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_____________________________________________________________________ 
Question 1 

 

a. i. From the diagram, 
~~

247 jiOQ +=
→

. 

(1 mark) 

ii. Similarly, 
~

2
~

24
~

7 kjiOP ++=
→

. 

(1 mark) 

b. i. The vector component of 
→

OP  perpendicular to 
→

OQ  is given by 

  

∧
→

∧
→→→














− OQOQOPOP .    (1 mark) 
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as required       (1 mark) 

 

ii. Method 1 

From the diagram, QP  is the component of 
→

OP  perpendicular to 
→

OQ . 

 

(1 mark) 

        So, 
~

2 kPQ −=
→

 

(1 mark) 

 

Method 2 

 
→→→

+= OQPOPQ             (1 mark) 
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(1 mark) 
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c. Now, 
→→→

+= OTRORT  

Now, from the diagram, 
~~

253 jiOT +=
→

.       (1 mark) 

We need to find 
→

RO . 

Now, ORU∆  is similar to OPQ∆ . 

So, )(
4

3 →→

= OPOR       (1 mark) 

Now, 
→→→

+= OTRORT  

   
→→

+−= OTOR  

   
→→

+−= OTOP)(
4

3
 (1 mark) 

   
~~~~~

253)2247(
4

3
jikji ++++−=  

   
~~~~~

2535.11825.5 jikji ++−−−=  

   
~

~
~

5.1725.2 kji −+−=  as required  (1 mark) 

 

d. We are looking for the angle of deflection PRT∠ . We want to find the angle between 

the vectors 
→

RT  and 
→

RP .  Since 
→

RP  runs parallel to 
→

OP ,we seek to find the angle 

between the vectors 
→

RT  and 
→

OP .           (1mark) 

  
~~~

5.1725.2 kjiRT −+−=
→

 

 and       
~~~

2247 kjiOP ++=
→

 

 So,     
6293125.56

316875.15
cos

−+−
=θ    (1 mark) 

        7930.0=  

     '3237°=θ  

 So the angle of deflection is '3237°  (to the nearest minute)  (1mark) 

Total 13 marks 

 



 

___________________________________________________________________________ 

©THE HEFFERNAN GROUP 2002                                    Specialist Maths Exam 2 solutions 

3

Question 2 

 

a. 10.00am corresponds to 3 hours after work started so 3=t . 

Now            10

2

2  

t

te
dt

dl
−

=  

When   ,3=t  10

9

6

−

= e
dt

dl
 

       hourmetres/  44.2=  

So, at 10.00am, the rate at which the path is being laid is 2.44 metres/hour (correct to 

2 decimal places). 

(1 mark) 

b. i. We are looking for 
dt

dl
 to be a maximum. This will occur when 0

2

2

=
dt

ld
. 

0                    When      

2
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2                              So,

2                              Now
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5
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−
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    (1mark) 

( )

( )23.25,0                               Since

5
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0102
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5
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                      So,

Rfor t  0                          Now,
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Check for a maximum. 

6505.0,3When 

2681.0,2When 

2

2

2

2

−==

==

dt

ld
t

dt

ld
t

 

 

 

 

So we have a maximum at 5=t .         (1 mark) 

So the fastest rate occurs at 5=t  hours. 

5  
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   minutes 14hour  2 

minute)nearest   the(tominutes 134

minutes 605 hours 5 Now

=

=

×=

 

So the time at which the path is being laid fastest is 9.14am. 

(1 mark) 

ii. From part i., the fastest rate at which the landscape gardener lays the path 

 occurs at 5=t . 

7.2

52       So 10

5

=

=
−

e
dt

dl
 

So, the fastest rate at which the landscape gardener lays the path is 2.7 

metres/hour (correct to one decimal place).       (1 mark) 

c. We need to solve, simultaneously, the equations  

2for       2 and  2 10

2

>==
−

t
dt

dl
te

dt

dl
t

. 

Using a graphics calculator we find that the two respective graphs intersect at 

( )2,5655584.3 . 

So, after 3 hours and 34 minutes (to the nearest minute) or at 10.34am, the rate at 

which the path is being laid drops below 2 metres per hour. 

