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SECTION A — Multiple-choice questions

Instructions for Section A

Answer all questions in pencil on the answer sheet provided for multiple-choice questions.
Choose the response that is correct for the question.

A correct answer scores 1; an incorrect answer scores 0.

Marks will not be deducted for incorrect answers.

No marks will be given if more than one answer is completed for any question.

Unless otherwise indicated, the diagrams in this book are not drawn to scale.

Take the acceleration due to gravity to have magnitude g ms™2, where g = 9.8

Question 1
j The graph of y = cos (2 — bx), where b is a positive real constant, could be
n: A. v B. Y
A A
< > x
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SECTION A — continued
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Question 2
Consider the function with rule f(x)=|x—3|+|x+3|— a, where a is a real constant.
1

The graph of I will have three asymptotes if the set of values of a is
x
A. {-3,3}
B. {}
C. [6,)
D. (-,6)
E. [-3,3]
Question 3
1
The graph of f(x)= - where s and ¢ are real constants, will have no vertical asymptotes when
X<+ sx+t <
2
A 1= Ll
4 o
2
B. s> = <
4
2 7p)
C. i>— —
4 T
2
D. s< = -
4
52 <
E r<— —
Ll
Question 4 l:
1 2 1
The expression __axth has partial fraction form - - 5 o
2x=1)%(x+1) (x+D) (2x-1) (2x-1) ;
The values of a and b, where a and b are non-zero real constants, are respectively
-
A. 12and21 o
B. 7and 16 Z
C. —Sand4
D. —7and2 o
E. 3and6 O

SECTION A — continued
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Question 5
The complex number z = b + i, where b € R, has the property Arg(z’) = Arg(2).
A possible value of b is

A. 3
B. 0
1
C. —
NG
D. 1
< Question 6
; If z is a non-zero complex number, then cos(arg(z)) is equal to
< Al Re(z)
z
7p) B Re(z)
— ° F
I zz
= C Im(z)
|1
Z
z
Ll
R
- g )
—_ |z7]
oc
; Question 7
T
= With a suitable substitution, J‘ 7? de can be expressed as
o A = sin?(2x)
Z 15 1
A. E % u_2 u
@)
o) B
B. 2[21a
L4 % uz
3
C. 2 12 u? du
"2
T 1
D. 2|%—du
J % u?
E % ﬂgu du

SECTION A — continued
TURN OVER




2021 SPECMATH EXAM 2 (NHT)

Question 8
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The differential equation that has the diagram above as its direction field is

J11dM

dy _4x+y
dx x—4y

A.

x—4y
4x+y

dy

dx

dy 4x-y

10N Od

x+4y

dx

x—4y

dy

4x—y

dx

dy 4x-y

dx

x—4y

SECTION A — continued



<
L
o
<
7p)
L
=
P

WRITE

DO NOT

7 2021 SPECMATH EXAM 2 (NHT)

Question 9
Consider the differential equation ? =2x+1,where y(x,) = y,.
X

Using Euler’s method with a step size of /2, which one of the following is equal to y,?

Yo+ 4xoh+2h% + 2h
B. y,t+4x,h+2h
C. y,t4xgh+h>+3h
D. y,+2xh+h
E. y,+4xoh+3h*+h

Question 10

A tank initially contains 20 litres of water in which 0.25 kg of salt is dissolved. Fresh water flows in at a rate
of 6 litres per minute and the solution, kept uniform by stirring, flows out at a rate of § litres per minute.

The mass of salt, x kilograms, in solution in the tank after  minutes is related to ¢ by

fdx [ 8

R [y .

A .Sx .t—lO

B [E-[-1a
J X olo_t
fdx [ 8

C. —=|—dt
J X .10—1

p. [Z-[La
J X .l—lO

E xdx= ia’t
L 1—10

Question 11
Let a and b be arbitrary non-zero vectors.
Which one of the following statements is always true?

