THE
HEFFERNAN

GROUP SPECIALIST MATHS
U TRIAL EXAM 1
Deepdenz.l())él]is\?e’;'; 8Coentre 3103 2002
A Phone 9836 5021 SOLUTIONS
Fax 9836 5025
Part I — Multiple-choice answers
1 B 7. B 13. D 19. B 25. D
2 E 8. A 14. E 20. E 26. C
3 D 9 C 15. E 21. E 27. E
4 C 10. B 16. E 22. A 28. D
5 B 11. A 17. D 23. D 29. B
6 E 12. C 18. E 24. E 30. E

Part I- Multiple-choice solutions

Question 1

. 1
The graph has asymptotes given by x = -3 andx=2.

1

3x2 —Tx+2
1

(Bx—1)x-2)

Option A givesus y =

. 1
This graph has asymptotes at x = 3 and x =2.

_ 1
3x* —5x-2
1
(Bx+1)x-2)

Option B givesus y =

. 1
This graph has asymptotes at x = -3 and x = 2.

This is the correct option.
1
3x+1 " x—=2
o x—2+3x+1
C Bx+1)x-2)
4x -1
(Bx+1)x-2)

Note that option D gives y =

This graph has the correct asymptotes but the wrong shape as shown on the graph on page 2.
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The answer is B

Question 2

The graph is that of a hyperbola which has its centre at (0,—2) . Looking along a line given by
y=-2, we note that a =4. Looking at the asymptotes, we note that their gradients are 1 and

—1 respectively. So, L =1 and _b =—1. Therefore h=4.
a

a
2 2
So the correct equation for this hyperbola is )lc_6 - M =1.

16
The answer is E.

Question 3

1 .
Now cotf = 2 and @ is a second quadrant angle.

Now, cot>@+1=cosec’d

So iJrlzcoseczﬁ
16
17 e . .
cosecld =,|— (positive since sin @ and hence cosecd is
16 positive in the second quadrant)
1 17
sinf 4
. 4
sinf =——
V17

So E+cos20:1
17

cos’ 0= L
17
cosf = __1 (negative since @ is a second quadrant
J17 angle)
So sin 260 = 2sin @ cos &
=2x 4 X _—1
J17 17
_-8
17

The answer is D.
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Question 4
y=Sin_l(L2jandx21
X
Let uzi2
X
So y=Sin71(u)
dy 1
du  \1-y2
Now u = x>
@z—zx_3
dx
So & _ by du
dx du dx
- =2
V1-u? x’
B 1 -2
=
PR
X
L =2
B x* -1 }
o
I )
Vxt -1 x’
-2

The answer is C.

Question 5
w_2+3i 1+2i
vo1-2i 1+2i
_2+4i+3i-6
C 1+4
=4+
-5

-4 7.

=—+—i
5 5

The answer is B.

Question 6

When a complex number is multiplied by i, the effect is to rotate it through an angle of %

anticlockwise about the origin. Multiplying a complex number by i° has the effect of rotating

c

it through an angle of 37 anticlockwise about the origin.

The answer is E.
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Question 7

Fora + ai, r=+va’+a’
=2a°
_J2a

Now, since a is a positive or negative whole number, then r could equal V2 or24/2 or1042.

It cannot equal 2 since that can only be the case when a = 2 and a has to be a whole
number.

Note that @ = Tan ™' (E)
a

=Tan'1
T Sz

=—or—
4 4

So, the polar form of a + ai cannot be 2cis(%) .

The answer is B.
Question 8
Since a,b € R, then according to the conjugate root theorem, any non-real roots must occur in

conjugate pairs. So, if 1+ 2i is a solution then so is 1 —2i . So, two factors are
(z—1-2i)and (z — 1+ 2i)

Now,
(z—1—2i)(z—1+2i) or ((z—=1)-=2)((z—-1)+2i)

= (z-1)* - (2i)°

=z2-2z+5

=z —z+2iz—z+1-2i-2iz+2i+4

2
=z"—-2z+5
The third root must be a real number since if it were a complex number it would need a
conjugate pair and there can only be three roots.
Since —10 is the constant term in the equation, the third factor must be (z - 2).

So, (22 =22+5)z-2)
=z -2z -2z +4z+5z-10
=2z’ 4z 4+9z-10

So a=—-4andbh=9.

