2011 MAV SPECIALIST MATHS EXAM 1 SOLUTIONS

The Mathematical Association of Victoria
Trial Examination 2011
Specialist Maths Examination 1 - SOLUTIONS

Question 1

a.

Normal reaction force R.

Weight force W =4g.

Friction force yR (since object is moving).
Pushing force of 20 Newton.

R
20
uR
W= 4g
All forces labeled [A1]
b.
. . . . Fre =
Net force in vertical direction: = R=4g. (D)
Fnet =R- 4g

F,,=ma=(4)(2)=8
Fnet :ZO—ﬂR

Net force in horizontal direction: } =8=20—-uR [M1]
=12=urR. ....(2)

Substitute equation (1) into equation (2):

12=p4g

== [A1]

3
g

Total 3 marks
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Question 2

Let a=—i+ j-2k and b=3i-2 j—6k.

Parallel vector resolute:
u= ( 19)13 |

‘ﬂ=J§4wfmz+cﬁf:aﬁ§=7

3i—2j-6k
'nmmﬁne5=| f:_l_i;_;' [A1]

Z®‘|l®‘

(—i+j—2kj~[3i—2j—6k) 3i—-2j-6k 3i-2j-6k
~ oL ~ I~ ~ L~ -3-24+12Y) ~ . -~
Therefore u = :(

~ 7 7 7 7

=%(3i—2j—6k]. [M1]

Perpendicular vector resolute:

a=ut+tv=—sv=a—u

LA [A1]

Total 3 marks
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Question 3

2
Substitute y=+/3 -2 into (x +1)° +@:1:

3
x+)r+=1
(x+D)7+7

:>x+1:il
2
1 3
S Xx=——, ——.
2
But x>-1.
1
Therefore x===. [A1]
Implicit differentiation: 2(x+1)+wx%=0. [M1]
X
Substitute x=—l and y:\/§—2 into 2(x+1)+wxﬂ:0:
2 4 dx
1+£xﬂ:0
dx
y__ 4 __2
dx 23 B
-1 3
My ormal :EZT’ [AT]
dx

Total 3 marks
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Question 4

f(=)=0=>z+i isa factor of f(z)=2z> +2iz® —=2z—i.
Note: z—i is NOT a second factor because the conjugate root theorem is NOT valid (the coefficients of the
polynomial are not all real).

Polynomial long division:

22 +iz—1 [M2]

z+i>z3 +2iz% —2z—i

2 +iz?
iz —2z-i
iz’ -z
—z—1
—z—1
0

Therefore the remaining roots of f(z)= z3 +2iz? =2z —i are solutions to z% +iz —1=0.

Quadratic formula:

=ity () 4D

B 2

_—i+\3
=
—it3

Roots: z:T, —i. [A1]

Total 3 marks
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Question 5

a.
Option 1:

(z-v2)(z—-2)=2

:>(z—\/5)(z—\/§)=2

=) Z—\/§|2:2
=z -~2=42. [M1]
Option 2:

Substitute z=x+iy:

(z-v2)(z—-2)=2

=>(x—\/5+iy)(x—\/§—iy):2

= x° —2\/Ex+y2 +2=2

= (x—~2)2+y2 =2, [M1]
Circle with radius r:\/z and centre at (\/5, 0).

Im(2)
3+

2+

Note: Shape must be consistent with the scale on imaginary and real axes.
Shape, centre and radius [A1]
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b.
Option 1:

|z|= ‘z ~32 ‘ defines the perpendicular bisector of the line segment joining z=0 and z = 342

32
x=—.

Al
5 [A1]

Option 2:
Substitute z=x+1iy:

|Z|=‘Z—3\/§‘ =>|x+iy|=‘x—3\/§+iy‘

:>\/x2 +y2 :\/(x—?n/z)2 +y2

= x? +y2 =x? —6\/§x+18+y2

Sx=—=="— [A1]

Substitute x = 3v2 into (x—\/E)2 +y2 =2:

[A1]

32 . B

Therefore z = T ti—.

V2

Polar form:

Z:J&;is(%} chis(_%). [A1]

Total 5 marks
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Question 6

a.
Option 1:

e
X

2 1
[——] i

_ [M1]

x+2
:>t=2J‘(1— 2 ]dx
x+2

=2x—4log, |x+2|+C. [A1]

Substitute =0 and x=2: C=4In(4)—4.
Therefore:

t=2x—4+4log,(4)—4log, |x+2|

=2x—-4+4log,

4

—. Al

x+ 2‘ S
Total 4 marks
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Question 7

1
Let y=arccos) — |
[N? ]

. 1
Chain rule: Let u=——= = y =arccos(u).

2Wx

dy _dy au_ -1 (1 [M1]
dx du dx 1— 4> 4532
__ - 1
R A
4x
| |
- x [M1]
[4x—1 (4x\/;)
4x
_ 2 (1
Vax—1 | 4xx
_ 1 [A1]
2xJax—1

Total 3 marks
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Question 8

a.
The graph of y =arcsin(x) is dilated from the x-axis by a factor of 2 and dilated from the y-axis by a factor of 3:

T T [] (3, ﬂ-)

(_35 - ﬂ’-) .
Endpoints  [A1]

Shape and inflection point [A1]
b.
3 (1) &
X=—= y=2arcsin| — |=—.
2 2) 3

x=3= y=2arcsin(l)=7.

T
V=ru szdy. [M1]

/3

y =2arcsin % |= 3sin| 2 |=x.
3 2

Therefore:

V—on J‘sinz(gjdy (M1]

/3

=27 [=cos()av 1]
/3

9T ing] * 2 | E VB 9m 4433
2 T 372 | 2| 6

QI3 +36mr O3 +127)7
- 12 B 4 ' S

Total 6 marks
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Question 9

(P 2+ ) - (2x+1)
(x+1)2 x2 +2x+1

2x+1  2x+1 A N B Ax+1)+B

a2+l (4D x+l (x41)2 (x+1)?

2x+1=A(x+1)+B=A4Ax+(A+B)

— A4=2, B=-1.

Therefore 1— 22x+1 =1- 2 + ! 5
x“+2x+1 x+1  (x+1)

b.

de (x+1} _(x+D)?

dt X x2

dt  x? 2 1
_—= 2:1— + 2
dx (x+1) x+1 (x+1)

=x-2log, |x+1|—L+C.
x+1

Substitute x=0 and r=0: C=1.

Therefore:

1
t=x-2log, |x+1|——+1.
x+1
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[M1]

[A1]

[M1]

[M1]

[A1]

Total 5 marks
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Question 10

a.

x =sin(t) ....(D

y=—cos(2t)

=2sin%(1) -1 . (2) [M1]

Substitute equation (1) into equation (2):

y=2x%-1. [A1]
Domain: Range:
x=sin(1) y=-cos(2x)
13 11
054 051

T n 3n T i t n t
4 2 4 4 4 2
-05+ -05¢4
w1
[4’5]
~14 — 14
Domain: — ! <x<1
N
Range: —1<y<1. Domain and range [A1]
b.
r =cos(t) i+ 2sin(2¢) j . [M1]
T . 1. .
Att:Z: r=——i+2j. [A1]

Total 5 marks

END OF SOLUTIONS
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