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2017 SPECMATHS EXAM 2

SECTION A: Multiple-choice questions (1 mark each)

Question 1
Answer: D
Explanation:
1 1 _ 1
X = §cos(2t) =3 (1 — 2sin?(t)) = 3 1-22y)5H) =
3x +8y%2 =1
Question 2
Answer: B
Explanation

s s
-3 <arctan(3x +1) < =

2
3n 3n
-5 < —3arctan(3x + 1) < >

3t 3n
2 arctan(V3) — - < 2arctan(V3) — 3arctan(3x + 1) < 2arctan(V3) + -

5n_2n 37T<2 " (\/5) 3 arctan(3 +1)<2n+3n_13n
6_3 > arctan arctan(osx 3 2— 6
Question 3
Answer: E
Explanation:
Simplify by CAS
2- X045 1242 x-1 2 a5
expand B
g x—1
x<—1
f(x)=2x+5+ ﬁ has an oblique asymptote y=2x+5
a vertical asymptote x=1
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Question 4
Answer: D

Explanation:
Letz; =2+ 3i, z, = 2 — 3i and z; be the three roots of the polynomial.
Then P(z) = (z — z1)(z — 2,)(z — 23)
_Z122Z3 = _39
39 39

2 =3

Z1Zy T 13
Expand (z — z1)(z — z,)(z — z3) by CAS

expand((-~(2+3- §))- (-(2-3- §))- (=-3)) 257+ 22425: 7-39
b=-7, ¢c=25

Z3 =

Question 5
Answer: A

Explanation:
Using CAS

Define arg(a,b):angle(a—2- b- i) Done

arg(6,3) 5.x

Question 6
Answer: E

Explanation:
2t +ri=(2-2)(2~2) (2~ 23)(2— 74)
=z —(zy+ 2y, + 23+ 2,)23 + (212, + 2,25 + 2324 + 2421)Z?
—(212925 + 292324 + 7324721 + 242122)Z + 2122252,

Therefore
Zl+Zz+Zg+Z4 =0
Z1Zy + Z3Z3 + 7374 + 24721 = 0
Z1Z9Z3 + ZpZ3Z4 + Z3Z471 + 24717, = 0
Z1Z273Z4 = 711, hence it’s impossible to have z, = Z,, z3 = Z,.
OR
4 . . i
zt=-ri=rcis(—3)=>

.. 3r 7 5 .
21,25, Z3 and z, have principal arguments — g?”?” and —?”. They are not in

conjugate pairs.
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Question 7
Answer: C

Explanation:
Using CAS

Define X(If):tan(l)*2 “t

Define y(t)=2- ln(sec(t))

)

[N

A —(2-(cos(z) —1)
(cos(s))
-2-sin(1)- cos(y) )
2+ (cos(y))? 1

A tCollect

Question 8
Answer: D

Explanation:

Let u=x3—x%+4+19x +8.
Then Z—u=3x2—2x+19:dx=

X

1
j ((3x2 — 2x + 19)3/x3 — x2 4+ 19x + 8)dx = f
0 8
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Done

Done

2 tan(t)

-(2 0 (cos(t))2 *1)
(cos(t))2

-2- sin(z)- cos(z)

2: (cos z))zfl

*tan(2 0 t)
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Question 9
Answer: C

Explanation:
From CAS we have

Define j(x):sin(x)+cos(x) Done

euler(/(x),x,y,{0,0.3},1,0.1) 0. 0.1 0.2 0.3
1. 1.1 1.20948 1.32736
Therefore

Y3 =y, + 0.1 x £(0.2) = 1.21 + 0.1£(0.2)

Question 10
Answer: E

Explanation:
From CAS we have

4 v A
ki1

oyl (-1 -1 )R

5
x-—x-ﬂ'

-10 1'- 10

JJ e T

-6.60
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Question 11
Answer: D

Explanation:
A useful mathematical model for setting up differential equations of dynamic systems
aqQ
E = Rin X Cin — Rout X Cour
where R;,, and R,,,; are the flowing in and flowing out rate; C;,, and C,,,; are the concentrations of
the solutions which are flowing in and flowing out respectively.

Therefore J 5
d_?=8xzoo_6x300+(Q8—6)t= 1600_150Q+1:
d 3
d_(g 1500+ ;= 1600
Question 12
Answer: A
Explanation:

@for ain CAS

Solve [u— (u- 9)0|

Define u=[-1 a 1] Done
Define v:[l 3 2] Done
Define vh=unitV(v) Done
10 4
solve(norm (u*dotP(u,vh)- vh)= J— .a) a :? or a=2
2
Question 13
Answer: C
Explanation:
3 2 4 .
Solve det| |m 1 —2[)#0forminCAS,m# —landm # -
1 m 2
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Question 14
Answer: E

Explanation:

! 1 V29
(F;l-l-}zz) :E(_5£+2j):> |£l| :E‘/(_5)2+22 :?

