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SECTION A — Multiple-choice questions

Question 1

Answer: E

Worked solution

Domain:

The maximal domain of the standard inverse cosine functionis —1<x <1.

So, the maximal domain requires that —1<bx+ 7 <1.

Range:

The range of the standard inverse cosine function is [0, 7[] .
So 0<cos™(bx+7)<x

Then

0>-acos™ (bx+7)>—ar

—aﬂ+c£—acos‘l(bx+7r)+cﬁc

Therefore, the range is[—ax + ¢, c].
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Question 2

Answer: A

Worked solution

The graph displayed could either be a transformation of y =|sin(x)| or y =|cos(x)|.

To achieve the graph, y =|sin(x)| would undergo the following transformations:

e adilation by a factor of 2 in the y-direction
e atranslation of 1 unit in the positive y-direction

e atranslation of 2 units in the positive x-direction.

This matches the transformations of option A.

For y =|cos(x)| to be transformed into the graph in the question, it would undergo the
following transformations:

e adilation by a factor of 2 in the y-direction
e atranslation of 1 unit in the positive y-direction.

None of the options match these transformations, therefore option A is the correct rule.

Alternatively, by graphing each option on the CAS and matching the results to the graph
given, it can be seen that option A is the correct option.

Question 3

Answer: D

Worked solution

. /1 -
If cos(0)=0.8, then by using a rearranged double angle formula, sm(%} =+ %@ .

As O e [37”, 27:}, then g € {377[, 7Z':| , S0 you reject the negative branch of

sin(gj =4, {—I_COS ©) .
2 2

Then

. (ej 1-0.8 10
sin| — |=,[——=——
2 )\ 2 10

Alternatively, using the CAS can also give the correct answer.
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Question 4
Answer: C

Worked solution

2

Option A is false as d { #0.
dx

Option B is false as the graph has only vertical and horizontal asymptotes.

dzy
2
X

d .. .
—4<0and 2| =0 , making it concave down. Also, the point

Option C is true as
dx|._,

x=0
is a local maximum.

Option D is false as there are three asymptotes: x=—1, x=1, y=1.

This can be seen using the CAS.

Option E is false as the curve does not meet the conditions to be concave up at x=0.

Therefore, option C is the only correct option.

Question 5

Answer: A

Worked solution

Use the expand command on the CAS.

Therefore, a partial fraction form of the expression is

4 + B ,whereAzlande—é.
x—2 3x+2 8 8
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Question 6

Answer: A

Worked solution

From the conjugate root theorem, it is known that the other solutions are

z=-3ai and z =2a+2ai.

So, the quartic polynomial can be expressed as
(z—-3ai)(z+3ai)(z—2a—-2ai)(z—2a+2ai)

= (2" - (aiy*)((z-2a)* - (2ai)’)

= (2" +9a*)(z° —4az +8a”)

=z'—4az’ +17a°z* =364’z + 724"

Alternatively, use the expand function on the CAS to get the correct answer.

1.1 |12

expand((z—3- a i)- (z+3- a- i)- (2—2- a-2-a- i
2 2

24—4- az”+17- a2- 22—36- a”-z+72- a4

o Where all coefficients are real, make use of the conjugate root theorem to

find additional solutions to complex polynomials.
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Question 7
Answer: B
Worked solution

The cartesian equation of the lineis y=x—1.

Options A and E are incorrect, as they represent rays.

Option D is incorrect, as it represents the equation of a circle centred at (-2, —3) and a radius
of 4.

Options B and C represent equations of perpendicular bisectors.

Option C, however, is incorrect. Substituting z =241, a point on the line, into
|z -2—-i | = |z +1+2i | gives |0| # |3 +3i | . Therefore, the line shown is not the perpendicular
bisector described.

Option B is correct, as the perpendicular bisector of the points (2, —2) and (-1, 1) results in the
line x=-1, x=1, y=1 and matches the line shown in the graph.

Im(z)

5 4

4 1

3 1

1 perpendicular bisector

i | +—+—>Re(z)
2 3 4 5
.( 2 >_2 )

Alternatively, if you define z as x+ yi on the CAS, you can generate the cartesian relation of
the line, as shown below.

Xty iz x+y- i

|2—242- i|=|z+1—i

j):z —4+ ,\’——}'2 +4- y+8 —Jx2+2' X"V2_2"V"2

2 2 y=x—1

SUIVB(JIZ—4‘X+J/ +4- y+8 =sz+2'x+y —2-y+2 J’J
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Question 8

Answer: D

Worked solution

A graph of the volume generated is shown below.

y

10

The volume is then given by
V= ﬂj04(\/16x )2 —(x)2 dx
= 7Z'I:1 6x —x” dx

4
:7{8)62 _x_S}
3 0

3207 ) .
= cubic units
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Question 9

Answer: D

Worked solution

For —sin®(2x)cos’(x) + sin’(2x)sin’(x), take out —sin*(2x) as a common factor:
= —sin’(2x)(cos’(x) —sin’(x))

Using a double angle formula gives

—sin®(2x)(cos’ (x) —sin®(x)) = —sin*(2x) cos (2x)

So

I 3_sin*(2x) cos’(x) +sin’ (2x)sin’ (x) dx = j,} —sin’(2x)cos (2x) dx
4 4

Then, let u =sin(2x).

Then
@z 2cos(2x) = dx =L
dx 2cos(2x)
And when
x=—=u=1
V3
X=—=Du=——
2

So
[2=sin’ (2x) cos (2x)dx
1

e}
= J- 2 —u* cos (2x)L

1 2cos(2x)

NG
— 7_u2 du

12

Ler
=—|su"du

2If
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When a substitution is not immediately apparent, try taking out a common
factor to see if the factorised form gives a more obvious substitution or

reveals the use of a double angle formula that gives a suitable substitution.
[

Don’t forget to change the values of the terminals to match the substitution
used.

