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Question 1 

a. i. 
5sin sin sin cos cos sin
12 4 6 4 6 4 6
π π π π π π π           = + = +           

           
 

   
2 3 2 1 2 3 1 2( 3 1)

2 2 2 2 2 2 2 4
  +

= × + × = + = 
 

 

ii. 
5cos cos cos cos sin sin
12 4 6 4 6 4 6
π π π π π π π           = + = −           

           
 

     
2 3 2 1 2 3 1 2( 3 1)

2 2 2 2 2 2 2 4
  −

= × − × = − = 
 

 

b. 
5 5 5 5cos sin cos sin
12 12 12 12

u v i iπ π π π          − = + − −                    
         

                   
50 2 sin
12

i π = +  
 

 

( )
2

Arg u v π
∴ − =     (as 

52sin 0
12
π  > 

 
) 

5 5 5 5cos sin cos sin
12 12 12 12

u v i iπ π π π          + = + + −                    
       

                    
52cos 0
12

iπ = + 
 

 

( ) 0Arg u v∴ + =     (as 
52cos 0
12
π  > 

 
) 

c. Note that ( ) 5 /12Arg u π=  and ( )( ) 5 /12Arg v Arg u π= = − . 

5 5( ) ( ) ( ) 0
12 12

Arg uv Arg u Arg v π π− ∴ = + = + = 
 

 

      
5 5 5( ) ( )
12 12 6

uArg Arg u Arg v
v

π π π−   ∴ = − = − =   
   

 

d. Note that 
2( 3 1) 2( 3 1)2cos(5 /12) 2

4 2
u v π − −
+ = = × =  and 1uv = . 

Now, u and v are roots of a quadratic polynomial of the form 
2( ) ( )( ) ( )P z z u z v z u v z uv= − − = − + +  

     2 2( 3 1)( ) 1
2

P z z z
 −

∴ = − + 
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y 
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O 

( )y f x=  

1( )y f x−=  

y x=

Question 2 
 
a. 0 (0) sin(0) 0x f= ⇒ = =  0x∴ =  is a solution to the equation ( )f x x= . 

11 (1) sin 1
2

x f π × = ⇒ = = 
 

 1x∴ =  is a solution to the equation ( )f x x= . 

b. Domain of [0,1]f =  and range of [0,1]f = . 
c. Yes, 1f − , the inverse function of  f , exist because f is a one-to-one function. 

d. For f , sin
2
xy π =  

 
, therefore, for 1f − , 

1 1 1 12 2sin Sin Sin ( ) Sin
2 2
y yx x y x f x xπ π

π π
− − − − = ⇒ = ⇒ = ⇒ = 

 
 

Domain of 1f − = range of 1 [0,1]f − = . 
e.  
 
 
 
 
 
 
 
 
 
 
 
 
f. The area between the graphs of f and 1f −  is twice the area between the graph of 

f and the line y x= . Therefore, 
12

1

0
0

22 [sin( / 2) ] 2 cos( / 2)
2

xArea x x dx xπ π
π

 = − = − −  
∫  

                 
2 22 1 2 02 cos( / 2) 2 cos(0)
2 2

π
π π

   = − − − − −      
 

                 
1 2 42 2 1
2 π π

= ×− − ×− = −  square units. 
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g. The required volume is the same as the volume of the solid resulting from rotating the 
area between the graph of f , the x-axis and the line 1x = , about the y-axis. 
Therefore,  

1 12

0 0
sin ( / 2) [1 cos(2 / 2)]

2
Volume x dx x dxππ π π= = − ×∫ ∫  

                      
1

1

0
0

1[1 cos( )] sin( )
2 2

x dx x xπ ππ π
π

 = − = −  ∫     

                      [ ](1 0) (0)
2 2
π π

= − − =  cubic units 

 
Question 3 
                  
a. 0 0 ( )in out in outV V R t R t V V R R t= + × − × ⇒ = + −  

b. 
0 ( )out out

in out

Q QC C
V V R R t

= ⇒ =
+ −

 

c. in in out out
in out

dQ dQ dQ R C R C
dt dt dt

   = − = × − ×   
   

 

0 0( ) ( )
out

in in out in in
in out in out

dQ Q dQ R QR C R R C
dt V R R t dt V R R t

= × − × ⇒ = −
+ − + −

 
The initial condition is 0 , 0Q Q t= = . 

d. 
0 0

1
( / )

in
out in in in

in in in

dQ R dtR R R C Q
dt V dQ R C R V Q

= ⇒ = − ⇒ =
−

 

Integrating, we get 

0
0 0

1 log [ ( / ) ]
( / )

in
e in in in

in in in

Rt dQ R C R V Q c
R C R V Q V

= = − − +
−∫  

To determine c , 0 0 0
0

, 0 0 log [ ( / ) ]in
e in in in

RQ Q t R C R V Q c
V

= = ⇒ = − − +  

      0 0
0

log [ ( / ) ]in
e in in in

Rc R C R V Q
V

∴ = −  

0

0 0 0

( / )log
( / )

in in in in
e

in in in

R R C R V Qt
V R C R V Q

 −
= −  − 

 

