Chapter 1 — Displaying and
describing data distributions

Solutions to Exercise 1A

QD

see definition page 2
see definition page 3
see diagram page 4

see diagram page 4

a measured quantity = numerical
a counted quantity= numerical

Bank account numbers are used only

to name or identify a person’s account.

They have no other numerical
properties = categorical

In this instance, a person’s height is
not measured (in cm, say), but
recorded as falling into one of three
categories (short, average, tall) =
categorical

a measured quantity = numerical
a counted quantity = numerical

eye colour, recorded as (brown, blue,
green), is a quality not a quantity =
categorical

Postcodes are used only to name or
identify a geographic area. They have
no other numerical properties =
categorical

Is a quality or characteristic that can
only be used to name or identify but
not order.= nominal

Is a quality or characteristic that can
only be used to name or identify but
not order.= nominal

Is a quality or characteristic that can be
used to order.= ordinal

Is a quality or characteristic that can be
used to order = ordinal

Is a quality or characteristic that can be
used to order. = ordinal

Is a quality or characteristic that can
only be used to name or identify but
not order.= nominal

a counted quantity = discrete

If cost is charged to the nearest cent,
eg. $23.67, $23.68, $23.69, etc., as is
everyday practice, then cost is best
regarded as discrete. = discrete

a measured quantity = continuous
a measured quantity = continuous

a counted quantity = discrete

a measured quantity = continuous



Solutions to Exercise 1B

QD

the most frequently occurring value

i B occurs 5 times and is the most
frequent value, so it is the mode.

ii size 8 occurs 5 times and is the most
frequent value, so it is the mode.

State of residence is a quality or
characteristic of a person. =
categorical.

The table is constructed by counting
the number of responses for each
category and then calculating
percentages of the whole.

State of Frequency
residence | Count | Percent
Victoria 6 54.5
SA | 9.1
WA 4 36.4
Total 11 100.0

The bar chart is constructed by
counting the number of responses for
each category and then drawing the bar
for that response to the appropriate
height.

Frequency
2
1
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Victona SA WA
State of residence

Car size recorded as ‘small’, ‘medium’
or ‘large’ is a quality or characteristic
of a car. = categorical.

The table is constructed by counting
the number of responses for each
category and then calculating
percentages of the whole.

Frequency

Carsize | Count ercent
Small 8 40
Medium 9 45
Large 3 15

Total 20 100

The bar chart is constructed by
counting the number of responses for
each category and then drawing the bar
for that response to the appropriate
height.
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Frequency
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Car size

Place of birth is a characteristic of a
person that can be used to name or
identify where a person was born.
However, it has no ordering properties.
= nominal

The segmented bar chart is constructed
by reading percentages of each
response from the table and then
drawing the bar for that response to the
appropriate height.
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Type of car, recorded as ‘private’ or
‘commercial’, can be used to identify a
car. However, this information cannot
be used to order cars in any
meaningful way. = nominal

Sum the two count values to get the
total count, which represents 100%.
Divide each of the count values by the
total count and multiply by 100 to get
each of the two percentages.

Frequency
Tvpe of vehicle Count FPercent

Private 132 736 73
Commercial 49 109 27
Total |81 B45 100

The segmented bar chart is constructed
by reading percentages of each
response from the completed table and
then drawing the bar for that response
to the appropriate height.
100+
Q0
B0
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O Commercial
[ Private

Percentage

The total number of schools sums to
20 and the missing percentage must be
55, since the 3 percentages must sum
to 100.

~

Reading off the table, 5 schools

Summing the number column: 20
schools

As calculated in a, 55%

Taking information from the table:
‘Report: 20 schools were classified
according to school type. The majority
of these schools, 55%, were found to
be Government schools. Of the
remaining schools, 25% were
Independent while 20% were
Catholic schools.’

7,45.5, 100.0.

The count for ‘rarely’ can be
calculated by subtracting the counts for
‘regularly’ and ‘sometimes’ from the
total. The total percentage must be
100% and the ‘sometimes’ percentage
will be 100% minus the percentages
for ‘regularly’ and ‘rarely’.

Taking the frequencies and
percentages from the completed table:
‘Report: When 22 students were asked
the question, “How often do you play
sport?”, the dominant response was
‘Sometimes’, given by 45.5% of the
students. Of the remaining students,
31.8% of the students responded that
they played sport ‘Rarely’ while
22.7% said that they played sport
‘Regularly’.’

Taking the frequencies and
percentages from the table, we can
report that:

‘The eye colours of 11 children were
recorded. The majority, 54.5%, had
brown eyes. Of the remaining children,
27.3% had blue eyes and 18.2% had
hazel eyes.’



Solutions to Exercise 1C

(on

Draw in the axes and scales, labelling
both. Draw in the histogram bars to the
appropriate height as given in the
table.
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i Reading from the graph: 17%

ii Reading from the graph: 13%

iiiReading from the graph: 46%

iv Summing the first three columns:
33%

i Multiplying the percentage as read
from the graph by 30 and dividing
by 100% = 6
ii Multiplying the percentage as read
from the graph by 30 and dividing by
100% =4

15-19 is the highest bar and is
therefore the mode in this case.

Read the frequencies from the
histogramand sum: 3+2+3+3+2
+3+4+5+1=21

i Read the appropriate frequencies
from the histogram and sum: 3+2+3
+4+1=13

ii Read the appropriate frequencies
from the histogram and sum: 3+2+3
=8

iii Read the appropriate frequencies
from the histogram and sum: 3 +2 =
5

iv. None of these cricketers had a
batting average between 40 and 50.

.1
I —x100=4.8%
21

.. 12
I —x100=57.1%
21

See calculator instructions page 15
(T1) or 17 (CASIO).

See calculator instructions page 15
(T1) or 17 (CASIO).

The mode is the highest bar. There is
one potential outlier and the histogram
tails off to the right so is positively
skewed.

204 mode \ positively skewed

10 “|potential
outlier

0

centre
The mode is not clear since two bars
appear to be the same size. There are
no outliers. The histogram is
approximately symmetrically spread
around its centre.

. symimetric
no clear mode

Freguency

cantre

The mode is the highest bar. There are
no outliers and the histogram appears
to be approximately symmetrically
spread around its centre.

10 mode )
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Frequency
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The mode is the highest bar. There are
no outliers and the histogram tails off
to the right so is positively skewed.

20
¥’

mode

positively skewed

Frequency
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The mode is the highest bar. There are

no potential outliers and the histogram
tails off to the left so is negatively
skewed

.
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There are two highest bars and thus
two modes. There are no outliers and
the histogram approximately
symmetrically spread around its centre.
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All the distributions appear
approximately symmetric around their
respective centres.

There are no clear outliers in any of the
distributions.

In A the central mark lies in the
interval 8-10, in B it lies in the interval
24-26 and in C it lies in the interval
40-42. Note that the central interval in
A and B is also the mode for those
distributions.

The spread is lowest in B since the
range is only 8, compared to 14 for A
and 18 for C.

The spread was greatest in C, with a
range of 18.

Reading the information from the
histogram: ‘Report: For the 28
students, the distribution of pulse rates
is approximately symmetric with an
outlier. The centre of the distribution
lies in the interval 75-80 beats per
minute and the spread of the
distribution is 55 beats per minute. The
outlier lies in the interval 110-115
beats per minute.’

Suggest for worked solutions:
Shape of distribution is positively
skewed.

Centre of distribution here is the
median, corresponding to the data

42 +1

point =21.5, S0 median is

between 65 and 70.
Spread here is the largest value —
smallest value, i.e. 95 — 55 = 40.



Solutions to Exercise 1D

atoh

To calculate the log of a number:

i Type log(number), eg. log(2.5), and
press ENTER (OF EXE).

ii Round the answer to one decimal
place:

eg. 10g(2.5) =0.3979 ... =04 (to 1

d.p.)

atod
To convert the log of a number to its
number, the log of a number:
i Typel0”(number), eg. 10°(-2.5),
and press ENTER (Or EXE).
ii Round the answer to two significant
figures as required:
eg. log(-2.5) = 0.00316...

=0.0032 (to 2 sig.figs.)

a To construct a histogram for the raw
data, see instructions on page 15(TI) or
page 17(CASIO).

IEEE): ‘osco2data = {13
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The histogram tails off to the right
indicating positive skew. The are also
two isolated bars well to the right of
the main body of data which appear to
be outliers.

b To construct a histogram with a log
scale, see instructions on page 31 (TI)
or page 32(CASIO).

)

1.0 2.0 3.0
logbrainwt
The histogram is reasonably evenly

spread around its central region

indicating that it is approximately
symmetric.

a log(0.4) =-0.397...=-0.4to 1 d.p.
b log(5712) = 3.756... = 3.76 to 3 sig.

figs.
¢ 10° = 100g
d10*=0.1g

ei Over 1000g is greater than 3 on the
log scale. Reading from the
histogram, there are 5 (=3 + 2)
animals with brain weights over
1000g.

iiBetween 1 and 100 g on the log
scale is between 0 and 2. Reading
from the histogram, there are 12 (= 4
+ 8) animals with brain weights in
this range.

Over 1g is greater than 0 on the log
scale. Reading from the histogram,
thereare 24 (=4 +8+7 +3+2)
animals with brain weights over 1g



Chapter Review:
Extended-response
questions

1 a Reading from the histogram, 19% of
students prefer to watch television.

b Reading from the histogram,
approximately 13% prefer movies
and approximately 10% prefer
reading, a total of 23%.

¢ Sport is the preferred leisure activity.
Approximately 29% prefer sport.
29% of 121=35.09
.. Rounding to the nearest whose
number, conclude that 35 students
prefer sport.

30

25

20

Frequency

Agree Disagree Don’t know

Response

18 9
b Agree: 55 =75¢x 100%=34.6% (to

one decimal place)

. 26 50
Disagree: 55, =70 % 100%=50%

8 2
Don’t know: 55 =13 % 100% = 15.4%

(to one decimal place)

100

|:| Agree
80 .

|:| Disagree
60 Don’t know

40

/)
N

Percentage

d Using the percentages calculated in
b, conclude that: 50% of the 52
students disagree. Of the remaining
students, 34.6% agreed while
15.4% said that they didn’t know.

a i Number of students surveyed
=3+5+5+9+6+8+8+2
+2+2=50

ii 5 students spent from $100 to
$105 per month.

b The modal interval is $105-$110.
This is the location of the tallest bar
in the histogram.

¢ Number of students who spent $110 or more

=6+8+8+2+2+2=28

d 3 +5=8students spent $100 or
less per month.
8 16

50 = 100 % 100% = 16%
16% of students spent $100 or less
per month.

e i From the histogram, the
distribution is approximately
symmetric.

ii 22 students spent less than
$110 and 22 students spent
more than $115. Therefore
$110-$115, with 6 students, is
the interval containing the
centre of the distribution.

iii The range = $140 — $90 = $50

Inspection of the histogram shows that
it is negatively skewed with two
outliers. The range is 55 seconds.
Noting that there are 17 data values
either side of the median, tallying the
frequencies from left to right locates the
median in the interval 25 and 30
seconds. The two outliers lie
somewhere between 50 and 55.

This information can then be put
together into a report as follows.

Report
For the 34 cars, the distribution of



waiting times is negatively skewed with
an outlier. The distribution is centred
between 25 and 30 seconds and has a
spread of 55 seconds. There is an outlier
located in the interval 50—55 seconds.



Chapter Review:
Solutions to Multiple—choice questions

1

Number of cars owned is a numerical
variable but car size is categorical. =
D

Head diameter is a continuous
numerical variable but sex is a nominal
variable. = E

The brown hair segment is
approximately 36 percentage points in
size. Since there are 200 students, this
equates to 0.36 x 200 = 72 students
with brown hair. = D

The widest segment represents the
students with brown hair, so brown
hair is the most common hair colour
= C

Reading from the ‘No’ row of the
‘Female’ column, the number of
femalesis 111= C

Reading from the “Yes’ row of the
‘Male’ column, the number of males
onadietis3l= A

Reading from the ‘Total” row of the
‘Female’ column, the number of
females not on a diet is 66. The
percentage of females not on a diet is

6
x100 =59.45..% = C
111

Reading from the ‘Yes’ row of the
table, 31 males were on a diet. The
percentage of people on a diet who

. 31
were maleis —x100 = 40.78...%
76

=B

9

10

11

12

13

14

15

16

17

The total number of students is given
by the sum of the frequencies: 3 + 4 +
6+3+2+1+1=20= C

3+4+6+3=16= D

The main body of data is
approximately symmetric and there
appears to an outlier. = D

There are 20 scores in total. The
bottom 10 scores are below the median
and top 10 scores are above the
median. Thus the median value lies in
the interval 10-12 = B

For a histogram, the spread of the data
values can be estimated from the
maximum range which is22 = E

100 = 10%s0 log(100) =2 = C

The number whose log is 2.314 is
10%" = 206 to the nearest whole
number. = C

log(16.8) = 1.22... so on the log scale,
Australia lies in the interval 1 — < 1.5

=D

log (10) = 1 so the percentage of
countries with CO, emissions under 10
tonnes is approximately 100 — (11+1)
=88% = E



Chapter 2 — Summarising numerical

data

Solutions to Exercise 2A

1
a The variable number of rooms is
discrete: the data values are obtained
by counting. b

b See Example 1 instructions on
constructing a dot plot.

L] L] L ]
L] L] L ]
L] L] L] [ ]
| I I I I
4 5 6 7 8
Number of rooms
2
a The variable number of children is

discrete: the data values are obtained
by counting.

b See Example 1 instructions on
constructing a dot plot.

c
L . o L L L L 5
T T T T T T T T a
1 2 3 4 5 6 7 B8
Number of children
c 4 children: the mode is the most
frequently or commonly occurring
value.
3 b
a The variable life expectancy is

continuous: it can take any value
between 70 and 79, but has been
rounded to the nearest whole number.

b See Example 1 instructions on
constructing a dot plot.

. . L .
. L . a L . .

— T T T T T T T T 1
70 71 72 73 74 75 76 77 78 79

Life exepectancy (years)
c 75 years: the mode is the most
frequently or commonly value

a The variable urbanisation is
continuous: it is a percentage that can
potentially take any value between 0

and 100, but has been rounded to the
nearest percent.

See Example 2 instructions on
constructing a stem plot.

key: 1|6 = 16
0 |33699
1 (2267
2 (0225789
3 |15

4

5 |46

6

7

8

9 |99

10| 0

The distribution is multimodal; six
values 3, 99, 12 and 99.

The variable wrist circumference is
continuous because data values can
take any value 16.5 and 19.9 cm but
have been rounded to one decimal
place.

See page 45 for information on stem
plots with split stems on page 45 .

i

16/5 =16.5
16 579
17 10123667
18 245
19 39

ii

16/5 =16.5
16 | 579
1710123
17| 667
18| 24

18| 5

19| 3

19| 9




Solutions to Exercise 2B

1

a The range is the spread of all values and
is the difference between the largest and
smallest value in any given data set.

b For an odd number of data values, the
median value is the middle value in the
ordered data set. If the data set has an
even number of values, there is no single
middle data value. To find the median,
take the average of the two middle
values.

c Quartiles are the three numbers that
divide a distribution into four equal
parts. Note that O, is the same as the
median, while 0, is the median of the
lower 50% of values and Q; is the
median of the upper 50% of values.

d The interquartile range is the spread of
the middle 50% of values and is the
difference between Qs and Q.

a After ordering the 6 values, the two
middle values are 4 and 6,
median = (4 +6)/2 =5
To check that the median splits the data
set into two equal parts, write out the
date values in order, locate the median
(see red line below)and count the
number of data values each side of the
median.

1 3416 89

b After ordering the 5 values,
middle value = median = 12
To check that the median splits the data
set into two equal parts, write out the
date values in order, locate the median
(see red data value below)and count the
number of data values each side of the
median.

9 10 12 14 20

3 After ordering the 9 values,

middle value = median = $850

430 500 650 750 850 1200 1790 2950 3500

4
Use the dot plot to locate the median and the
quartiles and use these values to answer the

questions.

° O1LM a
[ ] L ] ° L ] 2
[ ] [ ] [ ] [ ] ° L]
B B R B E
01 2 3 45 6 7
Children in family
a  From the plot, M =2
b  From the plot, 0;=1 & 05 =3.
C IQR:Q3—Q1:3—1:2
d Range=max.-min.=7-0=7
e
000112202223347
o M O
5

Use the dot plot to locate the median and the
quartiles and use these values to answer the
questions.

a Positively skewed with some outliers:
The data rapidly tails off to the right and
there are three values (3, 4 and 6) that
appear to be well separated from the main
body of the data.

b From the plot, M = 0.

¢ From the plot, 0,=0& O3 =1
IQR=0;-01=1-0=1

Range =max. —min.=6-0=06

6 Locate the required values on the stem
plot. See Example 7 if you need help.

a Of the 14 values, the two middle
values are 10 and 12;
average = median = 11.

b Middle value of the lower 50%
(7 lowest values) = 0, = 10;
Middle value of the upper 50%
(7 highest values) = Q5 = 15.

C IQR:Q3—Q1:5

R = highest value — lowest value = 18

To check your answers, write the data
values in a line, check that O, = 10, 05
=15 and M is in the middle of 10 and

12.



the data values are relatively evenly
spread around the centre of the stem
plot, so the distribution is approximately
symmetric. No individual data values
stand out from the main body of the data
so there are no outliers.

Of the 20 values, the two middle values
are 25 and 27;

average = median = 26.

Two middle values of lower 50%

(10 lowest values) are 16 and 19,
average = 0, = 17.5;

two middle values of upper 50%

(10 highest values) are 30 and 31,
average = 0; = 30.5.

IOR=05-0,=13

R = highest value — lowest value = 29

Of the 23 values,
middle value = median = 20

Middle value of the lower 50% (11
lowest values) = 0 = §;

middle value of the upper 50% (11
highest values) = Q5 = 26.

IOR= 05— 0, =18

R = highest value — lowest value = 54



Solutions to Exercise 2C

3

Locate 01, M and Qs on the dot plot.

°
Qe oM
° ° Q
.3

Hours worked

Use these and the minimum and
maximum values (read from the dot
plot) to form the five-number summary

Five number summary:
4,5,6,7,9

Locate O, M and Q3 on the stem plot.

key: 1316 =136
13 |6
14
15
16
17
18

© Co L L & N
© U Co
Co
~N G ©

N C & N W

Use these and the minimum and
maximum values (read from the stem
plot) to form the five-number summary

Five number summary:
136, 148, 158, 169, 189

a,b See worked example 8 (page 54) for

method.

4&5

Follow the calculator instructions on
page 56 (TI) or page 57 (CASIO) to
construct these box plots.

i Median is middle vertical of
coloured box = 10

il O, is left edge of the box =35,
(s is right edge of the box = 21

iii / OR=0;-0,=16

iv Minimum is left end of horizontal
line = 0, maximum is right end of
horizontal line = 45

v No outliers

b

i Median is middle vertical of
coloured box =27

ii O is left edge of coloured box = 12,
0; is right edge of coloured box = 42

iii /OR=0;-0;=30

iv Minimum is left end of horizontal
line = 5, maximum is right end of
horizontal line = 50

v No outliers

i Median is middle vertical of
coloured box = 38

il O, is left edge of coloured box = 32,
(s is right edge of coloured box = 42

iii /OR=0;—-0,=10

iv Minimum is leftmost outlier = 5,
maximum is right end of horizontal
line = 50

v Outlieris 5

i Median is middle vertical of
coloured box = 16

il O, is left edge of coloured box = 14,
(s is right edge of coloured box = 21

iili [OR=05-0,="7

iv Minimum is leftmost outlier = 1.5,
maximum is rightmost outlier = 50

v Outliers are 1.5, 3, 36, 40, 50

i Upper fence is right edge of
coloured box + 1.5 times the /OR
=40+ 1.5x10=55

ii Lower fence is left edge of coloured
box — 1.5 times the /OR
=30-15x10=15

i Upper fence is right edge of
coloured box + 1.5 times the /OR
=70+ 1.5%x20=100

ii Lower fence is left edge of coloured
box — 1.5 times the /OR
=50-1.5x%x20=20

Lower fence is left edge of coloured
box — 1.5 times the /OR
=39-15x6=30

no-31 would still lie inside the lower

fence



a 39 is the first quartile; 25% of values are
less that the first quartile

b 45 is the third quartile; 75% of values are
less than the first quartile

¢ 45 is the third quartile; 25% of values are
greater than the first quartile

d 39 is the first quartile and 45 is the third
quartile; 50% of values are between that
the first and third quartiles

e 5is less than the lowest data value and 45
is the third quartile; 75% of values are
greater than 5 and less than the third
quartile.

10

a 59 is the third quartile; 25% of values are
above the third quartile

b 49.5 is the first quartile; 25% of values
are below the first quartile

¢ 50% of values are between the first and
third quartiles

d 57 is the median; 25% of values are
between the median and the third quartile

e 75% of values are lower than the third
quartile

f 70 is greater than any data value is the
first quartile; 50% of values are between
the median and any value greater than 67



Solutions to Exercise 2D

Boxplot 1 matches histogram B because the
histogram symmetric and has approximately
equal length quartiles.

Box plot 2 is negatively skewed with a
possible outlier at the upper end. Histogram
D is negatively skewed distribution, with a
high—value outlier.

Box plot 3 matches histogram C because the
central body of data is approximately
symmetric and there is both a high—value and
low—value outlier.

Box plot 4 matches Histogram A because it
is symmetric and the upper and lower
quartiles are more spread out compared to
the two middle quartiles.



Solutions to Exercise 2E

Because median value is well towards
the right hand side of the box and the
left whisker is longer than the right
whisker we can say that the
distribution is negatively skewed. The
dot on the right indicates there is one
outlier.

Reading values from the boxplot, we
can say:

‘The distribution is negatively skewed
with an outlier. The distribution is
centred at 39, the median value. The
spread of the distribution, as measured
by the /IQR, is 10 and, as measured by
the range, 45. There is an outlier at 5.

Because the median value of 16 is well
towards to the left hand side of the box
and the right hand whisker is longer
than the left hand whisker we can say
that the distribution is positively
skewed. The five dots indicate that
there are 5 outliers.

Reading values from the boxplot, we
can say:

‘The distribution is positively skewed
with outliers. The distribution is
centred at 16, the median value. The
spread of the distribution, as measured
by the IQR, is 6 and, as measured by
the range, 35. The outliers are at 5, 8,
36, and 40.”

Because the median value of 41.5 is
well towards right hand side of the
box and the left hand whisker is longer
than the right hand whisker we can say
that the distribution is negatively
skewed. There are no dots, so there are
no outliers.

Reading values from the boxplot, we
can say:

‘The distribution is negatively skewed
with no outliers. The distribution is
centred at 41.5, the median value. The
spread of the distribution, as measured
by the IQR, is 15 and, as measured by
the range, 47.

Because the median value of 41 is
approximately in the middle of the box
and whiskers are similar in length, we
can say that distribution is
approximately symmetric. The four
dots indicate that there are 4 outliers.
Reading values from the boxplot, we
can say:

‘The distribution is approximately
symmetric and has 4 outliers. The
distribution is centred at 41, the
median value. The spread of the
distribution, as measured by the IQR,
is 7 and, as measured by the range, 36.
The outliers are at 10, 15, 20 and 25.°

The distributions of pulse rates are
approximately symmetric for both men
and women. There are no outliers. The
median pulse rate for females (M = 76
beats/minute) is greater than for males
(M = 73 beats/minute). The IQR is also
greater for females (/QOR =14
beats/minute) than males (/QR = 8
beats/minute). The range of pulse rates
is also greater for females (R =30
beats/minute) than males (R =19
beats/minute).

Comparing the two graphs and noting
that the female distribution is much
broader, we can say:

‘For this group of males and females,
the females on average had higher and
more variable pulse rates.’

The median battery lifetime for Brand
A (M =34 hours) is greater than for
Brand B (M =28 hours).

The IQR is for Brand A (/QR=14
hours) is approximately the same as for
Brand B (/QOR = 14 hours). The range
of lifetimes for Brand A (R = 26 hours)
is also less for Brand B (R = 39 hours).

Comparing the two box plots and
noting that the brand B distribution is
much broader, we can say:

‘On average, Brand A batteries have
longer and less variable lifetimes.’



Solutions to Exercise 2F-1

1
a

By definition, the median divides a
distribution in half whereas the mean
only does so for a symmetric
distribution.

The median and mean are the same
only for a symmetric distribution.

The median is the middle value when
the data values are put in order, so isn’t
affected by the numerical values of
outliers. The mean takes all values into
account and thus is affected.

The median would be more
appropriate as there are likely to be a
few very high salaries that would skew
the mean value positively.

n = number of values = 4;
ZX = sum of values = 12;

x = =3

n = number of values = 5;
ZX = sum of values = 104;

x = =20.8

n =number of values = 7;
ZX = sum of values = 21;

x = =3

After ordering and summing the 11

values, mean = % =3;

: h
median = 6" value = 3;
mode = most common value = 2

After ordering and summing the 12

values, mean = 00 _ 5;
b 12 b

median = average of two middle
values (5 and 5) = 5;
mode = most common value = 5

Challenge question, no solutions.

After ordering and summing the 8
values,

i mean= 2%@ =36.1;

ii median = average of two middle
values (36.0 and 36.0) = 36.0

Because the mean and median are very
close to each other, the distribution can
be assumed to be close to symmetric.

After ordering and summing the 7
values,

i mean= MSTSS = $3.65;

ii median = middle value = $1.70

In this case, the median is a much
better marker of a typical amount
spent. This is because the mean has
been positively skewed by the large
positive outlier of $16.55.

Mean shouldn’t be used, due to the
distribution being strongly negatively
skewed.

No reason not to use the mean, the
distribution is approximately
symmetric.

Mean shouldn’t be used, due to
outliers.

Mean shouldn’t be used, due to the
distribution being very positively
skewed.

Mean shouldn’t be used, due to the
presence of outliers and the
distribution being positively skewed.
No reason not to use the mean.

Since the distribution is approximately
symmetric, either could be used, the
distribution is approximately
symmetric..

mean = 82.8 (sum the data values and
divide by 23);

median = middle value = 83

(the stem plot orders the data values so
you can easily locate the middle value
by inspection).



Solutions to Exercise 2F-2

The IQR, by definition, will always
incorporate 50% of the scores,
specifically the middle 50% of scores.

b Since range = highest score — lowest
score, the range only uses the smallest
and largest scores.

c The standard deviation is the average
amount by which the scores differ
from the mean.

2 As all of the data values have the
same, 7.1, the mean is 7.1 As data
values do not vary, the standard
deviation is 0.

3 It doesn’t make sense to calculate a
mean and standard deviation for sex
(b), post code (d) and weight
(underweight, etc.) (f), since all three
are categorical variables and cannot be
used to perform meaningful numerical

calculations.

4

a Use you calculator. For instructions,
see page 71 (TI) or 72 (CASIO).

b When the median and mean are similar
in value, the distribution can be
assumed to be close to symmetric.

5

a Use you calculator. For instructions,
see page 71 (TI) or 72 (CASIO).

6

a Use you calculator. For instructions,

see page 71 (TI) or 72 (CASIO).



Solutions to Exercise 2G

68% of values lie within 1 standard
deviation of the mean.

134 +20=154, 134 -20=114,

= 68% of values lie between 114 and
154.

b 95% of values lie within 2 standard
deviations of the mean.
134 +40 =174, 134 — 40 = 94,
= 95% of values lie between 94 and
174.

c 99.7% of values lie within 3 standard
deviations of the mean.
134+ 60 =194, 134 — 60 = 74,
= 99.7% of values lie between 74
and 194.

d 16% of values are greater than 1
standard deviation above the mean.
134 + 20 =154,
= 16% of values are above 154.

e 2.5% of values are less than 2 standard
deviations below the mean.
134 — 40 = 94,
= 2.5% of values are below 94.

f 0.15% of values are less than 3
standard deviations below the mean.
134 — 60 = 74,
= 2.5% of values are below 74.

g 50% of values are greater than the
mean.
= 50% of values are greater than 134.

a 1.68 and 2.08 are both 1 standard
deviation from the mean.
= 68% of values are between 1.68
and 2.08.

b 1.28 and 2.48 are both 3 standard
deviations from the mean.
= 99.7% of values are between 1.28
and 2.48.

c 2.08 is 1 standard deviation above the
mean.
= 16% of values are above 2.08.

2.28 is 2 standard deviations above the
mean.
= 2.5% of values are above 2.28.

1.28 is 3 standard deviations below the
mean.
= 0.15% of values are below 1.28.

1.88 is the mean.
= 50% of values are above 1.88.

i 11 is one standard deviation below
the mean.

= 84% of values are more than 11.
ii 14 is the mean.

= 50% of values are less than 14.
iii 20 is two standard deviations above
the mean.
50% of values are greater than the 14
(the mean)
2.5% of values are greater than20 (2
SDs above the mean )
= 50-2.5=47.5 % of values are
between 14 and 20.

8 is 2 standard deviations below the
mean.

= 2.5% of values are below 8.

2.5 % % = 25 walkers would be
expected to complete the circuit in less
than 8 minutes if 1000 walkers

attempted it.

10



i 155 and 185 are both 3 standard
deviations from the mean.
= 99.7% of values are between 155
and 185.

ii 180 is 2 standard deviation above
the mean.
= 2.5% of values are above 180.

iii 160 is 2 standard deviations below
the mean.
= 2.5% of values are below 160.
175 is 1 standard deviations above
the mean.
= 16% of values are above 175.
= 100-2.5-16 = 81.5% of
values are between 160 and 175

175 is 1 standard deviation above the
mean.
= 16% of values are above 175.

5000 _
16 x 100 =800

i 66 is the mean.
= 50% of values are below 66.
ii 70 is 1 standard deviation above the
mean.
= 16% of values are above 70.
66 is the mean.
= 50% of values are above 66
= 50-16 = 34 % of values are
between 160 and 175.
iii 62 is 1 standard deviation below
the mean.
= 16% of values are below 62.
74 is 2 standard deviations above
the mean.
= 2.5% of values are above 74.
= 100-16 -2.5 = 81.5% of
values are between 62 and 74

54 and 78 are both 3 standard
deviations from the mean.
= 99.7% of values are between 54
and 78.

2000
99.7 x 100

=1994

11



Solutions to Exercise 2H

_ 120 — 100 _,
20
_ 140 - 100 _,
20
__ 80 - 100 _ ,
20
_ 100 - 100 _
20
__ 40— 100 _ ,
20
, 110100 _ o
20

x=100+1x20=120
x=100+0.8x20=116
x=100+2.1x20=142
x=100+0x20=100

x=100+(—1.4)x20
=100—28 =72

x=100+(~-2.5)x20
=100-50 =50

English: z = w =225
75 — 60

5
Chemistry: z = % =0
Further Maths: z = % =

Psychology: z = @ =-225

Biology: z = =3

1.1

English: A z—score of 2.25 is at least 2
standard deviations above the mean, so
the student was within the top 2.5% of
scores for English.

Biology: A z—score of 3 is 3 standard
deviations above the mean, so the
student was within the top 0.15% of
scores for Biology.

Chemistry: A z—score of 0 is the mean,
so the student was exactly average for
Chemistry.

Further Maths: A z—score of 1.1 is at
least 1 standard deviation above the
mean, so the student was within the top
16% of scores for Further Maths.

Psychology: A z—score of —2.25 is at
least 2 standard deviations below the
mean, so the student was within the
bottom 2.5% of scores for Psychology.

56—54
z =
10
b x=544+(-0.75)x10=46.5
¢ A weight of 74 kg is 2 standard
deviations above the mean so its
standardised score is z = 2. Thus,
using the 68-95-99.7% rule, 2.5%

of these girls have weights greater
than 74kg.

=0.2

d A weight of 54 kg is the mean
weight of these girls so its
standardised score is z=0. A
weight of 64 kg is one standard
deviation above the mean so its
standardised score is z = 1. Thus,
using the 68-95-99.7% rule, 34% of
these girls have weights between
54 and 74kg.

e A standardised weight of z=—1 is
one standard deviation below the
mean. Thus, using the 68-95-99.7%
rule, 16% of these girls have
standardise weight less than —1.

f A standardised weight of z=-2is
two standard deviation below the
mean. Thus, using the 68-95-99.7%
rule, 97.5% of these girls have
standardise weight more than —1.

12



Chapter Review: Extended-response questions

1 a Enter the data into your CAS
calculator and follow the
instructions for constructing a box
plot on page 55 (T]) and page 57
(CASIO).

0 5 10 15 20 25 30 35 40
wloss
b From the box plot in a, O, = 13.5, the median is 19.5 and Q5 =27.5.

¢ The middle 50% of people who exercised had weight losses between 13.5 kg and 27.5 kg.
Twenty-five per cent of people lost less than 13.5 kg.

d The distribution is approximately symmetric with no outliers. The distribution is centred at
19.5 kg, the median value. The spread of the distribution, as measured by the IQR, is 14 kg
and, as measured by the range, 36 kg.

2 a Enter the data into your CAS
calculator and follow the
instructions for constructing a box
plot on page 55 (T]) and page 57

(CASIO)..
51 52 53 54 55 56 57 58 53 60
hweight
b Minimum = 51
0, =52
Median =53
0; =56
Maximum = 60
c The interquartile range = Q; — Q,
=56-52
=4

d The distribution is positively skewed with no outliers. The distribution is centred at 53 kg,
the median value. The spread of the distribution, as measured by the IQR, is 4 kg and, as
measured by the range, 9 kg.

15



3 a The five-number summary for the predicted and actual are estimated to be as follows:

Predicted Actual
Minimum = 20 Minimum = 15
0, =30 0, =27
Median = 38 Median = 35
0; =40 0 =40
Maximum = 58 Maximum = 50

The teacher tended to overestimate her students’ marks.
b Range of predicted marks = 48 — 20

=28
Range of actual marks =50 — 15
= 35
IQR of predicted marks = Q; — Q,
=40 - 30
=10
IQR of actual marks = Q; — Q,
=40 - 27
=13

The predicted marks have a smaller range and a smaller IQR, so the teacher’s marks are
less variable than the actual marks.

¢ The distribution of the predicted marks is negatively skewed with no outliers. The
distribution of actual marks is approximately symmetric with no outliers. The median of
the predicted marks (38) is greater than the median of the actual marks (35). The IQR of
the predicted marks (10) is less than the IQR of the actual marks (13). The range of the
predicted marks (28) is also less than the range of the actual marks (35).

d The teacher’s predicted marks are, on average, higher than the students’ actual marks and
less variable.

4 a Median household income was greater in Suburb A.
Median Suburb A = 40000
Median Suburb B = Median Suburb C = 22000

b Suburb C had the most variable income.
Suburb C has the greatest range and the greatest IQR.

¢ The outliers represent families with exceptionally high incomes for the suburb.

d Statementi is true as Q, of Suburb A is approximately 26 000 which is greater than the
median of Suburb B of approximately 22 000.
Statement ii is true as the median of Suburb A is approximately 40 000.
Statement iii is not true as the distribution is positively skewed.
Statement iv is true as the distribution is positively skewed with outliers.

5 a Median age of mothers = 40; median age of fathers = 45
. true

b Q;for fathers = 48
.. true

16



¢ Q;for mothers = 46; median age of fathers = 45
.~ false

d 50% of the mothers were clearly younger than 41, so fewer were aged between 42 and 48.
.. false

e 25% of the fathers were aged 48 (Q;) years or older, so fewer were aged 50 years or older
.. false

17



Chapter Review: Multiple—choice questions

1

The dot plot tails off to the right
(positively skewed) and there is one
possible outlier.

=E
The dot plot automatically orders the
data so the median is the middle value
in the plot and can be determined by
inspection. There are 20 data points, so
the median lies between the 10" and
11" value so the medianis M =1 .
Check by counting the number of data
points either side of the median. They
should be equal.

=B
The first quartile is the median of the
first half of the data points. There are
10 data points in the first half of the
data points, so, so the median lies
between the 5™ and 6™ value so the
median is Oy =0 . Check by counting
the number of data points either side of
0, They should be equal.

=A
The third quartile is the median of the
second half of the data points. There
are 10 data points in the second half of
the data points, so, so the median lies
between the 15" and 16" value so the
median is O, =2 . Check by counting
the number of data points either side of

0, They should be equal.
=C
range = highest value — lowest value
=6-0=6
=E

Minimum value = 22,
0 = 3" value = 23,
median = average of two middle
values = 24.5,
0; = 8" value = 27,
maximum value = 29

=B
The main body of the data in the stem
plot is roughly evenly spread around
its centre, so the distribution is
approximately symmetric. While there
appears to be an outlier at 60, it is
inside the lower fence which is at
63.25 (=38.5 + 1.5 x16.5).s

=A

8

10

11

12

13

14

15

The stem plot automatically orders the
data so the median is the middle value
in the plot and can be determined by
inspection. There are 25 data points, so
the median 13" value so the median is
M =28 . Check by counting the
number of data points either side of the
median. They should be equal.

=C
IOR = 05— 0,
Locate the first and third quartiles by
inspection to find.
IQOR=38.5-22=16.5

=B
Reading from the midline in box plot
A, the median is M = 53.

=B
The length of the box in box plot B is 9
(= 75— 66), so the IOR =09.

=A
range = highest value — lowest value
In box plot C, the highest value is 80
(the end of the right hand whisker) and
the lowest value is the outlier at 49, so
range = 80 —49 =31

=D
In box plot A, the mid line is towards
the left-hand side of the box and the
left hand whisker is much shorter than
the right hand whisker, so the
distribution is positively skewed.

=D
In box plot B, the mid line is centred in
the box and the left hand whisker and
the right hand whiskers are
approximately equal in length, so the
distribution is approximately
symmetric.

=A
In box plot D, the mid line is just off
centre the box and the left hand
whisker and the right hand whiskers
are approximately equal in length, so
the main body of the data is
approximately symmetric. There are
also 4 outliers as indicated by the
shaded circles. distribution is
approximately symmetric with outliers.

=B

13



16

17

18

19

20

21

22

23

24

In box plot D, the third quartile is 53,
so 25% of the data values are great
than 35.

=B
IOR=0;- O

=65-60=35;

60— 1.5 x 5=52.5 =lower fence,
65+ 1.5 x 5="72.5 = upper fence

=A
Enter the data into your CAS
calculator and calculate the mean and
the standard deviation.

=D
Since phone numbers are categorical
variables and not numerical,
calculating the mean and standard
deviation a set of phone numbers will
not give anything meaningful. = B
The mean is generally only an
appropriate measure of centre when
the distribution is symmetric and there
are no outliers. The median is a much
more robust measure of centre and
would be preferred when the data is
clearly skewed and/or there are
outliers.

=D
_ 50 — 55
2.5
_ S
25 2
=B

Because the trips are normally
distributed, 50% of values lie above
and below the mean. The mean is 78
mins.

=> C
The standard deviation is 4 mins,
therefore 74 to 82 mins is 1 standard
deviation above and below the mean.
From the 68 — 95 — 99.7% rule, 68% of
values lie within 1 standard deviation
of the mean.

=D
82 mins is 1 standard deviation above
the mean. From the 68 — 95 —99.7%
rule it is seen that 84% of values are
less than 82 mins.

25

26

27

28

29

70 mins is 2 standard deviations below
the means.
From the 68 — 95 — 97.5% rule it is
seen that 97.5% of trips take more than
70 mins.
82 mins is 1 standard deviation above
the mean.
From the 68 — 95 — 97.5% rule it is
seen that 16% of trips take more than
82 mins.
As aresult, 97.5-16 =81.5% of
trips take between 70 and 82 minutes.
As there are 200 trips in total, the
number taking between 70 and 82
minutes is 81.5% of 200 = 163
== E
71-78

4

=-1.75

z

actual time
= mean + zXxstandardised time

=78+(-0.25)x4 =77
== A

A standardised time of 2.1 is more
than 2 standard deviations above the
mean so it is very much above average.
== E
As every garden stake is reduced by
the same amount, the mean ¢ value
will decrease by this same amount, 5
cm, so x=180.5-5=175.5 cm.
Reducing the length of each stake by
the same amount does not change the
variability in length so the standard
deviation stays the same, s = 2.9 cm
= C

14



Chapter 3 — Investigating
associations between two variables

Solutions to Exercise 3A

a If we plan to predict (or explain) a
fish’s toxicity from its colour, the
variable colour is explanatory variable
(EV) and toxicity is the response
variable (RV).

b It makes more sense to explain a
person’s weight loss in terms of a
change in the type of diet they follow
rather than the other way around. Thus
type of diet is the explanatory variable
and weight loss is the response
variable.

c It makes more sense to explain the
change in a second hand car’s price in
terms of its age rather than the other
way around. Thus age is the
explanatory variable and price is the
response variable.

d By suggesting that the cost of heating a
house depends on the type of fuel used
designates type of fuel as the
explanatory variable. Cost is then the
response variable.

e It makes more sense to explain the
change in a house’s price in terms of
its location rather than the other way
around. Thus location is the
explanatory variable and price is the
response variable.

a It makes more sense to explain a
change in a person’s exercise level in
terms of their age rather than the other
way around. Thus age is the
explanatory variable.

