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TOPIC 1 Lines and linear relationships ¢ EXERCISE 1.2

Topic 1 — Lines and linear relationships

Exercise 1.2 — Linearly related variables, linear
equations and inequations
1 Let the volume of the cone be V cm? and its height /4 cm.
a Let k be the constant of proportionality
V =kh
=967 = k(6)
s k=16m
b V=16rh, V=48nr
48w =167h
~h=3
the height is also halved and equals 3 cm

Volume (cm?)
~
oo
2

Height (cm)
2 a LetC=210+kn
n=20,C=330=330=210+k(20)
».330-210=20k

(=120
20
k=6
The linear model is C =210+ 6n
b When n=25,C=210+6(25) =360
Therefore the cost would be $360

3 a 3(5x-1)=4x-14 b 4-x 3x-2
~15x—3=4x—14 » 3 " 42
sllx=-14+3 .-.%ﬂ
b= 1644956 _
sx=-1 - 1
10+5
x:5
12
~10+5x=60
~.5x=50
Sx=10
4 1(x-3) 3Qx+5 _3x
8 4 2
LTG=3) 3Qx+5) 3x_
8 4 2
T@=3)+6Q2x+5)-12x
- -
Tx=21+120+30-12x
- -
7
)c+9=1
8
S Tx+9=8
S Tx=-1
1
SoX=——
7

a d

sd(d-x)=a(a-x)

sdP—dy=a*—ax
nax—dve=a’-d®
.'.x(a—d)=a2—d2
a*—d?
Sox=
a—d
= (a—d)a+d)
a—-d
sx=a+d
b(x+c)=a(x—c)+2bc
s.bx+bc=ax—ac+2bc

s.bx—ax=—-ac+bc
x(b—a)=c(b—a)
c(b—a)
x=——->=
b—a

>
T T T T

<71
23 24 25 26 27 28 29

8 4(2+3x)>8-3(2x+1)

S 8+12x>8-6x-3
S12x+6x>8-3-8
S18x>-3
-3

SX >
18

1
SX >
6

a x=2y+5
4x—-3y=25
Substitute the first equation into the second equation
42y +5)-3y=25
S 8y+20-3y=25
S 5y+20=25
s5y=5
sy=1
In the first equation replace y by 1 to obtain x = 7.
Therefore x =7, y=1

Maths Quest 11 Mathematical Methods VCE Units 1 and 2 Solutions Manual
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2 | TOPIC 1 Lines and linear relationships « EXERCISE 1.2

b 5x+9y=-38...(1)
—3x+2y=8...(2)
Choosing to eliminate x.
Multiply equation (1) by 3 and equation (2) by 5
15x+27y=-114...(3)
—15x+10y=40....(4)
Add equations (3) and (4)

37y=-74
sy=-2
Substitute y =—2 in equation (2)
s=3x-4=8
S=3x=12
sLx=-4

Therefore x =—4,y=-2
10 a 2x—y="7...(1)
Tx—-5y=42...(2)
Either of the substitution or elimination methods could be used.
Using substitution:
From equation (1), 2x — 7 = y. Substitute in equation (2)
S Tx=52x-T)=42
S Tx—10x+35=42

so3x=7
7
SX=——
3
. 7. .
Substitute x = ~3 in equation (1)
14
=——-7
773
__ 12
3 3
__3
3
7
Answelr)cz——,yz—E
3 3

b ax-by=a....(1)
bx+ay=>....(2)
Multiply equation (1) by a and equation (2) by b
a’x— aby = az....(3)
b*x+aby=b"...(4)
Adding equations (3) and (4),
(@* +b*)x=a* +b*
sox=1
Substitute x =1 in equation (2)
b+ay=>b
say=0
sy=0
Therefore x=1, y=0
11 Let n be the number of books sold and $P be the profit made.
a Revenue =2.5n dollars and costs =100+ 0.2n dollars.
s P=25n-(100+0.2n)
S P=23n-100
b To make a profit, P >0
~.2.3n-100>0

».2.3n>100
100

>
2.3
sn>43.478
At least 44 books must be sold to ensure a profit is made,

¢ Let & be the number of hardcover books sold and p be the
number of paperbacks sold.
40h+65p =330......... )

30h+110p=370........ 2)

Multiply the first equation by 3 and the second equation by 4

120h+195p =990
120h+440 p = 1480

Eliminate & by subtracting
(440-195)p=1480-990
~.245p =490
. =290
P05
p=2
Substitute p =2 in the first equation
40h+65(2) =330
=402 +130=330
=40 =200
~h=5
Hardback books cost $5 and paperbacks cost $2.
12 Let the cyclist travel a distance of x km in a time of  hours
when the motorcyclist catches up.
The motorcyclist travels the same distance but in a time of

Since distance = speed X time,

For the cyclist, x =16¢.......... equation (1)
1
And for the motorcyclist, x = 48([ - Zj .......... equation (2)

Substituting equation (1) into equation (2) gives

16t=48(t—l)
4

s 16t =48r—-12
S 12=32¢
12
t=—
32
==
8
The cyclist has travelled for 3 X 60 = 22.5 minutes before
being overtaken. 8
13 a T = kx where k is the constant of proportionality
When x=0.2, T=0.7,
0.7=%k(0.2)
k=2t
0.2
s k=35
The linear model is 7 =3.5x
If x=0.2+0.1=0.3, then
T =3.5(0.3)
=1.05
Therefore, the tension is 1.05 newton.
b C =kl where k is the constant of proportionality
When [ =36.2, C=52.49,
52.49=k(36.2)

L 5249

362
k=145
The linear model is C =1.451

Maths Quest 11 Mathematical Methods VCE Units 1 and 2 Solutions Manual



14 a

15 a

Cc

="

If C =43.50, then
43.50=1.451

;. 43.50

1.45
S 1=30
Therefore, 30 litres of petrol can be purchased.
v=12— kt where k is the constant of proportionality
Whent=0.5,v="7.1,
7.1=12-0.5k
S 0.5k=12-7.1
L
0.5
S k=98
The linear model is v=12-9.8¢
The ball will start to fall back to the ground once its speed

upwards becomes zero.
When v =0, then

0=12-9.8¢
12
=
9.8
= 0 =1.22
49

Therefore, the ball starts to fall back after approximately
1.22 seconds.
The simple interest, I, earned on the investment of $100
is directly proportional to the number of years, T, that the
money is invested according to the rule / =467
The variables are not linearly related since the graph is not
a straight line.
The weekly wage, W, is $400 plus an amount directly
proportional to n, the number of hours of overtime worked
according to the rule W =400+ 50n.
7(2x-3)=53+2x)
S 14x-21=15+10x
S 14x-10x=15+21
S 4x=36
sx=9
N 97
5
JAx
g
S 4x=280
ox=20

16

4—2(x—6)=2?x

fd—2x+12= 2
3

.'.16—2x=2—x
3

S 48—6x=2x
S 48=8x
Lx=6
3x+5 _ 4-2x
9 5
= 53Bx+5)=9(4-2x)
S 15x+25=36-18x

A +2)+6x-3(x+1) _

TOPIC 1 Lines and linear relationships ¢« EXERCISE 1.2

~33x=11
11
x=—
33
1

SX ==

3
x+2 x x+1_1

3 2 4
1

12
SA4x+8+6x—-3x—-3=12

sIx=T7

sox=1

~11x=102x+9)

S 11x=20x+90

- =9x=90
sx=-10

16 a ax+b=c

sax=c—b
_c-b

SoX=

a
a(x—b)=bx
s.ax—ab=bx

s.ax—bx=ab

sx(a-b)=ab

_ab
a-b
2 2 _
a‘x+a” =ab+abx

sa’x—abx=ab-a®

- x(a* —ab) = —(a* - ab)

sox=-1
Tiioa+b
a b

bx+ax
. =a+b

ab
s.bx+ax=ab(a+Db)

sx(b+a)=ab(a+b)

sox=ab
bx—a cx+a
c b
sbbx—a)=c(cx+a)

S b’x—ba=c’x+ca

2

s bix—c*x=ca+ba

)c(b2 —c)=alc+b)

a(c+b)
- b>—c?
. a(c+Db)
T (h+o)b-¢)
a

b—c

SoX=

Maths Quest 11 Mathematical Methods VCE Units 1 and 2 Solutions Manual
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4 | TOPIC 1 Lines and linear relationships ¢« EXERCISE 1.2

x+a_2=x—b
b a
'_‘x+a_x—b:2
b a
ca(x+a)-b(x-b)
N ba

ax+a’—bx+b>=2ba
coax—bx=2ba—a’>—b*

sox(a-b)= —(a2 —2ab+ bz)

2

—(a—b)’
x=——>
a-b
sx=—(a-b)
x=b—a
17 a 3x-5<-8
S 3x<-8+5
s3x <3
sx<—1

b 4(x—6)+3(2-2x)<0
SA4x—24+6-6x<0
~2x—18<0
s2x<18
sx>-9

c 1—2—x2—11
3

.'.—z—xZ—IZ
3
so—2x2-36
Sx<18
Sx_4-x
6 2
5x—3(4—-x) S
6
S S5x—=12+43x>12
S 8x>24
sx>3
e 8x+7(1—4x)<Tx-3(x+3)
S8x+7-28x<7x-3x-9
S20x+7<4x-9
so—24x<-16
16

X2 —
24

>2

2

2
SX2—
3

f %(x—6)—%(x+4)>l+x

2x—6) 3(x+4)

— >1+x
3 2
A(x —6)—
—(x 6) 9<x+4)>1+x
6
S4x=24-9x-36>6(1+x)
S=5x-60>6+6x
s—11x>66
Sx<—6

x+2y=9...2)

Substitute equation (1) in equation (2)
Sx+205x-1)=9
sox+10x-2=9
sllx =11
sox=1
Substitute x =1 in equation (1)
sy=4
Answer x=1,y=4

Multiply equation (2) by >
2
. 20x+5y=-30....(3)

Subtract equation (1) from equation (3)
s 17x=-34
SLx=-2
Substitute x = -2 in equation (1)
S —0+5y=4
= 5y=10

sy=2

Answer x =-2,y=2

—4x-3y=35...(2)
Substitute equation (1) in equation (2)

y
4542 )-3y=35
( 2) J

s—20-2y-3y=35
so=5y=55
sy=-—11
Substitute y =—11 in equation (1)
—s- U
2
_10_n
2 2
1
X=——=
2
Answer x =——,y=-11
8x+3y=8....(1)
2x+1ly=—....(2)

Multiply equation (2) by 4

c—8x+ddy= ?....(3)

Add equation (3) to equation (1)

.‘.47y=§+m
3 3
94
S ATy=—
Y73
-
Y 3

Substitute y = % in equation (1)

S 8x+2=8

~8x=6

3

Lx=—

4
Answerx:i,yzz
4 3

Maths Quest 11 Mathematical Methods VCE Units 1 and 2 Solutions Manual
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a

Rearranging equation (1)
3x+2y -3
6
S 3x+2y=48....03)

Rearranging equation (2)

2

x+3y _7
6

S 2x+3y=42...(4)
Multiply equation (3) by 3 and equation (4) by 2
Ix+6y=144...(5)
4x+6y=284.....(6)
Equation (5) subtract equation (6)
S 5x=60

sx=12
Substitute x =12 in equation (1)
S 6+2=8

=2
=6

— W W

Answer x=12,y=6
ax+by=4ab.....(1)
ax—by=2ab.....2)
Add the equations together
- 2ax = 6ab
sx=3b
Answer x=3b,y=a
Let the numbers be x and x +2
Then x+ (x+2)=9((x+2)— x).
Solving,
S 2x+2=9(2)
s 2x=16
sx=8
The numbers are 8 and 10.
Let the number be x
Then 4(x —3)=72.
Solving,
x—3=18
sx=21
The number is 21.

Subtract the equations
~.2by =2ab

nLy=a

Let the three consecutive numbers be x, x+1 and x + 2.

Then x+(x+ 1)+(x+2):36+lx.
Solving, 4

3x+3=36+2
4

s 11 =132
sx=12
The numbers are 12, 13 and 14.
Let the width of the rectangle be x cm. Therefore, its
length is (2x+12) cm.
Perimeter is 48 cm.

TOPIC 1 Lines and linear relationships ¢« EXERCISE 1.2

20

a

I 5

S 2x+2(2x+12)=48

S 2x+4x+24=48

s 6x=24
sLx=4

The width is 4 cm and the length is 20 cm.
Let the width be x cm.
As length - width . height =2:1:3 , the length is 2x cm
and the height is 3x cm.
The sum of the lengths of the 12 edges of the rectangular
prism is 360 cm.
Therefore, 4(2x)+4(x)+4(3x) = 360.
-~ 24x =360

sx=15
Since the height is 3x cm, the height is 45 cm.
Let the distance from A to B be x km.

Speed (km/h) Time (h) Distance (km)
60 t X
1
50 t+— X
2
distance . .
speed = ——— = distance = speed X time.
time
Therefore,
x=060t.............. (1)

1
Equating, 607 = SO(Z + Ej

~.60r =507+ 25
S 106=25

s 1=25
Hence,
x=60x2.5

=150
The value of ¢ is 2.5 and the distance between A and B is
150 km.
Time to travel A to B is 7 hours.
Time to return to A is rest time plus time to travel B to A.
Total time is 2¢ hours, so 2t =¢+ 0.1z + travel time_, .
Therefore, the time to travel B to A is 0.9¢ hours.
Let the distance from A to B be x km and let the average
speed of the cyclist from B to A be v km/h.

Average speed (km/h) Time (h) | Distance (km)
u t X
v 0.9¢ X

x=ut....(1)
x=v(0.91)....(2)
Therefore ut = v(0.9¢)

ut
y=—
0.9¢

u
y=—
0.9

10u

Y= —

9

The average speed for the return journey is gu km/h.

Maths Quest 11 Mathematical Methods VCE Units 1 and 2 Solutions Manual



6 | TOPIC 1 Lines and linear relationships ¢ EXERCISE 1.2

21 a Let $a be the cost of an adult ticket and $c be the cost of a

child’s ticket.
4a+5¢=160....(1)
3a+7¢=159...(2)
3 X equation (1) 12a+15¢ =480....3)
4 % equation (2) 12a+28¢ =636....(4)
Subtract equation (3) from equation (4)
13¢=156
se=12
Substitute ¢ =12 in equation (1)
~4a+5(12)=160

~4a+60=160

s 4a=100
sa=25

An adult ticket costs $25 and a child’s ticket costs $12.
Let the cost $C of the bill for the use of 7 units of
electricity be C = a+ kn where $a is the fixed amount and
$k the charge per unit.

n=1428,C =235.90 = 23590 = a+1428k....... )
n=2240,C =353.64 = 353.64 = a+2240k....... 2)
equations (2)— (1) > 117.74 =812k

k= 117.74
812
S k=0.145

Substitute in equation (1)

».235.90 = a +1428(0.145)
s.a=23590-1428x0.145
s.a=128.84

Therefore, C =28.84 +0.145n.

When n =3050,

C =128.84+0.145%x 3050

=471.09

The bill will be $471.09.

Let the linear equation be C = a+ bF where a,b are

constants.

C=100,F=212=100=a+212b...(1)

C=0,F=32=0=a+32b..(2)

equations (1)—(2)

100=180b

p_ 100
180

Substitute in equation (2)
L0=a+32x% >
9

.'.a:—32><§
9

Therefore,

C=—3x21 F
99

5
LC==(F-32
5¢ )

Four tables with three or four people at each means the
number of people lies between 12 and 16.
If n is the number of people, then 12<n <16, ne N.

b Let $¢ be the fixed charge per person, where ¢ can have a

maximum of two decimal places and nc must exactly equal
418.50.

Since n is equal to either 12,13,14,15 or 16, use trial and

. 4 o
error to obtain ¢ from ¢ = for each possibility.

n 12 13 14 15 16

41850
n

c 34.875 | 32.1923..| 29.8928..| 27.9| 26.15625

Only n =15 gives an appropriate value for c.

Therefore, 15 people attended the lunch at a fixed charge of
$27.90 per person.

Let ¢ be the number who drank tea and f be the number
who drank coffee.

1
t= Ef..,.(l) and t+ f =15...(2) since there were 15 people
Substitute (1) in (2)

%f+f:15

L3
s
~3f=30
s f=10
If f=10thent=>5.
10 people drank coffee and 5 drank tea.
Use the Casio ClassPad equation solver: Interactive —
equation/inequality — solve to obtain the solutions for
parts a and b.
a {x =0} (this gives x = 0 as the solution).
The inequality sign is in keyboard - mth — OPTN

The answer is given as {x >4}.
Therefore, x >4

Use the Casio ClassPad simultaneous equation template:
keyboard — 2D and select the template to obtain the
solutions for parts ¢ and d.
c{x=5y=-1}
x=-82,y=-120
The independent variable is 7' so the model is of the form
C =aT + b where a,b are constants.
One method to use is the ClassPad statistics menu.
Enter the values of T as List1 and the corresponding values
of C in List2. Select Calc — Linear Reg
This gives

a=10

b=-97

r=1

rr=1

So the linear model is C =107 —97.

Alternatively, use the simultaneous equations template to
obtain the values of a and b for the system:

113=2la+b

173=27a+b

keyboard — 2D — select the simultaneous equations
template. Use the abc Tab for the constants, entering any
product of constants with a multiplication sign between
them. For example, as ax+bXcy=c.

R
a+b’y a+b

15
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TOPIC 1 Lines and linear relationships ¢« EXERCISE 1.3 | 7

4 x-2y+z=-1...(Q
x+4y+3z=9...(2)
x=7y—z=-9...(3)

Exercise 1.3 — Systems of 3 x 3 simultaneous
linear equations
1 5x-2y+z=3

3x+y+3z=5

6x+y—4z=062

Using eqn 1 and eqn 2 multiplied by 2 Using eqn 2 and eqn 3
Sx—-2y+z=3 3x+y+3z=5
6x+2y+6z=10 6x+y—4z=062

Add Subtract

1lx+7z=13 ...eqn4
Add eqn 4 and eqn 5
14x =70
sx=5
Substitute x =5 in eqn 4
55+7z=13
s T1z=-42
sz=—6
Substitute x =5, z=-6in eqn 2
15+y-18=5
sy=38
Answer: x=5,y=8,z=-6
Rearranging the equations (not essential, however)
x—4y+z=12
Sx+3y—-z=-4
12x+5y+z=5
Add eqn 1 and eqn 2 Add eqn 2 and eqn 3
6x—y=8...eqnd 17x+8y=1...eqn 5
From eqn 4, y = 6x — 8. Substitute this into eqn 5
17x+8(6x—-8)=1
S 17x+48x-64=1
~.65x =65
sx=1
Hence y=-2.
Substitute x =1, y=-2 ineqn 1
1+8+2z=12
sz=3
Answer: x=1,y=-2,z=3
2x+3y-z=3...()
Sx+y+z=15...(2)
4x—-6y+z7=6...(3)
Eliminate 2
equations () +(2) 7x+4y=18...(4)
equations (1)+(3) 6x-3y=09....(5)

4
Multiply equation (5) by 3

equations (4) +(6)
15x=30

x=2
Substitute x =2 in equation (4)
~14+4y=18

s4y=4

sy=1
Substitute x =2 and y =1 in equation (2)
~10+1+z=15

nz=4

Answer x=2,y=1,z=4

3x—=Tz=157...eqn5

Eliminate x

equations (2)— (1) 6y+2z=10....(4)
equations (1)—(3) 5y+2z=8...(5)
equations (5)—(4) y=2

Substitute y = 2 in equation (5)

S 10+22=8
s 2z=-2
sz=-1

Substitute y =2 and z =—1 in equation (1)
x—4-1=-1
Lx=4
Answer x=4,y=2,z=-1
S 2x—y+z=-19...(1)
3x+y+9z=-1....(2)
4x+3y-5z=-5...3)
Eliminate Y
equations (1) +(2) 5x+10z=-20....(4)
3 x equation (1) + equation (3) 10x —2z =—62....(5)

Divide equation (4) by 5 Sx+2z=—4.....(6)
equations (5) +(6)
11x =-66
Sx=-6
Substitute x = —6 in equation (6)
S—6+2z7=—4
n2z=2
sz=1
Substitute x =—6 and z =1 in equation (2)
=18+ y+9=-1
sy=8
Answer x =—-6,y=8,z=1
6 2x+3y—-4z=-29..(D)
—Sx—-2y+47=40....(2)
Tx+5y+z=21....(3)
Eliminate z
equations (1) +(2) “Bx+y=11...(4)

equation (1) + 4 x equation (3) 30x+23y=155....(5)
Multiply equation (4) by 10
~.=30x+10y=110.....(6)
equations (5) +(6)
33y=165
sy=5
Substitute y =5 in equation (4)
~=3x+5=11
S=3x=6
Sx==2
Substitute x =—2 and y =5 in equation (3)
s—=14+25+7=21
~z=10
Answer x=-2,y=5,z=10
7 3x-2y+z=28...(1)
3x+6y+z=32...(2)
3x+4y-5z=14...(3)
Eliminate x
equations (2)—(1) 8y=24=y=3
equations 3)—(1) 6y—-6z=6=y—z=1....(4)
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8 | TOPIC 1 Lines and linear relationships ¢ EXERCISE 1.3

10

Substitute y =3 in equation (4)
~3-z=1

nz=2
Substitute y =3 and z =2 in equation (1)
S 3x—-6+2=38

~3x=12
x=4

Answer x=4,y=3,7=2
y=3x-5....(1)

X—2

—y+10=0....(2)

9x+2y+z=0....(3)

Substitute equation (1) into equations (2) and (3)
(2):}%—(3x—5)+10=0

LI S
2

Sx—z=6x-30

B)=>9x+2Bx-5)+z=0

S 9x+6x—10+2z=0

s z2=10-15x.....(5)
Substitute equation (4) into equation (5)
530-5x=10—-15x
S 10x=-20

Lx==-2
Substitute x = -2 into equation (5)
s z=10+30
sz2=40
Substitute x = -2 into equation (1)
s y=—6-5
sy=-11
Answer x =-2,y=-11,7=40
Let each adult, concession and child’s ticket cost $a, $b and

$c respectively.
3a+2b+3¢c=96....(1)

2a+b+6¢=100....(2)
a+4b+c=172...(3)

Eliminate ¢
2 X equation (1) — equation (2) 4a+3b=92...(4)

3 x equation (3) — equation (1) 10b=3x72-96
~106=120
~b=12
Substitute b =12 in equation (4)
~4a+36=92
s 4a=56
sa=14
Substitute b =12 and a =14 in equation (3)
s 14448+c¢=72
se=10

An adult ticket costs $14, a concession ticket costs $12 and a
children’s ticket costs $10.

Let the hourly rate of pay for Agnes, Bjork and Chi be $a, $b
and $c respectively.

2a+3b+4c=19%....(1)

4a+2b+3c=191....(2)

2a+5b+2c¢=180....3)
Eliminate a

11

12

2b+2c=14
s—btc=T..(4)

8b+c=360-191

~8b+c=169....(5)

equation (1) — equation (3)
2 x equation (3) — equation (2)

equation (5) — equation (4)
S 95 =162
~b=18
Substitute b =18 in equation (4)
s—18+c=7
sc=25
Substitute b =18 and ¢ =25 in equation (3)
~.2a+90+50=180
s2a=40
sa=20
Agnes earns $20 / hour, Bjork earns $18 / hour and Chi earns
$25/ hour.
Let the amount of each of the Supplements X, Y and Z used
be x kg, y kg and z kg respectively.
Unsaturated fat: 0.06x+0.10y+0.08z =6.8....(1)
Saturated fat: 0.03x+0.04y+0.04z=3.1....(2)
Trans fat: 0.01x+0.02y+0.03z=1.4....(3)
Eliminate ¥
equation (2) — 2 X equation (3) 0.01x—0.02z=0.3....(4)
equation (1) — 5 X equation (3) 0.01x—-0.07z=-0.2....(5)
equation (4) — equation (5)
~.0.05z=0.5
~z=10
Substitute z =10 in equation (4)
~.0.0lx-0.2=0.3
~.0.01x=0.5
sox=50
Substitute z =10 and x = 50 in equation (1)
~3+0.1y+0.8=6.8
~0.1y=3
~y=30
The food compound needs to use 50 kg of Supplement X,
30 kg of Supplement Y and 10 kg of Supplement Z.
Let the student use x fifty cent coins, Y twenty cent coins and
Z ten cent coins.

Student spends $4.20: 0.50x +0.20y +0.10z =4.20
S S5x+2y+z=42...(1)

1
The number of twenty cent coins: Yy = EZ +4x
S 2y=z+8x

S 8x=2y+2=0....12)
Total number of coins: x+ y+2z=22....(3)
Eliminate z
equation (1) — equation (2) -3x+4y=42....(4)
equation (1) — equation (3) 4x+ y=20....(5)
equation (4) — 4 X equation (5)

—19x=-38
sx=2

Substitute x =2 in equation (5)
S 8+y=20

sLy=12
Substitute x =2 and y =12 in equation (3)
S2+12+72=22

sz=8

The student uses 2 fifty cent coins, 12 twenty cent coins and
8 ten cent coins.
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13 Use the Casio ClassPad simultaneous equation template: keyboard — 2D and select the template, tapping twice in order for the

template to allow for a 3 X 3 system of equations.
{x=3,y=15,2=-2.6}

14 a z=a+bx+cy

Using the given data
23=a+30b+320c

28 =a+50b+360c¢

30=a+40b+400c | 3

Solve on CAS to obtain a=—-4,b=—,c=—
10 40

s z2=—4+0.1x+0.075y

b When x =40 and y =200,
z=-4+0.1(40)+0.075(200)
sz=15
The yield is 15 kg/hectare of zucchini.

TOPIC 1 Lines and linear relationships ¢« EXERCISE 1.4

I 9

Exercise 1.4 — Linear graphs and their equations
1 Points are (-3,0) and (0,—4)
—4-0
m=
0-(-3)
4
Lm=—=
3
2 Gradient of line through points (a,b) and (-b,—a)
—-a-b
m=
-b-a
som=1
Gradient of line through points (—c,d) and (—d,c)
c—d
m=———
—d—(=0)
c—d
sm=
—-d+c
som=1
As the gradients are the same, the lines are parallel

3 ( y y=4x (b) YA x A
(1.4)
\
\\
PEULY) > 0,3)8 3x+2y>6
X \
\
\
B \(2,0)
0 \\ X
\
\
\
\
\
\
\
Y X
Region required
© % @ A

I

I

I

|

: 0,2) y=2

I

i3, 0)

- -< >
0 | X 0 X

|

I

|

Y Y Y

Region required
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10 | TOPIC 1 Lines and linear relationships ¢ EXERCISE 1.4

4 y=44-10x

Substitute x =-2.2,y=17.6
LHS 17.6 RHS 4.4-10(-2.2) =27
Since 17.6 < 27, the point lies in the region y <4.4—10x
Therefore the point lies below the line.
a gradient —2, point (-8,3)
y=3=-2(x+8)
sy=—2x-13
b points (4,-1) and (-3,1)
1+1
m=
-3-4
2
Sm=—=
7
Equation of the line

2
+1=—Z(x—4
y 7( )

STy+T=-2x+8
STy+2x =1
6 3

¢ The gradient of the line is _ 2 — _ 2 and its y intercept
4 2

. . 3
gives ¢ = 6. Therefore the equation is y = —Ex +6

d 6y—5x-18=0
S 6y=5x+18
_5x
"6
5

m=—,c=3
6

Gradient is 2, co-ordinates of y intercept are (0,3)

Sy +3

Horizontal lines are parallel to the x axis.
The horizontal line through the point (2,10) has the
equation y =10

7 a (-3,8),(-7,18)

_ NN
- Xy =X
18—8
m=——_°
~1-(-3)
_ 10
4
=-25
b (0,-4),(12,56)
_56-(-4)
©12-0
_ 60
12
=5
¢ (—2,-5),(10,-5) Note that the line joining these points is
horizontal.
_=5—-(-5)
T 10-(-2)
_ 0
12
=0

d (3,-3).(3,15) Note that the line joining these points is
vertical.
15-(=3)
m=-——————————
3-3
_18
0
Therefore the gradient is undefined.

8 a

i y=kx where £ is the constant of proportionality
When x =15, y=52.5,
~.52.5=15k
525
15
s k=35
The rule is y=3.5x
iy
y=23.5x
60 —

N\

(15, 52.5)
20

=Y

0 15
gradient is 3.5
i C=30+1.5t

(10, 45)
C=30+1.5¢

30
o 0’
gradient is 1.5
y=3x+8
y intercept (0,8) x intercept: When y=0,3x+8=0
8
SoX=— 5
. 8
X intercept _E’O
Y y=3x+38
©, 8)

=
»

4y—-x+4=0

y intercept When x=0,4y+4=0=y=-1
y intercept (0,—1)

x intercept: When y=0, —x+4=0=x=4
x intercept (4,0)

6x+5y=30

y intercept When x=0, 5y=30=y=6
y intercept (0,6)

x intercept: When y=0, 6x=30=x=5
x intercept (5,0)
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TOPIC 1 Lines and linear relationships ¢« EXERCISE 1.4 | 11

b 4x+y>12is the region above the open line 4x+y=12
For the line 4x+y=12,
y intercept (0,12)
x intercept: When y=0,4x=12=x=3
x intercept (3,0)
The region is shaded in the diagram

W
0.12) 9,
\\\ dx+y>12
\\
N\

d 3y-5x=0 < &9 -
When x =0, y=0 so line contains the origin (0,0) 0 \\ ]
Second point: Let x=3s03y—-15=0=y=5 \\

A second point is (3,5) A
y Region required
3y-5x=0 ¢ 5x—-2y<8
(3.5) Rearranging,
0,0 - —2y<8-5x
< > 8§—2x
/01 sy >
Therefore, the region above the closed line 5x -2y =28 is

e X3 _¢ required

2 4 For the line 5x —2y=8.

intercent When x = 0. _3_)’ -6 Y intercept When x =0, 2y=8=y=—4
Y By= 54 T4 Y intercept (0,—4) g
x intercept: When y=0, 5x=8=x=—

sy=-8 . 8
v intercept (0,—8) X intercept (E,O)
x intercept: When y =0, Zo6=x=12
x intercept (12,0) ' Sx+2y<8
4 —(16,0)
< 5 >
0,-4)

Region required

d x >—4is the open region to the right of the vertical line x = —4.

When x =0, y=0 so line contains the origin (0,0)
Second point: Let x=7=y=-6
A second point is (7,-6)

Region required

e y <0 is the region below the closed horizontal line y =0
(the x axis)

a y<3-3xis the region below the closed line y=3—-3x y*
For y=3-3x, < 0 =
y intercept (0,3)
x intercept: When y=0,0=3-3x=x=1 y<0

x intercept (1,0)

The region is shaded in the diagram Region required

Y f y<xis the region below the closed line y = x.
©.3) The line y = x passes through the origin (0,0).
’ For a second point, let x =1 which means y =1 so line
< a9 passes through (1,1).

=Y

Region required
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12 | TOPIC 1 Lines and linear relationships ¢« EXERCISE 1.4

Region required

11 a y-y, =m(x-x),m=-5and point (7,2)
Sy—=2=-5(x-17)
Soy==5x+37

2 .
b y—y =m(x—x,),m= 3 and point (—4,—6)

.'.y+6=§(x+4)

~3(y+6)=2(x+4)
S 3y+18=2x+8
s 3y=-2x+10=0

7
c y=mx+c,m=—Z,c=—9

7
SLy=——x-9
y==x
s A4y=—Tx-36
S A4y+T7x+36=0

d y—y =m(x—x),m=-0.8 and point (0.5,-0.2)
S y+0.2=-0.8(x—0.5)
5 y=—-08x+04-02
Sy=—0.8x+0.2
e Points (-1,8),(—4,-2)
-2-8 10

gradient: m = =
—4+1 3

. 10 .
equation ¥ — ¥, = m(x—x;),m= 3 and point (-1,8)

10
y—8=—(x+1
y 3(x )

~3(y-8)=10(x+1)
~3y-24=10x+10

s 3y—10x=34
f Points (0,10),(10,—10)
. -10-10
gradient: m = —— = —
10-0
equation y=mx+c,m=-2,c=10
Sy==2x+10
12a im="n
run
5
Sm=—
4

Line contains the origin so c=0
.o Sx
Equation is y = T

. rise
ii m=—o

som==3

Line cuts y axis at (0,9) so c=9
Equation is y=-3x+9.

Line cuts y axis at (0,—2) so c=-2
. 2
Equation is y = ?x -2.

. rise
iv m=—-
run

-1
m=—
2

Line cuts y axis at (0,—1) so c=—1
Lo X
Equation is y = 5 1.
b Points (-12,8),(-12,-1)
The vertical line with equation x = —12 contains these two
points.
Y
(-12.8) 1
x=-12

A

%
0

(=12, -1)

Y
¢ The line y =2 is horizontal so any parallel line to it must
also be horizontal.
The equation of the horizontal line containing (10,-8)

isy=-8.
YA(0, 2) y=2
< 0 >
y=-8
Y >
(0, -8) (10, -8)

13 a 4x+5y=20
Rearrange to the y = mx + ¢ form.
s 5y=—4x+20
—4x 20
=—d4—
5 5

4
sLy=——x+4
=75

m= —%,c =4 so the gradient is —% and the y intercept is

0,4),
P
3 4
Rearrange to the y = mx + ¢ form.
2
Xy
3 4

2x
sy=4[ 2245
Y (3 )

8
Sy=—x+20
Y73

8
m= %,c =20 so the gradient is 3 and the y intercept is (0, 20).

¢ x—-6y+9=0
Rearrange to the y = mx + ¢ form.
S Xx+9=06y
x 9

Ly==+2
66

y=txad
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TOPIC 1 Lines and linear relationships ¢« EXERCISE 1.4

1
,C= % so the gradient is . and the y intercept is

which is a horizontal line.

3
gradient is 0 and y intercept is (0,5}

14 a 5y=-3x+4

The point (2a,2 — a) lies on the line.
Substitute x =2a,y=2—-ain 5y=-3x+4.
~52-a)=-3R2a)+4
s 10-5a=-6a+4
sa=—6
b 7y—-3x=25
Substitute the point (-22,13)
LHS =7(13)-3(-22) RHS =25
=91+66
=157
Since LHS > RHS the point lies above the line.
¢ Points (p,q),(=p,—q)
m=22"N
Xo =X
—49-4
—p-p
—2q
-2p
q

p
equation y—y, =m(x—x;), m= 4 and point (p,q)
p

cy—q=Lx-p)
P

s p(y—q)=q(x—p)
S.pY—Pg=qx—qp
Spy=gx

ax
p

15 a p=180—kr where k is the constant of proportionality.

b The girl’s pulse rate has to drop from 180 beats per minute
to 60 beats per minute, a drop of 120 beats. At the rate of
decrease of 10 beats every minute, this will take 12 minutes
for her pulse rate to return to its normal rest rate.

¢ p=180—kt

Substitute t =12, p =60
5.60=180—-12k
= 12k=120

k=10

- p=180-10¢

P,
180
120

(12, 60)

60

o0 2 4 6 8 10 12!

The graph is drawn over the interval 0 <7 <12.
d The gradient measures the rate at which the pulse rate
decreases, so the gradient is —10.

[ 13

16 3x—-2y=k keR

17

a

Rearrange to the y = mx + ¢ form.
~3x—k=2y
_3x_k

2 2
3
The gradient of each member in this family of lines is >

b Letx=k

Cc

~3k=-2y=k
s 3k—k=2y
s 2y=2k
sy=k
Therefore every line contains a point (k, k).
The point (—3,-8) lies on the line. Substitute x =-3,y=-8
in the equation 3x — 2y = k to determine the value of k.
S -9+16=k
k=17
The line 3x —2y =7 contains the point (—3,-8).

d The point (0,2) lies on the line. Substitute x =0,y =2 in

e

a

the equation 3x — 2y =k.

0-4=k

k=4
The line 3x —2y=—4 has a y intercept of 2.
3x=2y=17 3x—2y=-4

. 7 .
y intercept: When x =0, y = -5 y intercept: (0,2)

x intercept: When y =0,
4
xX=—=
3
k =7, the point (7,7) is on the graph k = —4, the point
(—4,—4) is on the graph point (-3,-8) is also on the graph

7
x intercept: When y=0, x = 3

The region between the lines lies below 3x —2y =—4 and
above 3x—2y=".

Due to the negative coefficient of Y in the equations, this
means 3x—2y>—4 and 3x—2y<7.

Therefore, -4 <3x—2y<7.

To sketch the line 2y —4x =—11 one method is to type

the equation in the Main Home screen, tap the graphing
window so this screen is split in two areas and then
highlight and drag the equation to the graphing area.
Alternatively, open the Graph and Tab menu.

The equation 2y —4x =—11 needs to be expressed with y as
the subject. This can be done using solve 2y —4x=-11on
main screen for y (or do it yourself).

11
Enter the equation as y, = 2x — Py and tap the box to the

left of y, to signal this is the graph to be sketched. Tap the
graph symbol to activate the sketch, adjusting the window
view if necessary.
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14 | TOPIC 1 Lines and linear relationships ¢« EXERCISE 1.5

Exercise 1.5 — Intersections of lines and their
applications
1 revenue dy =25n and cost d. =260+ 12n

(59

A
(

b To sketch a vertical line, tap Type and select x = Type. The

equation x =5 can then be entered and the graph obtained.

a At point of intersection (break-even point), dp = d
~.25n=260+12n

=~ 13n =260

son=20
If n=20,d =500, so the point of intersection is (20,500)
Revenue: (0,0),(20,500) Cost: (0,260),(20,500)

YA px=5
d Revenue
600
400 (20, 500)
_ (5,0 200
< 5 -

Y

Use y = Type and enter the equation y =3 and proceed to
obtain the graph.

YA

LI B B B S N
5 10 15 20 25 30 35

b As the gradient of the revenue graph is larger than the
gradient of the cost graph, if n >20,dy > d,.
Therefore at least 21 items must be sold for a profit to be
made.
Alternative method is to solve the inequation dy >d
~.25n>260+12n

0

~.13n>260
son>20
D) 0 X 2 3x—-2y=15....eqnl
0,-3)  y=-3 x+4y=>54....eqn2
2x()+(2)
Y 6x—4y=30
18 a To sketch the open region defined by the inequation x+4y=>54
2y—4x >-11, change to Type to y >. Ty —84
The inequation will need to be rearranged to have y as the N
subject before it can be entered. = 1_2
11 Substitute in eqn2
Enter as y>2x—5. 12+4y=54
The calculator shades the region required. sdy=42
h) s y=10.5
( 11 0) 4 Point of intersection is (12,10.5)
4° // 2mx+3y=2m
< o[-~ > 4x+y=5
/’/ (0, _ﬂ) For no solutions, the two equations must represent parallel
/// 2 lines and therefore have the same gradient.
| 48 The system becomes
2mx 2m
Region required 2mx+3y=2m=y= Y + Y
b x <5. Alter TYPE to x < and enter the inequation at x;. dx+y=5=y=—4x+5

y 21 At x, position, alter TYPE to y = and enter the
inequation at what will now be y,.

Tap both left end boxes and graph.

The calculator will shade the region where both
inequations hold.

YA

A
Y

Y

. . 2
Hence, equating gradients _Tm =—4

sm=6
Checking y intercepts are not equal, 2m =425
3

So lines are parallel, not the same line.

Therefore m = 6 for the system not to have any solutions
ax+y=>b

3x-2y=4

For infinitely many solutions, the two equations must be

identical.

The system becomes

Region required y=-ax+b
_3x
Y75
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Equating gradients and y intercepts,
! 3gg ' P .‘.x+5(3—x—9)+7:0
—a=— 4
2 o 15x
s.a=-1.5 and b =-2 for infinite solutions SXE - 45+7=0
5 2x+3y=0
x—8y=19 .'.I?Tx=38
Multiply second equation by 2, then subtract from first 4
equation Sx=38X—
2x4+3y=0 19
2x—16y=38 ox=8
* y= Substitute x =8 in equation (1)
~19y=-38 3
'_‘y:_z .'.yZZX8—9
sx=3 sy=-3
Two of the lines intersect at (3,—2). Test if this point lies on The point of intersection is (8,-3).
the third line 9x +5y =17 ¢ The horizontal line y=-5 and the vertical line x = 7 would
LHS =9(3)+5(-2) intersect at the point (7,=5).
=27-10 8 The equations of each line need to be formed before using
-17 simultaneous equations to obtain their point of intersection.
_RHS Iji;i 18 z i ;(lx:_rz()x —Xx,), m=-2 and point is (4,-8)
Therefore the three lines are concurrent since they meet at the
point (3,-2) ...y:—2x....(1)
6 Point of intersection of x+4y=13and 5x—4y=17 Line 2: y=mx+c,m=3,c=5
x+4y=13 Sy=3x+5....2)
Sx—4y=17 At intersection at point Q,
Add —2x=3x+5
6x =30 so=5x=5
sx=5 sox=-1
S 5+4y=13 When x =—1, equation (1) gives y =2
. _ The point Q has co-ordinates (—1,2).
s4y=8
9 a x YA
Soy= 2 A B y= 6
This point (5,—2) must lie on the third line -3x+ay=5
since lines are concurrent
=-3(5)+a2)=5
x=3
~2a=20
sa=10 < 0 _ _?
7 a Use simultaneous equations to obtain the point of c|r=™"
intersection.
4x-3y=13...(1)
2y—6x=-7...(2)
Eliminate y Y

2 x equation (1) 8x -6y =26....(3)
3x equation (2) —=18x+6y=-21....(4)
Add equations (3) and (4)

Let the triangle enclosed by the horizontal, vertical and
oblique line through the origin have vertices A, B and C.
Point B has co-ordinates (3,6).

s —10x=5 Point A is the intersection of y=-3x and y=6
5 S 6=-3x
LX=——
10 sx==2
= _l A has co-ordinates (—2,6).
) 2 Point C is the intersection of y=-3x and x =3
Substitute x =— l in equation (2) y==3x3
2 S y=-9
~2y+3=-7 C has co-ordinates (3,-9).
= 2y=-10 The vertices of the triangle are (-2,6), (3,6) and (3,-9).
L y=-5 b The triangle is right angled at B with AB of length 5 units
y 1 =
The point of intersection is (—5,—5). and BC of length 15 units. |
3x Area of triangle ABC: A=—bh,b=5,h=15
b y:7—9....(1) 2

x+5y+7=0....(2)
Substitute equation (1) in equation (2)
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.-.A:l><5><15
2

=375
The area of the triangle is 37.5 square units.

10 The lines will not intersect if they are parallel, in which case

they will have the same gradients but different y intercepts.
Rearranging 2x + 3y =23,

3y=—2x+23
y= s 2
sy 3 3
2 23
Lmp=—=, ¢ =—
3 3
Rearranging 7x + py =8,
py=-1x+8
-7 8
Ly=—x+—
p p
7 8
LMy =——, Cy=—
p
Same gradients
2.7
30
s 2p=21
21
2
. 21 8 23
With P:?,Cz = E and C Z?
.16
R

SCy F

21
If p=—, the lines will not intersect.

5
11 a px+5y=¢q
~Sy=—-px+gq
px g
Ly=-—=+42
YIS
3x—qy=5¢q
~3x-5q=qy
.‘.y=3—x—5
q

b For infinitely many solutions the two equations must be

identical. This means they will have the same gradients and

the same y intercepts.

3
Equating gradients —§ =—...(1)

Equating y intercepts % =-5..012)

Equation (2) gives g =—25. Substitute this in equation (1)

._p_3
5 25
3

S p=—x-5
P=%s
L3
Sp 5

3
For infinitely many solutions, p = —g and g =-25.

¢ Two lines will intersect if they do not have the same
gradients.

Therefore, _ P 3or pg #—15.
5 ¢

12 a If the three lines are concurrent they must intersect at the

same point.

3x-y+3=0...()

5x+2y+16=0...(2)

9x-5y+3=0....3)

Point of intersection of lines given by equations (1) and (2).
2 x equation (1) + equation (2)

11x+22=0
sx=-2
Substitute x = -2 in equation (1)
S =6-y+3=0
sy=-3

Therefore the lines (1) and (2) intersect at (—2,—3).
Test if this point satisfies equation (3)
LHS=9x-5y+3

=9x-2-5x-3+3

=—-184+15+3

=0

=RHS
Since all three lines contain the point (—2,—3), the lines are
concurrent and their point of concurrency is (—2,-3).

b Obtain the point of intersection of two of the lines.
x+4y=9..1)
3x—2y=-1...(2)
equation (1) + 2 X equation (2)
TIx=17
sox=1
Substitute x =1 in equation (1)
S 1+4y=9
s4y=8

Ly=2
The two lines intersect at (1,2).
For the three lines not to be concurrent, the point (1,2)
cannot be on the line 4x+3y=d.
sd#4x1+3%2
~d#10
The lines will not be concurrent if d is any real number
except 10.

13 a Let cost be $C for a distance of x km.

“Pedal on”: C =10+0.75x
“Bikes r gr8”: C =20

b Points on line C =10+ 0.75x could be (0,10) and (4,13)
C =20 is a horizontal line.

o C=0.75x+10
20 . >
1 Cc=20
104 (13 EX 20)
0 %
¢ When costs are equal, 10+ 0.75x =20
~.0.75x =10
3
s=x=10
4
4
Sx=10x—
3
40
SX=—
3

After 131 km, the costs are equal.
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TOPIC 1

d Shay needs to estimate whether the number of kilometres

a

a

€

to be ridden will be greater than, or less than, 13% km.
If the distance is less than 13 km, “Pedal on” is cheaper
but if the distance is greater than 131 km then “Bikes r gr8”
is cheaper.
Let speed be v km/h and time of travel be t minutes.
Tram: v = k;t where k; is the constant of proportionality
When t=2,v=10=10= 2k,
Sk =5
For the tram, v = 5t.
Bus: v =a+ k,t where k, is the constant of proportionality
and a is a constant.
Whent=2,v=18 =18 =a+2k,....(1)
Whent=5,v=27=27=a+5k,...(2)
equation (2) — equation (1)
9=3k,

Sk, =3
Substitute k, =3 in equation (1)
s 18=a+6

sa=12
For the bus, v=12+3t.
When ¢t =0,v,, =0,V =12
When t =5,V = 25,V = 27

(5,27)

25

[
5,25
20 (5,25)

Tram

t

1 2 345

The tram’s speed will be faster than the bus’s speed when
5t>12+3t
S 2t>12
S 1>6
After 6 minutes, the tram’s speed is faster than that of
the bus.
Model A has the higher y intercept.
Therefore, the cost model for A is C =300+ 0.05x and the
cost model B is C =250+ 0.25x.
The gradients give the cost per kilometre.
y=C,—=Cp

=(300+0.05x) — (250 + 0.25x)

=50-0.2x
S y=50-0.2x
y intercept: (0,50)
X intercept: Let y=0

~0=50-0.2x
~.0.2x=50

= x=250=(250,0)
The graph of y=C, — Cp is shown in the diagram.

50 (0, 50)

)= Cp—C
25 Y A B

B (250, 0) _
N T T T T T T T ¥
Oy 50 100 150 200 250 J06~23) 400 *

i If C, =Cpgthen y=0. Since y=0 when x =250, the
costs are equal when the number of kilometres travelled
is 250 km.

Lines and linear relationships ¢ EXERCISE 1.5 | 17

ii IfC,<Cpgthen C,—Cp <0 and so y<O0. This occurs
when x >250. Therefore, company A is cheaper if the
distance travelled is more than 250 km.

At 6 am the boat’s position is at (0,2) and at 7 am its

position is at (6,3). It travels on a straight line through

-2 1
these points. For this line m = 3— =—,c=2.
6-0 6

The equation of the boat’s path is y = %+ 2, x20.

When x = 6¢,
6t
y= 5 +2
=t+2
The boat’s position north of the lookout is (¢ +2) km.
As t measures the time after 6 am, at 9:30am, ¢ =3.5.
When t=3.5,
x=6(3.5) andy=3.5+2
=21 =55
Therefore, the boat is at the position (21,5.5).
At t hours after 6 am the trawler’s position is given by
4r—1
x= ,y="t.

3
At 6am,? = 0 so its position is (—%,0).

At 7am,t =1 so its position is (1,1).

The line joining these points has gradient
1-0

m=
1+
1

%

Its equation is y—y; =m(x — x;) with m = 3 and a point
)

3
AR G

3x 1
=—+4—
4 4

. s . 3x 1 1

The equation of the trawler’s path is y = 1 + T X2 -3

The common point of the two paths is their point of
intersection.

X
=—+2..01
r=g M

3x 1
=—+—..2
Y=yt (2)
At the intersection,
f + 2 — 3_X + l
6 4 4
Multiply both sides by 12

S 2x+24=9x+3
s 21="Tx
sx=3
Substitute x =3 in equation (1)

3
Ly==+42
"%
Ly=24
The common point of the paths is (3,2 ).
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Test point R (=32,34)
If x=-32,
y=-32-2
=-34
#34
Therefore P,Q and R are not collinear
3 a points (1,-8) and (5,-2)

Trawler

f _—2+8

(-L.9) "S5

y 3
Although there is a common point to the paths, the boat Som= 5
and the trawler will only collide if they are at this common 3
point at the same time. stanf=—
Boat: x=6t, y=1+2 2
At the common point where x =3,y =2.5,1=0.5 so the ~6=tan"'(1.5)
boat is at this point at 6 : 30am. - 0=5631°
Trawler: x = ﬂ, y=t b gradient of -2

3 tan@ = -2

At the common point where x =3,y =2.5, t=2.5 so the

. 0= o -1
trawler is not at this point until 8: 30am. =180 —tan™(2)

Therefore the two boats do not collide. ~6=116.57°
17+9 = tan(135)° Point (2,7
17 Graph the two lines y = * and y= 8—3%. com aln( )" Point (2.7)
Sm=—
Then tap Analysis = G-Solve — intersect to obtain the Equation of line is
co-ordinates of the point of intersection to two decimal y-T=—(x-2)
places as (1.39,5.91). Ly=—x+9
18 a In the graphing screen select Param Type and then enter 4 Angle of inclination to horizontal of line with gradient of 5
xtl=t,yt1=3+2¢ and xt2 =t +1,yt2 = 4t —1. Graph both anf=5
lines. To graph the lines simultaneously, alter the ¢ step to 1, h
for example. s0=tan™'(5)
Tap Analysis — G-Solve — trace gives an estimate of the - 0=78.69°

common point as occurring when ¢ = 4.

. Angle of inclination to horizontal of line with gradient of 4
Tap the table of values symbol to compare the positions

of each graph around 7 = 4. The table of values shows that tan6 =4
when ¢ =4, particle B is at (4,11) but the second particle ~6=tan"'(4)
P, is at (4,11) when 7 = 3. This identifies the common point - 0=175.96°
on the paths to be (4,11) but that the two particles are in
this position at different times and therefore do not collide.
b From the table of values, the common point is (4,11)
A required angle
Exercise 1.6 — Coordinate geometry of the
straight line N 86
1 A(-3,-12), B (0,3) 5 60° >
3—(-12) Horizontal
m=>=
0-(=3)
Somyug =5

Therefore the angle between the two lines is the

B (0.3), C(4,23) difference between the larger and the smaller angle,

m=2373 78.69° —75.96° = 2.73"
4-0 5 a 3y—6x=1
©Mmpe =3 ~3y=6x+1
Since m  p = mpe and point B is common, the points A, B and |
C are collinear Ly=2x+—
2 P(=6,-8),Q(6,4) 3
—8-4 m=2
Mpg = 6-6 i Parallel line has gradient 2
compy =1 ii perpendicular line has gradient 5
Equation of PQ: b Gradient of y=x is m; =1, gradient of y=—x is m, =1
y—4=1(x-6) Since m;m, = -1, the lines are perpendicular
Cy=x—2 ¢ Gradient of y=5x+10 is 5, so gradient of perpendicular

line is —g. Point is (1,1)
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Equation of line is

1
-1l=—=(x-1
y 5( )
s Sy-5=-x+1
~Sy+x=6
2y—4x=1
2y=4x+7
7
Ly=2x+—
y 2
m=2

Parallel line has gradient 2, and point (8,-2)
Equation is
y+2=2(x-8)
sy=2x—18
For x intercept, let y=0
S 0=2x-18
Sx=9
Co-ordinates of the x intercept are (9,0)
Points (12,5) and (-9,-1)

Midpoint:
=122 3 ED idpoint is (1.5,2)
2 2
_3 _4
2 2
=2
Midpoint of PQ is (3,0), Q is (—10,10)
P Nty
2 2
L3= 0t 0 g Lo=2tl0
2 2
~x—10=6 -y +10=0
sox =16 sy =-10

Therefore point P has co-ordinates (16,—10)
A (—4,4), B (-3,10)

Point: Midpoint of AB is (#, 4 210) = (_%,7)

10—

Gradient: Gradient of AB is = 6. Therefore gradient

of perpendicular is o

1
Equation: point (— % , 7) gradient — s

1 7
y— 7= —E(X + 5)
7
S 6y—42= —(x+ Ej
S 12y—-84=-2x-7
S 12y +2x =77
ax + by = c is the perpendicular bisector of CD where
C(-2,-5)and D (2,5)
Perpendicular bisector of CD

24+2 —
Point: Midpoint of CD is ( 2+ , 52+ > ) =(0,0)
. . . 5=(5_5 .
Gradient: Gradient of CD is (2 = Py Therefore gradient

2
of perpendicular is ——

2
Equation: point (0,0) gradient -5

. . . 2
Therefore the perpendicular bisector has the equation y = —gx

TOPIC 1 Lines and linear relationships ¢« EXERCISE 1.6

Rearranging,
Sy=-2x
S 2x+5y=0
Comparing with ax+by=c,a=2,b=5,c=0
11 Points (6,—8) and (—4,-5)
d=\(6-(4)) +(-8-(-5))"

=(10)> +(=3)*
=109
=10.44

12 A(-1,1) and B (6,-1)

-1 1+ (-1
MidpointofABis( 2+6, *( )):(

3
2 2
o)

)

Distance between point (3,10) and (

- \/(3—%)2 +(10-0)*

=(0.5)* +(10)*
=J1.25+100

=+/101.25
=10.06 (2dp)

N | L

[ 19

13 a The gradient of the line is obtained using the two given

points (=2,0) and (3,9).
_9-0

m_
3+2

=1.8
stanf=1.8

~@=tan"'(1.8)
-.0=60.95°
The angle is 60.95° to two decimal places.
Points (4,0) and (0,3)
3-0
m=

s tan@ :—i
4

- 6=180° —tan™'(0.75)

.0=143.13°
The angle is 143.13° to two decimal places.
b A line parallel to the y axis must be a vertical line.

Therefore the angle of inclination to the x axis is 90°.

¢ Given m=-7, tan@ =-7
- 6=180°—tan™'(7)

..0=98.13°
14 a

The parallel line has the same gradient of 5 anday

The line 7y —5x = 0 rearranges to y = 57x Its gradient is g

5
intercept at (0, 6). Its equation is v =mx +¢, m= 7,C =6

Ly=—+6
=5

Rearranging to the required form,
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S Ty=5x+42
s Sx—=Ty=-42
b 3y+4x=2
3y+4x=2
s 3y=—4x+2
ytr,2
3 3

The parallel line has m = —%.

Equation of the parallel line: y— y, = m(x —x,), m= —i

4
int| —2,—
poin ( 5)

4 4
y——=——(x+2
Y3 3( )

Multiply both sides by 15
S 15y —12=-20(x+2)
S 15y—12=-20x-40
S 20x+15y=-28
¢ 2x-3y+7=0
S 2x+T7=3y
2x 7
=—+—

2 . . .
my = 3 so the gradient of the perpendicular line m, = ——

since m;m, = —1.

Equation of the perpendicular line: y— y; = m(x — x;),

9
..2y—2——3x—z
s 8y—8=-12x-9
S 12x+8y=-1
d3x—-y=2
Sy=3x-2
1

m1=3:>m2=—§

equation of perpendicular line through the origin:

1
y=mx+c, m:—g,czo

L
Y773
3y=—x
sx+3y=0

e point (-6,12)
m = tan6 where 6 = tan”'(1.5)
m=1.5

equation: y—y, =m(x—Xx;)
Sy—12=1.5(x+6)
S y=15x+9+12
sy=15x+21
S 2y=3x+42
s 3x=2y=-42

f

Point of intersection obtained by solving simultaneous
equations.
2x-3y=18...(1)
Sx+y=11...(2)
equation (1) +3 X equation (2)
17x=51
sx=3
Substitute x =3 in equation (2)
SA5+y=11
sy=—4
Point is (3,—-4).
If the line is perpendicular to the horizontal line y =8 then

the vertical line through the point (3,—4) is required.
Therefore, the equation is x = 3.

15 A (=7,2) and B (=13,10)

a

b

(v

16 a

d(AB) =\ = x)* + 0 =)
=J-13+7)2 +(10-2)
=+/36+64
=+/100
=10
The distance is 10 units.
The co-ordinates of the midpoint are given by

x:x1+x2’y:yl+y2.
2 2
-7-13 2+10
X = V=
2 2
~x=-10, y=6

Midpoint is (-10,6).
The perpendicular bisector of AB contains the midpoint

(=10,6).
102
"B =307
8
T -6
4

3
. . . .3
Therefore the gradient of the perpendicular bisector is —.
Equation of perpendicular bisector: 4

3
—6="(x+10
y 4(x )

s4y—24=3x+30
s4y=3x=54
4y-3x=54...(1)
4y+3x=24...(2)
Add equations (1) and (2)
S 8y=178
39
T4
Subtract equation (1) from equation (2)
s 6x=-30
sox==5
Point of intersection is (-5,9.75).
point (4,0).

gradient: m = tan(123.69°)
som=-1.5

equation: y—0=-1.5(x—4)
~.y=-1.5x+6 is the equation of line L.
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b K and L are perpendicular lines.

m; =—1.5
_ 3
T2

. 2
=2

2
equation of K: m = 3 point (4,0)
2

nLy= -4
y=3 (x=4)
_2x_8
3 3
or2x—3y=8. 3
y intercepts of lines K and L are (O,—gj and (0,6)
respectively so the distance between these is 6+ 3 = %
units.
A (—4,13), B (7,-9) and C (12,-19).
m _-9-13 m _—-19+9
M 744 B¢ 127
= —Q and = —B
11 5
=2 =-2

Since m 5 = mpc and point B is common, the three points
are collinear.

A (-15,-95), B (12,40) and C (20,75).

If the points can be joined to form a triangle then they
cannot be collinear.

L _40+95 o _T5-40
ABT 0415 BCTo0-12
_13_5 and _ﬁ
27 8
=5 %5

Since myp # mp, the points A, B and C are not collinear
and so they may be joined to form a triangle ABC.

A (3,0), B (9,4), C (5,6) and D (-1,2).

If the two line segments AC and BD bisect each other they
must have the same midpoint.

Midpoint of AC

x= %, y= 0—;6 .. midpoint of AC is (4,3).
=4 =3

Midpoint of BD

X = %, y= % . midpoint of BD is (4,3).
=4 =3

Hence AC and BD bisect each other.
P (-2,-3),Q(2,5), R (6,9) and S (2,1).

PQRS will be a parallelogram if its opposite sides are
parallel, that is, if PQ and SR are parallel and PS and QR
are parallel.

TOPIC 1 Lines and linear relationships ¢« EXERCISE 1.6 | 21

mo =23 me =271
P04 SR 6-2
=2 =2

Since mpy = mgg, PQ is parallel to SR which is sufficient
for PQRS to be a parallelogram. However, to show the
other pair of opposite sides are parallel:
1+3 d _9-5
242 M MrTe

=1 =1
Since mpg = mgp, PS is parallel to QR and therefore PQRS
is a parallelogram.
To be a rectangle, the adjacent sides need to be
perpendicular. Testing PQ and QR gives

Mpg =

Mpo X Mop

=2x1

=2

#—1

The sides PQ and QR are not perpendicular so PQRS is
not a rectangle.

18 C (-8,5), D (2,4) and E (0.4,0.8).

Perimeter is the sum of the side lengths.
CD=+2+8)* +(4-5)*

=100+1

=+/101

DE=1(2-04)’ +(4-0.8)
=+1.6"+3.22
=128
EC=1/(-8-0.4)>+(5-0.8)

=+/84%+42?

=+/88.2

Perimeter
=4101++/12.8 ++/88.2
=23

The perimeter is 23 units.
If angle CED is a right angle, CE is perpendicular to ED
and CD is the hypotenuse.

cE2 sl pes

0408
123 47"

T T T T T T
9-8-7-6-5-432-10] 1 2

Y

Test if Pythagoras’s theorem CD* = CE* + ED* holds.
LHS =CD*

=101
RHS = CE* + ED?

=88.2+12.8

=101

=LHS
Therefore angle CED is a right angle.
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19 a

20 a

An alternative method is to show CE and ED are

perpendicular.
_5-08 _4-038
M= 804 M =504
= —E and = 2
8.4 1.6
1 =2
T2

Since meg X mgp =—1, CE is perpendicular to ED and
therefore angle CED is 90°.
Midpoint, M, of the hypotenuse CD is
-8+2 5+4
( 8 ,5—j:(—3,4.5),
2 2

M is equidistant from C and D so MC = MD = %CD.

S MC=MD= %\/101

ME =(-3-0.4)? + (4.5-0.8)
=255

_ (o1
4

=l 101
2

. ME = MC = MD which shows M is equidistant from each

of the vertices of the triangle.
The centre of the circle is the midpoint of the diameter.

".4=—2+x2 -2+,

,and 8= where (x,,y,) are the

co-ordinates of the other endpoint of the diameter.

s8=-2+x, s16=-2+y,

and

X, =10 Sy, =18
The other end of the diameter is the point (10,18).
Area formula: A = 77>
The radius is the distance between the centre (4,8) and
(=2,-2), an endpoint of the diameter.

r=@+2)%+@8+2)°
V36 +100
J136

- A=7(J136 )2
=nx136
=136r
Area is 1367 square units.
i ax—7y=81is parallel to 3y+6x=7.
Rearranging each equation,

ax—Ty=8
sax—8=T7y
.. _ax 8
R
. _a
..ml—;
3y+6x=7
~3y=—6x+7
7
..y——2x+§
Sy =-=2

For parallel lines, m; =m,

R,
7
sa=-14
ii For perpendicular lines, mm, =—1
a
S=xX2=-1
7
so2a=-T7
7
La=—
2

b Let the points be A (3,b), B (4,2b) and C (8,5—-0).
The points are collinear if m,z = mp-

2b-b 5-b-2b

" 4-3 8—4

Lpo223b
4

S 4b=5-3b
sTb=5
5

b=—
7

¢ The gradient of the line through (2¢,—c) and (¢,—c —2) is:

_—c—2+c

T oe-2c
-2

Since m = tan(45°)

¢
se=2

=1

d Points (d +1,d —1) and (4,8)

_d-1-8

m=
d+1-4

_d-9
d-3

i parallel to line through (7,0) and (0,-2) with gradient

iii

rise 2

Alternatively, a horizontal line through (4,8) has
equation y = 8. As this line passes through (d +1,d - 1),
then
d-1=8

sd=9
Perpendicular to the x axis = m is undefined

d-9. . . .
is undefined when its denominator is zero

sd=3
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Alternatively, a vertical line through (4,8) has equation
x =4. As this line passes through (d +1,d —1), then
d+1=4

~d=3
e Distance between the points (p,8) and (0,—4) is 13 units.

S 13=(p=0)2 +(8+4)*
~13=/p* +144

~169= p* +144
L pt=25
sp=15
f Let the lines with gradients m; =—1.25 and m, = 0.8 be
inclined at 6, and 6, with the horizontal.

tanf; =—-1.25
.6, =180° —tan"" (1.25)
-0, =128.66°
tan@, = 0.8
5.6, =tan"'(0.8)
-0, =38.66°
The angle between the two lines is
a=0,-0,
=128.66° —38.66°
=90°

The value of o, the angle between the two lines, is 90°.
21 Anna: The distance of (-2.3,1.5) from (0,0) is

d,=+23%+15"

=754
Liam: The distance of (1.7,2.1) from (0,0) is

d, =\1.7*+2.1%
=73

Since d, >d;, Anna carries the rucksack.

22 P(3,7)and R (5,3)
a Distance PR

d(P,R)=+(5-3)>+(3-7)°
=J4+16

=+/20

=45
The petrol station and the restaurant are approximately
4.5 km apart.

b mpy = :;,_T;’ point (5,3)

=-2
Equation of PR:
y=3=-2(x-5)
sy=—2x+13

¢ H (2,3.5) Since PR has gradient —2, the perpendicular line

through H has gradient l
Its equation is 2
y—=3.5=0.5(x-2)
sy=05x+25
d B is the intersection of lines PR and HB
y=="2x+13...(1)

y=05x+25...(2)

TOPIC 1 Lines and linear relationships « EXERCISE 1.6

23

a
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At intersection,
-2x+13=0.5x+2.5
- 10.5=2.5x
10.5
xX=—
2.5
sx=4.2
Substitute x = 4.2 in equation (1)
sy=-84+13
Sy=4.6
The co-ordinates of B are (4.2,4.6).
Total distance Ada cycles is HB + BR

d(H,B)=+/(42—2)* + (4.6 -3.5)
=2.460
d(B,R)=(4.2-5)* + (4.6 -3
=1.789
Ada cycles 4.249 km at an average speed of 10 km/h.

2 =0.4249 hours

Time taken is

In minutes, the time is 0.4249 x 60 = 25.494 minutes.

This figure when rounded to the nearest minute, is 25
minutes. However, Ada would not be at R at this time. To
reach the restaurant, Ada takes 26 minutes, to the nearest
minute.

Select Geometry from the menu.

Tap Draw — Point three times to obtain points A, B and C.
Tap Draw — Line Segment and join the points to form
triangle ABC.

Tap a line segment then Draw — Construct — Perp.
Bisector. Do this for each side to create the three
perpendicular bisectors.

Move a vertex around to create different triangles.

For every case, the perpendicular bisectors are concurrent.
In the geometry menu select the grid template.

Plot the three points A (0,0), B (4,4) and C(6,0) checking
they are accurately placed using the co-ordinate tab. Then
construct the triangle ABC and the perpendicular bisectors
of each side. Select Intersection to mark the point D where
these perpendicular bisectors meet.

Tap the co-ordinate button for point D. This gives D as the
point (3,1).

Checking algebraically:

BA: Midpoint M is (4;6 ,?) -(5.2)
L _4-0
BT 46
-

Therefore the gradient of the perpendicular bisector of BA
1

is —.

Maths Quest 11 Mathematical Methods VCE Units 1 and 2 Solutions Manual
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a

Equation of perpendicular bisector:

1
—2=—(x-5
y 2(x )
x 1
ny==—=..(
y=375 0]

OA: Midpoint is N (3,0) so equation of perpendicular
bisector of OA is x =3.....(2)
OB: Midpoint is P (2,2) and gradient is 1. The
perpendicular bisector of OB has gradient —1.
Equation of perpendicular bisector:
y=2=—(x-2)

SLy=—x+4...03)
Substitute x = 3 from equation (2) into each of equation (1)
and (3).
equation (1): y=—-— 1 =1

2 2

equation (3): y=-3+4=1

All three lines contain the point (3,1) so this is the point of
intersection of the perpendicular bisectors.

Create three points and join each pair by a line segment to
create the triangle ABC.

Mark the midpoints of each side using Draw — Construct
— Midpoint.

Join each vertex to the midpoint of the opposite side using
Draw — Line Segment.

Move a vertex around to create different triangles.

For every case, the medians are concurrent.

In the geometry menu select the grid template.

Plot the three points A (0,0), B (4,4) and C(6,0) checking
they are accurately placed using the co-ordinate tab. Then
construct the triangle ABC and the midpoints of each side.
Draw the medians from each vertex to the midpoint of the
opposite side and select Intersection to mark the point P
where these medians meet.

Tap the co-ordinate button for point P. This gives the
co-ordinates as repeated decimals (3.33333,1.33333) or
(3.3,1.3) giving the point of intersection of the medians as

(35)
3°3)

Check algebraically:

32-10k1 234567
=2 Eam

M (5,2), N (3,0) and P (2,2)

Median OM: m = %,c =0so equation of OM is y = 2?x....(l)
Median NB: m = 4, point (3,0)

equation of NB

y=4(x=3)
sLy=4x-12....(2)
Median AP: point (6,0)
2
m=-—
—4
1
m=——
2
equation of AP:
1
=——(x-6
y=-5(x-6)
X
sy=—-—+3..03
y=-3 3
Substitute equation (1) in equation (2)
2 4x-12
5
= 2x=20x-60
~.60=18x
60
SX=—
18
10
SX=—
3

1
Substitute x = ?0 in equation (1)

Ly= 210
5 3

.4

..y—g

Test if x = ? y= % satisfies equation (3)

X
=—243
Y 2
tas=2  rus=—Lx1943
3 2 3
5.9
=——4—
3 3
_4
3
=LHS

10 4
Therefore the three medians meet at (?,gj
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TOPIC 2 Algebraic foundations ¢ EXERCISE 2.2

Topic 2 — Algebraic foundations

Exercise 2.2 — Algebraic skills

1

32x+ 1)+ (Tx+1D(Tx =11) = Bx +4)2x - 1)
=3(4x” +4x+1)+(49x% —121) = (6x* —3x +8x —4)
=12x% +12x +3+49x% = 121-6x* —5x +4
=55x" +7x—114
Coefficient of x is 7.
2+3x)(x+6)3x—-2)(6—x)
=Bx+2)3x—2)(6+x)(6—x)
=(9x% —4)(36 - x%)
=324x —9x* — 144 + 447
=-9x* +328x% — 144
a 4x° —8x2y— 12y2x
=4x(x? - 2xy — 3y2)
=4x(x-3y)(x+y)
b 9y* —x* —8x-16
=9y? — (x> +8x+16)
=9y” —(x+4)°
=By-(x+DHIBy+(x+4)]
=QBy-x-4)By+x+4)
¢ 4(x-3)*-3(x-3)-22
=4a® —3a-22 where a = (x —3)
=(da-11)a+2)
=[4(x-3)-11][(x-3)+2]
=(4x-23)(x-1)
x? —6x+9—xy+3y
=(x? —6x+9)+ (—xy+3y)
=(x=3)" —y(x=3)
=(x-3)(x-3)-)yl
=(x=3)(x-3-y)
a x—125=x*-5°
=(x = 5)(x* +5x +25)
b 3+3x7 =3(1° +x%)
=3(1+x)1—x+x%)
First take out the common factors
2y +2y(x - y)’
=2)0y" + (=)’
The term in the square brackets is a sum of two cubes

[y3 + b3] where b = (x —y) so the next step is to factorise this
sum of two cubes

=2y(y+b)(y* ~ yb+b?)

=2y + (=PI =y =)+ (x = 7]

=2y = yx+ 2 +x% =20 +)%)

=2xy(x? =3xy+3y?)

Finally the inner brackets in each factor need to be expanded
and like terms collected

=2y(x)(y” = yx+y7 +x7 = 2xy+)7)

=2xy(x? =3xy+3y?)

7 a xz+—4x
x2+2x-8
o x(x+4)
(x+4)(x-2)
_ X
x-2
b x4—64+x2+8
5—x x-=5
xt-64 x-5
= X
5-x  x*+8
_(x2+8)(x2—8)>< x=5
—(x=5) x> +8
=—(x*-8)

=8-x*

=125 5
8 2 X 3 2
x“ =25 x7+5x"+25x
_ (x=5)(x +5x+25) 5
(x=3)(x+5) x(x? +5x+25)
5

x(x+5)

6 1 B 2x
5x=25 x—-1 x*>—6x+5
_ 6 + 1 _ 2x

5x-5 (x—1) (x=5)(x—1)
_6(x—D+5(x—5)—10x

5(x=5)(x—-1)
_ x—=31

5(x—=5)(x—1)

2
w0 (4 32+126x—1
x+1 (x+1) x“+2x+1

(4x+D=3) xP+2x+1

_( (x+1)2 jx 16x> -1

_ 4x+1 (x+1)°

Tt GxaD@dr—1)
1

4x—1

11 a  (2x+3)*=2x) +220)03) +(3)>

L (2x+3)? =4x2 +12x+9

b 4a(b-3a)b+3a)
=4a(b* -9a”)
=4ab® -36a°

¢ 10— (c+2)(4c—5)
=10—(462—5c+8c—10)
=10—(462+3c—10)
=10—4c* =3¢ +10
=20-3c—4c’

d (5-7y)* =25-70y+49y”
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26 | TOPIC 2 Algebraic foundations ¢ EXERCISE 2.2

e (3m3+4n)(3m3—4n) f 2+x—4Gx*+x-4)

— 42 A2 _
=(3m3)2—(4n)2 =x"+x—-4x"—-4x+16
e, =16-3x-3x"
=9m” —16n Coefficient of x is —3

£ (x+1° 2
=(x+1)(x+1)2 14 a z ;—724—60—(x+12)(x—5)
= (e 1)(x2 +2x +1) b da”—

e , =4(a* -16)
—x3+2x2+x+x +2x+1 :4(a_4)(a+4)
=x7 4307 +3x+1 ¢ 2bc+2b+1+c
12 a (g+12+h)° =2b(c+1)+(1+c)
=((g+12)+h) :(”1)(2“1)
=(g+12)* +2h(g +12)+ > d 15x+27-2x ,
2 2 =27+15x-2x
=g +24g+144+2gh+24
g2+ 2g+ +2gh+24h+h —(9—x)(3+2x)
=g " +h" +2gh+24g+24h+144 )
, e 1-9(1-m)

b 2p+7q) (27(1_217) =l—(3(l—m))2
=(Tq+2p)"(Tq-2p) =(1-31-m))(1+3(0-m))
=(Tq+2p)((Tq+2p)(7q-2p)) =(1-3+3m)(1+3-3m)
= (7q+2p)(49g* —4p?) =(Bm-2)(4 —3m)
=343¢ — 28qp* +98pq* - 8p° f 8x%—48xy+72y°

¢ (x+10)5+2x)(10-x)(2x—5) :8(x2—6xy+9y2)
=10+ x)(10 — x)(2x +5)(2x = 5) _8(x—3y)?

=100 - x?*)(4x* =25)
=400x> —2500 — 4x* +25x2
=—4x* +425x% = 2500

15 a x*+2x*-25x-50
=x2(x+2)-25(x+2)
=(x+2)(x* = 25)

13 a 2Q2x-3)(x—2)+(x+5)2x—1) =(x+2)(x=5)(x+5)
=2(2x% = Tx+6)+(2x> +9x —5) b 100p° —81pg>
=4x* —14x+12+2x> +9x -5 = p(100p* —81g%)
=6x*—5x+7 = p(10p-9¢)10p+9q)
Coefficient of x is =5 ¢ 4n’ +4n+1-4p?
b (2+3x)(4 —6x —5x%) = (x —6)(x +6) =(4n2 +4n+l)—4p2
=8-12x—10x” +12x —18x> = 15x° — (x* - 36) —2n+1? —(2p)
=8-28x—15x° — x> +36 =Q2n+1-2p)2n+1+2p)
=44-29x% ~15x° d 49(m+2n)> —81Q2m —n)?
Coefficient of x is 0 =[7(m+2n)—92m —n)]|[7(m+2n)+92m —n)]
¢ (Ax+T7)4x-T)(1-x) =(Tm+14n—-18m+9n)(7Tm+14n+18m —9n)
=(16x* —49)(1-x) =(23n—11m)(5n+25m)
162 — 1647 — 49+ 495 =(23n—11m) x 5(n+ 5m)
= 162 +16x2 +49x — 49 =5(23n = 11m)n+Sm)
Coefficient of x is 49 e 13(a-D+52(1- a)3
d (x+1-2))(x+1+2y)+(x - 1) =13(a-1)-52(a~1)’
= (Cr+ D= 29) (x4 D +25) + (x 1) =13 1(1-4@-1°)
=(x+1)2 _4y2 +(x_1)2 =13(a—1)[1—2(a—1)][1+2(a—1)]

=13(a-1)(1-2a+2)(1+2a-2)

:x2+2x+1—4y2+x2—2x+1
=13(a-DB-2a)2a-1)

=2x7 +2-4y* o 2
Coefficient of x is 0 f a*-b"-a+b+(a+b-1)

e 3-2x)2x+9)—-3(5x—-1)(4-x) =(a-b)a+b)—(a—-b)+(a+b-1)
=6x+27—4x% —18x = 3(20x —5x> —4 +x) =(a-b)((a+b)=1)+(@+b-1

=(a+b-D[(a=b)+(a+b-1)]
=(a+b-1)(a—b+a+b-1)
=(a+b-1)R2a-1)

=—12x+27-4x* —60x+15x> +12 - 3x

=11x* = 75x+39
Coefficient of x is =75

Maths Quest 11 Mathematical Methods VCE Units 1 and 2 Solutions Manual



16 a (x+5)%+(x+5)-56
=a’+a-56 where a = (x+5)
=(a+8)a-7)
=((x+5)+8)((x+5)-7)
=(x+13)(x—-2)

b 2(x+3)>=7(x+3)-9
=2a*—7a-9 where a = (x +3)
=2a-9)a+1)
=(2(x+3)-9)((x+3)+1)
=2x-3)(x+4)

¢ 70(x+y)* = y(x+y)— 6y
=70a* —ya—6y2 where a =(x+y)
=(7a+2y)10a-3y)

=(7(x+y)+2y)(10(x + y)—3y)
=(Tx+9y)10x+7y)

d x*-8x2-9
=(x2)2—8(x2)—9
=a’® —8a—9 where a = x*
=(a-9)(a+1)

:(xz —9)()c2 +1)
=(x=3)(x+3)(x> +1)

e Up—q) +12(p* —¢*) +4(p+q)’
=9(p—q) +12(p—q)p+ @) +4(p+q)’
=94> +12ab+4b> where a=(p—q), b=(p+q)
= (3a+2b)*
=GB(p-+2p+9)
=(3p-3q+2p+29)°
=(5p-q)°

2
f o (a+l) —4a* (a+l)+4a2
a a

1
=a’x? —4a*x +4a® where x = (a + —)
a

=a’(x* —4x+4)
:az(x—Z)2

=(a(x-2))

2
:(a(a+l—2)]

a
=(a®+1-2a)*
=(@-17)’
=(a-1*

17 a x*-38
=373
=(x=2)(x* +2x+4)
b x> +1000
=x>+10°
=(x+10)(x> =10x +100)
c1-x°
—P_3

=1-x)1+x+x2)

18

TOPIC 2 Algebraic foundations ¢ EXERCISE 2.2

d 27x° +64y°
=Gx)’ +(4y)’
=GBx+4y)9x% —12xy+16y?)

e x*—125x
=x(x> —125)
=x (x3 -5 )
= x(x = 5)(x* +5x +25)

f (x-1)°+216
=(x-1%+6°
=((x=D+6)((x =1 —6(x—1)+36)
=(x+5)(x* —2x+1-6x+6+36)
= (x+5)(x* —8x+43)

a 24x> —81y°
=3(8x* —27y7)
=3(20'-3y’)
=3(2x = 3y)(4x? +6xy+9y?)

b 8x4y4 +xy
= xy(8x3y3 + 1)
=xy(@xy)’ +1°)
= xy2xy+1D(4x3y? —2xy+1)

¢ 125(x+2)° +64(x—5)°
=[5(x+2)+4(x = 5)][25(x +2)” = 20(x + 2)(x = 5)

+16(x—5)*

| 27

=(x+ 10+4x—20)(25(x2 +4x+4)=20(x>=3x-10)

+16(x% - 10x+25))

= (9x —10)(25x% +100x + 100 — 20x> + 60x + 200 + 16x2

—160x + 400)
=7(9x —10) 3x* +100)
d 2(x—y)’ —54Q2x+y)’
=2((x-y)*-272x+y)*)
=2((x=y)-3Qx+y)((x =) +3(x=)2x+y)
+9Q2x+y)?)
= 2(x—y—6x—3y)(x2 —-2xy+ y2 +3(2x? —xy—yz)
+9(4x2 +4)cy+y2 ))
=2(=5x —4y)(43x% +31xy+7y%)
=2(5x +4y)(43x* +31xy+7y%)
e a°—a’b® +d°b -1’
=a’ (a2 —172)+173 (az —bz)
=(a® -b*)(a’ +b?)
=(a—b)a+b)a+b)a® —ab+b*)
=(a—b)a+b)*(a® —ab+b*)
£ O _ya
=(<) ()
=7 =yt +y7)
= (=) +ay+ )+ Y —ay+y?)
= (=P +xy+ )07 —xy+y7)
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2 _7x— 4 4
19 a 3x°=Tx 22() 20 a 5+ R
25-0x x“+1 x-—x
_ BxFS)(x-4) = 24 ot (14 :
Sl e +1 x(1-x
(5-3x) (5437 *
4 s C4x(1-x0)+4(x7 + 1)
=< 3 (x* + Dx(1 - x)
2 2
b x® +4x7 -9x-36 :—4x—4x +Zix 4
T e My
2t 4)— (x4l - 4e+D
_ (44 -9(x+4) x(1=x)(x% +1)
(x+4)(x-3) 4 3 5
+4)(x* -9) b - +
:()67 x2—4 x+2 x-2
(x+4)(x-3) 4 3 5
— = p— +
_GADx =+ (x=2)(x+2) x+2 x-2
B +(3“4)(%—3) _4-3(x—2)+5(x+2)
=X . . (x=2)(x+2)
c (x+h)y —x _4-3x+6+5x+10
h (x=2)(x+2)
((x+h)=x)(Ce+h)* + x(x+h) +x7) _ 2420
= Y (x=2)(x+2)
(6% + 2xh+ 1% + X% + xh+ x7) __2+10)
= (x=2)(x+2)
K 5 4 3
=3x” +3xh+h’ ¢ o3 >
+ — a—
52 |— o2 X x x“+x-30
S _5 4 3
9x +3x2 18x° —12x+2 x+6 x—=5 (x+6)(x-5)
_ 2x (1-3x)1+3x) _5(x=5)-4(x+6)+3
3x2GBx+1) " 29x% —6x+1) T (x+6)(x=5)
o ><(1—3x)g;&>/3f§ _ 5x—25-4x-24+3
33Ty XBx-—1) (x+6)(x=5)
1, (-3 x4
37 (1-3x) (x+6)(x—5)
—1>< 1 d 1 + 21
37 1-3x 4y? —36y+81 4y*—81 2y° -9y
:3113 - s s
(1=3x) Q2y-97 2y-92y+9) y2y-9)
m® —2m*n . m* —4n® _Y2y+9+2yQ2y-9)-2y-92y+9)
m+nd m? 4+ 3mn+ 202 (2y—9)2(2y+9)y
:m3—2m2nxm2+3mn+2n2 =2y2+9y+4y2—18y—(4y2—81)
m’+n’ m? — 4n? y2y+9)(2y- 9)2
_ m? (m—2n) (m+2n)(m+n) B 2y -9y +81
(m+n)(m® —mn+n*)" (m—=2n)(m+2n) T y(2y-9%Q2y+9)
— m’ 1 3
m? —mn+n* e - 219 >~ 4(] 1
l—xaxl—x2;l+x+x2 P Cll poa p 3
1+x°  1+x%  1—x+x2 = —( )lz+ )_ 2 2q 2 2
- - - +
1o 1o I—xai? qu r—a)p+q) (p q)(p3 q)
= P q

14+ 1+x? T x4’ = - - 2, 2
(1—x)(1+x+x2) (1—x)(1+x) 1—X+X2 P—q (P—Q)(P‘HI) (P_Q)(p+q)(l7 +q )
= X X

_ Wt +dH)-p(* +dH -4

A+ x)(1—x+x7) 1+x° 1+x+x° —
(1-x) (d-x) 1 (P—9)p+(p~+q°)
=—X X— 3 2 2 3 3 2 3
1 1+x? 1 _Ptpg tapT g —pT—pgt =g
_(-xp? (P—(p+a)p” +4")
1+x2 _ qu
(P—a)p+)(p* +4%)
X
pt-q*
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7 5
a+6b)+ -
P ) (a2—3ab+2b2 a2—ab—2b2j

=(a+6b)+ ( 7 - > )
(a-b)a-2b) (a-2b)a+Db)

T(a+b)—5(a—-b)
(a—Db)(a—-2b)a+Db)
2a+12b
(a—b)(a-2b)a+b)
(a—b)(a—-2b)a+b)
2(a+6b)
_(a—Db)a-2b)a+D)

2

_ %(a —b)a-2b)a+b)

=(a+6b)~+

=(a+6b)~+

=(a+6b)x

a On the Main window of a CAS calculator, tap Interactive
— Transformation — expand and enter the expression
(x+5)(2—-x)(3x+7). Then tap OK.
(x+5)2-x)Bx+7)=-3x> —16x” +9x + 70

b Tap Interactive — Transformation — factor and enter the
expression 27(x —2)° +64(x +2)*.
27(x—2)° +64(x +2)° = (13x7 +28x +148)(7x +2)

a Tap Interactive — Transformation — combine and enter the
expression as 3/(x—1)+8/(x+8).

3 . 8  1lx+16

x+8  (x+8)x—1)

b Left to the student.

x—1

Exercise 2.3 — Pascal’s triangle and binomial
expansions

1

Use a =3x and b =2 in the expansion of (a — b)3

(3x-2)°

=(3x)’ =3(3x)*(2) +33x)(2)* - (2)°

=27x —54x* +36x -8

In the rule for expanding (a + b)>, replace a by g and b by b

)
3
3
(g gl o

3 2
=9 3 b 3% bt 4 b
27 9 3

3 2,2
a’ a’b
— +ab* +b°

The coefficient of a*b is l

(a—b)°
The Binomial coefficients for Row 6 are:
1,6,15,20,15,6,1
Thus, (a + b)° = a® + 6a°b +15a*b* + 204°b°
+154°b* + 6ab’® + b°
(a-b)° =a® —6a°b+15a"b* = 20a°b* +15a°b* — 6ab> + b°
2x-1)°
=205 -6(2x)° M) +152x)* (1)*
—6(2x)(1)° +(D)°
=64x% -192x° +240x* =160x> +60x> = 12x +1

—2002x)° (1) +152x)*(1)*
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4 Gx+2y)*

5

6

7

=30 +43x)°(2y) +6(3x)* (2y)” +43x)(2y)’ +(2y)*
=81x* +216x°y+216x%y* +96xy° +16y*
a Bx+1)°
=(3x)’ +36x)% () +33Bx)D)* +(1)°
=273 +27x% +9x +1
b (1-2x)°
=(1)* =31 (2x) +3(1)(2x)?
=1-6x+12x* -8x>
c (5x+2y)°
=(5x)” +3(5x)* (2) +3(5x)(2y)* + (2y)
=125x% +150x2 y + 60xy* +8y°

-(2x)°

)c3xyxy_3

s 4 6 27

(x+2)°

=x +3x2(2)+3x(2)2 +(2)°

=x*+6x*+12x+8

Statement A is the only correct statement.

a (x+1)° —3x(x+2)?
=x>+3x2 +3x+1—3x(x2 +4x+4)
=-2x>-9x2 —9x +1
Coefficient of x*is -9

b 3x%(x+5)(x—5)+4(5x - 3)°
=3x2(x? = 25)+4(125x° —3%25x% X3+3X5x X9 —27)
=3x* —75x% +500x* —900x* + 540x —108
=3x* +500x° —975x% +540x — 108
Coefficient of x? is 975

¢ x—Dx+2)(x-3)—(x—1)°
=(x-Dx2—x-6)— (x> =3x>+3x—-1)

=x—x?—6x—x>+x+6-x>+3x2 =3x+1
=x>—8x+7

Coefficient of x? is 1

d (2x* =3y’ +2(4-x%)°
=(2x%)’ =322’ (3)+32x")(3)* - (3)° +2(4° - 3(4)’ (?)
+3(4)(x%) - (r)°)
=8x® —36x"* +54x7 —27+2(64 — 48x” +12x* - x%)
=8x® —36x"* +54x% —27+128 - 96x” +24x* - 2x°

=6x8 —12x* —42x% +101

Coefficient of x” is —42
a Starting from Row 5, generate Row 7.
Row 5 1 5 10[ |10 5 1

Row 6 1 6 15 20{ |15 6 1
Row 7 | 1 7 211 [35] (35 |21 7 1
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b The second term matches the row number, so 1,9,.... are the
terms of Row 9.

¢ The number of terms is one greater than the row number.
Row n has n+1 terms.

Number of Sum of
Binomial terms in the | indices in
power Expansion expansion | each term
(x+a)2 22 +2xa+a’ 3 2
()c+a)3 w2 +3x%a+3xa’ +d’ 4 3
(x+a)* x* +4xia+6x2a? 5 4
+4xa® +a*
(x+a) | x> +5x*a+10xa> 6 5
+10x%a® +5xa* +a°
10 a (x+4)°

=x° +5x (4 +103 (4 +10x% (4)® +5x(4)* +(4)°
= +20x* +160x +640x> +1280x +1024

b Alternating the signs in part a gives
(x—4) =x° =20x" +160x° — 640x> +1280x — 1024

¢ (xy+2)
(y+2)° = () +5(xy)* (2) +10(xy)* (2)* +10(xy)* (2)°
+5(xy)(2)* +(2)°
= x5y5 + 10x4y4 +40x3y3 + 8Ox2y2 +80xy+32
d 3x-5y)*
= (3x)" —4(3x)° (5)+6(3x)* (57) —4(3x)(5y)’ +(5y)°
=81x* —540x%y+1350x%y* —1500xy° + 625y*
e 3-x2)*
=)' 43P (P +6(3)* (x*)’ —43)(x*)’ +(x?)*
=81-108x% +54x* —12x° + x®
f 1+x0°-(1-x°
=1+6x+15x2 +20x> +15x* + 6x° +x° —(1—6x+15x2
-20x° +15x* —6x° +x6)
=12x+40x% +12x°
11 a [(x-D+y]"
=(x-D* +4x - D} y+6(x -2 y? +4(x -y + y*
=(x4 —4x* +6x° —4x+1)+4y(x3 —3x2 +3x—l)
+6yz(x2 —2x+1)+4y3()c—1)+y4
=(x4 —4x3 +6x2 —4x+1)
+(4yx3 —12yx? +12yx—4y)
(6y2x2 —12y2x+6y2)
(4y3x—4y3)+y4
=x"+yt—4xP -4y’ +6x? +6y" —dx—dy+4xy+4y’x
+6x%y* —12x%y —12xy* +12xy+1

(53]
(3] +ol5) ()55 (
s3] (3 (5

+
+

Jen(3)(2)

Bi

12 a

13 a

For the term independent of x, the x power in the
numerator and denominator must be the same. This will

occur in the fourth term, 20(%) (z) .

X
3 3
2
»(3) (5)
2 X
3
=20x% X %
X
=20
(x+ ay)4 =x*+ 4x3ay+ 6xza2y2 + 4xa3y3 + a4y4
The coefficient of x> y2 is 6a’.
4 3 2
(ax® - y)* = (axz) - 4(ax2) y+ 6(ax2)
¥? —4(ax2)y3 +yt
=a*x® —4a’xCy+ 6a°x*y? —dax?y? +y*

The coefficient of x> y3 is —4a.

. 6a% =3x(—4a)
64> =-12a
s6a=—12 sincea#0
sa=-2

(1+2x)1-x)°

=(1+2x)(1-5x+10x> =10x> +5x* = x%)

=1-5x+10x*>—10x> +5x* - x° +2x(1—5x+10x2
-10x> +5x* —xs)

=1-5x+10x% —10x> +5x* — %% + 2x —10x* +20x°
—20x* +10x° —2x°

=1-3x+10x> —15x* +9x° — 2x°

The coefficient of x is —3.

Row 3: Sumis 1+3+3+1=8
Row 4: Sumis1+4+6+4+1=16
Row 5: Sumis 1 +5+10+10+5+1=32

Sum of Row 3 equals 8 = 23

Sum of Row 4 equals 16 = 24

Sum of Row 5 equals 32 = 2
Therefore, the sum of Row n equals 2".
(1+)c)4 =1+4x+6x> +4x° +x*

Put x =11in part c:

SA+D* =1+4+6+4+1

22V =14446+4+1
The result illustrates again that the sum of the coefficients
in Row 4 equals 2*since 1+4+6+4+1=2%

L1* =1+0.1)*
=(1+x)4 for x=0.1

(1+0.D* =1+4(0.1)+6(0.1)2 +4(0.1)> +(0.1)*
~1.1* =14 0.4+ 0.06 + 0.004 +0.0001
~1.1* =1.4641

(x+1° —(x+1*

=x% 50 41027 +10x7 +5x+1—(x* +4x° +627 +4x +1)

=x° +4x* +6x° +4x2 +x

Hence,

x+D°—(x+D*

=x" +4x* +6x° +4x7 +x

=x(x4 +4x7 +6x2 +4x+1)

=x(x+1*
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b G+ —(x+D" =(x+ D+ D" = (x+1)"
=(x+D"[(x+1)-1]
=(x+1D"[x]

)" (D = x(x+ D"

14 Since each term is formed by adding the two terms to its left

and right from the preceding row,
b+165=220
sb=55
165+330=c¢
s.c=495
45+a=165
soa=120

15 a The second column gives the natural numbers 1,2,3,4, ...

where each number is one more than the preceding
number.

b Each entry in the third column can be obtained by adding
the entries from the second and third columns in the
row above. The 5th entry in the third column is 15 and
therefore the 6th entry in the third column would be
6+15=21.

¢ Enter the table of values into the Statistics menu.
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List 1(n) 1 2 3 4 5 6

List 2 1 3 6 10 15 21

Fit the data to a rule using the Calc menu.

A perfect fit is obtained for Quadratic Reg as
y=0.5x%+0.5x.

Replacing x by n and Y by ¢,, the value of the nth entry

gives the formula 7, = 0.5n* +0.5n.

This formula could also be expressed as ¢, = nn+l) and
could be deduced from the table.

d Extend the fourth column and enter the table of values by
into the Statistics menu.

List I(n) 1 2 3 4 5
List 2 1 4 10 | 20 | 35

Fit the data to a rule using the Calc menu.
A perfect fit is obtained for Cubic Reg as

. . 1
y:0‘16x3 +0.5x% +0.3x +0. This is y=gx3 +—x>+—x.

2 3

Replacing x by n and y by 1, the value of the nth entry
gives the formula ¢, = ln3 + ln2 + ln
"6 2 3
= %(nz +3n+ 2)
_n(n+1)(n+2)
6

16 Expanding (1+x +x*)* in the Main menu gives

2 +4x7 +10x% +16x° +19x* +16x% +10x% +4x +1

Require x so that 1+x+ x> =091 Using Interactive —
Equation/Inequality — solve gives x = —-0.9,x =-0.1.

Evaluate x® +4x7 +10x° +16x° +19x* +16x> +10x% + 4x +1

with x =-0.1 as

2 +4x7 +10x° +16x° +19x* +16x° +10x% +4x+11x =-0.1

to obtain 0.68574961.

(The conditional or ‘given’ symbol, |, is obtained from the
keyboard — mth — OPTN).

-0.91* =0.68574961

Exercise 2.4 — The binomial theorem

10!

1 6!+4!——
9!

|
:6x5!+4x3!—10;9'

=6x120+4x6-10
=734

n!
(n-2)!
_n(n-1)n-2)!
T (n-2)!
=n(n-1)

3 (3)

7!

T ANT-4)!
7!

T 4131

_TX6x5x%x4!

T 41x3x2x1

_TX6X5

3x2
=35

n n!
4 (5)= 20n-2)!

_n(n-1Hn-2)!
T 2x1x(n—-2)!
_n(n—1)
)
a1y 21%20
(3')==

=210

5 (2x+3)°

=0’ +(7) 0 @+(3) 0’ 37 +(3)ex’ 3y’
+(3) @03 +3)

=327 +5%16x* x3+10%x8x> x9+10x 4x> x 27
+5%x2x%x81+243

=32x> +240x* +720x3 +1080x% +810x + 243

6 (x-2)

=2 -(])x*@+(2) @ -(})«* @’ +(})r @*
~(1)x* @ +(2)x@° -

=x" = Txx0x2+21x x> x4-35x x* x8+35x x>
X16—21x x> X324+ 7xx X 64128

=x7 —14x% +84x° - 280x* +560x> —672x> + 448x —128

7 In the general term let r =3 and n="7.

7\[ X ¢ y }
=)= |-=
N (3)(3)( 2)

x4 3
=—35><—><y—

81" 8
__35 4
st

Checking, the fourth term is an even term so its coefficients
is _.
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8 There are 11 terms so the middle term is the sixth term. b 42!
For tylet r =5 and n =10. 431
5
10),.2\5( Y 42!
. = (x ) (—) =
o=(5) 2 43% 42!
5 1
_ 0, -
=252x" X 2 43
_63x"%7 o ot 69!
8 50! 70!
9 (4+3x%)° 49! 70!
fa =(3) @ Gx?y 501 60!
r+l —\r . .
:(E)(4)8—r(3)rx3r _ 49! 'X70X?9!
For x> we require 3r =15, so r = 5. 50491 69!
Hence ?,, =4 so the sixth term contains X — i x E
5 =(3)@’3x" 501
The coefficient of x'° is (2)(4)3(3)5 = 7
5
(H@r ey
8 TX6 s s d 111+10!
:3><2><1X(2 )’ %3 11!-10!
=8x7x2° x5’ _10:(11+1)
=23 % 7% 26 %3 101(11-1)
o s 12
=2"x3"x7 = 0
Therefore, the coefficient of x'° is 2° X3 x 7 6

6
10 Term independent of x in (x+ %) .
13 a (n+Dxnl=n+1)!

. . . . . 0
The question is equivalent to finding the coefficient of x". b (n—1D)x(n—2)x(n—3)!=(n-1)!

11

12

f =(f)x6_’ (%)r

6—
=(f)2r£

xr

:(E)zt‘xG—Zr
For xo, 6 —2r =0 which means r = 3.
So,
t,=($)2°
=160
6!=6Xx5%x4x3%x2x1=720
41421=24+42=26
Tx6x5!=71=5040
6!
31

6Xx5%x4x%x3!
Y
=6x5x4
=120
e 10!-9!

=9!1(10-1)

=9x9!

=3,265,920
£ (41431
=(24+6)*
=302
=900
26!

24!
_ 26x25x24!

24!
=26x25

=650

e 6 o e

a

(v

n!

(n-23)!

nX(n—-1)xn-2)x(n-3)!
(n=3)!
n(n—-1)(n-2)

(n—1!

(n+1)!

(n=1)!
(n+D)xnx(n-1)!
1

n(n+1)

e (n-D!' @+D!

n! (n+2)!
(n=1! (n+1)!

nx(n—1" (n+2)x(n+1)!
11

n n+2

(n+2)—n

n(n+2)

2

n(n+2)
n3—n2—2nx(n—2)!

(n+1)! n-2

nn®-n-2) L (1=2)!

(n+Dxnx(n-1)x(n-2)! n-=-2
n(n—2)(n+])>< 1
(n+Dn(n-1) n-2

1

n—1
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14 a (3) e (4 e
_ st - n*5)
T 2Ix(5-2)! ?!1(3()'1‘+3>—3)!
5| _ n !
T 21x3! 3txn!
S5x4x3! :(n+3)><(n+2)><(n+1)><n!
BEVETE 31xn!
2x3!
3 Q _ (n+3)(n+2)(n+1)
2 6
~0 d (3:11)
b (3) _ Qn+1)!
5! Qn-1Ix(2n+1)-Q2n-1))!
T 3Ix(5-3)! __(@n+n!
_ 5 (n—-1)!1x2!
T 31x2! _@nthx2nx2n-1)!
-10 (2n—1)1x2!
¢ (13) =@
_ 12! =n2n+1)
12!x 0! n n
12! e (1)+(1)
=— n! n!
12! = +
-1 21x(n—2)! 3!x(n-3)!
d ZOC3 _n(n—l)(n—2)!+n(n—1)(n—2)(n—3)!
» 21%(n—2)! 3Ix(n—=3)!
:(3) nn—-1 nn-1)n-2)
_ 20! D — 6
317! Ba(n—D+n(n-1)(n-2)
_20x19x18x17! - 6
o 3Ix1T7! _n(n=-D[3+n-2)]
_20x19x18 6
_ 3xaxd _nn=Dn+1)
=1140 6
e ((7)) f (gwl)
7 _ (n+D)!
= . 31 _3)1
01x 7] 31x((n+1)-3)!
_ _ (n+D)!
£ (13) 3Ix(n—-2)!
10 _ (n+Da(n—1)(n-2)!
__ 13! - 6(n—2)!
10!x 3! _n(n=-D(n+1)
_13x12x11x10! P
10!%3! 16 a (x+1)°
:LXMXU =x5+(f)x4+(§)x3+(§)x2+(i)x+l
3x2x1 s f 3 5
=286 =x"+5x"+10x” +10x~ +5x+1
15 a (1) b 2-x)°
5 (5 4 5 3.2 (5 2.3 (5 4 5
o =@’ -(7)@*x+(3)@° 2 -(3) @ +(}) @x* - x
31 x (n—3)! =32-5x16x+10x8x% —10x4x* +5x2x — x°
_nxX(n=Dxn-2)x (=31 =32-80x +80x% —40x” +10x* — x°
31x (37T ¢ (2x+3y)°
_nn-hn-2) =(20°+(8) @07 Gy +($) 20" Gy)* +(§) 20° 3y)°
6
b (1) +(§) 20?3y’ +(8) @06y +(3y)°
n-3
! =64x° +6x32x°> x3y+15x16x* x9y* +20%x 8x> x 27y
T (1=3)Ix3! +15x4x” x81y* +6x2xx243y° +729)°
_n(n=1(n-2) =64x° +576x7y+2160x* y* +4320x°y> + 4860x2 y*
6 +2916xy° +729y°
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(377
() 0 @) o) @

o o o

4 3
X7 6 5

:—+7><x—><2+21><x—><4+35><x—><8+35><x—
128 64 32 16 8

2
><16+21><%><32+7><§><64+128

7 6 5 4
_ X T 235 003 41687 + 2241 +128
128 32 8 2

—+

=02 ()0 () -0(5)
(1) 40 (1] ()

s 82" 28x° 5617 70x" S6x 282’ 8x

2 3 4 5 6 7

=x® —8x% +28x" - 56x° +7o—§+28 86+i8
)C X X

¢ (_xz n ])1()

= () (1)) () + () (2) o (5) ()
() (1)) +(3))

H()(2) +()(x) 1

=x2 +10x" +45x"0 +120x" +210x" +252x'° +210x°

(5x+2)° has general term 7, = (:’)(Sx)”f" (2)" withn=6

Fort,, r=3

ity =(§)650 @)
=20%(5x)° x8
=160x125x

1y =20 000x°

(1+2x)12

e = ()0 @y

Putr=9

~ o =(8) 1 2x)°
=220x512x°

o =112 640x°

(2x+3)1°

fo = (10 )(zx)lO—r G3)

Putr=5

e =(Y) @073
=252x32x" x 243

" 1g =195 9552x°

(3x2 - l)6

o =(0)3)

)< (3)

X X X X X X X X

Put r=2
aty=(8)(322) <12
=15x81x® x1

oty =1215x8

(x- 5)6 has 7 terms in its expansion so the middle term is ¢,.
fr =) () (=5)
Putr=3
oty =(§)() (-5
=20x x* x (~125)
sty ==2500x°
The middle term is —2500x"

7 . .
(x+2y)" has 8 terms in its expansion so there are two
middle terms: ¢, and 5.

fa=(])) @y
Fort,, putr=3
Sy = (; )(x)4 @2y)’
=35xx* x8y*
o1, =280x"y?
For t5, put r =4
s =(3)x)’ ep?
=35xx° x16y*
15 =560x° y*
The middle terms are 280x*y* and 560x>y*
(x+3)?
ta =) @) @Y
For the term in x4, 12-r=4=r=8
e =(§) () 3
=495x x* x 6561
o tg =324 7695x*

(1-2x)

o =)0 (267
=(7)er”

For the term in x6, 2r=6=>r=3

g =(3) (2%
=84 x (~8)x°

oty =—672x°

The coefficient of x° is —672.

(3+4x)"

b =(;) )" (4xY
:(ll)(3)llfr(4)rxr

For the term in xs, r=>5

I :(él)(3)6(4)5x5

The coefficient of x° is (21 )(3)6 (4)° which needs to be
expressed as the product of its prime factors.

(3@

XM X 93X EXT 6 (915
- VXA x3x2x1 x3 x(2)
=11x2x3x7x3%x 2!
=11x7x2" x3’
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19 a

{)S—r (__zjr

2 X

_ (8 ) y x8—r o (_2)r
r 28—r x"

e

For the term in x>, 8—=2r=2=>r=3

2 A\
.-.u:(ﬁ)x%

—-8x?
32
1, = —14x*

=56X%

The coefficient of x* is —14.

10
1
(Xz + —%)
X

=) ()

X
1
_(10),20-2r
_(V )x Xx3r
Z(IO)XZ()—Sr
For the term independent of x, 20-5r=0=r=4
10)..0
s =(1)x
=210

The term independent of x is t5 =210

(o) (1)

5647

N
A=) ()

_()122r (1)

- (r )(_l)rXIZ 4r

For the term independent of x, 12—-4r=0=r=3

oty =(§) D7
sty =-20

The term independent of x is t, =20
(1+ax)"
L= ( 1())(1)107}’ (ax)r

:(lo)a x"

For t,, put r =3

= ( 10) 33 50 the coefficient of the fourth term is

1204,

For t5, put r =4

.. (10} 4 4 . :
Sty = (4 )a x" so the coefficient of the fifth term is
210a".

Equating the coefficients of the fourth and fifth terms,
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b

a

210a* =1204°

cat 120

Tad 210
4

sa=—

Consider the4expansi0n of 1+ x+x%)* by expanding as
(a+x)+27).

((1+x)+x) =(1+0* +(1) 1+ 0 (x?)

+(2)(1+x) (xz) +(§)(1+x)(x2)3+(x2)4

4

~(a +x)+x2) =1+ +4x2(1+x)° +6x* (1+x)?
+4x()(1+x)+x8

Only the x% term is of interest so not all of the expansion

needs to be obaained.

A+ +27)

=1+(7 )+ (3)? +(§) 0 + 2t #4430+ )+ 428

=1+4x+6x7 + . +4x7+12x° + .+ 48

The coefficient of x? is 10.

Consider the expansion of (1+ x)" to determine the

coefficient of x.

A+x)" =1+ (7 )a+(5)a% +otx”

The coefficient of x is (?’)

Hence, (?) =10

n!
TNn=1)!
-1\
. nn-1)! -10
(n-1)!
10

U0 211 (1) () ot

=(00)+(10)x+ () o (10)"
Put x=1
@D =)+ (1) + ()0 + (1)
2 (1) ()4 ()4t ()
The right hand expression is the sum of the coefficients

in row 10 of Pascal’s triangle. Hence the sum of the
coefficients in row 10 of Pascal’s triangle is equal to 210,

(7)=()+(2)

LHS
)
(D)
TPl n+1-7)!
RHS
(7-1)+(7)
n! n!
= +
=D (n—-(r=-D)! rli(n—-r)!
n! n!
= +
=D (n—r+D)! rlin—r)!
n! n!

= +
r=Dl(n—-r+1)(n-r)!

_ nXr+n!X(n—r+1)
(r=Dn=r)lr(n-r+1)

_nlr+n-r+1)
ri(n—r+1)!

_ nl(n+1)
ri(n—r+1)!

_ (m+D)!
ri(n—r+1)!

~.LHS =RHS

r(r=Dl(n-r)!
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21

22

a

a

The terms in row n of Pascal’s triangle are
(g),(;f),(f,l),(f),(z) and the terms in row n+1 are

(6171 (7)o (1)

The relationship (f” ) = (ffl )+(:.’ ) is saying that the terms

in row n+1 are formed by adding the two terms to the left
and right in the preceding row n.

(1) (*)

Row n+1 (n+1)

r

Row n

The factorial symbol is found in the Main menu —
Keyboard — mth — CALC

15!'=1307 674 368 000

({(5)) is evaluated using the nCr key obtained from the main
menu by tapping

Keyboard — mth — CALC — nCr and entering 15, 10).
(13)=3003

(5)=1770
. L -1
First use Simplify to express nCr(n,2) as M
Drag this expression down to the next prompt position and

-1
complete the equation nn=1 =1770.

Highlight the equation and drop it into the equation solver,
solving for n.

This returns n = —-59,n = 60.

Since n must be a positive integer, n = 60

(?)=220

As the method used in part a does not enable a solution to
be obtained, an alternative approach is through the Table of
values in the graphing menu.

In the Main window, define f(x) =nCr(12,x) by tapping
Interactive — Define and completing the boxes as follows:
Func name: f obtained from Keyboard — abc

Variable/s: x

Expression: nCr(12, x)

In the graphing window, enter f(x) at y;:

Tap the table symbol to open Table Input and complete the
boxes as follows:

Start: 1

End: 12

Step: 1

Tap the symbol to open the table of values. Scroll down the
¥; column to locate 220. This will occur at both the values
x=3and x=9.

Hence the solutions to ( iz ) =220arer=3,r=9.

There are two solutions since (}2) :( :gir).

Exercise 2.5 — Sets of real numbers

1

a

. 6
i —e
IIQ

ii /27 €0’ as 27 is not a perfect square
ili (6—2)x3eN since (6 —2)x3 =12 Other possible
answers are 12e€ Z or 12€Q

1

iv J/025€0 sinceMzO.S:E
i 17 € N is correct since 17 is a natural number.
ii QO c N is incorrect since N c Q

iii QuUQ’=Ris correct

7

x-=5
(x+D(x-3)
Since (x+1)(x —3) =0 when x = —1 or x =3, the expression is
undefined for these values.
Note that if x =5, which makes the numerator zero, then

0 0 . .
=— =0 so the expression also equals zero (and is
D=3 -3

is undefined if its denominator is zero.

defined).
a i [22] ={x:2<x<2}
¢—— 0
X

-2 -1 0 1 2
il {x:x<—1}=(—,—1)

= ° .
T T 7
-2 -1 0
iii {-2,-1,0,1,2}=ZN[-2,2]or{x:2<x<2,xeZ}
iv — o
X
2 -1 0 1 2
b i [3,5]

ii. R\(3,5)OR (—0,3) U (5,00)
R\{x:1<x <4}
This is the set of real numbers excluding those numbers in the
set (1,4].
This is equivalent to (—oo,1]\U (4,0)
Option e does not represent a real number since
@=-9x2 = 8 and division by zero is not defined.
8—4x2 0
a The statement 16+ 25 € Q is false because
J16+25 = /41 and this surd is not a rational number since
41 is not a perfect square.
A correct statement is V16+25 € Q’.

b The statement (g - 1) € Z is false because g—l = —g and

this fraction is not an integer.
. (4
A correct statement is (5 - 1) eQ.

¢ The statement R* = {x:x >0} is false because 0 is included
in the set.
A correct statement is R* = {x: x> 0}.

d The statement Jﬁ € Q' is false because \/ﬁ =1.5
which is rational.
A correct statement is /2.25 € 0.

. . 2. . .
<11 is not a rational number; T is a rational number; 11''is a

large positive integer;

117 and 2” are irrational as 7 is irrational; and ~121 =11

which is a positive integer.

The irrational numbers are ~/11, 117 and 27.

a R~ c Ris a true statement since the negative reals are a
subset of the real numbers.

b N c R is a true statement since the set of natural numbers
{1,2,3,....} is a subset of the positive real numbers.

¢ ZUN =R is a false statement since the union of the
integers and the natural numbers is just the set of integers:
ZUN =Znot R.

d QN Z=7Zis a true statement since the intersection of the
rational numbers with the integers is the set of integers.

e Q'UZ=R\(Qis a false statement. Excluding the rationals
from the real numbers leaves the set of irrationals so
R\ Q =Q’. However, the union of the irrationals with
the integers does not form only the set of irrationals so
Q'uZ=+Q.
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11

12

13

f Z\N=Z" is a false statement since excluding the natural
numbers from the integers gives Z~ U {0}, not Z~.
5 is undefined when its denominator is zero. Therefore,

X+
it is undefined if x = -5.

2. . . .

5 is undefined when its denominator is zero. Therefore,
x—

it is undefined if x = 2.

+8
[ S R is undefined if either of the factor terms in
2x+3)(5-x)

its denominator are zero.
If 2x +3 =0 then x=—%
If 5—x=0then x=5.

Therefore

4 j—
2 —4x  x(x—4)
terms in its denominator are zero. Therefore it is undefined
if x=0 or 4.
[-2,3)
(1,9)
(==0,5)
(0,4]
4<x<8}=(4,8]
{x:x>=-3}=(-3,0)
{x:x <0} =(—0,0]
{x:2<x<0}=[-2,0]
[-5.5)

x+8 . . 3
——————— is undefined if x =—— or 5.
2x+3)(5-x) 2

d As it is undefined if either of the factor

Y ae T e e T
—_
=

A
Y

A
Y

Y

Y

Y

a R\[-2,2]
-«——o0

-
<

o—>>

>
>

-2 2

b (—oo, _ﬁ) o (\/E’ oo)
~<—o0 o—>

<

5 %
¢ [-4,2)n(0,4)=(0,2)

14

15

16
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o—oO
< T T T T >
4 2 0 2 4

d [-4,2)u(0,4)=[-4.,4)

Y

A
Y

a {x:2<x<6,xeZ}is the set of integers between 2 and 6
not including 2 and 6.

Therefore, {x:2<x<6,xe Z}={3,4,5}.

b R\(-1,5]is the set of real numbers excluding those
which lie between —1 and 5 but not excluding —1 since
-1¢(-1,5]

Therefore, R\ (—1,5] = (—oo,—1]U (5, 0).

¢ R is the set of negative real numbers so R~ = (—,0).

d (—oo,—4)U[2,0) is the set of all real numbers
excluding those which lie in [—4,2). Therefore,

(—o0,—4) U [2,00) = R\[4,2).

a With the main menu on Standard mode, enter /7225 (the
square root symbol is found in the Keyboard mth.
7225 =85 so it is rational.

b CAS on Standard mode gives ~/75600 = 60~/21 so /75600
is irrational.

¢ 0.234234234..... s a recurring decimal. Enter it as
0.234234234234234234234 so it occupies the entire row.

On Standard mode this gives the value as % S0 it is

rational.
The formula for the area of a circle is A = 7r>.
2
With r= L+, 4= 4%
2 4

T
The actual area of the circle is A = Zd?

4
The Eygptian formula gives A = Z—ld 2,

LI _o4

"4 81
nzﬁx4

81

_256

81

Evaluating on Decimal mode, gives the estimate
7 =3.160493827.

CAS on Decimal mode gives % =3.142857143 to 9 decimal
places and 7 =3.141592654 to 9 decimal places.

22
This shows - is a better approximation.

Exercise 2.6 — Surds

1

a 33 =9x3 =427, 45 =16x5 =80,
5v2 =425%2=+/50 and 5=/25.
In increasing order the set is written as {5,3\/§,Sx/§,4\/§}
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b i VBF=Fx21=2J21 6 a (V2+1)
i 2v/108ab’ =(V2) +3(¥2) m+3(V2) ) + (1)
=236 x 3ab* =2J2+6+34/2+1
=2x6xbx~3a =7+52
=12b3a b (V2+v6) ~243(V2+6)(VZ~v6) =a+ b3
2 Use perfect cube factors Consider
3384 )
\:/_3/4><4><4><6 (ﬁ+\/€) _2J§(\/§+\/€)(\/§—\/€)
e =2+2J/12+6-2/3(2-6)
_al6 =8+4/3-2/3x—-4
=8+443+83

3a5-47-7S5+3J7

=8+123
5-7V5+3V7 407

~8+123=a+b3

:—6\/5—\/7 .‘.a=8,b=12
b 348 — 4427 +3432 6
=3V16x3 —4J9%x3 +3/16x 2 Ta igp
=3%x4/3-4x33+3x42 _6 V2
— 1203123 +1242 2{/—% V2
-12V2 T2
¢ 3W5x715 32
=21J75 =77
=213/25%3 35+ 715
nmn ———
=21x53 243
=105V3 35+ V3
4 l\/l_—l\/%+?+\/243+5 23 3
21 > 1 2 - 3J15+7J45
=§w/4><3—§ 16 x5+ /7+\/81><3+5 6
1 ] _3I5+2145
=§><2\/§—§><4\/§+\/§+9\/§+5 - 6
=\/——%\/§+\/§+9\/§+5 :—3(\/B+7\/§)
6
1
=10J§+§J§+5 _JI5+75
2
5 a 2J3(4V15+53) 12
146 + —= - 524
=845 +109 b ‘/6+J6 2
=8x3/5+10%3 =14¢g+£xﬁ_5xz¢g
=245 +30 NNG
1246
b (V3-8v2)(55-221) =146+ == -10V6
=515 — 2463 — 404/10 +16+/42 =146 +26 —10J6
=515 —2x 37 — 40410 +16/42 =66
=515 =67 — 40410 +163/42 10
¢ 4 B+32
c (4\/§—5\/§)2
10 X4J§—3J§
=16x3-2x20/6+25x2 NN RPN NG
=98-40/6 BT
d (345 -2V11)(3V5 +2411) 10(443 -3V2)
=9x5-4x11 B 30
—45-44 _43-3V2

=1 3
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d

8 a

9 /900 =30, \/g = % J1.44 =1.2 and 327 =3 so these are all

10

b

1
——, p=4J3+1
p -2

1
(4v3+1) -1
1
(48+83+1)-1
1

T 48+8V3

1
~8(6+3)
__ 1 6-V3
8(6+43)" 6-+3
_6-3
T 8(36-3)
_6-3
T 264
23-1 B
B+l 3+2
2d3-1_B3-1 B _f3-2

T B+l iol B2 -2
BB B2
3-1 3.4

_6-3V3+1 3-23
B 2 -1
7-3J3 3-243
2 T
:7—3J§+6—4J§

2
_13-743
2

V3-1, V3+1
3+l B-1
(43 1) 1)+ (3 )3 +1)
()
(3-2v3+1)+(3+23+1)
(V3+1)(v3-1)

8
3_
=4

—

This is a rational number.

rational.

While 7 is irrational it does not contain a radical sign so it is

not a surd.

The surds are /8, ¥10* and 3/36.

a

b

45
=J16x35
=80
2306
=8 x36
=348

11

12

TOPIC 2 Algebraic foundations ¢ EXERCISE 2.6

Cc

d

a

b

97

jk

81 x+/7

2

53

W
[o)}
-

—_
[=))

& ol

STra Sl

5@ &
B
Il Il
S é‘
S

ﬁN

B

=420x100

=10+/20

=104 x5

=10x25

=205

34288

=32x144

=3x1242

=362

272

=2/36x2

=2X62

=122

54

=327x2

=32
3J7+8V3+127 943
=3J7+12J7+8/3-93
=157 -3

10v/2 =126 +4+/6 —8/2
=102 -8V2 - 126 + 46
=2J2-8J6

350 - 18
=3x5V2-32
=15V2-3V2

=122
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13

d

[¢]

8/45 +2:/125
=8x3/5+2x55

=245 +10+5

=345

J6 + 75 + 4424 — 820

=6 +7/5 +4x2J6 —8x 25
=6 +7/5+8/6 —16+/5
=96 -9v5

2J12 -7 243+%\/——§\/162

=2x2\/§—7x9\/§+%x2\/§—§x9\/§

=43 -633+/2-6\2
=-593-5\2

435 x 27 =835
~10/6 x(-8V/10)
=80/60

=80x2+/15

=160/15

38 %245
=6./40
=6x2/10
=124/10

V18 x 72

As the numbers are large, simplify each surd before
multiplying them together.

=32 %62

=184
=18x2
=136

427 x 147

e ——
23

f

_4x3/3x49x3

- 23

:&ﬁﬂﬂ
1,3

=6/3x7
=423

5\/§><\/§x4\/§x§+3\/§x7\/ﬁ

_ 2042x3%x5x6 +
6
10+/180
3

21420

+21%x 245

10 x36J§ 425
=205 +425
=625

14 a V2(3J5-76)

=310 - 7J12
=3J10 1443

15

=3

5v3(7-3V3+2V6)
=353 159 + 10418
=353 —15x3+302
=353 -45+30\2
2410 - 316 (315 +2/6)
=210 -9/90 -6 x6
=210 2710 - 36

[£]

=-2510-36
d (2V3++5)(3v2+447)
=636 +8v21 + 310 +4+/35

(5v2 -36)(23 +3V10)
=10/6 +15+/20 — 6:/18 —9/60
=10/6 +30/5 — 182 - 1815
(¥ =) () + P+ ()
Letting a=3/x, b= \/5 the expression becomes
(a—b)a® +ab+b?)
=a* -’
- () -(5)
—x—y
a (2\/§+3)2
= (242) +2x(242)x3+ 3
=4Xx2+122+49
=17+1242
b (3v6-243)’
=9X6-2x6/18+4%3
=54-2x18J2+12
=66-3642
c (ﬁ—x/g)S
=(7) =3(V7)"(¥5)+3(+7)(+5) (V5]
=7J7 -3xTx5+3/7x5-55
=77 =215 +15J7 =55
=227 -26+/5
a (245+43)(245-3)
=(245)" -(+3)°
=20-3
=17
e (10v2-35)(10v2+345)
=(10v2) - (345)’
=200—45
=155
£ (V3+32+1)(V3+42-1)

=((V3+2)+1)((V3+2)-1)
=(\/§+\/§)2 —(1y?
=(3+2v6+2)-1

=4+26

(o]

-
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32 o 10
16aF 17a4f2f\/63\/—

32 B 3 N6 10 V5
RENCRNG] SRR Gy e ey
_3V6 —45-26+ i—ﬁ
T 4x3 15
_6 =4f_zf+@-ﬁ

4 2 3
L B2 :245—12J66+3J6—4J§

NG)
_ﬁ+ﬁxﬂ :20\/36—9\/6
2 2 A
_J10+2 b f(zf+9f)—f—

: 5 542
CJE—BJE =220 +9/16 - Nt \/_+2
15 (542
_23-32 2 = 45436 -——

N V2
2o %2 =45+36- J’(J’+2)
oo =45+36-5-25
:2(\/6_3) =2J5+31or 2\/§]+31
12
:*/6_3 c —3 +i
6 23(V2+43) B
1
3 2
J6+2 P Py -
A X*/g‘ﬁ 2J§(23+2J6+3)2ﬁ
_ﬁfﬁ V62 T25(5+2%6) B
T 6-2 -3 2
=J€—ﬁ 10\/§43r4\/ﬁ \/2§
4 T NCESEN NG
2J10 +1 ~ 3 X10\/§—12\/§+ixﬁ
5-4/10 C10V3+1242 T 10V3-1242 BT B
:2\/E+1X5+\/ﬁ 3(1043-1242) 23
5-J10 ~ 54410 T 300-288 0 3
:(ZJE+1)(5+JE) 3(103-12v2) 23
25-10 == 3
_ 10410 +2x10+5++/10 3(10\/51312\/5%8\%
15 =
12
= 11\/?; = _3043-36V2+843
12
f W3+242 _38v3-3612
3+42 - 12
3J_+2J_ 3-2 _2(19J§-18J§)
iz B2 T2
_(B2A)(5-7) 1905183
- 3_2 6

=(3v3+2v2)(v3-+2)
=3%x3-3J6+2/6-2x2
=5-6
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2J—J_ 2J3+2
2f+f 23 -2

As denominators are a pair of conjugates, express each
fraction on the common denominator rather than rationalise

each denominator.
(2A-2) +(23+V2)

" A2 )
(1246 +2)+(12+4V6 +2)

4x3-2
_28
10
_l4
e V2 V144242
16—47 97

2 X4+ﬁ_ﬂ+2ﬁxﬂ
4(4-V7)" 447 NG N
V2(4++7) V(Y14 +242)

T T46-7) 63

:4\/§+\/ﬁ_\/7><\/§(\/7+2)

36 63
7(4V2+14) - 4T x V2 (VT +2)

4x9x7

282+ 714 —4xTx2 -8J14
B 252
V4
- E2

f (2_\/5) + 23
243 4-32
_4—4J§+3 23
T2+ V3 432

_7- 4J— 2- J’ 243 4+3f
T243 2o 4-32 4132
(7-443)(2-43) 23(4+3V2)
- 4-3 T lo—ox2

:(7—4@)(2—&%&;3@

=(7-4v3)(2-3)-3(4+3V2)
=14-153+12-4/3-3/6

=26-19/3-3/6 or w

18 a x=2ﬁ—m

i x+—

—2\/— \/_+2\/_ Tio

25 iT+ 1 23 +410

23-10 2310
B 243 +/10
=2V3-Vi0+ 12-10
=2ﬁ_m+2\/§42r\/ﬁ

=4\/§—2\/ﬁ+2\/§+\/ﬁ
2
_6J3-410
2

b y=

(v

ii x?—43x
=(243-+10)" - 443(243 - V10)
=12-4/30 +10—8x3+4+/30
=2

JT+2

J7-2

i 1
y——
y

V142 12

JT-2 JT1+2

(742 ~(T-2f
N

T+4T+4—(7-47 +4)
- 74

87

(v7-2)’
) [(ﬂz) ~(V7- 2)2]
) (V7-2)

(v7-2)
(2] ~(7-2f
~ T—4J7+4
C11+447 - (11-447)
11-4J7
N
=11—4ﬁxﬁ
8V7 T
_11J7-28
56

1 1
N ECR: B A
_(\/7—~/3)—(\/7+\/§)

. %_mfwf
.'.—5\/_2771\/—"1‘11\/_
.'.sz,n:—l

2
=m+n

=mJ7 +n3

73
(2+J—)
(2+J§) =4+43+3

=7+43
2 (2443) =(7+443)
=49+56\/3+48
=97+56\/3

i (2443) -
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Hence,
73
+4.3
73 T1-443
74403 T-4B
7V3(7-443)
W_nﬁﬁ
974563 -493+28x3=m+n
~181+7B=m+Jn
S 1814/49%3 =m+n
1814147 =m+Jn
~m=181, n=147

=m++/n

97+56\/——7

9745643 - m+/n

97 +5643 -

e —b+~b* —4ac

b b* —4dac
+ N —
2a 2a

b \b?—4ac

so the conjugate is

iii xx,
b NP —dac)[ b b -dac
2a 2a 2a 2a
2
( b)z_ Vb* —4dac
2a

_ b b’ —4dac

44> 44>
_b*—b* +4ac

44>
_dac
44>
_c

a

19 A(V2,-1),B(+/5.10),C(V10,V5)
a d(A,B)=\(x, —x))* +(n — )’
AB =[5 —2) +(J10+1)

On the CAS calculator, use Simplify to obtain AB = 3+/2.

BC= (V0 -3) +(+5-I0)
= 2(V10-V5)
= V2(10-5)

=20 -+/10

=2/5-410
(or use CAS to obtain —v/10 +2+/5)

ac =[VI0- ) +(v5 +1)
L AC=4-25+18
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b
b Va®tb=a+—
2a
The surds present in the lengths of the three sides are

V2,4/5,410.
V2=V1®+1,a=1b=1
Sl

2x1
=15

=22 +1,a=2,b=1
1

)
=225

V10 =432 +1, a=3,b=1
1
=3+ —

=3+l
6
=3.167

AB=32
S AB=3x1.5
L AB=45
BC =—10+25
S BC=-3.167+2x2.25
S BC=45-3.167
.. BC=1.333
AC=418-25
=418-4.5
=4/13.5
Using the approximation formula,
JI35=+4%-25,a=4,b=25
2.5
2x4
=422
=4-0.3125
=3.6875
S AC =3.6875
¢ From the approximation values, the side AB is the longest.
Switch calculator to decimal mode and calculate 3+/2.

The longest side is AB = 4.2 units.
20 a Formula for the area of a rectangle is A =iw.

A=(V6+V3+1)(V3+2)

Expand using CAS

~A=2J6+33+342+5

The area is (2\/6 +33+3/2+ 5) square metres.
b Cost for mowing the area is $50 — $23.35 = $26.65.

26.65
dollars. This
2J6+3/3+3/2+5

evaluates to $1.38 per sq m.

Cost per square metre is
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TOPIC 3 Quadratic relationships ¢ EXERCISE 3.2

Topic 3 — Quadratic relationships

Exercise 3.2 — Quadratic equations with rational

roots
1 a 10x*>+23x=21
10x> +23x-21=0
S (10x=T)(x+3)=0
7

xX=—,x=-3

10

b Zero of x=-5= (x—(-5)) =(x+5) is a factor and zero of

x=0=(x—-0)=xis a factor

The quadratic takes the form (x +5)x = x%+5x

2 Roots are the solutions
32x2 —96x+72=0
- 8(4x*—12x+9)=0
S Ax2—12x+9=0
S (2x=3)?=0
~2x=3=0
3
SoX ==
2
3 G5x-1)>-16=0
S Gx-1)%=16
5x—1=1/16
S S5x—-1=4 or 5x—-1=—4
~5x=5 5x=-3
.'.x=l,—é
5

4 (px+q)2:r2
.'.(px+q)=i\/r72
SpxX+q=r or px+q=-r
SpX=r—q px=—-r—gq
r-q .__r+q
p p
5 9x* +17x2 -2=0
Leta=x2
94> +17a-2=0
S(9a-1D(a+2)=0

6 (x+l) —4(x+l)+4=0
X X
1
Leta=x+—
X

na’—4a+4=0

(@=2?%=0

a=2
Substitute back

.‘.x+l=2
X
Sx+1=2x

Sxt=2x+1=0

~(x=1?=0
sx=1
3x(5—x)=0
s3x=0o0r5-x=0
Sx=0,x=5
B-x)(Tx-1)=0
s 3—=x=0o0r7x-1=0
.'.x:?,,)c:l
7
(x+8)%=0
sox=-8
2x+4)(6+x)=0
Sx=—4,x=-6
6x> +5x+1=0
SBx+D2x+1)=0
s3x+1=0o0r2x+1=0
1 1
X=—— X =——
3 2
12x* =7x=10
o 12x2 =7x-10=0
S (Ax-503x+2)=0
Sd4x=5=0o0r3x+2=0

5 2
SX=E—,Xx=—=
4 3
49 = 14x — x*
Sx2—14x+49=0
A (x=7)2=0
sx=7
5x+25-30x>=0
o =5(6x2 —x—35)=0
s 6xt—x-5=0

S (6x+5)(x-1)=0
S 6x+5=0o0rx—-1=0
.'.xz—é,le
6
44+ 44x* =250x

S A44x7 —250x+44=0
5 2(22x% =125x+22)=0
22x% —125x+22=0
~(lx=2)2x-11)=0

2 11

X=—,xX=—

11 2

“Obtain the side of a square if the ‘area’ less the ‘side’ is 870.”
Let ‘side’ be x so ‘area’ is x°. The statement can now be

expressed as x* — x =870.
Solving this equation:
x> —x=870
x?—x—-870=0
S (x=30)(x+29)=0
s x=30,x=-29

As the side of a square cannot be negative, reject x = —29.

The side of the square is 30 units.
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9 a x(x—-7)=8 b 9x2=16
nx?-Tx=8 ‘x2—16
x2—T7x=8=0 o 9
L(x=8)(x+1)=0 =l
sx=8x=-1 , 3
b 4x(3x—16)=3(4x —33) c (x=5"=1
12x% —64x=12x—99 Sx=5=%l
2 12x% —76x+99=0 "'xzé”";xz‘”s
S Xx=6,x=
S (6x—11D(2x 9)_(1)1 ; 4 o2y —49—0
aXx=—,x== ~[5=2x)=7][(5-2x)+7]=0
¢ (x+4)+2x=0 ° ? S (=2-20(02-2x)=0

S2-2x=0o0r12-2x=0
s—2=2xorl12=2x

Sx?+8x+16+2x=0
x> +10x+16=0

( +8)( +2)_0 .‘.x=—l,x:6
R e 23x-1)>-8=0
Lx=-8,x=-2 S 23x—1)2 =8
d (2x+5)2x—5)+25=2x - 203x )2—
c4x?—25+25=2x S GBx=12=4
-'-4X2—2)C=0 s3x—-1=22
.'.2x(2x—1)=0 s3x=3o0r3x=-1
! 'x=1x=—l
.'.)C:O,XZE 0 ’ 3
2 2
10 a 2-3x=—- £ (x*+1) =100
X . 2 _
~3x(253x0) =1 o (% +1) =210
S 6x—9x% =1 axZ+1=100orx>+1=-10
29x*—6x+1=0 sx2=9orx?=-11
s(Bx— 1)2 =0 Reject x% =—11 since x? cannot be negative
. _1 xr=9
..x—3 Sx=13
p A5 S 12 a Bx+4)2+93x+4)—10=0
x+125 x Leta=3x+4
s x(4x+5)=5(x +125) 2 492-10=0
Ax? +5x=5x+625 s (@+10)a-1)=0
~4x2-625=0 sa=-10ora=1
S (2x=25)(2x+25)=0 ~3x+4=-100r3x+4=1
25 25 s 3x=-14o0or3x=-3
X=X =——
2 2 X = 14 X 1
2 11 X=X =—
c Ix——+—= , 3
x 5 b 2(1+2x)" +9(1+2x)=18
.35x2—10+11x_0 Leta=1+2x
; 5x - ~2a*+9a=18
~35x2+11x-10=0 ~2a>+94-18=0
S (Tx+5)(5x-2)=0 ~(2a-3)a+6)=0
5 2 3
.'.x=—;,x=g '.aza ora=-6
2 14 3
d x+1_x—2=19 .'.1+2x=5 orl+2x=-6
2= 140+ _ o 1
T+ D(x-2) .'.2x=§ or2x =-7
S12(x=2)—14(x +1) = 19(x + D(x - 2) 1 7
LX=—,x=—=
S12x=24-14x-14=19(x* —=x=2) 4 2
4 2 _
—2x—38=19x>—19x-38 ¢ ¥ =29x° +100=0
L 0=19x2 17 Leta=x
. x(l9x—17):0 * * -'-612—29614-100:0
v B 17 S (@=25)a-4)=0
.'.x=0,x=E sa=25ora=4
11 a x*>=121 x2=250rx*=4
Sx=%11 sx=35,x=12
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d 2x* =31x2 +16
Let a=x>
~2a*>=31la+16
~2a*-31a-16=0
~(2a+1)(a-16)=0

1
La=——ora=16
2

1
axl=—=orx’=16
2

. 1
Reject xr=—=
2

Lx’ =16
sLx=14
9

e 36x° =—-77
X

Let a = x>

~.36a = 2—77
a

~36a>=9-77a
364> +77a-9=0
(4a+9)Oa-1)=0

1
a=——ora=—
9
P =-= 0rx2=l
9
Reject x* =—2
4
axt=t
9
ax:il
3

£ (x> +4x) +7(x> +4x)+12=0
Leta=x>+4x
na®+7a+12=0
s(@a+3)a+4)=0
sa=-3ora=-4
Ax24+dx==3orx*+4x=—4
xP+4x+3=0orx>+4x+4=0
S+ +D=0o0r (x+2)*=0
Lx=-3,x=-1x=-2
13 a x* =81
s x2 =19
Rejectx2=—9
~x2=9
Sx=13
b (9x2 —16)> =20(9x> —16)
Leta=9x*—-16
~a?=20a
na*=20a=0
sal@a-20)=0
sa=0o0ra=20
~9x>=16=00r 9x* -16=20
~(Bx=4)(3x+4)=0or 9x> =36

4 4
LX=—,X=—— orx’=4
3 3
x=iﬁ,x=i2
3

TOPIC 3 Quadratic relationships ¢ EXERCISE 3.2

2
c (x—g) —2(x—2)+1=0
X X
2
Leta=x——
X
cat—2a+1=0
Sa-1*=0
sa=1
2
sx——=1
X
axt-2=x
axt—x-2=0
L(x=2)(x+1D)=0
nx=2,x=-1

2
d 2(1+§) +5(1+§)+3=0
X X

3
Leta=1+—
x

~2d>+5a+3=0
~Qa+3)a+1)=0

14 a (x—-2b)(x+3a)=0
s x=2b,x=-3a
b 2x* —13ax+15a* =0
S (2x=3a)(x-=5a)=0
.'.x:3—a,x=5a
2
¢ (x=b)' =5(x-b)*+4=0
Let u=(x—b)>
st =5u+4=0
Swu—DHu-1)=0
su=4oru=1
n(x=bY=4or(x—b)? =1
sx—b=R2orx-b==I
sx=2+b,x=-2+b,x=1+b,x=-1+b
sx=b+2,x=b-2,x=b+1,x=b-1
d (x—a—-b)* =4b*
x—a—-b=12b
sx=2b+a+borx=-2b+a+b
sx=a+3b,x=a-b
e (x+a)’ =3b(x+a)+2b> =0
Letu=x+a
sou? =3bu+2b* =0
S (w=2b)u-b)=0
su=2boru=b
sLx+a=2borx+a=b
x=2b—-a,x=b-a
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b . .
f ab(x+%)(x+gj =(a+b)’x Exercise 3.3 — Quadratics over R
- ab bx+a\(ax+b —(a+b)? 1 ax’-10x-7
T PR = (X —10x+25)-25-7
_ 2
ab(bx+a)(ax+b):x(a2+2ab+b2) =(x-5"-32

ab =(X—5—\/3_2)(X—5+\/3_2)

(b)c+a)(ax+b)=x(a2 +2ab+b2) s s
cabx® +b’x+a*x+ab=a*x+2abx + b*x :(x—5—4 2)(x—5+4 2)

s.abx? +ab =2abx b 3x*+7x+3

s.abx® =2abx+ab=0 :3(x2+1x+1)
~ab(x* =2x+1)=0 3 5 5
cab(x—12=0 _3 x2+1+(1) _(Zj 1
O 3 \6 6
sox=1 \
15 (x—a)(x=p)=0 =3/ x+2 2—£+1
a If the roots are x =1, x = 7, the equation must be a 6 36
(x=Dx=7)=0. ' 7V 49 36
b If the roots are x = —5,x =4, the equation must be =3||x+—| ——+—
(x+3)(x—4)=0. [\ 6/ 36 36
¢ If the roots are x =0, x =10, the equation must be =3 7V 13
(x=0)(x—10)=0 =1 *"s) "3
sox(x—10)=0. p 3 3
d If the quadratic equation has one root only of x =2, the :3(x+1_ /1_ [HL /_J
equation must be (x —2)(x—2)=0 6 \3 6 \3
S (x=2)*=0. 3 B 7 J13 7 13
16 a As the zeros of 4x% + bx + ¢ are x = —4 and x == then =3 x+g_T x+_+T
3
(x+4)and (x—z) are factors of 4x* +bx +c. 7-J13 7+J13
=3 x+ +
However, the coefficient of x2 must be 4 so x 6 x 6
3
4x2+bx+c=4(x+4)(x—1). ¢ 5x° -9
=(/5 Py
.-.4x2+bx+c=4(x—§)(x+4) (v5+)
4 =(\/§x—3)(\/§x+3)
=@dx-3)(x+4)
2 3x*+8x-5

s Axt +bx+e=4x2+13x-12
Hence =13 and ¢ =-12. =—3(x2 _8_x+§)

b pxl+(p+q)x+qg=0 3.3
- px? +px+gx+g=0
Spx(x+D)+g(x+1)=0

S(x+D(px+q)=0 ( 4j2 16+5J

o8]

=3 x=2] =242
.'.x=—1.x=—1 3 9 3
P 4V 16 15
Consider p(x — 1> +(p+@)(x—D+g=0 _3 x__j __+_]
Leta=x-1 3 9 9

pa’ +(p+qla+q=0
Using the above roots for an equation in this form gives
q

a=-l,a=-— r
p A4
q L 3 3 33
sx—-l=-lorx—1=—— 5 3
,, ()
3 3

s __4
..x—Oorx——;+1 =(3x+5)(x-1)
i—0.x-P74 Factorisation by inspection gives
p —3x%+8x-5
2 -
17 60x° +113x-63=0 =—(3x> —8x+5) which is equivalent to (=3x +5)(x +1)
Solve using Interactive — Equation/inequality on Standard mode = —(GBx-5)x—1
i o =—CBx=5x-1
=73
18 4x(x—7)+8(x—3)" =x-26
7 14
LX=— X =
4 3
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3 a 4x>+5x+10

A=b*>-4ac,a=4,b=5,=10
LA=(5)-4x4x10
=25-160
=-135
Since A <0, there are no real factors
b 169x* —78x+9
A=b*—4ac,a=169,b=-78,c=9
L A=(=78)* —4x169x9
= 6084 — 6084
=0
Since A =0, the quadratic is a perfect square and factorises
over Q. There are two identical rational factors. Completing
the square is not essential to obtain the factors.
Check: 169x”> —78x+9=(13x - 3)°
¢ 3x>+11x-10
A=b*—4dac,a=-3,b=11,c=-10
L A=(11) =4x(=3)(-10)
=121-120
=1
Since A >0 and a perfect square, the quadratic factorises
over Q and has two rational factors. Completing the square
is not essential to obtain the factors.
Check: —3x% +11x—10 = (-3x +5)(x - 2)

d l)c2—§x+2
3 3

8

A=b*-4dac,a= ,bz—g,c:2

Since A >0 but is not a perfect square, the quadratic
factorises over R and has two real linear factors.
Completing the square is needed to obtain the
factors.

