Neap

Trial Examination 2020

VCE Mathematical Methods Units 3&4

Written Examination 2

Suggested Solutions

SECTION A - MULTIPLE-CHOICE QUESTIONS

1 [a] [&] [c] [o] [E] 11 [a] [] [c] [o] [€]
2 [a] [#] [c] [p] [g] 12 [a] [8] [c] [p] [E]
3 [a] [E] [c] [p] [E] 13 [a] [B] [c] [o] [E]
4 [a] [8] [c] [o] [€] 14 [a] [] [e] [o] [€]
5 [a] [] [c] [p] [g] 15 [a] [8] [e] [p] [g]
6 [a] [e] [e] [o] [E] 16 [a] [8] [e] [o] [€]
7 [a] [#] [c] [p] [g] 17 [a] [8] [c] [B] [g]
s [a] [8] [c] [p] [E] 18 [a] [8] [e] [o] [g]
o [a] [&] [c] [p] [E] 19 [a] [e] [e] [p] [g]
10 [a] [&] [c] [o] [E] 20 [a] [B] [c] [p] [E]
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VCE Mathematical Methods Units 3&4 Trial Examination 2 Suggested Solutions

Question 1 E

period = 2z
n
_2z
1
3
=617
Question 2 A

tan gentLine(x3 -x+4,x, 1]

Question 3 B
m+2 7 x| |m+3
1 2m-1 ||y 5
» *Doc <
=
det{| m+2 7 e e 1
A ([ ! 2'm_1D 2-m“+3-m-9

-

2 3
solve(2-m“+3- m—g#O.mJ m#-3 and m=—
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VCE Mathematical Methods Units 3&4 Trial Examination 2 Suggested Solutions

Question 4 B
P *Doc =

f[x):=3—2-x Done [

solve (f(x)= =1 ,r) x=2

solve()‘{x)-S,x) x=-1
Question 5 A

r(x]:=2.x2__5. J; 1".3('.’.*11k r

A9)-A) 2

4-1 3
Question 6 C
kx> —kx+1=0
4
A= b2 —4ac
K-k

k2 — k =0 for one solution

k(k—1)=0
k=0Qork=1

However, when k =0, the quadratic reduces to }1 =0 and therefore k = 0.

k=1 only

Question 7 A

X—X

invNorm(0.1,0,1) -1.28155157
invNorm(0.95,0,1) 1.64485263

160-m

-1.28155=
solve : ,{mns}

195-m
1.64485=—
s

s=11.9600875 and m=175.32745
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Question 8 A
gx)=3f2x-4)+1

Transformations:
Dilation factor of 3 from x-axis: (1, 3) > (1,9)

Dilation factor of % from y-axis: (1,9) — (%, 9)

Translate 2 units right: (1, 9) — (%, 9)
. 5 5
Translate 1 unit down: > 9] > > 10

Question 9 A

Let f and g be two functions such that f(x + 1) =x and g(x +2) = f(x).
fix+)=x->flx)=x-1

gx+2)=f(x)=x-1->g(x)=x-3

flg(x) = (x=3)—1

=x—-4

Question 10 E

D{.‘\'):=2 J\B'—a X< =G X Done
-a a=-3 or a=0 or a=3
solve|p|—|=0,a
2
Question 11 D

Let S = success, M = miss and A = any (success or miss).

Pr(at least 3 consecutive) = Pr(SSSAA) + Pr(MSSSA) + Pr (AMSSS)

3 3 3
Pr(at least 3 consecutive) = (%‘) x1x1+ (%) X (g) x1+1x % X (%‘) =0.7168

Question 12 E
Let a =Pr(A) and b = Pr(B).
Pr(AUB)=Pr(A) +Pr(B)-Pr(AnB)

0.76=a+b—-ab
Pr(AnB)=ab=0.24

solve(a 5=0.24 and a+b-a- b=0.76,a,b)
a=0.4and b=0.6 or @=0.6 and b=0.4
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Question 13 B

The derivative function f' is a positive cubic and matches the positive quartic in B.