0
0

0 0

( / )/ log
( / )

in in in
in e

in in in

R C R V QV t R
R C R V Q

 −
⇒ − =  − 
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t O 

Q 

200 

100 

1              2               3             4    

30 

0 /0

0 0

( / )
( / )

inV t Rin in in

in in in

R C R V Q e
R C R V Q

−−
⇒ =

−
 

0 /
0 0 0( / ) [ ( / ) ] inV t R

in in in in in inR C R V Q R C R V Q e −⇒ − = −  
0 /

0 0 0( / ) [ ( / ) ] inV t R
in in in in in inR V Q R C R C R V Q e −⇒ = − −  

0 /
0 0 0( ) inV t R

in inQ V C V C Q e −∴ = − −  
e. 0 0200, 10, 3inQ V C= = =  and 5out inR R= =   

i. 10 /5 210 3 (10 3 200) 30 170t tQ e e− −∴ = × − × − = +  
2 2100/ 2 50 50 30 170 20 170t tQ e e− −= = ⇒ = + ⇒ =  

2 2 1 172 17 17 / 2 2 log (17 / 2) log
2 2

t t
e ee e t t−  ⇒ = ⇒ = ⇒ = ⇒ =  

 
 

ii. Note that 230 170 tQ e −= +   
1 170 200, log 1.07 100
2 2et Q t Q = ⇒ = = ≈ ⇒ = 

 
 & the 

horizontal asymptote is 30Q = . 
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   Weight  mg 

Air resistance  mkv  

a 

Question 4 
                  
a.  
 
 
 
 
 
 
b. The equation of motion is ( )ma mg mkv a g kv= − − ⇒ = − +  

c. By choosing 
dva
dt

= , we have 
1( )dv dtg kv

dt dv g kv
= − + ⇒ = −

+
  

[ ] [ ]∫ +−+−=+−=
+

−=
0

0 )(log)0(log1)(log11

u
eeue kugg

k
kvg

k
dv

kvg
t  

should be u
1 loge

g kut
k g

 +
⇒ =  

 
 

d. By choosing 
dva v
dx

= , we have 

( )dv dv g kv dx vv g kv
dx dx v dv g kv

+
= − + ⇒ = − ⇒ = −

+
 

e. Integrating, we have 
0 0 0

0

1 1 ( )h

u u u

v kv g g kvdx dv dv dv
g kv k g kv k g kv

− + +
= − = − = −

+ + +∫ ∫ ∫ ∫  

0
0

0

1 1[ ] 1 log ( )h
eu

u

g gx dv g kv v
k g kv k k

 − − ⇒ = − + = − + +   +   
∫  

1 1log ( 0) 0 log ( )e e

g gh g g ku u
k k k k

− −   ⇒ = − + + + + +      
 

2 2 2

1log ( ) log ( ) loge e e

g g u g kuh g g ku ku g
k k k k g

  +
⇒ = − + + = −  

  
 

f. 2

1 9.8 3033, 30, 9.8 30 9.8log 33
9.8e

kh u g k
k

+  = = = ⇒ − =    
.  

Use the graphics calculator to sketch the two graphs 

2

1 9.8 3030 9.8log
9.8e

xy x
x

+  = −     
 and  33y =  for 0 1x≤ ≤ . Then find 

the point of intersection. This gives 0.20x =  or 0.20k = . 
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Question 5 
 
a. ( ) ( )

~ ~ ~~
(0) cos 0 sin 0r a i b j a i= + = . The particle returns to its initial position after 

one period, i.e. after 
2 6

/3
π

π
=  seconds. 

b. 
~ ~ ~
( ) cos sin

3 3
t tr t a i b jπ π   = +   

   
Q

( )
~~~~ 3

cos
33

sin
3

)()( jtbitatr
dt
dtv 






+






−==∴

ππππ
 

Since 
~

v is perpendicular to
~
r , then 

2 2

~ ~
0 sin cos sin cos 0

3 3 3 3 3 3
a t t b t tr v π π π π π π       ⋅ = ⇒ − + =       

       
 

2 2 2 2( ) ( ) 2sin cos 0 sin 0
3 3 3 6 3

b a t t b a tπ π π π π− −     ⇒ = ⇒ =     
     

 

2 2sin 0 , 0,1,2, 3 / 2, 0,1,2,
3 3

t t n n t n nπ π π ⇒ = ⇒ = = ⇒ = = 
 

L L  

c. ( )
2 2

~~ ~ ~
( ) ( ) cos sin

9 3 9 3
d a t b ta t v t i j
dt

π π π π   = = − −   
   

 

 
2 2

2 2 2 2 2 2 2 2

~
| ( ) | cos sin cos 1 cos

9 3 3 9 3 3
t t t ta t a b a bπ π π π π π        = + = + −                

           
2

2 2 2 2( )cos
9 3

ta b bπ π = − + 
 

 

Therefore, the magnitude of the acceleration is maximum when 

cos 1 2 , 0,1,2, 6 , 0,1,2,
3 3
t t n n t n nπ π π  = ⇒ = = ⇒ = = 

 
L L  

2 2
2 2 2

~
max | ( ) |

9 9
aa t a b bπ π

= − + = . 

 


