KILBAHA MULTIMEDIA PUBLISHING TEL: (03) 9018 5376
PO BOX 2227 FAX: (03) 9817 4334
KEW VIC 3101 kilbaha@gmail.com
AUSTRALIA http://kilbaha.com.au

© KILBAHA PTY LTD 2011

Copyright Kilbaha Multimedia Publishing


http://kilbaha.com.au

IMPORTANT COPYRIGHT NOTICE

This material is copyright. Subject to statutory exception and to the provisions of the
relevant collective licensing agreements, no reproduction of any part may take place
without the written permission of Kilbaha Pty Ltd.

The contents of this work are copyrighted. Unauthorised copying of any part of this
work is illegal and detrimental to the interests of the author.

For authorised copying within Australia please check that your institution has a
licence from Copyright Agency Limited. This permits the copying of small parts of
the material, in limited quantities, within the conditions set out in the licence.

Teachers and students are reminded that for the purposes of school requirements and
external assessments, students must submit work that is clearly their own.

Schools which purchase a licence to use this material may distribute this electronic
file to the students at the school for their exclusive use. This distribution can be done
either on an Intranet Server or on media for the use on stand-alone computers.

Schools which purchase a licence to use this material may distribute this printed file
to the students at the school for their exclusive use.

The Word file (if supplied) is for use ONLY within the school.
It may be modified to suit the school syllabus and for teaching purposes.
All modified versions of the file must carry this copyright notice.

Commercial use of this material is expressly prohibited.

© KILBAHAPTY LTD 2011

Copyright Kilbaha Multimedia Publishing


http://kilbaha.com.au

Specialist Mathematics Trial Examination 2 2011 Solutions Section 1 Page 3

SECTION 1

ANSWERS
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SECTION 1
Question 1 Answer C

The equation of the hyperbola is

~k)* (x-=h)’
by 5 ) _(x 5 ) =1 since its domain is

b a
R and does not cross the x-axis.
The two asymptotes intersect at the centre
(h,k) of the hyperbola, so that
2X+5=1-2x = 4x=-4
= x=-1and y=3 = h=-1and k=3

The distance from the centre to the

w X

vertices (—1,7) and (—1,—1) is 4 units, ‘ ‘ o

so that b =4, now the gradient of the
asymptotes is b =42 so that a=2.
a

The equation of the hyperbola is
(y-3)" (x+1)° _
16 4

1

Question 2 Answer C
Let the roots be & and &, since the roots occur in conjugate pairs.

a =cis(@)=cos(0)+isin(8) and a =cis(-8)=cos(—8)+isin(-0)=cos(d)—isin(0)

a+a=2cos(0) and
a.a =cos’(6)—i’sin?(0)=cos?(8)+sin’(0) =1
The quadratic is z° —(a+a)z+aa=0 or z*-2zcos(6)+1=0

Question 3 Answer E

The graph is that of a reciprocal inverted parabola, with asymptotesat x=a and x=b,

note that a<0 while b>0. Itsrule is
-1 -1 1

F(x)= (x-a)(x-b) x*—(a+b)x+ab B (a+b)x—ab-x*
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Question 4 Answer D

Let z=x+Yyi so that Z=x—yi and c=a+bi, C=a-hi
(z-c)(z-cT)=r?

27 -7C—IC+CC =r?
(x+yi)(x—yi)—(x—yi)(a+bi)—(x+yi)(a—bi)+(a+bi)(a-bi)=r?
x* +y? —(xa—iya+bxi+by)—(xa+iya—bxi+yb)+a®+b* =r?

x* —2xa+a’+y?—2by+b*=r’

(x-a)’ +(y—b) =r?

this is a circle with centre (a,b) radius .

Question 5 Answer A
If z=a+1+ai Z=a+1-ai,then
2a 2a 2a 2a 2 —1-i

1-7 1-(a+l-ai) -a+ai a(-1+i) —1+i —1-i

2a :—2(1+i)__1_i=ﬁcis(_37ﬁJ

1-7 1-i2
Question 6 Answer A
X"+a g =) dy n-2 -2 : :
y= =x""+ax" = d—:(n—l)x —ax for turning points
X X

n

ﬂ:o - (n-1)x" _a

a . . :
=— or Xx'=——,since there are two turning points, the only

dx X X n-1
possibility listed is for n=2 and a > 0.