It makes more sense to explain a
change in a person’s salary level in
terms of their years of education rather
than the other way around. Thus years
of education is the explanatory
variable.

It makes more sense to explain the
change in a person’s comfort level in
terms of a change in temperature
rather than the other way around.
Thus temperature is the explanatory
variable.

It makes more sense to explain the
change in the incidence of hay fever in
terms of a change in the time of year
rather than the other way around.
Thus time of year is the explanatory
variable.

It makes more sense to explain the
difference in people’s musical taste in
terms of their age group rather than the
other way around.

Thus age group is the explanatory
variable.

It makes more sense to explain the
differences in the AFL team supported
by people in terms of the differences in
their state of residence rather than the
other way around.

Thus state of residence is the
explanatory variable.



Solutions to Exercise 3B

1
a

N

It is more likely that enrolment status
determines drinking behaviour rather
than the other way around, making
enrolment status the explanatory
variable.

No: since the ‘yes’ and ‘no’
percentages were very similar for both
full-time and part-time students, we
can make the following statement:
‘The percentage of full-time and part-
time students who drank alcohol is
similar, 80.5% to 81.8%. This
indicates that drinking behaviour is not
associated with enrolment status.’

As handedness and sex are both natural
attributes that cannot be manipulated
in any way, the choice of the response
variable is arbitrary. However, the way
the table has been set up with
handedness (left, right) defining the
rows of the table, handedness is
assumed to be the response variable
(see page 94).
Sum the columns to find the total
number males (22 + 222 = 242) and
females (16 + 147 = 163) and use these
values to convert the table to
percentages by making the following
computations:

22

244

male left:

x100 =9.0%

L. 222
male right: x100 = 91.0%

244

16
female left:
163

147

163
No: since the percentage of left handed
males (9.0%) and females (9.8%) is
similar, there is no evidence of an
association between handedness and
Sex.

x100 =9.8%

female right: x100 =90.2%

It is possible that the sex of a person
determines the how often they
exercised but not the other way
around, so sex is the explanatory
variable.

I

Exercised is an ordinal variable
because its categories ‘rarely’,
‘sometimes’ and ‘regularly’ can be
used to order the individuals involved
in terms of how often they exercised.
The percentage of females who
exercised sometimes is given by the
percentage in the ‘female’ column and
the ‘sometimes’ row (54.9%).

Yes: for example, since a significantly
greater percentage of males (18.6%)
exercised regularly compared to
females (5.9%), we can conclude that
the variable exercised and sex are
associated.

The percentage of widowed people
who found life dull is given by the
percentage in the ‘widowed’ column
and the ‘dull’ row (11.9%).

The percentage of people who were
never married and found life exciting
is given by the percentage in the
‘never’ column and the ‘exciting’ row
(52.3%)

The way the table is set up with marital
status defining the columns, marital
status can be assumed to be the
explanatory variable.

Attitude to life is as an ordinal variable
because its categories ‘exciting’,
‘pretty routine” and ‘dull’ can be used
to order the individuals involved in
terms of their satisfaction with life.
Yes: the are many ways this question
can be answered. Several possibilities
are given in the answers. In essence, it
is sufficient to find two percentages in
the same row (defined by the RV) but
different columns (defined by the EV)
that differ significantly to infer an
association. For example, focusing on
the ‘dull’ row, the fact that the
percentage of ‘married’ people’ who
found life ‘dull’ (3.7%) is very much
less than the percentage of ‘widowed’
people who find life dull (11.9%) is
sufficient to infer an association
between attitude to life and marital
status.



Solutions to Exercise 3C

Battery lifetime is measured in hours,
so it is a numerical variable.

Battery price is classified as ‘high’,
‘medium, and ‘low’ so itis a
categorical variable.

Yes: for example, focusing on the
median lifetimes of the batteries we
see that as the price increases from
‘low’, ‘medium’ and ‘high’ the
median life time also increases.
Alternatively, the price increases from
‘low’, ‘medium’ and ‘high’, the
variability in lifetimes (as given by the
IQR) increases.

Yes: for example, the median number
of days spent away from home is quite
different for Japanese tourists (M = 17
nights, obtained by locating the
‘middle’ dot in the plot) and Australian
tourists (M = 7) indicating that the
number of days sent away from home
is associated with country of origin.

Yes: the median age of female patients
(M = 34 years — obtained by locating
the middle value in the stem plot) is
quite different from the median age of
male patients (M = 25.5 years)
indicating that the age of patients
admitted to this hospital is associated
with the patients’ sex.



Solutions to Exercise 3D

2-5

Plotting the variable number of seats
on the horizontal axis of the scatterplot
implies that in this investigation,
number of seats is the explanatory
variable.

Airspeed values are recorded in km/h
so the variable is numerical.

8. Count the number of data points
(dots).

Around 800 km/h. Locate the data
point that represents the aircraft that
can seat 300 passengers and read off
its airspeed.

Enter data into your calculator and
follow the instructions on page 104 to
generate the required plots.



Solutions to Exercise 3E

If necessary, see the ‘Warning!” box b
on page 112 of the textbook for a list
of the assumptions.

As a general rule no association would
be expected.

A positive association would be

expected, as the higher the level of

education, the higher the level of skills i
usually required in high paying

occupations.

A positive association would be
expected; tax paid should increase with
salary.

A positive association would be
expected, the more frustrated people
become with a difficult situation, the
more they are likely they are to exhibit
aggressive behaviour.

A negative association would be
expected. In a typical Australian city,
population density tends because
individual dwellings tend to occupy a
greater area of land.

A negative association would be
expected, the more time spent using
social media reduces the time available
for studying.

i The dots drift upwards to the right,
S0 it is a positive association.

ii The dots drift downwards to the

right, so it is a negative association.

iii The dots drift upwards to the right,

S0 it is a positive association.

iv There is no clear pattern in the
cloud of dots that make up the
scatterplot indicating there is no
association.

To help you answer these questions,
refer to the scatterplots on pages
110-111 and the table on page 111.
The correlation coefficient is
approximately +0.7, which indicates
a moderate positive association.
The correlation coefficient is
approximately —0.4, which indicates
a weak negative association.

The correlation coefficient is
approximately +0.9, which indicates
a strong positive association.

There is no association, so the
correlation coefficient will be close
to O (in correlation terms between
-0.24 and +0.24).



Solutions to Exercise 3F

a Scatterplot A shows a strong, positive,
non-linear association with no outliers.
Scatterplot B shows a strong, negative,
linear association with one outlier.
Scatterplot C shows a weak (to
moderate), negative, linear association
with no outliers.

b It wouldn’t be appropriate to use the
correlation coefficient for scatterplot A
(as the association is non-linear) or for
scatterplot B (as the association has an
outlier).

2 (Optional) Using the information given
in the table, we can draw the following

table:
(x—x) %
x | x—x |y|y-vy y-y)
2 2|1 —4 8
3 -11|6 1 -1
6 215 0 0
3 -11|4 -1 1
6 219 4 8
Sum 0 0 16
Y v
(n-1)s .

16

 4x1.871 x 2.915
- 0.73

3a,b&c
Enter data into your calculator and
follow the instructions on page 114 (TI)
or page 115 (CASIO) to calculate the
correlation coefficient.



Solutions to Exercise 3G

Coefficient of determination:
r’= (0.675)% = 0.456 = 45.6%

Coefficient of determination:
r* = (0.345)*=0.119 = 11.9%

Coefficient of determination:
r’ = (-0.567)* = 0.321 = 32.1%

Coefficient of determination:
r’ = (-0.673)° = 0.453 = 45.3%

Coefficient of determination:
r’ = (0.124)?= 0.015 = 1.5%

r?=0.8215,
r=+/0.8215 =0.906 (from the

scatterplot, the association is positive)

r?=0.1243,
r=4/0.1243 =-0.353 (from the

scatterplot, the association is negative)

To help you answer questions 3ato e,
remember that:
the coefficient of determination (as a
percentage) tells us the variation in the
response variable (RV) explained by the
variation in the explanatory variable
(EV).
The coefficient of determination =
r’= (-0.611)* = 0.373 or 37.3%,
which can be interpreted as ‘37.3% of
the variation observed in hearing test
scores (RV) can be explained by the
variation in age (EV)’.

The coefficient of determination =

r’ = (0.716)* = 0.513 or 51.3%,

which can be interpreted as ‘51.3% of
the variation observed in mortality
rates can be explained by the variation
in smoking rates’.

The coefficient of determination =

r* = (-0.807)° = 0.651 or 65.1%,
which can be interpreted as ‘65.1% of
the variation observed in life
expectancy can can be explained by
the variation in birth rates’.

The coefficient of determination = r?
= (0.818)? = 0.669 or 66.9%,

which can be interpreted as ‘66.9% of

the variation observed in daily

maximum temperature can be

explained by the variation in daily

minimum temperatures’.

The coefficient of determination =

r’ = (0.8782)? = 0.771 or 77.1%,
which can be interpreted as ‘77.1% of
the variation in the runs scored by a
batsman can be explained by the
variation in the number of balls they
face.’



Solutions to Exercise 3H

1 to 4 The solutions are integrated into the
answers for these questions



Solutions to Exercise 31

To help you answer these questions, consult
the table on page 125.

1
a

Two categorical variables =
segmented bar chart

Two numerical variables = scatterplot

Numerical response variable (hours
spent at the beach) and categorical
explanatory variable (state of
residence) with two or more sub
categories = parallel box plots

Two numerical variables = scatterplot
Two numerical variables = scatterplot

Two categorical variables =
segmented bar chart

Two categorical variables =
segmented bar chart

Numerical response variable
(cigarettes smoked per day) and
categorical explanatory variable (sex)
= parallel box plots or a back-to-back
stem plot because the variable sex only
has two categories

The response variable is numerical and
the explanatory variable is categorical
but with only two categories so the
correct response is E (back-to-back
stem plot)



Chapter Review: Extended-response questions

number of accidents and age are both categorical variables.

From their location in the table, we see that age is assumed to be the explanatory
variable and number of accidents the response variable.

Reading from the ‘more than one accident’ row and the ‘age <30’ column we see
that 470 drivers under the age of 30 had more than one accident.

Number of accidents Age <30 Age > 30
At most one accident 130 = 100 170 100, _
600% 1 = 400 %1 %=
21.7% 42 5%
More than one 470 100 230 100, _
accident 600 X 1 N~ 200X 1 N =
78.3% 57.5%
Total 100% 100%

The statement ‘Younger drivers (age <30) are more likely than older drivers (age
>30) to have had more than one accident’ is correct. Of drivers aged less than 30,
78.3% had more than one accident compared to only 57.5% of the older drivers.

Age at marriage (in years) is numerical and sex is categorical.
The parallel box plots do support the contention that the age a person marries
depends on their sex. The median age at marriage of men and women differs,

indicating that age at marriage is associated with to sex.

@  Enter the data into your calculator

18.24 Y and follow the instructions given
g 17.4] o on pages 104 and 105. The
o vertical axis has been used for
16.64 ® ° rate, as rate is the response
15 %1 variable.
. 1234 E..»péé.riil-..3.f-__:l 1011121

Because the scatterplot points tend to drift up the plot from left to right closely
following a linear pattern, we can conclude that there is a strong positive linear
association between pay rate and experience, that is, people with more experience
are generally being paid a higher starting pay rate. There are no apparent outliers.

11



Follow the instruction on pages LinFegBx experience rate. 1. CopyVar stat &

114 (Tl) and 115 (CASIO) to find Tifle™  "Linear Ragression (a+bx)"
that r ~ 0.967 g | eEman B

Note, there is no need to re-enter i o 285041

the data as it will be still be stored npan 0.03448

in your calculator from when you “ph 0.966669
constructed the scatterplot. L "Resid" "{...)"

Coefficient of determination is r> = 0.934. This can be read directly from your
calculator screen when you calculate r . From this value, it can be concluded that,
93.45% of variation in pay rate is explained by the variation in experience.

Note: The coefficient of determination (as a percentage) tells us the variation in the
response variable (RV) explained by the variation in the explanatory variable (EV).

12



Chapter Review: Multiple—choice questions

1

10

Plays sport and sex are both
categorical variables. = A 11

‘Females—No’ =175 - 79
=96 = D 12

Percentage ‘Males—No’
= 2L x100% = 33.3% = B
102

When the table is percentaged, the

percentage of males who play sport is

much higher than the percentage of 13
females who play sport indicating an

association between playing sport and

sex. = D

Battery life is a numerical variable but
brand is a categorical variable. = C

The first statement supports the

contention because the difference in

median battery life shows one brand to

be superior.

The second and third statements

support the contention because they 14
both show one brand to be more

reliable than the other.

Therefore, all three statements support

the contention. = E

Weight at age 21 and weight at birth 15
are both measured in kg so they are
numerical variables. = D

The dots drift upwards towards the 16
right of the graph and appear to be

aggregated fairly closely around an

imagined straight line fitted to the data.

From this we conclude that there is a

strong positive linear association. = E

If r =-0.9, this means the relationship

is a strongly negative linear one. This

means that as drug dosage increases,

response time tends to decrease. = C 17

Enter the data into your calculator and
follow the instructions on page 114
(TI) or Page 115 (CASIO) to get:

r = 0.7863 (to 4 decimal places)

= C

Coefficient of determination = r?
= (-0.7685)* = 0.5906 = D

Coefficient of determination = r?

= (0.765) = 0.585 = 58.5%.
Since heart weight is the response
variable, this result tells us that, for
these mice, ‘58.5% of the variation in
heart weight can be explained by the
variation in body weights’. = A

This association tells us that heavier
mice tend to have heavier hearts (D)
and lighter mice tend to have lighter
hearts, but no more. Statement such as
‘increasing the body weights of mice
will increase their heart’ (E) might also
seem to be a reasonable option.
However it is causal in nature and not
a justifiable conclusion to draw when
all we know is that heart weight and
body weight are strongly correlated.
= E

Since the response variable (weight) is
numerical and the explanatory variable
(level of nutrition) is categorical with
more than two categories, we would
use parallel box plots. = B

Since the two variables are both
categorical, we would use a segmented
bar chart. = C

This association tells us that people on
higher salaries tend to recycle more
garbage but we cannot assume that it is
the higher salary alone that encourages
a higher level of recycling of garbage.
It may be that those on higher salaries
have more education and thus are more
aware of the environmental impact of
recycling. = E

As there is no logical reason to expect
an association between marriage rate
and falling out of a fishing boat and
drowning, we conclude that the
association is just coincidence. = C

10



Chapter 4 — Regression: fitting lines
to data

Solutions to Exercise 4A

1 A residual is the vertical difference
between a value on a plot and the
regression line drawn to fit the plot.

2 To find the least squares regression
line, we must minimise the sum of the
squares of the residual values. = C

3 See page 134.



Solutions to Exercise 4B

As stated in the question, traffic
volume is to be used to predict
pollution level so traffic volume is the
predictor or explanatory variable (EV)
and pollution level is the response
variable (RV).

b=rx 3
SY
=0.94x =49.2 ...
a= ; -bx

=230.7-49.2 x11.38 =-329.2 ...
Therefore,
pollution level = a + b x traffic volume
=330 + 49 x traffic volume (2 sig.

figs.)

As stated in the question, birth rate is
to be used to predict life expectancy, so
birth rate is the predictor or
explanatory variable (EV) and life
expectancy is the response variable
(RV).

S

b=rx

Sy

= 0810x 299 - 14957
5.41

a=y —bx

=55.1 +1.4957 x 34.8 =107.15...
Therefore,
life expectancy =a + b x x

=110 - 1.5 x birth rate (2 sig. figs.)

As stated in the question, age is to be
used to predict distance travelled, so
age is the predictor or explanatory
variable (EV) and distance travelled is
the response variable (RV).

b=rx 3%

Sy

=0.947 x 4281 =1109 ...
3.64

a= ; “bx
=78.04-11.09%x5.63=156 ...
Therefore,

distance travelled =a + b x x
=16 +11xage (2sig. figs.)

If the slope is negative, the correlation
coefficient must also be negative. This
S7
follows from the rule: b =r x S—}
If the correlation coefficient is zero,
this means the least squares regression
line will be horizontal and thus will
have a slope of zero. This also follows

S)
fromtherule:b=rx S_’

X

The correlation coefficient being zero
means the line will be horizontal and
thus will have a constant y-value for its
entire length. This y-value will thus be
the average of all the y-values and will

be the mean y-value, which is y . This

follows from the rule: a = ; “bx
when b =0.

Enter the data into your calculator and
follow the instructions on page 136
(TT) or page 137 (CASIO).

a answer given in the question
b runs =-2.6 +0.73 x balls faced

a RV is number of TVs
b answers given in question

¢ number of TVs =61.2 +0.930 x
number of cars



Solutions to Exercise 4C

1 read values from the graph
intercept ~ 80

46 - 80

slope = = 4.25 or 4.3 rounded

8-0
to1d.p.

a Because of the way in which the
regression equation is written:
hand span = 2.9 + 0.33 x height
the EV can be assumed to be height.

b Reading values from the equation of
the least squares line:
slope = 0.33
intercept= 2.9

c Substitute height = 160 into the
equation of the regression line and
evaluate:
hand span = 2.9 + 0.33 x 160

=55.7cm

d error of prediction = residual
residual = actual — predicted
=58.5-55.7=28cm

w

a Because of the way in which the
regression equation is written:
fuel consumption =-0.1 + 0.01 x
weight
the RV can be assumed to be fuel
consumption.
b Reading values from the equation of
the least squares line:
slope = 0.01
intercept =-0.1
c Substitute weight = 980 into the
equation of the regression line and
evaluate:
fuel consumption =-0.1 + 0.01 x 980
=09.7 litres/100 km
d error of prediction = residual
residual = actual — predicted
=8.9-9.7 =-0.8 litres/100 km

QD

The equation of the least squares line
is:

energy content = 27.8 +14.7 x fat content
Reading values from this equation:
slope = 14.7

intercept= 27.8

14.7: ‘the energy content for every
increase of 1 g of fat’ is given by the
slope of the least squares line

r= \/r_zz \0.7569 =0.87

In general terms, the coefficient of
determination (r? ) gives the proportion
(or percentage) of the variation in a
response variable that can be

explained by the explanatory variable.
Thus, since 0.7569 x 100% = 75.7%,
we can say that 75.7% of the variation
in energy content can be explained by
the variation in fat content.

i Substitute fat content = 132 into the
equation of the regression line and
evaluate:
energy content =27.8 + 14.7 x 8
= 145.4 calories

ii error of prediction = residual
residual = actual — predicted
=132 - 145.4 = -13.4 calories



The equation of the least squares line
is:

success rate = 98.5 —0.278 x distance
Reading values from this equation:
slope = -0.278

The slope gives the average change in
the RV for each one unit change in the
EV or, in the context of this question,
‘On average, the probability of success
decreases by 27.8% for each extra
metre the golfer is from the hole.’
Note: 27.8% per metre is equivalent to
0.278% per cm

Substitute distance = 90 into the

equation of the regression line and

evaluate:

success rate = 98.5 - 0.278 x 90
=098.5-25.02 = 73.5%

0=98.5-0.278 x distance

or

98.5 =0.278 x distance

distance = 354.3cm =3.54 m

r = +0.497 = +0.705 to 3 d.p.
However, the association is negative
because the slope of the regression line
is negative, so r = -0.705.

The coefficient of determination:

r’ = 0.497.
Thus, since 0.497 x 100% = 49.7%, we
can say that 49.7% of the variation in
success rate is explained by the
variation in distance of the golfer from
the hole.

A and C: Solutions/explanations are
part of the the answers.

Appropriate: the scatterplot shows that
there is a clear linear association.

Coefficient of determination =
r’=(0.967)* = 0.9351 ...

In general terms, the coefficient of
determination (r?) gives the proportion
(or percentage) of the variation in a
response variable that can be

explained by the explanatory variable.
Since 0.9351... x 100% ~ 93.5%, we
can say that 93.5% of the variation in a
person’s pay rate is explained by the

oo

variation in their years of work
experience.

Replacing x and y by experience and
pay rate respectively in the equation
y =8.56 + 0.289 x x
gives
pay rate = 8.56 + 0.289 x experience

The y-intercept is by definition the pay
rate when experience = 0, and thus is
the pay for an employee who has just
begun work.

the slope gives the average change in
the RV for each one unit change in the
EV or, in the context of this question:
On average, the pay rate increases
$0.29 per hour for each additional year
of experience.

i pay rate = 8.56 + 0.289 x experience
=8.56 +0.289 x 8 = 8.56 + 2.312
=$10.87

ii residual = actual — predicted
=11.20-10.87 =$0.33

The absence of a clear pattern in the
residual plot supports the assumption
of linearity, and this is what is
observed in the residual plot.

r = +V0.370 = +0.608 to 3 d.p.
However, the association is negative
because the slope of the regression line
is negative, so r = -0.608.

In general terms, the coefficient of
determination (r?) gives the proportion
(or percentage) of the variation in a
response variable that can be

explained by the explanatory variable.
Since 0.370 x 100% = 37.0%, we can
say that 37.0% of the variation in the
hearing test scores can be explained
by the variation in age.

Replacing x and y by age and hearing
test score into the equation:
y=4.9-0.043 x x
gives:
score = 4.9 —-0.043 x age



The slope of the line is — 0.043.
Interpretation: The slope gives the
average change in the RV for each on-
unit change in the EV or, in the context
of this question:

On average, hearing test scores
decrease by 0.043 for each for each
year increase in age.

i hearing test score =4.9 — 0.043 x Age
=4.9-0.043 x 20
=4.04

ii residual = actual — predicted
=20-4.04=-2.04

i The plot point at 35 years is a
vertical distance of 0.3 above the
regression line, so the residual is 0.3.
ii The plot point at 55 years is a
vertical distance of 0.4 below the
regression line, so the residual is —0.4.

The absence of a clear pattern in the

residual plot supports the assumption

of linearity which is observed in the

residual plot. 10
A: negative — From the scatterplot, we

can see that the association is negative

since the points in the scatterplot drift
downwards towards the right of the
plot.

B: drug dose — This is the explanatory
variable.

C:-0.9492 As read from the
regression results screen.

D: 55.9 As read from the regression
results screen.

E: -9.3 As read from the regression
results screen.

F: decreases The slope of the
regression line is negative.

H: 9.3 The slope of the regression line
is—9.306

1:55.9 The y-intercept is 55.89

J: 90.1- Since r* = 0.901

K: response time and drug dose Drug
dosage determines response time since
drug dosage is the explanatory
variable.

L: clear pattern — The residual graph
can be seen to show a parabolic—like
pattern.

Use the report in question 9 as a
model.



Solutions to Exercise 4D

1 & 2Enter the data into your calculator and

w

follow the instruction on page 153 (TI)
and 154 (CASIO).

The aim is to predict an adult’s weight
(adult weight) from their birth rate,
which means that

RV: adult weight

EV: birth rate.

To provide the answers necessary to answer
guestions parts b to i, enter the data into your
calculator and follow the instruction on page
153 (T1) and 154 (CASIO).

iy
g e 0
I,f.-e._ e o?
3] oo
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i The points in the scatterplot tend to
drift upwards to the right of the plot
following a roughly a linear pattern
with a relatively small amount of
scatter.

This is evidence of a strong positive,
linear association. There are no
apparent outliers.

ii Comparing the scatter with the
standard plots on page 11 suggest an r
of around 0.9

Noting that the explanatory variable is
birth weight and using the regression
results generated by your calculator,
the following the regression equation
can be written down:

adult weight = 38.4 + 5.86 x birth
weight (3 sig. figs.)

Using the regression results generated
by you calculator you will find that the
coefficient of determination:
r’=0.7653

Sor= /7653 =0.875

Since 0.7653... x 100% ~ 76.5%, we
can say, using the standard
interpretation, that 76.5% of the
variation in adult weight is can be
explained by the variation in birth
weight.

The slope of the regression line is 5.86

.. #5.9. Using the standard
interpretation, this tells us that, on
average, adult weight increases by 5.9
kg for each additional kg of birth
weight.

i adult weight = 38.4 + 5.86 x birth weight
=38.4+5.86x3.0
=56.0 kg (to1d.p).

ii adult weight = 38.4 + 5.86 x birth weight
=384+59%x25=384+14.38
=53.1kg (to1d.p).

iii adult weight = 38.4 + 5.86 x birth weight
=38.4+5.86 %39
=61. 3 kg (told.p.)

This contention is supported by the
data, since the data suggests that
76.5% of the variation in a person’s
adult weight explained by the
variation in their birth weight. Only
23.5% is explained by other factors

The absence of a clear pattern in a
residual plot supports the assumption
of linearity. This is observed in the
residual plot below.
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Chapter Review: Extended-response questions
1 The answers to these questions all
relate to the interpretation and use of
the regression equation:
hours of sunshine

= 2850 — 6.88 x days of rain

a The EV is days of rain.

b

The slope is —6.88 and the
intercept is 2850.

Substitute days of rain =120 in to
the equation and evaluate.

hours of sunshine

= 2850 — 6.88 x 120 ~ 2024

The slope of the regression line is
—6.88 so we can say that the hours
of sunshine per year will decrease
by 6.88 hours for each additional
day of rain.

r’ = 0.484

r=++/0.4838

=+0.696 (to 3sig. figs.)
Because the slope of the line is
negative r is negative, so
r ~-0.696
r’ = 0.484 or 48.4%
From this it follows that:
48.4% of the variation in sunshine
hours can be explained by the
variation in days of rain.

i For 142 days of rain:
hours of sunshine =
2850 — 6.88 x 142 ~ 1873

ii The residual value for this city
= data value — predicted value
=1390 - 1873 =480
The residual value for this city
is —483 hours.

Making predictions within the
range of data used to determine the
regression equation is called
interpolation.

In this situation, the RV is cost.

b Enter the data into your calculator and

follow instructions on page 136 (TI)
or page 137 (CASIO) and use the
values of the statistics generated to
arrive at the equation:

cost = 81.5 +2.10 x number of meals

i cost=81.50+2.10 x 48
= $182.30
As we are making a prediction
within the range of data, we
are interpolating.

ii cost=81.50+2.10x 21
= $125.60
As we are making a prediction
outside the range of data, we
are extrapolating.

i $81.50: The intercept of the
regression line gives the
predicted cost when the
number of meals = 0, this
represents the fixed costs of
preparing meals.

il $2.10: The slope of the
regression line predicts the
average cost of preparing each
meal after the fixed costs have
been accounted for.

The coefficient of determination

= r*=0.978%~ 0.956 or 95.6%
This indicates that 95.6% of the
variation in the cost of preparing
meals is explained by the variation
in the number of meals produced.



3 The answers to these questions all
relate to the interpretation and use of
the regression equation:

female income

c

SN

=13 000 + 0.35 x male income

From the equation it can be seen
that the EV is male income.
From the equation it can be seen,
that for each dollar increase in male
salaries, females salaries increased
by $0.35.
Thus for each $100 increases in
male salaries, female salaries
increased by 1000 x $0.35 =$350
i female income
=13 000 + 0.35 x 15 000
=$18 250
il Unreliable because we are
making a prediction well
outside the data.

From the information given in the
question, height is to be predicted
from femur length. Thus femur
length is the EV and height is the
RV.

Use the following rules to
determine the slope and intercept
of the least squares line.

s, _
b=r— a=y-Dbx

b=r—
SX
(10.086 )
=0.9939 =5.352...
1.873
a=y-hbx

=166.092 -5.352x24.246 =36.32...

Thus, correct to 3 sig. figs., the
equation of the least squares line
is:

height = 36.3 +5.35 x femur length

Given the slope = 5.35, it can be
deduced that, on average, height
increases by 5.35 cm for each cm
increases in femur length.

Given r =0.9939,

r’ = 0.9939% ~ 0.988 or 98.8%
From this it can be deduced that
98.8% of the variation in height can
be explained by the variation in
femur length.

From the information given in the
question, height is to be predicted
from age. Thus age is the EV and
height is the RV.

Enter the data into your calculator
and follow instructions on page
136 (TI) or page 137 (CASIO) and
use the values of the statistics
generated to arrive at the equation:
height = 76.64 + 6.366 x age

height = 76.64 + 6.366x1 ~ 83 cm
As we are making a prediction
outside the range of the data it is
an extrapolation.
Given the slope ~ 6.4, it can be
deduced that, on average, height
increases by 6.4 cm for each extra
year in age.
Given r =0.9973,
r’=0.9973° ~ 0.995 or 99.5%
From this it can be deduced that
99.5% of the variation in height can
be explained by the variation in age.
i When the age is 10,
height = 76.64 + 6.366 x 10
=140.3cm (tol d.p.)
The height of a 10-year-old
child is predicted to be 140.3
cm.

ii residual = actual — predicted
=139.6 - 140.3=-0.7cm

i use your calculator to generate
the residual plot shown

il There is a clear pattern in the
residual plot which does not
support the assumption of
linearity.



Chapter Review: Multiple—choice questions

1

To use a straight line to model an
association work, it is assumed that the
variables being modelled are linearly
related. = C

The constant value = —1.2 = y-intercept;
the gradient value = 0.52 = the slope.
=D

r=+v0.25= 0.5

However, since the slope of the
regression line is negative, r must be
negative. Thus, r=-0.5. = A

y=8-9x=8-9x%x5
=8-45=-37=>B

Enter the data into your calculator and
follow instructions on page 136 (TI) or
page 137 (CASIO).

= B

Enter the data into your calculator and
follow instructions on page 136 (TI) or
page 137 (CASIO).

=D

Substituting the given values into the
equation, we get:
p = 0733x3.301

1.871
=133=C

residual = actual — predicted

-5.4 = actual value — 78.6
actual value = 78.6 — 5.4
=732= A

The y-intercept, the constant term in
the equation, is approximately 9. The

0-9
slope = —— = -0.9 so that the
10

equation isy =9 -0.9 x which is
closest to option A:y = 8.7— 0.9x.
= A

10

11

12

13

14

15

The intercept cannot be determined
directly from the graph because the y-
axis in this graph is located at x = 20
not x = 0, so proceed as follows.
The line passes through the points
(20,2) and (25,6).s0 that the slope
-2 =-2=08
25 -20 5
Our equation is now y = a + 0.8x.
Substituting in the point (20,2), we get:
2=a+0.8x20
0=a+16
a=-16
Of the available responses, this is
closesttoy =-14 + 0.8x. = A

All of the statements except for D are
true. Reading from the equation of the
least squares line, the intercept is —96,
not 96, so option D is false. = D

The slope the regression line is 0.95 .
This tells us that, on average, weight
increases by 0.95 kg for reach 1 cm
increase in height.

> E

If r = 0.79, then r* = 0.6241.

Since 0.6241 x 100% = 62%, we can

say that 62% of the variation in weight

is explained by the variation in height.
= A

weight = -96 + 0.95 x height
=-96+0.95x 179
=-96+170.05=74

residual = actual- predicted

=82-74=8kg.
= C
r=+\0.5=20.7
The slope of the graph is negative,
sor=-0.7 = A



Chapter 5 — Data transformation

Solutions to Exercise 5A

1

a Matching the shape of the scatterplot
with the shapes shown on the circle of
transformations, we see that the
following transformations have the
potential to linearise the plot:

log(x), % log(y) and %

b The circle of transformations only
applies to plots with a consistently
increasing or decreasing trend.

Since the plot has a decreasing trend
followed by an increasing a trend, the
circle of transformations does not

apply.

c Matching the shape of the scatterplot
with the shapes shown on the circle of
transformations, we see that the
following transformations have the
potential to linearise the plot:

log(y), L and @2
y

d Matching the shape of the scatterplot
with the shapes shown on the circle of
transformations, we see that the
following transformations have the
potential to linearise the plot:

y? and x°.



Solutions to Exercise 5B

w

1

ay=7+8x
When x = 1.25,
y=7+8x1.25% =19.5

b y=7+3x
When x = 1.25,
y=7+3x1.25% =11.7to 1 d.p.

C y=24.56-0.457%
When x = 1.23,
y = 24.56 — 0.457 x 1.23°
=23.8told.p.

d y=-4.75+ 5.95x*
When =4.7,
y =—4.75 + 5.95 x 4.7
=126.7to 1d.p.

Follow the calculator instructions on
pages 196 (TI) and 170 (CASIO), enter
the raw data into your calculator, apply
an x* transformation and generate a
scatterplot of y vs x* to show that the
x? transformation has linearised the

data.
v

0 5101520
Fit a least squares line to the
transformed to obtain the equation:
y=16 — x°
Substitute x = -2 into the equation and
evaluate.
y =16 -x°
when x =-2:
y=16-(-2)’
y=12

Follow the calculator instructions on
pages 196 (TI) and 170 (CASIO), enter
the raw data into your calculator, apply
an x* transformation and generate a
scatterplot of y vs x* to show that the
x> transformation has linearised the
data.

05 10152025 °

Fit a least squares line to the
transformed to obtain the equation:
y=1+2x

Substitute x = 6 into the equation and
evaluate.

y=1+ 2x’

when x =6:

y=1+2(6)°

y=73

y* =16 + 4x

When x = 1.57,

y> =16 + 4 x 1.57

or

y = +V(16 + 4 x 1.57)
y=14.7t01d.p.

y? =1.7 — 3.4x

When x = 0.03,

y*=1.7-3.4x0.03

or

y = +V(1.7 — 3.4 x 0.030)
=+1.3to1d.p.

y? =16 + 2x

When x =10,

y=+J(16 +2x10)=+6

However, the question specifies that we
only want the positive solution (y > 0), so:
y=6

y* =58 + 2x

When x = 3,

y=+V (58 +2 x 3) = +8

However, the question specifies that we
only want the negative solution (y < 0),
So:

y=-8



Follow the calculator instructions on
pages 169 (TI) and 170 (CASIO), enter
the raw data into your calculator but,
this time, and apply a y? transformation
and generate a scatterplot of y* vs x to
show that the y* transformation has
linearised the data.

Fit a least squares line to the

transformed data to obtain the equation:

y?=1.5 + 3.1x to 2 sig. figs.
Substitute x = 9 into the equation and
evaluate.

y’=15+3.1x9

or

y= +V29.4=4542 ...

S0, because y can only be positive in
this situation (see the original
scatterplot)

y=5.4to1d.p.

Follow the calculator instructions on
pages 169 (TI) and 170 (CASIO), enter
the raw data into your calculator but,
this time, and apply a squared
transformation to the variable diameter
and generate a scatterplot of number vs
diameter? to show that the diameter?
transformation has linearised the data.

Fit a least squares line to the

transformed data to obtain the equation:

number = 4 x diameter® to 1 sig. fig.
Substitute diameter = 1.3 into the
equation and evaluate.
number = 4 x 1.3 = 6.76

=7 to the nearest person

Follow the calculator instructions on
pages 169 (TI) and 170 (CASIO), enter
the raw data into your calculator but,
this time, and apply a squared
transformation to the variable time and
generate a scatterplot of time? vs
amount to show that the

time? transformation has linearised the
data.

Fit a least squares line to the

transformed data to obtain the equation:

time” = 18 — 9.3 x amount to 2 sig. figs.
Substitute x = 0.4 into the equation and
evaluate.

time® =18 - 9.3 x 0.4 =14.28

or
time=3.8to 1d.p.
(time must be positive)



Solutions to Exercise 5C

1
a y=55+31log23 g logy = 2

=6.6 told.p.

b y=034+52log1l4

=11 toldp.

c y=-85+4.121log 20

=-3.1 toldp.

d y=196.1-23.2 log 303

=138.5 to 1d.p.

Follow the calculator instructions on
pages 176 (TI) and 177 (CASIO), enter
the raw data into your calculator, apply
an log x transformation and generate a
scatterplot of y vs log x to show that
the log x transformation has linearised
the data.

Fit a least squares line to the

transformed data to obtain the equation:

y =1+ 3logx
Substitute x =100 into the equation and
evaluate.

=y =10°=100

logy =2.34
=y=10**=218.81t01d.p.

logy=3.5+2x

When x = 1.25,
logy=35+2x125=6
=y =10°=1000 000

logy =-0.5 + 0.024x

When x =17.3,

logy =-0.5+0.024 x 17.3 =-0.0843...
=y~10°%%¥=08 told.p.

Follow the calculator instructions on
pages 176 (TI) and 177 (CASIO), enter
the raw data into your calculator but,
this time, and apply a log

y transformation and generate a
scatterplot of log y vs x to show that
the log y transformation has linearised
the data.

Fit a least squares line to the

y=1+3logx transformed data to obtain the equation:
when x =100 Iogy_: 1+2x _ .
=1+3l0g100 Substitute x = 0.6 into the equation and
7 evaluate.

- logy=1+2x

when x =0.6
Follow the calculator instructions on logy=2.2
pages 176 (TI) and 177 (CASIOQ), enter or

the raw data into your calculator, apply
an log x transformation and generate a
scatterplot of y vs log x to show that
the log x transformation has linearised
the data.

Fit a least squares line to the

transformed data to obtain the equation:

y =20 - log x

Substitute x = 1000 into the equation
and evaluate.

y =20-5log x

when x = 1000

y =20 -5 log 1000

y=5

y=10**=158.5 told.p.



Follow the calculator instructions on
pages 176 (TI) and 177 (CASIO), enter
the raw data into your calculator, apply
an log transformation to the variable
time and generate a scatterplot of level
vs log time to show that the

log transformation has linearised the
data.

Fit a least squares line to the

transformed data to obtain the equation:

level = 1.8 + 2.6 log (time) (2 sig.

figs.)

Substitute time = 2.5 into the equation

and evaluate.

level =1.8 + 2.6 x log 2.5
=28told.p.

Follow the calculator instructions on
pages 176 (TI) and 177 (CASIO), enter
the raw data into your calculator but,
this time, and apply a log
transformation to the variable number
and generate a scatterplot of log
number vs month to show that the

log number transformation has
linearised the data.

Fit a least squares line to the
transformed data to obtain the equation:
log (number) = 1.314 + 0.08301 x
month (4 sig. figs.)
Substitute month =10 into the equation
and evaluate.

log (number) = 1.314 + 0.08301 x 10
or

log (number) = 2.1441...

or

number = 10°***" = 139.34... =139 to
the nearest whole number



Solutions to Exercise 5D

QD

by=49- 2=
X

d y=1026+

22

ay=6+=

X
When x = 3,

y=6+2=13.3 told.p.

3
2.3
When x = 1.1,

y=4,97% =28t01dp.

7.95

c y=897- —=
X

When x = 1.97,

_ 795
y= 8.97 197

=49to1d.p.

223.5
x

When x = 1.08,
223.5

y=102.6 + ===—= =309.5to 1d.p.

1.08

Following the calculator instructions
on pages 183 (T1) and 184 (CASIO),

enter the raw data into your calculator,

apply a reciprocal transformation and
generate a scatterplot of y vs 1/x to
show that the reciprocal (1/x)

transformation has linearised the data.

Fit a least squares line to the

transformed data to obtain the equation:

,= 120
X

Substitute x = 5 into the equation and
evaluate.

120

X

y

when x =5
y =24

1
w
>

h :
=3x2 =6

S<|k S<|~
@D
>
=
I
N

%: 0.17 to 2.d.p.

<
1]

1
()]
+
N
>

h
=6+2x4 =14

5}
S
X
I

S<|k S< |~

1

=0.07 to 2 d.p.
14

<
1

l =45+ 2.4x
Yy
When x = 4.5,

1 45+24x45=63

y

SO
_ 1
y= —

=0.16 to 2 d.p.
6.3

1. 14.7 + 0.23x
y

When x = 4.5,

1. 14.7 +0.23 x 4.5=15.735



Follow the calculator instructions on
pages 183 (TI) and 184 (CASIO), enter
the raw data into your calculator but,
this time, and apply a reciprocal
transformation and generate a
scatterplot of 1/y vs x to show that the
reciprocal (1/ y) transformation has
linearised the data.

