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Question 1
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S Argw +v)=0 (as2cos(?2j>0)
c. Notethat Arg(u)=57/12 and Arg(v )= Arg u ——57r/12

Arguv)= Arg(u)+Arg(v>—5—” ( ]

.‘.Arg(i) Arg(u)— Arg(v)—E—(%j—?

V2(3-D _V2(3-D)
4 2

Now, u and v are roots of a quadratic polynomial of the form
Piz)=(z -u)z -v)=z’ - +v)z +uv

2_(@}“
2

and uv =1.

d. Note thatu +v =2cos(57/12)=2x

S P(z)=
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Question 2
x =0=f(0)=sin(0) =0 ..x =0 is a solution to the equation f (x )=x .

X :1:>f(1):sin(
b. Domain of /' =[0,1] and range of f =[0,1].

-1 . . . . .
c. Yes, f ,the inverse function of f , exist because f is a one-to-one function.

.

x1

j =1 ..x =1 is a solution to the equation f (x ) =x .

d. Forf ,y :Sin(%),therefore, for f ',
. . 2 . 2 .
x =sm(ﬂ—yj:>7[—y=81n‘1x =y ==Sin"x =f '(x)=—Sin"'x
2 2 Vs Vi

Domain of / ~' = range of / ~' =[0,1].

e.
VA y =x
/"_'___
y=fx) -
0.5 | 5
y=fix)
- I il ;
o 0.5 1 X

f. The area between the graphs of / and f ' is twice the area between the graph of
f and the line y =x . Therefore,

Area =2 [sin(mx /2) - x Jdx = 2[—£cos(7rx /2) —%}
0 T

=2 —zcos(ﬁ/Z)—l— -2 —ECOS(O)—O—
Vs 2 T 2
1 2 4

=2x———2x——=——1 square units.
Y/
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g. The required volume is the same as the volume of the solid resulting from rotating the
area between the graph of f , the x-axis and the line x =1, about the y-axis.
Therefore,

Volume = ﬂjol sin’(7zx /2)dx = %jol [1—cos(2x zx /2)]dx

7Tl T I .
_Ejo [1—cos(7zx )]dx —E{X —;Sln(ﬁx )}

0

T T . .
= E[(l -0)— (O)] = 5 cubic units

Question 3

a. V :Vo +Rin Xt _Rout Xt :>V :VO +(Rin _Rout)t
b' Cout :gjcout = Q
V VO + (R[n _Rout )t

c. d_Q = (Q] - (Qj = Rin x Cin - Rout x Cout

dt dt dt
d_Q = Rin XC[H - Rout x Q = dQ = RinCin — ROWQ
dt V,+(R, —R, ) dt V,+(R, —R, )

The initial conditionis Q =Q,,t =0.

d. Rout :Rl_n :Q:Rmcin _ Rin Q — dt _ 1
dt VO dQ RinCin - (R[n /VO )Q
Integrating, we get
1 R,
L= dQ =—="log [R,C, —(R, IV,)O]+c
J.Rincin - (Rin /VO )Q Q VO gL)[ " " ( " O)Q]

To determine ¢, Q =0, , ¢ =0:>0=—§i" log [R.C, — (R, /V,)O,]+c

inin in
0

in " in

o= ];in loge[R C —(Rin /VO)QO]

0

t = _&loge Rincin _(Rin /VO)Q
v, “\RC,—(R,IV,)0,

= —Vot /Rm = loge RinCin — (Rin /VO)Q
R' C _(R'n /VO)QO

mn m 1
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RC, =R, VO _ sy,

in___in

R,C,—(R, V)0,

mn mn

=R C, —(R, /V)=[RC —(R, IV)O,]Je "

=R, V)0 =R,C, ~[R,C, —(R, V)D,]e”" "
L Q=VC —W L, —0,)e "
e. 0,=200,V,=10,C, =3adR_=R =5
i .0 =10x3-(10x3-200)e """ =30+170e

0 =100/2=50=50=30+170e > = 20=170e™

=2=17e™ =e” =17/2=2t =log, (17/2) =t :%loge (177)
ii. Note that Q =30+170e™

t=0=0 =200, ¢ :%bge (%jzlng =100 & the

horizontal asymptote is O = 30.

0 4
200

100

30

© The Specialised School For Mathematics Pty. Ltd. (7SSM) 2005 Page 5 of 7



Question 4

a.

T p
Air resistance mky
Weight mg

The equation of motion is ma =—-mg —mkv =>a=—(g +kv)

% dv dt 1
By choosing @ = —, we have —:—(g +hkv)=>—=—
dt dt dv g +kv

(1 1 0 1
tz‘l g+kvd":‘;[1°ge<g+kv)]u = llog. (g +0) - log, (g + k)]

g+kuj
g

shouldbeu=t = klloge (

, %
By choosing a =v —, we have

X
vd—vz—(g+kv):>d—v=—g+kv :diz— 4
v dv g +kv
Integrating, we have
Ihdx :_J-o :—_I 1 IO—g +(g +kv)dv
0 g +kv “g+kv ko g +kv

0 — 1| — 0
=[x, Z—;J-u(g ﬁcv +1Jdv 2—;[7gloge(g +kv)+v}

1l -¢g 1| -¢
=>h=—+|—1 +0)+0 [+—| —=1 + ku)+
k{k og, (g +0) } k[k og, (g +ku) u}

k2
h=33,u=30,g= 98:>k1 {301« 981g(%ﬂ=33.

Use the graphics calculator to sketch the two graphs

y =L2|:30x —-9.8log, (%)} and y =33 for 0 <x <1. Then find

—h=25log ()5 £ log.(g +ku)+—=%{ku—gloge(g+kuﬂ
g

X
the point of intersection. This gives x =0.20 or £ =0.20.
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Question 5

a. r(0)=a COS(O)i +b Sin(O) J =ai . The particle returns to its initial position after

=6 seconds.

one period, i.e. after
/3

b. '.'r(t):acos(”—tji+bsin(ﬂ—tjj
- 3 )" 3 )~
d(- ) ar . (m). bx .
Sov(t) =—\r(t)|]= ——sin| — |i+—cos| —
V) =5 )= (3) 3 (3)!
Since v is perpendicular tor, then
ra’ . (ot xt\ #mb® . (nxt 7t
rv=0=- sin| — |cos| — |+ sin| — |cos| — |=0
- 3 3 3 3 3 3

:—”(b 4 )sin(ﬂjcos(ﬂ—t)zojﬂ(b 4 )sin(zmjzo
3 3 3 6 3

:sin(%)=0:>2%t=nﬂ,n =012, =t =3n/2,n=0,1,2,

la@) =" GZCOSZ(E)H)zsinZ(”—t):”— azcosz(ﬂ—ZJ+b2 l—cosz(”—tj
- 9 3 3 9 3 3
:ﬂ—\/(az—bz)cosz(”—t}rbz
9 3

Therefore, the magnitude of the acceleration is maximum when

cos(%)=1=>%t=2””,n :0,1,2’...31‘ =6I’l,7l :O,I,Z’-..

2

2
max|q(t)|:%\/a2 -b*+b’ = 7[9a'
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