S e

a =

Question 15
Answer: A

Explanation:

By Lammi’s Theorem
F; F, F;

sin(120°) _ sin(90°) _ sin(150°)

Therefore

2v3
TFJ‘ == FZ == 2F3

Question 16
Answer: D

Explanation:
The velocity v = 30 cos(15°) i + (30sin(15°) + 9.8t)j

The vertical height travelled & = 30 sin(15°) ¢ + X 9.8t = 2.5 = t ~ 0.274 s
Therefore, the travelled distance

0.2744
L=
0
‘ 1 2 t="1.85905 or 1=0.274443
solve|30- sm(15°)- t+=—-9.8-1"=2.5¢

30 cos(15°) i + (30sin(15°) + 9.8t)j|dt = 8.34m

2

0.274443 8.33801
norm ([ 30- cos(15°)  30- sin(15°)+9.8-¢]) d

© TSSM 2017 Page 7 of 17



2017 SPECMATHS EXAM 2

Question 17
Answer: B
Explanation:
2 _ v(2x+1)
dx  (x+1)(3x+2)
10 2x+1
v(10) —v(2) = fz (3x+2)(x+1)
R | -1 101 1
10) = — d 2) = — dx +5
v(10) fz Gz xrp V@ L i 2™
Question 18
Answer:
Explanation:

mean =5 X 4304+ 10 X 250 = 4650
std = /5 x 252 + 10 x 102 = 5vV165

© TSSM 2017 Page 8 of 17



2017 SPECMATHS EXAM 2

Question 19
Answer: E
Explanation:
X~N(u,5.2%), n = 64, ¥ = 20.5, using CAS
Z Interval *
g (5.2 v |
% |20.5 v
C Level: [0.95 v
|-0K~| |- cancei-|
zInterval 5.2,20.5,64,0.95: stat.results [ " Title" "z Interval" |

"CLower"  19.226
"CUpper"  21.774

ng 20.5

"ME" 1.27398
Ilnll 64.
lloll 5.2
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Question 20
Answer: B
Explanation:

Enter the statistics into CAS

7 Test X
[ |
pi0: 1200 -
[ |
g 20 v
= | ]
X 2116 -
[ |
n: 36 v
[ :
Alternate Hyp: Ha: p> p0 ~ |
| OK l | Cancel ]
zTest 200,30,211.6,36,1: stat.results [ "Title" "z Test" ]
"Alternate Hyp" "p > p0"
Yt 2.32
"PVal" 0.01017
! 211.6
Hn” 36.
"O” 30.

p =~ 0.0102 is less than 0.05, hence enough evidence to reject H,.
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SECTION B: Extended Response questions

Question 1 (10 marks)
a f'(x) _ 4x3-16x2+16x+3
' (x-2)?
Solve f'(x) = 0 for x, x = —0.1607.
f(—=0.1607) = 2.440

The required stationary pointis (—0.16, 2.44). 1 mark
b. Solve f""(x) = 0 for x by CAS, x = 3.1447 1 mark
f(3.1447) ~ 18.1577
The required point of inflection is (3.14,18.16) 1 mark
c. Graph
60 ~ v
(5, 50)
(-3, 19.6)
| (3.15, 18.16)
10
5 | __—
| (_0_162144) x
_6 \ Ue L UqyLe ‘Ofg 6
-20
Labelling the turning point and the point of inflection 1 mark
Labelling the end points 1 mark
Correct graph for x € [-3,2) U (2, 5] 1 mark
, 1 Y 1 4x3-16x2+16x+3) 2
d i L=[, /1+(f (x)) dxzf_3J1+(x (xiz)z - ) dx 1 mark
ii. ~ 21.44 units 1 mark
e. V= nf_13(f(x))2 dx 1 mark
~ 888 units? 1 mark
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Question 2 (11 marks)
a. Solve |x+yl+ +(——1) | = |x+yi— (V3+1)i| for y inCAS. 1 mark

solve|[x+y- i+2+( : —1)' i :|X+,V' i—(\]3_+1)' iLY _-J;' (X_J3_+6)
3
expand( J; (Xi\/;%) ) J; l —2-J3 +1
3 3
Therefore, y = %gx —2V3+1 1 mark
b. Solve |z +o+ ( s _ 1) i| =|z—=(V3+1)iland |z+ 1 —i| =5 simultaneously in CAS.
1 mark
o (7 YL p
b,
|x+y' i+1*i|=5
3 (5- {3 2)
x="6 and y=1 or x=— and y=
2 2
The intersections are  B(—6,1) and C(g, 1- %g). 1 mark
c. Graph
1.62 1y
x
1 10|
C(1:5,-3.33)
-5.71 |
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Correct graphs for the circle and the line 1 mark
Labelling the intersections 1 mark
d. £ABC = arctan (g) =30°=> 1 mark
£ZBAC = 180° — 2 x 30° = 120° 1 mark
e. The area of the minor sector A = é X r? = ZST” 1 mark
The area of the triangle ABC A, = % X (—1+6)x <1 - (1 - %5)) = %E
1 mark
Alternative: A, = 2AB x AC x sin(120°) = 222
Therefore, the area of the minor segment
A =2m_ 20 1 mark
3 4
Question 3 (9 marks)
a. i.Solve % =rp(1-2) by CAS,
1 mark
, -t
deSolve|p'=r- p- 1—£ JLp p= ke’
k ret
e “tkcl
k ert k ert
Therefore p = ———or ——, Where c and A are constants.
e"t+kc e +A
1 mark
rt
ii.5000 = lim,_ g o = limy_,eo ———— = k
et +kc 1+kc e™T
k = 5000
1 mark
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5000xe’t

