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2 TALINEAR EQUATIONS

LESSON 1A

Linear equations

The key skills you will learn in this lesson are:

1. ldentifying linear relations
2. Substituting values into linear relations

3. Transposing linear relations

The relationship between two quantities is said to be
linear when the quantities change in response to each
other by a set amount. This set amount is called the
gradient or slope of the equation.

The features of a linear equation are shown to the right.

There are two types of pronumerals: constants
and variables.

e (Constants keep the same value at all times (e.g. 7,
which is approximately 3.14).

e Variables can change their value (e.g. x and y in a
linear equation).

1. Identifying linear relations

VCAA key knowledge points:

“substitution into, and transposition of linear
relations, such as scale conversion"

"solution of linear equations, including literal
linear equations”

Mathematics Area of Study key knowledge points derived
from VVCE Mathematics Study Design 2016 2020 p.18;

© The Victorian Curriculum and Assessment Authority
(VCAA). Used with permission.

The letters x and y are called
pronumerals. They represent
numbers that can change or are
unknown.

K_2>4+
y =X

The number ‘2’ is a coefficient. Coefficients are numbers that
multiply pronumerals. In this relation the ‘2’ means that every time x
increases by one, y increases by two.

Determining whether an equation is linear or not involves examining the equation to make sure

that all of the terms are linear.
Linear terms include:

e constants (such as +6 or —3)

e variables with constant coefficients
(such as 2x or —5y)

Non-linear terms include:

e variables raised to a power (such as x?, y=3%)

e roots of variables (such as v, y/ )

e variables being multiplied together (such as xy)

e trigonometric or logarithmic functions

The worked example below includes examples of common expressions that cannot be in a

linear equation.

WORKED EXAMPLE 1 (7 mark)

Is the equation y = 2x + 1 linear?

SOLUTION

Step1 Are there any variables raised to a power?
E.g.a? b~'° No.

Step2 Are there any roots (square roots or otherwise)
of a variable? E.g. v¢ Vd No.

Step3 Are there any sets of two (or more) variables
multiplied together? E.g.e X f No.

Step4 Are there any numbers raised to the power of a
variable? E.g. 29 No.

© Edrolo 2020

Step5 Are there any trigonometric or logarithmic
terms? E.g. sin, cos, tan, loge k log10 , In, etc. No.

Step 6 If the answer to any of the above questions is
‘yves’, then the equation is not linear.

Since the answer to all of the above questions is ‘no’, the
equation y = 2x + 1islinear.

NOTE: There are other ways to have non-linear
equations but they are beyond the scope of this course.



TA LINEAR EQUATIONS 3

2. Substituting values into linear relations

Substitution is the replacement of one term with another. In linear relations, substitution is when a
pronumeral is replaced with a number. The terms ‘let’ and ‘when’ are often used to indicate that a
variable is going to be substituted with a particular value in the following calculation.

Example

‘Let x = 0’,or ‘When a = 5.

To substitute a pronumeral with a number, replace the pronumeral with the necessary value and
enclose it in brackets.

WORKED EXAMPLE 2 (1 mark)

For the equation y = 2x + 1, find y when x = 3.

SOLUTION
Step1 Replace the pronumeral with the necessary Step2 Evaluate the equation.
value and enclose it in brackets. y=23)+1
y=203)+1 y=2x3+1
y=6+1
y =

3. Transposing linear relations

To transpose something means to rearrange it. Equations are often transposed to find the value

of a variable. This is done by 'moving' everything except the desired variable to the other side of
the equals sign. The variable by itself is called the subject of the equation. Making a variable the

subject of an equation allows the calculation of its valueusing substitution.

Transposing an equation can be thought of as 'undoing' part or all of the equation. The parts of an
equation that are not numbers or pronumerals are called ‘operators’. To 'undo' an operator, the
inverse operator, or 'opposite' operator is required. These are shown in the table below.

Operator + - X -

Inverse Operator - + + X

WORKED EXAMPLE 3 (1 mark)

Transpose the equation y = 2x + 1 to make x the subject.

SOLUTION
Step1 List, in order, the operations that transform the Step3 Apply these transformations, in the order
desired variable into its current form in written in step 2, to both sides of the equation.
the equation. y=2x+1
In this case, that is x into 2x + 1. y-1=2x+1-1
The first operation is the one 'closest' to x, X 2. y—1=2x
The next operation is + 1.
(y—1)+2=2x+2
X 2, + 1 1 2y
s -1D =5
Step2 Write down the inverses of the operations 1
- =x

written in step 1, but in the opposite order.
-1, + 2. We have transposed the equation for x. x is now

the subject of the equation.

© Edrolo 2020



4 1A LINEAR EQUATIONS

NOTE: It is common to write the subject on the left-hand side of the equation. This is not a rule,
however, and it is perfectly fine to write it on the right-hand side. You should be comfortable using
equations written either way.

Questions 1A Linear equations

Q1.

Q2.

Skill

Q3.

Skill

Q4.

Skill

Q5.

Skill

Qé.

Skill

Refresher question

N =2+ 7 x 3. Whatis N?

1. Identifying linear relations

Consider the equation y = 2x — z + 23.

a) Do any of the following expressions appear in the equation?

i  Are there any variables raised to a power? E.g. a?, b=*".

ii  Are there any roots (square roots or otherwise) of a variable? E.g. v¢ V.

iii  Are there any sets of two (or more) variables multiplied together? E.g. e X f.

iv  Are there any numbers raised to the power of a variable? E.g. 29.

v Are there any trigonometric or logarithmic terms? E.g. sin, cos, tan, log_, log,, etc.

b) Istheequation y = 2x — z 4+ 23 linear?

Are the following equations linear?

NOTE: All of the pronumerals in this question are variables.

a) P=a—-3b+3c—d o x?=5y+ 2z e b=ac+5
b) i=++k d P=2+2w ) f=3"+6
Check your understanding

Determine whether the following equations are linear.

a) p=q+7° b) C=2nr

NOTE: 7 is a constant. [t is approximately 3.14.

2. Substituting values into linear relations

a=2n+3

a) Substitute n = 2 into the equation above b)
by filling in the box below:

a=2x|  |+3

Using your answer from part a), find a.

Follow the instructions for the following equations:

a) p=q—+4

i  Without solving or simplifying, substitute g = 1 into the equation above.

ii  Using your answer from parti, find p.

© Edrolo 2020



Q7.
Skill

Q8.

Application

Qo.

Application

Q10.
Skill

QM.
Skill

1A LINEAR EQUATIONS

b f=tx+7
i  Without solving or simplifying, substitute x = 9 into the equation above.
ii  Using your answer from part i, find f.

¢ h=-23t+11
i  Without solving or simplifying, substitute t = 1.7 into the equation above.

ii  Using your answer from part i, find h.

Follow the instructions for the following equations:

a) y=5x—4 b) a=3b-2c o) p=—%(q+3r)
Find y when x = 3. Find a when b = 2 and Find p when g = 5 and
c = 8. r=-—2.

Answer the following questions.

a) The number of goals, g, Vanessa kicks in an Australian Rules Football match is given by the equation
g = %W + 2, where w is number of Weet-Bix she ate for breakfast. If she eats 12 Weet-Bix for
breakfast, how many goals will she kick?

b) The equation T = %m tells us how long in minutes, T, it takes to watch a video that is m minutes

long, if you are watching at 1.5X% speed. How long will it take to watch a 5.3-minute-long Edrolo
video at this speed? Give your answer correct to 1 decimal place.

¢) The equation to convert temperatures in Fahrenheit, F, to Celsius, C,is C = %(F — 32).
Convert 100°F to Celsius. Give your answer correct to the nearest whole number.

Check your understanding

Daisy and Beppe’s doona is 210 cm long. This means that the area, 4, covered by their doona, in cm, is
given by the linear relation A = 210w, where w is the width, in cm, of their current doona.

Daisy and Beppe’s dog, Barnesworth, always gets on the bed in the morning and takes up a lot of the
doona. They decide to get a doona that is 30 cm wider than their current one.

Write down an equation for the area, 4, covered by their new doona in terms of w.

3. Transposing linear relations

Consider the relation y = Ly s

3
a) List, in order, the operations that transform x into %x + 5.
b) List, in order, the operations that transform %x + 5 into x.
¢) Transpose the relation y = %x + 5 to make x the subject.

Transpose each of the following linear relations to make the indicated pronumeral the subject.

3q + 6w — 66
a m=2n+4 b y=42 - 3x o tie-s d TT2TT 20 = 66
Transpose for n. Transpose for x. Transpose for c. Transpose for w.

5

© Edrolo 2020



6  TALINEAR EQUATIONS

Q12.  Answer the following questions:
Application 3y The equation that converts a distance in miles, M, to kilometres, K, is K = 1.6M.
Find the equation that converts a distance in kilometres to miles.

b) The length of time, ¢, in minutes, that Jane and her dog Bowie spend at the local park is given by
t = 30 + 5d, where d is the number of other dogs at the park.

Her husband, Des, wants to deduce the number of dogs Jane and Bowie encounter from the
amount of time they spend at the park.

Rearrange t = 30 + 5d to make d the subject to find the required equation for Des.

Check your understanding

Q13. The equation to convert temperatures in Fahrenheit, F, to Celsius, C, is C = g (F — 32).

Application - Showy that the equation to convert Celsius to Fahrenheit is %C +32=F.

Joining it all together

Q14. Follow the instructions for the following equations:

gkrirllarks a) For the equation 4 = %bh, find hwhen b = 5 and A = 15. (Imark)
b) For the equation % - <3c + b) = 33, find c when b = 6,and a = 4. (Imak)

c) For the equation g + 8 = 3¢t,find rwhen g =2 and t = % Give your answer correct to two

decimal places. (Imark)

Q15. The cost, C, in dollars, of hiring an UberX is C = 2 + 1.15d + 0.35¢t, where d is the distance travelled

Application  in km, and t is the time taken in minutes.
3 marks
a) Find the cost of hiring an UberX to travel 15 km if the trip took 12 minutes. Give your answer correct

to two decimal places. (Imark)

b) Angelo hired an UberX to travel 10 km from the Night Cat in Fitzroy to his home in Reservoir.
If the total cost was $20.85, how long did the trip take? Give your answer correct to the
nearest minute. (2marks)

Q1le. In most branches of science, temperature is measured in Kelvin, K. The equation to convert between

ppplication - Kelvin and Celsiusis K = C + 273.
4 marks
The equation to convert temperatures in Fahrenheit, F, to Celsius, C, is C = %(F — 32).
NOTE: Temperatures in Kelvin are written without the degree symbol.

a) Ifthe temperature is 18 degrees Fahrenheit, what is the temperature in Kelvin? Give your answer
correct to the nearest degree Kelvin. (2marks)

b) If the temperature is 298 Kelvin, what is the temperature in Fahrenheit? (marks)

Q17. Consider the equation p — g = %(125 + 0.

Skill _ 125+t
" mark Show that r = p=q-

. . y L.
Q18.  Explain why the equation 3 = 4 is linear.

Skill
2 marks

© Edrolo 2020



TA LINEAR EQUATIONS 7

Questions from multiple lessons

Q19.  Jonty found a bag of marbles, and wants to start collecting more.
aifficultv: There are 80 marbles in the bag he found. Each week, he plans to collect two more.
varlo This can be represented by the following equation:
ek M= 80 + 2w

Jonty now has 128 marbles.

How many weeks has Jonty been collecting marbles for?

A. 14
B. 24
C. 48
D. 64
E. 128

VCAA 2017NH Exam 1 Module 4: Graphs and relations Q2 - Adapted

Q20. The following dot plot displays the age, in years, of 20 members of a Shawn Mendes fan club.

Difficulty: o o
(| |
Year 10 ® ® o
1 mark
(e} e e} e e 6} e
(e} (e} (e} o) o) (e} (e} (e}
I . . . . . . . . . . N
S t t t t t t t t t t >
10 n 12 13 14 15 16 17 18 19 20
Age (years)

The percentage of members that are 15 years of age is

A. 4%
B. 5%
C. 20%
D. 24%
E. 25%

VCAA 2018 Exam 1Data analysis QT - Adapted

Q21. Markus owns a local supermarket that sells exotic fruits.
Difficulty:

varlo Alllychees are sold for the same price and all dragonfruit are sold for the same price.
2 marks

He sells lychees and dragonfruit.

Let L represent the selling price of each lychee and D represent the selling price of each dragonfruit.
One customer, Alan, purchased 267 lychees and 41 dragonfruits and paid $484.40.
Alinear relation representing Alan’s purchase is 267L + 41D = 484.40.

a) A second customer, Mary, purchased 129 lychees and 26 dragonfruits and paid $258.80.
Write down a linear relation representing Mary’s purchase. (1mark)

b) The selling price of each dragonfruit in Markus’ shop is $4.00. What is the selling price of
each lychee? (imark)

VCAA 2019NH Exam 2 Module 4: Graphs and relations Qla,b - Adapted

© Edrolo 2020



8 1B TABLES AND RECURSION

LESSON 1B

Tables and recursion

“construction of tables of values from a given
formula”

The key skills you will learn in this lesson are: "linear relations defined recursively and simple

1. Constructing a table of values applications of these relations”

Mathematics Area of Study key knowledge points derived
from VCE Mathematics Study Design 2016-2020 p.18;

© The Victorian Curriculum and Assessment Authority
(VCAA). Used with permission.

2. Recursion relationships

1. Constructing a table of values

For any equation, a table of values can be constructed to compare the variables at different points.
This can be done by substituting each value needed into the formula by hand, or by using a CAS
calculator. A table of values is helpful for seeing the pattern set out by the equation to understand
the equation with more clarity.

WORKED EXAMPLE 4 (7 mark)

The cost to hire a catering company for an event is given by the formula: ¢ = 50n + 200,
where c is the total cost and n is the number of people at the event.

Construct a table of values in intervals of 10 fromn = 10 ton = 100.

SOLUTION

Step1 Draw a table with 2 rows and 11 columns. (We are looking atn = 10 to n = 100, in increments
of 10, which is a total of 10 points, and means we need 10 columns. One column is also needed

for the labels.).
Label the rows n and ¢($). Write the given values from 10 to 100 in row n.
n 10 20 30 40 50 60 70 80 90 100
c($)

Step2 Substitute n = 10 into the formula to getc = 50 X 10 + 200 = 700. Enter it into
the table.

Repeat this for n = 20 and the rest of the n values.

n 10 20 30 40 50 60 70 80 90 100
c($) 700 1200 1700 2200 2700 3200 3700 4200 4700 5200

WORKED EXAMPLE 5 (7 mark)

The formula to convert inches to centimetres is given below.
C=254x%x1

Find the values of C for I values 1 to 10.

SOLUTION: TI-NSPIRE

Step1 Open a new page by pressing ctrl + doc~ and Step2 In the very top row, label column A as 'i' and
press 4 (‘Add Lists & Spreadsheet”). column B as 'c’ (for inches and centimetres).
Enter the I values 1 to 10 in the first column.

© Edrolo 2020



1B TABLES AND RECURSION 9

Step3 In the grey cell in the second column type the _

formula ‘=2.54xi". P B ¢ i ) r!i
Press enter |, = =2.34%
A box prompts you to choose 'Column 2 254
Reference' or 'Variable Reference'. Select i 2| 5.08
'Variable Reference'. Press 'OK'. - 3 782 k
4 4 1016
5 5| 127 =
1| =2.54 [4]®]
SOLUTION: CASIO CLASSPAD
Step1  From the menu, tap %ﬁ“;] £+ Edit T- Fal::‘t Graph ¢ (%]
Step2 Inthe'y1'line, type the formula ‘2.54x’ and [H}I =N I EE I- -:
press EXE|. Sheet1[Sheet2 [Sheet3|Sheetd [Sheets| |
Step3 Tap the Table Inputicon and set the start o y1_=2 ok [_]g
value as 1, the end value as 10, and the step as 1. [1y2:0 n
Step4 Tap the EE icon to display the table. X vl
2.54
2 5.08
3 7.62
4 10.186
5 12.7
6

15. 24 5
ﬂ—ﬂ

Deg Cplx (i

2. Recursion relationships

Recursion is a method of defining a number sequence that follows a linear pattern.
This means that the difference between each number and the next is always the same.
This difference is known as the common difference.

A recurrence relation calculates the next term in a sequence based on the previous term.

Recurrence relations for linear patterns can all be written in the form: t=t  + d, t =a, where
a is the first term of the sequence, and d is the common difference.

To find the next term in the sequence, use the equation ¢, = t + d.
Then the next term is found by using the equation ¢, = ¢, + d and so on.

Example

Consider the number sequence 4, 6, 8, 10, 12,...

Arecurrence relation for this sequenceis t =¢ + 2,¢ = 4.

WORKED EXAMPLE 6 (2 marks)

For this number sequences given below, find a recurrence relation.

9,753 1,..

© Edrolo 2020



10 1B TABLES AND RECURSION

SOLUTION
Step1 Identify the first term. Step3  Write the equation.
The first term in this sequence is 9. t=t —2,t=9
This means that a = 9. v/ 1 mark for writing the recurrence relation.

Step2 Determine d, the difference between each term.

Do this by finding second term minus first term
in the sequence..

7-9=-2

This means thatd = —2.
v/ Tmark for finding the values of a and d.

. Questions 1B Tables and recursion

Refresher question

Q1. Consider the following equation.
y=-2x+3

Find the value of y when x = 4.

1. Constructing a table of values

Q2. A bakery sells croissants in multiples of five. The price, p, of the croissants is given
Skill by the equation p = 1.5n + 2, where n is the number of croissants being bought.

Complete the table of values.

n 5 10 15 20 25 30 35 40 45
p($) 9.5 17 24.5 32
Q3. The amount of daily rainfall in mm, r, can be roughly estimated from the maximum
Skill daily temperature in °C, t, using the following equation:
r=-—02t+5

a) Complete the table of values.

1(°C) 10 M 12 13 14 15 16 17 18 19 20
r(mm) | 3.0 2.8

b) According to this table, what is the maximum temperature when 1.6 mm of rainfall is expected?

Q4. The number of chocolate bars made per hour in a factory, C, is given by the equation
pppliation € = 100 + 150n, where n is the number of workers on shift that day.

Construct a table of values that shows the number of chocolate bars made per hour
with 5, 10, 15, ..., 45 workers.

© Edrolo 2020



1B TABLES AND RECURSION 11

Check your understanding
Q5. Ella currently has $350 in her savings account and is planning on depositing $65 each
Application - week into the account.
The total amount of money in her account, M, after w weeks is given by M = 350 + 65w.
She is hoping to buy return flights to Japan for $800 soon.

a) Construct a table of values showing the amount of money in Ella’s account for the
first ten weeks (include w = 0).

b) After how many weeks will Ella have saved at least $500?

c) Ella wants to book her flights after 6 weeks of saving. Will she be able to afford
them at this time?

2. Recursion relationships

Qeé. The first term in a linear sequence is 7.
Skill Each value after this is three more than the term before.
a) What is the value of a?
b) What s the value of d?

c) Replace a and d with their values in the following equation to write
a recurrence relation to describe this: t=t + d, t, =a.

Q7. For the following number sequences, find a recurrence relation.
Sk a) 5,913,17,21,...

b) 20,16,12,8,4,..

o —7,—-4,-1,2,5,.

Q8. Arecurrence relation for a sequence is given by the formula t =¢  + 6.5,¢ = 2.
Skill Write the first four values of the sequence.
Qo. Which of the following number sequences can not be represented using a recurrence relation of the
Skill formtn =t  + d, 6, = a?
A. 2,7,12,17,22,...

B. 2,4,8,16,32,..
C. 29,23,17,11,5,..
D. 0.1,0.7,1.3,1.9,25,..

Check your understanding

Q10.  Gen is an avid knitter. She knits a scarf every day for a week, beginning on Monday:.

Aoolication - he gets faster with practice, so every day it takes her four fewer minutes to finish knitting.
On Monday it takes her 83 minutes.
a) Write a recurrence relation to describe this.

b) Find how long it will take Gen to knit a scarf on Tuesday, Wednesday, and Thursday.

© Edrolo 2020
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1B TABLES AND RECURSION

QM.

Skill
1T mark

Q12.

Skill
3 marks

Q13.

Application
2 marks

Q14.

Application
2 marks

Q15.

Application
2 marks

Joining it all together

Alinear recurrence relation is described by the formula t = ¢  + 13,¢ = 5.

Complete this table of values to show the first 8 values of the sequence.

n 0 1 2 3 4 5 6 7

t 5

n

Alicia is on holiday and is spending $50 per day. On the first day, she has $620 in her bank account.
a) Define a recurrence relation for the daily balances of Alicia’s bank account.

b) Use atable of values to show that on day eight of her holiday, Alicia has $270 left.

The volume, V, of a cylinder is given by the formula V = ©r* X h, where r is its radius and h
is its height.

Raymond’s Rainwater Tanks makes cylindrical tanks with a radius of 1 metre and of varying heights.

a) Construct a table of values that shows the volumes of these tanks ranging from 1 metre to 3 metres
in height. Use intervals of 0.2 metres and give values correct to one decimal place.

b) Linda wants a rainwater tank for her backyard that is no taller than 1.8 metres and has a capacity
of at least 5.5 m3. Does Raymond have a tank that is suitable?

Frankie is trying to get fit, so she decides to start running once a week.

She plans to run 2 km more each week than the previous week. In week 1 she runs 3 km.

a) Construct a table of values that shows the distance of Frankie’s runs for the first eight weeks.

b) Ifshe continues on this trend, in what week will Frankie be able to run further than a half marathon?

NOTE: A half marathon is approximately 21.1 km.

A ball is thrown according to the equation h = — (t — 5)* + 26,
where h is the height in metres of the ball above the ground and ¢ is the time in seconds
after it is thrown.

a) Construct a table of values showing the height of the ball each second for the first
10 seconds (starting at t = 0).

b) Atwhat time(s) is the ball 17 metres above the ground?
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Questions from multiple lessons

Q1é. Artemis starts up a t-shirt business. He opens with 100 t-shirts, and each week he will order 65
Difficulty:  more. The total number of t-shirts that Artemis has ordered can be determined from the rule
a N = 100 + 65w, where w represents the number of weeks the store has been open for.

Year 10

I mark According to this rule, the total number of t-shirts ordered will be

100 after 1 week.
130 after 2 weeks.
650 after 10 weeks.
975 after 15 weeks.
1075 after 15 weeks.

VCAA 2007 Exam 1 Module 3: Graphs and relations Q2 - Adapted

m o 0 v >

Q17. A laptop was purchased for $4000 using a loan scheme.
bifficulty: A deposit of $200 was paid.

Y'e:,l]o The balance will be repaid with 20 monthly repayments of $250.
fmark The total amount of interest charged is

A. $1200

B. $1000

C. $4000

D. $5000

E. $0

VCAA 2015 Exam 1 Module 4: Business-related mathematics Q5 - Adapted

Q18.  Within the central district of Paris there is a linear relationship between the price of a coffee in
difficulty:  euros (€), p, and the distance, in km, from the Eiffel Tower, d. This relationship is given by the

| equation 3d = 26 — 4p.
\z(e[?]ralgs a) Transpose this linear relation to make p the subject. (Imark)

b) Whatis the price of a coffee at the Louvre, 4.5 km away from the Eiffel Tower? Give your answer to
the nearest cent. (Imark)
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LESSON1C

Developing formulae from words

“developing formulas from word descriptions
and substitution of values into formulas and
The key skills you will learn in this lesson are: evaluation”

Mathematics Area of Study key knowledge points derived
from VVCE Mathematics Study Design 2016-2020 p.18;
2. Solving linear equations © The Victorian Curriculum and Assessment Authority
(VCAA). Used with permission.

1. Forming linear equations

1. Forming linear equations
Often, mathematical problems require interpreting a situation and setting up a linear equation in
order to find the solution.
When making a linear equation to describe a situation it is helpful to ask yourself the following questions:
e What things in the situation can change?
o These will be the variables. We use pronumerals to represent them.
e How do the things that change relate to each other?
o This will be the coefficient of one the variables.
e Isthere anything apart from the coefficient that does not change?

o This will be represented by plus or minus a number, also known as a constant.

WORKED EXAMPLE 7 (2 marks)

Amanda wants to keep track of how much vibraphone practice she does for the rest of the year.
She will do three hours of vibraphone practice every day.
a) Write a linear equation that gives the total number of hours, H, for which she will have practiced after d days.

b) Amanda remembers that she has already done 200 hours of vibraphone practice this year. Rewrite the equation
from part a) to include this new information.

SOLUTION
a) Write a linear equation that gives the total number of Step4 Write the equation.
hours, H, she will have practiced after d days. H=3d
Step1 Identify the things in the situation that can change. b) Amanda remembers that she has already done
These are the variables. They are represented 200 hours of vibraphone practice this year.
by the pronumerals d and H. Rewrite the equation from part a) to include this

new information.

Step2 Identify how the things that can change relate to
Step 1 and Step 2 are the same.

each other.
The question states that Amanda will do three Step3 Identify any other elements that do not change.
hours of practice every day. The 200 hours of practice Amanda has done is
In other words, the total number of hours spent not going to change as she does more practice.
practicing is three times the number of days: Any more hours of practice she does will be
H = 3d. in addition to the 200 hours already done.

This means that there will be a + 200 in the

Step3 Identify any other elements that do not change. equation.

There is nothing apart from the coefficients that

Step4 Write the equation.
do not change.

H =200 + 3d
This means there is no ‘plus or minus

something’ in the equation.
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2. Solving linear equations

There are three main steps involved in solving a linear equation:

e identifying what the pronumerals represent

e substituting in the given value

e calculating the value of the variable in question.

WORKED EXAMPLE 8 (1 mark)

The number of hours, H, of vibraphone practice Amanda will have done after d days from today is given
by the equation H = 200 + 3d.

How many hours of practice will Amanda have done after 10 days?

SOLUTION

Step1 Identify what the pronumerals represent. Step3 Calculate the value of the variable in question.
H is the total number of hours. H =200+ 3 x 10
d is the number of days. = 200 + 30

Step2 Substitute in the necessary value. =230
The question asks for the total number of hours Step4 Write your answer.

practiced after 10 days.

After ten days, Amanda will have done a total of

This means thatd = 10. 230 hours of vibraphone practice this year.

Questions 1C Developing formulae from words

Q1.

Q2.
Skill

Q3.
Skill

Q4.
Skill

Refresher question

2xXxA=28
What is A?

1. Forming linear equations

Daisy and Beppe take their dog, Barnesworth, for a walk every morning.
They walk at 80 metres per minute.
The linear equation below gives the distance they’ve travelled in metres, D, after t minutes of walking.

Fill in the box to complete the equation.

p=_ Ixt

Every year Jane buys 2 new pets from an animal rescue shelter.

Write a linear equation that gives the numbers of pets, p, that Jane will have after ¢ years.

Rashpal has an extensive collection of funk music on vinyl. He currently owns 350 vinyls and buys
two new records each month.

Write a linear equation that gives the number of vinyls, V, that Rashpal will own after M months.

© Edrolo 2020




16  1C DEVELOPING FORMULAE FROM WORDS

Q5.
Skill

Qeé.
Skill

Q7.
Skill

Q8.

Skill

Qo.
Skill

Q10.
Application

A water company charges their customers yearly.
The bill includes a flat fee of $534.68 per year plus 0.47 cents for each litre of water used.

Write a linear equation that gives the cost of the bill, C, in dollars, if a customer used L litres
of water last year.

Xi uses a prepaid data package on his smart tablet. Each month he buys $30 worth of credit.
Each gigabyte of mobile data he uses costs $2 in credit.

Write a linear equation that gives the amount of credit, C, Xi has left for the current month after he has
used g gigabytes of mobile data.

Check your understanding

Use the following equation to complete the paragraph below.
E =20 + 30h
Iris works part-time as a fitness coach for a local football club.

She charges a flat callout-fee of $ with an hourly rate of $ )

2. Solving linear equations

The amount of money, 4, in dollars, in the swear jar at EdroloHQ for each swear word said, s, is given
by the linear equation below.
A=12s

How much money will be in the swear jar after the staff have sworn 35 times?

Julius is hanging out his washing. He wants to use the least number of pegs possible to hang
out his t-shirts.

He developed a linear equation that gives the number of pegs, n, needed to hang out ¢ t-shirts:
n=1+t

How many pegs does Julius need to hang out all 23 of his t-shirts?

Check your understanding
The cost, C, in dollars, of hiring an UberSELECT to travel a distance of d kilometres is given
by the linear equation below.
C = 3.65 + 2.25d
a) How much would it cost to hire an UberSELECT to travel 6 kilometres?

b) Angelo wants to catch an UberSELECT from Revolver Upstairs in Prahran to his home in Reservoir,
17 km away. He only has $40 in his bank account.

Can he afford to hire the UberSELECT?

¢) The minimum cost of hiring an UberSELECT is $10. What is the minimum distance you would have
to travel in an UberSELECT in order to be charged more than the minimum fare?

Give your answer in kilometres, correct to one decimal place.
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QM.

Skill
2 marks

Q12.

Skill
2 marks

Q13.

Skill
2 marks

Q14.

Skill
2 marks

Q15.

Skill
2 marks

Q1eé.

Application
2 marks

Q17.

Application
2 marks

Q18.

Skill
2 marks

1C DEVELOPING FORMULAE FROM WORDS 17

Joining it all together

Fatima wants to go overseas after she finishes high school. Fatima deposits $10 per week into
her bank account. Fatima’s grandparents have also deposited a gift of $500 into her account.
a) Write a linear equation that gives the amount of money in the account, 4, after w weeks.

b) How much money will be in the account after 24 weeks?

Every morning Sergeant Steve makes the new recruits do five more sit-ups than they did the
day before.

If the new recruits did 30 sit-ups this morning, how many will Sergeant Steve make them
do in nine days’ time?

A clothing store pays its staff $15 per hour plus a commission of $5 for each sale they make.
Each shift at the store is 6 hours long. On one shift, a staff member make 17 sales.

How much money did this staff member make on that shift?

A small rural community of 20 people has a 500 000 litre water tank. The tank is currently full.
Each day, each member of the community uses 300 litres of water.

Assuming the tank doesn’t get refilled at all, how many litres of water will be left in the tank after
30 days?

Using this diagram:

—2m

]
I

xm

a) Find the perimeter of the of the rectangle when x = 3.5.

b) Find the value of x if the perimeter is 20 m.

A parking inspector’s job is to find cars that have been parked longer than allowed and to issue fines
to the drivers of those cars.

Assuming that one in every five cars is parked for longer than allowed, how many cars must the
parking inspector check in order to issue 17 fines?

Captain Raymond Holt is making scrambled eggs. He whisks four eggs in a measuring jug.
The measuring jug weighs 0.618 kilograms. The total weight of the measuring jug and the four eggs
is 858 grams.

Excluding the shell, what is the average weight, in grams, of an egg?

Joe has to write a 1500-word essay. Unfortunately, it is due in four and a half hours and he has not
started. It will take Joe half an hour to plan the essay and then he will write 350 words per hour.

a) Joe believes he can finish the essay in time. Show that Joe is incorrect.

b) What is the minimum whole number of words Joe must write per hour in order to complete
the essay in time?
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Q19.

Skill
T mark

Q20.

T mark

Q21.
Difficulty:
|

Year 10
T mark

Charlie is building a planter box for their vegetable garden. Their planter box, shown below, will have
a volume of 360 litres. 1 m? is equal to 1000 litres.

0.6 m

1.2m
Show that the planter box will be 0.5 metres deep.

VCAA question

A phone company charges a fixed, monthly line rental fee of $28 and $0.25 per call.
Let n be the number of calls that are made in a month. Let C be the monthly phone bill, in dollars.

The equation for the relationship between the monthly phone bill, in dollars, and the number
of calls is

A. C=128+ 0.25n B. C=28n+ 0.25 C. C=n+ 2825
D. C=28(n + 0.25) E. C=0.25(n + 28)

2016 VCAA Exam 1, Module 4: Graphs and relations. Q2

Questions from multiple lessons

As part of her new year resolutions, Sarah decides to read every month from January to December for
one year.

Each month she counts the number of pages that she has read.

e InJanuary, she reads 12 pages of a book.

e In February, she reads 18 pages.

e In March, she reads 24 pages.

e In April, she reads 30 pages.

The number of pages she reads each month continues to increase according to this pattern.

The number of pages she reads in September is

A. 48
B. 54
C. 60
D. 66
E. 72

VCAA 2014 Exam 1T Module 1: Number patterns QT - Adapted
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Q22. The dot plot below displays the distance, in metres, of a football kicked by each student in a Year 7 class.

Difficulty:
( © n=19
Year 10 © ©
1 mark [¢) (o)6} ) [¢) ¢)
) ) ) (o6} () (o6} 6] )
10 15 20 25 30 35 40

Distance (m)

The median distance is

A. 23m
B. 34m
C. 28m
D. 255m
E. 26m

VCAA 2018 Exam 1 Data analysis Q2 - Adapted

Q23. Corey decides to set himself a challenge in regards to the number of push-ups he can do every night
difficulty:  before he falls asleep.

Year 10
2marks e  On the 2" night, he does 60 push-ups.

e  On the 1** night, he does 42 push-ups.

e  On the 3" night, he does 78 push-ups.

The number of push-ups he does each night forms the terms of an arithmetic sequence, as shown
below. This sequence continues for each night for a week.

42,60,78...
a) Write down a calculation which shows that the common difference for this sequence is 18. (1mark)

b) How many push-ups will Corey do on the 6% night? (mark)

VCAA 2015 Exam 2 Module 1: Number patterns Q1T a,b - Adapted
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LESSON 1D

Simultaneous equations - numerical and

“numerical [and] graphical ... solutions

graphical Solutions 3:;;nt:r‘alzneous linear equations in two

Mathematics Area of Study key knowledge points derived

The key skills you will learn in this lesson are: from VCE Mathematics Study Design 2016-2020 p.18;
© The Victorian Curriculum and Assessment Authority
1. Finding the point of intersection numerically (VCAA). Used with permission.

2. Reading the point of intersection off a graph
3. Finding the point of intersection using CAS

Simultaneous equations are a set of equations with two or more unknowns which have a common
solution (a solution that can satisfy all of the equations simultaneously).

The solution to a pair of simultaneous equations is equal to the point of intersection between the
two lines.

1. Finding the point of intersection numerically

The point of intersection is the point at which two lines meet. To find the point of intersection
numerically, fill in a table of values for a small amount of x values. The point of intersection is
found when for, two identical x values, the two corresponding y values are the same.

NOTE: This method will only work if the coordinates of the point of intersection are
whole numbers.

WORKED EXAMPLE 9 (2 marks)

Two lines are given by the equations:

y,=2x+1
y,=x+3
Use a table of values from x = —2 to x = 2 to find the point of intersection of the two lines.
SOLUTION
Step1 Setup a table with three rows and six columns Step3 Repeat for the rest of the values.
and label accordingly.
X -2 -1 0 1 2
x -2 -1 0 1 2 ), 3 B : 3 c
2 v, 1 2 3 4 5
Y2 v 1mark for completing the table

Step2 Fill in the first value. Step 4 Find the column in which the y values are

the same.

Substitute x = —2into y, = 2x + 1 to find the
first value. x -2 -1 0 1 2
y,=2xED) +1 Y, -3 -1 1 3 5
y, =3 Y, 1 2 3 4 5

x ) -1 0 1 2 The y values are both 5 when x = 2.

Y, -3 Therefore, the point of intersection is (2,5).

o v Tmark for writing the point of intersection

2
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2. Reading the point of intersection off a graph
It is also possible to find the point of intersection visually from a graph. To find the point of intersection, locate where
the two lines cross then find the coordinates of the point.

If the lines never meet, then there is no point of intersection and there is no solution to the simultaneous equations.
This happens only when the lines are parallel.

WORKED EXAMPLE 10 (7 mark) y
Here is a graph displaying two linear equations. ¢
5 L~
Find the point of intersection.
3
_ 1
X
-2 -1 0 1 3 4 5
-1
SOLUTION
Step1 Locate the point of intersection. Step3 Draw a line left (or right) from the point to find
This is the point at which the lines cross. the y coordinate.
y
Step2 Draw aline down (or up) from the point to find 6
the x coordinate. 5 | -
y A
6 S
5 L~
4 p 1
3
X
2 -2 -1 0 1 3 4 5 6
-1
1 1
x
-2 -1 1 2 3 4 5
- The y coordinate is 3.
Step4 Write the answer. The point of intersection

is (2,3).
3. Finding the point of intersection using CAS

Another way of finding the point of intersection is by plotting a graph of the lines on CAS.

This method will be much more accurate than the other methods when the point of intersection is not a whole number.

WORKED EXAMPLE 11 (7 mark)

Two lines have the equations y, = 3x + 1and y, = — 2x + 4.

Use a CAS calculator to find the point of intersection graphically.

SOLUTION: TI-NSPIRE

Step1 Open a new page by pressing ctrl| + doc~ and Step2 Enter the first equation as ‘f1(x)=3x+1" and
press 2 | (‘Add Graphs’). press enter |,
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Step 3

Step 4

Press tab | and then enter the second equation
as ‘f2(x)=—2x+4’
and press enter |

Press menu | press 6  (‘Analyze Graph’),
press 4  (‘Intersection’).

Use the mouse to first click anywhere to the left
of the point of intersection

and then click anywhere to the right of the point
of intersection.

The solution will appear.

I,lb &7 \

The coordinates of the point of intersection are
x=06andy = 2.8.

SOLUTION: CASIO CLASSPAD

Step 1

Step 2

Step 3

Step 4

From the menu, tap ﬂmn

In row ‘y1’ enter the first equation ‘3x+1’ and
press EXE . Inrow ‘y2’ enter the first equation
‘—2x+4’ and press EXE .

Tap ¥ 1o graph the equations.

Tap Analysis | then G-solve then Intersect . The
solution will appear..

@ Edit Zoom Analysis

5 7 0 (<) lelw_ﬂ

is!uﬂ |sheet2 [Sheat3 |Shestd [Sheet5| |

v 1=3x4+1 |
|l y2=—2-x+4 — m
| jv3:0

wl=gd-u+l

v2=—2rx+d

¥c=0. 6

EY|

Rad  Real (HQ

The coordinates of the point of intersection are
x=06andy = 2.8.

. Questions 1D Simultaneous equations - numerical and graphical solutions

Q1.

Q2.
Skill

Qs.

Skill

Refresher question

The equation of aline is y = 3x + 4. Find the value of y when x = 2.

1. Finding the point of intersection numerically

Below is the table of values for the equations of two lines. Determine the point of intersection of the

two lines.
x -3 -2 -1 0 2 3
Y. -9 -6 -3 0 6 9
y, -5 -3 -1 1 5 7

Two lines have the equations y, = 2x + 2 and y, = 4x — 2.

Use a table of values from x = — 2 to x = 2 to find the point of intersection.



Q4.

Skill

Q5.

Skill

Q6.

Skill

Q7.

Skill

1D SIMULTANEOUS EQUATIONS - NUMERICAL AND GRAPHICAL SOLUTIONS

Check your understanding

Henry and Katie are both saving their pocket money to buy the latest iPhone. At x weeks after they
start saving, the amount of money in dollars, y, they each have is given by the following equations:
Henry: y = 20x + 35

Katie: y = 25x + 15

a) In the first six weeks (from x = 0 to x = 6), when will they have the same amount of savings?

b) How much money do they each have at this point?

The equations of two linesare y, = 4x — 7 and y, = — 2x + 5.

Using a table of values, show that the point of intersection of the two lines occurs at (2, 1).

2. Reading the point of intersection off a graph

Consider the 4 pairs of simultaneous equations represented in the graphs below.

Which of the pairs will have no solution?

A. y B. y
4 6
g
5
3
4 5
.
x
4/ -3 2 A a X
1 6 5 -4 -3 -2 -, 1 4
)
5
3
4
4 5
C y D. y
4 4
3 3
2
2
1
1
X
-4 -3 -2 4 1 4
x
1 2 -1 p 4
1
2

State the coordinates of the point of intersection for each of the following graphs:

a) y b) y

IS
g

IS

23
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<) y d) y

N

2 -6 5 -4 -3 2
Check your understanding
Qs. Allison and Beatrice are running a race along a straight track. d
Application  Beatrice received a handicap so she starts ahead of Allison. 019
The positions of the runners are shown in the graph below where 08
d is the distance, in kilometres, from the start of the track and t 07
is the time, in minutes, after the beginning of the race.If the race 2:
starts at 9:45am, at what time does Allison catch up to Beatrice? 0' .
03
0.2
01 !
t t
o1 2 3 45 6 7 8 910
3. Finding the point of intersection using CAS
Qo. Using a calculator, find the point of intersection for each of the following pairs of lines. Give answers
Skill correct to two decimal places where necessary.
a) yy=—5x+1andy,=3x+3 b) y,=3x+6andy, =— 2x — 2
o y,=—2x—1landy,=6x+5 d y =4x—4andy,=—5x+ 2
Joining it all together
Q10.  Two lines intersect at y = 5. The equations of the two linesare y, = 2x + 1and y, = — x + a.
Skill Find the value of a.
Tmark
Q1. Jenny and Kendra both work part-time at a burger shop. Let the number of hours Jenny works per

pplication week be j and the number of hours Kendra works per week be k. The number of hours they both work
1 mark must satisfy the following equations.

j=—k+ 20
j=2k+2
Find j, and k.

Q12.  Charlotte is going to the supermarket to buy some snacks. She knows that a bag of chips is one and a
application  half times the price of a bag of popcorn, and that the total cost of a bag of chips and a bag of popcorn is
Imark ¢6.25. This is shown in the equations below.

c=15p
c+p=625
Find the price of one bag of chips.
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Questions from multiple lessons

Q13.  Harry is a very successful musician. His yearly salary has two components. He receives a yearly fixed
difficulty:  base wage of $100 000 and an extra $5000 for each concert he plays.
a

- Let n be the number of concerts he plays in a year.
mar
Let S be his total yearly salary.

What is the equation that models the relationship between Harry’s yearly salary and the number of
concerts he plays?

S =100 000n + 5000
S =5000n + 100 000
S =5000(n + 100 000)
S =100 000(n + 5000)
S=n+ 105000

VCAA 2016 Exam 1 Module 4: Graphs and relations Q2 - Adapted

m o 0N = >

Q14. Niall and Louis are holidaying in Australia and decide to visit the zoo.
Difficulty:

Year 10

660 670 680 690 700 710 720 730 740 750
Weight (g)

The following boxplot displays the weight, in grams, of 83 meerkats at Werribee Zoo.

The percentage of these 83 meerkats with a weight greater than 690 g is closest to
A. 15% B. 25% C. 50%
D. 75% E. 85%

VCAA 2017 Exam 1 Data analysis Q1 - Adapted

Q15.  One Direction are selling tickets to their last concert before they disband.
Difficulty:

2 marks

There are two types of tickets, adult and child.
The revenue is then divided into two major spendings, venue costs and staff wages.

They are expressed as percentages of the ticket prices in the table below.

Adult Child
Venue costs 40% 30%
Staff wages 50% 40%

a) A group of friends decided to buy tickets together. They spent $880 on adult tickets and $360 on
child tickets. Calculate the amount, in dollars, of the group of friends’ ticket purchases that went
towards the venue costs of the concert. (1mark)

b) A different group of friends purchased tickets, and by doing so contributed $402 towards staff wages.
They purchased $180 worth of child tickets. How much money did they spend on adult tickets? (mark)

VCAA 2011 Exam 2 Module 3: Graphs and relations QTa,b - Adapted
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LESSON 1E

Simultaneous equations - algebraic solutions o roviecee o

“...algebraic solutions of simultaneous linear
equations in two variables”

The kEy skills you will learn in this lesson are: Mathematics Area of Study key knowledge points derived

1. Sulbsifiuiism from \/Cé Mgthemat{cs Study Design 2016-2020 p.7§,‘
© The Victorian Curriculum and Assessment Authority
2. Elimination (VCAA). Used with permission.

Simultaneous equations can be solved algebraically using two methods: substitution and elimination.
Solving involves finding the values of the variables, normally x and y, at the point of intersection of the equations.

Each pair of simultaneous equations can be solved by both substitution and elimination, however
one method is often more efficient depending on the equations.

This chapter will focus on how and when to use substitution and elimination.

1. Substitution

Solving simultaneous equations using the substitution method involves a variable from one
equation being substituted into the other.

Substitution is useful when one or both of the equations are in the form: y = ax + b or x = ay + b,
where a and b are constants.

This is because having an equation written with x or y as the subject means we can do the
substitution right away; no transposing is needed.

Example

Some pairs of equations that could be solved by the substitution method are:
y=2x+3andx+y=9
x=y—4andx=-2y+9
y—2x=7and x =3 — 4y

WORKED EXAMPLE 12 (4 marks)

Solve the following pairs of simultaneous equations using substitution:

a) y=5—-—3xand4x + 3y =5 b) x=y+7andx =4y —2
SOLUTION
a) y=5-—3xand 4x + 3y =75 Step3 Expand, then solve for x.
Step1  Write the two equations on separate lines and 4x +15—-9x =5
label them equation 1 and equation 2. 4x —9x = 5 — 15
y=5-3x @ —5x = —10
4x+3y=5 (2 Y= —__150
Step2 Substitute equation 1 into equation 2. x =2
We have chosen to substitute y because in v Tmark for finding x value
equation 1, y is on its own so it is easy to
substitute.

y= @®

4x +3y=5 (2
Substitute (1) into (2).

4x + 3(5 —-3x) =5
© Edrolo 2020
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Step4 To findy, substitute x = 2 into one of the Step3 Solve fory.
equations. Both equations will work, but choosing y+7=4dy—2
the simpler one makes for easier calculations.

y—4y=-2-7
Substitute x = 2into (1)
-3y=-9
y=5-3 @ .
y = 5—-6 y= -3
y=- 1 y = 3

v 1 mark for finding y value v/ Tmark for finding y value

Step4 To find x, substitute y = 3 into one of
the equations. Both equations will work,
but choosing the simpler one makes for

b) x=y+ 7and x = 4y — 2 easier calculations.

Substitutey = 3into (1)

Step5 Write the answer.
x=2,y=-—1

Step1  Write the two equations on separate lines and

label them equation 1 and equation 2. x=3+7
x=y+7 @ x =10
x =4y — 2 @ v/ Tmark for finding x value

Step2 Since both equations are expressions for x, let Step5 Write the answer.

them equal each other. x=10,y =3

2. Elimination

The method of elimination requires the equations to be added or subtracted in a way that eliminates
one of the variables.

Elimination is useful when the equations are in the form ax + by = ¢, where g, b and c are constants.
That s, both variables are on the same side of the equals sign in both equations.

Example

Some pairs of equations that could be solved by the substitution method are:

3x +y=2and4x — 5y = -1

y—4x =3and5x + 3y =11

2x + 2y = 16and 8y — 2x = —4

WORKED EXAMPLE 13 (4 marks)

Solve the following pairs of simultaneous equations using elimination:

a) 3x+2y=7and —x—2y=-1 b) 2x+3y=2and3x +4y =4
SOLUTION
a) 3x+2y=7and—x—2y=-1 Step3 Add the equations and simplify.
Step1 Write the two equations on separate lines and Add the left-.hand sides and the right-hand sides
label them equation 1 and equation 2. of the equations together.
3x+2y=7 (O 1+ @
—x—2y=-1 (2 3x +2y=7
+ —x—-2y=-1
Step2 Choose a variable to be eliminated. 2x+ 0=6
Since the coefficients for y are equal but So,2x = 6

opposite, if the two equations are added, y will
be eliminated. This means choosing to eliminate
y will be the easier option.

© Edrolo 2020
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Step4 Solve for x.

Step 5

Step 6

2x =6
x=2
x =3

v/ Tmark for finding x value

To find y, substitute x = 3 into one of the
equations. Either will work, but try to pick the
simpler one.

Substitute x = 3 into (1)

33 +2y=7
9+2y=7
2y=7-9
2y = -2
y=-1

v/ Tmark for finding y value

Write the answer.

x=3,y=-1

b) 2x +3y=2and3x + 4y =4

Step 1

Step 2

Step 3

Questions 1E Simultaneous equations - algebraic solutions

Q1.

Write the two equations on separate lines and
label them equation 1 and equation 2.

2x+3y=2 (O
3x+4y=4 (2

Choose a variable to be eliminated.

The coefficients for x and y are not equal so
neither variable can be eliminated directly.
Choose x to eliminate since the coefficients
are smaller than those for y. This will result in
easier calculations later.

Look at the coefficient in each equation for the

variable chosen to be eliminated. Find the lowest

common multiple of these, and work out how
they should be multiplied to reach this amount.

The coefficients of x are 2 and 3. The lowest
common multiple is 6.

2X3=6
3xXx2=6

Refresher question

Consider the equation 4x + 3y = 17.

Given that x = 2, find the value of y.

© Edrolo 2020

Step4 Multiply each equation as determined in the

Step 5

Step 6

Step 7

previous step and label the new equations 3
and 4.

D x3
6x+9 =6 (3
@ x 2
6x+8 =8 (@

Since the coefficients of x are positive in both
equation 3 and 4, subtract one equation from
the other and simplify.

®-®

6x +9y =7
— (6x + 8y = 8)

0+y =-2
So,y =-2

v/ Tmark for finding y value

To find x, substitute y = —2 into one of the
equations and solve.
Substitute y = —2 into (1)

2x +3(=2) =2

2x — 6 =2
2x=2+6
2x =8
x=3
x =4

v/ Tmark for finding x value

Write the answer.

x=4,y=-2



Q2.
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Qa.
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Q5.
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Qeé.

Skill

Q7.
Skill

Q8.

Skill

1E SIMULTANEOUS EQUATIONS - ALGEBRAIC SOLUTIONS

1. Substitution

Solve the following pairs of simultaneous equations using substitution.
a) x=y+landx+y=7
b) x=7—-yandx=y—3

Use the method of substitution to solve the following pairs of simultaneous equations.
a) x=2y+3and2x -3y =7
b) 4x +3y=-5andy=x—4
¢ x=7y—5andx=3y+3
d) y=14—-4xandy=x — 16

Check your understanding

Consider the following linear equations:

y=3x-—-2

2y —4x =2

Which of the following is the point of intersection of the two equations?

A. (=3,7) B. (7,-3) c. 3.7 D. (7,3)

The following pair of simultaneous equations were given in a Year 11 maths test.
3x+3y=6 (O
y=2x+5 @

a) One student decided to solve the equations using the method of elimination. Explain why it would
have been more appropriate to use substitution to solve these equations.

b) Find the solution using the method of substitution.

2. Elimination

Use the method of elimination to solve the following pairs of simultaneous equations.
a) 2x+y=8and3x —y=2

b) 3x+ 2y =9and 4x — 2y = -2

¢ x+4y=3andx —5y=-6

d) 4x — 3y =6and 6x — 3y =12

Consider the following pair of simultaneous equations.
2x —2y=10 (O

4x+3y=6 (2

a) Solve the equations by eliminating x first.

b) Solve the equations by eliminating y first.

Solve the following pairs of equations using the method of elimination.
a) x+3y=11land 7y — 2x = 4

b) 2x+5y=9and4x + 6y =6

¢ 3x—4y=20and x + 7y = —10

d) 7x+3y =16 and 2x + 2y = 8

29
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Qo.
Skill

Q1o0.

Skill
6 marks

QM.

Application
3 marks

Q12.

Application
2 marks

Check your understanding

Monica and Niamh wanted to stock up on spreads, so they went together to the
supermarket. Monica bought two jars of Vegemite and four jars of Nutella for $33,
and Niamh bought five jars of Vegemite and three jars of Nutella for $40.50.

This is shown in the equations below.
2V + 4N = 33
5V + 3N =405

Use the method of elimination to find the cost of a jar of Vegemite and a jar of Nutella.

Joining it all together

For the following pairs of simultaneous equations, write whether the pair would best
be solved using the method of substitution or elimination.

NOTE: You do not need to solve any of them.

a) y+2x=3andx =4 — 5y

b) 5y—2x=1landy=3 —x

¢ 2x—y=4andx+y=3

d) x=7—-3yandx =1+ 2y

e x—4y=2and 3y —x=-1

f) 7y —2x=5and 3x + 4y = 11

Mary’s Marvellous Milkshakes sells milkshakes in two different sizes: small and large.
Mary looked at her sales records from Monday and Tuesday this week.

She found that on Monday, she sold 10 small milkshakes and 12 large milkshakes
and received a total of $73. On Tuesday, she sold 20 small milkshakes and 16 large
milkshakes and received a total of $114.

This information can be shown in the following pair of simultaneous equations.
Monday: 10s + 12/ = 73
Tuesday: 20s + 161 = 114

a) Would the method of elimination or substitution be more appropriate in solving
these simultaneous equations? (1mark)

b) Solve the equations using your chosen method to find the price of each
size milkshake. (2marks)

Zeke is an avid baker and is currently working on perfecting his creme brulée recipe.
His scales are broken at the moment so he is trying to figure out the weight of a cup
of flour and a cup of sugar using algebra.

He knows that one cup of sugar weighs 40 grams less than two cups of flour, and that
the total weight of two cups of sugar and five cups of flour is one kilogram.
This information is shown in the equations below.

s=2f—40
2s + 5f= 1000

Solve the equations using the most appropriate method to find the weights of a cup
of flour and a cup of sugar.

© Edrolo 2020
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Questions from multiple lessons

31

Q13. Link wants to manage the amount of money that he spends each week on hairspray. He begins with $150
difficulty:  that he will spend purely on hairspray over a 12-week period. Each week, he plans to spend $12.50.
l'r:ark Let h be the amount of hairspray money Link has left after week n.
A recurrence relation that can be used to model this situation is
h, = 12.5 h_., =150 — 125
B. h,=125 h. =h —150
C. h, =150 h., =h —125h
D. h,=150 h., =h —125
E. h,=150 h., =1-0125h
VCAA 2014 Exam T Module 1: Number patterns Q4 - Adapted
Q14. The transaction details for a loan established at the start of November 2018 are shown in the table below.
ai;iculty: The table is incomplete.
1 mark Date Details Loan Payment Balance
01.11.2018 Loan established $1000.00 $—-1000.00
15.11.2018 Repayment $50.00 $—-950.00
20.11.2018 Borrow $70.00 $-1020.00
2111.2018 Repayment $120.00 $—900.00
2511.2018 Borrow $180.00 $-1080.00
26.11.2018 Borrow $200.00 $-1280.00
2911.2018 Repayment $540 $—740.00
30.11.2018 Interest $-745.33

Interest is calculated and paid monthly on the maximum accumulated debt for that month.

The annual rate of interest paid on this account is closest to

A. 5%
B. 0.04%
C. 4%
D. 1.25%
E. 1%

VCAA 2015 Exam 1 Module 4: Business-related mathematics Q6 - Adapted

Q15. Anita sells second hand t-shirts at a local market. The revenue, in dollars, that she makes from selling
Difficulty; 1 second hand t-shirts is given by

Year 10
Zmarks  The cost, in dollars, of buying these second hand t-shirts, and cleaning them before sale, is given by

cost = 15.5n + 14

revenue = 24n

a) Whatis the selling price of Anita’s second hand t-shirts? (imark)

b) Anita sold 18 second hand t-shirts last Saturday. How much profit did she earn? Profit is calculated
by subtracting cost from revenue. (Imark)

VCAA 2017NH Exam 2 Module 4: Graphs and relations Q2 - Adapted
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LESSON 1F

PraCtical Iinear eq uations VCAA key knowledge point:

“use of linear equations, including
simultaneous linear equations in two

The key skills you will learn in this lesson are: variables, and their application to solve
practical problems”

1. Solving simultaneous equations on CAS Mathematics Area of Study key knowledge points derived

2. Application of simultaneous equations from VVCE Mathematics Study Design 2016-2020 p.18;
© The Victorian Curriculum and Assessment Authority
(VCAA). Used with permission.

1. Solving simultaneous equations on CAS

We can algebraically solve simultaneous equations efficiently on CAS. One big advantage of using CAS is it can solve a
system of simultaneous equations with more than two unknowns; this can be a lengthy process to do by hand.

WORKED EXAMPLE 14 (1 mark)

Use CAS to find the values of x and y that satisfy the following set of simultaneous equations.

3x+y=2 (1) 2x+y=-7 (2)

SOLUTION: TI-NSPIRE

Step1 Open a new page by pressing ctrl | + doc and Step5 Read the answer.

press 1 (Add Calculator). R tew G

3 xdym Xm0 and =35 |
Step2 Press menu | thenpress 3 | (‘Algebra’), 7 ﬂ"[{}ny——?'{x‘y})

(‘Solve System of Equations’), and then press [
2 | (‘Solve System of Linear Equations’).

A box will appear.

Step3 Set the ‘Number of equations’ to 2 and enter the

variables as x,y. Press enter |,
) ) ) x=9andy = — 25.
Step4 Enter equation (1) into the top box provided.

Enter equation (2) into the box below.

Press enter |

SOLUTION: CASIO CLASSPAD

Step6 From the menu, tap ”‘“ j @ Edit Action Interactive
oo [afsime 2o [ [
Step7 Pressthe keyboard | button and then tap the =
ol o (= [3::-1-:,«-::’2 4]
simultaneous equations icon . 2a+y=-T|x, 5
Step8 Enter equation (1) into the top box. Enter {x=8, y=-25}
equation (2) into the box below. v
Enter the variables x, y in the last box. :_"'E“ﬂ_lr.ljna B vE| x| 9 _
I
Step9 Press EXE.The answer will appear. [ a3 [F=t—— UB'D v"_
—— 1| I | @ | x|l Sobved |
x=9andy = —25. | Trig |

_—“—.!lﬂﬂ obMs| (= | (3| () |
[ var || :

|'T'Esin cos | tan |
Assist Real Rad i
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2. Application of simultaneous equations

Simultaneous equations can be used to solve real-world problems with multiple unknowns.

To solve a question using simultaneous equations, first identify and define the variables, set out the equations,
and then solve.

WORKED EXAMPLE 15 (2 marks)

Tickets for a Justin Bieber concert were $110 for A-reserve seats and $85 for B-reserve seats.

Annie and her friends bought 12 tickets and spent a total of $1095. How many B-reserve tickets did they buy?

SOLUTION

Step1 Identify and define the variables. The total amount spent was $1095 on a $110

In this case, the variables are the number of the tickets and b $85 tickets:
A-reserve and B-reserve tickets bought. 110a + 85b = 1095 (2)

Let a be the number of A-reserve tickets and b v Tmark for writing equations

be the number of B-reserve tickets they bought. Step3 Solve the equations simultaneously to find the

Step2 Convert the information given into two values of a and b.

equations using the chosen variables. a=3b=9

The total number of tickets bought was 12, so Step 4
the sum of the number of A-reserve tickets and
the number of B-reserve tickets will be 12:

a+b=12 (O

Step 4. Write the answer.