(1 mark) 

 

d. dtte

t

∫
−

10

2

2  

∫ −= dte
dt

du u10  (1 mark) 

                 10

10

10

10

2

ce

ce

due

t

u

u

+−=

+−=

−=

−

∫
 

    (1 mark) 

 

e. We need to evaluate 

 2

5

0

10

2

dtte

t

∫
−

  (1 mark) 

5

0

10

2

10 













−=
−t

e  

{ }
place decimal 1 correct to metres 2.9

10
5.2

=

−−= − �ee
 

(1 mark) 

Total 10 marks 

5

10

2

10
let 

2

t

t

dt

du

t
u

−
=

−
=

−
=
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Question 3 

a.  
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(1 mark) asymptotes 

(1 mark) shape 

b. ( ) ( )∞∪−∞−= ,03,d             (1 mark) 

c.  
 

 

 

 

 

 

 

 

 

 

 

 

 

( )
( )3

3
  If

+
=

xx
xf  

( ) ( ) ( ) ( )435213ion approximat Area ff −+−=  

      ( ) ( )4222 ff +=    (1 mark) 

             

( )figurest significan 3 correct to         03.3

031260.3

places) decimal 6 o(correct t      133893.1897367.1

=

=

+=

 

        (1mark) 
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d. The area required is shown in the diagram below broken into 3 sections. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

To find the middle, darker area, we need to find the points of intersection between 

( )

( )
( )
( )
( )

( )( )
1or    4

014

043

43

23

335.1

3

3
5.1         So,

5.1  and  
3

3

2

=−=

=−+

=−+

=+

=+

=+

+
=

=
+

=

xx

xx

xx

xx

xx

xx

xx

y
xx

y

 

So the middle section has an area of                       units. square 5.755.1 =× (1 mark) 

Total area required 
( ) ( )∫∫ +

+
+

+
=

−

−

2

1

4

5

5.7
3

3

3

3
dx

xx
dx

xx
      (1 mark) 

Using a calculator, we obtain 

  
( )

               figures)t significan 3 o(correct t  units square 85.9

places decimal 6 each to  500000.7177152.1177152.1

=

++=
 

(1 mark) 
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e.  

( )
                                               

3

9

 required Volume

5

1

5

1

2

∫

∫

+
=

=

dx
xx

dxy

π

π

 

(1 mark) 

( )
( )

( )
( ) BxxA

xx

BxxA

x

B

x

A

xx

++≡

+
++

≡

+
+≡

+

39     iff True

3

3

33

9
Let  

 

Put 3 so 39so ,3 −=−=−= BBx  

Put 3so 39 so,  ,0 === AAx  

So,            
( ) 3

33

3

9

+
−≡

+ xxxx
 

  
3

33
dreq'  volumeSo,

5

1

∫ 







+

−= dx
xx

π   (1 mark) 

( )[ ]5

1e 3log33log +−= xx eπ  (1 mark) 

{ }

                                            units cubic  
2

5
log3

8

45
log3

)4log8log5(log3

)4log1(log)8log5(log3

                                                        

e

e

eee

eeee

π

π

π

π

=

×
=

+−=

−−−=

 

    (1 mark) 

Total 12 marks 

Question 4 

a. i.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(2 marks) 

°30

°30

°45

g216
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ii. Resolve forces, given that 
~
i  represents a unit vector parallel with the 

slope and 
~
j  represents a unit vector perpendicular to the slope. 

 

 

 

 

 

 

