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Get the most from your
online resources

complete package

learnZ0

Each topic is linked
to Key Knowledge
(and Key Skills) from
the VCE Mathematics
Study Design.

Trusted Jacaranda theory, plus tools
to support teaching and make learning
more engaging, personalised and visible.

1.1 Dmrview

1.1.1 Introduction

The French mathematician René Descaries
{1.596-1650) was one of the first 10 combine
algebra and geometry.

The stary may be fictional, but it s said that
while lying in bed one moming Descanes
was engaged by the problem of how 1o
describe the position of the fly that he

‘was watching move about on a wall in his
bedroom, He proposed that the position of the
fy could be fixed by specifying two numbers;
one number giving the fy's distance from
one wall and the other its distance from the
adjoining perpendicular wall,

KEY CONCEPTS

This topic covers the following key concepts from the VCE Mathematics Stady Design:
* use of symbalic notathon 10 develop alpebraic expressions and represent functions, relations, equations,

and systems of simultaneous equations
itution into, and i ion of, these

= solution of a set of simultanecus linear equations (geometric interpretation only required for two
variables) and equations of the form f0x) = gix) i ically and i

Nete: Concepts shown ta grey are covered in other topics

Somree: VOE M les Study Design (2023-2027)
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onResources link to targeted
digital resources including video
elLessons and weblinks.

Tables and images break down
content, allowing students to
understand complex concepts.

Interactive glossary terms
help develop and support
mathematical literacy.



Pink highlight boxes
summarise key information
and provide tips for VCE
Mathematics success.
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Tha vatam of 0 andd b reagectoesty
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learng

The dingram shows the line L; passing through the points A and B and
the line Ly passing through the potnts A and [, with the angle BAD

being u right angle.
Taking AC as | unit, the sides in the dizgrom are labelled with their
lengihs. The side CB has length m;. Because lengihs must be positive, »
the side CD is labelicd s =iy, since my <0, )

From the riangle ABC in the diagram, tnd = % =myy, and from the

trizngle ACD in the disgram, tanf = L \\,u
—imy (i}
Hence,
M) =—
—my

oy = =1

Gradients of perpendicular lines

1
mypmy=—1 or my=——
my

= I 1wo lines with gracdients sy and m; are perpendicular, then the product of their gradients is —1.
Une gradient is the negative reciprocal of the other.

= Tt folbows that iFimymy = —1, then the two lines are perpendiculur. This can be used 1o test for
perpendicalarity.

Worked examples, supported by
teacher-led videos, break down the
process of answering questions using
a think/write format.

3 marks

Teacher-led videos that explain
how to approach exam questions,
including VCAA exam questions

=67

e Online and offline question sets
contain practice questions, exam
style questions and past VCAA exam
questions with exemplary responses
and marking guides.

e Every question has immediate,
corrective feedback to help students
to overcome misconceptions as they
occur and to study independently —
in class and at home.
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Topic reviews

End-of-topic exam questions
include relevant past VCE exam
questions and are supported by
teacher-led videos.

Topic reviews
include online
summaries and
topic level review
exercises that cover
multiple concepts.
Topic level exam
questions are
structured just like
the exams.

Students can start learn)
preparing from
lesson one, with
exam questions
embedded in every
lesson — with
relevant past VCAA
exam questions
since 2013.

Practice, customisable
Mathematical investigations
available to build student
competence and confidence.

Combine units flexibly
with the Jacaranda Supercourse

Build the course you’ve always wanted with the

Jacaranda Supercourse. You can combine all

learnED) . > ra——— General Mathematics Units 1 to 4, so students can
' ; move backwards and forwards freely. Or Methods

and General Units 1 & 2 for when students switch

courses. The possibilities are endless!

(jF M
MATHEMATICS
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A wealth of teacher resources

Enhanced teacher support resources,

including:

e work programs and curriculum grids

¢ teaching advice and additional activities

e guarantined topic tests (with solutions)

e quarantined Mathematical
investigations (with worked solutions

L and marking rubrics)

—"

Customise and assigr

A testmaker enables you to create
custom tests from the complete bank of
thousands of questions (including past
VCAA exam questions).

Reports and results

Data analytics and instant reports
provide data-driven insights into
performance across the entire course.

Show students (and their parents or
carers) their own assessment data in
fine detail. You can filter their results to
identify areas of strength and weakness.
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LEARNING SEQUENCE

1.1 Overview
1.2 Types of data
1.8 Categorical data d
1.4 Numerical data distributions — frequency tables and histograms .
1.5 Numerical data distributions — dot plots and stem plots
1.6 Characteristics of numerical data distributions ...
1.7 Summarising numerical data — mean and median
1.8 Summarising numerical data — range, interquartile range and standard deviation ....
1.9 Symmetrical and asymmetrical distributions
1.10 The five-number summary and boxplots
1.11 Comparing the distribution of a numerical variable across two or more groups ...
1.12 Review

Fully worked solutions for this topic are available online.




1.1 Overview

Hey students! Bring these pages to life online ~n an
Watch Engage with Answer questions ,,) 9
videos interactivities and check results /'

Find all this and MORE in jacPLUS C)

1.1.1 Introduction

Data is all around us; your height, the number of minutes it takes
to you get to school and how many points your favourite team
scored are all examples of data. On their own, these pieces of
information don’t tell us much, but if we look at collections of such
data, we can start to recognise trends and features such as averages
and ranges. These things tell us what to expect from future data;
understanding data gives us an insight into the future.

Being able to process, organise, plot, describe and analyse data
gives us the power to make informed decisions about many things
in our lives. Should you plan to have a barbeque tomorrow? Is the
tap water safe to drink? It would be possible to guess answers to
these questions, but you might end up wet or sick. By collecting,
analysing and interpreting data, these questions can be answered
with a lot more certainty. The skills you learn in investigating and
comparing data distributions will help you make more informed,
better decisions in your life.

KEY CONCEPTS

This topic covers the following key concepts from the VCE Mathematics Study Design:

e types of data, including categorical (nominal or ordinal) or numerical (discrete or continuous, interval,
ratio)

e display and description of categorical data distributions of one or more groups using frequency tables
and bar charts, and the mode and its interpretation

e display and description of numerical data distributions using histograms, stem plots and dot plots and
choosing between plots according to context and purpose

e summarising numerical data distributions, including use of and calculation of the sample summary
statistics, median, range, and interquartile range (IQR) or mean and standard deviation

e the five-number summary and the boxplot as its graphical representation and display, including the use
of the lower fence (Q; — 1.5 X IQR) and upper fence (Qz + 1.5 X IQR) to identify possible outliers

e consideration of a range of distributions (symmetrical, asymmetrical), their summary statistics and the
percentage of data lying within several standard deviations of the mean

e use of back-to-back stem plots or parallel boxplots, as appropriate, to compare the distributions of a
single numerical variable across two or more groups in terms of centre (median) and spread (IQR and
range), and the interpretation of any differences observed in the context of the data.

Source: VCE Mathematics Study Design (2023-2027) extracts © VCAA; reproduced by permission.
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1.2 Types of data

LEARNING INTENTION

At the end of this subtopic, you should be able to:
e identify types of data, including categorical (nominal or ordinal) or numerical (discrete or continuous,
interval, ratio).

1.2.1 Data types — categorical and numerical

There are two major groups of data: categorical data and
numerical data.

Categorical data is data that can be organised into categories such
as colours, brands and opinions. For example, a survey asking you
to rate your experience as ‘bad’ or ‘average’ or ‘good’ is collecting
categorical data.

Numerical data contains numbers and can be counted or measured.
For example, measuring the height of everyone in your class is
collecting numerical data.

WORKED EXAMPLE 1 Identifying if data is categorical or numerical

Identify whether the following data is categorical or numerical.
a. The results of a survey asking favourite colours
b. The results of a survey asking number of pets

THINK WRITE
a. 1. The results will be colours, which is an example of a category. a. The data is categorical.

b. 1. The results will be numbers, which can be counted. b. The data is numerical.

1.2.2 Categorical data

There are two major groups of categorical data: ordinal data and nominal data.

Data types

Data

Categorical data Numerical data
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Nominal data has categories with no order or ranking. Nominal data is collected when taking observations (for
example, type of bird) or asking for opinions (for example, favourite type of fruit).

Ordinal data has categories that have an order or ranking. Ordinal data is collected when people are asked to rate
something (for example, if a product was ‘bad’, ‘average’ or ‘good’) or when ranked categories are used (for
example, collecting data on whether the size was ‘small’, ‘medium’ or ‘large’).

WORKED EXAMPLE 2 Identifying the type of categorical data

Data on the different types of cars in a car yard is collected.
Verify that the collected data is categorical, and determine
whether it is ordinal or nominal.

THINK WRITE
1. Identify the type of data. The data collected is the brand or model of cars, so
this is categorical data.
2. Identify whether the order of the data is When assessing the types of different cars, the order is
relevant. not relevant, so this is nominal data.
3. State the answer. The data collected is nominal data.

1.2.3 Numerical data
There are two major groups of numerical data: discrete data and continuous data.

Discrete data is number data that is usually a whole number. Discrete data is collected when something has been
counted (for example, number of pets). Discrete data has a restricted set of possible values.

Continuous data is number data that has been measured on a scale. Continuous data can be measured with low
or high precision. For example, measuring the length of a table will give continuous data, but this data may have
low precision (for example, 57 cm) or high precision (for example, 57.267 cm). Other examples of scales used
for continuous data are weight, time and temperature. Continuous data has an infinite set of possible values.

WORKED EXAMPLE 3 Identifying the type of numerical data

Data on the number of people attending matches at sporting venues is collected.
Verify that the collected data is numerical, and determine whether it is discrete or continuous.

THINK WRITE
1. Identify the type of data. The data collected is the number of people in sporting
venues, so this is numerical data.
2. Identify whether the data has a restricted or The data involves counting people, so only whole
infinite set of possible values. number values are possible.
3. State the answer. The data collected is discrete data.
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1.2.4 Levels of measurement

There are four levels of measurement of variables. The four levels include nominal data, ordinal data, interval
data and ratio data.

Interval data includes values found on a scale with no true zero. Temperature using the degrees Celsius scale is
an example of interval data. This is because it has no true zero as temperatures below 0 °C exist; for example,
—5 °C is a sensible value.

Ratio data includes values found on a scale with a true zero. Age using the scale of years is an example of ratio
data. This is because it has a true zero representing when the person was born; negative age makes no sense.

Note that interval and ratio data are types of numerical data and can be discrete or continuous.

The four levels of measurement can be put in order. This order represents the increasing usefulness of the data
for statistical analysis, with nominal data being the least useful and ratio data being the most useful.

The four levels are shown in this table.

Nominal Ordinal Interval Ratio
Categories v v Ve v
Order v v v
Scale v v
Scale starts at zero v
L Temperature in
Examples Colours, brands Rathgs. high, Celsius, year of Length, weight
medium, low birth
i

WORKED EXAMPLE 4 Determining the level of measurement

For the following sets of data, determine:

a. whether the data are nominal, ordinal, interval or ratio

b. which set of data is more useful for statistical analysis.
i. The brand of shoes students at your school are wearing
ii. The length of the right foot of students at your school

THINK WRITE
a. i. The results will be brands, which are a. i. The data are categorical.
examples of categories.
ii. The results will be values, which are ii. The data are ratio.
measured on a scale (length) that starts
from zero.
b. The levels of measurement from least to most b. The data in ii is most useful for statistical
useful for statistical analysis are nominal, analysis.

ordinal, interval and ratio.
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Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS C)

1. [IIZM Identify whether the following data is categorical or numerical.

a. The results of a survey asking number of siblings
b. The results of a survey asking favourite type of takeaway food
c. The results from measuring the height of all Year 11 students

2. [l Data on the different types of cereal on supermarket shelves is collected.
Verify that the collected data is categorical, and determine whether it is ordinal or nominal.

. IIEA Data on the rating of hotels from ‘one star’ to “five star’ is collected.
Verify that the collected data is categorical, and determine whether it is ordinal or nominal.
. Identify whether the following numerical data sets are discrete or continuous.

a. The amount of daily rainfall in Geelong
b. The heights of players in the National Basketball League
c. The number of children in families

. Identify whether the following numerical data sets are nominal, ordinal, discrete or continuous.

a. The times taken for the place getters in the Olympic 100 m sprinting final
b. The number of gold medals won by countries competing at the Olympic Games
c. The type of medals won by a country at the Olympic Games

. Complete the following table by indicating the type of data.

Data Type

Example: The types of meat displayed in a butcher shop. Categorical Nominal

a. Wines rated as high, medium or low quality

b. The number of downloads from a website

c. Electricity usage over a three-month period

d. The daily volume of petrol sold by a petrol station
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7. The birthplaces of 200 Australian citizens were recorded and are shown in the following frequency table.

Birthplace Frequency
Australia 128
United Kingdom 14
India 10
China 9
Ireland 6
Other 33

Determine the type of data that is being collected.

8. Il For the following sets of data, determine:

a. whether the data are nominal, ordinal, interval or ratio

b. which set of data is more useful for statistical analysis.

i. The birth year of students at your school

ii. The favourite type of ice cream of students at your school

9. You want to run a survey about sleep. Two possible questions you could

ask are:

Question 1: How did you sleep last night? Choose from well, medium,

poorly.
Question 2: How many hours did you sleep last night?

a. Determine which type of data you will get from each question:

nominal, ordinal, interval or ratio.

b. Determine which question is better for statistical analysis. Explain why.

10. The winner of a weight loss reality TV show lost 70.1 kg on the show. Explain whether the weight lost is a

discrete or continuous variable.

1.2 Exam questions

Question 1 (1 mark)

Source: VCE 2021, Further Mathematics Exam 1, Section A, Q1; © VCAA.
Tl The percentaged segmented bar chart shows

the age (under 55 years, 55 years and over)

of visitors at a travel convention, segmented

by preferred travel destination (domestic,

international).

The variables age (under 55 years, 55 years and
over) and preferred travel destination (domestic,
international) are
A. both categorical variables.
B. both numerical variables.
C. a numerical variable and a categorical
variable respectively.
D. a categorical variable and a numerical
variable respectively.
E. a discrete variable and a continuous
variable respectively.

percentage

95 Key
90 O domestic
85 H international

under 55 years
55 years and over

age (years)
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Question 2 (1 mark)

Source: VCE 2019, Further Mathematics Exam 1, Section A, Q8; © VCAA.

M Percy conducted a survey of people in his workplace. He constructed a two-way frequency table involving
two variables.

One of the variables was attitude towards shorter working days (for, against). The other variable could have
been
A. age (in years).
. sex (male, female).
. height (to the nearest centimetre).
. income (to the nearest thousand dollars).
. time spent travelling to work (in minutes).

moOOw

Question 3 (1 mark)

Source: VCE 2016, Further Mathematics Exam 1, Section A, Q2; © VCAA.

& The blood pressure (low, normal, high) and the age (under 50 years, 50 years or over) of 110 adults were
recorded. The results are displayed in the two-way frequency table below.

Age
Blood pressure Under 50 years 50 years or over
Low 15 5
Normal 32 24
High 11 23
Total 58 52

The variables blood pressure (low, normal, high) and age (under 50 years, 50 years or over) are
. both nominal variables.

. both ordinal variables.

. anominal variable and an ordinal variable respectively.

. an ordinal variable and a nominal variable respectively.

. a continuous variable and an ordinal variable respectively.

mooOow>»

More exam questions are available online.

1.3 Categorical data distributions

LEARNING INTENTION

At the end of this subtopic, you should be able to:
e display and describe categorical data distributions of one or more groups using frequency tables and bar
charts, and the mode and its interpretation.

1.3.1 Frequency tables

A frequency table is a way of organising raw data. A frequency table will usually have three columns:
e The first column contains the categories in the data set.
e The second column contains a tally.
e The third column contains the frequency value.
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Frequency tables

In a frequency table a tally is used to aid in counting the raw data, and the frequency is found at the
end by counting the tally’s value. The total number of data can be found by adding the frequency
values.

For example, here is the raw data collected from a survey asking students their favourite colour:
Red, Blue, Yellow, Red, Purple, Blue, Red, Yellow, Blue, Red

And here is the frequency table for that data:

Favourite colour Tally Frequency
Red Il 4
Blue | 3
Yellow [l 2
Purple | 1

WORKED EXAMPLE 5 Representing categorical data in a frequency table

Thirty students were asked to pick their favourite time of day between the following categories:

Morning (M), Early afternoon (A), Late afternoon (L), Evening (E)

The following data was collected:
AELEMLEAEMELEALMEELMEAEMLLEE, A E

Represent the data in a frequency table.

THINK WRITE
1. Create a frequency table to capture the data. Time of day Tally Frequency
Morning

Early afternoon

Late afternoon

Evening
2. Go through the data, filling in the tally column  [pjme of day Tally Frequency
as you progress. Sum the tally columns to -
complete the frequency column. Morning M S
Early afternoon M 5
Late afternoon MH 7

Evening J,H’f J/H’ﬂ I 13

1.3.2 Bar charts

Bar charts (also known as bar graphs) are a way of displaying categorical data. Bar charts have a gap between
bars. The categories are shown along the horizontal axis, which relates to the first column of a frequency

table. The frequency is shown on the vertical axis, which displays the values from the frequency column of a
frequency table.
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Here is a bar chart based on the data that was collected regarding students’ favourite colours:

A
5

4 -

3_

2_

ii8 B B B

0 >
Q&b & @

<
&

Frequency

&S

Favourite colour

Bar charts display a lot of information. We need to know how to interpret and summarise this information. When
describing a bar chart, the important features are: how the information was collected, the number of data points
(found by adding the value of each column), the categories and the most/least common item(s).

Here is a description of the bar chart above:

The number of data points
found by adding columns:
4+3+2+1=10

How the information
was collected

In a survey, 10 people were asked ‘what is your favourite colour?’ 4—‘

The options were: red, blue, yellow and purple.
The most common answer was red, with 4. The least common answer was purple with 1.

The most/least
common items

WORKED EXAMPLE 6 Displaying and describing data in a bar chart
tlvd-3689

Students from a particular school were surveyed to find out what sport they participated in on the
weekend. The results are summarised in the frequency table shown.

The categories

Sport Frequency
Tennis 40
Swimming 30
Cricket 60
Basketball 50
No sport 70

a. Display the data in a bar chart.
b. Describe the information in the bar chart.
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THINK WRITE
a. 1. Choose an appropriate scale for the bar chart. a. A
As the frequencies go up to 70 and all of the 707
values are multiples of 10, we will mark 7 60
our intervals in 10s. Display the different g =
. . . 2, 40
categories along the horizontal axis. g -
E
20
10
0 > X Q & >
& 7 ¥ D
> W S 0
& é‘é\ & %&x QO%Q
%4‘ i
Sport played
2. Draw bars to represent the frequency of A
each category, making sure there are spaces 70 ]
between the bars. - 60 ]
& 50
Q
% 40
& 30
20
10
T @ s &
& (&0’ & & K
R (@) %e, éo
Gﬁ S
Sport played
b. The important things to describe are: b. Students from a particular school were
¢ how the information was collected asked “What sport do you participate in on
e the number of data points, which is: the weekend?’” There were 250 students
40430+ 60+ 50 + 70 =250 surveyed. The options were: tennis, swimming,
e the categories cricket, basketball and no sport. The most
* the most/least common items, which are: no common answer was no sport with 70; the
sport with 70 and swimming with 30. least common was swimming with 30.
1.3.3 The mode
The mode of categorical data is the most common category. A
In a frequency table, the mode is the category with the highest . 5
frequency value. In a bar chart, the mode is the category with % 44
the highest bar. Identifying the mode is a type of data analysis. % 37
The mode can also be called the modal category. = ?_ |_|
It is possible to have more than one mode. 0 [ ] >
0@ \Q"ZJ 04& AL
. : <& ) S 8
Here is the bar chart from the data used previously. The mode <2 <
of the bar chart is red because it has the highest bar. Favourite colour
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WORKED EXAMPLE 7 Determining the mode

Using the bar chart from Worked Example 6, determine which

>

\

category is the mode. 70 —
60 —
>
2 50
L
THINK WRITE 2 40+
%)
The mode is the most popular category, The mode is & 307
so will have the highest value on the bar ‘No sport’. A
chart. The category with the highest value 18 | _
is ‘N t’. S N .
is ‘No spor @&\& 6&‘&% &0 @@Q} %o{‘
S & X
S "
Sport played
Resources

Interactivity Create a bar chart (int-6493)

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS @

1. IEEA Thirty students were asked to pick their favourite type of music from the following categories:
Pop (P), Rock (R), Classical (C), Folk (F), Electronic (E).
The following data was collected:
E,R,R,P,P,E.F,E,E,P,R,C,E,P,E,P,C,R,P,F,E,P,P,E,R,R,E,F,P,R

Represent the data in a frequency table.

2. A The preferred movie genre of 100 students is shown in the
following frequency table.

Favourite movie genre Frequency
Action 32
Comedy 19
Romance 13
Drama 15
Horror 7
Musical 4
Animation 10

a. Display the data in a bar chart.
b. Describe the information in the bar chart.
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3. The favourite pizza type of 60 students is shown in the following bar chart.

A
15

14+
13 1
12 1
11+
10+
9_
8_

Frequency

Display the data in a frequency table.

4. A group of students at a university were surveyed about their usual method of

Favourite pizza

travel, with the results shown in the following table.

Transport Transport

Student method Student method

A Bus N Car

B Walk (0] Bus

C Train P Car

D Bus Q Bus

E Car R Bicycle

F Bus S Car

G Walk T Train

H Bicycle U Bus

I Bus \'% Walk

J Car W Car

K Car X Train

L Train Y Bus

M Bicycle Z Bus

a. Determine the type of data being collected.
b. Organise the data into a frequency table.

c. Display the data as a bar chart.

d. Describe the information in the bar chart.
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5. In a telephone survey people were asked the question, ‘Do you agree that convicted criminals should be
required to serve their full sentence and not receive early parole?” They were required to respond with either
‘Yes’, ‘No’ or ‘Don’t care’ and the results are as follows.

Person Opinion Person Opinion
A Yes N Yes
B Yes 0] No
C Yes P No
D Yes Q Yes
E Don’t care R Yes
F No S Yes
G Don’t care T Yes
H Yes U No
I No \Y Yes
J No W Yes
K Yes X Don’t care
L No Y Yes
M Yes Z Yes

a. Organise the data into an appropriate table.
b. Display the data as a bar chart.
c. Identify the data as either nominal or ordinal. Explain your answer.

6. Twenty-five students were asked to pick their favourite type of animal to keep as a pet. The following
data was collected.

Dog, Cat, Cat, Rabbit, Dog, Guinea pig, Dog, Cat, Cat, Rat, Rabbit, Ferret, Dog, Guinea pig, Cat, Rabbit,
Rat, Dog, Dog, Rabbit, Cat, Cat, Guinea pig, Cat, Dog

a. Represent the data in a frequency table.
b. Draw a bar chart to represent the data.
c. Determine which category is the mode of the data.

7. The different types of coffee sold at a café in one hour are displayed in the following bar chart.
A

20

18
16
14
12+
10+

Frequency

S
LY
N

o~
@‘b’

N s @ N @
@%% & & & 43&\
<N & - & >
Q‘b‘g \)0 Q\
Type of coffee

a. Determine the modal category of the coffees sold.
b. Calculate how many coffees were sold in that hour.
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8. The result of an opinion survey are displayed in the bar chart.

A
45
40 —
354
o~
g 30 -
-]
% 25
£ 20
154
10
5 ] H
0 & & & & &
& & W &S
SR s
& Q?
o &
%'6
Opinion

a. Determine the type of data being displayed.
b. Explain what is wrong with the current data display.
c. Redraw the bar chart displaying the data correctly.

9. Exam results for a group of students are shown in the following table.

Student Result Student Result Student Result Student Result
1 A 6 C 11 B 16 C
2 B 7 C 12 C 17 A
3 D 8 C 13 C 18 C
4 E 9 E 14 C 19 D
5 A 10 D 15 D 20 E

a. Display the exam result data in a frequency table.
b. Display the data in a bar chart.
c. Determine the type of data collected.

10. The number of properties sold in the capital cities of Australia for a particular time period is shown in the
following table.

Number of bedrooms
City 2 3 4 5
Adelaide 8 12 5 4
Brisbane 15 11 8 6
Canberra 8 12 9 2
Hobart 3 9 5 1
Melbourne 16 18 12 11
Sydney 23 19 15 9
Perth 7 9 12 3

Use the given information to create a bar chart that represents the number of bedrooms of properties sold in
the capital cities during this time period.
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11. The maximum daily temperatures (°C) in Adelaide during a 15-day period in February are listed in the

following table.

Day 1 2 3 4 5 6 7 8 9 | 10 | 11 | 12 | 13 | 14 | 15
Temp (°C) | 31 | 32 | 40 | 42 | 32 | 34 | 41 | 29 | 25 | 33 | 34 | 24 | 22 | 24 | 30
Temperatures greater than or equal to 39 °C are considered above average and those less than 25 °C are
considered below average.
a. Organise the data into three categories and display the results in a frequency table.
b. Display the organised data in a bar chart.
c. Determine the type of data displayed in your bar chart.
12. The frequency table shown displays the different categories of purchases in a shopping basket.
Category Frequency
Fruit 6
Vegetables 8
Frozen goods 5
Packaged goods 11
Toiletries 3
Other 7
a. Calculate how many items were purchased in total.
b. Calculate the percentage of the total purchases that were fruit.
13. Data for the main area of education and study for a selected group of people aged 15 to 64 during a
particular year in Australia is shown in the following table.
Number of people (thousands)
Main area of education and study 15-19 20-24 25-34 35-44 45-64
Agriculture 10 9 14 5 5
Creative arts 36 51 20 10 9
Engineering 59 75 50 13 6
Health 44 76 64 32 32
Management and commerce 71 155 135 86 65
a. Create separate bar charts for each age group to represent the data.
b. State the modal age category for Health.
14. The bar chart shown represents the ages of attendees at a local A
sporting event. 201
a. Represent the data in a frequency table. 12: [ ]
b. Determine the modal category. o 144 —
c. The age groups are changed to ‘Under 20°, ‘20-39°, g 12 ] L
‘40-59’ and ‘60+’. Redraw the bar chart with these new % 10
categories. = g
d. Determine whether this changes the modal category. 6
44
5
S © © 9 o &
s & Qf’ S
RS
Age (years)
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1.3 Exam questions

@ Question 1 (1 mark)
Source: VCE 2012, Further Mathematics Exam 1, Section A, Q1; © VCAA.

A The following bar chart shows the distribution of wind directions recorded at a weather station at
9.00 am on each of 214 days in 2011.

N
W

n=214

N
(=]

(98]
W

(98]
(=]

N
W

frequency

[\
(]

—
w

—_
w O

o

north north-east east south-east south south-west west north-west

wind direction

According to the bar chart, the most frequently observed wind direction was
A. south-east. B. south. C. south-west. D. west. E. north-west.

@ Question 2 (1 mark)
Source: VCE 2012, Further Mathematics Exam 1, Section A, Q2; © VCAA.

T The following bar chart shows the distribution of wind directions recorded at a weather station at
9.00 am on each of 214 days in 2011.

N
W

N
(]

(98]
W
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wn O

frequency

[\e]
(e
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wn O W
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north north-east east south-east south south-west west north-west

wind direction

According to the bar chart, the percentage of the 214 days on which the wind direction was observed to be east
or south-east is closest to
A. 10% B. 16% C. 25% D. 33% E. 35%
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Question 3 (1 mark)

I For the bar chart shown, determine which of the following

. oy

statements is false. 25
A. There are five families with zero children. 20

B. There are zero families with five children. 15

C. There are more families with three children than there are 10
families with four children. 5 |_| |_| |—|
D. The modal number of children is two. T T T T T |

E. There are ten families with four children. 0 ! 2 . 3 . 4 .
Number of children in family

Number of families

<Y

More exam questions are available online.

1.4 Numerical data distributions — frequency tables
and histograms

LEARNING INTENTION

At the end of this subtopic you should be able to:
e display and describe numerical data distributions using frequency tables and histograms.

1.4.1 Frequency tables — grouped data

A frequency table can be used to organise raw numerical data. This is usually done by grouping the data — the
mathematical name for these groups is intervals. To group data, first the size of the interval must be chosen. The
size of the interval can also be called interval width or class size. Generally, aim to have a class size that gives
between five and ten different intervals.

When writing intervals, first write the bottom value, then a dash, then the less than symbol (<), and then the top
value of the group. For example:

10 -<15

This interval starts at 10 and goes up to 15, not including 15; this interval has a class size of 5.

Note that it is possible to have a frequency table for ungrouped numerical data if there are a small number of
numerical values.

WORKED EXAMPLE 8 Representing numerical data in a frequency table

The following data represents the time (in seconds) it takes for each individual in a group of
20 students to run 100 m.

18.2, 20.1, 15.6, 13.5, 16.7, 15.9, 19.3, 22.5, 18.4, 15.9
12.4, 14.1, 17.7, 19.4, 21.0, 20.4, 18.2, 15.8, 16.1, 14.6

Group and display the data in a frequency table.

THINK WRITE
1. Identify the smallest and largest values in the ~ Smallest value = 12.4
data set. This will help you choose your class  Largest value =22.5
size and decide what the first class should be. =~ We will have class intervals of 2, starting with
12— < 14.
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2. Draw a frequency table to represent the data.
Complete the tally column in your table and
use this to fill in the frequency column.

Time (seconds) Tally Frequency
12—-< 14 (| 2
14-<16 I 6
16— < 18 [| 3

18— <20 i 5

3
1

20— <22 Il
22— <24 |

1.4.2 Histograms
There are several ways to display numerical data. The first one we will look at is the histogram.

Histograms are similar to bar charts, but have two important differences: in histograms the columns touch each
other to represent that there are no gaps in the data, and the categories along the horizontal axis are intervals (or
groups) of values. For example:

A

Columns touch —_] This column
\ represents

values 60—-<70

These are

intervals (or
I V4
groups) of data ™S | p——

0 10 20 30 40 50 60 70 80 90

Histograms can be used to display continuous data that has been organised into groups (intervals) with the height
of each column showing the frequency of that interval.

On a histogram, the mode is the tallest column. It is possible to display a histogram using a CAS calculator. See
the worked example below.

WORKED EXAMPLE 9 Drawing a histogram

The following frequency table represents the heights of players in a basketball squad.

Height (cm) | 175— <180 | 180— <185 | 185— <190 | 190— <195 | 195— <200 | 200— <205
Frequency 1 3 6 3 1 1

Draw a histogram to represent this data.
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THINK
1. Look at the data range and use the leading

values from each interval in the table for the
scale of the horizontal axis.

WRITE

The height data in the table has intervals starting from
175 cm and increasing by 5 cm.

Heights of a basketball squad

A
7 —
6 —
g
5°]
= 4
2 —
1 —
0 T T T T T T >
175 180 185 190 195 200 205
Height (cm)
2. Draw rectangles for each interval to the height Heights of a basketball squad
of the frequency indicated by the data in the A
table. 7
6 —
g
527
£ 4]
2 3
=
2 —
1 — I_
. T ! ! >
0 175 180 185 190 195 200 205
Height (cm)
TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE
1. Ina Lists & Spreadsheet 1. On a Statistics screen, © et Cale Sutrash @
page, label the first column relabel list 1 as height and  [asle-l 5[ TE =R
. height  jfreq list 3 .
as height and the second = list 2 as freq. Al AaE | -2 '
column as freq. Enter the 177.5 1 Enter the midpoint of il s 3
197. 5
midpoint of each height 182.5 : each height interval in Rt —|
interval in the first column &5 & the first column and the -.E
and the frequencies in the 2 1925 2 frequencies in the second b
13
second column. L ! . column. "
i
18
13
Tl _
[ 7=
ODeg  Auto  Standard [}
2. Press MENU, then select: 2. Select:
3: Data A helght  E frea o = L4 SetGraph 112|3]4|5(6|7]8]8
8: Summary Plot = Summary Plot 3 e Setting... s - i
you! Histogram [*
Complete the fields as: s Complete the fields as: Mat | minveit v
X List: height 2 ’ Draw: On Fre [ —
Summary List: freq 5 — 2 Type: HistogramXList:
Display On: New Page & el i main\height
then select OK. L - T Freq: main\freq _
then select Set. l — N
13
LT
Deg  Auto  Standard -
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3. On the Summary Plot page, 3. Press the y icon. Complete [& i cor sewomt «

press MENU, then select: the fields as:
2: Plot Properties HStart: 175
2: Histogram Properties HStep: 5

2: Bin Settings then select OK.
1: Equal Bin Width
Complete the fields as:

00
Width: 5 176 180 184 188 192 196 200 20¢ i
2] height 1

Alignment: 175 - b
then select OK. »

—Cal| d

2] > |

[ 7= l |

Oeg Auto  Standard -
4. The histogram is displayed 4. The histogram is displayed [ e wmis ot + %

on the screen. on the screen.

0.0
176 180 184 188 192 196 200 20¢
) height

Resources

Interactivity Create a histogram (int-6494)

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS @

1. IEA The following data represents the time (in seconds)
it takes for each individual in a group of 20 students to
swim 50 m.

48.5, 54.1, 63.0, 39.7, 51.3, 57.7, 68.4, 59.4, 37.5, 41.8,
72.3, 56.3, 45.4, 39.2, 60.3, 56.6, 48.1, 42.9, 53.3, 64.1

Group and display the data in a frequency table.
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2. The following data set indicates the time, in seconds, it takes for a tram to travel between two stops on

20 weekday mornings.

95, 112, 99, 91, 105, 110, 97, 122, 108, 101,
95, 89, 100, 115, 124, 98, 87, 111, 115, 106

a. Group and display the data in a frequency table with intervals of width 10 seconds.
b. Group and display the data in a frequency table with intervals of width 5 seconds.

3. A Draw histograms to represent the following data sets.

a. The cholesterol levels measured for a group of people

Cholesterol level (mmol/L) 1-<25 2.5-<40 4.0-<5.5 55-<7.0 7.0-<8.5
Frequency 2 8 12 14 10

b. The distances travelled to school by a group of students
Distance travelled (km) 0-<22 2-<4 4—-<6 6—<8 8—<10
Frequency 18 26 14 8 2

4. Organise each of the following data sets into a frequency table using intervals of 5, commencing from the

lowest value. Then draw a histogram to represent the data.

a. 5,7, 14, 17, 13, 24, 22, 15, 12, 26, 17, 15, 14, 13, 15, 7, 8, 13, 17, 24,

b.

22,17,13, 20, 12, 15, 23, 20, 17, 15, 17, 16, 20, 23, 15, 16, 18, 17, 14, 15

34, 28, 45, 46, 13, 24, 11, 33, 41, 35, 16, 15, 35, 13, 14, 28, 27, 22, 36, 31,
11, 18, 24, 20, 12, 15, 41, 50, 27, 13, 14, 16, 20, 23, 31, 26, 25, 27, 34, 35

5. A group of 40 workers were surveyed on their average hours worked per week. The results were:

36, 40, 42, 40, 34, 33, 38, 36, 43, 39, 35, 36, 22,
39, 37,37, 40, 38, 25, 27, 41, 34, 33, 28, 36, 25,
37, 39, 35,36, 36, 37, 28, 42, 39, 40, 33, 35, 37, 38

a. Display the data in a frequency table using intervals of 5 commencing from 20 hours.
b. Use the frequency table to draw a histogram of the data.

6. Il This is a histogram about the ages J

of people who visited an ice-cream 9
shop over a two-hour period. Determine 8
7 —

which of the following is false.

A. A total of 46 people visited during
B.

C.

. A total of 11 people under 30 visited

Frequency
~ L0

the two-hour period
The most common age group was
40— <50

N W
| |

No-one who visited was over 90 1 -
years old. 0

R

10 20 30 40 50 60

Ages of people (years)

70 80

during the two-hour period.

. More than one person who visited

was over 80 years old.
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7. Students in Year 11 at Braybrae High School were asked how many hours they worked in the previous week.
The results are shown in the histogram.

30

25

20

15

Frequency

10

5_

‘_II'

0 5 100 15 20 25

Hours worked (hours)

a. Determine the most common response.
b. Draw a frequency table representing this data.
c. Calculate the total number of students surveyed.

8. Explain which set of data the following histogram could represent. There may be more than one answer.

A
3
>
2 21
D
=
=2
e
=
1_
O -
4 8 12 16
Dataset 1: 0, 1, 2, 4, 6,9, 13, 14
Dataset2:1, 3,4,5,7,9, 10, 13, 14
Dataset3: 1, 2, 3,5,6, 11, 13, 15

1.4 Exam questions

Question 1 (1 mark)
A group of 28 students had their heights recorded. See the data set below.

123 125 126 | 124 | 111 135 147 | 125 128 | 123 126 | 128 124 | 124
120 | 122 | 125 | 123 110 | 130 | 140 | 127 | 128 | 123 120 | 149 | 125 | 127

Construct a frequency table using a suitable class interval.
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Question 2 (1 mark)

A group of 28 students had their heights recorded. See the data set below.

123 125 126 | 124 | 111 135 147 125 128 123 126 | 128 124 | 124
120 | 122 | 125 123 110 | 130 | 140 | 127 | 128 123 120 | 149 | 125 127

Construct a histogram to represent these results.

Question 3 (3 marks)
The average number of hours worked each week was surveyed and a frequency table drawn up.

Hours Frequency

0— 20

10— 24

20— 35

30— 46

40— 64

50— 18

60—

70—
a. State the number of workers surveyed. (1 mark)
b. Draw a histogram to show the information. (1 mark)
c. Determine the mode of the number of hours worked each week. (1 mark)

More exam questions are available online.

1.5 Numerical data distributions — dot plots and
stem plots

LEARNING INTENTION

At the end of this subtopic you should be able to:
e display and describe numerical data distributions using stem plots, back-to-back stem plots and dot
plots, and choose between plots according to context and purpose.

1.5.1 Stem plots

A stem plot is a way of displaying numerical data. Another name for stem plots is stem-
and-leaf plots. In stem plots, raw data is organised by collecting all the numbers with the

same stem and writing the leaves in order. Stem plots have a key. This is used to translate Key: 1]4=14
the stem and leaf into the number it represents. For example, Key: 1|4 = 14 means that Stem | Leaf
the stem is the tens value and the leaf is the unit (or ones) value. i* 4
If a stem value has a * it represents the second half of that stem. For example, in this ) ; ; Z 4
stem plot the stem 1 contains values from 10 to 14 and the stem 1* contains values from 2 | 68
15 to 19. When drawing a stem plot, if there are 4 or less place values it is sensible to

lit stems into first and second half using a *. 3013
P 3% (569
The stem values are ordered with lowest value at the top. The leaf values are in order on 4 10

each line, with lowest value closest to the stem.
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WORKED EXAMPLE 10 Drawing a stem plot

The following data set (of 31 values) shows the maximum daily temperature during the month of
January in a particular area.
26, 22, 24, 26, 28, 28, 27, 42, 25, 25, 29, 31, 23, 33, 34, 27,
39, 44, 35, 34, 27, 30, 36, 30, 30, 28, 33, 23, 24, 34, 37

Draw a stem plot to represent the data.

THINK WRITE
1. Identify the place values for the data. If there are 4 or less The temperature data has values in the
different place values, split each into two. 20s, 30s and 40s.
2. Write the units for each stem place value in numerical Stem | Leaf
order, with the smallest values closest to the stem. Make 2
sure to keep consecutive numbers level as they move away 5
from the stem. Remember to add a key to your plot. 3
3*
4

Key:2|2=22°C
Stem | Leaf
2 | 23344
2% | 55667778889
3 000133444

3% 1 5679

4 |24
1.5.2 Back-to-back stem plots
A back-to-back stem plot is a way of displaying two sets of numerical data. Key:1|4=14
Another name for back-to-back stem plots is back-to-back stem-and-leaf plots. Leaf | Stem | Leaf
Back-to-back stem plots are similar to stem plots; the main difference is an extra 32 1 4
leaf column on the left-hand side. The leaf values are again in order on each line, 9866 1* 779
with lowest value closest to the stem. 4210 | 2 2344

76 | 2% |68

4211 3 |013
65| 3* | 569
4 |o

WORKED EXAMPLE 11 Drawing a back-to-back stem plot

The following data sets show the heights of players on two basketball teams: Redbacks and Cobras.
Redbacks: 172, 173, 175, 176, 181, 185, 190, 193
Cobras: 169, 174, 174, 175, 178, 180, 189, 194
Draw a back-to-back stem plot to represent the data.

THINK WRITE
1. Identify the place values for the data. If there The height values are in the 160s, 170s, 180s
are 4 or less different place values, split each and 190s.
into two. >
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2. Draw a stem column in the middle and the Redbacks Cobras

leaf columns on either side. Write the units for Leaf | Stem | Leaf
each leaf place value in numerical order, with 16%
the smallest values closest to the stem. Make 17

sure to keep consecutive numbers level as they

17*
move away from the stem.
Remember to add a key to your plot. 18
18*
19

Key 17|]1 = 171cm

Redbacks Cobras
Leaf | Stem | Leaf
16* | 9

32| 17 44
65| 17 |58

1| 18 0
S| 18 |9
30| 19 4

1.5.3 Dot plots

Dot plots are another way of organising numerical data. Dot plots are similar to
bar charts and histograms as they display the categories along a horizontal axis.
However, dot plots do not have a vertical axis.

In dot plots, each piece of data is represented by one dot. Frequency can be read
off a dot plot by counting the number of the dots.

Y

— - & 0 0
N e e
W © e o 0 0 0 o
~—1 o o 0 06 0 0O
w4 o e e

For example, this dot plot shows that the category ‘5’ has a frequency of 3.

WORKED EXAMPLE 12 Drawing a dot plot

The frequency table shows the number of floors in apartment buildings in a particular area.
Draw a dot plot to represent the data.

Number of floors Frequency
2 2
3 5
4 3
5 0
6 4
7 2
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THINK
1. Draw a horizontal scale using the discrete data values shown.

WRITE

The discrete data values are given by
the number of floors.

< >
Ll T T T T =

2 3 4 5 6 7
Number of floors

2. Place one dot directly above the number on the scale for
each discrete data value present, making sure to keep
corresponding dots at the same level.

T
5

Number of floors

N—qe0

w- 00000
~ 1000
aN-{ee00
N 060

1.5.4 Choosing between plots

For a single set of data there are many choices of plots. The table shown summarises the different types of data
and options for displays for each type.

Bar chart Histogram Stem plot Dot plot
. Nominal v v
Categorical -
Ordinal v v
. Discrete v v v
Numerical -
Continuous v v

Note that bar charts can sometimes be used for numerical data, but this is not the preferred choice of plot. The
grouped data can be classified as ordinal or continuous depending on the situation.

When deciding which plot to choose, the context and purpose must also be considered.

For example, a data set with high values may be difficult to display in a stem plot, so a histogram would be
better. Another example is a data set with many discrete values; this would be difficult to show on a dot plot,
so a stem plot or histogram would be better.

WORKED EXAMPLE 13 Choosing how to display data

For the following sets of data, choose an appropriate type of data display from bar chart, histogram,
stem plot, back-to-back stem plot and dot plot. Note that there may be more than one correct answer.
a. The results of a survey about favourite type of sandwich in a class of 30 students

b. The sizes of 100 fish caught, grouped into 10 cm intervals

THINK WRITE

a. 1. The data is categorical, ordinal. The data display choices a. Bar chart (dot plot is also correct).
are bar chart or dot plot.

b. 1. The data is numerical, continuous and it is grouped. The b. Histogram (stem plot is also correct).
data display choices are stem plot or histogram.
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Resources

Interactivities Stem plots (int-6242)
Create stem plots (int-6495)
Dot plots, frequency tables and histograms, and bar charts (int-6243)

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS C)

1. IIEI Draw a stem plot for each of the following data sets.

a. The dollars spent per day on lunch by 15 people:
22,21, 22, 24, 19, 22, 24, 21, 22, 23, 25, 26, 22, 23, 22

b. The number of hours spent per week playing computer games by a group of 20 students at a particular

school:
14, 21, 25, 7, 25, 20, 21, 14, 21, 20, 6, 23, 26, 23, 17, 13, 9, 24, 17, 24

2. IlZEM Draw a back-to-back stem plot for each of the following data sets.

a. The number of passengers per day transported by a taxi driver:
March: 33, 27, 44, 47, 23, 24, 22, 35, 42, 36, 17, 25, 34, 13, 15, 27, 28, 23, 37, 34
April: 22, 27, 23, 20, 12, 15, 43, 30, 27, 15, 27, 36, 20, 23, 35, 36, 28, 17, 14
b. The number of patients per day treated by two doctors.
Dr. Hammond: 44, 38, 55, 56, 23, 34, 31, 43, 51, 45, 26, 25, 45, 23, 24, 38, 37,32, 46, 41
Dr. Valenski: 21, 28, 34, 30, 22, 25, 51, 60, 17, 23, 24, 26, 30, 33, 41, 26, 35, 17, 24, 25

3. The following set of data indicates the number of people who
attend early morning fitness classes run by a business for its

workers:
14, 17, 13, 8, 16, 21, 25, 16, 19, 17, 21, 8, 13

Display the data as a stem plot.
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4. The total number of games played by the players from two basketball squads is shown in the following stem
plots.

Key: 0| 1 =1 game played

Stem | Leaf Key: 2 | 4 =24 games played
011 Stem | Leaf
1|47 214
2| 448 31126
313356 4| 345
41123 512
5111 6
6|5 7
7 81257
8 913
911

Draw a stem plot that combines the data for the two teams.

5. IlIIEHA Draw a dot plot to represent each of the following collections
of data.

a. The number of wickets per game taken by a bowler in a cricket

season
Number of wickets Frequency

0 4

1 6

2 4

3 2

4 1

5 1

b. The number of hours per week spent checking emails by a group of
workers at a particular company

Hours checking emails Frequency —
1 1 -

AN DN | B~ W[
Ao &0~

6. Draw dot plots to represent the following collections of data.
a. The scores per round of a golfer over a particular time period (40 values):
73, 71,74, 71, 73, 74, 72, 75, 712, 76, 77, 15, 14, 713, 15, 717, 18, 13, 17, 74,
72,77, 73, 70, 72, 75, 73, 70, 77, 75, 717, 76, 70, 73, 75, 76, 78, 77, 74, 75
b. The scores out of 10 in a multiple-choice test for a group of students (30 values):
6,7, 4,7,3,7, 7,5, 7, 6,
7,5, 1,3,5, 7,8, 3, 7, 4,
9,5,4,6,7 9,10, 5, 7, 4

El
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7. A group of 26 students received the following marks on a test:
6,4,3,8,6,9 5 6,9,7,7,8,5,
7,4,3,8,6,5 7,9 5 6,6, 7,8
Display the data as a dot plot.

8. IlIIZEH For the following sets of data, choose an appropriate type of data display from bar chart, histogram,
stem plot, back-to-back stem plot and dot plot. Note that there may be more than one correct answer.

a. The weights of 200 apples at a fruit store, grouped into 10 g intervals
b. The results of an online poll asking ‘How was your day?” with the options: terrible, fine, great

9. Name the best type of data display for the results of a survey about number of pets in a class of 24 students.
10. Consider the set of data in the stem plot shown.

Key: 0|1 =1

Stem | Leaf
01
11111446678
213344779

a. Instead of grouping the data in 10s, the stems could be split in half to use groups of 5. The data values
from 10 to 14 would be placed in a column labelled ‘1°, and data values from 15 to 19 would be put in the
column labelled ‘1*’.

Use the data from the original stem plot to create the split stem plot.
b. Comment on the effect of splitting the stem for the data in this question.

1.5 Exam questions

Question 1 (1 mark)
Source: VCE 2020, Further Mathematics Exam 2, Section A, Q2; © VCAA.

The neck size, in centimetres, of 250 men was recorded and displayed in the dot plot below.

n =250

T cl) cl) % T T T T T T T T % ? T
30 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45
neck size (cm)

Data: RW Johnson, ‘Fitting percentage of body fat to
simple body measurements’, Journal of Statistics
Education, 4:1, 1996,
<https://doi.org/10.1080/10691898.1996.11910505>

Write down the modal neck size, in centimetres, for these 250 men.
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Question 2 (2 marks)
Source: VCE 2019, Further Mathematics Exam 2, Section A, Q1; © VCAA.

Table 1 shows the day number and the minimum temperature, in degrees Celsius, for 15 consecutive days in

May 2017.
Table 1
Day number Minimum temperature (°C)
1 12.7
2 11.8
3 10.7
4 9.0
5 6.0
6 7.0
7 4.1
8 4.8
9 9.2
10 6.7
11 7.5
12 8.0
13 8.6
14 9.8
15 7.7

Data: Australian Government, Bureau of Meteorology, <www.bom.gov.au/>

a. Which of the two variables in this data set is an ordinal variable?

(1 mark)

b. The incomplete ordered stem plot below has been constructed using the data values for days 1 to 10.

key:4[1=4.1 n=15
Minimum temperature (°C)

4118
5
6107
710
8
9102
10 | 7
118
12 |7

Complete the stem plot above by adding the data values for days 11 to 15.

(Answer on the stem plot above.)

Question 3 (1 mark)
Source: VCE 2016, Further Mathematics Exam 1, Section A, Q3; © VCAA

T The stem plot below displays 30 temperatures recorded at a weather
station.

The modal temperature is

A. 2.8°C B. 2.9°C
c.3.7°C D. 8.0°C
E. 9.0°C

More exam questions are available online.

(1 mark)
Key: 2]2=2.2°C
Temperature
212244
2578888889999
311233444
31567777
411
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1.6 Characteristics of numerical data distributions

LEARNING INTENTIONS

At the end of this subtopic you should be able to:
e display and describe numerical data distributions using histograms.

1.6.1 Describing distributions

A number of key features should be included in any description  y,
of a distribution. These key features are: modality, outliers and ] ]
shape.

The modality of a graph refers to the mode or most common
value. A graph may have one mode, two modes (called bimodal)
or many modes (called multimodal).

Bimodal

An outlier is a data point that has a very different value compared
to the rest of the data. It is important to recognise outliers because
sometimes these need to be removed from data before doing any

analysis to avoid misleading results. Outlier

YA

The shape of a distribution is generally either symmetrical,
positively skewed or negatively skewed.

o)

YA Y YA

=Y
=Y
=Y

Symmetrical Positively skewed Negatively skewed

For a symmetrical graph, the data sits evenly (relatively) to the left and the right of the centre; for a positively
skewed graph, more data sits to the left; and for a negatively skewed graph, more data sits to the right. We will
study shape in more detail in later.

Characteristics of numerical data distributions

To describe distributions, the following characteristics should be used:
¢ modality — include the mode and type of modality
e outlier — if there are any outliers, include the value
e shape — symmetrical, positively skewed or negatively skewed.
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There are other characteristics of numerical data distributions, such as mean, median, range, interquartile range
and standard deviation. We will look at these in later subtopics.

WORKED EXAMPLE 14 Describing numerical distributions

Describe the distribution of the data shown in the following histogram.

YA
5 —
4
3 -
2 —
1 —
0 T T T T T !_ll >
1 2 3 4 5 6 7 8 9 10 11 12 13
THINK WRITE
1. Look for the mode and comment on its value. The distribution has one mode with data
values most frequently in the 2 <x <3
interval.
2. Identify the presence of any potential outliers. There is one potential outlier in the
interval between 12 and 13.
3. Describe the shape in terms of symmetry or If we include the outlier, the data set
skewness. can be described as positively skewed

as it is clustered to the left. If we don’t
include the outlier, the distribution
can be considered to be approximately
symmetrical.

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS C)

1. IIZZH Describe the numerical distributions shown by the following histograms.

a. y, — b.y“

>
0 5 1015202530 35 40 45 *

>
I T T I 7

0EPPROP ISP
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2. Describe the distribution of the following data sets after drawing histograms with intervals of 10,
commencing with the smallest values.

a. 105, 70, 140, 127, 132, 124, 122, 125, 123, 126, 107, 105, 104, 113, 125, 70, 88, 103, 107,
124, 122, 76, 103, 120, 112, 115, 123, 120, 117, 115, 107, 106, 120, 123, 115, 74, 128, 119

b. 4, 18, 35, 26, 12, 25, 21, 34, 43, 37, 6, 25, 25, 23, 34, 38, 37, 22, 36, 31,
21, 28, 34, 30, 32, 25, 31, 40, 37, 33, 24, 26, 10, 13, 21, 36, 35, 37, 24, 25

3. A group of people were surveyed about the number of pets they
owned.

a. Complete the following table.

Number of pets Frequency Percentage
0-1
2-3 30%
4-5
More than 5 2 5%
Total 100%

b. Describe the type of data collected in the survey.
c. Calculate how many people were surveyed.

d. Display the data in an appropriate graph.

e. Describe the distribution.

4. The waiting time for patients to receive treatment in a hospital emergency department is shown in the
following histogram.

45
40
35
30
25
20
15
10

Number of patients (%)

>

0 30 60 90 120 150
Time spent waiting

a. According to the histogram, determine the percentage of patients who had to wait more than 90 minutes.
b. Determine the percentage of patients who received treatment in less than one hour.
c. Describe the distribution.

5. The systolic blood pressure readings for a group of 38 adults are listed below.
118, 125, 130, 122, 123, 128, 135, 128, 117, 121, 123, 126, 129,
142, 144, 148, 146, 122, 123, 118, 148, 126, 126, 144, 139, 147,
144, 142, 118, 124, 122, 145, 144, 143, 124, 125, 140, 119
a. Use the data to draw a histogram with intervals starting at 115 and increasing by 10.
b. Describe the distribution shown in the histogram.
c. Now use the data to draw a histogram with intervals starting at 115 and increasing
by 3.
d. Describe how the second histogram is different from the first.
e. Describe what the second histogram might be demonstrating about this data.
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6. The average price of a litre of petrol on 20 days during a three-month period is as shown.

$1.67, $1.77, $1.61, $1.78, $1.73, $ 1.56, $1.66, $1.63, $1.82, $1.72,
$1.75, $1.56, $1.63, $1.71, $1.70, $ 1.45, $1.40, $1.78, $1.68, $1.72

a. Use the data to draw a histogram with intervals starting at $1.40 and increasing by amounts of 5 cents.
b. Now use the data to draw a histogram with intervals starting at $1.40 and increasing by 10 cents.
c. Describe each display and comment on the differences.

