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_____________________________________________________________________ 
Question 1 

 

a. i. Since the four supervisors have supervised the draws in the proportions given 

( ) qpp
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qpppqp

3112

1322
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   as required 

(1 mark) 

 

ii. Given that          
8

1
=q , 

( )

( )

( )( )

4

1
or      

4

5
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3
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Since 
4

1
,0 => pp  

(1 mark) 

So the proportion of nights that George supervised was 
8

1

4

1
−=− qp  

              
8

1
=  

So the probability that George was the supervisor on a particular night was 
8

1

. 

(1 mark) 

 

 

b. i. There are 25 balls, 13 odd numbered and 12 even numbered balls. The 

probability that the first one is odd-numbered is 
25

13
. 

(1 mark) 
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ii. Method 1 

Let O=odd numbered ball 

Let N=not an odd numbered ball 

( )
( ) ( ) ( )
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3
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(1 mark) 

 

Method 2 

Use the Hypergeometric distribution formula since there is no replacement. 

( )
( )

575

234

2300

1278

Formula tricHypergeome   

2Pr
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(1 mark) 

 

Note that  D = total number of odd numbered balls 

   N = total number of balls 

   n = number of balls in the sample 

   x = number of odd numbered balls in the sample 

 

iii. Use the Hypergeometric distribution formula whereby 

( )

places) decimal 4 o(correct t 25990

3268760

4951716

numbered odd arechosen  balls 15  theofout  7exactly Pr

15  and  25,7,13
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(1 mark) 

 

  

(1 mark) 

(1 mark) 

(1 mark) 
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c. i. Because the ball is being replaced, we have a Binomial distribution where 

25

24
 and 

25

1
,3 === qpn . 

( )
( )
( ) ( )

( )places decimal 4 correct to  11060

25

24

25

1

1
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onceexactly  appeared 16 numbered ball thePr
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1
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(1 mark) 

ii. ( )onceleast at  appears 16 numbered ball thePr  

( )
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(1 mark) 

iii. ( )
n

nCX 















==
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9
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0

0   
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110440
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××=⋅  

( )
( ) ( )
( ) ( )
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640log

0440log
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6400440 So
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(1 mark) 

 

(1 mark) 

(1 mark) 

(since there are 9 balls numbered with a 

single digit) 
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d. We have a Normal distribution with 51 and 15 ⋅== σµ  

 

Method 1 Using the normal distribution cdf table 

 

( )
( ) ( )
( ) ( )( )
( ) ( )

( )

49540

1747702

16670Pr2

6670Pr16670Pr

6670Pr16670Pr

14Pr16Pr

1614Pr
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−⋅×=
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<<

z

zz
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So 49.5% (to 1 decimal place) of balls supplied 

by the manufacturer are actually used. 

(1 mark) 

 

 

Method 2 Using a graphics calculator 

 
4950.0)1614Pr( =<< X  (using –0.6666666 and 0.6666666 as the lower and upper 

bounds respectively) 

So 49.5% (to 1 decimal place) of balls supplied by the manufacturer are actually used. 

(2 marks) 

 

Total 15 marks 

 

Question 2 

 

a. The minimum distance of the shelf from the floor is cm9525120 =−  because the 

minimum value that )
300

sin(
tπ

 can have is –1. Hence, cm95125120 =−×+ . 

(1 mark) 

 

 

b. The maximum distance of the shelf from the floor similarly is cm14525120 =+ . 

So the vertical distance that the shelf moves through is cm5095145 =− . 

(1 mark) 

 

c. 

( )

2

225
120

)
4

sin(25120

)
300

75
sin(2512075

+=

+=

+=

π

π
d

 

At 75=t  seconds, the shelf is 









+

2

225
120 cm above the floor. 

(1 mark) 

  

places dec 3  to7660

51

1514

places dec 3  to7660

51

1516

⋅−=
⋅
−

=

⋅=
⋅
−

=

z

z

(1 mark) 
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d. Sketch the graphs of 100 and )
300

sin(25120 =+= d
t

d
π

. 

Note that the first 10 minutes of movement corresponds to between 

secs600 and 0 == tt . Make sure that your window extends to 600=X . 

Find the two points of intersection that occur in this domain. 

They are ( ) ( )100,45511 and 100,55388 ⋅⋅ . 

The shelf is exactly 1 metre above the floor at 45511at  and 55388 ⋅=⋅= tt  (to 2 

decimal places). 

(2 marks) 

 

 

e. The rate at which the distance of the shelf above the floor is changing is given by 

( )td ' . 

