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The Mathematical Association of Victoria 
 

Trial Written Examination 2016 
 

SPECIALIST MATHEMATICS  
 

Trial Written Examination 1 - SOLUTIONS 
 
 
Question 1 

Force from wind
3
g

= . 

Weight force g70= . 

Let T be the tension in the rope and let the rope make an acute angle θ  to the roof. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Resolve forces acting on the person in the vertical and horizontal directions. 
 
Note that the tension force resolves into a vertical component of size sin( )T θ  in the upwards direction and a 
horizontal component of size cos( )T θ  to the left. 
 
Take the upwards and right directions as positive. 
 
Vertical direction: gT 70)sin(0 −= θ       gT 70)sin( =⇒ θ . …. (1) [A1] 
 

Horizontal direction: 0 cos( )
3
g T θ= −       

3
)cos( gT =⇒ θ . …. (2) [A1] 
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Solve equations (1) and (2) simultaneously for T. 

 

:)2()1( 22 +   
2

22222

3
)70()(cos)(sin ⎟

⎠

⎞
⎜
⎝

⎛
+=+
ggTT θθ  

 

( )
9

4900)(cos)(sin
2

2222 ggT +=+⇒ θθ  

 
 

9
4900

2
22 ggT +=⇒       

9
)149009(2 +×

=
g       

9
)44101(2g

= . 

 
 

Answer:  
3
44101g . [A1] 
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Question 2 

a. 

The required vector is 
^

~
a45  where 

~

~
^

~ a

a
a = . 

 
222

~
)2()32()1(a −+−+−=       2121 ++=      15= . 

 
Therefore the required vector is 
 
 

~ ~~
45 i 2 3 j 2 k

15

⎛ ⎞
− − −⎜ ⎟
⎝ ⎠  

 
 

⎟
⎠

⎞
⎜
⎝

⎛
−−−=

~~~
k2j32i3  

 
 

~~~
k6j6i3 −−−= . 

 
 