Remember to use properties of integral terminals such as

—Ib f(x)dx = '[: f(x)dxto get the correct final answer.
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Question 10

Answer: B

Worked solution

Option B has the direction field:

Option A has the direction field:
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Option D has the direction field:

Option C has the direction field:
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Option E has the direction field:
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Therefore, option B is the correct answer.

SECTION A
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Alternatively, looking at the behaviour of % for x=0 and y > 0, the direction field given is
X

Z—y > 0. This eliminates options C, D and E as j—y < 0 for these values of x and y.
X X

Looking at the behaviour of % for x=0 and y <0, the direction field given is % >0.
X x

This then eliminates option A as Z—y <0 for these values of x and y.
X

. When graphing the direction field on the calculator, set the scale and size of
the axis to the same as that used in the question. This will make it easier to
see and compare the direction field to the one given in the question.

o Look for points on the slope field with vertical gradients. This would
correspond to points where the relation describing the gradient is
undefined. For instance, the points (3, 3) and (-3, —3) have vertical
gradients and relation B is the only one undefined at those points.
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Question 11
Answer: B

Worked solution

2
As y=¢"™, then Y _ 2me*™ andd—); =4m’e™™.
dx dx

Substituting into the equation gives

2
d’y sdy+12y Am2e*™ —
dx? dx

= 4e”™ (m> —4m+3)=0

16me*™ +12¢*™ =0

As 4e*™ %0, then (m* —4m+3)=0.

=>(m-1)(m-3)=0
=>m=lorm=3

Question 12

Answer: A

Worked solution

The scalar resolute of b in the direction of a is given bybesa, w

So
be @:%(21—3J+ck) (—4i +3k)
l( 8+3c)
5
=8
=c=16

Copyright © Insight Publications 2019
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Question 13

Answer: D

Worked solution
If the vectors are linearly dependent, then ¢ =ma+nb.

So, equating the components of the vectors:
. 3
i component: 1=4m —En

j component: 1=—-6m+6n
k component: y =2m —12n
Rearranging j component gives

_1+6m
6

n

Substituting # into i component and solving for m and n gives:

m = n=

3

Substituting m and » into k component gives:

1
2’

y=-7

This value of 7 is then the only one that matches any of the options. Therefore, option D is

the correct option.

Question 14

Answer: A

Worked solution

The angle between the vector a and the y-axis is given by 6 = cos"l[

vector made of the components of a in the direction of the y-axis.

So
9 — 00571 _—1
|2i—lj+215|
_1(—1]
= COS —_—
3
=109.471
~109°

Copyright © Insight Publications 2019
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Question 15

Answer: D
Worked solution

A force diagram of the moving block is shown below.

Normal reaction force, R

Applied force, F

20 «—— B

80g

Resolving the forces in the horizontal direction means that the applied force in the horizontal
direction is 20g.

Therefore, resolving the forces in the vertical direction gives
D> F=R+20gtan(15°)-80g =0
= R=80g —20g tan (15°)

=731.482

=731 newtons
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Question 16
Answer: A

Worked solution

A force diagram of the sliding block on the ramp is shown below.

4g cos(30°)

¥

4g sin (30‘;5‘ 4g
- 30°

Assuming that the motion down the plane is positive, then resolving the forces parallel to the
plane gives

D F=2g-0.4x" =4a

:>a:§—0.1x2
2

Using the variable acceleration formula q = i(lvzj :

dx\ 2
a:i(lvzjzg—o.lxz
dx\ 2 2
:>lv2=j§—0.1x2dx
2 2

So, the magnitude of the velocity at 5 m can be given by

y= \/2I5§—0.1x2 dx
02

As the question asks for the magnitude of the velocity, the positive branch of the square root
is evaluated.

Therefore, v = \/2“-05% —0.1x*dx =6.38 ms™
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Question 17

Answer: A

Worked solution

2
If a=—ti+2jms™, then y:J-—ti+2j mszdt:—%i+2tj+g.

Applying the initial conditions gives
t2

v= (_?+2Ji+(2t—3)3

Momentum is given by p=myv .

So, the momentum at two seconds is

2
p=0.25x(—%+2ji+0.25x(2><2—3)j

=0i+0.25j kg ms™'
=0.25j kg ms™

. Momentum is a vector quantity, not scalar. Therefore, the answer must
indicate this vector quality. If the magnitude of the momentum is asked for,

then the magnitude of the vector will need to be calculated.

Question 18
Answer: C
Worked solution

The sample mean is the average of a confidence interval:

- 65.18J2r71.32 6805

For the lower limit of a confidence interval, you have 65.18 =68.25—z al

For a 95% confidence interval, use z =1.96.
J60(68.25-65.18)
1.96
This is closest to option C: 68.25 and 12.15.

= 5= =12.13

Copyright © Insight Publications 2019
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Question 19
Answer: C

Worked solution

+
Since Pr(m < X <n)=0.95 and mra

=125,

then Pr(X <m)=0.025 and Pr(X >n)=0.025.

Using the inverse normal function, you get m =109.3 and n =140.7, correct to
one decimal place.

invNorm(0.025,125,8) 109.32 [
invNorm(0.975,125,8) 140.68
|
N =
+ . . . . . .
Note: " _125 indicates that 125 is the midpoint between m and n. This means m and n

are the same distance away from 125, making them symmetrical about the mean.
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Question 20
Answer: D

Worked solution

For this question you are trying to find Pr(-10<Y — X <10).

So
EY-X)=EY)-E(X)=138-125=13
var(Y — X) = var(Y) + (1)’ var(X) =15" + 8 = 289
= s(Y - X)=~/289 =17
Therefore, using the normal CDF function on the CAS gives
Pr(-10<Y - X <10)=0.3419

11 ]1.2[1.3 B rao {11 B9
&
normCdf(-10,10,13,17) 0.341925
I
=

Note: The wording ‘within 10 minutes’ means that the recharge time of brand Y could be 10
minutes greater or 10 minutes less than that of brand X, leading to Pr(—10<Y — X <10).

