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Topic 1 — Solving equations

Exercise 1.2 — Polynomials

1 a

b
c

[ —

15u* —u—2=0Gu-2)Bu+1)

6d> —28d +16= 2(3512 —14d+8)= 2(3d —2)(d —4)

=3(j+2-6)(j+2+6)

fr-12f-28=(f-14)(f+2)
g +3g—4=(g+4)(g-1
bP—1=b-1)b+1)

1254° —27b° = (5a)’ - (3b)’

=(5a—3b)((5a)” +(5a)(3b) + (3b)’)
=(5a-3b)(254” +15ab+9b*)

2¢3 +6¢d +6cd? +d*

=2(c* +3c%d +3cd” +d°)

=2(c+d)’

40p° -5=5(8p" - 1)

=5((2p)’- 1)

=5(2p- 1)(( 2p) +zp+1)

=5(2p-1)(4p” +2p+1)

277° —547° +367-8

=(3z)’ =3(32)* (2)+3(32)(2)* +2°

=(3z-2)

mn® +64

=(mn)’ +4°

=(mn+4)((mn)2 —4mn+42)
(mn+4)(m n —4mn+16)

9x2 —xy—3x+y

:9x2—3x—xy+y

=3x(x—1)—-y(x—1)

=(x-1DBx-y)

3y* +3y?z2 —2zy-27°

=3y?(y+2*) - 22(y+2°)

=(r+2)(3y* - 22)

94 —16b> —12a+4

=94%> —12a+4-16b*

=(3a)’ —2(3a)(2)+ 2% - (4b)*

=(3a—2)* - (4b)*

=(3a—2-4b)(3a—2+4b)
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b n?p? —4m® —4m—1

(np) (4m +4m+1)

(np)’ = ((2m)* +2(2m) +1)

(np) —(2m+1)

(n (2m+1) )(np+(2m+l))

—(np 2m—l)(np+2m+1)

7 Let P(x)=x>-2x>-21x—18
P(-1)=(=1)* =2(=1)* =21(-1)-18
P(-1)=—1-2+21-18
P(-1)=0
Thus (x+1) is a factor.
x'=2x% = 21x-18=(x+1)(x* -3x-18)

=(x+1)(x—6)(x+3)

8 Let P(x)=x" —5x° —=32x% +180x—144
P(1)=(1)" =5(1)’ =32(1)* +180(1)— 144
P(1)=1-5-32+180—144
P(1)=181—-181
P(1)=0
Thus (x—1) is a factor.
xt =557 = 3207 +180x — 144 = (x — 1)(x” — 4x” — 36x +144)
Let Q(x) = x> —4x* —36x +144
0(2)=2>-4(2)*-36(2)+144 %0
O(4)=4"-4(4)" —36(4)+144

= 64— 64—144+144
=0
Thus (x—4) is a factor.
20 —4x? = 36x +144 = (x - 4)(x” - 36)
=(x—4)(x—-6)(x+6)
So x* —5x% —32x% +180x — 144 = (x = 1) (x —4) (x = 6) (x +6)
9 a x*-8x +17x*+2x-24=0
(x=4)(x=3)(x=2)(x+ D=0
X —

4=0, x-3=0 x-2=0 x+1=0
x=4, x=3, =2, x=-1
b a* +24*-8=0
Let x=a?
x*+2x-8=0
(x=2)(x+4)=0
x=2,-4
Substitute x = a®
a*=2, a’=—4 (nosolution)
na=+2
10 a 2x° —x* = 10x+5=0

X22x=-1)=-52x-1)=0
Q2x=1)(x*=5)=0
(2x—1)( )(x+J§)=
+

NG

5
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2 | TOPIC 1 Solving equations « EXERCISE 1.2

b

24> -5a=9
24> -5a-9=0

5+4/(=5)% —4%x2x-9
a:

2x2
5497
4

11 AC+(B-Dx*+(B+C)x+D=3x> x> +2x-7
A=3, B-1=-1, B+C=2and D=-7

0+C=2
Cc=2

B=0

12 X +9x7 —2x+1=x> +(dx+e)* +4

13

14

x3

a

a

+9x2 —2x+1=x* +d*x> +2dex+e> +4
d*=9, 2(£3)e=-2
d=13 +6e=-2

e=%

W | =

7 =497 +r =7
=7 (r=1)+(r-17)
:(r—7)(7r2 +l)
36v° +6v7 +30v+5
=612 (6v+1)+5(6v+1)
=(6v+1)(6v* +5)
2m® +3m? —98m — 147
=m® (2m+3)—49(2m+3)
=(2m+3)(m* - 49)
=2m+3)(m-=T7)(m+7)
223 —zz +2z-1
=z22(2z-1)+(2z-1)
=(2z-1)(*+1)
4x% —28x +49-25y*
=(2x—7)2 —(Sy)2
=(2x—7-5y)(2x—7+5y)
164 —4b> —12b-9
=(4a)’ - (4b* +12b+9)
=(4a)* —(2b+3)?
=(4a—(2b+3))(4a+2b+3)
=(4a-2b-3)(4a+2b+3)
vi—d4-w?+4w
=v? —(w2 —4w+4)
=2 —(w=2)*
=(v-(w=-2))(v+(w=-2))
=(v-w+2)(v+w=-2)
4p2 —1+4pq+q2
:4p2 +4pq+q2 -1
=(2p+q) -1
=(2p+q-1)(2p+q+1)
81y? =1
81y2—1=0
(9y)* -12=0

(9y-1)[9y+1]=0
9y—1=00r9y+1=0

15

b 47 +28z+49=0
(22)* +2(22)(7)+7* =0
(2z+7)*=0
2z+7=0
2z=-17
ZZ_E
c 5m> +3=10m
5m?> -10m+3=0

mlei\/(—10)2—4><5><3
2X5
_10£4/40
T
_10£2410
10
5410
5
d x*—4x=-3
x*—4x+3=0
(x=3)(x-1)=0
-3=0 or x-1=0
x=3 x=1
e 48p=24p> +18
24p® —48p+18=0
4p* —8p+3=0
(2p-1)(2p-3)=0
2p—1=0o0r2p-3=0

1 _3
p P=3

2

f 39k =4k> +77
4k* -39 +77=0
(4k—-11)(k—=7)=0

4k—11=0o0rk—-7=0
k=11 k=7
4
g m? +3m=4
m* +3m—4=0
(m+4)(m-1)=0
m+4=0orm—-1=0
m=—4

h 4n* =8—5n

4n* +5n-8=0

—5+(5)% -4x4x-8

2x4
—5++/153

m=1

8
-5+3J17
8
a 2x°+7x° +2x-3=0
Let P(x)=2x>+7x* +2x-3
P-D)=2(-1D)>+7(=1)%+2(-1)-3
=-2+7-2-3
=0
Thus (x +1) is a factor.

Maths Quest 12 Mathematical Methods VCE Units 3 and 4 Solutions Manual



16 a

253 +7x% +2x=3=0
(x+1)(2x7 +5x-3)=0
(x+1)(2x-1)(x+3)=0
x+1=0o0or2x—1=0o0rx+3=0

x=-1 )c:l

2
I* =171 +16=0
(2-1)(*-16)=0
(I-D(I+D)(I-4)(I+4)=0
[-1=0o0r/+1=0o0r/-4=0o0rl+4=0

=1 1=-1 =4 I=—4
A +3ct—4c-12=0
Let P(c)=c* +¢* —=10c® —4c+24
P2 =) +(2)° =10(2)*> —4(2) + 24

=16+8-40-8+24
=48-48
=0
Thus (¢ —2) is a factor.
ct+e?=10¢? —de+24 = (c-2) (¢ +3¢? — 4e—12)
Let Q(c)=c® +3c® —4c—12
0(2)=2°+3(2)* -4(2)-12
=8+12-8-12
=0
Thus (¢ —2) is a factor.
A +3c2 —4c—12=(c—2)(c2+5c+6)
=(c—2)(c+2)(c+3)
Therefore ¢* +¢* =10¢? —4c+24 = (c = 2)* (¢ +2)(c +3)
(c=2)*(c+2)(c+3)=0
c—2=0o0r c+2=0o0rc+3=0

c=2 c=-2
pt=5p° +5p> +5p-6=0
Let P(p)=p* —5p° +5p° +5p-6
P(H=1*=5(1)* +5(1)* +5(1)- 6

=1-5+5
=0
Thus (p—1) is a factor.

x=-3

c=-3

P =5p’ +5p> +5p—6=(p-1)(p’ +4p* + p+8)
Let Q(p)=p* —4p* + p+6
0(2)=2>-4(2)>+2+6
=8-16+8
=0
Thus (p—2) is a factor.
P =4p” + p+6=(p-2)(p’ ~2p-3)
=(p=-2)(p+1D(p-3)
Therefore
pt=5p’ +5p* +5p—6=(p-D(p-2)(p+(p-3)
(p—D(p=2(p+1)(p-3)=0
p—1=0orp-2=0o0rp+1=0o0rp-3=0
p=1 p=2 p=-1 p=3
Let P(b)=b> +5b* +2b—-8
P)=1>+51)>+2(1)-8=8-8=0
Thus b —1is a factor.
b +5b +2b-8=(b—1)(b> +6b+8)
=(b-D(b+2)b+4)

17

a
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If b* +5b* +2b-8=0
B=-DB+2)(b+4)=0
b-1=0o0rb+2=00rb+4=0
b=1 b=-2 b=-4
2m> +9m® —m—12=0
2m3 —9m® +m+12=0
Let P(m)=2m® —=9m”> + m+12
P(-D)=2(-1)>-9(-1%? =1+12
=-2-9-1+12
=—12+12
=0
Thus m +1is a factor.
2m® =9m® +m+12=(m+1)(2m* —11m+12)
=(m+1)2m=3)(m—-4)

If 2m® —9m* + m+12=0
(m+1)2m-3)(m—-4)=0
m+1=0or2m-3=00orm—-4=0

m=-1 m=— m=4

2
Let P(x)=2x>—x*—6x+3

3 2
P(3)23) -5) -olz)2
2 2 2 2
=l—l—3+3
4 4
=0
Thus (2x —1) is a factor.
20° —x? —6x+3=(2x—1)(x* -3)
If 2x° = x> —6x+3=0
@x-1)(x*=3)=0
2x—1=0o0rx>=3=0
1

xX==

2

x*=3

X = i\/§
Let P(t) =3t +22t> +37t + 10
P(=5) =3(=5)* +22(=5)> +37(=5) +10
=-375+550—185+10
=-560+560
=0
Thus 7+ 5 is a factor.
360 +2267 +371+10 = (1 +5)(37 + 71 +2)
=(+5@+2)(3t+1)
If 32 + 2202 437t +10=0
(t+5)(t+2)Bt+1)=0
t+5=0o0rt+2=0o0r3t+1=0

Let P(d)=3d> -16d> +12d +16

P(2)=3(2)° -16(2)* +12(2)+16
=24-64+24+16
=64-64
=0

Thus d —2 is a factor.

3d* —16d” +12d +16 = (d - 2)(3d* - 10d - 8)

=(d—-2)(d-4)(3d+2)

Maths Quest 12 Mathematical Methods VCE Units 3 and 4 Solutions Manual



4 | TOPIC 1 Solving equations « EXERCISE 1.2

If 3d° —16d*> +12d +16 =0
(d=2)(d-4)3d+2)=0
d—2=0o0ord—4=00r3d+2=0
d=2 d=4 d:—%
18 a a*-10a>+9=0
(az—l)(a2—9)=0
(@a-D(a+D@=3)a+3)=0
a—1=0ora+1=0o0ra—3=0o0ra+3=0
a=1 a=-1 a=3 a=-3
b 4k* —101k*+25=0
(4k2—1)(k2—25)=0
(2k=1)(2k +1)(k=5)(k+5)=0
2k—1=0o0or2k—1=00rk—-5=0o0rk+5=0

k=t k=—1 k=5 k=-5
2 2
c 9z* —14522 +16=0

(922 -1)(z*-16)=0
(3z-1)(Bz+1)(z-4)(z+4)=0
3z—=1=0o0r3z+1=00rz—4=00rz+4=0
1 1
- === z=4 z=—4
3 3

d (¥ -2x)" —47(x> —2x)-48=0
Let A= (xz — 2x)
A —47A-48=0
(A-48)(A+1)=0
(x2—2x—48)(x2—2x+1)=0
(x=8)(x+6)(x=1)2=0
x—8=0orx+6=00rx—1=0
x=8 x=-6 x=1
19 a 57°-3722+4z-1=az’ +bz> +cz+d
a=5, b=-3, c=4andd=-1
b x3—6x2+9x—15x(x+a)2—b

=

x3—6x2+9x—15x(x2+2ax+a2)—b
x2—6x>+9x—1=x+2ax* +a’x—b
2a=—-6 b=1
a=-3
20 2x° —5x2 +5x—5=a(x -1 +b(x—1)* +c(x—1)+d
Ea(x3—3x2+3x—l)+b(x2—2x+1)+cx—c+d
=ax® =3ax® +3ax—a+bx> =2bx+b+cx—c+d
=ax® +(=3a+b)x* +(3a—-2b+c)x+(—a+b—c+d)
Equating coefficients
a=2 -3a+b=-5 3a-2b+c=5 —-a+b—-c+d=-5
-32)+b=-5 32)-2()+c=5 -2+1-1+d=-5

—6+b=-5 6-2+c=5 -2+d=-5
b=1 4+c=5 d=-3
c=1

Thus 2x° —5x% +5x-5=2(x - D)* + (x =12 + (x—1)-3
21 a kx? —3x+ k=0 has no solutions if the discriminant is less than zero.
A<O

(=3)* —4(k)(k) <0
9-4k% <0
(3-2k)(3+2k)<0

Maths Quest 12 Mathematical Methods VCE Units 3 and 4 Solutions Manual



TOPIC 1 Solving equations e« EXERCISE 1.3 | 5

Exercise 1.3 — Trigonometric symmetry

s T 05 6 oos 1o ¢ properties
I 1 a sin(27—60)=-sin(6)=-0.4695
Thus {k:k<-1.5}U{k:k>1.5} b cos(w—a)=—cos(or)=-0.5592
b ke’ +4x—k+2=0 ¢ tan(-B)=—tan(B)=-0.2680
A=16-4xkx(-k+2) d sin(7+6)=—sin(0) = —0.4695
=16+4k> -8k e cos(2m—a)=cos(o)=0.5592
=4(k? =2k +4) f tan(7+ B)=tan(B)=0.2680
=4(k* =2k +1° =17 +4) 2 a sin®(6)+cos(0)=1
=4[ (k+1)’+3] cos? (6) =1—sin’(0)
=4(k+1)* +12 cos(0) = +4/1—sin’ (0)
As (k+1)* >0, cos(8) = £4/1—(0.4695)
w4k +1)? >0 cos(6) = +0.8829
and4(k +1)*> +12>0 As we are dealing with the fourth quadrant cos (0) = 0.8829.
A is always greater than zero, therefore the equation will Thus cos (—8) = 0.8829
22 Py s bt o dn e where 43 and (x— Dare uctors, b tan(9)= S0 L0495

a(=3)’ +b(=3)* —=4(-3)-3=0 cos(6)  0.8829

27a+9b=-9 tan (180°—0) = —tan () = —0.5318
3a—b=luucceecreencnn. @) C sin2 (0{)+cos2 (a):]
a(l)’ +b(1)* —4(1)-3=0 sin” () = 1-cos” (a)
e A+b =T, ) sin (o) = £/ —cos? (@)
4a=8 sin(0r) = +4/1-(0.5592)*
a=2 sin (ar) = +0.8290
Substitute a=2 into (2) 2+b=T sob=5. As we are dealing with the first quadrant sin (cr) = 0.8290.
23 P(x)=x*+ax® + bx* + cx +24 where (x+2), (x—3) and d tan(360°— o) =—tan(a)
(x+4) are factors. in(cr)
(2" +a(=2)* + b(-2)* + c(-2)+24 =0 tan (360°—or) =— %(a)
16—8a+4b—2c+24=0 0.8290
—8a+4b—2c=-40 tan (360° —or) = — 0.5502
4a=2b+¢=20 e, 1) tan (360° — ) = —1.4825
3) +aB3)’ +b(3)* +¢(3)+24=0 z
81+27a+9b+3c+24=0 3a Sin(5+9)=008(9)=0~8829
27a+9b+3c=-105 i
90 +3b+C=-35 oo ) b COS(7—9j=—sin(0)

-4 +a(—4)> + b(—4)* +c(—4)+24=0 ,
() (25)6—651a-|)-16b(—4c)'+24=0 s1n2(9)+c§sz(9)=1 X
—64a+16b —4c =280 sin” () =1—cos” (6)

16a—4b+c="T0......cccccvvueuvnine. 3) sin(@) = y/1-cos” (0)

Solve using CAS: a=2, b=—13 and c=-14 sin(@) =1 (0 8829)2
24 (m—l)x2+(5_ m)x+2m=o sin(@) = 0.4696
3 .
This has two solutions if the discriminant is greater than zero. cos(jﬂ— 9) =—sin(0)=-0.4696
b* —dac>0 .
—2m\? sin (— - 9)
(ST’") —4(m=1)2m>0 . tan(g_e)z 2
2
Using CAS: COS(E_QJ
—7m2+3m+§>0 _ c9s(0)
4 sin(0)
me[3—2m 3+2\/E]\{1} _ 0.8829
14 7 14 0.4695
=1.8803

Note: m # 1 as the coefficient of x> would be zero if m = 1,
therefore no parabola would exist.
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6 | TOPIC 1 Solving equations « EXERCISE 1.3

d sin(%+a)=—cos(a)

sin? (ot) + cos” (a) =1
cos? (@) =1-sin? ()

cos? (0r) = /1 —sin’ (@)
cos (o) = \1-(0.1736)*

cos(or)=0.9848

sin(%r+a) =—cos(0r)=-0.9848
. (r
e sm(E—a) =cos(or)=0.9848

f tan(%%—a):—cot(a)

. —sin(3—ﬂ+9j
tan(—+9)=72

2 cos(3—”+9)
2
_ —cos(0)
~ sin(6)
—0.9848
0.1736
=-5.6729
4 sin’(6)+cos*(0)=1
cos? (8)=1—sin’(6)
cos(60) = +/1-sin* (8)
cos(8) = +4/1—(0.8290)*

cos(0)= i0.5592
Since we are dealing with the first quadrant
cos(8)=0.5592.

sin?(B)+cos*(B)=1
sin®(B)=1-cos*(B)
sin( )= /1-cos*(B)
sin(B) = £4/1-(0.7547)

sin(8) =+0.6561
Since we are dealing with the first quadrant
sin(f8) = 0.6561.
a sin(90°—0)=cos(0)=0.5592
b cos(270°+6)=sin(6)=0.8290
sin(90°+6)
—cos(90°+0)
_ cos(0)
~ —sin(6)
_ —0.5592

0.8290
=-0.6746

d sin(270° - B)=—cos(B)=-0.7547
sin(90°— B)
cos(90° - f3)
cos()

sin()

0.7547

T 0.6561
1.1503

—sin(f)=-0.6561

¢ tan(90°+0)=

e tan(90°- )=

f cos(270°-B)

a

e 6 Tov ™

)

g =l

<}
=
|
~J
‘*’|=| IS °|
I
|
2.
=
|
N—
I
|
l\)|'_

o
o
1z

-
o+
=]
VNN
)
]
N—
Il Il
o -t
o
2 5
I~ 7
3 3
B | |
oy &IA
NN
M 1l
' )
o)
c g
—
/N
oy AN
—_ —
! L

(e}
o]
w
N
Il
o
]
w
VR
)
S
+
w [y
N———
Il
(e}
o]
w
|
Ne—
|
SN

WO
N
A
cos(m—”j - cos(sn_ﬁj - _COS(Z) _ _%

[S¥]
]

|
»|
I

(2]
o
@

3
kR
W W
-l>|;‘
AN D
I
|
s
=
VY
(9,1
~—— W
Il
|
-
5
/N
3
+
&
Il
|
-
5
VY
&
N—
I
|
—

4
R T
o)l )52
ol o))

m—0)=sin(0)
cos (6 —0)=cos(6)
n(n’ +6)=tan(0)
os(—6)=cos(6)
sm(180°+9) =—sin(0)
tan (720°—6) = —tan(6)

cos(%— aj =sin(a)

[z
2.
=
|
|N
B
—
Il
|
<
=]

w

&.

5
—_
2
3 W

|

in

—~

72}
=

tan (90° + o) =—

tan (o)
sin(270°— o) = —cos ()

3n .
cos 7+ o |=sin(a)

sin(90° — or) = cos ()

a sin(27—60)=-sin(0)=-0.9511
b sin(z—6)=sin(6)=0.9511

cos(%— 9) =sin(6)=0.9511

_ sin(6)

sin() 09511 _
cos(6) 0.3089

792
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11

12

cos (37w +0) =—cos(6) =-0.3089
tan(27 — 0)=—tan(6)=-3.0792
cos(180°— )= —cos (o) =—0.8572
cos(—or) = cos(a)=10.8572

o = oo

(]

sin(%zﬂx) =—cos(0)=-0.8572

(="

tan (180°— o) = —tan(cx)
sin? (ot) +cos® (o) = 1

sin? () = 1=cos? (o)
sin(or) = /1 —cos? (e)
sin(0r) = /1-(0.8572)°

sin(0r) = 0.5150
sin(or)
cos(ot)
o)=—tan (o)
=-0.6008

o)=cos(a)=0.8572
n(3+)
sin| ~+a
_\2 J
(5+)
cos| —+o
2

cos(x)

0515
0.8572

tan(or) = 6008

tan (180° —

e cos(360° -

f tan(zﬂx):
2

" Zsin(a)
0.8572

-0.5150
=-1.6645

For the right angle triangle of (3,4,5) in the first quadrant
4 4
sin(ﬁ): 5 cos(ﬁ) :g and tan(ﬁ) = 3

a cos(f)=—2

b n(B)=-3

(]3]
s’ (B) +cos” (B) =0+~

a sin(0)=—

b tan(6)= %

12
c 0)=—
cos(0) 5

d sin(90°—0)=cos(0)= %

e cos(90°—0)=sin(0)= %

1
tan (0)

f tan(90°-0)= =%=2.4

13

14

TOPIC 1 Solving equations « EXERCISE 1.3 | 7

a sm(7 j—sin(27t+£):sin(£):£
3 3 3 2
b ¢ 3(7—”)—(:05(271:+E)=cos(£j=l
3 3 3 2
c tan(S_”j—tan(ﬂ_lj—_tan(ﬁ)—_i—_i
6 6 6 V3 3
d sin(150°):sin(180°—30°):sin(30°):%
R e
e cos| — |=cos| m+— |=—cos| — |=——
6 6 6 2
f tan(—7—7':)=tan(—z)z—tan(z)z—iz—£
6 6 6 V3 3
T
Z1=0
g cos(zj
h tan(270°) = undefined
i sin(—4m)=0
j tan(m)=0
k cos(-6m)=1
1 sm(3”j=—l
2
(5 reos (5 {5 reo( -3
a cos| — |+cos| — |=cos| Tt +— |+cos| T ——
6 3 6 3

o5 (3

NG 1__(\/§+1)

T2 2 2

b 2sin(7—ﬂj+4sin(5—ﬂ)=2sin(2ﬂ——)+4sm(ﬂ—£j
4 6 4 6

——2§1n( )+491n(ﬂ:j
4 6

=—2x%+4x%=—\/§+2

ta”(s?ﬂ)=x/§tan(n+%)—tan(27t—§)
—\/—tan( j+tan(§)

=B+B=2/3
d sin® (%)%—Sin(%):sinz (3ﬂ—§)+sin(2n+%j
= sin’ (%j+ sin(%)
{EJZL
2) V2
_3+2V2

¢ \/gtan(%r)—
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8 | TOPIC 1 Solving equations « EXERCISE 1.4

15

16

17

18

tan(4ﬂ: + %)cos(—n)

- _ (nnj
=S| ——
6

tan (”—n) cos(—7r)
£ 4

. ( lln')
sm| ————
6

a sinz(x) + cosz(x) =1

sin®(x) | cos’(x) 1

cosz(x) cosz(x) B cosz(x)

tan?(x)+1= as required
c

o0s? (x)

b sin(x) = 0.6157
(0.6157)% + cos®(x) =1
0.3791+ cos*(x) =1
cos?(x)=1-0.3791
cos(x)= J1-0.3791

cos(x)=0.788
1

(0.788)?
tan’(x)=1.6105—1
=J0.6165=0.7814

Let height of tree be & metres and length of shadow be

s metres.
(3)=5
cos| — |=—
3/ 30

. (nj h
sin| — |=—
3 30

30><£=h 30><l=s
2 2

15V3=h

Height of tree is 15/3 metres and the length of the shadow is
15 metres.

tan?(x)+1=

tan(x)

15=s

a v=12+3sin(%[)

Initially =0

v=12+3sin(0)=12 cm/s
b Whenr=5
571)
3

(
v—12+3sm(27r——)
(

v=12+3sin

y=12-3sin n')
3

—12—£ cm/s
2
¢ Whenr=12

v=12+3sin(lzTH)

v=12+3sin(47)=12 cm/s
h(t)= OScos( )+10

12
a Atbamr=0

h(0)=0.5cos(0)+1.0=1.5mor % m

b At2pm¢=8

h(8)=0.5cos

1 1
h(@)=—x——+1=0.75 mor 3 m
2 2 4

¢ At10pmr=16
h(16) = 05cos(ll62 j+10

h(16)= 05009(43 )+10
T

h(16):0.5005(7r+§)+1.0

h(16)——05005(3)+l 0

h(16):—%><%+1=0.75 m or % m

Exercise 1.4 — Trigonometric equations and
general solutions

1 a 2cos(0)+/3=0 0<6<2n
V3
cos(0)=——
(6)=-%
ﬁ suggests 60°. Since cos is negative
2
°
°
0=r E, r+Z
6 6
g_5m In
6 6
b tan(x)+/3=0 0<x<720°
tan(x)=—3
J/3 suggests 60°. Since tan is negative
°
°
x=180°-60°, 360°-60°, 540°-60°, 720°—-60°
x =120°, 300°, 480°, 660°
¢ 2cos(@)=1 A Y
1
cos(0)=—
() 5

1 T .. . -
— suggests 3 Since cos is positive
2
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TOPIC 1 Solving equations e« EXERCISE 1.4 | 9

2 a sin(6)+0.5768=0
sin(0) =-0.5768
0.5768 suggests 36.2258°. Since sin is negative

6 =180°+36.2258°, 360°—36.2258°
0 =215.23°, 324.77°
Or solve on CAS

b sin(x)=1
x=—Z T o am<x<om,
22
3 a 2cos(30)-/2=0 0<6<2rm
2
cos(39)=§ 0<30<6r
? suggests % Since cos is positive
°
°
30=2 21 ”,27r+%,4n' 1,4n+£,6n—%

0=—, —, —, —, —,
4 4 4 4 4 4
_x Tr 3 5t 17w 23n
12

s s

12127 47 47 12
b 2sin(2x+7m)+~/3=0 -m<x<nm

sin(2x+7r):—? T <2x+nmw <3

b4
g suggests 3 Since sin is negative

[ ] [ ]
X+ =—n+—, ——, 7r+£, m-Z
3 3
21 T 4n Sm
2Xx+m=—"-, ——, —, —
3 373 3
2 /4 ar Sm
2x=——-m, ———W, —— R, ——T
3 3 3 3
Sm dr & 2w
2=, -, T
3 33 3
Sm 2 W
X=——, -/, —, =~
6 3 6 3

4 2005(39—%)+ﬁ=0 0<6<2r

cos(39—£)=—£ 0<30<6r
2 2
cos(30- %)=L Zesp Teon T
2 2 2 2 2
? suggests T Since cos is negative
6
°
°
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10 | TOPIC 1 Solving equations « EXERCISE 1.4

39—£:n—£,n+£,3n—£,3n’+£,5n’—£,5n’+£
2 6 6 6 6 6 6
3o Z_5F In 17n 197 297 3ix
2 666 666
St 3nr 7rm 3rm 17xn 3m 197 3m 297 3m 3lm 3rm
=+t —, —+—, —+—, —F—, ——+—, —+—
6 6 6 6 6 6 6 6 6 6 6 6
jp_ 47 57 10z 1z 167 7%
37373737373
p_Am 57 10z lix 167 17x
9979797 97 9

5 cos®(6)—sin(8)cos(0)=0 0<0<2m
cos(8)(cos(0)—sin(8))=0
cos(6)=0 or cos(0)—sin(0)=0
0= 37” cos(0)=sin(0)

cos(6) _ sin(6)
cos(8) cos(0)
1=tan(6)

s

SRR

T . . .
1 suggests T Since tan is positive

St 3w

T2

6 2cos? (0)+3cos(8)=—1 0<0<2r
2cos®(0)+3cos(8)+1=0 0<60<2n
(2cos(0)+1)(cos(6)+1)=0
2cos(0)+1=0 or cos(8)+1=0

T

Therefore 6 = —, E,
42

cos(G):—% cos(f)=—-1so0=rx

1 T . . .
E suggests E Since cos is negative

[
[ ]
0=7r——,7r+E
3 3
2 4x
373

Therefore 6 = 2—”, T, 4—”
3 3
7 2sin(8)-/3=0

sin(0) = g

ﬁsu eStSE
2 ggests 3

9=2nn’+% and (2n+1)n’—%, nez

_bnm+rm 32n+Dr—-71

s

3 3
6nw+n 6nw+2w
= ,————,nez
3 3
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TOPIC 1 Solving equations « EXERCISE 1.4 | 11

8 3tan(26)+1=0 39:%,“1, o+ 2 an 4+l an+ L spa L
n(20)=- oK 4m Tr 10m 131 i6m
X 37373737373
Basic angle for—T is-Z (quadrant 4) gzz, 4_”, 7_”, 10_”, 13_”’ 16z
36 9°979° 9’7 9" 9

Vi1
29=n7‘c+(—gj,nez d tan(@—%)+1:0 0<6<2n

_bnmr-m
6 tan(9—£j=—1 Y Ly
onwr—rm 2 2 2 2
= ,nezZ -
12 1 suggests —. Since tan is negative
For 6 €[—n, 7] solutions are: 4
n=—2 g=—1% *
12
n i
n=-1; :_E
o e g_T__ % . T
n=4u, BT 2 4 4
St g_F__T 3z
n=l 6= 2 474
= —11” 0:_E+£’3_n: E
n=2% 6=——-> 4274 2
__Jn_m st lx o-1. 2%
127 127127 12
9 a \2sin(0)=-1 0<9<2r 10 a 2cos(x)+1=0 0° < x<360°
. 1 2cos(x)=-1
sin(0)=-—
1
{ V2 cos(x)z—E
T o . .
- ts —. S t
V2 suggests 4 e SHLLs flegative 1 suggests 60°. Since cos is negative
2
°
o | o
°
T T
O=mt+ 2=y x=180°—60°, 180°+60°
g=F In x=120°, 240°
4 4 b 2sin(2x)+v2=0 0° < x <360°
b 2cos(0)=1 0<6<2m . NG
1 sin(2x)=—— 0°<2x<720°
cos(@)zE 2
V2 o i .
1 suggests i Since cos is positive —— suggests 45°. Since sin is negative
2 3 2
°
° o | o
0= b4 5 T 2x =180°+45°, 360°—45°, 540°+45°, 720°—-45°
=33 2x =225°, 315°, 585°, 675°
_T 5 x=112.5° 157.5°, 292.5°, 337.5°
33 11 a 3sin()-2=0 0<0<2r

¢ tan(30)-/3=0 0<6<2m

sin(@)—z
tan(30)=~3 0<30<67 3

2 . o .
NE) suggests % Since tan is positive 3 suggests 0.7297¢. Since sin is positive
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12 | TOPIC 1 Solving equations « EXERCISE 1.4

6=0.7297, = —-0.7297

T
13 a 2sin| 2x+= |=42 -m<x<m
0=0.73, 2.41 (x 4j x
or solve on CAS
b 7cos(x)-2=0 0° < x <360° Sin(ZX+%)=g —2r<2x<2rm
cos(x):z } L AYING) T T T
7 sin| 2x+— |=— 2+ —<2x+—<L2n+—
4 2 4 4 4

2 . . ...
— suggests 73.3985°. Since cos is positive D P
7 > suggests 7 Since sin is positive

[ )
[ J [ J
[ ]
x =73.3985°, 360°—73.3985°
x=73.40°, 286.60° T T T T T
or solve on CAS 2X+Z:_2E+Z’_ﬂ_2’ Z’E_Z’ 2”+Z
12 a 25in(20)+43=0 -m<6<nm o4 B TE ST m 3T 9
Na 4 4 44 4 4
i =N 3
sin(26) = 5 2r<0<2m 2x=-2r, __n’ O,E, o
NEY P It .«
— - Since sin i i = -—0—7
5 suggests 3.Smce sin is negative x 2 4
b 2cos(x+7)=+/3 -m<x<m
o | o cos()c+7r):\/_73 0<x+m<2m
T T r 3 T . .
0=-mt+—, = g+ 2r—= =S suggests o Since cos is positive
3 3 3
oo 2n T 4m St
3 333 L
T 7w 2m 5¢m
9___7__’ _7_ .
376 3 6
b V2cos(36)=1 -m<O<m cigE oo E
1 6 6
30)=—= -3m<0<3m
cos(30) 7 T L1z
Lsu estsz Since cos is positive 6" 6
Ny P L L S
6 6
6 6
[ )
¢ tan(x—m)=-1 -T<x<m
0=2r-" gt E EE o Eoon T tan(x—n:)jr—l —2r<x-m<0
36__9_” 47_” _£4£ 74_7r ‘;_n_ 4 4 1 suggests 1 Since tan is negative
47 47 474747 4 .
_ 3 T & ox 7 n
47 12’ 12’12’12’ 4 o
¢ tan(20)+1=0 -m<O<r r
tan(20)=—1 -27m<O<2rm XNoR=—T= Ty
1 suggests E. Since tan is negative x—n':—s—ﬂ _T
4 4’ 4
5w 4
o X=—"+m,-—+7
4
. __F 3
4’ 4
29:_”_%’_%”_%’%_% 14 a tan® (6)—1=0 0<0<2r
tan(6)—1)(tan(6)+1)=0
R (1an(6)~1) (1an(6) + 1)
29:—7,—2,7,7 tan(6)—1=0 or tan(6)+1=0
5t mm I tan(0)=1 tan(6)=-1
87 8,8,8 925,5_7.[ 9:3_71"7_71'
4’ 4 4 4
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b 4sin*(8)—(2+243)sin(0)+v3=0 0<6<2r
(25in(6)—3)(2sin(8)-1)=0
2sin(8)—~/3 =0 or 2sin(6)—1=0

V3 1
in(0)=— 2sin(0)=—
sin(0) 5 sin(0) 5

ﬁsu estszandlsu estsE
g MEEEE Gy sieseh
Since sin is positive
o | o
9=E,7L’—E O:E,n—z
3 3 6 6
g 7 2m g7 5T
33 6 6
g T T 21 5t
6 3 3 6
sin (o) —cos? (ot)sin () = 0 —-n<osnm

sin(a)(l—cosz(a)):o
sin(o)(1-cos())(1+cos(ax))=0
sin()=0 or 1-cos(ax)=0 or 1+cos(a)=0

oa=-m,0, 7 cos(a)=1 cos(a)=-1
oa=0 oO=-T, T
Thus o =-m, O, 7.
sin(20r) = /3 cos(20r) —-r<as<r
sin(20r) _ ﬁcos(Za) Cor<da<on
cos(2cr) cos(2cx)
tan(20) =3
J3 suggests % Since tan is positive
[
[ ]
204:—27r+£—7r+£, E, 7r+E
3 3°3 3
St 2r m 4w
2o0=-22, -2 2 22
3 3 3 3
__ _x=m2m
6 3763
sin? (at) = cos? (1) -n<a<nm

sin?(¢t)—cos? () =0
(sin(a)— cos(ex))(sin(@) + cos(eax)) =0
sin(or)—cos(or)=0 or sin()+cos(a)=0
sin(or) = cos(ot) sin(or) =—cos (o)

tan(or) =1 tan (o) =—1
3 & T 3¢ 3n m m 3w
a=—",— O=——,—— Q=——, =, =,
4 4 4 4 4 4 4 4
4cos’ ()-1=0 -rn<asnm

(2sin(a))* =12 =0
(2sin(a)—1)(2sin(a)+1)=0
2sin(ot)—1=0or 2 sin(e)+1=0

sin(a)=% sin(a)z—%

TOPIC 1 Solving equations « EXERCISE 1.4 | 13

1 T . . .. .
5 suggests 3 Since sin is both positive and negative,

all four quadrants.

T T T T
a=-n+—,—-——, =, T——
37 373 3
__r mm 2
37 37373

16 a 2cos(x)+1=0

cos(x)=—l

1.2
Basic angle for ~3 is ?ﬂ (quadrant 2)
General solution:
x=2nmw=x Z?ﬂ: ,ne’z

6nm £2m
=22 ez

3
b 2sin(x)—~+/2=0
. V2
sin(x)=—
()=
—25u ests =
5 suggests -

9:2nﬂ+% and (2n+1)7r—%, nez

_8nw+m 4Q2n+Dr—1

s

4 4
8nm+m 8nm+3m
= S, neZzZ
4 4

17 2sin(2x)+1=0

1
sin(2x)=-—
(20)=—3
. 1. =«
Basic angle for -3 is rs (quadrant 4)

29=2nﬂ+(—%) and (2n+1)7r—(—%), neZ

_12ag-m 6(2n+Dr+1

26 R
6 6
12nr—n 12nm+71
= s , neZ
6 6
12nr—n 12nm+71
= s , neZ
12 12
n=0: 6=—£,7—ﬂ:
127 12
_1: golim 197
12 12
n=2: 9=—23ﬂ,m
12 12

_TIn iz 197 23r¢

T120 120 120 12
T /4
3si +—|=cos| x+—
\/—Qll’l(x 2) COS(}C 2)
\/§tan(x+%):l
ta.n(x+£):L
2) 3

% is the base angle
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General solution:

b4 T
x+5:n7r+—, nez

6
/4
X=nmw-——
3
=3nﬂ_ﬂ,neZ
3
n=-1: x=—4—”
3
n=0: x=—£
3
n=1: x:2_77:
3
__
373
19 sin(36)=cos(26)
Using CAS:

6=0.314, 1.571, 2.827, 4.084, 5.341
20 25in(2x)—1=—%x+1

Using CAS:
x=0.526, 1.179

Exercise 1.5 — Literal and simultaneous
equations
1 a my—nx=4x+kx
my—kz=nx+4x
my—kz=x(n+4)
_my—kz
T on+4

b 2p__m _3c
X x—-c X
2p(x—c)—mx=3c(x—c)
2px—mx—30x=2pc—362
x(2p—m—3c):2pc—3c2
_2pc—302
2p—m—3c
Xx—my
px+y
x—my=2(px+y)
x—my=2px+2y

2

xX—=2px=my+2y
x(l—2p)=y(m+2)

Substitute (3) into (2)
mx+n(2k—x)=d
mx+2nk—nx=d
mx —nx=d —2nk
x(m—n)=d-2nk
d—-2nk
xX=
m-—n

d=2nk into (3)

m-—n

Substitute x =

y=2k—d_2nk
m-—n
_ 2k(m—n)—d+2nk
Y m-—n
2km—d
y:
m-n
4 a nx—my==k.ueeeeren.n. (1)
nx+my=2d............ 2)
1 +(®2)
2nx =k +2d
k+2d
xX=
2n
Substitute x = k+2 into (1)
k
n( +2d]—my=k
2n
1
5(k+2d)—my=k
1
—k+d—-k=
2 "
d—lk—m
) y
_2d-k
2m
b nx+my=m.................. (1)
MX+NY =N )
() xmand 2) xn
mnx+m2y=m2 ........... 3)
mnx+n2y=n ............. 4)

3)-4)

2 2 2
m°y—-n‘y=m"—n
y(mz—nz)zmz—n2
22
_m"—n
Y=—""3
m-—n
y=1
Substitute y =1 into (1)
nx+m(l)=m

nx=0
x=0

There is a unique solution for all values of k except when the

gradients are the same.
From (1) ky=-2x+4

2 4 2
y=——x+—som=——
ko k k

From (2) 2y=—(k-3)x
———(k_3)x som=
YT

Equating gradients, we have

_2_ k-3
k 2

2(2)=k(k—3)
0=k*>-3k—4

0=(k—-4)k+1)
O=k—4o0or0=k+1
k=4 k=-1

_(k=3)
)

If k =—1 or 4 the equations will have the same gradient so
for all other values of k there will be a unique solutions. i.e.

keR\{-1,4}
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There will be infinitely many solutions if the equations are

identical.
From (1) mx—4=2y
m
?x—Z—y
From (2) x+(m-3)y=m
x—m=—(m-3)y
x—m=3-m)y
1
y= 3_mx m

For equations to be identical then m = 2. To check we should

look at the two gradients.

For (1) Gradient =

0|3

=2
2

For (2) Gradient = L !

== 1
3-m 3-2
Gradients are also the same, therefore m = 2 for an infinite

number of solutions.

2m—4n—p=l....c...... (1
dm+n+p=5.n... )
3m+3n-2p=22............. 3)
(1)x2 and (2)x2
4m—-8n—2p=2.cucueue. 4)
8m+2n+2p=10.............. (®)
3)-4)
—-m+11n=20.....cccveuene. 6)
3+
1lm+51=32..eeennn. (@)
6)x11
—11m+121n=220............ ®)
(N+@®)
126n =252

n=2
Substitute n =2 into (6)
-m+11(2)=20

22-20=m

m=2

Substitute m =2 and n =2 into (2)
4(2)+2+p=5

10+p=5
p=-5
2d—e—f=2ueceeeenns )]
3d+2e—f =50 (2)
d+3e+2f =1l 3)
(%2 and (2)x2
4d—-2e-2f=—4............... 4)
6d+4e—-2f=10................ (5)
3)+@
Sd+e="Tunrl (6)
3)+0®)
7d+7Te=21.
d+e=3.d )
6)—()
4d =4
d=1

Substitute d =1 into (7)

10

11 a
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1+e=3
e=2
Substitute d =1 and e =2 into (1)
2()-2—-f=-2
f=2

a ()+Q)
3x+3z=3
b Letz=A4
3x+31=3
x+A=1
x=1-1
Substitute z=4 and x =1- A into (2)
2(1-2)—2y+A=2
2-2A-2y+A=2
-A=2y
A

y=—5

¢ This solution describes the line along which the two planes

are intersecting.

2 into (2)

Substitute z=A and y=— TA+

7/’L+2_3;L=4

TA+2

X+

x=3A+4-

x_9l+12—7/'t—2
3
2A+10
X =
3
2(A+5)
X=—-—=
3
kx+dy
x+3y
kx+dy=-2k(x+3y)
kx +dy =—2kx —6ky
kx +2kx = —6ky — dy

2k

3k = —y(6k +d)
_ y(6k+d)
==

b mx+ny:x+q

mx — px = pq—ny
x(m—p)=pg—ny
Lo pa=ny

m-p
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16 | TOPIC 1 Solving equations « EXERCISE 1.5

ﬂ—k=%+m
X X

m—kx =3k +mx
m—3k=mx+ kx
m—3k=x(m+k)
m—3k
X=
m+k
k 2d

m+x m-x
k 2d

m+x m-—x
k(m—x)=2d(m+x)
km — kx =2dm + 2dx
km—2dm = 2dx + kx
m(k—2d)=x(2d +k)
_m(k—=2d)
 k+2d

-2
2mx —mx =3k+d
mx=3k+d
3k+d
x:

m

Substitute x = 3kt
m
m(3k+d)+ny=—d
m
3k+d+ny=—d
ny=-2d -3k

d into (2)

b a
(D)X 2ab = xb+2ay=4ab........... A3)
(2)xab = 2ax+4by=38ab............ (@)
(3)x2a = 2abx + 44>y =8d"b......(5)
(4)x b= 2abx+4b*y=8ab*......... (6)
(5)—(6)
4a*y—4b*y =8a’b—8ab*
azy— bzy =2a’b—2ab?
y(a® —b*)=2ab(a—b)

_ 2ab(a-Db)

Y a—bya+b)
_ 2ab

Ta+b
Substitute into (3)

15

xb+2a( 2ab)=4ab
a+b

2
D pap
a+b

xb(a+b)+4a*b=4ab(a+b)
x(a+b)+4a* =4a(a+Db)
x(a+b)=4a’> +4ab— 44>
dab
x =
a+b

xb+

14

From (1) my=-x+3

. 1
y=- 1 X+ 3 where gradient; = ——
m m m

From (2) y=-4mx where gradient,=—4m

There is no solution when the lines have the same gradient
and are parallel.

Gradient,; = Gradient,

—i=—4m
m
1=4m*
1
_=m2
4
1
m=t—
2
No solution if m =+—.
X43ky =2 (1)
(k=Dx—-1=—6y.......... 2)
From (1) 3ky=—-x+2
——Lx+£where radient m ——L
Y g Y
From (2) 1-(k—-1)x=06y
l_(k—l) k—1

x = y where gradient m, = ———
6 6 y g 2 6

The lines have a unique solution for all vales of k except for

when the gradients are the same.
my; =m,

0=3k*-3k-6
0=k>-k-2
0=(k—-2)(k+1)
k—=2=0o0rk+1=0

k=2 k=-1
Lines have a unique solution when k € R\{-1,2}.
a 2x+my=1l..uu... (€))]

(m+3)x—2y=-2m......(2)

From (1) my=2x+1
2 1 . 2
y=—x+— where gradient;= —
m m m

From 2) (m+3)x+2m=2y

+3 . +3
(m+3) x+m =y where gradient,= mT

The lines have a unique solution for all vales of k except
for when the gradients are the same.
Gradient, = Gradient,

E_m+3
m 2
4=m?+3m

0=m*+3m—4
0=(m+4)(m-1)
m+4=0o0orm—-1=0
m=—4 m=1
Lines have a unique solution when m € R\{—4,1}.
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b The lines have a no solution when the gradients are the

same because the lines are parallel.
If m=-4

¢ u+2v—4w=23

TOPIC 1 Solving equations « EXERCISE 1.5 | 17

3u+4v-2w=37

B3u+v-2w=19

2x—4y=1......(1) ()x3

—X=2y=8..n. (@) 3U+6V—12Ww=69...cccoorrrrreens 4)
2)x2=-2x-4y=16 4)-(2)
Therefore, if m =—4, the gradients are equal, but the 2v—-10w=32
y-intercepts are not, therefore the lines are parallel V=35W=16ueeeeeeiieieeeiiii. 5)
The lines have infinitely many solutions when both the -3
equations are identical. This is when their gradients are the S5v—10w =50
same and so too are the y-intercepts. V=2W=10ccucirerrrren. (6)
Ifm=1 6)-5)
2x+y=lonc. (@) 3w=-6
4x—2y=-D.c.. 2) w=-2
(Hx2=>4x-2y=-2 Substitute w = -2 into (6)
The lines are identical, so there are infinitely many v=2(=2)=10
solutions when m = 1. v+4=10

16 CAS can be used for all parts or the equations can be solved v==06

by hand. Substitute w = -2 and v =6 into (1)
a 2x+y—z=12..in 0] u+2(6)—4(-2)=23
—x=3y+z=—13...... (2) u+12+8=23
—Ax+3y—z="2ir 3 u=>3
@+®3 d a+tb+c=4nnn.... 6}
—Sx=-15 2a—b+2c=17............... 2)
x=3 —a—-3b+c=3.nen. A3)
)= 6+y-z=12 )+ ()
D “) ~2a+2¢= T @
(2)=-3-3y+z=-13 (3)x2
WG —3y+2=-10.....09) —2a=6b+2c=6.... )
Dy=—4 4)yx-2
=2 4b—4c=-14.....(6)
Substitute into (4) ©)+
2-2=6 ~3b=9
z=—4 b=-3
MAR= D=6, 6] Substitute b = -3 into (4)
3 +5n—2p=13 e ) “23)+2c=7
SmAdn—Tp=34 ... 3) 6+2c=17
(1)x3 2c=1
3m+3n—3p =18 4) o=t
@- Substituteb—2—3 and _ 1 1
Mt p=—Serrr. (5) s ¢= o
(1)x5 a—3+5=4
Sm+5n—-5p=30............... 6) a—§:§
©)-03) 2 2
RA2p= B, (7 =B
(7)x2
2N+ 4= ) 17 Le.t a be the smallest angle, b be the largest angle and ¢ be the
8)-(5) third angle.
3p=_3 B=aF20 e, )
— a+b=c+60...ccvecurnnn. 2)
P A+b+C=180 oo, 3)
Substitute p=~linto (5) Substitute (1) into (2) and (3)
2n—1=-5 a+a+20=c+60
2n=—4 2a=C=40. ., 4)
n=-2 a+a+20+c=180
Substitute p=—1and n=-2 into (1) 2a+c=160........c........ (5
m—-2+1=6 S+@
m=7 4a =200
a=50°
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18 | TOPIC 1 Solving equations « EXERCISE 1.5

Substitute a = 50° into (1)
b=50+20="70°

Substitute a = 50° and b = 70° into (3)
50+704+c¢=180

120+¢=180

c=060°

The largest angle is 70°, the smallest angle is 50° and the
third angle is 60°.

18 x+y—2z=5. e €))
x=2y+4z=1loccererene. 2)
H-?

3y—6z=4
Letz=A
3y=6A+4
2(34+2
| 2031+2)
3
2(34+2
Substitute y = % into (1)
2(3A+2
+g—2/1:5
3x+6A+4—-6A=15
3x=11
11
xX=—
3
19 2x+y+z2="2uiirie )]
X=32=0.cceerieerenne. )
Letz=A
From (2)
x=3A=0
x=31

Substitute z=A and x =32 into (1)
20BA)+y+A==2

20 3x+2y=—lorereererennne )]
From (1) 2y=-3x-1

3 1 3
=——x—— where gradient,= ——
y 5 > g 1 5

21

22

From (2) 4y=-mx+n

m + " where gradient m
=——Xx+— = ——
y 2 2 g 2 4

If gradient, = gradient,
3 m

2 4
12=2m
m=6
a The lines have a unique solution for all values of k except
for when the gradients are the same. Therefore m € R\ {6}
and neR.

b The lines have infinitely many solutions when both the
equations are identical. This is when the gradients are the
same and so too are their “c” values. If the gradients are
the same then m =6 and if the “c” values are the same then

I n
2 4
—4=2n

n=-2

Therefore, for an infinite number of solutions, m =6,n=-2

¢ The lines have no solution when the gradients are the same
but the y-intercepts are different (lines are parallel).
Therefore, m=6 and n € R\ {-2}.

2X =Y+ a7=4 i, (€))]
@+2)x+y—2=2ciiiine )
6x+(a+1)y—2z="4.ceeieiennn. 3)
Solve using CAS:
_ 2(a+2), ye 4(a+2) andzzﬁ
ala+4) ala+4)
w—=2x+3y-2z=10

2w+x+y+z=4

-w+x+2y—z=-3
3w-2x+y=11

Solve using CAS:

w=1, x=-3, y=2andz=3
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Topic 2 — Functions and graphs

Exercise 2.2 — Polynomial functions Ay 4(_ix) TS
1 a A vertical line would cut the graph no more than once so
the graph is of a function. A horizontal line could cut the 7 9x+16x=36
graph up to two times. The function has a many-to-one x= 36
correspondence. 25
b Domain [—4,2) and range [0,16]. Ly= _i > 36
¢ fi[42)>R f(0)=x" 325
d Image of —24/3 is f(—2J§). Sy= —%
2
f(-243)=(-243) . C (36 48
=12 The point closest to the origin is 25" 25 )"
The image is 12. 4 3 and B(S
A(-1,-3) and B(5,-7)
2 =x’ -4
flo=x 5 ) a Gradient of AB:
a The image of = is f(—] -7+3
3 "S5
5 2\ +
) E
3 3 =-3
4 3
= 5" 4 Equation of AB:
:_2 y+3:—§(x+l)
b f(2a) .;3y-;9=—?x—2
=(2a)2—4 s 2x+3y=-11
-1+5 -3-7
=4a’ -4 b Midpoint of AB is ( —) =(2,-5).
¢ The implied domain is R. 2 2 3
3 L={(x-y):3x—4y=12}. Gradient of line perpendicular to AB is >
Lety=
a Lety=0 Equation of the perpendicular bisector is
~3x=12 3
Lx=4 y+5==(x-2)
Letx=0 %
4y =12 Ly=2_3-5
sy=-3 32
Line goes through (4,0) and (0,-3). sy= 7" -8
y
¢ m=tan(0)
3x—dy=12 3
s tan(0) = —
) >
~.0=tan"'(L.5)
.0 =56.3°
5 a y=23x-2)"-8
2
b Rearranging the equation, Turning point: When 3x-2=0, x = 3
3x—dy=12 Therefore the graph has a minimum turning point at
s 3x—-12=4y 2
2.
Sy= ix -3 ( 3
4 3 y intercept: Let x =0
The gradient is s y=2(-2)"-38
¢ Let the point on the line closest to the origin be P. Then the ~y=0
line OP is perpendicular to the given line. (0,0
. 2 .
The gradient of OP is m = —% and OP contains the origin. Axis of symmetry x = —, so the other x intercept must be
4 (2.0
The equation of OP is y = —3% 37°)

. . . . 4
P is the point of intersection of y = —Ex and 3x—-4y=12.

At intersection,
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20 | TOPIC 2 Functions and graphs ¢ EXERCISE 2.2

Domain R, range [—8, ).

1
b x intercept at x = 5 = (2x+1) is a factor.

x intercept at x =4 = (x —4) is a factor.
Let the equation be y=a(x+1)(x —4)
Substitute the point (0,2)

s 2=a(1)(-4)
1
La=——
2

1
The equation is y =— 5 QRx+1D(x—4).

6 f:R"U{0)>R, f(x)=4x>-8x+7.
a The discriminant determines the number of x intercepts.
A=b"-dac, a=4,b=-8,c=7
A=64—-4x4x7
=64-112
<0
There are no x intercepts.
b f(x)=4x>-8x+7
Completing the square,

_al 2 Z)
f(x)—4(x 2x+4
:4((x2—2x+1)—1+z)
4

_ 2.3
—4((x ) +4)

=4(x—1)>+3
¢ Restricted domain is R* U {0}
Minimum turning point (1, 3), y intercept and endpoint (0, 7).

y=4x2-8x+7

4
<=
=Y

Range is [3,0).
7 a y=—4(x+2)>+16
Stationary point of inflection at (—2,16)
y intercept: Let x =0
y=—4(2)° +16
sy=-16
(0,-16)
x intercept: Let y=0

S 0=—4(x+2)°+16
S (x+2)° =4

nx=3J4-2
(¥4-2.0)

YA

y=—4(x+2)1>+16
(-2,16)

b The x intercepts indicate the linear factor and its
multiplicity. In the diagram each factor will have
multiplicity 1.

Cut at x =0 = x is a factor.

Cutat x=0.8= % = (5x—4) is a factor.

Cutatx=15= % = (2x—13) is a factor.
Let the equation be y = ax(5x—4)(2x—3)
Substitute the point (2,24)
=24 =a2)(6)(1)
~12a=24
sa=2
The equation is y = 2x(5x —4)(2x - 3).
8 f:[-2,4]> R, f(x)=4x> —8x*—16x+32.
a 4x° —8x* —16x+32
=4x*(x-2)-16(x-2)
=4(x=2)(x> —4)
=4(x-2)*(x+2)
b f(x)=4(x—2)*(x+2), x €[-2,4]

x intercepts: x =2 (turning point), x =—2 which is also an

endpoint.
y intercept: f(0)=32 = (0,32)
Right endpoint: f(4) = 4(2)*(6) = 96 = (4,96)

y=4x3—-8x>—16x + 32

¢ Maximum value of the function f is 96 and its minimum

value is 0.
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9 a y=x’—x

4
y=x’(1-x%)

=x*(1-x)(1+x)
Turning point at (0,0), cuts x axis at (£1,0).

Rearranging the equation xt—x24+x-2=0 gives
x—2=x2—x*
The number of intersections of the line y = x — 2 with the
graph of y = x? — x* will be the number of solutions of the
equation.
The line y = x — 2 passes through (0,-2) and (2,0). It is
drawn on the diagram, showing it makes two intersections
with the quartic curve.
There are two solutions to the equation xt—x24+x-2=0.
b y=a(x+b)4 +c
The axis of symmetry x =—b lies midway between the
X intercepts.
fep=223
2
~b=6
y=a(x+ 6)4 +c
As the range is (—eo,7] , the maximum turning point is
(-6,7).
The equation becomes y = a(x + 6)4 +7.
Substitute the point (=3,0):
~0=a(3)" +7
7
81

.. 7 .
The equation is y =— 3l (x+6)* +7 with

az—l, b=6,c=1.
81

Therefore, the turning point is (=6, 7).

10 y=x*-6x°

.‘.y=x3(x—6)

Stationary point of inflection (0,0) and graph cuts x axis at (6,0).
y

The graph of y = x* —6x® +1is a vertical translation of 1 unit
upwards of the graph of y= xt—6x3 Its point of inflection

would lie above the axis but the graph would still intersect the

x axis at a point between x =0 and x =6 as well as at a point
where x > 6. There will two intersections.
Check: A point below the axis such as (1,—5) for example,

would still lie below the x axis if it was vertically translated up

one unit so the graph must cross the axis to reach this point.

11

12

13

14
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y=(x+1)°+10

Minimum turning point (—1,10).

No x intercepts as turning point lies above x axis.
y intercept: Let x =0

y=(D°+10
soy=11
0,11
y
O, 11)
(-1, 10)

y=@x+1°+10

< Ol >

y=(x+Hx+2)>(x-2°(x-3)

Graph cuts x axis at x = —4, touches the axis at x = -2, saddle
cuts the axis at x =2 and cuts the axis at x =5.