4 a 3(x-8)7%-6

=3[(x-8)-2]
=3(x—8-2)(x-8++2)
b (xy—7)2 +9 is the sum of two squares so does not factorise
over R
R2x+1D)(x+5)-1=0
S 2x2 +11x+5-1=0
s 2x2+11x+4=0

Lo ThEVB —dac

,a=2,b=11,c=4
2a

—11£:J(11)2 =4 % (2)x (4)

2%(2)
_—11+121-32

4
—11+£/89
4
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6 32x+1)* -16(2x+1)* =35=0

Leta=(2x+1)?

3a® —16a—-35=0
S(Ba+5)(a-T7)=0

La= —é, a=7
2 5 .. . .

~.(2x+1)° = ——= which is not possible since a perfect square

cannot be negative
or 2x + 1)2 =7

S2x+1=%7
S 2x=—1+7
—1+7
SoX =
2

a 02x> -2.5x+10=0
A=b>-4ac,a=02,b=-25,c=10
L A=(=2.5)7 —4x(0.2)x(10)
=6.25-8
=-1.75
Since A <0, there are no real roots to the equation.

b ke’ —(k+3)x+k=0
A=b*—4ac a=k,b=—~(k+3),c=k
S A=(=(k+3))* —4x(k)x (k)
= (k+3)> —4k*
= (k+3—-2k)(k +3+2k)
=(3-k)(3k+3)
For two equal solutions, A=0
S (B-k)(Bk+3)=0
k=3, k=-1
mx® +(m—-4)x=4
omxl+(m-4)x-4=0
A=b>—4ac,a=m,b=(m-4),c=-4
A=(m—4)* —4x(m)x(-4)
=(m-4)* +16m
=m*—8m+16+16m
=m>+8m+16
=(m+4)
Since A 20 for all m, the equation will always have real roots
a x> —20/5x+100=0

(32 =2045x+(1045) )= (1045)" +100=0
~(x=105)" =500+100=0
- (x=1045) =400
- x—10/5 =420
L x=10/5+20
b Since one root is x =1—+/2 the other root is x =1++/2
since the roots occur in conjugate surd pairs.
Since x=1-+2 is a root, then (x - —ﬁ)) is a factor of
the equation, and,
since x =1++/2 is a root, then (x -1+ \/5)) is a factor of

the equation.
Therefore the equation is (x -1+ \/f)(x -1- \/5) =0
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Expanding,
(x-1+42)(x-1-+2
(@=D+2) (=D -2
Ax=12=(v2) =0
ax?=2x+1-2=0
nx?=2x-1=0

)=0
)=0

b=-2,c=-1
10 2x2+4/3x-8/2=0
—43+[(4V3) —4xV2x-82
e 2x+2
4348+ 64
B 22
434112
22
_ABE4ST
22
_2J3£27 2
N TN
26 +2J14
===
=-J6+14
11 4x-3Jx=1
sdx—1=3Jx
S (dx=1)7%=9x
~16x* —8x+1=9x
~16x* =17x+1=0
S (16x=D(x=1)=0
1

Lx=—,x=1
16
1
Check: Substitute x = E in 4x —3+/x =1 Substitute x =1 in
4x-3Jx =1
LHS:l—le LHS=4-3x1
4 4 -1
=-0.5 _ RHS
#RHS N
1
Reject x =—
ejec 16
Answer is x =1
12 Letu=+xin4x-3Jx =1
sdu? =3u=1
4 =3u—-1=0
SGu+D)-1)=0
su=——,u=1
4
.'.\/;=—1 or \/;=1
Since VX cannot be negative, reject Ja=-1
slx =1
sox=1

13 a X2 +10x+25=(x+5)*

2 2
b x2—7x+(zj :(x—zj
2 2
4

( 9)2 81 12
= x — _—
2 4 4
( 9)2 93
=|{x+=| -—
2 4
9 [93 9 [93
=l x+=— = || x+=+,]—
4 2 \4
9 -.93 9 +493
=l x+ X+
2 2
d 2x%+5x+1
=2(x2+—+lj
2

2
=2 (x+§j —1—7
4 16

S G
=2| x+ X+

4

e 3x2+4x+3

=3(x2+4?"+1)
([ )
(w43 -5+3)
:3[(x+§)2+gJ

Since the sum of two squares does not factorise over R,
there are no linear factors.
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f 1+40x—5x> b i If x=12 s a zero then (x —+/2) is a factor and if
-5 x2—8x—1 x=- 2isazerothen(x+x/§)isafactor.
B 5 The product of these factors give:
=—5[(x2—8x+16)—16—1} (x“/i)(x;”/z)
- ()
_ , 80 1
=-5 ()C—4) —?—g :X2—2
, 81 i If x=—4++/2 is a zero then
=5 (x-4)"—— . .
5 (x—(—4+\/§)):(x+4—\/§)1safactorandlf
-5 x_4_i x_4+i x=-4—+2is a zero then(x-i-.4+x/§)isafactor.
J3 J5 The product of these factors give:
+4-2)(x+4+2
:_5(x_4_ﬁJ[x_4+ﬁJ (x+4-V2)(x+4+2)
5 5 =((x+4)-V2)((x+4)+2)
15 a 5x%+9x-2 = (4?7 -(V2)

A=b’ —dac = x> +8x+16-2

“:5’1229’0:_2 = x> +8x+14
"'A=;91) ;(;‘X5X(‘2) 17 a 9x2—3x—4=0

=81+
LA=121 x_—bi\/b2—4ac
2a

Since A is a perfect square, there are 2 rational factors
P q a=9,b=-3,c=—4

b 12x% —3x+1 i
A=b?—4ac e TR —4x9X(A)

2%9
a=12,b=-3,c=1
3+V9+144
S A=(-3)? —4x12x1 =
=9-48 18
T 34153
S A=-39 :T
Since A <0, there are no real linear factors 34317
¢ 121x% +110x+25 BT
2 .
A=b*—4ac 3(1£17)
a=121,b=110,c=25 ST
L A=(110)" —4x121x25 RNV
=12100-12100 A= 6
~A=0
Si 0 there i d rational f b 5x(4-x)=12
;nce A =0 there is one repeated rational factor 20k —5x% =12
d x“+10x+23 5
A b? —dac S5x"=20x+12=0
—h4+p2 =
a=1,b=10,c=23 w= bENDTZRAC s e 20, =12
S A=(10)2 —4x1x23 2a
—100-92 e —(=20)+/(=20)" =4 x5x12
~A=8 - 2%5
+ ./ _
Since A >0 but not a perfect square, there are two = 20£ 400240
irrational factors 10
5 ) 20+ /160
16 a x" —8=(x—-2)(x" +2x+4) :710
S;)is;()icei Zhe discriminant of the quadratic factor _ 204410
10
A=b>-4ac
+
a=1,b=2,c=4 :4(5_m)
10
L A=(2)7 —4x1x4
25‘216 - 10£2410
nA=-12 >
Since A <0, the quadratic factor cannot be expressed as a ¢ (x—10)*>=20
product of linear factors. sx—10= im
Therefore, (x — 2) is the only linear factor of x> —8 over R. L x=10%25
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d x>+6x-3=0 19 a (x> -3)? -4(x*-3)+4=0
Completing the square Leta=x*-3
(¥ +6x+9)-9-3=0 na’—4a+4=0
S (x+3)2=12 s (a=27"=0
.'.X+3=i\/ﬁ 2.'.6122
x=-3%+203 X —§=2
e 56x>+51x-27=0 x2=5
S (Tx+9)8x-3)=0 x=+J5
N RN b 5x*-39x2-8=0
7 8 Let a = x>
f Sx—x(7+2x)=(x+52x-1) .'.5612—3961—8:0
o 5x—Tx—2x2=2x2+9x-5 - (5a+1)a—-8)=0

S A4xT+11x=-5=0

1
sa=——ora=8
x_—bi\/b2—4ac 5

La=4,b=11,¢c=-5 , 1 X
2a SX :—g (reject) or x~ =8
11+ 2 _ _
- 11£JAD* —4x4x%(-5) FET
2x4 )
~11£/121+80 o, T
== ¢ X2(x*-12)+11=0
Leta=x2
Lo JHEv201 na@a—12)+11=0
8 na®—12a+11=0

18 a —5x>—8x+9=0
A=b*-4ac, a=-5,b=-8,¢c=9
S A=(=8)2 —4Xx(-5)%x9

s(a=Da-11)=0
sna=lora=11

sxt=lorx?*=11

=64+180
S A=244 i cx=tlx=2J11
Since A >0 but not a perfect square, there are two d (x +l) + 2(x+ l)_ 3=0
irrational roots X X
b 4x2+3x-7=0 Leta=x+l
A=b*—-4dac, a=4,b=3,c=-T7 ,
2 sa”+2a-3=0
SA=0B) —4x4x(=T) (a+3)a-1)=0
=9+112 sa=-3ora=1
S~ A=121 1 |
Since A is a perfect square, there are two rational roots sx+—=-Borx+—=1

X X

2 _
¢ 4xT+x+2=0 axt4l=-3xorx’+1=x

A=b*>—4ac, a=4,b=1,¢c=2

) x> +3x+1=0o0rx>—x+1=0
SA=(1)"—4%x4x%x2

=1-32 ) x_—3i~/9—4(1)(1) Orx_li«/l—4(l)(l)
e 2 R 2
S~ A=-31
Since A <0 there are no real roots x= -3%45 orx = 1443
d 28x-4-49x> =0 3f\/§ 2
A=b*—dac, a=-49,b=28, c=—4 X =— >
S A=(28)" —4x(—49)x (—4) 1433
=784 784 (since x = — 5 is not real).
~A=0 2 2 a2
Since A =0 there is one rational root (or two equal roots) e (x"—7x 2 8 =3(x"-7x-8)
) Leta=x"-7x-38
e 4x°+25=0 Cat=3a
As 4x? >0 then the sum 4x? + 25 cannot equal zero. ,
Therefore there are no real roots. na”=3a=0
sa(a-3)=0

£ 3V2x*+5x+/2=0
A=b*—4ac, a=3J2,b=5,c=2
AA=(5)? —4x3V2%x2

sa=0ora=3
x> —7x-8=0o0rx>—7x-8=3

S(x+D(x—8)=0o0rx>—7x-11=0

=25-24
A 7£49-41)(-11
~A=1 .'.x:—l,x:SOrx=M
Since A > 0 there are two roots. However, despite A being 2
a perfect square, the coefficient of x” in the quadratic e lr=8orxr= 7++/93

equation is irrational so the two roots are irrational.
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X

1 1\’
x2+—2=(x+—) -2
X X

1 1
f 3()62 +—2)+2(x+—j—2=0 given that
x

2

| 1
Leta=x+—sox +—2:a2—2
X

X
3@ -2)+2a-2=0

~3a*+2a-8=0
S(Ba-4)a+2)=0

4
La=—ora=-2
3

1 4 1
SLXt—=—orx+—=-2
x 3 X
s3x2+3=4xorx?+1=-2x
23xr—4x+3=0o0rx>+2x+1=0
Consider 3x2 —4x+3=0
A=16-4(3)(3)
=-20
Since A <0 there are no real roots
X2 4+2x+1=0
(D2 =0
sox=-1
20 a X2 +(m+2)x—m+5=0
For one root, A=0.
A=b*—dac, a=1,b=m+2,c=-m+5
S A=(m+2) —4x1x(-m+5)
=m® +4m+4+4m-20
ZA=m*+8m-16
Therefore, for one root, m> +8m—16=0.
o.(m® +8m+16)-16-16=0
S (m+4)? =32
am+d=+32
am=—414J2
b (m+2)x* —2mx+4=0
For one root, A=0.
S (22m) = 4(m+2)(4) =0
sAm?—16m=32=0
om? —4m—-8=0
o(m?—4m+4)-4-8=0
(m=2*-12=0
am=2=+J12
~m=2+23
¢ 3x2+4x-2(p-1)=0
For no roots, A<0
~16-4(3)(-2(p-1)<0
~16+24(p-1)<0
~24p—-8<0
~24p<8
ap<d
3
d kx?-4x—k=0
The discriminant determines the number of solutions
A=(=4)" = 4(k)(=k)
=16+4k>

Since k € R\{0}, k> >0
~16+4k>>16
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Thus A is always positive. Therefore the equation always
has two solutions.
e pxX+(p+q)x+q=0
A=(p+q)’ —4pq
=p*+2pg+q’ —4pq
=p*=2pg+q’°
=(p-q’
As A is a perfect square and p,q € O, the roots are always

rational.
21 a i x2+6V2x+18=0

cox? 4632+ (32) - (3V2) +18=0
(3 + 662+ (3V2) |- 18+18=0

a(x+342) =0

x=-3J2
i 24/5x2 =3J10x++/5=0
Divide both sides by NS
S 2x7=32+1=0

_3\/§J_r (3\/5)2—4><2><1

SoX

4

L _3V218-8
- 4

L2410

- ;
i V3x° —(2V2-V3)x-v2=0
(22— VB) £ (22 ~3) —4xBx—2
243
x_2\/§—\/§i\/8—4\/€+3+4\/€
= e
_22-3:11 3
SN RN
V3(2V2 -3 41T)

SoX=

6
Lo /6-3+433

6
L3426 +33
- 6

b i rfx=—HY

is a root of a quadratic equation

x% + bx + ¢ = 0 with rational coefficients then its

conjugate x = is also a root.

ii In factorised form, the equation is

()25

Lo e T
(a5l )

2
(x+lj L] =0
2 2
.‘.x2+x+l—§=0
4 4

AxP+x—1=0

Therefore, b=1, c=-1.
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¢ Since the roots of the quadratic equation X2 +bx+c=0
with real coefficients are x = 4+/3 + 56, the equation in

factorised form is (x - (4\/§ + 5\/6))()C - (4\/§ — 5\/6)) =0.
(x— (433 +576))(x (443 -5v6)) =0
o (x=4v3-5J6)(x-43+5V6)=0
~((x=43)-5V6)((x-4v3)+5V6) =0
(x-43) =(5¥6) =0
oox? =8 3x+48-25%x6=0
x2—83x—-102=0
Therefore, b =83, ¢ =-102
22 a 2Jx=8-x
i Squaring both sides
(2Vx)' = 8-

S A4x=64—16x+x>
Sx2=20x+64=0
S(x=4)(x-16)=0

nx=4,x=16
Checking: Substitute x =4 in 24/x =8 —x
LHS =24 RHS=8-4
=4 =4
- LHS =RHS
Hence x =4 is a solution
Substitute x =16 in 2+/x =8 —x
LHS =216 RHS=8-16
=8 =-3
~.LHS = RHS

Hence, reject x =16
Answer is x =4.

ii Leta=+/x
s 2a=8-a*
na’+2a-8=0
s@a=2)(a+4)=0
sa=2ora=-4
sAx=2orJx=—4
Reject vx =4 since Vx 20
X =2
x=22
sx=4
b 1+Vx+1=2x
cfx+l=2x-1
Lx+l=(2x-1)°
Lx+1=4x7 —dx+1
~4x?=5x=0
sx(4x-5)=0
5
4
Check: Substitute x =0 in 1++/x+1=2x
LHS = 1++/1 RHS =2x0
=2 =0
..LHS # RHS
Reject x =0

Substitute x = % inl+vx+1=2x

Sx=0,x=

LHS=1+ §+1
\4

=1+\/§ :é

4 2

..LHS =RHS
The solution is x = Z

23 12x% +4x-9
Use Interactive — Transformation — Factor to factorise over R.

This gives 12[x + ﬁ + lj(x - ﬂ + l] as the factors.
3 6 3 6
24 a The simultaneous equations are
x+y=p..1)
xy=4q....(2)
From equation (1), y=p—x.
Substitute in equation (2)
sx(p—x)=¢q
px—xt=gq
xt4qg=px
Therefore, x is a solution of x* + q=px
From equation (1), x =p—y.
Substitute in equation (2)
Y p=y)=q
py-y =q
~ ¥y +q=py

Therefore, y is a solution of X2+ q = px.
Hence if x = a,y = b are the solutions to the simultaneous
equations, then x =a,y = b are also solutions to the
quadratic equation x> +q=px.

b Either use the template to solve the simultaneous equations
or Equation/inequality to solve the quadratic equation.
Solving the quadratic equation gives the two solutions

PP 4g  pep’ -4
2 i 2 '
2 2
+4/p- -4 —\p -4
Ifx= % then y = % or vice versa.

ptyp’—4q ye ptp’-4q
S .

2

Hence, the solutions are x =

Exercise 3.4 — Applications of quadratic
equations
400 .
1 The salmon costs — dollars per kilogram at the market.
X
400
(x —2) kilograms of salmon is sold at (—+ 10) dollars per

x
kilogram for $540
(x—Z)X(ﬂ+10):54O
x

400+10x—@—20= 540

x
10x—@= 160
X

~10x* —800 =160x
x2=16x-80=0
A (x=20)(x+4)=0
Sx=20,x=—4
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Reject x =—4 since x e N.
Therefore 20 kilograms of salmon were bought at the market.
Let the numbers be n and n + 2
The product is 440.
son(n+2)=440

nt+2n—-440=0

S (n=20)(n+22)=0
~n=20,-22

Sincene N, n=20
Therefore the numbers are 20 and 22.
Let area of a sphere of radius r cm be A cm?.
A=kr?
Substitute r =5,A =1007
=100 = k(25)

~A=dnr?
When A =360,
3607 = dmr’
~r?=90
Sr= 13\/5
r>0,..r= 3410
Radius is 3 cm
Let C dollars be the cost of hire for # hours
C=10+k*
t=3,C=32.50
=32.5=10+k(9)
Solving,
~ 9k =225
s k=25
5 C=10+2.5¢
When C =60,
60=10+2.5¢*
~.2.5t* =50
2=l
2.5
~2=20
Since >0, t:x/ﬁ
S t=4.472
The chainsaw was hired for approximately 4% hours
5 a A=kx? where A is the area of an equilateral triangle of
side length x and £ is the constant of proportionality.
When x =2+/3,A=33

33 =k(23)

=33 =12k
k=B
4

Hence A = ?xz
If A=124/3,

1243 = ] X
4
~x? =48
SX= 4\/§
(the negative square root is not appropriate for the length).
The side length is 4/3 cm.
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d = kt* where d is the distance fallen after time ¢ and k is
the constant of proportionality.
Replace ¢ by 2t
od > k(21)
cd=4(k)
The distance is quadrupled.
H =kV? where H is the number of calories of heat in a
wire with voltage V and k is the constant of proportionality.
If the voltage is reduced by 20% then 80% of it remains.
Replace V by 0.80V
- H = k(0.80V)*
- H=064(kv?)
This means H is now 64% of what it was, so the effect of
reducing the voltage by 20% is to reduce the number of
calories of heat by 36%.
S=kn+ k2n2
1+2+3+4=10=S=10whenn=4
1+243+4+5=15=>S=15whenn=>5
This allows simultaneous equations to be formed.
10 =4k, + 16k, = 5 =2k, +8k,...(1)
15 =5k; +25k, = 3=k +5k;....(2)
equation (1) —2 X equation (2)

-1=-2k,

1

k2 = E

Substitute k, = % in equation (2)

.'.3»:k1+é
2

Answer k; = % =k,

1
The formula for the sum becomes S = En + Enz.

When S = 1275
1275= Ll 2
27 2

son® +n=2550

nn+n-2550=0

S (n+5D)(n-50)=0
sn=-5L,n=50
Reject n=-51since ne N
~.n=50
y=c+kx+kyx* where c is a constant and k,, k, are
constants of proportionality.
x=0,y=2=2=c
x=1,y=9=9=c+k +k,
Sk, =71
x=2,y=24=24=c+2k +4k,
» 2k +4k, =22
Sk 42k, =11....(2)
equation (2) — equation (1)
~ky,=4
Substitute k, =4 in equation (1)
Sk +4=1
sk =3

The rule is y = 2+ 3x + 4x”
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b When y=117,
117=2+3x+4x>
S A4xt+3x-115=0
S (@x+23)(x-5)=0
23
4
The positive value of x is 5.
8 Cost in dollars, C =20+ 5x
Revenue in dollars, R = 1.5x>
Profit in dollars, P=R-C
~P=15x"-5x-20
If P =800,

X = ,x=5

800=1.5x>-5x—-20
~15x2-5x-820=0
L J(=5)* —4x1.5x (~820)

2x1.5
e 5++/25+4920

3
L 5E4945

3
L x=25.107,x=-21.773

Reject the negative value so x = 25.107.
The number of litres is 100x = 2510.7. To the nearest litre,
2511 litres must be sold.
9 Let the natural numbers be n and n+1.
n2+(n+1)2+(n+(n+1))* =662
st +m+DE+2n+1)? =662
ot +2n+1+4n +4n+1=662
5607 +6n—-660=0
nt+n-110=0
S (n+11)(n-10)=0
~.n=—11(reject),n =10
~.n=10

The two consecutive natural numbers are 10 and 11.

10 A= %bh where A is the area of a triangle with base b and

height A.

Given h:b=+/2: 1, then
h_i2
b 1

sh=2b

A= %\/sz

When A =/32

et

2
b =42 x—
NG

b2

b =38
Lb=22
(reject negative square root)
With b =242,
h=~2x22
S h=4
The base is 2+/2 cm and the height is 4 cm.

11 Using Pythagoras’s theorem,
(Bx+3)? =(3x)* +(x-3)*
SOx? +18x+9=9x2 +x% —6x+9

sx?=24x=0
Sx(x—=24)=0
sx=0,x=24
Reject x = 0 because 3x would be zero and x — 3 would be
negative.
sx=24

The three side lengths are 72 cm, 21 cm and 75 cm so the
perimeter is 168 cm.

12 X N
Y
A
< 17 cm >
X 13 cm

Let the width of the border be x cm.
The frame has length (17 +2x) cm and width (13 +2x).
Area of border is the difference between the area of the frame
and the area of the photo
5 260=(17+2x)(13+2x)—17x13

5260 =221+60x+4x> - 221
S 4x2+60x-260=0
S x2+15x-65=0

—15+4/15% =4 x1x(-65)
=

2
= —15+/225+260

2
R RS
2
~x=3511x=-1851

Reject negative value
sox=3.511
Length of frame is 17+2x3.511=24.0 cm or 240 mm
Width of frame is 13+2x3.511=20.0 cm or 200 mm.
13 a Let the length be [ metres.
x+l+x=16
~2x+1=16
s 1=16-2x
b Area is the product of the length and width
k=x(16-2x)
sk =16x-2x"
s 2x7 =16x+k=0
¢ Discriminant,
A=(-16) —4x2xk
=256-8k
i No solutions if A<0
~256-8k <0
~.256 <8k
Sk>32
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ii One solution if A=0
».256-8k=0
S k=32
ili Two solutions if A>0
».256-8k>0
sk<32
However, k is the area measure so there are two solutions
if 0<k<32.

d There can only be solutions to 2x2 —16x+k=0if A20.
This means 0 < k <32. The greatest value of k is
therefore 32.

The largest area is 32 square metres.
To find the dimensions, the value of x needs to be found
when k =32.
2x* —16x+32=0
~x?—8x+16=0
L(x=4)7=0
sx=4
Length is 16 — 2 x4 =8 metres and width is 4 metres
e Put k =15 in the equation 2x* —16x+k =0
52x% —16x+15=0
nx?—8x+75=0
S (xF —8x+16)-16+7.5=0
L(x—4)*-85=0
Sx—4= i\/ﬁ
nx=4+83
S x=6.91orx=1.08
If x=6.91, width is 6.91 m and length is
16-2%691=2.18m
If x =1.08, width is 1.08 m and length is
16 -2x1.08=13.84 m.
To use as much of the back fence as possible x =1.08.
The dimensions of the rectangle are width 1.1 metres and
length 13.8 metres,
Let the parcel of cards purchased for $10 at the fete contain
x cards.

Therefore, the cost per card is 10 dollars.
X
The collector sells (x —2) cards to the friend at a cost per
1
card of —0 +1 | dollars for a total of $16 since the collector

X

makes a profit of $6.

.‘.(x—2)><(£+1)=16
X

.'.10+x—§—2=16

X
2
.‘.x—8=—0
X
x> —8x=20
x> —8x-20=0
S(x=10)(x+2)=0
sx=10

(reject x = =2)

The friend receives 8 cards.

One method is to Define A = 7r? + sl using Func name:

A, Variable/s : r,l and Expression r? + 7l

Then use Equation/inequality to solve 20 = A(r,5) for r.
This gives, to three decimal places, {r = —6.0525,r =1.052}.
Rejecting the negative value, the radius of the base of the
cone is 1.052 m.
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16 Use Equation/inequality to solve 20 = A(r,!) for r using

Standard mode gives
~(m-Pr*4sox) (i +VPx? +s07)
2r 2r

r= ,r=
—Imr+~N1*m? + 807

Highlight this expression and drag down tzoﬂthe next prompt.
Add in the condition / =5 from the keyboard Math Optn and
evaluate on Decimal mode to obtain the same value for r as in
Question 11.

—(m e+ 8071)

2w

Rejecting the negative value, r =

11=5

=1.052

Exercise 3.5 — Graphs of quadratic polynomials
1 Aiy=x2-2 Bii y=-2x* Ciii y=—(x+2)°
2 YA

0,0)

A

=
<Y

1
3 y= §x2 +x-6
Axis of symmetry equation:

X=—=
%
3

SX=——

2
Turning point: Substitute x = —%

= (~1.5,-6.75)

y intercept: (0,—6)
x intercepts: Put y=0

1
=Xl 4+x-6=0

x2+3x—18=0
A (x+6)(x=3)=0
x=-63
= (=6,0),(3,0)

Y
‘\—6, 0) T /g 0)

Y

(-1.5,-6.75)
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1, 7 y=2x(4-x)
4 y>§x Tx-6 x intercepts: 2x(4 —x)=0
Boundary graph is not included as region is open. sx=0,x=4
N 6o yT a = (0,0).(4,0)
< ‘.((_ 1) G, ,)=’ > Turning point:
AN g / 0+4
AN y X=—
N / 2
SNl 0, -6 x=2
15,675 |7 y=42)
2 sy=8
5 ay==2(x+1)"+8 = (2.8)

Turning point: (—1,8) Type: maximum
y intercept: Put x =0..y=6 = (0,6)
x intercepts: Put y=0

S 2(x+D2+8=0

S(x+D?=4
SLx+1l=12
nx=-3,x=1
=(-3,0),(1,0)
A y=2@+12+8
Sl 6 8§ y=(2+x)
x intercept and turning point: (-2,0)
(=3, 0) (1, 0) Y intercept: (0,4)

Y

VA
b i y=—x*+10x-30
=—(x? -10x +30)
=—[(x* —10x +25)—25+30]
=—[(x-57+5]
=—(x-5*-5

9 a y=42x—18x"

— 32 — — —
Vertex is (5,-5), a maximum turning point. A=b"—4ac,a=-18,b=42,c=0

ii y intercept: (0,-30) L A=42% _4x (~18)x 0
no x intercepts since concave down with maximum _ 42
y value of —5. -

y Since the discriminant is a perfect square there are
T 2 rational x intercepts. (Obvious from the factors of
< the equation).

b Factored form is y = 6x(7—3x)

Y

(0, -30) , ‘ 7
y= %+ 10— 30 x intercepts: (0,0), (5,0)

6 a y=4-3x7 Turning point:

.'.y=—3x2+4 x:M
maximum turning point at (0,4) 7 2
b y=(4-3x)’ SrEY
4
4-3x)=0=>x= 3 Therefore minimum turning point S y=6X %(7 _3x %)

4
(3] o=1(3)
wy=1(2

or 49

y=(4-3x) Y=

=(3x-4)’ :(z’g)
6" 2

{464
oo

4
minimum turning point at (5,0)
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10 7x* —4x+9
A=b*—4ac,a=7,b=-4,c=9
A= (=4 —4xTx9

=-236

Since A <0 and a >0, 7x> —4x +9 is positive definite

11 y}\
y =050 ——>
y= —%) —_—
0 X
~——
-~
Y
12 a y=x*-9

Min TP (0,-9) and this is also the y intercept.
x intercepts: 0 = x> -9

L0=(x=-3)(x+3)

sx=3,x=-3

(3,0),(-3,0)

b y=(x-9)
Min TP (9,0) and this is also the x intercept.
y intercept y = (-9)* = (0,81)

Ly= —3x2+6

Max TP (0,6) which is also the y intercept.
x intercept: 0 = 6 —3x>

~3x7 =6

xr=2
nx=12
(2.0} (2.0

TOPIC 3 Quadratic relationships ¢ EXERCISE 3.5

d y=-3(x+1)>

Max TP (-1,0) and this is also x intercept.

y intercept: y = —3(1)2 =1(0,-3)

y=-3(x+1)?

1 2
e y=—(1-2
y 4( x)

TP occurs when
1-2x=0
1

SX ==

2
. 1 . .
Min TP 5,0 is also x intercept.

intercept y=—(1)" <| 0,—
y pty 4() 2

y= %(1 —2xp

f y=-0251+2x)"
TP occurs when
1+2x=0
sx=-0.5
Max TP (-0.5,0) is also the x intercept.
y intercept: y = —0.25(1)? < (0,-0.25)

YA
y=-0.25(1 + 2x)?

(0.5, 0)
0 >

(0, -0.25)

13 a y=x?+6x-7

TP x=—
62a

nx=—=-3
2

Ly=9-18-7=-16
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Min TP (-3,-16) x intercept: 0 = 3x? +4x+5
y intercept (0,=7) s 3xt—4x-5=0
x intercepts: 0 = x*+6x-7 + \/ﬁ
S+ =1)=0 Lyt 2X3X( S
x=-T,x=1
+
(7,0),(1,0) 2 —:%
y
4+2J19
y=x2+6x-7 = 6
=) o Ji o) RS

0,-7

(-3,-16)
b y=3x"—6x-7

TP x=—
2a

6
6
sox=1
y=3-6-17
s y=-10

Min TP (1,—-10)

y intercept (0,—7)

x intercept 0 =3x2 —6x—7

~(=6) £ /(=6)” =4 x 3% (-7) nx=g
X =

SoX

6 —in———4
_6£4/120 = 16 4
= B
612430 8
"6 (l_ﬁj
x_3J_r\/E 478
T3 y intercept (0,—4)
3+4/30 0 3-4/30 0 xinterceptsO=2x2—x—4
3 )0 37 x_1i~/1+32
YA 4
1++/33
\/3_0 X =
(1— ?0) (1+€—0,0) 4
< > 1+
0 X ( Vggiﬂ
4
y=3x2—6x-17
©,-7N
(1, -10)
Y
¢ y=5+4x-3x’
ny=-3x*+4x+5
TPx=_—b
2a
—4
SX=—
-6
2
SX ==
4 2
y=—3><§+4><§+5 3
— S8
47 8
MaxTP(z,B)
33 y intercept (0,—4)

y intercept (0,5)
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£ y=10-2x*+8x
y==2x2+8x+10

Max TP x = _—b
2a

-8
SoX =

-4
Sx=2

y=-2(2)> +8(2)+10

sy=18
(2,18)

y intercept (0,10)
x intercept: 0 = —2x2 +8x+10
nx?—4x-5=0

S(x=5(x+1)=0
Lx=5x=-1
(5,0),(-1,0)

14 a y=(x—5)7+2
Min TP (5,2) so there are no x intercepts

y intercept (0,27)

fy=(x-5)2+2

b y=2(x+1)* -2
Min TP (-1,-2)
y intercept (0,0)
x intercepts: 0 =2(x + 1)2 -2
S+ =1
Lx+1=41
sx=-2,x=0
(-2,0),(0,0)

TOPIC 3 Quadratic relationships ¢ EXERCISE 3.5

y=2x+1?%-2

y=-2(x-3)*-6
Max TP (3,-6) so no x intercepts
y intercept (0,—24)

y=—(x—-4)* +1
Max TP (4,1)
Y intercept (0,—15)
x intercepts: 0 =—(x — 4)2 +1
L(x—4)? =1
sox—4==1
x=3,x=5
(3,0),(5,0)

C(x+4)?
2

1 2
Ly==(x+4)2 -2
y 2(x )

y+2

Min TP (-4.-2)
y intercept (0,6)
(x+4)°

X intercepts: 2 = 5

L(x+d)? =4
Sx+4=12
LX=-6,x=-2
(=6,0),(-2,0)

f 9y=1—%(2x—1)2

y=——Qx -1 +—
y 27(x ) 9
Max TP (1 1)
ax 279
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62 | TOPIC 3 Quadratic relationships « EXERCISE 3.5

y intercept: ——L+l:>(0 i)
PE =797\ Mg

X intercepts: 0 =1— é 2x-1)?

S Q2x-1)2=3
.'.2x—1=ix/§
S2x=1%43
143

X

(1-@ o)
—

9y=1—%(2x—1)2

15 a y=-5x(x+6)
x intercepts: Sx =0,x+6=0=(0,0), (-6,0)

TP The x intercepts are symmetric with the turning point.

-6+0
SXx=
2
Sox==3
y=-5%(-3)x(-3+6)
sy=45

Max TP (-3,45)
y intercept (0,0)

b y=@x-D(x+2)
X intercepts: (1,0),(—2,0)
4

Vit (=2
MinTPx:M

Maths Quest 11 Mathematical Methods VCE Units 1 and 2 Solutions Manual

c y=-"2(1+x)2-x)
x intercepts: (—1,0),(2,0)
—-1+2

Min TP x =

y intercept (0,—4)
y=-2(1+xQ2-x)
y

d y=2x+1)(2-3x)
x intercepts 2x+1=0,2-3x=0

1 2
"_x:——’ = —
2 3
1
SOy
2 3
1
_7+7
Max TP x = 2
_1
12
1 1
=[{—-+1|%x|2——
Y (6 )( 4)
I
SR

(2%
12724
y intercept (0,2)

y=02x+ 1)(2-3x)

y
0.2}

A

Y

e y=0.8x(10x-27)
x intercepts: (0,0),(2.7,0)
0+2.7
2

Min TP x =

Sx=135
y=0.8x1.35%(13.5-27)

Sy=-14.58

(1.35,-14.58)

y intercept (0,0)

<Y
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y = 0.8x(10x — 27) b i —x>-18x+5

27.0 =—[x*+18x-5]
=—[(+* +18x+81)-81-5]
=—[(x+9)*-86]

(1.35,-14.58)

£ y=Grtl)? =—(x+9)"+86
1 ii maximum TP (-9, 86).
x intercept and minimum turning point at (—5,0) iii Maximum value is 86.
y intercept (0,1) 18 a y>x”—6xis the closed region above y = x* — 6x.
y=0Gx+1)7 Consider y = x> —6x
, y=x(x=6)

intercepts with the axes: (0,0),(6,0)
MinTP x=3,y=-9=(3,-9)

16 a y=9x>+17x—12
A=b*—-dac a=9,b=17,c=-12
S A=289-4%9%(—12)

L A=T21 b y<8-2x?is the closed region below y=8— 2x%

Since A > 0 but not a perfect square, there are two Consider y =8—2x2

irrational intercepts with the x axis. y =—2x* +8 has maximum turning point and y intercept
b y=-5x>+20x-21 (0,8).

A=b>—4ac a=-5,b=20,c=-21 x intercepts: 0 = —2x* +8

o A=400—4x(=5)x (-21) - 2x2=8

L A=-20 xt=4

Since A <0, there are no intercepts with the x axis. L x=12
¢ y=-3x"-30x-75 (£2,0)

A=b*—4ac a=-3,b=-30,c=-75
S A=900-4x(=3)x(=75)
~A=0
Since A =0, there is one rational intercept with the x axis.
d y=0.02x>+0.5x+2
A=b*-dac a=0.02,b=05c=2
S A=0.25-4x%x0.02%x2

S A=0.09 2 . . 2
2 ¢ y<x”+4x+4is the open region below y =x" +4x+4.
S A=(0.3) . 2
. . . Consider y=x"+4x+4
Since A>0 and it is a perfect square, there are two rational y=(x+2)>

intercepts with the x axis.
17 a i 2x” —12x+9

Minimum turning point and x intercept (—2,0).
y intercept (0,4)

=2|x*—6x+ 2}
L 2
f 9
=2| (x> —6x+9)-9+=
L 2
i 1
=2[(x=3)? —?8%}
y<¥+4x+4
=2|(x-3) - —}
N d y>3(x+2)*+6is the open region above
=2(x-3)"-9 y=3(x+2)> +6.
ii TP(3,-9) Consider y =3(x+2)> +6
ili minimum value is given by the y co-ordinate of the Min TP (=2,6) so no x intercepts
minimum turning point. y intercept (0,18)

The minimum value is —9.
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64 | TOPIC 3 Quadratic relationships « EXERCISE 3.5

b i px*+3x—9is positive definite if A<0 and p>0.

A=(3)* —4x px(-9)
=9+36p

A<0=9+36p<0

. < 1
) 1
There is no positive value of p for which A <0. Hence,
there is no real value of p for which px2 +3x-9is
e y<(3—-x)(3+x)is the closed region below y = (3 —x)(3+ x). positive definite.
Consider y=(3—-x)(3+x), whichis y=9— x% ii Ifp=3,y= 3x2 +3x-09.
Max TP and y intercept (0,9).
x intercepts (£3,0)

The equation of the axis of symmetry is x = —2i.
a
3

Lx=—=

6

SoX ===

2

. . 1
The axis of symmetry has equation x = ~5

¢ i y=2x2-3mx+12
If the turning point lies on the x axis, there is only one

f y<7x+ 14x? is the open region below y="7x+ 14x% .
x intercept so A =0.

Consider y = 7x + 14x? which is the same as

y="Tx(1+2x) S (302 —4x2x12=0
.02 —
intercepts with axes (0,0), (—1,0) 91" =96
1 g =22
MinTsz—Z )
32
t=%|—
3
442 3
r=f X2
NEJNG
t= iﬁ
3
. . L b
ii Axis of symmetry equation is x = ——
2a
=3t
SX=——
4
3t
xX=—
4
For axis of symmetry equation to be x = 31,
32 =3
4
19 y=5x>+10x—k 1202 -3r=0
i For one x intercept, A =0. ~31(4r—1)=0
A=(10)2 =4 x(5)x (—k) ]
=100+ 20k .'.t=00rt=z
Therefore, 100+20k =0= k=-5 . . . L b
ii For two x intercepts, A > 0. 21 a i Asthexco-ordinate of the turning pointis x = — Ey one
Therefore, 100 +20k >0 =k >-5 method is to enter y=12x —18x +5|x = —(~18) /24

iii For no x intercepts, A <0.
Therefore, 100 + 20k <0 = k < -5.
20 a mx? —2x+4 is positive definite if A <0 and m > 0.

A=(-2-4xmx4

in the main screen on Standard mode and press EXE to
calculate the ¥ co-ordinate.

The turning point has y :% and simplifying the

=4-16m x co-ordinate gives x =—.
A<0=4-16m<0 3 74
s 1 Turning point is (Z_Z)
4
1 ii In the main screen use Equation/Inequality to solve
Positive definite for m > T 12x% —18x+5=0. This gives the x intercepts as
—V21+9  J21+9
X = X =
12 12
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b i Entering y=-8x>+9x+12|x=-9/-16 gives y = @ 3 Lety=ax’+br+c
Tusmine o is (9. 465 32 (-1L.-)=-T=a(-1)> +b(-)+c
urning point 1s (16’32) sa—-b+c=—"T...... )
i Solving —8x* +9x +12 =0 gives the x intercepts as (2,-10)= -10=a(2)* +b(2) +¢
~(V465-9)  J265+9 4a+2b+c=-10.......(2)
YT T e (4,-32) = —32=a(4)’ +b(4) +c
22 As decimals are required, the Graphing screen could be used. s l6a+4b+c=-32........ 3)

Enter yl = —2.1x% +52x +10, tick the box and graph. It is Eliminating ¢
likely the screen scale will need adjusting to show the key 2)-)
aspects of the graph. Zoom — Auto or Zoom Out may enable ~3a+3b=-3
the details of the graph to be visible. ca+b=—1.... 4)
Tap Analysis — G-Solve — Root to obtain x intercepts. This 3)—()
gives the smaller root as x = —0.19 (correct to two decimal ~15a+5b=-25
places). Tap the central cursor on the right to obtain the Bg4b=—5. (5)
second root as x = 24.95.
Tap Analysis — G-Solve — Max to obtain the turning point Solving equations (4) and (5)
as x =12.38,y=331.90. 53)=(4)
Tap Analysis — G-Solve — y-intercept to obtain, of course, S 2a=—4
x=0,y=10. a=-2
The key points are: TP (12.38,331.90), x intercepts b=1
(=0.19,0),(24.95,0), y intercept (0,10). h; 'equation M

2—-1+c=-7

sc=—4

Exercise 3.6 — Determining the rule from a graph
of a quadratic polynomial

1 a Given information: minimum turning point (-2,1) and

Therefore the equation of the parabola is y = 2x*+x—4
4 Let y:ax2 +bx+c
0,-2) = -2 =a(0)> +b(0) +¢

point (0,5). Ce=_D
Let y=a(x—h)> +k o= 5
'.‘y:a(x+2)2+1 soy=ax®+bx -2

Substitute (0,5) (-1,0) = 0=a(-1)* +b(-1)-2
~5=a(2)’ +1 na-b-2=0
sa=1 sa-b=2...(1)
Therefore the equation of the parabola is y = (x +2)* +1 (4,0)=> 0= a(4)® + b(4)—2

b Given information: x intercepts at x =0,x =2 and 16a+4b-2=0
point (-1,6)

s8a+2b=1....(12)

Let y=a(x-x)(x—x,) Solving equations (1) and (2),

Since x intercepts at x =0,x =2,

Ly=ax(x-2) (2)+2x(1)
Substitute (~1,6) 10a=>5
sLo6=a(-1)(-1-2) o1
~6=3a 4=y
sa=2 = —-b=2
Therefore the equation of the parabola is y = 2x(x —2)
2 Given information: minimum turning point and x intercept of b= _i
(-2,0), point (2,2) 2
— AV — _ _ 1
Lety=a(x—h)"+kor y=alx—x)(x—x,) Therefore the equation is y = —x” — Ex -2
y:a(x+2)2 2 2 1
Substitute (2,2) In worked example 17b, the equation y = E(x +1)(x—4) was
~2=a(2+2)* obtained.
~2=a(16) y=tp 3.5
1 2 2
Soa=— 1 2
8 .'.yzz(x -3x-4)

|
Therefore the equation is y = 3 (x+2)?

1
To obtain polynomial form: Sy= > (x+D(x—4)

y= 1 (x+2)° So the equations represent the same parabola.
Ef 5 a From the diagram, the maximum turning point is (0, 6).
Ly=o (0 +4x+d) Ly=ax®+6
? 1 1 The point (1,4) lies on the graph,
'._y:§x2+5x+5 ~d=a(l)’ +6
La=-2

Equation is y = —2x2 +6.
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b From the diagram the x intercepts are x =—6 and x = —1.

Ly=a(x+6)(x+1)
Point (-9,4.8) lies on the graph
S 4.8=a(-9+6)(-9+1)
s 4.8=24a

sa=0.2
Equation is y =0.2(x +6)(x +1)

6 a TPQ2,4)=>y=a(x-27-4

Point (0,-2)= —2=a(4)-4
sda=2

La=—

2 1

Equation is y = E(x -2)* -4

b x intercepts: O = %(x -2)2 -4

L(x=2)*=8
Sx=2= i\/g
Lx=2%22
The distance between x =2 —2+/2 and x =2+2+/2 is
2x22=442.
The length of the intercept cut off on the x axis is 42
units.
7 A(-1,10), B(1,0), C(2,4)
a Let the equation be y = ax* +bx+c
-1L,10)=10=a-b+c...(1)
1,0)= O=a+b+c...(2)
2,4)= 4=4a+2b+c...(3)
equation (2) — equation (1)
-10=2b
sb=-5
Substitute b = —5 in equations (2) and (3)
equation (2) = 5=a+c....(4)
equation 3)=4=4a-10+c

~ld4=4da+c..(5)

equation (5) — equation (4)
9=3a

na=3

Substitute a =3 in equation (4)

sc=2

The equation is y = 3x% —5x+2
b Y intercept (0,2)

x intercepts: 3x2 —5x+2=0
SBx=-2)(x-1D)=0

X intercepts (%,0),(1,0)

Z3+1
c TPx=%

10

11

a

a

y=3-5x+2

Answers may vary but all are of the form
y=a(x+3)(x-5).
Three possible answers are y = (x +3)(x —5),
y=2(x+3)(x—=5)and y=-3(x+3)(x-9).
The point (0,45) also lies on the parabola.

s 45=a3)(-5)
s.—15a =45

sa=-3

The equation is y =-3(x +3)(x —5)

Vertex x = A

sx=1
y=-3(4)14)

Sy=48

Vertex is (1,48)

The boundary parabola has vertex (0,0)
Ly=ax?
Point (5,-20) = —20 = a(5)°
4
La=—-—=
5

4
The equation of the boundary is y = —gxz

4
The equation of the closed region below y = —gxz is

yS—ixz.

The boundary graph has x intercepts at (0,0),(—4,0)
Ly=ax(x+4)
Point (-3,6) = 6 = a(-3)(1)
La=-2
The equation of the boundary is y = —2x(x +4).
The equation of the open region above y = —2x(x +4) is
y>2x(x+4),
y=3x> > y=3(x+1)>=50r y=3x>+ 6x-2
y=(x— 3)2 has vertex (3,0). Translating 8 units to the
left, (3,0) = (=5,0). The equation of the image is
y=(x+5)>
Axis of symmetry at x =4 means the equation is of the
form y=a(x— 4)2 +k.
Point (0,6) = 6 =16a+k....(1)
Point (6,0) = 0=4a+k....(2)
equation (1) — equation (2)
6=12a

1
La=—
2

. 1. .

Substitute a = E in equation (2)

k=-2
. 1 2
The equation is y=5(x—4) -2
1
.'.yzE(xz —8x+16)-2

1 5
Ly=—x"—4x+6
2x X
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12 a y=(ax+b)(x+¢)

Point (5,0) = 0=(5a+b)(5+c¢)
sSa+b=0or5+c=0

b=-S5aorc=-5
Point (0,-10) = —10 = (b)(¢) ....(1)
Consider bthe case where ¢ = —5. Equation (1) becomes
-10=-5

b=2

Substitute in y = (ax + b)(x +¢)
sSy=(ax+2)(x-5)

y=ax2 —5Sax+2x-10

Sy= ax* +x(2-5a)—10

Consider the case b = —5a. Equation (1) becomes
—-10 =-5ac

sLe=—
a
Substitute in y = (ax + b)(x +c)

soy=(ax— Sa)(x +%)

a
.'.y=ax2+2x—5ax—10
sy=ax’ +(2-5a)x-10
Either way, y = ax® + (2-=5a)x-10.
A=(2-5a)* —4xax(-10)
S A=(2-5a)*+40a
~A=4-20a+254> +40a
s A=4+420a+254q*
~A=(2+5a)®
Given A=4
~(2+5a)? =4

245a=1+2
sSa=—-4or5a=0

As a is the coefficient of x, for a parabola a # 0.

Therefore, reject a = 0.
4

Sa=——

5

4
With a = - 3 the equation of the parabola becomes
yz—ix2+(2—5><ﬁ)x—10
5 5
4
.'.y:—§x2+6x—10

Factorising,

y=—§(2x2—15x+25)

.'.y=—§(2x—5)(x—5)

. 5 . .
The x intercepts are at x = E’x =5. Since x =5 was given,

the other x intercept is (%,0).

The point (—4,0) is the turning point.
sy=alx+ 4)?
Point (2,9) = 9 = a(6)’
9
La=—
36

Soa=—

4
.o 1
The equation is y = Z(x +4)2

TOPIC 3 Quadratic relationships ¢« EXERCISE 3.6

b The point (p,0) is the turning point.

sy=alx— p)2
Point (2,9) = 9= a2 - p)*...(1)
Point (0,36) = 36 = a(—p)>

s 36=ap?..(2)
equation (2) + equation (1)
36__ ap’
9 a-p)’
__r
2-p)y

.'.4(4—4p+172):p2
- 3pt—16p+16=0
S Gp—-H(p-4=0

4
cp=—,p=4
p 3 p

Therefore there are two possible values for p.
1
Ifp= % equation (2) =36 =ax 36
36=ax 16
9
_36x9
16
81
a=—
4
The equation of the parabola y = a(x — p)2 becomes

ey
R G

. _g(3x-4)z
BRI G

2
_81 Gx=4)
4 9
9 2
Ly==Q@Bx—-4
y 4(x )
If p=4, equation (2) = 36=ax16
9

Soa=—

4
9
The equation of the parabola would be y = 2 (x— 4)2

The graphs of both these parabolas contain the points (2,9)
and (0,10).

9
The turning point of y = Z(3x -4 s (%,0) and the

turning point of y = %(x —4)?is (4,0).

X

Since the points A (—1,15) and B (5,15) have the same y
co-ordinate, they are placed symmetrically to the axis of
symmetry of the parabola.

The axis of symmetry has the equation x =

5ivin
> giving

the x co-ordinate of the vertex V as x =2.
Let V be the point (2, k).

d(V,B)=+2-5%+(k—15)
=9+ (k—15)°
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As the distance VB is /90 units,
J9+ (k—15)2 =90
9+ (k—15)2 =90
~(k=15?% =381
k=15=149
k=6,k=24

If k = 24 then the vertex V (2,24) would lie above the
points A and B and the parabola would be concave down.
As the parabola is concave up, reject k = 24.
k=6
The vertex V has co-ordinates (2,6).
The equation of the parabola is y = a(x —2)> +6
Substitute the point B (5,15)
~15=a(3)’ +6
sa=1
The equation is y = (x — 22 +6
V (2,6), B (5,15), 0 (0,0)

Solving using the simultaneous equation template gives

a=-0.02,b=56.
b The equation of the parabola is y = —0.02x2 +56.
Solving the equation 0 = —0.02x2 +56

in Equation/Inequality gives x = -52.915,x =52.915

correct to three decimal places.
The x intercepts are (£52.915,0).

Exercise 3.7 — Quadratic inequations

1 zeros x =—3,x =4, concave up

A+

3 f

2 81x% —18x+1=(9x—1)°

1
Zero x = 5 multiplicity 2

=Y

A+

Y

i 15-6
C.}radleiof VB, m = S_2 3 a (4-x)(2x-3) S3 0
Mg = 6 Solution isxsaorx24
Gradient of OV, m = ) Check: Let x = -2
smoy =3 (4= (2)2(-2)-3)
Since my = my,, and point V is common, the three points =6x—7
0,V and B are collinear. =42
YA <0
Letx=5
0,15)  M(2, 15) (4-5)(10-3)

G 15 ——1x7

A
(—1,15>\
=7

Vo b 637 <x+2
< > s 6xt —x-2<0
0 ! - (Bx=2)2x+1)<0
2 1
Y Zeros areng,x:—a
AB is the base of triangle VAB and VM is its height. +
AB =6 units and VM =9 units. - “x
The area of triangle VAB: _% %
1
—bh 1 2
2 | The solution set is {x : 3 <x< g}
=5 X6%9 4 6x<x*+9
=27 S 0<x?—6x+49
The area of VAB is 27 square units. (x=3)2>0

15 One method is to use the Statistics facility.
Enter the x co-ordinates in List 1 and the y co-ordinates in
List 2 in the Statistics screen. Tap Calc — Quadratic Reg and
tap OK to accept the entry on the Stat Calculation window
that appears. This then gives

This will always be true except if x =3
Therefore, x € R\ {3}
5 a y=x>+3x—10....(1)

From equation (2),y=2—x

=42

e Substitute in (1)

2—x=x>+3x-10

=-10

. i i 2 wxP+4x-12=0

The equation of the parabola is y =4.2x~ +6x —10. o

16 a y=ax’+b S (x+6)(x-2)=0
SLXx=—6,x=2

Substitute the two points to form a pair of simultaneous
equations
(20.5,47.595) = 47.595 = a(20.5)* + b

(42,20.72) = 20.72 = a(42)* + b

Ifx=-6,y=8,if x=2,y=0
Points of intersection are (—6,8) and (2,0)
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b y=6x+1and y:—x2 +9x-5
For intersection,
6x+1=—x>+9x-5
x?=3x+6=0
A=(=3)" - 4(1)(6)
=9-24
=-15
Since A <0 there are no intersections
6 y=4x andy:x2 +4
At intersection,
dx=x*+4
n0=x?—4x+4
L (x=2)%=0
x=2
Since there is only one value the line is a tangent to the
parabola
When x =2,y =8, so the point of contact is (2,8)
y
y= ) y=4x
(2,8)

0.4)

o¢ “x

7 y=mx-17 andy=3x2+6x+5
For intersection,
3x2+6x+5=mx—7
2332 +x(6-m)+12=0
A=(6—m)*—4(3)(12)
=(6—m)* —144
6-m—-12)(6-m+12)
=(-6—m)(6—m)
=—(6+m)(6—m)
For at least one intersection, A >0
Sign diagram of the discriminant

\
(

< >
- >
m

-6 6

Therefore there will be at least one intersection if m < —6 or

m26
8 y=kx+9 andy=x2+14
For intersection,
2 +14=ke+9
axt—kx+5=0
A=(=k)> = 4(1)(5)
=k>-20
For no intersection, A <0
k?=20<0
.-.(k+\/ﬁ)(k—\/ﬁ)<0
Zeros are k =+2./5
Sign diagram of the discriminant
<—5—>
k
2V5 235
Therefore no intersections if —2+/5 < k < 2+/5

9 a x> +8x—48<0
S(x+12)(x—4)<0

TOPIC 3 Quadratic relationships « EXERCISE 3.7

—12 4
~—12<x<4

b —x2+3x+4<0
S(=x+dHx+D)LO0

- 4
sx<-lorx=4
¢ 33-x)<2x?
9-3x<2x?
S 2x243x-9>0
S (2x=3)(x+3)>0

-3

(Y[}

3
sx<-3orx>—
2

d (x+35)*>9
S (x+5%-9<0
(X +5-3)(x+5+3)<0
S(x+2)(x+8)<0

(

<
<

-8 2

S8 <x< =2
e 9x<x2

~9x—x2<0

S x(9-x)<0

- —
T

sx<0orx>9
f 5(x—2)=4(x—-2)*
S 5(x=2)—4(x=2)220
S (x=2)[5-4x-2)]20
A (x=2)(13-4x)20

j |
— 1 )
2 13
4
.‘.ZS)CSE
4

10 a 36-12x+x%>>0
36-12x+x% >0

S (6-x)%>0
6 X
. xeR\{6}

The solution set is R\ {6}
b 6x* —12x+6<0

S 6(x2—2x+1)<0
~6(x=1%<0

——

1 X

Solution set is {1}

Maths Quest 11 Mathematical Methods VCE Units 1 and 2 Solutions Manual

| 69



70 | TOPIC 3 Quadratic relationships « EXERCISE 3.7

¢ —8x>+2x<0

s2x(4x-1)<0

0

1

4
1

sx<0orx>—
4

Solution set is {x:x <0} U{x Tx> %}
x(1+10x) <21
Sx+10x%2 <21
~10x% +x-21<0
S (Bx=T)(2x+3)<0

.'.—ESXSZ
5

Solution set is {x : —3 <x< Z}
2 5

y=5x+2...(1

y:x2 —4...(2)

Substitute (1) in (2)

SS5x+2=x" -4
x?=5x-6=0

S(x=6)(x+1)=0
SLx=6,x=-1

In (1), when x =6, y=32 and when x =-1, y=-3.

Answer x=6,y=32o0orx=-1, y=-3.

4x+y=3..(»)

y=x2+3x-5....(2)

From (1), y =3 —4x. Substitute in (2)

~3—4x=x>+3x-5
Ax2+7x-8=0

Sx-Dx+8)=0
nx=1lLx=-8

In (1), when x =1, y=—1 and when x = -8, y =35.

Answer x=1, y=—lor x=-8, y=35.

2y+x—-4=0..()

y=(x=3)?+4...(2)

From (1), x =4 —2y. Substitute in (2)
ny=@-2y-3)2+4
Ly=(1-2y)% +4
ny=l-dy+4y?+4

n4y? =5y+5=0

Test discriminant

A=(=5)" —4x4x5

=-55
Since A <0, there are no solutions.
Xy
—+==1...1
3 s @

X —y+5=0..(2)
From (2), y= x% +5. Substitute in )

x x*45
S =
35
O S5x+3(x*+5)

v 15

~3x2 +5x+15=15
~3x2+5x=0
Sx(3x+5)=0

1

1

.'.)c=0,x=—é
3

In (2) when x =0, y=5 and whenx=—§,y=%+5

_70

5
Answer x=0, y=50r x =——,
Y 3779

y=2x+5....~1)

y==5x2 +10x+2....(2)

At intersection, 2x +5 = —5x2 +10x + 2
. 5x2 —8x+3=0
S Gx=-3)(x-1)=0

Lx=—,x=1
5
3 6
In(l) whenx==, y=—+35
M X=5Y=3
3.3
575

In(1) whenx=1,y=7
The points of intersection are 2,2),(1,7) .
y=-5x—-13...(1) >3
y=2x2+3x=5...(2)
At intersection —=5x —13=2x> +3x -5
2 2% +8x+8=0
axt+4x+4=0
L (x+2)2=0
Lx=-2
In (1) when x=-2, y=-3
Point of intersection is (—2,-3).
y=10....(1)
y=05-x)(6+x)....(2)
At intersection, 10 = (5 — x)(6+ x)
~10=30-x—x?
x4 x-20=0
L(x=dHx+5=0
x=4,x=-5
Points of intersection are (4,10),(-5,10)
19x—y=46...(1)
y=3x2=5x+2...(2)
From (1), y =19x —46. Substitute in (2)
2 19x—46=3x* —5x+2
2 3x% —24x+48=0
s x?—8x+16=0
L(x=42=0
Lx=4
Substitute x =4 in (1)
s y=19%x4-46
~y=30
Point of intersection is (4,30).
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13

14

15

a y=4-2x...(1)
y=3x2+8...(2)
At intersection, 4 — 2x =3x> +8
s 3x2+2x+4=0
A=2%—4x3x4
S A=—44
Since A <0, there are no intersections.
b y=2x+1....»1)
y= —x*—x+ 2...(2)
At intersection, 2x+1=—x
x4 3x-1=0
A=3%—4x1x(-1)
~A=13
Since A > 0, there are two intersections.
¢ y=0...(»Y
y==2x2+3x=2....(2)
At intersection 0 = —2x2 +3x—2
A=32—4x(=2)x(=2)
A==
Since A <0, there are no intersections.
y=(k-2)x+k...(1)
y=x?=5x..(2)
At intersection, (k —2)x+k = x> —5x
nx?=5x—(k=2)x—k=0
cxt—x(5+k=2)—k=0
Xt =B+k)x—k=0
A=[-GB+k)] —4x1)x(=k)
S A=9+6k+ k% +4k
S A=K*+10k+9
A=+ 1)(k+9)

2_x+2

Sign diagram of A

- -9 -1 k

a For no intersections, A <0
s9<k<—1

b For one point of intersection, A =0
k=-1k=-9

¢ For two points of intersection, A >0
k<—9ork>-1

a The equation px2 —2px+4 =0 will have real roots if A>0
and p #0.
A=(-2p)* —4x px4

=4p’—16p

=4p(p-4)
Sign diagram of A

‘ 054 )
Az20=0<p<4,

The equation will have real roots if 0 < p <4 since p #0.
b y=tx+1...(1)

y=2x2+5x+11...(2)

At intersection tx+1=2x% +5x+11
S 2xr+5x—1x+10=0

2232+ (5-Dx+10=0

16

TOPIC 3 Quadratic relationships « EXERCISE 3.7

a

I 71

For no intersection, there are no solutions to
2x2 +(5—-1)x+10=0 and its discriminant must be
negative.
A=(5-1)2-4x2x10
=(5-1)*-80
:(S—t—x/%)(S—t+x/%)
~A=(5-4V5-1)(5+45-1)

Zeros are t=5—4+/5 and t =5+ 4/5
Sign diagram of A

5—4655+46 !

A <0 when5-45<t<5+4+/5
The line does not intersect the parabola for
5-45 <t <5+445.
y=x...(1)
y=9x2 +nx+1...(2)
At intersection x = 9x” +nx +1
SOx 4 nx—x+1=0
2P +(n-Dx+1=0
If the line is a tangent to the parabola, there is one solution
so A=0.
A=(n-1)>-4x9x1
=(n-1*-36
=(n-1-6)(n—-1+6)
SA=n=-T)(n+5)
A=0whenn=7,n=-5.
The line is a tangent to the parabola if n=7,n=-5.
M -x?<12
Leta=x>
na*—a-12<0
s (a—4)a+3)<0
L =4 +3)<0
A (x=2)(x+2)(x>+3)<0
Since x* +3 >0 for all values of x, the inequation becomes
(x-2)(x+2)<0

~

-2 2

sL-2<x<2
2y—-3x=6....(1)
y=x2....(2)
Substitute (2) in (1)
s 2x2-3x=6
5 2x7-3x-6=0

e 3+4/(=3)> =4 x2x(-6)

4
_3%457

Ty
Therefore, x =—1.137... or x =2.637...
Substitute each into equation (2) to obtain y =1.29 or
y =6.96 respectively.
To two decimal places, the points of intersection are
(—1.14,1.29),(2.64,6.96).
The line 2y —3x = 6 intersects the axes at (—2,0),(0,3). The
parabola y = x* has minimum turning point at (0, 0). Both
graphs contain the points (—1.14,1.29),(2.64,6.96).
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17 a

18 a

(-1.14, 1.29)

(-2,000

2y-3x=6 y
The region enclosed between the two graphs lies below
the line and above the parabola. The closed region can be
described by the inequalities 2y —3x <6 and y > x2 That
is, the region is {(x,y): 2y —3x <6} N {(x,y) cy2x? }

3

2y-3x=6=>y= Ex+3/ Its gradient is %
Let the parallel line which is to be a tangent to the

parabola, have the equation y = 5 x+c.

. . . 3
At intersection with the parabola, x> = Ex +c.

52x% =3x-2c=0
For line to be a tangent, A=0
5 9-4x2x(2c)=0

S 9416¢=0
9
C 16 3 9
The tangent line has the equation y = Ex 16 Its y

intercept is (0,—2) .
16

The equation x> —5x+4=0canbe expressed as
x? =5x —4. The intersection of y = x> with the line
y=>5x—4 would form this equation.
Rearranging the equation 3x? +9x-2=0 gives
9x=2-3x’
29x+3=2-3x"+3
23Gx+1)=-3x%+5

.'.3x+1=—x2+§
3

The equation gives the x co-ordinates of the points
of intersection of the line y = 3x +1 with the parabola

2 5
y=—-x"+ 3
y = (x+2)? has minimum turning point and x intercept at
(=2,0); y intercept at (0,4).
y=4—x* has maximum turning point and y intercept at
(0,4); its x intercepts are at (—2,0) and (2,0).

Points of intersection are (—2,0) and (0,4).

b iy=(x+ 2)2 and y=k — x% intersect when

(x+2)° =k—-x%

iii

axi+dx+d=k-x?
s 2x2 +4x+4-k=0
A=42—4x2x(4—k)

S A=-16+8k
For one point of intersection, A=0
S —16+8k=0
nk=2

ii y=2- x% has maximum turning point and y intercept at
(0,2); its x intercepts are at (—\/E,O) and (x/EO)
Point of intersection: Substitute k =2 in
2x% +4x+4-k=0

S2x2+4x+2=0
X2 42x+1=0
S (x+D)P=0
x=—1

When x = -1,y =1. Common point C has co-ordinates
(-LD.

C(-1,1)lieson y=ax+b.
sl=—a+b

~b=a+l1
The equation of the tangent line becomes y = ax +a+1.
There is one solution to the simultaneous equations
y=ax+a+1and y:2—x2.
Lax+a+1=2-x"
sxttax+a-1=0
A=a’-4x1x(a-1)
=a’—4a+4
=(a- 2)2
A=0=a=2 anda=2=b=3
The tangent to y =2 — x* is the line y = 2x +3.
To show this line is also a tangent to y = (x +2)*:
2x+3=(x+2)°
s2x+3=x+4x+4
X+ 2x+1=0
A=4-4x1x1
S A=0
The line y = 2x +3 is a tangent to y = (x +2)%
The equation of the common tangent is y = 2x + 3.

19 a On the main screen in Standard mode, tap Interactive —

Equation/Inequality — solve and enter 19 —3x — 5x% <0.
The < symbol is found in Keyboard — Mth — OPTN.

~(v/389+3) 393

The answer given is x < ,X
10 10

b Use the procedure in part a. The solution to 6x2 +15x <10

(<465 +15 _
< - )SXS\/46152 15

20 a Inthe Graph & Tab screen enter y1: 2x* —10x. The family of

lines could be graphed using the Dynamic Graph facility.
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enter y2: bx +a and tap the diamond shape on the ribbon
— Dynamic Graph.

Enter for a

Start: —6

End: 0

Step: 2

Although b = —4 enter for b

Start: —4

End: -3

Step: 1

Then graph by ticking the boxes and tapping the graphing
symbol.

To alter the values of a the cursor is moved sideways. (The
values of b are contolled by the vertical cursor but this is
not relevant for the line y = —4x+a).

For each line, tap Analysis — G-Solve — Intersect to
obtain the points of intersection.

a =—0: Intersections are Not Found
a=-4:(1,-8),(2,-12)

a=-2:(0.38,-3.53),(2.62,-12.47) to two decimal places
a=0:(0,0),(3,-12)

Solve 2x? —10x = —4x+a for x using Equation/Inequality
having cleared All Variables first.

~(V2a+9-3) L _2a¥9+3
2

Solution is x =

s

2
For the line y = —4x +a to be a tangent, there should be

TOPIC 3 Quadratic relationships ¢« EXERCISE 3.8 | 73

1912 — 4561 -1200=0

_ —b+b* —dac

St

2a
., _ 456EJ4567 ~ 419 (-1200)
i 38
e 1=-2.39,26.39

S 1=26.4
(reject negative value)

2 30 metres of edging using the back fence as one edge.
a width x metres, length 30 —2x metres

S A=x(30-2x)
s A=30x-2x"

b A=0=x(30-2x)=0

Sx=0,x=15

Therefore, turning point is
x=75,A=7.530-15)
=(7.5,112.5)

Dimensions of garden for maximum area are width 7.5 m,
length 15 m

only one solution. ¢ Greatest area is 112.5 square metres

5~N2a+9=0 3 10h=161+4-9:2
2a+9=0 a The ball reaches the ground when & =0.
9 5 0=16t+4 -9
T4ty 9% —161-4=0
- 0+3 (9t +2)(t-2)=0
For the point of contact, x = ——, .
2
Whenx:ianda:—g, .'.t=—§,z:2
2 2 5
y:—4><§—2 Reject t =——since 1 >0
2 2 ] 9
21 sr=2
== 5 It takes the ball 2 seconds to reach the ground.

For the line to be a tangent, a = —4.5 and the point of
contact is (1.5,—10.5).

1 h=100+38t——¢
12

Exercise 3.8 — Quadratic models and applications

19 ,

a At turning point f = ——
2a

38

t— e —
2(-13)
12
=12
19
#h=100+38(12) - —x12

S h=100+19x12
s h=328
Therefore the greatest height the missile reaches is 328 metres

b It reaches its greatest height after 12 seconds

¢ time to return to the ground: 0 =100+ 38— %tz

Leth=1.6
~10x1.6=16t+4—-9¢>

9P —16:+12=0
A=(-16)* —4x9x12

S A=-176
Since A <0 there is no value of 7 for which 2 =1.6.
The ball does not strike the overhanging foliage.
107 =16t +4 —9¢*
107 =16t +4 —9¢*
s h=1.6t+0.4—-0.9¢
o h==0.9" +1.61+0.4

. . b
At turning point, t = ——
2a

16
2x(-0.9)

—_
[=))
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10h=—9xﬁ+16x§+4
81 9

.'.10h=@
9
ah=0
9

. . 10
The greatest height the ball reaches is ry metres.

4 a y=12+22x—-0.2x>
y==02(x2=11x-6)

e 8]

. __02'(x_£)2_2_ﬁ
S | Y R

r 2
e (- 1) 288
| 2 4

S y=-02(x=55)*+0.2x ?

y=-02(x—55)+7.25

b Since the maximum turning point is (5.5,7.25), the greatest
height the volleyball reaches is 7.25 metres.
¢ The court is 18 metres in length so the net is 9 metres
horizontally from the back of the court.
When x =9, the height of the volleyball is
y=124+22x9-0.2x81

sy=4.8
The volleyball is 4.8 metres high and the net is 2.43 metres
high. Therefore, the ball clears the net by 2.37 metres.

5 a The total length of hosing for the edges is 120 metres.
S 20+4w =120

S A+2w =60
S 1=60-2w
The total area of the garden is A=/Xw
LA=(60-2w)Xw
o A=60w—2w?
b Completing the square,

A=-2(w* =30w)
A==2[ (W =30w+157)-157]
o A==2[(w=15)" —225]
s A=-2(w—15)> +450
Maximum area of 450 sq m when w =15, and if w=15
then [ =30.
The total area is divided into three sections in

the ratio 1:2:3.
Dividing the length / =30 into 6 parts gives each part 5.

The lengths of each section are 5,10,15 metres respectively.

5m 10m 15 m

15m

The smallest section has width 15 metres and length

5 metres with area 75 sq m. The amount of hosing required
for its four sides is its perimeter of 40 m.

The middle section has width 15 metres and length

10 metres with area 150 sq m. The amount of hosing
required is for three sides since it shares one side with

the smallest section. Therefore the amount of hosing is
2x10+15 =35 metres.
The largest section has width 15 metres and length 15 metres
with area 225 sq m. The amount of hosing required is for
three sides since it shares one side with the middle section.
Therefore the amount of hosing is 2 x 15+ 15 = 45 metres.
6 a N =100+46¢+21>
Initially, =0 = N =100
When N =200,
200 = 100 + 461+ 2¢*
2207 +46:-100=0
P +23r-50=0
S (E+25)(1-2)=0
st =-25(reject) or t =2
st=2
It takes 2 seconds for the initial number of bacteria to
double.
b Atlpm, t=5
~N=100+46x5+2x%25
- N =380
At 1pm there are 380 bacteria present.
¢ N =380 —180¢+30¢ where ¢ is the time since 1 pm.
The minimum number of bacteria occurs at the minimum
turning point.
At the turning point,
—-180
2% 30
st=3
N =380—-180x3+30%x9
~N=110
The minimum number of bacteria is 110 reached at 4 pm.
7 z=5x2 +4xy+6y%...()
x+y=2...2)
From equation (2), y =2 — x. Substitute in equation (1).
z=5x2 +4x2-x)+6(2-x)*
52 =5x7 +8x —4x? +6(4 —4x+x%)
nz=T7x" —16x+24
At the turning point,

__"l6
2x7
8
SoX=—
7
z:7><ﬁ—l6><§+24
49 7
_64_128 168
7 7 7
104
S =—
7

Minimum turning point is (%g)
.. . 104 . 8
The minimum value of z is T This occurs when x = ; and

8
=2-2
Y=oy

8 a Each piece of wire forms the perimeter of each square.
The perimeter of a square of side length 4 cm is 16 cm.
As the total length of the original piece of wire is 20 cm,
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the perimeter of the second square is 20 —16 =4 cm. This
makes the side length of the second square 1 cm.
The sum of the areas of the two squares gives the value
of S.
SS=4x4+1x1
~S=17

b The square of side length x cm has area x? sq cm and
perimeter 4x cm.

The second square has perimeter (20 —4.x) cm. Each of its

20—-4x

sides is =5— x cm. hence the area of the second

square is (5 -x)’ sq cm.

nS=x*+(5-x)
=x2+25-10x+x>

~8=2x"-10x+25

The minimum turning point occurs when

Ifx= %, the perimeter of the first square is 4 x % =10 cm.

For the sum of the areas of the two squares to be a

minimum, the piece of wire needs to be cut into two equal

pieces of 10 cm.

a C=c+kn+kyn® where k, and k, are the constants of
proportionality.
n=>5,C=195=195=c+5k, +25k,....()
n=28,C =420 = 420 = c + 8k, +64k,....(2)
n=10,C =620 = 620 = ¢+ 10k, +100k,....(3)
Eliminate ¢
equation (2) — equation (1)
225 =3k, +39%,
s T5 =k +13k,....(4)
equation (3) — equation (2)
200 =2k, + 36k,
5100 =k +18k,....(5)
equation (5) — equation (4)
25=>5k,
Sk, =5
Substitute k, =5 in equation (4)
S T5=k +65
sk =10
Substitute k; =10 and k, =5 in equation (1)
S 195=c+50+125
se=20
Answer The relationship is C =20+ 105 + 51>
b C <1000
2.20+10n+5n* <1000
sn®+2n+4<200

2 +2n-196<0
Consider n% +2n—196 =0
o (n? +2n+1)—1—196=0

S+ =197
sn+1=+197
n=-1£J197

Sign diagram of n® +2n-196
0

o1 -NT97 1+ 197 1
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Since n € N, and —1++/197 = 13.04, n> + 21— 196 <0 when
0<n<—1+197

~1<n<13

Therefore 13 is the maximum number of tables that can be
manufactured if the costs are not to exceed $1000,

y
S B

A C _

I hd T T 3

0 7 4

The width of the bridge is 14 metres so the turning point B
has co-ordinates (7,5).

As AC = 8 metres, by symmetry, OA =3 metres and

OC =11 metres.

The co-ordinates of A are (3,0) and the co-ordinates of

C are (11,0).

The equation has the form y = a(x —7)% +5.
CL0)=0=a(l1-7*+5
s 16a+5=0
-3
16
5
The equation of the parabola is y = —E(x -7)% +5.
When y=1.5,
3 5 5
—=—-—x=-7)"+5
T
24=-5(x-7)>+80
~5(x=7)% =56
56
x=P==
(x=7) 5
sLx—=T=% /ﬁ
5
Sx=T7%3.35

S x=3.65x=10.35
The width of the water level is 10.35 —3.65 = 6.7 metres, to
one decimal place.
Cost: C=15+10x
Revenue: R = vx
S R=(050-x)x
Profit = Revenue — Cost
P =(50-x)x—(15+10x) where P dollars is the profit
from a sale of x kg of fertiliser.
s P=50x-x*—15-10x
W P=—x"+40x-15
Completing the square,

P == (x? ~40x-+400)—400+15]
. P=-[(x-20)"-385]
~P=—(x—20)" +385

Maximum turning point is (20,385). The profit is greatest
when x = 20.

If x =20, the cost per kilogram, v, equals 30.

For maximum profit, the cost per kilogram is $30 per
kilogram.
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12 a Let the two numbers be x and y.
Given x+y=16, then y=16—x.

i

Let P be the product of the two numbers.

P=xy
L P=x(16—1x)
The x intercepts of the graph of P against x are
x =0,x =16 so the axis of symmetry is x =8.
When x =8, P =64 so (8,64) is the maximum turning
point. And, when x =8, y=8.
The product is greatest when the numbers are both 8.
Let S be the sum of the squares of the numbers
nS=x*+(16-x)
58 =x%+256-32x +x°
58 =2x" =32x+256
The graph of this function would have a minimum
turning point.

C-ordinates of the turning point: x = — _73'2 =x=8
§=8+8’
S85=128

TP (8,128) so S is least when x =8 and therefore y =8.

The sum of the squares of the two numbers is least
when both are 8.

b x+y=ksoy=k—x

i

Product, P = x(k — x)

0+k
Greatest when x = 5

When x =—,
Pzéxf
2 2
2
o
4

2
The greatest product of the two numbers is R

Sum of squares, § = %2 +(k — x)z.
If § = P, then x* + (k — x)* = x(k — x)....(1)
Xtk =2k x% = ke —x?
2332 =Bkx+k* =0
Use the discriminant to test if there are solutions.
A= (-3k)* —4x3xk*
=9k* - 12k*
=-3k*
A <O unless k=0.
Substitute £ =0 in equation (1)

2x% =—x?
~3x2=0
x=0

But the numbers were non zero so k #0
There are no non zero numbers for which the sum of
their squares and their product are equal.

13 a The times of day need to be converted to the number of
hours after midnight.

4:21pm is 16 hours plus 0 hours after midnight, giving

the ¢ value of 16.35.
Enter the values into the Statistics menu as

List 1 List 2

10.25 1.05

14 a

List 1 List 2
16.35 3.26
225 0.94
Tap Calc — Quadratic Reg to obtain, to two decimal
places,
a=-0.06
b=1.97
c=-12.78

The equation of the quadratic model is

h=-0.06t> +1.97t —12.78.

Enter the equation as yl = 0.06x* +1.97x—12.78

in the Graph&Tab screen and sketch the graph.

Tap Analysis — G-Solve — Max to obtain the maximum
turning point at x =16.42,y =3.39 to two decimal places.
The greatest height the tide reaches is 3.39 metres above
sea level.

The time of day is 16.42 hours after midnight which is 4
pm plus 0.42 x 60 = 25.2 minutes.

The greatest tide is predicted to occur at 4 : 25 pm.

The two sections of the wire form the perimeters of the two
shapes. For the square of side length x cm, its perimeter is
4x cm. Therefore, the perimeter of the circle is 20 —4x cm.
The area of the square is x? sq cm.

The area of the circle is given by A = 772,

The circle’s circumference, or perimeter, is 20 —4x cm.

s 2mr=20-4x

20—4x
Sr=
2
10—2x
r=
T

The area of the circle is &

(IO—Zx)Z (10-2x)2
= sq cm.
T T

2
The sum of the areas: § = x> + a0-2x" .

T
Use the graphing screen to obtain the graph and the
Analysis menu to obtain the co-ordinates of the minimum
turning point as (2.8,14.0) to one decimal place.
For minimum S, x =2.8 and therefore the perimeter of the
square is 4x2.8=11.2 cm.
Hence, the wire should be cut into two sections with one
of length 11.2 cm and the other 8.8 cm in order to minimise
the sum of the areas of the square and the circle these
sections respectively enclose.
Since the perimeters of the square and the circle are 4x and
20 — 4x respectively,
4x20and 20-4x=0
~x20andx <5
~0<x<5

(10-2x)?

Sketch the graph of § = x4+ for0<x<5.

\/

The screen suggests the greatest value for S occurs when

x =0. Check this by tapping Analysis = G-Solve —
Y-Intercept to obtain S =31.83.

Then tap Analysis — G-Solve — y-Cal, and enter the value
5 for x. This gives S = 25.

The value of x for which S is a minimum is x = 0. (This
means all the wire is used to form a circle).
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Topic 4 — Cubic polynomials

Exercise 4.2 — Polynomials
1 A and C are polynomials, B is not a polynomial due to the
2

term ——.

For A: gegree is 5 (a quintic), leading term coefficient is 4 and
the constant term is 12. The coefficients are integers so A is a
polynomial over Z, the set of integers.
For C: degree is 2, leading term coefficient is —0.2 and the
constant term is 5.6. The coefficients are rational numbers so
C is a polynomial over Q, the set of rationals.
2 Many answers are possible, however they must contain
y7 - \/Eyz +4 and the fourth term chosen must have the
power of y as one of the whole numbers 1, 3, 4, 5 or 6. One
answer could be y” +2y° —+2y* +4, for example.
3 a P(x)=7x>-8x2—4x-1
P(2)=7(2)* -8(2)* —4(2)-1
=56-32-8-1
=15
b P(x)=2x"+kx+12
P(=3)=0=0=2(-3)> +k(-3)+12
S 0=18-3k+12
0=30-3k
3k =30
k=10
4 Px)= “2x+9x+m
P =220 +9D)+m

P()=T+m
P(-1)==2(-1* +9(=1)+m
P(-1)=-T+m

AP =2P(-1)=T+m=2(-T+m)
T+m=-14+2m
21=m
m=21
5 Qx+D(x=5) =a(x+1)*+b(x+1)+c
Expanding,
2x2 —9x—S=ax’>+2ax+a+bx+b+c
2xr—9x=5=ax*+Qa+b)x+(a+b+c)

~2=a, -9=2a+b, —S=a+b+c
a=2, -9=4+b, -5=24+b+c
~b=-13 -5=2-13+c¢

sc=6

6 Let (x+2)° = px>(x+ D)+ gx(x+2)+r(x+3)+¢
Expanding,

243222 +3x(2)° +(2)° :px3 +px2 +q)c2 +2gx+rx+3r+t
x3+6x2+12x+8=px3+(p+q)x2+(2q+r)x+(3r+t)

I=p, 6=p+q, 12=2qg+r, 8=3r+t

p=1, 6=1+gq, 12=2q+r, 8=6+t

p=1 q=>5 12=10+r =2
r=2

Therefore (x+2)° = x> (x + 1)+ 5x(x + 2) + 2(x + 3) + 2
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7 P(x)+20(x)
=4x3 - px> +8+4203x> +gx=7)
=453 +(6—p)x2 +2gx—6
Therefore 4x° +(6— p)x* +2gx —6=4x" +x* —8x -6
Equating coefficients:
(x*)6—p=1and (x)2¢=-8
Hence p=5and g =—4.

8 P(x)0O(x)
=(x 32 = Tx+ (3 +x+1)
=x* P Hx+D+32 3 +x+ D =T (P +x+ D207 +x+1)
=x T+ 0 +x 130 135 4302 Tt — 7P = T+ 2x0 42542
=x" +4x° —6x* +5x3 —4x% —5x+2
Degree is 7
x—12
a
x+3
_(x+3)-3-12
x+3
_(x+3)-15
x+3
_x+3 15
x+3 x+3
15
=1-
x+3
Quotient is 1, remainder is —15
b 4x+7
2x+1
_22x+1)+5
2x+1

2x+1

10 3x> —6x+5=ax(x+2)+b(x+2)+c

23x2 —6x+5=ax’ +2ax+bx+2b+c
=3x2 —6x+5=ax’ +x(2a+b)+2b+c
Equating coefficients of like terms
x2:3=a..()
x:—6=2a+b...(2)
constant: 5=2b+c....(3)
Substitute equation (1) in equation (2)
S—6=2%X3+b
b=-12
Substitute b =—12 in equation (3)
S 5=2x-12+c¢
sc=29
sa=3,b=-12,c=29
2 3x% —6x+5=3x(x+2)—12(x+2)+29
3x2—6x+5
x+2
_3x(x+2)-12(x+2)+29
x+2
_3x(x+2) 12(x+2) . 29
x+2 x+2 x+2
=3x—-12+ 29
x+2
P(x)=3x-12,a=29
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11 a Long division method gives

22— x+6

x—2j2x3—5x2+8x+6
25— 4x?

The remainder is 18.
Alternatively,
2x* —5x% +8x+6
x—2
27 (x=2)—x(x —2)+6(x —2)+18

x—2
18

x—2

=2x7 —x+6+

The quotient is 2x? — x+6 and the remainder is 18.

b
—2x+1jx3+0x2+0x+10

%x2+0x+10

1,2_1
FX° =X

XOH10 1, 11 81

X——t——
1-2x 27 47 8 8(1-2x)

The remainder is %

12 Divisor (x — 1)2 =x*—2x+1
Long division method would give:

- x+3

x2—2x+1)x4 —3x3+6x*=7x+3

xt—2xd+ &2

3 2 .
—x” +5x" —7x+3 Quotient = x> — x +3
—x342x2— x  remainder =0.

>

3x2 —6x+3
3x2 —6x+3

13

14

15

Alternatively,
=33 +6x2 —7x+3
(x=1?
_ =33 +6x% —7x+3
- x? —2x+1
27 =20+ D) —x(x? = 2x+ D) +3(x% - 2x+1)
- x2=2x+1

=x’—x+3

a The polynomials are A, B, D and F.
3

A:3xS + 70t —%erz —8x+12

B: 9-5x* +7x% —5x+ x> =9—/Sx+7x% + x> = 5x*

D: 2x%(4x—9x%) =8x> —18x*

F: (4)62 +3+7x° )2
=(@x? +3)+75°)
=(4x? +3)2 +2(4x> +3)(Tx>) + (7x%)?
=16x" +24x% +9+14x7 (4x? +3) +49x°
=16x* +24x% +9+56x° +42x> +49x°
=49x% +56x° +16x* +42x3 +24x% +9

Type of Leading | Constant
Degree | coefficient | term term
A 5 Q 353 12
B 4 R 5.4
D 4 z _18x% 0
F 6 N 49x°

b C:v4x’ - \/3)1c3 +Bx-lisnota polynomial due to

= 1
4x° =2x2 term: 5 & N.

6 5
E: X _ zi+ iz - 7_x+ 4 is not a polynomial due to
10 7 3x2 5 9
iz = Exiz term: —2¢& N
3x 3
P(x):2x3+3x2+x—6
a P3)=23)°+33)*+(3)-6
=54+27+3-6
=78
b P(-2)=2(-2)* +3(-2)> +(-2)-6
=-16+12-2-6
=-12
¢ P()=21+3()*+()-6
=2+3+1-6
=0
d P(0)=-6
3 2
A A
2 2 2 2
_ 1,31,
4 4 2
=—6

f P0.1)=2(0.D°+3(0.)*> +(0.1)-6
=0.002+0.03+0.1-6
=-5.868
P(x) =x?—Tx+2
a P(a)-P(-a)=((a)’ = 7(a)+2)-((-a)’ = 7(-a)+2)
=(a2 —7a+2)—(a2 +7a+2)
=-14a

Maths Quest 11 Mathematical Methods VCE Units 1 and 2 Solutions Manual



TOPIC 4 Cubic polynomials e EXERCISE 4.2 | 79

b PA+h)=1+h)?-7(1+h)+2 b x> +mx?+nx+p=(x-2)(x+3)(x—4)
=1+2h+h* —T—-Th+2 Expand .
254 X AmxT+nx+p=x-2)(x"—-x-12)

¢ P(x+h)—P(x) =x3—x?—12x-2x" +2x+24

=[(x+h)2 —7(x+h)+2]—|:x2 —7x+2] xS+ mx? +nx+p=x3 —3x2—10x+24
_ [x2 A —Tx—Tha 2]—x2 T Equat::zc.o;fiimznts of like terms
=x" +2xh+h* =Tx=Th+2—x" +7x -2 cin=—10
=2xh+h>-Th constant: p =24
16 a P(x)=4x> +kx* —10x —4 Answer: m=-3,n=-10,p=24
P)=4+k-10-4 ¢ x>—14x+8=a(x-b)> +c
=k-10 nx?—l4x+8=a(x® —2xb+b*)+c
P1)=15 =ax? - 2abx +ab* +c
=k-10=15 Equating coefficients of like terms
Sk=25 xil=a..()
b 0(x)=ax® —12x+7 x:-14=-2ab...(2)
0(=2)=-5 constant: 8 = ab” +c....(3)
= a(—2)2 =12(-2)+7=-5 Substitute a =1 in equation (2)
sda+244+T7=-5 so—14=-2b
so4a=-36 ~b=17
sa=-9 Substitute a =1, b =7 in equation (3)
c P(x)=x> —6x% +nx+2 ~8=49+c
P(2)=3P(-1) e=—4l
5 ) 5 ) sa=1,b=7,c=-41
=(2° =62 +n(2)+2=3[(-1)’ =6(-1)" +n(-1)+2] 2 dx 8= (r—7) 4l

58-24+2n+2=3(-1-6-n+2)
s 2n-14=3(-5-n)
s2n—14=-15-3n
s 2n+3n=-15+14

d Let4x’ +2x> = Tx+1=ax*(x+ D+ bx(x+ D+c(x+ ) +d
A +2x? —TIx+l=ax’ +ax® +bx® +bx+cx+c+d
=ax’ +(a+b)x> +(b+c)x+(c+d)

Sn=—1 Equating coefficients of like terms
1 X id=a..(l)
“mETS 2 2=a+bh..(2)

x:=T7=b+c...3)

_ .2
d Q()=—x"+bxte constant: 1=c+d....(4)

0)=5=c=5
20 ¢ Substitute a =4 in equation (2)
03)=0 ~2=4+b
=5 +b(5)+c=0 nb=-2
Substitute ¢ =5 Substitute b = —2 in equation (3)
S=25+5b+5=0 =T7==2+c¢
~5b6=20 fc=-5
nb=4 Substitute ¢ = —5 in equation (4)
Answer b=4,c=5 s 1=-5+d
17 a 3x°>+4x—-T=a(x+1)*>+b(x+ 1D +c ~d=6
Expand the right hand side Hence, 4x°+2x2 = Tx+1=4x*(x + 1) = 2x(x + 1) = 5(x +1)+ 6
. 2 _ 2
s3x +4x-T=a(x"+2x+1)+bx+b+c 18 a P(x)=2x2—7x—11andQ(x)=3x4+2x2+1
=ax’ +2ax+bx+a+b+c i O(x)—Px)
S3xr+4x—T=ax? +Q2a+b)x+(a+b+c) =3x* 4242 +1—(2x2 -7x—11)
Equate coefficients of like terms =3x* +7x+12
x*:3=a..() ii 3P(x)+20(x)
x:4=2a+b..(2) =302x> = 7x—1D+2(3x* +2x° +1)
constant: —7=a+b+c....(3) =6x> —21x—33+6x* +4x*+2
Substitute @ = 3 in equation (2) —6x* +10x2 —21x —31
4=6+b i P(x)0(x)
wb=-2 . . =(2x% = Tx—1D3x* +2x% +1)
Substitute a =3, b = -2 in equation (3) 6 4 N 5 3 4 )
o —7=3-2+c =6x" +4x" +2x" -21x7 —14x” = Tx—33x" - 22x" —11

c=-8 =6x° —21x° —29x* —14x> = 20x% - 7x—11

Answer a=3,b=-2,c=-8
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b P(x) has degree m, Q(x) has degree n and m >n

i The leading term of P(x)+ Q(x) must be the x™ term so the degree is m.
ii Similarly, the degree of P(x)—Q(x) is m.
iii The leading term of P(x)Q(x) must be the x™ X x" = x

19 a P(x)=x>-3x>+px—2, 0(x) =ax’ + bx* +3x - 2a

Given 2P(x) - Q(x) = S(x3 —xt+x+ q)

2(x3 —3x? +px—2)—(ax3 +bx? +3x—2a)=5(x3 —x2 +x+q)

2% —6x +2px—4—ax® —bx® —3x+2a="5x"—5x> +5x+5¢

Q=) +(6-b)x2 +(2p—3)x+(—4+2a)=5x> —5x> +5x+5q

"1 term so the degree is m +n.

Equating coefficients of like terms
X’ :2—a=5...(1)
X =6-b=-5..(2)
x:2p-3=5...03)
constant: -4 +2a = 5¢....(4)
equation (1) = a = -3, equation (2) = b = —1, equation 3) = p=4.
Substitute @ = =3 in equation (4)
s —4-6=5¢q
sq=-2
Answera=-3,b=-1,p=4,q=-2
bi Let4x* +126° +13x% +6x+1=(ax’ +bx+c)

sdxt 11207 +13x% +6x+ 1
= (ax2 +(bx+ c))2
= (axz )2 +2ax? (bx+c)+ (bx+ c)2
=a’x* +2abx® + 2acx® + b*x? + 2bex + ¢
=a’x* +2abx’® + Lac+ bz)x2 +2bcx +c?
Equating coefficients of like terms
xtid=d(1)
2 :12=2ab...(2)
x*:13=2ac+b*...(3)
x:6=2bc....(4)
constant: 1= cz....(S)
Since a >0, equation (1) >a =2
Substitute @ =2 in equation (2)
S 12=2X2%xb
~b=3
Substitute b = 3 in equation (4)
S 6=2%X3Xc
se=1
Check a =2,b =3,c =1 satisfies the remaining two equations
equation (3): 2ac + b? = 22)) + (3)2 =13 as required
equation (5): = (1)2 =1 as required

2
sAxt 1227 #1307 +6x+ 1= (207 +3x+1)

ii Hence, 2x> +3x+1isa square root of 4x* +12x° +13x% + 6x+1as

Jax' 1226 4135 +6x+1 = (207 +3x+1)°
=2x2+3x+1
20 a P(x)=x4+kx2+n2,Q(x)=x2+mx+n
P(x)Q(x)

=(x4 +k>c2+nz)()c2 +mx+n)
=x% +mx +nxt + ket + kmx® + k025 +nlmxc+ 0

=x% +mx’ +(n+k)x4 +kmx3+(kn+nz)x2+n2mx+n3
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Since P(x)Q(x)=x°® —5x° = 7x* +65x* —42x* ~180x+216
(given), equating coefficients of like terms gives
X im= =5....(D
xtintk=-7...2)
X km=65....(3)
x? tkn+n® = —42....(4)
x:n’m= —180....(5)
constant : n° = 216....(6)
Substitute m = =5 in equation (3)
. —5k=65
S k=-13
Substitute £ = —13 in equation (2)
~n—-13=-7
n=06
Check values m = -5,k = —13,n =6 in remaining equations
equation (4): kn + n? =-13x6+6>
=-78+36
=—42
equation (5): n’m=36x-5=-180 as required
equation (6): n’=6°=216as required
Answer m=-5,k=-13,n=6
P(x)Q(x) = (x* =132 +36)(x* - 5x+6)
P(x)=x*-13x* +36
=(? -H(x*-9)
=(x=2)(x+2)(x=3)(x+3)
O(x)=x*—5x+6
=(x-2)(x=-3)
5 P(0)Q(x) = (x = 2)* (x = 3)* (x +2)(x +3)
x+7
x—=2
_(x=2)+9
Tox=2
_x=2 9
Tx-2 x-2
9
x—2
Quotient 1, remainder 9
8x+5
2x+1
_42x+D+1
C 2x+1
_4@x+h 1
2x+1 2x+1
1
2x+1
Quotient 4, remainder 1
x* +6x-17
x—1
_x(x—=D+Tx-17
- x—1
_x(x =D +7(x—-1)-10
- x—1
_Xe=D_ T-D  -10
x—1 x—1 x—1
10

=x+7-——
x—1

Quotient x + 7, remainder —10

=1+

22
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d 2x* —8x+3

a

x+2
_2x(x+2)-12x+3

x+2
_2x(x+2)—12(x+2)+27

x+2
_ 2x(x+2) N —12(x+2)+ 27

x+2 x+2 x+2

=2x—12+ 2
x+2

Quotient 2x — 12, remainder 27
2 +2x2=3x+5
x-3
X (x=3)+5x% —3x+5
- x-3
X (x=3)+5x(x=3)+12x+5
- x-3
x%(x=3)+5x(x = 3)+12(x —3) + 41
, x-3
x“(x=3) 5x(x-3) 12(x-3) 41
x-3 " x-3 " x-3 +x—3

=x2+5x+12+

x—
Quotient x2 +5x+12, remainder 41
2 —8x*+9x-2

x—1
X (x=1)=7x" +9x -2
- x—1
X (=D =Tx(x-D+2x-2
- x—1
X (=D =Tx(x=D+2(x-1)
- , x—1
x“(x-1) “Tx(x-1) 2(x-1
- x—1 " x—1 " x—1
=x2—Tx+2

Quotient x> —Tx+ 2, remainder O

(8x° +6x? —5x +15) divided by (1+2x)
= (8x> +6x% —5x+15) divided by (2x +1)

4x*+ x-3

2x+1)8x3 +6x2—5x+15

22+ x

3 2
- 1 1
:‘Sx +6x° —5x+ 5=4x2+x—3+ 8
2x+1 2x+1

Maths Quest 11 Mathematical Methods VCE Units 1 and 2 Solutions Manual

| 81



82 | TOPIC 4 Cubic polynomials « EXERCISE 4.3

b (4x’ +x+5) divided by (2x —3) x(7-2x%) 2% +7x
2x% +3x+5 (x+2)(x-3) x*-x-6
2x-3)4x" +0x+ x+5 - -2
4x3 — 62 xz—x—6)—2x3+0x2+ 7x+0
------------------------- —2x7 +2x% +12x
6x2+ x+5
6x” — 9x —2x% = 5x+40
----------------- —2x*+ 2x+12
10x+5
10x —-15 - 7x—-12
20 s
—2x”+7x Tx+12
—————————— =2
43+ x+5 ., 20 x*—x—6 x> —x-6
e T =2 4 3x 4+ 5+
2x-3 2x-3 2 a 4x7 —Tx% +5x+2
¢ (x?+6x% +6x—12)+(x+6) 2%+3
x2 +6 In the Main menu — Interactive — Transformation —

propFrac and enter the expression to obtain

) 3 2
x+6|x" +6x" +6x—12 propFrac

X +6x7 4°-Tx’+5x+2|_, 0 13 139 49
------------------------ 2x+3 27 42x+3) 4
6x—12
6x + 36 b Remainder is —%, quotient is ZxZ—%x+%
"""""" 8 ¢ The dividend is 4x* —7x% +5x+2.
__________________ 3 3\ 3V 3 139
TSR S R If“‘;“(—g) ‘7(‘5) +5(‘5j+2—‘7
x+6 x+6 d The divisor is 2x +3.
d 2+x)+(x+) =20 +2)+(x+1) 3 3
xP— x+1 Ifr=-7, 2(—5)+3=0

x+1 ix3 +0x2+0x+2 24 a In the Main menu — Interactive — Define

3.2 Func name: P
x X Variable/s: x
______________________ Expression: 33 +6x2=8x=10
—x2+0x+2 3 2
Tap OK to define P(x)=3x" +6x° —8x—10.
-x’- x Repeat the steps to define Q(x) = -3 +ax—6
_________________ )
X+2 b Enter P(—4)+ P(3) —P(g) to obtain ?
x+l ¢ Enter P(2n)+24Q(n) to obtain
------- 24n° +24n” - 24(n® — an+6) — 16n — 10. Highlight and
1 drop into Simplify to obtain 24n* +24an —16n—-154.
s . T d Enter Q(-2) = —16 in Equation/Inequality and solve for a
X +2=x2—x+1+L to obtain a =9.
x+1 x+1
i o2 +2x45
x* -1 ) Exercise 4.3 — The remainder and factor
X+ x theorems
=)t 0 = 4 2x+5 1 P(x)=x> +4x> —3x+5
4 > a Remainder = P(-2).
X - x
P(-2)=(-2)* +4(-2)* =3(-2)+5
=-8+16+6+
2 +0x2+2x+5 8+16+6+3
=19
3 p—
X X Remainder is 19.
3x+5
xx—xt 4245, 3x+5
5 =x"+x+ 5
x° -1 x° -1
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1
b Remainder = P (5)

AT (2

Remainder is %

2 Let P(x)=x> —kx? +4x+8
Remainder =29 when P(x) is divided by (x —3) = P(3) =29
23’ —k(3)?+4(3)+8=29
S A4T-9k =29
- 18=9k
k=2
3 a Q(x)=4x*+4x> —25x2 —x+6
0(2)=4(2)* +4(2)° =25(2)* = (2) +6
=64+32-100-2+6
=0
Therefore (x —2) is a factor
b Let P(x)=3x>+ax® +bx -2
Remainder of —22 when divided by (x +1) = P(-1) =-22
23D +a(-D+b(-1)-2=-22

sa—-b-5=-22
sa-b=-17
Exactly divisible by (x—1) = P(1)=0
s3+a+b-2=0
sa+b=-1
. . a-b=-17
Solve the simultaneous equations
at+b=-1
by adding and by subtracting
2a=-18 -2b=-16
sa=-9 ~b=8

Therefore P(x) = 3x° —9x% +8x -2
4 Let P(x)= 12x%> —4x+a

Since (2x +a) is a factor, P (— %) =0

) (e

~3a%+2a+a=0
~3a®+3a=0
~3a(a+1)=0
na=0,a=-1
5 a P(x)=x>+3x2-13x-15
P(-1)=-14+3+13-15=0=(x+1) is a factor
2 +3x7 —13x=15=(x+ )(x* + bx —15)
=(x+1D)(x2+2x—15)
=(x+D(x+5)(x-3)
b P(x)=12x>+41x* +43x+14
Since (x +1) and (3x + 2) are factors, then (x+1) Bx+2)is
a quadratic factor
P(x)=12x> +41x> +43x + 14
=(x+1D@Bx+2)ax+b)

=@Bx?+5x+2)(ax+b)

=@Bx?+5x+2)dx+7)
A P(x)=(x+DBx+2)4x+7)
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6 P(x)=12x>+8x*-3x-2

The zeros are of the form £ where p is a factor of 2 and ¢ is

q
a factor of 12.

Try p=land g=2

A8l (3

=£+2—§—2
8 2
=0

~.(2x—1) s a factor

Hence,

1203 +8x% —3x=2=(2x = 1)(6x> + bx +2)
=(Q2x=D(6x> +7x+2)
=(2x-DR2x+DGx+2)

The three linear factors are (2x —1),(2x +1) and (3x +2).

6x> +13x2 =2—x

S 6x+13x7 +x-2=0

Let P(x)=6x> +13x%> +x -2

P(-D)=—6+13-1-220

P(-2)=-48+52-2-2=0

s.(x+2)is a factor

6x> +13x% +x-2

=(x+2)(6x2 +bx—1)

=(x+2)6x>+x-1)

=(x+2)Bx-1DR2x+1)

For 6x% +13x2 +x—2=0,

(x+2)Bx=DR2x+1)=0

1

SX=-2,x=—,x=——

3 2
2xt +3x° —8x2—12x=0
Sx(2x% +3x% —8x—12)=0
~x[ X (2x+3)-4(x+3)]=0

S xx+3)(x2-4)=0
Sx2x+3)(x-2)(x+2)=0

.'.x=0,x:—§,x:2,x=—2
2

a Let P(x)=x3 —4x* —5x+3
Remainder = P(1) when P(x) is divided by (x —1)
P)=1-4-5+3=-5
Remainder is —5
b Let P(x)=6x" +7x> +x+2
Remainder = P(-1) when P(x) is divided by (x+1)
P(-1)=-6+7—-1+2=2
Remainder is 2
¢ Let P(x)=—2x>+2x* —x—1
Remainder = P(4) when P(x) is divided by (x —4)
P(4)==2(4)* +2(4)* = (4) -1
=—128+32-4-1
=-101
Remainder is —101

d Let P(x)=x" +x>+x-10

1
Remainder = P(_Ej when P(x) is divided by (2x +1)
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Remainder is —10%

e Let P(x)=27x> —9x% —9x+2

2
Remainder = P(gj when P(x) is divided by (3x —2)

3 2
P(3)-2(3) -3 -3)
3 3 3 3
:27><£—9><i—9><2+2
27 9 3
=8-4-6+2
=0
Remainder is 0
f Let P(x)=4x* —5x* +2x% = 7x+8
Remainder = P(2) when P(x) is divided by (x —2)
P(2)=4(2)* =5(2)° +2(2)*> = 7(2)+38
=64-40+8-14+8
=26
Remainder is 26

10 a P()c):x3 —2x% +ax+7
Remainder = P(-2) when P(x) is divided by (x +2)
L P(=2)=11
(227 =2(-2 +a(-2)+7=11
s—8—-8-2a+7=11
~—2a-9=11
s.—2a=20
sa=-10
b P(x)=4—x*+5x> —bx*
Remainder = P(1) when P(x) is divided by (x —1)
Remainder = 0 since P(x) is exactly divisible by (x —1)
~P1)=0
s 4-1+5-b=0
~8=b=0
~b=8

¢ Let P(x)= 2x% +ex? +5x+8

1
Remainder = P(E) when P(x) is divided by (2x —1)

3 2
2(1) +c(l) +5(1)+8=6
2 2 2
.'.l+£+§+8=6
4 4 2
Sl+ce+10+32=24

se=-19
d Let P(x) =x*+3x* —4x+d and Q()c)zx4 —9x2 -7
Same remainder when divided by (x + 3)
= P(=3)=0(-3)
(=3 +3(=3)? —4(=3)+d = (-3)" —=9(-3)* -7
so274+274+12+d =81-81-17
s 124+d=-7
~d=-19

11 a O(x)=ax> +4x* +bx+1

Remainder, Q(2) =39
sa(2)’ +4(2)? +b(2)+1=39
~8a+2b+17=39
s 8a+2b=22
sda+b=11...»1)
Q(-1)=0 since (x+1) is a factor
na(=D +4=D2 +b(-1)+1=0

s—a—-b+5=0
sa+b=5...(2)

Solving
4da+b=11...(1)
a+b=5..(12)
equation (1) subtract equation (2)
~3a=6

La=2

equation (2)=5b=3
Answer a=2,b=3

P()c):%x3 +mx’ +nx+2
Remainders, P(3) = P(-3)
%(3)3 +m(3)* +n(3)+2= %(—3)3 +m(=3)* +n(-3)+2

S94+9m+3n+2=-94+9m—-3n+2

S94+3n=-9-3n
s6n=-18
on=-3

.'.P()c):§)63+mx2 —-3x+2

P(3)=3P(1)

.'.9+9m—9+2:3(%+m—3+2)
~Im+2=14+3m—-9+6

som=—4
2
am=—=
3

Answerm:_g,n:g

Zero x =5= (x—15) is a factor of the polynomial
Zero x =9 = (x—9) is a factor of the polynomial
Zero x = -2 = (x+2) is a factor of the polynomial
i Therefore, the degree 3 monic polynomial is
(x=5)(x —9)(x +2) in factorised form.
ii Expanding, (x —5)(x —9)(x +2)
=(x=5)(x*=Tx—18)
=x’ =7x* —18x = 5x% +35x+90
=x* —12x* +17x+90
Zero x =—4 = (x +4) is a factor of the polynomial
Zero x =—1= (x+1) is a factor of the polynomial

1 1
Zero x = > = (x - E] is a factor of the polynomial

i Therefore, in factorised form, the degree 3 polynomial
with leading coefficient -2 is

2(x+4)(x+ 1)(x - %j =(x+4)(x+1)1-2x)
ii Expanding,

(x+d)(x+DHA-2x)

=(x? +5x+4)(1-2x)

=x? = 2x7 +5x —10x? +4 - 8x

=-2x7 —9x* —3x+4
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13 a Px)=x’-x2-10x-8
A P(x)=(x=4)(x2+3x+2)
AP =(x—Hx+2)(x+1)
b P(x)=3x>+40x> +49x +12
=(x+12)3x* +4x+1)
AP =(x+12)Bx+D(x+1)
¢ P(x)=20x>+44x>+23x+3
=(5x+1)(4x> +8x+3)
SPX)=0x+D2x+3)2x+1)
d P(x)=-16x>+12x> +100x - 75
=(4x =3)(—4x> +0x +25)
=(4x—-3)(25-4x2)
S P(x)=(4x=3)(5+2x)(5-2x)
e P(x)=-8x+59x> —138x+99
S P(x)=8x—=11)(x—=3)(ax+b)
=(8x> —35x+33)(ax+b)
=(8x2 =35x+33)(—x+3)
=@Bx—1D)(x=3)(-(x-3))
A P(x)=—(x=3)>8x—=11)
£ P(x)=9x>—75x2 +175x - 125
o P(x)=(3x = 5)(3x% = 20x +25)
=(Bx=5Bx=5)(x=5)
S P(x)=(Bx=5)%(x=5)
14 a Let P(x)=x>+5x*+2x—38
P()=14+5+2-8=0
s.(x—1)is a factor
X045 +2x -8 =(x—)(x? +6x+8)
=(x=Dx+2)(x+4)
b Let P(x)=x>+10x> +31x+30
P(=2)=(=2)* +10(=2)® +31(=2) + 30
=-8+40-62+30
=0
s (x+2)is a factor
A0 H10x2 +31x+30 = (x +2)(x% +8x +15)
=(x+2)(x+3)(x+5)
¢ Let-7=b
P(2)=2(2)° —13(2)> +13(2)+ 10
=16-52+26+10
=0
s (x—=2)is a factor
2% —13x2 +13x+10 = (x = 2)(2x% —9x - 5)
=(x=2)2x+1)(x-5)
d Let P(x)=—18x>+9x> +23x -4
P(-1)=—-18(=1)* +9(-1)? + 23(-1) -4
=18+9-23-4
=0
s.(x+1)is a factor
o—18x3 +9x2 +23x —4 = (x +1)(—18x% +27x — 4)
= (x+1)(=6x+DBx—4)
=(x+ 1)1 -6x)3x—4)
e Let P(x)=x> —7x+6
P()=1-7+6=0
s.(x—1)is a factor

TOPIC 4 Cubic polynomials e EXERCISE 4.3 | 85

L0 +0x = Tx+6=(x = 1)(x* +x—6)

x? = Tx+6=(x—1)(x-2)(x+3)
f x*+x*—49x-49

=x?(x+1)—49(x +1)

= (x+1)(x* —49)

=(x+Dx=7)(x+7)

15 a Let P(x)=24x" +34x* +x -5
As the zeros are not integers they must be of the form g

where p is a factor of 5 and ¢q is a factor 24.

A3 (37

. (2x+1) is a factor
Hence,

2453 +34x% + x=5=2x+1)(12x> + bx = 5)
=2x+1D(12x% +11x-5)
=Qx+DBx—1)4x+5)

b P(x)=8x>+mx+13x+5

. 5 .
i A zero of 5 means that (2x —5) is a factor.

i 80 +mx?+13x+5=2x=5)dx*+bx—1)
Equate coefficients of x:

13=-2-5b
~5h=-15

s b=-3
Hence,

8x> +mx? +13x+5=(2x=5)(4x> =3x—1)
=(2x=5dx+1)(x-1)
iii Consider 8x° +mx? +13x+5=(2x—5)(4x> —-3x—1)
and equate coefficients of x%
om=-6-20
som=-26
¢ i P(x)=x>—12x>+48x—64
P(4) =64 —12(16) + 48(4) — 64
=64-192+193-64
=0
~.(x—4)is a factor
Hence,
1% —12x% +48x — 64 = (x —4)(x* + bx +16)
=(x—4)(x* —8x+16)

=(x—4)(x—-4)’
=(x-4y
L P(x)=(x-4)°
0(x)=x>—64
Q) =x" -4’

=(x—4)(x* +4x+16)
50 = (x = 4)(x” +4x+16)
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16

. P(x)
ii
O(x)

_ (x—4)°
T (=42 +4x+16)
_ (x—4)
- X2 +4x+16
_xT-8x+16
x> +4x+16

(x2 +4x+16)—12x

x* +4x+16
_xP+4x+16 12x
X2 +4x+16 x> +4x+16
12x
X2 +4x+16
d P(x) =ax’ +bx* +cx+d
P(0)=9=d=9
Given factors = (x - x/g)(x+ \/5) =x*-3isa quadratic
factor.
X0+ bx? +cx+9=(x2 -3)(x-3)
The third factor is (x —3).
Expanding,
B4 +ex+9=x>—-3x> =3x+9
b=-3=c¢
a (x+4)(x-3)(x+5)=0
sx=—4,x=3,x=-5
b 2(x—=7)3x+5)(x-9)=0
S (x=7Bx+5)(x-9)=0

.'.x=7,x=—§,x:9
3

¢ 2} —13x% +34x+48=0
Let P(x)= x> —13x% +34x+48
P(-1)=-1-13-34+48=0
s.(x+1)is a factor
xS =13x% +34x+48=0
= (x+D(x*—14x+48)=0
S (x+HD(x—6)(x—8)=0
x=-1,x=6,x=8
d 2x*+7x2=9
2% +7x%-9=0
Let P(x)=2x>+7x>-9
P()=2+7-9=0
».(x—=1)is a factor
2% +7x2-9=0
=(x-D2x*+9x+9)=0
A (x=D2x+3)(x+3)=0

.'.x=1,x:—§,x:—3
2

e 3x2GBx+1)=4Q2x+1)
2 9x +3x2 =8x+4
S 9xP +3x2-8x—-4=0
Let P(x) =9x% +3x> —8x—4
P(1)=9+3-8-4=0
. (x—1) is a factor
2 9x° +3x2 —8x—4=0
= (x-DOXZ+12x+4)=0
A (x=DBx+2)?% =0

17

f

a

8x* +158x% —46x* —120x =0
= 2x(4x% +79x% = 23x—60) =0
Let P(x) =4x> +79x* = 23x - 60
P)=4+79-23-60=0
s (x—1)is a factor
~ P(x) = (x = )(4x* +83x +60)
= 2x(4x% +79x% —23x—60) =0
= 2x(x = 1)(4x> +83x +60) =0
S 2x(x=D(@x+3)(x+20)=0

.‘.x=0,x=1,x=—§,x=—20
4

P(x)=x>+6x*-7x-18

P2)=2)°+6(2)%-7(2)-18
=8+24-14-18
=0

Since P(2) =0, (x —2) is a factor of P(x).
axd+6x7 -7x—-18
=(x-2)(x*+8x+9)
=(x-2)[ (x> +8x+16)-16+9 ]
=(x-2)[(x+4-7]
=(x=2)(x+4+7)(x+4-7)

Let P(x)=3x> +5x +10x — 4

If (3x —1) is a factor then P(%) =0

3 2
P(3)=3(5) +3(5) +10(5)-4
3 3 3 3
=l+§+9_4
9 9 3
2 10
==+

. (3x—1)is a factor
s 30 4507 +10x -4 = Bx - 1)(x* +2x+4)
Consider the quadratic factor X2 +2x+4
A=b*—-4ac, a=1,b=2,c=4

=22 —4x1x4

=-12
Since A <0, the quadratic has no real linear factors.
Hence, (3x —1) is the only real linear factor of
P(x)=3x" +5x% +10x — 4.
Let P(x)=2x" —21x> +60x — 25
Since 2x% —11x+5= Qx—1(x=5),2x* -11x+5will be a
factor of P(x) if both (2x —1) and (x —5) are factors.

3 2
p(lj=z(lj _21(1j +6o(lj_zs
2 2 2 2
=l—2+30—25
4 4
=-5+30-25
=0
. (2x—1) is a factor
P(5)=2(5)* —=21(5)* +60(5) - 25
=250-525+300-25
=0
~.(x=5) is a factor.
Hence, 2x% —11x +5 is a factor.
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2 2x3 = 21x2 +60x-25=0 d P(x)=x>+px* +15x+d*
N (2x2 “1lx+5)(x-5=0 Since (x +a)2 =x2+2ax+a’isa factor,
n2x=1)(x=5)=0 P px2 +15x+a’ = (x2 +2ax+a2)(x+1)
1 Expanding the factorised form
.‘.ng,x=5 2+ px? +15x +d?

P(x)=5x" + kx® —20x—36 = +2ax+a®)(x+1)

As (x? —4) is a factor, =x}+x% +2ax? + 2ax + a’x + a*

S5x* +hor? =20x—36= (x* —4)(ax +b) =} +(1+2a)x> + (2a+a’)x +d*
= (x2 —4)(5x+9) Equating coefficients of like terms
=(x=2)(x+2)(5x+9) x2:ip=1+2a..(1)

Expanding the factorised form, x:15=2a+d*...(2)

5% +kx? —20x-36 = (x* —4)(5x +9) Solving equation (2),
=5x +9x% —20x - 36 a*+2a-15=0

Equating coefficients of x% k=09. s(a+5)(a-3)=0

ax* —5ax+42a-1)=0 sa=-Sora=3

Since x = a is a solution, substitute x = a in the equation. Substitute a = -5 in equation (1)

~a(a)? -5a(@)+4Q2a-1)=0 ':'Z - ! ;2X_5

.3 2 —
na’=5a"+8a-4=0 Substitute a = 3 in equation (1)

Let P(a)=a’ —5a° +8a—4 Lp=1+2x3
P(l)=1-5+8-4=0 cp=1
~.(a—1)is a factor of P(a). There are two possible polynomials, one for which
na —5a°+8a-4=0 a=-5,p=-9 and one for whicha=3,p=7.
= (a—1)a®>—4a+4)=0 2+ pxt+15x+a* =0
c(a-Da-27>=0 If a=-5p=-9, then x> —9x> +15x+25=0
ca=la=2 As (x+ a)2 =(x— 5)2 is a factor of the polynomial,
. , > b
P(x)=x"+ax*+bx—3and O(x) = x> + bx*> +3ax -9 (x" =10x+25)(x+1)=0
Since (x + a) is a common factor, P(—a) =0 and Q(-a) =0. so(x— 5)2 (x+1)=0
P(=a)=0 nx=5x=-1
s—a’+a’-ba-3=0 Ifa=3,p=7, then B +7x2+15x+9=0
sab=-3...(1) As (x+a)* = (x+3)* is a factor of the polynomial,
0(-a)=0 (X +6x+9)(x+1)=0
n—a +ba* ~3a* -9=0 L(x+3)(x+1)=0
na’ —a*h+3a>+9=0...(2) X=X :2_1 \
Solve the simultaneous equations: 19 L?t .P (x)=9+19x —.2x —Tx
ab=-3...(1) Divisor (x—\/§+1) is zero when x =2 — 1.
3 2 Hence, remainder is P(\/E - 1)
—a(ab)+3 9=0....12
@ —alabyt3a+5=0..(2) P(N2-1)=9+19(v2-1)-2(2-1) ~7(V2-1)’

Substitute equation (1) in equation (2) ! . . . .
Evaluate in CAS main screen — interactive — transformation

L3 2.9
—d 3a( 3);_ 3a”+9=0 — simplify in Standard mode gives the remainder as
sa”+3a+3a+9=0 _12\/5_,_33.

~at(a+3)+3a+3)=0
(a+3)a*+3)=0

9+19x—2x% —7x°
Alternatively, propFrac| ———————=——— | gives the
v prop [ x—2+1 ]g

a=-3ora’>=-3 (reject) quotient and the remainder.
sa=-3 20 10x° =5x* +21x+12=0
Substitute @ = -3 in equation (1) Solve for x on CAS in Decimal mode using Interactive
~—3b=-3 — Equation/Inequality — solve to obtain one solution
~b=1 x =-0.4696, correct to 4 decimal places.

Witha=-3,b=1,
P()c)=x3 —3x%+x-3

Exercise 4.4 — Graphs of cubic polynomials

=x*(x=3)+(x-3) 1ay=(@x-17°-8

=(x=3)x>+1) Point of inflection (1,—8)
0(x)=x+x>-9x-9 y intercept (0,-9)

=2+ 1) =9(x +1) x intercept Let y=0

=(x+1D)(x*-9)
=(x+Dx=-3)(x+3)
(x+a)=(x—3) is a factor of each polynomial.
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1 3
b y=1——(x+6)
y 36(x )

S(x=1°-8=0 YA
(x=1)° =8
Lx—1=2 y=2x"-2
sx=3
= (3,0) _ (1,0) _
< —" i

y=@x-17%-8
Y,

0,-2)

3 ay=(x+Dx+6)(x—4)
x intercepts at x =—1,x =—-6,x =4
y intercept at y = (1)(6)(—4) = —24

y=x+ D+ 6)(x—4)

Point of inflection (—6,1)
y intercept (0,-5)
x intercept Let y=0

1 3
S 0=lo(x+6
3610

(-6,0)

~(x+6)* =36
. _3
~x+6—;/% b y=(x—-4)2x+D2-x)
nx=336-6 x intercepts when
= (/36 -6,0)=(-2.7,0) x—4=0, 2x+1=0, 6-x=0
y ~x=4,-0.5,6
1 3 1
y=1- 3fé(x + 6)° y intercept at y = (—4)(1)(6) = —24

6.1 (2.7,0)

y=x-42x+ 1)(6-x)

=Y

(0,[-5) 4,0) (6, 0)

()

Point of inflection and x intercept

X 4 Factorise y =3x(x*> —4)
5_3_0 y=3x(x* -4)
Lx=06 Ly=x(x=2)(x+2)
= (6,0) x intercepts at x =0,x =2,x =-2
y intercept (0,—27) y intercept (0,0)
Shape: Positive x° shape

y=3x(x*-4)

y=2x>-2

Point of inflection and y intercept (0,-2)
x intercept Let y=0 1
~2x%=2=0 5ay=g(E=3(x+6)

xt=1 x intercepts: x =3 (touch), x =—6 (cut)
sx=1 turning point at (3,0)
=(1,0) y intercept: When x =0,

_1 .
)’—9( 3)°(6)

=6
= (0,6)
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y=g =370+ 6)

(=6,0)

b y=-2(x-1D(x+2)*
x intercepts: x =1 (cut), x = -2 (touch)
turning point at (-2,0)
y intercept: When x =0,
y==2(-D(2)*
=8
= (0,8)

YAy =20 - D)(x +2)°

6 y=0.1x(10—x)?

x intercepts: x =0 (cut), x =10 (touch)

turning point at (10,0)

y intercept: (0,0)

Shape determined by x* term

y=0.1x(100 — 20x + xz) —0.1x7 is x° term, so a positive
cubic shape

Shade the region below the graph for y <0.1x(10 - x)2

Y,

(0, 0) (10, 0)

=Y

y < 0.1x (10 — x)?

y=)c3 —3x2-10x+24

y intercept: (0,24)

x intercepts: Let P(x) = x*=3x2—10x+24
P(1)#0

P(2)=8-12-20+24=0

~.(x—2)is a factor

nx0 =3x% —10x+24

=(x=2)(x* +bx—12)

=(x-2)(x*-x-12)

=(x-2)(x—4)(x+3)

Therefore x intercepts at x =2, x =4, x = -3 (all cuts)

TOPIC 4 Cubic polynomials e EXERCISE 4.4 | 89

=23 - 3x%— 10x + 24
0, 24) y X X +

_(3.0) 2,0) 4,0

0 \/ "X

8 a y=—x>+3x>+10x-30

y intercept: (0,-30)
x intercepts: Factorise by grouping ‘2&2’
y=-x>+3x* +10x - 30
—x*(x=3)+10(x —3)
(x=3)(—x* +10)

= —(x—3)(x—\/E)(x+\/E)
Therefore x intercepts at x =3,x = +4/10 (all cuts)
(10 o) Y (V19 0)

N

y=-x+3x*+ 10x - 30

b y:x3+3x2+3x+2

.‘.y:x3 +3x% +3x+1+1

.‘.y=(x3 +3x2 +3x+1)+1

sy=(x+DP+1

The stationary point of inflection has co-ordinates (—1,1).
y intercept (0,2)

x intercept Let y=0

S+ +1=0
L+ =-1
Sx+l=-1
Sx=-2
(=2,0)
YMYy=2+3x%+3x+2
1.y 02
(=2,0) -
0 7x

9 a graphs of y=x> y=3x> y=x>+3,y=(x+3)°
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b graphs of y= -x>, y= -3x3, y= x> +3, y=—(x+3)3 2(x—3)3 +27=0
y=—(x+3)} y _33:_2
\ (x-3=-7
3 x=3 3 =0.6
y=—3x SoX = —%— .
3
3-—,0
-]

Y,

10 a y=(x+4)>-27
POI: (—4,-27)
y intercept: Let x =0
Ly=@)}-27=37

(0,37)
x intercept: Let y=0
(x+4)P-27=0
(x4’ =27
Sx+4=3 d y=16-2(x+2)°
=1 POL: (-2,16)
(~1,0) y intercept: Let x =0, y=16-2(2)> =0

graph passes through the origin
A

(=2, 16) (0, 0)

Y

_ _1\3
b y=2(x—1>+10 . y:_%(3x+4)3

POL: (1,10)
; . _ _ 3 _
y intercept: Let x =0, y =2(=1)" +10=8 = (0,8) POL3x+4=0=>x= —i, so POI and x intercept is (— ﬂ,O)
x intercept: Let y=0 3 3
2(x-1+10=0 y intercept: Let x =0,
(=1 =-5 y=-7@’
nx=1-35=-07 =-48 = (0,-48)
(-0
Y
0, 8)
(15, 0)
1, 10)
0 >
Y
¢ y=27+2(x-3)° POL: (0,9)
POLI: (3,27) x intercept: Let y =0

y intercept: Let x =0, y =27 +2(=3)’ = 27 = (0,-27)
x intercept: Let y=0
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11 a y=(x-2)(x+1)(x+4)
x intercepts occur at x =2, x =—1,x =—4
y intercept: Let x =0, y = (=2)(1)(4) = -8 = (0,-8)

b y=-0.5x(x+8)(x-5)
x intercepts occur at x =0,x =—-8,x =5

» y =-0.5x(x + 8)(x = 5)

c y=(x+3)(x-1)4-x)
x intercepts occur when x = -3, x=1,x =4
y intercept: Let x =0, y=3)(-1)(4) =-12=(0,-12)
Iy = (x+3)(x-1)(4-x)

1
d y:Z(Z—x)(6—x)(4+x)
X intercepts occur when x 1= 2,x=6,x=—4
y intercept: Let x =0, y = Z(Z)(6)(4) =12=(0,12)

Y= =06 -0 +x)
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e y=0.12x-7)(x-10)(4x+1)
x intercepts: Let y=0
2x-=7=0,x-10=0, 4x+1=0
7
.'.x=—,x=10,x=—l
2 4

7 1
(5’0)’(10’0)’(_Z’0)

y intercept: Let x =0, y=0.1(=7)(-10)(1) =7 = (0,7)

y y=0.12x-T7)(x-10)(4x + 1)
7
_ 7),I/-\ (39 %o, 0)
‘/f X
1
)

)

x intercepts occur when 5_1:0, 3—x+2:0, x_éz()
2 4 8
.‘.x:2,x=—§,x=§
3 8
. 5 5 5
yintercept: Let x =0, y=2(-1)(2) 3 :5:> E,0

12 a y=—(x+4)*(x-2)
x intercepts occur when x = —4 (touch), x =2 (cut)
y intercept: Let x = 0, y = —(4)?(-2) =32 = (0,32)

(0.3 ) =@+ HH-2)

(—4,0)
b y=2(x+3)(x—-3)°

x intercepts occur when x = -3 (cut), x =3 (touch)
y intercept: Let x =0, y = 2(3)(-3)? = 54 = (0,54)

YA y=2(x+3)(x-3)?

=Y

¢ y=(x+3)*(4-x)
x intercepts occur when x = =3 (touch), x =4 (cut)
y intercept: Let x =0, y = (3)2 (4)=36=1(0,36)
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92 | TOPIC 4 Cubic polynomials « EXERCISE 4.4

y , y=@+3)>2x-1)
y=x+3)(4-x)

LS
dy=70-0"x-12) ¢ y=(x+3)2x-15-x)

X intercepts occur when x =2 (touch), x =12 (cut) 1
. 1 5 x intercepts at x =-3,x=—,x=5

y intercept: Let x =0, y:Z(Z) (-12)=-12=(0,-12) 2
y y intercept at y = (3)(-1)(5) =—15

y= Q- 12) N
y= (4 3)2x - 1)5 - x)

(2,0) (12,0)

< (3.0 >
- “x
e y=3x(2x+3)’ 3
x intercepts occur when x =0 (cut), x = -5 (touch)
y Y
y=3x (2x + 3)? d 2(y-1)=(1-2x)°
(0,0) .'.y—1=%(1—2x)3

1 3
sy=—(0-2x)"+1
y 2( )

POI: When l—2x=0,x:%:>(%,lj

) x intercept: Let y=0
f y=-0.25x"(2-5x)

2 * —_ = — 3
x intercepts occur when x =0 (touch), x =— (cut) 2D =(1-2%)
¥ 5 A(1=2x)==2

y =-025x2 - 5%) 2 1=-2x=-32

s 1+32=2x
3
SoX= 1+32 =1.1
2
2
[1+2J— ’ 0]
13 a y=(x+3)°
POI and x intercept (-3,0) y intercept: Let x =0
y intercept (0,27) 1 3 3
y y:5(1)3+1:5:>(0,5)
0, 27)
y=(+3)
2y-=(1-2x?
1
BECY) . e\ &
/ O¢ X (1 +32,0)
b y=(x+3)>22x-1) | D 0 X
x intercepts at x = =3 (touch), x = 5 (cut)

Y intercept at y = 3 (=1)=-9
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e 4y=x(4x— l)2
1 2
Ly=—x(4x-1
=1 ( ) 1
x intercepts at x =0 (cut), x = 1 (touch)

y
4y = x(4x — 1)?

< (0, 0) - (zlt’ O)

<Y

f y= —%(2 -3x)(Bx+2)(3x-2)
Sy=- % x=13x-2)3x+2)(3x-2)
1 2
Sy= E(3x—2) Bx+2)
. 2 2
X intercepts when x = 3 (touch), x = -3 (cut)

y intercept at y = %(—2)2(2) =4

y= ——é(z ~30G 2)3x-2)
0,4)

<Y

14 a  y=9x*-2x°
.'.y=x2(9—2x) 9
x intercepts when x = 0 (touch), x = > (cut)

YA
y =9x%2 - 2x3

A

=Y

0[(0, 0) 1(% 0)

b y=9x>—4x
Sy= x(9x2 —-4)
Sy=x3Bx-2)3x+2)

. 2
x intercepts when x =0,x = ig

v =9x3 —dx

Y
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c y:9x2—3x3+x—3
.'.y:3x2(3—x)—(3—x)
=B3-x)3x*-1)
~y=0-x0)(V3x—1)(v3x+1)
1 1
BB

x intercepts when x =3,x =

y intercept: (0,-3)

d  y=9x(x>+4x+3)
Sy=9%(x+3)(x+1)
x intercepts when x =0,x =-3,x =-1

Y,

y = 9x(x*+ 4x + 3)

L 30 0,0)

/' 1, 0)\)1 X

e y=9x>+27x*+27x+9
S y=90x +3x2 +3x+1)
L y=9(x+1)°
POI (-1,0)
y intercept (0,9)

'y =9x3 +27x* +27x + 9
0,9

(-1,0)

VAR B

f  y=-9x"-9x*+9x+9

y=—9(x3 +x? —-x-1
=9’ (x+D-(x+D]
=9(x+D(x*-1)
=—9(x+ D(x+D(x—1)

y==9(x+1)*(x-1)

x intercepts when x = —1 (touch), x =1 (cut)
y intercept (0,9)
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94 | TOPIC 4 Cubic polynomials « EXERCISE 4.4

y=-9x—9x2 +9x +9

< 1) O 1,00 x

15 a y=2x°-3x2-17x-12

x intercepts when 2x% =3x% -17x-12=0
Let P(x)=2x" —3x* —17x~12
P(-1)=-2-3+17-12=0
s.(x+1)is a factor
2230 =3xr —17x - 12 = (x+ D(2x2 = 5x - 12)

=(x+1DR2x+3)(x—4)
S+ D2x+3)(x—-4)=0

.'.x=—1,—§,4
2

y intercept (0,—12)
y=2x8-3x2-17x- 12

39 c1o

b y=6-55x+57x> —8x°
x intercepts when P(x)=6—-55x+ 57x2-8x* =0
P(1)=6-55+57-8=0
. (x—1)is a factor
s (x—1)(—8x% +49x—6)=0

S(x=D(=8x+1D)(x-6)=0

.‘.le,le,x=6
8

y intercept (0,6)

YA
y=6-55x—57x* - 8x°

(0.0 —\Y /0.0 (6,0)

~< 0 X
Y

cy =x*—17x+4

X intercepts when P(x) = ¥ —17x+4=0
P(4)=64-68+4=0

s (x—4)is a factor

=Y

S (x=d)(xP+4x-1)=0
A= +dx+4)-4-1]=0
.-.(x—4)[(x+2)2—5]=0
Sx=4)(x+2-5)(x+2+5)=0
.'.x:4,x:—2+\/§,x:—2—\/§
Sx=4,x=02,x=-4.2
y intercept (0,4)

y=x-17x+4

(2 T5,0) (0, ) (-2 +T5, 0) 40
3 0 \/ X

d y=6x>—13x*-59x-18
x intercepts when P(x) = 6x° —13x% —59x—18=0
P(-2)=6x-8—-13x4+59%x2-18
=-48-52+118-18
=0
~.(x+2)is a factor
(X +2)(6x7 —25x=9)=0
S(x+2)Bx+1D2x-9)=0

.'.x:—2,x:—l,x:2
3 2

y intercept (0,—18)
YA

(_%’ O) y=6x3—13x> - 59x - 18

20N 29

080, —18) “x

Y

e y=—5x3 —7x% +10x+14
X intercepts when —5x3 —7x* +10x+14=0
=X (5x+T)+2(5x+7)=0
LGx+T2-x)=0
A Gx+D(V2-x)(V2+x)=0

.'.x:—%,x: 2,x:—\/§

y intercept (0,14)

y=-5x-7x>+ 10x + 14
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1
f y=—5x3+14x—24

. 1
X intercepts when _EXS +14x-24=0

Multiply by -2

S P(x)=x" —28x+48=0
P(2)=8-56+48=0

~.(x—2)is a factor
A (x=2)(x2+2x-24)=0
SL(x=2)(x+6)(x—=4)=0
Sx=2,x=-06,x=4

y intercept (0,—24)

Y 1
y= —§x2 + 14x - 24
(=6, 0) (4.0)

0 (2’ 0) X

<

(0, -24)

16 P(x)=30x>+kx* +1
1
a Since (3x—1) is a factor, P(gj =0

3 2
30(1) +k(l) +1=0
3 3

30 &
R |
27 9
~30+3k =27
3k =-57
k=19

b P(x)=30x>—19x*+1
=Bx-1)(10x2=3x-1)
=Bx-DGx+1D2x—1)

¢ P(x)=0:>)c=l,x=—l,x=l

3 5 2

d y intercept (0,1)

YA

2 (49

b O_)/'\
T

y>30x3 - 1922 + 1

<
-

Y

e Ifx=-1,
y=30(=1)> =19(-1)* +1
=48
#—-40
The point (—1,40) does not lie on the graph.

f shaded region above the graph, including the curve.

1
17 a _EX3+6X2 —24x+38=a(x—b)’ +c

1
.'.—5x3 +6x%—24x+38=a(x’ —3x*b+3xb> —b>)+c

=ax’ —3abx’ +3ab’x—ab® +¢

Equating coefficients of like terms
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1
¥ i-—=a

2
x2:6==3ab

.'.6=—3x(—ljb
2
b=4
constant: 38 = —ab> +¢
1 3
s38=—|—=|(4) +
(-3 ) +e
~.38=32+c¢
sc=6
Check coefficient of x : =24 = 3ab”
1
3ab* :3(——) 4)?
2 4
=3x-8
=-24
as required

1 1
.‘.—5x3 +6x° —24x+385—5(x—4)3 +6

1 1
b y:—§x3+6x2 —24x+38:>y:—5(x—4)3 +6

POI: (4,6)
y intercept (0,38)
x intercept: Let y=0

1 3
S0=——(x—4’+6
2()6 )

1 3

a=(x—4)Y =6

2(x )

L(x—4)°=12
x=4+312=63

(4+§/§,0)

y=x -5+ 11x-7

(4, 6)

= Oi [4+312, ONj

18 y=x>-5x>+11x-7

a Let P(x)=x> =5x>+11x-7
PH=1-5+11-7=0
s (x—1) is a factor
=5+ =T =(x = 1)(x* —4x+7)
Consider x* —4x+7
A=b*—4ac, a=1,b=—4,c=T7
=16-28
=-12
S A<O
No real linear factors for the quadratic term
s y=x>=5x*+11x -7 has only one linear factor and
therefore the graph has only one x intercept at x =1.
b Let x’ —=5x* +1lx—7=a(x-b)’ +c
x0 =5xr +11x =T =ax® = 3ax*b+3ab*x —ab® +¢
Equating coefficients of like terms
2il=a
x*:=5=-3ab
s =5==-3Db
5

ab=>
3
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x:11=3ab>
) 5)
3ab® =3()| =
o)
>
3
#11

Hence, x° —5x2 +11x —7 cannot be expressed in the form
a(x— h)3 +c.
¢ The coefficient of x° is positive; therefore, as x — oo the
y values of the graph also — oo.
d No POI, no turning points.
y intercept (0,—7)
one x intercept (1,0)
As x — Foo,y — Foo

y=x -5+ 11x-7,

A
=Y

0
0,-7) (4.0)

19 a y=x*+4x* —44x-96

(-5.4,100.8)

A

Y

(-8,0) (-2,0) (6,0)

(2.7,-166.0)

b The maximum turning point (=5.4,100.8) lies between
the x intercepts of (-8,0) and (=2,0). The midpoint of the
interval where x €[—8,-2] is x = =5 but for the turning
point, x,, ==5.4. The turning point is not symmetrically
placed between the two intercepts.

Similarly, for the minimum turning point (2.7,-166.0),

272250 thatis, 2.7 2.

Neither turning point is placed halfway between its
adjoining x intercepts.
20 a y=10x>-20x?-10x—-19

y y =10x>-20x*- 10x - 19

(2.6, 0)

A

=Y

(-0.2,-17.9)

(1.5,-45.3)

b y=—x>+5x" —11x+7
Y y=-x+5>-11x+7
©,7)

(1,0)

¢ y=9x%—70x%+25x+500
(0.2, 502.3)

y = 9x3 = 70x% + 25x + 500

(-2.2,0) (5,0)

Exercise 4.5 — Equations of cubic polynomials

1 a Inflection at (3,-7)
Therefore equation is y = a(x — 3)3 -7
Substitute (10,0)
n0=a(7)’ -7

7

=2

1

49

. 1 3
Equation is y=—(x—-3)" -7
q y 49( )

S.a

S.a

b Information: cuts at x intercepts at x =—5,0,4
Therefore equation is  y =a(x+5)(x)(x —4)
soy=ax(x+5)(x—-4)
Substitute (2,-7)
—T=a(2)(7)(-2)

Soa=—

4
Equation is y = %x(x +5)(x—4)
¢ Information: x intercepts at x = —2,3 turning point at x = -2
Therefore equation is y = a(x + 2)2 (x=3)
Substitute (0,12)
~12=a(2)*(-3)
s 12=—-12a
sa=-1
Equation is y = —(x + 2)2 (x=3)
2 Lety=ax’ +bx* +cx+d
(0,3),(1,4),(-1,8),(=2,7)
0,3)=3=d
Ly=ax’ +bx* +ex+3
Substitute other points to form simultaneous equations
(1,4)=4=a+b+c+3

satb+c=l...... (@)
-1,8)=8=-a+b—-c+3
—a+b—c=5........ )
(-2,7)=>T7=-8a+4b—2c+3
s—8a+4b—-2c=4
sda-2b+c=-2........ 3)
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H+2)
2b=6
~b=3
2+03)
3a-b=3
~3a-3=3
La=2
Substitute a =2,b =3 in (1)
243+c=1
sec=—4
Equation is y=2x> +3x% —4x+3
a (x-2)%6-x)>0
Zeros: x =2 (multiplicity 2), x =6
Negative coefficient of %
Sign diagram

+ N\

- 2 6

Y

Answer x <6,x #2
b 4x<x?
nAx=x3<0

Lx(4-x7)<0
Sx2-x)2+x)<0
Zeros: x=0,x=2,x=-2
Negative coefficient of x°
Sign diagram
+
= i) 0 2 X

Answer {x: 2<x<0}u{x:x =2}
¢ 2(x+4) -16<0
S(x+4)P <8
sx+4<2
Lx<=2
{x:3x3 +7>7x2 +3x}
303 +7>7x% +3x
2307 =T7x2 =3x+7>0
L x2Bx=7=Bx=7)>0
SBx=7E2-1)>0
~SBx=Nx-Dx+1)>0
Zeros: x = g,x =lL,x=-1
Positive cubic
Sign diagram

+
- |—1 1| |7 X

3

Answer{x:—1<x<1}u{x:x>%}

Points of intersection of y = (x +2)(x — 1)2 and y=—-3x are

found by solving

(x+2)(x 1% =-3x

Expanding,

(x+2)(x* =2x+1)=3x

X =3x+2=-3x
X 42=0
a0 ==2

nx==32
Ly=332
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Point of intersection is (—3/5 ,33/5 )
Graphs: Cubic y = (x +2)(x —1)*

x intercepts at x =2 (cut), x =1 (touch)

y intercept (0,2)

Linear y = —3x passes through (0,0),(-1,3)
YA

y=-3x

(32, 332)

=(x+2)x-1)?

