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Introduction and overview

Cambridge Mathematical Methods VCE Units 3&4 Second Edition provides a complete
teaching and learning resource for the VCE Study Design to be first implemented in 2023.
It has been written with understanding as its chief aim, and with ample practice offered
through the worked examples and exercises. The work has been trialled in the classroom, and
the approaches offered are based on classroom experience and the responses of teachers to
earlier editions of this book and the requirements of the new Study Design.

Mathematical Methods Units 3 and 4 provide a study of elementary functions, algebra,
calculus, and probability and statistics and their applications in a variety of practical and
theoretical contexts.

The book has been carefully prepared to reflect the prescribed course. In the Study Design we
have the Key Knowledge dot point in Outcome 2:

m key elements of algorithm design: sequencing, decision-making, repetition and
representation including the use of pseudocode
and in Outcome 3:

m the purpose and effect of sequencing, decision-making and repetition statements on
relevant functionalities of technology, and their role in the design of algorithms and
simulations.

These are addressed generally in ‘Appendix A: Algorithms and pseudocode’ and also
specifically for simulation and counting in probability, the numerical solution of equations
with Newton’s method, and the trapezium method of approximating areas. In addition to
the online appendices on the general use of calculators, there are three online appendices for
using both the programming language Python and the inbuilt capabilities of students’
CAS calculators.

The book contains four revision chapters. These provide technology free, multiple-choice
questions and extended-response questions. Each of the first three revision chapters contains
a section on algorithms and pseudocode.

The TI-Nspire calculator examples and instructions have been completed by Peter Flynn,
and those for the Casio ClassPad by Mark Jelinek, and we thank them for their helpful
contributions.



Overview of the print book

1 Graded step-by-step worked examples with precise explanations (and video versions)
encourage independent learning, and are linked to exercise questions.

2 Section summaries provide important concepts in boxes for easy reference.

3 Additional linked resources in the Interactive Textbook are indicated by icons, such as

skillsheets and video versions of examples.

4 Questions that suit the use of a CAS calculator to solve them are identified within

exercises.

5 Chapter reviews contain a chapter summary and technology-free, multiple-choice, and

extended-response questions.

6 Revision chapters provide comprehensive revision and preparation for assessment.

~y

The glossary includes page numbers of the main explanation of each term.

8 In addition to coverage within chapters, print and online appendices provide additional

support for learning and applying algorithms and pseudocode, including the use of Python

and TI-Nspire and Casio ClassPad for coding.

Numbers refer to descriptions above.
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Overview of the
downloadable PDF
textbook
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Introduction and overview Xi

The convenience of a downloadable PDF
textbook has been retained for times when
users cannot go online.

PDF annotation and search features are
enabled.

Overview of the Interactive Textbook

The Interactive Textbook (ITB) is an online HTML version of the print textbook powered

by the HOTmaths platform, included with the print book or available as a separate purchase.

11

12

13

14
15

16

17

18

19

20
21

The material is formatted for on screen use with a convenient and easy-to-use navigation
system and links to all resources.

Workspaces for all questions, which can be enabled or disabled by the teacher, allow
students to enter working and answers online and to save them. Input is by typing, with
the help of a symbol palette, handwriting and drawing on tablets, or by uploading images
of writing or drawing done on paper.

Self-assessment tools enable students to check answers, mark their own work, and rate
their confidence level in their work. This helps develop responsibility for learning and
communicates progress and performance to the teacher. Student accounts can be linked to
the learning management system used by the teacher in the Online Teaching Suite, so that
teachers can review student self-assessment and provide feedback or adjust marks.

All worked examples have video versions to encourage independent learning.

Worked solutions are included and can be enabled or disabled in the student ITB
accounts by the teacher.

An expanded and revised set of Desmos interactives and activities based on embedded
graphics calculator and geometry tool windows demonstrate key concepts and enable
students to visualise the mathematics.

The Desmos graphics calculator, scientific calculator, and geometry tool are also
embedded for students to use for their own calculations and exploration.

Revision of prior knowledge is provided with links to diagnostic tests and Year 10
HOTmaths lessons.

Quick quizzes containing automarked multiple-choice questions have been thoroughly
expanded and revised, enabling students to check their understanding.

Definitions pop up for key terms in the text, and are also provided in a dictionary.

Messages from the teacher assign tasks and tests.



Xii

Introduction and overview

INTERACTIVE TEXTBOOK POWERED BY THE HOTmaths
PLATFORM

A selection of features is shown. Numbers refer to the descriptions on pages xi—xii.
HOTmaths platform features are updated regularly
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Overview of the Online Teaching Suite powered by the
HOTmaths platform

The Online Teaching Suite is automatically enabled with a teacher account and is integrated
with the teacher’s copy of the Interactive Textbook. All the teacher resources are in one place
for easy access. The features include:

22 The HOTmaths learning management system with class and student analytics and reports,
and communication tools.

23 Teacher’s view of a student’s working and self-assessment which enables them to modify
the student’s self-assessed marks, and respond where students flag that they had diffculty.

24 A HOTmaths-style test generator.

25 An expanded and revised suite of chapter tests and assignments.

26 Editable curriculum grids and teaching programs.

27 A brand-new Exam Generator, allowing the creation of customised printable and online
trial exams (see below for more).

More about the Exam Generator

The Online Teaching Suite includes a comprehensive bank of VCAA exam questions,
augmented by exam-style questions written by experts, to allow teachers to create custom
trial exams.

Custom exams can model end-of-year exams, or target specific topics or types of questions
that students may be having difficulty with.

Features include:

Filtering by question-type, topic and degree of difficulty
Searchable by key words

Answers provided to teachers

Worked solutions for all questions

VCAA marking scheme

Multiple-choice exams can be auto-marked if completed online, with filterable reports

All custom exams can be printed and completed under exam-like conditions or used as
revision.
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Functions and relations

Objectives

> To revise set notation, including the notation for sets of numbers.

» To understand the concepts of relation and function.

» To find the domain and range of a given relation.

» To find the implied (maximal) domain of a function.

» To work with restrictions of a function, piecewise-defined functions, odd functions
and even functions.

» To decide whether or not a given function is one-to-one.

» To find the inverse of a one-to-one function.

» To understand sums and products of functions.

» To use addition of ordinates to help sketch the graph of a sum of two functions.

» To define and use composite functions.

» To understand the concepts of strictly increasing and strictly decreasing.

» To work with power functions and their graphs.

» To apply a knowledge of functions to solving problems.

In this chapter we introduce the notation that will be used throughout the rest of the book.
You will have met much of it before and this will serve as revision. The language introduced
in this chapter helps to express important mathematical ideas precisely. Initially they may
seem unnecessarily abstract, but later in the book you will find them used more and more in
practical situations.

In Chapters 2 to 8 we will study different families of functions. In Chapter 2 we will revise
linear functions, in Chapter 4, polynomial functions in general and in Chapters 5 and 6,
exponential, logarithmic and circular functions.



Chapter 1: Functions and relations

Set notation and sets of numbers

Set notation

Set notation is used widely in mathematics and in this book where appropriate. This section
summarises all of the set notation you will need.

m A setis a collection of objects. The objects that are in the set are known as elements or
members of the set.

m If xis an element of a set A, we write x € A. This can also be read as ‘x is a member of the
set A’ or ‘x belongs to A’ or ‘xisin A’.

m If x is not an element of A, we write x ¢ A.

m A set Bis called a subset of a set A if every element of B
is also an element of A. We write B C A. This expression
can also be read as ‘B is contained in A’ or ‘A contains B’.

For example, let B = {0, 1,2} and A = {0, 1, 2, 3,4}. Then
3€eA, 3¢B and BCA

as illustrated in the Venn diagram opposite.

m The set of elements common to two sets A and B is called the intersection of A and B, and
is denoted by A N B. Thus x € AN Bif and only if x € A and x € B.

m If the sets A and B have no elements in common, we say A and B are disjoint, and write
AN B = . The set @ is called the empty set.

m The set of elements that are in A or in B (or in both) is called the union of sets A and B,
and is denoted by A U B.

A B
For example, let A = {1,3,5,7,9} and
B ={1,2,3,4,5}. The intersection and union are
illustrated by the Venn diagram shown opposite:
ANB=1{1,3,5}
AUB=1{1,2,3,4,5,7,9}
For A ={1,2,3,7}and B = {3,4,5,6,7}, find:
aANB
b AUB
Solution Explanation
a ANnB={3,7} The elements 3 and 7 are common to sets A and B.
b AUB=1{1,2,3,4,5,6,7} The set A U B contains all elements that belong to A

or B (or both).



1A Set notation and sets of numbers

The set difference of two sets A and B is given by
A\B={x:x€A, x¢ B}

The set A \ B contains the elements of A that are not elements of B.

For A ={1,2,3,7} and B = {3, 4,5, 6,7}, find:
a A\B b B\A

Solution Explanation

a A\B=1{1,2,3,7}\1{3,4,5,6,7} The elements 1 and 2 are in A but not in B.
={1,2}

b B\A=1{3,4,5,6,7}\1{1,2,3,7} The elements 4, 5 and 6 are in B but not in A.
=1{4,5, 6}

Sets of numbers

We begin by recalling that the elements of {1,2,3,4,...} are called the natural numbers,
and the elements of {...,-2,—1,0,1,2,...} are called integers.

The numbers of the form E, with p and ¢ integers, g # 0, are called rational numbers.
q
The real numbers which are not rational are called irrational (e.g. 7 and \/5).

The rationals may be characterised as being those real numbers that can be written as a
terminating or recurring decimal.

The set of real numbers will be denoted by R.

[
m The set of rational numbers will be denoted by Q.
m The set of integers will be denoted by Z.

[

The set of natural numbers will be denoted by N.

Itis clear that N C Z € Q C R, and this may be

represented by the diagram on the right. @ z)Q) R

Describing a set

It is not always possible to list the elements of
a set. There is an alternative way of describing
sets that is especially useful for infinite sets.

The set of all x such that ___ is denoted by { x : ___}. Thus, for example:

{x:0 < x < 1}isthe set of all real numbers strictly between 0 and 1
{x: x >3} is the set of all real numbers greater than or equal to 3
{x:x>0, xeQ}is the set of all positive rational numbers
{2n:n=0,1,2,...}is the set of all non-negative even numbers

{

2n+1:n=0,1,2,...}1is the set of all non-negative odd numbers.



Chapter 1: Functions and relations

Interval notation

Among the most important subsets of R are the intervals. The following is an exhaustive list
of the various types of intervals and the standard notation for them. We suppose that a and b
are real numbers with a < b.

(a,b)={x:a<x<b} [a,b] ={x:a<x<b}
(a,b] ={x:a<x<b} l[a,b) ={x:a<x<b}
(a,00) ={x:a<x} [a,00) ={x:a < x}
(=oo,b)={x:x<b} (=co,bl ={x:x<b}

Intervals may be represented by diagrams as shown in Example 3.

[lustrate each of the following intervals of real numbers:

Solution
a [-2,3] b (-3,4]
——————— @
-4 -3 -2-1 0 1 2 3 4 5 6 -4 324 0 1 2 3 5 ®
< o 0
Cc (—AOO,ID]I T T T T T T T T d (_14’4) T T T T T T T T T
24 -3 -2 -1 0 1 2 3 4 5 6 -4 =3 —C2 -1 0 1 2 3 g- 5 6
T T T T T T T T T T T T T T T T T T
A e | e B e S 43 2-10 123456
-4 -3 -2-1 0 1 2 3 4 5 6
e (—3,00)

O
T T T T T T

-4 -3 -2-1 0 1 2 3 4

wAY

Notes:
m The ‘closed’ circle (o) indicates that the number is included.

m The ‘open’ circle (o) indicates that the number is not included.

The following are subsets of the real numbers for which we have special notation:
m Positive real numbers: Rt = {x: x>0}
m Negative real numbers: R™ ={x: x <0}

m Real numbers excluding zero: R \ {0}

Summary 1A

If x is an element of a set A, we write x € A.
If x is not an element of a set A, we write x ¢ A.
If every element of B is an element of A, we say B is a subset of A and write B C A.

The set A N B is the intersection of A and B, where x € AN Bif and only if x € A
and x € B.

m The set A U B is the union of A and B, where x € AU Bif andonly if x € Aor x € B.



1A

Example 1

Example 2

Example 3

1A Set notation and sets of numbers

m The set A \ B is the set difference of A and B, where A\ B={x:x€A, x¢ B}.

m If the sets A and B have no elements in common, we say A and B are disjoint and write

1

AN B = @. The set @ is called the empty set.

Sets of numbers:

e Real numbers: R e Rational numbers: Q

o Integers: Z e Natural numbers: N

For real numbers @ and b with a < b, we can consider the following intervals:

(a,b)={x:a<x<b} l[a,b] ={x:a<x<b}
(a,bl={x:a<x<b} [a,b) ={x:a<x<b}
(a,0)={x:a<x} [a,0) ={x:a< x}
(=c0,b) ={x:x<b} (o0, bl ={x:x<b}

For A ={3,8,11,18,22,23,24}, B=1{8,11,25,30,32}and C = {1, 8, 11,25, 30}, find:
a ANB b AnBNC c AUC
d AUB e AUBUC f AnB)UC

For A = {3,8,11,18,22,23,24}, B = {8, 11,25,30,32} and C = {1,8, 11,25, 30}, find:
a A\B b B\A c A\C d C\A

Illustrate each of the following intervals on a number line:
a[-2,3) b (-c0,4] ¢ [-3,-1] d (-3,0) e (-4,3) f (-1,4]

For X =1{2,3,5,7,9,11}, Y ={7,9,15,19,23} and Z = {2,7,9, 15, 19}, find:

aXxny b XnYNZ c XUy d X\Y
e Z\Y fXnz g [-2.81nX h (-3,8]nY
i (2,00)NY i B,0)UY

For X ={a,b,c,d,e} and Y = {a, e, i, 0, u}, find:
aXxny b XUY c X\Y d Y\X
For A ={1,2,3,4,5,6,7,8,9,10}, B=1{2,4,6,8,10} and C = {1, 3, 6,9}, find:

a BnC b B\C c A\B d (A\B)UA\O)
e A\(BNC) f A\BNA\C) g A\(BUO) h AnBNnC

Use the appropriate interval notation (i.e. [a, b], (a, b), etc.) to describe each of the
following sets:

a{x:-3<x<l} b {x:-4<x<5) c {y:-V2<y<0}
d{x:—%<x<\/§} e {x:x<-3} f R*

g R h {x:x>-2)

5
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8 Describe each of the following subsets of the real number line using the interval
notation [a, b), (a, b), etc.:

a e

4 -3-2-1 01 2 3 45

4 -3-2-1 01 2 3 45

-4 -3-2-1 01 2 3 45

d T (I: T T T T T T T T
-4-3-2-1 01 2 3 45

9 [llustrate each of the following intervals on a number line:
a (=321 b (43 ¢ (-3 d[-4-1] e [-4c0) f[-25)

10 For each of the following, use one number line on which to represent the sets:
a [_3a 6]a [25 4]9 [_3’ 6] n [2a 4] b [_3a 6]a R\ [_37 6]
¢ [-2,00), (=00,6], [-2,00) N (=00,6] d (=8,-2), R™\(-8,-2)

Identifying and describing relations and functions

Relations, domain and range

An ordered pair, denoted (x, y), is a pair of elements x and y in which x is considered to be
the first coordinate and y the second coordinate.

A relation is a set of ordered pairs. The following are examples of relations:

a §={(1,1),(1,2),3,4),(5,6)}

b T ={(-3,5),4,12),(5,12),(7,-6)}

Every relation determines two sets:

m The set of all the first coordinates of the ordered pairs is called the domain.
m The set of all the second coordinates of the ordered pairs is called the range.
For the above examples:

a domain of § = {1, 3,5}, range of S = {1,2,4,6}

b domain of T = {-3,4,5,7}, range of T = {5, 12, -6}

Some relations may be defined by a rule relating the elements in the domain to their

corresponding elements in the range. In order to define the relation fully, we need to specify
both the rule and the domain. For example, the set

{(,y):y=x+1, xe{l1,2,3,4}}
is the relation
{(1,2),(2,3),(3,4), (4,5)}
The domain is the set X = {1, 2, 3,4} and the range is the set Y = {2, 3,4, 5}.
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When the domain of a relation is not explicitly stated, it is understood to consist of all real

numbers for which the defining rule has meaning. For example:

m S ={(x,y):y=x?}is assumed to have domain R

m 7 ={(x,y):y=+/x}is assumed to have domain [0, c0).

Sketch the graph of each of the following relations and state the domain and range of each:

a {(x,y:y=x"}

c {(_29 _1)9 (_19 _1)7 (_17 1)7 (0’ 1)’ (1’ _1)}

e {(x,y):2x+3y=6, x>0}

Solution

= y

Domain = R; Range = R* U {0}

=z y
A
2_
° 1-«
T T T T : x
210 1 2
° u_l_ °
-2

Domain = {-2,-1,0, 1}

Range = {1, 1}
€ y
A
2 p (Oa 2)
1-\
T T ; x
o 123>
Domain = [0, ); Range = (—o0,2]

b {(x,y):y<x+1}
d {(x,y):x2+y2:1}
f {(x,y):y=2x—-1, xe[-1,2]}

-1
Domain = [-1,1]; Range = [-1, 1]
f y
(TR
0 > X
-1
-1, —3)/

Domain = [-1,2]; Range = [-3,3]

7
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Sometimes set notation is not used in the specification of a relation.

For the previous example:
a is written as y = x°
b iswrittenasy < x + 1

e iswrittenas2x+3y=6,x>0

Functions

A function is a relation such that for each x-value there is only one corresponding y-value.
This means that, if (a, ) and (a, ¢) are ordered pairs of a function, then b = c¢. In other words,
a function cannot contain two different ordered pairs with the same first coordinate.

Which of the following sets of ordered pairs defines a function?
a §={-3-49-1-D,-6,7,10,5} b T={-41,(-4,-1),(=6,7),(-6,8)}

Solution
a S is a function because for each x-value b 7 is not a function, because there is an
there is only one y-value. x-value with two different y-values: the
two ordered pairs (—4, 1) and (-4, —1)
in T have the same first coordinate.

One way to identify whether a relation is a function is to draw a graph of the relation and then
apply the following test.

Vertical-line test

If a vertical line can be drawn anywhere on the graph and it only ever intersects the graph
a maximum of once, then the relation is a function.

For example:

¥ y
\

e
) T

x*> +y? = 1 is not a function y = x? is a function

Functions are usually denoted by lowercase letters such as f, g, h.
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The definition of a function tells us that, for each x in the domain of f, there is a unique
element y in the range such that (x,y) € f. The element y is called ‘the image of x under f’
or ‘the value of f at x’, and the element x is called ‘a pre-image of y’.

For (x,y) € f, the element y is determined by x, and so we also use the notation f(x), read as
‘f of x°, in place of y.

This gives an alternative way of writing functions:

m For the function { (x,y) : y = x* }, write f: R = R, f(x) = x°.

m For the function { (x,y) : y =2x—1, x € [0,4] }, write f: [0,4] - R, f(x) =2x - 1.

m For the function{(x,y) Ty = i} write f: R\ {0} - R, f(x) = %

If the domain is R, we often just write the rule: for example, f(x) = x°.

Note that in using the notation f: X — Y, the set X is the domain, but Y is not necessarily the
range. It is a set that contains the range and is called the codomain. With this notation for
functions, the domain of f is written as dom f and range of f as ran f.

Using the TI-Nspire

Function notation can be used with a CAS 7 *TI-Nspire
calculator. Define ;(x}-él- x-3 Done
m Use > Actions > Define to define the A-3) -15
function f(x) =4x-3. f({ 1,2,3 }) { 1.5.9}
m To find the value of f(-3), type f(—3) |
followed by (enter).
m To evaluate f(1), f(2) and f(3), type
f({1,2,3}) followed by (enter).
Using the Casio ClassPad
Function notation can be used with a CAS calculator. Define
m In r/%, select Interactive > Define. Func name f |
. Variable/s: X
m Enter the expression 4x — 3 as shown and tap oK. - - -
Expression: 4x-3 |
m Enter f(3) in the entry line and tap (EXE). © Edit Action Interactive
m Enter £({1,2,3}) to obtain the values of (1), f(2) Boyv | fi | Sime
and f(3). Define f(x)=4+x—3
done
f(3)
9
f({1,2,3})

{1,5,9}



10 cChapter 1: Functions and relations

Example 6

For f(x) = 2x* + x, find:

a f(3 b f(-2) ¢ f(x-1)
Solution
a f(3)=23)7°+3 b f(-2)=2(-2%*-2 ¢ f(x-1)=2x-1>+x-1)
=21 =6 =2 -2x+D+x—1
=2x*-3x+1
For g(x) = 3x> + 1:
a Find g(-2) and g(4).
b Express each the following in terms of x:
i g(—2x) ii g(x-2) i g(x+2) iv g(x?)
Solution
a g(-2)=3(-2+1=13and g(4) =3(4)>+1 =49
b i g(—2x)=3(-2x)7°+1 il gx-2)=3(x-2%+1
=3 x4x" + 1 =37 —4x+4)+1
=122 +1 =3x*-12x+13
il g(x+2)=3(x+2)>%+1 iv g(x®) =303 +1
— G 4l Al s ] Shah |

=3x>+12x+ 13

Example 8

Consider the function defined by f(x) = 2x — 4 for all x € R.
a Find the value of f(2), f(—1) and f(¢). b For what values of ¢ is f(¢) = t?

¢ For what values of x is f(x) > x? d Find the pre-image of 6.
Solution

a f2=22)-4=0 b f(=t
f(=1)=2(-1)-4=-6 2t—4 =t
f®=2t-4 t—-4=0
t=4
c f(x)=x d f(x)=6
2x—4>x 2x—4=6
x—4>0 x=5

x>4 Thus 5 is the pre-image of 6.
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Using the TI-Nspire

m Use > Actions > Define to define the ; *Ti-Nspire
function and > Algebra > Solve to Define fx)=2- x—4 i
solve as shown. {214} {0,-6,2- -4}
m The symbol > can be be accessed either
X . . solve[;’(r)-r,r) t=4
by using (ctrl)( =) and selecting > or using
2 24
> symbols. solve(f2e)
solve()‘(x)=6,\') x=5
|
Using the Casio ClassPad
m In :%", define the function f(x) = 2x — 4 using @ Edit Action Interactive
Interactive > Define. %1 | &e [ 23] simp al A

m Now enter and highlight the equation f(x) = x. Define f(x)=2-x-4

m Select Interactive > Equation/Inequality > solve. done

Ensure the variable is set as x and tap oK. MRS

{x=4}
m To enter the inequality, find the symbol > in the solve (f (x)2x, X)
keyboard. {x24)
Restriction of a function
Consider the following functions:
S g(x) h(x)
A A A
h
s g
5 > X - 5 " > X 0 > X
f(x)=x% xeR gx)=x% -1<x<1 h(x) = x>, x e R* U {0}

The different letters, f, g and A, used to name the functions emphasise the fact that there
are three different functions, even though they each have the same rule. They are different
because they are defined for different domains.

We call g and £ restrictions of f, since their domains are subsets of the domain of f.
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For each of the following, sketch the graph and state the range:

a f:[-2,4 >R, f(x)=2x—4 b g:(-1,2] > R, glx) = x*
Solution
a y b Y
A A 2.9
/(4, 4)
0 p) > X (_1’ 1)
4
> X
-9 o
Range = [-8,4] Range = [0, 4]
e )

Using the TI-Nspire

Domain restrictions can be entered with the

ERN> Ti-Nspire
function if required. £1(x)={2- x-4,-25x<4| =
For example: f1(x) =2x-4|-2<x<4 (¢.4)
Domain restrictions are entered using the ‘with’ 1 / x
or ‘given’ symbol |, which is accessed using 1‘01 O B ke / e
(ctrl)(=) or by using the Symbols palette
and scrolling to the required symbol. The (-2,-8)
inequality symbols are also accessed from this =
palette.

\_ J

R .

Using the Casio ClassPad

Domain restrictions can be entered with the function if @ Edit Action Interactive

required. %] o [fha]sme [ v | 44+] v ]'[_
2x-4|-25xs4

For example: 2x -4 | -2<x <4

Domain restrictions are entered using the ‘with’
symbol |, which is accessed from the palette
in the soft keyboard. The inequality symbols are also

accessed from (Math3].

, 7]

Ory |M‘“h1 [.inv. =L . n [ »

| Met2 |htinel 1 | g | & | o

4 / (Maths (oo __{!?_‘m

=+ 43 2 10| 1 ) :L::'j_<_>__“_”___\l'(
Fae | |2 [=]*]¢

CTell « | % | G | s | EXE
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Summary 1B

An ordered pair, denoted (x, y), is a pair of elements x and y in which x is considered
to be the first coordinate and y the second coordinate.

A relation is a set of ordered pairs.

o The set of all the first coordinates of the ordered pairs is called the domain.

o The set of all the second coordinates of the ordered pairs is called the range.

Some relations may be defined by a rule relating the elements in the domain to their
corresponding elements in the range: for example, { (x,y) : y=x+ 1, x e R* U {0} }.
A function is a relation such that for each x-value there is only one corresponding
y-value.

Vertical-line test: If a vertical line can be drawn anywhere on the graph and it only
ever intersects the graph a maximum of once, then the relation is a function.

For an ordered pair (x, y) of a function f, we say that y is the image of x under f or
that y is the value of f at x, and we say that x is a pre-image of y. Since the y-value is
determined by the x-value, we use the notation f(x), read as ‘f of x’, in place of y.
Notation for defining functions: For example, we write f: [0,4] — R, f(x) =2x—1to
define a function f with domain [0, 4] and rule f(x) = 2x — 1.

A restriction of a function has the same rule but a ‘smaller’ domain.

Exercise 1B

State the domain and range for the relations represented by each of the following

graphs:
a y b Y ¢ Y
(3.9
2
1 —
(=2, 4)
o . > X 1
-1 W 0 T T > X
=) T2 )
d y e Y f y
A A
&2~ 2
—
. , /
7 5 > X
T T > X
2 -10
(=3, -6)
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Example 4

Example 5

Example 6

Example 7

Example 8

Example 9
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2

10

Sketch a graph of each of the following relations and state its domain and range:

a{(ny:y=x"+1} b {(x,y):x>+)y* =9}
c {(x,y):3x+12y =24, x>0} d y=12x
e {(x,y):y=5-x, x€[0,5]} fy=x>+2, xe[0,4]
g y=3x-2, xe[-1,2] h y=4-x2

i {(xy):y<1—-x}

Which of the following relations are functions? State the domain and range for each.
a {(-1,1),(-1,2),(1,2),(3,4),(2,3)} b {(-2,0),(-1,-1),(0,3),(L,5), (2, -4)}
c {(_1, 1), (_la 2)’ (_2, _2)’ (2’ 4), (4, 6)} d {(_1, 4), (Os 4)1 (ls 4)1 (2s 4)1 (3a 4)}

Which of the following relations are functions? State the domain and range for each.
a{(x,49):xeR} b {2,y):yeZ} c y=-2x+4
d y>3x+2 e {(x,y): x> +y* =16}

Let f(x) = 2x* + 4x and g(x) = 2x> + 2x — 6.
a Evaluate f(-1), f(2), f(-3) and f(2a).
b Evaluate g(—1), g(2), g(3) and g(a — 1).

Consider the function g(x) = 3x% - 2.
a Find g(-2) and g(4).
b Express the following in terms of x:

i g(—2x) il glx-2) iii g(x+2) iv g(x?)

Consider the function f(x) = 2x — 3. Find:

a the image of 3 b the pre-image of 11
c {x: f(x)=4x} d {x: f(x)>x}

Consider the functions g(x) = 6x + 7 and A(x) = 3x — 2. Find:
a {x:g()=h(x)}

b {x:g(x)>h(x)}

c {x:h(x)=0}

Rewrite each of the following using the f: X — Y notation:

a {(x,y):y=2x+3} b {(x,y):3y+4x=12}
c {(x,y):y=2x-3, x>0} dy=x2—9,xeR

e y=5x-3,0<x<2

Sketch the graph of each of the following and state the range of each:

ay=x+1, xe[2,0) b y=—-x+1, xe[2,00)
c y=2x+1, xe[-4,00) d y=3x+2, x€(—00,3)
e y=x+1, x € (—00,3] fy=3x—-1, xe[-2,6]

g y=-3x—-1, xe[-5,-1] h y=5x-1, xe(-2,4)
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11 For f(x) = 2x*> —6x+ 1 and g(x) = 3 - 2x:

a Evaluate f(2), f(-3) and f(-2). b Evaluate g(-2), g(1) and g(-3).
¢ Express the following in terms of a:
i fla) ii fla+2) iii g(—a) iv g(2a)
v f(5-a) vi f(2a) vii g(a) + f(a) viii g(a) — f(a)
12 For f(x) = 3x% + x — 2, find:
a {x:f(x)=0} b {x:f(x)=x} c {x:f(x)=-2}
d {x: f(x)>0} e {x:f(x)>x} f{x:f(x)y<-2}
13  For f(x) = x> + x, find:
a f(=2) b f(2)
¢ f(—a)in terms of a d f(a)+ f(—a) in terms of a
e f(a)— f(—a) in terms of a f f(d®) interms of a

14 For g(x) = 3x — 2, find:

a {x:g(x)=4} b {x:gx) >4} c {x:g(x)=a}
d {x:g(-x)=6) e {x:g(2x) =4} f{x:$=6}

15 Find the value of k for each of the following if f(3) = 3, where:
a f(x)y=kx-1 b f(x)=x*>-k c f(x)=x>+kx+1

d f(o)= ])—z e f(x) = k2 f G0 =1k

16 Find the values of x for which the given functions have the given value:
a f0=5v-4, f=2 b f=" =5  © f0=5 f()=9
4 f0=x+1, f0=2 e [ =0+ D=2, f)=0

Types of functions and implied domains

One-to-one functions

A function is said to be one-to-one if different x-values map to different y-values. That is, a
function f is one-to-one if a # b implies f(a) # f(b), for all a,b € dom f.

An equivalent way to say this is that a function f is one-to-one if f(a) = f(b) implies a = b,
for all a,b € dom f.
The function f(x) = 2x + 1 is one-to-one because
fl@=fb) = 2a+1=2b+1
= 2a=2b
= a=b

The function f(x) = x? is not one-to-one as, for example, f(3) = 9 = f(=3).
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Which of the following functions are one-to-one?
a f=1{2,-3),(4,7),(6,6),(8,10)}

Solution

a The function f is one-to-one as the

second coordinates of all of the ordered

pairs are different.

b ¢=1{1,4),2,5,3,4),47)

b The function g is not one-to-one as the

second coordinates of the ordered pairs

are not all different: g(1) = 4 = g(3).

The vertical-line test can be used to determine whether a relation is a function or not.
Similarly, there is a geometric test that determines whether a function is one-to-one or not.

Horizontal-line test

If a horizontal line can be drawn anywhere on the graph of a function and it only ever
intersects the graph a maximum of once, then the function is one-to-one.

Which of the following functions are one-to-one?

ay=x? b y=2x+1 c f(x)=5
d y=x3 e y=V9—x2 fy=-—
Solution
a y b y (5 y
A A \
y=x? p=2x+1 f9=5
----------------------- i
%) > X 7] > X 0
not one-to-one one-to-one not one-to-one
d ¥ e % f
A A
5 y=\9 —x2
y=x Iﬁ
o =x —3 o] 3

one-to-one not one-to-one one-to-one
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A function that is not one-to-one is many-to-one.

Implied domains

If the domain of a function is not specified, then the domain is the largest subset of R for
which the rule is defined; this is called the implied domain or the maximal domain.

Thus, for the function f(x) = v/x, the implied domain is [0, c0). We write:
[:10,00) 5 R, f(x) = Vx

Find the implied domain and the corresponding range for the functions with rules:

a f(x)=2x-3 bf(x)=ﬁ ¢ fW=Vit6 d fW=VE-2

Solution
a f(x) = 2x — 3 is defined for all x. The implied domain is R. The range is R.

1
b f(x)= (x—z is defined for x # 2. The implied domain is R \ {2}. The range is R*.

_2)

¢ f(x) = Vx + 6is defined for x + 6 > 0, i.e. for x > —6.
Thus the implied domain is [—6, c0). The range is R™ U {0}.

d f(x) = V4 — x2 is defined for 4 — x> > 0, i.e. for x> < 4.
Thus the implied domain is [-2, 2]. The range is [0, 2].