Fit a least squares line to the
transformed data to obtain the equation:

1_y
y
Substitute x = 0.25 into the equation and

evaluate.
1

_:x
y
whenx=25

y=4

Follow the calculator instructions on
pages 196 (TI) and 170 (CASIO), enter
the raw data into your calculator, apply
a reciprocal transformation to the
variable fuel consumption and generate
a scatterplot of horsepower vs

1/ consumption to show that the

log transformation has linearised the
data.

Fit a least squares line to the
transformed data to obtain the equation:
690

horsepower = 22.1 + .
consumption

(3 sig. figs.)
Substitute time = 2.5 into the equation
and evaluate.

horsepower = 22.1 + 6%:0= 99

to the nearest whole number.

Follow the calculator instructions on
pages 196 (TI) and 170 (CASIO), enter
the raw data into your calculator but,
this time, and apply a reciprocal
transformation to the variable errors
and generate a scatterplot of 1/errors
vs times to show that the reciprocal
transformation has linearised the data.

Fit a least squares line to the
transformed data to obtain the equation:
1 = 0.050 x times (2 sig. figs.)

errors
Substitute times = 6 into the equation
and evaluate.

1 —0.050x6

errors
or
errors=3.33... =3

to the nearest whole number



Chapter Review: Extended-response questions

b

N

b

Following the instructions on pages
176 (TI) and 177 (CASIO), enter the
data into your calculator, perform a
log x transformation and fit a least
squares line to the transformed data
to obtain the equation:

average age = 2.39 + 5.89 log (income)

average age
=2.39 + 5.89 log (income)
=2.39 +5.89 x log(20 000)
=2.39 +5.89 x log(20 000)
=27.72...=27.7t0 1 d.p.

Following the instructions on pages
176 (Tl) and 177 (CASIO), enter the
data into your calculator, perform a
log x transformation and use the
transformed data to construct a
scatterplot with log(GDP) as the
explanatory variable as shown
below.

100 - %

®
=]

>

literacy rate (%)

N
=)

/-

56 206 256 3.06 356 4.06 4.56
log(GDP)

n
=]

o

Using the transformed data, fit a
least squares line to the transformed
data to obtain the equation:

literacy rate = —44.2 + 33.3log(GDP)

Reading from the equation:
intercept = —44.2 slope = 33.3
When GDP = $10 000,
literacy rate

=-44.2 + 33.3 x log(10 000)
=89%

3
a

Following the instructions on pages
169 (TI) and 170 (CASIO), enter the
data into your calculator, and
construct a scatterplot with distance
as the response variable as shown
below.

T T T T T Lo
1 2 3 4 5 &
Time (seconds)

Inspection of the scatterplot shows
that the association beteween
distance and time is strong, postive
and non- linear.
Perform an x? transformation to
form a new variable time? and
complete the table.
Using the transformed data, fit a
least squares line to the transformed
data to obtain the equation:
distance = 0.45 + 4.8 x time?
When time = 7 seconds,
distance = 0.45 + 4.8 x7?

= 235.65 =~ 236 metres
Follow the calculator instructions on
page 169 (TI) or 170(CASIO) to
construct a residual plot with time?
as the EV as shown below.

A
104

5

Remidval

|:|- 3
5

[N

T squred
There is no clear pattern in the residual
plot; it is essentially a random array of
points, indicating that the assumption of
linearity is justified.



A square transformation has an
expanding or stretching-out effect
upon the high values in a data
distribution. = A

A log transformation has a
compressing effect upon the high
values in a data distribution. = D

The scatterplot can be linearised by
stretching out the high end of the y
axis scale. Ay transformation can be
used for this purpose. = B.

The scatterplot can be linearised by
compressing the high end of the y axis
scale (log y or 1/y ) or compressing the
high end of the x axis scale (log x or
1x). = A

The scatterplot can be linearised by
stretching out the high end of the y
axis scale. A y” transformation can be
used for this purpose. = B

10

Chapter Review: Multiple—choice questions

Following the instructions on pages
176 (TI) and 177 (CASIO), enter the
data into your calculator, perform a

log x transformation and fit a least
squares line to the transformed data to
obtain the equation, y = 7.04 + 3.86 log
X.= E

width? = 1.8 + 0.8 x area

When area = 120,

width?=1.8 + 0.8 x120 = 97.8

SO

width=v97.8=9.9t0o1d.p. = B

For an x? transformation, we can write
the general equationy = a + b x X%

y is the response variable = weight,

a is the y-intercept = 10,

b is the slope of the regression line = 5,
X is the explanatory variable = width.
Substituting all these values in gives us
weight = 10 + 5 xwidth®>. = D

mark = 20 + 40 x log(hours)
=20 + 40 x log(20)
=72.04~72 =D

1/y = 0.14 + 0.045x
=0.14 + 0.045%6
=041
or y=1/041=2439...~24
=D



Chapter 6 — Investigating and

modelling time series

Solutions to Exercise 6A

1 Graph A: There is a general tendency
for the points to decrease in value as we
go from left to right indicating a
decreasing trend. The remaining
variation appears to be no more than
irregular (random) fluctuations.

Graph B: There is no general tendency
for the points to decrease or increase in
value as we go from left to right so there
is no trend. The sole source of variation
appears to be irregular (random)
fluctuations.

Graph C: There is a general tendency
for the points to increase in value as we
go from left to right indicating a
increasing trend. One data point does
not appear to follow this general trend
indicating the presence of a possible
outlier. The remaining variation appears
to be no more than irregular (random)
fluctuations.

2 Graph A: There is a general tendency
for the points to decrease in value as we
go from left to right indicating a 4
decreasing trend. There also appears to
be seasonality as there are regularly
spaced troughs and peaks with intervals
of around one 1 year. The remaining
variation appears to be no more than
irregular (random) fluctuations.

Graph B: There is no apparent trend.

However, there appears to be cyclical 5
variation, since the troughs and the a
peaks are regularly spaced but at

intervals of greater than 1 year. The

remaining variation appears to be no

more than irregular (random)

fluctuations.

Graph C: There is a general tendency
for the points to increase in value as we
go from left to right indicating a
increasing trend. There also appears to

be seasonality as the troughs and peaks
are roughly equally spaced with intervals
of less than 1 year. The remaining
variation appears to be no more than
irregular (random) fluctuations.

Graph A: The plot shows a period of
decreasing trend followed by a period
of increasing trend which suggests
there has been a structural change. The
remaining variation appears to be no
more than irregular (random)
fluctuations.

Graph B: The values in the plot do not
change in any way over time. Other than
that, the plot has no defining features.

Graph C: There is no apparent trend but
there appears to be seasonality as the
troughs and peaks are roughly equally
spaced with intervals of around one 1
year. The remaining variation appears to
be no more than irregular (random)
fluctuations.

There is no clear increasing or
decreasing trend, but instead the graph
oscillates. The fact that peaks appear to
occur every March with troughs every
June, means the graph exhibits seasonal
variation. The remaining variation
appears to be no more than irregular
(random) fluctuations.

The plot for the men (red line) shows a
general decrease in smoking rates for the
period 1945 until 1992 which indicates
the presence of a decreasing trend.

The plot for females (blue line) shows a
general but slow increase in smoking
rates for the period 1945 until 1975. This
was followed by a general decrease in
female smoking rates from 1975 to 1992
that that paralleled the decrease for men.



b

10

Since the two graphs have become closer
and closer together between 1945 and
1992, we can say that the difference in
smoking rates has decreased over that
period.

The plot shows the presence of
significant structural change as different
sections of the graph show abrupt
changes in trends. From 1920 to 1930
there was a strongly increasing trend,
followed a by a period of very weak or
no trend from 1930 to 1940. From 1940
to 1945 there was strongly decreasing
trend which changed abruptly to a
strongly increasing trend until 1960. This
was followed by a strongly decreasing
trend until 1985. There is no cyclic or
seasonal variation evident.

Considering the graph, along with a
knowledge of history, we can say: ‘The
number of whales caught increased
rapidly between 1920 and 1930 but
levelled off during the 1930s, which was
the time of the Depression. In the period
1940-1945, which was the time of the
Second World War, there was a rapid
decrease in the number of whales caught
and numbers fell to below the 1920
catch. In the period 1945-1965 the
numbers increased again but then fell
again until 1985 when numbers were
back to around the 1920 level. (This was
a time when people were becoming more
environmentally aware and realised that
whales were becoming an endangered
species.)’

Follow the calculator instructions given
on page 200 (TI) or page 201 (CASIO).

Follow the calculator instructions given
on page 200 (T1) or page 201 (CASIO).

Follow the calculator instructions given

on page 200 (T1) or page 201 (CASIO).

Follow the calculator instructions given
on page 200 (T1) or page 201 (CASIO).

b

Noting the flat trend of the red line but
the increasing trend of the blue line in
the plot given in the answer, we can say:
“The number of male school teachers has
remained relatively constant over the
years 1993-2001, whereas the number of
female school teachers has increased
over this time.’



Solutions to Exercise 6B

1
2

(33.5+ 21.6 +18.1)/3 =24.4 C

(21.6 +18.1+16.2 +17.9+26.4)/5
=20.04 A

(28.9 +33.5+21.6 +18.1
+16.2 +17.9 + 26.4)/7=23.22... B

M1 = (28.9 + 33.5)/2 =31.2
M, = (33.5 + 21.6)/2 =27.55

Two-mean centred = (31.2 + 27.55)/2
=29.375 D

M; = (21.6 + 18.1 + 16.2 + 17.9))/4
=18.45

M, =(18.1 +16.2 + 17.9 + 26.4)/4
=19.65

Four-mean centred = (18.45 + 19.65)/2
=19.05 A

This is the 3-mean of the y values for

t=3, 4,5, which are 5, 3, 1 respectively.

5+3+1

Since = 3, the 3-mean for
t=4is3.

This is the 3-mean of the y values for

t=5, 6, 7, which are 1, 0, 2 respectively.

Since 1+0+2

=1, the 3-mean for
t=6is 1.

This is the 3-mean of the y values for

t=1, 2, 3, which are 5, 2, 5 respectively.

Since 5+2+5

t=2is4.

= 4, the 3-mean for

This is the 5-mean of the y values for
t=1,2, 3,4,5 whichareb, 2,5,3,1
respectively.

SinceM = 3.2, the 5-mean

fort=3is3.2.

This is the 5-mean of the y values for

t=5,6,7,8 9whichare1,0,2,3,0
. . 1+0+2+3+0

respectively. Since ———— =

1.2,
the 5-mean fort=7is 1.2.

This is the 5-mean of the y values for

t=2,3,4,5 6whichare 2,5,3,1,0
. . 2+5+3+1+0

respectively. Since ——— =

2.2, the 5-mean fort =4 is 2.2.

The 2-meanoft =2, 3is 2—;5= 3.5.

The 2-meanoft =3, 4 is 5%3 =4,
The centred 2-mean of the two 2-means

is 3°%4 _375

The 2-meanof t =2, 3is %z 2.5.

The 2-meanof t=3, 0 is %:1.5.

The centred 2-mean of the two 2-means
25+15 5

2

is

The 4-meanoft=1,2,3,4is
Mzgja

The 4-meanoft=2,3,4,5is
2+5+3+1 275

The centred 2-mean of the two 4-means
. 3.75+2.75
is ————=3.25.

The 4-meanof t=4,5,6, 7 is
3+1+0+2 15
The 4-meanof t=5,6, 7, 8is
1+0+2+3
4
The centred 2-mean of the two 4-means
15+15

2

=15.

is =1.5.



Note: For questions 7 to 11, copies of the

blank tables are obtainable via the skill
sheet icon in the Interactive Textbook.

7  For the 3-mean of a particular t-value,
add the y-value of that t-value, the y-
value of the t-value one to the left and

the y-value of the t-value one to the right.

Divide the sum by 3 to get the 3-mean
for that t-value.

For the 5-mean of a particular t-value,

add the y-value of that t-value, the two y-
values of the two t-values immediately to
the left and the two y-values of the two t-
values immediately to the right. Divide

the sum by 5 to get the 5-mean for that t-

value.
See answer for the completed table.

a Follow the calculator instructions given
on page 200 (T1) or page 201 (CASIO).

b For the 3-mean of a particular Day-

value, add the Temperature-value of that
Day-value, the Temperature-value of the

Day-value one to the left and the

Temperature-value of the Day-value one
to the right. Divide the sum by 3 to get

the 3-mean for that Day-value.

For the 5-mean of a particular Day-

value, add the Temperature-value of that
Day-value, the two Temperature-values

of the two Day-values immediately to

the left and the two Temperature-values

of the two Day-values immediately to

the right. Divide the sum by 5 to get the

5-mean for that Day-value.
See answer for the completed table.

¢ Follow the calculator instructions given
on page 200 (TI) or page 201 (CASIO).

Once constructed, you are expected to

comment on the effect of smoothing on

the time series plots.

The following comments are based on
the plot below.

Noting that the smoothed graphs show a
much smaller temperature variation from

day to day, we can say:

“The smoothed plot show that the
‘average’ maximum temperature changes
relatively slowly over the 10-day period
(the 5-day average varies by only 5
degrees) when compared to the daily
maximum, which can vary quite widely
(for example, nearly 20 degrees between
the 4th and 5th day) over the same
period of time.’

4i 7 —— Fumw data

35 i ~ 3amean smocthed
30 o Ry S-mean smocthed
E 2547 P =1
g :,] g
"‘:- £
£ 15




9

a Plotting the values on a graph with Day

as the x-axis and Exchange rate as the y-
axis gives us the following graph:

0.76

T T 1 T 1
012345678910
* epichange rate

b For the 3-mean of a particular Day-

value, add the Exchange rate-value of
that Day-value, the Exchange rate-value
of the Day-value one to the left and the
Exchange rate-value of the Day-value
one to the right. Divide the sum by 3 to
get the 3-mean for that Day-value.

For the 5-mean of a particular Day-
value, add the Exchange rate-value of
that Day-value, the two Exchange rate-
values of the two Day-values
immediately to the left and the two
Exchange rate-values of the two Day-
values immediately to the right. Divide
the sum by 5 to get the 5-mean for that
Day-value.

See answer for the completed table

Follow the calculator instructions given
on page 200 (T1) or page 201 (CASIO).
Once constructed, you are expected to
comment on the effect of smoothing on
the time series plots.

The following comments are based on
the plot below.

Noting that the downwards trend is more
obvious in the smoothed graphs than the
original plot, we can say:

“The exchange rate is dropping steadily
over the 10-day period. This is most
obvious from the smoothed plots,
particularly the 5-moving mean plot.’

0.76
075~k A
LTl
0.74 T
1
0.73 4 \{t‘—q\- i
0.72 T
071+ v N
"|||||||||||"I'-J"1:"
0123456780910

+ exchange rate
3-moving mean exchange mate

+ S-moving mean exchangs rate



10  Calculating the 2-moving means by taking the mean of each pair of two adjacent months and
calculating the centred means by taking the 2-moving means of the original 2-moving means
gives us the following table:

Month Number of births 2-moving mean Centred means
January 10 —
10+ 12 _
5 =11
February 12 112+ 9-10
12 +6 _
> - 9
March 6 9 +25'5 =7.25
6+5_
5= 55
April c 5.5 +213.5 _g5
5+22_ 435
May 22 % =16.75
22+ 18 _
= -2
June 18 20’“—215-5 = 17.75
2
July 13 15521021575
13+7 _
5= 10
August 7 102+ 8-9
7+9_
> 8
September 9 8 +29'5 =8.75
9+ 10 _
> = 9.5
October 10 9'52+ =925
10+ 8 _
> 9
November 8 % =10.25
8+ 15 _
5 115
December 15 3




11  Calculating the 4-moving means by taking the mean of set of four adjacent months and
calculating the centred means by taking the 2-moving means of the original 4-moving means
gives us the following table:

Month Internet usage 4-moving mean Centred means
April 21 -
May 40 —
21140452 +42 _ 10 40
June 52 w = 13375
404+52+42+58 48
4
July 42 ‘m;ﬂ — 52875
52442158479 5775
4
August 58 STI5+65 61.375
2
42+ 58+ 79 +81 _65
4
September 79 65 er 68 _ 66.5
58+79+81+54 _ 63
4
October 81 68 ;66 =67
T9+81+54+ 50 —66
4
November 54 -
December 50 -




Solutions to Exercise 6C

Note: Copies of all of the graphs in the
exercise set can be accessed through the
skill sheet icon in the Interactive textbook.

1

a-d
To locate the median of a set of points
graphically:

1. locate the median horizontally and
mark with a vertical dotted line

2. locate the median vertically and
mark with a horizontal line.

3. the median of the points is then
given by the point of intersection of
these two lines.

See page 212 for a step-by-step worked
example.

2-4
See Example 5 for a step-by-step worked
example of three median smoothing.
See Example 6 for a step-by-step
worked example of five median
smoothing.

a See Example 5 for a step-by-step
worked example of three median
smoothing.

See Example 6 for a step-by-step worked
example of five median smoothing.

b The effect of median smoothing is to
smooth out local irregular fluctuations in
the plot to hopefully reveal any
underlying feature. In this case
smoothing revealed a dip in GDP growth
between years 6 and 10.

(i}

—— GDP growth
o 3-moving median
—== S.moving median

Growh in GDF (%)




Solutions to Exercise 6D

1 We know that the average seasonal index
must be 1 by definition. Since there are
12 seasons (months) in this case, the
total sum of seasonal indices must be 12.
Since12-12-13-10-10-09-
08-0.7-09-1.0-11=1.0,the
seasonal index for December is 1.0. C

2 deseasonalised value
_actual value
seasonal index
deseasonalised sales
8.6
1.1

=7.818... B

3 deseasonalised value
_actual value

seasonal index
deseasonalised sales

=@=6.666... E
0.9

4  actual value = deseasonalised value
x seasonal index
actual sales =5.6 x 0.7 =3.92 B

5 actual value = deseasonalised value
x seasonal index
actual sales=6.9x1.0=6.9 C

6 Seasonal index of the average month is
1.0.
The seasonal index for February is 1.3
which is 30% greater than the average
month D

7 Seasonal index of the average month is
1.0.
The seasonal index for September is 0.9
which is 10% less than the average
month B

10

11

12

deseasonalised value
actual value

seasonal index
The seasonal index for January is 1.2, so

actual value
1.2
=0.83xactual value
This means that to de-seasonalise the
sales for January, you would have to
reduce the actual sales figures by around
17%. C

deseasonalised value =

We know that the average seasonal index
must be 1 by definition. Since there are 4
quarters in this case, the total sum of
seasonal indices must be 4.

Since 4-0.8-0.7-1.3 =1.2, the
seasonal index for Qs must be 1.2. D

deseasonalised value

_actual value
seasonal index

deseasonalised sales

= @=1514.285... D
0.7

deseasonalised value
actual value

seasonal index

deseasonalised sales

— 1868 _ 1 436.923... A
13

actual value = deseasonalised value
x seasonal index
actual sales = 1256 x 0.8 =1004.8 B



13

14
a, c

15

16

17

Summer Autumn Winter Spring
Year 1 56 125 126 96
Deseasonalised
ﬁzllz Ezlzs @:96_9..- %:go
0.5 1 3 12
Seasonal index 0.5 1 1.3 40-05-10-13=1.2
Quarter 1 Quarter 2 Quarter 3 Quarter 4
Year 1 198 145 86 168
Deseasonalised
198 =15230_. 145 =142.15__. 86 =14827... 168 =152.72__.
1.3 1.02 0.58 1.10
Seasonal index 1.30 4-1.30-0.58-1.10 0.58 1.10
=1.02

The seasonal index of the average month is 1.0
The seasonal index for Quarter 1 is 1.3 which is 30% greater than the average quarter
The number of waiters employed in Quarter 1 is 30% greater than the average quarter.

Seasonal average = 80 F 96 £ 75 + 78 _ g7 55

4
Ql Q2 Q3 Q4
60 _ 56 _ 75 _ 78 _
67.25 0.89 67.25 0.83 67.25 112 67.25 1.16
Seasonal average = 12+13+14+17+18+15+9+10+8+11+15+ 20 _135. The indices in

12
the table below are calculated by dividing the Sales figure for each month by 13.5 and
rounding to 2 decimal places.
Month | Jan | Feb | Mar | Apr | May | Jun | Jul | Aug | Sep | Oct | Nov | Dec

Sales 12 13 14 17 18 15 9 10 8 11 15 20
Index | 0.89 096|104 | 126|133 |111|0.67|0.74]059|0.81] 111|148

22+19+25+23+20+18+20+15+14+11+23+30

12
The indices in the table below are calculated by dividing the Sales figure for each month by 20
and rounding to two decimal places.

Month | Jan | Feb | Mar | Apr | May | Jun | Jul | Aug | Sep | Oct | Nov | Dec

Sales 22 19 25 23 20 18 | 20 15 14 11 23 | 30
Index |1.10]0.95]125|115] 1.00 | 0.90|1.00|0.75]0.70 | 0.55 | 1.15 | 1.50

20.

Seasonal average =




Solutions to Exercise 6E

1
a From the plot we can see a steady

increasing trend in the data plots,
meaning the number of Australian
university students has increased steadily

the ti iod LA LU S A .
over the time perioda. B B = - —
P E 333333 i E

Enter the data into your calculator and
follow the instructions on page 136 (TI)
or 137 (CASIO) to fit a straight line to

Sales (perceniage)

data with year as the EV. e Substituting year = 15 into the equation
number (in thousands) we get:
=520 +10.1 x year (to 3 sig. figs). sales = 12.5 - 0.258 x 15 ~ 8.6%
. 3
slope = 10.1: thls_mea_ns that, on average, a Enter the data into your calculator and
the ”“”?b?r of university students in follow the instructions on page 136 (TI)
Australia increased by 10 100 each year. or 137 (CASIO) to fit a straight line to
If 1992 is Year 1, then 2020 is Year 29. data with year as the EV. o
number (000s) = 520 + 10.1 x year age = 27.2 + 0.199 x year (to 3 sig figs)
=520 +10.1 x 29 .
= 812 900 = 813 000 (to 3 sig figs) slope = 0.199: this means that, on
average, the age of mothers having their
first child in Australia increased by
Plotting the points on a graph gives us around 0.2 years each year.
the following plot graph:
p 13 b 1f1989is Year 1, then 2018 will be year
: 12 30. Substituting year = 30 into the
§ o equation we get:
3 10 age = 27.20 + 0.199 x30 = 33.2
= o e e e o S S (to 3 sig figs)
FEEIEEAGE 53 o _
] (alla This prediction is likely to be unreliable
You can do this on your calculator if you as we are extrapolating well beyond the
wish. data.
From the plot, a generally decreasing 4
trend in the percentage of sales made in a  Enter the deseasonalised data into your

department stores is evident.

Enter the data into your calculator and
follow the instructions on page 136 (T1)
or 137 (CASIO) to fit a straight line to
data with year as the EV.
sales (%) = 12.5 - 0.258 x year

(to 3 sig figs)
slope = —0.258: this means that, on
average, the percentage of sales made in
department stores decreased by
approximately 0.3% per year.

Drawing in the trend line onto the plot
graph gives us the following graph:

calculator and follow the instructions on
page 136 (TI) or 137 (CASIO) to fita
straight line to data with quarter number
as the EV.
deseasonalised number

=50.9 + 1.59 x quarter number

(to 3 sig. figs).



[op}

The fourth quarter year 4 is quarter
number 16. Substituting quarter number
= 16 into the equation we get:
deseasonalised number

=50.9+1.59 x 16 = 76.34
reseasonalising this value using the
seasonal index for quarter 4 we get
actual number = 76.34 x 1.18 = 90.08 or
90 to the nearest whole number.

Replacing 1992 =1, 1993 = 2, etc., enter
the data into your calculator and follow
the instructions on page 136 (TI) or 137
(CASIO) to fit a straight line to data with
year number as the EV and duration as
the RV.

duration = 10.4 + 0.135 x year

(to 3 sig figs)

slope =0.135: this means that, on
average, the median duration between
marriage and divorce increased by
increased by 0.135 years each year

If 1992 is Year 1, then 2020 will be year
29. Substituting year = 29 into the
equation we get:
duration = 10.4 + 0.135 x 29

=14.315 = 14.3 (to 3 sig figs)

This prediction is likely to be unreliable

as we are extrapolating well beyond the
data.

Deseasonalised sales and rounded to the nearest whole number.

Quarter 1 Quarter 2 Quarter 3 Quarter 4
Year1 | D38 _150 | 9% 8 | P _vyig 20 _ 439
1.13 047 0.62 1.77
Year 2 & =250 ﬁ =245 ﬁ =263 ﬂ =236
1.13 047 0.62 1.77




b Enter the data into your calculator and follow the instructions on page 200 (TI) or 201(CASIO)
and construct a time series plot of the actual data and the deseasonalised data as shown below.

400 P

/ o—e Sales
300
/:\~ ] "k/
- ~¢
200 ) ,/'
/
-~ ﬁ?/“ ’ \/

»/{

Sales

100 )

'

Quarter

Both plots show a general increase in sales over time indicating a positive trend.
The deseasonalised plot suggests that the trend is roughly linear.

¢ Follow the instructions on page 136 (T1) or 137 (CASIO) to fit a straight line to the
deaseasonalised data with quarter as the EV.

deseasonalised sales = 80.8 + 23.5 x quarter (to 3 sig. figs.)

d For the first quarter of Year 4, quarter = 13
: deseasonalised sales = 80.8 + 23.5 x 13
=386 to the nearest whole number

sales = deseasonalised sales x seasonal index
=386 x1.13
= 436 to the nearest whole number

The forecast for sales in the first quarter of Year 4 is 436.
Note: These answers are slightly different from the answers given in the text as they have been
generated using rounded values for the deseasonalised data.



Chapter Review: Extended-response questions

1
a

Enter the and construct a time series
plot following the calculator instructions
given on page 200 (TI) or page 201
(CASIO). The plot should match the
plot given in the answer.

The plot shows that there has been a
general increase in GDP with time.
This indicates a positive trend.

Follow the instructions on page 136
(TT1) or 137 (CASIO) to fit a straight line
to data with time as the EV to arrive at
the equation:

GDP = 20400 + 507 x time
(to 3 sig. figs.)

error of prediction (= residual) =
actual GDP - predicted GDP

In 2007 (time = 27), the actual GDP
= $34 900.

To find the predicted GDP substitute
time = 27 in the regression equation.
predicted GDP = 20 400 + 507 x 27
=$34 089

Thus,

error of prediction = 34 900 — 34 089
= $811

Reading from the graph, the month of
the highest rainfall is November.

Smooth the plot graphically using
three median smoothing following
the process illustrated in Example 5.
See the answer for the solution.

See the answer for the solution.

see answer for solution

b  Enter the and construct a time series

plot following the calculator instructions
given on page 200 (TI) or page 201
(CASIO). The plot should match the red
line in the answer graph.

Insert the smoothed value for 1992
(11%) into and plot on the same graph
the the 3-mean smoothed data.

Note there are no values for 1987 and
1997 when 3-mean smoothing is used.
This is indicated by shaded cells in the
table.

The plot should match the blue line in
the answer graph.



Chapter Review: Multiple—choice questions

1

Since the fluctuations in the graph occur
within a time period of a year or less, i.e.
the troughs are every half a year, the
time series plot is best described as
seasonal. C

24434444 ;.0 A

24+34+44+2.7+5.1 _16 B
5
M, = 2'7+5'1=3.9
2
M, = 5.1+3.7 a4
2
Two-mean centred = 3.9+44 =4.15.
E
M, = 34+44+27+5.1 _39
4
M, = 44+27+51+3.7 _30975
Four-mean centred =
3.9+3.975 30375 c

Graphically locate the median of the five
points centred on March and read value
off the vertical axis (M~63) . See
Example 6 for the process. B

Graphically locate the median of the five
points centred on September and read
value off the vertical axis (M~69) See
Example 6 for the process. E

We know that the average seasonal index
must be 1 by definition. Since there are
12 seasons (months) in this case, the
total sum of seasonal indices must be 12.
Since12-1.0-11-09-10-1.0-
12-11-11-11-10-0.7=0.8, the
seasonal index for Feb is 0.8. C

To deseasonalise a data value, we divide
the data value by its seasonal index: %

=240 B

10

11

12

13

14

15

16

actual value = deseasonalised value

x seasonal index
actual sales Winter = 380 x 0.3 =114

A

The seasonal index of the average
month is 1.0
The seasonal index for spring is 1.5
which is 50% greater than the average
month. E

The seasonal index for Autumn is 0.4,
so; deseasonlised value

_ actual value

0.4

= 2.50 x actual value
This means that to deasonalise the
sales for Autumn, the sales figure will
need to be 250% of the original —
i.e. a 150% increase. E

Seasonal average
_ 1048+677 +593+998
4

Seasonal index for Autumn is the value
for Autumn divided by the seasonal

677 _
809 — 0.82. D

=820.

average =

If 1995 is Year 1, then 2004 will be

Year 10.

Substituting Year = 10 into

age =27.1 + 0.236 x year,

we get Age = 27.1 + 0.236 x 10
=29.46 C

slope = 0.236: this means that, on
average, the age of marriage for males
increased by 3 months each year Note:
Since there are 12 months in a year.
0.236 years = 12 x 0.236 = 2.8

~ 3 months. A

Enter the deseasonalised data into your
calculator and follow the instructions
on page 136 (TI) or 137 (CASIO) to fit
a straight line to data with day as the
EV. In this equation, Sunday = day 1,
Monday day 2, etc.

price = 84.3 + 1.25 x day. A



17 (88.3+85.4+86.7+88.5+90.1+91.7
+94.6)/7 =89.32 ... D

18 actual value = deseasonalised value
x seasonal index
actual price =90.1 x 0.7=63.07 A



Chapter 7 — Revision: Data analysis

Solutions to Exercise 7A

1

The variables sex and transport are 9
both nominal variables. The data
values they generate that can be used
to group individuals into separate
categories (eg female, male) but there
is no underlying order to these
categories. = A
10
The numerical variables are time and
number, so there are two numerical
variables. =C

Reading the table we see that there are
two males (M) in the sample, but only
one uses public transport (3). = B 11

Since the first quartile starts to the
right of the value 30, we can safely say
that less than a quarter of all
observations are less than 30. = B

Since the histogram tails off slowly to
the left from the peak it is negatively
skewed. =B
12

Negatively skewed distribution has a
box plot with the median to the right-
hand side of the box, a short right-hand
whisker and a long left-hand whisker.

=D

The histogram tells us that 12 people 13
scored less than 30.
We know that 63 students sat the test.

Since % x 100% = 19.0%, we

conclude that 19% of students failed
the test. =B

14

The histogram tells us that 4 students
scored between 30 and 35, 7 students
between 35 and 40, and 9 students
between 40 and 45, so that 20
(=4 + 7+ 9) students have scores
between 30 and 45.

= E

For grouped data, the mode (or modal
interval) is the most commonly
occurring group of values. In a
histogram this group of values (50-55)
is identified by the highest bar.

= E

Since there are 63 values, the median
value is the 32" value.
Counting up from the left-hand side of
the histogram, the 32" value (the
median) is in the 40-45 interval.

=D

IQR = Q3 — Q1 =60 - 50 = 10.

Lower limit for outliers (upper fence)
=Q:-15xIQR
=50-15x10=35.

Upper limit for outliers (lower fence)
=Q3+15xIQR
=60+ 1.5x10=75.

Thus, outliers are defined as values

lower than 35 or higher than 75. = A

Reading from the histogram, around
36% (= 21% + 15%) of the ovens have
temperatures between 179°C and
181°C.
36% of 300 = 0.36 x 300 = 108.

=D

Reading from the box plot, the length
of the box (the IQR) is around
181.7-179=27. = D

From the 68-95-99.7% rule, the range
is approximately 6 standard deviations
(SD), so, estimating the range from the
box plot we have 6 x SD = 13, so
SD~ 13/6=2.16...~2°C = B



15

16

17

18

19

From the 68-95-99.7% rule, 95% of
ants have lengths between:
mean — 2 SD and mean + 2 SD
or
4.8-2x1.2=2.4 and 4.8+2x1.2=7.2
=B
actual length = mean + z x SD
=48+ (-05)x4.2
=C
3.6 is one SD below the mean.
As a consequence of the 68-95-99.7%
rule, 16% of ants have lengths less
than 3.6 mm.
=C
6 is one SD above the mean.
As a consequence of the 68-95-99.7%
rule, 16% of ants have lengths more
than 6, (100 —16)% = 84% of ants
have lengths less than 6 mm.
= E
3.6 is one SD below the mean.
7.2 is two SDs above the mean.
As a consequence of the 68-95-99.7%
rule,

e 84% of ants have lengths more than

3.6 mm

o  2.5% of ants have lengths above

7.2 mm,

S0 84-2.5 = 81.5% of ants have lengths

between 3.6 and 7.2 mm.
=D

20

22

23

2.4 is two SDs below the mean.
4.8 is the mean.
As a consequence of 68-95-99.7%
rule, 95% of ants have lengths within
two standard deviations of the mean so
half of these, 47.5%, have lengths
between 2.4 and 4.8 mm.
$47.5% of 1000 = 475 ants.

= C

score - mean

SD
_45-65
== -
=B

Standardised score (z) =

actual score = mean + z x SD
= 65+1.2x10=77
=D

81 for Biology is equivalent to a
standardised score
7= 81250
15

To obtain the same standardised score
in Legal Studies, Sashi’s actual score
would need to be:
actual score = mean + z x SD

=78+1.8x5

=87

=D



Solutions to Exercise 7B

For this data, an association between 6
location of internet use and age group

can be deduced if the percentage of

‘15-19 year olds’ using the internet at

any one of the three location differs

significantly from the percentage of’

20-24 year olds’ using the internet at

the same location. =D 7

From the information given in the
question it can be concluded that that,

o all of the box plots are
approximately symmetric, so the
shape of the distribution does not
change: A is true.

o the median pay rates increase from
1980 to 2000: B is true.

e the IQR (as indicated by the box
widths increase from 1980 to
2000): C is true.

e  because pay rate can change with
year, but not the other way around,
pay rate isthe RV:C is true.

e the median pay rate increases
between 1980 and 1990 which is
consistent with pay rate and year
being associated. E in not true.

= E

The points in the scatterplot drift down
to the right and can be imaged to
closely follow a straight line with
minimal scatter around the line. Of the
options given, r =-0.9 is best. = E

The points in the scatterplot drift down 9
to the right and can be imaged to

closely follow a straight line with

minimal scatter around the line. The

association is best described as strong,

negative and linear. =B

The correlation coefficient, can be both 10

positive and negative because
associations can be both positive and
negative. The coefficient of

determination equals r? so it is 11

positive. The remaining options are
statistics that involve measuring the
amount of spread of a data set in some
way so must be positive. = D

Moving the outlier at (7, 25) to the point
(7, 5) reduces the total scatter in the plot
which would not change the direction of
the association but would strengthen the
correlation. Thus r value would remain
negative and would be closer to -1. = E

Consider each of the statements in
turn.

A. the variables computer ownership
and car ownership measured in
number /1000 people are both
numerical variables: A is true

B. the correlation coefficient = r? =
0.922~0.85 or 85%: B is true.

C. there is no clear causal relationship
between computer ownership and
car ownership so either could be
the EV: Cistrue.

D. acorrelation r = 0.92 indicates a
positive association which is
consistent with computer ownership
increasing with car ownership: D is
true

E. computer ownership decreasing
with car ownership indicates a
negative association: E is not true

= E
All we are able to infer from the
information given is that there is a
positive correlation between reading
scores and height, meaning taller
students tend to read better and vice
versa. =D

A back-to-back stem plot is useful for
displaying associations between a
numerical variable and a categorical
variable with two categories. Height in
centimetres versus sex (male, female)
fulfils these requirements. = D

Since both variables are categorical,
an appropriately percentaged table is
the most appropriate choice. = A

Since a numerical variable is being
plotted against a categorical variable
with more than two categories,
parallel box plots would be the most
appropriate choice. =D



Solutions to Exercise 7C

Sy 0.675 x4.983 _
S 2.567

13=C

2 The equation of the least squares line
is: number = 230 4.3 x temperature
From this equation we see that the
slope is —4.3 = A

To provide the answers necessary to answer
guestions 3 & 4, enter the data into your
calculator and follow the instruction on page
153 (TI) and 154 (CASIO) to fit a least
squares line to the data and generate the
value of r.

3 Coefficient of determination:
r’ =0.89 =D

4 Given:
number of errors
=8.8 —0.12 x study time,
When study time = 35,
number of errors = 8.8 —0.12 x 35
=46 =B

5 Given: r2 =0.8198

r=2yr? =2,0.8198 =+0.905...
As the slope of the least squares line is
negative, r is negative, so r ~—0.91

= A

6 residual value = actual — predicted
actual value = 6
predicted value = 8.8 —0.12 x 10
=76
residual value=6-7.6 =-1.6
=B

7 Option E is clearly not true, the EV is
study time not number of errors.
All of the other options can be shown
to be true. =E

8 From the given regression equation,
the slope = -0.12.
This means that, on average, the
number of errors made:
‘decreases by 0.12 for each extra
minute spent studying =B

10

11

12

13

Since r? = 0.8198 or 81.98 % ~ 82%,
we can say that 82% of the variation in
the number of errors made can be
explained by the variation in study
time. =D

From the graph, the y-intercept can be
seen to be approximately 210. The
slope of the graph is negative and the
line drops around 11 cm of rainfall for
every 1 degree increase in temperature.
Hence, average rainfall =210 — 11 x
temperature range. =A

From the given correlation

coefficients,

e option A is not true: (-0.357)? ~
12.7%

e Option B is not true: the correlation
between population density and
distance from the centre of the city is
negative.

e Option C is not true: the correlation
coefficient is positive

e Option D is not true: the correlation
coefficient is negative, so the slope
of the regression line is negative

e Option E is true: a correlation
coefficient of r =-0.563 indicates a
stronger association than a
correlation coefficient of r =0.357

=E

Following the calculator instructions
on pages 196 (TI) and 170 (CASIO),
enter the raw data into your calculator,

apply a L transformation to obtain the
y

required equation:

1 _0068+016x = A
y

population = 58 170 + 43.17 x year?

When year = 10,

population =58 170 + 43.17 x 10
=62 487 =E



14

15

weight? =52 + 0.78 x area
When area = 8.8,
weight? =52 + 0.78 x 8.8
weight = V58.86 ... ~ 7.7
=C

log number = 1.31+ 0.083 x month

When month = 6,

log number =1.31 + 0.083 x 6 = 1.808

or number = 1018%8 =642 ... ~64
=D



Solutions to Exercise 7D

1 There is a clear upwards trend but no
variation that can be said to be clearly
cyclical or seasonal. = A 12

2 This question is concerned with the
difference in share price between the
two companies. This distance is
represented by the distance between 13
the two time series lines which clearly
decreases with time. = A

3 A¥5H4_ a3 — A

4 4+4+8+6+91:6.2 - B
5
_8+6 _
5 M1= T =7 14
M2=8+9 _ 75
2
two mean centred = ! +27'5 =7.25
=E

6 Mi=4F5+4+4 _ o 15

M2 =2+4+4+8 o

four mean centred =

4.25+5.25 - 475 —B
7 18 _ 50 —E

0.6

8 seasonal average 16

_(21+36+49+23)

4
=335
SI=28 -0835.. =B
335
9  deseasonalised sales = % =1000 17
=D

10 SI=4-11-09-08=12 = E

11  actual sales =91 564 x 1.45
=$132 767.8 =E

the seasonal index of an average
quarter is 1.0 the seasonal index for
quarter 3 is 0.85 which is 15% less
than the average quarterly =B

deseasonalised value = actual
value/seasonal index

The Sl for summer is 0.8, so
deseasonalised value = actual value/0.8
~ 1.25 xactual value

This means that deseasonalise the sales
for summer, you would have to
increase the actual sales figures by

around 25% —E
ML= 2016000 ;3900000 =2 958 000
ML= 3900000 J2r 4830000 _ 4 365 000

two mean centred =

295800 +2 4365000 _ 3661500 =D

Graphically smooth the five points
centred on the three-median smoothed
number of calls for month 9 to obtain
the answer: 362

Following this procedure, the three-
median smoothed number of calls for
month 9 is found to be close to 362
See page 213 for a step-by-step
worked example using graphical three-
median smoothing. =B

Graphically smooth the five points
centred on the five-median smoothed
number of calls for month 10 to obtain
the answer: 375

See page 213 for a step-by-step
worked example using graphical five-
median smoothing. =D

The line goes from (0,20) to (10,4),
which is a y-intercept of 20 and a slope
4-20 _ _
f o - - -1.6.
Hence, y = 20 — 1.6t. = A




Chapter Review: 7E Extended-response questions

1

a

.. 9
Il —x100=32.1%

i Complete the table by counting

separately, the number of
girls who walked (10), sat or
stood (9), and ran (9).

to1d.p.
28 P

b Nominal: categories cannot be

used to order, only to identify
(name) the type of activity a girl
engages in

See answer: the solution is
integrated with the answer
Ordinal: the categories can be
used to order the girls by year
level.