Annie and her friends bought 9
B-reserve tickets.

v/ Tmark for writing answer

WORKED EXAMPLE 16 (2 marks)

Seven years ago, Viola's age was half of her brother Sebastian’s age.
In three years’ time, Viola’s age will be three quarters of Sebastian’s age.

What is her current age?

SOLUTION

Step1 Identify and define the variables. Step3 Solve the equations simultaneously to find the

The variables are Viola and Sebastian’s values of vands.

current ages. The equations can be put directly into CAS in
this form. To solve by hand, they would need to

Let v be Viola’s current age and s be Sebastian’s
first be rearranged.

current age.
. ] . . v=12,s = 17.
Step2 Convert the information given into two
equations using the chosen variables. Step4 Write the answer.
Viola's age seven years ago was half of Viola is currently 12 years old.
Sebastian’s age seven years ago: v/ 1 mark for writing answer

v—7=%(s—7) D

Viola’s age in three years will be three quarters
of Sebastian’s age in three years:

V+3=%(S+3) @

v Tmark for writing equations
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Questions 1F Practical linear equations

Q1.

Q2.

Skill

Qs.
Skill

Q4.

Application

Q5.
Skill

Qé.
Skill

Refresher question

Let Stuart’s age be s. Write an expression for the following:
a) Stuart’s age nine years from now.

b) Stuart’s age four years ago.

1. Solving simultaneous equations on CAS

Use CAS to solve the following pairs of simultaneous equations:
a) 4x—y=16and 2y — 3x = 3

b) 2y —7=3x+4and 5x —y =12

¢ —7y+ 8x =052and 2x = 5y

Use CAS to solve the following sets of simultaneous equations:
a) 10x —3y=33andy =3x —09
b) 3.5x = 10y + 5.65 and 7y + 0.4 = 2x

Check your understanding

The perimeter of a rectangle is 60 cm. The length of the rectangle is four times the width.
This information is shown in the equations below.

2l + 2w = 60

| = 4w

Use CAS to find the length and width of the rectangle.

2. Applications of simultaneous equations

Jason buys 3 notebooks and 4 pens for $11.60 and Keiran buys 6 notebooks and 2 pens for $14.80.

Let n be the cost of a notebook and p be the cost of a pen. Represent this information in a pair of

simultaneous equations.

A group went out for Daniel’s 10* birthday party. They first went bowling, and then went to see a

movie. The prices, in dollars, of bowling and movie tickets for children and adults are shown
in the following equations.

Let ¢ be the number of children and a be the number of adults.
Bowling: 12¢ + 16a = 156

Movie: 11c + 15a = 144

a) What is the price of an adult movie ticket?

b) Whatis the price of a children’s movie ticket?

¢) How many children and adults were in the group?

© Edrolo 2020



Q7.
Skill

Q8.
Skill

Qo.

Application

Qio.

Skill
2 marks

QM.

Application
2 marks

Q12.

Application
2 marks

Q13.

Application
3 marks

Q14.

Application
2 marks

1F PRACTICAL LINEAR EQUATIONS

Saskia was at a Vinnies op shop when there was a sale on. All skirts were $3.50 and all tops were $2.
Saskia spent $35 and bought 13 pieces of clothing (all of which were either tops or skirts).

a) Represent this information in two simultaneous equations. Let s be the number of skirts Saskia
bought and ¢ be the number of tops she bought.

b) How many tops did Saskia buy?

Amelia and India went to their favourite gourmet doughnut shop and stocked up on their two
favourite flavours: cinnamon and Oreo. Amelia bought four cinnamon doughnuts and two Oreo
doughnuts for $17.80. India bought six cinnamon doughnuts and nine Oreo doughnuts (she was
very hungry) for $48.90.

a) Write down two simultaneous equations to present this information. Let ¢ be the price of a
cinnamon doughnut and o be the price of an Oreo doughnut.

b) What s the price of an Oreo doughnut?

Check your understanding

Dana is six years older than Ben. In two years’ time, her age will be one and a half times Ben'’s age.

Show that Dana is currently 16 years old.

Joining it all together

At McDonald'’s, it costs $1.50 to upgrade from a small to a large cheeseburger meal. On Friday,
McDonald’s sold 130 small and 160 large cheeseburger meals for $1748.

a) Display this information as a pair of simultaneous equations.

b) What is the price of a small cheeseburger meal?

Michelle is making a stir-fry and adds three carrots and one head of broccoli, weighing a total of 580
grams. She also knows from prior experience that five carrots weigh 60 grams less than three heads
of broccoli. What is the weight of one carrot?

Katya is 6 years younger than Ginger. In four years, her age will be four fifths of Ginger’s age.

What is Katya's current age?

Alex and Danni both work part-time as waitresses.

The number of hours they each worked on Monday and Tuesday this week along with the total
amount they were both paid is shown in the table below.

Alex Danni Total amount paid
Monday 4 6 $168
Tuesday 7 3 $166.5

Show that Alex gets paid $16.50 per hour.

The registration fee for a charity fun run is $24 for adults and $16 for children. 345 people registered
this year and the charity received $7280 in revenue.

How many adults participated?

35
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Q15.  Five years ago, Ellie’s age was two thirds of Angelica’s age.

??r?a”rcl?stion In seven years, Ellie’s age will be five sixths of Angelica’s age.

What is the age difference between Ellie and Angelica?

Q16.  Arectangle has a perimeter of 70 cm.
?%’;ir‘lg“o” The length of the rectangle is two and a half times the width.
What is the area of the rectangle?

VCAA question

Q17.  The total playing time of three CDs and four DVDs is 690 minutes.
1 mark The total playing time of five CDs and seven DVDs is 1192 minutes.

All of the CDs have the same playing time as each other and all of the DVDs have the same playing time
as each other.

Let x be the playing time of a CD.
Let y be the playing time of a DVD.

The set of simultaneous linear equations that can be solved to find the playing time of a CD and the

playing time of a DVD is
A. 4x + 3y = 690 B. 3x + 4y = 690 C. 3x+ 5y =690
7x + 5y = 1192 5x + 7y = 1192 4x + 7y = 1192
D. 3x + 4y = 1192 E. 4x + 3y = 1192
5x + 7y = 690 7x + 5y = 690

2009 VCAA Exam 1, Module 3: Graphs and relations. Q4

Questions from multiple lessons

Q18. A group of friends went shopping at Lush for bath products.

%i;ii“'w: e Isobel bought four bath bombs and one face mask for $44.00.

1 mark e Jackson bought two bath bombs and two face masks for $43.00.

e Klaudia bought three bath bombs and four face masks.

How much did Klaudia spend in total?

A. $72.00
B. $73.00
C. $7850
D. $81.00
E. $86.00

VCAA 2017 Exam 1 Module 4: Graphs and relations Q6 - Adapted
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Difficulty:

Year 10
1 mark

Q20.
Difficulty:

2 marks

1F PRACTICAL LINEAR EQUATIONS 37

The histogram and boxplot shown below both display the distribution of the time, in seconds, of 150

TV advertisements.

351
304
o 5T
201
151
10l
15 20 25 30 40 45
Time (s)
H-HH AN Y
0 10 20 30 40
Time (s)

The shape of the distribution of time for the advertisements is best described as

A. approximately symmetric with outliers.

B. perfectly symmetric with no outliers.

C. positively skewed with outliers.

D. approximately symmetric with no outliers.

E. negatively skewed with no outliers.

VCAA 2019NH Exam 1 Data analysis Q1 - Adapted

Alocal cinema charges $20 per ticket.

They have to pay $60 a day to rent the venue and spend an average of $4 per ticket sold to pay

their employees.

Let n be the number of tickets sold per day at the cinema.

a) Write an expression for the profit that the cinema will make in terms of n  (1mark)

The cinema wants to make at least $373 of profit per day.

b) Determine the minimum number of tickets they need to sell per day. (mark)

VCAA 2013 Exam 2 Module 3: Graphs and relations Q3 a,b - Adapted
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LESSON 2A

Order of operations and directed numbers

The key skills you will learn in this lesson are:

VCAA key knowledge point:

1

‘review of computation: order of operations,
directed numbers, scientific notation,
estimation, exact and approximate answers,
rounding correct to a given number of decimal

1. Directed numbers places or significant figures”

2. Order of operations Mathematics Area of Study key knowledge points derived

from VCE Mathematics Study Design 2016-2020 p.19;
© The Victorian Curriculum and Assessment Authority
(VCAA). Used with permission.

1. Directed numbers

Directed numbers involve operations with negative numbers.

Directed numbers are regular numbers (e.g. 1, 2, 3) with a direction attached
(e.g.—1,-2,-3,+1,+2,+3).

Positive and negative are opposite directions.
Numbers with the same value but opposite direction are said to be opposites.
For example, positive four is the opposite of negative four. Adding them equals zero.

Positive and negative numbers can be added or subtracted. When this happens, first simplify the expression (see
table).

Notice that adding or subtracting negative numbers has the opposite effect to adding or subtracting the same positive
number.

Signs Examples Operation
+ + 10 + (+5) becomes 10 + 5 Addition
- = 10 — (=5) becomes 10 + 5 Addition
+ - 10 + (—5) becomes 10 — 5 Subtraction
10 — (+5) becomes 10 — 5 Subtraction

dividing with negative numbers can affect the sign of the answer. This information can be seen in the

Examples - multiplying Examples - dividing Answer

10 x (+3) becomes 10 X 3 % becomes 13_0 Positive
(—=10) x (—3) becomes 10 x 3 % becomes L;) Positive
10 x (—3) becomes — 10 x 3 % becomes _13_0 Negative
(—10) X (+3) becomes — 10 x 3 (;130)) becomes _13_0 Negative

© Edrolo 2020
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WORKED EXAMPLE 1 (2 marks)

a) Show +3 and —2 on a number line.

b) Evaluate =2 + 7 — (=3)

SOLUTION
a) Show +3 and —2 on a number line. b) Evaluate -2 + 7 — (=3)
Step1 Draw a number line, ensuring there is space for Step1 Examine the expression.

+3 and —2 to be included. . )
This is negative two, This is a subtraction of
The number line can be drawn vertically not asubtractionoftwo.  pegative three. Which is

It's a number, not an e
or horizontallv. : the same as an addition
y: operation #of positive three

Step2 Count up three units from zero to reach +3, and @
two units below zero to reach —2. Mark
these points.

This is an addition of seven.

Step2 The —(—3) is simplified to + 3.

=-2+7+3
+3 Positive 3
+2 Step3 The operations are performed.
+1 =8
0

-2 Negative 2

2. Order of operations

Applying operations in different orders can give different results.

Example

Lookat3 x 5 + 2

Doing the multiplication first, we get 15 + 2. Which gives an answer of 17.
Doing the addition first, we get 3 X 7, which leads to an answer of 21.

It is important to know which operations to apply first. This can be remembered using the acronym BIDMAS, also
known as BODMAS. The order of the letters in this acronym signifies the order operations should be completed in.

BIDMAS Order Meaning Example
Brackets First Perform operations inside 1+3)x2=4x%x2
brackets first
Indices (Order) Second Perform squares or square 2+32=2+9
roots
Division/Multiplication Third Perform division and/or multi- 3+5%x2=3+10
plication
Addition/Subtraction Fourth Perform addition and/or sub- 9+3=12
traction
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WORKED EXAMPLE 2 (2 marks)
Simplify the following:
a) 2+ 3M*-12)

(12 - 4)

b Txz-6

2A ORDER OF OPERATIONS AND DIRECTED NUMBERS a4

SOLUTION
a) 2+ 3(4%—12)

Start with the brackets first. There is one set
of brackets here, (42—12). Within this set of
brackets, we start the BIDMAS process again,
at B. There are no brackets inside the brackets
so we move to the next letter in BIDMAS, I, and
calculate the squares and square roots.

2 + 3(4% — 12)
=2+ 3(16 — 12)

Step 1

Step2 Within the brackets there are no squares left,
and no multiplication or division operations,
so we progress to the AS letters, addition

and subtraction.
=2+ 3@

Step3 The bracket has no operations in it, so we can
expand it. The number 3 outside the bracket
implies that 3 is being multiplied by whatever is

inside the brackets, which in this case, is 4.

=2+ 12
Step4 The operations are performed.

=14

Questions 2A Order of operations and directed numbers

Refresher question

Q1. Answer the following questions:

a) By counting the spaces between +3 and
—2 on the number line to the right find
the difference between these values.

b) Which of the following is the same as
5(6)?

e 56
e 5+6
e 5X6

12 — 4

b) m

Step1 There are two sets of brackets. There are no
squares or square roots, so we do multiplication
first, in this case the operation is in the
denominator bracket.

(12 — 4)
(5x2-6)
_12-49

(10 — 6)

Step2 There is no multiplication or division left so we
do addition or subtraction, and then remove
the brackets.

_®

@

Step3 The operations are performed, which leads to
the answer.
_8

4
=2
+4
+3 Positive 3
+2
+1
(o]
-1
-2 Negative 2
-3
-4
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1. Directed numbers

Q2. Evaluate
Skl a) 12+ (+4
b) 12 + (—4)

Qs. Evaluate
Skl a) 6+ 13+ (-4
b) 14 — 10 — (-3)
o —10+ (=5 - (-12)

Check your understanding

Q4. Evaluate
Skill —12.6 — (—=10.3) + 13.5 + (-=2.1)

Q5. Tom delivers newspapers every morning. Today Tom did the following:
Application o - Deljvered ten newspapers on Flinders Street

e Delivered six newspapers on Collins Street

e Picked up 20 newspapers from the newsagent

e Delivered 15 newspapers on Lonsdale Street.

When Tom returned home there were eight newspapers in his bag.

How many did Tom start with?

2. Order of operations
Q6. Evaluate

Skill a) 1+3x2 b 2(10)
9 2xB+1-5 d 2+6B+1D

Q7. Evaluate

@) 3x5+12-2
40 + 8
b Ex2-2)

o (A0-5+1)+13x2

Check your understanding

Q8. Omar never makes a mistake. On the last question of a maths test, Omar gets an answer of 23. Which
application  of the following three expressions was Omar asked to simplify?

A (42 4+ 10(3% — 8))

2749
(5 x 6)
B SX 2 +5020-1)-2
2
c. 5010 -3)- X2
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Maggie runs a fruit shop. At the start of the day she has 70 plums in stock. Read the cartoon below.

Application  Does Maggie have enough plums to give her mum? Show your working.

Q10.

Skill
2 marks

QM.

Skill
5 marks

Q12

Application
1 mark

9 am T am

Tpm
m_ n—

Hey, I've got a
delivery of 50
plums for Maggie?

Can i get two bags
T of plums with 20

in each bag?

; s @\'ﬁ
- Plums: 70 ’ ] 4 ‘.
Oranges: 115 ) J

2pm

— __ Canwe please
:: have 15 plums

each?

Maggie, | need you
to bring me home
adozen plums!

Can we please
have a dozen plums
each?

\

&

(%)

\@I

L

Joining it all together

Write an expression to accompany the visual representation of directed numbers below, and evaluate
the expression.

6 6 6 6 6
5 5 5 5 5
4 4 4 4 4
3 3 3 3 3
2 2 2 2 2
1 1 1 1 1

) + 0 X o - O + 0
q 1 A n A

2 2 2 2 2

-3 -3 -3 -3 -3

-4 -4 -4 -4 -4

-5 -5 -5 -5 -5

-6 -6 -6 -6 -6

Evaluate the following expressions and find which one has the highest value.

50 — (—10
A (6+ (=3)) X2 +5— (~10) o AL
b) 12 + (=5) X 2 — (=3) d) (=5 x (=3) + % + (=5)

Luis has $50. He spends $10.50 on lunch for himself, and then buys his three best friends a can of soft
drink each from the canteen. At lunch Luis finds a watch in the schoolyard worth $200. After school he
goes to the shops and gets refunded $24.99 for a shirt he returns to a store.

Afterwards, Luis meets up with two classmates to buy their friend a JB-Hifi voucher for $90 for his
birthday. They split the cost evenly. While at the shops, he buys some flowers for his mum for $19.95.
At the end he has $1.94 left.

How much does a can of soft drink at the canteen cost?
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Q13.
Difficulty:

T mark

Q14.
Difficulty:
(| |

Year 10
T mark

Q15.
Difficulty:

4 marks

Questions from multiple lessons

Elizabeth and Ash are buying souvenirs from overseas for their friends and family in Australia.

A particular store sells small and large fridge magnets. The equations below describe the amount of
money Elizabeth and Ash each spent on fridge magnets, where s is the price of small fridge magnets
and [ is the price of large fridge magnets.

Elizabeth: 3s + 41 = 21.80
Ash: 6s + 31 = 24.60

Use your calculator to draw a graph of the two lines and find the point of intersection. Use the point of
intersection to determine the price of a small fridge magnet.

A. $2.40
B. $3.60
C. $3.80
D. $2.20
E. $2.60

The histogram below displays the distribution of scores, out of 30, on a spelling test for 80 primary
school students.

40+

30+
L]
g
§ 20+
5]
a

10+

L[
5 10 15 20 25 30
Score

The number of students with a score between 10 and 15 is closest to

A. 36
B. 20
c. 25
D. 16
E. 15

VCAA 2019NH Exam 1 Data analysis Q2 - Adapted

Boston and Alana are renting games and movies from Blockbuster. Boston rents two games and seven
movies for $46.40 while Alana rents four games and five movies for $49.60. Let g represent the cost of
renting a game at Blockbuster and m represent the cost of renting a movie at Blockbuster.

a) Write down two simultaneous equations that represent this information. (@2marks)
b) Use your calculator to find the cost of a game rental at Blockbuster. (1mark)

c) Lauren goes to Blockbuster and rents six games and three movies. How much money did she spend?
(1 mark)
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LESSON 2B

Scientific notation

“review of computation: order of operations,
directed numbers, scientific notation,
The key skills you will learn in this lesson are: estimation, exact and approximate answers,
rounding correct to a given number of decimal
places or significant figures”
2. Converting from scientific notation Mathematics Area of Study key knowledge points derived
from VCE Mathematics Study Design 2016-2020 p.19;
© The Victorian Curriculum and Assessment Authority
(VCAA). Used with permission.

1. Converting to scientific notation

Scientific notation is a method used to make very small or very large numbers easier to work with.
A number written in scientific notation is of the form; x X 10” where 1 < x < 10 and y is an
integer (a positive or negative whole number). Here, ‘10’ is known as the base, and ‘y’ is known as
the exponent.

An example of a number written in scientific notationis 5 X 1072 Here, 1 < 5 < 10 and -2 is
an integer.

Example

In 6 x 107 10 is the base and 2 is the exponent.

( exponent

(or index, or power)

1. Converting to scientific notation

To convert a numeral to scientific notation we must do the following:
1. Place a decimal point after the first non zero digit.
2. Count the number of places the decimal point has moved from its original position.
This number becomes the exponent on the base 10.
3. Find whether the decimal point has moved to the left or right.
If it has moved to the left the exponent is positive. If it has moved to the right the exponent

is negative.

Thinking about scientific notation

For x 10 For + 10
e the number on the exponent increases by one e the number on the exponent decrease by one
e the decimal point moves to the right by one place e the decimal point moves to the left by one place.
(another 0 appears at the end).
Expression Scientific notation Number Expression Scientific notation Number
7 %10 7 x 10! 70 7 =10 7 %10 0.7
7 %10 x 10 7 x 107 700 7 +10 +10 7 x 1072 0.07
7 %10 x 10 x 10 7 x10° 7000 7+10+10 +10 7 x107° 0.007
7 %10 x 10 x 10 x 10 7 x 10* 70000 7+10+10 +10 =10 7 x10°* 0.0007
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WORKED EXAMPLE 3 (7 mark)

Convert 946 000 to scientific notation.

SOLUTION

Step1 Write the number and put the decimal point

after the first non-zero digit.

9.46000

Step 3

Step2 Find the direction and number of places that the

decimal point moved.

9.46000. 5places

R ANANANL

It moved five places to the left.

2. Converting from scientific notation

Write the answer excluding the trailing zeros (a
sequence of zeros which have no other numbers
after it).

9.46 x 10°

To check the answer multiply 9.46 by

10°. The decimal point will move to the right
by five places, giving 946 000. This matches the
number in the question, so the answer

is correct.

To convert from scientific notation to a numeral we must do the following:

1. Write the number excluding the ‘x 10’

2. Move the decimal point according to the exponent of the base 10. The decimal point moves to
the right if the exponent is positive and moves to the left if the exponent is negative.

3. Include trailing zeros if the decimal point moves to the right and leading zeros if the decimal

point moves to the left.

WORKED EXAMPLE 4 (7 mark)

Convert 3.58 x 10~* to numerals.

SOLUTION

Step1  Write the number excluding the ‘X 107’

3.58

Step 3

Step2 As the exponent of 10 is —4, move the decimal

point four places to the left. Include zeros as
placeholders as you go.

0.0003.58 4places

RAAN

Questions 2B Scientific notation

Refresher question

Q1. What is 10~° in numerals?

1. Converting to scientific notation

Q2.
Skill

What is 200 expressed in scientific notation?

© Edrolo 2020

Write the answer, excluding the original
decimal point.

0.000358
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Q3. Convert the following to scientific notation.
Skill a) 32815 b) 8234400 ¢ 0.000782 d) 0.000000038492

Check your understanding

Q4. Which of these is not written in scientific notation?

Skill A. 58 x 10°° B. 0.9 x 10° C. 3.7823 x 10? D. 1.003 x 10°®

Q5. The distance around an athletics track is 40000 cm.

Application \w7hat is the distance, in centimetres, of half the track written in scientific notation?

2. Converting from scientific notation

Qé. Whatis 9 x 1072 in numerals?
Skill

Q7. Convert the following to numerals.

Skill a) 3.54 X 10° b) 4.92 x 107 ¢) 87408 x 1075

Check your understanding

Q8. Which number is the smallest?
Skl A. 5.834 x 10° B. 2.31 x 103 C. 4234 x 1077 D. 1.6 x 10

Qo. A giraffe is 5.283706 x 10° mm tall.

Anplication - \What is its height in millimetres written in numerals?

Joining it all together

Q10. The radius of a tennis ball is 0.033 metres.

Application - yArhat is its radius in kilometres written in scientific notation?

2 marks

Q. A student makes a mistake when converting 0.0000000027 to scientific notation and gets an answer
Application  of 2.7 x 1078,

1 mark

What should the answer actually be?

Q12. Which number is not correctly converted to scientific notation?

1Sl:ri1|e|3rk Numerals Scientific notation
A. 0.000000739 7.39 x 1077
B. 4.673 4.673 x 10°
C. 2749800 2.7498 x 10°
D. 348.940000 3.4894 x 107°

© Edrolo 2020



48 2B SCIENTIFIC NOTATION

Q13.

Difficulty:

Year 10
T mark

Q14.

Difficulty:

T mark

Q15.

Difficulty:

2 marks

Questions from multiple lessons

The following table of values is governed by the equation y = —2x — 18.

x -2 3 b 5 1

y =14 | a =12 | =28 | ¢

What are the values of a, b and ¢?
A. a=-12,b=-3,c=-24
a=-24,b=-12,c=-3
a=-24,b=-3¢c=-20
a=-20,b=-12,c= -3
a=-12,b=-24,c=-20

mo o w

The cost of a VPN subscription is $60.00 per year plus GST.
The cost of a VPN subscription for three years, including GST, is

A. $180.00
B. $186.00
C. $198.00
D. $240.00
E. $264.00

VCAA 2014 Exam 1 Recursion and financial modelling Q4 - Adapted

Riley is travelling around Central America. She is spending exactly $170 per day. At the start of her trip,
she has $7100 in her bank account.

a) Define a recurrence relation, using B, B | and B, that represents the daily balance of Riley’s
bank account. (Imark)

b) Use a table of values to show that Riley has $5910 in her bank account after one week. (1mark
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LESSON 2C

Estimation, types of answers and rounding

“review of computation: order of operations,
directed numbers, scientific notation,

The key skills you will learn in this lesson are: estimation, exact and approximate answers,

. rounding correct to a given number of decimal
1. Rounding places or significant figures”
2. Significant figures “efficient mental and by-hand estimation and

3 Estimation computation in relevant contexts”

“effective use of technology for computation”

Mathematics Area of Study key knowledge points derived
from VVCE Mathematics Study Design 2016-2020 p.19;

© The Victorian Curriculum and Assessment Authority
(VCAA). Used with permission.

1. Rounding

Rounding is writing a number in a shorter form that is an estimate of the actual number.
This means that rounding a number decreases its accuracy.

Rounding makes numbers easier to read, or makes calculations simpler.

Rules for rounding:

e if the digit being rounded is between 1-4, round it down.

e if the digit being rounded is between 5-9, round it up.

Examples

By rounding to three decimal places:
One third, written as 0.3333333... becomes 0.333
Pi, written as 3.1415926535..., becomes 3.142

WORKED EXAMPLE 5 (2 marks)

a) Round 4.6 to the nearest whole number.

b) Round 62 to the nearest ten.

SOLUTION

a) Round 4.6 to the nearest whole number. b) Round 62 to the nearest ten.

Step1 Consider the nearest whole numbers to 4.6. Step1  Work out which multiples of ten are either side
They are 4 and 5. of 62. In this case, it is 60 and 70.

Step2 Look at which one is closer to 4.6. The number 5 Step2 Decide which of 60 and 70 is closer to 62.

is closer to 4.6 (compared to 4). 60 is closer to 62.

Therefore, 4.6 rounded to the nearest whole Therefore 62 rounded to the nearest ten is equal
number is 5. to 60.
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2. Significant figures

A significant figure is a digit in a number that contributes to the value of the number with
certainty. In other words, this digit was originally part of the number, and isn’t the result
of rounding.

Rules for finding significant figures:

e The first significant figure is always the first non-zero digit, looking from left to right.

e All non-zero digits are significant.

e All zeros in between significant figures are significant.

e All zeros after a decimal point that are on the right side of a significant figure are significant.
e All other zeros are not significant.

Example

In the following examples, red digits are significant, and blue digits are not.

153 Each digit is non-zero, so 153 has three significant figures.
100 The two zeros in 100 are not significant. Therefore, only the 1 is significant.
1070 The 1 and the 7 are significant. The first 0 is between the 1 and the 7,

so is significant.
The zero on the right is not significant.

0.00470 The 4 and the 7 are significant. The zero on the right is after a decimal point and to
the right of significant digits, therefore is significant.

The other zeros are not significant.

WORKED EXAMPLE 6 (2 marks)

Find the number of significant figures in the following numbers.

a) 1030
b) 016.040
SOLUTION
a) 1030 b) 016.040
Step1 For 1030 Step1 Examine the number: 016.040
The non-zero digits are 1 and 3. These are There is a zero before the first non-zero digit
significant. before the decimal place, we can remove it.
Step2 Determine which zeros are significant. We are left with 16.040
One zero is between two non-zero numbers, Step2 The non-zero digits are 1, 6 and 4. These
therefore it is significant . The significant figures are significant.
are 1, 0 and 3, as shown here: . . N
1030 Step3 Determine which zeros are significant.
The zeros at the end of the number is significant
Therefore, 1030 has three significant figures. because it is after the decimal place.

One zero is between two non-zero numbers,

therefore it is significant.

The significant figures are 1, 6, 0,4 and 0, as

shown here:

16.040

Therefore, 16.040 has five significant figures.
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3. Estimation

Estimation is using rounding to make a calculation simpler, at the expense of accuracy.

Estimation can be used to quickly check if an answer looks correct, or if a rough answer is needed.

An estimation is an approximation of the exact value.

WORKED EXAMPLE 7 (1 mark)

Estimate the area of a rectangular swimming pool of dimensions 7.8 metres and 14.2 metres.

SOLUTION

Step1 Decide an appropriate amount to round the Step3 Calculate the area using Area = length X width.
numbers. 78 x 14.2
Here, rounding to the nearest whole number ~ 8 X 14

seems appropriate.

Step2 Round the numbers to the nearest whole

~ 112 m?

NOTE: the ‘approximately equal’ sign, =, is used.

number.

7.8 becomes 8

Step4 Interpret the result.

14.2 becomes 14 The area of the pool is approximately 112 m?.

Questions 2C Estimation, types of answers and rounding

Refresher question
Q. How many decimal places does the number 8.125 have?
1. Rounding
Q2. a) Round 3.7 to the nearest whole number.
Skill b) Which of the following is equal to 343 rounded to the nearest ten? 340 or 350.
c) Which of the following is equal to 2.835 rounded to two decimal places? 2.83 or 2.84.
Q3. a) Round 182.341 to two decimal places.
Skil b) Round 8,256 to the nearest hundred.
c) Round 3.0068 to two decimal places.

Check your understanding

Q4. Natalia lives 2.7 kilometres from school, and walks to school and back every day.

Application

How far does Natalia walk along this route every day?

Round your final answer to the nearest kilometre.

Q5. A butcher rounds meat to the nearest hundred grams and sells it at that price.

Avolication  1f the scale reads 0.652 kg and the meat is $8 per kg, how much will the customer have to pay?
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Qé.
Skill

Q7.
Skill

Q8.

Skill

Qo.

Application

Q10.
Skill

Q1.

Skill

Q12.

Application

Q13.

Application

Q14.

Skill
3 marks

2. Significant figures

How many significant figures are in the following number?

25

How many significant figures are in the following numbers?

a) 103.2
b) 2580
c) 0.0105

Check your understanding

Which of these does not have exactly three significant figures?
A. 10500 B. 0.0236
C. 20.50 D. 37.0

Ms. Tao asked four of her students to write one number each that had the same amount of significant
figures as the number of letters in their name.

Which students were right? (More than one student got it right).
Jake: 4030, Emily: 2.0155, An: 65 000, Annabelle: 4.0010013

3. Estimation

Estimate the cost to buy two pens at 2.05 each.

Use rounding to the nearest whole number.

a) Estimate the area of a desk with dimensions 1.8 X 3.1 metres.

b) Estimate the total amount of time required to paint the walls of a square room if
it took 3.9 hours for the first wall.

c) Estimate the weight of 5 bottles if one weighs 495 grams.

Check your understanding

Three friends are stuck on a deserted island. The only thing to eat there is coconuts. If there are 89
coconuts, estimate how long they can survive, if they must eat three each per day.

There are 32 minutes left in class, and Aarav still has 9 questions left to complete. If he doesn’t finish
them in time, the teacher will give him lots of homework. Roughly estimate how much time Aarav has
per question left if he wants to have no homework.

Joining it all together

Estimate the answer to the following expressions. Then calculate the answer and round to three
significant figures. Find the difference between the estimations and the answers.

a) 39x 111

b) 22 x 49

) 0.48 x 6.04
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Q15.

Application
5 marks

Q1eé.

Application
4 marks
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Elena is buying a cake for her best friend’s birthday to eat with their classmates in maths class, but
she’s worried most cakes will be too small. She knows the cake needs an area of at least 600 cm?.

A diagram of the three cakes at the cake shop is below.

Cake B

32cm

a)
b)
(9]
d)
e)

Cake A

17 cm

26 cm

Cake C

Wii\’l\

12cm

43 cm

Without doing any calculations, guess which one has the biggest area.

Use rounding, to the nearest five centimetres, to estimate an approximate area for each cake.

Calculate the actual area of each cake.

Was your guess from a) correct?

Which cakes are big enough to feed the class?

Ruby, Ethan and Ishara are trying to estimate the area of their school.

The school grounds are a rectangle with dimensions 207.85 m by 322.37 m, and there
are 400 students.

Here are their results:

Name Ruby Ethan Ishara
Estimate 67,200 60,000 66,976
(m?)

Before calculating the estimated area, the students performed the following rounding
of the dimensions:

e One student used rounding to the nearest metre.

e One student used rounding to the nearest 10 metres.

e One student used rounding to the nearest 100 metres.
Who used which method?

Which methods estimated higher than the actual answer, and which methods

a)
b)

<)

d)

estimated lower?

Who got closest to the actual answer?

Estimate the area of your school.
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Questions from multiple lessons

Q17. Which of the following expressions has a value of 1?

Difficulty: (—10) x (—4) 2
Year 10 6(4 — 3)?

mak B g7+ x5
C. 300 -2+ (=6) + (=7) x 2

9 —(-3) 1
— 7(11 + (=7)

=3)x G- (1)
4 -1

Q18.  Lachlan is working on his fitness so he went for nine runs last week. The total distance he ran was
Difficulty;  42.3 km. The mean distance of these runs is

. A. 4.23km

Year 10

Tmark B. 4.67 km
C. 4.7km
D. 4.8km
E. 492km

VCAA 2019NH Exam 1 Data Analysis Q3 - Adapted

-3 +12) x4
Q19.  Rafael is asked to evaluate the expression —3—=5g—
%nnculty: a) Rafael’s working out is shown below. Which line does the first mistake appear on? (1mark)
Year 10 . —(% +12) x 4 -(23; + 475) x 4
2marks Line 1: =
21 -38 -17
. ) x4
. ) _ 51
Line 3: =I5
Line 4: = -3

b) Evaluate the expression correctly. (1mark)
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LESSON 2D

Magnitude

The key skills you will learn in this lesson are:

1. Order of magnitude
2. Logarithms

3. Logarithmic scale

2D MAGNITUDE 55

VCAA key knowledge point:

“orders of magnitude, units of measure that
range over multiple orders of magnitude and
their use and interpretation, and the use and
interpretation of log to base 10 scales, such as
the Richter scale”

Mathematics Area of Study key knowledge points derived
from VCE Mathematics Study Design 2016-2020 p.19;

© The Victorian Curriculum and Assessment Authority
(VCAA). Used with permission.

1. Order of magnitude

Orders of magnitude are used to describe the approximate size of a number. They relate to the
powers of ten, such as 10' 10% and 103. The order of magnitude of a number is given by the
exponent on the base 10, after the number has been converted to scientific notation.

Example

5.79 x 10° has an order of magnitude of 5.

When comparing the order of magnitude of two values:

e A difference of one in the order of magnitude means that one value is 10* = 10 times larger than the other.

e A difference of two in the order of magnitude means that one value is 10?2 = 100 times larger than the other.

WORKED EXAMPLE 8 (1 mark)

The length of an ant is 0.6 cm and the length of a front yard is 600 cm.

How many orders of magnitude do these two lengths differ by?

SOLUTION

Step1 Find how many times larger 600 cm is than 0.6 cm.

600 _
06 = 1000

Step2 Express this as an exponent with base 10.

1000 = 103

Step3 Write out the answer using the exponent on the base 10.

The two lengths differ by 3 orders of magnitude.

2. Logarithms

Logarithms, commonly referred to as logs, are a mathematical operation. If...

Each logarithm has a base, an argument, and an exponent. argument

This topic focuses on logs with a base of 10. This is given by the formula I f —
0g,(x) =y

logw(x) = y where x = 10”.

When we are given y and asked to find x, we can find x by raising 10 to the k b exponent
ase

power of the value, y.

Often logarithms of base 10 are expressed without the subscript 10. For then..

example, log(100) = 2. Sometimes the logarithm of a number is not a whole by —
number and cannot be solved by hand so a calculator may be used. f— x

NOTE: Logarithms can have bases other than 10 but these are not covered in
this subject.
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WORKED EXAMPLE 9 (7 mark)

What is log,,(0.0001)?

SOLUTION

Step1 Convert 0.0001 so itis in the form 10”.
10

Step2 Find the value of y (the power). This is the answer.

3. Logarithmic scale

Logarithmic scales are scales which use logarithms of base 10 to plot data which has a large range.
Two examples of logarithmic scales are:

e the Richter scale.

e the pH scale.

The Richter scale measures the amplitudes of earthquakes, which are often very large, and
converts them to smaller numbers using the base 10 logarithm. This is done by finding the value of
logm(amplitude of earthquake), known as the magnitude of the earthquake.

The pH scale ranges from 0 to 14 and measures how acidic or how alkaline a solution is. A solution
with a pH of 7 is considered to be neutral. Anything that has a pH of less than 7 is acidic whereas
anything that has a pH of more than 7 is alkaline. As the pH scale uses a base 10 logarithmic scale,
an increase by 1 in pH means a solution is 10 times as alkaline, and a decrease by one in pH means
a solution is 10 times as acidic.

Acidic Neutral Alkaline

A A
r N\ r h)

01 2 3 45 6 7 8 9101121314

The pH scale

WORKED EXAMPLE 10 (7 mark)

How many times larger is an earthquake of magnitude 8.5 on the Richter Scale compared to an
earthquake of magnitude 3.2? Write your answer correct to the nearest whole number.

SOLUTION

Step1 Find the amplitude of an earthquake of magnitude 8.5 on the Richter Scale.
1085 = 316 227 766.02

Step2 Find the amplitude of an earthquake of magnitude 3.2 on the Richter Scale.
1032 = 1585.89

Step3 Divide the amplitude of an earthquake of magnitude 8.5 on the Richter Scale by the amplitude of an
earthquake of magnitude 3.2 on the Richter Scale.

316227 766.016...

1585893,  — 19952623

Step4 Write out the answer correct to the nearest whole number.

An earthquake of magnitude 8.5 on the Richter Scale is 199 526 times larger than an
earthquake of magnitude 3.2 on the Richter Scale.
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Questions 2D Magnitude

Q1.

Q2.

Q3.
Skill

Q4.

Skill

Q5.

Application

Q6.

Application

Q7.
Skill

Q8.
Skill

Qo.
Skill

Refresher questions

How many times larger is 3000 than 307

Use your calculator to find the value of log, (10 000).

1. Order of magnitude

What is the order of magnitude of the following numbers?

a) 4367 = 4.367 x 103 b) 0.04367 = 4.367 x 1072

How many orders of magnitude do these following values differ by?

a) 780and 78000 000 b) 0.1and 0.001 c¢) 0.0024 and 24 000

Check your understanding

The diameter of the earth is 13 000 000 m. Find the order of magnitude of the earth’s diameter by first
converting to scientific notation.

The difference in the order of magnitude of the height of Mount Everest and the
height of an ant hill is 5.

The height of Mount Everest is 9000 m. The height of the ant hill = 9 X 10* cm.
a) Fill out this table

Height (m) Height (cm) Height (cm) in scientific Order of magnitude
notation

- T e

b) Whatis the value of x?

2. Logarithms

Use your calculator to find the value of log, (36 250) correct to two decimal places.

Without using your calculator answer the following:

a) Whatis log, (1000)? b) Whatis log, (1)? o Whatis log,(0.00001)?

Check your understanding

Use log,,(x) = y and x = 10 to fill in the boxes for the following values and find the value of x.

Iogw(|:|) = |:| and |:| = 10|:|

a) x=7?andy=-24 b) x =7andy = 0.006545
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Q10.
Application

Qmn.

Application

Q12.

Application

Q13.

Application

3. Logarithmic scale

How many times more acidic is orange juice than water if water has a pH of 7 and
orange juice has a pH of 37

The table below shows the log, (weight) values of a number of different animals.

Weight is in kg.
Animal log,,(weight)
Blue Whale 5.3
African elephant 3.7
Moose 29
Crocodile 3
Dolphin 2
Orangutan 1.8
Gorilla 2.3
Humming bird -2.7
Pygmy rabbit -04
Cat 0.6

What are the actual weights of these animals in kilograms? Write your answers to
two decimal places where necessary.

a) Dolphin
b) Pygmy rabbit

¢) Blue whale

Check your understanding

An unknown solution is 1000 times more alkaline than coffee, which has a pH of 5.
Which of the following solutions is it most likely to be?

NOTE: A high pH indicates a solution is alkaline. A low pH indicates a solution is acidic.
A. Tomato juice (pH of 4)

B. Seawater (pH of 8)

C. Lemon juice (pH of 2)

D. Soapy water (pH of 12)

An earthquake in Japan was 2000 times stronger than an earthquake the same
day in Australia. If the one in Australia had a magnitude of 4.3 on the Richter scale,
what was the magnitude of the one in Japan? Give your answer in terms of the
Richter scale, correct to one decimal place.
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Q14.

Skill
1 mark

Q15.

Skill
1 mark

Qieé.

Skill
1 mark

Q17.

Application
3 marks

Q18.

Application
1 mark

Joining it all together

If log, ,(x) = 0.435, which of the following expressions is equal to x?

A.
B.
C.
D.

—0.362
log(0.435)
10 0.435
0.4351°
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Which of the values below have the biggest difference in their orders of magnitudes?

A.

B
C.
D

50 cm and 500 km
7.2 cmand 7200 m
8 mm and 8000 m

0.023 gand 230 kg

Without using a calculator, find which of the following statements is not true.

A.

B
C.
D

log(1) > log(0.487)
log(63) > 1og(0.097)
log(0.42) < log(0.33)
log(3.8) < log(50)

log,(population)

a)
b)

Australia France China  Japan Samoa India Fiji

Country

Use the graph above to find the difference in population between China and Australia. (2 marks)

There is a mistake on the graph. The population of Fiji is shown as ten times more than it should be.

What should the actual value on the graph have been? (1mark)

Two students are drawing a map of their school. They measured the length of their oval to be 120 m.

The length of the piece of paper they are drawing their map on is 30 cm.

How should they scale the length of the oval to ensure it fits on the piece of paper?

A.

B
C.
D

Increase by an order of magnitude of 1
Increase by an order of magnitude of 3
Decrease by an order of magnitude of 3

Decrease by an order of magnitude of 1

© Edrolo 2020



60 2D MAGNITUDE

Q19.

Difficulty:

Year 10
T mark

Q20.

Difficulty:

Year 10
T mark

Q21.

Difficulty:

Year 10
2 marks

Questions from multiple lessons

At a berry picking farm, the price of strawberries is determined by rounding the weight of the fruit
to the nearest ten grams and multiplying by the price per gram. If Dave picks 416 grams worth of

strawberries, and the price of strawberries is $0.011 per gram, how much does Dave pay?

A. $4.62
B. $4.58
C. $4.51
D. $4.57
E. $4.16

The following dot plot shows the number of people in 29 different running groups.

(e}
(e} (e} (e}
(e} o) (e} (e} (e} (e}
e e 6} e} e e e e e
(e} (e} o) o) o) (e} (e} (e} (e} (e}
6 7 8 9 10 n 12 13 14 15
Number of people

The median number of people is

A. 105
B. 11
c. 115
D. 12
E. 125

VCAA 2019NH Exam 1 Data Analysis Q4 - Adapted

A water bottle contains 0.00327 litres of liquid.

a) Whatis 0.00327 converted to scientific notation? (Imark)

b) 1f1.893 x 10%millilitres of water is added to the bottle, how much liquid does the bottle now

contain? Give your answer in millilitres. (Imark)
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LESSON 2E

Percentages and percentage change

The key skills you will learn in this lesson are:

1. Convert to a percentage
2. Convert from a percentage
3. Using percentages

4. Percentage change

1. Convert to a percentage

Percentages are another type of fraction. More precisely,
they are a fraction of 100, which has been multiplied
by 100.

Fractions and decimals can be converted to percentages
by multiplying them by 100 and simplifying the result.

2E PERCENTAGES AND PERCENTAGE CHANGE 61

VCAA key knowledge point:

“use of ratios and proportions, and
percentages and percentage change to solve
practical problems”

Mathematics Area of Study key knowledge points derived
from VVCE Mathematics Study Design 2016-2020 p.19;

© The Victorian Curriculum and Assessment Authority
(VCAA). Used with permission.

Example:
fraction percentage
24
=T = (s

multiply by 100

WORKED EXAMPLE 11 (7 mark)

A bottle of water is three eighths full. Express this as a percentage.

SOLUTION

Write the fraction or decimal.
3

8
Multiply it by 100.

Step 1

Step 2

3
8><100

Step3 Simplify.

300

2. Convert from a percentage

Converting percentages back to fractions or decimals is
done by dividing the percentage by 100 and simplifying.

Step4 Interpret the number.
The bottle of water is 37.5% full.
Example:
percentage fraction
(s . 2
40% — 40+100= 5 —>

divide by 100

WORKED EXAMPLE 12 (2 marks)

a) Express 22.5% as a decimal.

b) Convert 65% to a fraction.
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SOLUTION

a) Express 22.5% as a decimal. b) Convert 65% to a fraction.

Step1 Write the percentage. Step1  Write the percentage.
22.5% 65%

Step2 Divide it by 100. Step2 Divide it by 100.
When converting to a decimal move the decimal To convert to a fraction, write the percentage
place two spots left. number with ‘100’ written as a denominator.
If there is no decimal place assume it is to the 65

right of the number. 100

Step3 Simplify where possible.

22.5 _13
A_A_J 20

So 22.5% = 0.225

3. Using percentages

Percentages can be used to express a fraction of a larger quantity.

» o

This comes up in daily conversation as: “Soft drink is 9.6% sugar”, “My phone only has 12%
battery” or “70% of Australia is classified as desert”.

WORKED EXAMPLE 13 (7 mark)

If a loaf of garlic bread has 12 slices, and Annie ate 25% of the loaf, how many slices did she eat?

SOLUTION
Step1  Write the percentage as a decimal or a fraction. Step3 Simplify.
25 _ 300
100 100
Step2 Multiply this with the full amount. =3
% x 12 Step4 Interpret the number.

Annie ate three slices.

4. Percentage change

Percentages can also be used to express a change in the difference between two values. An investor
might say “The value of my stocks rose 3% today”, and a researcher might say “82% more Aussie
children play rugby league than rugby union”.

Percentage change can be thought of as change compared to the original value.

Difference

Original value x 100

Percentage change =

Although percentage change can be negative, it is normally written in a sentence as positive and
next to a word that indicates direction. For example, ‘The value of my car decreased 30%’.

WORKED EXAMPLE 14 (1 mark)

Zahra is 1.72 m tall. Yvonne is 1.54 m tall. What percent taller is Zahra than Yvonne?
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SOLUTION
Step1 Calculate the difference. Step3 Substitute these values into the equation
1.72 — 1.54 and solve.
_ 0.18
= 0.18 Percentage change = 1oz X 100
Step2 Choose which value to compare to the other. = 11.69%
We need to compare Zahra’s height to Step4 Interpret the value.

Yvonne's height. Zahra is 11.69% taller than Yvonne.

This means Yvonne’s height becomes the
‘original value’.

Questions 2E Percentages and percentage change

Refresher question

Q1. Can percentages be more than 1007?

1. Convert to a percentage

Q2. What is % expressed as a percentage? Choose one of the following answers.
Skill A. 55%

B. 70%

C. 50%

D. 45%

Q3. a) Whatis % as a percentage?

sl b) Whatis 0.32 as a percentage?

c¢) Whatis % as a percentage? Express your answer to two decimal places.

Check your understanding

Q4. Bert says his water bottle is two fifths full.

Anplication gy hress this as a percentage.

Q5. Sam has completed six elevenths of their homework. Charlie has completed four sevenths of
Application  their homework.

a) Convert both of these fractions to percentages, rounded to two decimal places.

b) Who is further ahead?

2. Convert from a percentage

Qeé. What is 30% expressed as a fraction?

Skill
3 3 10 3
< B. 12 C. 3 D. 10
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Q7.
Skill

Q8.

Application

Qo.

Application

Q10.
Skill

Qmn.

Skill

Q12.

Application

Q13.

Application

Q14.
Skill

a) Whatis 79% expressed as a decimal?
b) Whatis 35% expressed as a fraction?

c¢) Whatis 62.5% expressed as a fraction?

Check your understanding

Out of a circular block of cheese, there are two pieces left. One is 24% of the original size, and the
other is 11% of the original size. How much cheese is left in total? Express as a fraction.

In a class, students were asked which subjects they liked out of: history, chemistry, woodwork and

English. The results were:

History Chemistry Woodwork English
26% of students v v
31% of students v v
15% of students v v
18% of students v
?% of students v

a) What percentage of students only like English?

b) What amount of the students like history? Express as a fraction.

3. Using percentages

If a block of chocolate has 30 pieces, how many pieces are there in 60% of the chocolate?

A. 18 B. 14 C. 20 D. 6
a) Whatis 35% of 260?

b) Whatis 2% of 15?

¢) Whatis 99% of 103?

Check your understanding

Cormac has read 12% of a book with 425 pages.

How many pages has Cormac read so far?

Barbara has drunk 73% of a 2.5 L water bottle.

How much water is left, in mL?

4. Percentage change

What is the difference between 5.32 and 3.87?

A. 135 B. 145 C. 185 D. 1.25
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Q15.
Skill

Qieé.
Skill

Q17.

Application

Q18.

Application
3 marks

Q19.

Application
2 marks

Q20.

Application
4 marks

2E PERCENTAGES AND PERCENTAGE CHANGE

For the following calculate the percentage change, correct to two decimal places. Write your answer as
a sentence.

a) From 12.3to 14.8.
b) From 218 to 134.
¢) From 0.34to 0.37.

Check your understanding

Calculate the percentage change, correct to two decimal places, between 0.76 and 3.25.

Write your answer as a sentence.

Amelia’s phone is almost flat, on 18%. She charges it up for an hour, and it increases by 230%.

What is the current battery status of the phone?

Joining it all together

Goran is assembling a flagpole. It comes in three pieces, a pole, a flag-holder, and a cap on the top,
that are connected end-to-end.

The pole is 9 metres long, the flag-holder is 80 cm long, and the metal cap at the top is 25 mm tall.

Assuming there is no overlap between parts when connected, express each part as a percentage of the
total height, to two decimal places.

A bucket is placed under a leak in the ceiling of a house while the owner goes on holiday.

It has a volume of 25 L. Currently it is one quarter full. One day there is a thunderstorm, and it fills up
by 12 L.

The next day it rains again, and the bucket fills up an extra 10% of its total capacity. On the third day
there is no rain, but on the fourth day 5000 mL of rain drips through the crack.

At the end of the fourth day, has the bucket overflowed yet?

When examining the rates of Australian children participating in different sports, the Australian Sports
Commission found the information in the table below.

a) Ifthereare 1200 000 5-8-year-olds in Australia, how many 5-8-year-olds do swimming?
b) Ifthere are 920 000 12-14-year-olds in Australia, how many 12-14-year-olds don’t do swimming?

c¢) Thereare 510 000 0-4-year-olds who do swimming. How many more 5-8-year-olds do swimming
than 0-4-year-olds?

d) Express your answer from part c¢) as a percentage of the number of 0-4-year-olds who do swimming.

State your answer as a sentence, with numbers rounded to two decimal places.

Age group Percentage of children who swim
0-4 33.7%
5-8 43.6%
9-N 30.8%
12-14 29.0%

65
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Q21.

Difficulty:

T mark

Q22.

Difficulty:

T mark

Q23.

Difficulty:

Year 10
2 marks

Questions from multiple lessons

Clem needs 0.00076 kg of aluminium hydroxide for a science experiment. Convert this weight to
scientific notation.

76 x 10°kg

76 x 10~° kg

7.6 X 10*kg

7.6 X 10~* kg

—5 x 107t kg

mo o

The graph shows the value of an investment over a period of five years.

280+

2751

270+

265+

Value ($000's)

260+

255+

Year

A different account was opened under the same growth conditions as the initial one but for 10 years.
After 10 years, this investment has grown by $30 000.

The initial amount invested in this account is

A. $306 000
B. $360000
C. $294000
D. $125000
E. $250000

VCAA 2013 Exam 1 Module 4: Business-related mathematics Q7 - Adapted

While Dylan is on holiday in Japan, two earthquakes occur. The first measures 3.4 on the Richter scale
and the second measures 2.7 on the Richter scale. Note that the Richter scale is a logarithmic scale.

a) How many times stronger was the first earthquake than the second? Give your answer correct to one
decimal place. (1mark)

b) Whatis the order of magnitude of the difference between the strengths of the two earthquakes? (Imark)
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LESSON 2F

VCAA key knowledge point:

Ratios and proportions “use of ratios and proportions, and

percentages and percentage change to solve
practical problems”

The key skills you will learn in this lesson are:
Mathematics Area of Study key knowledge points derived

1. Ratios from VICE Mathematics Study Design 2016-2020 p.19;
© The Victorian Curriculum and Assessment Authority

2. Proportions
(VCAA). Used with permission.

1. Ratios

A ratio is a way to compare two or more quantities to each other. Ratios are often used in cooking,
to communicate how much of one ingredient is used compared to another.

The order is important in ratios. The ratio 1 : 2 is different to 2 : 1. The units being compared can
be different, but each unit must be stated.

Example
‘The ratio of oranges to bananas is 2 : 3/ ‘The enemy outnumbers us two to one.

¥ <~
®o)
e°

‘Add three parts of sugar for each part of water’ ‘For every gram of meat produced 20 L
of water is used.

)

Q=

200¢g 4000 L

WORKED EXAMPLE 15 (2 marks)

a) Calculate the ratio of teachers to students if there are 15 teachers in the school and
375 students.
b) Arecipe for a cake uses 100 g of flour, 50 g of sugar and 200 mL of water. Write this as a ratio.

@ Hthadto 2008
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SOLUTION

a) Calculate the ratio of teachers to students if there
are 15 teachers in the school and 375 students.

Step1 Setup the ratio. Here we’ll use: Step 1

teachers : students Step 2
Step2 Fill in the numbers for each quantity into

the ratio.

teachers : students

15:375
Step 3

Step3 Look for the highest common factor in the

numbers in the ratio, and divide by it. Here the

highest common factor is 15, so divide each

number in the ratio by 15.

15:375
15+15=1 375+15=25
( 1:25 )

Step4 Interpret. ‘Teachers’is 1, and ‘students’ is 25. Step 4

Therefore there are 25 students for every
1 teacher.

2. Proportions

When two ratios are equal to each other, they are ‘in proportion’.
Often it is important to keep things in proportion.
Example

On the left there are two cups of flour, and one cup of
sugar, at ratio 2 : 1. On the right, there are four cups of
flour, and two cups of sugar, at ratio 2 : 1.

Therefore, both groups of ingredients are in proportion
with each other.

b) Arecipe for a cake uses 100 g of flour, 50 g of sugar
and 200 mL of water. Write this as a ratio.

Set up the ratio. We'll use flour : sugar : water.

Fill in the numbers for each quantity into
the ratio.
flour : sugar : water
100:50:200
Look for the highest common factor in the

numbers in the ratio, and divide by it. Here the
largest common factor is 50, so divide by 50.

100:50:200

100 +50=2 50+50=1 200+50=4

2:1:4

Interpret, remembering to include units.

‘Flour’ is 2, ‘sugar’ is 1 and ‘water’ is 4.
Therefore for every one gram of sugar, two
grams of flour and four millilitres of water must
be added.

WORKED EXAMPLE 16 (1 mark)

Are the following ratios in proportion?
10:5and 30:10.

SOLUTION

Step1 Simplify the ratios to compare them.

10:5 30:10

2:1 3:1 +10 both numbers

+ 5 both numbers Q

Step2 Compare the two ratios. If they are the same they are said to be in proportion.

We have ratios of 2 : 1 and 3 : 1. These ratios are not in proportion.
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WORKED EXAMPLE 17 (7 mark)

Rochelle is making eight servings of scones. The recipe says that for two servings of scones, she
should use five grams of salt. Using proportions, work out how much salt should be added to
Rochelle’s scones.

SOLUTION

Step1  Write the ratio involving salt and servings. It is Step3 For eight servings, Rochelle needs to use 20
two servings to five grams of salt. grams of salt.
2:5

Step2 Multiple or divide the ratio to reach the
desired quantity.

She wants to make eight servings, which is four
times as much as two servings, so multiply
by four.

8:20

Questions 2F Ratios and proportions

Refresher question

Q. Simplify the fraction %5

1. Ratios
Q2. There are 12 dogs and 4 cats in a room. Fill in the missing number in the ratio of dogs to cats.
Q3. a) Find aratio for the number of pencils to pens in a shop if there are 24 pencils and 40 pens.
Skl b) Inahotel on a particular day there are 180 rooms and 270 guests. Find the ratio of rooms to guests.

¢) Find a ratio for the number of students in government schools to those in Catholic schools in
Victoria, if there are 615 000 students in government schools and 205 000 in Catholic schools.

Check your understanding

Q4. One Monday morning in a cafe, 20 customers used reusable coffee cups and 80 used take-away cups.
Application  Find this as a ratio. If on Tuesday 50 customers use reusable coffee cups, how many can be expected to
want take-away cups if the ratio stays the same?

2. Proportions

Q5. Are the following ratios in proportion?

Skl 2:4and1:2
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Qé.
Skill

Q7.

Application

Q8.

Application
T mark

Qo.

Application
2 marks

Qio0.

Application
2 marks

Qmn.

Application
2 marks

Q12.

Application
2 marks

Are the following ratios in proportion?
a) 10:3and40:12

b) 1:19and5:85

¢ 7:11and98:154

Check your understanding

A standard landscape photograph has a width to height ratio of 3 : 2. Ned wants to blow up one of
his photos to put on the wall. He’s chosen a canvas that’s 80 cm by 60 cm. Will the photo nicely fit the
canvas, or will it have to be stretched or cropped to fit?

Joining it all together

The ratio of ‘Yes’ voters to ‘No’ voters in the 2017 postal vote was roughly 3 : 2. If roughly 5 million
people voted ‘No’, roughly how many people voted ‘Yes'?

Three jars contain only red and green jelly beans. They are filled with the following ratios of
red : green.

If there are 100 jelly beans in each jar,

a) Which jar has the most green jelly beans?

b) How many green jelly beans does the jar 25:4 10:1 50:7
from a) have?

Jar1 Jar 2 Jar 3

The number of people in Melbourne is approximately 4.5 million. The number of houses is 1.8 million.
Find the ratio of houses to people.

Assuming Newcastle has the same ratio of houses to people, find how many houses are in Newcastle
assuming the population is 500 000.

Kato is baking a red velvet cake.
The ratio of mL of milk to the number of eggs to grams of sugaris 125:1: 160.

Kato has half a litre of milk, 4 eggs and half a kilo of sugar. Kato wants to make 4 batches . One batch
uses one egg. Does she have enough ingredients?

In Melbourne, roughly 66 000 people walk to work, 330 000 people take public transport and 1.419
million people drive to work. Express this as a ratio.

In 2051, Melbourne’s population is set to hit 8 million. Assuming the proportion of people using
different modes of transport is the same in 2051, if 600 000 people take public transport to work in
2051, how many will drive to work?
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Questions from multiple lessons

Q13.  The Richter scale is a logarithmic scale used to measure the amplitude of earthquakes using the
Difficulty:  following formula.

magnitude = log, (amplitude)
1 mark

In 2011, two major earthquakes occurred.
New Zealand experienced an earthquake with a magnitude of 6.3.
Japan experienced an earthquake with a magnitude of 9.0.

How many times stronger was the amplitude of the Japan earthquake compared to the amplitude of
the New Zealand earthquake? Give your answer correct to one decimal place.

A. 14

B. 2.7

C. 1995
D. 501.2
E. 1995.3

Q14.  Scientists are studying the relationship between the variables clothing size (extra small, small,
Difficulty;  medium, large, extra large) and height (in cm).
(]

I mark

These variables are

ordinal and numerical respectively.
ordinal and nominal respectively.
nominal and numerical respectively.

numerical and nominal respectively.

m oo ® p

both numerical.

