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Question 1

The range of the function f(x)=x*-5x*+3x+9, xe(0,5] is

A. (0,5]
B. (9,24)
C. [9,24]
D. (0,24]
E. [0,24]
Answer is E.

Worked solution

Need to examine the graph of the function over the domain stated—it is not enough to just
substitute in the endpoints. Graph has a minimum value of 0 and a maximum value of 24.

Question 2

A parabola of the form y = ax* + bx + ¢ passes through the points (-1,0) (0,2) (1,2).

A matrix equation that can be used to solve the resulting system of simultaneous linear

equations to find a, b and c is

a1 -1 1] [0
A. b0 0 1(=|2
c1 1 1] |2
1 -1 1][a] [0
B. 0 0 l{b ={2
1 1 1)[c]| |2
1 0 ofal [O
10 0 1jc 2
[0 0 1fa -1
D. 4 2 1|b|=|0
4 2 1fc] 1
1 -1 1]0] [a
E 0 0 1|2|=|b
1 1 12| |c
Answer is B.

Worked solution
Substituting the points into the equation gives
a-b+c=0

0+0+c=2

a+b+c=2

Writing in matrix form gives option B.
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Question 3

The number of solutions to the equation (x* —a)(x*—b*)(x+c)=0where a, b, c € R"is

SIS 'S
£ >N

Answer is C.

Worked solution

The solutions arise from the number of linear factors so we need to look to see whether the

existing factors can be further reduced to linear factors.

x* —a gives 2 linear factors
x* —b°® gives1 linear factor
x+c already isa linear factor

so a total of 4 linear factors, therefore 4 solutions.

Question 4

Given that log, ¢ +log, 5=3log, 3, then c is equal to

A. 22

B. 1.8
C. 2%
D. 5.4
E. 4
Answer is D.

Worked solution

Using log laws log, 5¢c = log, 27

so 5¢c =27
c=£=5.4
5

Could also use the solve menu on CAS calculator.
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Question 5

The curve with equation h(x) = x*> —bx? —9x + 7 has a stationary point when x = —1.
The value of b is

-3

=S O Fp
!
|

Answer is B.
Worked solution

Stationary point occurs when f'(x)=0
So Jet 3X° —2bx—9=0 when x=-1
this gives

3+2b-9=0

2b=6
b=3

Question 6

The maximal domain, D, of the function f :D — R with the rule f (x) =cos(y/(2x—3)) is

.

B. R\{3}
C. R
3
D —,00
(2 )
3
E. —,
[2 00)
Answer is E.

Worked Solution

For the function to be defined inside the square needs to be greater than or equal to 0.
So

2x—-3>0

x>

SECTION 1 - continued
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Question 7

The period and amplitude of the function f(x)=1- Zsin(%—ZX) are respectively

A Z2
2

B. 2 -2
4

C. m, 2

D. 27, 2

E. T, =2

Answer is C.

Worked Solution
amplitude is 2 (not negative!)

. . 27
period is 727{

Question 8

‘p2—5p‘=6 for

A. p=-1 only

B. p =6 only

C. p=-1or p=6 only

D. p=2or p=3only

E. p=-lorp=6or p=2orp=3
Answer is E.

Worked solution
Using a CAS calculator the equation can be solved algebraically as follows—

| ¥ Edit Rction Interactive i

Y 1 ] T | l

snlue[ |x2—5- x|=6, x]
fx=—1,x=2,x=3, =6}

1k

[u]

mth|abc [cat | 20
:|t|9 AE (|)| |$~|x|y|z|t
=" ||? E1E

B[ oW [lg,O el =

&
|-||'::n|{}|{=.LL1 e

ans
CALLC I ALY VAR |EXE

Alg Standard Real Rad qim]

[ |||1H4|
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Question 9

The transformation T : R?> — R?, which maps the curve with the equation y = x* -4

2
to the curve with the equation y = (gj —1, could have the rule

[x] [1 o"x} {0}
A. T( D= +
M 0 2]y 3
o b T
M 0 1]y -3
N LN
C. T( D= +
Y 0 1)y 3
[x] [0.5 O}{X} {0}
D. T( = +
LY 0 1|y 3
DA il
E. T( D= +
M 0 1|y -3
Answer is C.

Worked solution

2
To transform the equation from y=x> -4 to y = (g} —1 the graph has undergone a dilation

of factor 2 from the x-axis and a translation of +3 in the y-direction.
The transformation matrix that corresponds to this is C.