b. From Partsai)and aii), P(t) = ———

Solve P(0) = 2500 and P(10) = 2600 simultaneously by CAS,

c=——, r=—In(=)
5000 10 12
Therefore

1
5000><e (12)10

P(t) = 1
ln(13

12 +5000Xm

t

5000x(1—2)_°
-t
1+(5)"°

d 1 13
c. Letu=="2= —ln(—)p(l —L)
dc 10 \12 5000
d’p _du __du _ dp

dtZ_E_% dt

() (-2 < (1550

= G () o1 - 2 - 2

Question 4 (11 marks)
a. Solve ry(s) =rg(t) fors,t by CAS,

At s = 0.37 Particle A passes (3.72,2.00)
At t =1.11 Particle B passes (3.72,2.00)

Define ra([)—[i :nSg 3]

Define rb(l):

“3+3- sec(z)]
tan(z)
A solve(ra (s):rb(t),s,z)\oésé2 and Oét.‘é2

12 12

ra(0.365859)

© TSSM 2017

1 mark
1 mark

1 mark

1 mark

1 mark

1 mark

2 mark
1 mark

Done
Done

s=0.365859 and ¢=1.10804

3.72014
2.00445
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b. Graph
_‘5 I
Correct end points 1 mark
Correct directions 1 mark
Correct shapes 1 mark

C. 74(t) = —10sin(2t) i + 6 cos(2t) j
r5(t) = 3 sec(t) tan(t) i + sec?(t) j 1 mark

Let 8 be the angle between the moving directions when they cross the same point.

1'4(0.366)-r5(1.108)

cos(f) = —= = = —0.5855
|r34(0.366)||r};(1.108)|
0 =~ 126° 1 mark
d. i Leth(t) = |ry(t) - rB(t)| 1 mark
Solve %(h(t)) =0fort, t =0.703s 1 mark
ii. h(0.7035) ~ 2.11m 1 mark
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Question 5 (11marks)

a. Proof
ma = —mg — 0.025mv?
40a = —40g — v? 1 mark
402 = 40 vE = —40g — v?
dt dx
2
R 1 mark
dx 40v
. Solve x’ = ——2_in CAS, x = ¢ — 20 In(v? + 40g) 1 mark
40g+v
deSolve x'=40—.v,v,x x=cI-20: ln(v2+40- g)
4O'g+v2

Substitute x = 0, v = 80,

0 = c—201n(80% + 40g) = ¢ = 201n(6400 + 40g)
6400+40g

x = 20In( 71409 ) 1 mark
At the highest point v = 0. 1 mark
x =201n (222208) & 57.04m 1mark
0-+40%x9.8
. Solve the differential equation y’ = L”z in CAS
1000x9.8—v
y =c¢—5001In|v? — 9800 | 1 mark
Substitute v =0, y =0,
¢ =5001n(9800) 1 mark
9800
y=500In| Pr— |
Solve 120 = 500In | —==—|  for ,v = 45.728 ms~ 1 mark
a=2=g-0001v? 1 mark
t = f:stSWdt ~ 5.05s 1 mark
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Question 6 (8 marks)

a. LetY =X, + X, + -+ X,5, where X; ~ N(200, 52).

Therefore E(Y) = 25 x 200 = 5000, Var(Y) = 25 x 5% = 625 1 mark
Pr(Y > 5050) = 0.02275 1 mark
— _ 2
b. Let X be the sample mean of the amount of the liquid. Then X ~ N (200, (g) ). 1 mark
Pr(X > 201) = 0.1587 1 mark

c. Find from CAS

zlnterval 5,197.5,25,0.95: stat results "Titl" "z Interval"

"CLower"  195.54

"CUpper’ 199,46
X" 1975
"ME" 195996
n" 25

(195.54, 199.46)
d. Hy:u =200, H;:p<200 1 mark

e. p=Pr(X < 197.5|u = 200) = 0.00621

zTest 200,5,197.5,25,-1: stat.resuits "Title" "z Test"
"Alternate Hyp" "p < p0"
"z" =25
"PVal" 0.00621
"R 197.5
"n" 25
"o" 5

Conclusion: There is sufficient evidence to reject H,,.
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