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                                                                     SPECIALIST MATHS 

                                                       TRIAL EXAMINATION 2 

                                                                           2001 

                                                                    SOLUTIONS 
 

 

_____________________________________________________________________ 
Question 1 

a.  When 0,0 == yx   So, the y-intercept is zero.                          (1 mark) 

b.   
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

                                                                                                    (1 mark) for asymptotes 

                                                                                                    (1 mark) for shape of graph 

c.  xxxf sec)( =  

              
1)(cos −= xx  

So, 
12 )(cossin)(cos1)(' −− +−×−×= xxxxxf  

                 
xx

xx

cos

1

cos

sin
2
+=  

                 
x

xxx
2cos

cossin +
=                       (1 mark) 

 

d.  A stationary point occurs when 0)(' =xf . 

If 0)(' =xf , then 0cossin =+ xxx  

When 10cos0sin0 have  we,0 =+×=x  

So, 0)0(' ≠f  and so we do not have a stationary point at 0=x .         (1 mark) 

 

e.  The gradient is a minimum when 0)('' =xf  

Now, 0cos3 ≠x , so 0cossin2sin 2 =++ xxxxx                          (1 mark) 

Use a graphics calculator to show that this occurs when the graph of 

xxxxxy cossin2sin 2 ++=  crosses the y-axis.  This occurs when 0=x . 

The gradient of the graph of )(xfy =  is a minimum at )0,0( .            (1 mark) 

2

π
2

π
−
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f.  To verify:  )2sin()(
cosec

cos

sec

)(''
23

xxxf
x

x

x

xf
+=−  

 

    Left side )(
cosec

cos

sec

)(''
23

xf
x

x

x

xf
−=  

                   
x

x
xx

x

x

xxxxx

cos
sincos

1

cos

cos

cossin2sin 2
3

3

2

×−×
++

=       (1 mark) 

                   xxxxxxx 22 sincossin2sin −++=  

                   xxx cossin2+=  

                   )2sin( xx +=  

                   =  right side 

         Have verified                               (1 mark) 

 

Total 9 marks 

 

Question 2 

 

a. 
 

 

 

 

 

 

 

 

 

 

(1 mark) 
 

b.  Resolving around the weight, we get gT 15=             _____________(A)  (1 mark) 

Resolving around the crate, we get  

    
~~~~~

00)30cos20()30sin20( jijgNiFrgTR +=°−+−°−=  

So, 
2

320
     and     10

g
 NFrgT =+=              (1 mark) 

         gNg 31010 =+= µ       _____________(B) 

Substitute (A) and (B) into NgT µ+= 10  

We obtain                       ggg 3101015 µ+=  

                                            
g

g

310

5
=µ  

                                                
6

3
=                (1 mark) 

°30

~
i~

j
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c.  Draw a diagram showing all the forces involved. 

 

 

 

 

 

 

 

 

 

 

 

 

Resolving around the crate, we obtain 

 

~~~
)30cos20()30sin20100( jgNiNTgR °−+−−°+= µ  

 

Also, 
~~
amR =  

              
~

20 ia ×=  

So, equating components in the 
~
i  direction, we obtain 

aNTg 2010100 =−−+ µ          __________(A)               (1 mark) 

 

Equating components in the 
~

j  direction, we obtain  

   030cos20 =°− gN  

so,                       gN 310=  

In (A), this gives aggT 20)310(
6

3
10100 −−+=  

                            agT 201005 −+=                ________(C)         (1 mark) 

Resolving around the weight, we obtain 

                             
~~

)15( kgTR −=  

Also,                     
~~
amR =  

                              
~~

15 kaR =  

So,               agT 1515 =−  

                               gaT 1515 +=                 __________(D)          (1 mark) 

Equating (C) and (D) we obtain 

        gaag 1515201005 +=−+  

                        1001035 −=− ga  

                               
35

)10(10

−
−

=
g

a  

                                  06.0=  (to 2 decimal places) 

So the weight accelerates upwards at at 0.06 
2m/s .         (1 mark) 

Total 8 marks 

°30

~
i

~

j ~
k
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Question 3 

a.  iu 50 +=  

So, 
22 50 +=r            and  

2
Arg

π
=u  since on an Argand diagram, u is located on the  

         5=                                                        imaginary axis.                  