Find the implied domain of the functions with the following rules:

a f)= 7 b g =V5-x

x—3

c h(x) = Vx—-5+V8—x d f(x) = Vx2-Tx+ 12
Solution

a f(x)is defined when 2x — 3 # 0, i.e. when x # 3. Thus the implied domain is R \ {3}.
b g(x)is defined when 5 — x > 0, i.e. when x < 5. Thus the implied domain is (—oo, 5].

¢ h(x)is defined when x —5 > 0and 8 — x > 0, i.e. when x > 5 and x < 8. Thus the
implied domain is [, 8].

d f(x)is defined when y
¥ —Tx+12>0 o y=x2=Tx+12
which is equivalent to
x=-3)(x-4)=>0

Thus f(x) is defined when x > 4 or x < 3.
The implied domain is (—oo, 3] U [4, 00).

S
l\)_
N
N
U]_
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Piecewise-defined functions

Functions which have different rules for different subsets of their domain are called
piecewise-defined functions. They are also known as hybrid functions.

a Sketch the graph of the function f given by:

—x—1 forx<0

f(X)=42x—-1 for0<x<1

1 1
§X+§ for x > 1

b State the range of f.

Solution e Explanation
X
a A m The graph of y = —x — 1 is sketched for x < 0.
Note that when x = 0, y = —1 for this rule.
3
m The graph of y = 2x — 1 is sketched for
21 0 < x < 1. Note that when x =0,y = —1 and
1- when x = 1, y = 1 for this rule.
r 0 r r —>» X m The graph of y = %x + % is sketched for x > 1.
2 -1 ) 1 23 Note that when x = 1, y = 1 for this rule.

b The range is [-1, o).

Note: For this function, the sections of the graph ‘join up’. This is not always the case.

Using the TI-Nspire

m In a Graphs application with the cursor
in the entry line, select the piecewise #1(x)=
function template as shown. (Access the

templates using (=) or > Math $ %P EEE 6 o

Templates.) doo B eo [ Bl Ao o fo fo fo i
m If the domain of the last function piece is o o 378 Co : K]

the remaining subset of R, then leave the
final condition blank and it will autofill

as ‘Else” when you press (enter).

6.67 Ay

71(x)=] =

Create Piecewise Function

Fiecewise Function

rap [{] X

e :
Number of function piece: :E z
e ——
10 N1

10 10

Cancel =x=-1; .Xx<0
flﬁ’) 2:x-1, Osx<1
=11 label
=t X+=,uise
2 2
“6.67 = E “6.67
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(i . )

Using the Casio ClassPad
= In g, open the keyboard and select the © Edit Action Interactive

palette. G| & [ sime |12 | v [ 435 | v n:
m Tap the piecewise template [{85] twice. [=x=1, x<0 4]

. [12:x=1, 0=x<1 I
m Enter the function as shown. 4. 3
E‘Jﬂ-i. ]

Note: If the domain of the last function piece is the
remaining subset of R, then the last domain
box can be left empty.

O‘waqui

‘-'3-5-4-3-2\{1234557‘

-2], Y i
g J

Odd and even functions
0dd functions

An odd function has the property that f(—x) = —f(x). The graph of an odd function has
rotational symmetry with respect to the origin: the graph remains unchanged after rotation of

180° about the origin.

For example, f(x) = x> — xis an » y
odd function, since
A A
f=x) = (=x)’ = (-x)
= +x
= -f(®) Tl o oA T o \1 "
y=fx y=f(=x)
Even functions y
An even function has the property that f(—x) = f(x). The A 5
graph of an even function is symmetrical about the y-axis. y=x-1
For example, f(x) = x*> — 1 is an even function, since
fex) = (~27 - 1 .
= _x2 -1 Q/
= f(x) -1

The properties of odd and even functions often facilitate the sketching of graphs.
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State whether each function is odd or even or neither:

a fx)=x>+17 b
d f(x)= l e
X
Solution
a f(-a)=(-a)’+17 b
— ]
= f(@)
The function is even.
1
d f(—a)=— e
—a
1
T
= ~f(a)

The

function is odd.

Summary 1C

fx) = X+ a2

1
f(x)=m

f(=a) = (-a)* + (-a)’
=a*+d’
= f(a)

The function is even.

fD=—;
but f(1) = -1
and —f(1) = 3

The function is neither
even nor odd.

1C

c f(x)=-2x>+7

f f=X+x+x

c f(-1)=-2(-1®+7=9
but f(I)=-2+7=5
and —f(1) = -5

The function is neither
even nor odd.

f f(-a)
= (=a)’ + (—a)* + (-a)
=—a - a3 —-a
= —f(a)

The function is odd.

m A function f is one-to-one if different x-values map to different y-values. Equivalently,
a function f is one-to-one if f(a) = f(b) implies a = b, for all a,b € dom f.

m Horizontal-line test: If a horizontal line can be drawn anywhere on the graph of a

function and it only ever intersects the graph a maximum of once, then the function is

one-to-one.

m When the domain of a function is not explicitly stated, it is assumed to consist of all

real numbers for which the rule has meaning; this is called the implied domain or the
maximal domain of the function.

m Functions which have different rules for different subsets of their domain are called

piecewise-defined functions.

m A function f is odd if f(—x) = —f(x) for all x in the domain of f.
m A function f is even if f(—x) = f(x) for all x in the domain of f.

1 State which of the following functions are one-to-one:

a {

b {
c {
d {

(2,3).3.4).(5.4),(4,6)}
(1,2),(2,3),(3.4),(4,6)}

(7,-3),(11,5),(6,4),(17,-6), (12, -4)}
(_19 _2)9 (_29 _2)9 (_3a 4)’ (_6a 7)}



1C

Example 11

1C Types of functions and implied domains

2 State which of the following functions are one-to-one:

21

a{(ny:y=x"+2} b {(x,y):y=2x+4) c f(x)=2-x°
1
dy=x x>1 e y=—,x#0 fy=x-1)»>
X
3 Each of the following is the graph of a relation.
a State which are the graph of a function.
b State which are the graph of a one-to-one function.
i y i y iii y
A A A
2 \
di 2
i 0 = 1_\
: > X
o
> 1 2
[0 v \‘ 2 \
iv y v y vi y

-4 4

vii y
A

viii y

— SN

0

4 The graph of the relation { (x,y) : y> = x+ 2, x > =2} is y
A

shown on the right. From this relation, form two functions
and specify the range of each.

DA aaaVAVAN
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Example 12 6

Example 13 8

Example 14 9

10

a Draw the graph of g: R — R, g(x) = x> + 2.
b By restricting the domain of g, form two one-to-one functions that have the same rule
as g.

State the largest possible domain and range for the functions defined by each of the
following rules:

ay=4-x by:\/} cy:x2—2 d y= V16 — x2
1 2

e y=-— fy=4-3x g y=Vx-3
X

Each of the following is the rule of a function. In each case, write down the implied
domain and the range.

ay=3x+2 b y=x-2
1

c f(x)=Vo-2 d g(x) =

x—1

Find the implied domain for each of the following rules:

a f=—5 b f() = V@3
c g(x)=Vx2+3 d h(x)=Vx—-4+ VIl -x
2 _
e f(x):);_i_ll fh)=Ve—x-2
1 x—1
& f0= DTy hh) =12
i f(x)= Vx—3x2 J h(x) = V25— x2

k f(x)=Vx-3+VI2-x
a Sketch the graph of the function
-2x-2, x<0
Jx)=qx-2, 0<x<?2
3x—6, x>2
b What is the range of f?

State the domain and range of the function for which the ¥
graph is shown. A
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11 State the domain and range of the function for which the y
graph is shown.

(4,5)

(1,2)

(_Sa _4)

12 a Sketch the graph of the function with rule
2x+6, O0<x<2
f)=4-x+5 -4<x<0
—4, x< -4

b State the domain and range of the function.

13 a Sketch the graph of the function with rule
2+5 x>0
gx)=45-x, -3<x<0
8, x <=3

b State the range of the function.

14 Given that

1, x>3
fx)=4%
2x, x<3
find:
a f(-4) b f(0) c f(4)

d f(a+3)intermsof a e f(2a) in terms of a f f(a—3)interms of a

15 Given that

f(x):{\/x—l, x> 1

4, x<1
find:
a f(0) b f(3) c f(8)
d f(a+1)in terms of a e f(a—1)intermsof a

16 Sketch the graph of the function

—-x-2, x<-1
x—1

gx) = — -1<x<1

3x-3, x>1
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Example 15

Chapter 1: Functions and relations 1C

17

18

19

Specify the function illustrated by the graph. y

T T T T T > X
NG 2 -10 "2 3 4N

(-2.22) 727

State whether each of the following functions is odd, even or neither:
a f(x)=x* b f(x)=x c f(x)=x*-3x
d f(x) =x*-3x? e f(x)=x -2x° fof(x)=x*-2x

State whether each of the following functions is odd, even or neither:

a f(x)=x>-4 b f(x)=2x*—x? c f(x)=—4x>+7x
d f(x)=%c e f(x)=% f f(x)=3+2x°
gf(x):xz—Sx h f(x)=3* if(x):x4+x2+2

@ Sums and products of functions

The domain of f is denoted by dom f and the domain of g by dom g. Let f and g be
functions such that dom f N dom g # @. The sum, f + g, and the product, fg, as functions

on dom f N dom g are defined by

(f+o@=f)+gx) and  (fx) = f(x)g(x)

The domain of both f + g and fg is the intersection of the domains of f and g, i.e. the values
of x for which both f and g are defined.

Example 16

If f(x) = Vx—2forall x> 2 and g(x) = V4 — x for all x < 4, find:
af+g b (f+2@3) c fg d (f9)3)

Solution
Note that dom f N dom g = [2,4].

(]

(f +9)x) = f(x) + g(x) b (f+23)=V3-2+V4-3
=Vx-2+V4—x =
dom(f +¢g) = [2,4]
(fe)x) = f(x) g(x) d (f9)(3) = V(3 -2)4-3)
=+/(x-2)4-x) =1

dom(fg) = [2,4]
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Addition of ordinates

We have seen that, for two functions f and g, a new function f + g can be defined by
(f +&)(x) = f(x) + g(x)
dom(f + g) = dom f Ndomg

We now look at how to graph the new function f + g. This is a useful graphing technique and
can be combined with other techniques such as finding axis intercepts, stationary points and
asymptotes.

Example 17

Sketch the graphs of f(x) = x + 1 and g(x) = 3 — 2x and hence the graph of (f + g)(x).

Solution
For f(x) = x+ 1 and g(x) = 3 — 2x, we have
(f +8)(x) = f(x) +g(x)
=(x+1)+3B-2x
=4-—x
For example:
(f+8)2) = f(2)+g2)
=3+(-1)=2

i.e. the ordinates are added.

Now check that the same principle applies for X f) g (f + )
other points on the graphs. A table of values 1 0 5 5
can be a useful aid to find points that lie on the . | : 4
graph of y = (f + g)(x). X S 0 X
The table shows that (=1, 5), (0,4), (3, 3) and ; ; | ;
(2,2) lie on the graph of y = (f + g)(x). _
Example 18
Sketch the graph of y = (f + g)(x), where f(x) = vx and g(x) = x.
Solution
The function with rule ‘J:
=(f+2)(x
(f + )0 = VE+x AT,
is defined by the addition of the two _
: 21 .-y =8)
functions f and g. 7
/” ————— = J(X
1 gve_es y=/x)
0 i > X
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Example 16

Chapter 1: Functions and relations 1D

Example 19

Sketch the graph of y = (f — g)(x), where f(x) = x> and g(x) = Vx.

Solution

The function with rule

(f —&)(x) = x —Vx
is defined by the addition of the two
functions f and —g.

The implied domain of f — g is [0, c0).

| 1,-1 .
21 Ve 5m-

Summary 1D

Sum of functions (f + g)(x) = f(x) + g(x), where dom(f + g) = dom f Ndom g

Difference of functions (f — g)(x) = f(x) — g(x), where dom(f — g) = dom f Ndom g

Product of functions (f - g)(x) = f(x) - g(x), where dom(f - g) = dom f Ndom g

Addition of ordinates This technique can be used to help sketch the graph of the
sum of two functions. Key points to consider when sketching y = (f + g)(x):

When f(x) = 0, (f + g)(x) = g(x).

When g(x) = 0, (f + g)(x) = f(x).

If f(x) and g(x) are positive, then (f + g)(x) > g(x) and (f + g)(x) > f(x).
If f(x) and g(x) are negative, then (f + g)(x) < g(x) and (f + g)(x) < f(x).
If f(x) is positive and g(x) is negative, then g(x) < (f + g)(x) < f(x).
Look for values of x for which f(x) + g(x) = 0.

1 For each of the following, find (f + g)(x) and (fg)(x) and state the domain for both
f+gand fg:

a f(x)=3xandg(x)=x+2

b f(x)=1-x?forall x € [-2,2] and g(x) = x* for all x € R*

¢ f(x)=+xandg(x) = %forxe[l,oo)

d f)=xLx>0andg(x) = V4—x,0<x<4
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Example 17 3

Example 18 4

Example 19 9
10

11

12

13

1D Sums and products of functions 27

Functions f, g, h and k are defined by:

i f=x*+1, xeR il glv)=x, xeR
1 1

i A(x)=—, x#0 iv k(x)=—-, x#0
X X

a State which of the above functions are odd and which are even.

b Give the rules for the functions f + h, fh, g +k, gk, f+ g and fg, stating which
are odd and which are even.

Sketch the graphs of f(x) = x + 2 and g(x) = 4 — 3x and hence the graph of (f + g)(x).
Sketch the graph of f: R* U {0} — R, f(x) = v/x + 2x using addition of ordinates.
Sketch the graph of f: [-2,00) — R, f(x) = Vx + 2 + x using addition of ordinates.

Sketch the graph of f: R* U {0} — R, f(x) = —+/x + x using addition of ordinates.
1 1

Sketch the graph of f: R\ {0} — R, f(x) = = + — using addition of ordinates.
X x

For each of the following, sketch the graph of f + g:
a f:[-2,00) >R, f(x)=V2+xandg: R - R, g(x) = -2x
b f:(-00,2] >R, f(x) =V2—-xand g: [-2,00) = R, g(x) = Vx +2

Sketch the graph of y = (f — g)(x), where f(x) = x> and g(x) = Vx.
Sketch the graph of y = (f — g)(x), where f(x) = 2x? and g(x) = 3+/x.

Sketch the graph of f(x) = x> and g(x) = 3x + 2 on the one set of axes and hence, using
addition of ordinates, sketch the graph of y = x> + 3x + 2.

Copy and add the graph of y = (f + g)(x) using addition of ordinates:

a ¥ b ¥
“ y=20) | Jres
2.3) 1. 1) (1, 1)
y=fx) > > X
0 =X (-1,-1) (1,-1)
y=g(x)

For each of the following, sketch the graph of f + g:

a f[:R->R f(x)y=x>andg: R > R, g(x) =3

b f:R—-R, f(x)=x>+2xand g: R" U{0} - R, g(x) = Vx
¢ f:R—>R, f(x)=-x*and g: R* U{0} = R, g(x) = Vx
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Composite functions

A function may be considered to be similar to a INPUT

machine for which the input (domain) is processed E,

to produce an output (range). For example, the

diagram on the right represents an ‘ f-machine’ J-machine :]_@ OUTPUT
where f(x) = 3x +2. fB3)=3x3+2=11

With many processes, more than one machine operation is required to produce an output.

Suppose an output is the result of one INPUT
function being applied after another.

For example: f(x) = 3x+2 f-machine

followed by  g(x) = x*

fB3)=3x3+2=11

This is illustrated on the right.
A new function 4 is formed. The rule f g-machine ]_@

.new unction 152 ormed. The rule for _ OUTPUT
his h(x) = 3x+2)~. g1 =11-=121

The diagram shows f(3) = 11 and then g(11) = 121. This may be written:
h(3) = g(f(3)) = g(11) = 121

The new function 4 is said to be the composition of g with f. This is written 7 = g o f
(read ‘composition of f followed by g’) and the rule for /4 is given by A(x) = g(f(x)).

In the example we have considered:
h(x) = g(f(x))
=gBx+2)
= (3x +2)

In general, for functions f and g such that
ran f C dom g
we define the composite function of g with f by
g0 f(x) = g(f(x)
dom(g o f) = dom f i g

domain of g

domain of f

X

g(f(x))
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Find both f o g and g o f, stating the domain and range of each, where:

fiRoR, f)=2x—1 and g:R >R, g =32

Solution
To determine the existence of a composite function, it Sl Range
is useful to form a table of domains and ranges. P R R* U {0}
We see that f o g is defined since ran g C dom f, and f R R
that g o f is defined since ran f C dom g.
fogx) = f(g(x) go f(x) =g(f(x))

= f(35) =g2x-1)

=2(3x%) - 1 =32x - 1)

= 6x* -1 =122 - 12x+3
dom(fog)=domg =R dom(go f) =dom f =R

ran(f o g) = [-1, o) ran(g o f) = [0, e0)

Note: It can be seen from this example that in general fo g # go f.

Using the TI-Nspire

m Define f(x) = 2x — 1 and g(x) = 3x°. *TI-Nspire
m The rules for f o g and g o f can now be Define f(x)=2- x-1 Done
found using f(g(x)) and g(f(x)).
Define glx)=2- x> Done
Ae() 6 x%-1
S(f(x)) 3 (2 x-1)2

Using the Casio ClassPad

m Define f(x) = 2x — 1 and g(x) = 3x°.

m The rules for f o g and g o f can now be found
using f(g(x)) and g(f(x)).

& Edit Action Interactive

e o Jiaafsm] @ [ [T

Define f(x)=2-x-1 I
done

Define g(x)=3-x2

done

F(g(x))

6ex2-1

g(f(x))

3-(2.x-1)2
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For the functions g(x) = 2x — 1, x € R, and f(x) = vx, x > 0:

a State which of f o g and g o f is defined.

b For the composite function that is defined, state the domain and rule.

Solution
a Range of f C domain of g
Range of g ¢ domain of f

Thus g o f is defined, but f o g is not defined.

b gof(x)=g(f(x)
= g(Vx)
=2yx-1
dom(g o f) = dom f = R* U {0}

For the functions f(x) = x> — I, x € R, and g(x) = vVx, x > 0:

a State why g o f is not defined.

b Define a restriction f* of f such that g o f* is defined, and find g o f*.

Solution
a Range of f ¢ domain of g
Thus g o f is not defined.

Domain Range
g R R
f | R*uU{0} R* U {0}
Domain Range
R [-1, )
g | RTui{o} | RTU{0}

b For g o f* to be defined, we need range of f* C domain of g, i.e. range of f* C R U {0}.

For the range of f* to be a subset of R* U {0}, the
domain of f must be restricted to a subset of

{x:x<-1}U{x:x>1}=R\(-1,1)
So we define f* by
FURVGELD SR, ff)=x -1

Then go f*(x) = g(f*(x))
=g(x* - 1)

=Vx2 -1

dom(go f*) =dom f* =R\ (-1,1)

The composite functionis go f*: R\ (-1,1) > R, go f*(x) = Vx2 -1
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1E Composite functions

Summary 1E

m If range of f € domain of g, the composition g o f is defined and

go f(x) =g(f(x)) with dom(go f) = dom f

m If range of g C domain of f, the composition f o g is defined and

fog() = f(g(x) with dom(f og) = domg

m Ingeneral, fog # go f.

1

For each of the following, find f(g(x)) and g(f(x)):

a f(x)=2x-1, glx)=2x b f(x)=4x+1, g(x) =2x+1
c f(x)=2x-1, glx) =2x-3 d f(x)=2x-1, g(x)=x?

e f(x)=2x>+1, gx)=x-5 f fx)=2x+1, glx)=x°

For the functions f(x) = 2x — 1 and h(x) = 3x + 2, find:

a foh(x) b h(f(x)) c foh(2) d ho f(2)
e f(h(3)) f a(f(=1) g foh0)

For the functions f(x) = x*> + 2x and h(x) = 3x + 1, find:

a foh(x) b ho f(x) ¢ foh@3)

d ho f(3) e foh(0) f ho f(0)

1
For the functions 4: R\ {0} - R, h(x) = = and g: R* - R, g(x) = 3x + 2, find:
X

a hog (state rule and domain) b goh (staterule and domain)
c hog(l) d gohn(l)

Consider the functions f: R — R, f(x) = x> =4 and g: R* U {0} = R, g(x) = V/x.
a State the ranges of f and g. b Find f o g, stating its range.

¢ Explain why g o f does not exist.

Let f and g be functions given by

) 1yl _ . 1
FRAO) R S =51 1) g R\ SR g =
Find:
afog bgof

and state the range in each case.

The functions f and g are defined by f: R — R, f(x) = x> =2 and g: [0,0) — R,
8(x) = Vx.
a Explain why g o f does not exist. b Find f o g and sketch its graph.

31
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10

11

12

fi(=0,3] >R, f(x) =3-xandg: R - R, g(x) = x* -1
a Show that f o g is not defined.
b Define a restriction g* of g such that f o g* is defined and find f o g*.

1
RS R, f(x)=x2andg: R >R, g(x)=3-x
Show that f o g is not defined.

b By suitably restricting the domain of g, obtain a function g; such that f o g is
defined.

~

-]

Let f: R > R, f(x) = x*> and let g: (—o0,3] = R, g(x) = V3 — x. State with reasons
whether:

a f o gexists b go fexists.

Letf:S - R, f(x) = \/m, where S is the set of all real values of x for which f(x)
is defined. Let g: R — R, where g(x) = x> + 1.

a Find S.

b Find the range of f and the range of g.

¢ State whether or not f o g and g o f are defined and give a reason for each assertion.

Let a be a positive number, let f: [2,00) - R, f(x) =a—xandlet g: (—o0,1] - R,
g(x) = x*> + a. Find all values of a for which both f o g and g o f exist.

Inverse functions

If f is a one-to-one function, then for each number y in the range of f there is exactly one

number x in the domain of f such that f(x) = y.

Thus if f is a one-to-one function, a new function f~!, called the inverse of f, may be
defined by:

flx)=yif f()) =x, forxeranfandy e dom f

Note: The function f~! is also a one-to one function, and f is the inverse of f~!.

It is not difficult to see what the relation between f and
! means geometrically. The point (x, y) is on the graph
of £~ if the point (y, x) is on the graph of f. Therefore to
get the graph of f~! from the graph of f, the graph of f is
to be reflected in the line y = x.

From this the following is evident:

dom f~! =ran f
ran f~' = dom f




1F Inverse functions

A function has an inverse function if and only if it is one-to-one. Using the notation for
composition we can write:

fof(x)=x, forallxedomf!
f o f(x)=x, forallxedomf

Find the inverse function f~! of the function f(x) = 2x — 3.

Solution
Method 1 Method 2

The graph of f has equation y = 2x—3 and ~ We require f~! such that
the graph of f~! has equation x = 2y — 3, F(F' ) = x

that is, x and y are interchanged. 2
27 (x) -3 =x

Solve for y: i) = %(x +3)
x=2y-3 Thus f~'(x) = 1(x+3) and
x+3=2y domf_lzranf:R.
y=3(x+3)

Thus f~'(x) = $(x + 3) and
dom f~! =ran f = R.

33

Find the inverse of each of the following functions, stating the domain and range for each:

a f:[-2,1]1 >R, f(x)=2x+3 bg(x):51x’x>5

c hix)=x*-2, x>1

Solution

a f:[-2,11>R, f(x)=2x+3 ¥
ran f~! = dom f = [-2,1] 5!‘

dOl’Ilf_l :ranf= [_1,5] /(1;5)
Let y = 2x + 3. Interchange x and y: y=1(x) 3
x=2y+3

x_3:2y —Zl/é 0] i
x—3 (=2,-1) -1
2

LU -L5I =R, ) =

y:

x—3
2
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b g(x) =

1
, x>5
5-x " J
rang~' = domg = (5, )

Y
=

domg ! =rang = (-0, 0)

1 y=g(x)
Lety= T Interchange x and y:
- X

PR=

5-y=

‘ B

N w | = W

y:

==

1
gl (0,00 5 R, g7\ (x) =5~
X

c h(x)=x>-2, x>1 %

ranh~! = domh = [1, o)
domh™! =ranh = [—1, o) y = h(x)

Let y = x> — 2. Interchange x and y:
x=y-2
Y =x+2
y=+Vx+2
SR [=1,00) S R AN ) = Vx+ 2 5 1/ > X
(1,-1)

The positive square root is taken because of the

known range.

Graphing inverse functions

The transformation which reflects each point in the plane in the line y = x can be described
as ‘interchanging the x- and y-coordinates of each point in the plane’ and can be written as
(x,¥) = (v, x). This is read as ‘the ordered pair (x, y) is mapped to the ordered pair (y, x)’.

Reflecting the graph of a function in the line y = x produces the graph of its inverse relation.

Note that the image in the graph below is not a function.

y

A (x, »)

A -
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If the function is one-to-one, then the image is the graph of a function. (This is because, if the
function satisfies the horizontal-line test, then its reflection will satisfy the vertical-line test.)

1

Find the inverse of the function f: R\ {0} — R, f(x) = — + 3 and sketch both functions on
X

one set of axes, showing the points of intersection of the graphs.

Solution
We use method 2.

Let x € dom f~! = ran f. Then

[ @) =x
1

I=18 +3=x
1 —
i)

1
—1 _
= 3

The inverse function is

FLR\BI SR, 0= ——
x-3

The graphs of f and ! are shown opposite.
The two graphs intersect when

fo) = f(x)

1 1

—4+3=

x+ x—3
3 -9x—-3=0
X=3x-1=0

x=13-Vi3)orx=13+V13)

The points of intersection are

(33 -V13),13-V13)) and (1(3+V13),i(3+ V13))

Note: In this example, the points of intersection of the y
graphs of y = f(x) and y = f~'(x) can also be

L.

>

N
N

found by solving either f(x) = x or f1(x) = x, ,
rather than the more complicated equation .
F) = £ ).

However, there can be points of intersection of 4 > X
the graphs of y = f(x) and y = f~'(x) that do not .
lie on the line y = x, as shown in the diagram ,

opposite. e
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Example 26

Find the inverse of the function with rule f(x) = 3Vx + 2 + 4 and sketch both functions on
one set of axes.

Solution
Consider x = 34/y + 2 + 4 and solve for y:
p ‘)i y=3x+2+4
a 3 \Vy +2 ,
y_(x—4)2_2 (0, 3V2 +4) i
U3 W ol
1 x_4 2 //,
s fw= (50 -2 2.4 7
Z %,—» X
The domain of f‘1 equals the range of f. Thus _ /é 1
q g " y_ic/, 4, 2)_()6__4)2_2
F [4,00) > R, f‘l(x):(x3 ) _2 Y=\

Using the TI-Nspire
m First find the rule for the inverse of y = 3Vx + 2 + 4 by solving the equation

x=34y+2+4fory. )
m Insert a Graphs page and enter f1(x) =3Vx+2+4, f2(x) = % -— == ’ x>4
and f3(x) = x.

*TI-Nspire m 12 B *TI-Nspire

28 Y

solveLr=3- \Iy+2 +4.y)

x2 8x 2
Yym=—————————— and x—4=0
R

e x
-18 12 @

Note: To change the graph label to y =, place the cursor on the plot, press
> Attributes, arrow down to the Label Style and select the desired style using the
arrow keys. The Attributes menu can also be used to change the Line Style.

Using the Casio ClassPad

To find the rule for the inverse of f(x) = 3Vx + 2 + 4: @ Edit Action Interactive

590 Jdx

m In Tfﬂ enter and highlight x = 34y + 2 + 4. “‘-_EI 'ImJ]Si"wai}'[ v ]*-E"- f v FL
solve (x=3-Vy+2+4, y)

{_ﬁ_ﬂ_g
g4 g

m Sclect Interactive > Equation/Inequality > solve
and set the variable as y. Then tap ok.
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To graph the inverse of f(x) = 3Vx+ 2 + 4: @ Edit Zoom Analysis & (X
| EE
m In , enter the rule for the function f in y1. el Ll — — — -
Tick the b d |sheet1 |Sheet2 |Sheet3 |Sheet4 Sheet5 |
m Tick the box and tap . BWyl=3.vxi3+4 =
m Use @ to adjust the window view. (Cy2:0
m To graph the inverse function !, select Analysis |Elvs:
4200
> Sketch > Inverse. ‘ y
v5:0
v6:0
y7i0l
28t%

24
20
16
120

Il

o 4% 12 16 20 24 28 32 =

-4 = E
x=3-(y+2)"(1/2)+4 B | Oy

Example 27

x+4
E
Xpress ——

+4
in the form 4 + ¢. Hence find the inverse of the function f(x) = x—.
x+b x+1

Sketch both functions on the one set of axes.

Solution
x+4 3+x+1 3 +x+1_ 3
x+1 x+1  x+1 x+1 x+1
. 3
Consider x = —— + 1 and solve for y: y
y+1
A
x—1=—3 x=-1 y=x
v+l 0.4
3
y+1:x_1 y=1 (2,2)
-4, 0)
3 (-4, >
y=—- 0 (4.0) ¥
x—1
. . (-2,-2) y=-1
The range of f is R \ {1} and thus the inverse ’
function is (0,-4)
3 =1l
AR SR @ -1 *
x_

Note: The graph of f~! is obtained by reflecting the graph of f in the line y = x.
The two graphs meet where

3
x+1

+1=x, x#-1

i.e. where x = +2. Thus the two graphs meet at the points (2,2) and (-2, -2).
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Example 28

1

Let f be the function given by f(x) = - for x € R \ {0}. Define a suitable restriction g
5%

of f such that g~! exists, and find g

Solution
The function f is not one-to-one. Therefore the y
inverse function f~! is not defined. The following A

restrictions of f are one-to-one:

1
fi:(0,00) > R, fi(x) = 2 Range of f; = (0, o0)

1 >
f21(=00,0) o R, fo(x) = ) Range of f = (0, o) 0 x

Let g be fi and determine fl‘l.

Using method 2, we require fl‘1 such that y
AT @) = x
1
—1 2 =X
(fl (%))
1
) =+—
fi () N
Butran f;! = dom f; = (0, ) and so
1
1
D=
fi () N

1
As dom f;! =ran f; = (0, ), the inverse function is f;': (0,00) - R, f;'(x) = 7
x

Summary 1F

m If £ is a one-to-one function, then a new function f~!, called the inverse of f, may be
defined by

flx)=yif fo)=x, forxeranf, ye dom f

dom f~! =ran f

ran f~! = dom f

fo fl(x) = x, for all x € dom f~!

f~'o f(x) = x, for all x € dom f

The point (x, y) is on the graph of f~! if and only

if the point (y, x) is on the graph of f. Thus the
graph of f~! is the reflection of the graph of f in the
line y = x.
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Exercise 1F

1 Find the inverse function f~! of the function:

a f(x)=2x+3
c f(x)=4x+3

b f(x)=4-3x

2 For each of the following, find the rule for the inverse:

a fRoR, f(x)y=x—4

c f:R—>R,f(x)=34—x

b f:R—->R, f(x) =2x
3x-2
4

d f:R SR, f(x) =

3 For each of the following functions, find the inverse and state its domain and range:

a f:[-2,6] >R, f(x)=2x—-4

c hx)=x>*+2, x>0

e g: (1,00)—)R,g(x):x2—1

1
b g(x)zg_x, x>9

d f:[-3,6] >R, f(x) =5x-2
f h:RY > R, h(x) = Vx

Consider the function g: [—1, ) — R, g(x) = x> + 2x.
a Find g7', stating the domain and range.
b Sketch the graph of g7'.

1

Find the inverse of the function f: R\ {0} — R, f(x) = — — 3. Sketch both functions on
X

one set of axes, showing the points of intersection of the graphs.

Let f: [0,3] = R, f(x) =3 — 2x. Find f~'(2) and the domain of f~!.