Its degree is 7 and the leading coefficient is positive. Its long
term behaviour is as x — teo, y — Foo,

y intercept: Let x =0
Y= (2’ (-)
S y=640

(0,640)

y intercept is positive.

YA

)= (x+4)(x+2)2(x=2)3(x=5)

Y

Correspondence | Domain | Range | Function?
a | many-to-one [-3,6) [-9,7] yes
b | one-to-many [0, 0) R no
¢ | many-to-many [-2,2] [-2,2] no
d | one-to-one R R yes
e | many-to-one R {2} yes
f | one-to-one R R yes

a f:R— R, f(x)=9—4x
f(0)=9=1(0,9)

Let f(x)=0
5 9-4x=0
9

LxX==

4
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A 16 a —x*+2x-5
= —(x2 -2x+ 5)
0.9 =—((®=2x+D)~1+5)
=—((x-1?+4)
_ 2
y=9-4x =-(x-D"-4
b y= —x?+2x-5
Ly=—(x=1)7 -4
(27 0) Turning point is (1,—4).
D 4 o ¢ Turning point is a maximum so the range is (—eo,—4]. There
D 0 Tx are no x intercepts. The y intercept is (0,-5).
)\
Y
Range is R.
3x < >
b g:(—3,5]%R,g(x)=? < 0 >
£(0)=0=(0,0) = 4255
9 9 1, -4
g(—3)=——:>(—3,——) is open endpoint s 4
5 5 P P (0, -5)
g(5)=3=(5,3) is closed endpoint.
Y
y=3%
-5
5.3) Y
d Y
< ©.9 > =x+3
< > 0,3) ¢ y=*
(3,9
-3
- (=3,0) 0 “x
Y y=-x*+2x-5
Range is (—2,3}. L)
5 0, -5)
15 A(5,-3), B(7,8) and C(-2, p) 9
a The line 9x + 7y =24 has a gradient of =
This is the gradient of AC since it is parallel to this line.
_p+3 Y
AC =
9 -2 _35 The line y = x + 3 passes through the points (-3,0) and
O =ﬂ (0,3). As the diagram shows, this line will never intersect
7 B =7 the concave down parabola.
9=p+3 e The graphs of y=x+k and y=—x? +2x—5 will intersect
p=6 7 when
b A line perpendicular to AC would have a gradient of Y X+k=—x24+2x—5
The line through B(7,8) perpendicular to AC has equation: Xt —x+k+5=0
g 7 7 For one intersection, A =0.
yEEG ) A=b?—4ac, a=1,b=—1,c=k+5
~9y—-72=Tx-49 =1-4(k+5)
S 9y-Tx=23 =—4k-19
¢ Let the point where 9y — 7x = 23 meets AC be Q. The ~—4k-19=0
length of PQ is the shortest distance from B to AC. - 19
To find Q, solve the pair of simultaneous equations T4
Ix+Ty=24..(1) . . 19
9y—Tx=23..(2) For exactly one intersection, k = _T'

Qs the point ( 11 75) 17 a Let the equation be y=a(x—h)* +k

26726 Turning point is (—6,12)
5 5 .‘.y=a(x+6)2+12
11 . . N
The length of BQ is \/(7 —%) +(8 - %) =~ 8.3 units. Substitute the point (4,-3)
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~=3=a(10)* +12 x intercept: Let y=0
~100a=-15 .'.0:1—%(x+1)3
3
== . 3_
20 s(x+1)7 =8
. . _ 3 2 ) Sx+1=2
The equation is y——%(x+6) +12. =1
b The points (~7,0) and [ 2,0 the t int t (&.0)
e points (=7,0) and | — > are the two x intercepts. End points:
The equation has linear factors (x +7) and (x + 2%) or x=-3,y=1- %(_3 +1)°
(2x+5). —l—l o
Let the equation be y = a(x+7)(2x +5) T -2
Substitute the point (0,—20) -1 1 3
=20 = a(7)(5) =iTgXT
4 =2 (3,2
Soa= —7 1 ( 3, )
4 x=2,y=1-—2+1°
The equation is y=— 5 (x+7(Q2x+5). 8
[P
¢ As the points (—8,11) and (8,11) have the same =1- 5(3)
y co-ordinate, the turning point lies between them and 27
the axis of symmetry lies midway between the, =1- 3
. . —8+8 B
Axis of symmetry: x = — =x=0. _ _2§ (27_22)
The minimum value of a quadratic function is the y value y
of its minimum turning point. A 1
Therefore, the turning point is (0,—5). y=1- g(x +1)°
Let the equation be y = ax® -5 (-3,2)
Substitute the point (8,11) g (0 1)
~1l=a64)-5 .\"8 (1,0)
~.64a=16 - o
0 X
| \
La=—
4 3
The equation is y = ix2 -5. (2’ _2§)
18 a y=x’-x’-6x
5 Y
nyExTo o) =12(x+1)2 =3(x+1)}
sLy=x(x-3)(x+2) ¢ y=120x )2_ (x+1)
The factors show the graph cuts the x axis at (0,0), (3,0) Ly=3(x+DT (4= (x+1))
and (-2,0). N . Sy=3x+1)*G-x)
The leading term has a positive coefficient. The factors show the graph touches the x axis at (~1,0) and
3\ cuts at (3,0).

y intercept: Let x =0
Ly=31)%*(3)=9
0,9

(=2,0) (0, 0) (3,0) y=12(x + 1)27 3(x + 1)3

Y y=x>— x*— 6x

b y=1—é(x+1)3 (-1,0) 0 x

Stationary point of inflection (—1,1).
y intercept: Let x =0

sLy=1- §(1)3 19 The x intercept at x =—4 = (x +4) is a factor.
Cy= 7 The x intercept at x = % = (4x—5) is a repeated factor of
Y73

7 multiplicity two.
(0,7) Let the equation be y = a(x +4)(4x - 5)*
8 Substitute the point (0,10)
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-10 = a(4)(-5)*

~.10=100a
1
La=—
10

1
The equation is y = 10 (x+4)(4x— 5)2.

20 a f(x)=—2x>+9x?—24x+17

fH)=-2+9-24+17=0
~.(x—1)is a factor.
By inspection,
207 +9x = 24x+17 = (x = 1)(=2x* + 7x = 17).
Consider the discriminant of the quadratic factor
2x% +7x—17.
A=49—-4(-2)(-17)

=49-136

<0
Since the discriminant is negative, the quadratic cannot be
factorised into real linear factors and therefore it has no
real zeros.
For the cubic, this means there can only be one x intercept,
the one which comes from the only linear factor (x —1).
For there to be a stationary point of inflection, the equation
of the cubic function must be able to be written in the form
y=a(x+b)3 +c.
Let —2x° +9x% = 24x+17 = a(x +b)* +¢
By inspection, the value of a must be —2.
=20 +9x% = 24x+17==2(x> +3x2b+3xb> +b°) + ¢
Equate coefficients of like terms,

x2:9:—6b:b:—%

x:—24=-6b" = b’ =4

It is not possible for b to have different values.

Therefore, it is not possible to express the equation of the
function in the form y=a(x + b)3 +c.

There is no stationary point of inflection on the graph of
the function.

The leading term has a negative coefficient. Therefore, as
X — too, y — Foo,

Given the function has a one-to-one correspondence, there
cannot be any turning points on the graph. The graph of a
decreasing function with no stationary point of inflection
nor any turning points, and which passes through (1,0) and
(0,-17) is required.

A

— 3 2
©, 17) y=-2x"4+9x"-24x+ 17

1,0

A

=)
=

21 a

(v

22 a

Let the equation be y = a(x—h)* +k
Turning point is (—5,12)
sy=a(x+5*+12
Substitute the point (—3,-36)
=36=a(2)* +12
s 16a=-48
sa=-3
The equation is y =-3(x + 5)4 +12.
y=Q2+x)(1-x)°
x intercept at (—2,0) and at (1,0) there is a stationary point
of inflection.
y intercept is (0,2).
The coefficient of x* is negative.
YA

y=Q2+x1-x)>

0,2)
21,0
0 X

(=2,0)

{' Y
i —x* P +10x% —4x-24

Let f(x)=—x*+x3 +10x* —4x-24

By trial and error,

f(2)=-16+8+40-8-24=0=(x—2)is a factor

f(=2)=-16-8+40+8-24=0= (x+2) is a factor

Therefore, (x —2)(x +2) = x> —4 is a factor.

By inspection,

—x* 4P +10x% —4x-24= (x2 - 4)(—x2 +x+6)
=—(x* —4)(x* —x—6)
=—(x=-2)(x+2)(x—=3)(x+2)
=—(x+2)*(x=2)(x-3)

ii y=—x4+x3+10x2—4x—24
y=—(x+2)2(x=2)(x=3)

The factors indicate there is a turning point at (—2,0)

and two other x intercepts at (2,0) and (3,0).

The y intercept is (0,—24).

YA
y=—x*+x3+10x-4x-24
(=2,0)
0
(0, -24)
Y
i y=x®and y=x’
y= x%is of even degree so its graph has similarities with
y=x%
7

y=x"1is of odd degree so its graph has similarities with
y=x> As it has the higher degree it will steeper than
y=x°for x>1.
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YA
y=x°
-1, 1) 1,1
< 0 >
1.-1)¥ (0, 0)
y=ux

Y

The points of intersection of the two graphs are (0,0)
and (1,1).

i {x:x®+x"20)
x® —x7 >0 when x® > x”. The graph of y = x° lies
above that of y=x’ for x <0 and 0 < x <1 and the two
graphs intersect at x=0and x =1.
Hence, {x:x6—x7 20}={x:x<1}

y=16—(x+2)*

Even degree so maximum turning point at (—2,16).

y intercept: Let x =0

S y=0=(0,0).

Axis of symmetry x = -2 = (—4,0) is the other x intercept.

y=16-(x+2)°

Odd degree so stationary point of inflection at (-2,16).
y intercept: Let x =0

Sy=16-32=-16=(0,-16).

x intercept: Let y=0

~0=16—(x+2)°
S (x+2)° =16
~x==2+316

(-2+16,0)
Points of intersection of the two graphs occur when
16— (x+2)* =16—(x+2)°
A+ = (x+2)]

L+ [1-(x+2)]=0

L+ (=1-x)=0
sx=—2orx=-1
Points of intersection are (-2,16) and (—1,15).

y

(-2, 16)

y=16-(x+2)°

(-4, 0) (0,0)

<
<

Y

y=16-(x+2)*
(0, -16)

\I,
i The x intercepts determine the factors.
Graph touches x axis at x=-3= (x + 3)2 is a factor.
Graph cuts x axis at x =—1= (x +1) is a factor.
Graph saddle cuts x axis at x =2 = (x — 2)3 is a factor.
These factors imply the degree is 2+1+3=6. The
shape suggests the long term behaviour of an even

degree polynomial function with positive leading term.

23

24
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The equation is of the form y=a(x+ 32 (x+D(x-2)%
Since it is a monic polynomial, a =1.
Therefore the equation is y = (x + 3)2 (x+D(x— 2)3,
degree 6.
ii An additional cut at x =10 = (x—10) is also a factor.
The graph would now have the behaviour that as
X — o0,y — —oo, showing it to be an odd degree with a
negative coefficient of its leading term.
The degree is 7 and a possible equation is
y=(x+3)*(x+D)(x=2)*(10-x).
Draw the graphs using CAS. At the intersection of the two
graphs xt—2=2-x%
And therefore, x* + x> —4 = 0. The roots of the equation are
the x co-ordinates of the points of intersection of the two
graphs. Use CAS to obtain these.
To two decimal places the roots are x =—1.75 and x =1.22.

Sketch each graph and use the tools to obtain the points
required.
a y=(2+x+Dx2-4)
Minimum turning points (—1.31,-3.21) and (1.20,-9.32),
maximum turning point (0.636,-2.76).
b y=1—4x—xz—x3
No turning points or stationary point of inflection.

N y:i((x—2)5(x+3)+80)

Minimum turning point (—2.17,—242), stationary point of
inflection (2,20).

Exercise 2.3 — Other algebraic functions

1

a Let the equation be y = Lh +k.

Asymptotes are x=—3 and y=1.

+1

v y=x+3

Graph has an x intercept at x =—9.
Substitute the point (-9,0)

~0="24]

-6
La=6

Lo 6

The equation is y=——+1.

sr_2 x+3
biy=22

x—1

If x =1 the denominator would be zero and the function
undefined. Its maximal domain is R\ {1}.

i 5x—2:5(x—1)+3

x—=1 x—1
:5+i
x—1
3
y=5+ " has asymptotes x=1,y=35.
X—

y intercept: Let x =0, then y=2. (0,2)
x intercept: Let y=0

L Sx-2
Tox-1
s 5x-2=0
2
LX=—
5
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2

Range is R\ {5}.
4
R
Vertical asymptote: 1 -2x=0=x= % is the vertical

asymptote.
Horizontal asymptote is y = 0. There is no x intercept.
y intercept: Let x =0

Ly=4 (0,4)
y
0,4)
< 0

Domain R\ {%} and range R\{0}.

8

= 2
Y (x+2)?

Asymptotes: x=-2, y=-2
y intercept: Let x =0
8
=—5-2
(2
sy=0

Sy

The origin is the intercept on both the axes. By
symmetry about the vertical axis there is another
x intercept at (—4,0).

y

I
|
|
x=-2!
Domain R\ {-2} and range (—2,0).
a
Let the equation be y=———+k
q y 1)
Asymptotes are x =0 and y=-1
a

sy=—-—1
y 2

. (1
Substitute the point 5,0

L 1
The equation is y=——1.
4x

5 ay=—Jx+9+2
i For the function to have real values, x +9 > 0. This
means x > -9 so the maximal domain is [-9, o).
ii endpoint: (-9,2)
y intercept: Let x =0
y=—J9+2
sy=-1
(-10)
x intercept: Let y=0
L0=—Jx+9+2
SAXx+9=2
SLx+9=4
sx=-5
(-5,0)

(-9,2) y=—x+0+2

(5.0

Range is (—o,2].
b Let the equation be y=a3/(x—h) + k.
Point of inflection is (1,3)
sy= a%/m +3
Substitute the point (0,1)
~1=a¥-1+3
s l=—a+3
sa=2
The equation is y=23/x—1+3.
x intercept: Let y=0

S 23x-143=0
A3x-1 :—%

. . 19
The x intercept is —§,0 .

YA

,3)

/ @D

|
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y=3J4x-9-6

Domain requires 4x—-920= x> 2
Maximal domain is [%,wj.

. 9
Endpoint: When 4x-9=0, x= Z

(9
The endpoint is Z,—6 .

There is no y intercept.
x intercept: Let y=0

S 3V4x-9-6=0
SoAdx—-9=2
s 4x-9=4
~4x=13
13
SX=—
4

Range is [0, ).
1
y=(10-3x)3. This is the cube root function y = 3/10 —3x.

When 10-3x=0, x= ?, so the point of inflection is

1
22)
3
The point of inflection lies on the x axis.
y intercept: Let x =0
oy =10 = (0,410)

Y

k4
y=x4
y= Z\1/)73 = 4" oot of x°
As the even root of the third quadrant section of the
% polynomial cannot be taken, the graph has one first
quadrant branch with domain R* U {0}.
As 4> 3, the root shape dominates. The graph contains the
points (0,0) and (1,1) and lies above y=x for 0 <x <1 and
below y=x for x > 1.

TOPIC 2 Functions and graphs ¢ EXERCISE 2.3 | 27

a

y=x3

Since y = Q/x_4 the cube root of x* is required.

The x* polynomial lies in first and second quadrants. The
cube root of both sections can be formed so the graph has
two branches and domain R.

As 4 >3, the polynomial shape dominates. The graph
contains the points (0,0), (1,1), (-1,1) and lies below y=x
for 0 < x <1 and above y=x for x > 1.

YA

W[

y=x

-1, 1 1,1

A

(0,0

1
y=x3
y=3%x = 5" root of x
The line y = x lies in first and third quadrants. The fifth
root of both sections can be formed so the graph has two
branches and domain R.
For the first quadrant, the graph contains the points (0,0) and
(1,1) and lies above y = x for 0 < x < 1and below y = x for x > 1.
By symmetry for the third quadrant, the graph contains the
points (0,0) and (—1,—1) and lies below y=x for -1<x <0
and above y = x for x <—1.

A

1=D

1
y=x*
y=8x = 8" root of x.
As the even root of the third quadrant section of the y = x
line cannot be taken, the graph has one first quadrant
branch with domain R* U {0}.
The graph contains the points (0,0) and (1,1) and lies above
y=x for 0 <x <1 and below y=x for x > 1.
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10

a

a

x—6
x+9
If x+9=0 then x =-9 and the function would be
undefined.
Domain is R\ {-9}.
y=T=2x

The domain requires 1 -2x >0

y=

SXxS—
2

1
Domain (—w,f}
2
2
(x+3)?
Denominator would be zero if x = -3, so the domain is

R\{-3}.
1
X2 +3
Since the denominator is the sum of two positive terms, it
can never be zero, so the domain is R.

4
y=—+5
x

Asymptotes: x=0,y=5
No y intercept
x intercept: Let y=0

.'.i+5=0
X

s4=-5x

Yx=0
Domain R\ {0} and range R\ {5}.
3
. J——
Y x+1

Asymptotes: x=—1,y=2
y intercept: Let x =0
3

sy=2—-=-=-1

YT
(0,-1)
x intercept: Let y=0

3

x+1

.'.2:—3
x+1

S 2x+2=3

i YA
i )
i r= Tx+1
|
1
I
: (5’0) y=2
____________ L__i___________
- =
< | 0 'X
i
] ©.-1)
I
I
i
|
x=-1'YY

Domain R\ {-1} and range R\ {2}.
_4x+3
= 2x+1
_22x+D+1

2x+1
1

2x+1

Ly=2+

1
Asymptotes: 2x+1=0:>x=—5, y=2

y intercept: Let x =0

3
ny=—=3
"7
0,3)
x intercept: Let y=0
4x+3 —0
2x+1
S 4x+3=0
3

Y

Domain R\ {—%} and range R\{2}.

xy+2y+5=0
Sy(x+2)=-5
-5
x+2

Asymptotes: x=—-2, y=0
No x intercept.

y intercept: Let x =0

=5
Ly= 5 = 2.5

(0,-2.5)

sy=
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i o2 11
: Sy= 9 +1=
1|y +2y+5=0 11
| 05)
| =0 9
< i 0 — No x intercepts as graph lies above its horizontal asymptote.
11
i The point (Q—j is symmetric about the vertical
I 40,-2.5) 9
! 11
x=-2] asymptote to 0,5 .
Domain R\ {-2} and range R\ {0}. YA '
10 |
=—-5 |
Y 5-x i
Asymptotes: 5—x=0=x=5, y=-5 i
y intercept: Let x =0 (0 11) i
10 9. '
sLy=—=5=-3 i
5 |
(0,-3) -~ ____ 1:.
x intercept: Let y=0 < i
10 0 !
-5=0 |
S-x Y 1 x=3
~10=5(5-x) .
L 5_x=2 Domamf \ {3} and range (1, )
sx=3 by=——5-2
4(x-1)

Asymptotes: x =1,y=-2
y intercept: Let x =0

No x intercepts as graph lies below its horizontal asymptote.

11
The point (2,—2) is symmetric about the vertical

Domain R\ {5} and range R\ {-5}. [ 1 l)
a asymptote to [ 0,—— |.
Let the equation be y = +k. 4

x— y .
A |
Asymptotes x=—-3 and y=6 i
|
a I
sy= +6 |
) x+3 :
Substitute the point (—4,8) D |
) I
~8=L16 o
-1 g +
sa=-2 ™y !
o -2 (0.1 i
The equation is y = +6. 4 I
x+3 '
I
Let the equation be y= +k. 1
x— I
3 |
Asymptotes x=—2 and y=— 5 i
I
__a 3 :
Y x+2 2 Y \L !

Substitute th; point (=3,-2) Domain R\ {1} and range (—oo,—2).
.-.—2=i1—E R B

1 YT 03y
La=— 3

2 { 3 Asymptotes: 2x+3=0:>x=—5,y=—1
The equation is y = 212 Y y intercept: Let x =0
y——2 +lory= +1 "'y:é_lz_g

3-x)’ (x=3)? 8

Asymptotes: x=3,y=1 [0,— 6)

y intercept: Let x =0
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x intercepts: Let y=0
. 1 _
T (2x+3)?

s 1=(2x+3)
s 2x+3=+%1
s 2x=—4or -2
sx=—2orx=-1
(-2,0),(-1,0)

A YA

3
Domain R\ {— E} and range (—1,0).

_25x° -1
o 5x?
25yt 1
C o5 5x?

Ly=5——
Y 5x2

Asymptotes: x =0,y=5
No y intercept
x intercepts: Let y=0
2
25x 2—1 -0
Sx
525x7-1=0

x=0
Domain R\ {0} and range (—o»,5).

13 a Let the equation be y = +k

(x=h)*
Asymptotes are x =4 and y=2

a

Ly=s——+2

Ty
Substitute the point (5,—1)
R

1
sa=-3
. -3
The equation is y=———+2.
(x—4)
Let the equation of the graph be y = Lz +k
(x—h)

As the range is (—4, o), the horizontal asymptote is y =—4.
e @y,
sy . h)2

Given f(—1)=8 and f(2)=38, the points (-1,8) and (2,8) lie
on the graph. As these points have the same y coordinate,
they must be symmetrically placed around the vertical

asymptote.

-1+2
Therefore, the vertical asymptote is x = 3 =

1
2

The equation becomes y=———4

This can be written as y = —_—
(2x-1)
where b =4a.
Substitute the point (2,8)
8= é -4

9
~b=108

. . 108
The equation of the graph is y =

(2x-172
The domain is R\ {%} so the function is

108

1
fR\{_}—)R,f(X)—m—

2

14 a i (y-27%=4x-3)

sy—2=1J4(x-3)
Sy=232(x-3)
The upper branch is the function with rule
y=2/(x—3)+2. Its domain is [3, ).
Its endpoint is (3,2) so its range is [2, o).
The other function is the lower branch
y=-2/(x—3) + 2 with the same domain [3, o) but
range (—oo,2].
ii y2+2y+2x=5
Completing the square
(y*+2y+1)-1+2x=5
L (+DP=6-2x
Sy+1=1246-2x
SLy=1J6-2x -1
The upper branch is the function with rule
y=4/-2(x—3) —1 and endpoint (3,-1).
Its domain requires 6 —2x =0 = x < 3. The domain is
(—eo,3] and range [—1, ).
The lower branch is the function with rule
y=—/—2(x—3) — 1. Its domain is (—ee,3] and range
(—oo,—1].
i y=1-/3x
Domain: 3x 20 = x 2 0. Domain is [0, )
Endpoint: (0,1) which is also the y intercept.
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x intercept: Let y=0 iv y=—/3-J12-3x
~1-Bx=0 Domain: 12-3x 20 = x <4, (—,4].
o r=1 Er.ldpomt: 4,—3)
=1 y intercept: Let x=0
1 Sy= —\/g - \/ﬁ
..ng fy=—3-23
(1,0) .'.y=—3\/§
3 (0.-345)
Y No x intercept as range is (—oo,—\/g :|
y=1- \3x IA
©, 1 _ -
<5 \ > 0 x
(£.0) (4,—3)
/ (07 73@
Range is (—eo,1]. y=-+3 -~12-3x
i y=2J-x+4
Domain: —x > 0 = x <0 Domain is (—eo,0]. Y
Endpoint: (0,4) which is also the y intercept. 15 a f:[5,°) >R, f(x)=aJx+b+c
x intercept: Let y=0 The endpoint of the graph is (5,-2) so f(x)=aJx—-5-2
2 =x+4=0 The point (6,0) is on the graph so f(6)=0.
soAmx =2 ~0=av6-5-2
This is not possible so there is no x intercept (also ~0=a-2
possible to anticipate this as a > 0). sa=2
Let x =—1 then y =6 so point on the graph is (=1,6). Hence, f(x)=2Jx—-5-2witha=2, b=-5, c=-2.
= YA b f:(—=,2]> R, f(x)=ax+b +c
=2Vx + 4
y=2Nr i Lety=+ax+b+c
Endpoint is (2,-2) so a(2)+b=0and c=-2
» s~b=-2aand c=-2
1.0 y=+ax—2a-2
$(0,4) Substitute (0,0)
S 0=+"2a-2
sA2a=2
< 5 > s2a=4
La=-2
Y Since b=-2a, b=4
Range is [4, ). f(x)=v-2x+4 -2 witha=-2,b=4,c=-2.
i y=2J4+2x+3 ii Reflecting the graph in the x axis would make the
Domain: 4+2x>0= x> -2, [-2,0) endpoint (2,2) and the range (—e,2]. The graph would
Endpoint: (-2,3) still pass through the origin.
y intercept: Let x =0 The equation of the reflected graph would be
y=2J4+3=17 y=—2x+4+2.
0,7 16 a {(x,y):y=3/x+2-1)

There will not be an x intercept.

-3
The range is [3,00). y=3x+2-1

Point of inflection (-2,-1)

YA .
y intercept: Let x =0
ny=32-1
0,7 (0.32-1)
e x intercept: Let y=0
y=2N4+2x+3 _'.Ozm_l
(=2,3) m =1
nx+2=1
< 0 > sx+2=1
sox=-1
Y (-1,0)
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Y

(=2.-D

Let y= f(x)
3 =5(1-357%)
Ll

The implied domain is R and the range is R.
Point of inflection (—8,%)
y intercept: Let x=0
Ly= %(1 -38)
1
= 0-2)

1
2
1
[0-3)
2
x intercept: Let y=0
.'.0=%(1—§/x+8)
Sdx+8=1

Lx+8=1
sox==7
(=7,0)

¢ g:[-3,6]> R, g(x)=3-x+5
Endpoints: g(-3) = Y8 =2,50(-3,2)is an endpoint.
g(6)=3—1=—1, s0 (6,~1) is an endpoint.
Point of inflection: (5,0) which is also the x intercept.

y intercept: g(0)=3/5 = (0,3/5)

Domain [-3,6] and range [-1,2].

17

18

d

a

a

Let the equation be y=a3/x—h +k
Point of inflection is (0,—2)
Ly=adx -2

Substitute the point (1,0)
n0=ad1-2

s0=a-2

sa=2

The equation is y=23/x —2.

Let the equation be y=a3/x—h+k
The tangent is vertical at the point of inflection so (-1,-2)
is the point of inflection.

Ly=adx+1-2
Substitute the point (-9,5)
S5=ad8-2
n5=-2a-2
s 2a=-T7
7
La=——
2 iE
TIx+1
The equation is y =— ; -2

(y+2)° =64x—128
Take the cube root of each side
Ly+2=364x-128
y=3f64(x=2)-2
Ly=43(x=2)-2
The point of inflection is (2,-2).
1

y=x3is y=3/x and its graph could be formed by drawing
the line y = x and constructing its cube root. The root shape
dominates since 3 > 1.

The two graphs both contain the points (1,1),(0,0) and
(—1,—1). The line lies in quadrants 1 and 3. Since Cube1 roots

of negative numbers can be taken, the graph of y = x3 will
exist in both quadrants 1 and 3.

4
Ve
=

1 1
x3— x>0 when x3 > x.
From the diagram this occurs for 0 < x <1and if x <—1

The solution set is {x: x <—-1}U{x:0<x <1}.
5

y=x?

Ly=vx’
The graph of y= x° lies in the first and third quadrants.
However, where x> <0, the square root of these values

cannot be formed. S

Therefore, the graph of y = x2 lies only in the first quadrant
and has domain R U {0} and range R* U{0}.

As 5> 2, the polynomial shape dominates the function
y=+x>.
The graph intersects the line y = x at (0,0) and (1,1).
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b

y
5
y=x Y=x
00 w1
< o -
3
y=x?

cy=3F

The cube root of both the negative and positive sections of
y= x° can be formed. 5

Therefore, the graph of y = x3 lies in both the first and
third quadrants and has domain R and range R.

The graph intersects the line y = x at (0,0), (1,1) and (-1,-1).

As 5> 3, the polynomial shape dominates the function

y 5
A oAl
y=x
OO Say
“x
“1.-1 7]
Y
3
y=x>

ay=3F
The graph lies in both the first and third quadrants and has
domain R and range R.

The graph intersects the line y = x at (0,0), (1,1) and (-1,-1).

As 3 <5, the root shape dominates the function y = \5/x3.

y=x0%
1

sy=x*4

ny=4x

The line y = x lies in the first and third quadrants. The

fourth root of its negative sections cannot be formed.

Therefore the graph of y= 1% lies only in the first

quadrants and has domain R* U {0} and range R* U {0}.

The graph intersects the line y = x at (0,0) and (1,1).

As 1 <4, the root shape dominates the function y = ‘\‘/x_l .

YA
y=x

JENCUIN S
> >

19

20

TOPIC 2 Functions and graphs ¢ EXERCISE 2.4 | 33

1
YE AT (x—4)%
Draw each of the graphs on your device and determine
where their asymptotes lie. Vertical asymptotes will exist for
any value of x which makes the denominator zero, so these
could be found by reasoning. Maximal domains may also be
obtained by reasoning.

Domain | Range Asymptotes
y:x21—4 R\ {2} R\(—%,O} x=32,y=0
y=x21+4 K (O’ﬂ y=0
y:m R\ {4} (0,0) x=4,y=0

1
The graph of y = (— is a truncus.
x—

4)?
y=J2-0)(x+3)
For the graph to exist, (2—x)(x+3)=0
Solve 2-x)(x+3)=0=x=2,-3.
Sketch the graph to solve the inequality.
YA
y=2-x)(x+3)

(—3, 0) (2, 0)

Y

xe[-3, 2]

Exercise 2.4 — Combinations of functions

1

—Q/;, x<-1
a f(xy={x’, -1<x<I
2—-x, x>1
F(=8): Use the rule f(x)=—3x
f(-8)==Y(=8)
=2
F(=1): Use the rule f(x)=x*
fED =1
=-1
f(2): Use the rule f(x)=2—x
f2)=0
b f(x)=-3x

If x=-1, f(-=1)=1. Point (-1,1) is open for the cube root
function. The point (—8,2) lies on this branch.

f)=x°

Stationary point of inflection at the origin. The points
(-1,-1) and (1,1) are closed points for this cubic.
fx)=2—-x

The point (1,1) is an open point for the line and the point
(2,0) lies on the line.
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YA
-1, 1)

4—\\(0
< N 1()2, 0)

0
<—1,71)/

2Y

Y
¢ i The function is not continuous at x = —1.
ii Domain is R and range is R.

2 The line for which x <0 has equation y = x, the horizontal
line for x €(0,4) is y=4 and the line for 4 < x <8 is also y=x

closed at x =8. The function is continuous so one way to
express its rule is

x+4, x<0
y=14, 0<x<4
X, 4<x<8

3 f(x)=—+1+x and g(x)=—+/1-x
Domains: x+120=x>-land - x>20=>x<-1
d;=[-1,0) and d, = (—oo,1].
a Since d; =[-1,), d, =(—eo,1] then d; Nd, =[-1,1].
y=(f+g))
= f(x)+g(x)
—JTrx-T=x

Domain is the same as d; Nd, =[-1,1].

Graph is obtained from f(x)=—+/1+x and g(x)=—+1-x

x -1 0 1
f(x) 0 -1 -2
g(x) -2 -1 0
S(x)+g(x) -2 -2 -2

YA

3

5.

y=(f+gx)

b Domain of fg is the same as d/ r‘\dg =[-1,1].
(fe) ()= f(x)x g(x)
=—Jl+xx=/1—-x
= JT+0)(1-x)
=1-x>
This is the rule for a semi-circle, top half, centre (0,0),
radius 1. Therefore the range of fg is [0,1].
4 f(x)= x* and gx)= X2
(f=8)0)=f(x)-gx)

3 2
=X —X

The graphs of f and g intersect when x =0,x =1 so these
must be the x intercepts of f—g.

5

y=(f+gx)

o
w
<Y

-ly
6 y:xz—l

The parabola has turning point (0,—1) and x intercepts (£1,0).

2

The graph of y = ( x% - 1) will have the same x intercepts but the
point (0,—1) will become the point (0,1) on this graph. This graph
lies on or above the x axis. Its domain is R and its range is [0, o°).

—2x, x<0
7 ay=

4-— x2, x>0
y=—2x contains points (0,0) closed and (-1,2).
y=4—x*has open turning point at (0,4) and the
x intercept in the restricted domain is (2,0).
Y
0,4

0,0\ (2, 0)

e

Domain R and range R. Discontinuous at x = 0.
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Ix, x<1 YA
b =
Y l x2>1
* 3,2
y=3/x has open point (1,1), inflection point (0,0). ,
1 , . . (=35 0)
y =— has horizontal asymptote y =0 (vertical asymptote is
x
not in its domain) and closed point (1,1).
y
Y
©0.0) @1 Many-to-one correspondence
< e ¢ f(x)=4
y= The graph shows only the linear branch has a point with
y=4.
Letx—2=4
Sx=6
Domain R and range (—,1]. There is no point where the 10 The left branch is a parabola on domain section where x < 0.
graph is discontinuous. Let its equation be y=a(x +3)(x+1)
1 Substitute point (0,4)
Grp “4=a3)l)
8 feo=1" 4
x“—x, -1<x<52 La=—
8—2x, x>2 3 ) 4
] Parabola branch has equation y = 3 (x+3)(x+1).
a i Userule f(x)= G2 The middle branch is y =4 for domain section x €[0,2].
e line through points (3,2) and (4,0) has gradient m = -2.
1 The line through points (3,2) and (4,0) has gradi 2
f(=2)= =g =1 Its equation is y = —2(x —4).
. ) The rule for the hybrid function could be expressed as
ii Use the ruzle fx)=x"—x 4 5 ' o
f@=27-2)=2 §(x+ Mx+1),  x<
b Truncus has a vertical asymptote x =—1 and horizontal y= 4, 0<x<?2
asymptote y=0. —2x+8, x2=3

Parabola has closed endpoints (—1,3) and (2,2) and
x intercepts at the origin and (1,0).
Line has open endpoint (2,4) and x intercept (4,0). 11 f(x)= Ux+2, xe(-8.8]
A 2, X € (8,00)
X
a The branches must join at x =—8.
Left of x=-8, f(x)=x+a
f(=8)=-8+a
Right of x=-8, f(x)=3/x+2

x+a, x¢&(—oo,—8]

(-1,2)

I
|
i
0 f(-8)=3/(-8)+2=0
i For continuity, -8 +a=0=a=8
x=-11 ) The branches must also join at x =8.
. . L . . Left of x=8, f(x)=3x+2
¢ The domain over which the function is continuous is £8)= \/@4_ 24
R\ {-1,2}. . b
Right of x=8, f(x)=—
Loss <-3 b *
o T 7 f®=
P[RSR fE)=VI-x, S3<xs] For continuity, 2 = 4 = b= 32.
x—2, x>1 8
a The branch to the left of x =1 has the rule f(x)=+/1-x, so x+8,  xe(-o,—8§]
f=o. Flo) = Yx+2, xe(-8.8]
The branch to the right of x =1 has the rule f(x)=x-2, so 32 x € (8,00)
f(1)— —1 (open circle). x ’

These branches do not join so the hybrid function is not
continuous at x =1.

b The cubic function’s point of inflection is not in its
restricted domain. The point (=3,2) is an open point.
The square root function has closed domain endpoints
(-3,2) and (1,0).
The line has open endpoint (1,—1) and contains point (2,0).
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b f(x)=k is a horizontal line.
Looking at the graph to determine in how many ways a
horizontal line can intersect the graph gives the values for k.

i no solution if k >4

ii one solution if k=4 ork<0
iii two solutions if 0 <k <4

c {x:f(x)=1}
There will be two solutions, one on the cube root branch
and one on the hyperbola branch.

Let/x+2=1
s 3x=-1

sox=-1
Letgzl
X

sx=32
The solution set is {—1,32}.
12 f(x)=5-2x,d;=Rand g(x)=2x-2,d, =R
a y=(f+g)x)
Rule:
y=5-2x+2x-2
sy=3
Domain
dpg=dsnd,
sdp =R

Graph of y=(f+ g)(x) is the horizontal line through (0,3).

Its range is {3}.
A

y=3_
©, 3)

A

~ %

Y
b y=(f-g)x)
Rule:
y=5-2x—-(2x-2)
sy=T-4x

Domain:

Graph of y=(f— g)(x) is a straight line through (0,7) and
(%,OJ. Its range is R.

¢ y=(fg)x)
Rule:
y=05-2x)2x-2)
Sy=205-2x)(x-1)

Domain: d, =d;Nd, =R
5
Graph is a concave down parabola with x intercepts (E’OJ
and (1,0); y intercept (0,—10).
341 7

Turning point: x = =—=—
gp 2 4

:2)(2)(2
2 4
2
4
9

7 . . . .
(Z’Zj is the maximum turning point.

. 9
Range is (—oo’—ji
4

y=2(5-20(x-1)

13 f(x)=x*—1land g(x)=vx+1

a

i(g-/)3
=g(3)-f(3)

b d; =R, d,=[-1)

(v

dpo=dynd,
=[-1,0)
i Graphof f+g
Add the ordinates together

y=fx) + gx)

ii Graph of g— f
Subtract ordinates

y = gx) —flx)
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iii Graph of fg
Multiply ordinates together
y

14 y=x++—-x
Draw the line y; = x and the square root function y, =+/—x.
The common domain is (—eo,0].
y

16 a g(x)=(2x—1). There is a stationary point of inflection at

)

2
y=(g(x)
Square ordinates

y
2
y=(g®)?
10, 1)
B (0.5, 0)
1 0 1

y=gx)
~1-4(0,-1)

T
2

=Y

17

18
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b The graphs of y= f(x) and y=(f (x))2 will intersect at
places where y=0or y=1.

For the function f(x)= x% = 2x, let f(x)=0.

Lx(x*=2)=0
.'.x:O,x:i\/E
Let f(x)=1
ax=2x=1
axd-2x-1=0

A+ DEEP=x-1D=0
sx=—lorx’—x—-1=0
Consider x> —x—1=0

MRENET

2
_1x45
2
The two graphs intersect at

(0,0),(i\/§,0),(—1,1),(1J—“/g 1].

—
YA

(=1, 1)'e——e(1, 1) 3.0)

A

(=]
=

1,-2)

Y
The minimum turning point of the parabolic branch
needs to be obtained to form the range. The parabola

7 25
y=(2x—1)(x —3) has minimum turning point at (Z_ ?j

The range of the hybrid function is [—%,w).

_SOV

Where the polynomial graph cuts the x axis, the cube root
graph has vertical points of inflection; where the polynomial
touches the x axis, the cube root graph also touches the x axis
but at a sharp point.

Wherever the polynomial graph has the values y=0,y=-1
and y =1, the cube root graph must have the same value.
There are 9 points of intersection.
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Exercise 2.5 — Non-algebraic functions

1 f(x)=-10"
a f(2)=-102
=-100

b The graph of y=10" contains (0,1) and (1,10).
The graph of y = —10" contains the points (0,—1) and (1,-10).
The graph of y=10"" contains the points (0,1) and (-1,10).

YA
(-1, 10) (1, 10)
y=10~ y =107
. (0. 1) x=0
< D >
y=-10*
o(1,-10)
Y

X
¢ y=10"" can be expressed as y = (%) or y=0.1"%

2 Domain is R for both f(x)=2"and g(x)=2""=d; nd, =R
Domain of f—gis R.
y=(-gx)
=f(x)—g(x)
=227
To sketch the difference function, sketch it as
y= f(x)+(—g(x)) and add y cordinates.

X -1 0 1
1
f(x) 5 1 2
1
—g(x) -2 -1 )
fx)+(—g(x)) -1% 0 1%

As x — oo, the graph of f dominates and as x — —eo, the
graph of —g dominates.
y

=(f-2®
y=0
- (0, 0) <
©,-1) y=-g)

The range of the graph is R.
3 ay=-2e"-3
Asymptote: y=-3
y intercept: Let x =0
Sy= —2¢°-3
sy=-5
0,-5)
There will not be an x intercept.

a

y=-2¢"-3

Domain R, range (—o0,—3).

y=4e>* —4

Asymptote: y=—4

y intercept: Let x =0

y=4e"—4

~y=0

(0,0

The origin is also the x intercept.
. 1

Point: Let x =— 3

ny=4e-4>0

y=4e -4

0,0

Domain R and range (—4, o).
y=5¢"72

Asymptote: y=0
There is no x intercept.
y intercept: Let x =0
Ly=5¢7

(0,5¢7)

Point: Let x=2

ES 5¢°

s y=5

(2,5

Domain R and range R*.

y:261—3x_4

Asymptote: y=—4

y intercept: Let x =0

ny=2¢'-4

(0,2¢—-4)

This point lies above the asymptote so there will be an

x intercept. Approximately, 2e —4 =1.4.
x intercept: Let y=0
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a

n2e7—4=0
n2e7 =4
s =2
Convert to logarithm form
s 1-3x=log,(2)
=~ 3x=1-log,(2)

1
SX= 5(1 —log,(2))
1
The x intercept is (5(1 —log, (2)),0) which is
approximately (=0.1,0).
Point: Let x = l
3

y=2¢"-4
Sy=-2

=

(0,2e—-4)

>
>

< 9 :
10 -log.).0) X

N

y=2e' 734

y=3%x2"-24

Asymptote: y =24

y intercept: Let x =0

sy=3x2"-24

=-21

(0,-21)

x intercept: Let y=0

~3x27=24=0
2 =8

sx=3
(3,0
YA

y=3x2"-24
(3., 0)

A

Domain R and range (24, ).

y=ae' +b

From the graph, the asymptote is y=2so b=2
The equation becomes y = ae™ + 2.

The graph passes through the origin.
Substitute (0,0)

S 0=ae +2

s 0=a+2

sa=-2

The equation is y=—2¢* +2 with a=-2,b=2

TOPIC 2 Functions and graphs ¢ EXERCISE 2.5

b y=ax10®
Substitute point (4,—-20)
5 =20=ax10%....(1)
Substitute point (8,—200)
S =200=ax10%...(2)
Divide equation (2) by equation (1)

=200 ax10%
20 ax10%
~10=10%
s 1=4k
ak=1
4

Substitute k = % in equation (1)

- —20=ax10'

La=-2
X

The equation is y =—-2X 104,

6 y=a><ekx

Substitute point (2,36)
~36=axe™...(1)
Substitute point (3,108)
~108=axe¥...(2)
Divide equation (2) by equation (1)
108 ax ek
36 axe*

n3=¢

- k=1log,(3)

Substitute ¢* =3 in equation (1)
36=axek

~36=ax(e’)?

~36=ax(3)’

+36=9
sa=4

Answer is a =4,k =log,(3)

7 a y=2cos(4x)—-3, 0<x<2rm

Period 2 =X

4 2

Amplitude 2

Mean position y=-3

Range [-3-2,-3+2]=[-5,-1]
No x intercepts

y=2cos(4x) -3

b Let the equation be y = asin(nx)+ k.
The period of the graph is 2.

LN=T
The mean position is 5.
y=5=k=5.

The range is [-3,13] which means the amplitude is 8.

As the graph has an inverted sine shape, a =—8
The equation is y =—8sin(wx)+5.
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. (3x
8 f:[0,27t]—>R,f(x)=1—2sm(7) —6sin(3x—%z):0
y=f(x):1—25in(37x] Solving the equation:
. 3r
Period 27[+§:4_7r sm(3x—7)—0
2 3 3
Amplitude 2, inverted graph s 3x——=0,7,2r7,37
Mean position y=1 3 7r 11x 157
Range [-1,3] .-.3x=T,T,T,T
x intercepts: Let y=0 T 7 11n 51
SXE
0:1—25111(3—’“), 0<x<2m 41212 4
2 y
s.sin 3_x =l, 0S3—XS37L’ 6
2 2 2 0.3
EL AP LAY P ’ (32.3v2)
2 6 6 6 2
Sx_x 5t 137 172
2 66 66 < >
3y X 57 137 17n O =\ I us| sl 3R
3’37373 4 12 2 4 >
Ly % 5% 137 1x
97979 79
y intercept: Let x =0 6
y=1-2sin(0)=1 — 6 i3y 37
oD f) =6 sin(3x )
3 b y=cos(2x)—3cos(x) for x €[0,2x].
3y fx) = 1—23111(7) y=y, +y, where y, = cos(2x) and y, =—3cos(x)

y; = cos(2x) has period 7, amplitude 1, range [-1,1].
@m 1) ! ) . ;
140, 1) / ¥, ==3cos(x) has period 27, amplitude 3, inverted graph,
< range [-3,3].

>
loi QM 2n *
- 9

3
k<
3

Y o y
9 9 9 4 (=9 y = cos(2x) — 3 cos(x)
3n . 3n 3
9 a f:|0,— |>R,f(x)=-6sin| 3x—— )
2 4 | y1 = cos(2x)
. 3r < i >
y=f(x)=—6sm(3x—7) ‘710 Ix/@f X
. ©,-27, T OINI o)
.'.y=—6sin[3(x——jj -3
4 ¥y, = =3 cos(x)

Horizontal translation il units to the right.
- 4 10 To sketch the graph of y = (sin(x))2 =sin?(x) for x e[-7, ],
Period Y remember that (1) =1,0> = 0,1> = 1. The squared graph will

not lie below the x axis.

s

Amplitude 6, graph is inverted

Mean position y =0 so range is [-6,6]. y = sin’(x) ly
Endpoints: (-7, 0)
f(0)=-6 sin(—?)—ﬂj
4
- =sin(x)
— 6x -2 y x)
2 11 a y=3tan|> |f
—3/2 a y=3tan 3 or x e[-m, x|
1
f(z):—ﬁsin(ls—ﬂj Period w +—=2r
2 4 2 x 7
ex" 2 First positive asymptote: 5 =—=x=7
2 For x e[—m,x], there is only one other asymptote at
=32 X=mw-2w=-1.
Endpoints are (0,3\/5 ) and (3_”3\/5 j x intercept midway between the two as%rmptotes isx=0.
2 To illustrate the dilation effect: Let x = 3 then
x intercepts: Either translate those of y = —6sin(3x) r units 7\ 33
to the right or solve 4 y=3t (_) R V3.
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e A e )]

=3 tan(Z

! y=3tan(3) !

| 3 |

| |

| |
<] -

x _z z e

] 7 ]

| = |

| |

: -6 |
x=-x! Y x=nx!

b y=—tan(2x-rx) for x e[-7,7].

r=-({-3))

Period r
2

. o T . -
Horizontal shift B units to the right and the graph is inverted.

T
An asymptote occurs when 2x — 7 = 7

.'.2x=3—ﬂ
2
3
SX=—
4
3
Otherasymptotesatxz—n—zzzandxzz—zz—
4 2 4 4 2
T T 3
and x=————=——.
4 2 4
3r T T 3r
The asymptotes are x=——,x=——,x=—,x=—.
4 4 4 4

x intercepts lie midway between the asymptotes as the
mean position is y = 0.

They are at x = z ,x=0,x= % and at the endpoints

X=-T,X=T.

YA

y =—tan(2x — )
__3n 4 _T _3n
x=— x=-7 X =7 x=-
- —T T 0 7‘; ')C

B e L s e et
ISP

LN
SRR

._____________,,;_|§)___

12 The graph of y = a tan(nx)

. n. 2r;
The distance between the asymptotes at x = ig is 3 Ny

this is the period.

Lr_2n
“n 3
~.3=2n
3
n==
2

3x
The equation becomes y = a tan (7)

Substitute the point (_1 ,—l)
6 2

TOPIC 2 Functions and graphs ¢ EXERCISE 2.5

1 (3 —nj
——=atan| - X—
2 2 6
;=eon(3)
——=atan| ——
2 4
—l=a><—1
2
1
La=—
2

2

1
The equation is y = 5 tan (31)

y=3tan(27rx)—\/§for—%ﬁx£—.

Period z_ l
2r 2

Mean position x = —/3

T
An asymptote occurs at 27x = By =>x=

[e =R EN]

| 41

1 1 3 1 1 1
Other asymptotes at x =—+—=—, at x=———=——,
2 4 4 2 4
1 1 3
atx=————=-=
4 2 4
3 1 1 3
The asymptotes are x =——,x=——,x=—,x=—
4 4 4 4
x intercepts: Let y=0
3tan(27x)—/3=0
tan(27rx):§, IE o< I
b4 T T
S2HX=—,T+— Oor —T+—
6 6
n In 5w
S 2x=—,— Oor ——
6 6 6
1 7 5
CX=
1212 12
. 7
Endpoints: Let x =— 3
r
=3tan| ——
g ( 4)
=3
Letxzz,
8
1
=3tan| —
Y (4)
=-3
Endpoints are (—1,3) and (z,—S}
8 8
Y \ 'y =3 tan(2mx) =3
| | |
I I |
| I |
| I |
| | |
I I |
| I |
| | |
| | |
L0 ! : .
i LA
4 1 [2 3 (£.-343)
L3 i 8
| | |
I I I
| | N
Y oY“Tay TE
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42 | TOPIC 2 Functions and graphs ¢ EXERCISE 2.5

14 y=l—tan(x+%jfor0£x$27r.

. . LT .
Period 7, horizontal translation 3 units to the left, graph is
inverted.

Mean position y=1.

An asymptote when x +% = % =>Xx=

3
4 2
Other asymptote atx=§+7r=?nandx:§—7t=—?n but

this one is not in the domain given.
4r

The asymptotes are x = %,x 3

x intercepts: Let y=0

l—tan(x+%j20, 0<x<2m

tan(x+%j=1, —<x<L2mr+—

Endpoints: Let x=0

y:l—tan(zj
6

3
3
Let x=2m

T
=l—-tan| 2w +—
Y ( 6]

:l—tan(z)
6

V3
3

Endpoints are (O, 1- ?J and [27:,1 - ?j

y=1—tan(x +£)

=
Il

X=—

3

W[y

6
y ! |
5 i :
] 1 \@
,@) | ! 27, 1=
(O,I‘? i i ( 3)
< T I e
02\ z 137\ 47 2w "
12 ? 12 3I
-5 : : 4
I I

15 a y=%><10x

Asymptote: y=0
y intercept: Let x =0

4 0o 4
=—x10" =—
Y75 5
[05)

5
Point: Let x =1

4 .0
=—x10" =8
75

(1.8)

Y

1_/

- 0

Y
AS X —> 00, y—> o,
y=3x47"
Asymptote: y=0

y intercept: Let x =0

y=3x4"=3
(0,3)

Point: Let x = -1
y=3x4'=12

(-1,12)

As x = o0, y—>0*.

_x
y=-5%x3 2
Asymptote: y=0
y intercept: Let x =0

y=-5x3"=-5
(0,-5)

Point: Let x =-2
y=-5x3'=-15
(-2,-15)

Asx—o0, y—>07.

2 =X
()
Asymptote: y=0
y intercept: Let x =0

2\

- 2] =21
Y (3)
(07_1)

Point: Let x =1
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a

As x —> 00, y — —o0

y=e* -3
Asymptote: y=-3

y intercept: Let x =0
y=e’-3=-2
(0,-2)

x intercept: Let y=0
e*=3=0

e =3
-~ x=log,(3)
(log, (3),0)

y=-3

Range (=3, ).
y=-2e -1
Asymptote: y=—1

y intercept: Let x =0
y=-2¢"-1=-3
(0’_3)

No x intercept

Y

Range is (—oo,—1).

1 —4x
=—e " 43
Y73
Asymptote: y =3
y intercept: Let x =0

Lo
=—¢"+3=35
y=5e

(0,3.5)
No x intercept

TOPIC 2 Functions and graphs ¢ EXERCISE 2.5

YA

y—le‘4"+3
(0, 3.5)—>— N
y=3

A

Y
Range is (3,0).
y= 4— er
Asymptote: y=4
y intercept: Let x =0
y=4- =3
(0,3)
x intercept: Let y=0
4-¢ =0

e =4

- 2x =log,(4)
1
sox=—1 4
X 5 og,(4)

(%loge (4),0] or (log,(2),0)

Range is (—e0,4).
y=4¢*0 42
y=4e2V 42
Asymptote: y=2
y intercept: Let x =0
y=4e®+2~201
(0,4¢7° +2)
No x intercept
Point: Let x=3
ny=4e" +2=6
(3,6)

)

(0, 4e°+2)

Y

Range is (2, ).
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44 | TOPIC 2 Functions and graphs ¢ EXERCISE 2.5

f

17 a

Cc

x+l
y=1- e 2
Asymptote: y=1
y intercept: Let x =0
y=1-¢"=0.39
(0, 1—e93 )

x intercept: Let y=0

l-e 2 =0
_xtl
e 2 =1
_x+l
e 2 =¢°
_x+l_
2
Sx+1=0
Sx=—1
(_1’0)

Range is (—oo,1).

f(x)=ae* +b

Asymptote is y=11sob=11.

Equation becomes f(x)=ae" +11.

The graph passes through the origin so f(0)=0.

nae’+11=0

sa+11=0
sa=-11

The rule for the function is f(x)=—11e" +11 with
a=-11, b=1L
The domain of the graph is R so as a mapping the function
is written f:R— R, f(x)=—11¢* +11.
y=Ae™ +k
The asymptote is y=4 so k =4 and the equation becomes
y=ae™ +4.
Substitute the point (0,5)
5=ae’ +4
s S5=a+4
sa=1
The equation becomes y=¢™ +4.
Substitute the point (—1,4 +é? )

sdtel=e"+4

e
s2=-n
son=-2
The equation is y=e™>* +4
i y=2" ? e
Substitute the point (0,-5)
5=2"4c¢ ..(1)

Substitute the point (3,9)
9=2""+c..(2)
Subtract equation (1) from equation (2)
s 14=23"_0h
s14=23x27b 27t
~14=8x27"-27"
s 14=7x27"
n2=2"
sb=-1
Substitute b = —1 in equation (1)
sL=5=2+4c¢
se=-—T7
Hence, b=-1, c=-7
ii The equation of the graph is y=2""" —7. Its asymptote
is y=—7 and the given points lie above this asymptote.
Therefore, the range of the graph is (-7, o).

d i y=Ac*>+B

The long term behaviour x — —oo, y — —2 means there
is an asymptote at y =-2.
Therefore, B=-2 and the equation becomes
y=Ae* 2 2.
Substitute the point (2,10)
~10=A4e" -2
LA=12
Answer: A=12, B=-2
ii The equation is y=12¢*"2 -2

Substitute the point (a, 2(§ - ID
e

.'.2(§—1j=12e“‘2—2
e
s12e7M—2=12e47-2

- 2
e =e

sna-2=-1
a=1

18 a y=06sin(8x)

Period 2?” = %, amplitude 6.

Mean position y =0 so range is [-6,6].

X
b y=2-3cos| —
Y (4)

Period 27 + i =8m, amplitude 3

Mean position y =2 so range is [-1,5].

¢ y=-sin(3x-6)

Period 2?7[, amplitude 1.

Mean position y =0 so range is [-1,1].

d y=3(5+2cos(67x))

y=15+6cos(6rx)
2 1

Period z_ —, amplitude 6.
6w 3

Mean position y =15 so range is [9,21].

19 a y=-7cos(4x), 0<x<nm

. 2 . ..
Period Tﬂ = g, amplitude 7, graph is inverted, mean

position y =0, range [-7,7].
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YA
7_
y =—T7cos(4x)
S0 z 2z Jr 3z 3k o ¥
4 2 4
-7-4(0,-7) (@, =7)
Y

b y=5-sin(x), 0<x<2rx
Period 27, amplitude 1, graph is inverted, mean position
y =35, range [4,6].

YA

y =5-sin(x)

6 -
@ 54)_'\/>m 5)

<
<

0

Y

1
c y:ECOS(Zx)+3, -n<x<L2m

2 1
Period 7” =7, amplitude 5, mean position y =3, range
[2.5,3.5].

YA
y cos(2x)+3

Y
d y=2-4sin(3x), 0<x <27

Period 2?7:, amplitude 4, graph is inverted, mean position
y=2, range [-2,6].

x intercepts: Let y=0

~0=2-4sin(3x), 0<x <21

1
s.osin(3x) = > 0<3x<6r

3x=£,7r——,27r+£,37r E,47r+£,57r—£
6 6 6 6
P 5t 13m Ulm 257 29n
v 6’66 6°6°6

18718718 T 18 T 18 T 18

6
4
/%-' @2z, 2)
0.2)
)

TOPIC 2 Functions and graphs ¢ EXERCISE 2.5 | 45

y=2—4sin(3x)

<Y

51 l77z 257r 2971
2 i 18

Y

e y=231n(x+%), 0<x<27

Period 27, amplitude 2, horizontal shift Z to left, mean
position y =0, range [-2,2].