For -3x < (x+2)(x— 1)2, require the line to lie below the

cubic.
Answer is x> —32
At intersection of y=4— x* and y=4x- X
4-x?=4x-x°
X —x?—4x+4=0
X2 -D-4(x-1)=0
L(x=D(x*=4)=0
L(x=D(x=2)(x+2)=0
Lx=Lx=2,x=-2
Substitute in y =4 — x>
Points of intersection are (1,3),(2,0),(-2,0)
Graphs: Cubic y =4x —x°
Ly=x(4—x%)
Ly=x(x—-2)(x+2)
x intercepts at x =0,x =12
Quadratic y =4 — x>

maximum turning point (0,4), x intercepts at x =+2

y

y=4x-x°

©.4) (1,3)

(2,0) 2.0

(0,0) “x
y=4-x

a x intercepts occur at x = —8,x =—4,x =—1

Let equation of graph be y = a(x+8)(x +4)(x +1)

Substitute the y intercept (0,16)
S 16=a(8)(4)(1)

. 16=32a
1

La=—
2

. 1
The equation is y = 5 (x+8)(x+4)(x+1)

b x intercepts occur at x = 0 (touch) and x =5 (cut)

Let equation of graph be y = ax? (x=5)
Substitute the given point (2,24)
- 24=a(2)*(-3)
~24=-12a
sa=-2
The equation is y = —2x2(x —5)
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¢ Point of inflection (1,-3) d For both x intercepts to be positive, graph needs to be
Let equation of graph be y = a(x — 1)3 -3 horizontally translated more than |d| units to the right; that
Substitute the origin (0,0) is, more than —a units to the right.
~0=a(-1)*-3 10 y=x"+ax’ +bx+9
s0=-a-3 a Turning point and x intercept (3,0),= (x — 3)2 is a
a=-3 factor.
The equation is y = —3(x — -3 b x*+ax’+bx+9= (x— 3)2(cx +d)

d x intercepts occur at x =1 (cut) and x =5 (touch) =(x>—6x+9)(cx+d)

Let equation of graph be y = a(x —1)(x — 5)2

2
=(x"-6x+9(x+1
Substitute the y intercept (0,—20) ( )(x+1)

220 = a(-1)(=5)° Lt vax® +bx+9=(x—-3)*(x+1)
. -20=-25a The other x intercept is (—1,0).
4 ¢ Expanding,
"'azg B tax® +bx+9=(x=3)2(x+1)

=(x2=6x+9)(x+1)

4
The equation is y = —(x —D)(x — 5)2
5 =x3+x2—6x* —6x+9x+9

8 a POI(-6,-7)

The equation is y = —2(x +6)* —7 =x7 —5x* +3x+9
b Under the translations, y = x* = y=(x—2)* —4 Equating coefficients of x> :a =—5
y intercept: Let x =0 Equating coefficients of x: b =3
y=(=2) -4 11 a (x=2)(x+D(x+9)=0
=-12 Zeros are x =2,x = —1,x = —9; coefficient of x” is
y intercept is (0,—12) positive.
¢ POI(-5,2) + I I I _
Let the equation be y = a(x + 573 +2 - —1 L1 "X
Substitute the point (0,-23) -9 -1 2
~=23=a(5)’ +2 SL-9<x<-lorx=2
5=23=125a+2 b x*=5x <0
~125a=-25 s x?(1-5x)<0 1
o1 Zeros are x = 0 (multiplicity 2), x = g; coefficient of x° is
“4=73 negative
1
The equation is y =——(x + 5)3 +2 + \/ | >
5 _ 0 L 7’x
x intercept: Let y=0 1
1 3 5
S0=—=(x+5"+2 1
1 5 Answer: x > 3
. 3_
nslrar=2 ¢ 8(x-2)°-1>0
. 3_
~(x+5)° =10 ','(X_2)3>1
x=—5+310 g
X intercept is (—5+2/m,0) .'.x—2>5
d y=ax’+b L x>25
Point (1,3)=3=a+b....(1) d O 4x<or?
P01nt.(—2213)9) ? 39=-8a + b..(.é()Z) 224 x<0
equation (1) subtract equation
‘..q_36 —94 d sx(x? =2x+1)<0
na=—4 Lx(x=1)*<0
Substitute a = —4 in equation (1) Zeros: x =0 (cut), x = | (touch); coefficient of x° is
~3=-4+b positive
sb=T
. 3 . . . + [ \/
The equation is y = —4x~ +7 so the point of inflection —< ] e >
9 a x intercepts occur at x = a (touch) and x = b (cut) Answer: x <0 or x =1
. . . 3.
Momc. polynomlal :> coefficient qf x7is I.SAfter e 523 4627 —20x—24 <0
reflection in the x axis, the coefficient of x 5
becomes —1. The shape shows the coefficient S x7(5x+6)-4(5x+6)<0
is negative. L (Bx+6)(x?-4)<0
The equation is y = —(x —a)’ (x - b) S (Bx+6)(x —2)(x+2)<0
b {x:P(x)=0}is {x:x<b} 6 .
¢ For both x intercepts to be negative, graph needs to be Zeros are x =——,x =2,x =-2; coefficient of x” is
horizontally translated more than b units to the left. positive
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a

| A +
R"

Answer:x<—20r—g<x<2

2x+1)=-8(x+1)> <0
2(x+1)[1—4(x+1)2]<0

2+ D(1=20x+1D)(1+2(x+1)) <0
S 2(x+1)(=2x—=1)(2x+3)<0

1

3 . .
Zero are x =—1,x = _E’x = _5; coefficient of x° is

negative

A+

Y

_3 L
2

1
Answer: —§<x<—1 or x>——
2 2

y=2x3 andy=x2
At intersection, 233 =x2

2250 —x2=0
Ax22x=D=0
sx=0, )c:l
2

Substituting x =01in y = x? gives y=0
1

Substituting x = > in y=x?gives y= 1

)

The points of intersection are (0,0) and (% %j

y=2x3 and y=x-1
At intersection, 2% =x-1
228 —x+1=0
Let P(x)= 2x° —x+1
P(-1)=-2+1+1=0
. (x+1)is a factor
220 —x+1=(x+ D2xF = 2x+1)
Consider quadratic factor 2x% - 2x+1
A=(=2)" =41
=4-8
<0
There are no real linear factors of this quadratic.
220 —x41=0= (x+ D222 =2x+ 1) =0
sox=-—1
Substituting x =—11in y=x—1 gives y = -2
Point of intersection is (—1,-2)
Cubic graph of y = 2x? has POI (0,0) and passes through

(l,l) and (-1,-2)
2 4

Parabola gaph of y = x” has minimum turning point at (0,0)

s

11
and passes through | —, —
p g (2 4)

Linear graph of y = x —1 has x intercept (1,0), y intercept
(0,-1) and passes through (-1,-2)

d

13 a

TOPIC 4 Cubic polynomials e EXERCISE 4.5 | 99

2% —x2<0

L x22x-1)<0
Since x% =0, either x =0 or 2x-1)<0

1
sx=0o0orx<—
2

SXS—
2

(Alternatively, draw a sign diagram to solve the
inequation).

Since 2x> — x> <0=2x> < x2, the inequation can be
solved by considering where the graph of y = 2x° lies on
or below the graph of y = x”. From the diagram this occurs

when x < > so x < 5 is the solution to the inequation.

X’ +2x-5=0

Rearranging, X =-2x+5

The solutions to the equation are the x co-ordinates of
the points of intersection of the graphs of y = x* and
y=-2x+5.

Since the line y = —2x + 5 has a negative gradient it will
intersect the graph of the cubic y = x° exactly once.

The equation x* +2x-5=0 has one solution.

¥ +3x% -4x=0

Rearranging, the equation can be written as x® +3x% =4x.
The solutions to the equation are the x co-ordinates of the
points of intersection of the graphs of y = x* +3x% and
y=4x.

The cubic graph: y = x® +3x% = y = x*(x+3) touches the
x axis at x =0 and cuts the x axis at x =-3.

The linear graph: y = 4x passes through the origin with a
positive gradient. A second point on the graph is (1,4).
For the cubic graph, when x =1,y =4 so both graphs pass
through the origin and the point (1,4).

As there are 3 points of intersection, there are 3 solutions to
the equation x® +3x% —4x=0.

X +3x%-4x=0

One way to interpret the equation as the intersection of a
cubic and a quadratic is to rearrange the equation to the
form x* = 3x? +4x.

Graphing y = x* and y= 332 +4x= —x(3x —4) shows
there are 3 points of intersection.
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YA 5

A
=Y

y=-x(3x-4)

Y
There are 3 solutions to the equation x*+3x% —4x=0.
d 2 +3xr—4x=0
Lx(x*+3x-4)=0
Sx(x+4)(x-1D)=0
Sx=0,x=—4,x=1
14 a Given information about the cubic polynomial are the
three points (1,0),(2,0),(0,12). However, the equation
y =ax® + bx? + cx +d contains 4 unknowns, so three points
are insufficient to completely determine the equation.
b y=ax3 +bx* +cx+d
Substitute the given y intercept (0,12)
~12=d
Ly=ax’ +bx* +ex+12
Substitute the given x intercepts
(1,0)=0=a+b+c+12
sna+b+c=-12...(1)
2,00=>0=a@®)+b(4)+c(2)+12
~8a+4b+2c=-12
~da+2b+c=-6....(2)
Subtract equation (1) from equation (2)
~3a+b=06
b=6-3a
Substitute b = 6 —3a in equation (1)
sa+6-3a+c=-12
sc=2a-18
Hence, y= ax® + 6-— 3a)x2 +(2a—18)x +12, as required.
¢ Firstcurve:a=1=y= 2 +3x% —16x+12
As (1,0),(2,0) are x intercepts, (x — 1) and (x — 2) are factors.
As (x —1)(x —2) = x> =3x +2, then
x* +3x% —16x+12 = (x> = 3x +2)(x +6). The third x
intercept is (=6, 0).
Second curve: a=—-1=y= —x>+9x2 —20x+12
(1,0),(2,0) are also x intercepts for the second curve, so it
has (x —1) and (x — 2) as factors.
co=x 4+ 9x% = 20x +12 = (x? = 3x+2)(—x +6)
The third x intercept is (6,0).
A

y=-3x

(6,0 0, 12)

d If the coefficient of x> is 15, then 6 —3a =15
~3a=-9
sa=-3
y=-3x>+15x2 = 24x+12
(x* =3x+2)(-3x+6)
32 =3x+2)(x=2)
Bx-D(x-2)(x-2)
ny=-3(x-D(x=2)>2
x intercepts are (1,0) (cut) and (2,0) (touch).
y

0, 12)
y=-30x-1(x-2)?
(1,0) (2,0)

15 y=(x+a)’+b

a Substitute the given points into the equation.
0,00=0=a’ +b...(1)
LD=7=0+a) +b...(2)
(2,26)=26=(2+a)’ +b...(3)
From equation (1), b = —a®. Substitute this in each of the

other two equations.
Equation (2):

7=(+a)’-d°

~T1=143a+3a*+d’ —a

A

3

- 6=3a+3a>
na’+a-2=0
s(a+2)a-1)=0
na=-2,a=1

Equation (3):
26=Q2+a)’ —da’
5.26=8+12a+6a* +a’ —a’
-~ 18 =12a+6a*
na+2a-3=0
s(a+3)a-1)=0
La=-3,a=1
The consistent value for a is a =1
Ifa=1thenb=-a’=-1
Answer: a=1and b =-1
b The graph has the equation y = (x + 1)’ -1.
At the intersection with the line y = x,
(x+1° —1=x
X437 +3x+1-1-x=0
X +3xr+2x=0
x(x2+3x+2)=0
Sx(x+D(x+2)=0
Sx=0,x=-1,x=-2

Since points lie on y = x, the points of intersection are
(0,0),(-1L,-1),(-2,-2),
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c y=(x+ 1)3 —1has POI (—1,-1) and its graph and the graph of y = x must intersect at (0,0),(—1,-1),(-2,-2).
A gpy=(+1¥-1

y=x

©,0)

)
2

(=1L-D

(2,-2)

d x*+3x2+2x>0
From part b, when the graph of y=(x+ l)3 — 1 intersects with the line y = x, (x + 1)3 —l=x=x>+3x>+2x=0.
Therefore x> +3x2 +2x >0 = (x+ 1)° —1>x = the graph of y=(x+ 1)3 —1 lies above the line y = x.
Using the diagram in part ¢, this occurs for =2 < x <—1 and for x > 0.
The solution set answer to the inequation is {x: 2 <x<-1}U{x:x>0}.
16 a At the intersection of y = x> with y=3x+2,
2 =3x+2
X0 =3x-2=0
Let P(x)= ¥ -3x-2
P(-1)=-1+3-2=0
- (x+1)is a factor
x> —3x—2=(x+1)()c2 -x=2)
=(x+Dx+DH(x-2)
=(x+1)*(x-2)
X0 =3x-2=0= (x+1)*(x=2)=0
sx=—1,x=2
Since x = —1 is a root of multiplicity 2, the two graphs touch at x = —1.
When x =—1, y= x> = —1. The line is a tangent to the cubic curve at the point (—1,—1).
b Whenx=2, y= X = 8, The line cuts the curve at (2,8).

c ¥

d y=mx+2is aline through (0,2) as is y = 3x+ 2. Hence, if m =3 there will be two points of intersection.
For positive gradient, if the line through (0,2) is steeper than y = 3x + 2, it will no longer be a tangent to the cubic graph, so
there will be three points of intersection. However, if the line is less steep than y = 3x + 2, there would only be one point of
intersection.
For negative gradient, the line through (0,2) would only have one point of intersection with the cubic graph.
For zero gradient, the line through (0,2) is horizontal and would only intersect the cubic graph once.
Answer: One point of intersection if m < 3, two points of intersection if m = 3 and three points of intersection if m > 3.
17 Define p, variable x, Expression ax> +bx* +ex+d

Solve

p(-2)=53

p(=1)=-6
p(2)=33
p(4)=-121

a,b,c,d
This gives a =-6,b=4,c=19,d =-5
The equation is y = —6x° +12x% +19x -5
18 a Use the Graph&Tab menu to draw the two graphs; then obtain the points of intersection from Analysis — G-Solve — Intersect.
The graphs of y =(x+ 1)3 and y =4x+ 3 intersect at (-3.11,-9.46),(-0.75,0.02),(0.87,6.44).
b At intersection, (x +1)* = 4x+ 3 so the x co-ordinates of the points of intersection are the solutions to this equation.
Tap Interactive — Transformation — Expand (or expand by hand) to obtain the equation in the form X +3x2-x-2=0.
¢ The )g co-orzdinates of the points of intersection of y = (x+1)* and y = 4x + 3 represent the x intercepts of the graph of
y=x"+3x"—-x-2.
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Exercise 4.6 — Cubic models and applications
1 a Sum of edges is 6 m
8x+4h=6
~2h=3—-4x
_3-4x
2

b V=xh

:x2(3—4)€)
2

_ 3x2—4x°
2
S V=15x2=24°
¢ x20,h20
3-4x

=~V

>0
s3-4x20

SXxS<—
4

. .. 3
Therefore restriction on domain is 0 < x < Z

d V= x2(1.5 —2x). Graph has x intercepts at x = 0 (touch), x = 0.75 (cut) shape of a negative cubic

VA
0.2
0.15
0.5,0.125)
0.1
0.05 -
0 T T T T T T T
0.1 0.2 03 0.4 05 0.6 0.7 073

1
e Greatest volume occurs when x = (.5 and therefore i = 5

Therefore the container with greatest volume is a cube of edge 0.5 m
2 al=20-2x,w=12-2xand h=x
Since volume is V =Iwh, V = (20 —2x)(12 - 2x)x

b x>0
[20=20-2x2>0 w20=12-2x20
Sx<10 x<6

Therefore to satisfy all three conditions, 0 <x <6
¢ V=20-2x)(12-2x)x,0<x<6
x intercepts at x =10,x =6,x =0 but since 0 < x <6, the graph won’t reach x =10 shape is of a positive cubic

VA V=x (20 - 2x) (12 — 2x)
250
200
150

100

50—
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d Turning points at x =2.43 and x = 8.24 The first turning point is a maximum and the graph doesn’t reach the second turning
point (which would be a minimum) due to the domain restriction.
Therefore the greatest volume occurs when x =2.43
1=20-2(2.43) w=12-2(2.43)
=15.14 =7.14
Box has length 15.14 cm, width 7.14 cm, height 2.43 cm
Greatest volume is 15.14 X 7.14 x 2.43 = 263 cm? to the nearest whole number
a Cost model: C = x’ +100x + 2000
Consider the case when 5 sculptures are produced.
C(5) =5 +100(5)+ 2000
=2625
It costs the artist $2625 to produce 5 sculptures. The artist earns 500 x 5 =2500 dollars from the sale of the 5 sculptures.
This results in a loss of $(2625—2500) = $125.
Consider the case when 6 sculptures are produced.
C(6)=6" +100(6) + 2000
=2816
It costs the artist $2816 to produce 6 sculptures. The artist earns 500 x 6 = 3000 dollars from the sale of the 6 sculptures.
This results in a profit of $(3000 —2816) = $184.
b The artist earns $500x from the sale of x sculptures and the cost of production is given by C = x* +100x +2000.
The profit model is P =500x — (x3 +100x +2000)
o P=—x+400x — 2000 as required.
¢ As x — oo, P — —oo. Thus, for large numbers of sculptures, the cost of production outweighs the revenue from their sales.
d i If16 sculptures are produced,
P(16) = —(16)" +400(16) — 2000
=304
A profit of $304 is made.
ii If 17 sculptures are produced,
P(17) =—(17) +400(17) — 2000
=-113
A loss of $113 is made.
e As P(5)<0and P(6)> 0, the graph of the profit model will have an x intercept in the interval x € (5,6).
As P(16) >0 and P(17) <0, the graph of the profit model will have another x intercept in the interval x € (16,17).
Endpoints: P(0) =—-2000 and P(20) = —(20)* +400(20) — 2000 = —2000.

P
20004

OIIIIIIIIIIIIIIIIII:_X
1 234 6 7 8 910111213141516 1'’NI18 19 20

-2000
Y (20, —2000)
f For a profit P > 0. A profit is made if between 6 and 16 sculptures are produced.
N =54+23t+1
a Whent=0,N =54.

At 9 am there were initially 54 bacteria.
b When the number has doubled, N =108.

54423417 =108

P 423t-54=0

Let P(t)=1> +23t - 54

P(2)=8+46-54=0= (t—2) is a factor

A +230-54=(1-2)(1* +2:+27)=0

nt=2o0rt? +2+27=0
Consider > +2+27=0
A=(2)? —4x1x27

=-104
no real solutions.
Sr=2.

The bacteria double the initial number after 2 hours.
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¢ Atlpm, =4 since time is measured from 9 am.
N=54+23x4+4°
=210
There are 210 bacteria at 1 pm.
d When N =750,
544231 +1 =750
P 423t-696=0
Let P(1) =1 + 23t — 696
Trial and error using factors of 696:
P4)#0,P(6)=0, P(8)=0
- (t—8)is a factor
12 +23t —696 = (t — 8)(1* + 8¢ +87)

A (t-8)(1* +8t+87=0
nt=8ort* +8t+87=0
Consider > +8t+87 =0

A=64—-4x1x87
A0
No real solutions
St=8
The number of bacteria reaches 750 after 8 hours after
9 am. The time is 5 pm.
5 y=ax’(x—b)

a Given information = (6,0) is an x intercept and (4,1) is the

maximum turning point.
The curve y = axz(x —b) has x intercepts at x =0 and
x = b, which means that b =6.
Substitute the point (4,1) in y = ax*(x-6)
~l=a@)?4-6)
s 1=-32a
1

32 1

The equation of the bounding curve is y =—— %2 (x=06)
b If x =7 then 32

__ 10
y= 32(7) @

Soa=

__®
32

49

The new base level ends at 7,—3—2

Y,
7

by New base level 32
>3y
. . 49 81
The greatest height will now be — +1=— km above the
base level. 32 32

6 Let the number be x with x € Z.
It is required that (x +5)2 —(x+ 1)3 >22
AP H10x4+25— (% +3x% +3x+ 1) > 22
co=x = 2xP 4+ Tx+24>22
=xP=2x7 +7x 4250
X0 +2xr—7x=2<0
Let P(x)=x> +2x> —Tx -2
P(2)=8+8-14-2=0
s.(x—=2)1is a factor

22— Tx=2=(x=2)(x* +4x+1)
=(x-2)[ (P +4x+4)-4+1]
=(x-2)[(x+2)-3]
=(x-2)(x+2+3)(x+2-43)

X +2x2-7x-2<0

= (x—=2)(x+2+3)(x+2-+3)<0
Zeros are x =2,x = —2—\/§,x =-2+/3, coefficient of xis

positive

e [ | [ 5

_ | | 12 "X
x=-2-3 x=-2+3

nx<=2-J3or —2+/3<x<2
However, x € Z. The solution intervals are approximately,
x<=3.732 or —0.268 < x <2. The smallest positive integer
which lies in the solution interval is 1 and the largest negative
integer is —4.
a Using Pythagoras’ theorem in the right angled triangle

MNP with / metres the length of the diagonal MP:

12 =2x)* +(2x)?

=8x?

~1=22x

b Consider the right angled triangle VOP:

Since OP = %l, OP =+2x
V,

0" &,
Using Pythagoras’ theorem,
W +(V2x) =8
S2xr =640
¢ Area of square base is given by A =(2x)(2x) = 452
Substitute 2x* = 64 — h*
SA=2X(64-h)
s A=128-2h7

Volume: V = %Ah

1
V= 5(128—2;12);1
V= %(128h—2h3)

1
d i Ifh=3,V=§(128><3—2><27)=110

The volume is 110 m?. 1
ii Since the volume cannot be negative, 5 (128h— 2h3) >0

=~ 128h -2k 20

S 2h(64—h*)=0

Since the height cannot be negative, 64 — hr >0

~h* <64

~0<h<8

Note: For practical purposes, the allowable values for
the height would need further restriction.
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a

b

1
v=§h(64—h2), 0<h<8
1
~V= 5h(8 —h)@+h)
horizontal axis intercepts at 1 =0,h=8,h =—8 (not
applicable). Negative cubic shape.

Vv
110

V= % (128h — 21%)

0 ; :
An estimate of the height for which the volume is greatest
could be 5 metres but answers will vary.

. 1
Volume is greatest when h = 5(2X) =>h=x

Substitute this in the relationship from part b that
2x* =64 —h%

~2h =64 -1’
=307 =64
=%
3
sh= % =4.6
Volume is greatest when the height is LA = 4.6 metres.

V3

To one significant figure, the estimate given in part e was

accurate.

Surface area of cylinder open at the top is given by
SA=2mrh+mr’.
4007 = 27wrh + mr?
5400 =2rh+1°
5400 —r* =2rh
400-77
2r

Volume formula for a cylinder is V = nr’h
2

~h

Substitute 4 = 400=r

from part a
-

_ .2
V= [_400 r ]
2r
Ve 7r2 (400 —r?)
2r
y o Fr400—r?)
2
_ 4007 nr’

2 2
V= 20071'r—%7tr3

=~V

Cc

d
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r20,h20, V=20
2
r(400 —r )20

- r(400-7r2)20
~400-7r2>0
- r? <400
~0<r<20
_ wr(400-r7)
2
T
~V= 5 r(20—r)(20+7r)

Vv ,0<r<20

Horizontal axis intercepts occur at r = 0,r = 20,r =20
(not applicable). Negative cubic shape graph.

v V=200zr-L 23
2
f >
0 20"
V =396x

~.3967 = 20077 — %n’r3

+.396 = 2007 — %ﬁ

=792 =400r — 1>
S —400r+792=0

Let P(r)=r® —400r + 792
Testing factors of 792, P(2)=8-800+792=0
- (r—=2)1is a factor
oS —400r +792 = (r = 2)(r® +2r — 396)
Hence,

(r=2)(r> +2r-396)=0
r=2o0rr’ +2r-396=0
(P +2r+1)-1-396=0

S (r+D?=397=0

S (r+1)? =397
sr+1=14397
Sr=—J397 -1,r=+4397 -1
As0<r<20,r=2,r=+397-1=18.925
2
Height:h:400 d
-
Ifr:2,h:400_4:99
4
_ 2
Ifr=18.925,h=wzl.10
2x18.925

Both the container with height 99 cm and base radius 2 cm
and the container with height 1.1 cm and base radius 18.9 cm
have a volume of 3967 cm?>.
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f Substitute r = 2 into V = 2007 — %mﬁ

NE]
3
20 1 20 Y
V=200 X —=—— x| =
V3 o2 (\/?)
4000 7 8000

B 238
240007 — 80007
- 63
16007 3
NN
8000743
30
_ 800037

9

The maximum volume is M

4837 cm?.
9 Y

2Im|1m |1.1m (4,0.1)

0'1.25m 15my *

a Known points on the curve are
(0,2.1),(1.25,1),(2.5,1.1),(4,0.1).

b h=ax®+bx> +cx+d
Substitute (0,2.1)
s 21=d

¢ h=ax’ +bx* +cx+2.1
Substitute (1.25,1)

~1=a(1.253+5(1.25) +c(1.25)+2.1

3 2
(i) a+(3) b+(§jc:_1.1
4 4 4
125 25,5

S—a+—b+—c=-1.1
64 16 4

+.125a+1006+80c=-70.4....(1)
Substitute (2.5,1.1)

3 2
.-.1.1:a(§) +b(§) +c(§)+2.1
2 2 2

~.125a+50b +20c =-8....(2)

Substitute (4,0.1)
5 01=a(4)’ +b4) +cd)+2.1
s 64a+16b+4c=-2...(3)
The system of simultaneous equations is
125a+100b+80c =-70.4....(1)
125a + 505+ 20c = —8....(2)
64a+16b+4c=-2...(3)
d Given y=—0.164x> + x> —1.872x +2.1
When x =3.5,
y=-0.164%3.5>+3.5> =1.872%x3.5+2.1
=0.7665
The third strut would have length 0.77 metres.
10 T(r) = -0.00005(t — 6)* +9.85

a Time is measured from 1988. Therefore, t = 3 for 1991

7(3) = —0.00005(-3) +9.85
=9.85135

Model predicts 9.85 seconds, to two decimal places; the

actual time was 9.86 seconds.

cm? or approximately

For 2008, t =20
7(20) = —0.00005(14) +9.85
=9.7128

Model predicts 9.71 seconds, to two decimal places; the
actual time was 9.72 seconds.
The predictions and the actual times agree to one decimal
place.
T(t) = -0.00005(t — 6)° +9.85 for  €[0,20]
POI (6,9.85)
Endpoints: If 7 = 0,7 = —0.00005(~6)* +9.85 = 9.8608.
Left endpoint (0,9.86). Right endpoint (20,9.71)

T

997 (0.986) () =_0.00005(1 — 6)? + 9.85

9.8 (6,9.85)

9.7
(20,9.71)

9.6

>
T | T T T T T7

0 4 8 12 16 20 241
For 2016, t =28
T(28) = —0.00005(22)° +9.85
=9.3176
The model predicts 9.32 seconds, which seems unlikely
although not impossible. The graph shows the time taken
starts to decrease quite steeply after 2008, so its predictions
are probably not accurate.
y=9—(x-3)
x intercepts: Let y=0
20=9-(x-3)
S (x=3)?%=9
sox—3=13
x=0,x=6
The x intercepts are (0,0) and (6,0).

b length:

B a l a
<7 T
0

T
X 6

Y

l=x—-a

x—(6—x)
=2x-06

width:

w=y

=9—(x-3)°

¢ Areais given by A=1Iw

~A=Q2x-6)(9-(x-3))
=2x-6)(9-(x* —6x+9))
=(2x-6)9—x*+6x-9)
=(2x - 6)(—x* +6x)
=-2x3 +12x% +6x2 - 36x
S A=-2x +18x% - 36x

d/20=2x-620

x2>3

w20=9—(x-3)%20
S=x*+6x>0

SL=x(x—6)=20

* )

_ _(])’ g_ X
0<x<6
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For both the length and width to be non-negative, the
model is valid for 3< x <6.
Let A=16
16 =-2x> +18x* - 36x

S 2x0 —18x2 +36x+16=0

X0 —9x? +18x+8=0
Let P(x)=x" —9x? +18x+8
P(4)=64—144+72+8=0
.(x—4)is a factor
axd—9x? +18x+8=(x—4)(x* —5x—2)
P(x)=0= (x—4H) (x> =5x=2)=0

sx=4dorx>=5x-2=0

5+25-4x1x-2

Sx=
2
_5%.33
2
Lo 3+33 5433
)

Since 3< x <6, reject x = —V33
Answerx=4,x=5+;/§

A cubic graph can have up to 2 turning points and up to 3
Xx-intercepts.

Given the x intercepts are A(-3,0),0(0,0), D(3,0), then the
equation of the path is y = ax(x +3)(x = 3).

Substitute the point C (\/§ 123 )

~123=a(V3)(v3+3)(v3-3)
w1235 =aV3((3) -3?)

~1243=a/3(3-9)
21243 =-643a
sa=-2
The equation of the path is y = —2x(x+3)(x —3) or
y ==-2x(x>-9)
Points A, O and D are x intercepts; points B and C are

turning points; shape is of a negative cubic. The value of
1243 =20.8.

CE3, 1243)

B(=3, 1243)

Consider the gradient of the straight line through
B(—/3.-1243) and C(v/3.1243).
1243 - (-1243)
243

23
=12
Consider the gradient of the line through O(0,0) and
C (\/§ 1243 ):
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1243

Moc = ?

=12
Since mye = my and the point C is common, then the
three points B, O and C are collinear. Therefore, a straight
line through B and C will pass through O.
Equation of BC:
y—124/3 =12(x —/3)

sy=12x
Let the equation be y = a(x —h)® + k
POI at (0,0): .. y = ax®
Substitute the point C(+/3,1243)

21243 =a(\3)
1243 =33a

sa=4
The equation of the path is y = 4x°
refers to question Se

Use the graphing menu to sketch y = %(1 28x —2x") and

obtain the co-ordinates of the maximum turning point by
tapping Analysis — G-Solve — Max.

The maximum turning point is (4.6188,131.37926), so the
height for which the volume is greatest is 4.62 metres.
refers to question 5f

We know the relationship between the height / and the
length of the base 2x is given by 2x2 =64 - k.
Substitute 2 =4.6188

~.2x> =64 - (4.6188)°

Solve for x in the main menu by tapping Interactive —
Equation/Inequality — solve

- x =4.6188 (rejecting the negative solution).

The maximum volume occurs when 4 = x.

The length of the base is 2x. Thus the greatest volume
occurs when the height is half the length of the base.
refers to question 6f

. 1
Use the graphing menu to sketch y =200zx — Eﬂx3 and

obtain the co-ordinates of the maximum turning point by
tapping Analysis = G-Solve — Max.
The maximum turning point is (11.547885,4836.7983), so
the maximum volume is 4836.8 cm?>.
For the maximum volume, » =11.547885. Substitute this
into the relationship between the height / and the radius r
400 - r*
that h = .
r

400 (11.547885)°

~ 2x11.547885
~.h=11.5to one decimal place.
The dimensions of the cylinder with greatest volume are
a base radius of 11.5 cm and a height of 11.5 cm, to one
decimal place.
refers to question 7¢
125a 41005+ 80c =—-70.4....(1)

125a+50b+20c =-8....(2)

64a+16b+4c=-2...(3)
The system of simultaneous equations can be solved using
the template from keyboard — math — 2D. This gives
a=-0.164,b=1,c=-1.872.
The equation of the slide is y = ax® +bx® +ex+d. It is
already known that d =2.1.
The equation is y = —0.164x> + x> —1.872x +2.1.
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Alternatively, the co-ordinates of the four given points Length, /=2x—-6
can be entered in the Statistics menu and the equation S 1=2%4.7320507 -6
calculated from Calc — Cubic Reg. ~1=3.464
b refers to question 9 Width, w=— X2 +6x
Sketch the area graph A = —2x% +18x? — 36x and obtain sow=—(4.7320507)% + 6 x 4.7320507
the co-ordinates of the maximum turning point by tapping . w=6.000
Analysis — G-Solve — Max. To three decimal places, the length and width of the
The maximum turning point is (4.7320507,20.784609), so rectangle which has the greatest area are 3.464 units and
the area is greatest when x = 4.7320507. 6.000 units respectively.
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TOPIC 5 Higher-degree polynomials ¢ EXERCISE 5.2

Topic 5 — Higher-degree polynomials

Exercise 5.2 — Quartic polynomials

1ay=x-2*-1
Minimum turning point (2,—1)
y intercept: Let x =0

y=(=2)"* -1
=16-1
=15
(0,15)
x intercepts: Let y=0
~(x=2%-1=0
(=2t =1
Lx=2=%1
sx=lorx=3
(1,0),(3,0)
Y,
0,15 [y=@-2¢%-1
(1,0) /(3,0)
- ol N4 x
2,-1)
b y=—Q2x+D*

. . . . 1
X intercept and maximum turning point (— 50)

y intercept: Let x =0
ny=—(1*

sy=-1
0,-1)

2 a y=a(x-b)*+c
turning point (-2,4) = y=a(x+ 2)4 +4
point (0,0) = 0=a(2)* +4
4

16
1

La=-——

4
_ 1
Hence, the equation is y =— 1 (x+2)*+4

Sa=

b x intercepts: Let y=0

0=—i(x+2)4+4

w

(x+2)* =16
~x+2=1416
Sx+2=%2

sx=—4,x=0

y=-d D)+ 4

{x:_i(x+2)4+4>0}:{X3_4<x<0}

y=(x+2>2-x)°

X intercepts at x = —2 (touch) and x =2 (touch)
y intercept at y =16

Leading term gives positive x* shape

g y=(x+272Q2-x?
(0, 16)

(=2,0) 2.0 >
i >

The x intercepts indicate the linear factors of the
polynomial. As the graph cuts the x axis at each of

| 109

x=-4,x=0,x=2,x =5 then the equation of the graph is of

the form y = a(x +4)x(x —2)(x = 5).
Substitute the given point (-3,-30)
= =30 = a()(-3)(-5)(-8)
. =30=-120a

1

Soa=—

4

1
The equation of the given graph is y = 7 x(x+4H(x-2)(x-5).

P(x)= 2t +5x° —6x2 —32x+32
Using trial and error to find two factors,
P1)=1+5-6-32+32=0
= (x—1) is a factor
P(2)=16-40-24-64+32
=0
= (x—2)is a factor
Hence (x — I)(x —2) = x* —3x+2 is a quadratic factor.

sxt45x’ —6x? —3»2x+32=(x2 —3x+2)(x2 +bx+16)

Equate coefficients of x?
~5=b-3
S b=8

coxt 4500 —6x7 — 320432 = (x? - 3x+2)(x” +8x+16)

=(x=Dx-2)(x+4)°

To solve the inequation we shall draw the sign diagram. The
sign diagram of a positive quartic with cuts at x=1and x =2

and a touch at x = —4.
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Y

-4 1 2

The inequation x* +5x* —6x% —32x +32> 0 holds for
x<—4,or—4<x<lorx>2.
(x+2)* —13(x +2)> —48 =0.
Let a = (x+2)
na’—13a-48=0

S (a—16)(a+3)=0
sa=16ora=-3
Substitute back (x +2)? for a
L(x+2)? =16 0or (x+2)* =-3
Reject (x + 2)2 = -3 since (x + 2)2 cannot be negative
L(x+2)? =16

x+2=1J16
Lx=-2%4

Lx=—-6orx=2

1
7 a y:x4,y=2x4,y=5x4

All three graphs have a minimum turning point at the
origin.

The points (+1,1) lie on y = x*, the points (+1,2) lie on

1 1
y= 2x* and the points (il,z) lieony= EX4'

y=x
_ 9,4
NV / y:%x4
-1,2) (1,2)
1.\ f— D
1 1
[F13)— ~— (1.3
0 X
Y (0, 0)

b y=x4,y=—x4,y=—2x4,y:(—2x)4
The points (0,0),(—1,~1),(1,—1) lie on y = —x*.
The points (0,0),(-1,-2),(1,-2) lie on y = —2x*,
(20" = ('
=16x"
Therefore the points (0,0),(—1,16),(1,16) lie on
y= (=2x)".

y=(20!

¢ y=x'y=—(x+D*y=(1-x"
The points (~1,0),(0,—1),(1,—16) lie on y = —(x +1)*.
The points (~1,16),(0,1),(1,0) lie on y = (1-x)*.
As (1— x)4 =(x— 1)4, y=10- x)4 is the same as
y=(x-1"

(-1, 16) ——>

(1,-16)

y=-(x+D*

Y

d y=x4,y=x4 +2,y=—x4 -1
The points (~1,3),(0,2),(1,3) lie on y = x* +2.
The points (~1,-2),(0,~1),(1,-2) lie on y = —x* —1.

y=x*+2
YA
y=x
©,2)
(-1, 3) > «— (1,3)
L—],l). (0 O) .(1,1)‘
< 5 >
1,-2) \\ (1,-2)
Y y=-x'-1

8 a y=(x-1D*-16

Minimum turning point (1,—16)
y intercept: Let x =0
Ly=(=D*-16
sy=-15
(0,-15)
x intercepts: Let y=0
A(x=D*=16=0

L(x=-D*=16

Lx—=1=12
sx=—-1,x=3

(-=1,0),(3,0)

b y:é(x+3)4+12

Minimum turning point (=3,12)
y intercept: Let x =0
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..y—9(3) +12
Sy=9+12
sy=21

(0,21)

No x intercepts.

A

¢ y=250-04(x+5)*
Maximum turning point (—5,250)
y intercept: Let x =0
o y=250-0.4(5"
s y=250-250
~y=0
(0,0
x intercepts: Let y=0
5250-04(x+5*=0

SXx+5=4%5
~x=-10,x=0
(-10,0),(0,0)

d y=—(6(x-2*+11)
Ly=—6(x—-2)"-11
Maximum turning point (2,—11)
y intercept: Let x =0

Ly=—6(-2)*-11
Ly=-6x16-11
~y=-107
(0,-107)

no x intercepts.

(0, -107)

1
e y:§(5x—3)4 -2
Minimum turning point (%,—2)

y intercept: Let x =0
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1 4
y=—(=3)*-2
y 8( )
_81_16

8 8
65

7l
05
81
x intercepts: Let y=0
.-%(5x—3)4 -2=0

~(x=3)*=16
S S5x=-3=%2
s Sx=lor5x=5

_(7x—2)4
81
1 4
y=——(Tx=2)*+1
y 81(x )

=1

2
Maximum turning point (;,1)
y intercept: Let x =0
1 4
sy=——(2)"+1
Y=4 (-2

16 81
_—+_
81 81

x intercepts: Let y=0

4
.-.1—(2_7x) -0
3

4
:'(2—7x) _1
3

2-T7x

==1
3
S 2-Tx=43
s.—Tx=1, or —7x=-5
1 5
LX=—— Xx=—
7 7
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10

Subtract equation (2) from equation (1)
5 15

Soo = a

8 16
516

Sa=—X—

8 15

2

3

S.a=

. 2, .
Substitute a = 5 In equation @

= 2 +k
3
2 k= 1
9 a A quartic graph with the same shape as y = §x4 but whose T3
turning point has the co-ordinates (—9,—10) would have the 0 2 K= 1
equation y = E(x +9)* —10. 3 3 ’ |
3 4 b The equation of the curve is y == x* + =
b y=a(x+b)" +c 3 3
Turning point (-3,-8) Hence the minimum turning point is (0,1).
.'.y=a(x+3)4—8 3
Substitute the point (—4,-2) ¢ The axis of symmetry is x =0.
n=2=a(-4+3)" -8 d There are no x intercepts and the turning point is the y
~2=a(-D*-8 intercept.
s—2=a-8 Y4
sa=6
The equation is y = 6(x + 3)* -8 1, 1)
c y=(ax+b)4 where a>0 and b < 0.
Substitute the point (0,16) ~
~16=b" \
Lb=12
Henceb:—24sinceb<0 11 y=a(x+b)4 +c
.S.uyb:ti(t?l)tce_tﬁzz point (2,256) a As. line joining the points (—2,3) and.(4,%) is horizontal the
256 = (2a—2)" axis of symmetry passes through their midpoint.
" 2a-2=+4 x= 2t
s2a=-2o0r2a=6 -1 2
sa=-1l,a=3 . .
The axis of symmetry has the equation x =1.
Hence, a =3 since a > 0. b Maximum turning point is (1,10).
The equation is y = (3x —2)*. ¢ The equation is of the form y = a(x —1)* +10.
d y=a(x—h)*+k Substitute the point (4,3)
From the graph the x intercepts are (=110,0) and (-90,0), 3= a(3)4 +10
so the axis of symmetry has the equation x = —100. - 8la=—7
The maximum turning point must be at (~100,10000).
The equation of the graph becomes y = a(x + 100)* +10000. La=— 7
Substitute the point (-90,0) 81
~0=a(10)* +10000 The equation is y = —l(x -D* +10.
2.a(10000) = —~10000 81
a=—1 d yintercept: Let x =0
The equation is y = —(x +100)* +10000. Ly= —%(—1)4 +10
a y=ax*+k 7
Substiute the point (—1,1) Y= 81 +10
~l=a-D*+k __=7+810
cl=a+k . ) SYE TR
. (13 . 4= 203
Substitute the point (_,_) SR
2'°8
3 _ a(ly Tk The y intercept is (0,%).
8 2
3 1
3" 16 a+k ... 2)
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e xintercepts: Let y=0
7 4
S0=——(x-1)"+10
81(x )
~7(x-1)* =810
(x-Dr=22=

. 810
The exact x intercepts are | 1—4¢ T,O and
(1 + 4/@,0}
7

f YA
803 (1, 10)
0 5)

(1-5m) (50
< 5 >
v
12 a y=(x+8)(x+3)(x—4)(x—10)
x intercepts: Let y=0
S+ —4)(x—-10)=0
sx=-8,x=-3,x=4,x=10
(=8,0),(=3,0),(4,0),(10,0) (all cuts)
y intercept: Let x =0
-y =B)(3)(-4)(-10)
-y =960
(0,960)
Shape: positive fourth degree polynomial

b y= —%(x+3)(x—2)(2x—15)(3x— 10)
x intercepts: Let y=0
So= L (x+3)(x-2)2x-15)3x—-10)=0

100
.'.x=—3,x:2,x=E,x=E
2 3

(—3,0),(2,0),(2,0)(&,0) (all cuts)
2 3
y intercept: Let x =0
1
sy =———3)(=2)(-15)(-1
y 100(3)( )(=15)(-10)

sy=9
0,9
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Shape: —ﬁ(x)(x)(Zx)Gx) shows a negative fourth degree

polynomial

¢ y==2(x+7)(x-1)*2x-5)

x intercepts: Let y=0
L2+ D(x-1)*(2x-5)=0

x=-T,x=1,x=25

(=7,0),(2.5,0) and turning point (1,0)

y intercept: Let x =0

Sy ==2D(=D*(=5)

~y=70

(0,70)

Shape: —2(x)(x)2(2x) shows a negative fourth degree
polynomial

YA

2
d y=§x2(4x—15)2

x intercepts: Let y=0
2
5xz(4x -15%=0

E;

sox=0,x
4

1
(0,0),(;,0) (both turning points)
Shape: positive fourth degree polynomial

Y,

<00 (%5 0)
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e y=3(1 +x)3 (4-x) ¢ The x intercepts of the graph occur at:
x intercepts: Let y=0 x=—6=(x+06)is a factor
Ly=31+x)°@-x)=0 x =0 (saddle cut) = x3is a factor \
x=-lx=4 The equation is of the form y = a(x +6)x
stationary point of inflection (~1,0) and (4,0) (cut) Substitute the point (=3,-54)
y intercept: Let x =0 sS4 =a(-3+ 6)(—3)3
Ly=31)°4) =54 = a(3)(-27)
sy=12 s=54=-8la
0,12) 4
Shape: 3(x3)(—x) shows a negative fourth degree 4= E
polynomial g 2
3

The equation is y = %xB(x +6)

d The x intercepts of the graph occur at:
x =-1.5 (touch) = (x + 1.5)% is a factor
x=0.8 (touch) = (x — 0.8)? is a factor
The equation is of the form y = a(x + 1.5)2 (x— 0.8)2

f  y=QGx+10)3x-10)’ Substitute the point (0,54)
x intercepts: Let y=0 ~.54 = a(1.5)*(-0.8)*
Cy= 3 _
=y =Cx+10)3x~10)" =0 Using fractions rather than decimals,
Ly-_ M0 _10 3V 4
e (4
. . . . 10 . 2 5
stationary point of inflection (—,Oj and x intercept 9% 16
3 s S54=ax
( 10 O) (cut 4x25
-, cu
3 .S4=ax2
y intercept: Let x =0 54 ><2§5
< y=(10)(-10)° a=—
= y=-10000 3% 25
(0,—10000) na=T
Shape: (3)6)(3x)3 shows a positive fourth degree polynomial 75
La=—
2

The equation becomes

23 (=5
y=—||x+=| | x—=
2 2 5

75 1 21 2
=—X—(2x+3)"x—(0O6x-4
2 4( x+3) 25( =

(0, -10, 000)

3 2 2
=—(2x+3)"(5x-4
13 a The graph cuts the x axis at x = —6,x =-5,x = -3 8( X+3Gx-D)

and x = 4. These values identify the linear factors cy= 3 (2x+ 3)2 (5x— 4)2

so the equation of the graph must be of the form "8
y=a(x+6)(x+5)(x +3)(x—4). 14 a (x+3)2x—DE-x)2x—11)<0
Substitute the point (0,5) 1 11
- 5=a(6)(5)(3)(—4) Zeros: x=-3,x= E,x =4,x= 5 (all cuts)
a= _% Leading term: (x)(2x)(—x)(2x) = —4x*
. 1 +
The equation is y = — P (x+6)(x+5)(x+3)(x—4) < >
X
b The x intercepts of the graph occur at: B
x =-2 (touch) = (x+ 2)is a factor -3 1 4 1
x=0= xis a factor 2 2
x=4=(x—4)is a factor Answer: x<-3or0.5<x<4orx>5.5
The equation is of the form y =a(x + 2)2x(x —-4) . 5
Substitute the point (3,75) b 9x" —49x" =0
~75=a(3+2°(3)(3-4) 2% (927 -49)=0
= 75=a(25)(3)(-1) A xX2Gx=T)Bx+7)=0
~75==75a 7 7
sa=-1 .'._)CZO,)CZE’)C:—E

The equation is y = —x(x —4)(x + 2)2
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¢ 300x* +200x° +28x2 <0
a4yt (75x2 +50x + 7) <0
S AXP(15x+1(Bx+1) €0

1
Zeros: x =0 (touch), x = —l and x = ——.
15 5

Y

A+

=Y

7 1

15 5
7 1
Answer: ——<x<——orx=0
15 5

d —3x* +20x +10x% —20x-7=0
Let P(x) = =3x* +20x> +10x% —=20x -7
P(1)=-3+20+10-20-7=0= (x—1) is a factor.
P(-1)=-3-20+10+20-7=0 = (x+1) is a factor.
Thus, (x—D(x+1)= x> -lisa quadratic factor.
=3x* +20x% +10x% = 20x =7 = (x? 1) (-3x7 + bx +7)
Equate coefficients of x%20=b
o =3x* +20x% +10x% = 20x = 7 = (x? —1)(-3x7 +20x+7)
The equation becomes

(x? =1)(-3x +20x+7) =0

A =D(x+D(3x=D(x=7)=0

Sx=lx=-lLx=——,x=7
3

e xt+x*-8x=8
axtexd-8x-8=0
A3 +D-8(x+1)=0
S (x+D(*-8)=0
sx+1=0o0rx’-8=0
~x=-lorx’=8
sx=-lorx=2
£ 20Qx-D*-8(1-2x)°20
5202x-1)* +8(2x—1)* 20
L 42x-1)° (52x-1)+2)20
SA42x-1%10x-3)20
Zeros are x = % (multiplicity 3) and x = %

A zero of multiplicity 3 is a just a ‘cut’ on a sign diagram.
Leading term is 4(2)6)3 (10x) is positive.

+

<
<

=Y

3

3 1

10 2

Answer: x<— orx=>—
10 2

—x* +18x? -81.

Let a=x>

s—a’+18a-81

=—(a* —18a+81)

=—(a-9)’

Substitute back for x

=—(x* -9’

=—((x=3)(x+3))’

=—(x=3)%(x+3)°

omxt 182 =81 =—(x—3)%(x+3)?

15 a
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b y=—x*+18x-81= y=—(x—3)*(x +3)°
x intercepts occur at x = £3 (both touch)
Y intercept (0,—81)
Shape: negative fourth degree polynomial
y

¢ As no part of the graph lies above the x axis,

{x:=x*+18x* -81>0} =
d {x:x*-18x* +81>0)
If x* —18x? +81> 0 then —1x (x* —18x% +81)<0
s—x* +18x7 -81<0
As the graph in part b lies below the x axis at all
places except for the x intercepts at x ==£3, then
{x:x* —18x* +81>0} = R\ {-3,3).
At the intersection of the graphs of y = x* and y= 2x3,
xt =243
axtoaxt=0
L (x=2)=0
Sx=0,x=2
When x=0,y=0= (0,0)
When x=2,y=16=(2,16)
The point P is (2,16).
b Given the point (2,16) lies on y = axz, then

16 =a(2)?
~da=16
sa=4
Given the point (2,16) lies on y = mx, then
16 =m(2)

som=38
¢ The parabola has the equation y = 4x? and the line has the

equation y = 8x.

16 a

y
\ } pe16)f] -

(-2,-16) \

d i The graphs of y= nx® and y= x* intersect when
nx’ =x
o —xt=0
x3(n—x) =0
sx=0,x=n
When x=0,y=0= (0,0)
When x=n,y=n4 :>(n,n
The graphs intersect at (0,0) and (n,n4).
2

4

ii Substitute the point (n,n4) iny=ax
st =an®
na=n’
Substitute the point (n,n4) iny=mx
st =mn

. 3
Sm=n
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17 Sketch the graph on the graphing screen and use the Analysis

tools to obtain the required points.

The x intercepts are (-2.70,0),(-0.84,0),(0.43,0),(4.10,0).
The minimum turning points are (-2,—-12),(2.92,-62.19) and
the maximum turning point is (-=0.17,4.34).

(-1, 0) (2.19,0)

Y
One minimum turning point at (1.21,-14.33) and x
intercepts are (—1,0),(2.19,0).

b As (=1,0)is an x intercept, (x +1) is a factor.

Use CAS to divide x* —7x -8 by (x +1).
nxt=Tx=8=(x+D(x’ = x> +x-8).

Exercise 5.3 — Families of polynomials

1 y=32-(x-1)

Stationary point of inflection (1,-32)
y intercept (0,33)

x intercept: Let y=0

0=32—(x-1°
(=1 =32
nx—1=332
x—=1=2
x=3
YA
y=32-(@x-1)
(1, 32)
- 0,337t 3.0 -~
0 X

A

=
<Y

Y
Hence {x:x’ <x}={x:x<-1Ju{x:0<x <1}

3 y=—2x+1)°-6

1
Maximum turning point when 2x+1=0=x=——.
1
Co-ordinates are (_E’_6j .

y intercept: Let x =0
y=—(1)°-6

=-7
(0,—7) is y intercept.
No x intercepts
YA

<
-

Y

0

o
y=-Qx + 1) 6[-ﬁ‘x

a y=a(x-b)®+c
turning point (-1,-12) = y=a(x + 1)8 -12
point (0,0) = 0 = a(1)® 12
sa=12
Hence, the equation is y =12(x + Dd-12
b As the turning point is (—1,—12) the axis of symmetry has
the equation x = —1.
¢ As one x intercept occurs at x =0 and the axis of symmetry
is x = —1, the other x intercept occurs at x = —2. The other
x intercept is (—=2,0).
y=Q2+x)2-x)>
x intercepts at x =—2 (cut) and x = 2 (touch)
y intercept at y =8 x4 =32
Leading term ) x0)?=4° gives positive degree 5 shape so
the graph starts below the x axis and rises.

a The given graph shows the graph
cuts the x axis at x =—4 = (x +4) is a factor
touches the x axis at x =—1= (x + 1)2 is a factor
cuts the x axis at x =2 = (x —2) is a factor
and touches the x axis at x =4 = (x — 4)2 is a factor.
Adding the multiplicities of the factors gives a degree 6
polynomial.
b Let the equation be y = a(x +4)(x + D2 (x =2)(x —4)*
Substitute the given point (5,24.3).
- 24.3=a(9)(6)*3)(1)*
24.3
a=————————
9%x36%3
~.a=0.025
The equation is y = 0.025(x + 4)(x + 1)*(x — 2)(x — 4)?

3
y=x*—mx

a x intercepts: Let y=0
L4 3
SxT=—mx” =0
.‘.x3(x—m)=0

x=0,x=m
(0,0),(m,0)
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b At the origin there is a stationary point of inflection. If

8 y
a

m < 0, the point (m,0) lies to the left of the origin and if
m >0 then it will lie to the right of the origin.

The shape of the graph would be one of the forms shown.
YA

A 0.0 |
Jemoy 0 moy \ ¥

y:x4—mx3,m>0

y=x4—mx3,m<0

Y
If m <0 the stationary point of inflection at the origin
increases from negative to positive as x increases while if

m >0 it decreases from positive to negative.
y=x*—mx®
Substitute the point (—1,—16)
=16 =(=)* —m(-1)
s—-16=1+m
som=-—17
The required curve has equation y = X +17x%

=a(x-3)*+5-4a, ac R\{0}.
Let x=1

y=a(—2)2 +5—4a
sLy=4a+5-4a

sy=5

Therefore,the point (1,5) lies on every member of the
family regardless of the value of a.

The turning point is (3,5 —4a). If this lies on the x axis,
then 5—4a=0.

This means a = — for the turning point to lie on the x axis.

The turning point is (3,5 —4a) and could be a maximum or
a minimum.

If the turning point is a maximum, a <0 and there will be
no x intercepts if 5—4a <0.

But, if a <0 then —4a >0 so 5—4a could never be negative.

If the turning point is a minimum, a > 0 and there will be
no x intercepts if 5—4a > 0.
5-4a>0

~5>4a

La<—
. 5 . .
Hence, if 0 <a < 1 the parabolas will have no x intercepts.

y=x%y=-x"y=x,y=-x

y = x% Points (0,0),(1,1),(=1,1)

y=—x% Points (0,0),(1,—1),(=1,~1)
Turning point at the origin for each graph
y = x: Points (0,0),(1,1),(=1,—1)

vy =—x: Points (0,0),(1,-1),(=1,1)

Y
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b y=x> Points (0,0),(—1,-1),(1,1)

y =2x> Points (0,0),(-1,-2),(1,2)

=—x": Points (0,0),| =1,— |,| 1,—
Y=y 0.0, =15 2

Stationary points of inflection at the origin for each graph
YA

1,2)

a,n

i

-y = 2x°

(=1,-2)

/

10 a i y=—x"" points (0,0),(~1,1),(1,-1) with stationary point

of inflection at (0, 0).
y=—x: line through (0,0),(-1,1),(1,-1)
y
1,1 —

ii For x!! > x, —xM<—x

From the diagram, the graph of y = —x'"lies below that
of y=—x for -1 <x <0 and for x > 1.
{xia >xl={x:i-l<x<0}U{x:x>1}

b i y=x®hasa minimum turning point at the origin and

passes through the points (+1,1).
y=x"hasa stationary point of inflection at the origin
and passes through the points (—-1,-1),(1,1).

y‘\ \
y=x°
(1, 1)
0J0) /
0/
0 X
y=x’ Y

ii The graphs intersect at (0,0) and at (1,1).
Hence, the solution to the equation X =x"isx=0o0rx=1.
i y=(x+D*+land y=(x+1)° +1
y=(x+ 1)4 +1 has a minimum turning point (-1,1) and
no x intercepts.
y intercept: Let x =0
sy=(Dr+1=2
0,2)
y=(x+1)° +1has a stationary point of inflection at (—1,1).
x intercept: Let y=0

A+ +1=0
S+’ =-1
.'.x+l=§/—_1
Sx+l=-1
x=-2
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(-2,0)
y intercept: Let x =0
Ly=()+1=2
0,2)
Y
y=@+ D*+1
0,2
1 1)
- 0 >

y=(x+ 1P +1

ii The graphs intersect at the points (—1,1) and (0,2).
11 a i y= %(x —4)!% 43 is even degree with positive leading

term. It has a minimum turning point at (4, 3).

125\ 2
leading term. It has a maximum turning point with a
y co-ordinate of zero and a x co-ordinate for which

(5o

J3x
"2

, L(3x Y. . :
ii y=———-|—-5 iseven degree with negative

SX =

3

. . .. (10
The maximum turning point is ?70 .

_ x> +27
54

1
The stationary point of inflection is (O’E)'

i y=16—Q2x+1)’
y=—2x+1)7 +16
When 2x+1=0, xz—%

1
The stationary point of inflection is (—5,16)

12 a y=(x+3)*(x+1)(x-2)*
x intercepts occur at x = =3 (touch), x =—1 (cut) and x =2
(touch)
y intercept: Let x =0, ..y = (3)2(1)(—2)2 =36, (0,36)
Shape: positive fifth degree polynomial so graph starts
from below x axis and rises.

b y=%(x+2)3(8—x)
x intercepts occur at x = —2 (saddle cut), x =8 (cut)
y intercept: Let x =0
RN PN
fy=7'®)
s y=16
(0,16)
Shape: negative fourth degree polynomial

c y= -x3(x*=1)
y=—x(x=D(x+1)
Stationary point of inflection at the origin
Other x intercepts at (—1,0) and (1,0).
Shape: negative fifth degree polynomial so graph starts
from above the x axis and falls.

d y=—x(x-1*(x-3)°
Turning points at (0,0),(1,0),(3,0)
Shape: negative sixth degree polynomial so graph starts
from below the x axis.

YA

©,0) d.0) (3.0

Y

a y=a(x+b)5+c

Stationary point of inflection at (—1,7)
Ly=a(x+1)°+7
Substitute the point (—2,-21).
n21=a(=1y° +7
so28=-a

sa=28
The equation is y = 28(x + D°+7.

b Turning point at (-2,0) = (x — 2)2 is a factor

x intercept (4,0) = (x —4) is a factor

As the polynomial has degree 4, there is one other linear
factor.

Let this factor be (ax+ b)

ny=(x =2 (x—4)(ax +b)

However, the polynomial is monic so the coefficient of x*
must be 1.

sa=1

ay=(x=2)2(x—4)(x+b)
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Substitute (0,48)

- 48 = (=2)*(—4)(b)
s —48=-16b

~b=3

The equation is y = (x + 2)2(x —4)(x —3) and the other
x intercept is (3,0).
The x intercepts of the graph occur at:
x =-5 (touch) = (x + 5)2 is a factor
x =—1 (saddle cut) = (x+ 1)° is a factor
x=1=(x—1)1is a factor
x=3=(x—3)is a factor
The equation is of the form y = a(x + 5)2 (x+ 1)3 (x—-D(x-3)
Substitute the point (—3,-76.8)
5. =76.8 = a(-3+5)*(-3+1)*(-3-1)(-3-3)
».=76.8 = a(4)(—8)(—4)(-6)
. =76.8=a(-32x24)

9.6
g 28
-32x 247
32
a=—
32
sa=0.1

The equation is y = 0.1(x +5)* (x + 1) (x = D(x —3)
y=(ax+ b)4
Expanding (or use the general term formula)
¥ =(ax)* +4(ax)’ (b) +6(ax)* (b)* +4(ax)(b)* +(b)*
Coefficient of term in x is 4ab3; coefficient of term in x? is
6a”b” and these coefficients are equal.
s 4ab® =6a*b?
Divide by 2ab* (neither a nor b are zero since the
coefficients are non-zero)
~2b=3a....(1)
Coefficient of x* is 4a>b and this equals 1536
s 4a’h=1536
sa’h=384...(2)
Divide equation (1) by equation (2)
.20 3a
“a’h 384
.2 a
T 128
~256=a'
a=%4
Substitute a = +4 in equation (1)
s 2b=%(3x4)
~2b=%12
L b=216
The equation is y = (4x + 6)4 ory=(—4x-— 6)4.
However, these are the same since
y=(-4x—6)" = (~(4x+6))" = (4x+6)".
The equation is y = (4x + 6)* which can be expressed as
y=(2(2x+3))*
=16(2x +3)*
i 9x* -36x° =0
Lo (1-4x%)=0
S 9x2(1-2x)1+2x)=0
1

Sx=0x=—,x=——
2

2
ii X -2x*+1=0
S =2x+1=0
(=D =0
=1
sx=1

15 a
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i X +xt-xP-x?-2x-2=0
Factorise by grouping terms together
L+ -+ -(2x+2)=0

XD =P+ D) =2(x+1)=0
St =x2=2)=0
sx=-lorx*=x*-2=0
Consider x* —x2=2=0
Let a = x*
nat-a-2=0
s(a=2)(a+1)=0
sna=2ora=-1
sxt=2orx?=-1 (reject)
X = i\/f
Answer: x = —\/5,—1,\/5
i x(x+4)°(x=3)? <0
Zeros: x =0 (cut), x =—4 (saddle cut), x =3 (touch)
Shape: Positive sixth degree

\/

3

|“+

>
>
X

4 0

Answer x(x + 4)3 (x— 3)2 <0 when 4 <x<0.

i i(9—10x)5—3zo
81

! s
S —(9-10x)" 23
g7 0100

- (9-10x)° 23x81
~(9-10x)° 23x3*
(9-10x)° 23
Take the fifth root of each side
~(9-10x)23
5.9-32>10x
~10x<6

Lx<§

jii (x—2)* <81
S (x=2)*-81<0
~[a=22+9][(x=2)-9]<0
~[a-2?+9](r—2+3)x-2-3)<0
=27 +9](x+ D(x-5)<0

Zeros: Since (x — 2)2 +9#0, the zeros are x=—1,x=5
Shape: positive fourth degree

+

— X

-1 5
Answer: —1<x<5
i The equation of a line is y — y; = m(x — x,)

The lines pass through the point (2,3)
Sy=3=m(x-2)

sLy=mx—2m+3
ii Substitute (0,0)

S y—3=m(0,0)
~0=-2m+3
3
am==
2
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3
Substitute m = > iny=mx-2m+3

yzéx—2><§+3
2 2
L3
Sy=3
b i y=ax’+bx

All of the parabolas pass through the origin.
ii The point (2,6) must lie on the parabola.
~6=a(2)?+b(2)

S 6=4a+2b
~2a+b=3
b=3-2a ... (1)
The equation of the parabola is y = ax? + (B-2a)x,

a#0.
c y=mx2 —x*, m>0
Ly=x? m—xz)
Since m > 0,/m is real
Sy = %2 (m = x)Jm +x)
The x intercepts are (0,0) which is a turning point and
(\/E,O) and (—\/Z,O).

Shape: Negative fourth degree polynomial
y

I

16 a The family for which y = k is a set of horizontal lines.
The family for which y = x* +bx+10 s the set of concave
up parabolas with y intercept (0,10).
b y:x2 + bx +10 for b = -7 becomes y=x2 —-T7x+10.
Ly=x-2)(x-9)
x intercepts: (2,0),(5,0)
2

. +5
axis of symmetry: x = — =35
turning point: Let x =3.5
Sy =(1.5)(-1.5)
sy=-2.25
Minimum turning point (3.5,-2.25).
Forb=17
y=x*+7x+10
=(x+2)(x+5)
Hence,
x intercepts: (=2,0),(=5,0)
Minimum turning point (=3.5,-2.25).
For b=0, y=x%+10
No x intercepts and minimum turning point (0,10).
)

b=7
(-5,0) (2,0
/‘ 0
(-3.5,-2.25) (3.5,-2.25)

¢ i A horizontal line intersects y = x%+7x+10 once when
it is a tangent at the turning point (=3.5,-2.25).
So k=-2.25.
ii Any horizontal line for which k > —2.25 will intersect
the parabola twice.
iii Any horizontal line for which k < —2.25 will not
intersect the parabola.
d At the intersection of y=7 and y = x> +bx+ 10,

x2+bx+10=7

Sx2+bx+3=0

A=b*—4x1x3
LA=b*-12
i For one intersection, A=0
b -12=0
nb=tJ12
~b=123
ii and iii

Consider the sign diagram of the discriminant.

+
_ b
23 243
For two intersections, A >0
nb<-2J3orb>23
For no intersections, A <0
23 <b<23
17 y=(x—- a)3 (x+ a)2 where a is a positive real constant.
a Noting the multiplicity of each factor, at (a,0) there is
a stationary point of inflection and at (—a,0) there is a
turning point.
b Since a >0, the point (—a,0) lies to the left of the origin
and (a,0) lies to the right.
The polynomial is a positive degree 5 so (—a,0) must be a
maximum turning point.

YA

(-a, 0)

y=(x-a)(x+a)?

Y
¢ The line y = —x passes through the origin with a negative
gradient so it will intersect the graph once.

d The point (ﬁ’ ﬂj must lie on both the line and the curve.

2 2
Substitute (f’_ﬂ) into y=(x— a)3(x + a)2
22
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4 4 3 2 ¢ Substitute the point (—1,—10) into the curve’s equation to
——=(——a) (—+aj calculate a.
2 \2 2 -10=-a+B-2a)D)+@Ba+1)(-1)-4-2a
_2_(_2)3(3_61)2 c—10=(~a-2a-3a-2a)+(3-1-4)
2 L2/ 2 ~—10=-8a-2
a a 94* s —8=-8a
_e_ L E
2 8 4 na=1
a 94° With a =1, the equation becomes
R y=x"+GB-2)x +GB+Dx—-4-2
s 16a=94 Ly=x>+x’+4x-6
~94°—16a=0 As (1,0) is a x intercept, (x —1) is a factor
~.a(9* ~16)=0 .'.x3+x2+4x—6=(x—1)(x§+bx+6)
. 16 =(x-1D(x"+2x+6)
wa=0ora” = 9 Consider the quadratic factor x> +2x+6
2 Its discriminant is A=4—-4Xx1x6=-20
sa=0ora= i% Since A <0 there are no real solutions to x* +2x+6=0
16 hence the cubic graph has exactly one x intercept.
na=0ora*=— d At the intersection of
92 y:ax3+(3—2a)x2+(3a+1)x—4—2a and
.'.azOora:iT yz(a—l)xS—2ax2+(3a—2)x—2a—5,
? axv’ +(3-2a)x* + (Ga+1)x—4-2a
Since a is positive, then a = % =(a-Dx>=2ax*+(Ba-2)x—2a-5
) X (a=(a—-1))+x*((3-2a)+2a)+
TR x(Ba+1)-(Ba—-2))-4-2a+2a+5=0
23 L4374+ 3x+1=0
La= = The LHS is the expansion of (x + 1)?
18 y=ax® +(3—2a)x> +(3a+1)x— 4 —2a where a € R\ {0}. D)’ =0
a Letx=1 x+1=0
sy=a+(B-2a)+Ba+1)-4-2a sox=-1
sy=(a-2a+3a-2a)+(3+1-4) Substitute x = —1in y=ax’ +(3—2a)x* + Ba+x—4-2a
~y=0 sy=—a+B-2a)-Ba+1)—-4-2a
Therefore, the point (1,0) is common to all this family. ny=-8a-2
b Substitute (0,0) in the curve’s equation The two sets of curves intersect at (—1,—8a — 2).
~0=0+0+0-4-2a Hence, no matter what the value of a is, the point of
“2a=—4 intersection lies on the vertical line with equation x = —1.
na=-2 19 y=x*+ax>+4, aeR fora=-6,-4,-2,0,2,4,6
The equation of the curve with a = -2 becomes Using the graphing screen, the graphs can be seen to resemble
y= 23+ G+ +(—6+1Dx those shown in the diagram.
y==2x+7x*=5x YA
For the graph, it is known the origin and (1,0) are
x intercepts. There is one more to obtain.
y= —2x° +7x% —5x
0,4

= —x(2x2 —Tx+ 5)
=—x(x-1)2x-95)

5
The other x intercept is (5,0).

A

S
Y

The shape of the graph is for a negative third degree
polynomial.

Y
If a =4, y=x* —4x* + 4. This can be factorised as follows:
y=(e -2

=((x=2)(x+v2))

(v 2 (2]

Hence, the turning points of the graph lie on the x axis and
the polynomial equation x*—4x%+4=0 has two roots.
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As the family of graphs show, there will be: a four roots when ¢ First iteration: Midpoint of interval [1,2] is x =1.5. This is a
a <-4, b two roots when a =—4 and ¢ no roots when a > —4. second estimate of the root.
1 . Second iteration:
20 y=E(x+2) -2 33\3 32 3
Turning point (—2,-2) P(l's):(ij +3(E) _7(Ej_4
y intercept: Let x =0 27 27 21 4
=t ————
cye L 8 4 2
rER@ 2 27454-84-32
! S8
=5 x32-2 35
2 18 B
T 9 9 <0
ny= 14 The root lies in the interval [1.5,2],
9 Midpoint of this interval is x =1.75. This is a third estimate
0 14 of the root.
) d Simplest to use a form of technology to continue the

iterations.

Let the equation of the parabola be y = a(x —h)* + k Using a calculator gives the following

Axis of symmetry has equation x =1

sy=ax-1)*+k Midpoint Value of P(x) New interval
Substitute the point (-2,-2) x=1.75 -1.703 125 [1.75,2]
9 — (= —1)2
2=a(=2-D"+k x=1875 | 0.013671875<0.0
s=2=9a+k....(~1)
14 An estimate of the solution to the equation is x =1.875.

Substitute the point (Ogj 2 ay=x'-2x-12
.'.Eza(—1)2+k x| 3| 2| -1 0 1 2 3

194 y| 75| 8 | 9 |-12|-13] 0 | 63
e atk..(2) b An exact solution to x* —2x—-12=01is x =2.

¢ The other root lies in the interval [-2,—1] since the graph

Solve the simultaneous equations using the template on CAS e g .
changes position from above the x axis to below the axis

(or do it yourself!)

4 between the endpoints of this interval.
a=- E’k =2 Midpoint of the interval is x = %((—2) +(-1))=-1.5.
The equation of the parabola is y = —g(x -D*+2 When x = —1.5,y = —3.9375. The root lies between x = -2
y and x =-1.5.
Midpoint y value New interval
( 14) x=-1.5 -1.703 125 [-2,-1.5]
9 x=-1.75 0.87890625 [-1.75,~1.5]
< 5 > x=-1.625 -1.777.. [-1.75,-1.625]
\ / x=-1.6875 -0.516.. [-1.75,-1.6875]
=2.-2) x=-1.71875 0.164.. [-1.71875,-1.6875]
x=-1.703125

To one decimal place, x =—1.7 is a root of the equation.
3 x*+3x-4=0

Exercise 5.4 — Numerical approximations to roots sxt=3x+4
of polynomial equations The solutions to the equation can be obtained from the
1 a Py)=x>+ 3x2—Tx—4 intersection of the graphs of y = x* and the line y=-3x+4.
P(l) =143-7—4 The quartic graph has a minimum turning point at the origin
-7 and passes through the points (1,1).
<0 The line has y intercept (0,4) and x intercept (i ,0).
P(2)=8+12-14-4 3
-9 y y=x*
>0
Therefore P(x) =0 for some x €[1,2].
Therefore the equation x° +3x? —7x —4 =0 has a root
which lies between x =1 and x = 2.
b Since P(2) is closer to zero than P(1), a first estimate of the 0,4 4
root is x = 2. - 0.0) /y (E’ (:
- 5 - >
¢ y=-3x+4
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Estimating from the graph, the points of intersection have
x co-ordinates of approximately x =—1.75 and exactly x =1.
Check: Substitute x =1 in x* +3x—4=0.
LHS=1"+3(1)-4

=0

=RHS

The equation has an approximate solution of x =—1.75 and an

exact solution of x =1.

X’ —6x+4=0

X =6x—4

The solutions to the equation can be obtained from the
intersection of the graphs of y = x> and the line y = 6x — 4.
The cubic graph has a stationary point of inflection at the
origin and passes through the points (—1,-1) and (1,1) and

(2,8) and (-2,-8).
2
The line has y intercept (0,—4) and x intercept (E,Oj. It also

passes through (2,8).
YA

y:x3 y=6x-4

SIS}

A
Y

=

$0,-4)

Y

Estimating from the graph, the points of intersection have

x co-ordinates of x =2 and approximately x =—2.7 and x = 0.7.
The equation x® —6x+4 =0 has an exact solution of x =2
and approximate solutions of x =-2.7 and x =0.7.

5 ay=-x(x+2)(x-3)

The graph cuts the x axis at x =0,x =-2,x =3 i.e. at
x=-2,x=0,x =3. Between successive pairs of these
values the graph must have a turning point.
As the graph is of a cubic polynomial with a negative
leading coefficient, the first turning point is a minimum
and the second is a maximum.
Hence, the maximum turning point must lie in the interval
for which x €[0,3].

b Construct a table of values for the interval x €[0,3].

x| O 0.5 1 1.5 2 2.5
y| 0 (3125 6 |7.875| 8 [5.625| O

The maximum turning point is near (2,8). Zoom in on this
point.

x| 16
y | 8.064

An estimate of the maximum turning point is (1.8,8.208).

1.7
8.177

1.8
8.208

1.9 2
8.151

2.1 | 22

6 y=2x3 —x%—15x+9.

a The y intercept is (0,9).
b Lety=9
529=2x"—x?—15x+9
S22 =xt=15x=0
x(2x% = x-15)=0
S x2x+5)(x=-3)=0
5

Sx=0x=——
2

x=3
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The two other points which have the same y co-ordinate as

the y intercept are (—%,9), (3,9).

There must be a turning point between x = 5 and x=0

and a second turning point between x =0 and x = 3.
The graph is of a positive cubic so the first turning point
is the maximum turning point. This must lie in the interval

for which —% <x<0.

e
3
5
x| -2 | -15 -1 -0.5 0
3
y| 9 225 21 16 9

The turning point is near (—1.5,22.5). Zoom in around this
point.

x| —-1.6
Y| 22.248

-1.5
22.5

-14
22.552

-1.3
22.416

An estimate of the maximum turning point is (—1.4,22.552).
P(x)=x>—12x+1
P(10)=100-120+1
=-19
<0
P(12)=144-144+1
=1
>0
Therefore there is a zero of the polynomial between x =10
and x =12.
P(x)=-2x>+8x+3
P(=2) = —-2(-8)+8(=2)+3
=3
>0
P(-1)==2(-)+8(-1)+3
=-3
<0
There is a zero of the polynomial between x = -2 and x = —1.
P(x)=x"+9x> —2x+1
P(-2)=(-2)* +9(=2)* —2(-2)+1

=16-72+4+1

=-51

<0
P)=1+9-2+1

=9

>0

There is a zero of the polynomial between x = -2 and x = 1.
P(x)=x" —4x>+2
P(0)=2>0
P)=1-4+2
=-1
<0
There is a zero of the polynomial between x =0 and x =1.
Initial interval is [10,12].
Midpoint of this interval is x =11.
PA1)=121-132+1
=-10
<0
Since P(10) < 0, P(12) > 0, the root lies in the interval [11,12].
Midpoint of interval [11,12]is x =11.5
P11.5)=-4.75<0
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The root lies in the interval [11.5,12].
An estimate is the midpoint of this interval.
x=0.511.5+12)
=11.75
An estimate of the root is x =11.75

b Initial interval is [-2,—1].

Midpoint of this interval is x =—1.5.
P(-1.5)=-225<0
Since P(-2) >0, P(—1) <0, the root lies in the interval
[-2,-1.5].
Midpoint of interval [-2,—1.5]is x =—-1.75
P(-1.75)=-0.28125<0
The root lies in the interval [-2,—1.75].
An estimate is the midpoint of this interval.
x=0.5(-2-1.75)

=-1.875
An estimate of the root is x = —1.875

¢ Initial interval is [-2,1].

Midpoint of this interval is x =—0.5.
P(-0.5)=0.9375>0

Since P(-2) <0, P(1) > 0, the root lies in the interval
[-2,-0.5].

Midpoint of interval [-2,-0.5] is x = —1.25
P(-1.25)=-34.355..<0

The root lies in the interval [-1.25,-0.5].

An estimate of the root is the midpoint of this interval,
x=-0.875

d Initial interval is [0,1].

Midpoint of this interval is x = 0.5.

P(0.5)=1.53125>0

Since P(0) >0, P(1) <0, the root lies in the interval [0.5,1].
Midpoint of interval [0.5,1] is x = 0.75
P(0.75)=10.5498..> 0

The root lies in the interval [0.25,1].

An estimate of the root is the midpoint of this interval,
x=0.875.

9 5x2—26x+24=0
a Given the root is in the interval 1< x <2,

Let P(x)=5x> —26x+24
P(1)=3>0and P(2)=-8<0.
Midpoint of interval is x =1.5
P(1.5)=5(2.25)-26(1.5)+24
=-3.75
<0
Root lies in interval [1,1.5].
Continuing the method:

Midpoint |Value of P(x) at midpoint| New interval

[1,1.5]

x=1.25 -0.6875<0 [1,1.25]
x=1.125 1.078125>0 [1.125,1.25]
x=1.1875 0.17578..>0 [1.1875,1.25]
x=1.21875

The last 2 estimates have the same value to one decimal
place. The Method of bisection estimates the root to be
x =1.2 to one decimal place.

b 5x>—26x+24=0

The equation factorises.

5x=6)(x-4)=0

.'.ng,x:4
5
sx=12,x=4

The other root of the equation is x =4.

¢ As x=1.21is in fact an exact root of the equation. The
Method of bisection was very slow to converge towards the
vicinity of this value.

10 a y=x*-3
x| -2 -1 0 1 2
y| 13 -2 -3 -2 13
b Lety=0
wxt-3=0
xt=3
.'.x:i(‘/g

Hence, an interval in which 4/3 lies is x €[1,2].
¢ Using the Method of bisection with initial interval x €[1,2].

Yy value of at
Midpoint midpoint New interval
[1,2]

x=1.5 2.0625>0 |[1,1.5]
x=1.25 —0.558..<0 [[1.25,1.5]
x=1.375 0.574..>0 |[[1.25,1.375]
x=1.3125 -0.032..<0 |[1.3125.1.375]
x=1.34375 0.260..>0 |[1.3125,1.34375]
x=1.328125 0.1113..>0 |[[1.3125,1.328125]
x=1.3203125 0.0388..>0 |[[1.3125,1.3203125]
x=1.31640625

The last two estimates are the same value correct to two
decimal places.
An estimate of the value of /3 is 1.32.
11 P(x)=x>+5x-2=0

a Using trial and error,
P(0)=-2and P(1) =4.
As they have opposite signs there is a root of the equation
in the interval [0,1].

b Midpoint of interval is x =0.5.
P(0.5)=0.625>0
Root lies in interval [0,0.5].
Continuing the method until the value of P(x) differs from
zero by less than 0.05

Midpoint |Value of P(x) at midpoint | New interval
[0,0.5]
x=0.25 -0.734375<0 [0.25,0.5]
x=0.375 -0.1<-0.072..<0.1

The root is x = 0.375 to the required accuracy.
¢ X +5x-2=0
X =—5x+2
The intersection of the graphs of y = x* and y==5x+2
will allow the solutions to the equation to be found.
d The cubic graph of y = x*has a stationary point of inflection
at the origin and contains the points (—1,—1) and (1,1).

The line y = —5x + 2 has y intercept (0,2) and x intercept
0.4,0)
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a

a

There is one point of intersection and therefore the
equation x*+5x—2=0has only one root.
The graphs intersect slightly before x = 0.4 so the value
x =0.375 is supported by the diagram.
At the intersection points of y=3x—-2and y= %2,
x*=3x-2

nx0=3x+2=0
The x co-ordinates of the points A and B are solutions of
X’ =3x+2=0.
As one solution occurs when the line touches the point A,
the polynomial P(x)= x> =3x+2 has a linear factor of
multiplicity 2. The other solution occurs when the line cuts
the curve at the point B so the polynomial has a second
linear factor of multiplicity 1.
There are two factors, one of multiplicity 2 and one of
multiplicity 1.
P()c)=x3 —3x+2
P1)=1-3+2=0
s.(x—1)is a factor
2 =3x+2=(x-1)(x* +bx-2)

=(x-D(x* +x-2)

=(x-Dx+2)(x—-1)

=(x-D*(x+2)
Thus, the solutions of the equation x> =3x+2=0are
x=1x=-2.
The point A has x =1 and point B has x = -2.
Substitute in y =3x -2
For A, y=1and for B, y=-8.
A is the point (1,1) and B is the point (-2,-8)
The equation x* —=3x+1=0 can be solved by the
intersection of y = x* and y = 3x — I since X =3x+1=0
rearranges to X =3x-1
The line y =3x —1is parallel to the line in the diagram but
it has a higher y intercept of (0,—1). This means the line
will cut the cubic curve in 3 places.
The equation x* =3x+1=0 has three solutions.
y=(x+4)(x-2)(x-6)
This positive cubic graph has x intercepts when
x=—4,x=2 and x = 6. There is a maximum turning point
between x = —4 and x =2 and a minimum turning point
between x =2 and x = 6.
For the maximum turning point, construct a table of values
between x =—4 and x = 2.

x| —4
y 0

-3
45

-2
64

-1 0 1
63 48 25

The maximum turning point is near (—2,64). Zoom in
around this point.

2.1
y | 63.099

-2
64

-1.9
64.701

-1.8
65.208

-1.7
65.527

-1.6
65.664

-1.5
65.625
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a

An estimate of the position of the maximum turning point
is (—1.6,65.664).

y=x(2x+52x+1)

x intercepts when x =0,x = —%,x = —1.

2
Shape is of a positive cubic so maximum turning point

between x = —2.5 and x = —0.5 and minimum turning point
between x =—0.5 and x =0.
For the minimum turning point, construct a table of values
between x =-0.5 and x =0.

x| -05 | 04 | =03 | =02 | 0.1

y 0 —0.336| —0.528| -0.552| -0.384| 0
The minimum turning point’s estimated position is
(-0.2,-0.552)
y=x?—x
x intercepts: Let y=0

. 2 2
sLy=x"(1-x7)

sy=x21-x)(1+x)

x intercepts: Let y=0

x=0,x=1Lx=-1

Due to the multiplicity of the factor, there is a turning
point at (0,0).

The shape of the graph is of a negative fourth degree.
Therefore there is a maximum turning point between
x=-land x=0, (0,0) is a minimum turning point and
there is a second maximum turning point between x =0
and x = 1. The two maximum turning points are symmetric
about the y axis.

Maximum turning point between x =0 and x =1.

x| O
y| O

0.2
0.0384

0.4
0.1344

0.6
0.2304

0.8 1
0.2304| 0

The maximum turning point lies between x = 0.6 and
x =0.8 and therefore, to one decimal place its x co-ordinate
must be x =0.7. When x =0.7, y = 0.2499
There are maximum turning points at approximately
(0.7,0.2499) and (-0.7,0.2499), and there is a minimum
turning point exactly at (0,0). Note: Since minimum
turning point is exact we shall choose not to write it as
(0.0,0).
P(x)=x>=3x*—4x+9
P(0)=9
ox=3x2—4x+9=9

xP=3x —4x=0

x(x2 -3x-4)=0

Sax(x—dHx+1D)=0

sx=-1x=0,x=4

Shape of graph is a positive cubic so there is a maximum
turning point in the interval x €[—1,0] and a minimum
turning point in the interval for which x €[0,4].
P(x)=x>-12x+18
P(0)=18
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X0 —12x+18=18
axd-12x=0
Sx(x?=12)=0
Sx(x+V12)(x=12)=0
L x(x+243)(x=24/3)=0

Shape of graph is a positive cubic so there is a maximum
turning point in the interval x € [—2\/§ ,0] and a minimum
turning point in the interval for which x €[0,2v/3].

¢ P(x)=-2x"+10x" —8x+1
P0)=1
5222 +10x7 —8x +1=1

s=2x(x? =5x+4)=0
S2x(x—=D(x-4)=0
sx=0,x=1x=4 b
Shape of graph is a negative cubic so there is a minimum
turning point in the interval x €[0,1] and a maximum
turning point in the interval x €[1,4].
d P(x)zx3 +x2+7

P0)=7
X+t +7=7

Ax+xr=0
X2 (x+1D)=0
sx=-1,x=0

Shape of graph is a positive cubic so there is a maximum
turning point in the interval x € [-1,0]. The multiplicity of
the factor indicates the line y =7 touches the graph when
x =0 and so there is a turning point at the point (0,7). This
must be a minimum turning point.
15 y=—x3 +7x* —3x—4,x20

a The number of containers is 10x, so for 10 containers x =1
and for 20 containers, x = 2.
When x =1, y=-14+7-3—-4=-1<0 so no profit is made.
When x =2, y=-8+28—-12-4=4>0 so a profit is made.
A profit is first made for x € (1,2) indicating the number of
containers sold was between 10 and 20.

b The midpoint of the interval [1,2] is x =1.5.
When x=1.5, y=3.875>0
A profit is first made for x €[1,1.5].
The midpoint of the interval [1,1.5] is x =1.25.
When x =1.25, y=1.234375>0
A profit is first made for x €[1,1.25].

¢ The number of containers is 10x and must be a whole
number. For x €[1,1.25], the number of containers lies
between 10 and 12 so either x =1.1or x =1.2.

x 1 1.1 1.2 1.25
y| <0 |-0.161|0.752| >0

A profit is first made when 12 containers are sold.

d The graph shows the maximum turning point lies in the
interval x €[3,6].

e Test values of y for x €[3,6]

x 4 4.5 5 55
y 32 33.125 31 24.875

The maximum turning point is near (4.5,33.125)
Zooming in around this point

X

4.2 43 44 4.5 4.6

y

32.792133.023 | 33.136| 33.125| 32.984

The maximum turning point is closest to (4.4,33.136).
Selling 44 containers will give the maximum profit of $331,
to nearest dollar.

cx=2Bx=0.x=23 f The value x =6.5 is an estimate from the graph of when

y=0.

Testing around this value,
x 6.4 6.5
y 1.376 —2.375

When there are 65 or more containers, no profit will be
made.

=2x3+10x% -8x=0 16 a If P(x;) and P(x,) have opposite signs then their product
must be negative. Therefore, if P(x;)P(x,) <0 then there is

at least one root of the equation P(x) =0 that lies between
x; and x,.

i

iii

iv

P(x)=6x>—11x> —4x—15
P(2)=6(8)—11(4)—4(2)-15

=-19
P(3)=6(27)—11(9)—4(3)—15
=36
~ P(Q)P(3)=-19%36
=—684
~PQ)P(3)<0

The equation 6x° —11x* —4x—15=0 has a root in the
interval [2,3].
Midpoint of this interval is x = 2.5
P(2.5)=6(2.5)° —11(2.5)2-4(2.5) - 15
=0
So, x =2.5 is an exact solution of the equation.

25= % Therefore, 2x — 5 is a factor of the polynomial.

P(x)=6x>—11x2 —4x—15
=(2x=50Gx> +bx+3)
=(2x-5)(3x> +2x+3)

For the equation
(2x=5)3x" +2x+3)=0

.'.ng or3x? +2x+3=0

Consider the discriminant of 3x> +2x +3
A=b*—dac a=3,b=2,c=3
=4-4%x3x3
=-32
Since A <0 there are no real solutions of the quadratic
equation.
Hence, x =2.5 is the only solution to the equation
6x® —11x% —4x—15=0.
At the intersection of y = 6x> —11x* —4x—15 and
y=-15,
6x° —11x? —4x—15=-15
607 —11x? —4x=0
2 x(6x* —11x-4)=0
nx=0o0r6x>—11x—4=0
Consider the discriminant of 6x* —11x — 4
A=b*—dac a=6,b=-11,c=—4
=121-4(6)(—4)
=217
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As A >0 there will be two solutions to the quadratic
equation 6x> —11x—4=0.

Therefore there are 3 points of intersection of the
graphs of y=6x> —11x? —4x—15and y = —15. As
y=-151is the value of the y intercept of the cubic
graph, this means the graph has a maximum and a
minimum turning point.

Using the formula to solve the quadratic equation
6x> —11x—4=0

- —b+\b* —4ac

2a
_11£4217
12
Approximately, x =—1.87 or x =2.14.

The graph of y = 6x> —11x* —4x—15 has a maximum
turning point between x =—1.87 and x =0 and a
minimum turning point between x =0 and x =2.14. As
there is only one x intercept of the graph at x =2.5 then
both of these turning points lie below the x-axis.

v y
1 asof

0 250 %

17 a y=-x’—4 and the family of lines y = ax. The values of a

shown in the diagram are integer values from —6 to 3.
YA

<Y

0,-4)

PN
X’ +ax+4=0

Rearranging this equation to ax = —x* —4, shows the
solutions are the x co-ordinates of the points of intersection
of the graphs in part a.

The line y = —5x is the first to intersect the cubic graph in
three places, for integer values of a. The largest integer is
a=-5.

The lines with positive gradients i.e. for which a >0
intersect the cubic once. There is 1 solution to the equation
X +ax+4=0
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d > +x+4=0

a

Here a =1 so there will be 1 solution which will have a
negative value.

Define the polynomial p(x) = 2 +x+4.
p(=2)=-6<0

p(-1)=2>0

So an initial interval is the solution lies in the interval
[-2,—1]. Proceed with the Method of bisection from
there (or program the calculator to carry out the
procedure).

Value of p(x)
Midpoint at midpoint New interval
(-2,-1]

x=-15 <0 [-1.5,-1]
x=-1.25 >0 [-1.5,-1,25]
x=-1.375 >0 [-1.5,-1.375]
x =-1.4375 <0 [-1.4375,-1.375]
x =-1.40625 <0 [-1.40625,-1.375]
x=-1.390625 <0 [-1.390625,-1.375]
x=-1.3828125 <0 [-1.3828125,-1.375]
x=-1.37890625

The last two values agree at an accuracy of two decimal
places.
To 2 decimal places, the solution is x =—1.38.
The dimensions in cm of the box are: length 18 —2x, width
14 —2x, height x.
Let the volume be V cubic cm.

V=Ixwxh
SV =x(18-2x)(14 -2x)
The graph of the cubic polynomial y = x(18 —2x)(14 —2x)
would have x intercepts at x =0,x =7,x =9. Between x =0
and x =7 there would be a maximum turning point and
between x =7 and x =9 there would be a minimum turning
point.
However, since neither V nor x can be negative in this
practical model, the graph of V = x(18 —2x)(14 — 2x) is
defined for O <x <7.
The volume is greatest within the interval between x =0
and x =7.
Tap the Spreadsheet icon and set up the rule
V = x(18 — 2x)(14 — 2x) to be evaluated over [0,71.
x =2.6049 gives the greatest volume.
The side length of the square to be cut out is 2.605 cm to
three decimal places.
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Topic 6 — Functions and relations

Exercise 6.2 — Functions and relations
1 a {(4,4),(3,0),(2,3),(0,-1)}
Domain is {0,2,3,4} Range is {—1,0,3,4} This is a function
since each x co-ordinate is used exactly once.
b Domain is [-2,e), Range is R. This is not a function since
a vertical line cuts the graph more than once.
¢ Domain is [0, 3], Range is [0,4]. This is a function since a
vertical line cuts the graph exactly once.
d {(x,y):y=4-x")
This is the parabola y=4— x?, with maximum turning
point at (0,4).
The maximal domain is R and range is (—eo,4]. It is a function
since a vertical line would cut its graph exactly once.
2 y=—4x,x€[-1,3)
End points x =—1,y=4 = (-1,4) (closed) and
x=3,y=-12=(3,-12) (open)
Domain is [-1,3), Range is (—12,4].
A

Y (3,-12)

3 a y=8x+1)°-1
This is a cubic with a stationary point of inflection
at (—1,1). It has a one-to-one correspondence since a
horizontal line would cut the graph exactly once and a
vertical line likewise. It is a function since the vertical line
cuts the graph once.

b Considering the cuts made by a horizontal and then a

vertical line, the graph has a many-to-many correspondence
and is therefore not a function.

4 a y=(x— 2)? minimum turning point at (2,0), y intercept at (0,4)

<Y

< Ol 200)

Domain R, Range RT uU{0}, many-to-one correspondence
b An answer is [2,0)
S5 a f(x)=ax+b
fQ)=7=7=2a+b...... )
fB)=9=>9=3a+b........ 2)
@)~
2=a
~b=3
= f(x)=2x+3

b f(x)=2x+3

S f(0)=3
c f(x)=0
S 2x+3=0
3
LX=—=
2

d Image of -3 is f(-3)
f(=3)=2(-3)+3
=-3
e g:(—oo,0]> R, g(x)=2x+3

y=x*—6x+10, 0<x<7

£:00,7)> R, f(x)=x*—6x+10

Domain is [0,7)

For the range, a sketch of the graph could be used or
the range can be deduced from the position and type of
the turning point of a parabola and the end points of the
graph.

y=x2—6x+10
Sy=(x*—6x+9)-9+10
y=(x=3)2+1

Minimum turning point at (3,1)

End points: x =0,y=10= (0,10) (closed) and
x=7,y=17=(7,17) (open)

Therefore range is [1,17). This is confirmed by the graph.

Domain refers to x values and range refers to y values.
Domain [0, 5], range [0,15]

Domain [—4,2) U (2,00), range (—eo,10)

Domain [-3, 6], range [0, 8]

Domain [-2,2], range [4,4]

Domain {3}, range R

Domain R, range R

L =moe Q6T e

The type of correspondence is determined by the number
of intersections of a horizontal line-to-the number of
intersections of a vertical line with the graph given.
The relation in part a has a one-to-one correspondence;
part b has a many-to-one correspondence; part ¢ has a
many-to-one correspondence; part d has a one-to-many
correspondence; part e has a one-to many correspondence;
part f has a many-to-one correspondence.
b A vertical line would cut the graphs in parts d and e
in more than one place so these are not the graphs of
functions.
a {(-11,2),(-3,8),(-1,0),(5,2)}
Domain {-11,-3,-1,5}, range {0, 2,8}
Both x =—11 and x =5 are mapped to y =2, so there is a
many-to-one correspondence. Each x value is mapped to a
unique y value so the relation is a function.
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10

11

b

{(20,6),(20,20),(50,10),(60,10)}

Domain {20,50,60}, range {6,10,20}

Since x =20 is mapped to both y =6 and y = 20 the relation
is not a function.

Also, more than one x value is mapped to y =10 so the
type of correspondence is many-to-many.
{(=14,-7),(0,0),(0,2),(14,7)}

Domain {-14,0,14}, range {-7,0,2,7}

Since x =0 is mapped to more than one y value, the
relation is not a function. The type of correspondence is
one-to-many.

{(x,y): y=2(x—16)’ +13}

This is a cubic polynomial function with a stationary point
of inflection at (16,13). Its domain is R and its range is R.
It has a one-to-one correspondence.
{(y):y=4-(x-6)

This is a concave down quadratic function with a
maximum turning points at (6,4). Its domain is R and its
range is (—°,41]. It has a many-to-one correspondence.
{(y):y=32"(x=57)

This is a positive fourth degree polynomial function with
minimum turning points at (0,0) and (5,0). Its domain is
R and its range is R* U {0}. Its correspondence is
many-to-one.

A={(1,2),(2,3),(3,2),(k,3)}

a

a

If kK =1 then A would contain the two points (1,2) and (1, 3).
This has one x value mapped to more than one y value and
so A would not be a function if k=1.

Similarly, if k =3 then x =3 would be mapped to more than
one y value and so A would not be a function.

Answer: k =1,k =3, with the relation having a
many-to-many correspondence for either value of k.

A will be a function if k € R\{1,3}. As A contains the
points (1,2) and (3,2) it has a many-to-one correspondence.
Mapping diagrams for k =1,k = 3.

~

‘

= =
k=1 k=3

Mapping diagram for k£ € R1{1,3}.

Ik

L~

fx)=4x+2, xe(-1,1]

linear function.

Endpoints: f(-1)=-4+2=-2=(-1,-2) open,
f()=4+2=6=(1,6) closed.

1
y intercept (0,2) and x intercept (—5,0)

- / 0 l >
-1,-2)
Domain is (—1,1] and range is (-2,6]
g(x)=4x(x+2), x=2-2
Graph of y = g(x) is a concave up parabola.
x intercepts and closed endpoint (—2,0), x and y intercept
(0,0)
x co-ordinate of turning point occurs midway between the
X intercepts.
When x =-1, y=—4(1) =—4 = (-1,—4) is the minimum
turning point
YA

y=gx)
(=2,0)

0,0)

14

Y
Domain [-2,0), range [—4, o)

h(x)=4-x’xeR"

The graph of y=h(x) is a cubic function with a stationary
point of inflection at (0,4). Since x € R* this point is open.
x intercept: Let y=0

nA4—x1=0

x =4

x=34
(¥4.0)

YA
(0,4)
y=hx)

- GEXUNIN
< 5 >

Y
Domain R*, range (—oo,4)
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d

y=4,xeR\[-2,2]

Graph is a horizontal line drawn for x < -2 and x > -2 with

open endpoints at (—2,4) and (2,4).
y
2,4
[
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b f(x)=x"-x*
=x2(x—1)

Domain R\[-2,2], range {4}

12 f(x)=x?+2x-3

a

i f(-2)=(-2)+2(-2)-3
=4-4-3
f(=2)=-3
i £(9)=(9)2+29)-3
=81+18-3
f9)=96
i f2a)=(2a)*+22a)-3
=44* +4a-3
i fA—a)=1-a)+2(1-a)-3
=1-2a+a*+2-2a-3
fl—a)=d*—4a
Fx+h)=x+h)>+2(x+h) -3
=x2+2xh+h*+2x+2h-3
F)=x*+2x-3
s f(x+h) = f(x)
= (% +2xh+ h* + 2x+ 2h = 3) - (x” +2x - 3)

= XZ A 2xh+ WA+ 2 +2h— 3 — X — 2+ 3
=2xh+h>+2h
f(x)>0

X2 42x=3>0
SLx+3)x-D>0
Zeros x=-3,x=1
+

-3 1 X

Solution set is {x: x <-3}U{x:x>1}

fx)=12
LxP+2x-3=12
Xt +2x-15=0
S(x+5)(x-3)=0
x=-5x=3
f)=1-x
SxP+2x-3=1-x
X 43x-4=0
S+ -1)=0
nx=—4,x=1
‘R>R, f(x)=x"—x*
The image of 2 is f(2).
f@=2"-2
=8-4
=4

The image of 2 is 4.

<Y

14

c
d
e

f

a

x intercepts occur at x =0 (touch) and x =1 (cut)
YA

2.4

A
=Y

0,0)
/) (1,0)
Y

Domain R, range R.

many-to-one correspondence
many answers are possible, One answer is to restrict the
domain to (1,0) and another is to restrict the domain to R™.
f(x)=4

L0 —xt=4
X —x2—4=0
From part a, f(2)=4 so x=21is a solution. Therefore,
(x—2) is a factor.

(=22 +x+2)=0
sx=2orx’+x+2=0
Consider x> +x+2=0
A=(1)?-4x1x2
=7
A0

No real solutions.
The only solution is x = 2.
Alternatively, the horizontal line y =4 intersects the graph
of y= f(x) exactly once at the point (2,4), so x =2 is the
only solution to f(x)=4.
Answer: {x:x =2}
y= x2,x € Z" is the rule for the set of points
{(1,1),(2,4),(3,9),....}
It is the function f: Z* = R, f(x)= x% with range {1,4,9,16....}.
2x+3y=6is the equation of a straight line.

Rearranging,

3y=6-2x

2
SLy=——x+2
Y773

It is the function f: R— R, f(x) = —zx + 2 with range R.
y=x*x 3

Let x=1, .. y=*I1. The points (1,—1) and (1,1) are part of
this relation. It is not a function as the x values are not
mapped to a unique y value.

-2

Range is R

Maths Quest 11 Mathematical Methods VCE Units 1 and 2 Solutions Manual



132 | TOPIC 6 Functions and relations ¢« EXERCISE 6.2

d {(x,5),x € R} is the set of points whose y value is always 13 3
equal to 5. It is the set of points that lie on the horizontal Y= _Z(E 2)(5_5]
line y=5. 1 7 -7
This is a function f: R — R, f(x) =5 with range {5}. = 4727

e {(-1,y),y € R} is the set of points whose x value is 49
always equal to —1. It is the set of points that lie on the = 16
vertical line x =—1. This is not a function. The relation

3 49
has range R. (—,—)

f y=—x’xeR"is part of the fifth degree polynomial 216
function with a point of inflection at the origin. Since g(x)= 3 +2x— 1 x2
x € R", the values of the function are always negative. 2 4
It is the function f: R* = R, f(x) = —x° with range R™. =——(x2=5x-6)

15 f(x)= a+bx+cx? and gx)=f(x-1
a The function f is a quadratic polynomial.
Given f(-2)=0= (x+2) is a factor
Given f(5)=0= (x—15)is a factor.
Let f(x)=a(x+2)(x—5)
Given f(2)=3=3=a(4)(-3)

=—i(x—6)(x+l)

x intercepts: (—1,0), (6,0)

. 3
y intercept: | 0, 5

. . . -1+6 5
~3=-12a Maximum turning point occurs at x = = 5
3 1(5 \(5
na=-— =——|Z-6|=+1
12 ' 4(2 )(2 )
wa=-7 LT
| 4 2 2
L f@) == (x+2)(x=5) el
4 16

Expanding, (5 49)
1 P
f(x)=—=@*-3x-10) 2°16
? 3 10 Point of intersection of the two graphs occurs when x =2
= —— 2 — e 1
SRR f@=--(2+2)(2-5)
4
5.3 1, 1
=3t =- -1

s fx)= %+ %x - ixz is the rule for the function f.

= f(x-1 =24+ 2(x=D==(x-D>~
b As g(x)= f(x—1), then g(x) (x—-1) (x—1)

=3
(2,3)

53 31, ,
=—+-x————(x"-2x+1
=4 = = 2k 03
7,3, la, 11
4 47 4 27 4 P/
6 5 1, -2,0)
=—+—Xx——X
4 4 4 (=1,0)
35 1
gx)= E+—x— sz
The graph of function g has the same shape as the graph of
¢ f(x)=2g(x) function f but & has been horizontally translated 1 unit to
;.é_,_ix 1 2:§+§x—lx2 the right.
2 4 4 2 4 4 16 a x(r)=4+5t,t€[0,5]is a linear function with domain [0, 5].
3 + gx = 3 + Ex Endpoints of range: x(0)=4 and x(5)=4+25=29
2 4 2 4 Range is [4,29]
5.3 = 3 x— 3 X The distance travelled is 29 —4 = 25 units.
2.2 4 4 b h(t)=10t -5t
s 1= lx At ground level, A(1)=0
_% ~0=10r-5¢>
s 3 x; X ~0=5t2—1)
d f(x):§+zx—zx2 or f(x):—Z(x+2)(x—5) o 1=0,1=2

x intercepts: (—2,0),(5,0)
. 5
y intercept: 0,5

Maximum turning point occurs at x =

—2+5_3
2 2

It takes the hat 2 seconds to return to the ground.
The domain is [0,2].

For the range, the turning point is required.
Maximum turning point occurs when ¢ =1.
h(1)=10-5=5

The turning point is (1,5)

The range is [0,5]
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¢ (1)=05+0270<r<2

i Domain is [0.2]. Exercise 6.3 — The circle

1(0)=0.5,1(2)=0.5+0.2x8 = 2.1 s0 the range of the 1a@-1)>+(+3)>=9
cubic function is [0.5,2.1]. Centre (1,-3), radius /9 =3
ii At the end of the two weeks, the leaf is 2.1 units in Domain [1-3,1+3]=[-2,4], range [-3 - 3,-3+3]=[-6,0]
length. y ) )
~1 ) +3)2=9
Find  when /(r)= 0.5% 2.1, A e
50540268 =0.5%2.1 < X
Multiply both sides by 2
140487 =21 (-2,-3) %= (4, -3)
5040 =11

Ll L9

=7 Y

=325 b x*+y* +2x+8y=0

=14 A (224D =1+ +8y+16)-16=0
It took approximately 1.4 weeks for the leaf to reach )2 4 ( v 42 =17
half its final length.

Centre (—1,—4), radius \/17

Domain [-1-+/17,-14+/17] range [-4 — J17,-4+17]
2 Centre (-5,0) passes through the point (2,3)
2

17 y2 =x2+1
Enter the equation in the graph and Tab menu as
n=vat 4 (x5 +yE=r
Yo =~V X+l Substitute (2,3)

L Q2+5r+B)? =1t

~r?=58
So the equation is (x +5)% + y2 =58
Expanding,
X2 +10x+25+y> =58
A x2+yP+10x=33=0

/ 3 a Lower half semi-circle with centre (0,0) and radius /2

Domain [—\/f,\/f}, range [—\/E,OJ

y=T 2
(2,0)

Domain R. (2,0
The y intercepts are (0,—1) and (0,1) so the range is R\ (—1,1).
This is not the graph of a function as a vertical line can
intersect the graph more than once.

18 In the main menu, tap Interactive — Define
Func name: f from Keyboard — abc
variable: x b 4x? +4y2 >25
expression: X+l +mx+n Open Region outside the circle 45 +4 y2 =25

a Use keyboard — 2D template to solve 5, 5 25
Dividing by 4 gives the equation x~ + y* = —
f(3)=-25 4

£5)=49 55
F(7)=243 . Centre (0,0), radius 12

This gives [ =0,m=—12,n=-16 A
Lfx)=x-12x-16 42 4 42> 25
Redefine f(x):x3 —12x-16 -

Image of 1.2 is f(1.2) =-28.672 /7 AN

Solve f(x)=20 by tapping Interactive — Equation/ / \
Inequality — solve to obtain x =4.477 correct to three 1 1

decimal places. < ’ ' >
f:10,0) > R, f(x)=x" —12x - 16. 25,04 /25.0)
Graph the function by entering yl = f(x) for x = 0. Tap \ y

Analysis — G-Solve — Min to obtain the minimum b /
turning points (2,-32). S
The range is [-32, ). (0, -2.5)

=3

[g]

=7
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¢ Equation of upper semi-circle is A=b%*—4ac
5\, =(-12)* - 4(5)(10)
r= (‘) - =144-200
L y=4625-x2 =36
) Since A <0, there are no intersections.
Domain [-2.5,2.5], range [0, 2.5] 6 <24+ yz —4and y=mx—3
4 a y=2+ J8—4x—x2 Solving as simultaneous equations:

2 2 _
y=2=~8—4x—x> XA (me=3)"=4

L2, 2.2 _
(y=2)2=8—4x—x* ..x2+mJ; 6mx+9=4
sxt +4x+(y—-2)" =8 ~xt(l+mT)—6mx+5=0
S +dx+4)—4+(y-2)* =8 A=b*=dac, a=(1+m’), b==6m, c=5
'.‘(x+2)2 +(y_2)2=12 A=(—6m)2—4(1+m2)(5)

=36m* — 20m* — 20
b Centre (-2,2), radius J12 = 2\/3

— 2 _
Due to the positive square root, the semi-circle is the top For line to be a tangem—A16_m0 20

one.
Domain [_2 —2J3,-2+ 2\/§J Range [2,2+ 2\/§] ~16m* =20=0
5
5 x+2)%+(y-1*=10 .‘.mzzZ
centre C(-2,1), radius \/m P(-3,-2) S5

7 a x>+(y-1>=1
Centre (0,1), radius 1,
Domain: [0—1,0+1]=[-1,1]
Range: [1-1,1+1]=[0,2]

y
0,2)
1
a mgep =3, therefore gradient of tangent is —— equation of
tangent 3
1 -1, 1) O,1) (1, 1)
y +2=- E (x + 3)
A - .
Ly= 3x < .00 >
b Let T be the point (6,0)
CT =8 + (1)
-J65 b (x+2)°+(y+4)*=9
) ) ) Centre (—2,-4), radius 3
Let R be point of contact tangent makes with the circle and Domain: [-2 - 3,-2+3]=[-5.1]
let RT =t Range: [-4—3,-4+3]=[-7,-1]

CR=410
Triangle CRT is right angled at R since tangent is
perpendicular to the radius

A

=Y

Using Pythagoras’ theorem
(V65 =+ (IO
65=12+10
~t=/55
tangent is /55 units in length from T to R
¢ y+2x—4=0...(1)

(x+2)% +(y=1)%=10...(2) Y
From equation (1), y=—-2x+4. Substitute this in
equation (2)

,-4)

a8t
A2+ (2x+5-1)% =10 st yt=
' - t= 81 9
(22 +(2x+4)2 =10 Centre (0,01, sadius [ 2
XX +Ax+4+4x7 —16x+16=10 6 4
»5x7 —12x+10=0 Domai [_g g} [_g g}
S omain 4,4 ,range 4,4
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d x> +y* —6x+2y+6=0
(67 —6x+9)=9+(y? +2y+1)-1+6=0
S (x=3)2+(y+D)2 =4
Centre (3,—1), radius 2
Domain: [3-2,3+2]=[1,5]
Range: [-1-2,—-1+2]=[-3,1]

YA
3,1
-« 5 >
5,1
(1,- (':(3,—1)( )
\ (3,-3)

e 16x* +16y* —16x—16y+7=0

7

2 2

XY —x—y=——
y y 16

(2 q (2 1) 7 1 1

R I ol Bl B A el e e
4 4 16 4 4

( 1)2 [ 1)2 —T+4+4
Slx-— | Hy——=| =———
2 2 16

(-
“\72) TUT2) Tie

C (1 1) dius |

entre 25 , ra 1usZ

1 11 1] 13

YA

—_—
N
| —
-

A
.Y

13
in: | -——,>+—|=| 7, | -
Domam.[2 10 4] [4 4} range[4 1
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f Qx+6)7+(6-2y)> =4
(2 +3)) +(=2(y-3)) =4
LA(x+3) +4(y-3)7 =4
S(x+3)r+ (=312 =1
Centre (-3,3), radius 1
Domain: [-3—1,-3+1]=[-4,-2]
Range: [3-1,3+1]=[2,4]

YA
(3,4
(4, 3) (-2,3)

(3.2

A
=Y

8 a Centre (-8,9), radius 6
equation is (x +8)* +(y—9)? =36
b Centre (7,0), radius 2+/2
equation is (x—7)° +(y=0) = (22’
(=T +y* =8
¢ Centre (1,6)
Equation has the form (x — 1)2 +(y— 6)2 =r?
Substitute the given point (=5,—4)
(=51 H(4-6) =17
~rt=36+100
~rt =136
Equation is (x — D2 +(y-6)2 =136

. ) 4 4
d Diameter has endpoints —5,2 and 572

| 135

Centre is the midpoint of the diameter. Centre is (0,2)

4
Radius is distance from (0,2) to (5,2) Radius is %

42
Equation of circle is (x —0)* + (y—2)* = (—)

3
nx +(y=2) =§or 9x% +9(y=2)" =16

9 a { (x,y):y=+36-— x? } represents the upper half semicircle

centre (0,0), radius 6.
Domain [-6,6], range [0,6]

YA
77(0,6)
¥y =v36 -2
(-6, 0) (0, 6)
<4 5 -
Y

As a mapping this function is

f:[-6,6] = R, f(x)=~36—x*"

b {(x,y) 1y=—0.25- x? } represents the lower half
semicircle centre (0,0), radius +/0.25 =0.5.
Domain [-0.5,0.5], range [-0.5,0]
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Y,
(-0.5,0) T (0.5,0)

<Y

As a mapping this function is
£:[-0.5,0.5]— R, f(x) =—0.25— x*
¢ y= m + 3 Upper half semicircle
sy—3= m
(=372 =1-x7
X2 H(y=3)7 =1

Centre (0,3), radius 1
Domain [-1,1], range [3,3+1]=[3,4]

YA

(-1,3) /‘

y=VT=243
(0, 4)

1,3)

A
2Y

0

Y
As a mapping this function is

Fi-LI >R, f(x)=v1-x*+3

d {(x,y): x>+ y2 < 5} is the set of points which lie inside the
circle x* + y* =5 not including the circle itself. The circle
has centre (0,0) and radius /5.

YA

|0

- N
s N
2 \
/ A\
/ \

/ \
(—5(0) 2+ <5\(50)
1 0 i “x
\\ II
\ 7/
\\ //
(0, —3)

This is not a function. The relation has domain (—\/§ ,\/g )
and range (—J§,J§)

e (x— 2)2 +(y— 4)2 24 is the region outside the circle
(x—2)* +(y—4)* =4 including the circle itself. This is not
a function. The circle has centre (2,4) and radius 2.

10 a

YA
2, 6)
(0, 4) , 4
2,2)
< 0 >
(x=27+(-47=4
Y

Domain is R and range is R.

{(x,y):y< Va—x? } includes the region on and inside the
semicircle y=+/4— x2. The semicircle has centre (0,0) and
radius 2.

The relation also includes the set of points for which
—2<x<2and y<0.

For example, test the point (—1,—1).

It is a true statement that —1 < /4 —(—=1)* since —1 <+/3

YA

0,2) y<\4-x2
(-2,0) /_ -7\ N
0 (2,0) “x

Y

The domain of the relation is [-2,2] and the range is (—eo,2].

x2 +y2 -3x+3y+3=0
Substitute the point (3,-3) into the left hand side of the rule.
LHS = (3)” +(=3)> =3(3) +3(-3) +3
=9+9-9-9+3
=3
RHS=0
Since LHS > RHS, the point (3,-3) lies outside the circle.
x2 +y2 +8x—-3y+2=0
Substitute the point (a,2)
na’+4+8a-6+2=0
~a’+8a=0
sa(a+8)=0
sa=0,a=-8
The two points are (0,2) and (-8,2).
The circle equation becomes:

x? +8x+y2—3y=—2

.'.(xz+8x+16)+(y2—3y+§)=—2+16+%

3\ 65
+42+( —f) =—
(x+4) Y=o 2
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a

Centre is (—4%} The y value of the centre is less than

the y values of the two points (0,2) and (—8,2) so the two
points lie on the upper semicircle.
Rearranging the equation of the circle,

2
(y—EJ -2y

2
65 5
=t |2 (x+4
2 (x+4)

Upper semicircle requires the positive square root

/65 3
Sy= 7 (x+4)% + 2 is the equation of the semicircle

on which the two points lie.
This equation could also be expressed as

/65 4(x +4)?

5 4(x +8x+16)

2 "2
V1-32x—-4x% 3
= = 4=
2 2

Circle: (x—2)*> +(y-2)*> =1Line: y=2x
Substitute the equation of the line into the equation of the
circle.
At intersection,
(x=2+2x-2)* =1

P —dx+4+4x7 -8x+4=1

S5x2—12x+7=0

S (GBx=T(x-1)=0

.‘.x:z orx=1
5

Substitute the x values in y=2x

7 N 14
xX=— =

57775
x=1=y=2

714
The points of intersection are 55 and (1,2).
Circle: x? +y? =49 Line: y=7—x
Substitute the equation of the line into the equation of the
circle.
At intersection,
x*+(T-x)* =49

x?+49-14x+x? =49

207 —14x=0
s 2x(x=7)=0
x=0,x=7
Substitute the x values in y=7—x
x=0=>y=7
x=7=y=0

The points of intersection are (0,7) and (7,0).

Circle: x* + y2 =49 has centre (0,0) and radius 7.

Both the circle and the line pass through the two points
(0,7) and (7,0).

The region {(x,y):y=7—-x}N{(x,y): x>+ y2 <49} must
lie above the line and inside the circle, with boundaries
included.
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YA
Region
D 0 5
y=7-x
7 x2+y2=49

The required region is the overlap of the two shaded areas.

12 a Circle: x2+y? =5

Line: y+2x=5=>y=-2x+5

Substitute y =—2x+5 in the equation of the circle
At intersection,

22+ (=2x+5)* =5
X2 +4x%-20x+25=5
~5x2=20x+20=0

xt—4x+4=0
~(x=2%=0
Sx=2

When x =2 in the equation of the line, y=-4+5=1
There is only one point of intersection, (2,1), so the line is
a tangent to the circle at this point of contact.
b Circle: x>+ y? +5x—4y+10=0 Line: y=kx+2
Substitute y = kx + 2 in the equation of the circle.
X (ke +2) +5x—4(kx+2)+10=0
X2k + ARG +4+5x— 4k8 —8+10=0
L+ +5x+6=0
The discriminant of this quadratic equation determines the
number of solutions and hence the number of intersections
of the line with the circle.
A=b*—4ac, a=(1+k*), b=5¢c=6
=25-24(1+ k%)

=1-24k*
i For one intersection, A=0
L 1-24K>=0
s 1=24k2
. k2 — L
24
1
k=t——
26
=z Y0
12
ii For two intersections, A >0
A>0 —
—_ 1
A<O 7£ ﬁ k
12 12

From the sign diagram of the discriminant, the values
of k for two intersections are — % <k< %
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iii For no intersections, A < 0. The values of k are
k<— ﬁ ork > ﬁ
12 12.
13 x> +y*—6x+4y—-12=0
a Completing the square, the equation becomes
X2 —6x+y?+4y=12
(2 —6x+9)+ (Y +4y+4)=12+9+4
(=3 +(y+2)7%=25
Centre (3,-2), radius 5
b i Substitute the point (—1,1) in the left hand side of the
expanded equation.
LHS=1+1+6+4-12
=0
=RHS
The point (—1,1) lies on the circle.
ii Let the centre be C(3,-2) and the point of contact
P(=1,1)

P-1, DS

4
The tangent is perpendicular to CP S0 1,50, = 3

The equation of the tangent through P(—1,1) is

4
—1==(x+1
y 3)( )

~3(y=D)=4(x+1)
~3y-3=4x+4
s 3y—4x=7
¢ i Substitute the point (3,3) into the centre-radius form of
the equation of the circle
(x=3)>+(y+2)* =25
LHS = (3-3)? +(3+2)*
=0+25
=25
=RHS
The point (3,3) lies on the circle.

ii The centre of the circle is (3,-2) so the point (3,3) is
an endpoint of the vertical diameter of the circle. The
tangent to the circle at this point must be horizontal.
The horizontal line through (3,3) has equation y =3 so
this is the equation of the tangent.

d The range of the circle is [-2—-5,-2+ 5] =[-7,3] so the
point T(4,10) lies outside the circle. The distance of T from
the centre C of the circle is

der =(4-3)" +(10-(-2)’
=JI+144
=4/145

T (4, 10)
\145 t

[,

Let the distance between T and R be .
Using Pythagoras’ theorem in triangle CRT

P2 +5% = (V145 )
1 =145-25
=120
S 1=4/120
S 1=2430
The length TR is 2+/30 units.
The endpoints of the vertical and horizontal diameters of
the circle with centre (3,-2) and radius 5 are (3,3),(3,-7)
and (-2,-2),(8,—-2) respectively.
L
(x-3+(y+27>=25
1 63

@®,-7

G.-7

Y

Since the point (8,-7) lies vertically below the endpoint
(8,—2) and horizontally to the right of the endpoint (3,-7),
the tangent from this point to the circle is either vertical
with point of contact (8,-2) or horizontal with point of
contact (3,-7).
Either way, the length of the tangent from the point to the
circle is 5 units.
The equation of the tangent in part e is either x =8
(vertical) or y=—7 (horizontal).
At the intersection of 3y—4x =7 and x =8
3y—4x8=17
~3y=39
sy=13
Point of intersection is (8,13)
At the intersection of 3y—4x =7 and y=-7,
3X(-7)—4x=7
so—4x =28
sox==7
Point of intersection is (—7,-7).
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14 x*+y* —2x—-4y-20=0

a Lety=0
x2=2x-20=0
(XX =2x+1)-1-20=0
L(x=D?=21
nx—1=121
Lx=1%421

The x intercepts occur at x =1—+/21 and x =1++/21 so the
length of the intercept cut off on the x axis is 2+/21 units.

b x> +y*—2x—4y-20=0
nx?=2x+y? —4y=20
(®=2x+1)+(y? —4y+4)=20+1+4
=D +(y-2)?%=25
Centre (1,2) and radius 5.

Let A be the point (4,6), B the point (5,—1), C the centre
point (1,2) and M the midpoint of AB.

A4, 6

X3

The length of CM measures the distance of the centre from

the chord AB.
Co-ordinates of midpoint M (4” 6+(_1)j—(g 5)
O-ordinates oI mi pOll'l are 2 5 2 2,2 5

B(,-1)

Distance between M and C:

s (3 G

49 1
= [—+—

4 4
50

2
52

2

The required distance is % units.

15 a x° +y2 +ax+by+c=0
Substitute the given points
(L,0O)=1+a+c=0..(1)
0,2)=>4+2b+c=0...(2)

(0,8) = 64+8b+¢=0....(3)
Subtract equation (2) from equation (3)
~60+6b=0
= 6b=-60
~b=-10
Substitute » =—10 in equation (2)
s 4-=204¢=0
sc=16
Substitute ¢ =16 in equation (1)
s 1l+a+16=0
sa=-17
Answer: a=-17, b=-10, c=16
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b The equation of the circle is x> + y* —17x—10y+16=0
axt=17x+y* —10y=-16

2 2
(xz —l7x+(%) j+(y2 —10y+25):—16+(%) +25

17\ 5 289
Alx——| +(y-52=9+==
(x 2) »-5) 2

17 »  36+289
slx——| +(y-5r =22
(x 2) -5) 2

17

2
325
2) +(y=5 ===

4
17 325 5413
Centre (—,Sj, radius ,|— =——
2 \ 4 2

¢ x intercepts: Let y=0

Sxt=17x+16=0
A(x=D(x-16)=0
Lx=1lx=16

(1,0) (given) and (16,0) are the x intercepts.
y intercepts are given as (0,2),(0,8).

d The closest point P on the circle to the origin is where the
line OC first intersects the circle.

\
\
\
\
\
\
N
9
0% X
\
\
\

N\
Taﬁgent

5J13

OP = OC — PC where the radius PC = T

17)?
doc = (7j +(5)°

_ [289+100
4
/389
2
Lop_3%9 513
2 2
~.OP =085

The shortest distance from the origin to the circle is 0.85
units, correct to two decimal places.

e The greatest distance from the origin to the circle is OQ
where Q is the second point on the circle intersected by the
line OC.

0Q=0C+CQ
V389 5113

S 0Q0=——
0 2 2

.00 =18.88
The greatest distance is 18.88 units correct to two decimal
places.
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16 a The circle x> + y2 =16 has centre (0,0) and radius 4. The

endpoints of its horizontal diameter are (—4,0),(4,0) and
the endpoints of its vertical diameter are (0,—4),(0,4).

Two other circles through the points (0,4) and (4,0) are
sketched. Three points are required to determine a circle so
there can be several circles drawn through two points.

b With the points (0,4) and (4,0) endpoints of a diameter, the
centre is the midpoint of the diameter and the radius is half
the length of the diameter,

Centre: (M,ﬂ)= (2,2
2 72
Radius:
r= %x\/(4—0)2 +(0—-4)?
)
2
= %x4\/§
=22

radius is 2v/2 units in length.
The equation of the circle centre (2,2), radius 22 is

(x-2 +(y-2)° =(2V2)
A (x=2)%+(y-2)%=8
Test if (0,0) lies on the circle:
LHS = (-2)% +(-2)?
=4+4
=8
=RHS
The circle does pass through the origin.

¢ i At the intersection of the line y = x with the circle
(x=27+(y-2=8
(x-22+(x-2%=8

S 2(x-2)t=8

(x=2)%=4

x=2=12
Sx=0,x=4

Substituting the x values in y = x gives the points of
intersection as (0,0) and (4,4). Since the friends start
their competition at the origin, the kiosk, K has
co-ordinates (4,4).

ii Sam: Distance OK is the diameter of the circle. The
radius is 2+/2 so the distance Sam swims is 4+/2 km.
Sam swims at a speed of 2.5 km/h so the time taken is

. distance
time =

speed

_H2

25
=226

Sam takes 2.26 hours.
Rufus: The distance Rufus walks is half the
circumference of the circle.

17

18

Circumference, C = 2rr. Rufus walks a distance of
1
EX 27 X 2+/2 = 24/27 km at a speed of 4 km/h.

. distance
time =

speed
_2\2r

4
o
2
=222
Rufus takes 2.22 hours so Rufus arrives at the kiosk first.
42 2m

The time diff is| ————— [x60=248
e time difference 15[ 25 5 j

minutes. (approximately 2 minutes)
Select the Conics menu and tap Form and select the Conic form
for a circle in expanded form, Ax* +Ay* + Bx+Cy+D=0.
Replace A by 1, B by 4, C by =7 and D by 2 to obtain the
equation x* +y® +4x—7y+2 =0 then press EXE to obtain
the shape. From Analysis — G-Solve — x intercept or to
y intercept or to Center (sic) or to Radius, the required
information about the circle can be obtained.
x intercepts occur at x =-3.414,x =-0.586
y intercepts occur at y=0.298,y=6.702
Centre is (—2,3.5) and radius is 3.775.
In the Conics menu, select the form (x — H) + (y— K)? =R?
and use H = 6,K = —4, R = /66 to obtain the equation
(x=6)% + (y+ 4)% = 66. (Alternatively, enter the equation in
the main menu and highlight and drop into the conics menu).
Press EXE to obtain the shape.
Select x-Cal from Analysis and set y equal to —4 to obtain the
co-ordinates of the end points of the horizontal diameter as
(-2.124,-4),(14.124,-4),
Select y-Cal from Analysis and set x equal to 6 to obtain
the co-ordinates of the end points of the vertical diameter as
(6,—12.124),(6,4.124).
The domain is [-2.124,14.124] and the range is
[-12.124,4.124] correct to three decimal places.
At the endpoints of the domain, the tangent to the circle
would be vertical. Therefore, its gradient is undefined.

Exercise 6.4 — The rectangular hyperbola and the

1

truncus

1

ay= -
yx+2

vertical asymptote x = -2
horizontal asymptote y =—1
y intercept (0,0)

YA

Y
Domain R\ {-2} Range R\ {-1}
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-1
by=""7 5a Rx%:R:%
vertical asymptote x =2 I1=0.6,R=400
horizontal asymptote y =0 . k
' ( A ] =400 = 06
y intercept | 0,— -
2 . k=400%0.6
Domain R\ {2} Range R\ {0} k=240
YA A
i ) Hence R= @
| y=
i x=2 b Current is increased by 20% = [ =0.6x1.20=0.72
oo If 1=0.72,
i R 240
0,0.5) | 0.72
—1 | y=0 _ 1000
- of | = 3
i @3,-1) resistance is 333% ohm
i 6 For inverse proportion xy is constant
: This is true for the second table b where xy =7.2
| 7.2 .
! o y=—is the rule.
I X
\

If y=6.4, then x = E
6.4

1 3
2 f:R\{—}—)R,f(x)=4—

2 1-2x Therefore x = 2 =1.125
Vertical asymptote when 1—2x=0 . ; 28
Therefore vertical asymptote has equation x = 5 Ifx=8,y= ? =09
Horizontal asymptote is y =4 1

3 7 a y= 5=
The equation y =4 — can be expressed as (x=3)
3 1-2x Asymptotes: x=3,y=~1
y=— — +4 y intercept: Let x=0
I x—— 1
2(}6 2) Sy = > 1
3 (-3
So, y= +4=y=—L2 44 8
1 x-4% y=-=
2l x—— 9
2 8
This means the hyperbola lies in quadrants 1 and 3 (quadrants (Q-gj

as defined by the asymptotes). it s: Let y=0
x intercepts: Let y =

3 ay= improper form so divide to obtain proper form 1

3x+2 s —1=0
2(3x+2)-4 (x—3)1
3)C + 2 3 =
NP (x=3)
SYELTI (=3 =1
2 * —3=+
vertical asymptote x = —=, horizontal asymptote y =2 nx-3=4l
3 Lx=2,x=4
b Asymptotes shown as x=4,y= l (2,0),(4,0)
1 2 YA |
Equation becomes y = +— I
x—4 2 |
Substitutelthe point (6,0) x ?' 3 . 1 -
n0=44 | (x=3)
2 2 |
sa=-1 D 2, 0) | (4, 0) o
. . -1 1 - 0 E_/' | u
Therefore the equation is y = 2 + E — " ] e~ _
xX— ! y=-1
4 xy—4y+1=0needs to be expressed in standard hyperbola (0, —g) :
form |
xy—4y+1=0 :
SoXy— 4y =-1 Y !
sy(x—4)=-1
-1 Domain R\ {3}, range (—1,0)
Sy=

x—4
Asymptotes have equations x =4,y =0, so domain is R\ {4}
and range is R\ {0}.
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.
(x+2)

Asymptotes: x =—2,y=—4

y intercept: Let x=0

E

@)

sy=-6

(05 _6)

x intercepts: As a <0 and horizontal asymptote is y =—4,

there are no x intercepts.

Point: By symmetry, the point (—4,—6) lies on the graph.
x=-2 YA

by

sy=

A

Domain R\ {-2}, range (—c0,—4)
3

T 2(1-5x)
3

__ 2
(1-5x)
Vertical asymptote occurs when (1— 507 =0
s 1-5x=0
1
SX==
5
Horizontal asymptote is y = 0.

1
Domain is R\ {g}

y

sy

a= E > 0, so range is (0, )

9 a P=30+ 100
2+t
t=0=>P=280
t=2=P=55
Therefore the herd has reduced by 25 cattle after the first 2
years.
b Asymptote r = -2 (not applicable), & =50

Domain {: 2 0} Range (30,80]
¢ The number of cattle will never go below 30.

10 h=25-—2_ >0
(t+2)
a Leth=125
~125=25- um2
(t+2)
0 s
(t+2)
~100=12.5(t +2)*
100
(422 =—
( ) 12.5
S (t+2)7 =8
St+2=18
t==2++8

11 a

12 a

t>0,s0t=-2++/8

The time to reach the height is 0.8284 x 60 = 50 seconds.
As t — oo, the graph approaches its horizontal asymptote,
h=25. The limiting altitude is 25 metres above the ground.

=— 42
Y x+5

Since x +5=0 when x = -5, the asymptotes have the
equations x =-5 and y=2.

y=—-3
X

The asymptotes have the equations x =0 and y=-3.

y=-

4x
Since 4x =0 when x = 0, the asymptotes have the equations
x=0and y=0.
-3 3
14+x 4

Since 14 + x = 0 when x = —14, the asymptotes have the
equations x =—14 and y = Y

1
y=—-3

Asymptotes: x=—1,y=-3
1
y intercept: Let x =0, y= I -3=-2.(0,-2)

x intercept: Let y=0
1

x+1
1

T x4l
~3x+D)=1

Lx+l= l
3
LX=—=
3
2
(3]
3
Domain R\ {-1}, range R\ {-3}
Point: When x =-2, y= 1 3=—4(-2,-4)
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b y=4- 3 ory=-—
x=3

x-3

Asymptotes: x=3,y=4

yintercept: Let x=0, y=4— % =5(0,5)
x intercept: Let y=0

0=4-

x-3

15 (15
xX=— (—,0)
4 4
Domain R\ {3}, range R\ {4}
YA x=

w
W

y=4-

-
Il
A W

0,5)

A
wx

5
c y=———

Asymptotes: x=-3,y=0

) 5 5
y intercept: Let x=0, y = 3 0,—5
No x intercept

Domain R\ {-3}, range R\ {0}

Point: Let x=—4, y= —i] =5 (-4,5)

(e}
—
&5
=

=

Y,
x=-3 5
y__3+x
(-4,5)
= >
d y:—(1+
—-X
5
sy=-1-
Y 2—x
5
=-1+
Y x—2

Asymptotes: x =2,y =-1
5
Y intercept: Let x=0, y=-1 +—2 =——

x intercept: Let y=0

0=-1+ >
x=2
sl= >
x=2
sox—=2=5
x=7 (7,0)
Domain R\ {2}, range R\{-1}
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YA

11-3x b

=q—-
4-x 4-x
C1=-3x _a(d-x)-b

13 a

" 4-x 4—x
J11-3x 4a-ax-b
4—x 4—x

s A1-3x=—-ax+4a-b
Equating coefficients of like terms:
x:-3=-a
sa=3
constant: 11=4a—b
Substitute a =3
~11=12-b
~b=1
Answer: a=3, b=1
11-3x 1
= =y= 3—
—-Xx 4—-x

Asymptotes: x=4,y=3

, 111 11
y intercept: Let x=0, y=3—-—=— 0,—

4 4 4
11-
x intercept: Let y=01in y= 3x
4-x
."0:11—3)6
4—x
s 0=11-3x
11
xX=—
3

11
(59
3
Point: Let x =5, y:3_i1:4 (5.4)

R/ W

—_

1
@fz

A
Y

0 W

Y

¢ The y values of the points on the graph are positive when
11-3x

—X

x<%orx>4so >Owhenx<%0rx>4.
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14 a y=

4x+1
Using the division algorithm,
1

4

dx+1)x+0
1
x+—
4
_1
4
a1t
T4x+1 4 4x+1
11
y=————+—
4@dx+1) 4
L1
TV lex+4 4
This is in the form y = ———+d with
X+ C

a=—1,b=16,c=4,a’=l
4.

Since 16x+4 =0 when x =— %, the equations of the

1 1
asymptotes are x = — e y=—.

4
b (x—4)(y+2)=4

4
(y+2)—m

The equations of the asymptotes are x =4,y =-2.
1+2x
y =

X

1 2x
Ly=s—+—
X X

Sy= 1 +2
X

The equations of the asymptotes are x =0,y =2
d 2xy+3y+2=0

Sy2x+3)+2=0

Sy2x+3)=-2

2
T 2x+3

Sy
. 3 .
Since 2x+3=0 when x=-— 5, the equations of the

asymptotes are x = — > y=0.
12
(x=2)*
Asymptotes: x=2,y=5
y intercept: Let x =0
12
(-2)?
sy=8
0,8)
There are no x intercepts.

+5

15 a y=

+5

ny=

Point: By symmetry the point (4,8) lies on the graph.

YA

Ao

0

A

Y
Domain R\ {2}, range (5,°)

= +
Y (x+2)?

Asymptotes: x=-2,y=06

y intercept: Let x =0

Ly= 24 +6

sy 2

~y=0

Graph passes through the origin.

Other x intercept, by symmetry with the asymptote x = -2
must be (—4,0).

Domain R\ {-2}, range (—eo,0).

yiy= 24 +
x=-2 A (X+2)2

y=06

(-4, 0) (0,0)

o
=

Y

1
I
Y 7x>
Asymptotes: x=0,y=7
No y intercept
x intercepts: Let y=0
1
n1-—==0
7x*
1
=7
7x?
o 1=49x7

(3o}t

Domain R\ {0}, range (—°,7)
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4=y
Asymptotes: 2x-1=0=x= 1 and horizontal asymptote is y=0
No x intercepts 2
y intercept: Let x =0
4
(-1)*
sLy=4
0,4
By symmetry with the asymptote x = %, the point (1,4) is on the graph.

sy=

Domain R\ 5 range R*

Y

©,4)
1

Ol
C@2-x)

Asymptotes: (2— x)? =0 = x =2, horizontal asymptote y =—2
y intercept: Let x =0
1

@7

e y=-2

Sy=-2-

..y=—Z

[o-3)
4
No x intercepts.

. 9). . . . .
Point (4, - Z) is symmetric to the vertical asymptote with the y intercept.

Domain R\ {2}, range (—oe,-2)
YA

A
Y

(0,-2.25) y=-2

Maths Quest 11 Mathematical Methods VCE Units 1 and 2 Solutions Manual

| 145



146 | TOPIC 6 Functions and relations ¢« EXERCISE 6.4

16 a

Asymptotes: x=0,y=1

No intercepts with the axes.
Domain R\ {0}, range (1,0)
Points: Let x =1

sy=3

(1,3)

By symmetry the point (—1,3) is also on the graph.

-1,3)

A

0

Y

a

Let the equation be y = +k

X—
Vertical asymptote at x=3=h=3
Horizontal asymptote at y=1=k =1

+1

..y:x_3

Substitute the known point (1,0)
a
S0=—++1
1-3
0="L41

=1

SRR

a=2

The equation is y = +1

X—
Let the equation be y = 4 ik
x—h

Vertical asymptote at x=-3=h=-3
Horizontal asymptote at y=1=k =1

Sy= +1

x+3
Substitute the known point (—=5,1.75)

~175=

+1
5+3

~075="2%
a=-150

The equation is y =

5
+1.
x+3

Let the equation be y =

S
(x—h)
Vertical asymptote at x=0=h=0
Horizontal asymptote at y=—2=k=-2
a
Ly=—-2
y 2
Substitute the point (1,1)
sl=a-2
sa=3

3
The equation is y=——2.
x

Let the equation be y = +k

a
(x=hy?
Vertical asymptote at x = -3 = h=-3

Horizontal asymptote at y=2 =k =2

a
ny= +2
Y a3
Substitute the point (0,1)
a
Sl==+2
9
DR
9
sa=-9
. -9
The equation is y=————+2.
(x+3)

4
Graph with the same shape as y = — and vertical
X

asymptote x = -9 has the equation y = W The

truncus function is f: R\{-2} > R, f(x) =

2)%

_4
(x+

The hyperbola has a vertical asymptote x = 1 and a

. 1
horizontal asymptote y = —5 It passes through the

point (1,0),

i The equation is of the form y =
X

Substitute the point (1,0)
a

S
1]

._.
|
I
N | —

N | =
0| WM | — rw|Q

Q

Il

X
AW

Q
Il

3

8 ——
1

x—y 2

The equation is y =

3 1

T8x-h 2
301

%

8x—2 2
3 1
T 2(4x-1) 2
C3—(4x-1)
T 2(4x-1)
_3-4x+1
T 2(4x-1)

_ 4-4x
T 2(4x—1)
_2-2x
C4x-1

_2x+2

r= 4x—1

L ax
The equation is in the form y =

a=-2,b=2,c=4,d=-1

1

_%2

+b
cx+d

with

. . . 1 -
ii As the vertical asymptote is x = —, the domain is

“il

The hyperbola function can be expressed as the

2x+2

mapping f: R\ {i} - R, f(x)= .
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s2y=2
sy=1
The point of intersection is (2,1).

k
The inverse proportion relationship / = 7 is the branch of

a truncus for d > 0.

. 2
b xy=2is the hyperbola y=—.
x
Asymptotes: x=0,y=0
Points: (2,1) and when x =—2, y=—1so a second point is

(=2,-D,
2
y= 7T is a parabola with minimum turning point at (0,0).
, -2
To consider the effect on the intensity when the distance Points: (2,1) and when x=-2,y= 1 =1so another
from the transmitter is doubled: point is (=2,1).
k
Letd=a, then I =—. YA X2
a Y=Z
Let d =2a, then I = 5= =L2.
2a) 4a
. L . 21 210 y=2
The intensity is one quarter of what it was before the D 2.1 >
distance was doubled. This means doubling the distance < « 0 “x
has reduced the intensity by 75%. (-2,-1)
. . distance distance
Since time = = so the constant of
speed v )
proportionality is the distance travelled. Therefore, k =180. 5
. . 180 _ X
The relationship is t = —. ¢ y=—andy=—
v X 4
This represents a hyperbola with independent variable v ) x4
and dependent variable ¢. At intersection, 4 2
Asymptotes: v=0,t=0 ~xt=16
. 180
Points: Let v=30,r=—=6  (30,6) nx=12
180 30 When x =12, y=1so the points of intersection are (-2,1)
Letv=060,7= 0 3 (60,3) and (2,1).
4
180 = — is a truncus with asymptotes x=0,y=0
Letv=90.1=0=2  (90.2 s yme '
Only the first quadrant branch is applicable since neither y)
time nor speed can be negative.
t
18
12 (-2, 1)
0
(30, 6) 90, 2)
OI T T I:v V
30 60 90
9 2
—nl_
Let’—ZZ—Z dy:%andyzx%
2 = 180 At intersection,
94 v ﬁ _a
o v=180 a x°
L4 2
0 4 sxT=a
v= —
g 1 nx=+Vd?
- v=80 “ sox=zat
The s houl km/h.
e speed s ougbe m/h cx=tda
- 2
xy=2andy= 4 Substitute x = ++/a in y:x_
2 a
At intersection, x[%] =2 (i\/g)z
FEA e
4 N
f Sy=—
soxT =8 a
sx=2 y=1
Substitute x =2 in xy =2 The points of intersection are (—\/E ) 1) and
(Va.1)
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at+b
t+2

20 N:R"U{0}> RN(1)=

at+b

t+2
N(0)=20

a Nit)=

=20= é
2
~.b=40
N(2)=240

— 402 29%b

Substitute b =40
240 = 2a+40

=960 =2a+40
=~ 2a=920
sa=460
Answer: a =460, b=40

460t +40

b The function rule is N(¢) =
+2

When N =400,
400 = 460z + 40

t+2
. 400(t +2) = 460t + 40

.. 4007 + 800 = 4601 + 40
.. 800 — 40 =460t — 4001
.. 760 = 601
760
Lt=—
60
_38
3
The time taken is 12% years which is 12 years and
8 months.
¢ N()= 460t +40

t+2
460(t+1)+40

(t+DH+2
_ 4601+ 500

t+3
N@E+1)-N(1)
_ 4601 +500 4607 +40

t+3 t+2
_ (4601 +500)(z + 2) — (460t + 40)(z + 3)

(t+3)(t+2)
[460¢(t +2) — 4601(t + 3) | +[500(¢ + 2) — 40(¢ + 3)
(t+2)(t+3)
[-460¢]+[4607 +1000—120]

(t+2)(t+3)
880

- +2)(t+3)
as required.

St

SN+ =

21

d

a

The change in population during the 12t year is
N(13)-N(12),
880

From part ¢, N(t+1) - N() = m

Putr=12

880
“Naa—Nam_a®a$
440

~7x15
88

T 7x3
_88

21

The population increased by % =4 insects during the

12" year.

The change in population during the 144 year is
N(15)-N(14).

Put r =14,

~ N(15)= N(14) = 880

16)A7)
_ 110

During the 140 year the population changed by
approximately 3 insects so the growth in population is
slowing.

