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Section 1 — Multiple-choice solutions

Question 1

f(x)=1+4x+5
For fto be defined
x+5>20
x=>-5
So the maximal domain is given by [—5,%0).
The answer is E.

Question 2

Method 1 — graphically y

Sketch the graph of y=4—2x. The range A

of fis restricted and hence the domain will g

be restricted.

From the graph, Tr

since re= [— 2,8] , 6

d,=[-23] S

So a=-2andb=3. 2

The answer is D.

Method 2 — algebraically 3
flx)=4-2x 2

Let y=4-2x
Wheny=-2, -2=4-2x

2x=6 3 2 1 3407
x=3 -1t
Wheny =8, 8=4-2x 27 y=/f(x)

2x=—4

x=-2

We are dealing with a linear function so d , = [— 2, 3] and since d , = [a,b] then
a=-2andb=3.
The answer is D.
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Question 3

log;(2)= log—e(2) (change of base rule)

~ log,(3)

=0-63 (to2 decimal places)

Alternatively, log, (2)= 1Ogl—0(2)

- 10g10(3)

=063 (to 2 decimal places)

The answer is C.
Question 4

Method 1 - use a Venn diagram,

¢

Pr(4'NB')=Pr(4 U B)'
=1-Pr(4 U B)

=1-(Pr(4)+ Pr(B)-Pr(4 N B))

12
The answer is D.

Method 2 — use a probability table.

4 A

B 1 1 1
6 6 3

B’ 1 7 2
12 12 3
1 3 |
4 4

From the table, Pr(A'mB') = % .

The answer is D.
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Question 5

Pr(X >7)=Pr(Z > 2) N
=Pr(Z <-2)
The answer is A.

Question 6

Method 1

Sketch the graph of y = f (x)

The maximum value occurs when y =1 and the minimum value occurs when y =-3.
The range is [-3,1].

The answer is A.

Method 2
The domain is not restricted (that is, the domain is R) so there is no restriction placed on the

range. The amplitude is 2 and the graph of y = 200s(3x —gj is translated 1 unit down so the

range is y € [— 3, 1] . Note that the (3x - %) has no influence on the range. It determines the

period and the horizontal translation.
The answer is A.

Question 7

Averagerate of change =

The answer is B.
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Question 8

Sketch the graph.

I
»

v =|log, (x+1)|

v
=

£(0)=0 so option A is incorrect.

For x <0, the gradient of the function is negative so option B is incorrect.

At x =0, the graph of y = f (x) has a cusp, i.e. a “pointy bit”. So whilst the graph is
continuous at x =0, it is not smoothly continuous so option C is incorrect.

Option D is correct; that is, f"(x)# 0 for x € (—1,), i.e. the gradient of f'is not zero over its

domain.
Also, the graph of y = f (x) is not 1:1 and therefore an inverse function of /' does not exist so

option E is incorrect.
The answer is D.

Question 9

The graph of y = f(x) is stretched horizontally; that is, dilated by a scale factor of 2 from the
y-axis. For example, the local maximum that occurs at x = g, occurs on the graph of
yzg(x)atxzﬂ.

Also, the graph of y = f (x) is squashed vertically; that is, dilated by a scale factor of % from

the x-axis. For example the local maximum that has a y value of 2 occurs on the graph of
y= g(x) with a y value of 1.
The answer is E.
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Question 10
Sketch the graph of y =

e —1‘.

e

asymptote of y =1

For f'to have an inverse function it must be a 1:1 function.
Since d =(—0,a], we require that a <0 so that the graph of y = f (x) is 1:1.

So a<0.
The answer is A.

Question 11
% (2 (sin(2x) + x))

=2e™ (sin(2x) + x) + ¢** (2 cos(2x) + 1) (product rule)
The answer is E.

Question 12
Do a quick sketch of a possible graph of f.

Y
A

v
=

The first clue tells us that we have stationary points at x =1and at x =3. The second clue tells
us that the gradient is negative for x <1. The third clue tells us that the gradient is positive for
l<x<3and for x>3.

Whilst we don’t know the exact positioning of points, the gradients given can tell us the
approximate shape of the graph. From this rough sketch we see that we have a minimum
turning point at x =1 and a stationary point of inflection at x = 3.

Only option D offers a correct alternative.

The answer is D.
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Question 13
For a pyramid, V' = % Ah (formulae sheet)
Since the pyramid has a square base with sidelength x, and a height of 90 we have
V= lx2 x 90
3
v =30x"
dv

— =60x
dx

Also, % =2 which is given in the question.

Now, a = av dx (Chain rule)
dt  dx dt
=60x-2
=120x

When x = S,LZ—V =600cm® /sec
t

The answer is B.