( )

( )

)
300

cos(
12

)
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300

25'        So

)
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sin(25120     Now

t

t
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t
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ππ

ππ

π

=

×=
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(1 mark) 

))
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)
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cos(
300
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300
)cos(25

ruleChain          so,

300
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300
 where)sin(25then,

)
300

sin(25 if that (Note

t

t

u

dt
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du

dy

dt

dy

dt
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t
uuy

t
y
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=
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At 50=t , 

( )

sec/cm230

)
300

50
cos(

12
50'

⋅=

×
=

ππ
d

 

(1 mark) 

 

f. From part e., ( ) )
300

cos(
12

'
t

td
ππ

= . 

Graph this function. 

This function intersects the horizontal axis at 150=t  and 450=t . Between these two 

times the rate of change of the height of the shelf above the floor is negative; that is,

.450150for  0)(' <<< ttd  

(2 marks) 
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g. The two shelves are at the same height above the floor when ( ) ( )thth 1= ;  

that is, when 

2)
300

tan(
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50

)
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cos(

)
300

sin(

)
300

cos(50)
300

sin(25

)
300

cos(50120)
300
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=

=

=

+=+

t

t

t
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tt

π
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......,7249.705...,7249.405...,7249.105

......,1071.12...,1071.1...,1071.1
300

=

++=

t

t
ππ

π
 

Over the domain ]600,0[∈t , we have 

...7249.405...,7249.105=t  

So the two shelves are at the same height at 72405 and 72105 ⋅=⋅= tt  (to 2 decimal 

places). 

(1 mark) 

Total 12 marks 

 

 

Question 3 

 

a. Use a graphics calculator to sketch the function and calculate the x-intercept. The 

answer is 271 ⋅=x  (correct to 2 decimal places). 

(1 mark) 

 

 

b. The function ( ) ( ) 222log xxxxf e +−=  is not defined for 0≤x  because ( )xe 2log  is 

not defined for 0≤x . 

(1 mark) 

 

 

c. The inverse function ( )xf 1−  exists because as we see from the graph, the graph of 

( )xfy =  is 1:1. 

(1 mark) 

  

(1 mark) 

(1 mark) 
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d.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(1 mark) 
 

 

e. Since the graph of ( )xfy 1−=  is the reflection of the graph of ( )xfy =  in the line 

xy = , the y-intercept of the graph of ( )xfy 1−=  is the x-intercept of the graph of 

( )xfy =  which is 1.27 (correct to 2 decimal places) from part a. 

(1 mark) 

 

( ) ( )

( )

x
x

x
x

xf

xxxxxf e

22
1

22
2

2
'

0,22log 2

+−=

+−=

>+−=         f.

 

A stationary point occurs when ( ) 0' =xf  

( )
4

1242

4        Now,

0,0221

022
1

Let    

2

2

2

−=

××−−=

−=∆

≠=+−

=+−

acb

xxx

x
x

 

Since 0<∆ , there are no solutions to the equation 0122 2 =+− xx  and hence the 

graph of ( )xfy =  has no stationary points. 

(1 mark) 

  

)(xfy =

)(1 xfy −=

xy =

(1 mark) 
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g. The rate of change of ( )xf  with respect to x is given by ( )xf ' . 

 From part f. ( ) x
x

xf 22
1

' +−= . 

A sketch of ( )xfy '=  is shown below. 

 

 

 

 

 

 

 

 

 

 

 

 

 

(1 mark) 

From the graph we see that the function ( )xf '  is always positive so the rate of change 

of ( )xf  with respect to x is always positive. 

(1 mark) 
 

 

h.  ( ) ( ) 0,22log 2 >+−= xxxxxf e  

( )

( )

3

13

322
3

1
3    Now,

f.part  from         22
1

'

=

×+−=

+−=

f'

x
x

xf

 

So the gradient of the tangent to ( )
3

13
 is 3at  == xxfy . 

Therefore the gradient of the normal to ( )
13

3
 is 3at  
−

== xxfy . 

(1 mark) 

( ) ( )
( ) 36log

3326log3  Also
2

+=

+×−=

e

ef
 

The equation of the normal to ( )xf  at 3=x  is given by  

   ( )11 xxmyy −=−  

where ( ) ( )( )36log,3, and 
13

3
11 +=

−
= eyxm  

So ( )( ) ( )3
13

3
36log −

−
=+− xy e  is the equation of the normal. 

(1 mark) 

  

)(' xfy =
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Simplifying we obtain: 

( )( ) ( )
( )

( ) 486log13313

93396log1313

3336log1313

+=+

+−=−−

−−=+−

e

e

e

xy

xy

xy

 

To find the x intercept let 0=y . 