Let N =500
. 500 3601+40
t+2

=.500(f +2) = 4601 + 40
. 5007 +1000 = 460z + 40

. 401 =40 —1000
.40t =—-960
t=-24

However, t € R* U{0} so there is no value of ¢ for which
N =500. The population of insects will never reach 500.

4601 + 4
. 4601-+40

t+2
_460(t +2)—920+40

t+2
_460(t+2) 880

t+2 t+2

The function N is a hyperbola with horizontal asymptote
N =460. This means that as t — oo, N — 460 so the
population can never exceed 460 insects according to this
model.

Enter the expression X+l in the Main menu and highlight

x+2
it. Then tap Interactive — Transformation — Propfrac to
.ox+1 1
obtain =— +1.
x+2 x+2
x+1

This means that y = has asymptotes x =-2,y=1.
x+2

Highlight and drop the equation into the Graph & Tab
menu. To show the asymptotes, enter these in the graphing
list.

Graph y = x on the same screen and observe there are

2 points of intersection.
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b If k =0 the line y = x + k becomes the line y = x so there
are two intersections. All lines in the family y = x + k have
the same gradient of 1 with the value of k determining the
y intercept of each line.

By trial and error and testing the number of points of
intersection from the Analysis — G-Solve — Intersect, it
can be found that the lines y=x+1and y = x +5 intersect

the right and the left branches respectively of the hyperbola

exactly once.

/

Thus:

One intersection if k=1 ork =35;
two intersections if k <1 or k > 5;
no intersection if 1 < k <5.

a Enter the equation x* — y* =2 in the Conic editor and
graph. From Analysis, select G-Solve — Asymptotes to
obtain the asymptotes y =—x,y = x.

Repeat for xy =1 which has asymptotes x =0,y =0.
The shape of each graph is shown in the accompanying
diagram.

b For the graph of xy =1, an anticlockwise rotation of the
axes by 45° would give a diagram where the hyperbola
would have the same appearance as x* — y? = 2.

The asymptotes of xy =1 are x =0, y = 0. Rotating these
anticlockwise by 45° gives the asymptotes of x> — y* = 2.
The line y =0 is rotated to the line with gradient
tan(45°) =1 giving an asymptote with equation y = x.
The line x = 0 is rotated anticlockwise to the line with
gradient tan(135°) = —1 giving an asymptote with
equation y = —x.

The asymptotes of x*—y*=2are y=xand y=—x.

Exercise 6.5 — The relation y2 = x

1

a (y+3)? =4(x-1)
Vertex is the point (1,-3).
x intercept: Substitute y="0

~9=4x-4
13
SoX=—
4

TOPIC 6 Functions and relations ¢ EXERCISE 6.5 | 149

There is no y intercept. (Check, if x=0,(y+ 3)2 =—4 for
which there is no real solution)

YA
+3)2=4(x-1)

(3.25,0)

A
Y

1,-3)

Y

Domain [1,0), Range R

b (y-3)° =—9x

Vertex (0,3) which is also the y intercept.
x intercept: When y =0,

(-3)% =—9x

sx=-1

Domain (—e,0], Range R

2 y*+8y-3x+20=0
Completing the square
(3* +8y+16)-16-3x+20=0

L(y+4) =3x-4
. 2_qf. 4
s(y+4) —3(x 3)

4
Vertex (g,—4j and the axis of symmetry has the equation
y=-4
3a (y-k’=ax-h)

Substituting the vertex (4,—7) gives (y+7)> = a(x —4)
Substitute the given point (—10,0)

(7)* =a(-14)
9
T 14

sa=-3.5

The equation is (y + 7)? =-3.5(x—4) or
(y+D2=—%@—41

Let the equation be (y — k)2 =a(x—h)

The y intercept points (0,0),(0,6) mean the equation of the
axis of symmetry is y=3

(=37 =a(x—h)

Point (0,0) = 9=—ah........ @

Point (9,-3) = (-6)> =a(9—h)
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@-

27=9a

sa=3

OH=h=-3

The equation is (y— 3)2 =3(x+3).

4 As the y axis is vertical, a curve touching the y axis will fail the vertical line test for functions, since this parabola is a sideways one
and therefore not a function. The point (0,3) is its vertex so the equation becomes (y—3)* = ax.
Substitute the point (2,0) into (y—3)* = ax
59=2a
soa=4.5
The equation is (y—3)* =4.5x.

5ay=Jx-1-3

endpoint (1,-3), no y intercept since domain is [1, o)
x intercept when Vx—1-3=0

soA/x—=1=3
sx=1=9
~x=10
(10,0)
YA
y=yx-1-3
< —
0 ﬂo) X
(1,-3)
(
Range [-3,0)

b i f(x)=—V2x+4
2x+420

Maximal domain: ~ Therefore domain is [—2,°°)

ii Endpoint when 2x + 4 = 0 therefore endpoint is (—2,0)
y intercept (0,—V4)=(0,-2)
YA

(=2,0)

A
Y

iii f(x)=—v2x+4
Let y=—+/2x+4 and square both sides of this equation
y2 =2x+4
y2 =2(x+2)
Alternatively, the graph is the lower half of the sideways parabola which must have both the lower and upper branches
Therefore its equation is

y=1/2x+4
y2 =2x+4
Sy =2(x+2)
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6 S={(x,y):(y+2)’ =9(x-1)}
a (y+2)? =9(x—1) vertex (1,-2)
x intercept: When y=0
2 =9(x-1)

~

—=x-1
9

13
x:

9
13
X intercept (?,0)

YA

O +2?=9x-1)

A

(1,-2)

Y

b Equation can be expressed as y+2=1,/9(x —1) so for the bottom half square root function the equation is
y+2=—9x-1) =>y=—/9(x-1)-2
7 Endpoint given as (—2,1) and domain is [-2,°°) so let equation be y=a~/x—h + k.
Substitute the end point, so the equation becomes y =avx+2 +1
Substitute the point (0,3)
s3=av2+1
A2a=2
2
V2
na=2
Therefore the equation is y = CIx+2+1=> y=42(x+2)+1
8 (y—a)’ =b(x—0c)
Vertex at (2,5), so equation becomes (y — 5)2 =b(x-2)
Substitute the point (-10.5,0)
(=5)? = b(-10.5-2)

Soa=

~25=b(-12.5)
__2
12,5
b=-2

The equation is (y — 5)2 =-2(x-2),a=5,b=-2,c=2, Domain (—c°,2], range R
9 All three graphs have a vertex at the origin.
For each, let x=1

1
y2=x y2:4x y2=—x
4
2
yr =1 nyr=4 Sy =%
sy=%1 ny=12 Ly=*%

L= (1,2.0,-2)  (L),(1-

)

0=
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YA

Y
Increasing the coefficient of the x term makes the graphs wider in the y axis direction and the graphs become more open.
10 a (y+1)>=3x
Vertex: Since y+1=0 when y=—1, the vertex is (0,-1).
x intercept: Let y=0
() =3x

b 9y2=x+1
1
2
Sy T ==(x+1
y 9( )
Vertex: (—1,0)
y intercepts: Let x =0
2ot
A 9
+

=1,0)

A
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c (y+2)?=8(x-3)
Vertex: (3,-2)
x intercept: Let y=0
(2 =8(x-3)
~4=8x-24
S 8x=28
28
=2

=l (Z,O)
2 2

No y intercepts
YA

O +272=8(x-3)

(Z’M;

A

(3.-2)

Y
d (y-4*=2x+1

oV — 1
S(y—-4) 2(x+2)

1
Vertex: (——,4)
2

y intercepts: Let x =0
L(-4)2=1
soy—4==1
~y=3,y=5 (0,3),(0,5)
x intercept: Let y=0
(4 =2x+1
s 16=2x+1

s 2x=15

11 a y>=-2x
Vertex (0,0)
Points: Let x =-2
y2 =4
sy=12
(-2,-2),(-2,2)

TOPIC 6 Functions and relations ¢ EXERCISE 6.5 | 153
YA

(-2,2)

0.0

A

(=]
=

-2,-2)

b (y+1)? =-2(x—4)
Vertex: (4,—1)
y intercepts: Let x =0
L+ =-2(-4)
S+ =8
Sy+l= i\/§
Ly=-1:22 (0,-1-2v2),(0,-1+242)

x intercept: Let y=0

L) =-2(x—4)
s 1=-2x+8
s 2x=7

A
0, 1+2V2)

O+ 1)?=20x-4)

A

0,-1-2V2)
Y

¢ (6-y)=-8-2x
L(6-y) ==2(x+4)

Vertex: (—4,6), No y intercept
x intercept: Let y=0

- (6)>=-8-2x
536=—8-2x
s 2x=-44
x=-22 (22,0

5 YA
(6-y)=-8-2x

(-4, 6)
(-22,0)
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=-(2y-6)> The coefﬁcifznt. of x4is positive so the graph opens to the
(26— 3))2 right. Domain is [-3,).
Y ) 13 a Let the equation be (y—k)* = a(x — h)
nx=—4(y=3) Vertex (1,—1), so the equation becomes (y+1)> = a(x —1).

S (y=3)Pr=== Substitute the known point (-2,2)
S+ =a(-2-1)
Vertex: (0,3) -.9=-3a
x intercept: Let y=0 a=-3
sx=—(=6)" The equation is (y+1)* = =3(x —1).
nx=-36 (=36,0) b Let the equation be (y— K =a(x—h)
y Vertex (1,—-2), so the equation becomes (y + 22 =a(x-1).
~ 6 Substitute the known x intercept (2,0)
(=36, 0) ©.3) 2
-— > L) =a-1
0 * “4=a
x=-2y- 6)? B . . 2
The equation is (y+2)" =4(x—1).

¢ i The axis of symmetry must pass halfway between the

2 _
12 a y"+16y-5x+74=0 two points (1,12) and (1,—4) since these points have the

Complete the square on the y terms
Sy +16y=5x-74
5y +16y+64=5x—T4+64
L (y+8)*=5x-10
S (+8)? =5(x-2)
vertex: (2,—8)
The coefficient of x is positive so the graph opens to the
right. Domain is [2, o).
b y*-3y+13x—1=0 (y=4)? =a(x-0)
wy?=3y=-13x+1 Substitute the point (1,12)

2
o, 3 2_ 32 S(12-4)"=a(l)
Sy —3y+(5 =—13x+1+ E a=64

(141 4412
same x values. The midpoint is (T, > )= (L4).

The equation of the axis of symmetry is that of the
horizontal line through (1,4). Therefore, the equation of
the axis of symmetry is y =4.

ii The vertex lies on the y axis and is symmetric with the
two points (1,12) and (1,—4). The co-ordinates of the
vertex are (0,4).

The equation of the curve has the form

The equation of the curve is (y—4) = 64x.

2
(y - E) =-13x+1 + - d The vertex is at (0,0) so the form of the equation is y2 = ax.
11

( )2 i + The diagram indicates that the points (12,7) and

2) Y.

32 12,—7 lie on the parabola.
o(-3) =t —J

2

Substitute (1 21—21j

vertex (— —j. 112
4°2 (7) =a(12)

The coefficient of x is negative so the graph opens to the

left. Domain is (—co, 1]. “12a= 121
2 _ —
c (5+2y) —58 24x .a_g
.'.[2(y+—):| =—4(x-2) T 48
2 ..o, 121

The equation is y~ = —x.
q T

14 §={(x,y):(y-2)"=1-x}
a (y-2?=1-x
Take the square root of both sides

Sy=2=x2J1-x

52
.'.4(y+5) =—4(x-2)

5 2
.‘.(y+5) - x-2)

Vertex (2, - 2)
2

The coefficient of x is negative so the graph opens to the
left. Domain is (—co,2].
G-yA+y)+5(x-1)=0
S S5+4y—y?+5x=5=0
s 5x = y2 —4y
Sy —4y+4=5x+4

.'.(y—2)2=5(x+£)

5
4

Vert ——,ZJ.

erex( 5

sy=2%+41-x

b The relation S is also described by (y— 2)? =—(x=1). Its

vertex is (1,2) and as the coefficient of x is negative, the
graph opens to the left with domain is (—eo,1].

The two functions which together form the relation, are the
upper half and the lower half square root functions:
fi(—=,1]> R, f(x)=2++/1-x and

g:(—o0,1]> R, g(x)=2—-+/1—x.

Each function has endpoint (1,2).

Graph of f:

y intercept: Let x =0

Maths Quest 11 Mathematical Methods VCE Units 1 and 2 Solutions Manual



15

FO)=2+1
=3 0,3)
Graph of g:
y intercept: Let x =0
g(0)=2-+1
=1 (0,1
x intercept: Let y=0
n0=2-1-x
aAl-x=2

s1-x=2?

sox=-3

d Image of —8 under f is f(-8)
f(8)=2+9
=5
Image of —8 under g is g(-8)
g(-8)=2-9
=-—1
a y=+x+3-2
Endpoint: (-3,-2)
Domain: x+32=0
x2>2-3
Domain is [—3, )

The rule contains a positive square root so the graph rises

from the endpoint giving a range of [-2, o).
y intercept: Let x =0
ny=y3-2 (0.43-2)
x intercept: Let y=0
Ax+3-2=0
Ax+3=2
Sx+3=4
sx=1 1,0)

y=\x+3-2

0,V3-2)

(3.-2)

b y=5-5x
Endpoint: (0,5)
x intercept: Let y=0

0=5-5x
ABx=5

~5x=25

~x=5 (50

Domain: 5x20=x=>0 [0,)
Range: The rule contains a negative square root so the
graph falls from the endpoint giving a range of (—,5].
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YA
©,5)
y=5-V5x
(5,0)

0 "

Y

¢ y=2J9-x+4

sLy=2{-(x-9)+4

Endpoint (9,4)

Domain: 9—-x 20

S92x

Sx<9 (—00,9]

Range: The rule contains a positive square root so the
graph lies above its endpoint giving a range of [4, ).
y intercept: Let x =0

y=2J9+4
~y=10

No x intercept.

(0,10)

IA

T~—]0.10)

y=2¥9-x +4

9.4

A
Y

0
Y
d y=49-7x
sy=4-1(x=-T7)

Endpoint: (7,0)
y intercept: Let x =0
- y=+49
ny=7 (0,7)
Domain: 49-7x 20
S 4927x
Sx<7 (=00, 7]
Range: The rule contains a positive square root so the
graph lies above its endpoint giving a range of [0, o).
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YA

™~

y =49 - Tx

7,0
0 “x
Y
€ y=2++x+4
sLy—2=tJx+4

L(y=27=x+4

Sideways parabola with vertex (—4,2). Coefficient of x is positive so the graph opens to the right of the vertex. Domain is [—4,°)

and range is R.

y intercepts: Let x =0

A

Ly=2+/4
sy=2-2ory=2+2
~y=0,4
(0,0),(0,4)
YA
y=2+\x+4
G
(-4,2)
< 0,0 >
< o — &
Y

f y+1++-2x+3=0

ey~

3
Endpoint: (5,—1)
y intercept: Let x=0
ny==3-1 (0.—3-1)

Domain: —2x+3>0
~322x

3 3
SXS = (mo0,5
5 (=0,3]
Range: The rule contains a negative square root so the graph lies below the endpoint giving a range of (—ee,—1].

Y414V 2 $3=0 yT

<
<

16 a As the graph opens to the right from its endpoint, let the equation be y =a~x—h +k.
Endpoint is (—2,—2) so the equation becomes y =a~x+2 —2.
Substitute the known point (1,—1)

s=l=a3-2

.'.a\/§=1
1

Ng
1
The equation is y:ﬁ\/x+2—2:>y:

S.a=

2
T2,
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b

Given that the endpoint is (4,—1) and the point (0,9) lies
on the function, then the domain of the function must be
(—ee,4],
Let the equation be y = a+/—(x—h) + k
Substituting the endpoint, y = a/—(x—4) — 1.
Substitute the point (0,9)

n9=a4 -1
- 10=2a

sa=5
The function has the equation
y=5y=(—B) — 1= y=5JA—x -1,

x intercept: Let y=0

S 0=5V4-x-1
s 1=5V4—-x
4-x =l
5
4—x—L
25
x=4—L
25
100—-1
SX=
25
99
LX=—
25

99
The graph of the function cuts the x axis at the point (2—5 , 0).

Required function has the same shape as y = J=x but with
endpoint (4,—4).
Its equation is
y=-(x-4)-4
my=Ei—x-4
teh

.t =k~/h where k is the constant of proportionality
Given h=19.6, t =2 then 2 =%+/19.6

-
19.6

k=2

2/4.9
k=
J49

1 I h
Hence the rule is = ——=+/h or t =, [—.
V4.9 49

:[0,00) = R, f(x)=~/mx +n

From the given information,
fO=1=1=Jm+n ...Q0)
f@=4=4=Jam+n...(2)
Subtract equation (1) from equation (2)
~3=dm —Jm
~3=2Im—Jm
sdm=3
som=9
Substitute m =9 in equation (1)
21=V9+n
~3+n=1
n=-2
Answer: m=9,n=-2

TOPIC 6 Functions and relations ¢ EXERCISE 6.5
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b f(x)=9x-2

s f(x)=3Jx -2

Endpoint: (0,-2)

x intercept: Let y=0
0=3Jx-2
n2=3x

O W[

¢ The line y = x must pass through the origin and the points

(1,1) and (4,4).

‘ y=x
g /y= Ox -2
4, 4)
4
(5-9)
(1, 1)
) ] X
0,-2)

The square root function lies above the straight line for

l1<x<4.
sxifo)>xl={x:1<x <4}

d The rule for fis y=~/9x -2

Sy+2=+9x
S (y+2)?=9x
The function f is the upper half of the sideways parabola
with equation (y+2)? = 9x.

18 y* =-8x
a The negative coefficient of x indicates the sideways

parabola opens to the left of its vertex (0,0). Its domain is
(=ee,0].

To test if P(—3,2\/6 ) lies on the curve, substitute P’s
co-ordinates into the equation of the curve.

LHS = (2\/6)2 RHS = -8 x -3
=24 =24
Since LHS = RHS, P lies on the curve.
When x =-3, y> =24
Sy= i2\/g
The points (—3, 2.6 ) and (—3,—2\/6 ) both are on the curve.
As the y value for P is positive, it lies on the upper branch
of the curve.

b The point V(0,0) lies 2 units from F(-2,0) and 2 units from

the line x = 2. Therefore, V is equidistant from point F and
line D.
Consider P(—3,2\/€ ):

P(—S,Z\Fﬁ)
y
__ F(2,0) TV0.0
N T T T hd T T I'x
-5 -4-3-2— 1 3 5
2 X=
y =-8 5
y [P

The distance of P from the line D is the horizontal distance
PM shown in the diagram. The distance PM is 5 units.
Distance PF: P(—3,24/6), F(-2.0)
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dpp = \/(_2 -(=3) + (0 - 2\/6)2

= J)? +(246)°
1+24

=J1+24
=25
=5
Therefore P is equidistant from the point F and the
line D.
¢ Point Q lies on the curve: Let x = a in the equation
y? =-8x
y2 =-8a
Sy= im

Since Q lies on the lower branch to P, y =—/—8a
The co-ordinates of Q are (a,—\/—Sa )
Distance QF:

2
dor = \/(—Z—a)z +(0++=8a)
_ \/(—Z—a)z +(v8a)’
=\4+4a+a*-8a
=\4—-4da+d’
=J(2-a)’
=2-a
(This is positive since a <0).
The distance of Q from the line x =2 is the length of the

horizontal line from Q(a,—\/—Sa) to the point (2,—\/—8(1 )
This distance is 2—a.

Therefore Q is also equidistant from the point F and the
line D.

Q is the point where the line PF intersects the sideways
parabola.
Equation of the line through P and F:
_0-2V6
e = -2+3
=-2J6
S y—0=-2J6(x+2)
y=-2J6(x+2)
This line intersects y2 =—-8x when (—2\/6()6 + 2))2 =—8x
S 24(x+2)? =—8x
3()62 +4x+4)=—x
2332 +13x+12=0
SGBx+4)(x+3)=0
4

SLx=——,x=-3
3

. . . . 4
P is the point where x =-3 so Q is the point where x =— 3

4
Hence, a=——.
3

19 f(x)=3/x+1+2and g(x)=4—x* +2
a Function f is a square root function. For its domain,
x+120=>x=>-1s0 dy =[—1,00).
Function g is a semicircle. For its domain,
4-x*20=-2<x<2s0d, =[-2.2]

b One method is to sketch the graphs in the Graph & Tab
menu and from the Analysis tools select G-Solve and then
Intersection. The point of intersection is (—0.6,3.9) to one
decimal place.

¢ Relation A: Let y=3Jx+1+2

Sy=2=3Jx+1
(=22 =9(x+1)
Relation B: Let y = Na—x%+2
Ly=2=v4-x*
(y—2)2 =4—x°
X+ (y-2)7 =4

d One point of intersection of the relations A and B must
be (-0.6,3.9). As these relations are each made up of two
branches, of which f and g are one of these branches
respectively, there must be a second point of intersection
which will also occur when x =—0.6. Substitute x =-0.6
in the equation of the lower branch of relation A,
y= —3+/x+1+2 and evaluate in the Main menu to obtain
y=0.1.

The points of intersection are (=0.6,3.9) and (-0.6,0.1).

20 In the Geometry application use the Draw menu and the icons

to follow the instructions. The labelling may be automatically

done on the ClassPad but if using the Cabri program on a

computer, label as instructed.

a The shape of the locus path is a sideways parabola opening
to the right.

b The line segments FP and PM are of equal length. This
remains the case even when moving F or M. Any point on
the parabola is equidistant from the fixed straight line D
and the fixed point F.

Exercise 6.6 — Other functions and relations

1
16-x*
Denominator is zero when
16—x*=0
- 16=x?
Lx=34
These values must be excluded from the domain.
Therefore, the maximal domain is R\ {$4}.
2—x
b y=——
Y x> +3
Ifx2+3= 0, then x% =3 for which there are no real
values of x.
With no values to exclude, and numerator and denominator
polynomials, the maximal domain is R.
1

y:
\/x3+1

Denominator cannot be zero, so the domain requires
x"+1>0

x>l
sox>—1
The maximal domain is (—1,0).
1
2 a fn=

22 +5x+4
Denominator will be zero when

x*+5x+4=0
S+ +D)=0
x=—4,x=-1

1 ay=

These values must be excluded from the domain. Therefore
the maximal domain of the function f is R\ {—4,-1}.
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b g(x)=+vx+3
The domain of this square root function requires x +3 = 0.
Therefore, x 2 -3 and the maximal domain of the function g is [-3, ).

¢ h(x)= f(x)+ g(x). The domain of # is the intersection of R\ {—4,—1} and [-3,).
Therefore the maximal domain is [—3,0) \ {—1}.

3 fi(—0,2]> R, f(x)=6-3x
a domain is (=eo,2]. Endpoint (2,0) and as the line has a negative gradient for the given domain, the range is R* U{0}.
b Interchanging, domain of inverse is R U {0}, range is (—°,2]
¢ function: y=6-3x
inverse: x=6—3y
Making y the subject,
3y=6—x
.. _6—x
A 3
—1. p+ -1 6-x
Hence, /7 :R" U{0} >R, f (x)= 3
d f: points (2,0), (0,6) inverse: points (0,2),(6,0)
) 2.0) x
4 a YA
0, 2)
(2,0
b X

Y

y=+4 —x? has centre (0,0), radius 2, top half semicircle, many-to-one correspondence
Inverse has centre (0,0), radius 2, half semicircle to the right of the y axis, one-to-many correspondence.

b the inverse is not a function since it has a one-to-many correspondence.

5 y=(x+1)7

a Inverse: x=(y+ 1)2
s (y+1)* = x or y=+x —1 This is the sideways parabola so it fails the vertical line test (it has a one-to-many correspondence),
therefore not a function

b Domain restriction x € [-1,20) makes the parabola y = (x + 1)? one-to-one, so its inverse will be a function.
Turning point and endpoint (=1,0) (closed), y intercept (0,1)
For the inverse, endpoint (0,—1) (closed), x intercept (1,0)

y=@+1)>
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¢ Function : y=(x+ 1)2, x€[=1,00), y>0
Inverse: x =(y+ 1)2, ye[-1,00), x>0
sy+l= i\/;
Since range requires y € [—1,0), take the positive square
root (as diagram shows)
Sy+l=x
sy= \/; -1
d It can be seen from the graph in part b that the functions
do not intersect.
fila,0) > R, f(x)=x>—4x+9
For £~ to exist the parabola must be one-to-one.
Fx)=x*—4x+9
Completing the square to obtain its turning point,
fx)=(x?—4x+4)—4+9
S fD)=(x-2)%+5
Turning point at (2,5) so on the domain [2, ), the function is
one-to-one
Therefore the smallest value of a for f o existis a=2.

1 .
y=x"forn=1and n= 3 are the functions y = x and

1
3

y= x3.
Both graphs contain the points (—1,—-1),(0,0) and (1,1).

YA

1, n

A
2Y

©,0)
-1,-1)

Y

Since the cube root of numbers greater than 1 are smaller than
the number, the cube root graph lies below the straight line
when x > 1. The cube roots of numbers between zero and 1 are
larger than the number so the cube root graph lies above the
straight line between x =0 and x =1.

.'.{x:x%>x}:{x:0<x<1}u{x:x<—l}

1 _
8 a y=x"f0rn:—1andn:§are the functions y=x "and

W=

y=x°.
1

The graph of y= x7"is the hyperbola y = — and the graph
X

1
of y= x3 is the cube root function y= Ix

. . 1
At the intersection of the two graphs, 3/x = —.
X

Cube both sides of the equation

)

= 1
F=3
wxt=1
sox=11
soy=1=1
The points of intersection are

(=1,-1) and (1,1).

Maths Quest 11

b Sketching the graphs:
YA
< 0
1,-1)
Y
x3, x<l1
’ f(x)_{z, x21
a i f(-2=(-2)’:f(-2)=-8
i f()=2
iii f(2)=2

10

11

a

a

Domain R, range (—eo,1) U {2}
Not continuous at x =1

dx+a, x<l1
f@=12
P
To be continuous the two branches must join at x =1
4 +a= 2
@
sA4+a=2
La=-2
x =0 lies in the domain for which the rule is the linear
function y = 4x + a so the graph will be continuous at this
point.
y= x2-4
Require x1—420
S(x+2)(x=2)20

1<x<4

| “+

LY

jiy) 2
Sx<2o0rx=>2
Domain is (—e0,—2]U[2,00) or R\(-2,2).

. 2x
Y x’ -4 )
If denominator is zero then x“ —4 =0 = x =+2. These
values must be excluded from the domain.
Domain is R\{—2,2}.

1

Y V4-x
Require 4 —x>0
So—x>—4

sx<4
Domain (—e,4)
y=Jx+2-x
Require x 20 and 2—x =0
sx20andx <2
s 0<x<2
Domain [0,2]
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13

e y:4x6 +6x7 427
6
.'.y:4x6+—+2\/;
x

Require x#0 and x 20
x>0
Domain R*
\/x2 +2
x> +8
Require x*+2>0and x> +8%0
Both statements hold for x € R so the domain is R.
a Given relation: 4x—-8y=1
Inverse: 4y —8x =1

f y=

b Given relation: y=— % x—4

2
Inverse: x = —Ey—4

2
so—y=—4-—x
3y
s 2y=-3x-12
3x
=——-0
Y 2

¢ Given relation: y2 =4x
Inverse: x° = 4y

2
X

Sy= T
d Given relation: y = 4x*

Inverse: x =4 y2

L2 X o Wx
sy = 7 ory==% 2
e Given relation: x? +(y— 3)2 =1

Inverse: y2 +(x— 3)2 =lor(x— 3)2 + y2 =1
f Given relation: y=+2x+1

Inverse: x =/2y+1 which requires that x >0

x2 =2y+1

.'.2y=x2—l
2
x° -1
Sy= ,x=20
T
f(x)_L
Cx-2

a Domain: x-2#0=x#2
The maximal domain of the function is R\ {2}. Its
asymptotes have equations x =2 and y=0.

b Function: y = 3

x—
1

Inverse: x = ——

y—2

1

SLy—2=—

x

1
SLy=—+2

x

This is another hyperbola so it is a function.
The rule for the inverse is £~ (x) = 1 +2.
X

¢ The asymptotes of the inverse function have equations
x=0and y=2.

1
d y=—+b

Since this hyperbola has asymptotes with equations
X =a, y=b, its inverse has asymptotes with equations
y=a, x=b.

TOPIC 6 Functions and relations ¢ EXERCISE 6.6
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The equation of the hyperbola which is the inverse of

y= +bisy= +a.
x—a x—

[2,4) >R, f(x)=4-2x

dp=[-2,4)=rp.

Endpoints for f: Closed at x =—2, open at x =4.
f(-2)=4+4 and f(4)=4-8
=8 =—4

rp=(-4.8]=d
Domain of f_l is (—4,8], range is [-2,4).
function f: y=4-2x
inverse function f_1 tx=4-2y

s 2y=4—x

X
ny=2-2
=TS

o ) :—§+ 2, x e (—4,8]

As a mapping, f: (-4.8] > R, /' (x) = —%+ 2

fiy=4-2x
Endpoints (—2,8) closed, (4,—4) open
y intercept (0,4), x intercept (2,0)

-1 X

ry=2——

fy 2
Endpoints: (8,-2) closed, (—4,4) open
y intercept (0,2), x intercept (4,0)
y
2,8)a 2
¥ =fx)
(-4, 4)

y=r1®

A
Y

(8,-2)

o)
(C))

Y

fx)=f - (x) at their point of intersection, which is also
their point of intersection with the line y = x.
Solving 4 —2x = x gives 4 =3x

SX= % when f(x)= f71 (x)=x
i y=1represents the horizontal line through (0,1).

Its inverse, x =1 represents the vertical line through
(L,0).

A
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i y= J—x is the square root function with endpoint (0,0)
and domain for which x € (—ee,0]. The point (—1,1) lies
on the graph.

Its inverse has endpoint (0,0) and range for which
¥ € (—20,0]. The point (1,—1) lies on its graph.

y=V"%

x x
LD

A

:x Inverse
1,-D r
Inverse vi (y=2)P%=1-x
| L (=P =~(x=1)
iii y=—-is a truncus with asymptotes x =0, y=0. The Sideways parabola with vertex (1,2),
X ) ) y intercepts: Let x =0
points (—1,1) and (1,1) lie on its graph. ) )
Its inverse will have asymptotes y = 0,x =0 and contain ~(y=27 =1
the points (1,—1) and (1,1). ny=2=4%1
y=0 . ~y=Ly=3
M Ay=7 (0,1),(0,3)
X .
x intercept: Let y=0
1,1 LD e (=2 =1-x
-0 sd=1-x
D “x sx==3 (-3,0)
y=x The inverse will have vertex (2,1), x intercepts
(1,-1) (1,0),(3,0) and y intercept (0,—-3).
Y

iv y=x’-lhasa stationary point of inflection at (0,—1)
and cuts the x axis at (1,0).
Its inverse has a point of inflection at (—1,0) and cuts
the y axis at (0,1).

b The functions whose inverses are also functions are: part ii
y=+/—x and partiv y=x" 1.
The rules for their inverses:
function: y = J-x
v y=1-+1-x* inverse: x= /-y
L= =—1-x? nxt=—y

Lower half semicircle Sy= —x?

(=12 =1—x2 From the diagram there is a domain restriction that x = 0.
L2 2 _ The inverse is y = —x2% x>0

SxT+(=DT=1 Function: y= x> —1

centre (0,1) radius 1 inverse: x = y3 -1

Domain [0—1,0+1]=[-1,1]. Range of lower semicircle
is[1-1,11=[0,1]. |
The semicircle contains the points (—1,1),(0,0),(1,1) ny=3x+lory=(x+1y
The inverse must contain the points (1,—1),(0,0),(1,1).

.‘.y3:x+1
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2, x<0

16 =
ay {1+x2, x>0

If x <0, y=2. Horizontal line with endpoint (0,2) which is
closed.

If x>0, y=1+x7 Concave up parabola with minimum
turning point (0,1) which is open.

y
3

0,2)

A
Y

Y
Domain R, range (1,0)

_ x3, x<l1
r= x, x=1
For x<1,y=xhas a stationary point of inflection at (0,0)
and an open endpoint at (1,1).
For x 21, y=x has a closed endpoint at (1,1) and also
passes through the point (2,2).
As the endpoint of both branches has the same
co-ordinates, the graph is continuous at (1,1) so no open or
closed shading is given at this point.
YA

2.2
1, 1)

A
=Y

Y
Domain R, range R.

—2x, x<-1
y=42, —-1<x<1
2x, x>1

For x < -1, y=—2x. This line has endpoint (-1,2) and
passes through (-2,4).

For —1<x <1, y=2. This horizontal line has endpoints
(-1,2) and (1,2).

For x >1, y=2x. This line has endpoint (1,2) and passes
through (2,4).

The graph is continuous at the points where the branches join.

YA

(=2,4)
2.4

(-1,2) (1,2)

A
LY

Domain R, range [2, )
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1
—, x<I1
x—1

dy=y"4

x>2

2—x’
1 .
Forx<l,y= T This hyperbola has asymptotes
x—

x=1,y=0 and contains the point (0,—1). Only one branch
of the hyperbola lies in the domain restriction that x < 1.

1
Forx>2,y= T x This hyperbola has asymptotes
—Xx

x=2,y=0 and contains the point (3,—1). Only one branch
of the hyperbola lies in the domain restriction that x > 2.

YAx=1 x=2
| |

Y

0, -1 (3,-1)

Domain R\[1,2], range R".
1

x3 x20

—x72 x<0

y =
For x>0, y= x*. This cube root function contains the
points (0,0) and (1,1).
-1 ..
For x<0,y=—x">=y= —> This is a branch of the
X

truncus which has asymptotes x =0,y =0 and contains the
point (—1,-1).
Y

1,1
(0, 0)

Y

-1L-D

Domain R and range R.

x3, x<-1

f y= %/;, -1<x<1

3x, x>1

For x <—1, y=x>. This is the left hand half of the cubic
function. The graph approaches the point (—1,—1).
For-1<x<l,y= 3/x. This is the cube root function with a
point of inflection at (0,0) and endpoints (—1,—1) and (1,1).
For x >1, y =3x is the straight line joining the points (1,3)
and (2,6).

The point (1,3) is open, the point (1,1) is closed and the
cubic and cube root graphs join at (—1,—1).

YA
(2,06)

1,3)
{, n

A
=Y

(=1,-1)

(=2,-8)

Y
Domain R and range R\ (1,3].
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-x-1, x<-1

f()=41-x2, —1<x<1

x+1, x>1

i fO)=1-0" =1

ii f3)=3+1=4

iii f(-2)=—(-2)-1=1

iv f()=~1-1>=0

The two branches around x =1 are y = 1-x2,-1<x<1
and y=x+1,x>1.

For y=+1—- x2, there is a closed endpoint (1,0) but for
y=x+1 there is an open endpoint (1,2). The two branches
do not join. Hence the function is not continuous at x =1 as
there will be a break in its graph.

For x <—1, y=—x—1. This line has endpoint (-1,0) and
passes through (-2,1).

For-1<x<1,y=+1- x%. This semicircle has centre at the
origin and a radius of 1 unit. One endpoint is (—1,0) so the
graph is continuous at x =—1. The other endpoint (1,0) is
closed and the graph is discontinuous at x = 1.

For x >1, y=x+1 This line has an open endpoint at (1,2)
and passes through (2,1).

y
JA{;
(1,2)

2,1 (1,0)

-

The function has a many-to-one correspondence.

If f(a) = a then the point (a,a) must lie on the graph of f.
This point must also lie on the graph of y = x, a line
through the origin with a gradient of 1. This line intersects
the semicircle section of the function’s graph.

=Y

At intersection, x =1 — x> for0<x<1
Squaring both sides of the equation gives

w2=1-x2
s2xt =1
et
2
1
x=t—
2

AsOSxﬁl,x=L

N
2

.'.a=7 for f(a)=a.

18 a Left branch is a line through (-1,0) and (0, 1).

1-0
m=——=1

0+1

sy=x+1

Right branch is a line through (1,0) and (0,1).
m=-1
sy=—-x+1

. L x+1, x<0
The rule for the hybrid function is y =

—x+1, x>0

b For x <2, the left branch is the horizontal line y =3

For x > 2, the right branch is the line through (2,0) and (4,6).

6-0
m=——=3
4-2

~y=0=3(x-2)
sy=3x-6
The rule for the hybrid function is y = {3’ N 2.
3x-6, x=2
a, X € (—o0,-3]
fx)=9x+2, xe(-3,3)
b, x €[3,0)

To be continuous the branches must join.
At the join where x=-3, a=-3+2

sa=-1
At the join where x=3,3+2=0
s b=5

With a =—1, b =35, the rule for the function becomes
-1, X € (—o0,-3]
f)=3x+2, xe(3,3)
5, x €[3,00)
For x € (—e0,—3], y=—11is a horizontal line with endpoint
(=3,-1).
For x € (=3,3), y=x+2 is a line with Y intercept (0, 2),
x intercept (=2,0) and endpoints (—3,—1) and (3,5).
For x €[3,20), y=15is a horizontal line with endpoint (3,5).

Let the time in the shower be ¢ minutes and the dollar
amount of the fine be C.

2, t=0
The rule is C =40, 0<z<s.

t, t>5
CA
8_
6 /

(6, 6)
44 (5,5)
24 (0,2)
(5,0)

:D1—>R,g(x)=x2+8x—9

& exists for a domain where g has a one-to-one
correspondence.
g()c)zx2 +8x-9
=(x> +8x+16)-16-9
=(x+4)*-25
The turning point of the parabola g is the point (—4,-25).

A possible domain over which g is one-to-one is
D =[-4,0). Another possibility could be D = (—eo,—4].
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b For the domain D = R”, the x value of the turning point does not lie in the domain.

g(0)=-9, so the point (0,-9) is an open endpoint of the graph of g
The range of 8 is (-9, ).

Function g: y=(x+4)* =25, d, = R".r, = (-9,%0)
Inverse function g_l: x=(+ 4)2 =25, dg,l = (—9,<><>),rg7. =R"
S(y+4)=x+25

sy+4= im
Due to the range, the positive square root is required.
Sy+4= m
Sy= m -4

g_l(x) =Jx+25-4

Hence, g71: (—9,00) > R,gil(x) =Jx+25-4
The range of g lis R".
¢ i Graphof g y=x>+8x—9=y=(x+4)>-25
Domain R”, open endpoint (0,-9)
x intercept: Let y=0
20=x"+8x-9
S(x+9Y(x-D=0
nx=-9,x=1
x=-9 does_ 1not lie in the domain so the x intercept is (1,0).
Graph of § : y=~x+25-4
Domain (=9, ), open endpoint (-9,0), y intercept (0,1)

YA
ol e
y=x
©, 1) y= g_] (x)
q
(-9,0) 1,0)
~ >
-9 9
-99(0,-9)

ii At the point of intersection, g(x)= gi1 (x)=x
Solving g(x)=x, x>0
x> +8x-9=x

Xt +7x=9=0
Cxe —7+49-4x1x-9
. 5
LT V85
aX=———
Since x > 0, reject the negative square root
o V85
2 . (T+B85 —T+485
The point of intersection is ) .
2 2
d Require the value of x so that 7' (x)=x. This is the value from part ¢ —7+ /85 is its own image under g,
2
Jx—4+42, x>4
20 f(x)=12, 1<x<4
Vl=-x+2, x<l1

a f(0)=VI-0+2=3
f(5)=5-4+2=3
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b Forx<l,y=vVl-x+2=>y=-(x—-1)+2 21 a y=x2+5x—2
Square root function with endpoint: (1,2). To obtain the rule for the inverse, use Equation/
y intercept: (0,3), no x intercept Inequality and Solve (x = y? +5y—2,y). This gives
50;)1 (S4x§ 4, y=2is a horizontal line with endpoints {y _ 0.5((4x +33)05 5),)7 _ —0.5((4x +33)%% ¢ 5)}
F(;r )’c >’4’ ’y: Nx—4+2 The rule for the inverse is y = £0.5v/4x +33 —2.5.
Square root function with endpoint (4,2) and passing b In Graph&Tab, sketch y= x> +5x—2. The graph of its
through (5, 3). inverse is obtained by tapping Analysis — Sketch —
As the branches join there are no points of discontinuity. Inverse.
Y The graph indicates there are four points of intersection. To
obtain their co-ordinates, the two branches of the inverse
0, 3) (5. 3) must be sketched by rule and the points of intersection

obtained from Analysis — G-Solve — Intersect.

The upper branch of the inverse y = 0.5v/4x+33 —2.5 and
0 > y=x?+5x—2 intersect at the two points (=5.24,-0.76)
and (0.45,0.45); the lower branch of the inverse
y=-0.5V4x+33-25and y= x% +5x—2 intersect at the
two points (—4.45,-4.45) and (-0.76,-5.24).
Two of these points are the intersections with y = x.
) . ; ; Sketching y = x and from Analysis — G-Solve — Intersect
pom‘t on each qf its left ‘and right branches, but it would confirms their co-ordinates as (—4.45,—4.45),(0.45,0.45).
not intersect with the middle branch. Therefore, f(x)=8 The other two points are points common to each parabola

Domain R, range [2,o)
¢ The horizontal line y =8 would intersect the graph at a

when either V1—x +2=8, x<lorvx—-4+2=8, x>4. which are reflections in the line y = x but which do not lie
Solving /1-x+2=8, x<1 on this line.

JI=x=6 Correct to two decimal places the points of intersection are
l—x=36 (=5.24,-0.76), (0.45,0.45), (—4.45,-4.45) and (-0.76,-5.24).

sox=-35 5
N2+ x°, x<-=2

Solving Vx—4 +2=8, x>4 2 y=ix '—2+x, Crex<?

Jx—-4=6 |

x—4= S >2

x—4=36 N X
s.x=40

a At the join x =-2,

V2+x2 =244 =6 and x2+x =-2J2-2=0.

Point of discontinuity at x =—2.
At the join x =2,

Therefore, f(x)=8 when x =-35 or x =40.

d The function has a many-to-one correspondence so its
inverse is not a function since its correspondence is
one-to-many.

The function contains the points (0, 3),(1,2),(4,2),(5,3) so xV2+x=2J4=4and 1 = % = 1
its inverse contains the points (3,0),(2,1),(2,4),(3,5). The V2+x V4 2

Point of discontinuity at x = 2.
Consider the function rules for each branch in case there
are further points of discontinuity.

graph of the inverse is the reflection of the function in the
line y = x, so the middle branch is x =2, 1<y <4.

Nx—4+42, x>4,y>2 For x<-2, y= [2 4+ 52
The function has the rule y =12, I<x<4 As 2+x2 >0 for all x values there is no restriction.
Vi-x+2, x<l,y>2 For 2<x<2,y=xJ2+x
This requires 2+ x =20 = x =-2. As the rule applies for
Ny—4+2, y>4,x>2 —2 < x <2, this condition is satisfied.
The inverse has the rule x =<2, 1<y<4 For x>2, y= 1
JI=y+2, y<lx>2 N2+x

This requires 2+ x >0 = x >—2. This condition is satisfied
since the rule applies for x = 2.
There are points of discontinuity at the joins of the
branches for x =-2, x =2.

b In Graph&Tab enter the function as

yl=yQ2+xH)|[x<-2
(3.0) y2=xJ2+x)|-2<x<2
y3:1/‘/(2+x)’x22

YA

(3,5)

A

< (=)
g
=Y
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To obtain the range, the minimum turning point on the branch y = x+/2 + x needs to be obtained from the Analysis tools. This

4 . . .
is the point (—1.333333,-1.888662). The x co-ordinate is x = 3 and substituting this into y = x+/2+ x in the main menu gives

4 [, 4 46
y=—z2-T=-22
3VT 3 9

The range is [_%,w)

Exercise 6.7 — Transformations of functions

1 y= f(x)—2is a vertical translation down of 2 units of the graph of y= f(x).
(=2,0)—>(-2,-2)
(0,2)— (0,0)

3,.D—G,-1)

(3,0
D (-2,0) (0,0) =

L 2
G.-1
e (-2,-2)
Y
2 y= f(x—2)+1is a horizontal translation 2 units to right, vertical translation 1 unit up of y = f(x),

(-2,0)—(0,1)
0,2)—>(2.3)

3,1) = (5,2)
a

y=fix-2)+1

0,2)

$ (0, 1)

(G. D

A

3 y=—f(x)reflection in the x axis of y= f(x).
(-2,0) > (-2,0)
(0,2) > (0,-2)
3B, )—>(3,-1)
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Comparing this with y = af (n(x — h))+k,
a=4, n:%, h=2and k=3.

The graph of y = f(x) has undergone The following
transformations:

Dilation of factor 4 from the x axis, dilation of factor 2
from the y axis, horizontal translation 2 units to the right

_ (2,0 o
< > and vertical translation 3 units upwards.
. b y=[3-
0,-2) @3,-1 y=—x) 4

ES ,—%(X—IZ)

Reflection in y axis, dilation of factor 4 from the y axis
followed by horizontal translation 12 units to the right
An alternative answer is obtained by writing the equation

asy= %J—(x—lZ).

4 a y=(x—1)?: reflect in the x axis then vertically translate up
3 units.

y=(x=-1)? 5 y=-(x-1D* 5 y=—(x-1*+3

Therefore the image has equation y=—(x —1)* +3.

- S 1 .
b vertically translate up 3 units then reflect in the x axis Reflection in y axis, dilation of factor — from the x axis
y=(x- - y=(x- > +3- y= —((X -1+ 3) followed by horizontal translation 12 units to the right
. . 2 . .
Therefore the image has equation y =—(x—1)" -3 which is 8 a Dilation of factor 1 from the y axis, horizontal translation 3
not the same as in part a. units left
5 y=f(£) dilation of y = f(x) by factor 2 from the y axis y:l%y:L_)y: 1
2 x (2x) 2(x+3)
(20)= (4.0 Therefore the equation of the image i
erefore the equation of the image is y = ———.
0,2)-(0,2) b R TR
3B, D—> (6.1 b Undoing the transformations requires the image to undergo
YA y=£fx) a horizontal translation 3 units to the right followed by
_x dilation of factor 2 from the y axis.
y=f (—
(2,0 2 1 1 1
= = = = —
YTy T2 YT
. 2
G.DH 61
-1,0 -2, ? .
:( ) ¢ o ) > 9 a y= P y= 3x? under a dilation of factor 3 from the

X axis.
b y= P y= —x2 under a reflection the x axis.
c y= P y= x% +5 under a vertical translation of 5 units
Y upwards.
d y= P y=(x +5)% under a horizontal translation of 5
units to the left.

6 y= %f(x) dilation of y = f(x) by factor % from x axis

(-2,0) > (=2,0) 10 a y=x’>y= (1) under a dilation of factor 3 from the

(0,2) > (0,1) v axis. 3 |

31 3 1 b y=x’—>y= (2)6)3 + 1 under a dilation of factor — from the
) =3, — . . . .

G.D 2 y axis followed by a vertical translation of 1 unit upwards.

¢ y=x°— y=(x—4)° —4 under a horizontal translation
of 4 units to the right and a vertical translation of 4 units
downwards.

3
1
d Since y=(1+2x)* can be expressed as y = |:2(X +5H ,

1
then y= x> — y=(1+2x) under a dilation of factor — from

the y axis followed by a horizontal translation of — unit to
the left. 2
11 i a Under a dilation of factor 2 from the x axis,

y:\/;%yzz\/;

b Under a dilation of factor 2 from the y axis,

X
y:\/)_cﬁy: E

¢ Under a reflection in the x axis, y=/x = y=—/x;
and, after a translation of 2 units vertically upwards

1
.-,y=4f(§(x—2))+3 y=—Jx = y=—Jx+2.
The image has equation y = —/x +2.
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a

d Under a vertical translation of 2 units upwards,
y= Jx > y= Jx+2. Then, after a reflection in the x
axis, y=\/;+2—>y=—(\/;+2).

The image has equation y = —/x — 2.

e Under a reflection in the y axis, y= Jx - y=4/(—x);
and then after a translation of 2 units to the right,
y=(=x) > J(-(x-2)).

The equation of the image is y=~/2—x.

f Under a translation of 2 units to the right,
y=+x = y=./(x—2). Then, after a reflection in the
yaxis, y=+x—2 = /(-x)-2.

The equation of the image is y =+/—x—2.

a Under a dilation of factor 2 from the x axis,
y= o y= 2x*,

b Under a dilation of factor 2 from the y axis,

(3]
y=x"—=y=|=].
2 o

The equation of the image is y= 6

¢ Under a reflection in the x axis, y = xt = y= —x4;

and, after a translation of 2 units vertically upwards
y:—x4 —>y:—x4 +2.
The image has equation y=—x" +2.

d Under a vertical translation of 2 units upwards,
y= P y= x* +2. Then, after a reflection in the
X axis, y=x4 +2—>y=—(x4 +2).

The image has equation y = -xt-2.

e Under a reflection in the y axis, y=x* — y=(—x)%
and then after a translation of 2 units to the right,
y=0 5 y=(-(x-2)"

Asy=(-(x=2))"is equivalent to y = (x —2)* the
equation of the image is y=(x— 2%,

f Under a translation of 2 units to the right,
y= P y=(x- 2)*. Then, after a reflection in the
yaxis, y=(x-2)* = y=((-x)-2)*
y=((-x-2)*

=(-x-2)*

=(-(x+2))"

=(x+2)*

The equation of the image is y = (x + 2%,

Under a translation 2 units to the left and 4 units down,
3,-4)— (1,-8).
Under a reflection in the y axis, (3,—4) — (=3,—4). Then
under a reflection in the x axis, (-3,—4) — (-3,4).
The image is (-3,4).
Under a dilation of factor 3 from the x axis, acting in the

1

y direction, (3,—4) — (—3,—4 X g)

. . 4
The image is (—3,—5).
Under a dilation of factor 3 from the y axis, acting in the
x direction, (3,-4) —> (3 X é ,_4)_

. . (3
The image is g,—4 .

Under a reflection in the line y = x, co-ordinates are
interchanged so (3,—4) — (—4,3).

TOPIC 6 Functions and relations ¢ EXERCISE 6.7
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Consider a rotation of 90° anticlockwise about the origin of
the point P (3,—4). Let its image be the point Q.

The radius of the circle, OR is equal to \/(3)* +(—4)* =5.
Therefore, OQ is also 5 units in length.

The radii OQ and OP are perpendicular.

Sompg Xmop = -1

. 4
..mOQX?Z—l
. 3
..mOQ =Z

Since OQ =5, and '3,4,5" is a Pythagorean triple, the
co-ordinates of Q must be (4,3).
Under the transformation, (3,—4) — (4,3).
i Under a dilation of factor 3 from the y axis followed by
a reflection in the y axis,

1 1 3 33
I il Ty e

AR
The equation of the image is y=——.
X

ii Under a reflection in the y axis followed by a dilation
of factor 3 from the y axis,
1 e 1 -1 _
I T T T
When the order of the transformations is reversed the
same image is obtained. The image has the equation

3

y=-—
X

-1_3

i Under a dilation of factor 3 from the x axis followed
by a vertical translation of 6 units upwards,

1 1 3 3
X X X X

3
The image has equation y = — +6.
X

ii Under a vertical translation of 6 units upwards
followed by a dilation of factor 3 from the x axis,

1 1 1 3
== 2y=—5+6—>y=3X| —+6 |=—+18.
y 2 y 2 y (xz j 2

3
The image has the equation y=—+13.
X

1
Equation of image is y =— Tt +1. Express this in the
X

formy:Lh+k.
X—

1
=— +1
2(x+1)

_1
Sy= —2 41

x+1 1
The transformations that have been applied to y =— to

X

obtain this image are: reflection in the x axis, dilation of
1 . . .
factor — from the x axis followed by a horizontal translation

1 unit to the left and a vertical translation 1 unit upwards.
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d y= f(x) > y=-2f(x+1) under a reflection in the x axis,

dilation of factor 2 from the x axis followed by a horizontal
translation 1 unit to the left.

The asymptotes of y = f(x)=— are x=0and y=0.
X

Under the transformations, x=0—>x=0— x=-1and
y=0—->y=0—>y=0.
The equations of the asymptotes of the image are
x=-1,y=0. |
Alternatively, if f(x)=— then —2f(x+1)=

X (x+1

7. The

(x+1)?

asymptotes of y= are x=—1,y=0.

14 Key points on the given graph are (—1,0),(0,-1),(1,-2),(2,0).
a The graph of y= f(x—1) is obtained from a horizontal

translation 1 unit to the right of the given graph.
(-1,0)—(0,0)

(0,1 = (1,-1)
(1,-2)— (2,-2)
(2,0)— (3,0

YA

y=fx-D
B 0 (3,0) Tx
2,-2)
Y

The graph of y=—f(x) is obtained by a reflection in the
x axis of the given graph.

(-1,0)—> (-1,0)

0,-1)—>(0,1)

1,-2)—>(1,2)

(2,0) > (2,0)

YA

y=f@ 02

(2,0)
-1,0) 0 X

Y

The graph of y=2f(x) is obtained by a dilation of factor 2
from the x axis.

(-1,0)—> (-1,0)

0,-1) > (0,-2)

1,-2)—>1,-4)

(2,0)—>(2,0)

y=2f(x)

(-1,0) (2,0)

J
Y

(0,-2),
1,-4

15

d The graph of y= f(—x) is obtained by a reflection in the
y axis.
(-1,0)— (1,0)
(0,-1)—>(0,-1)
(1,-2) > (-1,-2)
(2,0)—> (-2,0)

y=f=)
2.0

e The graph of y=f (ﬁj is obtained by a dilation of factor 2
from the y axis. 2
(=1,0) > (-2,0)
(0,-1)— (0,-1)
1,-2)—>(2,-2)
(2,0)— (4,0)

2.0 yT ! =f(§)/

0,-1)
2.-2)

f The graph of y= f(x)+2 is obtained by a vertical
translation of 2 units upwards.
(-1,0) > (-1,2)
(0,-1)—> (0,1)
(1,-2)—> (1,0)
2,00 > (2,2)

Y

y=f®)+2
2,2

y
-1,2)

—~

-2,0)

A
Y

Ol (1,0

a y= f(x)—> y=2f(x+3) under a dilation of factor 2 from
the x axis followed by a horizontal translation of 3 units to
the left.

b y=f(x)— y=6f(x—2)+1 under a dilation of factor
6 from the x axis followed by a horizontal translation
of 2 units to the right and a vertical translation of 1 unit
upwards.

¢ y= f(2x+2) can be expressed as y= f(2(x+1)).

S y=f(x)—> y= f(2x +2) under a dilation of factor 5

from the y axis followed by a horizontal translation of
1 unit to the left.
d y= f(—x+3) can be expressed as y = f(—(x—3)).
s y=f(x)> y= f(—x+3) under a reflection in the
y axis followed by a horizontal translation of 3 units to
the right.
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a

a

y=1— f(4x) can be rewritten as y=—f (4x)+1.
s y=f(x) > y=1- f(4x) under a reflection in the x axis,

a dilation of factor l from the y axis and then a vertical
translation of 1 unitél‘lpwards.
1 (x-3 1 (1
Write y=—f| — |as y=—f| =(x -3
y 9f( 9 j y 9f(9( ))

1 (x-3

Ly=f(x)>y=—
y=f-y 5 f ( 9

from the x axis, a dilation of factor 9 from the Y axis and
then a horizontal translation of 3 units to the right.

j under a dilation of factor é

Under a dilation of factor é from the x axis followed

by a horizontal translation 3 units to the left,

1 1
=—  5S>y=——-—3>y=—— The equation of the

YRR T2 T 3(x+3)2 d

) o1

image is y = 73(}6 N 3)2 .

Under a vertical translation of 3 units down followed by a

reflection in the x axis, y=x> - y=x’ -3 > y= —(x5 - 3)‘

The equation of the image is y = -x°+3.
Under a reflection in the y axis followed by
a horizontal translation 1 unit to the right,

y:l%yzL—)yz . The equation of the
X (—x) —(x-1)
image is y=——-

Under a horizontal translation 1 unit to the right
followed by a dilation of factor 0.5 from the y axis,

y=§/;—>y=\3/x—1%y=3/&—l.

X
Y=Vos !
=32x-1
The equation of the image is y=3/2x—1.
Under a horizontal translation of 6 units to the right
followed by a reflection in the x axis,
y=x+9x+3)(x-1)
= y=((x=6)+N(x-6)+3)(x-6)-1
=(x+3)x-3)(x-7)
> y=—(x+3)(x-3)(x-7)

The equation of the image is y=—(x +3)(x =3)(x=7).
Under a dilation of factor 2 from both the x and y axes,

2
y=x2(x+2)(x—2)%y:2(§j (%”)(%_2)
X 2 X X
=2(5)(5+2)5-2)
_ZXﬁx(xM)X(x—ztj
! 2 2

=éx2(x+4)(x—4)

1
The equation of the image is y = 3 %2 (x+4)(x—4).

g:R—> R, g(x)=x*—4

Under a reflection in the y axis, y= g(x) = y= g(—x).
Therefore, y= R SN y= (—x)2 —4=x>-4.

Hence the function g is its own image under this reflection.
It is symmetric about the y axis.

TOPIC 6 Functions and relations ¢ EXERCISE 6.7
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b f:R>R, f(x)=x"

Under a reflection in the x axis, y= f(x) > y=—f(x).
Therefore, y = x> y= —x".
Under a reflection in the y axis, y = f(x) > y= f(—x).
Therefore, y=x' — y=(-x)'
y=(x'

= — x%
The image under reflection in either axis is the same,
y= —x’.
h:[-3,3]1— R,h(x) = —/9—x*
Under a reflection in the x axis, y=h(x) > y=—h(x).
Therefore, y = —\/9— Xt > y= \/9—)62 .
The function % is the lower semicircle, centre (0,0),
radius 3. After reflection in the x axis its image is the upper
semicircle.
To return the curve back to its original position, reflect in
the x axis again.
y=(x—2)? +5has a minimum turning point with
co-ordinates (2,5).
Under a reflection in the x axis, (2,5) — (2,-5) and
becomes a maximum turning point.
Under reflection in the y axis, (2,—5) — (-=2,-5) and stays
as a maximum turning point.
If the reflections were reversed, under reflection in the
Y axis (2,5) — (-2,5) and stays as a minimum turning
point; then under reflection in the x axis (-2,5) — (-2,-5)
and becomes a maximum turning point.
The image has a maximum turning point with co-ordinates
(-2,-5).
The transformations: vertical translation down 2 units
followed by reflection in the y axis, are ‘undone’ by the
inverse transformations: reflection in the y axis followed by
vertical translation up 2 units.
Applying the inverse transformations to the image with
equation y2 =(x—3) gives
Y ==3)-y =(x-3) > (-2 =(-x-3),
The original equation was (y— 2)2 =—(x+3)
Check: Vertex (=3,2) — (=3,0) — (3,0) which agrees with
the vertex of the image.
The transformations applied to y = f(x) are dilation of
factor 2 from the x axis, then vertical translation 1 unit
upwards and then reflection in the x axis.
Ly=f)-oy=2f(0) > y=2f()+1->y=-2f(x)-1
Hence, -2 f(x)—1=6(x— 2)? —1 since the image has the

equation y=6(x —2)° —1.
S =2f(x0)=6(x—2)°
s f0)==3(x-2)°
Alternatively, apply the inverse transformations to the

image. The inverse transformations are: reflection in the
x axis, then vertical translation 1 unit down and then

dilation of factor % from the x axis.

y=6(x-2)° -1
—>y=-6(x-2"+1
— y=—6(x-2)°

1
%yzax—6(x—2)3

y==3(x=2)°
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172 | TOPIC 6 Functions and relations ¢« EXERCISE 6.7

18 a The graph of y=—g(2x) is obtained by reflection in the - o(2x) = —37—2(2x T 4)2x+2)(2x—4)

x axis and dilation of factor L from the y axis.

?—njgois of(liyO};Oint(s:2 ) 2 - _3l2 X 2(x+2)X 20+ )X 2(x —2)
,0) > (—4,0) > (-2,

(-2,0) > (-2,0) > (-1,0) s g(2x)=— 7 (x+2)(x+1D(x—2)

(0,7) = (0,~7) — (0,~7) 4

(2,10) = (2,-10) = (1,—-10) ¢ y

= (e 4y = ¥(x— 4y
(4.0) = (4,0) > (2,0) yEXG ATy =X

N e

Y

0
(=1.0) y=-g(2x) B .
h /)l(o, 0) ; X
0,-7) 19 Enter the equations in the Graph&Tab editor

yl= x2+5x-6
y2=(2x)* +52x)—6

2
(1,-10) y3:(£) +5(£)_6
2 2

b y=g2-x)=y=g(-(x-2)) All three are parabolas with y, and y; dilations of the

The graph of this function is obtained by reflection in the parabola y,; v, is a dilation of factor — from the y axis and s

y axis followed by a horizontal translation of 2 units to the 2

right. is a dilation of factor 2 from the y axis.

(-4,0) > (-4,0) - (-2,0) J

(-2,0)—>(2,0) > (4,0) ¥l y2 3

0, 7= 0,7— 2,7 < T T T T T ';x
(2,10) = (-2,10) = (0,10) -14 -1 2 4

(4,0) > (—4,0) — (-2,0)
YA
(0, 10)

=g2-x
yTE 20 f(x)=+16—-x" is the rule for an upper semicircle, centre

(0,0), radius 4.

Define f(x)=+16- x2 in the main menu and then enter the
equations in the Graph&Tab editor as

n=srx

(2.0 ¥, = f(2x)

< >
<

] 0 4, 0) 6,0) ~ y3=2f(x)
X
! n=1(3)

¥, ¥3 and Yy, are dilations of the semicircle y;.

¢ If the graph of y = g(x) is shifted more than 4 units 1
horizontally to the left, all three of its x intercepts will be ¥, is a dilation of factor — from the y axis, ¥; is a dilation
negative. 2
y=g(x+h) is a horizontal translation of % units to the left.
The required values of & are h > 4.

d The given graph has x intercepts at x =—4,x =-2 and
x =4. Therefore, (x +4)(x +2)(x — 4) are factors. o
Let the equation be y =a(x+4)(x +2)(x —4) 104
Substitute the point (0,7)

of factor 2 from the x axis and y, is a dilation of factor 2
from the y axis. The dilations produce images which are not
semicircles. Only y, is a semicircle. The others are parts of
ellipses.

~T=a(@)(2)(—4) V3
~7=-32a yi
_T
32 )2 4

7
The equation is g(x)=——(x+4)(x +2)(x —4). < T T T T T T T T T T T >
q 8() 32( X X ) -14-12-10 -8 -6 -4 2 0 2 4 6 8 10 12 14°*

Y
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TOPIC 7 Matrices and applications to transformations ¢ EXERCISE 7.2

Topic 7 — Matrices and applications to transformations

Exercise 7.2 — Addition, subtraction and scalar
multiplication of matrices
1 Set up a 1x 3 matrix for each player and add them to
determine the total number of kicks, marks and handballs.
Pl=[ 25 8 10 ]
P2=[ 20 6 8 ]
P3=[ 18 5 7]

P1+P2+P3=[ 25+20+18 8+6+5 10+8+7 |
=[ 63 19 25 ]

Therefore a total of 63 kicks, 8 marks and 10 handballs.

2 Set up a 2x 2 matrix for each player and add them to
determine the total number of aces, double faults, forehand
winners and backhand winners.

[ 2 3
Pl‘_zs 10}

[ 4 s
Pz‘_zs 7}

_[ 2+4 345
PIAP2=| 55428 1047 }

[ 6 8

| 53 17
Therefore a total of 6 aces, 8 double faults, 53 forehand
winners and 17 backhand winners.

3 xXA+2B=C
-3 47 [
13 L5
“3x 8 ]_[
L
3x+8 |_[
4x+10 LY
Taking the equations out of the matrices gives:
—3x+8=2
4x+10=y
Solve equations simultaneously.
-3x+8=2
—3x+8-8=2-8
-3x=-6
356

-3 -3
x=2

N =N =N

4x+10=y

4x2+10=y

8+10=y
y=18

4 —2B=C

4 31 [ 6]

x| =2 |=2| 5 |=| V¥
3 -1 | |z |
4x o | [ 6]

—2x [+| =10 |=| ¥
3x 2| | z |
4x-6 | [ 6]

2x-10 |[=| V¥
3x+2 Lz |

Taking the equations out of the matrices gives:
4x-6=06
-2x-10=y
3x+2=z
Solve equations simultaneously.
4x-6=06
4x-6=6=6+6
4x=12
4x 12
4 4
x=3

-2x—10=y

-2x3-10=y

-6-10=y
y=-16

3x+2=z
3x3+2=¢
9+2=z

z=11

5 a X=3A-2B

2 4 2 4
AN Y
-6 12 4 -8
[ 9 15 }r[ 2 6 ]

[ -6-4 12-38
9+2 15+6
[ -10 4
121
b 2A+X=0
X=0-24
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174 | TOPIC 7 Matrices and applications to transformations ¢« EXERCISE 7.2

¢ X=B-3A+2] b A+C=B
[ 2 4 -2 4 10 C=B-A
SR J3H
[ 2 4 6 -12 20 s 2
-1 -3 }{ -9 -5 }*[o 2} _[ 3+1 }
_[ 2+6+2 4-12+0 5-2
| -1-9+0 —3-15+2 _[ 4 ]
_[ 10 —8} 3
| -10 -16 ¢ 3A+2C=4B
6 a A+2I-2B=0 2C=4B-3A
A=0-21+2B 3] -1
- - 2c=4[ —3[ }
a b |_| 00 |, 10|, 2 4 5] 2
c d 00 0 1 -1 -3 21T 3
- - - _ ZCZ[ +[ il
a b |_[ 00| |20 || 4 8 20 ] L -6
c d 0 0 0o -2 -2 -6 12+3
- Z - - 2C:|: :|
a b |_| 0-2+44 0+0+8 20-6
c d 0+0-2 0-2-6 15
oy i - 2C=|:
a b |_[ 2 8 14|
c d -2 -8
L 1L | c=1[ 15 }
[a b [ 2 8 2L 14
cd] | -2 8] 8 a C=A+B
a=2,b=8,c=-2,d=-8 [1 2]+ 3 5]
b 3/+4B-2A=0 =[ 143 —2-5 ]
31+4B=0+2A T4 7]
2A=31+4B
fa b ]_s[1 0 2 4 b A+C=B
2 ¢ d _‘3[ 0 1 }4[ -1 -3 } C=B-A
2_ab_=_30}_[8 16] =[3 5 ]-[1 2]
L cd |03 -4 -12 [ 3o1 542 ]
b |_| 3+8 0+16 — _
Z_Cd___0—43—12} [2 3]
o[ a b ][ 11 16 ¢ 3A+2C=4B
lc d | | 4 -9 2C=4B-3A
[ a b_:l[ 11 16] 20=4[ 3 -5 ]-3[1 =2 ]
Led] 2l 49 2c=[ 12 =20 ]+[ -3 6 ]
L 116 2c=[ 12-3 -20+6 |
|2 2
S b 20=[ 9 -14 ]
- 5 5 1
| 2 2 sz[ 9 -14 |
- I L 9
a b |_| 2 C= > =7
| ¢ d | o —_29 -
L . [4 5 1 -2
» 9 9alB+C—2_3}+[54}
a=—,b=8,c=-2,d=—— -
2 2 _[ 4+1 5-2
7 a C=A+B | 2+5 -3+4
_| -1 3 _[53
-2 5] kR
[ -1+3 . [ 2 3 4 5
_[ 2+5 } nAE= 5 g }{ 2 —3}
=[ 2 ] [ 2+4 345
7 | —1+2 4-3
_[68
11

Maths Quest 11 Mathematical Methods VCE Units 1 and 2 Solutions Manual



b LHS=A+(B+C)
[ 2 3 4 5 1
| -1 4 }r([ 2 3 }r[ 5

[ 2 3 5 3
Tl 4}{7 1}

_[ 2+5 3+3
| —1+7 4+1

_[76
| 65

RHS=(A+B)+C

8
1
_[6+1 8-2
1+5 1+4
_[76
6 5
LHS = RHS

~A+(B+C)=(A+B)+C

TOPIC 7 Matrices and applications to transformations ¢ EXERCISE 7.2

Therefore the associate law holds for matrix addition.

10 a 3A=C-2B

C=3A+2B

b C+3A-2B=0
C=0-3A+2B

0 1 4
0}3[ -3 2
[oo 3 12
ml 0}“[9 -6

0-3+8 0-12-4
0+9+6 0-6+10

[ 5 -16
15 4

oo OO

¢ 2C+3A-2B=0
2C=0-3A+2B

Joo] 41 4
00 -3 2

0-3+8 0-12-4
0+9+6 0-6+10

[ 5 -16
15 4

_1l 5 -16
C‘z[ 15 4 }
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176 | TOPIC 7 Matrices and applications to transformations ¢ EXERCISE 7.2

11 a 3A+C-2B+41=0
C=0-3A+2B-41

ool 4 2 4,10
RIS BRI RN ER Y
oo -3 -12 8 —4 -4 0
=l o o}[ }{610}{0—4}
_[ 0-3+8-4 0-12-4-0

| 049+6-0 0-6+10—4

[ 1 -6

|15 0

b 4A-C+3B-21=0
-C=0-4A-3B+2]
C=-0+4A+3B-2I

Lol b el e e
S

0+4+12-2 0+16—-6+0
0-12+9+0 0+8+15-2

_| 14 10
-3 21
[ 7 4]
12 a A+B—_9 2 |
x 3,02 v ([T 4]
2 x y =3 1 9 2 |
x+2 B+y | [ 7 4]
2+y x-3 __9 2|

Taking the equations out of the matrices gives:
x+2=7 ()
2+y=9 (2)
-3+y=4 (3)
x-3=2 (4)
Only need to solve equations (1) and (2) to find values for x and y
x+2=17
x+2-2=7-2
x=5

2 -9 ]
-4 7

B
x 3|2y |2 -9
2 x y -3 | 4 7

x=2 B-y | [ 2 -9
2-y x+3 || 4 7

Taking the equations out of the matrices gives:
x=2=2 ()
2—-y=—4 (2)

B-y=-9 (3
x+3=7 (4

Only need to solve equations (1) and (2) to find values for x and y

Maths Quest 11 Mathematical Methods VCE Units 1 and 2 Solutions Manual



x—2=2
xX=2+2=2+2
x=4

2-y=—4
2—-y-2=—4-2
—y=—6
y=6
sx=4,y=6

A

2—x
y—2

Taking the equations out of the matrices gives:

TOPIC 7 Matrices and applications to transformations ¢ EXERCISE 7.2

-3 2 2 1 4 3

¢ 3D+2C=4E
2C=4E-3D
2 2 14
=4l -1 5 |-3| -3 2
3 3 2 5
§ -8 3 -12
=l 4 20 [+ 9 -6
12 12 | | -6 -15
5 20
S =5 14
= - 6 27
A= 4 ¢
- - s =20
3 [ -1 1 c==| 5 14
x |7 4 6 | 2l 6 27
y+3 }:' 1] 14 a C=D+E
Sox LA 6] =[145]{2—2 4}

2-x=-1 @ _| 142 4-2 5+4
y—-2=-4 (2 -3+1 2+4 -2-3
y+3=1 (3 =[ 32 2 9 }
3-x=6 (4 2 6 -5
Only need to solve equations (1) and (2) to find values for b D+C=E
xand y C=E-D
2—x=-1 _ 2 2 4] | 4 5
2—x-2=-1-2 1 4 3 -3 2 =2
—x=-3 [2-1 2-4 4-5
x=3 143 4-2 342
[1 -6 -1
y-2=-4 4 2 -
yoarRmAl ¢ 3D+2C=4E
= 2C=4E-3D
sLx=3,y=-2 :4[ -2 4 } 3|: 1 4 5 i|
13 a C=D+E 4 3 -3 2 2
1 4 2 =2 _ —8 16 |,[ -3 -12 -15
| 32 H S ] 9 6 6
L 203 33 _ -8-12 16-15
1+2 4-2 4+9 16-6 —12+6
= -3-1 245
—2 1
| 243 5-3 =[ 0 }
[ 3 2
=20 1
= 4 7 C= [ }
13 10 -6
L 5 2}
b D+C=E 15 a Given A= 1 O , for the given matrix
y Ay
C=E-D
[ 2 3
2 2 1 4 A:[ }
=l -1 5 |-] 3 2 -1 4
| 3 -3 2 5 ay =2
[ 2-1 —2-4 a5, =3
=| -1+3 5-2 ay =1
L 3-2 -3-5 4y, = 4
= ;_36 b If a;, =3, aj, =-2, a,y =-3and ay, =5
L ay ap 3 2
Since A= | then A=
T C)) -3 5
16 a a;=2i—jfor j#i

a;=ijfor j=i
Fora,;:i=1,j=1s0 j=i.
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178 | TOPIC 7 Matrices and applications to transformations ¢ EXERCISE 7.3

17

a

Therefore
ay=ij
=1x1

=1
Forap:i=1,j=2so0 j#i.
Therefore
ap, =2i—j

=2x1-2

=2-2

=0
Fora,;:i=2,j=1so j#i
Therefore
ay =2i—j

=2x2-1

=4-1

=3

For ay:i=2, j=2s0 j=i.

Therefore
ayy =1ij
=2x2
=4
So, the 2 X 2 matrix A is

a a
A= 11 4
Ay Ay

154

a; =i+ jfori<j
a;=i—j+1fori>j
a;=i+j+lfori=j
Fora ;:i=1, j=1soi=j.
Therefore
a =i+ j+1

=1+1+1

=3
Fora:i=1,j=2s0i<j.
Therefore
ap =i+j

=1+2

=3
Fora,:i=2, j=1s0i>j.
Therefore

ay =i—j+1
=2-1+1
=2
Foray:i=2, j=2s0i=j.
Therefore
ay =i+ j+1
=24+2+1
=5

So, the 2 X 2 matrix A is
a a

A= 11
dy; Ay

_| 33
25
i tr(A)=ay +ay
=2+4
=6
ii tr(B)=b)+by
=4+5
=9

iii 7(C)=c¢|;+cy
=1+4
=5

b LHS=t(A+B+C)

_ o[ 2+4+1 3-2-2
| —14+3+5 4+5+4

-([7 3]

=20

RHS = tr(A) + tr(B) + tr(C)
=6+9+5
=20

LHS =RHS
Sotr(A+B+C)=tr(A)+tr(B)+1r(C)
¢ LHS=tr(2A+3B-4C)

{511 3]

([ 4 6].[12 -6
‘”( ) 8_+[ 9 15}+[
2+9-20 8+15-16
(T 12 8]
—tr(_ 1 7 _j

=19

RHS = 2tr(A) + 3tr(B) — 4tr(C)
=2X6+3%x9-4x%5
=12+27-20
=19

LHS =RHS

(ERLE RN

=”{ 4+12-4  6-6+8 I

7)

So tr(2A+3B—4C) =2tr(A)+3tr(B)— 4tr(C)

calculator the matrix obtained is:

216
AB=| 164
274

Therefore since this resultant matrix has 3 rows and 1 column

it is a 3 X 1 matrix.

18 After multiplying matrix A and matrix B together on the

Exercise 7.3 — Matrix multiplication

1a AX:[ 7! }[‘f }

3x-3+5%2

{1]

:[—Qx—3+4x2}

b Ais a?2Xx?2 matrix and X is a 2 X 1 matrix.

XA does not exist since the number of columns of X is not

equal to the number of rows in A
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TOPIC 7 Matrices and applications to transformations ¢ EXERCISE 7.3 | 179
fa b x [ 2 -1 B
AX = Cd}[y} 5 a DE=| -3 5}[;_24 53]
- -1 -4
| axx+bxy L
= cherXy} 2x1-1x2 2Xx2-1x-4 2Xx-3-1x5
L = 3x14+5%x2 -3x2+5%x-4 -3x-3+5x5
| ax+by | —IxX1-4x2 —-1Xx2-4x-4 —-1x-3-4X5
_cx+dy [0 8 11
: . . . = 7 =26 34
Ais a2x?2 matrix and X is a 2 X | matrix. 9 14 17

XA does not exist since the number of columns of X is not -

equal to the number of rows in A (1 2 _3 2 -1
- b ED=| , % 5] -3 5
Ap=| 2 4] 2 4 | 2 - I
| 3 5] -1 -3 )
- 1x2+2x-3-3x-1 1><—l+2><5—3><—4}
| 2x2+44x-1 2x4+4x-3 = A — _ —1-
Tl 3%245%-1  3x4+5%x-3 } L 2x2-4Xx-3+5x-1 2x-1-4x5+5x-4
r -1 21 }
_| -8 20 = B
=7 5 } | 11 —42
- 1
a2 424 6 a CD= _2}[3-2]
-1 -3 35 -
- [ 1x3 1x=2
_ 2X-2+4+4x%3 2xX4+4x%5 | 2x3 2x-2
| —1x-2-3%x3 -1x4-3x35 -
- |3 =2
=| 8 28 | -6 4]
| -7 -19 -
_ 1
a2 4] 2 4 bDC:[3—2][_2}
13 5 35
- =[3x1-2x-2]
_| 2X-2+4%x3 -2x4+4X%5 =[7]
| 3X-2+5%x3 3x4+5X5
[ 16 12 coa-l 23 1o
=_937} 7alA1__14}[01
_| 2Xx1+3x0 2x0+3x1
AO = -2 4 00 —I1x1+4x0 —-1x0+4x1
3 5000 S
_| 2X0+4x0 -2x0+4x0 ] 4}
3x0+5x0  3x0+5x0 A
_[oo
00 1 0] 2 3
EFE Y
OA:[ 00 ][ —2 4} _[ 1x2+0x3 1x3+0x4
0035 | Ox2+1x-1 0x3+1x4
_| 0x-2+0x3 0x4+0X5 [ 2 3
0x-2+0x3 0x4+0x5 i 4}
{3¢]
0 0 LAI=I1A=A
“0A=0 .. [ 2 370 o0
WA= T 4o o
A,{—24][10} L -
35]01 _[ 2x0+3x0 2><0+3><0}
_[ 2x1+4x0 -2x0+4x1 | —1x0+4x0 -1x0+4x0
3x1+5x0 3x0+5x1 oo
_| 2 4 | 0 0 |
35 =0
LAI=A
o 0] 2 3
|1 o] 2 4 OA= [ }
el 9] 3 5]
0x2+0x—1 0><3+0><4}
| Ix-2+4+0x3 1x4+0x5 =
‘[ 0X-2+1x3 0x4+1x5 } L 0x2+0x-1 0x3+0x4
[ =2 4 =
‘[ 35 ] L0
LIA=A =
~AO=0A=0
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g la b 10
boiar-| o b0
_[ ax1+bx0 ax0+bx1
| cX1+dx0 cx0+dx1
L
c d |

101 a b
IA__O 1_[c d:|

_[ 1xa+0xc 1xb+0xd
| Oxa+lxc Oxb+1xd

_| a b
| ¢ d
=A
~AI=IA=A
. | a b 00
ii AO= ¢ d [0 O}

_[ ax0+bx0 ax0+bx0
| cX0+dx0 ¢x0+dx0
F o 0

0 0 |
=0

ool a b
OA‘_o 0_[c d}

_[ 0xa+0xc 0xb+0xd
| Oxa+0xc O0xb+0xd
0 0]

0 0 |

=0
~AO=0A=0
8 a LHS=(/—-A)I+A)

—1x3-3x-1 -1x3-3x%5
1x3-3x-1 1x3-3%5

RHS=1-A"
J1o07[2 3T
L0 1| | -1 4
Jro] 2323
L0 1L -1 4 -1 4
[ 10 ][ 2x2+43x-1  2x3+3x4
| 0 1 | | —-1x2+4Xx-1 —1x3+4x4
1ol [ 1 18
L0 1] | -6 13
[ 1-1 0-18
| 0+6 1-13
[0 -18
|6 -12
LHS = RHS

A=A +A)=1-A?
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0
SEERIE

1
[ 3x0+0x2
8

—4x0+0x2

;]

o o 3
SRR

0x3+0x-4
| 2x3-1x-4

oo
| 10 0

Therefore AB = O but

(<]
N
>
Il

b 0

ax0+0xx
bx0+0xx
0 0 |
00 |
=0

Xy

[ 0xa+0xb
xxXa+yxb

_ 0 0
| ax+by O

TOPIC 7 Matrices and applications to transformations ¢ EXERCISE 7.3

5

3x0+0x-1
—4x0+0x-1

0

0
0x0+0x0
2x0-1x0

BA+0

a0 0 o0
L L~y

ax0+0xy
bx0+0xy

Joolao
BA- [M]

0x0+0x0
xx0+yx0

Therefore AB =0 but BA # O

9 aLHS=AB+C)

234 s ] [1 2
L -1 4 ][ 2 -3 5 4
2 3] 441 5-2
| -1 4 |([ 245 —3+4
2 3]s53
L -1 4 ][ 71
_[ 2x5+3x7  2x3+3x1
| —1x5+4x7 —1x3+4x1
_[ 31 9]
| 23 1 |
RHS = AB+AC
234 s, ]23]1 =2
| -1 4] 2 -3 -1 4] 5 4
_[ 2x4+43x2 2x5+3x-3 ][ 2x1+3x5
| —1X4+4%x2 —1x5+4%x-3 —1xX1+4x5
[ o8
| 4 17 19 18
_[ 14+17 148
| 4+19 -17+18
_[ 3109
| 23 1
LHS = RHS

~A(B+C)=AB+AC
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s5]82)
]( 4><1+5><5 4x—2+5x4 D

2X1-3%x5 2x-2-3%4

ER R

_[ 2x29+43x-13  2x12+3x-16
| —1x29+4x-13 —1x12+4x~16

b LHS = A(BC)

|
—_
AW AW AW

[ 19 -24
| 81 -76
RHS = (AB)C

_ 2 3 4 5 1 =2
-1 4 2 3 5 4
_ 2X4+3x2  2x5+3x-3 1 -2
—1x4+4x2 —-1X5+4%x-3 5 4
_| 14 1 1 2
4 -17 5 4

_ 14x1+1x5 14x-2+1x4
4x1-17x5 4x-2-17%x4

[ 19 24
81 76
LHS = RHS

~ A(BC)=(AB)C
¢ LHS=(A+B)*

LR
al Sl J)

o8]
A

[ 6x6+8x1 6x8+8x1
Ix6+1x1 1x8+1x1

[ 44 56
7 9

RHS = A” +2AB + B*

_ 2 2
[ 2 3 2 37 4 5 4 5
‘_—14]*2[—14}[2—3}{2—3}
[ 2 3 2 3 2 31 4 5 4 5 4 5
‘_—14][—14}2[—14}[2—3}{2—3}{2—3}

:_ 2x2+3x=1 2x3+43x4 | 51 2X4+43xX2 2x5+3x-3 | | 4X4+5x2 4X5+5%x-3
—1X2+4x-1 —1x3+4x4 —1X4+4%x2 —-1x5+4%x-3 2X4-3x2 2X5-3x-3

18] 14 1 26 5
Tl -6 13 _+2[ 4 17 }L[ 2 19 ]
o1 ][ 28 2 26 5
-6 13 _J{ § —34 ]*[ 2 19}

_[ 1+28+26 18+2+5
~6+8+2 13-34+19

_[ 55 25 ]
L 4 _2 .
LHS # RHS
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Since AB# BA, (A+ B)* # A> +2AB+ B?
When you expand (A + B)’ you get:
(A+B)> =(A+B)A+B)

=A>+AB+BA+B?
And since, AB # BA,
AB+ BA#2AB
Therefore, (A+ B)2 # A’ +2AB+B?

d LHS=(A+B)?
2
([ 2 3 45
s(EREEERY
([ 2+4 345 )
-1+2 4-3
[6s8T
L 11
6 8168
L1 11
_[ 6x6+8x1 6><8+8><1]

Ix6+1x1 1x8+1x1

_[ 44 356
7 9

RHS= A’ + AB+ BA + B®

r 2

[ 2 3 2 31 4 5 4 5 2 3 4
g 4]*[—1 4}[2 —3}{2 —3}{—1 4}*[

¢ 5]
R L EE Y

1235 5]

| —1x2+4x-1 -1x3+4x4

+ 4X4+5%X2 4%xX5+5%x-3
2X4-3%x2 2x5-3x-3

[ 118 14 1 3032 26 5
-6 13 }{ 4 -17 ]J{ 7 -6 }L[ 219 ]
_[ 141443426 18+1+32+5

~6+4+7+2 13-17-6+19

_[ 44 56
L7 9

—1X4+4%x2 —-1x5+4%x-3

LHS =RHS

~(A+B)>=A>+AB+ BA+ B?

[ 3 18
a AB—_ 33 |
x 32 x ][ 3 18]
2 x x =3 |13 3 ]
xx2-3xx xxx-3x-3 |_[ 3 18 |
2X2+xXx 2Xx+xx-3 | | 13 3 |
—x  x*+9 |_[ 3 18 ]
x*+4  —x 1L 133
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Taking the equations out of the matrices gives:

-x=3 ()
¥ +9=18 (2
x*+4=13 (3)
-x=3 (4
Only need to solve equation (1) to find a value for x:
-x=3
x=-3
[ -16 10 |
b =
BA | 10 24 |
2 x [ x -3 1]_[ -16 10 |
x =3 2 x | | 10 24 |
2xx+xx2 2x-3+xxx |_[ -16 10 ]
xXx=3X2 xx-3-3xx | | 10 24 |
4x  x*-6 |_[ -16 10 ]
x’—6 —6x L 10 24 ]

Taking the equations out of the matrices gives:
4x=-16 (1)

2 -6=10 )
x2-6=10 3)

—6x =24 “4)
Only need to solve equation (1) to find a value for x:
4x=-16
4r_-16
4 4
x=—4
2 [ 2 12 ]
¢ =l s 2
x 3T _[ =2 12]
2 X | 8 -2 |
x 3 x 3] 2 12 ]
2 x 2 x| [ 8 -2 |
xXx—3%x2 xxX-3-3Xxx _:_ -2 12 ]
2Xx+xX2 2X-3+xxx | | -8 -2 |
-6 —6x |_[ 2 12 ]
4x x2—6_ L 8 2|
Taking the equations out of the matrices gives:
2-6==2 (1)
4x=-8 (2)
-6x=12 (3)
¥ -6==2 (4
Only need to solve equation (2) to find a value for x:
4x=-8
ax_-8
4 4
x=-2
2 [ 8 2]
d B -2 13 |
2 x [ 8 2]
x 3| | 2 13 |
2 x [ 2 x ] 8 2]
x -3 x =3 | | -2 13 |
2X2+xXx 2Xx+xx-3 _:— 8§ -2
xX2-3xx xxx-3x-3 | | -2 13 |
R — =_ 8§ -2 |
—-x  x*+9 | L -2 13 ]

11

Taking the equations out of the matrices gives:

x2+4=8 0
—x=-=2 (2
—x=-2 3)

x2+9=13 4)
Only need to solve equation (2) to find a value for x:
-x=-2
x=2
You can only add matrices of the same size. Therefore

since A is a 2 X 1 matrix and B is a 1 X 2 matrix, A+ B does
not exist.

You can only add matrices of the same size. Therefore
since A is a 2 X 1 matrix and C is a 2 X 2 matrix, A+C
does not exist.

You can only add matrices of the same size. Therefore
since B is a 1 X2 matrix and C is a 2 x 2 matrix, B+C
does not exist.

Ais a 2x1 matrix and B is a 1 X 2 matrix. Therefore since
the number of columns of A is equal to the number of
rows in B, the matrices can be multiplied.

-1
AB:[ ) }[ 3 -5 ]
_| =1x3 —=1x-5
Tl 2x3  2x-5

{7 3]

Bis a1x2 matrix and A is a 2 X1 matrix. Therefore since
the number of columns of B is equal to the number of
rows in A, the matrices can be multiplied.

-1

BA=[ 3 -5 ][ ) }

=[3x-1-5x%x2]

=[-13]
Ais a 2x1 matrix and C is a 2 X 2 matrix. Therefore since
the number of columns of A is not equal to the number of
rows in C, the matrices cannot be multiplied. Therefore
AC does not exist.
C is a 2x 2 matrix and A is a 2 x 1 matrix. Therefore since
the number of columns of C is equal to the number of
rows in A, the matrices can be multiplied.

s 5505

_| 2x-1+4x2
=3x-1+5%x2

5

B is a 1x2 matrix and C is a 2 X 2 matrix. Therefore since
the number of columns of B is equal to the number of
rows in C, the matrices can be multiplied.

BC=[ 3 -5 ][ 2 ‘5‘}
=[ 3x2-5x-3 3x4-5x5 ]
=[ 21 -13 ]

i Cisa?2x?2 matrix and B is a 1 X 2 matrix. Therefore since

the number of columns of C is not equal to the number of
rows in B, the matrices cannot be multiplied. Therefore
CB does not exist.

j Aisa?2x1matrix and B is a 1 X 2 matrix. Therefore

since the number of columns of A is equal to the number
of rows in B, the matrices can be multiplied. This
multiplication will result in a 2 X 2 matrix. And since C is
a 2x 2 matrix, ABC can be calculated.
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[ = 2 4
ABC=| 7 }[3 —5][_3 5}
_| —1x3 -1x-5 2 4
| 2X3  2X-5 -3 5
[ -3 5 2 4
6 -10 -3 5
__ —3x2+5%x-3 -3x4+5%5
6x2-10x-3 6%x4-10%5

[ —21 13
42 =26

k Cis a2x2 matrix and B is a 1 x 2 matrix. Therefore since

the number of columns of C is not equal to the number of
rows in B, the matrices cannot be multiplied. Therefore
since CB cannot be multiplied, CBA does not exist.

C is a 2x 2 matrix and A is a 2 X 1 matrix. Therefore

since the number of columns of C is equal to the number
of rows in A, the matrices can be multiplied. This
multiplication will result in a 2 X 1 matrix. And since B is
a 1 x 2 matrix, ABC can be calculated.

EX Bt

| 2x-1+4x2
=| B3x-1+5%2 }[ 35 ]

[ 5 Js s

_[ 6x3 6x-5 }

CAB=

13x3 13x-5
_[ 18 =30

39 —65
D is a 3x 2 matrix and E is a 2 X 3 matrix. Therefore since
the number of columns of D is equal to the number of
rows in E, the matrices can be multiplied.

1 4
DE=| -3 2 [% 7 _43]
| 2 5
[ Ix2+4x1  1x—2+4x4 1x4+4x-3
=] —3x2+4+2x1 -3x-2+2x4 -3x4+2x-3
L 2x2+5x%x1 2X-2+5x%x4 2X4+5%x-3
[ 6 14 -8
= -4 14 -18
9 16 -7

E is a 2x3 matrix and D is a 3 X 2 matrix. Therefore since
the number of columns of E is equal to the number of
rows in D, the matrices can be multiplied.

27 4] 58]
- 2 5
_[ 2x1-2x-3+4x2 2x4-2x2+4x5 }
| IXI+4X-3-3X2 1x4+4%x2-3X%5
_[ 16 24 }
| -17 -3
You can only add matrices of the same size. Therefore
since D is a 3 X 2 matrix and E is a 2X 3 matrix, E + D
does not exist.
D is a3x2 matrix and D is a 3 X 2 matrix. Therefore since
the number of columns of D is not equal to the number
of rows in D (i.e. D is not a square matrix) the matrices
cannot be multiplied. Therefore DD or D? does not exist.
D is a 2x3 matrix and E is a 3 X 2 matrix. Therefore since
the number of columns of D is equal to the number of
rows in E, the matrices can be multiplied.

ED=

14

- 6 2
pe=| L _24} 3 -1
L 3 -3
[ Ix6-4x3+2x3  1x2—4x-1+2x-3
| 2X6+8%x3-4%X3 —2X24+8x-1-4x-3

_[oo
100
E is a 3x 2 matrix and D is a 2 X 3 matrix. Therefore since

the number of columns of E is equal to the number of
rows in D, the matrices can be multiplied.

(6 2
1 -4 2
ED=3—1[ }
_3_3}—28—4

[ 6x1+2x-2 6x—4+2x8 6x2+2x—4]

=| 3x1-1x-2 3x—4-1x8 3x2-1x—+4
3x1-3x-2 3x-4-3x8 3x2-3x-4

(2 8 4 ]

= 5 =20 10

| 9 -36 18

You can only add matrices of the same size. Therefore

since E is a 3X 2 matrix and D is a 2 X3 matrix, E+ D

does not exist.

D is a 2x3 matrix and D is a 2 x 3 matrix. Therefore since

the number of columns of D is not equal to the number of

rows in D, the matrices cannot be multiplied. Therefore
DD or D? does not exist.

> [ -1 0] -1 0
Pr= 04_[0 4}

_[ ~1x-1+0x0 -1x0+0x4 }

| Ox-1+4x0 0x0+4x4
1 0]
1 0 16

p_[-1 o] -1 0] -10
0 4 0 4] 0 4
1o -1o
016 || 0 4
_[ 1x-140x0  1x0+0x4
O0x-1+16x0 0Ox0+16x4

-1 0
0 64

pi[ -t o] -to]-1o]-1o0
L0 4 0 4 0 4] 0o 4
1 o1o

| 0 64 || 0 4

[ 1x1+40x0 1x0+0x4

T 0x1+64x0 0x0+64x4

1 o0
| 0 256
Therefore, you can see that

P2 = “D* 0 }and P3:[ D' 0 }and

. 0o 4 0o 4
pi_| D0
| o 4

Therefore in general: p» :{ D" 0 }
0o 4
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2 [2 012 0

b o™=y —3}[0 —3}

_[ 2x2+0%x0 2x0+0x-3
0x2-3Xx0 0x0-3x-3

40
09

Sk~ O

0505

[ 4x2+0%x0 4x0+0x-3
T 0x249x0 0x0+9x-3

_[8 o
0 27

S Y Y Y
Ay

[ 8x2+0x0 8x0+0x-3 }

S oo ON

0x2-27x0 0x0-27x-3

_[16 0
| 0 81

Therefore, you can see that

2 _ [ 22 0 10° = 3 0 Lot ” 0
Lo }an ¢ [ 0 3’ }an i e
Therefore in general: Q" :|: 2" 0 :I

0 (=3
> 1010
¢ R= 3 [ 3 1}

[ 1x140x3 1x0+0x1
T 3x1+1x3 3x0+1x1

s 1 o1 o010
R 1301 _[3 1 }[3 1 }
_ oll1o
L6 1] 3 1
_[ 1x1+0x3 1x0+0x1
6x1+1x3 6x0+1x1
1 0]
9 1

golroffto]frolfto
31|31 ][ 3131
fr1o]1o0
“lo1 31
[ 1x1+0x3 1x0+0x1
Ox1+1x3 9x0+1x1

1o
12 1

A\ = W =
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d

15 A2-6A+11A=

16 a

b C?

Therefore, you can see that
2 _ 1 0
R Tl 2x3 1

Therefore in general: R" :|: 1

> o370 3
s=[S3]S ]

|

0 3
2 0

|\ e}

r 1
|\ e}
S W

|

[ —

I ERi
B 2]

2

12x0+0x2
36 0
| 0 36

2

ERE

2x2+3x-1
| —1Xx2+4x-1

[ 1 18
6 13 }*{
1-12+11

-6+6+0

00
00

5 5]

B?-B-22]=

6 5
EEE
6-4-22
24240
[ 20 o
0 20
1 =2
5 4

1x1-2x%x5

-5C+141 =

-9-5+14

oo
100

3_ 1
}mﬂR —[3X

3n

S W

3 2 3
4 }_6[ -1 4

-12
6

18—18+0 }

4
-2

4X4+5x-2
—2xX4-3x-2

—4

I3

IX-2-2x4
SX1+4X5 5x-2+4x%x4

[ -9 -10
25 6 }+{

TOPIC 7 Matrices and applications to transformations ¢ EXERCISE 7.3

0 [ 1 o
1 }andR ‘[ 4x3 1 }

3
0
1

3x2 0x3+3x0
0x2 2x3+0x0

6x3+0x0
0x3+6x0

o

0
2

a3

Ox0+18x2 0x3+18x0
12x3+0x0

Jfs ]
& 3

1
6 2
11

0
0 11

11
0

2X3+3x4
—1x3+4x%x4

211

0
11

—24

13-24+11

5 4 5

SH S 3=

4x5+5%x-3 " —4

—2x5-3%x-3 2
22

ST ]

0 1]
i

2 3

5-5+0
-1+3-22

-2 )
L5 3
+[ 25
-5 14
0

25 *

10
-20

25-254+0 6-20+14

40+m+0}
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S ERIERI PR

-2 8

_| d*+8
-2d-16

_| d*+8-94
-2d-16+18

_| d®>-9d+8
—2d+2

_| d®>-9d+8
2-2d

-2 8

dxd—4x-2 dx—4—4x8 }[
2Xd+8Xx-2 -2x—4+8x%x8 18 =72

-2 8

18 =72

_ ~4d-32 H —9d 36 }

72

—4d —-32+36 }
72-72

—4d+4 }
0

4-44d }
0

. | 2 3 4 2
wa i a2 34 2]

| 2x4+43%x3  2x-2+3x5
T —1x4+4%x3 —1x-2+4x5
17 n
8 22
tr(AB)=17+22
=39

, f4a 272 3
" BA‘[3 5}[—1 4}

4x2-2x-1 4x3-2x4

:[ 3X2+5
_[10 4
129

tr(BA)=10+29
=39

xX—1 3x3+5x4 }

)

iii r(A)r(B)=@2+4)(4+5)

=6%x9
=54

2 37 4
STEERNE

2x4+3%x3
—1x4+4%3

HIRVAR I
8 22 | 5
17x1+11x5

8Xx1+22x%x5

[ 72 10
118 72

LHS =tr(ABC)
=T72+72
=144

RHS = tr(A)tr(B)tr(C)

-2 1 =2

5 5 4
2X-2+3%X5 1 =2
—1x-2+4x%x5 5 4
-2

4

17x-2+11x4
8§x—2+22x4

=2+4)AE+5)(1+4)

=6XxX9x%x5
=270

LHS # RHS

=~ tr(ABC) # tr(A)tr(B)tr(C)

-9d 36

Exercise 7.4 — Determinants and inverses of 2x 2

matrices
1 IfA:[ “ fl }hen the determinant is given by, det(A) = ad — be
det(G) = —2x5—4x3
=-10-12
-2
| ox 5
2 LetA—[ 3 x+2}
det(A)=9
x 5 _
3 x+2‘_9

x(x+2)—5%x3=9

X2 +2x-15-9=9-9
X2 42x=24=0
(x—4)(x+6)=0

x=4,-6

3 IfA =[ a b }then the inverse matrix A™' is given by,

c d

JE— [d —b}
ad—bc| —¢ b

| 4 =2
LetA—[ 5 6 }

Al = 1 [ 6 2}
4x6—(2x5) 5 4
__ 1 [ 6 2}
24+10L =5 4
=i{ 6 2 }
34 -5 4

e [ d —b}
ad—bc| —¢ b
4

[p 3] 1 [ -3}
| 3 g | 2x4-3x3| -3 2
[p 3] 1[4 33
3 g | 8-9[ 3 2
P 3] 1[4 3
3 ¢q 8-9 -3 2
p 3[4 -3
3 g -3 2
[ p 3] [« 3
3 ¢ 3 2
‘p=_4’q=_2
|1 =
LetA-Ii -5 10 }
det(A)=1x10—(=5x —2)
=10-10
=0

Therefore since the determinant is zero the matrix is singular.

| ox 4
LetA‘[ 3 x+4}

If A is singular, det(A) =0
det(A)=0
X 4
3 x+4
x(x+4)-4%x3=0
x*+4x-12=0
(x+6)(x—-2)=0
Sx=-6,2

-
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237,10
7 a-u-| 2 5} k[o ]}

[ 2 3 -k 0

=l -1 5}{ 0 —k}

_[2-k 3

| -1 5-k

J2-k 3

det(A—kD)=| “7 5—k’

Q2-k)(5-k)-3%x-1
=10-2k—5k+k*+3
=k?>-7k+13

~p=1,g=-7,r=13

> [ 2 3 2 3
S E
_[ 2x243x-1  2x3+3x5 }

—1x2+5%x-1 —1x3+5%5

1 21 ]
-7 22 |

2 12t ] ] 2 3 10
PAT+qA+71l = 7 2 7|: 4 5:|+13|:0 l:l

1 21 ], =14 -21 13 0
= = 22_*[ 7 —35}’[0 13}

[ 1-14+13 21-21+0 }

-7+74+0 22-35+13
_| 00
100
4 8] ,J10
sau] 4]l )0 ]
k

(5T HT S

[4-k -8
-3 2-k
det(A—kI)=0
4—k -8 |_
-3 2—k“0

(4-k)2-k)—(-8x-3)=0
8—4k—2k+k*-24=0
k*—6k—16=0
(k+2)(k—8)=0
k=-2,8

. | a b
9 a i IfA—[ c d

det(A) =ad — bc
det(P)=6X2—(=2x4)

=12+8

=20

. | a b
ii IfA—[C d

eI [d —b}
ad—bc| —¢ b
o1 2
”'%[4 }
_2] 1
"l b b
_1 1
SIERE

} then the determinant is given by,

} then the inverse matrix A~ is given by,

W= W~ oM

_ 1

b pp-l_| 6 2 T 1

PP [4 2 ><10 -2 3

_1le =2 11

10 4 2 -2 3
6x1-2x-2 6Xx1-2x3
10| 4x1+2x-2 4x1+2x3
il

10 0
10

57

11 Ix6+1x4 1x-2+1x2
-2X64+3x4 -2x-243x2

10 0
10

det(P”):ix——( x_—zj
10710 10" 10
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¢ Let, RHS = det(A)det(B)det(C)
Cz[ 2 0 } = (2X—4—(3x—1)X(4X3-5x2)x (I1x4—(~2x3))
31 = (-8-3)x(12=10)X (4 +6)
c—IZ;[ L g} = —11x2x10
2x1-0x3| — = -220
=1[ 1 0}
2L 3 2 LHS = RHS
d Let,
0 <. det(ABC) = det(A) det(B) det(C)
D:[ 2 -1 } 1 1 -4 3
12 a A = 1 2
Dl 1 [ -1 3 } 2Xx—4—-(-3x-1)
Ox-1-(=3x2) -2 0 :_i[ -4 3 }
_1[ -1 3 np o2
“6l 2 0
11 a det(A)=2x-4—(=3x-1) B—lzé[ 3 —5}
=-8-3 4x3-5x2[ 2 4
=11 I3 s
21 2 4
det(B)=4x3-5x%x2
=12-10 c*:;[ 4 2}
=2 Ix4-(=2x3)L -3 1
=i{ 4 2}
det(C) = 1x 4 —(~2x3) ol -3 1
=4+6
2 345
=10 b AB‘[ 14 }[2 3}
b AB:|: 2 -3 }[4 5} [ 2x4-3x2  2x5-3x3
1 4|23 T| CIx4-4x2 —1x5-4x3
_| 2x4-3x2 2X5-3X3 2 1
—1x4-4x%x2 —-1x5-4x%3 =|: —-12 =17 il
=[ 21 }
12 -17 LHS = (AB)"
1 -17 -1
LHS = det(AB) = 7[ }
7 —1x—12] 12 2
=2x—17—(1x~-12) ZXI 17 117X 112
=-34+12 :__[— - }
N 2 12 2
:L[ 17 1 }
RHS = det(A) det(B) 221 -2 =2
= (2X—4—(B3x-1)X(4X3-5x2
(2x -4 (-B3x-1)x( ) RHS = 41

= (-8-3)x(12—-10)
=-11x2 _ 1[—4 3 }X [ 3 —5]
— 2 |72 2 4

AEx

LHS = RHS [
. det(AB) = det(A) det(B) _ L ~4x3+3x-2 —4x-5+3x4
~ 22| 1x3+2x-2 IxX-5+2x4
2 3451 =2
¢ ABC=| T T }[2 3}[3 h } _%[ ~18 32}

_[ 2x4-3x2  2x5-3x3 }[1 —2}
| —1X4-4%x2 —-1x5-4x3 3 4 LHS = RHS

o2 ][1 —2} (AB)' #A7'B”!

| 12 -17 || 3 4
[ 2x141x3  2x-2+1x4 c AB:[ S ][‘2‘ ;}
| —12x1-17x3 -12x-2-17x4 -
[ 5 0 _ 2X4-3x2 2x5-3%x3
=_ 63 _44] —1x4-4%x2 —-1x5-4x%3
=[ 21 ]
LHS = det(ABC) -1z =17
=5x—-44-0x-63
=220
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LHS = (AB)™
_ 1 [—17 —1}
2x-17-1x-12| 12 2
__ 1 -17 4
27 12 2
_Lhroa
»n| -12 =2
RHS=A"'B""
3 s 1 403
21 2 4 11l 1 2
__1r 3 -5 -4 3
nl 2 4 1 2
__ 1] 3x-4-5x1 3x3-5x2
22| 2Xx-4+4x1 -2x3+4x2
__ 1l -17 4
2 12 2
_h1oa
2] 12 =2
LHS =RHS
(AR ' =B714""
2 3451 =2
dABC‘_—l —4][2 3}[3 4 }
[ 2x4-3x2 2x5-3x3 1 =2
T -1x4-4x2 -1x5-4x3 || 3 4
[ 2 1 1 2
| -12 17 || 3 4
[ 2x1+1x3  2x-2+1x4
| —12x1-17x3 —12x-2-17x4
5 o
| 63 —44
LHS =(ABC)™!
_ 1 [ —44 o}
5x—44-0x-63] 63 5
__ L[ -4 0]
2200 63 5 |
RHS=C'B!A™!
1[4 20 1 3 5], 1] -4 3
_10[—3 1}(2_—2 4 71l 1 2
__t[a203 5] 43
2200 3 1 -2 4 1 2
__ L[ 4x3+2x-2 4x-5+2x4
220| —3x3+1x-2 -3x-5+1x4
__ [ 8 12 =43
220 —-11 19 1 2
__ L[ 8x—4-12x1  8x3-12x2
220 —11x-4+19x1 —11x3+19x2
__ L[4 o0
220 63 -5
LHS = RHS

(ABC)'=c'Bp1a™!

Maths Quest 11 Mathematical Methods VCE Units 1 and 2 Solutions Manual

TOPIC 7 Matrices and applications to transformations ¢ EXERCISE 7.4

)

[ 2]

]

13

14

a

x =3 |_
4 2 ‘_6
xxX2—-(-3x4)=6
2x+12=6

2x+12-12=6-12

2x=-06
26
2 2
x==3

=12

X X
8 2
xX2—-x%x8=12
2x—8x=12
—-6x=12
—6x 12
-6 -6
x==-2

x 3
4 x
xXx—3x4=4
xr-12=4
2 =16

=4

xzixfﬁ

x=%4

l><3—x><—2=7
X

3+2x=7
x

3
AX—+xX2x=xXT7

X

3+2x%=Tx

2x2—7x+3=0
2x-D(x-3)=0

xX=

a If a matrix A is singular, then det(A) =0

x =3
4 2

xX2—(-3%x4)=0
2x+12=0
2x=-12
2x _—12

2

1
>

=0

3

2

x=-6

I 191
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b If a matrix A is singular, then det(A) =0

X

8

=0

N = | =

x><2—l><8=0
X

2x—§=0

X

8
xX2x—xX—=0
2x2-8=0
2x2 =38

‘

=
¥}

I

= N
8]
[
I[j-) + & oo
S

= =
Il

¢ If a matrix A is

x 3
4 x

xXx—3%x4=0
x*=12=0
=12
x=+J12
x=#423
d If a matrix A is singular, then det(A) =0

x+1 =3
-2  x

(x+D)xx—(-3x-2)=0

x(x+1)-6=0

P +x-6=0

(x+3)(x=2)=0
x=-3,2

-1
15 a AB:[Z}[3—5]
| -1x3 —-1x-5
Tl 2x3 2x-5
_| 3 5
6 -10
det(AB)=-3x-10-5%6
=30-30
=0
Therefore since det(AB) =0, matrix AB is singular and therefore (AB)_l does not exist.
b A is not a square matrix so A~' does not exist.
¢ Bis not a square matrix so B! does not exist.
d det(C)=2%x5-4%x-3

=10+12
=22

a_ i s 4
C_223 2

e (ABC)'=c7'B7'A”!
Therefore since A~ and B™' do not exist, (ABC )_1 does not exist.

v

ingular, then det(4)=0
=0

=0
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Therefore since BA is a square matrix, its inverse (BA)~' can be calculated.

BA(BA) ' =1
[-13](BA) " =[1]
.
[-131] -5 |-
~(BA) = [—%}

2 37,10
S —4} k[o 1}
[2-k -3

-1 —4—k

det(A—kI)=(2—k)(=4—k)—(=3x—1)
=—Q2—-k)k+4)-3
=—(8+2k—k*—4k)-3
=—(—k*-2k+8)-3
=k*+2k-8-3
=k?+2k-11
sp=lg=2,r=-11

pA% +gA+r = A +2A—111

2 32 =3 2 3] 1
Tl - —4}[—1 4}“2[—1 4] “[0
_[ 2x2-3x-1 2x-3-3x—4 |,[ 4 -6 |.[-11 0
“Ix2-4x-1 —1x-3-4x—4 -2 -8

_[7 6 4 -6 -11 0
2 19 ]*[ 2 -8 }{ 0 —11}
_[ 7+4-11 6-6+0

2-2+0 19-8-11

_[oo

100

[4as5] 10
B—kl—_23]k[01]

[ 4-k 5

| 23—k

det(B—kl)=(4-k)(3—k)—5x2
=12—4k-3k+k*=10
=k>-Tk+2
~p=lg=-T,r=2

pB* +gB+rl = B*+—TB+2I

3]sl sl v

5
3
[ 4x4+5%2 4x5+5x3 28 35 ][ 20
Ix4+3x2 2x5+3x3 -14 -21 0 2

[ 26 35 28 -35 2 0
14 19 }r[ —14 21 }’[ 0 2 }
[ 26-28+2 35-35+0

14-14+0 19-21+2

[0 o0
L 00
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18 a A—kI:[ ; g}—k[é ‘1) }

:[1—k 3 }

2 2-k

det(A—kI)=0

‘l—k 3
2 2-k
1-k)2-k)-3%x2=0
2—k-2k+k>-6=0
k*-3k—4=0
(k+D(k—4)=0

-

rar=d VAT L33 Y]

[ Ix1-1x2 1x3—1x2 31
2x143x2 2x3+3x2 || =2 1

[ -1 1 301
8 12 ]| 21

[ —Ix3+1x-2 —Ix1+1x1
EXx3+12x-2 8x1+12x1

5 0
. 0 20
-1 0
0 4
Note that P'AP is a diagonal matrix with k values along the main diagonal.

357,10

19 a B—kl—[_24}k[01}
[ -,k-3 5
24—k

det(B—kI)=0
‘ k-23 4fk ‘:0
(—k=3)(4-k)-5x-2=0
—4k+k*=12+3k+10=0
k*—k—=2=0
k=-12
b Using a CAS calculator:

-1
-1 | 51 -3 5 51
otso-[ 31 ] 3131

19 9]

N —

N|—= N|—= Wn|— = Wn]|—=
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20 a i Subinezg

2 l(3) e(5)
sin cos| —
| 2
o
|1
ii Subing=2
6
/9 . /9
P COS(E) —Sln(g)
"(%)-
MEGRE
sin| — CoS| —
| 6 6
V3ol
| 2 2
143
2 2
2 13

i Subing=2

w

3
3 I sin( cos(%j
1 -
| 2 2
NER,
| 2 2
_br -3
23
o R cos(O) —sin(0) cos(0) —sin(0)
v __ sin(@) cos(0) sin(@) cos(0)
_- cos(6)cos(0)—sin(0)sin(0) —cos(0)sin(0)—sin(6)cos(0)
__ sin(0)cos(0)+cos(0)sin(0) —sin(H)sin(0)+ cos(6)cos(0)
__ cos?(0)—sin?(8) —2cos()sin(8)
__ 2cos(0)sin(f)  cos?(8)—sin’(0)
__ cos(20) —sin(20)
__ sin(20)  cos(20)
v R [ cos(0) sin(0) }
cos(0)x cos(0 sin(0)xsin(@))| —sin(0) cos(0)

1
)= (-
cos sin(0)
" cos? 0)+s1n {—sm(@ cos(60) }
| cos(6) sin(6)
_{ —sin(0) cos(6) }

Remember, cos” (6)+sin® (6) =1
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a5

_1 3o

41 B
[ Bxl-1xv3 Bx—B-1xl

| IX1+V3%x43 Ix=3+3x1

1

4
_1[ o 4

4] 4 0

LHS =RHS

AEW(E)(2)

¢ LHS=R(a)R(B)
:_ cos(ax) —sin(ex) H cos

sin(ar) cos(ex)
cos(a)cos(f)—sin(e)sin
sin(or)cos( )+ cos(f)sin

) —sin(p )}
) cos(B)
) —cos(a)sin(B)—sin(c)cos ()
) —sin(o)sin(B)+cos(a)cos(B)

(B
(B
(B
(B
=— cos(a+fB) —sin(a+p)
sin(a+f) cos(a+p)
= RHS
~R(a)R(B)=R(c+p)

Exercise 7.5 — Matrix equations and solving 2 x 2 linear simultaneous equations
1 3x—-4y=23
5x+2y+21

Writing the equations as a matrix equation gives:

2 ]
SRS

AX=K

A'AX=AT'K
X=A"K
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det(A)=3%x2—-(—4x5)
=6+20
=26

4 17 2
Al =—
261 -5 :|

_1T7 4 [ 23
26 -5 3 21
L1 2x23+4x21
26| —5%x23+3x21
_ 17130
26| —52

[3]
2]

w A

[\

x=5y=-2
2 2x+5y=-7
3x-2y=18

Writing the equations as a matrix equation gives.

S ]

2 s ox [ =7
a5 5 e e ]
AX=K
AT'AX=AT'K
X=AKx
det(A)=2x-2-5%3
=—4+-15
=-19
a_ 12 =5
ATl 3 2
X=A"kx

__ A2 5 =7
19/ 3 2 18
[ —2x-7-5x18
19] -3x-7+2x18

__1[ -76
191 57

x=4,y=-3
3 4x-3y=12
—8x+6y=-18
Writing the equations as a matrix equation gives.

B MR

AX=K
A'Ax=A"k
X=A"K
det(A)=4x6—(—3x—-8)
=24-24
=0

Therefore, matrix A is singular.
It can be seen from the graphs below that the two lines
are parallel and therefore have no points of intersection.
Therefore, there is no solution.

y

<
<€

4 3 2

4x-3y=12
Sx—4y=20
kx+2y=-8
Writing the equations as a matrix equation gives.

5 -4 x |_| 20
k2 Yy -8
_| 5 4
=17
There is no solution if matrix A is singular, therefore
det(A)=0

det(A)=0
S5x2—-(—4xk)=0
10+4k=0
4k=-10
4k _-10
4 4
(o 10
4
k=-2
2
4x-3y=12
—8x+6y=-24

Writing the equations as a matrix equation gives.

Sl H S
a4 2 )y e ]

det(A)=4x6—(-3x-8)
=24-24
=0
Therefore, matrix A is singular.
1 4x-3y=12
2) —-8x+6y=-24
Sketch the graphs as shown below. Equations (1) and (2) are
actually the same line as (2)=-2x (1)

—8x +6y=-24
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Note that as the lines overlap, there are an infinite number of b If there is no solution, det(A) =0 and the lines are
points of intersection. parallel.
In general, let y =1 and then substitute for y into equation (1) det(A)=0
and solve for x: (k+3)(k-2)=0
4x-3t=12 k=-3,2
4x—=3t+3t=12+3¢ k=-3
4x=12+3¢t 1 -2x-2y=-6
4_x _ 12+ 3¢ x+y= 3
4 4 (2) -6x-6y=-8
x=3+ % xty=4
Therefore, infinite number of solutions are of the form leerf;fore there is no solution (lines are parallel) when
3t T
(3 + R l), teR ¢ For an infinite number of solutions, det(A) =0 and the
lines are the same.
6 5x—4y=20 det(A)=0
kx+2y=-10 (k+3)k—-2)=0
Writing the equations as a matrix equation gives. k=-3,2
[ 5 —4 ] x =[ 20 } k=2
k2 y -10 (1) 3x-2y=4
| 5 -4 | ox 1 20 (2) —-6x+4y=-8
A_[ k 2 }X_[ y }’K_[ -10 } =(2)=-2x(1)
For an infinite number of solutions, det(A) =0 Therefore, there is an infinite number of solutions when
det(A)=0 k=2
5x2—-(—4xk)=0 8 a 2x+(k-1y=4
10+4k=0 kx+6y=k+4
4k =-10 Writing the equations as a matrix equation gives.
4k __ 10 2 k-1 x |_| 4
4 4 k 6 y || k+4
k=_10 2 k-1 x 4
d A:[k 6 }’X:{Y]’K:[k+4}
k== P For a unique solution, det(A) # 0
5 det(A)#0
When k = _E’ 9 k-1
(1) S5x—d4y=20 ‘k 6 |*°
5 2X6—(k—1)xk#0
2) ——x+2y=-10 ( )
2 12—k(k-1)#0
=h==2x@ . o 12-K>+k#0
Therf-:fore, equations give the same line and infinitely many —(k?—k=12)£0
solutions. e+ (k—d) %0
7 a (k+Dx-2y=2k (k+3)(k—4)#
—6x +2ky=-8 k3,4
Writing the equations as a matrix equation gives. keR\{-3,4}
kel —2 ] [ 2k b If there is no solution, det(A) =0 and the lines are
6 2k y |7| =8 parallel.
- det(A)=0
A= kzl ;}% },x:{x ],K{ 2’;} (k+3)(k-4)=0
L~ Y - k=-34
For a unique solution, det(A) # 0 k=-3
det(A)#0 1) 2x-4y=4
k+l =21 x=2y=2
—6 2k (2) -3x+6y=1
(k+1)x2k—-(2x-6)#0 1
xX=2y=——
2k(k+1)—12#0 3
2k +2k=12%0 Therefore, there is no solution (lines are parallel) when
2k> +k—-6)#0 k=-3.
¢ For an infinite number of solutions, det(A) = 0 and the
(k+3)(k-=2)#0 .
k-3 lines are the same.
5 det(A)=0
keR\{-3,2} (k+3)k—4)=0

k=-3,4
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k=4
(1) 2x+3y=4
(2) 4x+6y=8
=©2)=2x(1)
Therefore there is an infinite number of solutions when
k=4.
9 a AX=B8B
A'AxX=4A"'B
X=A"'B
_ 1 [—4 3 }[ -1 4}
2x—4—(3x[ -1 2 35
__ 1 —4x-1+3%x3 —4x4+3x5
5] =Ix-1+2x3 -1x4+2x5
=_l 13 -1
51 7 6
_Ih 1301
51 -7 -6
b XA=B
XAA™ = BA™!
X=BA"

o

R R

—IX—4+4x-1 —-1x3+4%2
3x—4+5%x-1 3x3+5%x2

]
{33

13 sl 41
-3 6 Ix4—(2x3)L 3 1

TR =Ry

1 2x4-1x-3 2x2-1xl
-3x4+6x-3 -3x2+6x1

4 2 2 -1

-3 1 -3 6
4x2+2%xX-3 4x-1+2%6
+1x-3 -3x-1+1X6

3%x2
2 8
-9 9

11 a AXx=C
AlAx=4A"C
X=A"'c

== el
2x-5-4x3[ -3 2 3

1 5x—2-4x3
—3x-2-2x%3

-3 7]
L]

XAA™' = DpA™!
X=DA"!

_ -5 -4
=[ 2 -5 ]x [ 35 ]
=——| 2X-5-5X-3 2X-4-5x-2
1 ]
1
——5[ -5 2]
12 a BX=C

B'Bx=B"'C
X=B'C

em=era R
—5x4-(=3x3) -3 -5 2

_ 1 4x-1+3x2
—3x-1-5%x2

il 5]

b XB=D

_ 1l 4 3
—I: 4 3 :IX—HI: 3 _5 :l
1
_ﬁ[ 4x4+3x-3 4x3+3x-5 |
1

Z_H 7 —3:|

1
ﬁ—73]

13 a 2x+3y=4
-x+4y=9
Writing the equations as a matrix equation gives:

ERIRSEEY

AX=K
AT'AX=AT'K
X=A"kx
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det(A)=2%x4-3x-1
=8+3
=11

1[4 374

1L 1 2 9
_1[ 4x4-3x9
T 11| I1x4+2x9

-l & ]
{7 ]
G

(3]

x=-1,y=2
b 4x+5y=-6
2x—-3y=8

Writing the equations as a matrix equation gives:

4 5
2 3

[+

-6
8

)

SERIE T

AX =K

AlaAx =47k
X=A"K

det(A)=4x-3-5x%x2
=-12-10

Y

x=1y=-2
¢ x-2y=8
Sx+4y=-2

Writing the equations as a matrix equation gives:

B IRy
s )

AX =K
A'AX=AT'K
X=A"kx

14 a

det(A)=1x4—-(-2x5)
=4+10
=14

a_1[ 4 2
l—_
A T4 5 1}

X=A"kx

_1[ 4 2 8
14 5 1 -2

Ll 4x8+2x-2
14| —-5%x8+1x-=2

_ 1] 28
14] —42

(2]
HEl

x=2,y=-3
“2x+7y+3=0
3x+y+7=0
Write the equations in the correct format.
—2x+T7y=-3

3x+y=-7
Writing the equations as a matrix equation gives:

G H B
a2 T3

AX=K

Alax =47k
X=A"K

det(A)=-2x1-7x%x3
=-2-21
=-23

a_ 111 =
Y [ R

4]
- )
=iF

w»—t

—3x-3-2x-7

]
2

x=-2,y=-1

3x+4y=6

2x+3y=5

Writing the equations as a matrix equation gives:

EHHH
R

ATAX=AT'K
X=A"%
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det(A)=3x3-4x2

=9-8
=1
a_ [ 3 4
e
X=A"k
[ 3 4]e
| 2 3 5
_[ 3x6-4x5
| —2X6+3X5
)
| 3
x |_[ =2
y |7 3
x=-2,y=3
x+4y=5
3x—y=-11

Writing the equations as a matrix equation gives:

A

1 4 x|
3 -1 y
R
A_[3
AX =K
AT'AX=AT'K
X=Ak
det(A)=1x-1-4x3
=-1-12
=-13
a__ 1] -1 4
13 3 1
11 4 }
1303 -1
X=A"kx
_1[1 4
130 3 -1

)
}

5

"

1[ 1x5+4x-11

13 3x5-1x-11

131

x |_| -3
y | L2
x=-3,y=2

—4x+3y=13
2x—y=5

26

11 -39 }

)

}
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Writing the equations as a matrix equation gives:

-4 3
2 -1

]

AX =K
A'Ax=A"k
X=A"K

X
y

H
g

13
5

)

-4 3

2

det(A)=—-4x-1-3x2
=4-6

,IK
(1 37 13
| 2 4 5

[ 1x13+3x%5
| 2x13+4X%5

[ 28
| 46

MEES

x=14, y=23

e
[

D= ==

d 2x+5y=15

15 a

3x-2y=16

Writing the equations as a matrix equation gives:

-2 5 x || 15
3 =2 y || 16
[ =2 5
A‘[ 3 =2
AX=K
AT'AX=AT'K
X=A"%
det(A)=-2x-2-5%3
-2

=4-15
-5
-3 =2

=-11
A*:—l{
11
_1[ 25
11 3 2

X=A"kx

_12 57 15
1y 3 2 16
_ 1] 2x15+5x16
11 3x15+2x16
_17 110
iy 77

x|_[10
y 7
x=10, y=7
i Sub in the x,y point (12,6)
12 6
—+—=1
a b
Sub in the x,y point (8,3)
8

—+—=1
a b

Therefore the two equations are:

12 6
4 —=
a b

8 3
—+—=1
a b

1
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ii Writing the equations as a matrix equation gives:

VS

| —

S| =9
I
—
—_—
[

1 1
12 6 | a 1 [ 4 5 | a 1
SRR IEE RS SRS EAS
b b
AX =K AX=K
A'Ax=A"k AT'AX=A"T'K
Xx=A"K X=A"K
det(A)=12x3-6x8 det(A)=4x-15-5%x—-4
=36-48 =-60+ 20
=-12 =-40
_ 1{ 3 -6 - 1L -15 -5
Al 1__ L
12[ -8 12} A 40[ 4 4
_1[ -3 6 _ 1[5 5
20 8 -12 40| 4 4
X=A"k X=A"K

5l s 1]

1
1
1[ 3x1+6x1 }

202 | TOPIC 7 Matrices and applications to transformations ¢ EXERCISE 7.5

ii Writing the equations as a matrix equation gives:

| —

]

S =9
Il
—
o
[

_1[ 15 5 1
40| 4 4 1

L[ 15x1+5x1 }

=12 8x1-12x1 40| —4x1-4x1
_1f } _1[ 20 }
12| 4 T 40| -8
1 3 1 1
a |_| 12 a |[_| 2
1 4 L
b 12 b 5
Taking the equations out of the matrices gives: Taking the equations out of the matrices gives:
1 3 1 1
a 12 a 2
12 2
= — a=—
3 1
a=4 a=2
1_4 r_-
b 12 b 5
12
_12 p=-3
- 1
b=-3 b=-5
a=4,b=-3 a=2,b=-5
i Sub in the x,y point (4,5) 16 a i x-3y=k
£+§=1 —2x+6y=6
a b Writing the equations as a matrix equation gives.
Sub in the x, y point (—4,~-15) 1 37 x k
g S [—2 6}[)’}2[6}
a b
Therefore the two equations are: Az[ 1 -3 }, X =|: X ], K =[ k }
45 -2 6 y 6
a + b 1 If there is no solution, det(A) =0 and the lines are
4 15 parallel.
5! det(A) = 16— (-3%x-2)
=6-6
=0
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Determinant of A is constant at 0.

Therefore look for when the lines are parallel.
x-3y=k (@)

—2x+6y=6 2)

1
(2)X—§:>x—3y=—3
The lines are parallel when the constant is different.

(2>x—%¢a)

k#-3
Therefore there is no solution (lines are parallel) when
k#-3.
For an infinite number of solutions, det(A) =0 and the
lines are the same.
Determinant is constant at 0.
Therefore look for when the lines are the same.
x=3y=k (@)
—2x+6y=06 2)

1
(2)><—5:>x—3y=—3
The lines are the same when the constant is the same.

1
(2)><—5—(1)

k=-3
Therefore, there is an infinite number of solutions when
k=-3.
2x—-5y=4
—4x+10y=k
Writing the equations as a matrix equation gives.

w ] ]
SETIEE Y

If there is no solution, det(A) =0 and the lines are

parallel.
det(A)=2%x10—-(-5x—-4)
=20-20
=0

Determinant of A is constant at 0.

Therefore look for when the lines are parallel.
2x—-5y=4 @)

—4x+10y=k 2)

(Hx—2=-4x+10y=-8
The lines are parallel when the constant is different.
MHx-=2#1)

k#-8

Therefore there is no solution (lines are parallel) when
k#-8.
For an infinite number of solutions, det(A) =0 and the
lines are the same.
Determinant is constant at 0.
Therefore look for when the lines are the same.

2x—5y=4 (1
—4x+10y=k 2)

HXx-2=-4x+10y=-8

The lines are the same when the constant is the same.
Hx-2=@1)

k=-8
Therefore, there is an infinite number of solutions when

k=-8.

3x-5y=k
—-6x+10y=10
Writing the equations as a matrix equation gives.

EriHEE
a5 b s e ]

If there is no solution, det(A) =0 and the lines are

parallel.

det(A) =3x10—(-5x-6)
=30-30
=0

Determinant of A is constant at 0.

Therefore look for when the lines are parallel.
3x-5y=k 1

—6x+10y=10 2)

1
(2)><—E=>3x—5y=—5
The lines are parallel when the constant is different.

(2)><—%¢(1)

k#-5
Therefore there is no solution (lines are parallel) when
k#-5.

i For an infinite number of solutions, det(A) = 0 and the

lines are the same.

Determinant is constant at 0.

Therefore look for when the lines are the same.
3x-5y=k (@)

—-6x+10y=10 2)

1
(2)><—E:>3x—5y=—5
The lines are the same when the constant is the same.

1
(Z)X_E_(l)

k=-5
Therefore, there is an infinite number of solutions when

k=-5.

4x—-6y=38
-2x+3y=k
Writing the equations as a matrix equation gives.

ERIHIH
SERITEMYE

If there is no solution, det(A) = 0 and the lines are

parallel.
det(A)=4x3—-(—6%x-2)
=12-12
=0

Determinant of A is constant at 0.
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a

Therefore look for when the lines are parallel.
4x—-6y=8 (1)
2x+3y=k )

1
(1)><—5:>—2x+3y:—4

The lines are parallel when the constant is different.
1

Dx——=#2

@ 5 (©))

k+—-4
Therefore there is no solution (lines are parallel) when
k#—4.
ii For an infinite number of solutions, det(A) =0 and the
lines are the same.
Determinant is constant at 0.
Therefore look for when the lines are the same.
4x—-6y=38 (€))
—2x+3y=k 2)

1
(1)><—E=>—2x+3y:—4
The lines are the same when the constant is the same.
1
Hx——=(2
@ 5 2
k=-4
Therefore, there is an infinite number of solutions when
k=-4.
x—2y=3 (1)
2x+4y=-6 (2)
Writing the equations as a matrix equation gives:

L3 H ]

AX=K

AT'AX=AT'K
X=A"K
det(A)=1x4—-(-2x-2)
=4-4
=0

Since the det(A) =0 there is no unique solution for these
simultaneous equations.
Since (2) is a multiple of (1) as (2) =—-2X (1) the lines
are the same and therefore there are infinitely many
solutions.
In general let y =7 and then substitute for y into equation
(1) and solve for x:

y=t
x=2t=3

x=2t+3
Therefore, infinite solutions are of the form
(2¢+3,1),1eR

2x-3y=5 (D)

—A4x+6y=-11 (2)
Writing the equations as a matrix equation gives:

El

AX=K
Al'Ax =47k
X=A"K

det(A)=2x6—-(-3x-4)

=12-12

=0
Since the det(A) = 0 there is no unique solution for these
simultaneous equations.

Since (2) is a not a multiple of (1) the lines are parallel and
therefore there is no solution.
2x—y=4 (@)
—4x+2y=-7 (2)
Writing the equations as a matrix equation gives:

EXNMEEY
SR

= o=
| I
>
I
| —
|
\]-P
| I

AX =K
A'AX =AT'K
X=A"K
det(A)=2%x2—-(-1x—-4)
=4-4
=0
Since the det(A) =0 there is no unique solution for these
simultaneous equations.
Since (2) is a not a multiple of (1) the lines are parallel and
therefore there is no solution.
3x—4y=5 @)
—6x+8y=-10 2)
Writing the equations as a matrix equation gives:

R HEY

AX=K
AT'AX=A"'K
X=A"k
det(A) =3x8 —(—4x—-6)
=24-24
=0
Since the det(A) = 0 there is no unique solution for these
simultaneous equations.
Since (2) is a multiple of (1) as (2) = -2 X (1) the lines
are the same and therefore there are infinitely many
solutions.
In general let y =1 and then substitute for y into equation
(1) and solve for x:
y=t
3x—4t=5
3x=4t+5
3x _4t+5
3 3
4t+5
x =
3
Therefore, infinite solutions are of the form

4
( H—S, t), teR
3
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i (k=-2)x-2y=k-1
—Ax+ky=—-6
Writing the equations as a matrix equation gives.

R
a7 e e

For a unique solution, det(A) #0
det(A)#0

k=2 =2

-4k
(k=2)xk—-(2x-4)#0
k(k—2)—8#0
k*—2k-8#0
(k+2)(k—-4)#0

k#-2,4
ke R\{—2,4}

#0

ii If there is no solution, det(A) =0 and the lines are parallel.

det(A)=0
(k+2)(k-4)=0
k=-2,4
k=-2
1) —-4x-2y=-3
2) —4x-2y=-6
2)=)

Therefore there is no solution (lines are parallel) when k =-2.

iii For an infinite number of solutions, det(A) = 0 and the lines are the same.

det(A)=0
(k+3)(k—-2)=0
k=-3,2
k=4
a1  2x-2y=3
(2) —4x+4y=-6
(2)X—%:>2x—2y=3
=)
Therefore, there is an infinite number of solutions when k = 4.
i (k+Dx+5y=4

6x+5ky=k+6
Writing the equations as a matrix equation gives.

et L]
ol a e el

For a unique solution, det(A) # 0

det(A) %0
k+1 5
‘ 6 sk|*°

(k+1)X5k-5x6+0
5k(k+1)=30%0
5k%+5k—30%0

5> +k—-6)#0

(k+3)(k=2)#0
k#-3,2
keR\{-3,2}

ii If there is no solution, det(A) = 0 and the lines are parallel.

det(A)=0
(k+3)(k=2)=0
k=-3,2

Maths Quest 11 Mathematical Methods VCE Units 1 and 2 Solutions Manual

| 205



206 | TOPIC 7 Matrices and applications to transformations ¢ EXERCISE 7.5

k=-3
1 -2x+5y=4
2) 6x—15y=3

(2)><—§:>2x—5y=—1

=)
Therefore there is no solution (lines are parallel) when k =-3.
iii For an infinite number of solutions, det(A) = 0 and the lines are the same.

det(4)=0
(k+3)(k-=2)=0

k=-32
k=2
1) 3x+5y=4
(2) 6x+10y=8

(2)><%:>3x+5y:4
=

Therefore, there is an infinite number of solutions when k = 2.
¢ i (k—Dx-3y=k+2
—4x+2ky=-10
Writing the equations as a matrix equation gives.

e ]
aL 9 2 e 2 e e ]

For a unique solution, det(A) # 0

det(A) %0
k-1 -3
‘ 4 o |*0

(k=1 x2k—(-3x-4)#0
2k(k—1)—12#0
2k* —2k—12%#0
2(k* —k—6)#0
(k+2)(k=3)#0
k#-2,3
ke R\{-2,3}
ii If there is no solution, det(A) =0 and the lines are parallel.
det(A)=0
(k+2)(k-3)=0
k=-2,3
k=-2
()] —-3x-3y=0
x+y=0
2) —4x—-4y=-10
xX+y= >
Therefore there is no solution (lines are parallel) when k =—2.
iii For an infinite number of solutions, det(A) =0 and the lines are the same.
det(A)=0
(k+2)(k-3)=0
k=-2,3
k=3
(@) 2x—-3y=5
(2) —4x+6y=-10

(2)><—%:>2x—3y=5
=D

Therefore, there is an infinite number of solutions when k = 3.
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2x—(k=2)y=6
(k=5)x-2y=k-3
Writing the equations as a matrix equation gives:

Pl et

2 -]y [x] ] 6
RS LS Y

For a unique solution, det(A)#0
det(A)#0
2 —(k=2)
k-5 -2
2X-2—(—(k—=2)k-=5)#0
—4+(k-2)k-5)#0
k*=Tk+10-4%0

#0

k> =Tk+6#0
(k=1)(k—=6)#0
k#1,6
ke R\{1,6}
If there is no solution, det(A) =0 and the lines are parallel.
det(A)=0
(k—1)(k—6)=0
k=1,6
k=1
1) 2x+y=6

2)—4x-2y=-2
(2)><—%=>2x+y=1
=
Therefore there is no solution (lines are parallel) when k =1.
For an infinite number of solutions, det(A) =0 and the lines are the same.
det(A)=0
(k=1)(k-6)=0
k=16
k=6
1 2x-4y=6
2) x—2y=3
2Q)x2=2x—-4y=6

=
Therefore, there is an infinite number of solutions when k = 6.
2x+3y=p
gx—6y="17

Writing the equations as a matrix equation gives:

FEI M
as| 7% e e

For a unique solution, det(A) # 0
det(A) =0
-2 3
q -6
-2X—6-3xg#0
12-3g#0
—3q#-12
=g 12
-3 3
qz4

There is no restriction on p, so for a unique solution g #4, p€ R.

7 ]

#0
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ii If there is no solution, det(A) =0 and the lines are 4x-2y=¢q @)
parallel. 3
det(A)=0 x-oy=10 @
g=4
Lines are parallel so (1) # (2) 4 40
Subinq=p4 (2)><§:>4x—2y=?
—2x+3y=p (1) 40
4x—6y=7 ) SO(l)i(Z)whenq;t?
. . 3 40
Therefore there is no solution when p = —3 p# 3"

1 7
@)=~ 5= —2x+3y= ) iii If there are infinitely many solutions, det(A) = 0 and the

7 lines are the same.
So (1) #(2) when p#— 5 det(A)=0
Therefore there is no solution when g =4, p #— % p=— 3
2
ii I.f there are infinitely many solutions, det(A) = 0 and the The lines are the same so (1) = (2)
lines are the same. . 3
det(A)=0 Subiin p=—=
g=4 4x-2y=gq )
The lines are the same so (1) =(2) 3
Sub in g=4 3x—5y=10 2)
—2x+3y=p (1)
4x—-6y=7 () 4 40
2)xX—=4x-2y=—
3 3
1 7 40
(2)><—E:>—2x+3y=—5 So(1)=(2)whenq:?
So (1)=(2) when p=— 7 Therefore there are infinitely many solutions when
3
Therefore there are infinitely many solutions when P==54=5
q=4,p=—z. ¢ i 3x—py=6
2 Tx—-2y=g¢q
b i4x-2y=¢q Writing the equations as a matrix equation gives:
3x+py=10 3 —-p x |_| 6
Writing the equations as a matrix equation gives: 7 2 y |7 | ¢q
sy :
= -p b 6
3 A= , X = ,K=
EEELE EEALSEIie M
A :|: g -2 } X :[ X } K :[ q } For a unique solution, det(A)# 0
p Y 10 det(A)#0
For a unique solution, det(A) #0 3 —p
#0
det(A)#0 ‘ 7
’ 4 210 3x-2—(=pxT)#0
3op —6+7p%0
4x p—(-2x3)#0 Tp#6
4p+6+0 Tp , 6
4p#—6 7 7
4p -6 6
R ¢ [E— u—
4 4 e 7
p#E— E Ther6e is no restriction on ¢, so for a unique solution
2
There is no restriction on ¢, so for a unique solution p# 7’ qeR.
p#E——,q€R. ii If there is no solution, det(A) = 0 and the lines are
. 2 . . . parallel.
ii If there is no solution, det(A) =0 and the lines are det(A)=0
parallel. 6
det(A)=0 p= >
p= _% The lines are parallel so (1) # (2)
. 6
The lines are parallel so (1) # (2) Subin p= 7
3
Subin p=——
ub in p 5
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6
3x——y=6 (I
X=2y Q)]
Tx—2y=gq (2)

(1)><%:>7x—2y=14
So (1) #(2) when g # 14

6
Therefore there is no solution when p = - p#14.

If there are infinitely many solutions, det(A) =0 and the
lines are the same.
det(A)=0
_ 6
P=3
The lines are the same so (1) =(2)

Subin p=—
P 7

6
3x——y=6 1
X=2y @
Tx—2y=gq ()

(l)x%:7x—2y=l4

So (1)=(2) when g =14
Ther6ef0re there are infinitely many solutions when
p= = q=14.
px—y=3
-3x+2y=g¢q
Writing the equations as a matrix equation gives:

e HEH
as| 53 b3 e

For a unique solution, det(A) =0
det(A)#0

p -1
’_3 o
pX2—(—1x-3)#0
2p-3#0

2p#3

2p 3

2 2

23
P75

There is no restriction on ¢, so for a unique solution
3

p*t—,q€R.
2

If there is no solution, det(A) =0 and the lines are
parallel.
det(A)=0

p=

N | w

The lines are parallel so (1) # (2)
Subin p==
P=3

3

—x—-y=3 1
5x7Y M
—3x+2y=¢q )

()x—2=-3x+2y=—6

20

a

b

| 209

So (1) # (2) when g #—6 3
Therefore there is no solution when p = > p#—0.

iii If there are infinitely many solutions, det(A) =0 and the

lines are the same.

det(A)=0
3
P=3
The lines are the same so (1) =(2)
3
Subin p==
P=3
3
—x—-y=3 1
757y M

—3x+2y=gq 2)

(H)x2=>-3x+2y=-6
So (1)=(2) when g =—6
Therefore there are infinitely many solutions when
3
=—,g=-0.
p > q
AX=C

A'Ax=4A"C

x=A"'C

Al 1 [ 4 2}
Ix4—-(2x5)[ -5 1

_17 4 2
14 5 1

X=A"'Cc

_17 4 2 -5
14 5 1 -19

1[ 4x-5+2x-19 }

=ﬁ_ —5X-5+1%x-19
_1[ -8 }
14 6
_2[ 29 }
140 3
_1 -29
7 3
XA=B
XAA™' = BA™!
X=BA"

Al 1 [ 4 2}
Ix4—(=2x5)| -5 1

_1l 4 2
14 5 1
X=BA""
3 ot 1] 4 2
_[-7 2}14[—5 1}

=i[_37 ”{—45 ﬂ

_ 1] 3x4+1x-5  3x2+1x1
14| —7xX4+2x-5 -Tx2+2x1

77
T 14| 38 -12
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c AX =B

A'AX=A"'B
X=A"'B

el 5 1]
—(=2x5) 5 1

1x4

1

141

X=A"'B

EREEY

d XA=D
XAA™' = DA™!
X =DA™!