N y=2 sin(x + %)

2_

¥0,2) / (27, \2)
3 Sz g g

2

oA
N

Y

Points on y = 2sin(x) are moved % to the left.

f y=—4cos(3x—£)+4, —ESXS3—7T
2 2 2

st 55 o

.2 . - .
Period ?ﬂ, amplitude 4, graph is inverted, horizontal

. T . .
translation 3 to the right, mean position y = 4, range [0, 8].

x intercepts: Let y=0

—4cos(3x——j+4 0, <)c<3—7r
2 2 2

COS(?’X—E): 1, -2« S3x—££27r
2 2

s 3x— % =2r,-m,0,7,21

3¢ &m m 3m Sm
x=——r,——,=,—,—
27 2°2°272
yo K _TEEST
27676276

Endpoints: Let x = —%

y——4cos(—3—ﬂ—£)+4
2 2

=—4cos(2m)+4
=0

Letx=3—7r
2

y=—4cos(9—”—£)+4
2 2

=—4cos(4m)+4
=0
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46 | TOPIC 2 Functions and graphs ¢ EXERCISE 2.5

Endpoint Z0 d(3—” 0) c ——itan(ﬂ)
ndpoints are - and | -0} y 5 5
4 S5m
Period 7 +—=—
y=-4 COS(3x —%) +4 5 4 , 5
Asymptote when T =>x= S
5 2 8
d y=2tan(67x+31)
Period - 1
6mr 6 .
Asymptote when 6zx +37 = 2
20 a i 2sin(2x)+~/3 =0 for x €[0,27] emxt3n="_3x
i 2
2 sin(2x) = =, 2x e[0.47] c6mx=_F
2
.'.2x=ﬂ+£,2ﬂ?—£,3ﬂ+£,4ﬂ'—£ .'.x:—i
3 12
Oy = 4 Si 107 117z For the first positive asymptote, add multiples of the
3737373 o1
x5k sk lim period 5
376 36 IR S
ii Graph of y =sin(2x) for x €[0,2r] 12 6 12 1
Period 7, amplitude 1, range [-1,1] The first positive asymptote is x = o
i y = sin(2x) 22 a i y=—tan(2x),x€[0,7]
oo /\ (2r.0) Period % graph is inverted.
. 0 T T T T [
z W 3n W” ! Asymptoteswhen2x=£:>x=£andx=£+£=3—”.
1 4 2 ) 2 4 4 2 4
rop
ese | |
m {x:sin(Zx)<—§, OSxS27r} : 1|y =-tan(2x)
I I
| |
| |
Draw the line y = —g on the graph of y = sin(x). i i
0.0y, |
At their intersections, sin(x) = —? and therefore ‘0_ r  z\ 3z (7,0)%
r 2
2sin(x) ++/3 = 0, the solutions to which were found in ? ?
. 2r 5 5m 1n | |
partai as x=—,—,—,—. I I
3767376 - sx | |
The sine curve lies below the line for — <x <— and Le=Z |1 237
3 6 Y | 4 | 4
S5t 11z ' '
—<x<—. T
3 6 ii y=3tan(x+—),x€[0,27r]
The solution set is 4 .
{ 2 571'} { 5z 1 ln'} Period 7, horizontal shift — to the left. The asymptote
Xi—<X<— U{x:—<x<—. 7 4
3 6 3 x 6 y= 3 on y =3tan(x) is moved by this translation to
b The function f(x)=2-3 cos(x + —j has a range [-1,5] so T
12 x =—. There must also be one other asymptote at
its maximum value is 5. 4
T T Sz
This occurs when cos(x + 1—) =—1. The first positive x= 2 +T=>x= R
T x intercept midway between the pair of asymptotes

. T - 11
solution occurs when x + — = 7, giving the value x = — ) 3 ) ) )
12 12 is x = —. One other x intercept is a period apart at
for when the function is at its greatest value.

y = tan(4x)

Period z
4

r . . .
21 a x =——. Others are outside the given domain.

Endpoints: Let x=0so y=3 tan(%) =3

b1 T
Asymptote when 4x = B =x= 3 Letx=2r

T
=3tan| 2w +—
y ( 4)

= 3tan(£)
4

Asymptote when LN i =3 .
772 2 Endpoints are (0,3) and (27, 3).

b y=9+8tan(§j

Period 7 + % =Tr
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y ' '
AA! I
}l |
| | x
! :y=3tan(x+z)
| |
| |
q (O,:3) ! (2, 3)
I I /
5 —
0 # 3n se fIz2n  F
¥ /4 F /7
| |
I I
I I
I I
I I
I I
I I
| |
V! !
r=Z r=
4 4

iii y:tan(§j+ 3,xe[0,6rm]

iv

Period is 37.

X 7w

An asymptote occurs at —= — = x =
3 2

. . 3

is 37 there is another asymptote at x = > +3rn =

The asymptotes are x = EX ,X=

_3n

3¢ _9m
>

Mean position is y = /3
x intercepts: Let y=0

tan(§)+ B = 0, x €[0,67]

X X
-‘. - =— - 2
tan(?’j V3, 36[0, ]

T
3

.-.ﬁzn—z,Zn——
3 3

Lx_2mSm

3 373

Sx=2r,5m

Endpoints: Let x=0

y=tan(0)+/3
-3

Let x=67m

y=tan(27)+/3
3

Endpoints are (O,\/g) and (671',\/5).

a

3z

|
|
|
|
|
|
|
|
|
|
|
|
T
|
|
|
|
|
|
|
|
i
A

x=2

2

y= Sﬁtan(n’x—%j—ix €(=2,3)

.'.y:Sﬁtan(ﬂ(x—%j)—S

1
Period 2 =1, horizontal shift E to the right, mean
T

position y =-5.

5" As the period

TOPIC 2 Functions and graphs ¢ EXERCISE 2.5

i

ii

e

=1

=1

An asymptote when

T T
Tx——=—
2 2
TX=T
x=1

Others are spaced 1 unit apart.

The asymptotes are

x=-2,x=-1,x=0,x=1,x=2,x=3

x intercepts: Let y=0

sﬁtan(m— %)— 5-0, xe(-2,3)

¥ tan(n’x—zj = i
B 2) 53

( nj 1 T
stan| Tx—— [=——=, Tx—— €
2 3 2

_x_mixldm o sn
2 66 6 6
2m Sm 8w T
STX=—,—— 0of ——,——
3 33 3
258 1 4
=TT
333 3 3

No endpoint

«»
o

\

s these are asymptotes

y= 5\/§tan<7rx +%)—5

| 47

__4

x= 3\ =%
]

< : ~ >

I

1 I 3

I3 =3
=27
=37
I

/
x=-2 x=-1x=0 x=1 x=2 x=2

As the x intercepts lie midway between successive pairs
of asymptotes, the mean position is y = 0. Hence there

has been no horizontal translation applied.
The period is the distance between successive pairs of

asymptotes. Using the asymptotes x = —% and x = %

shows the period is %

Since only a ‘possible’ equation is required, let the
equation be y = a tan(nx).

T Zon=2
n 2

.‘.ﬁ:atan(z?ﬂ)
~B=ax—3

La=-1

Substitute the point %,\/5 j

The equation becomes y = a tan(2x).

A possible equation could be y=—tan(2x).
Another equation could be: Let y = atan(2(x — h)).
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48 | TOPIC 2 Functions and graphs ¢ EXERCISE 2.5

The graph passes through the origin.

~.0=atan(-2h)
sotan(=2h) =0
s.—tan(2h) =0

s 2h=kmkeZ
e k(zj,k ez
2

Choosing k = -2, for example, the equation becomes

y=atan(2x + 2x).
Substitute the point (%,\/g )

ﬁzatan(z?n+27r)
~B=ax—=3

sa=-1

So the equation could be expressed as y = —tan (2x +27).

. T
—sin(x), —271'Sx£—5

23 a f(x)={tan(x), -L<x<Z
2 2
cos(x), % <x<L2m

) m(2)-s

ii f(m)=cos(m)=-1

i f(—%):—sin(—%):l

b | y |
! ! @, 1)
514 1 |
I I
I I
I I
: U
(2m,0) ! 1(3.0) %
< T T T T L
2% _3m _x b2 z 2z
2 % ? 2
] ]
I I
| |
I 1 I
] ]
X :—% ! X = %!

. . T
¢ The function is not continuous at x =+ 7

d Domain is [-27,27] and range is R.
24 a y=e"'+e "
Draw the graphs of y, =¢* and y, = ¢~ on the same set of
axes and add their ordinates.

Y

b y=sin(2x)—4sin(x), 0<x <27
¥, =sin(2x) has period 7 and amplitude 1.
v, =—4sin(x) has period 27, amplitude 4 and its graph is
inverted.
The required graph is y =y, + y,.

¢4
y = sin(2x) —4sin(x)

y = —4sin(x)

] y = sin(2x)

—641

¢ y=x+sin(x), 0<x<2x
Mixing an algebraic function with a trigonometric
functions creates a challenge with the scaling of the axes.

This can be overcome by using the decimal approximations

%:1.57, m=3.14, 7”:4.71, 277 =~ 6.28 for these key

points.
x=0|x="|x=x x=3_7r x=2r
2 2
y=x 0 1.57 | 3.14 4.71 6.28
yy=sin(x)| 0 1 0 -1 0
y=nty 0 257 | 3.14 3.71 6.28

YA
2n, 21)
y = x+sin(x)
y=x
0o /\y = sin(x) 2r, 0)
S0 z z 3 2 x
2 2
Y

25 a As there is no restriction given on the domain, both y =¢"
and y = cos(x) have domains of R. This means there are
an infinite number of intersections of their graphs with
negative x values. The graphs meet at (0,1) but there are no
intersections with positive x values.

b For x €[-2m,27] there are three solutions:

x=-4.721,-1.293 and x = 0.

26 a The 13 points of intersections of the graphs of y = sin(2x)
and y = tan(x) for 27 < x <21 are

(£27,0),(£7,0),(0,0),
) )
4 4 4 4
ENIESIHIS
4 4 4 4
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b The solutions to sin(2x) = tan(x) are the x co-ordinates of
the points of intersection of the graphs of y =sin(2x) and
y = tan(x). These are integer multiples of & or odd integer

multiples of %
The general solution of the equation for x € R is

x=n7r,neZ0rx=(2n+l)%,neZ.

Exercise 2.6 — Modelling and applications
1 a P(H)=83-65¢% 120
P(0)=83—-65¢°
=18
There were 18 possums initially.
b P(l)=83—65¢"2

=30
The population has increased by 12.
¢ Let P=36
+.36=83-65¢""%
5.65¢70% =47
4
02 47

65

The population doubled in 1.62 months.

d P(1)=83-65¢"%1>0
Horizontal asymptote at P = 8§3. Points (0,18), (1,30) and
(1.62,36) lie on, or close to, the graph.

YA

<
<€

Y

0

Y

e The presence of the asymptote at P =83 shows that as
t — oo, P — 83. The population can never exceed 83 so the
population cannot grow to 100.

X 0 1 3 4
y 4 2 10

The data points increase and decrease, so they cannot be
modelled by a one-to-one function. Neither a linear model
nor an exponential model is possible.

The data is not oscillating, however, so it is unlikely to

be trigonometric. The jump between x=1and x=3is a
concern, but the data could be modelled by a polynomial
such as a cubic with a turning point between x =1 and

x =3. However, y = x" requires the point (0,0) to be on it
and that is not true for the data given.

TOPIC 2 Functions and graphs ¢ EXERCISE 2.6

a
b i y=——~+k

Y x—2

Substitute the point (0,4)

ca=Lip
-2
S 8=—a+2k ..(1)
Substitute the point (3,10)
:JO=%+k
~10=a+k ..(2)
Adding the two equations,
3k=18
S k=6
sa=4
The equation is y = +6.
x—-2

ii The graph has a vertical asymptote at x =2 and a
horizontal asymptote at y = 6.

YA

A
o o
|
<)

3 a P(000s) A
504

45
40
35
¢00,32.5)
30

254

20

The data appears to be linear.
b (2,38.75) and (4,45)

45-38.75
m=————
4-2
_6.25

2
=3.125

P—45=3.125(t-4)
S P=3.125t-12.5+45
S P=3.125t+32.5
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50 | TOPIC 2 Functions and graphs « EXERCISE 2.6

c Letr=0
S P=325
There were 32 500 bees in January.
d The gradient gives the rate of increase
The bees are increasing at 3.125 thousand per month.

4 F=a(r)

a Substitute n=1,F =435
435=ar......(1)
Substitute n=2, F =655
655=ar’...(2)
Substitute equation (1) into equation (2)
655=455r

655
r=——
435
~r=1.5
435
a=—-
1.5
s.a=290
b F=290(1.5)

Let =0, then F =290.
Eric pays a fine of $290.

¢ Letr=6
F=290(1.5)°

~3303
Eric would pay $3303.
5 a h(t)=asin(nt)+k

The range of the function is between 0.7 and 1.7 metres
travelled in 2 seconds.
Midway between these values is 1.2 so k = 1.2 and amplitude
is 0.5. As the girl rises from mean position, a = 0.5.
It takes half a period for the function to range between its
greatest and least values, so the period is 4.
2

Iy}
n

Son=—

2

Hence, a=0.5,n="2,k=12.

b h(t):O.Ssin(gt)+l.2

For 0 <1 <6, one and a half cycles will be covered.

h hgi = 0.5sin(3 1)+ 1.2

< T T >
Ol 2 4 6 t

hyoy =—0.5sin(7 1) + 1.2

¢ Let h=1.45. From the graph there will be four intersections
of the line i = 1.45 with the curve showing the girl’s height.

O.Ssin(%t)+l.2=1.45

57 137 17n
6

. 1 5.4 .
The time interval between — and — is — so over the first six

seconds she is 1.45 metres or higher, for 3 seconds.
d Graph is shown in part b, its equation is
Iy =—0.5sin (% z) +1.2.

6 a The point is (0,2) so a=2.
b Reading from the diagram, the coordinates are (2,2)
¢ Turning point at (5,0) so let the equation be of the form
y=a(x-5)%
Substitute the point (2,2)
~2=a(-3)
2

Sa=—

9
2
The equation is yzg(x—5)2,2SxS9

d For 0 < x <1, the line has gradient 2 and y intercept at y =2,
Its equation is y =2x+ 2.
The rule for the hybrid function can be expressed as

2x+2, -1<x<0
2, 0<x<2

%(x—S)z, 2<x<9

e There are three positions where the skateboarder would be
at a height of 1.5 metres above the ground. One is when the
person climbs the connecting ladder and the other two are
on the parabolic ramp.

Consider
2x+2=1.5
s 2x=-0.5
~x=-0.25

Consider %(x— 52=15

27
L(x=5)r==0
(x=5) 2

o543

2

. 1
Answeris x=5f—— orx=——.
2 4

7 T=20+75¢"0%

a When =0, T =20+75=95 so the initial temperature
was 95°C.

b The exponential function has a horizontal asymptote at
T=20s0ast— o, T =20.
The temperature approaches 20°C.

¢ LetT =65
#.65 =20+ 75¢ 0062
0002 _ E
75
0002 _ §
5

».—0.062¢ = log, (%)

3

't———l lo (—j
) 0.062 &\
s 1=8.24

It takes approximately 8.24 minutes to cool to 65°C.
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d T=A+Be %

As the temperature cannot exceed 85°C, A =85
T =85+ Be 0%
Substitute (8.24,65)

- 65=85+ Be—0.05x8.24
Be%).412 =-20

o B=-20e""?

~B=-30

T=20+75¢009%
TA x=8.24

(8.24, 65)

T=85-30e 00>

R

0y

d= 1.5sin(”—t)+ 12.5

12
Whent=0,d=1.5sin(0)+12.5=12.5
The boat is 12.5 metres above the seabed.
Period is 27 + % =24 hours
Mean position is d =12.5 and amplitude is 1.5.

Maximum height is 12.5+1.5 = 14 metres
Minimum height is 12.5-1.5=11 metres

dA t
d=15sin <ﬁ)+ 125
14
(6.14) (24, 12.5)
0, 12.5)
11
(18, 11)
< T T T >
0y 6 12 18 2% !
Maximum height occurs when ¢ = 6, so between f =4 and

t =8 the depth exceeds a value of d = h for a continuous
interval of 4 hours.

h= 1.5sin(£><4j+12.5
12

h= 1.53in(%)+12.5

.'.h=1.5><§+12.5

3J3+50

Sh= =13.8

The first minimum after 12 hours half a cycle, have passed
occurs when ¢ =18. It will be safe to return to shore

18 hours after 9:30 am. This makes the time 3:30 pm the
following day.

TOPIC 2 Functions and graphs ¢ EXERCISE 2.6

| 51

9 a N=22x2'

10

11

a

a

Let N=2816
~.2816=22x2"
~20=128
n2=27
st=7
In 7 days the number of bacteria reaches 2816.

As t — o0, N = oo, so the number of bacteria will increase
without limit.
66
i N=—
14270
Letr=0,
66
1+2¢°
_66
SN=22

Reconsider the first model N =22x2". If t=0, N =22.
Both models have an initial number of 22 bacteria.
i As1—>o0,e 0% 0.

Therefore N — ﬁ =606.
1+0

The number of bacteria will never exceed 66.
The garden area is the area of the entire square minus the
area of the two right-angled triangles.

A=40><40—%><x><x—%><(40—x)><40

=l600—%x2—20(40—x)

=1600—%x2—800+20x

=—%x2+20x+800

Both x >0 and 40 — x > 0 since these are lengths. The
restriction that needs to be placed is that 0 < x < 40.
Completing the square

A= —%(x2 —40x— 1600)

- —%((xz —40x +400) - 4001600
:—%((x—20)2 ~1000)
:_%(x-zo)z +1000

The greatest area is 1000 m? when x = 20.

3

The stationary point of inflection at x =0 = x" is a factor

of then graph’s equation.
The cuts at x = ++/5 = x ++/5 and x —/5are factors.

Let the equation be y=ax’ (x++/5)(x=5).
Substitute the point (v/3,~12/3)

=123 =a(V3) (V3 -5)(V3+5)
#1243 =ax 33 x((V3) ~(+5))
~=123=33ax(3-5)

~=1243=-63a

na=2

The equation is y = 2x° (x — ﬁ)(x + \/5)
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b y=2x(x=5)(x+5) 13 h=3—2.5sin(%(t—1)j
y=2x" (x‘*/g)(“ﬁ) a At7:30am, r=0.5, so h=3—-2.5sin(-0.25) = 3.619.
ny=2x3(x%-5) The water level is approximately 3.619 metres below the
Sy= 2x° —10x° jetty.
. . . b Mean position is 3, amplitude is 2.5 so the distances below
¢ i The maximum turning point on the graph of y = g(x) the jetty lie between 3—2.5=0.5 and 3+2.5=5.5.
has coordinates of (—\/§ 1243 ) A horizontal translation The greatest distance below the jetty is 5.5 metres and least
of +/3 units to the right is required for this point to have distance is 0.5 metres
a x coordinate of (. [
The minimum turning point on the graph of y = g(x) h

has coordinates of (\/3 ,—12\/5 ) A vertical translation 5.5
of 12+/3 +1 units upward is required for this point to
have a y coordinate of 1.

ii The y co-ordinate of point A is
1243 + (1243 +1)= 2443 + 1. The height of A above
the water is (24\/5 + 1) = 42.6 metres.

iii B has an x value of /3 ++/3 = 24/3 so the coordinates

h=3—25sm(%0—1»

24,5.19
(0, 4.20) ( )

of B are (2\/5,1). 250 . —
t
C is the point (\/§,12\/§+1) ¢ 12 #
. at+b The first maximum occurs for ¢ =10.42 and the first
12 N:R"U{0} > R,N(@)= 12 minimum for 7 = 4.14. (Solve using CAS)

d The difference between low and high tide is 5 metres so an

at+b ¢ i
a N@t)= 12 additional 5 metres of rope is needed.
14 a In triangle OBC, OB is of length 2—4 cm, h > 4.
N©)=10 Using Pythagoras’ theorem
4 2, 2 _42
-'-10=§ (h—4)" +r"=4
~b=20 et =16 (h—4)
NG)=30 r=A16=(h=4) r>0
Sa+20
~30= 7 cr=+8h—h?
».210=5a+20 b Vzln'rzh
~.5a=190 3
- = 1
a=38 ~V==n(8h—h*)h
Hence, a =38,b=20. ?
2 S V==rh*@8-
b N(t)=38tt+20 wV=3mh’8=h)
+
38(t+2)—76+20 h>0and 8 —h >0 so the restriction on & is 0 < h <8. This
= r+2 would be seen on the graph to be the domain interval
_38@+2) 56 where V > (.
t+2 t+2 ¢ VA
1
AN =38-25 >0, (5? 79.4)
t+2

The graph is a hyperbola with horizontal asymptote N = 38.
The vertical asymptote ¢ = —2 lies outside the domain.
Points (0,10) and (5,30) lie on the graph.

v=%mﬂ@—m

N,

_38t+20
N=""
(0, 10)
- >
oY - (8,0)
. ©,0) h
¢ The horizontal asymptote shows that as t — co, N — 38. Y

The population of quolls will never exceed 38.
d Using CAS the greatest volume is 79 cm?.
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Topic 3 — Composite functions, transformations

and inverses

Exercise 3.2 — Composite functions and
functional equations

1 f(x)=(x—1)(x+3) and g(x) = x>

If the domain of f(x) is restricted to R\{-2,2} to produce
the function /(x), then g(h(x)) exists because the range of
h(x) will be R\{4}, which equals the domain of g(x).

Dom Ran
f(x) R [_4’ oo)
g(x) R [0,0)

For f(g(x)), the range of g(x) is [0,0), which is a subset of

the domain of

f(x), which is R so f(g(x)) exists.

flgx)= (x2 - 1)(x2 +3) =(x-1)(x+ 1)(x2 + S)Where dom =R
For g(f(x)), the range of f(x) is [—4,0), which is a subset of
the domain of

g(x), which is R so g(f(x)) exists.

g(f(0))=((x=1)(x+3))* =(x—1)* (x+3)* where dom = R

f(x)=2x—-1and g(x)= !
x—-2
Dom Ran
fx) R R
g(x) R\{2I R\{0}

For f(g(x)), the range of g(x) is R\{0}, which is a subset of
the domain of f(x), which is R so f(g(x)) exists.

flgx)= ﬁ—l where dom = R\ {2}

For g(f(x)), the range of f(x) is R, which is not a subset of
the domain of g(x), which is R\{2} so g(f(x)) does not exist

f(x)=+x+3 and g(x)=2x-5

Dom Ran
f(x) [-3,) | [0,00)
g(x) R R

a f(g(x))is not defined because the range of g(x), which is
R is not contained in the domain of f(x), which is [-3,).
b We want ran g =[-3,)
Solve 2x-5>-3
If the domain of g(x) is restricted to [1,0) to produce the
function A(x), then f(h(x)) exists because the range of h(x)
will be [-3,¢0), which equals the domain of f(x).
soh(x) =2x-5,x € [1, o)
¢ f(h(x))=v2x-5+3=+/2x-2 where x €[1,)

F(r)=x? and g(x) = %

X—

Dom Ran
J(x) R [0, )
8(x) R\{4} | R0}

a g(f(x))is not defined because the range of f(x), which is
[0,0) is not contained in the domain of g(x), which is R\{4}.
b We want ran f #4
Solve x> # 4

ooh(x) =x%, xe R\{-2,2}

¢ g(h(x))= x21_4 where x € R\ {-2,2}

5 f)=->

X
Jxy)
-3 3
T4z
X Y
- 3

Xy
=y w
Xy 3
==(x-)
=y—x
RHS: y—*

=LHS
Therefore M =y-—

fxy)
6 f()=€"" and f(y)=e”
fx+y) =2 =¥ xe? = f(x) ()
f()C _ y) — eZ(xfy) — er . e2y — J;E;;
7 f()=x*+1, g(x)=+/x and h(x)= %

Dom Ran
Jx) R [1,00)
8(x) [0,00) | [0,00)
h(x) R\{0} R\{0}

a f(g(x))exists because the range of g(x) which is [0, ), is
a subset of the domain of f(x), which is R.
Dom =[0, )

b g(f(x)) exists because the range of f(x), which is [1,0), is
a subset of the domain of g(x),which is [0,)
Dom = R.

c h( g(x)) does not exist because the range of g(x), which is
[0,0), is not a subset of the domain of /(x), which is R\{0}.

d h(f(x)) does exist because the range of f(x), which is
[1,00), is a subset of the domain of h(x), which is R\{0}.

Dom = R.
8 f(x)=x% g(x)=x and h(x) = —%
Dom Ran
f(x) R [0,e0)
g(x) [0,) [0,)
h(x) R\{0} | R\0}
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a f(g(x))exists because the range of g(x), which is [0,0) is
a subset of the domain of f(x), whiczh is R.
The rule is f(g(x))= f(\/;)z(\/;) = x where
Dom =[0, ).
b g(f(x))exists because the range of f(x), which is [0,) is
equal to the domain of g(x), which is [0, ).
The rule is g(f(x))= f(x2)= Jx% =1 x| where Dom = R.
c h(f (x)) does not exist because the range of f(x), which
is [0,0), is not a subset of the domain of h(x), which is
R\{0}.
d g(h(x)) does not exist because the range of h(x), which is,
R\{0} is not a subset of the domain of g(x), which is [0, o).

9 f:R— R, f(x)=x*+1 where Ran = [1,0)
g:[-2,) = R, g(x) =+/x+2 where Ran = [0,)
7 (g(x)) exists because the range of g(x), which is [0,), is a
subset of the domain of f(x), which is R.

f(g(x))=f(x/x 2)=(\/x+2)2 +1=x+3
where Dom =[-2,c) and Ran =[0,).

10 f:(0,0) > R, f(x)= % where Ran = (0, )

g:R\{0}> R, f(x)zi2 where Ran = (0,)
x

a g(f(x))exists because the range of f(x), which is (0,e0), is
a subset of the domain of g(x), which is R\ {0}.

b g(f(x)= g(%) = x? where Dom = (0,0) and Ran = (0, o).

c YA

y = g(fx))
(0,0) x

Y

11 g(x):( 13)2_2 and f(x) = Vx.

Dom Ran
g(x) R\{3) (=2,00)
F) | [0,0) | [0,00)

a f(g(x))is not defined because the range of g(x), which is
(—2,00) is not contained in the domain of f(x), which is
0,00).
b Lor ;(g(x)) to have a domain for its existence
1
(x=3)°
1 j—
(x-3°

(x=3) =

-2=0

=
|
w
Il
H =

=
Il
I+

SRS

|
8
|
+
W
[
C
—
S
+
b
8
——

. 1
ie. xe R
( V2

12 f:(—,2] >R, f(x)=+2—x andg: R—> R, g(x)=—%+2
X—

Dom Ran
f(x) (==,2] [0,0)
g(x) R\ {1} R\ {2}

a g(f(x))is not defined because the range of f(x), which
is [0,0) is not contained in the domain of g(x), which is
R\{1}.

b For g( h (x)) to have a domain for its existence then the
domain must be (—ee,2]\ {1}.

() =v2—x, xe (-, 2\ {1}
¢ g(fi)=-

13 f(x)=5"
a To show that f(x+y)= f(x)X f(y).
LHS: f(x+y)
— 5X+y
RHS: f(x)x f(y)
=5"x5"
— 5X+y
=LHS
Therefore f(x+y)= f(x)X f(3)
S,
f»

———+2 where x €(—,2]\ {1}
2-x-1

b To show that f(x—y)=

LHS: f(x—y)
=5
S
F
_5
5V
=57y
=LHS

RHS:

J&x)
NAC))
14 f()=x", f(y) =) and f(xy)=(xy)’
LHS: f(xy) = (xy)’
RHS: f(x)x f(y)
=x3x y3
= (xy)’
=LHS
Therefore f(xy) = f(x)X f(y)
15 a h(x)=3x+1
h(x+y)=3x+y)+1
=3x+3y+1
=@Bx+D)+@By+1)-1
=h(x)+h(y)+c
Therefore ¢ = -1

Therefore f(x—y)=

1
b h(x)=—
()=

LHS: h(x)+(y)
11
R
y3 +X3
x3y3
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RHS: (x3 + y3)h(xy)

=(x3+y3)><

x3y3
24y

x3y3

=LHS
Therefore h(x)+ h(y)= (x3 + y3 )h(xy)
flo)y=x>
A:
LHS: f(xy) = (xy)*
RHS: f(x)f(y)=x"xy* = (xy)°
LHS = RHS
B:

2
LHs:f(i)= i)
y) \y

RHs: L) _ é :[sz
f oy y

LHS = RHS

C:

LHS: f(—x)=(-x)* =x"

RHS: —f(x)= -x2

LHS # RHS

D:

LHS: f(x+y)= ()c+y)2

RHS: f(x)f(y)=x"y

LHS # RHS

F)=+x

A:

LHS: f(xy)=xy

RHS: f(x)f(y)=+x x [y =[xy

LHS = RHS

B:

3

Rs: L0 _Vx _ [x

f» y \y
LHS = RHS
C:
LHS: f(-x)=v-x
RHS: — f(x)=—Vx
LHS # RHS
D

LHS: f(x+y)={x+Yy
RHS: f(0)f(y)=vx\[y = Jxy
LHS # RHS
fo=1
X
A:
1
LHS: f(xy)=—
xy
11 1
RHS: f(0)f(y)=—X—=—
Xy xy
LHS = RHS

B:

LHS: f(f)z
y

Y
X

< &=

SO _
f

_J

X

RHS:

[ \—|>< | —

LHS = RHS
C:

LHS: f(—x)= L

RHS: —f(x)=—l
X

LHS = RHS
D:
1
LHS: f(x+y)=——
x+y
1

1 1
RHS: f(x)f(y)= ;X; = ;

LHS # RHS

fx)y=e*

A:

LHS: f(xy)=e"

RHS: f(x)f(y)=e*e’ ="
LHS # RHS

LHS # RHS

C:

LHS: f(-x)=¢""*

RHS: —f(x)=—¢"

LHS # RHS

D:

LHS: f(x+y)=e""

RHS: f(x)f(y)=¢"e’ ="
LHS = RHS

17 f:[4,00) >R, f(x)=vx—4 andg:R— R, g(x)=x> -2

a

Dom Ran
) [4.0) | [0,0)
g(-x) R [_2’ °°)

g(f(x)) exists because the range of f(x), which is [0,0) is
the subset of the domain of g(x) which is R.

g(f(x))=g( x—4)=( x—4)2—2=x—6 where the
domain is [4, ).

YA

y = g(flx))

“4.-2)

Y
£ (g(x)) does not exist because the range of g(x), which
is [-2,00) is not the subset of the domain of f(x) which is
[4,50).
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e If the domain of g(x) is restricted to (—oo,—\/g:|u [6,)
then a new function is formed which is

81 :(_w’_*/g}u[6’°°)—> R, g (x)=x" =2 s0 that
f(g(x)) exists.
t fi (g(x))=\/x2 —2—4=+/x>—6 where

x € (—o0,—/6 JU[6,0).
18 f:[l,0) > R, f(x)=—x+k and g:(—,2] > R, g(x)=x"+k
Dom Ran
f&) [Loo) | (—oo,—1+k]
8(x) (—o0,2] [k,o0)
Ran f € Dom g, 50 [1,e0) C [k,e0), therefore k > 1.

Ran g € Dom f, 5o (—o,—1+ k] < (—,2], therefore k <3.
Therefore, overall, k €[1,3]

Exercise 3.3 — Transformations

1 a i y=x>has been dilated by a factor of three parallel to

the y axis or from the x axis to produce y = 3x%.
y

ii (-2,-8)—>(-2,-24)
b i y=x>has been translated two units to the left or in the
negative x direction to produce y =(x+ 2)3

-3/ 2

i (-2,-8)—(—4,-8)

c iy= x* has been reflected in the x axis two to produce
3
y=-x

d i y=x>has been translated up one unit or in the positive
in y axis direction to produce y = x> +1

ii (-2,-8)—>(-2,-7)
a y=sin(x) has been dilated by a factor of four parallel to
the y axis or from the x axis to produce y =4 sin(x)

YA
6 -

| y=4sin(x)
24 y = sin(x)

T 7 2z~

—6-
Y

b y=sin(x) has been dilated by a factor of one half parallel
to the x axis or from the y axis to produce y = sin(2x)

YA
1.5
1 y = sin(2x)
0.5+
< _z 0 x 3 X
2 2 2
—0.5
14 >
y = sin(x)
_1.5_
Y

. T .
¢ y=sin(x) has been translated — units to the left or in the

. L . b4
negative x direction to produce y = sm(x + E)

Y
A

0.5+

A

|
wIN
(=]
1N -
Bl
E)
=

—-0.51

14
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d y=sin(x) has been translated up two units or in the

1
positive y direction to produce y = sin(x)+ 2 7 a y=cosx)oy= ECOS(X)

Y y = cos(x) has been dilated by a factor of % parallel to the
47 y=sin) +2 y axis or from the x axis.
2+ y = sin(x)

: > 0,0.5) (2, 0.5)

|
I
o
SIEE
8
[95)
S
N
3

3 y:sin(x)%yz—Zsin[Zx—%}+l

y=sin(x) > y= —2sin[2(x—%ﬂ+l

y=sin(x) has been

b y=cos(x)— y=cos(2x)

. . y = cos(x) has been dilated by a factor of 1 parallel to the
e Reflected in the x axis 2

i from th is.
e Dilated by a factor of 2 parallel to the y axis or from - axis or oM e y axis

the x axis | 1y 0, 1) 2r, 1)
¢ Dilated by a factor of 5 parallel to the x axis or from /\ /
the y axis 0.5
e Translated % units to the right or in the positive < : : o~
x direction A 2
e Translated 1 unit up or in the positive y direction 05
x+1 -1
4 y=e" —>y=%e(2) -2

*has b ¢ y=cos(x) > y=—cos(x)
=e
J as been y = cos(x) has been reflected in the x axis.

. 1 .
e Dilated by a factor of 3 parallel to the y axis or from

] y
the x axis 1
e Dilated by a factor of 2 parallel to the x axis or from
the y axis 0.5
e Translated 1 units to the left or in the negative < ; —>
x direction 0 LI N
2 2
e Translated 2 units down or in the negative y direction 0.5
5 g(x)=x2is reflected in the y axis — (—x)? = x2 -19%0,-1) @x, 1)

is translated 4 units to the right — (x —4)?
o ] X 2 d y=cos(x)—> y=cos(x)—1
is dilated by a factor of 2 from the y axis — (5 - 4) y = cos(x) has been translated down 1 unit or I unit in the

x 2 negative y direction.
is translated 3 units down — 5—4 -3

YA
1 1/ x 2 0.5
is dilated by a factor of — from the x axis — —(——4) -1 (0, 0) 2r,0)
3 3\2 < ’
1(x-8Y 0 2z
S fx)== -1 0.5
J(x) 3( 5 j 0.5
L. . . 3 -1
6 h(x)=—is dilated by a factor of 3 parallel to the x axis = —
X 3 x 154
is translated up 2 units - —+2
X 2]
Y

. . . 3
is reflected in the y axis > ——+2
X

is translated 1 unit to the left — — +2
x+1
3
is reflected in the x axis > ———2
x+1
3
L fx)=——=-2
x+1
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8

1
ay=—>y=f(x-2)

T
1
y=— has been translated by a factor of 2 parallel to the

X
X axis or 2 units in the positive x direction.

YA

[n
Y
~
1]
o

x=2
1
b y=——y=-f(x)
X
1 . .
y=— has been reflected in the x axis.

X

AY

4
=)
=

x=0‘
1
c y=;%y=3f(X)

1 . .
y=— has been dilated by a factor of 3 parallel to the in the
X
y axis or from the x axis.

YA

Yx=0

1
d y=;%y=f(2x)

1 . 1 .
y=— has been dilated by a factor of 5 parallel to the x axis
X
or from the y axis

YA

1
9 a y=x2—>y=§(x+3)2

10

11

12

2

3
y= x? has been dilated by a factor of % parallel to the

y axis or from the x axis, translated 3 units to the left or

o . S 2 .
3 units in the negative x direction and translated 3 units

2 .. . L
down or 3 units in the negative y direction.

b y=x">y=—2(1-x)+1

y=x* has been reflected in the x and y axes, dilated by

a factor of 2 parallel to the y axis or from the x axis
direction, translated 1 unit to the right or 1 unit in the
positive x direction and translated 1 unit up or 1 unit in the
positive y direction.

1 3
C =— > y= —lor
Y X Y (2x+6)

= -1
YT (x+3)
1 .
y=— has been dilated by a factor of 3 parallel to the
X
y axis or from the x axis direction, dilated by a factor of %

parallel to the x axis or from the y axis direction, translated
3 unit to the left or 3 unit in the negative x direction and
translated 1 unit down 1 unit in the negative y direction.

2 (245 (23)5(52)5(=2)

b (L1)—(-1,—-1)— (-=1,—2) = (0,—2) > (0,=1)

c (2,%)—>(z,1)—>(1,1)—>(—2,1)—>(—z,0)

a y=cos(x)>y= 2005|:2(X—%):‘+3
y = cos(x) has been dilated by a factor of 2 parallel to the

y axis or from the x axis, dilated by a factor of % parallel to
the x axis or from the y axis, translated % units to the right

or Z units in the positive x direction and translated 3 units
up c2>r 3 units in the positive y direction.

b y=tan(x)— y=—tan(-2x)+1
y = tan(x) has been reflected in both axes, dilated by a

factor of % parallel to the x axis or from the y axis and

translated 1 unit up or 1 unit in the positive y direction.
¢ y=sin(x) > y=sin(3x—7m)-lory= sin[B(x—%ﬂ—l

1
y =sin(x) has been dilated by a factor of — parallel to the x
. . r .3 . T
axis or from the y axis, translated 3 units to the right or 3

units in the positive x direction and translated 1 down up
or 1 unit in the negative y direction.

h(x)=3/;ﬁi/3—>3—(x_3)%i/_(§_3):i/_(x;6)

Therefore f(x)=3 _(x;6)
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1 1 1 1 3
13 hix)=——>——-3—>— -3 -3 -3 |=- 9
=720 7 ((x+2)2 ]é [(“2)2 ] (x+27

+9

H_
(2-x)°
3
Therefore f(x)=——+9
! (2-x)°

14 f(x)=2x*-3>-2x>+3>-2(3x) +3=-18x>+3 > —-18(x—1)* +1

Therefore f(x)=-18(x—1)> +1

—>1—>l—3—>1—3—>2—6
x+2  2x+2  2(x+3) 2(—x+3) 2(3—x)

15 h(x)=

Therefore f(x)= _

G-x)
16 y:2x—5
x—1
_2(x-1-3
x—1
_Z(x—l)_ 3
x—1 x—1
a3
x—1

| 59

y=— has been reflected in the y axis or the x axis, dilated by a factor of 3 parallel to the y axis or from the x axis, translated 1 unit

X
to the right or in the positive x direction and translated 2 units up or in the positive y direction.

Dom = R\{1} and Ran= R\ {2}.

YA T

5
17 y=3- Tx%yzx/;

[5- . . . . L . 1
y=3- Tx has been reflected in both axes, translated 5 units to the left or in the negative x direction, dilated by a factor of 5

parallel to the x axis or from the y axis and translated down 3 units or in the negative y direction.

18 y=—2(3x-1)*+5 5 y=(x-2)" -1

y=-2(3x- 1)2 + 5 has been reflected in the x axis, dilated by a factor of % parallel to the y axis or from the x axis, dilated by a

factor of 3 parallel to the x axis or from the y axis, translated 3 units to the left or in the negative x direction and translated 6 units

down or in the negative y direction.

Exercise 3.4 — Transformations using matrices

LR R

1
x’=5x or2x’=xandy =y
y=cos(x) =y’ =cos(2x)

The equation of the transformed graph is y = cos(2x).
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(M T M ]

[V
Wy T

1
The equation of the transformed graph is ¥ = 2

1 ’
y:—zﬁ—y:
X

3 y=x"*is dilated by a factor of 2 from the x axis — y = 2x* is translated one unit in the negative x direction — y=2(x+ 1)4 is

translated one unit in the negative y direction — y=2(x+ 1)4 -1

T
4 y=cos(x) is reflected in the x axis — y=—cos(x) is dilated by a factor of% parallel to the x axis — y =—cos(2x) is translated By

. .- . . T . . . . . T
units in the positive x direction — y=— cos(Z(x - E)) is translated 3 units in the negative y direction — y =—cos (2(x - ED -3.

o3[y e s U0e S 2 )3
(AR R S

~
<

~

—
Il
Il

= =
==

T 5

i 3]
_x i __x —_ 0

T[ y ) LYy JL-10

(-2,5)— (0,-10)

|
2

_ x _j:_ X J-
|
|
|

b T

<
~

—

= o=

<=
|

~
L N

~

(
L.
(
(

X X 4
T = , |=
HIEEIRE
[ x ] _x’_—4
T = , |=
HIEEIRE
(-2,5)—> (4,3)

(
3
(

¢ T

1]
'\<\><\
I
S W=
—_ O
~—~
—
SH
—_o
[
N
—
—
|
Y
[
+
—
— |
w
[ I
N

—

Il
==
NAAN

Il
O W=
- o
~—~
—
oL
— O
[I—
N—
—
oy
[

—

1
~
|

10 Lo 5 -1 0 5
1 - - 1 -
L2 ] 2
1 ) 1
71 =010 -0
4 [03—>4
0 1 | 0 3
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1
Dilated by a factor of > parallel to the y axis or from the

X axis, translated 3 units to the left or 3 units in the negative
x direction and translated 2 units down or 2 units in the
negative y direction.

X' +3=x andy’:%—2=>2y’+4:y
y=2(x—1)* 52y +4=2(x"+3-1)
2y +4=2(x"+2)
2y =2(x'+2)* -4
y’=(x’+2)2—2
Transformed rule is y=(x+2)* —2.
Reflection in the x axis, translation of % to the right or %

in the positive x direction and translation of 2 units down or
2 units in the negative y direction.

Vg
x'=x+z andy’ =-y-2

, T
x=x"——

=—y -2
4 y y

y=cos(x) >—y —2= cos(x’—%j

T
'+2=—cos| x'——
Y ( 4)

T
'=—cos| x'——|-2
' ( 4)

. b4
Transformed rule is y =—cos (x - Z) -2

Reflected in the y axis, dilated by a factor of 3 parallel to the
y or from the x axis and translated 1 unit to the right or in the
positive x direction.

x'=—x+1 and y =3y

’ y
x=1-x ==
37
y=\/x+l—2%y?=\/l—x'+l—2
Y =3/-x"-6

Transformed rule is y =3+/—x —6.

Dilated by a factor of 2 parallel to the x axis or from the

y axis, reflected in the x axis and translated 4 units to the left
or 4 units in the negative x direction.

x'=2x-4 and y' =-y
1

=—(x"+4) -V =

x 2(x ) =Y =y
1 3
y=x3—>—y'=[§(x'+4)}
_y/:l(x/+4)3

8

1 3
r__ 2 /+4~
y=—g(x'+4)

1
Transformed rule is y=— S (x+4)>.

12

13

14

15

| 61

¥’ =x-3 and y' =-2(y+1)
Y

x=x"+3 —-==y+l
y/
2 1=
2 y
1 y 1
y=—mg oo ol=——s
x 2 (x"+3)
A 12+1
2 (x'+3)
;— 2 2_2
(x"+3)
2
Therefore y=——--—
(x+3)

—~
7~ N\
—
==
[
N—
Il
| —
\<\><\
| I
Il
(e}
N|—= O

Check:
x'=2x—4 or x=%(x’+4) andy’=%y—10ry=2(y'+1)
1 2
y:x2 %2(y'+1)={5(x +4)}
, 2
2(y'+l)=((x +4)
2
(2 +4))
o)
2 2
1((x+4))
y’ZE( 5 )—lasrequired
1 1
X x’ - 0 X -
G ook
0 -2 4
Check:

x’=§x+% so3x’—1=xand y'=-2y+4 or —%(y’—4)=y

1 1 1
= —— /—4:
A
b4 2
Y 3x' -1
, 2 .
Yy’ =—————+4 as required
3x
1
y= -3-oy=—
x+1 X

x'=x+b—>x=x"-b

’
—C

Y=ay+c—oy=
a

Substituting in the new points:

y-c 2 1

a x-b+l ~ x
PR S Y
y x'—b+1

, 2a
y =

=—"  3g+4c=
x'—b+1

R ===
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Now equate the components:

2a=1

16 y=—(Bx-1?+2—>y=x

2]

x/

X=——¢C
a

x/
y/

Lo s[5 3]

x'=a(x+c) and y' =b(y+d)

’

y
=Yy
=

Substituting in the new points:

’ , 2
X :—(3[x——c)—l] +2=1x
b a

y 3x’ : 2
—=- —3c—-1| +2+d=x
b a

’ 3x : 2
Y == —3c—1| +b(2+d)=x
a

Now equate the components:

-b=1
b=-1
b(2+d)=0
-12+d)=0
24+d=0
d=-2

Exercise 3.5 — Inverse graphs and relations
1 a y=(1-x)(x+5) and inverse is x = (1—-y)(y+5)

h
//y =x
< o Ywo g
//
. 9.-2)»
/7 0.-5) Inverse

b y=(1-x)(x+5)is a many-to-one mapping and is a
function.
Inverse is a one-to-many mapping and is a relation.

¢ Function: Dom = R and Ran = (—,9]
Inverse: Dom =(—<0,9] and Ran = R

2 a&b

¢ y=+/x is a one-to-one mapping so is a function.

2 . . . .
y=x", x 20 is a one-to-one mapping so is a function.

3 a x-intercepts occur at x = 1, x = =5. The TP is halfway between

them, so the x-value of the TP is x = —2. To obtain the
maximum domain, we restrict the parabola about the TP.
Therefore, a =-2.

b YA A
(2,9
/,y =(1-9+s5
///)// =X

(5,0 o

0 “x
/// 1.4
S 9,-2)
7 ©.-5)¢ Inverse
» Y

¢ For y=(1-x)(x+5), Dom = (—c,—2] and Ran = (—0,9]
For x =(1-y)(y+5), Dom = (—c,9] and Ran = (—c0,-2]

If the domain for y =—(x —3)* is restricted to [3,) then the
inverse will be a function also.

YA d
7
Y
7
Y
Inverse //
$(0.3) /Y=~
7
7
7
< /// (3.’ 0 >
< 9 >
//
7
//
///
7
Y
7/
///
» Y y=—(x-3)

a f(x)=cos(x) is a many-to-one function.
b g(x)=1- x> is a one-to-one function.
¢ h(x)=v4- x’isa many-to-one function.

d k(x)=2+ is a one-to-one function.

x—3
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6 A y=x?—1is a many-to-one function, so inverse in a
one-to-many relation.
B x>+y*=lisa many-to-many relation, so inverse in a
many-to-many relation.

Cy=

one function.

is a one-to-one function, so inverse in a one-to-

D y=+v1-x*isa many-to-one function, so inverse in a
one-to-many relation.

E y=101is a many-to-one function, so inverse in a one-to-
many relation.

Therefore C is the answer.

7 a y A
A =
5
4_ //
3+

2 /
1/ // Inverse

—-6-5-4-3-2

8 Ay=x2a many-to-one function and y = %/x a one-to-many
relation.
B y=x% x €(—c0,0] a one-to-one function and y=+/x a
one-to-one function but not a pair.
C Two one-to-one functions.
D y=x*+1, x€[0,00) a one-to-one function and
y=—x2-1,x¢€ [0,5) a one-to-one function but not a pair.

9

10

11

12

| 63

x=(y- 2)2 has a turning point at (0,2) and cuts the x axis at
(0,4) so inverse will have to have a turning point at (2,0) and
cut the y axis at (4,0), so Option A is the answer.

a&b

YA A
///y =X
///
1,0 .
//
_35 0) //
T T ——

0,-3)

1

/// y= —§x -1
,’/ Inverse
» Y
a&b
Y A
///y =X
Y= +4)x-2)
Inverse |\, 2) .
(-8, 0)
« x
(-9,-1)
*/
¢ Parabola is a many-to-one mapping and the inverse is a
one-to-many relation.
d The inverse is not a function as functions must be one-to-
one or many-to-one mappings.
e Function: Dom = R and Ran =[-9,).
Inverse: Dom =[-9,) and Ran = R.
f Largest domain for an inverse function is either
x €(—o0,—1] orx €[—1,0).
a A v

b Graph: One-to-one function.
Inverse: One-to-one function.

¢ The inverse is a function because it is a one-to-one
mapping.

d Graph: Dom = R and Ran = R.
Inverse: Dom = R and Ran = R.
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13 a&b YV

A
(e}

, Inverse

s Y
¢ Graph: many-to-one function.
Inverse: one-to-many relation.
d Restricted domain to produce an inverse function is
x €(—,0).
e

s

, Inverse

Graph: Dom = (—,0) and Ran = (0, ).
Inverse: Dom = (0,0) and Ran = (—oo,0).
14 y= 2x2 —12x+13 has a turning point where:

13
=2/ x*-6 +—j
y (x X+

y= 2(% —6x+(3)* —(3)° +$j

y=2(x-3)*-18+13
y=2(x=3)*-5
TP = (3,5) so largest possible domain for the inverse to be a
function is (—o0,3] s0 a=3.
15 a YA A

Y

Inverse ~0]

b (2.828, 2.828), (0, 0), (—2.828, —2.828)
16 a YA

ke ———— —

\

\

Inverse

A

JY

=
I
w

b (3.532, 3.532)

Exercise 3.6 — Inverse functions
1 y= x° is a one-to-one function with Dom = R and Ran = R
Inverse: swap x and y
x=y
y=3x
This is a one-to-one with Dom = R and Ran = R
2 y= Lz is a many-to-one function with Dom = R\{0} and
x
Ran = (0,0)
Inverse: swap x and y
1

xX=—
yz
1_ 5
X
1
+ =
\/; y

This is a one-to-many relation and thus is not a function.
Dom = (0,c0) and Ran = R\{0}.

1
3 fi(—,2)> R, f(x)= ——( 2)2 is a one-to-one function
x—
where Ran = (—o0,0)
Inverse: swap x and y
. 1
- 2
(y-2)
. 1
x= -
(y-2)
1 2
~L=(r-2)
X
1
t |-—=y-2
X
1 .
—,[== = y—2 since x € (~,0)
X
1
2— —-—=y
X

This is a one-to-one function x where Ran = (—,2).

fli(=,0) >R, f(x)= 2—\/—7l
X

4 f:[3,%0) >R, f(x)=+/x—3 is a one-to-one function where
Ran =[0, ).
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Inverse: swap x and y Inverse: swap x and y
= [v— 1
Y=V x=1(-3)
x*=y-3 3
) 3x+3=y
y=x"+3 where x €[0,%0) and y €[3,)
_1 » 5 y=3(x+1)
f7i0,0) > R, fT(x)=x"+3 which is a one-to-one function where Dom = R and Ran = R.
2 -
5 a f(x)=(x+1)” where Dom = R and Ran =[0,0). This is a b y=(x-5)*is a many-to-one function where Dom = R and
many-to-one function. Ran = [0, 00).
Inverse: swap x and y Inverse: swap x and y
2
x:(y+1) x:(y—5)2
i\/— =y+ 1 i\/; =y- 5
+x —1=y where Dom =[0, ) and Ran = R. y=5+x
The inverse is not a function as f(x) is not a one-to-one which is a one-to-many relation where Dom = [0, ) and
function. Ran=R.

b If the domain for the function is restricted to [—1,0) then

I —J16 — v2 ; Ct :
it is a one-to-one function so the inverse is also a function. ¢ f:[-4,0]> R, f(x)=16—x" is a one-to-one function

where Dom =[—4,0] and Ran =[0,4]

Thus p =—1.
. Inverse: swap x and y
x=416—y* x€[0,4]
x2=16—y?
L y2 =16—x*
o, D/ .
IRERY, y=£J16-x°
- y=—16—-x* asye[-4,0]
e ) =—V16—- 27
7 which is a one-to-one function. Dom =[0,4] and
Ran =[—4,0],
» . . d y=(x—1)is a one-to-one function where Dom = R and
d f:[0,0) =R, [ (0)=Vx -1 Ran = R.
e The graphs do not intersect. Inverse: swap x and y
6 f(x)=2+x+2 is a one-to-one mapping with Dom =[-2,c0) x=(y- 1)3
and Ran =0, ). Ix=y-1
Inverse: swap x and y y= I +1
x=2yy+2 which is a one-to-one function where Dom = R and
X y+2 Ran =R.
% e y=1/x is a one-to-one function. Dom = [0, ) and
LI Ran =[0,e0).
Inverse: swap x and y
2
y= r 2 X = \/§
- 4 . . x* =y where x €[0,00)
This 1s[a one)— to-one mapping with Dom =[0,c) and which is a one-to-one function. Dom =[0,) and
Ran=|-2,). ’

o Ran =[0, ).
The two functions intersect where

2Jx+2=x fy

= W +2 is many-to-one function. Dom = R\ {1} and
X—

4(x+2)=x" Ran = (2, )
4x+8=x" Inverse: swap x and y
x*—4x-8=0 1
xX= > +2
. 4+(—4)? —4x-8x1 (y-1)
= 1
2 x—2= 3
48 (y-1)
9 1 2
=(y—1
4443 par ity
2 + 1 :y—l
=2+23 x=2
When x=2+243, y=2+23 . POl =(2+243,2+2/3) y=1% ! >
1 , . -
7 ay= g(x —3) is one-to-one function where Dom = R and Which is a one-to-many relation with Dom = (2, ) and
Ran=R. Ran=R\{1}.
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8 f(x)=L, x#-2
x+2

Inverse: swap x and y

1

xX=—

y+2
1
—=y+2
x

1
y=—-2

X

f‘l(x)zl—z,x;eo
X

—

a f(f'(x)):%:sz as required.
—=242 -
x X

b f_l(f(x))=+—2:x+2—2:x as required.

x+2
9 k(x)=x"-1
Inverse: Let y = k(x), swap x and y
)c=y3 -1
x+1=y3
y=x+1
K x)=Yx+1

a k(K'0)=(¥x+1) -1
=x+1-1
= x as required.
b k7 (k(x)=3x>—1+1
i
= x as required.
10 a f:RDR, f(x)= xtisa many-to-one function. The inverse
will be a one-to-many relation.

b f:R—>R, f(x)= 2x?—Tx+3isa many-to-one function.
The inverse will be a one-to-many relation.

¢ f:[-3,3]> R, f(x)=v9—x? is a many-to-one function.
The inverse will be a one-to-many relation.

d f:[-2,%0) > R, f(x)=+/x+2 is a one-to-one function with
Dom =[-2,0) and Ran =[0,).
Inverse: swap x and y

x:\/m, x€[0,°<>)
x2=y+2
y=x" =2 where y [2,e0)
Thus f7':[0,00) = R, f~' (x) = x> =2 where y € [-2,0).

YA «

\ 2,27
y =Vx+2/‘ //// y:x272

2,00 .0 42,0 g

4x-17
11 f(x)= ;‘_2

_A(x-2)+1
x—2
_x=2 1

x—2 x=2
1

x=2

=4+

f)= %+4 where Dom = R\{2} and Ran = R\{4}
X—

Inverse: swap x and y

YA

7
7
7

V=
S Y=x

‘3442, 3+2)

~ | |
BTN CF1 N NP H—
<
y=F1(x) - T(3LV2,3-\2)
4 2 I ! -
- 0 ! *~(7 “x
/ ! 3-9)
(1.0 | i
. (4 ) ! !
e | |
’ | |
2 =1
’/ : :x:4
| |
| |
Yor o

12 a f(x)=(x+2)% If the maximal domain is (—eo,—2] then the
inverse will be a function.
Inverse: swap x and y

x=(y+2)2 x€[0,00)
—Jx=y+2
y=—/x =2 where y € (—o0,~2]
Thus £~ :[0,00)— R, £ (x) = —/x — 2 where
Ran = (—o0,-2]
b f(x)=—-+25—x>. If the maximal domain is (0,5] then the

inverse will be a function.
Inverse: swap x and y

x=—25-y* xe(-5,0]
x> =25- y2
y=4/25-x* where y €(0,5]
Thus £~ :(=5,0]= R, f~' (x) = V25— x> where Ran =(0,5]

13 a f(x)=x*>—10x+25=(x—>5)* which is a many-to-one
function. For the inverse to be a function the domain must
be restricted to [5,0) so that a =3.
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b Inverse: swap x and y
x=(y—5)" where x €[0,)
Jx=y-5
y=~/x +5 where y €[5,)

F1:[0,00) = R, £ (x) =/x +5 where Ran =]5,00).

14 f:[—2,4)—>R,_f(x):1—§

a Dom=[-2,4) and Ran= (—%,%}

b Inverse: swap x and y

le_l
3
le—x
3
y=3(1-x)
15
! :(—E,ﬂa R, 7' (x)=3(1- x) where Ran =[-2,4)
¢ YA
/4
1 o
(‘3*‘)0 S
(2’ %) @, 3)’/ 1
_ YW
y=fo-g DTG0
0
4 (.- i
aofl sty
/// ' <§’_2)
s Y
d x=l—£
3
3x=3—x
4x=3
3
xX=—
4
POI:(E,EJ
4 4

15 a f:D—>R, f(x)=+1-3x

The maximal domain is D = (—oo,%}

b Inverse: swap x and y

x=./1-3y where x €[0,)
xr=1-3y
3y=l—x2

y= %(1— xz) where Ran = (—oo,%}

F71:[0,00) > R, f_l(x)zé(l—xz) where Ran = (—w,%}

¢ x=+1-3x
x> =1-3x
0=x2+3x—-1
x_—3i\/(3)2—4><1><—1
2
_-3+413
2
:%’ domf=[0,oo)
POI:(_3+2\/E, —3+2\/B]

16 a f:(—o,a] >R, f(x)=x>—2x-1
To find TP: y = x* —2x~1
y=x2—2x+1—2
y=(x-1)"-2
TP is at (1,—-2) so largest possible value of a is 1.
Thus f:(—e0,1]—= R, f(x)=x*—2x—1
b Inverse: swap x and y
x:(y—1)2—2
)c+2=(y—1)2
i\/m:y—l

y=—Jx+2+1 asdomf =(—o,1]

Fi[200) =R ) =—x+2+1

_ y v
y=x y=x"
//
(V2 +1,0)
2. 1)
[ 7
(-1, 0) 0,2 +1)
Ve “x

0, -1)
y=f"x)
(1,-2)

¢ x=x*-2x-1
0=x?-3x-1

3+4/(=3)* —4x1x-1
X=
2
_3%413
2

= 3_55, dom f = (—eo,1]

3-J13 3—@]

Therefore POI = R
2 2

17 f:[l,e0) > R, f(x)=+/x—1 where Ran = [0,0)
a Inverse: swap x and y

x=4Jy-1 x20, y=21

y=x"+1

£71:[0,00) = R, f7'(x) = x> +1 where Ran = [1,0)
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b /7 (f(0)= " (Vx=T) 18 A =
2 - f1—(%
= (Vx=1) +1 Y=y (4)
=x—-1+1
= x where Dom = [1,0) *Cz T Oll i
A o
15
y=x Two inverse functions are:
2
x=,1-2
4
2
! 1, 1) x2=1—yZ
2 )’2
< 0 i ;x X +Z=1
2
Y y_zl—x2

_ f_l _[x+2-3 =
- 3 Thus, we have
~ T F71:[0,1]= R, £ (x) =2v1—x? where Ran = [0,2] or
( ] F71:0,1]—= R, £~ (x) =—2V1—x* where Ran = [-2,0]

—1V y{\(O,Z) Il
=5 +1 y=m —

_ — 5=/
—x31+1 ©, 1) ’:

B S

_x-1+43 At
B (1,0) (2,0)
_x+2 7
= //y=.)C

3 */ Y
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Topic 4 — Logarithmic functions

Exercise 4.2 — Logarithm laws and equations

1 a log,(49)+log,(32) - logs(125)
=1log;(7)* +log,(2)° —logs(5)°
=2log,;(7)+5log,(2)—3logs(5)
=2+45-3
=4

b Slog,,(6)—5log;,(66)
=5(log,,(6)—log,,(66))

(o)
o)

=5log,, (1)
=-5

¢ log,(25)
log, (625)
_ log4(5)2
~log, (5)*
_ 2log,(5)
B 4log, (5)

= 1og2[(2_7);]

=log,(2)”!

