = 0.1m2?

' "8

b Proof: See Worked solutions

2t _
¢ v=10 "’2 ]
et +1

d,e Proofs: See Worked solutions

10

h WO N

a Explain
b Proof: See Worked solutions

d x=Sm|-8 |2
P2 g—kv ) k

e 372m
1, (4
x=—1In|—
2%k (3)
Jﬁ]
S

3 -
=———tan |——
a r="5% [2

b Proof: See Worked solutions

ng
C =3n4

Proof: See Worked solutions

a Proof: See Worked solutions
b 57.7ms™

a Proof: See Worked solutions
b

Z)T:\/%

¢ Proof: See Worked solutions

a Proof: See Worked solutions

b 20ms™! ¢ 1855m
a 570m b 78s

¢ 085s

k=1.087

a 04s b 17.7m
¢ 38ms’

a 0.000233 b 30°
2cms’?

0=110e* +90 ms™".
5 T
t)=— 6t +—
x() 5 cos( : )
a Proof: See Worked solutions
b xr=-1+ \/ﬁ m

C vmax=2\/ﬁms_
d *=4[11-(@+1)?}

&) ex



5 31.9m,5.1s 5
6 5.7°0r 84.8° 27 W&
.7° or 84. (x+1)
7 30° ( 3)3
+
2503-30g+75 28 In|-"l+C
g BN 0T -+
100
9 a i=-07ms> b T=523N 29 1
2
10 _ﬁ[vo—v) v—ﬂ[ N J 30 3(n3)’-6In3+4
k\ vy Tk a7 x
0 A 31 %(Sin x—cosx)+C
11 x40=1200(1—l}7}40=£ 32 xsin'x+yl-x2 +C
e e
257
12 a v =6mg b szg Y Z}_\sz(x+3)’v>0
13 t=12s,/h=79m 34 4:09 p.m.
14, 15 a,b Proofs: See Worked solutions 35 74m
36 Proof: See Worked solutions
37 v=98ms ", h=49m
o _ 1
1C 2 A 3D a4 C 38 a x—lggx b v,.,=16ms
5D 6 B 7 A 8 D 39aa=10v
2 10 B L 12 B b Proof: See Worked solutions
13-22 Proofs: See Worked solutions 100 — 22
2—x € a=
23 —sin” +C 10
(2\/5] d v;=10ms!
24 1 40 6-30°
25 1tan-1(x—_1)+c 41 0.0066 m s~
3 : 42 0575
26 lin|*=2c
2 %




INDEX

2D vectors review 80—4 adding and subtracting on the complex
3D space 98-9 plane 19-20
graphing in 105 applying 116-73
3D vectors 86-8 Argand diagram 16-21
argument 24-5,29-32
absolute value Cartesian or rectangular form 25
definition 71 dividing 139-40
properties 71 by i 141-3
acceleration equivalence 9
formulas for 289 exponential form 36
in terms of x 256-8 and fractals 147-9
adding complex numbers on the complex modulus 23,24-5,29-32
plane 19-20 multiplying 137-8
addition of vectors 81, 87 by a constant 21
angle between 2 vectors 89-92 by i 141-3
applied force 283 operations with 9-10
area under a curve proofs involving 213-14 plotting as points 17-18
Argz 24 plotting as vectors 18
Argand diagram 16-21 polar or modulus-argument form 25-7
see also complex plane real and imaginary parts 6-7
argument realising the denominator 11
of a complex number 24-5 roots of 158-62
properties 29-32 square roots 14-15,151, 158
on the complex plane 23-7, 164, 167-8 graphical approach 129-31
ofz—z; 163 complex plane 16-17
adding and subtracting complex
bee jive 100 numbers 19-20
binomial theorem proof 204 complex conjugates 19
curves 163-8
calculus identities proof of 203-4 dividing complex numbers 139-40
Cardano, Girolamo 132 modulus and argument 23-7, 164-8
Cartesian equation multiplying complex numbers 137-8
of a circle 102 by a constant 21
for a line 108 multiplying and dividing by 7 141-3
of a sphere 102-3 operations on the 137-43
Cartesian form of a complex number 25 plotting complex numbers as points 17-18
coefficient of friction 281 plotting complex numbers as vectors 18
column vector 82 regions 169
complex conjugate pairs 7 roots of unity 149-56
complex conjugate root theorem 132 components of the vector 82
proof 132-3 conditional statement 48-9
complex conjugates 7-8 conjugate pairs 7
on the Argand diagram 19 conjugates
modulus and argument property 32 in polar form 26
complex numbers 5 properties 32-3
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considering the difference 68-70
contact forces 278
contradiction proof by 59-60
contrapositive 53—4
converse of a statement 49-50
cos’ x (in integrations by substitution) 224
counterexample 61
proof by 61-2
cube roots of unity 150
cubic formula 132
curves
and regions on the complex plane 163-9
vector equations of 100-3