Question 7 Answer D

u:4cis(¢9) , v:rcis(—z?ﬁj and uv=12i

uv = 4rcis(9 —2—7[} =12i= 12cis(£j
3 2

4r=12 = r=3
2r 7 2r 7w 4r+3r TIrx
0——=— =0=—+—= =—
3 2 3 2 6 6
orc9=7—”— __>
6
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Question 8 Answer E
All of options A. B. C. and D. are correct, E. is false

Arg (lj =—a
u

Question 9 Answer B

Since the area is below the x-axis, the area A is equal to
1

A= —J'(x2 —1)\/2x+3 dx

-1

let u=2x+3 O|—u=2 = dx=ldu
dx 2
terminals x=-1 u=1 and when x=1u=5

x=%(u—3) so that
2 1
x*-1==(u-3) —1:Z(u2—6u+9)—1

:%(u2 —6u +5):%(u—5)(u -1)

1% 1t
A:—gl(u—S)(u ~1)yJudu =§!(5—u)(u ~1)z/udu
Question 10 Answer B
C
Since it is an isosceles triangle, ‘Ké‘ :‘gé‘ and
ZCAB = 45°
AB.AC _ o o(as0)— L
‘EHE‘ cos(45°) %
[A|[AC| - 2 AB.AC
P 45
B A

D. States itis a right-angled triangle at B, but not necessarily isosceles.
E. States it is an isosceles triangle, but not necessarily right-angled.

Question 11 Answer D

Using parametric graphing, shows that when n=m and a=b the path is a circle, when
n=m and a=b the path is an ellipse, and when n=2m the path is part of a parabola.
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Question 12 Answer C

Let a=2i-2j+k |a| V22 +(-2)+12 =9 =3

Question 13 Answer E

y=log,(x-1) = x-1=e’ so that x=1+e’, rotating about the y-axis,

b
Vy=7r.[(x22—xf)dy x,=1+e¢’ and x=1 a=0 and b=1

1
V= ;rf((ey+1) —1)dy—;rj( (67 +2¢" +1)- 1)dy

0
V= njl.(ezy+2e dy nj e *+2e" )dx by dummy variable property
0

Question 14 Answer E

Jdu+C now tofind C, x=3 whent=1,
cos Jdu+C =C=3

X=1 COS

J1

w
I
-~
2
TN TN TN
Clk, S|k |k

2
jdu+3 now when t=2 x:J cos( )du+3

Question 15 Answer C

The stone takes on the initial upwards speed of the balloon, but its acceleration is just due

to gravity. Taking upwards as positive and downwards as negative,

s=-250 u=3 a=-9.8 t=? using s:ut+%at2

—250=3t-4.9t> solving = t=7.46
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Question 16 Answer B
| — o >
inflow 3 kg/litre
at 10 litre/min
/\
w
?

100

l outflow at 2 litre/min
< R

The differential equation for Q, the amount of salt in kilograms in the tank at a time t
minutes, is given by

Z—? = inflow —outflow :10><3—2V—Q and the volume V =V (t) =100+ (3-2)t
dQ 2Q o o
—==30- , 0)= 2, solving using CAS, the general solution is
dt 100+t Q( ) g g g
Q= 4+10(100+t)=C(100+t)* +10(100+t) so that n=-2
(100+1)
Question 17 Answer A
FR
20° 10g

Note that all forces are in newtons.
resolving perpendicular to the plane

N -10gcos(30°)=0 = N =10gcos(30°)= 53¢
resolving up and parallel to the plane

10g-10gsin(30°)-F, =0 = F, =10g -10gsin(30°)=5g
F. <uN

1 3

5g < /,15\/§g

= Uu>2—
HE =g
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Question 18 Answer B
By Newton's Law R=ma using a= (;_\t/ with R=f(t)

dv
f(t)=m¥
(t)=m—
v, t,
mjl.dv: m[v]; =mv, —my, :J' f(t)dt

Vi 4

Question 19 Answer D

kv’ e—— — »F

By Newton's law, the equation of motion is given by
ma=F -kv® , using azvﬁ
dx

mv% =F —kv® integrating from v=0 to v=V
X
the distance s, travelled from rest is given by

\

s:f mv 3dv
F —kv

0

Question 20 Answer A

d(1v*) 3bx—2b?
dxk X

vi= Jde :I(E}bx‘2 - 2b2x'3)dx

NI

X3

1v? =-3bx " +b*x % +c

Now when v=0 x=b
0=-3+1+c = c=2

,_—3b b 2x* —3bx + b?

+—+2=
X X NG

2 _ (2x—b)(x—h)

X2

N1

\'

\'

N1

so that when v=0 x=b and x:%
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SECTION 2
Question 1

a.

u=a+bi = |[u=a*+b*> and T=a-bi
uli=(a+bi)(a-bi)=a*-b%*=a’*+b’ Al

The cubicis (z- 1)( u)(z-u)=0

(z—l)( (u+) )

(z—l)(zz—2a2+a +b2): M1
2°~(2a+1)2° +(a’ +b*+2a)z-(a’ +b*) =
p=-2a-1 , qgq=a’+b’+2a and s:—(a2+b2) A2

iu=i(a+bi)=ai+bi
iu=-b+ai Al

u =a?+b? and [iu[* =(-b)’ +a*=a®+b?
so that |u +[iu =2(a’ +b?) M1
now |u—iu| =|(a+b)+(a—b)il

lu—iu[* =(a+b)’+(a—b)’ =a*+2ab+b* +a - 2ab+b* AL
u—iu[*=2(a®+b*) shown

Since iu is a rotation 90° anticlockwise from u, and both
|u|2 :|iu|2 =a’ +b’.In the triangle, which passes through O, u and iu
it is a right angled isosceles triangle. By Pythagoras’s Theorem, the hypotenuse

is /2 times the two equal side lengths, and |u—iu|=,/2(a’ +b?) Al

and represents the distance between the complex numbers u and iu.