1x4
_L[
14

X=DA""

:[7

1
:H[ Tx4+14x-5 Tx2+14x1 |

4 2
-5 1

4X3+2%x-7
—Sx3+1x-7

-2 8
| 22 -3

4x1+2%x2
—S5x1+1x2

2%[ 4 2]
—(=2x5)| 5 1

4 2
=51

1| 4 2
14 Xﬁ[—S 1}

:i[ 7 14 ][ 5

—[ —42 28
14 ]
=[ 3 2]
21 a  AX=C
A'Ax=4"'C
x=4a"
-1 1 i 4
2x4-3x-1| 1
_1l4 3
1L 1 2
X=A"C
_1[4 37 s
1L r 2 j 14
_1[ ax5-3x14
11| Ix5+2x14
_1[ 22
1y 33

=

)

)

]

}

}

XA=B
XAA™ = BA™!
X=BA"!

lﬁ
~

L
1

—

_1
11
1
1

2
[2
4x4+5x%1
12

5l it 7]

ik

xX4-3x1 2Xx-3+-3x2

5 —12}

AX=B
A'AX=A"'B
X=A"'B
1 1 [ 4
2x4-3x-1] 1
14 3
g1 2
X=A"'B
_1l4 374
1mL1r 2 4 2
_1[ 4x4-3x2
1] Ix4+2x2
_1710 29
1y 8 -l
XA=D
XAA™ = DA™!
X=DA"!
-1 _ 1 |:4
2x4-3x-1] 1

_1l4 3
1L r 2

X=DA""
_ 1[ 4
=[1 =2 Xn[l
4
(1 2]

1
1
1

—[2 7]

7]

4x-3+5%2

5]

4x5-3%x-3
I1X5+2%x-3

5]

1
—[ 1x4-2x1 1x-3-2x2 ]
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22 a AX=C

A'Ax=4""C
X=A"C
o 1 5 —3}
—2x5-3x4] -1 2
_ 11 5 3
2| 4 2
_1[ -5 3]
2 4 2 |
X=A"'C
_1[ 53] 3
2 4 2] 1

_ [ -5x3+3x1 }

22| 4x3+2x1
1[ -12
221 14
21 _¢ }
20 7
7]
11 7
b XA=B
XAA™ = BA™!
X=BA"'

- 1 5 —3]
Al=———
—2><5—3><4[ -1 -2

115 3
272 4 =2

_ 1] -5 3
2 4 2

X=BA"

2 19| 1] 53
12 -7 2 4 2
11 2 19 -5 3

12 -7 4 2

L 2Xx-5+19%x4 2x3+19x2
22| 12X-5-7x4 12x3-7x2

_ 1| 66 44
2| —88 22
3

57

N

AT'AX=A"'B
X=A"B

- 1 5 —3}
Ale——
—2><5—3><4[ -1 2
__1rs5 =3
2| 4 -2

_1l 53
272 4 2

X=A"'B

_Af s3] 2 19
2 4 2 12 -7

_ L[ -5x2+3x12 -5x19+3x-7
220 4x2+2x12  4x19+2x-7

_1[26 -116
221 32 62
_2[ 13 -58
221 16 31
_ 1] 13 -58
11| 16 31
d XA=D
XAA™' = DA™!
X=DA"!

- 1 5 -3 }
A=
—2><5—3><4[ -1 2

__1rs5 =3
2] 4 2
_1l 53
272l 4 2
X=DA"

1l 53
[13x22[42}

4] 71

1
—| -Ix-5+3%x4 —-1x3+3%x2
22 ]

_Z[ 17 3 ]

Pl 1 [d 0}
axd-0x0[ 0 a

|
g‘_‘
—
o X
X O
[E—

a_[a 0] 1[a 0
PP=1) d}(ad[o a}

_ 1] axd+0x0 ax0+0xa
O0xd+dx0 0x0+dXa

_ 1l ad 0
ad 0 ad
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d,_ Ll d 0| a O a4 _|a b | 1] 0 b
Pp ad| 0 a 0 d kR = c 0 Xbc c —a
_ 1] dxa+0x0 dx0+0xd _1lia b 0 b
ad| Oxa+ax0 0x0+axd bel ¢ O c -a
_ 1l ad o =L ax0+bxc axb+bx-a
“ad|l 0 ad be|l ¢x0+0xc exb+0x—a
_| 10 _ Ll b 0
0 1 bel 0 be
=1 =[ 10 }
PPl =plp=] 0 1
b [ow =1
c 0
R_IR:L[ 0 b }[ a b}
0 = 1 l: 0 —b:| bel ¢ —a c 0
0x0-bxcl —¢ O _ 1| Oxa+bxc 0xb+bx0
1 [ 0 —b} be| cxa—axc cxb—-ax0
" _bel ¢ O _ 1l b 0
_L[ 0 b} bel O be
bel ¢ 0 =[1 0}
i 1 01
0 - _
_ c =1
Ly .RR'=R"'R=1
- o1 8]
a_lo b | 1[0 b
00| 3 § b 25 )
L ¢ O bel ¢ O G 1 d —b
:i[o b [0 b} Oxd—-bxcl —¢ 0
bel ¢ O c 0 :L d —b
_ 11 0x0+bxc 0xb+bx0 —be| —¢ 0
bel ¢x0+0xXc cxb+0x0 :L d b
=L[ be 0 ] bcl ¢ O
bc 0 bc B -d 1
| Lo | be ¢
0 1 = 1
_ - 0
=7 b
a,_ 110 b || 0 b -
0= 0| co gt 0 b | L] -d b
c d bel ¢ O
_ L] 0x0+bxc 0xb+bx0 1
bel ¢x0+0xc exb+0x0 2| 0 b || d b
bel ¢ d c 0
1| be 0
= _ 1l Ox-d+bxc Oxb+bx0
bc 0 bc =
L o be|l cx—d+dxc cxXb+dx0
=[ 0 1 } :L[ be 0 ]
=] bc 0 bc
. -1 _ -l | 10
_ a b =]
24 a R—[ ¢ 0 :l
e_1f -d b ]l 0 b
1 1 [0 —b] 55=0l ¢ ol e d
ax0-bxcl —¢ 4 _ 1 [ —dx0+bxc -dxb+bxd
:_L[ 0 —b} bel cx0+0xc  cxb+0xd
bcl —¢ a _L1l b 0
= 1 l: 0 b :| bel 0 be
bc| ¢ —a _[ 1 0 }
1 1o 1
|0 e
1l -a ~8S' =57 =1
b c
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AAT | @ b % 1 d -b
c d ad—bc| —¢ a

__ 1 a b | d -b
ad—be| ¢ d - a

__ 1 axd+bx—c ax-b+bxa
ad—be| cxd+dx—c cx-b+dxa

__ 1 ad—bc 0
ad — bc 0 ad —bc
_| 10
0 1

=1

Alge 1 d -b | ab
ad—bc| —€¢ a c d

__ 1 dxa—bxc dxb-—bxd
ad —be| —cxXa+axc —cxb+axd

_ 1 ad —bc 0
ad — bc 0 ad—bc

TOPIC 7 Matrices and applications to transformations ¢ EXERCISE 7.6
3 PP=P+T
T=P -P
_ | 0 2 3
P—AABC—[ 0 3 4 }
’_ rpreo 1 3 —2
P_AABC—[_z | 2}
r-| 13 2|02 -3
21 2 0 3 4
ro| 1-0 3-2 243
-2-0 1-3 2-4
1 1 1
T‘[ 2 =2 —2}
4 PP’=P+T
T=P-P
_ | 3 2 =2
P—AABC—[ o 4 _5]
r_aarprer_| 403 -1
p_AABc_[z ; _3}
rol 43 -1 [32 =2
2 6 3 0 4 -5
ro| 4-3 3-2 -1+2
2-0 6-4 -3+5
|11
T‘[ 2 2

Exercise 7.6 — Translations
1 Sub the x,y point (1,2) into the matrix equation

Y

~o=

— o=
<~ N
Il

r 1

N —

[
+

—
|

ML»J

[E—

~

‘\<\><
1l

1

|+
o W

| |

—ox
~
I
1
[ S
[

Therefore the image point is (4,0).
2 Sub the x,y point (3,—4) into the matrix equation

x’ | x +[—1:|
Y LY 2
3 L
-y/ -—__4 _+|: 2}
N
_y'_ | —4+2
SV
_y,__—_z—

Therefore the image point is (2,-2).

y=y=-2
Rearrange the image equations for the two coordinates to
make x and y the subjects.
x'=x+3
x=x"-3

y=y-2
y=y'+2
Substitute the image equations for the two coordinates into
the original equation, y=x—1
y=x—1
y4+2=x"-3-1
y=x"-4-2
y=x"-6

Therefore the image equation is y=x—6.
x’ x -2
’ = +
B
x| x=2
yo L v+l

x'=x-2
y=y+1

Rearrange the image equations for the two coordinates to
make x and y the subjects.
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xX'=x-2 x [ h ]
x=x"+2 9 [ y }:

y=y+l
y=y'-1

Substitute the image equations for the two coordinates into

the original equation, y =x+3 [ x’ } _{ }
y=x+3

Yy —-1=x"+2+3
y=x"+5+1
y=x"+6

(9, )

Therefore the image equation is y = x +6. L

e H A 17

{ ¥ } [ ) :l Therefore the image point is (3,7).

N N NN e =

% y—1 10 Sub the x, y point (—1,0) into the matrix equation:

x'=x+2 x’ [ x } [ -5 }
’ = +
y=y-1 YLy 2
Rearrange the image equations for the two coordinates to _ [ —1 4 3
make x and Y the subjects. . 0 2
X'=x+2 [ -1-5
x=x"-2 Tl 0+2
[ -6 }
y'=y-1 L 2
y=y'+1 Therefore the image point is (—6,2).
Substitute the image equations for the two coordinates into 11 Put the equations into a matrix equation.
the original equation, y = x? x'=x+2
y=x’ Yy =y+1
y 4+ 1=(x"-2)
’_ ’_9\2 _ X' _ x+2
y=ux'-2)"-1 {y, ]—[ y+1}
Therefore the image equation is y = (x — 2)* —1. i
X |l x 2
P A L PR [y'}_[y}{l}
y y 0
[ x’ }_[ x—3 :| 12 a AABC =l: 8 ;, _12 } gives the three points of the
Y " 3y triangle, point A(0,0), point B(1,3) and point C(-2,1)
x'=x-
Y=y AA’B’C’ :[ _21 ; 8 } gives the three points of the
Rearrange the image equations for the two coordinates to triangle, point A”(2,~1), point B’(3,2) and point C’(0,0)

make x and y the subjects.

x'=x-3
x=x"+3
B(1, 3)
, $B'(3,2)
y =Yy
y=y

®
\ A2, -1)

C’(0,0)

Substitute the image equations for the two coordinates into
the original equation, y = X241

y=x"+1

V=’ +3)2+1

Therefore the image equation is y = (x + 3% +1. b AA’B’C’=AABC+T
T=AA'B’C’'- AABC
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y=x
y-b=x"-a

x| x-1
v y+3
x'=x-1
Yy =y+3

Rearrange the image equations for the two coordinates to
make x and y the subjects.

x'=x-1
x=x"+1
y=y+3
y=y"-3

Substitute the image equations for the two coordinates into
the original equation, y=x—3

y=x-3
y-3=x"+1-3

y=x"+1-3+3

y=x"+1

Therefore the image equation is y =x +1
x’ X 7
’ = +
EEEEY
x| x+T7
Y y-4

x'=x+7
y=y-4

Rearrange the image equations for the two coordinates to

make x and y the subjects.

x'=x+7
x=x"-17
y=y-4
y=y'+4

Substitute the image equations for the two coordinates into
the original equation, y = x*-2

y:x2—2

Y +4=x'-7)>-2
V=(x'-T7)*-2-4
Y =('=77-6

Therefore the image equation is y = (x — 7)2 -6
x’ X a
’ = +
MIHIH
x' || x+a
yo || y+b

x'=x+a
y=y+b

Rearrange the image equations for the two coordinates to
make x and y the subjects

x'=x+a
x=x"—-a
Y =y+b
y=y'-b

Substitute the image equations for the two coordinates into
the original equation, y = x

16

17

’

Y=x"-a)+b & y=x+2

na=0,b=2

atl

Or, you can notice from the equations that the image equation
y=x+2 has been translated 2 units in the positive y-direction.

This translation corresponds to the matrix, 7' =[ g }
x’ x a
’ = +
MiHH
x" || x+a
Yo y+b

x'=x+a
Y =y+b

Rearrange the image equations for the two coordinates to
make x and y the subjects

x'=x+a
x=x"—a

Y=y+b
y=y'-b

Substitute the image equations for the two coordinates into
the original equation, y = x

y=x’
y/_bz(x/_a)Z
yY=(x'-a)}+b o y=(x-7">+3

a=7,b=3

(1]

Or, you can notice from the equations that the image equation
y=(x— 7) +3 has been translated 7 units in the positive
x-direction and 3 units in the positive y-direction.

This translation corresponds to the matrix 7 =[ ; }
x’ x a
’ = +
M
x| | x+a
Yo y+b

x'=x+a
y=y+b

Rearrange the image equations for the two coordinates to
make x and y the subjects

x'=x+a
x=x"—a
y=y+b
y=y'=b

Substitute the image equations for the two coordinates into
the original equation, y = x?
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18

y=x
Yy —b=(x"—a)’
y='-a)’+b
=x?-2xa+a*+b & y=x*—-4x+10
Equating x coefficients:
—2a=-4
—2a -4
2 2
a=2
Equating constants and substituting a = 2:
a*+b=10
2> +b=10
4+b=10
b=10-4
b=6
a=2,b=6

1]

Or, you can rearrange the image equation to obtain the
turning point form.

y=x%—4x+10
=(x*—4x+4)—4+10
=(x-2)%=6

From the turning point form you can notice that the image
equation y = (x — 2)2 +6 has been translated 2 units in the
positive x-direction and 6 units in the positive y-direction.

This translation corresponds to the matrix 7 =[ é }

Therefore the translation equation is:

P e
Lt

~

[ x ___ x+a
yo || y+b
x'=x+a
y=y+b

Rearrange the image equations for the two coordinates to
make x and y the subjects

x'=x+a

x=x"—a
y=y+b
y=y-b

Substitute the image equations for the two coordinates into
the original equation, 2 +y?=9

x*+y*=9
(xX'=a)+('=b)*=9 & (x-D*+y*=9

19

20

Or, you can notice that the image equation (x — D%+ y2 =9
has been translated 1 unit in the positive x-direction.

This translation corresponds to the matrix T =l: (1) }

Therefore the translation equation is:

R

The image equation y = (x — a)* + b has occurred from
translating y = x°, a units in the positive x-direction and
b units in the positive y-direction.

This translation corresponds to the matrix 7' =[ Z }
Therefore the translation equation is:
x’ X a
’ = +
The image equation (x — a)2 + y2 =r2 has occurred from
translating x> + y* = r, a units in the positive x-direction.

This translation corresponds to the matrix 7' :[ 8 }

Therefore the translation equation is:

R

Exercise 7.7 — Reflections

1

The matrix equation for a reflection in the x-axis is:

BB

Sub the x, y point (=3,—1) into the matrix equation.

ERERIEY

[ 1x=3+0x-1
T 0x-3-1x-1

_[ -3
!
Therefore the image point is (-3,1).
The matrix equation for a reflection in the y-axis is:

x| [ =10 X
Yo ITLo 1]y
Sub the x,y point (5,—-2) into the matrix equation.
_[-1 o] s
yoITLo 1| -2

_[ —-1x5+0x-2
Ox5+1x-2

3]

Therefore the image point is (—5,-2).

x’ __—1 0 X
| vy ___ 0 1 y
[ x| [ —1xx+0xy
| Y || Oxx+lxy
_x'_z_—x
LY LY

x'=—x
Y=y

Rearrange the image equations for the two coordinates to
make x and y the subjects.
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X

x,
x=-x"

Y=y
y=y
Substitute the image equations for the two coordinates into
the original equation, y = (x — 2)%
y=(x-2)
Y =(=x"-2)’
Y= +2))?
Y =(x"+2)*

Therefore the image equation is y = (x +2)*.

[ X ___ 1 0 X
R I R W
[ x’ ___ IXx+0xy
i vy __ Oxx—1xy
[ _:_ x
Y LY

x'=x

y'==y

Rearrange the image equations for the two coordinates to
make x and y the subjects.

xX'=x

x=x"

y'==y
y=-y
Substitute the image equations for the two coordinates into
the original equation, y = X2 +1
y=x"+1
-y =x?+1
Y==(x"+1)
y=—x"-1
Therefore the image equation is y = —x% 1.

The matrix equation for a reflection in line with equation
y=Xxis:

EEE

Sub the x,y point (=2,5) into the matrix equation.

o] =2
vy | 1 0 5
:_ 0x-2+1x5

| IX-2+0x%5

3]

Therefore the image point is (5,-2).
The matrix equation for a reflection in line with equation
y=xIis:

B

Sub the x,y point (8,-3) into the matrix equation.

A

OXxX8+1x-3
1x8+0x-3

_| 3
8
Therefore the image point is (-3,8).

7 The matrix equation for a reflection in line with equation
x=-31is:

-1 o] « -6
AT
Sub the x,y point (2,—1) into the matrix equation.

X[ -1 o] x -6
T
[-1o] 2 -6
sl ENE
_[ —1x2+0x-1 ][ -6

| Ox2+1Ix-1 0
[ = -6
=k

_| -8
-1
Therefore the image point is (—8,—1).

8 The matrix equation for a reflection in line with equation
y=2is:

| T1 07 x 0
BTN
Sub the x,y point (—4,3) into the matrix equation.
o1 oo ] x 0
RARERT N
1 0 —«4 0
Lo 513 kY

__lx—4+0x3} [ 0]

Ox—-4-1x3
_[ 4 0
SR
_| 4
1
Therefore the image point is (—4,1).
9 a x, = [ 0 X
Y ITLOo -1 ]y
B
| 0 -1 5

:_ Ix-1+0x5
0x—-1-1x5

_[ -1
| -5
The image point is (—1,-5).
¥ | [ -1 o] x
R ]
-1t o]
| 0 1 5

=_-4x—1+0x5}

O =

OxX—-1+1x5

4]

The image point is (1,5).
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10 a A reflection in M is the same as a reflection in the x-axis.

AT
EEI Y

_[ 1x8+0x—4
0x8—1x—4

4]

The image point is (8,4).

S = O

b A reflection in My is the same as a reflection in the y-axis.

x’ __—1 0 X
y 'L 0o 1 y
[ -to] s
L0 1 || 4
_[ —1x8+0x—4
| Ox8+1x—4
F g

-4

The image point is (—8,—4).

¥ | [o1 [ x
[V
o 1] o9
10 -6

_[ 0x9+1x-6
| 1xX9+0x-6

_[ -6
| 9
The image point is (—6,9).
2| %[0 ]
{ y } 1 1 0 y
o] o
L1 0 1

_[ 0x0+1x-1
| 1x0+0x—1

-7 ]

The image point is (—1,0).
1 [=1 o] x 2x1
SR M

-1 0] x
Lo 1 y}
0
1

2
1L 0
[ —1x-2+0x3 L2
Tl 0x—2+1x3 0

The image point is (4,3).

1 T1 07 x
b[y'}__o -1y
1 o «
Lo -1 || v
1 o] =
0 -1 3
[ 1x=2+0x3 ]
T 0x—2-1x3 |
| = 0
T 3 }{ 4
_[ —2+0
| -3-4

3]

The image point is (—2 =7).

i

14 o\ _[-10

SRR E
=_—10_x
Lo 1y
[-to] 7
Lo 1] -1

Ox7+1x-1

_[ -7-8
-14+0

_[ -15
-1

The image point is

(-
¥ | [1 0 X
b[Y’}_O —1}_Y
1 0o «
L0 -1 ||
1 oo 7
L0 -1 || -1
_[ 1x7+0x-1
| 0x7-1x~1
_[ 7 0
L]
_[ 7+0
| 1+6

The image point is (7,7).

—Ix7+0x-1

{37

15,-1).
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[ o x],[ o
YoILo =1Ly || 2x2
] 1o x].Jo
{y’___o —1__y_+_4}
(3 ]_[1 o x],]o
_—5___0 —1__y_+_4:l
__3__-1><x+0><y .o
| -5 || Oxx—Ixy 4
(3] [ «x 0
ELRETH
[ -3 ___ x+0
L =5 ] [ —y+4
x ][ -3
-y+4 || -5

Taking the equations out of the matrices gives:
x=-3

-y+4=-5
—y=-9
y=9
Therefore, the original point has coordinates P(-3,9).
] [ =10 x1.] 2x-1
16 {y’___Ol__y_Jr_ 0 }
o x [ —2
[y’___ o 1|y [Tl o }
(27 [-10] «].[ =
B RN 0}
) '__ —Ixx+0xy L -2
| 1 7| Oxx+1xy 0
F 7 [ x ] o
L Ly _+[ 0
[ - ___ —-x-2
L1 || y+0
—x-2 ___ -2 ]
y L1 ]

Taking the equations out of the matrices gives:
—x—-2=-2
-x=0
x=0

y=1
Therefore, the original point has coordinates P(0,1).

va VL ST

[ Ixx+0xy
Oxx—-1xy

_ [ x
Ly
x'=x
y'=-y
Rearrange the image equations for the two coordinates to
make x and y the subjects

X =X
X=X

y'==y

y==y

Substitute the image equations for the two coordinates into
the original equation, y=-x+3

y=-x+3
-y ==x"+3

V' ==(=x"+3)

y=x"-3

Therefore the image equation is: y=x—3.

x| [ -10 X
Yo TLo 1]y
__ —-IxXx+0Xxy
Tl Oxx+1Ixy
:_ —-X
LY
x'=—x
Y=y

Rearrange the image equations for the two coordinates to
make x and y the subjects

x'=—x

x=-x"

Y=y
y=y

Substitute the image equations for the two coordinates into
the original equation, y=—x+3

y=—x+3
V' ==(-x)+3
y=x"+3

Therefore the image equation is: y = x + 3.

EEEM HIEN

[ ~Ixx+0xy L[ 8
Tl Oxx+1xy 0

:_ -x+8
y

x'=—x+8

Y=y
Rearrange the image equations for the two coordinates to
make x and y the subjects

x'=—x+8
—x=x"-8
x=-x"+8

Y=y
y=y
Substitute the image equations for the two coordinates into
the original equation, y=—x+3
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18 a

y=-x+3

Y =—(—x"+8)+3
y=x"-8+3
y=x"-5

Therefore the image equation is: y=x—5.

| [1 0 X
Yo |TLo -1y
[ Ixx+0xy
Tl Oxx—1xy

15

Rearrange the image equations for the two coordinates to
make x and y the subjects

’
x'=x
x=x’

y ==y

y==y
Substitute the image equations for the two coordinates into
the original equation y = X +2x+1

y= xF+2x+1

—y =x"+2x"+1

V' =—(x"?+2x"+1)

Yy =—x"?-2x"—1
Therefore the image equation is: y = —x?=2x—1or
y=—(x2 +2x+1)

x’ __—1 0 X
y o7 0 1 y
__—1><x+()><y

OxXx+1xy

’

x'==x
Y=y

Rearrange the image equations for the two coordinates to

make x and y the subjects

x'=—x
x=-x"

Y=y
y=y

Substitute the image equations for the two coordinates into
the original equation, y = X2 +2x+1

y=x2+2x+1
V' =(=x")? +2(-x") +1
Yy =x?-2x"+1

Therefore the image equation is: y = X =2x+1.

c x: =| 01 ¥
Y [TLr o]y
__0><x+1><y

T Ixx+0xy

7]

x'=y

y'=x
Rearrange the image equations for the two coordinates to
make x and y the subjects

x'=y
y=x

y'=x
x=y
Substitute the image equations for the two coordinates into
the original equation, y = x?+2x+1
y= X2 +2x+1

X =y 42y +1

xX'=(+1)°
y+1= i\/?

Y =+/x -1

Therefore the image equation is: x = v +2y+1or
y=2Jx 1.

19 Reflection in the x-axis: 7| =[ (l) _0] }
1
0

Reflection in the line y=x: T, =[ (]) }

Therefore the translation matrix is:
T=1,T,

LVl )

| OxX1+1x0 Ox0+1x-1
Tl 1x1+0x0 1x0+0x-1

_| 0 -1

1 0
Therefore the matrix equation is:
x| o -1 T x ]

Yo'l o0 |y
Sub in the x,y point (2,—-1)

1 To =17 x|
U I O VI |
o -] 2
_1 0__—1

[ ox2-1x-1]

T Ix240x-1 |

4]

Therefore the image point is (1,2).
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x| [2 4420
Zo[y}__54103}
[ -1 0]
=19

x’ -1 0 x

Y ITLOo 1]y

[ -1 o244 20
0 1] 54103

L

[ =2 -4 4 20
5 5 1 0 3

Therefore the coordinates of the vertices of the image of the pentagon are: A’(-2,5), B’(—4,4),C’(-4,1),D’(-2,0),E’(0,3)

[ —1x2+0x5 —1x4+0x4 —-1x4+0x1
0x2+1x5 O0x2+1x5 Ox4+1x1

—1x2+0x0
0x2+1x0

—1x0+0x3
0x0+1x3

}

| 221

Exercise 7.8 — Dilations

1 The matrix equation for a dilation factor of 3 from the x-axis is:

x| [ o1 x
Y L0 3y

Sub the x,y point (2,—1) into the matrix equation

Mt

5]

Therefore the image point is (2,-3).

2 The matrix equation for a dilation factor of 2 from the y-axis is:

x| [ 2 o1l x
yorLo oy

Sub the x,y point (—1,4) into the matrix equation

x| 20 [ x
YoTLOo 1y
[20] 4
Lo 1| 4
[ 2x-1+0x4
T Ox-1+1x4

[ 2]

Therefore the image point is (—2,4).

“_[3 0] x
S I 1}[y}
’ _3><x+0><y
’ Oxx+1xy

[ ’_:_3x
Y LY

x_':3x
Y=y

D

=

Rearrange the image equations for the two coordinates to make x and y the subjects.
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x'=3x Point A:
x= % { x’ }: % 0 [ x ]
Y6 s y
y'=y M3
{3 e]e]
Substitute the image equations for the two coordinates into | 0 3
the original equation, y = x> [ 3
2g 1 _| =x0+0x0
y=x =12
)2 | 0x0+3x0
V= (?) _[o }
, x/2 L 0
y = o Point B: .
%2 , 3 0
Therefore the image equation is y = 9 { X }: 9 [ ;C} ]
Tt Y1lo o3
x’ X r
oy 0 - [ y } | =03
L 4L 2 - 2 0
~ o [ Ixx40xy L 03
x| |
| Y ]| Oxx+—xy _| =x3+0x0
= 0x3+3x0
T ] X - 0
y/ = X _ ~
L 40 2 2
x'=x . L 0
e y Point C: .

2 x’ 3 0 x
Rearrange the image equations for the two coordinates to % =l 2 y
make x and y the subjects. . 0 3
x'= [

* 1203
xX=x =l 2 4
| 0 3
,_Y I
y = By _ 3 x3+0x4
, =02
y=2y | 0x3+3x4
Substitute the image equations for the two coordinates into [ 9
the original equation, y = x? = o
y=x> | 12
2y’ =x" Point D:

? 2 YIlo s LY
Therefore the image equation is y = ER [ 3 0 0
5 The matrix equation for a dilation factor of 1.5 in the - 3 3 [ 4 }

x-direction and 3 in the y-direction is: L
, 3 _ 3 x0+0x4
.X, _ 5 0 X = 2
Yy 0 3 y | O0x0+3x4
o
Sub the x,y points A(0,0), B(3,0),C(3,4), D(0,4) into the =l 12 }

matrix equation .
Therefore she should relocate the fence posts to points

9 9
(0,0), (E,O), (0,12), (5,12)

6 The matrix equation for a dilation factor of 2 in the
x-direction and 2 in the y-direction is:

R
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Sub the x,y points A(2,1), B(4,1), C(3,2), D(1,2) into the

matrix equation

Point A:

x’ __2 0 x

Yy oITLo 2]y
2012
L0 2 |1
[ 2x2+0x1
T 0x2+2x1
_[ 4
| 2

Point B:

¥ | [20 X

YoITLo 2]y
201 4
021
[ 2x4+0x1
T Ox4+2x1
_[ 8
| 2

Point C:

Point D:
x’ __ 20 x
Y UL 0 2 y
2011
L0 2| 2
_[ 2x1+0x2
| Ox1+2x2

_[ 2

| 4
Therefore he should relocate the corners to points
(4,2),(8,2),(6,4), (2,4).

Mt
5 h ]3]

[ 3x2+0%x-5
| OX2+1x-5

5]

Therefore the image point is (6,-5).

x’ __1 0 X
Y 7L 0 2 y
1 o] -
[0 2 4
[ 1x-1+0x4
] Ox-14+2x4

T3]

Therefore the image point is (—1,8).

9

11

12

Dilated 3 times wider means that the man has undergone a
dilation of 3 parallel to the x-axis.
Therefore the matrix equation for this dilation is:

R
ISR
ik

_[ 3x-1+0x3 }

S W O W

O0x—-1+2x3

2]

Therefore the image point is (=3,6).
30
0 2

b The transformation matrix 7' = corresponds to a

dilation of 3 parallel to the x-axis (since all the x values are
multiplied by 3) and a dilation of 2 parallel to the y-axis
(since all the y values are multiplied by 2).

| 10 x
Yol Lo 24y
[ Ixx+0xy
Tl Oxx+2xy

_- X
= 2y
x'=x
y'=2y

Rearrange the image equations for the two coordinates to
make x and y the subjects

x'=x

x=x’

y'=2y

Y

2

Substitute the image equations for the two coordinates into
the original equation, 2y+x =3

2y+x=3

Z(y—)+x’=3
2

y+x'=3

y=

Therefore the image equation is: x+ y=3.

x’ __3 0 X
Y o|TL 01 y
__ 3xx+0xy
T Oxx+1xy

:_ 3x
LY
x'=3x
y=y

Rearrange the image equations for the two coordinates to
make x and y the subjects
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13

14

x’'=3x
xl
xX=—
3
y=y
y=y

Substitute the image equations for the two coordinates into
the original equation, y=x2 —1

y=x2—1

x;Z
r—| 2o -1
Y (3)

2
1
Therefore the image equation is: y = (%) —lory= axz -1.

x’ __2 0 x

y 7L 01 y
[ 2xx+0xy
Tl Oxx+1xy
:_ 2x
L Y

x'=2x

y=y
Rearrange the image equations for the two coordinates to
make x and y the subjects

x'=2x
xl
xX=—
2
Y=y
y=y

Substitute the image equations for the two coordinates into

the original equation, y = ——

x+1
1
Y x+1
, 1 2
=_x’ X —
Yy 2
2
, 2
y= xl
(1)
2
, 2
Y x'+2
Therefore the image equation is: y = .
x+2
2

0 3
dilation of 2 parallel to the x-axis (since all the x values are
multiplied by 2) and a dilation of 3 parallel to the y-axis
(since all the y values are multiplied by 3).

a The transformation matrix T’ =[ 0 } corresponds to a

x’ __ 20 X
o HE ST
[ 2xx+0xy
Tl Oxx+3xy
__ 2x
= 3
x'=2x
y'=3y

Rearrange the image equations for the two coordinates to
make x and y the subjects

x'=2x
x/
xX=—
2

y' =3y
Y
Y73

Substitute the image equations for the two coordinates into
the original equation, y=2x

y=2Jx
Y_’ZZJZ

3 2
y_z 4%, |[—
3 2
y_: 4><_
3

RN T

Therefore the image equation is: y =3+/2x.

| 20 X
JEE
[ 2xx+0xy
Tl Oxx+1xy
:- 2x
LY
x'=2x
Y=y

16

Rearrange the image equations for the two coordinates to
make x and y the subjects

x'=2x
xl
xX=—
2
Y=y
y=y

Substitute the image equations for the two coordinates into
the original equation, x2 + y* = 4

x*+y' =4
)\
2
— | +y " =4
(2) Y
2 )
+y =4
2ty

2
Therefore the image equation is: XT+ y =4

a Sub in the x’,y" point A’(-3,0) and the x, y point A(-2,0)
(which comes from the first column of the 2 X 3 matrix)

]

o e e )T
_} k><—2+0><0}
)

w

w <@

(]

0x-2+2x0
[ 2k
| O

Taking the equation out of the matrix and solving for x:

w

o
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—2k=-3
Z2k_3
2 2
k=2

2

N O
—
= =
I

(=)

-2 -1 3
0 3 2

E><—2+0><0 g><—1+0><3 E><—3+0><2
2 2 2

r
ON|WwWw oW

O0Xx—-2+4+2%x0 O0Ox-1+2x3 0x-3+2x2

(5232
= 2 2
0 6 4

Therefore the coordinates of the image vertices are

A(=3,0), B’(—§,6), c'(—3,4).
2 2

"1 Tk ol x
o 0 1][@

* 7 [ kxx+0xy }

~o=

’ Oxx+1xy

~o=

’ _ kx
y b

x"=kx

Y=y
Rearrange the image equations for the two coordinates to
make x and y the subjects
x"=kx

’

*
k

=

X =

y=y
y=y
Substitute the image equations for the two coordinates into

. . 1
the original equation, y=—
X

y=—
, 1
Y=
x
%)
S N
y 2 y 3.2
2
1
e
=1
3
sl
3
1 3
=t-—=X—F¢
V3 3
_.¥3
3

18al ¥ |[3 0]
L H

_3><x+0><y
OxXx+1xy

_ [ 3x
Ly
x'=3x
Y=y
Rearrange the image equations for the two coordinates to
make x and y the subjects

x"=3x

xX=—

3

y'=y
y=y
Substitute the image equations for the two coordinates into
the original equation, x +2y =2
x+2y=2

’

X
—+2y'=2
3Ty

Therefore the image equation is: y = —%+ L

b An invariant point is one that does not change when the
graph is transformed. Therefore the invariant point will be
when y’' =y

Suby:—%+1int0x+2y=2

x+2(—f+1)=2
6

2
P Y
6
x-2=0
3
2
2x_,
3
x=0
. X
Subx=01ntoy=—€+1
1
=——(0)+1
y 6()
y=1

Therefore the invariant point is (0,1).

Exercise 7.9 — Combinations of transformations
1 T, = reflection in the y-axis

_| -1 0
G
T, = dilation factor of 3 from the x-axis

10
nelo 5]

The order of multiplying matrices is important. Since T,
occurs first, it needs to be multiplied to X first in the matrix
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equation X’ =TX. Therefore the order of the transformations is opposite to the ordered the matrices are multiplied together to
obtain 7.
T=1T,

Lo3]5 ]

| Ix=1+40x0 1x0+0x1
T Ox-1+3x0 0x0+3x1

_| -1 0
0 3

2 T, =reflection in the line y=x
_{ 01
aixl

T, = dilation factor of 2 from both the x-axis and y-axis

2 0
R

The order of multiplying matrices is important. Since T} occurs first, it needs to be multiplied to X first in the matrix equation
X’ =TX. Therefore the order of the transformations is opposite to the ordered the matrices are multiplied together to obtain 7.

T=1,T;

Lae]o]

_| 2x0+0x1 2x1+0x0
0x0+2x1 O0x1+2x0

o1 [ 8 —2]
3x8-2x5 5 3
_1[ 8 =2
14 -5 3
X=T"'x’
_1[ 8 20303
14 =5 3 00 2 2
1[ 8x0-2x0 8x3-2x0 8x0-2x2 8x3-2x2 }

14] -5%x0+3x0 —-5x3+3x0 -5x0+3x2 —-5%x3+3x2

I 0 24 —4 20
14 0 =15 6 -9

) 2% A
_ 14 14 14
o 15 6
| 14 14 14
I 12 -2 10 |
2 20
_ 77 7
-5 39
14 7 14|
12 -15 -2 3 10 -9
Therefore the vertices of the square ABCD are A(0,0), B(—,—), C(—,—), D(—,—)
7 14 77 7 14

b Scale factor for the area increase by the transformation, T is given by |det(7T)|.
Therefore: Area(A’B’C’'D’)=|det(T)| x Area(ABCD)
To find the area of A’B’C’D’ plot the vertices of the and use the formula A=1Xw
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y
i4
C0.2),2] D'(3,2
0.2, (3.2)
21
:l T T +| T T |:x
43299 1 2 N4
A 33—
A0,0) 2] B'(3,0)
45
A=3x2
= 6 units”

Area(A’B’C'D’) =|3x8—2x 5 x Area(ABCD)
6 =|14| x Area(ABCD)
6=14x Area(ABCD)
14 x Area(ABCD) =6

Area(ABCD) = i
14

3
== units?
7
L . _| -1 0
a Reflection in the y-axis: M, = 0 1
Then a translation of 4 units in the positive direction of the
o |4
x-axis: T = 0

Therefore the matrix equation is:

EEE IS

[ —1xx+0xy 4
Tl Oxx+1xy 0

:— -x+4
y

Therefore the image point is (—x+4,y).

b Translation of 4 units in the positive direction of the x-axis:

| 4
T_[ s
Then a reflection in the y-axis: M, =[ _01 (l)

MR
E E)ixil[@iii} }

OxX(x+4)+1xy

| —(x+4)
y

:_ —-x—4
LY

Therefore the image point is (—x—4,).

The matrix equation for a translation of [ _21 }, followed by

a reflection in the x-axis is:

O -

EARERY (IS
L6 5]

=' IX(x+2)+0x(y=1) }

(el

OX(x+2)—1x(y—1)
__ x+2
T -O-D

__ x+2
T o—y+1

Therefore the image point is (x+2,—y + 1).
For T =T,T,, the transformation of 7; occurs first followed by
the transformation of 7,

Therefore the transformation matrix T=[ (1) _01 :l[ (2) g }

corresponds with:

0 2
factor of 2 parallel to both axes

First the matrix, T =[ 20 } which represents a dilation

which represents a rotation

Then the matrix 7, =[ 0
of 90° about the origin since: [ c0s(90°) —sin(90°) }

sin(90°)  cos(90°)

_| 0 -1
177 ]
Therefore this transformation matrix corresponds to a dilation
factor of 2 parallel to both axes followed by a rotation of 90°
about the origin.
Scale factor for the area increase by the transformation, T is
given by |det(T),.
Therefore: Area(AA’B’C”)=|det(T)| x Area(AABC)
Area(AA’B’C’) =|3x2—(-1x1)|x10
=|6+1/x10
=|7/x10
=7x10

=70 units?

al * Tl Lo 0 1 x
Y 0 -1 1 0 Yy
For T =T ,T,, the transformation of 7, occurs first followed

by the transformation of 7,

Therefore the transformation matrix

T=[ (1) _01 }[ (1) (]) }corresponds with:

0
1
reflection in the line y = x
1 0
0 -1

First the matrix, T =[ (1) } which represents a

Then the matrix 7, =[ } which represents a

reflection in the x-axis.

Therefore this transformation corresponds to a reflection in
the line y = x followed by a reflection in the x-axis.
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b x’ _ r 1 0 0 1 X x'=2x+1
y Lo -1 10 y 2x=x"-1
_[ 1x0+0x1 1x1+0x0 || x p=l
| 0x0—1x1 OxI-1x0 || ¥ 2
[0 1] « ,
= =—y+2
S]] v
- —y=y'-2
_ OXx+1xy y=—y"+2
-1xx+0xy . . . . .
L Substitute the image equations for the two coordinates into
| Yy } the original equation, y=2x% —1
, - - y= 2x2 -1
=y 1)
y=-x —y'+2:2(Tj -1
Rearrange the image equations for the two coordinates to (1P
make x and y the subjects —y 2= (x'=1) -1
, 4
x'=y )
’ (X, - 1)
y=x -y =—-1-2
YT
Y
y=—x —y'=(x -1 _3
x=-y’ 2
(x'=1)"
Substitute the image equations for the two coordinates into f=——+3
the original equation, 2x —3y =12 2 2
2x-3y=12 Therefore the image equation is: y=— % +3or
v ’ — l
2(-y)-3(x") =12 y=——(x—-1)*+3.
2y -3x"=12 2
3x"+ 2y’ =-12 . . . 1 0
Therefore the image equation is: 3x+2y=-12 or 10 Reflection in the x-axis: 7; _[ 0 -1 }
2y=-3x-12. Dilation factor of 2 parallel to both the x and y-axis.
] [2 o x 1 T, = [ 20 }
SRR 0 s
First the matrix, T = 2 0 corresponds to a dilation of X = 20 10 "
0 -1 vy 0 2 0 -1 y
factor 2 parallel to the x-axis and a reflection in the x-axis. -
| . . _| 2x1+0x0 2x0+0x-1 X
Then the matrix ) which corresponds to a translation I 0x142%X0 0X0+2x—1 y
of 1 units in the positive x-direction and 2 units in the (2 0 X
positive y-direction. Tl o =2 } y
Therefore this transformation corresponds to a dilation of - ) 0
factor 2 parallel to the y-axis and a reflection in the = Xx+0xy }
x-axis followed by a translation of 1 units in the positive L Oxx-2xy
x-direction and 2 units in the positive y-direction. [ o2x }
bl |2 o > |1 | 2y
Yy oITLo =1 | v 2 x'=2x
[ 2xx+0xy 1 y'=-2y
T Oxx-1xy 2 Rearrange the image equations for the two coordinates to
r make x and y the subjects
| 2x n 1 ,
=l -y 2 x'=2x
[ 2x41 x=X
— X 5
T o—y+2 } 2
x,:2x+12 y'==2y
y ==yt e Y
2

Rearrange the image equations for the two coordinates to
make x and y the subjects Substitute the image equations for the two coordinates into
the original equation, y = x
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_y_x
2 4
’2
X
f=-2x—
Y 4
,__'x_,z
YT

2
Therefore the image equation is: y = —%.

Reflection in the y-axis: T} =[ _01 0 }

1
Dilation factor of 2 parallel to both the x and y-axis.
| 30
L= 0 1

B

[ 3x-1+0x0 3x0+0x1 || x
Ox—-1+1x0 Ox0+1x1 y

[ -3 0] «
Lo 1|y
__—3><x+0><y

Oxx+1xy

Y=y
Rearrange the image equations for the two coordinates to
make x and y the subjects
x'=-3x

x=—-—

3
y=y
y=y
Substitute the image equations for the two coordinates into
the original equation, y=/x

y=+/x
’_ x’
)
Therefore the image equation is: y = —g.

Scale factor for the area increase by the transformation, 7" is

given by |det(T)|.
Therefore: Area(AA’B’C’D’)=|det(T)| x Area(AABCD)

To find the area of ABCD plot the vertices of the and use the

formula A=Ixw

Y_A
C(0, 3) T 3 D(2, 3)

15
]

430 é INIE
~ >
i)

a0 2] B2O)
4

13

14

Area(ABCD)=12x3
= 6 units”
Now use this and the determinant of the transformation

matrix T =[ % _21 to find the area of the transformed

rectangle.

Area(AA’B’'C’'D’)=|3x2—(—1x 1) x6
=[2x2—(-1x1)|x6

=|4+1x6
=5%6
=30 units?
Tk o
= & 0]
> [k o ko
Dk‘_ 0 k }[ 0 k}

Oxk+kx0 OxO0+kxk
_| K0
| 0 &*
Therefore D% gives a dilation factor of k? parallel to
both axes.
Transformation A: Reflection in the y-axis followed by

reflection in the line y = x:
T, =TT,

et

=[ 0x—-1+1x0 0x0+1x1 }

[ kxk+0x0 kx0+0xk }

IX-1+0x0 1x0+0x1

15

Transformation B: Reflection in the line y = x followed by a

reflection in the y-axis:

Ty =11,
_| -1 0 0 1
L o01 10
_| —1x0+0x1 —Ix1+0x0
0x0+1x1 0Ox1+1x0

19 ]

Therefore the double transformation A is not the same as
transformation B.
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Topic 8 — Probability

Exercise 8.2 — Probability review
1 a £={1,2,3,4,5,6,7,8}

As Pr(6)= % then the probability of not obtaining 6 is

7
16 16

Since each of the numbers 1, 2, 3, 4, 5, 7, and 8 are

equiprobable, the probability of each number is % X 5

Hence, Pr(1) = i

16
b A={2,3,57}
So, Pr(A) = Pr(2) + Pr(3) + Pr(5) + Pr(7)
1 1 1 1

=—t—+—+—
16 16 16 16

Using rule for complimentary events,
Pr(A”) =1-Pr(A)

1
=]-—

4
_3
T4
2 a i Pr(Gor R)=Pr(G)+Pr(R)
9 6
=4 —
20 20
_3
4

ii Using rule for complimentary events,
Pr(R")=1-Pr(R)
6

=1-—
20
7

“10

ili Using rule for complimentary events,
Pr((G or R))=1-Pr(G or R)

4
1
4
b Let n be the number of additional red balls.
"B pir)
n(total)
6+n l
20+n 2

6+n=%><(20+n)

6+n=10+=
2

Therefore an additional 8 red balls must be added.

16

a

a

TOPIC 8 Probability « EXERCISE 8.2 | 231

Given n(§) =42, n(M)=30, n(G) =15 and n(GNM" =10

M(30) G(15)
£42 2
. n(MnG)
PeM AGy="2209)
n(&)
25

SPIM NG =—
( ) 42

The probability that the randomly chosen student studies
Mathematical Methods but not Geography is E
n(M’ AG’) 42
n(&)
’ ’ 2
~PiM' NG )=—
42
L
21
The probability that the randomly chosen student studies
neither Mathematical Methods nor Geography is o

25 1
Pr(M A G)+Pr(G A My = =>4+ 10
2 n

3.3
42 6
The probability that the randomly chosen student studies
only one of the subj;cts Mathematical Methods or
Geography is —— = =.
42 6

Pi(M’NG’) =

Given £ ={1,2,3,...,18}, A={3,6,9,12,15,18},
B={4,8,12,16} and C ={5,10,15}

A(6) B(4)
8
2
C@3) 1 14
13
£(18) 11 17

Mutually exclusive means that the events cannot occur
simultaneously, i.e. intersection = 0.
From Venn diagram, the events that are mutually exclusive
are B and C.
From Venn diagram,

n(A
Pr(A) = Q

n(&)

6

18

[SSEEE
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d

n(AUC)
n(&)

8

8

i PHAUC)=

O | b=

n(ANB)
n(é)
3
18
ili From Venn diagram,

Pr((AUBUC)) = n((f\k;(iz)uc)')

ii P(AnB’)=

7

18
Given Pr(A)=0.65, Pr(B)= 0.5, Pr(A’ " B") = 0.2 and also
Pr($)=1.

B B’
A 0.65
A’ 0.2
0.5 1
Pr(A’)=1-0.65=0.35and Pr(B")=1-0.5=0.5
B B’
A 0.65
A’ 0.2 0.35
0.5 0.5 1

For the second row, 0.15+0.2=0.4
For the second column, 0.3+0.2=0.5
For the first row, 0.35+0.3=0.65

For the first row, 0.38 +0.2=0.58

For the first column, 0.38+0.17=0.55
For the second row, 0.17+0.25=0.42

B B’
A 0.38 0.2 0.58
A’ 0.17 0.25 0.42
0.55 0.45 1

B B’
A 0.35 0.3 0.65
A’ 0.15 0.2 0.35
0.5 0.5 1

Using the addition formula,

Pr(B’ U A) =Pr(B’)+ Pr(A) — Pr(B’ N A).

From the probability table, Pr(B’n A) =0.3.
~Pr(B"UA)=0.5+0.65-0.3

~Pr(B"UA)=0.85

Given Pr(A”) = 0.42, Pr(B) = 0.55, and also Pr(§) =1.

B B’

A
A’ 0.42
0.55 1
Pr(A)=1-0.42=0.58 and Pr(B’)=1-0.55=0.45
Using the addition formula,

Pr(Au B) =Pr(A) + Pr(B) — Pr(AN B)
. Pr(An B)=Pr(A)+Pr(B)-Pr(AuU B)
Given Pr(Au B)=0.75,
S Pr(AnB)=0.58+0.55-0.75
~Pr(AnB)=0.38

b From the probability table, Pr(A”n B”) = 0.25.

From the table,
Pr(AUB) =0.25
Pr(A’nB’)=0.25
=Pr(AUB) =Pr(A’'NnB’)
From the probability table, Pr(A n B)=0.38.
1-Pr(A’UB’)=1-[Pr(A")+Pr(B’)—Pr(A"n B’)]
=1-0.42-0.45+0.25
=0.38
So, Pr(ANB)=1-Pr(A’UB’).

Pr(A) = 0.58 Pr(B) = 0.55

PrE) = 1 0.25

0 123456
Die

There are 12 equally likely outcomes in the sample space.
Only one of these outcomes is a 6 on the die and a head on
the coin.

The probability of obtaining a 6 on the die and a head on
the coinis .

12
This event occurs for the three events 27, 4T and 67T.

So the probability of the event of obtaining an even

. . o 1
number together with a tail on the coin is TS

To land completely inside the rectangle, the area in
which the centre of the coin may land is a rectangle
of edge length 13—-2x1.5=10 cm and edge width
10-2x1.5="7.

L5115 151

10 cm

1.5 1.5

B B’
A 0.38 0.58
A’ 0.42
0.55 0.45 1

1.5

1.5

13 cm

A

Y
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a

Area that coin could land in for coin to be completely
inside area is 10X 7 =70 cm?.

Total area that the coin could land in is 13x10=130 cm?.
Therefore, the probability the coin lands completely inside

the cardboard area is ﬂ = l
130 13
1st toss 2nd toss 3rd toss  Outcomes

__—t HHH
/ " T HHT
H Te— H HTH
/ T HTT
H THH
rT__—H T THT
T___——H TTH
T TTT

Obtaining at least one head is the complimentary event of
obtaining no heads.

Therefore, using the rule for complimentary events,

the probability of obtaining at least one head is

1_pr(m)=1_l><l><l=z,
2 2 2 8
I 1.1 1.1 1
Pr(HH)+Pr(TT)=—X—X—+—-X—X—
2 2 2 2 2 2
_2
8
-1
4
Pr(G) = >
5+6+4+8
E
23
Using the addition formula:

Pr(O or B)=Pr(AU B)
=Pr(0) +Pr(B) - Pr(AN B)

4
:—+i—0
23 23
12
23

Using the rule for complimentary events:
P(B")=1-Pr(B)

-3

23

15

23
There are no black counters so therefore the probability of
selecting a black counter is zero.
Pr(Bl) = L
5+6+4+8
=0
_ 10
2000
1
200
For Josephine to just win the second prize Josephine she
must have not won first prize. Then since one ticket was
already drawn for first prize, the solution space would
decrease by 1 to 1999.

Pr(1*)

11

12

Cc

a
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Pr(2") =Pr(1" ') x Pr(2™)
=1-Pr(1")) x

:(I—L)x

200
199 10

LAV

© 200" 1999
199

39980
If Josephine wins the first prize then the solution space is
reduced by 1 and her number of tickets is reduced by 1
for her to win the second prize as well. Then the solution
space and her number of tickets is further reduced by 1 for
her to also win the third prize.

2000-1
10

1999

Pr(all three) = 10 X 2 X 8
2000 2000—1 2000-2
1 9 8

=—X——X
200 1999 1998
1
11094 450
Using the rule for complementary events:
Pr(G")=1-Pr(G)
=1-0
=1
Since, there are no green cards in a standard pack of 52
playing cards the probability of not drawing a green is 1.
26
Pr(R)=—
(R) )
_1
2
13
Pr(H)=—
() 52

1

4
Using the addition formula:

Pr(10 or R)=Pr(10UR)
= Pr(10) + Pr(red) — Pr(10 N red)
4 26 2

13
Using the rule for complimentary events:

Pr(A") = 1-Pr(A)
52-4
T s
48
T 52
12
13
15t Roll
1| 23456

1|2 2]3]|4|5]°6

2124|3456
23336456
Bl a4 4] 48|56

wn
wn
wn
W
i
>
(o)}
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Since the size of the sample space is 36 and 5 appears 8 times in the table:
8
Pr(5)=—
(5 36
2

9
b Since the size of the sample space is 36 and 10 only occurs once.

1
Pr(10) = —
10=35

¢ Count how many times a number greater than 5 appears in the table (i.e. numbers 6,8,10,12) and divide by the total amount of
numbers in the table.
Pr(x >5) =Pr(x =6) + Pr(x =8) + Pr(x =10) + Pr(x = 12)
14
36
1
18
d Can see from the table above that 7 does not appear in the table.
Therefore Pr(7)=0
e Using the addition formula:
Pr(2 digits or x > 6) = Pr(2 digits U x > 6)
= Pr(2 digits) + Pr(x > 6) — Pr(2 digits N x > 6)
= (Pr(10) + Pr(12)) + Pr(x > 6) — (Pr(10) + Pr(12))
1 1 3 ( 1 1 j
=—t—+——|—=+—
36 36 36 \36 36
3

" 36
I

12
f Using the rule for complimentary events:
Pr(9")=1-Pr(9)
=1-0
=1

13 a 1% toss 2™ toss 31 toss Outcomes

2_~H HHH
2 =
; t——2—H  HTH
2 T  HTT
1

2 H THH
/

g _2—H I, T  THT
2 =
I 2
1 r——2—H TTH
I T TIT
2

Pr(2H and 1T) = Pr(HHT) + Pr(HTH ) + Pr(THH)

111 1. 1.1 11
==X=—X—F+=X=—X—+—X=X

1
222 2 2 2 2 2 2
1 1 1
=—+—+—
8 8 8
_3

8
b Pr(3H or 3T) = Pr(HHH) + Pi(TTT)
1 1 1 1 1

X—F+—X—X—
2 2 2 2

—

+
=N

1]
Almoo|No|—N]|
X
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¢ Pr(H on first toss) =Pr(HHH)+Pr(HHT )+ Pr(HTH )+ Pr(HTT)
1 1. 1 1 1 1 1 1 1 1 1 1
=—X=X—F=X—X—+—X=X—F=X=—X—
2 22 222 222222

Or, you can see straight away from the tree diagram and the outcomes that half of the outcomes start with H. (and the tree
diagram splits into two after the first toss)
d Pr(H=1)=1-Pr(no H)
=1-Pr(TTT)
1 1.1
=l-—X—=X—
2 2 2

1
=1-—

e Pr(T <1)=Pr(IT)+Pr(0T)
= Pr(HHT) + Pr(HTH) + Pr(THH) + Pr(HHH)

1 11 1 1 1 1 1 1 1 1 1
S—X—X—F+—X—X—+—X—X—+—X—X—
2 2 2 2 2 2 2 2 2 2 2 2
1 1 1 1
=—F—+—+—
8 8 8 8
_4
8
_1
2
14 a Total possible outcomes is 16:
RR,RG,RB,RY
GG,GR,GB,GY
YY,YR,YG,YB
BB,BR,BG,BY
Pr(same colour) = Pr(RR) + Pr(GG) + Pr(YY) + Pr(BB)
_4
16
_1
T4
b Pr(RandY)="Pr(RY)+Pr(YR)
_2
16
1
8

¢ Using the rule for complementary events:
Pr(G’)=1-Pr(G)
=1—(Pr(RG) + Pr(GG) + Pr(GR) + Pr(GB) + Pr(GY ) + Pr(YG) + Pr(BG))
7
= 1 _—
16
9

16
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15 a Day 1 Day 2 Day 3
1
3 L LLL
B P
3 =
3
! L= Ne————L  LNL
3 2 N  LNN
31
3 L NLL
1
3 N_— 2N NN
3 =
2 Ne—— NNL
3
2 N  NNN

3
Pr(late on 1 day) = Pr(LNN )+ Pr(NLN) + Pr(NNL)

[122)(212)(221)
=S| X=X |+ X=X [+ =X =X =
3 3 3 3 3 3 3 3 3
4 4 4

=—+—t+—
27 27 27
e

27

b Pr(late at least 2 days) = Pr(LLL)+ Pr(LLN)+ Pr(LNL) + Pr(NLL)

(1 1 1) (1 1 2) (1 2 1) (2 1 1)
S| =X=X= |+ X=X = [+ =X =X = |+ =x=x=
3 33 3 3 3 3 33 3 33

1,22 2
27 27 27 27
7
27

¢ Pr(on time on last day) = Pr(LLN )+ Pr(LNN) + Pr(NLN )+ Pr(NNN)
1 1.2 1 2 2 212 2 22
SoX—X—H—X—X—+—X—X—F+—X—X—
33 3 3 3 3 3 3 3 3 3
4,48

3

2

—+

27 27 27 27
18

2

2

7
3
d Pr(on time on all days)=Pr(NNN)
2 .2 2
=—X=X=
3 33
_8
27
178
16 a Pr(L)=—
a Pr(L) 300
-39
400
b Pr(not employed) = Pr(unemployed)
5
800

¢ Using the rule for complimentary events:
Pr(E’)=1-Pr(E)
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PK(T or L)=Pr(T)+Pr(L)
_261_ 178

7800 800
_4%9

800
Count the number of times 1 head was obtained and divide by the total number of trials, 40.
Pr(one female)=Pr(1)

_14
40
-
20
Pr(more than one female) = Pr(2) + Pr(3)
10,6
40 40
_lo
40
_2
5
pr(F)=—20+20
734+26+81+20
_40
200
_B
100

Pr(F and P) = ﬂ
200

To find the number of students who study both chemistry and physics:
63+ 57+4 =124 But there are only 100 students asked, so therefore 124 —100 = 24
Therefore, 24 students study both chemistry and physics.

P C
4
Pr(P or C but not both) = ﬁ + ﬁ
100 100
_2
100
_18
25
Pr(both) =Pr(P N C)
_A
100
-5
25

Let n = number of student who are likely to study both physics and chemistry.
Pr(both) =Pr(PNC)
_

" 100
6

"5

n= i>< 1200
25

=6x48
=288
Therefore there are 288 students expected to study both physics and chemistry.
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d Pr(both students study both) = Pr(P N C)XPr(P N C)

24 24

= X—
100 100
6 6

=— X —
25 25

_36

T 625
=0.0576

e Let A = the first student
And let B = the second student
Pr(each student studies just one) =Pr(A — PUC)XPr(B— PUC)

=(Pr(A— P)+Pr(A — C)—Pr(A — PN C))X(Pi(B— P)+Pr(B— C)—Pr(B— PN C))

_(£+£_ﬁ)x(£+ﬁ_ﬁ)
100 100 100/ \100 100 100
48 48

=—X—

100~ 100

144

T 625
=0.2304

f Pr(one student studies neither) = Pr(A student neither or B studies neither)
=Pr((A— N)u(B— N))
=Pr(A— N)+Pr(B— N)—Pr((A— N)n(B— N))

4 4 ( 4 4 )

=—tFt—— —X——
100 100 \100 100
8 1

~100 625
_4

625
=0.0784
20 a 5teams: A,B,C,D,E
Therefore the games are:
AXB,AXB,AXC,AXC,AXxD,AXxD,AXE,AXE,
BxXC,BXC,BXxD,BXD,BXE,BXE,
CxD,CxD,CXE,CXE,
DXE,DXE
So, in total there must be 20 games for every team to play each other team twice.

b If there are n teams in the competition then there must be n(n —1) games played. Each team plays n—1 games so therefore
n(n—1) gives the total number of games. (Usually when working this out need to divide the result by two since each game
would be counted twice, eg AX B and B X A, however since every team plays the same team twice this can be ignored for this
situation.)

¢ Therefore each team must play each other team twice. Since there are 16 —1=15 teams to play, each team must play 15X 2 =30
games.

d n=16

total no. of games =n(n—1)
=16(16-1)
=16x15
=240
Therefore there are a total of 240 games played if there are 16 teams in the competition.

Exercise 8.3 — Conditional probability
1 a From reading the table,

pernc) = 1E0C)
20

" 100
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b Pr(B’IC") =

¢ Pr(CIB)=

d Pr(B)=

n(B'NC"
n(C)

_20

36

n(C N B)
n(B)

_ 28

T 44

7

T

n(B)

K ok K K K *
* X K K X ¥
Kok K KKK
* ¥ K K K *
Kk K KKKk

0 123456 D1

Let A be the event of obtaining a sum of 8.
A= {(2,6),(3,5),(4,4),(5,3),(6,2)}. There are 36 possible
outcomes.

n(A)

= n()
5

36
Let B be the event of obtaining two numbers that are the
same. .. B={(1,1),(2,2),(3,3),(4,4),(5,5),(6,6)}.
n(ANB’)
n(B’)
4

T30
2

15

Obtaining the sum of 8 but the numbers are not the same
iSANB’.

Pr(AlB’) =

n(ANB)

Pr(AﬁB/)ZTé)

n(B’ N A)

Pr(B’1 A) = Y

Given Pr(A")=0.6, Pr(B| A) = 0.3 and Pr(B) = 0.5
For complementary events,
Pr(A)=1-Pr(A")
- Pr(A)=1-0.6
- Pr(A)=0.4

b Pr(AlAUB)=

¢ Pr(AlA’UB)=
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Pr(BN A)
Pr(A)

Lo3-PBNA)
0.4

~Pr(BNA)=0.3x0.4
~P(ANB)=P(BNA)=0.12
Pr(ANB)

Pr(B)
_012

T 05
6

"5
Let G be the event a green ribbon is chosen.
n(G)
n(&)
For the first pick, n(G) = 8 and n(§) =12, therefore

Pr(BIA)=

Pr(A|B)=

Pr(G) =

8
Pr(G)=—.
(G) T
For the second pick, if one green ribbon has been removed,

n(G) =7 and n(§) =11, therefore Pr(G) = %

For the third pick, if two green ribbons have been removed,

n(G) =6 and n(&) =10, therefore Pr(G) = %

Pr(GmeG):ﬁxlxi
2711710

_l4

55

Given Pr(A) = 0.61, Pr(B) = 0.56 and Pr(AU B) = 0.81,
Pr(A U B) = Pr(A) + Pr(B)— Pr(AN B)

~.Pt(AN B) = Pr(A) + Pr(B)— Pr(AU B)
=0.61+0.56—0.81
=0.36

Pr(AN B)
Pr(B)

036

7 0.56
9

T4

Pr(AlB)=

Pr(AN (AU B))
Pr(AU B)

_ Pr(A)

" P(AUB)

_06l1

Pr(AN(A’U B))
Pr(A’ U B)

_ Pi(ANB)

" Pr(A’UB)

0.36

T 075

13

"2
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5 a If ared jube has already been chosen first, there remains in the box 6 red jubes and 5 green jubes.
5
S Pr(G, |R)=—
(G2 1R) =1

b 1st choice 2nd choice Outcomes

6

1 R, RiR,

—_

¢ Pr(G, N R,)=Pr(G,)xPr(R, | G,)

5.7

=— X —

12711

-3

132

d Pr(G, NG,)U(R, NR,))=Pr(G, NG,)+Pr(R N R,)

5 4 7 6
=—X—+—X—
12711 12711
_3
66

6 a Let T = the bus being on time and T’ = the bus being late.
Let S = Rodney gets to school on time and S” = Rodney gets to school late

S TS =0.882

0.98
T
0.90 0.02 S’ TS =0018
0.56 S T'S=0056
0.10 ~~ 7/
0.4 S TS =0.044

b Pr(Rodney will arrive to school on time) = 0.882 + 0.056 = 0.938
7 Make a table for the sum of the two numbers rolled:
1t Roll
1 2 3 4 5 6

1] 3 4l sll6)] 7
K ﬂ’_slr 6—"—7 8
|

- > B Z e o
Akl ARG 7_|_8 K
B 6—!—7 8.4 9 110
A AN A

5 |(6 7_|_8 9 04 1
67|31 10ﬂ 1| (12

= Even numbers

[l =Lessthan 6

Let x = the sum of the two numbers
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Pr(x <6l xiseven) =

Pr(

X <6Nxiseven)

Pr(x is even)
Pr(x =2)+Pr(x=4)
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T Pr(x=2)+ Pr(x =4)+ Pr(x = 6)+ Pr(x = 8) + Pr(x = 10) + Pr(x = 12)

4
_36
18
36
4 36
=X —
36 18
4
18
2
9
8 Make a table for the sum of the two numbers rolled:
15t Roll
1 2 3 4 5 6
1 2 3 4 5 6 7
2 3 4 5 6 7 8
= 41 5] 6|7 181]9
e diid
Bl 4|5 6] 7|8 [9]10
5 6 7 8 9 10 11
6| 7| 8 |[o]w|ul|n

— = Sum greater than 8

Let x = the sum of the two numbers

Pr(x > 815 on first roll) =

b Pr(AlB)=

¢ Pr(BlA)=

Pr(x >8NS on first roll)

Pr(5 on first roll)
Pr(5,4) + Pr(5,5) + Pr(5,6)

- Pr(5,1) + Pr(5,2) + Pr(5,3) + Pr(5,4) + Pr(5,5) + Pr(5,6)

_36
6
36
336
= X—
36 6
_3
6
_1
2
9 a Pr(ANB)=Pr(A)+Pr(B)-Pr(AUB)
=0.7+0.3-0.8
=1-0.8
=0.2
Pr(AN B)
Pr(B)
_02
0.3
_2
3
Pr(BN A)
Pr(A)
_Pi(ANB)
T Pr(A)
_02
0.7
_2
7
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d Using the rule for complimentary events:
Pr(B’)=1-Pr(B)
=1-03
=0.7

A B

0.2

Pr(A N B)=0.5
Pr(ANB’)
Pr(B’)
_0s
0.7

Pr(AlB')=

10 a Using the addition formula:
Pr(A N B) =Pr(A)+ Pr(B)— Pr(AU B)

=0.6+0.5-0.8
=1.1-0.8
=03

Pr(AN B)

Pr(B)
03
05

b Pr(AlB)=

Pr(BN A)
Pr(A)
_Pi(ANB)
" Pr(A)

03
T 06

¢ Pr(BlA)=

d Using the rule for complimentary events:
Pr(B’)=1-Pr(B)
=1-0.5
=05

W >

oo
TR

Pr(ANnB)=023

Pr(ANB’)
Pr(B’)

03

T 05

Pr(AIB) =

| W

11 a Using the addition formula:
Pr(An B) =Pr(A)+Pr(B)—Pr(AuU B)
Pr(A U B) =Pr(A) + Pr(B) - Pr(AN B)

=0.6+0.7-04

=13-04

=09

Pr(AN B)
Pr(B)
04
07

b Pr(AlIB)=

¢ Using the rule for complimentary events:
Pr(A”) =1-Pr(A)
=1-0.6
=04

o
® >

A B

Pr(BNA")=0.3

P(BNA")
Pr(A")

03

T 04

Pr(BIA") =

d Using the rule for complimentary events:
Pr(B’)=1-Pr(B)
=1-0.7
=03

Pr(A'nBY=0.1
Pr(A’NB’)

Pr(A’1B) = B

e
—

W= o
w
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12 a  First card Second card Outcomes 13 a Outcomes
4
12 D DD 11 R RR
51 s
R
13 , 5 G
51
5
] 3 b oD I gL —R GR
s_g D 12
6
38 . 2 G
If one diamond is selected then the number of cards and Pr(GG) = z X 6
the number of diamonds decreases by one for the second 1422 11
card. = E
1 12
Pr(DD) = B 12 7
52 51 =—
) 22
17 b Pr(G >1)=1-Pr(RR)
b Pr(at least one diamond) =Pr(D >1) —1— (i x i)
=1-P(D=0) 1211
=1-P(D'D’) _ _%
-1-(2x 2 12
oz ! 132
=1-—-= _28
50 33
- >
34 c Pr(GG|Gzl)=%ﬁ>GD‘D
Pi(DD D >1) (G 2
Pe(DDID21)=——— =
¢ Pr(DDI ) PrD>1) _ Pr(GG)
_ Pr(DD) 7G 21
Pr(D > 1) »
1 28
17 22
17 33
15 7.3
34 =5 % 5e
22 28
= x32 13
127 15 2%
-2 _3
15 3
d Pr(DDI first card D)= PrDD A first card D) . Pr(G first N different colours)
Pr( first card D) d Pr(G first | different colours) = —
Pe(DD Pr(different colours)
- __ P(GR)
i )1+ (DD ~ Pu(GR) + Pr(RG)
17 T3
=7 712 20\ _ 12 11
%{5?] ‘(1X3)+(3X1)
| 12 11 12 11
7 35
=71 13 __ 132
17 68 35,35
1 132 132
17 35
-1 __132
— 35
68 2(—)
1 68 132
=—X— 1
17 17 ==
_68 2
289
_4
17
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14 a Outcomes
SK

y K (both pass)
S ' SK'
y 02 K (Sarah pases)

S'K
0-1 S '% K (Kate pases)

0.2 S'K’

K’ (Neither pass)
Pr(both pass)=0.9x0.8
=0.72
b Pr(at least one passes) =1— Pr(neither pass)
=1-0.1x0.2
=1-0.02
=0.98

¢ Pr(only one passes| Pr(only one passes N\ S passes)

S passes) Pr(S passes)

_ Pi(SK)

" Pr(SK')+ Pr(SK)
0.9x0.2

T0.9%02+09x08
0.18

~0.18+0.72
0,18

T 09
18

T 90
1
=—or0.2
5

15 a Pr(S’)=Pr(FS’)+Pr(MS’)
_224 203

==+
500 500
427

500
b Pr(M)=Pr(MS)+Pr(MS’)
_ 32 203

7500 500
235

500
47

~ 100

Pr(F NS’
Pr(S")

224

_ 500

427

500

224 500
_224 500

T 500 427
24

¢ Pr(FI1S")=

16 a Pr(O)=Pr(OH)+ Pr(OH’)
82 185

= +
1000~ 1000
267

"~ 1000

b Pr(H)=Pr(OH)+Pr(O’H)
82 175

=t
1000 1000
257

1000
Pr(H N 0O)
Pr(0O)
82
_ 1000
267
1000
82 « 1000
1000 267
8
267
d Using rule for complimentary events:

Pr(H")=1-—22_
1000
743

~ 1000
Pr(O | H') = Pr(ONH")
Pr(H’)
185

_ 1000
743

1000
185 _ 1000

71000 743
_18

T 743
17 a Pr(R)=Pr(RA)+Pr(RB)
_32 4T

T 400 400
7

"~ 400
9

50
b Pr(A) = Pr(RA) + Pr(R'A)
_ 25 143

=500 " 300
_l68

¢ Pr(H10)=

¢ Using the rule for complimentary events:
Pr(B)=1Pr(B’)
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Pr(R’ N A)
Pr(A)
143
400
21
50
143 50

X
400 21
_143

" 168

d Pr(R'1A)=

18 a 1st choice 2nd choice Outcomes

0.84
1

/R 0.16 F' RF'

% g 002 —F R'F
0.98 Fv RfFv
Pr(RF)=0.2x0.84
=0.168
Pr(F A R)
Pr(R)
_ Pi(RF)
Pr(RF)+ Pr(RF")
0.2x0.84

T 0.2%0.84+02x0.16
_0.168

0.2
=0.84
¢ Incy Wincy makes it to the top so therefore he does not

fall. Therefore we need to find the probability it is raining
given he does not fall.
Pr(RNF’)
Pr(F’)
B Pr(RNF’)
" Pr(RF’)+Pr(R'F’)
0.2x0.16

T 02x0.16+08x0.98
0.032

T 0.032+0.784
0,032

T 0816
2

~s1
=0.0392
19 a Roll 1 Roll 2

St

b Pr(FIR)=

Pr(RIF’)=

0.85

0.97 S
0.15 St/ — P
0.03

Sp’

The tree diagram for each frame is the same since
Richard’s probability for obtaining a strike and spare
remains the same throughout the club championship.
Therefore frame 2 is not dependent on the previous frame,
frame 1.

TOPIC 8 Probability « EXERCISE 8.4 | 245

Pr(both strikes) = 0.85x 0.85
=0.7225

b Pr(all down)=1-Pr((all down)’)
=1—(Pr(St'Sp’) x Pr(St'Sp”))
=1-((0.15% 0.03) x (0.15x 0.03))
=0.99998

Pr(1* St " 2™ St)

Pr(2" St)

_ Pr(S1St)

P2 §1)

_ 0.85x0.85

1x0.85
_ 0.85%0.85

1x0.85
=0.85

¢ Pr(1¥St12™ St) =

Exercise 8.4 — Independence

1 a £={HHHT,THTT}.
A={THTT}
B ={HT, TH}
C ={HH HT, TH}
b A and B are independent if Pr(A N B) = Pr(A) Pr(B).
2 2
Pr(A)= y and Pr(B) = Y

Since AN B={TH}, P(AN B) = 1

4
Substitute values into the formula Pr(A N B) = Pr(A) Pr(B).
LHS = 1
4
RHS = 2 X 2
4 4
1 1
=—X—
2 2
1
4

Since LHS = RHS, the events A and B are independent.
¢ Band C are independent if Pr(B N C) = Pr(B) Pr(C).

2 3
Pr(B)=—and Pr(C)=—.
(B) 2 (&) 2
. 1
Since BNC ={HT,TH}, Pr(BNC) = >
Substitute values into the formula Pr(A N B) = Pr(A) Pr(B).

LHS = ]

RHS=—x

|
X
BlLOA|W

P|WN = N

Since LHS # RHS, the events B and C are not independent.
d Pr(BU A)=Pr(B)+Pr(A)—Pr(BN A)
Since B and A are independent, Pr(B M A) = Pr(B) Pr(A)
~. Pr(BU A) =Pr(B) + Pr(A) — Pr(B) X Pr(A)
1 1.1

.-.Pr(BuA)=l+———><—
22 272
3

S Pr(BUA)=—
( ) )
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2 a

4 a

A is the event the same number is obtained on each die, .. A ={(1,1),(2,2),(3,3),(4,4),(5,5),(6,6)}.

B is the event the sum of the numbers on each die exceeds 8, .. B=1{(3,6),(4,5),(4,6),(5,4),(5,5),(5,6),(6,3),(6,4),(6,5),(6,6)}.
A and B are mutually exclusive if n(A N B)=0.

Since AN B={(5,5),(6,6)}, A and B are not mutually exclusive.

A and B are independent if Pr(A n B) = Pr(A) Pr(B).

6 10
Pr(A)=— and Pr(B)=—
(A) 36 " (B)

36
Since AN B={(5,5),(6,6)}, Pr(An B) = %.
Substitute values into the formula Pr(A m B) = Pr(A) Pr(B).
LHS = 2
36
RHS = i X 10
36 36
LS
6 18
_5
108

Since LHS # RHS, the events A and B are not independent.
i C is the event the sum of the two numbers equals 8, .. C ={(2,6),(3,5),(4,4),(5,3),(6,2)}.
B and C are mutually exclusive if n(BNC)=0.
Since there are no outcomes common to B and C, they are mutually exclusive.
Note that B is the event the sum of the numbers on each die exceeds 8 and C is the event the sum of the two numbers
equals 8. Hence they cannot occur simultaneously, so they must be mutually exclusive.
ii B and C are independent if Pr(B " C) =Pr(B) Pr(C).
From (i), Pr(BNC)=0.
Therefore, assuming that neither Pr(B) nor Pr(C) are zero, Pr(BMC) # Pr(B) Pr(C)
Since LHS # RHS, the events A and B are not independent.
Note that mutually exclusive events cannot be independent, and vice versa.

Let A be the event that Ava sticks to the diet, B be the event that Bambi sticks to the diet and C be the event that Chi sticks to
the diet.
Pr(A)=0.4, Pr(B)=0.9 and Pr(C)=0.6
Since the events are independent,
Pr(AN BN C) =Pr(A) X Pr(B) X Pr(C)
=0.4%x0.9%0.6
=0.216
The probability all three stick to the diet is 0.216.
Pr(An B’ C) =Pr(A) X Pr(B’) X Pr(C)
=04x(1-0.9)x0.6
=0.4%0.1x0.6
=0.024
The probability only Ava and Chi stick to the diet is 0.024.

Using the rule for complimentary events,
Pr(at least one does not stick to the diet) = 1— Pr(all stick to the diet)

=1-P(ANBNC)

=1-0.4x0.9x0.6
=1-0.216
=0.784
The probability that at least one person does not stick to the diet is 0.784.
Ist choice 2nd choice Outcomes
10

10
5 R5 Y RY
15

10
5 15 R YR
ﬁ Y/

5

15 Y YY
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Let A be the event that one block of each colour is
obtained (with replacement). .. A={RY,YR}.

Pr(A) = Pr(RY) + Pr(YR)

05,5 10
15 15 15 15
2 1 1 2
=X —+=x=
3 3 3 3
_4
9
b 1st choice 2nd choice Outcomes
9
10
15 R 5 Y RY
14
10
5 14 R YR
E Y/
4
4 Y YY

Let B be the event that one block of each colour is
obtained (without replacement). .. B={RY,YR}.

Pr(B) = Pr(RY) + Pr(YR)

10 5 5_10
=—X—+-—X—
15 14 15 14
50 50
=4 —

210 210
_10

21

¢ Let C be the event that three blocks of the same colour are
obtained (with replacement). .. C ={RRR,YYY }.
Pr(C) = Pr(RRR) + Pr(YYY)
10 10 10 5 5 5
=—X—X—+—

15715715 15715715

_1000 125
3375 3375
1
3

5 If two events A and B are independent:
Pr(A N B) = Pr(A) X Pr(B)

LHS =Pr(AN B)
=Pr(A)+Pr(B) - Pr(AU B)
=0.7+0.8—0.94
=1.5-0.94
=0.56

RHS = Pr(A) X Pr(B)
=0.7x0.8
=0.56

LHS =RHS

Therefore since Pr(A N B) = Pr(A) X Pr(B), the events A and B
are independent.

8 a  Gender

TOPIC 8 Probability « EXERCISE 8.4 | 247

6 If two events A and B are independent:
Pr(A N B) =Pr(A) X Pr(B)

LHS =Pr(AN B)
=Pr(A)+Pr(B) - Pr(AU B)
=0.75+0.64—0.91
=1.39-091
=048

RHS = Pr(A) x Pr(B)
=0.75%0.64
=0.48

LHS =RHS

Therefore since Pr(A N B) = Pr(A) X Pr(B), the events A and B
are independent.

7 Pr(A) = 0.65

Pr(B)=0.74
Pr(at least one) = 0.97
Since at least one of the cars is used 97% of the time then
none of the cars are used 3% of the time. Therefore when
forming a Venn diagram for this situation 0.03 lies outside

circles and the rest of the 0.97 is distributed with A, B and
ANB.

A B

0.03

Pr(A)+ Pr(B) = 0.65+0.74
=1.39

Pr(ANB)=1.39-0.97
=042

Pr(A) x Pr(B) =0.65x0.74
=0.481

Pr(A N B) #Pr(A) X Pr(B)
Therefore since Pr(A N B) # Pr(A) X Pr(B), the cars A and B
are not used independently.

Colour — Outcomes

blindness

0.0025_~C€ FC
F ’ r
y 09975 —C FC

0.5 0.05 C MC
M_2—
0.95 ¢’ MC

Pr(FC)=0.5%0.0025
1

"800
=0.00125
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Pr(C A F)
Pr(F)
_Pi(FNC)

T Pr(F)

b Pr(CIF)=

400
=0.0025
Pr(M A C)
Pr(C)
_ P(MNO)
Pr(MC) + Pr(FC)
0.5x0.05

T 0.5%0.05+0.5%0.0025
0.025

~0.025+0.00125
0.025
0.026 25
2
21
—0.9524
d Pr(2x MC)=(0.5%0.05)x (0.5x 0.05)
11
=— X —
40 40
1

~ 1600
~0.000 625

¢ Pr(MIC)=

Pr(ICNM and F)

Pr(M and F)
_ Pi(MC) X Pi(FC”) + Pr(MC”) x Pr(FC)
- Pr(M and F)
~0.5%x0.05%0.5%0.9975+0.5% 0.95% 0.5 x 0.0025
B 0.5%0.5

e Pr(ICIMand F)=

209
4000
=0.05225

9 a Pr(x<25)=130+7
200

_ 45

200
9

" 40
b Pr(at least one violation) = 1— Pr(zero violations)
_8+47+45+20
200

=1

:1——
200
_80

"~ 200
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Pr(only one violation N at least one violation)

¢ Pr(only one violation | at least one violation) = —
Pr(at least one violation)

Pr(only one violation)

- Pr(at least one violation)
30+15+18+5
200

d Note: If the person is 38 they are in the 2545 age group range.
Therefore look in the 25—45 row and 0 violations column.

47
Pr(38 and no violations) = —
200

Pr(x < 25N 2 violations)

Pr(2 violations)
7

_ om0
T7+2+3

200
7,20

T2007 12
1

12

e Pr(x <2512 violations) =

10 a Let A= has the disease
Let B = positive test result

Al A

B | 23 71 30

B'| 4]66| 70

27 | 73 | 100

Pr(A") = NER or 0.73
100

b P(BNA)= I
100

Pr(ANB)
Pr(B)
23
_ 100
30
100
23 100
=—X—
100 30
3
30
Pr(A’ N B’)
Pr(B’)
66
_100
70
100
_ 66 100

= X —
100~ 70
_%6
70

¢ Pr(AIB)=

d Pr(A’IB") =
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11 a Use the formula for conditional probability and substitute
in the given values to find Pr(A N B)
Pr(AN B)
Pr(B)
4 Pr(AnB)
5

Pr(AlB)=

| &

Pr(ANB)=—X

WM W

|0

Pr(AnB)=
( ) 15

Then, since A and B are independent:
Pr(A N B)=Pr(A) X Pr(B)
8 2
—=Pr(A)x—
15 A) 3
8

2
—XPr(A)=—
3 ) 15

Pr(A) = éx%

Therefore Pr(A) = %
Pr(BN A)
Pr(A)

4
Then, since A and B are independent and Pr(A) = 5 (from

b Pr(BlA)=

question 7a.)
Pr(BNA)=Pr(AnB)
=Pr(A) X Pr(B)
4 2
=—X—
5 3
8

15
Pr(BN A)

Pr(BIA)= P

X
A

2
Therefore Pr(Bl1 A) = 3
¢ Using the formula for conditional probability:
Pr(AN B)
Pr(B)
4 _Pr(AnB)
5

Pr(A|B)=

| &

Pr(AnB)=—X

W W

oo

Pr(ANB)=-

(9}

d Using the addition formula:
Pr(Au B) =Pr(A)+Pr(B) - Pr(AN B)
4 2 8

"5 3 15
1210 8

=—+
15 15 15
22 8

12 a Using the formula for conditional probability:
Pr(An B)
Pr(B)
1 Pr(ANnB)
3

5

l=Pr(AmB)><é
3 3
Pr(Ar\B):lxE

35

PANB) =é

b Using the addition formula:
Pr(Au B) =Pr(A)+Pr(B) —Pr(AN B)
Pr(A) =Pr(A U B)—Pr(B)+ Pr(AN B)
23 3 1
= _T 4=
30 55
23 2

T30 5
23 12

T30 30
11

T30
¢ If two events A and B are independent:
Pr(A N B) =Pr(A) x Pr(B)

Pr(AIB)=

w |

LHS=l
5

RHS = Pr(A) x Pr(B)
11 _3
=—X—
30 5
_n
50

LHS = RHS

Therefore since Pr(A M B) # Pr(A) X Pr(B), the events A and
B are not independent.
13 Given events A and B are independent,
Pr(ANB’)
Pr(B’)
_ Pr(A)xPr(B’) _
© Pu(B)
=Pr(A)=0.6
Pr(A U B) =Pr(A)+ Pr(B)— Pr(AN B)
0.8 =Pr(A)+ Pr(B) — Pr(A) X Pr(B)
0.8=0.6+x-0.6xx
05=x
= Pr(B)=0.5

Pr(AlB') = =06

0.6
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14

15

16

Let Y = age 15 to 30

LetT =TV

If two events Y and T are independent:
Pr(Y nT)=Pr(Y)x Pr(T)

LHS = —
600

1
120

RHS = Pr(Y) x Pr(T)

_ 290270
600 " 600
26 9
=—X—
60 20
_ 87
400
LHS # RHS

Therefore since Pr(Y N T) # Pr(Y) X Pr(T), the events P and T
are not independent.

If two events P and T are independent:
Pr(PNT)=Pr(P)xPr(T)

LHS=
100

7
50

RHS = Pr(P) x P(T)
58 50

" 100" 100
29 1
=—X—
50 2
29

100

LHS # RHS

Therefore since Pr(P N T) # Pr(P) X Pr(T), the events P and T
are not independent.

1
a =—
Pr(A) 5
1
Pr(B) 5
36 Possible
outcomes
6 k%
5
= 4
T:-‘ 3
&2
1

00 123456
1%t roll

2
Pr(ANB)=—
( ) 36

_ L
18

If two events A and B are independent:

b
c
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Pr(A N B) = Pr(A) x Pr(B)
1
LHS=—
18

RHS = Pr(A) x Pr(B)
1 1
=—X—
6 6
L

36

LHS # RHS

Therefore since Pr(A N B) # Pr(A) X Pr(B), the events A and
B are not independent.

Similarly, B and C are not independent

Similarly, B and C are not independent

Exercise 8.5 — Counting techniques

1 a

C

d

There are five choices for the first digit, leaving four
choices for the second digit, three choices for the third
digit and then two choices for the fourth digit.

s | &« [ 5 | 2 |

Using the multiplication principle, there are

5% 4 x3x2 =120 possible four digit numbers that could be
formed.

At least three digit numbers means either three digit, four
digit or five digit numbers are to be counted.

For three digit numbers:

L s [« | 35 |

For four digit numbers:

s 1 4 | 3 [ 2 |

For five digit numbers:

s [« [ 3 [ 2 | v |

There are 5x4 x3 =60 three digit numbers,
5x4x3x2=120 four digit numbers and
5x4x3x2x1=120 five digit numbers. Using the addition
principle there are 60+ 120 +120 = 300 possible three, four
or five digit numbers.

For the number to be even its last digit must be even, so
the number must end in 6. This means there is one choice
for the last digit.

| | | | ]

Once the last digit has been formed, there are four choices
for the first digit then three choices for the second digit,
two choices for the third digit and one choice for the fourth
digit.

4 3 2 1 1

Using the multiplication principle, there are
4x3x2x1x1=24 even five digit numbers possible.
The sample space is the set of five digit numbers. From
part b, n(§) =120.

Let A be the event the five digit number is even. From
part ¢, n(A)=24.
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n(A)
n(&)
24

P(A)=

T120

The probability the five digit number is even is é

There are 26 letters in the English alphabet and 10 digits
from 0 to 9. Repetition of letters and digits is allowed.

| 26 | 26 | 10 | 10 | 10 | 26 |

Using the multiplication principle, there are
26x26x10x10x10x26=17 576 000 possible number
plates that could be formed.

If the letter X is used exactly once, there will be one
choice for that position, and 25 choices for the other two
positions where letters are used.

For an X in the first position:

| 1t [ 25 | 10 ] 10 ] 10| 25|

For an X in the second position:

25 [ 1 [ 10 | 10 ] 10| 25|

For an X in the sixth position:

| 25 | 25 | 10 | 10 | 10 | 1 |

Using the multiplication principle, there are
1x25%x10x10x10 %25 =625 000 number plates that
use the letter X exactly once (in the first position),
25%x1x10x10%x10x%25=625000 (in the second
position) and 25x25x10x10x10x1=625000 (in the
sixth position). Using the addition principle there are
625 000 + 625 000 + 625 000 = 1875 000 possible number
plates that use the letter X exactly once.

Using the multiplication principle, there are
26x1x10x1x1x26 =6760 possible number plates that
could be formed.

6760
17 576 000
1

2704

Six people can arrange in a straight line in 6! ways.
Since 6!=6x%x5!and 5!=120,
6!=6x120

=720
There are 720 ways in which the students can form the
queue.
For circular arrangements, 6 people can be arranged in
(6-1)!=5! ways.
Since 5! =120, there are 120 different arrangements in
which the six students may be seated.
There are three prizes. Each prize can be awarded to any
one of the six students.

Pr(first 2 letters identical) =

Lol 6|6 |

The total number of ways the prizes can be awarded is
6x6X%6.
~n(é)=6x6x6

Let A be the event that the same student receives all three
prizes. There are six choices for that student.

n(A)=6
n(A)
Pr(A)=—-2
W@
6
T 6x6x%6
1
" 36

The probability that one students receives all three prizes
1

is —

36°
For circular arrangements, 4 people can be arranged in
(4-1)!=3!ways.

Since 3! =6, there are 6 different arrangements in which
the four boys may be seated.

There are 4 possible seats each girl can sit in. For circular
arrangements, 4 people can be arranged in (4 —-1)!=3!
ways.

Since 3! =6, there are 6 different arrangements in which
the four girls may be seated.

So, 24 ways in total.

Treat the letters, Q and U, as one unit.

Now there are eight groups to arrange:

(QU),E,A, T,I,O, N, S.

These arrange in 8! ways.

The unit (QU) can internally re-arrange in 2! ways.
Hence, the total number of arrangements

=8!x2!

=8XTX6x5!

=336x120

=40320

The number of arrangements with the letters Q and U
separated is equal to the total number of arrangements
minus the number of arrangements with the vowels
together.

The nine letters of the word EQUATIONS can be arranged
in 9!1=362 880 ways.

From part a, there are 40 320 arrangements with the letters
together.

Therefore, there are 362 880 — 40 320 = 322 560
arrangements in which the two letters are separated.

The word SIMULTANEOUS contains 12 letters of which

there are 2 S’s and 2 U’s.
The number of arrangements of the word

SIMULTANEOUS is 5 '12 5 119750 400.

x 2!
As there are 119 750 400 total arrangements of the word

!
SIMULTANEOUS, n(&) =119 750 400 or 2'12’2'.
X2

For the letters U to be together, treat these two letters as
one unit. This creates eleven groups (UU), S, [, M, L, T, A,
N, E, O, S of which two are identical S’s.

.11 .
The eleven groups arrange in e ways. As the unit (UU)

contains two identical letters, there are no distinct internal
re-arrangements of this unit that need to be taken into
account. 1

Hence the number of elements in the event is PYE

The probability that the U’s are together
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6 a

_ number of arrangements with the U’s together

total number of arrangements

12
21 " 21x2!
1 2!x2!

=—xX
21 7 12x11!

_2
12

_1
6

The words ‘PARALLEL LINES’ contain 13 letters of
which there are 2 A’s, 4 L’s and 2 E’s.
The number of arrangements in a row of the words

!
PARALLEL LINES equals ———.
2!x4!1x2!

13!
21x41x2!
C13X12Xx11IX1I0X9IX8XTX6X5X 4!
B 21%41%2!
=64 864 800

There are 64 864 800 arrangements in a row.
For circular arrangements, the 13 letters of which there are

13-1)!
2 A’s, 4 L’s and 2 E’s, can be arranged in _A3=D! ways.
21x41x2!
13-n!
21x41%x2!
_12X1IXTI0X9X8XTX6X5x4!
2!1x41%x2!
=4989 600

There are 4 989 600 arrangements in a circle.

There are five vowels in the words PARALLEL LINES.
Treat these letters, A, A, E, I and E as one unit.

Now there are nine groups to arrange:

(AAEIE), b R,L,L,L,L, N, S.

These arrange in 9! ways.

The unit (AAEIE) can internally re-arrange in 5! ways.
Hence, the total number of arrangements

=9!x5!

=9x8XTx6x5!

=3024 %120

=362 880

There are 14 students in total from whom 5 students are to

be chosen. This can be done in ' C5 ways.
14!
14

3T 5% (14-5)!

14!

©51%9!
_14x13x12x11x10x9!
- 519!
_14x13x12x11x10

B 120

=2002
There are 2002 possible committees.
The 2 boys can be chosen from the 6 boys available in
6C2 ways.
The 3 girls can be chosen from the 8 girls available in
8C3 ways.
The total number of committees which contain two boys
and three girls is

bC, x 8¢C,.
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°C, x 3¢, = 6! y 8!
21x4! 3Ix5!
_6><5><4!X8><7><6><5!
© 21x4! 315!
=15%x56
=840
There are 840 committees possible with the given
restriction.

¢ As there are six boys available, at least four boys means
either four or five boys.
The committees of five students which satisfy this
restriction have either 4 boys and 1 girl or they have 5 boys
and no girls.
4 boys and 1 girl are chosen in 6C4 X 8Cl ways.
5 boys and no girls are chosen in 6C5 X 8C0 ways.

The number of committees with at least four boys is
bC, x ¥ +°Cs x 3,

8C, x ¥Cy +°C5 x 8Cy =15x8+6 x1
=126
There are 126 committees with at least four boys.
d The total number of committees of five students is
14C5 = 2002 from part a.
Each committee must have five students. If neither the oldest
nor youngest student are placed on the committee, then 5
students need to be selected from the remaining 12 students to
form the committee of five. This can be done in l2C5 ways.
Let A be the event that neither the oldest nor youngest are
on the committee.
n(A)

Pr(A) =
W=

120 14!
517! 51x9!
12! 519!
X
51717 14!
1 9x8

=-X
1 14x13

Pr(A) =

ol
The probability of the committee containing neither the

6
youngest nor oldest student is or

8 There are 17 players in total from whom 11 players are to be
chosen. This can be done in 17C” ways.

—_— 17!

T xa7-11)!
Y
T 111x6!
_l7><16><15><14><13><12><11!
- 116!
_17x16x15x14x13x12
B 720

=12376
There are 12 376 possible teams.

Maths Quest 11 Mathematical Methods VCE Units 1 and 2 Solutions Manual



254 | TOPIC 8 Probability ¢« EXERCISE 8.5

The 1 wicketkeeper can be chosen from the 3 wicketkeepers
available in 3C1 ways.
The 4 bowlers can be chosen from the 6 bowlers available in

10 a There are 26 letters in the English alphabet and 10 digits
from O to 9. Repetition of letters and digits is allowed.

°C, ways. | 26 | 26 [ 10 [ 10 [ 26 |

The 6 batsmen can be chosen from the 8 batsmen available in Using the multiplication principle, there are

8C6 ways. 26x26x10x110x26=1757 600 possible number plates
The total number of teams which contain one wicketkeeper, that could be formed.

four bowlers and six batsmen is b There are 7 different letters, from which 5 letter words are

3C] X 6C4 X SCG. formed. Repetitions are allowed.

:3!X6!X8! |7|7|7|7|7|
1'x2! 4!1x2! 6!%x2!
=3><2!X6><5><4!X8><7><6
2! 41x2! 6!x2!
=3x15%28

There are 1260 teams possible with the given restriction.
Let A be the event that the team chosen consists of one

3CI X 6C4 X 8C6

Using the multiplication principle, there are
TxTxTxTxT=16807 possible words that could be
formed.

¢ For each single roll there are 6 possible outcomes.
Using the multiplication principle, for a die rolled three
times there are 6 X 6 X 6 =216 possible outcomes.

wicketkeeper, four bowlers and six batsmen. d There are 6 different digits, from which 3-digit numbers
are formed. Repetitions are allowed.
Pr(A) = M P
" Lol 6 [ 6|
1260
= 12367 Using the multiplication principle, there are 6 X6X 6 =216
45 possible 3-digit numbers that could be formed.
= w0 e Three rooms can be selected from the four available in

4C3 =4 ways.

The three selected rooms can be arranged among the three
friends in 3!=3X2x1=6 ways.

Using the multiplication principle, there are 4 X 6 =24
possible ways can the rooms be allocated.

The probability that the team chosen consists of one

wicketkeeper, four bowlers and six batsmen is %

9 a One bib can be selected from ten bibs in IOCI =10 ways.

One body suit can be selected from twelve body suits in 11 a
12C, =12 ways.
Using the multiplication principle, there are 10 x12 =120 b
different combinations of bib and body suit she can wear.

b For the first leg of her trip, Christine has 2 options, the
motorway or the highway.
For the second leg of her trip, Christine has 3 options of
routes through the suburban streets.
Using the multiplication principle, there are 2X3=6
different routes she can take. Therefore, if she wishes to
take a different route to work each day, she will be able to
take a different route on 6 days before she must use a route
already travelled.

¢ For the first characteristic, Abdul has 2 options, manual or
automatic.
For the second characteristic, Abdul has 5 options of
exterior colour.

If there are no restrictions, eight people can be arranged in
arow in 8!=40320 ways.

If the boys and girls are to alternate, assuming the row
begins with a boy, there are 4 choices of boy for the first
position, 4 choices of girl for the second position, 3 choices
of boy for the third position, 3 choices of girl for the fourth
position and so on.

ENENENENENEIREER

If the row begins with a girl, since there are an equal
number of boys and girls, the box table will be identical.
Using the multiplication principle, there are
4x4x3x3x2x2x1x1=576 ways that 4 boys and 4 girls
can be arranged in a row, if a boy is first. By the same rule
there will be 576 ways if a girl goes first.

Therefore, using the addition principle, there is a total

of 5764576 =1152 ways that 4 boys and 4 girls can be

For the third characteristic, Abdul has 2 options, leather or
vinyl seats.

For the fourth characteristic, Abdul has 3 options of interior
colour.

For the fifth characteristic, Abdul has 2 options, seat
heating or notself parking.

For the sixth characteristic, Abdul has 2 options, self
parking or not.

Using the multiplication principle, there are
2Xx5x2x3x2x2=240 different combinations of Peugeot
Abdul can choose from.

Using the multiplication principle, there are
3x2x7x5=210 different combinations of clothes
possible.

Using the multiplication principle, there are 6 x 52 =312
different starting combinations.

Using the multiplication principle, there are 3xX6x12=216
different trips possible.

arranged in a row if the boys and girls are to alternate.

If the end seats must be occupied by a girl, there are 4
choices of girl for the first position and 3 choices of girl for
the last position. Hence, for the remaining seats there are a
remainder of 4 boys and 2 girls = 6 people left.

[afolsfafslafr]s]

Using the multiplication principle, there are
4X6X5x4x3x2x1x3=_28640 ways that 4 boys and 4
girls can be arranged in a row, if the end seats must be
occupied by a girl.

If the brother and sister must not sit together, this is the
complementary event of the brother and sister must sit
together. Find the number of ways for the latter event first.
Treat the brother and sister as one unit. Now there are 7
groups, which will arrange in 7! ways.

The unit (brother and sister) can internally rearrange in
2! ways.
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12 a

13 a

Hence number of arrangements

=7Ix2!

=5040x%2

=10080

From a), total number of ways 8 people can be arranged is
40 320.

Number of ways if brother and sister must not sit together
=40320-10080

=30240

If the girls must sit together, treat the girls as one unit.
Now there are 5 groups, which will arrange in 5! ways.
The unit (the girls) can internally rearrange in 4! ways.
Hence number of arrangements

=51x4!

=120x24

= 2880

There are ten digits. There are no repetitions are allowed
and the number cannot start with 0. Therefore there are 9
choices for the first digit, 9 choices for the second digit and
8 choices for the third digit.

Lol 9o [ s |

Using the multiplication principle, there are 9 x9x 8 =648
possible three-digit numbers that could be formed.

For the number to be even its last digit must be even, so
the number must end in a 0, 2, 4, 6 or 8. This means there
are 5 choices for the last digit.

Once the last digit has been formed, if the last digit was 0,
there are 9 choices for the first digit then 8 choices for the
second digit.

Lo [ & | 1 |
Therefore there are 9 X 8 X 1 =72 numbers possible.
If the last digit was not 0, there are 8 choices for the first

digit then 8 choices for the second digit (because the first
digit cannot be 0).

L8 | s | 4|

Therefore there are 8 X 8 x4 =256 numbers possible.
Using the addition principle, there are 72+ 256 = 328 even
3-digit numbers that could be formed.

For the number to be less than 400 its first digit must

be less than 4, so the number must startina 1, 2 or 3

(remembering the number cannot start with 0). This means
there are 3 choices for the first digit.

Ls 1 |

Once the first digit has been formed, there are 9 choices for
the second digit then 8 choices for the last digit.

HERI N B

Using the multiplication principle, there are 3xX9x8=216
even 3-digit numbers that could be formed.

For the number to made up of odd digits only, each digit
may only be al, 3,5, 7 or a 9. Therefore there are 5 choices
for the first digit, 4 choices for the second digit and 3
choices for the third digit.

Ls [ 413 |

Using the multiplication principle, there are 5x 4 x 3 =60
possible three-digit numbers that could be formed.

For circular arrangements, 9 people can be arranged in
(9—-1)!=8!=40320 ways.

14

15

16

b

a

a

a
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If the men can only be seated in pairs, treat each pair as

one unit. Now there are 6 groups, which will arrange in

(6—-1)!=5"!ways.

The 6 men can be arranged into 3 pairs in

bc, x “C, x ’C,
3!

The units (the pairs) can each internally rearrange in

2! ways.

Hence number of arrangements

=5Ix15%2!

=120x%30

=3600

=15 ways.

Using the rule for number of arrangements, some of which
are identical, number of arrangements of mugs

12!

T 41%x31%5!

=27720

If the 12 mugs from part a are to be arranged in 2 rows of
6 and the green ones must be on the front row,

6! 6! 6!
+ X
41x2! 3Ix3!) SIx1!

=210

The word bananas contains 7 letters of which there are
3 as and 2 ns.
Number of words that can be formed, given all letters are
used

7!
T 31x2!
=420

A 4-letter word is to be formed including at least one a.
The complementary event of this is forming a word with
no as. Notice that there are only 4 other letters in the word
bananas which are not an a. These are b, n, n and s. Note
the two identical ns.
Number of 4-letter words with no as

4!
T2
=12
From part a, total number of arrangements is 420.
Therefore number of 4-letter words with at least one a
=420-12
=408
To form a 4-letter word using all different letters, exclude
any repeated letter. Hence the available letters are b, a, n
and s.
Number of words that can be formed =4!=24

Number of ways 7 men can be selected from a group of
15 men
=15,
15!
7115-7)!
= 6435
Number of 5-card hands that can be dealt from a standard
pack of 52 cards

_ 52
=3¢,

~5152—5)!
— 2598960
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¢ If a 5-card hand is to contain all 4 aces, this leaves 52 —4 =48 choices for the remaining 1 card. Therefore number of 5-card
hands that contain all 4 aces, that can be dealt from a standard pack of 52 cards = 48.
d Number of ways 3 prime numbers be selected from the set containing the first 10 prime numbers

_10
= C3

T 31(10-3)!
=120
17 a There are 18 people in total from whom 8 people are to be chosen. This can be done in 'ng ways.
18!
c, =
8!x(18-28)!
18!
81x10!
=43758
There are 43 758 possible committees.
b The 5 men can be chosen from the 8 men available in 8C5 ways.

The 3 women can be chosen from the 10 women available in 10C3 ways.
The total number of committees which contain 5 men and 3 women is 8C5 X 10C3.

8! « 10!
51x317 317!
_ 8><7><6>< 10x9%8
3! 3!
=56x120
=6720
There are 6720 committees possible with the given restriction.
¢ As there are 8 men available, at least 6 men means either 6, 7 or 8 men.
The panels of 8 people which satisfy this restriction have either 6 men and 2 women, 7 men and 1 woman, or they have 8 men
and no women.
6 men and 2 women are chosen in *Cy x '°C, ways.

Scs x 0c,

7 men and 1 woman are chosen in 8C7 x 1°c | ways.
8 men and 0 women are chosen in 8C8 X lOCO ways.
The number of committees with at least 6 men is 3C, x '°C, + 8¢, x '°C, + *Cy x '°C,, -
8C, x 3¢y + 0C5 x *C§Ce x 1°C, + ¥C, x 1°C; + ¥Cy x 1°C, =1260+80+1
=1341
There are 1341 committees with at least 6 men.
d The total number of panels of 8 people is ISCS =43758 from part a.

If two particular men cannot both be included, this is the complementary event of the two men both being included. In this case,
the other 6 panel members need to be selected from the remaining 16 people to form the panel of 8. This can be done in 16C6 ways.
t6c, = 16!
6!x(16-6)!
_ 16!
6!x10!
=8008
Therefore the number of panels that can be formed if two particular men cannot both be included =43 758 — 8008 = 35 750.
e If a particular man and woman must be included on the panel, then the other 6 panel members need to be selected from the
remaining 16 people to form the panel of 8. This can be done in 16C6 ways.

toc, = 16!
6!%x(16—6)!
16!
T 6!x10!
=8008

There are 8008 committees possible with the given restriction.

18 a There are 12 different numbers in S.
The total number of subsets of S is equal to the number of ways 0 numbers can be selected from S plus the number of ways 1
number can be selected from S plus the number of ways 2 numbers can be selected from S, and so on.
Hence,
Number of subsets of S
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— lZCO + 12C1 + 12C2 + 12C3 + 12C4 + 12C5 + 12C6 + 12C7 + 12C8 + 12C9 + 12C10 + 12C1112C12
=4096

To determine the number of subsets whose elements are all even numbers, only regard the even numbers in the subset, i.e.
Seven =12, 4, 8, 10, 14}, There are 5 different numbers in S
Hence,

Number of subsets of S,,,,

=3C, +°C, + °Cy + °C, + °C;

=31

even*

Note that the empty set found by 5C0 is not included since an empty set does not fit the condition.
Therefore there are 31 subsets whose elements are all even numbers.
The total number of subsets of S is 4096 from part a.
Let C be the event that a subset selected at random will contain only even numbers.

n(C)

n(&)

31

4096
The probability that a subset selected at random will contain only even numbers is 31 .
The total number of subsets of S is 4096 from part a. 4096
The number of subsets containing at least 3 elements will be the total number of subsets less those containing 0, 1 or 2 elements.
Hence,
Number of subsets containing at least 3 elements

=4096—(">C, + ¢, + ¢, )
=4017
Let D be the event that a subset selected at random will contain at least 3 elements
n(D)
n(&)
_ 4017
" 4096

The probability that a subset selected at random will contain only even numbers is
The total number of subsets of S is 4096 from part a.
To determine the number of subsets whose elements are all prime numbers, only regard the prime numbers in the subset, i.e.

Pr(C) =

Pr(D) =

4096

S prime =125 3, 5, 7, 11,13, 17}. There are 7 different numbers in S ;.
Hence,

Number of subsets of S, that contain exactly 3 elements

=c,

=35

Therefore there are 35 subsets of S that contain exactly 3 elements, all of which are prime numbers.
Let E be the event that a subset selected at random will contain exactly 3 elements, all of which are prime numbers.

Pr(E) = @
n(&)
35
4096
The probability that a subset selected at random will contain exactly 3 elements, all of which are prime numbers, is 2006
There are 56 players in total from whom 7 members are to be selected. This can be done in 56C7 ways.
56!
56C7 _
7% (56-7)!
56!
7!%x49!
_ 56X55%x54%x53%x52x51%x50
- 7!
=231917 400

There are 231917 400 possible teams.

The 7 members can be selected from the 17 squash players available in l7C7 =19 448 ways.
The total number of committees which contain 7 squash players is 19 448.

Let A be the event that the committee contains 7 squash players.
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n4)

n(&)
19 448

= 231917 400
1

~11925

The probability the committee consists of 7 squash players is

Pr(A)=

11925
b As there are 21 tennis players available, at least 5 tennis players means either 5, 6 or 7 tennis players. The committees of
7 members which satisfy this restriction have the other members chosen from the remaining 35 squash or badminton players.
5 tennis players and 2 squash or badminton players are chosen in 21C5 X 35C2 ways.
6 tennis players and 1 squash or badminton player are chosen in 2]C6 X 35C1 ways.
7 tennis players and no squash or badminton players are chosen in 21C7 X 35C0 ways.
The number of committees with at least four boys is 21C5 X 35C2 + 21C6 X 35Cl + 21C7 X 35C0.

20 x PCy +21C x ¢, + 210, x 1€y =12107 655+1899 240 +116 280
=14123175

There are 14123175 committees with at least 5 tennis players.
Let B be the event that the committee contains at least 5 tennis players.

Pr(B):@
n(&)
14123175
" 231917400
_19

312
. . . .19
The probability the committee contains 7 squash players is TS

¢ The event of the committee containing at least one representative from each sport is the complementary event of the committee

containing no representative from any one or two of the three sports.
In this case, if the committee contains no tennis players, there are 35 remaining players from which 7 members must be chosen.
Hence number of combinations = * 5C7 =6724520.
If the committee contains no squash players, there are 39 remaining players from which 7 members must be chosen. Hence
number of combinations = *°C; = 15380 937.
If the committee contains no badminton players, there are 38 remaining players from which 7 members must be chosen. Hence
number of combinations = 38C7 =12 620 256.
The cases where the committee contains no representative from two of the three sports must also be taken into account. This is
the same as the committee containing only players from one sport.
Number of combinations of committee containing only players from one sport

=2¢ + ¢, + 8¢,

=167552
Therefore total number of committees that contain at least one representative from each sport

=231917400—- (6 724 520+ 15380 937 + 12 620 256 + 167 552)
=197 024135
Let C be the event that the committee contains at least one representative from each sport.

n(C)
Pr(C)=—7"+
"=
B 197 024135

" 231917 400
210721
" 248040

0721
248 040

The probability the committee contains at least one representative from each sport is (=0.85).

d To find probability that the committee contains exactly
3 badminton players, given that it contains at least
1 badminton player, first find number of committees which contain at least 1 badminton player.
If the committee contains no badminton players, there are
38 remaining players from which 7 members must be chosen. Hence number of combinations = 38C7 =12 620 256.
Therefore, number of committees which contain at least
1 badminton player
=231917400-12 620 256
=219297144
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For a committee that contains exactly 3 badminton players,
the 3 badminton players and 4 tennis or squash players are
chosen in 18C3 X 38C4 ways.

e, x ¥, =816+73815
=74631
There are 74 631 committees with exactly 3 badminton
players.
Let D, be the event that the committee contains exactly
3 badminton players.
Let D, be the event that the committee contains at least
1 badminton player.
n(D; N D,)
n(D,)
74 631
219297144
24877

" 73099048
The probability the committee contains exactly 3
badminton players, given that it contains at least 1

4877
—=0.2747.
73099 048

First find the total number possible 3-digit numbers.
There are ten digits. There are repetitions are allowed,
but the number cannot start with 0. Therefore there are 9
choices for the first digit, 10 choices for the second digit
and 10 choices for the third digit.

| 9 | 10 | 10 |

Using the multiplication principle, there are

9 %10 %10 =900 possible three-digit numbers that could be
formed.

4 3-digit numbers can be selected from 900 3-digit
numbers in **C, =27155621025 ways.

There are 143 3-digit prime numbers.

4 3-digit prime numbers can be selected from 143 3-digit
prime numbers in 143C4 =16701685 ways.

Let A be the event that the 4 numbers selected are all
primes.

n(A)

n(s)
16701685

T 27155621025
256949

T 417778785

Pr(D, | D,)=

badminton player is

Pr(A)=

The probability the that the 4 numbers selected are all
256 949
417778 785

There are ten digits. There is one repetition required and
the number cannot start with 0. Therefore, for example,

if the first and second digits are the same, there are 9
choices for the first digit, 1 choice for the second digit and
9 choices for the third digit (not 10 choices, because this
digit cannot be the same as the repeated digit).

primes is =0.0006.

Lo [+ 159 |

If the first and third digits are the same:

Lo | o[ t |

If the second and third digits are the same:

Lo | o[ t |
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Using the multiplication and addition principles, there
are 9xX1x9+9x9x1+9x9x1=243 possible three-digit
numbers with a single repeated digit that could be formed.
4 3-digit numbers with a single repeated digit can be
selected from 243 3-digit numbers with a single repeated
digit in *C, = 141722 460 ways.
Let B be the event that the 4 numbers selected all have a
single repeated digit.
n(B)
n(&)
141722 460
27155621025
3149388

~ 603458245
The probability the that the 49113%r181bers selected all have a
0.0052.

Pr(B) =

single repeated digit is ———— =
g P g 603 458 245

There are 22 3-digit perfect squares.

4 3-digit perfect squares can be selected from 22 3-digit
perfect squares in 22C4 =17315 ways.

Let C be the event that the 4 numbers selected are all
perfect squares.

Pr(C) = @
n(&)
_ 7315
27155621025
_ 1463
5431124205
The probability the that the 4 numbers selected are all

perfect squares is =2.63x10%,

5431124 205
There are ten digits. There is no repetition allowed and the
number cannot start with 0.

Therefore there are 9 choices for the first digit, 9 choices
for the second digit and 8 choices for the third digit.

Lo ] o] s |

Using the multiplication principle, there are 9 X9 x 8 =648
3-digit numbers with no repeated digits.
4 3-digit numbers, with no repeated digits, can be selected
from 648 3-digit numbers with no repeated digits in
8¢, =7278808 230 ways.
Let E be the event that there are no repeated digits in any
of the numbers.

n(E)

n(&)

7278808 230

T 27155621025
161751294
603458 245

The probability the that the 4 numbers selected are all
161751294

603458245

To find the probability that the 4 numbers lie between 300
and 400, given that the 4 numbers are greater than 200,
first find how many 3-digit numbers are greater than 200.
There are 799 3-digit numbers greater than 200.

4 3-digit numbers can be selected from 799 3-digit
numbers in 7°C, =16 854 265001 ways.

There are 101 3-digit numbers that lie between 300 and
400.

Pr(E) =

perfect squares is
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4 3-digit numbers can be selected from 101 3-digit numbers in 101C4 =4082925 ways.
Let F, be the event that the 4 numbers lie between 300 and 400.
Let F, be the event that the 4 numbers are greater than 200.
n(FFNF,)
n(#3)
4082925
16854 265001
583275
2407752143

Pr(F, | Fy) =

The probability the 4 numbers lie between 300 and 400, given that the 4 numbers are greater than 200 is
583275

————=0.000 242 2.
2407752143

Exercise 8.6 — Binomial coefficients and Pascal’s triangle
1 a For(a+b)4, n=4,a=a,b=>b
Using the rule for binomial expansion,

(a+b)4:( g )a4+( All )a3b+( g )a2b2+( g Jab3+( i )b“

=a* +4a’b+6a’b* +4ab® +b*
b For 2+x)' n=4,a=2,b=x
Using the rule for binomial expansion,

(2+x)4=( g )24+( ? )23x+( 3 )22x2+( ‘31 )2x3+( 3 )x4

=16+32x+24x" +8x° +x*
¢ For(t+-2)n=3,a=t,b=-2
Using the rule for binomial expansion,

(r—2)3=( (3) )t3+( i’ )tz(—2)+( g jr(—2)2+( g )(—2)3

=1 —61* +121-8
2 a For(m+3b)n=2,a=m, b=3b
Using the rule for binomial expansion,

(m+3b)2:( (2) jm2+( : )(m)(Sb)+( : )(317)2
=m? +6bm +9b*

b For 2d-x)*, n=4, a=2d, b=—x
Using the rule for binomial expansion,

(2d—x)4=( g )(2d)4+( ‘]‘ )(2d)3(—x)+( ‘2‘ )(Zd)z(—x)2+( ‘3‘ )(2d)(—x)3+( j j(—x)4
=16d* —32d°x +24d%x* - 8dx> + x*

23
c For(h+—j ,n=3,a=h, b=z
h h

Using the rule for binomial expansion,

() =03 (3 G5 G036

=h3+3h2><z+3h><iz+§3
h h

For independent term of x,
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4-2r=0
—>r=2
4 \o-r 4-2r _[ 4 |52
(7 )=r=(5 )
=6><l
4
_3
2

The 5" term, %, is independent of x.

b |2m-——| = 2m)"" | —
( 3m] '2(,) r (2m) 3m

( 6 )267r m()fr 37"
r

( 4 j26—r3—rm6—2r

1]
Mc\

Il
(=1

r

M-P

r

r

For the term in m?, we need to make the power of m equal to 2.

6-2r=2
—>r=2
( 6 )267r3—rm6—2r=( 6 )24372m2
r 2
Lo 5
=15><16><§><m
80
—m
3
C 7 7
sa (3 =2( 7] Ga)
r=0
7
_ 7 r T-r _r
31
r=0

For the 5" term, r = 4.

( Z )Srp7—rqr :( Z )34P7—4q4
=35x81p°q*
=2835p¢*

Therefore the 5™ term is 2835p°¢*.

b (b =X 3 )ty

r=0

5
— ( 5 jerS—ryr
r=0 r

For the 4™ term, r = 3.

5 45 (5 ),3.533
4xy —( 3 k'x" "y
%x4y3 —10K%x%y?

=10k>

NGO
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5 a For 4" coefficient in the 7" row of Pascal’s triangle, n="7 and r =3
4" coefficient in the 7% row is ' Cs.

9 \_ 9!
b ( 6 )_(9—6)!6!

_ 9x8x7

3!
_s0d

6
=84

°Cy =84

( 18 ) 18!
C =
12 )7 18-12)112!

18!

612!
18!

1216!
18!

Gan
gl

Evaluate LHS:

)
(5
)

( ) ( 15 15!
(15— 7)‘7' (15-6)!6!
15' 15!
8'7' 9'6‘
_15><14><l3><12><11><10><9+15><l4><13><12><ll><10
7! 6!
=6435+5005
=11440
Evaluate RHS:
16 16!
(7 ]_(16—7)!7!
_ 16!
To171
_16X15x14x13x12x11x10
B 7!
=11440
LHS =RHS
22 22!
6 a =
(8) (22-8)!8!
22!
14!8!
_ 22!
8!14!
B 22!
T (22-14)114!

35

b ( 0 )+( o j=19C15+19C14

: +1 +1 +2
¢ Given""'C,_ +""'C, ="""C,
Use the formula to express LHS

Maths Quest 11 Mathematical Methods VCE Units 1 and 2 Solutions Manual



a

a

TOPIC 8 Probability « EXERCISE 8.6 | 263

i mie oAb @D
n+1--!r-D! (+1-r)'r!

=(n+1)!|: ! + ! }
(n=r+2)!(r=-! (m+1-r)'r!

For(x+y)3,n:3,a:x,b=y.
(x+y)°

[ 3 3 3 2 3 2 3 3
(5 )03 )3 ) 3 )
=x3+3x2y+3xyz+y3

For (a+2)*, n=4,a=a,b=2.
(a+2)*

=( g )a4+( ‘1‘ )a3(2)+( ‘2‘ )a2(2)2+( ‘3‘ )a(2)3+( j )(2)4
=a*+8a> +24a% +32a+16

For m—-3)*, n=4,a=m, b=-3.
(m-3)*

(5 o 4 Jreve( 4 a3 o § e
=m* —12m® +54m> —108m + 81

For (2—x)5,n=5,a=2,b=—x.
2-x)

=( 0 )(2)5+( ; )(2)4<—x)+( > )(2>3<—x>2+( ; ](2)2(—x)3+[ > )(2><—x>4+( : j(—x)S

=32-80x+80x> —40x> +10x* — x>

23)? 2
For(l——),n=3,a=l,b=——.
X X

(-2
(3 o2 W2 ()

4
For(1+£j n=d,a=1,b="
q q

=81—54m+£m2—§m3 im4
2 2 16
1y’ 1
For | 2x—— | ,n=5,a=2x,b=——.
X X
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(3 Jeor (3 43 Jeor(-3)+( 3 Jeo(-) (3 )4)

6 1
=8x3—12x+———3
X x

5

9 a w-3'-3( 3 j(zwf" -3y

r=0
_ 2( )25 r ( 3
For the 3" term, r = 2.

=80 x 9w’
=720w°
Therefore the 3™ term is 720w".

7 7 r
(-4 31
b ,0 r b
1
=Y (-1 37—
-1
For the 5th term,r—4.

(_l)r( Z j37ir%=(_1)4( Z )37 4b14

=35X27XbL4

945
= o

4
Therefore the 5™ term is 9]7—45.
4y r
3 ( 4 ) 4_{ 3)
c|y——| = y -
( y) z:') r y
_Z( l) ( )3) 4-2r

For the constant term, 4 —2r =0.

—>r=2
r( 4 rod4-2r _ 2 4 2 4-4
(4 = 4 )
=1x6x%9
=54

Therefore the constant term is 54.

10 a (2b+3d)5:i( f )(217)5*"(361)’

r=0
5
— Z( 5 jZS—r?)r bS—rdr
r=0 r
For the 6™ term, r = 5.
( 5 )25—r3rb57rdr :( 5 )257535 bS48
r 5
=1x1x243x1xd’
=2434°
Therefore the 61 term is 243d°.

b (e-syf =3[ 3 a0 oy

r=0

_2( )35r(5r Sryr
r=0
For the coefficient of the term x y3, 5—r=2.
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—>r=3
( 5 )35—)‘ (=5) S5y =( 5 )35—3 (_5)3 X533
r 2
=10x9x—-125x x> x y°
=-11250x%y*
Therefore the coefficient of the term x2y® is —11250.
Given (2—\/3)4 =a+b5,
For (2-5)" n=4,a=2,b=—5.

(2—J§)4=( 4 j24+( 4 )23(45){ 4 )22(45)%( 4 jz(_ﬁ)u( 4 j(-ﬁ)“
=16—-32/5+120-40/5 +25
=161-725
s.a=161and b=-72

1—6m+15m* = 20m> +15m* —6m> +m® =(a—m)°

) E e T e F e F P E

=a® —6a°m+15a*m* —20a*m® +15a*m* + 6am® +m®
na® —6a’m+15a*m* =204’ m?® +15a>m™ + 6am® + m® =1—6m+15m* - 20m> +15m* —6m> + m®
Equating equivalent terms (first term):
a®=1
a=1t1

Check if positive or negative by equating equivalent terms (second term):
—6a°m =—6m

a’ =1

a=1

1=6m+15m® =20m> +15m* —6m® + m® =(1-m)®
(-x)* —4(1-x)* +6(1-x)* —4(1-x)+1
Expand the first term:

(1—x)4=( g )14+( ‘1‘ )13(—x)+( ‘2‘ jlz(—x)2+( ‘3‘ )1(—x)3+( j )(—x)4

=1-4x+6x>—4x> +x*

Expand the second term:

—4(1—x)3:—4(( (3) )13+( ] )12(—x)+( ) )1(—x)2+( g j(—xf)

:—4(1—3x+3x2 —x3)
=—4+12x-12x +4x°
Expand the third term:

6(1—x)2=6(( (2) J12+( % )1(—x)+( % ](—x)zj

=6(1-2x+x7)
=6—12x+6x7
Expand the fourth term:
—A4(1-x)=—4+4x
The fifth term does not need to be expanded.
Now add up all the expanded terms:

(1-x)*—41-x)>+6(01-x)>—41-x)+1
=1-dx+6x2 -4 +x* 4+ 12x—12x2 +4x° +6—12x+6x> —4+4x+1

=ﬁ+M+W+W+M
4

=X

[2—1J3(1+2y)5

y
Expanding with a CAS calculator gives
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3
1 4 1
[2—] (1+2y)5:256y5+256y4—128y3—192y2+§——2——3+48
y y oy

The term independent of y is 48.

k 6 6 6 6—r [ k r
15 (3}”12 +;) ZZ‘)( r j(3m2) (;)
d 6 )16 2(6
— ;}( 0 jS Tk 'm —r)m—r
6
_ 6 6-r r 12-3r
_go( 0 j3 k'm

For the term independent of m, 12—3r=0.
—>r=4

( 6 )36—rkrm12—3r =( 6 )36—4 k124
r 4

=15x9x k* x1

=135k*
Given the independent term is 2160,

135k* =2160
k* =16
k=12

16 ( ax+2y ( i j(ax)5 "(2y)

( jirzr Sryr

For the 4™ term, r = 3.

5 ) 5-ror 5-ror_[ 5 ],5-373.5-3.3
(r)a 2" x y—(3)a 2°x7 7y
=10xa* x8x x> x y*

=80a2x%)?

Therefore the coefficient of the 5 term is 80a>.
For the 5™ term, r = 4.

S5 ) 5ror S5ror_[ 5 ) 5-4,54 5-4 4
(rja 2" x y—(4)a 27 x My

=5xax16xxxy*

>

= 8Oaxy4
Therefore the coefficient of the 5" term is 80a.
The ratio of coefficients is 3:1.
80a> 80a
31
80a* =240a
80a* —240a =0
80a(a-3)=0
a=0,3
~.a=3 (Assuming that a is non-zero)

17 (1+kx)”:i( 'rl )1"*"(kx)r

r=0
n
— z( n jln—rerr
r
r=0

For the 1% term, r = 0.

n n-ryr. r _| RN n—-0;0_0

(5 )rww <[ g oot
_| n n
(4)

:1’1
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The first term in the expansion is 1.

1"=1

This is unhelpful because 1 raised to any power is still 1.
For the 2™ term, r = 1.

( n )lnfrerr:( n )lnflklxl
r 1
_ n n—1
{1

The second term in the expansion is 2x.

( ’1’ )1"‘1kx:2x

nX1xXkx=2x
nk=2
k=2 NN

n

For the 3" term, r = 2.

n n-ryr. r _| N n-21;2_2
()i e

!
:Lxlxkzxx2
21(n=2)!

_I’lX(l’l—l)XMkz )
22T *

_ nx(”—l)kzxz
2

. . .. 3
The third term in the expansion is Exz.

”X(”—l)kzxzzixz
2 2
nx(n—1)xk*=3

k2 (n* —n)=3 -[2]

Sub EQ [1] into EQ [2]:

(o)==

n=

Sub n =4 into EQ [1]:

2
k=

k=

SRR

.'.n:4andk=%
18 a 125970, 77520, 38700
19 b Given (3+v2) =a+b2,
For(3+\/§)9,n=9,a=3,b:x/§.

(3+J§)9=( o )3%( ’ )38(J§)+( J )37(J§)2+( J jaﬁ(ﬁ)3+( : )35(\5)4
+( 2 )34(\/5)5+( 2 )33(x/§)6+( 2 )32(x/§)7+( g j3(\/§)8+( g j(x/f)g
=19 683+59 049v/2 + 157 464 + 122 472/2 +122 472 + 40 824+/2 + 18 144 + 2592/2 + 432+ 162

=318195+224 9532
s a=318195 and b =224 953
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(2

2

1)
r=0 r 2

For the term in x3,r=3.
n ixr: n Lx3
r)or 3 )2?
n! 1 3
= X=X
31(n-3)! 8
nx(n—l)x(n—z)xw 1 4
= X=X
31 (n—3)1 8
_n><(n—1)><(n—2)x3
48
Given that the coefficient of x> is 70,
n(n-1)(n-2)
48
n(n-1)(n-2)=3360

(n* = n)(n—2)=3360
n® =2n* —n® +2n=3360
n®—2n* —n?+2n-3360=0
n® =3n* +2n—-3360=0
(n—16)(n* +13n+210)=0
~.n=16

(g}
VR
—

+
N | =
N——
3

1l
VR
N S

=70
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Topic 9 — Trigonometric functions 1

Exercise 9.2 — Trigonometric ratios

h
1 a sin(50°)=—
in(50°) 10

.~ h=10sin(50°)
S h=17.66
b Recognising the “3,4,5” Pythagorean triad gives

5
tan(a®) ==
(@®) 5
sa®= tan_l(Z.S)
s.a®=68.20

Hence, a = 68.20.
2 Divide the isosceles triangle in half to create a right angled
triangle.

cos(72°) = é
X
5

X =
cos(72°)
sox=16.18
The equal sides are approximately 16.18 cm in length.
The equal angles ZCBA = ZCAB =72° and
ZACB=180°-2x72°=36°
Let x metres be the required distance.
o X
cos(45°) 2
o x =4cos(45°)
2

=4Xx—
2

=22

The foot of the ladder is 2+/2 metres from the fence.

c0s(30°)sin(45°)
tan(45°) + tan(60°)
B

2 2

1+3
_ Ve
4(V3+1)
Rationalising the denominator,
B
C4(\B+1) V3-1
J6(V3-1)
6
_3V2-6

8

2 . . .
5 a Iftan(a®)= 3 using Pythagoras’ theorem a triangle with

3
sides 2, 3 and hypotenuse J13 gives cos(a®) = ——

D

b Let the horizontal run be x cm.

X
cos(a®)=—

(a®) 26

s x=26c0s(a®)

3
_26X\/ﬁ
_26x3413
K
=613

Therefore the horizontal run is 6+/13 cm.

6 cos(6°) = g

Construct a right angled triangle with hypotenuse 7 and
adjacent side to 6 of 3+/5.

A\ u

3V5

Let opposite side be b.
Using Pythagoras’ theorem.

b +(345) =7
b?+45=49
br=4
b=2

2 2 NG
H , sin(0°) = — and tan(6°) = ——= or ——.
ence, sin(6°) 5 an (6°) 355 15

7 a:IO,b:6\/§,C=2x/ﬁ cm and C =45°.
Area is A=%absin(C)

;A:%xwx&ﬁxﬁm%%

=KN§X%?

S A=30
The area is 30 sq cm.
8 AN

| 269

In triangle XYZ, the angle of 70° is included between the

sides XY and YZ of lengths 4 and 3 km respectively.
1 .
The area of triangle XYZ is A= 5 X 3% 4 xsin(70°).

~ A=6xsin(70°)
L A=564

Correct to two decimal places, the horses can graze over an

area of 5.64 square km.
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9 a sin(30°) cos(45°)
tan(60°)
V2, B

@)}

N

12
b tan(45°) + cos(60°)

sin(60°) —sin(45°)

3-2
=3J3+32
10 a itan(O")zg

Draw a right angled triangle containing the angle 6°
and label the sides opposite and adjacent to the angle in
the ratio /3 to 2.

Using Pythagoras’ theorem,
c2=2"+ (ﬁ )2

st =443

ne=~T (c>0)

sin(0°) is the ratio of the opposite side to the
hypotenuse.

BT
NN
Vil

7

sin(6°) =
. sin(6°) =

5
ii 90 = —
ii cos(6°) P

Using Pythagoras’
a*+5%> =6
na*+25=36
nat=11
na=A11

11
Hence, tan(6°) = g

ﬁ

iii sin(0°)=

b=2

Using Pythagoras’
b +(V5) =32
b +5=9
~b*=4
nb=2

2
Hence, cos(6°) = 3

b Since sin(8°) = %, the ratio of the opposite side to the

hypotenuse is 3: 5. The set of numbers 3,4,5 are a
Pythagorean triple so the sides of a triangle for which

sin(8°) = g must be in the ratio 3:4:5.

Since the longest side is the hypotenuse, for the given
triangle, its hypotenuse is 60 cm. This is a factor of
12 times 5, so the other sides of the triangle must be
3x12=36 cm and 4x12=48 cm.

The shortest side is 36 cm.

a Let the length of the ladder be / metres.

Sm
540
sin(54°) = %
A== >
sin(54°)
. 1=6.1803

The ladder is 6.18 metres in length.

b Let the initial distance of the ladder from the pole be

X meters.
tan(54°) = i
X
5
xX=
tan(54°)
~ox=3.6327

Initially the ladder is 3.6327 metres from the pole. Moving
the ladder 0.5 metres closer to the pole reduces this
distance to 3.1327 metres from the pole.

Let the new inclination to the ground be 8° and the new
height the ladder reaches up the pole be /& metres.
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sin(60°) = &
X

6.18 N3 _10
" S
~AB3x=20
0 20 3
3.13 SoX= ﬁ X ﬁ
1327
cos(0°) = 3.13 204/3
6.1803 X = B
o _1(3.1327
<.0%=cos 6.1803 The perimeter is 3x = 20/3 cm.
- 0°=59.54° ' The base and height of the triangle are known so its
The new inclination to the ground is 59.5°. ared 15:1
tan(59.54) = - A= bh
- h=3.1327tan(59.54°) AL 203
oh=533 2 f3
The new height the ladder reaches up the pole is A= 100v3
5.3 metres. 3
12 a i In the isosceles triangle, the 20° angle is included Area is M sq cm.
between the two equal sides of 5 cm.
The area of the triangle is ¢ In triangle ABC a =4~/2,b =6 cm and C =30°.
1
A=2x5x5x5in(20) A:%ab §in(C)
=12.5%5in(20°) 1
) =—x 442 x6x5sin(30°
L A=4275 > (30%)
The area is 4.275 sq cm correct to three decimal places. — 1242 % 1
ii Divide the isosceles triangle into two right angled 2
triangles by joining C to the midpoint M of the =62
side AB. Area is 6+/2 sq cm.

13 Let the angle between the legs be 2a°.

2m
[
<—0.75 m—>
CM bisects the angle ACB and the side AB. sin(a®) = 0.75+2
Let AM have length x metres so AB has length 2
2x metres. Lo 0375
X sosin(a®) =———
sin(10°) =— 2
3 ~.a°=sin"' (0.1875)

~ox =5sin(10°)

- 2a°=2sin""(0.1875
The third side, AB has length 10sin(10°) = 1.736 cm. a®=2sin"( )

=21.6°
b The angles in an equilateral triangle are each 60° and . .
the sides are equal in length. Let the length of a side be The fmgle between the legs of the ladder is approximately
Y em. 21.6°.
14 C
y
y 18
60° u 45°
A p D q B
Consider triangle ACD.

Maths Quest 11 Mathematical Methods VCE Units 1 and 2 Solutions Manual



272 | TOPIC 9 Trigonometric functions 1 « EXERCISE 9.2

15

tan(60°) = 18
p

18
P = an(60°)
18 3
np= Wi X 5
L p=6J3
Also,
cos(60°) =

. c0s(60°) =

N x|
O\*’
> B

x:
c0s(60°)
1
SLXx=63+—
x=63 >
x=1243

Consider triangle BCD.

Since ZBCD = 45° (angle sum of a triangle is 180°) then

triangle BCD is isosceles.

s.q=18

Also,
cos(45°) =

s.cos(45°) =

<z =R

18
YT os(45°)

1
V2
y=182

The sides have lengths: AC = 1243 cm, BC = 18+/2 cm and
AB=(64/3+18) cm.

Consider the cube ABCDEFGH of edge a units.

sy=18+

H G
E F a
d
D, C
// h
/,/ a
A a B

a First calculate AC, a diagonal of the base.
Triangle ADC is right angled at D. Let AC have length
b units.
Using Pythagoras’ theorem
b’ =d*+d°
=242
b=+2a
Now the diagonal of the cube, EC, can be calculated from
the right angled triangle EAC.
Let EC have length ¢ units.
Using Pythagoras’ theorem
=a*+b?
=a*+2d>
=3q>
sc=-3a

The diagonal of the cube is /3a units in length.

16

17

b The inclination of the diagonal to the horizontal is the

a

a

angle ECA. Let this angle be 6°.
In triangle EAC,

§in(6°) = Opposite __a
Hypotenuse /3

~.sin(0°) = %

1
~0°=sin'| —
&
:.0°=35.26°

The diagonal is inclined at 35.26° to the horizontal.
C

0\‘ 3.8m
g\

The angle in the semicircle is right angled so ZACB =90°.
If the radius is  cm then AB has length 2r cm.

3.8
68°) = —
cos(68°) >

A

1.9
r =
cos(68°)
S r=5.072
The radius is 5.07 cm.
C
-
68°
A o p B

The shortest distance is the perpendicular distance
OM where O is the centre of the circle and M the
midpoint of the side CB of the isosceles triangle OCB.

MB=%><3.8=1.9cm.

Let the shortest distance be & cm.
In triangle OMB,
o h

tan(68°) = 19

- h=1.9tan(68°)

S h=4.703
The distance is 4.7 cm.
Refer to the diagram given in the question.
In triangle ABC,

BC

sin(a®) =—
m

.~ BC =msin(a®)....(1)
Since DB is parallel to CA, the co-interior angles are
supplementary.
~. ZBDC + ZACD =180°

.~ ZBDC +90° =180°

-~ ZBDC =90°

Also, ZACB =90° — a°® (angle sum of triangle ABC)

= ZBCD =90°—(90°—a°)

~. ZBCD =a°
In right angled triangle BCD,
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N
sin(a®) = _BC
n
BC = Sn (@) ..(2)

Equating the two expressions for BC,

msin(a®) = Sn(@®)
s.msin(a®)sin(a®) =n
s.n=m[sin(a®)]*
~.n=msin’(a®)
as required.
b As alternate angles formed by parallel lines are equal,
ZEBA = ZBAC.
Given ZEBA = 60°, then a® = 60°.
In triangle BCD, ZBCD = a® = 60° and CD = 4+/3 units.
- an(60°) = ——=
443
=443 tan(60°)
=43x\3
son=12
Substitute 7 =12 in n = msin*(a®)

=12 =msin?(60°)

m(ﬁjz =12
2
. 3m_

s—=12
4

.m=16

Answer: a=60, m=16, n=12

18 Let TG be the tower of height 100 metres and PE be the tower

of height & metres.
Te-

305
D P
100 m T
h
ol
G E

Construct PD parallel to the ground level
The angle of elevation ZEGP = 45°. Hence triangle EGP is an
isosceles right angled triangle with GE = EP = h metres.
Triangle GDP is also isosceles with GD = DP = h metres.
In triangle TDP, 7D = (100 — i) metres, DP = h metres,
ZDPT =30° and ZTDP =90°.

100—h

- tan(30°) =
1 100—h
"B h
~h=+/3100-h)

- h=100/3 —/3h
~Bh+h=1003

. h(V3+1)=100V3

po100V3 V3-1
B+17 31
10043 (v3-1)
2
~h=503(v3-1)
s h=150-50/3
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19

20

Correct to one decimal place, the height of the second tower is
63.4 metres and this tower is 63.4 metres horizontally from
the lookout tower.

B

A 16°

25 km
Let the actual distance between A and B be x km.

25
cos(16°) =—

x

25
X =

cos(16°)
To evaluate, ensure calculator is on Deg mode and Decimal,
not Standard. The trigonometric functions are obtained from

the keyboard — mth — TRIG.
~ox=26.007

The actual distance between A and B is 26.007 km.

15°

X

Let the horizontal distance required be x metres.
X

cos(15°) = 62

o x = 6+/2 cos(15°)
To evaluate this expression exactly, place the calculator on
Standard, not Decimal.
x=3 (\/§ + 1)
The horizontal distance of the foot of the beam from the
fence is 3(\5 + 1) metres.

Exercise 9.3 — Circular measure

1

a 60°=60x——
180
_r
3
p 37 _3m 180°
4 4 /4
—135°
c £_£X180
6 6 «
—30°
tan(%j — tan(30°)
V3
3

2 145°12"=145.2°

14520 = 1452 x

180

726 w
="x

5 7180
_121x

T 150
=253
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3 al8
1.8“=1.8%x
T
=103.1°

180°

A

Y
4 Every rotation of 27 maps numbers to same positions. These
rotations may be anticlockwise or clockwise.
a the numbers —47,-27,0,27,47 are all mapped to the same
positions on the circumference of the unit circle.
b -1-4n,-1-2n,-1,-1+2r,-1+4r are mapped to the
same positions.

5 al=r0r=860=75x—"—
. 180

1=8x75x 2

180

. 30 .
arc length is Tﬂ =10.47 cm correct to two decimal places.

b Calculate the angle at the centre

l=r0, where [ =127, r=10

127 =100

n0=12m

This angle is in radian measure so it needs to be converted
to degrees.

In degrees,

180°

12r=12nx

=216°
Therefore the angle at the centre of the circle subtended by
the arc is 216°.
6 a The angle has no degree sign so it must be assumed to be
in radians. Ensure the calculator is on Rad mode.
tan(1.2) = tan(1.2°)
- tan(1.2) = 2.572 correct to three decimal places.
b Using degree mode on the calculator,
tan(1.2°) = 0.021 correct to three decimal places.

7 a To convert degrees to radians, multiply by T

180
o _ 1 ” o _ 1 ” o _ 1 n
30 }me645—%xm460 jo,%(&
T o T
"6 T4 3
Degrees 30° 45° 60°
. T T T
Radians P 7 3

b 0°=0°,180°=x*

2 00°= L 7¢ = F and 360° = 2x 7 = 271,
2" T

270°=180°+90°

T
=T+—
2
3
2
Degrees 0° 90° 180° 270° | 360°
. T R4
Radians 0 = T - 2
2 2
8 To convert radian to degree measure, multiply by 180,
n

a

¢

T
5
m _ 180°
5 T
=36°
27
3
2 180°
=X
3 /4
=2x60°
=120°
Sz
12
St 180°
=— X —
12 b4
=5x15°
=75°
lz
6
11z 180°
=—X—
6 /4
=11x30°
=330°
i
9
T 180°
=—x
9 /4
=7x20°
=140°
o
2
9 180°
=X
2 T
=9x90°
=810°
40°
—40x =
180
_on
9
150°
—150x 2
180
151
18
st
6
225°
=205x
180
_d5m
36
st
4
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10 a

b

Cc

18
_sn

2
=4r
or, 720°=2x360°=2x2r =4r
i3°
=3><L
180
T

~ 60
=0.052
i 112°15"=112.25°
—11225% 2
180
~1.959
iii 215.36°
T
—21536%2—
180
~3.759
i3
180°

T
=171.887°

ii 237

=3X

180°

=23 X

/9
=2.3%180°
=414°

{1.5", 500, ”—}
7

Converting radians to degrees,

1.5"=1.5><180
T
=85.9°
¢ m 180°
— =—X
7 7 T
_ 180°
7
=25.7°

c
In order from smallest to largest, {g , 50°, 1.5‘}.
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11 a

12a [=r6, r=12, 6=150x——
180

~sl= 12><15—7r
18
= 12><5—7r
6
=10x
Arc length is 107 cm.