So, 
2

cis5
π

=u                                                                                                               (1 mark) 

b.  uiuuv Re61 ++−+=  

         06155 ++−+−= ii  

         i+= 4                                                                                                                   (1 mark) 

c.  We have    iziz −−=− 45  

so,           iyixiyix −−+=−+ 45                             (1 mark) 

             )1(4)5( −+−=−+ yixyix  

        
2222

)1()4()5( −+−=−+ yxyx                (1 mark) 

 121682510 2222 +−++−=+−+ yyxxyyx  

                          888 −−=− xy  

                               1+= xy                     (1 mark) 

d.   

Using our result form part c., we can draw in the line with Cartesian equation 1+= xy . 

Note that the boundary is not included since we have a less than sign and not a less than or 

equal to sign. 

To decide which side of the line is required, choose a point say i00 + . 

Substitute into iziz −−<− 45  

We obtain iiii −−+<−+ 400500  

                             ii −−<− 45  

                             11625 +<   Clearly this statement is not true and so the side from 

which we chose the point, i00 +  is not the required side.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(1 mark) for correct required region   (1 mark) for correct boundary 
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e.  Let                       83 =z                                        Alternatively, use De Moivre’s theorem. 

so,                       083 =−z                                       Let               0cis83 =z  

    0)42)(2( 2 =++− zzz                                       So,                0cis21 =z  

                   
2

41442
or   2

××−±−
== zz        and 

3

2
cis22

π
=z  and 

3

2-
cis23

π
=z  

                                       
2

122 −±−
=                    since the three roots are equally spaced. 

                                       
2

322 i±−
=                      Only iz 31

3

2
cis22 +−==

π
 lies in S. 

                                       i31±−=                           Remember that the answer is required 

                                                                                     in Cartesian form.  

 

The cube roots of 8 are i31 and 2 ±− .   (1 mark) 

Looking at the diagram in part d., we see that the root 2 does not lie in S and the root 

i31−−  doesn’t lie in S.  The root i31+−  is the only root which lies in S.     (1 mark) 

 

Total 9 marks 

Question 4 

 

a.  
a

x1Sin −
 is defined for ],[ aax −∈ .  So in this case, 2=a .              (1 mark) 

b.  i. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(1 mark) 

ii.  
2

Sin)( 1 xxf −=  

    
24

1
)('

x
xf

−
=                  (1 mark) 

Now, stationary points occur when 0)(' =xf , that is 0
4

1

2
=

− x
.  Now 04 2 ≠− x  or 

the function is undefined.  A fraction can only equal zero if the numerator equals zero.  

Clearly 01 ≠  and so the function f can have no stationary point.                (1 mark) 

2

π

2

π
−
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c.  
2

Sin1
4

1
)

2
Sin(

1

2

1 x

x
x

x
x

dx

d −− ×+
−

×=            (product rule) 

                             
2

Sin
4

1

2

x

x

x −+
−

=                           (1 mark) 

 

d.  i.  Now from part c., 
2

Sin
4

)
2

Sin(
1

2

1 x

x

xx
x

dx

d −− +
−

=  

So,                            ∫ ∫∫ −− +
−

= dx
x

dx
x

x
dx

x
x

dx

d

2
Sin

4
)

2
Sin(

1

2

1
 

So,                                    ∫ ∫ −− +
−

=+ dx
x

dx
x

x
c

x
x

2
Sin

42
Sin

1

2
1

1
 

Rearranging, we obtain,     dx
x

x
c

x
xdx

x
∫ ∫

−
−+= −−

2
1

11

42
Sin

2
Sin        (1 mark) 

 

Now, ∫∫ −=−=−×=
−

x
dx

du
xudx

dx

du

u
dx

x

x
2 and 4        where          

2

11

4

2

2
 

                                duu∫
−

−= 2

1

2

1
 

                               2
2

1

2
2

1
cu +××−=  

                               2

24 cx +−−=  

 

So, ∫ −+= −− 211 4
2

Sin
2

Sin x
x

xdx
x

                   (1 mark) 

Note that we equate the constants of antidifferentiation to zero since we were asked for “an” 

antiderivative. 