Question 10
Let f : R — R be a differentiable function.

Then for all x € R and k constant, the derivative of e"® is equal to

f (kx)

A. e

B. ke ')

C. kf(kx)e'™
D. f'(kx)e"
E. Kkf(kx)e™
Answer is E.

Worked solution

Using the chain rule we differentiate the exponential and then differentiate the function
attached to give E.

answer D is incorrect as f(kx) is not the derivative of f’(kx)

SECTION 1 - continued
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Question 11

The average rate of change of the function with the rule f(x) =+/x* +2x between x =0and

x=4is
A, 26
g 6
2
2
C. —
J6
D. 46
E. 4
Answer is B.

Worked solution

Average rate of change = Y2~ Y1
X; =%

Question 12

2

Which one of the following is not true about the function f :R — R, f(x)=(x—4)3?

The graph of f is continuous everywhere.
f(x) >0 for all values of x.

A

B

C. f'(x)>0 for x> 4

D f'(x)<0for x<4

E The graph of f is differentiable everywhere.
Answer is E.

Worked solution

The graph is not differentiable at the cusp.

Copyright © Insight Publications 2008
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Question 13

The average value of the function y = x* over the interval [0,2] is

A. 4
B. 2
c. 2
3
p. ¢
3
E. 1
Answer is C.

Worked solution

1 2
Average value=———| f(x)dx
g 2_0£ (%)

%.:fxzdx

l[xe’}2
2|3,

I
e o ] T i

2

|

lj‘z
2:xr:n:I:xur:
5]

e

iN] Y

-
20

8
3
—

/o

%

m|a|i]w] ] |3 |a|s]z]e ]
gl =][]=]

1-:-g.|:||§

3 |+

x [
] ()] {

He=

=]
1122+~
E

ans

CALC | ALY

VAR |ERE

Ala

Standard Feal Fad gm]
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Question 14
f(x)

The function f satisfies the functional equation f(x—y)= m where x and y are any
y

non-zero real numbers.
A possible rule for the function is
A. f (x) =log, (x)

B. fx)=¢e”
C. f(x)=2x
D f (x) =sin(x)
E. f(x) 1

X
Answer is B.

Worked solution
f(x—y)=e*" for f(x)=¢"
f(x) _e"

fy) e oY

and

Question 15

2
If f(x)= (X‘(a)) then the derivative of f (x) is

g(x
A 2(x—a)
g9'(x)
B. 2(x—a)
9(x)
c. 2290
(9(x))
D. (x-a)[2g(x) - (x—a)g'()]
(g(x)’°
g (x=a)2g9(x) - (x-2a)g'(x)]
(9'(x))?
Answer is D.

Worked solution

Need to use the quotient rule to differentiate f(x)

{1 = 0 20x-2) - (x -2’ g'()
(9(3)
_ (x-2)2g() - (x-2)g'(¥)]
[P

SECTION 1 - continued
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Question 16

I(cos(3x—1) +12x%) dx is equal to

A. %sin(Bx—1)+24x+c
B. —3sin(3x—1)+24x+c
C. %s,in(3>x)+4x3 +C

D. %sin(3x—1)+4x3 +c
E. 3sin(83x-1)+4x%+c
Answer is D.

Worked solution
Antidifferentiate both parts
Using a CAS calculator

| ¥ Edit Rction Interactive i

R T P e i

u]

[u]

O
j(cns(Sx—lHlEx"E)dx

1k

12+ % +5inl 3213
3

-
mth|abc | cat | 20

mla|a]m] o] |3 |a|e]z]z ]

[mO]

[E] [-l:l]§|? HElE

lim 0
[ Eli]

=4 [5]6|[=]=

o
aml

=

[=] 6
£2 | 19 [ 2 3| [+ =
E

| o= [E e |[an=
YAR EXE

Alg

Standard Real Rad qim]
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Question 17

If [ f(x)dx=2 then [(2f(x)-sinx)dx is equal to
0 0

A. 2
B. 3
C. 4
D. -2
E. 0
Answer is A.

Worked solution

Using the properties of integrals

j (2 f (x) —sin x)dx
0
= 2_[ f(X) dx—jsin X dx
0 0
= 2><2—[— cos x]g using resultgiven and integrating sin x
=4-2

=2

Question 18
The graphs of y= f(x) and y=g(x) are as shown.

y=9(x) y =f(x

Copyright © Insight Publications 2008
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The graph of y = f(g(x)) is best represented by

A B.
C. D.
E.

