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Question 1

The position of a particle is given by » = sec é [ +2tan % j, wheret € [0, 7).
x2 2

a. Show that the Cartesian equation of the particle is of the form —- — y_z =1.

a
Find the value of @ and b and state the domain and range.

Worked solution

t r .
r=sec5 i +2tan — j

~

X =sec — y=2tan —, x> 1 and y >0 for¢ € [0, 7).
x—seci X=tan£
2 2 2
sec’ — — tan’ L =1
2
2
xz—(lj =1
2
2
- =
4

This is a part of the hyperbola with centre (0, 0) and @ = 1 and b = 2.
So, vertex is (1, 0).

Asymptotes are y = £2x.

Domain is {x: x >1}.

Range is {y:y >20}.

3 marks
Mark allocation

e 1 mark for using the correct trigonometric identity.
e 1 mark for finding the correct values of @ and b.
e 1 mark for the correct domain and range.

Tip

e Use the trigonometric identity 1 + tan’ 0 = sec’ 0 or sec’ 0— tan’ 0 = I to establish
the Cartesian relationship.

Question 1 — continued

TURN OVER
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b. Sketch the graph of its path on the axes below.

Worked solution

1 mark
Mark allocation

e 1 mark for showing the correct part of the hyperbola and its asymptotes.
Tip
The domain of é are [0, %) , SO the respective ranges of sec 6 and tan 6 are [I, )

and [0, x).

End of Question 1
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Question 2

a. On the set of axes below, shade the region enclosed by the graph of y = sin"' x and the

linesy=0and x=1.

Worked solution

n/2

M,
3

(1,)

-"/2

(-1, )

Mark allocation

e 1 mark for shading the correct region.
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Question 2 — continued
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b. Find the exact area enclosed by the graph of y = sin"' x and the lines y=0and x = 1.

Worked solution

Area required = Area of rectangle — Area between graph of y =sin' x and the y-axis from

Vs
=0toy= —.

y y >

y=sin"'x

x =siny =f(y)

3
A= (%xlj - [ f().ay
0

sin y.dy

S

Il
VR
NN

X

—
N—

|
O |y

T
=7~ [-cosy)
T z
=2 " [eos y)
=z + cos ——cos0
2
-7
2

.. T .
The area required is — — 1 square units.

Mark allocation

e 1 mark for setting up the correct area.
e 1 mark for finding the correct answer for the area.

Tip

2 marks

o Since J‘sinfl x.dx cannot be done, y = sin”' x must be expressed as x = sin y and then

the area between the curve and the y-axis is found.
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c. Find the exact volume generated by rotating this area about the y-axis.

Worked solution
Volume required = volume generated by rotating the area between the graphs of x =1 and

x=sin y and the lines y=0to y = % about the y-axis.

V= 7Z'j- (1> —sin® y).dy
0

Il
N
Oty [N
N
—_
|
N
[
|
[«
o
2]
\S)
=
N—
¥._/
S

T

2

1
+—sin2
R R L

£+lsin7z - 0+lsin0
2 2 2

T
X —
2

NN

N

-I>|’\‘L

2
The volume is T cubic units.

3 marks
Mark allocation
e 1 mark for setting up the integral for the volume correctly.
e 1 mark for using the correct identity to simplify the integral.
e 1 mark for correctly evaluating the integral.
Tip
o2
o The volume could also be found by calculating E(DZ(EJ - 7zj.sin2 v.dy.
0
End of Question 2
TURN OVER
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Question 3

Given that z; =2 is a solution to the equation 2+ (i\/_ -3)z+2-2 V3i= 0,zeC

a. Show that the other solutionisz, =1 — \/§ i.
Worked solution
(z—2)z—1+i3)
= z+i 32—22-1—2—2\/51'
=2+ (i3 =3)z+2-243i
.. The other solutionisz, =1 — \/5 i

Mark allocation

e | mark for verifying that z, = 1 — /3 i is the other solution.

Tip

e 2, could also be found by dividing z — 2 into z° + (i\/_ —-3)z+2- 2431

b. Find the square root of z; in the form a + bi.