The mode is the most

frequently occurring value: 78;

range = maximum —minimum
=79-70=9

To be an outlier, 70 must

below the lower fence.

The lower fence is located at

the point Q1 —-1.5 x IQR

Determine Q1 and Qs by

inspection:

Qi1=75and Q:=78

Determine the IQR:

IQR=Q3-Q1=78-75=3

Determine the lower fence:

75-15%x3=70.5

Conclude that 70 is an outlier

because 70 < 70.5

4

25.0 years, which can be read
directly from the stem plot.
Median age = 28.2 which can
be determined by finding the
middle value in the stem plot.
IQR=Q3-Q1

=30.9-29.9 =1 year

To be an outlier, 26.0 must
below the lower fence.

The lower fence is located at
the point Q1 1.5 x IQR
Determine the lower fence:
299-15x1=28.4
Conclude that 26.0 is an outlier
because 26.0 < 28.4

42.1 + 23.4 = 65.5%: read
values from table (column 1,
row 3)

Yes: see answer for an
explanation

year of marriage because it is
the variable used to make the
prediction.

The middle 50% lie between

Q1 and Qs, i.e. 124 and 148

read from the box plot.

Median arm span (along with

other gquantities) increases with

year level

Outliers will be lower than Q1

—-1.5 x IQR or greater than Q1

-15xIQR.

From the box plot for year 10

girls, Q1 = 160, Q3 =170

IQR =170-160 =10

Lower fence = Q1 -1.5 x IQR
=160 -1.5x 10
=145

Her real arm span is still below

145 cm so it is still an outlier.



8

Use the equation to locate to
widely spaced points on the line.
1. minimum temperature = 0,
maximum temperature =13 +
0.67x0=13
2. minimum temperature = 20,
maximum temperature =13 +
0.67 x 20 = 26.4
Draw a line on the graph
passing through the two points
(0, 13) and (0, 26.4)
intercept = 13: this means that
when the minimum temperature
is 0°C, the predicted maximum
temperature is 13°C
given that r =0.630 and a
roughly linear scatterplot,
conclude that there is a
moderate, positive, linear
association.
slope = 0.67: this means that, on
average, the maximum
temperature increases by 0.67°C
for each 1°C increase in the
minimum temperature.
coefficient of determination =
0.630? = 0.3969 or around 40%:
this means that 40% of the
variation in the maximum
temperature can be explained by
the variation in the minimum
temperature.
residual = actual — predicted
=12.2 - (13 +0.67 x 11.1)
= -8 °C to the nearest degree

a Follow the calculator instructions
on pages 196 (TI) and 170 (CASIO),
enter the raw data into your calculator,
apply an logio x transformation and fit
a least squares line to the transformed
data; log (area) is the EV.

The resulting equation should be:
population = 7.7 + 7.7 logse (area)
correctto 1 d.p.

b population = 7.7 + 7.7 logio (90)
=22.747 ... thousand people
=23 000 to the nearest 1000 people

9

a
b

1964: read from the graph

mean surface temperature =
—12.36 + 0.013 x year
When year = 2010
mean surface temperature = —
12.36 + 0.013 x 2010
=13.77°C to2d.p.

residual = actual — predicted
predicted

=-12.36 + 0.013x 2000 =13.64
residual = 13.55 — 13.64
=-0.09 °C to the nearest degree

+0.013: the slope gives the
average change in temperature
per year

There is a general increase in
temperature with increasing time,
indicating a positive trend.

The temperature in 1998 seems to
very much higher than in the
nearby years suggesting that it is an
outlier.



Chapter 8 — Modelling growth and

decay using recursion
Solutions to Exercise 8A

1 2
a 2 a 1 1
2+6 =8 4+2 6
6+2 8
8+6 =14 8:2 10
14+6 =20 10+2 12
20+6 =26
b 5
5-3 =2 24 24
2 _ =_1 24-4 20
20-4 16
-1-3 =-4 16-4 12
-4-3 =-7 12-4 8
c 1
1x4 =4
4x4 =16 2 2
23 6
16 x4 =64 6:3 18
64 x4 =256 18-3 54
54-3 162
d 10
10+2 =5
5+2 =25 50 50
25+2 =125 50/5 10
1.25+2=0.625 2905 :
2/5 0.4
0.4/5 0.08
e 6
6x2+2 =14
14x2+2 =30
30x2+2 =62 223 1;
-2+
62x2+2 =126 . o
29-2+3 61
f 12 61-2+43 125
12x05+3 =9
9x05+3 =75
75x05+3 =6.75 = =
6.75x0.5+3 =6.375 18-0.8+2 16.4
16-4.0.8+2 15.12
15-12.0.8+2 14.096
14-096.0.8+42 13.2768




Solutions to Exercise 8B

1
a

Wo=2
W;=2+3=5
W,=5+3=8
W;=8+3=11
W,=11+3=14
Do =50
D;=50-5=45
D,=45-5=40
D;=40-5=35
Ds=35-5=30
Mo=1
M;=3x1=3
M;=3x3=9
M;=3x9=27
Ms=3x27=81
Lo=3
Li=-2x3=-6
Lo=-2x-6=12

L3=-2x12=-24
Ls=-2x-24 =48

Ko=5
Ki=2x3-1=9
Ki=2x9-1=17
Ks=2x17-1=33
Ki=2x33-1=65

Fo:2
F1=2x2+3=7
Fo=2x7+3=17
Fs=2x17+3=37
Fa=2x37+3=77

So:—z
S1=3x-2+5=-1
$2=3x-1+5=2
S3=3x2+5=11
S4=3x11+5=38

Vo=-10
Vi=-3x-10+5=35
V,=-3x35+5=-100
V3 =-3x-100 + 5 =305
V4 =-3x305+5=-910

12 T2
12-6-15 57
57:6-15 327
327-6-15 1947
1947-6-15 11667
20 20
20-3+425 85
85-3+25 280
280-3+25 865
865-3+25 2620
2 2
2-443 11
11-4+3 47
47-443 191
191-4+3 767
64 64
64-0.25-1 15
15-0.25-1 2.75
2575052551 -0.3125

-0.3125-0.25-1 -1.078125

48000 48000
48000-3000 45000
45000-3000 42000
42000-3000 39000
39000-3000 36000
25000 25000
25000-0.9-550 21950
21950-0.9-550 19205

19205-0.9-550 16734.5
16734.5-0.9-550 14511.05




150 150
150'0.6-5 85
85:0.6-5 46
46:-0.6-5 22.6
22-6.0.6-5 8.56
8.56°0.6-5 0.136
0.136:0.6-5 -4.9184

Count the number of positive terms in
the sequence generated using the
calculator. There are 6 positive numbers
in this sequence.

30 30
30-0.8+2 26
26-0.8+2 22.8
22.8-0.8+2 20.24
20.24-0.8+2 18.192
18.192-0.8+2 16.5536
16.5536-0.8+2 15.24288

Although these numbers are getting
smaller, they will always be greater than
zero. Exploring on the calculator
further, the values will get closer and
closer to zero. None of them will be
negative.



Solutions to Exercise 8C

1

a Vy=2000

V; =2000 + 76 = 2076
V, =2076 + 76 = 2152
V3 =2152 + 76 = 2228

The value of the investment after 1 year
is $2076. The value of the investment
after 2 years is $2152 and the value of
the investment after 3 years is $2228.

Use the calculator to count the number of
years until a value greater than $3000 is
reached.

2000 2000
2000476 2076
2076+76 2152
2152476 2228
2228476 2304
2304476 2380
2380476 2456
2456476 2532
2832476 2608
2608476 2684
2684476 2760
2760476 2836
2836476 2912
2912476 2988
25868176 3064

It takes 14 years for the value of the
investment to be more than $3000.

Interest = 6% of $1500
= i x $1500
100

=$90

Vo =1500, V,4:1=V,+90

N

b

V, = 7000

V; =7000 + 518 = 7518
V, = 7518 + 518 = 8036
V; = 8036 + 518 = 8554

The value of the loan after 1 year is
$7518. The value of the loan after 2
years is $8036 and the value of the loan
after 3 years is $8554.

Use the calculator to count the number of
years until a value greater than $10 000
is reached.

7000 7000
7000+518 7518
7518+518 803¢
B8036+5148 4554
B554+518 9072
90724518 9590
95904518 10108

It takes 6 years for the value of the loan
to be more than $10 000.

Interest = 8.2% of $12 000
=82 12000
100

= $984

Vo =12 000, V,.+1 =V, + 984



w

I

i The principal of the investment is
Vo. The principal is $15 000.

ii  The interest is the amount added in
the recurrence relation. The
interest is $525.

525

iii interest rate = x100%
00

= 3.5% per annum

Double the principal is $30 000.

15000 15000
150004525 15528
155254525 16050
160504525 16575
165754525 17100
171004525 17625
176254525 18150

291754525
297004525

29700
30225

It takes 29 years for the investment
amount to double.

Vo = 2550

V; = 2550 — 400 = 2100
V, = 2100 — 400 = 1700
V; = 1700 — 400 = 1300

The value of the computer after 1 year is
$2100. The value of the computer after
2 years is $1700 and the value of the
computer after 3 years is $1300.

Use the calculator to count the number of
years until a value less than $1000 is
reached.

2500 2500
2500-400 2100
2100-400 1700
1700-400 1300
1300-400 900

It takes 4 years for the value of the
computer to be less than $1000.

Vo = 1800, Vhiq =V, —350

5

a V,=23000

V; =23 000 — 805 =22 195
V, =22 195 -805 =21 390
V; =21 390 — 805 = 20 585

The value of the car after 1 year is $222
195. The value of the car after 2 years is
$21 390 and the value of the car after 3
years is $20 585.

Use the calculator to count the number of
years until a value less than $10 000 is
reached.

23000 23000
23000-805 22195
22195-805 21390
21390-805 20585
205B5-B05 19780
19780-805 18975
18975-805 18170
18170-805 17365
17365-805 16560
16560-805 15755
1755-805 14950
14950-805 14145
14145-805 13340
13340-805 12535
12535-805 11730
11730-805 10925
10925-805 10120
10120-805 9315

It takes 17 years for the value of the
computer to be less than $10 000.

V=37 000, Vi1 =V,—700
Interest = 4.5% of $12 000

- ‘LZ « $12 000
= $540

Vo =12 000, V41 =V,—540



(op]

i The purchase price of the television
is Vo. The purchase price of the
television is $1500.

il The depreciation is the amount
subtracted in the recurrence

relation.
The depreciation is $102.
iii  interest rate = 102 x100%

= 6.8% per annum

Use the calculator to find the value of the
television after 8 years.

1500 1500
1500-102 1298
1398-102 129¢
1296-102 1194
1194-102 1092
1092-102 990
9%0-102 863
888-102 786
786-102 684

The selling price of the television is
$684.

450 450
450-0.05 449.5%
449.54-0.05 449.50
449.15-0.05 449.1
449.1-0.05 445.05
449.05-0.05 4439

b V,=300, V,.=V,—0.08

(o0]

c

Vo =48 000

V; =48 000 — 200 = 47 800
V, =47 800 — 200 = 47 600
V3 =47 600 — 200 = 47 400

The value of the van after 1000 km is
$47 800. The value of the van after 2000
km is $47 600 and the value of the
computer after 3000 km is $47 400.

15000 km is 15 lots of 1000 km.
Press ENTER or EXE 15 times.

48000 48000
48000-200 47800
47800-200 47600
47600-200 47400
47400-200 47200
47200-200 47000
47000-200 46800
46800-200 46600
46600-200 46400
46400-200 46200
46200-200 46000
4600-200 45800
45800-200 45600
45600-200 45400
45400-200 45200
45200-200 45000

Continue using the calculator until the
value is $43 000

43400-200
43200-200

43200
43000

This requires another 10 presses of
ENTER or EXE for a total of 25. This is
25 lots of 1000 km or a total of 25 000
km



Solutions to Exercise 8D
1
a A,=4+2n

Ax =4+ 2x20

A =44

b A=10-3n
Azo =10-3x20
Azo =-50

c A=5+8n
Azo: 5+ 8x20
Azo=165

d A,=300-18n

Azo =300 - 18x20
Azo =-60

a The principal is $8000.

b The interest charged each year is $512.

c 1 Vi2=28000 +512x12
Vi =14 144

ii Vn =16 000
16 000 = 8000 + 512n
512n = 8000
8000
n=—
512
n = 16 years (rounded up)

d Vis=8000 +512x15
V15 =15 680

a The principal is $2000.
b The interest charged each year is $70.

c i Ve=2000 + 70x6
Ve = 2420

i Vi = 4000
4000 = 2000 + 70n
70n = 2000
2000
n=—
70
n =29 years (rounded up)

d Vip=2000 + 70x10
V10 = 2700

5.4% of $5000

54 L $5000
100

=$270

Annual interest

i Vo=5000, Vh+1=Vn+ 270
ii Vh =5000 + 270n

Vg = 5000 + 270x9
Vo = 7430

After 9 years, Webster will owe the bank
$7430.

7.2% of $12 000

12 $12 000
100

= $864

Annual interest

i Vo=12000, Vh+1=V, + 864
ii Vo =12 000 + 864n

Vo =12 000 + 864x9
Vo =19 776

After 9 years, Anthony will owe the
bank $19 776.
The purchase price of the sewing

machine is $1700.

The sewing machine in depreciated by
$212.50 each year.

V4, =1700 - 212.5x4
V4 =850

After 4 years, the sewing machine has
value $850.

Vg =1700 - 212.5%8
Vg =0

After 8 years, the sewing machine will
have value $0.



The purchase price of the harvester is
$65 000.

The harvester is depreciated by $3250
each year.

= 3250 1009
65000

= 5% per annum.

% depreciation

V7 =65 000 - 3250 x 7

V7 =42 250

After 7 years, the value of the harvester
is $42 250.

Vi =29 250

29 250 = 65 000 — 3250n

3250n = 65 000 — 29 250

3250n = 35 750

n =35 750/3250

n=11

It takes 11 years for the harvester to
reach a value of $29 250.

= 22.5% of $5600
- 225 x 5600
0

= $1260
The annual depreciation is $1260.

depreciation

I Vo =5600, Vh+1=Vh—1260
ii Vo =5600 - 1260n

i V3=5600-1260 x 3
V3 =1820
After 3 years, the value of the
computer is $1820.

ii If the computer is worth nothing,

Vh=0
0=5600-1260 x n
1260 x n = 5600

_ 5600

1260

n=>5
After 5 years, the computer will be
worth nothing.

10

=17.5% of $7000

= 175, 7000
100

= $1225
The annual depreciation is $1225.

depreciation

i Vo=7000, Vh+1=Vn—1225
i Vh =7000 — 1225n

i V,=7000-1225x 2
V, = 4550
After 2 years, the value of the
machine is $4550.

i The machine is written off when its
value is $875.
V, =875
875=7000-1225 xn
1225n = 7000 - 875
1225n = 6125
6125
n=—
1225
n=5
The machine will be used for 5
years.

The purchase price of the taxi is
$29 000.

The value of the taxi is depreciated by
$0.25 (25 cents) per kilometre.

Vzoooo =29 000 -0.25 x 20 000
Vzoooo = $24 000

If the taxi is valued at $5000,
Vs = 5000

5000 =29000-0.25xn
0.25 x n =29 000 - 5000
0.25 x n =24 000
n=24000/0.25

n =96 000

The taxi is valued at $5000 after it has
travelled 96 000 kilometres.



11
a

b

total depreciation = $35 400 — $25 000
=$9700

9700
25000
=0.388

depreciation per km =

The car is depreciated at the 38.8 cents
per kilometre.

Vi = 35400 - 0.388n

If the car has value $6688,
V, = 6688

6688 = 35 400 — 0.388n
0.388n = 35 400 — 6688
0.388n =28 712
n=28712/0.388

n= 74000

When the car has value $6688 it has
travelled 74 000 kilometres.

If the car has value $0,
Vh=0

0 =35400-0.388n
0.388n =35 400
n=235400/0.388
n=91237.1134

The car is expected to drive 91 237.1134
km before it has value zero

To the nearest kilometre, it will have a
value of zero after 91 238 km.

= $110 000 — $2500
= $107 500

107 500

4000 000

=0.026875 dollars per page
(2.6875 cents per page)

i depreciation

unit cost =

ii V, =110 000 - 0.026875 x n
V1500000 = 110 000 — 0.026875
x 1 500 000
V1500 000 = 69 687.50

After printing 1.5 million pages,
the printer has value $69 687.50

iiidepreciation for 750 000 pages
= 750 000 x 0.026875
= $20 156.25

The annual depreciation of the printer
is $20 156.25

V, =110 000 — 20 156.25 x n where n
is the number of years.

Vs =110 000 — 20 156.25 x 5

Vs =9218.75

After 5 years, the printer has value
$9218.75

If the value of the machine is $70 000,
V, =70 000

70 000 =110 000 - 0.026875 x n
0.026875 x n =110 000 — 70 000
0.026875 x n = 40 000

n =40 000/0.026875

n=1488 373

By the time the printer has value
$70 000, it has printed 1 488 373 pages.



Solutions to Exercise SE

1

a Vi=1.042 x 6000 = 6252

c

V2 =1.042 x 6252 = 6514.58
V3 =1.042 x 6514.58 = 6788.20

After 1 year, the value of the investment
is $6252, after 2 years the value of the
investment is $6514.58 and after 3 years,
the value of the investment is $6788.20

Use the calculator, counting the number
of times ENTER or EXE is pressed for
the value to exceed 8000.

6000 6000
6000-1.042 6252
6252-1.042 6514.58

6514.58-1.042 6788.20
6788.20-1.042 7073.30
7073.30-1.042 7370.38
7370.38-1.042 7679.94

7679.94-1.042 8002.49

Note: The values in the calculator screens above
have been rounded to 2 decimal places.

It takes 7 years for the value of the
investment to first exceed $8000.

Vo = 5000, Vn+1=1.068 V,

2

a Vi=1.063 % 20000 =21 260

c

V> =1.063 x 21 260 = 22 599.38
V3 =1.063 x 22 599.38 = 24 023.14

After 1 year, the value of the loan is $21
260, after 2 years the value of the loan is
$22 599.38 and after 3 years, the value
of the loan is $24 023.14

Use the calculator, counting the number
of times ENTER or EXE is pressed for
the value to exceed 30 000.

20000 20000
20000-1.063 21260
21260-1.063 22599.38

22599.38-1.063 24023.14
24023.14-1.063 25536.60
25536.60-1.063 27145.40
27145.40-1.063 28855.57

28855.57-1.063 30673.47

Note: The values in the calculator screens above
have been rounded to 2 decimal places.

It takes 7 years for the value of the loan
to first exceed $30 000.

Vo =18 000, Vn+1=1.094 V,



Principal invested = Vo = 7600 a
annual interest rate is 6% so monthly

interest rate = %% =0.5%

R=1+ 22 - 1005
100

Vo = 7600, V1= 1.005 V, b

Use the calculator and perform 5 steps of
the recurrence relation.

7600 7600
7600-1.005 7638
7638-1.005 7676.19
7676.19-1.005 7714.57
7714.57-1.005 7753.14
7753.14-1.005 7791.91

Note: The values in the calculator screens above
have been rounded to 2 decimal places.

Wayne’s investment is worth $7791.91
after 5 months.

Principal borrowed = V, = 3500
annual interest rate is 8% so quarterly

(op}

interest rate = §% =2%
R=1+ i: 1.02
100

VO = 3500, Vn +1 = 102 Vn

1 year is 4 quarters.
Use the calculator and perform 4 steps of
the recurrence relation.

3500

3500-1.02
3570-1.02 3641.4
3641.4-1.02 3714.228
3714.228-1.02 3788.51256

3500
3570

If Jessica paid back everything she owes c
after 1 year, she would need $3788.51

Purchase price = Vo = 9800
annual interest rate is 3.5%

R=1- 35 0.965
100

Vo = 9800, Vn+1=10.965 V;

Use the calculator and perform 5 steps of
the recurrence relation.

9800 9800
9800-0.965 9457
9457-0.965 9126.01
9126.01-0.965 8806.59
8806.59:0.965 8498.36
8498.36-0.965 8200.92

Note: The values in the calculator screens above
have been rounded to the nearest cent.

The motor cycle is valued at $8200.92
after 5 years.

depreciation in 3 year = V, — V3
= $9126.01 — $8806.59
=$319.41

Purchase price = Vo =18 000
annual interest rate is 4.5%

R=1- A4S _ 0.955
100

Vo =18 000, Vn+1=0.955 V,

Use the calculator and perform 5 steps of
the recurrence relation.

18000
18000-0.955
17190-0.955
16416.45-0.955
15677.71-0.955
14972.21-0.955

18000
17190
16416.45
15677.71
14972.21
14298.46

Note: The values in the calculator screens above
have been rounded to the nearest cent.

The furniture is valued at $15 677.71
after 3 years.

total depreciation = Vo — Vs
= $18 000 — $14 298.46
= $3701.54



Solutions to Exercise 8F

1 3
a Vi=2"x6 a i Vo=2000 so the amount borrowed
Vi=2x6 is $2000.
Vs =96
.. r
. =1+ —
b Va=3"x10 "LO6=1+ 750
V4 =3*x10 106-1=_F
r
c Vn=05"x1 O-OGZE
V4 = 0.54 x 1 _
V4 = 0.0625 r =0.06 x100
' r=6
_ n The annual interest rate for this
d Vn= 0.254 x 80 loan is 6%.
Vs =0.25x 80
Va=03125 b V= 106" x 2000
2 _ 1 0@
a i Vo=3000 so the amount invested ¢ xs - ;;50264 ;52000
is $3000. 5T '
i11=1+ d Ve = 1.06° x 2000
100 Ve = 2837.04
11-1= 1 _
100 Interest paid =Vs— Vo
01=_" = $2837.04 — $2000
7100 = $837.04
r=0.1x100
r=10

The annual interest rate for this
investment is 10%.

b V,=1.1"x 3000

c Vs=1.1°x 3000
Vs = 4831.53

d Vs is the value of the investment after 5
years.



Vo = 8000
r=12.5

R:1+E
100

R=1125
Vi = (1.125)" x 8000

Vs = (1.125)° x 8000
Vs =11 390.63

After 3 years, the value of the investment
is $11 390.63

interest earned =Vs—-Vq
=11 390.63 — 8000
=3390.63

After 3 years, the interest earned is
$3390.63

interest earned in 3rd year = V3 — V5

Vs = (1.125) x 8000
V,=10125

interest 3rd year =11 390.63 — 10125
=1265.63

The interest earned in 3" year is
$1265.63

annual interest rate = 6%
monthly interest rate = %%

=0.5%

R:1+£
100

=1.005
Vo = 3300
Vi = (1.005)" x 3300

Vio = (1.005) x 3300
= 3468.76

After 10 months, the value of the loan is
$3468.76

(ep]

~

=V —Vo
= 3468.76 — 3300
=168.76

interest charged

Over 10 months, the interest charged is
$168.76

i The purchase price is V.
The purchase price of the stereo
system is $1200.

il R=0.88

1- " -08s8
100

1-088= ——

100

012= ——
100

r=0.12 x 100
r=12

The stereo system is deprecating at
the rate of 12% per annum.

Vi = (0.88)" x 1200

V7 = (0.88)7 x 1200
= 490.41

After 7 years, the stereo system has
value $490.41

Purchase price = $38 500, so
Vo =38 500

r=9.5,so
R=1- E
100

=0.905

Vi, = (0.905)" x 38 500

Vs = (0.905)5 x 38 500
=23372.42

After 5 years, the car has value
$23 372.42



c

total depreciation over 5 years
= Vo — V5
= 38500 - 23 372.42
=15127.58

Over 5 years, the total depreciation of
the car is $15 127.58

Vo = 3500

r=6.75so,
R=14+ 6.75
100

=1.0675

Vi = (1.0675)" x 3500

If the value of the investment is now
$5179.35,

5179.35 = (1.0675)" x 3500

solve (5179.35=(1.0675)™3500,n)

n=5.99999694659

Sarah investment her money for 6 years.

Vo =200
Vh =20 000

r=4.75so,
R=14+ 4,75
100

=1.0475

Va = (1.0475)" x 200

20 000 = (1.0475)" x 200

solve (20000=(1.0475)™200,n)

n=99.2357279124

Since the value of the investment must
exceed $20 000, the value of n must be
rounded up to 100.

10

11

It would take $200 100 years to exceed
$20 000 if it was invested at 4.75% per
annum compound interest.

Vo =1000
n=12

V12 =1601.03
r=7°

]
Vo= (L+ ——)'xV,
=) Ve

1601.03 = (1 + —— )12 x 1000
100

solve (1601.03=(14x/100) *2-1000,z)

r=-203.999987991 or r=3.99998739905

Ignore the negative value for r.
The investment has an annual interest
rate of 4%.

Vo = 8000
n=3

V3 = 6645
r=7?

.
Vo= (1- 1 Yxv,
== ) Vo

6645 = (1 — ——)3 x 8000
100

solve (6645=(1-r/100) 3*8000,x)

r=5.99845332257

The depreciation rate is 6% per annum.



12

13

V():?
n=4
V, =12 000

r=6.8s0,
R=1+ ﬁ
100

=1.068

12 000 = (1.068)* x Vo

solve (12000=(1.068) -v,v)

V=9223.51026167

$9223.51 must be deposited.

Vo:?
n=10
V10 =13770

r=8.2 50,
R=1- 2
100

=0.918

13 770 = (0.918)° x V;

solve(13770=(0.918) 1°-v,v)

V=32397.1739866

The initial cost of the machine was
$32 397.17



Solutions to Exercise 8G

1

a

4.95% per annum =

=0.4125 % monthly

25 % monthly

8.3% per annum = 8743% quarterly

= 2.08% quarterly

6.2% per annum = 2—:% fortnightly
= 0.238% fortnightly

7.4% per annum = %% weekly

=0.142% weekly

12.7% per annum = 12—'7% daily
365

=0.0348% daily

0.54% monthly = 0.54 x 12% annually
= 6.48% annually

1.45% quarterly = 1.45 x 4% annually
= 5.8% annually

0.57% fortnightly = 0.57 x 26% annually
= 14.82% annually
0.19% weekly ~ =0.19 x 52% annually
= 9.88% annually
0.022% daily =0.022 x 365%
annually
= 8.03% annually

eff(6.2,12) 6.3792531
OR

convEEf (12,6.2) 6.3792531

The effective rate is 6.38% per annum.

eff(8.4,365) 8.761838
OR
convEff (365,8.4) 8.761838

The effective rate is 8.76% per annum.

eff(4.8,52)
OR
convEff (52,4.8) 4.9147426

4.9147426

The effective rate is 4.91% per annum.

eff (12.5,4) 13.098239
OR

convEff (4,12.5) 13.098239

The effective rate is 13.10% per annum.

eff(7.5,2) 7.640625
OR
convEEE (2,7.5) 7.640625

The effective rate is 7.64% per annum.



4
a

More frequent compounds means more
interest is earned or charged. Since
Brenda is investing money, it is better
for her to earn more interest.

r=4.60
There are 4 quartersinayearson=4

4.6
Feffective = ((1+
effective (( 4x100

=4.679960...

)* = 1) x 100

or

eff(4.6,4)
OR
convEff (4,4.6)

4.679960

4.679960

The effective interest rate for the loan is
4.68% per annum (2 d.p).

r =4.60
There are 12 months in a year so n = 12

4.6
Feffective = ((1+
effective (( 12 %100

=4.69823...

)2 — 1) x 100

or

eff(4.6,12) 4.69823
OR

convEff (12,4.6) 4.69823

The effective interest rate for the loan is
4.70% per annum (2 d.p).

The effective interest rate for monthly
compounds is higher than for quarterly
compounds. Brenda will earn more
interest in one year with monthly
compounds, which are more frequent
than quarterly compounds.

c

Less frequent compounds means more
interest is earned or charged. Since Stella
is borrowing money, it is better for her to
pay less interest.

r=794
There are 26 fortnights in a year so
n=26

7.94

26x100
= 8.2506...

Feffective = (( )26 - 1) x 100

or

eff(7.94,26)
OR
convEEf (26,7.94)

8.2506

8.2506

The effective interest rate for the loan is
8.25% per annum (2 d.p).

r=794
There are 12 months in a year so
n=12

7.94

12x100
=8.2354...

leffective = (( )12 - 1) x 100

or

eff(7.94,12)
OR
convELf (12,7.94)

8.2354

8.2354

The effective interest rate for the loan is
8.24% per annum (2 d.p).

The effective interest rate for monthly
compounds is lower than for fortnightly
compounds. Stella will pay less interest
in one year with monthly compounds,
which are less frequent than fortnightly
compounds.



6
a

Option A:
r=8.3
n=12
leffective = (( + 12 10 )12 1) x 100
=8.62314...

or

ef£(8.3,12) 8.62314

OR
convEff (12,8.3) 8.62314

The effective interest rate for the loan is
8.62% per annum (2 d.p).

Option B:
r=7.8
n=52
Feffective = (( + Eox 10 )52 1) x 100
=8.10594...

or

eff(7.8,52) 8.105%94

OR
convEEf (52,7.8) 8.10594

The effective interest rate for the loan is
8.11% per annum (2 d.p).

Option A:
interest = 8.62% of $35 000

- 862 x 35000
= $3017

Option B:
interest = 8.11% of $35 000

-84 x 35000
= $2838.50

c

7
a

Luke should choose loan option B

because he will pay less interest with this

loan. This loan has a lower effective
interest rate.

Option A:
r=5.3
n=12
5.3
leffective = ((1+——— )2 —1) x 100
effective (( 12)(100 ) ) X
=5.43066...
or
eff(5.3,12) 5.43066
OR
convEEf (12,5.3) 5.43066

The effective interest rate for the
investment is 5.43% per annum (2 d.p).

Option B:
r=55
n=4
5.5
Fefective = ((1+ 45100 ) 1) x 100
=5.61448...
or
eff(5.4,4) 5.510337
OR
convEff(4,5.4) 5.510337

The effective interest rate for the
investment is 5.51% per annum (2 d.p).



b Option A:
interest =5.43066% of $140 000

_ 9.43066 « 140 000

= $7602.92

Option B:
interest =5.61448% of $140 000

— 561488 /5000

= $7860.27

¢ Sharon should choose investment option
B because she will earn more interest
with this investment. This investment
has a higher effective interest rate.



Chapter 9 — Modelling and analysing
reducing-balance loans and
annuities

Solutions to Exercise 9A

1 ¢ Po=1000, Pn+1=1.02P,-20
a TO = 50, Tn+1 = 2Tn - 10

Po =1000
To=50 P1=1.02 x 1000 - 20 = 1000
T1=2x50-10=90 P, =1.02 x 1000 - 20 = 1000
T,=2x90-10=170 P;=1.02 x 1000 - 20 = 1000
Ts3=2x170-10=330 P, =1.02 x 1000 - 20 = 1000
T4=2x330-10 =650 Ps=1.02 x 1000 - 20 = 1000
Ts=2x650-10=1290
Or
Or
1000 1000
50 50 1000-1.02-20 1000
50-2-10 90 1000-1.02-20 1000
90-2-10 Ao 1000-1.02-20 1000
W, o 1000-1.02-20 1000
S on P 1000-1.02-20 1000
650-2-10 1290
2
b Z,=128, Z,+1=0.5Z,+ 32 a  [Ts0000 150000
150000+ 0.986+1000 148900
148900-0.986+1000 147815.4
Zo=128 e oot
Z1=05%x128+32=96 145691.540644
Z2 - 05 x 96 + 32 - 80 145691.540644'0.9864-1010404651.859

Z3=05x80+32=72
Z;=05%x72+32=68

Z:=0.5 x 68 + 32 = 66 After 5 days there will be 144 651.859

litres of water in the swimming pool.
Or

128 128

1285055132 96 131535.7072-0.986+1000
96-0.5+32 80 130694.2073
80-0.5+32 72 130694.2073-0.986+1000
72-0.54+32 68 129864 .4884
68-0.5+32 66

It will take 21 days for there to be less
than 130 000 litres of water in the
swimming pool.



The initial number of kangaroos is Ko.
Ko = 3000

There were initially 3000 kangaroos in
the population.

3000 3000
3000-1.02-200 2860
2860-1.02-200 2717.2

2717.2-1.02-200 2571.544

Apply the recurrence relation rule and
observe the effect.

The population of kangaroos is
declining.

From the recurrence relation rule . . .

R=1.02

1+ =102
100

1021

100

' —o002

100

r = 0.02 x 100

r=2

The kangaroo birth rate is growing at the
rate of 2% per year.

The additional number of kangaroos that
leave the population is the number
subtracted in the recurrence relation.

200 additional kangaroos leave the
population each year.

3000 3000
3000-1.02-200 2860
2860-1.02-200 2717.2

2717.2:1.02-200 2571.544

2571.544-1.02-200
2422.97488

2422.97488-1.02-200
2271.434378

After 5 years, the expected number of
kangaroos in the population is 2271,
correct to the nearest whole number.



Solutions to Exercise 9B

1 Vo=2500, Vni1=1.08V,-626.00 3
a The principal amount borrowed is

2500 2500
2500-1.08-626 2074
2074-1.08-626 1613.92
1613.92-1.08-626 1117.0336
1117.0336°1.08-626
580.396288
580.396288-1.08-626
0.82799104

$2000. So, Vo =2000.

Interest rate is 6% p.a compounding
monthly, so

r= 6. 0.5% per month
12

The balance of the loan after three R=1+ 22 0.5/100
payments have been made is $1117.03, 100
correct to the nearest cent. R=1.005

The loan is not fully repaid after 5
payments of $626. The last line of the
calculator screen is 0.8279... which
means the last payment must be
increased by $0.83 to fully repay the

Monthly payments of $339 are made, so
D =339

Vo = 2000, Vn+1=1.005V,—-339

loan. b 2000 2000
2000-1.005-339 1671
1671-1.005-339 1340.355
The last payment must be $626.83 to 1340.355°1.005-339 1008036773
1008.056775°1.005-339
fully repay the loan after 5 payments. 674.0970589
Vo =5000, Vi1=1.01V,-862.70
5600 5000 After 4 months, the balance of the loan is
5000-1.01-862.70 4187.3
187 3.1 01-862.70 3366 473 $674.10, correct to the nearest cent.
3366.473-1.01-862.70
2537.43773
2537.43773-1.01-862.70 C Ey 2002
2000-1.005-339 1671

1700.112107

1700.112107-1.01-862.70
854.4132284

854.4132284-1.01-862.70
0.2573606567

After two payments, the balance of the
loan is $3366.47, correct to the nearest
cent.

The final payment must be increased by
$0.26 so will be $862.96

1671-1.005-339 1340.355
1340.355°1.005-339 1008.056775
1008.056775-1.005-339
674.0970589
674.0970589°1.005-339
338.4675442

338.4675442°1.005-339
1.15988189

In order to ensure that the loan is fully
repaid after 6 months, the final payment
must be:

$339 + $1.16 = $340.16



4
a

o1

The principal amount borrowed is a
$10 000. So, Bo =10 000.

Interest rate is 12% p.a compounding
quarterly, so

r= % = 3% per month

R:1+i
100

R=1.03

Monthly payments of $2690.27 are
made, so D = 2690.27

Bo =10 000,
Bn+1=1.03 By —2690.27

10000 10000
10000-1.03-2690.27 7609.73
7609.73-1.03-2690.27 5147.7519

After 2 payment have been made, the
balance of the loan is $5147.75, correct
to the nearest cent.

10000 10000
10000:1.03-2690.27 7609.73
7609.73-1.03-2690.27 5147.7519
5147.7519-1.03-2690.27
2611.914457
2611.914457°1.03-2690.27
1.89070999E-3

QD

After 4 payments, the balance of the loan
is 1.8907...x 103, or $0.00189

This balance, when rounded to the
nearest cent, is zero, so 4 payments will
fully repay the loan.

The principal amount borrowed is
$3500. So, Vo =3500.

Interest rate is 4.8% p.a compounding
monthly, so

4.8
r= — =0.4% per month

12

R:1+M
100

R =1.004

Monthly payments of $280 are made, so
D =280

Vo = 3500, Vn+1=1.004 V, - 280

The principal amount borrowed is
$150 000. So, Vo =150 000.

Interest rate is 3.64% p.a compounding
fortnightly, so
r= % = 0.14% per fortnight

R=14+ 0.14
100

R =1.0014

Fortnightly payments of $650 are made,
so D =650

Vo = 150 000,
Vh+1=1.0014 V, - 650

Annual interest rate is 12%

Monthly interest rate = %% = 1%.

The monthly interest rate is 1%.

Balance after payment 1 is $1675
Interest paid = 1% of $1675

=1 . s1675
100
~ $16.75

The interest paid when payment 2 is
made is $16.75

Payment 4 is made up of interest and
principal reduction:



$345.00 = $10.15 + principal reduction
principal reduction = $345.00 — $10.15
= $334.85

The principal repaid from payment 4 is
$334.85

Balance after payment 5
= balance after payment 4
— principal reduction
= $680.37 — $338.20
= $342.17

The balance of the loan after payment 5
has been made is $342.17

The total cost of repaying the loan
= sum of all the payments
=5 x $345 + 1 x $345.60
= $2070.60

The total interest paid
= total cost of repayment
— principal
= $2070.60 — $2000
= $70.60

or

total interest
= sum of interest paid
= $20.00 + $16.25 + $13.47
+$10.15 + $6.80 + $3.42
= $70.59

Note: the difference in the two answers is due to
rounding errors in the amortisation table.

i The principal value is the balance
of the loan for payment number 0.

The principal of the loan is $4000.
ii The quarterly payment is $557.85

iii In the row for payment 1, the value in
the interest column is 100. Interest
paid from payment 1 is $100.

ivIn the row for payment 2, the value in
the principal reduction column is
469.30. The principal reduction from
payment 2 is $469.30

v After payment 3, the balance of the
loan is $2591.83

The balance of the loan after 8 quarters
is 0.17 so $0.17 must be added to the
final payment.

The final payment must be $558.02 in
order to fully repay the loan after 8
quarters.

i The interest component of payment
1is $100. This is calculated on the
principal of the loan.

quarterly interest rate

= 200 . 100%
4000

2.5% per quarter

ii The annual interest rate
= 4 x quarterly interest rate
=4 x25%
= 10% per annum

A = interest paid with payment 4
= payment — principal reduction
=557.85 - 493.05
=64.80

B = Principal reduction of payment 5
= payment 5 — interest
=557.85-52.47
=505.38

C = balance after payment 6
= balance after payment 5 —
principal reduction of payment 6
=1593.39 - 518.02
=1075.37

D = interest paid with payment 7
= 2.5% of balance
after payment 6
= E x C
100
=0.025 x 1075.37
=26.88

E = Principal reduction of payment 7
= payment 7
— interest of payment 7
=557.85-D
=557.85-26.88

=530.97
Note: Because the values in an amortisation table
are rounded to the nearest cent, there can be
small differences in the values depending on the
calculation method used.



Solutions to Exercise 9C

Note: in the financial solver screens below, the shaded
box is the quantity that is found by pressing ENTER or

tapping Solve.