Copyright © Insight Publications 2008
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Answer is B.

Worked solution
f (x) looks like e* and g(x) looks like |

as an approximation f (g(x)) would be e” and B has the shape of y =¢

Question 19

A bag contains 4 red, 3 white and 2 blue marbles. James selects a ball from the bag (and does
not return it). After him, Kevin selects another ball from the bag. What is the probability that
James does not select a blue ball and Kevin does not select a white ball?

A L
12
B. 4
27
c. L
12
p. B2
36
g A
72
Answer is D.

Worked solution
The only options are  Red, Red Red, Blue White, Red  White, Blue

4 2 3 4 3 2 19
FoX— X — X =
9 8 9 8 98

This gives— i>< 3
9 36

8
Question 20

The speeds of vehicles travelling along a particular section of Citylink freeway are normally
distributed with a mean of 95 km/h and a standard deviation of o . 15% of drivers are found
to be exceeding the 100 km/h speed limit.

The value of o is closest to

A. 0.150
B. 1.036
C. 4.824
D. 5.182
E. 0.207
Answer is C.

SECTION 1 - continued
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Worked solution

Pr(X >100) =0.15
100-95

Pr(Z > ) =0.15, convert to standard normal

1.036 :E, using inverse normal (see CAS screen below).
o

o=4.824
Using a CAS calculator the inverse normal value can be found as follows—

I
= 1 ] A i I EY

Irevllorm "Ry o 15, 1.8 -
dane
Disp5Stat
dane

4 [

Inverse Mormal CO
olnw = 1,8364333

Ala Standard Feal Rad gm]

Question 21

Ben has constructed a spinner that will randomly display an integer between 0 and 4 with the
following probabilities.

Number

X

0

1

2

3

4

Probability

Pr(X=x)

0.2

0.3

0.15

0.25

0.1

Ben spins the spinner 5 times. The probability of obtaining at least 3 odd numbers is

A. 055

B. 055°

C. (0.55)% +(0.55)" +(0.55)°

D.  (0.45)°(0.55)° +(0.45)(0.55)* + (0.55)°
E.  10(0.45)*(0.55)* +5(0.45)(0.55)* +(0.55)’
Answer is E.

Worked solution
The distribution is binomial with X ~ Bi(n =5, p=0.55) and Pr(X >3)=option E

SECTION 1 - continued
TURN OVER
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Question 22

The continuous random variable X has a probability density function given by

3x? if 0<x<1
f(x)= .
0 otherwise

The value of a such that Pr(X >a)=0.875 is

A. 0.875
B. 0.540
C. 0.204
D. 0.956
E. 0.500
Answer is E.

Worked solution
1
Pr(X >a)=[3x*dx=0.875

[x*] =0.875

1-a®=0.875

a®=0.125

a=05

Using a CAS calculator and solving for a gives—

| ¥ Edit Rction Interactive i

R T P e i

1
su:-lue-[fS- = 2dx =0, B75,a
a
(4)
z

-
mth |abc | cat | 20

L=
L3 =

1k

HERIEI S
]

LRI

ra EIF
[ TRIG JoALC JorTH] &= JE<E
Alg Standard Real Rad qim]
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SECTION 2

Question 1

The “peanut” spider, a rare South American spider, weaves a peanut-shaped web—hence the
name.

An araneologist (person who studies spiders) observes the web-making process.
Initially the spider weaves a strand that has the shape that can be described by

1 . .
Y=o x(x — 7)(x* —8x +25) for x e [0,9] with all measurements in cm.

a. Showthat x> —8x+25>0 for xeR.

2 marks
Worked solution

Completing the square gives

X’ —8Xx+16 —16 + 25

=(x—4)*+9

(x—=4)>>05s0 (x—4)*+9>0

Note: other techniques can also be used such as graphing or using the discriminant.
Mark allocation

e 1 mark for valid method
o 1 mark for valid conclusion

b.  Find the x-intercepts of the graph of y :3—15x(x —7)(x* —8x+25).

1 mark
Worked solution

As x* —8x+ 25> 0 there are no solutions from this quadratic, therefore the only x-intercepts
come from the two linear factors x and (x-7). The x-intercepts areat x=0and x=7.

Mark allocation

e 1 mark for correct intercepts.

SECTION 2 - continued
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The shape below describes the bottom boundary line of the web which is the graph of y
translated up 16 cm above the ground as shown in the graph below.