2 a 7log,(x)—9log,(x)+2log,(x)=0
b log,(2x—1)+log,(2x—1)
=log;(2x—1)+2log;(2x—1)
=3log,(2x—1)
¢ log;o(x—1)° =2log,o(x—1)
=3log,(x—1)—2log;,(x—1)

=log,o(x—-1)
3 a logs(125) = logs(5)°
=3logs(5)
=3
b log, (x—1)+2=log,(x+4)

log,(x—1)+2log, 4=1log, (x+4)
log, (x—1)+log, 4% = log, (x+4)
log, (16(x—1))=log, (x+4)
16(x—1)=x+4
16x—16=x+4
15x=20

X=—

3

¢ 3(log, (1)’ —2=5log, (x)
3(log, (x))” —5log, (x)—2=0

(3log, (x)+1)(log, (x)—2)=0
3log, (x)+1=0 or log,(x)-2=0

1
log, (x)=—— log,(x)=2
3 2
_% 2°=x
x=2" x=4

d logs(4x)+logs(x—3)=1logs(7)
logs(4x(x —3))=1logs(7)
4dx(x=3)=7

4x* -12x-7=0
2x-72x+1)=0

7

x=—,—
2

N | =

1. . .
x= —5 isn’t a valid solution as x >3

Therefore x = %

4 a log;(x)=5
P =x
x=243
b log;(x—2)—log;(5-x)=2

1
| log, (Z)
ii log; (—) =———==-1.2619

4 log,(3)
b z=log;(x)
3 =x
i 2x=2x3°
1 2
i log, (27)= 28271
logs (x)
_log;(3)°
log;(x)
_ 3log;(3)
log;(x)
3

Z
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70 | TOPIC 4 Logarithmic functions ¢« EXERCISE 4.2

log,,(9)
log,((5)

log, (12) = 710&0(112)
2 log;o (Ej
6’ =216
logs(216)=3
28 =256
log, (256) =8
3*=81
log;(81)=4
10 =0.0001
log,((0.0001) = —4
573 =0.008
log5(0.008) = -3
7'=7
log;(7)=1
log;(81)=x
3% =81
3 =34
x=4

logs(9) =

log, (121)=2
x* =121
22 =112
x=11
log, (-x)=7
2" =—x
128 = —x
x=-128
log, (256) + log, (64) — log, (128)
o ( 256 x 64)
~ 08 Tos
=log, (2x2°)
=log,(2)’
=7log,(2)
=7
5log; (49) - 5log, (343)
=5(log;(49) - log, (343))

49
=5 10g7 (%)

=5log, (%)

=5log; (7)™
=-5log;(7)
=-5

1
log, | §|—
¢ Og“( 64]

1
=log, ((°)s
=log, ()™

1
=log,(4) ?

1
=——1 4
2 0g,(4)

16
d 10g4 (ﬁj

=lo (ij
=10gy 16

=log, (4)
=-2log,(4)
==2
logs(32)
3logs(16)
_ log, (2
~ 3log,(2)*
_ 5log,(2)
" 12l0g,(2)
5

12

6log, (Q/;)

log, (xs)

_ 6log, (x)%
- log, (X)S
_2log, (x)
~ Slog,(x)

10 a logs;(x—4)+logs(x— 4)2
=log;(x—4)+2logz(x—4)
=3log;(x—4)

b log,(2x+3)* —2log,(2x +3)
=3log,;(2x +3)—2log;(2x +3)
=log;(2x+3)

¢ logs(x)* +logs(x)’ - 5logs(x)
=2logs(x)+3logs(x)—5logs(x)
=0

d log, (5x+1)+log, (5x+1)* —log, (5x+1)*
=log, (5x+1)+3log, (5x+1)—2log, (5x+1)
=2log,(5x+1)

11 a log;(7)=1.7712
b log, (é) =-6.9189
12 If n—logs(x) then 5" =x
a Sx=5x5"=5""
b log; (sz ) =logs (5 x (5" )2)
=logs (5% 5™")

— 10g5 (5)2n+l
=(2n+1)logs (5)
=2n+1
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¢ log,(625)
_ logs(625)
logs(x)
logs (54)

13 a log, (2x-1)=-3
e =2x-1

S 41=2x

b log, (lj =3
x

log, (x)™" =
—log, (x)=3
log, (x)=-3
x=e>
¢ log;(4x—1)=3
3 =4x-1
27+1=4x
28=4x
x=17
d log;,(x)—log;,(3) =log;,(5)

x
log;, (Ej =log;,(5)

*_s

3

x=15

e 3log,o(x)+2=>5logy(x)

2=5log;o(x)—3log;o (x)
2=2log;o(x)
1=1log;,(x)
x=10

f log, (xz)— log,, (x+2)=log,, (x+3)

+2
2

2
X
logyo (x Jz logo (x+3)

=x+3

x+2
22 =(x+3)(x+2)

22 =x*+5x+6

0=5x+6
6

x=——
5

g 2logs(x)—logs (2x—3)=logs x—2
IOgs(X)2 —logs (2x—3)=log; (x-2)

2

X
1 =1 -2
0g5[2x—3j ogs (x—2)

=x-2

2x-3

2 =(x-2)2x-3)

x?=2x2-7x+6
0=x>-7x+6

0=(x—-D(x-6)
x=1 x=6

TOPIC 4 Logarithmic functions ¢ EXERCISE 4.2

h logo(2x)—log, (x-D =1

2
10g10[_x):1
x—1
10= 2%
x—1
10(x—1)=2x
10x-10=2x
10x-2x=10
8x=10
5

xX=—

4
i log;(x)+2log;(4)—log;(2) =1log;(10)

log;(x)+1logs 4)? - log;(2) =1log;(10)
log; (16x)—1log;(2) = log,(10)

16x
log3( 2 ) log;(10)
8x=10

X=—

4
J (logl0 (x) (logm(x) ) 5log;p(x)+3=0
(log;o(x))(21og;o (x))—5log;y (x)+3=0
(10g]0(x)) —5log;p(x)+3=0
Let a=1log;,(x)
2a> -5a+3=0
2a-3)a-1)=0
Substitute back for a =log,(x)

(2log;o (x)—3)(log;p(x)—1)=
2log;o(x)=3=0 or log;,(x)—1=0

210g10(x)—3 log,(x)=1
1og10(x)_E 10" =x
3
=102 x=10

k (logs ()’ =logs(x)+2

(log;(x))” —logs (x)—2=0

(logz (x)—2) (logz(x)+1)=0
log;(x)—2=0 or log;(x)+1=0

log;(x)=2 log;(x)=-1
P=x 37l=x
x=9 le

3

1 logg(x—3)+logg(x+2)=1

logg(x=3)(x+2)=1
6=(x-3)(x+2)
6=x>-x-6
0=x*—x-12
0=(x—-4)(x+3)

x—4=0o0rx+3=0

x=4 x=-3
Butx>3,..x=4

14 a log;y(y)=2log;,2—3log;,(x)

log,4(y) =log, 2° - 10g|0(x)3

4
log,(y) = IOglo(Fj

-4
y=3
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b log,(y)=-2+2log, (x) 16
log, (y)=2log, (x)—2log,(4)
log, (y) = log, (x)* —log, (4%)

2
X
log,(y)=1log, ( 16 ]

¢ logy (3xy)=1.5

3
logy (3xy) = S logy 9

log, (3xy) =log, (32)%

log, (3xy) = log, 3* 17
3xy=27
xy=9
9
y==
x
2
d logg [—x]+2=10g8 (2)
y 18

logg (2_)6] +2logg (8)=logg (2)
y

8log, (4)=1log, (x)

8log, (4) _ log, (x)

log, (x) - log,(2)
8log, (4) x log, (2) = [log, (x)
8log, (2%)xlog, (2) =[log, (x)
16log, (2) x 1082 2= [Ing (x)
[log2 (x)

log, (x) +4
x=242"
1

=16,—
16

2

2

2

]
]
]2
]

a ¢ -3=log, (2x+1)
Solve using CAS
x=-0.463, 0.675
b x> —1=log,(x)
Solve using CAS
x=0451, 1
(3logs(x))(5logs (x)) = 11log; (x) -2
Solve using CAS
x=1.5518, 1.4422

log (27"} logs (8)? = logy (2)

128x
logg [TleOgs (2) 1

128x 9
y
y=064x
15 a 3log,,(x)=3log,, (27)

3log,, (x) = 3log,, (m)+log,, (3)°
3log,, (x) =3log,, (m)+3log,, (3)

log,, (x) =log,, (m)+log,, (3)

log,, (x) =log,, (3m)

x=3m
b If x =log,,(m) and y =log,, (n) then

10" =mand 10” =n

10012 100(10")’ 2

log;o ms—\/z =logy, ﬁ
(107) (107)2

10% x10%

=10gl() ﬁ

10°* x 102

&

o 10> x10 2

Z10 10°*
2+3—2nyx
=log,,| 10

= (2+ 3_2y - 5x)log]0(10)

=2+2—5x
2

Exercise 4.3 — Logarithmic scales

1
L= 1010g10 (IOT)

When L =130 dB,

1
130 = lOloglO (I()T)
13=1log,, (1x10")

13=log,o (1) +logyg (10)12
13 =log,,(I)+121log,, (10)
13=log;,(I)+12
13—-12=log;, (1)
1=log,o (1)
=10
Intensity is 10 watt/m?.

E
M =0.67log, (E)

If M=5.5and E=10" then

1013
55= 067]0g10[7]

1013
8.2090 =log,, [7]

105299 _ 10"
K
B 1013
- 108.2090
K =10*7""" =61801.640
Thus K = 61808
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E
3 M =0.67log, (Ej
When M =6.3,
E
6.3=0.67log,, (%3]

6.3 E
=log;o (ﬁ)

0.67 K
E7
9.403= logm( 123 )
100403 _ Eos

252911074K =Eq 4
When M =6.4,

E
6.4=0.67log,, (%’4)
6.4 E,
—=Jo —64
0.67 g”)( K J
E,
9.5522= loglo(%)
1095522 — E¢y

3566471895K = E,,

E,,: Eg;=3566471895K:252911 074K
=1.4101:1

6.4 earthquake is 1.41 times bigger than the 6.3 earthquake.

E
M =0.67log, (Ej

When M =9 and E =10"
1017
9 = 0.6710g10 (KJ

13.4328 = log,, (10)"" —log,, (K)
log,((K)=17log;,(10)—-13.4328
log,,(K)=17-13.4328
log,((K)=3.5672

1035672 — g
K =3691.17

1 1
L= 1010g10 [1—] = 1010g10 (Wj
0

If 1 =20;

L=10log, (%j

L=10log,,(20x10")
L=10log,,(2x10")
(

L=10log,,(2)+10log;, (10")

L=10log,,(2)+(13x10)log,, (10)
L=10log,, (2)+130
L=133.0103 dB

If 7 = 500;
500

L= 1010g10 (Wj

L=10log,, (5x10> x10')

L=10log,y(5x10")

L=101log,,(5)+101og;,(10)"*
L=101og,,(5)+ (10 x 14)1og,, (10)
L=10log,(5)+140

L=146.9897 dB

TOPIC 4 Logarithmic functions ¢« EXERCISE 4.3 | 73

A 500 watt amplifier is 146.9897—-133.0103=13.98 dB
louder than the 20 watt amplifier.

1
6 L= 1010g10 (]OTJ

When I =10*,

10"
L= 1010g10 (lolzJ
L=10log,,(10* x10'?)

L=10log,, (10)'®
L=1601log,,(10)=160 dB
Loudness is 160 dB

7 pH=-log,, [H+]
When H* =0.001,
pH =-1log,,[0.001]
pH =-1log,,(10)”
pH =3log,,(10)=3
Lemon juice has a pH of 3 which is acidic.
8 a pH=-log, [H*J
When pH =0,
0=-log, [H*J
0=log;o [H+:|
10°=[ H* ]
1 moles/litre = [H +}
b When pH =4,
4=-log,, [H+:|
-4 =1log, [H+:|
107 =[H* ]
0.0001 moles/litre = [H +]
¢ pH=-log, [H*J
When pH =8,
8=—log,, [H+:|
-8=log,o[ H" ]
10° =[H" ]
107 moles/litre = [H +}
d pH=-log, [H+J
When pH =12,
12=—log]0[H+:|
~12=log,y [ H* ]
10—12 — [H+j|
1072 moles/litre = [H*}
9 a pH=-log, [H*J

[ H* ]=0.0000158 moles/litre

pH =—1log,, (0.0000158)
pH =438
My hair conditioner has a pH of 4.8 which is acidic.
b pH=-log, [H*}

[ H* ]=0.00000275 moles/litre
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pH =—1log,, (0.00000275)
pH =5.56

My shampoo has a pH of 5.56 which is acidic.

10 a N(1)=0.5N,

0.5N, = Nye ™™
1

—mt
=e

as required

b N(1)=0.3N,
When ¢ =5750 years,

1 2
575():&()

m
5750m =1log,(2)
log,(2)
m=—-——
5750
0.3N, = Noem.ooomz
0.3 = ¢0-000121¢
log,(0.3)=-0.000121¢
log,(0.3) _

-0.000121
+=9987.55

The skeleton is 9988 years old.

=0.000121

b
11 m, —m; =2.5logy, (b—lj
2

Sirius: m; =—1.5 and b, =-30.3
Venus: m, =—4.4 and b, =?

b,

-2.9=2.5log, [%j

2
29 _ (303
25 BTy,

—4.4—(-1.5)=2.5log,, [_30'3]

-1.16 =log,, [%
-30.3
b,
=303
10-116
-30.3

27 0.0692
= —437.9683

Brightness of Venus is —437.97.

12 n=12001log, [ﬁ]
fi

f,=256, f,=512

n=12001log,, (%)

n =361 cents

10—1,16 —

b,

1
13 L= 1010g10 (W]

0.22 Rifle: 1 =(2.5x10"%) 1, =2.5x10" x1072 =2.5x10

2.5x%10
L= 1010g10 (W)

L=10(log, (2.5x10)-log,,(10)™?)
L=10(log,y (2.5)+log,y (10)+121log,, (10))
L=10(log,, (2.5)+13)

L=133.98

The loudness of the gunshot is about 133.98 dB so ear
protection should be worn.

E
14 M =0.67log, (EJ

San Francisco: M ¢, =8.3

E
8.3=0.67log,, (%)

E
12.3881=log,, (%)

10I2.3881 — ESF

South America: Mg, =4E,

4E
Mg, =0.67 1og10( KSF ]

. E
Substitute 102388 = %

MSA =0.67 lOglO (4 X 10123881 )
=8.7
Magnitude of the South American earthquake was 8.7.

Exercise 4.4 — Indicial equations
1 a 3% 277* =381
32)(+I x (33)27): — 34
32x+1 % 36—3)( — 34

377x — 34
Equating indices
T-x=4
x=3
b 1077'-5=0
10>7'=5

log,((5)=2x-1
log,,(5)+1=2x

1 1
x=—log,,(O)+—=
2 g10() 5

c (47-16)(4*+3)=0
4*-16=0o0r4*+3=0
4 =16 4" =-3
4% =42 No solution
x=2
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d

2(10>)-7(10")+3=0

2(107)" = 7(10%)+3=0

(2(10)" - 1)((10)" =3)=0
2(10)* =1=0or (10)* -3=0
105 == 10° =3

1
x =logg (Ej x =log,,(3)

2x+3 -
64

2x+3 — 2—6
Equating indices
x+3=-6

x=-9
22 -9=0
2% =9
log,(9)=2x
1
x=lom )
3e* —5¢° -2=0
3(e") =5e" —2=0
(3¢* +1)(e" -2)=0
3e*+1=0o0re*-2=0
3e* =-1 e* =2
No solution x=log,(2)
e —5¢5 =0
e’ (ex - 5) =0
e"=0o0re*-5=0
No e' =5
solution x=log,(5)
72x—1 =5
log;(5)=2x-1
log;(5)+1=2x

1 1
=—log;(5)+—
X > g7 (5) 5

(3*-9)(3°-1)=0
3*-9=0 or 3*-1=0
3¥=9 3 =1
3¥ =32 3% =30
x=2 x=0
25%-5-6=0
(5*)-5"-6=0
(5*)-5"-6=0
(5*-3)(5* +2)=0
5*-3=0 or 5 +2=0
5°=3 55=2
logs(3)=x No solution
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4 a 16x2PH3 =g
24 % 22x+3 — 23(—2x)
22x+3+4 — 2—6x

2x+7=-6x
8x=-7
7
x=——
8
b 2x3"* =4
3x+1:2
log;(2)=x+1
x=log;(2)-1

x __lo
c 2(5) 12= -

2(s*) - 12(5*)+10=0
(5') -6(57)+s5=0
(s*-1)(5*-5)=0

5 _1=00r5 —5=0

55 =1 5 =5
55=5" 5% =5
x=0 x=1

d 4x+l:3l—x

log, (4! =log, (3)'*
(x+Dlog, (4)=(1-x)log, (3)
xlog, (4)+log, (4)=1log, (3)-xlog, (3)
xlog, (4)+xlog, (3)=1log, (3)-log, (4)
)=

x(loge (4)+1og, (3))=1og, (%j

3
1 -
log, (4)+log, (3)
3
1 -
) o (3]
log, (12)
5 a2(27"-3)+4=0

2(2'-3)=—4
3=

2 =1
2)(—1220
x—1=0

x=1
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b 2(57%)-3=7 c > =3¢"
2x X
e =3¢ =0
2(5')=10 o
51—2)525 e (e _3)=0
sl _gl e* =0 or e'-3=0
1—2x:1 No solution et =
0=12x x=log,(3)
x=0 de' +2=4
6 a x"l—i1 ¢ =2
1_1;_1 X2 = log,(2)
1 +1x x==.flog, (2)
=X _1 1 8 a e =e¢" +12
141 X~ —12=0
X )2 X
O 1 (e ) —(e )—12:0
T x Y g
- (e —4)(e* +3)=0
T e*—4=0 or e +3=0
4 1 e =4 e =-3
= B log,(4)=x log,(-3)=x
x+1 2log,(2)=x  No solution
_ 1
o e b e =12-32¢"
1 ¢ —124327 =0
1 X 2 X
=x - (e%) —12(e*)+32=0
ol (¢ —4)(e* =8)=0
=l_(x+1) e'—=4=0 or ¢ -8=0
)1‘ e =4 e* =8
=——x-1 log,(4)=x log, (8)=x
x
e log,(2)* =x  log,(2")=x
—4X —4x+. X°
b 2 x3 x6" =1 2log,(2)=x 3log,(2)=x
3-4x , —4x+3 ¥ _
2 x3 ><(2’><3) =1 ¢ e —4=2¢"
3-4x —4x+3 x° X2 _
2 X3 x2% x3% =1 e 2% _4=0
X —4x+3 X —dx+3 _
e 25— a)
6)~ 74x+3:60 = B
¥} —4x+3=0 ex=2i\/%
(x-D(x-3)=0 2
x-1=0 or x-3=0 eX:2i2\/§
x=1 x=3 2
7a e?-2=7 e =1£.5
e 2=9 x=log2(li\/§)
log,(9)=x-2
log (9g)ej_2):x Thereforex=10g3(1+\/§) as 1-+/5 30
log,(3)* +2=x d ex—12=_—f
x=2log,(3)+2 e
x e —12¢"+5=0
b e*-1=3 ex_IZi\/144—4(1)(5)
x 2
et +1=3 o 126414420
x 2
et =2 Lo 12x41d
log, (2)=" 2
4 . 124231
x=4log,(2) e =f
e =6%+/31

x:10g6(6i\/3—1)
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9 y=m(10)™
When
x=2,y=20; 20=m(10)*" wcovrvveirrrrerernnn. (1)

When
x=4, y=200; 200=m(10)*" oocvvvvvciveenn... ®)
@)+

200 _ m(10)*"

20 m(10)*

10=10*"
log,((10)=2n
1=2n
1

n=—

2

1
Substitute n = 5 into (1)

20 =m(10)*?)
20=10m
m=2
10 a 2* <03
log,(0.3) < x
-1.737>x
x<-1.737
b (04)" <2
logy4(2)<x
-0.756 < x
x>-0.756

11 (log;(4m))” = 250>
log;(4m)==+5n
3 =4m or 3" =4m
1 35;1
m= i m=
4x3 4

12 a " =2p
m—kx =log,(2n)
—kx =log,(2n)—m
log, (2n)—m
x=—
-k
_m-— log, (2n)

==, keR\{0},neR*

b 8™ x4 =16
23m!c % 22(2") — 24
23mx+4n — 24
3mx+4n=4
3mx=4-4n

= e RVO)
3m

13

14
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c 2e™ =5+4e™™

2(em ) =5e™ —4=0

e IENED’ —42)4)

2(2)
e _ 5++/25+32
4
e 5+4/57
4
mx 5+\/§ mx
e’ = , e >0
4
(5+\/ﬁj
mx = Oge
4
x:lmge[“ﬁ} me R\{0)
m 4
y=aeikx
When
x=2, y=3.033503.033=a¢ oo, )
When
x=6, y=1.1157 s0 1.1157=ae % .............. 2)
3.033  ae*
=+ 1.1157  ae™®
2.7185=¢*

log, (2.7185) =4k
1
Zloge (2.7185)=k
k=0.25
Substitute £ = 0.25 into (1)
3.033=ae "%

3.033=qae %

3.033
=a

6_0'5

a=5
A=Pe"
When
£—5, A=$1284025 12840.25=Pe" ....covvvevrno..... 0

When
t=7, A=$14190.66 14190.66="Pe" .....ccoeeec..... )
14190.66  Pe’”
1284025 Pe”
1.1052=¢"
log, (1.1052)=2r

@)+

%loge (1.1052)=r

0.05=r
r=5%
Substitute » — 0.05 into (1)

12 840.25 = pe> 0
1284025

0.25 -
e

P=$10000
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Exercise 4.5 — Logarithmic graphs
1 a Graph cuts y axis when x =0,

y=log,(4)=1.386

Domain = (—4,) and Range = R
Y Y
y=log,(x +4)

>
>
X

(3,0

N/

A

oy
x=-4
Graph cuts x axis when y=0,
log,(x)+2=0
]Oge ()C) =-2
e?=x
0.1353=x
When x =2,

y=log,(2)+2=2.69
Domain = (0,) and Range = R
YA

y=log,(x)+2

1.2)

A

of feez0 2

Y
x=0
Graph cuts x axis when y=0,

4log,(x)=0
log,(x)=0
e =x
l=x
When x =2,
y=4log,(2)

Domain =(0,0) and Range = R

YA

y =4log,(x)

/%5:;;;»

>

o /(1,0) x

A

d Graph cuts the x axis where y=0,
—log,(x-4)=0
log,(x-4)=0
" =x—4
1+4=x
5=x
Domain =(4,0) and Range = R
YA

y= _loge (X - 4)

i

I

|

|

|

i

I

REN

| “x
P\ loge ()
i

|

|

|

|

I

A

x=4

2 a y=logs(x+2)-3
Graph cuts the x axis where y=0,
log;(x+2)-3=0
logz(x+2)=3
3P =x+2
27=x+2
25=x
Domain = (—2,e) and Range = R
YA

y=log;(x+2)-3

(25,0)

x
;o,log3(2>3>

|

S

<
<

=
Il

b y=3logs(2-x)
Graph cuts the x axis where y=0,
3log;(2-x)=0

log;(2-x)=0
30=2-x
x=2-1
x=1
Domain = (—eo,1) and Range = R
YA
y = 3logs (2—x)

(0, 3logs (2)) i
(1,0

A

Y

0

<
€

=
(3]

Maths Quest 12 Mathematical Methods VCE Units 3 and 4 Solutions Manual



TOPIC 4 Logarithmic functions ¢« EXERCISE 4.5 | 79

¢ y=2log; (x+1) 5 a Graph cuts x axis when y=0.
Graph cuts the x axis where y =0, log,(x)+3=0
2logp(x+1)=0 log,(x)=-3
log;p(x+1)=0 P
10 =x+1 0.05 = x
0=x When x=1, y=log, 1+3=3

Domain = (—1,e0) and Range = R

y
! YA A

y=log,(x) +3

y=2log;o(x+ 1)

(1, ZlogI(L(Z))

A

>

0,0) x
Y x=0
x=-1
—x b Graph cuts x axis when y=0.
d y=log, (7) log,(x)-5=0
Graph cuts the x axis where y =0, log,(x)=5
x 5_
lo (—) =0 e =X
272 148.4 = x
20 X When x =200,
2 y=1log, (200)— 5=0.298
—2=x ‘
Domain = (—e°,0) and Range = R YA y=log (x)-5
YA
y= 1082(‘%)
‘\(_2’ 0 =0 (. 0) “X
1.-Dy’ *
Y
'x:O x=0
3 y=log,(x—m)+n ¢ Graph cuts x axis when y=0.
Vertical asymptote is x =2 so m=2. log,(x)+0.5=0
y=log,(x=2)+n log, (x)=-0.5
When x =4.71828, y=3 e =x
3=log,(4.71828-2)+n 0.6=x
3=1log,(2.71828)+n When x=1, y=1log,(1)+0.5=0.5
n=3-log,(2.71828) YA
n="2

y=log,(x=2)+2
4 y=plog,(x—q)
When x=0, y=0
0=plog,(=q).ceoeeeeeeeennnne (1) (1,0.5)
When x=1, y=-0.35
—0.35=plog,(1-¢q)............ 2)
From (1) 0 (7 )

0= loge (—Q)

e’ =—q

g=-1

Substitute g =—1 into (2)
-0.35 = plog,(1—(~1)) /
—0.35= plog,(2)

y =log,(x) + 0.5

A

P= 20108,2)
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6 a Graph cuts x axis when y=0. 7 a Graph cuts x axis when y=0.
log,(x-4)=0 1
—log,(x)=0
e() =x— 4 4 ge( )
l=x-4 log,(x)=0
5=x eo =X
When x =10, l=x
y=log,(10-4)=1og,(6)=1.8 Graph does not cut the Y.
YA i y=log,(x-4) YA
b (10, log,(6))
|
| y= lloge (X)
| (1,0) 4
|
|
|
< I > \
o 0 : “x x=0
i b Graph cuts x axis when y=0.
i 3log,(x)=0
Y ; log, (x)=0
x=4 eO =X
b Graph cuts x axis when y =0. 1=x
log,(x+2)=0 Graph does not cut the y.
P =x+2 YA 3
l=x+2 y = 3log, (x)
-1=x
When x =0,

y=log,(0+2)=1log,(2)=0.7

3\
(0, log, (2))
(-1, 0),

A
LY

A
<Y

i
|
|
|
I
I
|
|
i 0
! Y
: x=0
i ¢ Graph cuts x axis when y=0.
! 6log,(x)=0
i log, (x)=0
i e =x
! Y -
AN 1=x
¢ Graph cuts x axis when y=0. Graph does not cut the .
log, (x+0.5)=0 A
" =x+05
I=x+05 y=6log,(x)
0.5=x
When x =0, (1.0)
y=1log,(0+0.5)=1log,(0.5) = —0.7 ) >
R/ \
i y =log, (x + 0.5)
|
I
|
B I (05,0 N Y
< i 0 > x=0
: 0. _los (0.5 8 a Graph cuts x axis when y=0.
: ( »_Oge( . )) lOge(SX):O
I
! e® =3x
! 1=3x
|
! Y l =x
x=-05 3
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a

Graph does not cut the y.
A

%

A

\
x=0

Graph cuts x axis when y = 0.

X
1 —1=0
oe. (%)

€0=

1=

4 =
Graph does not cut the y.

YA

x
4
x
4
X

0 4., 0)

Y
x=0

Graph cuts x axis when y=0.
log,(4x)=0
e’ =4x
1=4x

—=x

4
Graph does not cut the y.

YA

y = log, (4x)

X

y =log, (—)

4

Y

A
=)

(0.25, 0)

\
x=0

Graph cuts x axis when y = 0.
1-2log,(x-1)=0

2log, (x=1)=1

1

log,(x—1)=—
g, (x—1) 5
=X—

=

e 1

1
el+l=x
2.6487=x
Graph does not cut the y.

Maths Quest 12 Mathematical Methods VCE Units 3 and 4 Solutions Manual
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M\

y=1-2log,(x-1)

(€3 +1,0)

Y
x=1

b Graph cuts x axis when y=0.
log,(2x+4)=0
& =2x+4
1-4=2x
3

=y
2

Graph cuts the y axis where x =0.

log,(2(0)+4)=1y
log,(4)=y
1.3862=y
YA

yd

/gr

y=log,(2x + 4

A

(-1.5, O)O
Y

x=-2
¢ Graph cuts x axis when y =0.

1 X
—log,| — [+1=0
e, (%
1 X
—log, | —|=-1
2 g“(4j
X
log,| — |=-2
ge(4j

0.5413=x
Graph does not cut the y axis.

YA

=Y

x=0

A
b
°

\/
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10 a f(x):210ge(3x+3) b y‘ y=10ge(2(x_ D+2) y:)g{

Domain = (~1,%) and Range = R (3.68, 368)\

x=2log,(3y+3)

.
]
]
|
1
Inverse: swap x and ¥ |
|
1
x ]

=log, (3y+3) !
(1.23,:].23)

[SEN )

e

-3

=3y+3

D=
I
3%}

e y (o, Lot 1)

X
e2 —1 ®

W | =

y

ol

f‘%x):%e -1

Domain = R and Range = (—1,°) p
b f(x)=log, (2(x-1))+2 VN
Domain = (1,e¢) and Range = R
Inverse: swap x and ¥
x=log, (2(y-1))+2 y=2log,(1-x)-2 (1-€.0)
x-2=log, (2(y-1)) e ____ l, _______________ y=1
e =2y=1) <

x—2 -

e T =x-1 (_2’0)//,//
_-7(~0.81,-0.81)

<Y

1
2
x:lex_2+l B

2

o= %e-“z +1

Domain = R and Range = (1,°) 12 a y=alog, (bx)

¢ f(x)=2log, (1-x)-2 When
Domain = (—e°,1) and Range = R x=1,y=log,(2), log,(2)=alog,(b)............ )
Inverse: swap x and y When
x=2log,(1-y)-2 x=2,y=0, 0=alog,(2D).....cccccvvueivurunnns 2)
x=2log,(1-y)-2 @-O

x+2=2log,(1-y) 0-log,(2)=alog, (2b)—alog, (b)
%(x +2)=1log, (1-y) ~log,(2)=a(log, (2b)~-log, (b))

—log,(2)=alog, (%)

1 X
62( +2) _ 1—)7
Lo —log,(2)=alog, (2)
y=1-e¢? log. (2)

=10 “log.2) ¢

Domain = R and Range = (—e,1) —1l=a
. Substitute a = —1 into (1)
‘ y=x log, (2) = -log, (b)

log, (2) =log, (b)_1

1
log, (2)=1 —
og,(2) Ogg(bj
1
b
p=1
2

2=

3
b When x =3, w=-log, (5)=—0.4055

13 y=alog, (x—h)+k
Graph asymptotes to x=—1soh=-1and y=alog, (x+1)+k

Graph cuts the y axis at y=-2

(0,-2) = —2=alog,(1)+k
k=-2

sy=alog,(x+1)-2
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Graph cuts the x axis at x=1
(1,0)=0=alog, (2)-2

2=alog, (2)
2
a:
log, (2)
Th = I +1)-2
sy = Z gy on, (1)
14 y=mlog,(nx)
When
x=-2,y=3503=mlog,(-2n)....ccccceucuu..... (1)
When
¥=—t y=so L=mlo (—ﬁ) @
= 2,y— 5= 2, Y R
1 n
-2 3—5:m10g2(—2n)—m10g2(—5
3 _ | togy (<2m)—10 (—ﬁ)
> 263 22 2
5 n
—=m|log,| 2n+——
2 m( gz( " 2)]
i—mlog “4)
2 2
5 2
—=mlog,(2
2 mlog,(2)
§=2m
2
5
m==
4

Substitute m =% into (1) 3= ilogz (—2n)

12
5 =log, (-2n)

12

2% =-2n
12
25
2,
2
7
n=-2°

7
Thus m=1.25 and n=-2° as required.

15 a x—2=log,(x)
Solve on CAS
x=0.159 or 3.146

b 1-2x=log,(x—1)

Solve on CAS

x=1.2315

x* —2<log,(x)

Solve on CAS

x€(0.138,1.564)

b x*-2<log,(x)

Solve on CAS
x €[0.136,1.315]

16 a

Exercise 4.6 — Applications
1 A=Pe"
Western bank: P = $4200, r=5% = 0.05 so A = 4200¢"%"

Common bank: P = $5500, r =4.5% = 0.045 so A = 5500¢"%+

2

w
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Investments equal in value when

20051 5500

604045[ 4200

00050 _ 55
42

log, (Ej =0.005¢
42

55
log, (—] +0.005=t
42
t=53.9327
It takes 54 years for the amounts to be equal.
a A=Pe”
A=3P,t=15
3P = Pe'"
3= elSr
log,(3)=15r
log, (3)
——=r

15
r=0.0732

Interest rate of investment is 7.32%.
b A=Pe"
P =3%2000, r=4.5%=0.045, A=$9000
9000 = 2000¢ ™
9000 = 00451
2000

9
log, | — |=0.045¢
&)

log, (%j +0.045=1¢
t=33.42

It takes 33 years and 5 months for the investment to grow
to $9000.

T-R
t=-10log, (—)

37-R

T=25°C, R=20°C

t:—lOloge(zs_zoj
37-20

t=-10log, (i) =12.2378
17

Time of death is 9 am — 12.2378 hours = 8.7622 or 8.46 pm

the day before. The person died 1% hours after the telephone
call.

n(t)=log, (t +e*), 1>0
a Tnitially £ =0, n(0) = log, (¢ )=2log,(e) =2
Initially there were 2 parts per million.
b When r=12, n(12)=log, (12+¢?) =2.9647
After 12 hours there are 2.96 parts per million.
¢ When n(t) =4,
4=log, (t+ez)
et =t+e’
et —e’ =1t
=472

It takes 47.2 hours before the four parts in a million of
fungal bloom exists.
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5 A=Pe"
When t=10, P=$1000 and r = i =0.05,
100

A= 100060'05(10)
A=3$1648.72
6 P(t)=200" +1000
Initially 7 = 0 so P(0)=200" +1000 = 1001
When =8 and P =3x1001 = 3003,
3003 = 200%* +1000
2003 = 2003
log, (2003) = log, (200)**
log, (2003) = 8k log, (200)
log,(2003)
log, (200)
log, (2003) _
8log, (200)
k=0.1793

1
7 P(t)=§(1—e_k’) and whent=3 and P=——,
4 1500

;zi(l_e—sk)
1500 4
i:l—e_‘%
4500
—3k :l—i
4500
ek =0.999
log, (0.999) = -3k

- % log,(0.999) =k
k =0.0003
8 0= Qoe—04000124z
a When Q, =100 and ¢ = 1000,

Q — 1006_0‘000124(1000)

Q — 670‘124

QO = 88.3 milligrams
b When Q= %QO =50,

50 = 100e 00001241
0.5 = ¢~0.0001241
log, (0.5) =-0.000124¢
log,(0.5) .y

-0.000124
t=5589.897

It takes 5590 years for the amount of carbon-14 in the

fossil to be halved.
9 W =W,(0.805)
a When =10,
W =W, (0.805)'" = 0.11428W,

0.114W, are the words remaining after 10 millennia or

88.57% of the words have been lost.

10

11

2
b W= 3 W, since one third of the basic words have been lost

a

a

%WO =W, (0.805)’
2
==(0.805)
3 ( )
2 ‘
log, 3)° log, (0.805)
2
log, (Ej =tlog,(0.805)

log, (%) +log,(0.805) =t
=187

It takes 1.87 millennia to lose a third of the basic words.

M=a-log,(r+b)

When t =0, M =7.8948,

7.8948 =a—1log, (b)...cccren... )}

When t =80, M =7.3070,

7.3070 =a—1log, (80 +D)........ 2)

H-®

7.8948 -7.3070 = a—log, (b)—(a—log, (80+))
0.5878 =a—log, (b)—a+log, (80+D)
0.5878 =1log, (80 + b)—log, (b)

0.5878 = log, ((80;[7 ))

0878 _ (80+5)

b
1.86=80+b

0.86 =80
b=100
Substitute » =100 into (1):
7.8948 = a —log, (100)
7.8948 + log, (100)=a
12.5=a
M =12.5-1og, (r+100)
Thus a=12.5 and » =100.
When ¢ =90,
M =12.5-1og, (90+100)
M =12.5-1o0g,(190)=7.253 g
P=alog,(t)+c
When r=1, P=10 000,
10 000 =alog,(1)
10000=c
P =alog,(+)+10 000
When =4, P=6000,
6000 = alog,(4)+10 000
—4000 =alog,(4)
—4000

=a
log,(4)
a=-2885.4
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13

b P=-2885.4log,(1)+10 000
P =10000-2885.41og,(?)
When =38,
P =10000-2885.41o0g,(8)=4000

There are 4000 after 8 weeks.
¢ When P =1000,
1000 =10 000—-2885.41og, (1)
2885.41og, (1) =9000
9000

log, ()=

g 2885.4
log, (1)=3.1192
1192 _

t
t=22.6
After 22.6 weeks there will be less than 1000 trout.
a C=Alog,(kt)
Whent=2, C=0.1,

0.1=Alog, (2k)...cccuc.... (1)
When =30, C=4,

4= Alog,(30k)......c.c...... 2)
2)+®

Alog,(30k) 4
Alog,(2k) 0.1
log, (30k)=401og, (2k)
log, (30) +log, (k) = 40(log, (2) +log, (k))
log, (30) +log, (k) =401log,(2) + 401log, (k)
log,(30)—401og,(2)=401og, (k) —log, (k)
log, (30)—401og,(2) =391og, (k)
—24.3247=391og, (k)
—24.3247
29 =log, (k)
—0.6237 =log, (k)
o 0627 _
k=0.536
Substitute k = 0.536 into (1):
0.1=Alog,(2x0.536)
0.1=0.0695A
A=1.440
C =1.4381og,(0.536¢)

b When =15,
C=1.43810g,(0.536x15)=3.002 M
Concentration after 15 minutes is 3.002 M.

¢ WhenC=10 M,

10=1.4381og,(0.536¢)
6.9541=1og, (0.536¢)
e = 0.5361
1047.4385=0.536¢
t=1934
After 1934 seconds or 32 minutes and 14 seconds the
concentration is 10 M.

F(t)=10+2log,(t+2)

a Whent=0, F(0)=10+2log,(2)=11.3863

b When =4,

F(0)=10+2log,(4+2)
=10+2log,(6)
=13.5835

TOPIC 4 Logarithmic functions « EXERCISE 4.6

¢ When F =15,
15=10+2log,(t+2)
5=2log,(t+2)

> =log,(t+2)

R N |

e =t+2

5
e?2-2=t
t=10.18

After 10.18 weeks Andrew’s level of fitness is 10.

14 Q — Q()e—()‘()()()l24t
When Q = 20% of Q, = 0.20,

—0.000124¢
0.20, = Qye
02 264).0()()124t

log,(0.2) =—0.000124¢
log,(0.2) -

-0.000124
t=12979

Age of painting is 12979 years.
15 R(x)=800log, (2 + ﬁ) and C(x) =300+ 2x
a P(x)=R(x)—C(x)
x
P(x)=8001 24+—|-300-2
() =8001og, 2425 )-300- 20
b When P(x)=0,

8001og, (2+i)—300— 2x=0
100

800log, (2+ ij =300+ 2x
100

x =329.9728
x =330

330 units are needed to break even.

16 a V=ke™

When 1=0, V=10 000;

10 000 = ke

10 000 =k

V =10 000e™

When r=12, V =13500;
13500 =10 000¢'>"
1.35=¢'"
log,(1.35)=12m
%loge(IBS):m
0.025=m
V =10 000e%9%
b When =18, V =10 000*°21® =$15 685.58
¢ Profit=P
P =1.375x10 000¢*°%" —10 000
P =13750¢%%" —10 000
d When =24,
P =137502"9%CY _10 000 =$15 059.38
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Topic 5 — Differentiation

Exercise 5.2 — Review of differentiation
1a f=02-x)+1
f)=2> =32 x+3(2)x* x> +1
Fx)=8-12x+6x>—x> +1
fx+m)=2—(x+hn) +1
Fx+h) =2 =32 (x+h)+3(2)(x+h)* —(x+h)’ +1
fx+h)=8=12(x+h)+6(x +2xh+h*)—(x* +3x7h+3xh> + b ) +1
f(x+h)=8-12x—12h+6x> +12xh +6h> — x> = 3x*h—3xh> —h® +1
7= lim fGe+h) - f(x)

- h
8—12x—12h+6x> +12xh+6h* — x> = 3x%h—3xh* =P +1-8+12x—6x> +x° -1

£/(x)= lim
h—0

h

—12h+12xh +6h* = 3x*h—3xh* — h®
h
f/(x) = lim (<124 12x + 6h = 3x> = 3xh— h*), h £ 0
h—0

£ = lim

F/(x) = =12 +12x - 3x*
b Whenx=1, f/(1)=—12+12(1)-3(1)* =-3
2 ab YA

(-0.83, 3?/

2,000 2,00\ 4,0)

y=x+2)2-x)

(4.83, —19.31)

Y
(—0.83, 3.31), (1, 3) and (4.83, —=19.31)

¢ fO)=(x+2)2-x)=4-x°
F+h)=((x+h)+2)(2=(x+h))
fx+h)=4—(x+h)’ =4—x*—2xh—h>

Fo0y= lim LEED =S ()
h—0 h
—x?=2xh—h* —4+x*
h

f(x)=lim 4
h—0

_ _ 2
Fx) = lim 2=
h—0 h

f(x) =}£in3(—2x—h), h#0
f(x)==2x
When x=1, f'(1)=-2(1) = -2
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fx)=x>(4-x)=4x>-x>
fx+h)y=4(x+h)?—(x+h)
fathy=4(x*+2xh+h?) - (x* +35°h+ 320 + 1)
Fx+h)=4x>+8xh+4h* — x> =3x*h=3xh> - i®
L S~ f()

’ :1
Fe h—0 h
,  AXP 4+ 8xh+4h* — x> =3x%h-3xh? — h® —4x? + &P
f(x)=1lim
h—0 h
2 227 243
f,(x)zlimeth 3x*h—3xh* —h
h—0 h
f/(x)=lim (8x+4h—3x" = 3xh—h*), h £ 0
h—0
f/(x)=8x—3x>
When x=1, f/(1)=8(1)-3(1)* =5
1 1 1 1
3 =43+ +==4x x4 =
a JW=drt o gty shragatey

F) =126 257 = 1222 —%
3 b
wWr-xt 2 2
b s i 2 __
fO==5s =57 5¢
7
- 11 1
)= —x 2
fx)=-x*-2 75

X
4a fO=(x+)N2+D=x>+3x2+x+3
Fix)=3x2+6x+1

3
b f(x)=4_\/;=4x 2 _x!
Je
5
f(x)=—6x 2+x‘2:—%+xi2
X2

1
5a  f(x)=——+2x=-x"+2x
X

2
, -3
f(x)=2x +2=F+2

1 2
o [ P S|
j( 2) ( 1)3

2
- 1642
—_14
2x—4=2_4x_1
fo=axt="2
X

b f(x)=

If f’(x)=1 then iz =1
X

4=yx?

2=x
When x = -2, f(x)=¥=4
Whenx=2,f(x)=&2_4=0

Therefore gradient =1 at (2, 0) and (-2, 4)
6 yz(x—a)(x2 —D=x’-ax’-x+a
& =3x2
dx

x=-2, %:3(—2)2—2(—2)a—1:12+4a—1:11+4a

—2ax—1
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7 a Turning point at (-2,-9) so f’(x) cuts the x axis at x = —2. For x <-2, f’(x) is negative and for x > -2, f’(x) is positive.

y‘\/

b Domain of the gradient function shown is x € (—o0,2)\ {-2}.
8 Stationary point of inflection at x =—2 so turning point at x =—2. Parabola lies above the x axis for all other values of x.

A

y=f

3
2,00 O *

Y

9 a y=x(x-2)’(x-4)=(x" —4x)(x* —4x+4)=x* - 82’ +20x* ~ 16x

D 4 —24x% +40x-16
dx
x=3, ? =4(3)* —24(3)* +40(3) - 16 = —4
X
Equation of tangent which passes through (xl 5] ) =(3,-3) which has m; =—4

Y=y =mp(x-xp)

y+3=-4(x-3)
y+3=—4x+12
y=—4x+9

1
b Equation of the line perpendicular to the tangent where mp = e

Y=y =mp(x—x,)

3
+3=—x——
y X 4
1 15
=—X——
4 4
10 Tangent and perpendicular intersect where
V="2X+5 e 1)
1 5
==Xt e 2
y=gxts ©))
=2
2x+5=—x+—=
—4x+10=x+5
5=5x
x=1
Substitute x =1 into (1): y==-"2(1)+5=3
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General rule for the parabola is y = ax? + bx + ¢ and general b i Domain=R
rule for the derivative is % =2ax+b. ii A
X
Whenx=0,y=4soc=4ory=ax2+bx+4. )
When x=1, y=3s03=a+b+4or —l=a+b. y=f
d
Whenx:O,—y:OSOOZb. - 0 X
dx
If b=0 then for —1=a+b, a=-1.
Hence y=4—x” is the equation of the parabola.
Y

YA

¢ i Domain = (—o0,4)\{-2}
ii YA

y=10)

-2, )o0——T]—0 41

A

(=2,-1)

Y

3001 3 1 Y
11 a :4_5—2—+4=ZX_5—5X_1+4
X X . )
dy 15 ¢ 1 5 15 1 d i Domain = R\{0}
—=——X t-x =———pt—5 i
dx 4 2 4x°  2x
10x-2x> +1
b f(x)=0x—4x+=10x‘3—2x-1+x4
X
2 4
=30t 4o —ax S =0 2 4
X X X
I
c y= —————=x2—-—x 2 << >
y=+x T > .
1 3
dy 1 — 1 1 1
= = +— 2 — +
ax 20 Tdt a3
4x2
3 2_ .3
- 27-2 -x 2 2 1
d f(x)=(3 Xx) _27-27x+9x"—x =—7x_1——7+2x—— )
2x 2x 2 2 27 2 v
27 27
f’(x)=—7x’2+%—x:—2—2—x+%
X
h)—
12 a i Domain=R 13 a Gradient of secant:w
ii
Fx+n)—f(x)  (x+h)* +5(x+h)+6-x>—5x—6
h h
Fx+m) = f(x) x> +2xh+h* +5x+5h+6— x> —5x—6
h h
Fx+h) = f(x)  2xh+h*+5h

Y h
w:2x+h+5 prov h#0
S+ - )

P =2(-D+1+5=4 wherex=—land h =1
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a

a

TOPIC 5 Differentiation ¢ EXERCISE 5.2

_ S+ - )

Gradient of secant =

h
Fx+)—f(x)  (x+h)’ (x+h=3)—x*(x=3)
h h
Farh) = foo (2043204320 + 1) (x+ h=3)— x* + 327
h B h
flx+m) = f(x)  x*+x°h=3x7 + 300+ 3% = 9x%h + 3x°h% +3xh® = 9xh® + xh’ + b = 3% — x* +3x°
h h
fx+h) = f(x)  4xh+6x>h* —9x°h+dxh® —9xh* - 31> + h*

h h
fath= @) 453 + 6x°h—9x>+4xh> =9xh—3h* +h®, h#0

h
w =4(2)° +6(2)%(2) - 9(2)% + 4(2)(2)* = 9(2)(2) — 3(2)*> + (2)° where x =2 and h =2

Fa+h) - () _

36
h
Gradient of secant = w
fa+h) = f(x)  —(x+h)]’+x°
h - h
For )= for) —(F 30 +3x00% + 1)+ x°
h - h
[t = f) _ —x =32 =3xh® — 1 + 5

h

h
FEEL R N

h
fa+h-fx)

p =-3(3)"-3(-3)(3)-(3)°

=-27+27-9
=-9 wherex=-3andh=3
fx)=12—-x
fx+h)=12—(x+h)=12—x—h
P = lim LETN =@
h—0 h
f,(x):hmIZ—x—h—12+x
h—0 h
f(x)=lim(-1), h#0
h—0
fx)=-1
f(x)=3x>-2x-21
Fx+h) =3(x+h)*=2(x+h)-21=3x>+3xh+3h* - 2x—2h—-21
v SR = f(x)
Fx)=lim h

3x2 4+ 6xh+3h% = 2x—2h—21-3x%>+2x+21
h

(0 =lim
0= lim 6xh+3h% —2h
h—0 h

F(x) = ;lli_1>13)(6x+3h—2), h#0

ff(x)=6x-2
f)=x"-3
f(x)=2x
f'2)=22)=4
Fx)=@=x)(x=4)=—x>+Tx—12
f(x)=-2x+7
FH==2)+7=5
F)=(x-2) =x> =3(0)2(2)+3(x)2)> = (2)° = x> —6x% +12x -8
Flx)=3x>-12x+12
=347 -124)+12=12
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1

d f(x):\/;—§+2x=x5—3x_l+2x
x
1
1 - v 1 3
‘(X)==x 243x"+2=—=+—5+2
f=7 N
3 1 3 4 3 32 39

+2=—4—+2=—+—+=

4)= —+4+— = —
F@® 24 42 416 16 16 16 16
16 a  f(x)=(x+Dx+3)=x>+4x+3

f(x)=2x+4
f(=5)=2(-5)+4=-6
When x=-5, y=(-5+1)(-5+3)=8
Equation of tangent which passes through the point
(xl, i ) =(-5,8) where

my =—61s

y=n =mT(x—x1)

y—8=-6(x+5)

y—8=—-6x-30

y=-6x-22

b flx)=8-x

f=-3x

f'(a)==3d>

When x=a, y=8—a’
Equation of tangent which passes through the point
(xh N )E (a,8—a’) where
my = 3a% is
y=y =mp(x—x;)
y-@8-a’)=-3d*(x-a)
y—-8+a’ =-3a’x+3a’

y=—3a2x+2a3 +8
1
¢ f(x)=2Jx-5=2x2-5
1

e S O
fx)=x NE,

'(3)=

When x=3, y=2/3-5
Equation of tangent which passes through the point

1
(xlqyl ) =(3,2/3 - 5) where m; = Nl is

y=n _mT(x_xl)

y—(2V3- 5)_I(x 3)
1 3
23+5=—x

y-23+ FE

2J3-5

=
:£ e 5os

d f(x)_———4x——2x‘1 4x

fix)=2x72 4_%—4
: __7
(2= ) 3

When x=-2, y= —L—4( -2)=9
(-2)

17

Equation of tangent which passes through the point
(xl, i ) =(-2,9) where m; = —% is
Y=y =mr (X—xl)
7
y=9=——(x+2)

2

7
-9=—=x-7

Y 2

7
=——x+2

)

a Equation of perpendicular line which passes through the
point (xb Vi ) =(-5,8)

1
where mp = 3 is

y=n =mP(x_xl)

b Equation of perpendicular line which passes through the
point (xlgy1 ) =(a,8-a’)
1
where mp =——is
r 3a®

y—y1=mP(x_x1)

y-@8 a3)-——(x a)
1
_8+ 3__ i
Y “ o 3a
1 3
——5x+—+8—-a
Y 34> 3a

¢ Equation of perpendicular line which passes through the
point (xlyy1 ) =(3,24/3 - 5) where m, =—/3 is

Y= =mP(x_xl)
-(23-5==3(x-3)
y=2/3+5=—3x+33

y=—\/§x+5\/§—5

d Equation of perpendicular line which passes through the
point ()cly1 ) =(-2,9)

2
where mp =—; is

y=n :ml’(x_xl)
y=9==(x+2)

Maths Quest 12 Mathematical Methods VCE Units 3 and 4 Solutions Manual



TOPIC 5 Differentiation ¢ EXERCISE 5.2

18 a Any line parallel to y =3x +4 has gradient of 3.

f)=—(x=2)+3=—x?+4x—4+3=—x>+4x-1

f(x)=—2x+4
3=-2x+4
1
Iy
2
2
2 2 2 4 4

Equation of tangent which passes through the point ( X0 ) = (%,%) where

my =31is

y_ylzmT(x_xl)

3 1
|
7% (x 2)

. . . . 1
A line perpendicular to 2y —2=—4x or y=-2x+1 will have a gradient of 5
2
f)y=—=+1=-2x"+1
X

Fo=dx? =2

X
1_4
2 X

e
2=—

4
g=1x>
2=x

When x =2, y=—£+l=—l+1=l
2 2 2

2
4 , . , . 1
Equation of perpendicular line which passes through the point (xl,yl ) =|2,-

. 1.
with mp =51S

19 Tangent to parabola at x =4 is y=—x+6. When x =4, y=—-4+6=2 So parabola

20

y= ax®> +bx+c passes through the points (4, 2), (0, —10) and (2, 0).
At (0, -10), 10 = a(0)* + b(0) + ¢ so ¢ =—10.

At (2,0),0=a(2)* +2b-10 or 4a+2b=10 =2a+b=5......... )
At (4,2),2=a(4)* +4b-10 or 16a+4b=12 =4a+b=3........... 2)
2)-) 2a=-2 =a=-1

Substitute a = —1 into (1) 2(-1)+b=5s0b=7

Equation of parabola is y = —x2+7x-10.

Tangent to a cubic function at x =2 has the rule y=11x—16. If x =2 then y =11(2)—16 = 6. The cubic passes through the points
(0, 0), (~1,0) and (2, 6).

General rule for the cubic is y = ax® + bx* +cx+d
d=0

sy= ax® +bx? +cx
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21

22

-L,0)=>0=-a+b—c........... (@)
2,6)=>6=8a+4b+2c............ 2)
ﬂ=3ax2+2bx+c

X
m=11,x=2
11=12a+4b+c............... 3

Using CAS to solve:
a=1,b=0,c=-1
Ly=x'—x |
Line perpendicular to y =2+/x = 2x2 has the equation
1
y=—2x+m. Thus the gradient of the curve is >
1 1
5 dy -5 1
If y=2x2then —=x 2 =—.
Y dx Jx
1 1
If —==—thenVx =2 =>x=4
NEE
When x=4, y=2/4=4.
Perpendicular line passes through the point (4, 4). Thus

4=-24)+m
4=-8+m
m=12
a a
y=x(x-2)(x+3)
(3,0)
(0, -18)
y=Q2-x)(x+3)(x-3)
4
b Point of intersection is (E,—Zj
2 8
c y=)c(x—2)()c+3)=x3 +x2—6x
B3¢ 1956
dx
When
2
=2 (3] (2]
2 dx 2 2
27
=—-3
4
_z_ 2
4 4
15
4
Equation of tangent which passes through the point
3 27 . . 15 .
(x;, )= 378 which has a gradient of m, = 7 is

Y=y =mp(x—x,)

27 15( 3)
yr—=—|x-=
8 4 2

27 15 45

+—=—x-—

8 4 8
15 45 27
y=E—x————
47 8 8
15
=—x-9
y=7x

Equation of perpendicular line which passes through

27
the point (x;,y;) = (5 ,—g) which has a gradient of
mp = _4 is

15

Y=y =mp(x—x;)

27 2
Tt A
8 15 5
4 2 27
y=——x+-——"—
5775 8
__4 19
YT a0

Exercise 5.3 — Differentiation of exponential

functions
1
1 ay=e?
1
dy_ 173"
dx 3

b y=3x*- e

d . :
d—y =120+ (—4x) =122 +4xe™>
X

¢ ve 4e* —e ™ +2
y 3e3x

2 f(x)= %ESX +e

f'(x) — %eb’x _ e—x
’ 3 0 0 1
0:— — = —
£0) S¢ me =5
3 y:eZ,r
ﬂ=2€2X
dx

=2¢"" =2
dx x=0

When x=0, y=¢" =1
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Equation of tangent which passes through (xl 0N ) =(0,1) with m; =2 is

Y=n :mT(x_xl)
y—1=2x
y=2x+1

4 y=¢+4

‘When x =0, y=eO+4=5

Equation of tangent which passes through (x;, y; )= (0,5) with m; =-3 is

Y=N =mT(x_xl)
y=5=-3x
y==3x+5

TOPIC 5 Differentiation ¢ EXERCISE 5.3

1
Equation of perpendicular line which passes through (x] Y )E (0,5) with mp = 3 is

y_ylsz(x_xl)

&I~

X

&I~

|
(
(ger) s
|

o 6/x
463% _ L ONx _3,73x+2 ) —1263% _ 326\/_ 49342

= —(eSX —e 4207 ) =3¢ 43¢ — 47
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d y=2x-¢"
D _y g
dx
L S S
dxx=0
y:e—Zx
dy —2x
my=—=-2
T dx
,2(,1)
When x=——, my =—2e¢ * 2/ =-2e
_2(_1)
When x=——, y=e * ¥ =¢

Equation of tangent with m; =—2e which passes through the
point

|
(xl N ) = (—5,6) is given by

Y=y =mp(x—x)

1
—e=-2e| x+—
Y ( 2]

y=—2ex—e+e

y=-2ex
y=e -2
d ~
mp = D 3¢
dx

When x =0, m; = -3¢0 =_3 and mp = %
When x =0, y=e_3(0) -2=1-2=-1
Equation of tangent with m; = —3 which passes through the point
(x1,y)=(0,-1) is given by
y=y =mp(x—Xx)

y+1=-3(x-0)

y=-3x-1

Equation of perpendicular line with mp = % which passes
through the point
(x1,y)=(0,-1) is given by

Y=y =mp(x-x,)

1
y+1=§(x—0)
yzgx—l
y=e&+1
dy_ e
dx  2Jx
x=3 ﬂzi
" dx 2\/§

When x=3, y=e" +1
Equation of tangent which passes through the point

(xl,y1)5(3,e‘/§ +1) with

eﬁ.
m;, =——18
T 2\/5
Y=y =mp(x-x)
V3
NG e
-V —l=—x=(x-3
y 2\/g( )
V3 NG)
e 3e Na
=—=x- +e¥” +1
RN N

11 a f(x)=

Equation of perpendicular line which passes through (3, oy 1)

with mp :—% is
e

Y=y =mp(x—xp)

G_ . 2B
y—e —1———ﬁ(x—3)
e
—_2\/§x+@+e\6+1

R e

10 a  f(x)=e -2

f'(x) — _2672x+3
fr(_z) — —28_2(_2)+3 — —267
b _28—2x+3 =2
e—2x+3 =1

e—2x+3 — 60

Equating indices
—2x+3=0
—2x=-3
3

xX==

2
e +2
eX

f/(x)=2e* —2¢7"

=¥ +2e7

2
F(D=2¢* -2 =22 -2
e
2e* =2¢7 =0
e - =0
e (e3x 1) =0

be*=0o0re*-1=0

Not possible &>* =1

e3x — 60
0

X

12 y:exz+3x—4

Letu=x>+3x—4 s0 % =0y 43
p dx
u y u
y=e¢e" so E—e
By the Chain rule:
dy_dydu
dx  du’ dx

a_ (2x+3)e"
dx

dy _ (2x+ 3)e"2+3x74

dx
D oy 4 3)e 04
dx=1
G
dx=1

When x=1, y= M2 0 o
Equation of tangent which passes through (xl, N ) =(1,1)
where my =5 is
y=y =mp(x—xp)
y—1=5(x-1)
y=5x—-4
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14

15

16

f(x)= Ae* + Be™*
f'(x)= Ae* —3Be™>*
When f’(x)=0.