¢ C
b If the angle at the circumference is 2 , then the angle at the centre is 4r .
9 9
=16, r=m, 0=
9
4r
sA=rx—
9
_ 4
9
2
Arc length is A7 em.

¢ As the chord or the minor arc, subtends an angle of 60° at the centre, the major arc subtends an angle of (360° —60°) =300° at

the centre.
=10, r=3, 6=300x——
180
.'.l:3><30—7r
18
=3><5—7t
3
=5

Arc length is 57 cm.
13 a The rope length is the radius of 2.5 metres; the arc length of 75 cm is 0.75 metres.
I=r0, 1=0.75, r=2.5
~0.75=2.5%6

Convert the radians to degrees.

0.3°=03x 180

_54°

T
=17.2°
The ball swings through an angle of 17.2°.

b Speed is 2 m/s, so in 5 seconds, the point travels a distance of 10 metres around the circumference of the wheel.
The radius of the wheel is 3 metres
[=r0, r=3,1=10

~.10=360
0=
3

In degrees, 10 radians is
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( 10 180 j °
_ X —_
3 T
_ 600°

T
=191° .
The angle of rotation is 191° or 10°,

3

Every 60 minutes, the minute hand rotates through 360°. In
1 minute it rotates through 6°.
In the 5 minutes between 9:45 am and 9:50 am, the
minute hand will rotate through 30°.
Arc length:

I=r6, r=11, 6=30x ——
180

[g]

i=11xZ
6

iz
6
=5.76
The arc length is 5.76 mm.

d The angle at the centre is twice the angle at the
circumference, so the arc subtends an angle of
2x22.5°=45° at the centre of the circle.

The arc length and angle are known so the radius can be

calculated.
[=r0, wherel=4,0=45><i, so@zz
180 4
4=r><£
4
16
Sr=—
T

Area of circle: A = 7’
2
A=mX (E)
T
_256

T
=81.5
Correct to 1 decimal place, the area is 81.5 sq cm.
i tan(l)=tan(1°)=1.557

ii cos(z—ﬂjzcos 2_717 =0.623
7 7

iii sin(1.46°)=0.025

14 a

b As E=30°,% =457 — 60° then sin(fj = sin(30°) and
6 4 3 6

SO on.
0 T ™ T
6 4 3
sin(0) 1 Q ﬁ
2 2 2
cos(6) ﬁ Q 1
2 2 2
tan(0) 3
N2 1 3
3

b4
15 a In triangle ABC, a = 2\2,c=2,B= 7 Two sides and the

included angle are known.
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.
Ay =EacsmB

1 T
=—><2\/§><2><sin(—j
2 4
2
— 2\/5 X £
2
=2
The area of the triangle is 2 square units.
b B - c
[0
Y 4
D
!
b
AR Cy
In triangle BDC,

In triangle AEB,

tan(z)z y+x
3 6

_2+x
6

s 2+ x= 6tan(£)
3

Lx=6x+3-2
nx=6J3-2

16 a Let the radius of the earth be R km.
The arc BK of length 1490 km, is an arc of a circle, centre

O, radius R km, with the arc subtending an angle of 13.4°
at the centre O.

1=r0, r=R, 6=134x—— 1=1490
180

1490 = Rx 1347

1490 %180

13.4n
s R=6371

The radius of the Earth is estimated to be 6371 km.

Let G be the position of the Galapogas islands and E the
position of Eucador; O is the centre of the earth.
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17

18

600 nautical miles is equal to 600x1.85=1110 km. The
arc GE is 1110 km and the angle GOE is the difference in
longitudes of 10°.

[=r0, r=R,0=10x—"—,1=1110
180

~1110=Rx =
18

R:1110><18

v/
.~ R=6360

The radius of the Earth is estimated to be 6360 km.

As A is south of the equator and B is north of the equator,
the angle the arc AB subtends at the centre is the sum of
the latitudes, (20 + 34) = 54°.

=10, r=6370,0=54x ——
180
6r

S =6370x —
20

s 1=6370x0.37
S 1=1911x
=1 =6004
The distance between A and B measured along the
meridian is 6004 km.
In the main menu in Rad mode and Standard mode, enter 135.
Tap from the keyboard = Mth — Trig — o to obtain 135° and
press EXE.
This converts the degrees to radians, giving 3_”
37 4
1350 =—
4
In the main menu in Deg mode and Standard mode, enter 5.
Tap from the keyboard — Mth — Trig — r to obtain 5" and
press EXE.
This converts the radians to degrees, giving 200 By
T

switching to Decimal mode, and pressing EXE, this gives
286.4788976.

~50= 200 =286.4789°
T

Exercise 9.4 — Unit circle definitions

1

a To reach the boundary between quadrants 1 and 2 a rotation
of ” would be needed from the point (1,0). Therefore the

.2 . n
trigonometric point is P 5

bl o0

—400° 4 T
iy | =
= 3600400 | 3 AT 4
quadrant 2 quadrant 4 quadrant 3 | quadrant 1

¢ rotating clockwise (360 —120)° = 240° gives Q[—240°]; one
full revolution of 360° plus another 120° gives R[480°].

. . . 3 . .
2 An anticlockwise rotation of > or a clockwise rotation of

z would reach the boundary between quadrants 3 and 4. The

point could be P[%} or P[—%} .

3 a P[E},OZE
6 6

Cartesian co-ordinates:

x = cos(0) y=sin(0)

(§)ma =sn(§)
=cos| — | and =sin| —
6 6

V3 !

2 2

ﬁlj

Therefore P is the point [7,— .

2

Qll]

g (:

NP = sin (225°)
P[225°]

OM = cos (1)

E
Y

Y

¢ The point P[—%] is the point (0,-1).

x=c05(9),9=—£,x=0, cos(—zjzo
2 2

. b3 . b4

y=sin(0),0 = 2,y— 1,..sm( 2) 1
d f(0)=sin(0)
= f(0) =sin(0)
The trigonometric point [0] has Cartesian co-ordinates (1,0).
Its y co-ordinate gives the value of sin(0).
~.sin(0)=0

= f(0)=0
Since sin(0) is the y co-ordinate, sin() is positive in the
first and second quadrants.
b cos(8) is the x co-ordinate, so cos(6) is positive in the first

and fourth quadrants.
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5 a tan(230°)=1.192

Y
1 T
AT = tan (230°)
< o A >
D -1 i 1 “x
P[230°]
Tangent

b P[2r]is the point (1,0).
tan(@) =2,0 =27, x=1,y=0

— | O %

sotan(2m) =
stan(2r) =0

6 {tan(—?ﬂr), tan (%) ,tan(—90°), tan (%J , tan(780°)}

5
a Neither tan(%j nor tan(—90°) are defined since the ray
forming each is parallel to the vertical tangent.
b tan(%j will be negative since 37 lies in the second
4

quadrant so the extended ray forming it would intersect the
tangent below the x axis.

Since 585° =360°+225° then the end ray of 585° lies in
the same quadrant as that of 225°, which is quadrant 3.

iz 12 =« T
—— =————=7m———so it lies in quadrant 2.
12 12 12 12

¢ —187 =9 x(-27) so it lies on the boundary between
quadrants 1 and 4.
in _8m =m

b4
— ——=271 —— so it lies in quadrant 4.
4 4 4 4

Aszzs—ﬁ,an
2 10

10

2 4n & .
and — = — < —, the points P
10 2 5 10 2

and Q lie in quadrant 1.

b Loop=2F _3T_T
10 10 10

¢ Using a clockwise rotation from (1,0) to reach point Q

would require a rotation of —37” T 16m Q could be

10 10

described as the trigonometric point [_ 8_”}
5

To reach point P a further rotation from Q of —% would

11

be required, making the rotation from (1,0) to reach point
lor =« 171

Pof -—— _— —__ " P could be described as the
10 10 10
- . . [ 177r]
rigonometric point | — —"" |.
10

Other answers can be formed by adding multiples of —27.

d Rotating anticlockwise a complete revolution of 27
b4 . .
and then a further — would reach point P. Since

3r  23rw . . .
0 = TR P could be described as the trigonometric

point [B_ﬂ} .
10
2r 12w

Similarly, 27 + = = = s0 Q could be described as the

2w+

trigonometric point [12_”] .
5

Other answers can be formed by adding multiples of 27.

]

x =cos8 and y =sin 6 where 9:%

(3) o =3
sox=cos| — y=sin| —
4 and 4

V2 _V2
2 )
P has Cartesian co-ordinates (%,g]

b The point P(0,—-1) lies on the boundary between quadrants
3 and 4.

Therefore, P could be the trigonometric point |:3_”} or the

2
trigonometric point [_E}
2
YA
» [40°]
[165°] P\ cos(40°)
1
sin(165°) 4 [0°]
- 0 . (1,0) " x
sin(-90°) i
i cos(—60°)
[_900] [_600]
Y

a cos(40°) is the x co-ordinate of the trigonometric point
[40°] which lies in the first quadrant.

b sin(165°) is the y co-ordinate of the trigonometric point
[165°] which lies in the second quadrant.

¢ cos(—60°) is the x co-ordinate of the trigonometric point
[-60°] which lies in the fourth quadrant.

d sin(—90°) is the y co-ordinate of the trigonometric point
[-90°] which lies on the boundary between the third and
fourth quadrants.

YA

5]

cos (5x)

s [

Y
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12

13

. (S . . . . .
a sin 3 is the y co-ordinate of the trigonometric point

|:5_”} which lies in the fourth quadrant.
3

3r). . . . .
b cos(?) is the x co-ordinate of the trigonometric point

[3_”} which lies in the second quadrant.

5

¢ cos(57) is the x co-ordinate of the trigonometric point [577]

which lies on the boundary between the second and third
quadrants.

. 2 . . . L
d sm(—Tj is the y co-ordinate of the trigonometric point

[_ 2?7[} which lies in the third quadrant.

[0°]

A

Y

The tangent to the unit circle at the point (1,0) is drawn.

a tan(315°) is the length of the intercept cut off on the
tangent by the extended radius through the trigonometric
point [315°] in the fourth quadrant.

5
b tan(?ﬂ) is the length of the intercept cut off on the

tangent by the extended radius from the trigonometric
point [5_”} in the second quadrant.
6

4
c tan(%j is the length of the intercept cut off on the

tangent by the extended radius from the trigonometric
point [4_”} in the third quadrant.
3

d tan(—300°) is the length of the intercept cut off on the
tangent by the extended radius through the trigonometric
point [-300°] in the first quadrant. This is the same value

)
as tan| — |.
3
a f(z)=sin(r)
Letr=2
= f(2)=sin(2)
= sin(2“)
=091

b g(u) =cos(u)
Letu=2

14

15

s g(2)=cos(2)
=-042

¢ h(@)=tan(0)
- h(2) = tan(2)
=-2.19

a i YA A

P[2]
-0.91

sifi (2)

0.91
[0]
(1,0) "x

A

-0.42
cos (2)

N 219
Y l

ii P has the Cartesian co-ordinates (—0.42,0.91).
b A At

tan (0)

A
=

[ 0
N A(1,0)7"

Y
tangent

Y
The arc length AP:
[=r0, r=1

~1=0
From the diagram, a comparison of the lengths of PN, arc
AP and TA shows
PN <arc AP<TA
s.sinf <0 <tanf
a P[O]is the Cartesian point P(—0.8,0.6).
Since x <0,y > 0 the point lies in quadrant 2.
Check the point lies on a unit circle by showing x> + y> =1.
22 +y? =(-0.8)2 +(0.6)°
=0.64+0.36
=1
sin(@) = y co-ordinate of P
~.sin(0) =0.6
cos(0) = x co-ordinate of P
-.cos(0) =—-0.8

tan(0) = 2
X

0.6
- tan(0) = —>
n®="53

-3
4
b Q[0]is the trigonometric point Q(%,—%J .

Since x>0,y <0, Q lies in quadrant 4.
Check Q lies on a unit circle.
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a

sin(f@)=y= —%

cos(f)=x= £

2
tan(0) = b
X

_V2

__ 2

V2
2

RI[6] is the trigonometric point R(

2
\/ga

Since x >0,y >0, R lies in quadrant 1.

Check R lies on a unit circle.

(3]

4 1
=—+4—
55
=1
. 1
sm(9):ﬁ
2
cos(Q):ﬁ
tan(e)zz
X
1
_N5
2
J5
_1
2

S[0] is the Cartesian point S(0,1). It lies on the boundary

1

=

;

1
5

between the first and second quadrants.

sin(@)=y=1
cos(B)=x=0
tan(@) = ba

X

1
s tan(0) = N which is undefined.

cos(0) is the x co-ordinate of the trigonometric point [0]

which has Cartesian co-ordinates (1,0).

s.cos(0) =

(Y. . . . .
sm(gj is the y co-ordinate of the trigonometric point

1

)

[E} which has Cartesian co-ordinates (0,1).
2

sin(z):l
2

tan(rr) is the ratio of the y co-ordinate to the x co-ordinate
of the trigonometric point [7r] which has Cartesian
co-ordinates (—1,0).

sotan(m) =

|o>< |*<

<

—_
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17

3n) . . . . .
d COS(?) is the x co-ordinate of the trigonometric point

[37”] which has Cartesian co-ordinates (0,—1).

005(3—n) =0
2

e sin(2rm) is the y co-ordinate of the trigonometric point [277]
which has Cartesian co-ordinates (1,0).
s.sin(2r) =0

f cos [177”) +tan(—11x) +sin (1%)

177 . . . . .
cos > is the x co-ordinate of the trigonometric point

[ 17x }

2

. 177 T . . .
Since —~ =87+ > the trigonometric point has the same

position as [E} which has cartesian co-ordinates (0,1).
2

cos(”—”) =0
2

tan(—11x) is the ratio of the Y co-ordinate to the

x co-ordinate of the trigonometric point [—117].

Since —117 = 107 — &, the trigonometric point has the
same position as [—7] which has cartesian co-ordinates
(-L0).

s tan(=117) =

|'<

|o =

|
—_

AN AN . . . .
sm(T) is the y co-ordinate of the trigonometric point

[1 ln}
2 1
. 11z V4 . . .
Since > =4+ - the trigonometric point has the same

position as [3_”] which has cartesian co-ordinates (0,—1).

2

11
sin(—”) =-—1.
2

Hence,

cos[”—ﬂ)+ tan(—11x)+ sin(lﬂ)
2 2
=0+0-1

=-1

2(771') . 2(775)
a cos” | — |+sm7| —
6 6

In the Main menu using TRIG in the mth Keyboard key in
(cos(7m/6))~ 2+ (sin(77/6))~ 2, with the calculator set on
Rad and Standard modes.

The value is 1.

b The value of cos(77/6)+sin(7r/6) is Y3 _ L.
2

¢ (sin(7/6))A 2+ (cos(7/6))* 2 2

()] ()

Switch to Decimal mode to obtain the value 1.
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.2 2
O O 2 2
d sin (60%) +cos” (60%) ¢ i From part a, sin(wr) S — and sm(Z):—

In Standard and Deg modes the value is 1. (In fact, it will 4 2
be the value 1 even if Rad mode is used). T
e sin’(t)+cos’(r) =1 " sin =—sin 4 )
sin(#) = y co-ordinate of trigonometric point [#] and T pu
cos(f) = x co-ordinate of point [¢]. Also from part a, COS(T) =—and COS( ) =
Point [7] lies on the unit circle x> + y2 =1 ;
(cos(t))2 + (sin(t))2 =1 cos(%) = cos( 2 )
. cos> H+ sin’ (=1 Tr .
. sin2(1) + cos?(£) =1 For the tangent values: tan(T) =-land tan(z)
7 7
18 a P|:—ﬂ:| has Cartesian co-ordinates of x = cos(—”j and tan(7—n) =— tan(z)
4 4 4 4
N 2(=/5+5
y= SIH(T)' ii From part b, sin(4—”j = g and
NG 5 4
Evaluating on Standard and Rad modes, x = —— and 2(—\/§+5)
i 2 sm(ﬁj:________
y= - 4
. (4w (7
sosin| — |=sin| — |.
P is the Cartesian point [% —%] ( 5 ) ( 5 )
T Also from part a cos(4ﬂ) = 5+l and
T ) — ==
0 [Z} has Cartesian co-ordinates of x = COS(Z) and 5 4
T cos (E) = V541
y=sin (Z) 5 4
4
cos| — |=—cos| —
. _2 (5 ) (5)
Evaluating on Standard and Rad modes, x = 5 and 4
y= £ ) For the tangent values: tan(?n) =—J-2/5+5 and
2
Vg
Q is the Cartesian point £ £ tan(g) =V2V5+5
202 4 T
Point Q lies in the first quadrant and point P lies in the tan(?j == tan(g).

fourth quadrant. The two points are symmetric about the

x axis with P the reflection of Q in the x axis and vice versa. K _
Exercise 9.5 — Symmetry properties

b R il has Cartesian co-ordinates
5 1 a cos(0) is negative and tan(6) is positive in the third

4 (4n quadr-ant.
X =C0s ? and y=sin ? b f(t)=tan(?)
s f(4r)=tan(4r)
_-(¥5+1) 2(~5+5) o
4 -4 2 f(@t)=sin(rt)
= f(2.5)=sin(2.57)
~(v5+1) 2(-V5+5) o
R is the Cartesian point s . =sin (—)
4 4
=1
. . 4
S [%} has Cartesian co-ordinates 3 a Third quadrant, base % since ?n =7 +%
4r
T T :
x=cos| — | and y=sin| — sm(—)
(5) Y (5) 3
:\/§+1 2(_\/§+5) =—sin(§)
4 =
! __¥3
. B 25 ) 2
S is the Cartesian point s . 51
4 4 b tan| —
R and S have the same y values but their x values are _ tan( T— 2 )
opposite in sign. R lies in the first quadrant and S lies in
the second quadrant. The two points are symmetric about _ tan( T )
the y axis with S the reflection of R in the y axis and B 6
vice versa. 3
)
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¢ cos(—30°), fourth quadrant, base 30°
cos(—30°)
=co0s(30°)

V3

2

5w . . T .
e lies in second quadrant with base 2 since

S5t

T L s
Y =-m— e Only sine is positive in the second quadrant.

. Sm Sm S5
sin| —— and cos| —— and tan| ——
4 4 4
(T T b4
=sm(—) =—cos(—) :—tan(—j
4 4 4

V2 V2 =-1

2 2
a [75°]. Symmetric points are found from
180°+75°,360° = 75°,
Therefore, second quadrant [105°], third quadrant [255°],
fourth quadrant [285°].
Cosine is positive in the fourth quadrant so
c0s(285°) = cos(75°). (The first and fourth quadrant points

have the same x co-ordinate). The trigonometric point is
[285°],

s
=tan(n_7j
—

c sin(6) = 0.8
sin(zr — 0) = sin(0)
=0.8
sin(27r — 0) = —sin(0)
=-0.8

) S5r Vid
d i cos|— |=cos|m+—
4 4
(ﬂ)
=—cos| —
4

6 cos(f)=p

a fourth quadrant symmetry property
cos(—6) = cos(6)
=p
b third quadrant symmetry property
cos(5m +6) =cos(m +6)
=—cos(0)
=-p
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[97],[7x]

YA

390 1)

~ 10

>

1,0 x

f [47], [—2of]

_9_7?] 0,-D
2

Y

cos(4r) is the x co-ordinate of the Cartesian point (1,0).
socos(4m)=1

tan(97) = 2 for the point (~1,0)
X
s tan(9m) = % =0

sin(7m) is the y co-ordinate of the Cartesian point (—1,0).
ssin(7m) =0

sin(BTﬂ] is the y co-ordinate of the Cartesian point (0,1).

. (1371')
sosin) — | =1
2

om . . . .
COS(_T) is the x co-ordinate of the Cartesian point

0,-1),

%)
sScos| —— | =
2

tan(-207) = 2 ~ for the point (1,0).

o tan(=207) = % =0

=]

8 Consider the ‘CAST’ diagram.

Y

6 oe

an
.

Y

cos(0) > 0,sin(0) < 0 in quadrant 4.

tan(6) > 0,cos(0) > 0 in quadrant 1.

sin(0) > 0,cos(6) < 0 in quadrant 2.

cos(0) = 0 at the points on the unit circle which have x = 0.
This occurs at the boundary between quadrants 1 and 2, and
at the boundary between quadrants 3 and 4.

cos(8) = 0,sin(6) >0 when x =0,y > 0. This occurs at the
boundary between quadrants 1 and 2.

sin(@) = 0,cos(0) <0 when y =0, x <0. This occurs at the
boundary between quadrants 2 and 3.

For 6 in the first quadrant, symmetric points can be
calculated as 7 £ 6 and 27 — 6.

. . T
Points symmetric to g are:

2 4
second quadrant 7 — T —ﬂ; third quadrant 7 + r_ir
3 3 3 3
and fourth quadrant 27 — % = 5?7r

Maths Quest 11 Mathematical Methods VCE Units 1 and 2 Solutions Manual



284 | TOPIC 9 Trigonometric functions 1 « EXERCISE 9.5

10

11

a

a

. . T
Points symmetric to o are:

5 . 7
second quadrant v — r_ —”; third quadrant 7 + r_z
6 6 6 6
11
and fourth quadrant 27 — % = Tﬂ
Points symmetric to 7 are:
4
3 . 5
second quadrant 7 — T —ﬂ; third quadrant 7 + T2
4 4 4 4
and fourth quadrant 27 — T 7—”
4 4
. . n
Points symmetric to — are:
5
4 6
second quadrant 7z — r_ ?”; third quadrant +% = ?n
9
and fourth quadrant 27 — % = ?ﬂ
. . 3
Points symmetric to Y are:
3 Sm . 3z 1ln
second quadrant 7z — o = ?; third quadrant 7 + Y = ry

and fourth quadrant 27 — 3?” = 137

8
Points symmetric to 1 are:
second quadrant 7 —1; third quadrant 7 +1 and fourth
quadrant 277 — 1.
co0s(120°) cosine is negative in the second quadrant and
120° =180° - 60°.
=—co0s(60°)

1

2
tan (225°) tangent is positive in the third quadrant and
225° =180°+45°.
= tan(45°)
=1
sin(330°) sine is negative in the fourth quadrant and
330° =360°-30°.
=—sin(30°)
1

2
tan(—60°) tangent is negative in the fourth quadrant

= —tan(60°)
-3
cos(—315°) cosine is positive in the first quadrant
=c0s(45°)
V2

2
sin(510°)
=sin(360° +150°)
=sin(150°)
=5in(30°)

12

a

2 . .o
tan 3 tangent is negative in the second quadrant and

2 T
—=T-—.
3 3

3)
=—tan| —
3
.
cos(%t) cosine is negative in the second quadrant and
RU )
6 6
(%)
=—cos| —
6
V3

2
4 . . .
cos 3 cosine is negative in the third quadrant and
4r T
— =T+ —
3 3

(7:

=—cos| —

3
_1

N———

2

7 . s .
tan(?ﬂ) tangent is positive in the third quadrant and

(U .
sm(?j sine is negative in the fourth quadrant and

Ur_, 7
6 6
(%)
=—sin| —
6
_ 1
2
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b 2sin(7—”)+4sin(5—”)
4 6
=2X—sin(£)+4xsin(£j
4 6

=Bx1+3
=23

. (8%) . (107:)
d sin| — [+sin| —
9 9
n(n—5Jrsn(7+5)
=sin| £ —— |+sin| T +—
9 9
n(3)-n(5)
=sin| — |-sin| —
9 9

=0
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14

15

16

tan(47r + %j cos(—6m — 1)

sin(—Zﬂ + E)
6

tan (%jcos(—ﬂ)

)

Given cos(8) =0.91, sin(¢) =0.43 and tan(x) = 0.47.
a cos(w+0)=—cos(0)

=-0.91
b sin(r —¢t) = sin(t)
=043
¢ tan(2mw — x) = —tan(x)
=-047
d cos(—6) = cos(0)
=0.91
e sin(—t)=—sin(t)
=-043
f tan(2mw + x) = tan(x)
=047

Given sin(0) = p

a sin(2zx —0) = —sin(0)
==p

b sin(37 —0) =sin(0)
=p

¢ sin(—7m +0)=—sin(0)
==p

d sin(@+4m)=sin(0)
=p

a Statement: sin’ (%) +cos? (577[) =1

sin| — |=—sin| — | and cos| — |=—cos| —
4 4 4 4

¥ 7

2 2
Substitute these values into the left side of the statement.
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=RHS

b Plot the trigonometric points [S—H} and [—5—”} on a unit
circle diagram. 6 6

el
~6 \(L,0)
J(,‘ *

FeC

The two points are symmetric relative to the x axis since

5—” =r- z and —5—7[ =—-m+ E, Their x values are the
6 6 6 6

(57:) ( 571:)
same so cos| — |=cos| —— |.
6 6

¢ The point [¢] is the Cartesian point (-0.5,0.87).

(-0.5, 0.87)
\ 0.87
01/ \

Comparing y co-ordinates of [¢] and [7‘[ + <p],
sin(z + ¢) = —sin(¢)
=-0.87
Comparing x co-ordinates of [¢] and [7 +¢],
cos( + ¢) = —cos(¢)
=—(-0.5)
=0.5
sin(z + ¢)
cos( +¢)
_—0.87
-~ 05
=-1.74
d sin(—m+1¢)+sin(-37w — 1) +sin(t + 67)
= —sin(¢) + sin(t) + sin(¢)
=sin(t)
e If sin(A°) = sin(144°) then the points [ A°] and [144°] have
the same y co-ordinates.
The point [144°] is in the second quadrant.

tan(zw +¢) =

(144°)

As 144° =180° —36°, the point [36°] has the same y value
as the point [144°]. Hence one value for A° is A®=36°.
Another value could be —360° +36° = -324°,

Other values are possible, including other values for [144°]
such as [-216°] so A°=-216°.

2
f Ifsin(B)= —sin(—ﬂj, then the ¥ value of the point [B] has
oo\ . [27 o 2r | .
the opposite sign to that of the point ol Since 1 lies

in the first quadrant, its y value is positive, so the Y value
of the point [ B] is negative.
Yy,

The point [B] is in either the third or the fourth quadrant.

Possible values are:
2

2
B=r+-2 and B=21-Z.
11 11
_ 13_7t _ 207
11 11
. 2
For a third value, B = —W. However, there are many

. 2
answers possible for B = —%.

3 3
17 a Since 7 =3.142 and 7” ~4712, m<42< 7” The point

P[4.2]lies in quadrant 3.
b The Cartesian co-ordinates of P are:
x=cos(42) and y=sin(4.2)
=-0.49 =-0.87
The Cartesian co-ordinates are (—0.49,-0.87).
¢ Let[0] be the point in the first quadrant that is symmetric
to P.

As P is in the third quadrant,
42=m+80

n0=42-r1
~.0=1.0584
The symmetric point in the second quadrant is given by
T—0=n-(42-m)
=2r—-42
=2.0832
The symmetric point in the fourth quadrant is given by
2r-0=2r—-(4.2—-m)
=31—-4.2
=5.2248
18 Q6] where tan(8) = 5.
a Since tan(0) > 0, the point Q could lie in wither the first or
the third quadrants.
b For quadrant 1,
6 =tan"'(5)
=1.3734
For quadrant 3,
0 =7 +tan ' (5)
=4.5150
¢ For quadrant 1, with 6 = tan!(5),
x =cos(0)

SX= cos(tan7I (5))
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Evaluate this in Standard and Rad modes to obtain

26
xX=—-
26
y =sin(0)
Sy= sin(tan_l (5))
_5J26
26
The first quadrant point has Cartesian co-ordinates
J26 526
26 26 )
For the point in the third quadrant, x <0 and y <0, so the
‘ X ‘ " V26 5V26
point must have Cartesian co-ordinates 6 26
26
For this third quadrant point Q[8], cos(8) = _2£6 and
sin(0) = — —5\/%,
26

Exercise 9.6 — The graphs of the sine and cosine
functions

1 To sketch y = cos(x) over the domain [-27,47], sketch the
basic graph on the domain [0,27] and continue the pattern.

y
(—2;;& o.1 y = cos(x) ﬂ /(45, 1)
?z'HW of A 7 fz 2z W 4n*
2 2 2 2 2 2
(7, 1) -1 (z, -1) @B, -1)

The graph shows three cycles of the cosine function.
2 Over the domain [0,27] one cycle of each of the graphs of
y=cos(x) and y = sin(x) is required.

U\
2]

1 y = sin (x) y = cos (x)
<7 T f >
_x O] xm A\ iz fr spt
2 2 2
71_
2

Y

The graphs intersect at the points A and B. The
region below the sine graph and above the cosine

graph between these points is the required region
{(x,y):sin(x) = cos(x), x €[0,27]}.

3 a The graph of y =sin(x) has x intercepts at the origin and
at (rr,0) = (-3.14,0) as well others. The line y = x —2 has
intercepts with the axes at (0,—2) and (2,0).

YA
=)

24
14
—14 2

2

—
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There is only one point of intersection of the two graphs.
Therefore, the equation sin(x) = x — 2 has only one
solution.
From the graph, the point of intersection lies in the interval
between x =2 and x =3 (answers could vary).
Let f(x)=sin(x)—x+2
From the graph the sine graph is higher than the line at
x=2,s0 f(2)>0.
However, the sine graph lies below the line at x =3, so
f(3)<0.
Midpoint of [2,3]is x =2.5.
f(2.5)=sin(2.5)-2.5+2

=5in(2.5)-0.5

=0.098..

>0
The root lies in the interval [2.5,3].

Midpoint of [2.5,3]is x =2.75
f(2.75)=5in(2.75) - 2.75+2

=-0.368..

<0
The root lies in the interval [2.5,2.75],
The midpoint of [2.5,2.75] gives an estimate of the root.
An estimate is x = 2.625.
The number of solutions to the equation cos(x) — 2 =0is
determined by the number of intersections of the graphs of
y=cos(x) and y = x2. At the intersection of these graphs,
cos(x) = x* and therefore cos(x) — x2 =0.
The graph of y = x? contains the points (0,0),(£1,1).
The graph of y = cos(x) contains the point (0,1) and among

its x intercepts are (i%,Oj =(£1.57,0).

y=x
(1, 1)
< T —>%
n
1 5 2
y=cos (x)
2]
Y

As the graphs intersect twice, there are two roots to the
equation cos(x) — x2=0.
If the graph of y = x?is vertically translated upwards by
one unit, then it will meet the cosine graph at the point
(0,1). Therefore if k =1, the equation cos(x) = x +k will
have exactly one solution.
sin(1.8°)
Converting the angle to radian measure,
(a
1.8°=1.8x
180

C

~18=r
100

”(‘,
sin(1.8°) = sin .
(1.8 (IOOJ

For small x, sin(x) = x and as z is small then

.| = T
Sin = —
[100] 100°

~.sin(1.8°) = 0.01r.
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From a calculator, sin(1.8°) = 0.03141 and 0.017 = 0.03142,

so the two values are the same correct to four decimal
places.
cos(x)—10.5x* =0
Let f(x)=cos(x)—10.5x*
F(0) = cos(0)—10.5(0)2
=1
>0
£(0.4) = cos(0.4) —10.5(0.4)*
=-0.7589..
<0
Therefore, the equation cos(x) — 10.5x2 = 0 has a root for
which 0 <x<04.
As the root is small, let cos(x)=1— 0.5x2.

~1-0.5x2-10.5x2 =0

nl=11x"
2 1
SXT=—
11
1
x=t—
V11
1
The positive root is x = — = 0.3015, correct to four
P J11

decimal places.
As 0.5 is small, the quadratic approximation
cos(x)=1-— 0.5x2 can be used to calculate the value of
cos(0.5)
c0s(0.5) =1-0.5(0.5)

=1-0.125

=0.875
As 5 is not a small number close to zero, the quadratic
approximation for cos(5) is not applicable.
The graph of y =sin(x), 0 <x <67 covers three cycles.
Sketch one cycle over [0,27] and extend the pattern.

y=sin (x)

) /\/\‘

2

[SER

y=cos(x), 4n <x <21
Sketch one cycle of the cosine graph over [0,27] and
extend the pattern to the left of the origin for two cycles.

2 y=co0s (x)
Qr, 1)

cos(x) » <37r
= x),—-—<x<—
Y 2 2

Draw part of the cycle of the basic cosine graph but stop

itat x = 37” Extend the graph back to its equilibrium

" T
position at x = —E.

T >
Wﬂ' 9z lAn' 3

a

y=cos (x)

X0 N F A %
2] 2 2

2
Y

Y

. 3n 4
y =sin(x), —TS)CS—

One cycle is required starting at maximum point at

3z I . . v
x= Y and finishing at maximum point at x = Py

3 2y y=sin (x)
<< 1@
pRE ior w0
2 2 2

f:[-4m,0] > R, f(x) =sin(x)

In every cycle of the sine graph, there is one maximum

turning point. The domain [-47,0] covers two cycles.

Therefore, the function has 2 maximum turning points.

f:10,147] — R, f(x) = cos(x)

In every cycle of the cosine graph, there is one minimum

turning point. The domain [0,147] covers seven cycles.

Therefore, the function has 7 minimum turning points.

y=cos(x), —4r<x <57

Continue the cosine pattern to cover the domain [—47,57].
2) y =cos (x)

AAWANWANWAN
,5,[4;[@2”\7 \/zﬂ\jzm ¥

(5z,-1)

(4, 1)

-2

A cycle covers an interval of 27, so there are 4% cycles
over the given domain.

7
y = cos(x), OSXSTE
Over one period of 27, the cosine graph has two

. . r
x intercepts. The domain interval [0—} covers l% cycles,

ending at equilibrium which is the x axis. So the graph has
2+ 2 =4 x intercepts.

Over one period of 27, the sine graph has three x intercepts
but as the graph shape starts and stops at the equilibrium
position, the x intercept at the end of one cycle is also the
x intercept for the start of the next cycle.

Over the domain [-27,4 7] there will be three cycles with
3+2+2 =7 x intercepts.

y=sin(x), 0<x <207

Over the domain [0,207] there will be ten cycles with
34+9x2=21x intercepts.

y=cos(x), T <x<4rmw

Over the domain [7,47] there will be 1% cycles with
2+1=3 x intercepts.
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10 a f:[0,a] > R, f(x) =cos(x)

11

a

As the domain starts at x =0, and every interval of length
2r has two intersections with the x axis, for 10 such
intersections the graph must cover between 4% and 5
cycles. The smallest value for a is a = 4%72: = lng
f:[b,57t]—> R, f(x)=sin(x)

The sine graph has two turning points per cycle, one a
maximum and one a minimum. The distance between a
maximum and a minimum is 7z, half the period. Over the
interval [0,57] there would be 2+2+1=35 turning points.
As there needs to be 7 turning points and the graph must
start from equilibrium since f(b) =0, then one full cycle in
the negative direction is required. Therefore b = -2 and
the function has domain [-27,57],

f:l—c,c]—> R, f(x) =sin(x)

The graph covers 2.5 periods between [—c,c] so between
[0,¢] the graph covers 1.25 periods of 2. This means
c=1.25X2r

=2.51
_5m
)
y=cos(x), 0<x<2x
Y
2 y=cos (x)

| /

cos(x) <0 when the graph lies below the x axis. Hence,

cos(x) <0 for z <x< 3—ﬂ
2 2

If x is in either the second or third quadrants, then

3
§<x<7ﬂandy=cos(x)<0.

In the first quadrant, 0 < x < % and the graph lies above
the x axis showing cos(x) > 0; and in the fourth quadrant
37” <x <27m and cos(x) > 0.

Cosine is negative in the second and third quadrants and
positive in the first and fourth quadrants. The graph is

illustrating what the ‘CAST’ diagram said about the sign
of cosine.

12 a i cos(x)—x*=0

s.ocos(x) = %
Sketch y =cos(x) and y = x> to determine the number
of intersections.
y = x* has stationary point of inflection at the origin and
passes through points (—=1,—1) and (1,1).

y = cos(x) passes through (0,1) and (i%,O) =(£1.57,0).
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As there is one point of intersection of the graphs, there
is one solution to the equation cos(x) — x* =0,
ii 4cos(x)—x=0
sdcos(x)=x

1
socos(x)=—x
(x) 2
1 .
Sketch y = cos(x) and y = — x to determine the number
of intersections. 4

The cosine graph has minimum turning points at
(—=m,—-1) and (7,-1)

1
y= Zx contains the points (0,0) and (£4,%1).

Y
There are three points of intersection so there are three
solutions to the equation.

iii sin(x)—x*+2x-1=0

sosin(x) = 22 =2x+1

~osin(x) = (x = 1)?
Sketch y =sin(x) and y = (x — 1)? to determine the
number of intersections.

y=(x-— 1)2 has a minimum turning point at (1,0) and
contains the points (0,1) and (2,1).

y =sin(x) has x intercepts at the origin and
(7,0)=(3.14,0). There is a maximum turning point at

/9
(5,1)_ 1.57,1).

The graphs intersect twice so there are two solutions to
the equation.
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13

b The equation cos(x)— x* =0 has one solution which lies

a

between x =0 and x =1.

Let f(x)=cos(x)— X

Looking at the graph in part a i, the cosine graph lies

above the cubic graph at x =0 and below it at x =1.

= f(0)>0and .. f(1)<0.

Midpoint of [0,1] is x = 0.5 and this is the first estimate.

£(0.5)=co0s(0.5) - (0.5)°

=0.75..
>0

The solution lies in the interval [0.5,1].

The second estimate is x =0.75

£(0.75) = cos(0.75) — (0.75)°

=03..
>0

The solution lies in the interval [0.75,1].

The third estimate is x = 0.875.

sin(x) +ax’?-1=0

sosin(x)=1-— ax?

i The graphs of y =sin(x) and the family of parabolas
y=1- ax?,a#0 will always intersect if the parabolas
are concave down. However, as the turning point of
each of the parabolas is (0,1), if the parabolas are
concave up they will not intersect the sine curve.

No solutions if —a<0=a>0.

ii If a=0, the graphs of y = sin(x) and the horizontal line
y =1 must meet at every maximum turning point of the
sine graph. Hence, there would be infinite solutions.

Graphing y = sin(x) and y = x” shows they have 3 points of

intersection, one of them being at the origin.

YA
y=x

14 £y y=sin (x)

- F\(n, 0)

w T T T T T T

V_:l 1 2 3
1_

/
Y

Y

x =0 1is an exact solution of the equation sin(x) = %,
Let f(x) =sin(x)— X
Near the point of intersection for which x €[0,1], the
sine graph lies above the cubic graph before the point of
intersection is reached and below the cubic graph after the
point of intersection has been passed.
The sign of the function f changes sign from positive to
negative.
The midpoint of [0,1]is x =0.5
£(0.5) =5in(0.5) - (0.5)°

=0.35..

>0
So the solution lies in the interval [0.5,1].

Continuing the procedure:

Value of f(x) at
Midpoint midpoint New interval
[0.5,1]
x=0.75 f(0.75)=0.25..>0 [0.75,1]
x=0.875 f(0.875)=0.09..>0 [0.875,1]
x=0.9375 | £(0.9375)=-0.017..<0| [0.875,0.9375]
x=0.90625| £(0.90625)=0.04..>0 |[0.90625,0.9375]

To one decimal point accuracy, the solution is x = 0.9.

¢ The graphs have a symmetry about the origin, so the other

solution must be x =—0.9.

14 sin(x) = x for small values of x.

c

==
180
ﬂC
sin(1°) = sin
() [180]
(7
=sin| —
(180]
=T
180
. (n’) T
sin| — |=—
9 9
2o=xr

180

T
-.sin(—2°) =sin| ——
(=2°) m

L
90
Using the approximation, sin (%) = %

sin(%j =0.5236 correct to four decimal places.

The exact value of sin(%] is % =0.5.

The discrepancy is due to the approximation sin(x) = x
becoming less accurate as the size of x increases.

T
] P

The tangent PT is perpendicular to the radius OP.
Let 6 =2x
In the right angled triangle OPT, OP =24 cm, OT =1 and
ZOPT = x°.

R |
sin(x®) = —

) 24

Converting the angle measure to radians,

. (n’x) 1
sin| — |=—
180 24

. . L . [ wx X
Using the linear approximation, sm(—) =—
180/ 180
JEx_ 1
180 24
1 180
= X—
24 &
15
X =—
2r
Hence 0 =2x 15
2r
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1
As a decimal, —5 =4.71, so the angle between the lines of
T

sight is approximately 4.77°.

C
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The linear approximation only applies for small values

of x around zero. The other positive solutions will all be
greater than 1. 1
Consider one cycle of y = sin(x) together with y = — for
x>0. 4x

The sine graph remains above the x axis for 0 <x < and
the hyperbola remains above the x axis for x > 0.

If x is very close to zero, the hyperbola has a large y value
and the sine graph has y value close to zero. The hyperbola
is above the sine graph.

1
=1-— T 1
! 32 If x= E the hyperbola has a y value, y = 2— =0.16, while
V4

b cos(x)+5x-2=0

Substitute 1— %xz for cos(x)

.-.1—lx2+5x—2=0
2

22—x>+10x-4=0

the sine graph has y =1. The hyperbola is now below
the sine graph so it has crossed the sine graph between

T
O<x< Ex As the hyperbola is approaching the x axis it

. . . T
must intersect the sine graph again between 2 <X<T.

For < x <2, the sine graph is below the x axis so the
hyperbola will not intersect it.
A similar analysis can be made for x <0 with the

Ax?—10x+2=0 hyperbola intersecting the sine graph when it lies below the
Completing the square, X axis.
x2-10x=-2 Hence the hyperbola will intersect the sine graph twice
ox? —10x+25=-2425 over a period.
5 Over the domain [-47,47] the sine function covers 4
(X =3)7=23 periods, so the hyperbola will intersect the sine curve
Lx=5=%23 4x2 =8 times.
Lx=5+423 17 a i sin(x)=1-x when x = —1.4096 or x = 0.6367 using
Since 16 <+/23 <25 ,4< J23<5 equation solver.
~9<5+/23<10and 0<5-/23 <1 ii Using the linear approximation, x = 1-x” This
As x =5++/23 is not a value close to zero, reject equation has solutions x = 0.618 or x =—-1.618.
x=5+/23 For the solution closer to zero, the linear approximation
x=5— \/ﬁ gives x =0.618 compared to x = 0.6367 from CAS.
16 a Let f(x)=4xsin(x)—1 They agree at one decimal place accuracy.
f0)=-1 b Comparing the values of sin(x) and x for 0 <x <0.7, some
<0 of the values are shown in the table.
F06)= 3(30;5) 5in(0.6) -1 x 0 01 | 05 0.6 0.7
S0 sin(x) | 0 |0.9983(0.47943 | 0.56464 | 0.64422
Therefore there is a solution to the equation for which . .
0<x<0.6. At x =0, sin(x) = x. The values of each are close until
Let sin(x) = x x =0.7 where they no longer agree to one decimal place.
S 4x(x)—-1=0 The approximation seems good for 0 <x <0.5 and
Ay =1 reasonable for x = 0.6.
| As sin(—x) = —sin(x), a similar degree of closeness is
nxt== obtained for negative values.
4 | The approximation is ‘reasonable’ for —0.6 < x <0.6.
Lx=t 18 y=cos?(x) for x €[0,47]

An estimate of the solution for which 0 < x <0.6is x =0.5.

Y

b Rearranging the equation,
4xsin(x)—1=0 y = cos?(x)
So4xsin(x) =1
sosin(x) =—
4x -

1

The intersection of the graph of y = ix together with the
X

graph of y =sin(x) determine the number of solutions.

The function for which y = 4L is a hyperbola with the
X

X axis as its horizontal asymptote. For positive values of
x, as x = =,y — 0, so the hyperbola will intersect with the

\

Where cos(x) <0, its value squared will be positive. The
period of the cosine graph is 27 so the period of the graph of
y= cosz(x) is 7.

sine graph in an infinite number of points.
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Topic 10 — Trigonometric functions 2

Exercise 10.2 — Trigonometric equations
1 a sin(x):%, 0<x<2rm

Quadrants 1 and 2, base %

/9 T
SX=—,T——
6 6
_T 5
6’6

b V3 -2cos(x)=0, 0<x<2m
3
Rearranging the equation gives cos(x) = >

Quadrants 1 and 4, base %

16—2,271'—z
6 6

_z lx
6’ 6

¢ 4+4tan(x)=0, —2x<x <27
Rearranging the equation gives tan(x) =—1

T o .
Quadrants 2 and 4, base 7 one positive and one negative

rotation

2 cos(6°)= —%, —180° < 6° <540°

a Solutions lie in quadrants 2 and 3.
The negative rotation 0° to —180° picks up one solution in
quadrant 3 while the positive rotation 0° to 180° picks up
one solution in quadrant 2.
Therefore there are 2 solutions

b Base is 60°.
. 0°=-180°+60° or 180°—60°
».0°=-120° or 120°

3 a l-sin(x)=0, —4rn<x<4n

sosin(x) =1
Boundary of first and second quadrants where sin(%) =1

For two positive and two negative rotations,

.'.x=£,2n’+£or—3—n,—2ﬂ:—3—”
2 2 2 2

.x_£5_”_3_”_7_”

YT 2727 27 2

b tan(x)=0.75, 0<x<4r
Quadrants 1 and 3. Base is tan~'(0.75) = 0.644 using radian
mode on calculator
Two complete positive rotations give
x=0.644,7+0.644 or 21 + 0.644,31 + 0.644
=0.64,3.79,6.93,10.07

¢ 4cos(x°)+1=0, —180°<x°<180°

1
socos(x®)=— 7

1
Quadrants 2 and 3, base cos™' (Zj =75.52° using

degree mode

-~ x°=-180°+75.52° or 180°—75.52°
sox°=21104.5°
Hence, x°=%104.5
4 f:[0,2] > R, f(x)=cos(mx)
a f(0)=cos(0)
=1

b f(x)=0
s.cos(mx)=0
Boundary value between first and second quadrants and
between third and fourth quadrants

T 3r

s(Tx)=— or —

(7x) 5 5
Dividing by 7 gives x—l E
g by 7t gives x = 2

. (13
Solution set is {—,—}.
22

5 a /3sin(x)=3cos(x)
. NE) sin(x) 3
" cos(x) B

~/3tan(x)=3
s tan(x) = %
s tan(x) = NE)

Quadrants 1 and 3, base %

P P
LX==m+=
3 3

T 4w
x=—=,—
3°3
b sin’(x)—5sin(x)+4=0
Let a = sin(x)
na’=5a+4=0
Solving this quadratic equation gives
(a—4)(a-1)=0
sna=4ora=1
Hence sin(x) =4 or sin(x)=1
Reject sin(x) =4 since —1 <sin(x) <1
Therefore sin(x) =1

Boundary between first and second quadrants

T
SX=—=

2
6 cosz(x)zi, 0<x<2rm

Taking square roots of both sides gives

/3
=+ |—
cos(x)==% 2

V3

socos(x)=x—
(x) 5

There is a solution in each quadrant since cos can be positive

. . T
or negative. Base is 3

T T T T
S X=—,T——,T+—,2n——

6 6 6 6
Ly F 5w Iz 1w
7766767 6
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7 a sin(2x)= <x<2m

1
—.0
2
Since 0<x<27x, 0<2x<4rx 7
Sine is positive in quadrants 1 and 2, base is 7

2x=—,1 E,27T+—,37T——
4 4
n 3r 9z 11n

S 2x==,—,—,—
4 4 4 4
n 3n 97 llx

B e v
8 8

Let9=2x+£
6

SinCGOSxS%then%S9S3ﬂ+£

-.cos(0)=0, 559319—”
6 6

Boundary value at points (0,—1) and (0,1) since

(3)-0-e=(3)
cos| — |=0=cos| — |.
2 2

As % <0< 19?”, solutions for 6 are:

g7 3 57
22 2
T 1w 3m 5w
2x+—=—,—,—
6 2 2 2
2 8w 14w
2X=—,—,—
6 6 6
T 4 Iw
SX=E—,
6 6 6
T 2n I
CX=—,——,—
6 3 6
8 sin(ﬁj:ﬁcos(i),OSxSZH
2 2
()
sin E
=3
X
COS| —
)
X
tan| = |=/3
3)

AsOSxSZnthenOS%Sﬂ:

. S LT
tan is positive in quadrants 1 and 3. Base is —.

Since 0 < % < & only the first quadrant value is reached

LT
2 03
2
xX=—
3
9 0<x<2rx
1
a cos(x)=—4=

V2

L S . b4
cosine is positive in quadrants 1 and 4; since cos(z) =

. 4
base for the solutions is T

T
X —,271'—2
4 4
_riz
4’ 4

1
b sin(x)=——=
RENG 1
. . . T
sine is negative in quadrants 3 and 4; since sin(—) =—,
s d 4) 2

. . T
base for the solutions is Z

.‘.x=7r+£,27r—£
4 4
Sz Ir
X=—,—
4 4
¢ tan(x)=——7
="

tangent is negative in quadrants 2 and 4; since

tan(%) = L, base for the solutions is %

NE)
.'.x=77:—£,27l’—£
6 6

_sz lix

66

d 23 cos(x)+3=0
2\/5 cos(x)=-3

socos(x) = —%
) 3
s.cos(x) = —7

Quadrants 2 and 3, base %

T
X=m——,T+—
6

_sn 7n

66
e 4—-8sin(x)=0
.4 =8sin(x)

. 4

sosin(x) =—

(x) 3

1

sosin(x) =—

Quadrants 1 and 2, base %

T /4
SX=E—,T——
6 6
_T 5w
6’6

f 242 tan(x)=+/24
S22 tan(x) = 2./6

J6
stan(x)=—
(x) 7
s tan(x) =3
Quadrants 1 and 3, base %
T T
SX=—, T+
3 3
T 4r
X=—,—
33

10 0°<a°<360°

a /3 +2sin(a®)=0
- 2sin(@®) =3
. 3
sosin(a®)=——
in(a®) 2
Quadrants 3 and 4, base 60°
~.a®=180°+60°,360° — 60°
- a®=240°,300°
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b tan(a®)=1 1
b =—, —271<0<
Quadrants 1 and 3, base 45° tan(6) J2° 2m<6<3n
».a®=45°180°+45° . a1 .
sl 3, base is t — |=0.615. Sol s
- a® = 45°,225° Quadrants 1 and 3, base is tan (\/f) Solutions
¢ 6+8cos(a®)=2 are generated by one and a half anticlockwise rotations and
. 8cos(a®)=—4 one clockwise rotation.
4 ~0=0.615,7+0.615,27 +0.615 or
cos(a°)=—§ 0=-r+0.615,-27+0.615
1 ~.0=0.62,3.76,6.90 or 6 =—-2.53,-5.67
socos(a®)=——
@) 2 ¢ 5sin(0°)+4=0, —270°<6°<270°

Quadrants 2 and 3, base 60°
~.a®=180°-60°,180°+60°
~oa®=120°,240°

d 4(2+sin(a®))=11-2sin(a®)
~.8+4sin(a®) =11-2sin(a®)
- 6sin(a®) =3
.o 3
sosin(a®) ==
(@) 5
1
sosin(a®) =—
Quadrants 1 and 2, base 30°
~.a°=30°180°-30°
~.a®=30°150°
11 t€[-7m,47] Solutions are generated by two complete

anticlockwise rotations and half a clockwise rotation.
y

a tan(s) = 0 at the boundary points (1,0),(-1,0) since ==0
X
for these points.

s t=0,7,2r,3x, 4w ort =—710

b cos(t) =0 at the boundary points (0,1),(0,—1) since x =0 for
these points.

13 a

or
22 2 2 2
¢ sin(f) =—1 at the boundary point (0,—1) since y =—1 at this

point.
3n Irn T
=——,—ort=——
2 2
d cos(r) =1 at the boundary point (1,0) since x =1 at this
point. b
S t=0,21,47
e sin(7) =1 at the boundary point (0,1) since y =1 at this
point.
n 5¢
===
22

f tan(r) =1. This is not a boundary value.
Quadrants 1 and 3, base %

/9 T T /9 T
St=—,m+—2n+—3t+—ort=—-m+—
4 4 4 4

4474 4 4
12 a 2+3cos(0)=0, 0<6<2rx
2
socos(0)=——
(6) 3 .
Quadrants 2 and 3, base is cos™! (gj =0.841.
£ 0=m—0.841,7+0.841 d

..0=2.30,3.98

4
~.8in(0°) =——
(6°) 5 \
Quadrants 3 and 4, base in degrees is sin™' (5) =53.130°,

Solutions are generated by rotating 0° — 270°
anticlockwise and 0° — —270° clockwise.
~.0°=180°+53.13° or 8°=-53.13°,—-180°+53.13°
~.0°=233.13° or 6° =-53.13°,-126.87°
~.60=-126.87,-53.13,233.13

cos’(6°)=0.04, 0°<6°<360°

. cos(0°) = +/0.04

s.cos(6°)==10.2

Quadrants 1 and 4 and quadrants 2 and 3. Base, in degrees,
is cos™! (0.2) = 78.463°.

-~ 0°=78.463°,180° —78.463°,180° + 78.463°,360° — 78.463°
~.0°=78.46°101.54°,258.46°,281.54°
~.60=78.46,101.54,258.46,281.54

4sin(a)+3=5, -2nr<a<0

sodsin(a)=2

1
sosin(a) = >
Quadrants 1 and 2, base % Solutions are generated by a

clockwise rotation.

6tan(b)—1=11, —%<b<0

s6tan(b) =12

sotan(b) =2

Quadrants 1 and 3, base is tan™! (2).

However, b e (—%,Oj and as there is no solution in
quadrant 4, there is no solution to the equation.
8cos(c)—7=1, —97”<c<0

-.8cos(c)=8

socos(e)=1
Boundary value solution at the point (1,0). Solutions are
generated by a clockwise rotation of 2.5 revolutions.

s.c=0,-2m,—4n. However, —977[ <c<0soc=0isnota
solution.
sc=—4n,-2m.

2 -9=0, 0<d< 5—”
tan(d) 12

9

=9

tan(d)

-.9=9tan(d)

stan(d) =1
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Quadrants 1 and 3, base is % d i y=-3xis the equation of a line with gradient —3.

Let 6° be the angle of inclination of the line to the

AsE= 3z and 0<d < 5—”, there is only one solution d = z positive direction of the x axis.
4 12 12 4 This angle is the solution to the equation
e 2cos(e)=1, T, SB_” tan(6°) = -3, 0°<6°<180°.
1 6 6 i y=+3xis the equation of a line with gradient /3.
s.cos(e)=— Its angle of inclination with the positive direction
2 T of the x axis is the solution to the equation
Quadrants 1 and 4, base is 3 tan(6°) = /3, 0° <6° <180°.
Positive solutions: e i tan(6°)=-3, 0°<0°<180°
T b3 T r Tn l4rm As tangent is negative the solution is in quadrant 2. The
e=—2n——,2n+—. However, 2r + —=—=——, 50 . . 1
3 3 3 3 3 6 base, in degrees, is tan™ (3).
reject this value. +.6°=180°—tan"' (3)
= E T ii tan(0°)=+/3, 0°<6°<180°
3°3 As tangent is positive the solution is in quadrant 1. The
Negative solutions: base is 60°.
2 . o _ o
e=— E. However, — T__ —ﬂ, so reject this value. -.6°=60
3 s 36 f tan(@)=m, 0°<0<180°
Answer is e = T , _ﬂ", If m > 0, the solution is in quadrant 1 and the base is
3 tan™! (m).
: oy — _ o _ 0L fOL o
£ sin(f?) cos(1500 ), —3607< f7<360 If m <0, the solution is in quadrant 2. The base is
Evaluate cos(150°). tan™" ().
cos(150°) = —cos(30°) The second quadrant solution is 6 = 180° — tan™" (m]). This
NE) is the rule used in earlier calculations.
T2 15 a £:[0,27]— R, f(x) = asin(x)
The equation becomes (n)
1% ]=4
o 3 6
sosin(f)=—| ——
2 . (7
A .'.as1n(g)=4
3
sosin(f°) =— 1
2 Lax—=4
Quadrants 1 and 2, base is 60°, Solutions are generated by . Z: 8
one anticlockwise rotation and one clockwise rotation. _ 8' B ()
= f°=60°,180°—-60° or f°=-180°-60°-360°+60° b f.(x) - S_H; *
- 2= 60°,120°,240°,~300° if (;),‘ ,
. f=-300,-240,120, 60, -~ 8sin(x)=
. 3
3n RY/4 ~osin(x) = 3

14 a cos(x)=—03, ——<x<—
2 2

3
-
Solutions lie in quadrants 2 and 3 and are generated by Quadrants 1 and 2, base sin (g) =0.384

rotations anticlockwise from 0 to - and clockwise from 0 s x=0.384,7-0.384
3n , , 2 £ x=038,2.76

to — B The anticlockwise rotation passes through each of i f(x)=8

quadrants 2 and 3 once, generating two positive solutions. ~.8sin(x)=8

The clockwise rotation also passes though each of

sosin(x)=1
quadrants 2 and 3 once to generate two negative solutions.

Boundary value at point (0,1)

The number of solutions is 4. T
b sin(x)=0.2, 0<x<2mw -'-ng
Quadrants 1 and 2, base sin™' (0.2). Correct to two decimal places, x =1.57.
- -l
sox=sin (0.2),r—sin" (0.2) _
The sum of the two solutions is i f (x)‘ 10
sin™ (0.2)+ (7 —sin™(0.2)) = . < 8sin(x)=10
¢ tan(x)=c, 0<x<3r sosin(x) = 19
Given that x = 0.4 is one solution, then tan(0.4) = c. 58
As 0.4 lies in the first quadrant, ¢ > 0. sosin(x) = " >1

Solutions to the equation for which tangent is positive must
lie in quadrants 1 and 3 with base 0.4.

s x=04,1+04,2r+0.4

The other solutions are x =7 +0.4,27 +0.4.

Since —1 <sin(x) <1, there is no solution.

Maths Quest 11 Mathematical Methods VCE Units 1 and 2 Solutions Manual



16 0<x<2m
a sin(x) = 3 cos(x)
L osin(x)
" cos(x)
~tan(x) =3 .
Quadrants 1 and 3, base —

P T 3

SLX=—,T+—
3 3

n 4rm

SX=—,—
3°3
. cos(x)
b sin(x)=-

(x) NG
L osin(x) _L
N cos(x) NEY

1
stan(x)=——

(%) NG
Quadrants 2 and 4, base %
.'.x=7r—£,27[—£

6 6
_sm lix
6 6

¢ sin(2x)+cos(2x)=0
s.sin(2x) = —cos(2x)
. sin(2x)
" cos(2x) B
sotan(2x)=-1

Quadrants 2 and 4, base % Since 0 < x <27, then

0<2x<4nm.
.'.2x:ﬂ—£,27r—£,37r—£
4 4 4

3 Tr 1lm 157
S 2x=E—,—,—,—

474747 4
3 T 11z 157

888 8
d 3sin(x) _ cos(x)
8 2
cos(x)
2 3
sosin(x) = 4CO3S(X)

o sin(x) 4

sosin(x) =

" cos(x) "3
4

s tan(x) = g

4
Quadrants 1 and 3, base tan™" (5) =0.927

S x=0.927,71+0.927
~.x=0.93,4.07
e sin’ (x):cosz(x)

. sinz(x) -1
" cos? (x) -
. (sin(x) ]2 -1
cos(x)
s (tan(x))* =1
sotan (x) =1

Quadrants 1,2,3 and 4, base %

+£2 _E
4 4

SoX=

4
-

4
3r Sz I
47474

4>|=|J>|>~|

JA4m—

T

4

TOPIC 10 Trigonometric functions 2 « EXERCISE 10.2

f cos(x)(cos(x)—sin(x))=0
Using the null factor law,
cos(x)=0 or cos(x)—sin(x)=0

| 297

If cos(x) = 0, boundary solutions occur at points (0,1) and

(0,-1).

T 3
272

If cos(x) —sin(x) = 0 then

cos(x) = sin(x)

SoX=

_ sin(x)
cos(x)
stan(x) =1
Quadrants 1 and 3, base %
T /4
SX=—, T+ —
4 4
b/ AY 4
LX=—,—
4’ 4
n w5t 3w
Answers are x=—,—,—,—
4 2 4 2

17 0<x<2m

1
)

a sin“(x)=—
()2

1
sosin(x)=1—
(x) NG
Quadrants 1,2,3 and 4, base %
T T T T
SX=—,——, T+ —, 2 ——
4 4 4
_T 3m St in
4°4° 4 4

b 2cos2(x) +3cos(x)=0

cos(x) is a common factor
~.cos(x)[2cos(x)+3]=0

s.cos(x)=0or 2cos(x)+3=0

s.cos(x)=0 or cos(x)= —%

. 3.
Reject cos(x) = —5 since =1 <cos(x) <1

s.cos(x)=0

Boundary solutions occur at points (0,1) and (0,-1).

T 3T

SX=—,
22

¢ 2sin® (x)—sin(x)—1=0

Let a =sin(x)

n2a%—a-1=0
SQRa+1D)(a-1)=0
a——l,azl
2
1

sosin(x) = -3 or sin(x)=1

1 . L. .
For sin(x) = — > solutions lie in quadrants 3 and 4 with

baseﬁ
6
.'.x=7r+£,27r—£
6 6
_7r i
6° 6
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For sin(x) =1, boundary solution occurs at (0,1)

T
.'.ng
r T 1lrn
Answers are x = —,—,—.
2 6 6

d tan®(x)+2tan(x)—3=0
Let a = tan(x)

na’+2a-3=0
~@+3)@-1)=0
sa=-3,a=1

sotan(x) =-3 or tan(x) =1

For tan(x) = -3, solutions lie in quadrants 2 and 4 with base

tan™' (3)=1.25.
sx=m—-1.2521-1.25
x=1.89,5.03 -
For tan(x) =1: quadrants 1 and 3, base —
4
T T
SLX=—,T+—
4 4
n sm
4’ 4

Answers are x = %,1.89,%,5.03

e sin’(x)+2sin(x)+1=0
~(sin(x)+1)*=0

sosin(x)+1=0
sosin(x) =-—1
Boundary solution at (0,—1)
3r
SX=—
2

f cos’(x)—9=0
~(cos(x)—3)(cos(x)+3)=0
s.cos(x)=3 or cos(x)=-3
There are no solutions possible as cos(x) €[~1,1].
18 0<6<2rm
a J3tan(30)+1=0
1
~.tan(30) = Nk

Quadrants 2 and 4, base %

0<30<6r

.‘.39=7[—E,Zﬂ,’—£,3ﬂ—£,47t—£,57t—£,67t—
6 6 6 6 6
39— S_n' M 17z 23w 297 357
’ 6°6° 6 6 6 6

572: 11z 17z 23m 297 357

b 2J§sin(?)—3=0
2\/5 sin(?j =

. sin(ﬁj——3
- 2) 243
sin(39j ﬁ, 0<£<3
2 2 2

T
Quadrants 1 and 2, base 3

3 _x 2% Tn 87

T2 T3 330

.3po 2 Am 147 16m
3°3°373
_2x 4n l4n lom
9797979

T

6

(v

19 a

4cos’(—0)=2
As cos(—0) = cos(6), the equation becomes 4 cos>(0) =2
. cos? )= l

s.cos(0) = \/_

Quadrants 1,2,3 and 4, base %

n T T
SX=—,T— 7r+ 2w ——
R 4 4
_r3momin
4°4° 4 4
sin(29+—)=0
4

Boundary solutions at (1,0) and (-1,0).
As0<0<2m, then0<20<4n

0+ Z<00+l<an+ X

4 4 4
.'.5529+£s47r+z
4 4 4

Solutions in this interval are

26 +% =m,2n,3n,41

w29=n-"0n-Z3g 2 4n 2
4 4 4 4
3r 7x lx 157
4747 47 4
_3x I 1z 15m
8’878 8

Scos(x)=2, 0<x<21
i For the exact solutions, use the calculator in Standard
and rad modes.
In the main menu enter the equation as
5cos(x) =2|0 < x <2x. Highlight 5cos(x) =2 and drop
it into Equation/Inequality.
The solution given is

x=cos”! (%j,x =—cos™! (E)+ 2
5 5

ii For decimal solutions, set the calculator to Decimal and
Rad modes and re-calculate. This gives, correct to two
decimal places, x=1.16,x =5.12.

Enter 5sin(2x +3) = 4|0 < x <27 with the calculator

set on Decimal and Rad modes. Highlight 5sin(2x+3)=4

and drop in Equation/Inequality to obtain

x=2.11,x=2.75,x=5.25,x=5.89.

With the calculator on Standard and Rad modes, enter

the equation as tan(x) =1 without a domain condition.

Highlight and drop into Equation/Inequality to obtain the

. T
general solution as x = wconstn(1) + "
. T
This means x = nx + Z where the constant n € Z.

For the first three positive solutions, set n equal to 0,1,2.
Letn=0,

x07r+££
4 4

Letn=1,
T 5w
x=lr+—=—
4
Letn=2,
x=2r+ Z. o
4 4 sz 9
The first three positive solutions are x —% TE,TR
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20 a Set the calculator to Standard and Deg modes and enter

sin(75).
V2(V3+1)

)Y

The value given, , 1s the exact value of (77

sin(75°) .

, =270<A <270

b sin(A°)= \/31\/5

As the question says ‘hence solve’, the result in part a must
be used in solving the equation. -

» O oz oz owm 2¥
-z z o
Expressing J6+/2=12 (\/g +2 ), the equation becomes —Z‘l ?
(5 +43)
4

sin(A°®)= x
From part a, A°=75° is a solution and forms the base for 2 [H0121= R, f(x) = sm(?j

other solutions.

2
. iod —=12 i ilibri = -1,1
Solutions lie in quadrants 1 and 2 since sin(A°) >0, Period T » amplitude 1, equilibrium y =0, range {11,

~ A°=175°180°-75° or A°=—-180°—-75° 6
. A°=175°105° or —255° domain [0,12].
- A°=-255°,75°,105° Scale on x axis x =0,3,6,9,12 give the five key points
2y
Exercise 10.3 — Transformations of sine and -
cosine graphs 1 G0 z
y = sin (6 x)

1 a y=2sin(x)+1, 0<x<27 < : | 0, 12);
Period 27, amplitude 1, equilibrium position y =1, -10 3 6 9 12 7
oscillates between [-1,3]. -1
x intercepts: 2sin(x)+1=0 ©,-1

. 1 -2
sosin(x) =——
(%) >

Quadrants 3 and 4, base %

3 a y=ﬁsin(x+%), 0<x<2rm

Period 27, amplitude V2, phase shift r from
y= 2 sin(x), range I:—\/E,\/EJ

translated points:

T T T kY4
(O,O)—)(—Z,O),(E,ﬁ)%(Z,\/E),(E,O)—)(T,Oj,

3r S i
—, 2 |>|=,—v2 .27, 00> | —,0 |
(2 ) (4 \/7)( ) (4 j
End points: x =0,

-

1
= \/E X —
Np)
=1
x=2m,
. T
b y=4-3cos(2x), -t <x<2m y=\/§SIH(2”+Z)
soy=-3cos(2x)+4 z
2 = inl Z
Period 7” =, amplitude 3, inverted, equilibrium y =4, =2 sm( 4 )
=1

range [4 —3,4+3]=[1,7], no x intercepts. Domain .
End points (0,1),(27,1)
[-m,27].
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b y=—3cos(2x+%j+l

Express in transformation form

y=—3cos(2(x+%)j+l

2
Period 7” =7, amplitude 3, phase shift factor —%, equilibrium y =1 so oscillates between y =1+ 3. Therefore range is [-2,4].

4 y=sin(2x—§], 0<x<nm

nli-2)

period 7, amplitude 1, phase %, domain [0, 7].

. b1
End points: x=0,y = s1n(—§j

: ——sin(zj oint 0—£
Y 3) P )

3

T2
x:n,y:sin(Zﬂ—gj

: —sin(Zﬂ—E) oint ﬂ—ﬁ
Y 3) P .
()
=—sin| —
3

_ 3

T2
Sketch y = sin(2x) and horizontally translate the 5 key points % to the right.

Translated points: (0,0) — (E,O),(E,lj—) (5—”,1), (E,O)a (E,oj,(z,_l)% (”—ﬂ’_lj’(ﬂ’o) N (7_7[,0)
6 4 12 2 3 4 12 6

5 Consider the graph as an inverted sine graph with amplitude 2. Its equation could be y = —2sin(nx).

Period is 37, so 2—” =3
n

2 2
Therefore n = 3 and a possible equation is y =—2sin (?x)
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Another possibility is to consider the graph as a sine graph
that has been translated horizontally 1.57 units to the right. Its
equation could be

= 2sin(g(x—3—”jj
Y 3\
= ZSin(E—ﬂ:J
3

As a cosine graph, a possible equation could be

5-%))
y=-2cos| —| x——
3 4
——2cos(2—x—£)

3 2

Other answers are possible.

Range is [2,8] so equilibrium is y =5 and amplitude is 3.
Period is 7.

Let equation be y = asin(nx) + k with a=3,k=5.

sy =3sin(nx)+5

2
Period:—ﬂzﬁ:>n=2
n

Therefore a possible equation is y =3sin(2x)+ 5.

a y=6cos(2x) has amplitude 6 and period 27717

2
b y=-T7cos > has amplitude 7 and period —~=47.

3
c y= —%sm(SS ] has amplitude 3
Its period is

27r+E
5

:27r><é
3

_lon
3

y= sin(MTx) has amplitude 1.

A (x.3) @r.3)
P y =3 cos (2x)
1_
T A e
4 4 2 4
14
2
Sy

1
y= ZSin(Ex), 0<x<4r
. 2 .
Period T = 47, amplitude 2
2

Y
2

-

-2

y=-5sin(4x), 0<x <27

amplitude 5, inverted

AA/\

Period 2—” = E,
4 2

Its period is

I
%
271;6—”
=27r><l
61
3

The graph has an amplitude of 2 and a period of 4.
Given points (—%,—4) (SZ 4) are minimum and
maximum points respectively, so the graph has amplitude 4.

1
The graph completes 15 cycles between the given points.

1
Therefore, 15 cycles covers an interval of
Sw_(_7m)_12n

4_(_4)2 4

Therefore, one cycle covers an interval of 3 X 3w =27.

=3,

The period is 27.

a y=3cos(2x), 0<x<2rm

2
period 7” =, amplitude 3.

colN
=
oo|Q

v 711 Wz 1z 12W 157 2 17,, £
8

y=—cos(mx), 0<x<4

2
Period - 2, amplitude 1, inverted
T

YA
1_

y = —cos (7x)

A

0 [ =
—
SR
oo
[SREN]
g
[SER-E5
Y
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9 a y=sin(x)+3, 0<x<2rx

b y=cos(x)-1, 0<x<2n

10 a f:R— R, f(x)=3+2sin(5x)

Period 27, amplitude 1, equilibrium or mean position y = 0. The function has amplitude 2 and equilibrium position
=3
Y y=sin (x) + 3 Y ; —
4 Its range is [3—2,3+2]=[1,5].

(27, 3) b f:[0,27r]— R, f(x)=10cos(2x) -4

- The function has amplitude 10 and equilibrium position
y=-4. o
As its period is B = 1, the function will cover its maximal

y=3

range over the interval x €[0,27].
Its range is [-4—10,—4+10] =[-14,6].

M M 3 s Its minimum value is —14.
2 2 Alternatively, replacing cos(2x) by its minimum value of —1,
faoin(x)=10x(-1)-4
=-14

Range is [2,4].

¢ f:[0,2nr]—> R, f(x)=56—12sin(x)
If sin(x) is replaced by its most negative value, the greatest
value of the function will occur.

Period 27, amplitude 1, equilibrium or mean position y =—1. Fon () =56—12 % (<1)
y =56+12
2 =68

. . £Y/4
The maximum occurs when sin(x)=—-1=x= >

y=cos (x)—1

Alternatively, the range of the function is

[56-12,56+12]=[44,68], so the maximum value
is 68.
When f(x) =68,
56 —12sin(x) = 68
. —12=12sin(x)

Range is [-2,0]. sosin(x)=—1
¢ y=cos(x)+2, —w<x<rm ‘x_3_7r
Period 27, amplitude 1, equilibrium y = 2, range T g

d y=4-sin(x), —7<x<21
sy=—sin(x)+4
Period 27, amplitude 1, inverted, equilibrium y = 4, range

[2-1,2+1]=[1,3]

(==, 1)

d i sin(x)— 3+ 2sin(5x) under the transformations:
1
Dilation of factor g from the ¥ axis and dilation

of factor 2 from the x axis followed by a vertical
translation of 3 units upwards.
(= 1) ii cos(x) — 10cos(2x)—4 under the transformations:

y=cos (x) +2

Dilation of factor 5 from the y axis and dilation

™ of factor 10 from the x axis, followed by a vertical
translation of 4 units downwards.
iii sin(x) — 56 —12sin(x) under the transformations:
Dilation of factor 12 from the x axis, reflection in the
X axis, vertical translation of 56 units upwards.
11 a y=2cos(2x)—-2, 0<x<2rx

|
=1
ISIERS

N

. .2 ey
[4-1,4+1]=][3,5]. Amplitude 2, period 7” =7, equilibrium y =2, range
[2-2,-2+2]=[-4,0].
_z YA
59
(—m 4) ~< T T T T T T >
oz 0 z z 3z T Sz 3z 1z 27
4 4 2 4 4 2 4
_2 y=2cosf(2x) -2
1_
% 0 S ] (54 (5--4)
2 2 35 Y
_1_"
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b y=2sin(x)++/3, 0<x <27
Period 27, amplitude 2, equilibrium y = \/§ Range [\5 — 2,\/§ + 2}.
Since /3 — 2 <0 there will be x intercepts.
Lety=0
= 2sin(x)++/3=0
NE)

sosin(x)=— X

YA
4_

y=2sin(x) + V3

2z, \3)

A

T I:
X

(g Y e
3 2 \3

o

NN

Y

[¢ y=3sin(§)+5, 2n<x<2m

Amplitude 3, period 27 _ 41, equilibrium y =5, Range [5—3,5+3]=[2,8], no x intercepts.

B

2

5.
y=3sin(§)+5 8
7

6
5

(2x, 5)

N W

<7 T T
-2 - ]Oi T 2z *

d y=—4-cos(3x), 0<x<2rx
2 .
Amplitude 1, inverted, period ?ﬂ, equilibrium y = -4, Range [-4 —1,—4 +1]=[-5,-3], no x intercepts.

y
—1$ y=4-cos (3x)
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e y=1-2sin(2x), —w<x<2rx

2
Amplitude 2, inverted, period Tﬂ =1, equilibrium y =1, Range [1-2,1+2]=[-1,3].
x intercepts: Let y=0
S 1-2sin(2x)=0
1
s.osin(2x) =

2

2x:£,7t—£,277:+£,37f—£ orx:—ﬂ—z,—2n+£
6 6 6 6
T

_rm 5n 1z 17r Tm 1z

R 127 12

f y=2[1-3cos(x°)], 0<x<360
soy=2-6c0s(x°)

Amplitude 6, inverted, period 360°, equilibrium y =2, Range [2— 6,2+ 6]=[—4,8].
x intercepts: Let y=0

S.2—6¢c0s(x°)=0

socos(x®) =

socos(x®) =

W=

1
Base, in degrees is cos™ (5) =70.53°

.~ x°=70.53°,360°-70.53°
.~ x°=70.53°,289.47°

(180°, 8)

(289.47°, 0)

(360°, —4)

12 a i The graphof y= cos(x + %) is obtained from y = cos(x) by a horizontal translation of z to the left. Subtract z from the x
co-ordinates of all key points:

O.H— (_2’1)7(170) *(2,0),(”’—1)—> (S—H,—l),(S—ﬂ,O)—) (4—ﬂ,0) and (Zn,l)e(M,IJ.
6 2 3 6 2 3 6
y= cos(x + %) has y intercept (O,cos(%)) = [0?]

_ x mr,l)
(_E, 0) y—cos(x+6) (6
6 7% 47” y = cos (x)
TN A B R
2 2 2 2
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ii y=cos(x—r)is obtained from y = cos(x) by a horizontal translation of 7 to the right. Add 7 to the x co-ordinates of all key
points.

0,1)— (7:,1),(%,0)% (37”,0),(71,—1)—> (2n,—1),(37ﬂ,0j—> (%”,0) and (27,1) — (37,1,

1
'y =cos(x—n)

>
T T |’x
n 3N 2z /2 3x

2 2

{T (r,1)  y=cos(x) @Gm 1)

A

[SIERS

0
-1

[SIEY

2r,-1)

=3
—

. 3r .
i The graph of y=sin (x - T) is obtained from y =sin(x) by a horizontal translation of 377[ to the right. Add % to the

x co-ordinates of all key points.

(0,0)— (3—”,0),(5,1)% (5—”,1),(7:,0) BN (7—”,0),(3—”,—1) a(9—”,—1) and (27,0) = (ﬁ,o).
A 2 4 4 2 4 4

(9

. 3. . . . . 3 3
ii The graph of y= sm(x + 7) is obtained from y = sin(x) by a horizontal translation of 7” to the left. Subtract 7” from the

x co-ordinates of all key points.

3r T T 3r T
0,0)— (—70](51) - (-m,1),(r,0)— (—E,O),(T,—lj —(0,-1) and 27,0) — (EO]

(-7, 0)

13 a y=2sin(x—%j, 0<x<2rm

Amplitude 2, period 27, range [-2,2], horizontal translation % to right.

Endpoints: When x =0,

T
=2sin| ==
y sm( 4)
=—2sin(£)

4
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For y=2sin(x)—> y= 2sin(x - %j, key points are:

(0,0)—>(10),(52)»(3—”,2),(;:,0)—>(5—”,0),K3—”,—2)—>(7—”,— j
4 2 4 4 2 4

b y=—4sin(x+%j, 0<x<2rm

Amplitude 4, inverted, period 27, range [—4,4], horizontal translation r left.
Endpoints: When x =0, 6

T
=—4sin| —
Y (6)

=—4x—
2
=2
(07_2)
When x =2,

T
=—4sin| 2w+ —
Y ( 6)

=4 sin(z)
6

=2
(2m,-2)

. . T
For y=—4sin(x) —> y=—4 s1n(x+gj, key points are:

(5,4)9(E,—4j,(n,0)—>(S—E,Oj,(3—ﬂ,4j—>(4—”,4),(2ﬁ,0)—>(11—ﬂ,0)
2 3 6 2 3 6

c y:cos(Z(x+§D, 0<x<2rm

Amplitude 1, period 277: =1, range [—1,1], horizontal translation % to left.

Endpoints: When x =0,

_COS(z_”)
M

5)

=—COS| —
3

Maths Quest 11 Mathematical Methods VCE Units 1 and 2 Solutions Manual



TOPIC 10 Trigonometric functions 2 « EXERCISE 10.3 | 307

When x =2rx,

2
y= cos(4n+?ﬂj

-

Sketch a cycle of y = cos(2x) and translate the points.

Zolt=%0 ,(E,—l)e(z—ﬂ,—lj,(z’—ﬁ,oje(s—ﬂ,oj,(n,l)e(g—ﬁ,l)
12 2 12 4 12 12

11 14 17 20 23
Then continue the pattern for the points (—”,Oj,(—”,—1),(—7:,0),(—n,1),(—ﬂ,0).
12 12 12 12 12

y=cos(2x—%), 0<x<L2rm

)

. .2 . . .
Amplitude 1, period 7” = 1, range [—1,1], horizontal translation % to right.

Endpoints: When x =0,

= COS(—E)
Y 2

=0
(0,0)
When x =27,

T
=cos| 4w ——
Y ( 2)
5)
=cos| —

2

=0

(27,0)
Sketch a cycle of y = cos(2x) and translate the points.

0=[£1){5 )50} E ) ) e

Then continue the pattern for the points (%r,1),(%,0),(%,—1),(2n,0).

y:cos(x+%)+2, 0<x<21

Amplitude 1, period 27, equilibrium y =2, range [2—1,2 +1]=[1,3], horizontal translation 2 to left.
Endpoints: When x =0, 2
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T
=cos| — [+2
Y (2)

=0+2
=2
(0,2)
When x =27,

y=cos(27r+%)+2

= cos(z)+2
2

=2
(2m,2)
Sketch a cycle of y = cos(x)+2 and translate the points.

(%,2)% (0,2),(m,1)— (%1)(%2) —(7,2),(27,3) > (377[3j

(=]
-
[
8-
w
-
|
e
w
S
LY

f y=3-3sin(2x—4r), 0<x<2r
- y=-3sin(2(x - 21))+3

Amplitude 3, inverted, period %T =1, equilibrium y = 3, range [3—-3,3+3]=[0,6], horizontal shift 27 to right.

Endpoints: When x =0,
y=-3sin(-47)+3

=0+3
=3
(0,3)
When x =2,
y=-3sin(4r—2m)+3
=-3sin(27)+3
=0+3
=3
(27,3)
Sketch a cycle of y=—3sin(2x)+ 3 and translate the points 27 units to the right.
y =3-3sin(2x) y=23-3sin(2x — 47)
TR It
6 4 44
3 (E, 3) x,3) 2% 3) 4 *(31,3)
2 &
>
< T T T T T T T T 1>
innh & Snoor Tr 27 9 10n lir 3g Lz lir ¥
-3 4 2 4 4 4 4 4 4 4 4 4

toBd 0

6
©,3) (£ 5 (27, 3)
3 N2

L T T 1T T 1 1%
0l 2z z 3 g 5 6z 7z 27 9z 10z llz 37 13z 14z
-3 R 4 4 4 4 4 4 4 4
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a

The graph could have been obtained using symmetry
properties:
y=3-3sin(2x—4r)

=3-3sin(—(47 —2x))

=3+3sin(4mr —2x)

=343sin(27w - 2x)

=3-3sin(2x)
Consider the given graph as an inverted sine graph
with equilibrium position y = 0. Let the equation be
y=—asin(nx).
The maximum point (377,3) shows the amplitude is 3.
.~y =-3sin(nx)
Between the points (0,0) and (67,0), the graph completes

1 2
15 cycles. Therefore, its period is 5 X6 =4r.

2
o ar
n
2
S.o—=n
ar
1
Sn=—=
2

L (x
A possible equation is y = —3sin (EJ

Consider the given graph as a cosine graph with
equilibrium position y = 0. Let the equation be
y=acos(nx).
T
The minimum point (5’_4) shows the amplitude is 4.
sy =4cos(nx)
b4

Between the points (0,4) and (—

3 ,—4j the graph completes

2
1 a cycle. Therefore, its period is 2 x T —ﬂ.
2 3 3
2m_on
) 3
sn=3
A possible equation is y =4 cos(3x).
The range of the graph is [2,10].
. e T +10 .
Hence, its equilibrium position is y = — =6 and its

amplitude is 10— 6=4.
Consider the graph as an inverted cosine with equation
y=—acos(nx)+k.
soy=—4cos(nx)+6
The period of the graph is 27

2n
s—=2r

n

son=1
A possible equation is y = —4cos(x) +6,
Consider the given graph as a sine graph with a horizontal

translation of% to the right and equilibrium position y =0.
Let the equation be y = asin(n(x —h)).

cvmasn{a{s-1)

Amplitude is 2 = y= 2sin(n(x_ %)j

T 9
Between the x intercepts (Z,Oj and (7”,0], the graph
completes one cycle. its period is 27t and therefore n = 1.

A possible equation is y = ZSin(x - %)
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e The graph in part d could be considered to be a cosine
. . 3 .
graph that is horizontally translated Tﬂ to the right. The
period 27 and amplitude 2 are unaltered.

3
An alternative equation could be y =2 cos (x - Tn)

f y=cos(—x)
- y=cos(x) is an alternative.
y=sin(—x)

~.y=—sin(x) is an alternative.
15 f(x)=asin(bx)+c

. . 2 . L . .
a Since f(x)=f|x +T , it is a periodic function with
eriod —.
periof 3
b Constants a,b and c are positive.
. 27
Period —

2n_om
b 3
~b=3
s S 5+9
Range [5,9] so equilibrium position is y = — =7

se=7
Amplitude is 9—7=2.
Since a >0, a=2.
Answerisa=2, b=3, c=17.
¢ The rule for the function is f(x)=2sin(3x)+7.
2
For one cycle, the domain D = [O,Tn}.
Y
10

o
-
os o
w

)

w

@
&

3
RV

d g(x)=acos(bx)+c, xe D
sg(x)=2cos(Bx)+7, x € [O,z?ﬂ}.

YA
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e At intersection, )
2sin(3x)+7=2cos(3x)+7, x € [0,?”}

. 2sin(3x) =2 cos(3x)
.~ sin(3x) = cos(3x)
. sin(3x)

” cos(3x) -
sotan(3x) =1

Quadrants 1 and 3, base % The diagram shows there are

2 points of intersection.

T T
S 3x=—,T+—
4 4

f(s—”): 2sin(5—”)+7
12 4
= —251n(£)+7
4

V2

=2x—+7
2

=—2+7

The points of intersection are (% JI+2 j , (% -2 )

f From the diagram, f(x) = g(x) for % <x<

16 a Under the vertical translation of 3 units up followed by the
reflection in the x axis followed by a dilation of factor 3

from the ¥ axis:
y =sin(x)
— y=sin(x)+3
— y=—[sin(x)+3]=—sin(x) -3

X
—> y=—sin| — |-3
Y (3)

The final image has the equation y = —sin

The range of the final image is [-3—1,-3+1]=[-4,-2].
As the range of y =sin(x) is [-1,1], the two graphs do not

intersect.
b Under the linear transformation,

it

’

, y
sx=x"and y=-"—
T

’

y=sin(x) = y_2 =sin(x")

The image has the equation LZ =sin(x)

EXERCISE 10.3

s y=-2sin(x)
There has been a reflection in the x axis and a dilation of
factor 2 from the x axis.

¢ f:[0,4]%R,f(x)za—ZOsin(%j
i Given f(4)=10(v3+1).
. (4rn
.'.a—2031n(?):10(\/§+1)

.‘.a—20(—sin(%))= 10(v3+1)
.-.a+20><§= 103 +10

S a+10/3=10/3 +10
sa=10

i fo)= 10—2osin(%]
Let f(x)=0.
10—20sin(ﬂ) -0

3

10:20sin(ﬂ)
3

. (ﬂx) 1
sosin| = |=—
3 2

Quadrants 1 and 2, base %

As x €[0,4], then % c [0,4—”}

3
X T T
A
3 6 6
_nsn
66
3 157
STX=—,——
6 6
15
SLX=—,=
St 22
A . (TTx
12 iii f(x)=10—20s1n(?}0£xﬁ4

Amplitude 20, inverted, equilibrium y =10,
. 2n
period ——
3
=21 X i
T
=6

Domain is [0,4] so not a full cycle of the graph since

Endpoints: Let x=0
f(0)=10-20sin(0)
=10
(0,10)
If x=4, then f(4)= 1043 +10 (given), so endpoint is
(4.10v3 +10).
x intercepts occur when x = %,%

( xj 3 the period is 6.

Therefore the graph will reach its minimum point at

l_‘_f
2 2.3

2 2
The minimum point is (%,10— 20) = (%,—10). Its

maximum point is its endpoint (4,10x/§+ 10).
Range is [~10,10v/3+10 |
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18

3oy (4, 10V3 + 10)
20
10
‘1004' ofsWs 335 4 45 %
(1.5,-10)

kY4

iv y=cos(x), x e[—%,?}—)y= 10—20sin(%), xe[0,4].

. . b4
Cosine and sine are out of phase by Ex SO

. . . T
y=cos(x) — y=sin(x) under a horizontal translation —

4
to the right and x e[—z,s—ﬂ}a X e[O,—ﬂ}
26 3

. (r
Now consider y = sin(x) = y=-20sin (E x) +10,
This occurs for dilations of factor 20 from the x axis

3 . . .
and factor — from the y axis, reflection in the x axis
T

and vertical translation up 10 units.
For these transformations,
4r 4 3
x €|:0,—j|—) xe |:0,—>< _]: [0,4].
3 3 &
The sequence of transformations for

y=cos(x) = y=10— 20sin(%) is:

. . T . e
Horizontal translation 2 to the right, dilations of factor

20 from the x axis and factor — from the
T

y axis, reflection in the x axis and vertical translation
up 10 units.

a Sketch y=4sin(2x —4) in the Graph&Tab menu
on Rad mode. Either enter the equation as
yl=4sin(2x—-4)|0<x <27 or setting the window with
Xmin = O’xmax =2r.
There are 4 intercepts with the x axis. Tap Analysis —
G-Solve — Root to obtain x =0.43,2.00,3.57,5.14.

rea [0 1]

Under the transformation, x”=y and y’ = x.
y=4sin(2x—4) > x =4sin(2y—4).
This is the inverse of y=4sin(2x —4).

¢ Its domain is the range of y =4sin(2x —4) and its range is
the domain of y=4sin(2x —4).
Domain is [-4,4], range [0,27].
Its y intercepts are the x intercepts of y=4sin(2x —4).
The graph has four y intercepts with values
y=0.43,2.00,3.57,5.14.

y:cos(x+k%j,kez.

Since the period of the graph of ¥ = cos(x) is 27,
cos(x)=cos(x+2m)=cos(x+4m)=......

This means there are only four cases to be investigated:
k=0,k=1,k=2,k=3.

Type 1: k=0

If k=0, then y = cos(x) is the graph obtained. This will be the
same as the graph for any of k =....—4,0,4,8,12,.....

Type 2: k=1

T
If k=1, then y=cos| x+ Ej is the graph. This is also the

graph of y =—sin(x). The same graph is obtained for any of
k=..-3,15,9,...
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Type 3: k=2

If k=2, then y = cos(x+ ) is the graph. This is also the
graph of y =—cos(x). The same graph is obtained for any of
k=...-2,2,6,10,....

Type 4: k=3

3
If k=3, then y= cos(x-k 7”) is the graph. This is also the

graph of y =sin(x). The same graph is obtained for any of
k=..-13,711,...

In summary, the four types of graphs possible are:

For k=4n,ne Z, y=cos(x); for k =4n+1,ne Z, y=—sin(x);
fork=4n+2,neZ, y=—cos(x); and for k =4n+3,neZ,

vy =sin(x).

Exercise 10.4 — Applications of sine and cosine
functions

1a T=19—3sin(1t)
12

At midnight, =0

Therefore, at midnight, 7 =19 - 3sin(0) = 7' =19.
The temperature was 19° at midnight.

Temperature will be a maximum when sin(a t) =-1
STk =19=3%(=1)

ST =22

maximum temperature is 22°.

Maximum occurs when sin (% t) =-1

Lz, 3
12 2
~1=18

temperature reaches its maximum of 22° at 6 pm.

Since the amplitude is 3 and the equilibrium occurs at

T =19. the range of temperature is given by 19 + 3 degrees.
Therefore the temperature varied over the interval 16°

to 22°.

period 27 + % =24 hours

(24, 19)

(6, 16)

T=19-3sin (lﬁzt)

For the temperature to be below k for 3 hours, the
interval must lie between t =6 — % andt=6+ %, that is,
t=45t01t="7.5.

When t=4.5,
T=19—3sin(1x2)
12 2
= 19—3sin(3—ﬂ)
8
=16.2

Therefore, k =16.2.
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=8 s0

2 Period is 12 hours, range [20,36], amplitude is

equilibrium is 7 = 28. )
The equation is T =—8 cos(nt) + 28, where - 12. Therefore,

T n
n=-—.
6 T
The equations is T =28 -8 cos(gt)
Let T=30

~30= 28—8005(£t)
6

1
second and third quadrants and base is cos™ (Z) =1.32.

%t:n—1.32 orm+1.32

S t=348 ort=8.52
Since time is measured from 8 am, the temperature exceeds
30° between 11:29 am and 4:31 pm.
3 a y=-40cos(t)
Period 27, amplitude 40, inverted, range [-40,40], domain
for two cycles [0,47].

/Y
40
20
< 0 T T T >
7 3% 27 = 3z 7% 4n
2 2 2!
20
—40 4
Y

b The greatest distance below rest, or equilibrium position,
is 40 cm.
¢ The yo-yo is at its rest, or equilibrium position when y=0.
. n 3n S5t I,
The times are t = —,—,—,— in seconds.
22 2 2
d Let y=20

.20 =-40cos(t)
1
socos(t)=——
cos(t) 2

For the first positive solution,
T
t=m-=
3
2

3
. 2
The yo-yo first reaches the height after Tﬂ = 2.1 seconds.

St

4 a Since the range is [0,10], the equilibrium position is I =5
and the amplitude is 5.
Let the equation be [ = asin(nt) + k
.1 =5sin(nt)+5
Period is 4 weeks.

2
2Ly
n
2r
n=—
4
T
n=—
2

(T
The equation is I = 35sin (Et) +35.

b

a

Let/I=6
.‘.6=5$in(—t +5

.'.l=5$in(£tj
. (n ) 1
ssinf —1 |=—
2 5

1
Quadrants 1 and 2, base is sin”! (gj =0.20.

In one cycle, solutions are:

[SRRS]

[\

%z =0.20,7-0.20

St= 2><O.20,£>< (r—0.20)
T T
. 1=0.128,1.872

From the graph, / 26 for 0.128 <t <1.872.
The length of the interval is 1.872—0.128 =1.744 weeks.

4 x100=43.6%.

The percentage of the 4 week cycle is

For 44% of the four week cycle, the person experiences a
high level of happiness.
p=acos(nt)+b
Period is 2

2
sL—=2

n
LN=T

Range is [12,15] so equilibrium is p =

~b=135

Amplitude is 15-13.5=1.5, so a =1.5 since the graph
starts at its peak.

Answers are a=1.5, n=m, b=13.5.

The equation is p=1.5cos(7t)+13.5

1241
1513,

PA

20
2, 15) (4,15)

107 1,12) (3, 12) (5, 12)
5 p =1.5cos (m)t) +13.5

A
<Y

Y

From the graph, the share price at the end of the five weeks
is 12 cents.
Let p=12.75

~12.75=1.5cos(rwt)+13.5

».—0.75=1.5cos(nxt)

0.75
socos(mt) =———
(1) 1.5
*. cos(mt) = —l
. 5

Quadrants 2 and 3, base % The share price will be falling

in quadrant 2 and rising in quadrant 3. Therefore a quadrant
3 solution is required.

bid
SME=T+—
3
4r
STt=—
3
4
==
3

Maths Quest 11 Mathematical Methods VCE Units 1 and 2 Solutions Manual



4
In a cycle where f €[0,2], John buys at t = — and sells at

4 2
t =2. The time between buying and selling is 2 — 373
of a week. If a week of 7 days is assumed, then it will be

2
3 X 7=15 days before John sells the shares.

Buying cost

=10,000x $0.1275+ 0.01x (10,000 x $0.1275)
=$1275+$12.75

=$1287.75

Selling 10,000 shares at $0.15 gives revenue of $1500.
Brokerage cost is $15, so selling revenue is $1485.
Profit made is $1485—$1287.75=$197.25.

6 h=4sin(”(t_2)j
6

a Atlam,r=1

o h =4sin(@)
6

The tide is 2 metres below mean sea level at 1 am.
Since the mean position is 4 =0 and the amplitude is 4, the
high tide level is 4 metres above mean sea level.

. -2
High tide occurs when sm(%) =1

. 77:(1—2):£

at 5 am.
There is half a period between high tide and the following
low tide.

Period, in hours,

=2+ r
6
=2 X Ll
T
=12
Therefore there is an interval of 6 hours between high tide
and the following low tide.

77:(1—2))
6

h=4 sin(
Period 12, amplitude 4, horizontal translation 2 to the right.

Domain [0,12], range [-4,4]
Endpoints: Let £ =0,

~h= 4Sil’1(L_2))
6

~h= 4sin(— E)
3

= —4sin(£)
3

3
X_
2
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Lett=12,
.'.h:4sin(

soh= 4sin(5—ﬂ)
3
=4 sin(z)
3

Lh=-23
(12,-243)

t intercepts: Let =0
.'.4sin(”([_2))= 0
6

", sin(—ﬂ(l_ 2)) =0
6

ﬂ(t6_ 2 =0,m,2m

S22 000
6

S 1=2=0,6,12
s1=2,8 14
As high tide is at (5,4), six hours later the minimum point

is (11,-4).
The point (1,-2) is also known to lie on the graph.

h 5.4
4

71'(10))
6

2

<
3 T

0 2 4
-2 (1,-2)

o
o)

(12, -2v3)
0,23
43 ) (11,-4)
At 2 pm, t=14.
n(lZ))
6

.‘.h=4sin(

=4sin(2r)

=0
The tide is predicted to be at mean sea level.
At11:30 am, t=11.5

n(9.5))
6

~h=4 sin(
=-3.86
At low tide, h=—4.
Therefore the tide at 11:30 am is 0.14 metres higher than
low tide.
h= asin(zxj+b
5
Refer to the diagram given in the question.
The equilibrium position is h=4.5, so b=4.5.
The amplitude is 7-4.5=2.5s0a=2.5
The equation is i = 2.5 sin(%x)+4.5.
The base is one period in length.
Period is

27r+E
5

=21 X i
T
=10
The length of the base is 10 cm.
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Cc

The highest point on the curve occurs at a quarter of the cycle.

1
Hence, the highest point is (?0,7) =(2.5,7).

The x co-ordinate of the centre of the circle is therefore x = 2.5.
The ¥ co-ordinate of the centre of the circle is

2+45
y= +2 =325,
The centre of the circle is the point (2.5,3.25).

=1.25.

The radius of the circle is

Due to the symmetry of the sine curve, the area above

the equilibrium position is equal to the area below the
equilibrium position. The total area under the sine curve is
that of a rectangle with dimensions 10 cm by 4.5 cm.

4.5cm

10 cm
The required area is the rectangular area less the area of
the circle.
Area, in sq cm, is 10 x 4.5— 1(1.25)* = 40.1.
The shaded area is 40.1 sq cm.

8 T=30—cos(£t).
12

a

b

Amplitude is 1, equilibrium is 7' = 30, so the range of the
temperature in the incubator is [29,31], units being °C.
As the graph is inverted, the cosine function will reach its

. 1. .
maximum value after 5 of its period.

The period, in minutes, is

27r+£
12
12
=2TX—
T

=24

|
The maximum temperature is reached after 5 x24 =12
minutes.

T=30—cos(%tj, 1 €(0,30)

As the period is 24 minutes, the graph has li cycles.

In 30 minutes, li cycles are completed so in 60 minutes,

2% cycles are completed.

In 1 hour, 2% cycles are completed; in 2 hours, 5 cycles are

completed and the temperature is 29°. Thus in 2.5 hours,
5+1 2 = 6Z cycles will be completed and the temperature

will be 30° as shown by the graph in part c.

f The graph can be considered to be a sine function with a
horizontal translation of 6 to the right. A possible equation

T
is T =sin| —(t—6) |+ 30,
is 1 (12( ))

9 T= 19+6sin(%t) with ¢ the time in hours since 10 am.

. (mt
a i As for any sine function, —1< Sm(?) <1
T =19+6 %1
=25
The maximum temperature is 25°.
The maximum temperature occurs when sin(%t) =1

LE_T
6 2
n1=3

The maximum temperature occurs at 1 pm.
.e .. . (&t
ii The minimum temperature occurs when sin 3 =-1

. mt 3w
6 2
S t=9
Tin =19+6%x(=1)
=13°
The minimum temperature of 13° occurs at 7 pm.
b i Atll:30am,r=1.5

T= l9+6sin[1'2”)

T:l9+6sin(£)
4

= l9+6><£
2
=19+32
s T=232
The temperature at 11:30 am is 23.2°.
il At7:30pm,t=9.5

.'.T=19+6sin(9'2n)

~T= 19+6sin(19—ﬂ)
12
~T=13.2
The temperature at 7:30 pm is 13.2°.
¢ T=19+ 6sin(%zj, 1€10,9.5]
Amplitude 6, equilibrium 7 =19.
Period is 27 +% =12, so for the domain specified the

graph will not cover a full cycle.

Right endpoint is (9.5,13.2), maximum point (3,25),
minimum point (9,13).

Left endpoint: Let =0

= T=19+6sin(0)

~T=19

(0,19)

A
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d LetT=24

4= 19+6sin(%t)

.-.5=6sin(”—’
6

. (mj
s.sm| —
6

Quadrants 1 and 2, base sin™! (%) =0.99

5

6

Tt

5—=0.99,7-0.99
6
St= L) X 0.99,g x (7 —0.99)
/ T
s 1=1.88,4.12

The air conditioner is switched on at t =1.88 and switched
off 2.24 hours later at t =4.12.

e From the graph in part ¢, the coldest two hour period is
between r=7.5and t=9.5.

When t=17.5,
7.57r)
6

T:19+6sin(15—ﬂ)
12

.'.T=19+6sin(

~T= 19+6sin(%r)

(5

.'.T=19—6><g

- T=19-6sin

S T=19-32

The heating is switched on at 5: 30 pm when the
temperature is (19 -3J2 )O or approximately 14.8°.

T
10 h=10 8.5cos(60 tj
a Whenr=0,

h=10-8.5cos(0)

=10-8.5x1

=1.5
Initially the carriage is 1.5 metres above the ground.
After 1 minute, ¢ = 60,
h=10-8.5cos(r)

=10-8.5x(-1)

=185

After 1 minute the carriage is 18.5 metres above the ground.

Period is time to complete one revolution.

27r+l:27r><@
60

T
=120
The period is 120 seconds, or 2 minutes.
In 4 minutes two revolutions will be completed.

h= 10—8.5cos(1z) 1 €[0,240]
60

Amplitude 8.5, inverted, equilibrium /# =10, range [1.5,18.5],
period 120, 2 cycles.

TOPIC 10 Trigonometric functions 2 « EXERCISE 10.4 | 315

(180, 18.5)

{120, 1.5) (240, 1.5)
T

O T T T T T T
l 30 60 90 120 150 180 210

e Leth=12
b3
s 12= 10—8.5003(—t)
60

~2= 8.5005(11)
60

(6r)s
S.cos| —1 |=—
60 85

(')
s.cos| —t |=—
60 17

Quadrants 2 and 3, base cos™! (%)

T (4 (4

s—t=mw—cos | —|,m+cos | —

60 17 17
60 L[ 4 60 L[ 4
st=—|m—cos | —||,—|m+cos | —
/4 17 /4 17

The graph shows that the carriage is higher than 12 metres
above the ground for the time interval between these two

values for ¢.
The time, in seconds is
rmeo(5)
T—cos | —
/4 17

e (5)]
—| m+cos | —
T 17
=2x@xcos_l(i)
T 17

=51

The time is 51 seconds.
The highest height above the ground is 18.5 metres and the
lowest height is 1.5 metres.

t=60
18.5 m

1.5m

The diameter of the circle is 18.5—1.5=17 metres.
Therefore, the length of a radial spoke is 8.5 metres.
11 p=3sin(nmt)+5

a p measures the distance of the water from the sunbather.
From the equation, amplitude is 3 and equilibrium is p =5,
so the range of values for p are p €[2,8].
The closest distance the water reaches to the sunbather is
2 metres.
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b In 1 hour, or 60 minutes, 40 cycles of the sine function are

completed.

. . 60 3 |
Therefore one cycle is completed in — = — minutes.

L3
The period is — minutes.

L2 3
nm 2
L2.3
no2

4
n=—

3

Second model has equation p=asin(4xt)+35,

Its range, assuming a >0, is [S—a,5+al.

As the water just reaches the sunbather, 5—a =0.
Therefore, a=5.

L. 2 1 . . .
The period is 4— = E minute, so in 30 minutes the function
va

completes 60 cycles, reaching P once every cycle.
The water reaches the sunbather 60 times in half an hour.

. 4
For the first model p =3sin(nrt)+5 where n = 7 one cycle

.3
was completed in > minutes.
2
In 1 minute, 3 of a cycle would be completed so the

. .2
number of waves per minute is 3

For the second model p = asin(47t)+5, one cycle is
N .
completed in > minute so two cycles are completed in

1 minute. The number of waves per minute is 2.
Therefore, the second model, p = asin(4rt)+5, has the

For the shortest time require the solution in quadrant 3.

. T
Base is —
6

.1
The shortest time is Z seconds.

d The can falls 20 centimetres, rises 20 centimetres to

equilibrium, rises 20 centimetres to reach its greatest
displacement and then falls 20 centimetres back to equilibrium.
The total distance moved is 80 centimetres.

o \
ol ! =A25

_ —/
207 t=0.75

Y

13 I =4sin(t)—3cos(t)
a Sketch the graph in the Graph&Tab menu over [0,47] and
use the Analysis tools to obtain the co-ordinates of the first
maximum point as (2.214...,5). The ¥ co-ordinate is the

greater number of waves per minute.

12 x=asin(bt)
a Given information that the amplitude is 20 cm and that the

can initially moves downwards from the mean position of
x=0.

sa=-20

The time interval between the lowest point and the
following highest point is half a period.

Therefore, the period is 2x1.5 =3 seconds.

2
LR
b
wp=2z
3

value of the intensity.
The maximum intensity is 5 units.

b Tap Analysis = G-Solve — Root to obtain the first value

of t for which I =0 as t =0.64.

¢ The amplitude of the graph is 5 and its period is 27z. This

is confirmed by observations of the graph. To consider the
graph as that of a sine function, the horizontal translation
would be 0.64 units to the right.

~. I =5sin(t—0.64) is the same curve as

I =4sin(t) — 3 cos(t).

d In the form I = acos(t + b), the horizontal translation would
be 2.214....To two decimal places, I =5cos(t—2.21) is the

The equation for the vertical displacement is

. (2m
x=-20sin (T t} same curve as I = 4sin(t) — 3 cos(t).
14 y=x+4+4cos(6x), 0<x<4rm
b 20x a Counting the number of peaks on the given graph,
including the ones at the two ends, gives 13 teeth.

10 (T, 10) b Sketch the graph in Graph&Tab menu and obtain the
x co-ordinates of each peak. Test to see how far apart each is.
0 0.75 S 2.25 307 x co-ordinate of | Difference between x values of
-10 maximum points successive maximums.
0 x, =1.0541
X, —x; =1.0472
¢ The amplitude is 20, so require the displacement to be 10. x, =2.1013

Let x=10 5 X3 —x, =1.0472
.'.10:—205in(?ﬂt] X3 =3.1485

. (27: ) 1
ssin| =—1 |=——
3 2

X, —x3=1.0472

x, =4.1957
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The x values of the maximum points appear to be the same
distance of 1.0472 cm apart.

2
The cos(6x) term has period ?ﬂ = gz 1.0472.

. T
Successive peaks are 3 cm apart.

¢ The greatest width is the ¥ value of the 13" peak. This can
be calculated in exact form from the equation.
Let x=4r
Sy=4n+4+4cos(24r)
=4r+4+4x1
=47 +8
The greatest width of the saw is (47 +8) cm.
As a decimal value of 20.566 cm, the greatest width could
be calculated by tapping Analysis— G-Solve — y-Cal for
x=4r.
d Since —1<cos(6x) <1 then,
—4<4cos(6x)<4
So—A+(x+4)<dcos(6x)+(x+4)<4+(x+4)
Sx<y<x+8
The line y = x + 8 will touch the teeth. This can
be confirmed by sketching this line with that of
y=x+4+4cos(6x), 0<x<4rm.

Exercise 10.5 — The tangent function

T 3w
1 y=tan(x), xe| ——,—
y (x) ( ) j
Asymptotes: x = rmin
) ’ 27272
x intercepts are midway between the asymptotes at the origin
and (7,0).
=_z =z 3z
=7 =2 =3

| y I I
P2 | |
I I I
| | |
: 1 : y ::: tan (x)
| | |
I I I

< 1} 1} I:
z = fr l3z X
12 12 12
P | |
I I I
| | |
| -2 | |
I I I

y=tan(x), x €[-37,37]
n 3r 5S¢
Asymptotes: x =+ —,t— +—
22 2
x intercepts midway between successive pairs of asymptotes:

(£7,0),(¥27,0),(+37,0) and (0,0).

X *QE X_*EE x_*ﬁ X E x—éﬁ x—éﬁ

T2 ) -2 2 -2 -2
YA :
27 y=fah @

3
|
e —
(=)
e o s BT
S
Sl
S
T
3
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n 3n  S;
Domain of the graph is [-37,37]\ {i—,i—,i—} and
. 2 2 2
range is R.
3 a Whenx= 7

y=—tan(x) y=23tan(x)
——tan(zj d —3tan(£j
4) 4
=_1 =3

Both graphs have asymptotes with equations x = iz,
period of 7 and contain the point (0,0).

| 3yA . |
T2y =\tan (v 4 1 ¥T2
I I
I 2— |
I I
] ]
l 11 :
I I
I I
< . . >
z z z z
2 1 4 2
l 19 ® l
| l,—l) |
i . (4 i
:y=3tan x) :
l -3 l
| Y |

T
b y=tan(x)++/3, e(——,—)
y (X)++/3, x 5

Vertical translation of \/g upwards does not affect the
T
asymptotes at x = iE'

x intercept: Let y=0
~tan(x)++/3=0

s tan(x) = —\/§, X e(—%,%)

T
Lx=—=
4 . .
(—g,oj is the intercept.
When x =0, y=\/§.

=
Il
|
IR
Na JE
=
Il
SIS

+
by

A
TS
<Y

wN

2
Y

e Y F S M

4 y=tan(x)+1is obtained from y = tan(x) by a vertical
translation upwards of 1 unit. For both graphs, the equations

T 3z Lo
of the asymptotes are x = —,x = — and the period is 7.

x intercepts for y = tan(x) occur at x = 0,7,27.
x intercepts for y = tan(x) +1 occur when tan(x)+1=0

sotan(x) =-1
.‘.x:ﬂ:—z,Zﬂ.’—E
4 4
3 In
X=—,—
4 4
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! I 3m T
ix = % ix =7 7 ay= tan(x - Z) has period 7 and a horizontal translation of
S tan () + 1 i 7 units to the right.
=tan (x) (g, 1) | 2, 1) 4
1T e i ®-———- X intercepts, using the translation, become
< T : T T I T > =0+ E + E =2m+ E
’ ¥ % i 57” zjnlz o - 4’71 4’x_ " 4+ T Sm
! ! Within the domain, the x intercepts occur at x = ZT
-2 : | T mw3rn
I | Asymptotes when x — —=—,—
: ! ‘22 3 In
' . ' Therefore the equations of the asymptotes are x = R
5 y=tan(3x) has period 3 End points: When x =0, When x =2,
Asymptotes occur when 3x z 3z t ( ”j ¢ ( ﬂ)
=—,— =tan| —— =tan -—
ymp 272 Y 4 - 4
T
Lx=—,= =—1
Endpoint 0,-1),(2m,-1).
Adding a period gives another asymptote at x = 5+ (Others ndpoints are ( »@m,=1)
are outside the given domain). x= 37” x= %”
Sm . .
X :% % o are the equations of the asymptotes. : :
x intercepts lie midway between the asymptotes at i i
T 2m I I
x=0,— I |
373 | |
Scale the horizontal axis in multiples of r | |
< | | >
_z _z =z D i o 5x o I e
=6 =2 =% E S e )
YA H | | ! !
| ! I y = tan(3x) ! !
| I | I |
| : | | '
1/ | | | |
i | i drx w
| i : b i y=tan(x)—>y=tan(—3 +§j
~— l I — > 4
b/ b T /4
6 4 ¥ fi 3 /n y:tan(ﬂJi)
i | | 33
I I I
-2 i i i .‘.y=tan(4—ﬂ(x+l)]
| | | 3 4
Y | |

3
] _ .
6 The period of y=—2 tan( 2) fome = _ 27, There will only be Dilation of factor . from the y axis followed by a

one asymptote since the domain allows only one period. horizontal translation of 1 to the left.
asymptote when X~ 7 5o therefore x = 1. i Period=". n= an
2 2 - n ’ - 3
Graph is inverted.
Point to illustrate the dilation factor of 2: =7 4_”
When x = E, 3
2 3
. R
=—2tan| —
Y ( 4 ) _3
=-2 4
b4 3
Point —,—2) Period is —.
oin ( 2 1
x intercepts: If x =0 or 27,y =0. x T T
Scale the horizontal axis in multiples of > 8 y= tan(2x+ Z) =y=tan 2(x+ g)
X=7 . T . . /4
yA ' period > horizontal translation — to the left.
I
I
44 | endpoints : x=0,y= tan( 1 ) 1=(0,1) and
I
|
27 i x:ﬂ,y:tan(2n+%):1:>(n:,l)
|
< | > 3
0 x 7[! sp X Asymptotes when 2x + r_z , Ll
2 | 2 4 2 2
27 i T 5w
z ! S2x=—,—
(5’ 2) | 474
—4 |
! T im
Y : Ay
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Other asymptotes are outside the domain. 10 a y=4tan(x), x €[0,27]
x intercepts occur halfway between the asymptotes and one . b1 3
period after that, so Period 7, asymptotes x = E,x = >
_3_ﬂ3_” 3 _3_ﬂ7_” Point'Letxzz
88 2 88 i 4
Scale the horizontal axis in units of ry y= 4tan(zj
PO !
] ] =4x1
!
=4
|y = tan (2x+ %)

z
2
|
|
|
|
|
|
'

]

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
2
2

3w
a y=tan(x), x e ,7
. T 3 b y=-0.5tan(x), x €[0,27]
Asymptotes: x =—,— . T 3 ..
22 Period 7, asymptotes x = =T graph is inverted
x intercept : (7,0) Point: Let x = T
zyf‘ | b3 | 3z . 4
R P
! ! y:—O.Stan(—)
14 | | 4
B : : X =-0.5x1
jL;' 0 L;, - i 2'” 7x =-0.5
2
i i (5,—0.5)
| | 4
2 !

b y=tan(x), x €[-x,0]

Asymptote: x = —%

x intercepts and end points : (=7,0),(0,0)

Y4
ot (Z’ —0.5)
y

STy

¢ y=-—tan(x) —E<x<£
Y ) 2

. T
Period 7, asymptotes x =+ > x intercept (0,0), reflected
in x axis.

Vi T
=]l—-tan(x),—-—<x<—
y (x) 5 >

Vertical translation up 1 unit from y = —tan(x).

———— ey

¢ y=tan(x), x € (0,57” Period 7, asymptotes x =+ %, passes through (0,1).
AT 5 x intercept: Let y=0
Asymptotes: x = E,—ﬂ,—n ~.0=1-tan(x)
22 2 . 1
x intercepts: (1r,0),(27,0), open point at (0,0). s tan(x) =
4
y | | | x==
eX N I S 4
=057 | x=157 | x=25=% P
I I I -~ O
) Go)
! ! ! =—-l-tan(x),-—<x<—
<~ : — g 2"
-3 e fr g fim 2 3x Vertical translation down 1 unit from y = —tan(x).
-1 i i i Period 7, asymptotes x =+ %, passes through (0,-1).
I I I
—2;' i i i x intercept: Let y=0
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.~ 0=-1-tan(x) 13 a y=tan(4x),0<x<7m
sotan(x) = -1

Period is E.
4

T /4
An asymptote occurs when 4x = 7 =>x= Ky and others are
a period apart.

For 0 < x <7, the equations of the asymptotes are:

. T T 3n S5t r
: \ xX=—=1 X=—, X=— , X=—,X=—".
| 21 8 8 8 8
| i x intercepts occur midway between the asymptotes at
: ! 27 An 6m
| | x=0,x=—,x=— ,x=—,Xx=T.
1 y=1-tan (x) | 8 8 8
! | T T 3w
! ! x=0,x=—,x=—,Xx=—,X=7
T T i3 4 2 4
v W\ A flor flosm fllst i
: : | 8 I 8 I 8 | 8
| | 1 | | | |
| 2 | : : : :
! =1 —tan (x) ! < >
! y ! 0 7!' %3 I'[I T 7!' T I'[I X
| -3 | Ty R /F R /FOR/EOR /7
| Y | | | | |
2y : : :
11 a y=tan(x), t<x<7m ' ' ' '
o z b y=2tan(2x),0<x<rm
=T =3 T
. y . Period —
| A | 2
AR LA
i | Asymptotes: When 2x = By =>x= 2
I I
' 24 ' T 3n .
| | x=-,%=Care the equations of the asymptotes.
I I
i 1 i x intercepts atx=0,x=£,x=7r
| | - 2
~T A A 5 .
- -3 3! 4 Point: Let x = —
8
e
T
. | —rs
| -2 i [y=-V3 Y an 4
| i =2
i34 |
! Y ! (5 2)
g’
b Lety=—V3
Y, \._z o7
stan(x)=—3, —wT<x<7w 2 :X—E :x—4
Solutions lie in quadrant 2 with a positive rotation and (% 2) : :
quadrant 4 with a negative rotation. Base z < | | >
o T 3 0 x 2 i f
SX==—,T—— 41 4 41
3 3 | |
7w 2r -2 i i
3 ’ 3 ' '
¢ tan(x)++3<0 ¢ y=—tan(£),0£x§7r
stan(x) <—/3 3
. T T T 2 o 1 L.
Reading from the graph, —E <x< —g or 5 <x< ? Period is T + g =3r, graph is inverted.
= T 3n
122y tan(6x7)r Asymptotes: When %z 2 =>x= EX which is outside
Period is 6 the interval allowed.
. . 3 L .
X Subtracting a period, x = ——n, which is also outside the
b y=5tan| — . 2
interval allowed.
Period is 77 = 1 —4r. Tl}ere are no asymptotes for 0 <x < 7.
4 x intercepts: Let y=0
3
c y=—2tan(—x)+5 .'.0=—tan(£)
2 3
Lo 3 2
Period is 7L'+—=—” tan(ijzo
2 3 3
d y=tan(m
y=tan( ;CT) Z=—m.0,7..
Period is —=1. 3
T ~x=0
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For 0 < x <, there is only one x intercept at (0,0).
Endpoint: Let x=7

Sy=-— tan(%j
-3
(7.~3)

LY

(=]

(r, —3)

y=3tan(x)+2,0<x <7
Period is 7.

T
Asymptote: x = 2

y intercept is (0,2) since there is a vertical translation

2 units upwards.
x intercepts: Let y=0

s 3tan(x)+2=0
2
oot =-=
an(x) 3

As x €[0, 7], solution is in the second quadrant.

sx=m—tan”" (E)
3

sox=2.55
Point: Let x = r
4
T
soy=3tan| — |+2
Y (4)
sy=5

5)
4
Endpoint: Let x=7

sy=3tan(m)+2

sy=2
(m,2)
¥ i
i
6 i
ly=Z
4 2
I
I
2] : (7, 2)
- i el
0 xl '
5 255 @
2 |
4 i
I
I
!
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e y=3(1-tan(x)),0<x<nm

s y=3-3tan(x)

L . T
Period is 7, asymptote equation x = 2
Graph is reflected in x axis and vertical translation 3
upwards, so Y intercept is (0,3).
x intercepts: Let y=0

.. 0=3-3tan(x)

stan(x) =1

Endpoint: Let x=7
~.y=3-3tan(m)
~y=3

(7.3)

y=tan(3x)-1,0<x<x

T
Period is —.
3

T T

Asymptotes: When 3x = 3 =>x= 3

For 0 < x <7, the equations of the asymptotes are:
T 3n & S5t
X=—,X=—=—,X=—.

6 6 2 6
Vertical translation of 1 unit downwards so the y intercept

is (0,-1).

x intercepts: Let y=0

~tan(3x)—-1=0
~tan(B3x)=1, 0<3x <3

.-.3x:£,n+z,2n+£
4 4 4
_z 5 9n
4’4 4
n St 3¢
M=,
1212 4

(3]

Endpoint: Let x=7

~y=3-3tan(rm)

sy=3

(7.3)

~tan(3x)—1=0
s.tan(B3x)=1, 0<3x <3

W
S
1l
T
|+
o~
|0
B)
+
A~y

&

||;. AR
"‘S‘"Jﬂ
.|>.G|§,"'>

—_
[\
—_
[\S}
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Y Y- X R 7
LI g A .

|
8}
1

14 y=tan(bx), 0<x< 377?

a i There are 4 cycles shown.

. . 3t .
ii If 4 cycles are completed over an interval of — units,

then one cycle is completed over an interval of length
o units.
8
. Y 4
Therefore, the period of the graph is Y

. .. T
ili From the equation, the period is b

. /4
iv An asymptote occurs when bx = 2

Other asymptotes are a period apart. Since the period

. 3nm o6rn .
is ry = T’ the equations of the asymptotes are

_3r 9 157 21m
167167716 16
b f(x)=a—tan(cx)
The function is undefined at its asymptote positions.

) T T ..
There is an asymptote when cx = — By =>x=- b This is
c

the least negative value for which the function is undefined.

_r__6
2c 5
~Sr=12c¢
kY4

c=—

12

Sr
=a—tan| —
fx)=a an(lzx)
Given f(-12)=-2,
a—tan(s—ﬂx—12)=—2

12

soa—tan(=5m)=-2

La—-0=-2
a=-2
5_727

Answer: a=-2, c= .
12
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15 a y=tan(x—%), 0<x<2rmw

. . . T .
Period 7, horizontal translation g to right.

Asymptotes: x — - 2,3—7[
6 2 2
_2rn 5m
=33

. T
X intercepts: x — g =0,7,27

x In 13
66 /6
Endpoints: Let x =0

.
ol

V3

T3

4]

Let x =21

T
Sy=t 2w ——
Y an( 6)
()
=—tan| —
6

=
Il

(reject as outside the domain interval)

©
=N
NN

b y=tan(x+§), 0<x<L2rm

. . . T
Period 7, horizontal translation 5 to left.

Asym toteS’x+£—£ 3—”
ymp : 2
n Ir
x=—,—
6 6 .
X intercepts: x + 3 =0,7,27
2n 5w
xX=
33 ° 3

Endpoints: Let x=0
y=tn( %]
3
-3
(0.3)

Let x=2m
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T n 7w 3w
cy= jad Asymptotes: 2x — —=—,—
y tan(2n+3) ymp 5 5
( s 2x= 77:,271'
=tan| — P 5
3 SLX=—,T
. . . 3
(Zﬂ,\/g ) Subtracting and adding the period, x = 0,—”,27: are also
asymptotes. 2
=z _1
=6 r= ?ﬂ . T 3
Yig! I Asymptote equations are x =0,—,7,—27.
911 | 27772
! : . S
2 : : @3 X 1ntercepts: 2x — 5 =0,m, 21w
0,V3)] 1 !
| I n 3r 5w
1 ! ! S2X==
! ! 22 2
< i T — > x= i S_H 5_71’-
10 i% 7 ZT” 2/ o R
- r
i Adding the period, x = 7 will also be an x intercept.
-2 | P5
! Point: Let x =—
¢ y=2tan x+Z) 0<x<on T 7w
5 ) UEEE sy=—tan 1 2
Period 7, horizontal translation r to left. Ps
2 =—tan| ——
Asymptotes: x+£—£ 3—”
R _ tan(ﬁ)
~.x=0,7 and adding another period x = 27 is also an
asymptote. =
. T T
x intercepts: x +—=0,7,27 (—,1]
2 8
.x_%za_n M ksl |
A 22 b x:ii x=7ri x=7i x=27ri
Point: Let x = x 2 i i i i
4 T | | | |
331 N N W
5 (M) " ! ! ! !
sy=2tan| —
Y 4 - : ! : L
r Of A\ 2r 3N\ iz N\ fr I\ 2"
=-2tan Z | 4 T ! 4 R !
7 | | | |
=2 I I I I
: e |
_’_2) 1 1 1 1
4

16 f:[-3,6]\D — R, f(x)=tan(ax)
r x=2r a f(0)=tan(0)=0
i b Since p is the smallest positive value for which
| f(x)= f(x+ p), then p is the period of the function. Given
I
i p =3, then T_ 3. Therefore, a = %
I
i ¢ The function rule is f(x)= tan(%x}
o 2!7[ %'x The function is not defined at its asymptotes. The
i asymptotes occur when
i T T 3w
| x===
! 37 272
_39
0<x<2r 2’2
Subtracting the period, another asymptotes occurs when
3
x=—-=
2
4 The function i fi fi __ 332
Period is > graph is reflected in the x axis and there is a e function is not defined for x = ) so
horizontal translation - to right. D= {_ 2272}
4 2°2°2
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d Period and asymptotes are known.
x intercepts: Let y=0

s tan Ex =0
3 T
As —3<x £6, then —ﬂS;xS2n’.

T
so—x=-m,0,m,21
3

~x=-3,0,3,6
3 3 9
xX=-= xX== x==
T2y 2 2
| 2 i i
I I I
I I I
i 1 | |
I I I
< ! ! ! .
<7 ¢ T T 1 T T >
4 3 2! 1] 3 415 f6 1%
i i i
I I I
I I I
I I I
I I I
! ! !

e f(x)=1

tan(zx):l,—ﬂszxsmr
3 3

Quadrants 1 and 3, base z

4
T T
L= X=—T4—,—,T+—
3 4 4 4
T 3t © 5w
S X=——,—,
3 4 4 4
9 315
X==——,—,—
4°4 4

f The graph of y= f(x—1) is a horizontal translation 1
unit to the right of the graph of y = f(x). Therefore, the
asymptotes for y = f(x—1) are:

BRI N
2 2 2
511

1
R
222

17 a

X

tan(6°) =
an (6°) 3
- x=3tan(6°)

b x=3tan(6°), 0° <6° <70°
Endpoints: Let 6 =0
. x=3tan(0°)
sx=0
0,0
Let =70
- x=3tan(70°)
sx=824
(70°,8.24)
Point: Let 6 =45

~.x=3tan(45°)

sx=3

(45°,3)
X
9 (70°, 8.24)
6

3
(45°,3)

~< 0 T T T T T T T T :6
l 10° 20° 30° 40° 50° 60° 70° 80°

¢ As the angle 6° increases, the value of x increases, so the
distance the ladder reaches up the wall increases.

d If 6°=90°, the ladder is vertical and therefore parallel
to the wall; it cannot reach the wall. The graph has an
asymptote when 6° =90°.

18 h=12tan(izj, 0<r<48
144

a When =24,

h= 12tan(ix24)
144

:12tan(£)
6

=12><£
3

=43

The wave is 4+/3 = 6.93 metres high.
b When h=12,

12=12tan(iz)
144

T
an(Zr)=1
144

The wave reaches a height of 12 metres after 36 minutes.
¢ When =48,

h= 12tan(l><48j
144

:12tan(£)
3

=12x3
=123

The peak height is 12/3 = 20.78 metres. This is lower than
the peak height of 40.5 metres reached by the Japanese
tsunami by approximately 19.72 metres.

d Graph of h= 12tan(lz), 0<r<48
144

Period is
T

T+—
144
144
=TT X—
T
=144
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20 y:tan(%—x) and y=

a

Asymptote at =72 lies outside the domain specified.
Endpoints are (0,0) and (48, 12\/§).

(48,20.8)

Graph y =tan(2x) —3, 0 <x <27 in the Graph&Tab menu
with the calculator on Standard and Rad modes.

The gaps in the graph indicate there are four asymptotes,
but their equations will need to be deduced.

Asymptotes occur when 2x = % =>x= % and multiples of

the period thereafter. The period is E, so the equations of
3r  Sm Iz
T
By checking that y-Cal is undefined when x = %, these

s

T
the asymptotes are x = Z,x

asymptotes can be confirmed and then the vertical lines
T 3 5w

X=—,X=—,X=—,X=
4 4 4

A similar approach is required in order to graph

y=tan(2x —3).

The graph indicates there are four asymptotes for

0<x <2x. The period is %: 1.57.

7
Tﬁ can be added to the graph.

An asymptote occurs when

2x-3=2
2

ox=L43

2
T 3

LX=E—4
4 2

sx 23

Adding and subtracting the period generates the other
asymptotes.
The equations of the asymptotes are, to one decimal place,

1
(6+k)x
1

a Ifk=0,y=—.

x=0.7,2.3,3.9,54
for x e [O,E}
4
6x

Graphing this hyperbola and the tangent graph in
Graph&Tab produces two graphs which lie close together
so it is not possible with conviction to tell if they intersect
by eye. Tapping Analysis — G-Solve — Intersect, says
‘Not found’, so there are no points of intersection.

b i For there to be intersections, the value of k will be only

slightly more than k = 0.

One method is to use a trial and error method.

1
If k = 0.1, there are no intersections of y =

6+0.1)x
with the tangent graph.
1
If k = 0.2, there are two intersections of y=—————
(6+0.2)x

with the tangent graph.
0.1<k<0.2
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ii

1

If k£ =0.15, there are two intersections of y = ————
(6+0.15)x

with the tangent graph.

50.1<k<0.15

Continuing to test gives k = 0.13 as the first value,

to two decimal places, for which there are two
intersections.

If k =0.12 there are no intersections but if k = 0.13 there
are two intersections.

For one intersection, 0.12 < k <0.13.

If k =0.125, there are no intersections.

0.125<k<0.13

Continued testing yields no intersection for k = 0.1276
and two intersections for k =0.1277.

= 01276 <k <0.1277

Hence the first value of &, to three decimal places, for
which there is one intersection would be k =0.128.
(This is the value to three decimal places, not the true
value).

Exercise 10.6 — Trigonometric relationships

1a

2 tan(u)+

Replace tan(u) by

sotan(u) +

2—2sin*(0)

= 2(1—sin2(9))
= 2(cos2(9))
=2co0s2(9)

sin®(A) +sin(A) cos’ (A)

€08’ (A) + cos(A)sin® (A)

tan(A)

5o sin® (A) +sin(A) cos® (A)
cos®(A)+ cos(A)sin’ (A)
sin(A) (sin® () + cos’(A))

"~ cos(A)(cos? (A) +sin’ (4))
_ sin(A)(1)

" cos(A)(1)

_ sin(A)

B cos(A)

=tan(A)

=RHS

tan(u)

sin(u)

cos(u)

1 sin(u)  cos(u)

tan(u) - cos(u) sin(u)
_ sin(u) X sin(u)  cos(u) X cos(u)

cos(u) sin(u) sin(u) cos(u)
_ sin? (u)+ cos’ (u)
- cos(u)sin(u)

1

- cos(u) sin(u)
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3 cos(x)= —%, % < x <7 second quadrant

First quadrant triangle has hypotenuse 7 and adjacent side 2.

Opposite side is V72 =22 =/45.
35

In second quadrant, sin(x) = # and tan(x) =— —

tan(x) =-3, 7 < x <2mx. Since tan is negative, fourth quadrant

is required.

First quadrant triangle has opposite side 3and adjacent side 1.

The hypotenuse is /3% + 1% =+/10.

3 1
In fourth quadrant, sin(x) = ———— and cos(x) = —.
q (x) 70 (x) 70
3r . . . .
a cos - 0 | third quadrant so cos is negative. Base is
T
2
Therefore,
3
cos(—”—@j = —cos(z—e)
2 2

=—sin(6)

b Use the complement

o5
sin| — |=cos| ———
12 2 12

Therefore, ¢ = 5_71'
12
. (T .
sin (5 + 9) +sin(z +6)

(T (7 .
sin (E + 9) =sin (E - 9) using symmetry property of

second quadrant
= cos(60) using complementary property
sin(7 +60) = —sin(0) using symmetry property of third
quadrant.

Therefore, sin (% + 9) +sin(x + 0) = cos(0) —sin(H).

a 4—4cos’(9)
= 4(1 - 0032(9))
=4sin’(9)
2sin(a)
cos(ox)

sin(cr)
cos(or)
=2tan(x)

¢ 8cos’(B)+8sin(B)

= 8[cosz(ﬁ) + sin2(,8)J
=8x1
=8

e

a

sin?(9)
cos? 0)

~ ( sin(6) jz
- cos(6)
=(tan(9))’

= tan? )
(1—sin(A))(1+sin(A))

Expand the difference of two squares
=12 —(sin(A))*

=1-sin?(A)

=cos? (A)

sin* () +2sin” (0) cos? (0) + cos” (0)

= (sin2 (8) + cos? (9))2

=(1)?
1

1

tan’(0)+1= ————
an”(6) c052(9)

LHS = tan>(0) + 1

. 2
_ ( sin(0) ) +1
cos(0)
_ sin? )
B c0s2(6)
_ sin? ) cos’ )
- c0s2(9) 0052(9)
_ sin2(6) + cos2(9)
- c0s2(9)
1

- cos? )
=RHS

+1

cos’ (8) + cos(0) sin? (0) = cos(6)

LHS = cos’ (8) + cos(8) sin’ (6)
=cos(0) [cos2 )+ sin? (9)}

=cos(0)x1
=cos(0)
=RHS
1 N 1 2
1—cos(@) 1+cos(0) " sin? 6)
1 1

B 1—cos(0) " 1+cos(0)

_ 1+cos(8) +1-cos(6)

(1= cos(0))(1+cos(6))
2

- cos2(0)

2

~ sin%(6)

=RHS
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d (sin(0)+ cos(0))? + (sin(0) — cos(9))> =2
LHS = (sin(6) + cos(0))? + (sin(0) — cos(9))?

=sin’(6) + 2sin(8)cos(@) + cos> (0) +sin’ () — 2sin(@ycos(@) +cos” ()

=2(sin?(0) + cos’ (6))
=2
=RHS

3r

4
9 a tan(x)=——, —<x<27w
5 2

5

In quadrant 1,
h? =4%*+5%

=41

S h=41

In quadrant 4,

sin(x)=—

b sin(x)=

, cos(x)=——.

4
Va1

Quadrant 2

4

As this is an exact value, x =7 — 5

i

ii

cos(x)

(2]
o

1
2
1+ tan® (x)

21
tan(x) = tan (?j

ol
-3

~1+tan(x)=1+3=4

c cos(x)=-02, 1<x< 3771

s.cos(x) = —%

Quadrant 3

Maths Quest 11

2
= ?ﬂ- (Alternatively, use the method of part a).

Mathematical Methods VCE Units 1 and 2 Solutions Manual



328 | TOPIC 10 Trigonometric functions 2 « EXERCISE 10.6

In quadrant 1,
a*+12=5°
nat=24
na=2J6
i tan(x):2\/€
i 1-sin’(x)
=1—(sin(x))*

5
__ 24
25

_1

25

iii sin(x)tan(x)
__A
5
243 T

10 a i cos(x)zT, 0<x<—

\S)

sin’ (x)+ cos’ (x)=1

2
sinz(x)+(¥J =1

12
.2

. sin +—=1
in”(x) >3

13
.2

s.sin =—
in“(x) T

As x lies in the first quadrant, sin(x) >0

Vi3

sosin(x) = =

23 3

ii cos(x)=——, —<x<2rm
5 2

As x lies in the fourth quadrant, sin(x) <0

Vi3

sosin(x) =— T

b tan(x)= S

cos(x)
For x in the first quadrant,

V13 243
tan(x) = ——+——
5 5

JiI3 5

X—
5 23

Vi3
243
_V39

6

For x in the fourth quadrant, tan(x) =— %

2V3

11

12

a

a

In quadrant 1,

a’ +(2\/§)2 =52

na?=25-12
na=+13
sosin(x) = g ,tan(x) = g = % This agrees with the

answers in part a.

cos(a®) =sin(27°)

. cos(a®) = cos(90°—27°)

.. cos(a®) = cos(63°)
sa=63

in(b) = cos
sin(b) = cos( 9 J
inby—sin[ BT
..sm(b)—sm(2 9)

r
s.sin(b) =sin| —
sin(b) sm( 18)
_In
18
sin(c) = cos (0.35)

.. sin(c) = sin (% - 0.35)
ce=2-035
2
se=1.22
T
d)=sin| —
cos(d) sm(4)

s.cos(d) = COS(%—%]

nd==
4
or,

(7
cos(d) = sm(zj

s.cos(d) = cos(3—ﬂ+£j
2 4
I
4

~od
3
cos 7+9 fourth quadrant.
=cos (E - 9)
2
=sin(0)

cos (377: - 0] third quadrant

=—cos(£—9]
2

=—sin(@)
. (7
sin (5 + 0) second quadrant

= sin(z—e)
2

=cos(0)
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a sin[*F ~0)
ol (50
=in(5-0)

=cos(0)

13 sin(6)=0.8, oses%

14

a

a

sin (7 +0)
=—sin(6)
=-0.8

cos(z—e)

2

=sin(0)

=0.8

cos(0)

Since cos®(0) +sin* (8) =1,

cos?(0) =1—sin? ()
=1-(0.8)
=1-0.64
=0.36

As0<6< % then cos(6) > 0

. cos(0)=+0.36
..cos(0)=0.6
tan (7 +6)
=tan(0)
_ sin(0)

cos(0)
08
T 0.6

c0s(90°—a°®)
cos(a®)

_ sin(a°®)
cos(a®)

=tan(a°)

()
a1

=1- [cos(@)]2
=1-cos?(6)
=sin” (0)

. T
cos(n’—x)+s1n(x+5)

=—cos(x)+sin(%+x]

=—cos(x)+cos(x)
=0

Using the symmetry property that cos(—0) = cos(0),
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(G- (5]
cos| —| ——x | |=cos| ——x
2 2
=sin(x)
T .
s.cos| x —— |=sin(x
(-3
This means that the graphs of y = cos(x) and y = sin(x) are

out of phase by % so a horizontal translation of By to the

right will transform the cosine graph into the sine graph.

15 a cos®(x)+3sin(x)—1=0, 0<x <27

As cos?(x) = 1—sin’(x), substitute this in the equation
. 1=sin®(x) +3sin(x)~1=0

so—sin?(x)+3sin(x) =0

~osin(x)[—sin(x)+3]=0

sosin(x) =0 or sin(x)=3
Reject sin(x) = 3 since sin(x) € [—1,1]
.. sin(x) = 0 Boundary solutions at (1,0) and (-1,0)
~x=0,m,21

b 3cos2(x) + 65sin(x) + 3sin2(x) =0, 0<x<L2rm

3[cos2 (x) + sin’ (x)] +6sin(x)=0
= 3[1]+6sin(x)=0
s6sin(x)=-3

1
sosin(x) =— >

Quadrants 3 and 4, base %

X=7T+ z 21— r
6 6
_Tr lix
66
1-cos(x) « 1+ cos(x) _ <r<om
1+sin(x) 1-sin(x)
. (I=cos(x))(1+cos(x))
" (1+sin(x))(1 —sin(x))
1= cos2(x) _
" 1-sin®(x)
sin®(x)
. cosz(x)
stan?(x)=3
s tan(x) = +J3
Quadrants 1,2,3 and 4, base %
SX=—,T— r + 2 — z
3 3 3
_r o 4_” s
3’37373

d sin’ (x)=cos(x)+1

~1-cos? (x)=cos(x)+1
. —cos? (x)=cos(x)
s.cos(x)+ cos? (x)=0
scos(x) (14 cos(x)) =
s.cos(x)=0 or cos(x)=-1
x 3n
272
T 3rm
Zor =
2 2

orx=T7m

SX=

Maths Quest 11 Mathematical Methods VCE Units 1 and 2 Solutions Manual



330 | TOPIC 10 Trigonometric functions 2 « EXERCISE 10.6

16 a 1-cos®(40°)=cos? (50°)
LHS = 1 —cos® (40°)
= sin? (40°)
= [sin(40°)]2
=[cos (500)]2
= cos? (50°)
=RHS
30N w3
b w =1+sin(x)cos(x)
cos(x)—sin(x)
Recall that the factors of the difference of two cubes are
a-b =(a—b)(0t2 +ab+b2),

[cos ffi(x)] [cos2 (x)+c0s(x)sin(x)+sin2(x)J

LHS=

cos in(x)
= cos? (x)+cos(x)sin(x)+sin® (x)
:(0052 (x)+sin? (x))+cos(x)sin(x)
=1+sin(x)cos(x)

=RHS

sin® () + cos[% - jSos2 (6)
¢ w0s(0) =tan(0)
sin® (8)+ cos (% - 9) cos? ()

cos(0)

B sin® () +sin(0)cos> ()
B cos(0)
B sin(@)[sin2 (6)+cos® (9):|
B cos(6)
_sin(0)x1
"~ cos(6)

cos(0)
=tan(0)
=RHS

LHS =

17

18

d cos(Zn:—A)cos(2ﬂ+A)—cos(37n—A)cos(%r+Aj=1

LHS:cos(27t—A)cos(27t+A)—cos(37”—A)cos(%+ A)

=cos(A)cos(A)—(—sin(A))(sin(A))
=cos”(A)+sin*(A)

=1

=RHS

. . . .
a Enter sin(5.57 —x)+ cos(x - 5) in the Main Menu in

Standard and Rad modes. Highlight and tap Interactive —
Transformation — simplify.
This gives the result that
1
sin(5.57t—x)+cos(x—z): .
2 ) tan(x)
b Using the same method as in part a,
sin (3x) cos (2x)— 2 cos® (x)sin (3x) = —sin (3x),

cos(sinf1 (3D 4
a ===
5 5

If sin(0) = 3 then 6 = sin™" (éj
5 5

. Ccos (sin_1 (%j) = cos(0) where sin(6) = %

b Given cos(x)= —? then x = cos™! (_gJ

_ 3
tan(x) = tan(cos ! [—%n and entering this into the Main

Menu gives the result -V2.

