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SECTION 1 
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C A C E E A C B E E E 

 

12 13 14 15 16 17 18 19 20 21 22 

D B D A C C B A C E E 

 

Q1  0288260 2 =++= xx
dx

dy
 has 2 solutions. 

∴ 25284120 23 +++= xxxy  has 2 stationary points, a local 

maximum and a local minimum. Between these 2 points is an 
inflection point.     C 
 

Q2  ( ) ( ) 0133 22
=+−−−

x

x exaexa . Let ( ) 2

x

exau −= , 

0133 2 =+− uu . Since ( ) ( )( ) 313434
22 −=−−=− acb , a 

negative value, no real u and hence no real x will satisfy the 
equation.     A 
 

Q3  For the function 








k

x
tan with no domain restrictions, the 

asymptotes closest to the origin O are 
2

πk
x ±= . For function f 

with domain 







−=

4
,

4

ππ kk
D , it has no asymptotes.     C 

 

Q4  The intersection of bxy −= 2  and bxy +=  is on the line 

xy = . bxbx +=−∴ 2  has the same solution as xbx =−2 . 

02 =−− bxx , 
2

411 b
x

++
= .     E 

 

Q5  ( )( ) ( )( )( ) ( )( ) ( )( )yxyxyxyx 25252525 loglogloglogloglogloglog 525210 ×=×=  

( ) ( ) yxxy 2552
loglogloglog 52 ×= yx

xy 25 loglog= .     E 

 

Q6  ( ) 242231 xxf =−− , ( )
3

41
22

2
x

xf
−

=− . 

Let xX 22 −= , Xx −=∴ 22 ,  

( ) ( )
3

21
2

X
Xf

−−
=∴

( )[ ] ( )[ ]
3

2121 XX −+−−
=  

( )( )
3

31 XX −−
= . ( ) ( )( )

3

31 xx
xf

−−
=∴ .     A 

 
Q7  C 
 

 
 
 
 

Q8  EITHER 0≥+ bax  and 0>− dcx  OR 0≤+ bax  and 

0<− dcx . 

∴ EITHER 
a

b
x −≥  and 

c

d
x >  OR 

a

b
x −≤  and 

c

d
x < . 

∴ EITHER 
c

d
x >  OR 

a

b
x −≤ ,  

which is 








≤<−
c

d
x

a

b
xR :\ .     B 

 

Q9  ( ) ( ) cxxPx +=+ 45 , ( )
5

4

+

+
=∴

x

cx
xP , 5−≠x . 

                                               125255 23 −+− xxx  
 

)5+x cxxxx ++++ 000 234  

                                       34 5xx +  

                                            
23

23

255

05

xx

xx

−−

+−
 

                                                      
xx

xx

12525

025

2

2

+

+
 

                                                               
625125

125

−−

+−

x

cx
 

                                                                              0 
E 
 

Q10  2=+ yx ee ……(1), 1=− yx ee ……(2) 

(1) + (2), 32 =xe , 5.1logex = . 

(1) − (2), 12 =ye , 5.0logey = . 

( ) 75.0log5.05.1log5.0log5.1log eeeeyx =×=+=+ .     E 

 

Q11  Given ( ) xxf elog1+= , then ( ) yyf elog1+=  

To check which one is false, let 1=y . ( ) 11log11 =+= ef . 

E is false because ( ) ( ) ( )1log11 ++=+=+ xxfyxf e , but 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )11 fxffxfyfxfyfxf −+=−+  

( ) ( ) 11 =−+= xfxf . 

( ) ( ) ( ) ( ) ( )yfxfyfxfyxf −+≠+∴ .     E 

 

Q12  Draw a tangent to the curve at 5−=x , and determine its 

gradient to be 7.0−≈ .     D 

 

Q13  ( )
( ) ( )

x

x
xg

x
xgx

xP
2

1

2

1
−′

=′  

( ) ( )
xx

xgxgx

2

−′
=  

 
( ) ( )

22x

xgxxgx −′
= .     B 
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Q14  ( ) ( )
333

3
1

3
1

3
1

log
2

1
2log

2

1
2log 








−=








− ∫∫ xdxxdx

x
x eee  

( ) 















−−= ∫ 3

1
log

2

1
3log

2

1
2log

3

3
1

eee dxx  

( ) 







+−= ∫ 3log

2

1
3log

2

1
2log

3

3
1

eee dxx  

( ) 3log2log
3

3
1

ee dxx −= ∫ .     D 

 
 
Q15   

 0<x  0=x  20 << x  2=x  2>x  

( )xf ′  negative 0 positive 0 negative 

 
A 
 

Q16  Average rate of change 
( ) ( )

33
4

33
4

ππ

ππ

−

−
=

ff
 

( ) ( )( ) ( ) ( )( )
π

ππππ
363

4
3

2 cossin2cossin2 −−−
=  

( ) ( )
ππ

313
2
1

2
1

=
−−+

= .     C 

 

Q17  ( ) 05.0)05.02.025.02.015.01.0(12.8Pr =+++++−==X . 