34 4
32+
30+
28 +
26 +
24 +
22+
20 +
18 +
16 4

. \
12 +
101

|5 I N 7}
!
T

c.  State the equation of the bottom boundary of the web, y,, as shown in the graph above.

1 mark
Worked solution

y, is the graph of y shifted up 16 units. This gives the equation
Y, = % X(x—7)(x* —8x + 25) +16

Mark allocation

o 1 mark for the correct equation.

The spider begins to weave the top boundary of the web. The symmetry of the web becomes
apparent. The top boundary of the web is a reflection of the bottom boundary in the line

y =18. Its equation is given by y, =20 —3—15 X(X = 7)(x* —8x + 25).

d.  State the transformations (in correct order) involved in producing y; fromy.

2 marks
Worked solution

The transformations are—a reflection in the x-axis and a translation of 20 units up.

SECTION 2 — continued
Copyright © Insight Publications 2008
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Mark allocation

o 1 mark for stating one transformation correctly
« 1 mark for stating the second transformation correctly and in correct order.

e.  The two webs are attached to trees at their endpoints. State the coordinates of the
endpoints (correct to 2 decimal places).

2 marks
Worked solution

Endpoints are at (0, 16), (9,33.49), (0, 20), (9, 2.51) and these can be obtained using the
table facility on the calculator or by using value.

Mark allocation

e 1 mark for 2 correct endpoints.
e 2 marks for all endpoints correct.

f.  The two boundary webs intersect at one point in the domain. Find the point of
intersection (correct to 2 decimal places).

1 mark
Worked solution

Using a calculator and finding the point of intersection gives—(7.45, 18)
Mark allocation

o 1 mark for correct answer.

The spider then begins to weave vertical portions on the web joining the top boundary web
with the bottom boundary web.

g.  One vertical web is placed at x = 5 cm. Find the minimum length of this web (correct to
2 decimal places).

2 marks
Worked solution

At x=5, y, =13.143 and y, =22.857 a difference of 9.71cm

These values can be obtained from the table or by using value on the calculator.
Mark allocation

e 1 mark for the y values
e 1 mark for the correct length.

h.  Three vertical webs of length 5 cm are required. Where should these be positioned?
Answer correct to 3 decimal places.

2 marks
Worked solution

Set up an equation that is the difference between y; and y,, (y=Y; —V,),and use the
graph to intersect with the lines y =5 and y=-5

There are three points of intersection at x = 0.105, 6.851, 7.844

SECTION 2 - continued
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Mark allocation

o 1 mark for indicating an appropriate method—i.e. setting up the difference equation
e 1 mark for the correct x values.

i. Find the maximum length of a vertical web (correct to 2 decimal places).

2 marks
Total 15 marks
Worked solution

Using the equation above (y =Yy; —Y,) find the maximum and minimum value of the
function—

Ymax =11.43 y... =—30.97. So the greatest distance between the graphs is 30.97 cm—
therefore the maximum vertical web length is 30.97 cm.

Mark allocation
e 1 mark for indicating a valid method—(if student gives answer of 11.43 cm, then
1 mark)
e 1 mark for correct answer.
Question 2

Part of the graph of the function f :R > R, f(X) = —2Ioge(5;3x) is shown below.

T
4 4 ‘ X

a.  State the equation of the asymptote.

1 mark
Worked solution

asymptote at x =5
Mark allocation

e 1 mark for answer

SECTION 2 — continued
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b.  Find the equation of

Worked solution
Interchange x and y

x:—2loge(5_—y)
X 5-y
—=1lo - 7
5 =100.(—7)
g2 =27
3
3e2 =5-vy
y=5-3e?

Note: can be found by entering x =-2log, (

21

the inverse function .

i & Solve
DSolve numerically

] Equation: =2 logle,( ]
Variable: [

EHHI et IL_“»-ld vl -I l

113

5_
snlve[ x==2- 1099[ Ty ] , :-']

_ -3
o

i o
mth [abc [cat [ 20 |EIEIE ]| [meh [abe [car | 20 |EEIE]
EIECOERE I%-Iarlrlzlr k| [EHEIBE ':I:'I I%-Izlylzlt z [+
loa | 1In i =1 ||| = | ' 9 =
-2 ex S|&||=]=+ :I. JT loa O 5 &=+

i } HEIEE '||123+—
L ] i E|lans |.||{}|{}|{- E||lan=s
TRIG ||::F||_|::|0PTN '-.-'FIFE EXE||| cALS | ADV '-.-'FIR EXE

Ala Standard Real Rad gm]

Ala Standard Feal Rad gm]

) and solving fory

Mark allocation

e 1 mark for writing

e 1 mark for correct

Copyright © Insight Publications

-y
x=-2log, (—=
9( 3

inverse equation

2008

2 marks
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c.  Sketch and label the inverse function f ' on the axes above. Label any asymptotes with
their equation. Label axes intercepts with coordinates.