The answer is A.
Question 9

Consider the region of the complex plane described by {z : ‘Z - i| < 2}.
Now z=Xx+Yyi
So |Z - i| <2
becomes |x + yi— i| <2
X +(y-1) <2
x*+(y-1)7 <4
The region includes all the points on and inside the circle with centre (0,1) and radius 2 units.

This eliminates options A, B and E.
Consider the region of the complex plane described by {z :Im(z) —Re(z) 2 1} .
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Now z=x+Yyi

So Im(z) — Re(z) >1

becomes y—x21
y2x+1

The region includes all the points on and above the line y = x + 1. Only option C shows the

intersection of these two regions.
The answer is C.

Question 10

jez’a/(e" —1)(e* +1) dx
=J.e2x\/e2x —1dx

Let u=e* -1

(ezx - 1)% +c

1
3

P B AP =
An antiderivative is E(e - 1)2 .

The answer is B.

Question 11

J.sin 2xcos’ xdxzj.2sinxcosxcos2 xdx

:2J.sinxcos3xdx U=COSX

:_2J.ﬂu3 dx ﬂ:—slnx
dx dx
= —ZJ.ug'du
4
=24 4
4

—COS4X
=———+c

2
The answer is A.
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Question 12

i 1
dszI—dx
0

7 5
=

7-x*

. X V7
S{Sm ﬁl
= 5{Sin"'1-Sin "0}
Sz
T2

The answer is C.

Question 13

h'(x) _ vlog, (5x)

2x
A1 5
So, h(x)zjogz—ex(x)dx Let u =log, (5x)
1 ¢du du 1
=— | — d —_— =
2J.dx\/; * dx x
1e L
=EJ.u2du
3
2 3

(loge(Sx))% +c

When x=—, h(x)=0

So, 0= 3 (log, 1)% +c

So, c¢=0 since log,1=0

So, h(x) :%(Ioge(Sx))z

The answer is D.
Question 14

Area required is given by

ba
a 0

f[3cos(x) dx + fx3 dx + _[(3 cos(x) — x* )dx

0 =
2

The answer is E.
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Question 15

Volume required = 7Z'j x*dy
1

Now y=e*
So, log, y=2x
x= lloge y
2

=log, /¥
So x* = (loge \/;)2

o ‘ > :
So volume required is given by ﬂ'J- (loge \/; ) dy The answer is E.
1

2

Question 16
Now, y=log,(cotd), 0<86 <%

-1 y tan @
tan” 6 cos’ @ 1
B -1
" tan@cos> 6
—cosd

B sin @ cos’ 0
B -1
sin & cos @

2
dﬁ); = l(sin 0 cos 49)_2 x (—sin@sin @ + cos € cos )

_ cos’ @ —sin? 0

 sin®@cos? 0
afzy_ﬂ_coszé’—sinzﬁJr 1
do* dO sin*@cos’@  sinfcosd

The answer is E.

Question 17

Foroption A, f(0)=0, f(0)#2 and f'(2)=0

ForoptionB, f(2)#0, f'(2)=0and f'(5)=0

ForoptionC, f(5)=0, f'(0)#0 and f'(2)=0

ForoptionD, f(0)=0, f'(2)=0 and f'"(5)>0

ForoptionE, f(0)=0, f(5)=0 and f"(2)<0

Note that at a local maximum, f'(x)=0and f"(x)<0. Ata local minimum,
£'(x)=0and f"(x)> 0.

The answer is D.
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Question 18

dx since the distance x is reducing as the man
Now, —==-2 o1
dt approaches the building.
Also tan 6 = 20
X
So, X= 20
tan 6
=20(tan )™
So, & _ —20(tan §) > x sec’ 6
do
=20 sec’ 0
tan’ 6
=20 cos” 0
cos’ O.sin’ 0
=20
sin® @
do df dx
So, —_—=——
dt dx dt
B sin® @ -
-20
B sin® @
10

The answer is E.

Question 19

Now if ﬂ=f(x), X, =a, and y, =b
dx
then Xpsl =Xy +h and Y1 =V +hf(xn)
Now, x,=1 y,=0 and ﬂ=f(x)
dx
=4-x°

So, x,=1+0-1 and y, =0+0-1x~+/4-1

=1-1 =0-13
x,=1-1+0-land y, =0-143 +0-1x 4 —1.12
=1-2 =0.3402 (to 4 decimal places)

The answer is B.
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Question 20

acceleration = v(v + 1)

So, vﬂ:v(v+l)

dx
ﬂ=v+l
dx
@_ 1
dv v+1
1
X = dv
J.v+1

x=log,(v+1)+

When x=0, v=0
0=log,(1)+c
c=0

So x=log,(v+1)

e"=v+1

v=e* —1
The answer is E.