( ) ( ) ( ) ( ) ( ) ( ) ( )05.05.92.0905.02.825.072.0515.03.31.02 ++++++=X  

13.6= .     C 

 
 
Q18  Binomial distribution. 
At each corner the drunkard is equally likely to move   

         or       , 
2

1
=∴ p  and 

2

1
=q . The drunkard has to move 3 

times           and 2 times        in any order before reaching Q, 
5=∴n  and 3=X . 

( )
16

5

2

1

2

1
3Pr

23

3

5 =















== CX .     B 

 
Q19  A 
 
 
Q20  Two-state Markov chain. 

The two states are A and B. Let ( ) xAB =|Pr , then 

( ) xAA −= 1|Pr . 

( ) ( ) ( ) ( )AABAABBAA |Pr|Pr|PrPr = . 

( )xx −××=∴ 1
3

1

16

1
, 031616 2 =+− xx , ( )( ) 03414 =−− xx , 

4

1
=x  or 

4

3
.     C 

 
 
 

Q21  ( ) ( )
( )pX

pXX
pXX

>

>∩<
=><

Pr

85Pr
|85Pr  

( )
( )

=
>

<<
=

pX

Xp

Pr

85Pr ( ) ( )
( )pX

pXX

<−

<−<

Pr1

Pr85Pr
. 

( ) ( )
( )

85.0
Pr1

Pr85Pr
=

<−

<−<
∴

pX

pXX
. 

By calculator, ( ) 9612.085Pr =<X . 

( )
( )

85.0
Pr1

Pr9612.0
=

<−

<−
∴

pX

pX
.  

Hence ( ) 7413.0Pr =< pX  and 5.75=p .     E 

 
Q22  E 
 
 
 

SECTION 2 
 
Q1a   

 
 
 

Q1b  Equation of the inverse is ( ) 22log2 −+= yx . Express y in 

terms of x: 22 2 −= +xy . 

The range of the inverse is the domain of ( )xf , ( )∞− ,2 . 

 

Q1c  Let ( )yxP ,  be the point closest to ( )0,0O , and let D be the 

distance OP. 

22
yxD += , 

( )( ) ( )
2

22

2
2 2

2log

2log
22log 








−

+
+=−++=

e

e x
xxxD . 

Use calculator to find the minimum point ( )7202.0,4280.0 − . 

 

Q1d  Area
( )

∫ 







−

+
−=

2

0

2
2log

2log
dx

x

e

e , which is the same as the 

area under the inverse of ( )xf  between 1−=x  and 0=x , 

i.e. ( ) ( )( )( )∫∫
−

+

−

+ −=−
0

1

22log
0

1

2 222 dxedx
xx e  

( )( )

=







−=

−

+
0

1

22log

2
2log

x
e

e

xe









+− 2

2log

2

2log

4

ee

 

2
2log

2
−=

e

. 
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Q1ei  Let ( )yx,  be the coordinates of the vertex of the rectangle 

opposite to the vertex at O. 

For area A to be the greatest, point ( )yx,  must be on the curve 

( )
2

2log

2log
−

+
=

e

e x
y . 

( )








−

+
−=−= 2

2log

2log

e

e x
xxyA . 

Use calculator to find the x-coordinate of the maximum point to 
be 0.9194 (0.91938). Substitute 91938.0=x into 

( )
2

2log

2log
−

+
=

e

e x
y  to obtain 4543.0−=y . 

Length 9194.0= , width 4543.0= . 

 
 

Q1eii  
( )









−

+
−= 2

2log

2log

e

e x
xA , 

( )
( ) 2log2

2
2log

2log

ee

e

x

xx

dx

dA

+
−







−

+
−= . 

Given 2loge
dt

dx
= . 

( )
22

4
log

2
2log22log

+
−








+
=

+
−++−==

x

x

xx

x
x

dt

dx

dx

dA

dt

dA
eee . 

 
 
Q2a   

 
 
 

Q2b  Domain is { },......3,2,1,0:\ ±±±=nnR . 

Range is ( ) ( )2,11,2 ∪−− . 

 

Q2c  Use property 1: ( ) ( )xfxf −=−  and property 2: 

( ) ( )xfxf −=− 2 . 

( ) ( ) ( )5.15.35.3 fff =−=− ( )5.0−−= f . 

Use property 3: ( ) 







−= xxf

2
cos2

π
 when ( )0,1−∈x . 

( ) 2
2

1

2

1
2

4
cos25.0 −=








−−=
















−−−=−−

π
f . 

 
 

Q2d   

 
 
Q2e  The transformed function in part d is an even function, 

property 1 becomes ( ) ( )xfxf =− . 

Property 3 becomes ( ) ( ) 















−−= 1

2
cos25.1 xxf

π
 when 

( )1,0∈x , i.e. ( ) ( )







−−= 1

2
cos5.13 xxf

π
 when ( )1,0∈x . 

 

Q3a  Ratio 25:20: =hr , ∴radius
5

4h
r = . 

Volume
75

16

5

4

3

1

3

1 32

2 h
h

h
hrV

π
ππ =








== . 