2 marks
Worked solution

asymptote @ y=5

(0, -2In(5/3)) ‘

Mark allocation

e 1 mark for correct shape
o 1 mark for asymptote correct and labelled

A skateboard ramp is made in the shape as shown below. The ramp consists of a horizontal
section between two curved surfaces. The curved surfaces are described by the equations

0:[2,45] >R, g(x) = f(x)
and h:[-4.5-2]—> R, h(x)= f(-x).
All measurements are in metres.

D —

SECTION 2 — continued
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d. How many metres above the ground is the ramp when x = 4.5? Give your answer as an

exact value.
1 mark
Worked solution
Let x=4.5,to get y=-2log, (5_—34'5) =-2log, (%) =2log, (6)
Mark allocation
o 1 mark for correct (exact value) answer.
e.  Use calculus to find the area of the shaded regions correct to two decimal places.
3 marks

Worked solution
The area of the shaded regions equals

45

A=2x j —2Ioge(5—3x) dx which can't be determined,
2

instead we use the inverse function from earlier

1
—2log, =
Je 6

=2x j (45-(5-3€§»dx

_x —2Ioge%
:2x{—Q5x—6e2}

0
=6.42 square units

A CAS calculator can be used to determine the numerical answer (see below), however the
calculus step showing the antidifferentiation must be shown.

|~ Edit Rction Interactive (5

S O ] = T I

T T T

—Elogeﬁlfé)
j‘ —. S+3e T 2y

2. 282246521

E.416421BE2

[u] |
mth |abc | cat | 20
(nfe]sa]c o], [»[aly=|z [+
log [ In | 1 [F [~ ]=]
% | e [t [ [4]5]6]x]7]
ENEN AHE R
L | 1 [ {8 [e]an=
TRIG JCALC JoPTH] AR JEXE]
Fla  Decimal Real Rad dm]

Mark allocation

« 1 mark for recognising to use the inverse function
o 1 mark for antidifferentiating
e 1 mark for the correct answer

SECTION 2 - continued
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The ramp is to be used for a public exhibition by a group of international skateboarders. For
the public display, the ramp is to be lifted and secured above the ground by a pair of diagonal
supporting beams as shown in the diagram below. The equations of the supporting beams are
described by the equations of the tangents to the ramp at the points x=4 and x = —4.

12—+ /
e
\ //
—
\ -
) T / x
-
e 4
e

f. If the beams must pass through the origin, find how high the horizontal section of the
ramp is lifted above the ground. Answer in exact form.

2 marks
Worked solution

Using a CAS calculator
Type in the expression and access tangent line from the interactive menu

tanLine E3f |
Em ;Einsfcur'matmn | Expression: [-21n0 ((5-x)/ | -de;lgdﬂ vl-,FH vl .
5 diff 1 i S | =
omy  impDiff 1 ua_rlable = tanLinE[—2-1n[5—x]sxs4] o
 Listq r Point:= 4 | 3
List- lim 2ex-5.BE2TTI4232
H:E; % tanLine[ —2- ln[ E%x ], Xy 4]
EE'E'; ;-.anndgEprDmt ! et D lni 3 -5
A= =is :
] tanLine
gﬁg'lr nnr[nal 1 -
rth |abc [ cat ?;Tnen mth [abe [cat | =0 |EIEIED|[mth (b [cat | 20 |EIEIE]
mle|s o] 2] friax [ & [ ] 2] a |3 [aefoe | |2 || || [ 8 [ [ oo | )3 | | 3 [ e | [ [ 4]
d : [=|
= [ toa Lo L7 el %E_U?gg“
M| ™ |lgy dermominator a = —| =™ | & [lnag0 —
nurmer ator £ d | l=l ||1 2|3+ |1 2] 3|+
m [ O O L[ 3 <] I-IIUI{}I{- £ |[ar=
CALC | ACY wAR__|ExE]| TRIG JcALC | oFTH 'v'FIR EXE||| cALS | mDv '-.-'FIFE EXE
Ala Decimal  Real Rad cm]  |Ala Decimal Real Radom]  JAlg Standard Real Rad cml

Tangent line is
y=2x-8+2log, 3

The tangent line has a y-intercept of —8+ 21log, 3 so the ramp needs to be lifted up
8—-2log, 3 units.