From d. since the angle at the origin is a right-angle, the line joining the complex
numbers u and iu. is a diameter of the circle, the radius r is therefore

1, .01 7 2y |ai+b?
r_E|u—|u|—E,/ (a®+b%) = > Al
The centre is the mid-point of the line joining the complex numbers u and iu.

c:%(u+iu) ;(a b)+ 2(a+b) Al
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f. The shaded area equals the area of the circle minus the area of the triangle
Area =t -l
a’ +b? J 1

—E(a2+b2)

M1

Areazﬂ(
Area:%(az +b*)(7-1) Al

Question 2

X2 y? : T .
a. —2—le differentiating implicitly, gives
2x 2y dy dy b’x
7 o0 T o2y at P(asec(6),btan(0)) Al
dy basec(d)
dx a’btan(8) asin(9)
b
asin(9)
bx +bsin(0)_ b
asin(@) cos(@) sin(@)cos(0)
~bx_ b(L-sin’(6))  bx  beos*(0) AL
~asin(9) sin(9)cos(9) asin(9) sin(8)cos(6)
bx  bcos(9)
asin(d) sin(0)

job]

, the equation of the tangent at P is

y—btan(8)= (x—asec(9))

y:

b. This crosses the asymptote y:% at A, when
bx _ bx  bcos()
a asin(d) sin(0)
beos(9) . bx  bx _bx( 1 _ bx(1-sin(0))
sin(0) - asin(0)

Al

sin(9) asin(d) a a
« acos(9) ) bcos(8)
AT sm(@) Ya= 1-sin(9)

)

A( acos(0) beos(0 )J

1-sin(@) '1-sin(0)

Al
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This crosses the asymptote y = _bx at B, when
a

_bx_ bx_ bcos(9)

a asin(9) sin(9)

bcos(#) _ bx +%:b_x( 1 +lj:bx(l+sin(9))
sin(9) asin(d) a alsin(0) asin ()
_ acos(9) Ly _ —bcos(9)

° 1+sin(0) ° 1+sin(9)

B( acos(6) —bcos(@)j

1+sin(0) 1+sin(0)

C. Since O is the origin,

) (o)}

(0)
-2l )]
T )

[ S

BTN,
o2 (5

:\/a20052(9)+b20032(9)_ > (MJ

(1+sin(6’))2 - 1+sin(0)

N—
N

QD
+
<
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O OB aco_s(@) aco_s(@) s bco_s(H) —bc9s(6?)
1-sin(6) )\ 1+sin(@) ) (1-sin(8) J{ 1+sin(0)
_. . (a*=Db?*)cos?(6
OA.OB=( _)2 ()=a2—b2
1-sin(0)
Now cos(a)= 959? M1
‘OAHOB‘
a? —b?
[ cos(8) — [ cos(8)
a+b?| ) | fa2yp?| )
1-sin(0) 1+sin(0)
M1
a2_b2 a2_b2
= 2 =2 2
(a2+b2) cos. g) a’+b
1-sin*(8)
2 2
so that a = /AOB = coslta2 _sz
a‘+b
d.  Areaof the triangle AAOB = %‘ﬁ“@‘sin (er), where
(& +b) —(a2 02y
sin =
(a) (a2+b2)
_ \/(a4+2a2b2+b4)—(a4—2a2b2+b4)
Sm(a): (a2+b2)
[ 212
sin(a) = ?a bz = 22ab2 since a>b>0 Al
(a +b ) (a +b )
Area AAOB:1 a’?+b? M x| va?+b? COS_(G) x 2ab
2 1-sin(0) 1+sin(6) (a2+b2)
Area AAOB =ab Al
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Question 3

a. smooth surface

N
—
o

T

A 4

2mg Q

mg
resolving downwards around Q, (1) mg-T =ma
resolving around P, (2) N-2mg=0
(8) T=2ma