1

a N: |6
1
Pv:

Pmt or PMT:

FV:
PplyorPry: 2|
CplY or CIY: |12

Balance after 6 months is $6061.91

b N[z ]
1%:
PV:
Pmt or PMT:
FV:
PplyorPiY: 12|
Cp/Y or CIY: |12

Balance after 1 year is $12 095.13

c N: |5x4
1%:
PV:
Pmt or PMT:
P
PplyorPry: [« ]
Cp/Y or CIY: ’4—‘

Balance after 5 years is $168 519.40

d N:
1%:
PV:
Pmt or PMT:
FV:
PplyorPiY:[¢ |
CplY or C/Y: |4

Balance after 2 years is $45 196.78

d N[ ]
1%:
PV:
Pmt or PMT:
FV:
PplyorPiy: [z |
CplY or C/Y: |52

Balance after 1 year is $33 735.99

i N
"
PV:
Pmt or PMT:
v
Pply or P/Y: E
Cp/Y or CIY: ’12—‘

Monthly payments of $617.80 are
required to fully repay this loan in 30
months.

° N
"
PV:
Pmt or PMT:
v
Pply or P/Y: E
Cp/Y or CIY: ’12—‘

Monthly payments of $413.38 are
required to fully repay this loan in 2
years.

¢ N: (s
"
-
Pmt or PMT:
N
Pply or PIY: |:|
cpiYorciv: [+ ]

Quarterly payments of $506.64 are
required to fully repay this loan in 6
quarters.




N: |15x4
e
PV:
Pmt or PMT:
ep ]
PplyorPrY: [« ]
Cp/Y or CIY: |:|

Quarterly payments of $4175.11 are
required to fully repay this loan in 15
years.

N:

S

PV:

Pmt or PMT:

Fvip ]

PplyorPy: [8 |
Cp/Y or C/Y: |28

Fortnightly payments of $687.65 are

required to fully repay this loan in 25
years.

N: [30x12
O T
PV:
Pmt or PMT:
N
PplyorPry: 2|
CplY or CJY: |12

The monthly payment is $857.09

Number of payments = 30 x 12 = 360
Total cost of paying off loan
= number of payments x $857.09
=360 x $857.09
= $308 552.40

Correct to the nearest dollar, the total cost
of paying off the loan is $308 552.

Interest paid = total cost — principal
= $308 552.40 - $90 000
= $218 552.40

Interest paid on this loan is $218 550 (to
nearest 10 dollars)

I

b

v
1%:
PV:
Pmt or PMT:
Py
PplyorPiv:[12 |
CplY or C/Y: |12

After 12 years, there is still $197 793.85
still owing on this loan.

' N:
1%:
PV:
Pmt or PMT:
Fvip |
PplyorPiv: 12|
Cp/Y or CIY: ’12—‘

If the loan is fully repaid in 12 years,
the monthly payment must be
$2902.96, correct to the nearest cent.

ii Total repaid
= number payments
x payment amount
= 144 x $2902.96
= $418 026.24

The total amount repaid on this loan is
$418 030 (to the nearest 10 dollars)

iii Total interest
= total repaid — principal
= $418 026.24 - $240 000
= $178 026.24

The total amount of interest paid on this
loan is $178 030 (to the nearest 10
dollars)



N:
1%:
PV: |20000
Pmt or PMT: [-450
Fvif ]
PplyorPiY: 12|
Cp/Y or C/Y: |12

The number of monthly payments
required to pay out this loan is 55, correct
to the nearest month.

Total paid
= number of payments
x payment amount
=55 x $450
= $24 750

Amount of interest
= Total paid — Principal
= $24 750 — $20 000
= $4750

N
I%:
PV:
Pmt or PMT:
Fvifp |
PplyorPiY: 12|
Cp/Y or CIY: |12

Correct to the nearest month, it takes Joan
43 months to fully repay the loan.

Total paid
= number of payments
x payment amount
=43 x $550
= $23 650

Amount of interest
= Total paid — Principal
=$23 650 — $20 000
=$3650

Interest saved
= interest from Q5b — $3650
=$4750 - $3650
=$1100

Joan would save $1100 in interest by
paying the higher monthly payment.

N

"

Pv:

Pmt or PMT:
v

Pply or PiY: E
CplY or CIY: ’12—‘

The payments for this loan are $349.43,
rounded to the nearest cent.

Total paid
= number of payments
x payment amount
=240 x $349.43
= $83 863.20

Amount of interest
= Total paid — Principal
= $83 863.20 — $35 000
= $48 863.20

Interest paid is $48 900 (to nearest 100
dollars)

Change the payment value to $349.43

~=
1%:
PV:
Pmt or PMT:
Py
PplyorPiv:[12 |
CplY or C/Y: |12

After 4 years, there is still $32 437.90
owing on this loan.

4 years has already passed. If the loan is
repaid in 20 years total, there are still 16
years of the loan left.

Take value of loan after 4 years as the
new principal value. Use the value that
has been rounded to the nearest cent.

Change PV to $32437.90

Change the interest rate to 13.75%



N: |16x12
%
PV:
Pmt or PMT:
Fvip |
PplyorPry: [12_____ |
Cp/Y or C/Y: |12

The new payment required is $418.66

Amount paid with no interest change
=20 x 12 x $349.43
= $83 863.20

Amount paid with interest change
=4 x12x$349.43 + 16
x 12 x 418.66
= $97 155.36

Extra paid = $97 155.36 — $83 863.20
=$13292.16

The extra amount to be repaid is $13 300
(to the nearest 100 dollars)

The calculations in this solution have
used payments and balances rounded to
the nearest cent because in practice it is
not possible to pay fractions of cents.

N: |[Tx12
1%:
PV:
Pmt or PMT:
v
PplyorPry: 2|
Cp/Y or CIY: ’12—‘

After 7 years, there is still $132 119.82
owing on the loan.

Change interest rate to 8.5
There are 18 years left on the loan
The new principal is $132 119.82

N: |18x12
»
PV:
Pmt or PMT:

A
PplyorPiv: 12|
CplY or CfY: |12

The new monthly payment required is
$1196.29

Use a financial solver to find the principal
amount borrowed.

N: |30x12

1%:

PV:

Pmt or PMT:

Fvip ]

PplyorPry: [12_____ |
Cp/Y or C/Y: |12

I

Selling price = deposit + principal
= $50 000 + $179 994.24
= $229 994.24

total paid on loan = 30 x 12 x $1384
=$498 240

Interest = total paid — principal
= $498 240 — $179 994.24
= $318 245.76

Interest to be paid is $318 246 (to the
nearest dollar)

N: [ex12
1%:
PV: |179994.24

Pmt or PMT:
Fv:
Pply or PIY:

Cp/Y or C/Y: |12

After 6 years, the couple still owe
$169 798.80

W




d New principal value = $169 798.80
New interest rate = 8.5% + 0.9% = 9.4%
Time left on loan = 24 years

N: |24x12
%:
PV:
Pmt or PMT:
FV:
PplyorPiy: 2|
Cp/Y or CIY: ’12—‘

After the original 30 year time period, the
couple still owe $111 567.70

e Change the future value to zero and
calculate the new payment.

N: |24x12
"
PV:
Pmt or PMT:
Y
PplyorPry: 2|
Cp/Y or CIY: ’12—‘

The new payment amount is $1487.29




Solutions to Exercise 9D

Note: in the financial solver screens below, the shaded
box is the quantity that is found by pressing ENTER or
tapping Solve.

1 N: |1

1%: [7.15

PV:
Pmt or PMT:

Fv:
PpyorPry: 2]
Cp/Y or CIY: ’12—‘
The monthly payment on this interest-
only loan is $595.83

N: |1
"
PV:
Pmt or PMT: [-339.5833333 |
Fv:
PplyorPry: 2|
Cp/Y or CIY: ’12—‘

Jamie will need to pay $339.58 each
month.

3 Jackson will pay 12 payments on this
interest-only loan before he sells his
painting.

o —

I%:

PV:

Pmt or PMT:
P
PplyorPiY: 12|
Cp/Y or CIY: ’12—‘

Each payment will be $231.25

Total paid in interest = 12 x $231.25
= $2775.00

Total cost of the painting
= $30 000 + $2775.00
= $32 775.00

Jackson will need to sell the painting for
$32 775 in order to lose no money.



Solutions to Exercise 9E

Note: in the financial solver screens below, the shaded
box is the quantity that is found by pressing ENTER or

tapping Solve. The last payment = $1518.00 + $3.21

1

a [5o00 5000 =$1521.21
5000-1.01-1030 4020
4020-1.01-1030 3030.2 3

3030.2-1.01-1030 2030.502

a Helen invests $40 000 so Vo = 40 000

Interest rate = 6% per annum

After- 3 payments, the balance of the - E% per quarter
annuity is $2030.50 4

= 1.5% per quarter

b [5o00 5000
5000-1.01-1030 4020 15
4020-1.01-1030 3030.2 R = 1 + =
3030.2-1.01-1030 2030.502 100
2030.502-1.01-1030 - 1015
1020.80702
Helen receives payments of $10 380 each
1020.80702-1.01-1030 quarter' SO
1.0150902 D =10380
Vo =40 000, Vn+1=1.015V,-10 380
b 6 months is equivalent to 2 quarters.

After 5 payments, the balance of the

H H H H 40000 40000
annuity is $1.02 so the annuity is not fully TR s
paid out after 5 payments. 30220-1.015-10380 20293.3

The last payment = $1030.00 + $1.02

= $1031.02
2 After 6 months (2 quarters) the balance of
4 (550 — the annuity is $20 293.30
6000-1.005-1518 4512
4512-1.005-1518 3016.56 4

a monthly interest rate
_ annual interest rate

- 12

After 2 payments, the balance of the
annuity is $3016.56

3 % per month
12

= 0.25% per month

b [¢€o000 6000
6000-1.005-1518 4512 ;
4512-1.005-1518  3016.56 b From the row for payment 1, the interest
3016.56-1.005-1518 earned is $15.
1513.6428
1513.6428-1.005-1518 R R
o SRSGRA ¢ From the row for payment 3, the principal

After 4 payments, the balance of the is reduced by $495.47

annuity is $3.21 so the annuity is not fully

paid ouit after 4 payments d From the row for payment 5, the balance

of the annuity is $3522.64



e A =0.25% or previous balance

- 0'25’ « 3522.64

= 8.81 (nearest cent)

B = payment 6 — interest earned
=508.00- A
=508.00 - 8.81
=499.19

C =balance5-B
=3522.64 — 499.19
=3023.45

f The last payment = $508.00 + $1.97
= $509.97

g The total return from the annuity
= sum of all the payments received
=11 x $508.00 + 1 x $509.97
= $6097.97

h Total interest earned
= total return — principal
= $6097.97 — $6000
=$97.97

5 Remember to make PV negative because
this value is given to the bank.
Remember to make Pmt or PMT positive
because this amount is given from the
bank.

N: |58.33701358
"
PV:
Pmt or PMT:
S —
PplyorPry: 2|
Cp/Y or CIY: ’12—‘

Leigh’s investment will last 58 months,
correct to the nearest month.

6 N
I%:
PV:
Pmt or PMT:
Fvifp |
PplyorPiY:[¢ |
CplY or C/Y: |4

Raj’s annuity will last for 21 quarters,
correct to the nearest quarter.

N;
1

PV: |-40000
Pmt or PMT:
v
Pply or P/Y: E
Cp/Y or CIY: ’12—‘

Note: the payment value is positive because this
amount is given from the bank to Stephanie.

Stephanie will receive $474.81 each
month from her annuity.

N: |15x12
"
PV:
Pmt or PMT:
]
Pply or PiY: D
CplY or CIY: ’12—‘

Helen can withdraw $692.50 from her
annuity each month.

Make sure that the payment is retained in
the financial solve. Just change the value
of N.

N

"

Pv:

Pmt or PMT:
a%

Pply or PiY: E
Cp/Y or CIY: ’12—‘




¢ Transfer the future value after 2 years to b FV from Q9a becomes PV.
be the new principal value.

N: [12x12
i 0,
Change the interest rate to 6.2%. 9%:
Make the future value zero. R\
Pmt or PMT:
N: Fvifp ]
Pply or PIY: :
1%: 62 ]
e _ CplY or CIY: I:I
PV:
Pmt or PMT: _ _
v ] Sameep will need an annual interest rate
of 6.57% (2 d.p) in order to exhaust his
PpiyorPrY: [ ]
. "P"'{ i gl R investment after 12 additional years.
p/Y or 3

Helen’s investment will last a further 153
months.

d After 2 years, there are still 13 years to
go.

N: otz |

"

P

Pmt or PMT:
vl ]

Pply or PIY: E
CpiYorCry: [12 ]

Payments of $684.73 will ensure Helen’s
investment lasts for 15 years in total.

a N: [10x12
o
PV:
PmtorPMT: 0 |
Fu:
PplyorPry: 2|
Cp/Y or CIY: ’12—‘

There is $278 394.49 in the account after
10 years (to the nearest cent)



Solutions to Exercise 9F

Note: in the financial solver screens below, the shaded
box is the quantity that is found by pressing ENTER or
tapping Solve.

1
a $2500 = 2.5% of investment

$2500 = 25 x investment

$2500 x 100 = 2.5 x investment
2500x100

25
investment = $100 000

investment = $

Geoff should invest $100 000 to provide

for his perpetuity donation to the RSPCA.

2500

b interestrate = $ x 100%

=3.125%

The minimum interest rate Geoff needs is
3.125% per annum.

a $500 = 2.7% of investment
$500 = 27 x investment
100

$500 x 100 = 2.7 x investment
500x100

2.7
investment = $18 518.52

investment = $

Barbara should invest $18 519 (nearest
dollar) to provide the scholarship.

$500
2000
=4.166...%

b interest rate = x 100%

The minimum interest rate Barbara needs
is 4.2% per annum (2 d.p)

3 $5500 = 2.75% of investment

$5500 = 2.75 x investment
100

$5500 x 100 = 2.75 x investment
5500x100

2.75
investment = $200 000

investment = $

Kathy should invest $200 000 to provide
for her donation.

(]

T
1%: [5.75
PV:
Pmt or PMT:
P
PplyorPiv: 12|
Cp/Y or CIY: ’12—‘

Craig will receive a monthly payment of
$4791.67 from his annuity investment.

Remember to change the compounds per
year to 4 (quarterly)

N: |1
1%:
PV:
Pmt or PMT:
P
PplyorPiy: [t |
Cp/Y or C/Y: |4

Suzie receives a quarterly payment of
$9790.50 from her investment.

Since Suzie is withdrawing only the
interest that is earned from her
investment, the full invested amount will
remain in the account in perpetuity.

After 5 quarterly payments, Suzie has
$642 000 in the perpetuity.

The amount invested in a perpetuity will
remain constant, provided the interest rate
and remains the same.

After 10 quarterly payments, Suzie has
$642 000 in the perpetuity.



Solutions to Exercise 9G

Note: in the financial solver screens below, the shaded
box is the quantity that is found by pressing ENTER or
tapping Solve.

1
a

2000 2000
2000-1.08+1000 3160
3160-1.08+1000 4412.8

4412.8-1.0841000 5765.824
5765.824-1.08+1000
7227.08992

7227.08992-1.08+1000
8805.257114

The balance of the investment after 5
years is $8805.26

The principal value is Vo.
The principal of this investment is $2000.

The amount added to the investment each
year is $1000.

The value of R from the recurrence
relation is
R=1.08
=1+ L
100

1+ =108
100

" ~o008
100

r = 8% per annum

20000 20000
20000-1.025+2000 22500
22500-1.025+2000 25062 .5
25062.5-1.025+2000
27689.0625

The balance of the investment after 3
quarters is $27 689.06

The principal value is Vo.
The principal of this investment is
$20 000.

¢ The amount added to the investment each

year is $2000.

The value of R from the recurrence
relation is
R=1.025
=1+ L
100

1+ =1.025
100

' —0025
100

r = 2.5% per quarter

r =4 x 2.5% per annum
= 10% per annum

Sarah invests $1500, so Vo = 1500.

Sarah adds $40 to the investment each
month so D = 40.

The annual interest rate is 9%.
The monthly interest rate

= i% per month
12
= 0.75% per month

R=1+ L
100

“14 0.75

100
=1.0075

Vo = 1500, Vn+1=1.0075 V, + 40

i The original amount invested is the
balance of the annuity after 0
payments.

The original amount invested is $5000.

il The amount added to the principal
each month is the payment made.

Amount added to principal is $100.



iii Using the row for payment 1, the

\Y

\Y

interest earned is $50.

monthly interest rate

= 29, 100%
5000

= 1% per month

annual interest rate

= monthly interest rate x 12

=12 x 1%
= 12% per annum

Using the row for payment 2, the
principal increase is $151.50

$6242.85

i Using the row for payment 8, the value
of the investment after 8 months is

A = 1% of the previous balance

= L 530150
100

=53.015
=53.02 (2 d.p)

B = Payment made + interest earned

=100 + 53.02
=153.02

C = previous balance + principal

=5301.50 + 153.02
=5454.52

total interest

increase

= balance after 8 months

— principal

— payments made

= 6242.85-5000 - 8 x 100

=442.85

or

total interest

= sum of interest column

=50+ 51.50 + 53.02 + 54.55
+56.09 + 57.65 + 59.23 + 60.82

=442.86

note: The difference of 1 cent between these
two methods is due to the rounded values in the

amortisation table.

5
N: |10
1%:
PV:
Pmt or PMT:
Py
PplyorPry: 12|
Cp/Y or CIY: ’12—‘
After 10 months, the value of Lee’s
investment is $15 136.46
6
N:
i fs2 ]
PV: [10000
Pmt or PMT:
FV:
PplyorPiv: 12|
Cp/Y or CIY: ’12—‘
The number of months it takes the
investment to have value $12 000 is
slightly more than 8 months. This means
we have to round UP to 9 months.
It will take 9 months for the investment to
have a value of at least $12 000
7

a 5years =5 x 12 = 60 months

N: [5x12
"
PV:
Pmt or PMT:
FV:
PplyorPry: 12|
Cp/Y or CIY: ’12—‘

If Bree makes regular deposits of $120
per month, she will have $42 378.59 after
5 years.



b N: |5x12
%:
PV:
Pmt or PMT:
FV:

PplyorPiy: 2|
Cp/Y or CIY: |12

If Bree makes regular withdrawals of
$120 per month, she will have $25 569.07
after 5 years.

8 Jarrod did not make an initial deposit, so
PV =0.

a N: [10x12
O
pv:ip ]

Pmt or PMT:
Fy:

PplyorPry: 2|

Cp/Y or CIY: ’12—‘

After 10 years, Jarrod will have
$81 939.67 in his account.

b At the end of the first 10 years, the FV
becomes the PV.

The Pmt or PMT value must be positive
now because the bank is giving this
money to Jarrod.

N:

e ]

PV:

Pmt or PMT:
.
PplyorPiY: 12|
Cp/Y or CIY: ’12—‘

After another 10 years, Jarrod has
$67 141.10 in his account



Solutions to Review: Extended-response questions

Note: in the financial solver screens below, the shaded
box is the quantity that is found by pressing ENTER or

tapping Solve.

1

a Initially, there were 840 fish in the pond,

so Fo = 840.

The population grows at the rate of 6%
every month, so r = 6 and

R:1+i
100

R =1.06

Every month, 80 fish are removed from
the pond so
D =80

D is subtracted in the recurrence relation.

Fo =840, Fn.1=1.06 Fn— 80

840 840
840-1.06-80 810.4
810.4-1.06-80 779.024
779.024-1.06-80 745.76544

745.76544-1.06-80
710.5113664°1.06-80
673.1420484

710.5113664

After 5 months, there are 673 (to the
nearest whole fish) in the pond.

673.1420484°1.06-80

633.5305713
633.5305713-1.06-80

591.5424056

80.05316889-1.06-80
4.898759022

4.898759022-1.06-80
-74.80731544

After 18 months there will be no fish in
the pond.

2

a Barry is considering borrowing $250 000,

s0 Vo = 250 000.

The interest rate of the loan is 4.9%
compounding monthly, so
r=4.9/12 and

R=1+4.9/12/100

Barry would make monthly payments of
$1800 so
D =1800
D is subtracted in the recurrence relation.

Vo = 250 000,
Vi1 = (1+4.9/12/100) V, — 1800

250000 250000

250000 (1+4.9/12/100)-1800
249220.8333

249220.8333- (1+4.9/12/100) -1800
248438.4851

242063.5913" (1+44.9/12/100) -1800
241252.0176

241252.0176° (1+44.9/12/100) -1800
240437.13

After 12 months, Barry would owe
$240 437.13

It would take 58 months to reduce the
loan to below $200 000



i interest on first month

49 $250 000
12100

$1020.83

ii In the first year, Barry is only paying
interest, so
Total interest =12 x $1020.83
= $12 249.96

iii After the 12" interest only payment,
Barry would still owe the original
principal of $250 000.

Interest rate is 6.25% per annum,
compounding monthly so,
interest received

6.25

" 12x100
= $781.25

x $150 000

Samantha would receive $781.25 each
month.

S
I%:
PV:
Pmt or PMT:
P
PplyorPiY: 12|
Cp/Y or CIY: ’12—‘

Samantha would have $147 298.48 left
after 12 months.

N

I%:

PV:

Pmt or PMT:
Fv:
PplyorPiY: 12|
Cp/Y or CIY: ’12—‘

It takes 37.278... month for the annuity to

have value $100 000 so the value of the
investment would drop below $100 000
after 38 months.

di N: [41.8304015
1%:
PV:
Pmt or PMT:
Fvifp ]
PplyorPry: [12_____ |
Cp/Y or C/Y: ’12—‘

The investment would last for 42
monthly payments.

|| N: |42
"
PV:
Pmt or PMT:
Fv:

PplyorPry: 12|
CplY or CfY: |12

note: The future value is negative, which means
Samantha will need to effectively pay this
money back to the bank.

Samantha’s final payment is $676.93
less than normal.

Final payment = $4000 — $676.93
= $3323.07

a v
i1 ]
PV:
Pmt or PMT:
Fvip |
PplyorPiv:[¢ |
CplY or CIY: |4

The quarterly payment is $656.72

b total cost = 20 payments of $656.72
=20 x $656.72
=$13134.40

The total cost is $13 134 to the nearest
dollar

c interest paid = total cost — principal
= $13 134.40 — $10 000
= $3134.40

The total interest paid is $3134 to the nearest
dollar



N: [10x4
”
PV:
Pmt or PMT:
P
PplyorPry: [« ]
CplY or C/Y: |4

Note: The future value is negative, because this is
money that must be paid back to the bank in the
future.

The quarterly payment on this loan is
$2580.21

N: |20x4

"
P
Pmt or PMT:
v
Pply or PIY: |:|
cpivorcry: [+ ]

The quarterly payment on this loan is
$2184.63

N

%

PV:

Pmt or PMT:
vp ]

Pply or P/Y: I:|
Cp/Y or CIY: ’4—‘

The quarterly payment on this loan is
$2897.92

N: |20x4

"
P
Pmt or PMT:
M
Pply or PIY: |:|
CpivorCry: [+ ]

The quarterly payment on this loan is
$2255.11

N: |39.42661088
"
PV:
Pmt or PMT:
v
PplyorPiy: 12|
Cp/Y or CIY: ’12—‘

The number of months (N) is 39.4266...
which means slightly more than 39
payments of $750 are required. Ina
practical sense, 40 payments are required,
with the last one being less than all the
others

The least number of payments required
will be 40.

Find the future value after 40 payments.

N: |40
1
PV: (24800

Pmt or PMT: [-750

P
PplyorPry: 12|
CplY or CfY: |12

Note: The future value is positive, which means this
is money the bank must pay back to the Andersons.

The bank must pay back $429.22, so
final payment = $750 — $429.22
=$320.78

$750 is one third of $2250 so each
quarter, the family is paying the same
amount. However, more regular
compounds mean the balance is reduced
more often, which means less interest is
paid in the long run. So, the Andersons
made the right decision.



interest rate = %% per quarter

= 2.4% per quarter

interest paid with first payment
= 2.4% of principal

24 | $100000
100

$2400

payment amount can be found using a
finance solver

N: |25x4
1%:
PV:
Pmt or PMT:
Fvip ]
PplyorPiy: [t |
Cp/Y or C/Y: |4

principal reduction
= payment — interest
= $2647.04 — $2400
= $247.04

i

i

Pv:

Pmt or PMT:
Fv:

Pply or P/Y: I:|
Cp/Y or CIY: ’4—‘

After 10 years, the amount owing on the
loan is $83 713.48

N: |[10x12
"
PV:
PmtorPMT: [0 |
Fv:
PplyorPry: 12|
Cp/Y or CIY: ’12—‘

After 10 years, Helene will have
$1 175 244.58

N: [290.8221344
\%:
PV:
Pmt or PMT: |6000
Fvip ]
PplyorPry: [12_____ |
Cp/Y or C/Y: ’12—‘

Note: Use the copy and paste feature of your
calculator to transcribe the FV from the previous
calculation to the PV for this one.

Helene’s annuity investment would last
for 290.8 months, or 291 months with a
smaller than usual payment in the last
month.

interest rate = 3.5% per annum

35 % per month
12

0.29166...% per month

perpetuity payment

= 0.29166... 1 17524458
100

= $3427.80
or

N: |1
1%:
PV:
Pmt or PMT:
P
PplyorPiy: 12|
Cp/Y or CIY: ’12—‘

Helene would receive a monthly payment
of $3427.80 from her perpetuity
investment.



i N: |20x12
"
pv:
Pmt or PMT:
N
Pply or PIY: D
cpiYorCiv: 12 |

The monthly payment on this loan is
$1827.32

ii Total interest
= total paid — principal
= 240 x $1827.320506
- $250 000
= $438 556.92 — $250 000
= $188 556.92

The total interest that will be paid is
$188 557 to the nearest dollar

Nifo ]

"

PV:

Pmt or PMT:
P

Pply or PIY: E
CpiYorCry: [12 ]

After 60 payments, the value of the loan
will be $213 118, correct to the nearest
dollar.

9 years = 9 x 12 payments
= 108 payments

With a new principal of $100 000, and
new payments of $1250 each month,

N: |103.7565931
"
PV:
Pmt or PMT:
o
PplyorPry: 2|
Cp/Y or CIY: ’12—‘

it would take a further 103.756...
payments, or a further 104 payments with
a smaller than usual last payment.

total number of payments
=108 + 104
=212



Solutions to Review: Multiple-choice questions

Note: in the financial solver screens below, the shaded
box is the quantity that is found by pressing ENTER or
tapping Solve.

1 There is an 8% increase in wombat 4 Nife ]
numbers each year, so 1%:
R=1+ 8 Pv:

100 Pmt or PMT:
R=1.08 FV:
_ PplyorPiv:[12 |

There are 60 wombats that die each year, cpYorcry: [z |

SO
D = 60 and this is subtracted in the
recurrence relation

There are currently 490 wombats, so
Vo =490

Vo =490, Vh+1=1.08 V, - 60 C

From the recurrence relation,
R = 1.007 (monthly)

1+ r/100 = 1.007

r/100 = 0.007

r=0.7

monthly interest rate = 0.7%
annual interest rate = 12 x 0.7%
=8.4% D

Amount invested is $18 000, so
Vo =18 000

Interest rate is 6.8% per annum, with
yearly compounds, so
R=1+6.8/100

R =1.068

$2500 is added to the investment each
year so

D = 2500 and this is added in the
recurrence relation.

Vo =18 000, Vn1=1.068V,+ 2500 C

B

5 First, calculate how many months it takes

to pay back the loan.

N e
1%:
PV:
Pmt or PMT:
Fvip |
PplyorPiv: 12|
CplY or C/Y: |12

Find the balance after 25 months:

NE ]
1%:
PV:
Pmt or PMT:
P
PplyorPiv:[12 |
CplY or C/Y: |12

The future value is positive, which means
the bank must give back $18.53

Final payment = $1200 — $18.53
=$1181.47 D



6 payment = interest charged

59 % x $175 000
12

=29 | $175000

12x100
= $860.42

or

N: |1
"
PV:
Pmt or PMT:
Fv
PplyorPrY: 2|
Cp/Y or CIY: E

7 interest from perpetuity = $400
3.4% of investment = $400
3.4/100 x investment = $400

400100
3.4

investment = $11 764.70588

8 T I
i
PV: |6000

Pmt or PMT:
v

Pply or P/Y: D

Cp/Y or CIY: ’4—‘

investment = $

9 N: |12
"
PV:
Pmt or PMT:
.
PplyorPry: 2|
Cp/Y or CIY: ’12—‘

10 First, calculate the monthly payments:

N: |5x12
)
PV:
Pmt or PMT:
o]
Pply or PiY: D
CplY or CIY: E

then calculate future value after 2 years:

N: |2x12
%: 12 ]
PV:
Pmt or PMT:
Fv:

PplyorPry: [12_____ |
Cp/Y or C/Y: |12

C

11 The principal is the balance after payment
0. C

12 The periodic payment is the value in the
payment amount column D

13 Using row 5 of the table, the reduction in
value is $243.86 C

14 Using row 6 of the table, the interest is
$155.16

interest as percentage of payment

_ 15516 « 100%
400

=38.79% B




Chapter 10 — Revision: Recursion
and financial modelling

Solutions to Exercise 10A: Multiple-choice questions

Note: in the financial solver screens below, the shaded
box is the quantity that is found by pressing ENTER or

tapping Solve.

1 Test each sequence by applying the rule
“multiply by 3 and subtract 2"

A:5x3-2=13,not14

B: 4 x 3-2 =10, correct
10 x 3—2 =28, correct
28 x 3—2 =82, correct
82 x 3 -2 =244, correct

C:10x3-2=28,not17

D:2x3-2=4,not8

E: 3x3-2=7,notll

Answer: B

2 Starting value is 6, so V=6
Multiply by 0.5 and add 4 means
Va1=05xV,+4
Vo=6, V5u1=05V,+4

Answer: D

3 V=50, V,:1=0.84V, + 15

50 50
50-0.84+15 57
57-0.84+15 62.88
62.88-0.84+15 67.8192
67.8192.88-0.84+15
71.968128

71.968128.88-0.84+15
75.45322752

Answer: C

4 Ay=270, A1 =0.92A,-8

Use calculator recursion and notice that
for a large number of iterations (large
value of n), the value of A, approaches
—99.99999

Or

0.92 x-100 =92
-92-8=-100

If the value of A, was exactly —100, it
would stay as —100. But A, will never be
exactly —100, but will always be greater
than it.

Answer: C

Geometric growth occurs with a
multiplying factor greater than 1.

A: multiplying factor of 0.93 which is
less than 1.

B: multiplying factor of 1.05 which is
greater than 1.

C: multiplying factor of 0.94 which is less
than 1.

D: no multiplying factor so not geometric
growth.

E: multiplying factor of 1.04 but there is
also an element of decay (-2).

Answer: B



6 The recurrence relation

Vo =20000, V,1=1.045V, + 200

shows geometric growth plus an element
of linear growth

Growth rate
r = (1.045 — 1)x100%
r=45%

periodic addition = 200

A: has annual payment, there are
additions, not payments

B: correct

C: depreciation is decay, not growth
D: interest rate is not 5.4%

E: interest rate is not 5.4%, there are
additions, not payments

Answer: B

R = 1.0017 (fortnightly)
1+1r/100 = 1.0017

r =(1.0017 — 1)x100%

r = 0.17% per fortnight
r=0.17 x 26% per annum
annual interest rate = 4.42%
Answer: C

r=45%

R =1-4.5/100 for depreciation
R =0.955

Purchase price
Vo = $24 990

Rule:  V,=R"xV,
V, = (0.955)" x 24 990

Answer: D

9 depreciation = 15% of $5000
= 15/100 x $5000
= $750

Let V, be the value of the machine after n

years.
V,=5000—-n x 750
If the value is $1500,

1500 = 5000 — n x 750
750n = 5000 — 1500
750n = 3500

n =3500/750
n=4.666...

The number of years is closest to 5.
Answer: D

10 Flat rate depreciation means the graph
will be linear (straight line).
The purchase price is $20 000 so the
graph passes through point (0,20 000)
The value after 5 years is $4000 so the
graph passes through point (5,4000)
Answer: A

11 r = 6% per annum
r = 6/12 % per month
r=0.5%
R=1+0.5/100 = 1.005
initial investment = $3000
n years = 12xn months

Value after n years = 1.005"" x 3000

Answer: B



12 15 R=1+6.5/100 = 1.065

N: [2x12
1%: D Vo =15 000, V,1 = 1.065V,
PV: 15000 15000
. 15000-1.065 15975
Pmt or PMT: 15975-1.065 17013.375
FV: 17013.375-1.065
18119.24438
PplyorPiv: [z |
Cp/Y or C/Y: (12
Answer: C Answer: B
13 Value of investment after 4 years: 16
N: [4x4 N: [15x12
1%: 1%:
PV: Pv:
PmtorPMT: [0 | Pmt or PMT: [-348.442081 |
Fv: A
PolyorPiv:[t | PolyorPy: [ |
Cp/Y or C/Y: |4 CplY or CIY: [12
Value of investment after 5 years: Answer: B
N: [5x4 17 Total depreciation

= purchase price — depreciated value
= $6500 — $2000

THTT

Pmt or PMT: - $4500
FV: (8510.497042 o
Depreciation per year
Pply or P/Y: = $4500/ 5 years
Cpl/Y or CIY: |4 = $900 per year
Interest in 5™ year Answer: B

= value after 5 years — value after 4 years
= $8510.497042 — $8026.360928
= $484.136114
Answer: C

14 The value of the investment is growing,
so the multiplying factor must be greater
than 1.
Discount answer B and D

The rule for the investment is of the form
V,=R"x V,

Discount answer C and E

Answer: A



18 Find value of loan after 10 years:

N: [10x12
1
PV:
PmtorPMT: [ss5 |
FV:
PplyorPiY: [z |
CplY or C/Y: ,12—‘

After 10 years, Peter still owes approx.
$51000, so answer A is incorrect.

Find the balance after 5 years:

N: [5x12

1%:

PV: [8oo00

Pmt or PMT:
FV:

Pply or P/Y:
Cp/Y or C/Y: |1

T

Balance after 5 years is not $40 000, so
answer B is incorrect.

Reducing balance loans have interest
calculated on the remaining balance each
month. As the balance decreases each
month, so will the amount of interest
paid. Answer C is incorrect.

Monthly payments:

N: |239.8710942
1%:
PV: [8o000
Pmt or PMT:
FV:

Pply or P/Y:
Cpl/Y or C/Y: |12

1T

repay the loan after 240 payments, or
240/12 = 20 years.

Weekly payments and weekly
compounds:

N: [982.5028011
o
PmtorPMT: [1322 |
PplyorPry: 22|
Cpl/Y or C/Y: |52

repay the loan after 983 payments or
983/52 = 18.9 years

This is less time than monthly payments
so answer D is correct.

Answer: D



19 Find the interest earned in the first 6
months:

N: |6

0

PV:
PmtorPMT: o |
PplyorPv:[2__ |

Cp/Y or C/Y: |12

Interest earned
=$15 463.35 — $15 000
= $463.35

For the next six months:
FV becomes PV and the rate changes.

PV: 1546335362 |
PmtorPMT: 0|
Py
PplyorPiY: (12|
cpiYorCry: [tz |

Interest earned
=$15 952.92 — $15 463.35
= $489.57

Total interest = $463.35 + $489.57
=$952.92

Answer: D



Solutions to Exercise 10B: Extended-response questions

Note: in the financial solver screens below, the shaded
box is the quantity that is found by pressing ENTER or

tapping Solve.

1
a

Purchase price is the value of the bike at

year 0. From the graph, the purchase
price of the bike was $8000.

From the graph, the value of the bike after

2 years was $5000.

Amount of depreciation = $8000 — $5000

= $3000

annual depreciation = $3000 / 2
= $1500

i Purchase price was $8000, so
Vo = 8000
Annual depreciation was $1500, so
D = 1500

Vo =8000, Vp1=V,—1500

i Vo =28000
V; = 8000 — 1500 = 6500
V, = 6500 — 1500 = 5000
V3 = 5000 — 1500 = 3500
V, = 3500 — 1500 = 2000
Vs = 2000 — 1500 = 500

Hugo’s bike will be valued at $500
after 5 years.

Value after 2 years is $5000.
Depreciation over 2 years is $3000

number of km = $3000 / $0.25
=12 000

The bike travelled 12 000 km over 2
years.

Initial investment is $5000, so
Vo = 5000

r = 4.8% per annum
r =4.8/12 = 0.4% per month

R =1+ 0.4/100 = 1.004

Additional payment is $200 each
month, so D =200

Vo =5000, Vp.=1.004V,+ 200

Doubling means the value will be at
least $10 000:

5000 5000
5000-1.004+200 5220
5220-1.004+200 5440.88
5440.88-1.004+200
5662.64352

9571.2819-1.004+200
9809.567027
9809.567027-1.004+200
10048.8053

iii Find the balance of the loan after 1

year:
N: |1x12
o
PV:
Pmt or PMT:
FV:
Pply or P/Y: \CI
Cpl/Y or C/Y: [12—|
Interest

= value after 1 year — principal —
additional payments

= $7698.86 — $5000 — 12 x $200

= $298.86

Hugo will earn $298.86 interest after 1
year.



2

a interest rate per quarter

b

=6.4/4

= 1.6% per quarter
Principal borrowed is $50 000, so
Vo =50 000
interest rate = 1.6%, so
R=1+1.6/100
R=1.016
Quarterly payments are $4800, so
D =4800
Vo =50 000,

Vi1 = 1.016V, — 4800

50000 50000
50000-1.016-4800 46000
46000°1.016-4800 41936

41396°1.016-4800

37806.976-1.016-4800
33611.88762

33611.88762-1.016-4800
29349.67782

37806.976

29349.67782-1.016-4800
25019.27266
25019.27266°1.016-4800
20619.58103
20619.58103-1.016-4800
16149.49432
16149.49432-1.016-4800
11607.88623

11607.88623-1.016-4800
6993.612411

6993.612411°1.016-4800
2305.510209

2305.510209-1.016-4800
-2457.601627

Term of loan
=12 quarters
= 12/4 years
= 3 years.

It will take Daniel 3 years to repay his

loan.

w

Principal of loan is $138 500, so
Vo =138 500

interest rate = 4.2% per annum, so
R=1+4.2/12/100
R =1.0035

Monthly payments are $1200, so
D =1200

Vo =138 500, V. =1.0035V,—1200

138500 138500
138500°1.0035-1200 137784.75
137784.75-1.0035-1200
137066.9966
137066.9966°1.0035-1200
136346.7311
136346.7311-1.0035-1200
135623.9447

135623.9447-1.0035-1200
134898.6285

134898.6285-1.0035-1200
134170.7737

The sequence of numbers representing the
value of Leanne’s loan iS:

138 500, 137 784.75, 137 067.00,
136 346.73, 135 623.94, 134 898.63,
134 170.77, ...



¢ Principal of loan is $134 170.77, so
Vo =134 170.77

interest rate = 4.35% per annum, so
R =1+ 4.35/12/100
R =1.003625

Monthly payments are $1200, so
D =1200

Vo =134 170.77,
Vhe1 = 1.003625V,, — 1200

134170.77 134170.77
134170.77-1.003625-1200
133457.139
133457.139-1.003625-1200
132740.9212
132740.9212-1.003625-1200
132022.107
132022.107-1.003625-1200
131300.6871

131300.6871°1.003625-1200
130576.6521

130576.6521-1.003625-1200
129849.9925

After a further 6 months, Leanne owes
$129 849.99 on her loan.

N: [1x12

"

pv:
Pmt or PMT:
PplyorPiY: [z |
CpiYorCry: [12 |

After a further 12 months, Leanne will
owe $117 249.21

4
a

The car depreciates at 25% per year,
reducing-balance depreciation.

R=1-25/100
R=0.75

Let V, be the value of the car after n years
V, = 0.75" x 40 000

i after 1 year:
V; =0.75 x 40 000
V; =30 000

After 1 year, the car has value
$30 000.

ii after 3 years
V3 = 0.75° x 40 000
\V; = 16 875

After 3 years, the car has value
$16 875

The computer depreciates at $8000 per
year, flat-rate depreciation.

Let C, be the value of the computer after
n years.