7. The heights in centimetres of a sample of AFL footballers are
shown below.
183, 182, 196, 175, 198, 186, 195, 184, 181,
193, 174, 181, 177, 194, 202, 196, 200, 176,
178, 188, 199, 204, 192, 193, 191, 183, 174,
187, 184, 176, 194, 195, 188, 180, 189, 191,
196, 189, 181, 181, 183, 185, 184, 185, 208

a. Use CAS to display the data as a histogram using:

i. intervals of 5 commencing with the smallest data value
ii. intervals of 10 commencing with the smallest data value
iii. intervals of 15 commencing with the smallest data value.
b. Describe each display and comment on the effect of changing the size of the intervals.

8. The average maximum temperature (in °C) in Victoria for 1993-2012 is shown in the following table.

Year 1993 1994 1995 1996 1997 1998 1999 2000 2001 2002
Temp. | 22.3 22.6 21.8 22.1 224 22.7 22.1 22.7 23.1 23.1
Year 2003 2004 2005 2006 | 2007 2008 2009 2010 2011 2012
Temp. | 22.7 234 234 23.1 22.7 22.1 22.9 22.6 22.6 22.7

Use CAS to display the data for the period 1993-2012 as a histogram using intervals of 0.4 °C commencing
with the data value 20 °C. Describe the shape of the distribution.

1.6 Exam questions

Question 1 (1 mark)
Source: VCE 2019, Further Mathematics Exam 1, Section A, Q2; © VCAA.
T The histogram below shows the distribution of the population size of 48 countries in 2018.
The shape of this 25
histogram is best
described as
A. positively skewed
with no outliers.
B. positively skewed 15
with outliers.

20

frequency
C. approximately "
symmetric.
D. negatively skewed
with no outliers. 5
E. negatively skewed
with outliers. 0 | I

T T r 1 1 1 T T r 17T
0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150
population size (millions)
Data: Worldometers, <www.worldometers.info/>
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Question 2 (1 mark)

A Describe the shape of the distribution of the data in the graph. y) —
A. Symmetrical
B. Positively skewed
C. Negatively skewed
D. Bimodal
E. Negatively skewed with an outlier

<Y

Question 3 (1 mark)

I Describe the shape of the distribution of the data in the graph. R -
A. Symmetrical
B. Positively skewed
C. Negatively skewed
D. Bimodal
E. Positively skewed with an outlier

HHDX

More exam questions are available online.

1.7 Summarising numerical data — mean and median

LEARNING INTENTION

At the end of this subtopic you should be able to:
e summarise numerical data distributions by calculating mean and median.

1.7.1 The mean

One way to make raw numerical data more useful is to summarise the data. One tool we can use for
summarising data is the mean.

The mean (also known as the average) is one way of determining the centre of the data. To calculate the mean,
all the data values are added together and then divided by the number of data values.

Calculating the mean

sum of data values

X =
number of data values

_L*

(2

The symbol for mean is X, which is called x bar.
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The symbol u, which is called mu, can also represent mean.

The symbol ), which is called sigma, represents the sum, and the symbol n represents the number of data

values.

WORKED EXAMPLE 15 Calculating the mean of the data
tlvd-3691

Calculate the mean of the following data set, correct to 2 decimal places.
6, 3,4,5,7,7, 4, 8 5, 10, 6, 10, 9, 8, 3, 6, 5, 4

THINK WRITE
1. Calculate the sum of the data values. 6+3+4+54+7+7+4+84+5+104+6+104+9+
8+3+6+5+4=110

Sum of data values

2. Divide the sum by the number of data values. x =
Number of data values
_ 110
18
=6.111...
3. Write the answer. The mean of the data set is 6.11.
TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE
1. InaLists & Spreadsheet 1. On a Statistics screen, o et Gak SetGh v
page, label the first column relabel list 1 as x. S EERICIE
% list 2 list 3 |

=
C

as x. Enter the given data = i Enter the given data values
values in the first column. ' in the first column.

e JRELY L R L PN - )
sosumsDeSnnaganses)

2. In a Calculator page, press (g o i X] 2. Select:

MENU and select: B B c o i ® Calc
6: Statistics = ® One-Variable e T v
1: Stat Calculations 1 L L Complete the fields as: e [ [+
1: One-Variable Statistics... | ~* momottists: [1 F5 XList: main\x
When prompted, enter the ; N Freq: 1
number of lists as 1 and then | 2 then select OK.
select OK. H T z ey
Complete the fields as: e =
X1 List: x . 1;m-Varlahh Statistics - —c;:! ! o
Frequency List: 1 4 1 5 ] ﬁg:—_ >
then select OK. T - e =
81 me [ ]
7 oK Cancel |

B =
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3. The mean is displayed on the 3. The mean is displayed on
screen as X. Ax B - o the screen as x.
= =OneVar( T
5 e
3% 611111
4 %x 110.
4 5 Ix* 756.
5 7 sxi=sa... 221993 =
="One-Varable Smatistics L [T! m
. . 18 4
The mean is 6.11 (2 decimal 8 |
" Calw| I &
places). o =
I \3_!: l
Deg  Auto  Standard =}
The mean is 6.11 (2 decimal
places).

1.7.2 The median

Another tool we can use for summarising data is the median.

The median (also known as the middle value) is another way of determining the centre of the data. To calculate
the median, all the data values are placed in order. If there is an odd number of data values (n is odd), then the
median is the middle value. If there is an even number of data values (n is even), then the median is the average

of the two middle values.

Calculating the median

To determine the position of the median, use this rule:

1
Median = <%> th position

WORKED EXAMPLE 16 Calculating the median of the data

Calculate the median of the following data sets.
a5 3, 4,5, 7,7, 4, 8 5,10, 6, 10, 9, 8, 3, 6, 5, 4
b. 16, 3, 4, 5, 17, 27, 14, 18, 15, 10, 6, 10, 9, 8, 23, 26, 35

THINK WRITE
a. 1. Put the data set in order from a. 3,3,4,4,4,5,5,5,5,6,6,7,7,8, 8,9, 10, 10
lowest to highest.
2. Identify the data value in the There are 18 data values, so the median will be in position
1 1 1
(n-;— > th position. < 82+ > =9.5, or halfway between position 9 and

position 10.

3.3,4,4,4,5,5, 5,6, 7,7,8,8,9,10, 10

median = 5.5

3. Write the answer. The median of the data set is 5.5.
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b. 1. Put the data set in order from b. 3,4, 5,6, 8,9, 10, 10, 14, 15, 16, 17, 18, 23, 26, 27, 35

lowest to highest.
2. Identify the data value in the There are 17 data values, so the median will be in position
n+1 .. 17+ 1
th position. =9,
2 2

3. Write the answer.

3,4,5,6,8,9, 10, 10,15, 16, 17, 18, 23, 26, 27, 35

median = 14

The median of the data set is 14.

Tl | THINK

a. 1. In a Lists & Spreadsheet
page, label the first column
as x. Enter the given data
values in the first column.

2. In a Calculator page, press (g o mEX] 2. Select:

MENU and select:

6: Statistics

1: Stat Calculations

1: One-Variable
Statistics...

When prompted, enter the
number of lists as 1.
Complete the fields as: X1
List: x

Frequency List: 1

then select OK.

3. The median is displayed on
the screen as Median X.

DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE
a. 1. On a Statistics screen, relabel © £t Calc Seteragh &

list 1 as x. ba [ v [oa e Jes[m ] -

Enter the given data values in 1T ;IL“' . 7]
5 the first column. I
3 i 1
7 4
: oo
7 5 1 g
" 8|
g i« ¥ 15 3
1B ]
” 5
18 4

19|

R & c o : e Calc
. XL o v
= ® One-Variable B
One-Variable Statisti
1 e = Complete the fields as: N [+
2 nom or usts: [ P XList: main\x
3 oK Cancel Freq. 1
! 2 then select OK.
5 7 ¥
17 B e %] ==
Wl 4 |
13
13 Tl | L*
One-Variable Statistics - o] | [+ ]
] [ 19}
- List L] M Auto Standard -
1 Fre st ’
5 OK | Cancel
M &
O TRy | T median s displayed on the
o 7 - 3 & screen as Med. one-variable
= =OneVar( W s 4]
n =
dn 18, i\h]','"'l\ ;3 i ||
] 8 MinX 3. ‘(IJ‘J“ x E?o
3 5 Qi a. Moty =1 o
10 10 Medanx.| 55| = ]
3] 6 QX B. v
m ) s = | Cancel
18 4
The median is 5.5. _m" ! 1
- --I_ : | r—" i
[/ \3.!= l
Deg  Austo  Standard =

The median is 5.5.
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1.7.3 Choosing between the mean and the median

To decide whether to choose the mean or the median to describe a data set, two things need to be considered:
outliers and shape.

Outliers

If the data has outliers, the median is the better choice to measure the centre of the data. This is because outliers
have a strong influence on the mean but little to no effect on the median (unless there is more than one outlier).
Here is an example that shows the difference:

Data A (no outlier): 3, 4, 5, 6, 7, 8, 9
Data B (with an outlier): 3, 4, 5, 6, 7, 8, 90

Mean Median
3+4+45+6+7+8+49
Data A: 5 =6 3,4,5[6]7.8.9 3.4,5[6]7.8,90
DmaB:3+4+5+6+7+8+90=IT6
7 median

In this example, the mean was impacted by the outlier (changed from 6 to 17.6) but the median did not change.
This shows that the median is a better choice for data with an outlier.

Shape

The shape of data also impacts the choice between the mean and the median.

Symmetric distribution Skewed distribution

Mean G
Median Median
Mean
The mean and the median The median is the better
are both acceptable choices; choice because the median
however, the mean is preferred is less affected by skewed
as it takes into consideration data (similar to how it is less
all data values. affected by outliers).
Has outliers Choose median
Data
Symmetrical Choose mean
No outliers
Skewed Choose median
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WORKED EXAMPLE 17 Determining the type of measure of centre to use

The following histogram represents the IQ test results for a group of people.

YA
z
£
Q
=
=
=
=)
J\/I ‘ ‘ T >
060 70 8 90 100 110 120 130 140 150 160
IQ
Determine which measure of centre is best to represent the data set.
THINK WRITE
1. Look at the distribution of the data set. The data set is approximately symmetrical and has no
outliers.

2. If the data set is approximately symmetrical The mean is the best measure of centre to represent
with no outliers, the mean is probably the best this data set.
measure of centre. If there are outliers or the
data is skewed, the median is probably the best
measure of centre to use. State the answer.

Resources

Interactivity Mean, median, mode and quartiles (int-6496)

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS @

1. IlIEHA Calculate the mean of the following data set.

108, 135, 120, 132, 113, 138, 125, 138, 107, 131,
113, 136, 119, 152, 134, 158, 136, 132, 113, 128

2. a. Calculate the mean of the following data set correct to 2 decimal places.
25, 23, 24, 25, 27, 26, 23, 28, 24, 20, 25, 20, 29, 28, 23, 27, 24
b. Replace the highest value in the data set from part a with the number 79, and then calculate the mean

again, correct to 2 decimal places.
c. Describe how changing the highest value in the data set affected the mean.
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3. Calculate the mean of the following data set correct to 2 decimal places.

Key: 1|2=12
Stem | Leaf
1157
26
3445
13
003
5

5

AN A W= O

4. I3 Calculate the medians of the following data sets.
a. 15, 3, 54, 53, 27, 72, 41, 85, 15, 11, 62, 16, 49, 81, 53, 56, 75, 42

b. 126, 301, 422, 567, 179, 267, 149, 198, 165, 170, 602, 180, 109, 85, 223, 206, 335

5. Answer the following questions.

a. Calculate the mean (correct to 2 decimal places) and median for the following data set.

Average annual rainfall in selected Australian cities
City Rainfall (mm)
Sydney 1276
Melbourne 654
Brisbane 1194
Adelaide 563
Perth 745
Hobart 576
Darwin 1847
Canberra 630
Alice Springs 326

b. Determine the most appropriate measure of centre to represent this data.

6. Answer the following questions.

a. Calculate the median of the following data set.
21, 22, 23, 24, 27, 26, 22, 27, 23, 21, 24, 20, 31, 25, 24, 28, 23
b. Replace the highest value in the data set from part a with the number 96 and then calculate the median

again.

c. Determine how changing the highest value in the data set affected the median.

7. Calculate the median of the following data sets.

a. °
[ ] [ ) [ ] [ ]
° ° e o o
° ° e o o
e o o ° e o o
e o o o ° o o o
<1771 1T T T T T T T T>
76 80 84 88 92 96 100 104 108 112
b. 1.02, 2.01, 3.21, 4.63, 1.49, 345, 1.17,
1.38, 1.47, 1.70, 5.02, 1.38,

1.91, 8.54
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8.

10.

11.

The following stem plot represents the lifespan of
different animals at an animal sanctuary. Determine which
measure of centre is best to represent the data set.

Key: 1]12=12

Stem | Leaf
01359
112468
210145579
31026
4
5
6|03

. The following data set represents the salaries (in $000s) of workers at a small business.

45, 50, 55, 55, 55, 60, 65, 65, 70, 70, 75, 80, 220

a. Calculate the mean of the salaries correct to the nearest whole number.

b. Calculate the median of the salaries.

c. When it comes to negotiating salaries, the workers want to use the mean to represent the data and the
management want to use the median. Explain why this might be the case.

On a particular weekend, properties sold at auction for the following 30 prices:

$4700000, $3160000, $2725000, $2616000, $2560000,  $241 000,
$265000, $266000, $310000,  $320000, $3010000, $2580000,
$2450000, $2300000, $2275000, $286000,  $325000,  $330000,
$435500,  $456000, $1350000, $1020000,  $900000,  $735000,
$733000,  $305000,  $330000, $347000, $357000,  $408 000
a. Calculate the mean and median for the data.
b. Draw a histogram of the data using intervals commencing at the lowest value and increasing by amounts
of $250 000.
c. Mark the location of the mean and median on the histogram.
d. Determine the more appropriate measure of centre to represent this data.

The waiting times in minutes and seconds for a group of passengers at a railway station are:

19:28, 17:35, 14:21, 16:22, 12:18, 11:09, 13:15, 16:21, 11:45, 12:26, 14:16, 17:12,
13:42, 14:51, 15:26, 15:13, 18:02, 11:22, 12:26, 13:10, 13:18, 13:41, 13:23, 14:06

Calculate the mean of the data correct to the nearest second.

12. The winning margins in the NRL over a particular period of time were as follows.

Winning margin Frequency
2 4
4 12
6 8 -
8 5 o/
10 4 Y‘;* q csmEa
12 4 & :
16 1 _~
20 1
34 1

a. Calculate the mean and the median.
b. Determine the most appropriate measure of centre for this data set. Explain why.
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1.7 Exam questions

Question 1 (2 marks)

Source: VCE 2020, Further Mathematics Exam 2, Section A, Q4; © VCAA.

The age, in years, body density, in kilograms per litre, and weight, in kilograms, of a sample of 12 men aged 23

to 25 years are shown in the table below.

Age Body density Weight
(years) (kg/litre) (kg)
23 1.07 70.1
23 1.07 90.4
23 1.08 73.2
23 1.08 85.0
24 1.03 84.3
24 1.05 95.6
24 1.07 71.7
24 1.06 95.0
25 1.07 80.2
25 1.09 87.9
25 1.02 94.9
25 1.09 65.3

For these 12 men, determine
a. their median age, in years

b. the mean of their body density, in kilograms per litre.

Question 2 (1 mark)

Source: VCE 2020, Further Mathematics Exam 2, Section A, Q1; © VCAA.

(1 mark)
(1 mark)

Body mass index (BMI), in kilograms per square metre, was recorded for a sample of 32 men and displayed in

the ordered stem plot below.

Key:21|/6=21.6 n=32

21
22
23
24
25
26
27
28
29
30
31

6

- T \° VS I e ) W SN e B

Determine the median BMI for this group of men.

9

~N J 0 W o= N

AN B~ O

~N N O

~N O
N=REEN|
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Question 3 (2 marks)

Source: VCE 2015, Further Mathematics Exam 1, Section A, Q2; © VCAA.

M For an ordered set of data containing an odd number of values, the middle value is always
. the mean.

. the median.

. the mode.

. the mean and the median.

E. the mean, the median and the mode.

OO0 w>

More exam questions are available online.

1.8 Summarising numerical data — range, interquartile
range and standard deviation

LEARNING INTENTION

At the end of this subtopic you should be able to:
e summarise numerical data distributions by calculating range, interquartile range (IQR) and standard
deviation.

1.8.1 Range

Range is another tool we can use to make raw numerical data more useful. Range is one way of measuring the
spread of the data. We use measures of spread to tell us how far apart the values are from one another.

For example, these two sets of data have the same values of mean (50) and median (44), but they are very
different data sets. Range helps us describe that difference.

Data set 1: 36, 43, 44, 59, 68
Dataset2: 1, 2, 44, 80, 123

Range

Range is determined by calculating the difference between the largest and smallest values in the
data set.

Range = largest value — smallest value

WORKED EXAMPLE 18 Calculating the range of a set of data

For the following sets of data, calculate the range.

a. 36, 43, 44, 59, 68 b. 1, 2, 44, 80, 123

THINK WRITE

a. 1. The largest value is 68 and the smallest value a. Range = largest value — smallest value
is 36. Substitute these values into the range =68—-36
formula. =32
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b. 1. The largest value is 123 and the smallest b. Range = largest value — smallest value
value is 1. Substitute these values into the =123-1
range formula. =122

1.8.2 Interquartile range

Another measure of spread is interquartile range. 0,
Interquartile range tells us how spread out the data is Minimum Median Maximum
relative to the centre.

. . . L. 25% 25% 25% 25%
To calculate interquartile range, first the data is split into

quarters called quartiles. To do this, first the median is
found and the data is split into lower and upper half. The
median of the lower half is then calculated; this is called
the lower quartile (Q,). The median of the upper half is
then calculated; this is called the upper quartile (Q5).
Note that the median is the Q, value, but we do not need
it for this calculation.

o 03

Lower quartile Upper quartile

The interquartile range (IQR) is determined by calculating the difference between Q5 and Q;.

Interquartile range

IQR=03—- 0

where (; is the lower quartile and Q3 is the upper quartile of the data set.

WORKED EXAMPLE 19 Calculating the interquartile range of a set of data
tlvd-3692

Calculate the interquartile range of the following set of data.

23, 34, 67, 17, 34, 56, 19, 22, 24, 56, 56, 34, 23, 78, 22, 16, 15, 35, 45

THINK WRITE
1. Put the data in order. 15, 16, 17, 19, 22, 22, 23, 23, 24, 34, 34,
34, 35, 45, 56, 56, 56, 67, 78
2. Identify the median. There are 19 data values, so the median will be in
. 19+1
position > =10

median

15, 16, 17, 19, 22, 22, 23, 23, 24,

The median is 34.
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lower half of the data.

IQR=Q5 - 0.

3. Identify Q; by calculating the median of the

4. Identify Q5 by calculating the median of the
upper half of the data.

5. Calculate the interquartile range using

6. Write the answer in a sentence.

There are 9 values in the lower half of the data, so Q;
will be the Sth of these values

0,

15, 16, 17, 19,
0,=22
There are 9 values in the upper half of the data, so Q3
will be the Sth of these values.

22,23,23,24

03
34, 34, 35, 4556, 56, 67,78
Q3 - 56
IQR =05 -0
=56—22
=34

The interquartile range is 34.

TI | THINK

1.

In a Lists & Spreadsheet
page, label the first column
as x. Enter the given data
values in the first column.

In a Calculator page, press
MENU and select:

6: Statistics

1: Stat Calculations

1: One-Variable Statistics...

When prompted, enter the
number of lists as 1.
Complete the fields as:
X1 List: x

Frequency List: 1

then select OK.

DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE
1. On a Statistics screen, © E4t Cale Setorach
relabel list 1 as x. [l [ v [ [ e[ -
. ‘ list2 [lisd s
= Enter the given data values T 2 0
3 in the first column. i W
= § 34
34 & 56
7 19
3 &7 o| 3%
4 17 1 I
i ad
. - oo&
B e BB
” 15|
18 a5
13 45
S =
Deg  Auto  Standard -
O TR | St —
- Sux Calcubation
Ax E c D i ® Calc Cre—Varistln
. st =
= ® One-Variable ST
' i Complete the fields as: fow [ [+
2 nom or uists: [ 1 5 X List: main\x
3 oK Cancel Freq: 1
* &2 then select OK.
- u i
15 tr = tancel |
1.1 18
One-Variable Statistics i 13 4
-] : | o v
[ 2=
Deg  Auto  Standard -
8
4 st
5 OK | Cancel |
a - <
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3. The first quartile is displayed p 3. The first quartile is
as Q, X and the third quartile Ax B : D displayed as Q, and the tr-Verise
is displayed as Q,X. = =OneVar( i third quartile is displayed |« =15
8 22 MinX 15. as Q,. 5
9 24 QX 3
10 56 MedianX. 4.
" 56 QX 6. [
12 34 Maxx 78. v
="One-Varable Satistics e [ & [ ol |
I
[ A=
Oeg  Aute  Standard =
4. Calculate the interquartile IQR = 05— 0, Calculate the interquartile IQR = Q05 — 0,
range. =56-22 range. =56—-22
=34 =34

1.8.3 Standard deviation

Another measure of spread is standard deviation. Standard deviation gives a measure of spread from the mean.
The value of the standard deviation indicates the distance from the centre that will include most data values. We
will look at this in more detail in in the next subtopic.

Standard deviation is calculated by first summing the square of the difference between each data point and
the mean, then dividing this number by one less than the number of data points and finally taking the square
root. This calculation is usually done by using technology, but it is possible to do by hand using the following
formula.

Sample standard deviation

where X is the mean of the data values and » is the number of data values.

Note that we will only look at sample standard deviation in this course.

WORKED EXAMPLE 20 Calculating standard deviation of a data set

Calculate the standard deviation of the following set of data. Give your answer to 2 decimal places.
5,9,13, 25

THINK WRITE

sum of data values

1. Calculate the mean by substituting x =

the values in the mean formula. number of data values
_ FepYar 184505
4
=13
2. Calculate the sum of the difference » (x—¥? = (5—13)° + (9—13)° + (13— 13)> + (25— 13)
between each point and the mean =224

by using the formula Z(x —X).
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3. Substitute the values in the sample
standard deviation formula to

calculate the value of s.

4. Write the answer in a sentence.

> =%’
n—1

224

4-1

= 8.6401

The sample standard deviation is 8.64.

TI| THINK

1. On a Lists & Spreadsheet
page, enter the data and give
it the title data.

2. Press MENU, then select:
1: Stat calculations
4: Statistics
1: One-variable statistics
For Num of Lists, leave
the option as ‘1’ and press
ENTER.

DISPLAY/WRITE CASIO | THINK

1. On the Statistic screen,
label listl as score and
enter the values from the
question. Press EXE after
entering each value.

2. To calculate the summary
statistics, tap:

[ = +]

® Calc
One-Variable Statistics ® One-Variable
OK | Cancel

DISPLAY/WRITE

© Edit Calc SetGraph +

L [ Vo[ vee [ s [Fa[mmt

ilata list2  ist3 | 9

b1
13
25

o erlnm&mm .
Y1~ One-Varisble |.'- i »
. Two-Variable ' .
ﬁ-hwmn v a
Test I
Interval
Distribution

| Inv. Distribution
DispStat

Rad Ao Decimal @
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3. In X1 List select and choose - 3. Set values as: © Edit Calc SetGrah
the name of your list: data, One-Variable Statistics e XList: main\score - i—
then press ENTER. ® Freq: 1 [ one-Veriabls I
ALlst: main\data [* ﬂ
Freq: 1 [ v
0K Cancel
TRy
Lo ]
[k
] ‘ ‘ ‘
21
2
Al | | | — 2
o o
t1= 5
Rad Auto  Decimal
4. In column B, find the row 4. Tap OK. o © Edit Calc SetGrach &
labelled sx := s, and read the Adata B < D g The standard deviation is y
value in column C. This is = =OneVar( shown as s,. -
L. - One-Varishle
the standard deviation. 1 5 Title _
2 9% 13. % =13 B
5 e =390 m
N 132 = = =7, 4833148 “
4 25 Ix’ 200. Ex =91 6409876
S 5% 1= sa.. 864099 v .::"'“-\' f;
="One-Varable Statistics i _.\fﬂ(l =] v |
(at =110
The standard deviation is 8.64 oK
(rounded to 2 decimal places).
3
] ‘ ‘ ‘
21
2
“Calv| | | — 2
a > ]
t1= 5
Rad Auto  Decimal
The standard deviation is 8.64
(rounded to 2 decimal places).

Resources

Interactivities The median, the interquartile range, the range and the mode (int-6244)
The mean and the standard deviation (int-6246)

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS C)

1. IEZHEA Calculate the range of the following set of data.
421, 331, 127, 105, 309, 512, 129, 232, 124, 154, 246, 124, 313, 218, 112, 136, 155, 305, 415
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2. IIEHAA Calculate the interquartile range of the following set of data.

3.11, 3.16, 1.13, 1.56, 3.19, 4.43, 1.98, 4.89,
2.12, 4.78, 3.21, 8.88, 1.21, 5.67, 2.22, 3.34
3. The results for a multiple-choice test for 20 students in two different classes are as follows.
Class A: 7, 13, 14, 13, 14, 14, 12, 8, 18, 13, 14, 12, 16, 14, 12, 11, 13, 14, 13, 15
Class B: 18, 19, 12, 12, 11, 17, 9, 18, 17, 14, 13, 11, 17, 13, 17, 14, 14, 15, 13, 12
a. Determine the spread of the marks for each class by using the range.
b. Determine the spread of the marks for each class by using the interquartile range.

4. The competition ladder of the Australian and New Zealand netball championship is as follows.

Position | Team Win |Loss |Goals for |Goals against
| |Adelaide. 12 | 1 | 688 620
Thunderbirds
2 Melbourne Vixens 9 4 692 589
3 Waikato BOP Magic 9 4 749 650
4 |Queensland 9 | 4 | 793 691
Firebirds
5 Central Pulse 8 5 736 706
6 Southern Steel 6 7 812 790
7 West Coast Fever 5 8 715 757
8 NSW Swifts 4 9 652 672
9 Canterbury Tactix 2 11 700 882
10 Northern Mystics 1 12 699 879

a. Calculate the spread for the ‘Goals for’ column by using the range.
b. Calculate the spread for the ‘Goals for’ column by using the interquartile range.
c. Compare the spread of the ‘Goals for’ column with the spread of the ‘Goals against’ column.

5. [l Calculate the standard deviation of the following set of data. Give your answer to 2 decimal places.
10, 11, 19, 21

6. A survey of the number of motor vehicles that pass a school between . b "4
8.30 am and 9.30 am on 10 days during a term are as follows: 3

72, 89, 94, 78, 83, 84, 88, 97, 82, 88

a. Use CAS to calculate the standard deviation of the sample correct
to 2 decimal places.

b. Calculate the interquartile range of the sample.

c. The lowest number is reduced by 10 and the highest value
increased by 10.
Recalculate the values of the standard deviation and interquartile
range.

d. State how each of the measures is affected by the change in the
values.

7. Data collected on the number of daylight hours in Alice Springs is as shown.
10.3, 9.8, 9.6, 9.5, 8.5, 84, 9.1, 9.8, 10.0, 10.0, 10.1, 10.0, 10.1, 10.1, 10.6, &.7, 8.8, 9.0,
8.0, 8.5, 10.6, 10.8, 10.5, 10.9, 8.5, 9.5, 9.3, 9.0, 94, 106, 83, 9.3, 9.0, 10.3, 8.4, 89

a. Calculate the range of the data.
b. Calculate the interquartile range of the data.
c. Comment on the difference between the two measures and what this indicates.
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8. The table shows the number of registered passenger vehicles in two particular years for the states and
territories of Australia.

Number of passenger vehicles

State Year 1 Year 2

New South Wales 3395905 3877515
Victoria 2997 856 3446548
Queensland 2138364 2556581
South Australia 915059 1016590
Western Australia 1205266 1476743
Tasmania 271365 305913
Northern Territory 73302 91071
Australian Capital Territory 191763 229 060

a. Calculate the interquartile range and standard deviation (correct to 1 decimal place) for both years.

b. Recalculate the interquartile range and standard deviation for both years after removing the three smallest

c. Comment on the effect of the removal of the three smallest values on the interquartile ranges and standard
deviations.

values.

9. The volume of wine ("000 litres) available for consumption in Australia for a random selection of months
over a 10-year time period is shown in the following table.

38595 41301 44212 39362 38914 38273 39456 38823
41123 42981 44567 41675 41365 42845 43 987 41583
39347 42673 44 835 39773 38586 38833 39756 39095
42946 46382 44892 41038 41402 42587 43689 41209

a. Use CAS to calculate the mean and standard deviation of the data correct to 2 decimal places.

b. Calculate the median and interquartile range of the data.

c. Calculate the percentage, correct to 2 decimal places, of the actual data values from the sample that are
within one standard deviation of the mean (i.e. between the number obtained by subtracting the standard
deviation from the mean and the number obtained by adding the standard deviation to the mean).

d. Calculate the percentage of the actual data values from the sample that are between the first and third
quartiles.

e. Comment on the differences between your answers for parts ¢ and d.

10. A random sample of monthly consumer price indices in various cities of Australia is shown in the following
table. Answer the following questions, giving answers correct to 2 decimal places where appropriate.

Sydney = Melbourne | Brisbane | Adelaide | Perth Hobart | Darwin | Canberra
0.4 0.8 0.9 0.7 0.6 0.3 1.2 0.8
0.9 1.0 1.1 1.1 0.8 0.8 0.3 1.0
1.4 1.3 1.3 1.5 1.4 1.3 0.9 1.4
1.5 1.2 1.7 1.3 1.6 1.0 1.5 1.2
1.1 1.2 14 1.3 1.0 1.1 1.8 1.5
0.1 0.3 0.2 0.2 0.1 0.2 0.1 0.3
0.4 0.3 0.5 0.5 0.9 0.5 1.1 0.6
1.1 0.5 1.4 1.1 0.8 1.2 1.9 0.9
0.5 0.6 0.3 0.4 0.5 0.6 0.1 0.4
0.8 1.3 0.7 0.5 1.2 0.7 0.5 0.6
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a. Use CAS to calculate the standard deviation and interquartile range of the entire data set.
b. Use CAS to calculate the standard deviation and interquartile range for each city.

c. State which city bears the closest similarity to the entire data set.

d. State which city bears the least similarity to the entire data set.

1.8 Exam questions

Question 1 (1 mark)
Source: VCE 2020, Further Mathematics Exam 2, Section A, Q3; © VCAA.

In a study of the association between BMI and neck size, 250 men were grouped by neck size (below average,
average and above average) and their BMT recorded.

Five-number summaries describing the distribution of BMI for each group are displayed in the table below
along with the group size.

The associated boxplots are shown below the table.

BMI (kg/m?)
Neck size Group size Min. O Median 03 Max.
below average 50 18.1 20.6 21.6 23.2 26.8
average 124 19.8 234 24.6 26.0 33.9
above average 76 23.1 26.25 28.1 29.95 39.1

What is the interquartile range (IQR) of BMI for the men with an average neck size?
Question 2 (1 mark)
Source: VCE 2019, Further Mathematics Exam 1, Section A, Q5; © VCAA.

T The stem plot shows the distribution of mathematics fest scores for a class of key: 42 =42 n=23
23 students.

410144
For this class, the interquartile range (IQR) of test scores is 5127999
g- 1‘7‘2 6568899
c. 18 71005678
D. 24 8159
E. 49

Question 3 (1 mark)
T Thirty Year 11 students were asked to measure the number of hours of homework they completed each
week. The data are recorded below.

12 11 10 11 9 8 5 13 14 12 12 11 10 11 9
8 5 13 14 12 12 11 10 11 9 8 5 13 3 2

The standard deviation, correct to the nearest whole number, for this data set is
A 4 B. 10 C. 11 D. 12 E. 3

More exam questions are available online.
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1.9 Symmetrical and asymmetrical distributions

LEARNING INTENTION

At the end of this subtopic you should be able to:
e identify symmetrical and asymmetrical distribution
e apply standard deviation to reveal how much data is located around the centre of a symmetrical data
distribution.

1.9.1 Symmetrical and asymmetrical summary statistics

Symmetrical distributions

Symmetrical distributions are sets of data that, when displayed, show approximately the same shape and same
amount of data to the left and right of the centre.

Here are some examples of approximately symmetrical data including a histogram, a stem plot, a dot plot and a
histogram with a curved line.

Histogram Stem plot
Stem | Leaf
0* | 88
1 | 344
1* 1 66779
2 |11
] T |5
A histogram can represent continuous numerical Stem plots (or stem-and-leaf plots) can be used to
data. display both discrete and continuous numerical data.
Dot plot Histogram with a curved line

7 N

/DN

/ \

<
Il T T

T T
Discrete numerical and categorical data can also be This example is called a normal distribution and is
displayed as a dot plot. a classic example of a symmetrical distribution.

When summarising a symmetrical distribution, the best measure of centre is the mean and the best measure of
spread is typically the standard deviation.

Asymmetrical distributions

Asymmetrical distributions are sets of data that, when displayed, show different shapes and different amounts of
data left and right of the centre. Some examples of asymmetrical data are as follows.
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YA

Positively skewed

X

by

Negatively skewed

As discussed earlier, the distributions with higher frequencies on the left side of the graph are positively skewed,
while those with higher frequencies on the right side are negatively skewed. Some examples of positively and

negatively skewed stem and dot plots are as follows.

Positively skewed Negatively skewed
Stem | Leaf Stem | Leaf
21256 118
31334567789 212
412556777889 3139
5124688 4129
6589 5124688
7145 656789
8|7 712234459
919 8|27
Positively skewed Negatively skewed
. .
e o o [ J
e o o [ J
e o o o e o o
e 6 o o o e o o
<T—T T T T 17> e o o o
0123 4 T T
1 23 456

When summarising an asymmetrical distribution, the best measure of centre is the median and the best measure
of spread is the interquartile range.

WORKED EXAMPLE 21 Determining type of distribution and summary statistics

Consider the two sets of data shown.

a. y,

\

>
X

For the given sets of data:
i. state whether the distribution is symmetrical or asymmetrical
ii. state the best measure of centre (mean or median) and spread (standard deviation or interquartile

range).

A

—_— @

o -eee
w—_ee00e
> loeoo

e

Y

4
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THINK WRITE

a. i. 1. The data is asymmetrical because it is not evenly a. i. Asymmetrical (positively skewed)
distributed above and below the centre.
ii. 2. For asymmetrical distributions the best measure of ii. Median and interquartile range

centre is the median and the best measure of spread
is the interquartile range.

b. i. 1. The data is symmetrical because it is evenly b. i. Symmetrical
distributed above and below the centre.
ii. 2. For symmetrical distributions the best measure of ii. Mean and interquartile range

centre is the mean and the best measure of spread
is the standard deviation.

1.9.2 Using the standard deviation

[}
[ J
The standard deviation (s) can be used to reveal how much data is located ° ° °
—. . . . . [} [} [ ]
around the centre (mean, x) of a symmetrical data distribution. For the . P P ° °
following example, we will investigate this set of data with a mean of 3 ol ' ! ' e
.. 1 2 3 4 5
and a standard deviation of 1.08.
To examine the a@gunt of data within Lower boundary Upper boundary
one standard deviation, first calculate Mean — standard deviation: Mean Mean + standard deviation:
the lower boundary by subtracting the T—-s5s=192 =3 X+5=4.08

standard deviation from the mean, and
then calculate the upper boundary by

:: Standard

o deviation: e
(

(«

adding the standard deviation to the °
° > 5=1.08°®
mean: ° ° > ° °
Ll T T =
1 2 3 4 5

lower boundary =x — s
upper boundary =x + s

In this example, 11 dots are within the boundaries.

To examine the amount of data within multiple standard deviations, use the same process as for one standard
deviation, but this time multiply s by the number of multiples required.

Boundaries for two standard deviations:

lower boundary =x —2Xs
upper boundary =x +2X s

Lower boundary Upper boundary
Mean — 2 standard deviations: Mean: Mean + 2 standard deviations:
x—-2s=0.84 x=3 X+2s=5.16

:: Standard
odeviation: e
«

[

b _ °
' s—l.08.

T
3 4

A
— e
Nv-{eee
whn— e

In this example, 13 dots are within the boundaries.

56 Jacaranda Maths Quest 11 General Mathematics VCE Units 1 & 2 Third Edition



Boundaries for three standard deviations:
lower boundary =x —3 X s
upper boundary =x +3 Xs
And so on.

Once the boundaries have been found, the amount of data within the boundaries can be given as a percentage
using:

number of data within boundaries
x 100

percentage data =
total number of data

WORKED EXAMPLE 22 Using the standard deviation

This is a dot plot with a mean of 4.67 and a standard deviation of 1.93.

°
° °
° °
° ° ° °
° ° ° ° ° °
° ° ° ° ° ° ° ° °
< T T T T T T T >
1 2 3 4 5 6 7 8 9

a. Calculate the lower boundary for two standard deviations.

b. Calculate the upper boundary for two standard deviations.

c. Calculate the percentage of data within two standard deviations of the mean. Give your answer to
2 decimal places.

THINK WRITE

a. 1. The mean is x =4.67 and the standard deviation
is s =1.93.
The lower boundary for two standard deviations is
the mean minus two times the standard deviation.

a. Lower boundary =x —2Xs
=4.67—2x1.93
=0.81

b. 1. The mean is x =4.67 and the standard deviation  b. Upperboundary = x+2 X
is s=1.93. =4.67+2%1.93
The upper boundary for two standard deviations is =8.53
the mean plus two times the standard deviation.

c. 1. The number of data values within the boundaries c¢. The number of data values within the

is the number of dots between 0.81 and 8.53.

o -|ee
w-|1eee
S~ 1000000
“wh—{eeeee
aN—{eee

L]
L]
T
7

2. The total number of data values is 24. We can
calculate the percentage.

boundaries is 23.

Percentage  number of data within boundaries
data

total number of data
X100

= E><100
24

=95.83%
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3. Write the answer in a sentence, correct to 95.83% of the data is within two standard
2 decimal places. deviations of the mean.

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS C

1. IlZZM Consider the two sets of data shown.

a. Stem | Leaf
715
819
9129
10 |12
1110234
121013
13 |2
b. Chart title .
@ Seriesl
A
4.5
4_
3.5
3_
2.5
2_
1.5+
1_
0.5
0 T T T T T T T T T T >

1 2 3 4 5 6 7 8 9 10
For each of these sets of data, determine:

i. whether the distribution is symmetrical or asymmetrical
ii. the best measure of centre (mean or median) and spread (standard deviation or interquartile range).
2. A class survey of the number of red pens in each person’s pencil case was conducted. These were the results:
0,0,1,3,4,2,1,1,4,3,1,0,2,2,3,2,3,4,2,8, 10

a. Draw these results on a dot plot.

b. State whether the distribution is symmetrical or asymmetrical.

c. State the best measure of centre (mean or median) and spread (standard deviation or interquartile range)
for this data.
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3. lIZAA This is a dot plot with mean 12 and standard
deviation 1.45.

a. Calculate the lower boundary for two standard
deviations from the mean.

b. Calculate the upper boundary for two standard
deviations from the mean.

c. Calculate the percentage of data within two
standard deviations of the mean. Give your answer
to 2 decimal places.

(X}
Y

A

o — e
—
o

,_.
—_Heeee
o-eeeeeee
H—-eeee

=-ee
e

4. Students in a General Mathematics class discuss how
many times they have bought lunch from the canteen
this year. The results are shown in the dot plot. <
The mean is 6 and the standard deviation is 2.88. 0 1 2 3

>
>

—e
°
°
~ oo
“n—-{eee
c-eeee
<—-eee
°
©o—-ee
°
°

T T

10 11 12
a. Calculate the percentage of data within one standard deviation of the mean.

b. Calculate the percentage of data within two standard deviations of the mean.

c. Calculate the percentage of data within three standard deviations of the mean.

d. Without doing any calculations, determine the percentage of data within four standard deviations of the
mean. Explain how you got your answer.

5. The heights of acacia trees along a small section of the
Werribee River are measured and recorded. The results
are as follows.

Key: 12|2=122cm

Stem | Leaf
12 | 2
13109
14 | 7
15| 58
16 | 2679
17 | 11
1819
19 | 5

This data has a mean of 160.07 cm and a standard deviation of 20.5.

a. Calculate the percentage of data within one standard deviation of the mean. Give your answer to
2 decimal places.
b. Calculate the percentage of data within two standard deviations of the mean.

6. An Al video device was used to collect data about the number of people in cars driving past a certain point
on Calder Freeway in a five-minute period. The results are as follows.

Number of people in eachcar 1, 2, 2, 3, 4, 2, 2, 1, 3

a. Draw this data as a dot plot.

b. Calculate the mean. Give your answer to 2 decimal places.

c. The standard deviation of this data is 0.97. Calculate the percentage of data within one standard deviation
of the mean. Give your answer to 2 decimal places.
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7. During a recent Call of Duty tournament, 50 viewers were asked to answer the question ‘In a week,
how many hours do you spend playing Call Of Duty on average?’ The results of the poll are shown on this
dot plot.

°
°
°
°
o o
o o
o o o
e o o o o
e o o o o o o
e © o o o o o o °
e © o o o o o o o o o o o o e o ° °
<~T T 1 1 1 717 T T T T T T T T T T T T T T T T T 17>
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

a. State whether the distribution is symmetrical or asymmetrical.

b. The mean of this data is 7.82 and the median is 6. Explain why the median is the preferred measure of
centre.

c. The standard deviation of this data is 4.66.

i. Calculate the lower boundary for two standard deviations from the mean.
ii. Comment on what is unusual about your answer to i.
iii. Comment on whether your answer to i makes sense in the context of this data. Explain your answer.

d. State the best measure of spread (standard deviation or interquartile range) for this data.

8. A normal distribution is a type of a symmetrical distribution. Normal distributions have the following

properties.
Boundaries Percentage of data
Within one standard deviation of the mean 68%
Within two standard deviations of the mean 95%
Within three standard deviations of the mean 99.7%

The following data has a mean of 3.5 and a standard deviation of 1.04.

A
— e

Y

W-1000000000000000O0O0
~100000000000000000

V10000000
Ln-10000000

a. Calculate the percentage of data within one standard deviation of the mean.
b. Calculate the percentage of data within two standard deviations of the mean.
c. Calculate the percentage of data within three standard deviations of the mean.
d. Explain whether this data is approximately a normal distribution.
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9.

10.

Billy is growing tomatoes. The following data shows
the number of days between seed germination and fruit
production for tomato plants in Billy’s garden. The first
set of data includes an outlier, and the second set of data
has the outlier removed.

Data with outlier:

Key 5|4 =54 days

Stem | Leaf
514
6|34
710347
8129
913

10

11

12

1319
Data without outlier:

Stem | Leaf
514
6|34
710347
8129
913

a. Using the data with the outlier:

i. calculate the mean
ii. calculate the standard deviation
iii. calculate the percentage of data within one standard deviation of the mean.

b. Using the data with the outlier removed:

i. calculate the mean
ii. calculate the standard deviation
iii. calculate the percentage of data within one standard deviation of the mean.

c. Comment on the impact of removing the outlier on the mean and standard deviation.
d. Explain which mean you would use to describe the typical average time for a tomato plant to produce
fruit in Billy’s garden.

In a normal distribution, 68% of the data is within one standard deviation of the mean, and 95% of the data is
within two standard deviations of the mean.
a. For a normal distribution with a mean of 90 and a standard deviation of 4:

i. calculate the percentage of data between 86 and 94
ii. calculate the percentage of data between 82 and 98.

b. For a normal distribution with a mean of 140 and a standard deviation of 20:

i. calculate the percentage of data between 120 and 160
ii. calculate the percentage of data between 100 and 180.
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1.9 Exam questions

Question 1 (1 mark)

Source: VCE 2021, Further Mathematics Exam 1, Section A, Q9; © VCAA.

I The heights of females living in a small country town are normally distributed:
e 16% of the females are more than 160 cm tall.
e 2.5% of the females are less than 115 cm tall.

The mean and the standard deviation of this female population, in centimetres, are closest to
. mean= 135 standard deviation = 15
. mean= 135 standard deviation = 25
. mean = 145 standard deviation = 15
. mean = 145 standard deviation = 20
E. mean = 150 standard deviation = 10

oo w>»

Question 2 (1 mark)
Source: VCE 2019, Further Mathematics Exam 1, Section A, Q6;, © VCAA.

T For data that is normally distributed, the following is true:

Boundaries Percentage of data
Within one standard deviation of the mean 68%

Within two standard deviations of the mean 95%

Within three standard deviations of the mean 99.7%

The time taken to travel between two regional cities is approximately normally distributed with a mean of
70 minutes and a standard deviation of 2 minutes.

The percentage of travel times that are between 66 minutes and 72 minutes is closest to
A. 2.5% B. 34% C. 68% D. 81.5% E. 95%

Question 3 (1 mark)
Source: VCE 2015, Further Mathematics Exam 1, Section A, Q1; © VCAA.

T The stem plot displays the average number of decayed teeth in 12-year-old children key : 0[2=0.2
from 31 countries. ’ ’

012
Based on this stem plot, the distribution of the average number of decayed teeth forthese (| 567789
countries is best described as 1100001444
A. negatively skewed with a median of 15 decayed teeth and a range of 45 11567
B. positively skewed with a median of 15 decayed teeth and a range of 45
C. approximately symmetric with a median of 1.5 decayed teeth and a range of 4.5 21334
D. negatively skewed with a median of 1.5 decayed teeth and a range of 4.5 217789
E. positively skewed with a median of 1.5 decayed teeth and a range of 4.5 3104
3156
411
417

More exam questions are available online.

62 Jacaranda Maths Quest 11 General Mathematics VCE Units 1 & 2 Third Edition



1.10 The five-number summary and boxplots

LEARNING INTENTION

At the end of this subtopic you should be able to:

e calculate the five-number summary to create boxplots
e identify outliers by calculating lower and upper fences.

1.10.1 Boxplots — the five-number summary

A boxplot is another way of displaying numerical
data. To create a boxplot, the first step is to
determine the five-number summary, by calculating
the following five values:

1. the lowest value (X,;,,)
. the lower quartile (Q;)
. the median (Q,)
. the upper quartile (Q5)
. the highest value (X, )-

[ I SNV I )

Xmin 0 O O Xinax
Y Y Y
o )
<7 T T T T T T T T T >
0 5 10 15 20 25 30 35 40 45 50

To draw a boxplot, the plot is placed either above or below a number line. A box is drawn between Q; and Qj3,
with a vertical line at Q,. Outside the box are lines called ‘whiskers’ that extend to the maximum and minimum

values.

WORKED EXAMPLE 23 Drawing a boxplot for data contained in a stem plot
tlvd-3693

Draw a boxplot for the data contained in the following stem plot, which shows the number of coffees

sold by a café each day over a 21-day period.

Key: 6 | 3 =63 coffees

Stem
6

7

8

9

10

THINK
1. Determine the median of the data.

Leaf
358
024579
11368
01567
14

WRITE
There are 21 values, so the median is in the
median

<2l+1
!

63, 65, 68, 70, 72, 74,75, 77, 79, 81
0, =281

> = 1 1th position.
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10+ 1
2. Determine the value of the lower quartile. ( 02+ ) =5.5

There are 10 values in the lower half of the data, so
0, will be between the 5th and 6th values.

O

l

63, 65, 68, 70, 72,74, 75, 717,79, 81

_12+74
: 2
=73
. . 10+ 1
3. Determine the value of the upper quartile. 5 =5.5

There are 10 values in the upper half of the data, so
Q5 will be between the Sth and 6th values.

03
83, 86, 88, 90, 91, 95, 96, 97, 101,104
91495
03 = >
=93
4. Write the five-number summary. Xmin = 63
Q=73
0, =38l
0; =93
Xll][lX = 104
5. Rule a suitable scale for your boxplot, which
o—— —eo

covers the full range of values. Draw the
central box first (from Q; to Qs, with a line -~ T | | | |
at Q,) and then draw in the whiskers from the =~ 60 70 80 90 100 110

>

edge of the box to the minimum and maximum Coffees sold
values.
TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE
1. Ina Lists & Spreadsheet 1. On a Statistics screen, © Edi Cale Sutrash »
page, label the first column , relabel list 1 as coffees. L[] v [ [ Tos [~
o . coffoes  [list2 list 3 &
as coffees. Enter the given = Enter the given data values T 2
data values in the first ' 62 in the first column. ]
column. 2 65 E 74
: s B
4 70 nloos
i a3
72 = 1 20
" 88
o 15 a0
1B al
17 a5
18 26/
13 a7
B =
[ @)=
Den  Auto  Standerd =
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2. InaData & Statistics page, 2. Select:

e [}

click on the label of the ; * SetGraph NN NI
horizontal axis and select % e Setting ... 3::‘ L °"['
coffees. S Complete the fields as: st
m F 3
8 Draw: On ;Slw Outliars
= Type: MedBox
) .......z. 0@ @@ 00 X List: main\coffees
60 65 70 75 abmgs 90 95 100 105 Freq: 1 |
(o {3
Tick the Show Outliers N
box, then select Set. "| 87
"~ Calw| | ad
o
tae |
ODeg  Auto  Standard -
3. Press MENU, then select: Click the y icon. O 200m Analyals Calc # %

1: Plot Type
2: Box Plot

add vartable

80 65 70 75 80 85 90 95 100 105
coffees

1.10.2 Identifying possible outliers — upper and lower fences

When using boxplots there is a precise way to identify if a piece of data is an outlier. To do this, we use a lower
fence and an upper fence. Values between the lower and upper fences are included in the boxplot, and values
outside the lower and upper fences are outliers. These outliers are shown next to the boxplot as a cross (X) on the
number line.

Lower fence Upper fence
i i
| | Outlier
| |
| — —e | X
| |
| |

To calculate the values of the upper and lower fences, first calculate the interquartile range (IQR) (see subtopic
1.8). Then use these formulas:

Calculating lower and upper fence values
Lower fence = 0; — 1.5 X IQR

Upper fence = 0; + 1.5 X IQR
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WORKED EXAMPLE 24 Calculating the values of the lower and upper fences
tlvd-3694

The following stem plot represents the time taken
(in minutes) for 25 students to finish a maths puzzle.

Key: 1 | 5 =1.5 minutes

Stem

N QN AW N

8

Leaf

5

8

4669
002355788
0244589
04

5

a. Calculate the values of the lower and upper fences.
b. Identify any outliers in the data set.
c. Draw a boxplot to represent the data.

THINK WRITE
a. 1. Determine the median of the data. a. There are 25 values, so the median is in the
2
( SR ) = 13th position.
2 .
median

1.5,2.8,3.4,3.6,3.6,3.9,4.0,4.0,4.2,4.3,4.5, 4.5,
0,=4.7

. . 12+1

2. Determine the value of the lower quartile. > =6.5
There are 12 values in the lower half of the
data, so Q; will be between the 6th and 7th
values.
0,
1.5,2.8,3.4,3.6,3.6,3.9,4.0,4.0,4.2,4.3,4.5,4.5
39+4.0
0, = >
=3.95
. . 12+1
3. Determine the value of the upper quartile. > =6.5

There are 12 values in the upper half of the
data, so Oz will be between the 6th and 7th

values.
03
4.8,4.8,5.0,52,54,54,55,5.8,5.9,6.0,6.4, 8.5
_54+5.5
T2
=5.45
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4. Calculate the IQR.

5. Calculate the values of the lower and upper
fences.

b. 1. Identify whether any values lie below the
lower fence or above the upper fence.
2. State the answer.
c. 1. Write the five-number summary, giving
the minimum and maximum values as those
that lie within the lower and upper fences.

2. Rule a suitable scale for your boxplot to cover
the full range of values. Draw the central
box first (from Q; to O, with a line at Q,)
and then draw in the whiskers from the edge
of the box to the minimum and maximum
values. Mark the outliers with an ‘x’.

IQR =05 -0,
=5.45-3.095
=15
Lower fence = Q; — 1.5 X IQR
=395—-15%1.5
=3.95-2.25
=17
Upper fence = 05 + 1.5 XIQR
=545+15%1.5
=5.45+225
=177

. Values below the lower fence (1.7): 1.5

Values above the upper fence (7.7): 8.5
There are two outliers: 1.5 and 8.5.

. Xoin = 2.8, 0, =3.95, 0, =4.7, 03 = 5.45 and

Xinax = 6.4

— ]
\S]
W
g
W
(@)}
]
0
O —

Minutes

Resources

Interactivity Boxplots (int-6245)

1.10 Exercise

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS @

1. The boxplot shows the temperatures in Melbourne over a

23-day period.

a. State the median temperature.
b. State the range of the temperatures.
c. State the interquartile range of temperatures.

< >
[T T T T[T T T T[T T T T[T T T T [ TTTT]

15 20 25 30 35 40

Temperature (°C)
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2. =220 Draw a boxplot for the data contained in the following stem
plot, which shows the number of sandwiches sold by a café per day
over a 21-day period.

Key: 2 | 9 =29 sandwiches
Stem | Leaf

219
13689
24556778
00358
12

AN B~ W

3. The following stem plot shows the ages of 25 people when they had their '
first child.

Key: 1* | 7=17 years old “ i‘?

Stem | Leaf &
1% [ 788 ") L
2 102334
2% | 566789 A
3 1001224

3% 1689

4 |13 !

a. Prepare a five-number summary of the data.
b. Draw a boxplot of the data.
c. Comment on the distribution of the data.

4. 1A The five-number summary for a data set is 45, 56, 70, 83, 92.
Select which of the following statements is definitely false.