Question 21

Let m be the latest time when the velocity of the particle was 10 m/s.

v (m/s)
* NOT TO SCALE
10
0 1 0 p 30~_23 » ¢ (secs)
-5

Between £ =0 and 7 =23, the displacement of the particle is given by
10><m+%><10x(20—m)—%><5x3

=10m+100—-5m—"7.5

=5m+92.5
So,5m +92.5=162.5
S5m=170
m=14
The answer is E.
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Question 22
- -
AB=2i+3j+k and AC=i— j+2k

- - -

So, BC = BA+ AC

- -

=—AB+ AC
:—21—31—/5+g—!'+ 2k

=—i-4j+k

|éa=¢yn6+1
=18
=32

The answer is A.
Question 23
u=2i-j and

|u|=\/§ |v|=\/1+1+9
i

<

=i~ j=3k

The answer is D.
Question 24

Option A - ¥ and v are linearly dependent since u—2v =0

. . . 1
Option B - ©, v and w are linearly dependent since # =2 v and w=—u and

therefore u=2vy
becomes lu+ zu =2y
3737 °©
w+zu—2v=0
TR AT
. 1
Option C - u=2vy and vyzggt
3w=u
So 3w=2vy
3
y=—w
=g
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So v is one and a half times the length of w.
. . 3 .

Option D —since v= 5 w, v is parallel to w.
. . 3

Option E - since  v= 3 w

0

y-—_w=

N | W

So v and w are linearly dependent.

So Option E is false.
The answer is E.

Question 25
Now, in AAOP ,
sin 60° = AP
2
AP=4/3
Also, cos60° = %
A0 =1
- - -
OP =0A+ AP
So,

=—j+3i

Note that the unit vector j runs in the north direction.

The answer is D.

Question 26
r=>5ti+sin(2t) j+tk, t20

So, r=5i+2cos(2t) j+ k

= /25 +4cos’(20) + 1

= /26 + 4cos?(21)

So,

},‘.

11

The speed will be a maximum when cos(2¢) =1 and hence cos”(2f)=1.

The maximum speed is V30
The answer is C.

Question 27
momentum = mass x velocity

Momentum is a vector quantity.
So momentum=2(3i+2 j+ k)

=6i+4j+2k

The answer is E.
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Question 28
Let the direction of the force be in the i direction.

Now, R=ma
becomes (3 + tz)i = 2ﬂi
L=t
So, D _13, )
a2

v=%j(3+t2)dt

3
=l 3t+t— +c
2 3

Whent=0, v=4

So, 4=0+c
3
So, v=1l3+ |44
2 3
Whent =3, v=l 9+2 +4
2 3
=108)+4
2
=13m/s

The answer is D.

Question 29

Draw a diagram.

R=ma

(20gsin45° )i+ (N - 20g cos 45°) j = 20a i

So, 20gsin45° =20a
g

a=-—=

V2

The answer is B.
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Question 30
Draw a diagram.

-
>z
rz .

30° T
fffff >
20kg —pp Fr
T
v
20g
10 kg
10g
Resolving forces around the 10kg mass, we find that R=ma
(T'-10g) j=10a j
So, T=10a+10g
Around the 20kg mass, we have,
(T'+ Fr— Pcos30°) i+ (N + Psin30° —20g) j = 20a x — i
So, 10a+lOg+Fr—\/§P=—2Oa
3P _Fr g
60 30 3
The answer is E.
PART II — Solutions
Question 1
i
2’ =22 +52-10

=ZZ(Z - 2)+ 5(2 - 2)

=z2 + SXZ - 2)

=(22 —5i2Xz — 2)

= (Z - \/giXZ + \/giXZ - 2)

(1 mark)

z° - 64
— (%) —(2%)?
=(z3 —23Xz3 +23)
—(z=2)2? +2z+4)z +2)* 22+ 4) (1 mark)
(2222 +2z+1)-1+4)z+ 22 -2z +1)-1+4)
(z=2l(z+17 +3)z+2)(z-1) +3)
(2—2)(2+1+\/§iXZ+1—\/§iXZ+2)(Z—1+\/§iXZ—1—\/§i)

(1 mark)
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Question 2
a. #e)=2i