SECTION 2 — continued
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Mark allocation

o 1 mark for finding equation of tangent
e 1 mark for exact value answer.

g.  For safety reasons the horizontal section of the ramp cannot be lifted more than 4 metres
above the ground—find where on the curve, correct to 3 decimal places, the tangent
line supporting beams should be placed so that they still go through the origin.

3 marks
Total 14 marks

Worked solution

We want the y-intercept of the tangent line to be y =—4

The tangent line has the equation y = % X—4
X

So we solve —4 = y—ﬂx
dx

| W Edit Action Interactive

B o ] T ramiad HIEY |

Define pixi=—21n{ 5%)

dane

snlue[ plx )—i( plxl) e x=—dr

{==3.695456551 7
|

mth|abc [cat | 2D

diff | |
1 nPr :
solwy [dSlv| * dl.|e|lan=
TRIG | &= [oPTH] vAR JEHE
Ala Standard Real Rad gm]

so the tangent needs to be drawn through the points at x = 3.695 and x = —-3.695

Mark allocation

e 1 mark for knowingy = -4
o 1 mark for setting up equation
e 1 mark for answer

Question 3

A rare species of flower is grown in a hothouse. The temperature inside the hothouse is
monitored and can be observed to go through two phases—an elevated temperature phase and
a constant phase. These phases are cyclical and repeat regularly.

The temperature inside the hothouse is observed for 35 minutes and can be modelled by a
continuous function of time described by

Lt t 3T 7 11z
20, /sin—+cos—+30 forte[0,—)u(—,—)u(a,b
Tt)y=1"\"2 "2 05 5v@Eb)

m otherwise
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where T is the temperature inside the hothouse in °C and t is the time in minutes.
a.  What is the initial temperature?

1 mark
Worked solution
When t =0, T =50 using the table facility on the calculator.
Mark allocation
e 1 mark for the answer

b.  State the values of a, b and m.

3 marks
Worked solution

3z

To be a continuous function m =30 this can be found by finding the value of Tat t = -

The length of each elevated phase is 27 and the gap between each elevated phase is also

27 S0 a:15—7[ and bzlg—”.
2 2

Mark allocation

o 1 mark for each of the values a, b, m.

c.  Sketch the graph of T for 0 <t < 35 (Coordinates of points are not needed)

8o+

40+

20+

3 marks
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Worked solution

8o+

20+

T + + + T + + + T + + + T + + + T + + +
2n 4n 6n 8n 10n t

Mark allocation

e 1 mark for correct elevated phase
o 1 mark for correct constant phase
e 1 mark for endpoints

d. i Find an expression for Z—I in the elevated phase.

1 mark
Worked solution

Using the CAS calculator—

|[ ¥ Edit Action Interactive (%

i EB-J‘sin[%]ﬂzns[%] o
o{ood 3}l
Jms[ z ]+sin[ z ]

0 -
20
m|e|]w] 2] |3 |a|e]z]e ]
- a|[*]=]

= [/mYa]s

| | 1°‘3|D|§ 3

=

x £
] ()] {

M=

]
Lj]2]3][+]|-
E

ans

CALC | RO

VAR

EXE

Ala

Standard Feal Fad gm]

Mark allocation

o 1 mark for correct derivative
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ii. Hence write down an equation, the solution of which is the first value of t when the
temperature is a maximum. Find this value of t in exact form.

2 marks
Worked solution

t .t
5(cos——sin—) t t
=0= 2 2 -0or simply (cosz—sinz):o

dt \/ t t
SIN — + COS —
2 2

| N Edit Action Interactive (X

B o ] T ramiad HIEY |

B L] L]

oo 22
I=a=0

{x=4- n-constnl 1 )+%}

=olve

4 [

[u]
20 RG]
:lt|6 HEEAR |%—|x|y|z|t +
== _||? ENEE

w [ o® |10g,0 3 i

=3
l-llnl{}l{-t'f S EEe

an=
CALC | ACY

VAR |EXE
Ala Standard Real Rad gm]

so if the constant = 0 then t :%

Mark allocation

e 1 mark for setting Z—I =0

e 1 mark for correct answer

iii. Find the maximum temperature correct to 2 decimal places.
1 mark
Worked solution

Using calculator to find the maximum gives T =53.78°

Mark allocation

e 1 mark for answer

e.  Toensure the flowers flourish and an adequate quantity is produced, the temperature
must remain above a particular temperature R for a continuous period of exactly 3
minutes. Find the value of R for this hothouse. Give your answer correct to 3 decimal

places.