A. There are no outliers in the data set.

B. Half of the scores are between 56 and 70.
C. The range is 47.

D. The value of the lower fence is 15.5.

E. The data has no noticeable skew.

5. Match the items in the list on the left to the list on the right.

1. Range a. Median

2.0, b. 0, — L.5XIQR
3. Interquartile range c. 03— 0,

4. Lower fence d. O3+ 1.5%XIQR
5. Upper fence €. Xmax — Xmin

6. Determine whether the following statements are true or false.

a. You can always determine the median from a boxplot.
b. A stem plot contains every piece of data from a data set.
c. Boxplots show the complete distribution of scores within a data set.
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7. IIZZH The stem plot represents the time taken (in minutes) for 25 students
to finish a logic problem.

a. Calculate the values of the lower and upper fences. Stem | Leaf
b. Identify any outliers in the data set. 414
c. Draw a boxplot to represent the data. 5
61269
7104778
810335689
9112467
10 | 244
1115

8. The boxplot represents the scores made by an Australian football team over a season.

a. State the highest number of points the team scored in
the season. X o] =

b. State the lowest number of points the team scored in

the season. . 40 50 60 70 80 90 100
c. State the range of points scored.

d. State the interquartile range of points scored.

Score

9. Here is a five-number summary with two values missing:
Xminz?’ Ql =9’ Q2= 11’ Q3 =?’ Xmax= 17
The range of this data set is 10, and the interquartile range is 4. Calculate the missing values.

10. Commuters were surveyed about the number of minutes it takes them to drive to work. The five-number
summary for a set of data is:
Xnin=9, Q1 =13, 0, =20, 03=29, X;;,,x =35

. Calculate the range of this data.

b. Calculate the interquartile range of this data.

c. State the median of this data.

d. Calculate the upper and lower fences of this data.

e. Use your answer to d to explain what would make a commute time an outlier in this data set.

Y

Key: 4 |4 = 4.4 minutes

1.10 Exam questions

Question 1 (1 mark)
Source: VCE 2020, Further Mathematics Exam 1, Section A, Q3; © VCAA.

T The times between successive nerve impulses (time), in milliseconds, were recorded.

The table shows the mean and the five-number summary calculated using 800 recorded data values.

Time (milliseconds)
Mean 220
Minimum value 10
First quartile (Q,) 70
Median 150
Third quartile (Q3) 300
Maximum value 1380

Data: adapted from P Fatt and B Katz, ‘Spontaneous subthreshold activity
at motor nerve endings’, The Journal of Physiology, 117, 1952,
pp. 109-128
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The shape of the distribution of these 800 times is best described as
. approximately symmetric.

. positively skewed.

. positively skewed with one or more outliers.

. negatively skewed.

. negatively skewed with one or more outliers.

mooOw>»

Question 2 (2 marks)
Source: VCE 2020, Further Mathematics Exam 2, Section A, Q2¢; © VCAA.

The neck size, in centimetres, of 250 men was recorded and displayed in the dot plot below.

n =250

T cl) cl) % T T T T T T T T % ? T
30 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45
neck size (cm)

Data: RW Johnson, ‘Fitting percentage of body fat to
simple body measurements’, Journal of Statistics
Education, 4:1, 1996,
<https://doi.org/10.1080/10691898.1996.11910505>

The five-number summary for this sample of neck sizes, in centimetres, is given below.

Minimum First quartile (Q,) Median Third quartile (Q,) Maximum
31 36 38 39 44

Use the five-number summary to construct a boxplot, showing any outliers if appropriate, on the grid below.

30 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45
neck size (cm)
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Question 3 (1 mark)
Source: VCE 2017, Further Mathematics Exam 1, Section A, Q2; © VCAA.

T The boxplot below shows the distribution of the forearm circumference, in centimetres, of 252 people.

20 22 24 26 28 30 32 34 36 38

circumference (cm)

The five-number summary for the forearm circumference of these 252 people is closest to
A. 21,27.4,28.7,30, 34 B. 21,27.4,28.7,30,35.9 C. 24.5,27.4,28.7,30,34

D. 24.5,27.4,28.7,30,35.9 E. 24.5,27.4,28.7,30, 36

More exam questions are available online.

1.11 Comparing the distribution of a numerical variable
across two or more groups

LEARNING INTENTION

At the end of this subtopic you should be able to:
e use back-to-back stem plots or parallel boxplots, as appropriate, to compare the distributions of a single
numerical variable across two or more groups in terms of centre (median) and spread (IQR and range),
and interpret any differences observed in the context of the data.

1.11.1 Comparing distributions

As we have already seen, back-to back stem plots are a way of displaying two sets of the same data side by side.
To compare two sets of data, we compare the centre and spread of each set of data.

Parallel boxplots are useful tools to compare two sets of data. Parallel

boxplots are two or more boxplots displayed with the same scale. M — Clubl

For example, this is a parallel boxplot that displays data about the ages of

squash players in two different clubs. — [ Club2

>
>

T T T T T T
20 30 40 50 60 70

To compare the sets of data, we compare median, interquartile range (IQR) and range. When comparing median
values, include context about what the data is measuring, for example which data set took longer on average, or
had the greater length on average, or was hotter on average, and so on.
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When comparing interquartile range and range values, include whether the values are smaller, larger or similar,
and what this says in relation to the data. Higher interquartile range or range indicates higher variability.

Comparing the data about squash players above, we could write:

Comparing median in the context of the data Comparing interquartile range

l |

Players in Club 2 are older on average than players from Club 1. The interquartile range
values are similar, but the range of Club 2 is much larger than Club 1. This means there is

a larger range of ages in Club 2. '
Comparing range Interpreting the difference in range in the context of the data
WORKED EXAMPLE 25 Comparing a back-to-back stem plot and a parallel boxplot
tivd-3695
gl;; foll;)vl:ingdbac;((;to-back stem plot shows the size (in kg) of two Key: 2|6 = 26 kg
ifferent breeds of dog.
a. Draw parallel boxplots of the two sets of data. Breed X Breed Y
b. Compare and contrast the two sets of data. Leaf | Stem | Leaf
9877644 1
87543310 2 69
3 35578
4 024569
5 13

THINK WRITE

a. 1. Calculate the five-number summary for the  a. X ; = 14
first data set (Breed X). X =98
max

There are 15 pieces of data, so the median is

the < 152+ ! > = 8th piece of data.

0,=20

There are 7 pieces of data in the lower half, so
Q, is the 4th value.

0,=17

There are 7 pieces of data in the upper half, so
Q5 is the 4th value.

0;=24

Five-number summary: 14, 17, 20, 24, 28
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2. Calculate the five-number summary for the
second data set (Breed Y).

3. Use the five-number summaries to plot the
parallel boxplots. Use a suitable scale that
will cover the full range of values for both
data sets.

Compare and contrast the data sets, looking  b.
at where the key points of each data set lie.
Comment on any noticeable differences in the
centre and spread of the scores, as well as the
shape of the distributions.

Xmin =26
Xmax = 53
There are 15 pieces of data, so the median is

the < Shid ) = 8th piece of data.
0,=40

There are 7 pieces of data in the lower half, so
Q, is the 4th value.

0,=35

There are 7 pieces of data in the upper half, so
Q5 is the 4th value.

0;=46

Five-number summary: 26, 35, 40, 46, 53

0-|:|:'—~ Breed X

—] —® Breed Y
< T T T T >
10 20 30 40 50 60
Weight (kg)

On the whole, Breed X is considerably lighter
than Breed Y, with only a small overlap in the
data sets. Breed X has a smaller interquartile
range than Breed Y, although both spreads are
balanced with no noticeable skew.

TI| THINK
1.

DISPLAY/WRITE

In a Lists & Spreadsheet
page, label the first column
as x and the second column =

as y. Enter the values for 1 14 %
breed X in the first column ; 14 29
and the values for breed Y in 16 33
the second column. 2 L4 =
5 17 s 5

In a Data & Statistics page,
click on the label of the
horizontal axis and select x.

Antable

080000 800 oo
4 16 18 20 22 24 26 2B
x

CASIO | THINK DISPLAY/WRITE

1. On a Statistics screen,
relabel list 1 as x and list

O Edit Calc SetGraph «

Laka

2 as y. Enter the values for T o = ]
breed X in the first column 1 B 23
§ 17 a5
and the values for breed Y sl 1 a7
. ] 20 40
in the second column. ] T
10 23 44
n 23| 45
1 24 46
13 235 48/
I
i =
18
13
2.3 = 2
[ 15 =
Oeg  Auto  Standard -

2. Select: S—
® SetGraph N (21204/5(6171918
e Setting ... L @
Type: .
Select tab 1, then complete |wst i v
Fregt Ld
the fields as: AT L2
Draw: On
Type: MedBox
XList: main\x
Freq: 1 e ] [ cancel |
Tick the Show Outliers s |
v | o
box. =] _| >
[ 4= 35
Den  Auto  Standerd -
4
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3. Press MENU, then select: 3. Select tab 2, then complete

2B *Dioc a fi] : a
1: Plot Type i the fields as: (172|3]418[61718]8]
2: Box Plot i Draw: On - LS
= yoe! MndBon v
- Type: MedBox N
" . . Fregt -
s XList: main\y i AT :
= Freq: 1
Tick the Show Outliers
14 16 18 20 22 24 2% 28 box, then select Set. -
X [ st | =N
|B|
13
" Calw| | d
]
4 o5 ]
Oeg  Auto  Standard [}
4. Press MENU, then select: 4. Click the y icon. 0 Zoom Amalysis Calc + %

2: Plot Properties
5: Add X Variable
then select y.

Cllck 1o add vanable

Resources

Interactivites Back-to-back stem plots (int-6252)
Parallel boxplots (int-6248)

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress
1. m The bac.k—to—back stem plot shows the amount of sales (in $000s) for Key: 3 | 4= $3400
two different high street stores.
D el boxblot of th fd Store 1 Store 2
a. Draw a parallel boxplot of the two sets of data.
b. Compare and contrast the two sets of data. Leaf | Stem | Leaf
3 479
74 4 2468
621 5 12559
8855 6 357
532 7
61 8
0 9
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2. The parallel boxplot shows the difference in grades (out of 100)
between students at two schools. M. school A
a. Identify which school had the highest overall grade. « | L e SchoolB
b. Identify which school had the lowest overall grade.

B L

c. Calculate the difference between the interquartile ranges of the
30 40 50 60 70 80 90

grades of the two schools.

Grades
3. The parallel boxplot shows the performance of two leading

brands of battery in a test of longevity. ° ‘ | ® Brand X

a. State the brand that had the better median performance.

b. State the brand that gave the most consistent performance. ‘ [® Brand Y

c. State the brand that had the worst performing battery. < | T T T | | >

d. State the brand that had the best performing battery. 8§ 9 10 11 12 13 14 15
Hours

4. The prices of main meals at two restaurants that appear in the
Good Food Guide are shown in the back-to-back

stem plot.
Key: 1| 8= $18
Restaurant A Restaurant B
Leaf | Stem | Leaf
1 89
9985514 2 2557
86552| 3 |002558 __
200 4 036
5
9 6

a. Identify any outliers in either set of data.

b. Prepare five-number summaries for the price of the meals at each restaurant.
c. Draw a parallel boxplot to compare the two data sets.

d. Compare and contrast the cost of the main meals at each restaurant.

5. The table displays the number of votes that two political parties received in 15 different constituencies in
local elections.

Party A 425 630 813 370 515 662 838 769
Party B 632 924 514 335 748 290 801 956

Party A 541 484 745 833 497 746 651
Party B 677 255 430 789 545 971 318

a. Prepare five-number summaries for both parties’ votes.
b. Display the data sets on a parallel boxplot.
c. Comment on the distributions of both data sets.
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6. The back-to-back stem plot shows the share prices Key: 1% | 7= $17
(in $) of two companies from 18 random months out of a 10-year |

period. Company A Company B
a. Display the data in two frequency tables with intervals of 5. Lza;' Sliem Leaf

b. Display the data on a parallel boxplot.
c. Comment on the distributions of both data sets. 975 1* 79
441 2 034

9866 | 2% 788

3320 3 124

86| 3% 69
4 012
4% 56

7. The parallel boxplot details the weight of strawberries harvested in kg at
two different farms for the month of March over a 15-year period.

&— — o Farm A

X *— —@ Farm B

>

<7 T T T T T T T
325 350 375 400 425 450 475 500

Kg

Decide whether the following statements are true or false.

a. Farm A produced a larger harvest of strawberries in March than Farm B more often than not.

b. The strawberry harvest at Farm B in March is much more reliable than the strawberry harvest at farm A.
c. Farm A had the highest producing month for strawberries on record.

d. Farm A had the lowest producing month for strawberries on record.

8. The parallel boxplot shows the weekly sales figures of three different mobile phones across a period of six
months.

O @ Phone A X

-] ® Phone B

—— | —@ Phone C

< T T T T T T T T T T T >
10 20 30 40 50 60 70 80 90 100 110 120 130

Sales

. State the phone that had the highest weekly sales overall.

. State the phone that had the most consistent sales.

. State the phone that had the largest range in sales.

. State the phone that had the largest interquartile range in sales.
. State the phone that had the highest median sales figure.

O & 0 T 9
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9. The following data sets show the daily sales figures for three new drinks across a 21-day period.
Drink 1: 35, 51, 47, 56, 53, 64, 44, 39, 50, 47, 62, 66, 58, 41, 39, 55, 52, 59, 47, 42, 60
Drink 2: 48, 53, 66, 51, 37, 44, 70, 59, 41, 68, 73, 62, 56, 40, 65, 77, 74, 63, 54, 49, 61
Drink 3: 57, 49, 51, 49, 52, 60, 46, 48, 53, 56, 52, 49, 47, 54, 61, 50, 33, 48, 54, 57, 50

a. Prepare a five-number summary for each drink, excluding any outliers.
b. Plot a parallel boxplot to compare the sales of the three drinks.
c. Compare and contrast the sales of the three drinks.

10. The following back-to-back stem plot displays the rental price (in $) of one-bedroom apartments in two
different suburbs.

Key: 25 | 0=$250

Suburb A Suburb B
Leaf | Stem | Leaf
25 0
26 59

55 27 1005
9950| 28 |[599
550 29 |0
550000| 30 (00O
5500 31 055

32 199

33

34 100
0| 35

. Prepare a five-number summary for each suburb, excluding any outliers.

. Plot a parallel boxplot to compare the data sets.

. Compare and contrast the rental price in the two suburbs.

. The rental prices in a third suburb, Suburb C, were also analysed, with the data having a five-number
summary of 280, 310, 325, 340, 375. Add the third data set to your parallel boxplot.

e. Compare the rent in the third suburb with the other two suburbs.

1.11 Exam questions

Question 1 (1 mark)
Source: VCE 2021, Further Mathematics Exam 1, Section A, Q6; © VCAA.

0 T o

T The relationship between resting pulse rate, in beats per minute, and age group (15-20 years, 21-30 years,
31-50 years, over 50 years) is best displayed using

A. a histogram.

B. a scatterplot.

C. parallel boxplots.

D. a time series plot.

E. a back-to-back stem plot.
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Question 2 (4 marks)
Source: VCE 2019, Further Mathematics Exam 2, Section A, Q2; © VCAA.

The parallel boxplots below show the maximum daily temperature and minimum daily temperature, in degrees
Celsius, for 30 days in November 2017.

a.

minimum daily temperature (°C)

Data: Australian Government, Bureau of Meteorology, <www.bom.gov.au/>

Use the information in the boxplots to complete the following sentences.

For November 2017
i. the interquartile range for the minimum daily temperature was |:| °C (1 mark)
ii. the median value for maximum daily temperature was|____]°C higher than the median value for
minimum daily temperature (1 mark)
ii. the number of days on which the maximum daily temperature was less than the median value for
minimum daily temperature was |:| (1 mark)

. The temperature difference between the minimum daily temperature and the maximum daily temperature

in November 2017 at this location is approximately normally distributed with a mean of 9.4 °C and a
standard deviation of 3.2 °C.

Determine the number of days in November 2017 for which this temperature difference is expected to be
greater than 9.4 °C. (1 mark)

Question 3 (1 mark)
Source: VCE 2016, Further Mathematics Exam 1, Section A, Q8; © VCAA.

I Parallel boxplots would be an appropriate graphical tool to investigate the association between the monthly
median rainfall, in millimetres, and the

A.
B.
C.
D.
E.

monthly median wind speed, in kilometres per hour.
monthly median temperature, in degrees Celsius.
month of the year (January, February, March, etc.).
monthly sunshine time, in hours.

annual rainfall, in millimetres.

More exam questions are available online.
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1.12 Review
1.12.1 Summary

doc-37611

Hey students! Now that it's time to revise this topic, go online to:

Access the Review your Watch teacher-led Practise exam
topic summary results videos questions

Find all this and MORE in jacPLUS @

1. I The interquartile range of the data distribution shown in the stem plot is:

Key:2|6=26
Stem | Leaf
012
1115
216678
31889
4134
512
A. 41 B. 50 C. 28 D. 20.5 E. 26
2. [ For the parallel boxplots shown, select which statement is correct.
A. Group A has a smaller IQR than Group B. Group A
B. Group B has a greater range than Group A.
C. Group A has a higher median than Group B. R —
D. Group A has a smaller highest value than Group B.
E. 25% of Group B is greater than Group A’s Q; and less - —
than its median. Group B

3. A Data gathered on the number of home runs in a baseball season would be classified as:

A. discrete. B. nominal. C. continuous. D. ordinal. E. categorical.

4. I For the data set 789, 211, 167, 321, 432, 222, 234, 456, 456, 234, the five-figure summary in order
from the smallest value to the largest is:

A. 167, 222, 321, 456, 789 B. 167, 222, 271.5, 456, 789
C. 167, 234, 432, 456, 789 D. 167, 234, 432, 456, 789
E. 167, 222, 287.5, 444, 789

5. I The boxplot shown would best be described as:

A. positively skewed.

B. symmetrical with an outlier.

C. positively skewed with an outlier.
D. negatively skewed with an outlier.
E. negatively skewed.
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6. 1A For the sample data set 2, 3, 5, 2, 3, 6, 3, 8,9, 2, 8, 9, 2, 6, 7, the mean and standard deviation
respectively would be closest to:

A. 5and 6 B. 5and 2.6 C.2.6and 5 D. 5and 2.7 E. 2.7 and 5
7. I For the stem plot shown, the median and range respectively are: Key: 5| 1=51

A. 73 and 41 Stem | Leaf

B. 73.5 and 41 s |12

C. 71 and 39

D. 71 and 41 61234

E. 73 and 39 713445
8166
912

8. [T For the parallel boxplots shown, select which statement is not correct.

Group A

Group B

>

. 75% of Group A is larger than 75% of group B.

B. 25% of Group A has a larger spread than 75% of group B.

C. The median of Group A is equal to the highest value of Group B
D. Group A is negatively skewed and Group B is positively skewed.
E. The middle 50% of both groups are approximately symmetrical.

9. I For the data set 21, 56, 110, 15, 111, 45, 250, 124, 78, 24, the number of outliers and the value of
1.5 X IQR will respectively be:

A. 0 and 87 B. 1 and 87 C.land 111 D. 1 and 130.5 E. 0 and 130.5

Short answer

10. The price of a barrel of oil in US dollars over a particular 18-month time period is shown in the following
table.

Month Price (US$) Month Price (US$)
Jan 102.96 Oct 92.44
Feb 97.63 Nov 87.05
Mar 108.76 Dec 88.69
Apr 105.25 Jan 93.14
May 106.17 Feb 97.46
Jun 83.17 Mar 90.71
Jul 83.72 Apr 97.1
Aug 88.99 May 90.74
Sep 95.34 Jun 93.41

a. Calculate the mean and median for this data set. Give your answers correct to 1 decimal place.

b. Calculate the interquartile range and the standard deviation for this data set. Give your answers correct to
2 decimal places.

c. Explain which would be the best measures of centre and spread for this data set.
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11. Use the data on the incidence of communicable diseases in Australia to answer the following questions.
Incidence of communicable diseases in Australia over two consecutive years

Disease Year 1 Year 2
Hepatitis C 11089 7286
Typhoid fever 116 96
Legionellosis 302 298
Meningococcal disease 259 230
Tuberculosis 1324 1327
Influenza (laboratory confirmed) 59090 13419
Measles 104 70
Mumps 165 95
Chickenpox 1753 1743
Shingles 2716 2978
Dengue virus infection 1406 1201
Malaria 508 399
Ross River virus infection 4796 5147

a. Calculate the mean (correct to 1 decimal place) and median number of cases of communicable diseases of
the sample for each year.
b. Comment on the differences between the mean and median values calculated in part a.

12. The number of passengers arriving from overseas during a particular time period at various airports in
Australia is shown in the following table.

Airport Number of passengers
Adelaide 5743
Brisbane 480 625
Cairns 5110
Coolangatta 7655
Darwin 5318
Melbourne 594 286
Perth 318 493

a. Calculate the mean and standard deviation for the sample. Give your answers correct to 1 decimal place.
b. Compare the mean and standard deviation to the median and interquartile range for the sample.
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13. The following table shows data on the top 10 tourist destinations in Europe.

Country Nights in country (X 1000)
Spain 200552
Italy 158527
France 98700
United Kingdom 80454
Austria 72225
Germany 54097
Greece 46 677
Portugal 25025
Netherlands 25014
Czech Republic 17747

a. Display the data as a boxplot.

b. Describe the distribution of the data using the five-figure summary and identify any outliers.

14. The biggest winning margins in AFL grand finals up to the year 2019 are shown in the following table.

Biggest winning margins

Winning margin Year Winning team = Winning score | Losing team | Losing score
119 2007 Geelong 163 Port Adelaide 44
96 1988 Hawthorn 152 Melbourne 56
83 1983 Hawthorn 140 Essendon 57
81 1980 Richmond 159 Collingwood 78
80 1994 West Coast 143 Geelong 63
78 1985 Essendon 170 Hawthorn 92
73 1949 Essendon 125 Carlton 52
73 1956 Melbourne 121 Collingwood 48
63 1946 Essendon 150 Melbourne 87
61 1995 Carlton 141 Geelong 80
61 1957 Melbourne 116 Essendon 55
60 2000 Essendon 135 Melbourne 75
a. i. Display the winning margin data as a boxplot.

ii. Display the winning score data as a boxplot.
iii. Display the losing score data as a boxplot.

b. Describe each boxplot from part a.
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15. The following table shows data on military expenditure by region (US $billion) for the years 1999-2012.

Year | Africa | The Americas @ Asia and Oceania | Europe = Middle East
1999 22 441 198 348 69
2000 19 458 202 360 80
2001 20 466 213 362 85
2002 21 515 224 374 80
2003 21 571 234 380 84
2004 23 620 247 383 89
2005 24 652 260 387 98
2006 25 665 275 397 105
2007 26 685 296 408 110
2008 30 737 312 419 106
2009 32 793 348 428 109
2010 34 817 355 419 115
2011 38 808 369 411 117
2012 38 768 382 419 128

a. Display the data for the Americas, Asia and Oceania, and Europe as parallel boxplots.
b. Use the boxplots to compare military spending between the three regions.

Extended response
16. Use the data shown to answer the following questions.

Women who gave birth and Indigenous status by states and territories

Status NSW | Vic Qid WA SA Tas | ACT | NT Aust
Indigenous 2904 | 838 | 3332 | 1738 | 607 284 107 | 1474 | 11284
Non-Indigenous 91958 70328 | 5766529022 |18994 | 5996 | 5601 | 2369 |281933

a. Display the data in an appropriate display.

b. Calculate the mean births per state/territory of Australia for both Indigenous and non-Indigenous groups.
Give your answers correct to 1 decimal place.

c. Calculate the median births per state/territory of Australia for both Indigenous and non-Indigenous
groups.

d. Calculate the standard deviation (correct to 1 decimal place) and IQR for the data on births per
state/territory of Australia for both Indigenous and non-Indigenous groups.

e. Comment on the measures of centre and spread you have calculated for this data.

17. Use the data on Tokyo’s average maximum temperatures to answer the questions.

Tokyo average maximum temperature, 1980-2012

Year Temp. (°C) | Year Temp. (°C) | Year | Temp. (°C) | Year Temp. (°C)
1980 19.3 1985 194 2003 19.6 2008 20.1
1981 19.0 1986 18.8 2004 21.2 2009 20.3
1982 19.6 1987 20.0 2005 20.4 2010 20.6
1983 19.6 1988 19.0 2006 19.9 2011 20.2
1984 18.8 1989 19.9 2007 20.6 2012 20.0
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a. Calculate the mean and standard deviation of the temperature data for the two 10-year periods of 1980-89
and 2003-12. Give your answers correct to 2 decimal places.

b. State what the means and standard deviations calculated indicate about the two 10-year periods.

c. Calculate the mean and standard deviation of the total 20 years of the sample data. Give your answers
correct to 2 decimal places.

d. Comment on how these measurements compare to the calculations you made in part a.

18. The following table shows the AFL grand final statistics for a sample of players who have kicked a total of
5 or more goals from the clubs Carlton and Collingwood.

Player Team Kicks | Marks Handballs | Disposals Goals | Behinds
Alex Jesaulenko Carlton 23 11 9 32 11 0
John Nicholls Carlton 29 3 1 30 13 1
Wayne Johnston Carlton 78 19 17 95 5 7
Robert Walls Carlton 19 9 5 24 11 1
Craig Bradley Carlton 61 11 37 98 6 2
Mark MacLure Carlton 34 16 14 48 5 4
Stephen Kernahan Carlton 44 26 8 52 17 5
Ken Sheldon Carlton 36 5 12 48 5 2
Syd Jackson Carlton 13 3 1 14 5 1
Rodney Ashman Carlton 25 4 10 35 5 2
Greg Williams Carlton 30 6 29 59 6 4
Alan Didak Collingwood 46 17 24 70 6 2
Peter Moore Collingwood 42 22 13 55 11 7
Ricky Barham Collingwood 42 15 16 58 5 5
Travis Cloke Collingwood 26 16 9 35 5 4
Ross Dunne Collingwood 17 23 5 2
Craig Davis Collingwood 27 8 8 35 6 3

a. Use the data for goals to compare the two clubs using parallel boxplots.

b. Comment on what the parallel boxplots indicate about the data for goals.

c. Compare the data for kicks and handballs using parallel boxplots.

d. Comment on what the parallel boxplots indicate about the data for kicks and handballs.

1.12 Exam questions

Question 1 (1 mark)
Source: VCE 2021, Further Mathematics Exam 1, Section A, Q5; © VCAA.

I The stem plot below shows the height, in centimetres, of 20 players in a junior football team.

key : 14]2=142cm
1412247889
15100125568
16 {0112

17 19

n=20

A player with a height of 179 cm is considered and outlier because 179 cm is greater than

A. 162 cm B. 169 cm C. 172.5cm D. 173 cm E. 175.5cm
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Question 2 (1 mark)
Source: VCE 2020, Further Mathematics Exam 1, Section A, Q2; © VCAA.

T The times between successive nerve impulses (time), in milliseconds, were recorded.

The table shows the mean and the five-number summary calculated using 800 recorded data values.

Time (milliseconds)
Mean 220
Minimum value 10
First quartile (Q,) 70
Median 150
Third quartile (Q,) 300
Maximum value 1380

Data: adapted from P Fatt and B Katz, ‘Spontaneous subthreshold activity at motor nerve endings’,
The Journal of Physiology, 117, 1952, pp. 109-128

Of these 800 times, the number of times that are longer than 300 milliseconds is closest to

A. 20 B. 25 C. 75 D. 200 E. 400

Question 3 (2 marks)
Source: VCE 2019, Further Mathematics Exam 2, Section A, Q3; © VCAA.

The five-number summary for the distribution of minimum daily temperature for the months of February, May
and July in 2017 is shown in Table 2.

The associated boxplots are shown below the table.

Table 2. Five-number summary for minimum daily temperature

Month Minimum 0, Median o, Maximum
February 59 9.5 10.9 13.9 22.2
May 33 6.0 7.5 9.8 12.7
July 1.6 3.7 5.0 5.9 7.7
24
b o
204
164
minimum J
daily
temperature 124
(OC) B
8 =
4
0
February May July
month

Data: Australian Government, Bureau of Meteorology, <www.bom.gov.au/>

Explain why the information given above supports the contention that minimum daily temperature is associated
with the month. Refer to the values of an appropriate statistic in your response.
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Question 4 (8 marks)

Source: VCE 2017, Further Mathematics Exam 2, Section A, Q2; © VCAA.

The back-to-back stem plot below displays the wingspan, in millimetres, of 32 moths and their place of capture

(forest or grassland).

Key : 1|18=18 wingspan (mm)
forest (n=13) grassland (n=19)
6118
2110000212244
712(559
40131001234
513168
4103
415
215
a. Which variable, wingspan or place of capture, is a categorical variable? (1 mark)
b. Write down the modal wingspan, in millimetres, of the moths captured in the forest. (1 mark)
c. Use the information in the back-to-back stem plot to complete the table below. (2 marks)
Wingspan (mm)
Place of capture minimum 0, median (M) 05 maximum
forest 20 21 32 52
grassland 18 24 30 45
d. Show that the moth captured in the forest that had a wingspan of 52 mm is an outlier. (2 marks)
e. The back-to-back stem plot suggests that wingspan is associated with place of capture. (2 marks)

Explain why, quoting the values of an appropriate statistic.

Question 5 (5 marks)

Source: VCE 2016, Further Mathematics Exam 2, Section A, Q2; © VCAA.

The weather station also records daily maximum temperatures.
a. The five-number summary for the distribution of maximum temperatures for the month of February is

displayed in the table below.

Temperature (°C)
Minimum 16
0, 21
Median 25
0, 31
Maximum 38

There are no outliers in this distribution.
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i. Use the five-number summary above to construct a boxplot on the grid below. (1 mark)

T T
February

15 20 25 30 35 40
daily temperature (°C)

ii. What percentage of days had a maximum temperature of 21°C, or greater, in this particular February?

(1 mark)
b. The boxplots below display the distribution of maximum daily femperature for the months of May and
July.
July
.
month
May
6 8 10 12 14 16 18 20

temperature (°C)

i. Describe the shapes of the distributions of daily remperature (including outliers) for July and for May.

(1 mark)
July
May
ii. Determine the value of the upper fence for the July boxplot. (1 mark)
iii. Using the information from the boxplots, explain why the maximum daily temperature is associated
with the month of the year. Quote the values of appropriate statistics in your response. (1 mark)

More exam questions are available online.

Hey teachers! Create custom assignments for this topic

i? Create and assign Access quarantined *_- Track your
v ° unique tests and exams tests and assessments 4 5  students’ results

Find all this and MORE in jacPLUS (C)
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An SWErs 1.3 Categorical data distributions

1.3 Exercise
1.

Topic 1 Investigating and

- . . . Favourite type of music Frequenc
comparing data distributions - P "9 Y
op
1.2 Types of data Rock 7
1.2 Exercise Classical 2
1. a. Numerical Folk 3
b. Categorical Electronic 9
c. Numerical
. 2. a. A
2. Nominal 35
3. Ordinal " 30
. a. Continuous é 25 7
b. Continuous % ?g ]
2 154
c. Discrete = 04 H l_'
5. a. Continuous 5 - |_|
b. Discrete 0 v @ |_| I_I S
& > §
c. Ordinal & @ & & £
. V’o°$o“‘9‘2‘s\v¢“
| Data Type
- - - . Favourite movie genre
a. Wines rated as high, Categorical Ordinal .
. b. 100 people surveyed; most common ‘action’; least
medium or low }
. common ‘musical’
quality
- - 3| Favourite pizza Frequency
b. The number of Numerical Discrete .
downloads from a Margherita [
website Pepperoni 11
— - - Supreme 9
c. The electricity usage Numerical Continuous
over a three-month Meat feast 14
period Vegetarian 6
- - Other 13
d. A volume of petrol Numerical Continuous
sold by a petrol 4. a. Nominal categorical
station per day b
| Transport method Frequency
7. Nominal categorical Bus 9
a. i. Interval ii. Nominal Walk 3
b. Data set i is more useful. Train 4
9. a. Q1 ordinal, Q2 ratio Car 7
b. Question 2 because ratio is better than ordinal. Bicycle 3
10. The weight is a continuous data. The weight is measured
. o 5 o C. A
on a scale. Continuous data has an infinite set of possible 10 2
values. 94
8 -
1.2 Exam questions g 7 ]
Note: Mark allocations are available with the fully worked § g :
solutions online. E 4
1. A 3
2.B 2
3.B 1
0 >
%.

S oo
-\Q

%
Transport method

Q’& QY &
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d. 26 people surveyed; most common ‘bus’; least common c.
‘walk’ and ‘bicycle’
Response Frequency _
9
Yes 16 §
Don’t care 3 g
No 7 =
b.
18 A
16
o 14 4
E 12
% 10 H
& i B Response
4 s Result Frequency
2 -
0 A 3
Yes Don’t No B )
care
Response C 8
c. Ordinal, as it makes sense to arrange the data in order D 4
from ‘Yes’ to ‘No’, with ‘Don’t care’ between them. E 3
- 2| Favourite animal Frequency b. A
Dog 7 g
Cat 8 _ 7
Rabbit 4 26
S 25
Guinea pig 3 g .
=
Rat 2 3
Ferret 1 2
1 -
b. A 0 -
9 A B C D E
8 Result
z ; _ c. Ordinal categorical
g 6
] 5 10. A
g ] 100
= 3 90
2 80
1 2 70 1
o § 60
IS SN SR CIRY S g 504
AR PESIRS = 404
0& 30 +
Favourite animal 20
10 +
c. Cat 0
a. Flat white b. 70 2 3 4 5

a. Ordinal categorical Number of bedrooms

b. The data should be in order from ‘Strongly agree’
through to ‘Strongly disagree’.
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1. a Temperature

Frequency

Above average

3

Average

9

Below average

3

A
10

9
8 -
7_
6 -
5 4
4
3 -
24
14

Frequency

>

0

Above Average Below
average

average

Temperature

c. Ordinal categorical
b. 15%

12. a. 40
13. a. 15-19

4
80
70
60
50
40
30
20

10
o L M

Frequency

?30 C}‘Za‘b'

Q
‘.\\4

Main area of education and study

20—-24

4
160
140

100

Frequenc;
x©
)
1

>
&
& > &
T S
:§§ oo‘éo
&

Main area of education and study

Main area of education and study

35—44

Frequency

Frequency

A
100 -
90 -
80 -
70 -
60 -
50
40 -

30

20 H

10

ol W s

RO S
§ & C
¥ &
X\
Main area of education and study
—64
A
70
60
50
40
30
20 H
18 m B .
¢ &S

g & o >
; go\@ & &90 ¥ Q,&{i&“@
Qoo zﬁb\\ @0\ & ¢§
Yo K &0 S
@fv“
Main area of education and study
b. 20-24
14. a. Age group Frequency
Under 20s 18
20-29 15
30-39 13
4049 10
50-59 7
60+ 12
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b. Under 20
C. A ‘ ‘
30
25
20
15 -
10 +
5 -
0 -

Frequency

NG NS
b@{» » VQ/ .
N
Age group
d. Yes, the modal category is now 20-39.

1.3 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.
1. E

2.B
3.B

1.4 Numerical data distributions — frequency
tables and histograms

1.4 Exercise
1.

Time (seconds) Frequency
30— <40 3

40— <50 5

50— <60 7

4

1

60— <70
70— <80

Time (seconds) Frequency
80— <90 2

90— < 100 6

100— <110 5

5

2

110— <120
120— <130

Time (seconds) Frequency
85— <90 2
90— <95
95— <100

100— < 105
105— <110
110— <115
115— <120
120— < 125

NN W[ W N | =

Frequency

1 2.5 4.0 55 7.0 8.5
Cholesterol level (mmol/L)
b. A
30
z 25
g 20
& 15
=4
= 10
5

2 4 6 8 10
Distance travelled (km)
- a Class interval Frequency
5—-<10 5
10— <15 9
15— <20 16
20— <25 9
25— <30
\
18
16
14
)
g 12
@
?',' 10
& 8
6
4 -
2 . S S E—
0 _
5 10 15 20 25 30
b.
Class interval Frequency
11-<16 10
16— <21 5
21—-<26 5
26— <31 6
31-<36 8
36— <41 1
41— <46 3
46— <51 2
A
12
z 10+
g 84
=
g 6-
St
4
2 -
0 .

11 16 21 26 31 36 41 46 51
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2. Student heights

11
10 -
9 -
8 -
7 4
6 -
54
4
3
24
14
0 -H 1 —>
110 115 120 125 130 135 140 145 150 155

Class intervals

Frequency

8. Data sets 1 and 3

1.4 Exam questions
Note: Mark allocations are available with the fully worked

solutions online.

1.

5. a. Average hours Frequency
20— <25 1
25—<30 5
30— <35 5
35— <40 21
40— <45 8
b. A
30
z 25
g 20
=]
g 15
= 10
> 1 e
0 A 1
20 30 35 40
Average hours
6. C
7. a. 0— <5 hours
b.
Number of hours
worked Frequency
0—<5 25
5—-<10 14
10—<15 8
15—<20
20— <25 1
c. 51

Class interval (5 cm) Frequency
110-114 2
115-119 0
120-124 10
125-129 11
130-134 1
135-139 1
140-144 1
145-149 2

45

3. a. 220

o
>
>

Frequency
W s NI
[Nl Nl
1 1 1 1 1

[\
[e]

—
o
|

| T I——

10 20 30 40 50 60 70 80
Hours worked per week

=]

c. 45 hours per week

1.5 Numerical data distributions — dot plots
and stem plots

1.5 Exercise
1. a. Key: 1*|9 =$19

Stem | Leaf
* 19
2 1112222223344
2% 1 56
b. Key: 0*|6 = 6 hours
Stem | Leaf
0* | 679
1| 344
1* | 77
21001113344
2% | 556
2. a. Key: 1|2 = 12 passengers
March leaf | Stem | April Leaf
3 1 24
75 I 557
4332 2 00233
8775 2 7778
443 3 0
765 B8 566
42 4 3
7 4%
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b. Key: 1|7 = 17 patients 6. a. e
Dr. Hammond Leaf | Stem | Dr. Valenski Leaf . . .
e o o [ ]
I [77 e o o s s o o
433 | 2 | 12344 R EEREEEEN
. L T T T T T T T U
65| 2% 155668 70 71 72 73 74 75 76 77 78
421 3 0034 Round score
887 Sk 5 b. -
31| 4 |1 E
6554 | 4* o s o
Lot T
65 Sk <77 T T T T T T T 1>
1 23 45 6 7 8 910
6 0 Test results
3. Key: 0*|8 = 8 people 7. S
Stem | Leaf e o o o
e 6 o o o o o
0* 8 8 » e 6 o o o o o o
T T T T T T L
11344 3456 7 89
1% | 66779 ——
21 11 8. a. Histogram
2 | 5 b. Bar chart or dot plot
. 9. Histogram or dot plot
. Key: 0|1 = 1 game played 10. . Key: 0[1 = 1
Squad 1leaf | Stem | Squad 2 Leaf Stem | Leaf
1 0 ol 1
4 1 o
1 k
7 111144
4: 22* 4 1*1 6678
33 3 5 213344
! 2% | 779
65 gfo 6 - . . .
b. Splitting the stem for this data gives a clearer picture of
321 4 34 the spread and shape of the distribution of the data set.
4% 5
11 5 2 1.5 Exam questions
5 6% Note: Mark allocations are available with the fully worked
7 solutions online.
1. 38 cm
Z 2. a. Day number
*
| 89 27 b. key:4|]1=4.1 n—-15
minimum temperature (°C)
5. a :
o o o 4118
e o o
e o o o 5
e o o o o o
<77 T T 71 > 607
01 2 3 4 5 71 057
Number of wickets
b. ° 8106
. 9028
[ J
L e 10 | 7
e e - = 11 | 8
T T T T T =
1 23 456 1217
Hours checking email 3. A
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1.6 Characteristics of numerical data
distributions

1.6 Exercise

1. a. The distribution has one mode with data values that
are most frequent in the 35—< 40 interval. There are
no obvious outliers, and there is a negative skew to the
distribution.

b. The distribution has one mode with data values that are
most frequent in the 45—< 60 interval. There are two
potential outliers in the 120—< 135 interval, and the
distribution is either symmetrical (excluding the outliers)
or has a slight positive skew (including the outliers).

2. a.

0O T o

A
16 -
14 4
z 12 -
£ 10
]
g 8
= 6
4 4
24
0 'j\/ T T >
70 80 90 100 110 120 130 140 150
The distribution has one mode with data values that are
most frequent in the 120— < 130 interval. There are
potential outliers in the 70— < 80 interval, and there is
a negative skew to the distribution.
b. \
16
14
z 12
£ 10
=
g 8
=6
4 4
2
0 -, >
4 14 24 34 44
The distribution has one mode with data values that
are most frequent in the 24—< 34 interval. There are
no obvious outliers, and there is a negative skew to the
distribution.
3- 3 [ Number of pets Frequency Percentage
0-1 18 45%
2-3 12 30%
4-5 8 20%
More than 5 2 5%
Total 40 100%

b. Discrete numerical
c. 40

. a.

\

>
0-1 2-3 4-5 More than 5
Number of pets

. The distribution has one mode with data values that are

most frequent in the 0—1 interval. There are no obvious
outliers, and the distribution has a positive skew.

. 65%
. 15%
. The distribution has one mode with data values that are

most frequent in the 90—< 120 interval. There are no
obvious outliers, and the distribution has a negative skew.

A

16
14
12
10
8 -
6 -
4 -
2 -
0 -4, -

115 125 135 145 155
Systolic blood pressure

Frequency

. The distribution has one mode with data values that are

most frequent in the 115—< 125 interval. There are no
obvious outliers, and the distribution has a positive skew.
A
8 -
7 —
6 -
5 -
4 4
3 -
2 -

o Iy [T r

T LI
S AN AX A\ 4O 12 40 A DV 0 D D
NEN NN ENENINNCEN NSNS

Frequency

>
>

Systolic blood pressure

The second histogram is split into two distinct groups with
three modes. The lower group is symmetrical around the
interval 121 —<128. The upper group has a slight positive
skew.
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e. The second histogram might demonstrate that there are iii. A
two distinct groups present in the data, for example a 30
younger age group and an older age group. E‘ 251

6. a. See the image at the bottom of the page.* g i(; T

b. A E 10

5 —
0 -

174 189 204 219
Height (cm)

b. The histogram with more intervals allows you to see the
shape and details of the distribution better, although the
overall shape is fairly similar in all three histograms.

i. This distribution has two modes (181.5 and 186.5),
with a positive skew and no obvious outliers.
ii. This distribution also has two modes (179 and 189),
with a positive skew and no obvious outliers.
iii. This distribution has one mode (181.5), with a positive
skew and no obvious outliers.

Frequency

1.40 1.50 1.60 1.70 1.80 1.90
Price of petrol ($)

c. Both histograms have one mode with a negative skew to

the distribution. The first histogram gives the impression 8. 10 A
that there may be outliers at the start of the data set, but 9
this is not as evident in the second histogram. 3
.a. i A B‘ 7
g 6
g 5
= 4
)
% 3
% 2
= 1
= 0
21.6 22.0 224 228 232 236
Temperature (°C)
The distribution for the interval 1993-2012 is approximately
symmetrical, with a slight negative skew.
174 179 184 189 194 199 204 209
Height (cm) 1.6 Exam questions
f 18 A Note: Mark allocations are available with the fully worked
solutions online.
1. B
)
§ 2.E
& 3.B
St
=
174 184 194 204 214
Height (cm)
*6. a.
A
6
)
§ 4
=
g 3
= 2
1 -
O .

140 145 150 155 160 1.65 1.70 1.75 1.80 1.85
Price of petrol ($)
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1.7 Summarising numerical data — mean and
median

1.8 Summarising numerical data — range,
interquartile range and standard deviation

1.7 Exercise
1. 128.4

2. a.
b.

C.

24.76
27.71
The mean increased significantly.

3.26.18

4. a.
5. a.
b.

® 0 T

51 b. 198
Mean = 867.89 mm, median = 654 mm

The median, as it is not affected by the extreme values
present in the data set.

24
24

. The median is unchanged.
. 100

b. 1.805

8. The median, as the data set has two clear outliers.

10.

. $74231
. $65000
. It would be in the workers’ interest to use a higher figure

when negotiating salaries, whereas it would be in the
management’s interest to use a lower figure.

a. Mean = $1 269 850, median = $594 500

b. and c. See the image at the bottom of the page.*

d. The median, as the mean is affected by a few very high

values.

11. Mean =14 : 23

12, a.
b.

Mean =7.55, Median =6

The median would be the preferred choice due to the
extreme value of 34.

1.7 Exam questions

1.8 Exercise
1. 407
2. 2.555

3. a.

&
o T o T

ClassA =11, ClassB =10

. ClassA=2,ClassB=5

160
57

. Goals against: range = 293, interquartile range = 140

The ‘Goals against’ column is significantly more spread
out than the ‘Goals for’ column.

5.5.56
a. 7.37

o o T

7

. Standard deviation = 11.49, interquartile range =7
. The standard deviation increased by 4.12, while the

interquartile range was unchanged.

.29
. 1.25
. The range is less than double the value of the

interquartile range. This indicates that the data is quite
tightly bunched with no outliers.

. Year 1: standard deviation = 1301 033.5,

interquartile range = 2 336 546
Year 2: standard deviation = 1497 303.5,
interquartile range =2 734 078

. Year 1: standard deviation = 1 082 470.9,

interquartile range =2 136718
Year 2: standard deviation = 1228 931,
interquartile range =2 415 365

. Both values are reduced, but there is a bigger impact on

the interquartile range than the standard deviation.

Note: Mark allocations are available with the fully worked 9. a. Mean = 41 440.78, standard deviation = 2248.92
iolutl;):s online. b. 1.065 ke/L b. Median = 41 333, interquartile range = 3609
. a. ears . 1L
oy £ c. 59.38%

2. 24.55kg/m’ d. 50%

3.B e. There is a greater percentage of the sample within one
standard deviation of the mean than between the first and
third quartiles.

*10. b, ¢

A
16
14
B 12
S 10
g5
= 6
4 -
2 -

0 - T T T T T T T T T T T T T T >

241 491 741 991 1241 1491 1741 1991 2241 2491 2741 2991 3241 3491 3741 3991 4241 4491 4741

Property prices ($000s)
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10. a. Standard deviation = 0.46, interquartile range = 0.7
b. See the table at the bottom of the page.*
c. Sydney
d. Darwin

1.8 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.
1. 2.6

2.C
3.E

1.9 Symmetrical and asymmetrical distributions

c. The mean and standard deviation decrease.
d. 73.9 — mean without outlier

10. a.i. 68% ii. 95%
b.i. 68% ii. 95%

1.9 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.
1. C

2.D
3.E

1.10 The five-number summary and boxplots

1.9 Exercise
1. a. i. Asymmetrical
ii. Median and interquartile range
b. i. Symmetrical
ii. Mean and standard deviation

1.10 Exercise
1. a.25°C b. 21 °C

2. D]

< >
T T T T T L

20 30 40 50 60 70

c.7°C

2. a o : o Sandwiches sold
[ ] ] [ ] [ ] [ ]
e o o o o 3. a. 17, 23, 28, 33, 43
[ ] [ ] [} [ ] [ ] [ ] [ ]
T T T T T T T T T T T
0 1 2 3 4 5 6 7 8 9 10 ’—Dj—‘
b. Asymmetrical < T T T >
c. Median and interquartile range Hy 2l :0 LUt
3.a.9.1 b. 14.9 c. 90.48% e o , .
c. The data is fairly symmetrical with no obvious outliers.
4. a. 65% N
b. 90% ; .
c. 100% 2. matches e.
d. 100% because 3 standard deviations contained 100% ' matches &
. a. 64.29% b. 100% 8 matches c.
4. matches b.
. a. °
° 5. matches d.
L] [ ] [ ]
° ° ° o a. True b. True c. False
D i é é ‘It g a. Lower fence = 4.625, upper fence = 12.425
b. 2.22 b. 4.4 is an outlier.
c. 66.67% - . { | I .
7. a. Asymmetrical - >
b. Median 4 5 6 7 8 9 10 11 12
c i.—1.5 Time (minutes)
o s . 8. a. 104 b. 43 c. 61 d. 17
ii. It is negative.
iii. Can’t play for negative hours 9 Xoin =7,05 =13
d. Interquartile range UL E5A
8.2.68%  b.96%  c. 100%  d.Yes 20
9. a.i. 79.8 ii. 22.7 ii. 81.82% “ 20“ 5
b.i. 73.9 ii. 12.0 iii. 70% d. —1,
e. A commute longer than 53 minutes.
*#10. b. - - -
Sydney | Melbourne | Brisbane | Adelaide Perth | Hobart | Darwin | Canberra
Std dev. | 0.46 0.40 0.51 0.45 0.44 0.38 0.67 0.41
IQR 0.7 0.7 0.9 0.8 0.6 0.6 1.2 0.6
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1.10 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.

1. C

2. Please see the answer in the Worked solution.

3.B

1.11

Comparing the distribution of a numerical

variable across two or more groups

1.11

1. a.

T o9 o O T o

Exercise

.—D]—I Store 2

<
L T T T T T

30 40 50 60 70 80 90
Sales ($000s)

>
I

. On the whole, store 2 has less sales than store 1;

however, the sales of store 2 are much more consistent
than store 1’s sales.

The sales of store 1 have a negative skew, while the sales
of store 2 are symmetrical. There are no obvious outliers
in either data set.

. School B

. School B

. 3 (School B has a bigger interquartile range.)

. Brand X b. Brand Y c. Brand X d. Brand X

. $69 in Restaurant A is an outlier.
. Restaurant A: 24, 28, 33.5, 38, 42

Restaurant B: 18, 25, 30, 38, 46

'—D:)—' Restaurant B

>
T T T T T T

T
10 20 30 40 50 60 70
Price ($)

X Restaurant A

. The meals in Restaurant A are more consistently priced,

but are also generally higher priced. The distribution
of prices at Restaurant A has a positive skew, while
the distribution of prices at Restaurant B is nearly
symmetrical.

. Party A: 370, 497, 651, 769, 838

Party B: 255, 335, 632, 801, 971

o—| | l—o Party B

<7 T T T T T T T >
200 300 400 500 600 700 800 900 1000
Votes

. The spread of votes for Party B is far larger than it is

for Party A. Party A polled more consistently and had
a higher median number of votes. Party A had a nearly
symmetrical distribution of votes, while Party B’s votes
had a slight negative skew.

. Company A

10.

© N
Qo o

o

a.

Share price ($)
10—< 15 2
15—<20
20—<25
25—<30
30—<35
35—<40

Frequency

| A AL w

Company B

Share price ($)
15—<20 2
20—<25
25—<30
30—<35
35—<40
40—<45
45—<50

O—Dj—t Company A

>
7

Frequency

| W[ | W[ W| W

< T T T
10 20 30 40 50
Share price ($)

. On the whole, the share price of Company B is greater

than the share price of Company A. However, the share
price of Company A is more consistent than the share
price of Company B. The share price of Company A has
a negative skew, while the share price of Company B has
a nearly symmetrical distribution.

. True b. True c. True d. False
. Phone A b. Phone A c. Phone B
. Phone C e. Phone C

. Drink 1: 35,43,51, 58.5, 66

Drink 2:37,48.5,59, 67,77
Drink 3: 46,49, 51.5, 55, 61

._D:)_. Drink 1
Drink 2
X O-D]—O Drink 3

50 60 70 80
Sales

< >
~€ >

T T
30 40

. The sales of Drink 3 are by far the most consistent,

although overall Drink 2 has the highest sales. Drink
2’s sales are also the most inconsistent of all the drinks.
There is one outlier in the data sets (33 in Drink 3).

Suburb A: 275, 289, 300, 307.5,315
Suburb B: 250, 272.5, 295, 315, 340
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1.11
Note:

X Suburb A

>
T T T T T T T

< >
240 260 280 300 320 340 360 380
Rental price ($)

. The rental prices in Suburb A are far more consistent

than the rental prices in Suburb B. There is one outlier in

the data sets ($350 in Suburb A). Although Suburb A has

a higher median rental price, you could not say that it was
definitely more expensive than Suburb B.

iy
._ED_. Suburb B
[ 1]

>
T T T T T T T

T
240 260 280 300 320 340 360 380
Rental price ($)

X Suburb A

Suburb C

. Suburb C has a higher average rental price than either

Suburb A or B. The spread of the prices in Suburb C is
more similar to those in Suburb B than Suburb A.

Exam questions

Mark allocations are available with the fully worked

solutions online.

e

2. a.i.5°C

ii. 10°C iii. One

b. 15 days

3.C

1.12

Review

1.12

Exercise

Multiple choice

.D

I
O W w o

7.B
8.C
9.D

Short answer

10. a.
b.

C.

11. a.

12, a.

Mean = 94.6, median = 93.3

IQR = 8.64, standard deviation = 7.49

For this sample, the mean and the standard deviation
would be preferred as there are no clear outliers and no
apparent skew.

Year 1: mean = 6432.9, median = 1324

Year 2: mean = 2637.6, median = 1201

. The mean values are significantly different but the

medians are very similar. This would seem to indicate
the presence of extreme values in the data.

Mean =202 461.4, standard deviation =257 819.6

b. Median = 7655, IQR = 475307

13. a.

14. a.

15. a.

The median and interquartile range are not influenced by
the presence of the much smaller values for Darwin and
Adelaide.

L 1 ]

<
T T T

T
0 50000

>
T 7

250000

T T T
100000 150000 200000

. Five-figure summary:

17747, 25025, 63 161, 98700, 200 552

The data shows a positive skew with the upper 25%
having a much greater spread than the lower 25%. The
middle 50% is approximately symmetrical. There are no
outliers.

<
T T T T T T

60 70 80 90 100 110 120

<
<<

>

T T T T T T T >
110 120 130 140 150 160 170 180

T T T T T T

40 50 60 70 80 90 100
. Negative skew with an upper outlier

>
7

ii. Symmetrical with no outliers

iii. Positive skew with no outliers

See the image at the bottom of the page*

*15. a.

The Americas o—| |

—

Asia and Oceania O—D:'—C

Europe ’—D:'o

<
T T T T T T T T T T T

T >

150 200 250 300 350 400 450 500 550 600 650 700 750 800 850
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b.