From (3) into (1) mg—2ma=ma =3ma=mg =a=

w @

a:% u=0 t=05 s=? , using s:ut+%at2

s=0+1x94057 =041 m
273

b. rough surface
N

e,

2mg

mg
T is the tension in the string in newtons, N the normal reaction and
uN the frictional force. correct forces and labelled
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i. resolving downwards around Q, (1) mg-T =0

since the acceleration of the system is zero.
T =mg newtons Al

ii. consider when the acceleration is non-zero
resolving downwards around Q, (1)  mg-T =ma

resolving around P, (2) N-2mg=0 Al
(3) T-uN=2ma

from (2) N =2mg substituting into (3) gives

T —2umg =2ma but from (1) mg—T =ma adding eliminating T gives M1

3ma=mg—-2umg =mg(1-2x)

a= %(1—2;1)

for a>0, it follows that the maximum value of M1

M, 1S ,u:%, and since x>0,
1

Question 4
OA=2i+j+4k , OB=ai-2j-k and OC=-5i+8j+11k
a.  for perpendicular OA.OB =0

200—-2-4=0

200=06
a=3 Al

b.  for linearly dependant OC = xOA+yOB

¢ =-5i+8 j+11k = x(2i+ j+4k)+y(ai-2j-k) M1
i (1) -5=2x+ya (2) 8=x-2y

i (2) 8=x-2y —2x(3) —22=-8x+2y M1
k (3) 11=4x-y adding -7x=-14

so that x=2 , y=-3 and a=3 Al
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C. OA|=~/22 +12+ 4% =21

OB| = o’ +(-2)° +(-1)’ =\5+a?
ﬁ:‘O_B" =  J21=+5+a?
5+a°=21

a’ =16
a =+4 both answers are acceptable

d. the scalar resolute of OA parallel
008 1s A0B_ 10
o 3

OA.OB 2a-6 10

‘6@‘ - Ja? +5 3

solving on a CAS gives

a=-20r a= —% both answers are acceptable.

e. Let & be the angle the vector OB makes with the x-axis, then
9=cosl[—gj = cos(e):—g=%
3 3 ‘OB‘
2 S— ,and a<0

3 Va5
—2% =3
4(a®+5)=9a’
20 =5

a’=4
solving gives o =—-2 as the only solution
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Question 5
a. x:%:v cos(a)—kx
dt
dt 1

dx V cos(a)—kx

1
t=|——= 4
chos(a)—kx "
t:—%loge(Vcos(a)—kx)m

Now when t=0 x=0

0= —%Ioge (Vcos(a))+c =c :%Ioge (V cos(a))

t= % log, (V cos(a)) —% log, (V cos(a)—kx)

V cos(a)
t==log,| —————
k V cos(a)—kx
ot _ V cos(a)
V cos(ar)—kx
V cos(a)—kx -
Veos(a)
V cos(a)-kx=V cos(a)e™
kx =V cos(a)-V cos(a)e™ =V cos(a)(l—e"‘t)
_Vcos(a)

x=x(t) T(l—e"“)

y=Vsin(a)-gt since y(0)=0
Y=VtSin(a)—%gt2=t(Vsin(a)—%tj
when y=0 t:T:N%n(a)
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_Veos(a) Veos(a)

_ _\/tci 1
x=x(t) ” ” e y(t)=Vtsin(a) 2gt

_V+S(a)e‘k‘ =V cos(a)e™ y(t)=Vsin(a)-gt

2Vsin(a)
g

whenit hits the ground T =
_ 2Vksin(a)
x(T)=Vcos(a)e °

§(T)=V sin(a)_gx%”(“)?v sin(a)

the angle at which it hits the ground is

L[
tan ' [ (T _ 2Vksin(a)

X(T) Vcos(a)e °

2Vksin(a)
=tan™ {tan (a)e ° J

since F(t)=—kx(t)i—g j the golf ball is subjected to gravity,

}:tanl Vsin(a)

in the vertical y direction, but an air resistance force, proportional to the

velocity in the horizontal x direction of motion.

V=49 =25 k=02
1 _A/sin(a) 2x49xsin(25°)

g 9.8
T =4.23 sec
V cos(a ) 49x cos(25° s
RZX(T): ( )(1—8 kT): 0.2( )(1—60'2 4.23)
R=126.69m

at maximum height

y=0 :t:%T:Z.llsec

1 49c0s 25° 022
x[fj: x(2.11) = x(t):T(l—e °P211) = 76.53 m

VZsin?(g) 497sin’(25°)
29 2x98

=21.88m

Ymax = H
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g. correct graph, shape, critical points,
the maximum height at maximum (76.53,21.88) when t=2.11
and the range, hits the ground at (126.69,0) when t=4.23 Al
correct shape of the graph ( not parabolic ) Al
ALy
251

t=2.11 (76.53, 21.88)

20}
15¢

10+

X
L A
T 14

0o 10 20 30 40 50 60 70 80 90 100 110 120 130 140

t=4.23 (126.69,0)

END OF SECTION 2 SUGGESTED ANSWERS
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