VCAA 2019NH Exam 1 Data Analysis Q8 - Adapted

Q15.  David Attenborough is producing a documentary on an aardvark population in Namibia.
Difficulty:

3 marks

His team monitored the population over a three-year period.
At the beginning of monitoring, the population contained 65 aardvark cubs and 232 fully-grown aardvarks.
a) What percentage of the aardvarks are cubs? Give your answer correct to the nearest percent. (Imark)

b) After the first year of monitoring, eleven of the aardvarks passed away. Express this change as a
percentage of the original population, correct to one decimal place. (Imark)

c¢) From the beginning of monitoring to the end of the three-year period, the aardvark population
increased by 24%. What is the current population, correct to the nearest whole number? (1mark)
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LESSON 2G

The unitary method

The key skills you will learn in this lesson are:
1. Finding the number of units
2. Finding the amount for one unit

3. Finding the amount for many units

VCAA key knowledge point:

“the unitary method and its use to make
comparisons and solve practical problems
involving ratio and proportion”

Mathematics Area of Study key knowledge points derived
from VVCE Mathematics Study Design 2016-2020 p.19;
© The Victorian Curriculum and Assessment Authority
(VCAA). Used with permission.

The unitary method is used to find a quantity for a large number of identical terms, such as the
cost of 1500 apples, or the time taken to write 350 letters. It works by first calculating the cost or
time taken for one item, and then multiplying this by the total number of items in question.

1. Finding the number of units

The first part of the unitary method is finding how many
‘units’ there are.

Some examples of units are:

e number of people

e number of litres

e number of minutes.

A unit is the thing you are counting or measuring.
To find the number of units, use:

number of units in one thing X number of things

Example
How many seconds in 20 minutes?

Number of seconds per minute is 60 and number of
minutes is 20.

60 x 20 = 1200 seconds

WORKED EXAMPLE 18 (1 mark)

A school bought new tables for four classrooms. Each classroom got 25 new tables.

How many new tables did the school buy?

SOLUTION

Step1 Ask two questions:
How many tables are in one classroom?
25

How many classrooms are there?

2. Finding the amount for one unit

When the total number of units is known, it is possible to
find the amount for one unit.

The ‘amount’ often refers to:

e cost

e weight

e time.

To find the amount for one unit use:

amount per unit = total amount <+ number of units

© Edrolo 2020

Step2 Multiply those numbers:
25 X 4 = 100 tables
Step3 Write the answer.

The school bought 100 tables.

Example

Five sandwiches cost $30. What is the cost of
one sandwich?

The total amount is $30, and the total number of
sandwiches is 5.

30+-5=6

Each sandwich costs $6.
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WORKED EXAMPLE 19 (7 mark)

A school spent $3000 when they bought 100 tables. What is the cost for one table?

SOLUTION
Step1 Ask two questions: Step2 Divide the amount by the number of units to get
What is the total amount? the answer:
$3000 3000 = 100 = 30
What is the number of units? Step3 Write the answer.
100 One table costs $30.

3. Finding the amount for many units

Once the amount for one unit is known, it is possible to find the amount for any number of units.

This method is useful because it takes known data and turns it into a future prediction.

This is useful for many situations, for example:

e The use of past fuel consumption to estimate how much the fuel for a road trip will cost.

e The owner of a restaurant finds how much a burger costs to make, to decide how much to charge per burger.
To find the amount for many units, use:

amount for one unit X new number of units

WORKED EXAMPLE 20 (7 mark)

A school will buy another 230 tables at $30 for one table. How much will this cost?

SOLUTION
Step1 Ask two questions: Step2 Multiply those numbers to get the answer:
What is the cost for one table? 30 x 230 = 6900
$30 Step3 Write the answer.
How many tables will the school buy? It will cost $6900 to buy 230 tables.
230

Questions 2G The unitary method

Refresher question

Q1. How many grams are there in a kilogram?

1. Finding the number of units

Q2. There are five seats in each of these three cars. How many seats are there in total?
Skill

© Edrolo 2020




74 2G THE UNITARY METHOD

Qs.
Skill

Qa.
Skill

Q5.
Skill

Q6.
Skill

Q7.
Skill

Q8.

Application

Qo.

Application
3 marks

How many:
a) minutes are there in 24 hours?

b) grams are there in 4.5 kg?

Check your understanding

Each day your friend gives you the same amount of stickers. After seven days you have 21 stickers.

How many stickers did you get each day?

2. Finding the amount for one unit

Find the following:
a) Ricardo buys 14 snake lollies for $2.10. How much does one snake lolly cost?

b) A dozen eggs weigh 600 g. How much does one egg weigh?
NOTE: A dozenis 12.

c) Joereads 16 pages of his novel for English homework. It takes him 25 minutes in total. How long
does it take him to read one page? Give your answer in minutes rounded to 1 decimal place.

Check your understanding

Ingrid says she can read a page of a novel in 1.2 minutes.

How long does it take her to read 16 pages?

3. Finding the amount for many units

Find the following:

a) You buy five tickets to a concert. The tickets are $15 each.
How much does it cost in total?

b) An Olympic-sized swimming pool holds 2500 kilolitres of water and water costs $2.70 per kilolitre.
What is the cost of filling up the pool?

Check your understanding

You want to buy new wheels and laces for your pair of roller skates. There are four wheels and one
lace on each skate. How much will it cost you in total?

The wheels cost $8 each and the laces cost $2 each.

Joining it all together

_—
For this two litre bottle of milk:
a) How many mL of milk are there? O
b) How much does one mL cost, in cents,
rounded to two decimal places? $2.59 2L
c¢) How much does one cup cost, in cents,

rounded to two decimal places?
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Q10.

Application
1 mark

Q.

Application
1 mark

Q12.

Application
T mark

Q13.

Application
1 mark

Q14.

Application
1 mark

Q15.

Application
2 marks

2G THE UNITARY METHOD

At the fruit store you buy seven oranges for $2.31.
How much would it cost to buy 25 oranges?
Follow these steps:

e Find the cost of one orange.

e Find the cost of 25 oranges.

On Patrick’s last hiking trip he packed 1080 g of food for four days.
For his next hiking trip he wants to take enough food for 17 meals in total.

If on his last trip he had three meals a day, how many grams of food should he take? Assume each meal
is the same weight.

Follow these steps:
e Find the number of meals for his last trip.
e Find the weight of each meal.

e Find the total weight of the meals for his next trip.

You watch two seasons of your favourite TV show without a break. Each season has eight episodes.
It takes four hours and 48 minutes.

The next day you watch 3 episodes of the show.

Which of the following is not true?

A. I[ttakes more than 50 minutes.

B. Ittakes less than 58 minutes.

C. [Ittakes more than 55 minutes.

Susan cycles to school. How long would it take her to cycle from Melbourne to Sydney
at the same pace? Give your answer to the nearest hour.

Trip Distance (km) Time
Home-School 8 30 minutes
Melbourne-Sydney 878 ?

Agnes is selling raffle tickets as a fundraiser for the local footy club.

She has five books of tickets, and each book has 100 tickets. If she sells all the tickets she will
raise $750.

Show that she raises less than $260 if she sells 173 tickets.

Five cubby house kits weigh 580 kg. A hardware store hires a truck to transport these kits.
The truck can carry up to 2240 kg.
a) What is the maximum number of kits that the truck can carry?

b) How many trucks would the hardware company need to hire to transport 150 kits?

75
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Q1e.
Difficulty:

T mark

Q17.
Difficulty:
a

Year 10
1 mark

Q18.
Difficulty:

2 marks

Questions from multiple lessons

At Sinead’s favourite vegan cafe, a small smoothie is 260 mL and a regular smoothie is 350 mL.

The increase in volume if Sinead sizes up from a small to a regular smoothie, as a percentage of the
small smoothie’s volume, is closest to

A. 25.7%
B. 31.4%
C. 34.6%
D. 38.5%
E. 42.3%

The following stem plot displays the hourly wage, in dollars, of 35 hospitality workers.

Key: 13|5=$13.50 n=35

13 |5

142 7

15|/0 3 6 8 8
16 (3 4 5 9
7|0 0 6 7 7 7
18 |4 8
19|55 8 9
2010 2 9
212 5 5 6
22 |0

231 4 8

What is the median hourly wage?

A. $17.60
B. $17.65
c. $17.70
D. $18.05
E. $18.40

VCAA 2018NH Exam 1 Data analysis Q1 - Adapted

The floor plan of a Brighton mansion has a scale of 1:500.
Thus, every 1 centimetre on the map represents a distance on land of 500 centimetres.

a) On the floor plan, the distance from the front fence to the back fence of the property is 14.2 cm.
What is the actual distance in centimetres? (Imark)

b) The actual distance between the tennis court and the swimming pool is 5205 cm. What is this
distance on the floor plan? (1mark

© Edrolo 2020
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LESSON 3A

Financial percentage change

The key skills you will learn in this lesson are:

1. Percentage
2. Percentage change

3. Discounts and mark-ups

1. Percentage

A percentage is any number that represents a proportion
out of 100. Percentages can be used to compare two
values by expressing one value relative to another value.
Example

The Eureka tower is 92% the height of the Eiffel tower.

There are various formulas for working with percentages. 100%
Here V, is one value and V, is another value.

The formula to calculate V, as a percentage of V| is

|4

Percentage = 72 x 100
1

VCAA key knowledge point:

“percentage increase and decrease applied to
various financial contexts such as the price

to earnings ratios of shares and percentage
dividends, determining the impact of inflation
on costs and the spending power of money
over time, calculating percentage mark-ups
and discounts, and calculating GST"
Mathematics Area of Study key knowledge points derived
from VCE Mathematics Study Design 2016-2020 p.19;
© The Victorian Curriculum and Assessment Authority
(VCAA). Used with permission.

WORKED EXAMPLE 1 (7 mark)

What is the price of bananas per kilo in March compared to the price in February, as a percentage?

February e March
$3.50 per kilo $2.90 per kilo

SOLUTION

Step1 Choose a formula that expresses percentage.

v
Percentage = 72 x 100

1

Step2 Find the required terms in the equation. Here we compare March to February.

So February is V, and March is V,.
V, = 3.50
V, =290

Step3 Substitute these into the formula. Calculate the answer.

_ 290 —
Percentage = 350 X 100 = 82.86

Step4 Interpret the result.

The price of bananas in March is 82.86% of the price in February.

© Edrolo 2020
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2. Percentage change

Percentages can be used to express the change between two values.

This is done by looking at the difference between two values.

For example, using the height of the Eiffel tower as reference, the Eureka tower is 8%
(equal to Wso) shorter.

This is a percentage change of 8%.

Example

One formula for expressing change as a percentage is
Change
Original value

8% |

Percentage change = x 100

TTTIRSSSSNAANNNIVATINY

If 4 and V, are known, the following formula can be used.

V.
Percentage change = — 7 L x 100

1

Here:
100% 92%

e V isoriginal value and V, is final value.

e V,—V, isequal to the change.

— ——
INEZSITTIZ 5SSO
NV

To find the original value, V,, or the final value, V,, when the change expressed as a percentage
is known, use the following formulae.

Finding the original value, V, Finding the final value, V,
_ 100 _ 100 + Percentage change
U = g 2 100 + Percentage change V=V % 100

January ) February
$3.00 per kilo $3.50 per kilo

This is a percentage change of 16.67%.

In February, the price has increased by 16.67%

79

WORKED EXAMPLE 2 (2 marks)

Find the following percentage changes:
a) anincrease in the price of bananas from $2.90 per kilo to $3.05 per kilo.

b) anincrease in the price of mushrooms from $9.50 per kilo to $12 per kilo as a percentage.

SOLUTION

a) anincrease in the price of bananas from $2.90 per Step3 Substitute these into the formula.
kilo to $3.05 per kilo. Calculate the answer.

Step1 Choose a formula that expresses change as Percentage change = g—ég X 100

a percentage.

Change Percentage change = 5.17

Oriainal value X 100
Original value Step4 Interpret the result.

Step2 Find the required terms in the equation.

Percentage change =

Change = 3.05 — 2.90 = 0.15 $2.90 to $3.05.
Original value = 2.90

The price of bananas has increased 5.17% from
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b) anincrease in the price of mushrooms from $9.50 per kilo to $12 per kilo as a percentage.

Step1 Choose a formula that expresses change as a percentage.

V, -V
Percentage change = x 100

Vl
Step2 Find the required terms in the equation, V, and V.
V, =95
V, =12

2

Step3 Substitute these into the formula. Calculate the answer.

Percentage change = % %X 100

Percentage change = 26.32

Step4 Interpret the result.
The price of mushrooms has increased 26.32% from $9.50 to $12.00.

3. Discounts and mark-ups

Discounts and mark-ups are changes in price that can be expressed as percentages. The change in price can either be
found in dollars and then converted to a percentage, or vice-versa.

Percentage change
100

Price change = Original price X
Discounts
Discounts are any kind of price decrease, and are often seen during sales.
Final price = Original price — Price change
Example
A discount of $2 applies to apples in a shop, normally sold at $4.50 per kilo. The new price is $2.50 per kilo.
Mark-ups
Mark-ups are any type of price increase, often referring to shops increasing the prices of their stock to make a profit.
Final price = Original price + Price change

Example

A milk bar buys Chupa Chups for $0.60 and sells them for $1. This is a mark-up of $0.40.

WORKED EXAMPLE 3 (1 mark)

A store buys hats for $22 and sells them at a 50% markup. How much do they sell for?

SOLUTION
Step1 Identify what we are looking for. Step3 Find the new price.
We know that the original price is $22, and the This is a mark-up, so we use:

mark-up amount is 50%. Final price = Original price + Price change

We need to find Price change. The formula we Final price = 22 + 11
need is: Final price = 33
Percentage change

Price change = Original price X

100 Step4 Write the answer.
Step2 Substitute the known values into the formula The hats sell for $33.
to find the price change.
; - 50
Price change = 22 X 100

Price change = 11

© Edrolo 2020
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Questions 3A Financial percentage change

Refresher question

Q1. If I have 10 apples and 3 are red, what percentage are red?

1. Percentage

Q2. Andy is 150 cm tall and Bertha is 165 cm tall.

Skill a) Use this formula to find Andy’s height as a percentage of Bertha’s height to one decimal place:
Andy’s height
Bertha’s height

b) Complete this sentence:

Andy is |:| % the height of Bertha.
c) Find Bertha’s height as a percentage of Andy’s height.

Percentage = x 100

Check your understanding

Q3. Which of these has the biggest percentage discount?
Application

Now $35,000!
That’s SS,O(_)_O off_! W)

madness!

& b
isSants 3 $
P N
$4.503 Today $2.50

P W
=3 '&Q

Photo by Haythem Gataa on Unsplash

2. Percentage change

Q4. The following question has been partially answered. Look at the working out below, and fill in the
Skill missing numbers.

$10.50 is marked up to $13.35. What is this increase as a percentage?

V. -V
Percentage change = —* 7 L x |:|
1
_ 1335 —-10.50
- 1050 X |:|
_ 2.85
- 10.50 X |:|
02714 x | |

Percentage change = 27.14
This increase as a percentage is |:| %.

Q5. Express the following changes as a percentage and indicate whether the percentage represents an
Application  increase or a decrease.

a) The price of avocados was $8 per kilo last month but has increased to $12 per kilo this month.

b) Monday’s maximum temperature was 23 degrees Celsius and Tuesday’s maximum temperature was
16 degrees Celsius. Give your answer correct to two decimal places.

c) Bianca’s height last year was 1.53 m and this year is 1.60 m. Give your answer correct to two
decimal places.
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Qé.

Application

Q7.

Application

Qs.
Skill

Qo.

Application

Q10.
Application

Q.

Application

Check your understanding

Last year at Village Cinemas, the price of a movie ticket for a student was $15. This year the price went
up 13.33%. What is the price of a student ticket this year? Round your answer to two decimal places.

In Round 1, Ken’s cricket team scored 124 runs. In Round 2, they scored 36 percent less than Round
1. In Round 3, they scored 22 percent more than in Round 2. Calculate their score in Round 3. At each
step round the score to the nearest run.

3. Discounts and mark-ups

A dress that normally sells for $75 is marked down by 15%. What is the discounted price, rounded to
the nearest cent? Use the working below to help you.

P t h
Price change = Original price X ereen 611%8 crange

15
100

= $75 x
Price change = $11.25

Final price = Original price — Price change

Final price = ‘ ‘ — ‘ ‘

Final price = |:|

For each of the following, find

i. the price change ii. the new price

a) A T-shirt bought with an original price of $12 is marked up by 20%.

b) A giant chocolate bar is usually $25, but it currently has a discount of 45%.
¢) String lights with an original price of $12.50 are marked up 98%.

Check your understanding

To deal with having too many hats in stock, Cotton On has decided to discount the hats by $5. All hats
sell for $14.95 normally. What is the discount as a percentage, correct to two decimal places?

Clara wants to buy a suit at Beaut Suits. Normally suits at Beaut Suits are priced at $199. Beaut Suits
have a range of monthly specials, as seen below.

Clara decides to buy two suits in October. How much is the total discount per suit, in dollars, when
buying two suits in October, compared to the original price?

Wenter
° All coats

MAY SALE 10% OFF TWO SUITS FOR $300
PAIRS
OF SHOES
ALL BELTS
HALF PRICE!
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Joining it all together

Q12.  Alarge pizza at Joey's Pizza is 20% more expensive than a small pizza. If a large pizza costs $18 and a

Application medium pizza costs $16, how much does a small pizza cost? Round your answer to two decimal places.
1 mark

Q13. A film editor takes the director’s cut of a film and cuts down the footage by 27%, into the film'’s final
Application  version. If the final version goes for 118 minutes and there originally was six hours of footage, what was
1 mark the length of the director’s cut of the footage, to the nearest minute?

Q14.  Calculate the following discounts as a percentage and state which one is the largest.
]Apmpa”[ia“‘)” e $18 off a watch worth $100
$4 off a DVD worth $12
$2 off a block of chocolate worth $5
$8 off a book worth $25

Q15.  Four people, Will, Xanthe, Yan and Zach, are participating in a silent auction for a signed cricket bat.

Application The reserve price is $1200. Will offers 10% more than the reserve, Xanthe offers $99 more than the

1 mark reserve, and Yan offers 25% more than the reserve. Zach knows how much Yan will offer and offers
$50 more. Who won and how much was the winning bid?

Q16.  Matthew wants to sell his bike to make some money. Matthew’s friend offers to buy it for half of the

Application  original price. Matthew’s teacher wants to buy it for her son, and offers $80. Matthew gets a better

T mark offer from Dee, whose offer is 20% higher than the offer from Matthew’s friend. Matthew accepts this
offer, for $108. What was the original price?

Q17. Three people, An, Boris and Celina, are participating in an auction for a maths textbook from the
application 1920s. The following table represents the increasing bids in the auction. Boris won the auction with a
1 mark bid of $170. What was the starting bid?

Bid # An Boris Celina
1 +$5
2nd +10%
3+ +$5
4 +$6
5th +20%
6t +$18
7t +10%
Winning bid +$5

VCAA question

Q18.  Aninvestment property was purchased for $600 000. Over a 10-year period, its value increased to
Tmark $850 000. The increase in value, as a percentage of the purchase price, is closest to

A. 4.2%

B. 25.0%
C. 294%
D. 41.7%
E. 70.6%

VCAA 2015 Exam 1, Module 4: Business-related mathematics. Q2
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Q19.

Difficulty:

Year 10
T mark

Q20.

Difficulty:

Year 10
T mark

Q21.

Difficulty:

2 marks

Questions from multiple lessons

A beanie store is currently having a Boxing Day sale. The price of a beanie is usually $9.80. If there is a

20% discount on all beanies, how much is the price of a beanie reduced by?

A. $1.96
B. $7.84
C. $2.00
D. $7.80
E. $2.04

VCAA 2015 Exam 1 Module 4: Business-related mathematics Q1 - Adapted

The following stem plot displays the number of hours driven for twenty
Year 12 students on their L’s.

The modal number of hours driven is

A. 36
B. 44
C. 655
D. 66
E. 88

VCAA 2016 Exam 1 Data analysis Q3 - Adapted

Key: 2 | 8 = 28 hours

2 |8

3|6 6

4 |1 4 4 7
5|8 9
6|56 6 6 69
7 |8

8|8 8

9 |1

10 | 6

A hydrotherapy session costs $800.

Concession card holders are offered a discount of $120 off the full price.

a) Write down the discount for concession card holders as a percentage of the full price. (mark)

Those that do not have concession cards also have to pay an extra $60 per hour that they spend in the

hydrotherapy pool after their session.

b) John does not have a concession card and spends an extra five hours in the pool. What is the total he

has to pay? (mark)

VCAA 2015 Exam 1 Module 4: Business-related mathematics Q1 a,b - Adapted
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LESSON 3B

Financial percentage change applications

“percentage increase and decrease applied to
various financial contexts such as the price
The key skills you will learn in this lesson are: to earnings ratios of shares and percentage
dividends, determining the impact of inflation
1. GST on costs and the spending power of money
2. Dividends and shares over time, calculating percentage markups and
discounts, and calculating GST"

3. Percentage applications ) ) )
Mathematics Area of Study key knowledge points derived

from VCE Mathematics Study Design 2016-2020 p.19;
© The Victorian Curriculum and Assessment Authority
(VCAA). Used with permission.

1. GST

The Goods and Services Tax, or GST, is a 10% tax applied to most sales in Australia.
Businesses making more than $75 000 per year need to include GST in their final price.
Throughout this lesson:

e (@ will indicate a price including GST

e P will indicate a price not including GST.

To calculate the GST included in a price, use the following formula.
_Q
GST = 47
To find the GST that needs to be added to a price non-inclusive of GST, calculate 10% of the price.
P

GSTZE

To find the GST-inclusive price from a price non-inclusive of GST, use either formula below.

_Px11
Q= 10

Q=P+ GST

WORKED EXAMPLE 4 (2 marks)

a) Calculate the GST included in a $15 000 car.

b) Calculate the GST-inclusive price of a lamp if it sells for $120 non-inclusive of GST.

SOLUTION

a) Calculate the GST included in a $15 000 car. b) Calculate the GST-inclusive price of a lamp if it sells

for $120 -inclusive of GST.
Step1  We have Q and are looking for GST. Find the or$ HoMNEsive o

relevant formula. Step1 Find the formula to get Q from P.
_Q _Px11
GST = 11 Q= 10
Step2 Substitute 15000 into the equation. Step2 Substitute 120 into the equation.
_ 15000 _ 120 x 11
GST = 11 Q= 10
Step3 Calculate. Step3 Calculate.
GST = $1363.64 Q = $132
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2. Dividends and shares

Shares are units of ownership in a company. Public companies issue shares to raise money for their business. In
exchange, the people who buy shares, called shareholders or investors, usually receive a share of the profit made by
the company each year, called a dividend.

The dividend received by shareholders can be related to the profit by the following formula.

Total dividend paid
Number of shares in company

Dividend per share =

Some useful formulas exist to evaluate the performance of a company. The price to earnings ratio (PE ratio) measures
the amount paid for shares compared to the dividend returned. Investors prefer a low PE ratio. An ‘average’ PE ratio is
around 15—25.

Share price per share
Dividend per share

Price to earnings ratio =

Percentage dividend also measures cost and benefit. A high percentage dividend means the shareholder receives a
high dividend for each share owned.

Dividend % 100

Percentage dividend = Share price

WORKED EXAMPLE 5 (7 mark)

Calculate and interpret the PE ratio for The Lean Green Bean company, which has a current share price of $3.65 and
paid a dividend of $0.45 last year.

SOLUTION

Step1 Use the PE ratio formula. Step3 Calculate.
Share price per share
Dividend per share

Price to earnings ratio = Price to earnings ratio = 8.11

Step2 Substitute the share price and most recent Step4 Interpret. This ratio is lower than average,
dividend into the equation. which is good for investors who want a high
3.65 dividend each year.

Price to earnings ratio = Vas

3. Percentage applications

As seen in lesson 3A, percentages are often used to express a change. In this section we will apply percentage change
to everyday situations.

WORKED EXAMPLE 6 (2 marks)

The price of gold in Australia in 2010 was about $40 per gram.
a) Ifthe price increased by 20% to 2015, what was the price in 2015?
b) If the price was $55 per gram in 2018, what was the percentage change from 2010 to 2018?

SOLUTION
a) Ifthe price increased by 20% to 2015, what was the price in 2015?

Step1 We are searching for V,, the new value. Find the formula in lesson 3A.

100 + Percentage (Change from V, to V)
2= i X 100

Step2 Substitute the values.

_ 100 + 20
V, =40 X —100
Step3 Calculate.

V, = $48 per gram
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b) If the price was $55 per gram in 2018, what was the percentage change from 2010 to 2018?

Step1 Find the correct formula. We have V, and V, and want the percentage change.

Percentage change (from V, to V,) = —-— x 100

Vl
Step2 Substitute the values.
V, = 40
v, =55
Percentage change (from V, to V,) = 554;040 x 100

Step3 Calculate.
Percentage change (from V, to VZ) = 375
The percentage change from V. to V, is 37.5%.

Questions 3B Financial percentage change applications

Refresher question

Q1. Fill in the gap: GST is a |:| % tax added to goods and services in Australia.

1. GST

Q2. What is the price of a watch including GST (Q) if the price without GST (GST-exclusive price, P) is $80?

Skill Finish this working to find Q.
P =80
_Px11
0="T0o
_80x11
10

0o=$

Q3. Find the GST-inclusive price (Q) of the following items.
Skill

a) Shoes with a GST-exclusive price of $180.
b) Alandscaper who quotes $350 for a job, excluding GST.
¢) A Blu-ray movie bought for $14.50, excluding GST.

Q4. Find the GST included in the following items rounded to 2 decimal places:
Skl a) Ahat that sells for $45 in a store.

b) A bicycle that sells for $175 in a store.

¢) Analbum purchased online for $16.99.

Check your understanding

Q5. A pair of Marvel socks costs $20, including GST. A pair of DC socks costs $18.50, excluding GST.

Application ca]culate the retail price of the DC socks and determine which socks are more expensive.

© Edrolo 2020



88 3B FINANCIAL PERCENTAGE CHANGE APPLICATIONS

Qé.
Skill

Q7.
Skill

Q8.
Skill

Qo.
Skill

Qio.
Skill

Q.
Skill

Q12.

Application

Q13.

Application

2. Dividends and shares

If the total dividend given out by a company is $1000, and there are 500 company shares owned by
shareholders, find the dividend per share.

Calculate the price to earnings (PE) ratio for the following companies, to two decimal places.
a) Woolworths has a share price of $27.90 and a dividend per share of $1.25.

b) Cochlear has a share price of $194.06 and a dividend per share of $4.31.

¢) Origin Energy has a dividend per share of $0.59 and a share price of $9.75.

Check your understanding

What is the share price of Qantas if they have a dividend of $0.60 and a PE ratio of 9.67?
Round your answer to two decimal places.

Which of the following two companies have the higher share price?
Bega Cheese: Dividend of $0.41, PE ratio of 17.3
Inghams Group: Dividend of $0.28, PE ratio of 13.3

3. Percentage applications

Fill in the blank.
Calculate the percentage change in the price of pears increasing from $3 per kilo to $5 per kilo.
Original Price = 3
New Price = 5
Change
Original amount *
_5-3

= X

3
= 066.67

The percentage change is E%

100

Percentage change =

Find the percentage change in the following scenarios:
a) A cafe increasing its milkshakes from $4 to $5.
b) Anitem thatis discounted from $20 to $14.

¢) Adance school increasing class fees from $30 to $35.

Check your understanding

Two weeks ago the price of petrol was $1.40 per litre. In the week after, the price increased by 10%.
The week after that, it dropped by 5%.

What is the current price of petrol? Give your answer to two decimal places.

The average price of a can of coke increased 300% from 1970 to 1990.

From 1990 until now, it has increased 150%. Currently the average price at a corner shop
is $2.50.

What was the average price in 19707
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Joining it all together

Q14. Find the total cost of the three items in the table below including GST.

??npa”ria“‘)” If Xavier has a twenty percent discount card, how much will buying the three items cost?

Item Cost (exc. GST)
Xbox One X $450
TV $1500
Soundbar $120

Q15.  Company X has an overall profit of $1 million, a share price of $2.80 and a dividend of $0.25.

Application Company Y has an overall profit of $5 million, a share price of $12.25 and a dividend of $0.35.

2 marks
Assume all profit was given as dividends. Calculate the number of shares and the percentage

dividend for the two companies.

Which company looks more attractive to investors?

Q16. At Mt Dandenong High School, the year 7 English class has 32 students, and the maths class has 16

Application  students. After one week of classes, 10 students in the English class change into the maths class.

2 marks
Represent the change in both classes as a percentage.

Q17. Who spent the most money today? Kathy hired an electrician at $85 an hour (exc. GST) for three
Application  hours. Linda bought 100 shares in a company that last year paid dividends per share of $0.10 and
2marks  has a PE ratio of 35.

Q18.  Sergey has a 10% off voucher. If Sergey buys some products with GST, does he pay less than, equal

Application  to or more than the GST-exclusive price?
T mark

Q19.  Eric works at a cafe. Read the following cartoon and calculate the actual amount Eric should’ve

Application  charged the customer.
Tmark

Ok, well it's 10% off on weekdays Have a great da-
Can | get one latte and so that'll be $10.53 all up. What are you doing!?

one croissant please? But the standard
10% discount?

Huh? You changed it? .
Why didn't you tell me? | really need a new job...
¢ i 1
It s your job to know! »
)
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Q20. Bangin Fones has one product. They sell headphones for $120 each. The cost to make each one is
ppplication $35. The total amount of money paid to staff in 2018 was $260 000.

et a) Look at the graph below, and calculate the amount of profit made in 2018.
20% of the profit is reinvested into the company and the rest is paid in dividends.
The total number of shares is 350 000.
b) Whatis the dividend per share, to the nearest cent?

Sales by Year of Headphones
6000

5800 /
5600 /
5400 /
5200 /

5000 /
/

Unit sold

4800
4600
2015 2016 2017 2018
Year
Q21. Thomson Reservoir in Melbourne can hold 1.068 million ML of water. At the end of March one year,

Application it has 636,100 ML. It loses about 750 ML every day in April due to water use in Melbourne. Round
Smarks  your answers to two decimal places for this question.

NOTE: One megalitre (ML) is equal to 10° litres.

a) Calculate the percentage change in amount of water stored, relative to the reservoir’s total capacity,
over the entire month of April, assuming no rain. (1mark)

b) A day of rain results in 900 million litres of water entering the reservoir. If it rains every Sunday
and Tuesday in April, and the first day of the month is a Sunday, calculate the percentage change in
amount of water stored, relative to the reservoir’s total capacity. @marks)

VCAA question
Q22. Jane and Michael have started a business that provides music at parties. The business charges
2marks  customers $88 per hour. The $88 per hour includes a 10% goods and services tax (GST).

a) Calculate the amount of GST included in the $88 hourly rate.

After six months of regular work, Jane and Michael decided to increase the hourly rate they charge
by 12.5%.

b) Calculate the new hourly rate (including GST).

2015 Exam 2, Module 4: Business-related mathematics. Qla, Qlc
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Questions from multiple lessons

Q23.  Arare painting was bought for $140 000 in 2012.
Difficully:  1n 2019, it sold at auction for $189 000.

l'r:ark What is the increase in value, as a percentage of the original purchase price?
A. 5.0%
B. 25.9%
C. 35.0%
D. 42.1%
E. 741%

VCAA 2015 Exam 1 Module 4: Business-related mathematics Q2 - Adapted

Q24. The following histogram shows the distribution of the number of pets in different households.

Difficulty:
| 30+
Year 10
1 mark 25+
> 20
<
[
S
‘E‘- 151
w
101
5-
: ¢ : :
0 2 4 6 8 10 12 14
Number of pets

Using this histogram, the percentage of these 45 households with fewer than two pets is closest to

A. 26%
B. 42%
C. 58%
D. 44%
E. 57%

VCAA 2016 Exam 1 Data analysis Q6 - Adapted

Q25. Ahouse was purchased in Eltham for $750 000. A 20% deposit was paid.

Diffiulty:  3)  Calculate the deposit. (1mark)

a
Year 10

Smarks e price of $750 000 included 10% GST.

c) Calculate the price of the house before GST was added. Give your answer correct to the nearest dollar.
(1 mark)

b) Determine the amount that the homeowners still owe after the deposit is paid. (1mark

VCAA 2012 Exam 2 Module 4: Business-related mathematics Q1 a,bi,c - Adapted
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LESSON 3C

Simple interESt VCAA key knowledge points:

“applications of simple interest and
compound interest”

The key skills you will learn in this lesson are: “cash flow in common savings and credit

1. Introduction to simple interest accounts including interest calculation”

Mathematics Area of Study key knowledge points derived
from VVCE Mathematics Study Design 2016-2020 p.19;
3. Working with balance sheets © The Victorian Curriculum and Assessment Authority
(VCAA). Used with permission.

2. Simple interest in practice

1. Introduction to simple interest

When money is loaned to a person or organisation this loan will usually have to be repaid
with interest. Interest is money paid in return for having a loan.

Earning interest /'m\‘

Investment
Investing money with a financial institution (such as a bank or superannuation

fund) can be thought of as giving a loan to an organisation.

Banks use the money deposited in their accounts to make their own Interest
investments. The banks then pay the account holders interest for letting them \ /
use their money.

Paying interest / u—g

Banks and other organisations like to lend money to people. In this case, Loan
the person with the loan will pay interest. This is one way banks and other
organisations make money:.

DDDDDD

The amount of interest paid depends on three things: \\'”teresl/
e The amount borrowed or loaned, called the principal.

e The interest rate, which is the percentage of the principal paid each time period.

e The number of time periods.

In simple interest scenarios, the interest charged is kept separate to the principal. This means that
the principal does not change as interest is paid.

The formula for simple interest (1) is:

Prn
I'=To0r

e Pisthe principal.

where:

e ris the interest rate per time period, expressed as a percentage.
e nisthe number of time periods.
Example

If the monthly interest rate is 1%, the loan lasts half a year, and the interest is paid monthly, then
r=1andn=6.

WORKED EXAMPLE 7 (1 mark)

Marge deposited $500 in a savings account that pays simple interest at a rate of 4% per annum.
How much interest will she have earned after three years?
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SOLUTION
Step1  Write out the simple interest formula and assign Step3 Compute the value of I.
values to the variables. I =60
I = Prn
100 Step4 Interpret the result.
P = 500 because Marge deposited $500. The account earned $60 in interest in three years.

r = 4 because the interest rate is 4%.

n = 3 because the amount of time is 3 years.

Step2 Substitute in the values.

[=200x4x3
100

2. Simple interest in practice

Total value of an investment or loan

The total value of an investment or loan, 4, is given by the formula:
A=P+1
This formula can also be written as:

A:P(1+%>

Working with different time periods
Interest rates are usually stated as a yearly rate, also called ‘per annum’ or ‘p.a., but the interest is

often paid more frequently, such as monthly or quarterly. In financial mathematics the following
estimates are used when dealing with different time periods:

12 Months

4 Quarters

1Year =
52 Weeks

365 Days

If you are not familiar with converting units, please refer to Lesson 2G.
Using the simple interest formula to find the rate, period, or principal

To find the rate, period, or principal the simple interest formula needs to be transposed to make
r, P, or n the subject.

Here are the transposed formulae:

Principal: P = 19,(1)1 or P = #m
1000 . 100(A _
Rate: r = Pn r=-g (P 1)
e 1001 _100(A _
Number of periods: n = Pr =5 (P 1)

WORKED EXAMPLE 8 (7 mark)

Marge deposited $500 in a savings account that pays simple interest at a rate of 4% per annum.

Currently there is $860 in the account. For how long has the money been in the account?
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METHOD 1: TRANSPOSING

Step1  Write out the simple interest formula that Step3  Substitute in the given values.
includes the total value of an investment. - 100( 860 _ 1)
_ rn 4
A=P(1+35) 500
Step2 Transpose the equation to make the number of Step4 Compute the value of n.
periods, n, the subject. n=18
n= @(% - 1) Step5 Interpret the result.
The money has been in the savings account for
18 years.
METHOD 2: USING A FORMULA
Step1 Identify the required formula. Step2 Substitute in the given values.
We need to find the number of periods so we = %( % - 1)
. _ 100! _ 100/ A
can use either n = pr 0T ="F (ﬁ B 1>' Step3 Compute the value of n.
However, we don’t know the interest, I, but we n =18
do know the final amount, 4. So we use
Step4 Interpret the result.

n=100(4 1)

The money has been in the savings account for
18 years.

METHOD 3: SOLVING USING CAS

Step1 Substitute the given values into the simple

interest formula that includes the total value of
. _ rn .
an investment, A = P(l + 100 ), and type this

equation into your calculator.

860 = 500(1 + 71%)

Use the solve function to find the value of n.

n=18

Step 2

The money has been in the savings account for
18 years.

solve(860=500(1+41/100),1)

£ Edit Action Interactive
03 | & | fasime [ 125 | ¥ | A
solve (860=500(1+4n/100),n)

3. Working with balance sheets

The money that enters and exits a bank account is often summarised in a balance sheet.

One way to calculate the interest for a period is by using the smallest amount of money in the

account during that time.

WORKED EXAMPLE 9 (7 mark)

The transaction details for a savings account of the month of October 2016 are shown in the table below.
NOTE: ‘Brought forward’ refers to the balance from the last day of the previous month being

carried over to the first day of the current month.

Date Details Deposit Withdrawal Balance
01 Oct. 2016 Brought forward 320.00
09 Oct. 2016 Income 400.00 720.00
17 Oct. 2016 ATM withdrawal 150.00 570.00

Interest is calculated and paid monthly on the minimum balance for that month. The interest rate
for the account is 3% per annum. How much interest will the account earn for October 20167
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SOLUTION
Step1  Write out the simple interest formula. Step4 Substitute in the given values.

[ = P _320%x0.25 x 1

100 I= 100

Step2 Identify the minimum balance for the month. Step5 Compute the value of I.

This acts as the principal.

=08
$320.00

Step 6 Interpret the result.
Step3 Convert rinto a monthly rate expressed as a

. . The account earned 80 cents in interest in
decimal or fraction.

October 2016.
r=3%p.a

r=1i=0.25

Questions 3C Simple interest

Refresher question

Q1. a) Express 3% as:
i afraction.
ii adecimal
b) How many:
i months are there in a year?
ii  weeks are there in a month?

iii  months are there in a quarter?

1. Introduction to simple interest

Q2. Mr Barefoot has $100 in a bank account that pays simple interest at a rate of 2% per annum.

Skill a) Find an expression for the amount of interest that Mr Barefoot will earn in a year by filling in the

missing numbers in the equation below.

;= CIXC X
100

b) How much interest will Mr Barefoot have earned in a year?

Q3. Kai takes out a loan of $750 that charges simple interest at a monthly rate of 1.5%.
Skill Find the amount of interest charged after:
a) one month.

b) three months.

¢) seven months.
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Q4.
Skill

Q5.
Skill

Qé.
Skill

Q7.
Skill

Q8.

Application

Check your understanding

Luisa and Jay have a farm in Fish Creek, Victoria. They want to buy a herd of goats. The total cost of the
goats and associated expenses (transportation, vaccines, fencing, etc) comes to $1500. In January 2018
they opened a savings account with Buffalo Bank that pays simple interest at a monthly rate of 3%.

At that time, they made a deposit of $900.

a) How much interest will Luisa and Jay have earned by January 20207

b) If Luisa and Jay use the initial $900 deposit and the interest earned, will they be able to afford the
goats and the associated expenses by January 20207

2. Simple interest in practice

Transpose the simple interest formula, A = P(l + %), to make

a) the number of periods, n, the subject.
b) the interestrate, r, the subject.

c) the principal, P, the subject.

Cath and Dave deposit $10 000 into an account that pays simple interest at a rate of 14% per annum on
the condition that they do not withdraw any money from the account. Cath and Dave are very impatient
people, however. How much interest will they have earned if they withdraw their money after:

a) halfayear? Give your answer in dollars, correct to the nearest cent.
b) a quarter? Give your answer in dollars, correct to the nearest cent.

c) amonth? Give your answer in dollars, correct to the nearest cent.

Answer the following questions.

a) Maria invests $500 in a bank account that pays simple interest. In 3 years’ time there is $542 in the
account. Assuming Maria did not deposit or withdraw any money from the account, calculate the
yearly interest rate as a percentage.

b) Justover 10 years ago Iris found a large sum of cash in a dumpster. She reported it to the police but
it went unclaimed; she was able to keep it. Exactly 10 years ago she deposited it in a savings account
that pays simple interest at a rate of 10% per annum. Iris has since earned $39 000 in interest.
How much money did she find?

¢) Bill from the Gully takes out a personal loan with Easy Loans. He borrows $5000 at an interest rate
of 156% per annum. Assuming Bill makes no repayments, how much will he owe in one year’s time?

d) Some time ago, David used one of the toll roads around Melbourne without an e-TAG. At the time, he
was charged $14 dollars. He refuses to pay the fine. Each month since, he has been charged 50% of
the original fee. He currently owes $63.

i  How much interest has David been charged?

ii  For how many months has David been avoiding paying the fine?

Laura borrows $2000 with a monthly simple interest rate of 15%. She has to repay the total value of the
loan in one year’s time. In six months’ time she has saved $1500 and decides to deposit it in a savings
account that pays simple interest with the idea of earning enough interest to pay back the loan.

What is the lowest monthly interest rate that would allow her to repay her loan with the deposited
money? Give your answer as a percentage, correct to two decimal places.

© Edrolo 2020



Qo.

Application

Q10.
Skill

QT.
Skill

Q12.
Skill

3C SIMPLE INTEREST

Check your understanding

Beppe and Daisy are saving up to buy a tenth birthday present for their dog, Barnesworth. They deposit
$1500 into a savings account that pays simple interest at a rate of 2.8% per annum.

a) Find an expression for the total interest earned after Y years.

b) They realise that the interest is actually paid monthly. Find an expression for the total interest
earned after M months.

Starting with the formula A = P + [, show that the total value of a loan or investment, 4, can be found

using the formula 4 = P(l + %)

3. Working with balance sheets

Below is Ayesha’s bank statement for the month of February. Her account pays out simple interest
each month at a rate of 3% per annum, calculated on the minimum monthly balance. She wants to
know how much interest she earned.

Date Details Deposit Withdrawal Balance
1 Feb. 2019 Carried forward 2300.00
3 Feb. 2019 Vale;rté’slg;ftl)ay 50.00 2250.00
7 Feb. 2019 Income 150.00 2400.00
21 Feb. 2019 Income 150.00 2550.00
27 Feb. 2019 Concert tickets 320.00 2230.00

a) What is the minimum balance?

b) How much interest was earned? Give your answer in dollars, correct to the nearest cent.

a) The balance sheet below shows Joey’s cash flow for the month of March.

How much money in total did Joey spend?

Date Details Deposit Withdrawal Balance
01 April 2018 Brought forward 60.00
03 April 2018 Income 50.00 110.00
04 April 2018 ATM withdrawal 40.00 70.00
05 April 2018 Lunch 10.00 60.00
08 April 2018 Netflix 15.00 45.00
09 April 2018 Brunch 35.00 10.00
12 April 2018 Coffee 5.00 5.00
21 April 2018 Income 50.00 55.00
26 April 2018 Pocket money 25.00 80.00
30 April 2018 Dinner 75.00 5.00

97
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Q13.

Application

Q14.

b) Grace uses a bank account that pays simple interest monthly at a rate of 2.8% per annum
calculated on the monthly minimum balance. The balance sheet below shows her bank balance
for the month of May:.

How much interest will she earn for the month of May? Give your answer in dollars, correct to

the nearest cent.

Date Details Deposit Withdrawal Balance
1 May 2018 Brought forward 220.00
03 May 2018 Tutoring pay 80.00 300.00
04 May 2018 Income for April 2400.00 2700.00
07 May 2018 Loan repayment 300 2400.00
08 May 2018 ATM withdrawal 300 2100.00
21 May 2018 100.00 2200.00
22 May 2018 Bills and rent 2000.00 200.00
31 May 2018 Tutoring pay 40.00 240.00

Ted Landers doesn’t trust the banks so he has been keeping his own balance sheet. However, he has
forgotten to include interest. He knows that his bank is supposed to pay him simple interest on the
lowest account balance for the calendar month at a rate of 1.2% per month. The interest is paid into

a separate account.

How much money did Ted earn in interest over the three months covered by the balance sheet below?
Give your answer in dollars, correct to the nearest cent.

Date Details Deposit Withdrawal Balance
27 Aug. 2018 Opening balance 9500.00
2 Sep. 2018 Income 250.00 9750.00
13 Sep. 2018 Income 800.00 10550.00
24 Sep. 2018 Church renovation 1500.00 9050.00
7 Oct. 2018 Income 320.00 9370.00
13 Oct. 2018 Income 120.00 9490.00
27 Oct. 2018 Church renovation 500.00 8990.00
31 Oct. 2018 Closing balance 8990.00

Check your understanding

Yuri keeps his savings in a bank account that pays simple interest of 0.44% per month on the
Application  Minimum monthly balance.

Yuri earned $1.21 in interest last month.

What was the minimum balance for that month?
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Q15.

Skill
4 marks

Qieé.

Application
5 marks

Q17.

Application
3 marks

3C SIMPLE INTEREST

Joining it all together
a) Asimple interest investment of $1300 has a rate of 5% per annum. How much interest is earned in
5 years?

b) A simple interest investment with a simple interest rate of 2% per annum earned $870 in ten years.
What was the principal?

c) Asimple interest investment of $400 earned $100 in interest in four years. What is the annual
interest rate?

d) A simple interest investment of $800 with a rate of 4.5% per annum earned a total of $400 in
interest. For how long did the investment last? Give your answer correct to the nearest year.

Nozomi wants to take out a loan of $1000 to buy a new graphics card. She is considering three options:
The Dollar Dealer, Crazy Cash, and Legal Loans. They all offer simple interest loans.

a) The Dollar Dealer asks that she pay back twice the amount she originally borrowed in two years’
time. What is the interest rate per annum offered by The Dollar Dealer?

b) Crazy Cash offers an annual interest rate of 60%. They also state that the loan must be repaid in
20 months’ time. What will the total value of the loan be at that time?

c) Legal Loans offer a monthly interest rate of 0.01 times the value of the principal. Their loan must be
paid off in one years’ time.

What will the total value of the loan be at that time?

d) i Nozomi want to pay back the least amount of money possible. Which loan provider should she
not choose?

ii  Nozomi is worried about the financial strain of repaying the debt. Which option should she
choose in order to give herself the longest time to pay back the money owing?

Wingus and Dingus opened a savings account together on the first
of November, 2018. The transaction details for their savings account
of the month of November 2018 are shown in the table below.

Dingus

The table is incomplete.

Date Details Deposit Withdrawal Balance
01 Nov. 2018 Opening balance 2000.00
09 Nov. 2018 Income 300.00 2300.00
17 Nov. 2018 ATM withdrawal 500.00 1800.00
23 Nov. 2018 Income 300.00 2100.00
30 Nov. 2018 Interest 45.00

Interest is calculated and paid monthly on the minimum balance for that month.
a) What is the closing balance?
b) Whatis the quarterly interest rate if interest is calculated on the minimum balance for that month?

c) Wingus and Dingus want to use the interest from their savings account to pay their monthly internet
bill which is $75. What is the smallest amount of money they need to keep in their bank account at
all times in order to do this?
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Q18.  The balance sheet below shows the cash flow of George’s bank account for a three-month period in 2018.

%kniqna,ks Date Details Deposit Withdrawal Balance
01 May 2018 Brought forward 250000.00
08 May 2018 Trust Fund 25000.00 275000.00
22 May 2018 Trust Fund 25000.00 300 000.00
27 May 2018 New car 50 000.00 250000.00
05]Jun. 2018 Trust Fund 25000.00 275000.00
15 Jun. 2018 New Yacht 200 000.00 75 000.00
19 Jun. 2018 Trust Fund 25000.00 100 000.00
03 Jul. 2018 Trust Fund 25000.00 125 000.00
17 Jul. 2018 Trust Fund 25000.00 150 000.00
31]Jul. 2018 Trust Fund 25000.00 175 000.00

The monthly payments the bank makes to George are calculated as a simple percentage of the
monthly minimum balance and are paid into a different account.

George earned $231.25 in interest for the month of June. Interest is calculated on the minimum
balance for that month.

Show that the annual interest rate is 3.7%.

VCAA question

Q19.  The transaction details for a savings account of the month of August 2014 are shown in the table below.

1 mark The table is incomplete.

Date Details Deposit Withdrawal Balance
01 Aug. 2014 Brought forward 5120.50
10 Aug. 2014 Purchase 250.00 4870.50
17 Aug. 2014 Cheque 1000.00 5870.50
30 Aug. 2014 Interest 5885.72

Interest is calculated and paid monthly on the minimum balance for that month.

The annual rate of interest paid on this account is closest to:

VCAA 2015 Exam 1, Module 4: Business-related mathematics. Q6
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B. 3.11%
C. 3.57%
D. 3.75%
E. 14.9%
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Questions from multiple lessons

Q20. Abillboard in New York City costs $10 320 to hire for the promotion of concert tickets.

Diffiulty:  The total amount earned selling tickets is $86 000.

a
vario The $10 320 charge as a percentage of the amount earned from selling tickets is
M A 0.10% B. 0.12% c. 10.0%

D. 12.0% E. 8.33%

VCAA 2014 Exam 1 Module 4: Business-related mathematics Q2 - Adapted

Q21.  The table below shows the height in centimetres of a group of 14 students selected from a cohort of

Difficulty: 130 students.
[ |

1 mark

122.6 | 162.3 | 183.7 | 1521 | 1425 | 156.6 | 1625 | 172.2 | 125.2 | 123.2 | 162.5 | 1529 | 1725 | 159.6

The mean, %, and the standard deviation, S, of the height for this sample of students are closest to

A. x=1833,s, = 153.6
B. X=1903,5, = 1536
C. x=19725 = 1536
D. X =153.6,5, = 18.33
E. X =153.6,5 = 19.03

VCAA 2017 Exam 1 Data analysis Q3 - Adapted

Q22. Carl has just opened his business selling backpacks made out of recycled plastic.

ai;iculty: The business charges customers $140 per backpack.
varlo This price of $140 per backpack includes GST.

marks a) Calculate the amount of GST included in the price of the backpack. Round your answer to the

nearest cent. (Imark)

b) A customer purchased 10 backpacks. Calculate the total amount Carl was paid for this purchase.
Give your answer correct to the nearest dollar. (1mark

VCAA 2015 Exam 2 Module 4: Business-related mathematics Q la-c - Adapted
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LESSON 3D

Compound interest

The key skills you will learn in this lesson are:

1. Introduction to compound interest

2. Compound interest in practice

3. Inflation

1. Introduction to compound interest

VCAA key knowledge points:

“percentage increase and decrease applied to
various financial contexts such as the price
to earnings ratios of shares and percentage
dividends, determining the impact of inflation
on costs and the spending power of money
over time, calculating percentage mark-ups
and discounts, and calculating GST"

"applications of simple interest and compound
interest”

"compound interest investments and loans”
Mathematics Area of Study key knowledge points derived
from VCE Mathematics Study Design 2016-2020 p.19;

© The Victorian Curriculum and Assessment Authority
(VCAA). Used with permission.

Compound interest differs from simple interest because the interest is added to the principal
amount at regular periods over the course of the loan or investment. This means that the amount
of interest paid or charged increases each period.

The total value of a compound-interest investment or loan is given by:

A= P(l + L)H, where

100

A is the total value of the loan or investment.

P is the principal.

e risthe interest rate per compounding period, expressed as a percentage.

e nis the number of compounding periods.

WORKED EXAMPLE 10 (3 marks)

Johnny Two-Hats opens a savings account that pays interest at a rate of 5% per annum,

compounding monthly.

At this time he deposits $2000 into the account.

What will be the balance of the account be after two years?

SOLUTION

Step 1

Step 2

Write down the compound interest equation.

a=P(1+155)"

Convert the interest rate to a rate per
compounding period to find r.

5pa. = % per month

5
rzﬁorr=5/12

NOTE: To make your calculations accurate, do
not use a decimal approximation at this stage.

v/ Tmark for calculating monthly interest rate

© Edrolo 2019

Step 3

Step 4

A= 2000(1 +

Find the number of compounding periods to
find n.

The loan is for two years, and the account
compounds monthly.

2 years is 24 months, so 24
compounding periods.

n =24
v T mark for calculating number of periods

Substitute the given values into the compound
interest equation.

5/ 12))“
100
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Step5 Calculate the total value of the investment. A = 2209.88

After two years, the balance of Johnny
Two-Hats’ savings account is $2209.88.

2000- {1...[:5; 13};10{}) E‘ﬂ | v/ Tmark for calculating the balance of savings account
YPress ctrl | then enter )

£ Edit Action Interactive

at] b [ sme o [ SV

2000(1+(5/12)/100) 24
2209.8826?1'

2. Compound interest in practice
The total amount of interest charged on a compound-interest loan can be found using
the following formula:

I=A-P

Which can be expressed as:

r=P((1+ ) 1)

To find the values of quantities other than the total value or amount of interest of the investment
or loan, either transpose the compound interest formula, solve it using a CAS calculator, or use the
equations below.

Principal:
A I

. or P N
(1+100) ((1+155) - 1)
Interest rate per compounding period:

r= 100((%)1/" - 1) orr= 100((%)1/" - 1)

The equation to find the number of periods uses logarithms other than log,, and is therefore
outside the scope of the course. However, it can be found by using the solve function on CAS.

It is important to note that, unless otherwise specified, interest is paid at the end of a
compounding period.

WORKED EXAMPLE 11 (4 marks)

Hats are becoming more popular, and Johnny Two-Hats is worried that two hats aren’t enough
to make him stand out any more.

He decides to:

e buy a third hat, which costs $320

e change his name to Johnny Three-Hats, which costs $185.

Johnny Two-Hats wants to use the interest earned from a savings account to pay for his new hat
and name change. His opening balance will be $2210.

a) Ifhis savings account will pay interest that compounds monthly, what is the minimum annual
interest rate that Johnny Two-Hats’ savings account must have in order for him to afford the
hat and the name change in one year’s time?

Give your answer correct to two decimal places. (2 marks)

b) The highest rate he could find was 8% per annum, compounding monthly.
For how many months must Johnny Two-Hats wait for his new hat and name change?
His savings account pays interest at the end of each month. (2 marks)
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104 3D COMPOUND INTEREST

SOLUTION

a) Ifhis savings account will pay interest that
compounds monthly, what is the minimum annual
interest rate that Johnny Two-Hats’ savings account
must have in order for him to afford the hat and the
name change in one year’s time? Give your answer
correct to two decimal places.

Step 1

Step 2

Step 3

Step 4

Step 5

Write down the required equation.

r= 100((% + 1)1/n— 1>

Find the number of compounding periods.
One year is 12 months.
n=12

Substitute the given values into the compound
interest equation.

_ 320 + 185 i
r= 100<(W+ 1) -1

Calculate the interest rate per
compounding period.
r=173.%

v/ 1 mark for calculating the interest rate per compounding period

Convert the interest rate per compounding
period into an annual interest rate.

rannual = Compounding periOdS per year Xr
roa=12xr=20757..%
rannuul = 2076%

v/ Tmark for calculating the annual interest rate

Johnny Two-Hats needs to find a savings
account that pays interest at a rate of at least
20.76% per annum.

b) The highest rate he could find was 8% per annum,
compounding monthly.
For how many months must Johnny Two-Hats
wait for his new hat and name change? His savings
account pays interest at the end of each month.

Step 1

Step 2

Step 3

Step 4

Step 5

Convert the interest rate to a rate per
compounding period.

8 % p.a. and 12 compounding periods per year

-8 _2 -
r—12—30rr—2/3

v/ Tmark for calculating the interest rate per compounding period

Find the necessary equation.

The question gives us the total amount of
interest needed so it will be easiest to use the
following equation:

1:P<(1+r;0)"-1>

Substitute the given values into the compound
interest equation.

_ 2/3)" )
320 + 185 = 2210((1 + T00) ~ 1

Use your CAS to solve for the number of periods.

mlve(32ﬂ+ 185=2210- ([:1+{?J3]|f10ﬂ}" - 1};:.||

(Press ctrl | then enterj

O Edit Action interactiva

BEES&NEn C
wM[SZMlEEﬂZEID-HIHEISJHﬂﬂ}n-lhn] j:*:

{n=30.97270144}

n = 30.9727
v Tmark for calculating the interest rate per compounding period
Round up to the next whole number.

It will take Johnny Two-Hats 31 months to save
up for the new hat and name change.

3. Inflation

Generally, the prices of goods and services increase year to year. Inflation is a measure of how

these costs change over time. When prices are increasing, a set amount of money will be “worth”
less in the future than it is now. This is often referred to as the purchasing power of money: what
can a given amount of money buy?

Inflation is most often expressed as the yearly percentage increase in the price of goods and
services. This is called the inflation rate.

Inflation is calculated in the same way as a compound interest investment that compounds yearly.

The purchasing power of money can also increase. This is called deflation. The mathematics of
deflation is outside the scope of this course.
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WORKED EXAMPLE 12 (7 mark)

The hat Johnny Two-Hats wants to buy costs $320. He calculates that it will take him three years to
save up enough money to buy the hat.

Unfortunately, Johnny Two-Hats forgot to take inflation into account.

If the inflation rate over the next three years is 4.5% per annum, how much will the hat cost in
three years’ time?

SOLUTION
Step1 Write down the compound interest equation. Step3  Calculate the value of the hat.
= _ry -
A=P(1+150) A = 36517316

Step2 Substitute the given values into the compound In three years’ time, the hat will cost $365.17.

interest equation.

4=320(1+ %%)3

Questions 3D Compound interest

Refresher question

Q. @ y=1

Y

What is 100"

b) x =33
What is x?

1. Introduction to compound interest
Q2. Anna invests $1000 in a savings account that pays interest at a monthly rate of 0.5%,
Skill compounding monthly, for 8 months.
a) Substitute the given values into the compound interest formula by filling in the three boxes.
L]
A= +10)"

b) Using your result from part a), compute the value of the compound interest investment, to the
nearest cent.

Q3. a) Eugene takes out a personal loan of $7500. The lender charges interest at a rate of 13.5% p.a.
Skill compounding monthly. How much will Eugene owe in five years’ time?

b) Maya invests $2750 in a savings account that pays interest at a yearly rate of 2.8%, compounding
monthly. What will Maya’s savings account balance be in four years’ time?

¢) Gustave collects Magic: The Gathering cards. Gustave’s collection is currently worth $5500, it grows
in value at a rate of 4% p.a., compounding quarterly. How much will Gustave’s collection be worth in
three years’ time?