Military spending is greater but more variable in the
Americas as indicated by the larger range and IQR.
Europe has the least variable spending. Asia and Oceania
spend the least but are more variable than Europe.

Extended response

16. a.
b.

17. a.

See the image at the bottom of the page.*

Indigenous mean = 1410.5,
Non-indigenous mean = 35241.6

. Indigenous median = 1156,

Non-indigenous median = 24 008

. Indigenous: standard deviation = 1193.8,

IQR = 1875.5
Non-indigenous: standard deviation = 33 949.03,
IQR =58 198

. The median and IQR are probably more appropriate due

to the presence of potential extreme values in the data.

1980—89: mean = 19.34, standard deviation = 0.44
2003—12: mean = 20.29, standard deviation = 0.45

. The mean temperature is about one degree higher in the

period 2003-12, but the standard deviations indicate that
the data have similar spreads.

b. Goals scored in grand finals for this sample of players
is greater but more variable among the Carlton players,
as indicated by the larger range and IQR. Collingwood
players are concentrated at 5 or 6 with the exception of
the one upper outlier of 11.

c. See the image at the bottom of the page.*

d. Kicks for this sample of players are greater but more
variable than the handballs, as indicated by the larger
range and IQR. Both are positively skewed with one
upper outlier.

1.12 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.

1. E

2.D

3. The month is the explanatory variable and the minimum daily
temperature is the response variable. The median values
decrease with the month, which is expected as the year
moves from summer into winter months.

4. a. Place of capture

. b. 20 mm
c. Total data: mean = 19.82, standard deviation = 0.65
c. -
d. The mean of the total data is halfway between the two Wingspan (mm)
separate time periods. The standard deviation indicates a Place of median
much greater variation from the mean for the total data. capture minimum | Q; | (M) | Q3 | maximum
18. a. Forst 16 20 21 32 52
Carlton
Grassland 18 24 30 36 45
Collingwood |:|:| X d. Please see the worked solution in the online resources.
< T T T T T T T — e. Please see the worked solution in the online resources.
4 6 8§ 10 12 14 16 18 20
*16. a.
A [[] Indigenous
100000 [7] Non-Indigenous
90000 [ |
80000 -
70000 —
60000
50000
40000
30000
20000
10000 |_|
0 | | S
NSwW Vic Qld WA SA Tas ACT NT
*18. c.

Handballs -—D:’—o X

>
T T T T T 7

<7 T T T T
0 5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80
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. a. i T 11
February
21 25 31
16 38
15 20 25 30 35 40
daily temperature (°C)
ii. 75%

b. i. July: Positively skewed with an outlier at the high end
May: Approximately symmetric with no outliers
i. 15.5
iii. The median maximum daily temperature for May is approximately 14.4 °C and for July it is approximately 9.1 °C. These are

very different temperatures, which we would expect as July is in winter and May is in autumn. Therefore, the maximum daily
temperature is associated with the month of the year.
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Linear relations and
2 eguations

LEARNING SEQUENCE

2.1 Overview

2.2 Linear relations and solving linear equatio
2.3 Developing linear equations

2.4 Simultaneous linear equations

2.5 Problem solving with simultaneous equations
2.6 Review

Fully worked solutions for this topic are available online.




2.1 Overview

Hey students! Bring these pages to life online ~n an
Watch Engage with Answer questions ,,) 9
videos interactivities and check results /'

Find all this and MORE in jacPLUS (C)

2.1.1 Introduction

Linear equations have been around for over 4000 years. A /
simple 2 X 2 linear equation system with two unknowns /
was first solved by the Babylonians. Around 200 BC, the /
Chinese demonstrated the ability to solve a 3 X 3 system of
equations. However, it wasn’t until the17th century that
progress was made in linear algebra by the inventor of
calculus, Leibniz. This was followed by work by Cramer
and later Gauss.

Linear equations themselves were invented in 1843 by

Irish mathematician Sir William Rowan Hamilton. He was
reputedly a genius: at the young age of 13, he spoke

13 languages, and at 22 he was a professor at the University
of Dublin. His work has been applied in many fields, given
that there are many situations in which there is a direct
relationship between two variables. Classic examples are
of water being added to a tank at a constant rate or a taxi
trip being charged at a constant rate per kilometre.

A linear equation to model the cost of a taxi trip can be
used to compare one taxi company to another. The break-
even point refers to the point at which the cost is the same
for each taxi company. This is the point at which the two
linear graphs intersect and it can be found using a graphical
technique, or using substitution or elimination techniques of
simultaneous equations.

KEY CONCEPTS

This topic covers the following key concepts from the VCE Mathematics Study Design:

e the linear function y = a + bx, its graph, and interpretation of the parameters a and b in terms of initial
value and constant rate of change respectively

e formulation and analysis of linear models from worded descriptions or relevant data (including
simultaneous linear equations in two variables) and their application to solve practical problems
including domain of interpretation

e piecewise linear (line segment, step) graphs and their application to modelling practical situations,
including tax scales and charges and payment.

Note: Concepts shown in grey are covered in other topics.

Source: VCE Mathematics Study Design (2023-2027) extracts © VCAA; reproduced by permission.
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2.2 Linear relations and solving linear equations

LEARNING INTENTION

At the end of this subtopic you should be able to:
e identify the properties of linear relations and equations
* solve linear equations with one variable
e transpose linear equations
e substitute values into linear equations
e solve literal linear equations.

2.2.1 Identifying linear relations

A linear relation is a relationship between two variables that when plotted give Variables

a straight line. When a linear relation is expressed as an equation, it is called a

linear equation. Linear equations come in many different forms and can be easily y=a+bx
identified because the powers on the pronumerals are always 1. A linear equation

defines or describes relationships between two or more variables. Initial value  Constant rate

Identifying a linear equation

Linear Non-linear
e Equations contain one, or at most, two e Equations involve pronumerals with powers
variables. other than 1 (e.g. roots, squares, cubes,
¢ The powers on the pronumerals are exponents).
always 1. e Equations include the scenario when two
¢ The pronumerals cannot be multiplied pronumerals are multiplied together.
together.
Examples of linear equations are: Examples of non-linear equations are:
3¢+1
6x =24, y =11+ 4x, ¢ )=12 y=5x2,y=42‘x,xy=7,\/§=9

Many real-life situations can be described by linear relations, such as water being added to a tank at a constant
rate, money being saved when the same amount is deposited at regular time intervals or converting between
degrees Celsius and Fahrenheit.

°Celsius
Ny
100 —

80 —
60 —
40
20 —

-

T 1 T T T T T T T T T 7% °Fahrenheit

-60 —40 -20 20 40 60 80 100 120 140 160 180 200 220
/E)(j
—60 —

Y
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WORKED EXAMPLE 1 Identifying linear equations
tlvd-3696

Identify which of the following equations are linear.

a.y=1+4x b. b=c*—5c+6 c.y=14/x
d. m?* = 6(n —10) e.d=3t—;-8 f.y=5
THINK WRITE
a. 1. Identify the variables. a. yand x
2. Write the power of each variable. y has a power of 1.
x has a power of 1.
3. Determine whether the equation is linear. Since both variables have a power of 1, this is
a linear equation.
b. 1. Identify the variables. b. b and ¢
2. Write the power of each variable. b has a power of 1.
¢ has a power of 2.
3. Determine whether the equation is linear. ¢ has a power of 2, so this is not a linear
equation.
c. 1. Identify the variables. c. yand x
2. Write the power of each variable. y has a power of 1.
Note: A square root is a power of % x has a power of %
3. Determine whether the equation is linear. x has a power of l, so this is not a linear
equation. g
d. 1. Identify the variables. d. mand n
2. Write the power of each variable. m has a power of 2.
n has a power of 1.
3. Determine whether the equation is linear. m has a power of 2, so this is not a linear
equation.
e. 1. Identify the variables. e. dandt
2. Write the power of each variable. d has a power of 1.
t has a power of 1.
3. Determine whether the equation is linear. Since both variables have a power of 1, this is
a linear equation.
f. 1. Identify the two variables. f. yandx
2. Write the power of each variable. y has a power of 1.
x is the power.
3. Determine whether the equation is linear. Since x is the power, this is not a linear
equation.

2.2.2 Transposing linear equations

If we are given a linear equation between two variables, we are able to transpose this relationship. That is,
we can change the equation so that the variable on the right-hand side of the equation becomes the stand-alone
variable on the left-hand side of the equation (the subject of the equation). To transpose the linear equation

y = a + bx to make x the subject of the equation means the subject of the equation is the variable that is being
calculated. It is the letter on its own on one side of the equals sign.
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WORKED EXAMPLE 2 Transposing linear equations

Transpose the linear equation y =7 + 4x to make x the subject of the equation.

THINK WRITE
1. Isolate the variable on the right-hand side of the y=T7T=T+4x-7
equation (by subtracting 7 from both sides). y—7=4dx
.. . . . y=7 4x
2. Divide both sides of the equation by the coefficient of —_ =
the variable on the right-hand side (in this case 4). > i 7 E
— =X
4
. . . y—1
3. Transpose the relation by interchanging the left-hand xX=—
side and the right-hand side. 4
TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE
1. On a Calculator page, press (g o melX] 1. On the Main screen, o e
MENU and select: o) 17 complete the entry line
3: Algebra 4 as:
1: Solve f solve (y =7 + 4x, x)
Complete the entry line as: then press EXE.
solve (y =7 + 4x, x)
then press ENTER.
y=1 y 7
2. The answer appears on X = T 2. The answer appears on x= Z - Z

the screen.

the screen.

2.2.3 Solving linear equations with one variable

To solve linear equations with one variable, all operations performed on the variable need to be identified in
order, and then the opposite operations need to be performed in reverse order.

In practical problems, solving linear equations can answer everyday questions such as the time required to have
a certain amount in the bank, the time taken to travel a certain distance or the number of participants needed to
raise a certain amount of money for charity.

Opposite operations

A list of mathematical operations and their corresponding opposite operation are listed below. This

information will be useful when solving linear equations.

‘ Operation ‘ +

Opposite operation ‘ -
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tlvd-3697

WORKED EXAMPLE 3 Solving linear equations using opposite operations

Solve the following linear equations to determine the unknowns.

a. Sx=12 b. 8t+11=20
THINK
a. 1. Identify the operations performed on the

unknown.
Write the opposite operation.

3. Perform the opposite operation on both sides

of the equation.

Write the answer in its simplest form.

. Identify the operations performed in order on

the unknown.
Write the opposite operations.

3. Perform the opposite operations in reverse

108

order on both sides of the equation, one
operation at a time.

Write the answer in its simplest form.

. Identify the operations performed in order

on the unknown. (Remember operations in
brackets are performed first.)

Write the opposite operations.

Perform the opposite operations on both sides
of the equation in reverse order, one operation
at a time.

Write the answer in its simplest form.

. Identify the operations performed in order on

the unknown.

dx —2
c. 12=4(n—3) d. X"2_5
B
WRITE
a. Sx=5%xx

So the operation is X 5.

The opposite operation is + 5.

Step 1 (+95):
S5x=12
S _12
5 5
12
xX=—
5
12
x=—
5
8t+ 11

The operations are X 8, + 11.
+8,—11

Step 1 (—11):
8t+11 =20
8t+11—-11=20—-11
8t =9
Step 2 (= 8):
8_9
8 8
9
==
8
9
==
8
4(n—3)

The operations are — 3, X 4.

+3,+4
Step 1 (+4):
12=4(n—-3)
12 4(n-3)
4 4
3=n-3
Step 2 (+ 3):
3+43=n—-3+3
6=n
n==6
4dx—2

3
The operations are X4, — 2, + 3.
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2. Write the opposite operations.

+4,+2,X3

3. Perform the opposite operations on both sides Step 1 (X 3):
of the equation in reverse order, one operation dx-2 5
at a time. 3
4x—2
3X =5X%X3
4x—-2=15
Step 2 (+2):
4x—24+2=15+2
4x =17
Step 3 (+4):
dx 17
4 4
17
F=—=
4
. S 17
4. Write the answer in its simplest form. w= =
Tl | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE
d. 1. On a Calculator page, T d. 1. On the Main screen, complete
press MENU and select: o, 2 the entry line as: [
3: Algebra ”’“’( 3 '5") e —244x
solve =5,x
1: Solve | 3
Complete the entry line as: then press EXE.

—2+4x
solve =5x

3
then press ENTER.
17
2. The answer appears on x=—
the screen. 4

2. The answer appears on x=—
the screen.

2.2.4 Substituting into linear equations

If we are given a linear equation between two variables and have the value of one of the variables, we can
substitute this into the equation to determine the other value.

WORKED EXAMPLE 4 Substituting numbers into a linear equation

Substitute x = 3 into the linear equation y =5 + 2x to determine the value of y.

THINK
1. Substitute the variable (x) with the given value.

2. Evaluate the right-hand side of the equation.

WRITE
y=5+2(Q)
y=5+6
y=11
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TI | THINK

1. On a Calculator page,
complete the entry line as:
y=5+4+2xx=3
then press ENTER.

Note: The ‘given’ or ‘with’
symbol (|) is found by
pressing CTRL, then the =
button, then selecting |.

2. The answer appears on
the screen.

DISPLAY/WRITE

=S 2e xfr=d y=11

y=11

CASIO | THINK

1.

DISPLAY/WRITE

On the Main screen, B
complete the entry line

as:

y=542x=3

then press EXE.

Note: The ‘given’ or ‘with’
symbol (]) is found in

the ‘Math 3’ menu on the
Keyboard menu.

y=11

The answer appears on
the screen.

2.2.5 Literal linear equations

A literal equation is an equation that includes several pronumerals or variables. Literal equations often
represent real-life situations. The equation y = a + bx is an example of a literal linear equation where the
parameters a and b represent the initial value and constant rate of change respectively.

To solve literal linear equations, you need to isolate the variable you are trying to solve for.

WORKED EXAMPLE 5 Solving literal linear equations

Solve the literal linear equation y = a + bx for x.

THINK WRITE
1. Isolate the terms containing the variable you want to y—a=bx
solve on one side of the equation.
.. . . —a
2. Divide by the coefficient of the variable you want to d 5 =5
solve for.
. y—a
3. Transpose the equation. x= 5
TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE
1. On a Calculator page, press (g o melX] 1. On the Main screen, —
MENU and select: S S e complete the entry line = Ll
3: Algebra % as: s
1: Solve f solve (y =a + b X x,x)
Complete the entry line as: then press EXE.
solve (y =a + bx, x) Note: Be sure to enter the
then press ENTER. multiplication operation
Note: Be sure to enter the between the variables m
multiplication operation and x.
between the variables [ =
m and x.
y—a y a
2. The answer appears on x= 2. The answer appears on xX==—=-
the screen. b the screen. b b
Resources

Interactivities Transposing linear equations (int-6449)

Solving linear equations (int-6450)
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Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS C)

1. [IIZM Identify which of the following equations are linear.
a. Y =Tx+1 b. t=7x —6x c.y=3(x+2)
d. m=2**! e. 4x+5y—9=0

2. Bethany was asked to identify which equations from a list were linear. The following table shows her
responses.

Equation Bethany’s response

y=1+4x Yes

Y =5x—2 Yes

y+6x=7 Yes

y=x*—5x No

t=6d> -9 No i
m*=n+38 Yes '

a. Insert another column into the table and add your responses identifying which of the equations are linear.
b. Provide advice to Bethany to help her to correctly identify linear equations.

3. Identify which of the following are linear equations.
a.y=5+2t b. x>*=2y+5 c.m=3n+5)

_ 100

R

d. d=25480¢ e. y\/y=x+5 f.s

4. Samson was asked to identify which of the following were linear equations. His responses are shown in
the table.

Equation Samson’s response
y=06+5x Yes
y=6x—1 Yes
y=x>+4 No
y=7x+3) Yes
1
=6+ -x Yes
Y 2
\/5 =4x+2 Yes
V+52+9=0 No
10y—11x=12 Yes

a. Based on Samson’s responses, determine whether he would state that 6y* + 7x =9 is linear. Justify your
answer.
b. Provide advice to Samson to ensure that he can correctly identify linear equations.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

. A Transpose the linear equation y = —3 + 6x to make x the subject of the equation.
. Transpose the following linear equations to make x the subject.
a.y=5+2x b. 3y=8+6x c. p=—6+5x d. 6y=1+3x
. Il Solve the following linear equations to determine the unknowns.
a. 2(x+1)=8 b.n—12=-2 c.4d-T=11 It
2

. a. Write the operations in order that have been performed on the unknowns in the following linear equations.

1
i 10=4a+3 i, 3(c+2)=12 i, %:7 iv. 16=2(3¢c—9)

b. Calculate the exact values of the unknowns in part a by solving the equations. Show all of the steps.

. Calculate the exact values of the unknowns in the following linear equations.
43y —1 23—
a. 14=5—x b 27D __, 6. 2070 5
5 3
Solve the following literal linear equations for the pronumerals given in brackets.
X
a.v=u+at (a) b. xy—k=m (x) c.——r=s (x)
p

23 Substitute x =5 into the linear equation y =5 — 6x to determine the value of y.
Substitute x = —3 into the linear equation y = 3 + 3x to determine the value of y.

The equation w = 120 + 10¢ represents the amount of water in a tank, w (litres), at any
time, ¢ (minutes). Calculate the time, in minutes, that it takes for the tank to have the
following amounts of water.

a. 450 litres b. 1200 litres

= Solve the literal linear equation —q + px = r for x.

Solve the literal linear equation C = 7zd for d.

Yorx was asked to solve the linear equation Sw — 13 = 12. His solution is shown.

Step 1:  X5,—13
Step 2:  Opposite operations +5, +13

Step3: Sw—13 =12

Sw—13 2
5 5
w—13 =24

Step4: w—13+13 =24+13
w =154

a. Show that Yorx’s answer is incorrect by calculating the value of w.
b. Determine what advice you would give to Yorx so that he can solve linear equations correctly.

The literal linear equation F'=1.8(K —273) + 32 converts the temperature in Kelvin (K) to Fahrenheit (F).
Solve the equation for K to give the formula for converting the temperature in Fahrenheit to Kelvin.

Consider the linear equation y = % Calculate the value of x for each of the following y-values.

a. 2 b. =3 c d. 10

1
2
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19. The distance travelled, d (kilometres), at any time ¢, (hours), can be found using the equation d = 95¢.
Calculate the time, in hours, that it takes to travel the following distances. Give your answers correct to the
nearest minute.

a. 190km b. 250km c. 65km d. 356.5km e. 50000 m

20. The amount, A, in dollars in a bank account at the end of any month, m, can found using the equation
A =400+ 150m.

a. Calculate how many months (to the nearest month) it would take to have the following amounts of money
in the bank account.

i. $1750 ii. $3200
b. Calculate how long it would take to have $10 000 in the bank account. Give your answer correct to the
nearest month.

21. The temperature, C, in degrees Celsius can be found using the
. S5(F—32 . .
equation C= Q, where F is the temperature in degrees
Fahrenheit. Nora needs to set her oven at 190 °C, but her oven’s
temperature is measured in Fahrenheit.

a. Write the operations performed on the variable F.

b. Write the order in which the operations need to be performed
to calculate the value of F.

c. Determine the temperature in Fahrenheit that Nora should set
her oven to.

22. The equation that determines the surface area of a cylinder with a radius of 3.5cm is A =3.57(3.5+ h).
Determine the height in cm of cylinders with radii of 3.5 cm and the following surface areas.
Give your answers correct to 2 decimal places.

a. 200 cm? b. 240 cm? c. 270 cm?

2.2 Exam questions

Question 1 (1 mark)
I The interest, 1, owed on a loan of $1000 borrowed for 1 year depends on the rate of interest % p.a.,
according to the formula / = 10r. For an interest rate of 5%, the interest owed will be

A. $0.50 B. $5 C. $50 D. $500 E. $5000

Question 2 (1 mark)
Solve the equation 2 (x + 1) =5 (x — 2).

Question 3 (1 mark)
A Determine which solution satisfies all the following equations.

3)c—l=l
2 4
4x+5=6
g _10
3 3
A.le B. x=4 C.x:i D.x:—l E. x=—4
4 12 4

More exam questions are available online.
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2.3 Developing linear equations

LEARNING INTENTION

At the end of this subtopic you should be able to:
e develop linear equations from worded problems with one or more than one unknown
e generate tables of values from equations.

2.3.1 Developing linear equations from word descriptions

To write a worded statement as a linear equation, we must first identify the unknown and choose a pronumeral
to represent it. We can then use the information given in the statement to write a linear equation in terms of the
pronumeral.

The linear equation can then be solved as before, and we can use the result to answer the original question.

WORKED EXAMPLE 6 Setting up and solving a linear equation with one unknown

tlvd-3698

Soft drink multipacks containing 24 X 375 mL cans are sold at SupaSave for
$34.00. Form and solve a linear equation to determine the price of 1 can of soft
drink correct to the nearest cent.

THINK WRITE
1. Identify the unknown and choose a S = price of a can of soft drink
pronumeral to represent it.

2. Use the given information to write 245 =34.00
an equation in terms of
the pronumeral.

24 4.
3. Solve the equation. 245 = 34.00
24 24
S=1.42
4. Interpret the solution in terms of The price of 1 can of soft drink
the original problem. is $1.42.

2.3.2 Tables of values

Tables of values can be generated from formulas by entering given values of one variable into the formula.
Tables of values can be used to solve problems and to draw graphs representing situations (as covered in more
detail in Topic 5).

WORKED EXAMPLE 7 Constructing a table of values

The amount of water filling a tank is found by the rule W =20 + 100z, where W is the amount of water
in the tank in litres and ¢ is the time in hours.
a. Generate a table of values that shows the amount of water, W, in the tank every hour for the first 8
hours (i.e.7=0, 1, 2, 3, ..., 8).
b. Using your table, determine how long it will take, in hours, for there to be over 700 litres in
the tank.
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THINK

WRITE

a. 1. Enter the required values a. t=0: t=1:
of ¢ into the formula to W =20+ 100 (0) W =20+ 100(1)
calculate the values of W. =20 =120
t=2: t=3:
W=204100(2) W =204 100 (3)
=220 = 320
= =
W =20+ 100 (4) W =20+ 100 (5)
=420 =520
t=6: t=17:
W =20+ 100 (6) W =20+ 100 (7)
=620 =720
t=38:
W =20+ 100 (8)
= 820
2. Enlter tl:le calcugtedf t 0 1 2 3 4 5 6 7 8
vaiues into a table o W, 20 | 120 | 220 | 320 | 420 | 520 [620] 720 | 820
values.
b. 1. Use your table of values b.
to locate the required £] 0 ! 2 3 4 > 6 @ 8
column. W, 20 | 120 | 220 | 320 | 420 | 520 | 620 820
2. Read the corresponding t=17
values from your table It will take 7 hours for there to be over 700 litres of
and write the answer. water in the tank.
TI| THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE
a. 1. In a Lists & Spreadsheet a. 1. On a Spreadsheet screen, type ¢ [o i et e coe 1
page, label the first column into cell Al and winto cell B1. | [*I5["[A/B C/D/E[F]
t and the second column Enter the values O to 8 in cells L] ! m . .
w. Enter the values 0 to 8 0 A2 to A10. | - I
in the first column. In the | - 1 In cell B2, complete the entry | &2
formula cell underneath the | * 2 line as: O —
label w, enter the rule for | * 2 = 100X A2 + 20 o
w starting with an = sign, w--100-‘:+ = — then press EXE. i3 i
then press ENTER. - - it
—to0a2e20 i

g2
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2. When prompted, select (g v mdX] 2. Click on cell B2 and select: o Fila B G Oalc
Variable Reference for ¢ At Bw o i ® Edit il = [o]
and select OK. = Conflict Detected ® Copy '

' o Gy l Highlight cells B3 to B10, then
. + Column of Variable select: Ea
3 ° Edlt
" OK Cancel
® Past
5 4 ;
Bl - 100 120 o 7]

At BEw : o £ 1A} Ifv]
= =100""1+2( - u "-/_'x
A — z .
2 1 120
3 2 220
4 3 320
E a 420 :

- ‘ »

3. Thetableof | ¢ |0 | 1 |2 |3 |4 |5]6] 7|38 3. The table of ol 121314156713
values can be | W |20 | 120 | 220 | 320 | 420 | 520 | 620 | 720 | 820 values can be w20/ 120]220(320] 420520 620|720 820
read from read from
the screen. the screen.

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS @

1. [IEA Art pencils at the local art supply store sell in packets of 8 for $17.92. Form and solve a linear
equation to determine the price of 1 art pencil.

2. Natasha is trying to determine which type of cupcake is the best _r{’: .
value for money. The three options Natasha is considering are: * "";)4,: ¥ )N
* 4 red velvet cupcakes for $9.36 _—"i"-";_g‘é:{:.'?__l 3 3 ’%

e 3 chocolate delight cupcakes for $7.41
e 5 caramel surprise cupcakes for $11.80.

Form and solve linear equations for each type of cupcake to determine which has the cheapest price per
cupcake.

3. Three is added to a number and the result is then divided by four, giving an answer of nine. Determine the
number.

4. One pair of sides of a parallelogram are each 3 times the length of the sides in the other pair. Calculate the
side lengths if the perimeter of the parallelogram is 84 cm.

5. One week Jordan bought a bag of his favourite fruit-and-nut mix at the local market. The next week he saw
that the bag was on sale for 20% off the previously marked price. Jordan purchased two more bags at the
reduced price. Jordan spent $20.54 in total for the three bags. Calculate the original price of a bag of fruit-
and-nut mix.

6. Six times the sum of four plus a number is equal to 126. Determine the number.
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7. Libby enjoys riding along Beach Road on a Sunday morning. She
rides at a constant speed of 0.4 kilometres per minute.

a. Generate a table of values that shows how far Libby has travelled
for each of the first 10 minutes of her journey.

b. One Sunday Libby meets a friend 3 kilometres into her journey.
Determine the minutes between which Libby meets her friend.

8. Tommy is saving for a remote-controlled car that is priced

at $49. He has $20 in his piggy bank. Tommy saves $3 of his pocket

money every week and puts it in his piggy bank.

The amount of money in dollars, M, in his piggy bank after w weeks can be found using the rule

M =20+ 3w.

a. Generate a table of values that shows the amount of money, M, in Tommy’s piggy bank every week for
12 weeks (i.e. w=0, 1, 2, 3, ..., 12).

b. Using your table, determine how many weeks it will take for Tommy to have saved enough money to
purchase the remote-controlled car.

9. Sabrina is a landscape gardener and has been commissioned to work on a rectangular piece of garden. The
length of the garden is 6 metres longer than the width, and the perimeter of the garden is 64 m. Calculate the
dimensions of the garden.

10. Jett is starting up a small business selling handmade surfboard covers
online. The start-up cost is $250. He calculates that each cover will
cost $14.50 to make.

The rule that finds the cost, C, to make n covers is C =250+ 14.50n.

a. Using CAS or otherwise, generate a table of values to determine
the cost of producing 10 to 20 surfboard covers.

b. If Jett sells the covers for $32.95, construct a table of values to
determine the revenue for selling 10 to 20 surfboard covers.

c. The profit Jett makes is the difference between his selling price
(revenue) and the cost price. Explain how the profit Jett makes can be calculated using the tables of values
constructed in parts a and b.

d. Using your explanation in part ¢ and your table of values, determine the profits made by Jett if he sells 10
to 20 surfboard covers.

2.3 Exam questions

Question 1 (1 mark)
I Think of a number, add 3, then multiply the result by 6. The answer is 24. Determine which equation can be
solved to find the initial number.

A. 6x+3=24 B. 6(x—3)=24 C. 6x—3=24

D. 6(x+3)=24 E. 3x+6=24

Question 2 (1 mark)

I In Year 11 at Orana Secondary College, there are 20% more girls than boys. There are 44 students
altogether in Year 11. If b represents the number of boys in the year group, determine which equation can be
used to find the number of boys.

A b+02b=44 B. b+20b=44 C.b+12b=44
D. b=44-20b E. b=444+1.2b
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Question 3 (1 mark)
I The table shows the perimeters of paddocks whose lengths are twice their widths.

Length (m) Width (m) Perimeter (m)
100 50 300
300 150 900
500 250 1500
700 350 2100
900 450 2700

1100 550 3300
1300 650 3900
1500 750 4500
1700 850 5100
1900 950 5700
2100 1050 6300

Determine the perimeter of the paddock with length 1.1 km.
A. 400 m B. 550 m C. 310m D. 2200 m E. 3300m

More exam questions are available online.

2.4 Simultaneous linear equations

LEARNING INTENTION

At the end of this subtopic you should be able to:
e determine the point of intersection of two linear graphs
e solve simultaneous equations using the substitution method
e solve simultaneous equations using the elimination method
e develop linear equations from worded problems with more than one unknown.

2.4.1 Solving simultaneous equations graphically

Simultaneous equations are sets of equations that can be solved at
the same time. They often represent practical problems that have two
or more unknowns. For example, you can use simultaneous equations
to calculate the costs of individual apples and oranges when different
amounts of each are bought.

Point of intersection

Solving simultaneous equations gives the set of values that is common to all of the equations. If these
equations are presented graphically, then the set of values common to all equations is the point of
intersection.
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To solve a set of simultaneous equations graphically, the equations must be sketched on the same set of
axes to determine the point of intersection. If the equations do not intersect, then there is no solution for the
simultaneous equations.

WORKED EXAMPLE 8 Determining the point of intersection of two linear graphs
tlvd-3699

Consider the following simultaneous equations.
y=4+2xandy=3+43x
Using CAS or otherwise, sketch both graphs on the same set of axes and solve the equations.

THINK WRITE
1. Use CAS or another method to sketch the graphs
y=4+2xand y=3+ 3x.

yi=3+8x
Fy=4+2x
X
1 2 3
2. Locate the point where the graphs intersect (or YA
Cross Over). 9
8_
7_
61 £(1,6)
5 —
4
yi=3 +08x
2
-y=4+2x

< T T
3000 1 2 37
_1"

3. Using the graph, identify the x- and y-values of ~ The solution is (1, 6), or x =1 and
the point of intersection. y=06.

TI| THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE
1. On a Graph & Table e

e B EEER:

screen, complete the entry e s s senismn

1. On a Graphs page, complete
the entry line for function 1

as: line for function 1 as: .
f1(x) =4 + 2 - x then press etz yl=4+2-x o
ENTER. b then click the tick box.

8.5
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Complete the entry line for
function 2 as:

Complete the entry line
for function 2 as:

X)) =34+3-x y2=3+4+3-x

then press ENTER. then click the tick box.
Note: press the e button to e

bring up the entry line. nlwas

85

3. Press MENU and select: 3. Select:
6: Analyze Graph ® — Analysis
4: Intersection ® _ G-Solve

® _ Intersection

The coordinates of the
point of intersection
appear on the screen.

Move to the left of the point
of intersection and press the
CLICK button.

T2 =43-
fi(x)=a+2-x 12x)=342-x

85

™ 0.2 7 E
[iswer bound?) al

‘li/.‘/l 'HR“!‘ “-“-‘
L LY

The solution is (1, 6), or
x=1andy=6.

4. Move to the right of the point 4.  Write the answer.
of intersection and press the

CLICK button.

:I/mhrlecl'ion
bl SRS |

T2(x)=243x

flx)=g42-x

- 0.2 % 4 3
a8 ;

5. The coordinates of the point
of intersection appear on the
screen.

(1,6)

1fx)=t42:x nadl=343-x

85
3 0.2 3
3

The solution is (1, 6), orx =1
and y =6.

6. Write the answer.

2.4.2 Solving simultaneous equations using substitution

Simultaneous equations can also be solved
algebraically. One algebraic method is known

as substitution. This method requires one of the
equations to be substituted into the other by replacing
one of the variables. The second equation is then
solved and the value of one of the variables is
determined.

The substitution method is often used when one or
both of the equations are transposed so that one of
the variables has been made the subject, for example,
c=154+12band 2c+3b=—-3,0or y=6+4x and
y=2406x.
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tlvd-3700

WORKED EXAMPLE 9 Solving simultaneous equations using the substitution method

Solve the following pairs of simultaneous equations using substitution.
a.c=—-15+12b and 2c +3b=-3

b.y=6+4xandy=2+ 6x

c.x+2y=—landy=-8+x

THINK WRITE
a. 1. Identify which variable will be substituted into the a. c=—15+12b
other equation.

2. Substitute ¢ = —15 4 12b into the other equation. 2c+3b=-3
2(126—15)+3b = -3
3. Expand and simplify the left-hand side, and solve the —30+24b+3b = -3
equation for the unknown variable. 27b—-30=-3
27b = —-3+30
27b =27
b=1

4. Substitute the value of b =1 into one of the equations. c=—15+12b
=—154+12(1)
=-3

5. Write the answer. The solution is b=1 and ¢ = —3.
b. 1. Both equations are in the form y =a + bx, so set them b. 6 +4x=2+ 6x
equal each other.

2. Move all of the pronumerals to one side. 6+4x—4x =24 6x—4x
6 =2+46x—4x
6=2+2x

3. Solve for the unknown. 6—2=2—2+2x
4 =2x
&2
2 2
2=x

4. Substitute the value found into either of the original y=06+4x

equations. =6+4X%x2
=6+8
=14
5. Write the answer. The solution is x=2 and y = 14.
c. 1. One equation is in the form y =a + bx, so substitute  c. 3x+2y = —1
this equation into the other. 3x+2(—8+x)=-1
2. Expand and simplify the equation. 3x—164+2x = —1
Sx—16=—1
3. Solve for the unknown. Sx—16+16=—-1+16
Sx=15
x=3
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4. Substitute the value found into either of the original y=-8+x

equations. =—8+43
=-5
5. Write the answer. The solution is x=3 and y = —5.

2.4.3 Solving simultaneous equations using elimination

Solving simultaneous equations using elimination requires the equations
to be added or subtracted so that one of the pronumerals is eliminated or
removed. Simultaneous equations that have both pronumerals on the same
side are often solved using elimination.

For example, 3x + y =5 and 4x — y =2 both have x and y on the same side
of the equation, so they can be solved with this method.

WORKED EXAMPLE 10 Solving simultaneous equations using elimination

tivd-3701
Solve the following pairs of simultaneous equations using elimination.
a.3x+y=Sand4x—y=2
b.2a+b=7anda+b=5
c.3c+4d=5and 2c +3d=4

THINK WRITE
a. 1. Write the simultaneous equations with one on top a. 3x+y=>5 [1]
of the other. 4x—y=2 [2]
2. Select one pronumeral to be eliminated. Select y.
3. Check the coefficients of the pronumeral being The coefficients of y are 1 and —1.
eliminated.
4. If the coefficients are the same number but with [1]+[2]:
different signs, add the equations together. x+4x+y—y=5+2
Tx="17
5. Solve the equation for the unknown pronumeral. Ix="17
T _1
7 17
x=1
6. Substitute the pronumeral back into one of the 3x+y=35
equations. 3()+y=5
7. Solve the equation to determine the value of the 3+y=5
other pronumeral. 3—34+y=5-3
y=2
8. Write the answer. The solution is x=1 and y =2.
b. 1. Write the simultaneous equations with one on top b. 2a+b=17 [1]
of the other. a+b=>5 [2]
2. Select one pronumeral to be eliminated. Select b.
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10.

11.

Check the coefficients of the pronumeral being
eliminated.

If the coefficients are the same number with the
same sign, subtract one equation from the other.

Solve the equation for the unknown pronumeral.

Substitute the pronumeral back into one of the
equations.

Solve the equation to determine the value of the
other pronumeral.

Werite the answer.

. Write the simultaneous equations with one on top  c.

of the other.

Select one pronumeral to be eliminated.

. Check the coefficients of the pronumeral being

eliminated.

If the coefficients are different numbers, then
multiply them both by another number, so they both
have the same value.

Multiply the equations (all terms in each equation)
by the numbers selected in step 4.

Check the sign of each coefficient for the selected
pronumeral.

If the signs are the same, subtract one equation
from the other and simplify.

Solve the equation for the unknown.

Substitute the pronumeral back into one of the
equations.

Solve the equation to determine the value of the
other pronumeral.

Write the answer.

The coefficients of b are both 1.

[1]—[2]:
2a—a+b—-b=7-5

a=2
a+b=5
24+b=5
b=5-2
b=3

The solution is ¢ =2 and b = 3.

3c+4d=5 [1]
2c+3d=4 [2]

Select c.

The coefficients of ¢ are 3 and 2.

3X2=6
2x3=6

[1] % 2:

6¢c+8d=10

[2] X 3:

6c+9d=12

6¢c + 8d =10 [3]

6c + 9d =12 [4]

Both coefficients of ¢ are 6.
[3]—[4]:
6c—6c+8d—9d=10—12

—d=-2
=y
2c+3d =4
2c+32)=4
2c+6=4
2c+6—6=4—-06
2c=-2
2 _ -2
2 2
c=—1
The solution is c=—1 and d = 2.
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TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE
c. 1. On a Calculator page, c. 1. On the Main screen, complete [ i wion nstin
press MENU and select: soisiliserl gt and 2 cid gt doa ) the entry line as: il b [ 5
3: Algebra e=-1and d=2 solve et a
1: Solve | ({3c+4d=5,2c+3d =4}, !
Complete the entry line as: {c,d}) then press EXE.
solve3-c+4-d=5
and 2-c+3-d=4,{c,d})
then press ENTER.
|Alg  sunded  Aesl Fad -]
2. The answer appears on c=—landd=2. 2. The answer appears on c=—landd=2.
the screen. the screen.

2.4.4 Word problems with more than one unknown

In some instances a word problem might contain more than one unknown. If we are able to express both
unknowns in terms of the same pronumeral, we can create a linear equation as before and solve it to determine
the value of both unknowns.

WORKED EXAMPLE 11 Setting up and solving a linear equation with two unknowns

tivd-3702
Nyibol is counting the number of insects and spiders she can find in her back
garden. All insects have 6 legs and all spiders have 8 legs. In total, Nyibol finds
43 bugs with a total of 290 legs.
By forming a linear equation, determine exactly how many insects and spiders

Nyibol found.
THINK WRITE
1. Identify one of the unknowns and choose a Let s = the number of spiders.
pronumeral to represent it.
2. Define the other unknown in terms of this Let 43 — s = the number of insects.
pronumeral.
3. Write expressions for the total numbers of Total number of spiders’ legs = 8
spiders’ legs and insects’ legs. Total number of insects’ legs = 6 (43 — )
=258 —6s
4. Create an equation for the total number of 8s + (258 — 65) =290
legs of both types of creature.
5. Solve the equation. 8s+258 — 65 =290
8s — 65 =290 — 258
25 =32
s=16
6. Substitute this value back into the second The number of insects =43 — 16
equation to determine the other unknown. =27
7. Write the answer in a sentence. Nyibol found 27 insects and 16 spiders.
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Resources

Interactivities Solving simultaneous equations graphically (int-6452)
Solving simultaneous equations using substitution (int-6453)

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS (C)

1. IEEA Consider the following simultaneous equations.
y=14+5xand y=-5+2x
Using CAS or otherwise, sketch both graphs on the same set of axes and solve the equations.
2. Using CAS or otherwise, sketch and solve the following three simultaneous equations.
y=T74+3x,y=84+2xandy=12—2x

3. A pair of simultaneous equations can be solved graphically as shown in the diagram. From the diagram,
determine the solution for this pair of simultaneous equations.

._
o A A\ ©<

<7 T T T T 1 T T 1%
74/_54—3—2—12 1234
4

4. Using CAS or otherwise, solve the following sets of simultaneous equations graphically.

a.y=1+4xand y=—1+3x b.y=—5+4+xand y=3-3x
c.y=3(x—1) and y=2(2x+1) d.y=—1+)2—candy=4+§

e.y=4+3x,y=3+2xand y=—x

5. [lIEA Solve the following pairs of simultaneous equations using substitution.

a.y=14+2xand 2y —x=—1
b.m=5+2nand m=-1+4n
c.2x—y=5andy=1+x

6. Determine the solutions to the following pairs of simultaneous equations using substitution.
x+5

a.2x+1)+y=5andy=—6+x b. +2y=11landy=-2+6x
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7. I Select which of the following pairs of simultaneous equations would best be solved using the
substitution method.
A.4y—5x=Tand 3x+2y=1 B.3c+8d=19and2c—d=6
C. 12x+6y=15and9x—y=13 D. 3(t+3)—4s=14and 2(s —4) +r=—11
E.n=9m+12and 3m+2n="7

8. Use the substitution method to solve the following pairs of simultaneous equations.

a.y=5+42xand y=-2+3x b.y=—2+45xand y=2+"7x
c. y=2Bx+1)and y=42x—3) d. y=-9+5xand 3x—5y=1
e.32x+1)+y=—-19andy=—-1+x f. 3x+S +2y=2andy=—-2+x

9. A student chose to solve the following pair of simultaneous equations using the elimination method.
3x+y=8and2x—y=7
a. Explain why this student’s method would be the most appropriate method for this pair of simultaneous
equations.
b. Show how these equations would be solved using this method.
10. IEIA Solve the following pairs of simultaneous equations using elimination.

a.3x+y=5and4x—y=2 b. 2a+b=7anda+b=>5
c. 3c+4d=5and 2c+3d=4

11. Consider the following pair of simultaneous equations.

ax—3y=—16and3x+y=-2.
If y =4, determine the values of a and x.

12. Using the elimination method, solve the following pairs of simultaneous equations.

a.4x+y=6andx—y=4 b.x+y=7andx—2y=-5
c. 2x—y=—-5and x—3y=—-10 d. 4x+3y=29and 2x+y=13
e. 5x—7y=—33 and 4x + 3y =8 f.§+y=7and3x+%:20

13. I The first step when solving the following pair of simultaneous equations using the elimination

method is:
2x+y=3 [1]
3x—y=2 [2]

. add equations [1] and [2] together.

. multiply both equations by 2.

. subtract equation [1] from equation [2].

. multiply equation [1] by 2 and multiply equation [2] by 3.
. subtract equation [2] from equation [1].

moOOww>»

14. IIZEM Fredo is buying a large bunch of flowers for his mother in advance
of Mother’s Day. He picks out a bunch of roses and lilies, with each rose
costing $6.20 and each lily costing $4.70. In total he picks out 19 flowers
and pays $98.30.

Form a linear equation to determine exactly how many roses and lilies
Fredo bought.

15. Miriam has a sweet tooth, and her favourite sweets are strawberry twists
and chocolate ripples. The local sweet shop sells both as part of their pick
and mix selection, so Miriam fills a bag with them.

Each strawberry twist weighs 5 g and each chocolate ripple weighs 9 g.
Miriam’s bag has 28 sweets, weighing a total of 188 g.

Determine the number of each type of sweet that Miriam bought by forming and solving a linear equation.
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16. Michelle and Lydia live 325 km apart. On a Sunday they decide to drive to each other’s respective towns.
They pass each other after 2.5 hours. If Michelle drives an average of 10 km/h faster than Lydia, calculate
the speed at which they are both travelling.

17. A shopper Yuri is doing their weekly grocery shop and is buying both
carrots and potatoes. They calculate that the average weight of a carrot is
60 g and the average weight of a potato is 125 g.
Furthermore, they calculate that the average weight of the carrots and
potatoes that they purchase is 86 g. If the shopping weighed 1.29 kg in
total, determine how many of each they purchased.

18. Brendon and Marcia were each asked to solve the following pair of simultaneous equations.

3x+4y=17 [1]
4x—2y=19 2]

Marcia decided to use the elimination method. Her solution steps are shown.

Step 1:  [1]x4:
12x+ 16y =68 [3]
[2]1% 3:
12x — 6y=57 [4]

Step 2:  [3]+[4]:
10y =125

Step3: y=12.5
Step 4:  Substitute y=12.5 into [1]:
3x+4(12.5)=17
Step 5:  Solve for x:
3x=17-50
3x=-33
3x=17-50 3x=-33 x=-11
Step 6:  The solutionis x=—11 and y=12.5.

a. Marcia made an error in step 2. Explain where she made her error, and hence correct her mistake.

b. Using the correction you made in part a, determine the correct solution to this pair of simultaneous
equations.

c. Brendon decided to eliminate y instead of x. Using Brendon’s method of eliminating y first, show all the
appropriate steps involved to reach a solution.

19. In a ball game, a player can kick the ball into the net to score a goal or place the ball over the line to score a
behind. The scores in a game between the Rockets and the Comets were:

Rockets: 6 goals 12 behinds, total score 54
Comets: 7 goals 5 behinds, total score 45

The two simultaneous equations that can represent this information are shown.

Rockets: 6x + 12y =54
Comets: 7x+ 5y =45

a. By solving the two simultaneous equations, determine the number of points that are awarded for a goal
and a behind.

b. Using the results from part a, determine the scores for the game between the Jetts, who scored 4 goals and
10 behinds, and the Meteorites, who scored 6 goals and 9 behinds.
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20. Milan and Yashab both work part time at an ice-cream
shop. The simultaneous equations shown represent the
number of hours Milan (x) and Yashab (y) work each
week.

Equation 1: Total number of hours worked by Yashab and
Milan: x +y=15

Equation 2: Number of hours worked by Yashab in terms
of Milan’s hours: y=2x

a. Explain why substitution would be the best method
to use to solve these equations.
b. Use substitution to determine the number of hours worked by Milan and Yashab each week.

c. To ensure that he has time to do his Mathematics homework, Milan changes the number of hours he

works each week. He now works % of the number of hours worked by Yashab. An equation that can be

used to represent this information is x = X.

Determine the number of hours worked by Milan, given that the total number of hours that Milan and
Yashab work does not change.

2.4 Exam questions

Question 1 (1 mark)
& The graphs of y =3 + 2x and y = —2 — 3x are shown. Their point of intersection is

Y

A (1,-1) B. (0,3) D. (0,0) E. (-1,1)

Question 2 (1 mark)
I Using the substitution method, the solution to the simultaneous equations x +2y=9 and y=—1+ 5x is
A. (1,4) B. (9,5) c. 4,1 D. (—1,5) E. 2,9)

Question 3 (1 mark)
T Using the elimination method, the solution to the simultaneous equations 2x+y=_8 and 3x —y=17 is
A. (-5,2) B. (2,5) C. 5,-2) D. (5,2) E. (—5,-2)

More exam questions are available online.
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2.5 Problem solving with simultaneous equations

LEARNING INTENTION

At the end of this subtopic you should be able to:
e construct simultaneous equations from worded problems
e use simultaneous equations to determine the break-even point.

2.5.1 Setting up simultaneous equations

The solutions to a set of simultaneous equations satisfy all equations that were used. Simultaneous equations can
be used to solve problems involving two or more variables or unknowns, such as the cost of 1 kilogram of apples
and bananas, or the number of adults and children attending a show.

WORKED EXAMPLE 12 Constructing simultaneous equations from worded problems

At a fruit shop, 2 kg of apples and 3 kg of bananas cost $13.16,
and 3 kg of apples and 2 kg of bananas cost $13.74. Represent
this information in the form of a pair of simultaneous equations.

THINK WRITE
1. Identify the two variables. The cost of 1 kg of apples and the cost of 1 kg of
bananas
2. Select two pronumerals to represent these a = cost of 1 kg of apples
variables. Define the variables. b = cost of 1 kg of bananas
3. Identify the key information and rewrite it 2 kg of apples can be written as 2a.
using the pronumerals selected. 3 kg of bananas can be written as 3b.

4. Construct two equations using the information. 2a +3b=13.16
3a+2b=13.74

2.5.2 Break-even points

A break-even point is a point where the costs equal the selling
price. It is also the point where there is zero profit. 4 Yevenue

For example, if the equation C =45 + 3t represents the production
cost to sell 7 shirts, and the equation R = 147 represents the
revenue from selling the shirts for $14 each, then the break-even
point is the number of shirts that need to be sold to cover all costs.

Unifs \
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Determining the break-even point

To determine the break-even point, the equations for cost and revenue are solved simultaneously.
That is, solve the equation R =C.

WORKED EXAMPLE 13 Using simultaneous equations to determine the break-even point
tlvd-3702

Santo sells shirts for $25. The revenue, R, for selling n shirts is
represented by the equation R = 25n. The cost to make n shirts is

represented by the equation C = 2200 + 3n.

a. Solve the equations simultaneously to determine the

break-even point.

b. Determine the profit or loss, in dollars, for the following

shirt orders.

i. 75 shirts

THINK

a. 1.

Write the two equations.

Equate the equations (R = C).

Solve for the unknown.

Substitute back into either equation to
determine the values of C and R.

Write the answer in the context of the
problem.

. Write the two equations.

Substitute the given value into both
equations.

Determine the profit/loss.

Werite the answer in the context of the
problem.

ii. 220 shirts

.

WRITE

a.

C =2200+ 3n
R =25n
2200+ 3n=25n

2200+ 3n—3n=25n—3n

2200 = 22n
2200
—=n
22
n =100
R =25n
=25x%100
= 2500

The break-even point is (100, 2500).
Therefore, 100 shirts need to be sold to
cover the production cost, which is $2500.

C =2200+ 3n
R =25n
n=7175
C=2200+3%75
= 2425
R =25x%75
= 1875

Profit/loss = R— C
= 1875 —2425
= —550

Since the answer is negative, it means that
Santo lost $550 (i.e. selling 75 shirts did
not cover the cost to produce the shirts).
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ii. 1. Write the two equations. ii. C=2200+3n

R =25n
2. Substitute the given value into both n =220
equations. C =2200+3 %220
= 2860
R =25x%220
= 5500
3. Determine the profit/loss. Profit/loss = R— C
= 5500 — 2860
= 2640
4 Write the answer in the context of the Since the answer is positive, it means that
problem. Santo made $2640 profit from selling 220
shirts.

Resources

Interactivity Break-even points (int-6454)

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS C)

1. IHEE Mary bought 4 donuts and 3 cupcakes for $10.55, and Sharon bought 2 donuts and 4 cupcakes for
$9.90. Let d represent the cost of a donut and ¢ represent the cost of a cupcake. Represent this information in
the form of a pair of simultaneous equations.

2. A pair of simultaneous equations representing the number of adults
and children attending a zoo is shown below.

Equation 1: a + ¢ =350
Equation 2: 25a + 15¢ = 6650

a. By solving the pair of simultaneous equations, determine the total
number of adults and children attending the zoo.
b. In the context of this problem, identify what equation 2 represents.

3. lIZHEN Yolanda sells handmade bracelets at a market for $12.50. The revenue, R, for selling n bracelets is
represented by the equation R = 12.50n.
The cost to make n bracelets is represented by the equation C = 80 + 4.50n.

a. Solve the equations simultaneously to determine the break-even point.
b. Determine the profit or loss, in dollars, if Yolanda sells:

i. 8 bracelets
ii. 13 bracelets.
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4. The entry fee for a charity fun run event is $18. It costs event
organisers $2550 for the hire of the tent and $3 per entry for
administration. Any profit will be donated to local charities.
An equation to represent the revenue for the entry fee is
R = an, where R is the total amount collected in entry fees, in
dollars, and #n is the number of entries.

a. Write an equation for the value of a.

The equation that represents the cost for the event is
C=2550+bn.

b. Write an equation for the value of b.

c. By solving the equations simultaneously, determine the number of entries needed to break even.

d. A total of 310 entries are received for this charity event. Show that the organisers will be able to donate
$2100 to local charities.

e. Determine the number of entries needed to donate $5010 to local charities.

5. A school group travelled to the city by bus and returned by train. The two equations show the adult, a, and
student, s, ticket prices to travel on the bus and train.

Bus: 3.5a+ 1.55s =42.50
Train: 4.75a + 2.25s = 61.75

a. Write the cost of a student bus ticket, s, and an adult bus ticket, a.

b. Determine the most suitable method to solve these two simultaneous equations.

c. Using your method from part b, solve the simultaneous equations and hence determine the number of
adults and the number of students in the school group.

6. The following pair of simultaneous equations represents the
number of adult and concession tickets sold and the respective
ticket prices for the premier screening of the blockbuster Aliens
Attack.

Equation 1: a 4+ ¢ =544
Equation 2: 19.50a + 14.50c = 9013

a. Identify the costs, in dollars, of an adult ticket, a, and a
concession ticket, c.

b. In the context of this problem, determine what equation 1
represents.

c. By solving the simultaneous equations, determine how many adult and concession tickets were sold for
the premier screening.

7. Charlotte has a babysitting service and charges $12.50 per hour. After Charlotte calculated her set-up and
travel costs, she constructed the cost equation C =45 + 2.50h, where C represents the cost in dollars per job
and A represents the hours Charlotte babysits for.

a. Write an equation that represents the revenue, R, earned by Charlotte in terms of number of hours, 4.
b. By solving the equations simultaneously, determine the number of hours Charlotte needs to babysit to
cover her costs (that is, the break-even point).

c. In one week, Charlotte had four babysitting jobs as shown in

the table.
Babysitting job 1 2 3 4
Number of hours (&) 5.0 3.5 4.0 7.0

i. Determine whether Charlotte made a profit or loss for each individual
babysitting job.
ii. Calculate whether Charlotte made a profit for the week.
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10.

11.

d. Charlotte made a $50 profit on one job. Determine the total number of hours she babysat for.

. Trudi and Mia work part time at the local supermarket after school. The following table shows the number of

hours worked for both Trudi and Mia and the total wages, in dollars, paid over two weeks.

Week Trudi’s hours worked | Mia’s hours worked Total wages
Week 1 15 12 $400.50
Week 2 9 13 $328.75

. Saksham uses carrots and apples to make his special homemade fruit

a. Construct two equations to represent the number of hours worked by Trudi and Mia and the total wages
paid for each week. Write your equations using the pronumerals 7 for Trudi and m for Mia.

b. In the context of this problem, determine what ¢ and m represent.
=W
=l

c. By solving the pair of simultaneous equations, determine the values of ¢ and m.

juice. One week he buys 5 kg of carrots and 4 kg of apples for $31.55.
The next week he buys 4 kg of carrots and 3 kg of apples for $24.65.

a. Set up two simultaneous equations to represent the cost of carrots,
x, in dollars per kilogram, and the cost of apples, y, in dollars per
kilogram.

b. By solving the simultaneous equations, determine how much Saksham
spends on 1 kg each of carrots and apples.

c. Determine the amount Saksham spends the following week when he buys 2 kg of carrots and 1.5 kg of
apples. Give your answer correct to the nearest 5 cents.