Copyright © Insight Publications 2019
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SECTION B

Question 1a.
Worked solution

The denominator of ffactorises to (x —2)(x+1).

Hence, two vertical asymptotes exist.

Therefore, the maximal domain is x € R\ {-1, 2}.
Mark allocation: 1 mark

e 1 mark for stating x € R\ {—1, 2}

. For questions that ask for the domain of the function, solve for the
denominators equal to zero for rational functions, to determine for which
values of x the function is undefined.

. When a curve is going to be used repeatedly throughout a question, it is
useful to define the equation of the curve in the CAS at the start to avoid
having to retype it multiple times.
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Question 1b.
Worked solution
—2(3x—-4)

The function f'can be expressed as f(x) = 2—2+ 2x—1.
X —x-

(2- x°-3-x2%-9- x+10)
propFrac
x2—x—2
-2 (3-x-4
#.{.2. x_l
x2—x—2

Therefore, using the result from part a., there are two vertical asymptotes: x=—1, x=2, and
one oblique asymptote, y =2x—1.

Alternatively, using the expand command on the CAS will yield an expression where all three
asymptotes, x=—1, x=2 and y =2x—1, can be seen.

<EER » *Doc = raD {J1| B3
3 2 M
(2-x’—3-x“—9-x+10)

expand

2

DG =X=2

-14 4
- P se=1l

A

K

Mark allocation: 2 marks

e | mark for stating x=—1, x =2
e | mark for stating y=2x-1

. Rational functions, whereby the degree of the numerator — the degree of the
denominator = 1, will have an oblique asymptote of the form y =mx+c.
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Question 1c.
Worked solution

Solving for the second derivative equal to zero gives x =0.808718

3 2
2-x“’-3-x“—9~x+10) )
=0,x

x=0.808718

Substituting x =0.808718 into f'gives f(0.808718)=-0.84, to two decimal places.

[a]

2- (0.808718)>-3- (0.808718)2-9- 0.80871¢ ||
2

(0.808718)%-0.808718-2

-0.843418

K Ll

Checking the second derivative either side of x =0.808718 :
f"(0.5)=-1.97531 and f"(1)=1.5

a2 fz-x3—3-x2—9- x+10
- =0.5
o dx“\ x2-x-2
=1.97531
A
2 3 2 3
d” /2-): -3 x“=-9-x+10 —
PN . > (= 2
a‘x"\ x“=x-2

As there is a change of sign either side of x = 0.808718 , the point (0.81, —0.84), to two
decimal places, is a point of inflection.

Mark allocation: 2 marks

e 1 mark for finding (0.81, —0.84)

e 1 mark for showing that the second derivative changes sign either side of
x=0.808718
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Question 1d.
Worked solution

(0.81,~0.84)

(0775)

Mark allocation: 3 marks

e 1 mark for the accurate shape of the graph, showing behaviours towards the
asymptotes

e | mark for accurately labelling intercepts and point of inflection (mark is awarded for
plotting the point of inflection within the vicinity of its location)

¢ 1 mark for showing asymptotes with equations

o When using the CAS to aid your sketching, match the window settings on the
CAS to the same domain, range and intervals as the axes provided in the
exam to increase the accuracy of sketching.
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Question 1le.
Worked solution

The length of the curve is given by L = J.X2 1+(f'(x))* dx.

Use the CAS to find the derivative.

<{EER » *Doc = oec {1 FA
d [ 2:x°=3-x%-9-x+10 1
A = x2—x—2
2 (42 3 xe14)
2
(xz—x-?,)
k
=
Then the integral is
2
4 3
I 15 14 2x" =2x 8x-2|-28 e
0.5 (xz—x—Z)
Evaluating the integral gives
2
4 3
L[ 1| 22 =828 510307

0.5 (xz_x_2)2

The length, correct to two decimal places, is 5.12.

Mark allocation: 2 marks

2
s || 2xt—2x' —8x 428
e 1 mark for showing L=J-05 1+ x( 2x x)z dx
' X —=x-2

e 1 mark for stating a length of 5.12

Copyright © Insight Publications 2019 SECTION B
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Question 2a.
Worked solution

Let z=x+iy, then |z+1+i|=~2]|z—1-1i.
:>|x+iy+l+i|:f|x+iy—l—i|

:>\/(x+l y+l f\/x l y 1)

(x+1) +(y+1)" =2(x—1)" +2(y-1)’
X A+2x+1+ Y +2y+1=2x" —4x+2+2y° -4y +2

0=x"—6x+1+y" —6y+1
Completing the square:

0=(x—=3)—9+1+(y—3)—9+1
= (x=3)+(y—3)°> =16

Alternatively, squaring both sides gives
| z+1+i[=2]|z-1-if
Using the fact that zz = |Z|2 gives
+A+))z+A-D)=2(z—(1+i)(z -(1-1))
Z+(1-)z+(1+)Z+(1+)(1-i)=2[zZ —-(1-)z—(1+)Z +(+i)(1-0)]
(z-3(+0)(z-3(1-1)-184+2=0
(z-3(+i)(z-3(-i) =16

2 . .
=|z|", the equation can be rewritten as

|z=3(1+i0)['=
|z-(3+3i)|=4

From here, the cartesian equation of the circle can be read as (x—3)* +(y—3)*> =16.