De Moivre, Abraham 125
De Moivre’s theorem 118,120

exponential form 118

polar form 118,120

proof 118-19

to find square root of a complex

number 129-31

to prove trigonometric identities 121-2

decomposing the function into partial
fractions 233

difference of conjugate pairs property 22
differentiation, and integration by parts 247
direction of a position vector 83
direction of a vector (passing through 2 points) 7
dividing complex numbers 139-40

byi 141-3

geometric representation 139
divisibility 64

proof of 192
Dodgson, Charles 58
dot product 83,91, 94

elastic limit 264
equation of a sphere 103—4
equilibrium, and forces 279
equivalence 51,53
Euler, Leonhard 35, 36
Euler’s formula 36-7
applying 39-40
even number 64
exponential form of a complex number 36
extension (elastic object) 264

force diagrams 278-9
forces
applied force 283
contact forces 278
and equations of motion 277-83
and equilibrium 279
friction 280-1

ISBN 97807043435

normal force 280
resolution of vector quantities 279
tension 282
fractals, and complex numbers 147-9
friction 280
coefficient of 281

geometric representation
of division 139-40
of multiplication 137-8
geometry proofs using vectors 93-5
vector properties used 93
geometry results proof of 204,205-6
goblet shape 241
golf ball dimples 308
graphical solutions of inequalities 211-12
graphing
in 3D space 105
vector equations 100-3
see also sketching

Hookes law 264

horizontal component of force 279
horizontal displacement (projectiles) 268
horizontal motion, resisted 286-9

if-then statement 48-9
imaginary numbers 4-5
imaginary part of a complex number 6-7
implication statement 48-9
improper functions 233
induction 190
see also mathematical induction
inequalities
definition 68
graphical solutions 211-12
proof of 68-71,202-3
infinite series 197
integers 54
integration
of rational functions with quadratic
denominators 229-31
recurrence relations 249-51
to find the length of an arc 228
using partial fractions 239-41
integration by parts 244-5
and differentiation 247
LIATE rule 246-7
table method 248
integration by substitution 222-6

law of vector addition 81
length of an arc finding 229
LIATE rule (integration by parts) 246-7
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limiting friction 281

linear drag model (resisted projectile motion) 299
locus problems solving 163-9

locus of z 163

magnitude of a position vector 82, 86
magnitude of a vector 80
Mandelbrot set 147-9
mathematical induction
applications 202-4, 205-6, 208-9
proof by 190-2, 194-6, 198-9
mathematical verbs xiii
maximum height (projectiles) 269
time for (resisted projectile motion) 302
maximum range (projectiles) 269
mechanics 254-309
midpoint of vectors 93
modulus
of a complex number 23, 24-5
properties 29-32
on the complex plane 23-7, 164-6
of z—z; 163
modulus—argument form of a complex
number 25-7
motion
equations of and forces 277-83
Newton’s laws 277
projectiles 267-73
resisted horizontal 286-9
resisted projectile 299-308
resisted vertical 291-7
multiplying complex numbers 137-8
by a constant 21
byi 141-3
geometric representation 137

natural numbers 54

negation 51-2,59

negative power of a complex number,
property 29,31

Newton’s laws of motion 277

normal force 280

normal vector to a line 110

odd number 64

parallel lines 110-12
parallel vectors 84,94, 110-12
parallelogram rule for adding and subtracting
vectors 20
parameters 100
parametric equations
for the curve 100-1
for a straight line 108
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partial fractions 233-6
in integration 239-41
quadratic factors in denominator 237
repeated linear factors in denominator 236-7
repeated quadratic factors in
denominator 238
Pascal’s induction 194
Peano axioms 210
period of a pendulum 286
perpendicular lines 110-12
perpendicular vectors 84,93, 110-12
points, plotting complex numbers as 17-18
polar form of a complex number 25-6
converting to Cartesian form 27
properties of moduli and arguments 29-32
polynomial equations 132-4
complex conjugate root theorem 132-3
creating 135
real and complex roots 133
position vector 80
direction 83
magnitude 82,86
positive integers, properties 64-5
power of a complex number 119
property 29, 30
practice sets 179-87,312-15
premise 48
principal argument of z (Arg 2) 24
product of 2 complex numbers
proof of property 30
property 29, 30
product of complex conjugate pairs,
property 32
product of complex numbers property 29,31
product of conjugates of 2 complex numbers,
property 33
projectile motion 267-73
maximum height 269
maximum range 269
modelling 270
projection from a height 2734
range 269
resisted 299-308
resolving horizontal and vertical components
(projection from the origin) 268
time of flight 268
trajectory of projectile 267-8, 269
in resistive medium 301-5
velocity components 268
proof(s)
of binomial theorem 204
by contradiction 59-60
by counterexample 61-2
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by mathematical induction 190-2, 194-6,
198-9, 2024, 205-6, 208-9
of calculus identities 203-4
of divisibility 192
of geometry results 204, 205-6
involving areas under a curve 213-14
involving inequalities 68-71,202-3,211-12
involving numbers 64-5
language of 48-55
recursive formula proofs 208-9
of sums (series) 190-1
see also geometry proofs
proper functions 233
properties
of absolute value 71
of conjugates 32-3
of moduli and arguments 29-32
of positive integers 64-5
of scalar product 91
of simple harmonic motion 261-2, 264
of vectors used in geometry proofs 93
proposition 48