Ae* —3Be™ =0
e (Ae** -3B)=0
e3* 20, no real solution

0=Ae* —3B
So, 3B=Ae**
e4x — ﬁ
A
a A=Ay 0%

Whent=0, A=2

2= A, 06O

2=4

Thus A =20

b A _ —0.69x2¢ 706"
dt

A | 3806
dt
When ¢ =0, ‘Z—’j =—1.38¢7090 = _1 38
f)=3""
f/(x)=2log,(3)x3**"*
f/(2)="2log,(3)x 3%
f/(2)=2log,(3)
a y=2¢"+l..... )

Point of intersection occurs where (1) =(2)
2 +1=x>=3x

x=1.89

y=(1.8854)° —3(1.8854)

y=1.05
Therefore POI = (1.89, 1.05)

b my = 3,23
dx

When x =1.8854, m, = 3(1.8854)* —3 = 7.66.

Exercise 5.4 — Applications of exponential
functions

1

a M= Ag 000152
When r=0, M =20
20 = Ae0:00152(0)
20=A
Thus M = 20e 0001521

b ‘Z—Af =-0.00152(20) 000152

am — —0.0304¢-0001521
dt
¢ When 7 =30 then
am _ —0.0304¢-015260)
dt
am =-0.0291
dt

Rate of decay is 0.0291 g/year.
I= Ioe—o.oozzd

When d =315 then
= 1064).0022(315)

1=0.51,

a

b

L - "I

TOPIC 5 Differentiation ¢ EXERCISE 5.4

a_ ~0.00221 "0
dd

When d =315 then
dl

% = _0_002210670.0022(315)
di

g = ~0:00221,x0.05

A _ o001,

dd

Intensity is decreasing at a rate of 0.0011/,
f(x)=e* +ge* +3
When x =0, f(0)=0, so
2O 4 qeo +3=0
I1+g+3=0
qg+4=0
qg=—4
fx)=e* —4e* +3
Graph cuts the x axis where y=0.
> —4e* +3=0
(ex)2 —4(eX)+3= 0
(e*=3)e"-1)=0
e*—=3=0 or ¢ -1=0

e* =3 e’ =1
x=log,3 e"=¢"
x=0

Thus (m,0) = (log, 3,0).
F(x) =26 —4¢*
f(0)=2e"" 4" =2-4=-2
fx)=e > +z¢ +2
f(0)=0
04 72%42=0
1+z+2=0
z+3=0
z=-3
y=f(x)=e =3¢ +2
Graph cuts the x axis where y=0
e =3¢ +2=0
() =3(e™)+2=0
(e =D *=-2)=0

e*—=1=0 or ¢e*-2=0

e_X:I e_x=2
er=e —-x=log,2
x=0 x=-log,2

Thus (n,0) = (-log,(2),0).
fx)=e P =3¢ +2
Fx)==2¢ +3¢7"
F0)==2e20 43,0 =243=1
A= A()e—kt

When =0, A=120

120 = Aye F©

120= A,

Thus A =120e™¥
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98 | TOPIC 5 Differentiation ¢ EXERCISE 5.4

Therefore the temperature is decreasing at a rate of

ot —kt
by T 10k 1.531°C/min.
dA kX120~ Temper(z)lt)lllze is falling at rate of 1.531°C/min
dt 8 a P=pe"""
A _ ixa When £ =0, P =8.2 million
jf\ 80— Poeo.om(())
— oA 82=F,
dt 0.016
A =120~ Thus P =8.2¢""""
€ A= When 2015, 7 =2015-1950 = 65
90 =120e P =829 — 23 2 million
3_ b 20 =8.20016¢)
4 Solve for ¢ using CAS:
—Zkzloge(gj t=55.72
4 Therefore September, 2005
1 3
k=——loge(—) e P 0.016x8.2:001
2 4 dt
P
k= lloge (i) 4P _ ).1312¢0010
2 3 dt

When 2000, r = 2! -1 =
dA=12()ekr,k:%]0ge(i) dPen , 1 =2000-1950=50

3 ar _ 0.016(50) _
JA B =0.1312¢ =0.29199

—_ kt
ar 120(0.139)e Change in population is 0.29 million/year.
A
£=—16.68ek’ d d—P=O.016x8.2e°'016’
dt dt
Zzlhen t=5 d—P:O.1312e0'0'6’
2 _16.68¢") = —8.408 units/min e
dt 0.1312¢”°"" > 0.4
Therefore the gas is decomposing at a rate of Solve using CAS:
8.408 units/min. 0.1312%0167 5 9 4
e Ast— oo, A— 0. Technically the graph approaches the line />69.67

A =0 (asymptotic behavior, so never reaches A =0 exactly)
however, the value of A would be so small, that in effect,
after a long period of time, there is no gas left.

6 a L=L,"™
Whent=0, L=11
11= Lye" 3O

Therefore in the year 2019.
9 a P=Pe ™
When 7 =0.5, P=66.7— 66.7=Pye >
When h=1.5, P=52.3—523=Pye "
Solve using CAS: F, =75.32cm of mercury, k =0.24
So P =75.32¢702

11=1L,
So L =115 b P=7532¢"2"
dpP
b L _ 500 %1105 & - 024 x75.32e702%
dt dh
4L _ 6589605 P 1g.08e 02
dt dh
¢ When r =3 then When h=5
dL 0.599(3) dP
o 6.589% =39.742 mm/month — =—18.08¢7%%® =_5 45 cm of mercury/km
dh

Therefore the temperature is decreasing at a rate of
1.531°C/min.

7 a Whentr=0, T=95-20=175

The rate is falling at 5.45 cm of mercury/km
10 a h=0295(e" +e™™)
Height of post at x = 0.6, so

75="Tye <

0 h=0.295("% +¢7%)
75=T,
So T = 757 h=0.6994 m

ol= 0(‘;24 Height of chain at lowest point x =0
b T =757 h=0.295(" +¢°)=0.295(2) = 0.59 m
ar = —0.034 x 75¢~0-034 Amount of sag is 0.6994-0.59 = 0.1094 metres or
j]t" 10.94 centimetres.
o —2.55¢7 00 b h=0.295(c" +e™)
dh

When ¢ =15 then —=0.295(e* —e™")
dT dx
o —2.55¢7%(9) = _1.531°C/min When x = 0.6
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a

a

dh _ 0.295(e%° — ¢706)

dx

ﬁ =0.3756 = 0.4 metres
X

If 6 is the angle the chain makes with the post then
tan(@) = 0.3756
6 = tan"'(0.3756)
6 =20.6°
Graph cuts the y axis where x =0.
F(0)=¢’-0.5¢29 =1-0.5=0.5
Therefore (0, 0.5)
f(x)=—e"+e**
Max TP occurs where f'(x)=0.
—e e =0
e (e -1)=0
e*—1=0ase " >0 forall x
et =1
eF=¢°
x=0
Maximum TP at (0, 0.5).
fay=—et+e™
When x =-log,(2)
f(= log,(2)) = —el08 D 4 ,2(log, (2)
=-2+e8?)
=-2+4
=2

Let 6 be angle graph makes with the positive direction of

the x axis.
tan(0) =2
0=tan"'(2)
6=063.4°
my=fl(x)=—e " +e
my = f'()=—e" +eV =-0.2325
Fh=e"'-0.5¢2Y =0.3002
Equation of tangent with m, =—0.2325 which passes
through the point
(x1,y1)=(1,0.3002) is given by
Y=y =mp(x—x)
y—0.3002=-0.2325(x - 1)
y—0.3002 =-0.2325x + 0.2325
y=-0.2325x+0.5327
1
"IN = 0.2325
Equation of perpendicular line with mp =4.3011 which
passes through the point
(x1,y)=(1,0.3002) is given by
Y=y =mp(x—x)
y—0.3002=4.3011(x—-1)
y—0.3002=4.3011x-4.3011
y=4.3011x—4.0009
T =T,e"
Whent=0, T=30
30=Tye"”
30=T,
Thus T =30e"

=4.3011

13

14

a

a

TOPIC 5 Differentiation ¢ EXERCISE 5.4

When 7 =7 days and k =0.387
T = 3062378

T = 306279

T =450 000

ar _ 0.387 302387
dt

AT _ 11 61037
When ¢ =3 then
T
i]—l =11.61¢"3¥7® =37 072.2/day
C — Coemf
When t=0, C =450
450 = Cye"”
450=C,
So C =450e™
When ¢ =7 then

C=450—ﬂx450
100

C =450-405
C=45
45000 cane toads remain after 7 days.
45=450¢™"
0.1=e™
log,(0.1)=T7m

1
~log, (0.1)=
7 2. (0.D)=m

1
=—=1log, (10
m==z g, (10)

(m=-0.3289)
C — 4506—0.3289t

ac _ —0.3289 x 4500328
dt

dc

— =-148.0233¢ 0%

dt

When ¢ =4 then

ac ~0.3289(4)

& =-148.0233¢ =-39.710156 thousand/day
t

Decrease of 39 711 cane toads per day.

y= Ae™™

When x=0, y=5
5= A"

A=5

Thus y=5¢"".

d 2
D oxx5e™
dx

d .

D 0xe™

i When x=-0.5, % =—10(=0.5)e" 5" =389

ii. Whenx=1, % =—10()e D" =-3.68
X

x* =5
Y=
2¢"
dy _x’—6x

2
dx e
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100 | TOPIC 5 Differentiation ¢« EXERCISE 5.5

b When?:Othen Y=y =mp(x=x)

x b4
3 y=0= 1()6 - —)
X X26x —0 i 2
e -
y=x-—
2 -6x=0 2
x(x2 - 6) =0 4 y=tan(2x)
x=0 or x*-6=0 mT=Z—y=ZSec2(2x)
by
2_(J6 2 _
x*—=(v6) =0
( ) Whenx:—ﬁ;mTz 2 = 2 2:2+l:4
(x=6)(x+~/6)=0 8 Cosz(_i) (L) 2
x—\/€=0 or x+\/€=0 4 2
x=6 x=—J6 Whenx=—%;y=tan(—%)=—l
(i\/g)z -5 6-5 1 . . .
When x=+6; y= ﬁ = S = 25 Equation of tangent with m; =4 which passes through the
+J6 e e :
2e point
: 1 (x Y )= T —1 |is given by
Co-ordinates are i\/g,z—ﬁ 171 g’
e
3 Y=y =mp(x—x;)
¢ Whenx=15 20 009 _ 505 z
dx PR y+1=4| x+—
. . - . . y=4x+ L
Exercise 5.5 — Differentiation of trigonometric 2
functions 5 a y=2cos(3x)
1a ;—x(Sx +3cos(x)+ 5sin(x))=5—3sin(x) + 5 cos(x) Z_y =—6sin(3x)
by
4 (g — A ‘202 b y=cos(x°)
b 7 sin(3x +2) — cos(3x )) =3cos(3x+2)+6xsin(3x")
by
y= cos(—)
¢ 4 (1 sin(9x)) =3cos(9x) 180
dx\3 dy _ ﬂsin(ﬂx)
4 - ekl
d <-(Stan(20)-2x°) =10sec” 2~ 10* dr 180 1180
X Vi1
[ y=3cos(——x)
e i Stan(fj):%ecz (ﬁ) 2
dx 4 4 dy 3si (ﬂ )
—=3sin| ——x
f i(tan(9x°)=i[tan(ﬁj):isec2 (Ej dx 2
dx dx 20 20 20
. 2 . d y= —4sin(—)
’ sin(x) cos”(2x)—sin(x)
i i d 4
szln(x) sin(2x) d_y = cos (g)
_ by
_CosT 2071 (%0 o
sin(2x) e y=sin(12x°)
—sin®(2x) . (m)
=_> = y=sin| —
sin(2x) 1
=—sin(2x), sin(2x) =0 dy_m COS( nx )
Thus dx 15 15
. 2 .
2x)— . (Z
d sm(x).cos ( .x) sin(x) | _ i(_ §in(2x)) = —2 cos(2x) f y= 251n(— + 3x)
dx sin(x)sin(2x) dx 2
o 3e)
=— —=6cos| —+3x
3y CC?S(X) dx 2
A _ 1
mr—dx—sm(x) g y:—gtan(sz)
b4 (7
Whenng; mTZSIIl(EJZI %:—%xlexsecz(sz)
2(c.2
Whenx:%; y=—cos(%)=0 =-5xsec (Sx )
. . . h y=tan(20x)
Equation of tangent with m, =1 which passes through the 4
point D _20sec? (20x)

T .. dx
(xl,Y1)= (E,O) is given by
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TOPIC 5 Differentiation ¢« EXERCISE 5.5

6 y= —2sin(fj for x €[0,27]

T . . .
— suggests 3 Since cos is negative, the second quadrant.

V4

.
o
3

~

T
xX=—

When x=4—”,y=—25in(4—ﬂxl)=—2sin(2—ﬂ)=—2sin(ﬂ:—£)=—2sin(£)
3 3 2 3 3 3

Point is (4?”,—\/5)

7 Whenxzz,y:'jcos(z):_%x_:z':ﬁ
6 6 2 2
dy .
=—=-3sin
mr x (x)
1
When XZE,mT:—3sin(£):_3x_:_i
6 6 2 2
Equation of tangent with m; =—— which passes through the point
(x )— Eﬁ is given b
(B 6 2 g y
Y=y =mp(x-x)
_ﬁ__é(x_z)
2 2 6
33_3..x
2 2 4
3 T 33
y=—Sx+—+——
2 4 2
8 When x = ,y:2tan[—):2

‘When x=£,mr=25602(£)=%=2+1=4
4 4 cosz(z) 2

Equation of tangent with m; =4 which passes through the point

(x1.1) =(%,2) is given by

Y=y =mp(x—x)

T
—2=4| x-2
Y [x 4)

y=2=4x-rw
y=4x+2-r1
9 y=sin(2x)

ﬂ =2cos(2x)

dx

Let 6 be the angle the curve makes with in the positive direction of the x axis.
tan@ = 2COS(2X%)

tan @ = 2 cos()
tan6 =-2
6 =tan™' (-2)
6=116.6°
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102 | TOPIC 5 Differentiation « EXERCISE 5.5

10 a y=sin(3x)

11

2 2
When x:%‘, y= sin(3x?ﬂ)= sin(27) = 0
d
my =2 =3cos(3x)
dx
When
2 2 1
x= Tﬂ’ mp = 3cos(3 X ?ﬂ) =3cos(2m)=3 and mp = 3
Equation of tangent with m; =3 which passes through the
point
2
(x] Y )= (?H,Oj is given by

Y=y =mp(x—x)

2r
—0=3| x-=2&
Y (x 3)

y=3x-2x
Equation of perpendicular line with m, = 1 which passes
through the point 3

(xlsy1)= (2?”,0] is given by

When x =1, y=cos(£)=0

d 1
—y=——sin(£

T 22

When x =7, my =—%sin(%)=—% and my =2

Equation of tangent with m; = —— which passes through
the point 2
(x1,,)=(m,0) is given by
y=y =mp(x—x)
1
-0=—=(x-r
y S (x=m)
1

.z
=——Xx+—
YT,

Equation of perpendicular line with mp =2 which passes
through the point
(x1,3)=(m,0) is given by
Y=y =mp(x—x)
y=0=2(x-m)
y=2x-2r1
a f(x)=sin(x)— cos(x)
f(0)=sin(0) —cos(0) =-1
b f(x)=0
sin(x) —cos(x) =0
sin(x) = cos(x)
tan(x) =1

1 suggests % Since tan is positive 1st and 3rd quadrants.

T T

X=—,T+—
4 4
T 5w

X=—,—
4 4

¢ f'(x)=cos(x)+sin(x)

12 a

13

14

d f(x)=0
cos(x)+sin(x)=0
sin(x) = —cos(x)
tan(x) =—1

1 suggests % Since tan is negative 2nd and 4th quadrants.

x=7t—£,271’—£
4 4
3 In
X=—,—
4 4

F(x) =+/3 cos(x) + sin(x)
f(0)=/3 cos(0) +sin(0) = 3
b f(x)=0
3 cos(x)+sin(x) =0
sin(x) = -3 cos(x)
tan(x) = —/3
/3 suggests % Since tan is negative 2nd and 4th quadrants.

V4 T
X=——, T——
3 3
__F 2
373
¢ f'(x)=—+/3sin(x)+ cos(x)
d (=0

—+/3sin(x) + cos(x) =0

cos(x)= \/§sin(x)

1=3 tan(x)
1
— =tan(x
NG (x)
1 T
— suggests —. Since tan is positive 1st and 3rd quadrants.
NE] g8 6 p q
T T
xX=-r+—, —
6 6
o=
66
a sin(x)cos(x) + sin’ (x) _ sin(x)(cos(x)+ sin(x))
sin(x) cos(x) + cos? (x) cos(x)(sin(x)+ cos(x))
= sin(x) prov sin(x) # —cos(x)
cos(x)
= tan(x)

. .2
b i( s-1n(x) cos(x) + sin z(x) ] = i(tan(x)) =sec?(x)
dx \ sin(x) cos(x)+ cos”(x) dx

f(x)=sin(2x) so f'(x)=2cos(2x)

f(x)=cos(2x) so f'(x)=-2sin(2x)

When the gradients are equal

2cos(2x) =-2sin(2x) where x €[-7, 7]
cos(2x) = —sin(2x) where 2x e[-27,27]
cos(2x) _ —sin(2x)

cos(2x)  cos(2x)
1=—tan(2x)
—1=tan(2x)

1 suggests % Since tan is negative 2nd and 4th quadrants.

2x=—7r—£,—£,7r—£and27r—%

4 4 4
py_ ST _m 3w Tn
4 4 4 4
St &m 3w r
x=——,——,—and —
8 8 8 8
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On CAS, solve f’(x)=0, — % <x< E.

x=-0.524,0.524

Points where the gradient is zero are (—0.524,0.342)
and (0.524,-0.342)

On CAS, solve f/(x)=0,0< x < %

x=0.243,0.804
Points where the gradient is zero are (0.243,1.232)
and (0.804,0.863)

[\

Exercise 5.6 — Applications of trigonometric
functions

1

1
A=—absin(c
a 5 (©)

A= %(6)(7) sin(6)

A=21sin(0) as required
b ﬁ =21cos(6)

do

[ Whenf)—— A= 21cos( ) 21><——105
3 3 2

Rate of change is 10.5 cm?/radian
a BD=asin(@) and CD = acos(0)
b Length of sleepers required is
=2asin(0)+2+a+2+acos(0)
=2asin(@)+acos(@)+a+4

c % =2acos(0) —asin(0)

d a=2= L=4sin(0)+2cos(0)+6
Using CAS:

d—L:0,9:1.1€
do

a L(t)=2sin(zt)+10
When t=0; L(0)=2sin(0)+10=10

b dar _ 27 cos(rt)
dt
dL
¢ When 7 =1 second then E =2mcos(mw)=—-2m cm/s.

a Period of function is 27 + % =12 hours

b Low tide occurs when sin(%t) =-1so0

H;owrpg =1.5+0.5(-1)=1m.

1.5+O.5$in(”—t):1

6
t
sin ﬂ—) =-1

6
1 suggests % Since sin is negative 3rd quadrant
Tt
— =T+ —
6 2
m_3n
6 2

t= 3—7r><g—9 or 3 pm
2

Low tide = 1 metre at 3 pm

dH =© 1 (m) T (m]
¢ —=—X—cos| — |=—cos| —
a 6 2 6 12 6

TOPIC 5 Differentiation ¢« EXERCISE 5.6

d When r=7.30 am then 1.5 hours.

a

dH _ 7 (z 3) L2 (ﬂj_z V2 _on
4

=—cos| —X— |=—cos =—X—=
dr 12 6 2) 12 12 2 24
T (m) V2r
—cos| — |=——
12 6 24

(m) V2 12 2
0S| — |=——X—=—

6 24 w2

2 T .. . ..

> suggests T Since cos is positive then 1st and 4th

quadrants.
Tt T b4

The second time when ¢ =10.5 hours or at 4.30 pm.
1
2sin(4x)+1=—
(4x) >

1
2sin(4x)=——
@x)=-3

sin(4x) = —i

x=0.849,1.508
Max/min values occur when f’(x)=0
f/(x)=8cos(4x)

0=8cos(4x)

0=cos(4x)

0 su estsE 3—ﬂ
gg 2

4x=£,3—ﬂ
272
_x3n
8 8 r
Max1mumwhenx—§ f(Sj 2s1n(2)+1—2+1—3

Minimum when

=3” f[ ) 25in(37ﬂ)+l:—2+1:—1

Coordinates are: (%,3), (31,—1)

f’(%j=8005(4x%):—8

X

. .. 3
Rate of change is positive for [O,Ej u(—ﬁ,z}.
8 8 2
100 cos(6)
100 cm
100 sin(6) 100 sin(6)
100 cos(6) 0
0
100 sin(6) 100 sin(6)
100 cm

100 cos(6)
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104 | TOPIC 5 Differentiation ¢« EXERCISE 5.6

L =3x100cos(8)+4 x100sin(8)+2x 100

L =300 cos(8)+400sin(8) + 200 as required
b Z—z =-300sin(0) + 400 cos(0)

dL
¢ Maximum length occurs when 20 =0.

—3005sin(8) + 400 cos(6) =0
400 cos(8) = 300sin(0)
400 =300 tan(8)

% = tan(0)

tan™! (%) =0

0=0.93°
L, .x =300c0s(0.9273) +4005sin(0.9273) + 200
L.« =700 cm

Therefore the maximum length is 700 cm when 6 = 0.93°.

£XOY =20 because the angle at the centre of the circle is
twice the angle at the circumference.

ZXOM = LYOM = % x 20

ZXOM = 0 as required
b XM = rsin(0)
M =tan(0)
—-r
rsin(@) _ sin(0)
h—r cos(0)
r 1

h—r - cos(0)
T cos(0)

r

h —1=cos(0)
,

ﬁ =cos(6)+1
-

¢ r=3cm, —=cos(0)+1
=3cos(0)+3
=-3sin(0)

dh [n) 33
—=-3sin| — |=——.
6 2

d When 0=

s

oy
5

10 a

=g-n+20
=20

Distance + Time = Velocity
Distance = Velocity x Time
Distance + Velocity = Time
So d(PM)=400cos(0).

T _ 400 cos(0)

obstacles — 2

Tobstacles =200 COS(O)
d(PM)=200x20

d(PM)=4000

4000

Thurdles ==

Tlolal = Tobslacles + Thurdles
T = 200 cos(6) + 808

Tiorar = 40(5cos(0) + 20) as required

T =40(5cos(0) +20)
Z—z =40(-5sin(0) +2)

0=40(-5sin(0) +2)

0=-5sin(0)+2

5sin(0) =2

=800

sin(@) =%

9=sin‘1(3) 0<6<Z

5 2
0=04115

T ax =40(5¢0s(0.4115)+2(0.4115))

T ax = 216.2244 seconds

T ax =3 mins 36 seconds

h=acos(nt)+c

Amplitude = 50 so a =50

Period = 1 second so 1= 2—” and n=2m
n

Vertical translation is 50 so ¢ =50
Thus h=50cos(2xt)+ 50

@ =—1007x sin(27t)

dt

When ¢ = 0.25 seconds

% =—-1007m sin(27 X 0.25) = —1007r mm/sec

h= 5—3.5cos(ﬂ—t)
30

Whent=0; h=5-3.5c0s(0)=5-3.5=1.5m
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a

d

Ny =5-3.5(-1)=8.5m
period = 277{ =60s

30
Therefore 1 rotation takes 60 seconds
Solve 5—3.5cos(;r—(;) >7 for 0 <1 <60,
1 =20.808,39.192

Time spent above 7 m = 39.192 — 20.808 = 18.4 seconds
dh 357 . (mj
= in

ar 30 " \30

dh I . (mj

—=——sin| —

dr 60 \30
4h _ 02 s
di
—0.2:7—”5111(”—’)

60 "\ 30

—0.2x60 . (m)
————=sin| —
r 30
~0.5456 = sin(”—t)
30
0.5456 suggests 0.5772. Since sin is negative 3rd and 4th
quadrants.
Tt
30 7w +0.5772, 2w —0.5772

M _ 37188, 5.7060
30

t=3.7188><£, 5.7060><E
T T

t=35.51s, 54.49 seconds

y=zcos(ﬂj+E 0<x<20
2\ 20)7 2
7 5

ymax=5><1+§=6m

dy 77r.(7rx)

—=——sin| —

dx 40 20

i When x=>5: Qz—ﬁsin[£)=—0.3888
dx 40 \4

ii When x=10; @=—7—”sin(1)=—o.5498
dr 40 \2

i When y=0 then

7 (ﬂxj 5
—cos| — |+= =0
2 2

Y _ 23664
0

2.3664 x 20
x=———

T
x=15m

QN
2 8|3
|
(o)
o
m\
IH
|
Ne—

12

13

a

a

TOPIC 5 Differentiation ¢« EXERCISE 5.6 | 105
ii When x =15.0649 then
dy I . (ﬂX15‘0649)
—=——gin| ——
40 20

dx
& =-0.3786
dx

If 6 is the required angle, then
tan(@) = —0.3786
6 =tan™'(-0.3786)
6 =180°-20.7343°
6=159.27°

h(x)lecos(%)—5x+90 0<x<45

When x =0; 2(0)=10cos(0)—5(0)+90=100 cm
When

X=45; h(4.5)= 10005(7 45

) —5(4.5)+90=57.5cm
Therefore coordinates are (0, 100) and (4.5, 57.5)
h'(x)=-35sin (%) -5
Min value occurs when #'(x) =0.
=35 sin(7—x)— 5=0

2

. (7x) 1
sm| — |=——
2 7
Tx . _1( 1)
— =S8 -
2 7

1
7 suggests 0.1433. Since sin is negative 3rd quadrant.
Tx =m+0.1433

2
Tx_ 3.2849

2

x=0.94

x=0.9386, 1(0.9386)=10cos

h(0.9386)=75.41 cm
Co-ordinates are (0.94, 75.41)
When x = 0.4 then

(0.4) = —35sin ( l X20'4 ] -5
W(04)=-395

P=-2cos(mt)+n
Whent=0, P=4
4=-2cos(0)+n
442=n
n==6
Period:
3 2=n
2 m
3m=4r
_4n
3

P=—2cos(%)+6

dP 8rm . (4m)
—=—sin| —
dt 3 3

(Lz%%)—sw.%%)wo

m
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14

15

C

a

a

When ¢ =0.375 then
dP _8r . (47r><0.375)_87r 'n(” B

sin —
dt 3 3 3

h(x)=2.5—2.5005(%] —5<x<5

h(5)=2.5-2.5 cos(%)

h(5)=1.7117
Maximum depth is 1.7 metres.

dh 2.5 . (x)
—=—sin| —

dx 4 4
ah _ 625 sin(f)
dx 4
When x =3 then

ﬁ =0.625sin (2)
dx 4

dn =0.426
dx

When ﬁ =0.58 then
Ix

0.58 = 0.625 sin(%)
-5 x _5
Tcl<c

0.928=sin(f) <<
4) 47472

0.928 suggests 1,1890. Since sin is positive 1st quadrant
because of the domain.

Z-1.1890
4
x =4.756 metres

x(t):l.Ssin(%t)+1.5 0<r<12

t
y(t)zZ.O—Z.OCOS(%) 0<r<12

Solve x(#) = y(¢) on CAS.

First time emissions are equal is at = 1.9222 or 1 hour
and 55 minutes after 6 am. So at 7.55 am the emissions are
both 2.86 units.

16

b

a

i Tt)=x@)+y@)

T(;):1.55in(”?t)+1.5+2—2cos(%’j

T(t)=3.5+ I.SSin(%t)— 2C0$(%t)

at

T(é) 3

T =15 sin(

) +35- 2.0cos(1)

< T >
Ol 6 2!

ii Maximum emission of 6 units at  =2.3855 or 2 hours
and 23 minutes after 6 am which is 8.23 am, and at
t=8.3855 or 8 hours and 23 minutes after 6 am which
is 2.23 pm.

Minimum emission of 1 unit atz =5.3855 or 5 hours and
23 minutes after 6 am which is 11.23 am, and again at
t=11.3855or 11 hours and 23 minutes after 6 am which
is 5.23 pm.

As emissions range is 1 — 6 units they lie within the

required range.

N(t)=45sin(%t)—35cos(%t)+68 0<r<l15

N(0)=45 sin(@)—35005(@)+ 68

5
N(0)=33
Sketch the graph on CAS and find the minimum.
Coordinate is (6.4643, 1.2529)
Quietest time when 7 = 6.4643 or 6 hours and 28 minutes
after 8 am which is 2.28 pm.
When 7 =4 (midday)

N(0)=45 sin(n;4))—35005(#j+ 68

N)=112

At midday there were 112 customers in line.
Maximum number of customers in the queue between
3pm (t=7)and 7 pm (r=11) is 86.
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Topic 6 — Further differentiation and applications

Exercise 6.2 — The chain rule

1a y=vx>-—7x+ =(x2—7x+1)%

dy 1 ) -1 2x—17
= 2x-D(x*=Tx+1) 2= ————
dx 2 ( ) 2Wx2—Tx+1

b y=@x*+2x-1)°
% =36x+2)3x> +2x—-1)> =6(3x +1)(3x% +2x—1)°

2 a y=sin’(x)= (sin()c))2
dy .
— =2 cos(x)sin
I (x)sin(x)
b y= ecos(Sx)
D _3sin(3x)e )
3 y=sin’(x)= (sin(x))3

ﬂ =3cos(x) sin’ (x)
dx

T d T T 1 (3 ’ 9
When x = —, —y:3cos(—]sin2(—):3><—>< — | ==
3 dx 3 3 2
4 yzesinz(x)

D 5 cos(x)sin(x)e™ ©
dx

n 2) o
When xzz, ﬂ=200$(£]sin(£)e““ (4) =2X£x£e( 2 ) =e?=+Je
2 dx 4 4

1 2

5 y=—— =(2x-1
Y (2x-1)? @x-D
dy -3 4
Z=2)02x-)=———
2)2x-1) R

dy _ 4

When x =1,

= 3 =—4
dx (2-1)

When x=1, y=——+>=1
Tamy

Equation of tangent with m; =—4, which passes through the point (x;, y;)=(1, 1), is given by

y=x =mT(x—x1)
y—l=—4(x-1)
y=1=-4x+4
y=—4x+5

6 f(x)=(x—17>and g(x)=¢"
a f(gx)=fle)=(" -1’
b h(x)=(e* —1)° and h’(x) =3e* (¢* —1)?
¢ At (0,0), B(0)=3¢"(" -1)? =0
Equation of tangent is y=0.

7 a y=g(x)=3(x2 +1)_1

Letu=x>+1so0 @=2x
dx
d 3
Let y=3u"" so Yoy =——
u u
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dy_dy du dy_dy du
dx du dx dx du dx
ﬂ:—%XbC:—Lz QZSe“X6x=3Oxe3XZ7]
dx u (x2+1) dx ,
cos(x . 2\ 7\ 2
b y=g(x)=e h y=f(x):( 3—x—2j =(x?-247)

Let u = cos(x) so ﬂ = —sin(x) d 4
dx Letu=x>—2x72 so L =352 +4x7 =(3x2+—3j

dy dx X

Let y=e¢" so d—:e”

_ dy _ 2
u 2 3
Let y= —=22u =—=
ﬂ_ﬂxﬂ ety=u" so e u 3
dx du dx @_ﬂxd_u
d . =
D _ e x —sin(x) = — sin(x)e® dx du  dx
dx dy 2 2, 4
1 _=——3X 3.x +—3
¢ y=g)=y@+D?+2=(x"+2x+3)2 dx u x
du 2 3x° +4
Letu=x"+2x+350 —=2x+2 - Y 3
dx (x3——2)
1 1 X
5 dy 1 -3 1
Let y=u?s0 2=—y 2=—— 5
y=u du 2” 2\/; __ 6x” +8 5
dy_dy (-2
dx du dx X
dy 1 x+1
—=——=X2(x+1) = ——/— . N2—-x 1 _1
dx 2u ( ) Vx? +2x+3 Py=/x= 2—x 2—x:(2_x) ’
1 . -2
= = = d
d y=g(x) sin? (x) (sin(x)) Letu=2—x so Eu:—l
Let u =sin(x) so ﬂ—cos()c) 1 3
ddx Let y=u 2 so %:—Eujz—%
2 u 2
Let y=u"2 so —y=—2u_3=——3 2u?
e ! dy dy _du
dy dy du @ _4 . a
—E X dx du dx
dx du dx d 1 1
Y _ -
Q——lxcos(x)——zcos(x) w2 “l=——
dx u’ sin3(x) 22 2(2-x)2
1 . 3 3
5 = f(x)=cos” (2x+1)=(cos(2x+1
e y=f(x)=\/xz—4x+5=()c2—4x+5)2 J =5 ( )= (cos( )

du Let u=cos(2x+1) so d—uz—Zsin(2x+l)
Let u=x* —4x+5 so o= 2x-d dx
X
Lety:u3 SO ﬂ:3uz
du

= 1 _l 1
Lt = 2 —y:— 2:—
IR Tl dy_dy du
ﬂ:ﬂ @ i; du dx
dx du’ dx o 3u? x—2sin(2x +1) = —6sin(2x + 1) cos? (2x + 1)
CANSL SEG YIS VI ek B
dx  2Ju 2 —4x+5 8 a f(x)=tan(4);+7r)
£ y=f(=3cos(x’ 1) TO= sarm
Let u=x>~1s0 @:2x f*(sz 4 - 24 =4
dx 4 2 U cos”(27)
dy cos”| 4 Z +7
Let y=3cos(u) so Tu =-3sin(u)
“ b =(2-x)2

ﬂ—ﬂxﬂ f(x) ( x) )
dx du’ dx f’(x):—z(—l)(z—x)*=(2_—x)_3
%:—SSin(u)Xsz—stin(xz—l) o ) 27 16

o)y Ty

g y=f(x)=5¢ (2 5)
P S
Let u=3x lsodx—ﬁx c f(x):ez"-
Let y =5¢" so ?zSe“ f(x) = 4xe™
u

F=D)=4(=1)X ™ = 42
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d f@=33x-2)" =(3- 2)%
)= §(3x2 - 2)% X 6x =8x33x% =2
F()=8(133(1)>-2=8

e f(x)=(cos(Bx)—1)
f(x)=5x-3sin(3x)(cos(3x) — 1 —15sin(3x)(cos(3x)— 1)

)l 2 5

9 f(x)—— 50 8(0)= f(f() = —
(;z)
g'(x)=4x°

10 F(x)=sin? (2x) = (sin(2x))?
f/(x)=2cos(2x)sin(2x), 0<x<m
0=2cos(2x)sin(2x), 0<2x<2m
cos(2x)=0 or sin(2x)=0

—
(=)
=
1]
<3
=
S}
—_
[\e]
~
(=]
~
=
1]
o

\

&N
TN TN S

SIS I

k”:
/N
.l>|"J

Therefore coordinates are: (O, 0),(%, lj,(%, Oj (3;- 1) (ﬂ 0)

11 z= 4y2 —5 and y =sin(3x)
z=4(sin3x))* =5

% =4(2)(3cos(3x))(sin(3x)) = 24 cos(3x) sin(3x)
X

12 a  f(x)=g[cos(x)]
J'(0)==sin(x)g’[cos(x)]
b f(x)=g(2+%)
f()= 6x2g’(2x3 )
¢ flx)= g(362x+1)
)= 662x+1g/(3e2x+1)

1
d f(x)= g(\/ X —x) g[(Zx2 —x)zj
)= (4x 1)(2x2 - x)_% g'[(Zx - x)éj &g’(\ﬂxz - x)
22x% —x
13 a f(0)=[h0]7 sof(x)=-21"(0)[hx)]”
b f(x)=sin’[h(x)] sof’(x)=2h"(x)sin[h(x)]

¢ f(x)=32h(x)+3 sof'(x)= %(Zh’(x))(Zh(x) + 3)_% = G

3(2h(x)+3)3
d f(x) — _Zeh(x)+4 SOf/()C) — _2h/(x)eh(x)+4
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14 a g(x)=f(h(x)=fQx-1)=3(2x~1)

15

b

Cc

a

4
332x-1

2
3

8(x0)=(2x-1)? so g'(x)= %(2)(2x— 1)-% =

my atx=1: g’(l):W:

. . 4 .
Equation of tangent with m; = 3 which passes through

¢ 4
3

(x1,)=(,1) is given by

Y=y =mp(x—x)

4 4
3320)-1 3

Equation of tangent with m, = —% which passes through

mp atx=0: g’(0)=

(x;,y)=(0,1) is given by

y=y =mp(x—x)
4

—1l=——(x-0

y 3)()C )
4

=——x+1

Y 3

Tangents intersect where

Tangents intersect at (—,l)
23

h(x)= Vx?—=16 and gx)=x-3
h(g(x) = (x=3)*~16

h(g(x)) =vx>—6x+9-16
h(g(x)=+x*>—6x—7

h(g(x)) = J(x=D(x+1)

If h(g(x))= m then m=-7and n=1

Maximum domain for (x —7)(x+1) =0

A

Y

-1 7

{x:x<-1tu{x:x 27}

16

17

18

c i(h(g(x)) = i(\/x2 —6x— 7)
dx dx

d d 5
—(h(g()=—(x*~6x-7)?

d 1 1
—(h(g(x) = (2x ~6)(x? —6x-7) 2

d x=3
—(h(g(x))=
dx x> —6x-7
d When x =-2, gradient
-2-3 -5 5

- \/(—2)2—6(—2)—7 - JA+13-7 :_5

1 1 1 1
y=g(f(X))=g(—)=—— F=——x
x) x (l) X
X
ﬂz—x_z—sz—Lz—Zx
dx X

Perpendicular equation is given by

y=—x+asomp=—1and m; =1

@
dx
1
——-2x=1
)
—1-2x3 =x?

0=2x"+x"+1
Let P(x)=2x> +x% +1
P(-1)=2(-1) +(-1)* +1=0
(x+1) is a factor
2x° +x7 +l=()c+l)(2x2 —x+l)
Quadratic can’t be factorised,
x+1=0

x=-1

1
If x=—1, y:—l—(—1)2=—2and—2=1+a =a=-3

f(x)=2sin(x) and h(x)=¢"
a i m(x)=f(h(x)=f(e*)=2sin(e")
i n(x)=h(f(x)=h(2sin(x))= >N
b m'(x)=2¢" cos(e’() and n’(x) = 2 cos(x)e>S"®
Solve using CAS for 0<x <3
m’(x)=n’(x)
2e”* cos (ex ) =2 cos(x)e>sn®
e* cos (ex ) = cos(x)e? ™)
x=1.555, 2.105, 2.372
a m(n(x))=m(x> +4dx—5)=3" "5
d

b L (3#‘”4*‘5 ) = 1.0986(2x + 4)3° 4375
dx

=2.1972(x +2)3° 45
When x=1,

di (3*2*“"*5 ) 6.5916 = 2.1972(1 4+ 2)3(0 " +4(1)-5
X

=2.1972x3%x3% =6.5916
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Exercise 6.3 — The product rule
1 a f(x)=sin(3x)cos(3x)
f’(x)==3sin(3x)sin(3x) + 3 cos(3x) cos(3x)
f/(x)=3cos*(3x) - 3sin’ (3x)
b f(x)=x"e
F/(x)=3x2e> +2x>
¢ f(x)=(x?+3x=5)"
F/(x)=5(x* +3x = 5)e>* + (2x +3)e>*
F/(x) = (5x% +17x = 22)&>*
2 f(x)=2x"cos(2x)
£7(x) = —4x* sin(2x) +8x> cos(2x)

(S o3 (o)

3 f(x)=(x+1)sin(x)
f/(x)=(x+1cos(x)+sin(x) x1
f7(0)=sin(0) + cos(0)

=0+1
=1

4 y=(x>+1)e*
my = Y 3% + e +2xe™

dx
When x =0, m; =3(0+1)e*® +2(0)e*® =3
When x=0, y=(0+1)*? =1
Equation of tangent with m; =3 which passes through (x,y,) = (0,1) is given by
Y=y =mp(x—x,)
y—1=3(x-0)
y=3x+1
5 Lety=f(x)=2x>(1-x)°
Fr)=2x2x=3(1-x)* +(1—x)° x4x
=—6x2(1-x)* +4x(1-x)*
=-2x(1-x)>Bx—2(1-x))
=-2x(1-x)*(5x-2)
If f/(x)=0
2x(1-x)*(5x=2)=0
x=0orl=-x=0 or 5x-2=0
2
x=0,1,—
5

£0)=2(0)*(1-0)*=0
Fm=207@1-1°=0

B3

4 27
=2X—X—
25 125
_ 216
3125

2 21
Therefore the coordinates are: (0, 0),(1, 0), ( 6 )

573125
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6 a

f(x)=e ?sin(x)

f(x)=0 forx €[0,37]

¢ Zsin(x) =0

sin(x) =0 since e 2 >0 for all x

x=0, . 2r. 3%

Max/min values occur when f’(x)=0.
X

f(x)= e% cos(x) — %eﬁ sin(x)

X

O=¢ 2 (cos(x) - %sin(x))

X

1 —_
—Esin(x) +cos(x) =0 since e 250 forall x

cos(x)= %sin(x)

1
1=—tan(x
> (x)

2 =tan(x)

x=1.11, 4.25, 7.39
y= x2eSX
Letu=x> and v=¢>* soﬂzbc and ﬂzSesx

dx dx

dy dv  du
dx dx dx
@ =5x2% +2xe°*
dx
y=e>* tan(2x)
Let u=e**" and v = tan(2x) so
it gpg @2
dx dx  cos“(2x)
dy dv du
—=u—+v—
dx dx dx
ﬂ B 2e2x+1

d = W + 2€2x+1 tan(2x)
X  COS X

dy 2 2e7sin(2x)

dx cos?(2x) cos(2x)

dy 2e**'+2¢7 5in(2x) cos(2x)
dx cos? 2x)

dy _2e**'(1+sin(2x)cos(2x))

dx cos? (2x)

y=x2Q2x+1)>

Letu=x"2andv= 2x+ 1)3

e P 32)2x+1)? =6(2x +1)°
dx dx

dy dv du
=u—+v—

dx dx dx

b 6x22x+1)? —2x22x+1)°

dx

dy _6Qx+1)° 2Qx+1)°

dx x2 ¥

dy _6x(2x+1)* =2Q2x +1)°

dx X

dy _2Q2x+1)*(3x—(2x-1))

dx X

dy _22x+1)*(x-1)

dx X

d y=xcos(x)
Let u=x and v =cos(x) so du =1and v =—sin(x)
dx dx
dy dv du
A IR S
dx dx dx
ﬂ =—xsin(x)+ cos(x)
dx

e y=2\/;(4—x):2x%(4—x)

1 du dv
Letu=2x>andv=4—xso—=x and —=-1
dx dx
dy dv  du
—=u—+v—
dx dx dx
dy 4—x
—==2Jx(-D+
dx D Jx
Q_—2x+4—x
dx Jx
dy _4-3x
dx Jx

X

f y=sin(2x-m)e”

Let u=sin(2x—7) and v=e"" so

du _ 2cos(2x— ) and d_ —3¢7*
dx dx

dy dv  du
—=y—tv—
dx dx dx
d ’
D 3 sin(2x — )+ 2¢™* cos(2x — 1)
dx
g y=3x"2¢"
Letu=3x"2 and v=e" so du =—6x" and v =2xe®
dx dx
dy dv du
—“=y—tv—
dx dx dx
& =3x 2% 2xe" +e" x—6x7
X
dy _6e" 6"
dx X %
dy 6e" (x2 - 1)
X

1
h y=e*Vax*—1=¢* (4x2 —1)2

1
Let u=e>* andv= (4)c2 - 1)2 S0

1

52 and ﬂ=4x(4x2-1)’7 . C
dx dx 4x* -1
dy dv du
—=u—+v—
dx dx dx

2x
dy_ _4xe e -1
dx  J4x? -1

dy 4xe™ + 2" (4x2 - 1)

dx Jax> -1
dy 2e* (4x2 +2x— 1)

dx Vax? -1
i y=x?sin’(2x) = x* (sin(2x))’
Let u= x> and v =(sin(2x))’ so

d d
Aoy and & = 6cos(2x)sin®(2x)
dx dx
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dy dv  du
—=u—+v—
dx dx dx
% =6x> cos(2x) sin? (2x)+2x sin® (2x)

& _ 2xsin? (2x)(3x cos(2x) + sin(2x))

joy=(x-1*3-x)7
Letu=(x—1)* andv=3-x)"s0

@=4(x—1)3 and %:—2(3—@‘3 x—1=

dx
ﬂ dv+ du
dx dx dx
_2(x-1) +4(x—1)3
(B-x°  (3-x)
C2(x=1)*+B-x4(x-1)
(3-x)°
_2(x=1)’ (x=1+2(3-x))
(3-x)°
_2(x=1)*(5-x)
(B3-x)
_2(x=1)*(x=5)
(x=3)

k y=(3x-2)"g(x)
Letu=(3x—2)* and v = g(x) so

du dv
—=6(3x—-2)and —=¢’
! (3x-2) 8w

dy dv  du
—=u—+v—
dx dx dx
dy

=(3x- 2)2 g (x)+6(3x—-2)g(x)

2~ (3x-2)((3x - 2)g'(x) + 6g(x))
dx

I y==e"g(Vx)

Let u=—¢>* and v=g(\/;) SO ﬂ:—SeS" and d_
dx dx
dy_ v de
dx dx dx
dy e g(x) Sx
dy &> (g (x)+10\/;g(ﬁ))
dx 2Jx
8 a f(x)=xe"
f(x)=xe" +e"
f-h=—e"+e
=0
b f()c)=x(x2+x)4
f(x)=+4x(2 (xz +x ) (x +x)4
2

(x +x)3( +x+8x7 +4x)
=(x2+x) (9x2+5x)

ro=(1+ 1)3 (9% +5(1)
=112
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2

(3-x)

_g®
2Jx

Cc

d

9 y=

. d
Letu=x* andv=e* sod—M:4x3 and

dx

10 a

&

=(1-x)tan?(x)
2(1-x)tan(x)
[¢ sz(x)

f,@:“(“zjm“@

f(x)

f'x)= —tan’(x)

fm(5)]

FNgp.

:8\/5(1—%)—3

l
f(x)=+/xsin>(2x*) = x” (sin(2x’ ))
sin(2x?)

24x
_ 8x2 cos(2x?)sin(2x?) + sin(2x?)

2Jx
F(Vr)= 87 cos(27) sin(27) +sin(27)

NN

_8z(M(0)+(0)

N
=0

fx)=x*e™

Fr(x)=4xJx cos(2x?)sin(2x?) +

dv
X X

=3¢

= (3t +4x )= (@4x’ - 3t

= (ax® + bx*) then a=4 and b=-3.
dx
y=f(0)=(x-a)’gx)
Letu=(x— a)2 and v = g(x) so
du =2(x—a) and v =g'(x)
dx dx

dy_ dv du

dx dx dx

dy ,

= =(x-a)’g'(x)+2(x—a)g(x)

dx

f(x) = g(x)sin(2x) where g(x) = ax’

[ 113

Letu=ax> and v = sin(2x) so d_u =2ax and ﬂ =2co0s(2x)
dx dx

dy dv du
—=u—-+v

dx dx dx
dy

I =2ax’ cos(2x)+ 2axsin(2x)

2
dy za(z) cos(r) + Za(zj sin(r) =-3r
dn 2 2
2

—ﬂ—a+0=—3n
2
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11 y=2xtan(2x) b y=—cos(x)tan(x)
Let u=2x and v = tan(2x) so du =2 and v = 422 Let u=—cos(x) and v = tan(x) so
dx dx  cos™(2x) du . () and dv 200 1
— =sin(x) and —=sec”(x) =
P_ Mﬂ v au dx dx cos” (x)
dx dx  dx dy dv  du
dy 4x Loyt —
—=————+2tan(2x) dx dx dx
dx  cos”(2x) dy 1
T — =—c0s(x) X —5——+ tan(x) sin(x)
When x = E, dx cos”(x)
d 1 i
Y__ + sin(x) X sin(x) prov cos(x) #0
4(1) dx cos(x) cos(x)
ﬂ:¢+2tan(£) dy _sin’(x)-1
dx cos? (E) 6 dx cos(x)
dy_mo 1 o &y _1-cos*()-1
CAPS AN L — — dx cos(x)
dx 3 T
cos? (g \/§ Q _ cos(x) cos(x)
dy & 1 2 dx cos(x)
— ==X > +—= dy
dx 3 V3 3 I =—cos(x), cos(x) =0
2 14 y=c (1
dy m 4 23 y=e= (=2 , .
E:§X§+T a Graph cuts the y axis where x=0, y=¢ (1-0)=1
dy 4m 2 3_47t+6\/§ GraPh cuts the x axis where y=0
d 9 3 9 et (1-x)=0
12 y=xe* l-x=0ase™ >0 forall x
« du dv x=1
Letu=xandv=e"so—=1and —=e¢
dx dx Therefore, coordinates are: (0, 1) and (1, 0)
dy_ u dv +v du dy X X
o ' b e —2xe* (1-x)
%:xex+ex=ex(x+]) :—ex2(1+2x(l—x))
dy _ 1 =" (1+2x-2x7)
When x=1, my =—=e (1+1)=2e¢ and my =—— dy ,
dx Ze == (207 -2x-1)
When x=1, y:(l)e1 =e dx > s
Equation of tangent with m = 2e which passes through the O=e (2x —2x- 1)
point (x;,y;) = (l,e) is given by 0=2x*-2x—1lase® >0 forall x
Y=y =mp(x—x,) 24 (_2)2 —42)(-1)
y—e=2e(x-1) = 20)
y—e=2ex—2e 1+ D2
y=2ex—e = 2
1
Equation of perpendicular with mp =— 3 which passes x=-0.366, 1.366
e
—(-0.366
through the point (x,, ,) = (1,¢) is given by When x=-0.366, y=¢ ) (14+0366)=1.1947
Y=y =mp(x—x,) When x=1.366, y=¢ %) (1-1.366) = —0.057
y—e= _i(x_ D Therefore coordinates are: (—0.366, 1.195) and
2e (1.366, —0.057)
y—e=—ix+i ¢ Whenx=1, my=e (2(1)2—2(1)—1)=—l
2¢e  2e > T e
11 !
YETo NSt Equation of tangent with m, =—— which passes through
e
2 L
y=—2ix+(l+226 ] (%1, )=(1,0) is given by
¢ ¢ y—)’1:mT(X—x1)
13 a y:—cos(x)tan.(x) y—Oz—l(x—l)
sin(x) e
y=—cos(x) X 1 1
cos(x) y=——x+-—
y=-—sin(x), cos(x)#0 e e

dy

& ——cos() d When x=0, my =e"® (2(0 =2(0)-1)=-1s0 m =1
X

Equation of perpendicular with mp =1 which passes
through (xl,y1 ) =(0,1) is given by
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TOPIC 6 Further differentiation and applications ¢ EXERCISE 6.3

y—h=mPQ_xJ
y=1=x
y=x+1

Tangent and perpendicular intersect where

1 1
X+l=——x+-
e e
x=-0.462
s y=-0462+1
=0.538

POI = (-0.46, 0.54)
i % =sin(0)

CD =3sin(0)
. A—D = BD =cos(6)
ii 3 3

AD = BD =3cos(0)
S=4x % X 6 cos(0) x 3sin(0) +(6 cos(@))2
§'=36c0s(8)sin(d) +36.cos” ()
S= 36(cos2(9) +cos(0) sin(@)) as required
Let S, =36cos>(8) = 36(cos(0))”
So % =2X36X—sin(0)cos(6) =—72sin(0) cos(0)

Let S, =36cos(8)sin(0)

Let u=36cos(0) and v =sin(0) so
ﬂ =-36sin(0) and ﬂ =cos(0)
deo do

ds, dv du
——=u—+v—

do de  do

% =36c0s(6) cos(0) — 36sin(6) sin(6)
% =36(cos?(8) — sin*(6))

S=8,+5,

as _ds,  dS,

do  do  de

% =—725in(0) cos(8) + 36(cos> (6) — sin” ()

% =—725in(0) cos(8) + 36 cos>(0) — 36 sin>(0)

% =—725in(0) cos(8) + 36 cos>(8) — 36(1 — cos® ()
ds . ) )
% =-72sin(8) cos(8) + 36 cos” () —36+36cos”(0)

d—S =172 cos? (0)—72sin(0)cos(0) — 36

do
16 a y=f(x)=3x"e >
3 ox du 2 dv -2x
Letu=3x" andv=e""s0o —=9x" and —=-2¢
X
dy dv  du
224
dx dx dx
b —6x°¢ +9x%e™
dx
L =32 3x% = 2x%)
dx
dy

If - ae > (bx® +cx’)thena=3, b=3 and c=—-2
X

17

dy

b Stationary points occur where I =0

a

Cc

X
3¢ (3x2=2x7)=0
x*(B3-2x)=0ase>* >0 forall x
x=0o0r3-2x=0

3=2x
3
2oy
2
Ifx=0,y=0
3 3
MR PO R
2 2 8 8e

Stationary point (0,0) is a point of inflection and stationary

1
point (%,;—) is a maximum turning point.

3
e
_ _ 3 =2(1) _ -2 _ 3
When x=1, y=3(1)"e =3¢ =—
e
d 3
When x =1, m, = Ey =3¢V 3 -2 =37 ==
e

. . 3 .
Equation of tangent with m; = — which passes through
e

the point (x;,y,) = (1,%) is given by
e

y=y =mp(x—x)

3 3
-5 =S(x-1
Y= ez( )

3 3 3
Yyo—m=73X"—>%

e e e

3
y=—7x

e
When x =2, y=(4(-2)? —=5(-2))e > = 26¢™> = 3.5187 so
they have made the correct decision.
Graph cuts the x axis where y=0.
(4x* =5x)e* =0
x(4x—-5)=0ase* >0 forall x
x=0o0r4x-5=0
4x =

Al »

X =
. . (5
T is the point Z’O

y=(4x> =5x)e"

Letu=4x"2-5x andv=e"s0 ﬂ:Sx—S and ﬂ:e*
dx dx

dy dv du

=gty —

dx dx dx

G =(4x> = 5x)e* +(8x—5)e"

dx

d :

D (4x® - 5x+8x—5)e"

dx

L 4x? +3x—=5)"
dx

. . d
Stationary points occur when Ey =0.
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116 | TOPIC 6 Further differentiation and applications ¢ EXERCISE 6.4

(4x* +3x-5)¢" =0
4x2 +3x—5=0as e’ >0 forall x
3132 —4(4)(=5)
2(4)
—3+.9+80

8
—3+./39
8

Point B: When x =

@ =0.804,

y = (4(0.804)% — 5(0.804))e*8* = _3 205
B has the coordinates (0.804,-3.205).

18 y=2"sin(x)

L =2" cos(x) +log, (2) x 2" sin(x)
dx
E:d n
When x = E, & =22 cos(z)+ log,(2) x 22 sin[z) =2.06
2 dx 2 2

du dv
V——u—
dy _ dx dx
dx v2
(P =D=-2x(x+1)
(x* =1’

_ x2—1-2x%-2x

e -?