C, =40 000 — nx8000
After 2 years

C, =40 000 - 2 x 8000
C, =24 000

After 2 years, the computer has value
$24 000



¢ Use atable to compare the depreciation:

Car V, Computer C,
n | V,=0.75" x 40 000 C, =40 000 - nx8000
0 40 000 40 000
1 30 000 32000
2 22 500 24 000
3 16 875 16 000

The depreciated value of the car is first
more than that of the computer after 3
years.

d percentage depreciation
= $8000/ $40 000 x 100%
=20%

Annual flat rate depreciation of the
computer equipment is 20%.

a i annual interest rate = 7.9%
quarterly interest rate = 7.9/4%
=1.975%

First interest payment

= 1.975% of $25 000
=1.975/100 x $25 000
= $493.75

$493.75 of Lucy’s first payment is
interest.

ii Determine the balance after 4 years:

N: |4x4
1%:
PV:
Pmt or PMT:
Fy:
Pply or PIY: l:'
Cp/Y or C/Y: ,4—‘

After 4 years, Lucy still owes money

($4420.27) so no, these payments will not

allow Lucy to repay the loan within 4
years.

N: [

e

PV:

Pmt or PMT:
v
PplyorPiv: [+ |
Cp/Y or C/Y: ,4—|

Lucy will need to make 21 payments
to fully repay the loan. This will take
21 quarters.

N: [17.00685248
PV:
Pmt or PMT:
.
PplyorPiv:[¢ |
Cp/Y or C/Y: ’4—|

If Lucy increased her payments to
$1745 each quarter, it would take her
18 quarters, which is a reduction of 3
quarters compared to quarterly
payments of $1525.



amount paid to superannuation

= 21% or Roslyn’s monthly salary
= 21/100 x ($54 200/12)
=$948.50

Roslyn begins her investment with no
principal at all, just regular payments of
$948.50

Roslyn will turn 60 after 23 years.

N: [23x12
e
Pv:f ]
Pmt or PMT:
Fy:
PplyorPry: 2]
Cpl/Y or C/Y: ,ﬁ

At her 60" birthday Roslyn will have

$439 829.26 available in her superannuation.

c

N:
1%:
PV: |-439829.2563
Pmt or PMT. |-1557.728658
FV: |439829.2563

Pply or P/Y:
Cp/Y or C/Y: |1

|

or

monthly payment

=4.25/12 % of $439829.2563
= 4.25/12/100 x $439829.2563
=$1557.728...

Roslyn will receive a monthly payment of

$1557.73

~

N: |5x12
1%:
PV: |-825000

Pmt or PMT: |-1500
FV: |1188776.847

PplyorPY: (12|

Cp/Y or C/Y: |12

T

]

Shelly will have $1 188 776.85 in the
account when she retires.

N: [237.1399317

i

1%: |5.75

PV: |-1188776.847
Pmt or PMT: [8400
FV:

Pply or P/Y:
Cp/Y or C/Y: |1

Il

Shelly’s annuity investment will last for
238 months.

1%: [5.76

[

PV: |-1188776.847
Pmt or PMT: [5696.222392
FV: |1188776.847

Pply or P/Y:
Cp/Y or C/Y: |1

I

The payment from a perpetuity would be
$5696.22 each month.
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a Note: Make sure the payments per year and
compounds per year are both 1. This annuity
investment pays annual interest with an annual
prize.

N: |2
1
PV:
Pmt or PMT:
FV:
PplyorPY: [t |
Cpl/Y or C/Y: ,1—‘

After the first two scholarships are
awarded, there is $96 355.625 left in the
account.

b
N: |10
:
Py
Pmt or PMT:
PplyorPY: [t |
cpiyorCry: [t ]

After 10 years of awarding scholarships,

Robyn has $74 345.55 left in her account.

c
N: |1
Pv:
Pmt or PMT:
PplyorP: [t |
Cp/Y or C/Y: ,1—‘
or

scholarship value = interest earned
= 8.25% of $100 000
= 8.25/100 x $100 000
= $8250

If the scholarship is awarded forever, the
value of the scholarship is $8250.

d value of scholarship
= 8.25% of investment

SO,

8.25% of investment = $10 000
8.25/ 100 x investment = $10 000
investment = $10 000 x 100/ 8.25
investment = $121 212.12

Robyn will need to invest $121 212 in
order to pay the $10 000 scholarship in
perpetuity.



Solutions to Exercise 11A

A 3 x 5 matrix has three rows and 5
columns, so each row has 5 elements.
Thus a 3 x 5 matrix has 3 x 5=15
elements.

A m x n matrix has mn elements.
From this it follows matrices of the
orders 12 x1,12x1,6x2,2x%x 6,3 x
4, 4 x 3 all have 12 elements.

To find the transpose of a matrix,
interchange its rows and columns.
Thus,

MR

1
|- =N+
O
[l —]
LA ~]
Il
I — R ]
o= D o0

Square matrices have the same number
of rows as columns. The square
matrices are C and E (they have
dimensions 2x2 and 3x3 respectively).

Matrix B has 3 rows.

The row matrix is A (it contains a
single row of elements only).

The column matrix is B (it contains a
single column of elements only).

Matrix D has 4 rows and 2 columns.

The order of matrix E is 3x3. It has 3
rows and 3 columns.

The order of matrix A is 1x5. It has 1
row and 5 columns.

The order of matrix B is 3x1. It has 3
rows and 1 column.

Chapter 11 — Matrices I

The order of matrix D is 4x2. It has 4
rows and 2 columns.

There are 9 elements in matrix E.
There are 5 elements in matrix A.

a4 = 0: a4 is the element in row 1 and
column 4

bs; = 1: bs; is the element in row 3 and
column 1

c11=0.
du = 4.
e =-1.
ds, = 3.
b1 =3.

cip = 1.

1 35

0 4 7

0 0 2
In an upper triangular matrix, all of the
elements below the leading diagonal

are 0 giving the upper elements a
triangular appearance.

none
An identity matrix is a square diagonal
matrix in which all of the diagonal
elements are 1 and the remaining
elements are zero. None of the
matrices given satisfy this criterion.

.

In a diagonal matrix all of the non-
diagonal elements are zero.



1 0 1
[12}[30}010
2 1 0 5 1 0 1

In a symmetric matrix, the elements in
the leading diagonal are a mirror image
of the elements above the diagonal.

Set up a blank 3x2 matrix and call it B.
B:

The rule bjj= ixj tells us to find the
value each element, multiply its row
number by its column number.
Ix1=1 1x2=2
B=|2x1=2 2x2=4
3x1=3 3x2=6

Set up a blank 4x1 column matrix and
call it C.

C=

The rule c¢j;= i+2j tells us to find the
value each element, add twice its
column number to its row number.

1+2x1=3
242x1=4
3+2x1=5
44+2x1=06

D

Follow the instructions on page 371
(TI) or page 371 (CAS) to enter the
matrix and determine the transpose.

1 2
BT - 0 2
301

As for a above.

| 4 2

| 4 6

As for a above.
1
ET=[ -1
2

As for a above.

FT:[Z 3]



Solutions to Exercise 11B

1
a

See Example 6 for an illustrative
example .

Construct the matrix by enclosing the
numbers in the table in square brackets
to form the square matrix.

4 2 1
6 2 3
2 1 0

Order: 3x3: the matrix has 3 rows and
3 columns.

Construct the matrix by enclosing the
numbers in row B of the table in
square brackets to form the row
matrix.

6 2 3]

Order: 1x3: the matrix has 1 row and 3
columns.

Construct the matrix by enclosing the
numbers in the ‘Computers’ column in
square brackets to form the column
matrix.

1
3

0

Order: 3 x1: the matrix has 3 rows
and 1 column.

The sum of the elements will represent
the total number of computers owned
by members of the three households.

See Example 6 for an illustrative
example.

Construct the matrix by enclosing the
numbers in the table in square brackets
to form the rectangular matrix.

[24 32 11}
32 34 9

Order: 2x3: 2 rows and 3 columns

Row matrix:
[24 32 11]

Order = 1x3.

Column matrix:

o

Order: 2x1.

The sum of the elements will represent
the total number of small cars sold by
both dealers.

See Example 7 for an illustrative
example.

The 2x8 matrix representing the paired
digits listed one under the other is as
follows:

[3 5 8 7 0 2 3 6:|
4 2 2 9 0 0 0 9
See Example 8 for an illustrative

example.

The matrices for the given graphs are
given below:

[0 1 o0
1 0 1
(10 1 0
[0 1 0 1]
1 0 1 O
0O 1 0 1
L1 0 1 0]
[0 0 1 1]
0 0 0 1
1 0 0 1
11 1 1 0]




See Example 8 for an illustrative
example.

With Town 1 as the first row and
column, Town 2 as the second and
Town 3 as the third, the following
matrix can be created:

0o o0 1
0 0 3
1 3 O

See Example 9 for an illustrative
example.
fs4 =1, so girls 3 and 4 are friends.

f,5 =0, so girls 2 and 5 are not friends.

The sum of row 3 elements will tell us
the total number of friends for girl 3:
three friends.

The girl with the least friends is girl 1,
with only 1 friend. The girl with the
most friends is girl 3, with 3 friends.

i the ‘1’ in column B, row L of matrix
E is generated by the “eat’ arrow from
‘birds’ to ‘lizards’ which tells us that
"birds eat lizards’.

ii in the matrix, the columns represent
the “eaters’ and the rows represent the
‘eaters’. The row of zeros indicates
that ‘nothing eats birds’.

Complete the matrix column-by-
column as set out below.

Insect (1) column:

From the arrows in the diagram we see
that insects do not eat any of the other
creatures shown. Thus, the last blank
element in this column should be a ‘0’.

Bird (B) column:

From the arrows in the diagram, it can
be seen that birds eat insects (1),
lizards (L) and frogs (F). Thus, the last
blank element should be a 1’ because
birds eat frogs.

Lizard (L) column:

From the arrows in the diagram,
lizards (L) eat insects (1) and frogs (F)
so the elements in row | and F should
be “1’s. The remaining elements are
‘0’s.

Frog (F) column:

From the arrows in the diagram, frogs
(F) eat insects (I) only so the element
in row | should be a *1’. The
remaining elements are ‘0’s.

The final matrix should be as follows:

i A
0 1 1 1f
00 0 0 |B

1o 10 0 b
0 1 1 0 |F



Solutions to Exercise 11C

a The only matrices to be equal are C and F They are the same order and contain identical
elements in identical positions.

b A and B have the same order as each other (1x2); C and F are of the same order (2x3); D and
E are of the same order (2x2).

c Matrices that can be added and subtracted must be of the same order as each other.
Thus, the 3 pairs of matrices — A and B, C and F, and D and E - can all be added to and
subtracted from each other.

d i A+B=[3+1=4 3+1=4]

.. 0+1=1 1+0=1
||D+E=[ }
-1+2=1 2+ -1=1

0-0=0 1-1=0 4-4=0
|||C—F=[ }

3-3=0 2-2=0 1-1=0
iv A-B=[1-3=-2 3-1=2]

1-0=1 0-1=-1
vE—Dz[ }

2--1=3 -1-2=-3
Vi3B=[3x3=9 3x1=3]
.. 4x0=0 4x1=4 4x4=16
VII4F={ ) ) 8 }

4x3=12 4x2=8 4x1=4
viii 3C+ F=4F (since C=F)

:{0 4 16}

12 8 4

IX4A-2B=[4x1-2x3=-2 4x3-2x1=10]

x E + F is not possible. The matrices are not of the same order, so this addition cannot be
performed and thus is undefined.



These example are designed to be done quickly by hand.

[1+4=5 2+3:5}

[4+1=5 3+2=5

14+2=6 3+4=7

L 1-1=0 171:0J

[0+1=17]
11+0=1]

[0+2=27]

[13+0=3_|

Matrices are not of the same order so this addition cannot be performed and thus is
undefined.

[02_2}

3-0=3

Matrices are not of the same order so this addition cannot be performed and thus is
undefined.

Following the instructions given on page 381 (TI) or page 382 (CASIO), enter the matrices
involved into your calculator, and perform the required computations to obtain the answers.

S
A= |35
1.6
-
B= |34
1.8
(257

C= 126

L 1.7 |



3.4
D= 141
21

The sum of the 4 matrices represents the total sale of CDs in a year for each of the three
stores.

24+28+15+34=111
35+34+26+41=136

16+18+17+21=7.2

(16 104 86
A= }

| 75 34 94

(24 124 100
B ] }

| 70 41 96

C=A+B= [
75+ 70 =145 34+41=175 94 + 96 = 190

Matrix C represents the total numbers of males and females enrolled in all the programs for

the two years of data given.

16 +24 =40 104 + 124 =228 86 + 100 = 186:|

D=B-A= [
70-75=-5 41-34=7 96-94=2

Matrix D represents the increase in the number of males and females in all the programs

from 2005 to 2006. The negative element in the matrix represents a decrease in numbers in

that category from 2005 to 2006.

24-16=8 124 -104 = 20 100—86:14:|

E=ZB=|: 2x24 =48 2x124=248 2x100—200:|
2x70=140 2x41=82 2x%=192



Solutions to Exercise 11D

QD

i AB-yes: (1x2) (2x1) i BA-yes: (2x1) (1x2)  iii AC-no: (1x1) (1x3)
iv CE-yes: (1x3) (3x1) v EC-yes: (3x1) (1x3) i EA-yes (3x1) (1x2)
vii DB-yes: (2x2) (2x1) viii CD-no: (1x3) (2x2)

i AB= [1x3+3x1=6]
iil CE= [1x2+0x1+ -1x0=2]
Ox3+lxl:l}

IIIDB:{-1><3+2><1:-1

iv AD =[ 1x0+(-1)x3=-3 Ix1+3x2=7 J

Following the instructions given on page 391 (T1 and CASIO), enter the matrices involved
into your calculator, and perform the required computations to obtain the answers.

[ox1+2x0=1]=]0]
[1x1+0x2=1]=]1]

[2x1+0x3+1x1:1]:[ﬂ
1 2 l][lxl+2x0—l}[]_]
| 3 4] Lo Ix1+4x0=3 3

L || 4 3:||: I1x4+1x1=5 1x3+1x2=5 :||:5 5:|
0 1 1L 1 2 O0x4+1x1=1 0x3+1x2=2 1 2

X

o

1 ¢ 1 2 Ix2+0x0+1x1=3 3
01 0 x| 0 [ O0x2+1x0+0x1=0 |=| O
110 1 1x2+1x0+0x1=2 2

Following the instructions given on page 391 (T1 and CASIO), enter the matrices involved
into your calculator, and perform the required computations to obtain the answers.

To sum the rows of a 5x5 matrix, post multiply by the 1x5 summing matrix (a column
matrix of 1s).

2 41 78 1 2+4+1+7+8 22
1 906 0 2 1 14+94+0+0+2 12
343 3 5 |x1]= 3+4+3+3+5 |=] 18
21117 1 2+1+141+7 12
536 1769 1 543+6+7+9 30



b To sum the rows of a 3x5 matrix, pre multiply by the 1x3 summing matrix (a row matrix of
1s).

[111

:[ 4+0+4 5+3+2 1+4+41 2+45+7 1449 :|

=T Y
(NP IV R

1
4
1

~1 Wb

1
1
9

:[8 10 6 14 ll]

5
RP =
[(4x2+1x1+0x0=9]
3x2+1x1+1x0=7
3x2+0x1+2x0=6
1x2+2x1+2x0=4
1x2+1x1+3x0=3
|0x2+1x1+4x0=1]
6 TE = 110 % 25+ 20 x 40 + 30 x 65 = 3000
15 x 25 + 20 x 40 + 25 x 65 = 2800
20 x 25 + 20 x 40 + 20 x 65 = 2600
1 30 x 25 + 20 x 40 + 10 x 65 = 2200 |
7
a Q has 2 rows and 3 columns, so the order of Q is 2x 3.
M =QP
_ 14.50
] 2500 3400 1890
b i = 21.60
1765 4588 2456
- 19.20
__145978.00
~[171848.50

ii The total revenue at each of the two shopping centres from selling A, B and C.

c PQ is not defined as the no of columns of P(1) is not equal to the number of rows of Q(2).



10

a To sum the rows of a 3x2 matrix, post multiply by the 2x1 column matrix [ : J

b To sum the columns of a 3x2 matrix, pre multiply by the 1x3 row matrix L 111 J

To sum the columns of a 3x3 matrix, pre multiply by the 1x3 row matrix L 111 J

[111

:[ Ix9+1x1+1x8 1x0+1x7+1x3 1x2+1x3+1x4:|

:[18 10 9:|

I H

| Ixx+3xy
4xx—4xy

| x+3y _[ 16:|

| 4x-4y | L 5

S0

X+ 3y =16
4x -4y =5

00 = O
[P
=W

[ ]

2

3

2

2x+y+3z 2
2x +0y+3z

2x+y+3z—2
3X+y-z=4
2x+3z=3

10



Solutions to Exercise 11E

1, 2 & 3 Enter the relevant matrix or matrices into your calculator, use worked Example 22 as a
model for performing these computations.

11



Solutions to Exercise 11F

1

B only: a permutation matrix is a square binary matrix with only one ‘1’ per row.

0001
PX:[SHUT 1000:[HUTs:|.
0100
0010

0001 1000

100 0 |01 00 ,hejdentity matrix
010 0 0010

001 0 000 1

SO

P*X = I*X = X

Follow the instructions in Example 24 (page 400) to construct the following 3x 3 communication
matrix.

M F L

011 | M
C=| 1 01 | F

11 0| L

Follow the instructions in Example 24 (page 400) to construct the following 3x 3 communication
matrix.

Use your calculator to square the communication matrix to obtain

011 011 211
Aol1r o1 k101 |E]l1 201
110 110 11 2

To find the total number of ways Mei can communicate with Freya, calculate
2
T'=C+C

011 211
=1 01 +H 1 21
1 1 0 1 1 2
M F L
32 2 | M
=l 2 2 2 | F
222 (L

From the matrix, we can see that there are 2 ways that Mei can send a message to Freya (Row M,
Row F).

In the communication matrix, a zero indicates there is no direct communicate link. For example, from
the diagram we see that there is no way for a person in tower 1 to directly communicate with a person
in tower 4 and this is indicated in the matrix by placing a ‘0’ in row T1, column T4.

The ‘1’ in row T1, column T2, and row T3, column T2, indicate that a person in towers 1 and 3 can
both communicate directly with a person in tower 2.

12



From the diagram, it can be seen that the missing element in
e column T2 is zero, because there is no direct communication link between tower T2 and tower T4.
e column T3 isa ‘1’ because there is a direct communication link between tower T2 and tower T3.

The C? matrix gives the number of ways a person can communicate with a person in another tower
via a third tower. For example, the ‘1’ in row T1, column T3 indicates that there is one two-step
communication link between tower T1 and tower T3. From this diagram, we see that this two-step
communication link is T1>T2—->T3.

6 (=1 + 2 + 2 +1): A redundant communication link is one in which a person eventually end up
receiving the message they sent. The communication links in the leading diagonal of the matrix are all
redundant communication links. For example the 1 in row T1, column 1, represents the redundant
communication link: T1>T2—>T1.

The matrix T = C + C%shows the total number of one and two-step links between pairs of tower.

Tower 1 and tower 4 (T1—>T2—T3 —T4): for a person to communicate with a person in tower 4,
they need to first communicate with a person in tower 2 who will need to pass the message onto
person in tower 3. This person can then pass the message onto the person in tower 4 tower link and
vice versa.

Follow the instructions given in Example 24 (page 400) to arrive at the matrix but note that
there are both uni-directional and bi-directional communication links. Because of this, it is
very important to be very clear in defining whether the source of the communication is
representing by the rows or the columns. In the solution below, the rows represent the source
of the communication. For example, the ‘1’ in row A, column E, indicates that a message
can be sent from A to E.

To

From

T O =
' e e~ 'k
- e = & &
-_-—_-a e o0
o o o e oy
S === =

13



a

Follow the instructions given in Example 24 (page 400) to arrive at the matrix. Use the row labels to
indicate the winners and the column labels to represent the losers as in the answer shown below.

A B CD

1 0
1 ¢
0 ¢
1110

To find the total one-step dominances for each team, sum the rows: A(2), B(1), C(0), D(3)
Ranking the players according to one-step dominances: D, A, B, C

winners

[ —

1
0
0

T Aaw A

To find the total two-step dominances for each team, square the one-step dominance matrix and sum
the rows.

0110 0010
¢ 010 |_|0OO0CCO
0 000 0000
1110 01290

To rank the teams by one and two-step dominances, add the one-step and two-step dominance
matrices and sum the rows.

0110 0010
oo10|,]0oo000
0 00 0 0000
1110 0120
01203
loo10]1
1o oo oo
123 0]s6

Ranking the teams using both one and two step dominances we have: D(6), A(3), B(1), C(0) (the same
ranking as before).

To rank the players according to one-step dominances, find the total one-step dominances for each of
the players by summing the rows and rank the players from highest to lowest according to their total
one-step dominances.

losers
4 BCDE
40011 11
_ Bloo1 o o
winers - 1o g o o of P
Dlo1 1 0 o
Elol 01 ¢

To find the total one-step dominances for each player, sum the rows: A(4), B(1), C(0), D(2), E(2)
Ranking the players according to one-step dominances: A; D & E equal; B; C

14



To find the total two-step dominances for each player, square the one-step dominance matrix and sum

the rows.
0 2 2
000
D=0 0 0
001
01 2

To rank the players by one and two-step dominances, add the one-step and two-step dominance

(= — R — ]

(= — I — I — I — ]

W o= 9 @ LA

matrices and sum the rows.

T=D+D’ =

Ranking the players using both one and two step dominances we have: A(9), E(5), D(3), B(1), C(0).

NS =W

2

(=R —I— R

(= — ]

<

(PSR — I ]

Lh

15



Chapter Review: Extended-response questions

1l a e Construct a square matrix with as many rows as there are towns and number
both the rows and columns.

1 2 3

1
2
3

e Count the number of roads connecting each pair of two towns and insert this
number into the appropriate cell of the matrix to obtain the matrix below.
For example, for town 1, there are no roads connecting town 1 to itself so insert a
0 in row 1 column 1, and so on to obtain.

1 2 3
01 211
1 01 ]2

1 0|3

b  Follow the procedure for 1a but start with a matrix with 4 rows and 4 columns
because there are 4 towns.

1 2 3 4

0 21 1]1
20 2 0|2
1 201]3
1 01 014

¢  Follow the procedure for 1a, but start with a matrix with 2 rows and 2 columns
because there are two towns. As there are no roads connecting the two towns, it will
be a matrix of zeros.

2 a _|: 30.45:|
€= 2.54
Cisa2 x 1 matrix; 2 rows and 1 column.

b J=[54]
Jisal x 2 matrix; 1 row and 2 columns.

¢ JCis defined, as the number of columns in J equals the number of rows in C.

JC=[5 4 [ 3 45} 162.41
=1 1| g5 7 [16241]
Jodie’s height is 162.41 cm.

e
ac-| 5 8 | 3045 || 17257
6 1] 254 185.24

The heights of the two people are 172.57 cm and 185.24 cm.

18



4

a Bookshop 1 carries 456 non-fiction paperbacks.

b Ao 334 876]
L 213 456
Order of Ais 2 x 2.

c B = [ 354 987
L 314 586
d C=A+B

: [ 334 + 354 876 + 987}_ [ 688 1863}

213 + 314 456 + 586 527 1042
C represents the total number of each type of book which is in stock at either
bookshop. (Assume no common titles.)

e i _ 45.00}
E"[ 18.50

The order of E is 2 x 1, two rows, 1 coulmn.
i AE_[ 334 876}[ 45.00} _[ 31236}
"L 213 456]L 1850] L 18021

iii  The product represents the total value of fiction and non-fiction books in
Bookshop 1. The fiction books are worth $31236. The non-fiction books

are worth $18021.
f 2A-2[ 334 876}_[ 668 1752}
- 213 456] L 426 912

a Phas1rowand5 columns; so it has the order 1x5 .
R=NP

b i [ 460 ;[ 005 0125 0.175 045 0_20}
360

:|: 23 5715 B80S 207 92 ]
18 45 63 162 72
il Ros represents the number of Chemistry students that are expected to be awarded a D.

Bio Fee Chem Fee

F= 110 95

L=FN

—| 110 951460}
L 360

=| 110x 460+95x 360 ]

= :84 800]
The total fees paid is $84 800.

19



5 a N:L 4 8 2 J: List the number of successful shots: 4, 8 & 2, in a 1x3 matrix called N.

1
b P:NxG:[4 g8 2| 2 =[4x1+8x2+2x3]:[26]
3

¢ P gives the total number of points scored by Oscar. This can be seen from the way the
matrix product has been evaluated above.

20



Chapter Review: Multiple—choice questions

1
2

10

11

12

13

14

W is the row matrix as it contains a single row. =C

Square matrices have the same number of rows as columns. U and Y are both 2x2 square
matrices. =D

The order of matrix X is 2 rows by 3 columns = 2x3. =B
U and Y can be added as they are both 2x2 matrices. =D

XY is undefined as X isa 2 x 3 matrixand Y is a 2 x 2 matrix. =D

2x0= 2x1=-2
—2Y=[ x0=0 8 =A

2x-1=2 2x2=-4
Xisa2x3 matrix and Z is a 3 x 1 matrix so XZ is 2x1 matrix. =B

To obtain U' from U, interchange the rows and columns in U.

IfU_[Z O]thenUT_[z 1]:>c
1 1 01

az3=3 =D
4--1=5 0-0=0
{ } N
-2-1=-3 2-1=1
[Lx3+2x2+3x1=10] =>A

1x2+2x1=4

=D
3x2+4x1=10

Xis3x2, Yis2x3and Z is 2x2

XY is defined as columns of X match rows of Y.

YX is defined as columns of Y match rows of X.

XZ is defined as columns of X match rows of Z, this result in a 3x2 matrix, therefore XZ —2X
is defined.

YX results in a matrix of order 2x2, this has the same order as matrix Z, therefore YX + 2Z is
defined.

XY =YX: XY isa 3x3 matrix, YX is a 2x2 matrix, so XY =YX is not defined.

=>E
The mean of 3, 5, 2, 4 is given by M which gives a mean of E.
4
The matrix that displays the mean must have an order of 1x1. The only option which gives a 1x1
matrix is D. =D

16



15

16

17

0 0 0 1
0 0 1 0
0 1 0 1
1 0 1 0
= C

Multiplying the matrices through, we get the equations 3x -2y =1landx +4y =2. =B

Use the matrix to eliminate the incorrect responses.

A: A and D from the matrix we see that a car can travel from A to D (thereisa ‘1’ in
column A and row D) but not from D to A (there isa ‘0’ in column D and row A), so
this cannot be the solution.

B: B and C from the matrix we see that a car can travel from B to C (thereisa ‘1’ in
column B and row C) but not from C to B (there isa ‘0’ in column C and row B) , so
this cannot be the solution.

C: Cand D from the matrix we see that a car cannot travel from C to D (there isa ‘0’ in
column C and row D) so this cannot be the solution.

D: D and E from the matrix we see that a car can travel from D to E (thereisa ‘1’ in
column D and row E) but not from D to E (there is a ‘0’ in column D and row E), so
this cannot be the solution.

E: Cand E from the matrix we see that a car can travel from C to E (thereisa ‘1’ in
column C and row E). It can also travel from E to C (there is a “1” in column E and row
C), so this is the solution.

=E

17



Chapter 12 — Matrices 11

Solutions to Exercise 12A

1
. o . 1 0
a i 2x2 identity matrix: | =
0 1
1 0 o0
ii 3x3identity matrix: 1=|5 1
10 0 1
1 0 0 O
N . 0o 1 0 O
iii 4x4 identity matrix: | =
0 0 1 O
L0 0 0 1]

[1x1+2x0=1 1x0+2x1=2]

|0x1+3x0=0 O0x0+3x1=3]

[1x1+0x0=1 1x2+0x3=2]

0x1+1x0=0 Ox2+1x3=3]

Thus, we can see that Al = 1A = A.

1x1+2x0+0x0=1 1x0+2x1+0x0=2 1x0+2x0+0x1=0
c Cl

I
I
@)

3x1+1x0+0x0=3 3x0+1x1+0x0=1 3x0+1x0+0x1=0

Ox1+1x0+2x0=0 O0x0+1x1+2x0=1 O0x0+1x0+2x1=2

1x1+0x3+0x0=1 1x2+0x1+0x1=2 1x0+0x0+0x2=0
IC=]0x1+1x3+0x0=3 0x2+1x1+0x1=1 0x0+1x0+0x2=0|=-C
O0x1+0x3+1x0=0 O0x2+0x1+1x1=1 Ox0+0x0+1x2=2

Thus, we can see that Cl =IC = C.



Multiplying all the pairs of matrices
results in the 2x2 identity matrix:
€9

|:1 I:I: 2 —1:|

1 2 -1 1

:|: I1x2+1x—-1=1 1x24+2x-1=0 :|
I1x24+2x-1=0 1x-1+2x-1=1

B

det(A) = 1x3-0x2=3

det(B) = 0x4 — 1x3 = -3

det(C) =1x4 -2x2=0

det(D) = -1x4 — 2x2 = -8

Follow the instructions on page 419
(TI) or 420 (CASIO) to generate the

following inverse matrices using your
calculator.

(10 _2
JE R 3
1
0 =
L 3
20 L
= 9 18
_50 1
| 9 9

D does not exist, since det(D) = 0.

N[~
N[~
N[~

o
[EEN
[EEN



Solutions to Exercise 12B

1

The given sets of simultaneous
equations can be written as per below:

o JUAL
PRI

If the equations are inconsistent
(graphs parallel with no point of
intersection) or dependent (graphs that
coincide), the graphs of will not
intersect, or intersect at a single point,
so there is no unique solution.

The matrix equation of the form AX =
C will not have a unique solution if
det(A) = 0.

The matrix equation of the form AX =
C will not have a unique solution if
det(A) = 0.

Matrix equation b does not have a
unique solution because det A = 4x1 —
2x2 = 0.

If AX=C the X=AC ifdetA=0
det A=1x3-1x2=1=0sothereisa
unique solution.
L
= X
2 1 1
Xx=5y=-3

If AX=C the X=A7'C ifdetA=0
det = 4x4 — 8x2 = 0.
= no unique solution

If AX=C the X=A"'C ifdetA=0
det = 1x1 — -2x-1 = -1+ 0 so there is
a unique solution.

[

If AX=C the X=A"'C ifdetA=0
det A = 1 so there is a unigue solution.

HyMpiEN

If AX=C the X=A7C ifdetA=0
det A= % so there is a unique solution.

-3
2

RN

- 2

w N~

X=-5Yy=

IFAX=C the X=AIC ifdetA=0
det =0 = no solution

If AX=C the X=A"'C ifdetA=0
det = % so there is a unique solution.

-1 0 2
X 8
4 1 _6
y|=|7 7 71%|4
z 1 2 _5 3
7 7 7

Xx=-2,y =2.6,2=0.14 (to 2 sig. figs.)



The graphs of 2x + 2y = 10and 2x + y =5

are identical so there is no unique solution.
Divide the first equation through by 2 to see.

The equations:

Xx=0 and x+y=6

clearly has a unique solution:
x=0andy=6

See by substituting x = 0 in the second equation

The graphs of x+y=3andx+y=3
are identical so there is no unique solution.

The graphs of 4x +y=5and 2x +y =16
are parallel lines so there is no unique solution

The equations:

x=0 and y=8

clearly has a unique solution:
x=0andy=8

Thus only two of the sets of equations have
unique solutions. =B

8 Multiplying out the matrices we will find:

x-2y 4
x+3z |=| 11
2y—z -5
50
x—2y=4
x+3y=11
2y—z=-3

S0, X + 3z = 11 is one of the equations

9 If AX=C the X=AC ifdetA=0
Write the equations in matrix form:

1 01 x 6
0 21 ¥y |=| 8
21 2 z 1
Thus,
1
X 1 01 6
y I=| ¢ 21 8
z 21 2 1
-3 -1 2 6
= -2 0 1 8
4 1 =2 1
=A
10 IfAX=C the X=A"'C ifdetA=0
23 >
E:' 2 3 ’:150:|
= X
_5 150
2 3

X =25,y=50

11 IfAX=C the X=A"C ifdetA=0
X 00075 001  -0.0157 [175000
y| =|-0.0235 -0.04 0055 | *| 149000

z 0.004 0.02 -0.02 183 500
x=50,y=20,z=10



Solutions to Exercise 12C-1

Jrom
1 a A B
A 040 055] to
B [0_60 0_45]
Jrom
X Y
° x [0_70 0_25] o
Y [030 075
Jrom
X Y VA
c X |06 015 022 ‘o
Y (01 07 023
Z 103 015 055
Jrom
A B C

d 4 |045 035 015
B 025 045 020
C |030 020 065



Solutions to Chapter 12C-2

1

2

this time
P I

T :|: 085 0.25 :| P next time
015 075 11

0.85 . . 0.75

85% of 80 = 0.85 x 80 = 68
25% of 60 = 0.25 x 60 = 15

0.15x 120+ 0.75 x40 = 48

Reading from table:

a
i
i
i
b
i
i

10%
80%
10%

80% of 850 = 0.80 x 850 = 680
10% of 850 = 0.10 x 850 = 85

100% of 1150 = 1 x 1150 = 1150
0% of 1150=0x 1150=0

0% of 1150=0x 1150=0

All (100%) of the sea birds that nest
at site A this year will nest at site A
next year.

91% of 84 000 = 76 440
9% of 84 000 = 7560

22% of 25 000 = 5500
22% of 5500 = 1210
22% of 1210 = 266

Option A: not true-there is nothing in the
transition matrix that indicates that equal
numbers of children under take each of
the activities in the first week. This
information would be found in the initial
state matrix which is not given.

Option B: true- the percentage of
children who do not change activities is
given by the elements in the leading
diagonal of the matrix. As these elements
are all 0.50 or greater, option B is true.

Option C: not true- for all of the children
to chose the same activity in the long
term, one of the diagonal elements would
need to be 1.

Option D: not true- here is nothing in the
transition matrix that indicates that which
activity was the most popular in the first
week or any week. This information
would be found in the initial state matrix
which is not given.

Option A: not true-there is nothing in the
transition matrix that indicates that 50%
of the children do swimming each week.
The 0.50 the swimming column tells us
that 50% of children who do swimming
this week will do swimming the next
week and this is not the same thing as
50% of children do swimming each week.
=B

Wendy lunches with Craig on Monday
(today).

The transition matrix tells us she will lunch
with Edgar Tuesday (tomorrow).

If Wendy lunches with Edgar on Tuesday, the
transition matrix tells us she will lunch with
Daniel on Wednesday.

If Wendy lunches with Daniel on Wednesday,
the transition matrix tells us she will lunch
with Betty on Thursday.

If Wendy lunches with Betty on Thursday, the
transition matrix tells us she will lunch with
Angela on Friday.

Thus, for the next four days (Tuesday to
Friday) , Angela will lunch with Edgar,
Daniel, Betty and Angela in that order.

=E



Solutions to Chapter 12C-3

0.72269 0.55462
0.27731 044538

| 102.825

| 100475

1
0.90
a i Si= |:
0.10
0.90
ii Szz |:
0.10
[0.90
i Sz =
0.10
b T[
0.83
(o i S;= |:
0.17
- |:O.781
3=
0.219
’:0.6941
1Sy, =
0.3059
d
10
S10 =T S0 =
_lsgQ _
S15 =T Sn =
21
S?_1 =T S0 =
22
S”_ =T S0 =
As n increases S —)[
2
[0.7
a 1 51=102
1 0.1
0.7
i1S2= 102
1 0.1

| 10004

0.20} [100} [130
X
200 170
} [130} [151
X
170 149
} [151} |:165.7
X =
149 134.3
} {100} [151
149

0.438

|
|

0.80
0.20

0.80
0.20

0.80

0.34

|

0.66

0.562

0.6118 | 0

el

0.3882

197.175

199525

19992
10006

|
|

200
100

199.96

|

04 017 [1007] [1807]
0.1 0.3 [*]|200 [~ |130
05 06] [300] [290]
04 01 180 207
0.1 0.3 [%|130 |7 |136
05 06] [290 ] [257]

R

134.3

|

|

91.76

08.24

|



07 04 017 [207 225
iSs={p2 01 03[*|136 |7|1321
01 05 06 257 [242.9
[058 037 0257 [1007 [207
I S2= 1019 024 023 |*|200 ||136
1023 039 052 [300] [257
[0.505 0394 03197 [1007] [ 225
i S3= 10204 0215 0229 [<|200 |7 |132.1
10291 0391 0452 | |300] |242.9
0.4210 0.4099 0.4027| [1007] [244.9
iS7=102145 02159 02169 | |200 |7 |120.7
03645 03742 03805 |300 ]| |2254
[246.67]
S, =T™S, =|129.46
| 223.86 |
[247.04]
S, =TS, =|129.42
| 223.55 |
[247.05
S, =TYS, =| 129.41
22354
[247.06]
S, =TS, =| 129.41
| 22353 |
247.1
As nincreases S, —|129.4
2235

Let J be the first row and column and P be the second row and column.
0.80 0.25
020 0.75
Let the first row be J and the second row be P.
400
400

S1=T xS



|:O.80 0.25} {400} [420}

Si= X =

020 0.75 400 380

Thus 420 people are expected to go to Jill’s next week and 380 to Pete’s.
Ss=T°>x S

{0.5779 0.5276:| [400} [442.2}
X =
0.4221  0.4724 400 357.8
Thus 442 people are expected to go to Jill’s after 5 weeks and 358 to Pete’s.

As n increases we find that S —){ 4444 J
3556

Thus, in the long term, 444 people are expected to go to Jill’s each week and 356 to
Pete’s.

Let H be the first row and column and U be the second row and column.
T =[ 090 060 }

010 040
Let the first row be J and the second row be P.

[1500}

So =

500
S1=TxSg

s, =15,

[ 050 060 1500 :|
0.10 040 500

_[ 1650 ]
350

The next day, are expected 1650 to be happy and 350 sad.

S =T's

4 0

:|: 090 060 :|4|: 1500 :|
0.10 040 500

:[ 1712.55 }
287.45

After 4 days, 1713 happy and 287 sad.

e  Asnincreases we find that S —){ 1278154-73 J

In the long term, 1714 are expected to be happy and 286 sad.



1200 | happy
S =| 600 neither
200 sad

8, =5,
080 040 035 | 1200
=| 0.15 030 040 | 600

005 030 025 200

1270
= 440
290

12_70 people are expected to be happy

0.80 040 035 1200
=l 015 030 040 600
0.05 030 025 200

131033
=| 42982
25985

13i0 people are expected to be happy

1311.7
As n increases we find that Sn - 4291
2591

In the long term, 1312 are expected to be happy, 429 neither happy nor sad and 260 sad.

10



Solutions to Chapter 12C-4

o ]
) 80 - | 128
1ai §=1I5 = i -
! 0 120 68.8
S3=TSZ= -
| 131.2
b i

5, =71s,+R=| 06 02 -[lm]Jr
04 08 |[100

ol Hied

oo 2007 [ 1)
e He

s, o 0 02 ||
oo

o a0 02 [[ue] | )

o oo

A

2

ii

11500
S, =18 =| 8500
10000

12800
S,=TS,=| 7300

9850
7300 birds at site B

b A: 3000 B:0 C:0

Explanation included in answer.
C i

11



9500
S,=TS,+N=| 9500
11000

9000
S, =TS,+N=| 9150
11850

8507.5
iii S, =75,+N=| 8125
12580

12



Chapter Review: Extended-response questions
1

a i For the second game, the attendance d In this new situation,
matrix, Az , is:
s —| 2000 | D
12 03 |, 4 1 1200 | §
02 07 ! 50
:[ 12 -03 12000} [ 12 03 [[2000
02 07 1000 Ay, __ 02 0.7 1800
:[2 100] [ 600
1100 ®l 400
i 2100 + 1100 = 3200 - ,
4 -| 12 -03 [2000]
b i Forgame 10, the attendance matrix is ] 02 07 1800
— i
4,=64 _| 600 }
[ 400
_| 1.2 03 2000:| - .
= The steady state has been achieved.
| 02 07 ]9[1000 Y
_ _2612_58] For the Dinosaurs, the attendance figures
161258 | decrgas_e from 2000 to 600 and then stay
at this figure.
or rounding up,
_ 2613]
| 1613
c Compare

B 0
12 03 :r |:2000:|all d
| 07 0.7 1000
B 1
12 03 :r |:2000:|Which equal

[ 07 07 1000

299978 299980 .
_1999_78:| and [1999_80] respectively.

2000
The steady state has been achieved.

These results round up to [3000:|

For the Dinosaurs, the attendance slowly
rises from 2000 to 3000 and then
remains steady at this number.