Question 14 C

2-x>0—>x<?2
log,(2-x)20—>x=1

sx € (=0, 2)\{1}

Question 15 C

X —
Z=_/j
o

H=0—->o0=

invNorm(0.9,0,1) 128155157 |
1.5 1.171875
1.28

1

(1.171875)2 1.37329102

Question 16 C
(x=1) =x" =327 +3x-1
cg(x)=(x=1) +2

Thus the inverse will exist.

£2(x)=x>-3- x2+3- x+1

-G.tIST §
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Question 17 D
If f(x) =
=

LHS =£(x) + 2f(y)

RHS = (2x + y)f(xy)
=(2x+ y))—c-l;

_2x+y
= ————xy
..LHS = RHS
SS(x) + 2f(y) = (2x + y)f(xy)

[~]
l‘(x)=—l- Done |
X

Question 18 C

10 8 10 10
I fx)+ ldx:J. f(x)dx+.‘- f(x)a’x+.‘- ldx
3 3 8 3
=10-4+7
=13

Question 19 C

[~

d(X):=Jx2+(X2_4)2 Done =

14 J1a
X= = or x=0 or x=
d( J14 ) [15
2 2
T =

6 MMUB4EX2_SS_2020.FM Copyright © 2020 Neap Education Pty Ltd
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Question 20 B

r(x):=nn“1- = ln{n-x) Done
solve i(;‘(x])=0,\']
dx
o -
n
x=0and n#>0 or x=
n

However f(x) is undefined for x = 0 and therefore there is only one possible stationary point.

Copyright © 2020 Neap Education Pty Ltd MMUS4EX2_SS_2020.FM 7
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SECTION B

Question 1 (7 marks)

a. 4
solve(j{x)=0;c)

(0,0),(2,0),(4,0)

b. Let f(x) = g(x).
x3 - 6x2 + 8x=—ax
X —6x+8=-a (1)
Let f'(x) = g"(x).
35 12x+8=-a (2)
Equate (1) and (2).
33— 12x+8=x"—6x+8

2x2—6x=0
2x(x-3)=0

x=0 or x=3
~p=3,asp>0.
Substitute p =3 into (1):

(3)2=6(3) +8=—a

a=-1

3 2
x“=6-x“+8"x

x=0orx=2 or x=4

Al

M1

M1

M1

MMUB4EX2_SS_2020.FM
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c. Let d(x) = vertical distance between f(x) and g(x).
d(x) = f(x) - g(x)
=x3—(6x2+9x) M1

d'(x)=3x"—12x+9
Let d'(x) = 0.

x=lorx=3 M1
d(l)=4 Al
maximum vertical distance = 4
d 2
Z(q 3 x4-12-x+9
< ()
Solve(3_ x2__12_ X+9=0,x) x=1 OI‘X=3
d()‘) x> =6 x 249 x
d(1) 4
Question 2 (18 marks)
a. i
p{x):=4- x+5 Done =
g {I):=X"'1 Done
solve(x)=g(x),x) —
3
5] T
(_ﬂ.a _l) Al
33

ii.

17 Al

3
M an(@)-tn(2) 30.9637565
31° Al
b. i. There is a dilation factor of a from the y-axis and a dilation factor of clz from the x-axis. Al

Copyright © 2020 Neap Education Pty Ltd MMUS4EX2_SS_2020.FM
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ii. X' =ax—o>x=%
a
M1
y=-y—oy=ay
y=x+1
ay' =% +1
a
y'= %x +1
a a
h(x)= x4l Al
2 a
a
c. f(x) =h(x)
4x+5= izx +1
a a
Unique solutions occur where m | # m,.
1
—5 =4
“ M1
1
+-=
a#t;
But a € R" and therefore unique solutions occur for a € (0, «©) / {%} Al
d. ksolve(f(x)#r(x),x) _oa (5- a—l)
4a%-1
{-a- (5-0—1)] 4-g-5
A 5 2
| 4 a”-1 4-a”-1
(—a(Sa ~1) 4a-5 J
4a°-1 4a° -1
x-coordinate Al
y-coordinate Al
10
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e. Let distance = d(a).