(2 +2x+1)

@

C—(x+1)?

S -?

=+ D)?

e+ D212
-1

S (x-1?

sin(x)
er

3 y=

Let u=sin(x) and v = e**

Exercise 6.4 — The quotient rule

1

2 y=

er

a y=
Y e’ +1
Letu=e* andv=e* +1
So du =2¢>* and v =e*
dx dx
du dv
V——u—
dy _ dx dx
dx v?
dy _2e*(e' +)—e” xe*
dx (¢* +1)
ﬂ_ 263x +2€2x _e3x
dx (" +1)2

dy _ e +2e%

dx  (e"+1)°
_ cos(3t)
=

Let u=cos(3t) and v = I

d d
So X — 36in(3r) and & =3¢
dt dt
du dv
V——U—
dy__dt  dr
dt v?
dy _ =3¢ sin(31)—3¢” cos(3t)
dt I
dy _=31* (tsin(31)+cos(31)
dt 5
Q _ =3(t 51n(3t?1+ cos(3t)) %0
dt t
x+1
x> =1

Letu=x+landv=x—1

Soﬂzland ﬂ=2x
dx d.

X

di d !
So &~ cos(x) and iy g
dx dx

du dv
dy i ax
dx V2
dy e** cos(x)—2e* sin(x)
E - X
dy e>* (cos(x) — 2sin(x))
E - RE
dy _ cos(x)—2sin(x)
E - o2
When x =0, ﬂ _ cos(0) ; 2sin(0) -1
dx 2
S5x
4= x> +4
Letu=>5x and v=x2 +4
SOQ:S and ﬂ:2x
dx dx
du dv
a i
dx V2
dy _5(x* +4)=5xx2x
dx  (x*+4)?
dy 5x*+20-10x"
dx (P +4)
dy 20-5x*
dx (32 +4)
dy 5(4-x%)
dx (x> +4)
When x =1, ﬂzi)zzgzé
dx (12 +4) 25 5
5 _ sin(x)
Jx
Let u =sin(x) and v =+/x = x% SO
du v 1 L 1
o cos(x) and i Ex = m
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TOPIC 6 Further differentiation and applications ¢ EXERCISE 6.4

Jdu_ dv
dy __dx _dx

dx v2

dy sin(x) 2
o [JECOS(X)—WJ+(‘/;)

dy 2xcos(x)— eln(x)
dx 2x X
dy _ 2xcos(x)—sin(x)
a B 2x/x
_ tan(2x)

e)(

2
Let u = tan(2x) and v=¢" so du =—>— and v =e"
dx  cos”(2x) dx
du dv

Ve —u—

dy __dx dx
dx v2

dy 2e*
dx [cos2 (2x)
dy 2e* e* sin(2x) 1
dx (cos2 (2x)  cos(2x) jx 2x
dy e (2-sin(2x)cos(2x)) 1
dx cos” (2x) % =
dy 2—sin(2x)cos(2x)

dx e cos? (2x)

—e* tan(2x)] e

e

oy X (5-a)

y=f(x) B (5o}

Letu=(5-x)* andv=(5—x)%so %=—2(5—x)=2x—10
dv 1 -1 1

and =30 =
i

dy dx dx

dy 2(5 x)\/S X, (5-2) ),

N R

dy -4(5-x)* +(5-x) e (5—
( 2\/5 X j(S )

dy (5 Y —4(5-x)

dx  25-x(5-x)
dy 5-x—-20+4x

dx 25-x
dy 3x-15
dx 2J5-x
dy  3(5-x)
v 25-x
dy 3J5-x
2
sin? (x?
ot

2
Letu= (sin(xz)) and v=1x so lex—u =4 xcos(x)sin(x) and

_y

dx
Jdu_ v
dy _ dx ! dx
dx v?
dy 452 cos(x2 ) sin(x2 )— sin’ (x2 )
dx X

3x-1
2x2 -3
Letu=3x—1andv=_2x> —3sod——3adﬂ: 4x
dx dx
du dv

Ve —u——

dy _dx dx

dx v2

dy 3(247-3)-4x(3x-1)
dx (2x2 —3)2

dy _6x> —9-12x" +4x

de (242 -3)

dy _—6x*+4x-9

dx (2x2 —3)2

e y=

x—4x2

f y= f(x)_ \/;

1

di
Let u=x—4x> and v =2x> sod—uzl—Sx and
X

dx (2vx)’
dy 2x(1—8x)—(x—4x2)

dx 4xx

dy 2x—16x* —x+4x>
E_ 4x/x

dy x—12x2

dx 4x/x

dy 1
“=——_3
dx  4Jx x

__ <
cos(2x+1)
Letu=e¢" and v =cos(2x +1) so

o and V= ogin2x+1)
dx dx
du dv

V——u—
dy __dx dx
dx V2
dy _ e cos(2x+1)+2e* sin(2x +1)
dx cos?(2x +1)

e*x
h =
Y x—1
Letu=e" andv:x—lsoﬂz—efx and ﬂ:1
dx dx
du dv

V——u—
dy __dx dx
dx v?
dy _ - (x=-1)—e"
dx (x-1)2
dy _ — “x+e -
dx (x— 1)2
dy xe *
dx  (x-1?
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118 | TOPIC 6 Further differentiation and applications ¢ EXERCISE 6.4

i

NG
x+2 |
Letu=3x7andv=x+2soﬂ=ian ﬂ=1
dx  2x dx
du dv
V——U—
ﬂ: dx dx
dx v?
dy 3(x+2) ) 5
—= —3Jx |+ (x+2
dx (2\/5 (+2)

dy _3(x+2)-6x

dx 2Jx(x+2)?

ﬂ _ 3x+6-6x
dx 2Jx (x+ 2)2
dy _ 6-3x
dx 2Jx (x + 2)2
_ cos(3x)
~ sin(3x)

Let u = cos(3x) and v = sin(3x) so % =-3sin(3x) and

dv
—=3cos(3
I (3x)

du dv
V——u—
ﬂ: dx dx
dx V2
dy _ —3sin’(3x) = 3cos’ (3x)
dx sin2(3x)
) 2
dy —3(s1n (Bx)+cos (3x))
dx sin2(3x)
dy 3
dx sin2(3x)
o x=2
Y 2x>—x-6
Letu:x—2andv:2x2—x—6soﬂ:1and ﬂ:4x—l
x dx
du dv
V——u-—
dy _ _dx dx
dx v?
dy _2x7 —x—6-(x=2)(4x—1)
- 2
dx (2x2—x—6)
dy _2x>—x—6-4x>+9x-2
dx (sz—x—6)2

dy _ —2x"+8x-8
dx (2x2—x—6)2
dy 2(x2—4x+4)

dx  (2x+3)* (x-2)°
dy _ 2(x—=2)*

dx  (2x+3)’ (x-2)°
dy__ 2

_727 ¢2
dx (2x+3)

1_62)(
= 1+e*

d d
Letu=1—¢> andv=1+e*s0 X = 26> and &' =
dx dx

2,
2e°"

du_ dv
dy _ ! dx ! dx

dx v?

dy —2e* (1 +e* ) —2e* (1 —e™ )
dx (1 +e™ )2

dy _—2e7 —2eM 2™ 4 2e™

z (1ee™)

dy  —4e*

(1o )
x+2

)’:f(x)=m

d
Let u=x+2 and v =sin(g(x)) so 7’:=1 and

B _ ¢(x)cos(gn)

dt

du dv
& a " a
dt v2
dy _sin(g(x))—(x+2)g'(x)cos(g(x))
dr sin’ (g(x))

e—2x

y=r= g(ex )

Letu= g(e_zx) and v=e¢e" so

du —2x s —2x dv x

i 2e g(e )anddx—e
du dv

dy _ Vax Max

dx V2

~ e* X_2672xgr(ef2x)_exg(672x)

_ 2x
Y x2+1
Letu=2xandv=x2+1soﬂ=2andﬂ=2x
dx dx
du dv
V——u—
ﬂz dx  dx
dx V2
dy _ 2(x* +1)=2x(2x)
dx x2+1)?
dy 2x"+2-4x°
dx (x> +1)°
dy 2-2x" 2(1-x7)
de (2417 (2412
d _12
When x =1, _y:2(21 12)=
dx  (1®+1)
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_sin(2x+7)
cos(2x+1)

Let u=sin(2x+ ) and v =cos(2x+ ) so

du _ 2cos(2x+m) and ﬂ=—2sin(2x+7r)
dx dx

du dv

Ve —u—
dy= dx  dx
dx y?
dy _ 2cos® (2x+ )+ 2sin” (2x + 1)
dx cos® (2x +1)
dy 2(0052 (2x+7)+sin’ (2x+7r))
dx cos® (2x +1)
y__ 2
dx  cos?(2x+1)
Whenx=z, ﬂ=+=%=

2 dx cos“(2m) 1

x4+l
Y V3x+1

1
Letu:x+1andv=(3x+1)2soﬂzland v__ 3

dx dx 23x+1

du dv
Ve —u-—
dy _ dx dx
dx v?
3(x+1)
V3x+1—-——=%
ﬂ: * 23x+1
& ()

dy _ 2(3x+1)=3(x+1)

dx  2\3x+1(3x+1)
dy 6x+2-3x-3

dx  243x+1(3x+1)

ﬂ_ 3x-1
dx  2J3x+1(3x+1)
When x =5, ﬂ: 30)-1 = 14 :l
dx 23(5)+1(3(5)+1) 2(4)16) 64
5—x2

Y=

e
Letu=5-x> andv=e¢" soﬂ:—2x and ﬂ:ex

dx dx
du dv

Ve —u—
ﬂ: dx dx
dx v?
dy —2xe"—e* (5—x2)
o fef
dy _ —2xe* —5e" +5¢x2
dx e
dy 5x*-2x-5
dx e*
When x =0, —yz—io_ 5

dx e

8 y=— %

10

2x

w

(S]]

(3x+1)

3
EN dv 9
Let u=2x and v=(3x+1)? sod—”=2 and d—v:?/sxﬂ

X X

dx v
dy 2(3x+1)3 —9x(3x+1)?

d ((3x+ 1)%)2

dy  2(3x+1)3 —9x(3x+1)?
dx (3x+1)

3 1

2 _ 2
When x =1, ﬂ:w:_i
dx (4) 32

eX

y_x2+2
d d
Letu=c* andv=x>+2s0 % =¢* and & =2x
dx dx

dy _ e (x2 +2)—2xe”
dx (x2+2)?
ﬂ B e x? +2e* —2xe*
dx (x*+2)?
dy e (x —2x+2)
dx (x*+2)?
When x= 0, m, =& _ €0 =20)+2) 2 _
T ax (02 +2)° 4
0
e 1
When x=0, y=—5——=—
YT 2

1
2

. . 1
Equation of tangent with m, = 5 that passes through
Iy, .
()= 0,5 is given by

Y=y =mp(x—x)

11
L= l(x-0
y > 2( )
1ol
YT,

d (1+cos(x)]

E 1—cos(x)

_ I+cos(x)

, let u=1+cos(x) and v=1—cos(x)
1—cos(x)

du dv
— =—sin(x) and — =sin(x
I (x) o (x)
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120 | TOPIC 6 Further differentiation and applications ¢ EXERCISE 6.4

11

12

du dv
dy " Max
dx V2
ﬂ _ (I=cos(x)) x —sin(x) — (1+ cos(x)) X sin(x)
dx (1- cos(x))2

—sin(x)(1—cos(x)+ 1+ cos(x)
(1-cos(x))?

_ —2sin(x)
(=(cos(x)—1))*
_ —2sin(x)
" (cos(x)— 1)
2x-1
y=fx)=
2x+1
Letu=~2x—1 andvzmso%zx/% and
dv 1
dx 2x+l
du dv
& Vi
dx v?
ﬂ:(m_m—_]}(m)z
dx \2x—1 2x+1)
dy  (2x+D-(2x-1)

dx  2x—12x+1(2x+1)

dy 2x+1-2x-+1

dx  \Jax? —1(2x+1)
2

dy_

dx  \Jax? —1(2x+1)

2
If = —— th
Fm)=75 g then

b 2 2
de=m am?—12m+1) SV15

Then 2m+1=5 or 4m* —1=15

2m=4 4m* =16
m=2 m* =4
m=2
6—31
YT
-3x 2x du —3x 2x
Letu=e" andv=e"" +1s0 —=-3¢" and —=2¢
dx dx
du dv
dy o Max
dx v2
ﬂ_ _36—3x(e2x +1)—2€2X(€_3x)
dx (€ +1)2
dy =3¢ * =3¢ -2¢7
dx @ +1)?
dy —5e " =3¢
dx (@ +1)°
dy e (-5-3¢7)
dx (e +1)?
Ifﬂzex(a-k—beh)thenaz—S and b=-3

dx € +1)?

13

14

10x
= X)=———
y=f(x) a1
Letu=10x andv=x>+1 so ﬂleandﬂzbc
dx dx
Jdu_ dv
dy _ dx dx
dx v2
dy 10(x?+1)-20x
dx (xz+1)2
dy _10-10x>
dx (x2+1)2
ﬂ<0
dx
_ 2
10 IOx2 <0
2
(x +1)
10-10x% <0
1-x2<0

A

>
>
X

-1 0 1

Thus {x:x <—1}U{x:x>1} gives a negative gradient.
x=5
x* —5x—14
Function is undefined when
X +5x—14=0
(x+7(x-2)=0
x+7=0o0rx—-2=0
x=2

ay=

x==7
x=5

b y=—7——
Y X2 +5x—14

d
Letu=x-5 andv=x2+5x—l450%=1and d—v:2x+5

X

dx V2

dy x> +5x—14—(x=5)2x+5)
dx (x> +5x—14)?

dy x> +5x—14—(2x> —5x-25)
dx (x* +5x—14)°

Q_ x2 +5x—14—2x% +5x+25

dx (x> +5x—14)°

dy —x"+10x+11

dx  (x2+5x—14)2

Whenﬂzo
dx
x> +10x+11 _
(x> +5x—14)%
—x2+10x+11=0
11+10x-x>=0
(11-x)1+x)=0
11-x=0o0rl+x=0
x=11 x=-1
V‘Jherl)c:—l,y:—z_l_5 :_—621
(-1 +5(-1)-14 -18 3

Maths Quest 12 Mathematical Methods VCE Units 3 and 4 Solutions Manual



TOPIC 6 Further differentiation and applications ¢ EXERCISE 6.5 | 121

When Either 2x—1=0orx+2=0
11-5 6 6 1 1
x:]l,y: 3 = =—=— x== X=_2
(11" +5(11)-14 121+55-14 162 27 >
Therefore coordinates are: (—l,l),(ll,ij 1 2(1Y 3(1Y 1
3 27 f — === 4= =1 =2l = |+4
s . ) 2) 3\2 2\2 2
¢ Whenx=1,y=—————=—=— 50 (x,,y,)=| 1,.= _1.3
YT ism-14 8 2 (o) ( 2) =zt
—(? 2 9 72
When x=1, my =2 - ZD° +10D+I1_20_5 ETRETRET
dx (D" +51)-14) 64 16 o
Equation of tangent is = 2
y—yl=g_nr(x—xl) f(—2):§(—2)3+%(—2)2—2(—2)+4
o= (x-1
y > 16()5 ) :_E+14
155 3
2 167 16 __16 4
2,28 303
16" 16 16 _26
5 3 3
y=—x+—
16 16 When
= (= = — 2 —3)—2= —-9-2=
15 a y=f(x)—gm(2f 3) x=-3, f(-3)=2(-3)"+3(-3)-2=18-9-2="7(+ve)
¢ J x=—1, f'(<1)=2(=1)* +3(-1)-2=2-3-2=-3(-ve)
. . y_ 4
Stationary points occur wherea—o. x=0, £7(0)=2(0)* +3(0)=2=0+0-2=-2(ve)
dy _ 2c0s(2x —3)—sin(2x - 3) x=1f(1)=2(1)*+3(1)—2=2+3-2=3(+ve)
dx e
0= 2cos(2x —3)—sin(2x —3) | | 1
e’ x<-2 x=-2 |-l<x<—=| x=— x>—
0=2cos(2x —3)—sin(2x - 3) 2 2 2
x=0.25(6.2832n+8.2143) where ne Z / \ /
For the given domain let n=-2, —1
x=-1.088, 0.483 Maximum TP at (—2,?) Minimum TP at (l,ﬁj
224

16 a y

_ sin(2(-1.088)-3)

When x=-1.088, y= —T 088 =2.655
=
in (2(0.483) 3
When x= 0483, y= S1CO4I=3)_ 55,
0

Thus a=-1.088, b=2.655, c=0.483 and d =-0.552

ﬂ _ 2cos(2—-3)—sin(2-3)

: =0.707

dx x=1 e
_ 2x-1

S 3x? 1

dy —6x% +6x+2
dx (GBxP+1)

—6x% +6x+2
X o 0.875
Gx2+1)

x =-0.1466 or 0.5746

Exercise 6.5 — Curve sketching

1 a

2x 3x%
f)= T+T—2x+4
Stationary points occur where f’(x)=0
flo=2x*+3x-2
0=2x%+3x-2
0=2x-1)(x+2)

a

y=ax2+bx+c
When x=0, y=—8 soc=-8

y=ax*+bx—8

ﬂ=2ax+b
dx
When x=—1, y=-5; —=5=a(-1)*+b(-1)-8
3=a—bevvn. 6]
dy
When x=-1, —=2a(-1)+b=0
dx
2a+b=0..cccoeeuereneee. 2
M+
—a=3
a=-3

Substitute a =-3 into (1) so3=-3-b =>b=-6
Therefore a=-3,b=—-6,c=-8

y=x3+ax2+bx—11

Stationary point when x =1 and x = g

ﬂ=3xz+2ax+b
Ix
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122 | TOPIC 6 Further differentiation and applications ¢ EXERCISE 6.5

Ll =3(1)*+2a(1)+b=0
dx x=1
3+2a+b=0
2a+b="3...coeeueen. @
2
dy =3(§) +2a(§)+b=0
dxx% 3 3
§+&a+b=0
3 3
10a+3b=-25............. 2)
1Hx3 6a+3b=—9............... 3)
-3 4a=-16
a=—4
Substitute a =—4 into (1)
2(-4)+b=-3
—8+b=-3
b=5

b When x=1, y=(1)’ —4(1)* +5(1)-11=—-9

3 2
Whenx:iy:(ij _4@ +5(§j_uzﬁ_@+ﬁ_u
3 3 3 3 279 3
_ 125 300 135 2700 247

T27 27 21 271 27
When x =0, ?:3(0)2—8(0)+5=+Ve
X

When x=1.5, j—y:S(l.S)z —-8(1.5)+5=—ve
X

When x =2, %:3(2)2 —-8(2)+5=+ve

x<1 x=1 1<x<E x=é x>§
3 3 3

Maximum TP at (1,-9)  Minimum TP at (g,_?)
7

3ay=f(x)=2x"-x2=x>(2x-1)
Graph cuts the y axis where x=0, y=0.
Graph cuts the x axis where y=0
2 (2x-1)=0
x=0o0r2x-1=0
1

X=—=

2
3 2
When le,y=2(l) —(l) =0
2 2 2

. . d
Stationary points occur where d_y =0
X

D 6322520
dx

3x2—x=0
x(3x-1)=0
x=0or3x—-1=0

X=

[SSR

3 2
WL a1 (4 221
3 3 3 27 27 27

When x=-1, 2= 6(—1)* —2(=1)=+ve
dx

2
Whenx:l, ﬂ:s(l) _z(ljzi_iz_w
4 dx 4 4) 8 8
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When x =1, =6(1)* —=2(1)=+ve
x<0 x=0 O<x<l x:l x>l
3 3 3

Maximum TP
YA

0,0)

Y

b Dom x e [O,%}

Minimum TP

4 a f()=-x*+20" +11x% = 12x = x(—x + 227 + 11x - 12)

Let P(x)=—x>+2x2 +11x—12

P)=—(1)*+2(1)* +11(1)-12=0

(x—1) is a factor

x4+ 2xt + 1l —12=(x -

D)(=x? +x+12)=(x -

1(4-x)(x+3)

Thus f(x)=—x*+2x> +11x2 = 12x = x(x=1)(4 = x)(x +3)
Graph cuts the y axis where x =0,y =0.

Graph cuts the x axis where y=0

x(x-1)(4—x)(x+3)=0

x=0orx—1=0o0r4—-x=0o0rx+3=0

x=1 x=4

x=-3

Stationary points occur where f’(x)=0.
f/(0)=—4x +6x7 +22x —12=-2(2x° —3x” — 1 1x +6)

Let P(x)=2x> —3x* —11x+6
P(-2)=2(=2)’ =3(=2)* -11(=2)+6

Thus (x+2) is a factor
—2(2x* =357 ~ 11y +6) =~

2(x+2)(2x% = Tx+3) =~

=-16-12+22+6=0

2(x+2)(2x—1)(x-3)

Stationary points at —2(x +2)(2x —1)(x—3) =0 where
x+2=0o0r2x-1=00rx-3=0

x=-2 xX=—

When x =-2, f(-2)=-2(-2—1)(4+2)(=2+3)=

o)

Whenle,f(ljzl(l
2 2) 2\2

x=3

When x=3, f(3)=3(3-1)(4-3)(3+3)=
If x =3, f'(=3)=—4(-3)’ +6(-3)’ +22(—3)—12:108+54—66—12:+ve
If x=0,(0)=—4(0) +6(0)* +22(0)-12=—ve
12=—4+6+22—-12=+ve

Ifx=4, f/(4)=-4(4) +6(4)* +22(4)-12=-256+64 +88—12 = —ve

Ifx=1f')=—4(1)>+6(1)*+22(1)-

36

1
x<-2|x==-2 —2<x<l x=— l<x<3 x=3 | x>3
2 212
Maximum TP Minimum TP Maximum TP

Maths Quest 12 Mathematical Methods VCE Units 3 and 4 Solutions Manual

| 123



124 | TOPIC 6 Further differentiation and applications ¢ EXERCISE 6.5

YA c YA

A

LY

Y

d Absolute minimum = —%. Absolute maximum is —1.

6 f(x)=2x> —8x=2x(x2 —4)=2x(x—2)(x+2)

1
b xe (—m,—2]u[5,3} Graph cuts the y axis where x=0, y=0
| 1 Graph cuts the x axis where y=0
5a f(x)=E+x wherexe[—Z,—Z} 2x(x=2)(x+2)=0
x=0orx—2=0o0rx+2=0
Endpoints are x=2 x=-2
F(=2)= 1 _2__£ df(—l)z 1 _lz_é Local Maximum YA
4(-2) 8 4 4(_1) 4 4
4
ie. (—2,—£j and (—l,—ij
8 4 4
b Stationary points occur where f’(x)=0 0. 0) 2.0)
1
f)=—x"+x 0 !
4
i) =—— 1
’ 4x*
1
0=——%+1
4x?
0=4x"-1 \
0=(2x-1)(2x+1) Y  Local Minimum
X= il No absolute minimum. Absolute maximum occurs when
f'(x)=0 for x<2.
’ 2
Butxe|:—2,—l} sox:—l J(x)=6x" -8
4 2 0=6x>-8
If x=—1 f’(—l)——L+1—+ve Ao
' 4(-1)* 3
3 3 1 16 —i—x
Ifxz—g, ,(—§)=—7Z+IZ—E+IZ—VC 3
& )
3 V3 3
1 1 1 __16 16
<y | T | U NN
— __16 48
e N 33 33
- _ 32
Maximum TP 33

. 1 Therefore no absolute minimum and the absolute
Maximum TP at —E, -1

. .32
maximum is ——.

33
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7 y:f(x):16xz—x4

a

Stationary points occur where ? =0.
X

D _3pp_4y3

dx

0=4x(8-x7)

0=4x(2v2-x)(2v2+x)
x=0o0r242-x=00r2J2+x=0

x=22 x=-22
When x = 4242, y=16(+22)" - (242)" =128 - 64 = 64
Stationary points at (i2\/§,64) SO (2\/7,64) is a stationary point.
When x = -3, % =32(=3)-4(-3)> =+ve

When x = _l, ﬂ = 32(—1) - 4(—1)3 =—ve
dx
When x=1, % =32()-4()* =+ve

When x =3, ? =32(3)-4(3)° =—ve
X

X | x<22 | x==242 | 22<x<0| x=0 | 0<x<22 | x=2V2 | x>242

ol o TN | o T

dx

Maximum TP Minimum TP Maximum TP

Therefore (2\/2—, 64) is a maximum TP

The other stationary points are (—2\/5 ,64) which is a maximum and (0,0) which is a minimum.

y=x(x+2)?

Stationary points occur where % =0
X

D (2P +2x(x+2)

dx

0=(x+2)(x+2+2x)
0=(x+2)(3x+2)
x+2=0o0r3x+2=0
x=-2 x:—z
3
When x=-2, y=(-2)(-2+2)=0

2
W2 o2 2] o 2le 2
3 3 3 3 9 27

When x = -3, ? = (-3+2)(3(-3)+2) = +ve
X

When x =—1, % =(-1+2)(3(-D+2)=-ve

When x =0, % =(0+2)(3(0)+2)=+ve

2 2 2
x | x<2 | x=-2 | 2<x<——=|x=—= x>——
3 3 3
dy _—
dx
. .. 2 32
Maximum TP at (-2, 0) Minimum TP at 37T

Maths Quest 12 Mathematical Methods VCE Units 3 and 4 Solutions Manual

| 125



126 | TOPIC 6 Further differentiation and applications ¢ EXERCISE 6.5

b y=x*+3x*—24x+5 d y=(x—-1)e™"
. . dy
Stationary points occur where o 0 Stationary points occur where Z—y =0
X
dy 2 d
—=3x"+6x-24 Qe (x=1)e™
dx i (x=1)
0=3x>+6x-24 L R
0=x>+2x-8 dx
0=(r+4)(x-2) D _pe e
x+4=00rx—2=0 dx x
et ae2 0=c" (2-¥)
When x =—4, y=(—4)’ +3(—4)? —24(-4)+5=85 Z—XZ(Z)aSE >0 for all x
X =

When x=2, y=(2)* +3(2)* —=24(2)+5=-23 5
J x=2,y=2-De " =e
=5 D 352 16(_5)—24=75-30—24=
Whenx =5, —==3(-5)" +6(-5)~ 24 =75-30-24 = +ve When x =1, Z—yze_l(2—1):+ve
X

_ dy 2 _
When x =1, 3—3(—1) +6(-1)—24=—ve When x =3, %=€_3(2—3):—Ve

a W a2 _ _
When x=3, = =33 +6(3)~24=27+18-24= +ve T 222 D) )
x | x<—4 | x=—4 |-d4<x<2| x=2 | x>2 dy e ~
dx
dy
dx / \ _— / Maximum TP at (2,8_2)

Maximum TP at (—4, 85) Minimum TP at (2, —23)

) O A Ta<t[x=-1] -1<x<3 | x=3
X
c y= d
YTt < s N
. . dy dx
Stationary points occur where — =0
dx y:f(x)
Q_Zx(x+1)—x2
dx (x+1)?
Q_Z)c2+2x—x2
dx (x+1)
ﬂ_x2+2x
dx  (x+1)°
=)62+2)c (3,0) x
(x+1)?
0=x(x+2)
x=0o0rx+2=0
x=-2 ) x=-1 -1<x<3
(=2)
When x=-2, y= =—
* Y —2+1 — \
(0
Wh =O, :—:0
e YT 041 YA
2
When x =-3, ﬂzwzﬂle
dx (-3+1)
2
When x =055, & 2 (03] +2(°05) 1.2)
dx (-0.5+1) < >
dy (1> +2(1) 0 x
When x=1, —=———"=+ve =
A (1+1) Y=
X [x<2|x=-2|2<x<0| x=0] x>0
d
ﬁ - A - Y

Maximum TP at (-2, —4) Minimum TP at (0, 0)
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10 a y=x’+bx+c

When x=2, y=-8
-8=(2)+2b+c
—16=2b+Covrererrrren. 0
dy _
dx

3x2+b

Stationary point at (2,—-8).
0=3(2)+b
0=12+b

-12=>

Substitute b =—12 into (1)

~16=2(-12)+¢

—-16=-24+c¢
8=c

y= x> —12x+8

y= ax? +bx+15

When x=1.5, y=6

2
S
2 2
—9=2a+§b
4 2
-36=9a+6b
—12=3a+2b......c........... )
ﬂ=2ax+b
dx

Stationary point at (1.5,6).
O=2a(§]+b
2
bH-©?
-12=b
Substitute b =—12 into (2)
0=3a-12
12=3a
d=a
y=4x2—12x+15
y=x3 +bx*+cx+d
When x=-3, y=-10

—10=(=3)* +b(=3)* =3c+d
-10=-27+9h-3c+d

17=9b-3c+d....................

When x=1, y=6

6=01)>+b1) +c+d
6=1+b+c+d
S=b+c+danaannnn.. )

Stationary point at (-3,—10)

TOPIC 6 Further differentiation and applications ¢ EXERCISE 6.5

ﬂ=3x2 +2bx+c
dx

0=3(-3)*+2(-3)b+c

H-@
12=8b—-4c

3)+®)
24 =—-4b
6=>
Substitute b = 6 into (3)
—27=-6(6)+c
—27=-36+c
9=c¢
Substitute » =6 and ¢ =9 into (2)
5=64+9+d
5=15+d
-10=d
y=x"+6x> +9x-10

y=f = (r=4) +2

Graph cuts the y axis where x=0, y=14+2=16.
Graph cuts the x axis where y=0
(x— 4)3 =8
x—4=2
x=6

. . d
Stationary points occur where d_y =0.
X

1
When x =4, y:_Z(4_4)3 +2=2

When x =0, ﬂ:_§(0_4)2 - _ve
dx 4
When x =5, ﬂ=_§(5_4)2 - _ve
dx 4
x<4 x=4 >4
dy \ -
dx N
,VT
(0, 18)
“4,2)
< 6,00
<~ \ -
\ y =)
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b y=g(x)= 253 - x2, xe[-1,1]
Graph cuts the y axis where x=0, y=0.

Graph cuts the x axis where y=0

¥ (2x-1)=0
x=0or2x—-1=0

x=0

1
x=-—

2

. . d
Stationary points occur where d_y =0.

X

ﬂ:6x2—2x:2x(3x—1)

dx

0=2x(3x-1)
x=0o0r3x—-1=0

xX=

W | =

When x =1, %= 2(=D(3(-)-1)=+ve

When x=0.1, ? =2(0.D(3(0.)—1)=—ve

X

When x=1. ? =231~ 1)=+ve

x
1 1

X x<0 x=0 |0<x<—=| x=— x>—
3 3 3

d _

YA

(11
1
=0

0.0) //(2 )

A

=Y

(=1,-3)

c y=h(x)z)c3—x2 —x+10
Graph cuts the y axis where x =0, y=10.

Graph cuts the x axis where y=0

¥ —x?—x+10=0

Let P(x)=x"—x* —x+10
P(2)=2"-22-2+10%0

P(-2)=(-2)’ = (2)* +2+10=-8—-4+12=0
(x+2) is a factor

X —x? —x+1O:(x+2)(x2—3x+5)

x2 =3x+5 cannot be further factorised as A <0

(x+2)(x* =3x+5)=0

x+2=0

x=-2

. . d
Stationary points occur where d_y =0.

X

dy

dx

0=Bx+1)(x-1)

3x+1=0o0rx—1=0
1

=3xr-2x-1

xX=—= x=1
3
d
When x =1, d—y=3(—1)2 —2(-1)—1=+ve
X

When x =0, 3—y =3(0)> —2(0)—1=—ve
X

When x =2, ? =22} =2(2)—1=+ve

x
1
X | x<—-——|x=—=|—-—=<x<1]| x=1 x>1
3 3 3
d N

YA

(7%’ 103; ) SZ(0, 10)

(2. 0)

A

Y

y=f(x)=x4—6x2+8

Graph cuts the y axis where x =0, y=8.
Graph cuts the x axis where y=0
xt—6x"+8=0

(x*-2)(x*-4)=0
(x—\/i)(x+\/§)(x—2)(x+2)=0

x=v2=00rx+v2=00rx—2=0o0rx+2=0
x=+2 x==2 x=2 x=-2

. . d
Stationary points occur where Ey =0.

dy
dx
0=4x(x*-3)
0=4x(x—\/§)(x+\/§)
x=0orx—~3=0o0rx+3=0
x=3 x=—/3

When v=-2, 2 =4(2) ~12(-2)=-ve
X

=4x’ —12x

When x=—1, 2 — 4(=1)* =12(=1) = +ve
dx
When x =1, %:4(1)3 —12(1)=-ve

When x =2, %:4(2)3 —12(2)=+ve
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|
X | x<=3 |x==V3|-B<x<0| x=0 |[0<x<3| x=-3 X>—§
% ~ | - — g |
Y
(+2.0)
(_2’0)/f 0
(+v3,-1)
Y

e y=f(x)=(x+3)’(4-x)
Graph cuts the y axis where x=0, y= (3)3 (4)=108.
Graph cuts the x axis where y=0
(x+3)3 (4-x)=0
x+3=0o0r4—-x=0
x=-3 x=4
dy

Stationary points occur where I =0.
X

%=3(x+3)2(4—x)—(x+3)3

0=(x+3)"{3(4-x)—(x+3)}
0=(x+3)2(12-3x-x-3)
0=(x+3)*(9-4x)
x+3=00r9-4x=0

x=-3 x=2
4
o b 2 _
When x=—4, == (4+3)° (9-4(~4)) = +ve
X
_o D _ 2 _
When x=0. 7% = (0+3)7 (9-4(0) = +ve

When x =3, ? =(3+3)°(9-4(3))=-ve

X

x | x<=3 | x=-13 —3<x<2 ng x>=
4 4
dx
YA
(SM)
4’ 256
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f y=f(x)=x>—4x>-3x+12
Graph cuts the y axis where x =0, y=12.
Graph cuts the x axis where y=0
X —4x* -3x+12=0
X (x—4)-3(x-4)=0
(x-4)(x*-3)=0
(x—4)(x—\/§)(x+\/§)=0
x—4=0orx—~3=0o0rx++3=0
x=4 x=43 x=—3

. . d
Stationary points occur where d_y =0.
X

dy _

dx

0=Bx+1)(x-3)

3x+1=0o0rx—-3=0
1

xX=—= x=3
3

3x2 —8x-3

When x=—1, Z—y= 3(-1)* =8(=1)=3=+ve
X

When x =0, %:3(0)2 —-8(0)-3=—-ve

When x =4, %:3(4)2 —8(4)-3=+ve
X

X x<—l x=—= —l<x<3 x=3 x>3
3 3

12 a f(x)= %(Zx —3)* (x+1)°

1 1
Graph cuts the y axis where f(0)= 5(—3)4 (1° = %

Graph cuts the y axis where y=0
1
E(2x—3)4 (x+1)°=0

2x-3=0o0rx+1=0
xzé x=-1
2

Stationary points f’(x)=0

f(x)= %[m =3 xS+ D'+ (x+ 1) x42x-3) x 2

= %(x+ D*2x=3)*(5(2x=3)+8(x +1))

= %(x+1)4(2x—3)3(18x—7)

0= %(x+1)4(2x—3)3(18x—7)

130 | TOPIC 6 Further differentiation and applications ¢ EXERCISE 6.5

‘ |

Strictly decreasing for x € [l,g}
18 2

1
y=—(x-1)?-2, 0<x<5
2
3
Turning point at (1,—2) and cuts the y axis at (0,—5]

y
N

A
=

3,0 >
bt

1,-2)

Y
Absolute minimum is —2 and absolute maximum is 6.
y=x3—2x2=x2(x—2), —2<x<3

Graph cuts the y axis at (0,0) and the x axis at (0,0) and
1 32
(2,0). There is a turning point at (0,0) and (g,——)

27
YA (3,9
(0, 0) 2,0
0 X
4 32
327

4

-2,-16
( ) \

Absolute minimum is —16 and absolute maximum is 9.
y=4- x , x<2

Graph cuts the y axis at (0,4) and the x axis at (%/Z ,0).
There is a point of inflection at (0,4).
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YA
0,4)

(%.0)

A

2,-4

Y

No absolute maximum and absolute minimum is —4

14 y=f(x)=2\/§+l, 0.25<x<5.
X

YA

(0.25,5) (5, 4.672136)

Local Minimum
(1,3)

A

=Y

Y

1
a When x=0.25, f(0.25)=20.25+ 05 5 which is
point A. '

When x =5, £(5)= 245 +0.2(=4.672) which is point C.

Stationary point B occurs where f’(x)=0

11
f(x)_\/; X2
1 1
0—7_7
NEE
0=x"-x
3
ozﬁ(xz—l)
3
2-1=0
3
xZ=1
_x_

Whenx=1,f(1)=2ﬁ+%=3

Therefore A =(0.25,5),B=(1,3),C =(5,215+0.2)

b Absolute maximum occurs at A.
¢ Absolute minimum is 3 and absolute maximum is 5.

15 y=f(x)=xe"

a Stationary points occur where % =0.
X
ﬂ:ex +xe’ =e" (1+x)
dx
0=¢"(1+x)
x+1=0ase* >0 forall x
x=-1

16

17

a

1
When x=—-1, y=—¢ ' =—=
e

When x =-2, b e (1-2)=-ve
dx

When x =0, ?260(1+1)=+V6

x
X x<-1 x=-1 | x>-1
dy
AN %

Minimum TP at (_1,_1)
e

f/(x)>0 for (—1,0).

. | .
Absolute minimum is —— and there is no absolute
maximum. €

0, 1)

A
<=

y= 206—2x2—4x+1

d . .
d_y =20(~4x—4)e ™ T = g0 (x+1)e > T4
X

. . d
Stationary points occur where Ey =0

—80(x+1)e 2 =

—2x?—4x+1
x+1=0ase ™"~

> ( for all x
x=-1

When x =-2, % =-80(-2+1) e 2CDTACDH e

d
When x =0, d—y=—80(0+1)e1 =—ve

X
X x<-1 x=-1 x>-1
@

- / \

The function is strictly increasing when x € (—eo,—1].
f(x)=(a—x)*(x-2) where a>2
This is a positive cubic with a turning point at (a,0).
Stationary points occur where f’(x)=0
f)==2(a-x)(x=2)+(a—x)*
F/@)==(a=x)(2(x~2)~(a~x))
f(x)=—(a—x)(3x—4-a)

0=(a—x)(3x—4-a)
a-x=0or3x—4-a=0

a+4
x=a x=
3
When x=a, y=(a—a)*(a—2)=0
When xz%,
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(=25 (45%-2)
(o=t (=)
(2] ()

_4a-2)°
oz 4 4a-2)°
Therefore, stationary points are (a,0) and [%,%}
b 2a+2 a+4 a+4 a+7
x |x=a-1| x=a |x= x= x= +1=
3 3 3 3
d N
dx
A3
Minimum TP at (a,0) and a maximum TP at (ﬂ,%}
_hy3
¢ (3.4)= a+4’4(a 2)
3 27
4
a+ -3
a+4=9
a=5

18 a f(x)=(x-a)(x—b)’ wherea<b

This is a quartic graph with a stationary point of inflection at x = b since (x — b) raised to the power of three.
Graph cuts the x axis where f(x)=0.

(x—a)x—b)’=0
x—a=0orx—b=0

xX=a x=b
Stationary points are (a, 0) and (b, 0).

b Stationary points occur where f'(x)=0.
F0)=(x=b)* +3(x—a)(x-b)*
F'(0)=(x—b)?(x—b+3x—-3a)
F/(x)=(x=b)*(4x—3a—b)
0=(x-b)*(4x—3a—b)
x—b=0ord4x—-3a-b=0

_3a+b

T4

When x=b, f(b)=(b—a)(b— b)3 =0 This is a point of inflection.

3a+b
3
)(3a+b_bj
4

When ,
b— 4a)(3a+b—4b)
4

(3“”’)
R

x=b

e
(+

__27(a-b)*
2% 3a+b —27(a—b)*
+ — —
Stationary points are (b,0), a_’L
256
¢ 3a+b-4 3a+b 3a+5b
X = = = x=b |x=b+1
4 4 8
d

There is a minimum TP at [
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4
d (3,-27)= 3a+b,_27(a b)
4 256
3a+b:3
4
34+ b =12, M
oy
_2Na=b)y" __,,
256
(a=b)* _
256
(a-b)* =256
a-b=Hbuta<
A—b=—4cceereeenn. (2)
M+
4a=8
a=2

Substitute a =2 into (2) so2—-b=—4 =b=6

Exercise 6.6 — Maximum and minimum problems

1 a Area = rectangular area plus triangular area
1
A=2xy+ > X2x X x

A=2xy+x2

=
X X

By Pythagoras x*+xt=c?

2x%=¢?
\/§x=c, c>0
Perimeter =150 = 2x + 2y + 2/2x
75=y+(1+\/§)x
75—(1+\/§)x=y
Thus A=2x(75-(1++2)x)+x?
A=150x—(242+2)x% + 7
A= 150x—(2\/§+1)x2 as required

A
b Greatest area occurs when Z— =0.

X
d—A=150—2(2ﬁ+1)x
dx

0=150-2(2v2+1)x
150 = 2(2J§+1)x
75

2241
x=1959

Width =2x=39.2 cm
Height =75 (1++/2)(19.59)+19.59=47.3 cm

¢ Width=30cm

Height = 75— (1++/2)(15)+15=53.8 cm
V=x(16—-2x)(10-2x)
V=x(160-42x+4x)

V=4x> —42x* +160x

Greatest volume occurs when Z—V =0.

X
AV 122 Z104x+160=0
dx
3x% —26x+40=0
(3x-20)(x-2)=0
X= 2,E
3
x=2, (0<x<5)
Therefore, height = 2cm, width = 6 cm and
length = 12 cm
Vi = 2016-2(2))(10 - 2(2)
=2x12x6

=144 m®

3 Pointis (x;,y,)=(x,y). Let (x,,,)=(0,0).

Minimum distance D = \/(xz -x )2 +(n - )2
= (x—O)2 +(y—0)2

=x? +(2x-5)
=5x2 =20x+25

dD . - .
e 0 gives minimum distance

1

D 1 L
d—:—(s 2—20x+25) 2 % (10x — 20)
dx 2
0o 10x-20
24/5x% —20x+25
0=10x-20
10x =20
x=2
y=2x2-5

=1

Distance = v5x> — 20x + 25

=4/5(2)> =20(2) + 25
= \/5 units

1
4 P(t)=200te 4 +400, 0<¢<I2

Initially 1 =0
P(0) =200(0)e’ + 400 = 400 birds
Largest number of birds when P'(¢) =0.

t

t
P’(t)=200e 4 —50te 4 =0

t
e *(4-1=0

t

4-t=0 ase * >0 forallt
t=4
At the end of December the population was at its
largest.

P(4)=200(4)e”" +400 = 694 birds
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5 Let one number be m and the other number be n. P is the
product of the two numbers.
m+n=32

Substitute (1) into (2)
P=n(32-n)
P=32n-n’

Max/min values occur where Z—P =0.
n

d—P=32—2n
d

n
0=32-2n
2n=732
n=16
Substitute n =16 into (1)
m=32-16=16
Therefore both numbers are 16.
6 a8 A=W, (1)

20+ 5w =550
21 =550-5w

Substitute (2) into (1)
A= %W(SSO—SW)

4o 550w 5w
2 2
Max/min values occur where ﬁ =0.
dw
dA 550
—=—-5w
dw 2
050 _
2
Sw= @
2
550
W =
10
w=55m

Substitute w =55 into (2)

= %(550—5(55))
,_275
2
1=1375m
b A, =137.5x55=7562.5m’

7 SAcylinder =220 =2nrh+ 271,'7'2
Vigtinder = 7 P 1))
110 = rh+ 7>
110 - r2 =rh
110
e )
p

Substitute (2)into (1)
V=nr? (E - rj

r
vV =1107r - nr’

Max/min values occur when i—v =0.
r

av

—~ =110n - 31"
dr
0=1107 - 37r*
3rt =110
2110
3
11
r= —0 r>0
3
r=6.06 cm
Substitute r = 6.06 into (1)
h=£—6.06=12.11 cm
6.055

Vs = T(6.06)% (12.11)=1395.04 cm®

If y=2/x and the point (x;,y,)=(5,0) the shortest distance
is given by

D=|(x=x ) +(r=n)
Dz\/(x—5)2+(2\/;—0)2
D=+/x>—10x+25+4x

D=+x*-6x+25

D
Min distance occurs when 0;— =0.
x

D

2x—6
dx
'D

1
_Xi
2 Jx?-6x=25
d

dabD _ x=3

dx  x*>-6x=25

0= x-3

Jx?—6x=25
0=x-3

x=3

When x =3, y=23

Dyyin = 3% —6(3) =25 = 4 units

YA

Max area occurs when ili—A =0.

X
4 22 g
dA 2(4—x2)—2x2
e oo

0=8-4x"

4x* =8
xr=2

x=~2x>0
When

x=N2 Ay = 2(\/5)[ 4-(\2) ] =2(v2)(v2) =4 units”.
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10 a P=96=2(2.5b)+2(24)

96=5b+4a

48=2.5b+2a
48—2.5b=2a
24-125b=a................. )}

A=ab+2.5ab=35ab.......... 2)
Substitute (1) into (2)
A=3.5b(24-1.25b)
A=84b—4.375b*

dA
Max area occurs where d_ =0.

by
a =84-8.75b
X

0=84-8.75b
8.75b =84
b=96

Substitute » =9.6 into (1)
24-1.25(9.6)=

12=a
=3.5(9.6)(12)=403.2 m*
11 a A(r)=1000—12te 8 , 1€[0,6]

4-0°
A(0)=1000—-12(0)e 8 =$1000

b A

max

IN

b Least amount of money occurs when A'(f) = 0.
3 4-7 3
Al(n) = 12t><§t2e 8 —12e

4-t
8

4-r 4-r

A'(r):%ﬁe 8 _12¢ 8

4-r

9
At)=e 8 [—13—12)
(H=e 5
47

O=e 8 [213-12)
2

9 47
-12=0ase 8 >0forallt

4-1.3887°
A(1.387)=1000-12(1-0.387)e 8 =$980.34

¢ The least amount of money occurred 1.387 years after
January 1, 2009 which is May 2010.
4-6’
d A(6)=1000-12(6)e 8 =$1000

12 Area of pool is given by A=2IR + % R? where A is a constant.

Perimeter of pool is given by P=2[+2R+7R=21+(2+7)R
From area equation A—- % R*=2IR
A-ZR 2R
2

_p2
2A—1R — 2R

24— nR?
4R

=1

2

. 2A . . .
Substitute [ = into perimeter equation.

P= ZEMJ+(2+”)R

4R

2A-nR*+2(2+ 1) R?
2R

2A-7R*>+27R? +4R?
2R

2A+7R? +4R?

2R

P:é+w
R 2

P=

P=

P=
R

P
Min value occurs when d— =0.
dR

dpP A w+4
—_— = —
dR R* 2
_ 2A+(m+4)R*

2R?
0=-2A+(m+4)R*
2A=(m+4)R?
24 _

T+4
2A

T+4
/ 2A
Substitute R = mto A— % R =2IR.

T2 7Z'+4

o
( o)
(

=R, R>0

A(m+4)—-rmA
T+4

24 ) |2A
n+4 \Nzm+4

24 2A )
a+4 \Nm+4

2A
T+4
2A . . ..
If both / and R = ,|——, the perimeter is a minimum.
T+4
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13 By Pyth 1
3 By Pythagoras Substitute x = —r into Pythagoras relationship.

2+ (h-12)* =122 V2
r? =144~ (1* ~ 241 +144) rP-xt =y’
r*=24h-n’ rZ_%rzzyz
1
Vconez_ﬂrzh 1 2_ 2
3 5" =Yy
1
Vine =5 h(24h = 1?) 1
3 y= Er, y>0
1
o2 1 3
Veone =8 3 mh The x and y values are the same, thus, the largest rectangle is
Y\ onh—nn? a square.
h
15
Max volume occurs when ZII—Z =0. o
16mh—mh>=0
h(16—h)=0
h=0o0rl6-h=0
h=16, (h>0)
10 cm
Vi = 167”(24(16) ~(16)*)=2145 cm®
14 A
(. \7=7)

< 2x—>
By similar triangles: r:8 as 10—h:h

< ol I
- 0 “x r_10-h
8 10
10r =80—-8h
8h=80-10r
h=10—§r
Y 4
By Pythagoras: Vegliner = nrih
r? =x2+y2 5 5
r2_x2:y2 chlinder:ﬂ'-r (10—Zl’j
rP-x’=y, y>0 Veylinder = 107r? —%ﬂ'r3
Area of rectangle is given by: dv 15
= = —=207r——r?
A=(2x)(2y)=4xy dr 4
A=4xyr?-x* av
) Max volume occurs when — = 0.
dA 8x R dr
— = t+4\r"—x 15
N 207mr——nrt =0
dA 8(r2—x2)—8x2 415
s S 2 _
dx 9 rz_xz ZOF—ZI‘ =0
dA_8r —8x* 8+ r(ZO—Er)z()
dx 2N = x?
1
dA _4r* -8y r:Oorzo—ZSr:o
dx  r? —x* 80 16
dA r=E=? , r>O
Max area occurs when d_ =0.
Ix
5(16 20 10
4r® —8x° h:lO——(—):]o__:_ cm
T ) 43 3 3
2 _ 2 ,
4r* =8x> =0 Vi =n(ﬁ) (Ejzws cm’
4r? =8x2 3 3
1
222
2
Lr—x x>0
\/5 B
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16 Speed = dls‘tance
time
AB 2+1 -
Rowing: 5=—= Ve +16 Walking: 8= 8-x
l}’ tl’ tW
_\/x2+l6 , _(8-x)
r— 5 w 8
x’+16 8-x
Time for total journey is T =t¢, +¢,, = — + 3
ar_ w1
dx 10yx*+16 8
dTr X 1

dx 52416 8

Min time occurs when Z—T =0.

X
1
_x 1,
5yx*+16 8
_ox 1
5yx2+16 8

8x=5Vx2+16
64x> = 25(x2 + 16)
64x% =25x> +400
64x% —25x% =400
39x2 =400

x= @=3‘2km
\ 39

Therefore the rower will row to a point that is 3.2 km to the

right of point O.

Exercise 6.7 — Rates of change
1 a By similar triangles
r:4ash:12
r h

i 12

1
r==nh
3

a

When A=5 cm
d—VZE( )2=25—ﬂ cm® /cm
dh 9 9

20 cm
20 cm

By Pythagoras:
r* +h* =20
r* =400- A’

r=~400—h%, >0

v:lnﬂh
3
V=§n(400—h2)h

_400zh mwh®
3 3

dh 3

When 7=8 cm

v _400m oo

dh 3

dV _400m 192w 2087w

dh 3 33

Initially 1 =0

x=2(0)*-8(0)=0

It is at the origin initially.
_dx

cm’ /cm

v=—=41t-8
dt
When =0
d
=& _4(0)-8=-8
Initially it is moving with a velocity of 8 m/s to the left.
When v=0 When =2
0=4r-8 x=2(2)"-8(2)
8§=4t x=-8m
2=t
It is at rest after 2 seconds and is 8 metres to the left of the
origin.
When at the origin, x = 0.
27 ~8t=0
2t(t—4)=0
t=0o0rt—4=0

t=4

As expressed in (a) it is initially at the origin then it is
there again after 4 seconds.
Initially it is at the origin, it then travels 8 metres to the left
and at r =4 it is back at the origin again so a total of 16
metres has been travelled.

16—-0
Average speed =——=4 m/s

4-0
Average velocity = Ya ; Yo _ 84;8 =0 m/s
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4 a x(t)=—ét3 +24+8t+1and v(t)=—1> +2t+8
Initially =0
x(0)= —%(o)3 +(0)* +8(0)+1 and v(0)=—(0)* +2(0)+8

x(0) =1 metre v(0)=8 m/s
Initially it is 1 metre to the right of the origin travelling at 8 metres per second.
b It changes its direction of motion when v = 0.

—+26+8=0
(4-1)(2+1)=0
t=4,-2
t=4, 120
1, ) 64 64 147 2
4)=—=(4) +(4) +8(4)+1=—-+49=——+—=27—m
x(@) == (4) +(4) +8(4) +1=— Tt =25

c a(t)=ﬂ=—2t+2
dt
a(4)=-2(4)+2=-6 m/s’

4 3
S5 a Vspherezgﬂr

— =4nur’
dr

When r =10 cm.

av
= 47(10)% = 4007 cm®/cm
-

b SA.u. =6x” where x is the side length of the cube.
d(SA
M =—12x as the cube is melting
dx
When x =6 mm.
4(54) —12(6) = =72 mm?*/mm
dx
11
6 N= —0 t>0
t
dN 110
dt 7
When 7 =5 months.
11
daN =— —(3 =—4.4 rabbits per month
dt (5)

Population is decreasing at 4.4 rabbits per month.
b Whenr=1, N=110 and whent=5, N =22

22110 _ 88 _ 5 bbits/month
5-1 4

¢ Ast— oo, N — 0 so the rabbits will eventually disappear.

7 V=04(8-1) 0<r<8

a d—V:—l.Z(S—t)2
dt

Average rate of change is

When ¢ = 3 minutes
dav

— =12 (8=3)* = =30 litres/min
Water is leaving the bath at a rate of 30 L/min
b When =0, V =0.4(8)° =204.8 and when 7 =3, V =0.4(5)> =50

204.8—
Average rate of change is % =-51.6 litres/minute

av
c o R(x)
R'(x)=0
R'(x)=-248-1)x-1
0=2.4@-1)
=8
t =8 corresponds to a minimum, therefore the maximum rate is when ¢ =0
The rate of water leaving is greatest at the beginning which is when # = 0.
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2
8 V=§t2(15—z), 0<r<10

a Whenr=10, V= %(10)2 (15-10) = 333% mL.

av 2 4
b —=-=r"+=1(15-1)
dt 3 3
Y o= d2 22 -2
dt 3 3
¢ When 7 =3 seconds.

%:20(3)—2(3)2 =60—18=42 mL/s

d The flow greatest when i(d_\/) =0.

dx \ dt
i(d_v) =20—-4¢
dx \ dt

0=20-4¢
4r=20
t=5

When 1 =5, dd—‘; =20(5)-2(5)* =50 mL/s

X cm

aV= lxzh
3
By Pythagoras
d*=x*+x*
d*=2x"
d=2xm, x>0
b By Pythagoras

2
122 = h? +(gx]

1
144 =h? +— x*
2
a—p2 =Ly
2

288-2h% = x> as required
V= l)czh

3
14 =1(288—2h2)h

3

1
V=—(288n-21")

3

av 1
c —=—
dh 3
When 4 =33 metres.

(288 —64?)

TOPIC 6 Further differentiation and applications ¢ EXERCISE 6.7
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av 1 2
E=§(288—6(3\/§) )
:%(288—6><27)

_126
3
=42m® /m

1
cone :—77,'}"2/’[
3

rcm

15cm

By similar triangles: 7:6 as h:15

dv _4rm (15
dh 25\ 2

b Container is one third full. When full, volume is 180z cm’
so one third will be 607 cm?.

2
607‘E=17T(%) h
3705
180 = 13
25

180x§=h3
4

2
) =97 cm® /cm

P =1125
2
h=5x33

22 1
4 2 1
AV 3| 533 | 212x33 7 em® /em
dh 25

11 x(t)=2r*—-16t-18, 1<0
a When t =2 seconds
x(2)=2(2)*-16(2)—18=-42
The particle is 42 metres to the left of the origin.
b d =4t-16
dt

When ¢ = 2 seconds
& 40)-16--8
dt =2

The speed is 8 m/s.
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¢ Whenr=0, ﬂ=—16 and when ¢ =2, ﬂ=—8
dt dt

~16+—.
Average velocity is % =—-12 m/s

d When x(r)=0
20 161 -18=0
*—8r-9=0
(t=9)(r+1)=0
t-9=0
t=9asr=>0
dv
dt =9
Therefore it reaches O after 9 seconds at 20 m/s

=4(9)-16=20 m/s

12 x=§t3—4t2, 120

d
av="202 g
dt

When =0
Yo = 2(0)' ~4(0F =0

Vi =2(0)° ~8(0)=0

The particle starts from rest at the origin.
b Whenv=0

27 —8t=0

?—41=0

t(t—=4)=0

t=0o0rt—-4=0

Initially t=4

2 128 192 64

1
e R N e e ) B
Yy =5 (4) —4(4) === 3 3

. L 1 ..
Velocity is zero after 4 seconds when the particle is 215 metres to the left of the origin.
¢ Whenx=0
2
2P -4 =0
3

tz(gt—4)=0

3

t=0or %t—4=0
3

2

Initially 3 t=4
t=6

The particle is at the origin again after 6 seconds.

d When t = 6 seconds
Vg =2(6)* —8(6)=72—48 =24 m/s
a= dv =4t-8
dt
a,_¢=4(6)-8=24-8=16 m/s
At the origin the particle’s speed is 24 m/s and the acceleration is 16 m/s.