Check your understanding

Q4. Xander and Yuri both invest $1000 in savings accounts that pay interest at a monthly rate of 0.5%.
Skill The account Xander uses pays simple interest. The account that Yuri uses pays interest that compounds
monthly. [n one years' time, how much larger will Yuri’s account balance be than Xander’s?
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Q5. Quinn and Tobi each invest $10 000 in a savings account. Quinn’s account pays interest at a rate of
Application  2.8% p.a. compounding monthly. Tobi’s account pays interest at a rate of 3% p.a. compounding yearly.

Whose savings account will have the greater balance after two years?

2. Compound interest in practice

Qeé. Gregory opens a savings account that pays interest compounding monthly.
Skill He deposits $2000 into this account.

a) Write the compound interest formula in which the interest rate per compounding period, r,
is the subject.

b) Using the equation from part a), what is the minimum monthly interest rate that would make the
balance greater than $2050 in 11 months’ time? Give your answer as a percentage correct to two
decimal places.

Q7. a) The total value of a compound-interest loan of $300 is now $550. How much interest
Skill has been charged?

b) Bill invests $500 in a savings account that pays interest that compounds monthly. After 18 months
he has $510.91 in his account. What is the monthly interest rate? Give your answer as a percentage
correct to two decimal places.

c) Three years ago Marta took out a home loan. The interest rate on the loan is 4.6% per annum
compounding monthly. The value of the loan is now $286 918. What was the principal of Marta’s
loan? Give your answer correct to the nearest dollar.

d) Some time ago, Abdul took out a loan of $1000 that compounds quarterly with a yearly rate of 6.3%.
The total value of the loan is now $1455.07. How many years ago did Abdul take out the loan?

e) Cristina takes out a loan of $750. The interest charged on the loan compounds weekly. In 23 weeks’
time Cristina will owe a total of $1300. What is the weekly interest rate? Give your answer as a
percentage correct to one decimal place.

f) Amanda takes out a $5000 dollar loan that charges interest which compounds quarterly at a rate of

11% per annum. In how many compounding periods will Amanda owe over $1000 in interest alone?

Check your understanding

Qs. a)
Application

After making an unwise financial decision, Maria owes $400 000. If she originally borrowed
$270 000 through a quarterly-compounding-interest loan four years ago, what was the yearly
interest rate of the loan? Give your answer as a percentage correct to one decimal place.

b) Priya wants to buy a rare houseplant that costs $1700. To do this, Priya opens a savings account that
has an interest rate of 8% p.a. compounding weekly. Priya wants to buy the plant in 80 weeks’ time.
How much does Priya need to deposit in order to achieve this?
¢) Madi wants to buy a new glockenspiel that costs $6500. She invests $4000 in a savings account that
pays interest at a rate of 5% p.a. compounding monthly. For how long must she keep the money in
the account in order to afford the glockenspiel? Round your answer to the nearest month.
Qo. Dr Grey is comparing two savings accounts. Both have an interest rate of 4% per annum.
Skill One pays simple interest while the other pays interest that compounding annually.

Create a table that compares the interest that would be earned by each account over three years
if the opening balance were $50 000.
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Application

Q13.

Application

Q14.

Application
5 marks
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3. Inflation

a)

The public transport ticketing system in Melbourne, myki, had a daily concession price of $4.10
in 2017. If the average rate of inflation is 2%, and the myki fare price rises with inflation, find

the formula to calculate the cost of a daily concession myki fare in 2027 by filling out the boxes in
the formula below.

A=[1 + 5o

b) Using your result from part a), calculate the value of a daily concession myki fare in 2027.

a) In 1980 the minimum wage was $129.50 per week. If the average inflation rate is 5% per annum,
what was the equivalent weekly wage in 2018?

b) If the inflation rate is 4% per annum, how much money would you need in 2050 to match the
purchasing power of $20 in 20207

¢) In 1951 the inflation rate reached an all-time high of 23.9% per annum. If the inflation rate had
remained at this value, how much money would you need in 2019 to match the purchasing power of
$1in 19517

a) In 1967 the minimum hourly wage was $1.00. In 2017 it was $18.29. Assuming that this rise is due
entirely to inflation, estimate the average inflation rate over these 50 years. Give your answer as a
percentage correct to one decimal place.

b) Bruce is always saying that when he was 10 years old you could buy a Paddle Pop ice cream for 50

cents. In 2018 the price of a Paddle Pop was $2.50. If the average annual rate of inflation is 4.2%, in
what year was Bruce born? Assume that the price of a Paddle Pop increased only due to inflation.
Give your answer to the nearest year.

Check your understanding

Karl Marx has deep ideological issues with for-profit corporations, especially financial institutions.

He decided to bury his life savings, $20 000, in cash in his backyard instead of investing it.

If the average annual rate of inflation is 3%, how much will Karl have lost in 30 years’ time due to
inflation alone?

Joining it all together

Beppe and Daisy have a combined HECS-HELP debt of $64 000.

The value of the debt increases yearly with inflation.

a)

b)

<)

If the rate of inflation remains at 2% per annum what will be the value of the HECS-HELP debt
in 20 years’ time? (Imark)

Beppe and Daisy have found a long-term savings account that offers an interest rate of 5.6% per
annum. The interest compounds monthly. What amount do they need to deposit in order to use the
balance to pay off their HECS-HELP debt in 20 years’ time? (1mark)

In five years’ time, Beppe and Daisy’s dog, Barnesworth, wins Most Poorly Behaved Dog at the
Darebin City Council Dog Show. Using the prize money and the money in their long-term savings
account at the time, they are able to pay off their HECS-HELP debt.

How much money did Barnesworth win? Give your answer correct to the nearest dollar. (marks)
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Q15.

Application
3 marks

POUND INTEREST

The alpacas Wingus and Dingus have recently been shorn.
They each sell their wool for $50.

a) Wingus deposits his earnings in a savings account. The interest
compounds monthly. After one year, the balance of the account
is $56.43.

What is the monthly interest rate? Give your answer as a
percentage correct to one decimal place. (Imark)

b) Dingus also deposits his interest in a savings account that pays compound interest. The account’s
interest rate is 8% per annum. After one year the balance of Dingus’ savings account is $54.16.

Show that Dingus’ savings account compounds weekly. @marks)

Q1e.

Skill
I marks

Q17.

Application
9 marks

© Edrolo 2019

Luisa and Jay have a farm in Fish Creek, Victoria, and are saving up to buy a new tractor that costs
$35 000. They deposit $20 000 in a savings account that pays compound interest at a rate of 6% p.a.,
compounding quarterly.

Show that the amount of interest earned during the 5% year is given by

20000(1 + 4—80>20— 20000(1 + ﬁ)m.

Dingus

In 1975, the average Australian yearly wage was $7618 and the average house price in Melbourne
was $19 800.

a) How many average Australian yearly wages would it cost to buy an average house in Melbourne in
19757 Give your answer correct to one decimal place. (1mark)

b) In 2015 the average Australian wage was $72 000. Assuming that this increase is due entirely to
inflation, calculate the yearly inflation rate over this period. Give your answer as a percentage
correct to one decimal place. (1mark)

c) Ifthe price of housing increased at the same rate as the average wage, calculate the average house

price in Melbourne in 2015. Use your rounded answer from part b). Give your answer correct to the

nearest dollar. (1mark)

d) In 2015 the average house price in Melbourne was actually $615 100.
How many average Australian yearly wages would it cost to buy an average house in Melbourne in
20157 Give your answer correct to one decimal place. (Imark)

e) The increase in the average house price of Melbourne between 1975 and 2015 can be calculated by
the compound interest in a similar way to inflation.
If the average house price of Melbourne compounds quarterly, find the yearly rate at which it
increases. Give your answer as a percentage correct to one decimal place. (Imark)

f) Using your results from parts b) and e), create a table that compares the average yearly wage and

the average house price in Melbourne over the years 2020-2025 if they continue to increase as they

have been. Round all table entries to the nearest dollar. (3marks)

g) How many average Australian yearly wages will it cost to buy an average house in Melbourne in
20257 Give your answer correct to one decimal place. (mark)
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VCAA questions

Q18.  Alex sends a bill to his customers after repairs are completed. If a customer does not pay the bill by
1 mark the due date, interest is charged. Alex charges interest after the due date at the rate of 1.5% per month
on the amount of an unpaid bill. The interest on this amount will compound monthly.

Alex sent Marcus a bill of $200 for repairs to his car. Marcus paid the full amount one month
after the due date.

How much did Marcus pay?

VICAA 2017 Exam 2, Core module. Q6a

Q19.  Anthony invested $15 000 in an account. It earned r% interest per annum, compounding monthly.

tmark The amount of interest that is earned in the third year of the investment is given by
A. 1500(1 + 1355)° - 15000(1 + 1555)*
B. 1500(1 + 12r00)36 - 15000(1 + ﬁ)m
C. 1500(1 + 15p)° - 15000(1 + 755)*
D. 1500(1 + 1—60)36 - 15000(1 + 1—60)“
E. 1500(1 + 1555)" - 150001 + 1550)°

VCAA 2011 Exam 1, Module 4: Business-related mathematics. Q7

Questions from multiple lessons

Q20. Aspartof a promotion, a new customer is offered to have his new air conditioner professionally installed
difficulty:  in his home for only $200. However, he must have it installed within the week that he purchases it.

Y'ear 0 Next week, the charge will increase by 5.2%.

T mark The charge next week will be
A. $200.00 B. $210.00 C. $210.40
D. $215.60 E. $189.60

VCAA 2014 Exam 1 Module 4: Business-related mathematics Q1 - Adapted

Q21.  The variables car type (1: Tesla, 2: Mustang, 3: Other) and number plate type (custom, auto-generated) are
Difficulty:

1 mark

both nominal variables.
both ordinal variables.
a numerical variable and a categorical variable respectively.

anominal variable and an ordinal variable respectively.

m o 0 v >

an ordinal variable and a nominal variable respectively.

VCAA 2017 Exam 1 Data analysis Q7 - Adapted

Q22. Claire decides to borrow $7000 to purchase a car.

Difficulty-  2)  If she decides to borrow $7000 from the bank, she will pay interest at a rate of 4.3% per month.

2“ ' Calculate the interest she will pay in the first month. (mark
marks

b) If she borrows from the dealer’s finance company, she will pay $8.75 in interest per month.
Calculate the annual simple interest rate charged. (mark

VCAA 2009 Exam 2 Module 4: Business-related mathematics Q2 a,b - Adapted
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LESSON 3E

PurChaSing Options VCAA key knowledge point:

“comparison of purchase options including
cash, credit and debit cards, personal loans,

The key skills you will learn in this lesson are: and time payments (hire purchase)”

1. Cash, credit and debit cards Mathematics Area of.Study key knf)w/edge points derived
from VVCE Mathematics Study Design 2016-2020 p.19;

2. Hire purchase agreements © The Victorian Curriculum and Assessment Authority

3. Personal loans (VCAA). Used with permission.

1. Cash, credit and debit cards

The three most common ways to pay for something are with cash or with a credit or debit card.
Cash

e Physical currency, such as notes and coins.

Debit cards

e Linked directly to a bank account.

e Allows withdrawal of cash from an automatic teller machine (ATM) and payment for goods
and services by EFTPOS.

Credit cards

e (reditis another term for a loan.

e When using a credit card, purchases are made with the bank’s money, which must be repaid
every month by the owner.

Some shops have a minimum amount for using cards, or an added fee, due to EFTPOS costs. In
contrast, some businesses offer discounts for cash purchases, because EFTPOS fees aren’t required.

Different credit card providers have different rules for their use and calculation of interest.
The following definitions will apply throughout this book:

e C(Credit limit: The maximum amount that can be borrowed at once.

e Billing period: Normally one month. At the same time each month the bank will send a
statement to the account owner, which details all purchases within that period, and states when
the bill needs to be paid, known as the payment date.

o Interest-free grace period: The period between receiving the statement and the payment date
is known as the interest-free grace period. Paying back the amount owed by the payment date
results in no interest being charged.

e Interest: If a purchase is not paid back by the payment date, interest is owed to the bank.
The interest is compounded daily from when the purchase was made.

After the payment date, the amount of money owed on a purchase made through a credit card, 4, is
given by:
- r !
A=Px (14 3555750)
where P is the purchase price, r is the interest rate per annum, and n is the number of days since
the purchase was made.

Example

Kirollos’ credit card has an interest rate of 20% per annum. He made a $1200 purchase with the
card on December 28, and the interest free grace period for that payment ended on January 15.
If he pays it back on January 18, the amount he needs to pay is:

r=20 n=21

n = number of days between December 28 A
and January 18

(31 -28) + 18
© Edrolo 2019

20 21
1200 x (1 * 365 x 100)

A =1213.88

n
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WORKED EXAMPLE 13 (7 mark)

Esther’s credit card has an interest rate of 15% p.a. If Esther spends $769 using the card on July 5
and pays it back on August 12, two days after the interest-free period ends, how much does she owe?

SOLUTION
Step1 Determine if the payment was made during or Step3 Use the formula to find the amount she owes.
after the interest-free period. 15 38
4=769 x (1 + 353 70)

Esther paid it back after the interest-free period.
A =781.10

Step2 Calculate the number of days since the purchase.
Esther owes the bank $781.10.

NOTE: July has 31 days.
n=@G1-5)+12
n=20+12

n =38

2. Hire purchase agreements

A hire purchase agreement involves a customer paying a deposit on an item (that is a portion of
the total price), and then making small, regular payments until the item is paid off. Making
payments in this way results in the customer paying more money overall. This extra money can be
expressed as a flat rate of interest, r

Flat rate of interest

The flat rate of interest is the amount of interest paid as a percentage of the amount owed from
purchase, converted to a yearly rate.

The equations to calculate the repayment agreement according to a flat rate of interest are shown
in the table below:

Symbol Definition Equation
P, Original price
t Time period (in years)
A Total amount of money paid A = deposit + (payment x number of payments)
I Total interest paid I'=A-P,
P Amount owed from purchase P = P, — deposit
Ts Flat rate of interest r,= Pit x 100
Example

Hala enters a hire purchase agreement for a surfboard that sells for $750 in a shop. She pays
a deposit of $200 up front, and then makes monthly payments of $120 for 6 months.

Original price is: The amount owed from purchase is:
P, =750 P = P, — deposit
The total amount Hala pays is: P =750 — 200
A =200+ (6 x 120) P =550
A =920 The time period needs to be given in years:
The total interest paid is: t=20.5
I=A-P, The flat rate of interest is:
_ _ I
[ =920 — 750 r.=pp X 100
=170 _ 170
"= 550 x 05 < 100
r,=618%
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WORKED EXAMPLE 14 (1 mark)

KayMarket stocks a sofa bed with a sale price of $800. The sofa bed can be bought through a hire
purchase agreement with an $80 deposit and ten monthly payments of $80.

What is the flat rate of interest charged under the hire purchase agreement?
Give your answer as a percentage to one decimal place.

SOLUTION
Step1 Calculate the total payment for the purchase of Step4 Express the time of the agreement in years
the sofa bed. ;10
A =80 + (10 x 80) 12
5
A = 880 t=%
Step2 Calculate the amount of interest charged. Step5 Substitute the values of I, P and t into the flat
— rate of interest formula.
I=A-P, }
I = 880 — 800 = pp X 100
I=80 r,=—5%_ x 100
720 X %
Step3 Calculate the amount owed from the purchase .
(the principal). r,=13.3%
P =P, — deposit The flat rate of interest is 13.3%.
P =800 — 80
P =720

3. Personal loans

A personal loan is a compound interest loan of about $5000 and $50 000, often used to pay for
large personal expenses such as cars and renovations.

Main features of a personal loan:

e Payments are made every period (usually a month) to pay off the loan. These payments are equal in size for
each period.

e Compound interest is charged. It is calculated at the end of each period, before the payment is made. The payment
made at the end of each period is always bigger than the interest that is charged. The interest rate for personal
loans is usually less than it is for credit cards.

e Personal loans have a set term (duration).
A table is often used to keep track of the loan over time.

NOTE: Repayments pay for the accumulated interest of the period first. After the interest is paid off, the
leftover from the repayment amount then contributes to repaying the remaining debt. Hence, the repayment
each period is equal to the sum of the interest paid and the debt repaid in that period.

Example

Below are the details of the first two monthly repayments of $200 made against a monthly
compounding personal loan of $10 000, with an interest rate of 12% p.a. (1% per month).

Payment Balance owed before Repayment Interest Debt repaid Balance owed after
number payment ($) (€)) paid ($) (%) payment ($)

1 10 000.00 200.00 100.00 100.00 9900.00

2 9900.00 200.00 99.00 101.00 9799.00

The interest of the first month was $100 and the second was $99. The interest amount will
continue to decrease each month.

Due to the complex nature of personal loans, this course will examine unusually short-term loans
or only the first few repayments of longer-term loans.
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Bronson takes out a personal loan of $6500 at an interest rate of 14.5% p.a. compounding monthly.

Bronson makes monthly repayments of $230. After making his third repayment:

a) What will be the balance of Bronson’s loan?

b) How much interest will Bronson have paid?

SOLUTION

a) What will be the balance of Bronson’s loan?

Step1 Create a table, and enter the value of balance owed before the payment along with the value of payment
number one.
Bronson borrowed $6500. The repayment is $230 each month.
Payment Balance owed before | Repayment Interest | Debt repaid Balance owed after
number payment ($) (€)) paid ($) %) payment ($)
1 6500.00 230.00
2
3
Step2 Calculate the ‘interest paid’ and ‘debt repaid”.
This question requires the monthly interest rate, so r = 145 _ 1 2083.
Interest paid = interle% X balance owed before payment
Interest paid = 1'128(?3 X 6500 = 78.54
Debt repaid = repayment amount — interest paid
Debt repaid = 230 — 78.54 = 151.46
Payment Balance owed before | Repayment Interest | Debt repaid Balance owed after
number payment ($) (€3) paid ($) ($) payment ($)
1 6500.00 230.00 78.54 151.46
2
3
Step3 Find the ‘balance owed after payment’. Enter this value in both the ‘balance owed after
payment’ column in the current row, and in the ‘balance owed before payment’ in the
following row.
Balance owed after payment = balance owed before payment — debt repaid
Balance owed after payment = 6500 — 151.46 = 6348.54
Payment Balance owed before | Repayment Interest | Debt repaid Balance owed after
number payment ($) (€)) paid ($) (€)) payment ($)
1 6500.00 230.00 78.54 151.46 6348.54
2 6348.54
Step4 Repeat steps 2 and 3 until the third row is filled.
Payment Balance owed before | Repayment Interest | Debt repaid Balance owed after
number payment ($) %) paid ($) $) payment ($)
1 6500.00 230.00 78.54 151.46 6348.54
2 6348.54 230.00 76.71 153.29 6195.25
3 6195.25 230.00 74.86 155.14 6040.11
Step5 Interpret:

After making his third repayment, the balance of Bronson’s loan will be $6040.11.
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b) How much interest will Bronson have paid?

Step1 Add all of the values for ‘interest paid’.

To

tal interest paid = 78.54 + 76.71 + 74.86 = 230.11

After making his third repayment, Bronson will have paid $230.11 in interest

Step2 Interpret:

After making this third repayment, Bronson will have paid $230.11 in interest.

Question

Q1.

Q2.
Skill

Qs.
Skill

Q4.

Application

Q5.
Skill
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Refresher question

Determine:
a) 2x09
b) 2 x 0.9?

1. Cash, credit and debit cards

A cafe has a $0.50 surcharge on all EFTPOS transactions of less than ten dollars.
The sale price of an egg and bacon roll is $8.20.

How much would it cost to buy an egg and bacon roll using a debit card?

For each of the following, give your answer in dollars correct to the nearest cent.

a) Alocal bakery offers a five percent discount on purchases made with cash. The sale price of a dozen
nutella doughnuts is $30.

How much would it cost to buy a dozen nutella doughnuts with cash, correct to the nearest cent?

b) A dumpling restaurant has a 1.2% surcharge on all EFTPOS transactions. The Scully family ate at this
restaurant last night for dinner. Their bill was $62.50.

How much would it cost the Scully family to pay the bill using a debit card?

Rosa’s credit card has a ten-day interest-free grace period, and a billing period that ends on the last
day of a calendar month. The card has an interest rate of 15% p.a.

On July 12 last year, Rosa purchased a vintage Australia Post bicycle for $350 using her credit card.
If Rosa didn’t make the repayment until 26 October, what was the total amount she had to pay for
the bike? Give you answer in dollars, correct to the nearest cent.

Check your understanding

On September 1, Evelyn uses her credit card to pay an editor $4500 to help her finish her upcoming
book. On November 16, long after the interest-free period finishes, Evelyn pays her credit card balance
of $4657.77.

What is the annual interest rate of Evelyn’s credit card?

Give your answer as a percentage correct to one decimal place.



Q6.
Skill

Q7.
Skill

Qs.

Application

Qo.

Application

Q10.
Skill

3E PURCHASING OPTIONS

2. Hire purchase agreements

Use the following information about a hire purchase agreement to determine the total interest
the customer paid.

e Normal price: $800

e Deposit paid: $350

e Monthly repayment: $100

e Number of repayments: 7

State the total interest charged, and the flat rate of interest for the following scenarios.
Round all relevant answers to two decimal places.

a) Frankie buys a bassoon through a hire purchase agreement from Would Wind Sailing and Music
Supplies. The bassoon usually costs $4200. Under the agreement, Frankie pays a deposit of $420
and makes ten monthly repayments of $399.

b) Iris needs to purchase a new screen printing press to start up her custom t-shirt business. The model

she wants to buy costs $1600. Iris chooses to buy the screen printing press through a hire purchase
agreement. She pays a deposit of $200 and makes 15 fortnightly repayments of $110.

Check your understanding
Two hire purchase agreements of the same item both result in the same amount of interest being paid
overall. One has a term of nine months. The other has a term of 18 months.

Are the flat rates of interest for each agreement the same, or different? If they are different, which rate
is higher?

Mei has entered a hire purchase agreement to buy a road bike, normally valued at $2500. She pays a
deposit of $750, and makes monthly payments of $320. If the flat interest rate on the bike is 6.8%,
how many payments does the agreement last for?

3. Personal loans

Carl is trying to work out what the balance of his loan will be after interest is added for this month.
The current balance of the loan is $75 000, and the interest is 8% per annum.

Fill in the missing numbers in his working out, rounding answers to the nearest cent.

interest rate = 8% per annum

: -8
interest rate per month = =

= 0.67%
balance owed = 75 00O
. _ Interest rate
interest = X balance
. _0.67
nterest = T00 X 75 OO0
interest =

balance after interest = balance owed + interest

balance after interest =

15

© Edrolo 2019
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QM.
Skill

Q12.

Skill

Q13.

Skill

Q14.

Skill
T mark

Q15.

Skill
Tmark

The table below details the the first four monthly repayments of $600 made against a personal loan of
$15 000 with an interest rate of 11% per annum, compounding monthly.

Complete the blank entries in the table below.

Payment | Balance owed before | Repayment ($) | Interest | Debt repaid ($) | Balance owed after
number payment ($) paid ($) payment ($)

1 15000.00 600.00 137.50 462.50 14 537.50

2 14 537.50 600.00 466.74

3 14 070.76 128.98 13 599.74

4 600.00 13124.40

For each of the following problems, give your answer in dollars correct to the nearest cent.

a)

b)

Madeline takes out a personal loan for $10 000 to help Miss Clavel pay for renovations to her house
in Paris. The loan charges interest at a rate of 12.6% p.a. compounding monthly. Madeline makes
monthly repayments of $500.

What is the balance of the loan after Madeline makes three repayments, correct to the nearest cent?

Hans takes out a personal loan of $7500. The loan charges interest at a rate of 15% p.a.
compounding monthly. Hans makes monthly repayments of $450.

What is the balance of the loan after Hans makes five repayments, correct to the nearest cent?

Check your understanding

Which of the following statements about personal loans is not true?

A.

mo o w

Personal loans charge compound interest.

Repayments must be greater than the interest charged in order to pay off the loan.
The interest is calculated for the period after the repayment has been made.

A personal loan is generally between $5000 and $50 000.

The term of a loan can be reduced by increasing repayment amount.

Joining it all together

Which of the following is an advantage of a credit card?

A.

B
C.
D

Low interest rate
No credit limit
Fixed payments

Interest-free grace period

Which of the following is an advantage of a personal loan?

A.

B
C.
D

© Edrolo 2019

Fixed repayments
Interest rates generally lower than credit card
More popular than hire purchase agreements

Requires a deposit
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Q16.  Gordon needs to buy a new oven for his restaurant. The model he wants costs $6500.

?‘:ﬁ;‘r‘gm” His favourite cookware store currently has the model available through a hire purchase agreement
with no deposit, but 7 monthly payments of $975.

Gordon'’s friend, Nigella, offers him a personal loan of $6500 at an interest rate of 15% p.a. compounding
monthly. This loan is to be repaid in six months with equal monthly repayments of $1131.22.

Gordon wants to spend the least amount of money possible.
a) Which option should Gordon choose? (2marks)

b) How much will he save by choosing this option? (1mark)

VCAA question
Q17. Nathan bought a $2500 bedroom suite on a contract that involves no deposit and an interest-free loan
Tmark for period of 48 months.

He has to pay an initial set-up fee of $25.

In addition, he pays an administration fee of $3.95 per month.

The total amount that nathan will have to pay in fees for the entire 48 months, as a percentage of the
original price of $2500, is closest to

A. 1.6%
B. 4.0%
C. 7.6%
D. 85%
E. 8.6%

VCAA 2011 Exam 1, Module 4: Business-related mathematics. Q4

Questions from multiple lessons

Q18.  Jackson invests $12 000 for 200 days. If his interest compounds daily at a rate of 4.5% per annum,
Difficulty: ~ what is his investment worth after 200 days? Round your answer to the nearest dollar.

a $80 821 398
1 mark
B. $79880 235
C. $25368
D. $12300
E. $12296

VCAA 2014 Exam 1 Module 4: Business-related mathematics Q3 - Adapted
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Q19.  The following histogram displays the long jump results of a year level of 86 students.
Difficulty:

a 354

Year 10
T mark

301
25+

201

Frequency

15%

10+

ok [ m_———

0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6
Long jump result (m)

The interquartile range for this distribution is closest to

A. 0.5m
B. 0.75m
C. Im

D. 1.25m
E. 15m

VCAA 2018NH Exam 1 Data analysis Q4 - Adapted

Q20. A small emergency fund of $14 000 was invested in an account for eight years.

Diffiully:  After eight years of earning interest, the value of this investment was $15 783.77.

Jmarks @ How much interest was earned during the eight years of this investment? (1mar)

b) Interest on the account had been calculated and paid monthly. What was the annual rate of interest
for this investment? Write your answer correct to one decimal place. (Imark)

VCAA 2014 Exam 2 Module 4: Business-related mathematics Q3 a,b - Adapted

© Edrolo 2019
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LESSON 4A

Introduction to matrices

The key skills you will learn in this lesson are:

1. Identifying matrix properties

2. Displaying information with matrices

1. Identifying matrix properties

A matrix is a rectangular array of numbers arranged into rows and columns.
Various features of matrices are described below.
Example

Consider the matrix A4:

4213
A=
[9678]

Rows and columns
Rows are horizontal and are numbered from top to bottom.

Rows 1

4 2 1 3
2 | GGy

Columns are vertical and are numbered from left to right.

Columns

4 213
9 6 7 8

Matrix A has 2 rows and 4 columns.

Order

The size of a matrix is known as its order. It is written in the form:
number of rows X number of columns

The order of matrix A is 2 X 4. Itis called a ‘two-by-four’ matrix.

Element

Each number in a matrix is called an element of that matrix.
The element in row i and column j of matrix A can be written as a;

Element a,,in matrix A is 7. It is in the second row and the third column.

4 2 1 3
2 |Gl

© Edrolo 2020

VCAA key knowledge points:

"“use of matrices to store and display

information that can be presented in a
rectangular array of rows and columns such
as databases and links in social and

road networks"”

“types of matrices (row, column, square, zero

and identity) and the order of a matrix”

Mathematics Area of Study key knowledge points derived
from VCE Mathematics Study Design 2016-2020 p.19;

© The Victorian Curriculum and Assessment Authority
(VCAA). Used with permission.
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Matrix type Description

Examples

Row matrix

A row matrix is a matrix with one row and any number of columns. | [10 5] and [4 4 8 8 3]

the number of columns.

Column matrix | A column matrix is a matrix with one column and any number of 2
1
rows. 14 and [ ]
6 1
9
Square matrix | A square matrix is a matrix where the number of rows is equal to 1 2 3 4

52 1 5 6 7 8
5 i

9 16 9 10 11 12
13 14 15 16
Zero matrix A zero matrix is a matrix of any size in which all elements are O. 00
[0l and |0 O
00
Identity matrix | An identity matrix is a square matrix in which all elements on the 1000
leading diagonal are 1 and the rest of the elements are O. 0100 10
The leading diagonal of a matrix is the diagonal line from the top 0010 and [0 1]
left corner of the matrix to the bottom right corner. 000 1

WORKED EXAMPLE 1 (2 marks)

9 8
21
6 3f
4 7

Consider the matrix B =

a) Whatis the order of matrix B?
b) Whatis elementb,,?

SOLUTION

a) Whatis the order of matrix B?

Step1 To find order, first count the rows.
1
2

3
4

999!

There are four rows.

Step2 Count the columns.

B )N s RNe]
N W o=

There are two columns.

Step3 Write down the order.

The order is written as

number of rows X number of columns.

-~ The order of matrix Bis 4 X 2.

b) Whatis element b2 2

Step 1

Step 2

Step 3

For element b, ., locate row 2.

9 8
2 | 2mmin
6 3
4 7

21

Locate column 1.

9 8
2 |1Bein
6 3
4 7

Write down the element.

Element b21 is 2.

© Edrolo 2020
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WORKED EXAMPLE 2 (1 mark)

. . 4 1 2
Consider the matrix X =

9 6 3 0f

Store matrix X in your calculator and use it to find x_,

SOLUTION: TI-NSPIRE

Step1 Open a new page by pressing ctrl + doc~ | Step4 To display element x_,, type x[1,4] and press
then press 1  (‘Add Calculator”). enter |,
Step2 Press <8 | and use the arrows to find the The answer will appear.
matrix icon [l ress (Snter) O T
Set the number of rows to 2 and the number of [: : ; :]-x [: ; : :] '
columns to 4. Press enter |, i
— o 1,4] 2

Step3 Enter the elements of the matrix into each box,
using tab | to go between boxes, or using the

cursor to select elements.

Once the matrix is complete, move the cursor
to the right of the matrix and then press ctrl +

var | then type ‘X’ to store the matrix as x.

Press enter |

SOLUTION: CLASSPAD

Step1 From the menu, tap "“"‘ j and © Edit Action Interactive
o , : 'if.}|-!‘u" "":I|5m|"" T
press then ‘Keyboard'. -
. 7T412], 4 |
Step2 Tap "™ tap [DD],,then tap W) twice to 9630l
create a 2 X 4 matrix. [ ]
Step3 Enter the corresponding elements of the matrix X[1.4]
into each box, using the stylus to go |-
between boxes. — _ ﬂ_
. . . . Cottlnl = | x |y | 2 |
Once the matrix is complete, click the right side (Advancal { ERERE & ma
of the matrix, tap ~  and type ‘X. (Number | - - 4
R =y 4] s8] x
Press EXE to store the matrix as X. N, HEAEAES
« ) | (—} 1] E | +
Step4 Tolocate x, , type ‘X[1,4]" (square brackets are (L |
in ™" Y and press EXE . i'.__ I ﬁl [ 'ﬁ | ans | EXE |

Element x, ,will appear.

© Edrolo 2020
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2. Displaying information with matrices

Matrices can be used to display many types of numerical information, such as the results of a
survey, or sales data.

123

Example
The following table shows the number of milkshakes,
Monday Tuesday
coffees and doughnuts sold at a cafe on Monday -
and Tuesday. Milkshakes 17 12
Coffees 34 38
Doughnuts 19 22

This information can also be displayed in matrix form:
M T

M([17 12

C|34 38

D |19 22

WORKED EXAMPLE 3 (5 marks)

The favourite sports of Year 11 and Year 12 students at Edrolo High are shown in matrix M below.

— o

i i

— —

[g+] (3]

=8

Soccer |32 45

M = Basketball | 53 29
Netball [ 16 21

a) What information does element m,, represent? (1 mark)

b) How many Year 12 students are there at Edrolo High? (1 mark)

¢) Whatis the most popular sport amongst Year 11 students? (7 mark)

d) Create a column matrix showing the total number of students that prefer each sport.

Hence, find the most popular sport overall. (2 marks)

SOLUTION
a) What information does element m,, represent? Step3 Interpret the element.
Step1 Locate row 3. The element m,, is 21. It represents the 21

Year 12 students who chose netball as their
favourite sport.

Year 11
Year 12

b) How many Year 12 students are there at
Soccer |32 45 Edrolo High?

Basketball |53 29
Netball |sisGumii

\S]

Step1 Locate the Year 12 column.

— o

i i

Row 3 is the row labelled ‘Netball’. § 5

- >

Step2 Locate column 2. Soccer 32 45

Basketball |53 29
Netball |16 21

Year 11
Year 12

Soccer |32 45

Step2 Find the sum of the values in the Year
Basketball | 53 29

12 column.
Netball |6l
45 + 29 + 21 =95
Column 2 is the column labelled ‘Year 12". There are 95 students in Year 12.

© Edrolo 2020
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c¢) What is the most popular sport amongst Year
11 students?

Step 1

Step 2

d) Create a column matrix showing the total number of
students that prefer each sport. Hence, find the most

Locate the Year 11 column.

Soccer |32 45
Basketball |53 29
Netball |16 21

Find the highest value in the Year 11 column.
53 is the highest value.
This is in the Basketball row.

-~ Basketball is the most popular sport amongst

Year 11 students.

popular sport overall.

Questions 4A Introduction to matrices

Q1.

Q2.

Skill

Q3.
Skill

Refresher question

How many elements are in a 2 X 2 matrix?

1. Identifying matrix properties

Which of the following is a 3 X 4 matrix?

A433433
343343
7 6 5 4

c. (0281
9 5 6 3

Step1

Step 2

Step 3

Ul O N D

D. [12]

Create and label a 3 X 1 matrix.
Total

Soccer
Basketball
Netball

Add the Year 11 and Year 12 values for each sport.

Total
Soccer 32 + 45 Soccer |77
Basketball = |53 + 29| = Basketball | 82
Netball 16 + 21 Netball | 37

v Tmark for correct column matrix

Find the highest value.

The highest value is 82. This is in the
Basketball row.

-~ Basketball is the most popular sport.

v/ Tmark for writing most popular sport

BN RN
® © w w

For matrix M below, write each of the following elements.

12 3 2 1
7 9 16 5
10 11 4 7
6 8 18 0
a m,
b) m,,
o m,
d) m

© Edrolo 2020



Qa.

Skill

Q5.

Skill

Qé.

Skill

Q7.
Skill

Q8.

Application  and cupcakes (C). All measurements are in cups.

Write the order of each of the following matrices.

4A INTRODUCTION TO MATRICES 125

[0 4
a) [2 1 44 6 17] b) |15 2
| 6 11
6 [2 33 15 -3
c) [_4] d |19 6 7 8
| 4 —-55 71 5
Consider matrix N.
6 -9 15
V= 4 2 11
3 10 7
-1 8 —4
a) What is the order of matrix N?
b) Find elementn,,.
¢) Find the sum of column 3.
Check your understanding
Create the following matrices:
a) A zerorow matrix containing 7 elements.
b) An identity matrix with 3 rows.
A=[11 1 1] B = [0]
(1 0 00
c 0100 D [0 1]
0010 10
(0 0 01
1
=1 Fe ["]
1 0
G =1[1]
Write down which of the above matrices are:
a) zero matrices b) row matrices
c) column matrices d) square matrices

e) identity matrices

2. Displaying information with matrices

The table below shows the amount of milk (M), flour (F), and sugar (S) needed to make pancakes (P)

Pancakes Cupcakes
Milk 2 1.5
Flour 1.5 2
Sugar 0.5 1

© Edrolo 2020
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Fill in the matrix below to display this information.

P C
M
F
S
Qo. The following table displays the highest, lowest, and median marks awarded for a maths test in four Year
Application 11 classes.
Highest Lowest Median
(%) (%) (%)
Class A 97 34 71
Class B 89 40 68
Class C 100 29 65
ClassD 94 42 70

Which of the following matrices does not display information that is in the table?

o

C
Highest [ 100
Lowest | 29
Median | 65
A B C D
Lowest [34 40 29 42
Highest |97 89 100 94
Median |71 68 65 70

A B C D
Median [71 68 65 70]
A B C D

Highest [94 100 89 97]

Check your understanding

Q10.  Alex has three cats and two dogs. Bella has one cat and one dog. Catherine has two cats and no dogs.

Application - pjsplay this information in a 2 x 3 matrix.

Joining it all together

Q1. A group of children were asked their favourite flavour of ice cream between vanilla, strawberry, and mint
pplication  choc chip. The results are shown below.

4 marks

Gender | Vanilla | Strawberry | Mint choc chip

Boys 9 12 21
Girls 15 n 17
a) Display this information in a 2 X 3 matrix.
b) Create a column matrix showing the number of boys and girls that chose mint choc chip.
c) Create a row matrix showing the ice cream choices of the boys only.
d) Find the sum of the elements in the row matrix in part c¢) and interpret the result.

© Edrolo 2020



Q12.

Application
5 marks

Q13.

Application
2 marks

Q14.

1 mark
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Three media classes were asked in a survey what their favourite TV show was out of Friends, Grey’s
Anatomy, and RuPaul’s Drag Race (F, G, R respectively). Matrix X displays the results of the survey
separated into classes A, B, and C.

F G R

A7 7 12
X=B|8 9 10
c[8 11 6

a) How many people in Class A chose Friends?

b) What information does x, , represent?

c) Which element represents the number of people in Class C that chose Grey’s Anatomy?
d) How many people are in each of the three classes?

e) What is the most popular TV show overall?

India likes to plan her dinners so she doesn’t have to eat the same thing two nights in a row. She uses the
matrix below to decide what she will have for dinner based on what she had last night. The four meals
she can make are pasta (P), risotto (R), stir-fry (S), and casserole (C).

Last night

PRSC

P|0O O 0 1

.. Rj0OO0O 10
Tonight

S|11. 0 0 0

C|01 00

a) IfIndia has stir-fry on Tuesday, what will she have on Wednesday, Thursday and Friday?

b) India’s friend, Jason, has recently started planning his dinners the same way, but using a different
matrix. Below are his meals for the past week.

Monday Tuesday Wednesday Thursday Friday Saturday Sunday

Stir-fry Casserole Risotto Pasta Stir-fry Casserole Risotto

Fill in the matrix below based on Jason’s meal choices.

Last night
P RS C
P
Tonight R
oni
g g
C

VCAA question
The order of matrix Xis 3 X 2. The elements of matrix X are given below.
x,=1+1 x,,=1+2
x,, =2+1 X, =2+2
x,, =3+1 X, =3+2
The matrix X is

1 2 2 3 1 2 3

2 3 4

A. |3 4 B. |4 5 C[345] D. |3 3 E 4

5 6 6 7 4 4 5

Adapted from VCAA 2014 Exam 1, Module 6: Matrices. Q6
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Q15.

Difficulty:

T mark

Q1é6.

Difficulty:

T mark

Q17.

Difficulty:

3 marks

Questions from multiple lessons
The number of music festivals (F), concerts (C) and gigs (G) that Heidi (H), Ingrid (1), Joey (]J), Kathy (K)
and Leo (L) attended last summer is given in matrix M.

HI]J KL
3200 6|F
M=|15 4 7 o]c
8321 8|G

The element in row i and column j in matrix M is m,.
The element m,, is the number of

gigs Joey attended last summer

gigs Ingrid attended last summer

concerts Kathy attended last summer

concerts Joey attended last summer

m o n w »

concerts Ingrid attended last summer

VCAA 2015 Exam 1 Module 6: Matrices QT - Adapted

Research is being conducted into trees in Victorian forests. The focus is on two variables:
e Height (metres) (less than 20, 20-40, more than 40)

e Type of tree (Eucalpyt, Mountain Ash, Redwood)

These variables are:

a numerical variable and a categorical variable respectively

an ordinal variable and nominal variable respectively

both ordinal variables

a nominal variable and ordinal variable respectively

m o n w »

both nominal variables

VCAA 2017 Exam 1 Data analysis Q7 - Adapted

Cadrolo (C), Edlindt (E), and Ferred Rocholo (F) are three popular brands of chocolate. Woolworths (W)
and IGA (I) are supermarkets that sell all three brands of chocolate.

The cost, in dollars, for one block of each of these brands of chocolate, in each supermarket, is shown in
matrix B below.

w I
259 239|C

B =599 6.25|E
3.89 399|F

a) Whatis the cost of one block of Edlindt at Woolworths? (1mark)
b) Write down the order of matrix B (Imark)

©) What does the element b , represent? (imark)

VCAA Exam 2 Module 1: Matrices Q1 - Adapted
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LESSON 4B

Addition and subtraction of matrices

“matrix addition, subtraction, multiplication by
a scalar, and matrix multiplication including

The key skills you will learn in this lesson are: determining the power of a square matrix
using technology as applicable”

1. Adding and subtracting matrices ; _ }
Mathematics Area of Study key knowledge points derived

2. Finding the unknown element from VCE Mathematics Study Design 2016-2020 p.19;
© The Victorian Curriculum and Assessment Authority
(VCAA). Used with permission.

1. Adding and subtracting matrices

When adding matrices, we add the elements in the same position of each matrix.
When subtracting matrices, we subtract the elements in the same position of each matrix.
Matrices must be of the same order to be added together or subtracted from each other.

If the matrices in an addition or subtraction operation are of the same order, the expression is
defined. If the matrices are not of the same order, the expression is not defined.

WORKED EXAMPLE 4 (2 marks)

20 8 3
IfA=|6 4| and B= |2 9] find:

17 4 2
a) A+B
b) A-B
SOLUTION
a) A+ B b) A-B
Step1 Write the calculation. Step1 Write the calculation.
2 0 8 3 2 0 8 3
6 4| + (2 9 6 4] — (2 9
17 4 2 17 4 2
Step2 Add the elements which are in the same position Step2 Subtract the elements which are in the same
in the two matrices. position in the two matrices.
[2+8 0+3 2 -8 0-3
6+2 4+9 6-2 4-9
|1+ 4 7+ 2 1 — 4 7 =2
Step3 Perform the operations to find the answer. Step3 Perform the operations to find the answer.
(10 3 [—6 -3
8 13 4 =5
5 9 -3 5

2. Finding the unknown element

To find the value of an unknown element in a matrix we must find the position of the element
in the matrix. The value of the unknown element can be found by identifying the elements in the
same position, and writing an equation which relates these elements.

© Edrolo 2020
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WORKED EXAMPLE 5 (7 mark)

What is the value of a?

[—13 3] ! [g 2] B [Z 115]

SOLUTION
Step1 Find the position of element a. Step3 Write an equation.
a is in the first row and the second column. a+3=1
[ 1 Gq + [6 q = [7 @] Step4 Solve the equation algebraically or by using the
=37 58 2 15 solve function on your CAS to find the value of a.
Step2 Find all the elements in the same position - the a=-2
first row and the second column.
Questions 4B Addition and subtraction of matrices
Refresher question
Q1. x + 6 = 2. What is the value of x?
1. Adding and subtracting matrices
_|-5 8|1 5_13 9| ~_|-4 5 _ 10 =7 . .
ﬁf IfA = [ 3 10],B = [11 7], C= [—6 3] and D = [_2 12], find the following.
|
a) A+B
b) B-C
o C—-A+D
Check your understanding
7 -1 —-14 2 2 6 -16
Q. A= [(3) 7 142],B= l—3 8],C= llo 11],D= l3 4 7 ],E= [_56 170]
Skill 9 2 -8 3 -8 17 9
_ |28 3 =7 _ 100 . - RS
F= [ 7 15 0 ] and G = [0 0],Wh1€h of the following is not defined?
Choose all answers that apply.
A. A+ B B. B—-C c. E+G
D. F+A E.E. D-C
Q4. The matrices below show the number of small and large blueberry, banana and chocolate muffins sold at

Application  two stores in a day. Construct a matrix that shows the total number of each type of muffin sold that day

across the two stores.

> 2 > 08
5 g = 5 g =
S & 8 S 5 3
g = o g =t s}
2 & < 5 T
m M o m M o
Small[lS 11 17] Small[19 20 22
Large|21 16 19 Large|25 23 27
Store 1 Store 2
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2. Finding the unknown element

Q5. If [0 7] + [3 _5] = [i 2], what is the value of x?

17 9 -8 4 13

Skill

Qeé. Find the unknown values.

Skl o 6@ 1], [13 9 11]_[19 16 12

9 0 -8 2 4 —b| T |11 4 4

7 2 5

—| |s]|_|-8

| 3 11 —8

(16 -7 3 7 =2 g 9 -5 5
o |-5 13 8| +|f -3 12| =|-6 16 -4

L6 10 e 16 0 -7 -10 10 -7
Check your understanding

Q7. A student was conducting a survey about (_Zlas_s 1 Cl_as_s 2 T(jtal_

Application  the types of pets owned by students in two 7 | Dog 6| Dog ¢ |Dog
classes. He recorded his data in the matrices 5 |Cat 7| Cat 12 [ Cat
on the right, but some of the data got a | Rabbit 2 | Rabbit 4 | Rabbit
smudged out. What are the missing values? 0 [Guinea Pig | 3 | Guinea Pig | 3 | Guinea Pig

1 |Bird 2 | Bird 3 | Bird
| 10 [ None | b | None | 16 | None

Joining it all together

Q8. What is the missing matrix?

Skill 6 0 3 7
mark -9 3| -?7=|-45
2 8 —6 4

Qo. The total number of students who have brown, blue, hazel and green eyes in three Year 11 classes is
Application  represented in the matrix below. Which could not have been the number of brown, blue, hazel and green

1 mark eyes in the three individual classes?
371 Brown
18| Blue
11| Hazel
3 1 Green
107 Brown [137] Brown 147 Brown
| 9 | Blue .| 5 [Blue .| 4 |Blue
A. Class 11A: 3 | Hazel Class 11B: 3 | Hagel Class 11C: 5 | Hagel
| 1 1 Green | 2 1Green | 0 1Green
1277 Brown [137] Brown [127] Brown
.| 6 | Blue .| 7 |Blue .| 5 [Blue
B. Class11A: 2 | Hazel Class 11B: 3 | Hazel Class 11C: 6 |Hazel
| 1 1 Green | 1 {Green | 1 1Green
137 Brown 107 Brown 141 Brown
| 7 | Blue | 9 |Blue | 2 | Blue
C. C(Class11A: 3 | Hazel Class 11B: 3 | Hazel Class 11C: 5 | Hazel
| 1 1 Green | 1 {Green | 1 1 Green
1471 Brown 117 Brown 1271 Brown
.| 2 |Blue |10 [Blue .| 6 |Blue
D. Class11A: 5 | Hazel Class 11B: 5 |Hazel Class 11C: 2 | Hazel
| 1 1Green | 1 {Green | 1 1Green
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132 4B ADDITION AND SUBTRACTION OF MATRICES

Q10.

Application
2 marks

Q.

T mark

Q12.
Difficulty:

T mark

Q13.
Difficulty:

T mark

Q14.
Difficulty:

3 marks

The weight (kg) and body fat percentage (%) of four people were recorded before and after taking part
in an exercise program.

[«5] [}
5 2 s 3 52 ¢ %
= A N X -V
56 72 61| Weight (kg) 76 57 74 59| Weight (kg)
Before: After:
22 18 27| Body fat (%) 19 20 16 24| Body fat (%)

a) Calculate the matrix which shows the change in each person’s weight and body fat percentage after
taking part in the exercise program.

b) Who lost the most weight?

VCAA question
10 3 7(_|4 7 .
If [0 1] + [8 d] = [8 11] then d is equal to
A. —11 B. —10 c. 7
D. 10 E. 11

VCAA 2008 Exam 1, Module 6: Matrices. Q1

Questions from multiple lessons

Jane recently started working at a grocery store on weekends. The number of hours she works on
Saturday and Sunday over three consecutive weeks (W1, W2 and W3) is shown in the matrix below.

W1 w2 W3
Saturday [4 7 5]
Sunday |5 7 8
How many hours did Jane work on Saturday in week 37
A 7 B. 5 c. 8
D. 4 E. 13

VCAA 2017 Exam 1 Module 1: Matrices Q1 - Adapted

Find the first five terms of the recurrence relation below.

B,=-1 B, =-3B +4
A. -1,3,7,11,15.. B. -1,7,-17,55,-161.. c. -1,1,7,25,79..
D. 7,-17,55,-161,487.. E. -1,3,-9,27 -81..

VCAA 2016 Exam 1 Recursion and financial modelling Q17 - Adapted

The number of child (C), student (S) and adult (A) tickets sold for a particular movie is shown in the
matrix N below.
36| C
N=|34(S
49| A
a) What is the order of matrix N? (mark)
b) Whatis the elementn,,? (mark

c¢) Whatis the sum of the elements in the column matrix, and what does it represent? (Imark)

VCAA 2016 Exam 2 Module 1: Matrices QT - Adapted
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LESSON 4C

Multiplication and matrices 1

The key skills you will learn in this lesson are:

1. Scalar multiplication

2. Addition and subtraction with scalar multiplication

1. Scalar multiplication

4C MULTIPLICATION AND MATRICES1 133

VCAA key knowledge point:

“matrix addition, subtraction, multiplication by
a scalar, and matrix multiplication including
determining the power of a square matrix
using technology as applicable”

Mathematics Area of Study key knowledge points derived
from VCE Mathematics Study Design 2016-2020 p.19;
© The Victorian Curriculum and Assessment Authority
(VCAA). Used with permission.

There are two types of multiplication with matrices: scalar multiplication and the matrix product.

Scalar multiplication is the multiplication of a matrix by a number.
This number is known as a scalar, because it ‘scales’ the values inside the matrix.

To calculate the answer, multiply each element in the matrix by the scalar.

WORKED EXAMPLE 6 (1 mark)

6 -7 .
IfA = [0 ; ],fmd 34.
SOLUTION

Step1  Write the equation in matrix form.

3A means 3 times A.

.6 =7
u=3[g 7|

Step2 Multiply every element inside the matrix by 3.

_ [3 X6 3x(=7)
3x0 3x3
Step3 Complete the operations to find the answer.

_ [18 —21]
0 9

WORKED EXAMPLE 7 (1 mark)

10.2 5.1 ]

Use CAS to evaluate 2.6 [ 39 _47

SOLUTION: TI-NSPIRE

Step1  Go to the calculator screen within a document. Type the scalar, 2.6, then press multiply ‘X",

Step2 Push menu| then 7 for ‘Matrix & Vector’,

Enter ‘2’ for the number of rows and ‘2’ for the number of columns. Press

Step3 Enter 10.2, 5.1, 3.9 and —4.7 in their respective places in the matrix.

for ‘Create’ and

for ‘Matrix ... .

OK

You can use the up, down, left and right buttons or the cursor to navigate around the matrix.
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134 4C MULTIPLICATION AND MATRICES 1

Step4 Press ctrl then enter to calculate the answer in decimal form.

;_ﬁ,[m,z 11] 2652 1326 | (]

39 =47 10018 =12.22

SOLUTION: CASIO CLASSPAD
Step1 Using the stylus, touch ﬁ”"" j Type the scalar, 2.6, then press multiply ‘X’

Step2 Under the "™ section of the keyboard, push @ (add row) and [lﬂ (add column)
once each to create a 2 by 2 matrix.

Step3 Use the stylus to tap on different elements in the matrix and enter the relevant numbers.

Step4 Ensure the calculator is on Decimal mode, not Standard mode, and tap EXE .

# Edit Actlon Interactive
[ea] & [iafsm] o o [ ][

10.2 5.1 4|
”lm -1.7
26.52 13.26
10.14 -12.22
L
7]

2. Addition and subtraction with scalar multiplication

In matrices the order of operations (BIDMAS or BODMAS) applies to scalar multiplication, matrix
addition and and matrix subtraction.

WORKED EXAMPLE 8 (7 mark)

_ e =7 _[1 37 . .
IfA = [0 3 ],andB = [_2 5],fmd 2A — 3B.
SOLUTION

1 ite 24 — 3Bi ix form. . e .
Step Write 3B In matrix form Step3 Complete the operations within each matrix.

6 —7 1 3
2,4_33:2[ ]_3[ ] =[12 —14]_[3 9]
0 3 =25 0 6 —6 15
Step2 Multiply each element inside the matrices with
the multiplier (scalar) outside it. 9 —23
_[2><6 2(—7)]_[3><1 3><3] =[6 _9]
2x0 2x3 3(=2) 3x%5

Step4 Do the subtraction operation.
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Questions 4C Multiplication and matrices 1

Q1.

Q2.

Skill

Q3.

Skill

Q4.

Skill

Q5.

Skill

Q6.

Skill

Q7.
Skill

Refresher question

Find the value of the following:
a) 2x5+4+3x7
b) 7x1—-4x(-2)

1. Scalar multiplication

4C MULTIPLICATION AND MATRICES1 135

Find the missing number in the following scalar multiplication operation.

2|5 =[5 %5l = [

Evaluate the matrix below.

2 3
73

Evaluate the following expressions.
4 —1]

2 3

4 —2]

7 3

12 4
16 40

a) —2[
b) 10[

o 025 [

Check your understanding

For the following, find the value of x.

o <[t - g

2 1] 7 la 2
—2 5] _ [~18 45
b) x[3 1]_[27 9]

2. Addition and subtraction with scalar multiplication

Complete the matrix equation below by filling in the missing element.

R e

Evaluate the following expressions.

a) 8[11 15 —19]1 — 5 [210 68 130]

[

4 7 4 —5
© 3[—3 5]_4[3 2]
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136 4C MULTIPLICATION AND MATRICES 1

Qs.
Skl

Q9.
Skill

Q10.
Application

Q11.

Skill
T mark

Q12.

Skill
2 marks

Evaluate the following expressions without using CAS.
-2 2 4 -3
a)4[1 3]+2[—1 5]
-2 2 4 =3
® _3[1 3]+2[—1 5]

2 2 4 -3
© _3[1 3 _2[—1 5]

Evaluate the following expressions using CAS.
3 2 4 -1 0 2
a)z[1 -1 —2]_3[4 —2 3]
6 4 -2 -2 4 1
o 053 g T =170 A

Check your understanding

Due to an increase in demand, the price for Edrolo merchandise will double.

The original prices, in matrix form, were:
hoodie tracksuit pants| _ [$70 $55
cap tote bag ~ %20 $10

Which expressions will give the matrix with the new prices? There may be more
than one correct option.
Expression 1

. [$70 $55]
"~ 1$20 $10

Expression 2

[$70 $55]
$20 $10

Expression 3

[$70 $55] [$70 $55]
$20 $10 $20 $10

Joining it all together

Which of the following does not equal [g] ?

2[6] _ 1
A3 _12] 2 [2.5]
1[4
B. 1 _6]
: 2
c. 3 8] +3 3]
- 1

o
()

HEIE

Solve the following equation for x and y.

ZLlc i]_3[§ ﬂ=[_53 —04]
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Q13.

Skill
I mark

Q14.

Application
I mark

Q15.
1 mark

4C MULTIPLICATION AND MATRICES 1

Which of the following problems cannot be simplified down to a single matrix?

A 027 22 35 =28 [0 4 3]

37 83 —-05 6 00

—4 2 =7
B. —23 |3 +3]04 33
21 -1 0.78
3 4 6 -01 2 041
C. |-5 01 31—102 1 0
4 -0.6 0.33 4 3.2 43
D. 45[-3 1.4]—-5.61[31 -2]

Gabrielle and Hussain are racing to finish their classwork correctly. The final problem for the lesson is
below. Look at their working. Who finished all the problems correctly first?

4 -3 2 3 15 -2
L5 [2 -1 0] -2 [—0.5 3 4.5]
Gabrielle:

[1.5x4 15x—-3 15x2] [ 2x3 2x15 2x-2
1.5x2 1.5x-1 1.5x0 2x—=05 2x3 2x45

_[6 —45 3]_[6 3 —4]

13 —15 0 -1 6 9
_ 0 -75 7 ]

12 =75 -9
Hussain:

=[1.5x4 1.5x -3 1.5><2]_[ 2x3 2x15 2x-2
1.5x2 1.5x—-1 15%0 2xX—=05 2x3 2x45

=[6 —4.5 3]_[6 3 —4]

3 =15 0 -1 6 9
_ [0 -75 7 ]

4 —-75 -9
VCAA question

2 1 -1 0
3[0 3]+2[2 —7] equals

A [i —35]
s 6,
¢ s
o. 5[y
S

VCAA 2009 Exam 1, Module 6: Matrices. Q1

137
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138 4C MULTIPLICATION AND MATRICES 1

Q1é.

Difficulty:

T mark

Q17.

Difficulty:

T mark

Q18.

Difficulty:

3 marks

Questions from multiple lessons

Consider the following matrix equation.

e fe 5w )

30 -1
Which of the matrices below is M?
~ )

e [} 5]
S
o |7 7
=[5 2

VCAA 2018NH Exam 1 Module 1: Matrices Q2 - Adapted

The following scatterplot shows the
distance covered (km) and price ($) per ticket
for 10 international flights.

A least squares regression line has been
added to the scatterplot with distance covered
as the explanatory variable.

The equation of the regression line is closest to
distance covered = 507 + 0.987 X price
distance covered = 507 + 0.013 X price
distance covered = 441 + 0.013 X price
price = 507 + 0.013 X distance covered

m o n w »

price = 441 + 0.013 X distance covered

VCAA 2017 Exam 1 Data Analysis Q8 - Adapted

Price ($)

1000 1
900+
800
700+
600+
500
400+
300+
200+
100 +

5000

10 000 15000
Distance covered (km)

20000

The cost, in dollars, for some Apple products at a tech shop are shown in matrix M below.

1000 | iPhone
450 | iPad
1250 | MacBook
800 | AppleWatch
a) Whatis the cost of a MacBook? (imark)

b) Whatis the order of matrix M? (imark)

¢) The products have recently been discounted. The new price matrix, N, can be found from the

equation below.
N=075xM
Evaluate N (1mark)

VCAA 2018 Exam 2 Module 1: Matrices QT - Adapted
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4D MULTIPLICATION AND MATRICES2 139

LESSON 4D

Multiplication and matrices 2

“matrix addition, subtraction, multiplication by
a scalar, and matrix multiplication including

The key skills you will learn in this lesson are: determining the power of a square matrix
using technology as applicable”

1. Finding whether a matrix multiplication operation is defined ) A )
Mathematics Area of Study key knowledge points derived

2. Multiplication of matrices from VVCE Mathematics Study Design 2016-2020 p.19;
© The Victorian Curriculum and Assessment Authority
(VCAA). Used with permission.