The table shows the number of 100 g serves of strawberries and grapes and the total kilojoule intake.

Fruit 100 g serves
Strawberries, s 3 4
Grapes, g 2 3
Total Kilojoules 1000 1430

a. Construct two equations to represent the number of serves of strawberries, s, and grapes, g, and the total
kilojoules using the pronumerals shown.

b. By solving the pair of simultaneous equations constructed in part a, determine the number of
kilojoules (kJ) for a 100 g serve of strawberries.

Two budget car hire companies offer the following deals for hiring a medium size family car.

Deal
$75 plus $1.10 per kilometre travelled
$90 plus $0.90 per kilometre travelled

Car company
FreeWheels
GetThere

a. Construct two equations to represent the deals for each car hire company. Write your equations in terms
of cost, C, and kilometres travelled, k.

b. By solving the two equations simultaneously, determine the value of k at which the cost of hiring a car
will be the same for both companies.

c. Rex and Jan hire a car for the weekend. They expect to travel 250 km over the weekend. Determine which
car hire company should they use and explain why. Justify your answer using calculations.
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12. The following table shows the number of boxes of three types of cereal bought each week for a school camp,
as well as the total cost for each week.

Cereal Week 1 Week 2 Week 3
Corn Pops, ¢ 2 1 3
Rice Crunch, r 3 2 4
Muesli, m 1 2 1
Total cost, $ 27.45 24.25 36.35

Wen is the cook at the camp. She decides to work out the cost of each box of cereal using simultaneous
equations. She incorrectly sets up the following equations:

2c+c+3c=27.45
3r+2r+4r=24.25
m+2m+m=736.35

a. Explain why these simultaneous equations will not determine the cost of each box of cereal.

b. Write the correct simultaneous equations.

c. Using CAS or otherwise, solve the three simultaneous equations and hence write the total cost for cereal
for week 4’s order of 3 boxes of Corn Pops, 2 boxes of Rice Crunch and 2 boxes of muesli.

13. Sally and Nem decide to sell cups of lemonade to the neighbourhood children.
The cost to make the lemonade using their own lemons can be represented using
the equation C =2 + 0.25n, where C is the cost in dollars and # is the number of
cups of lemonade sold.

FRESH SQUEEZED

a. If they sell cups of lemonade for 50 cents, write an equation to represent the
selling price, S, for n cups of lemonade.

b. By solving two simultaneous equations, determine the number of cups of
lemonade Sally and Nem need to sell to break even (i.e. cover their costs).

c. Sally and Nem increase their selling price. If they make a $7 profit for selling
20 cups of lemonade, calculate the new selling price.

14. The CotX T-Shirt Company produces T-shirts at a cost of $7.50 each after an initial set-up cost of $810.

a. Determine the cost to produce 100 T-shirts.
b. Using CAS or otherwise, complete the following table that shows the cost of producing T-shirts.

Number of T-shirts,n | 0 20 30 40 50 60 80 100 120 140

Cost, C

c. Write an equation that represents the cost, C, to produce n T-shirts.

d. CotX sells each T-shirt for $25.50. Write an equation that represents the amount of sales, S, in dollars
for selling n T-shirts.

e. By solving two simultaneous equations, determine the number of T-shirts that must be sold for CotX
to break even.

f. If CotX needs to make a profit of at least $5000, determine the minimum number of T-shirts they need
to sell.
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15. There are three types of fruit for sale at the market: starfruit,
s, mango, m, and papaya, p. The following table shows the
number of each fruit bought and the total cost in dollars.

Starfruit,s | Mango, m Papaya,p | Total cost, $
5 3 4 19.40
4 2 5 17.50
3 5 6 24.60

a. Using the pronumerals s, m and p, represent this
information with three equations.

b. Using CAS or otherwise, calculate the cost of one
starfruit, one mango and one papaya.

c. Using your answer from part b, determine the cost
of two starfruit, four mangoes and four papayas.

16. The Comet Cinema offers four types of tickets to the movies: adult, concession, senior and member. The
table below shows the number and types of tickets bought to see four different movies and the total amount
of tickets sales in dollars.

Movie Adult, a Concession, ¢ Seniors, s Members, m Total sales, $
Wizard Boy 24 52 12 15 1071.00
Champions 35 8 45 27 1105.50
Pixies on Ice 20 55 9 6 961.50
Horror Nite 35 15 7 13 777.00

a. Represent this information in four simultaneous equations, using the pronumerals given in the table.

. Using CAS or otherwise, determine the cost, in dollars, for each of the four different movie tickets.

c. The blockbuster movie Love Hurts took the following tickets sales: 77 adults, 30 concessions, 15 seniors
and 45 members. Using your values from part b:

o

i. write the expression that represents this information
ii. determine the total ticket sales in dollars and cents.

2.5 Exam questions

Question 1 (1 mark)
T The value of x in the following rectangle is

xX+y
3x -2y 10
12
A. 6.8
B. 5.2
C. 6
D. 4
E. 7
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Question 2 (1 mark)

I x and y are two consecutive even numbers. The relationship between x and y is
x+y=2

y=1+x

x+y=1

y=2+x

y=2x

moowp

Question 3 (3 marks)
River Car Sales sells sedans and wagons. The profit made on selling six sedans and four wagons is $25 600. The
profit made on selling three sedans and one wagon is $10 000.

a. Write simultaneous equations showing the relationship between the profit on one sedan, s, and the profit

on one wagon, w. (1 mark)
b. Solve the equations for s and w. (1 mark)
c. Hence, calculate the profit on selling 10 sedans and 8 wagons. (1 mark)

More exam questions are available online.
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2.6 Review

2.6.1 Summary

Hey students! Now that it's time to revise this topic, go online to:

Access the Review your Watch teacher-led Practise exam
topic summary results videos questions

Find all this and MORE in jacPLUS (C)

Multiple choice
1. I Select which of the following is the correctly transposed version of y = —6 + 3x that makes x the subject
of the equation.
y—=6 y+6

A.x:T B.x=T C.x=3y—6 D. x=3y+6 E. x=3y+2

2. [l The value of x in the linear equation 3(2x + 5) =12 is:
A. —1.5 B. —1 c. -0.5 D. 2 E. 4.5

3. Il The literal linear equation v =u + at is an equation for motion, given an initial velocity, a rate of

acceleration and a period of time. The correction solution to this equation for a is:
Vv—u U—v %
B.a= C.a=v—tu D.a=u—1tv E.a=-—u
t t t

A a=

The following information relates to questions 4 and 5.

Juliana and Alyssa live in two towns 232 km apart. One weekday they both have to drive to each other’s town for
a business meeting, leaving at the same time. Alyssa drives an average of 12 km/h faster than Juliana, and they
pass each other after 2 hours.

4. A If Juliana drives at an average speed of j km/h, determine Alyssa’s average driving speed.

A. (232 —j)km/h B. (232 + ) km/h C. (j—12)km/h
D. (j+ 12)km/h E. g_zkm/h
J
5. I Select Juliana’s average driving speed from the following options.
A. 50km/h B. 52km/h C. 60km/h D. 64km/h E. 72km/h
6. Il The solution to the following pair of simultaneous equations is:
x+5y=7
y=5-—2x
A x=-8,y=3 B. x=2.25,y=05 C.x=2,y=1 D.x=1,y=2 E.x=3,y=-8

7. I Two adults and four children went to the circus. They paid a total of $55.00 for their tickets. One
adult and three children paid $35.00 to enter the same circus. Select the set of simultaneous equations that
represents this situation, where a is the cost for an adult and c is the cost of a child’s entry.

A.a+c=55 B. 2a+c =155 C.2a+3c=55
a+c=35 a+3c=35 a+4c=35
D. 2a+4c =35 E. 2a+4c =55
a+3c=55 a+3c=35
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Short answer

8.

10.

11.

12.

13.

Solve each of the following equations for the unknown.

— -2 1
5 2m= 3s a 3t+ )_'_3=

-2 c. —+6=10 9
4 5

a. 7y +4)=35 b.

. Solve the following simultaneous equations by using either substitution or elimination.

a. y=—5+3xand 3x+2y=17 b. 2x+y=7and 3x—y=3
c.3x—2y=—16andy=2(x+9) d. 4x+3y=17and 3x+2y=13

Determine the break-even points for the following cost and revenue equations. Where appropriate, give your
answers correct to 2 decimal places.

a. C=150+2xand R="7.5x
b. C=25+13.5xand R=19.7x
c. C=3500+22.5x and R =35x

Using CAS or otherwise, solve the following equations to determine the unknowns. Express your answer in
exact form.

2—-5x 3 6(3y—2) 5
a. = - b, ——MM = —
8 5 11 9
c. <ﬁ—§>+8=2 g X6 3x_4
5 7 9 10 5

Using CAS or otherwise, solve the following groups of simultaneous equations. Write your answers correct
to 2 decimal places.

a.y=6+5xand 3x+2y=7
b. 4x+6)=y—6and 2(y+3)=x—-9
c. 6x+5y=28.95, y=—1.36+3x and 2x + 3y =4.17

Petra is doing a survey of how many humans and pets
are in her extended family. She gives the following
information to her friend Juliana.
e There are 33 humans and pets (combined).
e The combined number of legs (pets and owners)
is 94.
e Each human has 2 legs and each pet has 4 legs.

a. If & is the number of humans, express the number
of pets in terms of 4.

b. Write expressions for the total number of human
legs and the total number of pet legs in terms of 4.

c. Determine how many humans and pets there are in
Petra’s extended family.

Extended response

14.

. . . 23t + 15 v
The height of a plant can be found using the equation 7 = % h \//'
where £ is the height in cm and ¢ is time in weeks. '
a. Using CAS or otherwise, determine the time the plant takes to grow
to the following heights. Give your answers correct to the nearest
week.

i. 20cm ii. 30cm
iii. 35cm iv. 50cm
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15.

16.

b. Determine how high the plant is initially.

When the plant reaches 60 cm it is given additional plant food. The plant’s growth each week for the next
4 weeks is found using the equation g =2 + ¢, where g is the growth each week in cm and ¢ is the time in
weeks since additional plant food was given.

c. Determine the height of the plant in cm for the next 4 weeks.

Consider the following groups of graphs.

i.yy=—4+5xand y, =8+ 6x
i.yy=—5-3xandy,=1+3x
iii. yy=6+2xand y, =—4+2x
iv. yy=3—-x, y,=5+xand y; =6+4+2x
a. Where possible, determine the point of intersection for each set of graphs using any method.
b. Determine whether there are solutions for all of these sets of graphs. If not, identify which set of graphs
has no solution, and explain why this is.

Hank is cooking a Sunday dinner of roast lamb and roast beef for 20 guests. He has a 2.5-kg leg of lamb
and a 4.2-kg cut of beef. The recommended cooking time for the lamb is 62.5 minutes; the recommended
cooking time for the beef is 105 minutes. Hank’s cookbook recommends that the meat be left to rest for
15 minutes before carving.

The cooking time is the same per kilogram for both cuts of meats and increases at a constant rate per
kilogram.

a. Calculate the cooking time in minutes, #, per kilogram of meat, k.

b. Construct an equation that finds the cooking time, in minutes, per kilogram of meat (lamb and beef)
including the resting time.

c. Using a spreadsheet and your equation from part b, complete the following table for different-sized cuts
of meat. Write your answers correct to the nearest whole minute.

Weight (g) Cooking time (minutes) Weight (g) Cooking time (minutes)

500 2250

750 2500
1000 2750
1250 3000
1500 3250
1750 3500
2000 3750

d. Marcia uses the equation from part b to help her with the cooking time of her Christmas turkey, which
weighs 5.5 kg. Using the equation you found in part b, determine the cooking time in hours and minutes
for the turkey.

e. Marcia finds that the cooking time is incorrect. Explain why the equation did not help her to accurately
determine the cooking time.

f. Marcia finds a cookbook that suggests that the cooking time for a turkey is % of an hour per kilogram.

If the resting time for roast turkey is 30 minutes, construct an equation that finds the cooking time per
kilogram of turkey.

g. Using the equation you found in part f, determine the recommended cooking time, in hours and minutes,
for Marcia’s turkey.

TOPIC 2 Linear relations and equations 139



17.

18.

Suzanne is starting a business selling homemade cupcakes.
It will cost her $250 to buy all of the equipment, and

each cupcake will cost $2.25 to make. Suzanne models
her costs, C, in dollars, to make n cupcakes using the
following equation:

C=b+225n

a. Identify the value of b.

b. Determine how much it will cost Suzanne to make
50 cupcakes.

c. Suzanne receives an order to supply cupcakes for an
afternoon tea. If it costs Suzanne $373.75 to make the
order, determine how many cupcakes she has to make.

d. Suzanne sells each cupcake for $6.50. Write an equation to C R,
represent the revenue Suzanne earns, R, from selling n cupcakes.
e. One week, Suzanne sells 150 cupcakes. Determine the total profit, 400 -
in dollars, that Suzanne makes for that week. 8
f. By solving a pair of simultaneous equations, calculate the total % 300
number of cupcakes Suzanne needs to sell to break even. Give &
your answer correct to the nearest whole number. § 200
g. The graph shows Suzanne’s cost, C, and revenue, R, for making
and selling n cupcakes. 100
On the graph, add labels for: I O A G
0 n

i. the line that represents the cost, C 10 20 30 40 50 60 70 80 90
ii. the line that represents the revenue, R Number of cupcakes
iii. the break-even point.

There are two types of tickets available for the GoodFeel
Festival: full price and concession. On the first day, 6473
people attended the festival. The total ticket revenue, in
dollars, was $109 559.80. A full-price ticket cost $19.80
and a concession ticket cost $14.60.

a. Construct two equations that represent the number of
people attending and the ticket sales in terms of full
price tickets, f, and concession tickets, c.

b. By solving your equations from part a, determine the
number of each type of ticket sold on the first day.

It costs the organisers $43 500 plus $5.90 for each
ticket sold to run the festival.

c. Construct an equation to represent the cost to the organisers, C, for the festival in terms of the number of
tickets sold, x.

d. Construct an equation that shows the relationship between variables x, fand c.

e. Construct an equation to represent the revenue from ticket sales, R, in terms of fand c.

f. Using the ticket sales for the first day of the festival, determine if the organisers made a profit.
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2.6 Exam questions

Question 1 (1 mark)

I Using the formula F = %C + 32 (where F represents degrees Fahrenheit and C represents degrees Celsius).

The number of degrees F' when C is 25 is
A. 257 B. 45 C. 57 D. 77 E. 0

Question 2 (1 mark)
T The solution to the linear equation 115 —5p =45 is
A. —32 B. 23 C. 14 D. —23 E. —14

Question 3 (1 mark)
T3 A number is multiplied by 7 and then divided by 3. The result is 2 less than the number multiplied by 4. The
equation that best represents this is

A.E:2—4x B. B:4x—2 C.§:4x—2
3 3 7
D. 2:4x+2 E. 7—x=4x+2
7 3
Question 4 (1 mark)
T In a particular isosceles triangle, the two sides of equal length are each 3 cm
longer than the third side. If the perimeter of the triangle is 24 cm, the length of the
third side labelled x is
A. 9cm x+3cm x+3cm
24
B. —cm
7
C. 6cm
D. 8cm xcm
E. 12cm

Question 5 (5 marks)
Different combinations are available when purchasing tickets to enter a theme park. The total cost for 2 adults
and 3 children is $24.75. The total cost of 2 adults and 1 child is $16.50.

[Total ticket cost: $16.50| Total ticket cost: $24.75

Use simultaneous equations to calculate the cost of an individual child ticket and an adult ticket. Give answers
correct to the nearest 5 cents.

More exam questions are available online.

Hey teachers! Create custom assignments for this topic

i? Create and assign Access quarantined *_- Track your
v ° unique tests and exams tests and assessments 4 5  students’ results

Find all this and MORE in jacPLUS
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Answers 2. y=—6
13. a. 33 minutes b. 108 minutes
Topic 2 Linear relations and o ot
equations C”
2.2 Linear relations and solving linear equations  15.d= —
2.2 Exercise 16.a. w=35
. . b. Operations need to be performed in reverse order.
1. a. Non-linear b. Non-linear
c. Linear d. Non-linear 17. K= F=32 +273
e. Linear 1.8
7 —13
e Bethany’s Correct 18. a.x=— b.x= —
Equation response response ? 3
y=1+4x Yes Yes c.x:E d.x=13
2
=5x—2 Yo N
y =5 e © 19. a. 2 hours b. 2 hours 38 minutes
y+ox=7 Yes Yes c. 41 minutes d. 3 hours 45 minutes
y= 2 —5¢ No No e. 32 minutes
(=642 —9 No No 20. a. i. 9 months
3 ii. 19 months (= 18.67 months)
m =n+38 RS W b. 5 years, 4 months
b. Bethany should look at both variables (pronumerals or 21. a. =32, X5, +9
letters). Both variables need to have a highest power b. X9, =5, +32
of 1. c. 374°F
3. a. Linear b. Non-linear 22. a. 14.69 cm b. 18.33cm c. 21.06cm
c. Linear d. Linear
e. Non-linear f. Non-linear 2.2 Exam questions
4. a. Yes, e the power of x is 1. (Note that this equation is Note: Mark allocations are available with the fully worked
not linear.) solutions online.
b. The power of both variables in a linear relation must 1.C
be 1. 2.x=4
y+3
5. x=—— 3. A
6
— 5 3 — 8 - - -
6. a x=2 . b. x= Y6 2.3 Developing linear equations
p+6 2.3 Exercise
c.x=—— d.x=2y——
5 1. $2.24
7.a.x=3 b.n=10 2. The red velvet cupcakes are the cheapest per cupcake.
c.d=4.5 d.x=17 3.33
8. a. i.x4,+3 i. +2,%3 4.10.5cmand 31.5 cm
ii. + 1, =2 iv. X3, —9, X2 5. $7.90
7
b. |.a—4—1 ii.x=2 =
o T2 Minute | 1[2[3[4[5][6]7]38 10
iii. s=13 iv.c= — :
3 :1‘:;;‘““’ 0.4(0.8(1.2|1.6| 2 |2.4(2.8(3.2(3.6| 4
9.a.x=-9 b.y=-0.5 c.x=-4.5
vV—u m+k b. Between the 7th and 8th minute
10.a-a= = y c- x=plr+s) 8. a. See the table at the foot of the page.*
1. y=—25 b. 10 weeks
9. 13mby 19m
*8.2. [ Week 0 1 2 3 4 5 6 7 8 9 10 11 12
Money ($) 20 23 26 29 32 35 38 41 44 47 50 53 56
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10. a. See the table at the foot of the page.*
b. See the table at the foot of the page.**

c. Subtract the values in the first table from the values in the

second table.
d. See the table at the foot of the page.***

2.3 Exam questions

Note: Mark allocations are available with the fully worked

solutions online.
1.D

2.C
3.E

<717 7T 1 T T T 1 >
—7—6—%—%2—_11% 12345 6\7"

2.4 Simultaneous linear equations 3.x=-2,y=5
. 4 a.x=-2,y=-7 b.x=2,y=-3
2.4 Exercise c.x=-=5,y=—18 d. No solution
1. e.x=—-1,y=1
5.a.x=—1,y=-1
b.m=11,n=3
c.x=6,y=7
6.a.x=3,y=-3 b.x=1,y=4
.E
Lax=7,y=19 b.x=-=-2,y=-12
c.x=7,y=44 dx=2,y=1
eex=-3,y=-4 f.x=1,y=-1
9. a. Both unknowns are on the same side.
b. Add the two equations and solve for x, then substitute x
into one of the equations to solve fory. x=3, y=—1
10. a. x=1,y=2 b.a=2,b=3
c.ce=—1,d=2
11.a=2andx= -2
12.a.x=2,y=-2 b.x=3,y=4
c.x=-1,y=3 dx=5,y=3
e.x=—1,y=4 f.x=6,y=4
*10. a.
Number 10 11 12 13 14 15 16 17 18 19 20
of boards
Cost ($) 395 409.50 424 438.50 453 467.50 482 496.50 511 525.50 540
**10.b. [ "Number
10 11 12 13 14 15 16 17 18 19 20
of boards
ge):venue 329.50 | 362.45 | 395.40 | 428.35 | 461.30 | 494.25 | 527.20 | 560.15 | 593.10 | 626.05 659
**%90. d.
Number 10 11 12 13 14 15 16 17 18 19 20
of boards
Profit ($) | —65.50 | —47.05 | —28.60 | —10.15 8.30 26.75 | 45.20 63.65 82.10 | 100.55 119
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13. A

14. 6 roses and 13 lilies

15. 16 strawberry twists and 12 chocolate ripples
16. Michelle: 70 km/h, Lydia: 60 km/h

17. 9 carrots and 6 potatoes

18. a. Marcia added the equations together instead of
subtracting (and did not perform the addition correctly).
The correct result for step 2 is [1] — [2]: 22y = 11.

1
b.x=5,y=~
x y=3
5 1
c.x=5,y=—
Y72

19. a. Goal = 5 points, behind = 2 points

b. Jetts 40 points, Meteorites 48 points
20. a. The equation has unknowns on each side of the equals
sign.
b. Milan works 5 hours and Yashab works 10 hours.
c. 3 hours 45 minutes (3.75 hours)

2.4 Exam questions

11.

. R=12.50h
. 4.5 hours

c. i. Charlotte made a profit for jobs 1 and 4, and a loss for
jobs 2 and 3.

ii. Yes, she made $15 profit.
25+5—-(10+5))=30—-15=8$15
d. 9.5 hours
. 15t 4+ 12m =400.50 and 97 + 13m = 328.75
. t represents the hourly rate earned by Trudi and m
represents the hourly rate earned by Mia.
. t=$14.50, m = $15.25
. Sx+4y=31.55 and 4x + 3y = 24.65
.x=3$3.95, y=3$2.95
. $12.35
. 35 +2¢ =1000 and 4s + 3g = 1430
. 140kJ
a. C=75+1.10k and C =90 + 0.90k
. k=75km

¢. Crreewneets = $350, Ciermnere = $315. They should use
GetThere.

T o

T o

O T o O

T o

o

Note: Mark allocations are available with the fully worked 12. a. The cost is for the three different types of cereal, but the
solutions online. equations only include one type of cereal.
1. E b. 2¢ +3r+m = 27.45
2. A c+2r+2m=24.25
3.C 3c+4r+m = 36.35
c. $34.15
2.5 Problem solving with simultaneous 13.a. S=0.5n
equations b. 8 cups of lemonade
. c. 70 cents
2.5 Exercise
14. a. $1560
e + AR b. See the table at the foot of the page.*
2. a. 140 adults and 210 children . C=810+7.5n
b. The cost of an adult’s ticket is $25, the cost of a . S =25.50n
children’s ticket costs $15, and the total ticket sales is ’ -
$6650. e. 45 T-shirts
3. a. Yolanda needs to sell 10 bracelets to cover her costs. f. 323 T-shirts
b.i. $16 loss ii. $24 profit 15. a. 55+ 3m +4p=19.4
4s+2m+5p=17.5
BB 35+ 5m + 6p = 24.6
b.b=3 b. s=$1.25, m=$2.25, p = $1.60
c. 170 entries c. $17.90
d. R =$5580, C =$3480, P =$2100
e. 504 entries 16. a. 24a + 52c¢ + 125 + 15m = 1071
35a+ 8¢ +45s +27m=1105.5
5. a. 5 =$1.50, a = $3.50 20a + 55¢ + 9s + 6m =961.5
b. Elimination method 35a 4+ 15¢ + 7s + 13m =777
St B R b. Adult ticket = $13.50, concession = $10.50,
6. a. a=2$19.50, c = $14.50 seniors = $8.00, members = $7.00
b. The total number of tickets sold (both adult and c i. 77%13.50 +30% 10.50 4+ 15 % 8.00 + 45 x 7.00
) ii. $1789.50
c. 225 adult tickets and 319 concession tickets
*14.b. [ 0 20 30 40 50 60 30 100 120 140
810 960 1035 1110 | 1185 | 1260 | 1410 1560 1710 1860
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2.5 Exam questions
Note: Mark allocations are available with the fully worked
solutions online.
1. A
2.D
3.a. 65 +4w =$25600 [1]
3s+w=3$10000 [2]
b. s = $2400, w = $2800
c. $46400

2.6 Review

2.6 Exercise
Multiple choice

2. C 3. A 4. D 5. B
I

1. B
6. C

Short answer

8.a.y=1

10.

o T p oo oD
=
I
@
~
|
|
)

M. ax=——

12. a. x= —0.38, y =4.08
x=-10.71, y=—12.86

x=0.75, y=0.89
13.a.33—-h

oo

b. Total number of human legs = 24; total number of pet

legs =4(33 — h)

16.

O Q 0 T o

=

17.

18.

@ »0 20T P Q@

- ©0 2 0 T o

iii. No solution
iv. (—1, 4)

. No, the graphs in part iii are parallel (they have the same

gradient).

. 25 minutes per kilogram

. t=15425k

. See the table at the foot of the page.*

. 2 hours, 33 minutes

. This equation will probably vary for different types of

meat.

. t=30+ 45k
. 4 hours, 38 minutes

250

. $362.50

55
R=6.5n

. $387.50

59
C,R A

Cost
Break-even point

Revenue

Cost, Revenue
—_ [\*) w B
(=) (=) (=) (=)
(=) (=) (=) (=)
1 1 1 1

T T T T T T T T
0" 1020304050 60708090
Number of cupcakes

.f+c=06473,19.8f+ 14.6c = 109 559.8
. 2895 full price tickets and 3578 concession tickets

C=43500+ 5.9x
x=f+c

. R=19.8f+ 14.6¢
. Yes, they made a profit of $27 869. 10.

2.6 Exam questions

Note: Mark allocations are available with the fully worked
c. 19 humans and 14 pets solutions online.
Extended response 1. D
14. a. i. 5 weeks ii. 10 weeks 2.C
iii. 13 weeks iv. 20 weeks 3. B
b. 10cm 4.C
c. 63cm, 67cm, 72cm, 78 cm 5. Child ticket = $4.15; adult ticket = $6.20 (to the nearest
15. a. i. (—12, —64) 5 cents)
i. (=1, =2)
*16.c. Weight (g) Cooking time (minutes) Weight (g) Cooking time (minutes)
500 27.5 2250 71.25
750 33.75 2500 77.5
1000 40 2750 83.75
1250 46.25 3000 90
1500 52.5 3250 96.25
1750 58.75 3500 102.5
2000 65 3750 108.75
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3 Financial mathematics

LEARNING SEQUENCE
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3.2 Ratio, rates and percentages

3.3 Percentage applications @nd GST ... s 157
3.4 Simple interest apPliCAtIONS ... 165
3.5 Compound interest applications ..... L7
3.6 PUIChasing OPTIONS ... e 181
BT REVIBW ..ot 189

Fully worked solutions for this topic are available online.



3.1 Overview

Hey students! Bring these pages to life online ~n an
Watch Engage with Answer questions ,,) 9
videos interactivities and check results /'

Find all this and MORE in jacPLUS (C)

3.1.1 Introduction

Bank interest today is very different to what it
originally was thousands of years ago. The basic
premise, however, remains the same. The early loans
and interest, around 10 000 to 5000 BC, were used in
agriculture. Loans were made in seeds, grains, animals
and tools to farmers. Since one seed could generate a
plant with over 100 new seeds after the harvest, this
allowed farmers to pay back their loans with interest.
‘When animals were loaned, interest would be claimed
based on the scenario. For example, a stud could be
loaned for breeding purposes, and the lender would

be repaid with an agreed number of newborn animals.
Else, if animals were to be used for meat, the lender
might expect the borrower to raise the animal to a
certain weight and return this animal to them, and then
reimburse the borrower for any additional weight gained on the animal.

Compound interest was first implemented in ancient Babylon. Compounding was the adding of accumulated
interest back to the principal, so that interest was earned on interest. This is very different to simple interest,
where the principal remains separate from the interest.

The Wall Street Journal in 1976 published an opinion article that attributed to Einstein the statement that
compound interest was man’s greatest invention. There is no proof that the renowned academic ever said this,
but it’s worth thinking about the importance of the statement nevertheless.

KEY CONCEPTS

This topic covers the following key concepts from the VCE Mathematics Study Design:

e percentage increase and decrease, mark-ups and discounts, and calculating GST in various financial
contexts

¢ determining the impact of inflation on costs and the spending power of money over time

e the unitary method and its use in making comparisons and solving practical problems involving
percentages and finance

e comparison of purchase options including cash, credit and debit cards, personal loans, ‘buy now and
pay later’ schemes.

Source: VCE Mathematics Study Design (2023-2027) extracts © VCAA; reproduced by permission.

148 Jacaranda Maths Quest 11 General Mathematics VCE Units 1 & 2 Third Edition



3.2 Ratio, rates and percentages

LEARNING INTENTION

At the end of this subtopic you should be able to:
e calculate percentage
* use ratios to compare two or more quantities
e calculate rates
e apply the unitary method.

3.2.1 Percentages

Percentages are fractions of 100. The percentage of
a given value is calculated by multiplying it by the
percentage expressed as a fraction or decimal.

You can write a value as a percentage of another value by
expressing it as a fraction and multiplying by 100.

WORKED EXAMPLE 1 Calculating percentages
tlvd-3703

A teacher finds that 12% of students in their class obtain an
AT for a test. To get an A™, students need to score at least
28 marks. If there were 25 students in the class and the test
was out of 32 marks:
a. calculate the minimum percentage needed to obtain

an A*
b. determine how many students received an A™*.

THINK WRITE
a. 1. Write the minimum number of marks needed a. §
as a fraction of the total number of marks. 32
7
2. Multiply the fraction by 100 and simplify i—i X100 = % X 1(1)—0
where possible. 7 25190
=—-X
2 1
_1s
2
= 87.5%
3. Write the answer as a sentence. Students had to obtain a minimum of 87.5% to

receive an A7

TOPIC 3 Financial mathematics 149



12
b. 1. Write the percentage as a fraction. b. 12% = NG

12 12 125

2. Multiply the fraction by the total number in —X25= X —
the class and simplify. 100 160 1
= — X —

=3

3. Write the answer as a sentence. Three students obtained an A™.

3.2.2 Ratios

Ratios are used to compare quantities that are measured in the
same unit. For example, if the ratio of bicycles to cars on a
particular road during rush hour is 1 : 4, there are 4 times as
many cars on the road as bicycles.

Ratios

Ratios compare two or more quantities, and are in
their simplest form when all parts are expressed
using whole numbers and the highest common
factor (HCF) of all the numbers is 1. A simplified
ratio is equivalent to the original ratio.

WORKED EXAMPLE 2 Simplifying ratios

Simplify the following ratios by first determining the highest common factor.
a. 14:6
b. 1.5:2:3.5

THINK WRITE
a. 1. Consider factors of each quantity. Both values are a. 14:6
divisible by 2. 22 22
2. Divide both values by 2. i i
b. 1. To work with whole numbers, multiply all quantities b. 15 : 2 .35
by 10. (We multiply by 10 as there is 1 decimal place x10  x10 x10
value. If there were 2 decimal places, then we would 1 1 1
multiply by 100.) 15220 ¢ 35
2. Express the whole number quantities as a ratio. ig : Eg : Eg
3. Identify the highest common factor (HCF) for the d I !
three parts (in this case 5). Simplify by dividing each =3 4 7
part by the HCE.
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3.2.3 Ratios of a given quantity

We can use ratios to determine required proportions of a given quantity. This can be useful when splitting a total
between different shares.

WORKED EXAMPLE 3 Dividing an amount into a ratio

Carlos, Maggie and Gary purchased a winning lottery ticket; however, they did not each contribute to
the ticket in equal amounts. Carlos paid $6, Maggie $10 and Gary $4. They agree to divide the $845
winnings according to their contributions.

a. Express the purchase contributions as a ratio in simplest form.

b. Determine the winnings each person is entitled to.

THINK WRITE

a. Write the purchase contributions as a ratio, a. 6:10:4
remembering to simplify by identifying the highest HCF =2
common factor. Ratio=3:5:2

b. Add the numbers 3, 5 and 2 to calculate the total b. Carlos = 845 X% 13—0

number of parts. Multiply the winning amount by

the fraction representing each person’s contribution. = $253.50

5
Maggie = 845 X —
g8 10

= $422.50
Gary = 845 x 2
10

= $169.00

3.2.4 Rates

A rate is a measure of change between two variables of different units.

Common examples of rates include speed in kilometres per hour
(km/h) or metres per second (m/s), costs and charges in dollars per
hour ($/h), and electricity usage in kilowatts per hour (kW/h).

Rates

Rates are usually expressed in terms of how much the
first quantity changes with one unit of change in the
second quantity.

WORKED EXAMPLE 4 Using rates to calculate speed
tlvd-3704

Calculate the rate (in km/h) at which you are moving if you are on a bus that travels 11.5 km in
12 minutes.

THINK WRITE
1. Identify the two measurements: distance and time. The quantities are 11.5 km and 12 minutes.
As speed is commonly expressed in km/h, convert 12 1

. . . . — = — or 0.2 hours
the time quantity unit from minutes to hours. 60 5 or 0.2 hou

4
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2. Write the rate as a fraction and express in terms of 115 km = 1S X %

one unit of the second value. 0.2%rs U2
_ 575
1
=57.5
3. Write the answer as a sentence. You are travelling at 57.5 km/h.

3.2.5 Unit cost calculations

In order to make accurate comparisons between the costs of differently priced and sized items, we need

to identify how much a single unit of the item would be. This is known as the unit cost. For example, in
supermarkets, similar cleaning products may be packaged in different sizes, making it difficult to tell which
option is cheaper.

The unitary method

Unit cost calculations are an application of the unitary method, which is the same mathematical process we
follow when simplifying a rate. If x items cost $y, divide the cost by x to calculate the price of one item.

Unitary method

x items = $y
1 item = $X
x

WORKED EXAMPLE 5 Using the unitary method to calculate unit cost
tlvd-3705

Calculate the cost per 100 grams of pet food if a 1.25-kg box costs $7.50.

THINK WRITE

1. Identify the cost and the weight. As the final answer ~ Cost: $7.50
is to be referenced in grams, convert the weight from Weight: 1.250 kg = 1250 g
kilograms to grams.

2. Calculate the unit cost for 1 gram by dividing the cost 730 = 0.006
by the weight. 1250

3. Calculate the cost for 100 g by multiplying the unit ~ 0.006 x 100 = 0.60
cost by 100. Therefore, the cost per 100 grams is $0.60.
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Resources

interactivities Percentages (int-6458)
Speed (int-6457)

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS (C)

1. IIZH A teacher finds that 15% of students in one class obtain a B for a
test. To get a BT, students needed to score at least 62 marks. If there were
20 students in the class and the test was out of 80 marks:

a. calculate the minimum percentage needed to obtain a B*
b. determine how many students received a B*.

2. A salesman is paid according to how much he sells in a week. He receives
3.5% of the total sales up to $10 000 and 6.5% for amounts over $10 000.

a. Calculate his monthly pay if his total sales in four consecutive weeks
are $8900, $11 300, $13 450 and $14 200.

b. Calculate the percentage of his total pay for this time period
represented by each week. Give your answers correct to
2 decimal places.

3. Areal-estate agent is paid 4.25% of the sale price of any property she sells.
Calculate how much she gets paid for selling properties costing:

a. $250 000
b. $310 500
c. $454 755
d. $879 256.

Where necessary, give your answers correct to the nearest cent.

4. A student’s test results in Mathematics are shown in the table.

Test1 | Test2 | Test3 | Test4 | TestS | Test6 @ Test7 | Test8
i 16 | 14 26 | 36 45 | 13 | 4 [ 26
20 21 34 45 20 39 60 35
Percentage

a. Complete the table by calculating the percentage for each test, giving values correct to 2 decimal places
where necessary.
b. Calculate the student’s overall result from all eight tests as a percentage, correct to 2 decimal places.
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5. A person has to pay the following bills out of their weekly income of $1100.

Food $280
Electricity $105
Telephone $50
Petrol $85
Rent $320

Giving answers correct to 2 decimal places where necessary:

a. express each bill as a percentage of the total bills
b. express each bill as a percentage of the weekly income.

6. I Simplify the following ratios.
a. 81:27:12 b. 4.8:9.6
7. A recipe for Mars bar slice requires 195 grams of chopped Mars bar pieces and 0.2 kilograms of milk

chocolate. Express the weight of the Mars bar pieces to the weight of the milk chocolate as a ratio in
simplest form.

8. Simplify the following ratios by first converting to the same unit where necessary.
a. 36:84 b. 49:77:105 c. 3.225kg:1875¢ d. 24kg:960¢g:1.2kg

9. IZA In a bouquet of flowers, the ratio of red, yellow and orange flowers was 5: 8 : 3. If there were
48 flowers in the bouquet, determine how many of each colour were included.

10. Mark, Henry, Dale and Ben all chip in to buy a race car. The cost of the car was $18 000 and they
contributed in the ratioof 3:1:4:2.
a. Calculate the amount each person contributed.
b. They also purchased a trailer to tow the car. Mark put in $750, Henry $200, Dale $345 and Ben $615.
Express these amounts as a ratio in simplest form.

11. The Murphys are driving from Melbourne to Adelaide for a holiday. They plan to have two stops before
arriving in Adelaide. First they will drive from Melbourne to Ballarat, then to Horsham, and finally to
Adelaide. The total driving time, excluding stops, is estimated to be 7 hours and 53 minutes.
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If the distance between the locations is in the ratio 44 : 67 : 136, determine the driving time between each
location correct to the nearest minute.

12. [lIZA Calculate the rate (in km/h) at which you are moving if you are in a passenger aircraft that travels
1770 km in 100 minutes.

For questions 13—15, give answers correct to 2 decimal places where appropriate.

13. Calculate the rates in the units stated for:
a. a yacht that travels 1.375 km in 165 minutes expressed in km/h

1
b. a tank that loses 1320 mL of water in 25 hours expressed in mL/ min

c. a 3.6-metre-long carpet that costs $67.14 expressed in $/m
d. a basketball player who has scored a total of 833 points in 68 games expressed in points/game.

14. IEIEA Calculate the cost in dollars per 100 grams for:

a. a 650-g box of cereal costing $6.25 b. a 350-g packet of biscuits costing $3.25
c. a425-g jar of hazelnut spread costing $3.98 d. a 550-g container of yoghurt costing $3.69.

15. In a game of cricket, batsman A scored 48 runs from 66 deliveries, while
batsman B scored 34 runs from 42 deliveries.

a. State which batsman is scoring at the fastest rate (runs per delivery).
b. Determine the combined scoring rate of the two batsmen in runs per
100 deliveries correct to 2 decimal places.

16. Change the following rates to the units indicated. Where necessary, give answers
correct to 2 decimal places.

a. 1.5 metres per second to kilometres per hour
. 60 kilometres per hour to metres per second
. 65 cents per gram to dollars per kilogram

. $5.65 per kilogram to cents per gram

O T

17. Calculate the amount paid per hour for the following incomes, giving all answers correct to the nearest cent.

a. $75 000 per annum for a 38-hour week b. $90 000 per annum for a 40-hour week
c. $64 000 per annum for a 35-hour week d. $48 000 per annum for a 30-hour week

18. A particular car part is shipped in containers that hold 2054 items. Give answers to the following questions,
correct to the nearest cent.

a. If each container costs the receiver $8000, calculate the cost of each item.

b. If the car parts are sold for a profit of 15%, determine how much is charged for each.

c. The shipping company also has smaller containers that cost the receiver $7000 but only hold 1770 items.
If the smaller containers are the only ones available, determine how much must the car part seller charge
to make the same percentage profit.
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19. A butcher has the following pre-packed meat specials.

BBQ lamb chops in packs of 12 for $15.50
Steak in packs of 5 for $13.80
Chicken drumsticks in packs of 11 for $11.33

a. Calculate the price per individual piece of meat for each of the
specials, correct to the nearest cent.
b. The weights of two packages of meat are shown in the table.

Meat Package 1 Package 2
BBQ lamb chops 2535 grams 2602 grams
Steak 1045 grams 1068 grams
Chicken drumsticks 1441 grams 1453 grams

Calculate the price per kilogram for each package correct to the nearest cent.

20. The ladder for the top four teams in the A-League is shown in the table.

Team Win | Loss @ Draw | Goalsfor | Goals against
1. | Western Sydney Wanderers 18 6 3 41 21
2. | Central Coast Mariners 16 5 6 48 22
3. | Melbourne Victory 13 9 5 48 45
4. | Adelaide United 12 10 5 38 37
Use CAS to:

a. express the win, loss and draw columns as a percentage of the total games played, correct to
2 decimal places

b. express the goals for as a percentage of the goals against, correct to
2 decimal places.
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3.2 Exam questions

Question 1 (1 mark)

T Angelique, Jerome and Summer were mentioned as beneficiaries in a will. The total inheritance was

$50 000. This money was to be divided in the ratio of 2: 3 : 1. The amount of money received by Summer is
A. $500 B. $5000 C. $16666 67 D. $25000 E. $8333.34

Question 2 (1 mark)
= Simon divides his pay into three parts in the ratio 3:2: 1, with 3 parts for rent, 2 parts for living and the rest
for saving. He earns $900 per week. Select from the following the amount that he pays in rent.

A. $300 B. $450 C. $600 D. $200 E. $250

Question 3 (5 marks)
A group of Year 11 students was shopping together to gather provisions for their Outward Bound experience.
They were trying to determine which sized jar of pasta sauce to purchase. The sizes and costs are:
150 g for $2.09; 250 g for $2.89; 500 g for $5.99.
a. State which of the three jars of sauce was the most economical. Explain your reasoning. (4 marks)
b. State whether the most economical purchase was the one you expected. (1 mark)

More exam questions are available online.

3.3 Percentage applications and GST

LEARNING INTENTION

At the end of this subtopic you should be able to:
e calculate percentage change
e calculate the final selling value
e determine mark-ups and discounts
e calculate the goods and services tax (GST).

3.3.1 Calculating percentage change

Percentages can be used to give an indication of the amount of change that has taken
place, which makes them very useful for comparison purposes. Percentages are
frequently used in comments in the media.

For example, a company might report that its profits have fallen by 6% over the
previous year.

The percentage change is found by taking the actual amount of change that has
occurred and expressing it as a percentage of the starting value.

The rule for calculating percentage change

finishing value — starting value
Percentage change = x 100
starting value
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WORKED EXAMPLE 6 Calculating the percentage change
tlvd-3706

The price of petrol was $1.40 per litre but has now risen to $1.65 per litre. Calculate the percentage
change in the price of petrol, correct to 2 decimal places.

THINK WRITE
1. Identify the amount of change. 1.65—-1.40=0.25
The price of petrol has increased by 25 cents
per litre.
025 25
2. Express the change as a fraction of the starting point, —— = —
and simplify the fraction if possible. Al 1540
- 28
. S 5 5_25
3. Convert the fraction to a percentage by multiplying = X100 = = X =
by 100. 125
7
~ 17.86
4. Write the answer as a sentence. The price of petrol has increased by

approximately 17.86%.

3.3.2 Calculating the final selling value

In the business world, percentages are often used to determine the final selling value
of an item. For example, during a sale period a store might decide to advertise ‘25%
off everything’ rather than specify actual prices in a brochure.

At other times, when decisions are being made about the financial returns needed
in order for a business to remain viable, the total production cost plus a percentage
might be used. In either case, the required selling price can be obtained by
multiplying by an appropriate percentage.

Consider the situation of the price of an item being reduced by 18% when it would normally sell for $500. The
reduced selling price can be found by evaluating the amount of the reduction and then subtracting it from the
original value, as shown in the following calculations:

18

Reduction of 18%: X 500 =$90
100

Reduced selling price: $500 — $90 = $410
2
The selling price can also be obtained with a one-step calculation of ISE % 500 = $410.

In other words, reducing the price by 18% is the same as multiplying by 82% or (100 — 18)%.

Increasing or decreasing by a percentage

To reduce something by x%, multiply by (100 — x)%.
To increase something by x%, multiply by (100 + x)%.
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WORKED EXAMPLE 7 Calculating the final value if the value is increased by a certain

percentage

Increase $160 by 15%.
THINK WRITE
1. Add the percentage increase to 100. 100+ 15 =115
2. Express the result as a percentage (by dividing by 15 X $160 = ) X 160
100) and multiply by the value to be increased. 100 égo 1 61
201
=23%x8
=$184
3. Write the answer as a sentence. Increasing $160 by 15% gives $184.

When a large number of values are being considered in
a problem involving percentages, spreadsheets or other
technologies can be useful to help carry out most of the
associated calculations.

For example, a spreadsheet can be set up so that entering
the original price of an item will automatically calculate
several different percentage increases for comparison.

3.3.3 Mark-ups and discounts

When deciding on how much to charge customers,

businesses have to take into account all of the costs they incur in
providing their services. If their costs increase, they must mark up
their own charges in order to remain viable.

For example, businesses that rely on the delivery of materials by
road transport are susceptible to fluctuations in fuel prices, and
they will take these into account when pricing their services.

If fuel prices increase, they will need to increase their charges;
conversely, if fuel prices decrease, they might consider
introducing discounts.

WORKED EXAMPLE 8 Calculating percentage mark-up

A transport company adjusts its charges as the price of petrol changes.
Determine by what percentage, correct to 2 decimal places, the company’s
fuel costs change if the price per litre of petrol increases from $1.36 to

$1.42.

THINK WRITE

1. Calculate the amount of change. $1.42 —$1.36 = $0.06
2. Express the change as a fraction of the starting point. %
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3. Simplify the fraction where possible and then multiply

by 100 to calculate the percentage change. 1.36 1336
68
3 x100= >x2
68 17 1
_5
17
~ 4.41
4. Write the answer as a sentence. The company’s fuel costs increase by 4.41%.

3.3.4 Goods and services tax (GST)

In Australia we have a 10% tax that is charged on most purchases, known as the goods and services tax (or
GST). Some essential items, such as medicine, education and certain types of food, are exempt from GST, but
for all other goods GST is added to the cost of items bought or services paid for. If a price is quoted as being
‘inclusive of GST’, the amount of GST paid can be evaluated by dividing the price by 11.

Calculating prices with and without GST

price without GST = (price with GST included) + 1.1
price with GST included = (price without GST) x 1.1

x 1.1
R

Price Price with
without GST
GST included

il

WORKED EXAMPLE 9 Calculating the amount of GST

Calculate the amount of GST included in an item purchased for a total of $280.50.

THINK WRITE
1. Determine whether the price already includes GST.  Yes, GST is included.

2. If GST is not included, calculate 10% of the value. If GST is included, so divide $280.50 by 11.
GST is included, divide the value by 11. 280.50 =11 =25.5

3. Write the answer as a sentence. The amount of GST is $25.50.
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Resources

Interactivity Calculating percentage change (int-6459)

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS C)

Unless directed otherwise, give all answers to the following questions correct to 2 decimal places or the nearest
cent, where appropriate.
1. IEEA If the price of bananas was $2.65 per kg, calculate the percentage
change (increase or decrease) if the price is now:

a. $3.25 per kg b. $4.15 per kg
c. $1.95 per kg d. $2.28 per kg.

2. Calculate the percentage change in the following situations.

a. A discount voucher of 4 cents per litre was used on petrol advertised
at $1.48 per litre.

b. A trade-in of $5200 was applied to a car originally selling for $28 500.

c. A shop owner purchases confectionary from the manufacturer for $6.50 per kilogram and sells it for
75 cents per 50 grams.

d. A piece of silverware has a price tag of $168 at a market, but the seller is bartered down and sells it for
$147.

3. The graph shows the change in the price of gold (in US dollars per ounce) from 27 July to
27 August in 2012.

Gold price (US$/0z)

1680-‘
1660

1640

Price (US$)

1620

1600

a. Calculate the percentage change from:

i. the point marked A to the point marked B
ii. the point marked C to the point marked D.

b. Calculate the percentage change from the point marked A to the point marked D.

TOPIC 3 Financial mathematics 161



4,

10.

11.

12,

A car yard offers three different vehicles for sale. The first
car was originally priced at $18 750 and is now on sale for
$14991.

The second car was originally priced at $12 250 and is
now priced $9999, and the third car was originally priced
at $23 990 and is now priced $19 888.

Determine which car has had the largest percentage
reduction.

. A Increase:

a. $35 by 8%

b. $96 by 12.5%

c. $142.85 by 22.15%
d. $42 184 by 0.285%.

. Decrease:

a. $54 by 16%

b. $7.65 by 3.2%

c. $102.15 by 32.15%
d. $12 043 by 0.0455%.

. EEA A coffee shop adjusts its charges as the price of electricity changes. Determine by what percentage its

power cost changes if the price of electricity increases from:

a. 88 cents to 94 cents per kWh
b. 92 cents to $1.06 per kWh.

. An electrical goods department store charges $50 plus n cents per km for delivery of its products, where

n = the number of cents over $1.20 of the price per litre of petrol. Calculate the percentage increase in the
total delivery charge for a distance of 25 km when the petrol price changes from $1.45 to $1.52 per litre.

. lEA Calculate the amount of GST included in an item purchased for a total of:

a. $34.98 b. $586.85 c. $56367.85 d. $2.31.

Two companies are competing for the same job. Company A quotes a total of $5575 inclusive of GST.
Company B quotes $5800 plus GST, but offers a 10% reduction on the total price for payment in cash. State
which one is the cheaper offer, and by how much.

A plumber quotes their clients the cost of any parts required
plus $74.50 per hour for their labour, and then adds on the
required GST.

a. Determine how much the plumber quotes for a job that
requires $250 in parts (excluding GST) and should take
4 hours to complete.

b. If the job ends up being faster than the plumber first thought
and they end up charging the client for only 3 hours of
labour, calculate the percentage discount on the original
quote.

The price of a box of chocolates was originally $19.95. After it received an award for chocolate of the year,
the price was increased by 12.25%. Twelve months later, the price was reduced by 15.5%.

a. Calculate the final price of a box of this chocolate.
b. Calculate the percentage change of the final price from the original price.
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13.

14.

15.

16.

17.

18.

19.

a. An advertisement for bedroom furniture states that
you save $55 off the recommended retail price
when you buy it for $385. Calculate the percentage
by which the price has been reduced.

b. If another store was advertising the same furniture
for 5% less than the sale price of the first store,
determine by what percentage this has been
reduced from the recommended retail price.

A bracelet is sold for $127.50. If this represents a 15%
reduction from the RRP, calculate the original price.

Over a period of time prices in a store increased by 15%, then decreased by 10%, and finally increased
by a further 5%. Calculate the overall percentage change over this time period, correct to the nearest
whole percentage.

A power company claims that if you install solar
panels for $1800, you will make this money back in
savings on your electricity bill in 2 years.

If you usually pay $250 per month, determine

what percentage your bill will be reduced by

if the company’s claims are correct.

A house originally purchased for $320 000 is sold to a
new buyer at a later date for $377 600.

a. Calculate the percentage change in the value of the
house over this time period.

b. The new buyer pays a deposit of 15% and borrows the rest from a bank. Each year they are required to
pay the bank 5% of the total amount borrowed. If they purchased the house as an investment, determine
how much they should charge in rent per month in order to fully cover their bank payments.

Julie is shopping for groceries and buys the following items.
Bread — $3.30*

Fruit juice — $5.50*

Meat pies — $5.80

Ice cream — $6.90

Breakfast cereal — $5.00*

Biscuits — $2.90

All prices are listed before GST has been added on.

a. The items marked with an asterisk (*) are exempt from GST. Calculate the
total amount of GST Julie has to pay for the shopping.

b. Calculate the additional amount Julie would have to pay if all of the items
were eligible for GST.

c. Julie has a voucher that gives her a 10% discount from this shop. Use your
answer from part a to calculate how much Julie pays for the groceries.

A carpet company offers a trade discount of 12.5% to a builder for supplying the floor coverings on a new
housing estate.

a. If the builder spends $32 250, determine how much the carpet cost before the discount was applied.
Round your answer to the nearest 5 cents.

b. If the builder charges his customers a total of $35 000, calculate the percentage discount the customers
received compared to buying direct from the carpet company.
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20. The Australian government is considering raising the GST from 10% to 12.5% in order to raise funds and cut
the budget deficit.
The following shopping bill lists all items exclusive of GST.
Note: GST must be paid on all of the items in this bill.
1 litre of soft drink — $2.80
Large bag of pretzels — $5.30
Frozen lasagne — $6.15
Bottle of shampoo — $7.60
Box of chocolate — $8.35
2 tins of dog food — $3.50

Calculate the amount by which this shopping bill would increase if the rise in GST did go through.

21. The following table shows the number of participants in selected non-organised physical activities in
Australia over a ten-year period.

Activity Year 1  Year2 | Year 3 | Year4  Year S | Year 6 | Year 7 | Year 8 | Year 9 | Year 10
Walking 4283 | 4625 | 5787 | 6099 | 5875 | 5724 | 5309 | 6417 | 6110 | 6181
Aerobics 1104 1273 1340 1551 1623 1959 1876 | 2788 | 2855 | 3126
Swimming 2170 | 2042 | 2066 | 2295 | 2070 1955 1738 | 2158 | 2219 | 2153
Cycling 1361 1342 1400 1591 1576 1571 1532 1850 1809 1985
Running 989 1067 1094 1242 1143 1125 1171 1554 1771 1748
Bushwalking 737 787 824 731 837 693 862 984 803 772
Golf 695 733 690 680 654 631 488 752 703 744
Tennis 927 818 884 819 792 752 602 791 714 736
Weight training | 313 230 274 304 233 355 257 478 402 421
Fishing 335 337 387 349 312 335 252 356 367 383

a. Calculate the percentage change in the number of participants swimming from year 1 to year 10.
b. Calculate the percentage change in the number of participants walking from year 1 to year 10.

c. Calculate the overall percentage change in the number of participants swimming and walking combined
during the time period.