Answer:   

~~~
k6j6i3 −−− . [A1] 

 
 



2016 MAV Specialist Mathematics Trial Exam 1, Solutions 
 

©The Mathematical Association of Victoria, 2016 

4 

 

b. i. 

222

~
)23()()2(b −+−+= m       222 m+= . 

 
Therefore: 
 

2225 m+=  [M1] 
 

22225 m+=⇒  
 

32 =⇒m . 
 
Answer:   3±=m . [A1] 
 
 
 
 
b. ii. 

0ba
~~
=⋅  

 
06322 =++−⇒ m . [M1] 

 

Answer:   
3
2−

=m . [A1] 
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Question 3 

izziz +−=−− 2)2( 23  
 

02)2( 23 =−+−−−⇒ izziz . 
 
Method 1: Apply the ‘pair-pair grouping’ technique: 
 

0)2(1)2(2 =+−−+− izizz  [M1] 
 

( ) 0)2(12 =+−−⇒ izz . [M1] 
 
Apply the Null Factor Law and solve for z. 
 
Answer:  1±=z ,  i−2 . [A1] 
 
 
 
NOTE:  The ‘grouping in pairs’ technique is often useful for factorising a cubic polynomial when not all the 
coefficients are real. 
 
 
 
 
Method 2: 

By inspection, 1=z  is a solution to 02)2( 23 =−+−−− izziz . 

Therefore 1−z  is a factor of izziz −+−−− 2)2( 23 . 

By inspection, 1−=z  is a solution to 02)2( 23 =−+−−− izziz . 

Therefore 1+z  is a factor of izziz −+−−− 2)2( 23 . 

Therefore 1)1)(1( 2 −=+− zzz  is a quadratic factor of izziz −+−−− 2)2( 23 . [M1] 
 
 
Option 1: 

Therefore izziz −+−−− 2)2( 23  has the factorised form ))(1( 2 α−− zz ,  C∈α . 

By comparison with izziz −+−−− 2)2( 23  the constant term in the expansion of 

))(1( 2 α−− zz  must equal i−2 . 

Therefore i−= 2α . 

Therefore ])2[)(1(2)2( 223 izzizziz −−−=−+−−− . [M1] 
 
Apply the Null Factor Law and solve for z. 
 
Answer:  1±=z ,  i−2 . [A1] 
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Option 2: 

From polynomial long division it follows that 
 

)2)(1(2)2( 223 izzizziz +−−=−+−−− :  [M1] 
 
 

  
           z − (2− i)

z2 −1 z3 + (−2+ i)z2 − z + 2− i

       − (z3 −         0z2 − z)            

               (−2+ i)z2       + 2− i

          − (−2+ i)z2       + 2− i( )      
                                           0

 

 
 
Apply the Null Factor Law and solve for z. 
 
Answer:  1±=z ,  i−2 . [A1] 
 
 
 
 
Method 3: This method is NOT recommended because there is too much work and therefore it 
takes too long. However, the method is included because instructive and therefore worth understanding. 
 
By inspection, 1=z  is a solution to 02)2( 23 =−+−−− izziz . 

Therefore 1−z  is a factor of izziz −+−−− 2)2( 23 . 
 
 
Option 1: 

Therefore izziz −+−−− 2)2( 23  has the factorised form ))(1( 2 βα ++− zzz ,  C∈βα, . 

By comparison with izziz −+−−− 2)2( 23 : 

● The constant term in the expansion of (z −1)(z2 +αz +β )  must equal i−2 . 
Therefore )2( i−−=β . 

● The coefficient of z in the expansion of (z −1)(z2 +αz +β )  must equal 1− . 

Therefore 1−=−αβ . 

Substitute )2( i−−=β : 

1)2( −=−−− αi  

i+−=⇒ 1α . 
 
Therefore ( ))2()1()1(2)2( 223 izizzizziz −−+−+−=−+−−− . [M1] 
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Option 2: 

From polynomial long division it follows that 
 

( ))2()1()1(2)2( 223 izizzizziz −−+−+−=−+−−− : [M1] 
 
 

 z2 + (−1+ i)z + (−2+ i)

z −1 z3 + (−2+ i)z2 − z + 2− i

    − (z3 −          z2)                                      

                  (−1+ i)z2 −       z          + 2− i

               − (−1+ i)z2 − (−1+ i)z( )                   
                                     (−2+ i)z + 2− i
                                  − (−2+ i)z − (−2+ i)( )      
                                                    0

 

 
 
 
The remaining solutions are therefore found by solving 02)1(2 =+−+−+ iziz . 
(If it is now seen by inspection that  1−=z  is a solution, the quadratic can be factorised and 
solved in a way similar to Option 1). 
 
From the quadratic formula: 
 

2
)2(4)1(1 2 iii

z
+−−+−±−

=       
2

4821 iii −+−±−
=  

 
 

2
681 ii −±−

= . 

 
Finding the square roots of i68 − : 