For each of the following functions, find the inverse and state its domain and range:

a f:[-1,3] >R, f(x) =2x

c {(1,6),(2,4),(3,8),(5,11)}

e f1R-R, fx)=x+1

g g:[l,o) >R gx)=Vx—1

b f: [0,00)—>R,f(x):2x2—4
d h: R™ > R, h(x) = V=x

f g (-1,3) >R g(x)=(x+1)>
h h:[0,2] > R, h(x) = V4 — x2

8 For each of the following functions, sketch the graph of the function and on the same set

of axes sketch the graph of the inverse function. For each of the functions, state the rule,

domain and range of the inverse. It is advisable to draw in the line with equation y = x

for each set of axes.

ay=2x+4

¢ fi[2,00) =R, f(x) = (x-2)
e f1(-00,2] >R, f(x) = (x-2)

1
g TR R f(0)=35

x2

3 -
b f(0)= 5=

d fi[l,00) =R, f(x) = (x~ 1)

f f:R+—>R,f(x):)lc

h h(x) = %(x— 4)
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9 Find the inverse function of each of the following, and sketch the graph of the inverse

function:
a f:R"U{0} >R, f(x) = Vx+2 bf:R\{3}—>R,f(x)=xi—3

¢ fil2.00) >R f)=Vx-2+4  d er\{2}—>R,f(x):xi_2+1

ef:R\{l}ﬁR,f(x):%—l ffi(=00,2] >R, f(X)=V2—x+1

Example27 10 Find the rule for the inverse of each of the following functions:

1

a fiR\(I} >R fl)= T b f:[2,0) >R, f(x)= Vx—2
2043

¢ [IR\GI SR fW =1

11 Copy each of the following graphs and on the same set of axes draw the inverse of each
of the corresponding functions:

a y by c
A A A
2
> X
©.0) = @D ¢ .
> X
01
d e y f y
A A A
’ (1, 1)
1.1
> X s
o N
. 3 o " L-p/ |00
g y h

|
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12 Match each of the graphs of a, b, ¢ and d with its inverse.

a y b Yy
A
0 ~ 0 ’
c x=-1 7 d y
oA A
1
; =1
1
' - 5 /—> X
_1: 0]
1
1
1
1
1
1
A y B Yy
A [ T
1
1
1
1
1
_/ : - > X
0 : = ON
1
1
1
1
'x=1
C ¥ D y
A
> X
(0]
o > X y=-1

41

13 a Letf: A >R, f(x) = V3 — x. If A is the set of all real values of x for which f(x) is

defined, find A.

Example 28 b Letg: [b,2] = R, g(x) = 1 — x*. If b is the smallest real number such that g has an

inverse function, find » and g‘l(x).

14 Letg: [b,00) — R, where g(x) = x> + 4x. If b is the smallest real number such that g

has an inverse function, find b and g~ (x).

15 Let f: (—o0,a) — R, where f(x) = x> — 6x. If a is the largest real number such that f

has an inverse function, find a and f~'(x).
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1F

16 For each of the following functions, find the inverse function and state its domain:

17

3
18 Let f: S — R be given by f(x) = 2“
X

3
a gx)== b gx)=Vx+2-4 c h(x)=2-+x
X
3 2
d f)=—+1 eh(x):S—? f g = T +2
* (x=6) (x- )3
For each of the following, copy the graph onto a grid and sketch the graph of the inverse
on the same set of axes. In each case, state whether the inverse is or is not a function.
a ¥ b v
A A
31 3
2 2
1+ 1 -
x T T T T T T T ; x
2 3 323701 2 3
N
3
c v d
A A
34 3
21 21 /
14 14
T T T T T T > x 0 ! ! ) T ) I; x
-3 -2 -1 _01 23K 14 1 2 3 4 56
By -2
-3 =31
€ y
44
3 .
2 .
14
T T T T T T T I; x
4324101 2 3
N
-3
—4

a Show that f o f is defined.

-1

b Find f o f(x) and sketch the graph of f o f.

¢ Write down the inverse of f.

, where § =R\ {3}.
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@ Power functions

In this section we look at functions of the form f(x) = x”, where r is a rational number. These
functions are called power functions.

In particular, we look at functions with rules such as

=2t fW=xt fwWe=xt, f@=2 f@ =25, f)=x

2 .
We will not concern ourselves with functions such as f(x) = x3 at this stage, but return to

W=

consider these functions in Chapter 7.

Increasing and decreasing functions

We say a function f is strictly increasing on an interval %
if x, > x; implies f(X2) > f(xl).

For example:

m The graph opposite shows a strictly increasing function.

m A straight line with positive gradient is strictly increasing. ol

m The function f: [0, 00) — R, f(x) = x? is strictly increasing.

We say a function f is strictly decreasing on an interval VA
if x, > x; implies f(x2) < f(x).
For example:

m The graph opposite shows a strictly decreasing function.

m A straight line with negative gradient is strictly decreasing. 0
m The function f: (—o0,0] — R, f(x) = x? is strictly decreasing.

Power functions with positive integer index

We start by considering power functions y
f(x) = x" where n is a positive integer. A

Taking n = 1, 2, 3, we obtain the linear
function f(x) = x, the quadratic function
f(x) = x* and the cubic function f(x) = x>.

We have studied these functions in
Mathematical Methods Units 1 & 2 and

have referred to them in the earlier sections
of this chapter. /

The general shape of the graph of f(x) = x"
depends on whether the index 7 is odd

or even.
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The function f(x) = x” where n is an odd positive integer

The graph has a similar shape to those shown below. The maximal domain is R and the
range is R.

Some properties of f(x) = x" where n is A
an odd positive integer:

® [ is an odd function

f is strictly increasing

[ is one-to-one
F0)=0, f(1) = 1 and f(~1) = ~1

as x — oo, f(x) — oo and

as x — —oo, f(x) —» —oo.

The function f(x) = x” where n is an even positive integer

The graph has a similar shape to those shown below. The maximal domain is R and the
range is R* U {0}.

Some properties of f(x) = x" where n is
an even positive integer:

m fis an even function

[ strictly increasing for x > 0

f is strictly decreasing for x < 0
f(0)=0, f(1) =Tand f(-1) =1

|
|
=
B as x — +oo, f(x) — oo.

Note: The function f is strictly increasing for x € [0, co0) and strictly decreasing for (—oo, 0],

Power functions with negative integer index

Again, the general shape of the graph depends on whether the index 7 is odd or even.

The function f(x) = x” where n is an odd negative integer
Taking n = —1, we obtain %

Fy=x =2
X

The graph of this function is shown on the right.

The graphs of functions of this type are all similar
to this one.

In general, we consider the functions

f:R\{0} >R, f(x) = x*fork=1,3,5,...

m the maximal domain is R \ {0} and the range is R \ {0}
m fis an odd function

m there is a horizontal asymptote with equation y = 0

[

there is a vertical asymptote with equation x = 0.
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Example 29

For the function f with rule f(x) = isz
a State the maximal domain and thz corresponding range.
b Evaluate each of the following:

i f@ i f-2) i A v fD)

¢ Sketch the graph without using your calculator.

Solution
a The maximal domain is R \ {0} and the range is R \ {O}.

. 1 1
b i f(2) = f = ﬁ C y
1 1 12 bl zLS
S () = _ T 3%
il f(-2) 27 »
8 4
1
iii f)=——=32
z OGP (1,1
1 12
iv f(-1)= =-32
-5y
Example 30
Let f: R\ {0} > R, f(x) =x'and g: R\ {0} - R, g(x) = x>.
a Find the values of x for which f(x) = g(x).
b Sketch the graphs of y = f(x) and y = g(x) on the one set of axes.
Solution
a f(x) =g b y
xl=x3 A Ax) _1

o = =
I

%, —
-

\:—‘

—

N

_ e > X
x =1 0 /
x=1lorx=-1 (-1,-1) 1
gx) =7
X
Note: 1 | |
Ifx>1,thenx3>xandso—>—3. If0<x<1,thenx3<xandso—<—3.
X X X X
3 1 1 s 1
If x < —1,then x> < xand so — < —. If -1 <x<0,then x> > xand so — > —.
x X x X3

45
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The function f(x) = x” where n is an even negative integer

Taking n = —2, we obtain %
1
f)=x7= =2

The graph of this function is shown on the right.
The graphs of functions of this type are all similar
to this one.

In general, we consider the functions > X

f:iR\{0} = R, f(x) = x*fork =2,4,6,...

m the maximal domain R \ {0} and the range is R*

m fis an even function

m there is a horizontal asymptote with equationy = 0
[

there is a vertical asymptote with equation x = 0.

1
The function f(x) = xn where n is a positive integer

1
Let a be a positive real number and let n € N. Then a» is defined to be the nth root of a.
L . . o 1
That is, ar is the positive number whose nth power is a. We can also write this as an = {/a.
1 .
For example: 92 = 3, since 32=09.

|
We define 0= = 0, for each natural number #n, since 0" = 0.

1
Ifnis odd then we can also define a» when a is negative. If a is negatlve and n is odd,

define an to be the number whose nth power is a. For example: (—8) 3 =-2,as(-2)> = -8.
In all three cases we can write:
1

1 . I\n
an ={fa with (an) =a

1
In particular, x2 = v/x.

1
Let f(x) = xn. When 7 is even the maximal domain is R* U {0} and when 7 is odd the

1 1
maximal domain is R. The graphs of f(x) = vx = x2 and f(x) = v/x = x3 are as shown.

Y
A 3 y




1G Power functions 47

1 1
Let f: R > R, f(x) =x3 and g: RT U {0} - R, g(x) = x2.

a Find the values of x for which f(x) = g(x).

b Sketch the graphs of y = f(x) and y = g(x) on the one set of axes.

Solution
a J(x) =g(x) b
[ 2
x3 = x2
1 1
x3 —x2 =0 1
1 1
x3(1—x6):0
1 T T
x=0or 1-x6=0 -2 -1 0
x=0or x=1 %

Inverses of power functions

We prove the following result in the special case when n = 5. The general proof is similar.
If n is an odd positive integer, then f(x) = x" is strictly increasing for R.

Proof Let f(x) = x> and let a > b. To show that f(a) > f(b), we consider five cases.
Case l:a > b >0 We have
fl@-fb)y=a’ -0
= (a - b)(a* +a’b + d°b* + ab® + b*)  (Show by expanding.)

Since a > b, we have a — b > 0. Since we are assuming that a and b are positive in this
case, all the terms of a* + a’b + a>b* + ab® + b* are positive. Therefore f(a) — f(b) > 0
and so f(a) > f(b).

Case 2: a > 0and b < 0 In this case, we have f(a) = a®> > 0 and f(b) = b <0
(an odd power of a negative number). Thus f(a) > f(b).

Case 3:a=0and b <0 We have f(a) =0 and f(b) < 0. Thus f(a) > f(b).
Case4:b =0anda >0 We have f(a) > 0and f(b) = 0. Thus f(a) > f(b).

Case 5:0>a>b Leta =—cand b = —d, where c and d are positive. Then a > b
implies —c > —d and so ¢ < d. Hence f(c) < f(d) by Case 1 and thus f(—a) < f(-b).
But f is an odd function and so —f(a) < —f(b). Finally, we have f(a) > f(b).

Note: For the general proof, use the identity
a'—=b'=@@-b)a@ ' +ad" b+ a0+ -+ a2V +ab"r + b
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If f is a strictly increasing function on R, then it is a one-to-one function and so has an
inverse. Thus f(x) = x" has an inverse function, where # is an odd positive integer.

Similar results can be achieved for restrictions of functions with rules f(x) = x", where n is
an even positive integer. For example, g: R* U {0} — R, g(x) = x° is a strictly increasing
function and #: R~ U {0} — R, h(x) = x° is a strictly decreasing function. In both cases, these
restricted functions are one-to-one.

If f is an odd one-to-one function, then f~! is also an odd function.

Proof Let x € dom f~' and lety = f~'(x). Then f(y) = x. Since f is an odd function, we
have f(—y) = —x, which implies that f~'(-x) = —y. Hence f~'(-x) = —f~!(x).

1 .
By this result we see that, if n is odd, then f(x) = x» is an odd function. It can also be shown
that, if f is a strictly increasing function, then f~! is strictly increasing.

Find the inverse of each of the following functions:

a f:R-R, f(x)=x b f:(-,0] - R, f(x) =x*
¢ f:R->R, f(x) = 8x° d f:(1,00) > R, f(x) = 64x°
Solution
a f:R-oR, f(x)=x b f:(-,0] = R, f(x) = x*
Write y = x°. Interchange x and y and Note that f has range [0, c0). Therefore
then solve for y: f‘1 has domain [0, co) and range (—oo, 0].
x=y° Write y = x*. Interchange x and y and

then solve for y:

=

X

y 4

X=Yy

Bl

1
Thus f1: R > R, f~'(x) = x5

y=+x

Thus f~': [0,00) = R, f~'(x) = —xi

c f:R-oR, f(x) = 8x° d f:(1,0) = R, f(x) = 64x°
Write y = 8x°. Interchange x and y and Note that f has range (64, o). Therefore
then solve for y: 7! has domain (64, ) and range (1, c0).
x =8y Write y = 64x5. Interchange x and y and
Ao x then solve for y:
8 x = 64y°
11 6_ *
y= 5% YT 64
1 1 11 1 1
Thus f7: R >R, f (x)=§x3 y=i§x6
11
Thus f~': (64,00) - R, f~1(x) = §x6
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Summary 1G

A function f is strictly increasing on an interval if x, > x; implies f(x2) > f(x1).
A function f is strictly decreasing on an interval if x, > x; implies f(x;) < f(x;).
A power function is a function f with rule f(x) = x", where r is a rational number.

For a power function f(x) = x", where n is a non-zero integer, the general shape of the
graph depends on whether 7 is positive or negative and whether 7 is even or odd:

1

2

Even positive 0Odd positive Even negative 0dd negative
S =x* ) =x fx)=x7? [ =x73
y Y Y
" A A A
| 0 ~ 0 ~
> X
o 0 X
1
For a power function f(x) = xn, where Even 0dd
n is a positive integer, the general % %
shape of the graph depends on whether 6= ) =
n is even or odd: y y
|
> X

Ol

For the function f with rule f(x) = é:
a State the maximal domain and the corresponding range.
b Evaluate each of the following:

i f(2) i f(=2) i f(3) v f(=3)

¢ Sketch the graph without using your calculator.

For each of the following, state whether the function is odd, even or neither:

a f(x)=2x b f(x)=x>+3 c f(x)= x%
1 1
d f() =~ e f()=5 fr) =
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Example30. 3 Let f: R\ {0} = R, f(x) =x2andg: R\ {0} = R, g(x) = x*.
a Find the values of x for which f(x) = g(x).
b Sketch the graphs of y = f(x) and y = g(x) on the one set of axes.

1 1
Example31 4 Let f:R >R, f(x)=x3 and g: R" U {0} - R, g(x) = x4.

a Find the values of x for which f(x) = g(x).

b Sketch the graphs of y = f(x) and y = g(x) on the one set of axes.

Example 32 5
Find the inverse of each of the following functions:
a f:R-R, f(x)=x'
b f:(-,0] 5 R, f(x) = x°
c f:R—-R, f(x)=27x
d f:(1,00) > R, f(x) = 16x*

m Applications of functions

In this section we use function notation in the solution of some problems.

The cost of a taxi trip in a particular city is $1.75 up to and including 1 km. After | km the
passenger pays an additional 75 cents per kilometre. Find the function f which describes
this method of payment and sketch the graph of y = f(x).

Solution

Let x denote the length of the trip in kilometres. %
Then the cost in dollars is given by

1.75 forO<x<1
fx) =
1.75+0.75(x - 1) forx>1
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A rectangular piece of cardboard has dimensions ~<——24cm—>

18 cm by 24 cm. Four squares each x cm : xi :
by x cm are cut from the corners. An open box is | -4 ________"¥_ A
| |
formed by folding up the flaps. ! =X
| |
Find a function V which gives the volume of the ! 1 |18cm
box in terms of x, and state the domain of the | |
function. = - -:r ——————————————— 1:- -—1
| |
Solution
The dimensions of the box will be 24 — 2x, 18 — 2x and x.
Thus the volume of the box is determined by the function
V(x) = (24 — 2x)(18 — 2x)x
For the box to be formed:
24-2x>0 and 18-2x>0 and x>0
Therefore x < 12 and x < 9 and x > 0. The domain of V is [0, 9].
o . . A
A rectangle is inscribed in an isosceles triangle
with the dimensions as shown.
Find an area-of-the-rectangle function and state 15 cm 15 cm
the domain.
B <«——18cm———> c
Solution
Let the height of the rectangle be y cm and the A
width 2x cm. \
The height (A cm) of the triangle can be determined
by Pythagoras’ theorem: 15 cm 15 em
h=v152-92 =12 h I
B D C

- Qx>
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Example 33

Example 34

Chapter 1: Functions and relations

In the diagram opposite, the triangle AY X is similar
to the triangle ABD. Therefore

x 12—y
9 12
12x
=X =12 =
9 y
12x
=12- —
Y 9
The area of the rectangle is A = 2xy, and so
12x 24x
A(x) = 2 (12——):—9—
(x) =2x 9 9 (9-x)
For the rectangle to be formed, we need

12
x>0 and 12—Tx>0

x>0 and x<9

1H

24
The domain is [0, 9], and so the functionis A: [0,9] — R, A(x) = Tx(9 - X)

1 The cost of a taxi trip in a particular city is $4.00 up to and including 2 km. After

2 km the passenger pays an additional $2.00 per kilometre. Find the function f which

describes this method of payment and sketch the graph of y = f(x), where x is the

number of kilometres travelled. (Use a continuous model.)

2 A rectangular piece of cardboard has dimensions 20 cm by 36 cm. Four squares each

x cm by x cm are cut from the corners. An open box is formed by folding up the flaps.

Find a function V which gives the volume of the box in terms of x, and state the domain

for the function.

3 The dimensions of an enclosure are shown. The
perimeter of the enclosure is 160 m.

a Find a rule for the area, A m2, of the enclosure in

terms of x.
b State a suitable domain of the function A(x).

¢ Sketch the graph of A against x.

d Find the maximum possible area of the enclosure

and state the corresponding values of x and y.

ym
L]
.
||
12m
20m
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Example 35

5

1H Applications of functions 53

A cuboid tank is open at the top and the internal
dimensions of its base are x m and 2x m. The height

is h m. The volume of the tank is V m3 and the

I —— —_————

volume is fixed. Let S m? denote the internal surface e X m
area of the tank. 2xm

a Find S in terms of:

i xandh

il Vandux
b State the maximal domain for the function defined by the rule in part a ii.
¢ If2 < x < 15, find the maximum value of S if V = 1000 m?.

A rectangle ABCD is inscribed in a circle of radius a. Find

A

an area-of-the-rectangle function and state the domain.

6
Let f: [0,6] = R, =—.
et fr[0.6] >R, f(0) = — y
Rectangle OBCD is formed so that the A

coordinates of C are (a, f(a)).

a Find an expression for the area-of-rectangle
function A.

b State the implied domain and range of A.

¢ State the maximum value of A(x) for
x € [0,6].

d Sketch the graph of y = A(x) for x € [0, 6].

Y
=

0

o)

A man walks at a speed of 2 km/h for 45 minutes and then runs at 4 km/h for
30 minutes. Let S km be the distance the man has travelled after r minutes. The distance
travelled can be described by

at if0<t<c
S@) =
bt+d ifc<t<e

a Find the values a, b, ¢, d, e.
b Sketch the graph of S (¢) against 7.
¢ State the range of the function.
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Chapter summary

Relations
= A relation is a set of ordered pairs.
= The domain is the set of all the first coordinates of the ordered pairs in the relation.

= The range is the set of all the second coordinates of the ordered pairs in the relation.

Functions
= A function is a relation such that no two ordered pairs in the relation have the same first
coordinate.

m For each x in the domain of a function f, there is a unique element y in the range such
that (x,y) € f. The element y is called the image of x under f or the value of f at x and is
denoted by f(x).

= When the domain of a function is not explicitly stated, it is assumed to consist of all
real numbers for which the rule has meaning; this is called the implied domain or the
maximal domain of the function.
m For a function f, the domain is denoted by dom f and the range by ran f.
m Let f and g be functions such that dom f N dom g # @. Then the sum, f + g, and the
product, fg, as functions on dom f N dom g are defined by
(f+8) = f()+gx) and (fg)x) = f(x)-g(x)

= The composition of functions f and g is denoted by f o g. The rule is given by

foglx) = f(gx)
The domain of f o g is the domain of g. The composition f o g is defined only if the range

of g is a subset of the domain of f.

One-to-one functions and inverses
= A function f is said to be one-to-one if a # b implies f(a) # f(b), for all a,b € dom f.

= If f is a one-to-one function, then a new function f~!, called the inverse of f, may be
defined by

flix) =y if f(y) =x, forxeranf, ye dom f
= For a one-to-one function f and its inverse f':
dom f~! =ran f
ran f~' = dom f
Types of functions

A function f is odd if f(—x) = —f(x) for all x in the domain of f.
A function f is even if f(—x) = f(x) for all x in the domain of f.

A function f is strictly increasing on an interval if x, > x; implies f(x2) > f(x).

A function f is strictly decreasing on an interval if x, > x; implies f(x2) < f(x).

A power function is a function f with rule f(x) = x”, where r is a rational number.
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m For a power function f(x) = x", where n is a non-zero integer, the general shape of the
graph depends on whether # is positive or negative and whether 7 is even or odd:

Even positive 0dd positive Even negative 0dd negative
) = f)=x S =x7? [ =x7?
¥y Y y
Y \ A A k
| @ b 0 > X
> X
[9) 0 *
1
m For a power function f(x) = xn, where n Even odd
is a positive integer, the general shape of 1 1
- Jf(x) = x2 f(x) = x3
the graph depends on whether 7 is even
or odd: y y
.

> X

ol

Technology-free questions

1 Sketch the graph of each of the following relations and state the implied domain and

range:
a f)=x>+1 b f(x)=2x-6 c {(x,y):x*+y> =25}
d {(y)yz2x+1} e {(xy:y<x-3}
2 For the function g: [0,5] = R, g(x) = X ; 3:
a Sketch the graph of y = g(x). b State the range of g.
¢ Find g7!, stating the domain and range of g~!.
d Find{x:g(x)=4}. e Find {x: g '(x)=4).
3 For g(x) =5x+ 1, find:
1
a {x:gx)=2} b {x:g7'(x) =2} c{x:—=2}
g(x)

4 Sketch the graph of the function f for which
x+1 forx>2
f)={x*-1 for0<x<?2
-x>  forx<0
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5 Find the implied domain for each of the following:

1 1 1
IW=5Tg T ES © M= e
d h(x) = V25 -x2 e f(x)=Vx—-5+VI5-x f h(x):ﬁ

6 For f(x) = (x+2)* and g(x) = x — 3, find (f + g)(x) and (fg)(x).
7 Forf:[1,5] >R, f(x)=(x—1)?andg: R = R, g(x) = 2x, find f + g and fg.
8 For f:[3,00) > R, f(x) =x>—1, find f".

9 For f(x) = 2x + 3 and g(x) = —x2, find:
a (f+2Kx) b (fg)(x) c {x:(f+8x) =0}
10 Let f: (—00,2] = R, f(x) = 3x — 4. On the one set of axes, sketch the graphs of
y=f(x)andy=f"(x).

11 Find the inverse of each of the following functions:
a f:R->R, f(x)=8x° b f:(=,0] = R, f(x) = 32x°
¢ f:[0,00) = R, f(x) = 64x° d f:(1,0) = R, f(x) = 10 000x*
12 For f(x) = 2x + 3 and g(x) = —x°, find:
a fogy) b go f(x) c gog) d fof(x
e fo(f+gW F fo(f-8x) g fo(f -9

13 If the function f has the rule f(x) = Vx% — 16 and the function g has rule g(x) = x + 5,
find the largest domain for g such that f o g is defined.

14  For the function & with rule i(x) = 2x° + 64, find the rule for the inverse function 42~

Multiple-choice questions

1 For the function with rule f(x) = V6 — 2x, which of the following is the maximal
domain?

A (—o0,6] B [3,) C (—,6] D (3,) E (—o0,3]

2 For f: [-1,3) = R, f(x) = —x?, the range is
A R B (-9,0] C (—00,0] D (-9,-1] E [-9,0]

3 For f(x) = 3x* + 2x, fQa) =
A 204> + 4a B 64+ 2a C 64+ 4a D 36a* + 4a E 12a% + 4a

4 For f(x)=2x-3, f'(x) =

1 1 3
A 2x+3 B §X+3 C §X+§ D r_3 5
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For f: (a,b] — R, f(x) = 10 — x where a < b, the range is
A (10-a,10-0b) B (10-a,10-5] C (10-b,10-0a)
D (10-b,10 - d] E [10-b,10-a)

For the function with rule
2+5 x>3
Sx) =
-x+6 x<3

the value of f(a + 3), where a is a negative real number, is

57

A d2+6a+14 B —a+9 C —-a+3 D &2+14 E a>+8a+8

Which one of the following sets is a possible domain for the function with rule
f(x) = (x + 3)?> — 6 if the inverse function is to exist?

A R B [-6,) C (-o0,3] D [6,c0) E (-00,0)
For which one of the following functions does an inverse function not exist?
A f:RSR, f(x)=2x-4 B g:[-4,4] > R, gx) = V16 — x2
1 1
c h:[(),oo)—>R,h(x)=—§x2 D p:R* =R, p(x) = =
X
EgR-R gx)=2x-5
y
The graph of the function f is shown on the right. | A
)
I\ 24
Which one of the following is most likely to be the graph of |
the inverse function of f? i — X
21 O 2
-2
!
A y . y ¢ y
A . A : A
i 2 :k
I
2 )] S R
! . . > X !
. 2 N2 | N
T 3] T - I 0 —> X
-2 2 == ST =21 2
- 1
24 |2
I
£ y
A
2
0 —> X
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10

11

12

13

14

15

16

17

The maximal domain and range of f(x) = 2x_+11 are
A R\ {0}, R\ {2} B R\{l}, R\{-2} C R\{l}, R\ {2}
D R\ {2}, R\{I} E R\{-2}, R\{-1}

If f(x) = 3x? and g(x) = 2x + 1, then f(g(a)) is equal to
A 124> +3 B 124>+ 12a +3 C 6a*+1
D 6a*+4 E 4a® +4a+1

The range of the function f: [-2,4) — R, f(x) = x> + 2x — 6 is

AR B (-3,18] C (-6,18) D [0,6] E [-7,18)
Which of the following functions is strictly increasing on the interval (—co, —1]?
1
A f)=x B flx)=x* C fx)=x5
D f(x)=V4—-x E f(x)=-x

Iff: (-1,00) > R, f(x) = Vx+ land g: (—0,4] - R, g(x) = V4 — x, then the
maximal domain of the function f + g is

AR B (—co,-1) C (-1,4] D (-1,0) E [-4,1)

If f: (2,00) = R, f(x) = V2x + 3, then the inverse function is

A fi (V1,00 SR, f(x) = ? B f:(7,00) >R, fT(x) = 3—3

C 1 (W7,0) > R, f1(x) = x22+3 D f':(7,0) >R, flx) = #
2 _

E ) R =

The linear function f: D — R, f(x) =5 — x has range [-2, 3). The domain D is

A [-7,2) B (2,7] CR D [-2,7) E [2,7)

1
The function g: R\ {3} — R, where g(x) = 3 + 2, has an inverse g~'. The rule and
X

domain of g~! are

1
A gl = —5+3 domg™' =R\ {2}

1
B g_l(X) = m + 3, domg_l =R \ {3}

1
-1 = —_— _1:
C g'(x)= P 3, domg R\ {2}
-1
-1 = — = _1:
D g (x)_x+2 3, domg R\ {3}

1
E g_l(X) = m + 3, domg'l =R \ {—3}
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Let f: R\{2,11} = R, f(x) =

2
and g : R\ {5} — R, g(x) = 3x The graphs of

x-2
vy = f(g(x)) and y = g(f((x)) interesct at the point with coordinates (a, b). The sum a + b
is equal to
1 1 23 11
A - B 2 c — D -== E -—
2 12 2 3

The graphs of y = f(x) and y = g(x) are as
shown on the right.

Which one of the following best represents the
graph of y = f(g(x))?

Y =g(x)

3
Let g(x) = m — 2. The equations of the asymptotes of the inverse function g~! are
X
Ax=-2y=1 B x=-2y=-1 Cx=1y=-2
D x=-1,y=-2 Ex=2y=-1
The equations of the vertical and horizontal asymptotes of the graph with equation

(x+3)*
A x=3 y=-5 B x=-5 y=-3 C x=-3,y=-5

y = —5are
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D x=-2,y=-5 Ex=-3y=5
22 Which one of the following functions does not have an inverse function?
A f:]0,00) > R, f(x) = (x - 2)° B fiR—-R, f(x)=x
1
C f:[-33]>R, f(x)=V9—x D f:R->R, f(x)=x3+4

Ef:R->R, f(x) =3x+7

23 A function with rule f(x) = % can be defined on different domains. Which one of the
following does not give the correct range for the given domain?
A dom f =[-1,-0.5], ran f = [1,16]
B dom f =[-0.5,0.5] \ {0}, ran f = [16, o)
C dom f =(-0.5,0.5)\ {0}, ran f = (16, c0)
D dom f =[-0.5,1]\ {0}, ran f = [1, 16]
E dom f =[0.5,1), ran f = (1,16]

Extended-response questions

1 Self-Travel, a car rental firm, has two methods of charging for car rental:
Method 1 $64 per day + 25 cents per kilometre
Method 2 $89 per day with unlimited travel.

a Write a rule for each method if x kilometres per day are travelled and the cost in
dollars is C| using method 1 and C; using method 2.
b Draw the graph of each, using the same axes.

¢ Determine, from the graph, the distance that must be travelled per day if method 2 is
cheaper than method 1.

2 Express the total surface area, S, of a cube as a function of:

a the length x of an edge b the volume V of the cube.

3  Express the area, A, of an equilateral triangle as a function of:

a the length s of each side b the altitude A.

4  The base of a 3 m ladder leaning against a wall is x metres from the wall.
a Express the distance, d, from the top of the ladder to the ground as a function of x
and sketch the graph of the function.

b State the domain and range of the function.

5 A car travels half the distance of a journey at an average speed of 80 km/h and half at
an average speed of x km/h. Define a function, S, which gives the average speed for the
total journey as a function of x.
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A cylinder is inscribed in a sphere with a radius of
length 6 cm.

a Define a function, V|, which gives the volume of
the cylinder as a function of its height, 4. (State
the rule and domain.)
b Define a function, V,, which gives the volume
of the cylinder as a function of the radius of the -
cylinder, r. (State the rule and domain.)

- =—>

Let f: R —» Rand g: R = R, where f(x) = x+ 1 and g(x) = 2 + x°.
a State why g o f exists and find g o f(x).
b State why (g o f)~! exists and find (g o £)~!(10).

A function f is defined as follows:
x> —4 forx € (—00,2)
fo) =
X for x € [2, )

a Sketch the graph of f.
b Find the value of:

(=D LAVAE))
¢ Given g: § — R where g(x) = f(x), find the largest set S such that the inverse of g
exists and —1 € §.

d If h(x) = 2, find f(A(x)) and h(f(x)).

Find the rule for the area, A(7), enclosed by the graph of the function
3x, 0<x<1
fxo) =
3, x>1
the x-axis, the y-axis and the vertical line x = ¢ (for # > 0). State the domain and range

of the function A.

Two taxi services use the following different systems for charging for a journey:
Speedy Taxi Initial charge of $12, plus a charge of 35 cents for each 200 m travelled

Thrifty Taxi  Flat fee of $30 for travelling up to 24 km, plus a charge of $1.50 for
each kilometre travelled beyond 24 km

a Let S(d) be the cost (in dollars) of a journey of d km in a Speedy Taxi. Show that
S(d)=175d +12 ford >0
b Let T(d) be the cost (in dollars) of a journey of d km in a Thrifty Taxi. Show that
30 forO0<d<24
T(d) =
1.5d -6 ford>?24

¢ On the same coordinate axes, sketch graphs to represent S (d) and 7T(d).
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11

12

13

14

d Find the cost of a journey of:
i 17 km in a Speedy Taxi
ii 15 km in a Thrifty Taxi
e Karen wants to travel a distance of 45 km. Which taxi service will be cheaper?

f Find the distances for which a Thrifty Taxi is the cheaper option.

ax+b
cx+d

—d
Let f: R\ {—} SR, fx) =
c
a Find the inverse function f~'.
b Find the inverse function when:
ifa=3,b=2 c¢c=3,d=1 ita=3,b=2,¢c=2,d=-3
iiia=1,b=-1,c=-1, d=-1 iva=-1,b=1,c=1,d=1

¢ Determine the possible values of a, b, c and d if f = .

The radius of the incircle of the right-angled triangle ABC is r cm. C
a Find:
i YBinterms of r
it ZBinterms of r
iii AZ in terms of r and x
iv CY
b Use the geometric results CY = CX and

AX = AZ to find an expression for r in terms

of x.
¢ i Find r when x = 4.

it Find x when r = 0.5.
d Use a CAS calculator to investigate the possible values r can take.

+
Let f(x) = LJrq where x € R\ {-r, r}.
X+r

-]

If f(x) = f(—x) for all x, show that f(x) = p for x e R\ {-r,r}.
If f(—x) = —f(x) for x # 0, find the rule for f(x) in terms of ¢.
Ifp=3,g=8andr=-3:

i find the inverse function of f

ii find the values of x for which f(x) = x.