Question 14

J (\/; - cos(3x))dx
= J‘[x; - cos(3x)jdx

3
2
= 2); - % sin(3x)+ ¢
3
ORI
_2x 3sm(3x) i

The answer is A.
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Question 15

Sketch the graph.

y=rx)

The shaded area gives the required area. The function is symmetrical about the line x=1.
From the graph,

[ o = [ £(xkin
So if(x)dx = 2jf(x)dx

The answer is D.

Question 16

For x <0, g'(x)< 0.
Between x =0 and the local maximum to the right of the origin, g'(x)>0.
For x greater than the value of x at the local maximum to the right of the origin, g' (x) <0.

Only option B shows this.
The answer is B.

Question 17
fis a composite function and so we need to use the chain rule to differentiate it.

Method 1 — quick way
S (x)=h(x{x+2))
= h(x2 + 2x)
f'(x)=A"(x(x +2))x(2x+2)  (Chain rule)
=2(x + )i (x(x +2))
The answer is C.
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Method 2 — longer way
Lety= h(x(x +2))
Letu= x(x + 2)

=x>+2x
du =2x+2
dx
So y= h(u)
dy
—=h"u
=)
& = b du (Chain rule)
dx du dx

=h'(u)}(2x +2)
=2(x + 1) (x(x + 2))
The answer is C.

Question 18

fiL2]-= R f(x)=(x -1y +2
Let y=(x—1)" +2

Swap x and y.
X = (y - 1)2 +2
Rearrange
x=2=(y-1)

tVx-2=y-1
y=1ltyx-2

ii y:x
y=f(x) e
3 7
/7
Ve
/7
Ve
2 L y=r"(x)
/7
7/
Ve
/7
1 -
7
/7
/7
//
P 1 P 3 > X
7
/

A quick sketch shows us that the rule is y =1++/x —2 because it gives us the image of

y=(x—1)? +2 intheline y=x. A function and it’s inverse are mirror images in this line.

An alternative way to think of it is that we are given part of the right arm of the parabola and
therefore the inverse will be part of the top arm of the side parabola (square root graph).

The answer is B.
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Question 19

normal cdf (44,1000, 42,3.2)=0.265985...
50 Pr(X >44)=0-265985...

The closest proportion is 27%.
The answer is C.

Question 20
Vs
2 2x)if 0 —
f(x): cos( x) if 0<x< 1
0 elsewhere
Pr(X <a)=0-4

[2c0s(2x)dx = 0-4
0

[sin(2x)]’ =0-4

sin(2a)—sin(0)=0-4

sin(2a)=0-4
2a=0-4115...

a=0-2057...
The answer is C.

Question 21

sin? (x) - % sin(x) =0, xe [0, %}

sin(x)(sin(x) - %J

sin(x)=0 or sin(x)- % =0

0

Since x € [O, %}, x=0 or sin(x) :%

/4
==
6

The answer is C.
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Question 22

jlg(x) dx=4

a

S0 Ig(x)dx=—4

Now, j.(3g(x)k S)dx

a a

= 3J. g(x)ax +J. Sdx

b b
=3x—4+[sx]
=-12+5a-5b
=5(a-b)-12

The answer is D.

11
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SECTION 2

Question 1

a. f(x)=2log,(x-1)
Let y=2log,(x —1)
Swap x and y.
x=2log,(y-1)
Rearrange
X

=log,(y-1)

Nlx N

e?=y-1
y=1+ e?
Now, from the diagram,
re = (— oo,oo)or R

X

The inverse function ' is definedby /" :R—R, [ (x)z 1+e?
(1 mark) for swapping x and y

(1 mark) for y=1+ e?
(1 mark) for correct domain
b. d, gives the values of x for which both f'and g are defined.
Since d , =(l,0)andd, =R, thend,, =(1,).

(1 mark)
c.
hlx)=g(x)- f(x)
=x+1-2log,(x-1)
h'(x)= 1-2x x1
x—
=1 2 (1 mark)
x-1
For a min/max #' (x) =0
-2
x—1
2
x—1
2=x-1
x=3
(1 mark)
d. From part c. the minimum value of /4 occurs when x = 3. Since h(x) = g(x) -f (x) ,

the minimum vertical distance between the graphs of y = g(x)and y = f(x) is given
by h(3)=3+1-2log,(3-1)
=4-2log,(2)units
(1 mark)
Total 7 marks
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Question 2
a. Since the function / is a continuous function,
. T
atr=10, [3sin—(r—-10)+1=
L * p
becomes |3 sin(Ol +1=p
3x0[+1=p
r=1
(1 mark)
(Check:at (=50, [3sin——(40)+1
20
=[3sin(27) +1
=[3x0[+1
=1
So p=1)
b. h (height)
A
5 S
4t
3
2 L
1 4
0 10 20 30
(1 mark) correct linear branches and endpoints
(1 mark) correct period of sine graph
(1 mark) correct amplitude and recognition
of effect of absolute value
c. From the graph, and due to the symmetry of the sine curve, we see that the maximum

occurs at =20 and at r=40.