 

ii.  So area required ∫ −=
1

0

1

2
Sin dx

x
                                     (1 mark) 

                                

1

0

21 4
2

Sin 




 −+= − x
x

x  

                                






 +−+= − )40()3

2

1
Sin( 1

 

                                23
2

1
Sin 1 −+= −

  

                                23
6

−+=
π

 square units                       (1 mark) 
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e.  Volume required ∫=
2

0

2

π

π dyx           (1 mark) 

Now,                
2

Sin 1 xy −=  

So,                   y
x

sin
2
=                where 




−∈−∈
2

,
2

y and ]2,2[
ππ

x  

                        yx sin2=  

                      yx 22 sin4=  

So, volume required ∫=
2

0

2sin4

π

π dyy                  (1 mark) 

                                 )2cos(12sin since  ))2cos(22( 2
2

0

θθπ

π

−=−= ∫ dyy  

                                 [ ]2
0)2sin(2

π

π yy −=  

                                 { })0sin0()sin( −−−= πππ  

                                 )000( +−−= ππ  

                                 
2π=  cubic units               (1 mark) 

 

Total 12 marks 

 

Question 5 

 

a.  distance from origin )(
~
tr=  

                                       
22 )

1
()

1
(

t
t

t
t −++=  

                                       
2

2

2

2 1
11

1
11

t
t

t
t +−−++++=  

                                       
2

2 2
2

t
t +=                                                               (1 mark) 
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b.  Now, 
~

2~2~
)

1
1()

1
1()( j

t
i

t
tv ++−=  

So,        
~~~ 25

26

25

24
)5( jiv +=                                                         (1 mark) 

Speed at time 5=t  is given by 
22

~
)

25

26
()

25

24
()5( +=v  

                                                             
625

676576 +
=  

                                                              
25

1252
=  

                                                              
25

3132
=                 (1 mark) 

c.  i.  Given that 
~~~

)
1

()
1

()( j
t

ti
t

ttr −++=  

                                
1

t
tx +=                           and 

t
ty

1
−=           (1 mark) 

So,                       
22 )

1
(

t
tx +=                      and 

22 )
1

(
t

ty −=  

                                  
2

2 1
2

t
t ++=                and      

2

2 1
2

t
t +−=  

So,                 
2

22 1
2

t
tx +=−               and 

2

22 1
2

t
ty +=+  

So,   22 22 +=− yx  

So,         422 −= xy  

                42 −±= xy  

Note that since 1≥t , and  
1

t
tx += , then 2≥x   So, the domain is ),2[ ∞∈x        (1 mark) 

Also, 
t

ty
1

−= , and 1≥t , so 0≥y .  So, the range is ),0[ ∞∈y             (1 mark) 

So, the required Cartesian equation is 42 −= xy               (1 mark) 

 

ii. 
 

 

 

 

 

 

 

 

 

 

 

 

(1 mark) 
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d.  Since 0,)
2

2()
2

2()(
~

2~2~
>++−= tj

t
i

t
tv

B
 

               dtj
t

i
t

tr
B

∫ 






 ++−=
~

2~2~
)

2
2()

2
2()(  

                         
~~~

)
2

2()
2

2( cj
t

ti
t

t +−++=                     (1 mark) 

When 
~~

4)(,1 itrt
B

==  

So,             
~~~

44 cii +=  

So,              
~~
0=c  

So,       
~~~

)
2

2()
2

2()( j
t

ti
t

ttr
B

−++=                           (1 mark) 

The position vector of the first particle is given by 

          
~~~

)
1

()
1

()( j
t

ti
t

ttr −++=  

So,  )(2)(
~~
trtr

B
=  and hence the 2 position vectors are parallel.                          (1 mark) 

Total 11 marks 

 

 

Question 6 

a.  At time 0=t , Julie gets onto the freeway and so her entry speed is given by 15)0( =v

m/s                                                                   (1 mark) 

 

b.   
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(1 mark) 
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c.  Let Julie catch up to Tom at time T  seconds. 