1. Finding whether a matrix multiplication operation is defined

When multiplying matrices, the order of the matrices determines whether or not the matrices can
be multiplied together.

If A and B can be multiplied together, we say AB is defined. If not, we say AB is undefined.

AB is defined when the number of columns in the matrix on the left equals the number of rows
in the matrix on the right. In words, if the ‘width’ of A and the ‘height’ of B are the same, then AB
is defined.

If Ais an m X n matrix, and B is a p X ¢ matrix, then matrix AB is defined if n = p.

AB will be of order m X q.

WORKED EXAMPLE 9 (2 marks)

2 3 -11

3 —12 4 0 =5
A is the 3 X 2 matrix l 9 4 ] and Bisthe 5 X 3 matrix |3 -2 7
-7 6 2 =5 0
1 1 6

a) Is AB defined?
b) Is BA defined?

SOLUTION
a) Is AB defined?

Step1 Look for m, n, p, and q. Here, A is the left matrix and B is the right.

q=3
n=2 —>
«—» 2 3 -11
3 =12 4 0 -5
m=3“9 4] p=5||3 -2 7
-7 6 2 -5 0

1 1 6

A X B

m X n p *q

3 x x 3

nzp

Step2 Here,n = 2 and p = 5. As n # p, ABis not defined.
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140 4D MULTIPLICATION AND MATRICES 2

b) Is BA defined?

Step1 BA will have different values of m, n, p, and q. Look for the new values.

n=3
—> q:2
2 3 -11 —
4 0 =5 3 =12
m=5||3 -2 7 p=3“9 4]
2 =5 0 -7 6
1 1 6
B x A
m x n P *q
Sxez

2. Multiplication of matrices

Once a matrix product is known to be defined, the multiplication can begin. Matrix multiplication
is not commutative, meaning that for two matrices A and B, AB generally doesn’t equal BA.

In matrix multiplication, the rows of the left matrix are multiplied with the columns of the right
matrix. This process is outlined below for the multiplication of two 2 X 2 matrices.

[a b] « [e f] B [ae+bg af+bh]

c d g h| |ce+dg cf+dh

WORKED EXAMPLE 10 (2 marks)

-1 2
. 1 3 8 3 . [2 3 -1 .
a) Find [_2 2] X [4 _5]. b) IfAis 40 _5] and B is lg i],calculateAB.
SOLUTION
. 1 3 8 3
a Fnd | S x [y 5]

Step1 Check if the product is defined.

Looking at the matrices, n = 2 and p = 2. Since these are the same, we can continue.

Step2 Find the order of the product.

The product will be of order m X g (number of rows in first matrix by number of columns
in second matrix).

It will be a 2 X 2 matrix.

Step3 Find the expression for calculating the first element.

1 B]X 8 3]_ 1x8x3x4
-2 2 4 -5]

Notice that the elements from the rows in the first matrix are multiplied by the elements
in the column of the second matrix and these results are added.

Step4 Find expressions for all elements.

1 3]x 8 3]2[1x8x3x4 1x3x3x-5
-2 2 4 -5 -2X8Xx2x%x4 -2Xx3Xx2x%x-5

Step5 Perform the operations for each element to find the answer.
1 3] [8 3 ] _ [20 —12]
-2 2 4 -5 -8 —16
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2 3 -1 -1 2
b) IfAis[ ]andBis 0 3], calculate AB.
4 0 -5 4 1

Step1 Check AB is defined.

Looking at the matrices, n = 3 and p = 3. We can continue.

Step2 Find the order of the product.
The product will be of order m X g (number of rows in A by number of columns in B).

AB will be a 2 X 2 matrix.

Step3 Find the expression for calculating the first element.

23 11 [1 2] PxED+3x0+(-1)x4
]x 0 3| =
4 0 -5 s 1

Notice that the elements from the rows in matrix A are multiplied by the elements in the column of matrix B

and these results are added.
Step4 Find expressions for all elements.

0 3

4 0 -5 4 1

2 3 _l]x[_l 2]=[2><(—1)+3><0+(—1)><4 2x(2)+3x34+(-1)x1
4x(-1)+0x0+(-5)%x4 4x(2)+0x3+(-5)x1

Step5 Perform the operations to each element to find the answer.

-6 12]

AB = [—24 3

WORKED EXAMPLE 11 (7 mark)

Use CAS to calculate the following matrix product.

1.6 2.3] « [2.1 0.5 —0.8]
—-4.2 0.3 1.1 0 =22

SOLUTION: TI-NSPIRE

Step1 From the home screen, select ‘Calculator’ to open a new page. Press menu |, then 7
for ‘Matrix & Vector, 1 for ‘Create’and 1 | for ‘Matrix... . Enter two rows and two

columns for the matrix on the left. Press OK
Step2 Enter the matrix values, 1.6, 2.3, —4.2, and 0.3, into the appropriate spots.

Step3 Move to the right of this matrix, and repeat steps 1 and 2 for the matrix on the right.

Step4 Press ctrl then enter  to calculate the answer in decimal form.

=g > *Doc — ra {15 £
26-[10.2 5.1 26.52 13.26
3.9 -47% 10.14 -12.22
SOLUTION: CASIO CLASSPAD
Step1 Using the stylus, tap ""*‘ j Tap £ and open the keyboard.

Step2 Under the "™ section of the keyboard, push @ (add row) and @ (add column) once
each to create a 2 X 2 matrix. Tap to the right of the matrix, and tap @ once and @

twice to create the second matrix.
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142 4D MULTIPLICATION AND MATRICES 2

Step3 Tap the top-left entry in the first matrix. Enter 1.6 there.

Enter all the other elements into their appropriate places.
Step4 Ensure the calculator isin Decimal mode, not Standard mode, and tap EXE .

& Edit Action Interactive

[ea] e [laafsm e[ T4
10.2 5.1 B
3.9 -4.7

26.52 13.26
10.14 -12.22

2.6]

Questions 4D Multiplication and matrices 2

Refresher question

Q1 What is the order of the following matrix?

1—264]
3 5 11

1. Finding whether an operation is defined

Q2. The matrix product BA is defined.

Skill If matrix A has two rows, how many columns does matrix B have?

Q3. Is the matrix product AB defined for the following pairs of A and B?

Skill If so, what will be the order of matrix product AB?

1 3
o aelf o [2 1]
0 -1

0 1 5
_[2 15],_|_
b A= _262],B_l9 4 2]

3 =3 4
3 4 2
o A=|-1 2 |,B= [5]
—4 =2
Check your understanding
3 4 1 1 2 3 4
Q4. IfA:[ andB = |1 2 3 4|,is 24 X 3B defined?
2 2 2
Skill 12 3 4

If so, what will be the order of the matrix product?
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2. Multiplication of matrices

Q5. Look at the working below. Where is the mistake and what is the mistake?

Skill [21x[4]_'2><4+1><(—2) e 1
3 1] “l-2] T [3x4a+1x (=2 €

_[8+ -2 .
= »10+_2] line 2
= g] line 3

Q6. Evaluate the following without using CAS.

Skill 1 4 2 1
D |5 3] % [2 3]
(2 -1 10 -2
b4 1] % [2 6]
1
2 2 1o 1
c) 1 -1 X 1
- 21 )
Q7. Evaluate using CAS.
Skill —
14 -2 1 43
IfAis [3 0 —4 —-2| andBiis , find AB.
2
25 -3 1
0
Q8. Which of the following matrix products do not equal E (1) ?
Skill 0 1 1 0
A1 ol * 12 1]
(2 1] 1 1
B 1 1] % =2 1]
[0 1 11
¢ | 1] x [2 1]
(2 1] 1 0
D- 11 o] * lo 1]

Joining it all together

Q9. If matrix B has 3 rows and 4 columns, and the matrix product AB is defined, how
Skill many columns must matrix A have?
1 mark

Q10. IfAisal X n matrixand Bisa p X 1 matrix, and n = p, then the matrix product ABisa 1 X 1 matrix,

Skill containing a single number. Which of the following products is highest in value?
1 mark
2 !
A. [1 4 -3 71X 3 B. [2 5 -2]1x |1
1 1
—4
-2 —4
c. [10 12]x[3] D. [-1 1 -1 1 -11x| 2
5
-3
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144 4D MULTIPLICATION AND MATRICES 2

2 —4 6 -7 0 9 5 _q

Q11. IfA=19 —11 2| B=1]12 2 |,andC = [ ], find whether the following products
13 =4 0

Skill 0 14 -7 5 -3

6marks  are defined, and if so, calculate the product.

a) AB
b) A?
c) AC
d) CA
e) BC
f) BA
Q12. Youssef and Maya’s teacher wrote the following question on the board.
e o [ 7)< [2 0
1 2 3 4 7 10
Youssef got an answer of a = 4, b = —2.
Maya got an answer of a = =5,b = 1.
Who is correct?
VCAA question
Q13. Matrix A has three rows and two columns.

1mark Matrix B has four rows and three columns.

Matrix C = B X A has:

two rows and three columns.
three rows and two columns.
three rows and three columns.

four rows and two columns.

m o n v »

four rows and three columns.

VICAA 2013 Exam 1, Module 6: Matrices. Q2
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Questions from multiple lessons

Q14. The table below shows information about two matrices, P and Q.
Difficulty: R
(1] Matrix Order Rule
1 mark P 3x3 p, = 5i — 2j
Q 3x3 q,=3i—2

The element in row i and column j of matrix P is Dy
The element in row i and column j of matrix Q is q

The difference P — Q is

3 1 -1 2 2 2 1 -1 -3
A. |8 6 4 B. |4 4 4 c. 4 2 0
13 11 9 6 6 6 5 3
2 46 2 4 2
D. |12 4 6 E. |4 2 6
2 46 2 6 2
VCAA 2017 Exam 1 Module 1: Matrices Q6 - Adapted
Q15. Mattie wants to open up her own fashion studio. She will take out a loan of $160 000 with interest
pifficulty:  charged at a rate of 2.6% per annum, compounding monthly.
]'I ) Each month, Mattie will only pay the interest charged for that month.
mar

After 30 months, the amount Mattie will owe is

A. $84900

B. $122250
C. $149600
D. $160000
E. $170400

VCAA 2017 Exam 1 Recursion and financial modelling Q19 - Adapted

Q16. Alocal game shop sells Jenga (J), Pictionary (P), Monopoly (M) and Scrabble (S). Matrix N contains the
difficlty:  number of sales of each game in the past month.

a 587]
2 marks

|14 |P

167 | M

1151 S

a) Write down the order of matrix N (Imark)
b) The price of each game is contained within Matrix P.

J] P M S
P=1[29 13 25 34]

Calculate the matrix product R = P X N (Imark)

VCAA 2016 Exam 2 Module 1: Matrices QT - Adapted

© Edrolo 2020



146 4E APPLICATIONS OF MATRICES

LESSON 4E

Applications of matrices

The key skills you will learn in this lesson are:

1. Using matrices to count

2. Business applications

1. Using matrices to count

VCAA key knowledge point:

"“use of matrices, including matrix products

and powers of matrices, to model and solve
problems, for example costing or pricing
problems, and squaring a matrix to determine
the number of ways pairs of people in a
network can communicate with each other via
a third person”

Mathematics Area of Study key knowledge points derived
from VVCE Mathematics Study Design 2016-2020 p.19;

© The Victorian Curriculum and Assessment Authority
(VCAA). Used with permission.

Matrices can be used to add many quantities at once, such as the total numbers of different

products sold at a shop in a week.

To do this, a matrix is multiplied by a single-row or single-column matrix of ones, called a vector.

It is important to note that if the vector is left of the matrix it must be a row, and if it is right of the

matrix it must be a column. This ensures the matrix product is defined.

Example

Such a multiplication may look like this.

23 25 21
. e 13 15 12
Vector is on the left so it is a row 1 1 1 1]X 42 39 45
12 11 9
1 4 =2 1
Vector is on the right so it is a column 5 5 3 ([x]|1
-4 2 -1 1

WORKED EXAMPLE 12 (7 mark)

The following matrix shows the number of students who have travelled to different cities in
Australia in classes 11A, 11B and 11C at a school.

Calculate how many students in the three classes have been to Adelaide.

< =

= —~

T S O G

< < T A

ClassA [12 10 6 7
ClassB (13 9 4 8
ClassC L10 10 5 4

SOLUTION

Step1 Looking at the matrix, we want to sum the elements for Adelaide.

S =

T o 2 g

T £ 5%

= —

o = o «©

< w»n T A

ClassA [|12| 10 6 7
ClassB (|13 9 4 8
ClassC 1i10] 10 5 4
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Step2 Theinformation we need is in a column, so we need to multiply by a row.

The column has 3 elements, so the row must also have 3 elements.

T b g
S 2 8 %
- —
o SRR
< »n T A
12 10 6 7] ClassA
[1 1 11x |13 9 4 8] ClassB
10 10 5 41 ClassC
Step3  Multiply the matrices. Note that the multiplication sums the data for all the cities.
(]
a=] +
= ) E
S E S
< & e
[1x124+1x13+1x10 1x10+4+1x9+1x10 1x6+1%x4+1x%x5

Hobart
Darwin

=[35 29 15 19]

Step4 The matrix shows that 35 students from the three classes have been to Adelaide.

Darwin

1X7+1x%x8+1 x 4]

WORKED EXAMPLE 13 (7 mark)

The following matrix shows how many boys and girls in a school are in each year level.

Find the total number of boys in the school.

o — o~
[ [ee} (o)} i i i
= — = = = =
g & 3 38 8 8
>~ >~ >~ >~ >~ >~

Boys [280 285 358 235 203 194
Girls (278 287 246 242 208 198

SOLUTION

Step1 The data on boys’ enrolment figures is a row.

(e} ~— N
D~ [ee} (<)} i A —
— — — — — —
§ 5§ 8§ § § §
>~ >~ >~ >~ >~ >~

Boys |280 285 358 235 203 194
Girls |278 287 246 242 208 198

Step2 As the data we want is a row, we multiply it by a column on the right.

o i N
~ © fo) — — —
— — = — — —
g & 8 & & 8 1
> > >~ > > > 1
Bf)ys 280 285 358 235 203 194 x 1 4— As the row has six elements in it,
Girls | 278 287 246 242 208 198 1 the column has six ones.
1
1

Step3 Calculate. Note that this operation will also find the total number of girls.
Boys [280 x 1 +285x1+358%x1+235x1+4+203x1+194x1
Girls | 278 x 1+ 287 x 1+ 246 x 1+ 242 x1+208%x 1+ 198 x 1

_ Boys |1555
 Girls [1459

Step4 Each row in the product matrix corresponds to the same row in the original matrix.
The number of boys at the school is 1555.

© Edrolo 2020
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2. Business applications

Matrices can be used to calculate revenue or profit, by using similar operations to the examples above.
The difference is that instead of multiplying by a matrix of ones, the matrix will contain the prices of items.
Example

The left matrix contains information for the number of bread rolls, pies and drinks sold by two bakeries.

The right matrix holds the prices of each item. It works because the numbers of bread rolls sold will be multiplied by
the price of a bread roll, and so on.

Bread rolls
Pies
Drinks

Bakeryl [130 56 34_] lOS] Cost of a bread roll
X

4 | Costofapie
Bakery 2 |142 63 45 35| Cost ofa drink

The example below is incorrect because there are four columns in the left matrix, but only three prices in the right
matrix. The product is not defined.

%]
[«5]
2 v
g2 ¢
ST 9 =
S o = n
w g O wn
LT 2 E
z2 88
Shop1 (1 0 3 110
op x | 105 | 4— Only three prices listed here
Shop2 [5 3 8 85

WORKED EXAMPLE 14 (2 marks)

Assume Hoyts and Village sell movie tickets for the same price: $22 for adults, $16 for children, and $18.50 for
concessions. The matrix below shows how many tickets of each type were sold on a particular Saturday.

Create a price matrix and use matrix multiplication to work out which cinema had a higher revenue.

SOLUTION
s oz o
5 =
< S S

Village |2467 1378 895
2388 1432 910

Hoyts

Step1 There are three ticket types, so the price matrix will have 3 elements.

As we want to sum the information in rows, the price matrix is a column.

-
s = o
<< o Q

22 | Price of adult ticket
16 | Price of child ticket

2388 1432 910 . . .
18.5 | Price of concession ticket

v/ Tmark for correct price matrix

Village |2467 1378 895 N
Hoyts

Step2 Perform the multiplication.

Village |92879.5
92283

Hoyts
Step3 The top row of the product matrix contains data relevant to the top row in the information matrix.

Village had a higher revenue on that particular Saturday.
v/ Tmark for stating Village had a higher revenue on Saturday
© Edrolo 2020
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Questions 4E Applications of matrices

Q1.

Q2.
Skill

Q3.
Skill

Q4.

Application

Refresher question

Ais a3 X 2 matrix. Bis a 2 X 4 matrix. What order will AB be?

1. Using matrices to count

Matrix A indicates the numbers of students with pets in two classes. Matrix B can be multiplied with A to
find the total number of students with pets in Class B. Should the multiplication be AB or BA?

“u B

o w® 5
A o m 1
ClassA |8 5 3 1
ClassB |7 6 4 1
A B

Matrix A indicates what each student in each class had for dinner last night.

< M O

w 2] 2]

S o ©

S O O
Pasta [8 3 6 1
Curry |5 7 6 1 n11 1]
Salad [6 2 5 1
Other |4 10 6

A B C

a) What does matrix product AB represent?
b) Calculate AB to find how many students ate salad for dinner yesterday.
¢) For matrices A and C to be multiplied together, matrix C needs to be on the left.

What does product CA represent?

Check your understanding

A primary school class is studying averages, and to do so they went outside for 30 minutes each day last
week to count the number of different coloured cars driving past. Ali recorded the following data. It is
displayed in matrix form below. This matrix will be called A.

Black

Tue
Wed
Thu |33 25 15
Fri 141 26 17

[«5]
=
=
Mon |35 26 15
40
38

1

a) What does AB represent, ifB=]1]?
1
1

b) What does CA represent, if C = [E T T T E] ?

© Edrolo 2020
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Q5.
Skill

Qé.
Skill

Q7.

Application

2. Business applications

A bag shop sells school bags, handbags and wallets. The sale price of each is in matrix P.

The number of each item sold on a particular day is stored in matrix S.

Wallets

School bags | 40
Handbags | 30
Wallets | 20

P S

a) Does matrix product PS or SP represent the amount of money received on that day?

W School bags
on Handbags

N
—

b) Find the amount of money received on that day.

Sausages, burgers and cans of drink are sold at a sausage sizzle.
Robert and Dhanuka are the two students taking payments.

The numbers of items sold by each of them is written in the following matrix S.

S

5 5 2

s 5 £

S a a
Robert 56 24 26
Dhanuka |62 18 32

S
a) Usethe matrix [1 1] to calculate how many sausages were sold.

b) The cost of each item, $2 for sausages, $3 for burgers, and $1.50 for drinks, is provided in the
following matrix P. Calculate matrix SP.

=12l

c) State how much money was collected by Dhanuka.

Check your understanding

Noah always buys the same three items for lunch from the canteen, just in different quantities.

The following matrix L indicates the number of each item bought over Monday and Tuesday
of a school week.

Assume Monday is the top row. The price of each item is given by the matrix P.
1
-3y ez
1.5
a) Use matrix multiplication to calculate the total number of items bought on Monday:.

b) Use matrix multiplication to calculate the amount of money spent on Tuesday.

© Edrolo 2020
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Joining it all together

Qs. Breanna is running a lemonade stand over the weekend to raise money for charity. She sells small cups

application  for $0.50, large cups for $1, and bottles for $2.

3 marks
The stand’s sales data for the two days is given in the following diagram.

ﬁﬁ@

43 small cups 24 large cups 10 bottles

@@O

7 bottles

36 small cups 26 large cups

a) Putall of this information into two matrices, so that total revenue can later be calculated. (imark)

b) Find the product of these two matrices, and use the result to state the total amount of money made

on Saturday. (2marks)

Qo. A shop at Mt Buller sells hats, gloves, scarves and socks to visitors. The number of each item sold during
Application  the first week of the winter school holidays is shown below in matrix M.
5 marks

The cost and sale price of each item is also listed.

Mon
Tue
Wed | 24
Thu |19 24 38 14
Fri |21 25 39 13

N & Hats
B o > Gloves
B L B Scarves
3 K G Socks

M
Item Cost to buy Sale price
Hats $9 $20
Gloves $7.50 $15
Scarves $8.50 $20
Socks $4 $10

a) Calculate the total sales of each item in the week, by multiplying [1 1 1 1 1] with M. (mak
b) Create a profit matrix, P, and use matrix multiplication to find the profit made on Monday. (2 marks)

¢) Multiply matrix product M X P by another matrix to find this week’s average profit per day. (marks)

© Edrolo 2020



152 4E APPLICATIONS OF MATRICES

Qio.

4 marks

QM.
Difficulty:
(| |

T mark

VCAA question

A manufacturer sells three products, 4, B, and C, through outlets at two shopping centres, Eastown (F)
and Noxland (N).

The number of units of each product sold per month through each shop is given by the matrix Q, where

A B C

_ [2500 3400 1890| E
1765 4588 2456] N

a) Write down the order of matrix Q.

Q

The matrix P, shown below, gives the selling price, in dollars of products 4, B, C.

1450 A
P=]21.60|B
19.20| C
b) i Evaluate the matrix M, where M = QP.

ii  What information do the elements of matrix M provide?

iii  Explain why the matrix PQ is not defined.

VCAA 2006 Exam 2, Module 6: Matrices. Q1

Questions from multiple lessons

Sandra loves running and is training for her first marathon in one month'’s time. The distances of her
three favourite tracks, Albert Park Lake, The Tan, and Princes Park, are shown in the table below.

Albert Park Lake 4,70 km

The Tan 3.83 km

Princes Park 3.21km

In her training, Sandra will run the Albert Park Lake 7 times, The Tan 19 times, and Princes Park 13 times.

Which of the following matrix products will result in a matrix that contains the total distance Sandra will
run in her training, in kilometres?

4.70 4700[ 7
A. |383|[7 19 13] B. [3.83[]19
3.21 3.21][13
[ 7
c. [470 3.83 3.21] |19 D. [470 3.83 3.21][7 19 13]
13
(7 0 0
E. [470 3.83 3.21]|0 19 0
0 0 13

VCAA 2017NH Exam T Module 1: Matrices Q2 - Adapted
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Q12.  The scatterplot below displays the number of hot chocolates sold, and the temperature, in degrees
difficulty: ~ Celsius, of nine cafes for a week in April in Toronto. A least squares line has been fitted to the data.
[ [

1 mark 48 +
47+
46
45-
44+
43-
42
414
40+
39-
38

Number of hot chocolates sold

Temperature (°C)

The equation of this least squares line is closest to

number of hot chocolates = 46.4 — 0.84 X temperature
number of hot chocolates = 47.2 — 0.91 X temperature
number of hot chocolates = 46.4 + 0.84 X temperature

number of hot chocolates = 47.8 — 0.91 X temperature

m o n w >

number of hot chocolates = 47.2 — 0.84 X temperature

VCAA 2018 Exam 1 Data Analysis Q8 - Adapted

Q13. At the cinema, there are three sizes of popcorn: small, medium and large.

Diffiulty:  The number of each size sold last month and their individual prices are shown in the following table.

(] ]
3 marks Size Number sold Cost
Small 120 $4.50
Medium 380 $8.00
Large 710 $11.50

a) The column matrix Q displays the cost of each popcorn.

4.50 | small
Q =| 8.00 | Medium
11.50 | Large

What is the order of matrix Q7 (Imark)

b) Matrix R contains the number of each size sold in the cinema.

=)
= £ %
(3}
=) < <
v = 4

R=[120 380 710]
i  Determine the matrix product RQ (Imark)
ii  Explain what the matrix product RQ represents. (Imark)

VCAA 2017NH Exam 2 Module 1: Matrices Q1 - Adapted
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LESSON 4F

Matrices and networks

The key skills you will learn in this lesson are:

1. Networks

2. Two-step paths

1. Networks

VCAA key knowledge points:

“use of matrices to store and display
information that can be presented in a
rectangular array of rows and columns such
as databases and links in social and
road networks"”

“use of matrices, including matrix products
and powers of matrices, to model and solve
problems, for example costing or pricing
problems, and squaring a matrix to determine
the number of ways pairs of people in a
network can communicate with each other via
a third person”

Mathematics Area of Study key knowledge points derived
from VVCE Mathematics Study Design 2016-2020 p.19;

© The Victorian Curriculum and Assessment Authority
(VCAA). Used with permission.

Matrices can be used to display information about connections in networks. Networks (sometimes
called graphs) are diagrams made up of points, known as vertices, and lines connecting them,

known as edges.

In such matrices, each element indicates how many direct paths there are between two points.
These paths are called one-step paths because they indicate that it takes one-step to move

between the two points.

Matrices used in graph and network problems are always square, and symmetrical about the
leading diagonal. These types of matrices are useful for practical situations such as modelling

internet packet pathways and networks of people.

Example

The network of roads between towns A, B and C can be
represented in matrix form:

A

B A B C

Al0 2 1

c B2 0 1
cCi1 11

In the matrix:

e a ‘2’ indicates two towns have two direct roads
between them. In this example there are two roads
between towns A and B.

e a‘l’indicates two towns have one direct road
between them. In this example there is one path
connecting towns A and C, as well as towns B and C.

e a ‘0’ indicates two towns have no direct roads
between them. In this example town A has no direct
roads back to itself. The same applies to town B.

© Edrolo 2020

NOTE: The loop on vertex C is represented by a 1 in Row
C and Column C because C is connected to C by one-step.

Properties of a network matrix:

[t is a square matrix - same number of rows
and columns.

[t is symmetrical about the leading diagonal.
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WORKED EXAMPLE 15 (7 mark)

The road links between four small country towns are

. Bellington
shown in the following map. Aberfeldie &

Display the road links in a matrix.

Denville

Camptown

SOLUTION

Step1 We need to determine the size of the matrix. Step3 Repeat for the rest of the columns.
There are four towns involved, so the matrix will
be 4x4. Each element that involves two cities
directly connected by a path will be a number

Use the road links from Bellington, Camptown
and Denville to fill in the next three columns.

ABCD

(indicating the number of connections). All ATO 0 2 1
others will be ‘0’. Bloo 11
ABCD cl2101
D[1 110

o 0O w >

Step2 Fill in the first column.
From Aberfeldie:

e there is no direct road back to Aberfeldie -
puta 0 inrow A

e there is no direct road to Bellington - puta 0
in row B

e there are two roads direct to Camptown -
puta 2 inrow C

e there is one road direct to Denville - puta 1

in row D.
A BCD
AlO
B[O
c|2
D|1

2. Two-step paths

If a matrix of a network is squared, it indicates the number of two-step paths between two points (or vertices) in the
network. These paths are called two-step paths because they indicate that it takes two-steps to move between the
two points.

Example

Three towns A, B and C are connected by roads, as described by the following matrix.

A B C
B

T

O w >

0
1
0

_ O R

0
1
0

© Edrolo 2020
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Squaring the matrix gives the number of two-step paths
between the towns.

The squared matrix is:
A BC

o w >

101
020
101

This tells us:

A B C
A1 @ 1
B2 @
c|li1 @ 1

There is one way to leave A and come back
to Ain two steps.
There is one way to leave C and come back
to Cin two steps.

There is to move between A and C
in two steps.
There are to leave B and come back

to B in two steps.

There are no ways to move between A and B
or C and B in two steps.

WORKED EXAMPLE 16 (3 marks)

Below is a map of places in Victoria and the paths
between them.

Construct a matrix to reflect the map.

How many two-step paths are there between Melbourne
and Shepparton?

Bendigo

Ballarat

Geelong

Shepparton

Seymour

Melbourne

913009 810Z® Ala8ew 9}1||9}eS :224N0S

» z

SOLUTION

We need to determine the size of the matrix.
There are six places involved, so the matrix will
be 6x6. We'll call this matrix A. Each element
that involves two places directly connected by a
path will be ‘1’, all others will be ‘0",

Step 1

-

o w & 5 5

© b =& = (35}
€588 +%

S58% 52

Mmoo =wnn

Ballarat[0 1 1 1 0 O]
Bendigo{1 0 0 1 0 1
Geelong|(1 0 0 1 0 O
Melbourne|1 1 1 0 1 0
Seymour ({0 0 0 1 0 1
Shepparton |0 1 0 0 1 0]

v/ 1 mark for finding the matrix

Step2 We are looking for two-step paths, so calculate

the square of the matrix, A2

=

E2Z¥38 8

T S 8 E o

55383852

mmoS=un n

Ballarat[3 1 1 2 1 1]

Bendigo|1 3 2 1 2 0

Geelong |1 2 2 1 1 0

Melbourne |2 1 1 4 0 2

Seymour |1 2 1 0 2 O

Shepparton |1 0 0 2 0 2]

v/ Tmark for squaring the matrix
© Edrolo 2020

Step3 Use the matrix to write the answer.

o 5
4->ObDEs-'J’:'J
o283 38
s TS 2 8 g o
T582 2
mMmS=nn

Ballarat [3 1 1 2 1 1]
Bendigo |1 3 2 1 2 0
Geelong |1 2 2 1 1 0
Melbourne (2 1 1 4 0 2
Seymour |1 2 1 0 2 0
Shepparton |1 0 0 2 0 2]

Melbourne and Shepparton have 2
two-step paths.

v/ Tmark for the correct answer
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Questions 4F Matrices and networks

Q1.

Q2.
Skill

Qs.
Skill

Q4.

Application

Q5.
Skill

Refresher question

In the network to the right, how many A
connections exist between:
a) AandC

b) AandB

1. Networks

Look at the following matrix representing a network, indicating one-step paths. What does the circled
number indicate?

A B C
Afo 1 (D
B|1 0 0
cl1 00

157

The matrix below represents the one-step paths of the following network. Fill in the missing elements.

A
A BC
A0 _ _
B B3 _ _
Ccl1

Below is a map showing the trails between four different lookout points in a national park.
A

Display these trails in matrix form.

The matrix below represents the connections between vertices A, B, C, D and E in a network.

A B CD E

A0 1 1 01
B|1 1010
C{1 00 20
DI0O 1 2 0 1
EL1 0 0 1 0

Construct a network based on this matrix.

© Edrolo 2020
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Qé.
Skill

Q7.
Skill

Q8.

Application

Check your understanding

Below is a matrix representing the connections between four points on a graph.

A B CD

0111
0
1211
1010

Which of the following graphs could not represent this matrix?

A.

A B B.
D
C
D
C. D.
C
D

2. Two-step paths

o0 wm >
=
o
N

This is a network matrix, X.

A B C
A0 1 2
Bl103]
Clz 3 0

a) How many one-step connections are there:

i between A and B ii between A and C
b) Use your calculator to find X%
¢) Use X? to find how many two-step connections exist:

i between A and B ii between A and C

The network matrix below reveals the connections between five people at a party, Annabelle, Ben,
Christian, Denise and Ernie. A ‘1’ indicates two people know each other, a ‘0’ indicates they haven't
met before.

a) How many people does Ben know? A B CDE
b) Draw the network of this matrix. A[001 010
BlI1 0111

c) Find the square of the matrix. How many clo 100 0
people can introduce Annabelle to Ernie? DI1T 10 0 1
ELIO 1 0 1 0

In other words, how many two-step
connections are between A and E?

© Edrolo 2020



Q9.

Application

Q10.

Application
6 marks

Q.

Application
6 marks

Check your understanding
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The following map shows the paths of Internet sea cables from Singapore to Los Angeles, via Hong Kong,

Tokyo and Guam.
Tokyo Los Angeles
Hong Kong
Guam
Singapore

913009 810z A4e8ewi 2)1||91eS 92405

a) Put this information into a network matrix.

b) How many two step paths are there from Hong Kong to Los Angeles?

Joining it all together

Below is a diagram showing connections on Facebook between a group of five students: Veronica,
William, Xavier, Yolanda and Zoe. A line between two people means that they are friends on Facebook.

William Xavier

Veronica Yolanda

Zoe

a) Display this information in a matrix.

b) The leading diagonal of the matrix should be made up of zeros. What is the reason for this?

¢) Find the sum of each row of the matrix.

d) Use your answer to c) to ident
e) Use your calculator to square

f) How many ways can Xavier an

Helena has driven on a lot of highw
but her eyesight has deteriorated
like driving on new roads. She is lo
cities and wants to choose a city th
Assume driving to Hobart can be d
Melbourne and taking the Spirit o
Bass Strait.

Adelaide Sydney
Canberra

Melbourne

Hobart

Source: Satellite imagery ©2018 Google
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a) Write a 6X6 network matrix, M, to summarise the connections in the map. (mark)

b) By calculating and examining M + M?, find which city is connected to every other city by a path of
two steps or less. @marks)

c) IfHelena realises that the highway from Adelaide to Sydney is safe for her to drive on, and should
therefore be included in M, how does the expression M + M? and your answer to b) change? @marks)

d) Give some reasons using ‘steps’ between cities is not the best method of finding which cities
are central. (Imark)

VCAA question

Q12.  The diagram below shows the feeding paths for insects (I), birds (B) and lizards (L). The matrix E has
marks  been constructed to represent the information in this diagram. In matrix E, a ‘1’ is read as ‘eat’and a ‘0’ is
read as ‘do not eat..

birds
I B L
/ N\ 0 1 1)1
eat eat E=|o 0 olB
/ \ 01 0OfL

. eat > .
lizards insects

a) Referring to insects, birds or lizards:
i whatdoes the ‘1’ in column B, row L, of matrix E indicate?

ii  what does the row of zeros in matrix E indicate?

VCAA 2011 Exam 2, Module 6: Matrices. Q1

Questions from multiple lessons

Q13. Element X, is the element in row i and column j of matrix X.
g';'i“”y: The elements in matrix X are determined by the rule x,, = i + 3j.

T mark Which of the following matrices cannot be matrix X?

A. [4]
B. [4 7 10 13]
(4 7 10
c. |5 8 11
6 9 12
(4 7
D.
5 8
[ 4
E |7
10

VCAA 2017NH Exam 1 Module: 1 Matrices Q4 - Adapted
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Q14. Consider the following recurrence relation.

Difficulty: — —

a Y oot,=-10, t, =2t +11

1 mark Which term of the sequence generated by this relation is the first to be positive?
A ¢ B. ¢ ¢ 4
D. ¢ E ¢

VCAA 2018NH Exam 1 Recursion and financial modelling Q18 - Adapted

Q15.  The four most popular plants sold at a plant shop in Brunswick are the succulent (S), cactus (C), fern (F),
Difficulty:  and monstera (M).

:Ilk Matrix P, , shows the sale price of each of the plants, in dollars.
marks
15]S
20| C
P2019 = 30| F
40 M

a) Whatis the order of matrix sz? (1mark)

b) Nick buys a cactus and a monstera plant. How much does Nick have to pay? (mark

c) The table below shows the number of each plant sold in the past week.

Plant Number sold
Succulent 22
Cactus 24
Fern 17
Monstera 31

Write down a matrix that, when multiplied by matrix P, _, would give the total revenue from these

2019’
plant sales for the past week. (Imark)
d) The shop decides to implement a 20% price increase at the start of 2020 due to increased demand.

Fill in the box below with a scalar so the product is the matrix of 2020 plant prices. (Imark)

P = |:| X P2019

VCAA 2018NH Exam 2 Module 1: Matrices Q1 - Adapted
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LESSON 4G

The inverse matrix

The key skills you will learn in this lesson are:

1. The identity matrix
2. Finding inverse matrices

3. Using inverse matrices to solve problems

1. The identity matrix

VCAA key knowledge point:

“inverse matrices and their applications

including solving a system of simultaneous
linear equations”

Mathematics Area of Study key knowledge points derived
from VVCE Mathematics Study Design 2016-2020 p.19;

© The Victorian Curriculum and Assessment Authority
(VCAA). Used with permission.

An identity matrix, usually denoted by I, is a square matrix of any size with a diagonal line of 1s
from the top left hand corner of the matrix to the bottom right hand corner, and with Os in all

other positions.

The matrices below are all identity matrices.

10000
10100(1)(1)3801000
[1][01]010001000100
o0y o o001
00001

The identity matrix acts like the number 1 in the multiplication of regular numbers as a matrix will

remain unchanged when it is multiplied by an identity matrix.

That is for matrix 4, AI = IA = A.

However, the normal rules of matrix multiplication apply, so identity matrices of the appropriate

order must be used.

Example

s 1]X[(1)(1)gl=[8 3 1]
2 8 10 00 1 2 8 10
2x® =3

and

10]X[8 -3 1]:[8 -3 1]
01 2 8 10 2 8 10

2x2 @x3

WORKED EXAMPLE 17 (1 mark)
2 —4] [1 o],

What is [5 3 0 1/°

SOLUTION

Step1 Write out the calculation for each element.

[2><1+(—4X0) 2x0+(=4xD
5x1+4+3x0 5x0+3x1

Step2 Calculate the result for each element.

e

The product is the same as the original matrix.
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2. Finding inverse matrices

The inverse matrix of a matrix A, denoted by A, is a matrixsuchthat A X A"' = A"' X A = I

Only square matrices have inverse matrices, however in this course, only the inverse ofa 2 x 2
square matrix will be found by hand.

The product of [2 3] and its inverse [_4 3 ] is the identity matrix, which acts like the number

3 4 3 =2
1 in multiplication.

A P R

To find the inverse of a matrix X = [CCI Z], follow the following steps:
Step1 Multiply X by ad 1_ be
1 [a b]
ad — bclc d
Step2 Swapaandd
1 [d b]
ad — bclc a

Step3 Multiply b and cby —1
1 [ d —b]
ad — bcl—c a

X0 = el %

The term ad — bc is known as the determinant.

If the determinant is 0, the inverse matrix does not exist as % is undefined.

WORKED EXAMPLE 18 (2 marks)

[3 -7 iy
a) IfX= [10 1 ],whatlsX ?
2 3 -7
b) IfY=|0 4 10/, findY!usinga calculator.
12 -8 1
SOLUTION
_[3 =7 19
a) IfX= [10 1 ],whatlsX ?

Step1 Multiply X by ad 1_ be

1 [3 —7]=L[3 —7]

Bx1) - (=7x10)[10 1 73110 1
Step2 Swap a and d.

1 -7 171 =7

75 (55 pecomes 75 [ 5
Step3 Multiply 4 and ¢ by —1.

zl[ 1 —7><—1]=l[1 7]

73110 x -1 3 731-10 3

—1=L[ 1 7]
X 73[-10 3
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2 3 =7
b) IfY= [ 0 4 10] , find Y~! using a calculator.
12 -8 1

SOLUTION: TI-NSPIRE

Step1 Open a new page by pressing ctrl 4 doc~ and _

press 1  (‘Add Calculator’). 9 4 gL Gflerl LR
o ) 0 4 10 72 B4 432
Step2 Press {8 | and use the arrows to find the 12 -8 1 o B
matrix icon [ . Press enter |, Set the number E": ":? 2:"'
of rows as 3 and the number of columns as 3. AT
Press enter
Step3 Enter the elements of the matrix into each box, L
using the arrows to go between boxes.
Step4 Use the arrows to move outside the matrix and
raise the matrix to the power of —1.
Press enter | The answer will appear.
SOLUTION: CASIO CLASSPAD
Step1 From the menu, tap ”‘“ j and L ET.I 'i':':]m Iman:ctiw
x 8 'y
press keyboard L_'é'}] O m;ll =y |—“"1—L|_I1Ir il E
e - 2 3 7 4]
Step2 Tap M tap == , then tap (B once and [ 0 4 10|™-1
. 12 -8 1
once to create a 3X3 matrix.
T 52 29
Step3 Enter the elements of the matrix into each box, 72 864 432
using the arrows to go between boxes. % f‘% '*E%
Step4 Use the arrows to move outside the matrix and "ﬁ % ﬁ
raise the matrix to the power of —1. i
Press EXE . The answer will appear. .-MH standerd  Resl Rad an

3. Using inverse matrices to solve problems

One matrix cannot be divided by another. However, inverse matrices can be utilised to overcome
this problem. To find the unknown matrix X in the equation AX = B, the following is done:

Step1  Multiply both sides by A~ Step3 Simplify IX to X.
AT'AX =A"'B X=A"'B

Step2 SimplifyA"'Ato L Step4 Find the product of A~! and B to find the
IX = A-'B unknown matrix X.

It is important to note than when both sides were multiplied by the equation by A7, the A~! was
on the left on both sides. Matrix multiplication must always come from the same direction on both
sides of a matrix equation.

Simultaneous equations in matrix form

The pair of simultaneous equations ax + by = e and cx + dy = f can be converted to a matrix equation as follows.
a b| [x]| [e
c d i

. a b| |x e . |ax+ by e Lo ) .
This is because = expanded is = , which is equivalent to our original
c d cx +dy

equations of ax + by = e and cx + dy = f.
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WORKED EXAMPLE 19 (7 mark)

9 8| [x 13
If = , what are the values of x and y?
-1 3| |y -5

4G THE INVERSE MATRIX 165

SOLUTION

—1
9 8
Step1 Multiply both sides by [ 1 3] from the left.

R M R

8
Step 2 Slmpllfy[ 1 3] [ 3] to the identity matrix.

b6

) . 1 0]fx
Step3 Simplify 0 1][ ] to [ ]
y

H-1

_ 9 8|’
Step4 Find .

-1 3
-1 i __8
9 8| _ 1 3 -8 1|3 -8 _|35 35
-1 3] "~ 9x3-@x-1J1 9| 351 9| |L 9
35 35
3 =8 137
. 35 35
Step5 Multiply 19 and _g|
35 35 S
3 -8 L)
x| _|35 35|, |13 _| 35
y 1 9 -5 —32
35 35 ) | 35
Step6 Find the values of x and y.
_ =32
x = 35andy 35

Questions 4G The inverse matrix

Refresher questions

-~

Q1 What is [ ] [3 —0]

[2 -8 3 13 0 4
Q2. Use your calculator to find (12 5 -7 X |6 -8 —6].
|8 6 15 11 -9 3

© Edrolo 2020




166 4G THE INVERSE MATRIX

1. The identity matrix

. 7 2 1 0],
$f a) Whatis [_1 _9] X 0 1].
|

.1 0 7 2],
b) Whatis [0 1]X [_1 _9].

¢) What do you notice about the answers to part a) and b)?

Q4. Find the product of the following matrices, and use the result to determine if they are inverses of
Skill each other.
(-2 -9 1 [—16 —9]
a) 3 16 and 5| 3 2
4 1
[0 —6 21 7
b) 7 8 and 21 0
6
- =1
<) 34 é and % [2 4
- 1 3

Check your understanding

Q5. Which of the following is not an identity matrix?

Skill 1 0 0 O
0100
A. 0010
|0 0 0 1
[0 0 1]
B. 010
|1 0 0l
C. [1]
[1 0 0]
D 010
|0 0 1]

2. Finding inverse matrices

Qeé. What is the value of the determinant of [3 —2 ?

6 1
Skill

NOTE: The determinant is ad — bc for a matrix [Z Z]

Q7. Find the inverse of the following matrices.
Skill 2) [ 3 _8]
110 4
(12 7
o 55 7]
(8 -5
o |3 2 ]
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Q8.
Skill

Qo.
Skill

Q1o.
Skill

QM.

Application

Q12.

Skill
1 mark

Q13.

Skill
2 marks

Q14.

Application
2 marks

4G THE INVERSE MATRIX 167

Check your understanding

Find the inverse of matrix A below and show that A X A~! is the identity matrix.

A:[lz 4]

-2 9

3. Using inverse matrices to solve problems

Find the values of x and y for the following.
N [ 2 o][x] _[10
? -5 6] [ly] |2
b [7 =3][x] _[7
15 9 ||y] |6
[—8 10] [x —4
<) =
11 2 ||y|  |-8

Use the fact that equations ax + by = e and cx + dy = f correspond to the matrix equation,

a b||x e .
[ ] [ ] = [[] to solve the following,.
c d||y

a) If 2x + 5y = 15 and x — 7y = —2, find the values of x and y using matrices.

b) If —3x + 8y = 18 and 5x — 4y = —2, find the values of x and y using matrices.
c¢) If 2x + 3y = 7and — 5x + y = —2, find the values of x and y using matrices.

Check your understanding

a) The total cost of 3 apples and 4 pears was $18, and the total cost of 5 apples and 3 pears was $19.
Create a matrix equation representing this situation.

b) From the matrix equation found in part a, find the cost of one apple.

Joining it all together

Which of these matrices does not have an inverse?

[3 —6] B [5 —10
2 5 T2 -4

7 11 -1 10
¢ [12 3 ] D [—2 12

2 —3 5 =3
If [3 5] and [3 b ] are inverses of each other, find the value of b.

3 —7]
2 1471

A student finds the inverse of a matrix to be [

However, they forgot to include ——L___in front of the matrix.
determinant

What should the inverse matrix have been?
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Q15.

Application
3 marks

Qieé.

T mark

Q17.
Difficulty:
(| |

T mark

Two families went to Luna Park on the weekend. The first family had two adults and two children and
the second family had one adult and three children. They spent $180 and $170 on tickets respectively.

a) Fill in the missing information in the matrix below where a is the cost of an adult
ticket and c is the cost of a child ticket in dollars, and determine the cost of an
adult ticket and a child ticket. @marks)

2| |a 180
-
b) The families below each brought different amounts of money on a trip to Luna Park. Which family
could not afford tickets to the park? (mark
A. One adult and four children who brought $220
Five children who brought $210

B
C. Two adults and three children who have $215
D. Three adults and three children who brought $275

VCAA question

Consider the following matrix A.

4= [—34 —k3]

A is equal to its inverse A~! for a particular value of k.

The value of kis

A. —4 B. —2 c. 0
D. 2 E. 4

VCAA 2011 Exam, T Module 6: Matrices. Q8

Questions from multiple lessons

3
The matrix product [12 3 9] x |15/ is equal to
6
[ 1 36
A 3x[4 3 9] x|15 B. |45 c. [576]
6 54
[1 1
D. 9x[4 1 3]x]|5 E. 3x[4 1 3]x]|5
2 2

VCAA 2018 Exam 1 Module 1: Matrices Q2 - Adapted
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Q18.
Difficulty:

I mark

Q19.
Difficulty:

3 marks
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Sofia recorded how long she spent studying biology each of the last 10 nights. The results are displayed

in the following dot plot.

© © 06 0 ©

(¢] e e (¢]

2 4 6 8 10
Time spent studying biology (hours)

o T

Correct to one decimal place, the mean and standard deviation of the time Sofia spent studying are

A. x=22, s5,=15
B. ~ =15 s =20
C. ~=15 5 =22
D. ~ =30, s =22
E. = =22, 5 =30

VCAA 2018 Exam 1 Data analysis Q5 - Adapted

One realm has four kingdoms: the North (N), the Vale (V), the Iron Islands (I) and Dorne (D).

The number of knights in each kingdom is shown in the matrix, K, below:

52N
29|V
201
38| D

a) Whatis the order of matrix K? (Imark)
b) How many knights are there in either the Vale or the Iron Islands? (mark)

The table below shows the cost of armour for one knight per kingdom.

Kingdom Cost per knight ($)
The North 15
The Vale 29
The Iron Islands 1
Dorne 23

c¢) Write down a matrix that could be multiplied by K to give a total cost to armour all knights. (mark)

VCAA 2018NH Exam 2 Module 1: Matrices Q1 - Adapted
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LESSON 5A

||lt|'0dl|€ti0ll to graphs and networks VCAA key knowledge point:

“Introduction to the notations, conventions
and representations of types and properties

The key skills you will learn in this lesson are: of graphs, including edge, loop, vertex, the

) degree of a vertex, isomorphic and connected
1. Vertices, edges, and degrees graphs and the adjacency matrix”
2. Types of graphs Mathematics Area of Study key knowledge points derived

from VCE Mathematics Study Design 2016-2020 p.20;
© The Victorian Curriculum and Assessment Authority
(VCAA). Used with permission.

3. Adjacency matrices

This chapter is all about graphs that model networks and connections between points.

Below are two examples.

1. Vertices, edges, and degrees

The most important characteristics of graphs are vertices and edges.

Vertices (singular: vertex) are the name we give to points on the graph, usually represented by a
dot or a circle.

Edges are the lines that connect two points. Edges that cross over are assumed to be separate and
ching. An edge that returns to the same vertex is called a loop.

four vertices (4, B, C, and D), and six edges (1, 2, 3, 4, 5, 6).
A

D

fa vertex is equal to the number of edges connected to it. Each loop on a vertex
two connections.

raph above, vertex A and vertex D both have a degree of three, vertex B has a degree of one,
as a degree of five.

2 marks) B
For t, find:
a) th s and edges.

b) the
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SOLUTION

a) Find the number of vertices and edges.

Step1 Count the vertices.
Vertices are the dots, points or circles. There are
five vertices.

Step2 Count the edges.

The edges are the lines. There are six edges in
this graph.

2. Types of graphs

There are many types of graphs.

b) Find the degree of vertex B.

Step1 Count the edges connected to vertex B.

There are three edges connected, so the degree
of vertex B is 3.

These types include connected, disconnected, simple and complete graphs.

Connected and disconnected graphs

Connected Graphs

Connected graphs are graphs where all of the vertices
can be reached from all of the other vertices by moving
along the edges.

Example

This is a connected graph

o

Disconnected graphs

Disconnected graphs are graphs that aren’t connected.

Examples

These are both disconnected graphs.

1)

Simple and complete graphs
Simple Graphs

Simple graphs are graphs where each pair of vertices
have a maximum of one connection between them.
Examples

These two graphs are simple graphs.

Complete graphs

Complete graphs are simple graphs in which each vertex
is directly connected to every other vertex.

Examples

These two graphs are complete graphs.

All graphs can be classified as either connected or
disconnected, but not all graphs can be classified as
simple or complete.

If a graph is disconnected, it can’t be complete.
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Isomorphic Graphs with bridges

Two graphs that have the same number of vertices A bridge is an edge that is preventing a graph from

and edges, with each vertex connected in the same way, becoming disconnected. If a bridge is removed, the graph
are called an isomorphic pair. would become disconnected.

They will be in the same categories as each other. If one Example

of the pair is simple, the other must be simple. The orange arrows indicate the bridges in these graphs.
If one is complete, the other must be complete, and so on. /

Example

These two graphs are an isomorphic pair.

/)

Sometimes it is extremely hard to tell that some pairs of
graphs are isomorphic.

The following two graphs are also an isomorphic pair,
but look nothing alike!

< O

WORKED EXAMPLE 2 (2 marks)

Choose from the following terms to classify the following graphs: connected, disconnected,
simple, complete.

a) b)
1)
[ ]
SOLUTION
a)

Step1 Find whether the graph is connected or disconnected.

The bottom left vertex is not connected to any other vertices, so the graph is disconnected.

Step2 Find whether the graph is simple, complete, or neither.

There is a maximum of one connection between each vertex (either zero or one).
This means the graph is simple.
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b)

Step1 Find whether the graph is connected or disconnected.
You can get from any vertex to any other vertex by moving along the edges.

Therefore, this graph is connected.

Step2 Find whether the graph is simple, complete, or neither.
For the graph to be complete, every vertex needs to have a direct line to each other vertex.

However, the vertex on the right doesn’t have an edge connecting it to all of the other
vertices. Therefore, the graph isn’t complete.

For the graph to be simple, there must be a maximum of one edge between each pair of
vertices. This is true.

Therefore, the graph is simple.

3. Adjacency matrices

Adjacency matrices are used to describe a graph simply. Each element in an adjacency matrix
represents the number of edges between the vertices of the respective row and column.
Adjacency matrices are:

e square matrices that have the same number of rows as the graph has vertices.

e symmetrical, because if A is connected to C, then € must be connected to A.

Example

Here are two graphs and their adjacency matrices.

A
ABCD
A0 210
5 B|2 010
B clt 101
Dloo1o0
C
A F
ABCDEFTF
A0 10010
B E Bt 01001
clo10011
D|{0 0O 101
E[1 01001
D Flo 11110

WORKED EXAMPLE 3 (1 mark)

Write an adjacency matrix for the graph shown
to the right.
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SOLUTION

Step1 Determine the appropriate dimensions of the adjacency matrix.

There are five vertices, so the matrix needs to have five rows and five columns.

Step2 Label the vertices and matrix rows and columns.

There are five vertices, so we will label them A to E. Label the rows and columns on the
matrix with the same letters.

ABCDE

moOONw>

Step3 Begin finding the values in the matrix.

Start with row A.

There are O paths There are O paths
between A and A between A and E

There is 1 path There is 1 path
between A and B between A and D

There are O paths
between A and C

Step4 As the matrix is symmetric, you can copy the entries from row 1 into the rest of column 1.

A BCDE
AJ0O 1 0 1 0
B |1
c|o
D|1
E LO

Step5 Repeat for the rest of the columns and rows in the matrix.

ABCDE
A0 1 0 10
Bf1 0 0 11
cCij0o 0110
D|1 1101
ELI0O 1 0 1 1

Step6 Check the matrix is symmetrical.

Although we already have our answer, we can do a quick check by drawing a line down the
diagonal and making sure the matrix is symmetric.

If it isn’t symmetric we’ve made a mistake.

ABC

D
1
1
1

o R, om

mONw>
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Questions 5A Introduction to graphs and networks

Refresher question

Q1. What is the order of the following matrix?
120
201
010

1. Vertices, edges, faces and degrees

Q2. The graph to the right has its vertices labelled. A B
Skill How many vertices are there?
C
E D

Q3. For each of the following graphs, state the number of vertices and edges.
Skill

a) ¢ ’ b) (9]

¢ °

Q4. What is the degree of the vertex indicated
Skill by the arrow?

Check your understanding

%
Q5. State the number of vertices and edges in ¢ *
Skill this graph.
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Q6.

Skill

Q7.

Skill

5A INTRODUCTION TO GRAPHS AND NETWORKS 177
2. Types of graphs

Graph A is simple, Graph B is complete, and Graph C is neither simple or complete.

a) Is Graph D simple, complete, or neither? b) Explain why Graph C is not simple.

I/

For the following sets of graphs:

i Listall the graphs in each of these categories: simple, complete, connected, disconnected.

ii  Identify which two in each set are isomorphic.

W Q
10
X s
SENVES
o [
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Q8.
Skill

Qo.
Skill

Q10.

Skill

Qmn.
Skill

Q12.

Skill

Check your understanding

Draw a complete graph with six vertices.

Which edge in the graph shown is a bridge?

3. Adjacency matrices

Below is a graph and its adjacency matrix. Fill in the missing entry in the adjacency matrix.

A

mOONDw>

— oococo>
VR ooOoOw
ocrRrococoNn
corrooU
cooNR,m

Write an adjacency matrix for each of the following graphs.

The vertices are labelled for you.

b

a) )
A D
A
B C c
D

Check for understanding

Look at Question 11, part c). Which two vertices have the most edges between them?
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Q13.
Skill

Q14.

Skill
1 mark

Q15.

Skill
2 marks

Q1e.

Application

1 mark

5A INTRODUCTION TO GRAPHS AND NETWORKS 179

Draw a graph that would have the adjacency 011000
matrix to the right. 111010
110201
002011
010101
001110

Joining it all together

Make the graph below connected by adding in two edges.
Update the adjacency matrix, M, to include this new information.

NOTE: There are many possible answers.

A A B CDEF G
G A[O 1000 0 0
B[1 020000
R WF clo 200000
M=bp|0 000200
El0 002001
Flo 0 00000
£ ¢lo o o010 o
D

How many vertices and edges are in the graph described by the following adjacency matrix?

01101
10211
12100
01001
11011

Which of the following graphs is not isomorphic with the graph of Australia below?
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Q17. How many bridges are in the graph shown
Skill to the right?
T mark
Q graph of shipping routes in the
Application cific ocean.
3 marks .
rtices represent?
Wh edges represe t? J? Shaiaiia =e
7 ez’
Can a ship travel along all of the edges ... ) Toan
without taking the sam  ge twice? 4 " e y
A
- N K
~ \ ’
\ 0
g 0
1y ’
] ’
o---0

Q19. Here is an adjacency matrix, X, for a network of roads.

fpmpa”ria”‘m Draw a graph that matches adjacency matrix X. Which one of the graphs below forms an isomorphic
pair with the graph you have drawn?
01100
10211
X=(120 01
01001
01111

% K&
g A
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VCAA questions

The number of edges in the graph above is

A. 5

VCAA 2010 Exam T Module 5: Networks and decision mathematics. Q2

In the network shown, the number of vertices of even degree is
2
3
4
5
6

VCAA 2011 Exam 1 Module 5: Networks and decision mathematics. Q1
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Q22.
Difficulty:

T mark

Q23.

Difficulty:
(| |

T mark

Q24.
Difficulty:

2 marks

Questions from multiple lessons

Consider Graphs A and B shown below.

Graph A Graph B
The sum of the degrees of the vertices of Graph B is
two less than the sum of the degrees of the vertices of graph A.
one less than the sum of the degrees of the vertices of graph A.
equal to the sum of the degrees of the vertices of graph A.

one more than the sum of the degrees of the vertices of graph A.

m o n v »

two more than the sum of the degrees of the vertices of graph A.

VCAA 2017 Exam 1 Module 2: Networks and decision mathematics Q2 - Adapted

The length of 189 dragons, in metres, was recorded in the following boxplot.

45 50 55 60 65 70
Length (m)

The five-number summary for the length of these 189 dragons is closest to

A. 412, 51.4, 54, 57.4, 72
B. 41.2, 51.4, 54, 62, 67.8
C. 48.2, 51.4, 54, 57.4, 67.8
D. 482, 51.4, 54, 57.4, 62
E. 514, 54, 56.4, 62, 72

VCAA 2017 Exam 1 Data analysis Q2 - Adapted

Five colleagues are connected by different friendships, represented by Sonya
edges in the following graph.

The adjacency matrix also shows the different friendships between the Annie Max

five colleagues.
SM]J] B

Blaise Jada

_, o O R

o R O

[ = Y
=<

B
1 0 0]A

R O R Rk O
o 0o o O R

a) Explain the meaning of a zero in the adjacency matrix in the context of friendships. (1mark)
b) What are the values of x and y in the adjacency matrix? (1mark

VCAA 2010 Exam 2 Module 5: Networks and decision mathematics Q1 - Adapted

© Edrolo 2020



5B EULER'S FORMULA FOR PLANAR GRAPHS 183

LESSON 5B

Euler’s formula for planar graphs

“description of graphs in terms of faces
(regions), vertices and edges and the

The key skills you will learn in this lesson are: application of Euler's formula for planar
graphs”

1. Planar graphs ) ) ,
Mathematics Area of Study key knowledge points derived

2. Euler's formula from VVCE Mathematics Study Design 2016-2020 p.20;
© The Victorian Curriculum and Assessment Authority
(VCAA). Used with permission.

1. Planar graphs
All graphs must either be planar or non-planar.

Planar

If a graph can be drawn so that none of its edges overlap with each other, we say the graph is
‘planar’. A graph drawn like this is said to be drawn in ‘planar form’.