0o

x+1
Let f()C) = m

i Find f(2), f(f(2)) and f(f(f(2))).
ii Find f(f(x)).

3
Let f(x) = i— Find f(f(x)) and f(f(f(x))).

+1

-]

-3




Coordinate geometry

Objectives

» To revise:

>

>
>
>
>
>
>
>

methods for solving linear equations

methods for solving simultaneous linear equations

finding the distance between two points

finding the midpoint of a line segment

calculating the gradient of a straight line

interpreting and using different forms of the equation of a straight line
finding the angle of slope of a straight line

determining the gradient of a line perpendicular to a given line

> To apply a knowledge of linear functions to solving problems.

\ T h
Much of the material presented in this chapter has been covered in earlier years. The chapter
provides a framework for revision with worked examples and practice exercises.

There is also a section on the solution of simultaneous linear equations with more than two

variables. The use of a CAS calculator to solve such systems of equations is emphasised.
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m Linear equations

This section contains exercises in linear equations. The worded problems provide an
opportunity to practise the important skill of going from a problem expressed in English to a
mathematical formulation of the problem.

Summary 2A
® An equation is solved by finding the value or values of the variables that would make
the statement true.
m A linear equation is one in which the variable is to the first power.
m There are often several different ways to solve a linear equation. The following steps
provide some suggestions:
e Expand brackets and, if the equation involves fractions, multiply through by the
lowest common denominator of the terms.
e Group all of the terms containing a variable on one side of the equation and the
terms without the variable on the other side.
m Steps for solving a word problem with a linear equation:
e Read the question carefully and write down the known information clearly.
o Identify the unknown quantity that is to be found.
e Assign a variable to this quantity.

e Form an expression in terms of x (or the variable being used) and use the other
relevant information to form the equation.

e Solve the equation.

e Write a sentence answering the initial question.

Skill-
sheet

1 Solve the following linear equations:

a3x—4=2x+6 b 8x-4=3x+1 c 32-x)-43-2x) =14
3x 2 3
d —-4=17 6-3y=5y-62 f ==
4 e oTayEy -1 7
2x—-1  x+1 h 2(0x-1) x+4 5
3 4 3 2 6
4 1 4— 1
i4y_3y+ +_=5( y) i X+ =§
2 3 3 2x—-1 4
2 Solve each of the following pairs of simultaneous linear equations:
a x—4=y b 9x+4y=13 c 7x=18+3y
4y —2x =38 2x+y=2 2x+ 5y =11
d 5x+3y=13 e 19x+17y=0 f§+§:5
Tx+2y =16 2x—-y =153 x—y=4
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The length of a rectangle is 4 cm more than the width. If the length were to be
decreased by 5 cm and the width decreased by 2 cm, the perimeter would be 18 cm.
Calculate the dimensions of the rectangle.

In a basketball game, a field goal scores two points and a free throw scores one point.
John scored 11 points and David 19 points. David scored the same number of free
throws as John, but twice as many field goals. How many field goals did each score?

The weekly wage, $w, of a sales assistant consists of a fixed amount of $800 and then
$20 for each unit he sells.

a If he sells n units a week, find a rule for his weekly wage, w, in terms of the number
of units sold.

b Find his wage if he sells 30 units.

¢ How many units does he sell if his weekly wage is $1620?

Water flows into a tank at a rate of 15 litres per minute. At the beginning, the tank
contained 250 litres.

a Write an expression for the volume, V litres, of water in the tank at time ¢ minutes.
b How many litres of water are there in the tank after an hour?

¢ The tank has a capacity of 5000 litres. How long does it take to fill?

A tank contains 10 000 litres of water. Water flows out at a rate of 10 litres per minute.
a Write an expression for the volume, V litres, of water in the tank at time ¢ minutes.
b How many litres of water are there in the tank after an hour?

¢ How long does it take for the tank to empty?

An aircraft, used for fire spotting, flies from its base to locate a fire at an unknown
distance, x km away. It travels straight to the fire and back, averaging 240 km/h for the
outward trip and 320 km/h for the return trip. If the plane was away for 35 minutes, find
the distance, x km.

A group of hikers is to travel x km by bus at an average speed of 48 km/h to an
unknown destination. They then plan to walk back along the same route at an average
speed of 4.8 km/h and to arrive back 24 hours after setting out in the bus. If they allow
2 hours for lunch and rest, how far must the bus take them?

The cost of hiring diving equipment is $100 plus $25 per hour.

a Write a rule which gives the total charge, $C, of hiring the equipment for ¢ hours
(assume that parts of hours are paid for proportionately).

b Find the cost of hiring the equipment for:
i 2hours ii 2 hours 30 minutes

¢ For how many hours can the equipment be hired if the following amounts are
available?

i $375 ii $400
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m Linear literal equations and simultaneous linear

literal equations

A literal equation in x is an equation whose solution will be expressed in terms of
pronumerals rather than numbers.

For the equation 2x 4+ 5 = 7, the solution is the number 1.
c—b
e
Literal equations are solved in the same way as numerical equations. Essentially, the literal
equation is transposed to make x the subject.

Solve the following for x:

For the literal equation ax + b = c, the solution is x =

apx—q=r b ax+b=cx+d c gzz—bx+c
Solution
a px—qg=r b ax+b=cx+d ¢ Multiply both sides of the
px=r+gq ax—cx=d-b equation by 2x:
_r+gq xta—c)=d->b 2a = b+ 2xc
P d—b 2a - b = 2xc
S ) 2a-b
T HE

2c

Simultaneous literal equations are solved by the usual methods of solution of simultaneous
equations: substitution and elimination.

Solve the following simultaneous equations for x and y:
y=ax+c

y=bx+d

Solution
ax+c=bx+d (Equate the two expressions for y.)

ax—bx=d-c

x(a—b)y=d-c
d-c
Th =
us X p—
d—
and y=a( C)+c
a—b

ad — ac + ac —bc _ ad — bc
a—-b T a-b
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Solve the simultaneous equations ax —y = ¢ and x + by = d for x and y.

Solution
ax—y=c (1)
x+by=d 2)
Multiply (1) by b:
abx — by = bc )

Add (1) and (2):
abx + x=bc+d
x(ab+1)=bc+d

bc+d
X =
ab + 1
Using equation (1):
y=ax—c
_a(bc+d)_ _ad-c
- \ab+1 Cab+1
Summary 2B

® An equation for the variable x in which all the coefficients of x, including the constants,
are pronumerals is known as a literal equation.

m The methods for solving linear literal equations or pairs of simultaneous linear literal
equations are exactly the same as when the coefficients are given numbers.

Exercise 2B

1 Solve each of the following for x:

aax+n=m
ax

C 74‘020

e mx+n=nx—m

b 2b
g =

X—a x+a
i —b(ax+b) =albx —a)

x X
k —-1==+2
a b
- —t
o Poax ., 4x

b ax+b=>bx

d px=gx+5

h —+n=-4+m
m n

J PP(1-x) —-2pgx =g*(1 +x)
X 2x 1
—+ =
a-b a+b a®-Db?
1 1 2

n + =
x+a x+2a x+3a
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2 Solve each of the following pairs of simultaneous equations for x and y:
Example 2 >
aax+y=c b ax-by=a
Example 3 5
x+by=d bx—ay=">b
c ax+by=t d ax+ by =d® +2ab - b*
ax—by=s bx +ay = a*> + b*
e (a+b)x+cy=bc f 3(x—a)—-2(y+a)=5—-4a
b+ c)y+ax=—-ab 2x+a)+3(y—a)=4a-1
3 For each of the following pairs of equations, write s in terms of a only:
a s=ah b s=ah cas=a+h d as=s+h
h=2a+1 h=a®2+h) h+ah=1 ah=a+h
e s=h*+ah fas=a+2h g s=2+ah+h h 3s—ah=d
h = 3d* h=a-s h= 1 as +2h =3a
=a—- —
a
. : ap +bq
4  For the simultaneous equations ax + by = p and bx — ay = ¢, show that x = ———-— and
_bp-aq at+b
a4+ b2
b
5 For the simultaneous equations Tl ctand i+ Y= 1, show that x = y = 4
a b b a a+b
@ Linear coordinate geometry
In this section we revise the concepts of linear coordinate geometry.
A straight line passes through the points y
A(-2,6) and B(4,7). Find: A
. 7 L
a the distance AB /«4"7)
b the midpoint of line segment AB (=2,6) or
¢ the gradient of line AB Sr
d the equation of line AB 4r
e the equation of the line parallel to AB which 3r
passes through the point (1, 5) 2F
f the equation of the line perpendicular to AB 1
which passes through the midpoint of AB. L L iy
-3 -2 -10 1 2 3 4
Solution Explanation
a The distance AB is The distance between two points A(xy,y;)

\/(4 —(-2))2+(7-6)2 = V37 and B(x2, y2) is \/(xz - x1)? + (2 - y)*
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b The midpoint of AB is The line segment joining A(x;,y;) and
+ +
(—2+4 6+7): (1 E) B(x2, y,) has midpoint (u,yl_yz)
2 0 2 "2 2 2
¢ The gradient of line AB is Gradient
7-6 _1 mo 20
4-(-2) 6 X2 =X
d The equation of line AB is Equation of a straight line passing through

a given point (x1, y;) and having gradient m

1
y—6=6(x—(—2)) isy—y; =m(x—xp).

which simplifies to 6y — x — 38 = 0.

1

e Gradient m = 3 and (x1,y1) = (1, 5). Parallel lines have the same gradient.

The line has equation

1
y-5= = 1y

which simplifies to 6y — x — 29 = 0.
f A perpendicular line has gradient —6. If two straight lines are perpendicular

Thus the equation is to each other, then the product of their

13 gradients is —1.

y= 5 =61

which simplifies to 2y + 12x — 25 = 0.

A fruit and vegetable wholesaler sells 30 kg of hydroponic tomatoes for $148.50 and sells
55 kg of hydroponic tomatoes for $247.50. Find a linear model for the cost, $C, of x kg of
hydroponic tomatoes. How much would 20 kg of tomatoes cost?

Solution
Let (x1,Cy) = (30, 148.5) and (x», Cy) = (55,247.5).

The equation of the straight line is given by

C—-Ci=m(x—xp) wheremzcz_cl
X2 — X1
247.5 — 148.5
N =———— =3,
ow m 5530 3.96 and so

C —148.5 =3.96(x — 30)
Therefore the straight line has equation C = 3.96x + 29.7.
Substitute x = 20:

C =396x20+29.7=108.9

Hence it would cost $108.90 to buy 20 kg of tomatoes.
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The following is a summary of the material that is assumed to have been covered in
Mathematical Methods Units 1 & 2.

Summary 2C
m Distance between two points Y
AB = \J(x = 1 + (52 = y1)? B(x, 1)

A(xlayl)

m Midpoint of a line segment

The midpoint of the line segment joining two points (x;,y;) and (x», y») is the point

with coordinates
(xl +X2 Y1 +)’2)

2 72 y
m Gradient of a straight line
Gradient m = it
2o A(xy, y1)

m Equation of a straight line

B(x3, y2)

o Gradient—intercept form: A straight line with gradient m and y-axis intercept ¢ has

equation
y=mx+c y
e The equation of a straight line passing through a given P(x, y)
point (x, y;) and having gradient m is '
Y=y =mx—x) Al yy) .
— =
0|

e The equation of a straight line passing through two
given points (x,y;) and (xp,y,) is

y—y; =m(x—x;) wherem = L2 =
X2 — X
e Intercept form: The straight line passing through the two y
points (a, 0) and (0, b) has equation A
f Je X =1
a b (0, )

(a,0)

\
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m Tangent of the angle of slope

For a straight line with gradient m, the angle of slope is found using
m =tan0

where 0 is the angle that the line makes with the positive direction of the x-axis.

m Perpendicular straight lines

If two straight lines are perpendicular to each other, the product of their gradients is —1,
i.e. mymy = —1. (Unless one line is vertical and the other horizontal.)

1

A straight line passes through the points A(-2, 6) and B(4, —7). Find:

the distance AB

the midpoint of line segment AB

the gradient of line AB

the equation of line AB

the equation of the line parallel to AB which passes through the point (1, 5)

== 0 2 060 T 9

the equation of the line perpendicular to AB which passes through the midpoint
of AB.

Find the coordinates of M, the midpoint of AB, where A and B have the following
coordinates:

a A(1,4), B(5,11) b A(-6,4), B(1,-8) ¢ A(-1,-6), B4,7)

If M is the midpoint of XY, find the coordinates of ¥ when X and M have the following
coordinates:

a X(-4,5), M(0,6) b X(-1,-4), M(2,-3)

c X(6,-3), M4,8) d X(2,-3), M(0,-6)

Use y = mx + ¢ to sketch the graph of each of the following:
ay=3x-3 b y=-3x+4 c 3y+2x=12
d 4x+6y=12 e 3y—6x=18 f 8x—4y=16

Find the equations of the following straight lines:
a gradient +2, passing through (4, 2)

b gradient —3, passing through (-3, 4)

¢ passing through the points (1, 3) and (4,7)

d passing through the points (-2, —-3) and (2, 5)

Use the intercept method to find the equations of the straight lines passing through:
a (-3,0) and (0,2) b (4,0) and (0, 6)
¢ (—4,0) and (0, -3) d (0,-2) and (6,0)
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7

10

11

12

13

14

15

16

17

18

Write the following in intercept form and hence draw their graphs:

3
a 3x+6y=12 b 4y-3x=12 c 4y-2x=38 d 5x—3y=9

A printing firm charges $35 for printing 600 sheets of headed notepaper and $46 for
printing 800 sheets. Find a linear model for the charge, $C, for printing n sheets. How
much would they charge for printing 1000 sheets?

An electronic bank teller registered $775 after it had counted 120 notes and $975 after it
had counted 160 notes.

a Find a formula for the sum registered ($C) in terms of the number of notes (n)
counted.

b Was there a sum already on the register when counting began?

¢ If so, how much?

Find the distance between each of the following pairs of points:
a (2,6), 3.9 b (5.1, (6,2) c (-1,3), 4,5)
d (-L.7, (1,-11) e (-2,-6), (2,-8) f (0,4), 3.0)

a Find the equation of the straight line which passes through the point (1, 6) and is:

i parallel to the line with equation y = 2x + 3
ii perpendicular to the line with equation y = 2x + 3.

b Find the equation of the straight line which passes through the point (2, 3) and is:

i parallel to the line with equation 4x + 2y = 10
ii perpendicular to the line with equation 4x + 2y = 10.

Find the equation of the line which passes through the point of intersection of the lines
y = x and x + y = 6 and which is perpendicular to the line with equation 3x + 6y = 12.

The length of the line segment joining A(2, —1) and B(5,y) is 5 units. Find y.
The length of the line segment joining A(2, 6) and B(10, y) is 10 units. Find y.
The length of the line segment joining A(2, 8) and B(12,y) is 26 units. Find y.

Find the equation of the line passing through the point (-1, 3) which is:
a 1 parallel to the line with equation 2x + 5y — 10 =0

ii parallel to the line with equation 4x + 5y +3 =0
b i perpendicular to the line with equation 2x + 5y — 10 =0

ii perpendicular to the line with equation 4x + 5y + 3 = 0.

For each of the following, find the angle that the line joining the given points makes
with the positive direction of the x-axis:

a (-4,1), 4,6) b (2,3), (-4,6) c (5, 1), (-1,-8) d (-4,2), (2,-8)

Find the acute angle between the lines y = 2x +4 and y = —3x + 6.
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19

20

21

22

23

24

25
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Given the points A(a, 3), B(-2, 1) and C(3, 2), find the possible values of a if the length
of AB is twice the length of BC.

Three points have coordinates A(1,7), B(7,5) and C(0, —2). Find:
a the equation of the perpendicular bisector of AB

b the point of intersection of this perpendicular bisector and BC.

The point (4, k) lies on the line y = x + 1 and is 5 units from the point (0, 2). Write down
two equations connecting / and k and hence find the possible values of / and k.

P and Q are the points of intersection of the line % + %C = 1 with the x- and y-axes
respectively. The gradient of OR is % and the point R has x-coordinate 2a, where a > 0.

a Find the y-coordinate of R in terms of a.
b Find the value of a if the gradient of PR is —2.

The figure shows a triangle ABC with A(1, 1) %

and B(—1,4). The gradients of AB, AC and A C
BC are —3m, 3m and m respectively.
a Find the value of m.

b Find the coordinates of C.

Y
=

¢ Show that AC = 2AB. B(-1, 4)<

In the rectangle ABCD, the points A and B A4, 1) >
are (4,2) and (2, 8) respectively. Given that 0

the equation of AC is y = x — 2, find:

a the equation of BC y

b the coordinates of C A C

¢ the coordinates of D

d the area of rectangle ABCD. B

ABCD is a parallelogram, with vertices labelled D
anticlockwise, such that A and C are the points

(—1,5) and (5, 1) respectively. 4

a Find the coordinates of the midpoint of AC.

b Given that BD is parallel to the line with
equation y + 5x = 2, find the equation of BD.

¢ Given that BC is perpendicular to AC, find:
i the equation of BC
ii the coordinates of B

iii the coordinates of D.
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@ Applications of linear functions

Skill-
sheet

Example 6

In this section, we revise applications of linear functions.

Example 6

There are two possible methods for paying gas bills:

Method A A fixed charge of $25 per quarter + 50c per unit of gas used
Method B A fixed charge of $50 per quarter + 25¢ per unit of gas used

Determine the number of units which must be used before method B becomes cheaper
than method A.

Solution

Let Cy = charge ($) using method A CEN C;=0.5x+25
C; = charge ($) using method B 100 4
x = number of units of gas used
Then Cj =25+0.5x 501
C, =50+ 0.25x
From the graph, we see that method B is 1o} 2'5 5'0 7'5 1(')0 1'2 51 '50 ¥ (unit;s)

cheaper if the number of units exceeds 100.

The solution can also be obtained by solving simultaneous linear equations:

Ci=C,
25+ 0.5x = 50 + 0.25x
0.25x =25
x =100

1 On asmall island two rival taxi firms have the following fare structures:
Firm A Fixed charge of $1 plus 40 cents per kilometre
Firm B 60 cents per kilometre, no fixed charge
a Find an expression for Cy4, the charge of firm A, in terms of n, the number of

kilometres travelled, and an expression for Cp, the charge of firm B, in terms of the
number of kilometres travelled.

b On the one set of axes, sketch the graphs of the charge of each firm against the
number of kilometres travelled.

¢ Find the distance for which the two firms charge the same amount.
d On a new set of axes, sketch the graph of D = C4 — Cp against n, and explain what
this graph represents.
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A car journey of 300 km lasts 4 hours. Part of this journey is on a freeway at an average
speed of 90 km/h. The rest is on country roads at an average speed of 70 km/h. Let 7" be
the time (in hours) spent on the freeway.
a In terms of 7', state the number of hours travelling on country roads.
b i State the distance travelled on the freeway in terms of 7.

ii State the distance travelled on country roads in terms of 7'.
¢ i FindT.

ii Find the distance travelled on each type of road.

A farmer measured the quantity of water in a storage tank 20 days after it was filled and
found it contained 3000 litres. After a further 15 days it was measured again and found
to contain 1200 litres of water. Assume that the amount of water in the tank decreases at
a constant rate.

a Find the relation between L, the number of litres of water in the tank, and ¢, the
number of days after the tank was filled.

How much water does the tank hold when it is full?

Sketch the graph of L against 7 for a suitable domain.

State this domain.

o & 60 T

How long does it take for the tank to empty?
f At what rate does the water leave the tank?

A boat leaves from O to sail to two islands. The boat y
arrives at a point A on Happy Island with coordinates A Happy Island

(10,22.5), where units are in kilometres. 4

a Find the equation of the line through points O
and A.

b Find the distance OA to the nearest metre. B

The boat arrives at Sun Island at point B. The
Sun Island

> X

coordinates of point B are (23, 9).

¢ Find the equation of line AB. 0

d A third island lies on the perpendicular bisector of line segment AB. Its port is
denoted by C. It is known that the x-coordinate of C is 52. Find the y-coordinate of
the point C.

ABCD is a parallelogram with vertices A(2, 2), f: C
B(1.5,4) and C(6, 6).
a Find the gradient of:

i line AB ii line AD B

b Find the equation of: D
i line BC ii line CD
¢ Find the equations of the diagonals AC and BD.

d Find the coordinates of the point of intersection

of the diagonals. > X
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2D

6 The triangle ABC is isosceles. The vertices are A(5,0), B(13,0) and C(9, 10).
a Find the coordinates of the midpoints M and N of AC and BC respectively.

b Find the equation of the lines:
i AC
ii BC
iii MN

¢ Find the equations of the lines perpendicular to AC and BC, passing through the
points M and N respectively, and find the coordinates of their intersection point.

m The geometry of simultaneous linear equations with

two variables

Two distinct straight lines are either parallel or meet at a point.

There are three cases for a system of two linear equations with two variables.

Example Solutions Geometry
Casel 2x+y=5 Unique solution: Two lines meeting at a point
x—y=4 x=3,y=-1
Case 2 2x+y=5 No solutions Distinct parallel lines
2x+y=17
Case 3 2x+y=35 Infinitely many solutions Two copies of the same line
4x+2y =10

Example 7

Explain why the simultaneous equations 2x + 3y = 6 and 4x + 6y = 24 have no solution.

Solution
First write the two equations in the form
y = mx + c¢. They become

y=—%x+2 and y=—%x+4

Both lines have gradient —%. The y-axis
intercepts are 2 and 4 respectively.

The equations have no solution as they
correspond to distinct parallel lines.

Y

N\
4 dx+6y=24

2x+3y=6

2
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Example 8

The simultaneous equations 2x + 3y = 6 and 4x + 6y = 12 have infinitely many solutions.
Describe these solutions through the use of a parameter.

Solution

The two lines coincide, and so the solutions are all points on this line. We make use of a
6 — 31
third variable A as the parameter. If y = A, then x = ———. The points on the line are all

points of the form (6_7%, )»).

Using the TI-Nspire

Simultaneous equations can be solved in a . *Ti-Nspire
Calculator application. hnsolve({.?'x+3')=6 .{x.y}]
4 x460 y=12
m Use > Algebra > Solve System of { -3 (c1-2) ;}
bl F
Equations > Solve System of Linear Equations. 2

m Complete the pop-up screen.

The solution to this system of equations is given by the calculator as shown. The variable
c1 takes the place of A.

Using the Casio ClassPad

To solve the simultaneous equations 2x + 3y = 6 and @ Edit Action Interactive
4x+ 6y = 12: B 1| e D] sime | 25 | v [ 41 vﬂ_
= Open the keyboard. {2x+3y=6
. . . 4dx+6y=12
m Select the simultaneous equations icon [{=]. ot N
. . . = LS e
m Enter the two equations into the two lines and {x_ 2 ‘y-y]

type x,y in the bottom-right square to indicate
the variables.

m Select (EXE).
6 — 3\

Choose y = A to obtain the solution x = — y= A\ where A is any real number.

Example 9

Consider the simultaneous linear equations
m-2)x+y=2 and mx+2y=k
Find the values of m and k such that the system of equations has:

a aunique solution b no solution ¢ infinitely many solutions.
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Solution
Use a CAS calculator to find the solution:
4 — -2)-2
xz—k and =M, form + 4
m—4 m—4

a There is a unique solution if m # 4 and k is any real number.
b If m = 4, the equations become
2x+y=2 and 4x+2y=k
There is no solution if m = 4 and k # 4.

¢ If m = 4 and k = 4, there are infinitely many solutions as the equations are the same.

Summary 2E

There are three cases for a system of two linear equations in two variables:

= unique solution (lines intersect at a point), e.g. y = 2x + 3 andy = 3x + 3
m infinitely many solutions (lines coincide), e.g. y = 2x+ 3 and 2y = 4x+ 6

® no solution (lines are parallel), e.g. y = 2x + 3 and y = 2x + 4.

1 Solve each of the following pairs of simultaneous linear equations:
a 3x+2y=6 b 2x+6y=0 c 4x—-2y=17 d 2x-y=6
x—y=17 y—x=2 Sx+Ty=1 4x-Ty =5

2 For each of the following, state whether there is no solution, one solution or infinitely

many solutions:
a 3x+2y=6 b x+2y=6 c x—2y=3
3x -2y =12 2x+4y =12 2x —4y =12

4 The simultaneous equations x —y = 6 and 2x — 2y = 12 have infinitely many solution:

Describe these solutions through the use of a parameter.

5 Find the value of m for which the simultaneous equations

3x+my=5
(m+2)x+5S5y=m
a have infinitely many solutions

b have no solution.

2E

Explain why the simultaneous equations 2x + 3y = 6 and 4x + 6y = 10 have no solution.

S.
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6 Find the value of m for which the simultaneous equations
(m+3)x+my=12
m—-—Dx+m-3)y=7

have no solution.

7 Consider the simultaneous equations
mx +2y =18
4x -2 -m)y =2m
a Find the values of m for which there are:
i no solutions
ii infinitely many solutions.

b Solve the equations in terms of m, for suitable values of m.

8 a Solve the simultaneous equations 2x — 3y = 4 and x + ky = 2, where k is a constant.

b Find the value of k for which there is not a unique solution.

9 Find the values of b and ¢ for which the equations x + 5y = 4 and 2x + by = ¢ have:
a aunique solution
b an infinite set of solutions

¢ no solution.

m Simultaneous linear equations with
more than two variables

Consider the general system of three linear equations in three unknowns:
ajx+byy+ciz=d
arx +byy+crz=d;
asx+ b3y +c3z=dj
In this section we look at how to solve such systems of simultaneous equations. In some
cases, this can be done easily by elimination, as shown in Examples 10 and 11. In these

cases, you could be expected to find the solution by hand. We will see that in some cases
using a calculator is the best choice.
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Example 10

Solve the following system of three equations in three unknowns:
2x+y+z=-1 (D)
3y+4z=-7 2)
6x+z=38 3)

Solution Explanation
Subtract (1) from (3): The aim is first to eliminate z
4x—y=9 (4) and obtain two simultaneous
equations in x and y only.
Subtract (2) from 4 x (3):
Having obtained equations (4)
24x-3y=39 and (5), we solve for x and y.
8x—y=13 (5) Then substitute to find z.

Subtract (4) from (5) to obtain 4x = 4. Hence x = 1.

Substitute in (4) to find y = —5, and substitute in (3)
to find z = 2.

It should be noted that, just as for two equations in two unknowns, there is a geometric
interpretation for three equations in three unknowns. There is only a unique solution if the
three equations represent three planes intersecting at a point.

Solve the following simultaneous linear equations for x, y and z:

xX—y+z=06, 2x+z =4, 3x+2y-z=6

Solution
xX—y+z=6 (D)
2x+z=4 2)
3x+2y—-2z=6 3)

Eliminate z to find two simultaneous equations in x and y:
x+y=-2 4 subtracted (1) from (2)
Sx+2y=10 (5) added (2) to (3)

14 20 16
Solvetofindx= —, y=——, z=——.
olvetofind x = =, y 3 ¢ 3

A CAS calculator can be used to solve a system of three equations in the same way as for
solving two simultaneous equations.
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Using the TI-Nspire

Use the simultaneous equations template ((menu) > Algebra > Solve System of Equations
> Solve System of Linear Equations) as shown.

X=y+z=6
Solve a System of Linear Equations ]inSolve({z- X+z=d .{1‘.1'.2 })

14 -20 -16

> - ]
nter vanable name epatated L mmas

Note: The result could also be obtained using:
solve(x—y+z=6and2x+z=4and3x+2y—z=6, {x,v,2})

Using the Casio ClassPad

m From the keyboard, tap [{®] twice to create a (@ Edit Action Interactive
template for three simultaneous equations.

m Enter the equations using the keyboard. l
3x+2y—z=3 Xe ¥ 2
R
As a linear equation in two variables defines a line, z
a linear equation in three variables defines a plane. A
P(2,2,4)
The coordinate axes in three dimensions are drawn A
as shown. The point P(2,2,4) is marked. ,/ i
4 L}
/
An equation of the form 7 i 4
)
ax+by+cz=d -
. \\\ 1 I,
defines a plane. As an example, we will look at o 4/
the plane 2 VAN

x+y+z=4

We get some idea of how the graph sits by considering
mx=0,y=0,z=4

mx=0,y=4,2=0

mx=4 y=0,z=0

and plotting these three points.
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This results in being able to sketch the plane z
X +y + z = 4 as shown opposite. A

X
The solution of simultaneous linear equations in three variables can correspond to:
® apoint m aline m aplane

There also may be no solution. The situations are as shown in the following diagrams.
Examples 10 and 11 provide examples of three planes intersecting at a point (Diagram 1).

=1

A

Diagram 1: Diagram 2: Diagram 3:
Intersection at a point Intersection in a line No intersection

- S X
P e s v AN

Diagram 4: Diagram 5:
No common intersection No common intersection

The simultaneous equations x + 2y + 3z = 13, —x -3y +2z=2and —x -4y + 7z =17
have infinitely many solutions. Describe these solutions through the use of a parameter.

Solution
The point (-9, 5, 4) satisfies all three equations, but it is certainly not the only solution.

We can use a CAS calculator to find all the solutions in terms of a parameter A.
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a Edit Action Interactive

b Jiaa]sm] v 4]+ L

X+2: y+3-2=13
linSolve|{ -x=3+ y+2- z=2 g Xz }

x+2y+3z—13
X—d y+7-2=17 ~x~-3y+2z=2
{'{1_’,- cl-—43).5- {H‘—Z},d} —-x-4y+1z=17 XV, 2

| {x=-13+z+43, y=5-2-15, z=z}

Letz =\ Then x =43 — 13h and y = 5\ — 15.
For example, if L = 4, then x = -9,y =5 and z = 4.

Note that, as z increases by 1, x decreases by 13 and y increases by 5. All of the points that
satisfy the equations lie on a straight line. This is the situation shown in Diagram 2.

Summary 2F

m A system of simultaneous linear equations in three or more variables can sometimes be
solved by hand using elimination (see Example 10). In other cases, using a calculator is
the best choice.

m The solution of simultaneous linear equations in three variables can correspond to
a point, a line or a plane. There may also be no solution.

1 Solve each of the following systems of simultaneous equations:

Example 10 a 2x+3y—-z=12 b x+2y+3z=13
Example 11
2y+z=17 —X-y+2z=2
dy-z=5 -x+3y+4z=26
c x+y=35 d x-y-z=0
y+z=7 5x +20z =50
z+x=12 10y—202=30

Example12. 2 Consider the simultaneous equations x + 2y —3z=4and x+y+z = 6.
a Subtract the second equation from the first to find y in terms of z.

b Let z = A. Solve the equations to give the solution in terms of A.

3 Consider the simultaneous equations
x+2y+3z=13 (D)
-x—-3y+2z=2 2)
—x—4y+7z=17 3)

a Add equation (2) to equation (1) and subtract equation (2) from equation (3).
b Comment on the equations obtained in part a.
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¢ Letz =\ and find y in terms of A.
d Substitute for z and y in terms of A in equation (1) to find x in terms of A.

4 Solve each of the following pairs of simultaneous equations, giving your answer in
terms of a parameter A. Use the technique introduced in Question 2.

a x—-y+z=4 b 2x-y+z=06 c 4x-2y+z=6
-x+y+z=06 x-z=3 xX+y+z=4
5 The system of equations
x+y+z+w=4
x+3y+3z=2
X+y+2z-w=06

has infinitely many solutions. Describe this family of solutions and give the unique
solution when w = 6.

6 Find all solutions for each of the following systems of equations:
a 3x—-y+z=4 b x-y-z=0 c 2x—y+z=0
xX+2y—z=2 3y+3z=-5 y+2z7=2

—x+y-—z=-2
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Chapter summary

Coordinate geometry
m The distance between two points A(xy,y;) and B(xz, y2) is

AB = \/(XZ — X1)2 + (yz - y1)2
= The midpoint of the line segment joining (x1,y;) and (x,, y») is the point with coordinates

(xl +XxX2 V1 +J’2)

2 72
m The gradient of the straight line joining two points (x1,y;) and (xz, y2) is
Y2 — Vi
m=—-——
X2 — X1

m Different forms for the equation of a straight line:

y=mx+c where m is the gradient and c is the y-axis intercept
y—y; =m(x— xp) where m is the gradient and (x1,y;) is a point on the line
! + % =1 where (a, 0) and (0, b) are the axis intercepts

a

m For a straight line with gradient m, the angle of slope is found using
m =tan0

where 0 is the angle that the line makes with the positive direction of the x-axis.
m If two straight lines are perpendicular to each other, the product of their gradients is —1,
i.e. mymy = —1. (Unless one line is vertical and the other horizontal.)
Simultaneous equations
m There are three cases for a system of two linear equations in two variables:
« unique solution (lines intersect at a point), e.g. y =2x+ 3 andy = 3x + 3
o infinitely many solutions (lines coincide), e.g. y = 2x+3 and 2y = 4x+ 6
¢ no solution (lines are parallel), e.g. y = 2x + 3 and y = 2x + 4.