Let ii βα +=− 68  where R∈βα, . 

Therefore 

iii αββαβα 2)(68 222 +−=+=− . 
 
Equate real and imaginary parts of each side: 
 
Real parts: 

228 βα −= . …. (1) 
 
Imaginary parts: 

α
βαβαβ

3326 −=⇒=−⇒=− . …. (2) 
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Solve equations (1) and (2) simultaneously. Substitute (2) into (1): 
 

2
2 38 ⎟

⎠

⎞
⎜
⎝

⎛ −
−=

α
α  

 
98 42 −=⇒ αα       098 24 =−−⇒ αα  

0)1)(9( 22 =+−⇒ αα  

3±=⇒α . [M1] 

(The non-real solutions i±=α  are rejected because R∈α ). 
 
Substitute 3±=α  into equation (2): 

3=α :  1−=β . 

3−=α :  1=β . 

Therefore 
 

2
)3(1 iiz −±−

=       
2
24 i−

= , 
2
2−       i−= 2 , 1− . 

 
 
Answer:  1±=z ,  i−2 . [A1] 
 

NOTE: The pair 3−=α  and 1=β  obviously give the same answers. 
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Question 4 

1
1

+

−
=
x
y

dx
dy  

 
 

dx
x

dy
y ∫∫ +

=
−

⇒  
1

1 
1

1  [M1] 

 
 

Cxy ee ++=−⇒ |1|log|1|log  
 

Cxy ee ee ++− =⇒ |1|log|1|log       Cx ee e |1|log +=  
 

|1||1| +=−⇒ xey C  
 

)1(1 +=−⇒ xAy . [A1] 
 
NOTE:  The modulus signs can be removed because A is a new arbitrary constant 
and can be positive or negative. 
 
 

Substitute 
2
1

=y  and 2−=x : 

 

)12(1
2
1

+−=− A  

 

2
1

=⇒ A . 

 

Therefore )1(
2
11 +=− xy . 

 

Answer:  
2
3

2
+=
xy . [A1] 

 
 



2016 MAV Specialist Mathematics Trial Exam 1, Solutions 
 

©The Mathematical Association of Victoria, 2016 

10 

Question 5 

The given relation 1232 22 =−− xvxv  suggests using the form 
dx
dvva =  for acceleration. 

NOTE 1: The form 
dx
dvva =  is obtained from the VCAA detachable formula sheet. 

Therefore the given relation 1232 22 =−− xvxv  must be used to get the positive value of v and the 

corresponding value of 
dx
dv  when 

5
1

=x . 

 

To get the value of v, substitute 
5
1

=x  into 1232 22 =−− xvxv : 

 

1
25
2

5
32 2 =−− vv       2521550 2 =−−⇒ vv       0271550 2 =−−⇒ vv . 

 
Solve for 0>v : 
 

0)35)(910( =+− vv  
 

10
9

=⇒ v . [A1] 

 
Use implicit differentiation to differentiate 1232 22 =−− xvxv  with respect to x: 
 
 

04334

rule
product From

rule
chain From

=−−− xx
dx
dvv

dx
dvv

!!"!!#$"#$
. [M1] 

 
 

Substitute 
5
1

=x  and 
10
9

=v  and solve for 
dx
dv : 

 
 

0
5
14

5
13

10
93

10
94 =⎟

⎠

⎞
⎜
⎝

⎛
−⎟

⎠

⎞
⎜
⎝

⎛
−⎟

⎠

⎞
⎜
⎝

⎛
−⎟

⎠

⎞
⎜
⎝

⎛
dx
dv

dx
dv       0

5
4

5
3

10
27

5
18

=−−−⇒
dx
dv

dx
dv  

 
 

6
7

=⇒
dx
dv . [H1] 

Consequential on value of v. 
 

NOTE 2: A less efficient approach is to first solve for 
dx
dv  in terms of v and x using algebra and 

then to substitute 
5
1

=x  and 
10
9

=v . 

 
NOTE 3: A very inefficient and NOT recommended approach is to solve 1232 22 =−− xvxv  for v 
(use the quadratic formula with 2=a , xb 3−=  and 22xc −= ) and then differentiate with respect 
to x. 
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Substitute 
10
9

=v  and 
6
7

=
dx
dv  into 

dx
dvva = : 

 
 

⎟
⎠

⎞
⎜
⎝

⎛
⎟
⎠

⎞
⎜
⎝

⎛
=

6
7

10
9a       

20
21

= 2ms− . 

 
 

Answer:  
20
21 2ms− . [H1] 

Consequential on value of v and value of 
dx
dv . 

 
 
NOTE 4: A VERY inefficient and NOT recommended approach is to solve 1232 22 =−− xvxv  
for v (use the quadratic formula with 2=a , xb 3−=  and 22xc −= ), squaring to get 2v and then 

using 
( )21
2d v

a
dx

= . 
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Question 6 

a. 

~

2

~
2

~
j

5
4ir ttt +=  

 

~

2/5
~

2 j
5
4i tt +=  

 

~

2/3
~

~
~~

j2i2
r

rv tt
dt

d
+===⇒ !  

 

~

2/1
~

~
~~

j3i2
v

ra t
dt

d
+===⇒ !! . 

 
Equate the given acceleration 

~~
j2i2 +  with 

~

2/1
~

j3i2 t+ : 

 
Equate 

~
j -components:  2/132 t=  

 

9
4

=⇒ t . [A1] 

 

Substitute 
9
4

=t  into 
~

2/3
~~

j2i2v tt +=  and simplify: 

 

Answer:  
~~~
j