Copyright © Insight Publications 2019
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Alternatively, if you define z as x+ yi on the CAS, you can generate the cartesian relation of

the curve, (x—3)° +(y—3)> =16, as shown below.

xty-i—-z xty- i

|3—1—i|:ﬁ' ‘z—l—i‘ 112—2- x*y2—2-y-2 =j2- Lx2—2- x—y2—2'y*2:l

CumpleteSquare[_x2+2- x+y2+2-y+2=2- LT2—2' x+y2—2-y+2),_x.y_] ‘[x—3)2—[y—3]2=‘16

Mark allocation: 3 marks

e 1 mark for showing \/(x+l y+1 \/_\/ (x- 1 (y— 1)
e 1 mark for showing 0= x> —6x+1+y* —6y+1 or similar
e 1 mark for (x—3)*+(y—-3)* =16

OR

e 1 mark for expressing |z +1+i’=2|z—1—i|" as
z+(A+))z+(A-i)=2(z-1+i))(z —-(1-10))

e 1 mark for showing |z—(3+3i)|=4

e 1 mark for (x—3)*+(y-3)>=16

Question 2b.

Worked solution
Im(z)
107

T T ) Re(Z)
-10 —b ] 5 10

10+

Mark allocation: 2 marks

e 1 mark for sketching a circle centred at (3, 3)
e 1 mark for sketching the correct radius of the circle
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Question 2c.
Worked solution
Factorising the equation using the CAS gives (z—3+i)(z—7-3i)=0.

cFactor(z2-(10+2- i)- Z+24+2- i,z)

So, the solutions are A=7+3i and B=3-1.

The plotted points are

Im(z)
10
54
A
: : 3 : —= Re(z)
10 -5 ; \;3/5 10
_51
104
Mark allocation: 2 marks
e 1 mark for A=7+3i and B=3-i
e 1 mark for correctly plotting and labelling points
o When labelling plotted coordinates on the complex plane, an ‘i’ should not

be included on the vertical coordinate, as the labelling of the Im(z) axes
already implies that the coordinate is imaginary.
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Question 2d.

Worked solution

z, =2zl
=(7-3i)i
=3+7i
Im(z)
10-_-
1 C
s/
] A
-10 -5 ] B 5 10
_5 1
_104+

Mark allocation: 2 marks

e 1 markfor z, =3+7i
e | mark for correctly plotting and labelling the point

Question 2e.
Worked solution

As position vectors are, 4 =7i+3), B=31—j, C=3i+7]
then, 4B =-4i—4j and AC =—4i+4j.

Finding the dot product:

AB + AC = (-4i—4]j)+(-4i+4))

=16-16
=0
AsAB « AC=0 , then the vectors meet at a right angle.

Mark allocation: 2 marks

e | mark for E:—41—4j and E‘:—41+4j

e | mark for finding the dot product is zero and concluding that the vectors meet at a

right angle

Copyright © Insight Publications 2019
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Question 3a.

Worked solution

(4>7T)

Mark allocation: 2 marks

e 1 mark for accurate shape
e 1 mark for correctly labelling endpoints
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Question 3b.

Worked solution
V= ﬂjbxzdy

Rearranging the equation to make x the subject gives

x=4sin(lj
2
Y 2
_ Y
= V—ﬂfo(%m( 2]] dy

= 167[_[: sin’ [%jdy

Using the trigonometric double angle formula sin’ ((9) = %(l —cos(26)):

—V = 167zjoh%(l—cos ())dy

=8a]y-sin(»)]]
= 87r[h —sin(h)—0+sin (0)]
=8z[h—sin(h)]

Mark allocation: 2 marks

e | mark for 87[[ y—sin ( y)]z or using an appropriate trigonometric identity to get
nl
167 IO E(l —cos(y))dy

e 1 mark for correctly showing the volume is 874 —sin (/)]
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Question 3c.i.

Worked solution

ar =167"h and ar =87x(1—-cos(h))
dt dh
Then
dn_dhav
dt dV dt

1 167°\h

~8z(l—cos(h))

2m/Z

B 1—cos(h)

Mark allocation: 2 marks

e 1 mark for C;—Z =87 (1—cos(h))

30

dh dhdv  2zh

e 1 mark for showing —=

dt  dV dt 1-cos(h)

Question 3c.ii.

Worked solution

One-quarter of the depth is % cm.

272'\/;
So, dh 4

=— 12 _=19.01 cms !, correct to two decimal places.

dt (ﬂ'j
l—cos| —
4

Mark allocation: 1 mark

e | mark for %:19.01 cms!
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Question 3d.i.
Worked solution
Euler’s method, in the context of this question, is

. . 7 p/a
h,.,=h, + stepsize, V, =V +step sizex% , where step size = 7 h, =— and

n

Vy=2n(mr- 2\/5) , using the result from part b.

When 2 —87(1—cos(h)), then, h =% += =" and
dh 4 4 2
dh,
:27z(7z—2\/§)+£><87r l—cos(ﬁ]
4 4
~7.7492 ...

=7.75 cm’ (correct to two decimal places)

Euler’s method can also be used with the CAS.

1.0 3 *Doc < ra0 {01 B3
[2]
euler(S- g (l—cos(x)),xy,{ £,£ },2- T (Jt—2' »
4 2 1
0.785398 1.5708
[ 1.96768 7.74916]

Mark allocation: 2 marks

e 1 mark for evidence of using Euler’s method to find the answer
e 1 mark for an estimate of 7.75 cm’
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Question 3d.ii.

Worked solution

From part b., the volume is given by 874 —sin(k)], so if & :% cm,

then the volume is 8ﬂ[%—sin(%ﬂ ~14.346 cm’,

Therefore, the estimate is an underestimate of the volume.
Mark allocation: 1 mark

e | mark for finding the correct volume and concluding that the estimate is an
underestimate
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Question 4a.
Worked solution

Starting with drone S:

Let x=4—cos£%j and y=2—2sin(%j.