QED (quod erat demonstrandum) 59

quadratic drag model (resisted projectile motion)
306-8

quadratic equations
with complex coefficients 126-9
complex conjugate pairs 7
with complex solutions 5-7

quadratic factors in denominator (partial
fractions) 237

quadratic formula 6, 126-8

quantifiers 54

quotient of 2 complex numbers,
property 29,30

range (projectiles) 269
in a resistive medium 302
rational functions 233
with quadratic denominators,
integration 229-31
rational numbers 54
real numbers 54
real part of a complex number 6-7
realising the denominator of complex
numbers 11
reciprocal of a complex number
proof of property 30
property 29, 30
reciprocal of a complex number with modulus 1,
property 32
rectangular form of a complex number 25
recurrence relations 249-51
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recursive formula 249

proofs 208-9
regions on the complex plane 169
repeated linear factors in denominator (partial

fractions) 236-7
repeated quadratic factors in denominator

(partial fractions) 238
resisted horizontal motion 2869
resisted projectile motion 299-308

lower drag model 299-301

quadratic drag model 306-8

range of projectile 302

terminal velocity 302

time for maximum height 302

trajectory of a projectile in a resistive

medium 301-5

velocity at any point 302
resisted vertical motion 291-7

terminal velocity 291-4
roots of complex numbers 158-62

square roots 14-15,129-31, 151
roots of unity 149-50

cube roots 150

nth roots 152-6

solving problems using 156-7
Russell, Bertrand 63

scalar (dot) product of vectors 83,93
proof of the cosine form 83
properties 91
scalar multiplication of vectors 82, 87
scalars 80
series
proof of sums 190-1
and sigma notation 197-9
sets of numbers 54-5
sigma notation, and series 197-9
simple harmonic motion 260
aboutx =¢ 262-3
Hookes law 264
properties 261-2,264
sin? x (in integrations by substitution) 224
sketching curves and regions on the complex
plane 163-9
sphere, equation of the 102-3
spring constant 264
square number 64
square root of complex numbers 14-15, 151, 158
graphical approach 129-31
standard integrals 226,230
statement, proposition or premise 48
straight line
direction of a vector 106-7
normal vector to 110
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vector functions 101
vector images 85
vectors 16, 80

parallel and perpendicular lines 110-12
parametric and Cartesian equations 108-9

vector equations 106-9

subtracting complex numbers on the complex
plane 19-20

subtraction of vectors 81-2, 87

sum of conjugate pairs property 33

sum of conjugates of 2 complex numbers,
property 32

sums proof of 190-1

table method (integration by parts) 248
tension force 282
terminal velocity 306
resisted projectile motion 302
resisted vertical motion 291-4
time of flight (projectiles) 268
time for maximum height (resisted projectile
motion) 302
trajectory (projectiles) 267-8, 269
in a resistive medium 301-8
trebuchets 271
triangle inequality 33,71
proof 33,71

2D, review 80-4

3D 86-8

3D space 95-7

addition 81, 87

angle between 89-91

between 2 points (3D vectors) 87-8

components of 82

direction 106-7

geometry proofs using 93-5

midpoint 93

parallel and perpendicular 84, 93,110-12

parallelogram rule for adding and subtracting
vectors 20

plotting complex numbers as 18

position vectors 82-3, 86

resolution of horizontal and vertical
components 279

scalar (dot) product 83,93

scalar multiplication 82, 87

subtraction 81-2, 87

-2 20

trigonometric identities, proved using de

velocity, in terms of x 256-8
Moivre’s theorem 121-2

velocity at any point (resisted projectile motion)
302

vertical component of force 279

vertical displacement (projectiles) 268

vertical motion, resisted 291-7

Von Koch’s snowflake 201

unit vector 80, 86

vector equations
of curves 101-4
of a straight line 107-10
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