2001 Specialist Mathematics Exam 2

Solutions

Question 1

a.i.

E(t)= 8cos 2t i+6sin2tj

i(t) =-16sin 2t £+ 12cos~2tj

r(0)=8i N [A1]
%:(0) = 02+ 12]

r(0)- H0)=0+0=0 (A1]

. att=0, r(t)isperpendicular to r(t)

ii.
r(t)-7(t)=0
0=-128sin 2t cos 2t + 72sin 2t cos 2t
0=-64sin 4t + 36sin 4t
0=sin 4t [C1]
4t =0,m,2m, 3™, ...

t=0,%,2 all within the specified domain

[M1]

7477
[A1]
b. i.
x = 8cos 2t y=6sin2t
x .
%:Coszt E=Sll‘12t
2 2
X5 2n Y o in2op————
64 = cos 2t )] 36 = Sin 2t (2)
[M1]
2 2
XY &2 .2
64+36_COS 2t +sin“ 2t
2 2
Ly o Al
TS 1 [A1]

ii.

Recognition of domain [A1]
Shape [A1]
c.

7(t)=—-32costi—24sin2t |

[M1]
f(t)‘ = 322 cos? 2t + 242 sin2t
= 1024 c0s? 2t + 576sin22t
= \/ 448cos? 2t + 576(sin22t + cos? 2t)
= \/448 cos? 2t + 576 [A1]
T
|r(t)|max =32 att=0and t= > [A1]
. T
7(t) =24 t==
~  Imin 4
Question 2

a. both correct [A1]
b. T={z}z-2/<2} [A1]
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c. b.
[2-2]<2 T=0INj—————————— 1)
z=3+3i T+0.1Ny = 8gsinB————— 2)
B++3i-2 <2 ap | Nimdgmmommmmm o 3) [M2]
e 3] <2 [ATl 1 N, = 8gcos@————————- (4)
1+3<?2 Using (1) and (3)
- T=01x4xg=04g
d. Substituting T and (4) into (2)
0.4g+0.8gcos0=8gsinO [M1]
[ol="9+3 =273 0.1+0.2c0s 0 = 2sin
Argv=Tan™! g = g Solving using a graphing calculator
0=9°
- T
v=23cis 6 to the nearest degree [A1]
[A1] for Argument
[A1] for Modulus Question 4
Tz a.i.
g 12 X
f)= -%
\ 2+4 3
, -12 1
( X%+ 4)
Rez 3
A 6 12(\/3(2 + 4) —36x2x% + 4 -
f (x) =- ( ” )3
x“+4
-1
12Vx% + 4(x? + 4-322)
-6 e
3
(x2 + 4)
12(-2x% + 4)
. -5
[A1] correct graphs [A1] correct shading (x2 N 4)2
24(x% -2
Question 3 = (x—S) [A1]
(xz + 4)E
a. ii.
ll(x) — O
x2-2=0
2
4¢g x<=2
88 =42 [A1]
[M1] for most forces
[A1] for all forces correctly allocated
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b.

X
x2+4

y:

let u=x2+4

du

E—Zx
_du

dx—ﬂ

j X dx

Va2 + 4

:jﬁdu
= u
:\/x2+4

(an antiderivative)

c.
4
V—njyzdx
0
2
4
=TCJ.( 12 _%] d
o\ Va2 +4
4 2
] ;44 8x 2%
o\ x"+4 \/x2+4 9
3 4
_ X _ef2 X
—n[ = 8Vx“+4+72Tan >
0
_ (4 2 14
—n[ 7—8 4+ 4 +72Tan 2]—
0 o2+ 4+72Tan10
27 2
=196
d. i
T=35-v- 22—+ %
\/x2+4
ii.

Using a graphing calculator maximum
thickness is 1.916 m

[M1]

[A1]

[M1]

[A1]

[M1]

[A1]

[A1]

[A1]

Question 5

. d 1 .
a. i - [loge (cos x)] = cost (—sinx) [M1]
=—tanx [A1]
ii. _[(tan x)dx = —log,(cosx) or log,(secx) [Al]

b. J‘(tan3 x)dx = J(tan x X tan? x)dx

= f(tan x(sec? x—1))dx [M1]
= _[(tan xsec? x — tan x)dx
Let u =tanx [M1]
Z—z =sec? x
du
= [u 7y 0= [ (tan x)dx [M1]

= %uz +loge(cosx)+c

= %tan2 x+loge.(cosx)+c  [Al]

Correct shape [A1]
Scale [A1]
ki
d.  A=1x % — I (tan® x)dx [M2]

T

- % - [% tan? x + log, (cos x)] 4 [A1]
1 [(% " 1oge(izn— (0- 0)}
1 1 1
=%—a-l°g6(—z or G+ one(2)
[A1]
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Question 6
. 1 _a b
a1 A5000—A- AT 2000- A M1
1=a(2000 — A)+bA
B _ 1
If A=2000, 1=20000 < b= 2000
B _ 1
If A=0, 1=2000a < a= 2000 [M1]
Hence
1 1 1 [A1]

A(2000— A) ~ 20004  2000(2000 — A)

a. ii.
dA _
T kA(2000 - A)
dat 1

dA ~ kA(2000—- A)

Y - 1
~ k120004 " 20002000 - A)

dA [M1]

1 oqfr,__1
~ 2000k I(A 2000 A)dA

1
= 5000k 108¢ A~ 1086 (2000 - A))+ ¢
_ 1 A
- mloge(zooo—-,q) *e [A1]
1=0,4=20 [M1]

c=-— 1 lo 20
~ 72000k °&¢| 1980

f=—t 1o A 1 4, (L
2000k 08¢\ 2000— A )~ 2000k °&¢( 99

1 994
£= 3000k 1°8 ff( 2000 A) [M1]
2000kt _  99A
¢ = 2000- 4 (M1]
200062000kt _ AeZOOOkt =99A
ZOOOEZOOOkt — A(99+ eZOOOkt)
2000kt
A= 2000e2000kt [A1]
99 +e

b.
t=2, A=80,
80(99 + e20°0(2k)) — 2000¢4000k [M1]
7920 + 80¢4000k — 20004000k
7920 = 1920¢4000k
_ 7920
4000k = loge(—lgzo)
1 33
k= mloge(g) [Al]
C. 1
A
1500
1000
500
4 & il 10 t
Correct shape [A1]
Scale and axes [A1]
c. ii.

The k-value is directly proportional to
the rate of infection.

A larger k-value would indicate a more

rapid rate of infection. [A1]
d.

When A = 1000, t = 6.4854 [M1]
Hence 1000 apricots will be infected

after 7 days. [A1]

99 x 1000 = ( 2000 — 1000) 2000kt
99 — 2000kt

2000kt = log, 99
_ 1
t= 5000k log, 99
= 6.48 days

Hence 1000 apricots are infected after 7 days.
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Alternatively students may use a graphing
calculator (using a decimal approximation

k = 0.000354)

200080'708t
99+ 2000¢0-708¢

y =1000 and use intersect function

x =6.4902...

~.t=7 days
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