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Question 1

a. % =2xy16-9y*, y(1)= % separating the variables

J;dyz_[Zde
\16-9y?
Esin‘l(s—yj =x’+¢

3 4

2 1. 1 T T
to findc, when x=1 y==, =sin'|=|=—==1+¢c, c=—-1
Y=3 3 (2)

b. y(l)=§when x=1 y:%, %:2/16-9(3:2@:4\@

using implicit differentiation % = 2X,/16 —9y?

d’ -18yx2x d
Ty Y

X 2,16 —9y? dx

2

dy 18xy dy
F=21/16—9y2 ———

X 16—9y? dx

18><g><4\/§
27 43— 3

dx? 2 2\/5
x=1,y 3

-7 —43-24

x=1, y:%
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Question 2
2 4 (x-4)(x-1 4
f(x):x oX+ :( )( ):x—5+— domain D =R\{0}
X X X
I a vertical asymptote at x =0 and an oblique asymptote at y =x-5. Al

ii. f(x):x—5+4x‘1

2 a—
f'(x)=1-4x" :l—izz X - 4 =0 when x=+2,
X X
f(2)=2-5+2=1 f(2)=—2-5-2-9
2 2
so there are turning points at (2,-1), (-2,-9) Al
i, f7(x)=8x"= % # 0 so there are no points of inflexion Al
X
iv.  The graph crosses the x-axis at (1,0),(4,0) Gl
Y

8
b
4
2
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Question 3
2
a. a=98—0&ﬂ=9§—21ﬁ:1@9—W)
10 10 5
dv 1
sea=v—==(49-V’
Y dx 5( )
ﬂ_49_v2 invertin
dx g
%_ 5v
dv  49-v?
x=—§J _szdv
2) 49—-v
_ 5 2
x_—EIoge(49—v D+c

x=0,v=0 = O:—gloge(49)+c, c:gloge(49)

) 5
X = §|09e (49)—§Ioge ( 49—v2‘)

x—§log( 49 j
2 °\49-Vv°

since 0 <v <7 the modulus is not needed.
2X ( 49 j
—=log,

5 49 —v?
49 :e%
49 —v?
49—v2_e—%
49
_2x
49-v? =49 °
2X
v:i=49-49e 5

2X
vi= 49(1—e 5 J
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b. use a=%=%(49—v2) inverting

E_ 5
dv 492
1
t=5 dv now by partial fractions
J49—v2 yPp
1 A B _A(7—v)+B(7+v)_v(B—A)+7(A+B)
49—V T+v T-v (7+v)(7-v) - 49 —v? M1
(1) B-A=0 (2) 7(A+B)=1 A:B:i
t:i L.FL dv
14 )\ 7+v T7-v
5
t:ﬂ[loge(|7+v|)—|oge(|7—v|)+cJ "
5 |7+v|
t=—1/log,|i=— |+C
14 |7—v|
t=0, v=0, ¢c=0
since 0 <v <7 the modulus is not needed.
5 7+V
t=—Iog,| —
14 7-v
14t [7+v]
_:|0ge _
71—V
14
BT+v
71—V
14
—?t:?—v
7+V
Je e
7T-v=(7T+v)e 5 =7e ° +ve °
14 4 4t M1
7-T7e ° =v+ve ° :v(1+e 5]
1t
7(1—e 5}
Ve
l1+e °
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Question 4

a. P(12,3), Q(-12,-1), R(-1,-2,5)
PQ=0Q-0P =-2i-4k
PR=0R-OP=-2i-4j+2k

g ok
— - 0 -4 |-2 -4 -2 0
PQxPR=|-2 0 -4|=i i N M1
402 Fl-2 2] |2 4
-2 -4 2
PQxPR=~16i+12+8k = 4(~4i +3+ 2]
Let n=—4i+3]+2K be the normal to the plane Al

The equation of the plane using the normal through the point P(l, 2,3)
~4(x-1)+3(y-2)+2(z-3)=0

—4X+4+3y-6+22-6=0

—4X+3y+22=8

b.  Theplane —4x+3y+2z=8hasanormal n=-4i+3j+2k and |n| =16+9+4 =29
y—-4 71-2 x-2 y-4 1-2

2 ¢ 1 2 ¢

has a direction y=~i+2j+ck and |\~/|:\/1+4+c2 =5+¢?
ny=4+6+2c=10+2c=2(5+c)

let « be the angle between the line and the plane, let & be the angle between the line and

the normal to the plane, then o =cos™ EALL cos™* [ij =sin™! (i]
29 V29 \29
Vs 2 2
O==-a=cos"| ——|, cos(8)=|—— Al
2 (ngj () (\/29)

the line 2—x=

¢’ =c+5 M1
5+c?=c’+10c+25

10c =-20
c=-2 Al
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Question 5
a. °+1=0
2°=-1