= The solution of simultaneous linear equations in three variables can correspond to a point,
a line or a plane. There may also be no solution.

Technology-free questions

1 Solve the following linear equations:

x+1 4 3x 2x+1 x-1
-2=4 b == = -7=11 d =
a 3x X+6 *-1°-3 c 5 5 5
2 Solve each of the following pairs of simultaneous linear equations:
Xy
=x+4 b --2=2
ary=x 43

5y+2x=6 y_x=5
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10

11

Solve each of the following for x:

abx—n=m b b—cx=bx cg—(::O d px=qgx—6
1 a
e mx—-n=nx+m f = -
xX—a x
Sketch the graphs of the relations:
a 3y+2x=5 b x—y=6 c§+§:1

a Find the equation of the straight line which passes through (1, 3) and has gradient —2.
b Find the equation of the straight line which passes through (1, 4) and (3, 8).
¢ Find the equation of the straight line which is perpendicular to the line with equation
y = —2x + 6 and which passes through the point (1, 1).
d Find the equation of the straight line which is parallel to the line with equation
y = 6 — 2x and which passes through the point (1, 1).

Find the distance between the points with coordinates (—1, 6) and (2, 4).
Find the midpoint of the line segment AB joining the points A(4, 6) and B(-2, 8).

If M is the midpoint of XY, find the coordinates of ¥ when X and M have the following
coordinates:

The length of the line segment joining A(5, 12) and B(10, y) is 13 units. Find y.

Consider the simultaneous linear equations
mx—4y=m+3
4x +(m+ 10)y = -2
where m is a real constant.

a Find the value of m for which there are infinitely many solutions.

b Find the values of m for which there is a unique solution.
Solve the following simultaneous equations. (You will need to use a parameter.)
a 2x-3y+z=6 b x—z+y=6

—2x+3y+z=8 2x+z=4

Multiple-choice questions

1

A straight line has gradient —% and passes through (1,4). The equation of the line is
Ay=x+4 B y=2x+2 C y=2x+4

1 1 9
Dy=—§x+4 Ey=—§x+§
The line y = —2x + 4 passes through a point (a, 3). The value of a is

1 7
A —- B 2 CcC —— D 2 E
2 2

| =
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The gradient of a line that is perpendicular to the line %
shown could be A
Al 1 B 1 2.
2
N 2
. _\
The coordinates of the midpoint of AB, where A has coordinates (1,7) and B has

coordinates (-3, 10), are
A (-2,3) B (-1,8) C (-1,8.5) D (-1,3) E (-2,8.5)

The solution of the two simultaneous equations ax — 5by = 11 and 4ax + 10by = 2 for x
and y, in terms of ¢ and b, is

A x=_0 __21 B x=t yo_l c =B ,__%2
T 7T T T YT s U5 YT s
p =3 ,_._ 2 E xo—o y=_14
T2 YT T 10n T TS
The gradient of the line passing through (3, —-2) and (-1, 10) is
A -3 B -2 C —% D 4 E 3
If two lines —2x +y — 3 = 0 and ax — 3y + 4 = 0 are parallel, then a equals
1 2
A6 B 2 Cc - D - E -6
3 3

A straight line passes through (-1, —2) and (3, 10). The equation of the line is
1
A y=3x-1 B y=3x—-4 ©C y=3x+1 Dy:§x+9 Ey=4x-2

The length of the line segment connecting (1,4) and (5, -2) is

A 10 B 2VI3 c 12 D 50 E 2V5
The function with graph as shown has the rule y
A f(x)=3x-3 A

B f(x)= —%x—3

3
C fx)=-x-3 0 >
4 4
/

D f(x)=%x—3 /_
E f(x)=4x-4
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11

12

13

14

The pair of simultaneous linear equations
bx+3y=0
dx+ B+ 1)y=0
where b is a real constant, has infinitely many solutions for

A beR B be{-3,4} C beR\{-3,4}
D be{-4,3} E beR\({-4,3}

The simultaneous equations
(a-—Dx+5y=17
3x+(@-3)y=a

have a unique solution for

A aeR\{6,-2} B aeR\{0} C aeR\ {6}
Da=6 Ea=-2
The midpoint of the line segment joining (0, —6) and (4, d) is
d+6 d+6 d+6
A (-2, — B (2,— —
(-25) =) ¢ (52)
d—=6 d+6
D 252) g 22
2 4
The gradient of a line perpendicular to the line through (3, 0) and (0, —6) is
1 1
A - B -2 c —— D2 E 6
2 2

Extended-response questions

1

A firm manufacturing jackets finds that it is capable of producing 100 jackets per
day, but it can only sell all of these if the charge to wholesalers is no more than
$50 per jacket. On the other hand, at the current price of $75 per jacket, only 50 can be
sold per day.
Assume that the graph of price, $P, against number sold per day, N, is a straight line.
a Sketch the graph of P against N.
b Find the equation of the straight line.
¢ Use the equation to find:
i the price at which 88 jackets per day could be sold
ii the number of jackets that should be manufactured to sell at $60 each.
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2 ABCD is a quadrilateral with angle ABC a right angle. The point D lies on the
perpendicular bisector of AB. The coordinates of A and B are (7,2) and (2, 5)
respectively. The equation of line AD is y = 4x — 26.

a Find the equation of the perpendicular bisector of ‘)i ¢
line segment AB. D
b Find the coordinates of point D.
¢ Find the gradient of line BC. B
d Find the value of the second coordinate ¢ of the
point C(8, ¢). 3
e Find the area of quadrilateral ABCD. 0 > X
3 Triangle ABC is isosceles with BC = AC. The y
coordinates of the vertices are A(6, 1) and B(2, 8). A B C
a Find the equation of the perpendicular bisector
of AB.
b If the x-coordinate of C is 3.5, find the y-coordinate
of C. A
¢ Find the length of AB. 0 > X

d Find the area of triangle ABC.

4 IfA=(-4,6)and B = (6,-7), find:

the coordinates of the midpoint of AB

the distance between A and B

the equation of AB

the equation of the perpendicular bisector of AB

the coordinates of the point P on the line segment AB such that AP : PB=3:1
the coordinates of the point P on the line AB such that AP : AB=3:1and P is
closer to point B than to point A.

- 0 2 060 T 9

5 A chemical manufacturer has an order for 500 litres of a 25% acid solution (i.e. 25% by

volume is acid). Solutions of 30% and 18% are available in stock.

a How much acid is required to produce 500 litres of 25% acid solution?

b The manufacturer wishes to make up the 500 litres from a mixture of 30% and 18%
solutions.
Let x denote the amount of 30% solution required.
Let y denote the amount of 18% solution required.
Use simultaneous equations in x and y to determine the amount of each solution
required.




Transformations

Objectives

» To introduce a notation for considering transformations of the plane, including
translations, reflections in an axis and dilations from an axis.

To determine a sequence of transformations given the equation of a curve and its
image.

To use transformations to help with graph sketching.

To consider transformations of power functions.

To determine the rule for a function given sufficient information.

. For example, the graph of the function
y = —x? can be considered as a reflection in the x-axis of the graph of the function y = x2.

y Y
A

> X (mirror line) > X

A good understanding of transformations, combined with knowledge of the ‘simplest’
function and its graph in each family, provides an important tool with which to sketch graphs
and identify rules of more complicated functions.

Transformations of the plane with rules of the form (x,y) — (ax + by, cx + dy) can be
implemented through 2 X 2 matrices. An alternative approach to transformations using
matrices is available on-line if you wish to pursue this method.
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The Cartesian plane is represented by the set R? of all ordered pairs of real numbers.

That is, R? = { (x,y) : x,y € R}. The transformations considered in this book associate

each ordered pair of R? with a unique ordered pair. We can refer to them as examples of

transformations of the plane.

For example, the translation 3 units in the positive direction of the x-axis (to the right)

associates with each ordered pair (x, y) a new ordered pair (x + 3, y). This translation is a

transformation of the plane. Each point in the plane is mapped to a unique second point.

Furthermore, every point in the plane is an image of another point under this translation.

Notation

Consider the translation 2 units in the positive
direction of the x-axis (to the right) and 4 units in

the positive direction of the y-axis (up). This can be
described by the rule (x,y) — (x + 2,y + 4). This reads
as ‘(x,y) maps to (x + 2,y +4)’.

For example, (3,2) = (3 + 2,2 +4).

In applying this translation, it is useful to think of

every point (x,y) in the plane as being mapped to a
new point (x’,y"). This point (x, y) is the only point
which maps to (x",y"). The following can be written
for this translation:

X =x+2 and Yy =y+4

A
4l(0.8)
/
/ °(5,6
£60
(-2,4)4
//
< é(3,2)
~(1,2)
/ -
/
d
(_15 _2)

m A translation of / units in the positive direction of the x-axis and & units in the positive

direction of the y-axis is described by the rule
(x,y) > (x+h,y+k)
or xX'=x+h and Y =y+k

where / and k are positive numbers.

m A translation of % units in the negative direction of the x-axis and k units in the negative

direction of the y-axis is described by the rule
(x,y) > (x—h,y—k)
or xX'=x—-h and y =y-—k

where & and k are positive numbers.

Notes:
m Under a translation, if (a’,b’) = (¢’,d’), then (a, b) = (c, d).

m For a translation (x,y) — (x + h,y + k), for each point (a, b) € R? there is a point (p, ¢)

such that (p, g) — (a,b). (It is clear that (p — h, g — k) — (p, g) under this translation.)
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Applying translations to sketch graphs

A translation moves every point on the graph the same distance in the same direction.

Translations parallel to an axis

We start by looking at the images of the graph of y = x? y
shown on the right under translations that are parallel to A
an axis.
(x, »)
> X
o

Translation of 1 unit in the positive
direction of the x-axis

Translation of 1 unit in the negative
direction of the x-axis

- \
1 unit N

‘to the right’

The point (x, y) is mapped onto (x + 1,y),
ie. (x,y) = (x+ 1,y).
The image has equation y = (x — 1)2.

lunit ~_

‘to the left’

The point (x, y) is mapped onto (x — 1,y),
Le. (x,y) = (x=1Ly).
The image has equation y = (x + 1)2.

Translation of 1 unit in the positive
direction of the y-axis

Translation of 1 unit in the negative
direction of the y-axis

The point (x, y) is mapped onto (x,y + 1),
Le. (x,y) = (x,y+ ).

The image has equation y = x> + 1.

1 unit ¥
‘down’

27 > X
/(xs y_l)

The point (x, y) is mapped onto (x,y — 1),
Le. (x,y) = (x,y = 1).
The image has equation y = x> — 1.
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General translations of a curve

Every translation of the plane can be described by giving two components:

m a translation parallel to the x-axis and

m atranslation parallel to the y-axis.

Consider a translation of 2 units in the positive direction of the x-axis and 4 units in the

positive direction of the y-axis applied to the graph of y = x2.
Translate the set of points defined by the function
{(ey):y=2")
by the translation defined by the rule
(x,y) = (x+2,y+4)
X =x+2 and Yy =y+4

For each point (x, y) there is a unique point (x’,y")
and vice versa.

Wehave x =x"—2andy =y — 4.

This means the points on the curve with equation

y = x? are mapped to the curve with equation

y—-4=(x -2)%.

Hence {(x,y) :y = x>} maps to { (x',y) : Yy =4 = (X' —2)*}.

For the graph of y = f(x), the following two processes yield the same result:

m Applying the translation (x,y) — (x + A,y + k) to the graph of y = f(x).

m Replacing x with x — 4 and y with y — k in the equation to obtain y — k = f(x — h) and
graphing the result.

Proof A point (a, b) is on the graph of y = f(x)
e fla)=>b
o fla+h-h)=b
o fla+h-h)y=b+k-k
< (a+ h,b + k) is a point on the graph of y — k = f(x — h)

Note: The double arrows indicate that the steps are reversible.

. . . . . 1
Find the equation for the image of the curve with equation y = f(x), where f(x) = —,
X
under a translation 3 units in the positive direction of the x-axis and 2 units in the negative
direction of the y-axis.
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Solution Explanation
Let (x',y") be the image of the point (x, y), The rule is (x,y) — (x + 3,y — 2).
where (x, y) is a point on the graph of y = f(x).

Then x’ =x+3andy =y - 2.

Hence x =x" -3 andy =y" + 2.

The graph of y = f(x) is mapped to the graph of Substitute x = x” — 3 and
y+2=f(x-3) y=y +2intoy = f(x).
ie.y= ! is mapped to y’ + 2 = .
X x' =3
The equation of the image can be written as
1
= x-3

Recognising that a transformation has been applied makes it easy to sketch many graphs.

For example, in order to sketch the graph of y = Vx — 2, note that it is of the form
y = f(x—2) where f(x) = v/x. That is, the graph of y = v/x is translated 2 units in the positive
direction of the x-axis.

Examples of two other functions to which this translation is applied are:

f)=x f(x-2)=(x-2)

1 1
f@==  fa-2)=
X x—2

Summary 3A

For the graph of y = f(x), the following two processes yield the same result:

m Applying the translation (x,y) — (x + A,y + k) to the graph of y = f(x).

m Replacing x with x — /4 and y with y — k in the equation to obtain y — k = f(x — &) and
graphing the result.

1 Find the image of the point (-2, 5) after a mapping of a translation:
a of 1 unit in the positive direction of the x-axis and 2 units in the negative direction
of the y-axis
b of 3 units in the negative direction of the x-axis and 5 units in the positive direction
of the y-axis

¢ of 1 unit in the negative direction of the x-axis and 6 units in the negative direction
of the y-axis

d defined by the rule (x,y) - (x =3,y +2)
e defined by the rule (x,y) —» (x — 1,y + 1).
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Find the equation for the image of the curve y = f(x), where f(x) = % under:

a atranslation 2 units in the positive direction of the x-axis and 3 units in the negative
direction of the y-axis

b a translation 2 units in the negative direction of the x-axis and 3 units in the positive
direction of the y-axis

c atranslation % unit in the positive direction of the x-axis and 4 units in the positive
direction of the y-axis.

Sketch the graph of each of the following. Label asymptotes and axis intercepts, and
state the domain and range.

1 1 1
=—+3 by=—-3 -
avy X Y= e ¢V (x +2)2
1 1
d y=vx-2 e y= fy=--4
x—1 X
1 1 1
= h = i = —
EY=112 Y= 13 P ™= G5
1 1
j = k =——+1 | =——+2
i S Grd)? Sx) x—1+ fx) x—2+

1
For y = f(x) = —, sketch the graph of each of the following. Label asymptotes and axis
X

intercepts.
ay=/flx-1 b y=fx)+1 cy=f(x+3)
dy=fx-3 e y=flx+1) fFy=r0-1

For each of the following, state a transformation which maps the graph of y = f(x) to
the graph of y = fi(x):

1 1
a f(x)=x filx)=(x+5) b fW=— fit)==+2
1 1 1 1
[ f(x):;, f](x):;+4 d f(x):;_:;, fl(x):;

1 1
e f(x) = 3 filx) = p

Write down the equation of the image when the graph of each of the functions below is
transformed by:
i atranslation of 7 units in the positive direction of the x-axis and 1 unit in the
positive direction of the y-axis
ii a translation of 2 units in the negative direction of the x-axis and 6 units in the
negative direction of the y-axis
iii a translation of 2 units in the positive direction of the x-axis and 3 units in the
negative direction of the y-axis
iv a translation of 1 unit in the negative direction of the x-axis and 4 units in the
positive direction of the y-axis.

1 1 1
a y=x4 b y=+/x cy=— dy:x_4
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3A

7 Find the equation for the image of the graph of each of the following under the stated

translation:
ay=x-27+3
b y=2x+3)7>+3

1
=—+3
Ccy (x_2)2+
dy=x+2>+1
e y=Vx-3+2

Translation

Translation

Translation

Translation

Translation

: (x,)’) - (x_3’y+2)
t(xy) > (x+3,y-3)

Ty o (x+4,y-2)

Ty) > (x—-1,y+1)
Ty) > (x—-1,y+1)

8 For each of the following, state a transformation which maps the graph of y = f(x) to

the graph of y = fi(x):
Silx) =

1
a f(0)=—

x2’

_
(x-27

+3

c f)=vx, fil)=Vx+4+2

@ Dilations

1 1
b f(x):;, fl(x)zm—3

We start with the example of a circle, as it is easy to visualise

the effect of a dilation from an axis.

A dilation of a graph can be thought of as the graph

‘stretching away from’ or ‘shrinking towards’ an axis.

A

A

NP

X

Dilation of factor 2 from the x-axis

Dilation of factor % from the x-axis

height.

ie. (x,y) = (x,2y).

The graph is ‘stretched’ to twice the

The point (x, y) is mapped onto (x, 2y),

The graph is ‘shrunk’ to half the height.

The point (x,y) is mapped onto (x, %Y),
ie. (x,y) = (x, %)’)-
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Dilation of factor 2 from the y-axis Dilation of factor % from the y-axis
y y
A A
B >
D <>
-<--->
R 7 \Q\(x, ¥)
) (x, J/)' _ / (2x, : > X
The graph is ‘stretched’ to twice the The graph is ‘shrunk’ to half the width.
width.
The point (x, y) is mapped onto (2x, y), The point (x, y) is mapped onto ( %x, y),
ie. (x,y) = (2x,y). ie. (x,y) — (%x,y).

Dilation from the x-axis

We can determine the equation of the image of a curve under a dilation by following the same
approach used for translations.

A dilation of factor 2 from the x-axis is defined by the rule (x,y) — (x,2y).

Hence the point with coordinates (1, 1) — (1,2).

Consider the curve with equation y = v/x and the dilation %
of factor 2 from the x-axis. A
y=nx
m Let (x’,y") be the image of the point with coordinates
(x,y) on the curve. (1,2) N
Y 1 =
m Hence ¥’ = xandy =2y, and thus x = x’ and y = X LT
m Substituting for x and y, we see that the curve with /’/(1, 1)
equation y = +/x maps to the curve with equation 0 > X
yl

5= Vx', i.e. the curve with equation y = 2+/x.

For b a positive constant, a dilation of factor b from the x-axis is described by the rule
(x,y) = (x,by)

or x'=x and y =by

For the graph of y = f(x), the following two processes yield the same result:

m Applying the dilation from the x-axis (x,y) — (x, by) to the graph of y = f(x).
m Replacing y with % in the equation to obtain y = b f(x) and graphing the result.
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Dilation from the y-axis

A dilation of factor 2 from the y-axis is defined by the rule (x,y) — (2x,y). Hence the point
with coordinates (1,1) — (2, 1).

Y

Again, consider the curve with equation y = /x.

m Let (x’,y") be the image of the point with coordinates
(x,y) on the curve.

/

m Hence ¥’ =2xandy’ =y, and thus x = XE andy =y

m The curve with equation y = +/x maps to the curve with

/
., x
equation y’ = 5

For a a positive constant, a dilation of factor a from the y-axis is described by the rule
(x,y) = (ax,y)

or x'=ax and y =y

For the graph of y = f(x), the following two processes yield the same result:

m Applying the dilation from the y-axis (x,y) — (ax,y) to the graph of y = f(x).

m Replacing x with L in the equation to obtain y = f (f) and graphing the result.
a a

1
Determine the rule of the image when the graph of y = — is dilated by a factor of 4:
X
a from the x-axis b from the y-axis.
Solution
a (x,y) - (x,4y) Y

Let (x’,y") be the coordinates of the image of (x, y),
sox =x, y =4y.

NS

Rearranging gives x = x’, y =

1 4 1
Therefore y = — becomes Y = .
X2 4 (x/)2 - (
4

—_— ——— —_————-

The rule of the transformed functionis y = —. o
bY

b (x,y) = (4x,y) y

L.
>

Let (x’,y") be the coordinates of the image of (x, y),
sox =4x, y =y.

/

Rearranging gives x = 7= Y.

1
Therefore y = — becomes y’ =
X

~

\

A~ N -
[— -
<

™

&

N2 ° s -
(X?) """"""" > X

1
The rule of the transformed function is y = —..
X

S
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Determine the factor of dilation when the graph of y = V3x is obtained by dilating the
graph of y = v/x:
a from the y-axis b from the x-axis.

Solution
a Note that a dilation from the y-axis ‘changes’ the x-values. So write the transformed
function as

y = V3x
where (x’,y") are the coordinates of the image of (x, y).
Therefore x = 3x" andy =y (‘changed’ x).
Rearranging gives x’ = %C and y’ = y.
So the mapping is given by (x,y) — (%Cy)
The graph of y = v/x is dilated by a factor of % from

the y-axis to produce the graph of y = V3x.

b Note that a dilation from the x-axis ‘changes’ the y-values. So write the transformed
function as

<7

where (x’,y") are the coordinates of the image of (x, y).

/

Y
Therefore x = x’ and y = —  (‘changed’ y).
V3

Rearranging gives x’ = xand y’ = V3y.
So the mapping is given by (x,y) — (x, V3 y).

The graph of y = +/x is dilated by a factor of V3 from
the x-axis to produce the graph of y = V3x.

Summary 3B

For the graph of y = f(x), we have the following two pairs of equivalent processes:

1

Applying the dilation from the x-axis (x,y) — (x, by) to the graph of y = f(x).

Replacing y with % in the equation to obtain y = b f(x) and graphing the result.

N
|

Applying the dilation from the y-axis (x,y) — (ax,y) to the graph of y = f(x).

Replacing x with L in the equation to obtain y = f (f) and graphing the result.
a a
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Exercise 3B

Example 2

Example 3

1

10

1
Determine the rule of the image when the graph of y = — is dilated by a factor of 3:
X

a from the x-axis b from the y-axis.

1

Determine the rule of the image when the graph of y = — is dilated by a factor of 2:
X

a from the x-axis b from the y-axis.

Determine the rule of the image when the graph of y = /x is dilated by a factor of 2:

a from the x-axis b from the y-axis.

Determine the rule of the image when the graph of y = x? is dilated by a factor of 2:

a from the x-axis b from the y-axis.

Sketch the graph of each of the following:
4 1

ay:; by:ﬁ cy:m d y=—

1
For y = f(x) = —, sketch the graph of each of the following:
X

X
a y=fe by =2/ cy=13)
X
d y=3/» o y=f(59) ¢ y=1(3)
Sketch the graphs of each of the following on the one set of axes:
ay= ! b y= 3 c y= 3
r= X rE X r= 2x

Sketch the graph of the function f: R* —» R, f(x) = 3v/x.

Determine the factor of dilation when the graph of y = V5x is obtained by dilating the
graph of y = v/x:
a from the y-axis b from the x-axis.

For each of the following, state a transformation which maps the graph of y = f(x) to
the graph of y = fi(x):

1 5
a f==, filkh== b f(x)=vVx, fi(x)=4yx

x2 x2

c f(x)=+x fi(x)=V5x d f(x)= \E fikx) = Vx

1 1
e f()= 15 fin=3
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11 Write down the equation of the image when the graph of each of the functions below is
transformed by:
i adilation of factor 4 from the x-axis
ii adilation of factor % from the x-axis
iii a dilation of factor % from the y-axis

iv a dilation of factor 5 from the y-axis.

1 1

ay=x by=— cy=+x dy=—
1 1
ey=4 fy=x g y=x5

@ Reflections

The special case where the graph of a function is reflected in the line y = x to produce the
graph of the inverse relation is discussed separately in Section 1F.

In this chapter we study reflections in the x- or y-axis only.

First consider reflecting the graph of the function shown y

L
>

here in each axis, and observe the effect on a general point
(x,y) on the graph.

(x,»)

Reflection in the x-axis Reflection in the y-axis

The x-axis [

acts as a ‘mirror’ line. The y-axis . .
The point (x, y) ismapped onto (x,—y), acts as a ‘mirror’ line.
ie. (x,y)— (x,—) The point (x, y) ismapped onto (—x, y),

re.(x,y)—(-x,y)
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Reflection in the x-axis Y

A reflection in the x-axis can be defined by
the rule (x,y) — (x, —y). Hence the point with

coordinates (1,1) — (1, -1). —/_y:\&

m Let (x,y") be the image of the point (x, y). T

m Hence ¥’ = x and y' = —y, which gives I,/ (1, D
x=x"andy=-y. 0 > X

m The curve with equation y = +/x maps to the
curve with equation —y’ = V', i.e. the curve y=—x
with equation y = —v/x.

A reflection in the x-axis is described by the rule

(x,y) = (x,=y)
or xX'=x and y =-y
For the graph of y = f(x), the following two processes yield the same result:

m Applying the reflection in the x-axis (x,y) — (x, —y) to the graph of y = f(x).
m Replacing y with —y in the equation to obtain y = — f(x) and graphing the result.

Reflection in the y-axis

A reflection in the y-axis can be defined by the rule (x,y) — (—x,y). Hence the point with
coordinates (1,1) — (-1, 1).

m Let (x’,)") be the image of the y
point (x, y). A

m Hence X’ = —xand y’ = y, which
gives x = —x" and y = y'. y=v—x

m The curve with equation y = /x -1, 1)
maps to the curve with equation -
V= v=x', i.e. the curve with 7
equation y = v—x. 0]

.
-
-
-
-
-

A reflection in the y-axis is described by the rule
(x,)’) - (_x’y)
or xX'=-x and Yy =y
For the graph of y = f(x), the following two processes yield the same result:
m Applying the reflection in the y-axis (x,y) — (—x,y) to the graph of y = f(x).

m Replacing x with —x in the equation to obtain y = f(—x) and graphing the result.
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Find the equation of the image when the graph of y = /x is reflected:

a in the x-axis b in the y-axis.

Solution

a Note that a reflection in the x-axis changes the y-values,

-

y
and so (x,y) — (x,—y). Let (x’,y’) be the coordinates of the a,1y__--

image of (x,y). Then x’ = x, y' = —y. -7

/

Rearranging gives x = x’, y = —y'.

Therefore y = y/x becomes —y’ = Vx'.
The rule of the transformed function is y = —+/x. (1,-1)

b Note that a reflection in the y-axis changes the ¥
x-values, and so (x,y) — (—x,y). Let (x',y’) be (-1, 1) T 1,1
the coordinates of the image of (x, y). Pt
Then x’ = —x, y' = y. .

Rearranging gives x = —x’, y =y’. 0|
Therefore y = 4/x becomes y’ = V—x'.
The rule of the transformed function is y = v—x.

Summary 3C

For the graph of y = f(x), we have the following two pairs of equivalent processes:

1 = Applying the reflection in the x-axis (x,y) — (x, —y) to the graph of y = f(x).
m Replacing y with —y in the equation to obtain y = — f(x) and graphing the result.

2 m Applying the reflection in the y-axis (x,y) — (—x,y) to the graph of y = f(x).
m Replacing x with —x in the equation to obtain y = f(—x) and graphing the result.

1 Find the equation of the image when the graph of y = (x — 1)? is reflected:

a in the x-axis b in the y-axis.

2 Sketch the graph and state the domain of?:
1

ay= —(x§) b y=(-x)?
3 State a transformation which maps the graph of y = +/x to the graph of y = vV—x.

4 Find the equation of the image when the graph of each of the functions below is
transformed by: i areflection in the x-axis ii areflection in the y-axis.

1 1 1 1
ay:x3 by:\3/)—6 cy=; dy:; ey=x3 fy:_xS g y=ux

Rl el
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@ Combinations of transformations

In the previous three sections, we considered three types of transformations separately. In the
remainder of this chapter we look at situations where a graph may have been transformed by
any combination of dilations, reflections and translations.

For example, first consider:

m a dilation of factor 2 from the x-axis

m followed by a reflection in the x-axis.

The rule becomes
(x,y) = (x,2y) = (x, =2y)
First the dilation is applied and then the reflection. For example, (1,1) — (1,2) — (1, -2).

Another example is:
m adilation of factor 2 from the x-axis

m followed by a translation of 2 units in the positive direction of the x-axis and 3 units in the
negative direction of the y-axis.

The rule becomes
(x,y) = (x,2y) = (x+ 2,2y —3)

First the dilation is applied and then the translation. For example, (1,1) — (1,2) — (3, -1).

Find the equation of the image of y = v/x under:
a adilation of factor 2 from the x-axis followed by a reflection in the x-axis

b a dilation of factor 2 from the x-axis followed by a translation of 2 units in the positive
direction of the x-axis and 3 units in the negative direction of the y-axis.

Solution

a From the discussion above, the rule is (x,y) — (x,2y) — (x, —2y).
If (x,y) maps to (x’,y"), then x’ = xand y’ = —=2y. Thus x = x" and y = y—z
So the image of y = /x has equation -

Y =
= Vo
and hence y’ = —2vVx’. The equation can be written as y = —2+/x.

b From the discussion above, the rule is (x,y) — (x,2y) — (x + 2,2y — 3).

"+ 3
If (x,y) maps to (x’,y"), then x’ = x+2andy’ =2y —3. Thusx =x"—-2and y = U >
So the image of y = +/x has equation
"+ 3
i > = Vx' -2

and hence y’ = 2Vx’ — 2 — 3. The equation can be written as y = 2Vx — 2 — 3.
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Example 6

Sketch the image of the graph shown under the
following sequence of transformations:

m areflection in the x-axis

m adilation of factor 3 from the x-axis

m a translation 2 units in the positive direction
of the x-axis and 1 unit in the positive direction
of the y-axis.

Solution
Consider each transformation in turn and sketch the
graph at each stage.

A reflection in the x-axis produces the graph shown
on the right.

Next apply the dilation of factor 3 from the x-axis.

Finally, apply the translation 2 units in the positive
direction of the x-axis and 1 unit in the positive
direction of the y-axis.

Example 7

105

y
A
__________ 1]
/ O > X
S B ()
y
I
(0, 0)

> x
e
y
N 1)“ /(3, 2)
A

Find the equation of the image when the graph of y = v/x is translated 6 units in the

negative direction of the x-axis, reflected in the y-axis and dilated by a factor of 2 from

the x-axis.
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Solution

m The translation 6 units in the negative direction of the x-axis maps (x,y) — (x — 6,y).
m The reflection in the y-axis maps (x — 6,y) — (—=(x — 6), ).

m The dilation of factor 2 from the x-axis maps (—(x — 6),y) — (—(x — 6), 2y).

In summary: (x,y) — (—(x — 6),2y).

Let (x’,y") be the coordinates of the image of (x,y). Then x’ = —(x — 6) and ¥’ = 2y.

/

Rearranging gives x = —x’ + 6 and y = yE

Therefore y = 4/x becomes % = V-x' +6.

The rule of the transformed function is y = 2V6 — x.

Example 8

For the graph of y = x*:
a Sketch the graph of the image under the sequence of transformations:

m a translation of 1 unit in the positive direction of the x-axis and 2 units in the positive
direction of the y-axis
m adilation of factor 2 from the y-axis

m areflection in the x-axis.

b State the rule of the image.

Solution
a Apply each transformation in turn and sketch the graph at each stage.

1 The translation: 2 The dilation of factor 2 3 The reflection in the x-axis:
from the y-axis:

y
‘ " !
2.2
N —@.3 \\3 Z >
X @) \ .
0 = 0 \ =X o\ (4,-3)
\ »
2.2) 3
(1,2) /

b The mapping representing the sequence of transformations is
)= @x+1L,y+2) > Q2x+1),y+2) - 2x+1),-(y+2))
Let (x,y") be the image of (x,y). Then x’ = 2(x+ 1) and y’ = —(y + 2).
Rearranging gives x = %(x’ —2)andy = -y — 2.
Therefore y = x? becomes -y’ —2 = ($(x’ — ).

The rule of the image is y = —%(x -2)2 -2.
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(Using the TI-Nspire

m Define f(x) = x°. “EER) “Ti-Nspire

m The rule for the transformed function is
-f(3x-2) -

m The calculator gives the equation of the }.=.,{_. (x_o})_’} X

~

Define Ax)zxz Done

= y=—1x-3
image of the graph under this sequence of

transformations. |

m The new function can also be entered in Y *TI-Nspire

the transformation format in a Graphs 6.67 4V
page as shown.