Example

The following graphs are planar. None of their edges intersect.

O AP

NOTE: Planar graphs can be drawn in non-planar form. The last graph is isomorphic with the first
(and therefore planar), but is drawn in non-planar form.

Non-planar
If the graph cannot be drawn without overlapping edges, it is said to be ‘non-planar..

Example

The following graphs are non-planar. They have at least one edge that intersects other edges and
cannot be drawn without the edges intersecting.

X W

Faces

The enclosed areas found in planar graphs are called faces. The area outside a planar graph also
counts as a face.

Example

This graph has three faces.
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Re-drawing graphs to determine if they are planar

Sometimes a graph may appear to be non-planar. In this case the graph may be redrawn. If it is
possible to redraw the graph with no overlapping edges, then the graph is planar.

Re-drawing a graph can be done by moving edges or vertices, as long as the connections are
the same as the original graph.

Example

This graph can be redrawn to show that it is planar.

e By moving an edge:

e By moving a vertex:

A7~

WORKED EXAMPLE 4 (2 marks)

Find:

a) whether the following graph is planar.
b) how many faces this graph has.

SOLUTION

a) Find whether the following graph is planar. b) Find how many faces this graph has.

Step1 Try re-drawing the graph so that the edges that Step1 Use the re-drawn graph to count the number of
were overlapping no longer overlap. faces, remembering to include the area outside

the graph.

Step2 Ifthe graph can be drawn with no intersecting
edges, you can declare it as planar. If it This graph has three faces.
is impossible to draw the graph without
intersecting edges, it is non-planar.

Our graph has no intersecting lines, so it is planar.
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2. Euler's formula

Leonhard Euler was a Swiss mathematician who studied graphs intensely. He found that there is a
relationship between the number of edges (E), the number of faces (F) and the number of vertices
(V) for all connected planar graphs. The relationship is:

V—-E+F=2
This relationship is known as Euler’s formula for planar graphs.
Example

For this connected planar graph:

There are four vertices (V = 4), five edges (E = 5), and three faces (F = 3).

Putting these values into Euler’s formula:

V—-E+F=2
4—-5+3=2
2=2

As expected, the formula works for this graph.

WORKED EXAMPLE 5 (2 marks)

a) Use Euler’s formula to calculate the number of edges in the graph on the right, and check
that the answer is correct.

b) Use Euler’s formula to calculate the number of vertices in a connected planar graph with
seven edges and four faces.

SOLUTION
a) Use Euler’s formula to calculate the number of edges Step3 Apply the formula and solve to find the missing
in the graph on the right, and check that the answer quantity and interpret.
is correct. V—E+F=2
Step1 Check if the graph is planar and connected 6—E+5=2
because Euler’s law only applies to connected 11—F=2
planar graphs.
E=9
All the vertices are connected, and no edges
overlap, so the graph is connected and planar. Euler’s formula tells us that the graph has
nine edges.

Step2 Count the vertices and faces of the graph.

. . ) ., Step4 Check.
There are six vertices and five faces. It isn’t

necessary to label them like we've done here. Counting the edges on the graph gives nine also.
Therefore the answer is correct.
SoV=6andF = 5.
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b) Use Euler’s formula to calculate the number of Step2 Apply the formula, solve to find the missing
vertices in a connected planar graph with seven quantity and interpret.
edges and four faces. V—E+F=2
Step1 Write what we know. V—7+4=2
There are seven edges and four faces. V—3=2
SoE=7andF = 4. V=5

Euler’s formula tells us that the graph has
five vertices.

Questions 5B Euler’s formula for planar graphs

Refresher question

Q1. How many edges does the following graph have?

1. Planar graphs

Q2. A is planar, B is non-planar. What is C?

RZA A~

Q3. Redraw the pink edge so this graph is drawn in planar form.
Skill

Q4. Draw the following graphs in planar form.

Skill a) I b) } c)
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Q5.
Skill

Q6.
Skill

Q7.
Skill

Q8.
Skill

Qo.
Skill

Qio.

Skill
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Are the following graphs planar or non-planar?

a) b) % (9]

Check your understanding

Which of the following graphs is non-planar?
A. B.

S
7
&

Using what you know about planar graphs:
a) Draw Graph A and Graph B in planar form.

b) Which graph from part a) is isomorphic
with Graph C?

Graph A Graph B Graph C

2. Euler's formula

A connected planar graph has six vertices and three faces. Use Euler’s formula to calculate
the number of edges in the graph.

A graph has five vertices and ten edges. How many faces will this graph have if it is planar
and connected?

The following graphs are connected and planar.

The first two graphs have the number of vertices and edges given. Use Euler’s formula to find the
number of faces in each graph.

a) b) 9]

m <
o
~N ol
o<
= O
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Check your understanding

Q1. a) Byredrawing the graph in planar form, show that Euler’s formula
Skill can be applied to this graph.

b) How many faces does the graph have?

Joining it all together

Q12.  Draw a planar version of the graph given by the following adjacency matrix.
Skl 021111
ks 12 010 10

110010

100010

111101

100010

Q13. a) Use Euler’s formula to calculate the number of faces

Skill in the following graph.
2marks
b) Find the degree of each vertex and sum these numbers.

How does the total number of edges compare to this sum?

Q14.  Angel drew the graph below based on Melbourne’s freeway system.

Application — =
2 marks

Source: Map data ©2018 Google

a) How many vertices, edges, and faces are there?

b) Show that Euler’s formula holds for Angel’s graph.
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Q15.  Some 3D shapes can be drawn as 2D planar graphs. Each 2D graph should have the same number

Skill of vertices and edges as the 3D shape. An example is below.
Smarks

becomes

Draw the following 3D shapes as 2D planar graphs.
a) b) | <)

VCAA question

:

Q16.  Euler’s formula, relating vertices, faces and edges, does not apply to which one of the following graphs?
Tmark A. >< B. § C. 7
D. E E. ?

VCAA 2006 Exam 1 Module 5: Networks and decision mathematics. Q8

Questions from multiple lessons

Q17. A graph and its corresponding adjacency matrix, with some elements missing, is shown below.

Difficulty: ABCD A
W Ar- - -2
1 mark Bl- 0 1 -
B
c|l- 1 -0
D|2 - 0 -
D
C
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Of the nine missing elements, there are
four ‘0’s, three ‘1’s and two ‘2’s.
three ‘0’s, four ‘1’s and two ‘2’s.
three ‘0’s, five ‘1’s and one ‘2",

four ‘O’s, four ‘1’s and one ‘2",

m o 0N v »

three ‘O’s, three ‘1’s and two ‘2’s.

VCAA 2017 Exam 1 Module 2: Networks and decision mathematics Q3 - Adapted

Q18.  Are the variables exam grade (high distinction, distinction, pass, fail) and time spent studying
difficulty:  (less than 5 hours, 5 to 10 hours, more than 10 hours) nominal, ordinal, discrete or continuous?

Tmark

The variables are both nominal.
The variables are both ordinal.
The variables are nominal and ordinal respectively.

The variables are ordinal and discrete respectively.

m o n w »

The variables are nominal and discrete respectively.

VCAA 2016 Exam 1 Data analysis Q2 - Adapted

Q19.  Paulo wants to design a new, unique house. He has decided to build it according to the following diagram,
difficulty, ~ where each of the rooms is labelled 1 to 5.

i The bold lines represent the walls between two rooms.
marks

In the graph below, the five rooms are represented as vertices.
The edges of the graph represent the walls between two rooms.

2

5 4
One of the edges is missing from this graph.
a) Draw the complete graph. (mark)
b) With the missing edge included, what is the sum of the degrees of the vertices of the graph? (mark

VCAA 2018NH Exam 2 Module 2: Networks and decision mathematics Q1 - Adapted
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LESSON 5C

Connected graphs

The key skills you will learn in this lesson are:

1. Walks, trails and paths

2. Circuits and cycles

1. Walks, trails and paths

Walks

A walk is a route through a graph, moving from vertex
to vertex along the edges that connect them. A walk is
written as a list of all of the vertices travelled to in the
order that they are visited.

Example
The walk CDBDEAED looks like this:
A

/
T —

Trails

A trail is a walk that does not repeat any edges.

5C CONNECTED GRAPHS 191

VCAA key knowledge point:

“connected graphs: walks, trails, paths, cycles
and circuits with practical applications”

Mathematics Area of Study key knowledge points derived
from VCE Mathematics Study Design 2016-2020 p.20;
© The Victorian Curriculum and Assessment Authority
(VCAA). Used with permission.

Paths

A path is a trail that does not repeat any vertices,

with the exception that it may start and finish at the
same vertex.

Example

The walk DGEHCEA is a trail but is not a path because the
vertex E is visited more than once.

A

WORKED EXAMPLE 6 (1 mark)

For the graph to the right, which one of the terms,
trail or path, best describes the route CDEBDG?

A B
C E
F G
SOLUTION

Step1 Trace the route on the graph.

Step2 Check whether any edges are repeated.

No edges are repeated. This means that the
route is a trail.

Step3 Check whether any vertices are repeated.

The vertex D is repeated. This means that the
route is not a path.

Step4 Write down the term that best describes
the route.

The route CDEBDG is a trail.

© Edrolo 2020
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2. Circuits and cycles

Circuit

A circuit is a trail that starts and finishes at the
same vertex.

Cycle

A cycle is a path that starts and finishes at the
same vertex.

Example

The walk DGECFHEBD is a circuit but is not a cycle.

A

WORKED EXAMPLE 7 (1 mark)

For the graph below, which of the terms, circuit, cycle or both, best describes the route GDEG?

A B
C E
F G
SOLUTION
Step1 Trace the route on the graph. Step3 Check whether any edges are repeated.
A 5 No edges are repeated. This means that the
v‘ route is a circuit.
C n’_ E Step4 Check whether any vertices are repeated,
Vi (excluding the starting vertex).
A No vertex is repeated (other than the starting
F G vertex). This means that the route is a cycle.
Step2 Check whether the route starts and ends at the Step5 Write down the terms that describe the route.

same vertex.

The route starts and ends at G. This means that
the route may be a circuit or cycle.

Questions 5C Connected graphs

Q1.

Refresher question

The route GDEG is a circuit, and a cycle.

How many vertices and edges does the following network have?
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Q2.

Skill

Qs.

Skill

Q4.

Skill

Q5.

Skill

Qeé.

Skill

Q7.

Skill

5C CONNECTED GRAPHS

1. Walks, trails, and paths

For the network shown, B

a) draw the trail DBCAB.

b) draw the path ACBD. A D
C

193

For the graph shown, list all of the terms, walk, trail, or path, that describe the following routes?

a) EDABEFCB B
b) DABEFCBED
c) ABCFEB
D E F

For the following network find a path that starts at E and visits every vertex.

C D

Check your understanding

By removing one edge from the graph from Question 4 it is possible to find a trail that starts at
F and uses every edge.

List all edges that can be removed.

2. Circuits and cycles

For the network shown, B
a) draw the circuit ABCDECA.
b) draw the cycle ECBE. A
E
D

For the graph shown, list all of the terms (walk, circuit, or cycle) that describe the following routes.

a) ADFCDA A B

b) DEGDFCDABD

¢) BEDFCAB C E
F G
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Q8.
Skill

Qo.
Skill

Q10.

Application
4 marks

For the following network,

a) How many edges does the longest c D
possible circuit have?
b) Find a cycle that visits the greatest Ao 8 F
number of vertices.
H

Check your understanding

For the graph below, explain why the route ABA is not a cycle.
A

Joining it all together

The Victorian State Government is currently upgrading the City Loops and surrounding train lines.
The network diagram below shows the plan for the new city loop.

The stations are North Melbourne, N; Parkville, VV; West Melbourne, W; Flagstaff, G; Melbourne Central,
M; Southern Cross, S; Parliament, P; Flinders Street, F; Richmond, R; Anzac, 4; and South Yarra, Y.

N Vv

A Y

a) Find a cycle that starts at Flagstaff and visits every station. (1mar

b) A child boarded a train without their parents. Two stations later they realised their mistake
and got off the train. They are now at Flagstaff Station, G.

List all possible stations at which they may have boarded the train. (2marks)

¢) The train that the child boarded follows a cycle around all of the stations shown in the network
diagram. Use you answer from part a) to identify the two stations at which the child may have
boarded the train. (1mark

© Edrolo 2020
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8 marks
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Graeme, Bill, and Tim are going to Germany. Their friend Horst Jankowski recommends that they take
application - @ walk in the Black Forest, in the country’s south west. He gives them the following map of the region
with his must-see locations marked with the letters O, P, Q, R, S, T, U, V, W, Y, X, and Z.

a)
b)

<)

d)

9/6009 810z ® pILP db} :92IN0S

Draw a graph to represent the possible ways of travelling between the marked locations. (1mark)

Graeme wants to visit each location only once.

i Listthe five locations from which they can leave in order to achieve this. (@marks)
ii  Listall terms, walk, trail, path, circuit, or cycle, that describe these routes. (imark)
Bill wants to travel each road exactly once.

i Isthis possible? (imark

ii  Listall terms (walk, trail, path, circuit, or cycle) that describe this route. (Imark)
Tim wants to finish where they started.

i Isitpossible to travel every road once, ending at the starting location? (Imark

i The local government of the Black Forest is planning to construct another road that will

connect Wto either P, T, U, or Z. Which road would not allow Tim, Graeme, and Bill plan a

cycle that visits every location? WZ, WT, WU, or WP? (1mark)
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VCAA question

Q12.  The city of Robville contains eight landmarks denoted as vertices N to U on the network diagram below.

VCAA The edges of this network represent the roads that link the eight landmarks.

5 marks o p

S
a) Write down the degree of vertex U (1mark)

b) Steven wants to visit each landmark, but drive along each road only once. He will begin his journey
atlandmark N @2 marks)

i At which landmark must he finish his journey?

ii  Regardless of which route Steven decides to take, how many of the landmarks
(including those at the start and finish) will he see on exactly two occasions?

¢) Cathy decides to visit each landmark only once. (marks)

i  Suppose she starts at S, then visits R and finishes at 7. Write down the order Cathy will visit
the landmarks.

ii  Suppose Cathy starts at S, then visits R but does not finish at T. List three different ways that
she can visit the landmarks.

VCAA 2009 Exam 2 Module 5: Networks and decision mathematics. Q3

Questions from multiple lessons

Q13.  Which one of the following graphs is not a planar graph?

T
B

Tmark
VCAA 2018 Exam T Module 2: Networks and decision mathematics Q6 - Adapted

Q14.  Pauline deposited $3500 into a savings account with an interest rate of 2.8% per annum, compounding
pifficulty:  annually. Which one of the following recurrence relations can be used to determine the amount in the
(| ] ] savings account, S , after n years?

Tmark '
A. 5, =3500, S =S +98
B. S, =3500, S  =98xS,
C. S5, =3500, S, =28X%S
D. S =3500, S =1.028x%x3S
0 n+1 n
E. S,=3500, S =S +28

VCAA 2017NH Exam 1 Recursion and financial modelling Q18 - Adapted
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Q15.  Shown below is a map of the roads between five public pools; Hunter (H), lona (1), Jonty ()),
pifficulty,  Kakadu (K), and Lima (L).
[ [

3 marks

lona

Hunter

a) Alejandro is currently at lona pool. Which two pools can he visit travelling only along
one road? (Imark)

b) The map has been converted into the following graph. However, the graph is missing an edge.

H |

i  Which two vertices is the missing edge between? (1mark)
i What does the loop at K represent in the context of travel from Kakadu pool? (1mark)

VCAA 2016 Exam 2 Module 2: Networks and decision mathematics Q1 - Adapted
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LESSON 5D

weightEd graphs R e Tl T

“weighted graphs and networks, and an
introduction to the shortest path problem

The key skills you will learn in this lesson are: (solution by inspection only) and its
practical application”

1. Interpreting a weighted graph ) A ;
Mathematics Area of Study key knowledge points derived

2. Finding the shortest path from VVCE Mathematics Study Design 2016-2020 p.20;
© The Victorian Curriculum and Assessment Authority

(VCAA). Used with permission.

1. Interpreting a weighted graph

Weighted graphs are graphs with a number attached to
each edge. This number indicates the length of the edge,
and often represents the distance between two locations
or the time taken to travel along the edge.

The weighted graph to the right shows the distance in
kilometres between five locations, 4, B, C, D, and E.

WORKED EXAMPLE 8 (1 mark)

The distances between W, X, Y and Z in kilometres are shown in the graph below.
w

Y

What is the total length of the path YZWX?

SOLUTION
Step1 Find the distances between Yand Z, Zand W Step2 Add all the distances together.
and Wand X. 846+ 10 = 24
Yand Z: 8 km The path is 24 km long.
Zand W: 6 km
W and X: 10 km

2. Finding the shortest path

Weighted graphs are very useful in real life situations and can be used to determine the shortest distance
or the least amount of time needed to travel between two locations. The shortest path can be found by
identifying all the likely shortest routes from one location to another, and comparing their lengths.

© Edrolo 2020
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WORKED EXAMPLE 9 (1 mark)
What is the shortest route from B to D?

[») 10 A

C

SOLUTION

Step1 Write out all the likely shortest routes Step2 Find the length of all the routes.
from B to D. BCED=7 + 45+ 4 =155
BCED BCD =7+ 85 =155
BCD BAD=5 + 10 = 15
BAD BAED=5+ 75+ 4 =16.5
BAED

Step3 Identify the shortest route.
The shortest route is BAD.

Questions 5D Weighted graphs

Refresher question

Q1. Identify a path from D to F that passes through all vertices exactly once.

F

1. Interpreting a weighted graph

Q2. The weighted graph shows the distance between five country towns 4, B, C, D, and E in kilometres.
Skill C 18 D

Find the distances of the following paths
between the towns.

a) CtoD
b) EtoAtoC
¢) BtoCtoAtoE
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Q3. The weighted graph below shows the time taken to walk between five locations.
Skill If it takes 59 minutes to walk the path DABE, what is the value of x?
14 . L N
A
16
17
E
35
D

Check your understanding

Q4. Sabrina, Mary, Jessica and Victoria are four friends who all live in the same suburb. Sabrina lives three
Application minutes away from Mary and 5 minutes away from Jessica.

Mary and Jessica are four minutes away from each other. Victoria lives two minutes away from Mary
and three minutes away from Sabrina.

Draw a weighted diagram to represent the situation.

2. Finding the shortest path

Q5. The weighted graph below shows the time taken in minutes to walk between seven locations.

Skill Walking along which of the following paths C

would take the shortest amount of time
to get from B to E?

A. BCGFE
B. BCDE

C. BHGFE
D. BHAFE

Qé. The weighted graph below shows the distance, in kilometres, of cycling trails in a park.

Skill What is the distance of the shortest path B
between the following locations? ' . 9.7
a) HandE
b) AandF
D
¢) GandD H

F 12.5
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Check your understanding

Q7. The numbers in the graph below represent distance in metres.
Skill What is the shortest path from A to E, while avoiding vertex G? What is the distance of this path?
H 2.1 I
6.3 3.2
A
F
2.2
3.8

Qs. Bailey is on holiday in Timboon and wants to visit a few nearby towns, as shown in the graph. If the
Application  numbers represent the distance between towns in kilometres, what is the distance of the path that
starts at Timboon, travels through each town exactly once and ends at Kennedy’s Creek?

Timboon

25
Simpson
18
21 Kennedy's
() Creek
Port Campbell
17
22

Princetown

Peterborough

Joining it all together

Qo. Angus is travelling from Glen Waverley railway station to his home located at Y. He usually goes from
Application  the station to X to Y but the intersection at X is blocked off due to roadworks. The numbers represent
2marks distance in kilometres.

How much further does Angus have to travel compared to his usual route due to the roadworks,
assuming that he takes the shortest path?

R 3.3

Z

2.2

Station

2 w 37
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Q10. A postman leaves the post office located at point P and makes deliveries to each vertex on
Application  the weighted graph below before returning to the post office. The numbers represent distance
I mark in kilometres.
What is the shortest route he can take?
F 7

5.1

P
QM. The capital cities of Australia are shown on the map below.
Application Darwin
3 marks ®
@ Brisbane
Perth @

) ® Sydney
Adelaide

(]

Melbourne

(]
Hobart

The table represents the distance between these cities in kilometres. Blank entries in the table indicate
no direct path between the cities.

Adelaide Brisbane Darwin Hobart Melbourne Perth Sydney
Adelaide 2620 650 2130
Brisbane 2850 730
Darwin 2620 2850 2660 3150
Hobart 600 3010 1060
Melbourne 650 600 710
Perth 2130 2660 3010
Sydney 730 3150 1060 710

a) Draw a weighted graph to represent this situation. @2marks)

b)

© Edrolo 2020

exactly once? (Imark)

What is the shortest cycle beginning at Melbourne that passes through all the cities




Q12.

Difficulty:

1 mark

Q13.

Difficulty:

Year 10
1 mark

Q14.

Difficulty:

3 marks
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Questions from multiple lessons

For the graph above, whichEone of the following is not a path?
A. DEFAB
B. DCBAF
C. DBAFE
D. DABCE
E. DACEF

VCAA 2018 Exam T Module 2: Networks and decision mathematics Q4 - Adapted

The histogram below shows the distribution of weight, in kilograms, of 28 cats in an animal shelter.

The most common interval of weight for the cats is ,
A. greater than or equal to 2.5 kg and less than 3.0 kg. 61
>
B. greater than or equal to 3.0 kg and less than 3.5 kg. s Z"
g 4t
C. greater than or equal to 3.5 kg and less than 4.0 kg. E 3+
D. greater than or equal to 4.0 kg and less than 4.5 kg. ?
E. greater than or equal to 5.0 kg and less than 5.5 kg. .
25 3.0 35 40 45 50 55
VCAA 2018NH Exam 1 Data analysis Q3 - Adapted Weight (kg)

Train routes connect different cities in Spain.

Some of the cities are Madrid (M), Barcelona (B), Toledo (7T), San Sebastian (S), Valencia (V),
and Granada (G).

The graph below gives the cost, in dollars, of train travel along these routes.

Sophie is currently staying in Barcelona (B) and she wants to S
travel to Granada (G).

a) Sophie considers travelling by train along the route
Barcelona (B) - Madrid (M) - Granada (G). 50

c) Complete Euler’s formula by replacing v, f, and e with
their respective values. The answer should be in the form
v+ f=e+ 2. (Imrk

How much will she have to pay? (imark)
b) If Sophie takes the cheapest route from Barcelona (B) to 4 110
Granada (G), which other town(s) will she pass through? (1mark) T
\'

40
70

VCAA 2017 Exam 2 Module 2: Networks and decision mathematics QT - Adapted

60

B
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LESSON 5E

Trees, spanning trees and Prim’s algorithm

“Trees and minimum spanning trees, Prim's
algorithm, and their use to solve practical
The key skills you will learn in this lesson are: problems.”

1 Trees and spanning T~ Mathematics Area of.Study key kn?w/edge points derived
from VVCE Mathematics Study Design 2016-2020 p.20;
© The Victorian Curriculum and Assessment Authority
(VCAA). Used with permission.

2. Minimum spanning trees and Prim'’s algorithm

1. Trees and spanning trees

A tree is a simple connected graph that contains no loops, circuits or duplicate edges. A tree is often part of a larger
graph. The number of edges in a tree is always one less than the number of vertices.

number of edges = number of vertices — 1

Example

C
A
is a tree. It contains four vertices and three edges.
D
B

A spanning tree is a tree that contains all of the vertices in a larger graph, hence ‘spanning’ the entire graph.

Example

A
C
is a spanning tree of
B
D

WORKED EXAMPLE 10 (7 mark)

A
B
D
Draw a spanning tree for the graph below. A D
; /7‘/</ E

There is a loop on vertex B. There are duplicate edges between vertices A and C and between vertices D and E.

SOLUTION

Step1 Remove any loops or duplicate edges.

D D
A A
q
B E B E
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Step2 Remove the necessary number of remaining edges.

The number of edges in a tree is always one less than the number of vertices. In this graph
there are 5 vertices (4,B,C,D and E).

number of edges = number of vertices — 1

5-1=4

number of edges
Since the graph has five vertices, the tree must have four edges.

There are currently seven edges, so we have to remove three more while keeping the
graph connected.

D D
A A

q
B E B

This is one of many possible spanning trees for this graph.

2. Minimum spanning trees and Prim'’s algorithm

A minimum spanning tree is the spanning tree of a weighted graph with the minimum total
weight possible.

NOTE: There may be multiple minimum spanning trees for one graph.

Example

The total weight of a minimum spanning tree could indicate the minimum length of pipe needed to
connect five water systems.

Prim's algorithm:

Prim'’s algorithm is a method for finding the minimum spanning tree for a graph.

The algorithm follows the steps below:

Step1 Start at any vertex. Look at the edges that connect to this vertex and choose the edge with
the lowest weight. If there are two edges of the same weight, pick either.

Step2 There are now two vertices and one edge selected. Look at the edges that connect to either
of these vertices and choose the one with the lowest weight that connects to a new vertex.

Step3 Repeat this process until all vertices are connected.

205

WORKED EXAMPLE 11 (7 mark)

Use Prim’s algorithm to find the minimum spanning tree for the graph below.
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206 5E TREES, SPANNING TREES AND PRIM'S ALGORITHM

SOLUTION

Step 1

Step 2

Step 3

Choose a starting vertex and choose an edge.
We are going to start at vertex A.

There are two edges that connect to vertex 4,
with weights 7 and 5.

5 is the lowest value, so select the edge going to
vertex B.

Choose the next edge from either vertex 4 or B.

From vertex 4, there is one edge with a weight
of 7.

From vertex B, there are two edges with weights
2and 11.

2 is the lowest value, so select the edge from
vertex B to D.

Choose the next edge from either vertex 4, B or D.

From vertex 4, there is one edge with a weight
of 7.

From vertex B, there is one edge with a weight
of 11.

From vertex D, there are three edges with
weights 3, 8 and 8.

3 is the smallest value. Select the edge
connecting vertices D and C.

© Edrolo 2020 E

Step4 Choose the next edge from either vertex 4, B, C

orD.

From vertex B, there is one edge with a weight
of 11.

From vertex C, there is one edge with a weight
of 9.

From vertex D, there are two edges with weights
8 and 8.

NOTE: Although the edge connecting vertices
A and C has the lowest weight (7), it does not
connect to a new vertex, so it cannot be part of
the tree.

8 is the smallest value. Select either the edge
connecting vertices D and G or D and F. Both
choices are valid.

Step5 Continue the process until all vertices

are connected.

This is a minimum spanning tree for this graph.
It has a total weight of 38.

NOTE: There are other possible minimum
spanning trees for this graph.
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Questions 5E Trees, spanning trees and Prim's algorithm .
Refresher question
Q. State the number of edges and vertices present in the graph below.

L

1. Trees and spanning trees

Q2. a) Atree has seven edges. How many vertices does it have?

Skil b) Draw a tree with six vertices.

Q3. Which of the following graphs is a tree?

A

Q4. For the following graphs, draw three different spanning trees.
Skill
a) A C b) C
l E E
B
N
D
F
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Check your understanding
Q5. Sally the software engineer is setting up a computer network and is trying
Application  to connect all of the computers using the least number of wires possible.

To the right is a graph in which each vertex
represents a computer and each edge is a
possible connection path where Sally can
place a wire.

a) Whatis the least number of wires Sally
can use?

b) Draw two possible layouts of the network.

2. Minimum spanning trees and Prim's algorithm

Qé. Draw the minimum spanning tree for the
Skill following graph.

Q7. Consider the graph to the right.

Skill Which of the following trees is the
minimum spanning tree for this graph?

© Edrolo 2020
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Q8. The total weight of the minimum
Skill spanning tree for the graph on the right
is 31. Draw the minimum spanning tree.

Qo. Use Prim’s algorithm to find the minimum spanning tree for each of the following graphs.
Skill a) B b) B 75 F
16
22 D
A 50 25
19
A H
C B [
E

Check your understanding

Q10. Underground tunnels are being built between seven different gold mines (4, B, C, D, E, F and G) so that
Application  they are all accessible directly or indirectly from every other mine. The possible tunnel routes between
each mine and their lengths in metres are shown below.

a) Draw the tunnel layout that would allow
for the shortest total distance of tunnels,
while keeping all of the mines connected.

b) In this layout, which mine has the most
tunnels connected to it?

Joining it all together

QM.

Skill
3 marks

a) How many different spanning trees are there for this graph?
b) Draw the minimum spanning tree and state its total weight.

c) Draw the spanning tree with the maximum total weight and state its weight.
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Q12.

Application
T mark

Q13.

Application
2 marks

Q14.

Tmark

An electricity company is trying to connect the electricity for seven bungalows at a resort in Bora Bora.
The amount of electric cable in metres needed to connect the bungalows is shown in the graph below.
What is the minimum amount of cable needed?

A Japanese garden is being built in a park and the council wants to pave paths so that the six small
ponds are accessible by path from the entrance. The distances in metres of the possible paths are
shown in the graph below.

Pond B

o> 50 ~Pond D

45
45 50

60 Pond F

Pond A @, % S [

Pond C

45

45 40

60 0 o>
25

Pond E

Entrance

a) The council wants to minimise the length of the paths to minimise cost. Draw the path layout with
the minimum total length that reaches every pond.

b) The cost to pave the paths is $120 per metre in length. How much will the council have to pay?

VCAA question

The minimal spanning tree for the network above will include the edge that has a weight of
A. 3 B. 6 c. 8 D. 9 E. 10

VCAA 2006 Exam 1 Module 5: Networks and decision mathematics. Q4
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Q15.
Difficulty:

1 mark

Q1é.
Difficulty:

I mark

Q17.
Difficulty:

2 marks

5E TREES, SPANNING TREES AND PRIM'S ALGORITHM 2T

Questions from multiple lessons

The following graph is made of seven isolated vertices. °
The minimum number of edges that must be added to the °
graph to form a tree is
°
A 1 °
B. 5
°
C. 6
°

D. 7 °
E. 8
VCAA 2018 Exam 1 Module 2: Networks and decision mathematics QT - Adapted
Lachie is passionate about dogs. Height (cm) Weight (kg) Length (cm)
Recently, he made his way to the local dog park and 582 258 551
took the weights, heights and lengths of the first
13 dogs he could find, and recorded them in the 201 2.7 22.5
following table. 384 15.9 329
The mean, x, and the standard deviation, s , for the 239 121 28.0
height of these dogs, in centimetres, are closest to 612 319 70.5
A. x=388 s =1208 341 191 301
B. x=388 s =12.06 421 181 381
C. x=387 s =12.08 501 211 513
D. x=1387 s =12.06 291 8.4 347
E. x=418 s =11.18 327 13.8 291
VCAA 2018NH Exam 1 Data analysis Q7 - Adapted 381 171 35.0

359 19.2 381

401 201 411

A small country has nine towns. They are represented as vertices in the following graph. The edges
represent possible power lines that could be built between the towns, with the numbers representing
the distance, in kilometres, between them.

130

These power lines will create a connected graph. The country is trying to lower costs, so the shortest
length of power line will be used.

a) Whatis the mathematical term that describes the graph represented by these power lines? (1mark)

b) Draw the graph that represents these power lines. (Imark)

VCAA 2017 Exam 2 Module 2: Networks and decision mathematics Q3 - Adapted
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LESSON 6A

Introduction to sequences

“the concept of a sequence as a function”

"use of a first-order linear recurrence relation

The key skills you will learn in this lesson are: to generate the terms of a number sequence”

1. Introduction to sequences "tabular and graphical display of sequences”

2. Notation Mathematics Area of Study key knowledge points derived
) from VCE Mathematics Study Design 2016-2020 p.20;

3. Plottlng sequences © The Victorian Curriculum and Assessment Authority

(VCAA). Used with permission.

1. Introduction to sequences
A sequence is a set of numbers, known as terms, written from left to right.

Sequences with patterns

If a sequence has a pattern, such as a repeated addition or multiplication, we can predict the next term. Sequences
with repeated addition are called arithmetic and sequences with repeated multiplication are called geometric.

The repeated operation is called the rule of the sequence.
Example
The following sequences involve patterns.
3,6,9,12,15,18,21
Rule: addition of three
2,4,8,16,32, 64,128
Rule: multiplication by two
Sequences without patterns
Random sequences have no pattern.
Example
The following sequences are random sequences.
4,12,-3,5,6,-1,2,2,-4
10,-4,7,5,2,8,-2,0,1
Finding the next term
By finding the pattern between terms in a sequence, it is possible to predict the next term.
Example
The pattern in this sequences is an addition of two:
13,15,17,19, 21, ...

So the next term is 23.

WORKED EXAMPLE 1 (2 marks)

Do the following sequences have an addition rule, a multiplication rule, or are they random?
a) 2,58,11,14,17,20
b) -3,-1,5,2,7,-2,-6,0
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SOLUTION
a) 2,5,811,14,17,20

b) -3,-1,5,2,7,-2,-6,0

Step1 Look for any relationship between the terms. Step1 The two first terms are -3 and -1. To get from
The first two terms are 2 and 5. To go from the -3 to -1, we can add 2, or multiply by %
first to the second term, we can add 3, or multiply T
by 3 =
y 2" -3 % 1 —1
743 ~_3
2 . 5
\XE/ Step2 Compare the second and third terms.
iy
Step2 The second term is 5, and the third term is 8. -3 : -1 5
. R 5 X =
Does adding 3 or multiplying by 5 transform 5 3
into 87 . . .
The second term is -1, and the third term is 5.
/\ /\
2 +3 5 +3 8 Adding 2 to -1, we get 1. Multiplying -1 by%
X g we get —%. Neither of these operations work.
\/’
The pattern is random.
Adding 3 to 5 Its in 8.
ing 2 10 - results In NOTE: There may be a more complicated
Step3 Continue testing the rule for the other terms. relationship, but based on the question we can
+3 +3 +3 +3 +3 +3 assume this is a random sequence.
TN N N TN N7 X
2 5 8 M 14 17 20
It satisfies all of the terms, so we can say the
rule of the sequence is an addition of 3.
WORKED EXAMPLE 2 (2 marks)
Find the next term in the sequence:
a) -3,1,509,13 b) 1,39, 27
SOLUTION
a) -3,1,50913 b) 1,39 27
Step1 Find the pattern. Step1 Find the pattern.
-3+4=1 1x3=3
1+4=5 3x3=9
54+44=9 9 x 3 =27
9+ 4 =13 The pattern is that the term is multiplied by 3
The pattern is that 4 is added each time. each time.
Step2 Use the pattern to determine the next term. Step2  Use the pattern to determine the next term.

13 +4 =17

The next term is 17.

© Edrolo 2020
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2. Notation

There is specific notation used for sequences, which makes it easier to communicate
which term is which.

The first value The second The third value and so on
value
tO tl tZ

Using ‘t” is quite common, but other letters can be used too, as long as it stays the same
throughout the sequence.
The general form of a sequence is:

tyt, bt L,

Occasionally a sequence will start at ¢,.

WORKED EXAMPLE 3 (7 mark)

A sequenceis 4,9, 14, 19, 24, 29, 34, with t, =4 What is t,?

SOLUTION
Step1 The term on the left is ¢. Label the other terms Step2 Write the answer as an equation.
up to t.. t, =19
4, 9, 14, 19, 24, 29, 34
ttr ot
tO t1 t2 t3

3. Plotting sequences

Graphing terms of a sequence can help us quickly identify if a sequence is arithmetic or not.
Generally n is placed along the x-axis, with ¢ on the y-axis.

If the points form a straight line, the sequence is arithmetic.

Example
A graph of the sequence -3,1, 5,9, 13: A graph of a non-arithmetic sequence:
The line is straight, because this sequence is arithmetic. The sequence is 2, 3, -4, 2, 5, -1.
tn tn
15 I 10t
o) sl
101 61
M °
4+
o
5 o 2 °
0 + > n
o) 1 2 3 4 5
0 + > n
1 2 3 4 5 -2
-4 o)
_5 L v

WORKED EXAMPLE 4 (1 mark)

Draw a graph of the following sequence and state whether it is an arithmetic sequence or not.
6,3,0,-3,-6,-9.
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SOLUTION

Step 1

Choose to plot ¢ from -10 to 10.

Choose to plot n from 0 to 5.
t

10

-5

Step 2

Step 3

Draw the sequence as a series of points and
connect with a line.

t

n
y

10

-5

-10

"

The line is straight, so we can conclude this is an
arithmetic sequence.

WORKED EXAMPLE 5 (7 mark)

Draw a graph of the following sequence and state whether it is an arithmetic sequence.

-3,1,59,13

SOLUTION: TI-NSPIRE

Step 1

Step 2

Step 3

Step 4

Open a new spreadsheet by pressing ctrl

+ doc and press 4  (‘Add Lists &

Spreadsheet”).

Scroll to the A box at the top of column 1, push

‘n’, then enter |

Scroll right to box B, and push ‘t) then enter |,

Scroll down to A1 and type ‘1’, then enter
Move to A2 and push ‘=al+1’. Push enter
Scroll up so cell A2 is highlighted.

Push menu  then 3 for ‘Data’and 3  again
for “Fill.

Use the cursor highlight cells A2 to A5.

Push enter |,

The values of n are complete.

Scroll to B1. Type the value for t, ‘-3,

and push enter |,

Enter the rest of the sequence into column B.

© Edrolo 2020
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#5n B¢ C D !II
1 3 =3 |
i 2| L
o I
4 4 9 [
= 5 13 [ T
s]13 [4]»

Press ctrl + docv andpress 5
(‘Add Data & Statistics”).

At the bottom of the screen select ‘Click to
add variable’ and choose ‘n’.

On the left of the screen, select ‘Click to add
variable’ and choose ‘t’.

& ®
-‘-E- o
ol @
o
1015 20 zfsziuzfuhiss&o

The line is straight, so this sequence is arithmetic.
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SOLUTION: CASIO CLASSPAD

Step1  Using the stylus, select menu | and then [} |. @ Edit View Type Calc 3

Incell A1, type 1 . Tap EXE. MTI v II Jr [|5555]+E

In A2 type ‘=al+1’ and push EXE

Tap cell A2, then tap edit , fill , fillrange .

) 00| g

Tap in the range box and type ‘A2:A5".

This creates the n values. 31

Step2 In B1, type the value for ¢, ‘-3, and push EXE .

Enter the rest of the sequence into column B.

Step3 Highlight all of the data, from A1 to B5. Tap ¥/ . . 4
=
The line is straight, so this sequence is arithmetic.

In the graph screen, tap the down arrow 7~

and choose the scatter plot .

Questions 6A [ntroduction to sequences

Refresher question

Q1. What is the next number in the sequence?

2,4,6,8,10,7?

1. Introduction to sequences

Q2. The following sequence has a rule of an addition of 5 between terms. What is the next number in the
Skill sequence?

3,8,13,?
Q3. For each sequence below:

Skill i Does the sequence have a rule or is it random?

ii  Ifthe sequence has a rule, what is the rule?

a) -4,3,10,17,24,31 b) 13,9,8,-4,0,-1,8 ¢ 128,64,32,16,8
Q4. Find the pattern in the following sequences, and use the pattern to find the next term.
Skill

a) 2,4,8,16 b) -4,4,12,20,28 ¢ 10,4,-2,-8,-14

Check your understanding

Q5. Find the rule of this arithmetic sequence, and fill in the missing numbers:

Skill 11,2,5,2,?

Qeé. Does the following sequence have a rule, or is it random? If it has a rule, what is the rule?
Skill 0.5,1,2,5,10,16, 32,36
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2. Notation

Q7. Examine the table below, which shows a sequence with a rule of +2. What is the value of t,?
Skill

b

7 9 1 13 15

t

A L

2 t

3 t,

4

Q8. Examine the following sequences, which begin at t,:
Skill a) State the value of ty b, and ty
3,7,11,15,19, 23,27, 31, 35,39, 43
b) State the value of ¢, t,, and ¢,
16,9, 2,-5,-12,-19,-26,-33, -40, -47, -54
¢) State the value of tyt, and t,
-66,-55,-44,-33,-22,-11, 0, 11, 22, 33, 44

Check your understanding

Qo. Examine the following random sequence. What term, from t,tot

1 1s the largest?
Skill -2,5,3,1,-4,-2,4,9,2,-3,-2

Q10.  The daily maximum temperature over a week in Melbourne in May is given in the table below.

Aplication - Which day, from D, to D,, was the hottest?

D D D D D D D D

n 1 2 3 4 5 6 7

Temperature in Celsius 16° | 16° | 19° | 20° | 19° | 18° | 13°

3. Plotting sequences

Q1. A plot of a sequence is given below. Is this sequence arithmetic?
Skill y
1o}
ol
sl
21
6l
51
ad
34
21
1

<+t + u + + + + + + + + + +—» X
-1 -0.5 05 1 15 2 25 3 35 4 45 5

Q12.  Draw the plots the following sequences by hand (without using your calculator).
Skill Is the sequence arithmetic?
a) 10,6,2,-2,-6

b) 2,3,4,6,7

o -3,2,7,12,17
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Q13.
Skill

Q14.
Application

Q15.

Application

Qieé.

Skill
1 mark

Q17.

Skill
2 marks

Q18.

Skill
2 marks

Q19.

6A INTRODUCTION TO SEQUENCES

Create the plots the following sequences on your calculator.
Based on the calculator graph, is the sequence arithmetic?

a 3,570911 b) 4,2,0,-3,-6

219

Check your understanding

Paul is the manager of an Italian restaurant. He is trying to roster staff for the coming week, and looks
at the average number of guests visiting on Thursdays to Sundays. The average number of guests on
Thursdays is 20, Fridays is 32, Saturdays is 54, and Sundays is 42.

Given that the number of guests from Thursday to Sunday is represented by ¢ to t,, plot this
information and find if it is an arithmetic sequence.

The number of tourists visiting Wilson’s Promontory in the weeks leading up to Christmas is shown
in the table below. Plot the sequence. Is this an arithmetic sequence?

Week December 1-7 December 8-14 December 15-21 December 22-28
tn tl t2 t3 t4
NI 67 1350 1700 2050 2400
tourists

Joining it all together

Which of the following arithmetic sequences has the highest ¢, value? Assume they all start at ¢,.
A. 0,4,8,12,16,20 B. 52,44,36,28,20,12

C. -40,-24,-8,8,24,40 D. -1,4,9,14,19, 24,29

Find the pattern in the following arithmetic sequence. Use this to work out ¢,.

t &

1 2 ¢,

5 t,

at

-12 5 22 39 ?

Find the pattern in the following arithmetic sequence. Use this to work out ¢,.

&

253

& (&

1 2

185 17 49 ?

t

5 t,

4

Alocal football club opened in 2016. The number of members of the club every year after its inception

Application  in 2016 is stated below in the table. The number of members in 2016 is represented by m,

3 marks

Year Number of members (m,)
2016 340
2017 420
2018 500
2019 580

a) Plot this information.
b) What type of sequence is this?

c) Assuming the sequence continues, in what year will the club first reach 1000 members?
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Q20. Nadia bought her car two years ago, when she first got her learner permit. She bought it for $4000.

é\%’;ir‘;:ion After a year, the car was revalued at $3250. Her insurance company inspected the car today and
valued it at $2500.

a) Plot this information, using v, as the price when Nadia bought the car.

b) Assuming the arithmetic sequence continues, in how many years will it be worth $1000?

VCAA question

Q21.  Paul went running every morning from Monday to Sunday for one week.
Tmark On Monday, Paul ran 1.0 km.

On Tuesday, Paul ran 1.5 km.

On Wednesday, Paul ran 2.0 km.

The number of kilometres that Paul ran each day continued to increase according to this pattern.

The number of kilometres that Paul ran on Thursday is

A. 25
B. 3.0
C. 35
D. 4.0
E. 5.0

VCAA 2014 Exam 1 Module 1: Number patters. Q1

Questions from multiple lessons

Q22. The first five terms in a geometric sequence are: 32, 16, 8, 4, 2,...

aifficultv: What is the next term in this sequence?
Year 10 A —2
T mark B. —1

C. 0

D. 1

E. 2

VCAA 2015 Exam 1 Module 1: Number patterns QT - Adapted

Q23. Aleastsquares line in the form y = a + bx is fitted to a set of bivariate data.

DIfiCly:  For this set of data, ¥ = 4.30,y = 5.12, 5, = 2.94, 5 = 1.98and a = —2.8.

1'nllark What is the value of b correct to one decimal place?
A. —17
B. —-138
c. -19
D. 18
E. 19

VCAA 2019NH Exam 1 Data Analysis Q9 - Adapted
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Q24. Hector is a rising TikTok star and his number of followers increases weekly at a constant rate.

Diffilty:  The graph below shows his number of followers in the first four weeks of 2020.

|
Year 10
2 marks 55007
¢ 5000+
(3]
3
2
S
S
o
5 4500
K<}
s (©)
S
= o
4000 + o}
1 t t t t t t t
0 1 2 3 4 5 6 7

Week
a) How many followers does Hector gain each week? (1mark)
b) How many followers will Hector have in week 67 (1mark)

VCAA 2011 Exam 2 Recursion and financial modelling Q1 a,b - Adapted
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LESSON 6B

Generating arithmetic sequences

The key skills you will learn in this lesson are:

1. Finding recurrence relations

2. Generating terms

1. Finding recurrence relations

VCAA key knowledge points:

“generation of an arithmetic sequence using
a recurrence relation, tabular and graphical
display; and the rule for the n*" term of an
arithmetic sequence and its evaluation”

“use of a recurrence relation to model and
analyse practical situations involving discrete
linear growth or decay such as a simple
interest loan or investment, the depreciating
value of an asset using the unit cost method;
and the rule for the value of a quantity after
n periods of linear growth or decay and its use”

Mathematics Area of Study key knowledge points derived
from VVCE Mathematics Study Design 2016-2020 p.20;
© The Victorian Curriculum and Assessment Authority
(VCAA). Used with permission.

A formula that links one term in a sequence to the next is called a recurrence relation.

For arithmetic sequences, recurrence relations are of the form:

t,=t+dt=a

n

Here, d is the common difference between terms, and a is the first value in the sequence. The term t. is the next term
in the sequence, and ¢, is the current value. The term ¢ , represents the

previous term in a sequence.

Example

An arithmetic sequence is givenby t . =t + 4 where t = 7.

The average price of petrol in dollars over the last five years is given by p, ., = p, + 0.03

where p, = 1.41.

WORKED EXAMPLE 6 (2 marks)

Find the recurrence relation for the following arithmetic sequences.

a) -8,-5-2,1,47..
b) 43, 35, 27,19, 11, 3...

SOLUTION
a) -8,-5-2,1,4,7.. d=t -t
Step1 Find the starting value of the sequence. =-5-(8)
The starting value is always on the left. =-5+8
Here it is -8. Write this as a. =3
a=-8 Step3 Write the recurrence relation using a and d.
Step2 Find the common difference, d. t =t +dt=a
The common difference is the difference t., =t +3t=-8

between each pair of adjacent terms. Choose
two terms in the sequence that are next to each
other and find the difference between them.

[t is usually easiest to use ¢ and t,.
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b) 43,

Step 1

Step 2

35,27, 19,11, 3...

Find the starting value of the sequence.

As always, the starting value is always the value
on the left. Here is it 43. Write this as a.

a =43

Find the common difference, d.
d=¢t -t

35 -43

6B GENERATING ARITHMETIC SEQUENCES

Step 3
t.,=t+dt=a

n

t,, =t -8t =43

n+1

Write the recurrence relation using a and d.

223

2. Generating terms

It is easy to calculate future values of a sequence when given a recurrence relation. By using the
recurrence relation and substituting the first value, the second value can be found. The second
value can be used to find the third, and so on.

Example

Asequenceisgivenby ¢t ., =t + 3, t, = 10.Future values can be calculated simply,
as shown below.

Let n = 0.
t, =t +3
t, =10 +3
t =13

Letn = 1.
t,=1t +3
t,=13+3
t =16

2

WORKED EXAMPLE 7 (1 mark)

Calculate t, for the sequence t.,=t - 4,t = 11.

SOLUTION

Step 1

Step 2

Work out which values we need to find and which values we have.

We need to find t, and we only have t, at present. First we’'ll need to find t,uset, to find t, and use t,to find t,.

Use the recurrence relation to calculate the desired values.

Letn = 0.
t,=t -4
t,=11-4
t,=7
Letn = 1.
t,=1t -4
t,=7-4
t2=
Letn = 2.
t,=t, -4
t,=3-4
t,=-1
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Questions 6B Generating arithmetic sequences

Q1.

Q2.

Skill

Q3.
Skill

Q4.

Application

Q5.

Application

Qé.

Skill

Q7.

Skill

Q8.

Application

Qo.

Application

Refresher question

What is the difference between the following pairs of numbers?
a) 1,3
b) 4,12

1. Finding recurrence relations

What is the common difference in the following arithmetic sequence?

1, 4,7, 10, 13...

Write down the recurrence relations that represent these sequences.
a) 3,579 11..

b) 19, 12,5,-2,-9..

¢ -13,-7,-1,5, 11...

Check your understanding
The number of students in a new dance class is 6 in the first week, 9 in the second week, 12 in the
third week, and 15 in the fourth week.

Write the number of students in the class every week as a recurrence relation, where S is the number
of students in the first week.

The number of people buying phones from Joan’s Fones, on Tuesday and Wednesday, is given by
C,=10and C, = 12.

Assuming the number of customers buying phones is an arithmetic sequence, state the number
of customers that bought phones on Monday, and write the recurrence relation.

2. Generating terms

If t,=4 and the common difference between terms is 3, what is t?

Find ¢, for the following arithmetic sequences, using the recurrence relations.

Q

~

o~
|

=t +61t=3 b) t, =t-71t=16
=t -14,t = -2

0

-

o~
I

Check your understanding

The number of cups of lemonade Jackson sells at his lemonade stand on day 1 is 23. The next day he
sells two more. Assuming the sales form an arithmetic sequence, state how many cups are sold on day 5.

The population of Australia in 1900 was around 3.76 million people. The population of Australia over
the years 1900-1904 can be roughly modelled by using the recurrence relation:

P., =P + 65000 P =3 760000
What was Australia’s population in 1904?
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Qio.

Skill
Tmark

QM.

Application
1 mark

Q12.

Application
1 mark

Q13.

Application
3 marks

Q14.

Application
3 marks

Q15.

T mark

Joining it all together

6B GENERATING ARITHMETIC SEQUENCES 225

Which of these arithmetic sequences has term ¢, not equal to 157

t,=t+2¢6=5

n+1

C t,=t+71t=-13

n+1

B. t,,=t-8¢ =47
t -3t =27

n+1

D. t

n+1

Ava’s height, in metres, from 12 years of age to 17 years of age is modelled by hn+1 =h + 0.05,

h, = 1.25. Show that at age 17 she is 1.50 metres tall.

Charlotte heard that human hair grows according to the equation h ,, = h + 0.08, where h is the
length of hair in centimetres, and n is the number of days. She measures her hair on the third of April
and finds it is 23.84 cm long. One week later she measures it again.

Use the recurrence relation to work out how long her hair will be.

The area of forest across the world from
2013 to 2015 is listed in this table.

Area of forest

a) Assuming this information is an

arithmetic sequence, using 2013 as the

start of the sequence, represent this
information as a recurrence relation.

LCET? (million hectares)
2013 4065
2014 4032
2015 3999

Use F, to represent the area of forest in year n.

b) Use the recurrence relation to calculate the amount of forest left in 2016.

c) Find the first year the area of forest in the world will drop below 3.9

billion hectares.

The increase in average global temperature
predictions for the decades leading up to

Average global

2050 is shown in the table on the right.

a) Write the average global temperature
compared to 1900-2000 each decade,

T , as arecurrence relation. Take T,

to represent the 2010s.

Decade temperature
compared to 1900-2000

2010s +0.8°

2020s +0.975°

2030s +1.15°

2040s +1.325°

b) In what decade will the average global temperature have risen by more than 2° for the first time?

c) Sealevelis also projected to rise over the coming century. One scientist created the following model,
where S is the increase in sea level in millimetres, in decade n. The 2010s are represented by n = 0.

According to this model, in what decade will increase in sea level pass 30 cm?

S. =S +365 =88

VCAA question

Kai commenced a 12-day program of daily

Day number

exercise. The time, in minutes, that he
spent exercising on each of the first four

Time (minutes)

15

19 23

27

days of the program is shown in this table.

If this pattern continues, the total time (in minutes) that Kai will have spent exercising after 12 days is

A. 59 B. 180 C.

Adapted from VCAA 2008 Exam T Module 1: Number patterns. Q6

354

D. 444

E. 468
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Q1eé.
Difficulty:

T mark

Q17.
Difficulty:
(| |

T mark

Q18.
Difficulty:
(] ]

Year 10
3 marks

Questions from multiple lessons

Lorraine has started a small business selling homemade pottery.
Her business’s monthly profit forms an arithmetic sequence.

The following table shows her profit in months 1 to 3.

Month number Profit ($)
1 170
2 215
3 260

If this pattern continues, what will Lorraine’s profit be in month seven?

$380
B. $395
C. $415
D. $440
E. $485

VCAA 2009 Exam 1 Module 1: Number patterns Q2 - Adapted

A least squares regression line is fitted to the following data.

x =12 | 27 32 | =09 | 73 47 | =94 | 23

y 34 8.3 7.4 25 5.2 83 | =06 15

What is the equation of the line? Round all values to two decimal places.
y =421+ 0.53x
y =342 + 0.44x
y =397 + 0.48x
y = 4.58 + 0.67x
y =495+ 0.32x

VCAA 2018NH Exam 1 Data analysis Q8 - Adapted

m o on v »

A large umbrella factory wants to determine the number of umbrellas they can produce each hour.
e In the 1% hour, they produced 30 000 umbrellas.

e In the 2" hour, they produced 32 000 umbrellas.

e In the 3" hour, they produced 34 000 umbrellas.

The number of umbrellas produced in each hour continues in this pattern for 10 hours.

The amount of stock produced in each hour forms the terms of an arithmetic sequence,
as shown below.

30 000,32 000, 34 000...
a) Show that the common difference for this sequence is 2000. (Imark)
b) How many umbrellas will be produced during the 8% hour? (mark)
¢) In total, how many umbrellas can be produced in the first five hours? (mar

VCAA 2015 Exam 2 Module 1: Number patterns Q1 a-c - Adapted
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LESSON 6C

Applications of arithmetic sequences

“generation of an arithmetic sequence using

a recurrence relation, tabular and graphical
The key skills you will learn in this lesson are: display; and the rule for the n'" term of an

arithmetic sequence and its evaluation”

1. Defining and using the formula to find the value of the term after n periods . .
use of a recurrence relation to model and

2. Applications of the formula analyse practical situations involving discrete
linear growth or decay such as a simple
interest loan or investment, the depreciating
value of an asset using the unit cost method;
and the rule for the value of a quantity after

n periods of linear growth or decay and its use”

3. Interest and depreciation

d

Mathematics Area of Study key knowledge points derived
from VVCE Mathematics Study Design 2016-2020 p.20;
© The Victorian Curriculum and Assessment Authority
(VCAA). Used with permission.

1. Defining and using the formula to find the value of the term after n periods

For an arithmetic sequence, there is a formula that gives the value of any term in the sequence.
This is useful if we want to find a specific term far along in the sequence, without having to find
each of the preceding terms first.

An expression for the value in the sequence after n periods is given by ¢ = a + nd, where a is the
first term (¢,) of the sequence and d is the common difference.

It is important to note that n represents how many periods have passed. For example, if an
arithmetic sequence is used to describe the balance of a bank account earning simple interest on a
monthly basis:

e a =t is the 1* term which would represent the opening balance of the account
e ¢ is the value after one month (i.e. the 2nd term)

To find the 15" term in the sequence, we need to solve for t,, so we would substitute n = 14 into
the equation.

This is summarised in the table below:

n=20 n=1 n=2 n=3 n=n
t, t, t, t, t,
after 0 periods after 1 period after 2 periods | after 3 periods after n periods
initial/1° term 2" term 3"dterm 4hterm (n+ )™ term

WORKED EXAMPLE 8 (2 marks)

For the following number sequences, find an expression for the value of the term after n periods.

a) 3,8,13,18,23,.. b) 21,18.5,16,13.5,11, ...
SOLUTION
a) 3,8,13,18,23, .. Step2 Substitute the values of a and d into the formula,
th implify.
Step1 Define the values of a and d. en simplify.
. s t =a+ nd
a is the initial value. n
t =34+nx5
a = 3 n
~t =345
d is the difference between consecutive values. n "
d=8-3
d=5
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b) 21,18.5,16,13.5,11, ..

Step1 Define the values of a and d. Step2 Substitute the values of a and d into the formula,
a is the initial value. then simplify.
a=21 t =a+nd

d is the difference between consecutive values. t, =21+ nx (-2.5)

d =185 - 21 at =21-25n
d=-25

NOTE: d is negative when each value is lower
than the one before.

WORKED EXAMPLE 9 (2 marks)

Given the formula t =8+ 6n, find t and Ly

SOLUTION
Step1 Substitute n = 5 into the formula and solve. Step2 Substitute n = 25 into the formula and solve.
t =8+ 6n t =8+ 6n
t.=8+6X%X5 t, =8+ 6 X 25
t. = 38 t,, = 158
v 1 mark for finding t, v 1 mark for finding ¢,

Step3 Write the answer.
t. = 38 and ¢, = 158.

2. Applications of the formula

The basic formula t = a + nd is used to find the value of the term after n periods (t ), which is
the value of the (n + 1)* term.

However, in some cases this value is given and the question requires one of the other components
to be found. This can be done by using these formulae:

Finding Use the formula
the initial value, a a=t -nd
. t —-a
the common difference, d d=-"5
t -a
the term number, n n=-= i

NOTE: These are found by transposing (rearranging) the original formula.

WORKED EXAMPLE 10 (7 mark)

At the beginning of a weight-loss program, Sam weighed 96 kg. After the 15" week, he weighed 84 kg.

Assuming his weight loss was linear, how much weight did Sam lose each week?

SOLUTION
Step1  Write down the known values from the question. After the 15" week, Sam weighed 84 kg.
The question states that after the first week, Hence, n = 15 and t,, = 84.

Sam weighed 96 kg. This means that a = 96.
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Step2 Identify the unknown value. Step4 Interpret the result.
We know the values of q, t, and n. The only The common difference is -0.8.
unknown value is d. d is the difference between This means that each term in the sequence is 0.8
each term, which relates to the amount of less than the previous term.

weight Sam lost each week.
-~ Sam lost 0.8 kg each week.

Step3 Substitute the known values into the formula for

d and solve.
t —a
d=-"

_ 84 -96
d= 15
_-12
d= 15
d =-0.8

3. Interest and depreciation

Interest

Simple interest is calculated as a fraction of the initial amount of money invested, so the amount

of interest remains constant as the balance changes. The amount of interest earned/paid per time

period is given by i = % where P is the principal (initial amount invested), and r is the interest

rate per time period (expressed as a percentage). Note that i is used instead of I as i is the interest
earned/paid in a single time period, whilst I is the total interest earned/paid over n time periods.