Similarly, sin(x) = sin[cos1 [—?J] = ?

Since sin(x) >0 and tan(x) < 0, x lies in the second

3
'l === | has been assumed to be

quadrant. Hence x = cos™ 3

in the second quadrant.
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Topic 11 — Exponential functions

Exercise 11.2 — Indices as exponents

1a 21,,1 ><81+2n B 217n ><23(1+2n)

]61714 24(171/1)
24+5n

24—4n
— 29n

1 L
b (9a3b4‘)2x2[a2b2] =3a2b2x2xa'b*

1
=6a2b”

2 1 1
¢ 273 +(£j2 =L+(£)2
81 2\ 81
273
1 Y49
(? 27 2 81
1 7
:—2+—
3" 9
1 7
=—4—
9 9
_8
9
_2\2
, 207° 5(PPa7) 20p°  —am”!
mg —am ! m3q2 Sptq
_ 1200 Ad°
m’ 5p4m
~ _16p°¢°
m4p4
_ —l6pq8
m4
5x-3 9-2x
3 2 X8 -1
4%
25x—3 ><23(9—2)5)
22x =1
224—)(
Tzl
2 X
224—3x =1
224—3x =20

Equating indices:
24-3x=0
sox=8
4 a 2x5"+5" <75
Adding:
3x5% <75
5 < 75
3
5% <25
5 <5
Hence the indices give x <2.

2x-3 T-x
9 9
9—(2x—3) > 9—(7—x)

9—2x+3 > 977+x

2x+3>-T+x
10 >3x
20
5 30x10% +17%x10°=2=0
Let a=10".
300> +17a-2=0
(10a—1)(3a+2)=0
1 2

a

10° 3

1 2 . . .
s 100 = B or10* = _5 for which there is no real solution
1
10

10°=107"
x=-1

6 2" -48x27" =13

28 —4—$= 13
2)\,
Leta=2"
48

a-—=13
a

a*—48=13a

a*—13a-48=0

(a—16)(a+3)=0

a=16, a=-3

~2%=16,2"=-3

Reject 2* = -3 since there are no real solutions.

2 =16

2v =24

x=4
7 a i 1409000 =1.409x10° and it contains 4 significant
figures.
i 0.0001306=1.306x10"* and it contains 4 significant

figures.

b i 3.04x10° =304 000
i 5.803x1072 =0.058 03

8 (4x10°) x(5x107)=16x10" x5x 107>
=16x5%10"? x107

10"

=80x10°
=8.0x10'x10°
=8x10'"
1
9 a iab* :(a3b4)5
3
=a2b?

Maths Quest 11 Mathematical Methods VCE Units 1 and 2 Solutions Manual



332 | TOPIC 11 Exponential functions ¢ EXERCISE 11.2

3
10 a 42=4°

=162

3
15% 52 15%+/5°

T T~ /125-420
1252 —202

_15x55
T 55-25
_ 18 x5,5
WS
=2
3(7) 3oy
(3_x4y2 )71 371x41y72

— 32x10y—4

11 a

1
_9x0
4

Za%b’3 y 3? ><yZ><(ab)2 _ Za%b’z 8 184%b>
(_8a2)2 »2 3 64a*h*
_ 2a? 9
= 317X ol
_ al 3

x_
b* . 164>

1
3a3p™!

3
5

16a3h2

f

12 a

40

2
] _ 4m*nt x2m*n’

(—3m3n_2 )2 9m®n ™
_ —8m®n
"~ omln?
_ —8n°
9
mt—n! _(i_l);(mz _nz)
m* —n? m n)
_ ( n—m ) o 1
mn m* —n?
n—m 1

mn  (m—n)(m+n)

_—(m—n) 1
T mn (m—n)(m+n)
-1
" mn(m+n)
1 1
VAT = 2x(dx—1) 2 = (da—1)? - — 2
(4x—1)2

1 1
_(4x-1)2(4x-1)2-2x
= 1

(4x—1)2
_(4x-1)-2x
S i
(4x—1)2
2x—1
- T
NENCES L
x4 2x(27)
RG]
25 % 28%
= 24x
25+6x
— 25+6X—4x
— 25+2x

b R 3l+n ><(34 )"72

243" ()
31+n % 3411—8
35n77

- 35n
=377
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5 2 1 5 2
= -3 1 = = 1) 3
¢ 0.001x3/10x1002 x(0.1) 3 =——x103 x(10? 2x(—)
©.1) 1000 ( ) 10
.l 22
=——x103 x10° x(107") 3
= (107)
1 2
=107 x103 x10° x103
_3+l+5+2
=10 3 3
—45+5+75+10
=10 I5
ﬁ
=1015
=10°
n+l n n 1 n
g It=5" 5"xs'-5
4 4
_5"(5-1)
4
=5"
3
13 a 27" x87x16 2 =—
4 — 2
S 2P (2H)x(2Y) 2 =——
@7 x(2) 2 =
1
o 2B )26 06 = 22
2 X

. 2—7.\:+6 — 21—2):
Equating indices,
—Tx+6=1-2x
s.5=5x
sox=1
b 25%73 <1254+
3x-3 4+x
) ()"
56x—6 < 512+3x
As the base is greater than 1,
6x—6<12+3x
~3x <18
~x<6
€ 9 =27 =3
X I-x =
~(37) +(3°) =32
1

233232
1
3 =32
.5)c—3=l
2
5x=z
2
7
X=—
10
1
d (2)3—2X>(2 —gx 1
3 8 L1
1
(33
3 21) "8
(2j3—2x 3 1
~ = >3—x—
3 2773
(2)372): )
Sl = >—=X—=
3 3 3
2 3-2x 2 2
3)3)
3 3

Maths Quest 11
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As the base is less than 1,

3-2x<2
s2x<—1
SoX>—
8
5x S5x _
e 477 +4 P
x4 =2
. _24)(75

nax(22) =2t
-~ 2% 210x — 28—4x
21+1()x — 2874)(
S 1+10x=8—-4x
s 14x=7

2 3x
f 53 x52 =

2x 3x

~53 2 =
4x+9x
~5 6
13_x =2x+8
6
S 13x=12x+48

s.ox=48
14 a 3% —10x3*+9=0
Leta=3"
a’=10a+9=0
s(a-1D)(a-9)=0
sa=lora=9
s3"=1lor3"*'=9
sx=0o0rx=2
b 24x2%¥ +61x2* =23
Leta=2"
~24a* +6la=38
244> +61a—8=0
~Ba—-1)(Ba+8)=0

— 52x+8

n2r=t
8
2r =27
x=-3

¢ 255 +5% ~150=0
52 452 %55 -150=0
Leta=5"
sa®+25a-150=0
s(a=5)(a+30)=0

sa=5o0ra=-30
~5 =50r5"=-30
~57=5,(5">0)
sox=1
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334 | TOPIC 11 Exponential functions ¢ EXERCISE 11.2

x —X 2_
d(2°+27") =4
2
(27 +27) =4
25427 =44
L2542 =42
However, 2 +27° >0
2542 =2
.‘.2)‘+i=2
2.{
Leta=2"

1
La+—=2
a

~at+1=2a
a*=2a+1=0
a-1%2=0
sa=1

25 =1

~x=0

e 10°-10"=99
102
10
Leta=10"
100

sLa———=99
a

sa*-100=99q
a*=99a-100=0
- (a—100)a+1)=0
sa=100ora=-1
-10% =100 or 10" = -1
~10* =100 (10" >0)
- 10% =10?
Sx=2
£ 2% 43x2> 127 =0
2x

~10" =99

S22 43x%

5 —2¥=0
Leta=2"

2
.'.a3+3><a——a:O

2
~2a°+3d>=2a=0
a2a®+3a-2)=0
soaa-1)(a+2)=0

1
sa=0ora=—ora=-2

\S}

s 2Y=0 0r2)‘=% or2*=-2

1
225 =— (250
5 ( )
28 =07
sox=-1
15 a i —-0.0000000506=-5.06x10"%

ii Diameter is 2 X 6370 =12740 km.
In scientific notation, the diameter is 1.274 x 10* km.

iii 3.2%x10% x5x1072
=(3.2x5)x(10* x107?)
=16x10%
=1.6x10°
iv 16,878.7 km is equal to 1.68787 x10* km.
b i 63%x107+6.3x10* =0.00063+ 63000
=63000.00063

1
i (1.44x10°)2 =(1.44)2 x(10°)2
=J1.44 x10°
=1.2x10°
=1200
¢ i 60589
=6.0589%10*

=6.1x10"
60589 = 61000
Correct to 2 significant figures, 61000 people attended
the match.
ii 1.994x107% =2.0x107
The probability, correct to 2 significant figures, is 0.020.
iii —0.00634
=-6.34x107
=-6.3x107
Correct to 2 significant figures, x = —0.0063.
iv 26,597,696
=2.6597696x10’

=2.7x10’
Correct to 2 significant figures, the distance flown is

27000000 km.
1 1

16 Given x=3%+3 3, show that x* —3x = ?.

1
1 —
Let x =a+— where a =33,

“ 3
1Y 1
x3—3x:(a+—) —3(a+—)
a a
1 1 1
=a3+3a2><—+3a><—2+—3—3a—§
a a  a a
3 1 3
:a3+3a+—+7—3a——
a a a
1
?
=a +—
2

1
Substitute back that a = 33.

33
fxd3x=341
3
.‘.x3—3x=E
3

as required.

17 a Consider the system of equations:
1

525V =— (D)
10275% = 0.01....(2)
From equation (1),
52x—y — 5—3
s2x—-y=-3...(3)
From equation (2),
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102y76x = L
100
510270 =107
S2y—6x=-2
sL3x+y=-1...4)
Consider the simultaneous equations (3) and (4)
2x—-y=-3...(3)
Bx+y=-1...(4)
Add equations (3) and (4)
s—x=—4
x=4
Substitute x =4 in equation (4)
12+ y=—1
sy=11

Answer: x=4,y=11

b Consider the system of equations
ax2"=40...()
ax2*7%=10...(2)
Divide equation (1) by equation (2)

. A x 251 40
T A x2% 10
L ok-1-2k+2 _ gy
gkt _p2
s—k+1=2
sk=-1
Substitute k =—1 in equation (1)
ax2? =40
sax l =40
4
sa=160

Answer: a =160, k =—1

3a "La 4

) 2nflx2n72 an+l x3
G X 3t ot Y
) 2n—1x2n—2—n—lan+l—n+l x3
3n—l+n+1 = a
27171 xnf3a2 x%
P a
2n—1 2 ~ 1
. 32na X" 3 =ax3
For the equality to hold, the powers of x must be equal.
sn—-3=3
sn=06 3
And, for the equality to hold, the coefficients of x” must be equal.
n-1_2
27a” 1
3 o4
Substitute n =16
a1
e
~ 312
P
o, 312
.a F
36
a=ETr
22
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19 a

20 a

In the Main window in Decimal mode, enter 5743 to obtain

9.872541804E — 4, or use the exponential template x
available in the 2 D keyboard.

Correct to 4 significant figures, 5 =9.873x 107",
22.9+1.3E2. The ‘E’ is found on the mth Keyboard. The
value returned is 0.1762 correct to 4 significant figures.
The notation 1.3E2 stands for 1.3x10%

5.04x107 + (3 X 109) could be entered as 5.04E —6+3E9
(if wished) to return the answer 1.68E —15. In standard
form, 5.04x107° +(3x10%) =1.68x 107",

5.04x107° + (3.2 x10*2 ) The E notation is for standard

form where the power of 10 is always an integer, so it
cannot be used for 10*? since 4.2 is not an integer.

5.04x107 +(3.2x10**) = 9.937578176E 11

In standard form correct to 4 significant figures,
5.04x107° +(3.2x10*%)=9.938x107"".

x2y—2
1

2x§\/y75

In the 2 D keyboard the fraction template and the square
root template and if wished, the exponential template could
be used to enter the expression.

Highlight and tap Interactive — Transformation —
5

3
Simplify to obtain ———.
2%y

3
3

w W

X X

Simplifying by hand, this becomes

2y%y2 2y

SR

2,72
T then
2x3y2
the answer would have been obtained immediately.

i 5 x25% =1
5

Had the original expression been entered as

With the calculator on Standard mode, solve the equation

using Equation/Inequality. The answer is x = ——.

i 5" x25% =0.25 >
With the calculator on Decimal mode, solve the
equation using Equation/Inequality. The answer,
to 4 significant figures, is x =—0.1723.

Exercise 11.3 — Indices as logarithms

1a
b

Cc

d

2 a
b

5* =625 = 4 =1log(625)
1
logse (6) = % = 6=1362

10" =8.52
x=log,,(8.52)
=0.93
log;(x)=-1
x=3"
1
x=—
3
log,(5) =1.609; index statement is 5=¢
10%3 = 3162; log statement is 3.5 = log,((3162)

1.609
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3 a log(3)+log,(4)=log;,(3x4) 7 logz(x)+log;(2x+1)=1
=log;,(12) log; (x(2x+1))=1
=1 192 log; (Zx2 +x):1
b log,(192)—log,(12) =log, (Ej 252 4 x=3!
=log, (16) 2x* +x=3
=log2(24) 2x* +x-3=0
~4log,(2) (2x+3)(x-1)=0
=4 x=-15x=1

3

= 3 Check in log; (x)+log; 2x+1)=1.
c 10g3(3a3)—210g3 [012]=10g3(3)+10g3 (a3)—2><510g3(a) 83(x) + logs ( )

If x=-1.5, LHS =log;(-1.5) + log;(-2) is not admissible;

=1+3log;(a)—3log,(a) therefore reject x =—1.5.
=1 Ifx=1,
3 LHS = log; (1) + log; (3)
d log, (8) _ log, (2 ) =log;(3)
———=— 3
log,(4) log, (2 ) -1
3log A7 =RHS
= Therefore x =1.
2log.
3/?/@5 8 logs(x)~logg(x—1)=2
- 2 logg (—1) =2
4 log,(2)=0.3; log,(5)=0.7 x-=
1 =6
a log,(0.5)=1log, (—) x—1
’ T _—36
=log, (27 -1
=-log,(2) x=36(x—1)
=—03 35x =36
5 =0
b log,(2.5)=1log, (E) 35
=log, (5)—log,(2) Check in logg(x) —logg(x —1) = 2.
=0.7-03 36 1
—04 LHS = log, (gj—log(, (gj
¢ log,(20)=log, (2* x5) log (ﬁ . 1)
= loge
=log, (2%)+1 355
o8, (') log, 5 = log,(36)
=2log,(2)+1log,(5) -2
=2x0.3+0.7 —RHS
=13 36
5 a 7" =15= x=log,(15) Thereforex=£.
log, (15) = log;(15) 9 a i 251=32<:>5=10g2(32)
log,(7) i 432803 los. (8
nx=1392 ii 47 =8> =log,(8)
b 37 =4~ iii 107 =0.001 = -3=1log,, (0.001)
Take logs base 10 of both sides: b i log,(16)=4 2% _16
10g(32”5) = log(4x ) 1 1
i - 2=
(2x +5)log(3) = xlog(4) ii logy(3)= 5 =92=3
2xlog(3) +5log(3) = xlog(4) iii log,(0.1)=—-1&10"=0.1
5log(3) = xlog(4) —2x1og(3) 1
510g(3) = x (log(4) - 2log(3)) 10 a x=log,| o
__ slog3) el
log(4)—21og(3) v 8
Correct to 3 decimal places, x =—6.774. n25 =27
6 log,(3)—1log,(2) =log,(x)+log,(5) sx=-3
3 b log,s(x)=-0.5
log, (5) =log, (5x) 2505 _
1
—= X=—7==
2 J25
3 1
x=— xX=—
10 5
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c 10% =4
= 2x=1log,,(4)

1
sx=—lo 4
X 5 210 (4)
- x=030
d3=¢"
~—x=log,(3)
~x=-log,(3)
sox=-1.10
e log, (125)=3
x? =125
sx=5
f log, (25)=-2
X7 =05

1

1
However, the base of the logarithm is an element of the set R*\{1}, so reject x = -5
1

5

a logg (3)+1logy (27) =logy (3% 27)
=log, (81)
=log, (92)
=2log, (9)
=2x1
=2

b log, (3)—logy (27)=1logy (3+27)

SoX=

¢ 2log, (4)+log, (6)-log, (12)=log, (47 ) +1log, (6)- log, (12)

d log; (logs (3)) =1logs (1)
=0

e 1oz (1 J+2t0g (3 )t (3 |-tog 7 )=logs, ()-1ogy 3)}+2ogs (1)-1ogs ()]l (1)-10gs (3)]-{lo (7)-Togs, 9]

=1/0%ﬁ(/7j_10g1 1 (3)+2[0—10g| 1 (3)]—[1—10g] 1 (3)]_W+10g1 19)
=—Togn(3) - 2log;, (3)-1+ Tog(3) +log,, (3°)

=-2log,,(3)-1+2log,,(3)
=1

3 1 3
Jx x x2 x2xx?
f log, 7 =log, 2
2
X
=log,| —
gz[sz
=log, (1)
=0
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log, (9) _ log, (3°)

12
loga(é/g) log (3é)
_ 2log, (3)
éloga ©)
—p. 1
=2+
=10

b 1-log, (3" +3"")=log, (4)-log, (3" (1+3))

¢ logg (16)xlogs (8)
Let x =logg (16)
-8 =16...(1)
Let y =log;s (8)
16" =8....(2)
Substitute 16 = 8" in equation (2)
~(87) =38
-89 =g
soay=1
Hence, logg (16)xlog,s (8)=1.

d log,, (1000)+1log, (ﬁ) =log,; (10°) +1log,, (0.1°)
=3log,,(10)+3log,, (0.1)
=3+3
=6

log,, (10)

logyo (2)

_ 1

logyo(2)
b i 11"=18
~.x=1log;; (18) is the exact solution.
Changing the base to 10,
log (18) = log o 18) us)

log,, (11)
=1.205

sox=1.205
i 5°=8
~.—x=logs(8)
~.x=—logs (8)
Hence,
log;, (8)

- log,, (5)
sox=-1.292
i 7°°=3
~2x=1log; (3)
1

sox=—=1 3
X 20g7()

Hence,
_1 x log; (3)

13 a log, (10)=

2 log (7
sox=0.2823

¢ i3°<10

~.x <logs (10)
r< log;, (10)
logy, (3)
1
log (3)
5 x<2.096
ii 57>04
s—x>logs (0.4)
s x <—logs (0.4)
< log, (0.4)
logy (5)
1

log; (3)
- x<0.5693

<

Sox<

d i 2=y

2. 2loes() = 93
s logs (x)=3
S5 =x
Sx=125
i 220 =7

= log, (x)=log, (7)
sox=7

14 a 777 =4

~1-2x=log, (4)
s 1-log,;(4)=2x

nx= %(1 —log; (4))

le[l_logmm)j
2 log; (7)
L x=0.14

b 107" =5""
Take base 10 logarithms of both sides

- logo (10_)‘) =logyy (Sx_l)

s —xlog,((10) = (x —Dlog,, (5)
so—x =xlogy(5)—1log,, (5)
< log;o (5) = xlog;o (5)+x

~logyo(5)=x[log,y (5)+1]

_ _log,(5)

log, (5)+1

~x=041

¢ 52)(79 — 377}(

-~ log, (52x_9) =log;, (37_")
=~ (2x = 9)log,( (5) = (7-x)log;, (3)

~.2xlog(5)—9log(5)="T7log(3)— xlog(3)
= 2xlog(5)+ xlog,y (3) = 7log(3)+91og(5)
. x[21og(5)+1og(3)] = 7log(3)+9log(5)
_ Tlog(3)+9log(5)

~ 2log(5)+1og(3)

sox=5.14
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d 1035 = 23
-~ log (103”5) =log, (6273)()
. (Bx+5)log(10)=(2—-3x)log(6)
~3x+5=2log(6)—3xlog(6)
= 3x+3xlog(6)=2log(6)-5
~3x(1+1og(6)) =2log(6)—5
_ 2log(6)-5
~ 3(1+1og(6))
sox=-0.65
e 025" =087

<. log;(0.25") = log; (0.877%%)
< 4xlog(0.25) = (2—0.5x)log(0.8)
< 4x10og(0.25) =210g(0.8)— 0.5x10g(0.8)
.~ 4x1og(0.25)+0.5x10g(0.8) = 210g(0.8)
x(410g(0.25)+0.510g(0.8)) = 210g(0.8)

210g(0.8)
410g(0.25)+0.510g(0.8)
~ox=0.08
f 4)c+l X3l—x — Sx

< log;o (477 x3'") = logyy (5%)
- log(4**")+1og(3'™") = logy (5*)

S (x+1)log(4)+(1-x)log(3) = xlog(5)

.'.xlog( )+log(4)+log(3)—xlog(3) = xlog(5)

- log(4)+1og(3)=xlog(5)— xlog(4)+ xlog(3)
x(log(5)—1log(4)+1og(3))=log(4)+log(3)

_log(12)
) lo (é X 3)
84
_ log(12)
B o (15)
&4
x=1.88
15 a log, (2x+1)+log, (2x—1)=3log, (3)
~.log, ((2x+1)(2x—1)) =log, (3)
~.log, (4x* =1) =log, (3°)
sAxP—1=27
~4x* =28
nxt=1
X = i—ﬁ
Reject x = —/7 since it creates logarithms of negative numbers in the original equation
x=A7
b log; (2x)+logs (4)=logs (x+12)—logs (2)

s logy (2x x4)=log;, (x+ 12)

-~ log; (8x)=log, (x h 12)

.'.8x:x+12
2
S 16x=x+12
S 15x=12
_12
15
4
5

SoX=
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¢ log, (2x+12)—log, (3x)=4

o (2x+12]_
- log, i
2x+12

n24=
3x
s 16X3x=2x+12
s46x =12
12

46
6
LXx=—
23
d log, (x)+log, (2-2x)=—
s log, (x(2-2x))=-1
- log, (2x-2x%)=-1

S22 =25 — 242

=2x—2x2

NI»—

s1=4x—4x?
n4x?—4x+1=0
~(2x=1)"=0

SoX=

e (logy (x)+3)(2log, (x)-3)=0
Using the null factor law,

log,o (x)+3=0or 2log,(x)-3=0

s logo(x)=-3or log, (x) = %

x=10"

3 Y
orx =42 Y=l

e log, (gj =log, (25)—1log, (81)

=log, (5*)-log, (3*)
=2log, (5)—4log, (3)
=2q-4p

f log, (\/g)x log, (\/ﬁ) =log, [52J>< log, (\/37)

o, [sz)xlog [ )]

= log, (5)x 3 log, (3

= 21og, (5)xlog, (3)

3
_qu
17 a log (y)=logo (x)+2
2 logy (v)—logjo (x)=2

= logyg (lj =2
X

~x=0.00lorx=8

f 2log;(x)—1=1log;(2x-3)
s logs (x2 ) —log; (2x-3)=1

2
X
= lo, =1
g3[2x—3]

=3!

16 Given log, (3)= p and log, (5)=g4.
a log, (15)=log, (3x5)
=log, (3)+log, (5)
=p+q
b log, (125)=log, (5°)
=3log, (5)
=3q
¢ log, (45)=1og, (9%5)
=log, (32 X 5)
=log, (32 ) +log, (5)
=2log, (3)+1log, (5)
=2p+q
d log, (0.6)=1log, (%j

= log, (3)~ log, (5)
=pP—q

d x=10""2
s y—2=logy(x)
y=logo (x)+2
e log(10*7)=3
= 3xylog,, (10)=3
s 3xy=3
1

f 10310810(.") =xy

= logyg ()’3 ) =logo (xy)
sy =y
Y —xy=0
y(y2 —x): 0
- y=0 (reject) or y? = x
Both x and y must be positive

y=\/;,x>0
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18 a 2% —14x2"+45=0
Leta=2"
sat—14a+45=0
s(a=5)a-9)=0

sa=5o0ra=9
=5o0r2"=9
x =log, (5) orx=log, (9)
b 5"-5"=4
1 X
L—=-5"=4
5x
Leta=5"
1

sL——a=4
a

s l—a*=4qa
na*+4a-1=0
Completing the square,
(a> +4a+4)-4-1=0
s@+2) =5
.'.a+2:i\/§
sa=-5-2ora=-/5-2
=J/5-20r5 =-J5-2
As 5" >0, reject 55 =—/5-2
=V5-2
x =logs (\/5—2)
¢ 973" 400
592 =3'x3% +2=0
97 —3x9"+2=0
Leta=9"
na*=-3a+2=0
s(a-1D(a-2)=0
a=lora=2
~9%=lor9" =2
~x=0orx=log,(2)
d log, (x3)+logu (xz)—4loga (2)=1og, (x)

.'.loga(x3)+loga( ) log, (x)=4log, (2)

3, .2
loga(x XX J loga( 2
x

)
loga( ) logg( 4)
= 4log, (x)=4log, (2)

. loga (X) - loga (2)
Lx=2

e (log, (x))2 —log, (x2 ) =8

- (log, (x))2 —2log, (x)=8
Let a =log, (x)
o (a)* -2a=38
na*—-2a-8=0
(@+2)(a-4)=0
sa=-2ora=4
~log, (x)=-2or log, (x)=4

nx=22orx=2%

1
sx=—orx=16
4
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log,, (x3)

=lo
log,, (x+1) 210 (x)

lOglO( )—10g10(x)><10g10(x+1)
~.3logy (x)=logo(x) xlogo(x+1)

=.3logy, (x)—logo (x) xlog)y (x+1)=0

=~ logo (x)[3-1logyy (x+1)]=0
~logy (x)=0or 3—log,, (x+1)=0
~logyo (x)=0 or log;y (x+1)=3
~x=10 orx+1=10’
x=1orx+1=1000
s x=1orx=999

19 a 12" =50

20

a

x =log;, (50)
From the main menu in Decimal mode select the logarithm
template log,, X, from the 2 D Keyboard. Type in the base 12
and the numeral 50 to obtain log,, (50)=1.574, correct to 4
significant figures.

x=1574
log(5x)+log(x+5)=1
The base 10 logarithm is found in the Math keyboard. Use
the calculator on Standard mode and solve the equation by
highlighting it and dropping into Equation/Inequality to

J33-5
=

obtain the solution x =

In Standard mode, using the logarithm templates enter
log,, (5)+1ogs (10) and press the EXE key to obtain

—1n(5121-251?(2) +log(5).
In(5) means log, (5) and log(5)=1logs (10).
The calculator has used the change of base law to express
logs (10) in terms of the base e logarithm.
logs (10) = log, (10)
log, (5)

_log, (5%2)

 log, (5)

_ log, (5)+1og, (2)

o log,(9)

_In(5)+In(2)

T ()
log, (x)xlog, (y)
Enter using the 2 D template.
The answer given is 1.
~log, (x)xlog, (y)=1

This can be explained by expressing log, (x)xlog, (y) in
terms of base 10 logarithms.

log, (x)xlog, (y)= izz—gixii—gi

=1
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Exercise 11.4 — Graphs of exponential functions

1 a Y y=3*

(URY)

Y

0
0,-1)

y=-3"

For y=3", range is R" and for y =—3", the range is R".
Asymptote is y = 0 for both graphs.
b Graph has ‘decay’ shape, so y=a . Point (—1,3) lies on

the graph.
s3=d
sa=3
Equation is y=3""
x 2\"
2 y=(15) :(_j
L

asymptote: y=0 asymptote: y=0
y-intercept: If x=0,y=1 y-intercept: If x=0,y=1

2
point: x=1,y=1.5 point: x=1,y=—

3

(1,1.5)_4 = (1.5y
!

3

x -1
Note that 1.5= i y=(1.5)" = (E) and since [ 2|3,
2 2 3

-3)-6)
=3 2
3ay=4-2

asymptote: y =—2
y-intercept X =0,y=1-2=(0,-1)

x-intercept: when y =0,
4*-2=0
4* =

Range is (=2,).

b y= 37(x+2)
asymptote: y =0

y-intercept x =0,y =372 = (O,éj

point: when x=-2,y=1

y=30un A

Range is R.
4 y=4"7+1
asymptote: y=1
y-intercept x=0,y=4" +1= (0,1%)

point: when x=2,y=2

Range is (1,20).
1 1-2
5ay=—x10""
772
asymptote: y =0
1
y-intercept: x=0,y= 5 x10=(0,5)

. 1
point: when x = >

Y=

Range is R".

b y=5-4x37"
asymptote: y =35
y-intercept: x=0,y=5-4=(0,1)
x-intercept: when y =0,
5-4x37"=0

4x37*=5
32
4

5
—x =log; 1
5

~ logyy (Zj

log,,(3)
x=-0.203
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(-0.203,0) A0, 1)

) g
Y

Range is (—,5).
6 y=

a3 +b

Asymptote is at y=2, so b=2.

y=

a3 +2

Graph passes through the origin.
=0=a+2
La=-2
Therefore the equation is y=-2x3"+2and a=-2,b=2.

7 a

8 a

i y=4",y=6"and y=8"
Each graph passes through the point (0,1) and the line
¥y=0is the asymptote for each graph.
If x =1, the graphs of y=4",y=6" and y =8 pass
through (1,4),(1,6) and (1,8) respectively.

ii For x >0, as the base increases, the steepness of the
graph increases.

{5 () mor=(3)

iy 2 .y 5 any_s.
Each graph passes through the point (0,1) and the line
y=01is the asymptote for each graph.

I 1Y
If x =—1, the graphs of y=(zj ,y=(g) and

y= (g) pass through (-1,4),(-1,6) and (-1,8)

respectively.

ii The rules for the graphs can be expressed as
y=4""y=6"and y=8".
iy=5"y=7"andy=9".
Each graph passes through the point (0,1) and the line
y =0 is the asymptote for each graph.

If x =—1, the graphs of y=5"",y=7"and y=9"" pass

through (=1,5),(=1,7) and (-1,9) respectively.
y=9~

TOPIC 11 Exponential functions ¢« EXERCISE 11.4
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As the base increases, the decrease of the graph is more
steep for x <O0.

i y=(0.8)",y=(1.25)" and y=(0.8)""

Each graph passes through the point (0,1) and the line
y =0 1is the asymptote for each graph.

The point (1,0.8) lies on y =(0.8)", the point (1,1.25)
lies on y =(1.25)" and the point (—1,0.8) lies on
y=(0.8)""

The graphs of y=(0.8)"" and y=(1.25)" are the same
and the graph of y=(0.8)"" is the reflection in the
¥ axis of the graph of y=(0.8)". This is because:

y=(0.8)__:
i)
e

y=(1.25)"

7

y=(0.8)"

(5 =)

9 a y=5"+1
Asymptote: y=1
¥ intercept: Let x =0

y=5+1
y=2

0,2)
No x intercept.
Point: Let x=-1

y=5'+1

A

b y=1-47

y=—4"+1

Asymptote: y=1

y intercept: Let x =0

y=—4%+1
y=0

(0,0)
Point: Let x =1
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sy=—4+1 Ly=27
sy=-3 o1
1,-3) g

Point: Let x=2

< 0 %

Sy= 20
(1,-3) sy=1
(2,1)
y=1-4*
c y=10"-2

Asymptote: y=-2

y intercept: Let x =0

Ly=10°-2

soy=-1 P

0,-1 =

x intercept: Let y=0

~0=10"-2 Y
105 =2 b y=—32
~x=log,,(2) Asymptote: y=0

(loglo (2),0) Y intercept: Let x=0

Sy= 32
A C oy —
(1’ 8) SYy= 9
(0.-9)
y=10"=2 Point: Let x =-2

sy=-3°

o vt
0, -1) (-2,-1)
y=-2

Y

A

(=]

d y=625-(2.5)"
Asymptote: y=6.25
y intercept: Let x =0

Ly=625-1
sy=5.25
(0, 5.25)
x intercept: Let y=0

~0=625-(2.5)"

_ 4x-0.5
(25" =625 ¢ y=4
(25 =(2 5)2 Asymptote: y=0
T = y intercept: Let x =0
—Xiz _"y:4_0'5

sx=-2 !
-2,0 Ly=—F
(-2,0) y=r
___________________________ Lyl

sy 2
y=625-(2.5% . (0’1)
2
2.0 Point: Let x=0.5

< 0 » AES 40

/ l sy=1

(0.5,1)

10 a y=2""2
Asymptote: y=0
y intercept: Let x =0
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dy=7"

Asymptote: y=0

y intercept: Let x =0
Sy= 7!

sy=T7

(0.7)

Point: Let x=1
y=1°

soy=1

(L1)

Yy

11 a y=3x2"
Asymptote: y=0
y intercept: Let x=0
sy=3x1
sy=3
(0.3)
Point: Let x=1
sy=3x2!
s y=6
(1,6)

y=3x2*

1,6

©,3)

=
1]
o

4
-
)

3x
b y=24
Asymptote: y=0
y intercept: Let x =0
Ly= 20
soy=1
(0.1)
Point: Let x = —
3

21

)2

(

Wik oo
[ [

TOPIC 11 Exponential functions ¢« EXERCISE 11.4

YA

4——,,//’/AmJ)
y=0

A
Y

¢ y=-3x27
Asymptote: y=0
y intercept: Let x=0
ny=-3x2°
sy=-3
(O’_3)

1
Point: Let x = —5

y=-3x2!
s y=—6

kN

d y=15x10 2
Asymptote: y=0
y intercept: Let x =0
s y=15x10°
sy=15
(0,1.5)
Point: Let x =-2
s y=15x10"
soy=15
(-2,15)

YA

(-2, 15)

A
A

0 X

Y

12 a y= 3%* and ¥=9" are identical equations since:

y=9"

()

— 32x
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The graph has an asymptote when y =0 and passes through c y=a—-2x3""
the points (0,1) and (1,9). Asymptote y=6=a=6
A Ly=6-2x3""
(1,9) Substitute the point (0,0)
~0=6-2x3"
~2x3"=6
y=9ory=3* ~3b =3
~b=1

The rule is y=6—2x3""".

©, 1) -
g y:() d y=6—2><3
e

0 X Ly=6-2x3"x37"
v Ly=6-6x3""
_ 2x _
b i y=2x405 14 a y=2x10""-20
210.5x Asymptote: y=-20
~y=2x(2%) . . _
y intercept: Let x =0
S y=2x2° 5 y=2x10-20
ny=2" sy=-18
'._y:2x+1 (0,—18)
i y=2"" Range (—20,)
Asymptote: y=0 x intercept: Let y=0
y interclept: Letx=0 £ 0=2%10%-20
ny=2 ~10% =10
sy=2
(0,2)
Point: Let x=-1
Sy= 20
sy=1

b y=5x2""-1
Asymptote: y=—1

13 a y=a.10" +b y intercept: Let x =0
The asymptote equation is y =3, y=5x2'-1
sob=3. s y=9
Sy=a.l0"+3 (0,9)
Substitute the point (0,5) R ’
~5=a.10°+3 X 2ilrrlltif;c(e_ lg'o;jet =0
~5=a+3 Pt y -
a=2 S0=5x2"" -1
The rule for the graph is y =2x10" +3, 5x2 =1
b y=a.3k’C . 21—x=l
Point (1,36) = 36 = a.3"....(1) 5
Point (0,4)=4=0a3" > a=4 ~log(2"*) =10g(0.2)
Substitute @ = 4 in equation (1) s (1-x)1log(2) =1og(0.2)
- 36=4x3* 1 Jog(02)
~3k=9 log(2)
k=2 L _log(02)
Hence the rule is y = 4 x 3% and the asymptote equation is log(2)
=0 sx=33
y=0.
(3.3,0)
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c y=3—2(§).

Asymptote: y=3

y intercept: Let x =0
sy=3-2x1
sy=1

(0.1)

Range (—,3)

x intercept: Let y=0

ool
G

sLox=-1
(_1’0)

YA

A
-
Y

y=2(3.5)"" -7
Asymptote: y =—7

y intercept: Let x =0
L y=2x(3.5) -7
~y=0

(0,0)

Range (=7, 0)

x intercept: (0,0)
Point: Let x =—1
sy=2%x1-7
sy=-5

(-1.-5)

YA

y=23.51*1-7
©0,0)

><V

(=1,-5)

e y=8-4x

TOPIC 11 Exponential functions ¢« EXERCISE 11.4

52)(71

Asymptote: y=8
y intercept: Let x =0

L y=8—4x57"
4
Ly=8——
=TS
=30
Y 5
(0,7.2)
Range (—,8)
x intercept: Let y=0
5 0=8-4x5""
nA4x5 =8
57 =2
log(Szx_l) =log(2)
= (2x—1)log(5)=1og(2)
= 2xlog(5)—1log(5)=1og(2)
= 2xlog(5)=1og(2)+1og(5)
=1log(10)
=1
_ 1
2log(5)
x=0.7
(0.7,0)
_________ Ao >=8
o
y=8-4x5%"!

A

0 X
Y

y=-2x10"""-4
Asymptote: y=—4
y intercept: Let x =0
Ly=-2x10"-4
sy=-02-4

=—4.2
(0,-4.2)

Range (—oo,—4)
No x intercept
Point: Let x = 1
3
sLy=-2x1-4
sy=—6

()
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A

>
>
X

y=-2x10%"-4

Y

x—1

15 f:R—>R f(x)=3-6x2 2

a i f(H=3-6x2°
S f)=-3
1
ii f(0)=3-6x2 2
6
=-3-—
%
6 2
=3-—x-=
V202
=3-3{2
b i f()=-9
23-6x22 =-9
x—1
~12=6x2 2
x-1
22 =2
..)c—l:1
2
x—1=2
x=3
ii f(x)=0
x-1
~3-6%x22 =0
x—1
n3=6x22
x—1
a2 =L
2
S
2
x—1=-2
x=-1
iii f(x)=9
x—1
s3-6%x22 =9
x-1
—6=6x2 2
x-1
S22 =1

x—1
As22 > 0, there are no values of x for which f(x)=9.
¢ From previous calculations, the points
(1,-3).(0.3-32).(3,-9) and (~1,0) lie on the function’s
graph. The equation of the asymptote is y = 3; the range is
(—e,3).

0,3-3V2)

x—1
y=3-6x%x23
(3,-9)

d Let f(x)=1

log(2) *
sx=-0.17
Using the graph, f(x)=-1for x <-0.17.
16 a Lety =2"and y, =—x.
When x=0, y; =land y, =0; y; >y,
When x:—%, Vi =%= 0.7 and y, =0.5; y; >y,

1
When x=-1, y, =E=O.Sandy2=1; N <y

Therefore, y, = y, for some x € (—1,-0.5).

There is one point of intersection for which x € (-=1,-0.5).

b y=2"and y= x2 both contain the points (2,4) and (4,16).

From the diagram there is a point of intersection for
x €(—1,0), so there are three points of intersection.
¢ y=e¢" and y=2" both contain the point (0,1).
As e>2, the graph of y=¢" should be steeper than that of
y=2", for x>0.
y=e¢" contains the point (1,e), approximately (1,2.7) and
y =27 contains the point (I,2).
There will only one point of intersection, as confirmed by
the diagram.
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d y=2""+1and y=sin(x)
Consider y=2""+1:
Asymptote is y=1and y intercept is (0,2), so the range is
(1,00).
As the range of y=sin(x) is [-1,1], there will not be any
intersections of the two graphs.
This is confirmed by the diagram.

y = sin(x)

e y=3x2"and y=6"
At intersection, 3x 2" =6,
it
2X

(Y

~3=3"
sx=1
There is one point of intersection (1,6).
Both y=3x%2" and y = 6" have asymptote y =0 and
y intercepts of (0,3) and (0,1) respectively.
)

Y

) 1 z
f y=2%"1 andy:5><162

Consider y = l>< 162. This can be expressed as
=—x[(27)2
y=3x(2")

=271x2%
— 22x—l
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The two curves are identical and therefore have an infinite
number of intersections. The co-ordinates of the points of
intersection are of the form (t, 221 ),t eR.

17 Sketch the graphs of y=2* and y = x? and use Analysis —
G-Solve — Intersect to obtain the co-ordinates of the points
of intersection as (—0.77,0.59),(2,4) and (4,16).

18 y,=33-2(11)" and y, =33-2(11)""".
From the equations it can be seen that both have an asymptote
y =33 and that if y; = f(x) then y, = f(x+1). Hence y, is a
horizontal translation of Y1 one unit to the left.
Graph the functions and use Analysis — G-Solve — either
Root or y-intercept or x-cal, to calculate the x intercept or
y intercept or x value when y = 10, respectively.
The values obtained for y; are (1.17,0), (0,31) and (1.0185,10).

The values obtained for y, are (0.17,0), (0,11) and
(0.0185,10).

Exercise 11.5 — Applications of exponential
functions
1 0(0)=0Q,x1.77"
a Whent=0, Q(0)=0Q, x1=0,, so Q, is the initial amount
of the substance.

b 0G0)=0,

1
700 =00 1.77%%

0.5=1.77300k
log(0.5) = —300k log(1.7)
log(0.5)
3001og(1.7)
k =0.004

¢ Q,=250,0=250x%1.7"0004
When ¢ =10,
0=250%1.770%
=~244.7

The amount which has decayed is:
250-244.7=53
Therefore, 5.3 kg have decayed.

t

2 D=42x21
a When t =0, D =42. The initial average number of daily
emails was 42 emails per day.
b When D =84:

t

84 =42 x 216

t
84 5
4

-
2 =216
1=L
16
t=16

After 16 weeks the average number of daily emails is
predicted to double.

2
3 Gradient m=——
0.8

The equation of the line is in the form ¥ = mX + ¢ where
m=2.5,c=2and Y =log(y), X =log(x).
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Therefore,
log(y) =2.5log(x)+2

log(y) —log(x**) =2

y
log| == =2
g(xzj)
Yy 2
——=10
JEE

y= 100x%°

4 Gradient of line through (0,0) and (1,0.3) is 0.3.
The equation of the line is of the form ¥ = mX where
m=0.3,Y =log(y),X =x.
log(y)=0.3x
y= 100.3x
5 V=Vyx2X
a Whent=0, V=YV, ssoV,is the purchase price.

1
When =35, VZEVO

.'.k=l or 0.2
5

b The model is V =V, x 270
When 75% of the purchase price is lost, 25% remains.

Let V =0.25V,
20.25V, =V, x 270
l — 2—0.2[

4
2—2 — 2—0.2t
=2=-0.21
2

T02

~1=10
It takes 10 years for the value of the car to lose 75% of its
purchase price.

6 N =305x2007
a When =0, N =30 so there were initially 30 drosophilae.
b Whent=5,
N = 30 x 20072%5

— 30 x 2036
=38.503
After 5 days there were approximately 39 drosophilae.
¢ When N =60,

60 = 30 x 20.()72r
0= 20.072t

= 1=0.072¢
1

t=
0.072
S 1=13.9

The population doubles after 14 days.

oot

nt
7 A:P(Hi)

d NA
100 N=30X 20,()721
80
60
40
[
204(0, 30)
T T T I:
0 5 10 15 20!
e Let N=100
~.100 =30 x 2007
. 10 — 900721
3

log(?j — 1Og(2().()721)

log(?j =0.072tlog(2)

(5)
log| —
= 3
0.0721o0g(2)
sr=24.12
Using the graph, for N to exceed 100, then 7 >24.12.

The population first exceeds 100 after 25 days.

n
a i P=2000, r=0.03and n=12
12¢
A= 2000(1+%j
12
- A=2000(1+0.0025)"*
- A=2000(1.0025)'*

ii For 6 months, z=%

A=2000(1.0025)°
=2030.19
The investment is worth $2030.19 after 6 months.
i Let A=2500
2500 = 2000(1.0025)"*
2500
2000
+1.0025'% =125
~.log(1.0025"") = log(1.25)
. 12t10g(1.0025) =log(1.25)
_ log(1.25)
" 12lo0g(1.0025)
st=7.45
It takes 7.45 years for the investment to reach $2500.
b Let A=2500 and 1 =4

~1.0025"% =

48
£2500= 2000(1 + L)
12

( r J“S 2500
Al =] ===
12 2000

)8
.'.(1+—) =1.25
12
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(1 n é) —4125

1
L1054 1
12

I
Sr= 12[1.2548 - IJ

- r=0.056

The interest rate would need to be 5.6% p.a. to achieve the
goal.

8 T=85x3000%

a When =0, T =85 so the initial temperature is 85 degrees.
Letr=10
ST =85%x3700%
~T=717.85

After 10 minutes the temperature is approximately
78 degrees, so the coffee has cooled by 7 degrees.

b LetT=65
.65 =85x 370008
. 30008 _ 65

log(3’°'008’) _ log(%)

~.—0.008¢1og(3) = log(g)

log(g)
_ 17
" —0.0081og(3)
S 1=30.5
It takes just over half an hour to cool to 65 degrees.
¢ The graph of T =85x% 3700081 passes through the three
points (0,85),(10,78),(31,65).
When t =40,
T = 85 % 370-008x40

=85% 3—032
=59.8

X
100 ©.55) T = 85 x 30008

80

60—
(40, 60)

40—

20

T T T T T >

0 10 20 30 40 s0 !

d The asymptote for the graph of 7' =85 x 370008 s T = 0.
This model therefore predicts that the temperature will
approach zero degrees. This makes the model unrealistic,
particularly in Brisbane!

9 T=gx30P 425

a Whent=0,7=95
s95=ax1+25
sa=170

b The model is T =70x37%1% +25
Letr=2
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L T=70x312 425
=70x37%%0 425
~T=776
After 2 minutes, the pie has cooled to 77.6 degrees.
¢ LetT=65
565=70x371 125

5 40=70x370
3—0A13t - i
7

log(3’0'13’)= log(

~.—0.13tlog(3) = log(

)

= -0.131log(3)
S t=39
It takes 4 minutes for the pie to cool to 65 degrees.
d The graph of T =70% 37013 1 25 contains the points

(0,95),(2,77.6),(3.9,65).
Its asymptote is 7 = 25. This means that the model predicts
the temperature of the pie will approach 25 degrees. In the
long term, the temperature of the pie will not fall below
25 degrees.

T

100 (0, 95)

7)
7)

80

60
T =170 x 3013 + 25
40

20

D Oi 5 10 15 20 i

10 P=Pyx107*

a When =0, P=F,, so F,is the barometric pressure at sea
level.

1
For Mt Everest, P = §P0 and & = 8.848 (measured in km).
1
n 3P =R 1075848

. 1 1078.8481{

log(l =-8.848k

3
1

Sk= log(g) +(—8.848)

sk =0.054

W

b Model is P = F) X 1070054k

Mt Kilimanjaro: & =5.895, P =48.68
- 48.68= P, x 1070.054x5.895

. P, =48.68x 100-054x5.895
- Fy=101.317

¢ Use the model now as P=101.317x 1072054

For Mont Blanc, & =4.810

~ P=101.317x10 #4810
S P=5571
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For Mt Kosciuszko, h =2.228

5 P=101.317x10700%228

. P=76.80

The atmospheric pressure is 55.71 kilopascals at the

summit of Mont Blanc and 76.80 kilopascals at the summit
of Mt Kosciuszko.

d P
100 (0, 101.317)

— -0.054h
(2.2,76.8) P=101.37x10

(4.8,55.7)
(5.9,48.7)

80
60
40
20

‘0¢ 1 2 3 4 5 6 7 8 9 10 11 h
11 a D=D,x10"

In 1991: 1=15,D=15=15= Dy x 10°*....(1)

In 1994: 1=18,D=75=75= D, x10"** ...(2)

b Divide equation (2) by equation (1)
75Dy x10"*
15 Dy x10™F
~5=10%
=3k =log(5)

1
k=—log(5
3g()

1
Substitute k = glog(S) in equation (1)
1

15x—1og(5)

215=Dyx10 3

~15= D, x 107

- 15= Dy x10"°)

~15=D, x5

15

5

5Dy =3%x5%x57

Dy =3x57"

=Dy

Correct to three decimal places, k = llog(S) =0.233 and
D, =3x5*=0.005. 3

¢ The model is D = 0.005x 10%%*
1996: Let 1 =20

5. D=0.005x10%7%
. D=22854
In 1996, the density was 229 birds per square kilometre.

t
d New model is given by D =230x10 3 +b. This model has
an asymptote when D = b.
When t=4,D =40
4
~40=30%10 3 +b

4
~b=40-30x%10 3
~.b=38.6
The asymptote is approximately D =39 so the density

cannot be expected to fall below 39 birds per square
kilometre.

1 kt
12 C=C,x (—j
2
1
a Half life of 5730 years means that C = ECO when t = 5730.

1 1 5730k
s—=Cy=Cy X| =
1co=Cox(3]

1 1 \5730k
)
= 1=5730k

1

k=——r
5730
t

b The model is C = Cj x (%)5730

Let C=0.83C,

t

~0.83C, = C, X (%)5”0

t
+0.83= (1j573°
2
e
-~ 10og(0.83) = log G)S”O

X t
15730

log(%) =10g(0.83)
e 573010g(0.83)
' log(0.5)
s~ t=1540
The bones are estimated to be 1540 years old.
13 a i Let Y =log,(y)and X =log,, (x)

The equation of the line is Y =mX +c¢
ise 1
The gradient is m = ™% ~ — and the Y value of the
run 2

Y intercept is ¢ =—1.

.'.Y:lX—l
2

1
Hence, log(y) = Elog(x)— 1

log(y)—%log(x) =-1

log(y)_log(xi]:_l
o )

log[% =-1
y -1
S —==10
Jx

.'.y=% ory=0.1/x

ii LetY=log,(y)
The equation of the line is Y =mx +c¢

] -1
The gradient is m = e and the Y value of the
run 4

Y intercept is ¢ = 0.

1
Y =——x
4

Hence, log, (y)= —%

sy=24
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b i

ii

iii

iv

pH=—10g([H+})
Bleach: [H*J: 10713
- pH=-1log(10™?)
.. pH =1310g(10)

s pH=13

Water: [H*]z 1077
s pH = —10g(1077)
sopH=17

Lemon juice: pH =2

s2= —log([H+ ])
S2= log([H+ })
~[H"]=107
~[H*]=001
The concentration of hydrogen ions in lemon juice is
1x107°.
Milk: pH =6

6= —log([H+ J)
6= log([H+ ])
~[H"]=10"
~[ H* ]=0.000001

The concentration of hydrogen ions in milk is 1x 1078,
The acidity is due to the hydrogen ions. Since

1072 =10* x107°, the acidity of lemon juice is four
times that of milk.

There is an increase of 4 in the pH of milk from that
of lemon juice and the difference in their concentration
of hydrogen ions decreases by a factor of 107, For
every one unit of increase of pH, the concentration of
hydrogen ions decreases by a factor of 10.

Hence for every unit of increase in pH, the solution
becomes less acidic by a factor of 10.

14 a log(13.9)=1.14,log(17.1)=1.23 and log(22.9) = 1.36.

The third row of the table contains these values.

b X 15 30 53
Y =log(y) 1.14 1.23 1.36
log (),
1.6
15
L1 (53, 1.36)
1.3 (30, 1.23)
1.2
L1 (15, 1.14)

>
X

0 T T T T T
15 25 35 45 55 65

¢ The equation is of the form Y =mx+c¢
Using the points (15,1.14) and (30,1.23),

1.23-1.14
T 30-15
~0.09

15
=0.006

~Y =0.006x+c¢
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d

15 a

b

Substitute the point (30,1.23)
~.1.23=0.006x30+¢

~.c=1.23-0.18
s.c=1.05
=Y =0.006x+1.05
Replace Y by log(y)

. log(y)=0.006x+1.05
-y = 100006x+1.05

sy= 100.006x x 10105
o y=10%006 %1122
sy =11.22x10%006x

For 1960, x =0 and therefore y=11.22.
Let y=2x11.22

. 2%11.22=11.22x10%006~
.2 =100006x
.0.006x =log(2)
log(2)

~0.006
S x=50.2
The population doubles in just over 50 years.
For the year 2030, x =70
oy =11.22x10%006x70

nLy=11.22x10"%

s y=29.51

The model predicts the population to be around

29.5 million by the year 2030 so this model supports the
claim that the population will exceed 28 million.

i Select Statistics from the Menu list. In List 1 enter the
x values and enter the y values in List 2. Tap Calc.
For part i, select abExponential Reg and tap OK.
This gives the rule for the data as:
y=ab"
a=4.0033247
b=1.3797213

with 7% = 0.999964.
The rule is approximately y=4x1.38".

Tap the Histogram window to view the data points and
the curve with the rule y=4x1.38".

ii From Calc, select Logarithmic Reg.
This gives the rule for the data as:
y=a+bln(x)
a=4.3136983
b=6.2160208
with 1 = 0.8958877

The rule is approximately y =4.3+6.2log, (x).
The graph should automatically appear.

From the graph of the logarithmic function it can be seen
that fewer data points lie on the graph than is the case
for the graph of the exponential function. As well, the
closer the r* value is to 1, the better the fit so again the
exponential model is the better.

16 P()= (2001 +16)x 2.7

a

i Whenr=0,
P0)=(16)x1
=16
Stephan’s pain level is 16.
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15 1
ii 15 seconds equals —= 2 minutes.

60
When t=—,
4
1 1 1
P(—j = (200><—+ 16)><2.7 E
4 4
=515

After 15 seconds, Stephan’s pain level is 51.5.

b The graph obtained should be similar to that shown.

PA
(0.93, 80.2)

P = (2007 + 16) x 2.7
o (11.01, 37.07)

~t

i Use the Analysis tools to obtain the maximum turning
point as (0.926794, 80.202012).
Hence, the maximum pain measure is approximately
80.20.

ii It takes approximately 0.93 minutes or 55.61 seconds
for the injection to start to reduce the pain.

iii Using y-Cal, when x =5,y =7.0806786 and when
x=10,y=0.097915.
Hence, the pain level is 7.08 after 5 minutes and 0.10
after 10 minutes.
¢ The least pain level occurred at the end of the 10 minute
interval, so the effectiveness of the injection was greatest
after 10 minutes.
d i P(H)=(100(t—10)+a)x2.7 (710
P(10) is known to equal 0.10.
~0.10=(10010—10) +a)x 2.7
S 0.10=ax1
~.a=0.10
ii Enter the hybrid function as
y1=(200x+16)x 2.7 10<x <10
y2=(100(x—10)+0.10)x 2.7 19 |10 < x <20
The graph obtained should be a similar shape to that
shown. Use the Analysis tools to obtain the

co-ordinates of the second maximum as approximately
(11.01,37.07).

PA

(0.93, 80.20)

p =200 + 16) X 2.7

(11.01, 37.07)

Exercise 11.6 — Inverses of exponential functions

1 a y=log;,(x)
The inverse is x = log,, (), which is the exponential
function y=10".

y =log;o (x)

>
>
X

b The points (10,1),(100,2),(1000, 3) lie on the logarithm

graph.

With m =1000,7 =100, the logarithm law is
1000

log; (1000) — log; (100) = log; (W)

. log,,(1000) —log,, (100) = log,, (10)

This means the difference between the y co-ordinates of
the points (1000,3),(100,2) should equal the y co-ordinate
of the point (10,1).

This does hold since 3—2=1.

2 y=27"
Its inverse is x =27 which rearranges to
—y=1log,(x)
sy=-log,(x)
Y /1
y=2" =

7 y = -logy(x)

3 f:R>R, f(x)=4-2%
a Domain of inverse is range of f.
f: asymptote at y =4, y intercept (0,3). Therefore range
is (—oo,4).
Domain of inverse is (—eo,4).
b Lety= f(x)
fry=4-2%"
inverse: x =4 -2
n2V =d4-x
s 3y=log,(4-x)

sy= %log2(4— X)
)= %logz (4-x)

As a mapping, ' :(—es,4) > R, f1(x) = %10?%2(4_95)

¢ x intercept: 4—23* =0
n4=2%
n2r=0¥
s3x=2

SX ==

3
inverse: asymptote at x =4, x intercept (3,0), y intercept

2
(0, 5), domain (—oo,4).
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YA ot

y=330.3) S

4 y=4+2log,(x)
a inverse: x =4 +2log,(y)

x—4
oy (==

(')

sy=2

1
b Inverse: asymptote y =0, y intercept (O,Z), point (4,1).

This means for the logarithm graph, asymptote x =0,

1
X intercept (Z,O), point (1,4).

YA

¢ The graphs intersect twice.
5 a logg (27" x9")=log, (27" x3>")

=log ((2x3)™)
=log (62)‘)
=2x

b 23l0e.(10) _ zlogz(lo)’3

=(10)~

1

~ 1000
=0.001

6 5x10g5(2)—10g5(3)

glogs(2)-logs(3) _ glogs(2")~log; (3)

_al2)

=l><2x
3

7 a y=log,,(x—1)
Horizontal translation 1 unit to the right gives the

asymptote of x =1 and domain (1,°). There will not be a

y intercept.
x intercept: When y=0,
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log;p(x=1)=0

nx—1=10°
x=2
A x=1 y=log, (x-1)
- .0) N
< 0 >

Y

b y=logs(x)—-1
Vertical translation of 1 unit downwards. This does not
affect the asymptote or the domain.
asymptote: x =0, no y intercept, domain: R*
x intercept: logs(x)—1=0

slogs(x)=1

sx=5

sx=5

YAx=0
- T 60—
< 0 >

i

iii

y =logs (x)— 1

i Asymptote occurs when x +b=0= x =—b. The graph

shows the asymptote is x =—1
and so-b=-1=b=1
Alternatively, as the asymptote is x =—1 there is a
horizontal translation of 1 unit to the left so b=1.
The domain of the inverse is the range of the given
graph, so domain is R.
The range of the inverse is the domain of the given
graph, so range is (—1,0).

The rule for the inverse:

function: y =—log, (x +1)

inverse: x =—log,(y+1)

s—x=log,(y+1)

27 =y+1

Ly=2""-1

The rule for the inverse function is given by
fFo=27"-1

Deduce the features of the inverse from the given
graph:

asymptote x = —1 = y=—1, point (0,0) = (0,0), point
1L,-D=(-L1)

YA

y=f"1x)
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8 f:R" >R, f(x)=1-log,(x)
f(x)=-log,(x)+11is reflected in the x axis and then has
a vertical translation of 1 unit up. This does not affect the
vertical asymptote at x = 0.
x intercept: When y=0, 1-log,(x)=0

s 1=log,(x)
nx=41
x=4

YA

y= 10g4 ()

y=-log,(x)

9 a y=3"has an asymptote y =0 and passes through the points
(0,1) and (1,3). Its inverse will have an asymptote x =0 and
pass through the points (1,0) and (3,1).

y=>5" has an asymptote y =0 and passes through the points
(0,1) and (1,5). Its inverse will have an asymptote x =0 and
pass through the points (1,0) and (5,1).

The inverse is a reflection of the exponential graph in the
line y = x.

Y

b The inverse of y=23"is x =3”. Therefore the inverse is

y =logs (x).
The inverse of y=5" is x = 5. Therefore the inverse is
y=logs (x).

¢ The larger the base of the logarithmic function, the more
slowly its graph increases for x > 1.

d y=3"+1is a vertical translation up one unit of y=3".

The asymptote is y =1 and it passes through (0,2). Its
inverse has asymptote x =1 and passes through (2,0).

YA
y=341 /1

4__/ 0,2) //’ Iny
y=b | - _/=3y+1

2.0

>
>
X

A
\
=

e The inverse of y=3" +1 has the equation x =3 +1.
nx-1=3

~y=logy(x—1)

f y=35"""is a horizontal translation one unit to the left of y = 5%
Its asymptote is y =0 and it passes through (—1,1) and (0, 5).
Its inverse has asymptote is x =0 and it passes through
(1,-1) and (5,0).

2\
y=5x+l
©,5) P
=
< LD .- Inverse —
el G0 7
*, (1,-1)
Y

Rule for the inverse:

x=5"1
slogs (x)=y+1
soy=logs (x)—1

-
10 a y=23
Asymptote: y=0
y intercept: Let x =0,

~y=1(0,1).
Point: Let x=-3
~Ly=2 (-3,2)

Inverse: Asymptote x =0, x intercept (1,0), point (2,—-3).
y

Rule for the inverse: x = 2_5

y
s log, (x)= -3
s y=-3log, (x)
y,
y=2 3 Inverse
(-3,2) V=X
=,

PR

-7 2,-3°*
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1
b y=—x8"-1
Y75

Asymptote: y=—1
Y intercept: Let x =0,

1
L
=5

y=—t
Sy 5

(-

X intercept: Let y=0

.'.0:l><8"—1
2
-8 =2
n2% =2t
s3x=1
1
SX==
3

4o

1
Inverse: Asymptote x =—1, x intercept (—E,OJ, y intercept

o1

Rule for the inverse: x = 5 x8 -1
1 y

S—x8 =x+1
2

S8 =2x+2
y=logg (2x+2)

x=-1"A .

(o
% Inverse

L )
V4 I
¥ l[ Y

y=2-4"

Asymptote: y =2

y intercept: Let x =0,

sy=2-1
y=1.

(0.1)

x intercept: Let y=0
~0=2-4"

n4t=2

1 s
= Sy=x
2, 7Y

Sl \

Inverse: Asymptote x =2, x intercept (1,0), y intercept

o)

Rule for the inverse: x =2—-4"
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n4Y=2-x
y=log, (2-x)
YA nd
eyl
y _ 2 £ 2 ///
\.(o,w v
7
\ //
- // y_ -
D A A L0 Tx
// (;’0) x=2
X 2,2/* 4x  yInverse

y=3""+3
Asymptote: y=3

y intercept: Let x =0,
sy=343

sy=6.

(0.6)

no x intercept

Point: Let x=~1

y=1+3
sy=4
(-L4)
Inverse: Asymptote x =3, x intercept (6,0), no y intercept,
point (4,—1).
Rule for the inverse: x =31 +3
3 =x-3
y+ 1=1log; (x—3)
=log; (x—3)-1
YA A
x=3 ///
y=3x+1+3 (06) e
(_1’ 4) ////y =X
y= 3 7
// Inverse
~ . >
L p 6,00 *
7 4, -1
¥
Y
y=-107%

Asymptote: y=0

no x intercept

y intercept: Let x =0,
soy=-—1

0,-1)

Point: Let x =— 1
sy=-10 2

o

Inverse: Asymptote x = 0, x intercept (—1,0), no y intercept,

1
oint | —10,—— |.
P ( 2)

Rule for the inverse: x = —107>

107 = —x
=2y =log;, (—x)
1
—Zlo _
5 g0 (—x)
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YA ¥ b Letx=0
Inverse . 1)////// .'.y=2><(1.5)2
(-1,0) Z -7 (1,0 L y=2%225
e~
- x sy=4.
Sy TO=)) y=43 . .
7 ¢ &d For the graph of y=2x(1.5)""", asymptote is y =0 and the
“y=x graph passes through the points (2,2) and (0,4.5).
Y For its inverse, asymptote is x = 0 and the graph passes

foy=21 through the points (2,2) and (4.5,0).

Asymptote: y=0 YA

no x intercept Inverse

y intercept: Let x =0,

ny=2 (0, 4.5)

0,2)

Point: Let x=1

sy=1

(L1)

Inverse: Asymptote x =0, x intercept (2,0), no y intercept, <

point (1,1). gl

Rule for the inverse: x=2'""

Y 4.5,0)
~1-y=log, (x) ’ .
~y=1-log, (x) e Rule for the inverse: x =2x(1.5)~"

X 2—
n==01.5)7""
S=(15)
X
-'-2—y=10g145(gj

X
sy=2-log s (5)

f The solution to the equation 2x (1.5)*™* =2 -1log, s (%]

e Inverse
Ve . . .
is the x co-ordinate of the point where the graphs of
11 f:R—>R,f(x)=8-2x3%* ). ).
a r.=d =R, y=2x(1.5)""and y=2-log, s (Ej intersect.

Therefore, the solution is x = 2.

The function has an asymptote at y =8 and a y intercept 13 g:(~1,00) = R,g(x) = -3logs (x+ 1)

(0,6).
Therefore, ry =d ;1 = (—e,8). a 1 =dg=(le)
b f(0)=6 b g(0)=-3logs(1)
¢ As the point (0,6) is on f, the point (6,0) is on f_l. This is =-3x0
the x intercept of the graph of £ =0
d Function f: y=8—-2x 32x ¢ The point (0,0) is on the graph of g and therefore on the
Inverse function f*l; x=8-2x3% graph of g". This is the point where the graph of g" cuts
LIx3 —8—x the x axis.
v d Function g: y=-3logs (x+1)
a3 82X inverse function g™ x = -3logs (y+1)
2 ‘ X
. 2y=log, (S—Tx) - logs (y+l)——3
o1 8—x Ly+1=53
B logs ( 2 j =
The rule for f™is £~ (x)=llog3(8_xj -Y=3 ! x
. . 2 L 2 The rule for g~'is gl (x)= 531,
As a mapping, the inverse f;mcuonés The maximal domain of an exponential function is R so as
fli(=e,8) > R, [ (x)= Elog3 (%) a mapping, the inverse function is
12 a y=2x(1.5)>" g’I:R—>R,g"Ex)=5 3-1
Lety __22 5 2x e Consider y=5 3 -1
©2=2x(15) Asymptote: y=-—1
(15)2_)C =1 Axes intercept: (0,0)
n2-x=0 Point: Let x=-3
x=2 sy=5-1
=4
(-3.4)
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YA
(-3,4)
y=g"'(

(0, 0)

Y

y=-1

Y

f The graph of y = g(x) has an asymptote x =—1 and

contains the points (0,0) and (4,-3) since it is the inverse

of the graph in part e.
YA

(0,0)

A
Y

y=g'®

“4.-3)

14 a i 3= =g
ii 1010g|0(2)+10g‘0(3) - lologm(2x3)
— 10°%0(6)
=6
fi 5710s@) — 5l08(27)

-1

1

2
1 lo [25%]
log(25 %6

iv 62 ¢

=5
b i 3°n0)=x
ii 23lee.(x) = 21°g2(-“)
3

=X
iii log, (2°)+1log, (9% )=log, (2*)+1log; (3**)
=x+2x
=3x

6x+1 _ 6x 6" (61 _ 1)
iv 1 — =1 —_—
086 ( 5 ] 08¢ [ 5
6(5)
=logg 5

logg (6X)
x

15 a y=2%"4¢
From the diagram, the asymptote is y=—4, so c =—4.
Ly= 2ax+b -4
Substitute the known points on the curve.
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0,-2)=>-2=2"-4
n2b=2
b=1
nLy=2%"1—g

1 la+1
(—,0):0:22 -4
2

a=2
The rule for the function is y = 22¥+ g,
Inverse function rule:
x=2""" -4
s 2P =y v 4
~2y+1=log,(x+4)
~2y=log, (x+4)-1

yzélog2 (x+4)—%
Since y =—4 is an asymptote for the exponential function,
x =—4 is the asymptote for the inverse function.
The points (%,Oj and (0,-2) are on the exponelntial
function so the y intercept of the inverse is (OEJ and the

x intercept is (—2,0).

As the exponential graph intersects the line y = x twice, the
graph of the inverse must intersect the exponential at these
two points, giving two points of intersection between the
graphs.

y= 22x+1_ 4

A A

x=-4 1 ////y =X
(O, 7 7 Inverse

B (-2,0) 1
N A (1 x
2:0
S 0,-2)
/ y=-4
* Y
y= 22x+1 —4

Substitute the point (log, (3),k)
k= 2210gz(3)+1 —4
ck=27m0) ol 4
k=200l 4
k=3"x2-4

k=14

1 1
Inverse has equation y = 5 log, (x+4)— 5

Substitute the point (14,log, (3))
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LHS =log, (3) ~0=log,y(x)+1
1 1 . —_
RHS =~ log, (14 +4)— — - 10gjo (¥)=-1
2 2 sx=10"
1
:—10g2(18)—l ~x=0.1
2 2 (0.1,0)
— Lo, (32 x2)-1
= E 0g2( x )_ E Point: If x =1, then y=1. (1,1) is on the graph.
Y

_1 2

—E[logz (3 )+10g2(2)—1:| ) log () + 1
_l _ x=0

= 2[210g2 (3)+1 1] /U/é
=log, (3) < >

—LHS 01[0,1, 0) "X

The point (14,log, (3)) lies on the inverse function.

16 a y=logs(x)-2
Domain: x > 0= domain is R*
Asymptote: x=0
No y intercept
Vertical translation 2 units down
Range: R

d y=log,y(x+1)
Domain: x+1>0=x>-1
domain is (—1,0)
Asymptote: x =—1
y intercept: Let x =0

x intercept: Let y=0 Y i g)g]o (1)
~0=1logs(x)—2 '6y0_
~logs(x)=2 ©.0)
L x=52 This is x intercept also.
x=25 Horizontal translation 1 unit left
T R 'R
(25,0) ange
yT | A
|
x= 0 _ : X = —1
- y=logs (2 — i y =logjo(x + 1)
0 (25.00 ¥ |
< | >
B | 0,0 X
|
|
b y=logs(x-2) |
Domain: x-2>0=x>2 i
domain is (2,00) | Y
Asymptote: x =2
No y intercept e y= 10%3 (4-x)
Horizontal translation 2 units right Domain: 4 - x>0
Range: R n4>x
x intercept: Let y=0 sx<4
domain is (—ee,4)
~0=logs(x-2 ’
(;g5 (¥=2) Asymptote: x =4
Sx=2=5 y intercept: Let x =0
x=3 - y=log;(4)
(3.0) (0,log; (4))
YA Reflection in y axis, then horizontal translation 4 units right
Range: R
x=2 - ) x intercept: Let y=0
r= O.gS(;y_) ~.0=log;(4—x)
-« > c 4 =130
0 3,00 X sA4-x=3
s4-x=1
Y sx=3
¢ y=log,, (x)+1 (3,0)
2omain: x'> O_:(>) domain is R* v =logs (4 ) y x=4
symptote: x = (0, logs (4)

1

|

I

No y intercept i
Vertical translation 1 unit up < i
I

]

]

I

I

I

]

Y

Range: R 0
x intercept: Let y=0
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f

a

y=—log, (x+4)
Domain: x+4>0=x>-4
domain is (—4, )
Asymptote: x =—4
y intercept: Let x =0
s y=-log,(4)
- y=—log, (22)
sy=-2
0,-2)
Reflection in x axis, then horizontal translation 4 units left
Range: R
x intercept: Let y=0
~0=log,(x+4)
nx+4=2°
sLx+4=1
sox=-3
(-3.0)

(3.0 y=-log, (x+4)

0,-2)

A
Y

y=-2log, (2~ x)
. y=-2log, (~(x~2))
y=log, (x) = y=-2log, (—(x —2)) under a dilation factor
2 from the x axis, a reflection in the x axis and a reflection
in the y axis followed by a horizontal translation 2 units to
the right.
y=log, (2x)
s y=log, (x)+1log, (2)
~y=log, (x)+1
Therefore y = log, (x) —» y=1og, (x)+1 under a vertical
translation of 1 unit upwards.
y=log, (x)
Changing the base to 10,
y= log, (x)
logo (2)

1
=—xlo
logy (2) 210 ()

So y=log,, (x) = y=1log, (x) is equivalent to

y=logy (x)—>y= xlog;q (x)-

1
logy (2)

The transformation required is a dilation of factor

from the x axis.

t=blog,(n+1),n22and b>0.

Asymptote n =—1is outside the domain [2, o).

Endpoint: When n =2, ¢ = blog, (3), Point (2,b1log, (3))
Point not on the graph but helpful for sketching the curve
is (0,0) since when n=0, r=blog, (1)=0.

Although n € N, the graph is drawn as a continuous one.

log, (2)

TOPIC 11 Exponential functions ¢« EXERCISE 11.6
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a

b
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t=blog,(n+1)
(2, blog, (3))

/l(o, 0)

When the number of choices n =2, the time t, = blog, (3).
Double the number of choices from 2 to 4

When n = 4,the time #, = blog, (5).

Test if 1, = 2t,,

21, =2blog, (3)

=blog, (3*)
=blog, (9)
Sty <2t

A
Y

Thus, doubling the number of choices does not double
the decision time. The time does increase but by less than
double.
y=alog, (bx)
Substitute the given points.
Point (2,0) = 0 =alog, (2b)
~.0=log, (2b)
~2b=7°
~2b=1

et
2

The equation is now y = alog, (g)

Point (14,14) = 14 = alog, (7)
s ld=ax1
sa=14
The equation is y =14log, (%)
i y=alog;(x)+b
Point (1,4) =>4 =alog; (1)+b
S4=ax0+b
~b=4
Hence, y=alog; (x)+4

Point (1,8):8=a10g3 (l)+4
3 3

s 4=alog; (3_1)
~.4=-alogs(3)
s4=-a
sa=—4

The equation is y = —4log; (x)+4.
ii Let the inverse cut the y axis at the point (0, k). Then
the function y =—4log; (x)+4 cuts the x axis at (k,0).
~0=—4log;(k)+4
~4logs (k)=4
s logs (k)=1
sk=3
S k=3
Therefore, the inverse function would cut the y axis at
the point (0,3).
i y=alog,(x—b)+c
From the diagram the asymptote is x =—2 and from the
equation the asymptote is x = b.
Therefore, b=-2
sy=alog, (x+2)+c¢
Substitute the x and y intercepts shown on the diagram.
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(-1.5,00=0=alog, (-1.5+2)+c¢
~0=alog, (0.5)+c
~0=alog, (27")+¢c
~0=-alog, (2)+c
s 0=—a+c
sa=c....(1)
(0,-2) => —2=alog, (2)+c
sL=2=a+c..(2)
Substitute equation (1) in equation (2)
L2=c+c
se=-1
sa=-1
The equation of the graph is y=—1log, (x+2)— L
ii The graph of the inverse function has an asymptote
y=-2, and axes intercepts (-2,0) and (0,—1.5).
Its rule is x = —log, (y+2)—1
= log, (y+2)=—x—1
Ly+2=27"
ny=2"0"D 2

YA

Inverse

. 9
d id, :(—Z,oo);dg = (—00,20)

ii x=—2,x=20
4

iii f:(=2,0),(0,2); g:(10,0), (O,%j

iv Sketch using CAS technology.
2—x

19 The inverse of y=2X 3 2 can be obtained by solving

2-y

x=2x3 2 for y in Equation/Inequality. This gives
__ 2In(x) + 21In(2)

In(3) In(3)
Enter the equations of both functions in the Graph&Tab
editor and tap Analysis — G-Solve — Intersect to obtain three
points of intersection. To 4 significant figures these points
have co-ordinates (0.4712,4.632),(2,2) and (4.632,0.4712).

20 a i There is no logarithm law for expanding log, (x +4).

There is a logarithm law for log, (x) +log, (4), It is
equal to log, (4x), not log, (x +4).
The graphs will not be the same.

ii Use the Analysis tools to find that the graphs intersect

at the point where x = 1.3. For this value of x the
graphs have the same value.
Algebraically, let log, (x +4)=1og,(x)+1log,(4)
~.log, (x+4)=1log,(4x)
Sx+4=4x
~3x=4

SoX ==

3
e 4
Asl1.3= 3 the calculator value supports the
algebraic finding.

b The graph obtained for y =2log, (x) should be similar to
that shown in the diagram.

YA

A

\

The domain is R”, the range is R and the correspondence is
one-to-one.

¢ The graph obtained for y =1log, (xz) should be similar to

that shown in the diagram.
YA

(1,0 0 (1,0) x

Y

The domain is R\ {0}, the range is R and the
correspondence is many-to-one.

For the domain of y =log, (x2 ) x% > 0. This is true for all
real numbers excluding 0.

d The right hand branch of the graph of y =1log, (xz) is

identical to that of the graph of y=2log; (x).

For x >0, log, (x2 ) =2log(x).

If x <0, only the domain of y =log, (xz) includes these
values.

The logarithm law log, (m”)z plog, (m) holds for any

m >0, so this has not been contradicted by the graphs in
parts b and c : they are identical graphs for x > 0.
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Topic 12 — Introduction to differential calculus

3 Answers will vary.
a

Exercise 12.2 — Rates of change
1 a Grows steadily so it’s a linear relationship.

No. of bacteria A

100+ (0.5, 100)
80
60
4040, 40)

20

< >
- >

T T T T T
0yo2 04 06 08 1 Time

Rate of growth of bacteraia equals the gradient of the line.

Y

-

<7 T T T
-4 2f - 1 2 3
2
j Y

Point Q (=1.5,0.5) lies on tangent and another point is
estimated to be (0,9.5).
Gradient of tangent:

Rate = % 9.5-0.5
S5— m=————
60 0-(-1.5)
05 -2
=120 1.5
=6

Therefore the bacteria are growing at 120 bacteria per hour.

4000

b Cost of department is given by ¢ = .
t+2

Hyperbola shape on domain where ¢ =0

Therefore the gradient of the curve at point Q is estimated
to be 6.
Choose a point with x =—1.4 close to Q.

y-coordinate: 5—2(—1.4)* =1.08

1=0=c=2000 Points (~1.4,1.08), (-1.5,0.5)
t=2=c¢=1000 1L08—0.5
Costep " 415
2000 058
Tol
1500 =58
1000~ Therefore the gradient of the curve at point Q is estimated
(2, 1000) to be 5.8.
500 4 a x=£ +4¢> +3¢ over the interval [0,2]
t=0=>x=0
“0Yo5 1 15 3 25 3 35 fmonths 1=2=x=30
Average rate of change of costs Average rate of change
_ change in cost — 30-0
B change in time _ 125_ 0
2000 — 1000
= T o0-2 Therefore, average speed over the interval ¢ €[0,2] is 15 m/s.
=-500 Over the interval [0.9,1.1],

Therefore the costs have decreased at an average rate of

+=0.9= x=(0.9) +4(0.9)> +3(0.9)

$500 per month over the first two months. S 1=0.9,x=6.669
2 f(x)=x>+3, xe[l,4] r=11=x=01.D%+401.1)* +301.1)

Average rate of change ~t=11x=9471

F@)—=f1) Average rate of change
ST ~9.471-6.669
_19-4 1.1-0.9
T3 2802
=5 0.2

=14.01

Therefore, average speed over the interval is £ €[0.9,1.1] is
14.01 my/s.
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b

The speed at ¢ =1 is better estimated using the interval
[0.9,1.1] because these endpoints give two closer points to
¢ =1 than do the endpoints of the interval [0,2].

Therefore the better estimate for the instantaneous speed at
t=1is14.01 m/s.

5 Refer to the diagram given in the question.

a

b

Student II maintained the same level of interest for the
semester so for this student there was a zero rate of change
in interest level.

The level of interest of Student I steadily increased during
the semester, For this student there was a constant positive
rate of change in interest level.

The level of interest of Student III initially increased
slowly but as the semester progressed this student’s interest
level grew more quickly, reaching a high level.

After an initially brief growth in interest, the level of
interest of Student IV started to decline. However this loss
of interest eventually slowed and thereafter the student’s
interest level grew again and quickly reached a high level.
Answers will vary.

20 minutes is l of an hour. In this time, $200 is received.
The plumber’s hourly rate of pay was $600 per hour.

15 minutes is i of an hour. In this time, $180 is received.
The surgeon’s hourly rate of pay was $720 per hour.

In 52 hours, $1820 was received.

1820
The teacher’s hourly rate of pay was $(—) =$35
per hour. 52

1 hour 20 minutes is 1% hours.
distance

speed =

=48 x 3
4
=36
The speed of the car is 36 km/h.

i Distancep

50-
40
30-
20+ A

10+

oY 1 2 3 4 5 6 7 8

ii From O to A, took the cyclist 2 hours, rest period was
0.5 hours, lunch break was 1 hour and from B back to
O took 2.5 hours. As the entire journey took 9 hours,
the time it took for the cyclist to ride from A to B is
9—-(2+0.5+1+2.5)=3 hours.
The cyclist travelled from O to A at a constant speed of
10 km/h, so A is 20 km from O. As B is 45 km from O,
the distance between A and B is 25 km.

—>
9 Hours

Thus, the constant speed the cyclist rode at between

2
A and B is ?S:S%km/h.

Cc

45
iii The constant speed from B back to O is 55 =18 km/h.

iv The total distance ridden in 9 hours is 2X 45 =90 km,

0
giving the cyclist an average speed of % =10 km/h.

The shoot grows at 2 mm/week. In 3 weeks it will have
grown to length 6 mm.

T
24 mm
6 mm
60°
g y
B 30

Let y be the vertical height of the tip of the shoot above the
base B.

. y
sin(30°) ==
(30°)=2
- y=06sin(30°)
1
SLy=6X—
Y=
sy=3
T is 24 mm vertically above B. Therefore, the tip of the
shoot is 21 mm vertically below T.

After t weeks, the shoot growing at 2 mm/week, will be
2t mm in length.

T
24 mm
2t
60° y
30°
B
. y
sin(30°) = —
(30°) %
-y =2tsin(30°)
1
Sy=2tX—
Y 2
Ly=t

The tip of the shoot is (24 —¢) mm below T.

When he tip of the shoot is at the same height as T,
(24 —1)=0. This will occur after 24 weeks.

There is a 9 month interval between the months of
November and August of the following year. Over
this interval, the Australian dollar rose in price by
(0.83-0.67)=0.16 euros.

The average rate of change of the dollar over this time
. .. 016
period is e =0.018 euros per month.

Over 3 years the value of the investment rose from $1000
to $1150 at a steady rate.

150
The rate of change is ES =50 dollars per year.
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50
The percentage rate of interest: 1000 x100=5

Therefore the investment earns 5% per annum interest, and
r=>5.

fx)= 2x—x2, xe [-2,6]
f(2)=2(-2)~(-2)’
=-8
£(6)=2(6)-(6)’
=-24
Average rate of change:
fO)-f(=2) _-24-(-8)
6-(-2) 8
16
8
=-2
f(x)=243x, x€[12,16]
f(12)=2+3(12)
=38
f(16)=2+3(16)
=50
Average rate of change:
fU6)—-f(12) 50-38
16-(12) 4
=3
(which is the gradient of the line).
fy=r>+3t—1, r€[1,3]

f()=1+3-1
=3

£(3)=9+9-1
=17

Average rate of change:
fO-f_17-3
3-1 2
=7
f@o=r -1, re[-11]
FED=(=D)7=(-1)
=-1+1
=0
fA)=1-1
=0
Average rate of change:
SMH-fE=H _0-0
1-(-1) 2
=0
Construct a tangent line to the curve at the point (2,6) and
estimate a second point that lies on the tangent line.

Answers will vary but suppose a second point is (0,—2).
-2
=4.

An estimate of the gradient of the curve at the point on the
curve where x =2 is 4.

. . 6
Gradient of tangent is

| 365

b Construct tangent lines to the curve at the points (2,8) and
(4,5) and estimate a second point that lies on each of these
lines.

The tangent at (2,8) passes through (0,10) (answers will vary).
.. 8-10
Its gradient is =-L
2-0

An estimate of the gradient of the curve at the point on the
curve where x =2 is —1.
The tangent at (4,5) passes through (6.5,0) (answers will vary).
. . 5-0 5
Its gradient is =——=-2,
4-6.5 2.5
An estimate of the gradient of the curve at the point on the
curve where x =4 is —2.
¢ The average rate of change over the interval x €[4,6} is the
gradient of the line joining the endpoints (2,8) and (4,5).

Average rate of change is >-8 = —%

d The gradient of the tangent at (6,0) is required to calculate
the angle at which the curve cuts the x axis. Construct a
tangent line to the curve at the point (6,0) and estimate a
second point that lies on the tangent line. (see the diagram
in part b).

The tangent at (6,0) passes through (3,9) (answers will
vary).

Its gradient is 3 =-3.
sotanf =-3
. 0=180°—tan"'(3)
-.0=108°

The curve cuts the x axis at an angle of approximately 108°.

12 Construct a tangent line at each of the given points and obtain

the co-ordinates of a second point that lies on each tangent
line. Answers will vary for parts a, ¢ and d.

a i Two points estimated to be on tangent are (2,16.5) and
(4.5,20).

_20-165
45-2
33
2.5
=14

At 2 pm the temperature is estimated to be changing at
1.4°C per hour.
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ii The tangent at the maximum turning point where
t =4 is horizontal so there is zero rate of change of
temperature
at 4 pm.

iii Two points estimated to be on tangent are (7,15) and

(12.5,5).
5-15
m=
12.5-7
_-1o
5.5
=-1.8

At 7 pm the temperature is estimated to be changing at
—1.8°C per hour.
iv. Two points estimated to be on tangent are (10,9.5) and

(6,15).

_95-15

T 10-6

_ =55

4
=-14

At 10 pm the temperature is estimated to be changing at
—1.4°C per hour.

b Judging where the tangent to the curve would be steepest

13 a

with a negative gradient, suggests the temperature is
decreasing most rapidly at around 8 pm. Answers may vary
slightly.

At 1 pm, the temperature is approximately 15° and at

9:30 pm the temperature is approximately 10°.

The average rate of change of temperature over this time
interval is

The average rate of change of the temperature between
1pm and 9:30 pm is 0.59°C / hour.

200¢
d= e ,t20

+1
When t=0, d =0 and when t =4, d=¥=160.

. distance travelled
Average speed is ————————
time taken

1
Therefore, the average speed is % =40 m/hour.

d:200t
r+1
4 200(1+1)-200
t+1
d_200(t+1)_@
t+1 t+1
.'.dzZOO—E
t+1

Asymptote d =200 and 7 = —1 (outside the domain)
Right endpoint (0,0) and point (4,160) is on graph.

T T >
1

Oy 4 8

The boat travels away from the jetty quickly but its speed
slows to almost stationary as it nears a distance of 200
metres from the jetty. It does not travel further beyond this
distance.

¢ Draw the tangent at (4,160). Another point on this tangent
is approximately (9,200).
Its gradient is
_200-160
9-4
_40
5
=8
The instantaneous speed of the boat 4 hours after leaving
the jetty is approximately 8 m/hour.
dd= 200t
t+1
Lett=4.1
~200x4.1
4.145
_820
5.1
=160.78
Gradient of line segment joining (4.1,160.78) and (4,160) is
_160.78 160
4.1-4
_ 078
0.1
=738
An estimate of the speed of the boat is 7.8 m/hour.
14 a y=v9-x*
Semicircle centre (0,0), radius 3, domain [-3,3], range [0, 3].
When x=1,y= V8. Point is (1,2\/5).
o oA
y= ﬁﬁ )
<1 11 IIIIIII\\I\I‘:x
-7-6-5-4- 123456789
/
b When x=1.5,
y=+9-2.25
=+/6.75
_[Z
4
33
2
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Points (1,2\/5) and (3 3\/5]

272
Gradient
(3\/5 _ 2\/5]
2
m=-————=
(31
2
=33-4\2
=-0.46

This gradient is an estimate of the gradient of the
semicircle at the point where x =1.
¢ The tangent to the curve at point (1,2\/5 ) is drawn on
the diagram in part a. A second point on the tangent is
estimated to be (9,0).
0-22

m=

9-1

V2

4
=-0.35

The gradient of the curve at x =1 is estimated to be —0.35.
(Answers will vary).

d The radius from (0,0) to (1,2\/5 ) is perpendicular to the
tangent.

22
Myadins = T = 2\/5

For perpendicular lines, m;m, = -1
1
e Miangent = _ﬁ
1 2
NN
_ 2
4
The exact value of the gradient of the semicircle at the

2

point where x =11s e

. 2 . .
Since —% =—0.35, the estimate in part ¢ was accurate

while that given in part b was less accurate. However, the
comparisons depend on the answers obtained for parts b
and c.

Enter the equation y=4-— 3x% in the Graph&Tab editor. Tap
Analysis — Sketch — Tangent and enter the x value —2. The
tangent is sketched and its equation is given as y =12x +16.
As the gradient of the tangent is 12, the gradient of y=4— 3x?
atx=-21is12.

Sketch y = 0.5x%in Graph&Tab menu then sketch the tangents
to the curve at any three x values following the same steps as
in question 11. From the equation of each tangent the gradient
is obtained.

For example, choosing x = 2.5, tangent is y = 2.5x —3.125, so
the gradient of the curve at x =2.5 is 2.5. Choosing x = -3,
tangent is y = —3x — 4.5, so the gradient of the curve at x =-3
is 3.

For each point chosen, the gradient will be the same value as
the x co-ordinate.

| 367

Exercise 12.3 — Gradients of secants
1 y= 2x% —x

a Whenx=-1,y=3=(-13)
When x=—1+h,
y=2(-1+h)? = (-1+h)

=2-4h+2h* +1-h
=2h% —5h+3
= (=1+h,2h* =5h+3)
Gradient of secant
_(2h* -5h+3)-(3)
_2h*=5h
T h
_ h(2h-5)
===
=2h-5,h#0

b If h=0.01, the gradient of the secant is 0.02—-5=-4.98.
Therefore an estimate for the gradient of the tangent
is —4.98.

¢ Ash—0, 2h—-5)—-5
~lim(2h-5)=-5
h—0
Therefore the gradient of the tangent at x =—1is =5.

3

1
2 y=§x‘ —x*+x+5

16
a When x=1, yzS%:(l,?)
When x=1-h,

yz%(l—h)3—(1—h)2+(l—h)+5

=§(1—3h+3h2—h3)—(1—2h+h2)+1—h+5

=§—h+h2—%h3—1+2h—h2+1—h+5

1.3
=——h’+5}
ARV

_ 3
z[l_h,u]
3

Gradient of secant

((—1134—16%)_1%
(1-h)—-1

Therefore the gradient of the tangent at x =11s 0.

a y=2x*+1
When x=1, y=3 and when x=1.5. y=2x2.254+1=5.5
Secant passes through (1,3) and (1.5,5.5)
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55-3

secant — 15—_1
25

05
=5

f(x)=3+x-x°

f2)=3-2-(-8)=9
F(=2.)=3-2.1-(-2.1)> =10.161

Secant passes through (—2,9) and (-2.1,10.161)

m

o _l0.161-9
secant _21+2

__llel
0.1

3,9

(2,4)
R
Y

The secant through (2,4) and (3,9) is the best of the three
for approximating the tangent to the parabola at (3,9). To
improve on this approximation, use a secant through (3,9)
and a point closer to (3,9) than the point (2,4).

x4

y=7

When x =3.9,
(3.9)

4
- y=157.836025

When x =4,
44

4
=64

Chord joins the points (3.9,57.836 025) and (4,64).
64— 57.836 025

4-39
6.163975

0.1
=61.63975

A whole number estimate for the gradient of the tangent at
x=41is 62.
To improve on this estimate, use an endpoint of the chord
which is closer to (4, 64) than (3.9, 57.836025).
y=4-x*
Letx=2+h
y=4-(2+h)
=4—(4+4n+1?)
=—4h—h?
A is the point (2-+h,~4h—h*).

y

Mehorg =

b

a

C(2,0)
e = —~4h—h* -0
2+h-2
_ —h(4+h)
ok
=—(4+h), h#0
=—4-h
Mmyc=-5
s—4—h=-5
sh=1
For h =1, the co-ordinates of point A (2 +h,—4h— h2)
become (3,-9).
If A has co-ordinates (2.1,—0.41), then
2+h=2.1
~h=0.1
Checking y:
~4h—h*=-0.4-0.01
=-041
as required.
With 2 =0.1, then, my. =—(4 +h) becomes m, - =—4.1.
Letx=2-h
y=4—(2-h)*
=4—(4-4h+1n?)
=4h-h?
B is the point (2—h,4h—h2 )
_4h=1*-0
M= T2
_h(4-h)
==
=—(4-h), h#0
=h—-4
Substitute £ =0.1
Somge ==3.9
A (2+h~4h=h) and B (2—h,4h—h")
(4n—n*)-(-4n-n?)
(2-h)-(2+h)

Myp =

y=(3+h) +3+h
=33 43x32xh+3x3xh* +h* +3+h
=27+ 27Th+9R* +h* +3+h
=h®+9h% +28h+30
The y co-ordinate of D is A* +9h% + 28k +30.
Let x =3, then y=27+3=30.
D (3+h,h* +9h* +28h+30) and (3,30)
(n* +91% +28h+30)-30
(3+h)-3
h® +9h +28h
- I
h(h* +9h+28)
h
=h*+9h+28, h=0

m=
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When /= 0.001,

h% +9h+28 =(0.001)* +9(0.001) + 28
=28.009 001

The gradient is 28.009 001
The answer to part ¢ suggests that the gradient of the
tangent to the curve y = x° +x at the point where x =3
is 28.

1
y=—

X
When x=1,y=1s0 M is the point (1,1).

1
When x=1+h,y=—— so N is the point(l+h,L}
1+h 1+h

Gradient of the secant through M and N is

(1+h)-1
(i)
1+h
=1—(1+h)><1
1+h h
-h 1
= —X—
1+h h
:_—1, h#0
1+h

Ash—0, _—1—>_—1=—1
I+ 140
The gradient approaches the value —1.

Hence, the gradient of the tangent to y = ! at M is —1.
y= 1+3x—x> *
When x=1,y=3
When x=1-h,
y=1+3(1-h)—(1—h)>
=1+3-3h—(1-2h+h?)
=3-h-h’
Gradient of secant through the points (1,3) and
(1-h3-h=h*)is
(3-n-n*)-3
(-h)—1
—h-h*
-k
—h(1+h)
——
=1+h, h#0
Gradient of tangent at x =1is lim (1+ ).
h—0

As h—0,1+h—>1+0=1

msecam =

Therefore, the gradient of the tangent is 1.
y=(x-2)(x+1)(x-3)
When x=0,y=(=2)(1)(-3)=6
When x =h,y=(h=2)(h+1)(h-3)
~y=(h=2)(h*-2h-3)

=(h.h* —4n® +h+6)
The gradient of the secant through the points (0,6) and
(n.h® —4h* +h+6) is

11

a

m

secant —

| 369

(h3—4h2+h+6)—6
h—0
W —an’+h
h
h(h2—4h+l)
- h
=h?—4h+1, h#0

as required.
Hence, the gradient of the tangent to the curve at x =0 is

h—0

lim (? — 4/ +1).

Ash—0,h* —4h+1—0° —4x0+1=1
The gradient of the tangent is 1.

m

secant = 3+ 1. This expression cannot be simplified further.

lim(3+h)=3
}11—I>I(1)( )

m

.m

8h—2h>

secant = h

_ h(8—2h)

= fsecant —
h

lim

h—0

=lim
h—0

=8

m

.m

=8-2h, h#0

8h—2h>
h

(8—2h)

_(2+h)’ -8

secant —
h

_(8+12h+6h* +h’)-8

+ - fsecant ™
h

_12h+6h° + 1
h
h(12+6h+h2)
- h
=12+6h+h* h#0

. [(2+h)3—8]
llm _—
h

h—0
:lim(12+6h+h2)
h—0
=12
_— 1+h)* -1
secant h
(1+4h+6h>+41> +h*)—1
"' msecant =
h
_ 4kt 6"+ 4k + b
h
h(4+6h+4n”+h?)
h

h—0

=lim
h—0

=4

=4+ 6h+4h* + 1>, h#0

. [(1+h)4—1J
hm _—
h

(4+6h+an>+n’)
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1 1

_(4+h 4

secant h

e m,

()
vseant Tl ggpy 4)
_4=@ah) 1
4+h4 " h
o -h 1
T4@4+h) h
-1

= ,h#0
4(4+h)

. -1
lim
h—0 ( 4(4+h) J
-1
44)
1
16

h
e N Ty ]
_ _h Vi+h+1
et = -1 T+ h+1
h(NT+h+1)

(-

_h(ﬂﬂ)
1+h—1

h(mﬂ)

h
=J1+h+1, h#0

h
lim| ——
hl—r>r(l)(\/l+h—l)
:lim(\/1+h+1)

h—0

=J1+1
=2

12 a f(x)=x’

fla)= a* and fb)= b so A is the point (a,az) and B is

the point (b,b?).

B(b, b?)

Y

Y

b Gradient of secant through points A and B is
b* —d*
Map = Th—a
_(b-a)b+a)
b—a
=a+b, azb

¢ i Asb—a, the secant AB — tangent at A.
Therefore, the gradient of the tangent at A is
lim (b+a)=2a.
b—a
ii As a— b, the secant AB — tangent at B.

Therefore, the gradient of the tangent at B is
lim (b+a)=2b.

a—b

[(h+2)2(h+1)—4]
h

The limit template is in the 2D CALC section of the mth
keyboard and # is in the abc section of the keyboard.

[(h+2)2(h+1)—4]:8
h

1
13 a M

lim
h—0

b lim (l+ 3) = 3. The symbol o is in the same row as 7 in
x—oo\ X

the mth keyboard.
¢ ( 2x+1 j 2
lim ==
x—e\3x-2) 3
14 a f()=+x
f9=v9=3and fO+h)=9+h.
The gradient of the secant through the points (9,3) and

(9+h.NO+h)is

-3
secant 9+h—9
_9Fh-3

secant —
h

m

b Gradient of the tangent at the point (9,3) is

Hm[LH}

h—0 h

NV9+h -3 l
h 6

¢ Using the 2D CALC mth keyboard, }lliné [
.

1
The gradient of the tangent is 3

Exercise 12.4 — The derivative function

1 f)=2x*+x+1
a fx+h)=2x+h)?+(&x+h)+1

o= tim LD =S
h—0 h
i 2x+h)* +(x+ ) +1-2x2 +x+1)
T 0 h
. 2x? +Axh+2h 4 x+h+1-2x" —x—1
= lim
h—0 h
. 4xh+2h* +h
= lim
h—0 h
. h(4x+2h+1)
=lim—=
h—0 h
= lim(4x+2h +1)
h—0
=4x+1
b Gradient at x = —1 is the value of f'(-1).
F=D=4(-1)+1
=-3
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¢ Instantaneous rate of change is the gradient of the tangent i.e. the gradient of the curve.
Rate = f7(0)
=1
f)=x
flx+h)=(x+h)
, . fx+h)—-f)
= l -_—
f@)=lim P
. (x+hy’ -2’
=lim —————
h—0 h
X3 h 43k + b - X
=lim
h—0 h
3% h+3xh + i
=lim——
h—0 h
. h(3x” +3xh+h?)
=lim ———=
h—0 h
=lim(3x” +3xh+h*)
h—0

=3x2
y=x’+x
.'.y+5y=(x+5x)2+(x+5x)
S O0y=(x+6x)7 +(x+6x)— (x> +x)
ﬂ= lim Q
dx 8x>00x
(x+6x)* +(x+6x)— (x> +x)

Sx—0 Ox
X2 +2x8x+(6x) +x+6x—x>—x
= lim
Sx—0 Ox
- lim 2x8x+(6x) +8x
T 550 Ox
- lim 6x(2x+6x+1)
5x—0 Ox
= lim 2x+dx+1)
Sx—0
=2x+1

When x =1, j—y =3, so the gradient of the tangent to the curve is 3.
x

Sf(x)=C@=x)(x+1D

fQ2+8x)=(3-(2+6x))((2+8x)+1)and f(2)=(3-2)2+1)
=(1-0x)(3+6x) =3

lim fR2+6x)-f(2) - lim (1-6x)(3+6x)-3

0x—0 ox 85x—0 Sx

3+6x-36x—(6x)* =3

T 550 ox

—26x—(6x)*

Ox(=2—0x)
= lim ———=~
Sx—0 ox
= lim (-2-0x)
Ox—0
=2

This means the gradient of the curve at the point where x =2 is —2.
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5 Let f(x)=5x+3x"
then f(x+h)=5(x+h)+3(x+h)*,

, . fxt+h) - f(x)
)= /513(1) T
_ S(x+h)+3(x+h)* = (5x+3xY)
= lim
h—0 h
i SX+5h+ 3(x* +4x°h+6x7h? +4xh® + h*)— (5x +3xY)
h—0 h
i SX+5h+ 3xt 123+ 18x20% +12xh® +3h* - 5x - 3x*
h—0 h
i S 123 h+18x20% +12xh° +3h*
h—0 h
lim h(5+12x° +18x2h+12xh* +3h%)
h—0 h

=lim(5+12x> +18x%h +12xh* + 31°)
h—0

=5+12x°
Therefore, the derivative of 5x + 3x* with respect to x is 5+ 12x°,

6 Let f(x)zax5 +c

, . f+h) - f(x)
Fo=
— lim a(x+h)’ +c—(ax’ +¢)
h—0 h
— lim a(x5 +5x*h+10x°h2 +10x%K° +5xh* + h5)+ c—ax’ —c
h—0 h
lm a(5x*h+10x>h* +10x2h° + 5xh* + 1)
h—0 h
lim ah(5x* +10x°h+10x2h% +5x0° + h*)
h—0 h

=1lim a(5x* +10x°h+10x2K> +5x1° + h*)
h—0
=5ax*

d
Therefore if y= ax’ + c, ay =Sax”,

7 a f(x)=x
Fx+h)=(x+h)?

The difference quotient

()c+h)2 —x2

h
_)c2+2xh+hz—x2
=
_ 2xh+h?

h
_ h2x+h)

h
=2x+h, h#0

b 0= lim L D=1

—

M becomes
h

=lim (2x+h)
h—0
=2x
¢ At (3,9) the value of x is 3
S ff(3)=2x%x3
~f'3)=6
The gradient of the tangent at the point (3,9) is 6.
d A near neighbouring point to (3,9) is the point for which x=3+h and y= f(3+h).
The gradient of the secant through these two points is
msecant = f(3 + h) R 9
3+h-3
_SfB+m-10)
h
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since 9 = f(3) for this function f(x)= x%

The gradient of the tangent at (3,9) is the limiting value
the secant’s gradient approaches as the two points become
closer together.

8+ -3
=,

Gradient of tangent at (3,9) is }llin(l)
>
Evaluating this limit,
lim L8+ =)
h—0 h
. (3+h)?*-9
=lim——
h—0 h
. 9+6h+h>-9
im—
h—0 h

B h—0 h
=1lim(6+h)
h—0

=6
=13
P (15)and Q (1+8x,3(1+8x) +2) are on y =327 +2.
The average rate of change of y= 3x? +2 between P and Q
3(1+6x)’ +2-5
- 1+8x—1
3(1+28x+(8x))-3
ox
3+65x+3(8x)° -3
a ox
 66x+3(5x)°

ox
6x(6+35x)

ox
=6+30x, 6x#0

b 6

9 a

i When x=2,y=14 50 S is the point (2,14).
When x=2+8x, y=3(2+6x)’ +2 so T is the point
(2+6x.3(2+8x) +2)

ii Gradient of secant through points S and T is

3(2+6x)’ +2-14

2+0x-2
3(4+48x+(8x)7)-12

B Ox

C124128x+3(6x)* —12

B ox

B 125x+3(5x)2

ox

_ 6x(12+36x)

ox
=12+36x, 6x#0

mSEC'd.Ill =

iii Gradient of tangent at S = 511m0(12+35x) =12.
X—>
fGx+h) - f(x)
h

is the difference quotient representing

the gradient of the secant through the points (x, f(x)) and
(x+h, f(x+h)) on the curve y = f(x).

b

10 a

| 373

i L+ 1),

pm is the gradient of the tangent to the
o

curve ¥ = f(x) at the point (x, f(x)).

. 3+h)-f(3
}llm(l) w is the gradient of the tangent to the
—

curve y = f(x) at the point (3, £(3)).
[B)-G-h)
h

is the gradient of the secant through the

points (3,f(3)) and (3— h,f(3— h)) on the curve y = f(x).
f(x)=3x-2x>

fx+h)=3(x+h)—2(x+h)?

By definition,

flath)-f(x)

f’(x)=1lim
h—0

h
[3(x+h)—2(x+h)2]—[3x—2x2]
=lim
h—0 h
i 3x+3h—2(x2 +2xh+h?) = 3x +2x*
B h—0 h
_ 3h—4xh—2h*
= lim——M——
h—0 h
. h(3—4x-2h)
=lim———
h—0 h
=lim(3—-4x—2h)
h—0
=3-4x

The gradient of the tangent at (0,0) is f'(0)=3,
y=3x— 2x2

x intercepts: Let y=0

~3x-2x*=0

Sx(3-2x)=0

Maximum turning point is (%,g)

The tangent at (0,0) can be drawn by eye. Alternatively, it
has gradient 3 and passes through the origin so its equation
is y=3x.

Tangent
oA, 2)
/e \4 8
/,
O\
J 0,0/ 2 _
< 0 >
/
//
/ y =3x—2x7
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11 a f(x)=8x>+2
7= lim fx +h2 —f()

.
8(x+h)*+2|-|8x*+2
_[sewe2][s0 2]
h—0 h
 8x?+16xh+2h*+2-8x* -2
=lim
h—0 h
_ 16xh+2K°
:11m7
h—0 h
. h(16x+2h)
:11m7
h—0 h
= lim(16x + 2h)
h—0

=16x

b ]‘(x)z%x2 —4x-1

o= lim LG = 1)
h—0 h

—

1 2 1 2
» |:§(x+h) —4(x+h)—1:|—l:5x —4x—1:|
= lim

h—0 h

lx2+xh+%hz—4x—4h—1—1x2+4x+1

= lim 2
h—0 h
xh+Ln? —an
=lim
h—0 h

1y _
im h(x+1h—4)
h—0 h
=lim(x+1h—4)
h—0
=x—4
¢ f(x)=6-2x
7= tim L8 +h2—f(x)

—

— lim [6— 2(x+ h)]— [6—2x]
h—0 h
. 6-2x—-2h—-6+2x
=lim——
h—0 h
. —2h
=lim —
h—0 h
=1lim(-2)
h—0

d f(x)=5
roon_ e S = f(x)
fla=lim =
— i [51-[5]
=lim—
=0 h
=lim(9)
h—o\ h
=1im(0)
h—0

=0
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e f(x)=x3—6x2+2x

St h) - f(x)
h

f’(x)=1lim
h—0

[(x +h)’ —6(x+h)? +2(x +h)]—[x3 —6x+ 2x]

- hlg(l) h
i X +3x°h+3xh” + b’ —6x> —12xh—6h” +2x+ 2h—x° +6x° —2x
B h—0 h
o 3x%h+3xh? +h® —12xh—6h% +2h
= lim
h—0 h
C hBx? +3xh+h? —12x—6h+2)
= lim
h—0 h

=1lim3x% +3xh+h> —12x —6h+2)
h—0
=3x2 —12x+2

f f(x)=2+x° Binomial theorem or Pascal’s triangle will need to be used in the working.

F(x) = lim fx+h)-fx)
h—0 h
[2+(x+h)6]—[2+x6]
T 50 h
m 2+ x° +6x°n+15x*h? +20x° 1 +15x°h* + 6xh° +h® —2—x°
T 50 h
im 6x°h+15x*h? +20x°h° +15x°h* +6xh° + h°
T o0 h
i h(6x° +15x* h+20x3h? +15x2h° + 6x0* + %)
T o0 h
= }im(6x5 +15x* h+20x3 1% +15x20% + 6xh* + 1)
h—0
=6x°
12 a y=4-4x*
d
Y _ iy O
dx 6x-00x
o —(x+8x)+x2
= lim ———
5x—0 ox
o =x2=2x(8x)— (8x)* +x°
= lim
5x—0 6)(
. 2x(6x)—(8x)*
= 11m _—
5x—0 5)(
. Ox(2x-0x)
= lim —
5x—0 ox
= lim (-2x-6x)
5x—0
=-2x
b y= x> +4x

y+5y=(x+5x)2 +4(x+6x)
S 8y=(x+6x) +4(x+6x)— (x> +4x)

ay = lim Q
dx 6x-00x
~ lim (x+6x) +4(x+8x)— (x* +4x)
B 5x—0 ox
im X2 +2x(8x)+(6x)* +4x+4(8x)— x> —4x
B 5x—0 6)(
_2x(8x)+(8x)* +4(6x)
= lim
5x—0 Ox
. 0x(2x+0x+4)
=lim ————=
5x—0 Ox
= lim 2x+6x+4)
6x—0
=2x+4
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_ X
c y= 3
y+Sy= (x+06x)
3
P Sy= (x+6x)° **
3 3
ﬂ: lim Q
dx 6x-00x
(x+6x)° 3 X
= lim 3 3
8x—0 Ox
(322 G2+ 3300 + (8x) — i)
- 51)1210 Ox
i 3x2(6x) +3x(8x)* + (6x)°
5x—0 30x
. 8x(3x% +3x8x+(6x)%)
Sx—0 30x
— m (Bx2 +3x8x+(8x)%)
Sx—0 3
_ 3x?
3

d y=x(x+)=x>+x
y+8y=(x+6x)%+(x+6x)
S 0y=(x+6x) +(x+8x)— (x> +x)

ﬂ: lim Q
dx 6x-06x
(480 +(x+6x)— (x> +x)
= lim
5x—0 Ox
X +2x(8x)+(Bx) +x+6x—xZ—x
= lim
5x—0 Ox
_ 2x(8x)+(8x)* +6x
= lim
Sx—0 Ox
. 0x(2x+0x+1)
= lim —=
§x—0 ox
= lim 2x+8x+1)
Sx—0
=2x+1
13 a f()=(x+5)
£ =1lim fx+h) - f(x)
h—0 h
. (x+h+5)—(x+5)°
= lim
h—0 h
im [(x+h+5)—(x+3)][(x+h+5)+(x+5)]
T 0 h
. [M2x+h+10]
=lim——
h—0 h
=1limQ2x+h+10)
h—0
=2x+10

b f/(-5)=2x-5+10=0
The gradient of the tangent at the point where x =5 is
zero. The tangent at this point is horizontal.
¢ At the y intercept, x = 0.
£ ()=10
The gradient of the tangent at the y intercept is 10.

d The instantaneous rate of change is measured by the
gradient of the tangent.

At (=2,9), f/(-2)=—4+10=6,

The instantaneous rate of change of the function at this
point is 6.

14 a f(x)=2(x—4)(x+2)
f(0)=2(-4)(2)=-16 s0 (0,~16) is y intercept.

X intercepts occur at x =4,x =-2.

Turning point: x = L;Al =1, and f(1)=2(-3)(3)=-18.

Minimum turning point (1,—18).

y=2(x-4) (x +2)
YA

Y (1, ~18)

b f(x)=2(x*-2x-8)=2x*-4x-16
PACKIDNIC)]
h

f/(x)=lim
h—0

[2(x+h)2 —4(x+h)—16]—[2x2 —4x— 16}

=lim
h—0 h
i 2x% +4xh+2h* —4x—4h—16—2x" +4x+16
B h—0 h
. 4xh+2h* —4h
=lim———
h—0 h
. h(4x+2h—-4)
=lim ——
h—0 h
=lim(4x+2h—-4)
h—0
=4x—-4
¢ f’(1)=0. The tangent at the turning point (1,—18) is
horizontal.

d The gradients of the tangents at the x intercepts are
f/(=2)=-12 and f’(4)=12.
The tangent lines from parts ¢ and d are shown on the
diagram in part a.
15 a f(x)=ax’ +bx+c
o= lim LG =10
h—0 h
[a(x + h)2 +b(x+h)+ c]— [ax2 +bx+ c]

h—0 h
— lim ax?® +2axh+ah® + bx +bh+c—ax> —bx—c
T 0 h

. 2axh+ah* +bh
=lim———

h—0 h

. hQRax+ah+b)
=lim——=

h—0 h
= lim(2ax+ah+b)

h—0
=2ax+b

b The polynomial function f: R — R, f(x)=ax” + bx +c.
Its derivative function is f": R— R, f’(x) =2ax+b.
¢ For f(x)=3x+4x+2, a=3,b=4,c=2
f'(x)=2ax+b
s f(x)=6x+4
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16 a i Q+h)’-8=2+h)>-2°
=(@+m)-2)(@+h)’ +Q+h2+2?)
=(h)(4+4h+h>+4+2h+4)
=h(h® +6h+12)
i gx)=x°
gx+h)—g(x)
h

2=
—0 h

+h)?®-8
h

’ = 1'
g'(x)=lim
Hence, g’(2) :}

~g'2)=1

g'(2)=lim
iii Using the factorisation from part i,
h(h® +6h+12)

h
= lim(h* +6h +12)
h—0

=12

¢’(2)=lim
h—0

b i Letf(x)zl,xio
X

P = lim L&D =S )
h—0 h

—

=lim[( ! —lj+h}
0|\ x+h x

. x—x—h 1
= lim X —
o\ x(x+h) h

=lim ——
h—0 x(x+h)h
. -1
= lim
h=0 x(x + h)

-1
2

X

1
ii Let f(x)=—,x#0
X

von 1 fx+h) = f(x)
f(X)—,llm})—h

N

. R
:m{(mmz_?)?h]

(X =(x+n)? 1
=0\ x“(x+h) h
-x?=2xh-h> 1
2 2 s
x“(x+h) h
—2xh—h?
= amos s
=0 x“(x+h)“h
. h(=2x-h)
=lm =5
=0 x“(x+h)“h
(—2x-h)
=am-s
=0 x“(x+h)
. 2x
()7
=2

3
X

=lim
h—0

i Let f(x)=x,x>0
flx+h) - f(x)
h

f/(x)=lim
h—0

o x+h—=+Jx
=lim—

h—0 h

o Nx+h=Jx  x+h+Jx
= lim X

h>0 h x+h+x

() ()
A5 (S rh )
— lim x+h—x
10 h(x+h +x )
h

h(Nx+h+x)

= lim
h—0

1
= lim ———
=0 (Vx+h+x)
1
Jx ++/x
1

Y

17 In the Main menu select Define from the Interactive options
and complete
Func name: f
Variable/s: x
Expression: x
Use the limit template from 2 D CALC in the mth
Fo+h) - fx)
h

keyboard to enter lim . The result is

h h—0

+ —

lim EACRD b GO =2x.

h—0 h

18 a Clear all variables then repeat the procedure in question 11
to define f(x)=ax’ +bx” +cx+d and to calculate the
required limit.

lim M =3ax? +2bx+c
h—0 h

b Since f’(x)=lim L /() =3ax? +2bx +c.
h—0

e+ )= f(x)
h

The degree of f(x)=ax® +bx* +cx+d is three and the
degree of its derivative is two.

Exercise 12.5 — Differentiation of polynomials
by rule
1a i(ng +lx12)=40x7 +6x'
dx 2
b Let y=27 +41* =7t +12

D62 +81-7
dt

¢ f(x)=C2x+1H(3Bx-4)

=6x* —5x—4
ff(x)=12x-5
43— %
d =
Y 2x?
_4)c3 X
o 2yt
3
-
dy_, 32
dx 2
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_ 3
2 22— (3x 355t 3 — 242 +12x-99) 6 y=(+1)
y 4201 J Stationary point of inflection at (=1,0); y-intercept (0,1)
& L (35350 3 =262 +12x—99)
dx 420 dx
= L(15x4 —14x% +3x* —4x+12)
420

2 3
3 y=%—x2+3x—l

a ﬂ:2x2—2x+3
dx

At the point (6,125),

ﬂ = 2(6)2 —-2(6)+3 Gradient is positive everywhere except at x =—1 where the
dx gradient is 0. Gradient graph is a parabola with a turning

=63 . . .
point at its x-intercept at x =—1.

Therefore, the rate of change is 63.

dy
3 dx
b y=%—x2 +3x—1over x €[0,6]
When x=0,y=—-1=(0,—1) and when ©, 1)
x=6,y=125=(6,125)
125—-(-1 < >
Average rate of change is 67(0) =21 ,I 0 X
¢ Gradient 3, so ﬂ =3
dx
2x* —2x+3=3
2x* =2x=0 7 a f(x)=x
2x(x—1)=0 A =70
x=0,x=1 o () =T7x°
Substitute into equation of curve: b y=3-2x>
Points are x=0,y=-1=(0,-1) and
5 s 2D g3
x=1,y=——1+3—1:>(1,—] dx
3 3 a =—6x>
4 f(O)=(x-Dx+2) dx
=x’+x-2 c di(8x2+6x—4)=16x+6
f(x)=2x+1 X L, ;
The line 3x +3y =4 has gradient —1. d flx)= e o7 +x- 1
Therefore, f'(x)=-1 1 2 1
s 2x+1=-1 .'.Dx(f):gx3x - X2l
sox=—1 A _ 1 2
When x =1, ..Dx(f)—zx -x+1
f)=C1=D=1+2) e i(1,43—1.5142):3142—3u
=-2 du 4
Therefore the point has coordinates (—1,-2). fz= 4(1 +1-3t )
5 Turning points when x=—a and x=b = x=—a and x =b are & = 4(1 - 12t3)
the x-intercepts of the gradient graph.
If x < —a, gradient is negative. 8 a Lety=Q2x+7B8-x)
If —a < x < b, gradient is positive. Expand first
If x > b, gradient is negative. S y=-2x>+9x+56
This is a cubic graph, so gradient graph is a parabola with Then differentiate
. —-a+b dy
axis of symmetry x = . S—=—=—4x+9
2 dx
A b Let y=5x(3x+4)>
5 y=5x(9x% +24x+16)
y=f vy =456 +120x% + 80
D 13522 +240x 480
3 > X
w0 AN ¢ Lety=(x-2)"
Ly=x*—4x3(2)+6x%(2)* —-4x(2) -(2)*
Y .'.y=x4—8x3+24x2 -32x+16

D _ 433 _24x 4 a3x-32
dx
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d Let y=250(3x+5x* ~17x°) 10 a f(x)=5x—>x°
4
Ldy 2
..E—ZSO(3+10x—51x ) .'.f’(x):S—%XZX
o Leogyo X +10x s 3
yE s 0= —3*
2
3
EEL. F-6)=5-3x(=6
X X
S y=3x+10, x#0 =5+9
dy_ =14
de b f(0)=5
4 3_12,2 1 (x)=0
fLetyzx 3x°+10x Cf()3
3 sz s5-—x=0
_4xT 37 10x 2
Y 2x  2x  2x .‘.5:§x
2 3 2
.'.y:2x —§x+5, x#0 . 10=3x
4 10
—y:4x—§ SoX=—
dx 2 3
_1,2 10
a Y—d3x —x+4 The solution set is {?}
By i /w20
Whenle, .'.5—§X>0
3
%=6X%—1 .'.—EX>—5
_, . =3x>-10
. . 1. 10
The gradient of the tangent at the point where x = 5 is 2. x< ?
I 3 2
b =—x"+2x"—4x+9 10
f) 6x x * The solution set is {x:x<?}.
, 1
o f (x)=g><3x2+4x—4 e x intercepts: Let f(x)=0
RN B -5 _3 2_9
..f(x)—Ex +4x—-4 s5x 4x
At (0,9), f/(0)=—4, 220x-3x2=0
The gradient of the tangent at the point (0,9) is —4. S x(20-3x)=0
¢ y=(x+6)>—2 has turning point (-6,-2). =0 x=§
Expanding the equation, o T3
2
y=x"+12x+36 Gradient at x=01s f'(0)=5.
L dy 20
..E:2x+12 Gradientatxz?:
At the point (=6,—2), 20 320
dy 22
Zo2x-6+12 3 2.3
dx o =5-10

=5
The gradients of the curve at the points where it cuts the x
axis are =5 and 5.

The gradient of the tangent at the turning point is zero.
d y=2-(x- 3) has a stationary point of inflection at (3,2).

Expending the equation, ,
P g q f If the gradient of the tangent is 11, then f'(x)=11,

y=2-(x-3x*(3)+3x(37 - (3)’) P
=2-x%+9x% —27x+27 Uo7
=29—x% +9x2 - 27x .'.—%x=6

D 3 18x-27 s=3x=12
dx R
x=—4

At the point (3,2), . . .
P Substitute x =—4 into the equation of the curve.

dy _ 2 3
E——3(3) +18(3)-27 f(—4):5><(—4)—Z><(—4)2
=-27+54-27 =-20-12
=0 =-32
The gradient of the tangent at the stationary point of At the point (—4,-32), the gradient of the tangent is 11.

inflection is zero.
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11 a f(x)=x>-2x-3
S ff(x)=2x-2
Let f'(x)=0
S 2x-2=0
sox=1
fH=1-2-3
S f)y=—4
The gradient is zero at the point (1,—4).
b The line y =5—4x has gradient —4.
As the tangent is parallel to this line, the tangent has

gradient —4.
Let f'(x)=—4

s 2x-2=—4

Sox=-1
f=D)=1+2-3

S f(=D=0
The tangent at the point (=1,0) is parallel to the line
y=5-4x

¢ The line x+y="7 has gradient —1.

As the tangent is perpendicular to this line, the tangent has

gradient 1.
Let f/(x)=1
2x-2=1

The tangent at the point (%,—gj is perpendicular to the

line x+y="7.
d At the point (5,12),
f/3=10-2
=8
Require the point where f'(x) =4
s 2x—-2=4
sx=3
£(3)=9-6-3
- f(3)=0

The slope of the tangent at the point (3,0) is half that of the

tangent at the point (5,12).
) 2
12 a N=05(+1) +25

The instantaneous rate at which the population is changing

N=05(r*+21 +1)+2.5

AN=054+1243

N oy
dt

N
When =1, dd—t =2+2=4. The population is growing at 4

ants per hour when 7 =1.
When ¢t =2,

d—N:2><8+2><2
dt

¢dN_

s—=20
dt

The population is growing at 20 ants per hour when r = 2.

b Whent=0, N=3and whent=2, N=0.5x16+4+3=15.

Average rate of change between (0,3) and (2,15) is
15-3
2-0

¢ Let d—N =60
dt

=6 ants/hour.

203421 =60
AP +1-30=0
Let P() =1 +1-30
P(3)=27+3-30=0
= (t—3) is a factor
.'.t3+z—30=(z—3)(t2 +3t+10)

Hence, * +1—-30=0=> (1—3)(r* +3r+10)=0.
st=3ort’ +3t+10=0
Consider > +3t+10=0
A=9-4x1x10
=-31
<0
No real solutions.
~t=3
The population of ants is increasing at 60 ants per hour 3
hours after the pot of honey is spilt.

13 a y=4x"+kx-5

ﬂ=8x+k
dx

Given that Q =4 when x =-2.
dx
S 4=8x-2+k
S k=20
b y:ax2+bx+c

ﬂ=2ax+b
dx

At the turning point, the tangent is horizontal so % =0.
s 2ax+b=0
s2ax=-b
b
" 2a
¢ i f)=x"+9x+30x+c
S f(0)=3x" +18x+30
=3(x? +6x+10)
=3[ (x> +6x+9)-9+10]
=3[ (x+3)> +1]
=3(x+3)*+3
Since (x+3)> 20 then f(x) 23 and is therefore always
positive.
ii Lety=f"(x).
y=3(x+3)> +3is a parabola with minimum turning
point (—3,3) and y intercept (0,30) since f(0) = 30.
y

SoX=

y=f(x)=3\+372+3 (0, 30)

A
pa—
o
=Y
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_ 2
d :i_ ar” +bt Quadratic graph cuts the x axis at (0,0) and (%,0).
L _2ar+b YA

dt

Whent:l,ﬂ:6 y=fx
dt )

56=2a+b...(1) (g, 0)

When ¢ = 3,ﬂ =14 (0,0
dt

s 14=6a+b....(2)

Equation (2) subtract equation (1)
8=4a

sa=2

Substitute @ =2 in equation (1)

6=4+b ¢ f(x)=6-3xis a straight line through (0,6) and (2,0) with

“b=2 gradient —3.

Hence, a=2,b=2. f’(x)=-3is a horizontal line through (0,-3).

a Refer to the graph given in the question. YA
i f’(x)=0 at the turning points. These occur at x = ++/3. \
The solution set is { /3 }
ii f’(x) <0 where the tangent to the curve has a negative
gradient. This occurs between the two turning points.
The solution set is {x —B<x< \/5}
iii f’(x) >0 where the tangent to the curve has a positive
gradient. (2,0) =
The solution setis{x2x<—\/§}u{x:x>x/§}. 0, 0) \'i
b The graph of y= f’(x) will have x intercepts at x = +3.
The graph lies below the x axis for { x:—3<x<3 } 5 10.-3
and the graph lies above the x axis for —
y=fx
{x:x<—\/§}u{x:x>\/§}, Y

A possible graph is shown.

A

—~
=
=)

e

<Y

Y

(0,6)

A

y d f(x)=1-x". Cubic graph with stationary point of
A inflection at (0,1) and cutting x axis at (1,0).

f/(x)==3x". Parabola with maximum turning point (0,0).

>
>

(B, 0\ /(ﬁ, 0

Y

(0,-1).
f’(x)=-2x. Straight line through the origin and the point
(1,-2).

a Turning point at (1,4) = gradient graph has an x intercept
when x =1.

For x <1, given graph has a positive gradient = gradient
graph lies above x axis.

For x >1, given graph has a negative gradient = gradient
graph lies below x axis.

Given graph is degree 2 so gradient graph is degree 1 and
the graph is linear.

b f(x)=x3—x2 dy

y 16 Refer to the graphs given in the question.
T(O, 0)

o f)=x2(x—1) dx
Cubic graph touches the x axis at (0,0) and cuts the x axis
at (1,0).
f/(x)=3x>-2x B (1,0) _
L f(x0)=x(3x-2) D l(o, 0) \'i
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b The given graph is horizontal so its gradient is zero.

dy A
dx
dy _
a _ 0
(0, 0) *

Y

¢ The given graph has turning points at (0,—2) and (2,2). The

gradient graph will have x intercepts at x =0,x =2.

For x <0 the given graph has a negative gradient = the
gradient graph lies below the x axis.

For 0 < x <2 the given graph has a positive gradient = the
gradient graph lies above the x axis.

For x > 2 the given graph has a negative gradient = the
gradient graph lies below the x axis.

The given graph has degree 3= the gradient graph has degree 2.

@
dx

2,0)

A
LY

0,0)

The given graph has a stationary point of inflection at (2,3).
The gradient graph has an x intercept at (2,0).
For x < 2 the given graph has a positive gradient = the
gradient graph lies above the x axis.
For x > 2 the given graph has a positive gradient = the
gradient graph lies above the x axis.
This means that the gradient graph must have a turning
point at its x intercept (2,0).
dy A
dx

(2,0)

A
Y

0,0

Y

The given graph has turning points at (_\/3 ,—5),(0,3)

and (ﬁ ,—5). The gradient graph will have x intercepts at
xX=- 5,x:0,x=x/§.

For x < —/5 the given graph has a negative gradient = the
gradient graph lies below the x axis.

For —/5 < x <0 the given graph has a positive gradient =
the gradient graph lies above the x axis.

For 0 < x <+/5 the given graph has a negative gradient =
the gradient graph lies below the x axis.

For x >+/5 the given graph has a positive gradient = the
gradient graph lies above the x axis.

The given graph has degree 4= the gradient graph has
degree 3.

17

18

a

a

382 | TOPIC 12 Introduction to differential calculus ¢ EXERCISE 12.5

dy J
dx

5, 0)

Y

The given graph has a stationary point of inflection at
(0,0) and a turning point at (3,3). The gradient graph has
x intercepts at (0,0) and (3,0).

For x <0 the given graph has a positive gradient = the
gradient graph lies above the x axis.

For 0 <x <3 the given graph has a positive gradient = the
gradient graph lies above the x axis.

This means that the gradient graph must have a turning
point at (0,0).

For x >3 the given graph has a negative gradient = the
gradient graph lies below the x axis.

The given graph has degree 4 = the gradient graph has
degree 3.

dy
dx

The derivative template is in the 2 D CALC mth keyboard.
d g ; 10 3 9/ 5
—(x"=2x) =10{x"-2x) (3x" =2
ool =2x) =10(x -2¢) (347 -2
Enter the function to be differentiated by tapping
Interactive — Calculation — diff.
Tap Derivative at value
2

Expression: (x5 —5x% 4+ 2)
Variable: x
Order: 1
Value: 1 (for the value of x at which the derivative is to be
evaluated)
Press OK
The answer obtained is 140.
y= X0 +2x2
& =6x° +4x

dx
In Graph&Tab enter:
yl= x® +2x7
y2= 6x° +4x
and sketch. The graphs should be similar to that shown.

y
2| [yl

0,0) x
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At a stationary point of inflection, the tangent to the
curve is horizontal. To test whether the origin is a
stationary point of inflection on the graph y2, use the
Analysis tools to form the tangent to the curve at the
origin. The tangent has a gradient of 4, not zero, and
therefore the origin is not a stationary point of inflection
on the derivative graph.

d . . .
If d—y =yfory= X+ 2x2, then intersections of the gradient
X

graph and y = x%+2x7 will give the solutions to the
equation 6x° +4x = x® +2x%

¢ From the diagram it can be seen that the graph of

y= x%+2x% and its gradient graph intersect at the origin.
In the main menu, solving X0 +2x% =6x° +4x gives a
second non zero solution of x =5.9938.

The graphs of y=x° +2x% and its derivative will be
parallel when the gradients of their tangents are the same.
For y=x%+ 2x2, the gradient of the tangent is 6x° +4x.
For y=6x + 4x, the gradient of its tangent is 30x* +4.
Solve 6x° +4x=30x" +4 to obtain x = 4.9957.

To the nearest integer, the graphs are parallel at the points
where x =5.
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Topic 13 — Differentiation and applications

Exercise 13.2 — Limits, continuity and
differentiability

1 a

3 a

lim (8—3x)=8+15
x—>-5
=23

. [x2—9j
lim
-3 x-3

. ((x—3)(x+3)j
=lim| ———~—~

x—3 x-3
= lim(x +3)
x—=3

1
3) does not exist.

_ 2
_ hm((x 2)(x +2x+4))
x—2 x-=2
=lim (x> +2x+4)
x—2
=4+4+4
=12

. ( 1 j
lim
=2\ x+3
1

2+3
1

5
i lim f(x)

L1m1t from the left of x =1: llm(x )=1

Limit from the right of x = 1 hm(2x H=1
Since L™ = L', lim f(x)=1. !
x—1
i f(H=1
The function is continuous at x =1 since f(1) and
lim f(x) exist and f(1)=lim f(x).
x—1 x—l1

2

x°, x<l1
fx)=11, x=1
2x—1, x>1

igx)= al

Denominator cannot be zero, so maximal domain is
R\{0}.
x(x—1)

X
= hm (x=1

x—0

=-1

ii lim g(x)= lim
x—0

iii The function is not continuous at x = 0 because £(0) is
not defined.
gx)=x-1, x#0

iv Its graph will be the same as y = x —1 with a hole at
(0,-1).

4 ) x2—4, x<0
x =
4— x2, x>0
f(0)=4-0?
=4
lim f(x):
x—0
Limit from the left: Limit from the right:
L =lim(x*—4) L' =lim(4-x?)
x—0 x—0
=4 =4
Since L # L', 11m f(x) does not exist.
Hence the functlon is not continuous at x = 0. The branches of
the function are polynomials so they are continuous except at
their endpoint at x = 0. Therefore the function is continuous
for the domain R\{0}.

5 a As the function is continuous, test the derivative from the
left and right of x =1.

Derivative from the left: Derivative from the right:
f(x)=x2 fx)=2x-1

s f(x)=2x s f(0)=2

~f)=2 =2

Since the derivatives from each side are equal, the function
is differentiable at x = 1.

2x, x<l1
b f(x)= rs1 domain is R.
The graph of y= f’(x) is continuous.
YA
3 -
24y =f1x) )
1 -
< T T T >
-1 1 2
—1
2
-3
Y

Maths Quest 11 Mathematical Methods VCE Units 1 and 2 Solutions Manual



386 | TOPIC 13 Differentiation and applications « EXERCISE 13.2

2
6f(){ ,  X22

dx+b, x>2
To be continuous at x = 2, the two branches must have the

same endpoint when x = 2.
Therefore, a(2)” =4(2)+b

2
8 a f(x)z{i’ x<2

2x, x>2

For lim f(x) to exist, the limit from the left of x =2 must
x—2

equél the limit from the right of x = 2.

4a-b=8...(1) L= lim f(x) L= lim f(x)
To be smoothly continuous, the derivatives of the two . 2
= lim (x ) = 11m( 2x)
branches must be equal when x = 2. x—2
=4 = —4

From the left: From the right:

Since L™ # L, lim f(x) does not exist.

Fx)=ax’ f(x)=4x+b
o f(x)=2ax ) =4 - 2. x<
S () =4a L f@=4 b fO=1 0 22
Hence, 4a =4, giving a=1 L = 11[121 f(x) L= lim f(x)
Substitute into equation (1) _ o ) B x2
imo-2) -
~b=—4 =0 =0

Answer: a=1,b=—4

Since L' = L' =0, lim f(x)=0.
7 a lim(6x-1)=6x3-1=17 x=22
X—3

-x, x<2
_2x*—6x ¢ f(x)=10, x=2
b )1(1_% x—3 x—4, x>2
_ - .
N £-lm g L=
-l Cimen)  <imGed
=2x%3 =-2 =-2
=6 Since L = L" =-2, lim f(x)=-2
) x—2
2x°+3x-5 2
li _ x =4
¢ xlgll x* -1 d fo= x-2
—lim 2x+5)(x -1 1im2 f(x)
=l (x+1D(x=1) - 2
_ 2x+5 o (x -4)
=lim =lim———~
-l x+1 =2 x—=2
7 . (x=2)(x+2)
—— =lim——=
2 x—2 x—2
_ =lim(x+2)
d lim 222> 32
x—=02x—1 =4
3(0)-5 9 a Since lirr; f(x) does not exist for the function in Q2a, the
= X—>
2(0)-1 function is not continuous at x = 2.
=5 b For the function in Q2b, lin; f(x)=0.
3 X—
e lim 64+ x The value of the function at x=21is f(2)=2-2=0.
x4 x+4 < lim f(x) = f(2).
xX—>
i 4+ x)(l6 —4x+ Xz) The function is continuous at x = 2.
= lim

x——4 x+4 ¢ For the function in Q2c, hm fx)=

= lim (16—4x +x2) The value of the functlon at x=21is f(2) 0.
x——4
=16+16+16 < lim f(x) # £(2).
=48 The function is not continuous at x = 2.
.ox+1 d For the function in Q2d, lim f(x)=4.
f lim — =27 ]
xe X However, the value of the function at x = 2 is not defined.
— i X + l The function is not continuous at x = 2.
- xfl, X x 10 a f(x)=x*+5x+2isa polynomial function so it is
. 1 continuous over R.
= lim (1 + j 4 .
x—e0 X b gx)= is not defined when x = —2 so it is not
=140 x+2
continuous for all x € R.
=1
1
(The hyperbola graph y =1+ — has an asymptote y =1, so ¢ hix)= {; i;x-'— 2, x ig is not defined when x =0 so it is
X , X

as x — oo,y —>1). not continuous for all x € R.
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x2+5x+2, x<0
d k(x)=9 4

s x>0
x+2

The branch of the function for x <0 is a polynomial
x% +5x+2 so0 it is continuous for all x <0.

4
The branch of the function for x =0 is > Although

x4+
this is not defined for x = -2, the value x =-2 is not in

the domain for which this rule applies. So, for x >0 it is
continuous.

Now we must test whether the function is continuous at
x=0.

4
k(O)—E—2

1im(x2+5x+2):2

x—0

lim( 4 j =2
=0\ x+2
s lim k(x) =2 =k(0)
x—0

The function is continuous at x = 0.
Hence the function is continuous over R.
x+a, x<l1

Y= {4 —x,x2>1
Both branches are linear polynomials so they are each
continuous. For the function to be continuous the two
branches need to join at x =1.
When x=1then y=4-1=3.
For continuity at x=1, L = }(1511 (x+a)=3.

sd+a=3

sa=2

ax+b, x<-1
y=15, -1<x<2

2bx+a, x>2

For continuity, lim (ax+b)=5 and lim(2bx+a)=>5.
x—-1 x—2

Hence,
—a+b=5..()
4b+a=5...(2)
Add the two equations together to eliminate a
~5b=10

~b=2
Substitute » =2 in equation (1)
sL—a+2=5

sa=-3

The function will be continuous if a=-3, b=2.

Refer to the diagram given in the question.

a There are breaks in the curve at x5 and xs, so the
function is not continuous when x = x3 and x = x5. The
left hand limit does not equal the right hand limit at
each place.

b The function cannot be differentiated at a point of
discontinuity so it is not differentiable at x5 and xs.

The function must be smoothly continuous to be
differentiable. There are sharp points at x;,x, and x, where
the gradient from immediately left of the point does not
equal the gradient immediately to the right. The function
cannot be differentiated at these vales of x.

Overall, the function is not differentiable when

X = X|,Xp,X3,Xy,Xs.

14 f(X)={

a First test continuity at x =0.

3-2x, x<0
x2+3, x>0

L = lin})(3—2x)=3
L*:linz)(x2+3)=3
f(0)=0%+3=3
il_r:% Sx)=f(0)

The function is continuous at x = 0.
Derivative from the left of x =0:

f(x)=3-2x
S ff()=-2
S f(0)=-2
Derivative from the right of x =0:
f)=x*+3
S f(x)=2x
S f(0)=0
Derivative from the left does not equal the derivative from
the right.

The function is not differentiable at x = 0.

f(0)=3,f(-)=3+2=5and f(1)=1>+3=4

As the function is not differentiable at x = 0, it is not
smoothly continuous at x = 0. Hence, the two branches do
not join smoothly.

=172 <Y The domain of the derivative is R\ {0}
f(x)= 2% x>0 e domain of the derivative is .

f(3)=2x3=6,

3-2x, x<0
f= x2—2x+3, x>0
part a: Test continuity at x = 0.
L =1lim(3-2x)=3
x—0
L' =lim(x* - 2x+3)=3
x—0
f(0)=0%-2x0+3=3
s dim f(x)= f(0)
x—=0
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The function is continuous at x = 0.
Derivative from the left of x =0:

f(x)=3-2x
~ffx)=-2
S f(0)y==2

Derivative from the right of x =0:
f(x)=x>=2x+3
S ff(x)=2x-2
S f0)y=-2
Derivative from the left equals the derivative from the
right.
The function is differentiable at x = 0.
part b: Left branch: f(-1)=3+4+2=5=(-1,5) is on the left
linear branch.
Right branch: Minimum turning point at (1,2) since
y=x2 —2x+3:>y=(x—1)2 +2

As the function is differentiable at x =0, it is smoothly
continuous at x = 0. Hence, the two branches join
smoothly.

y -2,  x<0 ' o
part c: f'(x)= 2D x>0 The domain of the derivative
is R. > =
part d: f'(3)=2x3-2=4,
part e:

yﬂk
64
y=f

4

31 G4

e 0 1 ) 3 X

3]0.-2)

v

00 4x2—5x+2, x <1
X)=
—x3+3x2, x>1

First test if continuous at x =1.

f)y=4-5+2
=1
L' =1lim (—x3 +3x2)
x—1
=—1+3
=2

The function is not continuous at x =1 and therefore it is
not differentiable at x =1.

8x—35, x<l1

b f’(X)={

—3x2 +6x, x>1

388 | TOPIC 13 Differentiation and applications « EXERCISE 13.2

¢ f'(x)=0
For x<1,1let8x—-5=0
5

SoX=—

8
For x > 1, let “3x2+6x=0
S=3x(x—-2)=0
sx=0o0rx=2
However, x >1 so the only admissible value is x = 2.
7 5
f (X)=0whenx=§ orx=2

8x-5, x<l1
d f/(x)=1{-3x*+6x, x>1
not defined, x =1
Consider the linear left branch of the gradient function:

y=28x—5 passes through (0,—5) and (g,OJ.

The endpoint (1,3) is open.
Consider the quadratic right branch of the gradient
function:

y=-3x2 +6x passes through (2,0).
y=-3[(x* - 2x+1)-1]

=3(x-1)"+3
Maximum turning point (1,3) is an open endpoint.

YA

1,3)

—64(0,-5)
A

e Since f’(x)=0 when x = g or x =2, at these points on

y= f(x) the gradient of the tangent is zero.

5 5 U5
f(gj_4><(§) —5><§+2

2525
16 8
-25 32
=—4—
16 16
-
16
f(2)=-8+12
=4

At the points (%’%) and (2,4), the gradient of the

tangent is zero.
f Consider the quadratic left branch of the function:
y= 4x*—5x+2 passes through (0, 2).

. . (5 T .
Its minimum turning point is (—,EJ since the tangent

there has zero gradient.
Its closed endpoint is (1,1).
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Consider the cubic right branch of the function: ¢ The derivative from the right of x =2 is
3 2
y=—x"+3x i 1o SRR = f(2)
sy==at(r=3) R Ty
Graph passes through (3,0) and has an open endpoint at 92+h _ g
(1.2). = lim
. . . . . h—0 h
There is a turning point at (2,4) since the gradient of the d Using the limit template, £/(27)=4 and £’(2*)=41n(2).

tangent is zero at that point. Since 4 #= 41log,(2), the derivative from the left does not

equal the derivative from the right. Hence, the function is
not differentiable at x = 2.