27
16i

9
8v += . [H1] 

Consequential on value of t. 
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b. 

The length D of the path followed by the body from 0=t  to 3=t  is required. 

The path is defined by the parametric equations 2tx =  and 2/5

5
4 ty = . 

 
Method 1: Parametric approach. 

Arclength formula (refer to VCAA detachable formula sheet): 
 

Arclength ( ) ( ) dttytx

t

t
∫ ʹ′+ʹ′=

2

1

 )()( 22 . 

 
Therefore: 
 

( ) dtttD

t

t

 2)2(

3

0

22/32∫
=

=

+=  

 
 

dttt

t

t

 44

3

0

32∫
=

=

+=  [M1] 

 
 

dttt

t

t

 )1(4

3

0

2∫
=

=

+=  

 
 

dttt

t

t

 12

3

0
∫
=

=

+=  

 
since ttt 2|2|4 2 ==  because 0≥t . 
 
Substitute 1+= tu : 
 

duuuD

u

u

 )1(2

4

1
∫
=

=

−=  

 
 

duuu

u

u

 2

4

1

2/12/3∫
=

=

−=  [M1] 
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4

1

2/32/5

3
2

5
22 ⎥⎦

⎤
⎢⎣

⎡
−= uu  

 

⎭
⎬
⎫

⎩
⎨
⎧

⎟
⎠

⎞
⎜
⎝

⎛
×−×−⎟

⎠

⎞
⎜
⎝

⎛
×−×= 2/32/52/32/5 1

3
21

5
24

3
24

5
22  

 
 

⎭
⎬
⎫

⎩
⎨
⎧

⎟
⎠

⎞
⎜
⎝

⎛
−−⎟

⎠

⎞
⎜
⎝

⎛
××−××=

3
2

5
244

3
244

5
22 2/12/12  

 
 

⎭
⎬
⎫

⎩
⎨
⎧

⎟
⎠

⎞
⎜
⎝

⎛
−−⎟

⎠

⎞
⎜
⎝

⎛
−=

3
2

5
2

3
16

5
642  

 
 

⎟
⎠

⎞
⎜
⎝

⎛
−=
3
14

5
622       ⎟

⎠

⎞
⎜
⎝

⎛ −
=

15
701862 . 

 
 

Answer:  
15
232  metres. [A1] 

 
 
Units are not required. 
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Method 2: Cartesian approach. 

This method is NOT recommended because there is more work and therefore it takes longer. 
However, the method is included because instructive and therefore worth understanding. 
 
The path is defined by the parametric equations 

txtx =⇒= 2 . …. (1) 

2/5

5
4 ty = . …. (2) 

 
Substitute equation (1) into equation (2): 
 

( ) 4/52/52/1

5
4

5
4 xxy == . 

 
The length D of the path followed by the body from 00 =⇒= xt  to 93 =⇒= xt  is required. 
Arclength formula (refer to the VCAA detachable formula sheet): 
 

Arclength ( ) dxxf

x

x

 )(1

2

1

2∫ ʹ′+= . 

 
Therefore: 
 

( ) dxxD

x

x
∫
=

=

+=

9

0

24/1  1  

 
 

dxx

x

x
∫
=

=

+=

9

0

2/1  1 . [M1] 

 
Substitute 2/11 xu += : 
 

duuduxdxx
dx
du )1(22

2
1 2/12/1 −==⇒= − . 

 
10 =⇒= ux . 

49 =⇒= ux . 
 
Therefore: 
 

duuuD

u

u
∫
=

=

−=

4

1

 )1(2  

 
and the solution continues in the same way as Method 1.
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Question 7 
a. 

X and Y are independent random variables. Therefore: 
 

)(Var)(Var)(Var YXYX +=−       22 43 +=  

25= . [A1] 
 

)(Var)(sd YXYX −=−  
 
25=      5= . 

 
Answer:  5 minutes. [A1] 

Consequential on variance. 
 
 
 
b. i. 

