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Section A – Multiple-choice questions 
Question 1 
The correct answer is A. 

It is clear that െ2 is the only real valued solution. Hence, the remaining two solutions must be complex 
conjugates of one another; it suffices to find one. We can express ݖଷ in polar form as ݖଷ ൌ 8	cisሺπሻ. By 

De Moivre’s theorem, ݖ ൌ 2	cis ቀ
஠

ଷ
ቁ ൌ 1 ൅ √3	݅ is a solution. Therefore,  ݖ ൌ 1 െ √3	݅ is a solution.  

Question 2 
The correct answer is D. 

Shaded area is contained between circles of radius 3 (inclusive) and 4 (exclusive), below the 
perpendicular bisector of the line connecting ݖ ൌ െ݅ and ݖ ൌ 1. 

Question 3 
The correct answer is B. 

Asymptotes occur when 2ݔ ൅ గ

ସ
ൌ ݔ gives ݔ for any integer ݇. Rearranging in terms of ,ߨ݇ ൌ

ሺସ௞ିଵሻగ

଼
. 

Substituting appropriate values of ݇ gives the desired result. 

Question 4 
The correct answer is D. 

Question 5 
The correct answer is C. 

Radius is 50mm, so the height is 120mm ((5,12,13) is a Pythagorean triple). As radius and height are in 

equal proportion at any depth, ݎ ൌ ଵଶ

ହ
݄. We can then express ܸ in terms of ݄ only as ܸ ൌ ଵ

ଷ
ߨ ቀ

ଵଶ

ହ
݄ቁ

ଶ
݄ ൌ

ସ଼

ଶହ
ଷ. Then, by using the chain rule, ௗ௏݄ߨ

ௗ௧
ൌ

ௗ௏

ௗ௛

ௗ௛

ௗ௧
ൌ

ଵସସ

ଶହ
ଶ݄ߨ ൈ

ହ

ସగ
ൌ

ଷ଺௛మ

ହ
	 

Question 6 
The correct answer is B. 

ௗ௬

ௗ௫
ൌ ௞௫ and  ௗ݁݇ܣ

మ௬

ௗ௫మ
ൌ ଶ݁௞௫݇ܣ . Therefore we need to solve	ଶ݁௞௫݇ܣ ൌ 	െ4݁ܣ௞௫ሺ݇ ൅ 1ሻ. Dividing through 

by common terms and rearranging gives us the quadratic equation ݇ଶ ൅ 4݇ ൅ 4 ൌ 0, which has the 
unique solution ݇ ൌ െ2.  

Question 7 
The correct answer is B. 

The angle subtended by the circumference at any point on the circle (except ܣ and ܥ) is a right angle. So 

തതതതܤܥ ൌ 2r	sin Also ∠BCA is  గ .ߙ
ଶ
െ തതതത is perpendicular to the circumference, sinܤܦ As .ߙ ቀగ

ଶ
െ ቁߙ ൌ

భ
మ
஽஻തതതത

஼஻തതതത
, so  

തതതതܤܦ ൌ തതതതܤܥ2 sin ቀ
ߨ
2
െ ቁߙ ൌ 2ሺ2ݎ sin ሻߙ cosߙ ൌ ݎ2 ሺ2 sin ߙ cosߙሻ ൌ ݎ2 sinሺ2ߙሻ 
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Question 8 
The correct answer is B. 

|࢈| ൌ 	√1ଶ ൅ 2ଶ ൅ 1ଶ, so  ࢈෡ ൌ ଵ

√଺
ሺ࢏ ൅ ࢐2 െ   .ሻ࢑

ሺࢇ ሻ࢈ ∙ ෡࢈

|࢈|
ൌ ሺ3 െ 8 െ 1ሻ

ଵ

଺
࢈ ൌ െ࢈ 

Question 9 
The correct answer is C. 

If cos ߠ ൌ ଶ

଻
, then sin ߠ ൌ

ඥ଻మିଶమ

଻
ൌ

ଷ√ହ

଻
.Evaluate tanିଵሺsin  .ሻ using a calculatorߠ

Question 10 
The correct answer is A. 