=—(x—4)= cos[ij and r=2 = sin(ij
2 2

If cosz(%j + sinz(%j =1, then the cartesian equation of drone S can be modelled by the

ellipse

(x—4)2 +

Alternatively, using the parametric graphing feature on the CAS, you could graph the
parametric equations to get an ellipse and be able to read the cartesian equation from
the graph.

x1(1)=4_cos(§)

y1(f)=2-2- sin(i)

2

0=t=4- pi tstep=0.13

xl(r)=4—cos(%) B
y1(d)=2-2- sin(%)l O .

-6.67

Test some values of ¢ to determine the direction of movement.

When £ =0, r4(0)=(4-cos(0))i+(2-2sin(0))j=3i+2]
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When tzz:
2

g{%j = (4—008[%jji+(2—2sin£%jji =[4—%Ji+(2—gﬁ
~3.29i +1.29]

So, drone S is moving in an anticlockwise direction.

For the delivery drone:

2 2
Let x:t— andy:4—t—, then, 2x =1 = y:4—£.
2 3 3
. . . . 2
Therefore, the cartesian equation of drone S can be modelled by the straight line y =4 _?x'

Alternatively, using the parametric graphing feature on the CAS, you could graph the
parametric equations to get a straight line and be able to read the cartesian equation from
the graph.

x2(t)=

L] .
y2(t)=4——|

2
-

o I'\[\J

0=7=6.28 tstep=0.13

k 6s7] y20)=4-—
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Test some values of ¢ to determine the direction of movement.

2
When 1=0: ED(0)=[7]1+(4—%ji=Oi+4j

Whent—z' r(l)— ﬁ 1+ 4—E '—li+—'
27 2 F 3 BT

Drone D is moving in in the positive x-direction and negative y-direction.

The graph is shown below.

Surveillance drone

2+
(6,0)
I b o x
6 4 2 1 2 4 e
12T
4
6t

Mark allocation: 3 marks

e 1 mark for showing correct curves with labels
e 1 mark for showing the direction of movement of the drones
e 1 mark for correctly labelling intercepts
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Question 4b.
Worked solution

The angle between the drones is given by

Hzcosl(&] at t =6,

| vs 1Vp |
So
. t
sin| —
)
Vs = 5 1—=Ccos| — ]
.2t
YD:tl_?J
Therefore
(;sin[\/zg)i—cos[\/zg J] . [\/51—2\3/65)
6 =cos™ T T T
ls1n i—cos vo j \/gl—ﬁ
- 2 JF -3 =
=2.106...
=2.1°

Mark allocation: 2 marks

e | mark for finding the velocity vectors
e 1 mark for an angle of 2.1°, correct to one decimal place
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Question 4c.
Worked solution
Both drones must be shown to go through the same point but at different times.

It can be found that the curves of the drones intersect at the points (3, 2) and (4.8, 0.8).

-6.67 4

Take the points and find the value of ¢ for which the delivery drone is at those positions. Then
substitute this value of ¢ into the position vector of drone S to show that the drones cross paths
but don’t collide.

So, for point (3, 2):

£ £
r()=—i+|4——1[1=31+2]j
(1) 2~( Jg i+2j

—t=46

Then, the position of drone S at # = J6 s

r(+/6)= [4—cos[§]]1+[2—2sm(§]]3

~3.66i +0.12]

Then, for point (4.8, 0.8)

1 .
r.()=—i+|4—— {1=4.81 +0.8j
r,(1) 2~( 3Jg i+0.8j

=1=+9.6

Then, the position of drone S at 1 =+/9.6 is

{S(\/ﬁ)=£4—cos(\/§_6ni+{2—2sin(\/?j]j

~3.98i +0.0004

Therefore, the paths of each drone intersect, as the points (3, 2) and (4.8, 0.8) are common
to each path. However, the drones are not at these points at the same time and therefore do
not collide.
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Mark allocation: 3 marks

e 1 mark for finding the positions that the drones have in common
e 1 mark for showing that the drones are not at (3, 2) at the same time
e 1 mark for showing that the drones are not at (4.8, 0.8) at the same time

Question 4d.
Worked solution

The speed of the surveillance drone is given by

e O
() (=)

|vsl=

As the maximum value of cos{%j =1

= V= /l+3 =1km min™"
4 4

Mark allocation: 2 marks

e 1 mark for showing \/% sinz(%j + cos{éj or similar

e 1 mark for a maximum speed
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Question 4e.
Worked solution
The distance between the two drones is
2 2
4 —cos L i1+| 2—2sin L —4+t— j
2 2 ) 4 3

|£S_£D|: J

) 2 t £
4—cos| = |-— | +| 2-2sin| — |[—4+—
2) 2 4 3

Graphing the distance equation and finding the minimum point yields a minimum distance of
1.1 km at a time of 3.1 minutes.

Alternatively, using calculus:

Let y be the distance between the drones, then

) 2 t £Y
y=,|| 4—cos —j—— +| 2-2sin —]—4+—
2) 2 4 3

Now, differentiate the distance and set the derivative equal to zero to find the time, and then
substitute the times into the distance equation to find the minimum distance.

solve(i(y(t))=0,!)

A

t=-2.07722 or t=0.620795 or t=3.05051
#(0.62079538969796) 3.78338
1(3.05051) 1.13604

Therefore, the minimum distance is 1.1 km at a time of 3.1 minutes.
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Mark allocation: 2 marks

e 1 mark for setting up the distance relationship

O 2y t 2
|rs—rD|= 4—cos| — |-— | +| 2-2sin| — |[-4+—
T 2) 2 4 3

e | mark for a minimum distance of 1.1 km at a time of 3.1 minutes

. When finding the maximum/minimum distance between two moving objects,
graphing the distance formula is a useful way of visualising where or what
is the maximum/minimum point and thus finding the required value.
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Question 5a.

Worked solution

Mark allocation: 1 mark

e | mark for showing all forces acting on the masses.

. When drawing and labelling the forces on a diagram, write the weight
forces with the value of the mass. For instance, don’t leave the force,
as mg if the value of the mass is known.