So  At)=2ti+

So, r(t)=t*i+tj+c
- ~ 1

When ¢=0, r(t):—g—[‘

b. Since r(t) = (t2 - 1)£+ (t- 1)[

x=t*—-1land y=t-1
t=y+1
So x=(y+1) -1
x+1=(y+1)2
\/:zerl
y=—1+m

14

(1 mark)

(1 mark)

(1 mark)

We know to take the upper branch of the graph of x+1= ( v+ 1)2 rather than the lower branch

since when t=0, x=-1 and y =—

Iwhent=1, x=0and y=0,whent=2, x=3and y=1 and

so on. By continuing to evaluate points on the graph, we see that the upper branch is the path

traced out by the particle.

y
A
2
_—»>
I
3 ) ) 0 3 >
1
2
(1 mark)
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Question 3

To Prove: BF.FG=0

A | 1
Now, BE=—m+—n
27 2”7
N
E :—lm+ln
27 27
5
and E =—lm+ln
4~ 4-°
- - -
So BF = BE+ EF
1 1 1 1
=—m+—n——m+—n
27 27 47 4~
=lm+§n (1 mark)
4~ 4-
- - -
Also, FG=FC+CG
- -
=EF+CG
1 1 1
=——m+—n——m
4 - 4 ~ 2~
= _3 m+ ln (1 mark)
4~ 4-°
-> -
So BF .FG = lm+én . —Em+ln
4~ 4~ 4~ 4-°
-3 1 9 3
=—m.m+—m.n——m.n+—~n.n
16~ ~ 16~ 7 16 16~ ~

-3 3
=—m.m——m.n+—n.n
16 ~ ~ 2~ ~ 16~ ~
:—|m||m| cosO+—6|n||n|coso sincem.n = ObecauseA} B%C 0

Iml ||

_—|m|2 + E|m|2 since |m| = |n| because ABCD is a square
=0
Have proved (1 mark)
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Question 4

a.

16

Im(z)
A

y——— - - > Re(z)

. 3
All the points along the ray shown have Argz = Tﬁ . Note that the complex number

0+ 0i 1s excluded.

(1 mark)
Im(z)
A
3t
21
1 L
4 3 ) ] 1 3 3 i » Re(z)
-1t
region
-2 required
3t
boundary
included

(1 mark) for correct straight line
(1 mark) for correct shading
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Method 1- geometrically
We are looking for the perpendicular bisector between (0,0) and (—2,—2) which is

y=—x—2. This straight line describes those complex numbers for which the distance

between themselves and the origin is the same as the distance between themselves and the
point —2 — 2i.

The complex numbers indicated above the straight line are the complex numbers for which
the distance between themselves and the origin is less than the distance between themselves
and the point — 2 — 2.

Method 2 — algebraically

Let z=x+Yi

So, |z| = |z +2+ 2i|

Becomes  |x + yi| =|x + yi + 2+ 2i|
\/x2 er2 =\/(x+2)2 +(y+2)2

x4 yr=xt+dx+4+y° +4y+4
y=-x-2

The boundary, which is included, is given by y=—x—2. We also require those points for
which y>—x—2 as indicated by the shaded region above.

Question 5
a. The required differential equation is
ci’_m =—km where £ is a constant (1 mark)
t
b.
Now, d_m =—km
dt
-1
dm km
t= _—1 i dm
k<4m
t= -1 log, m+c
A ge

When t=0, m=100

So, 0=—%10g6100+c
c—llo 100
A g,

1 1
So t=——log, m+—log 100
A g A g

L 100
k Se m
(1 mark)
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When t=10, m=50

1

So, 10= c log, 2
k= iloge 2
10
=0.0693  (to 4 decimal places)

So, t= ! log, 100

0.0693 m

100

0.0693t =log, —
m

1
00693 _ 100

m

m= 1006*0.069:%
(1 mark)

Question 6

Use your graphics calculator to draw a quick sketch graph.

y
A
X
1 x+1
0.5 _ )
' /y x”+1
i » X
(1 mark)
The point of intersection of the two graphs is (1,0.5).
Area required is given by
1
1 X
- d.
;[(x2+1 x+1j ’ (1 mark)
o 1 1 x 1
:I — 1+ x since =1-
o\ X +1 x+1 x+1 x+1
= [Tan’lx—x+ loge(erl)]l0 (1 mark)
= {(Tan_ll -1+1log, 2)— (Tan_l 0-0+log, 1)}
V4
=——-1+log, 2
4 g
(1 mark)
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