Make the observation that  ݂ሺݔሻ can be expressed as ݂ሺݔሻ ൌ
೏
೏ೣ
ሺଶ௫ାଷሻ

ሺଶ௫ାଷሻమାଵ
 which looks very similar to the 

derivative of the inverse tangent function. Making the substitution ݑ ൌ ݔ2 ൅ 3 and yields the result 
׬ ݂ሺݔሻ݀ݔ ൌ tanିଵሺ2ݔ ൅ 3ሻ ൅ ܿ 

Question 11 
The correct answer is D. 

Acceleration down plane is ݉݃ sin ߠ ൌ	 6݃ sin 25° ൌ 24.9	ܰ down the plane. The maximum friction is 
݃݉	ߤ cos ߠ ൌ 3݉ cos 25° ൌ 26.6	ܰ up the plane. 26.6 ൐ 24.9. Hence the friction is 24.9ܰ up the plane.  

Question 12 
The correct answer is A. 

Given the shape and that the intersection of the asymptotes of the hyperbola is ሺ3,1ሻ, the equation must 

be of the form 
ሺ௫ିଷሻమ

௔మ
െ

ሺ௬ିଵሻమ

௕మ	
ൌ 1. As ߠ ൌ గ

ଷ
, we can find the acute angle made by each asymptote and 

the x-axis which also turns out to be గ
ଷ
. Therefore, the gradients of the asymptotes are േ ௕

௔
ൌ േ tan

గ

ଷ
ൌ

േ√3. Hence possible values for ܽଶ and ܾଶ are 1 and 3, respectively. 

Question 13 
The correct answer is E. 

We need to evaluate an integral of the form׬ ߨ
ଶ
଴ ∙ ቀ

గ	

ଶ
ቁ
ଶ
ݔ݀ െ	׬ ݔሻଶ݀ݕሺݔߨ ൌ ׬	 ߨ ൬ቀ

గ

ଶ
ቁ
ଶ
െ ൫ݔሺݕሻ൯

ଶ
൰ ݔ݀

ଶ
଴

ଶ
଴   

(n.b. ݔሺݕሻ denotes ݔ as a function of ݕ, i.e. . ሺݕሻ ൌ ୡ୭ୱషభሺଵି௬ሻ

ଶ
 ): we find the volume of a cylinder and then 

‘hollow it out’ by subtracting the volume we don’t need. Evaluate using a calculator.  

Question 14 
The correct answer is D. 

Question 15 
The correct answer is A. 

Look at the intercepts. 
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Question 16 
The correct answer is B. 

ௗ௬

ௗ௫
ൌ 2 cosሺ2ݔሻ ൅ 2 sinሺ2ݔሻ and ௗ

మ௬

ௗ௫మ
ൌ െ4 sinሺ2ݔሻ ൅ 4cos	ሺ2ݔሻ. 

Question 17 
The correct answer is C. 

4 cos 60° ൌ 2ܰ, and 4 sin 60° ൌ 2√3ܰ. Therefore |ܨ௡௘௧| ൌ ට൫5 െ 2√3൯
ଶ
൅ ሺ3 െ 2ሻଶ ൌ 1.83ܰ 

Question 18 
The correct answer is C. 

Solve ׬ ݐ20݀ ൌ ׬ ݐ݀ݐ√5
௞
଴ 	

௞
଴ for ݇. Evaluating integrals and factorizing gives 10݇ ቀ2 െ ଵ

ଷ
√݇ቁ ൌ 0, which has 

non-trivial solution √݇ ൌ 6 ⇒ ݇ ൌ 36 

Question 19 
The correct answer is C. 

Look at key features of the slope field; there are exactly two lines along which the gradient is zero 
(corresponds to a quadratic). More decisively, the gradient is independent of  ݔ; along any line ݕ ൌ ܿ, 

where ܿ is a constant, the gradient is the same; C is the only option where ௗ௬
ௗ௫

 is independent of x. 

Question 20 
The correct answer is D. 

ሶ࢘ ሺݐሻ ൌ 2 cosሺݐሻ ࢏ െ 2	sinሺݐሻ	࢐ െ
గమ

ቀ௧ା
ഏ
మቁ
మ ሶ࢘| Evaluating .࢑ ሺ0ሻ| gives √20 ൌ 2√5 

Question 21 
The correct answer is C. 

Simple evaluation. 

Question 22 
The correct answer is A. 