A. [a+b[2[a-b]
B. [a-b|<|a[+]D]
C. la-bl<[al-|b]
D. [a-b[<[a|+[D]

E. [a-b[>[a|-[b]

SECTION A — continued
TURN OVER
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Question 12
A particle has position vector r(t) = £3i +3¢2].

The total distance travelled by the particle from # =1 to ¢ = 4, correct to two decimal places, is
A. 1737

B. 36.05
C. 65.89
D. 77.42
E. 7826

Question 13
The scalar resolute of a =1 —2j+k in the direction of b=41—-4j+ 7k is

3
A =
2 <
1 m
B. -
3 o
<
c. 1
-5 N
p. 2 T
9 =
19
E. —
6 =
L
Question 14 -
A jet of mass 80000 kg accelerates from rest in a straight line along a horizontal runway to a take-off speed —_—
of 75 ms~!. The thrust force of the engines is 200000 N and the resistance forces acting on the jet total o
100v newtons, where v is the speed of the jet in metres per second. ;
The distance, in metres, needed for the jet to take off is closest to
A. 1125 -
B. 1154 o
C. 1520 Z
D. 1853
E. 1976 —
’ (@]

SECTION A — continued
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Question 15

Three masses of m,, m, and m, kilograms, attached by light inextensible strings, hang in equilibrium over a
smooth pulley. Tensions of magnitude 7, and 7, newtons are present in the strings, as shown in the diagram
below.

T, AT,
my
my

<
Ll T,
o
< s
(7))
L The value of =% is given by
- 1
p A my —m,
— my +m,
L B m —n,
- my —msy
o C my —n,
=

my — n,
= D. m,
o
pd E. m —nm,

m

@]
()]

SECTION A — continued
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Question 16

A particle of mass 2 kg has a horizontal velocity component of magnitude 12 ms™! and a vertical velocity
component of magnitude 5 ms™".

The magnitude, in kg ms™!, of the momentum of the particle is

A. 13
B. 17
C. 24
D. 26
E. 34

Question 17

A particle moves in a straight line. At time ¢ seconds, where 7 > 0, its displacement x metres from the origin
and its velocity v metres per second are such that v =9 + x2.

If initially x = 3 m, then 7 is equal to j
A, 9x+ l x3 o
<
B. 9 +l 3-36
. X 3 X (’)
C —arctan(i)—— T
3 3) 12 =
x\ &
D. arctan| — |——
&) .
E. arctan (g) +3 L
-
Question 18 E
It is believed that the average life span of people in Okinawa is 80 years. A random sample of the life
spans of 200 of these people had an average of 84 years. A one-tailed statistical test, using a 5% level of ;
significance, is to be carried out to investigate if this result provides evidence that the average life span of
people in Okinawa is greater than 80 years. L
Which one of the following statements would form suitable null and alternative hypotheses for this test? o
A Hy:u>80  H:pu>84 <
B. H,:u>384 H:u>80 o
C. Hy:u=80 H, :u#380 )
D. H;:u=84 H,:u>380
E. H,:u=380 H, :u>80

SECTION A — continued




11 2021 SPECMATH EXAM 2 (NHT)

Question 19
X and Y are independent random variables with variances of 3 and 7 respectively.
Given the random variable Z = 2X — 3Y + 5, the standard deviation of Z is closest to

A, 520
B 5.66
C. 8.66
D 8.94
E. 1140

Question 20

In order to gain an accurate assessment of a patient’s blood pressure, a doctor asks the patient to take
16 blood pressure readings at random times. The readings are measured in millimetres of mercury.

The mean and the standard deviation of these readings are x = 125 and s = 10 respectively.

Assuming the patient’s blood pressure readings are normally distributed with mean # and with ¢ = 10,
a 99% confidence interval for u is closest to

A. (99.2,150.7)
(118.6, 131.4)
(112.1, 137.8)
(95.0, 135.0)
(120.1, 129.8)
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SECTION B

Instructions for Section B

Answer all questions in the spaces provided.
Unless otherwise specified, an exact answer is required to a question.
In questions where more than one mark is available, appropriate working must be shown.