2 marks
Total 13 marks
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Worked solution

Need to centre the 3 minutes symmetrically over the peak of the elevated temperature phase—

this means, for the second peak, we take 1.5 minutes either side of the maximum at t = 97”

(Could also use the first peak at t = %)
So we need to find the temperature at t = 97” +1.5

Using a calculator we find the value of the function at t = 97” +1.5 as T =50.345°, so

R =50.345°
Mark allocation

e 1 mark for finding valid value of t.
e 1 mark for correct R.

Question 4

Type A butterflies are known to inhabit a remote Queensland island. On the Island there are 2
separate colonies of type A butterflies—the South Colony and the North Colony with 40%
initially living in South colony and 60% initially living in the North Colony. Research has
shown that each year 10% of the butterflies in the South Colony will move to the North
Colony and 15% of the butterflies in the North Colony will move to the South Colony.

a.  Determine the percentage of butterflies living in the North Colony at the end of the
first year.

1 mark
Worked solution

Using a tree diagram or otherwise the options are SN and NN
SN + NN

=0.4x0.1+0.6x0.85

=0.55

=55%

Mark allocation

e 1 mark for the answer
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b.  Determine the percentage, correct to 2 decimal places, of butterflies living in the North
Colony at the end of the fifth year.

2 marks
Solution:

Using matrices gives—

I
Eﬂmﬁ]%ﬂ-ﬂ-

TLIET
\‘2291

olz8

a. 552539@625
8. 4474089375 ] || |

-

=0 |E2)E]
:lt|9 1-|'I' (|)| |$—|x|y|z|t 4-|
TR HE

4[5 |+
lim0O |

| o TI'I:I|123+_
o

o0
S0 m0| J= E |[an=
= | ALY VR [
Ala Decirnal  Feal Rad qm]

So there are 44.75% of the butterflies in the north colony after 5 years

oy}

Mark allocation

e 1 mark for setting up the matrices
e 1 mark for answer

c. Find the percentage of butterflies that will eventually be living in the North Colony in
the long term.

2 marks
Worked solution

. : 09 01504 . :
Long term means as a — oo in the expression . This can be determined by
0.1 0.85||0.6

evaluating a limit expression or by choosing a suitably large value for a (say 100) and using
the CAS calculator to determine.

| % Edit Action Interactive

el

0

2 | EHE]
HEROEAR |$-|x|y|z|t 4-|
woll B [IEE] [Tl

. AEEEE

lim0O |

20| £= |123+_
E

o 1]

aml|amd J;. : ans
= VR [ERE

Ala Decirmal FReal Rad gl
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l1-a b
Or alternatively, the steady state probability is given by 2 for the matrix
a+b a 1-b

SO in our case—

a 01
a+b 0.1+0.15

= 0.4 s0 40% of the population are in the north colony in the long term.

Mark allocation

e 1 mark for method of finding value
e 1 mark for correct value.

The length, X , centimetres, of the wings of the type A butterfly has been found to have a
probability density function

0.05e7%%* for x>0
f(x)=
0 for x<0

d. i. Find the mean length of the wings of the type A butterfly.

2 marks
Worked solution

mean:J'Xx f(x) dx
0

- j x.0.05e % dx
0

=20

Note the integral can be evaluated from the calculator—no need to show a calculus step—for
oo use a sufficiently large value of x say 1000.

Mark allocation

e 1 mark for writing down the integral
e 1 mark for the answer.

ii. What percentage, correct to 2 decimal places, of type A Butterflies have wings of
length more than 30 centimetres?