13 h=50—47*
a ﬁ =50-28¢
dt
When ¢ = 3 seconds
% =50-8(3)=50-24 =26 m/s
dt =3
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b When 7 =5 seconds
dh
Vs = E:SO—S(S): 10 m/s
¢ Whenv=-12 m/s
-12=50-8¢
8r=62
t="1.5
After 7.75 seconds the velocity of the ball is 12 m/s and it is travelling downwards.
d Whenv=0
50-8:=0
8t=50
t =6.25 seconds
The velocity is zero after 6.25 seconds.
e Greatest height is obtained when the velocity is zero.
hy_25 =50(6.25)— 4(6.25)* =156.25 metres
f When the ball strikes the ground, 4 =0.
0=50¢ -4z
0=25t-2r"
0=1r(25-2t)
t=00r25-2t=0
Initially 2t=25
t=12.5
The ball strikes the ground after 12.5 seconds.
V,_12s =50—8(12.5)=—-50 m/s
The ball hits the ground with a speed of 50 m/s.
2t

——+05
(r+0.5)
a Initially r=0

2(0)
N(0)= ———"—
© (0+0.5)>

2t
b Nt)=—
® (t+0.5) "

Let u=2¢ and v=(+0.5)
du W r05)=241
dt dt
du dv
“a "ar
N'(t)= -
v
2(1+0.5)% = 26(2t+1)
(1+0.5)*
27 +214+0.5-417 =21
(r+0.5)*
_=27+05

© (t+0.5)

14 N(t)=

+0.5=0.5 hundred thousand or 50 thousand

0.5

. . dN
¢ Maximum number of viruses occurs when d_ =0.
1

212 +0.5
(t+0.5)"
212 +0.5=0
212=0.5
#=0.25
t=0.5, t>0

N()= L% +0.5=1.5 hundred thousand after half an hour
(0.5+0.5)

Maths Quest 12 Mathematical Methods VCE Units 3 and 4 Solutions Manual



142 | TOPIC 6 Further differentiation and applications ¢ EXERCISE 6.7

d Whent=10
dN -2(10)*+0.5 _ 199.5

N _ = = 0.01641
dt 0 (10+0.5) 10.5

After 10 hours the viruses were changing at a rate of

—1641 viruses per hour.
15 N=220- 150
t+1

a When N =190
190:220—@
t+1

220—190=@
t+1

30(r+1)=150
t+1=5
t=4
dN _ 150
dr (t+1)?
dN 150
:4’—: 5
dt  (4+1)
150

T 25
=6

Therefore after 4 years, butterflies are growing at a rate of

6 butterflies per year.
b Growth rate is 12 butterflies per year.
dnN _ 150

dr (t+1)
150
(1+1)
12(t+1)* =150
(t+1)7* =125
t+1=3.54, >0
t=2.54 years

0°(0, 70) x
Ast—> oo, N— 220 and [;—];]%0.
3t
(4+77)
Letu=3r and v=4+1

du_y v _
dt dt

16 a y=

2t

du dv

dy Var"ar

dt v2
dy 3(4+t2)—3t(21)

P 2
dt (4+7%)
dy 12431 -6
=TT e
dt (447
dy 12-3¢
Y
d (440
2
dy _ 3(4 —t )
2
dt (4477
Maximum concentration of painkiller in the blood occur
when dy =0.
dt
2
_34-1)
= 2
(4+7%)
0=34-1%)
0=4-1
t=2,-2
t=2, t>0
32
(4+2%)
=0.75mg/L
Therefore max concentration is 0.75 mg/L after 2 hours
3t

(4+t2)

2423
2

0

t=2, y=

0.5=

F—61+2=0

RER O CV(E)
2(1)

(= 6+/36-16

2
6+25
2

ay _3(4-1)
E;=l_(4+12f
dy _9
dti=y 25

dy =0.36 mg/L/h
dt =1

dy_3(4-7)
di (4+12)2
3(4-1%)
(4 +1 )2
t =2.45 and 6 hours
(solved on CAS)

=5.24 hours, (t>2)

—0.06 =
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Topic 7 — Antidifferentiation

5
Exercise 7.2 — Antidifferentiation 4 a J(2x+3)4dx:(2X+3)
2%x5
1a f’(x)=§x—4x2+2x3 1 s
2 =—(2x+3) +c¢
3 10
f)y==x* P +=xt+c . o
4 b [(1-2x) S L2207
—-2x-4
b j(i—4x*+—)dx 1 .
Jx 3 —g(l—Zx)
1 1
3 -3 :74_}_0
=||3x 2-4x"+=x"" |dx 8(1-2x)
1 3
1 5a j(2x2+—j dx
=6)c§—x4—éx_2 *
2 3
I - (2x2)3+3(2x2)2(1)+3(2x2)(1) +(l) dx
=6\/;_X4——2 X X X
S5x

c jx(x —3)(2x+5)dx

= J(2x3 -2 —15x)dx

1 4 1 53 15,
=—x" —=x"——x"+c

2 3 2

3xd—x

d dx

J 2Jx

El 1
=I—x2——x2dx
2
7 3

=2x2——x2+¢

b j(x+1)(2x2—3x+4)dx
= J.(2x3 —x? +x+4)a’x

1 1
=—x ——x3+5x2+4x+c

2
5 (3x-5)° 1
3 3x—5) dx=-2 2L 3
aj(x T 18(x
b [——dv=[(2x-3) de
(2x- 3)
3
(2x-3)2
2x—§
2
1
=-— +c
3(2x-3)2

(8x6 +124° +6+x‘3)dx

1
2 +3xt—=x+¢
2

1
x+3x* +6x——+c
2x?

Il
\1|oo\1|oo‘—- —

((\/;)2—2(\/;)()0+(x)2)dx

J 3
:J[x—sz +x2de

BESEE SRR

3 1 13
J x243x243x 24x 2 |dx
3 3 1 1
:§x2+2x2+6x2 2x 2+c

7 y=(Bx*+2x-4)
Y 3(6x+2)(3x> +2x—4)?
dx
Y 6(3x + D(3x2 +2x—4)°
dx

5)° +
Therefore

3
]dx

j Gx+D)GBx+2x—4)2dx = éj6(3x +1)GBx% +2x—4)?

= é(3x2 +2x—4)
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144 | TOPIC 7 Antidifferentiation ¢« EXERCISE 7.2

7x+\/_—%j4
]4

=
2

o1

Tx+x2—x 2

= J())Cc—Zx_z)dx

1
=—x>+2x"+¢
2

1 3 3
%:4[7+%x_2 +5x_2](7x+\/— T) =%x2+§+c
dy 3 e J.\/;(2x—\/;)dx
3—4(74-—2\/_4'2\/»][7)64‘\/— Tj

Therefore

= J(Zx% - x)dx

P

3 —x2——x*+c
B 5T 2
J[ 2Vx 2(](7 e J_) £ [Va=xdx
1 1Y |
:4I4[ +2\/_+2\/_j(7x+\5—\/;) dx =J.(4—x)§dx

7)C+\/——T

-4l

1
fr)=x*- =
f’(.x) — xz _ x—2

1
f(x)=§x3 +x'+c

J

f(x)=1x3+l+c
3 X

1
10 a '[x3dx:—x4+c
4

b J(7x2 —%jdx=_’.(7x2 —Zx
X

c I(4x3 —7x? +2x—1)dx=

d [(2Jx) dx

2 3
“Z4—x)2+
3( xX)2+c
12 a j(2x+3)(3x—2)dx
=j(6x2+5x—6)dx
=2x3+§x2—6x
2

3 2
+x”+1
b [

='[(x+1+x’2)dx

1> -1

1 =—x"+x—x
)dx=zx3+—x_2+c 2

3 5 1, 1

7 =—x"+x——

x4—§x3+x2—x+c 2 x

3 l 71
:J'Sxadx :J[2x2_4x 2]dx
Bl . 1
- - 2 3 1
e =2xx? —4x 207
SN R
> :—x2_8x2
ZEXZ\/;+C
: =—xJx -8Jx
11 a [Gx—1 dr=[(Bx)’=36)° () +3Gx)(1)” +1¥)dx i

= J(27x3 —27x* +9x— l)dx
27 o

—9y° +9x —x+c 2 2 )2
2 :j (x3)2—2(x3)(—3)+(7) dx
bJ. 1 J X b
—dx
453 =J‘(x6—4+4x76)dx
1
=J—x_3 dx —lx7 —4x——x""
411 7 5
-2 1 54 4
=——Xx "+c ==y g ——
8] 7 5x°
=——>+c
8x2
5 2 7 7
c J.[x2—3x5}lx=x2—x5+c
7
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,3 1
e [20-4) dx 18 y=v50"+4x° =5 +4x )2
=2[(1-4x) dx N
j( © ﬂ=1(15x2+8x)(5x3+4x2) 2
(1-4x)72 dx 2
“ oxa dy 158 +8x
! dx  2:)5x% +4x7
T 4(1-4x) f 15x2 +8x
f 2 dx V5xd +4x2
J. 2 J- 15x% +8x
—13)2 = - -
(=3 5 2V5x% +4x2
= [2(2x-3) 2dx —25:° + 4x2
5 J 2
=2|(2x-3) 2dx 19 dx
J. 1 3 Vx3+l
=2/ -=(2x-3) 2 1
( 3( x=3) ) =§(x3+1)2+c
2
- 2 =E\/x3+1+c
3(2x-3)2 3
d 1 1 ,
13 Ey=x3—3\/;=x3—3x2 20 [2(3x+5)2 (747 +4x—1)dx
3
4 =
3 2
5 =——Bx+5)2(135x" =72x+35)+c¢
y:%x4—3><§x2+c 405

1
y:Zx4—2x\/;+c

dy X +3x7 -3 Exercise 7.3 — Antiderivatives of exponential and

72 - - -
e e trigonometric functions
1 _
y=oxt+3x+3x7 4o 1a | L cosGr+4)—asin[ =) |dr = LsinGx+4)+8cos[ = | +c
% 3 2 2 6 2
y==x*+3x+>+c 2x) 1 . 3 2x) 1
2 x b I cos(—)——sm(S—Zx) dx:—sin(—j——cos(S—Zch
d 1 1 1 3) 4 2 3) 8
y ot
15 Z=Jx+—==x2+x 2
dx Jx 2 a J.(sin(ij—.’)cos(fj)dx:—2cos(£)—6sin(£)+c
2 3 1 2 2 2 2
y:§x2+2x2+c b f’(x)="7cos(2x)—sin(3x)
7. 1
yzzx\/;”ﬁ“ F()=sin(2x) + 2 cosGx) +e
1 1
3a [(x*-e*)dr==x+=eF+c
16 y=+vx*+1=(x? +1)2 j( ) 5 4
1 2 -3 1 4 =
jy —2x)(x%+1) 2 b J[Eeh—ge zjdx=zezx+§e 2+c
X
dy  x
dx  x*+1 4 a _[ ez+s1n( )+— dx = 3e 3c0s( )+1x2+c
(-3 geesf ) 3)73 3)76
———dx=5|——dx
[2 [2
X"+l X+l b I cos(4x)+3e’3x)dx=lsin(4x)—e’3x+c
=5Vx* +1+c 4
—ix
17 y=(5x>+2x-1)’ 5 (e )
dy ( —3(e) (e’3x)+3(e2")(e’3x)2—(e’3")3)dx

o= 410x+ 2)(5x% +2x - 1)

dy
—=8(5x+l)(5x +2x—l) 3 |
dx 6 3):_ —4A+§e—9x+c

=]
J 0% _3¢% +3¢74 —eig")dx
1
“6°

[16(5+ 1537 + 20~ 1) dx = 2[8(5x +1)(5x> 4 2x - 1) dx 4

=2(5x* +2x-1)'
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=e“+de 2 ——e P 4¢
4

e

=+ 2ezj(+c
o2

cos’ (x) _ e(cos(x))z

7 y=e

L =-2sin(x) cos(x)e
dx

cos? (x)
Therefore
. 2 ] . )
.[ sin(x) cos(x)e™ ) dx = -5 _[ —2sin(x) cos(x)e @ dx

1 2
ecos (x)

2

8 y= S’

B 30y 412
dx
B 3o’
dx
Therefore
Jor+ )2 gy =3 [30x+ 2e™D gy
=300 4o
9 a J(Ze3x —sin(2x))dx = 24 lcos(zx) +c
3 2

2x —5x
e” +3e 1 3
b %dxz _€X+_€76X)dx
'[ 2¢”* '[(2 2
1 1
:_ex __e%)(

2 4

+c

c I(O.S cos(2x+5)—e™* )dx = % sin2x+5)+e " +¢
d J(ex —e™ )2 dx

= [~ 26 + (@) )

= j(ezx — 26 +¢*")dx
Lo 25 1 4

=—e" ——e" +—e" +c
2 3 4

10 J.ael”c dx=-3¢>+¢

a g,
Zeb* +c=-3+¢

1 | A sin( 3w
452 2
1

12

13

14

15

16

17

18

dy

2 = cos(2x)—e
I (2x)

X

1. 1 4
=—sin(2x)+—e" +¢
y=s (2x) 3

dH * (mj
a —=1+—sin| —
dt 9 45

2
H(t)=t—[£><ﬂ—}:os(”—tj
T 9 45
H()= t—5ﬂcos(n—z)
45

b When =15,
H=15-51 cos(%) = 7.146 kilojoules

y=2xe>*

d
D 263 4 6xe™
dx

I(Zeh +6xe* )dx =2xe™
[2¢™ dx+6 [ xe™ dx=2xe™
6Jxe3x dx =2xe™ - IZe3X dx
6[ xe™ dx =2xe™ - % &

) 1
SJ.xebdx =xe —— ¥
3

_[xe3x dx= lxesx - leBX
3 9

2x*+3x—1
y=e
dy _ (At 3)e2 3]
dx
J'2(4x + 3)82x'+3)(71 dx = ZJ.(4X + 3)82x'+3x—1 dx = 262x'+3x—1
y=xcos(x)
& = cos(x)— xsin(x)
dx

J.(cos(x) — xsin(x))dx = x cos(x)
Jcos(x) dx — Jx sin(x)dx = x cos(x)
Icos(x) dx —xcos(x)= Jx sin(x)dx

sin(x) — x cos(x) = jxsin(x)dx

Tt
x(t)=20+ COS(I)

d

LT ty-n

de 20

ﬂ=£(20+cos(ﬂ—tn—ﬁ

d 20 4

dy T (7[
=T+—_——-CoS| — |—T

dt 20 4

f/(x) = asin(mx) — be"™
f(x)=cos(2x)—2¢7>* +3

F7(x) = =2sin(2x) + 4e~>*

Therefore a=-2, b=—4,m=2,and n=-2
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19 J.e" sin(x)dx = Je" cos(x)dx
Solve using CAS:

TOPIC 7 Antidifferentiation ¢ EXERCISE 7.4

4 f'(x)=cos(2x)—sin(2x)

fx)= %sin(Zx) + %cos(Zx) +c

| 147

w37 fm=2
22 | 1
2x X 2=—sin(2w)+—cos(2m) +c
20 JLeldx:ex—x+loge(e“+l)+c 2 2
e+l 2= Loy Laye
2 2
1
Exercise 7.4 — Families of curves and 2= 5t¢
applications 3
1 a ff(x)=3x2s0f(x)=x>+c €T3
g flx)= lsin(2)c) + lcos(2x) + E
2 2 2
5 YV or02_p
dt
v=2p_La,.
3 4
Whent=0, V=0soc=0
y=20p_La
30 4
When ¢ = 20,

20 5 1,
V="2(20° -~ (20
3( ) 4( )

b f(x)= e
2)=16 1
{( ) V =53333--40000
2’ +c=16 3
8+c=16 V=133331 em?
c=8 3
f=x*+8 6a Y _n2
2 a f'(x)=2cos(2x) 50 f(x) = —sin(2x) + ¢ dr
Yy V= l77:r3 +c
3
1
©0.4) y = —sin(2x) +4 When r=0, V=0 soc=0 and V:gnr3.
©,2) y=-sin(2x) +2 b Whenr=r4, V= éﬂ,’(4)3 = %n’ cm’
0,0 = . . .
< ©.9 N N g;)(lx) 7 There is a stationary point at x =1. When x <1 the parabola
> 7 has a positive gradient and when x > 1 the parabola has a

y = —sin(2x) -2

©0.-2) negative gradient.
. YA
0,-5) Y =-sin(2x)-5 Local maximum
atx=1
0, -7) y =-sin(2x)-7 /
y=fx)
I
I
b f(x)=-sin(2x)+c D ! =
(2 -
2 Positi N i
4=—sin(m)+c ositive egative _,\
4=0+c gradient gradient
c=4
f(x)=4-sin(2x) Y
d )
3 D ey
dx
y=eP —eF +c

When x=0, y=3

3=e’—e’ +¢

3=1-1+c¢
c=3
y=e —eF 43
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8 Stationary points occur at x =—2 and x = 4. When
x <—2 and x >4 the gradient is positive but when -2 < x < 4

When x=0, t=0;

the gradient is negative.

0=é(2(0)+1)4+c

Local YA 1
maximum O—§+c
at 1
x=-2 c:—g
| 1 1
| y=£x) =§(2z+1>4——
]
< | > 10 a v:d— e
) |4 X
) I
E —,[ (3: D,
i JES I
: Local
: minimum
at Whent=0, x=0
=4 1 _
\ ! 0256(3(0) Die
1
9 a v=§=(3z+1)§ |
dt 0256 +c
> 1
_[(3t+1)2dt =3
e
3t+1 x:leﬁf*')_L
(E) 3 3e
2
dx
2 ) b vzgz—sin(2t+3)
9
= | —sin(2r + 3)dt
When 1 =0, x=0 x { sin(2¢ +3)d
2 3 =—cos(2t+3)+c
=§(3(0)+1)2 +c 2
2 When =0, x=0
0=—+c
1
?) 0= eos(2(0) +3)+c
c=——
9 0=%cos(3)+c
3
S 2
=G -3 c:—%cos@)
27 2 1 1
=G+ - x=—cos(2t+3)——cos(3)
9 9 9 5
_dx 1 oy dx
b= Ty U 11 v =% =sin2r) + cos(20)
)
x=[(t+2) dr a When =0,
1 L
=——(+2)"+c v =sin(0) + cos(0)
1 v=1cm/s
1
= + — .
2 c b x J(s1n(2t)+cos(2[))dt

Whent=0, x=0

1 1
=——cos(2t)+ —sin(2¢) +
> (21) 5 20 +c

Whent=0, x=0

0+2) | X
0=—%+c Oz_ECOS(O)+ESIH(O)+C
_l 0:—l+c
C—E 2
_1__1 e=L
2 (t+2) 21 |
c v=ﬂ2(2t+1)3 x=5——cos(2t)+—sm(2t)
dt
3
x:J (2t+1) dr
—L(zz+1)4+c
2(4)
=— 2+ +c
8( )
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12 v=0.25¢(50-1)=12.5t—0.25¢>

. dv
a Greatest velocity occurs when & =0
t

ﬂ =12.5-0.5¢
dt

0=12.5-0.5¢
0.5t=125
t=25

When ¢ =25, v=0.25(25)(50 — 25) =156.25 m/s

b x= jo.zsz(so —)dt
x= j12.5z —0.25¢

x=6.25¢% —113 +c
12

Whent=0, x=0s0c=0

1
x=6252——7¢
12

13 a

b f(x)=—e>*+¢
When x=0, y=1
1=-¢" +c¢
I=-1+c
c=2
f=2-¢™

14 L =cos(2x)+3e~3*
dx

y= J(cos(Zx) + 3e73x)dx

X

1. -3
=—sin(2x)—e " +c¢
5 (2x)

When x=0, y=4

1
4=5sin(0)—eo+c

4=0-1+c
c=5

—3x

1
yzisin(Zx)—e +5

15 Yoo
dx

x
y=2e2+c
When x=0, y=5

16

17

TOPIC 7 Antidifferentiation ¢ EXERCISE 7.4

5=2¢"+¢
5=2+c¢
c=3
y=265+3
a f/(x)=5-2x
f(x)=5x—x2+c
When f(1)=4
4=51)-1)>+c
4=4+c
c=0
F(x)=5x—x*
’ . i
b f(x)—sm(2
f(x)=—2005(%)+c
When f(r)=3
3=—2cos(£)+c
2
3=0+c
c=3
X
=3-2cos| —
f(x)=3 cos(z)
¢ == (1-x)
S (1-x)*
()= ———(-x) e
(=D(=D
1
0=t
When f(0)=4
4=;+c
1-0)
4=1+c¢
c=3
f)=——+3
C(-x)
a YA
Local
maximum
at
y=£x) x=2
I
I
< T } >
- 2 *
I
i
I
Local i
minimum
at
x=-4 Y
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YA

<Y

y=fx)

18 v=@=3t2+7z
dt

7
x=0r+=1"+c
2

Whent=0, x=0;

0

=(0)3+%(0)2+c

c=0

7
x=1 41
2

19 a

20 a v

dx . (m)
y=—=371sin| —
dt 8

8 (mj
x=——X3cos| — |+c¢
/4 8

x= —24005(%[)+c

Whent=0, x=0;

0=-24cos(0)+c
c=24

x=24— 24cos(%t)

Xyax =24-24(-1)=24+24=48
Xy =24-24(1)=24-24=0
Maximum displacement is 48 metres.

When 7 = 4, x=24—24cos(%):24

After 4 seconds the particle is 24 metres above the
stationary position.
_dx 12

Cdr (1-1)

v=d—x=12(z—1)‘2+6
dt
x=—12¢-D"+61+¢

12
x= +6t+c

-1
When t=0, x=0;

21

22

a

b

dh 1w
“ert_2e
dr 2

a

After 3 seconds the particle is at the origin again.

d_P — 3060‘3t
dt

P= 260&
0.3

P=100e" +¢

When t=0, P=50

50=100¢" + ¢

50=100+c

c=-50
P =100 —50

When 1 =10, P =100e> —50=1959
There are 1959 seals after 10 years.

o8| —
4
hzixzsin(n—t)+c=25in(ﬂ—tj+c
T 2 4 4

Whent=0, h=3
3=2sin(0)+c¢
c=3

h:ZSin(”—t)+3
4

Maximum depth =2(1)+3=5m
Minimum depth = 2(-1)+3=1m

+c

h
s A

N o
4_

(24,3)

quadrants.
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23

a

ﬂ—l=£,n—£,2n+£,37r—£,47r+£,57r—£
4 6 6 6 6 6 6
m_zm St Br Uz 25m 9%
4 666 6 6 6
T 4 S5Sm 4 13z 4 17m 4 257 4 297 4
f=—X—, —X—, —X—, —X—, —X—, —X—

6 6 ©#° 6 © 6 =m 6 m 6 =&

373737373
h24when{h:ZStS&}u{h:EStSﬁ}u{h:@StSS—g}
3 3 3 3 3 3
This is 8 + 8 + 8 = 24 = 8 hours/day.
3 3 3 3
dN

2 = 400+100047
dt

1
d—N=400+1000t2
dt

3
N=400t+¥z2 +c

N=400t+¥\/t?+c
When =0, N=40
40:400(0)+¥\/07+c
c=40
N=400t+¥\/t73+40

When =5,

2000

N =400(5)+—== (5)° +40

N= ZOOO+¥\/125 +40

N =9494 families

24 v= d—x =2t cos(t)
dt

x =2tsin(t)+2cos(t) +c¢
Whent=0, x=0; 0=2(0)sin(0)+2cos(0)+c soc=-2
x =2tsin(t)+2cos(t)—2

TOPIC 7 Antidifferentiation ¢ EXERCISE 7.4
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Topic 8 — Integration

Exercise 8.2 — The fundamental theorem of integral calculus
1 a Left end-point rectangle rule:
2
f0.5)=2, fH=1, f(1.5)=§,f(2)=0.5

Approximate area

=0.5><2+O.5><1+0.5><§+0.5><0.5
2
=0.5 2+1+§+0.5
25
=== ynits®
12

b Right end-point rectangle rule:

f25=04
Approximate area

= O.5><1+O.5><§+0.5><0.5+0.5><0.4
2
= 0.5(1 +§+ 0.5+ 0.4]
77
== units’
60

2 f()=—-0.01(1)>(1-5)(1+5)=0.24
£(2)=-0.01(2)* 2—5)(2+5)=1.68
£(3)=-0.013)*(3-5)(3+5)=4.32
f(4)=-0.01(4)*(4-5)(4+5)=5.76
Approximate area

=1(0.24+1.68+4.32+5.76)
=12 units’
1

3a j(4x3+3x2+2x+1)dx
0

=[x4+x3+x2+x]l
0
=(1*+ 1P +17+1)-0

4

b [ (cos(x)+sin(x))dx
=[sin(x) - cos(x)]
=(sin(7) — cos(7)) — (sin(—7) — cos(—7))
=(0-(-1)-(0-(-D)
=1-1
=0

T
—TT
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4 a (x+1)? =x* +3x2 +3x+1

2 2
[+ dr= [ +x7 +x+1dx
3 3

2
:|:lx4 PR g +x}
4 2 »
- (1@)4 QP2+ (2))—(1(—3)4 A A O (—3>)
4 2 4 2

=(4+8+6+2)- (%—27+2—27—3j

=20- (2—30)
4

80 (135 120)

1
Fp2x——e }
o

1 1
220 410 —2(1))_(_ 0 49200)=— 0)
- 5¢ (0) 5¢

——e +2—le 2—l+l
2 2 2 2

=2+0.5¢>—0.5¢72

Il
/_\|—| ot—,.—
[\) —

5 5
5 jm(x)dx=7 and jn(x)dxzs
2 2
5 5
a j3m(x)dx= 3fm(x)dx =3(7)=21
2

5 5
(2m(x)—1) dxzzjm(x)—jldx
2 2
=27)-[x}
=14-(5-2)
=14-3
=11

b

Re—un

5
¢ [(m(x)+3)dv=—[(m(x)+3)dx

2
5

5
= —J.m(x)dx— j3dx
2 2
- [3x]g
-(3(5)-3(2)
-7-15+6
-16

N —_

5 5 5 5
d [(2m(x)+n(x)=3)dx=2[m(x)dx+ [ n(x)dx - [3dx
2 2 2 2
=2(7)+3-[3x];
=14+3-(3(5)-3(2))
=17-9
=8
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(4x3 —3x% + 1) dx=0

~—

[x“—x3+x:|1 =0
k
(1 -1 +1)-(k* - k> +k)=0
l—k+k3—k*=0
(1-k+k1-k)=0
(1-k)A+k>)=0
(1-kA+kA-k+k>)=0
k==1as 1—k+k> cannot be further factorised
Verification:
1
3 2 .4 .3 1
_[(4)6 —-3x +l) dx—[x X +x:|_1
=(1* =1 +1)- (D" = (-1’ -1)
=1-1
=0

1
j(4x3—3x2+1)dx=0
1

a Approximate area

=8X1+9x1+8x1+5x1
=30 units’
b Approximate area

=9x1+8x1+5x1

=22 units?
Approximate area
=1(1.75)+13)+ 1(3.75) + 1(4) + 1(3.75) + 1(3) + 1(1.75)
=2(1.75)+2(3)+2(3.75)+4

=21 units’

a f(x)=x(4-x)

Graph intersects the x axis where y=0
Jx(4-x=0
x=0o0r4-x=0

4=x
Thus a =4.

b f(0)=0

fH=V14-1n=3;
F(2)=~2(4-2)=2.8284;
f3)=34-3)=1.7321;
f@=0
Left End-point Rule:
Approximate area
=0.5(f(O)+ D+ +f(3)
=0.5(0+3+2.8284+1.7321)
=7.56 units>
Right End-point Rule:
Approximate area
=05(f(D+f2)+fG)+f(4))
=0.5(3+2.8284+1.7321+0)
=7.56 units’
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156 | TOPIC 8 Integration « EXERCISE 8.2

3
10 a [(3c* ~2x+3) dr=[x’—x° +3x]z
0
:(33 -3? +3(3))—

~27-9+49
=27
2 3 2 2
b [ 2273 dx= [ (257 +3x) dx, x#0
] X 1
2
:l:gx3+§x2:|
35T
2 , 3 2)
2% +2(2 Ny +2a
(3() ())(() 2()
16 2.3
3 32
28 36 9
_+___
6 6 6
s
6
1 1

:(1 2m 1 —2<1))_(lez<—1>+le—2<—1>)
2 2 2 2

-1
dr=2 [ (1-3x) 2 dx
-3

22 -3)- M;

2( 2 1+32+ (1+9) j

e [ 2
341-3x

3
A3
3
4
5“”

SIE]

—
—— |y

(cos(Zx) —sin (g)] =[% sin(2x)+2cos (gj]

[l (ol )
{oma{21(2)

33

N2
4

|
Wy
wia

5 5
11 Given that [ f(x)dx=7.5 and [ g(x)dx=12.5
0 0
5

5
a [-2f(x)dx==2]f(x)dx=-2x7.5=~15
0 0
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TOPIC 8 Integration « EXERCISE 8.2 | 157

bjg(x)dx jg(x)dx ~12.5

5
¢ [(3f(x)+dx= 3jf(x)dx+ jzdx
0
—3><7.5+[2x]0
=22.5+(2(5)-0)
=225+10
=325

5 5 5
d [ (s)+ f)dr=[ gydv+ [ fx)dx=75+12.5=20
0 0 0

5 5
(8g(x) =10 (x))dx =8 g(x)dx —10[ f(x)dx =8(12.5)~10(7.5) =25
0 0

f [g)de+[gx)de=[gx)dx=125
3 12

12 {x—zdxz 5
}3x_2dx=—%

Bt
h 5
3__12.15
h 5 5
3z
h 5
h_5
3 27
h=i><3=§
27 9
h —2x 1 1)
dx=—|1-—
13 Je 2 e
0
o4
2 0 2 e
(-
2 2 2 e
1__1 _l(l_ij
2 2% 2 e
1 1 1 1
= |=21-=
(=07
2 =e"2q=8
a=4

14 a Graph cuts the x axis when f(x)=0.
Fx)=x>-8x2+21x—14
FH=1 =8> +21(1)-14=0
Thus (x—1) is a factor.
X =8x% +2lx—14=(x—1)(x* = Tx+14)
As x? —7x+14 has a discriminant such that A= (-7)* - (4(1)14) = 49— 56 =7 there are no factors.
(x=D>=7x+14)=0
x—1=0
x=1lsoa=1
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158 | TOPIC 8 Integration « EXERCISE 8.2

b [(x*—8x +21x-14) dx

——

1 §

= [—x4 —§x3 +2x2 —14x}
4 3 2 |
1

=(—<5>4 8ap+ 2 (5) —14(5>) (1(1>4——(1> + 2y —14(1))

e 1000, s 18
4 3 2 4 3 2
624 992 504
—Q——+—-56

4 3 2
=156—330§+252—56
=4()8—3862

3

:21l units?

3

15 a y=uxsin(x)

= xcos(x) + sin(x)

Le—woln B[S

r
2

2xcos(x)dr=2 | xcos(x)dx
=T

k2

2
=2| xsin(x)— _[ sin(x)

-

=2[xsin(x)+ COS(JC)]E

T . 71' Vg .
2[Esm E}FCOS(E])—Z(—E sin(7)+ cos(7))

:2(§(1)+0j—2(—n’(0)—1)
=7m+2

16 a y=e" " 42

x*=3x°
- (3x —6x )e

% = 3(x2 - 2)c)e"z_3"Z
1

b _([3()52 - zx)ex“—sxz di = |:gX3*3X2 :|L

3 (x2 - Z,V)e"‘l_“2 dx = (613_3(1)2 - eo)

(x2 - 2)6)6)‘173""Z dx = é(efz - 1)

Ct—— ot—

17 jk(zx—3)dx:7—3J§

[x —3x} =7-35
K> =3k—(17 =3())=7-35
k*=3k+2=7-35
Solve using CAS:
k=3--/5,\5
=5, k>1

0 2x 2x
1 -2

5 @1y
(Solved using CAS)

18
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Exercise 8.3 — Areas under curves

1 Areais
25 1

Tzﬁaa: 2jx5 dx
0 0

3725
2 =
) 2|:_xz:|
3
0

3 3
250 _ 2002
2[3(25) 3(0) ]

_4iap
_3(5)2

:ix125
3

~1662 units?
3

2 |(2sin(2x)+3) dx =[-cos(2x) +3x];

O —

=(—cos(27) +37m)—(—cos(0) + 3(0)

=37 units®

0,0
T

Y

Area is

0 1
=—J(l—e7x)dx+_[(l—efx)dx

-1 0
=—[x+e_x }?1 +[x+e_x :|;)
=—(0+e") = (-1+e))+(A+e™) - (0+e"))
=—(1+1-e)+(1+e™ -1)

=2+e+e’!

=e+e” =2 units?

0,0

<
<

-8

Y

co—

Area is

TOPIC 8 Integration « EXERCISE 8.3 | 159

=—T%/§dx+i%dx
-8 0

8
= ZI%dx by symmetry

=2><§><16
4

=24 units?

1
5 Area= f — dx
X

J X2 dx

1705
=[]
2.5

{

=2-04

5]

=1.6 units’

3 3 1 1P
J.L dxzf x 2 |dx=|2x2 | =23 -2/1=2/3 -2 units>
1\/; 1 1

Graph intersects x axis where y = 0.
2sin(x) +cos(x) =0

2sin(x) = —cos(x)
2tan(x)=—1

1
tan(x) =— 5

1 . . .
5 suggest 0.4636. Since tan is negative 2nd quadrant as

0<x<m.

x=1—-0.4636
x=2.6779

Thus (m,0) = (2.6779,0).
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160 | TOPIC 8 Integration « EXERCISE 8.3

b Area
2.6779
= _[ (2sin(x) +cos(x)) dx
0
=[-2cos(x)+ sin(x)]é'()779
=(-2¢0s(2.6779) +sin(2.6779)) — (-2 cos(0) + sin(0))
=1.7888+0.4473+2
=4.2361 units’

8 a y:e"2

b 2xe”

b —-(f (erx2 ) dx+ _1'.(2xe”Z ) dx=2 (2xexZ ) dx by symmetry
=l 0

9 a y=f()=—(-Dx*-9)
Graph cuts the y axis where x =0, y=—(-1)(-9) =-9.
Graph cuts the x axis where y=0
—(x*=1)(x*=9)=0
—(x-D(x+D(x-3)(x+3)=0
x—1=0 x+1=0 x-3=0 x+3=0

x=1, x=-1 x=3 x=-3
TP’s occur where ﬂ =0.
dx

& =2x(x*=9)—2x(x> 1)
dx
D 3 18x—22 +2x
dx
D43 4200
dx

0=—4x(x*-5)

0=—4x(x—/5)(x++/5)

x=0 x—/5=0 x+-/5=0
x=/5 x==5

When x=0, y=-9.

When x = +45, y=—((i\/§)2 —1)((iJ§)2 —9):—4><—4:16

YA
(=2.2361, 16) 6 (2.2361, 16)

fo) =~ - DH(¥*-9)
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TOPIC 8 Integration « EXERCISE 8.3 | 161

b By symmetry area is

2[—}(—(# ~D(x* = 9)) dx+ j(—(x2 ~ (- 9))de
=2[ j( —x* +10x -9) dx+j —x* +10x° —9)dJ
0

1

1 3
—lx5 +&x3 —9x] +[—lx +—0x3 —9x}
5 o 5 3 1

=2(—(——(1) +— () -9(1)— 0j+(—%(3) = (3) —9(3))—(——(1) +—° —9(I)D

=52.27 units’
10 Required area

=4[J(2sin(x)+3cos(x))dx]
0

4([-2cos(x) +3sin(x)]f )

4((—2cos(m) + 3sin(m)) — (-2 cos(0) + 3sin(0)))

4(2+0+2-0)

=16 units?

11 a y=-0.5(x+2)(x+D(x—-2)(x—-3)

Graph cuts the x axis where y=0.

—0.5(x+2)(x+1D)(x=2)(x=3)=0

x+2=0, x+1=0, x-2=0, x—-3=0
3

x=-2, x=-1, x=2, x=
Thusa=-2, b=-1, c=2and d =
b Areais

= —j( —0.5(x+2)(x + D(x = 2)(x - 3)) dx+2j (=0.5(x +2)(x + )(x = 2)(x —3)) dx
-1
=—I(—0.5x4 +x3 +%x2 —4x—6) dx+2j.(—0.5x4 +x° +%x2 —4x—6j dx
2

-1
=13.05+2x1.3167

=15.68 units>
12 a y=ax(x-2)

When x=1, y=3

3=a()(1-2)

3=—a

a=-3

Thus y=-3x(x—-2)= “3x% +6x
b Area of glass is

2
J. (—3x2 +6x)dx

2
= [—x3 +3x2 }0
=(~2 +3(2)-((0)- (0))
= 8+12-0
=4m?

¢ Two windows = 8 metres?.
Cost = $55 x 8 = $440

Maths Quest 12 Mathematical Methods VCE Units 3 and 4 Solutions Manual



162 | TOPIC 8 Integration « EXERCISE 8.4

13

14

15

16

1 1
a J.3x3dx=|:§x4} =§(1)4—0=§ units?
0 4 h 4 4

1
b Orange region =3 x1— % = ZZ units?

/2

a [2sin(x)dr=[-2cos(x)],

S t— |y

=-2cos (%) —(=2c0s(0))

=0+2
=2

b Shaded region is 2(2 X % - 2) =2(7 —2) units”
4
a j(ﬁ(x—3)2)dx

1
[ 2(x —6x+9)}dx
5 3
[xz —6x2 +9x2] dx
3

1
0
7 5 4
:sz_gxuw}
5
o
7 5 3
2 5 12 = =
= 242 —ZZ(4)2 +6(4)2 |-
(7( ) 5( ) 4 ]
=36.5714-76.8+48
=7.7714 cm?
b Area of whole motif is 7.7714 x 2 =15.5428 =15.5 cm>

¢ 0.34875 m? =3487.5 cm>

Scale factor is 3487.5+15.5428 =224
2

a [ dv=17642 units’
-2

Solved using CAS.

dx

%2 +3x 4 2x2+3x—4
_.[ det [~

22 +1 x°+1
= 7.8371+ 2.0959

=9.933 units>

Exercise 8.4 — Applications

When x =16, y =4, therefore POI = (16, 4)
Shaded region is

2,2
=| 416~ 242 |0

BPYIEIVPE
3

1
=21= units’

X2 —6x+9=9-x
x2=5x=0
x(x=5)=0

x=0o0rx-5=0
x=5

When x=0, y=9-0=9

When x=5, y=9-5=4

Graphs intersect at (0,9) and (5.,4).
%/

©,9)

1(1

Area is

= [(9-x—(x-3)?)dx

(9 x—x% +6x— 9)d

—_— o'—,un OB.UI

3(5) + (5) )
125 125
_+_

3 2
250 375
_—— + —

6 6
ES

6
2202 units?
6

3 Point of intersection between the graphs:
sin(x)=—cos(x) O0<x<rm

tan(x) =—
. T . .
Basic angle = 7 tan is negative in the 2nd quadrant

3
4

xX=
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TOPIC 8 Integration « EXERCISE 8.4 | 163

YA .
y = sin(x) (z, D
14 o
(0, 0) T T ¥
z 3z z *
2 4
y = —cos(x)
(0,-1)
Y
Area is
3

4 b2
A= I (sin(x) + cos(x))dx + 'f (—cos(x) —sin(x)) dx
3r
’ 0
3r

=[-cos(x)+ sin()c)]o7 +[-sin(x) + cos(x)]gi

3n . (3w . . . (37 3z
_(—cos(jj+sm(T)—(—cos(0)+51n(0)))+(—sm(n)+cos(ﬂ)—(—s1n(7)+cos(7)n

V2 2 V2 2
=—+—+1-0+0-1+—+—
2 2 2 2
=2+/2 units?
4 Areais
3.92 5
= [ (4-x—de™)dx+ [ (4 —4+x)dx
0 3.92

3.92 5

=|:4x—%x2 +4e_4"}

=4.6254 units>

! 1
+[—4e‘* —4x+—x2i|

0 3.92

b
5 Average value = LJ- f(x)dx
b—a’a

- J.%ehdx

1 b
6 Average value =—j f(x)dx
b—a’a
1 1
NP
1-0.5705

1 1
Ao
3 0.5

Il
3%}
I/
A/~
[SSERE
—~
=
=
w
|
—
=
N
S
~
I/

(4 -)
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164 | TOPIC 8 Integration « EXERCISE 8.4

1

dL 4 -

7 —=—=4¢ 2
dr i

Average total increase in length is

36 1 170
[ 4 2ar= [812 }
6 6
- (5336)-(548)
=48-19.6
=284 cm
Therefore, the average total increase in length is 28.4 cm

8 a&bd—N:0.8t+2
dt

dN A
dt

30, 26
26 ( )

¢ Number of bricks

20
= [(08r+2)ar
10 "
= [0.4t2 + 21]10
=(0.420)* +2(20)) - (0.4(10)* +2(10))
=160+40—40-20

=140 bricks
1
9 v=1+4+3t+1=1+3(t+1)?
a Initially =0, v=1+3JI =4 m/s
dv

3 _1 3
ba=—=—-D(+1)2=
“ dt 2()( )2 24t +1

i Whent=0, a= =%=1.5 m/s?

ii Whenr=8, a= =

¢

(10, 10.95)

y=14+3%+1

10,4

d Distance is

8 1
=j[1+3(z+1)2J d
0

|:l+2(l+1)2}
0

3
_[8+2(8+1)2]—[0+2(0+1)2j

=8+2(32)%—2

=8+54-2

=60 metres
10 a v=E=3cos(£—£)
dt 2 4

When =0, x=-32
—3\/§=6sin(—%)+c
—3\/§=6(—g]+c

-3J2=-32+c
c=0

Thus x=6sin(£—£)
2 4

b When t=3mx,
x=6sin(3—ﬂ—£j
2 4

x=6sin(6—ﬂ—zj
4 4

C V“

3_‘ v—3cos(é_£) (47[,%)
(o, 3ﬁ)
2
0 4':f
3y

d Distance is
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a

dv 3, (t 727)
a=—=—=sin| ———
dt 2 2 4

4
_ 3.2 32 o
2 2 4
y=3x3—x4 .................... (D
V=3 = Koo )

MH=®

3xd—x*=3-x
0=x*-3x—x+3
0=x’(x-3)-(x-3)
0=(x-3)x*-1
0=(x-3)(x—D(x*+x+1)

x—3=0o0rx—1=0 as x*+x+1 cannot be further factorised

x=3 x=1

When x—-1, y=3-1=2

When x-3, y=3-3=0

Thus (a,b) =(1,2) and (c,0) = (3,0)

Area is

1 3
—X +§x +lx2—3x:|
5 4 2

1 1
5

243 243 9 ) ( 1 3 1 )
— I+ T+ =9 || —=+>+=-3
5 4 2 5 4 2

4
968 1200 40

20 20 20
_12

T 20
=9.6 units’

s, 3 a4, 1 0 (1 s 3 1o
3) +4(3) +2(3) 3(3)) ( 5(1) +4(1) +2(1) 3(1)j
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1 b
¢ Average value = —f f(x)dx
b—a’a

1 5
= —2.5 . Lz s(3x3 - x4) dx

2|:3 4 1 5:|2.5
==|=x"-—x
312 750

C2((3(5Y 1(5Y) (3.4 1.
—5[[1(5) -3 ]‘(zm 50 )]
_E(@_@_Hj

3064 64 20

=6.144

12 Areais

0.5

[ (cos(x)—0.5¢" )dx
-1.5

~[sin(x)-05¢*]"

' -1.5
= (sin(O.S) —0.5¢%3 ) - (sin(—1.5) - 0.5e*1-5)
=(0.4794 - 0.8244)— (=0.9975—0.1116)

=0.7641 units>

Substitute (2) into (1)
(x—2)=4—x
x*—4x+4=4-x

x2=3x=0

When x=0, y=0-2=-2

When x=3, y=3-2=1

Points of intersection are (0,—2) and (3,1).
b Green region is

=j(x—2)dx+}xl4—xdx
2 3

= B)ﬁ —2x£ +[—§(4_x)§ I
~(302-20))- (0720 )+ -2u-an |-(-2-1)

=(%—6)—(2—4)+0+§

-2i042
2 3

=g units?
¢ Orange region is
2 2
[(x=2-(-Va=x)) dx+ [ (~va=x)dx
2 1 24 1
:J[x—2+(4—x)2de—I(4—x)2 dx

4

0

372 372
I A P SR Sl I DS
—lizx 2x 3(4 Xx) :|0 |:3(4 X) L
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15

3 3

Lo -2@-22 |- Loy —2000- 24 -0)

S -20)-3¢ 2)] (2<0) 20)-3(4-0)
3

3 3
2.5 2 5 2

=2-4-=(2)2+=(4)2+=(2)?
3() 3() 3()

:—2+5l
3
=3l units’
3

d Area between graphs is = green region + orange region
=1.17+33

=4.5 units?
Area is

3
= j (—0.5x2(x— 3)(x+3)-0.25x (x = 3)(x +3)) dx

-3
3

= j (-0.75x% (x = 3)(x +3)) dx

-3
3

= j (—0.75x2(x2 ~9)) dx

-3
3

= j (~0.75x* +6.75x% ) dx
3
3
_ [ 075 5 675 "3}
5 37,

[-0.15¢% +225x° |

-3
(-0.15(3)° +2.25(3)* ) - (-0.15(-3)° +2.25(-3)")
=-36.45+60.75—36.45+60.75
= 48.6 units>

a y

y=05(x+4)(x-1(x-3) y=0B-x)(x+4)

(3.0

<
<

(=4,0)

b y=05x+4)(x—1)(x—=3)cucum.... )
V=B=X)(X+4) e, )

M=)
0.5(x+4)(x—-D(x-3)=CB-x)(x+4)
0.5(x+4H)(x-Dx=-3)—-B—-x)(x+4)=0
0.5(x+H(x-Dx=-3)+(x-3)(x+4)=0
(x=3)(x+H (0.5 - +1)=0
(x=3)(x+4)(0.5x-0.5+1)=0
(x—3)(x+4)(0.5x+0.5)=0
x=3 x=—4 -1
When x=-4, y=3+4)(-4+4)=0
When x=-1, y=GB+1)(-1+4)=12
When x=3, y=(3-1)(3+4)=0

Therefore, the co-ordinates are (—4,0), (—1,12) and (3,0).

H

3

TOPIC 8 Integration « EXERCISE 8.4 | 167

3

2o 2
3(4 2)+3(4 4)
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168 | TOPIC 8 Integration « EXERCISE 8.4

¢ Area between curves is

-1 3
= [ (05 + ) (x = D(x=3) = B-x)x +4) dx + [(B=x)(x+4) = 0.5(x +4)(x = )(x - 3)) dx

-1
-1

= [ (=3 + (050 - 1)+1) dx+j G- x)(x+4)(1+0.5(x - 1))) dx
—4 -1

_ 3
= j (2 +x=12)(05x+0.5)) dx + f (=2 = x+12)(05x+0.5)) dx
—4 -1

—1 3
= j (0527 +0.5x7 6+ 0.5x7 +0.5x — 6) dx + j (~0.5x7 - 0.5x% — 0.5x% = 0.5x + 6x +6) dx

-4 -1
—J P4 x? ——x 6 dx+J. ——x x4+ —x+6|dx
2 2
4
1 3
=[lx4+lx3 1 x? 6x} +[—lx4—lx3+£x2+6x}
8 3 4 4 8 3 4 1
=12.375+26.7

=39.04 units>

16 a VA
y=0.5 sin(%)+2
(4r, 2)
0,2)
3 0 T :t
Y 2z 4z
b Areais

fosuls))
L]

=(—cos(27)+2(47)) — (- cos(0)+2(0))
=—1+87+1
=8r
=25m?
¢ Soil required is 0.5x25=12.5 m>.

17 v=e¢%"-05

a a= o (5,05
dt

b x=[(e""-0.5)ar
=2 _051+¢
When x=0, t=0
0=—2¢"" _0.50)+c
c=2
x=-2¢_050+2
¢ Whenr=4,
x=-2¢"2% _0.5(4)+2=-0.2707 metres
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TOPIC 8 Integration « EXERCISE 8.4 | 169

d Fourth second occurs between t =3 and t = 4. b Total cost is
. 10
Dist
anee = [ (15 + 2501
=[[(e** -05)ar 5 o0
3 =[5+ 250t]5
-0.5 3
=[-2¢"¥ -051], =(5(10)° +250(10)) - (5(5)° +250(5))
=(-2¢% —053)) - (-2¢°? —0.54)) = (5000 +2500) — (625 = 1250)
=2¢" —15+2e72+2 =7500-1875
=0.3244 metres =$5625
18 a y=a(x—5)(x+5) 21 a Ay = costx) y=sind)_,
When x=0, y=5 0,1 l ’
S5=a(-5)(5)
5=-25a 05
1
—l=qa
5
a=-02 <_0 T T T * :x
Thus equation of arch is y = 5—0.2x>. z z 3z z
Y 4 2 4
5 02 .
b ZJ(S_O'Z’CZ) dx=2[5x—;x3} b Area between curves is
3 o
0

(sin2 (x)— cos2 (x)) dx

O [N

= 2{(5(5)—%(5)3)—0} _
:2(25—81)
3

(cos2 (x)— sin2 (x)) dx +

#‘:\f'—.-‘-i .Ma‘—.as‘g}

1, + (0052 (x)— sin2 (x)) dx
=33—m
3
1 2 =0.5+1+0.5
¢ Stone area = (12x7)—33-=50= m>. o
3 3 =2 units
d Volume of stones is 50% x3=152 m>. 22 Parabola, of the form y=a(x—2)(x+2)
17 0,-3) = -3=a(-2)(2)
19 N=[0853"""ar —3=-dq
° 17 _3
=[6.3991"% | Ty
— 6.3991¢%133307) _ ¢ 3991,0-1333(0) Equation of parabola is
3
=6.3991(9.6417-1) y="(x-2)(x+2)
=55.3 million ‘3‘
20 a =, =4
%A = %x2 -3
(10, 1750)
1750 - YA

4C _ 1502 4250 Parabolic canal

dr ©,-3)

(0,250) ¢

A
Y
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170 | TOPIC 8 Integration « EXERCISE 8.4

If the canal were full with water, the cross sectional area would be
-2 3
—J (—x2 - 3) dx
2 \4
2
=2 (§x2 —3) dx
0\ 4
1 2
= —2|:—)c3 - 3x}
4 o

(Lo _
= 2((4(2) 3(2)) 0)

=-2(2-6)
=8 m?

. . . 8
‘When the canal is one-third full, the cross sectional area = g m>.

Cross-sectional area for a canal which is one third full is given by

k
A:2J§k2—3—(3x2—3jdx
04 4

=Zx(1.39)% -3
y 4( )

=-1.58
Therefore the depth of water = -1.58 — (-3) = 1.44 m.
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Topic 9 — Logarithmic functions using calculus

Exercise 9.2 — The derivative of f(x) = log(x)

1a i(ﬂogp (i)j i
dx 3 X

b %(uogg (x*+242-1))= 2032 +4x)

o +2x2 -1

d . e 1 B
[¢ E(sm(x) log, (x— 2)) =sin(x) X 5 + cos(x)log, (x —2)

= s1n(x2) +cos(x)log, (x —2)
d _loge(xz)

y=—ot 2

2x-1)
Letuzloge(xz) S0 @:2_)2‘:2

dx x X
Letv=2x—-1so0 ﬂ=2
dx

Jdu_ dv
dy _ _dx dx
dx v?

(Zx—l)xg—Zlo (x?)
ﬂ: . 2.
dx 2x—1)*
ﬂ:(72(2x—1)_210ge(xz)j><71 3
dx X 2x-1)
dy _2(2x—1)—2xlog, (x*)
dx x(2x—1)2
d . x 3 2€2x+eix 3€_X(2€3X +1) 3(263x+1)

€ _(310ge(62. —-e )): (2x —x ): —x, 3x = 3x
dx (e —e ) e (e -1 (e =D
1

d o)=L _20)?
f dx(«/loge(li 2x))—dx(loge(3 2x)) |

2 1 o)) 2
_(3_2x)><2(10g€(3 2x))

-1
- (3-2x),/log, 3—2x)
1

" (2x-3)\Jlog, 3—2)
2 a y=-5log,(2x)
ﬂ = _5 X l
dx X

dy 5
—=——,x€(0,o
dx X xe( )

1
b =log,| —
o (L)

=log, ()c—2)_l
=—log, (x—2)
ﬂ _ 1

dx x—2
3
¢ y=log, (i)zlogg(x+3)—loge(x+l)
x+1

dy 1 1

dx x+3 x+1
_x+l-(x+3)
(x+3)(x+1)
B -2
(x+3)(x+1)

for x € (—o0,—3)U(—1,00)

, x€(2,00)
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172 | TOPIC 9 Logarithmic functions using calculus ¢« EXERCISE 9.2

d y=loge(x2—x—6)
dy  2x-1
dx x2-x—6

3 a Dom =(2,~)and Ran =R

b Graph cuts the x axis where y=0
2log,(x=2)=0
log, (x=2)=0

e’ =
1
x=3
Thus (a,0)=(3,0)so a=3
¢ y=2log,(x-2)

» X €(=00,=2) U(3,00)

x—2
x=2

ﬂ_ 2

dx x-2

Whenx=3,mT=ﬂ=i=
dx (3-2)

Equation of tangent with m; =2 which passes through (xl 5] ) =(3,0) is given by

Y= :mT(x_xl)
y=0=2(x-3)
y=2x-6

d Equation of perpendicular line with mp = ~3 which passes through (x1 Y ) =(3,0) is given by

2
L3
YETRES
4 y=4log,(3x-1)
dy 12
dx 3x-1
If the tangent is parallel to 6x — y+2 =0 or y = 6x + 2 then the gradient is 6.
T
12=63x-1)
12=18x-6
18=18x
I=x

When x =1, y=4log,(3(1)—1)=4log,(2)
Equation of tangent with m, =6 which passes through (x;,y,) = (1,4 log, (2)) is given by
y=y =mp(x—x)
y—4log,(2)=6(x—1)
y—4log,(2)=6x-6
y=6x+4log,(2)-6

1
5 y=—+log,(x
Y 10x 2.

Turning point occurs where ? =0.
by
1 _
x 10x?
10x-1
10x2
10x-1=0
10x=1
x=0.1

1
When x=0.1, y= +log, (—) =1+log,,—log,(10) =1-1log,(10)

10(0.1) 10
Minimum TP at (0.1, 1- log, (10)).
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6 a f(x)=2xlog,(x)
Local max/min values occur where f’'(x)=0
2
£(x) =2+ 2log, (x) = 2+ 2log, (x)
X
0=2+2log,(x)
-2 =2log,(x)
1= loge (x)
X = el

When x =0.1, f’(x) =2log,(0.1) + 2 = -2.6052
When x =1, f'(x) =2log,(1)+2=2

X x<e! x=e! x>e!
Foo | T~ | _—
When x = e_l,
y=2¢"log, (™)
y= —2¢7!
2
y===
e
1 2). .
—,—— | is a local minimum TP.
e e
log,(2x)
b y= flx)=—te =2

du 1
Letu=log,(2x) so 2=
dx x

Letv=2xso ﬂ=1
d.

/x
Jdu_ v
dy __dx dx
dx v2
1
dy xx;—loge(Zx)xl
dx x?
dy B 1-log,(2x)
dx x2
. dy
Max/min values occur where E =0
1-1 2
ng( o
X
1-log,(2x)=0
I1=log,(2x)
el =2x
1
x=—e
2
1-1 2x0.6
When x=06, 2 =17108CX00) _, 56,9
dx 0.6)
When x=2, 2 2 171082X2) _ ;4966
dx 2)
1
x x<—e x=—e x>—e
2 2 2

P T~

1 1
When x=—e¢, y=log,(e)+—e=
5 y=log (e) 5

s

I |
F/

There is a local maximum at (

[NSRN
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X

f(x)=log, (§)+x X(—lj
x x

f'x)=log, (3 )—1

c f(x)=x10ge(3 j
x

Max/min values occur where f'(x)=0

When x =1, f’'(1) = log,(3)—1=0.0986
When x =2, f/(1) = log, (1.5) — 1 = —0.5945

3
x>—
e

3 3
X x<-— xX=-
e

| __—"— - \

When xzé,f(g)zgloge (3+§)=§10ge(e)=i
e e) e e) e e

There is a local maximum at (E,i)

e e
a i(4loge (ij):
dx \2

= |~

d (1 d(1 1
b E(Eloge( x—2)j=3(510g6(x—2)2]
d 1
=—|=x-1 -2
(23 tos,(x-2))
1 1
=—X
4 x-2
_ 1
4(x-2)
d 3 2 ) 3X2—6X+7
¢ —(log (x”-3x"+7x—-1)|=—F———"—"
dx( ge( ) =32 +7x-1
d sin(x)
d —(—6log,(cos =6 =6tan
dx( g (cos(x)) cos(x) )

d d L
e 5(1 flog, Bx+1))= E(loge(3x +1))2

—l(lo (3x+1))_%>< 3
2\ 08 3x+1

3
~23x+1)Jlog, Bx+1)
_ 2log,(2x)

e +1

du 2
Letu=2log,(2x) so —=—
g (2x) PR

’ d
Letv=e +1s0 & =2
dx
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174 | TOPIC 9 Logarithmic functions using calculus ¢ EXERCISE 9.2

du dv
V——u—
dy _ “dx dx
dx v2
& _ %(ezx +1)—4e* log, (2x)
dx (€* +1)?
dy _ 2(e** +1)—4xe** log, (2x)
dx x(@ +1)?
dy 2e** +2—4xe** log, (2x)
dx x(e™ +1)?
y=(x*=3x+7)log,(2x-1)
D (2 3x47)x +(2x-3)log, (2x—1)
(2x-1)
2 —
D 2x-3)log, 2x -1+ 2 =3FD o (l,ooj
dx 2x-1) 2
y=sin(x)log, (xz)

dy . 2x 2
E =sin(x) X x_2 +cos(x)log, (x )

ﬂ = M+ cos(x)log, (x2 )
X

dx
2 .
dy xcos(x)log, (x~ )+2sin(x)
E = )(C ) , X E (0,00)
_log,(3x)
(x* = x)

du 1
Let u=1log,(3x) so a_Z
dx x

d
Letv=x>—x so —V=3x2—1

X

Jdu_ v
dy _ “dx dx
dx v?
&y _ i(ﬁ —x)—(3x* =1log,(3x)
dx (x3—x)2
dy _ (" =1)=(3x" = Dlog,(3x)
dx (x3—x)2

2 a2 _
@:x 3x loge(33x) 21+loge(3x)’ xe(0,00)/ {1}
dx (x”—x)

4—x
y=logg(—j=10g6(4—x)—10ge(x+2)
x+2
a_1 1
dx 4-x x+2
_—(x+2)-(4-x)
4-x)(x+2)
B -6
A4-x)(x+2)

where x €(-2,4)

9 Use CAS for this question

a

b

10 a

d 2
—(21 i =5is =1
dx( 0gs (x)) given x 1s 5 ogs(e)

d (1
E(glogg(x + l)j given x=2is élog3(e)

d . .
—(10g6 (x2 - 3)) given x =3 is logg (e)
dx

y=log, (2x~2)
Gradient of tangent is m, = L = 2 =
dx  2x-2

1
x—1

11

a

1
—=2
1.5-1
Equation of tangent with m, =2 which passes through
(xl 5] ) =(1.5,0) is given by

When x=1.5, my =

y—)’1:mT(X—x1)

y—0=2(x-1.5)
y=2x-3
y=3log,(x)
Gradient of tangent is m = a = 3
dx x
3

When x=e, m; =—
e

Equation of tangent with m; = — which passes through
e
(xl Y| ) =(e,3) is given by

y—)ﬁ:mT(X—xl)

y—3:§(x—@
e
3
y-3=—x-3
e
3
y=—x
e

1 2
y= Eloge (x )= log, (x)
Gradient of tangent m, = & _1
dx x
1
When x=e, m; =—
e

Equation of tangent with m; = 1 which passes through
e
(xl V1 ) =(e,1) is given by
y=y=mr(x-x)
1
y—l==(x-e)
y=l=—x-1

e
1

y=—x
y=2log,(2x)
dy_2
dx x

. . 4
Gradient of tangent at (E,Z) ismp =2+ ez
2 2 e

. . 4 .
Equation of tangent with m; = — which passes through
e

(Xl,y1)=(§,e) is given by

Y=y =mp(x—x,)

_e_i(x_zj
Y e 2

4
y—e=—x-2
e

4
y=—x—-2+e
e

12 y=xis atangent to y=log,(x—1)+b

Gradient of tangent is m; =1

Also gradient of tangent is m, = e
X

dy 1
x—1
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Thus
L
x—1
1=x-1
x=2
When x=2, y=2
2=log,2-1)+b
2=log,()+b
b=2
Thus y=1log,(x—1)+2
y=-2x+k is perpendicular to y =log, (2(x —1))
Gradient of perpendicular line is mp =2

1
Gradient of tangent is m; = 5

Also gradient of tangent is m, = ? =
by

Thus
1

x—1

= o=
N | —

-1
1=
xX=

(O8]

When x =3, y=log,(2(3—-1))=1log,(4) =1.3863
1.3863=-2(3)+k
7.3863=k
k=74
Thus y=-2x+7.4
a The graph cuts the x axis where y=0.