_l"(r)—-fl( (x-2 ), ' (3:-2) i

~6.67
\_ J
(Using the Casio ClassPad )
m Define f(x) = x°. & Edit Action Interactive
m Enter the rule for the transformed function as B3] dor | i sime | 105, | v | 41| v r[_
1
_f(i(x - 2)) -2 Define f(x)=x2 o
m Highlight the resulting expression and select done
Interactive > Transformation > simplify to obtain —r(% (x=2) ]—2
the simplified form. —(x=2)2 ”
Note: This result can be achieved more simply by 9 E
tapping on at the top of the screen. simplify(%—m
el
%+x—3
m To graph both functions, tap on [\{4]. y=—f(1/2-(2)§P2 |
m Highlight each function and drag into the graph
window. | I
. . - % -4
m Use €] to adjust the window.

xc=2

1\
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Skill-
sheet

Example 5

Example 6

Summary 3D

A sequence of transformations can be applied, and the rule for transforming points of the

plane can be described. For example, the sequence

m adilation of factor 3 from the x-axis

m followed by a translation of 2 units in the positive direction of the x-axis and 3 units in
the negative direction of the y-axis

m followed by a reflection in the x-axis

can be described by the rule (x,y) — (x,3y) = (x + 2,3y —3) — (x + 2,3 - 3y).

— y,

7

= f(x’ —2). That is, the graph of y = f(x) maps to

3
Letx’ =x+2andy =3-3y. Thenx=x"—-2andy =
3 _ /
The graph of y = f(x) maps to i
the graph of y = 3 — 3f(x — 2).

1 Find the rule of the image when the graph of each of the functions listed below
undergoes each of the following sequences of transformations:

i adilation of factor 2 from the x-axis, followed by a translation 2 units in the positive
direction of the x-axis and 3 units in the negative direction of the y-axis

ii adilation of factor 3 from the y-axis, followed by a translation 2 units in the negative

direction of the x-axis and 4 units in the negative direction of the y-axis

iii a dilation of factor 2 from the x-axis, followed by a reflection in the y-axis.

3D

ay=x b y=1x cys= iz
X
2 Sketch the image of the graph shown under the y
following sequence of transformations: A
m areflection in the x-axis (5.3)
m a dilation of factor 2 from the x-axis \
m a translation 3 units in the positive direction of
the x-axis and 4 units in the positive direction of ol > > X
the y-axis.
3 Sketch the image of the graph shown under the Y
following sequence of transformations: i A
m areflection in the y-axis i (2, 3)
m atranslation 2 units in the negative direction of i /
the x-axis and 3 units in the negative direction of i
the y-axis -21 0 4
m adilation of factor 2 from the y-axis. i
|
1




3D

Example 7

Example 8

4
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Find the rule of the image when the graph of each of the functions listed below
undergoes each of the following sequences of transformations:

i adilation of factor 2 from the x-axis, followed by a reflection in the x-axis, followed
by a translation 3 units in the positive direction of the x-axis and 4 units in the
negative direction of the y-axis

ii a dilation of factor 2 from the x-axis, followed by a translation 3 units in the positive
direction of the x-axis and 4 units in the negative direction of the y-axis, followed by
a reflection in the x-axis

iii areflection in the x-axis, followed by a dilation of factor 2 from the x-axis, followed
by a translation 3 units in the positive direction of the x-axis and 4 units in the
negative direction of the y-axis

iv areflection in the x-axis, followed by a translation 3 units in the positive direction of
the x-axis and 4 units in the negative direction of the y-axis, followed by a dilation
of factor 2 from the x-axis

v atranslation 3 units in the positive direction of the x-axis and 4 units in the negative
direction of the y-axis, followed by a dilation of factor 2 from the x-axis, followed
by a reflection in the x-axis

vi a translation 3 units in the positive direction of the x-axis and 4 units in the negative
direction of the y-axis, followed by a reflection in the x-axis, followed by a dilation
of factor 2 from the x-axis.

1
ay=x b y=+x c y=-— d y=2x*
X
1 1
e y=— fy=— =x7
y=3 y= gy

Find the rule of the image when the graph of y = v/x is translated 4 units in the negative
direction of the x-axis, reflected in the x-axis and dilated by factor 3 from the y-axis.

For the graph of y = %:
a Sketch the graph of the image under the sequence of transformations:
m a dilation of factor 2 from the x-axis
m a translation of 2 units in the negative direction of the x-axis and 1 unit in the
negative direction of the y-axis

m areflection in the x-axis.

b State the rule of the image.

For the graph of y = x%:
a Sketch the graph of the image under the sequence of transformations:
m areflection in the y-axis
m a translation of 1 unit in the positive direction of the x-axis and 2 units in the
negative direction of the y-axis
m adilation of factor % from the y-axis.

b State the rule of the image.
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g Determining transformations

The method that has been used to find the effect of a transformation on a graph can be used in
reverse to find a sequence of transformations that takes a graph to its image.

For example, to find a sequence of transformations which maps y = y/x to y’ = —2vx’, work
backwards through the steps in the solution of Example 5a:

[ y=\/}mapstoy—2=\/?.

/

m Hencex=x"andy = y_2 and therefore X" = x and y’ = —2y.

m The transformation is a dilation of factor 2 from the x-axis followed by a reflection in
the x-axis.

This can also be done by inspection, of course, if you recognise the form of the image. For
the combinations of transformations in this course, it is often simpler to do this.

Example 9

a Find a sequence of transformations which takes the graph of y = x to the graph of
y=2(x-2)+3.
b Find a sequence of transformations which takes the graph of y = v/x to the graph of

y=V5x—-2.

Solution

a The transformation can be found by inspection, but we shall use the method.
The graph of y = x*> maps to y’ = 2(x’ — 2)? + 3. Rearranging this equation gives

y -3
2

— (XI _ 2)2

We choose to write y = v and x = x’ — 2.

Solving for x” and y’ gives
X =x+42 and y =2y+3
So we can write the transformation as
(x,y) = (x,2y) > (x+2,2y+3)

This transformation is a dilation of factor 2 from the x-axis followed by a translation
of 2 units in the positive direction of the x-axis and 3 units in the positive direction of
the y-axis.

b We have y = y/x and y = V5x’ — 2. We choose to write y = y’ and x = 5x" — 2. Hence

,_x+2_x+2 and o =
YT 7575 yeY

The transformation is a dilation of factor % from the y-axis followed by a translation of

% units in the positive direction of the x-axis.
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Example 10

a Find a sequence of transformations which takes the graph of y =

3
+ 6 to the
1 (x—1)2
graph of y = —.
%
b Find a sequence of transformations which takes the graph of y = (5x — 1)? + 6 to the
graph of y = x2.

Solution
. y—6 1 1 . ... y—6 1
a Writ =——andy = . Th ts (x, tisf = —
rite 3 Go17 and y %0 e points (x, y) satisfying 3 Go17 are
mapped to the points (x’,y") satisfying y’ = R
X
Hence we choose to write
,:y% and X' =x-1
We can write this transformation as
-6
) — (@ 13— ) (x— 1yT)

This is a translation of 1 unit in the negative direction of the x-axis and 6 units in the
negative direction of the y-axis followed by a dilation of factor % from the x-axis.

b Write y — 6 = (5x — 1)> and y’ = (x)?. The points (x, y) satisfying y — 6 = (5x — 1)? are
mapped to the points (x’, y’) satisfying y’ = (x")%.
Hence we choose to write
y=y-6 and x' =5x-1
One transformation is a dilation of factor 5 from the y-axis followed by a translation

of 1 unit in the negative direction of the x-axis and 6 units in the negative direction of
the y-axis.

We note that the transformations we found are far from being the only possible answers. In
fact there are infinitely many choices.

Summary 3E

The notation developed in this chapter can be used to help find the transformation that
takes the graph of a function to its image.

For example, if the graph of y = f(x) is mapped to the graph of y’ = 2f(x” — 3), we can
see that the transformation

X =x+43 and y =2y

is a suitable choice. This is a translation of 3 units to the right followed by a dilation of
factor 2 from the x-axis.

There are infinitely many transformations that take the graph of y = f(x) to the graph of
v = 2f(x" — 3). The one we chose is conventional.
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Skill-
sheet

Example 9

Example 10

1

2

For each of the following, find a sequence of transformations that takes:

a the graph of y = x> to the graph of:

i y=2x-1>+3 il y=—-(x+1>+2 il y=Q2x+1°-2
1
b the graph of y = ) to the graph of:

2 1 1
iy=—— i y=——=+2 iii y=——--2
PTG YT G Y= Gy

¢ the graph of y = +/x to the graph of:
i y=Vx+3+2 il y=2V3x il y=—Vx+2

a Find a sequence of transformations that takes the graph of y = (x — 1)* + 6 to the
graph of y = x%.

b Find a sequence of transformations that takes the graph of y = 2(x — 1)> — 3 to the
graph of y = x%.

1
¢ Find a sequence of transformations that takes the graph of y = (—1)2 — 6 to the
1 X
graphof y = —.
X 2
d Find a sequence of transformations that takes the graph of y = Go1p — 5 to the
X—

1
graph of y = —.
X
e Find a sequence of transformations that takes the graph of y = (2x — 1)> + 6 to the
graph of y = x%.

a Find a sequence of transformations that takes the graph of y = ﬁ — 7 to the
graph of y = %

b Find a sequence of transformations that takes the graph of y = (3x + 2)? + 5 to the
graph of y = x%.

¢ Find a sequence of transformations that takes the graph of y = —=3(3x + 1)> + 7 to the
graph of y = x2.

d Find a sequence of transformations that takes the graph of y = 2V4 - x to the graph
of y = Vx.

e Find a sequence of transformations that takes the graph of y = 24 — x + 3 to the
graph of y = —/x + 6.

In each case below, state a sequence of transformations that transforms the graph of the
first equation into the graph of the second equation:

ay=1,y— 2 43 by=i,y=——7cy=i,y— .
X x—1 x2 (x+4)? x3 (1-x)3
dy=x, y=2-Vx+1 eyzi,yzi+3 fy= 2 +4, =1
Vx V—x 3-x x
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g Using transformations to sketch graphs

By considering a rule for a graph as a combination of transformations of a more ‘simple’ rule,
we can readily sketch graphs of many apparently ‘complicated’ functions.

1
Identify a sequence of transformations that maps the graph of y = — onto the graph of
X

4 4
y = —— — 3. Use this to sketch the graph of y = —— — 3, stating the equations of
%45 XS

asymptotes and the coordinates of axis intercepts.

Solution
Rearrange the equation of the transformed graph to have the same ‘shape’ as y = l:
y+3 1 :
4 T ¥+s
where (x’,y") are the coordinates of the image of (x, y).

4

3
Therefore x = x’ + Sand y = . Rearranging gives x’ = x —Sand y’ = 4y - 3.

The mapping is (x,y) — (x — 5,4y — 3), and so a sequence of transformations is:
1 adilation of factor 4 from the x-axis

2 atranslation of 5 units in the negative direction of the x-axis

3 atranslation of 3 units in the negative direction of the y-axis.

Y
A
1 -
The original graph y = — is shown on the right. .
X _
The effect of the transformations is shown below. O: (1, 1)
=" T T T > X
1L -D\[
1 Dilation from x-axis: 2 Translation in negative 3 Translation in negative
direction of x-axis: direction of y-axis:
y
A Y
1 (1.4) A
7 ' (_43 1): :
0.
T

(=6, -4)

1
1
1
1
1
=1
1
1
1
1
1
1



114 chapter 3: Transformations

Find the axis intercepts in the usual way, as below.
The transformed graph, with asymptotes and
intercepts marked, is shown on the right.

4
Whenx =0, y= - -3 =-21

5 5
When y = 0, i—3=O
X+ 5
4=3x+15
3x=-11
11
x=-3

I
o3

=—=——--L

Once you have done a few of these types of exercises, you can identify the transformations

more quickly by carefully observing the rule of the transformed graph and relating it to the

‘shape’ of the simplest function in its family. Consider the following examples.

Sketch the graph of y = —Vx —4 - 5.

Solution

The graph is obtained from the graph of y = v/x by:

m areflection in the x-axis, followed by a translation
of 5 units in the negative direction of the y-axis, and

m a translation of 4 units in the positive direction of
the x-axis.

3
Sketch the graph of y = W + 5.
-

Solution 1
This is obtained from the graph of y = — by:
%

m adilation of factor 3 from the x-axis, followed by a
translation of 5 units in the positive direction of the
y-axis, and

m a translation of 2 units in the positive direction of
the x-axis.

y
A
O > i
4,-5)
y
A |
1
1
1
i
3 i
L5/
—_—1 LT/
i y=5
! _
o | =
x=2
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Summary 3F

In general, the function given by the equation
y=Af(n(x+c)+b
where b, c € R and A, n € R*, represents a transformation of the graph of y = f(x) by:

m adilation of factor A from the x-axis, followed by a translation of b units in the positive
direction of the y-axis, and

m adilation of factor % from the y-axis, followed by a translation of ¢ units in the negative
direction of the x-axis.

Similar statements can be made for b, c € R™. The case where A € R~ corresponds to a

reflection in the x-axis and a dilation from the x-axis. The case where n € R~ corresponds
to a reflection in the y-axis and a dilation from the y-axis.

1 Sketch the graph of each of the following. State the equations of asymptotes and the

axis intercepts. State the range of each function.

3 2 3

af(x)=m bg(x)=m—1 Ch(x)=m

2 - -1
df(x):(x——nz_l e hx)=— f /)= —5+3

2
8 f(x):m+4

2 Sketch the graph of each of the following without using your calculator. State the range

of each.
ay=-vVx-3 b y=-Vx-3+2 c y=+v2x+3)
dy:2 3 e y=5Vx+2 fy=-5Vx+2-2

x_

-3 -2 3

= h = — —4 i = — — 5
BY=17 YT v 'Y= 0
. 5 )
iy==—+5 k y=2(x-3)"+5
2x
3x+2 . .
3 Show that 13 and hence, without using your calculator, sketch the
X
graph of
3x+2

frRA SR, f) = ——
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4x -5 7
4 Show that al =2- and hence, without using your calculator, sketch the
2x+ 1 2x+ 1
graph of
4x -5
R\ {-1} >R, =
frRA=3 2 R f(0) = 57—
7
Hint: f(x)=2-
7t 2(x+ 1)
5 Sketch the graph of each of the following without using your calculator. State the range
of each.
2 4 2
= +4 b y= +4 =——+1
ay=13 Y37 MRS
dy=2Vvx—-1+2 e y=-3Vx—-4+1 fy=5V2x+4+1

@ Transformations of power functions with
positive integer index
We recall that every quadratic polynomial function can be written in the turning point form

y = a(x — h)?> + k. This is not true for polynomials of higher degree. However, there are many
polynomials that can be written as y = a(x — h)" + k.

In Chapter 1 we introduced power functions, which include functions with rule f(x) = x",
where 7 is a positive integer. In this section we continue our study of such functions and, in
particular, we look at transformations of these functions.

The function f(x) = x” where n is an odd positive integer
The diagrams below show the graphs of y = x> and y = x°.
y y

A
3, 27) (3, 243)

0 o 0
(=3, -27) (-3,-243)

=d
y=x3 y=x
Assume that 7 is an odd integer with n > 3. From Mathematical Methods Units 1 & 2, you
will recall that the derivative function of f(x) = x" has rule

f(x) = nx""!
Hence the gradient is zero when x = 0. Since 7 is odd and therefore n — 1 is even, we
have f’(x) = nx"~! > 0 for all non-zero x. That is, the gradient of the graph of y = f(x) is

positive for all non-zero x and is zero when x = 0. Recall that, for functions of this form,
the stationary point at (0, 0) is called a stationary point of inflection.
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Comparing the graphs of y = x" and y = x™ for n and m odd

Assume that n and m are odd positive integers
with n > m. Then:

m x"=x"forx=-1,0,1

m x">x"for-1 <x<0andforx>1

m X' < xX"for0O< x<1andforx<—1.

It should be noted that the appearance of graphs is
dependent on the scales on the x- and y-axes.

Power functions of odd degree are often depicted as
shown.

(_la _1)

Transformations of f(x) = x" where n is an odd positive integer

Transformations of these functions result in graphs with rules of the form y = a(x — h)" + k

where a, h and k are real constants.

Sketch the graph of:
ay=x-27>+1 b y=-(x-173+2
Solution

a The translation (x,y) — (x + 2,y + 1) maps the

graph of y = x* onto the graph of y = (x —2)° + 1.

So (2, 1) is a point of zero gradient.
Find the axis intercepts:
m Whenx=0, y=(-2>+1=-7

m Wheny =0,
0=(x-2°+1
—il = (7= 2)
—-1=x-2

x=1

c y=2(x+12+2

)
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b A reflection in the x-axis followed by the y
translation (x,y) — (x + 1,y + 2) maps the graph A
of y = x* onto the graph of y = —(x — 1)* + 2.
So (1,2) is a point of zero gradient.

Find the axis intercepts:
m Whenx=0, y=—(-1*+2=3

w
j
uﬁ—‘
[\
N
—
+
[N}
W=
/
=

m Wheny =0, 0
0=—-(x-1°+2
(x-17=2
x—1= 2%
x=1+ 2% ~2.26
¢ A dilation of factor 2 from the x-axis followed y
by the translation (x,y) — (x — 1,y + 2) A
maps the graph of y = x> onto the graph
ofy=2(x+1)> +2.
So (—1,2) is a point of zero gradient. (-1.2) 4
Find the axis intercepts:
m Whenx=0, y=2+2=4 - X
m Wheny =0, =) (0]
0=2(x+11>+2
~-1=(x+1)°
—1=x+1
x=-2

The graph of y = a(x — h)® + k has a point of zero gradient at (1, 1) and passes through the
point (0, 4). Find the values of a, & and k.

Solution

Since (1, 1) is the point of zero gradient,
h=1 and k=1

Soy = a(x — 1)> + 1 and, since the graph passes through (0, 4),
4=-a+1

a=-3
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Example 16

a Find the rule for the image of the graph of y = x° under the following sequence of
transformations:
m reflection in the y-axis
m dilation of factor 2 from the y-axis
m translation 2 units in the positive direction of the x-axis and 3 units in the positive

direction of the y-axis.

b Find a sequence of transformations which takes the graph of y = x° to the graph of
y=6-2(x+5)

Solution
a (x,y) = (=x,y) = (=2x,y) > (-2x+ 2,y + 3)

Let (x’,y") be the image of (x, y) under this transformation.

/

Then x" = —2x+ 2 and y’ = y + 3. Hence x = al

andy =y —3.

Therefore the graph of y = x° maps to the graph of
x =2\
2=
Y )
i.e. to the graph of

1
y=—§(x—2)5+3

)
b Rearrange y = 6 — 2(x’ +5)° to )’_2 )

/

Therefore y = d and x = x" + 5, which gives y’ = -2y + 6 and x’ = x - 5.

The sequence of transformations is:
m reflection in the x-axis
m dilation of factor 2 from the x-axis

m translation 5 units in the negative direction of the x-axis and 6 units in the positive
direction of the y-axis.

The function f(x) = x” where n is an even positive integer
Assume that n is an even integer with n > 2. From Mathematical Methods Units 1 & 2, you
will recall that the derivative function of f(x) = x" has rule

f/(x) — nxn—l

Hence the gradient is zero when x = 0. Since 7 is even and therefore n — 1 is odd, we have
f'(x) = nx""! > 0forx > 0, and f'(x) = nx""! < 0 for x < 0. Thus the graph of y = f(x) has
a turning point at (0, 0); this point is a local minimum.
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Comparing the graphs of y = x” and y = x™ for n and m even

Assume that n and m are even positive integers with y
n > m. Then: A
"= x"forx=-1,0,1
I (-1, 1) ()
m x" > x" for x < —1 and for x > 1
B X" <x"for-1<x<O0andfor0<x<l. z 0 > X

Example 17

The graph of y = a(x — h)* + k has a turning point at (2, 2) and passes through the
point (0, 4). Find the values of a, 4 and k.

Solution
Since (2, 2) is the turning point,

h=2 and k=2

So y = a(x — 2)* + 2 and, since the graph passes through (0, 4),

4 =16a+2

1

a=-

8
Summary 3G

m A graph with rule of the form y = a(x — h)" + k can be obtained as a transformation of
the graph of y = x".

m 0dd index If nis an odd integer with ~ m Even index If n is an even integer with

n > 3, then the graph of y = x" has a n > 2, then the graph of y = x" has a
shape similar to the one shown below; shape similar to the one shown below;
there is a point of zero gradient at (0, 0). there is a turning point at (0, 0).

¥ y

Y
=
Y
=
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Example 14

Example 15

Example 16
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1

2

4

Sketch the graph of each of the following. State the coordinates of the point of zero
gradient and the axis intercepts.

a f(x)=2x° b g(x) = -2x°

c hx)=x +1 d f(x)=x>-4

e f)=(x+17>-8 f fo=2(x-13-2
g g(x)==2x-17+2 h h(x)=3(x-2)7> -4

i f()=2(x-113+2 i h(x)=-2(x-1> -4
k f(x)=(@x+1)>-32 I fx)=2(x-1Y -2

The graph of y = a(x — h)* + k has a point of zero gradient at (0, 4) and passes through
the point (1, 1). Find the values of a, 4 and k.

Find the equation of the image of y = x* under each of the following transformations:

a adilation of factor 3 from the x-axis

b a translation with rule (x,y) - (x -1,y + 1)

¢ areflection in the x-axis followed by the translation (x,y) — (x + 2,y — 3)

d a dilation of factor 2 from the x-axis followed by the translation (x,y) — (x—1,y—2)
e adilation of factor 3 from the y-axis.

a Find the rule for the image of the graph of y = x* under the following sequence of
transformations:
m reflection in the y-axis
m dilation of factor 3 from the y-axis
m translation 3 units in the positive direction of the x-axis and 1 unit in the positive
direction of the y-axis.

b Find a sequence of transformations which takes the graph of y = x> to the graph of
y=4-3x+1)>.

Find the rule for the image of the graph of y = x* under the following sequence of

transformations:

m reflection in the y-axis

m dilation of factor 2 from the y-axis

m translation 2 units in the negative direction of the x-axis and 1 unit in the negative
direction of the y-axis.

Find a sequence of transformations which takes the graph of y = x* to the graph of
y=5-3x+ D"
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7 By applying suitable transformations to y = x*, sketch the graph of each of the

following:
ay=3x-1*-2 b y=-2x+2)* cy=(x-2"-6
d y=2(x-3)*-1 e y=1-(x+4)* fy=-3x-2%*-3

Example17 8 The graph of y = a(x — h)* + k has a turning point at (=2, 3) and passes through the
point (0, —6). Find the values of a, & and k.

9 The graph of y = a(x — h)* + k has a turning point at (1, 7) and passes through the
point (0, 23). Find the values of a, h and k.

@ Determining the rule for a function from its graph

Given sufficient information about a curve, we can determine its rule. For example, if we
know the coordinates of two points on a hyperbola of the form

y = 4 +b
X
then we can find the rule for the hyperbola, i.e. we can find the values of a and b.

Sometimes the rule has a more specific form. For example, the curve may be a dilation of
y = +/x. Then we know its rule is of the form y = a+/x, and the coordinates of one point on
the curve (with the exception of the origin) will be enough to determine the value of a.

Example 18

The points (1,5) and (4, 2) lie on a curve with equation y = 4 + b. Find the values of a
X

and b.

Solution

When x = 1,y = 5 and so
S5=a+b (1)

When x =4,y =2 and so

a
2=—-+b 2
A (2)
Subtract (2) from (1):
3a
Sy
a=4

Substitute in (1) to find b:
5=4+b
b=1

4
The equation of the curveisy = — + 1.
X
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Example 19

The points (2, 1) and (10, 6) lie on a curve with equation y = aVx — 1 + b. Find the values

of a and b.
Solution
When x =2,y =1 and so
l=aVi+b
ie. l=a+b (1)
When x = 10, y = 6 and so
6=aV9+b
ie. 6=3a+b )
Subtract (1) from (2):
5=2a
a= g
2

3
Substitute in (1) to find b = —5

3

5
The equation of the curve is y = va -1-=.

2

1 The points (1,4) and (3, 1) lie on a curve with equation y = 4 + b. Find the values of a
X

and b.
2 The graph shown has the rule
A
r= x+b

Find the values of A, b and B.

x=1

3 The points (3, 1) and (11, 6) lie on a curve with equation y = aVx — 2 + b. Find the

values of a and b.

4 The points with coordinates (1,5) and (16, 11) lie on a curve which has a rule of the

form y = Ay/x + B. Find A and B.
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5 The points with coordinates (1, 1) and (0.5, 7) lie on a curve which has a rule of the

A
formy = — + B. Find the values of A and B.

X

6 The graph shown has the rule %
=—+8B

YT by
Find the values of A, b and B.

0 > X

7 The points with coordinates (1, —1) and (2, %) lie on a curve which has a rule of the form

y = % + b. Find the values of a and b.
X

8 The points with coordinates (—1,4) and (1, —8) lie on a curve which has a rule of the
form y = av/x + b. Find the values of a and b.

@ A notation for transformations

The following table gives a summary of some basic transformations of the plane. In each row
of the table, the point (', y") is the image of the point (x, y) under the mapping.

Mapping Rule
. . . x, = x
Reflection in the x-axis ,
y ==y
. . . x, = _x
Reflection in the y-axis ,
y =y
o ) X =ax
Dilation of factor ka from the y-axis ,
y =y
. . . x, = x
Dilation of factor kb from the x-axis
y' = by
e /1 units in the positive direction of the x-axis X =x+h
e k units in the positive direction of the y-axis vV =y+k

The transformations in the table and combinations of these transformations all have rule of
the form

(x,y) = (ax+ h,by + k) wherea # Oand b # 0
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We can consider transformations of the plane as functions with two variables and use a

similar notation to that we have used for functions of one variable.

T:R*> R T(x,y)=(ax+hby+k), a#0,b#0

We note that both the maximal domain and range of transformations of this type is R?

Linear transformations

125

Dilations, reflection in the x-axis and reflection in the y-axis and combinations of these are
examples of linear transformations. Linear transformations can be defined by having a rule

of the form
T :R?> - R?, T(x,y) = (ax + by, cx + dy)

A further example of a linear transformation is reflection in the line y = x.

Mapping Rule The graph of y = f(x) maps to

Reflectionintheliney=x x' =y, y =x x = f(y)

You have met this transformation in the study of inverse functions.

We note that linear transformations of the form T : R*> — R?, T(x,y) = (ax + h, by + k) are

not linear unless h =k =0

Example 20

Let 7 : R? - R?, T(x,y)=Bx+2,4y—-6)
a Evaluate
i 74,5) i 7(-1,2)

b Find the equation of the image of the graph y = f(x), where f(x) = 2%, under this

transformation.

Solution

a i 7T45=0Bx%x4+2,4x5-6)=(14,14)
il 7(-1,2)=3x(-1)+2,4x2-6)=(-1,2)

b T(x,y)=0Bx+2,4y—6)anlet (x',y") = Bx+ 2,4y —6).
Then:

' -2
x’=3x+2:>x=x

3
"+ 6

y=dy-6=y=2
Z -2
Y*6 55

The image of y = 2" is
=?)
3

That is, the image has equationy =4x2 3 -6
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LetT : R? - R?, T(x,y) = (ax + h, by + k). Given that T(1, 6) = (=7, -3) and
T(-2,3) = (11, 12) determine the values of a, b, h and k.

Solution
Since T'(1,6) = (=7, —3) we have the equations:

a+h=-7...()and6b+k=-3...(2)
Since T(-2,3) = (11, 12) we have the equations:
—2a+h=11...3)and3b+k=12...(4)

Subtract (3) from (1): Subtract (4) from (2):
3a =-18 3b=-15

a=-6 b=-5

h=-1 Sk =27

@ = =6, = =5, = =l,lk=2]

Composition of transformations

In section 3D we looked at combinations of transformations. This can be formalised with our
new notation by turning to composition of transformations which is the same idea that we
implemented in our study of functions.

Let T1(x,y) = (x + 3,2y) and T»(x,y) = (3x + 2,y — 3). Find the rule for;

a T(Ti(x,y)) b T1(Tx(x,y))
Solution
a T (Ti(x,y)) = To(x + 3,2y) b T\(Tx(x,y)) =Ti(3x+2,y—3)
=0Bx+3)+2,2y-3) =0@Bx+2+3,2(y-3))
=0@Bx+11,2y-3) =Bx+5,2y-6)
Notes:

m Note that two transformatons of the plane T and T, are equal if T';(x,y) = T»(x,y) for all
(x,y) € R2.

m The composition of transformations 7" and S can be writtenas 7 o S.

m In general, for transformations 7" and S, T(S (x,y)) # S(T(x,y)). Thatis, T oS # S o T.

m Some familes of transformations do commute. For example if S and T are translations
then, T'(S (x,y)) = S(T'(x, y)).
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Inverses of transformations

A transformation 7 is one-to-one if 7'(x;,y;) = T(x2,y,) implies x; = x; and y; = y,. All of
the transformations that we are considering in this section are one-to-one transformations.

Given a transformation 7 we can define a new transformation 7!, the inverse of 7', by
defining:

T7'(X,y) = (x,y) if T(x,y) = (X,))
Note: The function 7! is also a one-to one function, and 7 is the inverse of 771,
Furthermore we have:

T oT7'(x,y) = (x,y) for all (x,y) € R?
T 'o T(x,y) = (x,y) for all (x,y) € R?

Find the inverse of the transformation
T :R?> - R?, T(x,y)=0Bx-2,-5y+3)
Solution
We know T o T7'(x,y) = (x,y)
Let T7'(x,y) = (w, 2). Then
T(T™'(x,y) = (x.y)
T(w,z) = (x,y)
(Bw=2,-5z+3) =(x,y)
S3w-2=xand -5z+3=y

] x+2and 3—-y
LW = =5 ===
3 TS
_ x+2 3-y
H ’Tl b = _7_
ence (x,y) ( 3 5 )

You can check that T o T7'(x,y) = T~' o T(x,y) = (x, y).

Transformations on subsets of R?

When you deal with functions for which the domain is not R it is of interest to see how the

domain (and range) are transformed.

Consider the function f : [0,3] = R, f(x) = —x* + 2x.

a Find the range of f
b Find the image of f under the transformation with rule 7'(x, y) = (2x, =2y + 3). State the
domain and range of this image.



128 cChapter 3: Transformations 31

Example 20

Example 21

Example 22

Example 23

Example 24

Solution

b

The graph of y = f(x) has a local maximum at (1, 1). The endpoints have coordinates
(0,0) and (3, —3). Therefore range is [-3, 1]

Let T(x,y) = (x,y")

Therefore, x’ = 2x and y’ = -2y + 3.

X’ y -3
Thus, x = —andy =
us, x = — and y =)

' _3 7\2 ’
Hencey:—x2+2xismappedtoy 5 :_(x_) +2(x3)

Simplifying,
2
The image has equation y = % -2x+3

The domain is calculated as [2 x 0,2 x 3] = [0, 6].
The turning point of the image, which is a local minimum, has coordinates

2x1,-2x1+3)=(2,1)

The range can be calculated from the domain of the image and the equation of the

image as [1, 9] or you can consider the transformation of the range of the original

function.

Note: There is a reflection in the x-axis and so care must be taken with the end points
of the range.

Let T : R? = R?, T(x,y)=(x—2,2y+3)
a Evaluate
i 7(-2,5) ii 74,2)
b Find the equation of the image of the graph y = f(x), where f(x) = 2*, under this

transformation.

Let T : R? —» R?, T(x, y) = (ax + h,by + k). Given that T(-1,7) = (-7,-3) and
T(-2,-3) = (4, 6) determine the values of a, b, h and k.

Let Ti(x,y) = 2x,2y — 3) and T>(x,y) = (—x + 2, —y — 3). Find the rule for;
a In(Ti(x,y) b Ti(Tx(x,y))
Find the inverse of the transformation

T:R*>R% Ty =(2x+2,y-3)

Determine the set which is the image of the set {(x,y) : x € [2,5],y € [-3,7], x,y € R}
under the transformation with rule 7'(x,y) = 2x + 6,y — 3)

Consider the function f : [0,4] - R, f(x) = X2
a Find the range of f
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10

11

12

13

14
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b Find the image of f under the transformation with rule 7'(x,y) = (-2x, 2y + 4). State
the domain and range of this image.