22. The following table shows the changes in an individual’s salary over several years.

Year Annual salary | Percentage change
2013 $34 000
2014 $35750
2015 $38 545
2016 $42280
2017 $46 000

Use CAS or a spreadsheet to answer these questions.

a. Evaluate the percentage change of each salary from the previous year.
b. State in which year the individual received the biggest percentage increase in salary.
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3.3 Exam questions

Question 1 (1 mark)
I The price of petrol was $1.38 per litre, but has now risen to $1.59 per litre. The percentage change in the
price of petrol is

A. 21% B. 21 % C. l%
138 46
D. 350% E. 151%
23

Question 2 (1 mark)
I During a supermarket sale campaign, the price of bread went ‘down, down, down’. If the original price of
the bread was $1.95 and the new price is $1.05, the percentage decrease in price is

A. 90% B. 463% C. i%
13 13
D. 600% E. 20 %
195

Question 3 (1 mark)
T In one week, Max earns $127 working at a drive-through coffee shop. If he saved $34, the percentage of his
weekly earnings that he spent, correct to the nearest percent, is

A 127% B. 34% C. 713%
D. 93% E. 161%

More exam questions are available online.

3.4 Simple interest applications

LEARNING INTENTION

At the end of this subtopic you should be able to:
e calculate the amount of simple interest earned on an investment
e calculate the principal, rate or time
e evaluate the amount of simple interest investments and loans.

3.4.1 The simple interest formula

When you invest money and receive a return on your
investment, the amount of money you receive on top of your
original investment is known as the interest. Similarly, when
you take out a loan, the additional amount that you pay back
on top of the loan value is known as the interest. In simplest
terms, interest can be considered the cost of borrowing
money from a person or bank.

Interest is usually calculated as a percentage of the amount

that is borrowed or invested, which is known as the

principal. Simple interest involves a calculation based

on the original amount borrowed or invested; as a result, the amount of simple interest for a particular loan is
constant. For this reason, simple interest is often called ‘flat rate’ interest.
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The simple interest formula

The formula to calculate simple interest is

_ Prn
"~ 100

where
I is the amount of interest earned

P is the principal (initial amount invested or borrowed)
r is the interest rate

n is the time period.

It is important to remember that the rate and the time must be compatible. For example, if the rate is per annum
(yearly, abbreviated ‘p.a.”), the time must also be in years.

The value of a simple interest investment can be evaluated by adding the total interest earned to the value of the
principal.

WORKED EXAMPLE 10 Calculating the amount of simple interest
tlvd-3707

Calculate the amount of simple interest earned on an investment of $4450 that returns 6.5% per
annum for 3 years.

THINK WRITE
1. Identify the components of the simple interest P = $4450
formula. r=06.5%
n=3
. . Prn
2. Substitute the values into the formula and 1= G
evaluate the amount of interest.
_ 4450 X 6.5 X 3
100
= 867.75
3. Write the answer in a sentence. The amount of simple interest earned is $867.75.
TI| THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE
1. On the Calculator page, 1. On the Financial screen,
complete the entry line select:
m
as:ii = p—|p = 4450 and Cale(1)
100 Simple Interest
r=65andn=3 Complete the fields as:
Then press ENTER. Days: 1095
Note:' Ee sure to ente_r the 1%: 6.5
multiplication operation PV: —4450
between the variables p, r Then click the SI icon.
and n.
Note: Be sure to include
a negative sign with the
$4550 for the present
value to indicate that this
money has been paid, not
received.
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2. The answer can be read from The amount of simple interest is |2. The answer can be read The amount of simple interest
the screen. $867.75. from the screen. is $867.75.
Note: The value for the
simple interest is positive
because money is being
received.

3.4.2 Calculating the principal, rate or time

The simple interest formula can be transposed (rearranged) to calculate
other missing values in problems.

For example, we might want to know how long it will take for a simple
interest investment of $1500 to grow to $2000 if we are being offered a rate
of 7.5% per annum, or the interest rate needed for an investment to grow
from $4000 to $6000 in 3 years.

The following formulas are derived from transposing the simple interest formula.

Alternative forms of the simple interest formula

1007
Pr

To calculate the time: n =

1007
Pn

1001
rn

To calculate the interest rate: r =

To calculate the principal: P =

WORKED EXAMPLE 11 Determining the duration of an investment

Calculate how long it will take an investment of $2500 to earn $1100 with a simple interest rate of
5.5% p.a.

THINK WRITE
1. Identify the components of the simple interest P = 2500
formula. I=1100
r=>5.5
1001

2. Substitute the values into the formula and

evaluate for n. Pr

100 % 1100

2500% 5.5
110000

13750
=38

3. Write the answer in a sentence. It will take 8 years for the investment to earn $1100.
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TI| THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE

1. On the Calculator page, 1. On the Main screen,
press MENU, then select: complete the entry line
3: Algebra as:
: XrXn
1: Solve . solve | i = pxrxn n>
Then complete the entry line

100
|p =2500 and

sole(. pXrxn i=1100and r=5.5.
ve | i= o

as:

100 Then press EXE.
|p =2500 and i = 1100 Note: Be sure to enter the
and r=35.5. multiplication operation
Press ENTER. between the variables p, r
Note: Be sure to enter the and n.

multiplication operation
between the variables

p, rand n.
2. The answer can be read from It will take 8 years. 2. The answer can be read It will take 8 years.
the screen. from the screen.

3.4.3 Simple interest loans

For a simple interest loan, the total interest to be paid is usually calculated when the loan is taken out, and
repayments are calculated from the total amount to be paid back (i.e. the principal plus the interest). For
example, if a loan is for $3000 and the total interest after 2 years is $1800, the total to be paid back will be
$4800. Monthly repayments on this loan would therefore be $4800 + 24 = $200.

Total value of a simple interest investment or loan

The amount of a simple interest investment can be found by adding the simple interest to the
principal. This can be expressed as A =P + I, where A represents the total amount of the investment.

WORKED EXAMPLE 12 Determining the repayment for a simple interest loan

Calculate the monthly repayments for a $14 000 loan that is charged simple interest at a rate of
8.45% p.a. for 4 years.

THINK WRITE
. Prn
1. Calculate the amount of interest charged. = 100
_14000x8.45x4
100
=4732
2. Add the interest to the principal to evaluate the A =P +/
total amount to be paid back. = 14000 + 4732
= 18732
18732
3. Divide by the number of months. % = 390.25
4. Write the answer as a sentence. The monthly repayments will be $390.25.
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Resources

Interactivity Simple interest (int-6461)

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS C)

Unless otherwise directed, give all answers to the following questions correct to 2 decimal places or the nearest
cent, where appropriate.
1. I3 Calculate the amount of simple interest earned on an investment of:

a. $2575, returning 8.25% per annum for 4 years
1
b. $12 250, returning 5.15% per annum for 6 3 years

c. $43 500, returning 12.325% per annum for 8 years and 3 months
d. $103 995, returning 2.015% per annum for 105 months.
2. Calculate the value of a simple interest investment of:

a. $500, after returning 3.55% per annum for 3 years
b. $2054, after returning 4.22% per annum for 7 % years

c. $3500, after returning 11.025% per annum for 9 years and 3 months
d. $10 201, after returning 1.008% per annum for 63 months.

3. IIZXH Calculate how long it will take an investment of:

. $675 to earn $216 with a simple interest rate of 3.2% p.a.

. $1000 to earn $850 with a simple interest rate of 4.25% p.a.

. $5000 to earn $2100 with a simple interest rate of 5.25% p.a.
. $2500 to earn $775 with a simple interest rate of 7.75% p.a.

o 0 T 9O

. If $2000 earns $590 in 5 years, calculate the simple interest rate.

. If $1800 earns $648 in 3 years, calculate the simple interest rate.

. If $408 is earned in 6 years with a simple interest rate of 4.25%, determine how much was invested.

. If $3750 is earned in 12 years with a simple interest rate of 3.125%, determine how much was invested.

o 0 T 9o

5. [lIEHA Calculate the monthly repayments for:

a. a $8000 loan that is charged simple interest at a rate of
12.25% p.a. for 3 years

b. a $23 000 loan that is charged simple interest at a rate of
15.35% p.a. for 6 years

c. a $21 050 loan that is charged simple interest at a rate of
11.734% p.a. for 6.25 years

d. a $33 224 loan that is charged simple interest at a rate of
23.105% p.a. for 54 months.
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6. Calculate the monthly repayments for:

a. a $6225 loan that is charged simple interest at a rate of 7.025% p.a. for 130 weeks
b. a $13 328 loan that is charged simple interest at a rate of 9.135% p.a. for 1095 days.

7. A savings account with a minimum monthly balance of $800 earns $3.60 interest in a month. Calculate the
annual rate of simple interest.

8. $25 000 is invested for 5 years in an account that pays 6.36% p.a. simple interest.

a. Calculate the amount of interest earned each year.

b. Calculate the value of the investment after 5 years.

c. If the money was reinvested for a further 2 years, determine the simple interest rate that would result in
the investment amounting to $35 000 by the end of that time.

9. A borrower has to pay 7.8% p.a. simple interest on a 6-year loan. If the total interest paid is $3744:

a. calculate the amount that was borrowed
b. determine the repayments if they have to be made fortnightly.

10. $19 245 is invested in a fund that pays a simple interest rate of 7.8% p.a. for 42 months.

a. Calculate the simple interest earned on this investment.
b. The investor considers an alternative investment with a bank that offers a simple interest rate of 0.625%
per month for the first 2.5 years and 0.665% per month after that. Determine which investment is better.

11. A bank offers a simple interest loan of $35 000 with monthly repayments of $545.

a. Calculate the rate of simple interest if the loan is paid in full in 15 years.

b. After 5 years of payments, the bank offers to reduce the total time of the loan to 12 years if the
monthly payments are increased to $650. Calculate the interest to be paid over the life of the loan under
this arrangement.

c. Calculate the average rate of simple interest over the 12 years under the new arrangement.

12. $100 is invested in an account that earns $28 of simple interest in 8 months.

a. Evaluate the annual rate of simple interest.
b. Calculate the amount of interest that would have been earned in the 8 months if the annual interest rate
was increased by 0.75%.

3.4 Exam questions

Question 1 (1 mark)
& Ragnar invests $1500 at 15% p.a. simple interest for 18 months. At the end of the investment, the total
amount that Ragnar will have in the investment account is

A. $337.50 B. $4050 C. $5550
D. $1837.50 E. $33750

Question 2 (1 mark)
I Alice’s bank account pays 0.01% interest per month on the minimum monthly balance. She never has less
than $275 in the bank. The least interest she earns is

A. $27.50 B. $2.75 C. 27.5 cents D. 2.75 cents E. 0.275 cents

Question 3 (1 mark)
I Michelle borrowed $500 for 2 years at a simple interest rate of 8.5%. The amount she had to pay back was
A. $670 B. $585 C. $542.50 D. $85 E. $42.50

More exam questions are available online.

170 Jacaranda Maths Quest 11 General Mathematics VCE Units 1 & 2 Third Edition



3.5 Compound interest applications

LEARNING INTENTION

At the end of this subtopic you should be able to:
e calculate compound interest by using the formula and by the financial solver on a CAS calculator
e calculate the interest rate or principal
e calculate the amount of interest for non-annual compounding
e determine inflation on investments.

3.5.1 The compound interest formula

Simple interest rates calculate interest on the starting value.
However, it is more common for interest to be calculated on the
changing value throughout the time period of a loan or investment.
This is known as compounding.

In compounding, the interest is added to the balance, and then the
next interest calculation is made on the new value.

For example, consider an investment of $5000 that earns 5% p.a.
compounding annually. At the end of the first year,

the interest amounts to % X 5000 = $250, so the total investment will become$5250. At the end of the second

. 5 . .
year, the interest now amounts to 100 X 5250 =$262.50. As time progresses, the amount of interest becomes

larger at each calculation. In contrast, a simple interest rate calculation on this balance would be a constant,

unchanging amount of $250 each year.

It is easier to calculate compound interest by using the following formula.

The compound interest formula for annual compounding

A =P<1+L>
100

A is the final value of the investment or loan

where

P is the principal (initial amount invested or borrowed)
r is the interest rate per annum (% p.a.)

n is the number of years.

As with the simple interest formula, we need to ensure that the rate of interest and the number of compounding

periods are compatible. If we want to calculate the amount of compound interest, we need to subtract the

principal from the final amount at the end of the compounding periods.
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The amount of compound interest

I=A—-P

where
A is the final value of the investment or loan
P is the principal (initial amount invested or borrowed)

I is the amount of compound interest.

Almost all questions involving compound interest can be solved using the financial solver on a CAS calculator.

The financial solver

e Using the TI-Nspire CX II CAS, on the calculator page, select:
o Menu
« 8: Finance
« 1: Finance Solver
¢ Using the CASIO ClassPad 11, on the financial page, select:
« Calc (1)
o Compound Interest
e All financial solvers will require all but one of the following fields to be filled in:
« N: the total number of periods
o 1%: annual interest rate
« PV: The principal value of the loan or investment
o PMT: The value of any regular payments being made
« FV: The final value of the loan or investment
. PpY or P/Y: Payments per year
« CpY or C/Y: Compounding periods per year
e For General Maths, PpY and CpY are always the same value.
* Money given to the bank has a negative value in the financial solver.
* Money the bank gives to the customer has a positive value in the financial solver.

Loan Investments (savings account)

PV is positive. PV is negative.
PMT is negative. PMT is negative.
FV is negative or 0. FV is positive.

WORKED EXAMPLE 13 Calculating the amount of compound interest earned
tlvd-3708

Use the compound interest formula to calculate the amount of interest on an investment of $2500 at
3.5% p.a. compounded annually for 4 years, correct to the nearest cent.

THINK WRITE
1. Identify the components of the compound P =2500
interest formula. 7= 33
n=4
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2. Substitute the values into the formula and
evaluate the amount of the investment.

A=p<1+L>
100

100
= 2868.81 (to 2 decimal places)

4
= 2500 <1 + 2)

3. Subtract the principal from the final amount of /=A — P

the investment to calculate the interest.

4. Write the answer.

= 2868.81 — 2500
= 368.81

The amount of compound interest is $368.81.

Tl | THINK DISPLAY/WRITE

1. On the Calculator page,
press MENU, then select:
8: Finance
1: Finance Solver
Complete the fields as:

N: 4

1(%): 3.5

PV: —2500

Pmt: 0

PpY: 1

CpY: 1

Then move the cursor to the
FV field and press ENTER.

2. The value of the
investment after 4 years
can be read from the
screen:

FV = $2868.8075 ...

Interest
= $2868.81 — $2500
= $368.81

3. The compound interest
accumulated in 4 years
can be found by

CASIO | THINK DISPLAY/WRITE

1. On the Financial screen,
select:
Calc(1)
Compound Interest
Complete the fields as:
N: 4
1%: 3.5
PV: —2500
PMT: 0
P/Y: 1
C/Y: 1

2. The value of the
investment after 4 years
from the screen:

FV = $2868.8075...

Interest
= $2868.81 — $2500
=$368.81

3. The compound interest
accumulated in 4 years
can be found by

subtracting the initial
value of the investment
from the investment
value after 4 years.

After 4 years, the amount of
compound interest accumulated
is $368.81.

subtracting the initial
value of the investment
from the investment
value after 4 years.

After 4 years, the amount of
compound interest accumulated
is $368.81.

3.5.2 Calculating the interest rate or principal

As with the simple interest formula, the compound interest formula can be transposed if we need to calculate the
interest rate or principal required to answer a particular problem. Transposing the compound interest formula

gives the following formulas.
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Rules for the compound interest rate and principal

To calculate the interest rate:
1

r=100 (4>”—1
P

To calculate the principal:

WORKED EXAMPLE 14 Calculating the principal of an investment

Use the compound interest formula to calculate the principal required, correct to the nearest cent, to
have a final amount of $10 000 after compounding at a rate of 4.5% p.a. for 6 years.

THINK WRITE
1. Identify the components of the compound A =$10 000
interest formula. r=4.5
n=2~6
. . A
2. Substitute the values into the formula to P= —
evaluate the principal. (1 + m)
_ 10000
B 4.5\
(1+ 355)
= 7678.96 (to 2 decimal places)
3. Write the final answer. The principal required is $7678.96.
TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE
1. On the Calculator page, 1. On the Financial screen,
press MENU, then select: select:
8: Finance Calc(1)
1: Finance Solver Compound Interest
Complete the fields as: Complete the fields as:
N: 6 N: 6
1(%): 4.5 1%: 4.5
Pmt: 0 PMT: 0
FV: 10 000 FV: 10 000
PpY: 1 P/Y: 1
CpY: 1 C/Y: 1
Then move the cursor to the Then click the PV icon.
PV field and press ENTER.
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2. The principal can be 2. The principal can be

read from the screen: read from the screen:

PV =$7678.96. PV =$7678.96.

Note: The negative sign Note: The negative sign
implies that the principal implies that the principal
was paid, but does not need was paid, but does not

to be included in the answer. need to be included in the

ansSwer.

Note: It is also possible to transpose the compound interest formula to calculate the number of compounding
periods (n), but this requires logarithms and is outside the scope of this course.

3.5.3 Non-annual compounding

Interest rates are usually expressed per annum (yearly), but compounding often takes place at more regular
intervals, such as quarterly, monthly or weekly. When this happens, adjustments need to be made when applying
the formula to ensure that the rate is expressed in the same period of time.

The compound interest formula with non-annual compounding

r nXxc
A=P<l+ —>
Cx100

where
A is the final value of the investment or loan
P is the principal (initial amount invested or borrowed)
r is the interest rate per annum (% p.a.)
n is the number of years
¢ is the number of compounding periods per year.
 Biannually ¢ =2
e Quarterly c =4
* Monthly ¢ =12
 Fortnightly ¢ =26
o Weekly ¢ =52
o Daily ¢ = 365

r
The ratio of - will give the interest rate per period and the product ¢ X ¢ will give

c
the total number of periods. These values can be put into a simplified version of the
rule:

n
A=P <1 + 1:T0> , where r is the rate per period and » is the number of periods.
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WORKED EXAMPLE 15 Calculating interest when compounding multiple times a year
tlvd-3709

Use the compound interest formula to calculate the amount of interest accumulated on $1735 at
7.2% p.a. for 4 years if the compounding occurs monthly. Give your answer correct to the nearest cent.

THINK

1. Identify the components of the compound
interest formula.

2. Substitute the values into the formula and
evaluate the amount.

3. Subtract the principal from the amount of the
investment.

4. Write the answer.

WRITE
P =$1735
r=72
n = 48 (monthly periods)
A=P(1+—
1200

48
= 1735 <1 + E)
1200

= 2312.08 (to 2 decimal places)

I=A-P
=2312.08 — 1735
=577.08

The amount of interest accumulated is $577.08.

Tl | THINK DISPLAY/WRITE
1. On the Calculator page,
press MENU, then select:
8: Finance
1: Finance Solver
Complete the fields as:
N: 48
1(%): 7.2
PV: —1735
Pmt: 0
PpY: 12
CpY: 12
Then move the cursor to the
FV field and press ENTER.
2. The value of the investment
after 4 years can be read
from the screen:
FV =$2312.08
3. The compound interest Interest
accumulated in 4 years can = $2312.08 — $1735
be found by subtracting = $577.08

the initial value of the term
deposit from the investment

value after 4 years. is $577.08.

After 4 years, the amount of
compound interest accumulated

CASIO | THINK

1. On the Financial screen,
select:
Calc(1)
Compound Interest
Complete the fields as:
N: 48
1%: 7.2
PV: —1735
PMT: 0
P/Y: 12
C/Y: 12
Then click the FV icon.

2. The value of the
investment after 4 years
can be read from the
screen:

FV =$2312.08

3. The compound interest
accumulated in 4 years can
be found by subtracting
the initial value of the
term deposit from the
investment value after
4 years.

DISPLAY/WRITE
Interest

=$2312.08 — $1735
=$577.08

After 4 years, the amount of
compound interest accumulated
is $577.08.
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3.5.4 Inflation

Inflation is a term used to describe a general increase in prices over time that effectively decreases the
purchasing power of a currency. Inflation can be measured by the inflation rate, which is an annual percentage
change of the Consumer Price Index (CPI).

Inflation needs to be taken into account when analysing profits and losses over a period of time. It can be
analysed by using the compound interest formula.

The increase in price of goods due to inflation can be calculated using the compounding interest formula, where
the rate of inflation takes the place of the compound interest rate. Inflation is calculated once per year, so it is

equivalent to compounding annually.

Spending power

As inflation increases, the spending power of a set amount of money will decrease. For example, if the cost of
a loaf of bread was $4.00 and rose with the rate of inflation, in 5 years it might cost $4.50. As inflation gradually
decreases the spending of the dollar, people’s salaries often increase in line with inflation. This counterbalances

the decreasing spending power of money.

WORKED EXAMPLE 16 Calculating inflation on an asset

An investment property is purchased for $300 000 and is sold 3 years later for $320 000. If the average
annual inflation is 2.5% p.a., determine whether this has been a profitable investment.

THINK WRITE

1. Recall that inflation is an application P =300 000
of compound interest and identify the r=25
components of the formula. n=3

2. Substitute the values into the formula and
evaluate the amount.

3. Compare the inflated amount to the selling

price.
4. Write the answer.

A=p<1+L>
100

3
= 300 000 <l + 23
100

= 323 067.19 (to 2 decimal places)

Inflated amount: $323 067.19

Selling price: $320 000

This has not been a profitable investment, as the
selling price is less than the inflated purchase price.

Tl | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE
1. On the Calculator page, 1. On the Financial screen,

press MENU, then select: select:

8: Finance Calc(1)

1: Finance Solver
Complete the fields as:

Compound Interest
Complete the fields as:

N:3 N:3

1(%): 2.5 1%: 2.5

PV: —=300000 PV: — 300000

Pmt: 0 PMT: 0

PpY: 1 P/Y: 1

CpY: 1 CrY: 1

Then move the cursor to the Then click the FV icon.

FV field and press ENTER. >
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2. The value of the investment 2. The value of the

property after 3 years investment property

(the inflated price) can after 3 years (the inflated
be read from the screen: price) can be read from the
FV =$323067.19 screen:

FV =$323067.19

3. Write the answer. This has not been a profitable 3. Write the answer. This has not been a profitable
investment, as the selling price investment, as the selling price
($320 000) is less than the (8320 000) is less than the
inflated price ($323 067.19). inflated price ($323 067.19).
Resources

Interactivities Simple and compound interest (int-6265)

Non-annual compounding (int-6462)

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS @

Unless otherwise directed, where appropriate give all answers to the following questions correct to 2 decimal
places or the nearest cent.
1. IEZEH Use the compound interest formula to calculate the amount of compound interest on an
investment of:

a. $358 invested at 1.22% p.a. for 6 years

b. $1276 invested at 2.41% p.a. for 4 years

c. $4362 invested at 4.204% p.a. for 3 years

d. $275 950 invested at 6.18% p.a. for 16 years.

2. Use the compound interest formula to calculate the future amount of:

a. $4655 at 4.55% p.a. for 3 years

. $12 344 at 6.35% p.a. for 6 years

. $3465 at 2.015% p.a. for 8 years

. $365 000 at 7.65% p.a. for 20 years.

o O T

3. IIZZA Use the compound interest formula to calculate the principal required to yield a final amount of:

. $15 000 after compounding at a rate of 5.25% p.a. for 8 years

. $22 500 after compounding at a rate of 7.15% p.a. for 10 years
. $1000 after compounding at a rate of 1.25% p.a. for 2 years

. $80 000 after compounding at a rate of 6.18% p.a. for 15 years.

0 T o
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10.

11.

to grow:

a
b
c
d

o 0 T 9

a
b
c
d

. $500 to $1000 in 2 years
. $850 to $2500 in 3 years
. $1600 to $2900 in 4 years
. $3490 to $9000 in 3 years.

. $2876 at 3.12% p.a. for 2 years, if the compounding occurs monthly

. $23 560 at 6.17% p.a. for 3 years, if the compounding occurs monthly

. $85.50 at 2.108% p.a. for 2 years, if the compounding occurs monthly

. $12 345 at 5.218% p.a. for 6 years, if the compounding occurs monthly.

. Use the compound interest formula to calculate the final amount for:

. $675 at 2.42% p.a. for 2 years compounding weekly

. $4235 at 6.43% p.a. for 3 years compounding quarterly

. $85 276 at 8.14% p.a. for 4 years compounding fortnightly
. $53 412 at 4.329% p.a. for 1 year compounding daily.

earned if the amount is compounded:

a

. annually b. monthly c. weekly

. IlIIZA An investment property is purchased for $325 000 and is sold 5

years later for $370 000. If the average annual inflation is 2.73% p.a.,
determine whether this has been a profitable investment.

. A business is purchased for $180 000 and is sold 2 years later for

$200 000. If the annual average inflation is 1.8% p.a., determine whether

a

a

b

real profit has been made.

. Calculate the interest accrued on a $2600 investment attracting a
compound interest rate of 9.65%, compounded annually.
Show your results in the following table.

. Use the compound interest formula to calculate the compound interest rate p.a. that would be required

. IlIIZEA Use the compound interest formula to calculate the amount of interest accumulated on:

. An $8000 investment earns 7.8% p.a. compound interest over 3 years. Calculate the amount of interest

d. daily.

Year 1 2 3 4 5 6

Interest accrued ($)

. Show your results in a graph.

A parking fine that was originally $65 requires the payment of
an additional late fee of $35. If the fine was paid 14 days late and
interest had been compounding daily, calculate the annual rate of
interest being charged.
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12. A person has $1000 and wants to have enough to purchase something worth $1450.

a. If they invest the $1000 in a bank account paying compound interest monthly and the investment becomes
$1450 within 3 years, calculate the interest rate that the account is paying.

b. If the price of the item increased in line with an average annual inflation rate of 2%, determine how much
the person would have needed to invest to have enough to purchase it at the end of the same time period,
using the same compound rate of interest as in part a.

13. The costs of manufacturing a smart watch decrease by 10% each year.

a. If the watch initially retails at $200 and the makers decrease the price in line with the manufacturing
costs, determine how much it will cost at the end of the first 3 years.

b. Inflation is at a steady rate of 3% over each of these years, and the price of the watch also rises with the
rate of inflation. Recalculate the cost of the watch for each of the 3 years according to inflation. (Note:
Apply the manufacturing cost decrease before the inflation price increase.)

14. In 2006 Matthew earned approximately $45 000 after tax and deductions. In 2016 he earned approximately
$61 000 after tax and deductions. If inflation over the 10-year period from 2006 to 2016 averaged 3%,
determine whether Matthew’s earning was comparatively more in 2006 or 2016.

15. Francisco is a purchaser of fine art, and his two favourite pieces are a
sculpture he purchased in 1998 for $12 000 and a series of prints he
purchased in 2007 for $17 000.

a. If inflation averaged 3.3% for the period between 1998 and 2007,
determine which item cost more in real terms.

b. The value of the sculpture has appreciated at a rate of 7.5% since 1998,
and the value of the prints has appreciated at a rate of 6.8% since 2007.
Determine how much both were worth in 2015. Round your answers
correct to the nearest dollar.

16. Use the compound interest formula to complete the following table. Assume that all interest is compounded

17. a. Using CAS, tabulate and graph an investment of $200 compounding at rate of 6.1% p.a. over 25 years.

annually.
Principal Final amount Interest Interest rate Number of
) %) earned (p.a.) years
11 000 12 012.28 2
14 000 3.25 3
22 050 25561.99 3511.99 5
2700.00 2.5 1

b. Evaluate, giving your answers to the nearest year, how long it will take the investment to:

i. double
ii. triple
iii. quadruple.
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18. Using CAS, compare compounding annually with compounding quarterly for $1000 at a rate of 12% p.a.
over 5 years.

a. Show the information in a graph or a table.
b. Determine the effect of compounding at regular intervals during the year while keeping the annual rate
the same.

3.5 Exam questions

Question 1 (1 mark)
Source: VCE 2020, Further Mathematics Exam 1, Section A, Q27; © VCAA.

T Gen invests $10 000 at an interest rate of 5.5% per annum, compounding annually.

Determine after how many years her investment will be more than double its original value.
A. 12 B. 13 C. 14 D. 15 E. 16

Question 2 (1 mark)

I When considering the compound interest formula, select which of the following statements is false.

. The formula calculates only the interest earned.

. P represents principal, r represents rate and n represents the number of compounding periods.

. The A in the formula represents the final amount in the investment account at the end of the investment.

. When using the formula, the order of operations must be followed.

. When considering compounding periods you must calculate the number of times that interest is calculated
and added to the account over the life of the loan.

mOOw>»

Question 3 (1 mark)
I If $5000 is invested at 8% p.a. compound interest for 3 years, compounding bi-annually, the interest
earned is

A. $6326.60 B. $5624.32 C. $1326.60
D. $624.32 E. $5826.60

More exam questions are available online.

3.6 Purchasing options

LEARNING INTENTION

At the end of this subtopic you should be able to:
e compare different types of purchase options including cash, credit and debit cards, personal loans, ‘buy
now and pay later’ schemes.

3.6.1 Cash purchases

Buying goods with cash is the most straightforward type of purchase you
can make. The buyer owns the goods outright and no further payments are
necessary. Some retailers or services offer a discount if you pay with cash.
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WORKED EXAMPLE 17 Calculating cash discounts
tlvd-3710

A plumber offers a 5% discount if his customers pay with cash. Calculate how much a customer would
be charged if they paid in cash and the fee before the discount was $139.

THINK WRITE
1. Determine the percentage of the fee that the 100% — 5% = 95%
customer will pay after the discount is taken

into account.

2. Multiply the fee before the discount by the 139X 95% =139 X %

percentage the customer will pay. Turn the
percentage into a fraction.

3. Evaluate the amount to be paid. =132.05

4. Write the answer. The customer will be charged $132.05.

3.6.2 Credit and debit cards
Credit cards

A credit card is an agreement between a financial institution (usually
a bank) and an individual to loan an amount of money up to a pre-
approved limit. Credit cards can be used to pay for transactions until
the amount of debt on the credit card reaches the agreed limit of the
credit card.

If a customer pays off the debt on their credit card within a set period

of time after purchases are made, known as an interest-free period,

they will pay no interest on the debt. Otherwise they will pay a high

interest rate on the debt (usually 20-30% p.a.), with the interest

calculated monthly. Customers are obliged to pay at least a minimum monthly amount of the debt (for example
3% of the balance).

It is worth noting that you still pay interest on the balance owing if you only pay off the minimum monthly
amount. Not paying the minimum monthly amount will result in you incurring extra charges!

Credit cards often charge an annual fee, but customers can also earn rewards by using them, such as frequent
flyer points for major airlines or discounts at certain retailers.

Debit cards

Debit cards are usually linked to bank accounts, although they can also be preloaded with set amounts of
money. When a customer uses a debit card, the money is debited directly from their bank account or from the
preloaded amount.

If a customer tries to make a transaction with a debit card that exceeds the balance in their bank account, then
either their account will become overdrawn (which typically incurs a fee from the banking facility), or the
transaction will be declined.
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WORKED EXAMPLE 18 Calculating credit card interest

Heather has a credit card that charges an interest rate of

19.79% p.a. She tries to ensure that she always pays off the full
amount at the end of the interest-free period, but an expensive few
months over the Christmas holidays leaves the outstanding balance
on her card at $635, $427 and $155 for three consecutive months.
Calculate the total amount of interest Heather has to pay over the
three-month period. Give your answer correct to the nearest cent.

THINK

1. Use the simple interest formula to determine the

amount of interest charged each month.

2. Calculate the sum of the interest for the three
months.
3. Write the answer.

WRITE

1st month:
_Pm
100

635 x 19.79 x L

100

LS}

~ 10.47

2nd month:

= Fm
100
427 x 19.79 x

100

~ 7.04

3rd month:
. Prn
100
155 x 19.79 X =
B 100
~ 2.56

10.47 +7.04 +2.56 =20.07

Heather has to pay $20.07 in interest over the three-
month period.

3.6.3 Personal loans

A personal loan is a loan made by a lending institution to an individual. A personal loan will usually have a
fixed interest rate attached to it, with the interest paid by the customer calculated on a reduced balance. This
means that the interest for each period will be calculated on the amount still owing, rather than the original

amount of the loan.
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WORKED EXAMPLE 19 Calculating the balance of a reducing balance loan

Francis takes out a loan of $3000 to help pay for a business management
course. The loan has a fixed interest rate of 7.75% p.a. and Francis agrees
to pay back $275 a month. Assuming that the interest is calculated before
Francis’s payments, calculate the outstanding balance on the loan after
Francis’s third payment. Give your answer correct to the nearest cent.

THINK WRITE
. Prn
1. Calculate the interest payable for the first month of /= —
the loan. 100 .
3000 X 7.75 X 15
- 100
~ 19.38

2. Calculate the total value of the loan before Francis’s  $3000 + $19.38 = $3019.38

first payment.
3. Calculate the total value of the loan after Francis’s $3019.38 — $275 = $2744.38
first payment.
. Prn
4. Calculate the interest payable for the second month =—
of the loan. 100 :
2744.38 X 175 X 33
a 100
~ 17.72

5. Calculate the total value of the loan before Francis’s $2744.38 + $17.72 =$2762.10
second payment.

6. Calculate the total value of the loan after Francis’s $2762.10 — $275 = $2487.10
second payment.

P
7. Calculate the interest payable for the third month =7
of the loan. 100 .
2487.1 X 7.75 X 13
- 100
~ 16.06
8. Calculate the total value of the loan before $2487.10 + $16.06 = $2503.16
Francis’s third payment.
9. Calculate the total value of the loan after $2503.16 — $275 = $2228.16
Francis’s third payment.
10. Write the answer. The outstanding balance of the loan after Francis’s

third payment is $2228.16.
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Tl | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE

1. On the Calculator page, 1. On the Financial screen,
press MENU, then select: select:
8: Finance Calc(1)
1: Finance Solver Compound Interest
Complete the fields as: Complete the fields as:
N:3 N:3
1(%): 7.75 1%: 7.75
PV: 3000 PV: 3000
Pmt: —275 PMT: —275
PpY: 12 P/Y: 12
CpY: 12 C/Y: 12
Then move the cursor to the Then click the FV icon.
FV field and press ENTER.

2. The outstanding balance can 2. The outstanding balance
be read from the screen. can be read from the

screen.

The outstanding balance is
$2228.16.

The outstanding balance is
$2228.16.

Time payments (hire purchase)

A time payment, or hire purchase, can be used when a customer wants to make a large purchase but doesn’t
have the means to pay up front. Time payments usually work by paying a small amount up front, and then
paying weekly or monthly instalments.

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS (C)

Unless otherwise directed, where appropriate give all answers to the following questions correct to 2 decimal
places or the nearest cent.
1. An electrician offers a discount of 7.5% if his customers pay with cash. Calculate how much a
customer would be charged if they paid in cash and the charge before the discount was applied was:

a. $200
b. $312
c. $126.
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2. I George runs a pet-care service where he looks after cats and
dogs on weekend afternoons. He charges a fee of $20 per pet
plus $9 per hour. He also gives his customers a 6% discount if
they pay in cash.

Charlene asks George to look after her two cats between 1 pm
and 5 pm on a Saturday afternoon. Calculate how much she
would have to pay if she paid in cash.

A. $33.85 B. $52.65 C. $71.45
D. $72.95 E. $73.85

3. EHEM Barney is struggling to keep control of his finances and starts to use his credit card to pay for
purchases. At the end of three consecutive months his outstanding credit card balance is $311.55, $494.44
and $639.70 respectively. If the interest rate on Barney’s credit card is 22.75% p.a., calculate how much
interest he is charged for the three-month period.

4. Dawn uses her credit card while on an overseas trip and returns with an outstanding balance of $2365.24
on it. Dawn can only afford to pay the minimum monthly balance of $70.96 before the interest-free period
expires.

a. Dawn’s credit card charges an interest rate of 24.28% p.a. Calculate how much Dawn will be charged in
interest for the next month.
b. If Dawn spent $500 less on her overseas trip, determine by how much the interest she would be charged

on her credit card can be reduced. (Note: Assume that Dawn still pays the minimum monthly balance of
$70.96.)

5. ST Petra takes out a loan of $5500 to help pay for a business management course. The loan has a
fixed interest rate of 6.85% p.a. and Petra agrees to pay back $425 a month. Assuming that the interest is
calculated before Petra’s payments, calculate their outstanding balance on the loan after the third payment.

6. Calculate the total amount of interest paid after the sixth payment on a $2500 personal loan if the rate
is 5.5% p.a. and $450 is paid off the loan each month. (Assume that the interest is calculated before the
monthly payments.)

7. Drew has a leak in his water system and gets quotes from 5 different plumbers to try to find the best price for
the job. From previous experience he believes it will take a plumber 90 minutes to fix his system. Help Drew
decide which plumber to go with by calculating approximately how much each will charge.

e Plumber A: A call-out fee of $100 plus an hourly charge of
$80, with a 5% discount for payment in cash

e Plumber B: A flat fee of $200 with no discount

e Plumber C: An hourly fee of $130, with a 10% discount for
payment in cash

e Plumber D: A call-out fee of $70 plus an hourly fee of $90,
with an 8% discount for payment in cash

e Plumber E: An hourly fee of $120 with no discount

8. Ttems in an online store advertised for more than $100 can be
purchased for a 12.5% deposit, with the balance payable 9 months
later at a rate of 7.5% p.a. compounding monthly.
Determine how much the following items cost the purchaser under this arrangement.

a. A sewing machine advertised at $150

b. A portable air conditioner advertised at $550
c. A treadmill advertised at $285

d. A BBQ advertised at $675
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9. Divya’s credit card has a low interest rate of 13.55% p.a. but no
interest-free period on purchases. Calculate the total interest
she has to pay after making the following purchases.

e New sound system — $499 — paid back after 7 days
* 3 Blu-Ray films — $39 — paid back after 12 days

* Food shopping — $56 — paid back after 2 days

» Coffee machine — $85 — paid back after 18 days

10. An electrical goods store allows purchasers to buy any item
priced at $1000 or more for a 10% deposit, with the balance
payable 6 months later at a simple interest rate of 7.64% p.a.
Calculate the final cost of each of the following items under

this arrangement.
a. An entertainment system priced at $1265

b. An oven priced at $1450
c. A refrigerator priced at $2018
d. A washing machine priced at $3124

11. Elise gets a new credit card that has an annual fee of $100 and earns 1 frequent flyer point per $1 spent. In
her first year using the card she spends $27 500 and has to pay $163 in interest on the card. Elise exchanged
the frequent flyer points for a gift card to her favourite store, which values each point as being worth
0.8 cents. Determine whether using the credit card over the year was a profitable investment.

12. Michelle uses all of the $12 000 in her savings account to buy a new car worth $25 000 on a time payment
scheme. The purchase also requires 24 monthly payments of $750.

a. Calculate how much Michelle pays in total for the car.

Michelle gets a credit card to help with her cash flow during this 24-month period, and over this time her
credit card balance averages $215 per month. The credit card has an interest rate of 23.75% p.a.

b. Calculate how much in interest Michelle pays on her credit card over this period.
c. In another 18 months Michelle could have saved the additional $13 000 she needed to buy the car
outright. Determine how much she would have saved by choosing to save this money first.

3.6 Exam questions

Question 1 (1 mark)

Source: VCE 2016, Further Mathematics Exam 1, Section A, Q23; © VCAA.

I Sarah invests $5000 in a savings account that pays interest at the rate of 3.9% per annum compounding
quarterly. At the end of each quarter, immediately after the interest has been paid, she adds $200 to her
investment.

After two years, the value of her investment will be closest to
A. $5805 B. $6600 C. $7004 D. $7059 E. $9285

Question 2 (1 mark)
Source: VCE 2015, Further Mathematics Exam 1, Section B, Module 4, Q1; © VCAA.

I3 Fong’s gas bill is $368.40. If he pays this bill on time, it will be reduced by 5%.

In this case, the bill would be reduced by
A. $1.84 B. $5.00 C. $18.42 D. $184.20 E. $349.98
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Question 3 (12 marks)
A Year 11 student wishes to invest some money in order to help him save for a holiday more quickly.

He is looking at two different investment options.
Option 1: Simple interest at 5% per annum for 4 years

Option 2: Compound interest at 3.5% per annum for 2 years
a. Calculate the interest earned if he invests $3500 in the account offering option 1. (1 mark)
b. Calculate the interest earned if he invests $3500 in the account offering option 2. (2 marks)

He decides that he really doesn’t want to lock his money away for 4 years, but he definitely wants more interest
than option 2 offers. He does some negotiating with the bank and they agree to change option 2 slightly so that it
compounds biannually.

c. Calculate the interest earned if he selects the new and improved option 2. (3 marks)

The interest is better! But it is not quite enough. The bank agrees to extend the lending period on option 2.
d. Determine for how many compounding periods he needs to invest the money to have a total of $5000
(investment and interest). (5 marks)

Before he decides, he needs to calculate how long this investment will be for.
e. Determine for how long he needs to invest his money in this investment for him to achieve his goals, and
state whether you think he will select this option. (1 mark)

More exam questions are available online.
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3.7 Review

3.7.1 Summary

doc-37613

Hey students! Now that it's time to revise this topic, go online to:

Access the Review your Watch teacher-led Practise exam
topic summary results videos questions

Find all this and MORE in jacPLUS @

Multiple choice
1. I If a salesman earns 3.7% from the sale of each car, for a $14 990 sale he would be paid:
A. $5546.30 B. $4051.35 C. $554.63 D. $550.12 E. $405.14

4 1
2. I When fully simplified, lg :4§ becomes:

A. 18:42 B.1:4 C.1:3 D. 8:2 E.3:7
3. I The unit cost (per gram) of al20-gram tube of toothpaste sold for $3.70 is:
A. $32.43 B. $0.03 C. $0.44 D. $0.05 E. $0.31
4. I If the price of petrol increased from 118.4 cents to 130.9 cents, the percentage change is:
A. 10.6% B. 9.5% C. 90% D. 1.1% E. 12.5%
5. I A basketball ring is sold for $28.50. If this represents a 24% reduction from the RRP, the original
price was:
A. $90.25 B. $118.75 C. $52.50 D. $37.50 E. $26.67
6. I When the simple interest formula is transposed to calculate r, the correct formula is:
A. r=100IPn B. r= Pn c. r=@ . 1007 E e 1007P
100/ Pnl Pn n

7. I A tradesman offers a 6.8% discount for customers who pay in cash. Determine how much would a
customer pay if they paid their bill of $244 in cash.

A. $16.59 B. $218.48 C. $227.41 D. $261.59 E. $237.20

8. I Meredith walks dogs at the weekend. She charges $14.00 per dog plus $6.00 an hour. She offers her
clients a 5% discount for paying in cash. Determine how much she would charge for someone paying cash to
walk 3 dogs for 2 hours.

A. $51.30 B. $131.10 C. $54 D. $2.70 E. $48

9. I Ruhan borrows $12 000 in order to purchase a car that he needs for a new job. He agrees to pay the loan
back with interest, in total, after 30 months. The interest rate is calculated using 4.5% p.a. simple interest.
The amount Ruhan has to pay back is closest to:

A. $12000 B. $16200 C. $1350 D. $28200 E. $13350
10. [T Sotiris invests $29 000 into a high interest saving account earning 6.2% p.a. compound interest,

compounded monthly. He is planning to buy a house soon and needs $45 000 for the deposit. Determine how
long he will have to wait until he has enough in the investment account to afford the deposit.

A. 7 months B. 8 months C. 85 months D. 86 months E. 87 months
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Short answer

11.

12,

13.

14.

15.

16.

17.

While camping, the Blake family use powdered milk. They mix the powder with water in the ratio of 1:24 .
Determine how much of each ingredient they need to make up:

a. 600 mL b. 1.2 L.

For each of the following, calculate the unit price for the quantity shown in brackets.

a. 750 g of Weetbix for $4.99 (per 100 g)

b. $16.80 for 900 g of jelly beans (per 100 g)
c. $4.50 for 1.5 L of milk (per 100 mL)

d. $126.95 for 15 L of paint (per L)

Complete the following percentage changes.

a. Increase $65.85 by 12.6%. b. Decrease $14.56 by 23.4%.

c. Increase $150.50 by 2.83%. d. Decrease $453.25 by 0.65%.
Determine the GST that’s included in or needs to be added to the price for these amounts.
a. $45.50 with GST included b. $109.00 plus GST

c. $448.75 with GST included d. $13.25 plus GST

Determine the unknown variable for each of the following scenarios.

a. Calculate the amount of simple interest earned on an investment of $4500 that returns 6.87% per annum
for 5.5 years.

b. Determine how long it will take an investment of $1260 to earn $360 with a simple interest rate of 4.08%.

c. Calculate the simple interest rate on an investment that earns $645 in 3 years when the initial principal
was $5300.

d. Calculate the monthly repayments for a $6250 loan that is charged simple interest at a rate of 9.32% per
annum for 7.25 years.

Use the compound interest formula to calculate:

a. the amount of interest on an investment of $3655 at 6.54% per annum for 2.5 years

b. the future amount of $478 invested at 2.27% per annum for 10 years

c. the compound interest rate per annum required to grow $1640 to $3550 in 3.25 years

d. the principal required to yield a final amount of $22 000 after compounding at a rate of 11.2% per annum
for 15 years.

Sophie bought an investment property for $250 000, and 4 years later she sold it for $275 000. If the average
annual inflation was 2.82% per annum, determine whether this was a profitable investment for Sophie. Give
your answer correct to 2 decimal places.

Extended response

18.

19.

The monthly repayment for a $250 000 property loan is $1230.

a. Calculate the monthly repayment as a percentage of the loan.

b. Calculate the overall yearly repayment as a percentage of the loan.

c. If the repayments have to be made every month for 25 years, determine how much extra has to be paid
back compared to the amount that was borrowed.

d. Express the extra amount to be paid back over the 25 years as a percentage of the amount borrowed.

John is comparing different brands of lollies at the local supermarket. A packet of Brand A lollies costs
$7.25 and weighs 250 g. A packet of Brand B lollies weighs 1.2 kg and costs $22.50.

a. Determine which brand is the best value for money. Provide mathematical evidence to support
your answer.

b. If the company producing the more expensive brand was to reconsider their price, determine the price for
their lollies that would match the unit price of the cheaper brand.
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20. For a main course at a local restaurant, guests can select from a chicken, fish or vegetarian dish. On Friday
night the kitchen served 72 chicken plates, 56 fish plates and 48 vegetarian plates.

a. Express the number of dishes served as a ratio in the simplest form.

b. On a Saturday night the restaurant can cater for 250 people. If the restaurant was full, determine how
many people would be expected to order a non-vegetarian dish.

c. The Elmir family of five and the Cann family of three dine together. The total bill for the table was $268.

i. Calculate the cost of dinner per head.
ii. If the bill is split according to family size, determine the proportion of the bill that the Elmir family
will pay.

21. Four years ago a business was for sale at $130 000. Amanda and Callan had the money to purchase the
business but missed out at the auction. Four years later the business is again for sale, but now at $185 000.

a. Determine the percentage increase in the price over the 4 years.
b. Amanda and Callan will now need to borrow the increase in the price amount. Determine how much
interest they will have to pay on a loan compounded annually over 5 years with a rate of 12.75%.

22. Manny has received three quotes for the painting of her house:
e Painter 1: $290 per day (3 days needed) plus
$20 per litre of paint (120 litres needed), with no further discounts
e Painter 2: A flat fee of $4000 with a 10% discount
for cash
e Painter 3: An hourly fee of $80 (7 hours a day for
3 days) plus $25 per litre of paint (120 litres needed) with a 5% discount
for cash
a. Calculate the cost of each painter.
b. Based on price, state which painter Manny
should select.

To pay for the painter, Manny withdraws $4000 from her bank account. The account had an opening
balance of $6000 and earns a simple interest rate of 12.4%. The interest is calculated on the minimum
monthly balance.

Date Details Amount
Ist Withdrawal $4000
10th Deposit $151
15th Withdrawal $220
22nd Deposit $1500
29th Withdrawal $50
30th Deposit $250

c. Use the account information to calculate the amount of interest earned on the account this month.
d. Determine the percentage change of the account balance from the start to the end of the month.

3.7 Exam questions

Question 1 (1 mark)
Source: VCE 2015, Further Mathematics Exam 1, Section B, Module 4, Q2; © VCAA.

I3 An investment property was purchased for $600 000. Over a 10-year period, its value increased to $850 000.

The increase in value, as a percentage of the purchase price, is closest to
A. 4.2% B. 25.0% C. 29.4% D. 41.7% E. 70.6%
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Question 2 (3 marks)
Source: VCE 2015, Further Mathematics Exam 2, Module 4, Q1; © VCAA.

Jane and Michael have started a business that provides music at parties.
The business charges customers $88 per hour.

The $88 per hour includes a 10% goods and services tax (GST).

a. Calculate the amount of GST included in the $88 hourly rate. (1 mark)
b. Jane and Michael’s first booking was a party where they provided music for four hours. Calculate the

total amount they were paid for this booking. (1 mark)
c. After six months of regular work, Jane and Michael decided to increase the hourly rate they charge

by 12.5%.

Calculate the new hourly rate (including GST). (1 mark)

Question 3 (1 mark)
3 A newspaper reported that the price of petrol had increased by 35% in the last five years. If the current price
is $1.59, the original price of petrol mentioned in the article was

A. $0.56 B. $2.14 C. $1.18 D. $2.94 E. $1.35

Question 4 (1 mark)

1
T A television was advertised as being marked down by 335%. If the original price of the television is $2999,
the discounted price will be

A. $2666.33 B. $999.67 C. $2000 D. $1999.33 E. $1500

Question 5 (7 marks)
On occasion items can be purchased by paying a deposit and then paying monthly instalments.

Leonard was planning to purchase a surround sound entertainment system worth $5495 and was investigating
different ways in which this purchase could be made. If he paid a 20% deposit, he would be able to pay the
system off over the next year.

a. Calculate a 20% deposit on this system. (1 mark)

b. Calculate the balance owing. (1 mark)

c. Leonard is able to make monthly payments for 12 months in order to pay the remainder of the cost.
Calculate each monthly instalment, correct to the nearest dollar. (1 mark)

d. The shop assistant offers Leonard a discount to try to entice him to buy the system now. The shop assistant
offers a 32% discount on the total cost.

i. Calculate the amount of the discount. (1 mark)
ii. Calculate the cost of the entertainment system with the discount applied. (1 mark)

e. Leonard decides to go with the payment plan, but he decides to pay slightly more each month. He decides
to pay $425 each month.

i. Determine how quickly Leonard will pay off the balance remaining. (1 mark)
ii. Calculate the final payment. (1 mark)

More exam questions are available online.

Hey teachers! Create custom assignments for this topic

-
unique tests and exams tests and assessments 4 5  students’ results

Find all this and MORE in jacPLUS C)

i? Create and assign 3 Access quarantined KW TocK your
10
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Answers
Topic 3 Financial mathematics

b. Pack A: $16.18/kg
Pack B: $15.86/kg

20. a. See the table at the bottom of the page.*
b.

3.2 Ratio, rates and percentages Team Goal percentage
; 1.|Western Sydney Wanderers 195.24%
3.2 Exercise 2.|Central Coast Mariners 218.18%
1@ 77.5% b. 3 3.Melbourne Victory 106.67%
2. . 51943.25 4.| Adelaide United 102.70%
b. Week 1: 16.03%; week 2: 22.36%; week 3: 29.55%;
week 4: 32.06% 3.2 Exam questions
3. a. $10 625 b. $13 196.25 Note: Mark allocations are available with the fully worked
c. $19 327.09 d. $37 368.38 solutions online.
4. a. See the table at the bottom of the page.* 1. E
b. 68.43% 2.B
5. a. Food: 33.33%; electricity: 12.5%; telephone: 5.95%; 3. a. The medium-sized jar is the cheapest per 100 grams of
petrol: 10.12%; rent: 38.10% sauce. The students should purchase this one.
b. Food: 25.45%; electricity: 9.55%; telephone: 4.55%; b. It should be expected that the largest jar would be the
petrol: 7.73%; rent: 29.09% cheapest item; however, this is not always the case.
6.a.27:9:4 b.1:2 i .
7. 3040 3.3 Percentage applications and GST
8.a.3:7 b.7:11:15 3.3 Exercise
c. 43:25 d.10:4:3 1. a. 22.64% increase b. 56.60% increase
9. 15 red, 24 yellow, 9 orange c. 26.42% decrease d. 13.96% decrease
10. a. Mark: $5400; Henry: $1800; Dale: $7200; Ben: $3600 2. a. 2.70% decrease b. 18.25% decrease
b. 150:40:69:123 c. 130.77% increase d. 12.5% decrease
11. Melbourne to Ballarat: 1 hour, 24 minutes; Ballarat to 3 a i 0.62% i 2.5%
Horsham: 2 hours, 8 minutes; Horsham to Adelaide: 4 hours,
. b. 1.23%
20 minutes )
12. 1062 km/h 4. The first car has the largest percentage reduction at 20.05%.
13. a. 0.5km/h b. 9.43 mL/ min 5 a 2?;;1829 o 23830 o
c. $18.65/m d. 12.25 points/game © : ’ :
6. a. $45.36 b. $7.41
14. a. $0.96 b. $0.93 c. $0.94 d. $0.67 e $69.31 a. $12037.52
15. a. Batsman B 7 o 6.82% b. 15.20%
b. 75.93 runs/ 100 deliveries B P
16. a. 5.4 km/h b. 16.67 m/s 8. 3.11%
c. $650/kg d. 0.57 cents/gram 9. a $3.18 b. $53.35
c. $5124.35 d. $0.21
17. a. $37.96  b. $43.27  ¢. $35.16  d. $30.77
10. Company A by $167
18. a. $3.89 b. $4.47 c. $4.54 11, a. $602.80 b. 13.59%
19. a. BBQ lamb chops: $1.29
Steak: $2.76 12. a. $18.92 b. 5.16% decrease
Chicken drumsticks: $1.03 13. a. 12.5% b. 16.88%
14. $150
*4, a.
Test 1 Test 2 Test 3 Test 4 Test 5 Test 6 Test 7 Test 8
Percentage 80% 66.67% 76.47% 80% 72.5% 33.33% 70% 74.29%
*20. a. =
Team Win Loss Draw
1. | Western Sydney Wanderers | 66.67% | 22.22% | 11.11%
2. | Central Coast Mariners 59.26% | 18.52% | 22.22%
3. | Melbourne Victory 48.15% | 33.33% | 18.52%
4. | Adelaide United 44.44% | 37.04% | 18.52%
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15. An overall increase of 9%

16. 30%

17. a. 18% b. $1337.33

18. a. $1.56 b. $1.38 c. $27.86
19. a. $36 857.15 b. 5.04%

20. $0.84

21. a. 0.78% decrease b. 44.31% increase

c. 29.15% increase

22. a.