Question 5bi.
Worked solution
For the 8 kg mass, the equation of motion parallel to the direction of travel is:
ZF =ma
= 8gsin(30°)-T —kv’ =8a
4g-T—kv* =8a
For the 2 kg mass, the equation of motion parallel to the direction of travel is:

Mark allocation: 2 marks

e | mark for 4g—-T -k’ =8a
e I mark for 7T-2g=2a
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Question 5b.ii.
Worked solution
Adding the two equations of motion gives
4g-T-kv)+(T-2g)=8a+2a
2g kv’ =10a
2g—k’
‘= glO

Mark allocation: 2 marks

e | mark for adding together the two equations of motion from part b.i.
2

e | mark for a =M

Question 5c.

Worked solution

When the velocity is constant, then the acceleration is 0 ms™.

3 2g —kv? B 2g —kx10?

10 10
0=2g—kx10’

0

k=28 -8 _ 0196
10° 50

Mark allocation: 1 mark

e 1 mark for k:%mk:O.l%
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Question 5d.

Worked solution

Start by expressing the acceleration as a = v? .
X
Then
2¢-0.2v y dv
10 dx
= fdx = J‘L dv
2g-0.2v

x+c=-25In(2g-0.2"),
where c is a constant of integration.

Rearranging to make v the subject gives

xX+c c X

vV =10g -5 =10g —5e¥e >
Letting A =5¢> now givesv’ =10g — de 2.
Applying the initial conditions x =0, v = Jo6 gives
, 0
V96" =10g — de
= A4=2
So

v =10g—2e »

=>v= J_rVIOg—ZefE

Rejecting the negative branch (as the initial velocity was positive) gives

V= VIOg—Ze_E
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Mark allocation: 3 marks

e 1 mark for setting up the separation of variables integration of J. dx = .[ _ v dv

2g-0.2v°
e | mark for applying the initial conditions to find constants of integration

e 1 mark for v=1410g—2e >

. The following is a useful way to determine which version of the variable
acceleration formula to use in a question:

»  When a= f(x) and the initial conditions are in terms of x and v,

)
usea=—| —v- |.
dx\ 2

»  When a= f(v) and the initial conditions are in terms of x and v,

dv
usea=v—.
dx
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Question 6a.

Worked solution

H,: =270 cm
H,:pu>270 cm

Mark allocation: 1 mark

e 1 mark for stating the correct hypotheses

Question 6b.
Worked solution

p value=Pr(X >274| u=270)=0.0297, correct to four decimal places.

po: | 270 |

o: 15 b |

%: | 274 |

n: | 50 [ »
Alternate Hyp:

|OK| |Cancel|
3
1.1 1.2 | 1.3 L= RADmm
zTest 270,15,274,50,1: stat.results
"Title" "z Test"
"Alternate Hyp" "p> p0"
"z" 1.88562
"PVal" 0.029673
"X 274.
"n" 50.
"g" 15.
I X

As p <0.05, then H, should be rejected at the 5% significance level.
Mark allocation: 2 marks

e 1 mark for a p value of 0.0297
e 1 mark for stating with a reason that /, should be rejected
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Question 6¢.

Worked solution

For H | not to be rejected at the 5% significance level, p value > 0.05.

The critical value for a right-tail test at the 5% significance level isz =1.645.

So
274-270

Rearranging for n gives

_[1sxL64s Y
274-270

n =38.0535

1.645 =

46

As n must be an integer, sample sizes of 38 and 39 must be checked to determine if their
respective p values are greater than 0.05.

For n=38, p=0.0501 > 0.05.

1.1 g *Doc < cec L1 B3
]
zTest 270,15,274,38,1: stat.resuits
"Title" "z Test"
"Alternate Hyp" "p > p0"
"z" 1.64384
"PVal" 0.050104
g 274.
"n" 38.
"g" 15,
I . =
For n=39,p=0.0479 <0.05.
«EER *Doc < B of]] X
]
zTest 270,15,274,39,1: stat.resuits
"Title" "z Test"
"Alternate Hyp" "p > p0" )
"z" 1.66533
"PVal" 0.047923
X" 274.
"n" 39.
"g" 15.
|

So, the largest sample size is 38.
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Mark allocation: 2 marks

274-270

)

e 1 mark for a sample size of 38

e 1 mark for 1.645 =

o Remember that both the rounded up and rounded down answers, however
unlikely one or the other may appear to be, must be checked to ensure that
they meet the requirements of the question.

Question 6d.
Worked solution
that the fertiliser increases the height of mature sunflowers when it actually has no effect

Mark allocation: 1 mark

e 1 mark for describing the correct conclusion

Question 6e.

A type II error is failing to reject H ,when it is false, which would mean selecting a sample
mean less than 274.935 cm.

So
Pr(type II error) = Pr(accept H,, when false | H, = u)
= Pr(X <274.935| u=274)

=0.6703
2l 1.1 g *Doc < rao {11 69
15 0.670308
normCdf|-,274.935,274,——
\}SO

Mark allocation: 2 marks

e 1 mark for Pr(type II error) = Pr(X <274.935| u=274)
e | mark for a probability of 0.6703