Use Newton’s 2nd Law, ܨ ൌ ݉ܽ. Note speed is a positive quantity by definition (magnitude of velocity). 
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Section B – Short-answer questions 
Marks allocated are indicated by a number in square brackets, for example, [1] indicates that the line is 
worth one mark. 

Question 1a i 
Find the complex polar representation of 1, i.e. 1 ൌ cisሺ0 ൅ 2nπሻ, where ݊ is an integer.  

So ݖଷ ൌ cisሺ2݊ߨሻ, and by De Moivre’s theorem, ݖ ൌ cisሺ
ଶ௡గ

ଷ
ሻ. [1]  

So the possible values of ݖ are cisሺ0ሻ ൌ 1, cis ቀଶగ
ଷ
ቁ ൌ െ

ଵ

ଶ
൅ √ଷ

ଶ
݅ and cis ቀସగ

ଷ
ቁ ൌ െ

ଵ

ଶ
െ √ଷ

ଶ
݅	. ሾ1ሿ 

Question 1a ii 

 

[1] for correct markings, [1] for correct labels. 

Question 1b i 

Observe that ݅3 ൌ െ݅, so ሺെ݅ሻଷ ൌ ݅. [1] 

Now if 3ݓ ൌ 1, then ሺെ݅ݓሻ3 ൌ ሺെ݅3ሻሺ3ݓሻ ൌ ݅. Therefore, ݇ ൌ െ݅. [1] 

Question 1b ii 

The geometric interpretation of multiplication by ݅ is a rotation of  
ߨ

2
 radians counter clockwise. So 

multiplication by ݇ corresponds to rotation 
ߨ3

2
 counter clockwise. [1]  

Therefore, the solutions are cis ቀଷ஠
ଶ
ቁ, cis ቀ஠

଺
ቁ and  cis ቀହ஠

଺
ቁ. [1] 

Question 1c 

ଵݖ ൌ cis	 ቀ
ଶ஠

ଷ
ቁ and ݖଶ ൌ cis	 ቀ

ହ஠

଺
ቁ. [1]  

ݖ| െ |ଵݖ ൌ ݖ| െ  ଶݖ ଵ andݖ ଶ| describes the perpendicular bisector of the line joining these points. As bothݖ
have the same magnitude, the bisector must pass through the origin (n.b the bisector of a chord passes 

through the centre of the circle). The angle halfway between ସగ
଺

 and ହగ
଺

 is ଽగ
ଵଶ
ൌ

ଷగ

ସ
	, so the Cartersian 

equation is ݕ ൌ െ[1] .ݔ 

 

Im(z) 

Re(z)1	 2

ቆെ
1
2
,
√3
2
݅ቇ 

ቆെ
1
2
,െ

√3
2
݅ቇ 

ሺ1,0ሻ 
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Question 1d 
[2] for correct shape, [1] for correct boundaries. 

 

The first part of the set describes the set of points whose distance from ݅ݖଵ is strictly less that the 
distance from െ݅ݖଵ ൌ ݅ଷݖଵ: i.e. the set of all points below the line joining  ݖଵto the origin. Similarly, the 
second part describes the set of points whose distance from ݅ݖଶ is greater than or equal to the distance 
from  ݅ଷݖଶ: i.e. the set of points above the line joining ݖଶ to the origin. The third part requires that the 
magnitude of ݖ is less than or equal to 2, but strictly greater than 1. 

Question 2a 

݂ᇱሺݔሻ ൌ
ିଷ

ଵା௫మ
൅

൫௫మାଵ൯ሺଶሻିሺଶ௫ሻሺଶ௫ሻ

ሺ௫మାଵሻమ
൅ ଶݔ ൅ 1  applying appropriate rules [1] 

݂ᇱሺݔሻ ൌ െ
ଵ

௫మାଵ
െ

ସ௫మ

ሺ௫మାଵሻమ
൅

௫రାଶ௫మାଵ

௫మାଵ	
   

݂ᇱሺݔሻ ൌ
ሺݔସ ൅ ଶݔଶሻሺݔ2 ൅ 1ሻ െ ଶݔ4

ሺݔଶ ൅ 1ሻଶ
 

݂ᇱሺݔሻ ൌ
௫లାଶ௫రା௫రାଶ௫మିସ௫మ

ሺ௫మାଵሻమ
   correct manipulation [1] 