Year | Annual salary | Percentage change
2013 $34 000
2014 $35 750 5.15%
2015 $38 545 7.82%
2016 $42 280 9.69%
2017 $46 000 8.80%
b. 2016

3.3 Exam questions

Note: Mark allocations are available with the fully worked

solutions online.
1. E

2.B
3.C

3.4 Simple interest applications

3.4 Exercise

1. a. $849.75 b. $4100.69
c. $44 231.34 d. $18 335.62
2. a. $553.25 b. $2725.76
c. $7069.34 d. $10 740.84
3. a. 10 years b. 20 years
c. 8 years d. 4 years
4. a.5.9% b. 12% c. $1600 d. $10 000
5. a. $303.89 b. $613.65
c. $486.50 d. $1254.96
6. a. $243.94 b. $471.68
7.5.4%
8. a. $1590 b. $32 950 c.3.11%
9. a. $8000 b. $75.28
10. a. $5253.89

b. The first investment is the best (7.8% p.a.).

11. a. 12.02%
12. a. 42% p.a.

b. $52 300
b. $28.50

c. 12.45%

3.4 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.
1. D

2.D
3.B

3.5 Compound interest applications

3.5 Exercise

1. a. $385.02 b. $1403.52

c. $4935.59 d. $720 300.86
2. a. $664.76 b. $5515.98

c. $599.58 d. $1229312.85
3. a. $9961.26 b. $11278.74

c. $975.46 d. $32 542.37
4.a.41.42% b.43.28% c. 16.03% d.37.13%
5. a. $184.93 b. $4777.22

c. $3.68 d. $4526.95
6. a. $708.47 b. $5128.17

c. $118 035.38 d. $55774.84
7. a. $2021.81 b. $2101.50

c. $2107.38 d. $2108.90

8. The inflated value is $371 851.73, so it was not profitable.
9. The inflated value is $186 538.32, so it is profitable.
10. a.

b.

See the table at the bottom of the page.*

$500.00
$450.00
$400.00
$350.00
$300.00
$250.00

0

Compound interest ($)

LI B £
456738

Year

L —
123
11.
12,

13.

1140.57% p.a.

a. 12.45% p.a. b. $1061.19

a. Year 1: $180, Year 2: $162, Year 3: $145.80

b. Year 1: $185.40, Year 2: $171.86, Year 3: $159.32

14. 2016

*10. a.
Year 1 2 3 4 5 6 7 8
Interest accrued ($) 250.90 275.11 301.66 330.77 362.69 397.69 436.07 478.15
He. Interest rate
Principal ($) Final amount ($) Interest earned ($) (p.a.) Number of years

11 000 12 012.28 1012.28 4.5 2

14 000 15 408.84 1409.84 3.25 3

22 050 25561.99 3511.99 3 5

108 000 110 070.00 2700.00 2.5 1
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15. a. The series of prints
b. Sculpture: $41 032, prints: $28 775

[] Compounding annually
[[] Compounding quarterly

16. See the table at the bottom of the page.* A
17. a. See the table at the bottom of the page.* $1600.00 -
*
$1000 <
% $800 % $1400.00
E $600 £ i
3 s400 2 $1200.00
$200
0 T T T T T T T T T T T T T T > $100000 f : : : : >
2 46 8101214161820222426 0 1 2 3 4 5
Year
Year
b. i. 12 years ii. 19 years iii. 24 years Note: The graph shows the amounts at the beginning of
18. 3. | Compounding annuall each year.
P g y Compounding quarterly b. Compounding at regular intervals during the year
Year Amount Year Amount accumulates more interest than compounding only once
1 $1000.00 1 $1000.00 ayear.
2 $1030.00 3.5 Exam questions
3 $1060.90 Note: Mark allocations are available with the fully worked
4 $1092.73 solutions online.
2 $1120.00 5 $1125.51 1. B
6 $1 159.27 A
’ 3.C
7 $1194.05
8 $1229.87 3.6 Purchasing options
3 $1254.40
9 $1266.77 3.6 Exercise
10 $1304.77 1. a. $185 b. $288.60 c. $116.55
11 $1343.92 2.C
2 $1404.93 12 $1384.23 3. $27.41
: 13 $1425.76 4. a. $46.42 b. $10.12
14 $1468.53 5. $4312.44
15 $1512.59 6. $38.42
T $1557.97 7. Plumber C
5 $1573.52 ’ 8. a. $157.57 b. $577.76 c. $299.38 d. $709.07
17 $1604.71 9. $2.08
13 $1652.85 10. a. $1308.49 b. $1499.85
19 $1702.43 c. $2087.38 d. $3231.40
20 $1753.51 11. No, Elise loses $43.
12. a. $30 000 c. $5102.13
b. $102.13
*17. a.
Year 0 1 2 3 4 5 6 7 8 9 10 11 12
Value ($)| 200.00 |212.20|225.14238.88|253.45|268.91(285.31(302.72(321.18|340.78|361.56|383.62|407.02
Year 13 14 15 16 17 18 19 20 21 22 23 24 25
Value ($) |431.85|458.19|486.14515.79|547.26|580.64|616.06 | 653.64 | 693.51 |735.81 |780.70 | 828.32|878.85
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3.6 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.

1. D
2. C
3. a. $700
b. $249.29
c. $251.51
d. 11
e. He will not select this option.

3.7 Review

3.7 Exercise
Multiple choice
C

© ® N O O oD
o> 000 »wm

10.
Short answer
11. a. 24 g of powder and 576 mL of water

W)

b. 48 g of powder and 1152 mL of water
12. a. $0.67 b. $1.87 c. $0.30 d. $8.46
13. a. $74.15 b. $11.15 c. $154.76 d. $450.30
14. a. $4.14 b. $10.90 c. $40.80 d. $1.33
15. a. $1700.33 b. 7 years

c. 4.06% d. $120.38
16. a. $627.22 b. $598.29

c. 26.82% d. $4475.60

17. In real terms she made a loss of $4415.44 when inflation is

taken into account.

Extended response

18. a. 0.492% b. 5.904%
c. $119 000 d. 47.6%
19. a. Brand B ($1.88 compared to $2.90 per 100 g)
b. $4.70
20.a.9:7:6
b. 182
c.i. $33.50 ii. 62.5%
21. a. 42.31% b. $45217.93
22. a. Painter 1: $3270; Painter 2: $3600; Painter 3: $4446
b. Painter 1
c. $19.95
d. 39.48%

3.7 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.

1. D
2. a. $8 b. $352 c. $99
3.C
4. D
5. a. $1099
b. $4396
c. $366
d.i. $1758.40 ii. $3736.60
e. i. 11 months i. $146
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4.1 Overview

Hey students! Bring these pages to life online

Watch Engage with Answer questions
videos interactivities and check results

Find all this and MORE in jacPLUS C)

4.1.1 Introduction

A matrix (plural matrices) is a
rectangular group of numbers arranged
in rows and columns. Matrices can be
used to evaluate electronic circuits,
solve systems of equations, analyse
networks, encrypt data and predict
probabilities of events happening in the
future. We will explore some of these
applications while learning the basic
theory of matrices.

b

One famous use of matrices is in search
engines. Google started off by utilising
an algorithm called Page Rank (named
by Larry Page, Google’s co-founder and
CEO) that used matrices to calculate the
importance and relevance of results based on the weblinks to and from each webpage.

In the beginning, there were many different search engines, but Google has risen to be the most widely used,
in part due to its algorithm. Although what Google does these days may be a little different to what it did at the
beginning, its foundation will always be a search engine that utilised the power of matrices.

KEY CONCEPTS

This topic covers the following key concepts from the VCE Mathematics Study Design:

 use of matrices to store and display information that can be presented in a rectangular array of rows and
columns such as databases and links in social networks and road networks

e types of matrices (row, column, square, zero and identity) and the order of a matrix

e matrix addition, subtraction, multiplication by a scalar, and matrix multiplication including determining
the power of a square matrix, using technology as applicable

e use of matrices, including matrix products and powers of matrices, to model and solve problems, for
example costing or pricing problems, and squaring a matrix to determine the number of ways pairs of
people in a network can communicate with each other via a third person

e inverse matrices and their applications including solving a system of simultaneous linear equations

e introduction to transition matrices (assuming the next state only relies on the current state), working
with iterations of simple models linked to, for example, population growth or decay, including informal
consideration of long-run trends and steady state.

Source: VCE Mathematics Study Design (2023-2027) extracts © VCAA; reproduced by permission.
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4.2 Types of matrices

LEARNING INTENTION

At the end of this subtopic you should be able to:
e identify types of matrices (row, column, square, zero, identity) and the order of a matrix.

4.2.1 Defining matrices

Matrices come in different dimensions (sizes). We define the dimensions of a matrix by the number of rows
and columns. Rows run horizontally and columns run vertically. This is known as the order of the matrix and

1S written as rows X columns.

In the following matrix A, there are 2 rows and 3 columns, which means it has an order of 2 X 3 (two by three).

Column1 2 3

582
130

_ Row 1

A=
Row 2

] — rows X columns — 2 x 3 matrix

Matrices are represented by capital letters. In this example, A represents a matrix.

Instead of only naming matrices by the number of rows and columns, we also use names for specific types of

matrix dimensions.

Types of matrices

Type of matrix Description Example
RE
Column matrix A matrix that has a single column is B= 1|4 C= 5
known as a column matrix. 2 9

B and C are both column matrices.

Row matrix

A matrix that has a single row is known as
a row matrix.

D=[2 3] E=[9 4 3]
D and E are both row matrices.

Square matrix

A matrix that has the same number of
columns as rows is known as a square
matrix.

59
F=I8] G—[_4
7 6 4
H=|-3 1 7
49 8

|

F, G and Hare all square matrices.

Identity matrix

A square matrix in which all of the
elements on the diagonal line from the
top left to bottom right are 1s and all of
the other elements are Os is known as the
identity matrix.

1 0
A= [0 1] and B=

1 00
01 0
0 0 1

A and B are both identity matrices.

Zero matrix

A square matrix that consists entirely of 0
elements is known as the zero matrix.

+=[o o

A 18 a zero matrix.

TOPIC 4 Matrices
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WORKED EXAMPLE 1 Constructing a column matrix
tlvd-3796

At High Vale College, 150 students are studying General Mathematics and 85 students are studying
Mathematical Methods. Construct a column matrix to represent the number of students studying
General Mathematics and Mathematical Methods, and state the order of the matrix.

THINK WRITE
1. Read the question and highlight the key 150 students study General Mathematics. 85 students
information. study Mathematical Methods.
. .. . . 150
2. Display this information in a column matrix. [ 3 5]
3. How many rows and columns are there in The order of the matrix is 2 X 1.

this matrix?

4.2.2 Elements of matrices

The numbers in a matrix are called elements. They are represented by a lowercase letter with the row and
column in subscript. For matrix B, bij is the element in row i, column ;.

column 3 )
b3 is an element of

matrix B, in row 1 and
B=|4 5 6 column 3.
7 8 9

row 1 12@—»

The respective elements in matrix B are:

1 2 3 byy by Dbz
B= 4 5 6 g b21 b22 b23
T80 by by by

WORKED EXAMPLE 2 Identifying elements in a matrix

For matrix C shown, determine the following elements.

38 2 4
C=(-51 -7 0

4 9 8 —4
a. c12 b. ¢31 C. C13
THINK WRITE
a. ¢y, is the element of matrix C that is in row 1 and column 2. a. c;p=38
b. c3; is the element of matrix C that is in row 3 and column 1. b. ¢;; =4
c. cy3is the element of matrix C that is in row 1 and column 3. c. ci3=2
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4.2.3 Describing matrices

A matrix is usually displayed in square brackets with no borders between the rows

and columns.

The following table shows the number of participants attending three different dance
classes (hip-hop, salsa and bachata) over the two days of a weekend. The matrix below

displays the information presented in the table.

Number of participants attending the dance classes:

Saturday Sunday
Hip-hop 9 13
Salsa 12 8
Bachata 16 14

The number of participants attending the dance classes can be represented in a matrix:

9 13
12 8
16 14

WORKED EXAMPLE 3 Creating a matrix from a table

The table shows the number of adults and children who attended three
different events over the school holidays. Construct a matrix to represent
this information.

Circus Zoo Show
Adults 140 58 85
Children 200 125 150
THINK WRITE

1. A matrix is like a table that stores information.
Determine what information needs to be
displayed.

The information to be displayed is the number of
adults and children attending the three events: circus,
z0o and show.

2. Write down how many adults and children
attend each of the three events.

Circus|Zoo | Show
140 | 58 | 85
200 [125] 150

Adults
Children

3. Write this information in a matrix. Remember |140 58 85
to use square brackets. 200 125 150
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4.2.4 Interpreting matrices

At the Moomba festival, attendees (parents and children) visit three stages (A, B and C). The information is
presented in the following matrix, E.

Parents Children
Stage A[654 620

E = Stage B| 543 600
Stage C| 320 300

Columns Rows
e Column 1 gives the number of parents at each * Row 1 gives the number of attendees at stage A.
stage. e Row 2 gives the number of attendees at stage B.
e Column 2 gives the number of children at each e Row 3 gives the number of attendees at stage C.
stage.

From the matrix above, we can also get the following information:
e There are a total of 320 + 300 = 620 attendees at stage C.
e At Stage A there are 620 children.
e The total number of parents is 654 + 543 +320=1517.

WORKED EXAMPLE 4 Interpreting information from a matrix

A friend runs a cupcake business from home and sells cupcakes J* i}
throughout the week. Their sales figures over two days were [ & j » .
recorded in the following matrix. e ‘

Red velvet | Chocolate | Vanilla
S= 7 12 5 | Saturday
T4 8 13| Sunday

a. State the order of matrix S.

b. State what information the element s, shows.

c. State which element gives the number of red velvet cupcakes sold on Sunday.
d. Determine the total number of vanilla cupcakes sold over the weekend.

e. Determine the total number of cupcakes sold on Sunday.

THINK WRITE

a. The order is rows X columns. a. The order of matrix Sis 2 X 3.

b. The element s, is in the first row (Saturday) and b. There were 12 chocolate cupcakes sold on Saturday.
second column (chocolate). So, it represents the
amount of chocolate cupcakes sold on Saturday.

c. Sunday is row 2 and red velvet is column 1, so0  c¢. The number of red velvet cupcakes sold on Sunday
the element that gives the number of red velvet is given by sy;.
cupcakes sold on Sunday must be in
row 2, column 1.
d. To find the total number of vanilla cupcakes, add d. 5+ 13 =18
the numbers in column 3.
e. To find the total number of cupcakes sold on e. 4+8+13=25
Sunday, add the numbers in row 2.
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Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS C)

1. IIEW An energy-saving store stocks shower water savers and energy-saving light globes. In one month they
sold 45 shower water savers and 30 energy-saving light globes. Construct a column matrix to represent the
number of shower water savers and energy-saving light globes sold during this month, and state the order of
the matrix.

2. State the order of the following matrices.

7 3 3
a. [8 5] b. [1] c.[2 =58 7]
. 41
d 7 4 9 Z § 2 p 6 4
-5 2 4 e c 1o 18 3
. 7 7
3. Il For matrix Y, determine the following elements.
(8 7 5 4
1 3 9 8
Y= 1 6 2 4
2 3 0 7
a. yi3 b. yo4 C. Y31 d. ya3 €. Y41 f. Y12

4. IlIEA Cheap Auto sells three types of vehicles: cars, vans and motorbikes.
They have two outlets at Valley Heights and Hill Vale. The number of
vehicles in stock at each of the two outlets is shown in the table.

Cars Vans Motorbikes
Valley Heights 18 12 8
Hill Vale 13 10 11

Construct a matrix to represent this information.

5. Newton and Isaacs played a match of tennis. Newton won the match in five sets with a final score of
6-2,4-6,7-6,3-6,6—4. Construct a matrix to represent this information.

6. Determine the following elements in the matrices shown.

=l o) o=l 8 = F

a. b12 b. C1 C. dy d. ap €. Cp f. b22
2 o 1
7. Consider the matrix E = 3 4 .
1
1 - -3
2

a. Explain why the element e,, does not exist.
b. State which element has a value of —3.
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c. Nadia was asked to write down the value of element e, and wrote —1. Explain Nadia’s mistake and state
the correct value of element e,.

8. IIZA Tickets were sold for a series of concerts by popular band Pink and Black. The tickets were separated
into Section A and Section B tickets, sold at different prices. The concerts would be playing over three days:
Thursday, Friday and Saturday. The ticket sales are given in matrix K.

A B

Thursday | 300 600
K= Friday|350 800
Saturday [ 400 700

a. State the order of matrix K.

b. State the information shown by the element k»,.

c. Determine which element gives the number of Section A tickets sold
on Saturday.

d. Calculate the total number of Section B tickets sold over Thursday,
Friday and Saturday.

9. Happy Greens Golf Club held a three-day competition from Friday to Sunday. Participants were grouped
into three different categories: experienced, beginner and club member. The table shows the total entries for
each type of participant on each of the days of the competition.

Category Friday Saturday Sunday
Experienced 19 23 30
Beginner 12 17 18
Club member 25 33 36

a. State the number of participants in the competition on Friday.

b. Calculate the total number of entries for the three-day competition.

c. Construct a row matrix to represent the number of beginners participating in the competition on each of
the three days.

10. The elements of matrix H are shown.
h12=3 h11=4 h21=—
hyy =—4 hy, =6 hyy =1
a. State the order of matrix H. b. Construct matrix H.

11. The land area and population of each Australian state and territory were recorded and summarised in
the table.

State/territory Land area (km?) Population (millions)
Australian Capital Territory 2358 0.4
Queensland 1727 200 4.2
New South Wales 801 428 6.8
Northern Territory 1346 200 0.2
South Australia 984 000 1.6
Western Australia 2529 875 2.1
Tasmania 68 330 0.5
Victoria 227 600 5.2

a. Construct an 8 X 1 matrix that displays the population, in millions, of each state and territory in the order
shown in the table.
b. Construct a row matrix that represents the land area of each of the states in ascending order.
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c. Town planners place the information on land area, in kmz, and population, in millions, for New South
Wales, Victoria and Queensland respectively in a matrix.

i. State the order of this matrix. ii. Construct this matrix.

12. The estimated number of Aboriginal and Torres Strait Islander persons living in each state and territory in
Australia in 2006 is shown in the table.

Number of Aboriginal % of population that are
and Torres Strait Aboriginal or Torres Strait
State and territory Islander persons Islander persons
New South Wales 148 178 2.2
Victoria 30 839 0.6
Queensland 146 429 3.6
South Australia 26 044 1.7
Western Australia 77928 3.8
Tasmania 16 900 34
Northern Territory 66 582 31.6
Australian Capital Territory 4043 1.2

a. Construct an 8 X 2 matrix to represent this information.
b. Determine the total number of Aboriginal and Torres Strait Islander persons living in the following states
and territories in 2006.

i. Northern Territory
ii. Tasmania
ili. Queensland, New South Wales and Victoria (combined)

c. Determine the total number of Aboriginal and Torres Strait Islander persons who were estimated to be
living in Australia in 2006.

4.2 Exam questions

Question 1 (1 mark)

T Select the order of the following matrix.

1 2
5 4
3 7
A. 6 B. 2X%3 C.3x2 D. 9x13 E. 22
Question 2 (2 marks)
5 2
Determine the sum of the elements a,; and a3, in matrix | 1 (8
3 =2

Question 3 (1 mark)

T Select the row matrix from the following matrices.

0 —4 7 0 0 6
A. [ 0 O] B.[0 12 o c¢.|-9 D.[-4 6 5 2] E. [24]
0 0 -10 3

More exam questions are available online.
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4.3 Adding and subtracting matrices

LEARNING INTENTION

At the end of this subtopic you should be able to:
e determine the conditions for matrix addition and subtraction
e add and subtract matrices.

4.3.1 Adding matrices

To add matrices, you need to add the corresponding elements of each matrix together (that is, the numbers
in the same position).

Matrices must be of the same order to perform addition (they must have the same number of rows
and columns).

WORKED EXAMPLE 5 Adding matrices
tivd-3797

IfA= [4 2] and B = [1 0] , determine the matrix sum A + B.

3 -2 5 3
THINK WRITE
. . . 4 2 1 0
1. Write down the two matrices in a sum. +
3 -2 5 3
. . " 4+1 240
2. Identify the elements in the same position. For example, = [3 +5 24 3]
4 and 1 are both in the first row and first column. Add the
elements in the same position.
. 5 2
3. Work out the sums and write the answer. 2 1
TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE
1. On a Calculator page, (g v sl X] 1. On the Main screen, O &t Action maractive
complete the entry line as: AR o complete the entry E[)Jf'il:f“‘i!_thﬁ;
4 9 1 0 [3 -z] [5 3] [3. 1.] line as: 3o s m
[3 _2]+[5 3] | 4 2+ 1 0 2
3 =2 53 0
then press ENTER. then press EXE.
Note: The matrix templates Note: The matrix
can be found by pressing the templates can be found
matrix button [E and then in the Math 2 tab in the
selecting one of the matrices Keyboard menu.
00] mqg) [O0] [es3 U
[ﬂﬂ C aj “;l : Mg Stecad Pl D m
5 2 5 2
2. The answer appears onthe A+ B= 3 1 2. The answer appears on the A + B = 3 1
screen. screen.
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4.3.2 Subtracting matrices

To subtract matrices, you need to subtract the corresponding elements in the same order as presented in the
question.

Matrices should be of the same order to perform subtraction (they should have the same number of rows and

columns).
WORKED EXAMPLE 6 Subtracting matrices
tivd-3798

6 0 4 2 . . .
If A= s 3 and B = 1 3l determine the matrix subtraction A — B.
THINK WRITE

: : 6 0] [4 2
1. Write the two matrices. b _2] - [] 3]
2. Subtract the elements in the same position. g :th _g : g]
. . [2 -2

3. Work out the subtractions and write the 1 —s

answer.

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS C)

1. a HEAIfA= [_? :g] and B= [_(1) 1?] , determine the matrix sum A + B.
0.5 -0.5 —0.1
b. IfA=1]0.1|,B=| 2.2|and C=|—-0.8|, determine the matrix sum A + B + C.
1.2 0.9 2.1
1 -3 0 a
2. Consider the matrices C=|7 S5landD=|-5 —4}|.
b 8 2 =9

IfC+D=| 2 1], determine the values of a and b.
-4 -1

3. EEAIfA= [_ ; _i] and B= [_; i] , determine the matrix subtraction A — B.

5 -1 —4
4. IfA=| 4|,B=| Of|and C=| 3|, calculate the following.
-2 4 2
aA+C b. B+C c. A—-B d.A+B-C
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5. Consider the following.

10.

11.

4 4 0
B—A=|0|,A+B=|2]andA=|1
2 8 3

a. Explain why matrix B must have an order of 3 X 1.
b. Determine matrix B.

. State whether the following are defined. If they are defined, evaluate them.

3
-2 5 5 —6
W—[3 8], 6|, Y—[l 9], z=[-9 2]
8
a. W+Y b.X-Y c. Z—W d Y+Z
. Evaluate the following.
1 0 2 -1
a. [0.5 0.25 1.2]—[0.75 1.2 0.9] b. [3 1]+[6 O]
12 17 10 13 12 9 T 9 ) 8 8 5 1 10
c. (35 20 25|—(31 22 22 d'712—1+676_4 9 3
_28 32 29 25 35 31
3 0 2 2] [¢ 2 .
L If 5 a]+[—b 1]—[3 _4],determlnethevalues of a, b and c.
12 10 9 11 3 -1
LIF)125 13|1—126  cf=|-1 8 |, determine the values of a, b and c.
20 a b 9 21 -3

Using the order of each of the following matrices, identify which of the matrices can be added to and/or
subtracted from each other and explain why.

T B=[_§], c=[:;], D=[-4l, E=[-3 6]

Hard Eggs sells both free-range and barn-laid eggs in three different egg 5
sizes (small, medium and large) to two shops, Appleton and Barntown. The :

Eggs Small Medium Large
Free-range 2 3 5
Barn-laid 4 6 3

a. Construct a 2 X 3 matrix to represent the egg order for the Appleton shop.

The total orders for both shops are shown in the table below.

Eggs Small Medium Large
Free-range 3 4 8
Barn-laid 6 8 5

i. Set up a matrix sum to determine the order for the Barntown shop.
ii. Use the matrix sum from part b. i. to determine the order for the Barntown shop. Show the order in a

table.
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12. A student was asked to complete the matrix sum 126 59] [22 18 38] .

8
17 102 -13 16 27 45

They gave [271] as the answer.

194
a. By referring to the order of matrices, explain why their answer must be incorrect.
b. By explaining how to add matrices, write simple steps for them to follow so that they are able to add and
subtract any matrices. Use the terms ‘order of matrices’ and ‘elements’ in your explanation.

13. Frederick, Harold, Mia and Petra are machinists who work for Stitch in Time. The table below shows the
hours worked by each of the four employees and the number of garments completed each week for the last
three weeks.

Week 1 Week 2 Week 3
Hours Number of Hours Number of Hours Number of
Employee worked garments worked garments worked garments
Frederick 35 150 32 145 38 166
Harold 41 165 36 152 35 155
Mia 38 155 35 135 35 156
Petra 25 80 30 95 32 110

a. Construct a 4 X 1 matrix to represent the number of garments each employee made in week 1.
b. i. Create a matrix sum that would determine the total number of garments each employee made over the
three weeks.
ii. Using your matrix sum from part b. i., determine the total number of garments each employee made
over the three weeks.
c. Nula is the manager of Stitch in Time. She uses the following matrix sum to determine the total number
of hours worked by each of the four employees over the three weeks.

35 38

36| |35]
N E .
25| {30

Complete the matrix sum by filling in the missing values.
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14. There are three types of fish in a pond: speckles, googly eyes and fantails. At
the beginning of the month there were 12 speckles, 9 googly eyes and
8 fantails in the pond. By the end of the month there were 9 speckles,
6 googly eyes and 8 fantails in the pond.

a. Construct a matrix sum to represent this information.

b. After six months, there were 12 speckles, 4 googly eyes and 10 fantails
in the pond. Starting from the end of the first month, construct another
matrix sum to represent this information.

15. Consider the following matrix sum: A — C + B = D. Matrix D has an order of 3 X 2.
a. State the order of matrices A, B and C. Justify your answer.

A has elements ap =X, dy; = 20, az) = 3C31, app = 7, ay =Yy and Aaszy = —8.
B has elements bll =X, b21 = 2X, b31 = 3x, b12 =Yy, b22 =5 and b32 =6

C has elements ¢;; =12, ¢y = Eam’ c31 =5, ¢13=9, ¢ =2y and c3, =2x.

b. Define the elements of D in terms of x and y.

-8 1
c.IfD=|14 2 |, show that x =2 and y = 3.
16 -8
16. Using CAS, evaluate the following matrix calculation.

133 131 (11 7]
2 4 6 4 8 3 8 2 6
32 )L 3 4 _ (2 8 3
5 7 3 10 14 9 15 21 4
2 12 12 2 5 00
3 4 9 6 2 3 | 9 8 9]

4.3 Exam questions

Question 1 (1 mark)

I Select the matrix that can be added to the matrix [_i] .

' 1 2]
1 5 3 1 5 1
A. N 6] B.|5 —4 C. [2 _4] D. [2] E. [12]
- 3 6_
Question 2 (1 mark)
[a b| [-2 4] [-2 1] .
| mc Bi§ . d] = [ 3 1] + [ 5 2| determine the value of a .
-4 5
A a=0 B.a=-4 C.a=4 D.a=2 E. 3 3

Question 3 (2 marks)

2 3 1 3 —4 2 0 0
IfA_[_4 5],8_[_3 5],C—[ 4 5] andO—[0 O],calculateA+B—C+0.

More exam questions are available online.
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4.4 Multiplying matrices

LEARNING INTENTION

At the end of this subtopic you should be able to:
e perform scalar matrix multiplication
e determine the product matrices
e perform multiplication by the identity matrix
e calculate the power of square matrices.

4.4.1 Scalar multiplication

Matrices can be multiplied by single numbers, called scalar quantities or scalars. For example, the number 2 is a
scalar quantity.

When we perform scalar matrix multiplication, we multiply all elements inside the matrix by the scalar quantity.
Scalar quantities can be any real number, including negative and positive numbers, fractions and decimals.

3 2

A=|5 1

0 7
3 2 2X3 2%2
2A=2X%|5 1]=|2%x5 2x1
0 7 2x0 2x7

WORKED EXAMPLE 7 Evaluating scalar matrix multiplication
tlvd-3799

120 90]

Consider the matrix A = [ 30 60

Evaluate the following.

1
a. —A b. 0.14
4
THINK WRITE
. . | . 11120 90
a. 1. Identify the scalar. In this case it is Z, which . 4_1 [ 20 60]
means that each element in A is multiplied by
i (or divided by 4).
! x 120 ! X 90
2. Multiply each element in A by the scalar. & E
1 1
-x80 —x60
4 4
1 1
30 45
o o | 205X 05X
3. Simplify each multiplication by finding 1 1
common factors and write the answer. 8020 x yo 6015 x yo

30 ﬁ
= 2
20 15
[ 2
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. Identify the scalar. In this case it is 0.1, which b. 0.1

means that each element in A is multiplied by

0.1 (or divided by 10).

2. Multiply each element in A by the scalar.

120 90
80 60

0.1x120 0.1x90
0.1x80 0.1x60

. 12 9
3. Determine the values for each element and [ 3 6]
write the answer.
TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE

a. 1. On a Calculator page,
complete the entry line

i.[l:o oo] B
as: 4 (80 60 e
1[120 90] 20 15
4180 60 |

then press ENTER.
Note: The matrix templates
can be found by pressing

the matrix button |

and then selecting
one of the matrices

B8 ma & G -

45

1 30 —

2. The answer appears on the —A = 2
screen. 4 20 15

a. 1. On the Main screen,
complete the entry line as:

11120 90
4180 60
then press EXE.

Note: The matrix templates can
be found in the Math 2 tab in
the Keyboard menu.

2. The answer appears on the
screen.

© Edit Action Interacthve

i [l [
1 [m a0
4ls0 B0

45
Isu 3

20 15

g Stecard  Peal Deg -

45
| 30 —
_A = 2
4 20 15

4.4.2 The product matrix and its order

When two matrices are multiplied together, the result is called the product matrix.

Rules for multiplying matrices

For matrices to be able to be multiplied together, the number of columns in the first matrix must

equal the number of rows in the second matrix.

For example, consider matrices A and 5.

the product matrix is defined.

matrix is defined.

numbers (number of rows in A and the number of
columns in B).

Because the number of columns in matrix A and the
number of rows in matrix B are the same, the product

Consider the order of each matrix to determine whether

The order of the resultant matrix is the remaining two

A: B:

2 x x 1 Same, so the
product matrix
is defined

2x1

212 Jacaranda Maths Quest 11 General Mathematics VCE Units 1 & 2 Third Edition




4.4.3 Matrix multiplication
To multiply matrices together, use the following steps.

Step 1: Confirm that the product matrix exists (that is, the number of columns in the first matrix equals the
number of rows in the second matrix).

Step 2: Multiply the elements of each row of the first matrix by the elements of each column of the second
matrix.

Step 3: Sum the products in each element of the product matrix.

. . 3 4 1 7
Consider matrices C and D. C= [2 5] and D= [2 6]
Check the orders to see if the product matrix is Orders:
defined. 2 xx 2 Same, so the
The remaining numbers make up the order of the product matrix
product matrix. is defined

2 x 2 —> Order of product matrix

Multiply the elements in the first row of matrix C with | C= [3 4] and D= [1 7]

the elements in the first column of matrix D, then sum | 2 5_ i ) 26
their products into the corresponding element of the 3 4 x L7 — 3XT+4x2 _]
product matrix. 2 5] [2 6] | - -

Repeat as above with the first row of matrix C and the 4 X i = i XTHAx06

second column of matrix D. 2 5] 12 of |- -

Repeat as above with the second row 3 4 X L7 = 11 45
. 25 2 6 2X14+5%x2 —

of matrix C and the first column L 11 i | i

of matrix D.

Repeat as above with the second row of matrix C and 34 X b7 = I 45

the second column of matrix D. »2 5- -2 6- -12 2XT+ X 6—

. 3 4 1 7
We now have the product matrix. CD = [2 5] X [2 6]

1145
12 44

Unlike the multiplication of real numbers, the multiplication of matrices is not commutative. This means that, in
most cases, AB # BA. So, it’s very important to keep in mind the order of matrix multiplication.

Try to test this out using matrices C and D from earlier. If you try to perform the matrix multiplication D X C, is
the resultant product matrix the same? You can check this by hand or using your CAS.
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WORKED EXAMPLE 8 Determining the product matrix

IfA= [3 5] and B = [2] , determine the product matrix AB.

6
THINK WRITE
1. Set up the product matrix. [3 5]x 2
2. Determine the order of the product matrix AB by writing A X B
the order of each matrix A and B. @ x 2 and 2 X@
AB has an order of 1 X 1.
3. Multiply each element in the first row by the 3X2 and 5X6=36

corresponding element in the first column, then calculate
the sum of the results.
4. Write the answer as a matrix. [36]

WORKED EXAMPLE 9 Determining the product matrix
tlvd-3711

Determine the product matrix MN if M = [3 6] and N = [1 8] o

5 2 5 4
THINK WRITE
1
1. Set up the product matrix. [g g] X [ 5 i]
2. Determine the order of the product matrix MN by writing Mx N
the order of each matrix M and N. @X 9 and 2 X@
MN has an order of 2 X 2.
3. To determine the element mn,;, multiply the @ 3
corresponding elements in the first row and first column X @ }
and calculate the sum of the results. 5 2 4
3X1+6x5=33
4. To determine the element mn;,, multiply the @ 1
corresponding elements in the first row and second column X @
and calculate the sum of the results. 5 2 S
3xX8+6x4=48
5. To determine the element mn,;, multiply the 3 6 8
corresponding elements in the second row and first column X @ 4]
and calculate the sum of the results.
5X1+2x5=15
6. To determine the element mn,,, multiply the 3 6 1
corresponding elements in the second row and second a
column and calculate the sum of the results. S Y
5x8+2x4=48
. s [33 48
7. Construct the matrix MN by writing in each of the 15 48

elements.
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TI| THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE

1. On a Calculator page, 1. On the Main screen, o et ction ineractive
complete the entry line 3 = complete the entry line as: [= o [El=]= [T
as: [3 6] y [1 8] s 2ls [3 6] y [1 8] [¢ 20z ]

152 5 4 | 5 2 5 4 [s 2
then press ENTER. then press EXE. -
Note: The matrix templates Note: The matrix
can be found by pressing the templates can be found
matrix button E in the Math 2 tab in the
Keyboard menu.
Alg Stacard  Fmal Deg L]

2. The answer appears on the ~ MN = [
screen.

33 48]

15 48 2. The answer appears on the MN = [

screen.

33 48
15 48

4.4.4 Multiplying by the identity matrix

When a matrix is multiplied by an identity matrix, the result is the same as if a real number is multiplied by 1.
The matrix will remain the same.

So, for a matrix A, the following will apply:
Al=]A=A

For example, if the matrix A = 4 6] is multiplied by an identity matrix on it’s left (that is, JA), it will be

3 5 7
multiplied by a 2 X 2 identity matrix (because A has 2 rows). If A is multiplied by an identity matrix on it’s right
(that is Al), then it will be multiplied by a 3 X 3 identity matrix (because A has 3 columns).

A I I A A
10
24 6], 1 0][2 4 6 2 4 6
5 5 - 5
3 o o 1 0 1|3 7 3 7

3X1+5%x0+4+7%0 3X0+5x1+7%x0 3X0+5x0+7x%x1

_[1X2+0x3 1x4+0x%x5 IX6+0x7] (2 4 6
Tlox241x3 Ox4+1x5 Ox64+1x7] |3 5 7

[2><1+4><0+6><0 2X0+4x1+6x0 2x0+4x0+6X1

Multiplication with the identity matrix is an exception to the rule that most matrix multiplication isn’t
commutative.

Multiplying by the identity matrix
For a matrix A, the following will apply:
Al=IA=A

where I is an identity matrix with 1s in the top left to bottom right diagonal and 0s for all other
elements.

1 0

1 0 0
and [0 1 O0[are all identity matrices.
01 0 0 1

For example, [1], [
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WORKED EXAMPLE 10 Multiplying a matrix by the identity matrix

Evaluate the following matrix multiplication.

6 2] 9 1 0
8 3 0 1
THINK WRITE
1. Multiply the elements of the first row of 6 2 X Lo = OxH2x0 =
.. 8 3 0 1 — -
the first matrix with the elements of the k
first column of the second matrix. Sum the
products.
2] 1 [ 2% 1]
2. Repeat step 1 with the first row of the first X = 0 6x0F2x
. 3 0 1 - -
matrix and the second column of the second £ 4k
matrix
3. Repeat step 1 with the second row of the first 2 X Lo = 0 2
. 8 3 1 8X1+3x0 —
matrix and the first column of the second 4 5 4
matrix.
4. Repeat step 1 with the second row of the first 2 X Lo = 0 .
. 3 0 1 8 8x0+3x1
matrix and the second column of the second t
matrix. (6 2
B 8 3

4.4.5 Powers of square matrices

When a square matrix is multiplied by itself, the order of the resultant matrix is equal to the order of the original
square matrix. Because of this fact, whole-number powers of square matrices always exist.

You can use CAS to quickly determine powers of square matrices.

WORKED EXAMPLE 11 Calculating powers of a square matrix

IfA= [3 5] , calculate the value of A>.

51
THINK

1. Write the matrix multiplication in full.

2. Calculate the first matrix multiplication (AA).

WRITE

e
HH I

[3%3+5%5 3x5+5x%1
[5X3+1X5 5x5+1x1
34 20

20 26]

AA =
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3. Rewrite the full matrix multiplication, A3 = AAA
substituting the answer found in the previous N [34 20][3 5
part. ~ (20 26] 5 1]
Calculate the second matrix multiplication _ [34x3420%5 34x5+20x1
(AAA). ~[20x34+26%5 20><5+26><1]
202 190
~ (190 126]

4. Write the answer.

oo [202 190
~ (190 126

TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE
1. On a Calculator page, (g o el X 1. On the Main screen, gt Action ntaractive
complete the entry line as: A [,0, ; ,m] complete the entry line as: =161 [im] ] [T
357 S 3 a
3 5]° [5 Il 190 126 3 5]° 15 i
> ! ! 501 et
']
then press ENTER. then press EXE. |
Note: The matrix templates Note: The matrix I
can be found by pressing the templates can be found I
matrix button | iz and then in the Math 2 tab in the I
select one of these matrix Keyboard menu. ['I
|

e ea [&] G -

Ay Staceed  Fonl Deg =

202 190]

190 126

202 190
3
2. The answer appears on the A’ = [190 12 6]

3
2. The answer appears on the A’ = [
screen. screen.

Students, these questions are even better in jacPLUS

Receive immediate Access Track your

feedback and access additional results and

sample responses questions progress
Find all this and MORE in jacPLUS @

1. IIZA Consider the matrix C = [? i ;] . Evaluate the following.
a. 4C
1
b. -C
5
c. 0.3C
2. Matrix D was multiplied by the scalar quantity x.
15 0 12.5 0
If3D=[21 12|andxD=|17.5 10|, find the value of x.
33 9 275 175
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3. I Consider the matrix M = [;2 2 5] . Determine which of the following is equal to the matrix M.
1.2 09 15 3 35 4 35
A0 [3.6 0.6 2.1] & 3[9 2 7] c3 [12 2 7]
36 27 45 120 90 15
o3 [108 18 63] = 10[ 366 21]

51 show that the product matrix XY exists and state the order of XY.

b. Determine which of the following matrices can be multiplied together and state the order of any product

matrices that exist.
74 5 7 4 1 2
p=|3 s ,c=[ ]E=[ ]
1 2

4. a. If X=[3 Sland Y= [4

8 9 6 2 6

5. The product matrix S7 has an order of 3 X 4. If matrix $ has 2 columns, write down the order of matrices S
and 7.

6. Determine which of the following matrices can be multiplied together. Justify your answers by finding the
order of the product matrices.

12 7 3

e 4],G=[13 15]

3 5 8
D=|T7|,E=17 1 ,F:[
8 9 3

7. KNI M= [4

3] and N=[7 12], determine the product matrix MN.

2
8. Matrix S = [1 4 3], matrix 7= | 3 | and the product matrix ST = [5]. Find the value of #.
t

9. A For matrices P = [; Z] and Q= [g é] , determine the product matrix PQ.

10. For a school show, three different types of tickets
can be purchased: adult, senior and child. The cost
of each type of ticket is $12.50, $8.50 and $6.00
respectively.

The number of people attending the concert is
shown in the following table.

Ticket type Number of people
Adult 65
Senior 40
Child 85

a. Construct a column matrix to represent the cost
of the three different tickets in the order of adult,
senior and child.

If the number of people attending the concert is written as a row matrix, a matrix multiplication can be
performed to determine the total amount in ticket sales for the concert.

b. By determining the order of each matrix and then the product matrix, explain why this is the case.

c. By completing the matrix multiplication from part b, determine the total amount (in dollars) in ticket sales
for the concert.
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11.

12.

13.

14.

15.

16.

17.

18.

Calculate the product matrices when the following pairs of matrices are multiplied together.
5 5 !
a. [6 9]and [4] b. [4] and [6 9] c. 3 and [10 15]
[6 5] 2 35 6 3
d. 3 3 and [9] e. [1 2] and [4 2]
IET Evaluate the following matrix multiplications.
[4 6][1 O b 1 0]]4 6
“l2 3]0 1 “lo 1|2 3
8 2 )
KEEERIfP= 4 70 calculate the value of P-.
35 3
If T= 0 6l calculate the value of 7-.
1 0 0
The 3 X 3 identity matrix, ;=10 1 0
0 0 1
a. Calculate the value of Ig. b. Calculate the value of Ig.
c. Calculate the value of 1‘3‘. d. Comment on your answers to parts a—c.
The table below shows the percentage of students who are expected to be awarded grades A—E on their final

examinations for Mathematics and Physics.

Grade A B C D
Percentage of students 5 18 45 25 7

The number of students studying Mathematics and Physics is 250 and 185 respectively.

a. Construct a column matrix, S, to represent the number of students studying Mathematics and Physics.

b. Construct a 1 X 5 matrix, A, to represent the percentage of students expected to receive each grade,
expressing each element in decimal form.

c. In the context of this problem, state what product matrix SA represents.

d. Determine the product matrix SA. Write your answers correct to the nearest whole number.

e. In the context of this problem, state what element SA,, represents.

A product matrix, N = MPR, has order 3 X 4. Matrix M has m rows and n columns, matrix P has order 1 X ¢,
and matrix R has order 2 X s. Determine the values of m, n, s and g.

A student was asked to perform the following matrix multiplication to determine the product matrix GH.

6 5
GH=|3 8 [}(3)]
59

60 65
Their answer was | 30 104 |.
50 117

a. By stating the order of product matrix GH, explain why the student’s answer is obviously incorrect.
b. Determine the product matrix GH.

c. Explain the student’s method of multiplying matrices and why this method is incorrect.

d. Provide simple steps to help the student multiply matrices.
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19. Dodgy Bros sell vans, utes and sedans. The average
selling price for each type of vehicle is shown in
the table below.

20.

220 Jacaranda Maths Quest 11 General Mathematics VCE Units 1 & 2 Third Edition

Type of vehicle Monthly sales ($)
Vans $4000

Utes $12 500
Sedans $8500

The table below shows the total number of vans, utes and sedans sold at Dodgy Bros in one month.

Stan is the owner of Dodgy Bros and wants to determine the total amount of monthly sales.

a. Explain how matrices could be used to help Stan determine the total amount, in dollars, of monthly sales.
b. Perform a matrix multiplication that finds the total amount of monthly sales.
c. Brian is Stan’s brother and the accountant for Dodgy Bros. In calculating the total amount of monthly

N

Type of vehicle Number of sales
Vans 5
Utes 8
Sedans 4

sales, he performs the following matrix multiplication.

Explain why this matrix multiplication is not valid for this problem.

5
81[4000 12500 8500]
4

The number of adults, children and seniors attending the zoo over

Friday, Saturday and Sunday is shown in the table.

Day Adults Children Seniors
Friday 125 245 89
Saturday 350 456 128
Sunday 421 523 102

Entry prices for adults, children and seniors are $35, $25 and $20

respectively.

a. Using CAS, perform a matrix multiplication that will find the entry

fee collected for each of the three days.

b. Write the calculation that finds the entry fee collected for Saturday.
c. Determine if it is possible to perform a matrix multiplication that
would find the total for each type of entry fee (adults, children and

seniors) over the three days. Explain your answer.




4.4 Exam questions

Question 1 (1 mark)

(B e e et e

Question 2 (1 mark)

[ IfA= [_1 2] and B = [_1 _;] , determine 24 — 3B.

3 4 4 -1 5
AIfA= [_5 O] and B= [O 5 O] then AB=A X B equals
125 2 17 15 3
A [—20 5] B [—20 5 —25] e [—40]
16 5 15
D. [20 . _25] E. [72]

Question 3 (3 marks)

Given X = [(2) _‘11] , determine the matrix X2 + 2X.

More exam questions are available online.

4.5 Inverse matrices and problem-solving with matrices

LEARNING INTENTION

At the end of this subtopic you should be able to:
e calculate the determinant of a matrix and use it to determine whether the matrix has an inverse
e determine the inverse of a matrix
e solve a system of simultaneous linear equations.

4.5.1 Inverses and the determinant

. . . . . 1
In the real number system, a number multiplied by its reciprocal (inverse) results in 1. For example, 3 X 3 =1.In

this case, 3 is the reciprocal (multiplicative inverse) of 3.

Multiplicative inverse

If the product matrix is the identity matrix, then one of the matrices is the multiplicative inverse of
the other.

If we multiply matrix A by its inverse, the result is the identity matrix.

2 51| 3 5| _[2X3+5%x—1 2X-5+5x%2
1 31 [-1 2| [1x3+3x—-1 1x-5+3x%x2

= [(1) (1) (the 2 X 2 identity matrix)
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Hence, we can say for any matrix:

AAT =T=A"1A

Inverse matrices only exist for square matrices and can be easily found for matrices of order 2 X 2. Inverses can
also be found for larger matrices, but they are much more complicated, so we will rely on using technology to
determine them.

The determinant

To help us get the inverse, we need to calculate the determinant. The determinant of matrix A is usually written
as det A.

The determinant tells us if there is an inverse and, if there is, it helps us calculate it. If the determinant is zero, it
means there is no inverse.

IfA= [? Z] , the determinant of matrix A, also written as det(A) or |A|, can be found using:

det(A) =ad — bc

WORKED EXAMPLE 12 Calculating the determinant of a matrix

Calculate the determinant of each of the following matrices and use it to determine whether the
matrix has an inverse.

6 4 4 3
oo ] wre i
THINK WRITE
a. 1. Identify the values of a, b, c and d . a. a=6
b=4
c=9
d=38
2. Substitute the values for a, b, ¢ and d to det (N) = ad — bc
calculate the determinant of matrix N. =6X8—4X%X9
=12
3. Since the determinant is not zero, matrix N The matrix N has an inverse.

does have an inverse.

b. 1. Identify the values of a, a, ¢ and d. b. a=4
b=3
c=8
d=6
2. Substitute the values for a, b, ¢ and d to det (P) = ad — bc
calculate the determinant of matrix P. =4X6—3X%X8
=0
3. Since the determinant is zero, we can say that The matrix P does not have an inverse.

matrix P does not have an inverse.
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TI | THINK
a. On a calculator page

complete the entry line as:

6 4
det 9 3
Then press ENTER.

b. On a calculator page

complete the entry line as:

4 3
det 8 6
Then press ENTER.

DISPLAY/WRITE
3

The determinant of matrix N
is 12. Since the determinant is
non-zero, there is an inverse.

w3 2) '

The determinant of matrix P is
0. Since the determinant is zero,
there is no inverse.

CASIO | THINK

a.

On the Main screen, go to:
Action > Matrix >
Calculation > det
Complete the entry line as:

([s 4

Then press EXE.

On the Main screen, go to:
Action > Matrix >
Calculation > det
Complete the entry line as:
Then press EXE.

DISPLAY/WRITE

O Edit Action Intersctive

B A Jlasme] e T e [ o 0
64 8]
det
(ssh
12
o
2
g Decimsl Feal  Deg L]

The determinant of matrix N
is 12. Since the determinant is
non-zero, there is an inverse.

O Edit Action interactive

Ag Decimal Fesl Deg _
The determinant of matrix P
is 0. Since the determinant is

zero, there is no inverse.

4.5.2 Determining the inverse matrix

Inverse matrices only exist for square matrices and can be easily found for matrices of order 2 X 2. Inverses can
also be found for larger square matrices; however, the processes to determine these are more complicated, so
technology is often used to determine larger inverses.

Determining the inverse matrix

To determine the inverse for a matrix A = [Z 2] 3

Step 1: Swap the elements a;; and a3;: [Z Z]

Step 2: Multiply elements a;, and a; by —1: [_

Step 3: Multiply by ;:
a

d — bc

A‘1=;
ad — bc

|

d —c
b a

d —c
—b a
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WORKED EXAMPLE 13 Determining the inverse matrix

7 2] , determine AL

IfA = [4 1

WRITE

=1
o7~ L

a=7,b=2,c=4,d=1
ad—bc=T7%X1—-2x%x4
=—1

THINK
1. Swap elements a;; and ay,.

2. Multiply elements a;, and a,; by —1.

3. Find the determinant (det (A) = ad — bc).

1
4. Multiply the matrix from step 2 by ———.
ply p < by det (4)

DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE

@ ]

TI | THINK
1. On a Calculator page,

On the Main screen,

O Edit Action Interactive
A

complete the entry line as:

7 2]
4 1
then press ENTER.

Note: The matrix templates
can be found by pressing the

matrix button | mé and then

selecting one of the matrices

e o9 [G] B -

2. The answer appears on the
screen.

o[-
=l

2
-7

|

complete the entry line
as:

LT

then press EXE.

Note: The matrix
templates can be found
in the Math 2 tab in the
Keyboard menu.

]
Mg Steerd  Fonl D =}

-1 2
2. The answer appears on the A~ = [ ]

screen.

4 -7

4.5.3 Solving simultaneous equations with matrices

Matrices are useful because they can solve large systems of simultaneous equations. In meteorology, values are
input into systems that solve numerous equations simultaneously to predict what the weather will be in the future.

WORKED EXAMPLE 14 Solving simultaneous equations with matrices
tlvd-3712

If [4 2] [x ] = [ 8 ] , determine the values of x and y.

5 3| |y 11
THINK WRITE
: S [4 2
1. The matrix equation is in the form AX = B. A= 5 3]
Identify matrices A, B and X. -
B= 8
1
X= _x]
|y
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2. To determine X we need to multiply both sides A~'AX=A"'B
of the equation by the inverse A=,

3. Determine the inverse A~!.

4. Calculate A~!'B.

5. Solve for x and y.

1 3 =2
12—10]-5 4

1 2
2|5 4
[ 15 -1
T |-25 2
[ 1.5 —1][8
—1p —
A B_;aj J[H]
_[15x8+—-1x11
T |-25%x8+2x11
[
T2
X=A"'B

!

x=landy=2
TI| THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE
1. On a Calculator page, press (g o< ool 1. On the Main screen, complete 5 £t Action nersctive
MENU, then select: 5 E the entry line as: solve it [fsm] 2 [ [
mq(.([i .]. [.rl.l 8 ]_{_‘-‘1.}) x=1and y=2 2 7) [ 18 =
3: Algebra s 3 b 11 4 2 < ¥l = 8 oy} sotve ([ 2] XJ=[2, ] om B
1: Solve I 5 3 y| T[]t y ftor=2)
Complete the entry line as: then press EXE.
4 2 X .
solve 5 3% Note: The matrix templates can
Y be found in the Math 2 tab in the
8 Keyboard menu.
= [U] ,{x,y}> Y
then press ENTER.
Note: The matrix templates &
can be found by pressing Mg Swded Pl Dp @

the matrix button |

and selecting one of the

matrices [gg] [od] [8] EEE] .

2. The answer appears on the
screen.

x=landy=2 2,

The answer appears on the
screen.

x=1land y=2

4.5.4 Using inverse matrices to solve a system of simultaneous

equations

If you have a pair of simultaneous equations, they can be set up as a matrix equation and solved using inverse

matrices.

Take the pair of simultaneous equations ax + by =c and dx + ey =J.

These can be set up as the matrix equation

1)
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d
X =A"'B (as determined previously).

IfweletA= [a l;] , X = [;] and B= [C] , this equation is of the form AX = B, which can be solved as

f

WORKED EXAMPLE 15 Using inverse matrices to solve simultaneous equations

Solve the following pair of simultaneous equations by using inverse matrices.

2x+3y=6
4x — 6y = —4
THINK WRITE
. . . . 2 3 |x 6
1. Set up the simultaneous equations as a matrix equation. 4 =6l |y =4
. . . —1 2 3
2. Determine the inverse of the matrix A, A~". A= i _6
-1 1 -6 -3
—12—12 [-4 2
_ L[ -3
24 |4 2
L
_|4 8
L
6 12
11
3. Calculate A™'B. A-lp=|4 8[| ©
L_1]-+
| 6 12
[ 1
- X6+ ! X —4
_| 4
1
—X6+——X—4
| 6
1
= |4
3
: 4
4. Write the answer. =1L, = B
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WORKED EXAMPLE 16 Solving simultaneous equations using inverse matrices

On an excursion, a group of students and teachers travelled

to the city by train and returned by bus. On the train, the cost
of a student ticket was $3 and the cost of a teacher ticket was
$4.50, with the total cost for the train tickets being $148.50. On
the bus, the cost of a student ticket was $2.75 and the cost of a
teacher ticket was $3.95, with the total cost for the bus tickets
being $135.60.