Unless otherwise indicated, the diagrams in this book are not drawn to scale.

Take the acceleration due to gravity to have magnitude g ms2, where g =9.8

Question 1 (10 marks)
A curve is defined parametrically by

x =sec(1), y = cosec (1), where t € (O, Zj <
2

Ll
a.  Show that the curve can be represented in cartesian form by the relation y = 2 marks o
x? -1 <
7p)
- -
-
Z
Ll
-
¥ —

b.  State the domain and range of the relation given by y = for this curve. 2 marks
VxZ -1 ;
-
o
P
c.  Use the derivative of the relation to show that the gradient of the curve is negative at all points O
on the curve. 2 marks Q

SECTION B - Question 1 — continued
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Sketch the graph of the relation on the axes below, labelling any asymptotes with their
equations. 2 marks

» X

i. Write down a definite integral in terms of x, which gives the arc length of the curve from
x=15t0ox=4. 1 mark

ii. Find this arc length correct to two decimal places. 1 mark

SECTION B - continued
TURN OVER
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Question 2 (9 marks)

Points O, U and W in the complex plane represent complex numbers 0, # and w respectively,
where Arg (1) = 6. When plotted on an Argand diagram, the points are the vertices of an equilateral
triangle of side length /, as shown below.

Im(z)
A
w
U
! <
0 > Re(2) -
e
0 : o
<
7))
a. Express w in polar form in terms of / and 6. 1 mark —
XL
-
Z
b. Point P represents the complex number p and is the midpoint of U and W. Lul
i. Express p in polar form in terms of / and 6. 2 marks -
o
-
o
Z
ii. Express p!2 in the form %u”, where a, b and n are integers. 3 marks o
(@]

SECTION B - Question 2 — continued
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1 3

c. ShowthatK:—+—i. 1 mark
u 2 2

d. Point U has coordinates (a, 17) and point # has coordinates (b, 41).

Find the values of ¢ and b. 2 marks
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Question 3 (10 marks)

=-2xy

A family of curves is defined by the differential equation
&
dx

a.

1 mark
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Plot the solution curve of this differential equation on the slope field below for the initial

condition y(0) =1.5

i.
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2

Solve the differential equation above to show that y = ¢~ for the initial condition

y(©) =1

ii.

J11dM

2 marks

10N Od

SECTION B - Question 3 — continued
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. . . . . . . 2
iii. Find the coordinates of any points of inflection of the curve given by y =e¢™". 2 marks

Consider the family of curves defined by the differential equation

d
Y- —kxy, where k>0 and y(0) =1
dx
2
i. Use implicit differentiation to find % in terms of x and y. 2 marks
X

ii. Hence, show that the y-coordinate of any points of inflection of curves in the family does
not depend on £. 3 marks

SECTION B - continued
TURN OVER
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Question 4 (12 marks)

The position vector of a golf ball ¢ seconds after it is hit is modelled by r(¢) = at i + (bt — 5t%) ],
where a, b € Z, t >0 and where i is the unit vector in the positive horizontal direction and j is the
unit vector in the positive vertical direction.

Displacement components are measured in metres.

The golf ball is hit from ground level and, after 4 s, it is 4 m above ground level and descending as
it passes over the top of a tree. The tree is at a horizontal distance of 160 m from where the ball was
hit.

a. Showthata=40and b=21. 2 marks

<

L

o

<

7p)

b. What acute angle to the horizontal direction does the tangent to the path of the golf ball make X

as the golf ball passes over the top of the tree? Give your answer in degrees, correct to one -
decimal place. 2 marks

Z

L

-

o

-

o

. : o Z
¢.  What is the maximum height, in metres, reached by the golf ball? 2 marks

o

(@]

SECTION B - Question 4 — continued
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d. Find the cartesian equation of the path of the golf ball, giving your answer in the form
cy = dx — x?, where c and d are integers. 2 marks

A person is standing at a horizontal distance of 163 m from where the golf ball was hit. The golf

< ball passes directly over the head of this person.