We require that the area under the velocity-time graph of Julie and of Tom are the same. 

That is, we require that ∫ +=
T

dttT
0

2 )1503.0(20              (1 mark) 

                                      

T

t
t

T

0

3

15
3

03.0
20 








+=  

                                      TTT 1501.020 3 +=  

                        0501.0 3 =− TT  

                     0)501.0( 2 =−TT  

                                          36.22or   0 ±== TT  

Now 0≥t  so we reject the negative value.  The result 0=T  relates to the time when Julie 

enters the freeway, and so the required value of T  correct to 2 decimal places is 36.22=T  

seconds.        (1 mark) 

d.  i.       )625(02.0 2 −−= v
dt

dv
 

So,         
)625(02.0

1
2 −−

=
vdv

dt
 

                    
)25)(25(

50

+−
−

=
vv

                                                (1 mark) 

Now let 
)25()25()25)(25(

50

+
+

−
=

+−
−

v

B

v

A

vv
 

                                          
)25)(25(

)25()25(

+−
−++

=
vv

vBvA
 

True iff                     )25()25(50 −++≡− vBvA  

Put 25−=v             B5050 −≡−  

So,                                1=B  

Put 25=v               A5050 ≡−  

So,                                1−=A  

So,                             
)25(

1

)25(

1

+
+

−
−

=
vvdv

dt
 

So                       ∫ ∫∫ +
+

−
−= dv

v
dv

v
dv

dv

dt

)25(

1

)25(

1
 

                                      cvvt ee +++−−= )25(log)25(log               (1 mark) 

                                      c
v

v
t e +

−
+

=
)25(

)25(
log  

Given that 0  when 35 == tv  

We have                          ce +=
10

60
log0  

So 6logec −=  

So,                            6log
)25(

)25(
log ee

v

v
t −

−
+

=  

                                   
)25(6

25
log

−
+

=
v

v
t e                                  (1 mark) 
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 ii.  Now, 
)25(6

25
log

−
+

=
v

v
t e  

So,         
)25(6

)25(

−
+

=
v

v
e t

                       

1

2525 +− vv          Alternatively 

            
25

50
16

−
+=
v

e t
         (1 mark)           25−v                            

)25(6

)25(

−
+

=
v

v
e t

 

       
25

50
16

−
=−
v

e t
                                              50             25)25(6 +=− vve t

 

         
16

50
25

−
=−

te
v                                                            251506 +=− veve tt

 

                  25
16

50
+

−
=

te
v                                                           251506 +=− tt evve  

                     
16

)16(2550

−

−+
=

t

t

e

e
                                                )16(25)16( +=− tt eev  

                     
16

2515050

−

−+
=

t

t

e

e
                                                               

16

)16(25

−

+
=

t

t

e

e
v  

So              
16

)16(25

−

+
=

t

t

e

e
v  as required   (1 mark) 

 

 

 

 

f.  Since                    
16

)16(25

−

+
=

t

t

e

e
v                                                       

25

2515016 +− tt ee  

we have,                  
16

50
25

−
+=

te
v       (1 mark)                                              25150 −te  

                                                                                                                                            50  

 

As ∞→−∞→ 16, tet  and so 0
16

50
→

−te
.  Therefore 25

16

50
25 →

−
+

te
 

So, Julie’s limiting velocity is m/s25 .                           (1 mark) 

 

Total 11 marks 

 

 

 