By solving a matrix equation, determine how many students
and teachers attended the excursion.

THINK WRITE

1. Identify the two unknowns in the problem. Number of students =s
Assign a pronumeral to represent each Number of teachers = ¢
unknown.

. s
2. Construct a matrix to represent the unknowns. [t]

3. Highlight the key information — that is, how  Student train ticket = $3
much the two different types of tickets were Teacher train ticket = $4.50

for students and teachers. Student bus ticket = $2.75
Teacher bus ticket = $3.95
4. Construct i b o 3 4.50| Train
. Construct a matrix to represent the 275 3.95| Bus

information. Note that each row represents
the two different types of travel.

. . 148.50
5. Construct a matrix to represent the total cost in
. 135.60
the same row order as in step 4.
. . 3 4.50( |s 148.50
6. Set up a matrix equation in the form 275 395 1+ = 1135.60
AX = B, remembering that X will represent the ’ ’ ’
unknowns (the values that need to be found).
1 3. —4.
7. Solve the matrix equation by determining A~! A~! = [_ 2975 5 4350]
and multiplying it by B. 3%3.95-2.75x4.50 ’
1 395 —4.50
©—0.525|-275 3
v
t
1 395 —4.50] |148.50
T 0525 |—2.75 3 135.60
1 —23.625
© —0.525| —1.575
_ |45
|3
8. Write the answer as a sentence. There were 45 students and 3 teachers on the
excursion.
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TI| THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE

On a calculator page, press I On the Main screen, o IT rl_mliulmlrj =
II“-_l u _I:!:I s [T

MENU, then select: complete the entry

solve|| 3 45 ||slaj1485] 1, R 3 4.50)[s]_[148.] 8

3: Algebra e ﬂz.:rs 3.95] [r] [135.5]{ J}] line as: sivec[3 75 3.32”-]'!135.’_}

1: Solve s=45 and t=3 [ 3 4.5 S] (5=45,1=3}
solve X o

Complete the entry line as: || < 2.75 3.95 t

3 4.5 s 148.5

= ,is, t

solve <[2.75 3.95] % H [135.6] ts }>

_|148.5 s, 1} Then press EXE.

~ 1zs.6) y=45and =3

Then press ENTER. S=Aand =

There were 45 students and 3

. -
teachers on the excursion.

Alg Decimal Fesl Deg @
s=45andr=3

There were 45 students
and 3 teachers on the
excursion.

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS C)

1. By calculating the product matrix AB, determine whether the following matrices are multiplicative inverses

of each other.
A [4 5] B [1.5 —2.5]

2 3 -1 2

2. IIEA Calculate the determinant of each of the following matrices and use it to determine whether the
matrix has an inverse.

3 5] b -2 -6 3 6 d -9 2
18 2] 13 5 “l4 8 14 3
3. IlIZEH Determine the inverses of the following matrices.

[5 2] b 7 4 2 1
“l2 1 132 “1-3 -2

4. Consider the matrix B = [3 é] . By calculating the value of the determinant, explain why B~! does

not exist.

5. a. Calculate the determinants of the following matrices to determine which of them have inverses.

O L T

b. For those matrices that have inverses, determine the inverse matrices.

3 1
6. K30 If [2 4]

i] = [_z] , find the values of x and y.
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7.

10.

11.

12.

13.

14.

A matrix equation is represented by XA =B, where B=[1 2] andA~! = [_} 5 B ;] .

a. State the order of matrix X and hence find matrix X.
b. Determine matrix A.

. . . 4 1] |x 9
. Consider the matrix equation [3 1] [y] = [7]

a. Explain how this matrix equation can be solved using the inverse matrix.
b. State the inverse matrix used to solve this matrix equation.
c. Calculate the values of x and y, clearly showing your working.

. A student bought two donuts and three cupcakes for $14. The next week they bought three donuts and two

cupcakes for $12.25. This information is shown in the following matrices, where d and ¢ represent the cost

of a donut and cupcake respectively.
2 3| |d| _ [14.00
3 2| || [12.25

By solving the matrix equation, determine how much the student would pay for four donuts and
three cupcakes.

ZHE Solve the following pair of simultaneous equations by using inverse matrices.
x+2y=4
3x—5y=1

Show that there is no solution to the following pair of simultaneous equations by attempting to solve them
using inverse matrices.

3x+5y=4
4.5x+7.5y=5

IEA For Ben’s 8th birthday party, he and some friends went ice skating
and ten-pin bowling. The price for ice skating was $4.50 per child and $6.50
per adult, with the total cost for the ice skating being $51. For the ten-pin
bowling, the children were charged $3.25 each and the adults were charged
$4.95 each, with the total cost for the bowling being $37.60.

By solving a matrix equation, determine how many children (including Ben)
attended the party.

At the cinema, one group of friends bought 5 drinks and 4 bags of popcorn,
spending $14. Another group bought 4 drinks and 3 bags of popcorn,
spending $10.80. By solving a matrix equation, determine the price of 2
drinks and 2 bags of popcorn.

Jeremy has an interest in making jewellery and makes bracelets and

necklaces that he sells to friends. Jeremy charges the same amount for each

bracelet and necklace, regardless of the quantity sold.

Johanna buys 3 bracelets and 2 necklaces from Jeremy for $31.80.

Mystique buys 5 bracelets and 3 necklaces from Jeremy for $49.80.

a. Construct a pair of simultaneous equations and use an inverse matrix to help determine the prices that
Jeremy charges for each bracelet and each necklace.

b. Determine how much Jeremy would charge for 7 bracelets and 4 necklaces.
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15. A student was asked to solve the following matrix equation.

T S

-1
. 2 0 2 0 . .
Their first step was to evaluate [1 3] . They wrote 6 [ | 3] , which was incorrect.
a. Explain one of the errors the student made in determining the inverse matrix.
-1
b. Hence, determine the correct inverse matrix [1 3] .

Their next step was to perform the following matrix multiplication.
2 0
6 [1 3] [5 9|

c. By determining the order of both matrices, explain why this multiplication is not possible.
d. Write the steps the student should have used to calculate this matrix multiplication.
e. Using your steps from part d, determine the values of x and y.

16. Whole Foods distribute two different types of apples,
Sundowners and Pink Ladies, to two supermarkets, Foodsale and
Betafoods. Foodsale orders 5 boxes of Sundowners and 7 boxes
of Pink Ladies, with their order totalling $156.80. Betafoods
pays $155.40 for 6 boxes each of Sundowners and Pink Ladies.

The following matrix equation represents part of this
information, where s and p represent the price for a box of
Sundowners and Pink Ladies respectively.

PN

a. Complete the matrix equation.
b. By solving the matrix equation using CAS, determine the cost
of a box of Sundowner apples.

There are 5 kg of apples in each box. Betafoods sells
Sundowner apples for $3.49 per kilogram and Pink Ladies for
$4.50 per kilogram.

c. Construct a row matrix, K, to represent the number of
kilograms of Sundowners and Pink Ladies in Betafood’s

order.
A matrix representing the selling price, S, of each type of apple is constructed. A matrix multiplication is

then performed that determines the total selling price (in dollars) for both types of apples.

d. Write the order of matrix S.

e. By performing the matrix multiplication, determine the total amount of revenue (in dollars) if all the
apples are sold at the price stated.

f. Determine the profit, in dollars, made by Betafoods if all apples are sold at the stated selling prices.
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17. Four hundred tickets were sold for the opening of the movie The Robbit at the Dendy Cinema. Two types of
tickets were sold: adult and concession. Adult tickets were $15.00 and concession tickets were $9.50. The
total revenue from the ticket sales was $5422.50.

a. Identify the two unknowns and construct a pair of simultaneous equations to represent this information.
b. Set up a matrix equation representing this information.
c. Using CAS, determine the number of adult tickets sold.

18. Using CAS, determine the inverses of the following matrices.

a. |3 4 5 b.
N 0 1 0 3 5 3
1 1 4 1

19. Using CAS, solve the following matrix equation to determine the values of a, b, ¢ and d.

12 3 1][a 7
2 -1 -1 3||b|_|-4
31 1 =2f|e|7| 12
-1 2 -4 —1]ld]| [-14

4.5 Exam questions

Question 1 (1 mark)

2 0
A =7 B. —6 C.5 D. 6 E. -5

™ The determinant of A = [1 _3] is

Question 2 (1 mark)

I Solve this matrix equation for X.

~[5 [ 1 ° Tl

31 " 14|42 -14
1 [-14 28 g L [-52 4
T 14|42 -14 T _14| 68 24

Question 3 (1 mark)

T To solve the simultaneous equations 3x —y =0 and 3y — 6x = 7 using the matrix equation AX = B, the
coefficient matrix A is
31
c. [ : 6]

S S

> 1] “l

More exam questions are available online.
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4.6 Communications and connections

LEARNING INTENTION

At the end of this subtopic you should be able to:
e construct an adjacency matrix
e determine two-step connections.

4.6.1 Adjacency matrices

When matrices are used to analyse a graph, the graph must first be converted into a square matrix. This matrix is
called the adjacency matrix, and it is used to represent the information in a graph.

The following are the general steps that need to be taken to create an adjacency matrix:
Step 1: Start with an n X n matrix where 7 is the number of objects/places.
Step 2: Input the number of connections between objects in the respective element in the adjacency matrix.

Take, for example, the following graph.

A B
C

A B C First start with a 3 X 3 matrix, because there are 3 points in the network.
Al- - —
Bl— — —
cl- - =

A B C Input the number of connections between objects.
A0 2 1 A connects to A O times.
Bl- — - A connects to B 2 times.
cl—- - - A connects to C 1 time.

A B C B connects to A 2 times.
A0 2 1 B connects to B 0 times.
B2 0 O B connects to C 0 times.
cl—- - =
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C C connects to A 1 time.

C connects to B 0 times.

C connects to C 0 times.

The adjacency matrix is now complete.

a > >
—_ O >
oo
oo -

Note: Adjacency matrices for two-way communications diagrams are diagonally symmetrical. In General
Mathematics Units 3 & 4 we will encounter matrices that aren’t diagonally symmetrical, due to having
one-way communications.

WORKED EXAMPLE 17 Constructing an adjacency matrix

The diagram shows the number of roads connecting between four A
towns, A, B, C and D.
Construct an adjacency matrix to represent this information.

c D
THINK WRITE
1. Since there are four connecting towns, a 4 X 4 adjacency A B C D
matrix needs to be constructed. Label the rows and Al— — — -]
columns with the relevant towns A, B, C and D. Bll= = = =
cl—- - — —
Dl- - - -]
2. There is one road connecting town A to town B, so enter A B C D
1 in the cell from A to B. AT- @O - -7
Bl— — — —
cl—- - — -—
Dl- - - -]
3. There is also only one road between town A and towns A B C D
C and D; therefore, enter 1 in the appropriate matrix ATO 1 1 17
positions. There are no loops at town A (i.e. no road Bl—- - — -
connecting A to A); therefore, enter O in this cl—- - — -
position. DIl- — — —]
4. Repeat this process for towns B, C and D. Note that A B C D
there are two roads connecting towns B and D, and that AJO 1T 1 1]
town C only connects to town A Bf{1t 0 0 2
cft 0 0 O
D1 2 0 0]
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4.6.2 Two-step communications

When you square the adjacency matrix (multiply it by itself), you get the number of two-step communications.
This tells us how many times we can communicate with someone through someone else.

Take the following example of a communication diagram and adjacency matrix (L) showing connections
between four friends: Edward, Jacob, Bella and Rebecca.

Edward <~—— Jacob

L

—_—0 =

E
_J
"B

S = = O I

—_ O = =
o»—»—o%

Bella < Rebecca

=

1

If we square the adjacency matrix, we will find the number of two-step communications between the four
friends.

X W~

© — = O Iy
_ = O = <
- O = = ™
O = = O X
—_ N W = N
—_ W N = W
N = = N X

We can see from element /5, that there is a single one-step communication between Bella and Jacob.

From L?, in the same position, we can see that there are two two-step communications between Bella and Jacob.
They could communicate via Edward or Rebecca.

Bella - Edward — Jacob
Bella - Rebecca — Jacob

There are two ways Bella can give Jacob a message through someone else. If Bella and Jacob were unable to see
or contact each other directly, they could still pass each other a message through Edward or Rebecca.

WORKED EXAMPLE 18 Determining two-step connections

The following adjacency matrix shows four locations and the number of connecting routes they have.
The locations are Tokyo (7'), France (F), Dubai (D) and Australia (A4).
F D

T
0
1
1
1

oS
— e D
N S ==
SN ==

Using CAS, determine in how many ways a tourist can travel from Tokyo to Australia via one of the
other two destinations.

THINK WRITE
01 1 17 [3 2 3 3
1. Use CAS to calculate the square of the i (1) (1) ; = i g Z g
adjacency matrix and evaluate the number of 11 2 0 33 2 6

two-step connections.
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2. Interpret the information in the matrix and

. . . 3 2 33
answer the question by locating the required 5
value. 3 33
3 3 62
3 3 26
There are three ways in which a tourist can travel
from Australia to Tokyo while going through another
destination.
TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE
1. On a Calculator page, (g o< el X] 1. On the Main screen, © gt Action ntaractive
complete the entry line as: 2 o complete the entry & G 000
o1 1 1] 1ot [2333] line as: . f;;;r 'l"-
g 1362
Lo 11 T 3326 0 1 11 1120 |
1 1 0 2 - 1 0 1 1 ot |
1 1 20 ' 11 0 2 I]
3318
then press ENTER. 20 i I
Note: The matrix templates then press EXE. |
can be found by pressing the Note: The matrix |
matrix button | miz and then templates can be found |
. . in the Math 2 tab in 0
selecting one of the matrices the Keyboard menu. No  wawd el
[SE [0g) [S] EEE] . Clicking on the matrix
icons multiple times will
increase the order of the
matrix.

4.6 Exercise

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS

1. IIZEA Construct adjacency matrices for the following graphs.
a. » B b. p E c. H I d. 19)

C G F

>
~
<

2. Draw networks for the following adjacency matrices.

aa A B C b. D E F cc. G H I J d K L M N
Al0O 1 2 D|0 1 1 G[0o 1 2 0 Kjo 1 1 1
B|1 0 O E|ll 0 1 H|1 1 1 0 L{i1t 1 1 2
c|2 0 0 Fl1 1 1 I'12 1 0 1 M|l 1 0 1

JLO 0 1 O NIl 2 1 O
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3. Construct an adjacency matrix and determine the number of two-step communications between Karina and
Winter. Write what the connections are.

Karina Winter

Ningning Giselle

4. Five friends, Amira, Brian, Catherine, Dev and Emma, just had a disagreement that split the group up. The
following network shows the communications in the group.

B

C

Determine in how many ways Amira can get a message to Dev via one other person (i.e. by asking someone
to pass a message to Dev).

5. The diagram shows the network cable between five main computers (A, B, C, D and E) in an office building.

¢ A

D E

Construct an adjacency matrix to represent this information.

6. Peta, Seth, Tran, Ned and Wen chat on a social media site. The number of communications made between
these friends in the last 24 hours is shown in the adjacency matrix below.

P S TNW
PIO 1 3 1 O
S| 0 0 0 4
T {3 0 0 2 1
NIl 0 2 0 O
wio 4 1 0 O

a. Determine the number of times Peta and Tran communicated over the last 24 hours.

b. Determine whether Seth communicated with Ned at any time during the last 24 hours.

c. In the context of this problem, explain the existence of the zeros along the diagonal.

d. Using the adjacency matrix, construct a diagram that shows the number of communications between the
five friends.
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7. Airlink flies charter flights in the Cape Lancaster region. The direct flights between Williamton, Cowal,
Hugh River, Kokialah and Archer are shown in the diagram.

Cowal

River

Hugh
Kokialah

Williamton

a. Using the diagram, construct an adjacency matrix that shows the number of direct flights between the five
towns.

b. Determine the number of ways a person can travel between Williamton and Kokialah via another town.

c. Determine if it is possible to fly between Cowal and Archer and stop over at two other towns. Justify your
answer.

8. INIEHEA The following adjacency matrix shows the number of roads between three country towns: Glenorchy
(G), St Arnaud (S) and Campbells Bridge (C).

a9 Q

'—*'—‘OQ
NN O = U
SN =0

Using CAS, determine the number of ways a person can travel from Glenorchy to St Arnaud via Campbells
Bridge.

9. The direct Cape Air flights between five cities, Boston (B), Hyannis (H), Martha’s Vineyard (M), Nantucket
(N) and Providence (P), are shown in the following adjacency matrix.

B HM N P
BI1O 1 1 1 O
HI1 01 1 0
M1 1 0 1 1
NIl 1 1 0 1
PIO O 1 1 O

a. Construct a diagram to represent the direct flights between the five cities.

b. Construct a matrix that determines the number of ways a person can fly between two cities via another
city.

c. Explain how you would determine the number of ways a person can fly between two cities via two other
cities.

d. Determine if it is possible to fly from Boston and stop at every other city. Explain how you would answer
this question.
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10. The adjacency matrix below shows the number of text messages sent between three friends, Stacey (S), Ruth
(R) and Toiya (T'), immediately after school one day.

S R T
S|0 3 2
R|3 0 1
T N2 1 0

a. State the number of text messages sent between Stacey and Ruth.
b. Determine the total number of text messages sent between all three friends.

4.6 Exam questions

Question 1 (1 mark)
Source: VCE 2019, Further Mathematics Exam 1, Section B, Module 1, Q7; © VCAA.

T The communication matrix below shows the direct paths by which messages can be sent between two
people in a group of six people, U to Z.

UV W XY Z
ulo 11 0 1 1]
vit 0 1. 01 0
Wit 1.0 1 0 1
xlo 1.0 0 1 1
Yfo o 11 0 1
Zzl1t 1. 0 1 1 0

A ‘1’ in the matrix shows that the person named in that row can send a message directly to the person named in
that column.

For example, the ‘1’ in row 4, column 2 shows that X can send a message directly to V.

In how many ways can Y get a message to W by sending it directly to one other person?
A. 0 B. 1 C.2 D. 3 E. 4

Question 2 (1 mark)

T Select the network from the following that can be described by the adjacency matrix.

A B C
A0 1 1
Bl 0 1
clf1t 1 0
A. B B. C C. B D. B E. B
° ° O
C A B A C A C A C A
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Question 3 (1 mark)

Fill in the matrix below, which describes the numbers of roads out of each of towns
A, B, C and D, as represented by the network.

More exam questions are available online.

Saw>

To
A B C D

4.7 Transition matrices

LEARNING INTENTION

At the end of this subtopic you should be able to:
e identify the properties of transition matrices (assuming the Markov condition)
e draw a transition table and transition matrix
e draw a transition diagram
e determine states and the steady-state matrix.

4.7.1 Introduction to transition matrices and transition tables

A transition matrix is a square matrix that describes the way that transitions are made between two states.

This can be illustrated via the example of two countries, country A and country B, where it’s predicted:

70% of the population from country A will migrate to country B the next year, and 30% will stay.

20% of the population from country B will migrate to country A, and 80% will stay.

We can lay this information out in a transition table.

From
A B
A 0.3 0.2
To
B 0.7 0.8

Note: The columns in the transition table always add up to 1.

The following transition matrix can then be created from the transition table.

|

03 02
0.7 0.8
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WORKED EXAMPLE 19 Drawing a transition table and transition matrix

tlvd-3713
Students have the choice to study Maths or English in their study periods.
70% of students who are studying Maths in one study period will also study Maths in the next
study period.
40% of students who are studying English in one study period will also study English in their
next study period.

Draw a transition table to represent the scenario and then determine the transition matrix.

THINK WRITE

1. First, we’ll draw up a table with ‘From’ on the From
vertical axis and “To’ on the horizontal axis. English Maths

English
To
Maths

2. 70% of students studying Maths will study From

Maths in the next period. z

English Math
So, we put 0.7 (70% in decimal form) into : e aths
the cell intersection of ‘From Maths’ and To English
‘TO Maths’ . Maths 0.7

3. If 70% of students studying Maths continue From
with it in the next period, what happens to English Maths
the rest? Because there are two options -
here, we can conclude that the remainder To English 0.3
of students, 30%, go to study English in Maths 0.7
the next study period.

4. 40% of students studying English will study From
Eng.hsh in their next §tudy peI:IOd, SO we put English Maths
0.4 in the corresponding spot in the table.

English 0.4 0.3
To
Maths 0.7

5. Using what we know, we can say that the THrir
rgmamder of students studylng English, 60%, English Maths
will go on to study Maths in the next study -
period. To English 0.4 0.3

Maths 0.6 0.7

6. Extract the numbers from the transition 82 8;

table to get the transition matrix.

Note: When we calculate with transition matrices, we assume something called the Markov condition. The
Markov condition basically means that any decisions made in the past will not affect decisions to be made in
the present or future.

If we didn’t assume the Markov condition, we’d have to calculate with a different transition matrix for
every iteration.
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4.7.2 Transition diagrams

In addition to transition tables and matrices, we can draw diagrams to visually see the transitions that are made
between the objects.

We can draw a diagram to represent the above migration situation between countries A and B.

In the transition diagram, we use arrows to represent the transitions to and from each country.

WORKED EXAMPLE 20 Drawing a transition diagram

Consider the situation from Worked example 19, where 70% of students studying Maths in one period
will go on to do so in the next, and 40% of students studying English in one period will also do so in
the next.

Draw a transition diagram to represent the situation.

THINK WRITE
1. 70% of students who study Maths will study

Maths in their next study period, so we put 0.7 0.7

in the arrow that goes from Maths and leads

Maths

back into Maths.
2. If 70% of students studying Maths continue 03
studying Maths, that means that the remaining /\
a 0.3 for the arrow leading from Maths to 0.7 Maths English

English.

3. Next, we look at the second statement. 40% of
students studying English will study English
in the next period. We put an arrow with 0.4
leading from English back to English.

03

Maths English :> 0.4
4. Lastly, we think about the remainder of the

students who studied English. If 40% stayed, /_\

then 60% left to study Maths. C : :>
0.7 Maths English 0.4

_

0.6

30% will go on to study English. We put in C

4.7.3 Determining states and the steady-state matrix

When working with transition diagrams, we have to be aware of the different states of the diagram. The initial
state is the state of things at the beginning. To find the next state, we multiply the transition matrix and the
initial state matrix together. This is because the initial state (what we start with) is being changed by the
transition matrix.

TOPIC 4 Matrices 241



Determining the nth state

To determine the nth state, apply the following formula:
S,=T"S,

where:

S, is the nth term

T" is the transition matrix raised to the power of n
S is the initial state matrix.

Following on from Worked example 20, if we started with 500 students studying Maths and 600 students
studying English, our initial state matrix would be:

So

_ English {600
" Maths [500

Note: The positions of the number of Maths students and the number of English students should be consistent
with the transition table and matrix.

Steady-state matrix

We find that, if we go through multiple states, the student numbers will reach an equilibrium or steady state.
This is where the number of students studying English or Maths remains the same, as the number of students
transitioning away is the same as the number of students transitioning into each subject.

Let’s see what happens to the student numbers as we progress through multiple states of transition:

Sl = TSO

6 = 0.4 0.3] [600] _ [390

"7 106 0.7] [500] ~ [710

¢ _ [04 03] [600] _ [369
>~ o6 07| [500] " [731

o _[04 03] [600] _[366.9
37106 0.7 [500] T [733.1
o _[04 03]"[600] _[366.69
706 0.7 [500]  [733.31
6 = 0.4 03]’ [600] _ [366.669
>~ 0.6 0.7] [500] " [733.331

You may notice that the numbers are slowly becoming more consistent as they reach the equilibrium point. This
is also known as the steady state because the state no longer changes.

Estimating the steady state

The steady-state matrix, S, is given by:
S=T"S,

as 1 approaches infinity.

Note: This means that you can get a fairly accurate steady-state solution by evaluating this formula
with a large value of 1. A value of n = 50 will generally get a good approximation of the steady state.
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WORKED EXAMPLE 21 Calculating a future state using the transition matrix

Scientists are observing the weather patterns in a desert.
They conclude that when it rains one day, there is an
80% chance that the weather will be hot the next day.
They also observe that there is a 5% chance of having
rain on any hot day.

If today is rainy, calculate the chance that it will rain
again in two days’ time.

THINK WRITE
1. First, we need to set up the transition matrix. T
Hot Rain
Hot 0.95 0.8
To -
Rain 0.05 0.2
T 095 0.8
0.05 0.2
2. Identify the elements of the initial state matrix. S, = [(1)]
3. Calculate the second state. S, =178,
o _[095 08]*[0
27 (005 02| |1
~ 1092
~ [0.08
4. Interpret and write the answer. There is an 8% chance of rain in two days’ time.

WORKED EXAMPLE 22 Determining the steady state

At the end of every month, a logistics company moves 30% of their trucks from depot G to depot H,
and 60% of their trucks from depot H to depot G. In the first week, the company started with 120
trucks in depot G and 90 trucks in depot H.

In the long term, determine how many trucks will be located at each depot.

THINK WRITE
1. Create a transition table. From
Remember that columns must add to 1 . H G
- H 0.4 0.3
? G 0.6 0.7
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.. . 04 03
2. Generate the transition matrix. [ ]

0.6 0.7
3. Apply the equation for the steady-state SIS
solution, using a large value for n (50). 04 03 50 90
— 0.6 0.7 120
170
~ 140
4. Write the answer. In the long term, there will be 70 trucks at depot H

and 140 trucks at depot G.

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS C)

1. IEEXA Create a transition table and transition matrix to describe the following:
e The probability of rain after a rainy day is 30%.
e The probability of rain after a sunny day is 20%.

2. Create a transition matrix and describe in words the following
transition table showing the movement of trains between two
train depots, East and West.

From
East West
East 0.25 0.4
To
West 0.75 0.6

3. 22 Each year, 20% of the residents of country A migrate to country B, 40% of the residents of country
B stay in country B and the rest opt to migrate to country A. Draw a transition diagram to represent the
migration between the two countries.

4. For the following diagram showing the movement of people 02
between Melbourne and Canberra each year, describe the /\

transitions being made.
0.8 Melbourne Canberra 0.35

7

0.65

244 Jacaranda Maths Quest 11 General Mathematics VCE Units 1 & 2 Third Edition



5. Create a transition matrix for the following transition diagram about transitions between Cooktown and

Dieterville.

0.9

6. I3 Town J experiences a loss of 25% of its residents every year to Town K, while 20% of Town K
residents move to Town J each year. If Town J started with 2000 residents and Town K started with 5000
residents, determine the number of residents there would be in each town after two years.

7. For the given transition matrix and initial state, calculate the fifth state.

0.6 0.55 400
= [0.4 0.45] S°‘[300]

8. In a new experimental school, students are given a choice of which class they want to be in each day
between class X and class Y. 85% of students from class X stay in class X. 55% of students in class Y move
to class X the next day. If class X starts with 16 students and class Y starts with 28, determine the steady
state of both classes.

9. A flock of birds migrates from Australia to Antarctica every year.
At the same time, a group of the same species migrates from
Antarctica to Australia each year. Use the table and initial state
matrix to determine the steady state of the bird populations.

From
Australia Antarctica
To Australia 0.35 0.2
Antarctica 0.65 0.8

800
So= [300]
10. Two supermarkets, Coldes and Sheepies, are competing heavily with one another. A survey was conducted
that showed the following:
70% of customers who shopped at Coldes returned to shop there the following week.

65% of customers who shopped at Sheepies returned to shop there the following week.
Assume that customers will shop at either Coldes or Sheepies.

a. Construct the transition matrix for this situation.

b. If Coldes started off with 1000 customers and Sheepies started off with 3000, determine the number of
customers at Sheepies in the third week.

c. Using the number of customers found in part b, determine the number of customers shopping at each
supermarket at the steady state.
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4.7 Exam questions

Question 1 (1 mark)
Source: VCE 2019, Further Mathematics Exam 1, Section B, Module 1, Q8; © VCAA.

= An airline parks all of its planes at Sydney airport or Melbourne airport overnight.

The transition diagram below shows the change in the location of the planes from night to night.
0.2

Melbourne 0.52

0.48

There are always m planes parked at Melbourne airport. There are always s planes parked at Sydney airport.

Of the planes parked at Melbourne airport on Tuesday night, 12 had been parked at Sydney airport on Monday
night. How many planes does the airline have?
A. 25 B. 37 C. 62 D. 65 E. 85

Question 2 (1 mark)
Source: VCE 2019, Further Mathematics Exam 2, Section B, Module 1, Q2a; © VCAA.

The theme park has four locations, Air World (A), Food World (F), Ground World (G) and Water World (W).
The number of visitors at each of the four locations is counted every hour.

By 10 am on Saturday the park had reached its capacity of 2000 visitors and could take no more

visitors. The park stayed at capacity until the end of the day. 600 | A

600 | F
The state matrix, S, below, shows the number of visitors at each location at 10 am on Saturday. So = 400l G
What percentage of the park’s visitors were at Water World (W) at 10 am on Saturday? 400w

Question 3 (1 mark)
Source: VCE 2019, Further Mathematics Exam 2, Section B, Module 1, Q2b; © VCAA.

Let S, be the state matrix that shows the number of visitors expected at each location n hours after 10 am on
Saturday.

The number of visitors expected at each location n hours after 10 am on Saturday can be determined by the
matrix recurrence relation below.

this hour
A F G W
600 0.1 02 0.1 02]4
{600 ~ 03 04 06 03|F
S0= 400 [ St =TX5n where T=101 02 02 01| "ehour
400 05 02 0.1 04|w

Complete the state matrix, S, below to show the number of visitors expected at each location at 11 am on
Saturday.

300

=Q >

More exam questions are available online.
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4.8 Review

4.8.1 Summary

doc-37614

Hey students! Now that it's time to revise this topic, go online to:

Review your Watch teacher-led Practise past VCAA
results videos exam questions

Find all this and MORE in jacPLUS @

Multiple choice

1. Il Consider the matrix equation [g 621] - [2 _1] = [4 2].

0 b 31
The values of a and b respectively are:

A.a=1,b=1 B.a=1, b=-1 C.a=2,b=1
D.a=2, b=-1 E.a=3,b=1
6 1 2
. 7 3 5].
2. [l The order of the matrix 9 5 0 is:
0o 7 2
A. 3x4 B.4%X?2 C.4x%x3 D. 8 E. 12
. 5 4
3. [ Select the determinant of [2 7].
A. 25 B. 26 C. 27 D. 30 E. 31

4. A Select the number of ways that person A can communicate with person D via one other person.

A B C D
A0 1 1 1
BI1 0 0 1
c|ir 0 0 1
D|I1 1 1 0
A. 0 B. 1 C.2 D. 3 E. 4

5. I Sarah purchased 2 apples and 3 bananas from the local market for $3.80. Later that week Sarah went
back to the market and purchased 4 more apples and 4 more bananas for $6.20.
A matrix equation that could be set up to determine the price of a single apple and banana is:

S0 3 1 e 1 N e R R 1
£ PR 5 e RS 0 i B
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6. [T Select the matrix that represents the product [

A 88
" 178

1
3 7

B 60 10 18
136 63 72

E. It does not exist.

12
2 [1a]
9

c. [88

178]

7. I The 2010 population age structure (in percentages) of selected countries is shown in the following table.

Age groups by percentage of population
Country 0-14 years 15-64 years Over 65 years
Australia 18.9 67.6 13.5
China 16.4 69.5 14.1
Indonesia 27.0 67.4 5.6

A 3 X 1 matrix that could be used to represent the percentage of population in Indonesia across the three age

groups is:
[18.9] 189 67.6 135
A. [16.4 B. [27.0 674 5.6] C. [16.4 695 14.1
[ 27.0 | 27.0 674 5.6
[16.4] 27.0
D. |69.5 E. [67.4
[ 14.1 | 5.6

8. I Matrix A has an order of 3 X 2. Matrix B has an order of 1 x 3. Matrix C has an order of 2 X 1. Select
which one of the following matrix multiplications is not possible.

A. AC B. BA C. BC D. CB E. ACB
9. I If matrix A = 1615 ,then A~ is:
10 9
-3 5
1 0 —16 10 9 —15 -54 90 2 2
A [o 1] 5 [15 —9] © [—10 10] o [60 —60] Sls =8
3 3
10. T Select the matrix that is the next state of the matrices shown.
04 0.2 200
= [0.6 0.8] So= [400]
400 160 120 440 480
A [200] & [440] c [480] o- [160] = [120]
Short answer
. . 2 3 1 3 .
11. Given matrices A = 1 al’ B= 0 and C= NE evaluate the following.
a. C+B b. B—2C c. AB+C d. 1.5A

12. Matrix D has an order of 3 X 2, matrix E has an order of 1 X p and matrix F has an order of 2 X 2.

a. Calculate the value of p for which the product matrix ED exists.
b. If the product matrix H exists and H = EDF, state the order of H.
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13. The table below shows the three different ticket prices, in dollars, and the number of tickets sold for a school

concert.
Ticket type Ticket price Number of tickets sold
Adult $12.50 140
Child/student $6.00 225
Teacher $10.00 90

a. Construct a column matrix to represent the ticket prices for adults, children/students and teachers
respectively.
b. Perform a matrix multiplication to determine the total amount of ticket sales in dollars.

14. a. For each of the following pairs of matrices, state the order of the matrices, and hence state the order of the
product matrix.

el wwal ] w[w R T H 53 4

b. Calculate the product matrices of the matrix multiplications given in part a.

15. a. Calculate the determinant of each of the following matrices.

.. 16 3 oo =2 2
i. A—[S 3] ii. B= [_1 3]
b. Calculate the inverse of each matrix given in part a.
1
c. Matrix M = [ 6. Explain why M~ does not exist.
9
16. Solve the following simultaneous equations using matrix methods.
a.2x+3y=1and4x—y=9 b.3x—2y=12and x+2y=19

Extended response

17. The energy content and amounts of fat and protein contained in each slice of bread and cheese and one
teaspoon of margarine is shown in the table below.

Food Energy content (kilojoules) Fat (grams) Protein (grams)
Bread 410 0.95 3.7
Cheese 292 5.5 1.6
Margarine 120 33 0.5

Pedro made toasted cheese sandwiches for himself and his friends for _
lunch. The total amounts of fat and protein (in grams) for each of the 2 D
three foods — bread, cheese and margarine — in the prepared lunch "

were recorded in the following matrix. <

76  29.6 ety I T

440 x B ;Z.

132 2

. Calculate how many bread slices Pedro used.

. If each sandwich used two pieces of bread, determine how many cheese sandwiches Pedro made.

. Show that each sandwich had two slices of cheese.

. Hence, determine the exact value of x.

. Construct a 1 X 3 matrix to represent the number of slices of bread and cheese and teaspoons of margarine
for each sandwich.

® & O T o
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18. Tootin’ Travel Agents sell three different types of train
travel packages on the Midnight Express: Platinum, Gold
and Red. The price for each travel package is shown in
the table.

Class Price
Platinum $3890
Gold $2178
Red $868

a. Construct a column matrix, C, to represent the price of
each of the three travel packages. State the order of C.
b. In the last month, Tootin’ Travel Agents sold the following train travel packages:
e Platinum: 62
e Gold: 125
e Red: 270.
Construct a row matrix, P, to represent the number of train travel packages sold over the last month.

c. To determine the total amount in dollars for train travel packages in the month, product matrix PC is
found. State the order of product matrix PC.

Travellers who book a year in advance receive a 5% discount. To calculate the discounted price, matrix C is
multiplied by a scalar product, d.

d. Write down the value of d.

e. Using your value for d, construct a new matrix, E, that represents the discounted travel prices. Write your
answer correct to the nearest cent.

19. TruSport owns two stores, LeisureLand and SportLand. The number of tennis racquets, baseball bats and
soccer balls sold in the last week at the two stores is shown in the table below.

Store Tennis rackets Baseball bats Soccer balls
LeisureLand 10 8 9
SportLand 9 12 11
The selling price of each item is shown in the table below.
Tennis racket Baseball bat Soccer ball
Selling price $45.95 $25.50 $18.60

a. Construct a 3 X 2 matrix to represent the number of tennis rackets, baseball bats and soccer balls sold at
each of the two stores.
b. Construct a row matrix to represent the selling prices of the items.
c. i. Setup a matrix multiplication that finds the total amount, in dollars, that each store made in the last
week.
ii. Hence, find the total amount, in dollars, that each store made in the last week.
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20. Two major newspapers, The Old Times and Herald
Moon, compete against each other. It was found that 60%
of the Herald Moon readers would go on to buy The Old
Times the following week. 80% of The Old Times readers
would continue to buy The Old Times the next week.

a.
b.
c.

Create a transition table to represent the situation.
Create a transition matrix for the situation.

Determine the number of people who will be buying
the Herald Moon after 3 weeks if initially 5000 people
buy the Herald Moon and 1000 buy The Old Times.

. Determine the number of people who will purchase

each newspaper at the steady state.

4.8 Exam questions

Question 1 (1 mark)
Source: VCE 2020, Further Mathematics Exam 1, Section B, Module 1, Q6;, © VCAA.

LT The element in row i and column j of matrix M is m;.

M is a 3 X 3 matrix. It is constructed using the rule m;; = 3i + 2.

M is
A5 7 9 B.[5 7 9] c.|5 7 10
7 9 11 8 10 12 8 10 13
[ 11 13 15 11 13 15| 11 13 16
D.[5 8 11 E.[5 8 11]
7 10 13 8 11 14
9 12 15 11 14 17|

Question 2 (1 mark)

Source: VCE 2020, Further Mathematics Exam 1, Section B, Module 1, Q5; © VCAA.

T The diagram below shows the direct communication links that exist between Sam (S), Tai (7'), Umi (U) and
Vera (V). For example, the arrow from Umi to Vera indicates that Umi can communicate directly with Vera.

(som

Tai

§
S
J
AY
c
< |

A communication matrix can be used to convey the same information.

In this matrix:
e a ‘1’ indicates that a direct communication link exists between a sender and a receiver
e a ‘0’ indicates that a direct communication link does not exist between a sender and a receiver.
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The communication matrix could be

A. receiver B. receiver C. receiver
S T UV S T UV S T UV
S[o 1 0 1 S[o 1 0 1 S0 1 0 1
d TIO 0 0 1 J T (1 0 0 1 d T{O 0 0 1
sender . | o sender [ sender . 1
Vit 0 1 0 Vil 1 1 0 vit 1 1 0
receiver receiver
S T UV S T UV
b S0 1 0 1 E S|10 0 2
) d TIO 0 0 1 ) d TfO 0 0 2
sender [ | o sender [ 1 5 5
Vit 1 1 0 Vi2 2 2 0
Question 3 (1 mark)
Source: VCE 2019, Further Mathematics Exam 1, Section B, Module 1, Q1; © VCAA.
= Consider the following four matrix expressions.
8 + 4 8 + 4 0
12 2 12 0 2
8 0 4 4 8 0 + 4 0
12 0 2 12 0 0o 2
How many of these four matrix expressions are defined?
A 0 B. 1 C.2 D. 3 E. 4

Question 4 (3 marks)
Source: VCE 2019, Further Mathematics Exam 2, Section B, Module 1, Q1; © VCAA.

The car park at a theme park has three areas, A, B and C.

The number of empty (E) and full (F) parking spaces in each of the three areas at 1 pm on Friday are shown in
matrix Q below.

E F
70 50]A
0=|(30 20|B
40 40|C
a. What is the order of matrix Q? (1 mark)
b. Write down a calculation to show that 110 parking spaces are full at 1 pm. (1 mark)

c. Drivers must pay a parking fee for each hour of parking.
Matrix P, below, shows the hourly fee, in dollars, for a car parked in each of the three areas.

area
A B C
P=[130 3.50 1.80]

The total parking fee, in dollars, collected from these 110 parked cars if they were parked for one hour is
calculated as follows.

Px L=[207.00]

where matrix L is a 3 X 1 matrix.
Write down matrix L. (1 mark)
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Question 5 (1 mark)
Source: VCE 2018, Further Mathematics Exam 1, Section B, Module 1, Q2; © VCAA.

4
I The matrix product [4 2 0] x| 12 ]is equal to
8
16 1
A. [144] B. |24 C. 4X% [1 2 0] X |12
0 8
2 2
D.2x[2 1 0]x|6 E.4x[2 1 0]x|6
4 4

More exam questions are available online.

Hey teachers! Create custom assignments for this topic

— Create and assign Access quarantined k== ok your
| ; K- ;
v ° unique tests and exams tests and assessments 4 5  students’ results

Find all this and MORE in jacPLUS (C)
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Answers

Topic 4 Matrices

4.2 Types of matrices

4.2 Exercise
1. (45
30
2.a.2X2
d.2X%X3

,order 2 X 1

.a;; =38
cp=3
by =6

a
b. ey
c

b.2X1
e.3X3

b. yy, =8
e yy =2

. There is no 4th column.

c. 1x4
f.4%x2

c.y; =1
f.yp=7

. Nadia thought that e,, was read as 1st column, 2nd row.
The correct value is 0.

.3%x2

b. Element k,, shows that 800 Section B tickets were sold

on Friday.
c. ks

d. 2100 Section B tickets were sold in total over Thursday,
Friday and Saturday.

10. a. 3 X2

[0.47
4.2
6.8
0.2
1.6
2.1
0.5

| 5.2 ]

11. a.

. 56 participants b. 213 entries

c.[12 17

18]

148 178 2.2
30839 0.6
146429 3.6
26044 1.7
1228 1 77908 3.8
16900 3.4
66582  31.6
| 4043 1.2
b. i 66582
ii. 16 900
iii. 325 446
c. 516 943

4.2 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.

1.C

2, -1

3.D

4.3 Adding and subtracting matrices

4.3 Exercise

1. a.

2.a=

o[-

ol
o

N i]

7

1—2

-

,_

=5
3
6

[2]
| <[] -]

8
1
0

v

See matrix at the bottom of the page.*

i.3x2
801428 6.8
| 227 600 5.2]
1727200 4.2

5. a. Both matrices must be of the same order for it to be
possible to add and subtract them.
4
b.B=|1
5
6 3 -] b. Not defined
.a 4 17 . Not define
c. Not deﬁned d. Not defined
7. a. [—0.25 —-0.95 0.3]
. 3 —1]
19 1
[—1 5 1
c. | 4 -2 3
| 3 -3 =2
u [15 15 7
19 10 8

8.a=-5,b=2,¢c=5

9.a=6,b=—1,c=5

10. A and E have the same order, 1 X 2.
B and C have the same order, 2 X 1.

*11,b. [2358 68330 227600 801428 984 000

1346 200

1727200 2529 875]
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12.

13.

14.

15.

4 6
. 3 4 8 2 3 5

“l6 8 517 |4 6 3

|t 1 3

Il 2 2 D)
Eggs Small Medium Large
Free-range 1 1 3
Barn-laid 2 2 2

a. Both matrices are of the order 2 X 3; therefore, the

answer matrix must also be of the order 2 X 3. The
student’s answer matrix is of the order 2 X 1, which is
incorrect.

b. A possible response is:

a.

o

C

Step 1: Check that all matrices are of the same order.
Step 2: Add or subtract the corresponding elements.
150

165
155
80
71507 145 166
L |16s] | 152] | 155
" 1155 135 156
| 80 | 95 110
r4617
a2
1446
[ 285 ]
357 321 [38 105
4 136, |35 112
38 35 35 108
125]  [30] [32 87
(121 [=31 [9 12 9 3
91+ |-3|=1|6lor|9]|—=1]6]l=]3
18] o |8 8 8 0
(9 3 12 12 9 3
6|+ |-2|=|4]or|4]|—-|6]=|-2
| 8 2 10 10 8 2

. To add or subtract matrices, all matrices must be of the
same order. Since the resultant matrix D is of the order

3% 2, all other matrices must also be of the order 3 X 2.

L [2x—12 y—2
2x+10 5—y
3x+10 —-2-—2x

. When the equations 2x — 12=—8andy—2 =1 are
solved, the answerisx =2, y=3.

5 5
S - 0
8 8

17 5 1

30 42 36
n 1 -2
18 8

4.3 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.
1. D

2.B
3. 7 4
—-11 5

4.4 Multiplying matrices

4.4 Exercise

1.a.[8 12 28
4 16 24
r2 3 7
b.[= = =
5 5 5
1 4 6
L5 5 5
c.[0.6 0.9 2.1
03 1.2 1.8
2.x=2.5
3.C

4. a. X has order 1 X 2. Y has order 2 X 1.
Number of columns = number of rows, so XY exists and
is of order 1 X 1.

b.DE: 3%x3, DC: 3%x2, ED: 2%x2, CE:. 2X3
5.8: 3%x2, T: 2x4
6. DG: 3x2, FD: 2x1, FE: 2X2, EF: 3X3,

GF: 1x3
7. MN =28 48
21 36
8.t=-3
9. PO=1[41 45
36 32
10. a. [12.50
8.50
6.00

b. Total number of tickets requires an order of 1 X 1, and the
order of the ticket price is 3 X 1. The number of people
must be of order 1 X 3 to result in a product matrix of
order 1 X 1. Therefore, the answer must be a row matrix.

c. $1662.50
11. a. [66] b. |30 45 c. [70 105
[24 36] [20 30]
90 135
.57 e. (38 19
H i 7
4 6
12, a. [2 3]
4 6
b. [2 3]

[72 30]
13.

o

60 57

TOPIC 4 Matrices 255



15. a.

16. a.

17. n

18. a.

19. a.

20. a.

256

13
19

. 45 students studying Maths are expected to be awarded a

27 315
0 216
[1 0 0]
L’=|0 1 0
[0 0 1]
[1 0 0]
LL’=|0 1 0
[0 0 1]
[1 0 0]
L'‘=10 1 0
[0 0 1]
. Whatever power you raise /5 to, the matrix stays the
same.
250
185
.[0.05 0.18 045 0.25 0.07]
. The number of expected grades (A—E) for students

studying Mathematics and Physics.

45 113 63 18
33 83 46 13

B grade.
=1, m=3,s=4,q=2
Matrix G is of order 3 X 2 and matrix H is of order 2 X 1;
therefore, GH is of order 3 X 1. The student’s matrix has
an order of 3 X 2.

125
. |134
167

. Possible answer:

The student multiplied the first column with the first row,
and then the second column with the second row.

. Possible answer:

Step 1: Determine the order of the product matrix.

Step 2: Multiply the elements in the first row by the
elements in the first column.

Possible answer:

Represent the number of vehicles in a row matrix and the
cost for each vehicle in a column matrix, then multiply
the two matrices together. The product matrix will have
an order of 1 X 1.

. [154 000] or $154 000

. Possible answer:

In this multiplication the number of each type of vehicle

is multiplied by the price of each type of vehicle,

which is incorrect. For example, the ute is valued at

$12 500, but in this multiplication the eight utes sold are

multiplied by $4000, $12 500 and $8500 respectively.
12 280

[26 210
29 850

Friday $12 280, Saturday $26 210, Sunday $29 850

s

. 35035 +456 25 + 128 x 20
. No, because you cannot multiply the entry price (3 X 1)

by the number of people (3 X 3).

4.4 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.
1. D

2.D

3.[

8 =8
0 24

4.5 Inverse matrices and problem-solving with
matrices

4.5 Exercise

1.

2.

s
S P, “|1-15

. det (B) = 0. We cannot divide by zero; therefore, B~ does

0 1
. —34; this matrix has an inverse

Yes, AB = [l 0].

. 8; this matrix has an inverse

. 0; this matrix does not have an inverse

o 0 T o

. —35; this matrix has an inverse
-2 2 1
35 ¢ |=3 —2

not exist.

.a.det(A)=1, det(B)=0, det(C)=0, det(D)=—-3.

Therefore, matrices A and D have inverses.

3 5 1
-1 _ —1 -1_ ]2 3
b. A _[_5 ) , D7 =13 3

1 0
.x=2,y=-3

7. a. Matrix X has an order of 1 X2. X=[—-2 3]

10.
11.

12.
13.
14,

15.

4 2
na= )]

4 1 9
. a. Determine the inverse of [3 1] and multiply by [7] ,

using AX=Band X=A"'B.

b [1 —1]
-3 4
c.x=2,y=1
. $17.50

x=2,y=1

The determinant = 0, so no inverse exists. This means that
there is no solution to the simultaneous equations.

7 children and 3 adults

$6.40

a. Each bracelet costs $4.20 and each necklace costs $9.60.

b. $67.80

a. Any one of: did not swap the elements on the diagonal;
did not multiply the other elements by —1; or did not

multiply the matrix by —.
det

. 13 o
6|1 2
c. The respective order of matrices is 2 X2 and 1 X 2. The

number of columns in the first matrix does not equal the
number of rows in the second matrix.
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d. Possible answers:
Step 1: Find the correct inverse.

1
Step 2: Multiply [5 9] 6 [_31 g] )

eex=1,y=3

6 o [5 7] [s] _ [156.80]
6 6flp 155.40

. $12.25

K=[30 30]

2x1

. $239.70

. $84.30

17. a. a = number of adult tickets sold
¢ = number of concession tickets sold
a+ ¢ =400 and 15a + 9.5¢ =5422.5

-~ 0 2 0 T

% 1 1 al _ [400
’ _15.00 9.50 | |c| ~ |5422.50
c. 295
r 4 1 13
8. a.|— —— —
19 19 19
7 3 1
19 19 19
8 2 7
- 19 19 19
r 7 8 10
b.|] O = e -
3 3 3
1 7 11 13
3 9 9 9
0 —1 1 -1
1 22 23 28
L 3 9 9 9 A

19.a=2,b=-1,c=3,d=-2

4.5 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.
1.D

2.B
3.E

4.6 Communications and connections

4.6 Exercise
1.a. A B C b. D E F G
Alo 0 1 D[O 1 1 0]
B0 0 1 Ell 0 1 0
clt 1 o0 FI1 1 0 1
Glo 0 1 0]
c. H I J K d L M N O
H[0O 1 0 1 L0 1 0 0]
IlT 0 1 0 M1 0 1 1
JIoO 1 0 1 NIO 1 0 0
K[l 0 1 0 ol0 1 0 0]

2. Answers may vary. Sample responses are available in the
worked solutions in the online resources.

3. There are 2 two-step communications between Karina and
Winter: K—G—-Wand K - N - W.

4. The number of two-step connections between Amira and
Dev can be obtained from the element in row 4, column 4 or
row 4, column 1.

There are 2 two-step connections between Amira and Dev.
There are 2 ways Amira can get a message to Dev via one

other person.
A B C D E
Af0 1 0 0 1
. B|1 0 1 1 1
“clo 1 0 1 0
DO 1 1 0 O
ElIlt 1. 0 0 O
6. a.3
b. No
c. They did not communicate with themselves.
d. Peta Seth
Tran
Wen
Ned
W C H K A
wio 1 1 1 1
= H|I1 0 0 0 O
“*clt o0 1 1
Kit 0 1 0 O
Al 0 1 0 O
b. 1

c. Yes. The matrix raised to the power of 3 will provide the
number of ways possible.

8.2
9. a. B
P
M N
B HM N P
B3 2 2 2 2
bH2 3.2 2 2
M2 2 4 3 1
N2 2 3 4 1
P2 2 1 1 2
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10. a. 3

c. Raise the matrix to the power of 3.

d. Yes. Raise the matrix to the power of 4, as there are five

cities in total.
b. 6

4.6 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.

1. A

2.C

3.0 1 0 1
1 01 2
0 1 0 1
1 2 1 0

4.7 Transition matrices

4.7 Exercise

1.

10.

From
Rain No rain
Rain 0.3 0.2
To
No rain 0.7 0.8

0.3 0.2
0.7 0.8

. 40% of trains that start the week in West depot will

end up in East depot the next week.
75% of trains that start the week in East depot will
end up in West depot the next week.

0.2

0.8 0.4
«ollic

0.6

. 20% of Melburnians move to Canberra each year.

65% of Canberra residents move to Melbourne
each year.

0.3 0.9
“10.7 0.1

. After two years, there would be 2775 people in Town J

and 4225 people in Town K.

405
'S5"[295]

o]

. There are 259 birds in Australia and 841 birds in

Antarctica at the steady state.

s [07 035
1103 0.65

b. Sheepies would have 1896 customers after three weeks.
c. At the steady state, 2154 customers shop at Coldes and

1846 customers shop at Sheepies.

4.7 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.
1. E

2. 20%

300

780
31300

620
4.8 Review

4.8 Exercise

Multiple choice
1. A 2. C 3. C 4. C
5 A 6. A 7. E 8. C
9. E 10. B
Short answer
11. a. 4] b. [_5] c. [5 d [ 3 45]
2 —4 3 1.5 6
12.a.3 b. 1X2
[12.5
13.a. | 6 l b. $4000
| 10
14. a. i. 1 X2 and 2 X 1; product matrix: 1 x 1
ii. 1 X2 and 2 X 2; product matrix: 1 X2
iii. 2X 2 and 2 X 2; product matrix: 2 X 2
iv. 3% 1 and 1 X 3; product matrix: 3 X 3
b. i [36]
ii. 32 54]
- [42 101]
155 35
100 6 8
iv. l35 21 28]
40 24 32
15.a. i. 3
ii. —4
b. i.[ 1 —1]
5
-= 2
3
r 3 1
1. —Z E
1 1
74 2

16. a.
b.

. Matrix M is not a square matrix; therefore, it does not

have an inverse.
x=2,y=-—1
x=17.75, y=15.625

Extended response

17. a.
c.
e.

18. a.

C.

8 slices of bread b. 4 sandwiches
44 +55=8,8+4=2 d.12.8
[2 2 1]

3890

2178],3 x 1 b.62 125 270]
| 868

1x1
3695.50]

d. 0.95

2069.10
| 824.60
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10 9

19.a. | 8 12
9 11

b. [45.95 25.50 18.60]

10 9
i [45.95 2550 18.60] [ 8 12
9 11

ii. LeisureLand: $830.90, SportLand: $924.15

04 02
. [0.6 0.8]
. After three weeks, 1528 people are predicted to be
buying the Heral