Exercise 13.3 — Derivatives of power functions

- 4-3x+7x*
-1 1ay=———
X
4 3x 7x*

4 4 4
X7 ox X

=4x* 333 +7
ax2+b, x<l1 ﬂ

=—16x7 +9x7*
16 y=14x, l<x<?2 dx b ox
cx2+d, x=>2 z_g %
For continuity at the join of the two branches around x =1, X
ax12+bh=4x1 The derivative has x terms in its denominator so its domain
sLa+b=4..1) is R\{0}.
For continuity at the join of the two branches around x = 2, b i f(x)=4Jx+2x
4x2=cx2*+d =4Jx +2x
~8=4dc+d...(2) 1 1
For the joins to be smooth, the derivatives either side of each =4x2 +/2x2
join must be equal. N
For x=1, 2ax =4 when x =1 f(x)=2x 2+7x 2
s2a= 3 2 . NG
La= =—=tF
For x=2,4=2cx when x=2 \/)_C 2 .. . .
4=4c The derivative has \/; terms in its denominator so its
Ce=1 domain is R*.
Substitute a =2 in equation (1) ii Atx=1, gradientis f’(1)
~2+b=4 f'(1)—3+£
~b=2 12
Substitute ¢ =1 in equation (2) 442
s 8=4+d = 2
sd=4 2
For the function to be differentiable over R, 2 d 63 + 1
a=2,b=2,c=1,d=4. dx Jx
17 Using the limit template in the 2 DCALC mth keyboard, 4 2 1
25 3, .7
a lim™ 125 = O
-1 x—1 1 3
n _ _ 1 —
b lim® = p =d4x 3-—x 2
-l x—1 4 12
xz, x<2 =——
18 f(x)=4_, - 2
2%, x=2 x3  2x2
a L =lim(x*)=4 3 a Lety=4x"'+5x7
x—2 d
L' =lim(2*)=4 D 4x (=) 5% (22!
x—2 dx
f@=2*=4 =—4x2-10x7
~dim f(x)=2=f(2) 1 2
x—2

. . b Let y=4x2 —3x3
hence, the function is continuous when x = 2. 5

1
.. . 1 2,
b The derivative f;om thg le}flt of x=21s ? —dx %xz Z3x §x3
)= fim LRI R
-0  2—(2-h) = i
2 =2x 2 —2x 3
. 4-2-h)
=lim——
h—0 h
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L x 5Y
¢ Lety=2+8x 2 b f(x)=(§+;)
1
dy o -1 - X ox 525
—=8x—ux 2 =+ 2X X+
ax 2 FO=gg gt a
3 1 _
=—4x 2 23x2+2+25x 2

Let v=0.5¢"8 _6x3! )
d Lety=0.0x"-0x F==x=50x"

D 0551855 —6x3. 113!

dx zz_x_ﬂ
=0.9x" —18.6x*" 25 x°
1
4 a y=1+l+L2 c f(x)=§/x72+ 5x+T
X x x
ay=l+xt4x72 ! 1
dyy .'.f(x):(x2)5 +\/§X\/;+—1
o x?-2x7 xi
dx
1 2 2 1
=——-= ) =x5 +5x2+x 2
X7 x
3 1 3
by=5x/;1 f'(x)=§x5+x/§><%x2—%x2
.'.y=5x5 2 J5 1
! RN A
Y _s 1 5x5 2x2
dx 52 3
=— d f(x)=2x4(4+x—3x2)
2x2 37 n
5 Sof(x)=8x%+2x* —6x
~ (x)=8x* +2x* —6x*
2 30 73 !’
()= 8%y 4 Lt g 4
¢ y=3x—§/; f(x) 8><4x +2><4x 6><4x
1 _L 3 7
Sy=3x—x3 =6x 4+EX4_§X4
dy 1 = 3
—=3-—x3 4 7
dx 3 I E S
1 2 2
= ——g _x4
3x3 6 f:[0,00) >R, f(x)=4—/x
d y=xJx a f(=4-Jx
1 1
SLy=xXx? s f(x)=4—x2
3 ) 1 L
sy=x? o f (x)=—§x 2
1 1
dy_3 5 - /x -
bt f/x) NG
_ 3Jx The domain of the function f is [0, ). However, as f’(0) is
T2 not defined, the domain of the derivative function is (0, o).
1
2 _ The derivative function f”is f":(0,0) = R, f'(x) = ———.
5 a f(x):w 2%
3x b y= f(x) has an x intercept when y=0.
3x2  5x 9 L 4—Jx =
.'.f(x)=—2+—2——2 c4 \/; 0
3x° 3x Jx=4
o f)= 1+§x_1 —3x72 ~x=16
f16)=—-—=
Fx)= —%ﬁ +6x73 %\/ﬁ
5.6 -:f’(16):—§
-~ L 1
3 The gradient of the graph of ¥y = f(x) is—g at its

X intercept.
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¢ Let x=0.0001

£7(0.0001) =—

1

1

T 2x0.01

=-50
The gradient of the tangent at x = 0.0001 is —50.

Let x=10""

f(107%)=—

0
1
2410710
1

T 2x107°
_lo?

24/0.0001

2

=-50000
The gradient of the tangent at x = 10719 is —50000.
d As x>0, f'(x) —> —oo.

e Since f’(x) — —ec as x — 0, the tangent to the curve

y= f(x) at (0,4) is undefined.

The x intercept is (3,0).

Gradient: y=1
LAy _
Tdx

3x72

3
2
pe
dy

At (3,0), —=
( )dx

—3x7!
3_1
9 3

| 1
The gradient of the tangent is 3 S0 g= 3

b Letﬂ:l
dx 3

3

x2

| —

2

3

I+ = W

s 9=
LX=

3
Whenx=—3,y=1——3=2.

1
The other point where the gradient is 3 is at (-3,2)

c y=1- 3
X
Asymptotes: x=0,y=1
x intercept: (3,0)
Point: (-3,2)
YA
y=1- %
(-3,2) y=1
B G.Q o=——s
-« 0 >
x=0 Y
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d Letx=10
dy 3
107

=3x1072
Let x=103
dy 3
@ (10

_3

T 10°

=3%x107°

d
As x — oo,—y — 0. The tangent to the graph becomes

| 391

X
closer to being horizontal and approaches the horizontal

asymptote as x — oo,

1
i f:R\{0}—> R, f(x)=x——. The domain of the function
X

is R\{0}.

ii f()c)zx—l
X

S fx)=x-— X!
Flx)=1+x72

1

=1+—2

X

The gradient function has domain R\{0} and rule
, 1
=1+
X

1
iii At the point (1,0), f'(1)=1+ z =2. The gradient of the

tangent at the point (1,0) is 2.

iv Let f'(x)=5

The tangents at the points (l,—ij and (—l,g) have
272 2°2

a gradient of 5.
i flx)=x2+=
X
s f(x)=x?+2x7"
f(x)=2x-2x7"

X

=2)C——2

(()=4_2

S f(@)=4-
~f(2)=35
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ii Let f'(x)=0 e f/(0O)=—4+2x0=—4
2 f f'(x)<0
P 2x—=0 /) 1
. 2 Since —~= >0 then solution can only come from
P 2Vx
o X2 considering —4 +2x < 0.
-'-)C3=1 s 2x<4
x= Lx<2
f(h=1+2=3 Therefore f’(x) <0 when x <2.
At the point (1,3), f’(x)=0. 10 h=0.5++1
iii Let f'(x)=—4 a Letr=0
.'.2x—i=—4 ~h=0.5
x? The tree was 0.5 metres when first planted.
n2x7 -2 =457 1
At 4257 -1=0 b h=0.5+12
Let P(x)=x" +2x% -1 dh_ 1
P(-1)=—14+2-1=0 Tar 2
~.(x+1)is a factor . dh _ 1
a2~ 1= (e D (2% 4 x-1) =0 dt 2t
sx=—lorx*+x-1=0 When £ =4,
1+\1+4 a1
.'.x=—10rx=_f dr 244
1
1+ ——
snx=-lorx= 1£5 4
) 2 After 4 years, the height is growing at 0.25 metres per year.
_J@2=x)", x<4 c Leth=3
9 fn)=
24x, x24 ~0.5++=3
L =1 L' =1l - Jf =
a L= lim f(x) Jim (o) wNT=25
=lim(2-x)’ = 1im (2 +x) 1=6.25
x4 x4 The tree is 3 metres tall, 6% years after it was planted.
= (2’ =2+4

d t=0,h=0.5and t=6.25,h=3

=4 =4 Average rate of growth

Since L' = L" =4, lim f(x)=4.
x—4

3-0.5
b f(4)=2++/4 =4. Since lim f(x)= f(4), the function is T 6.25-0
continuous at x =4, )H _25
¢ Test whether the derivative from the left of 4 is equal to the 6.25
derivative from the right of 4. - 1
Derivative from the left: 2.5
f@=2-x’ =04 .
—d_dxi? The average rate of growth is 0.4 metres per year.
o F0) = 4+ 2x 11 a (x+h)°-5°
A f@T)=—4+2%4 =[x+ h)—x][ x+h) +x(x+h)+x° |
s f@)=4 =h(x? +2xh+h* + 2 + xh+x?)
Derivative from the right: _ 2 2
FO0)=2+x = h(3x% +3xh+h?)
1
2 1
AR b f)=—
’ 1 Ty
S w=gx 0= tim LD =S
, 1 h—0 h
--f(x)—zﬁ 1 3_%
1 . (x+h)y «x
f/(4+) — =lim ————
2x/4 =0 h
1 . 1 1
L flEhH == =lim| ———-—|+h
TMCD) ) h—>0((x+h)3 x3J
Since f’(47)# f’(4"), the function is not differentiable at . = (x+h)? oL
x=4. h0 (x+h)3x3 h
d f/(n= _41+2x’x<4 I CEOts
VT x4 Ti50 e+ hyah
2Jx
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Using the result from part a,
) (32 +3xh+h?)
fx)=lim—————s—a——
=0 (x+h)Y’xh
(32 +3xh+h?)
= lim

=0 (x+h)’x}

=i( 3—3)62><l+3x><iz—%)
dx X x° X

=%(x3—3x+§—i3)

:di( P 3x+3x7" —x73)
by

=3x2-3-3x72+3x7*

3 3

=32 -3- S+
X X

60r+2
3t
y_ 60 2
3t 3t
V=204 20
3

12 a V=

>0

2 d
Since 1 > 0, ——5 <0. Hence —V <0.
3t dt

b Letr=2
av_ 2
dr 37

B
"6

1
The water is evaporating at P mL per hour.
c V:£+20, te[l,Z}
3t 3

First quadrant branch of hyperbola with asymptotes
t=0, V=20.

Expression: 4 —

TOPIC 13 Differentiation and applications ¢« EXERCISE 13.3 | 393

Endpoints: When 7 = % V =2+20=22. Point (%,22).

Whent=2,V= l+20 = ﬂ Point (2,2).
3 3 3

VA V=-=2 420
244 3t
E (g, 22)
227 61
: \—‘ (2» ?)
20 -
li=0 V=20
< T T >
Ov 1 2 4
. . . 1 61
d Gradient of chord with endpoints | —,22 |and | 2,—
61 3 3
8 -22
_23
2]
_(ﬂ_@);(é_l)
3 3)\3 3
5 3
=—x=
35

=-1
This value measures the average rate of evaporation over

the interval r € [%,2}.

13 In the main menu, tap Interactive — Calculation — diff and

tap ‘Derivative at value’.

Enter

1
3x-2

Variable: x
Order: 1

Value: l
3

and tap OK.

The gradient of the tangent is 3.
2 5

14 a The graphs of y= x3 and y= x3 will both pass through the

points (0,0) and (1,1).
The graphs obtained should be similar to that shown in the
diagram.

1, n

A
LY

5 0,0)

y=x

b Using the Analysis tools in Graph&Tab, the slopes of the
tangents at (1,1) can be deduced from the equation of the

tangent. S

= 2 st
At (1,1), y=x3 has gradient 3 and y = x3 has gradient g,
5 2
making the graph of y = x3 steeper than that of y=x3 at

the point (1,1). S

At (0,0), the gradient of y = x3 is zero. The gradient of
2 2

y= x3 is undefined. The tangent to y = x3 is vertical while
5

the tangent to y = x3 is horizontal.
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1
Exercise 13.4 — Coordinate geometry b The line perpendicular to the tangent has a gradient of 5
applications of differentiation 1
1 Therefore, the required acute angle satisfies tan6 = —.
1 y=5x——= x° 1
3 6=tan™" (—)
Point: x =3, . 2
y=15-9 =26.6
-6 To one decimal place, the angle of inclination with the
Point is (3,6). s 26-60-1
d W __
Gradient: Ey=5—x2 4 y= 0T

1 dy
When x =3, % =—4, so gradient is —4. When x = > y=2, e =-4,
Equation of tangent: equation of tangent is:
1
y=6=—4(x~3) y_2=_4(x__)
y=—4x+18 2
4 y=—4x+4
2 y= x_2+ 3 A is point (1,0) and B is point (0,4).
Gradient: as tangent is parallel to y =—8x, gradient is —8. Therefore midpoint of AB is (l’ 2).
Point: : 2
y=4x7 43 5 a f()=5x +a7 -8x+6
d ~
d_y:—8x3 f/(x)=x"+2x-8
" -8 Function is increasing when f’(x) > 0, so:
s x> +2x-8>0
As tangent has gradient —8, (x+4)(x=2)>0
-8 x<—-4orx>2
2 _-_8
.X3 +
=1 = 4 2 x
x=1 ] o o
Substitute x = 1 into equation of curve. Interval over which the function is increasing is
4 (—o0,—4) U (2,00).
Y=gt b i y=ax>+4x+5
=7 Point: x=1, y=a+9=(,a+9)
o d
Point s (LD, Gradient: < = 2ax +4
Equation of tangent: dx
y=7==8(x-1) Whenx=1, Y =2a+4
y=—-8x+15 dx
3a y=x’so dy . Equation of tangent:

dx y—(@+9)=Qa+4)(x-1)
y=QRa+4)x-2a—-4+a+9

When x =—1, ﬂ =2
dx

The line perpendicular to tangent has a gradient of %

and a point (—1,1).
Its equation is:

=QRa+4)x+5-a

ii If the function is decreasing, the gradient of the tangent
is negative.
Hence, 2a+4 <0

y—l:%(x+l) .'.a<—22
1 3 6 f(x)=10—5—
y:—x-l,—— X
2 2 2
At Q, f(x)=10—§x
21 2 _
X —EX‘FE f’(_x):gxz
2x* —x-3=0 2
(2x-3)(x+1)=0 T 5x2
x= g,x =-1 The function is increasing if f’(x) > 0.
2

3 9 39
At Q, x = — and therefore y=—, so Q is the point | —,— |.
Qx=3 y=psoQisthep (2 4)

2
As P is positive for x # 0 then the function increases at all
X

points in its domain.
The function is increasing for x € R\{0}.
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7 %x3+7x—3=0,x=2

1
Let f(x) = §x3 +7x-3

= f'(x)=x>+7

Xntl = X — f/(xn)
f(x,)
IEN)
f(xo)
Let xy =2
F2)= %(2)3 +72)-3
S
3
_4
T3
Fl(2)=2+7
=11
41
Xl: —H
25
33
3
1(5)=3(3) (3)
33) 3(33 33
—2.45
(25)_(25Y
f(33)_(33j 7
=7.57
fxp)
BERTG)
_25_245
"33 757
=043

Similarly, x;3 = 0.4249 (correct to 4 decimal places).

8 a Letf(x)=—x3+x2-3x+5.
when x <1, f(x)>0
when x > 2, f(x)<0

d

TOPIC 13 Differentiation and applications ¢« EXERCISE 13.4

—(1.41)> +(1.41)> =3(1.41)+5
~0.0451
31412 +2(1.41)-3
~6.1443

—0.0451

T _6.1443
~1.4026

y=2x%—Tx+3

£(1.41)

F/(1.41)

= x;=1.

ay =4x-17
dx
At (0,3),

dy =4x0-7
dx
=-7
Equation of tangent:
Y=y =mx=x)), m==7,(x,y,)=(0,3)
sy—=3=-Tx
Sy=—Tx+3
y=5-8x— 3x?
Point: (-1,10)

Gradient: Q =-8—6x
dx

At (-1,10), ﬂ:—8—6><—1:—2
dx

Equation of tangent: y—10=-2(x+1)
sy=—2x+8

_1;
y= 5 X
Point: (2,4)
Gradient: ﬂ = 3 x2
dx 2
At (2,4), D326
dx 2

Equation of tangent: y—4 =6(x—2)
Sy=6x—8

y:%x3 —2x*+3x+5
Point: (3,5)

Gradient: ﬂ =x2—4x+3

Since the polynomial changes sign between x = 1 and dx
x = 2, there is a root which lies between x = 1 and x = 2.

b Letf(x)z—x3+x2 —-3x+5
= f'(x)==3x>+2x-3

At (3,5), % =32 -4x3+3=0 so tangent is horizontal.

Equation of tangent: y=15

Let xy =1 e y=é+9=>y=6x71+9
X
FO==1) +(1)* =3()+5 |
=2 Point: (_5’_3)
FM==31+2(1)-3
-4 Gradient: 2 = _6x2
= dx
:>x1:1—£ '-‘ﬂz_i
—4 dx x2
=15
At[-1 3
F(1.5)=—(1.5° +(1.5)* =3(1.5)+5 )
=-0.625 (] 2
f/(1.5)==3(1.5)> +2(1.5) -3 i
=—6.75 =—6x4
= 15- -0.63 =-24
-6.75

Equation of tangent: y+3=-24 (x + %J
sy=-24x-15
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alw

f y=38-2x
Point: (81,—-16)
Gradient: ﬂ = —2><§)c7Z
dx 4
L3
“dx 1
2x4

At (81,-16),

Equation of tangent: y+16=— % (x—381)

S 2y+32=—x+81
S 2y+x=49
10 a y=4Jx

Point: When x =4, y=4+4 =8
Point is (4,8).
1

Gradient: y=4x2

1
A,
dx
-2
N
dy 2
At (4,8), —=—==1
( )dx NG
Equation of tangent: y—8=1(x—4)
sLy=x+4
b y=+2x

Point: When x =2, y=+/4 =2
Point is (2,2).

1
Gradient: y =~/2x2

1
dy _2 5
dx 2
2
24x
dy 2 1
At(2,2), —=——==—
(2,2), i 2 2

Gradient of line perpendicular to the tangent is —2
Equation of this line: y—2=-2(x-2)
Sy=—2x+6

¢ y=6x

The tangent has gradient m = tan(60°)

~m=+3

sox=3

When x =3, y=6x/§
Therefore the tangent is drawn to the curve at the point
(3,6\/3 ), It has gradient +/3.
The equation of the tangent is
y—6/3=/3(x-3)

L y=x=3/3+63

Sy= \/§x + 3\/§

11 y=x*-6x+3

a

12 a

As tangent is parallel to y =4x —2, the gradient of the
tangent is 4.

~2x—-6=4
~2x=10
sox=5
When x=5,y=25-30+3=-2
The point is (5,-2).
The equation of the tangent is
y+2=4(x-95)
sy=4x-22
If tangent is parallel to the x axis, its gradient is zero.
Let dy =0
dx
~2x-6=0
sox=3
When x=3,y=9-18+3=-6
The tangent is the horizontal line through the point (3,-6).

Its equation is y = —6. )
The line 6y +3x —1=0 has gradient —% = 5
The tangent is perpendicular to this line so the gradient of

the tangent is 2.

Let ﬂ =2
dx
s2x—-6=2
s 2x=8
sx=4
When x=4, y=16-24+3=-5
Point is (4,-5).
Equation of tangent is
y+5=2(x-4)
sy=2x-13
y=x(4-x)
The x intercepts are (0,0) and (4,0).
y=4x— x2
L dy

S—=4-2x
dx

At (0,0), b 4 and at (4,0), P _ 4.
dx dx
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Equation of tangent at (0,0) is y = 4x.
Equation of tangent at (4,0) is y=—4(x—4)
sy=—4x+16
At the intersection of the tangent lines y =4x and
y=—4x+16,

4x=—-4x+16
~8x=16

sx=2
Substitute x =2 in y =4x
sy=8
The tangents intersect at (2,8).
y=@-a)x-b)
x intercepts are (a,0) and (b,0).

y=x2 —ax—bx+ab

=a->b
The equation of the tangent is y=(a—b)(x —a).
At (b,0),
Q =2b—-a-b
dx

=b-a
The equation of the tangent is y=(b—a)(x—b).
At the intersection of the tangents,
(a=b)(x—a)=(b-a)x—-Db).
For two tangents to exist, a # b.
Dividing by (a — D) gives

x—a=—(x-b)
S X—a=-x+b
s 2x=a+b
a+b
Sx=
2

The axis of symmetry of a parabola lies midway between
its x intercepts.
Therefore, the equation of the axis of symmetry is

a+b L. .
x= T, which is the same as the x co-ordinate of

the point of intersection of the tangents drawn at the x
intercepts.

Therefore the tangents intersect at some point on the
parabola’s axis of symmetry.

For the curve y = x(4 — x), the point A has co-ordinates
(4,0).

From part a, the equation of the tangent to the curve at A
is y=—4x+16.

The line through A perpendicular to the tangent has

o1 . L
gradient 7 and its equation is

y=y G4

1
Sy=—x-—1
Y7y

This line intersects y = x(4 — x) when ix —1=x(4-x).
x—4=4x(4-x)
x—4=16x—4x>

s 4x? =15x-4=0

S@x+1D)(x—-4)=0

1
Lx=——orx=4
4

13

a

Cc

. 1. .
x=4is point A, so x = 2 gives the x co-ordinate of the

. 1 .
point where y = Zx —1 again meets the parabola.

1 1 17
When x=——, y=——-1=——
4 16 16
The point is (—l—gj
4 16

The gradient of the tangent to y = x(4 — x) at the point

ﬂ=4—2x
dx
=4-2Xx—-—
2
2
. . 17 9 1
The equation of the tangent is y+—= —(x + —)
16 2 4

s 16y+17= 72(x+i)

S 16y+17=T72x+18
s 16y-T2x=1
16y=72x+1
2L
167 16

2L
YT 6

f(x)=3—Tx+4x’
f'(x)=-T+8x
The function is decreasing when f’(x) <0
S =7+8x<0
~8x <7

SoX<—
8

. . . 7
The function is decreasing over the interval x € [‘m’g)

y=-12x+ x°
CUNRETI
x
L. . dy
The function is increasing when I >0
X
S=1243x% >0
LxT=4>0

S(x+2)(x=2)>0

|A+

;) 2 %

sLx<-2orx>2
The function is increasing over the interval
X € (—00,=2) U (2,00).
i y=x’+3x+5

D343

dx

Since x* >0, 3x* +3>3

dy >0 for any value of x € R.

dx

Therefore, any tangent will have a positive gradient.

ii. Whenx=-1,y=-1-3+5=1

At the point (—1,1), ﬂ =3+3=6
dx
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The equation of the tangent is
y—1=6(x+1)
Sy=6x+7

22
d iyz—x,xio

dy 2
Tdx K2
dy ¢
For all values of x € R\ {0}, E < 0. Therefore, any
tangent will have a negative gradient.
ii When x=-1, y:2—_11:—1.
At the point (—-1,-1), ﬂ = —% —-1=-3.
dx 1
The equation of the tangent is
y+1=-3x+1)
sy=-3x-4
14 a *+x-4=0
Let f(x)=x>+x—4
L f0)=3x%+1
Letxy =1 d
=10
1/
(1P +1-4)
=1-— 7
312+ 1)
sx =15
Continuing the iteration using
_ f(xp)
f/(xl)
(Ans3 + Ans — 4)
(3 X Ans? + 1)
gives the following values:
x, =1.387096774
x, =1.378838948 e
x; =1.378796701
x, =1.3787967
Correct to 4 decimal places, the solution is x =1.3788.
b x*-8x-10=0
i Let f(x)=x"—8x~10
fH=1-8-10
=-17
<0
f(2)=8-16-10
=-18
<0
f(3)=27-24-10
=-7
<0
f(4)=64-32-10
=22
>0

Xy =X

=Ans—

There is a sign change between x =3 and x =4 so the
solution to the equation lies between these integers.

ii Let x, =3 be a first estimate to the solution of the
equation.

X =3- j{,(é)) where f(x)= x> —8x—10and
f(x)=3x"-8

Applying the iteration yields the values
x, =3.368421053
X, =3.319585666
x5 =3.318628582
x, =3.318628218
Correct to 4 decimal places, the solution to the equation
is x =3.3186.
X +5x° =10
Rewrite the equation as x* +5x% =10=0 and define
f(x)=x*+5x2-10.
f/(x)=3x>+10x
Let x, = 2.
N ()
f(=2)
Applying the iteration yields the values
x; =-2.0625
X, =—1.745094386
x3 =-1.755636788
x, =—1.755640076
Correct to 4 decimal places, the solution to the equation is
x=-1.7556.

If x* =16 then x = 3/16.
The equation x* —16 = 0 has the exact solution x = 3/16.
To apply the Newton-Raphson method, let f(x)= x*-16.
Fl(x)=3x>
As?2’=8and 3’ =27,2<3/16 <3.
Let x, =2
e
1@
Applying the iteration yields the values
X; =2.666660660...
X, =2.5277777...
X3 =2.519866987
x, =2.5198421
x5 =2.5198421
Correct to 4 decimal places, 3/16 = 2.5198.
x*=8x+9=0
Completing the square
(x* —8x+16)-16+9=0
a(x=4r=7
x—4=%J7
x=4+7

Consider the larger root 4 + /7.
Since 4<7<9, then2<\/7<3, s06<4+/7<7
Now use the Newton-Raphson method to find the larger root.
Let f(x):x2 —8x+9and x,=7.
fl(x)=2x-8
i
£
Applying the iteration yields the values
X, =6.66660666...
X, =6.6458333...
X3 =6.645751311
The root is x = 6.6458 correct to four decimal places.

A4+ =6.6458
~J7=2.6458

X =

X =
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N

f y=x4—2x3—5x2+9x
dy

d . 1
d E(f 1(x))=§x 3

i d—=4x3—6x2—10x+9 ) |
x () =
Atx=0, 2 295050 the quartic function is dx (f (X)) 2
. _ dx 33
Increasing. The derivative is undefined when x = 0. This agrees with
Atx=1, the flact that the tangent is vertical.
?=4—6—10+9 16 a yzgx(x+4)(x—4)
x
=3 x intercepts occur at x =0, x =—4 and x = 4(all cuts).
<0 Point: Let x =3
The quartic function is decreasing at x =1. y= 1 x3x7Tx—1

ii For x €[0,1], the quartic function changes from

increasing to decreasing when 4x> —6x* —10x+9=0. =7
To solve this equation using Newton-Raphson method, G.=7)
let f(x)=4x> —6x> —10x+9. y X
Fl(x0)=12x*-12x-10 y=3x(x+4) (x-A)
Let %o = 2(0) B 0, 0) <
x =0-= - 0 “x
o "
Applying the iteration yields the values
x,=0.9 P
x, =0.7345487365
x5 =0.7347267115 b Point: (3,-7)
The root is x = 0.735 correct to three decimal places. Gradient:
Therefore, at x = 0.735, the quartic function changes y= l x( X2 16)
from increasing to decreasing. 3
15 f:R>R f(x)=x° _1s 16
a f/(x)=3x’ 3 3
At (0,0), f(0)=0 so the tangent is the horizontal line d_ x2 _16
y=0. dx 3
At (0,0) there is a stationary point of inflection on the At (3,-7),
curve f(x)=x3. @zg_ﬁ
y \ dx . 3
an/ 7T ~3
. Tangenty =0 Equation of tangent:
X 11
/ y+7= 3 (x=3)
(=L -1
11
sy=—x-11-7
b i The graph of the inverse function is the reflection in 3
y=x of the graph of y= f(x). .'.yzl—lx—IS
The inverse will pass through the points (—1,—1), (0,0) 3

and (1,1). ¢ i Tangent meets the curve again when

‘ 1 16 11
yw\T tx=0 —x’——x=—x-18
angentx=0 = 3 , 3 3
sxT—16x=11x-54
(1, 1) xP=27x+54=0
< (0, 0) > ii As the tangent line touches the cubic graph at (3,-7),
0 X x =3 is a solution of the equation and this solution has
(-1,-1) multiplicity 2.

. (x=3)%is a factor of the equation.
Since (x—3)> =x? —6x+ 9, then
x3=27x+54=(x> —6x+9)(x+6)
The equation becomes (x — 3)2 (x+6) =0 with solutions

ii The tangent y =0 will reflect in y = x to become x =0. x=3,x=-6,

The equation of the tangent is x = 0. At P, the tangent cuts the cubic graph, at P, x =—6.
¢ The function has rule y = %, When x = -6,
The inverse has rule x = y3 1
= 1 y=§><—6><—2><—10
sy=Rxory=x3
y Y 1 sy =—40
Hence, f~'(x)=x3 . P has co-ordinates (—6,—40).
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2
d P _ x2- 16 Substitute x = == in equation (3)
dx 3 3
When x =—4, Cy=—a? Xzi
oy 10 R
=10- 3
dx 3 . 2a
2 FYET
T3 Point of i . (2a 24°
When x = 4, oint of intersection is 375 )
1 4
ﬂ=16——6 17 y=——--1
dx 3 X
22 a .'.y=—4x_l—1
3 . dy a2
The tangents to the curve at x = +4 are parallel since they e 4x
have the same gradient. dy 4
e i y=x(x+a)x—a) E=x—2
a2 2
Y= x(x —a ) The gradient of the tangent is m = tan(45”).
.'.y=x3—a2x som=1
dy .2 2 ﬂ:1
E =3x"—-a dx
At x =*a, _-,izzl
dy _ 2_ 2 X
E—3X(ia) —a x4
=3a* - a* sox=12 A A
=242 Whenx:2,y=—5—1=—3andwhenx=—2,y=5—1=1

The tangents have the same gradients and therefore the

Equation of t tat(2,-3
tangents are parallel. quation of tangent at ( )

+3=1(x-2
ii Equation of tangent at (—a,0) Y . )3} x(x 5 )
_ 2 SyYy=X—
r= 2a2 (x4 al Equation of tangent at (—2,1)
sy=2ax+2a’..(1) y—1=1(x+2)
Equation2 of tangent at (a,0) Ly=x+3
y= 2a2 (= a)3 b The line 2y+8x =5 has gradient m, =—4.
ny=2a"x=2a"...(2) The gradient of the tangent perpendicular to this line is
Equation of tangent at (0,0): 1
dy 2 "= Z
At (0,0), —=-a
dx Ldy 1
Therefore, the tangent has equation y = —azx....(3) x4
Intersection of tangents (1) and (3): 41
2a*x +2a° =—a*x x4
s 3a’x+2a° =0 s 16=x7
3aix=—243 sLx=14 4 4
243 Whenx=4,y:—Z—lz—Zandwhenx:—4,y=1—1=0
TXETR2 Equation of tangent at (4,—2)
2a 1
SX=—— +2=—(x—-4
X 3 y 4 ( )
2a ~4y+8=x-4
Substitute x = Y in equation (3) e dy—x+12=0
2a Equation of tangent at (—4,0)
.'.y=—a2><—? q lg
y=—(x+4)
24° 4
.‘.y=T S4y=x+4
Cof o a 243 sA4y—x—-4=0 4
Point of intersection is "33 ¢ At intersection of y= x*+2x—8and y=——-1,
X
i 2 3): 4
Interzsectlon3of tanzgents (2) and (3) Cao_s=_2 4
2a°x-2a’ =—-a"x X
‘..3a2x_2a3=0 .'.x3+2x2—8x=—4—x
3atx=243 x4+ 2x7 —Tx+4=0
203 Let P(x)= 2 42x2—Tx+4
.'.Xzy P)=1+2-7+4=0
20 s (x=1)is a factor
SoX= ?
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S0 +2x2 —7x+4:(x—1)(x2 +3x—4)
=(x—-Dx+4)x-1

L0207 = Tx 4= (=1 (x+4)

At intersection, (x — 1)2 (x+4)=0

Lx=lx=-4

As x =1 has multiplicity 2 and x =—4 has multiplicity 1,

the parabola touches the hyperbola at x =1 and cuts the

hyperbola at x = —4.

Whenle,y:—%—lz—S

4

Gradient of tangent to y =———1 at the point (1,-5) is
X

@ _4

dx

— =

=4
Equation of the tangent is
y+5=4(x-1)
sLy=4x-9
Features of graph of y=— % -1
Asymptotes x =0,y =—1
From previous working it is known the points

(2,-3),(-2,1),(4,-2),(—4,0) and (1,-5) lie on the hyperbola.

Features of the graph of y = X2 +2x-8: (0,-8) is
Y intercept
The equation can be expressed as
y=(x?+2x+1)-1-8
Ly=(x+1)* -9
Minimum turning point (-1,-9)
The equation can also be expressed as y = (x+4)(x—2) so
the x intercepts are (—4,0) and (2,0).
The parabola and hyperbola have a common tangent at
(1,-5) and the graphs also intersect at (—4,0).

Y

y=x2+2x—8

18 C={(x,y):y=x"+ax+3, acR}

&

a =2x+a

X
When x =—a, y=a2—a2 +3=3
Equation of tangent at point (—a,3) with gradient —a is
y—3=—a(x+a)
y=—a)c+3>—a2
b The tangent has y intercept when x =0
Sy=3-— a’
Given the tangent cuts the y axis at y =—6, then
—6=3—a"
na?=9
sa=13

19

20

| 401

Also given that the curve y = X2 +ax+3is increasing at
x =—a then its gradient at this point must be positive.

dy >0
dx
so—a>0
sa<0
Hence, a =-3. 4
¢ The family of curves are decreasing where d—y <0
s 2x4+a<0 *
s2x<-a
a
LX< —-=

For the domain (—w,—%j, all the curves in the family C

are decreasing functions.
d Consider the case a # 0.
From part a, the tangent at (—a,3) has gradient —a. The line

perpendicular to the tangent has gradient —.

1
The equation of the line through (—a,3) with gradient — is
a

1
y=3=—(x+a)
a
cy=3=241
a
.‘.y=£+4
a

When x =0, y=4 so all such lines pass through the point
(0,4) for ae R1{0}.
Consider the case a =0:
The curve in the family C for whicha=0is y= x2+3
The tangent to this curve at (0,3) is horizontal and has the
equation y = 3. The line perpendicular to y =3 through the
point (0,3) is the vertical line with equation x = 0. This
line, {(x,y): x =0} does contain the point (0,4).
Therefore, the statement will hold if a =0.
From the main menu select Interactive — Calculation —
tanline and complete the dialogue box as
Expression: (2x + 1)3
Variable: x
Point: —4.5
Tap OK to obtain y =384x+1216 as the equation of the
tangent to y = (2x + 1)® at the point where x =—4.5.
(Other methods are possible).
y=x>+2x% —4x-2
Sketch the graph in Graph&Tab. Tap Analysis — Sketch —
Tangent and enter the x value of 0. This sketches the tangent
y=—4x—2 for which the gradient of the curve at the point of
contact x, =0,y. =-2is b =—4.
dx
Tap Analysis = GSolve — Intersect to obtain (-2,6) as the

point where the tangent meets the curve again.

To sketch the tangent to the curve y = x* +2x* —4x—2 at the
point (-2,6), tap Analysis — Sketch — Tangent and enter the
x value of —2.

The tangent is a horizontal line with equation y =6.

Exercise 13.5 — Curve sketching

1

a f)=x +x>-x+4
Fr(x0)=3x2+2x—1
At stationary points, f’(x)=0:
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3x2+2x-1=0
Bx-D(x+1)=0
1
x=—,x=-1
3
When x =—,
y:L+l_l+4
27 9 3
"
27
2
27

When x=-1, y=5.

For type of stationary points, draw a sign diagram of f’(x):

I A+

\o/ /M

(—1,5) is a maximum turning point and (%,%J is a

minimum turning point.
y= ax* +bx+c

0,5y=5=c

y:ax2 +bx+5

2,-14)=>-14=4a+2b+5

sda+2b=-19...... €))
dy =2ax+b
dx
Since (2,—14) is a stationary point, 4a+b=0....... )

H-@

b=-19
19
La=—
4

Hence, a:%,b=—l9,c=5

, 11
X)=———
f=c-=
Testing the sign of the gradient near the stationary point
(5,2):

X 4 5 6
y 1 1 1 1 1 1
—_—— = —— 0 —_—_——_—=—
F) 5 4 20 5 6 30
slope of tangent ~ _ pd

Point (5,2) is a minimum turning point.

2 y=x3+ax2+bx—11

a ﬂ=3xz+2a)c+b
dx

Atx=2andx:4,ﬂ=0
dx

x=2=32)2+2a(2)+b=0
~1244a+b=0.....(1)
x=4=3@)?+2a@)+b=0
- 48+8a+b=0......(2)
-1
36+4a=0
sa=-9
~b=24

b Stationary points at x =2 and x =4 mean (x —2)(x —4)

must be factors of the gradient function.
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y=x>-9x? +24x—-11

D3> _18x+24
X

=3(x-2)(x—4)

A+

2 4 x

I\ A\l

When x =2,
y=(2)*=9(2)% +24(2)- 11
=9
When x =4,
y=(4)*=94)* +24(4)-11
=5
Therefore (2,9) is a maximum turning point and (4,5) is a
minimum turning point.

y= 2x2-x3
=x2(2-x)

x-intercepts at x=2,x=0
stationary points: when dy =0
p dx
R
dx

=x(4-3x)
dy

dx

—=0=x=0,x=—
3

When x=0,y=0=(0,0)
When x=i
3

32 (4 32)
= — = —,—
27 327

d
Sign diagram of d—y:

X

I A+

<Y

4
0 3

\o/ /7N

4 32
Therefore (0,0) is a minimum turning point and (E,E] isa

maximum turning point.

y=x*+2x% - 2x-1
y-intercept: (0,—1)
x-intercepts: let y=0

2% —2x-1=0
@ =D+@2x*-2x)=0

@ -DEZ+D+2x(x2-1)=0

=D +1+2x)=0

(x=Dx+D(x+1>=0

(x-Dx+1)°=0
x=1,x=-1
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stationary points: % =0 X 1 2 3

d ﬂ _l 0 1_9

D _4xd+6x2-2 dx 8 72

dx
cdxd +6x2—2=0 Slope ~N |[—| “~
Ifx=—l,ﬂ=0:>(x+l)isafactor 3). .. . .

dx Therefore | 2, Z 1S a minimum turning point.
4x° +6x2 -2
c YA (L 1025)
=202x° +3x2-1) 4 g4 256 Do
=2(x+D2x +x—1) =it txog sx =4
=2(x+1)2x=1(x+1) . (2 g)
4

=2(x+1)%2x—-1)

1 ~<— T

Lx=-l,x=—
2

1 27
When x=-1, y=0; when x=—, y=—"— -2
2 16 Y

For type of stationary point, draw a sign diagram of

d The global maximum occurs at left endpoint and

d
d—i = 4(x+1)22x -1y couals 1025
AU 56

+ The global minimum value occurs at the local minimum
= 21/ ] x turning point and equals %
\ / 6 f(x)=4x—12x
\. - Endpoint: when x = /3, f(x)=124/3 - 1243 = (+/3,0)
\ Stationary points: f’(x)=12x*—12
At stationary point, f’(x) =0, so:

Therefore (—1,0) is a stationary point of inflection and

1 -27). - , , 12x* ~12=0
(—,—) 1S a minimum turning point. 2
2 16 12(x"-1)=0
12(x+1D(x-1)=0
x=—-lL,x=1

y=xt+283 -2 -1 This is a positive cubic graph, so the first turning point is a
maximum and the second is a minimum.

When x =-1, f(x)=8= (—1,8) is a maximum turning point.
When x =1, f(x) =-8=(1,-8) is a minimum turning point.
Domain: (—eo,+/3] $0 as x — —oo, y — —oo

As global extrema occur either at a local turning point or at
endpoint, there is no global minimum and there is a global

maximum of 8 at the local maximum turning point.

5ay= ix 2+ L This is confirmed by sketching the graph:
End1 ?)ints \):/hen ! ! +4=> ( I 1025 025) x-intercepts: 4x* —12x=0
N X=—,y=—— -,
P 4777256 477256 dx(r? —3)=0
Whenx:4,y:1+l:>(4,§j 4x(x+-/3)(x=+3)=0
* x=0,x= +/3

b Stationary points:
1

2, -
=—x"+x
TS
dy 1 1
dx 8 x
. . dy

At a stationary point, — =0, so:
| ) dx
—x——=0
8 x2

1 1

Tx=—

8 x? . 2

JRE: 7 a iy=x"-8x+10

x=2 & =2x-8
11 3. . : dx
When x=2, y=—+—=| 2,— |is a stationary point . . dy
4 2 4 At stationary point, — =0

For type of stationary point, test the slope of the curve at dx
=] x=3 S 2x-8=0

x=4
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When x=4,y=16-32+10=-6
The stationary point is (4,—6).
ii y=-5x>+6x-12

dy =—10x+6
o d
At stationary point, Ey =0
S=10x+6=0
~.x=0.6

When x=0.6, y=-5%0.36+6%x0.6—-12=-10.2
The stationary point is (0.6,—10.2).
iy= ax® +bx
ﬂ =2ax+b
dx
(4,-8) is a stationary point
~2a(4)+b=0
~8a+b=0..(1)
(4,-8) lies on the curve
s—8=a(4)’ +b(4)

s 16a+4b=-8
sda+b=-2...(2)
Subtract equation (2) from equation (1)
sda=2
1
La=—
2
Substitute a = 1 in equation (1)
~4+b=0
sb=—4

1
Answer is a:E,b=—4

. . 1
ii Equation of curve is y = Exz —4x
Minimum turning point is (4,-8).
x intercepts: Let y=0

1
=x?—4x=0

Sxt—8x=0
sSx(x=8)=0
sx=0,x=8
(0,0),(8,0)
y

y:%x2—4x

8 f(x)=x+3x>+8

a f'(x)=3x>+6x
f/(-2)=3x4+6x-2
S~ f(=2)=0
The function has a stationary point when x = 2.
f(2)=-8+12+8=12
Therefore, (—2,12) is a stationary point of the function.

b Test the slope of the tangent to the curve around x = —2.

X -3 -2 -1
S 9 0 -3
Slope e i S
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The slope of the tangent shows the point (-2,12) is a
maximum turning point.
Let f'(x)=0
~3x7+6x=0
~3x(x+2)=0
Sx=0,x=-2
Since f(0) =8, the other stationary point is (0,8).
Sign diagram of f’(x)=3x(x+2)

+

<
<€

<Y

-2 0

The sign of the gradient changes from negative to positive
about x = 0, indicating (0,8) is a minimum turning point.

1
y:§x3+x2—3x—1

Z=x?42x-3
dx

d
At stationary points, Do
dx

AxP+2x-3=0
A (x+3)(x-1)=0
sx=-3x=1

When x=—3,y:%><—27+9+9—1:8and when x =1,

1 8
—et1-3-1=-2
Y73 3

Sign of the derivative:

I A+
=Y

-3 1

. . . . 8
Hence, (-3,8) is a maximum turning point and (1,—5)
is a minimum turning point.
y=—x3 +6x2—12x+38

D 32 1212
dx

. . dy
At station oints, — =0
ary p dx
n3x +12x-12=0
. =3(x? —4x+4)=0
n3(x=2)%=0
x=2
When x =2, y=-—8+4+24-24+8=0

Sign of the derivative:

+ 2

/\

Y

Hence, (2,0) is a stationary point of inflection.
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y=%x(x—3)(x+3)
23
sy=—x(x"-9
Y= ( )
23/ 4
=—(x"-9x
5 (' =9)
ﬂ:§(3 2-9)
dx 6
B2
dx 2 P
At stationary points, d_y =0
X
23,
L—(x"=3)=0
2(x )
xt=3
.'.x:i\/§

Substitute x =+/3 in y = %(ﬁ —9x)
23
ny="(33-93
v=2(33-945)
:%x—6\/§

=-23\3
When x = —/3,

23
=—(-33+9/3
=2 )
=%X6\/§
=233

Sign of the derivative

(—\/§,Z3J§) is a maximum turning point and (\/5,_23\/5)
is a minimum turning point.
y=4x®+5x2 +7x—10
D19 110x47
X

. . d
At stationary points, - 0
dx

12X +10x+7=0
A=100—4x%x12x7
=100-336
<0
Since A <0 there are no real solutions to % =0.

Therefore, there are no stationary points.

f/(=4)=0and f’(6) = 0 = there are stationary points at
x=—4and x=6.

As f’(x) <0 for x <—4 and f’(x) >0 for -4 < x <6, the
slope of the curve changes from negative to positive about
x =—4. Therefore there is a minimum turning point when
x=-4.

As f'(x)>0for -4 <x<6and f’(x) <0 for x >6, the
slope of the curve changes from positive to negative
about x = 6. Therefore there is a maximum turning point
when x =6.

The y co-ordinates of these turning points are not known.
A possible graph for y = f(x) is shown.

11

b

a

| 405

YA

y=fx)

AN

A

S
N
<

Y

f’(1)=0and f(1) =—-3= there is a stationary point at (1,-3).
Since f’(x)> 0 for both x <1 and x > 1, the point (1,-3) is a
stationary point of inflection.

A possible graph for y = f(x) is shown.

YA
y=fx)

A
Y

ol .

(1,-3)

Y

y=x3 +bx?+cx-26

Point (2,—54) lies on the curve.
S—54=8+4b+2c-26
S =36=4b+2c

S 2b+c=-18...(1)

@=3x2+2bx+c
dx

As (2,—-54) is a stationary point, Z—y =0at (2,-54).
S 12+44b+c=0 y
~Ab+c=-12....(2)

Subtract equation (1) from equation (2)
~2b=6

~b=3
Substitute b = 3 in equation (1)
S 6+c=-18

sc=-24

Hence, b =3, c =-24.

y=x>+3x2-24x-26 and?=3x2+6x—24
X
Letﬂzo
dx
s3xt+6x-24=0

~3(x? +2x-8)=0
S3(x+4)(x=2)=0

x=—4,x=2
When x=—4, y=—64+48+96—-26=54
The other stationary point is (—4,54).
y=x"+3x% —24x—26 has y intercept (0,—26).
x intercepts: Let y=0
cox® +3x% —24x-26=0
Let P(x)=x> +3x% —24x-26
P(-1)=—-14+3+24-26=0
s (x+1)is a factor
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o +3x2 —24x - 26 = (x +1)(x2 + 2x — 26)
(D +2x-26)=0
nx=—lorx*+2x-26=0

sx=-lor (x’+2x+1)-1-26=0
nx=—lor (x+1)>=27
nx=—lorx+1=43/3

Sox=-1 0rx=i3\/§—l
(-1,0).(-3v3-1.0).(3V3-1,0)

N y=x3+3x2-24x-26

-3V3-1,0) 3Gv3 -1,0)

2,-54)
12 a f:R—>R, f(x)=2x"+6x"
x intercepts: Let f(x)=0
S22 +6x7=0
S 2x2(x+3)=0
Sx=0,x=-3

Graph touches x axis at (0,0) and cuts the x axis at (-3,0).

Stationary points: f'(x)=0
56x7+12x=0
S 6x(x+2)=0

Sx=0,x=-2
When x=-2, y=-16+24=8
Stationary points at (0,0) and (-2,8).
Sign of derivative:

+4

>
0 X

-2

Therefore, (—2,8) is a maximum turning point and (0,0) is
a minimum turning point.

Graph of y = f(x):

b g:R—> R, g(x)=—x>+4x*>+3x—12
y intercept is (0,—12).
X intercepts when P +4x?+3x-12=0
=X (x=4)+3(x-4)=0
L =d)(=x*+3)=0
sx=4orx*=3
sx=4 orxzi\/g
(4,0),(-v/3.0).(+/3.0)
Stationary points when g’(x)=0
5=3x" +8x+3=0
S (SBx-D(x-3)=0

1
Sx=——orx=3
3

D)Lt
3 27 9
13

=—_13
27

=-12—
27

g(3)=-27+36+9-12
=6
. . 1 14
Stationary points are (_55_125) and (3,6).

Sign of derivative:

+4

1 . .. . .
Therefore, (— g,—IZ%) is a minimum turning point and

(3,6) is a maximum turning point.

Graph of y = g(x):

h:R— R,h(x)=9x" —117x+108
(0,108) is the y intercept.
x intercepts occur when /(x) = 9x> —117x+108 =0.
h(1)=9-117+108=0
~.(x—1)is a factor

x¥ = 117x+108 = (x = 1)(9x +9x-108)=0
L (x=19(x +x-12)=0
SO —=D(x+4)(x-3)=0

sx=lLx=-4,x=3

(—4,0),(1,0),(3,0)
Stationary points when h’(x) =0

= 27x*=117=0
o7
27
x>
9
.'.x=i@
3
W39, 3039 1R
3 27 3
=-1339 +39+/39 +108
=26+/39 +108
W30 gy 3939 1TV39
3 27 3
=134/39 — 39439 + 108
=-26/39 +108
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Stationary points are (—\/;_9,26@ +108 | and
(J@

and (2.1,54.4).

Sign of derivative:

o m— —
- 21— X

Therefore, (—2.1,270.4) is a maximum turning point and
(2.1,-54.4) is a minimum turning point.

Graph of y = h(x):

(-2.1,270.4)

p:[=L1]1> R, p(x)=x> +2x
px)= x> +2x
=X (x2 + 2)
Since x> +2# 0, there is only one x intercept at (0,0).
Endpoints: p(-1)=-1-2=-3 (-1,-3) is closed left
endpoint.
p()=1+2=3 (1,3)is closed right endpoint.
Stationary points occur when p’(x)=0
~3x7+2=0
3
As there are no real solutions to this equation, there are no

stationary points.
p’(x)> 0 so the graph of y = p(x) is increasing.

{(e,y):y=x"—6x" +8)
(0,8) is y intercept.
X intercepts occur when x*—6x*+8=0

.'.(x2—4)(x2—2)=0
S+ 2)(x=2)(x+42)(x=+2)=0
Sx=-2,x=2,x=— 2,x=\/§

(iﬁ,O),(iZ,O)

Stationary points occur when Ey =0

= 108 - 2639 ] Approximately these are (—2.1,270.4)

| 407

A3 -12x=0
~4x(x®=3)=0
.'.4x(x+\/§)(x—ﬁ)=0
Sx=0,x=— 3,x=\/§
When x=—/3, y=9-18+8=-1
When x=+/3, y=9-18+8=—1

Stationary points are (0,8), (—\/g,—l) and (\/5,—1)
Sign of the derivative:

+

| ] >
~—_—_ 15 of I

Therefore, (—\/g,—l) is a minimum turning point, (0,8) is a
maximum turning point and (\/g ,—1) is a minimum turning
point.

The graph:

() y=2x(x+1)7)
Graph will cut x axis at (0,0) and saddle cut x axis at
(—1,0), so point (—1,0) is a stationary point of inflection.
Expanding the function’s equation,
y=2x(x3 +3x7 +3x+1)
Sy= 2x* +6x3 +6x7 +2x
dy

Other stationary points: Let I =0
X

587 +18x% +12x+2=0
24X +9x7 +6x+1=0
Since (—1,0) is a stationary point of inflection, x =-11is a
solution and therefore (x +1) is a factor.
L (D(4x? +5x+1)=0
S+ DEx+D(x+D=0
S+ @x+D)=0

Lx=-lx=——
| 4
When x =——,
4 3
1 1
=2X————=+1
Y 4( 4 )
__ 1.2
2 64
__27
The stlazt?ona oints are (—l —Ej and (—1,0)
P 47128 e

Sign of Y 2x+1)%(4x+1)
dx

+ -1 [ ‘
= A I-1 “x
4

The point (—1,0) is a stationary point of inflection and the

point (— " ’_ﬁj is a minimum turning point.
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13 a

The graph:

The greatest number of turning points a cubic function can
have is 2 and the least number is 0.

y=3x3 +6x2+4x+6

d

L o’ +12x+4

dx

. . d
Stationary points occur when d_y =0.

by
29x +12x+4=0
~(3x+2)7=0
3
LX=—=
2
There is only one stationary point.

d d
As 2 = 3x+2)% then 2 >0 for x eR\{—g}. The
dx dx 2

stationary point is a stationary point of inflection.
y=3x>+6x> +kx+6

d

29 1 12x+k

dx d

Stationary points occur when Ey =0.

For the function to have no stationary points, the quadratic
equation 9x2 +12x + k = 0 will have no real solutions.
Therefore, its discriminant must be negative.
A=144-36k

LA<0=144-36k<0
.~ 144 <36k

k> 134

36
sk>4

For a cubic function with a positive coefficient of x*, as

X —> —o0, y — —oo and as x —> eo, y —> oo, It is not possible for
X —> oo,y —> oo if there is exactly one stationary point which
is a maximum turning point.

For there to be exactly one stationary point the point must
be a stationary point of inflection.

The gradient function has degree 2.

Suppose a cubic function has one stationary point of
inflection at x = @ and one maximum turning point at x = b.
Then (x — a)2 and (x — b) must be factors of the gradient
function. However, this would make the gradient function’s
degree 3, which is not possible.

Therefore, it is not possible for a cubic function to have
both a stationary point of inflection and a maximum

turning point.
y=xa*-x°
d
Dol 3x?
dx
At stationary points, a*-3x*=0
na®=3x7
a2
nxt==
3

a
i_
\/—
a
When x =—

ﬁ,

14 a

a y a
y —ﬁxa +m
_ 3 &
EEENCRENG
_ 24°

353

a

Whenx—ﬁ,
_a 5 a
N
_3a3 a’
"33 33
_2a3

33

a 2 [ 2
NN V3733 )

a 24° a 3
\/_ 3\/_]Bbe[\/_ \/_]andCbe

the point (0,0).

The line through A and B will pass through C if the three
points are collinear.

3\/_
4 _0
3

The stationary points are (—

Let A be (

e

2a_
Wl

—
¥3

2_
3f
242

3

Mpc = (_i_o]
NE)
24° a
33 B
24° ﬁ
337 a
24>

Since my - = mpc and point C is common, the three points
A, B and C are collinear.

Therefore, the line joining the turning points passes

2
through the origin. The equation of the line is y = %x.
y=4x*—2x+3, —1<x<1
Endpoints: When x =-1, y=4+2+3=09. Left endpoint
(-1,9).
When x =1, y=4-2+3=3. Right endpoint (1,5).
y intercept is (0,3)

. . dy
Turning point: —=8x—-2
gp dx

At turrlling point, 8x—2=0

SoX=—
4
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1 1
SLy=4X——-2X—+3
Y 4

16
11
cy=a_lis
YT
oo
S

111
Minimum turning point (—,—)

4 4
no x intercepts.

(-1,9) y = 4x2-2x+3

=Y

Local minimum and global minimum value is %

Global maximum value is 9.

There is no local maximum.

y=x3 +2x2, —-3<x<3

Endpoints: When x = -3, y=-27+18 =-9. Left endpoint
(-3,-9).

When x =3, y=27+18 =45. Right endpoint (3,45).

d
Stationary points: d_y =3x2 +4x
X

At stationary points, 3x? +4x=0
S x(Bx+4)=0

.‘.x=0,x=—ﬁ
3
When x=0, y=0
Whenx:—i
3

27

. . 4 32
Stationary points are (—E,EJ and (0,0).

Lo . . 4 32).

As the function is a positive cubic, [—55) is a
maximum turning point and (0,0) is a minimum turning
point.
X intercepts occur when y =0
L0 +2x7 =0
xz(x+2)=0

Sx=0,x=-2
(0,0),(-2,0)

3,45
y=x+22° ( )

o (55

—

~ < (©, O)l
(-3.-9)

Y

| 409

2
Local maximum value is ;—7

Local minimum value is 0.

Global maximum value is 45.

Global minimum value is —9.

y=3-2x% x<1

Endpoint: When x =1, y =1. Right endpoint (1,1).
y intercept is (0,3)

Stationary point of inflection at (0, 3).

x intercept: Let y=0

23-2x%=0
2x% =3
ol

2

Since x* > 1, then x > 1, so there is no x intercept in the
given domain (—oo, 1].

YA

y=3-2

(0,3)
an

A

=Y

0
Y
No local maximum or minimum.
No global maximum.

Global minimum value is 1.
f:00,00) > R, f(x)=x" +6x> +3x =10

Let y=f(x)

Endpoint: When x =0, y =-10. Left endpoint and y
intercept (0,—10).

Stationary points: f’(x) = 3x2+12x+3

At stationary points, 3x? +12x+3=0

- 3(x% +4x+1)=0
(¥ +4x+4)-4+1=0
L(x+2)=3
x==2%3
—2-+/3 <0 and —2++/3 <0 so there are no stationary
points in the given domain [0, o).
x intercepts occur where f(x)= x> +6x*+3x-10=0
fH=1+6+3-10=0
s (x—=1)is a factor
oxP+6x7 +3x—10=(x—1)(x* +7x+10)=0
S(x=Dx+2)(x+5)=0
Lx=lx=-2,x=-5
Only x =11in the domain, so there is one x intercept at (1,0).

YA

f@) = +6x>+3x-10

10

A

=
=

;V(O,—IO)
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No local maximum or minimum.
No global maximum.
Global minimum value is —10.

15 f(x):2\/;+l, 0.25<x<5
pe

16

a A is the left endpoint = x =0.25

1
0.25)=24/0.25 +—
f(0.25)= 025

=2%x0.5+4
=5
A is the point (0.25,5).
C is the right endpoint = x =5
1
f&)=25+<

C is the point (5,2\/§+0.2).

B is the stationary point so f’(x)=0 at B.
1

fx)=2x2+x"!
1
Sf)=x 2-x7
, 1 1
===
X X
11
AtB,—=-—=0
X X
A
S
2
X
x2
3
sx2=1
2
x=13
x=1
f)=2+1=3

B is the point (1,3).
b A (0.25,5) and C (5,2J5+0.2).
25+0.2=4.67<5
The global maximum occurs at point A.
¢ The global maximum value is 5.
The global minimum occurs at B. The global minimum
value is 3.
a y=ax3 +bx*+cx+d
Since (0,0) lies on the curve, d = 0.
yzax3 +bx% +cx

Z—y:3ax2+2bx+c

X
The tangent at (0,0) has gradient m = tan(135°)
~.m=—tan(45°)
som=-1

dy
At (0,0), =—=-1
dx

s-l=c
Hence, c=—1,d =0 and y=ax’ +bx”> — x.
b The point (2,-2) lies on the curve.
s—2=8a+4b-2
~8a+4b=0
sb=-2a...(1)
The point (2,-2) is a stationary point so b _
this point. dx

ﬂ=3ax2+2bx—l
dx

2 12a+4b—1=0....(2)
Substitute b = —2a in equation (2)

=0 at

17

a

s 12a-8a—-1=0
sda=1

1

La=—

4

. 1. .
Substitute a = — in equation (1)

ab=—1
2
1 1 1 1
Hence, a=— b=——andy=—x3——x2—x.
4 2 4 2
ﬂ=§x2—x—1
dx 4
At stationary points, %xz -x—1=0
s3xt—4x—4=0
S (B3x+2)(x-2)=0
2
SLx=——,x=2
3 2
The second stationary point occurs at x = — 3
2
Whenxz—g,
1 8 1 4 2
y=—X————X—+—
4 27 2 9 3
__2.2.2
27 9 3
_—2-6+18
27
_10
27 210
The other stationary point is (—— —j
327

Since (2,—-2) is a stationary point, the tangent to the curve
at this point is the horizontal line y = —2.

1
3 2

Lo 1
This line intersects y = Zx - Ex —x when
1 1
—x—=xt—x=-2.
4 2

aoxd—2x? —4x=-8
X0 =2x" —4x+8=0
LA (x=2)=4(x-2)=0
L (x=2)(x*-4)=0
S(x=2)(x-2)(x+2)=0
A(x=2%(x+2)=0
.. x =2(touch) or x =—-2(cut)
The tangent meets the curve again when x = -2
When x =-2, y=—l><8—l><4+2:—2
4 2

The tangent meets the curve again at the point (-2,-2).
One approach is to Define f(x)= —0.625x> +7.5x% —20x
in the main menu. Then in the Graph&Tab menu, enter
yl= f(x). Graph the function and then select Max from
the Analysis — G-Solve options to obtain the maximum
turning point as (6.31,15.40). The minimum turning point
of (1.69,—-15.40) is obtained by selecting Min from the
Analysis — G-Solve options.

To sketch the derivative function, enter y2 = —( f(x)) and

sketch. The maximum turning point (4,10) is obtamed by
selecting Max from the Analysis — G-Solve options.
The gradient reaches its greatest positive value when x = 4.
This means the point on y = f(x) where x = 4 will be the
point at which the curve is steepest.
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Evaluate in the Main menu to find that f(4)=0. Hence the
gradient of y = f(x) has its greatest positive gradient at the
point (4,0).

_ 300 v N2
y—96(x+2) (x=3)(x—4)".

Consider the x intercepts and their multiplicity.

x =—2 has multiplicity 3 so there is a stationary point of
inflection at (-2,0) as the graph saddle cuts the x axis.

x =3 has multiplicity 1 so the graph cuts the x axis at (3,0).
x =4 has multiplicity 2 so there is a turning point at (4,0)
as the graph touches the x axis.

y intercept: Let x =0

S SR DI
»-Y—96(2)(3)( 4)
Ly=—4
(0,-4)

The polynomial function has degree 6 and a positive
leading coefficient. The graph starts above the x axis.

h r= 56+ 230 = 3)(x — 4)?
AN T oo}
20\ O

@0 *

0, -4

There are 4 stationary points: one stationary point of
inflection, two minimum turning points and one maximum
turning point.

There is no global maximum. The global minimum can be
found by tapping Analysis — G-Solve — fMin. It occurs
at the minimum turning point (0.79,-5.15). The global
minimum value is =5.15 correct to two decimal places.

Exercise 13.6 — Optimisation problems

1 a

X X

Consider the isosceles triangle to find the lengths of its
sloping sides.

Using Pythagoras’ theorem, ¢
sides have lengths +/2x cm.
Since the perimeter of the figure is 150 cm,
2x+2y+242x =150

ny=T5—x-2x

The area of the figure is the sum of the areas of the
rectangle and the triangle, base 2x, height x.

2 = x% +x% so the sloping

A= 2xy+%(2x)x
=2x(75—x—2x) + x*
=150x — 2x> —2\/§x2 +x?
=150x—(1+2v2)x*

b

a

a

| 411

A
To find the maximum area, let Z— =0.

150-2(1+2v2)x=0 *
75

X =
1+22
~19.6

As the area function is a concave down parabola, the area
is greatest when x =19.6.
Substitute x =19.6 to find Y.

y=75—(1+\/§)x
=75-(1+2)x

=27.7

Width: 2x =39.2; total height: y +x =47.3

Therefore figure has width of 39.2 cm and total height of
47.3 cm for greatest area.

If the width of the figure cannot exceed 30 cm, x <15 so
the maximum area at x =19.6 is not in the domain. Hence
the maximum area will occur when x =15 and therefore
y=75-15(1+2)=388.

The dimensions of the figure for maximum area are now
width 30 cm and height 53.8 cm.

Box has length = (20 — 2x) cm, width = (12— 2x) cm and
height = x cm.

Therefore the volume, V cm?, is V = x(20 — 2x)(12 - 2x).
5V =240x - 64x7 +4x7

\%
Greatest volume occurs when d_ =0.
X

75
1+22

240-128x+12x> =0
4(3x* —32x+60)=0
Using the formulas for solving quadratic equations gives:

N J(32)% — 4(3)(60)

6
x=243 orx=8.24

Vv
Sign diagram of j—:

X
te ] [ >
= oml—Jgoq4 X
L 2

Maximum volume occurs for x = 2.43.

(Alternatively, consider the domain which would require
x €[0,6] and the shape of the volume function’s graph.)
Therefore, the box with length 15.14 cm, width 7.14 cm
and height 2.43 cm has the greatest volume of 32 cm?, to
the nearest whole number.

Let width be x metres and length y metres.

VoA A A A A A A

X X

y

There is an amount of 40 metres of fencing available.
s 2x+y=40

S y=40-2x
Area, A sq m, of the rectangular garden is
A=xy
S A=x(40-2x)
L A=40x-2x"
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b fl—A =40—-4x
x
At the maximum area, Z—A =0
x
~40-4x=0
sx=10

When x =10, y=40-20=20.
The dimensions for maximum area are width 10 metres and
length 20 metres.

¢ The maximum area is 200 sq m.

d The area function is restricted to A =40x — 2x2, 5<x<7
so the maximum turning point occurs outside the domain
[5,71]. In this case, the greatest area will occur at an
endpoint of the domain.

A(5)=200-50=150
A(7T)=280-98=182
The greatest area that can be enclosed is 182 sq m.
4 C=n’-10n"-32n+400, 5<n<10
dc

= =3n2-20n-32
dn

. . dc
At stationary points, — =0
dn

~3nt=20n-32=0
S (Bn+4)(n-8)=0

4
Son= —;(reject) orn=3_.

Test the slope of the function around n =8 to determine the
nature of the stationary point.

n 7 8 9
dac 25)(=1)=-25| 0 |(33)1)=33
dn
Slope of tangent negative zero | positive

There is a minimum turning point at n=38.

As the cost function is a cubic polynomial, n =8 will
be the value in the domain [5,10] for which the cost is
minimised.

Therefore, 8 people should be employed in order to
minimise the cost.

y=0.0001x% (625~ x?)

- y=0.0625x% - 0.0001x*
b 012505 - 0.0004x°

dx

At greatest height, & =0
dx

~.0.1250x—0.0004x> =0

< x(0.1250 - 0.0004x%) =0
~.x =0 (reject) or 0.1250 - 0.0004x2 =0

= 0.1250
00,0004
, 1250
Xt =—
4
V1250
Lx=x%
2
25\2
x=t—
2
Reject the negative value
Sx= # =17.68

Test the slope of the curve either side of this value

17 25v2 18

dy

0.125x 18— 0.0004 x 1°
=0.08

0.125x17-0.0004x17°| 0
=0.16

slope

positive Zero negative

252

There is a maximum turning point at x = —

_25V2 2. 025x2 625
T4 2

When x

625 625
= y=0.0001x —(625 - —)
2 2
. y=9.77
The greatest height the ball reaches is 9.77 metres above
the ground.

When the ball strikes the ground, y=0
2.0.001x% (625—x7) =0
~x=0orx’ =625
sx=0,x=25x=-25
Only x =25 is a practical solution.
Therefore the ball travels 25 metres horizontally before it
strikes the ground.
TSA of cylinder is the sum of the areas of the two circular
ends together with the curved surface area.
5.200=27r" +27rh
~r? +wrh =100
s rh=100-7r?
.y 100- nr’
nr
The formula for the volume of a cylinder is V = nrlh

V= M y 10(;—{717‘

V= r(100—7rr2)

=V =100r -’
av _ 100 — 37>
dr

At maximum volume, il—v =0

-
~100=37r2 =0
100
3r

1 . .
.. r = —= (reject negative square root)

NGy

Sign of v is that of a concave down parabola with zeros
r

atr==% —10
£Y/4

Y

100 10
"""""" 3z 3z

0
There is a maximum turning point at r = —.
gp Br
‘When —10
r= X
3w
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. 28
h=(100—727><@)+71'><£ .~ h=0(reject) or h=—
3 NeYs 3 28
( 100 1()()) 1047 Test the slope of the function about & = 3 = 9%
= -5 ) Ne
28
_200 3 h 9 5 10
3 T10vm
203 av |1 1 207
= — | =wx9x(1)=37 0 |[=7mx10X(2)=—-
KNG dh |3 M 3 (2=
20
= E slope positive Zero negative
10 . . . . 28
=2X—= There is a maximum turning point when 4 =—.
\3w 78
=2r

For maximum volume, the height is equal to twice the
radius, or, the height is equal to the diameter, of the base of
the circular cylinder.

r= & =3.26 is the value where the maximum volume
N3
occurs.

For the interval 2 <r <4, there are no other stationary
points. Hence the minimum volume must occur at one of
the endpoints r =2 or r = 4.

V=100r - 7’

V(2)=200—-8m = 174.88

V(4)=400-64r =198.94

For the given restriction, the minimum volume is 175 cubic
cm, correct to the nearest integer.

7 Refer to the diagram given in the question.
a The volume is required as a function of 4 only, so it is

necessary to express r in terms of /.
In the diagram, OV = OP =7 as theses lengths are radii of
the sphere.
CV=CO+0V
S h=CO+7
L CO=h-1
Consider the right angle triangle COP.

c 7 P

Using Pythagoras’ theorem,
(h=7%+r*=7*

st =49—(h-17)
cr? =49 (h? ~14h+49)
ot =14h—h?

1
The volume of the cone is V = gﬂrzh
1
~V=—m(14h—h)h
3

.'.V=%7t(14h2—h3)

d—Vzln(zsh—shz)

dh 3

.-.d—v=lnh(28—3h)
dh 3

av
At the maximum volume, E =0

.-.%;m(zs—sh):o

a

The volume is greatest when s = 3

2
Substitute /= ?8 inr?=49—(h-7)%

22
r= T\/— X 7 (reject negative square root)

- 1442
3 28
When the height measure, # = — and the base radius

1442 .
measure r = S the volume of the cone is greatest.

The rectangular prism has length 2w cm, width w cm and
height /2 cm.

2w

Surface area is the sum of the areas of the six rectangular
faces.
SA=2X2wXxw)+2X(2wxh)+2x(wxh)

=4w? +4wh+2wh

=4w? +6wh
Give the surface area is 300 cm?, then
4w? +6wh =300

= 2w +3wh =150

- 3wh=150-2w?
150 2w?
3w

The volume, V, of the prism is
V=2wXwXxh

~V=2wh

Ve 150 —2w”
o 3w

.'.V:%w(lSO—sz)

.'.V=100w—%w3
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av

s 100 - 4w?

At maximum volume, d—V =0
~100—4w? =0 !
w?=25

~.w =15 (reject negative square root)
To justify the nature of the turning point, consider the
slope of the tangent either side of w=>5.

w 4 5 6
av 100-64 =36 0 100—-144 =—-44
dw
slope positive Zero negative

There is a maximum turning point when w =S5.
4
Ve = 100><5—§><125

_ 1500-500

3
1000

3

. ! .
The maximum volume is cubic cm.

¢ The maximum volume occurs when w = 5. Substitute w =5

h 2
inh:150 2w’
3w
h=150—50
15
=2
3

The dimensions of the rectangular prism with greatest

20
volume are length 10 cm, width 5 cm and height 3 cm.

cubic cm.

d Since 5€[2,6], the greatest volume is
There is no other turning point in the interval w €[2,6].
4
Test the value of V =100w — 3 w? at the endpoints w =2

and w =6 to determine the minimum value over the
domain [2,6].

V(2):200—%
_ses
3
V(6)=600—-4x%x72
=312

_936
3
The minimum volume is ? cubic cm.

In cubic cm, the range of values for the volume over the

. .. [568 1000
restricted domain is | —,—— |.
L 3 3
9
1.5

The volume of the bin is 12 cubic metres.

S 12=1.5xy
12

YT 5y
8

x

Let the cost in dollars be C.

C:10><(2>< 1.5y+2><1.5x)+25><(xy)
=30y+30x+25xy

Ly=

Substitute y = 8
X

.'.C=&+30x+200
X

For the minimum cost, d—C =0
dx

C=240x"" +30x+200
dc

2= =240x72 +30
dx

+30=0

_240

X2

nxt=8
x=202
(reject negative square root)
To justify x = 24/2 gives the minimum cost, consider the slope
diagram for x =4 <x=/8 <x=4/9.

240

. 5
X

=30

X 2 22 3
ac —E+3O=—30 0 —@+30=2
dx 4 9 3
slope negative zero positive

There is a minimum turning point when x = 2+/2.

240
C.. == +60+2+200
min 2\/5
= 60~/2 +60+/2 + 200
=120~/2 +200
5 Cpyp =370
The cost of the cheapest bin is $370.
10 a
X X
30° 30°

y

. L 1 .
Area of a triangle is given by the formula A, = Eab sinC,

nA= %xysin(SOo)

1 1
LA=—xyX—
207
1
s
b The perimeter P of the triangle is P=2x+y
Given A=15,
1
15=—
R
60
Ly=—
* 60
Hence, P=2x+—

X

Maths Quest 11 Mathematical Methods VCE Units 1 and 2 Solutions Manual



A P=2x+60x""

TOPIC 13 Differentiation and applications ¢ EXERCISE 13.6 | 415
12 a y=+x
YA
y=yx
2_
4,2)
T(x, y)
S(4,0)
- 0 4 x
Y

Testing slope around x = /30 for
x=25<x=30<x=136

x 5 V30 6
P |, 60_ 21 4 [, 001
dx 25 5 36 3
slope negative Zero positive

There is a minimum turning point when x = /30.
The perimeter is least for x =~/30 and y = 2./30.
11 Refer to the diagram given in the question.
a Let the perimeter be P metres.
P=r+l+r
=2r+l
Since the arc length [ = r6, then P =2r +r6.
Given P=8
~2r+r0=38
S r0=8-2r

..‘0=8—2r

-
1
b The formula for the area of a sector is A= Erze

fA=L2 8
2 r

1
LA=—rx2(4-
57 4-r)
LA=r(d-r)
S A=4r—r?
dA

c —=4-2r
do

At maximum, d—A =0
de
S4-2r=0
sr=2
As the area function is a concave down parabola, the
stationary point must be a maximum.

Whenr=2,9:%:2.

For greatest area, the value of 6 is 2 radians.

The point on y = /x for which x =4 is (4,2). The distance
between the points (4,0) and (4,2) is 2 units.

The tram route is 2 km directly north of Shirley’s position.
Let T (x,¥) be any point on the tram route y = +/x.

The distance TS is 4/(x — 4)2 +(y— 0)2.

The function W is the square of this distance.

W= (\/(x 41 )2

S W=(x-4)? +y2
Since T lies on y = x/;,
W= (-4 +(Vx)
AW=(x—4)>+x
S W=x*—8x+16+x
SW=x"-Tx+16
As W is a concave up quadratic function, it has a minimum

dw
turning point when A 0.

x
d—W=2x—7
dx
~2x=7=0
7
SLX=—=
2

W is minimised when x = %

7 7 14
When x=—, y=,|-=~—.
en x > y 5 5

_ 7 V14 ,
The point T NS is the closest point on the tram

route to Shirley.

Whenxzz,

2
W=£—£+l6
4 2
:—£+16
4

15

. 15 .
Since the least value of W is E and W is the square

of the distance TS,

15 15
The distance TS is ? = £ km.
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13

Shirley’s speed is 5 km/h so the time it takes her to walk

from S to T is ? +5 = 0.387 hours. Multiply the hours

by 60 to obtain the time in minutes.
To the nearest minute it takes Shirley 23 minutes to walk

straight to the point.
1

f yzx/;zyzx5

1

d_1-
dx 2
Ldy 1

Tdx 2Jx

1
The gradient of the tangent to the curve at T is m; = —.
£ £ NP
. . 7 V14 )
The gradient of the line through T | —.——— |and S (4,0) is

i 27 2
14 7
"’ZZ[O‘TH“‘E)
4
e

Jid

=——X

2

—_Jid
1
my sz =ﬁ><—x/ﬁ

Somym, =—1

1
2
2
1

The line ST and the tangent at T are perpendicular, so
Shirley’s calculation is correct.

a Refer to the diagram given in the question.
The circumference of the circular base of the cone is the
length of the major arc AB. The arc AB is part of the circle
with radius 10 cm.

~2nr=100
56
Sr=—
T
b Let the height of the cone be & cm.
(0]
10
h
- AB
Using Pythagoras’ theorem,
n*+r*=10°
~h?=100-r?

2
= 100—(§j
T

2
wh=100-22
T

(negative square root not applicable).

c V=ln'r2h
3

1 2560

~ V== [100- ==
T

1 256° 2562
SV=—rx 52 100 — 52

3 T T

This can be simplified using CAS, but the question says
‘show’ so we continue to simplify the volume expression
ourselves.

256% [1007% 2562
V= 2 T 2
3 T T
256 [1002> —256°
3 7’

2562 25(471'2 —02)
TR Jr?

2567 5 4n’ -6°

3r /4
2
R N
R4
d (1256*
d Solve E[ Py Var? = 6% |=0 to obtain the value of 6,
T

in radians, for which the volume of the cone is greatest.
Enter the expression in the main menu, highlight and tap
Interactive — Equation/Inequality — Solve to obtain the

2./6m 0 2./6r
N

applicable solution is 6 = 3

. . 180
To convert the radian value to degrees, multiply by — to
b4

obtain 6° = 120/6. Switch from Standard to Decimal mode
to obtain 0° =294°, to the nearest degree.

solutions 6 =0,0 =—

. Of these the only

14 y=v4-x*

YA

/“\ y= 4—)62
(x, y)
(

A

Y

Inscribe a rectangle under the semicircle. Let the vertex of the
rectangle which lies on the semicircle in the first quadrant be
the point (x,y), with x >0 and y > 0.

The length of the rectangle is 2x and the height is Y.

The area of the rectangle A = 2xy.

Since y = 4-x%, A=2xVJ4—x".
2
dA —(4x - 8)
Using CAS, — = ————
dx  -x*+4
dA
The greatest area occurs when I =0
X
—(4x7-8)

e
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Solving this in Equation/Inequality, gives x = —/2,x =+/2. 3 x=3"-61, 120
Since x>0, x =+/2. a When 1 =0, x =0 so initially the particle is at the origin.
Substituting this value in A =2xv/4— x> gives A, =4. b Velocity: v= ax
The area of the largest rectangle is 4 square units. 61— 6 dt
Sv=06f—
The initial velocity is —6m/s. The particle starts to move to
the left.

Exercise 13.7 — Rates of change and kinematics
¢ Whenv=0, 6t-6=0

la » Therefore, t=1and when t =1, x =-3.
A The particle is momentarily at rest after 1 second at the

position 3 m to the left of the origin.

d Whent=2,
10 cm x=3(4)-6(2)
=0
I Therefore the particle is at the origin after 2 seconds.
t=2
Y ¢ =1 @ : =0
i imi i < T T T T >

Using 5s1m11ar triangles, 3 3 N :

r

Z = E The path of the particle shows the distance travelled is 3 m

1 to the left and 3 m to the right, giving a total distance of
e Eh 6 m travelled in the first 2 seconds.
| distance
b Volume of water is V ==7mr"h. e Average speed = —
3 time
V= 1 T (l h)z h Therefore average speed = g =3m/s
3 \2
2)—x(0
_1 e f Average velocity = x@=x©0) =0m/s
2" 2-0
1
1 __ 13,2
c Rate'd—szn’hz 4 x() 3t +17+8t+1
av  or a x(0)=1so particle is initially 1 metre to the right of the
When h =3, T = Y origin.
v(t) = x'(1)

With respect to its depth, the volume is changing at the rate )
=—1"+2t+8

T
£ 2 cm/cm when depth is 3 cm.
Of 7y crriem when deptL s S em - v(0) =8 so initial velocity is 8 m/s.

2 a b Particle changes its direction of motion when velocity is
Zero.
—* +2t+8=0
—(t-4)(t+2)=0
t=4,t=-2
Since t = 0, velocity is zero when ¢ = 4.
x(4)=—ﬁ+16+32+1
Using Pythagoras’ theorem: 3
h? +r? =102 =17g
~r?=100-A : ) )
Since r >0, r = m Distance travelled is 175— 1= 165 metres.
) 1, c a=v'(r)
b Volume of cone is V=§7rr h. calt)=—2t+2

When ¢ =4, a(4) = —6 so the acceleration is —6 m/s2.

1
V==m(100—h>)h o 2
3 5 a The area of a circle is A=7mr".

1 , dA
=—m(100h—h so—=27r
3 ( ) dr
av 1 ) Whenr=02d—A=047r
¢ Rate: —=—-7(100-3h") ar
dh 3 Th . . . . .
AWV 8 e area is changing with respect to its radius at
When h=6, —=—-— 0.47r m?/m at the instant its radius is 0.2 metres.

dh 3

With respect to its height, the volume is decreasing at the b Let the length of the edge of the cube be x mm.

87T The surface area is the sum of the area of its six square
rate of — cm®cm when the height is 6 cm. faces
3 .

L A=6x"

Maths Quest 11 Mathematical Methods VCE Units 1 and 2 Solutions Manual



418 | TOPIC 13 Differentiation and applications « EXERCISE 13.7

6

The rate at which the surface area changes with respect to
o . dA
its side length is — =12x.

dx

When x =8, ﬁ =96.
dx

The surface area is changing at 96 mm?*/mm.

125
c i NZT,I‘>O

S N=125"
DN g
dt
AN _ 125
dt I
Whent=5,d—N=—g=—5
dt 25

The rabbit population is decreasing at 5 rabbits per
month after 5 months.
ii For ¢ €[1,5], the average rate of change of the
population is
NGS)-ND
5-1
_25-125
4
=-25

The average rate of change of the population over the
given interval is —25 rabbits per month.

a i An equilateral triangle has angles of 60°.

1
The area of a triangle is A= Eab sinC

A=%><x><x><sin(60°)

1, 3
=—Xx"X—
2 2
.'.Azﬁx2
4
.. dA 3
i —=—x
dx 2
Whenx=2,%=\/§.
dx

The area is changing at +/3 sq cm/cm.
iii When A=644/3,

gxz =643
Sxr =643 % 4
3
s x2 =256
sx=16

(negative square root is not applicable)
When x =16, ﬁ = 8\/§.
dx
The area is changing at 8+/3 sq cm/cm.
b Let the rectangle have length / and width w.
Its area, A=1Iw
S w=50
_ 50
ol

Sow

7 a

(v

The perimeter of the rectangle is P =2/+2w

p=2 10
~P=21+100/""
d—Pzz—loor2
dl
.ap _, 100
Tl ?
Whenlle,d—P=2—@=1
dl 100

The perimeter is changing at 1 cm/cm.

i Refer to the diagram given in the question. The two right
angled triangles are similar because they are equiangular.

'E_ s
9 s+x
s
6 s+x
SS+x=6s
s 5s=x
X
Ss=—=
5
Lods 1
i —=-.
dx 5

This measures the rate of change of the length of the
shadow with respect to the distance of the person from
the foot of the pole. It shows the length of the shadow

changes at a constant rate of 3 m/m.

The volume of a cylinder is V = nr’hor V= Ah where A is
the area of its circular base.
As the oil leaks out the depth of water decreases but the
area of the circular base does not change.
‘When the oil drum is full, V =0.25 and 4 =0.75.
~0.25=A%0.75

_ 025

7075

A=t
3

Hence, the volume is V = %h

The rate of decrease of the volume with respect to the

depth of oil is av = l
dh 3

1
Therefore, the volume is decreasing at 3 m’/m.

i Consider the volume of water in the cone when the
depth is 4 cm and the radius of the surface is  cm.

O
A

12 cm

<>

Y
Using similar triangles,

r_6

ho12
1

sr=—h
2
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(negative square root is not applicable)

. 1 5,
The volume of water is V=2 &r°h The base diagonal is of length \2x metres.

1 (1Y

V= 5” (Ehj h b Since AC has length V2x metres, OC length 1 x~2x
1 5 metres. 2

V= E” h Consider the right angled triangle OCV where

The rate of change of the volume with respect to the 2x

av 1 OC=——,0V=hand VC=10.
depth of water is — = —rh?. .2

dh 4 Using Pythagoras’ theorem,
The height of the cone is 12 cm.

2
1
When h==x12=6, hz-{%j =102
av 1
E = Z T X36 5 x2
S hT+—=100
=9z 2
The volume is changing at 97 cm’/cm. ~2h2 +x%2 =200
ii The depth when the container is one third full is required. 2 =200 212
When the cone is full, h=12,r=6 o= - )
Vfu” — l r2h The volume of air in the tent is V = g Ah
L o(.2
~Lrxaex12 V=)
an Subsitte % =200 207
Atdepthh,VzEn:hB .-.vzgx(zoo-zhz)xh
LetV =2 x144x =487 ,-,v:%(zo()h_z;ﬁ)
L .3
S—rmh’ =48n dav 1
12 ¢ “-=—(200-6/)
o =48%12 dh 3
~h=576 When £ = 2+/3,
1
s h=3/576 %:5(200—6><4><3)
When h = \3/576, 3 128
av = 1 Th? 3
dh 4]‘ , — 42%
= Z” X (\/3 576) The volume is changing at the rate 42% m’/m.
dv
1 2 =
= an(576)3 d Let dh
2 1
:iﬂx(64><9)§ .'.5(200—6h2)=0
| 2 +.200-6A>=0
:Zﬂ.'><l6><93 -hz—@
2 e
=41 x93 . /’LZ _ @
4 R
=4x337 4 Che 10
The rate of change of the volume is 4 x 337 cm?/cm. - V3
\/ (negative square root not applicable)
The greatest volume occurs when the rate of change of the
10
10 volume is instantaneously zero. Hence, the value h = —is
the height of the tent for it to hold the greatest volume of air.
9 x=5t-10,120
C a Lettr=0
sx=-10
X Initially, the particle is 10 cm to the left of the fixed origin.
Letr=3
A X B
a Let the diagonal AC of the square base be of length / sx=15-10=5
metres. After 3 seconds, the particle is 5 cm to the right of the
Using Pythagoras’ theorem in the right angled triangle ABC, origin.
2= %452 b The distance between the positions x =—10 and x =5is 15 cm.
20y c Thedvelocity is the rate of change of the displacement,
s =2x X
cd=2x ' dr
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L i(Sz— 10) d The displacement graph has a positive gradient for
VS 0<r<3. Over this same interval the velocity graph lies

sv=S5
The particle moves with a constant velocity of 5 cm/s.

d x=5t-10,t=0

YA
> y=vt)=5"
<~ >
y=x(t)=5t-10
5
10§

The velocity graph is the gradient graph of the
displacement graph.

10 x=6t—1% 120

dx
a Velocity: v=—=6-2¢
dt
Acceleration: a = ﬂ =2
dt

Displacement-time graph: x = 67— i

sx=t6-1)

t intercepts occur at t =0,1=6

Therefore, the turning point occurs at t =3.

When t =3, x =9, so the maximum turning point is (3,9).
Velocity-time graph: v=6—2¢

Points (0,6) and (3,0).

Acceleration-time graph: a=-2

Horizontal line with endpoint (0,-2).
X

9

(=)
[0%)
~

Q<

XA
o——T >
2
2\!
The displacement-time graph is quadratic with maximum

turning point when ¢ = 3; the velocity-time graph is linear
with v =0 at the ¢ intercept of ¢ = 3; the acceleration-time

graph is a horizontal line since the acceleration is constant.

The acceleration is the gradient of the velocity graph.
The velocity is zero when ¢ = 3. At this time, the
displacement graph is at its maximum turning point (3,9).
The velocity is zero after 3 seconds when the value of x is 9.
The displacement is 9 metres to the right of the origin.

above the horizontal axis so the velocity is positive.

11 x(t)=3t>-241-27, 120

t=6
t:4(’ _' P
t=2

a x(2)=12-48-27=-63

The particle is a distance of 63 metres from O.

b v=x'(t)

~v(t)=61-24

v(2)=12-24
=-12

The speed is 12 m/s.

¢ Average velocity is the average rate of change of

displacement.
_ x(2)—x(0)
- 2-0
_ —63—(=27)
2
=-18
The average velocity over the first two seconds of motion
is —18 m/s.
Letx=0
5317 -241-27=0

12 =81-9=0

S (E=-9)(+1)=0

~.t=9ort=-1 (reject)
S t=9
v(9)=54-24

=30
The particle returns to the origin after 9 seconds with a
velocity of 30 m/s.
The particle’s position after 6 seconds is
x(6)=108—-144 -27=-63.
From the earlier working it is known that
x(0)=-27, x(2) =—63 and x(9) = 0. Initially the particle
moved to the left but at some time changed direction.
To find the time when the motion changed direction, let
v=0.
S 6t-24=0

st=4

The position of the particle when it changes direction at
t=41is x(4)=48-96-27=-75.

<
<

=75 —63 =27 0

LY

The distance travelled in the first 6 seconds of motion
=(48+12) =60 metres.

distance travelled
Average speed =————————

_60

6
=10

The average speed was 10 m/s.

time taken

12 x=ét3—l2, 120

a Whenr=0,x=0.

d
Velocity: v = &
dt

v=t2 -2
Whent=0,v=0.
Therefore, the particle starts at the origin from rest.
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b Letv=0 positive with value 2 cm/s?. This represents the instant
12 -2=0 when the particle ceases to move to the left and starts to
nt(t=2)=0 move to towards the right.

1=0,1=2 f When =1 the velocity reaches its most negative value.
The particle is next at rest at £ = 2. The particle is moving to the left since its displacement
4 is negative but at t =1 the velocity starts to reduce to less
Its position when =2 is x = 3 4= 3 negative values. At that instant the acceleration is zero as it

changes from negative to positive acceleration. The overall
effect is to start to slow the particle down until the point
t =2 where it will change its direction of motion and begin

Lo .. 4
The particle is next at rest after 2 seconds when it is — cm
to the left of the origin.

¢ Letx=0 to move to the right under positive acceleration.
.'.%t3—12=0 13 h=401-5¢ "
PR320 a The rate of change of the height of the ball is given by oy
A2 (t=-3)=0 A _40_10¢
~1=0,t=3 dt
The particle returns to the origin after 3 seconds. When 1 =2, % =20.

d Whentr=3,v=9-6=3.

The height is changing at 20 m/s.
The particle’s speed when it returns to the origin is 3 cm/s. © helght 1s changing & s

dv b The velocity is the rate of change of height.
Acceleration a = — dh
dt sy=—=40-10¢
a=2t-2 dt
Whent=3,a=4. When t =3, v=10.
The acceleration of the particle when it returns to the The vertical velocity upwards is 10 m/s.

origin is 4 cm/s.

1 ¢ Letv=-10
e Displacement-time graph x = - -7 e4 Ov_ 10t =10

Cubic graph with ¢t intercepts at = 0,7 = 3 and minimum =.50=10¢
turning point at | 2,—— | since its derivative i =3 : :

Hrming pornt @ 3 stice s Cetivative 15 zeto After 5 seconds, the velocity of the ball is =10 m/s. The
when £ =2. negative sign indicates the ball is travelling vertically
Velocity-time graph v = 20 downwards towards the ground.

. S d Letv=0
Quadratic graph with 7 intercepts at t = 0,1 = 2. 40—10=0
Turning point when ¢ =1 and therefore v = —1. Minimum h ) t:4

turning point (1,—1).

Acceleration-time graph a =27 —2 dh
Linear graph containing points (0,-2) and (1,0). e The greatest height occurs when — = v = 0. Hence, the
When t =2,a=2, so point (2,2) is also on the graph. dt

The velocity is zero after 4 seconds.

greatest height occurs when t =4.

T / When t =4, h=160-80=80.
0.0) (3.0 - The greatest height the ball reaches is 80 metres above the

p > ground.
/s \/ f When the ball reaches the ground, & =0.
r4 ~40t=5 =0
~5t(8—-1)=0

s 1=0,t=8
The ball returns to the ground after 8 seconds.
(, O)T

When ¢ =8, v=40-80=-40.
2.9 > The ball strikes the ground with speed 40 m/s.

0 g 3 2
14 xp(t)=t" —12t"+45t-34
a The particle is stationary when its velocity is zero.

vp =x"(1)
=31 —24r+45

Letvp =0
s 312 —241+45=0
(1,0

P —81+15=0
S (t=3)(t-5)=0
s t=3,t=5
The particle P is instantaneously stationary after 3 seconds
and after 5 seconds.

—

Y

0,-2)

—

At t =2, the displacement graph reaches its most negative
displacement and the velocity is zero. The acceleration is
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b If v<O, then (=3)(t-5)<0

+
- 3 5 t

Therefore, v<0 when 3<t<5.

The velocity is negative for the time interval f € (3,5).
ap =v'(t)

soap=6r-24
If ap <0 then 61 —24 <0
st<4

The acceleration is negative for the time interval # €[0,4).
xXp(1)=—121 +541 - 44

vo (1) =241 +54.

P and Q have the same velocities when vp = v,

532 =241 +45= 241+ 54

3t =9
~tr=3
~t=3

(negative square root not applicable)
Particles P and Q are travelling with the same velocities
after /3 seconds.
P and Q have the same displacements when xp = X,
S =120 +451-34=-121" + 541 - 44
2 =9t+10=0
By inspection, =2 is a solution and therefore (t —2) is a
factor

B =9r+10=(1-2)(r* +2-5)=0
st=2o0rt? +2t-5=0

Consider t* +21-5=0
Completing the square,
(t2 +2t+1)—1—5=0

~@+1D?=6

nr=+J6-1

However, t = —\/6 —1<0 so reject this solution.
P and Q have the same displacements when # =2 and

r=+/6 —1, that is their displacements are equal after
(JE - 1) seconds and after 2 seconds.

15 N=200—ﬂ,t20
t+1
a LetN=172
200—ﬂ=172
t+1

Solving in Equation/Inequality gives ¢ =4.
It took 4 years for the butterfly population to reach 172.
The rate of growth of the population at this time can be

dN
evaluated as I using the 2 D CALC and OPTN mth
t=4
keyboard. 28
The rate of growth of the population is — = 5.6 butterflies
per year. 3
Let—=10
dt
Solving this equation in Equation/Inequality gives
t=—J14-1,1=14-1.
As t 20, the solution is only = Vid -1, Converting this
value to decimal form, r =2.74.
After 2.74 years, the growth rate is 10 butterflies per year.
In the Graph&Tab editor enter

y1=200—140/(x +1)

d
2=2(200-140/ (x +1
y dx( (x+1)

The graphs obtained should be similar to those shown.

YA

2404 J =200

180

y=NO) @12
1204 X
60 274,10 )
STy v
4,5.6)—> -
T T T g

0 2 4 6 !

Ast—)oo,N—>200andasl—>°°,[;—N—>0.
t

16 x=0.25t" —1* +1.5 —1-3.75
a x(0)=-3.75 and x(4) evaluates to give x(4)=16.25.

We need to check whether or not there has been a change
of direction between these two positions.

_dx

Cdr

cv=1 =37 31

v=(-1°

The velocity is zero when ¢ =1, so the direction of motion
does change between =0 and t = 4.

x()=—4

The particle travels x(0) = —=3.75—x(1) = —4— origin —
x(4)=16.25.

The distance travelled is (0.25+4 +16.25) = 20.5 metres.
Letx=0

Solve 0.25t* —#* +1.5t* =t —3.75=0 to obtain r =1, =3.
Rejecting ¢ = —1, the particle is at the origin after 3 seconds.

v

dv
a=—

dt
na=3t"—6r+3

=3(12—2t+1)
na=3(-1)>
a0

Therefore, the acceleration is never negative.
The graphs obtained should be similar to those shown.

YA

4,27)
y=w)
®(4,16.25)
Yy =x(1)
(0,3)4
<~ >
0%0, -1 t

0, =3.75)

Y
Both the cubic velocity graph and the quadratic
acceleration graph are positive for all values ¢ >1 and

as t increases beyond ¢ =1, both the velocity and the
acceleration continue to increase. The particle is at the
origin at t = 3. Since its velocity and acceleration are both
positive the particle continues moving to the right with
increasing velocity due to the increasing acceleration and
so the particle can never return to the origin.
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Topic 14 — Anti-differentiation and introduction to

integral calculus

Exercise 14.2 — Anti-derivatives

dy 5
1 —=12x
a dx

1
=12x—x
Y 6

y:2x6
3

2
b An anti-derivative of 4x* +2x—5 equals gx + ELa S5x.

. . 4
Therefore, an anti-derivative could be §x3 +x%—5x.

¢ f(x)=(x-2)3x+3)
=3x>+8x—6x—16

=3x>+2x-16
f(x)=x3+x2—16x+c
3 2
2 ?:2x —3x %0
x X
X X
=2x>-3x
2 3
U3

3 a J(—7x4 +3x2 —6x) dx
.XS .X2

= TIx—+x—6x"—+c
5 2

7
=—i+x -3x* +c
5

5x8 +3x3
b J 4x?

J- 5x8 3x
dx
452 4x
= J(—x6 +ix) dx
4 4

X

4777472
I SN B T
28 8

¢ fo=—
fo=—3

=2x7*

F(x):2><x—3+c

2
F(x)=——=+c
()=-373

) o

X2 +24x7 )dx
-1
+2x+x—1+c

2+—)dx

Il
'_,t_,’ N
U-\A/“\

W|><wb)|><

+
)
=

|

|
+
)

=x2+c

=Jx+c
jz(z2+2) dt
:J(2t2+4)dt
=2Tt3+4z+c

2](;2 +2)dt

A
=2 —+2t |+c
3

23
——+4t+c
3

Therefore, J2(t2 + Z)dt = ZJ.(t2 + Z)dt.

d
—y=5x9
dx
5x9+1
y= +c
EET)
L 10
Sy=—x +c¢
Y73
d
Do 344y
dx
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1
c ﬂ=2(x2—6x+7) d [——(9+6x” -5.5x"")dx
dx 100
D02 1or414 1 2 10
T T =100 (9+6x? —5.5x') dx
3 2
2 12X ahe 1 6x°  5.5x"
3 =—| 9%+ —- +c
S 100 3 11
Sy=—x"—6x"+14x+c¢ 1
y 3 =—[9x+2x3—0.5x”]+c
a P_s-ve +5) 100
o B-0Cx 8 a Let f(x)=2ax+b
=16x+40-2x> —5x The primitive function is F(x) where
2ax?
L BT Fo) =2 ihx+e
dx 2
2x° 11x? S F(x)=ax® +bx+c
y=—"—+——+40x+c 0
30 2 b Let f(x)=0.05x
2, 11
ny=—=x'+—x? +40x+c . _ 0.05x'®
3 2 ~F(x)= +c
.7 100
6 a f’(x)=5x5+§x6 - F(x)=0.0005x'% + ¢
LS 7y ¢ Let f(x)=2x+1)°
S f)=SXm X Tte o FO) = 2200 4320 (1) + 32012 + (1)

o f0)=8x +12x% +6x+1

8x* 12x° 6x?

I 6,134
=—x+=-x"+
f(x) 2 X 3 X' +c

4x° S Fx)=—+ +—+x+c
b f(x)=—+5 4 3 2
3 SF)=2x +4x3 +3x +x+c
sofx)= E X XT +5x+c¢ An anti-derivative could be 2x* +4x> +3x% + x.

d Let f(x)=7-x(5x" —4x—-8)

4
f(x)z—x7 +5x+c¢
21 s f()=T7-5x" +4x +8x

, 4x* —6x8 5 3 2
c f(x):T .-.F(x)=7x——5x L E S
it e 5 3 2
, X X 4
L= WF)=Tx-x"+=x" +4x" +¢
X X 3
s () =4x% —6x5 3x2 -2
453 6x7 9 a f(x)=
=———+c¢
fx) 3 5 Te

Lia o
S f(x)=—(3x"-2
.'.f(x)z%xs—gx7+c 4( )

1(3x%°
d f/(x)=(3—2)€2)2 --F(X)—Z[T—ZxJ+c
e F =20
'f(x)—9x—12x3+£+c 34 2(1-x)
S - 3 b f(x):%_’_ 3x
4
.'.f(x)=9x—4x3+§x5+c w3 o
3 8 -'-f(x)=7+§—?
7 a J’idx 43
5 =—+_
3% 12 3
KN F(x) ><x2+ +
S X)=—X—+—x+cC
o 22 3
= — +'
15" " ~'-F(X)=21—4x2+§x+c
b Jde=2x+c | )
¢ 4f(20x-5x7)dx ¢ f(x)=025(1+5x")
2027 _ 5x° )=ty D
DI P
.'.F(x):—x+§><x_+c

:4[10x2—§x8}+c ‘1‘ 41 15

8 .'.F(x)z—x+—x]5+c

—40x2—§x8+c 4 12
2
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o 12(x°) = (4x)? b [(2vx+1)dr
d fo)=—"5—"
3x - I((2\/;)2+4\/;+1)dx
12x'0 —16x%
"'f(X):T f 1
=] |4x+4x2+1 |dx
_12x0 16
3x2 3x2 5 3
2
~'-f(x)=4xg—% =%+4%+x+c
4x° 16 2
.'.F(x)z%—?x+c 22 3
3 :2x2+§><4x2+x+c
10 a ﬂ:_}cE ] 3
dx =2x>+2x2+x+c
3. 3
x? 1 1
Soy= 3 +c J 3 2_]3 B+]2 4
(7+1j c |x3|x X X
2
3 TR B
:%4-0 :_[ x5 —13x10 +12x3 |dx
2 6B s
2 5 x5 13x10 12x3
y=Zx2+c == - + +c
E [CRRNER
dy 3 5 10 5
Ya_ 2 16 13 6
b dx x :ix5 —EXISx‘O+—x12x5+c
\ 16 13 6
x"EH 16 13 6
SYy=s——Ftc =—x5 —10x19+10x5 +¢
(—§+l) 16
2
h a [Crde=)
x 2 2x
:_1+C :Jx2+2x—8dx
) 2x*
_1 xr 2x 8
y=-2e e J[z_z—z—}i
, 5
a =7 S J(ferteart
o () =5x72 T R
Xt O L T3
S fxo)= +c - - -
Ty R
5x7! 2x  2x% 3x°
=+
- e 13 a f(x)=Qax)> +b°
f(x)=—§+c s f(x)=4a’ x> +b°
x 3
b f/(x)=6x>+6x7° .‘.F(x):4a2><%+b3x+c
6X4 6X72 4a2x3
=y : = +p°
f(x) 1 ) c S F(x) 3 +b’x+c
f(x)=§x4—3x_2+c b f(x)=\/3)c4 +3d>
227 +7x° =5 o f(0) =32 +3d’
122 |22, 2
X .'.F(x)=\/§><?+\/§a2x+c
20 x5
=l 2+ 2 -2 g 3
j[ x2 x2 xzj o .‘.F(x)=\/§3x +\/§a2x+c
= [(2x°+7x - 527 )dx 14 a Let f(x)=(x— D(x+Hx+1)
_axt 7 st o [ = (3 = (x+4)
i g -1 S f)=xP+4xt—x-4
x' Ix7 5 4 PO
==+~ +Z4¢ S X 4xT x
2 2 x The primitive is F(x)= T+T—7—4x+c.
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2
b The anti-derivative of (é - —) is

x 5
2
J(é—ﬁ) dx
x 5

2
=_[ 2—2—2><§><£+x— dx
X x 5 25
=j(25x‘2—2+ix2)dx
25

-1 3
= 25X 2yt —x e
-1 25 3

=———2x+ix3 +c
X 75
P
¢ Let f()="—
x

o f(x)=xPe

The anti-derivative is F(x) =

p—q+1

+1

+ ¢ provided

p—q+1£0
. L 1 _
An anti-derivative could be ———— x?~7+!

N provided
p—q+

p#q-—1

3= 35
d Letf(x)z\/;ix
x
1 5

x3  x3
L fx)=—-—
X x
22

L f(x)=x3-x3

The anti-derivative is

1 5
An anti-derivative could be 3x3 — §x3.

e ;—x(j(4x+7)dx)

:di(2x2+7x+c)
x
=4x+7

15 An anti-derivative of x> could be obtained using the template
in the 2D CALC mth keyboard.

4
Ix3 dx = XT For the family of anti-derivatives, the

constant of integration needs to be inserted by oneself.
Another method in the main menu is to tap Interactive —
Calculation — J'

Complete the dialogue box as follows:
Indefinite integral
Expression: x°

Variable: x
4

. X . ..
Then tap OK to obtain e The constant of integration is
again not given.

Either of these methods is the most straightforward way to
obtain an anti-derivative.

However, there is a third method whereby the constant of

integration will be given. Calculating the anti-derivative of %

. . . )

is equivalent to calculating y if d_y =x
by

The equation % = x’is called a differential equation and it can
be solved by going to Equation/Inequality and selecting dSolve.
Complete the dialogue box as follows:

No condition

Equation: y’ = x>. To form y” use the ¢ in the 2D CALC mth
keyboard

Inde var: x

Depe var: y o

and tap OK to obtain y = — + const(l). The constant of

integration is const(1).

16 Choosing to use the template method and inserting the
constant of integration afterwards:

5 5
3 3
a Jxadxz—, so_[xadx=£+c
d
b d—i—(x4+l)2
y= (x4+1) dx
2%
y=—+"—+x+c

¢ f(t):loo(t—tiz]
L F(t)= jloo(z—i)dz
l2
- F(r)=508" + @ +c

10
d _[(yS —yiS)dy= 2)1]2;;3 +c

3
2
e J\/4u+5 u=@+c

f Answers will vary.

Exercise 14.3 — Anti-derivative functions and
graphs

1 a & =ax—6
dx
Stationary point at (—1,10)
T
dx x=-1
a(-1)-6=0
a=-6
dy =—6x—-06
dx

y:—3x2 —6x+c
Substitute (—1,10):
- 10=-3(-1)*—6(-)+c
~10=-3+6+c¢
se=17
The equation of the curve is y=-3x* —6x+7.
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9
Therefore f(x)=x—-—+c.
2x

Since f(3)=0:

—3-—2 e

2%3

3
c=—=

2

9 3

Theref X)=x————.
erefore f(x) 22

9 3
“D=—1+--=
f=D 572
=-1+3
=2

2 QZQ\/;
dx

=

=2x
3
=2x=x2+c
Y=
3
=—x2+c
3
y=10 when x =4, so:
3
4 =
10:§><42 +c

10:£><8+c
3

32
10=—+c

c=——

3

w

4 = 2
Hence, y:;x2 -=

3
When x=1:
4 2
Y 3 3
2
Y73

3 a Atx =0 there is a stationary point on the graph of y = F(x).
Since f changes sign from positive to zero to negative, the
point will be a maximum turning point.

b Three possible graphs with a maximum turning point at
x =0 are shown.
y

¢ The rule for the graph is of the form y = ax.
Substitute the point (1,-2):
—2=a(l)
a=-2
Hence, f(x)=-2x.

=)

d F(x)=—x"+c
FO)=1=1=c

LF(x)=-x"+1
Maximum turning point at (0,1) and x-intercepts at (+1,0).
YA

©. D

///\\<=fﬁ+l
- (1,0)

0 1,0) g

Y

The graph has a gradient of % and a vertical axis intercept at
(0,2).

dy
Its equation is =—x+2.
s equation is 2

Therefore, the equation of the curve must be y = %xz +2x+c.
Since (-2,3) lies on the curve,

3:%><4+2><(—2)+c

sc=6 |

Thus the equation of the curve is y = sz +2x+6.

From the gradient graph, the turning point of the curve must
occur at x =—4.
1
=—x16-8+6
Y7y
sy=2
The minimum turning point has coordinates (—4,2).
fl(x)=-3x*+4
s f(x) =—x>+dx+c
Since the point (—1,2) lies on the function, f(-1)=2.
=1 +4(-D+c=2
s l=44c=2
sc=5
The equation is f(x)=—x> +4x+5
dy 2x
a—=—-3

dx 5
2

x
Sy=—=3x+c¢
Y7

Substitute the point (5,0)
~0=5-15+¢

~c=10
2

The equation is y=%—3x+10.
b Lety=0
2
o —3x410=0
5

~x*=15x+50=0
S (x=5)(x-10)=0
Sx=5x=10
The x intercepts are (5,0) and (10,0).
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Given thatﬂz—3 at the point (2,5) b £=(10—x)2
dx dx
.2 d
3=kx2 S 2100-20x + 12
3 dx
-2 3
2 S ~2=100x—10x% + 2 +¢
The constant of proportionality is —— 3
1000
b ﬂ:_é x:10,z=200:>200=1000—1000+T+c
de 2 1000
3,2 sc=200—-——
y=—=X—+c 3
2 2 . 400
3 ) ..C——T
.'.yz—zx +c 5 400
N o242 2Y
Substitute the point (2,5) < 2=100x—-10x" + 3 3
3 Let x=4
s5=——Xx4+c
64 400
'c=84 z=400-160 + — — —
.o 3 3
3 336
The equation is y:—sz +8 = 240_T
(4=x)(5-x) =240-112
8 fO="— 7 =128
20-9x+x> cdA_4
B 10x* NG
2
_ 20 _ 9x + X . dA_4—%
10x* 10x*  10x* S
_2 9 1 |
T 4T 0.3 2 2
. 10x9 10xl .-.A=4><tT+c
=ox - x—x72 2
J =20 =g S A=8VT+e
The primitive function is t=16,A=40=40=8x4+c¢
F(x)—zx_3—2><£+i><x—_l+c re=s
T3 100 2 100 1 S A=81+8
__i+ 9 1 Let 1 =64,
T30 20 10k ¢ A=8x8+8
Substitute (1,—1) =72
dx 3
_1—_z+i_i+c d —:——4
320 10 dy 'y
. —60=—-40+27-6+60c dx
. — .'.—=—3y_4
».60c=—41 dy
41 3
Le=—— =3y
60 .’.X=—3+C
The equation of the primitive function is o1
2 9 1 41 nX=Tgtc
Fx)=——5+ T y
3x7 20x~ 10x 60 y=Lx=12=12=1+c¢
se=11
9 a Xo2ia-x) |
dx cx=—t11
Ldy _ 2 y
..dx—6x—2x Let x=75
2 2X3 1
,'.y:}x ——+c 75=—3+11
3 y
x=3,y=0=0=27-18+c¢ 1
-~ c=-9 64:—3
sc= 3 y
ZX 3 1
Ly=3xt-2—--9 Lo
YT v
Let x = 1
et x=0, cy=—
sy=-9 4
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2
d =
D g x3

dx

Since the point (8,32) is a stationary point, ? =0 at (8,32).
x

dx

3x3
Ly=dx——+c
Y 5
Substitute the point (8,32)
5

3
323228

+c

3x2°
n0=-22%

+c

5 5
. : 3x3 96
The equation of the curve is y=4x— I + 5
Let x=1

? =4—1=3 so gradient of tangent is m =3
X

Point of contact: x =1

Point is (l,gj
5

Equation of tangent:

113
——2=3(x-1
= (x=1

~5y—113=15x-15

~5y—15x=98

, a
X)=—

f(x) =

~ ()= ax”?

-1
.'.f(x):ax—1+c
e f)=—ZL4e

X

The horizontal asymptote of y = f(x) has equation y=c.
Since the given information gave the equation as y = a, then
c=a.

a
Hence, f(x)=——+a
X

The curve passes through (2,3)

6
b The equation of the curve is f(x)=——+6.
X

¢ Let f(x)=0

;—§+6:0
X

n6=2

x

sLx=1

The graph cuts the x axis at (1,0).
The gradient at this point is

ey O
)= 2
~f)=6

The angle at which the curve cuts the x axis is such that
tanf =06

~.0=tan"' (6)

~.0=281°

The angle is approximately 81°.

The x intercepts of the given gradient graph show that

d
o 0 when x =-2 and when x = 2. Hence, the curve

with this gradient function has stationary points where
x=-2and x=2.
Consider how the gradient changes about each point to
determine the nature of the stationary points.
About x =-2:
For x < -2, the value of the gradient is negative as its graph
lies below the x axis.
For -2 < x <2, the value of the gradient is positive as its
graph lies above the x axis.
Therefore, the curve with this gradient function has a
minimum turning point where x = 2.
About x =2:
For —2 < x <2, the value of the gradient is positive
For x > 2, the value of the gradient is negative as its graph
lies below the x axis.
Therefore, the curve with this gradient function has a
maximum turning point where x = 2.
The y co-ordinates of the turning points are not known.
A possible graph is shown.

y

)):4}6—%3

A
Y

The gradient graph is a parabola with a maximum turning
point at (0,4).

Let its equation be dy —ax’+4
d.

x
Substitute the point (2,0)
s 0=4a+4

sa=-1

The rule for the gradient graph is b__ x> +4
3 dx
e
sy=——+4dx+c
T3

The family of curves with this gradient function are those
"

given by y:—%+4x+c.
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d For the curve containing the point (3,0),

13 a

0=-9+12+c¢

sc=-3
3

The equation of this particular curve is y =— % +4x-3.
At (3,0), % =-9+4 =-35, so the slope of the curve

then is —5.

The equation of the given graph is f(x) = 3. Hence, the
anti-derivative graph has equation of the form F(x)=3x +c.
Any linear graph with gradient 3 is suitable. One such
possibility is shown.

1,3)

A

Y

Since f(3)=0and f(x)>0 for x <3 and f(x)<0 for x >3,
the graph of y = F(x) will have a maximum turning point
where x =3.

y= f(x) is linear so y = F(x) is quadratic.

Any concave down parabola with a maximum turning point
where x =3 is suitable. An example is shown.

YA

m Fx)

é X

A
o

)

Since f(3)=0and f(x) <0 for x <3 and f(x)<0 for x >3,
the graph of y = F(x) will have a stationary point of
inflection where x =3.

y= f(x) is quadratic so y = F(x) is cubic.

Any cubic graph with a stationary point of inflection
where x =3 and negative gradient elsewhere is suitable. An
example is shown.

YA

y=F)

\\\_T—_\\\

A
Y

Maths Quest 11

d

14 a

b

Since f(-3)=0, f(0)=0and f(3) =0, the graph of y = F(x)
has stationary points where x =-3, x =0 and x = 3.

About x =-3:

For x <=3, the value of the gradient is negative as its graph
lies below the x axis.

For -3 < x <0, the value of the gradient is positive as its
graph lies above the x axis.

Therefore, the curve with this gradient function has a
minimum turning point where x = —3.

About x =0:

For —3 < x <0 the value of the gradient is positive

For 0 < x <3, the value of the gradient is negative as its
graph lies below the x axis.

Therefore, the curve with this gradient function has a
maximum turning point where x = 0.

About x =3:

For 0 < x <3, the value of the gradient is negative

For x >3, the value of the gradient is positive as its graph
lies above the x axis.

Therefore, the curve with this gradient function has a
minimum turning point where x = 3.

y= f(x)is a cubic graph so y = F(x) is a quartic graph.

An example of a possible graph for y = F(x) is shown.

YA

y=F)

A

3 0 3 X

Y
Let the equation of the cubic function with stationary point
of inflection (0,18) be f(x)=ax® +18.

Substitute the point (1,9)

S9=a+18

sa=-9

Hence, f(x)= -9x> +18.

[ f(x)dx = [(-9x +18) dx
=—%+18x+c

. R . 9x*
i Let the anti-derivative function be y=— = +18x+c.

Since the function contains the point (0,0), c=0.
4

L 9
Its equation is y = —% +18x.

ii Lety=0

4
2 18x=0

4

4
=X yox=0

4
s—xt+8x=0
.‘.x(—x3 +8):O

~x=0orx =8
sx=0o0rx=2
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The x intercept other than the origin is (2,0).

The gradient of this curve is f(x)=-9x> +18.
f(0) =18 (positive slope) and f(2)=-72+18 =-54
(negative slope)
The graph is steeper at (2,0) than at (0,0).
iii At stationary points, the gradient function f(x)=0.

953 +18=0
ax0=2
nx=32

From the graph of y = f(x) given in the question,
if x <3/2, the gradient is positive since y = f(x) lies

above the x axis and if x >3/2, the gradient is negative

since y = f(x) lies below the x axis.
The anti-derivative function has a maximum turning
point when x = 3/2.
1
iv. When x =32 =23,

9 (1Y 1
y=—4x[23] +18x23
2 4 1
=—2—2><23 +37x2'x23
4 1
2 1+=
—32x23 432x2 3
2 4
=-32x2 3 +32%x23

2 6
=3%2x2 3{—1+23}

2
=3"x2 3[-1+27]
2
=3x2 3x3
2
=2 3x3
The y co-ordinate of the turning point is 27 x 3¢

2
where pz—g and g=3.

v YA (L 2 )
3 3
2,2” x3’

4
y=-2 4+ 18x

A

(0,0) (2,0)

Y
15 The shape of the graphs should be similar to those shown.
a yl= j(x—z)(x+1)dx
b y2=[(x=2)(x+Ddx

¢ y3= J(x—2)2(x+1)2dx

>
>

d The factor (x —2) has a zero of x =2 and the factor (x +1)
has a zero of x=—1.
The graph of yl has turning points where x =2 and x =—1;
the graph of y2 has a stationary point of inflection at x =2
and a turning point at x = —1; the graph of y3 has stationary
points of inflection at x =2 and at x =—1.
For factors of multiplicity 1, the anti-derivative graphs have
turning points at the zero of each factor.
For factors of multiplicity 2, the anti-derivative graphs have
stationary points of inflection at the zero of each factor.

16 Define f(x)= x?—6x by using the Interactive sub-menu.

In Graph&Tab, enter and graph
yl=f(x)

)

3= flxydx

The shape of the graphs should be similar to those shown.

y3

Connections between yl and y2:

yl is quadratic with x intercepts at x =0 and x =6. It has a
minimum turning point when x = 3.

y2 is linear with x intercept at x = 3. Its sign changes from
negative to zero to positive as it cuts through the x intercept.
This shows that yl has a minimum turning point when x = 3.
The x intercept of y = f’(x) is connected to the turning point
of y = f(x); the degree of f’(x) is one less than the degree
of f(x).

Connections between yl and y3:

yl is the gradient graph of y3. The x intercepts of yl give the
x co-ordinates of the stationary points of y3.

The sign of yl changes from positive to zero to negative

at x = 0, showing that y3 has a maximum turning point
when x =0.

The sign of yl changes from negative to zero to positive
at x = 6, showing that y3 has a minimum turning point
when x =6.

The turning points of y= '[ f(x)dx are connected to the

x intercepts of y = f(x); the degree of I f(x)dx is one more
than the degree of f(x).

(Note that the maximum turning point of y3 occurs at x =0
but it is not necessarily at (0,0). The CAS calculator has used
zero for the constant of integration).
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Exercise 14.4 — Applications of
anti-differentiation
1 av=3"-10r-8
To obtain displacement, anti-differentiate velocity.
x=1-5t>-8t+c
When =0, x=40
~40=c
sx=1 =5t -8t +40
When the particle is at the origin, x = 0.
£ =5 —8r+40=0
2(t-5)-8(—-5)=0
(t=5)1*-8)=0
(t=5)t—B)t+/8)=0
=548
Since 120, t=5,/8.
The first time the particle is at the origin is when 7 = J8.
Therefore, the particle is first at the origin after 2+/2
seconds.
b Acceleration is the rate of change of velocity.
a=06t-10.
When velocity is 0:
31 ~106-8=0
Bt+2)(t—4)=0

2
t=——,t=4
3

Since r 20, r=4.

Therefore,

a=6x4-10
=14

The acceleration is 14 m/s?> when the velocity is 0.
1

2 v=—+2
2

Acceleration: differentiate the velocity

v=12+2
-3

Displacement: anti-differentiate the velocity

v=12+42
t—l
x=—++2t+c

1
=——+2t+c
t

Whent=1,x=-1

s=l==14+2+c¢
sc=-2

1
Sx=——+2t-2
t

3 a=8-18¢
Anti-differentiate to obtain velocity.
v=8-92 +¢
v=10whent=0=¢,=10
~v=8-92+10
When =1, v=09, so the velocity is 9 m/s.

Displacement:

v=8t—91* +10

Lx=417 =38 +101 +¢,

When t=0,x=-2 =¢,=-2

nx=417 =30 +100 -2

When 1 =1, x =9, so the displacement is 9 metres. The
position of the particle is 9 metres to the right of the origin.

4 a=98
S v=9.8t+¢
v=0,t=0=¢=0
Sv=9.8t
nx=49%+c,
x=0,=0=¢,=0
nx=4.9
When ¢ =5,
x=49%x25
=1225
Therefore the displacement is 122.5 metres.
5 &V
dt
a Anti-differentiation gives V =—-0.25¢t +¢
Whent=0,V=45r =c=4.5n
S V=-025t+4.5x
b WhenV =0, t:ﬂ
0.25
Therefore, it takes approximately 56.5 seconds for the ice
block to melt.

6 n'(t)=0.2¢
~h()=0.1% +¢
When t=0,h=50=c¢=50
S ()= 0.1 +50
After one year or 12 months:
h(12)=0.1x144+50

=644
The rubber plant reached a height of 64.4 cm after one year.

7 a v=82-20r—12, >0
Sincexzjvdt,

=-0.25

3
x:%—lOtz 12 +c¢

Given x =54 when r =0,
54=c

3
.'.x=%—10[2—121+54

b Whenr=1,

x=§—10—12+54

:§+32
3
=34E
3

This position is (54 - 34§J= 19% metres from its initial

position.
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¢ Letv=0
812 -201-12=0
S22 =5t-3=0
S Qr+D(E=3)=0

1
St=——,o0rt=3
2

Reject the negative value since ¢ >0

S =3

When t =3,

x=72-90-36+54
=0

When the velocity is zero, the particle is at the origin.

8 v=-31>0

Given that v=-24 when x = 1.

Letv=-24
n24=-3¢
rP=8
nr=2

Hence, whent=2, x=1.
4

Since x = Jvdt, then x = +c.
Substitute t=2, x =1.
sl==12+c
sce=13
4

SoX= —i +13

4
Lett=0
sox=13
Initially the particle is 13 metres to the right of the origin.
av=6-6f,120

. dv
Acceleration: g = —
dt

sa=-6
2

The particle moves with a constant acceleration of —6 m/s*.

b Letv=0
S 6-6t=0
sr=1
Position: x = 61 — 3t +¢
Whent=0,x=9
~9=c
x=60-312+9
Letr=1
x=6-3+9
=12
The velocity is zero after 1 second when the particle is
12 metres to the right of the origin.
¢ Letx=0
~6t-3°+9=0
7 =20-3=0
S(E=3)+1)=0
~.t=3ort=—1reject since =0
S t=3
The particle reaches the origin after 3 seconds.

t=3 <

t=0'—>—)t:1

>
>
T T T X

0 9 12

A

The distance travelled is (3+12) = 15 metres.

10

11

12

d

a

a

a

The average speed in travelling 15 metres in 3 seconds is
15
equal to Y =5m/s

The average velocity is the average rate of change of
displacement.
x(3)-x(0) 0-9
3-0 3
=-3
The average velocity is =3 m/s.
v(t)=3t-2)t-4),t=20
v(0)=3(=2)(-4)
=24
The initial velocity is 24 m/s.
Acceleration: a=v’(t)
v(t)=3(t - 61 +8)
Sv(t) =312 181424
sa=6r—18
a(0)=—18, so the initial acceleration is —18 m/s.
v(t)=31" — 18t +24
x() =12 =9 + 24t +¢
Since x=0whent=0,c=0
Sx(t) =1 =91 +24¢
x(5)=125-225+120
~x(5)=20
Since v(r) = 3(t — 2)(t — 4), the velocity is zero when # = 2 and
when ¢ = 4. The particle will therefore change its direction of
motion twice during the first 5 seconds of motion.
x(0)=0 and x(5) = 20.
x(2)=8-36+48

=20
x(4)=64-144+96
=16
—o =4 t=3
= t=2
< T T >
0 16 20

The distance travelled is 20 + 4 + 4 = 28 metres.
Acceleration: a =8+ 6¢

Velocity: v = Ja dt

v=81431 +¢

Givenv=3whent=1,
53=8+3+¢

e =8

The velocity is v = 31> +8r-8.

Displacement: x = I vdt

nx=1+42 -8t +c,

Given x =2 when =1,
n2=14+4-8+¢,

Sy =5

The displacement is x = £ +41% 81 +5.

Acceleration, a=-10

Velocity: v =10z +¢,

Given v=20 when t=0

5 20=¢
Sv=—10r+20

Displacement: x = —5¢% + 20t +c,

Given x =0 when r=0
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13

a

s 0=c,
sox==51"+201
Letv=0

. —10t+20=0

st=2
When t =2,
x=-20+40

=20

The velocity is zero after 2 seconds when its position is 20
metres from the origin in the positive direction.
The object starts from the origin.

Letx=0

~=517+20t=0

S =5t(t-4)=0

~t=0,r=4
The object returns to its starting point after 4 seconds.
The given velocity graph is the gradient graph for the
displacement. The displacement graph is an anti-derivative
graph.

Since v =0 when ¢ =2, there is a stationary point at t =2
on the displacement graph. For increasing ¢, the velocity
changes its sign from positive to zero to negative as it
passes through (2,0). This means there is a maximum
turning point at # =2 on the displacement graph.
The velocity graph is linear so the displacement graph is
quadratic.
An example of a possible displacement graph is shown.

XA

v

Y

A
Y

[=]

The acceleration graph is the gradient of the velocity graph.

The gradient of the given graph is —2, so the acceleration
graph is a the horizontal line a =-2,t = 0.

ap

A
Y

a=-2
-2

Y

The given velocity graph has gradient m = -2 and its
vertical intercept is (0,4).
Its equation is v =—-2¢+4.
nx=—t"+4r+c
Whent=0, x=—4
s—4=c
Lx=—t*+41-4

14

15

a

a

Factorising the expression for the displacement,
x=—(—4r+4)

=—(r-2
There is a maximum turning point at (2,0).

YA

A

dA
—=-18¢

dt
Anti-differentiate with respect to ¢
nA=-9 +¢
Whent=0, A=90
~90=c

S A=-92 +90
Let A=0

5 =9* +90=0
12=10

~t=+10

(negative square root is not applicable).

Since \/5 < \/ﬁ < \/E, then 3 < Jﬁ < 4. Therefore, after 4
whole days, the weed will be completely removed.

The values of ¢ lie in the interval [O,\/m ], so the model is
valid for 0 <7<+/10.

A(t)y=4-t

A’(0)=4>0, so the area increases initially.

Let the rate of change be zero.

A(H=0
s4-1=0
st=4

After 4 days the area stops increasing.
t
A()y=4t——+c
Q) 5

Whent=0,A=0
~0=c

12
LA =4t——

2 2
The area of the puddle is zero when 41 ——=0.

2 2

S 8t—t"=0
S t8-1)=0
S t=0,1=8

After 8 days, the puddle has dried out.
Therefore the domain is [0,8].
Greatest area occurs when A’(¢) = 0.
From part a, this occurs when t =4
A4)=16-8

=8
The greatest area of the puddle is 8 sq m.
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d The domain for each graph is [0,8].
y=A’(t)=4 -t is linear with endpoints (0,4) and (8,—4). It
also contains the point (4,0).
2
y=A@t)= 4t—% is quadratic with maximum turning point

(4,8) and endpoints (0,0) and (8,0).
Y, 4,8)

8
y=A()
4

o A\%rx
—4 y=A'(n (8,—4)
16 a 9 _

dt
When t =4, dm
dt

>

=300

~.300 =2k
k=150

1
b 15002
d
3

t2
som=150xX—+c¢
3

2
3

m=150% 212 +¢
3
3
~om=100¢2 +¢
When t=0, m=20
5 20=100x0+c
sc=20
3
som=100t2 +20
¢ Let m=6420
3
. 6420=100¢2 +20
3
. 1002 = 6400
3
12 =64

0w
w [N

2
S (12)3 =(64)3
wt=(Y6a)
S t=16
It takes 16 days for the population to reach 6420 microbes.
17 a v=2t+1)*
Acceleration a = dv
dt
Using the template in mth keyboard,
d 4
a=—|(2t+1
(@)
=82t +1)°
b Displacement: Using the template,
x= [+t de

_2t+1)
10
20 +1)
_@ey

Hence, x
10

Whent=0, x=4.2
4.2=i+c
10
sc=4.1
Qt+1)*
10
¢ Letx=84

_@+D)?
S0
Solve in Equation/Inequality in Decimal mode to obtain
t=0.561.
When ¢ =0.561,
v=(2x0.561+1)*

=20.266
Correct to two decimal places, the time is 0.56 seconds
and velocity is 20.27 m/s (assuming time unit is seconds).

1

Ty

+4.1

-84 +4.1

V= J‘%dl‘
(t+1)
-
2t +1)°
-1
v=——+
2t+1)

Given v=0 when 7 =0.

€

-1
0=—+¢
2
. 1
S0 ZE
-1
VE———— =
2 +1)° 2

-1 1
xzj >+ |dt
20+1)° 2
t 1
=—+
2 2(t+1)
t 1
x=—+
2 2(t+1)
Given x =0 when t = 0.

+c,

1
0=—=+c
ST

e :—E
t 1 1
+

x=—
2 2(t+1) 2

Exercise 14.5 — The definite integral
1 js (3x% = 2x) dx
=[x —xﬂz
:(33_32)_(03_02)
=27-9-0
=18
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2a [2a-2a+dd
= [P -y

=0

3 a Base is 4 units and height is 3 units.

Azlbh
2

1
=—X4x3
2
=6
Area is 6 square units.

4
b j 0.75x dx
0
4
c -[o 0.75x dx

2 4
= {0.75 X x—}
2 0

=0.75x8-0
=6

Therefore the area is 6 square units.

4 a I13(16—x2)dx

b jf(m—xz)dx

3 3

=[16x—x—:|

3 1

1
=(48—9)—(16—§)

=39—15g
3

231
3

Therefore, the area is 23% square units.

5av=r+2

When 7 =1, v=3 so velocity is 3 m/s.

dv
a=—
dt
a=31

When 7 =1, a =3 so acceleration is 3 m/s2.

b i Vv
80—“ f
70 - v=Fr+2

60
50
40+
30
20
10+

L ||:
00 123456!
[0)

4
ii Measure of the distance equals le * +2)dr.

4.3
j2 & +2)dt
4 4
- {’Z+ 2z]
44 2 24
= [TJF 2(4)J - (TJF 2(2))

=(64+8)—(4+4)

=64

Distance travelled is 64 metres.
6 a v=3"-2+5

The velocity is a quadratic function in ¢.
The discriminant of this quadratic is:
A=b*-4ac, a=3,b=-2,c=5
=4-60
=-56
Since A <0 and a > 0, the velocity is always positive.

b i Distance measure is given by J;(3t2 —2t+5)dt.
foz(3t2 —2t+5)dt

= [ﬁ -+ Sz]
=8-4+10
=14
Therefore, the distance travelled is 14 metres.

2
0

ii v=3:2-2t+5
Anti-differentiate with respect to t:
x=r -2 +5t+c
When 7 =0, x = c and when
t=2,x=8—4+10+c=14+c.
The distance travelled is:
x(1)—x(0)
=(14+c)—(c)
=14
Therefore, the distance travelled is 14 metres.

7 a Ji 5xt dx
[T,
=(32)-(-32)
—64

b joz(7—2x3)dx

472
:|:7x_x_:|
2 0

=(14-8)—(0)
=6
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c J13(6x2+5x—1)dx b J._zl(xz-"z)dx:.[_lezdx+.[_212dx

) 3 2. 2
= 2x3+%—x:| LHS=J_l(x +2)dx
1

| o
) o el
| |

4
2

51+£) (Z)
2 2

. 210
1+——— -

2 2 3
1+19 20

0 3
: _

d j312x2(x 1)dx

—j 12x —12x )d -

X3 g
~ s =] +[2xT
_|:3x 4x ]73 |:3 :|_1 [ ]71
=(0)—(243+108) 8 1
=-351 =|:(§j—(—§):|+[(4)_(_2)]
-2
e J_4 (x+4)2 dx =(3)+(6)
= |, (3" +8x+16)ax -.LHS =RHS
-2 3 3
|:%+4X2+16x} ¢ .[1 3x2dx=L £ dr
8 64 LHS = |35 dv
(——+16 32) (——+64 64) -
3 3 :[x3]1
—5—16+? :(27)_(1)
56 48 -
3 3 RHs=j33t2dt
_38 _3
l3 _|:[ :|1
£ Jll(x+1)(x2—x)dx =(27)-(1)
+ =26
— J_zl(x3 —x)dx .LHS =RHS

d j:3x2 dx=0

LHS = j 3x2 dx

11y (1 1 -],
z(a‘gj‘(a‘g) ~(e)-()

2 2 =
8 a L (20x+15)dx=5_[1 (4x+3)dx a CR b
2 e jb3x2dx=—j 3x% dx
LHS = [~ (20x+15)dx “ 5.
1 LHS:J 3x°dx
2 2 b
=[10x +15x]l

=(40+30)—(10+15) =[x ]b
=70-25 =(a’)-(1)
=45 S X
RHs=5j12(4x+3)dx RHS:—I:3x2 dx
=5[22% +3x] -]
=5{(8+6)-(2+3)} =—(b3—a3)
= 5{14-5} A
=5%9
s ~.LHS = RHS
- LHS = RHS
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f fﬂdX=2u d JZX6+ZX3+4dx
LHS = [* dx i %

a 2 x® 4
= —al dx :J.1 x—5+?+?]dx
:[x]ia 2

f(x+2x +4x )d
=(a)-(-a) !
=2a :[x_2+2x1 4x4}
=RHS 2 -1 4 1
- LHS=RHS [xz 2 IT
il By
9 aJ‘] —dx 2 x x !
x
1 1
=[2-1-—1]-[=-2-1
= 2xizd)c ( 16) (2 )
L .S
=["_} 16 2
-1 _55
=] X
| Tx 3
X e [! I(I+3(ﬁ))
(-3)-¢v
=——+1
* =J 21+6t
1
) =[t +2t ]3
9 =(25+250)—(9+54)
b Ioﬁdx =275-63
1 =212
=| x2%dx
3P f J:(Z—i})du
| 2x2 U
|22 O .
3 =J._2(2—4u )du

|
7~
(SRR
X
No)
N W
Ne—
|
—
(=]
=
1l
1
)
<
|
|’“
| T
)
| I
o L

-1
=z><27 :{2’“' 2}
3 o
=18 =(-2+2)- —4+—j
4 =
¢ L 5x2dx =(0)- T
2
_ P ;
— ng 25
5
L | 10 a j:3dx=9
"
- 2x2:| s [3x] =9
L 1 ~3n—-12=9
5 4; 5 s 3n=21
lte -(2) son=7
=2x32-2
=62

Maths Quest 11 Mathematical Methods VCE Units 1 and 2 Solutions Manual



TOPIC 14 Anti-differentiation and introduction to integral calculus ¢ EXERCISE 14.5 | 439

b J:\/;dx =18 ¢ The area measure is given by J._O2(4 —3x)dx.
P Integration method to calculate the area:
oy xdx=18 o
- A=j_2(4—3x)dx
2 510
. 2% = 18 = |:4x - 3Li|
2
2
S 1 =(0)~(-8-6)
.'.§p2—0=18 =14
5 3 The area is 14 sq units.
gp =18 The trapezoidal area can also be calculated from
3 1
> A=—h(a+D)
2p? =54 et
3 For the line y =4 —3x, when x=-2, y=10 and when x =0,
np?=27 y=4.
2 1
3 2 A=—h(a+by h=2,a=10,b=4
A p?| =273 2
1
W p=9 ..A—§x2><(10+4)

=14

L 2
11 a The area measure is given by J.,2(3x +6)dx. The area is 14 sq units.

Integration method to calculate the area:
2
A= j_2(3x+6)dx

{3 ) T i A:f_ll(x2+1)dx
2

12 a i The area measure is given by jll(xz + l)dx

=| 2 +6x
2

X3 :
—(6+12)—(6-12) :{?”L

=18+6 B 1+] 1 )
=24 37 ) U3
The area is 24 sq units.

-+(5)
The triangular area can also be calculated with the 3 3
formula A = %bh. = 8

The base, b=4. The area is 3 sq units.
Height: When x =2, 3
1
y=3%x2+6 b i The area measure is given byjz(l_x3)dx
=12 1
A= -3
nh=12 A—_[_Z(l ) dx
Pl
A:%x4><12 =|:X_Ll
=24 4 2
The area is 24 sq units. = (1 - i)_ (-2-4)
b The area measure is given by Ij(l)dx. 3 6)
Integration method to calculate the area: 43
2 -6
A= jﬁé (1)dx
=[x]] e area is 6= sq units.
(]2 The area is 6 sq un
=(-2)-(-6) . .. 15
_4 ¢ i The area measure is given by jos (I+x)(3—x)dx

The area is 4 sq units.
The rectangular area can also be calculated
from A=lw, [=4,w=1
L A=4x%1
=4
The area is 4 sq units.
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ﬁ14:ﬁ§0+xx3—xﬁh A:jzﬁ—xﬁdx

:J;§(3+2x—x2)dx ={x—£}l
. 5

1.5
= |:3X +x% - ﬁ}
3 Jos =

12
:(45+225—112$—(L5+025—944§) _(3)_(_2)
3 =
1 3 3
=(562$—(175———) _4
24 3
- 1 4
=5.625-1.75+ % The area is 3 $q units.
1
=3.875+ a ¢ The area represented by j42 dx is the rectangular area
-3+ 7 i 1 enclosed by the line y =1, the x axis and x =-2, x =4.
8 24
11 y
_ 1 A
12
.11 . 34
The area is 3E $q units.
4 =1
13 a The area represented by _[03 4x? dx is the area enclosed by 2 y
the graph of y=4x?, the x axis and x=0, x = 3. 1
YA
407 f <7 T 0 T T T >
y= 4x? - -2 -1 1 2 3 4
1y
20 1
The area is 6 X1 =6 sq units.
14 a Features of the graph of y= f(x), for f(x)=4—-/x.
< ; 5 > y intercept and endpoint: (0,4)
-3 3 4 x intercept: Let y=0
L4-Jx=0
4=4x
Y Sx=16
3 (16,0)
A= jo 4x* dx
3 YA
_ [4_}
3 Jo
=(36)-(0)
=36
The area is 36 sq units.
b The area represented by Jll(l - xz)dx is the area bounded <
- Wi
by the graph of y =1—x, the x axis and x=—1, x=1.
YA
42 n
34 Y
24 b The area bounded by the curve and the co-ordinate axes is
shaded.

/\ ¢ The area measure is J.;6(4—\/;)dx.
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d [ °(4-x)dx

1
16
f [4 x2 ]dx
0

216

[64-§x165J-(0)

=64—g><64
3

Il
N
=

|

1
=—-X64
3
&
3
The area is 64 sq units.

v=10r-5¢*, 120
Displacement: x = jv dt

3

x=51% - SL +c
3

Whent=0,x=0

se=0

x=5 - i

3

Letv=0

~100-52=0

~5t2-1)=0

st=0o0rt=2

The particle is next at rest after 2 seconds.

When t =2,

The distance the particle travels by the time it is next at

.20 .
rest 18 ? units.

v=10t-5¢> for 1 €[0,2]

The concave down parabolic graph has endpoints (0,0) and
(2,0).

Its turning point occurs when ¢ =1 and therefore v =5. The
point (1,5) is a maximum turning point.

) ],5
V= 10l—5t2

Y

d The area measure is given by _[02(10t —5t2)dt.

2(106 - 5¢2)dt
0

= |:5t2 - i}z
3 0

:(20—§x8)—(0)

—20-%
3
_20
3

The area is 2—30 sq units.

The area under the velocity-time graph measures the
distance travelled in the first 2 seconds.

Refer to the velocity-time graph given in the question.
The greatest speed occurs at the global maximum point

22
(4,%} Thus, the greatest speed is 3 km/h.

The least speed occurs at the global minimum point (0,2).
The least speed is 2 km/h.

Acceleration is the rate of change of the velocity and is
measured by the gradient of the tangent to the velocity
graph. If the acceleration is zero, the tangent is horizontal.
Therefore, the acceleration is zero at the turning points.
The acceleration is zero after 1 hour, after 2 hours and after

4 hours.
70
v=248t 7" + ———.
3 4
The distance the athlete runs is the area under the velocity-
time graph.

x=L)5vdt

5 3 4
:J 248077 + 1L gy
0 3 4

3 4 57
I VP S VLA S
3 3 4 4 5 )
2t +41% —
12 20
:(10+IOO_7><125+7><625_625><5)_(0)
12 20
=110+125x(—z+ﬁ—§)
3 12 4
:110+125X(M)
XZ
=110+125x —
V2
—110-20
3
_80
3

The distance the athlete ran during the five hour training

period is 80 = 26g km
3 3
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17 a

18 a

The definite integral template is the one used for indefinite
integrals. For the definite integral the terminals are entered
on the template.

J.f3(2—3x+x2)dx=%
L_3(2—3x+x2)dx=—%

Interchanging the terminals changes the sign of the
integral.

3 125
I_z(x+2)(x—3)dx =——
The graph of y = (x +2)(x —3) is a concave up parabola
which cuts x axis at x =-2 and x = 3. The y intercept is

(0,-6).

Turning point occurs when x = # = % and
OB
YT2Y T

.. . . (1 25)
Minimum turning point > 2

4
YA

o (-2,0) (3, 0) =

< 5 >

y=x+2)(x-3)

=

(0, -

¢ The area enclosed by the graph and the x axis lies

completely below the x axis.
3
The area A= —_[_z(x +2)(x—3)dx
_ _(_E)
- 6
125
6

The area is % sq units.

The definite integral measures the signed area. As the area
lies under the the x axis, the signed area is negative and
therefore the definite integral is negative.

The actual area and the value of the definite integral differ
in sign.

A possible integral which would give the actual area is
obtained by interchanging the terminals so that

-2
A= (x+2)(x-3)dx.
3
Another possible integral is to write

A=-]" (x+2)(x-3)dxas

A= [ (x+2)(3-x)dx.
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