2 marks
Worked solution

Pr(X >30) = [0.05¢ " dx
30

30
—1- j 0.05e°%* dx
0

=1-0.776870
=0.2231
=22.31%
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Mark allocation

o 1 mark for integral (again no need to use calculus)
e 1 mark for answer

e.  Four type A butterflies are captured. What is the probability, correct to 2 decimal
places, that exactly two of the four type A butterflies have a wing of length more than

30 centimetres?
2 marks
Worked solution
Distribution is now a binomial with p =0.2231 and n = 4. Using a CAS calculator

[8.1 8.85] " |e.6]
8.6
.4
BinomialPD 2a4, . 2231

dane

Frob
B, 18982322248

0 -

mth|abc | cat | 20

FoiszonPD a] Form

polvEwal( EAn [~

Enwerg i
oerReg

Erint IMFUT

PrintrHatural

EN N ERIEREERE WS

Ala Decimal FReal Rad gm]

Pr(Y = 2) =0.180252 =18.02%

Mark allocation

e 1 mark for recognising binomial and stating the parameters n and p
e 1 mark for the answer
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Type B butterflies also inhabit the island. The two butterflies are nearly identical in shape,
colour and size. The length X centimetres of the wings of a type B butterfly is given by the

probability density function defined by

1

——la(x—20)|, 18<x<22
g0 = {2 120

0 otherwise

f. Find the value of a,if a>0

1 mark
Worked solution

22
Using a CAS calculator set up j%—|a(x— 20)| dx =1 and solve for a.
18

| W Edit Action Interactive

B o ] T ramiad HIEY |

T =Ty 3= 207 o
22

f{—la(x—zajlm.s:ndx
18

-4 |a|+2
zolvel—4: |a|+2=1, 23]
{ 5=—8,25, =8, 253 [ |

_|-n--u:::-
MECEE

a
¥
L4

Fall

I =

[ TRIG JoALC JorTH] &
Alg  Decimal Real Radaml | therefore a = 0.25

HEEIE
L

Mark allocation

e 1 mark for answer

A rough approach to determining whether a butterfly is Type A or Type B is to measure the
length of the wings. The butterfly is classified as type A if the length is less than a specified
value c, and as type B otherwise.

g. If c=20calculate the probability, correct to 3 decimal places, that a type A butterfly is
misclassified, and the probability, correct to 3 decimal places, that a type B butterfly is
misclassified.

2 marks
Worked solution

The probability that type A is misclassified is
Pr(X , > 20) = j 0.05e %% dx
20

=0.368
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| ¥ Edit Action Interactive (i

B T ] T amind HIEY |
1866 —

8. 856 T gy

28

B, 3673794412
|

2 |EHE]
:lt|6‘ HEEAR |$—|x|y|z|t |
|:| w"i Ell? Ed

| ™ [logg :

B].
CALLC | FID'-.-'Ul VAR |EXE
Ala Decimal FReal Rad gm]

&
213 +[-
E

The probability that Type B is misclassified is

20
Pr(X s <20) = [0.5-[0.25(x — 20)|dx
18

(or could recognise symmetry to obtain probability)
=0.500

I
Eﬂmfﬂ%ﬂ-ﬂ-

a
f (-8, 250 x-280+8. Sidx
1g

8.3
[u]

20 |E2)E]
:lt|6‘ 1-|'I' (|)| |$—|x|y|z|t 4-|

CEICER] et
e

i S EE
%D amd {al.|e]|lans
= | fov VAR |EXE

Ala Decimal Feal Fad gm]

Mark allocation:

e 1 mark for Type A value
e 1 mark for Type B value

h.

Find the value of c, correct to 3 decimal places, for which the two probabilities of
misclassification are equal.

2 marks
Total 16 marks
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Worked solution

We need to set up two equations involving unknown c values and the equate the two to find
when the areas under the curves are equal

i.e. when Pr(X, >c)=Pr(X, <c) sowe want _|'O.05e’°'05X dx = IO.5—|0.25(X— 20)| dx
c 18

| N Edit Action Interactive (X

B TR EE T T

160 2| a
solve f 8. a5.e 983, 4=fa.5—|a.25-(x—2a)|dx,cr
c 15
{o=19. 727264367 {c=19. 727264867
0 N
- -
[mth [abc [cat | 20 EIEE ] |[mth [abe [cat [ 20 |EIEE]
:lt|6 HEEEA RSN EE BB REE R
= [/m s EEl %ﬁ_ll?szxj
u u l l
all Bl i FYFIEI|GE 1'3‘3"123+—
E E

]
ORI oRaes |-||U|{}|{'
CALLC | ALY VAR |EXE CALC | ALY '-.-'FIR EXE
Ala Decimal FReal Rad gm] Ala Decimal FReal Rad gn

therefore ¢ = 19.727

Note: This can be found by solving numerically on CAS—instead of oo use a sufficiently
large number such as 1000.

Mark allocation

e 1 mark for writing the areas
e 1 mark for answer

END OF WORKED SOLUTIONS
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