(1 mark)
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We need to solve h(t)z 3.5
Using a calculator to solve this we have r=16-27141...
Since Mal arrives at =13 (i.e. 13 minutes after the hour, i.e. after 8 o’clock), he has

to wait 3-2714... or 3-27 minutes (correct to two decimal places).
(1 mark)

From part d. we found that Mal could first pass through the entrance at t=16-27.
Using the graph below and bearing in mind the symmetry of the graph, we can find
the total time Mal can gain entry.

h (height)

A

5.
h=3.5

A S SR S
0 10 Ton 30 T4OT 50 60 (minutes)
16.27 2373 36.27 43.73
Total time = 2x (2373 -16-27) (1 mark)

=14 -9 minutes (correct to 1 decimal place)
(1 mark)

From part d., the first time that Mal can pass through the entrance is at 1=16-27.
Since the mass of his load is 2 tonnes, it will take him

T=m"+12

=27+12

=16 minutes (1 mark)
to be back at the boomgate entrance.
At t=32-27 however the boomgate is not high enough for Mal to pass through.

From part e. we see that he can pass through again at =36-27. In total, he will be

inside for 36-27—-16-27 =20 minutes .
(1 mark)
Total 10 marks
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Question 3

The graph of y = f (x) intersects with the x-axis when
e (x2 - 2x)= 0
e 20  x*-2x=0
x(x - 2) =0
x=0o0rx=2

So, f(x)>0 for xe(=,0)U(2,0) or x<0Ux>2.

(1 mark) lower branch
(1 mark) upper branch

b. f(x)zezx( : —Zx)
f'(x) =2e*" (x2 - 2x)+ e (Zx - 2) (product rule)
e™ (x2 - 2x)+ 2e* (x—1)

(1 mark)
[xz —x+1J—l—l}
4) 4

Given that

f'(x)=2e2x(x—a—b)(x—a+b)thena:%andb=£

as required.
> q

(1 mark)

c. Hence means use what you have already found.
A stationary point occurs when f'(x)=0.

22" 1 45 1 5 _0
i E il e

15

27 £0, x=—t-—
272

From the graph, at the point where the graph has a minimum stationary point, x >0 .

1 A5
S0, X=—+—
2 2
=1-61803...
(1 mark)
f(1-61803...)=—-15-7188...

Coordinates of point where fis a minimum are (1-62,~15-72) where each coordinate
is correct to 2 decimal places.

(1 mark)
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d. By observing the graph of y = f(x)for x [ 3,3] we see that the maximum value of
the function occurs at the right endpoint; that is at x = 3.

£(3)=e>(32 —2x3)
=3e°
6

So the maximum value over x e [~ 3,3]is 3¢° .

(1 mark)
e. i. f'(x)=2¢e* (x2 -x- 1) from part b.
f'(=1)=2e72(1+1-1)
=2¢7’
(1 mark)

ii. flx)=e* (x2 - Zx)
SE1)=e(1+2)
=3¢’
f'(— 1) =2¢™* from part e. i.
So the tangent passes through the point (— 1, 3e‘2) and has a gradient of 2e ™.

The equation of the tangent is
y=3e? =2¢7* (x + 1)

y=2ex+2e* +3e?

y=2e*x+5¢7? (1 mark)
When x =0,
y=5¢"?

The y-intercept of the tangent is therefore 5¢7>.
(1 mark)
Total 10 marks

©THE HEFFERNAN GROUP 2008 Maths Methods 3 & 4 Trial Exam 2 solutions



18

Question 4
a. i. Pr(cereal for next 2 days)
=0-4x0-4
=0-16
ii. Method 1

Use a tree diagram.

Let C =cereal and T = toast.

Wed
0.4 C
Tues
C
0.4 0.6 T
Mon
C 0.7
T
C 0.4 C

(e}
o
H
= =)
w N
— (@)
— ol

0.7

0.3

Pr(cereal just once over next 3 mornings)
=04x0.6x0.34+0.6x0.7x0.6+0.6x0.3x0.7

=0.45

Method 2

Pr(cereal just once over next 3 mornings)
=Pr(CTT,TCT,TTC)

=0.4x0.6x0.3+0.6x0.7x0.6+0.6x0.3x0.7
=0.45

(1 mark)

Outcomes
ccCcC

CCT

=0
-
a-

-
=0
ol

TTT

(1 mark)

(1 mark)

(1 mark)

(1 mark)
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iii. Pr(toast on at least one occasion for next 3 mornings)
=1— Pr(no toast for the next 3 mornings) (1 mark)
=1-Pr(CCC)
=1-0.4°
=0.936
(1 mark)
b.
y
A
b (x—20)
" =1000
0.02 ¢
(120-x)
0.01}
20 40 60 80 100 120 140 "
(1 mark) correct branch for 20 < x <40
(1 mark) correct branch for 40 < x <120
(1 mark) correct branch for x <20 and x >120
c. Method 1 — using a calculator
30
1
Pr(x <30)=——|(x—20)dx
(v <30)= o [ (x-20)
20
=0-05
(1 mark)
Method 2 — graphically
1
Pr(X <30)= 5 x10x £(30)
1
=5x (30 -20)
1000
=0-05
(1 mark)
d. This represents a binomial distribution.