Worked solution

zy) = 1 - \/gi
|zz|:\/12 +\/§2 and Argz:tan_l[¥}

_ 3 _-7
3

=2
(-
z,=2 c1s[Tj
\/Z: 2 cis(ij
6
=+ \/E[cosi + siniij
6 6

R

Mark allocation

e | mark for the correctly converting z, to polar form.

e 1 mark for correctly taking the square root.
e | mark for expressing the answer correctly in Cartesian form.

1 mark

3 marks

End of Question 3
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Question 4
Find the equation of the tangent to the function x log,y + 2x* =3 at the point where x = 1.
Worked solution

xlog,y+2x*=3

When x = 1:
log,y+2=3
log.y=1
y=e

d 2

—xlo +2x° =3
g2
1.10gey+xdiy(loge y)%+4x=0

logey+£.d—y+4x=0
y dx

ﬁ.ﬂz —4x —log, y

y dx
L2 4x-log, y)
dx x

Substitute x =1 and y = e:
dy e
E_T(_él_k)ge e)
=e(-4-1
= —5e¢ = gradient of tangent
Using y — y; = m(x — x1)
y—e=-Se(x—1)
y—e=-5ex + Se
y=-5ex + be

The equation of the tangent is y = —5ex + 6Ge.
4 marks
Mark allocation

1 mark for correctly evaluating y when x = 1.

1 mark for correctly differentiating the equation.

1 mark for correctly evaluating the gradient of the tangent.
1 mark for the correct answer.

Tip

o Implicit differentiation is used to find d_y , otherwise it is possible to express y as a
RY

function of x and then find fl_y
x

End of Question 4

TURN OVER
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Question 5

a. Show that 1 2 =

Worked solution

2x 2x __a b
4-x* 2-x)2+x) 2-x 2+x
2x _a(2+x)+b(2-x)

Q2-0)2+x)  (2-x)Q2+x)

2x = a(2 +x)+ b2 —x)
Letx=2, 4a=4
a=1
Letx=-2, 4b=—-4
=-1
2x 1 1

4—x? 2—-x 2+x

Mark allocation

e 1 mark for correctly setting up the partial fractions.

e 1 mark for correct workings to find a and b.

2x

4-x*

.dx.

1
b. Hence, or otherwise, find J
-1

Worked solution
1 1
j 2x2 dx = I( L - ! ].dx
’ 4—x ) 2—x 2+x
— [ tog, ]2~ x| ~log ]2 + ],
= [~log,[l| - log,[3]] - [-1og,|3| - log,[1]]

=—log, 3 +log, 3
=0

Mark allocation

e 1 mark for correctly integrating.
e 1 mark for the correct answer.

Tip

2 marks

2 marks

e The substitution u = 4 — x° could also have been used to set up an antidifferentiable

integrand.

Copyright © Insight Publications 2010
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Question 6

b
B ~ C
a
—
A D
2b

Given that |a | = | b | in the trapezium shown above, use vectors to show that AACD
is right angled.

Worked solution

s

AC = AB+BC

atb

CD = —BC— AB + AD
=—bh—-—a +2b

AC.CD =(b + a)(b —a)
=b.b—-b.ata.b—-a.a

2 2
=b"—a

=0 since |a|=|b|

Therefore, AABC is right angled at C because AC is perpendicular to CD.

3 marks
Mark allocation
e | mark for correctly expressingA_C: in terms of ¢ and b .
e | mark for correctly expressingC_lj in terms of ¢ and b .
e | mark for correctly showing the dot product of AC and CD is 0.
End of Question 6
TURN OVER
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Question 7

A parachutist free-falls from rest and reaches a speed of 2g m/s when his parachute is

activated.

The acceleration of the parachutist from this point is (g — 2v) m/s’, where v is the speed of the

parachutist ¢ seconds after the parachute is activated.

Five seconds after the parachute is activated, the speed of the parachutist is %(a +be™).

Find the values of a and 5.
The acceleration due to gravity is g = 9.8 m/s’.

