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SPECIALIST MATHEMATICS 2023 
 
Unit 4 
Key Topic Test 3 – Differential equations 

Technology Free 
 
 
Recommended writing time:  45 minutes 
Total number of marks available:  30 marks 
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Question 1  

 

a. 
𝑑𝑦

𝑑𝑥
=

𝑥−1

2𝑦
,   𝑦(0) =

1

2
      

 

∫ 2𝑦 𝑑𝑦 = ∫(𝑥 − 1)𝑑𝑥  

𝑦2 =
𝑥2

2
− 𝑥 + 𝑐  

1

4
= 𝑐  

𝑦2 =
𝑥2

2
− 𝑥 +

1

4
  

3 marks 

 

 

b. 
𝑑𝑦

𝑑𝑥
= (1 − 2𝑦)(1 − 𝑦)  

 

∫
𝑑𝑦

(1−2𝑦)(1−𝑦)
= ∫ 𝑑𝑥  

∫ (
2

1−2𝑦
−

1

1−𝑦
) 𝑑𝑦 = ∫ 𝑑𝑥  

− ln|1 − 2𝑦| + ln|𝑦 − 1| = 𝑥 + 𝑐  

ln |
𝑦−1

1−2𝑦
| = 𝑥 + 𝑐  

𝑥 = 0, 𝑦 = 2 → 𝑐 = 0  
𝑦−1

1−2𝑦
= 𝑒𝑥  

𝑦 − 1 = 𝑒𝑥 − 2𝑦𝑒𝑥  

𝑦(1 + 2𝑒𝑥) = 𝑒𝑥 + 1  

𝑦 =
𝑒𝑥+1

1+2𝑒𝑥  

4 marks 

 

 

Question 2  

 

 𝑦 = (1 + 2𝑥)𝑒−𝑥  
𝑑𝑦

𝑑𝑥
= 𝑒−𝑥(−1 − 2𝑥 + 2) = 𝑒−𝑥(1 − 2𝑥)  

d2𝑦

𝑑𝑥2 = 𝑒−𝑥(−1 + 2𝑥 − 2) = 𝑒−𝑥(2𝑥 − 3)  

𝑑2𝑦

𝑑𝑥2 + 2
𝑑𝑦

𝑑𝑥
+ 𝑦 = 𝑒−𝑥(2𝑥 − 3) + 2𝑒−𝑥(1 − 2𝑥) + (1 + 2𝑥)𝑒−𝑥   

= 𝑒−𝑥(2𝑥 − 3 + 2 − 4𝑥 + 1 + 2𝑥) = 0  
 

3 marks 
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Question 3  

 

a. 
𝑑ℎ

𝑑𝑡
= 0.6 − 0.04√ℎ  

𝑡 = ∫
𝑑ℎ

0.6−0.04√ℎ

100

0
  

𝑡 = ∫
100

60−4√ℎ
𝑑ℎ

100

0
  

𝑡 = ∫
25

15−√ℎ
𝑑ℎ

100

0
  

  

3 marks 

 

b. 𝐿𝑒𝑡  𝑢 = √ℎ  
𝑑𝑢

𝑑ℎ
=

1

2√ℎ
  

𝑡 = ∫
25

15−√ℎ
𝑑ℎ

100

0
  

𝑡 = 25 ∫
2𝑢

15−𝑢
𝑑𝑢

10

0
  

𝑡 = 50 ∫
𝑢

15−𝑢
𝑑𝑢

10

0
  

𝑡 = 50 ∫
𝑢−15+15

15−𝑢
𝑑𝑢

10

0
  

𝑡 = 50 ∫ (−1 +
15

15−𝑢
) 𝑑𝑢

10

0
  

𝑡 = 50(−𝑢 − 15 ln|15 − 𝑢|)10
0

  

𝑡 = 50(−10 − 15 ln(5) + 15 ln(15))  

𝑡 = 50(−10 + 15 ln(3))  

𝑡 = 250(−2 + 3ln (3))  
4 marks 

 

 

Question 4  

 

a. 6000  
 

1 mark 

 

b. 𝐹𝑎𝑠𝑡𝑒𝑠𝑡 𝑟𝑎𝑡𝑒 𝑎𝑡  
𝑑2𝑃

𝑑𝑡2 = 0  

2𝑃 (−
1

6000
) + 2 (4 −

𝑃

6000
) = 0  

−2𝑃 + 48000 − 2𝑃 = 0  

48000 − 4𝑃 = 0  

𝑃 = 12000  
2 marks 
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c. 
𝑑𝑃

𝑑𝑡
= 2𝑃 (4 −

𝑃

6000
)  

𝑑𝑃

𝑑𝑡
=

1

3000
𝑃(24000 − 𝑃)  

∫
𝑑𝑃

𝑃(24000−𝑃)
= ∫

1

3000
𝑑𝑡  

 
1

𝑃(24000−𝑃)
=

𝑎

𝑃
+

𝑏

24000−𝑃
  

1 = 𝑎(24000 − 𝑃) + 𝑏𝑃  

𝑃 = 0 → 1 = 24000𝑎 → 𝑎 =
1

24000
  

𝑃 = 24000 → 1 = 24000𝑏 → 𝑏 =
1

24000
  

1

24000
∫ (

1

𝑃
+

1

24000−𝑃
) 𝑑𝑃 = ∫

1

3000
𝑑𝑡  

1

8
∫ (

1

𝑃
+

1

24000−𝑃
) 𝑑𝑃 = ∫ 𝑑𝑡  

𝑡 =
1

8
(ln|𝑃| − ln|24000 − 𝑃|) + 𝑐  

𝑡 =
1

8
ln |

𝑃

24000−𝑃
| + 𝑐  

𝑡 = 0, 𝑃 = 5000 → 0 =
1

8
ln |

5

19
| + 𝑐 → 𝑐 = −

1

8
ln |

5

19
|  

𝑡 =
1

8
ln |

𝑃

24000−𝑃
| −

1

8
ln |

5

19
|  

𝑡 =
1

8
ln |

19𝑃

5(24000−𝑃)
|  

19𝑃

5(24000−𝑃)
= 𝑒8𝑡  

19𝑃 = (120000 − 5𝑃)𝑒8𝑡  

19𝑃 + 5𝑃𝑒8𝑡 = 120000𝑒8𝑡  

𝑃(19 + 5𝑒8𝑡) = 120000𝑒8𝑡  

𝑃 =
120000𝑒8𝑡

19+5𝑒8𝑡   

5 marks 

 

 

Question 5  

 

𝐿𝑒𝑡 𝑔(𝑥) =
1

𝑥
  

𝑥0 = 1, 𝑦0 =
1

4
  

𝑥1 = 1 + 0.1 = 1.1, 𝑦1 =
1

4
+ 0.1 × 1 = 0.25 + 0.1 = 0.35  

𝑥2 = 1.1 + 0.1 = 1.2, 𝑦2 = 0.35 + 0.1 ×
1

1.1
= 0.35 +

1

11
=

7

20
+

1

11
  

𝑦2 =
97

270
  

3 marks 
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Question 6  

 
𝑑𝑥

𝑑𝑡
= −

𝑥

40
  

∫
𝑑𝑥

𝑥
= ∫ −

1

40
𝑑𝑡  

ln|𝑥| = −
1

40
𝑡 + 𝑐  

𝑥 = 𝑒−
1

40
𝑡+𝑐, 𝑐𝜖𝑅  

 

2 marks 

 

 

 

 

END OF KEY TOPIC TEST SOLUTIONS 

 