From part c. Pr(X < 30) =0-05; that is, the probability that Liv has less than one cup
of cereal for breakfast is 0.05.
Method 1 — by hand

°c,(0-05)(0-95)°
=0-075 (correct to 3 decimal places)

(1 mark)
Method 2 — by calculator

Bi(l 0,0-05, 2) =0-075 (correct to 3 decimal places)
(1 mark)
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e.  Find Pr(X >60/x >30)
_ P(X>60n X >30)
~ Pr(X >30)
_ Pr(X > 60) - using the diagram
1-0.05 - using part C.
_ Pr(X >60)
095

120

1
Now Pr(X >60)= | —— (120 — x)dx
!0 4000

=0-45 (1 mark)
So Pr(X > 60X >30)= 2%
0-95
9
19
(1 mark)

f. Pr(X <n)=0-8
Pr(20< X <40)+Pr(40< X <n)=0-8
40

1 (x —20)dx + 1 j’(lzo—x)dxzo-s

1000 5, 4000 3 (1 mark)
)Cz !
0-2+ 1206—=—| =0-8
4000 2 |,
1 n’
— 21 120n —— | — (4800 —800); =0- 6
4000 2
n2

120n —7—4000=2400
2401 — n* —12800=0 (1 mark)
n> —240n+12800=0

| _240£+/240” —4x1x12800

2
240 ++/6400
2
320 160
=—0r——
2 2
n=160orn =280
Since 20 < n <120,
n=280
(1 mark)

Total 15 marks
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Question 5

a.

At the point where x = a, the graph of y = f (x) intersects with the graph of y = w(x)

So, f(a)=w(a).
We need to show that £(1)=w(1).
LS = f(1)
—ax1?+ (3 -1)x1+3
=—2+\/§—1+3
=3
RS =+4-17
=3
=LS

Have shown.
(1 mark)

i. From the graph, the two transformations could be a reflection in the x-axis
followed by a reflection in the y-axis or vice versa.
(1 mark) reflection in x-axis
(1 mark) reflection in y-axis

ii. If the graph of y = f (x) is reflected in the x-axis the rule of the image
function is
y=-/(x)
—2x + (V3 - 1p+3)
—2x? - (ﬁ - 1)>r -3 (1 mark)
If the graph of y=—f (x) is then reflected in the y-axis it becomes the graph
of
y==f(-x)

=2(—x)2 —(\/E—l)x—x—3
=2x? +(ﬁ—1)x—3
So the rule for gis g(x)=2x> + (\/5 - 1)>r -3.
(1 mark)

iii. From the graph, the domain of g is x e [-1,0].
(1 mark)
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c. i. The highest point will occur on the function f.
2
y=-2x"+ (3 -1)r+3
dy _ _
5‘_4“*5_1‘0 (1 mark)
—4x=1-43
_V3-1
4
(1 mark)

ii. /{@]z 3-07 (correct to 2 decimal places).

The maximum height of the machine is 5+ 3-07 =8-07m above the ground
(correct to 2 decimal places).

(1 mark)
d. From part c. the turning point of the inverted parabola described by y = f (x) is
[E , 3. 07} .
4

Hence means use what you have found so we use this rounded value of 3-07.
At the point where x =a, i.e.x=1 (from part a.), f(1)= V3.
So r, =3, 3.07|.

(1 mark) for \/5 and correct bracket
(1 mark) for 3-07 and correct bracket

e. Cross-sectional area of top bucket
1

()= wle)

Il
O~ O

(—sz +(\/§—1)x+3— 4—x2)dx

(1 mark) correct integrand
(1 mark) correct terminals
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f. From part i.
1
Area required = J- - w(x))dx
jfx)dx jw
0
! 1 mark
:j( 202+ (V3143 x—( J (1 marl)
0 3
{ 2x3 3 £+3x}1—(£ EJ (1 mark)
3 o 2 3
2 1 NE)
{Tﬁu(ﬁ 1)x5+3J (0+0+0)}—{— %J
-2, 3-1,9 3 =z
3 2 3 2 3
_1+i§_l_i§_£
3 2 2 3

11 =
=—- ? square units

(1 mark)
Total 16 marks
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