Worked solution

dv
a=—=g-2v
a °
d 1
dv g-2v
ZZ.[ ! dv

, where £ is the constant of integration

1
= —Eloge|k(g—2v)
When =0, v=2g:

1
0= —Eloge|k(g ~4g)|

1
0= —Eloge|k(—3g)|

-3kg =1 since In1=0.

k= -1
3g
t—_—llOge —(g—ZV)
3g
t—_—lloge V-8
2 3g
log, 2v-gl_ =2t
3g
2V—g =e—2t
3g
2v—g e
3g B

Copyright © Insight Publications 2010
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Whent=0,v=2g

v-g 3g
g 3g

and =1=+¢"

2v—g=3ge”

t

2v=g+3ge”

V= %(g+3g62t)
v(5) = %(g + 3ge_1°)

v(5) = %(1 +3¢™)
Hence,a=1and b=3.
The speed of the parachutist after 5 seconds is %(1 + 3e_10) m/s.
Mark allocation
1 mark for setting up the correct integral for .

1 mark for correctly expressing v as a function of ¢.
1 mark for correctly finding the values of a and b.

Copyright © Insight Publications 2010

1 mark for the correct integration and evaluation of the constant.

4 marks

End of Question 7
TURN OVER



14

Question 8

A 2 kg mass on a horizontal bench is connected by an inextensible string via a smooth pulley
to a 5 kg mass, as shown below. The force of P newtons is acting on the 2 kg mass, as shown.
The coefficient of friction between the 2 kg mass and the bench is 0.25.

p 2 kg
5kg
a. Label all forces on the diagram above.
Worked solution
a.
N
F T
+ 2k
p g
| :
2
& 5kg
58

1 mark
Mark allocation

e 1 mark for correctly labelling all the forces.
Tip

e The minimum value of the force P required occurs when the 2 kg mass is on the verge
of moving to the right.

Question 8 — continued
Copyright © Insight Publications 2010



15

b. Show that the minimum value of the force P required to maintain equilibrium is
4.5g newtons.

Worked solution

The minimum value of P required to maintain equilibrium occurs when the friction, F, is
maximum.

Resolving the forces:

For the 2 kg mass

N =2g
F=Nu
=0.25 x 2g
=0.5¢g
For the combined system
R=ma=0

R=5¢-T+T-P-F=0
5¢—P—-0.5¢g=0

P =45¢g
2 marks
Mark allocation

e 1 mark for correctly finding the maximum friction.
e | mark for the correct equation of motion for the combined system.

c. If P =2.5g, find the exact acceleration of the system.

Worked solution

R=5¢-T+T—-F—-P=ma

For motion Fi.x = Nu=0.5¢g

R=5g-T+T-05¢g-25¢g=(5+2)a
Ta=2g

a=28

7
2 marks
Mark allocation

e 1 mark for determining the correct equation of motion.
e 1 mark for the correct answer.

End of Question 8
TURN OVER
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Question 9

2

e

Evaluate I
o X In x

.dx.

Worked solution

2
e

1
J-xlogx -[; ogx

Let u =log, x
du_1
dx x

x=é, u=log, =2

x=e, u=log,e=1

e 2
L1 g fdly,
x log,x L dx u
2
= Ildu
LU
= [loge|u|]1

=log, 2 —log, 1
= log, 2

Mark allocation

e | mark for using the correct substitution for u.

e 1 mark for setting up the correct integral in terms of u.

e 1 mark for the correct answer.

Copyright © Insight Publications 2010
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End of Question 9
TURN OVER
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Question 10
S={z(z+1)(Z+1)=4, ze C} and T={z: Arg (z + 1)=%, zeC.
a. Find the Cartesian equations of S and 7.

Worked solution

Cartesian equation for S:

((c+ D)+ yd((x+ 1) —yi)=4
(x+1yY+)y"=4

S is represented by a circle of centre (-1, 0) and radius = 2.

Cartesian equation for 7:

Y :tan_3
x+1 4

Y 1 x<-1
x+1

y=x+1,x <-1, which is a ray in the third quadrant.

T is represented by a the straight line y =x + 1, x <-1.
2 marks
Mark allocation

e 1 mark for the correct Cartesian equation for S.
e 1 mark for the correct Cartesian equation for 7.

Question 10 — continued
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b. Show the subsets S and 7" on the complex plane below.

Worked solution

Im(z)

Re(z)

Mark allocation

e 1 mark for the correct graph of S and 7.

END OF SOLUTIONS BOOK
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