Let T)(x,y) = (%x y— 3),T2(x, y) = (—x,y +3) and T5(x, y) = (=2x,y — 3) . Find the
rule for;

a In(Ti(x,y) b T(T2(x,y)) c T3(Ti(x,y)

d T(T3(x,y)) e Tr(T3(x,y)) f T3(Ta(x,y)

Find the inverse of each of the following transformations assuming domain R?
aTxy)=(x+2,-y-3) b S(x,y)=(x+2,y-3)
c T(x,y)=(-3x—-2,6-1y) d S(x,y)=(-2x+3,4-y)

Consider the function f : [-1,2] = R, f(x) = x>.
a Find the range of f

b Find the image of f under the transformation with rule 7'(x,y) = (—x + 3, =2y + 4).
State the domain and range of this image.

1
Let Ti(x,y) = (x = 5,y + 2) and T5(x,y) = (—x, Ey)

a Determine the rules for
i T\(Ty(x,y)) i To(T1(x,y)) i 71(T1(x,y))

b Describe each of resulting transformations in words.
Let Ti(x,y) = 3x,2y), To(x,y) = (x+ 3,y —2) and T3(x,y) = (—x,y) .

a Determine the rules for
i T1(Tx(T5(x,y))) i To(T1(T5(x,y))) i T5(T1(T2(x,y)))

b Describe each of resulting transformations in words.

A transformation of the form 7 : R? — R?, T(x,y) = (ax + h, by + k) maps the graph of
file,dl > R, f(x)=+xto f:[4,8] = R, f(x) = =3V2x — 5 + 6. State a possible set
of values of a, , b and k and the corresponding values of ¢ and d

2
Let f:R\{—= R, = .
e/ \{ 5}_> f® =570
a Find f~!
b Determine the rule for a transformation of the form,
T:R> - R%T(x,y) = (ax+h, by + k)

which maps the graph of y = f(x) to the graph of y = f~'(x)

LetT) : R? = R2, Ty(x,y) = (a1 x + hy, b1y + k) and T> : R? — R?, Th(x,y) =
(aryx + hy, by + k) .

a Give the rules for 7 o T, and (T} o T,)™!

b Give the rules for T;!, 7, and T;' o T;!

¢ Prove that (Ty o 7o) =T, o T
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Chapter summary

In the following table, the rule for each transformation is given along with the rule for the

=)

image of the graph of y = f(x).

Assign-
ment
Ej Mapping ity The graph of
Nrich y = f(x) maps to
X =x
Reflection in the x-axis , y=—f(x)
y ==y
. . . x, = _x
Reflection in the y-axis , y=f(—x)
y =y
X' =ax X
Dilation of factor a from the y-axis y=f (—)
y’ =y a
X =x
Dilation of factor b from the x-axis =bf(x)
, y
y = by
o . X =y
Reflection in the line y = x V= x x=f)
e /1 units in the positive direction of the x-axis  x' =x+h
e k units in the positive direction of the y-axis vV =y+k y—k=f(x-h)

Technology-free questions

1 Sketch the graph of each of the following. Label any asymptotes and axis intercepts.
State the range of each function.

1 1
a f:R\{0} >R, f(x)=—--3 b f:(2,00) >R, f(x) =
X x—2
c f:R\{l}—>R,f(x)=—2 -3 d f:(2,0) - R, f(x) = -3 +4
x—1 2—x
e fIR\(} R, f) = 1- ——
x—1
2 Sketch the graph of each of the following:
3 —
a f(X)=2VX—3+1 b g(X)=m—l (] h(X)Zm—

3 Sketch the graph of each of the following. State the coordinates of the point of zero
gradient and the axis intercepts.
a f(x)=-2x+1)> b gx)=-2(x-1’+8
c h(x)=2(x-2y°+1 d f(x)=4(x-1>-4

4  The points with coordinates (1, 6) and (16, 12) lie on a curve which has a rule of the
form y = ay/x + b. Find a and .
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A transformation 7 : R? — R? has rule
T(x,y)=(x—-4,-2y-1)
Find the image of the curve with equation y = 4/x under this transformation.
A transformation 7 : R? — R? has rule
T(x,y)=0CBx—-4,-y— %)
Find the image of the curve with equation y = 2Vx — 4 + 3 under this transformation.

The points with coordinates (1, 3) and (3, 7) lie on a curve with equation of the form

y = 2 4 b. Find the values of a and b.
X

a Find the rule for the image of the graph of y = —x? under the following sequence of
transformations:

m reflection in the y-axis

m dilation of factor 2 from the y-axis

m translation 4 units in the positive direction of the x-axis and 6 units in the positive
direction of the y-axis.

b Find a sequence of transformations which takes the graph of y = x* to the graph of
y=6-4(x+ D*

1
Identify a sequence of transformations that maps the graph of y = — onto the graph of
X

y = + 3. Use this to sketch the graph of y = 5 + 3, stating the equations

3 3
(x5 (x=3)

of asymptotes and the coordinates of axis intercepts.

Find a sequence of transformations that takes the graph of y = 2x*> — 3 to the graph of

y = x%

Find a sequence of transformations that takes the graph of y = 2(x — 3)* + 4 to the graph
of y = x3.

Multiple-choice questions

1

The point P(3, —4) lies on the graph of a function f. The graph of f is translated 3 units
up (parallel to the y-axis) and reflected in the x-axis. The coordinates of the final image
of P are

A (6,4) B 3,1 Cc (3,-1 D (=31 E (3,7

The graph of y = x° + 4 is translated 3 units ‘down’ and 2 units ‘to the right’. The
resulting graph has equation

Ay=x-271+2 By=x-273+1 Cy=x-27%+5
Dy=x+2>+1 Ey=(x+2>+6
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3  The graph of y = f(x) is shown on the right. y

Which one of the following could be the graph of
y = f=x)? 7

-2
A y B y c y
A A A
2 ‘\g\. 2
T T =x T \ T =x T T =x
5 ON > 2 O] N2 2/ 0| 2
24 -2 - D

T T T T > X
2 ON. 2 o o
2 H .

4 The graph of the function with rule y = x? is reflected in the x-axis and then translated
4 units in the negative direction of the x-axis and 3 units in the negative direction of the
y-axis. The rule for the new function is

Ay=(-x+472-3 By=—-(x—472+3 Cy=-(x-3)>+4
Dy=(-x-4)2%+3 Ey=—(x+4)?-3
5 The graph of y = % + ¢ is shown on the y
X
right. A possible set of values for a, b and ¢ i 0
respectively is i
A -1,3,2 i_3 o
B 1,2,-3 ; . > X
C -1,-3,-2 ’4-5--:2 - EEEEEEEEEEs
D -1,3,-2 I
E 1,2,-3 i
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1
The graph of the function f is obtained from the graph of y = x3 by a reflection in the
y-axis followed by a dilation of factor 5 from the x-axis. The rule for f is

A f(x) = -5x3 B f(x) = %(—x)% C f(¥) = (=53
D f()=-g8 E f() = =5(-x)3

The transformation T: R> — R? with rule T(x,y) = Bx = 2,—y— 1)
maps the curve with equation y = v/x to the curve with equation

X—2 3x+2 3.x_3
YT Y=\ T3 YENT3

sx+2 Ey=—1+3 3x;—2

1
A transformation T: R? — R? that maps the graph of y = — to the graph of
X

y=2x+1—4lsglvenby
A T(x,y) = ! ! 3y—-4 B T(xy = ! 2,3y—1
X,y) = 2x > y xX,y) = 2x >y
1 1
c T(x,y)=(§x—2,3y—4) D T(x,y)=(3x+2,§y—4)

11
ET =(3x-=,2y=-2
(x,y) (3x 75 )

5
A transformation 7 : R* — R? that maps the graph of y = =3 1+ 3 to the graph of
1 X =
y = — is given by
X
1 1 1
A T(x,y)=(2x—1,—§y+§) B T(x,y)=(§x—2,—§y+§)
1 1 3 3
crT =[zx+1,——y—— bT =(2x-1,5y— -
(x,y) (2x+ 735 5) (x,y) (x =) 5)
11 3
ET = S
(x,y) (Sx 75 5)

Let f(x) = 3x — 2 and g(x) = x> — 4x + 2. A sequence of transformations that takes the

graph of y = g(x) to the graph of y = g(f(x)) is

A adilation of factor % from the y-axis followed by a translation % units in the positive
direction of the x-axis

B adilation of factor 3 from the y-axis followed by a translation 2 units in the negative
direction of the x-axis

C adilation of factor % from the y-axis followed by a translation % unit in the positive
direction of the x-axis

D adilation of factor 3 from the y-axis followed by a translation 2 units in the positive
direction of the x-axis

E adilation of factor % from the y-axis followed by a translation 2 units in the positive
direction of the x-axis
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Extended-response questions

24
1 Consider the function f: D — R with rule f(x) = o2 6, where D is the maximal
X
domain for this rule.
a Find D.

b Describe a sequence of transformations which, when applied to the graph of y =

==

produces the graph of y = f(x). Specify the order in which these transformations are
to be applied.

¢ Find the coordinates of the points where the graph of f cuts the axes.

Letg: (=2,00) = R, g(x) = f(x).

d Find the rule for g~!, the inverse of g.

e Write down the domain of g~!.

f Sketch the graphs of y = g(x) and y = g~!(x) on the one set of axes.

£ Find the value(s) of x for which g(x) = x and hence the value(s) of x for which
g(x) = g7 (0.

2 Consider the function f: D — R with rule f(x) =4 — 2V2x + 6, where D is the
maximal domain for this rule.

a Find D.

b Describe a sequence of transformations which, when applied to the graph of y = +/x,
produces the graph of y = f(x). Specify the order in which these transformations are

to be applied.

¢ Find the coordinates of the points where the graph of f cuts the axes.

d Find the rule for f~!, the inverse of f.

e Find the domain of f~'.

f Sketch the graphs of y = f(x) and y = f~'(x) on the one set of axes.

g Find the value(s) of x for which f(x) = x and hence the value(s) of x for which
f) = .

3 a i Find the dilation from the x-axis which takes y = x> to the parabola with its
vertex at the origin that passes through the point (25, 15).
ii State the rule which reflects this dilated parabola in the x-axis.
iii State the rule which takes the reflected parabola of part ii to a parabola with
x-axis intercepts (0, 0) and (50, 0) and vertex (25, 15).
iv State the rule which takes the curve y = x? to the parabola defined in part iii.

b The plans for the entrance of a new building involve twin parabolic arches as shown
in the diagram.
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i From the results of part a, give y
the equation for the curve of A
arch 1.

ii Find the translation which
maps the curve of arch 1 tothe 5 Arch 1 Arch 2
curve of arch 2.

> X

ifi Find the equation of the curve 0
of arch 2.

¢ The architect wishes to have flexibility in her planning and so wants to develop an
algorithm for determining the equations of the curves when each arch has width

«—50m —>»<—50m —>

m metres and height n metres.
i Find the rule for the transformation which takes the graph of y = x? to the current
arch 1 with these new dimensions.
ii Find the equation for the curve of arch 1.

ifi Find the equation for the curve of arch 2.

3
4  Consider the function g: D — R with rule g(x) = ——— + 6, where D is the
. . ) (Bx —4)?
maximal domain for this rule.
a Find D.
b Find the smallest value of a such that f: (a,0) — R, f(x) = g(x) is a one-to-one
function.

¢ Find the inverse function of f.
d Find the value of x for which f(x) = f~'(x).
e On the one set of axes, sketch the graphs of y = f(x) and y = f~'(x).

5 a Sketch the curve with equation f(x) = , for x # 20.
b For g(x) = > wo
X) = :
Y= 20—«
1
i Show that g(x) = 1000 _ 50.
20— x

il Sketch the graph of y = g(x).
iii Show that g(x) = 20f(x) — 50.

¢ Find the rule for the function g~

6 When the transformation with rule (x, y) — (y, x) (a reflection in the line y = x) is
applied to the graph of a one-to-one function f, the resulting image has rule y = f~'(x),
i.e. the graph of the inverse function is obtained.
a For the graph of y = f(x), find the rule for the image of f, in terms of f~!(x), for
each of the following sequences of transformations:
i m atranslation of 3 units in the positive direction of the x-axis
m atranslation of 5 units in the positive direction of the y-axis

m areflection in the line y = x
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areflection in the line y = x

m a translation of 3 units in the positive direction of the x-axis

= atranslation of 5 units in the positive direction of the y-axis

a dilation of factor 3 from the x-axis

m adilation of factor 5 from the y-axis

m areflection in the line y = x

iv m
n

areflection in the line y = x
a dilation of factor 5 from the y-axis

a dilation of factor 3 from the x-axis.

b Find the image of the graph of y = f(x), in terms of f~!(x), under the transformation
with rule (x,y) — (ay + b, cx + d), where a, b, ¢ and d are positive constants, and
describe this transformation in words.

7 Let f(x) = x> -9 and

1
Ef(x+6) if —10<x<-3

g(x) =1 f(x) if —3<x<3

2
—gf(x—6) if3<x<10

A graph of y = g(x) is shown below right.

a State the range of y = g(x) y
b Find the values of k such that the A 66)
equation y = k has 6
i 0 solutions (-10,7/2)

ii 1 solution

iii 2 solutions

iv 3 solutions I6 =
v 4 solutions
vi 5 solutions.

¢ Write the rule for g(x) with the (10,-14/3)

components written in polynomial

form.

d State the range of the function with rule y = —2g(3x).

e The transformation 7 with rule 7'(x,y) = (—x + 2,4 — 2y) is applied to the graph of
the function g. State the domain and range of the image of g.

f i Determine the rule for a transformation S, with rule of the form

(x,y¥) = (ax + h,cy + k), that takes the graph of y = f(x) to the parabola with
equation y = —2x% + 12x + 2.

ii Find the equation of the image of the graph of y = g(x) under this transformation.



Polynomial functions

Objectives

> To revise the properties of quadratic functions.

» To add, subtract and multiply polynomials.

» To be able to use the technique of equating coefficients.

» To divide polynomials.

» To use the remainder theorem, the factor theorem and the rational-root theorem to
identify the linear factors of cubic and quartic polynomials.

v

To draw and use sign diagrams.
» To find the rules for given polynomial graphs.

» To apply polynomial functions to problem solving.

A polynomial function of degree 2 is called a quadratic function. The general rule for such
a function is

fx)=ax*+bx+c, a#0

A polynomial function of degree 3 is called a cubic function. The general rule for such a
function is

f(x)=ax3+bx2+cx+d, a+0

A polynomial function of degree 4 is called a quartic function. The general rule for such a
function is

f) =ax* +bx* +cex> +dx+e, a#0

In this chapter we revise quadratic functions, and build on our previous study of cubic and
quartic functions.
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m Quadratic functions

In this section, we revise material on quadratic functions covered in Mathematical Methods

Units 1 & 2.

Transformations of parabolas

Dilation from the x-axis

For a > 0, the graph of the function y = ax? is
obtained from the graph of y = x” by a dilation of

factor a from the x-axis.

The graphs on the right are those of y = x?, y = 2x?
and y = %xz, i.e.a=1,2and %

Translation parallel to the x-axis
The graphs of y = (x + 2)? and y = (x — 2)? are

shown.

For h > 0, the graph of y = (x + h)? is obtained from
the graph of y = x? by a translation of / units in the
negative direction of the x-axis.

For h < 0, the graph of y = (x + h)? is obtained from
the graph of y = x° by a translation of —/ units in
the positive direction of the x-axis.

Translation parallel to the y-axis
The graphs of y = x*> + 2 and y = x> — 2 are shown.
For k > 0, the graph of y = x> + k is obtained from

the graph of y = x? by a translation of & units in the
positive direction of the y-axis.

For k < 0, the translation is in the negative direction
of the y-axis.

Combinations of transformations
The graph of the function
fx)=2(x-2)%*+3

is obtained by transforming the graph of the function

f(x) = x* by:

m dilation of factor 2 from the x-axis

m translation of 2 units in the positive direction of
the x-axis

m translation of 3 units in the positive direction of
the y-axis.

yyzzxzyzxzyz%xz

21‘ ‘ (1,2)
1- (1, 1)
—(1,0.5)

0 i > X

=(x+2)? J

y= y=(x-2)?
f (0, 4)|1 i
2 0 2 *

Y
/

y=x2-2 /

N

y=x2+2

> <

10, 11

(2.3)

Y
=
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Graphing quadratics in turning point form

By applying dilations, reflections and translations to the basic parabola y = x?, we can

sketch the graph of any quadratic expressed in turning point form y = a(x — h)’ + k:
m Ifa > 0, the graph has a minimum point.

If a < 0, the graph has a maximum point.

The vertex is the point (4, k).

The axis of symmetry is x = A.

If 7 and k are positive, then the graph of y = a(x — h)? + k is obtained from the graph
of y = ax? by translating 4 units in the positive direction of the x-axis and k units in the
positive direction of the y-axis.

m Similar results hold for different combinations of / and k positive and negative.

Sketch the graph of y = 2(x — 1)? + 3.

Solution

The graph of y = 2x? is translated 1 unit in the positive

direction of the x-axis and 3 units in the positive direction

of the y-axis. \
The vertex has coordinates (1, 3).

The axis of symmetry is the line x = 1.
The graph will be narrower than y = x2, .

The range is [3, 00).

To add further detail to our graph, we can find the axis
intercepts:

y-axis intercept
When x =0, y=2(0-1)?>+3 =5.

x-axis intercepts
In this example, the minimum value of y is 3, and so y cannot be 0. Therefore this graph
has no x-axis intercepts.

Note: Another way to see this is to let y = 0 and try to solve for x:
0=2(x—172+3
-3 =2(x—1)?
-2 =@-17

As the square root of a negative number is not a real number, this equation has no
real solutions.
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Sketch the graph of y = —(x + 1)> + 4.

Solution
The vertex has coordinates (—1,4) and so the y
axis of symmetry is the line x = —1. A
Whenx =0, y=—(0+1)> +4 = 3. (-1, 4)

.. the y-axis intercept is 3. (0. 3)

When y = 0,

i+ 12 +4=0 (1,0)
(x+ 17 =4 &0 o

x+1=4=2

x==+2-1

.. the x-axis intercepts are 1 and —3.

The axis of symmetry

For a quadratic function written in polynomial form y = ax® + bx + c, the axis of symmetry
of its graph has the equation x = ~a
a

Therefore the x-coordinate of the turning point is ——. Substitute this value into the
quadratic polynomial to find the y-coordinate of the turning point.

For each of the following quadratic functions, use the axis of symmetry to find the turning
point of the graph, express the function in the form y = a(x — h)* + k, and hence find the
maximum or minimum value and the range:

ay=x>—4x+3 b y=-2x>+12x-7
Solution Explanation
a The x-coordinate of the turning point is 2. Here a = 1 and b = —4, so the axis of
) -4
Whenx =2, y=4-8+3=-1. symmetrylsx:—(7)=2.
The coordinates of the turning point For the turning point form
are (2, —1). Hence the equation is y = a(x — h)> + k, we have found
y=x-22-1. thata=1,h=2and k = —1.
The minimum value is —1 and the range Since a > 0, the parabola has a

is [—1, c0). minimum.
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b The x-coordinate of the turning point is 3. Here a = -2 and b = 12, so the axis of
. 12
When x = 3, y= —2x(32+12x3—7 = 11.  symmetry is x = —(_—4) =3,
The coordinates of the turning point For the turning point form
are (3, 11). Hence the equation is y = a(x — h)> + k, we have found
y=-2(x-3)*+11. thata = -2, h =3 and k = 11.
The maximum value is 11 and the range Since a < 0, the parabola has a
is (=0, 11]. maximum.

Graphing quadratics in polynomial form

It is not essential to convert a quadratic to turning point form in order to sketch its graph.

For a quadratic in polynomial form, we can find the x- and y-axis intercepts and the axis of
symmetry by other methods and use these details to sketch the graph.

Step 1 Find the y-axis intercept.

Step 2 Find the x-axis intercepts.

Step 3 Find the equation of the axis of symmetry.
Step 4 Find the coordinates of the turning point.

Find the x- and y-axis intercepts and the turning point, and hence sketch the graph of
y=x+x-12.

Solution

Step 1 ¢ = —12. Therefore the y-axis intercept is —12. v

Step2 Lety = 0. Then
0=x"+x—12
0=x+4)(x-3)

x=—-4or x=3

The x-axis intercepts are —4 and 3.

Step 3 The axis of symmetry is the line with equation
-4+3 1

2 2

X

Step4 When x = —%’ y= _%)2_'_(_%)_ 12
=121

The turning point has coordinates (—%, —12}1).
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Completing the square

By completing the square, all quadratics in polynomial form, y = ax? + bx + ¢, may be
transposed into turning point form, y = a(x — h)* + k. We have seen that this can be used to
sketch the graphs of quadratic polynomials.

To complete the square of x> + bx + c: 5
b b
m Take half the coefficient of x (that is, 5) and add and subtract its square T

To complete the square of ax® + bx + c:

m First take out a as a factor and then complete the square inside the bracket.

By completing the square, write the quadratic f(x) = 2x> — 4x — 5 in turning point form,
and hence sketch the graph of y = f(x).

Solution
f(x)=2x* —4x-5

5
X T

5 b\?
2(x2 =2x+l=1= 5) add and subtract (E) to ‘complete the square’

2[(x2 —2x+1)— ;]

7
- 2[(x— 1) - 5]
=2(x—-1)2-7
The x-axis intercepts can be determined after completing the square:
2x* —4x-5=0
2x-12-7=0
7
(=17 =3

7

—lzi —

* \@
7 7
=1 Z =1—+/=
X +\/gorx 3

This information can now be used to sketch

the graph:
m The y-axis intercept is ¢ = —5.
m The turning point is (1, 7).

7 7
m The x-axis intercepts are 1 + \/; and 1 — \/;
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The quadratic formula

The solutions of the quadratic equation ax? + bx + ¢ = 0, where a # 0, are given by the
quadratic formula

—b + Vb? — 4ac
DI ——
2a

It should be noted that the equation of the axis of symmetry can be derived from this
general formula: the axis of symmetry is the line with equation
b

2a

Example 6

Sketch the graph of f(x) = —3x? — 12x — 7 by:

m finding the equation of the axis of symmetry

m finding the coordinates of the turning point

m using the general quadratic formula to find the x-axis intercepts.

Solution
Since ¢ = -7, the y-axis intercept is —7.

b
Axis of symmetry x = ——
2a

- _(2;23))

=2

Turning point
When x = -2, y = =3(=2)> - 12(-2) -7 = 5.
The turning point coordinates are (-2, 5).

x-axis intercepts y
32— 12x-7=0 A
_ =b+Vb*> - 4ac
e 2a
_ =(=12) + V(=127 - 4(=3)(=T)
2(=3) > X
12+ V60
-6
_12+2V15
S -6
=-2+1V15
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The discriminant

The discriminant A of a quadratic polynomial ax? + bx + c is
A = b* - 4ac
For the equation ax* + bx + ¢ = 0:
m If A > 0, there are two solutions.
m If A = 0, there is one solution.
m If A < 0, there are no real solutions.
For the equation ax® + bx + ¢ = 0 where a, b and c rational numbers:

m If Ais a perfect square and A # 0, then the equation has two rational solutions.
m If A = 0, then the equation has one rational solution.

m If A is not a perfect square and A > 0, then the equation has two irrational solutions.

Without sketching graphs, determine whether the graph of each of the following functions
crosses, touches or does not intersect the x-axis:

a f(x)=2x>-4x-6
b f(x)=-4x*+12x-9
c f(x)=3x>-2x+8

Solution Explanation

a A=0b*-4ac
= (-4 -4 x2 % (-6) Herea =2,b = —4, c = —6.
=16+48
=64>0

The graph crosses the x-axis twice. As A > 0, there are two x-axis intercepts.

b A=b’-4ac
= (12)> — 4 x (=4) x (-9) Herea = —4,b =12, ¢ = -9.
=144 - 144
=0

The graph touches the x-axis once. As A = 0, there is only one x-axis intercept.

¢ A=b*-4ac
=(-2%-4x3x8 Herea =3,b=-2,¢=8.
=4-96
=-92<0

The graph does not intersect the x-axis. As A < 0, there are no x-axis intercepts.
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Example 8

Find the values of m for which the equation 3x?> — 2mx + 3 = 0 has:

a one solution b no solution ¢ two distinct solutions.

Solution

For the quadratic 3x*> — 2mx + 3, the discriminant is A = 4m? — 36.

a For one solution: b For no solution:
A=0 A<O
ie. 4m*-36=0 ie. 4m*-36<0
m =9 From the graph, this is equivalent to
m = +3 3<m<3
¢ For two distinct solutions: A
A>0 1

ie. 4m*>-36>0

From the graph it can be seen that -3\ O 3

m>3 or m< -3

Summary 4A

m The graph of y = a(x — h)*> + k is a parabola congruent to the graph of y = ax?.
The vertex (or turning point) is the point (4, k). The axis of symmetry is x = h.

m The axis of symmetry of the graph of y = ax? + bx + ¢ has equation x = ~a"
a

m By completing the square, all quadratic functions in polynomial form y = ax? + bx + ¢
may be transposed into the turning point form y = a(x — h)* + k.

m To complete the square of x> + bx + c: 5

o Take half the coefficient of x (that is, g) and add and subtract its square bz

m To complete the square of ax® + bx + c:
o First take out a as a factor and then complete the square inside the bracket.

m The solutions of the quadratic equation ax? + bx + ¢ = 0, where a # 0, are given by the
quadratic formula

—b + Vb? —4dac
s
2a

From the formula it can be seen that:
o Ifb% — 4ac > 0, there are two solutions.
o If b* — 4ac = 0, there is one solution.

o If b2 — 4ac < 0, there are no real solutions.
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Example 1

Example 2

Example 3

Example 4

Example 5

Example 6

1 Sketch the graphs of the following functions:

a f(x)=2(x— 1)y b f(x)=2(x-1?%-2
¢ f(x) = —2(x— 1) d f(x)=4-2(x+ 1)
e f(x)=4+20x+ 1) f o) =2(x+172-1
g f(0)=3(x-27-4 h f()=x+1)7-1

i f()=5x2-1 j () =2(x+172-4

For each of the following quadratic functions, use the axis of symmetry to find the
turning point of the graph, express the function in the form y = a(x — h)?> + k, and hence
find the maximum or minimum value and the range:

a f(x)=x>+3x-2 b f(x)=x>-6x+8
c f(x)=2x>+8x-6 d f(x)=4x>+8x-7
e f(x)=2x*-5x f f(x)=7-2x-3x*

g f(x)=-2x+9x+11

Find the x- and y-axis intercepts and the turning point, and hence sketch the graph of
each of the following:

ay=-x>+2x b y=x>-6x+8
cy=-x>-5x-6 d y=-2x>+8x-6
e y=4x>-12x+9 fy=6x>+3x-18

Sketch the graph of each of the following by first completing the square:
ay=x"+2x-6 b y=x*-4x-10
cy=-x>-5x-3 d y=-2x2+8x-10

e y=x>-Tx+3

Sketch the graph of f(x) = 3x* — 2x — 1 by first finding the equation of the axis of
symmetry, then finding the coordinates of the vertex, and finally using the quadratic
formula to calculate the x-axis intercepts.

Sketch the graph of f(x) = —3x? — 2x + 2 by first finding the equation of the axis of
symmetry, then finding the coordinates of the vertex, and finally using the quadratic
formula to calculate the x-axis intercepts.

Sketch the graphs of the following functions, clearly labelling the axis intercepts and
turning points:

a f(x)=x"+3x-2 b f(x)=2x"+4x-7
c f(x)=5x*-10x-1 d f(x)=-2x2+4x-1
e y=25x>+3x+03 f y=-0.6x>-13x-0.1
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8 a Which of the graphs shown could represent y = (x — 4)> — 3?
b Which graph could represent y = 3 — (x — 4)??

Ay B

13Tu 13
T > X 4 X

ol 4 0

c D y
X X

0] 4 (0] 4
13 -13

9 Match each of the following functions with the appropriate graph below:

1

ay=30+4HE-x by=x2—§+1
1

c y=-10+2(x-1)? d y=§(9—x2)

A y B y

147

Example7 10 Without sketching the graphs of the following functions, determine whether they cross,

touch or do not intersect the x-axis:

a f(x)=x>-5x+2 b f(x)=—-4x*+2x-1 c f(x)=x>-6x+9
d f(x)=8-3x-2x" e f(x)=3x>+2x+5 f f)=-x>-x-1

Examples 11 For which values of m does the equation mx?> — 2mx + 3 = 0 have:

a two solutions for x b one solution for x?
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12 Find the value of m for which (4m + 1)x*> — 6mx + 4 is a perfect square.

13  Find the values of a for which the equation (a — 3)x* + 2ax + (a +2) = 0 has no solutions
for x.

14 Prove that the equation x> + (a + 1)x + (a — 2) = 0 always has two distinct solutions.
15 Show that the equation (k + 1)x*> — 2x — k = 0 has a solution for all values of k.

16 For which values of k does the equation kx> — 2kx = 5 have:

a two solutions for x b one solution for x?

17 For which values of k does the equation (k — 3)x? + 2kx + (k + 2) = 0 have:

a two solutions for x b one solution for x?

18 Show that the equation ax® — (a + b)x + b = 0 has a solution for all values of a and b.

m Determining the rule for a parabola

In this section we revise methods for finding the rule of a quadratic function from information
about its graph. The following three forms are useful. You will see others in the worked
examples.

1 y=a(x—e)x—f) Thiscan be used if two x-axis intercepts and the coordinates of
one other point are known.

2 y=a(x-h?+k This can be used if the coordinates of the turning point and one
other point are known.

3 y=ax’+bx+c This can be used if the coordinates of three points on the
parabola are known.

Example 9

A parabola has x-axis intercepts —3 and 4 and it passes through the point (1, 24). Find the
rule for this parabola.

Solution Explanation
y=a(x+3)(x—4) Two x-axis intercepts are given. Therefore
When x = 1, y = 24. Thus use the form y = a(x — e)(x — f).
24 =a(1+3)(1-4)
24 = -12a
a=-2

Theruleisy = —=2(x + 3)(x — 4).



4B Determining the rule for a parabola 149

Example 10

The coordinates of the turning point of a parabola are (2, 6) and the parabola passes
through the point (3, 3). Find the rule for this parabola.
Solution Explanation

y=a(x-2)+6 The coordinates of the turning point and
one other point on the parabola are given.

When x = 3, y = 3. Thus
Therefore use y = a(x — h) + k.

3=a(3-2°%+6
3=a+6
a=-3

The rule is y = —3(x — 2)? + 6.

A parabola passes through the points (1,4), (0,5) and (-1, 10). Find the rule for this
parabola.

Solution Explanation

y=ax*>+bx+c The coordinates of three points on the

Whenx=1,y =4 parabola are given. Therefore we substitute

When x =0,y =5.
When x = -1,y = 10.

values into the general polynomial form
y = ax? + bx + c to obtain three equations
in three unknowns.

Therefore
4=a+b+c (1)
S=¢e 2)

10=a-b+c 3)

Substitute from equation (2) into

equations (1) and (3):
-1=a+b (1)
S=a-b 3"
Add (1”) and (3'):
4 =2a
a=2

Substitute into equation (1’):
-1=2+b
b=-3
The rule is y = 2x> — 3x + 5.
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Find the equation of each of the following parabolas:

= y
A
(2,5)
> X
O
& y
A
(=1, 8)
> X
0 3
Solution

a This is of the form y = ax? (since the
graph has its vertex at the origin).
As the point (2, 5) is on the parabola,

5 = a(2)?
5
a= -
4

5
The rule is y = sz.

¢ This is of the form y = ax(x — 3).
As the point (—1, 8) is on the parabola,

8 =—-a(-1-3)
8 =4a
a=72

The rule is y = 2x(x — 3).

b

b

0, 3)

\=X

This is of the form y = ax® + ¢ (since the
graph is symmetric about the y-axis).

For (0, 3): 3=a(0) +c
c=3
For (=3,1): 1=a(-3)*+3
1=9a+3
e 2
9

2
The rule is y = —§x2 + 3.

This is of the form y = ax® + bx + c.
The y-axis intercept is 2 and so ¢ = 2.
As (—1,0) and (1, 2) are on the parabola,

O=a-b+2 (1)

2=a+b+2 2)
Add equations (1) and (2):

2=2a+4

2a = -2

a=-—1

Substitute @ = —1 in (1) to obtain b = 1.
The rule is y = —x + x + 2.
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Summary 4B

To find a quadratic rule to fit given points, first choose the best form of quadratic
expression to work with. Then substitute in the coordinates of the known points to
determine the unknown parameters. Some possible forms are given here:

i y i y
y=ax?
— 2
> ¥ Y= axx+ ¢
o
One point is needed to Two points are needed to
determine a. determine a and c.
y=ax?+bx
y=ax?+bx +c
X X
0, 0,
Two points are needed to Three points are needed to
determine a and b. determine a, b and c.