15



Chapter Review: Multiple-choice questions

1 V cannot be raised to a power as it is
not a square matrix. =B

2 det(U)=2x1-1x0=2 =D

3 det(Y) = 1x4 - 2x2 = 0.
Thus, the inverse of Y is undefined.

4 det(U) =2
1_
) 5—0.5
U=
-1
5= 0.5

=E

N|o
1
o

=A

NN
I
[B=Y

5 UW: U & W are both 2x2 matrices

=D

6 none: to be a lower triangular matrix, all
elements above the leading diagonal
must be zero. None of the matrices
satisfy this condition. = A

7 Z is a permutation matrix. It is the only
binary matrix with only one ‘1’ per

row and column.

=D

8 From the transition diagram:

T=

[0.75  0.05

10.25  0.95

=B

9 From the transition diagram:

T=1010 060

[0.75  0.05

10.15 0.35

0.30
020 | A

0.50

10  det(ll) = 2x4 — 4x2 = 0. Thus, system
Il does not have a unique solution.
Systems | and 111 do have unique

solutions.

=D

11 In matrix form, the equations can be

written as:

NN

) =

12

13

14

15

16

17

18

19

[0.6 0.1 [100} |:160:|

Sl = X =
104 05 200 140

=C

(056  0.55

T2 = =B
10.44  0.45

_ [0.556 o.555} [100} ’:166.6:|

Ss - X =

10.444 0.445 200 133.4
=B

166.7 . .
[ } : Obtain by evaluating T.So for
133.3

increasing large values of n until there
is little or no change in the state matrix
(the steady or equilibrium state).

=C
L, =TS,+B
_[0.6 05][100 N 10
10.4 051200/ |20
170
= =C
{160}
P =TS,-2B

[0 0.5][100 , 10
104 051 200 20

140
= = A
[100}

25
S, =TS,
TS, =T TS,
TS, =8,

05 0612271 [20
S, = = =B
05 04| 18| |20

13



20  Eventually all of the birds will settle at
location B because the ‘1’ in row B
column B, tells us that once a bird
settles at location B it will never leave.

=B

21  From the transition matrix, the number

of people who plan to change who they
vote for after 1 week is:

0.25 x 5692 + 0.24 x 3450 = 2251
=C

22

(1] a

075 024 :I: 5692 :|
025 076 3450
4479.15... :|

4662 84...

z|: 4479 :| Rob
4663 | Anna

.. Anna wins by: 4663— 4479 =182 votes
=E

S, =15,

14



Chapter 13 — Revision: Matrices and
applications

Solutions to Exercise 13A: Multiple-choice questions

1

10

11

Z is the column matrix (3x1). = E

U is the square matrix: has 3 rows and
3 columns. =A

Y has 3 rows and 2 columns, so its
orderis 3 x 2. =C

None of the matrices are of the same
order, which means none can be added
to each other. =E

Of the given matrix products, only WZ
is defined, since W has 2 columns and

Z has 2 rows. =E

_4><V:

[4x4=-16 ~4x1=-4 —4x0=0]
=C

U has 3 rows and Y has 2 columns, so
the order of UY will be (3 X 2). =D

Transposing a matrix involves
interchanging its row with its columns.
Thus, when transposed, a 3 x 2 matrix
becomes a 2 X 3 matrix. =B

A binary matrix contains only Os and
Is. =C

as, 18 the element in the 3" row and
the second column, so a;,=-4 = A

Multiply out the matrices (by hand, is
quicker) to obtain the matrix [S T O P]
=A

12

13

14

15

16

17

18

19

20

Multiply out the matrices (by hand, is
quicker) to obtain the matrix:
[Ix14+0x0+1x0+0x1+0x1]
=[1]

=B

Ris a3 x 3 matrix so that R =R x Ris a
3 X 3 matrix.
=B

Matrix 4 is a 3 X 2 matrix.

Matrix B is a 4 X 3 matrix.

Thus, BA is a 4 X 2 matrix.
=D

Both matrices have inverses, so they
must be square.
Thusp=gandg=r.
Both products XY ' and X'Y are defined
so the matrices X and Y must be of the
same order.
Thusp=g=r.

=C
From the diagram, the matrix can be
seen to be:

0 0 1 1

0 o0 1 1
=C

1 1 0 1

L1 1 1 0

Multiplying out the matrices gives us
2x =1 as the first equation and x +3y =
4 as the second. =B

W cannot be raised to a power as it is
not a square matrix. =C

det(X) = 0.75 x 0.5 — 0.25 x 0.5
=0.25 =C

det(Y) = 1x4 —2x2 =0, so Y is not
defined.
=E



21

22

23

24

25

26

27

YW+WX is not defined because WX is
not defined. =E

(U-W)* is not defined because U—W is
not defined because U and W have
different orders. =E

Consider options one by one.

D is not true.

If AB = BA =1, then:
B=A"and4=8"

However for 4 to be equal B, A" must
equal 4 and this is not necessarily true.

=D
90
S =TS =
b 110]
=A
5 93.1
S, =TS, =
106.9
=B

=TS, forn large

steady state

Using successively large values of n, :

s _| 941
steady state 105.9
=C

The easiest way to answer this question is
to construct a diagram to represent the
transition matrix as shown below.

100%

If Kerry chooses D as his first answer, the
sequence of answers he will give to the
first six questions is: DBCAAA

=B

28  20% of 2800 = 560 =A

29

30

31

32

Birds that nest at sites B and D have a
100% probability of nesting there the
following year. Therefore no birds will
change nests once they are nesting at
these locations. Birds that nest at C or A
have a probability greater than 0 to nest
at B or D the following year. = D

An equal but unknown number of birds
nested at each of the four sites A, B, C
and D in 2007. Let x be this
number. 6000 birds nested at site B in
2008 Then, using either the transition
matrix or the diagram,

6000 =x+0.15 x + 0.35x

So 6000 = 1.5x or x = 4000 and the total

number of birds nesting at all four sites

in 2007 was 4 x 4000 = 16 000 birds
=D

Let D = the dominance matrix.

Let 7 = the matrix showing the sum of the
one and two-step dominances.

T=D+D’
00010 01100
1010 1 201 20
-l1000o0]|«00010
01100 201 0 1
10110 11110
TOW sum
Alo 111 0|3
B|l30221]8
-c|l10010]|2
pl21201]6
E|l21220]|7

From the row sums shown on the right hand
side of the matrix we can rank the players in
order of the sum of their one and two-step
dominances as follows:

Ben (8), Elise (7), Donna (6), Alex (3),
Cindy (2). =A

Post multiplying M by S will sum the
rows in matrix M to give the sum of
marks for each class. Dividing the by
15 will then give the class average.

The answer is: %M xS



Solutions to Exercise 13B: Extended-response questions

1 a 1316 ] US dollar rate
C = 1.818 Euro rate

0.167 | HK dollar rate
Order of Cis 3 x 1 (3 rows, 1 column).

b H=[102 262 516]
Order of His 1 x 3.
(1 rows, 3 columns)

¢ The matrix product HC is defined as H has order 1 X 3 and C has order 3 X 1.
The order of HC is 1 X 1.

d i 1.316
HC=[102 262 516] 1.818
0.167
=[102x 1316 +262x 1.818 + 516 x0. 167 ]
=696.72
ii This is the total amount converted to Australian dollars.
Solution integrated with answer.
e 125 216 54 1.316
MC= 0 34 453 1.818
0 356 0 0.167
566.21
=| 13746
647.21
Person 1 receives $566.21, person 2 receives $137.46 and person 3 receives
$647.21.

2 a x+2y=—4
3x—-2y=12

s <[

1 2] , [025 025
A= A = s
3 2 0375 —0.125

X=4A'C=

0.25 0.25 ||-4
0.375 -0.125 || 12

=x=2,y=-3



13
LetA=|: },det(A)=1x12—3x4=0

4 12
The equations are
x+3y=6
and 4x+12y =3
The second equation simplifies to
x+3y = %

The equations | 1] and | 2] are inconsistent. They correspond to distinct

parallel lines.

ii 23
LetA=|: ] 9},det(A)=2><9—3><6=0

The equations are

2x+3y =6

and 6x +9y =18

By dividing through by 3, the second equation simplifies to:
2x+3y =6

The equations | 1| and are identical, therefore the equations | 1| and
are dependent.

iii 2 10
LetA=|: 1 5:|,det(A)=(—2)x(—5)—10><1=0

The equations are

—2x+ 10y = 12

and x—-5y =10
By dividing through by -2, the first equation simplifies to

x—5y =-6

The equations | 1] and | 2| are inconsistent. They correspond to distinct

parallel lines.

0 1 1]]|x 2
3 1 ~1If|y|=|2
1 -1 0]z 5
1 -1 1
LetA=| 3 1 -1|,then (using your
1 -1 0
02 02 04
calculator), A= 02 02 -06
08 02 06
by 2
Letting X=| y|and C=| 2|we have:
b4 5

AX=CorX=A'C



¢ To find X, enter the matrices A and C into your CAS calculator and evaluate
A'IC as shown below.

01 1 0. 1. 1.
31 -1|7¢9 3.1 -1
1-10 1. -1. 0
2| e >
5 5
ol 2.8

2.2

42

The solutionis x=2.8,y=-2.2and z=4.2

a From
Blue Green

To Blue 0.67 028
Green 033 0.72

—p

4000| Blye
S, =
6000

Green

|: 0.67 0.28:|_ 4000 | |: 4360:|
0.33 0.72][ 6000] | 5640

Tomorrow, we expect 4360 fish in Lake Blue and 5640 fish in Lake Green.

(g}

=7

[ 0.67 0.28:|3_ 4000]
033 0.72] | 6000 |

_[ 4555.156}~ 4555\ Blue
T 54448441 |5445

In three days, we expect 4555 fish in Lake Blue and 5445 fish in Lake Green.

(to the nearest whole number)
Green

e Estimate the steady state solution by trying successively large values of n

until there is little change between successive state matrices: n = 30 has been
used here.

[ 0.67 0.28:| 30 [ 4000} 4590

033 0.72 60001 {5410
In the long term, we expect 4590 fish in Lake Blue and 5410 fish in Lake
Green.

- [ 0.86 0.2} [ 100}
L 014 08/ So = 200

a Sn+l = TSn

blue
green

( to the nearest whole number)

i S1= TSO



086 021 100
[ 0.14 0.8:||: zoo}
126
[ 174}
i S,=TS,
086 02 126
=[ 0.14 0.8:||: 174}
143.16
=[ 156.84:| (to2dp)

jii S=TS,
[ 0.86 0.2}[ 143.16:|
L 014 08 156.84

154.49
= t02 dp.
[ 14551 ](0 p)

b . [ 0.86 0.2}6
T =
0.14 038
0.62 0.54
= t02dp.
[ 038 046 ] (to2dp)

c S,=T"S,
i Sy=T"S,
[ 0.86 0.2}2[ 100}
“L 014 08 200
143.16
=[ 156.84:| (to2dp)

ii S3= T3S0
[ 0.86 0.2}3[ 100}
L 014 08 200

154.49
= t02 dp.
[ 14551 ](0 P

iii Ss=T°S,
[ 0.86 0.2}5[ 100}
L 014 08 200
166.9
= to1d.p.
[ 133.1 ] (toldp.)

d S, =T"S,
S,o=T"S,
[ 0.86 0.2} 10[ 100}
“L 014 08 200
175271
10= |: 124.729:| (to3d.p.)



Sis= TISSO

[ 1763207
=| 123680 ©39dP)

S20 = T20S0

[ eaT]
=| 123500] 03P

Su= Tzlso

176 .458
= to 3 d.p.
[ 123,542 ] (to3dp)

123.5} (to1d.p.)

The steady state solution is close to |:

6
a 1.2 20.1 4.2
6.7 04 0.6
AB=[2x53142x41+1x534+1x212]
b i
=[1890]
ii BxA = BA
(4x1) (1x4) (4x4)
iii The total energy content of all these four foods in the same sandwich.
1.2 6.7 107 0 b 53
c 20.1 04 35 125 m | _| 101.5
42 0.6 46 0.1 p 28.5
531 41 534 212 h 3568
Using a CAS calculator:
b=4,m=4,p=2,h=1
7
a Sum the numbers in the initial state matrix
400+200+100=700
b Reading from column £ and row J of the transition matrix: 0.5 or 50%
04 0 0 O 400 160 | E
¢ i Sl — TSO | 05 04 0 O 200 |_| 280 | J
0 05 08 0 100 180 | 4
0.1 01 02 1 0 80 D

ii Reading from the row J of the state matrix: 280



4

400
04 O 0 O 10.24 E
iii g _74g | 05 04 0 0 |[20]_| 5632 | s
) “1 0 05 08 0 |[w00]| | 31296 | 4
0.1 01 02 1 |lo 32048 | D
From row J of the state matrix: 56 to the nearest whole number
iv Evaluate successive state matrices using the rule S,= TS, until the state matrix first
shows that the number of eggs is first less than 1. This will occur for n =7
0.655 E
6.06 J
S7 =
196 A
497. D
0 E
v 0o |J
0 A
700 | D
All insects will be dead.
160 0 0 03 0 400 190
i S, =75, +BS, =| 280 [4| 0 0 0 0| 200 |_| 280
180 00 0 O 100 180
80 00 0 O 0 80
. S, =T8S, + BS,
ii
Number of live eggs = 0.4x190+0.3x180 =130
or determine S, and read the value from the matrix.
i S 75 —| 090 020 || 540 |_| 4932 |_| 493 | antend
2 =401 = = =~
0.10 0.80 36 82.8 83 not attend
ii s =7*s =| 09 020 540 |_| 421.46 [_| 421 attend
> "1 o010 080 || 36 154.54 155 | not attend

The number of students History attending the fifth lecture is 421.
S =1"'s,
S =1"'s,
8-1
0.9 0.2 540 | _| 397 attend
0.1 0.8 36 179 | not attend
Thus attendance first drops below 400 in lecture 8.

Using a large value for n

100-1
09 02 540 |_| 384 | attend
0.1 0.8 36 192 not attend

384 students are predicted to attend lectures in the long-term.



02009 = ASzoog +B

075 0
0 0.68

360

250

456 |,| 18
350 | | 12

o

360
2000 = CO D= [ ]

2008 250

o

248
ho10 = CO D= [ ]

2009 162
The bookshop manager should order 248 mathematics textbooks.



Chapter 14 — Graphs, networks and
trees: travelling and connecting

problems

Solutions to Exercise 14A

1
a i There are three edges connected to
town A, so deg(A) = 3.
ii  There are two edges connected to
town B, so deg(B) = 2.
iii There is one edge connected to town
H, so deg(H) = 1.

b sum of degrees
= deg(A) + deg(B)
+ deg(C) + deg(D) + deg(H)
=3+2+4+4+1
=14

¢ A possible subgraph that contains only
towns H, D and C is

C

H

Note: Some subgraphs are possible where
vertices are isolated. These subgraphs
have not been shown.

2 Note: only one alternative has been
shown for the answers to the following
questions. Others are possible.

a4 <

w

The graphs in ii, iii and iv have all
connections between vertices the same,
but the graph in i does not. For example,
they have two edges between A and C but
the graph in i does not.

Graph i is not isomorphic to the others.

The graphs in i, iii and iv have all
connections between vertices the same,
but the graph in ii does not. For example,
they do not have an edge between A and
C but the graph in ii does.

Graph ii is not isomorphic to the others.

The graphs in i, iii and iv have all
connections between vertices the same,
but the graph in ii does not. For example,
they do not have an edge between E and
C but the graph in ii does.

Graph ii is not isomorphic to the others.

Note: In the graphs for this question,
dotted edges show the edges that are
repositioned in order to demonstrate the
planar nature of the graphs. There are
other solutions possible.

A S

F



This graph is non-planar and cannot be
redrawn.

V—
88—

VvV —
V-

There are six faces, so f = 6.
There are eight vertices, so v = 8.
There are twelve edges, e = 12.

v—e+f=8-12+6
=2
Euler’s rule is verified.

There are eight faces, so f=8.
There are six vertices, sov = 6.
There are twelve edges, e = 12.

v-e+f=6-12+8
=2
Euler’s rule is verified.

There are seven faces, sof=7.
There are seven vertices, sov = 7.
There are twelve edges, e = 12.

v-e+f=7-12+7
=2
Euler’s rule is verified.

e+f =2

10+f=2
f=2-8+10
f=4

e+f =2

14+4=2
v=2-4+14
v=12

c v—-e+f =2

5-14+f=2
f=2-5+14

f=11

d v—e+f =2
10-e+11=2
-e=2-10-11
-e=-19
e=19



Solutions to Exercise 14B

1 2
a A BCD a B
ATO L 10 v
Bl1 0 1 1
Cl1 100 ¢
D01 0 O
b B
A
b ABCD @)
Al0O 1 1 O C
BI1 0 0 1 b
Ci1 0 0 1 c D
DO 1 1 0
B
c A BCD
AlI0O 1 0 O .
3 The zero in row C, column A show that
BI1 0 0 0 vertex C is not connected to vertex A.
Clo 0 0 1 There is a zero in row C, column B and
Dlo 0 1 0 row C, column C as well. This means
that C is not connected to any other
vertex, so it is isolated.
d A BCD
4 If every vertex has a loop, there will be a
A0 1 1 1 cns o )
1’ in every position along the diagonal,
Bjl1 0 1 1 that is in position (A,A), (B,B), ...
Ci1 1 0 1
5 The graph
D1 110 ¢ has no loops, so the diagonal will be
all zeros
e ABCD EF e has no duplicate edges, so there will
A[0 1 10 0 0] only be ‘0 or *1’ .
e is complete, so every vertex is
B|[1 0 0100 connected to every other vertex.
Cl1T 00100 Every position in the matrix will be a
‘1 for the di l.
Dlo 1100 0 , except for the diagona
EIO OO O 01 The adjacency matrix for the graph is
FIOO OO 1 0 ABCD E
f ABCD A_O 1 1 1 1]
A0 0 0 O Bl/l1 01 1 1
Blo o 0 1 ci1 1011
clo o o 2 D1 110 1
Dlo 1 2 0 EI1 1 1 1 0]




Solutions to Exercise 14C

Note: There are multiple possible answers
to the questions in this exercise.

1
a

This walk starts and ends at different
vertices so it is not a cycle, nor circuit.
The walk does not repeat edges, nor
vertices, so it is a path.

This walk starts and ends at different
vertices so is not a cycle nor circuit. The
walk has a repeated vertex, but not a
repeated edge so the walk is a trail.

This walk starts and ends at different
vertices so it is not a cycle, nor circuit.
The walk does not repeat edges, nor
vertices, so it is a path.

This walk starts and ends at the same
vertex, so it could be a circuit or a cycle.
however, there is a repeated vertex and a
repeated edge, so it will be neither. It
cannot be a trail or a path because of the
repeated edge and vertex, so this walk is
only a walk.

This walk starts and ends at different
vertices, so it is not a cycle, nor circuit.
The walk has a repeated vertex but not a
repeated edge, so this walk is a trail.

This walk starts and ends at different
vertices, so it is not a cycle, nor circuit.
The walk has not repeated edge and no
repeated vertex, so the walk is a path.

This walk starts and ends at different
vertices, so it is not a cycle, nor circuit.
The walk has a repeated edge and vertex,
so it is a walk only.

This walk starts and ends at the same
vertex, so it could be a cycle or a circuit.
There is no repeated edge, nor vertex, so
the walk is a cycle.

This walk starts and ends at different
vertices, so it is not a cycle, nor circuit,
There are no repeated edges, nor vertices,
so the walk is a path.

w

This walk starts and ends at different
vertices, so it is not a cycle, nor circuit.
There are repeated edges and vertices, so
the walk is a walk only.

This walk starts and ends at different
vertices, so it is not a cycle, nor circuit.
There are no repeated edges, nor vertices,
so the walk is a path.

This walk starts and ends at different
vertices, so it is not a cycle, nor circuit.
There are repeated edges and vertices, so
the walk is a walk only.

i This graph has two odd-degree
vertices (A and E) and so it will have
an eulerian trail.

ii One possible eulerian trail for this
graph is A-B-E-D-B-C-D-A-E.
There are other trails possible.

i This graph has all vertices of odd
degree. Neither an eulerian trail, nor
eulerian circuit, are possible.

i This graph has two odd-degree
vertices (A and F) and so it will have
an eulerian trail.

ii One possible eulerian trail for this
graph is A-C-E-C-B-D-E-F. There
are other trails possible

i This graph has all vertices of even
degree. An eulerian circuit is possible.

ii  One possible eulerian circuit for this
graph is A-B-C—-D-E-C-A. There
are other circuits possible

i This graph has all vertices of even
degree. An eulerian circuit is possible.

il One possible eulerian circuit for this
graph is F-E-A-B-E-D-C-B-D-F.
There are other circuits possible



A hamiltonian cycle for this graph is
A-B-C-F-I-H-E-G-D-A.

A hamiltonian cycle for this graph is
A-B-C-D-E-F-A.

A hamiltonian cycle for this graph is
A-B-D-C-E-A.

F-A-B-C-D-E-H-G.

There are five edges connected to vertex
W so deg(W) = 5.

i The salesman will visit each location
(vertex) only once and will not return
to his starting point. This is an
example of a hamiltonian path

ii One possible order is
E-W-D-C-B-A-F.

i An eulerian circuit is not possible
because there are two vertices that
have an odd degree. Eulerian circuits
are only possible if the graph has all
vertices with an even degree.

ii An eulerian trail is possible because

there are exactly two vertices that have

an odd degree, W and C. These

vertices will be the starting and ending
vertices of an eulerian trail. If W is the

start, the eulerian trail will end at
vertex C.

Vertex | Degree

Llo|nimlolo|o|>
wWibh|IBDINOIN

M:

N

4

To walk the minimum distance, would
mean walking along each path only
once. Walking along each of the paths
only once would be an eulerian circuit
or trail. An eulerian circuit is not
possible because there are two odd-
degree vertices (C and G).

Walking an eulerian trail therefore, can
start at either C or G.

An eulerian trail would follow each of
the paths only once, so the total
distance Jamie will walk is equal to the
total length of paths that can be
walked.

Path length
200
400
200
200
250
150
350
150
100
250
300
250

2800

> >3 |>

TII'I'II'I'IU(POOUJ

|
OOMMmMMMmMOoO|O|mM|O|W

T

o)
3
>
=

Jamie would walk a total of 2800 m

¢ Michelle should walk the cycle

F-G-A-B-C-D-E-F



By inspection, there are 7 different trails
from town A to town D. Where there are
different routes between two towns, the
route is shown by a subscript.

A-C.;-D

A-C,-D

A-B.-D

A-B,-D

A-B:-C-D

A-C,;-B;-D

A-C,;-B,-D

A vehicle can travel between town A and
town B in two ways, without visiting any
other town.

C D

An eulerian circuit is not possible through
this network because there are some odd-
degree vertices (B and C).



Solutions to Exercise 14D

1
a

The edge showing a weight of 12 is
between town D and town E.

C to D via B, means C to B (8 minutes)
followed by B to D (9 minutes) for a total
of 9 + 8 = 17 minutes.

D to E direct is 12 minutes
DtoEviaBis 9+ 11 = 20 minutes.

By driving direct, the motorist will save
20 — 12 = 8 minutes.

The options for travelling from A to E and
visiting all towns exactly once are:

A—C-D-B-E for a total time of 45
minutes.

A—-B—C—-D-E for a total time of 36
minutes.

A—C—-B-D-E for a total time of 44
minutes.

The shortest time is 36 minutes.

By inspection, the shortest path from A to
E will be A-C—D-E for a length of 11.

The path A-B—E—H-I has length:
5+9+12+8
= 34 kilometres

The circuit F-E-D-H-E-A-C—F has
length:

6+6+10+12+8+4+10

= 56 kilometres

The shortest cycle starting and ending at
E is via B and A, E-B—A-E for a distance
of:

9+5+8

= 22 kilometres

(ep]

Shortest path from A to I (by inspection)
is either A-C—F-G-1 for a distance of
4+10+4+8

= 26 kilometres

or A—-E—F—G—I for a distance of
8+6+4+8
= 26 kilometres

The starting vertex for the problem is
the first row vertex. The starting vertex is
A

A cross in the table indicates that the
vertex for that column is not directly
connected to the vertex in the row.
Vertices D and E are not directly
connected to vertex A.

The next row vertex is the column vertex
that has the smallest, unboxed number in
the row.

The smallest number in row A is 2, from
column C so C is the next row vertex.

The numbers in any row give the distance
between the row vertex and the column
vertex.

The length of edge A-F is 6.

| Q R S T U
P 3 1 X 4 X
R 5 6 4 3

Vertex V was chosen because column V
had the smallest number in the row,
which was 5. Column P also has a 5, so
vertex P could have been chosen instead.

The x indicates that a direct connection
does not exist. There is an x inrow V and
column U, so there is definitely no direct
connection between V and U.

There isa “6’ in row V and column W.
This includes the “5” from the box value
of V so the distance between V and W is
6-5=1.



The length of the shortest path from A to
C is the last box number in column C, or
10.

The length of the shortest path from A to
E is the last box number in column E, or
16.

Using Dijkstra’s algorithm to determine
the shortest path, the shortest path is
A-B-C -E.

The length of the shortest path from A to
G is the last box number in column G, or
7.

The shortest path from A to G is found
from the table of calculations:

o

ERERERER =R

X X X X |§

Emm
HHuumXXXL‘q

F
X
4
(4]
[4]
4]
[4]
(4]

HHEHHEBHEHMBEPR

fn o o T R o T R -
REAEE > « x
@mxxxxxx»-.

[4]

The shortest path from A to G is A-E—G.

The length of the shortest path from A to |
is the last box number in column I, or 8.

The shortest path from A to | is found
from the table of calculations:

B C D E F G H 1
AA —H X X X X
cl[Z] [0 x 4 X x x
B([2Z] O 6 A x x x
FI[Z] [I1 o 4 x 8 x
E|[2] (OO [&] ] 7 x
DM EBEED 7 x
il O 6@ & @M@ [ 8
H[2] OO [ B [ @O @ [

The shortest path from A to | is A—-E-G-I.

ABCDF

TSAan R«

The shortest path from Sto F is
S—B—D-F with length 12.

B C D E
5

=1 ]|

= = =]
@] [@] @]

M
4
C
B
D
T

he shortest path from Sto F is
S—A—C-D-F with length 10.

@D

B

g
5
5
5

|--.l|--.1-~J--.l--.l--an.

[
[

T AaAORR«

The shortest path from S to F is
S—B—D-F with length 15.



d 4UBCDEGHF
Ry X 4 X X X X X
A5 10 X X X
Cl3]5]4]12 10 x x X
B3] 5]4]12[1o] x 14 x
E|[3]5] 41210145 14 x
D|3]5]4]i2]10]15[14] x
H|3]5]412]10[15][14]20
G|3]5]412)10[15]14f9]

The shortest path from Sto F is
S—A—-E-G-F with length 19.

10 lPQRSTUV W B
A Ml X|8/X X X X X X
R |1110[8 X 16 11 X X X
Q [11J10J8 X X 11 X X X
P (110826 14[11] X X X
U |11]10| 8 |26[14]11| X 23 X
T [11]10] 8 |26[14HH><{17] X
w(11]10| 8 |26(14] 11|26 1719

The length of the shortest path between
town A and B is 19 kilometres.

11 ABCDEFGHIJKLMW
Q26% XX XX XX XX XXX
C[26)1 16 X X X X X X X X X X
B |22[1317H6l21 X X X X x X X x X
1)2213'716_5_]29xx><xx><x><
E 2213 716212837 67 X X X X X X
A 22113] 7]16[21[28]37 6747 X X X X X
F12213] 7]16)[21[28]32 67 47 X X X 38 X
G [2213] 7]16][21[28]32} 6747 x%-39[3g X
M 22013 7 [16|21|2832 67 47 x x 393852
L [2213] 7[16|21[28[32) 64 47 x 52[3938/46

a The length of the shortest path from Q to
W is 46 kilometres.

b The shortest path from Q to W is
Q-C-B-E-F-G-L-W.



Solutions to Exercise 14E

1
a There are 7 vertices, so the spanning tree
will have 7 — 1 = 6 edges.

The network has 12 edges, so 12 -6 =16
edges must be removed.

b Note: other trees are possible as answers
to this question.

4_AS 3AL

5 6

53 2
2\ 2

6

3\5 3 2

2 6

¢ The first graph has weight:
4+5+2+3+2+6=22

The second graph has weight:
2+2+5+3+2+6=20

The third graph has weight:
3+2+5+3+2+6=21

2
a 1;\23 E
2 v
P
r .
C D

Total weight=2+2+2+1+3
=10

Total weight
=16+10+12+11+15+16
=80

Total weight=18+10+10+9
=47

Total weight
=70+ 80+ 100 + 100 + 90 + 90 + 200
=730

The shortest length of pipe required to
connect all water storages will be the
weight of the minimum spanning tree for
the network.

The weight of the minimum spanning

tree, shown in red above, is

weight

=70+ 70+40+50+40+60+80+40
+ 40

=490



Solutions to Review: Extended-response questions

1
a i

The only edge missing from the graph
is the direct connection between vertex
E and vertex C. There is only one
direct connection between these
vertices, of length 5, so this must be
added to the graph.

The cable should be laid along the
minimum spanning tree for the graph.
The minimum spanning tree is shown
in red below:

The weight of the minimum spanning
tree

=4+5+4+5+6

=24

The minimum length of cable required
is 24 kilometres.

There is:

one connection between D and C
no loop at D

one connection between D and E
one connection between D and F
one connection between E and C
no loop at E

one connection between E and F
no connection between F and C
no loop at F

The matrix is

A B C D E F
A [0 1 0 1 1 1
B |1 0 1 0 0 0
Cc |0 1 0 1 1 0
D |1 0 1 0 1 1
E |1 0 1 1 0 1
F L1 0 0 1 1 0
The route

A-B-A-F-E-D-C-E-F-A
has distance

6+6+5+(3+2)+4+4+5+(2+3)
+5
= 45 kilometres

This route is not a hamiltonian cycle
because some of the vertices are
visited more than once, namely A, F
and E.

There are many answers, but one
possible route is:
A-B-C-D-F-E-A

The distance travelled will vary
depending on the answer for part iii.
The route in part iii above has distance

6+9+4+7+5+8
= 39 kilometres

Starting at A and returning to A by
travelling each track once is an example
of an eulerian circuit. This can only
occur if all vertices are of even degree.

At the moment, vertex C and F both have
odd degrees, so joining them by a new
path will make them both have an even
degree, making an eulerian circuit
possible.



By inspection, the shortest path from
Amity to Bevin is via checkpoint R, taking
the shorter of the two possible routes
from checkpoint R to Bevin.

The length of this path=7 + 4 =11 km

It is possible to travel the network on
every road exactly once because there are
two vertices (Amity and checkpoint V)
that are of an odd degree. All the others
have an even degree.

If the road begins at Amity, the race must
finish at the other odd-degree vertex,
checkpoint V.

The competitor should not travel to
checkpoint U next. This will mean that
all the roads out of Bevin in the direction
of Carter have already been travelled, and
so one of them will need to be travelled
again to return the competitor to the
unvisited checkpoint R.

S T UV W Carter

Bevin[ 3126 X X X
T |3 -5 0 X X
S 13]2]5]9 11 11
U |3]2]58] 0
Vo [3]12]5]8 41—

The shortest path from Bevin to Carter is
Bevin — T — U — Carter

Note: There is an alternative route for the
same length: Bevin—T—U -V — Carter

The shortest distance from Bevin to
Carter is 10 kilometers (answer to part e).

The shortest distance from Amity to Bevin
is 11 km (answer to part a).

The shortest distance from Amity to
Carter is 10 + 11 = 21 kilometres.

g The minimum spanning tree, determined

by Primm’s algorithm, is shown in red on
the network below.

Amity




Solutions to Review: Multiple-choice questions

1

Seven vertices can be connected with six
edges, one less than the number of
vertices. C

A This graph has a cycle so is not a tree.

B This graph has a cycle so is not a tree.

C This graph is a spanning tree.

D This graph has a cycle so is not a tree.

E This graph is a tree but does not
include the vertex 2 so it is not a
spanning tree. C

P has degree 2
Q has degree 5
R has degree 3
S has degree 4
T has degree 4
U has degree 2 A

v=15and f=12

v—e+f=2

15-e+12=2

-e=2-15-12

-e=-25

e=25 D

An eulerian circuit will exist if all of the
vertices have an even degree.

A has two odd-degree vertices.
B has all even-degree vertices.
C has all even-degree vertices.
D has all even-degree vertices.
E has all even-degree vertices. A

v=8ande=13

v—e+f=2

8-13+f=2

f=2-8+13

f=7 C

Hamiltonian cycle starts and ends at the
same vertex, so it cannot be option E.

Hamiltonian cycles pass through every
vertex only once, so it cannot be option A
(visits E multiple times) or option C
(visits A multiple times),

Hamiltonian cycles pass through every
vertex in the graph, so it cannot be option
D which does not visit vertex F. B

8

The graph is planar and must be redrawn
without edges crossing before counting
the faces:

e

There are five regions defined by the
graph in planar form. B

The graph is drawn below, with the
degrees of each vertex written beside
them.

The sum of the degrees is
3+2+3+3+5+2+2+3+1
=24 E

10 An eulerian trail exists if there are exactly

two odd-degree vertices in a graph. The
graph currently has four odd-degree
vertices, that is A, E, C, D.

Joining two of these by an edge would
make their degree even. B

11 The minimum spanning tree is shown in

red in the diagram below:

The length of the minimum spanning tree
=2+4+5+4+7+8=30 A



12 Eulerian circuit will be possible if all of
the vertices have an even degree, so it
could be option A or B.

By inspection, a hamiltonian cycle is
possible only in option A. A

13 A complete graph has every vertex
connected to every other vertex, so

A —the paper boy would NOT be
covering the minimum distance by
travelling between every pair of houses

B — the amount of cabling would NOT be
the minimum required if it connected
every house to every other house

C - All teams (vertices) playing every
other team would mean each team or
vertex is connected to every other team in
a complete graph

D — Six tasks between start and finish
would be more linear, one after the other

E - Allocation of assignment to one
student means the vertex would be
connected to one other vertex. C

14 In the given graph,
- A is directly connected to B in two ways
(could be only option B)

- Ais directly connected to C in one way

- A is directly connected to D in one way

- B is directly connected to C in one way

- B is directly connected to D in one way

- C is directly connected to D in two ways
B

15 An eulerian circuit exists if all the
vertices have an even degree.

Option A has two odd-degree vertices.
Option B has all even-degree vertices.
Option C has two odd-degree vertices.
Option D has two odd-degree vertices.
Option E has two odd-degree vertices.B



Chapter 15 — Flow, matching and

scheduling problems

Solutions to Exercise 15A

1

a The capacity of C1
=6+8
=14

b The capacity of C2
=3+5+4
=12

Note: the edge from E to C is not counted
as the flow along this edge is from the
sink side to the source side of the cut.

¢ The capacity of C3
=8+10+3
=21

a The capacity of C1
=4+8
=12

b The capacity of C2
=5+3+8
=16

Note: there are two edges where the flow
is from the sink side to the source side of
the cut. These edges have capacity 4 and
3, and both are not counted in the
calculation.

¢ The capacity of C3
=5+7+4
=16

Note: there is one edge where the flow is
from the sink side to the source side of the
cut. This edge has capacity 2 and this is
not counted in the calculation.

3 Note: The minimum capacity cut only is
shown for each of the graphs in this
question. Where there are two equal
minimum capacity cuts, both are shown.

N

Maximum flow=3+6=9
or
Maximum flow=5+4=9

S 7Y 2

B 6 D

A 3 C o
/}/ﬁ4 b
i [§
— = 5
S 5t% B 3 D

Maximum flow=3+5=8

Note: The flow from B to A is from the
sink side to the source side of the cut and
is not counted in the calculation.

o 4 C
10 > :
5“ 'T
9 4‘@.‘; 0
B 10 D

Maximum flow =8 + 10 = 18

The capacity of cut A
=3+7+4
=14

The capacity of cut B
=3+7+8+1+4
=23



The capacity of cut C
=0+3+4+1+4
=12

Note: the edge with capacity 8 is not
counted as the flow along this edge is
from the sink side to the source side of the
cut.

The capacity of cut D
=4+8+14
16

The capacity of cut E cannot be
determined. It is not a valid cut.

Cut E is not valid because it does not
completely block the flow from Arlie
(source) to Bowen (sink).

The maximum number of seats from
Acrlie to Bowen is the capacity of the
minimum cut. The minimum cut is Cut
C, with capacity 12, so there is a
maximum of 12 seats from Arlie to
Bowen.

Note: The minimum capacity cut for each
sink is shown on the graph below.

The maximum flow to sink 1
=6+2
=8

The maximum flow to sink 2
=9+3+6
=18

Note: the edge with capacity 1 is not
counted as the flow along this edge is
from the sink side to the source side of the
cut.



Solutions to Exercise 15B

1

a A bipartite graph can be used to display
this information because there are two
distinct groups of objects that are, in some
way, connected to each other.

One group is the people and the other
group is the flavours of ice-cream. Each
of the people are connected to one or
more ice-cream flavours.

b List the people on the left and the flavours
on the right with a vertex for each.

Gloria likes vanilla and butterscotch, so
join Gloria’s vertex to each of the vertices
for these flavours.

Minh only likes strawberry, so join
Minh’s vertex to the vertex for
strawberry.

Similarly, join Carlos’ vertex to the
vertex for chocolate, peppermint and
butterscotch. Join Trevor’s vertex to the
vertex for every flavour.

The completed bipartite graph is below:

. chocolate
Gloria
Minh vanilla
Carlos peppermint
Trevor butterscotch
strawberry

¢ Trevor is connected to all five ice-cream
flavours. The degree of this vertex is 5.

N

W | 110| 95 | 140 | 80 | —-80
X | 105) 82 | 145 | 80 | -80
Na
VA

125 78 [ 140 | 75 | =75
1151 90 | 135] 85 | -85

A|lBlc]|D
wl30[15]60] ¢
X 25| 2|65 $
Y | 50| 3 |65
Z 13|55/ 0
-25 -2 50
4| Bl c|D
w5 [13/10] 9
x| oo 1514
Y25 (D] 15 j;
Z| 5131+
4| B|C|D
w4 ]12/9]0
X ololi15]1
Y240 140
Z olofol1

W must be allocated to D, so Y cannot.
Y must then be allocated to B, so X
cannot.

X must be allocated to A

Z must be allocated to C

Allocation: W-D,Y-B,X-A,Z-C



A|B|C| D]
w2435 2
X[ 3|5/ 3[4] 3
Y| 2[(3[4]2] 2
Z| 214213 2

4Bl C|D
w0 | 2 3
X 0210
Y 01,20
Z 0 210

——

4Bl c¢c|D
w0 QD ]

X[ 0/ 1]0
Y o2
z 0 1 ]0]]

A/ Bl c|D
wl o 012
X olololo
Yy 11030
Z, 0o 0,00

Multiple allocations are possible, but all
will have the same minimum cost.

One possible allocation is: W to A (2),
XtoB(5),YtoD (2)and Zto C (2)

Minimumcost=2+5+2+2=11

Student | 100m | 400m | 800m | 1500m

Dimitri 11 62 144 379 =11
John 13 60 146 359 -13
Carol 12 61 149 369 12

Elizabeth 13 63 142 349 -13

Student | 100m | 400m | 800 m | 1500 m

Dimitri 51 133 368
John 47 133 346
Carol 49 137 357
Elizabeth 50 129 336

47 129  -336

Student | 100m | 400m | 800m | 1500 m

Dimitri () 4 4 32
John } o <+ H)
Carol ( [©)] 8 21
Elizabeth ] 3 O O
Student | 100m | 400m | 800 m | 1500 m
Dimitri 2 @ 30
John P 4 10
Carol 6 19
Elizabeth 2 r 0 6
Student | 100m | 400m | 800m | 1500 m
Dimitri 0 2 0 28
John 2 0 2 8
Carol 0 0 4 17
Elizabeth 4 5 0 0
Dimitri 100 m
John - > 400 m
Carol 800 m
Elizabeth 1500 m

John must be allocated to 400 m, so Carol
cannot.

If Carol cannot be allocated to 400 m, she
must be allocated to 100 m, so Dimitri
cannot.