END OF WORKED SOLUTIONS
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	SPECIALIST MATHEMATICS
	Question 1
	Answer: E
	Worked solution
	Domain:
	The maximal domain of the standard inverse cosine function is .
	So, the maximal domain requires that .
	Giving
	Range:
	The range of the standard inverse cosine function is.
	So
	Then
	Therefore, the range is.
	Question 2
	Answer: A
	Worked solution
	The graph displayed could either be a transformation of  or .
	To achieve the graph,  would undergo the following transformations:
	This matches the transformations of option A.
	For  to be transformed into the graph in the question, it would undergo the following transformations:
	None of the options match these transformations, therefore option A is the correct rule.
	Alternatively, by graphing each option on the CAS and matching the results to the graph given, it can be seen that option A is the correct option.
	Question 3
	Answer: D
	Worked solution
	If , then by using a rearranged double angle formula, .
	As , then , so you reject the negative branch of.
	Then
	Alternatively, using the CAS can also give the correct answer.
	Question 4
	Answer: C
	Worked solution
	Option A is false as .
	Option B is false as the graph has only vertical and horizontal asymptotes.
	Option C is true as  and , making it concave down. Also, the point is a local maximum.
	Option D is false as there are three asymptotes: .
	This can be seen using the CAS.
	Option E is false as the curve does not meet the conditions to be concave up at .
	Therefore, option C is the only correct option.
	Question 5
	Answer: A
	Worked solution
	Use the expand command on the CAS.
	Therefore, a partial fraction form of the expression is
	, where  and .
	Question 6
	Answer: A
	Worked solution
	From the conjugate root theorem, it is known that the other solutions are
	and .
	So, the quartic polynomial can be expressed as
	Tips
	Question 7
	Answer: B
	Worked solution
	The cartesian equation of the line is .
	Options A and E are incorrect, as they represent rays.
	Option D is incorrect, as it represents the equation of a circle centred at (–2, –3) and a radius of 4.
	Options B and C represent equations of perpendicular bisectors.
	Option C, however, is incorrect. Substituting , a point on the line, into  gives . Therefore, the line shown is not the perpendicular bisector described.
	Option B is correct, as the perpendicular bisector of the points (2, –2) and (–1, 1) results in the line  and matches the line shown in the graph.
	Question 8
	Answer: D
	Worked solution
	The volume is then given by
	Question 9
	Answer: D
	Worked solution
	For, take out  as a common factor:
	Using a double angle formula gives
	So
	Then, let .
	Then
	And when
	So
	Tips
	Question 10
	Answer: B
	Worked solution
	Option B has the direction field:
	Option A has the direction field:
	Option D has the direction field:
	Option C has the direction field:
	Option E has the direction field:
	Therefore, option B is the correct answer.
	Alternatively, looking at the behaviour of  for  and , the direction field given is . This eliminates options C, D and E as  for these values of x and y.
	Looking at the behaviour of  for  and , the direction field given is . This then eliminates option A as  for these values of x and y.
	Tips
	Question 11
	Answer: B
	Worked solution
	As , then  and.
	Substituting into the equation gives
	As , then .
	Answer: A
	The scalar resolute of  in the direction of  is given by, where .
	So
	Question 13
	Answer: D
	Worked solution
	If the vectors are linearly dependent, then .
	So, equating the components of the vectors:
	component:
	component:
	component:
	Rearranging  component gives
	Substituting n into  component and solving for m and n gives:
	Substituting m and n into  component gives:
	This value of  is then the only one that matches any of the options. Therefore, option D is the correct option.
	Question 14
	Answer: A
	Worked solution
	The angle between the vector and the y-axis is given by , where  is the vector made of the components of  in the direction of the y-axis.
	So
	Question 15
	Answer: D
	Worked solution
	Resolving the forces in the horizontal direction means that the applied force in the horizontal direction is 20g.
	Therefore, resolving the forces in the vertical direction gives
	Question 16
	Answer: A
	Worked solution
	A force diagram of the sliding block on the ramp is shown below.
	Assuming that the motion down the plane is positive, then resolving the forces parallel to the plane gives
	Using the variable acceleration formula :
	So, the magnitude of the velocity at 5 m can be given by
	As the question asks for the magnitude of the velocity, the positive branch of the square root is evaluated.
	Therefore,
	Question 17
	Answer: A
	Worked solution
	If , then .
	Applying the initial conditions gives
	Momentum is given by .
	So, the momentum at two seconds is
	Tip
	Question 18
	Answer: C
	Worked solution
	The sample mean is the average of a confidence interval:
	For the lower limit of a confidence interval, you have .
	For a 95% confidence interval, use
	This is closest to option C: 68.25 and 12.15.
	Question 19
	Answer: C
	Worked solution
	Since  and
	then  and
	Using the inverse normal function, you get  and  correct to
	one decimal place.
	Note:  indicates that 125 is the midpoint between m and n. This means m and n are the same distance away from 125, making them symmetrical about the mean.
	Question 20
	Answer: D
	Worked solution
	For this question you are trying to find .
	So
	Therefore, using the normal CDF function on the CAS gives
	Note: The wording ‘within 10 minutes’ means that the recharge time of brand Y could be 10 minutes greater or 10 minutes less than that of brand X, leading to .
	Question 1a.
	Worked solution
	The denominator of f factorises to
	Hence, two vertical asymptotes exist.
	Therefore, the maximal domain is .
	Mark allocation: 1 mark
	Tips
	The function f can be expressed as.
	Therefore, using the result from part a., there are two vertical asymptotes: , and one oblique asymptote, .
	Alternatively, using the expand command on the CAS will yield an expression where all three asymptotes,  and , can be seen.
	Mark allocation: 2 marks
	Question 1c.
	Worked solution
	Solving for the second derivative equal to zero gives
	Substituting  into f gives  to two decimal places.
	Checking the second derivative either side of :
	and