Skill-

sheet Exercise 4B

Examples 1 A parabola has x-axis intercepts —3 and —2 and it passes through the point (1, —24).
Find the rule for this parabola.

3
2 A parabola has x-axis intercepts —3 and ~5 and it passes through the point (1, 20). Find
the rule for this parabola.

Example10. 3 The coordinates of the turning point of a parabola are (—2,4) and the parabola passes
through the point (4, 58). Find the rule for this parabola.

4 The coordinates of the turning point of a parabola are (-2, —3) and the parabola passes
through the point (-3, —5). Find the rule for this parabola.

Example11. 5 A parabola passes through the points (1, 19), (0, 18) and (-1, 7). Find the rule for this
parabola.

6 A parabola passes through the points (2, —14), (0, 10) and (-4, 10). Find the rule for this
parabola.
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Example12. 7 Determine the equation of each of the following parabolas:

a y b y c y
A A A
4 2 > x (1,3)
>»> X _ -
/ol s\ \ 2 0
A A A

-1,-3)/19 2\ N —1\0 517
ol 1
-5

g y h
A

\0

2.2
(1,-2) 0

> X

4
4

8 Find quadratic expressions for the two curves in the diagram, given that the coefficient
of x in each case is 1. The marked points are A(4, 3), B(4, 1), C(0,—-5) and D(0, 1).

AN

y
A
3
1 B
) /0 7 \;x

9 The graph of the quadratic function f(x) = A(x + b)> + B has a vertex at (-2, 4) and
passes through the point (0, 8). Find the values of A, b and B.
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m The language of polynomials

= A polynomial function is a function that can be written in the form
P(x) = apx" + ay1 X"+ -+ ajx + ao

where n € N U {0} and the coefficients ay, . .., a, are real numbers with a, # 0.

m The number O is called the zero polynomial.

m The leading term, a,x", of a polynomial is the term of highest index among those terms
with a non-zero coefficient.

m The degree of a polynomial is the index n of the leading term.

= A monic polynomial is a polynomial whose leading term has coefficient 1.

m The constant term is the term of index 0. (This is the term not involving x.)

Let P(x) = x* — 3x> — 2. Find:

a P(1) b P(-1) c PQ2) d P(-2)
Solution
a P(H=1"-3x1-2 b P(-1)=(-1)*=3x(=1°=2
=1-3-2 =1+3-2
=4 =2
c PQ)=2*-3x2°-2 d P(-2)=(-2)* -3x(-2°*-2
=16-24-2 =16+24-2
=-10 =38

a Let P(x) = 2x* — x3 + 2cx + 6. If P(1) = 21, find the value of c.
b Let Q(x) = 2x° — x> + ax? + bx + 20. If Q(=1) = Q(2) = 0, find the values of a and b.

Solution Explanation
a P(x)=2x*—x*+2cx+6and P(1) = 21. We will substitute x = 1 into P(x)
P(1) =21y =(1® +2c + 6 to form an equation and solve.
=2-14+2c+6
=7+ 2

Since P(1) = 21,
7+2c=21
c=1
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b O(x)=2x°—x* +ax®> + bx + 20 and First find Q(—1) and Q(2) in terms
0(-1)=002)=0. of a and b.
O-1)=2-1D° = (-1} +a(-1)* - b +20
=2+1+a-b+20
=23+a-b

012) =22)° - 2)* +a(2)® +2b + 20
=128 — 8 +4a +2b +20

=140 +4a+2b
Since Q(-1) = Q(2) = 0, this gives Form simultaneous equations in a
23+a-b=0 (1) and b by putting Q(-1) = 0 and
140 + 4a +2b =0 ) 0(2) = 0.
Divide (2) by 2:
70+2a+b=0 3)
Add (1) and (3):
93+3a=0
a=-31

Substitute in (1) to obtain b = 8.

The arithmetic of polynomials

The operations of addition, subtraction and multiplication for polynomials are naturally
defined, as shown in the following examples.

Let P(x) = x> + 3x% + 2 and Q(x) = 2x* + 4. Then
P(x) + Q(x) = (X +3x" +2) + (2x* + 4)
=X +5:°+6
P(x) - 0(x) = (x> +3x% +2) — 2x* + 4)

=X +x-2

P(x)0(x) = (x> +3x* + 2)(2x* + 4)
= (0 +37 +2) X 27 + (X + 387 +2) x4
=2x° + 6x* +4x% + 457 + 1227 + 8
=2x° + 6x* +4x° + 1657 + 8

The sum, difference and product of two polynomials is a polynomial.
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Let P(x) = x> — 6x + 3 and Q(x) = x> — 3x + 1. Find:

a P(x)+ 0 b P(x) - Q0(x) ¢ P(x)Q(x)

Solution

a P(x)+ 0(x) b P(x) - Q(x)
=x —6x+3+x" -3x+1 =x —6x+3-(x*-3x+1)
= RS = R =B Gl I s |
=X +x*-9x+4 = -2 —6x+3x+3-1

=X —x*=3x+2

¢ P(x)0(x) = (x* = 6x +3)(x* =3x+ 1)
— PG = B ) = G5 = Bk 1) == 307 = B 1)
=X -3+ -6 +18x2 —6x+3x2-9x+3
=2 = 3x* + (x> = 6x°) + (18x% + 3x%) — (6x + 9x) + 3

=x -3t =53 +21%2 - 15x+ 3

We use the notation deg(f) to denote the degree of a polynomial f. For f, g # 0, we have

deg(f + g) < max{deg(f), deg(g)}
deg(f x g) = deg(f) + deg(g)

Equating coefficients
Two polynomials P and Q are equal only if their corresponding coefficients are equal. For
two cubic polynomials, P(x) = asx® + arx* + a1 x + ag and Q(x) = b3x> + box> + by x + by,
they are equal if and only if a3 = b3, a, = by, a; = by and ay = by.
For example, if

P(x)=4x +5x> —x+3 and Qx) = b3x’ + box> + bix + by

then P(x) = Q(x) ifand only if b3 =4, b, =5, by = —1 and by = 3.

Example 16

The polynomial P(x) = x> + 3x> + 2x + 1 can be written in the form (x — 2)(x*> + bx +c¢) + r
where b, ¢ and r are real numbers. Find the values of b, ¢ and r.

Solution
Expand the required form:
(x=2(2+bx+c)+r=x(x>+bx+c¢)=202+bx+c)+r
=X +bx> +ex—2x2=2bx—-2c+r

=X+ b= +(c=2b)x=2c+r
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IfFxX3+3x2+2x+1=x>+b-

equating coefficients:

2)x% + (¢ — 2b)x — 2c + r for all real numbers x, then by

coefficient of x> 3=b-2 L b=5
coefficient of x 2=c-2b Le=2b+2=12
constant term 1=-2c+r Lr=2c+1=25

Hence b =5, ¢ = 12 and r = 25.

This means P(x) = (x — 2)(x* + 5x + 12) + 25.

Example 17

a If x> +3x> +3x+ 8 =a(x+ 1) + b for all x € R, find the values of @ and b.

b Show that x> + 6x + 6x + 8 cannot be written in the form a(x + ¢)® + b for real numbers

a, b and c.

Solution

a Expand the right-hand side of the equation:

ax+ 1D} +b=a(x> +3x2 +3x+ 1)+ b

=axX’ +3ax’ +3ax+a+b

If x* + 3x% + 3x + 8 = ax’® + 3ax’> + 3ax + a + b for all x € R, then by equating

coefficients:
coefficient of x*
coefficient of x>
coefficient of x

constant term

Hencea=1and b =17.

b Expand the proposed form:

l=a
3=3a
3=3a
8=a+b

ax+ ¢} +b=a(x® +3cx* +3c*x+ )+ b

= ax’ + 3cax* + 3ctax + a+b

Suppose x> + 6x> + 6x + 8 = ax’® + 3cax? + 3c’ax + c3a + b for all x € R. Then

coefficient of x°

coefficient of x?
coefficient of x

constant term

l=a (1)
6 = 3ca )
6 =3c%a 3)

8=cla+b (4

From (1), we have a = 1. So from (2), we have ¢ = 2.

But substituting @ = 1 and ¢ = 2 into (3) gives 6 = 12, which is a contradiction.
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Summary 4C

= A polynomial function is a function that can be written in the form
P(x) = apX" + a1 X"+ -+ ajx + ag

where n € N U {0} and the coefficients ay, ..., a, are real numbers with a, # 0.
The leading term is a,x" (the term of highest index) and the constant term is ag (the
term not involving x).

m The degree of a polynomial is the index 7 of the leading term.

m The sum, difference and product of two polynomials is a polynomial. Division does not
always lead to another polynomial.

m Two polynomials P and Q are equal only if their corresponding coefficients are equal.
Two cubic polynomials, P(x) = azx> +ar x> +a;x+ag and Q(x) = b3x> +byx* + b x+ by,
are equal if and only if a3 = b3, a = by, a; = by and ap = by.

Example13 1 Let P(x) = x> — 2x*> + 3x + 1. Find:
a P(1) b P(-1) ¢ P(2) d P(-2) e P(3) f P(-1)

2 Let P(x) = x> + 3x> — 4x + 6. Find:
a P0) b P(1) c P(2) d P(-1) e P(a) f PQa)

Example 14 3

-]

Let P(x) = x> + 3x% — ax — 30. If P(2) = 0, find the value of a.

b Let P(x) = x> + ax® + 5x — 14. If P(3) = 68, find the value of a.

¢ Let P(x) = x* — x3 = 2x + ¢. If P(1) = 6, find the value of c.

d Let P(x) = 2x° = 53 + ax? + bx + 12. If P(~1) = P(2) = 0, find a and b.

e Let P(x) = x> = 2x* + ax’ + bx® + 12x - 36. If P(3) = P(1) = 0, find a and b.

Example15 4 Let f(x) = 2x° — x% + 3x, g(x) = 2 — x and h(x) = x> + 2x. Simplify each of the

following:
a f(x)+gx) b f(x) + h(x) c f(x)—-gl)
d 3f(x) e f(x)gx) f g(x) h(x)
g f(x)+g(x)+ h(x) h f(x) h(x)
5 Expand each of the following products and collect like terms:
a (x-2)(x*-3x+4) b (x—5)x*-2x+3) c (x+D2x*-3x-4)
d (x+2)(x* +bx+c) e 2x—D(x*—4x-3)

Example16 6 It is known that x> — x> — 6x — 4 = (x + 1)(x* + bx + ¢) for all values of x, for suitable
values of b and c.
a Expand (x + 1)(x*> + bx + ¢) and collect like terms.
b Find b and ¢ by equating coefficients.
¢ Hence write x* — x?> — 6x — 4 as a product of three linear factors.
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Example17 7 a If2x> — 18x% + 54x — 49 = a(x — 3)° + b for all x € R, find the values of a and b.
b If —2x° + 18x% — 54x + 52 = a(x + ¢)* + b for all x € R, find the values of a, b and c.

¢ Show that x*> — 5x> — 2x + 24 cannot be written in the form a(x + ¢)? + b for real
numbers a, b and c.

8 Find the values of A and B such that A(x + 3) + B(x + 2) = 4x + 9 for all real numbers x.

9 Find the values of A, B and C in each of the following:
a x> —4x+10=A(x+B)?>+CforallxeR
b 4x*—12x+ 14 = A(x+ B)> + C forall x e R
c x*-9x?+27x-22=A(x+B)> + Cforall x e R.

@ Division and factorisation of polynomials

The division of polynomials was introduced in Mathematical Methods Units 1 & 2.

When we divide the polynomial P(x) by the polynomial D(x) we obtain two polynomials,
0(x) the quotient and R(x) the remainder, such that

P(x) = D(x)Q(x) + R(x)
and either R(x) = 0 or R(x) has degree less than D(x).

Here P(x) is the dividend and D(x) is the divisor.

The following example illustrates the process of dividing.

Example 18

Divide x* + x> — 14x — 24 by x + 2.

Solution Explanation
2_x—12 m Divide x, from x + 2, into the leading term x° to get x.
o 2) P+ _14r—_24 W™ Multiply x* by x + 2 to give x’ + 2x°.
B 422 m Subtract from x* + x? — 14x — 24, leaving —x* — 14x - 24.
—x2 — 14x —24 m Now divide x, from x + 2, into —x? to get —x.
—x2 _2x m Multiply —x by x + 2 to give —x* — 2x.
 _12x-24 m Subtract from —x? — 14x — 24, leaving —12x — 24.
—12x-24 m Divide x into —12x to get —12.
70 m Multiply —12 by x + 2 to give —12x — 24.
m Subtract from —12x — 24, leaving remainder of 0.

In this example we see that x + 2 is a factor of X3 + x2 = 14x — 24, as the remainder is zero.
Thus (x* + x* — 14x — 24) + (x + 2) = x> — x — 12 with zero remainder.
B4+x2-14x-24

2
=x —x-12
x+2 o
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Example 19

Divide 3x* — 9x? + 27x — 8 by x — 2.

Solution
3x3 + 6x% +3x+ 33
x—2)3x4+0x3 —ox2+27x—8

3x* - 6x°
6x3 —9x2 +27x -8
6x° — 12x2
3x2+27x -8
3x2 — 6x
33x-8
33x - 66
58

Therefore
3x* —9x% +27x — 8 = (x — 2)(3x° + 6x% + 3x + 33) + 58
or, equivalently,
58

4 2

_ e —
3 O TN -8 s e 4 3x 4334
x—2 x—2

In this example, the dividend is 3x* —9x% + 27x — 8, the divisor is x — 2, and the remainder
is 58.

Using the TI-Nspire

Use propFrac from > Algebra > Fraction
Tools > Proper Fraction as shown.

—9-.\:2+2?-x-8]

4

e

propFrac( X
=2

3 2
+3 X +6-x“+3- x+33

x-2
|
Using the Casio ClassPad
m Enter and highlight & Edit Action Interactive
3xt—0x2 +27x -8 24| b [faafsime o [ v [
x=2 3x74-9x"2+27x-8
propFrac ( =2 )
m Select Interactive > Transformation >Fraction> 3-x3+8-x2+3-x+%+33

propFrac.
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A second method for division, called equating coefficients, can be seen in the explanation
column of the next example.

Example 20

Divide 3x* + 2x* — x —2 by 2x + 1.

Solution Explanation
30 1 5 ‘We show the alternative method here.
Xt yX g
2%+ 1 ) R s P = im0 First write the identity
3x3+%x2 3 422 —x-2=Qx+ D@x* +bx+c)+r
Lo 5 Equate coefficients of x33:
3 = 2a. Therefore a = 3.
1241y
ER. E ffici £ x2:
: quate coefficients of x~:
—3x =2 2 = a+2b. Therefore b = 12— 3) = L.
5 5
4T3 Equate coefficients of x:
-13 —1 =2c + b. Therefore ¢ = (-1 - 1) = -3.

Equate constant terms:

-2 =c +r. Therefore r = =2 + % = —%.

A third method, called synthetic division, is described in the Interactive Textbook.

Dividing by a non-linear polynomial

We give one example of dividing by a non-linear polynomial. The technique is exactly the
same as when dividing by a linear polynomial.

Divide 3x* — 2x* + 3x — 4 by x* — 1.

Solution Explanation

3x-2 We write x> — 1 as x> + Ox — 1.
2+ 0x - 1)3x3 —2x2+3x—-4

3x° + 0% — 3x

—2x*+6x—4
“2x2+0x+2
6x—06

Therefore

3¢ -2 +3x-4=(*-1DBx-2)+6x-6
or, equivalently,

38 -2x°+3x-4 6x—6

—3x-24 2702
x2 -1 * x2 -1
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The remainder theorem and the factor theorem
The following two results are recalled from Mathematical Methods Units 1 & 2.

The remainder theorem

Suppose that, when the polynomial P(x) is divided by x — a, the quotient is Q(x) and the
remainder is R. Then

P(x)=(x-a)Q(x)+R

Now, as the two expressions are equal for all values of x, they are equal for x = a.
P(a) =(a—a)Q(a) + R 5. R=P()

i.e. the remainder when P(x) is divided by x — a is equal to P(a)). We therefore have
P(x) = (x = )Q(x) + P(a)

More generally:

Remainder theorem

When P(x) is divided by Px + a, the remainder is P(—%).

Find the remainder when P(x) = 3x> + 2x? + x + 1 is divided by 2x + 1.

Solution

By the remainder theorem, the remainder is

o)) AT )

The factor theorem

Now, in order for x — a to be a factor of the polynomial P(x), the remainder must be zero. We
state this result as the factor theorem.

Factor theorem
For a polynomial P(x):
m If P(a) = 0, then x — a is a factor of P(x).

m Conversely, if x — a is a factor of P(x), then P(a) = 0.

More generally:
m If Bx + a is a factor of P(x), then P(—E) =0.
m Conversely, if P(—%) = 0, then Bx + a is a factor of P(x).
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Given that x + 1 and x — 2 are factors of 6x* — x> + ax? — 6x + b, find the values of a and b.

Solution

Let P(x) = 6x* — x> + ax> — 6x + b.

By the factor theorem, we have P(—1) = 0 and P(2) = 0. Hence

6+1+a+6+b=0 (1)
9% -8+4a—-12+b=0 2)

Rearranging gives:

a+b=-13 (1)
4a+b=-76 (2)

Subtract (1”) from (2):
3a = —-63
Therefore a = —21 and, from (1’), b = 8.

Show that x + 1 is a factor of x> — 4x2 + x + 6 and hence find the other linear factors.

Solution

Let PxX)=x -4’ +x+6

Then P(-1)=(=1)° —4(=1)* + (=1) + 6
=0

Thus x + 1 is a factor (by the factor

theorem).

Divide by x + 1 to find the other factor:

% -5x+6
x+1)x3—4x2+x+6
2+ 22
—5x*+x+6
—5x% — 5x
6x+ 6
6x+6

0
X 4+ x+6=(x+ )%= 5x+6)
=(x+Dx=-3)(x-2)

The linear factors of x> — 4x% + x + 6 are
(x+ 1), (x—3)and (x —2).

Explanation

We can use the factor theorem to find one
factor, and then divide to find the other two
linear factors.

Here is an alternative method:

Once we have found that x + 1 is a factor,
we know that we can write

-4 +x+6=x+ D +bx+c)

By equating constant terms, we have
6 =1xc. Hence c = 6.

By equating coefficients of x>, we have
—4 =1+ b. Hence b = 5.

¥ =4 +x+6=(x+DO*-5x+6)
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Sums and differences of cubes

If P(x) = x> — a’, then x — a is a factor and so by division:

Y©-d= (x —a)(x* + ax + az)

If a is replaced by —a, then
¥ = (=)’ = (x = (@)’ + (~a)x + (-a)°)

This gives:

Y +ad=x+a)x?—ax+d)

Factorise:

a 8x° +64 b 1254° - b3

Solution

a 8 +64=02x°+14)> b 1254° - b* = (5a0)° - b°

= (2x + 4)(4x> — 8x + 16) = (5a — b)(25a* + Sab + b*)

The rational-root theorem
Consider the cubic polynomial
P(x)=2x"—x*-x-3
If the equation P(x) = 0 has a solution a that is an integer, then a divides the constant

term —3. We can easily show that P(1) # 0, P(—1) # 0, P(3) # 0 and P(—3) # 0. Hence the
equation P(x) = 0 has no solution that is an integer.

Does it have a rational solution, that is, a fraction for a solution?

The rational-root theorem helps us with this. It says that if o and 3 have highest common
factor 1 (i.e. o and P are relatively prime) and fx + o is a factor of 2x* — x* — x — 3, then 8
divides 2 and o divides —3.

Therefore, if ¢ is a solution of the equation P(x) = O (where o and { are relatively prime),

then 3 must divide 2 and o must divide —3. So the only value of 3 that needs to be considered
is2,and o = +3 or o = =1.

1 3
We can test these through the factor theorem. That is, check P(*E) and P(ii)' We find

n3)=2) - (6) -(3)-2
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We have found that 2x — 3 is a factor of P(x) = 2x> — x> — x = 3.
Dividing through we find that
28 =X —x-3=02x=-3)(*+x+1)

We can show that x> + x + 1 has no linear factors by showing that the discriminant of this

quadratic is negative.

Example 26

Use the rational-root theorem to help factorise P(x) = 3x> + 8x> + 2x — 5.

Solution Explanation
P(1)=8+#0, P(-1)=-2+0, The only possible integer solutions
P(5) = 580 # 0, P(=5) = —190 # 0, are +5 or +1. So there are no
integer solutions. We now use the

P(—§) =0 rational-root theorem.
a . .
Therefore 3x + 5 is a factor. If —— is a solution, the only value of 3
e . that needs to be considered is 3 and
Dividing gives
a==50ra==*l.
3+ 82 +2x-5=Cx+ 5% +x-1)

We complete the square for x> + x — 1 to

factorise:
x2+x—1=x2+x+l—l—1
4 4
(o3-S
2 4
(et D)l
2 2 2 2
Hence

P(x)=(3x+5)(x+%_,.g)(x_‘_%_g)

Here is the complete statement of the theorem:

Rational-root theorem

Let P(x) = a,x" + a,_1xX"~' + -+ + a; x + ay be a polynomial of degree n with all the
coeflicients a; integers. Let o and 3 be integers such that the highest common factor
of aand B is 1 (i.e. a and [ are relatively prime).

If Bx + a is a factor of P(x), then P divides a, and o divides a.
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Solving polynomial equations

The factor theorem may be used in the solution of equations.

Factorise P(x) = x> —4x> — 11x + 30 and hence solve the equation x> —4x?> — 11x+ 30 = 0.
Solution
P1)=1-4-11+30+#0
P(-1)=-1-4+11+30%#0
P2)=8-16-22+30=0
Therefore x — 2 is a factor.
Dividing x* — 4x? — 11x + 30 by x — 2 gives
P(x) = (x = 2)(x* = 2x — 15)
=(x-2)(x=5(x+3)
Now we see that P(x) = 0 if and only if
x=2=0 or x-5=0 or x+3=0

x=2 or x=5 or x=-3

Using the TI-Nspire

Use factor ((menu) > Algebra > Factor) and
solve ((menu) > Algebra > Solve) as shown.

facmr(r3-4- .\‘2-1 1-x+ 30,\*)

(x=5)- (c-2)- (x+3)

solve((\‘-s)- (x-2)- (x+2)=0,)

x=-3 orx=2orx=5

Using the Casio ClassPad

m Enter and highlight x* — 4x? — 11x + 30. @ Edit Action Interactive

m Select Interactive > Transformation >

factor. factor (x~3-4x"2-11x+30)
(x+3)+(x=2)+(x-5)
solve ( (x+3)-(x-2)+(x=5)=0, x)
{x=-3, x=2, x=5}

m Copy and paste the answer to the next
entry line.

m Highlight the expression and then select
Interactive > Equation/Inequality > solve
and ensure the variable is x.

Note: ¢ =0’ was added to the copied and pasted factorised expression for clarity.
Classpad would have assumed the equation was the expression equals zero without
performing this step.
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Skill-
sheet

Example 18

Example 19

Example 20

Summary 4D

Division of polynomials When we divide the polynomial P(x) by the polyno-
mial D(x) we obtain two polynomials, Q(x) the quotient and R(x) the remainder, such
that

P(x) = D(x)Q(x) + R(x)
and either R(x) = 0 or R(x) has degree less than D(x).
Two methods for dividing polynomials are long division and equating coefficients.
Remainder theorem When P(x) is divided by Bx + , the remainder is P(—%).

Factor theorem
e If Bx + a is a factor of P(x), then P(—g) = 0

e Conversely, if P(—%) = 0, then Bx + a is a factor of P(x).

A cubic polynomial can be factorised by using the factor theorem to find the first linear
factor and then using polynomial division or the method of equating coefficients to
complete the factorisation.

Rational-root theorem Let P(x) = a,x" + a,_1x""! + --- + a;x + ag be a polynomial
of degree n with all the coefficients a; integers. Let a and {3 be integers such that the
highest common factor of o and 8 is 1 (i.e. o and { are relatively prime). If fx + a is a
factor of P(x), then [3 divides a, and a divides ay.

m Difference of two cubes: x* — @’ = (x — a)(x* + ax + a?)

m Sum of two cubes: x° + a® = (x + a)(x* — ax + d?)

For each of the following, divide the first polynomial by the second:
ax-x*-14x+24, x+4
b 2x3+x2-25x+12, x-3

For each of the following, divide the first polynomial by the second:
a X —x*—15x+25, x+3
b 233 —4x+12, x-3

For each of the following, divide the first polynomial by the second:
a 20 —2x2—15x+25, 2x+3
b 4x° +6x* —4x+12, 2x -3

For each of the following, divide the first expression by the second:
a2x —7x2+15x-3, x=3
b 5x°+13x*=2x2-6, x+1
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Example 21

Example 22

Example 23

Example 24

Example 25

10

11

12

13

14

15

4D Division and factorisation of polynomials 167

For each of the following, divide the first expression by the second:
a -9 +25x2-8x-2, X2 -2

b xX*+xX+x2-x-2, ¥*-1

a Find the remainder when x* + 3x — 2 is divided by x + 2.
b Find the value of a for which (1 — 2a)x? + 5ax + (a — 1)(a — 8) is divisible by x -2
but not by x — 1.

Given that f(x) = 6x> + 5x*> — 17x - 6:
a Find the remainder when f(x) is divided by x — 2.
b Find the remainder when f(x) is divided by x + 2.

¢ Factorise f(x) completely.

a Prove that the expression x* + (k — 1)x?> + (k — 9)x — 7 is divisible by x + 1 for all
values of k.

b Find the value of k for which the expression has a remainder of 12 when divided
by x — 2.

The polynomial f(x) = 2x* + ax* — bx + 3 has a factor x + 3. When f(x) is divided by
x — 2, the remainder is 15.

a Calculate the values of a and b.
b Find the other two linear factors of f(x).

The expression 4x> + ax*> — 5x + b leaves remainders of —8 and 10 when divided by
2x — 3 and x — 3 respectively. Calculate the values of a and b.

Find the remainder when (x + 1)* is divided by x — 2.

Let P(x) = x° = 3x* +2x3 = 2x2 + 3x + 1.
a Show that neither x — 1 nor x + 1 is a factor of P(x).
b Given that P(x) can be written in the form (x> — 1)Q(x) + ax + b, where Q(x) is a

polynomial and a and b are constants, hence or otherwise, find the remainder when
P(x) is divided by x*> — 1.

Show that x + 1 is a factor of 2x® — 5x% — 4x + 3 and find the other linear factors.

a Show that both x — V3 and x + V3 are factors of x* + x> — x2 — 3x — 6.
b Hence write down one quadratic factor of x* + x* — x> — 3x — 6, and find a second
quadratic factor.

Factorise each of the following:
a 8a*+27p° b 64-ad°
c 125x° + 64y° d (@a-b’+@+b)’
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Example 26

Example 27

16

17

19

20

21

22

23

24

Use the rational-root theorem to help factorise each of the following:
a 12X +20x> —x—6
b 4x* —2x* +6x-3

Use the rational-root theorem to help factorise each of the following:
a 4x> +3x-18
b 8x’ — 12x* —2x +3

Solve each of the following equations for x:

a Q-0x+dHx-2)(x-3)=0 b ¥*Q-x)=0

c 2x-1P2-x=0 d (x+2°x-22=0

e x*—4x*=0 f x*-9x2=0

g 12x* +11x3 =26 +x+2=0 h x*+2x° -3x2-4x+4=0

i 6x* =5 —20x2+25x-6=0

Find the x-axis intercepts and y-axis intercept of the graph of each of the following:

ay=x-x>-2x b y=x>-2x>-5x+6
c y=x-4x>+x+6 d y=2x-5x>+x+2
e y=x>+2x>-x-2 fy=3x-4x>-13x-6
g y=5x+12x> = 36x - 16 h y=6x-5x>-2x+1

i y=2x3-3x2-29x-30

The expressions px* — 5x + g and x* — 2x*> — px> — gx — 8 have a common factor x — 2.
Find the values of p and q.

Find the remainder when f(x) = x* — x> + 5x + 4x — 36 is divided by x + 1.

Factorise each of the following polynomials, using a calculator to help find at least one
linear factor:

a x> —11x* — 125x + 1287 b x* —9x% — 121x + 1089

c 2x° —9x? — 242x + 1089 d 4x° - 367x + 1287

Factorise each of the following:
a xt*-xX-432+x+42
b x*+4x° —27x- 108

Factorise each of the following polynomials, using a calculator to help find at least one
linear factor:

a 2x* —25x3 + 57x* + 9x + 405 b x* +13x° + 40x% + 81x + 405

c x*+3x—4x2 +3x-135 d x* +4x3 - 35x2 — 78x + 360
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m The general cubic function

Not all cubic functions can be written in the form f(x) = a(x — h)* + k. In this section we

consider the general cubic function. The form of a general cubic function is

f(x) =ax® + bx* + cx+d, wherea # 0

It is impossible to fully investigate cubic functions without the use of calculus. Cubic

functions will be revisited in Chapter 10.

The ‘shapes’ of cubic graphs vary. Below is a gallery of cubic graphs, demonstrating the

variety of ‘shapes’ that are possible.

y Y y
A A
A o 4]
I 2
> X X
0
f)=x>+x
Y y Y
4 A A A
X > X X
210 1 2 0 -2 -10] 1
-4 -
f(x)=x*=3x+2 fx)=-x*—x f(x)=—x+3x+2
Notes:
m A cubic graph can have one, two or three x-axis intercepts.
m Not all cubic graphs have a stationary point. For example, the graph of f(x) = x> + x
shown above has no points of zero gradient.
m The turning points do not occur symmetrically between consecutive x-axis intercepts as
they do for quadratics. Differential calculus must be used to determine them.
m If a cubic graph has a turning point on the x-axis, this corresponds to a repeated factor.

For example, the graph of f(x) = x* — 3x — 2 shown above has a turning point at (-1, 0).
The factorisation is f(x) = (x + 1)%(x — 2).
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Sign diagrams

A sign diagram is a number-line diagram that shows when an expression is positive or
negative. For a cubic function with rule f(x) = (x — a)(x — B)(x — v), where a2 < < v,
the sign diagram is as shown.

Y
=

Example 28

Draw a sign diagram for the cubic function f(x) = x> — 4x* — 11x + 30.

Solution
From Example 27, we have
f() = (x+3)(x-2)(x-5)
Therefore f(—3) = f(2) = f(5) = 0. We note that
f(x)>0 forx>5
f(x) <0 for2<x<5
f(x)>0 for-3<x<?2
f(x) <0 forx< -3

Hence the sign diagram may be - 5 5

drawn as shown.

Example 29

For the cubic function with rule f(x) = —x + 19x — 30:
a Sketch the graph of y = f(x) using a calculator to find the coordinates of the turning

points, correct to two decimal places.

1
b Sketch the graph of y = Ef(x - 1).

Solution
a f(x)=—-x"+19x-30 N |
= (3 - 0)(x-2)x+5) = 5 o B 7
=—(x+5x-2)(x-3)
The x-axis intercepts are at x = =5, x = 2 and y
x = 3 and the y-axis intercept is at y = —30. \ A
. . . (2.52, 1.88)
The turning points can be found using a CAS o~ x
calculator. The method is described following =5 0] / 23
this example. =30 \

(=2.52, -61.88)



b The rule for the transformation is

(x,y) = (x + 1, %y)

This is a dilation of factor % from the x-axis
followed by a translation 1 unit to the right.
Transformations of the turning points:

(2.52,1.88) — (3.52,0.94)
(—2.52,-61.88) — (—1.52,-30.94)

Using the TI-Nspire
m Enter the function in a Graphs page.
Use > Window/Zoom > Window
Settings to set an appropriate window.
Use either > Trace > Graph Trace

or > Analyze Graph > Maximum

or Minimum to display the approximate
(decimal) coordinates of key points on
the graph.

In Graph Trace, the tracing point (X)

can be moved either by using the arrow
keys (< ») or by typing a specific x-value
then (enter). When the tracing point
reaches a local minimum, it displays
‘minimum’.

Pressing will paste the coordinates
to the point on the graph.

Press to exit the command.

Here Graph Trace has been used to find
the turning points of the cubic function.
If you use Analyze Graph instead, select
the lower bound by moving to the left of
the key point and clicking () and then
select the upper bound by moving to the
right (») of the key point and clicking.

4E The general cubic function 171

(3.52,0.94)

X

\b AR

(~1.52, -30.

94)

\/

£1(c)=-x>+19 x-30-%0

£1(x)=-x>+19- x-30-00

-8 8
mlmmum

f1: (-2.52,-61.9)

-Nspire

'

£1(