If Dimitri cannot be allocated to 100m, he
must be allocated to 800 m, leaving 1500
m for Elizabeth

The “best” student allocation is:
Dimitri — 800 m, John — 400 m,
Carol — 100 m, Elizabeth — 1500 m



Job 5 Machine
Student| 4 | B | C Operator | W | X | ¥ | 7
Joe | 20 | 20 36 |-20 A 38 | 35 | 2 | 54 |-26
Meg [ 1o | 20 84 -ls AR
Al 26 26 44 | -26 D 20 26 3 29 | 20
Job Machine
Student | A B C Operator W X | v 7z
Joe 0 0 16 A 12 | 9 0 | 28
Meg | 0 4 | 28 B 6 | @ | 6 | (
Ali 0 0 18 C 21 3 q 1p
-16 D 6 6 12
Machine
Job
Operator | W X ] Y Z
Student | A B C 4 9 6 0 28
Meg 0 4 12 C 18 | 0 0 | 12
Ali 0 0 2 D 0 6 15 12
A W
B X
C Y
Meg must be allocated to job A, so Joe D / 7
and Ali cannot.
If Ali cannot be allocated to job A, he A must be allocated to Y, so C cannot.
must be allocated to job B, so Joe cannot. If C cannot be allocated to Y, C must be
If Joe cannot be allocated to job A, nor allocated to X and so B cannot.
job B, he must be allocated to job C. If B cannot be allocated to X, B must be
_ o ) allocated to Z.
The allocation that minimises the time D must be allocated to W.

taken to complete the jobs is:
_ The allocation of machinists to machines
Meg - A, Ali-B, Joe—C that minimises the total cost is:

A-Y,B-Z,C-X,D-W

6 Team  Home Away Neutral
Champs | 10 9 8 -8
Stars 7 4 5 —
Wests 8 7 6 —6
Team Home Away Neutral
Champs | 2 | 0
Stars 3 d] 2
Wests 2 l 0
i) )
Team Home Away Neutral
Champs 0 1 0
Stars 1 0 2
Wests 0 | 0




Champs <7 Home
AN /
N/

Stars o \ Away
Z
Wests Neutral
Stars must play at the away ground.
Both Champs and Wests can play at

either Home or Neutral, so there are two
possible allocations:

Champs — Home (10), Stars — Away (4)
and Wests — Neutral (6) for a total of $20
000.

or
Champs — Neutral (8), Stars — Away (4)

and Wests — Home (8) for a total of $20
000.

Service Motorist

vehicle | Jess | Mark | Raj | Karla

A 18 15 15 16 15
B 7 17 11 13 | -7
C 25 19 18 21 |18
D 9 22 19 23 | -9
Service Motorist

vehicle | Jess | Mark | Raj | Karla

A 3 ) 0 1

B 0 10 -4 6

C 7 0 3

D 0 | 1B [ 1] 14
Service Motorist

vehicle | Jess | Mark | Raj | Karla

A 3 0 0 1

B 0 10 4 6

C 7 1 0 3

D 0 13 10 14

Service Motorist
vehicle | Jess | Mark | Raj | Karla
A 3 © o) ©
B 0 10 @ 5
C 7 1 V) 2
D (0] 13 10 13
Service Motorist
vehicle | Jess | Mark | Raj | Karla
A 7 0 ) 0
B 0 | 6 0 @©
C 1| 1 0 2
D D 9 6 9
Service Motorist
vehicle | Jess | Mark | Raj | Karla
A 8 0 1 0
B 0 5 0 0
C 11 0 0 1
D 0 8 6 8

Jess

/ Mark
Raj
DY Karla

A must go to Mark or Karla. B can go to
Jess, Raj or Karla. C must go to Mark or
Raj. D must go to Jess.

The allocations of vehicle to motorist that
minimise the total distance travelled are:
A - Karla (16), B — Raj (11), C— Mark
(19) and D — Jess (9) OR

A - Mark (15), B — Karla (13), C- Raj
(18) and D — Jess (9), both for a total of
55 km.



Solutions to Exercise 15C

1 € Activity Immediate predecessors
a | Activity Immediate predecessors P -
A — [4] =
B - R P
C A S I}
D A
E B, C ; ﬁ
F D
G E : S
W ST
X u
b | Activity Immediate predecessors Y w
P _ zZ V.X, Y
0 P
R P f = :
S 0 Activiry | Immediate predecessors
T Q A =
U S,V B A
v R [ A
w R D A
X T.U E B
F cD
G D
c Activity Immediate predecessors ‘; 1 E E_ G
4 - J I
K = K H
L J
M N
N K 2
0 K a
P N start finish
Q LM
R P
s 0, R b
T Q start
d Activity Immediate predecessors
A — c
B =)
C A
D A
E D, B
F C.E
G D.B
H B
€ K M R .
start N y— finish
L




finish
start

“Remove broken component” is activity
C.

Look at activity C in the activity network.
Activity C follows immediately from
activity A.

Activity A is an immediate predecessor of
activity C.

“Remove panel” is an immediate
predecessor of “Remove broken
component”.

“Install new component” is activity F.
Look at activity F in the activity network.
Activity F follows immediately from
activity B and the dummy that follows
activity D.

Activities B and D are immediate
predecessors of activity F.

“Order component” and “Pound out dent”
are immediate predecessors of “Install
new component”.



Solutions to Exercise 15D

1

a Use forward scanning,
p=8+4
p=12

b Use forward scanning,
w=4+6
w=10

¢ Using forward scanning,
m+4=12
m=12-4
m=28

Using backward scanning,
n=12-4
n=28

d Using forward scanning,
c=6+5
c=11

Using backward scanning,
a=15-5
a=10

Using backward scanning,
b-3=15

b=15+3

b=18

e Using forward scanning,
f=3+6
f=9

Using forward scanning, g is the largest

of:

g=5+7 or
g=12 or
So,g=12

f+
9

[(eN{e]
I n

f Using forward scanning,
4+q=12
g=12-4
q=8

Using backward scanning,
9-p=4

p=9-4

p=5

w

Using backward scanning,

12-r=9

12-9=r

r=3

Using forward scanning,
n+r=12

n+3=12

n=12-3

n=9

Using forward scanning,
6 + durationof A=9
durationof A=9-6
duration of A=3

The critical path follows activities that
have no float time. The two numbers in
the boxes at the start of these activities
will be the same.

The critical pathis: A—-C

Float time = LST — EST
=11-6
=5

LST for D is the second number in the
boxes at the start of activity D.

LST for activity D = 13

Using backward scanning,
15 — duration of D = 13
Duration of D =15-13
Duration of D =2

Using forward scanning,
0 + duration of B=12
Duration of B = 12

LST for E is the second number in the
boxes at the start of activity E.

LST forE=10



EST for E is the first number in the boxes
at the start of activity E.

EST forE=9

Float time for E = LST - EST
=10-9
=1

Using forward scanning,
0 + duration A=3
duration A =3

Using forward scanning,
0+ durationD =9
durationD =9

The critical path follows activities to
boxes where the EST and LST are the
same.

The critical pathis: D-E-F
Non-critical activities are A, B, C

Float A = LST (B) — duration of A
=4-3
=1

Float B = LST (B) - EST (B)

=1
Float C = LST (F) — duration of C

=22-7
=15

The critical path follows activities to
boxes that have EST and LST the same.
The critical pathis:B-E-F-H-J
Non-critical activities are A, C, D, G, |
Float A = LST(D) — duration of A
=11-10
=1
Float C = LST(J) — duration of C

=17-3
=14

[op}

Float D = LST (D) - EST (D)
=11-10
=1

Float G = LST(l) - EST(G) — duration G
=15-13-1
=1

Float | = LST(J) — EST(I) — duration |

=17-14-2
=1

Use information in the activity network.

Immediate
Activity Duration (weeks) predecessors

A 3 -
B 6 -
C 6 A, B
D 5 B
E 7 C,. D
F 1 D
G 3 E
H 3 F
1 2 B

The critical path follows activities to
boxes where the EST and LST are the
same.

The critical pathis:B-C-E-G

S, 3
r.4 U, 3
start Q.5 1.6 > W, 8 Y. 6 fnish
dummy 4 e 13
R, 12 ,," v 4 ,
apis] § 3 Lhs
P. 4 )I‘ 3 A
start 0, 5EIHET, 6 . B Y 6 finish
[oTo] dlll'l'll'l'l)-' ,4’ 12{21] xr 35035
R, 12
12]1 16]14
Note:
LST (P) = LST (S) — duration P
=15-4
=11
LST (Q) = LST (T) — duration Q
=15-5
=10



A table of EST and LST for each activity
is shown below:

Activity EST LST
P 0 11
Q 0 10
R 0 0
S 4 15
T 5 15
U 7 18
V 12 12
W 12 21
X 16 16
Y 29 29

The critical path follows activities to
boxes where the EST and LST are the
same.

The critical pathis: R-V-X-Y
The minimum time to complete the
project is the value in the boxes at the
finish.

Minimum project completion time is 35
weeks.

Note:

LST (1) = LST (L) — duration |
=11-2
=9

LST (J) = LST (M, P or Q) — duration J
=6-3
=3

LST (M) = LST (O) - duration M
=15-8
=7

LST (P) = LST (finish) — duration P
=22-6
=16

LST (Q) = LST (T) - duration Q
=13-7
=6

LST (R) = LST (T) — duration R
=13-5
=8

A table of EST and LST for each activity
is shown below:

Activity

21

m
RINlgo|o|Rlo|o|vio|lo|loln
w|S ~ ot

3

—H|l»n|DO|T|O|IZIZ X«

13

The critical path follows activities to
boxes where the EST and LST are the
same.

The critical pathis: K-N-Q-T
The minimum time to complete the
project is the value in the boxes at the

finish.

Minimum project completion time is 22
weeks.



Solutions to Exercise 15E

D, 4 )
o it
H8
19]19|
B.6 e
C.2 £4 L1
2[4]  [s]3]

The critical path follows activities to
boxes where the EST and LST are the
same.

start
0o

finish

2222

The critical pathis:B-E-H-J

Total minimum completion time
forAand D is 3 +4 =7 hours.

Total minimum completion time
for activitiesC,Fand Gis2+4+3=9
hours

Reduction in completion time for activity
E must not cause the total completion
time for activities B and E to drop below
9 hours.

Completion time for activity E cannot be
lower than 3.

The maximum reduction in completion
time for activity E is 2 hours.

Total minimum completion time for
activitiesC, Fand lis2+4+7 =13
hours.

Activity H can be reduced in duration to
ensure duration of activity H + 11 is not
lower than 13

Minimum duration of activity H is 2.

Maximum reduction in completion time
for activity H is 6 hours.

d

N

Reduce times and create a new activity
network:

finish

]

New minimum completion time for the
project is 14 hours.

Y dummy, 0

i [5]5]

E7

[717] (14]14]
The critical path follows activities to
boxes where the EST and LST are the

same.

The critical pathis:B-C-E-H-J

b No time will be saved as activity F is not

on the critical path. Activity F already has
float time so reducing its duration will
have no effect on the overall completion
time of the project.

In order to reduce the overall completion
time, activities on the critical path should
be considered for duration reductions.

Activity B can be reduced by 4 hours
without affecting the critical path.
Activities C, E and H currently have a
total completion time of 2+7 +4 =13
hours.

They could have a total completion time
no less than that of activity F, which is 12
hours.

Each activity could therefore be reduced
by a maximum of 1 hour.

The maximum saving in time is therefore
4 hours, by reducing the duration of
activity B.



[11713]

| E. 4 ‘\ dummy, 0
0, /{ —

start e —e finish
717] 13013 {15115}
B.5 G2

5]

The shortest time for completion of this
project is 15 hours.

The critical path follows activities to
boxes where the EST and LST are the
same.

The critical pathis:B-C-F—-1.

Activity A is not on the critical path. It
already has slack time and reducing the
completion time of this activity will have
no effect on the overall completion time
of the project.

The duration of activity B can be reduced
so that the total completion time of
activity B and C combined is not less than
6 hours (the duration of activity A).

Activity B can be reduced by a maximum
of 1 hour only.

The duration of activity F can be reduced
so that the total completion time of
activity F is no less than 4 hours (the
duration of activity E and the dummy).

Activity F can be reduced by a maximum
of 2 hours only.

Total cost =1 x $100 + 2 x $50
=$200



Solutions to Review: Extended-response questions

1 Use the Hungarian algorithm to determine

the allocation for minimum cost.

Supervisor | B I C D | E

Ann 25 | 30 15 | 35 |-15
Bianca 22 34 20 45 | =20
Con 32 20 33 35 | =20
David 40 30 28 26 26
Supervisor | B ] T D E
Ann 10 15 0 2]
Bianca 2 14 0 25
Con 12 ( 13 15
David 14 B 2

-2
Supervisor | B | @ D | E
Ann 8§ | 15 0 20
Bianca 0 14 0 25
Con 10 | 0 13 15

David 12 -+ 2

Ann must be allocated to D so Bianca

cannot, so Bianca must be allocated to B.

Con must be allocated to C and David
must be allocated to E.

The allocation of supervisors to
examination venues that minimises the
total travel time is

Ann - D, Bianca - B,

Con -C, David - E.

a All edges that this cut crosses flow from
the source side of the cut to the sink side
of the cut, so all of them are used in the
capacity calculation.

Cut capacity=1+7+8+10
=26

b The minimum capacity cut for this
network is shown below:

Mildura

Horsham

A Hamilton

Warmambool

w

The maximum flow of passengers from
Mildura to Melbourne is the capacity of
the minimum capacity cut.

Maximum flow=1+7+4+3
=15

Activity D has immediate predecessor
activity B so it must follow from activity
B.

Activity D is an immediate predecessor of
activity | so activity D must extend from
the end of activity B to the start of activity
I, as shown in the diagram below.

The completed critical path analysis is
shown below:

The critical path follows activities to
boxes where the EST and LST are the
same. This activity network has two
possible critical paths:

A-B-C-F-G-1-1]
or
A-B-C-F-H-J



4 Use the Hungarian algorithm to determine

the allocation for minimum time.

i Swimmer | Backstroke | Breaststroke Butterfly | Freestyle |

[Rob | 76 | 78 [ 70 | 62 |-62
[ Joel 1 | 80 | 6 | 62 62

Henk 72 76 | 68 58 | -s8
| Sav 78 | 80 | 66 60 | —60

- i = e i
| Swimmer | Backstroke | Breastsiroke | Butterfly | Freestyle |

| Rob | 14 | 16 | 8 | ]

| Toel 12 | 18 | 4 0

| Henk 14 [ 18 | a0 0

| Sav 1 18 | 20 | 6 0
-12 -16 -4

i Swimmer Backsiroke | Breaststroke Butterfly Freestyle

Rob b=l R— 4 0
Joel Ll 2 & [t
Henk 2 2) [ 0
| Sav 6 4 2 0

| Swimmer | Backstroke | Breaststroke | Butterfly | Freestyle |

| Rob | 2 | 0 | 4 2
Joel 0 2 0 2
Henk 0 0 4 0
Sav 4 2 0 0

Rob must be allocated to Breaststroke, so
Henk cannot.

There are two different allocations
possible now:

1. If Joel is allocated to Backstroke, Henk
cannot, so Henk must be allocated to
Freestyle and Sav to Butterfly.

2. If Joel is allocated to Butterfly, Sav
cannot, so Sav must be allocated to
Freestyle and Henk to Backstroke.

Allocation 1:
Rob — Breaststroke, Joel — Backstroke,
Henk — Freestyle, Sav — Butterfly

Allocation 2:
Rob - Breaststroke, Joel — Butterfly,
Henk — Backstroke, Sav — Freestyle

Total time for both allocations is 276.

5

a The edge with capacity 9 flows from the
sink side of the cut to the source side of
the cut, so will not be counted in the
capacity calculation.

Cut capacity=3+2+8+13
=26

b The maximum flow through this network
is equal to the minimum cut capacity.

The cut with minimum capacity is shown
below:

source

Cut capacity =2 + 13
=15



Solutions to Review: Multiple-choice questions

1 Identify the shortest path using
inspection, or Dijkstra’s algorithm
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2 Capacityofcut=3+4+3
=10

Note: one of the edges with capacity of 4
is not counted as it flows from the sink
side of the cut to the source side of the
cut. D

3 The minimum cut is shown below:

maximum flow = capacity of cut
=5+7+8
=20 A

4  The minimum cut is shown below:

maximum flow = capacity of cut
=6+4
=10 A

5 A: Travis — basketball and volleyball
Miriam — basketball, athletics, tennis
Swimming is missing so A is false.

B: Miriam played 3 sports
Fulvia played 2 sports
total: 5 sports

Andrew played 2 sports
Travis played 2 sports
total: 4 sports

Miriam and Fulvia played more sports
than Andrew and Travis so B is false

C: Kieran played 3 sports
Miriam played 3 sports so C is true.

D: Kieran and Travis played basketball,
volleyball, swimming, athletics and
tennis (5 different sports).

Miriam and Fulvia played swimming,
athletics, basketball and tennis (4
different sports).

Travis and Kieran played more sports
than Miriam and Fulvia so D is false.

E: Andrew played the same number of
sports as Travis and Fulvia so he did
not play fewer sports than all others.
E is false. C

6 The critical path analysis is shown below:
L 3 E

17[17
bld]‘l t—h D 6 A"; - «finish
A K

-" 6 m [

The critical pathiss A-D-H-1-K B



The critical path analysis is shown below:
9]0

2 F, 5 [29]29
£ - finish

-
D7 G, 6
E.8

(719 figli

The earliest start time for activity F is 24.
E

The information in the table has been
used to construct the following
incomplete activity network.

8] ] ¢ ] k2

finish

(s ]

The duration of activity A
= EST (C) - EST (A)
=8

The duration of activity C
= EST (E) - EST (C)
=22-8

=14

Total time taken for activities A, C and E
=8+14+2
=24

EST (F) is 35 so additional time available
=35-24
=11 hours

Activity C could be increased by 11
hours without affecting the overall
project completion time. D

The critical path analysis is shown below:
B.6 [9[9]

H.6 |

% 7{17
g
2[4] F3 57

The completion time of the project is 17
weeks. D

10 The critical path analysis is shown below:

start
" B,3 finish
D2 [5]51H-4
The EST for activity G is 8. E



Chapter 16 — Revision: Networks

and decision mathematics
Solutions to Exercise 16A: Multiple-choice questions

1 The vertices, edges and connections in a
subgraph must exist in the original graph.

A has an edge from star to hexagon that
does not exist in the original.

B has an edge from the triangle to
another shape that does not exist in the
original.

C has edges, vertices and connections
that all exist in the original.

D has an edge from circle to star that
does not exist in the original.

E has an edge from the star to hexagon
that does not exist in the original.

Answer: C

2 ltis possible to travel from F and back
again without passing through another
vertex, so there is a loop at F. Answer is
either A, B or C.
There are two ways to travel from G
directly to F, so the answer is either A or
C.

There are two ways to travel from G
directly to H so the answer is A.

Answer: A

3 Apply the Hungarian algorithm.

Name A B C D E
Francis | 12 | 15 | 99 0| 14 10
David 10 9 [10] 7 12 | -7
Herman | 99 | 10 | 11 6 12 6
9
3

—

Indira 8 8 [ 12 99 | -8

Natalie 8 199 9 11 | -8
Name A B ¢ D E
Francis 2 80 | @ 4
David 3 i 3 5
Herman | 93 $ 5 6
Indira [ 4 91
Natalic | 0 [ 91 | 1 3

1 3

Name A B ¢ D FE
Francis | 2 | 5 |8 ] 0 | @
David 3 2 2 2
Herman | 93 4 4 3
Indira & O 3 88
Natalie —5+1+6 i ©
Name A B C D E
Francis | 1 4 [87] 0

David | 2 || 1 |
Herman | 92 | 3 [ 3 | ¢ | 2
Indira © i) 3 — 88
Natalie 0——94 0 ©
Name A B c D E
Francis | 0 3 (8 | 0 0
David 1 0 0 0 1
Herman | 91 | 2 2 0 2
Indira 0 3 3 89
Natalie 0 | 91 0 2 1

Francis is the only person who can be
allocated task E.

Answer: E

The degree of each vertex is shown in the
diagram below:

Sum of degrees
=3+2+4+1+3+3
=16

Answer: E

An eulerian trail will be possible if there
are exactly two vertices of odd-degree
with all others even-degree.

S, Z, U and W are all odd-degree vertices,
S0 joining two of these will cause those
joined to be even-degree, leaving only
two odd-degree vertices.

Answer: B



6 Let n be the number of vertices.

v = n, f = n since the number of vertices
and faces is equal.
e=20

v—e+f =2
n-20+n =2
2n=2+20

2n =22

n =11

The number of vertices and faces is 11.
Answer: C

Connecting water pipes with the shortest
length of pipe involves connecting each
point for water in a minimal spanning
tree.

Answer: B
Analyse each option separately:

A: This statement is true.

B: Activities or tasks in a project can
happen simultaneously with tasks on
the critical path. The critical path
activities do not have to be completed
before any other activities can start.

C: Tasks not on the critical path have
slack time, which means decreasing
their completion time will have no
effect on the length of the project.

D: The critical path can be a single
activity.

E: Some projects can have multiple
critical paths.

Answer: A

The cut passes across edges with capacity
a, b, c, d, e. Edge d flows from the sink
side of the cut to the source side of the
cut, so is not counted in the calculation of
the cut capacity.

Cut capacity=a+b+c+e

Answer: C

10 The shortest path from O to D can be

determined using Dijsktra’s algorithm, or
by inspection.

Using Dijkstra’s algorithm:

PQRSTUD
0O15]2]3 X X X X
0|5[2])[3]8 8 x x
R[5]2])[3] 8 8 x 13
P [3][2](3][8] 8 1413
s [5]2]3]8]8]12 13
T [5]2]3]8](8] 12 [12]

The shortest path is shown in red in the
diagram below:

The length of the shortest path
=2+6+4
=12

Answer: B

11 Ann has visited two resorts. Matt has

visited one. Tom has visited two. Maria
has visited three.

A: Ann and Maria have visited 5 in total.
Matt and Tom have visited 3 in total.
Ann and Maria have visited more than
Matt and Tom, not fewer.

: Matt and Tom have visited 3, not 4.

: Maria has visited more, not fewer,
than anyone else.

: Neither Ann nor Maria have visited
Mt Hutt.

: Ann and Tom have visited 3 of the 5
resorts, Matt and Maria have visited 4
of them. This option is true.

O (@)

m

Answer: E



12 In this pipeline, each town needs to be

connected to any other town. This can be
represented by a minimum spanning tree.

Answer: C

13 Consider each option separately.

A: French has two translators, Greek has
one. True statement.

B: Sally can translate Spanish, Turkish
and French. Kate can translate Italian
and Greek. Five languages in total.
True statement.

C: John can translate Spanish, Italian and
Turkish. Greg can translate French
and Turkish. Four different languages.
True statement.

D: Kate and John can translate 4 different
languages. Sally and Greg can translate
3 different languages. True statement.

E: Sally and John can translate 4 different
languages. Kate and Greg can translate
5 different languages. False statement.

Answer: E

14 O can donate to any type so vertex O

must be connected to O, A, B and AB. The
answer must be either option D or E.

Each type can donate to its own type, so
O must be connected to O, Ato A,Bto B
and AB to AB. Option E has AB to B —
however there is no such information in
the question to support this. Thus D relays
all the information given.

Answer: D

15 The minimum spanning tree is shown in

red in the diagram below.
8

The weight of the minimum spanning tree
=8+7+5+3+4+4
=31

Answer: D

16 A complete graph with five vertices is

shown below.

The number of edges in this graph is 10.

Answer: C

17 An eulerian circuit exists if all vertices

have an even degree. In the graph,
vertices A and D have an odd degree, so
joining them with an edge will make them
both have an even degree.

Answer: C

18 Consider all options separately.

A: A and B can occur simultaneously.
False statement.

B: A does not lead into F so A does not
need to be completed before F can
start. False statement.

C: E and F can be completed
independently. False statement.

D: E and F must both be completed
before H can begin, but they do not
necessarily have to finish at the same
time. False statement.

E: E follows after A in the network so
this is a true statement.

Answer: E

19e=12,f=4

v—e+f=2
v-12+4=2
v=10

Answer: B

20 There is one isolated vertex in the graph,

so there will be one row and one column
consisting of all zeros.

There is one loop, so there will be one “1”
along the diagonal.

Answer: B



21 The shortest path, or path of minimum 23 The degree of each of the vertices are
cost in this example, from P to Q can be shown on the graph below.
determined using Dijsktra’s algorithm, or
by inspection. To use Dijkstra’s
algorithm, the vertices must be labelled
with names, as shown below.

A 90 D

- 60
P A 110
7N\
0 The sum of the degrees
C = =1+4+3+3+3
=14
Using Dijkstra’s algorithm:
Answer: C
ABCDEFQQ
P860[20s X x X % 24v=9,e=20
Bllsollfehpo x x x x (oo
v—e+f=
S 9-20+1=2
Cgilmﬁqu ]]:zig,_9+20
F [80][70][r90][t70] o] pss] 405
E [80]|70]r90][170| pefpsstfoo Answer: B
The shortest path is shown in red in the 25 The minimum spanning tree is marked in
diagram below. red on the diagram below.

4

y 90 D 160
80. E
110
Q
205 & 120
F £
Pe 95

Minimum cost = 70 + 120 + 100 + 110

=400
Answer: A Weight of minimum spanning tree
=7+6+4+5+3+7
22 The capacity of the cut =32
=8+2+3
=13 Answer: C

Note: one of the edges with weight 3 passes
from the sink side of the cut to the source side
of the cut, so is not counted in the cut capacity
calculation.

Answer: D



26 There are two minimum cuts (same
capacity) in this diagram. Both are shown
below.

Maximum flow
=4+2+1
=7

or
Maximum flow
=1+6

=7

Answer: C

27 The diagram below shows all the possible
walks from vertex 1 to 6.

There are five different walks.
Answer: E

28 There are three even-degreed vertices and
two odd-degreed vertices.

If we add an extra edge, it can either join:

e aneven vertex to an even vertex,
making them both odd. Result: 1
even, 4 odd. (Option C)

e aneven vertex to an odd vertex,
swapping the nature of them both.
Result: three even, two odd. (Option
D)

e an odd vertex to an odd vertex,
making them both even. Result: 5
even, none odd. (Option A)

e adding a loop to either an odd or even
vertex keeps it either odd or even
because a loop adds 2 to the degree.

It will be impossible to make one of the
odd vertices become even by adding an
edge.

Answer: E

29 The critical path analysis is shown on the
diagram below.

L.4[14150, 6

finish

K. 5 T.9

Critical pathisK-N-Q-T-U
Answer: D

30 The critical path analysis is shown on the
diagram below.

finish

[5]e] [18]20]

The project completion time is 26 days.

Answer: D



Solutions to Exercise 16B: Extended-response questions

1 The least time to complete the project is

30 hrs.
Activity K has an EST of 18 hrs, so

duration K =30 - 18
=12

Activity D has an EST of 5.
Activity H has an EST of 9.

durationD =ESTH-ESTD
=9-5
=4

The critical path analysis can now be
completed.

1111 15(15
“\ /< 2 k3
tart finish
H\ / / [13]1g) ]1~;||s| Bol30)

S

LST A=LST E (or F) — duration A
=7-6
=1

LST F=LST I —duration F
=16-6
=10

a The completed table is

Completion Earliest starting
Activity time (hours)

Latest starting

time (hours) time (hours)

A 6 0 1

5 0 0

2 5 5
D 4 5 9
E 4 7 7
F 6 7 10
G 4 11 11
H 3 9 13
1 2 13 16
J 15 15
K 12 18 18

b The critical pathisB-C-E-G-J-K

2

a The activity network for this project is

shown below, including the critical path
analysis.

“
%5 [13[13]

A

start

finish

[9 [15] [11]17]

From the activity network:
ESTA=ESTB=0
ESTC=4
ESTD=ESTE=ESTF=2
ESTG=8

ESTH=7

ESTI =9

ESTJ=13

ESTK=11

The project is estimated to take 23 days.

From the activity network:
LST K=17

LSTJ=13

LST1=15

LSTH=12

LSTG=8

LSTC=7

LSTB=0

and by calculation:

LST F =LST I —duration F
=15-7
=8

LST E = LST H - duration E
=12-5
=7

LST D = LST G —duration D
=8-6
=2

LST A= LST C - duration A
=7-4
=3



The completed critical path is b From the table, activity D is the only

B-D-G-1J immediate predecessor of activity X.
From the table, activity X is an immediate
Activity K is not on the critical path. predecessor of activity J only.
Slack time for K= LST K- EST K
=17-11 Activity X follows the end activity D to
=6 the start of activity J.
Activity K can be delayed by 6 days EST X =EST J- duration of X
without disrupting the completion time of 7 = 8 — duration of X
the project. duration of X =1 hour

Activity E follows directly from activity
A, so activity A is an immediate
predecessor of activity E.

The longest path to activity | follows finish
A - E - G for a time of
3+2+3=8hours.

The longest path to activity M follows . )
A—D —H —K for a time of ¢ From the activity network, the durations

3+4+3+3=13hours of the activities on the critical path (A, D,
H, K, M) can be added together.

Activity ])!Z:;::Z‘:’:T:;\) EST I Duration = 3 + 4 + 3 + 3 + 3
n - 0 =16 hours
B - 0 ii  The critical path is the activities that,
¢ A 3 if delayed by any amount, would result
D A 3 in the overall completion of the entire
f - ; project being delayed.
F B.E 5
i Bf ; d i Forthe new network, the longest time
i & 8 path from the start to the beginning of
7 c.x 3 activity K is A— E — F for a duration
K F.H 10 of 3+2+ 1 =6 hours.
1 J 10 EST K =6 hours
M LK 13 ii By inspection, or using the critical
il 2l L path analysis below the critical path
for the revised projectisA—C—-J - L.
1s1s),, [717]
5=

; 5 \.’.3
g K1 M2
[T 5Ts]" [617) [I3]
iii LST M = Earliest completion time of
project — duration M
=10-2
=8




i By inspection, or using Dijkstra’s
algorithm below the shortest route
from P to U has length 2.1 km.

QRSTU

P e X X X
R |[o.g] 5 X
Qogp7 1.7 [ X
T

0.8]]0.7){1.7|[ 151
P3[R

LA

'-'/:

ii  The path required is a hamiltonian
path. There are multiple answers:
P-Q-R-T-S-U,

P-R-Q-S-T-U
P-R-Q-T-S-U,
P-R-T-Q-S-U

i There are two eulerian trails through
this network:
R-Q-P-R-T-Q-S-T-U-S
or
R-Q-P-R-T-S-Q-T-U-S

ii By travelling an eulerian path, the
technician would travel along each of
the roads only once. This would
minimise the total distance travelled
and would avoid having to travel
down a street that has already been
checked.

The activity network containing activity
durations and the completed critical path
analysis is shown below.

m

ESTF =14

LST G = LST J—duration G
=23-6
=17

i The critical path can be identified
from the diagram above.
A-D-H-I

ii Length of critical path = 27 days

This is the same as the overall
minimum time to complete the project.

Using the crashed time rather than the
normal completion time (from the table),
a new activity network can be drawn.
This is shown below with the completed
critical path analysis.

Ly
\ |\ _//j”/ﬁ'\\ I
ll —--. :—— \3) -l'—_/ »—{ jlll
/ \ /
II Eﬂ
i LSTB=LST C-duration B
=6-5
=1
ESTJ=16
LSTJ=19

The completed table is below.

Earliest

start time  Latest start

Activity (days) time (days)
A 0 0
B 0 1
(& 5 6
D 8 8
E 8 8
F 12 12
G 12 15
H 12 12
I 17 17
J 16 19

ii From the new critical path analysis,
the shortest time that the project can
now be completed is 22 days.

iii Activities D, H and F were reduced in
time. Note that by doing so, activities
E and F are now critical.



6

iv Activity A was reduced by 2 days for a
cost of 2 x $400 = $800.
Activity D was reduced by 1 day for a
cost of $600.
Activity H was reduced by 2 days for
a cost of 2 x $300 = $600.
Activity F was reduced by 1 day for a
cost of $500.

Total cost
= $800 + $600 + $600 + $500
=$2500

a A planar graph can be drawn so that none

of the edges in that graph intersect, except
at the vertices. The edges in a planar
graph can be drawn so that they do not
Cross over.

b v =7 (one for each town)

c

e = 11 (one for each road)
f = 6 (one for each subregion)

v—-e+f=7-11+6
=2

Euler’s rule has been verified.

The inspector starts in town B, which has
degree three (odd) in the graph.

The inspector must travel every road to
inspect it. To do this in the least total
distance, she would need to travel each
road only once, that is, follow and
eulerian trail.

This is possible because there are exactly
two odd-degree vertices in the graph, B
(where she starts) and C (where she must
end).

The inspector will end up in town C.

The distance travelled will be the sum of
all the edge weights
distance=18+19+32+29+20+ 25 +
28+ 21 +56+ 16+ 33
=297 km

The route travelled is not unique, because
there are two different eulerian trails
through this graph.
Oneis:B-A-C-B-D-E-F-D-
C-F-
- D-E-F-

Another is B-
G-C

G-C
:B-C-A-
D-C-F-

f The shortest path from E to A can be

found using inspection, or Dijkstra’s
algorithm as shown below.
ABCDFG
HX—5633| X
X x 65459
x x 61543349
x 74 [6][54[33][29]
TlF61) 54339

7974)[6 1)[54][33][49]

—_

STAaAtSQTMy

The shortest path from E to A has length
79 km (along the route E- F - C - A).

The minimal length of cable required will
form a minimal spanning tree. This is
shown in red in the diagram below.

The minimal spanning tree has weight
=18+19+20+21+33+16
=127

The minimal length of cable required is
127 km.

A hamiltonian cycle would be
C-A-B-D-E-F-G-C
(or the reverse).

The total distance travelled on this cycle
=18+19+20+56+33+16+25
=187 km



The computer network required will be a
minimum spanning tree for the graph.
The minimum spanning tree is shown in
red in the graph below.

The minimum length of cable required
=180 + 210 + 210 + 230 + 215 +
175 + 250 + 350
=1820m

The completed critical path analysis for
the network is shown in red in the
diagram below.

[2]2 . (s[14]  [is]s]

c.2 G4
D2 /.4
‘4/ £ ”y/\
start
B 5 K2

! [4|4t|‘-{‘ [10]10] -

finish

[22]22] N [24]24]

The EST for G is 5 hours.

The shortest time required to complete the
project is 24 hours.

Float | = LST | - EST |
= LST K —duration | —=EST |
=22-5-10
=7 hours
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a

b

The maximum flow from E to A is the
minimum cut capacity.

Note: Take care with this question
because the source is on the right of the
diagram and the sink is on the left.

There are two minimum cuts for this
network and both are shown in the
diagram below.

Lutl p
LS

Cut 1 capacity=6+5=11

Cut 2 capacity=5+6=11

Note: the edge from B to C is not counted
in the calculation of the cut capacity for
Cut 2 because the flow is from the sink
side of the cut (left) to the source side of
the cut (right).

The maximum flow from E to A
= 11 megalitres per day.

The shortest path from S to O is best
found using inspection in this question, or
Dijkstra’s algorithm as shown below.

LMNOPOQR
§ 433440 x 50 x
4331140 x 50 8124
43 BQ x 50 81[24]
ohy2 50 81[24]
[43]31)[40] 112 59 81 24
[43]31][40] 12 [50l[81][24
43310 2] [50l[81)[24)

The shortest path from S to O has length
112 km (along the route S— N - O).

>

D

(] (]

RY~NZzX

i The network within a graph that links
all the vertices to give the shortest
overall length is called the minimum
spanning tree.



ii  The minimum spanning tree for this
network is shown in red in the diagram
below.

iii The minimum length of pipe required
= total weight of minimum
spanning tree
=35+24+47+55
+63 + 31+ 38
= 293 kilometres

¢ Inthe new tree, S will need to be
connected directly to R, L, M, N and P.
O and Q will be connected with the
shortest possible pipe length.

The new tree is shown in red in the
diagram below.

M

The minimum length of pipe required
=43 +24+31+40
+50 + 55+ 63
=306 km
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a From the activity network activities A and
C lead directly to the start of activity E
and so are immediate predecessors.
Although it is not an immediate
predecessor, activity B must be finished
before E can start (because C cannot
begin until it is).

c

Activities A, B and C must be finished
before activity E can start.

The activity network with durations and
completed critical path analysis is shown
in the diagram below.

nm g\ G, )r:;
D, 4*(""\1-.4 5 \*

o I i o

start (——(3) (5 F— ()—:TQJIH-M-

ET py H.4 N

e o
B n\w;’{f'- 3 [s8] [R2R4 B3
2)

ou

LST B =LST C - duration B
=7-6
=1

EST E = 10 (from diagram)
LST I = LST J — duration |
=23-5
=18

The completed table is below.

Task EST LST
A 0 0
B
G 7
D 10 10
E 10 11
F 14 14
G 14 18
H 18 20
1 18 18
J 23 23
K 22 24

i Using the critical path analysis above,
or the tasks for which EST and LST
are the same in the table above, the
critical path can be determined as

A-D-F-1-1J

il The length of the critical path is the
sum of the individual durations
=10+4+4+5+4
= 27 months

or it can just be read from the critical
path analysis (last box).



d The new durations and critical path
analysis after reduction in duration of
given activities is shown below.
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BE)
\”,:/U\, i//—/\ /4

\rIH'—“—l —h- ‘-r—"‘—l.'

B,6 63
)

i The new critical path, from the

diagram above, is

B-C-D-F-1-J

il The time taken to complete the project

with the new durations is 25
(from the diagram above).

months

a The completion of the Hungarian

algorithm is shown below.

Tractor based at

Location I | Location 2 | Location 3

Assigned to

Locarion 4

1130
1020

Site 1
Site 2

830 2010
1100 690

1140
850

830
—690

Site 3
Site 4

2010
960

1320 1150
1210 2100

1410
1530

=1150
960

Assigned o

Locarion {

Tractor

Location 2

based at
Location 3

| Location 4 |

Site 1

]

1180

310

Site 2

160

Site 3

1 e
=

yo

)

260

Site 4

50 1140

370
~160

Tractor hased at

Assigned o

Location | | L am.rmn 2

Location 3

Location 4

Site 1

—300

s

150

Site 2

LT

410

0

Site 3

Rk

17

Hi

| Site 4 | 1

FLy

Ha
i

Tractor at location 1 is assigned to site 4.
Tractor at location 2 is assigned to site 1.
Tractor at location 4 is assigned to site 2,
so tractor at location 3 cannot.
Tractor at location 3 is assigned to site 3.

The completed table is shown below.

Tractor atr  Assign fo
Location 1 Site 4
Location 2 Site 1
Location 3 Site 3
Location 4 Site 2

b Use the cost information in the original
table to determine the minimum cost of
allocating tractors in locations to sites.

The costs corresponding to the allocations
are shown in circled in red in the table

below.
Tractor based at
Assigned to Location 1 Location 2 Location 3 Location 4
Site 1 1130 2010 1140
Site 2 1020 1100 690 @
Site 3 2010 1320 1410
Site 4 1210 2100 1530

Total cost = $960 + $830 + $1150 + $850
=$3790
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a The completion of the Hungarian

algorithm is shown below.

Camp site | W ‘ X | Y| Z
A 30 | 70 | 60 20 | =20
B 40 | 30 | 50| 80 | =30
C 50 | 40 | 60| 50 | —40
D 60 | 70 | 3070 -30
Campsite W X | Y | Z
A 10 5 4 )
B 10 20 | 5
C 10 20 1p
D .30 40 4
10
Campsite | W | X | Y Z
A 0O | 50 |40 0
B 0 0 120 50
C 0 | 0 [20 10
D 20 | 40 | 0 40

Draw a bipartite graph to see possible
allocations.

A W
B X
C Y
D Z

D must be allocated to Y.

A must be allocated to Z so cannot be
allocated to W.

B and C can be allocated to the same two
residents so there are two different
allocations possible.



Allocate:

D-Y,A-Z,B-W,C-X

or

D-Y,A-Z,B-X,C-W

The cost will be the same regardless of
which of the two allocations are used to
calculate it.

Using the first allocation

Camp site w X Y Z

A 30 70 60 (20

B 30 50 80
G 50 60 50
D 60 70 70

Cost = $20 + $40 + $40 + $30
=$%$130
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