2 2

- - 4a-5
d(a) = {%”J +(“Z—j Mi

da -1 4a” -1
For min/max, let d'(a) = 0. M1

_tJ21 45
4

:—J2714+5 Al

d(“):i’( -a- (5 a-1)]2+( 4 a-5 )2
4a2-1 4a2-1

tMin(d(a).a) J21 +5

a-
4

Note: Students may also determine the correct value of a from a graph of the distance function.
f. i. domp =[-1,1]

Transformation T, represents a dilation factor of a from the y-axis and, as a <0,

there is also a reflection in the y-axis.

domq =[a, —a] Al

Copyright © 2020 Neap Education Pty Ltd MMUB4EX2_SS_2020.FM 11
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1
ii. q:la,—al] >R, qg(x)= —xt 1
a

a
f(x) =q(x)
4r+5="Lxel
a a

—a(5a—-1) 4a-5

4a° -1 4d°-1

Solution is [ ] from part d. M1

However, the restricted domain of dom q= [a, —a].
a< —a(52a -1)
da -1

a e(—oo,—_—é—:gﬁ-/—-s_-zJ Al

<—afora<0and4a’—1%0. M1

s (5- a- 1)

solve(as—s-a,a
4a2-1

la<0

A

iii. q(x):lzx+l
a a

As a — -, g(x) —> 0.

f(x) =q(x)
4x+5=0
_5
x=-=
4

oy =2 Al
4

12 MMUS4EX2_SS_2020.FM Copyright © 2020 Neap Education Pty Ltd



VCE Mathematical Methods Units 3&4 Trial Examination 2 Suggested Solutions

Question 3 (13 marks)
a. i. average rate of change =]&_11
a —
L
— a
a-1
_ 1-a
a
a-1
__1 Al
a
. , 1
ii. f'(a)= - Al
X
11
x2 a
2
x =a
Al
b. i
1‘(x):=-3:~ Done []
X
e 1
f(l) dx
1
e
j S(x)dx=1 Al
1
ii. 1 Al
solve(j Ax) dx=l.b) ki
b
1
b= p asO0<b<1 Al

Copyright © 2020 Neap Education Pty Ltd MMUS4EX2_SS_2020.FM 13
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c. i. The area is a trapezium.
a (HL). () (a-1)-(a+1)
2 a 2:a
A=1(1+1)x(a—1) Ml
2 a
_(a-1)(a+1) Al
2a
ii.
so]ve( la-1) (a+1) =l,a
4 a
a--(\h_—l) ora-J2_+1
(a—l)(a+1)=1 M1
2a
a=2+1 Al
ili. = The line PA is above the graph of f. The area below the line (the trapezium) has
(4]
an area of 1 square unit so that j f(x)dx must be less than this. The integral
(4 (4] 1
j f(x)dx =1 so that j f(x)dx must be less than 1 and hence a <e. Al
1 1

1 4 MMUB4EX2_SS_2020.FM
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m

m m
k

d If J‘ flkx)dx = %, then I f(x)dx =1, as k represents a dilation factor of i units
k 1

from the y-axis.

k 1
If J‘ flkx)dx = %, then by the same logic j f(x)dx=1. M1
m—1

m—1

k

e 1

In part b. it was found that and J‘ f(x)dx=1 and J' f(x)dx=1.
1
1 _

e

m-—1

Therefore % =¢ and l M1
e

Solve simultaneously to give m = 26 and k =

e —1 e —1

e

Al

Note: CAS gives k using hyperbolic sine, which is not permitted in the VCAA exams.
Students can use the CAS but then should be able to substitute m back into the equation