( )

( ) 166log
3

13

486log133      So,

+=

+=

e

e

x

x

 

To find the y intercept let 0=x  

         

( )

( )
13

48
6log

486log1313

+=

+=

e

e

y

y

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The area required is shaded in the diagram above and is that of a triangle with base of 

width ( ) 166log
3

13
+e  and height of ( )

13

48
6log +e . 

(1 mark) 

( ) 






 +×






 +×=

××=

13

48
6log16)6(log

3

13

2

1

heightbase
2

1
 required Area

ee

 

So, 
13

48
  and  16,

3

13
=== cba . 

(1 mark) 

Total 14 marks 

16)6(log
3

13
+e

13

48
)6(log +e

 

(1 mark) 
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Question 4 

a. ( ) ( ) 0,0,50 12

≥≥×= +− qtetN qtt  

( ) ( )

number olenearest wh  the to136

50

50,0When 100

=

=

×== +−

e

etNt

 

(1 mark) 
b. According to this model the population of a colony can never equal zero because 

( ) ( ) ( ) ( ) 0 so 0 and 050 and 50 11 22

≠≠≠×= +−+− tNeetN qttqtt . That is, there is no number 

that you can raise e to, in order to equal zero. 

(1 mark) 

c. Let 0=q  for a particular colony. 

( ) ( )

( ) ( )

( )

( )

( )

( )

( )1

2

1

1

1

2

2

2

2

100

250             So

ruleChain .

2   and50

 1          where50  Now 

50       Let       

50  becomes

50         So,

+

+

+

+−

×=

⋅×=

=

=×=

+=×=

×=

×=

×=

t

u

u

u

t

t

qtt

et

te
dt

dy

dt

du

du

dy

dt

dy

t
dt

du
e

du

dy

tuey

ey

etN

etN

 

Now 0100  so  0 and 0 11
22

>×>≥ ++ tt etet  and therefore 0>
dt

dy
 so the population is 

increasing. 

(1 mark) 

d. ( ) ( )12

50     Now +−×= qttetN  

( )

( )

( ) ( )1

2

1

2

2

250

250

250

1   where50

50Let       

+−

+−

−=

−××=

⋅=

−=×=

+−=×=

×=

qtt

u

u

u

qtt

eqt

qte
dt

dy

dt

du

du

dy

dt

dy

qt
dt

du
e

du

dy

qttuey

ey

 

Now, a minimum occurs when 0=
dt

dy
. 

( ) ( ) 0250       So, 12

=− +−qtteqt  

Now 
( ) 0  and  050 1
2

≠≠ +−qtte  

(*)_
2

02    So

q
t

qt

=

=−
 

  

(1 mark) 

(1 mark) 

 

(1 mark) 

 



 

___________________________________________________________________________ 

©THE HEFFERNAN GROUP 2005                   Maths Methods 3 & 4 Trial Exam 2 solutions 

11

Also, the minimum that occurs is 50. 

( )

01     So

1

5050  becomes

50     So

2

10

1

1

1

2

2

2

2

=+−

=

=

×=

×=

+−

+−

+−

+−

qtt

ee

e

e

etN

qtt

qtt

qtt

qtt

 

(1 mark) 

From (*), 
2

q
t =  

0 since 2

4

0
4

1

01
24

       So,

2

2

22

≥=

=

=−

=+−

qq

q

q

qq

 

(1 mark) 

e.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(2 marks) 

 

f. 
( ) 50  and  50 1
2

== +− NeN qtt
 

The graphs of these functions intersect when 

( )

( )

( )

01

1

5050

2

01

1

1

2

2

2

=+−

=

=

=

+−

+−

+−

qtt

ee

e

e

qtt

qtt

qtt

 

  

(1 mark) 

)12( 2

50 +−= tteN

50=N

 

(1 mark) 
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For 2 points of intersection, for example as shown in the diagram below, 0>∆ . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

04

0114 So

2

2

>−

>××−=∆

q

q
 

(1 mark) 

Consider the graph of 42 −= qy  

 

 

 

 

We want the values of q for which 042 >−= qy  i.e. we want 2or    2 >−< qq . 

So the values of q for which the population of a mice colony would drop below 50 are 

0 since 2 ≥> qq . 

(1 mark) 

(Note: given that ,012 =+− qtt  if there is one point of intersection, 

( )( )

2  so  0but  

2or  2

022

04

0114

0then   

2

2

=≥

−=+=

=+−

=−

=××−

=∆

qq

qq

qq

q

q

 

this confirms our answer to part d.) 

 

Total 14 marks 
 

 

50=N

)12(50 +−= qtteN

 