	As there is a change of sign either side of, the point , to two decimal places, is a point of inflection.
	Mark allocation: 2 marks
	Question 1d.
	Worked solution
	Mark allocation: 3 marks
	Tip
	Question 1e.
	Worked solution
	The length of the curve is given by .
	Use the CAS to find the derivative.
	Then the integral is
	Evaluating the integral gives
	The length, correct to two decimal places, is 5.12.
	Mark allocation: 2 marks
	Question 2a.
	Worked solution
	Let , then .
	Completing the square:
	Alternatively, squaring both sides gives
	Using the fact that  gives
	Once again using the fact that, the equation can be rewritten as
	From here, the cartesian equation of the circle can be read as .
	Alternatively, if you define z as  on the CAS, you can generate the cartesian relation of the curve, , as shown below.
	Mark allocation: 3 marks
	Question 2b.
	Worked solution
	Mark allocation: 2 marks
	Question 2c.
	Worked solution
	Factorising the equation using the CAS gives .
	So, the solutions are  and .
	The plotted points are
	Mark allocation: 2 marks
	Tip
	Question 2d.
	Worked solution
	Mark allocation: 2 marks
	Question 2e.
	Worked solution
	As position vectors are,
	then,  and .
	Finding the dot product:
	As, then the vectors meet at a right angle.
	Mark allocation: 2 marks
	Question 3a.
	Worked solution
	Mark allocation: 2 marks
	Question 3b.
	Worked solution
	Rearranging the equation to make x the subject gives
	Using the trigonometric double angle formula :
	Mark allocation: 2 marks
	Question 3c.i.
	Worked solution
	and
	Then
	Mark allocation: 2 marks
	Question 3c.ii.
	Worked solution
	Mark allocation: 1 mark
	Question 3d.i.
	Worked solution
	Euler’s method, in the context of this question, is
	,  , where ,  and, using the result from part b.
	When , then,  and
	(correct to two decimal places)
	Euler’s method can also be used with the CAS.
	Mark allocation: 2 marks
	Question 3d.ii.
	Worked solution
	From part b., the volume is given by , so if  cm,
	then the volume is  cm3.
	Therefore, the estimate is an underestimate of the volume.
	Mark allocation: 1 mark
	Question 4a.
	Worked solution
	Starting with drone S:
	Let  and .
	and
	If , then the cartesian equation of drone S can be modelled by the ellipse
	.
	Alternatively, using the parametric graphing feature on the CAS, you could graph the parametric equations to get an ellipse and be able to read the cartesian equation from
	the graph.
	Test some values of t to determine the direction of movement.
	When ,
	When :
	So, drone S is moving in an anticlockwise direction.
	For the delivery drone:
	Let , then, .
	Therefore, the cartesian equation of drone S can be modelled by the straight line .
	Alternatively, using the parametric graphing feature on the CAS, you could graph the parametric equations to get a straight line and be able to read the cartesian equation from
	the graph.
	Test some values of t to determine the direction of movement.
	When :
	When :
	Drone D is moving in in the positive x-direction and negative y-direction.
	The graph is shown below.
	Mark allocation: 3 marks
	Question 4b.
	Worked solution
	The angle between the drones is given by
	at .
	So
	Therefore
	Mark allocation: 2 marks
	Question 4c.
	Worked solution
	Both drones must be shown to go through the same point but at different times.
	It can be found that the curves of the drones intersect at the points (3, 2) and (4.8, 0.8).
	Take the points and find the value of t for which the delivery drone is at those positions. Then substitute this value of t into the position vector of drone S to show that the drones cross paths but don’t collide.
	So, for point (3, 2):
	Then, the position of drone S at  is
	Then, for point (4.8, 0.8)
	Then, the position of drone S at  is
	Therefore, the paths of each drone intersect, as the points (3, 2) and (4.8, 0.8) are common
	to each path. However, the drones are not at these points at the same time and therefore do
	not collide.
	Mark allocation: 3 marks
	Question 4d.
	Worked solution
	The speed of the surveillance drone is given by
	As the maximum value of
	Mark allocation: 2 marks
	Question 4e.
	Worked solution
	The distance between the two drones is
	Graphing the distance equation and finding the minimum point yields a minimum distance of 1.1 km at a time of 3.1 minutes.
	Alternatively, using calculus:
	Let y be the distance between the drones, then
	Now, differentiate the distance and set the derivative equal to zero to find the time, and then substitute the times into the distance equation to find the minimum distance.
	Therefore, the minimum distance is 1.1 km at a time of 3.1 minutes.
	Mark allocation: 2 marks
	Tip
	Question 5a.
	Worked solution
	Mark allocation: 1 mark
	Tip
	Question 5bi.
	Worked solution
	For the 8 kg mass, the equation of motion parallel to the direction of travel is:
	For the 2 kg mass, the equation of motion parallel to the direction of travel is:
	Mark allocation: 2 marks
	Question 5b.ii.
	Worked solution
	Adding the two equations of motion gives
	Mark allocation: 2 marks
	Question 5c.
	Worked solution
	When the velocity is constant, then the acceleration is 0 ms–2.
	Mark allocation: 1 mark
	Question 5d.
	Worked solution
	Start by expressing the acceleration as .
	Then
	where c is a constant of integration.
	Rearranging to make  the subject gives
	Letting  now gives.
	Applying the initial conditions  gives
	So
	Rejecting the negative branch (as the initial velocity was positive) gives
	Mark allocation: 3 marks
	Tip
	Question 6a.
	Worked solution
	Mark allocation: 1 mark
	Question 6b.
	Worked solution
	p value, correct to four decimal places.
	As p < 0.05, then  should be rejected at the 5% significance level.
	Mark allocation: 2 marks
	Question 6c.
	Worked solution
	For  not to be rejected at the 5% significance level, p value > 0.05.
	The critical value for a right-tail test at the 5% significance level is.
	So
	Rearranging for n gives
	As n must be an integer, sample sizes of 38 and 39 must be checked to determine if their respective p values are greater than 0.05.
	For , p = 0.0501 > 0.05.
	For , p = 0.0479 < 0.05.
	So, the largest sample size is 38.
	Mark allocation: 2 marks
	Question 6d.
	Worked solution
	that the fertiliser increases the height of mature sunflowers when it actually has no effect
	Mark allocation: 1 mark
	Question 6e.
	A type II error is failing to rejectwhen it is false, which would mean selecting a sample mean less than 274.935 cm.
	So
	Mark allocation: 2 marks