0H :  33=µ  minutes 

1H :  33<µ  minutes 
 [A1] 
 
 
 
b. ii. 

( )0|31Pr HXp ≤=  
 

where ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
===

5
4

25
4 ,33Norm~ σµX  under 0H  

 
)Pr( aZ ≤=  

 

where 5.223331

5
4

5
4 −=

−
=

−
=

−
=

σ
µxa . 

 
Answer:  5.2−=a . [A1] 
 
Conclusion 1: 

05.0025.0)2Pr()5.2Pr( <≈−<<−≤ ZZ . 
Therefore 0H  is rejected at the 0.05 level of significance. 
 Both statements: [A1] 
 
Conclusion 2: 

2025.0 −≈z  therefore 05.0025.0 zza −<−< . 
Therefore 0H  is rejected at the 0.05 level of significance. 
 Both statements: [A1] 
 
 
NOTE:  Students are expected to know that 025.0)2Pr()2Pr( ≈≥=−< ZZ .
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Question 8 

The line 0=y  is the x-axis. 

2
10120 =⇒=−⇒= xxy . 

A rough graph of 
1
12

−

−
=
x
xy  over the relevant interval 

4
3

2
1

≤≤ x  should be drawn and the 

required area shaded. 

● Vertical asymptote: 1=x . 

● Domain: 
2
1012 ≥⇒≥− xx , 1≠x . 

● Shape: 0≤y  and strictly decreasing for 
4
3

2
1

≤≤ x . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

NOTE: Although drawing a graph of 
1
12

−

−
=
x
xy  over its maximal domain of 1

2
x ≥  is 

challenging, drawing a graph over the restricted domain 
4
3

2
1

≤≤ x  is straightforward. 

 
Required volume: 
 

∫=

4
3

2
1

 2 dxyV π  

 
 

∫ −

−
=

4
3

2
1

 
)1(
12
2 dxx

x
π .  [M1] 

 
 
There are three methods for calculating the integral. 
 

y

x

1 

1 

2 

2 

– 1 

– 1 

– 2 

– 2 

1 

1 

2 

2 

– 1 

– 1 

– 2 

– 2 
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Method 1:  Substitution. 

Substitute 1−= xu : 
du
dx

=1⇒ dx = du  

 

x = 1
2
⇒ u = 1

2
−1= − 1

2
 

 

x = 3
4
⇒ u = 3

4
−1= − 1

4
 

 
Therefore 
 

∫
−

−

−+
=

4
1

2
1

 1)1(2
2 du
u
uV π  

 
 

∫
−

−

−
=

4
1

2
1

 12
2
du

u
u

π   [M1] 

 
 

∫
−

−

−=

4
1

2
1

 12
2 duuu

π  

 
 

4
1

2
1

1||log2
−

−
⎥⎦

⎤
⎢⎣

⎡
−=
u

ueπ  

 
 

⎭
⎬
⎫

⎩
⎨
⎧

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+⎟
⎠

⎞
⎜
⎝

⎛
−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+⎟
⎠

⎞
⎜
⎝

⎛
= 2

2
1log24

4
1log2 eeπ  

 
 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+⎟
⎠

⎞
⎜
⎝

⎛
= 1

2
1log2 eπ . 

 
 
Answer: ( ))2(log12 e−π  cubic units.  [A1] 
 
Accept all correct forms of answer. 
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Method 2:  Partial fraction decomposition. 

 

22 )1(1)1(
12

−
+

−
=

−

−

x
B

x
A

x
x

      
2)1(
)1(

−

+−
=

x
BxA

 

 
BxAx +−=−⇒ )1(12  for all values of x. 

 
There are two options for finding the values of A and B: 
 

Option 1:  Substitute convenient values of x 
into BxAx +−=− )1(12 . 

Substitute 1=x :  B=1 . 
Substitute 2=x :  BA +=3 . 
Substitute 1=B  and solve for A: 2=A . 

Option 2:  Use simultaneous equations. 
Expand and group like terms: 

BAAxx +−=−12 . 
Equate coefficients of powers of x: 

A=2 .                              …. (1) 
Equate constant terms: 

BA +−=−1 .                   …. (2) 
Solve equations (1) and (2) simultaneously: 

2=A   and  1=B . 
 