݂ᇱሺݔሻ ൌ
௫మሺ	௫రାଷ௫మିଶሻ

ሺ௫మାଵሻమ
    correct answer [1] 

Question 2b 
݂ᇱሺݔሻ ൌ 0 ⇔	െݔଶሺݔସ ൅ ଶݔ3 െ 2ሻ ൌ 0  as the denominator of ݂ᇱሺݔሻ is always positive 

Let ݑ ൌ ଶݑሺݑ ଶ, thenݔ ൅ ݑ3 െ 2ሻ ൌ 0  observing that the function is a cubic in ݔଶ [1] 

ݑ ൌ
ିଷേ√ଽା଼

ଶ
     solving the quadratic term of the cubic [1]  

ݔ ൌ ݑ√ ൌ േ	ට
ିଷା√ଵ଻	

ଶ
    solving for ݔ, requiring ݔ to be real-valued [1] 

ݔ ൌ 0, ݔ ൌ 	ට
ିଷା√ଵ଻	

ଶ
	 , ݔ ൌ െ	ට

ିଷା√ଵ଻	

ଶ
  listing solutions of ݂ᇱሺݔሻ ൌ 0 [1] 

Im(z)

Re(z) 
1 2 
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Question 2b 

 

[2 for correct shape, 1 for correct intercepts, 1 for correct turning points] 

Question 2c 

׬ ݂ሺݔሻ݀ݔ ൌ െ3׬ tanିଵ 	ݔ 	ݔ݀	 ൅ ׬
ݔ2

ଶݔ ൅ 1	
ݔ݀ ൅ ׬

ଷݔ

3
൅  ݔ݀	ݔ

െ3׬ tanିଵ 	ݔ ݔ݀	 ൌ െ3ሺݔ tanିଵ ݔ െ
ଵ

ଶ
log௘ሺݔଶ ൅ 1ሻሻ  [1] 

׬
ଶ௫

௫మାଵ	
ݔ݀ ൌ ׬

ଵ

௨
ݑ݀ ൌ log௘ ݑ ൌ log௘ሺݔଶ ൅ 1ሻ substituting ݑ ൌ ଶݔ ൅ 1 [1] 

׬
௫య

ଷ
൅ ݔ݀	ݔ ൌ

௫ర

ଵଶ
൅

௫మ

ଶ
     

Therefore, 

׬ ݂ሺݔሻ݀ݔ ൌ െ3ቀݔ tanିଵ ݔ െ
ଵ

ଶ
log௘ሺݔଶ ൅ 1ሻቁ ൅ log௘ሺݔଶ ൅ 1ሻ +௫

ర

ଵଶ
൅

௫మ

ଶ
 

ൌ െ3ݔ tanିଵ ݔ ൅
ହ

ଶ
log௘ሺݔଶ ൅ 1ሻ ൅

௫ర

ଵଶ
൅

௫మ

ଶ
 [1] 

Question 3a 

ܸ ൌ 20݉ଷ, and the surface area of the circle is ߨ	݉ଶ. Therefore, ܮ ൌ ଶ଴

	గ
 m [1] 

Question 3b i 

 

Area of the sector subtended by the angle∠POQ is given by  ଶఏ
ଶగ
ଶݎߨ ൌ The area of the triangle ᇞ .[1/2] ߠ

ܱܲܳ is given by  sin ߠ ൈ cos ߠ ൌ ଵ

ଶ
sin ߠ So the area of the unshaded segment is given by .[1/2] ߠ2 െ

ଵ

ଶ
sinሺ2ߠሻ݉ଶ [1] 

y 

 

x

ሺെ0.75,0.08ሻ	

  

ሺ0.75, െ0.08ሻ

ሺ0,0ሻ

ሺ1.04,0ሻሺെ1.04,0ሻ 

  

    
 ߠ

ܱ 

ܲ ܳ 
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Question 3b ii 

The total volume is 20݉ଷ, and the unfilled volume is ቀߠ െ 1

2
sinሺ2ߠሻ ݉2ቁ ൈ  So the amount of water [1] .ܮ

in the tank as a function of ߠ is ܸ ൌ 20 െ
௅

ଶ
ሺ2ߠ െ sinሺ2ߠሻሻ, where 0 ൑ ߠ ൑  as these are the only , ߨ

values ߠ can physically take. [1] 

Question 3b iii 
Take the derivative with respect to time of both sides of the equation in part ii. 