The balance of a simple interest account can be modelled as an arithmetic sequence, where the
common difference, d, represents the interest earned/paid each time period (i.e. d = i), and the
initial value, a is the principal (i.e. a = P). t is the balance of the account after n periods.

Depreciation

Unit cost depreciation is a type of depreciation in which the value of an item reduces linearly

as it is used. For example, the value of a second-hand car depreciates by the same amount each
kilometre driven. The point at which the value of an item has depreciated so much that it is equal
to 0 is known as the write-off value.

The value of the item can be modelled as an arithmetic sequence, where the common difference, d,
represents the amount of depreciation per unit, and the initial value, a, represents the initial value
of the item. ¢ is the value of the item after n units of usage.

Note that d is always negative because the item loses value as units are used.

Example

Consider a car purchased for $8000 that loses $0.30 of
value for every kilometre driven:

t = 8000-0.3n
After being driven 10 000 km, the value will be $5000:
t = 8000-0.3x 10000 = 5000

10000

The car will be written off after driving approximately 26 667 km:
t =0 =8000-0.3n

0.3n = 8000

n= 26667

WORKED EXAMPLE 11 (2 marks)

Ash puts $5000 into an account earning simple interest at a rate of 1.2% per quarter.

What will be the balance of the account after six years?
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SOLUTION

Step1 Find the value of the interest earned each

quarter, I.
i _Pr
100
j= 5000 x 1.2
100
i =60

Step2 Find the values of a and d.

d is the difference between each term. In this
case it is the amount of interest, so d = I.

d =60

a is the initial term, which is the initial
investment into the account, soa = P.

a = 5000

Step3 Setup an equation.

Substitute the values of a and d into the
equation t = a + nd and simplify.

t = 5000 + 60n
v Tmark for setting up equation
Step4 Determine the number of time periods, n.
n==6x4
n =24

Step5 Substitute n = 24 into the equation.
t = 5000 + 60n
t,, = 5000 + 60 x 24
t,, = 6440

~ The account balance after six years will be $6440.

v/ Tmark for substituting values

WORKED EXAMPLE 12 (2 marks)

Miles bought a second-hand car for $7000. If it loses $0.25 of value for every kilometre driven,

what will be its value after being driven 12 000 kilometres?

SOLUTION

Step1 Find the values of a and d.
d is the amount of value lost per unit of use.
Since the value is depreciating, d is negative.
d=-025
a is the initial value

a = 7000

Step2 Setup an equation.

Substitute the values of a and d into the
equationt = a + nd

t = 7000 + n x (-0.25)
t = 7000 - 0.25n

v/ 1 mark for setting up equation

Questions 6C Applications of arithmetic sequences

Refresher question

Q1. Which of the following is an arithmetic sequence?

A. 0,4,-7,3,29, ..
B. 1,3,927,81,..
C. 0,2,46,8,..
D. 1,1,2,3,5,..

© Edrolo 2020

Step3 Substitute n = 12 000 into the equation.
t = 7000 - 0.25n
t = 7000 - 0.25 x 12 000

12000

t = 4000

12000

~ The value after 12 000 km will be $4000.

v/ 1 mark for substituting values
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1. Defining and using a formula for the value of the term after n periods

Q2. For each of the following sequences, state the values of a and d.
Skill a) 2,5811,14, ..
b) 7,5,3,1,-1,..

o) 15,20, 25,30,35, ..

Q3. For the following number sequences, find an expression for the value of the term after n periods by:
Skill e Writing the value of a and d

e Substituting these valuesinto t = a + nd
e Simplifying

a) -5,-3,-1,1,3, ..

b) 11,7,3,-1,-5, ..

o 9,125,16,19.5, 23, ...

Q4. Consider the following sequence.
Sl 24,21.5,19,16.5, 14, ...
a) Find an expression for the value of the term after n periods in the sequence.

b) What is the value of the 15" term in the sequence?

Q5. Find the required term for each of the following sequences.
Sl a) 1,4,7,10,13,..Findt,

b) 22,2834, 40,46, .. Findt,,

o 13,3,-7,-17,-27, .. Find t,,

Check your understanding

Qeé. Oliver bought an apple tree that grows two new apples every day. On the first day, Oliver has 12 apples.

Application - pefine an expression, in simplified form, for the number of apples, A, Oliver will have after ndays.

Q7. A recurrence relation for a sequence is given by the formula t,,=t-11,t =161

1
Skill Find an expression for the value of the term after n periods.

2. Applications of the formula

Q8. An arithmetic sequence has an initial value of 33 and a common difference of -6.

Skill Which term will have a value of -51?

Qo. The price of mini golf is $16 for the first hour and $11 for every hour after the first.

Anplication How much would it cost to play mini golf for seven hours?

Q10. A plant grew at a linear rate of four centimetres per month. 12 months after planting, it was 72
Application  centimetres tall.

How tall was it after the first month?
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QM.

Application

Q12.

Application

Q13.

Application

Q14.
Application

Q15.

Application

Q1eé.
Application

Q17.

Application

Last Monday, Dion started walking dogs every afternoon to save money for a new laptop. On Monday
night, he had a total of $210. On Thursday night the following week, he had $485. Assume that Dion
makes the same amount of money from dog walking each day.

a) How much money does he make each day?

b) The laptop Dion wants is $800.
After how many days of dog walking will he be able to afford the laptop?

Check for understanding

Amy is trying to grow out her hair to donate it to charity. She measured it today and found it was 30 cm
long from root to tip. Exactly three weeks ago, her hair was 28.65 cm long. In order to donate to charity,
it must be at least 40 cm long.

Assuming linear hair growth, in how many full weeks from today will Amy’s hair be long enough
to donate?

3. Interest and depreciation

Amanda deposits $120 into a simple interest bank account that pays 4% per annum.

What will the balance in the account be after seven years?

$4000 is invested in a simple interest account for ten years. It pays 3.6% per annum.
p y pay p

At the end of this period, what is the account balance?

Jenny recently bought a new car and set up the following equation to show its value in dollars based
on the number of kilometres driven, n.

V =13500 - 0.3n
a) What was the initial value of the car?

b) By how much does the value depreciate per kilometre driven?

A printing machine at Officeworks has an initial value of $2000.
The value is set to depreciate 0.2 cents per page printed.

What will the value of the machine be after it has printed 500 000 pages?

Check your understanding

Adrian deposits a sum of money into a simple interest investment account. Shown in the table below
is the principal invested, and the account balance after one and two years.

Year Account balance
Principal $7200
1 $7596
2 $7992

a) Whatis the simple interest rate per annum?

b) What will the account balance be after eight years?
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Application
2 marks

Q19.

Application
3 marks

Q20.

Application
2 marks

Q21.

Application
2 marks

Q22.

Application
4 marks

Q23.

2 marks
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Joining it all together

Daphne has a serious coffee addiction, so she is trying to reduce the amount of coffee she drinks.
Each week, she is planning to drink three less coffees than she did the previous week. In the first week,
she drinks 18 coffees.

a) Define an expression, in simplified form, for the amount of coffee Daphne drinks, C, after n weeks.

b) In what week will she drink no coffee?

Alexis deposits $3500 into an account that earns simple interest at a rate of 1.1% per quarter.

a) Setup and simplify an equation representing the situation as an arithmetic sequence, where n is the
number of quarters since the initial deposit.

b) After how many quarters will Alexis have earned over a thousand dollars in interest?

c) What will be the account balance after ten years?

Alicia is on holiday and is spending $50 per day. At the beginning of the first day, she had $670 in her
bank account.

a) Define an expression for the balance, bn, of Alicia’s bank account after the n't day of her holiday.

b) Atthe end of today, Alicia has $20 left. What day of the holiday is it?

Vincent just bought a car for $12 000 that will lose $0.35 of value for every kilometre driven.
Vincent is an Uber driver, and as a result he drives 350 kilometres every week.
a) What will be the value of the car after 40 weeks?

b) After how many weeks will the car be effectively written off?

Melinda is a social geographer and has recently been studying population growth.
She has created the table below with estimated world populations for the years 2015, 2016, and 2017.

Assume that population growth remains linear from 2010 to 2040.

Year Population (millions)

2015 7383
2016 7466
2017 7549

a) By how much does the world’s population increase each year?
b) What was the estimated world population in 2012?
c) Inwhatyear will the world’s population be over 8 billion people?

d) In what year will the world’s population be over 9 billion people?

VCAA question

In a concert hall there are 28 seats in row one, 29 seats in row two, 30 seats in row three, and so on.
The number of seats in successive rows of the concert hall form the terms of an arithmetic sequence.
a) How many seats are in row 10?

b) There are 70 seats in the last row of the concert hall.
How many rows of seats does the concert hall contain?

VCAA 2009 Exam 2 Module 1: Number patterns. Qla,b
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Q24.

Difficulty:

T mark

Q25.

Difficulty:

T mark

Q26.

Difficulty:

3 marks

Questions from multiple lessons

Jacob wants to display a complete collection of ancient Mayan coins in an exhibition in four years.
Each year, he collects 200 more ancient coins than the previous year.
His team of archaeologists predict that there are 4200 coins to collect.

The number of coins that Jacob will need to collect in the first year, if he is to finish collecting the coins
in four years, is

A. 700
B. 725
C. 750
D. 775
E. 800

VCAA 2014 Exam T Module 1: Number patterns Q5 - Adapted

The following table shows the diameter and weight of ten watermelons.

Diameter (cm) 306 | 297 | 351 | 268 | 304 | 293 | 279 | 334 | 345 | 283

Weight (kg) "8 | N5 | 124 | 107 | N3 | 129 | 116 | 126 | 122 | 1.3

Find the value of the Pearson correlation coefficient, r, between diameter and weight, correct to two
decimal places.

A. —0.65
B. —0.54
C. 054
D. 0.55
E. 0.65

VCAA 2018NH Exam 1 Data analysis Q9 - Adapted

A car rental company has a special promotion for 2020.

Customers are charged based on the whole number of kilometres they travel each day.

e The first kilometre costs $8.

e Each kilometre after this costs 25 cents less than the previous one.

e Once the cost of travel reaches zero, any additional travel within that day is free.

a) How much does the eighth kilometre cost? (1mark)

b) What is the total cost of travel for 10 kilometres? (1mark)

A customer paid the maximum charge for travel in a day.

¢) What is the minimum number of kilometres that this customer could have travelled? (mar

VCAA 2011 Exam 2 Module 1: Number patterns Q2 a-c - Adapted
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LESSON 6D

Generating geometric Sequences VCAA key knowledge points:

“generation of a geometric sequence using
a recurrence relation and its tabular or
The key skills you will learn in this lesson are: graphical display; and the rule for the nth

term and its evaluation”

1. Finding recurrence relations

"“use of a recurrence relation to model
2. Generating terms and analyse practical situations involving
geometric growth or decay such as the growth
of a compound interest loan, the reducing
height of a bouncing ball, reducing balance
depreciation; and the rule for the value of a
quantity after n periods of geometric growth

or decay and its use”

Mathematics Area of Study key knowledge points derived
from VVCE Mathematics Study Design 2016-2020 p.20;
© The Victorian Curriculum and Assessment Authority

(VCAA). Used with permission.

1. Finding recurrence relations

A geometric sequence is a sequence where each number is obtained by multiplying the previous
value in the sequence by a fixed number.

This number is known as the common ratio. Below is a geometric sequence with a common ratio of 3.
2,6,18,54,162 ...

The common ratio can be found by dividing a term in the geometric sequence by the previous term.
In the geometric sequence above, the common ratio is found by dividing 6 by 2 which equals 3.

The common ratio can be found using any two consecutive terms.

For example, ?—g also equals 3.

A geometric sequence can be represented by a recurrence relation in the form ¢, = Rt,,

t, = a where R is the common ratio and a is the initial value of the sequence.

The recurrence relation for the geometric sequence aboveis ¢, , = 3¢, ¢, = 2.

WORKED EXAMPLE 13 (7 mark)

What is the recurrence relation for the following geometric sequence?

4,8,16,32,64...

SOLUTION

Step1 Find the common ratio.

_64_32_16 _8 _
R_32_16_ 8 _4_2
Step2 Find the initial value of the sequence.

4

Step3 Write out the recurrence relation in the form t.1 =R, t, =a

tn+1 = Ztn’ tO =4

2. Generating terms

The subsequent value of a geometric sequence can be found by multiplying the prior term by the
common ratio, R.
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WORKED EXAMPLE 14 (1 mark)

Find the value of ¢, for the following recurrence relation.

tn+1=3tn t0=2

SOLUTION

Step1 Find the value of ¢,. Step3 Find the value of ¢,.
t,=3t,=3%xX2=6 ty=3t,=3x18 =54

Step2 Find the value of ¢,. t; = 54

t,=3t =3x6=18

Questions 6D Generating geometric sequences

Refresher question

Q1. What must 2 be multiplied by to get 10?

1. Finding recurrence relations

Q2. What is the common ratio for the following geometric sequence?

Sl 4,12,36,108,324 ...

Q3. Find the recurrence relation for the following sequences in the form ¢, , = Rt , t, = a.
Sl a) 3,15,75,375,1875..

b) —162,54,—-18,6,—2..

o 1525125 625
44 4 4 4

Check your understanding

Q4. Which of the following is not a geometric sequence?
Skill A. % 1,2,4,8 .. B. 4,—4,4,—4,4 ..
Cc. 2,10,50, 250, 1250 ... D. 3,6912,15..

Q5. The profits of a company double every month. If p  is the profit of the company in
Application ~ dollars after n months, and p, = 1500, find a recurrence relation that represents
this situation.

2. Generating terms

Q6. What is the common ratio for the geometric sequence represented by the following
Skill recurrence relation?
- _2 —
tn+1 - _§tr1 tO =9
Q7. Find ¢, for the following recurrence relations.
Skill - - -1 -
a) t,, =4t t,=2 b) ¢, =gt t,=284 © t,.,=-3t t,=
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Check your understanding

Qs8. For the recurrence relation 1 = %tn, what is the value of t, if t. = %?

Skill

Qo. The population of rabbits in a forest is given by p, ., = 3p, where p, is the
Application  population of rabbits after n years. If the population of rabbits was 52 in 2015,
what would the population be in 20177

Joining it all together

Q10.  The height of a bouncing ball is given by h, ., = 0.6h, where h, is the height in
Application  centimetres the ball bounces to on the n bounce. If the ball bounces to a height of

T mark 10 cm on the 5" bounce, what height did it bounce to on the 1%t bounce correct to one
decimal place?
Q11. a) The table below shows the number of bacteria after a certain amount of time.
Q?T‘]’;irc;;m” Given that the number of bacteria follows a geometric sequence and b, is the
number of bacteria after n hours, find the value of x and thus find a recurrence
relation to describe the situation. (2marks)
b) Usingthe recurrence relation, how many Time (hours) Nl af e
bacteria would there be after 6 hours? 0 ;
(Tmark)
¢) After how many hours will the number of ! *
bacteria first exceed 10007? (1mark) 2 28
Q12.  Ifthe air pressure decreases by 12% for every rise of 1000 metres (m) in altitude,
Application  find a recurrence relation representing this situation in the form p,,;, = Rp, where
1 mark

p, is the air pressure in kilopascals (kpa) at an altitude of 1000n and p, = 101.325.

Q13. The population of cats on a farm is given by Copq=2C,C =2 where

Application
2marks  C, is the number of cats after n years and the population of mice is given

by M = %Mn, M, = 54 where M is the number of mice after n years.

a) After how many years will the population of cats be greater than the population of mice?

b) After how many years will there be no mice? NOTE: No mice is when M, < 1.

VCAA question

Q14. In 2008, there are 800 bats living in a park. After 2008, the number of bats living

1 mark in the park is expected to increase by 15% per year. Let B, represent the number of
bats living in the park n years after 2008. A recurrence relation that can be used to
determine the number of bats living in the park n years after 2008 is

A. Bn = 1.15Bn_1 — 800 Bo = 2008 B. Bn = Bn_1 + 1.15 x 800 Bo = 2008
C. B=B_,— 1.15 x 800 BO = 800 D. B = O'lan—l Bo = 800
E. Bn = 1'1SBn—l Bo = 800

Adapted from VCAA 2008 Exam 1 Module 1: Number patterns. Q4
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Q15.

Difficulty:

T mark

Qieé.

Difficulty:

T mark

Q17.

Difficulty:

2 marks

Questions from multiple lessons

Beatrice has decided to pursue a career as an Instagram influencer so she is currently trying to build
her following.

On day 1, Beatrice has 200 Instagram followers.

Each day thereafter, Beatrice has 20 more followers than she did the day before.

Let F_ be the number of followers Beatrice has on day n.

Arecurrence relation that can be used to model this is

A. F  =120F, F =200

B. F,=110F, F, =200

C. F  =F +20, F =200
D. F,=F +10, F =200
E. F, =F +010, F =200

VCAA 2014 Exam T Module 1: Number patterns Q4 - Adapted

The following histogram displays the time taken in

. 16+
seconds for a group of primary school students to run
800 metres.
12+
The shape of this distribution can be described as >
<
A. symmetric. § 8+
B. approximately symmetric. -
41
C. approximately normal.
D. negatively skewed. .
140 150 160 170 180 190 200
E. positively skewed. Time (s)

VCAA 2017NH Exam 1 Data analysis QT - Adapted

An investment of $1 000 000 was put into a savings account modelled by the following recurrence
relation, where Vn is the value of the investment after n years.

V,=1000000, V  =106xV
n+1 n

a) What is the balance of the savings account five years after the investment was made?
Give your answer correct to the nearest cent. (Imark)

b) After how many years will the value of the investment first exceed $1 500 0007 (1mark)

VCAA 2012 Exam 2 Module 1: Number patterns Q3 a,b - Adapted
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LESSON 6E

Applications of geometric sequences

“generation of a geometric sequence using
a recurrence relation and its tabular or

The key skills you will learn in this lesson are: graphical display; and the rule for the nt" term
and its evaluation”

1. Defining and using the formula for the n'" term . )
use of a recurrence relation to model

2. Applications of the formula and analyse practical situations involving
geometric growth or decay such as the growth
of a compound interest loan, the reducing
height of a bouncing ball, reducing balance
depreciation; and the rule for the value of a
quantity after n periods of geometric growth
or decay and its use”

Mathematics Area of Study key knowledge points derived
from VVCE Mathematics Study Design 2016-2020 p.20;
© The Victorian Curriculum and Assessment Authority
(VCAA). Used with permission.

1. Defining and using the formula for the n* term

Like arithmetic sequences, there is a formula to calculate term n of a geometric sequence. Using
the formula allows the term n to be found without having to calculate all of the previous terms.
The formulais £ = t R" where ¢ is the first term in the sequence, and R is the common ratio
between terms.

Example

The sequence %, %, 1,2, 4,8, 16...has the formula ¢ = % X 2" The initial value is %

-1 10 —
t —4><2 = 256

10

t :%x213=2048

13

WORKED EXAMPLE 15 (2 marks)

Find the formula that allows any term to be found for the geometric sequence %, 1, %, g,
and find ¢,.
SOLUTION
Step1 Find the initial value, and the common ratio. Step2 Substitute these values into the equation t, = ¢, R".
The initial value is the first term, % _3 2\"
tn _ 7 X §
The common ratio is equal to ¢, divided by ¢. « 1 mark for finding the formula
R=E=l=z Step3 Tofindt, letn =5
=373 P 5" -
2 5
3 2 t=5x(3)
Sot =>and R =%
o2 3 16
t =352
5 81

v’ I'mark for finding t,
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2. Applications of the formula

Geometric sequences can be useful for modelling compound interest, the height of a bouncing

ball, or a reduction in bank balance. R < 1 in models that involve a decrease in value, such as the
height of a bouncing ball, and R > 1 in models that involve an increase in value, such as compound
interest. If each term has the same value, R = 1. To convert a percentage to the common ratio, the

P t
formula R = <1 + W) can be used.

Example
Balance of a savings account: B =D x 11", where B is the balance at month n, and D is the
initial deposit.

Height of a bouncing ball: H = H X (§

4>n, where H is the height of bounce n, and H, is the
height the ball was dropped from.

WORKED EXAMPLE 16 (2 marks)

A savings account is opened with an initial deposit of $2000. Interest is paid monthly at a rate
of 4% per month. If the balance at month n is given by B, find a model for B, in terms of n.
Assuming no withdrawals are made from the account, what will the balance be at the end of
the fifth month, to the nearest cent?

SOLUTION
Step1 Find the initial value, and the common ratio. Step2 Substitute these values into the equation
The initial value is B, = 2000. t,=tR"

Using B instead of t , we have

R is given as a percentage, so we use
B = 2000 x 1.04".

R= ( 1 Percentage)

100 v 1mark for finding the formula
R = (1 + %) Step3 Tofind B, ,letn = 5.
- 5
00 B, = 2433.31

R = 1.04
So B, = 2000 and R = 1.04.

v 1 mark for calculating B,

. Questions 6E Applications of geometric sequences

Refresher question

Q1. If x = 0.9, then what is the value of 10x and 10x??

1. Defining and using the formula for the n*" term

Q2. Jeremy is experimenting with the model ¢ = 0.05 X 3". Finish his working out to find ¢
Sl t, = 0.05 x 3"
Letn=06

t, = 0.05 x 3¢
t, = 0.05 x 729
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Q3. Find formulas for ¢ for the following sequences in terms of n. Use the formulas to find ¢, Round your
Skill answers to two decimal places.
a) 2,1.98,1.9602,1.940598, ... b) 3,6,12, 24, ..
4 16 64
C) 1, g, ﬁ' m, d) 2, —6, 18, —54, 162,

Check your understanding

Q4. A sequence is defined by the formula t = 6.5 X 0.9". State the initial value of the sequence, and the
Skill common ratio between terms. Is the sequence increasing or decreasing?

Q5. Two students, Mandeep and Sandra, are fighting over who is best at maths. They agree to determine
Application - who is the best by racing to find ¢, of the sequence 10, 7.5, 5.625, ... They each use different formulas
to reach the answer. Who will win the race?

Mandeep: t = 0.75¢, t, =10
Sandra: t =10 X 0.75"

2. Applications of the formula

Qeé. Caroline is trying to calculate how much money will be in her savings account at Christmas. She opened
Application  the account in May. The formula for the balance in the account, B, during month n after May,
is given below.

B, =800 x 1.05"

Use this formula to find the amount of money in the account at Christmas, to the nearest cent.

Q7. Three employees, Quentin, Sahar, and Terence are given different salary packages in their first year
Application - of work. Use the information below to find an equation to represent each person’s salary, @ S , and
T, in terms of year n.

NOTE: Use n = 1 as the first year, meaning R will be raised to the power of n — 1.
a) Quentin’s starting salary is $38 000 and increases 3.1% each year.

b) Sahar’s starting salary is $35 000 and increases 4% each year.

c) Terence’s starting salary is $40 000 and increases 2% each year.

d) Who is on the highest salary during their tenth year?

Check your understanding

Q8. The following table shows the height of a a) Assuming the height of each bounce is a
Application  table tennis ball dropped from a height of geometric sequence, find a formula for the height,
one metre. H , of bounce n.
Eencer 0 1 b) What height will the ball reach on bounce 3?

Round your answer to two decimal places.
Height (cm) 100 45
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Qo. The following graph shows the Value ($)
Application - depreciation of the value of a car over time. 50000
The data points form a geometric sequence.
a) Use the graph to find a formula for the 40007 i
car’s value, V,atyear n. °
. . 3000+
b) Use the formula to find the first year
the car will be worth less than $2000. 2000
Only look at whole values of n.
1000+
; Year
1 2 3 4
Joining it all together
t
Q10. a) A geometricsequence has t, = 6.21 and t, = 18.63. Given that t—z = R? find R and state a
. 0
gklwarks formula for ¢ in terms of n. Assume all the terms in this sequence are positive.
b) A different sequence has t, = 8.918 and t, = 7.3849958. Find a formula for the sequence.
Assume all the terms in this sequence are positive.
Q1. Luka is examining the performance of different bouncy balls.
{\Oppmliacs(tsion a) Use the data below to find an equation for the height of bounce n for each of the bouncy
balls below. @marks)
BIG-Bounce Ball (BBH): The following H,
graph shows the first two bounces of a 171
BIG-Bounce ball, after being dropped from 1: "[0 _]
a height of one and a half metres. 14l
1.3+
124 (1219
111 L 200
14
09 ¢
0.8 + (
0.7 +
0.6 +
0.5;
T + + + + + n
1 2 3 4 5

BouncePRO Ball (BP ): When dropped from a height of three metres, this ball reaches 2.7648 metres

on the second bounce.

BallTECH Ball (BT, ): The following table
gives some results for this ball.

Bounce #

4

6

Height (m)

0.8192

0.524288

b) Luka takes all three balls and drops them from a five-metre diving platform, onto the concrete below.

Use the models to estimate how high each ball will bounce on bounces 1 and 10. Don’t forget to
change the BB, BP, and BT, terms. Round all answers to two decimal places. Gmark)

¢) Which ball is the bounciest? (1mark)
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Application
4 marks

Q13.

T mark

Q14.
Difficulty:

1 mark
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d) Which of the following doesn’t fit the model for the BIG-Bounce ball with BB = 1.27 (imark)

A.
B.
C.
D.

Bounce 6 has a height of approximately 18.16 cm.
Bounce 2 has a height of 0.73948 m.

Bounce 3 has a height of approximately 46.68 cm.
Bounce 1 has a height of 0.876 m.

e) The formulas found in part a indicate

the height the centre of the ball reaches
above the ground. Thus, if the diameter
of the ball is D, the ball stops bouncing

when the height drops below D
If the BouncePRO ball has a diameter of

6 cm, how many times does it bounce
when it is dropped from a height of

2

Last
two metres? (2marks) bounces bounce  bounce

Isabelle and Nurul are trying to buy a SNES console, which is now a collector’s item. It costs about
$1000 to buy one. They open a savings account at different banks in the hope of saving enough money.
[sabelle deposits $390, and Nurul deposits $400.

Both accounts have compound interest. Isabelle’s account interest is 5% per month, paid monthly,
and Nurul’s account is 15% per quarter, paid quarterly.

a) Write an equation to describe the amount of money in Isabelle’s account at month m I (1mar)

b) Write an equation to describe the amount of money in Nurul’s account at quarter g N, (mark)

¢) Whose account will reach $1000 first? (2 marks)

VCAA question

The first term of a geometric sequence is 9.

The third term of this sequence is 121.

The second term of this sequence could be:

A. -65

B. -33 C. 56 D. 65 E. 112

VCAA 2008 Exam 1 Module 1: Number patterns. Q5

Questions from multiple lessons

Calliope is a Year 12 student commencing her study plan for her VCE exams.

Calliope studied for 150 minutes in the first week and will successively increase the amount of time
she spends studying by 15 minutes each week. Hence, in the second week, she studied for 165 minutes
and in the third week, she studied for 180 minutes.

For how long will Calliope study in the 13 week of the study plan?

m o 0 v >

315 minutes
330 minutes
345 minutes
350 minutes

365 minutes

VCAA 2012 Exam 1 Module 1: Number patterns Q3 - Adapted
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Q15.

Difficulty:

T mark

Qieé.

Difficulty:

4 marks

A new doughnut store just opened up in Melbourne. The store manager wants to investigate the
association between the number of doughnuts sold and the day of the week. These variables are

m o n v »

a numerical variable and an ordinal variable respectively.
a numerical variable and a nominal variable respectively.
an ordinal and numerical variable respectively.

both numerical variables.

both categorical variables.

VCAA 2017NH Exam 1 Data analysis Q4 - Adapted

The projected koala population is represented in the following recurrence relation, where K is the
projected population at the beginning of year n.

1<;+

a)
b)
o)
d)

= 08K K,,, = 85 000

2020
What is the projected population of koalas at the beginning of 20207 (1mark)

What is the projected percentage decrease of koala populations from year to year? (Imark)
Show that the projected population of koalas at the beginning of 2021 is 68 000. (Imark)

What is the projected change in population of koalas during the year 20217 (Imark)

VCAA 2014 Exam 2 Module 1: Number patterns Qla-d - Adapted
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LESSON 6F

Fibonacci and similar sequences

“generation of the Fibonacci and similar
sequences using a recurrence relation, tabular
The key skills you will learn in this lesson are: and graphical display”

"“use of Fibonacci and similar sequences to

1. Terms of Fibonacci and similar sequences SO o
model and analyse practical situations

2. Fibonacci and similar sequences using second-order recurrence relations Mathematics Area of Study key knowledge points derived

from VCE Mathematics Study Design 2016-2020 p.20;
© The Victorian Curriculum and Assessment Authority
(VCAA). Used with permission.

1. Terms of Fibonacci and similar sequences

In 1202, Italian mathematician Leonardo Fibonacci published a book containing a very influential
set of numbers, that were later called the Fibonacci sequence.

The Fibonacci sequence is:
1,1, 2, 3,5, 8,13, 21, 34, 55...

where each term is found by adding the previous two terms. Although the Fibonacci sequence
always begins with two ones, there are many Fibonacci-related sequences that begin with
two different terms.

One example is the Lucas sequence, which starts with the terms one and three.
The Lucas sequence is:

1,3,4,7, 11, 18, 29, 47, 76, 123...

WORKED EXAMPLE 17 (7 mark)

What is the next term in the sequence below?

2, 6,8, 14, 22, 36...

SOLUTION

Step1 Recognise the sequence is Fibonacci-related. Step2 Find the sum of the last two terms.
Each term is the sum of the previous two terms. 22 + 36 =58
2+6=28 The next term in the sequence is 58.
6+8=14
8+ 14 = 22
14 + 22 =36

2. Fibonacci and similar sequences using second-order recurrence relations

Sequences related to the Fibonacci sequence can be described by the second-order
recurrence relation:

tn = tn—2 + tn—l

where ¢, is the first term of the sequence and ¢, is the second term of the sequence.

The recurrence relation is described as being second-order because it depends on the two
previous terms in the sequence. All the previous recurrence relations in this chapter are
first-order relations as they only depend on the immediately preceding term of the sequence.
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The graph of Fibonacci-related sequences usually form a smooth curve, as shown below:

t

n
4

207

151

WORKED EXAMPLE 18 (1 mark)

A sequence is described the recurrence relation ¢ =t , + ¢ ..

Find ¢, given that £, = -1 and ¢, = -1.

SOLUTION

Step1 Findt, t,=t, +t
t, =1t +¢t t,=-2+(-3)=-5
t,=-1+(-1) =-2 t,=1t, +¢

Step2 Repeatstep 1tofind¢, t,andt, t;=-3+ (‘5) =-8
=t +t, The fifth term of the sequence is -8.

t,=-1+ (-2) =-3

3

Questions 6F Fibonacci and similar sequences

Refresher question

Q1. If t =t , + 3 andt, = 2, whatis the value of t,?

1. Terms of Fibonacci and similar sequences

Q2. Which calculation would give the next number in the Fibonacci sequence below?
Sl 1,1,2,3,5,8,?
A. 3+8 B. 5+ 38 C. 3+5 D. 8-5
Q3. What is the next term in each of the sequences below?
Sl a) 1,3,4,7 11,18, 29..

b) -1,2,1,3,4,7, 11...
o -4,-5 -9, -14, -23, -37, -60...
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Q4.

Application

Q5.
Skill

Qé.
Skill

Q7.
Skill

Q8.
Skill

Qo.

Skill
1 mark

6F FIBONACCI AND SIMILAR SEQUENCES

Check your understanding

The increase in the population of cats on a farm every month follows a Fibonacci-related sequence.
The population of cats after two months is three, after three months is x and after six months is 18.

What is the value of x?

2. Fibonacci and similar sequences using second-order recurrence relations

What are the values of £, and t, in the sequence below?
2, -3,-1, -4, -5, -9, -14...

247

A sequence is described by the recurrence relationt =t _ + t .Find ¢, given that:
a) t,=1andt =2
b) ¢, = -5

<) tl=—4ar1dt2=2

8 and t, =

Check your understanding

Which of the graphs below does not show a Fibonacci-related sequence?

At B. ¢
A
o]
201 ¢
+ + »n
1 2 3 4 5 6 7
15 -27 °
o o
-4+ o
101
(o] -61
°
5 © -8
°
°
Q o - 10+
1 2 3 4 5 6 7 , o
C , - D. ¢
A
é > 2 3 a4 5 6 - °
-5 o
(]
-103 2071
1 °
-15 151 o
-20] S
10
-25] o
-30 5T o
-35] o O Q : >n
: 1 2 3 4 5

For which Fibonacci-related sequence will ¢, be the greatest?
-landt, =5
2andt =3

A. t2=Zandt3=4 B. t =
C. t2=6andt3=7 D. t =

Joining it all together

If t, and ¢t, of a Fibonacci-related sequence are -3 and 8 respectively, what is the value of t,?
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Q10.  Which of the following is not an expression for ¢ ,?

Skill
e A G2t B. t,+t, +t¢ C 2t +¢, D. t -t
Q1. The population of rabbits at a farm after n months, P _, is described by the Fibonacci-related sequence
Application  in the table below:
3 marks

n 0 1 2 3 4

P 2 4 6 10 16

a) Find arecurrence relation for P,
b) How many rabbits were on the farm to begin with?

c) What will the population of rabbits be after half a year?

Questions from multiple lessons

Q12. A sequence can be generated using the following recurrence relation.
ai:ii“'w: a, =5xa a =3
1 mark An expression for the value in the sequence after n periods is given by
A. a =3+ 5n
B. a =5+ 3n
C. a =3x5"
D. a =5Xxn?
E. a =5X3"

VCAA 2013 Exam 1 Module 1: Number patterns Q5 - Adapted

Q13.  The following scatterplot displays the length
difficulty:  and weight of a group of newborn babies.

m A least squares regression line has been fitted
T mark to the data, as shown.
The equation of the line is closest to -
A. length = 2.60 + 0.12 X weight %O
B. weight = 2.60 + 0.12 X length E
C. length = 0.12 + 2.60 X weight
D. length = —2.60 + 0.12 X weight
E. weight = —2.60 + 0.12 X length
VCAA 2017NH Exam 1 Data analysis Q10 - Adapted 2'552 4:4 4:6 4:8 5:0 5:2 5:4 5:6

Length (cm)
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Q14. A cosmetics studio needs to predict the number of eye shadow palettes that they are going to sell so
difficulty: ~ they can produce the units accordingly.

ik In the first month, they are predicted to sell 20 000 units of eyeshadow.
marks

Each subsequent month, they expect to sell 5% more units than the previous month.
a) How many units are they expected to sell in the third month? (mark)

b) Determine the difference between the units expected to be sold in the second and fifth month.
Round your answer to the nearest whole number. (1mark)

c) Determine the total number of units they expect to sell in the first six months.
Round your answer to the nearest whole number. (1mark)

VCAA 2011 Exam 2 Module 1: Number patterns Q3 a-c - Adapted
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LESSON 7A

Review of units of measurement

“review of units of measurement of length,
angle, area, volume and capacity”

The key skills you will learn in this lesson are: Mathematics Area of Study key knowledge points derived

from VVCE Mathematics Study Design 2016-2020 p.20;
© The Victorian Curriculum and Assessment Authority
2. Units of angle, length, area, volume and capacity (VCAA). Used with permission.

1. Definition of angle, length, area, volume and capacity

3. Conversion of units

1. Definition of angle, length, area, volume and capacity

Five of the most important characteristics when studying shapes are angle, length, area, volume,
and capacity.

Angle

Angle is the difference in direction between two lines. It can be anywhere from 0° to 360°.

65°

Length
Length tells us how long something is.

Length can measure distance in a straight line or along a curve.

18m
O O 93 mm
P ce around a shape, is a length.
F square, the perimeter is the sum of all four side lengths.
Mcm
 —>
6cm 6cm 6cm
—)>
Tcm
+6 Perimeter=11+6+11+6
=34 cm
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Area

Area measures the amount of space inside a shape.

Aline does not have area, but a square does. Area is a two-dimensional unit.

I\

For rectangles, area is found by multiplying two one-dimensional quantities together, the length
and the width.

237,629 km?

Mcm
- h -
Area = length? Area = length x width
=6? =11x6
=36 cm? =66 cm?

Volume

Volume is the amount of three-dimensional space taken up by an object.

Tcm
4 cm
6cm 6cm
Volume = length® Volume = length x width x depth
=6’ =1x6x4
=216 cm?® =264 cm?
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Capacity

Capacity is similar to volume, but instead is the amount of three-dimensional space an object can hold.

Jerry is measuring a piece of paper 20 cm by 30 cm. His
working is below. [s Jerry measuring angle, length, area,
volume or capacity?

20

WORKED EXAMPLE 1 (7 mark)

30 20 x 30
=600

SOLUTION

Step1 The piece of paper is flat. The values of length and width are used in the calculation, suggesting Jerry is
calculating something two-dimensional.

Length is one-dimensional, and volume and capacity are three-dimensional, so Jerry isn’t
measuring these.

Step2 Looking at the working, two lengths are being multiplied together, so we know Jerry is
measuring area.

2. Units of angle, length, area, volume and capacity

Angles

Angles are measured in degrees (°) or radians (“), but only degrees are used in this book.

15°

Length

Length has one dimension, and is often measured in millimetres (mm), centimetres (cm),
metres (m) or kilometres (km).

Imm = 0.1cm = 0.001 m
100mm =1cm = 0.0l m

1000 mm = 100cm = 1 m
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Area

Area is two-dimensional. Thus, the common units used for area are mm?, cm? m?, and km?.

Tmm? [
1 mm? = 0.01 cm?
1 cm? = 100 mm?
1cm?
Volume

Volume is three-dimensional. Commonly used units for volume are mm?, cm? m? mL and L.

Tmm3 [

1 mm? = 0.01 cm?
1cm?® = 100 mm?

1Tcmd

Capacity
Capacity has the same units as volume, but is often measured in litres (L).

One litre is equal to 1000 cm?.

WORKED EXAMPLE 2 (2 marks)

What are the units in the following calculations?

a)
X 80
x=80[ |
b) 6 cm
6 cm
6%x6%6
x=216 [ ]
6 cm
SOLUTION
a)

Step1 This is looking at the difference in direction of two lines, and therefore is an angle. In general
maths we only use degrees, so choose degrees.

b)

Step1 There are three quantities being multiplied together. Justas 6 X 6 X 6 equals 63,
cm X cm X cm = cm?. The unit is cm3.
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3. Conversion of units

To convert measurements in different units, multiply the by the conversion factor, given below.

old unit

conversion factor =

new unit

Length Volume and Capacity
Name Unit C Name Unit (o
millimetre mm 0.001 cubic millimetres mm? 0.000000001
centimetre cm 0.01 cubic centimetres cm? 0.000001
metre m 1 cubic metre m?3 1
kilometre km 1000 cubic kilometre km? 1000000000
millilitre mL 0.000001
Area litre L 0.001
Name Unit c megalitre ML 1000
square millimetre mm? 0.000001
square centimetre cm? 0.0001
square metre m? 1
square kilometre km? 1000000
hectare h 10000

WORKED EXAMPLE 3 (7 mark)

Convert 245 cm to m.

SOLUTION

Step1 The value of C for centimetres is 0.01 and for Step3 Add the unit.
metres is 1. = 245m
C, =001
CHEW = 1

Step2 Multiply the measurement by the
conversion factor.

CDId
245 x C_

new

= 245 x 001

1
= 2.45

Questions 7A Review of units of measurement

Refresher question
Q. What do these markings represent on N\
aruler? | Dl
1 2 3

1. Definition of angle, length, area, volume and capacity

Q2. If you are multiplying two lengths together you are finding:
Skl A. Length B. Area C. Angle D. Volume
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Q3. Which calculations below are finding:
Skl a) Angle b) Length c) Area
d) Volume e) Capacity

'
8
20
12x8
=96
12
G. |
J. I K.

A.

12x 8 %20
=1920

D.

5x5x5
=125

Check your understanding

Q4. What is being calculated here?
Skl A. Area

B. Length

C. Volume

D. Capacity
Q5. Which of the following calculations gives the volume of the prism?
Skl A. BXDXF

B. AXDXE

C. CXBXE

D. AXBXE
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Skill

Q7.
Skill

Q8.
Skill

Qo.
Skill

Qio.
Skill

QT.
Skill

Q12.

Application

Q13.

Application
2 marks
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2. Units of angle, length, area, volume and capacity

Which of the following is a unit of volume?

A. mm?
B. cm?
c. cm?
D. km

What are the missing units in the following calculations?
a) 6cm X 20cm =120 [

b) 1.2m X 6m X 3m = 21.6 |

¢ 130 mm X 5mm = 650 [__|

Check your understanding

What are the missing units in the following calculations?
a) 14mx9[ | x75m=945m?
b) 0.03mm X 2mm X 0.67 [ ] = 0.0402 mm?

3. Conversion of units

How many millimetres are in a centimetre?

Convert:

a) 12Ltocm?

b) 4.32kmtom

¢) 0.005 m? to mm?

Check your understanding

What is 23.45 km in mm?

The capacity of a standard bath is around 378 L. What is this in cm3?

Joining it all together

The HTC Droid DNA was the first mobile phone to have a full HD (1080 x 1920 pixel) screen.

The dimensions of the screen were 11.07 cm by 6.23 cm.

a) What was the area of the screen? Give your answer in cm? rounded to two decimal places.

b) What was the area taken up by one pixel? Give your answer in cm? rounded to two

significant figures.
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Q14.

Application
T mark

Q15.

Application
2 marks

Q1eé.

Application
T mark

Q17.

Application
2 marks

Find the volume of the box below in m?, rounded to two decimal places.

0.86m
N
0.0024 km
860 mm
I
M7 cm

An Olympic swimming pool is a rectangle of dimensions 50 m by 25 m. If the pool is two metres deep,
calculate the amount of water in the swimming pool, in litres.

Leroy, Matias and Nada were trying to calculate the capacity of a
rectangular vase. Who calculated the capacity incorrectly?

Leroy 15 x15x35=7875 cm?

Matias 150 x 150 x 350 = 7 875 OO0 mum?

Nada 0.15 x 0.15 x 0.35 = 0.0007875 Mm> 0.35m

150 mm
15cm

Look at the following diagrams of desks.
Desk A: Desk B:

a) What quantity is possible to calculate using the measurements within each of the diagrams?

b) Which desk is larger?
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Q18.

Difficulty:

Year 10
1 mark

Q19.

Difficulty:

Year 10
T mark

Q20.
Difficulty:

Year 10
2 marks

Questions from multiple lessons

Consider the following diagram.

The shaded area, in square meters, is

A. 120 m?
B. 108 m?
C. 60m?
D. 48 m?
E. 12m?

7A REVIEW OF UNITS OF MEASUREMENT 259

o
3

- - -

VCAA 2016 Exam 1 Module 3: Geometry and measurement Q1 - Adapted

N
o
3

The histogram and boxplot shown both display the distribution of the population of 23 Central and

South American countries.

351
304
25
0 =
5, 20-
H
5
w
101
i HW il i i
" 50000 100000 150000 200000 250 000
Population (000's)
- o o
0 50 000 100 000 150 000 200 000 250 000
Population (000's)

The shape of the distribution for the countries’ population is best described as

m o 0N w »p

VCAA 2019NH Exam 1 Data analysis QT - Adapted

approximately symmetric with no outliers.
approximately symmetric with outliers.
positively skewed with outliers.

negatively skewed with outliers.

positively skewed with no outliers.

12cm
2cm
6cm
T 7em
9cm

16 cm

NOTE: All angles within both shapes are right angles.

a) Whatis the perimeter of the orange shape? (1mark)

4cm

b) What is the difference between the perimeters of the two shapes? (1mark
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LESSON 7B

Pythagoras’ theorem - 2D

The key skills you will learn in this lesson are:

1. Finding the length of a hypotenuse

2. Finding an unknown side length

VCAA key knowledge point:

“Pythagoras’ theorem in two dimensions, and
simple examples in three dimensions, and
application to practical problems”

Mathematics Area of Study key knowledge points derived
from VVCE Mathematics Study Design 2016-2020 p.20;
© The Victorian Curriculum and Assessment Authority
(VCAA). Used with permission.

A right-angled triangle is a triangle in which there is one angle of 90° (a right angle). This angle is

shown geometrically using a small square inside the angle, as seen below.

L

The longest side in a right-angled triangle is known as the hypotenuse. The hypotenuse is marked

by an x in the triangles above. The hypotenuse is always opposite the right angle.

Pythagoras’ theorem is a rule that states that for
every right-angled triangle:

a’+ b* = c?
where c is the length of the hypotenuse and a

and b are the other two side lengths (a and b are
interchangeable).

Example

Consider a right-angled triangle with side lengths 3 and 4,
and a hypotenuse of length 5.

32+ 4% =152
9+ 16 = 25
These side lengths satisfy Pythagoras’ theorem.

This can be shown visually:

1. Finding the length of a hypotenuse

Pythagoras’ theorem is often used to find the length of a hypotenuse when the other two side

lengths are known.

Pythagoras’ theorem can be rearranged to ¢ = Va? + b? to find the length of the hypotenuse.

© Edrolo 2020
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WORKED EXAMPLE 4 (7 mark)

For a right-angled triangle with a height of 7 cm and a width of 5 c¢m, find the length of the
hypotenuse correct to two decimal places.

SOLUTION
Step1 Draw the triangle. Step4 Find the decimal answer using your calculator.
TI-NSPIRE
Type in expression then press ctrl + enter
to get decimal answer.
7 em xcm "52 it 260233

—l CASIO CLASSPAD
5cm

Type in the expression then press EXE to get

Step2 Rearrange the formula to give the value of c. decimal answer.

& Edit Actlon Imteractive

c?=a*+ b?

c=+Va?+ b? p= - =

V52472 s ]
Step3 Substitute the values of @ and b into this 8.602325267
formula. (0

c is the hypotenuse (the side opposite the

right angle) and a and b are the other sides, Step5 Write the answer to two decimal places.

soleta=5andb = 7. ¢ =8.6023 ...
c=+vVa*+ b? The length of the hypotenuse is 8.60 cm.
c=VET T 72

2. Finding an unknown side length

If the hypotenuse is known along with one of the other sides, the last unknown side can be found
using Pythagoras’ theorem.

Pythagoras’ theorem can be rearranged so the length of the unknown side is given by the formula

a=+vc?-b*orb=+c?- a? (aand b are interchangeable).

WORKED EXAMPLE 5 (7 mark)

Find the value of x in the triangle below correct to two decimal places.

10m 15m

Xxm
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SOLUTION
Step1 Rearrange the formula to give the value of a. Step3 Use your calculator to find the answer and write
c? = a? + b? the answer.
a’ = c? — b? a =11.1803 ...
a=+c? = p? The value of x is 11.18.
Step2 Substitute the values of b and c into this formula.
c is the hypotenuse (the side opposite the
right angle), so ¢ = 15.
b is the other known side, so b = 10.
a =+v15% - 10?
. Questions 7B Pythagoras’ theorem - 2D
Refresher question
Q1. What is the length of the hypotenuse in the triangle below?
25cm
7 cm
24 cm
1. Finding the length of a hypotenuse
Q2. Use the formula ¢ = v a? + b? to find the length of the
Skill hypotenuse in the triangle below correct to two decimal places.
xm 6m
M
5m
Q3. Find the length of the hypotenuse for the following triangles. Give answers correct to two decimal places.
Skill 7m
a) b) <)
xcm
12cm
xcm
8cm e 15m 18 cm

4cm
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Q4.
Skill

Q5.

Application

Qé.

Application

Q7.
Skill

Qs.

Skill

Qo.

Application

7B PYTHAGORAS' THEOREM - 2D

A right-angled triangle has height 7 cm and width 10 cm. What is the length of its hypotenuse correct
to two decimal places?

263

Check your understanding

A new flying fox is being set up at Camp Edrolo. The flying fox will start on a wooden platform
12 metres above ground and will end on the ground, 100 metres horizontally from the bottom
of the platform.

The rope for the flying fox will stretch from the top of the platform to the end point on the ground.

What length of rope will be needed, correct to two decimal places?

Lucy started at point A and walked to point D, then to point E and finished at point H, as shown below.
How far did Lucy walk in total correct to the nearest metre?

30m 50 m
Ae—>C E4——» G
8 . \\ A
80m
\‘ v
B D « > F H
90 m

2. Finding an unknown side length

Usea = Vc? — b? or b = V¢? — a? to find the unknown side length in the triangles below.

Give answers correct to two decimal places.

16 mm

a) . b) )
41m
X mm 25m
17 mm
xm Mm
xm
O\
2m

A right-angled triangle has a height of 9 millimetres and a hypotenuse with a length of 17 millimetres.
What is the width of the triangle correct to two decimal places?

Adam is on top of a 50 metre-tall building and can see his friend, James, on the ground. He is ata
distance of 110 metres from James. What is the distance between James and the base of the building,

correct to two decimal places?
[ ]

T

110 m 50 m
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Check your understanding

Q10.  When both side lengths are the same it means thata = b.
Skill In these cases, Pythagoras’ theorem can be written as:
a’+ a* = c= 14 mm

2
With some rearranging, this gives the formula: a = %

xmm

Use this formula to find the value of x correct to one
decimal place.

xmm

QM. While taking off, an aeroplane travels in a straight line until it reaches an altitude of 8 km. At this point,
Application  the plane has travelled a total of 50 km. What horizontal distance has the plane covered in this time,
correct to three decimal places?

Joining it all together

Q12.  Show, using Pythagoras’ theorem, that the triangle to the right is

Skill right-angled. 13m
2 marks 5m

12m

Q13. Jimis doing an orienteering course. He walks three kilometres north from the starting point. He then
Application  turns right and walks six kilometres east. How far will he have to walk to get directly back to the start,
1 mark correct to three decimal places?

Q14.  Ifthe diagonal length from A to B in the square below is 20 cm, what is the area of the square correct

Skill to the nearest cm??
T mark A

20 m

Q15.  Allen needs to get something from a high shelf in his garage, so he

Application  gets out his ladder.

2 marks
r The shelfis 2.5 metres high and he positions the ladder

1 metre from the base of the shelf.

a) Iftheladder reaches exactly to the shelf, calculate the length of

. . . 25
the ladder in centimetres correct to two decimal places. "
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Q1eé.

Tmark

7B PYTHAGORAS' THEOREM - 2D

b) Allen now needs to put something back on the very top shelf. This shelf is 15 centimetres higher
than the last one. Using your rounded value from part a) for the length of the ladder, calculate the
distance between the bottom of the ladder and the base of the shelf. Give your answer in
centimetres correct to one decimal place.

jt 15cm

T 1

(1]
[1]
(1}

25m

VCAA question

A soccer goal is 7.4 metres wide.

A rectangular region ABCD is marked out directly in front of the goal.

In this rectangular region, AB = DC = 11.0 metres and AD = BC = 5.5 metres.
The goal line XY lies on DC and M is the midpoint of both DC and XY.

David kicks the ball from point D in a straight line to Tara. Tara is standing near point T on the line AB,
a distance of 4.5 metres from point A. Tara then kicks the ball from point T in a straight line to the
midpoint of the goal line at M.

) 74 m R
ball % NN
NN T
2 A c
t X .YM Y
ET,*"' 55m
Ax — B
. 45m R
1.0 m

The total distance that the ball will travel in moving from point D to T to M is closest to

A. 55m

B. 121m
C. 125m
D. 12.7m
E. 129m

VCAA 2010 Exam 1, Module 2: Geometry and Trigonometry. Q6

265
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Q17.

Difficulty:

Year 10
T mark

Q18.

Difficulty:

Year 10
Tmark

Q19.
Difficulty:

Year 10
2 marks

© Edrolo 2020

Questions from multiple lessons

A cartographer is sketching a map. The scale used for the map is 1:100 000.
On the map, a distance of 10 km will be represented by

A. 1000 cm
B. 1cm

C. 100 cm
D. 10cm

E. 0.1cm

VCAA 2013 Exam 1 Module 2: Geometry and trigonometry Q5 - Adapted

The following histogram and boxplot display the distribution for the age of 200 residents at a
retirement village in Nepal.

35
_. 30
& 25
g 20
c
g 15
o
Y 10
'S
5
0 —
50 90
Age
o | h e
A t t t
50 55 60 65 70 75 80 85
Age

The number of people between the ages of 65 and 70 years is closest to

A. 70
B. 66
C. 35
D. 33
E. 21

VCAA 2019NH Exam 1 Data analysis Q2 - Adapted

The front view of a tent is shown.

a) Show that the height, h, of the tentis 163.6 cm, correct to
the nearest millimetre. (Imark)

b) Convert 163.6 cm into km. (Imark)
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LESSON 7C

Pythagoras’ theorem - 3D

“Pythagoras’ theorem in two dimensions, and
simple examples in three dimensions, and
The key skills you will learn in this lesson are: application to practical problems”

Mathematics Area of Study key knowledge points derived
from VVCE Mathematics Study Design 2016-2020 p.20;
2. Applications of Pythagoras' theorem in three dimensions © The Victorian Curriculum and Assessment Authority
(VCAA). Used with permission.

1. Pythagoras' theorem in three dimensions

1. Pythagoras' theorem in three dimensions

In many cases, a missing side length or diagonal in a three-dimensional object can be found using
Pythagoras’ theorem. To do so, split the problem up into separate steps, and draw a diagram for
each one.

WORKED EXAMPLE 6 (2 marks)

A rectangular prism has length 14 metres, width 9 metres, B‘ F
and height 11 metres. A .
Find the length of the diagonal BG correct to two "
| m

decimal places.

SN y

) / 9m
C 14 m G

SOLUTION

Step1 Draw the triangle CDG and find the length of DG. Step2 Draw the triangle BDG and find the length of BG.

B F B F
A 3 E A E
Mm Mm
D — s H Dl - - - H
9m ) 9m
C 14 m G C 14 m G
D B
9m TMm
¢ 14m G b 16.6433 m... G
a?+ b* = c? BG = V11% + 16.6433 ...2
DG = V92 + 142 BG = 19.9499 ...
DG = 16.6433 ... The length of BG is 19.95 metres.
v Tmark for finding length of side DG v/ Tmark for finding length of side BG

© Edrolo 2020
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2. Applications of Pythagoras' theorem in three dimensions

This method can also be applied in many real-life situations. For example, Pythagoras’ theorem can be used to
determine whether something can fit inside an object, or for measurements used in building and planning.

WORKED EXAMPLE 7 (2 marks)

The roof of a house is in the shape of a rectangular-based
pyramid with a width of 5 metres, a length of 8 metres
and a height of 1.9 metres. What is the distance from

the top of the roof to each corner correct to two
decimal places?

SOLUTION

Step1 Find the length of the base diagonal.

~—

5m xm
8m
a?+ b* = c?
x =82 + 52
x = 9.4339 ...
v/ Tmark for finding the length of the base diagonal
Step2 Find the length from the top to the corner.
@R E ,,,,,,;Tf‘> 19m ym
19m
5m
X
8m 5m

The base of this triangle is half the length of the hypotenuse that we found in step 1.

X-24399 0 - 47169 .
a?+ b* = c?

y =+V1.9% + 4.7169...2

y =5.0852...

~ The distance from the top of the roof to each corner is 5.09 metres.

v/ 1 mark for finding the distance from the top of the roof to each corner

. Questions 7C Pythagoras’ theorem - 3D

Refresher question

Q1. Find the value of x in the triangle on xcm
the right, correct to one decimal place.

10 cm
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Q2.

Skill

Q3.

Skill

Q4.

Skill

Q5.

Skill

1. Pythagoras' theorem in three dimensions

Consider the rectangular prism to the right.

a) Find the length of the diagonal from
vertex D to G correct to three decimal
places. The right-angled triangle has
been drawn for you below.

7C PYTHAGORAS' THEOREM - 3D

B F
A E
8cm
D--- H
) 7cm
C 10 cm G

b) Usingyour value from parta), find the length
of the diagonal between vertices Band G
correct to two decimal places. The right-angled
triangle has been drawn for you below.

269

D B
N N
N N
N N
N N
N x Sy
7cm . 8cm N
N N
N N
N N
\;\ \;\
L] ™ L] ™
¢ 10 cm G P X G
Find the vertical height of the cone below correct to two decimal places.
32cm
In the rectangular prism below, find, correct to two decimal places:
a) thelength of the diagonal from B to E. B F
b) the length of the diagonal from Cto F. A E
Mm
[ H
D
g 12m
¢ 7m G
A square-based pyramid has a width of 8 metres A
and a height of 6 metres. :
Find: §
a) the length of the diagonal from B to D correct 6m
to two decimal places. e R D
b) the length of the edge AB correct to two
decimal places. B am fo
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Check your understanding

Qeé. Consider the rectangular prism below with length 22 cm, height 10 cm and width 12 cm. M is the

Skill midpoint between points B and F. What is the length of the line from point G to M correct to one

decimal place?

B M F
AL E

| 10 cm

) SRR Wi H
12cm

¢ 22cm G

2. Applications of Pythagoras' theorem in three dimensions

Q7. For his eighth birthday party, Sammy bought party hats for
Application  his friends. One of the hats is shown below.

What is the vertical height of the hat correct to two 20 em
decimal places?

12cm

Qs. A straw is placed diagonally in a cylindrical cup so that exactly half of the straw is inside the cup.
pplication  The cup has a height of 10 centimetres and a width of 7 centimetres. What is the length of the straw
correct to one decimal place?

10 cm
M \—/
—>
7cm
Qo. James has a rectangular prism-shaped pencil case with a width of nine centimetres, a height of six

Application  centimetres, and a length of 20 centimetres. He has a pencil that is 23 centimetres long. Will it fit
inside his pencil case?

Q10. Lucyis decorating for a party so decides to hang streamers across the room. She wants to hang one
Application  streamer across the room from the top corner of the room to the opposite bottom corner. If the room
measures 3 metres by 2.5 metres by 4 metres, how long must the streamer be correct to two

decimal places?
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QM.

Application

Q12.

Skill
2 marks

Q13.

Application
2 marks

Q14.

Application
2 marks

7C PYTHAGORAS' THEOREM -3D 271

Check your understanding

Sammy’s friend, Alex, knows that he loves Harry Potter so he gets him a replica wand for his birthday.
The wand is 33 centimetres long. Alex is looking for a gift box that the wand will fit inside. Which of
the boxes below will be big enough?

Box A Box B Box C
27 cm 29cm
' ‘ 8cm
18 12 Cm\‘ -——— 10 cm\w/
cm 30cm 10 cm

Joining it all together

The length of the diagonal between vertices
A and H in the rectangular prism below is
31 millimetres. What is the height of the
prism correct to two decimal places?

14 mm

The Pyramide du Louvre is a glass and metal
square-based pyramid outside the Louvre in Paris.

The base of the pyramid has side lengths of 35 metres
and the distance from the top of the pyramid to each
corner is 33 metres. What is the vertical height of the
pyramid correct to two decimal places?