Therefore 
22 )1(

1
1
2

)1(
12

−
+

−
=

−

−

xxx
x

. 

 
Therefore: 
 

∫ −
+

−
=

4
3

2
1

 
)1(

1
1

2
2
dx

xx
V π   [M1] 

 
 

4
3

2
11

1|1|log2 ⎥⎦

⎤
⎢⎣

⎡
−

−−=
x

xeπ  

 
 

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

−
−−−

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

−
−−=

1
11

2
1log2

1
11

4
3log2

2
1

4
3 eeπ       

⎭
⎬
⎫

⎩
⎨
⎧

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+⎟
⎠

⎞
⎜
⎝

⎛
−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+⎟
⎠

⎞
⎜
⎝

⎛
= 2

2
1log24

4
1log2 eeπ  

 
 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+⎟
⎠

⎞
⎜
⎝

⎛
= 1

2
1log2 eπ . 

 
 
Answer: ( ))2(log12 e−π  cubic units.  [A1] 
 
Accept all correct forms of answer. 
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Method 3:  Algebraic re-arrangement. 

22 )1(
1)22(

)1(
12

−

+−
=

−

−

x
x

x
x

      
2)1(
1)1(2

−

+−
=

x
x

      
22 )1(

1
)1(
)1(2

−
+

−

−
=

xx
x

 

 
 

2)1(
1

1
2

−
+

−
=

xx
. 

 
 
Therefore: 
 

∫ −
+

−
=

4
3

2
1

 
)1(

1
1

2
2
dx

xx
V π   [M1] 

 
 
and the solution continues in the same way as Method 2. 
 
 
Answer: ( ))2(log12 e−π  cubic units.  [A1] 
 



2016 MAV Specialist Mathematics Trial Exam 1, Solutions 
 

©The Mathematical Association of Victoria, 2016 

21 

Question 9 

a. 

Vertical asymptotes: 

Solve 012 2 =−x :  
2
1

±=x . 

 
Oblique asymptotes: 

From polynomial long division or algebraic re-arrangement:  
2
1

12
)( 2

2
3

+
−

=
x

xf . 

 
 

Consider the limits +∞→x  and −∞→x  of )(xf :  
2
1

2
10

2
1

12
lim 2

2
3

=+=
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
+

−±∞→ xx
. 

 
 

Answer:  
2
1

±=x ,  
2
1

=y . [A1] 
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b.  
 
 
 
 
 
 
 
 
                                                                                                              

2
1

=y  

 
 
                                                                     )1 ,0( −  
 
 
 
 
 
 
                                         

2
1

−=x                   
2
1

=x  

 
Correct shape: [A1] 

Coordinates )1 ,0( −  of turning point: [A1] 

Correctly labelled asymptotes (equations found in part a.): [H1] 

Consequential on equations found in part a. provided three asymptotes were found. 
 
 
Working: 

Shape: 

● 
2
1  

12
  )(

function
quadratic  Reciprocal

2
2
3

+
−

=
!"!#$x

xf . 

● Consider the graph of g(x) = 2x
2 −1
3
2

=
4
3
x2 − 2

3
 and draw the reciprocal quadratic graph. 

 

● Translate the graph )(xgy =  up by 
2
1

. 

 
Coordinates of turning point: 

Method 1: 

● Consider the turning point of g(x) = 2x
2 −1
3
2

=
4
3
x2 − 2

3
:  0,  − 2

3
"

#
$

%

&
' . 

● Take the reciprocal of the y-coordinate of this turning point: 30,  
2

⎛ ⎞−⎜ ⎟
⎝ ⎠

. 

● Translate ⎟
⎠

⎞
⎜
⎝

⎛
−

2
3 ,0  up by 

2
1

:  )1 ,0( − . 

y

x

2 

2 

4 

4 

– 2 

– 2 

– 4 

– 4 

2 

2 

4 

4 

– 2 

– 2 

– 4 

– 4 

O
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Method 2: Use calculus. 