L e. Ifthe person is 1.8 m tall, how far directly above the person’s head does the ball pass? Give

o your answer in metres, correct to two decimal places. 2 marks
<

7p]

- -

-

Z

L

-

E f.  How far, in metres, is the golf ball from this person’s feet when it hits the ground? 2 marks

-
o
Z
o
@]

SECTION B - continued
TURN OVER
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Question 5 (9 marks)

A berry, a small round fruit, of mass 0.025 kg, initially at rest, falls from a tree from a position

that is d metres from a wall. Assume that the berry falls vertically and the only force acting on it is
gravity.

After 0.5 s, the berry hits a plank leaning against the wall, as shown below. The length of the plank
is 5 m and it leans against the wall with its upper end at a height 3 m above the ground, which is
horizontal. The plank and the path of the berry lie in a vertical plane.

initial position

of berry
l d
f* e
A} o ~ i
4 JA[fQ‘/ ‘f;-‘ P X wall
A
' 3m
ra y ground

a. Find the distance, x metres, that the berry has fallen when it hits the plank. 2 marks
b. What is the speed, in metres per second, of the berry when it hits the plank? 1 mark

c.  Show that the magnitude of the component of the velocity of the berry in the direction along
the plank at the instant that it hits the plank is 2.94 ms™!. 1 mark

SECTION B - Question 5 — continued
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The berry does not bounce or deform, but immediately begins to slide down the plank with an
initial speed of 2.94 ms™!, subject to gravity and a constant resistance of magnitude R newtons that
opposes the direction of motion. The berry reaches the end of the plank at a speed of 1.06 ms™!
after 2 s.

d. FindR. 3 marks

e.  Find the horizontal distance, d metres, from the wall to the initial position from which the
berry began to fall. 2 marks
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Question 6 (10 marks)

A real estate agent’s income is comprised of a fixed monthly payment of $5000 plus a commission
of $4000 for each house sold. The agent may sell up to three houses in a month with the following
probability distribution, where H is the number of houses sold.

h 0 1 2 3

Pr(H = h) 0.2 0.6 0.19 0.01

a. Find the agent’s expected total income each month. Give your answer in dollars, correct to the
nearest dollar. 2 marks

b. What extra amount of commission should the agent request for each house sold so that their
expected monthly income increases by $2000? Give your answer in dollars and cents, correct
to the nearest cent. 2 marks

<
L
o
<
7p)
L
-
P

To prepare a certain house for sale, the agent recommends that the garden be landscaped and
replanted. The time taken for a contractor to landscape the garden is normally distributed with

a mean of 18 hours and a standard deviation of four hours. The time taken for replanting is
independent of the time taken for landscaping and is normally distributed with a mean of 24 hours
and a standard deviation of six hours.

WRITE

c¢.  What is the probability, correct to four decimal places, that the garden can be landscaped and
replanted within a week? Assume that the contractor will work eight hours per day for five
days of the week. 2 marks

DO NOT

SECTION B - Question 6 — continued
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What period of time should the agent allow the contractor to complete the tasks of landscaping
and replanting, in order to be 90% confident that these tasks will be completed within this
period of time? Give your answer in hours, correct to two decimal places. 1 mark

Before the annual income review, the agent believes that the company’s remuneration level
is below the industry average of $115000 per annum, with an industry standard deviation
of $12000. To test this hypothesis, the agent takes a random sample of 36 of the company’s
employees and finds their mean income to be $110 800 per annum.