% = e to find the acceptable version for k.

solve k .{ m.k}
m

m-1
k

and m
e®-1

" 2 sinh (1)

Copyright © 2020 Neap Education Pty Ltd MMUS4EX2_SS_2020.FM 15
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Question 4 (10 marks)

. . 1)
a. i. X Bz(S,5

Pr(X=O)=(g)5
_ 1024

3125

Pr(X>3NnX>1)
Pr(X>1)
__Pr(X>3)
1-Pr(X=0)

ii.  Pr(X>3|X>1)=

1
binomCdf(S,—,3,5
[

=]

) 0.05792

0.05792
(1 ~ 1024)
3125

=0.0861

Pr(X>3|X>1)=

b. Pr(Y=4)+Pr(Y=5)=11Pr(Y=5)
Pr(Y =4) = 10Pr(Y = 5)

4., 4 1 5.5 0
Cup (1-p) =107Cyp (1 -p)

4 5
5p (1-p)=10p

pi(1-p)=2p’
l-p=2pasp=#0
3p=1
el
3

Al

M1

Al

M1

Al

1 6 MMUB4EX2_SS_2020.FM
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c. Pr(X+Y)<2)=Pr(X+Y)=0)+Pr((X+Y)=1)
=Pr(X=0)xPr(Y=0)+Pr(X=0)xPr(Y=1)+Pr(X=1)xPr(Y=0) M1

=0.2050 Al

1
binomPdf (5.—.0]- binom Pdf| (S,
5

w | =

:

0.042151276

1 1
binom Pdf] (5,—,0]- binom Pdf (5,—,1]
5 3

0.107878189

1 1 |
binom Pdf] (5,—, 1]- binom Pdf] (5,—,0] i
S 2

]

0.053939095

0.042151275720167+0.10787818920041+0}

0.20496856
Pr(Y>1)=0.8683 Ml
, ( 1 ) 0.868312757
binomCdf] S.T,I,S
Pr(T>91) =0.8683...
Pr(T<91)=1-0.8683...
=0.1316...
g=X=X Ml
(o2
invNorm(0.12168724279836,0,1)
-1.11845085
solve|-1.118450851953 3 =220 5
5
$=8.04684442
o = 8.0468 Al
17

Copyright © 2020 Neap Education Pty Ltd
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Question 5 (12 marks)
a. i. x € (=1, o) Al
ii. ye[-1,1] Al
b. Let sin(log,(x + 1)) =0.
log,(x+1)=nz, neZ M1
n=0->log,(x+1)=0->x=0
n:1—>loge(x+1):7z—>x+1:e7z—>x:e”—1 Al
Therefore (e’r —1, 0) is the first positive x-intercept.
c. i. gx)=f(x-1)
f(x) = sin(log,(x + 1))
g(x) =sin(log, (x—1+1)) M1
-.g(x) = sin(log (x)) as required
ii. gx)=f(x-1)
The graph of y = g(x) is a translation of 1 unit right from the graph of y = f(x).
Therefore (1, 0) and (e”, 0) are the required x-intercepts of y = g(x). Al
d . 1 1
d.  Sx(sin(log,(x) - cos(log,(x))
=1 x (sin(log,(x)) — cos(log,(x)) + x x (cos(loge(x)) x 1 + sin(log,(x)) x )—16)
X
= 2sin(log,(x)) Al
- J‘2sin(loge(x)) dx = x(sin(log,(x)) — cos(log,(x))) M1
- J‘sin(loge(x)) dx = g( sin(log,(x)) — cos(log,(x))) Al
e —1 e”
e. f(x)dx = J‘ g(x)dx M1
0 1
.e” eﬂ'
g(x)dx= [g(sin(loge(x)) - cos(loge(x))} Ml
1
"1
e -1
f(x)dx = %(e”+ 1 Al
0
e Ll
glx) dx 2 2
1
18
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