Option 1: Differentiate 
12
1)( 2

2

−

+
=
x
xxf  using the quotient rule. 

 
2 2

2 2 2 2
2 (2 1) 4 ( 1) 6( )

(2 1) (2 1)
x x x x xf x

x x
− − + −

ʹ′ = =
− −

. 

 
( ) 0f xʹ′ =       0x⇒ = . 

 
1(0) 1
1

f = = −
−

. 

 
Therefore there is a turning point at )1 ,0( − . 
 
 

Option 2: Differentiate 
3

2 12
2

1 3 1( ) (2 1)
2 2 22 1

f x x
x

−= + = − +
−

 using the chain rule (see part a. solution). 

 
2 2

2 2
3 6( ) (2 1) (4 )
2 (2 1)

xf x x x
x

− −
ʹ′ = − − =

−
. 

 
( ) 0f xʹ′ =       0x⇒ = . 

 
1(0) 1
1

f = = −
−

. 

 
Therefore there is a turning point at )1 ,0( − . 
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c.  

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

−

+
−= −

12
1cos))(( 2

2
1

x
xxfg π . 

 
Therefore the solution to the inequation 
 

1
12
11 2

2
≤

−

+
≤−
x
x  

 
is required. 
 
A graphical approach using the graph from part a. can be used: 
 

● Solve 1
12
1

2

2
=

−

+

x
x : 

 

121 22 −=+ xx  
 

022 =−⇒ x  
 

2±=⇒ x . [A1] 
 
 

● Solve 1
12
1

2

2
−=

−

+

x
x : 

 
From the known coordinates of the turning point it follows that 0=x . [A1] 
 
 

It can therefore be seen from the graph in part a. that the solution to 1
12
11 2

2
≤

−

+
≤−
x
x  is 

022 =∪≥∪−≤ xxx : 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Answer:  ( ] [ ) }0{ ,22 , ∪∞+∪−∞− . [A1] 
 
Accept all alternative valid notations. 
 

y

x

2 

2 

4 

4 

– 2 

– 2 

– 4 

– 4 

2 

2 

4 

4 

– 2 

– 2 

– 4 

– 4 

O

y = 1 
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d. 

12
1)( 2

2

−

+
=
x
xxf  and so ⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛

−

+
−= −

12
1cos))(( 2

2
1

x
xxfg π . 

 
● Consider the values of )(xf  for [ )∞+∈  ,2x . 

From the graph in part a. it can be seen that 
12
1)( 2

2

−

+
=
x
xxf  is strictly decreasing for [ )∞+∈  ,2x : 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Therefore 1
2
< f (x) ≤1  for [ )∞+∈  ,2x . 

 

3
2

32
1cos

2
1 1 ππ

ππ =−=⎟
⎠

⎞
⎜
⎝

⎛
−=⎟

⎠

⎞
⎜
⎝

⎛ −g . 

 
πππ =−=−= − 0)1(cos)1( 1g . 

 

Therefore π
π

≤< ))((
3
2 xfg  for [ )∞+∈  ,2x . [H1] 

Consequential on answer to part c.. 
 
● Consider the value of )(xf  for ( ]2 , −∞−∈x . 

Option 1: From the graph in part a. it can be seen that 
12
1)( 2

2

−

+
=
x
xxf  is strictly increasing for 

( ]2 , −∞−∈x . 

Therefore 1
2
< f (x) ≤1  for ( ]2 , −∞−∈x . 

It follows from the previous calculations that π
π

≤< ))((
3
2 xfg  for ( ]2 , −∞−∈x . 

Option 2: Since )(xf  is an even function, it follows from symmetry that π
π

≤< ))((
3
2 xfg . 

 

y

x

2 

2 

4 

4 

– 2 

– 2 

– 4 

– 4 

2 

2 

4 

4 

– 2 

– 2 

– 4 

– 4 

O

y = 1 

y = 1
2
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● Consider the value of )(xf  for 0=x . 
1)0( −=f . 

0)1(cos)1( 1 =−−=− −πg . 
 
 

Answer:  }0{ ,
3

2
∪⎥⎦

⎤
⎜
⎝

⎛ π
π . [A1] 