ௗ௏

ௗ௧
ൌ

ௗ

ௗ௧
൬20 െ

௅

ଶ
ሺ2ߠ െ sinሺ2ߠሻሻ൰ ൌ

ௗఏ

ௗ௧

ௗ

ௗఏ
൬20 െ

ଵ଴

గ
ሺ2ߠ െ sinሺ2ߠሻሻ൰ ൌ

ௗఏ

ௗ௧
൬െ

ଶ଴

	గ
ሺ1 െ cosሺ2ߠሻሻ൰	[2] 

Rearranging in terms of ௗఏ
ௗ௧

, given that ௗ௏
ௗ௧
ൌ െ2: 

ௗఏ

ௗ௧
ൌ

గ

ଵ଴ሺଵିୡ୭ୱሺଶఏሻ	ሻ
 [1] 

Question 3c 

ሺ0.1ሻߠ ൌ ሺ0ሻߠ	 ൅ Δݐ ቀ
ௗఏ

ௗ௧
	ቁ
௧ୀ଴

ൌ 0 ൅ 0.1 ൈ
గ

ଵ଴
ൌ

గ

ଵ଴଴
	 [1] 

ሺ0.2ሻߠ ൌ ሺ0.1ሻߠ	 ൅ Δݐ ቀ
ௗఏ

ௗ௧
	ቁ
௧ୀ଴.ଵ

ൌ
గ

ଵ଴଴
൅ 0.1 ൈ

గ

ଵ଴ሺଵିୱ୧୬ሺ଴.ଶሻሻ
 [1] 

ሺ0.3ሻߠ ൌ ሺ0.2ሻߠ	 ൅ Δݐ ቀ
ௗఏ

ௗ௧
	ቁ
௧ୀ଴.ଶ

ൌ ቀ
గ

ଵ଴଴
൅ 0.1 ൈ

గ

ଵ଴ሺଵିୱ୧୬ሺ଴.ଶሻሻ
ቁ ൅ 0.1 ൈ

గ

ଵ଴ሺଵିୱ୧୬ሺ଴.ସሻሻ
ൎ   [1] ݏ/݀ܽݎ	0.122

Question 4a 

|ሻݐሺ࢘| ൌ ඨሺ2ݐሻଶ ൅ ൬2݁ି
೟మ

భబ cos
గ௧

ହ
൰
2
൅ ൬2݁ି

೟మ

భబ sin
గ௧

ହ
൰
2
	 displacement is given by the |ݎሺݐሻ| [1] 

ൌ ඨ4ݐଶ ൅ ൬4݁ି
೟మ

ఱ ൰ ൬cos ቀ
గ௧

ହ
ቁ
ଶ
൅ sin ቀ

గ௧

ହ
ቁ
ଶ
൰   rearranging 

ൌ 2ටݐଶ ൅ ݁ି
೟మ

ఱ       [1] 

Question 4b 

ሻݐሶሺ࢘ ൌ ݀

ݐ݀
ሺ2ݐሻ࢏ ൅ ݀

ݐ݀
൬2݁െ

2ݐ

10 cos
ݐߨ

5
൰ ࢐	 ൅

݀

ݐ݀
൬2݁െ

2ݐ

10 sin
ݐߨ

5
൰   ࢑

ௗ

ௗ௧
ሺ2ݐሻ ൌ 2           

ௗ

ௗ௧
൬݁ି

೟మ

భబ cos
గ௧

ହ
൰ ൌ

ௗ

ௗ௧
൬݁ି

೟మ

భబ൰ cos
గ௧

ହ
൅

ௗ

ௗ௧
ቀcos

గ௧

ହ
ቁ ݁ି

೟మ

భబ ൌ െ
௧௘ష

೟మ
భబ

ହ
cos

గ௧

ହ
െ

గ

ହ
sin

గ௧

ହ
݁ି

೟మ

భబ   [1] 