Assuming an industry standard deviation of $12 000, carry out a one-tailed statistical test at
the 5% level of significance to ascertain whether the sample mean of $110 800 per annum
supports the agent’s belief. 3 marks

END OF QUESTION AND ANSWER BOOK
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Specialist Mathematics formulas

Mensuration

area of a trapezium %(a +b)h
curved surface area of a cylinder 27rh
volume of a cylinder nrh

L
volume of a cone 37 h
volume of a pyramid % Ah

4_3
volume of a sphere 3 Tr
area of a triangle % bcsin(4)

) . a b ¢
ste ruie sin(4) sin(B) sin(C)
cosine rule ?=a*+b*—2ab cos(C)

Circular functions

cos? (x) + sin®(x) = 1

1 + tan’ (x)= sec? (x)

cot’ x+1= cosec’ (x)

sin(x + y) = sin(x) cos(y) + cos(x) sin(y)

sin (x — y) = sin(x) cos (y) — cos (x) sin(y)

cos(x +y) = cos(x) cos(y) — sin(x) sin(y)

cos(x —y) = cos(x) cos(y) + sin(x) sin(y)

tan (x) + tan ()

_ tan(x)—tan(y)

tan(x+y)= 1—tan(x)tan(y) tan(x-y)= 1+ tan (x)tan(y)
cos(2x) = cos’ (x)— sin’ x)=2 cos’ x-1=1-2 sin’ (x)
sin(2x) = 2 sin(x) cos (x) tan (2x) = 2tan (x)

1-tan? (x)




Circular functions — continued

SPECMATH EXAM

Function sin”! or arcsin cos ! or arccos tan"! or arctan
Domain [-1, 1] [1, 1] R
T T T
-, O’ -,
Range [ 22 } [0, ] ( 22 J

Algebra (complex numbers)

z=x+iy= r(cos(9)+isin(9)) =rcis(0)

—r<Arg(z)<rm

2,2, =11 Cis (0, + 0,)

zZy KB
%zéms(@l -0,)

Z" =" cis(nf) (de Moivre’s theorem)

Probability and statistics

for random variables X and Y

E(aX+ b)=aE(X)+ b
E(aX+bY)=aE(X) + bE(Y)
var(aX + b) = azvar(X )

for independent random variables X and Y

var(aX + bY) = azvar(X )+ bzvar( Y)

approximate confidence interval for u

distribution of sample mean X

mean

variance

TURN OVER
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Calculus
i(x")znxn_l x"dszx”H-i-c,n;t—l
dx J n+l1
i(e“x)zaew‘ e"xdx:lew‘+c
dx J a

d 1
E(loge(X)) - ;

la’)c=loge|x|+c
x

d, .
E(sm (ax)) = acos (ax)

sin (ax)dx =— 1 cos(ax)+c¢
a

%(cos (ax)) = —asin (ax)

cos(ax)dx = lsin (ax)+c
a

%(tan (ax)) = asec” (ax)

sec? (ax)dx = 1 tan(ax)+c
a

%(sinl(x)) -

[ 1

.1 x
de=sin"!| = +c,a>0
2 a

1-x* INa? —x
d _ -1 r -
—(cos l(x))z —1dx=cos_1(£j+c,a>0
dx 1— 2 I 22 a
d -1 1 * a 11 X
—(tan" (x) )= dc=tan"" | — |+c
dx( ( )) 1+ x? Ja*+x? (aj
(ax+b)"dx = (ax+b)" e, n=-1
R a(n+1)

(ax+b)_1dx =lloge |ax+b| +c
a

d av du
product rule —(uv) —u— 4y =
dx dx dx
du av
. vi f— -
quotient rule d [ u j __dx dx
dx\ v V2
chain rule @ - Q@
dx du dx
d
Euler’s method If d_ic/ = f(x), Xy=a and Vo= b, then X, =x,+ h and Vur1=Vnt hf(xn)
. d*x dv  dv d ( 1 2]
acceleration a=——="_yZ"_" |y
a2 dtdx del\2
X, t
arc length .[ yI+ (f'(x))2 dx or I \/(x’(f))2 +(y’(t))2 dt
X 4

Vectors in two and three dimensions

r=xi+yj+zk

|t|=yx*+)y*+ 22 =r

dr dx. dy. dz
r=—=—i+—j+—k
Todt dtT dt= dt”

=
—

LIy =1 cos(0) =x1xy + Y Vo + 212,

Mechanics
momentum p=my
equation of motion R=ma
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