Now,  
~~
amR =  becomes 

( ) ( )
~~~

03030cos3045sin21630sin3045cos216 ijggNiFrgg ×=−°++−− ���  

Note that since we have constant speed, 0=a .     

(1 mark) for the left hand side of the equation 

(1 mark) for the right hand side of the equation 

                          )16315(

31516      so          

0
2

330

2

216
  and  015

2

216
 So

−=

+−==

=−+=−−

g

ggNgFr

gg
NFrg

g

gN

NFr

=

=

µ
µ

 So,

 Now,
   (1 mark) 

    
16315

1

)163g(15

g
         

−
=

−
=µ

 

  as required  (1 mark) 

b i. Now,   
~~
amR =  

This time, 

( ) ( )                 3030cos3045sin21830sin3045cos218
~~
iaggNiFrgg =−°++−− ���

(1 mark) 

places decimal 2 correct to  m/s72.0

)
16315

18315
(3

)18315()18315(
16315

1
3

18315330

0
2

3
3018            and          3015

2

218
 So

2=

−

−
−=

−=−×
−

−=

−=−=

=×−+=−−

a

gg

ggg

ggNNga

ggNaFrg
g

µ

 (1 mark) 

~
i

~

j
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ii. Since acceleration is constant, we have,  

metres 144

2072.0
2

1
200    So,

2

1

2

2

=

××+×=

+=

s

atuts

 

(1 mark) 

iii. Again, since acceleration is constant we have 

m/s 4.14

2072.00

=

×+=

+=

v

atuv

 

(1 mark) 

c. i.  

 

 

 

 

 

 

 

 

 

(2 marks) 

 

 

 

 

ii. Resolving the forces, we have 

~~
amR =  

( )
~~~

010cos30)10sin30( ijgNigFr =−+− ��  

So, 53.289   and   05.51 == NFr          (1 mark) 

Now at the point of limiting equilibrium, when the toboggan is about to slide, 

  NFr µ=  

906.57

2.053.289    Now,

=

×=Nµ
 

and from above, .05.51=Fr  

So  NFr µ<  

So, the toboggan is not on the point of sliding down the slope. 

(1 mark) 

Total 14 marks 

°10
°10
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Question 5 

a. i.  

                    

( ) ( )

4
cis2 So

quadrant.first  in the is  since  
4

1tan

2

2
tan

2

22

22

22   

1

1

1

1

22

1

π

π

θ

=

=

=

=

=

+=

+=

+=

−

−

z

z

r

iz

 

(1 mark) 

ii. Method 1 

  since  
4

cis2       so

4
cis2

1

1








 −
=

=

π

π

z

z

 

1z , is located by reflecting 1z  in the Real axis. 

Method 2 

2

22

22 So,

22

1

1

=

+=

−=

+=

r

iz

iz

 








 −
=

4
cis2   So, 1

π
z       (1 mark) 

iii. i
z

z
−=

2

1  :show To  

           









=

=

4

3
cis2

4
cis2

sideLeft 
2

1

π

π

z

z

 

            
2

cis 






 −
=

π
  (1mark) 

                                      

i

i

i

−=

−×+=








 −
+







 −
=

10

2
sin

2
cos

ππ

 

sideright  =  Have shown. 

(1 mark) 

2

2

2

1z

1z

4

π

4

π
−

 

2

2 1z

 

( )

quadrant. 4 in the is  since  
4

1tan

2

2
tan

th
1

1

1

z
π

θ

−
=

−=










 −
=

−

−
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b. Firstly, express 2z  in the form yix + . 

i

i

i

i

z

22

2

2

2

2

2

1

2

1
2

4

3
sin

4

3
cos2

4

3
cis22

+−=

+−=









×+−=
















+






=








=

ππ

π

 

(1 mark) 

Now the equation is given by 

( )( )                                                                          ,21 R azzzza ∈−−  

( )( ) 2222 iziza −+−−=       (1 mark) 

)422(

)22222222(

2

2

−−=

−−−+−−−+=

izza

iizizizzza
 

So 21  and zz  could be the roots of any quadratic equation of the form 

Raizza ∈−− ),422( 2 . 

(1 mark) 

c. i. We know that θcisz =3  

  
( ) ( )

( ) Theorem sMoivre' De      

               So, 3

θ

θ

ncis

cisz
nn

=

=
 

(1 mark) 

 

 

ii. To show: θθθθ 32 sinsincos33sin −=  

From part c. i., we have 

( ) ( )
( ) ( )

( ) ( )n
n

n

n

n

nz

θθ

θθ

θ

ciscis            or,

ciscis           So,

cis3

=

=

=

 

( ) ( )3
cisθ3cis            So, =θ   (1 mark) 

( ) ( ) ( )
θθθθθθ

θθθθ
3223

3

sinsincos3sincos3cos

sincos3sin3cos

ii

ii

−−+=

+=+
 

(1 mark) 

Equating imaginary parts, we have, 

θθθθ 32 sinsincos33sin −=   as required.        (1 mark) 

Have shown. 

 

Total 11 marks 

 