Source: Photo by Irene Ledyaeva on Unsplash

A tree standing next to a garden shed falls down due to strong wind, and hits the wall of the shed.

The base of the tree is three metres from
two of the corners of the shed, and the
shed is four metres wide.

If the tree is 2.75 metres tall, what is the
maximum height above the ground at
which the tree could have hit the wall,
correct to one decimal place?

275m
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Q15.

Difficulty:

Year 10
T mark

Q16.

Difficulty:

T mark

Q17.

Difficulty:

Year 10
2 marks

Questions from multiple lessons

George decides to walk his dog on a leash as shown in the

o=

5
following diagram. E’ '.,'-
The length of the leash, in metres, is closest to §
A 21m % Y .
B. 22m : 07m st
C. 27m N Dog
D. 35m zorg? 2m %
E. 45m

VCAA 2018 Exam 1 Module 3: Geometry and measurement Q1 - Adapted

Hugo would like to purchase a new yacht. He will establish a loan from the bank for $1 200 000 with
interest charged at a rate of 4.9% per annum, compounding monthly.

Each month, Hugo will only pay for the interest charged that month.

After 7 months, the amount that he still owes is closest to

A. $1166117
B. $844 199

C. $1677295
D. $1200000
E. $1234723

VCAA 2017 Exam 1 Recursion and financial modelling Q19 - Adapted

Boris has a badminton court in his backyard. Shown is a diagram of Boris’ badminton court. Assume that
all intersecting lines meet at right angles.

0.76 m 3.96 m 1.98 m 1.98 m 3.96m 0.76 m

v
A

518 m

>

13.40 m

Boris stands at point A and serves to point B.

a) What s the straight-line distance, in metres, between point 4 and point B?
Round your answer to two decimal places. (1mark)

b) Boris serves at a height of 2.0 m directly above point A.
Assume that the ball travels in a straight line to the ground at point B.
What is the straight-line distance, in metres, that the ball travels?
Round your answer to one decimal place. (mark)

VCAA 2018 Exam 1 Module 3: Geometry and measurement Q3 a,b - Adapted
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LESSON 7D

Quadrilaterals and circles

The key skills you will learn in this lesson are:

1. Quadrilaterals
2. Circles

1. Quadrilaterals

7D QUADRILATERALS AND CIRCLES

273

VCAA key knowledge point:

“perimeter and areas of triangles (including
the use of Heron's formula), quadrilaterals,
circles and composite shapes and

practical applications”

Mathematics Area of Study key knowledge points derived
from VCE Mathematics Study Design 2016-2020 p.21;
© The Victorian Curriculum and Assessment Authority

(VCAA). Used with permission.

A quadrilateral is any shape that has four sides and four corners. Squares and rectangles are quadrilaterals, but there
are other types of quadrilaterals too.

The perimeter is the distance around the edges of any shape, and is found by finding the lengths of each side and
adding them together.

The area of quadrilaterals can be found using the formulas given below.

Name Distinguishing features Example Formula for area
]
T
l
1
Square Two pairs Qf parallel sides all the same 1 'n | area = b X h = b
length, at right angles !
1
i
-— b'—»
H ;
Rectangle Two pairs of parallel sides all at 1 i area = b X h
right angles 5 O
—b—>
«—g—>
Trapezium One pair of parallel sides area = w X h

Parallelogram

Two pairs of parallel sides

B

—b—

area = b X h

Rhombus

Two pairs of parallel sides all the
same length

«—b—>

a
a
N I

area = b X h

Irregular

No parallel sides

a

None
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WORKED EXAMPLE 8 (2 marks)

Find the area and perimeter of the following quadrilateral. All measurements are in centimetres.

6
1
n 7: 8
C
16
SOLUTION
Step1  We need to identify the type of quadrilateral. Step4 Calculate.
There is one pair of parallel sides in this shape, areq = & 110 o -
so we know it is a trapezium. 2
=11x7
Step2 Apply the relevant formula. = 77 cm?
(@a+Db
area = a 2 X h v/ Tmark for calculating area
Step3 Sides a and b are the parallel sides, Step5 The perimeter is found by adding the lengths
soa = 6 and b = 16. of the sides together.
Further, h = 7. perimeter = 11 + 6 + 8 4+ 16
=41 cm

v/ 1 mark for calculating perimeter

2. Circles

A circle is a curve where each point is the same distance from the centre. In the circle below, every part of the curve is
5 centimetres from the centre point.

Important properties of a circle:

e The diameter of a circle (d) is the length from one Circumference
side of the circle to the other, through the centre.

e The radius of a circle (r) is the distance from any
point on a circle’s edge to its centre.

e The circumference (C) is the distance around a circle.

e Pi(m) is an extremely important number when
dealing with circles. It is approximately equal
to 3.14159.

The area and circumference (perimeter) of circles can be found using the formulas given below.

C=2XmXr

area = mw X r? = 2nr
= mr? C=nmxd
= nd
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WORKED EXAMPLE 9 (2 marks)

Find the circumference and area of the following circle,
rounded to two decimal places.

SOLUTION

Step1 Write the formula for circumference. Step4 The radius, r, is half of the diameter.
C=mnd 14xi=7

Step2 Substitute in the diameter and calculate. So r = 7. Calculate the area.
C=mx 14 area = m X 72

= 43.98 cm = 153.94 cm?

v/ 1'mark for calculating circumference v Imark for calculating area

Step3 Write the formula for area.

area = mr?

Questions 7D Quadrilaterals and circles

Refresher question

Q1. What is the length of the unknown side on
the square?

1. Quadrilaterals

Q2. Fill in the missing numbers in the following working.
Perimeter = 12 + 12 + 7 + 7
=L _lem
area =b X h
=12X6
=[_Jcm?
Q3. Find the area and perimeter for each of the following shapes.
Skill Assume all measurements are in centimetres.
a) 12 b)
] 0
35
4
5
ml O
<) d) . 10
10 57 8
| \
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Check your understanding

Q4. Derek is painting the following mural on a school wall. It is a trapezium of parallel sides
Application 2.5 metres and 4.5 metres, with a height of 3 metres.

What is the total painted area?

Q5. Below is a diagram of a park. All measurements are in kilometres. What is the total area of the park,
Application

2, Circles
Q6. Fill in the three missing numbers in the following working to find the circumference (C) and area.
Skill Round your answers to two decimal places.
C=mxd r= g
C=mx6 = _?_
c="Iem r=3
area
area
area
Q7. Find the area and circumference, correct to two decimal places, for each of the following circles.

Skill b)

a)‘
| ‘
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Q8.

Application

Q9.

Application

Qio.

Skill
1 mark

QM.

Application
1 mark

Q12.

Application
2 marks

7D QUADRILATERALS AND CIRCLES

Check your understanding

The following diagram shows the blueprint of a new water pipe, to supply water to a small town.
The blue part is the pipe, and the white part is where the water flows. To supply the town with enough
water, the area the water flows through needs to be at least 500 cm?.

Is the pipe big enough? All measurements are
in centimetres.

o\

277

The wheel on the carriage below has an area of 1.227 m?.
Round your answers for this question to two decimal places.

a) What is the diameter of the wheel?

b) Using your answer from part a, find how far the cart moves forward for each turn of the wheel.

1.227 m?

Joining it all together

Show that the area of the blue trapezium is larger than the area of the red trapezium.
All measurements are in centimetres.
2.5 5

!j'
|
5.51

7

|
|
|
|
O0

2

The distance around the earth at the equator is 40 075 km.

Assuming the equator is a perfect circle and the Earth a perfect sphere, calculate the radius of the
Earth to the nearest kilometre.

Two prep students, Sophie and Ellen, are fighting about who lives closest to school.

. . Ellen's House
The following map shows their paths home. Sophie’s House

a) Use the given area of a paddock to

calculate the length of path ST. 250 g 350

b) Who has a shorter walk to school? 42,900 m?

Source: Satellite imagery ©2018 Google

School 300
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Q13.

Application
2 marks

Q14.

1 mark

Q15.
Difficulty:

Year 10
T mark

Andy bought Sam the commitment ring below, and Sam is anxious to be able to tell their friends how
big the ring is!

a) By modelling the diamond as a circle, find how much area the diamond takes up, to two
decimal places.

b) Sam’s friend Alex was also given a ring recently. They are bickering about who has the largest ring.
Find the area of the sapphire in Alex’s ring and declare whose ring is bigger.

VCAA question

60 cm

The following graphic shows the top of a table in the shape of a trapezium.

The area of the tabletop, in square centimetres, is

A. 200

B. 260

C. 4200 80cm
D. 4800

E. 288000

VCAA 2015 Exam 1, Module 2: Geometry and Trigonometry. Q1

Questions from multiple lessons

The following graphic shows a juice box that is 6 cm long, 4 cm wide K 6cm 1
and 10 cm high.

A straw sits inside the box. One end of the straw sits at A and the
other end sits at K.

The point A lies on the line FG at a distance of 2 cm from G. 10em
The length of the straw, in centimetres, is closest to

10.77 cm

10.95 cm

11.49 cm

12.33 cm

13.42 cm

VCAA 2014 Exam T Module 2: Geometry and trigonometry Q5 - Adapted

m o on v »
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The sum of the ages of a family of twelve people is 312 years.

Q1e.
aifficulty: The mean age of members in this family is
Year 10 A. 26
1 mark B. 25
C. 165
D. 155
E. 27
VCAA 2019NH Exam 1 Data analysis Q3 - Adapted
Q17. A fence around the perimeter of a plant nursery is in the shape of a trapezium.
ai;iculty: The fence, and the base, GHIJ, are shown below.
2 marks
-G —————————————————
3 Hs
1 Y
1 R
1 Y
1 Ay
1 R
1 A
]
I Y
ul i
J 1
G 7m H
L
4m
o
J 10m 1

GH=7m,[]=10m,G] = 4 m.
a) Whatis the area of the base of the plant nursery?
Write your answer in square metres. (1mark)

b) Whatis the perimeter of the plant nursery?
Write your answer in metres, correct to one decimal place. (1mark)

VCAA 2014 Exam 2 Module 2: Geometry and trigonometry Qla,b - Adapted
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LESSON 7E

Triangles VCAA key knowledge point:

"“perimeter and areas of triangles (including

the use of Heron's formula), quadrilaterals,
The key skills you will learn in this lesson are: circles and composite shapes and

practical applications”

1. Perimeter of a triangle ) ) ;
Mathematics Area of Study key knowledge points derived

2. Area of a triangle from V/CE Mathematics Study Design 2016-2020 p.27;
© The Victorian Curriculum and Assessment Authority

3. Area using Heron's formula ) .
(VCAA). Used with permission.

A triangle is any shape with three edges and three vertices.

This lesson will show how to calculate the perimeter and area of different types of triangles.

Types of triangles
| 1
[ 1L
Equilateral Isosceles Scalene
Right Acute Obtuse

1. Perimeter of a triangle

As seen in 7A and 7D, the perimeter of a shape is the length around its edges.

The perimeter of a triangle (P) is found by finding the lengths of each of the three sides and adding
them together.

Example

8cm

4.5cm

5cm

Perimeter=5+5+5 Perimeter =6 +8 + 4.5
=15cm =18.5cm

© Edrolo 2020
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WORKED EXAMPLE 10 (2 marks)

Find the perimeter of the following triangles.

a) b)
9cm
5cm
3cm
Mcm
4cm
4 cm

SOLUTION
Step1 The three sides are 5 cm, 4 cm, and 3 cm long. Step1 The three sides are 11 cm, 9 cm, and 4 cm long.
Step2 Add up the length of the sides to find Step2 Add up the length of the sides to find

the perimeter. the perimeter.

P=5+4+4+3 P=114+9+4

=12cm = 24 cm

2. Area of a triangle

There are a few different ways to work out the area of a triangle (A4).

If the length of one side (called the ‘base’) is known, as well as the ‘height’ of the triangle
(measured perpendicular to the base), then the following formula can be used.

Area = L x base x height

2
-1
=5 X bXxXh
Example
: 3.34cm
E 8cm
i 4.33cm
5cm
Area = 1 X bXh 1
5 Area =5 X b X h
_1
=2 X 5 X433 =%><8x3.34
= 10.825 cm? = 13.36 cm?

WORKED EXAMPLE 11 (2 marks)

Find the area of the following triangles.

a) b)

10 cm 10 cm

9.89 cm 4cm

3cm
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SOLUTION

a) b) 8.485 cm

10cm 10cm

9.89cm

3cm

Step1 We need a base and a height. Three sides, 10 cm, Step1 In this problem the height given is
10 cm, and 3 c¢m, and one height, 9.89 cm, perpendicular to the side of length 4 cm.

are given.
& Step2 Use the formula to find the area.

Use the side that is perpendicular to the height,

3 cm. A= % X b xh
Step2 Use the formula to find the area. = % X 4 % 8.485
A=2xbxh = 1697 cn’
=1y 3x0989
2
= 14.835 cm?

3. Area using Heron's formula

If three sides of a triangle are known, but the height isn’t, Heron’s formula can be used to calculate
the area.

A =+/S - a)(S — b)(S — ¢) where S = erneter; and a, b, c are the three side lengths.

Example

8cm
5cm 5cm
4.5cm
6cm
5cm
Perimeter =5 + 5 + 5 Perimeter = 6 + 8 + 4.5
=15cm = 18.5cm
s=1% s=1%
=75 =9.25
A=+SE-a)(S-b(S -0 A=+/5E-a)(S-b)(S -c)
A =+/75(7.5 - 5)(7.5 = 5)(7.5 — 5) A =+4/9.25(9.25 — 8)(9.25 — 6)(9.25 — 4.5)
A=+75x% 25X 25X 25 A =4/9.25(1.25)(3.25)(4.75)
A =+117.1875 A =+178496
A = 10.825 cm? A = 13.36 cm?
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WORKED EXAMPLE 12 (2 marks)

Find the area of the following triangles using Heron'’s formula.

a) b)
9cm
10 cm 10 cm
Tcm
4cm
3cm
SOLUTION
Step1 Calculate the perimeter. Step1 Calculate the perimeter.
P=10+10+3 P=11+9+ 4
= 23 cm = 24 cm
Step2 FindS. Step2 FindS.
P _r
S= > S = >
S=115 S=12
Step3 Substitute S and the three sides, a, b and c, Step3 Substitute S and the three sides, a, b and c,
into Heron’s formula. into Heron’s formula.
A=+SES - a)(S - b)(S -0 A=+SS - a)(S -b)(S -0
A =+/115(115 — 10)(11.5 — 10)(11.5 — 3) A=+1212 - 1DA2 - A2 - b
A =+/11.5(1.5)(1.5)(8.5) A=+/12(DRB)(B®)
A =+/219.9375 A =+/288
A = 14.83 cm? A = 16.97 cm?
Questions 7E Triangles
Refresher question
Q1. Which of the following is:
a) aright-angled triangle?
b) anisosceles triangle?
c) an obtuse triangle?
B
D
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1. Perimeter of a triangle

- - . . 7

Q2. Fill in the missing number in the working out below. o
Skl Perimeter =7 + 6 + 5

[ em

6cm 5cm
Q3. Calculate the perimeter of the following triangles.
Skill a) b)
12cm
5cm
15cm 15cm
10 cm
7cm
(9]
14 cm
18 cm
6cm
Check your understanding 200m

Q4. Every day, Dion walks two laps of the local park.

Application  ca]culate the perimeter of the park, and how far

Dion walks around the park each day.

Q5. The triangles that cover the buildings in

pplication - Federation Square have a perimeter \V 4.3 cm / %
0f 299.2 cm.
If the two shorter sides are 57.2 cm and 57.2cm

114.3 cm, what is the length of the third side?

© Edrolo 2020
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2. Area of a triangle

Qeé. Fill in the missing number in the working out below.

sl Area = —% xbxh

-1
—2><5><q

Q7. Find the areas of the following triangles using the formula A = % X b X h.

Skill
a) b)

4cm

7 cm

<)

Check your understanding

Qs. Find the area of the following triangle.
Skill

2cm

Qo. Gary is a landscaper. He has been contracted to buil
Application @ lawn covering an area of nine square metres.

A diagram of the garden is here.

What length must side x be?
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Q10.
Skill

Qmn.
Skill

Q12.

Application

3. Area using Heron's formula

Look at the following application of Heron’s formula and
fill in the missing number, assuming it is rounded to two
decimal places.

Perimeter = 10 + 5 + 12
=27 tm

A =4/S(S = a)(S - b)(S - ¢)
A=413.5(13.5 — 10)(13.5- 5)(13.5 — 12)
A =13.5(3.5)(8.5)(1.5)

10 cm

12cm

Use Heron's formula to find the areas of the following triangles, rounded to two decimal places.

a) 8cm b)

15cm
17 cm

<)

12cm

5cm

Mcm

12cm

7cm

Check your understanding

A pool triangle is equilateral, and has a side length of
approximately 28 cm.

Use Heron's formula to calculate the area inside the triangle

to two decimal places.

© Edrolo 2020
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Q13.  Oneslice of alarge pizza at Duncan’s Pumpin Pizzas can be
application modelled by the triangle given here.

Round answers in this question to two decimal places.

a) What is the size of one slice, in cm?? 13 cm

b) Use your rounded answer from part a to find the area of
an entire large pizza, given each pizza has eight slices.

Joining it all together

Q14.  Use the methods studied in this chapter to calculate the area of the largest park,
Application rounded to the nearest square metre.

T mark

B. 70 m

I3
. 50m

L 90m \_,t 90m
@ = o [

50m

Q15. Two triangle segments are shown in yellow on the
Application  truss bridge below. Assuming each segment has
Tmark the same area, what is the area of one

triangle segment?

Q16.  Otis is painting an abstract mural on the wall of his bathroom.
Application - One section of the mural is shown below. The yellow triangle has
Smarks  gide lengths 60 cm, 90 cm, and 100 c¢m, and the circle has

radius 70 cm.

a) Whatis the area of the triangle, to two decimal places? (Imark)

b) Find the area of this section that requires purple paint.
Round your answer to two decimal places. (2marks)
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Q17.

T mark

Q18.
Difficulty:
(| |

Year 10
T mark

VCAA question

An orienteering course is triangular in shape and is marked by three points, 4, Band C,
as shown in the diagram below.

In this course, B is 7.0 km from 4, C is 8.0 km from B and A4 is 12.3 km from C.

The area (in km?) enclosed by this course is closest to:

A 21
B. 24
C. 25
D. 26
E. 28

VCAA 2008 Exam 1, Module 2: Geometry and Trigonometry. Q3

Questions from multiple lessons

A dairy farmer is planning on expanding his farm. There is a plot of land for sale and he plans
to purchase it. It consists of a rectangular base and a semicircle. A diagram of the plot of land is
included below.

wel

42 m

He wants to construct a fence around the perimeter. The distance of fence that he needs is closest to

A. 132m
B. 66m
C. 198m
D. 104 m
E. 42m

VCAA 2015 Exam 1 Module 2: Geometry and trigonometry Q2 - Adapted
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Difficulty:
(||

I mark

Q20.
Difficulty:
(| |

Year 10
2 marks

7E TRIANGLES

The following scatterplot shows the salary and the time employed, in years, of 20 employees at a
company. A least squares line has been fitted to the data.

Salary ($000's)

200

150 4

100+

50+

5 10 15 20 25

Time employed (years)

The equation of this least squares regression line is closest to

A. time employed = 40 + 4.5 X salary
B. time employed = 72 + 6.4 X salary
C. salary = 40 + 4.5 X time employed
D. salary = 72 + 4.5 X time employed
E. salary = 40 + 6.4 X time employed

30

289

VCAA 2018 Exam 1 Data analysis Q8 - Adapted

A new eye shadow palette is currently in production.
The box is in the shape of a rectangular prism.

The diagram below shows the dimensions of the palette.

4cm 4

P 12cm

A
\4

18 cm
The lid of the palette is shaded above.
a) Whatis the area of the lid when it is closed on the box? (1mark)

b) What s the total surface area of the palette? (1mark)

VCAA 2017 Exam 2 Module 3: Geometry and measurement QTai-aii - Adapted
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LESSON 7F

Composite shapes

The key skills you will learn in this lesson are:

1. Perimeter of composite shapes

2. Area of composite shapes

1. Perimeter of composite shapes

VCAA key knowledge point:

“perimeter and areas of triangles (including
the use of Heron's formula), quadrilaterals,
circles and composite shapes and practical
applications”

Mathematics Area of Study key knowledge points derived
from VCE Mathematics Study Design 2016-2020 p.21;

© The Victorian Curriculum and Assessment Authority
(VCAA). Used with permission.

A shape made up of two or more simple shapes is known as a composite shape. Below are some

examples of composite shapes.

square

rectangle

triangle

trapezium

Finding the perimeter of a composite shape is the same as finding the perimeter of a simple shape.
The perimeter of a composite shape can be found by finding the lengths of each side of the shape,

and adding them together.

WORKED EXAMPLE 13 (7 mark)

Find the perimeter of the shape to the right. 5cm
9cm 9cm
15cm
18 cm
SOLUTION
Step1 Find missing side lengths. In the shape above Step2 Find the sum of the lengths of all the sides.

the length of one side is missing. The length of
the missing side is 15 cm.

5cm

15cm 15 cm

18 cm

© Edrolo 2020
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2. Area of composite shapes

A composite shape can be either made up of two or more shapes added together, or one shape
taken out of another shape.

The area of a composite shape made up of two or more The area of a composite shape made up of one shape
shapes, like the one below, can be calculated by finding taken out of another shape, like the shaded region below,
the sum of the area of the individual shapes. can be calculated by subtracting the area of the inner

shape from the area of the outer shape.

Area = Area of rectangle + Area of triangle

Area = Area of circle — Area of square

WORKED EXAMPLE 14 (1 mark)

Find the area of the shape to the right.

3cm

5cm
SOLUTION
Step1 Find the area of the triangle. Step3 Add the two areas.
Area of triangle = 2 X b X h =3 x 5x2 =5 Total area = 5 + 15 = 20

: 2
Step2 Find the area of the rectangle. The area of the shape is 20 cm®.

Area of rectangle = b X h=5 x 3 =15

Questions 7F Composite shapes

Refresher question

Q1. 7cm

4cm

What is:
a) The area of this rectangle?

b) The perimeter of this rectangle?
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Q2.
Skill

Q3.
Skill

Q4.
Skill

Q5.

Application

Qé.

Skill

1. Perimeter of composite shapes

What is the value of x in the working
out below?
Perimeter = 8 + x + 10 + 12 + 13

= 48 cm

13cm

8cm

5cm

10 cm

12cm

Find the perimeter of the composite shapes below correct to two decimal places where appropriate.

a) b) 5cm )
6cm 6cm
7.5cm
12cm 3cm
7cm 21cm 21cm
4.5cm
10 cm
8 cm Mcm
Check your understanding 8cm
Find the perimeter of the shape to the right.
7cm
The shape of the front of a house is shown
to the right.
Find the perimeter of the house correct to
two decimal places.
2. Area of composite shapes
Find the area of the composite shapes below correct to one decimal place where appropriate.
a) b) <)
5cm 8m N : | > .
/7 | i
3m 3m, 3m,
725em /| 1 > o
12cm 3em 5m
4m
4.5cm AN |
9m 4 ' 8m 4
8cm
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Check your understanding

Q7. What is the area of the shaded region on
Skill the right, correct to two decimal places?

Qs. A rectangular piece of paper with side lengths 21 cm and 25 cm has a semicircle of
Application  radius 20 mm cut out of it. What is the remaining area of the piece of paper correct
to one decimal place?

Qo. This shape has an area of 32 m2 The square in the centre has sides that are 2 m long.

Skl What is the height of the triangles,

assuming all four triangles are identical?

Joining it all together

Q10. A square with side lengths 2 cm fits in a circle with radius 1.414 cm.

Skill Find the area of the shaded region to the

T mark
right correct to two decimal places. f
t
ow, to the nearest whole number, given that
Application ngle and the ice cream on top is in the shape
Tmark

1Bcm
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Q12.  Which shape has a greater area, and what is its area correct to two decimal places?
Skill

2marks Shape A Shape B
5m 5m
3m 3m
7m 7m
VCAA question

Q13. Consider the diagram below.
1 mark

10cm

- - - ——

The shaded area, in square centimetres, is
A. 35 B. 45 C. 60 D. 85 E. 95

VCAA 2016 Exam 1, Module 3: Geometry and measurement. Q1

Questions from multiple lessons

Q14.  Ahelicopter landing pad is hexagonal and has a side length of
Difficulty:  three metres.

- The landing pad can be divided into six equilateral triangles.
mar

Find the green area of the landing pad, in square metres, correct to one
decimal place.

A. 39m?

B. 11.7 m?
C. 14.7m?
D. 15.2 m?
E. 15.6 m?

VCAA 2015 Exam 1 Module 2: Geometry and trigonometry Q5 - Adapted
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Q15. A sequence of numbers can be generated by the recurrence relation below.

Difficulty: V,=23, V, =4xV

rn,ark What is the value of V7
A. 94208
B. 1507328
C. 5888
D. 376832
E. 23552

VCAA 2019NH Exam 1 Recursion and financial modelling Q17 - Adapted

Q16.  Kyle intends to build a toy house for his daughter using a piece of cardboard as a base.

Diffiulty:  The unshaded area in the diagram below represents the cardboard piece.

I marks 5.8cm

L]

5cm

6.7cm

1.7 cm

.

10.6 cm
a) Show that the length d is 6.9 cm, rounded to one decimal place. (Imark)
b) Usingd = 6.9, calculate the perimeter, in centimetres, of this cardboard piece. (Imark)
¢) Calculate the area of this piece of cardboard. Round your answer to the nearest whole number. (1mark)

VCAA 2017NH Exam 2 Module 3: Geometry and measurement Q1 a-c - Adapted
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LESSON 7G

VOIumes VCAA key knowledge point:

“volumes and surface areas of solids (spheres,
cylinders, pyramids and prisms and their
The key skills you will learn in this lesson are: composites) and practical applications”

Mathematics Area of Study key knowledge points derived
from VVCE Mathematics Study Design 2016-2020 p.21;
Volume of pyramids and cones © The Victorian Curriculum and Assessment Authority
(VCAA). Used with permission.

Volume of prisms and cylinders

1.
2.
3. Volume of spheres
4,

Volume of composite objects

Volume is the amount of three-dimensional space taken up by an object. Volume is usually
measured in mm?3, cm?, and m3, but can also be measured in mL and L. Recall that:

1mLis1cm?3.
1 litre is 1000 cm?.
1000 litres is 1 m?.

1. Volume of prisms and cylinders

A prism is a three-dimensional object made up of
planar faces that has a uniform cross-section across its
entire length. Its volume is calculated by taking the area
of the uniform cross-section and multiplying it by the
object’s length.

uniform cross-section

volume = area of cross section X length

Although a cylinder is not technically considered a prism as
ithas arounded face, its volume is calculated the same way.

Some common formulas are given below:

Name Example Area of cross-section Volume

,,,,,,,,,,,,,,,,,,,,,,,,,,

Rectangular prism _ a = bh v = bhl

Triangular prism a= %bh V= %bhl

© Edrolo 2020
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Name Example Area of cross-section Volume
Cylinder a = mr? v =mnril
I
Cube b a = b? v =bh?
b
b

WORKED EXAMPLE 15 (7 mark)

Calculate the volume of the triangular prism to the right.

8cm

SOLUTION
Step1 Calculate the area of the uniform cross-section. Step2 Multiply the area of the cross-section with the
0= %bh length of the pr.lsm. |
v = area of uniform cross section X length
a=7x6Xx8 v=124x15
a = 24cm? v =360

~ The volume is 360 cm?.

2. Volume of pyramids and cones

A pyramid is an object with a flat base and a number of triangular sides

that meet at a point at the top, known as the apex.
height

The volume of a pyramid is given by v = % X area of base X height.
A cone is similar to a pyramid as it has a flat base and tapers to a point
at the top, although it does not have triangular sides. However, its
volume can still be calculated using the same formula.

area of
base
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Some common formulas are given below:

Name Example Area of base Volume
Rectangular 1
Triangular pyramid a= %bl v = %blh
Cone a = mr? v = %nrzh

WORKED EXAMPLE 16 (1 mark)

Calculate the volume of a cone with a radius of 1.2 metres and a height of 4.1 metres correct to two decimal places.

SOLUTION

Step1 Write down the known values.
r=12
h=41

Step2 Substitute these values into the formula and solve.

V= %nrzh
vz%xnx 1.22 x 4.1
v =6.1826..

~ The volume is 6.18 m3.

3. Volume of spheres

A sphere is a perfectly round object where every point on the surface is equidistant from the centre.

The volume of a sphere is given by the formula:

v=%1rr3
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The volume of a hemisphere is half the volume of a sphere:
1.4 4 2

— L X 3 _ 2 3 _ 4. .3
V=5 X 37 g 37
Name Example Volume
_4_ s
Sphere v=gmr
Hemisphere v = %nﬂ

WORKED EXAMPLE 17 (7 mark)

A bouncy ball has a diameter of four centimetres. What is the volume of the ball correct to two decimal places?

SOLUTION
Step1 Calculate the radius. Step2 Substitute the radius into the formula and solve.
The radius is half of the diameter. v = %mﬁ
_d _4 3
r=s5 V=73 X T X 2
r= % =2 v =33.5103...

~ The volume is 33.51 cm?.
4. Volume of composite objects

If an object is comprised of two or more shapes, simply find the volume of each shape and add
them together for the total volume.

S PN

If an object is comprised of a shape with a smaller shape taken out, find the volume of each shape
and subtract the smaller volume from the larger volume.
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WORKED EXAMPLE 18 (2 marks)

A block of wood has had a hemisphere with a radius of
three centimetres carved out of it, as shown below.

What is the volume of the remaining block of wood
correct to two decimal places?

10 cm

10 cm

SOLUTION

Step1 Find the volume of the rectangular prism. Step 3
v = bhl
v=10x 10 x 4
v =400

Step2 Find the volume of the hemisphere

v=%nr3
v = %n X 33
v = 56.5486 ...

v/ Tmark for finding the volume of the hemisphere

Questions 7G Volumes

Q1.

Q2.

Qs.

Skill

Refresher questions

Find the area of the triangle on the right.

Subtract the volume of the hemisphere from the
volume of the rectangular prism.

400 — 56.5486 ... = 343.4513 ...
~ The block of wood has a volume of 343.45 cm?.

v Tmark for finding the remaining volume of the block of wood

7cm

12cm

What is 2000 litres expressed in m3?

1. Volume of prisms and cylinders

Calculate the volume of each of the following prisms correct to the nearest whole

number where necessary.

a) b)

Adem 12cm

8cm

© Edrolo 2020
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<)

Q4. a) A cube has a side length of nine millimetres. What is its volume?

Skill b) A cylinder has a height of 12 centimetres and a radius of 13 centimetres. What is its volume

correct to two decimal places?

Q5. A cylindrical rainwater tank is two metres tall and 1.5 metres wide. What volume of water can it hold
Application  correct to the nearest litre?

Qeé. A rectangular swimming pool is 25 metres long, 8 metres wide, and has a constant depth throughout.
Application  The pool has a volume of 300 000 litres. What is the depth of the pool in metres?

Check your understanding

Q7. For Eloise’s birthday, she buys a cylindrical chocolate fudge cake. It has a radius of 13 centimetres and
Application @ height of 11 centimetres.

a) Ifthe cake is split evenly between eight people, what volume of cake does each person receive
correct to two decimal places?

b) Eloise notices that the cake has two
layers of fudge inside it, each 1.5
centimetres thick, as shown to the right.
How much fudge does each person 1.5cm
receive in their serving correct to the
nearest mL? 13cm

1.5cm

:| fudge

2. Volume of pyramids and cones

Q8. Calculate the volume of each of the following pyramids correct to two decimal places where necessary.

Skill a) b)
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Qo.
Skill

Q10.
Skill

Q11.

Application

Q12.
Skill

Q13.
Skill

Calculate the volume of each of the cones below correct to two decimal places.

a) b) 20 m\

16 m

A hexagonal pyramid has a height of 18 millimetres and a side length of 6 millimetres. The hexagonal
base can be split up into six identical equilateral triangles, as shown below. What is the volume of the
pyramid correct to one decimal place?

18 mm

6 mm

Check your understanding

The Pyramid of Khafre in Egypt is a square-based pyramid with a volume of 2 115 072 m?3. The square
base of the pyramid has side lengths of 216 metres. What is the height of the pyramid?

A square-based pyramid has a base length of 8 cm and a slant height of 13 cm.

The slant height is the distance from the
apex to the midpoint between corners
A and B. Using this information, find the
volume of the pyramid correct to one
decimal place.

3. Volume of spheres

Find the volume of the spheres below correct to two decimal places.

a) b)
10 cm
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Q14. a) Asphere hasa circumference of 15 cm. What is its volume correct to two decimal places?

Skl b) A sphere has a volume of 177 cm? What is its diameter, correct to two decimal places?
Q15. Mary made scale models of the Earth and Venus for her science class.
Appliation Her model of Earth had a radius of 4 cm, and her model of Venus had a volume of 230 cm?®.

Assuming her models are correct, which planet is larger: Earth or Venus?

Q1é. A grapefruit is cut in half. If its radius is five centimetres, what is the volume of one half correct to two
Application  decimal places?

Check your understanding

Q17. The radius measured from the inside of a particular basketball is 11.5 centimetres.

Aoplication 33 'What volume of air does the basketball contain when pumped up? Give your answer in millilitres

correct to two decimal places.

b) The basketball is made of rubber 5 millimetres thick so the ball at its widest point is 24 centimetres
wide. What volume of rubber was used to make the ball? Give your answer in cm? correct to one
decimal place.

4. Volume of composite objects

Q18.  Find the volume of each of the following objects correct to two decimal places.

Skill a) b)
6cm [

5mm

) R 10 mm 13mm

20 cm

5mm

Q19.  Atreehouse is comprised of a rectangular prism and a triangular prism, as shown below.
Application

+—> +“—>
24m | 20cm 20em | MM
1.5m
17m 11m

What is the volume of the treehouse in m? correct to three decimal places?
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Check your understanding

Q20. Aglass bowlis in the shape of a cylinder with a hemispherical hole in the top. The cylinder is six

Application  centimetres in height and 12 centimetres at its widest point. The radius of the hemisphere is one
centimetre less than the radius of the cylinder. What is the volume of glass that makes up the bowl
correct to two decimal places?

6cm

12cm

Q21.  The volume of the roll of toilet paper below is 1700 cm?.

Application  what is its height correct to two decimal places?

Joining it all together

Q22. Achoctop ice cream is comprised of a cone and a hemisphere, as shown below. The cone at its widest
Application  point is 8 centimetres, and the length of the side of the cone is 20 centimetres. Give answers correct to
Zmarks two decimal places.

a) What is the total height of the choc top?
b) What is the total volume of the choc top?

Q23. What s the volume of the shaded area in the square pyramid below?

Skill
Tmark

28cm
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Q24.

Application
2 marks

Q25.

Application
3 marks

Q26.

2 marks

7G VOLUMES

A rectangular box containing 12 chocolate truffles is four centimetres internally in height. Each truffle
in the box is spherical and has a radius of 1.5 centimetres. The box fits exactly four truffles along its
length and exactly three truffles along its width.

a) What s the total volume of chocolate in the box correct to the nearest mL?

b) What is the volume of empty space in the box correct to the nearest cm3?

305

250 mL of water is poured into a cylindrical drinking glass, which fills 65% of its capacity.
The glass has an inner diameter of 6 centimetres.
a) What is the inner height of the glass correct to one decimal place? (1mark)

b) 3ice cubes are added to the glass. The ice cubes are in the shape of rectangular prisms,
with measurements as shown below.

2cm

4cm

To what percent of its capacity is the glass now full, correct to one decimal place? (2 marks)

VCAA question

A concrete square pyramid with volume 1.8 m3 sits on the flat top of the hill.
The length of the square base of the pyramid is x metres. The height of the pyramid, VT, is 2.5 metres.
Find the value of x, correct to two decimal places.

VCAA 2010 Exam 2, Module 2: Geometry and Trigonometry. Q3
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Q27.

Difficulty:

T mark

Q28.

Difficulty:

T mark

Q29.

Difficulty:

2 marks

Questions from multiple lessons
The following diagram shows a
rectangular-based right pyramid, HIJKL.

In this pyramid, JK = IK = HK = LK = 36 km,
Il = HL = 15 km, and HI = JL = 25 km.

The height, KP, of the pyramid is closest to

>

A. 25.0km
B. 32.7km
C. 36.0km -
D. 21.1km Ny i
25km I
E. 32.9km

VCAA 2015 Exam 1 Module 2: Geometry and trigonometry Q7 - Adapted

The ATARs of a sample of eight students were recorded and are shown in the following table.

‘ ATAR ‘ 78.05 ‘ 93.65 ‘ 88.20 ‘ 61.40 ‘ 82.85 ‘ 49.95 ‘ 98.10 ‘ 79.00 ‘

The mean, X, and standard deviation, S, of the ATARs for this sample are closest to
X =789, s =162
X =789, s =151
x =789, s =157
x =151, s =789
x=15.7, s =789

VCAA 2017 Exam 1 Data Analysis Q3 - Adapted

m o n v »

Jack bought a new skateboard and drew the following diagram.

19.74 cm

P BRI P
YN@-----------¢S

60 cm

The skateboard is comprised of a rectangle, WXYZ and two semi-circles, WZ and XY. The width of the
rectangle is 60 cm and the perimeter of the skateboard is 182 cm.

a) Show that the diameter of the semi-circle XY is 19.74 cm, correct to two decimal places. (mark)
b) Calculate the area of the skateboard, correct to the nearest square centimetre. (Imark)

VCAA 2013 Exam 2 Module 2: Geometry and trigonometry Q3 a,b - Adapted
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LESSON 7H

Surface area

The key skills you will learn in this lesson are:

1. Surface area of solids with planar faces
2. Surface area of solids with curved faces

3. Surface area of composite shapes

1. Surface area of solids with planar faces

7H SURFACE AREA 307

VCAA key knowledge point:

“volumes and surface areas of solids (spheres,
cylinders, pyramids and prisms and their
composites) and practical applications”

Mathematics Area of Study key knowledge points derived
from VVCE Mathematics Study Design 2016-2020 p.21;

© The Victorian Curriculum and Assessment Authority
(VCAA). Used with permission.

The surface area of a three dimensional solid is the total area of all the surfaces of the object.
The surface area of a planar shape, a shape which only has flat faces, can be found by finding
the area of each face of the shape, and adding these areas together.

Another way of thinking about this is that, the surface area of a three dimensional solid can be
found by finding the area of the net of the solid. The net of the solid is the two dimensional shape
that is formed when a three dimensional object is unfolded. Below are examples of the nets

of some three dimensional shapes.

WORKED EXAMPLE 19 (1 mark)

What is the surface area of the rectangular prism below?

5cm

9cm

SOLUTION

Step1 Identify all the faces by inspection or by drawing

the net.
9cm
5cem 5cm
5cm
5cm 5cm 9cm
9cm

Step 2

There are two 5 cm x 5 cm and
four 5 cm x 9 cm rectangular faces.

Find the sum of the area of the faces.
SA=2(5%x5)+ 4G5 x9) =230

The surface area of the shape is 230 cm?.
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2. Surface area of solids with curved faces

Some three dimensional solids have curved faces such as cylinders, spheres and cones.

The surface area of these shapes can be calculated by adding the area of any planar faces with the
area of the curved face. The formulas for the surface area of these shapes are given in the table below.

Name Shape Formula for surface area

Cylinder SA = area of two circles + area of curved side
SA = 2nr? + 2mrh

Sphere SA = area of curved side
SA = 4mr?

Cone SA = area of circle + area of curved side
SA = mr? + mrs

WORKED EXAMPLE 20 (7 mark)

Find the surface area of the shape to the right correct to

two decimal places.

10 cm

SOLUTION

Step1 Identify the relevant formula.

Step3  Substitute the values of rand h into the equation.

The formula for the surface area of a cylinder is SA=2XmTX32+2x%xmX3X10 = 245.04
SA = 2mr? 4 2mrh.

Step2 Find the values of rand h.

r=3

h =10

© Edrolo 2020

The surface area of the shape is 245.04 cm?.




3. Surface area of composite shapes

The surface area of a composite shape can be found by adding the area of the faces on the outer
surface of the shape. Itis important not to include the area of any internal surfaces in the total
surface area.

7H SURFACE AREA 309

WORKED EXAMPLE 21 (1 mark)

What is the surface area of the shape to the right?

SOLUTION
Step1 Identify all the faces on the outer part of the shape.

Therearetwo7m X 3m,two3m X 4m,one7m X 4mandtwo 7 m X 3.6 m

rectangular faces. There are two triangular faces with base 4 m and height 3 m.
Step1 Add the area of the faces.
SA=207x3) +2@ x D+ 7 x4 +207 x36) +2(3 x 4x3) = 1564

The surface area of the shape is 156.4 m?.

Questions 7H Surface area

Refresher questions
Q1. What is the area of the rectangle to
ioht?
the right? 3em
5cm
Q2. What is the area of a circle with a radius of 4 mm, correct to one decimal place?

1. Surface area of solids with planar faces

Q3. What is the value of x in the working
Skill out below?

SA=205x6)+ 2055 xx)+ 2(6x9)

5cm
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Q4.
Skill

Q5.
Skill

Qé.

Application

Q7.

Skill

Qs.
Skill

© Edrolo 2020

Find the surface area of the shapes below. Round your answer to two decimal places where appropriate.

a) b)

3cm

m

6cm

c)

3cm

Check your understanding

The surface area of a triangular pyramid is 87.6 cm?. If the base of the pyramid is an equilateral triangle
with side lengths of 6 cm, what is the height of the other three triangles that make up the pyramid,
correct to the nearest centimetre?

The Great Pyramid of Giza is approximately in the shape of a square based pyramid. It is 139 m
tall and has a length and width of 230 m. What is the surface area of the Great Pyramid of Giza,
excluding the base, correct to one decimal place?

2. Surface area of solids with curved faces

What is the surface area of a sphere with radius 2 cm, correct to the nearest whole number?

Find the surface area of the shapes below, correct to two decimal places.

a) b)

2m

c)
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Check your understanding

Qo. Six basketballs need to be made for a basketball tournament. If the diameter of a basketball is 24 cm, what
Application  is the total area of material needed to cover the basketballs, correct to the nearest square centimetre?

3. Surface area of composite shapes

Q10. Find the surface area of the shapes below, correct to two decimal places where appropriate.
Skill
a) b) 9]

3m
8cm 12cm
4m
8cm 4m
8cm 4m
Check your understanding
Q. A new house is made up of a rectangular prism and triangular prism as shown below. The roof has a

Application  vertical height of 3 m.
a) Whatis the length of side x to two decimal places?

b) If the entire exterior of the house needs to be painted, including the roof but not including the base,
what is the total surface area that needs to be painted, correct to the nearest m?2?

N
3m
am 20m
10m
Q12.  An expensive perfume bottle is in the shape of a cube with a I:I:l]
Application  cylindrical pump of height 2 cm and radius of 0.6 cm.

If the perfume bottle holds 125 ml of liquid, what is the total
surface area of the perfume bottle including the pump, correct to
the nearest cm??

NOTE: 1 ml = 1 cm> |
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Q13.

Skill
Tmark

Q14.

Skill
Tmark

Q15.

Application
2 marks

Q1e.

Application
2 marks

Q17.

Tmark

© Edrolo 2020

Joining it all together

Which of the following answers is the
surface area of the hollow tube on the right

closest to?

A. 125cm?

B. 188 cm? sem
C. 126 cm?

D. 189 cm®

The surface area of a sphere is 13000 cm?.

What is its radius in metres, correct to two decimal places?

Find the external surface area of the two vases below, correct to two decimal places
where appropriate, and determine which vase has a larger external surface area.

----- L,

20cm 21cm

10cm

The walls and ceiling of a rectangular room, with width 650 cm and length 800 cm, need to be painted.
1m? requires 0.3 L of paint and 46.05 L of paint is needed in total.

a) What is the height of the room in centimetres?

b) Ifthere is a window of width 1.74 m and height 1 m in the room, what is the height of the room,
correct to the nearest centimetre?

VCAA question

The rectangular box shown in this diagram
is closed at the top and the bottom.

It has a volume of 6 m>.

The base dimensions are 1.5 m X 2 m.

The total surface area of this box is

A. 10m? B. 13m?
C. 13.5m? D. 20m?

2 1.5m
E. 27 m

VCAA 2006 Exam 1, Module 2: Geometry and Trigonometry. Q6
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Questions from multiple lessons

Q18.  The following diagram is a rectangular prism with a

Difficulty; ~ square base, ABCD.

an . ) . H
- The diagonal of the prism, DF, is 10 cm. G
mar

The height of the prism, BF, is 6 cm.

What is the volume of the prism?

e \ ol

B. 100 cm® ..............................

C. 384cm’ b ¢
D. 192 cm?

E. 523 cm?

VCAA 2013 Exam 1 Module 2: Geometry and trigonometry Q9 - Adapted

Q19.  Zubyn and Cyrus are basketball teammates. The following table shows the average number of points
difficulty: ~ scored by Zubyn and the number of assists created by Cyrus in 10 basketball games.

1 mark

Points scored by Zubyn 28119 |15 228 |9 |15 33|18 |10
Assists createdby Cyrus |13 |8 |6 |16 | 3 |1 6 [12 |5 |2

Find the value of the Pearson correlation coefficient, r, between points scored by Zubyn and
assists created by Cyrus, correct to two decimal places.

A. 085
B. —0.46
C. 092
D. —-0.85
E. 0.46

VCAA 2018NH Exam 1 Data analysis Q9 - Adapted

Q20. Abeach ball is spherical in shape and has a radius of 18.9 cm.
Difficulty:

varlo @ Whatis the surface area of the beach ball? Round your answer to the nearest whole number. (Imark)
2marks

Assume that the surface of the beach ball is smooth.

Beach balls are now sold in a rectangular box that contains three identical beach balls, as shown.

b) What is the minimum length, in centimetres, of the box? (1mark)

VCAA 2016 Exam 2 Module 3: Geometry and measurement Q1 a,b - Adapted
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LESSON 7I

Similar figures and scale factor

The key skills you will learn in this lesson are:

1. Similar figures

2. Similar triangles

3. Linear scale factor

1. Similar figures

VCAA key knowledge point:

“similar figures including the mathematical
conditions for similarity of two-dimensional
shapes, and the linear scale factor and its
extension to areas and volumes”

Mathematics Area of Study key knowledge points derived
from VVCE Mathematics Study Design 2016-2020 p.21;

© The Victorian Curriculum and Assessment Authority
(VCAA). Used with permission.

Two objects are considered similar figures if they are exactly the same shape, but different sizes. If two objects are the
same shape and size they are congruent. All circles are either similar or congruent as they are exactly the same shape.

Similar Congruent
Same shape Same shape
Different sizes Same size

Two dimensional shapes are similar when all their corresponding angles are equal, and their corresponding side
lengths are proportional. Proportional means that the length of all corresponding sides are in the same ratio.

In the diagram below if % = % then the two rectangles are similar.

acm

b cm

ycm

X cm

WORKED EXAMPLE 22 (1 mark)

Are the following rectangles similar?

19 cm 4.75 cm
9.5 cm 9.5 cm
SOLUTION
Step1 Checkif all internal angles are equal. Step3 Calculate the ratio for the longer side of
Yes, all internal angles in a rectangle are the rectangle.
right angles. 9.5 _
19 = 0.5
Step2 Calculate the ratio for the shorter side of )
Step4 Compare the two ratios.
the rectangle.
The two ratios are the same meaning that the
4.75 _ 0.5
95 two rectangles are similar.
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2. Similar triangles

Although all corresponding angles are equal and all corresponding side lengths are proportional in a pair of
similar triangles, not all angles and side lengths need to be known to determine if two triangles are similar.

Two triangles will be similar if one of the following conditions is met:
1. All angles are equal. Referred to as AAA (Angle-Angle-Angle).

NOTE: all internal angles in a triangle add up to 180°.

550
55°
420 420
83°
83°

2. All corresponding side lengths are proportional. Referred to as SSS (Side-Side-Side).

—5 = 067

4.5cm 4
/ > 6_0'67
75 2 =067

cm 75

3. Two side lengths are proportional and the angle between them, the included angle, is equal. Referred to as SAS
(Side-Angle-Side).

3
3cm E = 067
2cm 2
4.5cm 3’ 5= 0.67

WORKED EXAMPLE 23 (7 mark)

[s the following pair of triangles similar?

SOLUTION
Step1 Identify what condition could be used to test Step3 Work out the missing angle in the

for similarity. second triangle.

AAA, as there are two angles known in 180° - 126° - 22° = 32°

both triangles.

& Step4 Compare the angles present in both triangles.

Step 2 Work out the miSSing angle in the first triangle. Both triangles have angles of 1260, 32° and 22°.

180° - 126° - 32° = 22° As all angles in the two triangles are equal, the

condition AAA is satisfied and they are similar.

© Edrolo 2020



316 71 SIMILAR FIGURES AND SCALE FACTOR

3. Linear scale factor

The ratio of corresponding sides in a pair of similar figures is referred to as the scale factor. The scale factor, k,
is always calculated by the side length of the image (the shape which has increased or decreased in size), divided by
the side length of the original object.

_ Length of image

~ Length of original

Linear scale factor, k
Larger than 1 Smaller than 1 Equals 1
Image the same size as the
Image larger than the original Image smaller than the original original
Original Image Original Image Original Image

WORKED EXAMPLE 24 (1 mark)

Calculate the linear scale factors for the similar figures below.
24 m

Il

Step1 Identify the corresponding side lengths.

Side length of image = 2.4 m, Side length of object = 2 m.
Side length of image = 1.8 m, Side length of object = 1.5 m.

Length of image
Length of original ’

Step2 Calculate the linear scale factor using the formula k =

_24_18 _
k= 2 _1.5_1'2

The linear scale factor is 1.2.

Questions 71 Similar figures and scale factor

Refresher question

Q1. What is the value of x in the diagram below?
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Q2.

Skill

Q3.

Skill

Q4.

Skill

Q5.

Skill

1. Similar figures

What are the values of a and b in the working out below?
8cm

6cm

4cm

3 _ a _
Z—O.75and8—b
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Are the following pairs of shapes similar?

a) 9cm b)

2.7cm 7cm
7.7cm

c) 3m
2m
3m 3m
2m 2m
45m 3m

2cm

Check your understanding

A circle with a radius of 2.5 cm increased in size so that its circumference became 87 cm.

What factor did the radius increase by?

2. Similar triangles

Would you use AAA, SSS or SAS to work out if the two triangles below are similar?

9.5mm
5.7 mm
4 mm

2.4 mm
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Qé.
Skill

Q7.
Skill

Q8.

Skill

Qo.

Skill

Qio0.

Skill

Are the following pairs of triangles similar?

a) b)

14 cm

7.2cm 8.4cm

12cm

<)
3.2cm

a7
cm 23cm

Check your understanding

What is the value of x in the diagram below?

Which of the following conditions would not be sufficient to work out if two triangles were similar?

A. Two sides labelled in two right-angled triangles.
Three sides labelled in both triangles.

B
C. Two sides and one non-included angle labelled in both triangles.
D

Two angles labelled in both triangles.

3. Linear scale factor

If the linear scale factor for a pair of objects is 0.65, is the image smaller or larger than

the original object?

Calculate the linear scale factors for the similar figures below. Round your answer to two decimal

places where appropriate.

a)

5m

)

5m

<)

© Edrolo 2020

4cm

2m
o <

3.75m
¢ 0
5

3cm

<> 375m

Q
(

)

1.5m

b)

3.75cm

3.75cm

5.4cm

2.4cm

7.2cm

4.5cm

24cm

6cm

2cm
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Check your understanding

QM. A rectangular image with length 3.5 cm and width 2 cm was enlarged to a rectangle with length
Application 6.3 cm and width 3.6 cm. What scale factor was it enlarged by?

Q12.  Ifthe figure below was reduced using a scale factor of 0.8, draw the resulting shape, labelling all side
Skill lengths and internal angles.
10m
104.5° 104.5°
10m 10m
75.5° 75.5°
15m

Joining it all together

Q13. A map of a town is made by reducing the actual distance between locations by a scale factor of 15 000.

Application
2 marks

) Ifthe distance between the post office and the library is 6 cm on the map, what is the actual
distance between the two locations in metres?

b) If the actual distance between the library and the train station is 3 km, what is the distance
between the two locations on the map in centimetres?

Q14. Gabby wants to make a two dimensional outline of the trapezium below but he only has 8.1 cm of string.

Application  If Gabby wants to make the biggest model possible, what scale factor should he use for the model?

1 mark 3m

45m

Q15.  The side view of the swimming pool below shows a depth of 1.2 m at the shallow end and a depth of

application 2 m at the deep end. What is the length of the swimming pool?

1 mark
12m

1.2m 17m

12m
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VCAA question

Q16. The two triangles, ABC and FGH, are similar.
T mark G

24 cm
12cm 14 cm

A 18 cm c F 36cm H

The length GH is

A. 14 cm B. 24cm
C. 26cm D. 28cm
E. 32cm

VCAA 2009 Exam 1, Module 2: Geometry and Trigonometry. Q1

Questions from multiple lessons

Q17. A cone has a radius of 4 cm, a slant edge of x cm, and a volume of 120 cm?. ”
Difficulty:

Its surface area, including the base, can be found using the rule

1'::: surface area = wwr(r + x).
The total surface area of this cone is closest to rem
A. 125 cm?
B. 129 cm?
C. 140 cm?
D. 145cm?
E. 153 cm?

VCAA 2018 Exam 1 Module 3: Geometry and measurement Q8 - Adapted

Q18. Consider the recurrence relation below,

Difficulty: = =
sy~ 12000, W, = W, + 160

1 mark This recurrence relation could be used to model a

simple interest investment of $12 000 with an interest rate of 0.015% per period.
simple interest investment of $12 000 with an interest rate of 1.5% per period.
simple interest investment of $12 000 with an interest rate of 15% per period.

compound interest investment of $12 000 with an interest rate of 1.5% per period.

m o on v p

compound interest loan of $12 000 with an interest rate of 1.5% per period.

VCAA 2017NH Exam 1 Recursion and financial modelling Q19 - Adapted
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Q19.  Dimitri wants to build a greenhouse in the backyard of 38m
difficulty:  his mansion. The front of the greenhouse is shown.
an

A
[
[
The walls of the greenhouse are 3.2 m high. [
3 marks | xm
The front of the greenhouse is 7 m wide. |
3.2m 3.2m :
[
v

The sloping edges of the roof are 3.8 m long.
The total height of the greenhouse is x m.

a) Show that x is 4.68, correct to two decimal places. (1mark)

b) The greenhouse is in the shape of a prism, as shown.

3.8m

3.2m

9m

7m
All of the surfaces of the greenhouse are to be made of glass, excluding the base.

Correct to the nearest square metre, how much glass will Dimitri need? (2marks)

VCAA 2015 Exam 2 Module 2: Geometry and trigonometry Q3 - Adapted
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LESSON 7J

Similarity of solids and scale factor

“similarity of solids and the application of

linear scale factor k > O to scale lengths,
The key skills you will learn in this lesson are: surface areas and volumes with

practical applications.”

1. Area scale factor _ , )
Mathematics Area of Study key knowledge points derived

2. Volume scale factor from VCE Mathematics Study Design 2016-2020 p.21;
© The Victorian Curriculum and Assessment Authority
(VCAA). Used with permission.

1. Area scale factor

If two similar figures have a length scale factor of k, the area scale factor will be k2.

K2 = Area of image
~ Area of original

To find the area of the image, the formula can be rearranged as
Area of image = k* X Area of original

For a three-dimensional object, surface area follows the same pattern as area. To find the surface
area of an image, use the formula

Surface area of image = k* X Surface area of original

WORKED EXAMPLE 25 (7 mark)

Given that the two rectangles below are similar, find the area of the larger rectangle.

4cm| Area=32cm? 7cm

SOLUTION

Step1  Find the length scale factor, k. Step3 Calculate the area of the larger rectangle.
Length of image Area of image = k? X Area of original

- Length of original 49
. . . ) Area of image = 16 X 32
In this case, the image is the large rectangle with

a height of 7 cm, and the original is the small
rectangle with a height of 4 cm. =~ The area of the larger rectangle is 98 cm?.

=7
k=1

Area of image = 98

Step2 Calculate k2.
2
2= (I 272
= (3) =%
49

2 = 49
k_16

2. Volume scale factor
If two similar figures have a length scale factor of k, the volume scale factor will be k3.

K = Volume of image
~ Volume of original

To find the volume of the image, the formula is
Volume of image = k® X Volume of original.
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In Alex’s chemistry class, there are two similarly-shaped beakers. Alex knows that the larger
beaker has a capacity of 500 mL, but she has forgotten the capacity of the smaller beaker.

If the large beaker is 15 centimetres tall and the small beaker is 12 centimetres tall, calculate the
capacity of the smaller beaker.

SOLUTION

Step 1

Step 2

Find the length scale factor, k.

__ Length of image

" Length of original
In this case, the image is the small beaker with
a known length of 12 cm, and the original is the
large beaker with a known length of 15 cm.

_12
k_15

Calculate k3.

s 2)3_1_23
k _(15 ~ 153

3 _ 1728
k= 3375

Questions 7J Similarity of solids and scale factor

Q1.

Q2.

Skill

Refresher question

Step 3

Calculate the volume of the smaller beaker.

The volume or the larger beaker is 500 mL.

Volume of image = k® X Volume of original
. _ 1728

Volume of image = 3378 X 500

Volume of image = 256

~ The volume of the smaller beaker is 256 mL.

Find the length scale factor, k, for the similar triangles below.

6 cm

Original Image

1. Area scale factor

For these rectangles:

7cm

3.5¢cm Area = 21cm?

Area=7?

Original

a) Findk.
b) Find k2

Image

c) Find the area of the image using: Area of image = k* x Area of original.
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324 7J SIMILARITY OF SOLIDS AND SCALE FACTOR

Q3. Find the unknown area for each of the pairs of similar shapes below, correct to two decimal places
Skill where necessary.
a) b)

Area = 1450 mm?
Area =112 cm?

16 cm 8cm 20 mm
26 mm
<)
15cm
Tcm
Area = 85 cm?
Q4. Below are the dimensions of A4 and A2 pieces of paper. 42 em
pplication A sheet of A4 paper has an area of 623.7 cm?
a) Show that the shapes of A4 and A2 paper are similar.
b) Find k?, and use it to calculate the area of an A2 2Zlem
piece of paper. 297cm| s 59.4 cm A2
Q5. Answer the following questions. Drawing a diagram may help.
Skill a) Triangle A has width W, vertical height H, and area A. Triangle B has a width of 4/ and a vertical
height of 4H. Which of the following is an expression for the area of triangle B: 44 84, 124, 164,
or 3247

b) Cube A has a surface area of 150 cm? Cube B has side lengths that are three times the