2° = cis(z + 2k ) = cis(7 (2k +1))

2K +1
z=cis(¥} let k=-2-10,12 M1

k=0 =CIS z
Z |(5j Al

(z+1)Q(z)=0
(z+1)(2*

—2(z —23+22—z+1)+(z4—z3+22—z+1)

-2 +7% -2 +1) expanding

S Ay A L Loty Sy A S Ly N | M1

=7°+1

M1
_1 (z“ +27° +1—(23+z)—22)

T2
-’ -z41 Q(2)

z° z°

Q(z)=0 & u*-u-1=0
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d. cos(%ﬂ] is the real part of one of the solutions to Q(z) =
. (371} (37rj (372’)
so that z=cis| — |=co0s +isin
5 5 5
1 ( 3;rj ( 3;:} . ( 372') (37[) (3::)
and = =cis| —— |=c0s| —— |+isin| —— |=cos| — |—isin
z 5 5 5 5
+
Q(2)=0, = u*-u-1=0, u:l_zﬁ
3z 0 3 . 3z
Now ?—108 and cos 3 Is in the second quadrant so cos = <0
u—z+l—2cos( ]:—\f
z 5 2
Hence cos( j:_f
5
Question 6
a CEN(70,5°), T=C,+C,+C,+C, be the total of four independent carrots
E(T)=4E(C)=4x70=280
Var(T)=4Var(C)=4x5" =100 o, =100 =10
T<N(280,10%)
Pr(T >292)= Pr(Z > —292_28()]
10
—Pr(z >1.2):%(1—0.770)
=0.115
2 2
b. E(C)=70, Var(C):izéz(EJ
4 4 2
2
C%N(70,(§j ]
2
= 67-70 73-70
Pr(67<C<73)=Pr 5 <Z< 5
2 2
=Pr(-1.2<Z<1.2)
=0.770
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Question 7

To prove 47" +53x47"* is divisible by 100 for all ne N.
Base case n=1 LHS =47 +53=100. This is divisible by 100.
The statement is true when n=1

Assume it is true when n=k so that 47* +53x 47" is divisible by 100, so that
we can write 47% +53x47%* =100awhere ae N, so 53x 47" =100a—47*
Now consider

AT +53x 47"

= A7 x 47" +53x 47 x 47"

= 47x 47" +47(100a - 47" )

=47 x100a

=100(47a)

=100b where b=47a, beN soitis divisible by 100.

Since it is true when n=21and assuming it is true when n =Kk then it is true when
n=k+1, so by the principle of mathematical induction, it is true for n e N.

Question 8
a. x = log, (sec(2t)+tan(2t))—sin(2t)

dx gt(sec(Zt)+tan(2t))
dt sec(2t)+tan(2t)

dx 2tan(2t)sec(2t)+2sec’ (2t)

—2cos(2t)

— = -2 2t
dt sec(2t)+tan(2t) cos(21)
dx _ 25ec(2t)(sec(2t)+tan(2t)) ~2005(21)
dt sec(2t)+tan(2t)
%: 2sec(2t)—2cos(2t)
dx 2
—= —2cos(2t
dt  cos(2t) cos(21)
dx 2(1-cos’ (2t))
dt cos(2t)
dx 2sin®(2t)  2sin(2t)sin(2t)
dt  cos(2t)  cos(2t)
dx )
— =2tan(2t 2t
" an(2t)sin(2t)
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b. x =log, (sec(2t)+tan(2t))—sin(2t), y=cos(2t)

%=2tan(2t)sin(2t) %=—25i”(2t)

Al

2

dx

ux ﬂ 2_ 2 02 02
" + dtj =4tan®(2t)sin®(2t)+4sin®(2t)

N

dt dt

2
% + %j =4sin”(2t)sec? (2t) = 4tan®(2t)

\/(%T +(2—¥jg = 2|tan(2t) Al

Osts%, OSZts% we are in the first quadrant

o), d_yjz=4sin2(2t)(1+tan2(2t))

so therefore the modulus is not needed ‘tan(2t)‘ =tan(2t)

o] ofe] 3]

S =27 *cos(2t)2tan (2t)dt

S =4;zjfsin(2t)dt
S = Zﬂ[—cos(Zt)]E

S= 27[(—COS (%j + cos(O)j

S=2rn Al
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Question 9
[ =jt3sin(t2)dt
| =It.tzsin(t2)dt

dx

let x =t? 2t

1 .
I :ij5|n(x)dx
integration by parts

dv .
let u= —=
et u=x ™ sm(x)

3—i:1 v:jsin(x)dx:—cos(x)
I =%[—xcos(x)+_[cos(x)dx]

1 .
I :E[—xcos(x)+sm(x)]

I :%(sin(tz)—tzcos(tz))+c
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