ௗ

ௗ௧
൬݁ି

೟మ

భబ sin
గ௧

ହ
൰ ൌ

ௗ

ௗ௧
൬݁ି

೟మ

భబ൰ sin
గ௧

ହ
൅

ௗ

ௗ௧
ቀsin

గ௧

ହ
ቁ ݁ି

೟మ

భబ ൌ െ
௧௘ష

೟మ
భబ

ହ
sin

గ௧

ହ
൅

గ

ହ
cos

గ௧

ହ
݁ି

೟మ

భబ	   [1] 

ሻݐሶሺ࢘ ൌ ࢏2 െ
2݁
െ
2ݐ

10

5
ቀݐ cos ݐߨ

5
൅ ߨ sin

ݐߨ

5
ቁ ࢐	 ൅ 2݁

െ
2ݐ

10

5
ቀെݐ sin ݐߨ

5
൅ ߨ cos

ݐߨ

5
ቁ  [1]   ࢑
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Question 4c 
|ሺ5ሻ࢘| ൌ 2√	25 ൅ ݁ିହ ൎ 10݉    [1/2] 

࢏ሶሺ5ሻ=2࢘ െ ଶ௘ష
ఱ
మ

ହ
ሺെ5ሻ	࢐ ൅

ଶ௘ష
ఱ
మ

ହ
ሺെߨሻ[1/2]   ࢑ 

ሶ࢘| ሺ5ሻ| ൌ ට4 ൅ 4݁ିହ ൅
ସπ

ଶହ
݁ିହ ൎ  [1]    ݏ/݉	2

Question 5a 

The gradient of the ramp is given by 
ݕ݀

ݔ݀
ൌ

ݔ

2
, so tanሺߠሻ ൌ

ݔ

2
 [1] 

Then, the magnitude of the normal is given by |݊ܨ| ൌ ݉݃ cos ߠ ൌ 49
2

2൅4ݔ√
	[1] 

We now need to resolve this into components parallel to the axes. A little geometric manipulation yields 

that the horizontal component is െ݊ܨ sin ݊ܨ and the vertical component is ,ߠ cos  [1] ߠ

Therefore, ݈ܽ݉ݎ݋݊ܨ ൌ െ49
4

	2൅4ݔ
࢏ ൅ 49

ݔ2

	2൅4ݔ
࢐ ൌ 	

196

	2൅4ݔ
࢏ ൅

ݔ98

	2൅4ݔ
 [1] ࢐

Question 5b i 

As before, the gradient of the ramp at a point is given by  
ݕ݀

ݔ݀
ൌ

ݔ

2
, and tanሺߠሻ ൌ

ݔ

2
. The magnitude of the 

force tangent to the ramp (and therefore parallel to the direction of acceleration of the mass), is |ܨ| ൌ

݉݃ sin ߠ ൌ 49
ݔ2

2൅4ݔ√
 [1]  

Then ܽ ൌ ଵଽ.଺௫

ඥ௫మାସ
 by Newton’s second law. [1] 

Question 5b ii 

As ܽ ൌ ௗ

ௗ௫

ଵ

ଶ
ݔ from ݔ ଶ, we integrate both sides with respect toݒ ൌ ݇ to ݔ ൌ 0 (we reverse the limits to 

account for the direction of acceleration) and solve for [1] .ݒ We will have to do a u-substitution, so 

choose ݑ ൌ ଶݔ ൅ 4, then ௗ௨
ௗ௫
ൌ   [1] ݔ2

ଵ

ଶ
ଶݒ ൌ ׬

ଵଽ.଺௫

ඥ௫మାସ
ݔ݀ ൌ

଴
௞ ׬

ଵଽ.଺௫

√௨

ସ
௞మାସ

ଵ

ଶ௫
ݑ݀ ൌ 9.8 ቂ

ଵ

ଶ
ቃݑ√

୩ାସ

ସ
ൌ 4.9൫√݇ଶ ൅ 4 െ 2൯		[2] 

Therefore, 

ݒ ൌ ට9.8൫√݇ଶ ൅ 4 െ 2൯ [1] 

We ignore the negative root as speed must be positive. 

Question 5b iii 

Evaluating ݒ at ܽ ൌ 2 gives ݒ ൌ ට9.8൫2√2 െ 2൯ ൌ  [1] ݏ/݉	2.84

 