 

Q3b  Full volume π
π

720
75

1516 3

== cm3. 

Time 1= hour 3600= s. 

Rate of flow
53600

720 ππ
== cm3 s-1. 

 

Q3c  
25

16 2h

dh

dV π
= .  

dt

dh

dh

dV

dt

dV
= , 

2

25
16

5

16

5
2

hdt

dh

h
dh

dV

dt

dV

−=
−

==
π

π

. 

When 5=h , 
80

1
−=

dt

dh
. 

Rate of decrease
80

1
= cm s-1. 

 
Q3d  Consider the air (cone-shape) above the liquid. 
When the depth of liquid is 5 cm, the height of air in the 

cone 20525 =−=h cm. 

For the air,
1280

1

25
16

5
2

−=
−

==
h

dh

dV

dt

dV

dt

dh

π

π

cm s-1.  

For the liquid, the rate of increase
1280

1
= cm s-1. 

 

Q3e  
5

161 2h

dh

dt

dt

dh
−== , 3600

15

16

5

16
0

15

30

15

2

=







−=−= ∫

h
dh

h
t s. 

Required time 1= hour. 
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Q4a  When 0=x , ( ) 110 0 −=−== aaefy , 

( ) aaegy === 00 . 

When ( ) 0=xf , 01 =−− xae , 1=− xae , aex = , ax elog= . 

 

 
 

Q4b  xx aeae −− =−1 , ( ) xx aeae −− =−− 1 , 12 =− xae , 
a

e x

2

1
=− , 

aex 2= , ( )ax e 2log= , and
2

1
== −x

aey . 

Intersection ( ) 








2

1
,2log ae . 

 

Q4c  Area of the region ( ) ( )( )
( )

∫ −=

ae

dxxfxg

2log

0

 

( ) ( )( )
( )

( ) ( )( )
( )

( )

∫∫ −+−=

a

a

a e

e

e

dxxfxgdxxfxg

2log

log

log

0

 

( )( )
( )

( )( )
( )

( )

∫∫ −−+−−= −−−−−

a

a

xx

a

xx
e

e

e

dxaeaedxaeae

2log

log

log

0

11  

 

( )

( )
( )

( )

∫∫ −+= −

a

a

x

a e

e

e

dxaedx

2log

log

log

0

121  

[ ] ( ) [ ] ( )
( )a

a

xa e

e

e xaex
2log

log

log

0 2 −−+= −  

( ) ( ) ( )( ) ( ) ( )( )aaeaaea e

a

e

a

e
ee log22log2log log2log −−−−−+= −−  

( ) ( )( ) ( )( )aaa eee log22log1log −−−−−+=  









+=

2
log1

a
e . 

 
 

Q5a  
( )

1
2

5
25

2
1

=∫
∞

∞−

− −

dxke
x

, 
( )

1
2

5
25

2
1

=∫
∞

∞−

− −

dxek
x

. 

Evaluate the definite integral by calculator: ( ) 15331.12 =k , 

08.0≈k . 

 

Q5b  25=µ , 5=σ , 

( ) ( ) ( ) 84.068.01
2

1
68.0Pr20Pr =−+≈−>=> σµLL , 

i.e. 84%. 
 

Q5c  Binomial distribution: 5=n , 

( ) ( ) 16.0Pr30Pr ≈+>=>= σµLLp . 

( ) ( ) 15.02,16.0,52Pr ≈== binompdfX . 

 
Q5d  Binomial distribution: 5=n , 

( ) ( )
( )

19.0
84.0

16.0

20Pr

30Pr
20|30Pr ≈≈

>

>
=>>=

L

L
LLp . 

( ) ( ) 19.02,19.0,52Pr ≈== binompdfX .  

 
Q5ei  Now the fish in the first pond are all longer than 20 cm. 

( )
1

20

2

5
25

2
1

=∫
∞

− −

dxke
x

, 
( )

1
20

2

5
25

2
1

=∫
∞

− −

dxek
x

.  

By calculator, ( ) 1544689.10 =k , 0948.0≈k . 

 

Hence ( )
( )







>=

−−

.,0

20,0948.0
2

5
25

2
1

elsewhere

xexf

x

 

 

Q5eii  
( )

19.00948.0
30

2

5
25

2
1

≈= ∫
∞

− −

dxep
x

. 

( ) ( ) 19.02,19.0,52Pr ≈== binompdfX . 

 

Q5f  ( ) ( )
44.260948.0

2020

2

5
25

2
1

≈== ∫∫
∞

−
∞

−

dxexdxxxf
x

µ cm. 

The mean (26.44) is different from the mode (25), ∴no longer a 
normal distribution. 
 
Q5g  Mean price in dollars 

( ) ( )
017.20948.001.001.0

30

2

30

2
2

5
25

2
1

≈== ∫∫
∞

−
∞

−

dxexdxxfx
x

. 

Total price 2000$1000017.2$ ≈×= . 

 
  

 
      Please inform mathline@itute.com re conceptual, 

      mathematical and/or typing errors 

 