1
x—2—210ge(x+3)=0

1
x—2:210ge(x+3)

By calculator x =—1.841 and —0.795
Therefore coordinates are (—1.841, 0) and (—0.795, 0)

1
b y=?—210ge(x+3)

y= x 72— 2log,(x+3)

dy 3 2
A B

dx x+3
dy_ 22

dx X x+3

dy  —2(x+3)-2x’
dx P(x+3)

dy (2%’ +2x+6)
dx X(x+3)

(2(~1.841)° +2(~1.841)+6)
C (C1.841)°(-1.841+3)
Equation of tangent with m; =—1.1989 which passes through (x,,y,)=(~1.841,0) is given by
Y= =mT(x_x1)

y—0=-1.1989(x+1.841)
y=-1.1989x —2.2072

(2(=0.795)* +2(-0.795) + 6)
C(=0.795)(=0.795 + 3)
Equation of tangent with m; =3.0735 which passes through (xl Y ) =(-0.795,0) is given by
Y= :mT(x_xl)

y—0=3.0735(x+0.795)
y=3.0735x +2.4434

At (~1.841,0), m; = ~1.1989.

=3.0725.

At(-0.795,0), m; =
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¢ Minimum TP occurs when ? =0

X
_(2x3+2x+6)_0

X(x+3)
23 +2x+6=0
PHx+6=0
x=-1.2134 since x <0
When
1
x=-12134, y=———-2log,(-1.2134+3)=-0.4814.
(-1.2134)

Minimum TP is (~1.2134,—0.4814).
(2log, (x))’ = 2log, (x)
(2log, (x))* —2log,(x)= 0
2log, (x)(2log,(x)—1)=0
log,(x)=0 or 2log,(x)—1=0

15 a

e =x 2log,(x)=1
x=1 log,(x)=0.5
y = 03

When x=1, y=2log,(1)=0

When x=e", y=2log,(¢)*” =1

The points of intersection are (1,0) and (eo‘s, 1).
b If y=(2log, (1)’

dy — 2(%)(210& (x)) _ 8log, (x)

dx X X

ﬂ _ 8log, (1) B

At (1,0) then 0
dx 1

If y=2log,(x)
dy_2
dx x

At (1,0) then

&
dx

2
Z-9
1

¢ YA

y = (2log, (x))

y=2log, (x)

A

>
>
X

0 (1,0)

Y
x=0

d 2log,(x)>(2log,(x))’ when {x:1<x <],
16 a Graph cuts the x axis where y=0.

1
—— —8log,(x)=0
X

—Bloge(x)zi2
x

x=0.3407 or 0.8364
Therefore coordinates are (0.3407, 0) and (0.8364, 0)

17

b

a

1
y=-———8log,(x)
X
y=-x"-8log,(x)
ﬂ=2)f3 8
dx X
dy_2_8
dc ¥ «x
dy 2-8x’
dx X3

dy _ 2-8(0.3407)°

dx  (0.3407)°

dy 2-8(0.8364)°

dy 278083064 _ ¢ 5

dx  (0.8364)

_dy _2-8(1)° _
. 1)°

Equation of tangent with m; = —6 which passes through

(xl,yl)z (1,-1) is given by

Y= =mT(x_xl)

When x =0.3407, =27.09
When x =0.8364,

At (1,=1), m;, -6

y+1=-6(x-1)
y+1=—6x+6
y=-6x+5

1
Equation of perpendicular line with mp = P which passes
through (x;,y,)=(1,~1) is given by
Y=y =mp (x_xl)

1
+1=—(x-1
y gD
1 1
+l=—x—-—
T e
1 7
=—x——orx—6y=7
y 6x 6 xX=0y

TP occurs where ﬂ =0.
dx

2
2—§x -0
X
2-8x*=0
1-4x>=0
(1=2x)(1+2x)=0
1-2x=0 or 1+2x=0

1=2x 2x=-1
1 1
x=— x=——Dbutx>0
2 2
1
When x=0.5, y= —W—Sloge(O.S): —4+8log,(2)

Maximum TP at (%, -4 +8log, (2)).

f: y=-2log,(2—x)—1 where dom = (—,2) and ran = R
f7': Interchange x and .
x=-2log,(2-y)—-1
x+1=-2log,(2-y)
1
—E(x+1):log€(2—y)
1
—=(x+D)
e? ! =2-y
1
——(x+1)
y=2-e 2 "

(x+1)

1
FUR>R flx)=2-¢2 where Dom = R and

Ran = (—o,2)
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b If f(x)=x then
—2log,(2—x)—1=x b f(x)‘J(x _;)dx
x=-4.8479 or 1.7467 x*
When x = —4.8479, y=~21log, (2 +4.8479) — 1 = —4.8479 =7 Tlog®te, x>0
When x =1.7467, y=-2log,(2—-1.7467)—1=1.7467 £y = l
Points of intersection are (—4.8479,—4.8479) and T4
(1.7467,1.7467). 11 eyt
C YA 4 4
c=0
4
X
(0’ 2 6—0.5) (1747’ 1747) f(x) = T - 10g(, (X), x>0
q
3  y=2log, (cos(2x))
(-2log, (2) — 1,0) 2 _ e 050 _
< P ( ¢ > ) ﬂ M = tan(2x)
0 x dx  cos(2x)
| (=2 tan(2x)) dx =log, (cos(2:))
V= y =) _
-2 ] (tan(2x))dx =1log, (cos(2x))
0, -21log, (2) - 1) 1
I (tan(2x)) dx =—§loge (cos(2x))
2
4 y= (loge (x))
(4.848, 4.848) Y Letu=log, (x)so 94 =1
. . dx «x
18 Equation of tangent is y=mzx+c dy
When y =0, x=0.3521 Thus y = u* s0 = =2u
0=0.3521my +c du
~03521my = ¢ b _du dy
Thus Zx ‘lix du
y=mpx—0.3521m; Y _ Lo
y=my(x—0.3521) Zx x
_dy 2 D x2log, (x)
Butm; =—=—-— dx x ¢
dx 2x-1 dy 2
Thus y = —2— (x - 0.3521) o xose®
2x—1 ¢4 ¢/
2
Atx=n, y= n—0.352D.cccccuennnn. 1 (—loge(x))dx=2 (_IOgg(x))dx
y=g ) n I I
Alsoat x=n, y=log,(2n—1)...ccccccceencec. ) 27e
D= = 2[(loge<x>) ]
; 2 [ (n=03521)= log, (2n-1) = 2((10& @)’ - (log, (1)) )
n—
n=2 asn is an integer =2(1-0)
=2
Exercise 9.3 — The antiderivative of f(x) = % 5a f(x)= ;2_ 1 cuts the x axis where f(x)=0.
x+
1 a J-idxzzjldngloge(x)+c,x>0 Thus _1=0
Sx x+2
b J 3 3 J 4 dx 1 _
4x— 1 4 4x-1 x+2
3 3 1=x+2
={Zloge(4x—l):| x=-1
3 N /3 S0 (a,0)=(-1,0), a =~
=| Zlog, 4(3)-1) |-| Zlog, (4(1)—1
(4 0g,(4(3) )) (4 og, (4(D) )) b Area is
= log, 1)~ log, (3 T 2
2 0g,( )_Z 0g,(3) J( —ljdx:[loge(x+2)—x] .
3 1 X+ 2 -
410ge( 3 ) =(log, (4)-2)~(log, (1)+1)
24 00m = log, (4)-3
2 a JL;:;dx = [(1+2x7" =327 )lx

x
=x+2log,(x)+3x " +¢

3
=x+2log,(x)+—+c, x>0
X
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1 1 1
c —l=——x+-
x+2 2 4
1 __ 1.3
x+2 27 4
=-2x+5
x+2
4=(x+2)(-2x+5)
4==2x"+x+10
0=2x>-x—-6
=2x+3)(x-2)
3
x===,2
2
3
X=——=,y= -1=1 '.(——,1)
27 3,
x=2,y—;—1=—E .‘.(2,—§j
2+2 4 4

011 1
d A= [|-Zx+ - —1||dx
U274 (xe2

2
Lo 5 (_1(=3Y z(ﬁ)_ (1)
4(2) +4(2) loge(4) ( 4(2) +4 > loge >

5 9 15 |
=—1+——log,(4)+—+—+1 —
> og,(4) 16 8 oge(z)
63
=—-3log, (2
g loe.(2)

6 a Graphs intersect where
1 1

x+1 (x+1)?
x+1==1+3(x+1)* prov x #—1

x+1=—-1+3x>+6x+3
0=3x2+5x+1
_=5£4(5)7 —43)D)
- 2(3)
-5+J13
X=—-
6
_S5+V13 1 B 1 6
Y S5+13 | 54346 i3+

6 6
—5+\/E 6
6 ’\/BH

b Required area is

[ 1 1
[ [

-0.2324

2 1
= | (—(x+1)_2+3——)dx
x+1

-0.2324

When x

- POl =

2

- [(x +1)7 +3x—log, (x+ 1)L)42324

2

1
_[(x+1) +3x—10ge(x+1)}

= 4.3647 units’

-0.2324
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HNX—
2

=J( +2)dx
AT
2

= J'(— ! + Z)dx
1 x+1

= [—loge(x +1)+ 2x]12
=—log,(3)+4—(~log,(2)+2)
=—log,(3)+4+1log;(2) -2

2
=log, (§j+ 2 units?

9 a I—idx:—4logg(x)+c,x>0
X

3 3 4 3 7
b J dxz—J dx==log, (4x+7)+c, x>——
4x+7 4dax+77 "4 2

3 2
2 -1
c J%dx:j(ﬁhi_x—zjdx
X

1 1
:Ex2+2x+3logg(x)+—+c, x>0
X

X

d J(Zix +cos(4x))dx

=-3f (2__1x) dx+ [ cos(4x)dx =—3log, (2 - x) + i sin(4x)+c, x<2

4 4
10 a Jl 32 dx=3jl 12
2 1l—2x

2 1l—2Xx
4

= 3[—%10&(1 - 2x)}

2

= 3(_%10&(1— 2(4))+%10ge a- 2<2>))

3
=~ (log, (7))~ log, 3))

_ 30 (1)
2 %83
Ha) 1
b I(—)dsz_[(—]dx
S\x+4 S\x+4

=2[log, (x+4)]
=2(log,(-1+4)—log,(-3+4))
=2(log, (3)-log, (1))
=2log,(3)
t 2x 2 _ 1 2x

c J. e +; dx = Ee +2log,(x)
1

= Ges + 210ge(4)) - Gez + 2loge(1))
=1489.56

4

1
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dy _
dx 2x+4

5 1
J‘2x+4dx:5-[2x+4dx

11 a

is equivalent to

5
=510ge(2x+4)+c, x>-2

Thus y:%loge(2(x+2))+c and when x:—%, y=3.

3=§loge (2(—ij+4)+c
2 2

5
3=—log,()+

3 g.(D+c
c=3

yzgloge (2x+4)+3

yzgloge (2(x+2))+3

b ﬂ = is equivalent to
dx 2-5x
3 1
I dx = 3_“ dx

2—5x 2—-5x

3 2
=——log, (2—-5x)+¢c, x<—
S g.( ) S

1
Thus y:—%loge (2-5x)+c and whenng, y=1

1=—§10ge (2—5(1D+c
5 5

1=—§10g€(1)+c
5
c=1
3
yz—gloge (2-5x)+1
12 Let y= f(x)=2xlog,(mx)
ﬂ=210ge(mx)+2x><l
dx X

ﬂz 2log, (mx)+2
dx

| (210g, (mx)+2) dx = 2xTog, (mx)
2 [ log, (mx)dx + [ 2dx =2xlog, (mx)
2 [ log, (mx)dx =2x log, (mx)— | 2dx
2 [ log, (mx) dx =2xlog, (mx) - 2x

_[ log, (mx) dx =xlog, (mx)—x+c
dy 3x
13 If y=3xlog,(x) then I =3log,(x)+—=3log,(x)+3
X

| (31og, (x)+3)dx =3xlog, (x)
3jloge(x)dx + I3dx =3xlog,(x)
3[log, (x)dx =3xlog,(x) - [3dx
3jloge (x)dx =3xlog,(x)—3x
[10g, (x)dx = xlog, (x) - x
2[log, (x)dx = 2xlog, (x) - 2x
J.210ge(x)dx =2xlog,(x)—2x

14

15

16 a y=

If y=log, (3x* - 4)

dy  9x’
dx 3x° -4

39"2d—1 3343
Jaermg e =lox (32 ~4)]

2
2 3

2
2 3

3;;—_4dx = é[loge (3x° - 4)}2

j
!
I ol é(loge (33)° - 4)-log, (32" - 4))
!
]

L é(loge(77) —log,(20))

2
ol dleloge(ﬂ)
; 20

If y=log, (¢* +1)°
Letu=(e" + 1)2 s0 Z—Z: 2(e")(e* +1)=2¢> +2¢*

dy 1
Let y=log, (u) so 22
du u
dy _dudy
dx dx du

%z(Zezx +Zex)><i

? =(2€2x +2ex)><

X (ex + 1)2

—_

dy_2ex e"+1)
e (e*41)
dy_ 2
I (ex 1),6 #-1

+

Thus
5

[\
Q
B

dx = [loge ((e)C + 1)2)]

dx = [loge (ex + 1)2 ]5

1

,-\
x
o =
=+
=
=

—_—
Q
=
+
[
~—

5

dx= %[loge (e)‘ + 1)2}1

dx = %(loge (e5 + 1)2 —log, (e2 + 1)2)

dx = %(10.0134 ~2.6265)

eX

dx =3.6935

— e N — e = e = e U — e 1 — e 0

p—

X

e +1

~—~—

10x
5+x°

Let u=10x so d—“le
dx

Letv=5+x> so ﬂ:Zx
dx
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v@—uﬂ Letv=x2+1s0ﬂ=2x
ﬂz dx dx dx
dx y? @_ dv
dy 10(5+x7)-10x(2x) &y _aa
- (5tal) dx v
2 2 dy 5(x*+1)—5x(2x)
dy 50+10x"—20x = 3
E:W dx (.X +1)
N dy 5x°+5-10x?
dy 50-10x T E 3 3
d—zﬁ dx (x +1)
X (5+x7) , dy 55,2
Maximum TP occurs when d_y =0 dx (x*+1)
X
2
50-10x> Ca 5_5[_3
22 Atx=——, ==
(5+x )2 27 dx 12 2
50-10x% =0 (_,j +1
50 =10x" 2
2
2{io7)
+/5=x dx 4 4
dy (20—5) 25
10(—/5 Q22222
When x =5, y= ( )2:_10\/32_10\/52_\/§ w7 ) Te
5+(_\/§) 5+5 10 Q—EXE
dx 425
So (—\/g,—\/g) is a minimum TP d_§= 2
10(s5) 1045 _1045 dx 5
When x=+/5, y= =5 . . _12
y st ( \/3)2 545 10 Equation of tangent with m; = 5 which passes through
1 L
So (\/5,\/5) is a maximum TP (xl,yl)E(—E,—Z) is given by
i(loge(5+x2): 2x2 y=y =mp(x—x)
dx S+x y42 12(X+lj
10x 2x 2 == 5
dx=5 dx=5log,(5+x7) 5 2
J5+x2 I5+x2 8 12,610
y=—x+o-—
d 2
y=10ge(5+x2)so —y=—x2 152 i >
dx  S5+x =—x—-—orl2x-5y=4
0 ens 2 e
x=5 5 dx 2 dy 2x
J—5+x o+ x b Ify—loge(x +])thend_x_x2+1
o Sx 5¢ 2x
5dx=5|log,|5+x — dx==|—-"d
Jj_ [ g( )Lg '[x2+1 N 2Jx2+1 ’
=Zlog, (1 + x*
j —dx = S{IOg (5+6°)- loge(5+(\/§)2)} z(1+x)
f S5x
C Y= )
10x 41 2 x“+1
I dx=510ge 0 units 12 4
=X e, 2
e yESrog 2
Graph of y = H=0
x?+1 Sx _Ex_ﬁ
5(_1) 24l 505
_ 2
Tangentatx:—l,yziz2 25x = (12x =4 (x”" +1)
2 (Jj +1 25x=12x° —4x’ +12x -4
s s 2 0=12x° —4x +12x — 4 - 25x
y=-s*7 0=12x"—4x* —13x -4
5 4 Let P(x)=12x —4x> —13x—4
y=-oxy 3 2
2 5 1 1 1 1
y:—2 P —E =12 —E —4 —5 —13 —5 —4
. dy
Gradient of tangent = my; = — 1 12 4 13 8
dx Pl-——|=—7———+——=
du 2 8 4 2 2
Letu=5xso —=5 1 3 2 13 8
dx r(-3)--3-2.2-8
2 2 2 2 2
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1
(x+5) or (2x+1) is a factor

12x° —4x2 —13x—4:(2x+1)(6x2 —5x-4)
12x° —4x® = 13x—4=Q2x+ D2x+1)(Bx—4)

Thus if
2x+1)*Bx-4)=0
1 4
xX=——or —
2 3
3
T 12 4
Shaded area is J( 25x ——x+—)dx
Ax“+1 5 5
2
i E b
5x 1 4
= dx —— dx+ | =dx
J(x2+ljx 5 J xas -[5

4 4 4
53( 2 123 34
E;]. (x2—:c-])dx_?-'. xdx + J.gdx

1
2
5 5 12 , 4 ]*
=| =1 +)——x"+—
[2 og,(x ) ]Ox Sx _%
=2.5541-2.13+1.07-0.5579+ 0.3+ 0.4
=1.6295 units’

1
18 a The curvey=—+x3 -4
X

1
Tangent at x =1, y:I+13_4:_2

Gradient of tangent
d 1
:—yz—x_2 +3x2 :—2+3x2 =
dx X X
3 -1
m?
Equation of tangent with m; =2 which passes through
(x,y)=(1,-2) is given by
Y=y =mp(x—x)
y+2=2(x-1)
y+2=2x-2
y=2x-4

3x* -1
2

:mT

When x =1, m; =

2
1
b Shaded region is J(— +x —4—(Q2x- 4))dx
X
1

1
= J(—+x3 —2x)dx
X

L4 2 ’
=1 +—x" -
[oge(x) 4x x}

1

= (loge(Z) + %(2)4 - (2)2j— (logg(l) + i(l)“ - (1)2j
= loge(2)+4—4—0—i+1

= % +1log,(2) units”

19 a Dom = (1,) and ran = R
b Graph cuts the x axis where y=0
2log,(x=1)=0
log,(x-1)=0
e =x-1
I1=x-1
x=2
Thus (a,0)=(2,0), a=2

5

¢ [2log, (x—1)dx=5.0904 units’
2
Solved using CAS

6
20 a Shaded region is [ Slog, (x—3) dx = 6.4792 units®
4

b y= loge('x_3)
For inverse, swap x and y
X = Sloge(y_3)

X
=log,(y—-3)

wl= W |

e’ =y-3

x

y=e§+3

¢ Area = Area of rectangle — area under the curve

Slog,3) (" ¢
=6x5log,3)— | [e5+3dx
0

. 5log, (3)
=301log, (3)—[535 +3x}
0
=30log, (3)—(5¢**¥ +3x5log, (3) - (5+0))
=30log,(3)-15-15log, (3)+5
=6.4792 units”

Exercise 9.4 — Applications
1
1 a y=f(x)=2log,(4x), x E[Z’wj
Inverse is x = 2log, (4y), x €[0,)

1
—x=log,(4
2% g.(4y)

1 x
Thus f~'(x)=—¢?2
4
2log, 8 | 1 1210g18 1
—X —X
b J —e? dxz—f e? |dx
o (4 4 %
! 1 log.8
—X
:_[282 ‘|
4
o
1
= i{zei(zmgl’ ¥ - 2@0}

1
=—(8-1
2( )
_7 units?
2
. . T .5
¢ Required area is 4logg(8)—§ units”.

2 a Graph cuts the y axis where x =0, y=2log, (5)
Graph cuts the x axis where y=0
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2log,(x+5)+1=0
2log,(x+5)=-1

1
lo +5)=——
2. (x+5) 2

At the point (6-045 -5, 0)

h:dom = (=5,%0) and ran = R

h~':dom = R and ran = (=5, )

If y=2log,(x+5)+1

Inverse is x =2log, (y+5)+1
x—1=2log,(y+5)

%(x -1)=log,(y+5)

L

e? =y+5
1
S(x=1)
y=e? ! -5
o Lamn
Thus A~ (x) = e? -5
x=-5 y‘\

(0,21og,(5)+ 1)

/(210g,(5)+1,0)

)

'
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|

<!

<
|
|
|
|
|
|
|
|
|

e g U U

h(x)=h""(x)

1

—(x=1)
2log,(x+5)+1=¢? -5

x=—-4.9489, 5.7498
5.7498 L
| |2log,(x+5)+1-e2" " +5 |dx=727601 units’

—4.9489

Graph cuts the x axis where y=0
2xlog,(2x)=0

x=0or log,(2x)=0
e’ =2x

1=2x

X ==

2

. 1
Cuts x axis at (5,0)
y=x"log,(2x)
d 2
2~ oxlog, 2x)+—
dx X

d
@D_ 2xlog,(2x)+x
dx
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2
¢ Shaded region is JZx log, (2x)dx.

1

2

(2xlog, (2:) + x)dx =[x log, (2x) ],

D= ey 1O

=

2 1 1
— 2 = _
(2xloge(2x))dx+‘l[xdx—((2) log,(2(2))) [(2) loge(Z(zjjJ

2

O €y 1

(2xlog,(2x))dx = 4log,(4) — iloge(l) — | xdx

B ey D

2
(2xlog,(2x))dx = 5.5452 — sz}
%
1

Cssasa—|Lap 1LY
(2xlog,(2x))dx = 5.5452 [2(2) 2(2”

1
(2xlog,(2x))dx =5.5452 -2+ 3

(2x1og,(2x))dx = 3.670 units®

D) Sy 1O D Sy B D ey 1 D Sy DD D oy 1O

4 a Graph intersects the x axis where y=0
—log,(5x)=0
log, (5x)=0

e’ =5x

. 1
Cuts x axis at 5,0 .

b y=-xlog,(5x)+x

ﬂ:—xxl+loge(5x)><—l+1
dx X
ﬂ: _loge(sx)

x

2
¢ Shaded region is —J.(—loge(Sx))dx =

1
5

(log, (5x))dx

[V Y

(~log, (5x)—1)dx = :

[ L

2

(~log, (5x))dx — [ (1)dx = [-xlog, (5x)]
1
5

w—

(log, (5:))dx +[x ] =~[xlog, 5x)]’

=
=

D 10 U= ey 1D

2

(log, (5x))dx = —[-xlog, (5x)]  —[x]

=
W= N

(log, (5x))dx = —(—ZIOge(IO) + élng (1))_(2_ %)

(log, (5x))dx = 2log, (10) - éloge 1- 2+%

(log, (5x))dx = 2log, (10) —% units”

D ey 1 Ui ey 1) U ey 1) Ui ey R
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5 a Graph cuts the y axis where x =0, y=1log,(2), i.e. at (O, loge(Z)).
Graph cuts the x axis where y=0
log,(2-4x)=0
L =2-4x
1=2—-4x
4x=1

X =

— A=

At the point (Z,O).
b Largest possible domain occurs when

2—-4x>0
—4x>-2

1
x<-—
2

(=
om = »2

¢ y=log,(2—4x)
dy_ —4
E_Z—4x
dy -2
dx  1-2x

Since x < % then 2x <1 and 2—4x <0 for all x. Therefore ﬂ <0.
x

d i y=log,(2-4x)
Inverse: swap x and y
x=log,(2—-4y)
et =2-4y
4y=2-¢"

A

So h!(x)= i(z-a)

1
ii Dom =R and ran = (—w,zj

Y,

(0, loge(Z))\

y=h"'(x)
(log.(2))0)

6 a y=uxlog,(x)

d 1
Y _ log,(x)+xXx—
dx X

dy
—=lo +1
dx &)

Maths Quest 12 Mathematical Methods VCE Units 3 and 4 Solutions Manual



186 | TOPIC 9 Logarithmic functions using calculus « EXERCISE 9.4
Consequentially

(log, (x)+1)dx = [xlog, (0]

——"

[1og, (xydx + [ 1dx = [xlog, (0)]}
1 1

[tog, () = (¢ Iog, (%) - (Dlog, (1) - [ 1
] 1

[ 1og, (x)dx = 2 log, (e) - [x]}
1

floge(x)dx =2¢—e*+1
1

[log,(x)dx = ¢ +1
1

b y= x(loge(x))m
Z_i =(log, (x))m +mx(log, ()c))”k1 X %
@_
dx
¢ Consequentially

(loge (x))m +m (loge ()c))w1

o2

J ((tog, )" + m{1og, ()" ) = x(tog, ()" ]

1

(1og,(x))"dx +m [ (1og, (1))"™'dx = [ x(tog, (0)" |
1

&2
1

®

2

—_e N, — —y

(log, (x))" dx +m [ (log, (x))"dx = & (log, (¢?))" — (1) (log, (1))"
1

(loge(x))mdx + mj(loge(x))mildx =¢? (210gg(e))m -0
1

(log, (x))"dx +m [ (log, (x))"'dx = 2"¢?
1

—ee N, B,

52
If1, = J.(loge (x))mdx then
1
I, +ml,  =2"e* as required

I &’

d 1, = [ (log,(x))'dx if ,, = [ (log, (x))"dx
1 1

Remembering that /| = et +1
I, +21, =2%*
1, =2%*-2I,
I, =4e* —2(e* +1)
I, =4e* —2¢* -2
I, =2¢* -2
L, +31,=2%*
I,=2%%-3I,
I, =8¢* —3(2¢* - 2)
I, =8¢* —6e”> +6
I, =2 +6

2
e

So [ (log, (x)) dx=2¢* +6
1
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7 a y=4xlog,(x+1)

When
x=-0.5, y=4(-0.5)log,(1-0.5) =-2log,(0.5)=—-2log, (2_1 )=2log,(2)
Gradient of tangent m; = ? = 4Txl +4log,(x+1)

405
When x = 0.5, my = 4log, (<0.5+ 1)+ 20
0.5+1

=4log,(0.5)—-4

Equation of line with m; = 4log,(0.5) —4 which passes through (x;,y,) =(-0.5,21log,(2)) is given by
y=y =mp(x—x)
y—2log,(2)=(4log,(0.5)—4)(x+0.5)
y=(4log,(0.5)-4)x+0.5(410g,(0.5)—4) +2log,(0.5)
y=(4log,(0.5)—4)x—-2log,(0.5)—2+2log,(0.5)
y=(-4log,(2)-4)x-2
b y=2(x*-1)log,(x+1)
2 —
ﬂ=4xloge(x+1)+ 2 =)
dx (x+D
2(x—-D(x+1)
(x+1)

dy
—=4xlog,(x+1)+
I g (x+1)

ﬂ:4xloge(x+1)+2x—2, x>-1
dx
¢ [4xlog,(x+1)dx =2(x* = Dlog,(x+ 1)+ [(2x - 2)dx
=2(x* = log, (x + 1)+ x* — 2x
0.5
0.5
j 4xlog, (x+1)dx =[ 2(x* ~1)log, (x+ 1)~ x” +2x |
-0.5
-0.5
=(2x(0.5* = Dlog, (1.5)~ 0.5 +1) - (2x (-0.5)* ~ ) log, (0.5) - (-0.5)* — 1)

3 (3) 3.3 (l) 5
=——log,| = |[+—+=log, | = |+—
2 2) 4 2 2) 4

3 1
=—1 —|+2
e, 5
3 2
= —5 log, (3)+ 2 units
2 , 2x
8 a m(x):loge(x +1)som(x)= 5
x“+1
m'(—z):z(;zz)z—i:—o.s
(-2)"+1 5

3
b Area= jo log, (x? +1)dx =3.4058 units’

3 2 )
¢ Area:j_Sloge(x +1)dx =3.4058x2 = 6.8117 units

9 a Whenr=7, C; =25log,(1+0.5(7))

C; =25log,(1+3.5)
C; =25log,(4.5)
C,=37.6 mg

b CA
(7,37.6)

C=25log,(1+0.57)

Y

¥ 7

c d_C:25><0.5: 12.5
dt  1+0.5t 1+0.5¢

dC 125 125

Whent=3, —=————=——=5 mg/day
dt  1+0.53) 2.5

~
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7 b Graph cuts the y axis when x =0.
d [25log, (1+0.5¢)ds .
0

; y=e 243
=25|1og, (1+0.5¢)dr 1

! Pointis | 0,e > +3
=25%6.5367
=163.4 mg Graph cuts x axis where y=0.

2log,(x=3)+1=0

10 POI between y=—4 and y = log, (%) is x=-0.03663 2log, (x—3) = -1

1 1
1
A=2[2e"ax- | 1oge(ﬁ)dx+o.o3663x4 log, (x—3)=——
0 0.03663 2 1 2
=5.093km’ 2=y 3
=5.1km’ 1
11 A=4.6log,(t—4) x=e 2+3
a Graph intersects the ¢ axis where A =0 1
4.6log,(t—4)=0 Pointis | e *+3,0
log,(t—4)=0
0 501 5
e =t—4 (=D
l=i_4 c J[e +3]dx— OI (2log, (x—3)+1)dx
(=5 0 e 7 +3
Thus (a,0)=(5,0), a=5 =28.5651-1.9857
b When A=15, =26.58 m*
15=4.6log, (r—4) d Solve (~5=2log, (x—3)+1) for x
15
—=log, (1—4 =3.049787
46 og,( ) X
3.2609 43
e =t-4
5 +3)- [ (2log, (x=3)+1)dx
3.2609 e
€ +4=t 3.049787
t=30 _ 2
It takes the patient 30 minutes to reach level 15. 1890 m . . .
A 46 e Total area of Australian native garden is
c —=—— 26.5794+18.90 = 45.5 m*
d t-4
. : 14 a i When x=23942, y=¢>"* +3=3.0915 i.e the point
When 7= 10, d_A: 4.6 :4_6:ﬁ=§ units/min a i en x=23942, y=¢ +3=3.0915 i.e the poin
d 10-4 6 60 30 (2.4, 3.1)
d Total change is given by ii When x =-2.8654, y =—log,(-2.8654 +3) = 2.0054

i.e the point (-2.9,2.0)

30
[4610g, (1~ 4)di ii Whenx=—1, y=e' +3=5.7128 i.e the point (~1.0,5.7)

5
30 iv. When x=-1, y=—log,(-1+3)=-0.691 i.e the point
=4.6 [ log, (1—4)dr (-1.0,-0.7)
> v When x =2.3942, y=—log,(2.3942 + 3) = —1.6853
i.e the point (2.4,—1.7)
vi When x=—1, y=2¢""> +3=2.0366 i.e the point
(-1.0,2.0)

=4.6x59.7105
=274.6683
Change in alertness is 274.6683 units.

12 a Graphs intersect where g(x) = h(x).

%2 log, (x)=log,(x+1)
x=1.5017
Consequently y=1log,(1.5017+1)=0.9170.

Therefore POI = (1.5017, 0.9170)

Area between curves is given by
15017
| (tog,(x+1)=x*log,(x))dx = 0.7096 units’
0
1
X 5(-"‘1)
y=f(x)=e +3
707D
Inverse: x=e +3
10-D
x—3=¢?

1
loge(x—3)=5(y—1)
2log,(x=3)=y—1
y=2log,(x—=3)+1
Thus £ :(3,00) > R, ' (x)=2log, (x —=3)+1

i Region I: Area is

2.3942
| (26" +2+10g, (x+3))dx
-1

=12.1535 units®

i Region II: Area is

2.3942
j (e +3-2¢"Y —2)dx

-1
2.3942

= j (e_x —2e% ™ 4 l)dx
-1
=4.9666 units’

i Region III: Area is

-1
(26" +2+log, (x+3))dx
—2.8654
=3.5526 units>
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TOPIC 10 Discrete random variables ¢ EXERCISE 10.2

Topic 10 — Discrete random variables

| 189

Exercise 10.2 — Discrete random variables

1 a

b

A

1

I

~ Q
/C\ /C\
HQAK QA< QAKX QA QA< QA< QA< QA< QR

A

£ = {RRR, RRG, RRY, RGR, RGG, RGY, RYR, RYG, RYY, GRR, GRG, GRY, GGR, GGG, GGY, GYR, GYG, GYY, YRR,

YRG, YRY, YGR, YGG, YGY, YYR, YYG, YYY}
Y is the number of green balls obtained.
Y={0, 1, 2, 3}
3 33 27
Pr(Y =3)=Pr(GGG) = —X —X—=——
10 10 10 1000
Pr(Y = 2) = Pr(RGG + Pr(GRG) + Pr(GGR) + Pr(GGY) + Pr(GYG) + Pr(YGG)
Pr(Y:2)=i><i><i+i 33 i><i><i
10 10 10 10 10 10 10 10 10
3.3 4 3 3 3 4 3 3

+—X—X—+—X—X—+—X—X—
10 10 10 10 10 10 10 10 10
27 36 189

Pr(Y =2)= X3+ X3 =
1000 1000 1000

Pr(Y =1) = Pi(RRG) + Pr(RGR) + P((RGY) + Pr(RYG) + Pr(GRR) + Pr(GRY)
+Pr(GYR)+Pr(GYY)+Pr(YRG) + Pr(YGR) + Pr(YGY) + Pr(YYG)

3.3_.3 3.3 3 3 3 4 3 43
PrY =])=—X—X—4+—X—X—4+—X—X—+—X—X—
10 10 10 10 10 10 10 10 10 10 10 10
3.3 .3 3 .3 _4 3 4 3 3 4 4
+—X—X—F—X—X—F—X—X—F+—X—X—
10 10 10 10 10 10 10 10 10 10 10 10
4 3 3 4 3 3 4 3 4 4 4 3
+—X—X—+—X—X—F+—X—X—+—X—X—
10 10 10 10 10 10 10 10 10 10 10 10
Pr(Y =1)= 27 X3+ 36 X6+ 48 X3
1000 1000 1000

Pr(Y = 1)=ﬂ
1000
Pr(Y =0)=1—(P(Y =)+ P(Y =2)+ P(Y =3))
pr(yzo)zl_(ﬂ+ﬁ+1j
1000 1000 1000

1000 657 _ 343

PrY =0)= =
1000 10000 1000
y 0 1 2 3
343 441 189 27
Pr(Y = y)
1000 1000 1000 1000

z Pr(Y = y) =1 and all probabilities are between 0 and 1, therefore this is a discrete probability function.

all y
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2 Let X be the number of sixes obtained.
E={11, 12, 13, 14, 15, 16
21, 22, 23, 24, 25, 26
31, 32, 33, 34, 35, 36
41, 42, 43, 44, 45, 46
51, 52, 53, 54, 55, 56
61, 62, 63, 64, 65, 66}
X=1,2,3
Pr(X=2)=Pr(66)=l><l=i
6 6 36
Pr(X =1)=Pr(61, 62, 63, 64, 65, 16, 26, 36, 46, 56)
Pr(X:I):10><l><l:E
6 6 36
Pr(X=0)=1-(Pr(X=1)+Pr(X =2))

prx—g -1 L. 10) 0 133

36 36) 36 36 36
X 0 1 2
Pr(X = x) 25 10_5 1
= 36 36 18 36

3 a i 0<Pr(Y=y)<1forall yand the sum of the probabilities is 1.
This is a discrete probability density function.

ii 0<Pr(Y =y)<1for all yand the sum of the probabilities is 1.
This is a discrete probability density function.

b Y Pi(X=x)=1
all x
5k+3k—0.14+2k+k+0.6—3k=1
8k+0.5=1
8k=0.5
05 1
T8 16

4 a i0<Pr(Y=y)<Iforall yand the sum of the probabilities is 0.9.
This is not a discrete probability density function.
ii Negative probabilities so this is not a discrete probability density function.
b D Pr(X=x)=1
all x

0.5k% + 0.5k +0.25(k +1)+ 0.5+ 0.5k =1
k*+0.75k+0.75=1
k*+0.75k+0.25=0

100k> +75k+25=0

4k* +3k—1=0

(4k-D(k+1)=0

k=

5 a £={11,12, 13, 14, 15, 16
21, 22, 23, 24, 25, 26
31, 32, 33, 34, 35, 36
41, 42, 43, 44, 45, 46
51, 52, 53, 54, 55, 56
61, 62, 63, 64, 65, 66}
b Z = number of even numbers so Z ={0, 1, 2}

Pr(Z =0)=Pr(11)+ Pr(13) + Pr(15) + Pr(31) + Pr(33) + Pr(35) + Pr(51) + Pr(53) + Pr(55)

Pr(Z=0)=(0.1x0.1)x9

Pr(Z =0)=0.09
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Pr(Z =2) = Pr(22) + Pr(24) + Pr(26) + Pr(42) + Pr(44) + Pr(46) + Pr(62) + Pr(64) + Pr(66)
Pr(Z =2)=(0.2%0.2)+ (0.2 0.25) + (0.2 X 0.25) + (0.25x 0.2) + (0.25 X 0.25)
+(0.25%0.25)+(0.25x 0.2) + (0.25 % 0.25) + (0.25 X 0.25)
Pr(Z =2)=0.49
Pr(Z =1) = Pr(12) + Pr(14) + Pr(16) + Pr(21) + Pr(23) + Pr(25) + Pr(32) + Pr(34) + Pr(36)+ Pr(41) + Pr(43) + Pr(45)
+Pr(52) + Pr(54) + Pr(56) + Pr(61) + Pr(63) + Pr(65)
Pr(Z=1)=1-(Pr(Z=2)+Pr(Z=0))=1-(0.49+0.09) = 0.42

z 0 1 2
Pr(Z=72) 0.09 042 | 0.49

Pr(Z=1)=0.42
& ={SSS, SSA, SAS, SAA, ASS, ASA, AAS, AAA} where S means Simon won and A means Samara won.
X = number of sets Simon wins
Pr(X =0) = Pr(AAA) = 0.6° =0.216
Pr(X =1) = Pr(AAS) + Pr(ASA) + Pr(SAA) = (0.6)> x 0.4 x 3= 0.432
Pr(X = 2) = Pr(SSA) + Pr(SAS) + Pr(ASS) = (0.6)? x 0.4 x 3=0.288
Pr(x = 3) = Pr(555) = 0.4° = 0.064

X 0 1 2 3
Pr(X=x) | 0216 | 0.432 | 0.288 | 0.064

Pr(X <2)=1-Pr(X =3)=1-0.064 = 0.936
0<Pr(X=x)<1forall xand  Pr(X =x)=0.1+0.5+0.5+0.1=1.2#1

all x
This is not a discrete probability density function.
Negative probabilities so this is not a discrete probability density function.

I 191

0<Pr(Z=z)<lforall zand Y, Pr(Z=2)=0.25+0.15+0.45+0.35=1.150 D Pr(Z=z)#1. This is not a discrete probability

. . 1l z Il z
density function. ? &

0<Pr(X=x)<1forall xand ¥ Pr(X =x)=0.1+0.25+0.3+0.25+0.1=1

all x
This is a discrete probability density function.

Y Pr(x=x)=1

all x

3d+05-3d+2d+04-2d+d-0.05=1
d+0.85=1
d=0.15

N Py =y)=1
all y
0.5k +1.5k +2k +1.5k + 0.5k =1
6k=1
=1
6
Y Pi(Z=2)=1
all z
1
——a2+l—a2+l—a2+a=1
3 3 3
l+a—-3a*=1
a-3a’>=0
a(l-3a)=0
1-3a=0asa>0

1=3a ora:l
3
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1 1 4
9 a p(x)=;(5—x), p(1)=—(5—1)=—,

1 1
P(3)——(5 3)=- ,P(4)——(5 4)——

Each probability hes between 0 and 1. Sum of probabilities is 1 so this is a discrete probability function.
2

bp(x)="4;’: 2

-1 +1 2 1° -1
p(‘l):iiT ) (1>2— o=
p(2)=> "2=%, p(3)=34(")3=%

Each probablhty lies between 0 and 1. Sum of probabilities is greater than 1 so this is not a discrete probability function.

1
¢ P(X)ZE\E

1 2 3
p(l)—gﬁ-—, p4)= Ef 5 PO= —ﬁ—g

1 5
P(16)—EV —, p(25)= —\/ =15

Each probablhty lies between 0 and 1. Sum of probabilities is 1 so this is a discrete probability function.

10 p(x):l(15—3x)
a
1 12
P(l)—g(15 31)——, P(Z)——(15 3(2))——, P(3)——(15 3(3))——

1
p(#)=—(15-3(4) = ,p(S)-—(15 3Gn=

2+9+6+3+0_1
a a a a

30
=1
a
a=30

11 a F =female and M = male

F
F<F<M
M F
< B—
F
F M<F<M
M
<§[
F
F<F<M
M
M< —F
F
M F
<M
FFFF, FFFM, FFMF, FFMM , FMFF, FMFM ,

& =< FMMF, FMMM, MFFF, MFFM, MFMF, MFMM ,
MMFF, MMFM , MMMF, MMMM ,

b X is the number of females in the litter
X ={0,1,2,3,4}

4 4 4
Pr(X:O):G) :%, Pr(X:l):4(%) _%, Pr(X:2):6G) -0

1" 4 Nt 1
Pr(X—S)—4(5) -, Pr(X_4)_(Ej -1

X 0 1 2 3 4

6
6

oo | W

4
6

NI
I
[@))

4
Pr(X=x)| — B:
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1
¢ Pr(X=4)=—
t( ) T

1 15
d P(X>1)=1-Pr(X=0)=1-—=—
(X=1) X =0=1-10=1¢
e Pr(x<2)—Pr(x—0)+1>r(x—1)+1>r(x—2)—i+i+£—H
- - - 7716 16 16 16

12 a £={11, 12, 13, 14, 15, 16, 17, 18, 19, 110, 111, 112
21, 22, 23, 24, 25, 26, 27, 28, 29, 210, 211, 212
31, 32, 33, 34, 35, 36, 37, 38, 39, 310, 311, 312
41, 42, 43, 44, 45, 46, 47, 48, 49, 410, 411, 412
51, 52, 53, 54, 55, 56, 57, 58, 59, 510, 511, 512
61, 62, 63, 64, 65, 66, 67, 68, 69, 610, 611, 612
71,72,73,74,75,76,77,78,79, 710, 711, 712
81, 82, 83, 84, 85, 86, 87, 88, 89, 810, 811, 812}
b X is the number of primes obtained as a result of a toss
Pr(X =0)=Pr(11, 14, 16, 18, 19, 1 10, 1 12, 41, 44, 46, 48, 49, 4 10, 4 12,
61, 64, 66, 68, 69, 6 10, 6 12, 81, 84, 86, 88, 89, 8 10, 8 12)

= 28x(lxij
g8 12
28
96
Pr(X =1)=Pr(12, 13, 15, 17, 111, 21, 24, 26, 28, 29, 210, 2 12,
31, 34, 36, 38, 39, 310, 312, 42, 43, 45, 47, 4 11,
51, 54, 56, 58, 59, 510, 512, 62, 63, 65, 67, 611,
71, 74, 76, 78, 79, 710, 7 12, 82, 83, 85, 87, 8 11)

=48x(lxij
8 12

48

"9
Pr(X =2)=Pr(22, 23, 25, 27, 2 11, 32, 33, 35, 37, 311,
52, 53, 55, 57, 511, 72, 73, 75, 77, 7 11)

:ZOX(lxi)
8 12
-2

96

¢ Pr(Win)=Pr(X =2)xPr(X =2)xPr(X =2)

= (i)} =0.009
24

13 a Possible scores are:
PP = 20 points, PJ or JP = 15 points, PS or SP = 12 points, JJ = 10 points
JS or SJ =7 points, SS = 4 points

b Pr20)= x> =2 Pr(15)=2(3xlj=i,
13713 169 13°13) 169
Pr(lz):z(ixg)zﬁ, Pr(10)= 4 x =1
13°13) 169 13713 169
Pr(7)=2(L><2)=£, Pr(4)= > x> = 8L
13°13) 169 13713 169
X 4 ]7] 10 12 ] 157 20
Prx=x) |SL|18) L | 3+ | 6 19
HA=Y 1969 (169] 169 | 169 | 169 | 169
c iPr(X=15):i
169

i Prx>12)=t, 6,9 69
169 169 169 169

= >
i Prox=151x212)= X =1S0X212) 6

[69_6 2
Pr(X >12) 169 69 69 23
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14 a Y Pr(X=x)=1

all x

3m4+2n=luerrrerenee. (1)
3Pr(X =0)=Pr(X =5)
3M =N, 2)
Substitute (2) into (1)
n+2n=1
3n=1
1
"3

Substitute n = % into (2)

3‘)m=l
3
1
m=—
9
b i PriX=20)=Pr(X=0)+Pr(X=1)+Pr(X=5)
Pr(X20)=l+l+l=§
9 9 3 9
= >
i Prx=11x>0)-DE=DAPX20) 1.5 1
Pr(X =0) 9 9 5
15 a S = Success and F — Failure
S ——S
S F
— =
S
F S<Is:
S . s—— S——3
<F F—st
— &
s<3<§
S<F ]; <g
<
F <F g
<F<S<§
F
F<IS:

E = {SSSSS, SSSSF, SSSFS, SSSFF, SSFSS, SSEFSF, SSFFS, SSFFF, SFESSS, SFSSF, SFSES, SFSFF, SFFSS, SFFSF, SFFES,
SFFFF, FSSSS, FSSSF, FSSES, FSSFF, FSFSS, FSFSF, FSFES, FSFFF, FFSSS, FFSSF, FFSES, FFSFF, FFFSS, FFFSF,
FFFFS, FFFFF}

X={0, 1, 2, 3, 4, 5}

Pr(X = 0) = Pr(5 failures) = 0.4° =0.01 024

Pr(X =1) = Pr(4 failures)=5x0.4* x0.6=0.0768
Pr(X =2)=Pr(3 failures) = 10x 0.4°> x 0.6> = 0.2304
Pr(X =3)=Pr(2 failures) =10x0.4% x 0.6° =0.3456
Pr(X =4)=Pr(l failure) =5x0.4x0.6* =0.2592
Pr(X =5) = P(0 failures) = 0.6° = 0.0778

X 0 1 2 3 4 5
Pr(X =x)| 0.0102 | 0.0768 | 0.2304 | 0.3456 | 0.2592 | 0.0778

b Pr(X =3)+Pr(X =4)+Pr(X =5)=0.3456+0.2592+0.0778 = 0.6826

It is a success helping three or more patients.
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16 a R Game over

Game over
—R Game over
Game over
Game over

o™

Game over
—R Game over
Game over
Game over
Game over
—R Game over
Game over
Game over

~SQWR KQWR <QWR
AR A”AAIRI AAA

b Wins $10 with BBB, GGG orYYY

¢ x={0, 1, 10}
1>r(x=0)=3+3(l 2j+9( xlxlj
5 575 57575
2 6 9
=S4+ —+—
525 125

50,3079 98
125 125 125 125

1Y 3
Pr(X=10)=3| = | =—
5) 125

Pr(X =1)=1—(Pr(X = 0) +Pr(x = 10))
125 (98 L3 ) 24

125 125 125 125
X $0 $1 $10
24
PrX=x)| - 24 3
125 125 125

2 1
17 a Pr(H)= 3 and Pr(T) = 3 and X = the number of heads obtained.

1 6
Pr(X =0)= ( ) =0.0014
Pr(X—l)—"cl( ) ) 0.0165

Pr(X =2)= Gcz() j=00823

3( 3
i)
wcco-el2] 2

(

u

0.2195

0.3292

0.2634

2
3
2
3
2
3
2 5
Pr(X = 5)_6c5[ j 3
2
3

Pr(X=0=06)= =0.0878

jﬁ
k

x 2 3 4 5 6
Pr(X=x)| 0.0014 | 0.0165 | 0.0823 | 0.2195 | 0.3292 | 0.2634 | 0.0878

b i Pr(X>2)=Pr(X =3)+Pr(X =4)+Pr(X =5)+Pr(X =6)
=0.2195+0.3292 +0.2634 + 0.0878
=0.8999
i Pr(X>21X<5)
_ Pr(X=3)+Pr(X =4)
~ 1—(Pre(X =5)+Pr(X =6))
0.2195+0.3292

T 1-(0.2634+ 0.0878)
= 0.8457
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18 Y Pi(r=y=1

all y
0.5k> +0.3—0.2k+0.1+0.5k> +0.3=1
k*—02k+0.7=1
k*—0.2k-0.3=0
k=-0.4568 or k =0.6568
k can be positive or negative due to the two places of k: 0.5k* and 0.3-0.2k

For both values of k, 0 < 0.5k> < 1and 0<0.3-0.2k < 1

Exercise 10.3 — Measures of centre and spread
1a p(x)=%(2x—l), xe{l, 2, 3,4}

1 1

P =1 QMH-1)=

6

1 3
p(z)—g@(z)—l)—g
1 5
p<3>—g(2<3>—1)—g
1 7
”(4)‘B(2(4)‘1)‘R

y 1 2 3 4

Pr(X = 1| 31 5|2
TX=0 1 1 16 16 16

b E(X>=1(ij+z(i)+3(i)+4(l)
16 16 16 16

Ex=—L4+ 2.1 §—9=3.1250r3%

=—t—t—+—=
16 16 16 16 16
2 a Pr(Y):Pr(—$2)=%, Pr(G):Pr($3)=i, Pr(R):Pr($6)=%, Pr(P)=Pr($8)=%

X -$2 | $3 $6 $8
px=n| + | L] 1|1
4 | 2| 4| 3
b EX)= —2(1) + 3(lj + 6(lj + 8[1)
4 4 4 4
3

BEx)=-24+548.8

4 4 4 4

s a b= LYo 2)es( 2o 22 ) 2
10 10 10 10 10 2

5 10 3d 25 15
+ [ p—

15
=—=%3.75
4

+—+—+==
107710 10 10 2
3d+30 15

10 2
3d +30="175

3d =45
d=15

b i EQY+3)=2E(Y)+3=2(7.5)+3=18
ii B5-Y)=5-E(¥)=5-7.5=-25
iii E(-2Y)=—2E(Y)=-2(7.5=-15
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4 p(z)=§(zz—4), 2<7<5

p(2>=§(22—4)=0, p(3>=i(32 —4)=i,

38
I - 12 2 21
= @ -d=2, 5_—5—4
=@ == pO)= 6 =1
E(Z):2<0>+3(ij+4( j+5(21]
38 38 38
EZ)=0+24+ 2,10
38 38 38
168

E(Z)=——=4.42
(2) 38

5 a E(X)=1(0.3)+2(0.15)+3(0.4)+4(0.1)+5(0.05)

E(X)=$2.45

b E(X?)=1%(0.3)+22(0.15)+3%(0.4)+4%(0.1)+ 52(0.05)

E(x*)=7.35
Var(X)=E(X*)~[E(X)]’
Var(X)=7.35-2.45% =$1.35
SD(X)=+/1.35=$1.16
k+k+2k+3k+3k=1

10k=1

1
10

(o (324

15 _
10

32

2 4 12
——+0+—+—+ —=
10 10

E(X) = +
ST 10

TOPIC 10 Discrete random variables ¢ EXERCISE 10.3

¢ E(X?)=(-2) ( )+0 ( )+22(2)+42(3j+62(i)
10 10 10 10 10

E(X)—i+0+i —+—=—=16.8
10 10 10 10 10
Var(X)=E(X?)-[E(X)]* =16.8—3.22 =6.56

SD(X)=+/6.56 =2.56

2

48 108 168

X
7 a px)=— x=1, 2, 3, 4.
p(x) 30
1 2? 9 42 16
D= pQ)= = pB)==— 16
PO=33=30" P@P=30730 PP =3730 P =307 30
x 1 2 3 4
1 4 29 3 |16 3
PrX=y)| — | -2 |2_2|1_58
30 30 15 |30 10 | 30 15
Y Pr(X = x)—— NLENL L
~ 3030 30 30
b i E(X)—l( ! j+2(i)+3(i)+4(ﬁj
30 30 30 30
B Ly 8,27, 64 100 10
30 30 30 30 30 3

i B0t = (55 )+ 255+ (55)+ (57
30 30 30 30

Bty L, 16, 81256
30 30 30 30
E(X2)=ﬁ=£
30 10
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Var(X) = E(X?) - [E(X) [’

2
Var(X) = 18 _ (gj
10 3

Va2 1082 _100_&2_31_ o
90 90 90 45

¢ i Var@X+3)=4>Var(X)=16(0.69)=11.02
i Var(2—3X)=(-3)?Var(X)=9(0.689)=6.2
8 a E(Z)=-7(0.21)+m(0.34) + 23(0.33) + 31(0.12) = 14.94
—147+034m+7.59+3.72=14.94
0.34m +9.84 =14.94
0.34m=5.1
5.1
m=——
0.34
m=15
b E(Z?)=(=7)%(0.21)+15%(0.34)+23%(0.33)+31%(0.12)
E(Z?)=10.29+76.5+174.57+115.32
E(Z%)=376.68
Var(Z)=E(Z*) - [E(2))
Var(Z) =376.68—14.94>
Var(Z)=153.48
Var(2(Z-1))= VAR(2Z - 2)
Var(2(Z —1)) = 2* VAR(Z)
Var(2(Z -1))=4x153.48
Var(2(Z-1))=613.91
Var(3—Z) =(-1)>Var(2)
Var(3—-Z)=153.48
9 a YPr(X=x)=1
all x
s w0 e e oL rof2)ei(2) 2] a(d)
9 9 9 9 9 9 9

3 2 1 2.2 3 1

3§ 3o o))
i E(x?) (3)(9 S g R e R e R e e e P R

E(X2)=2+£+l+0+g+ﬂ+2
9 9 9 9 9 9
29

E(X*)="—

XH=

Var(X) = E(x*) - [ECO)T

2
Var(X) = % - (lj

9
Var(X) = @_L: @: 3.2099
81 81 81

SD(X) =+/3.2099 =1.7916
b D Py =y)=1

all y
i E(Y)=1(0.15)+4(0.2)+7(0.3)+10(0.2)+13(0.15)
E(Y)=0.15+0.8+2.1+2+1.95=7
ii E(Y?)=1%(0.15)+4%(0.2)+7°(0.3)+10%(0.2)+13%(0.15)
E(Y?)=0.15+3.2+14.7+20+25.35
E(Y?)=63.4
Var(Y)=E(Y?)~[EQ)])’
Var(Y)=63.4—7>
Var(Y)=63.4-49=144
SD(Y)=+/14.4 =3.7947
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¢ D P(Z=2)=1

all z

)34

1 6 12 8 5 6

E(Z)=—+—+—+—+—+—
12 12 12 12 12 12
E(Z)= (38) o
12 6

ii E(z%:ﬁ[lj+22(l)+32[1)+42(1)+52[l)+62(i)
12 4 3 6 12 12
E(Z2)—i 12,36,32,25,36
12 12 12 12 12 12

142
E(Z*)=—
(Z9=1

Var(Z) = E(Z%) - [E@)]

2
Var(Z) = & - (gj

12 {6
Var(z) = 1704 _ 144
144 144

Var(Z) = @ =1.8056

SD(Z) = \/7—13437

10 a ) Pr(Y=y)=1

all y
1-2c+3c* +1-2c=1
3¢ —4c+1=0
Bc=1D(c-1)=0
3c—1=0o0rc—-1=0
3c=1 c=1

1

cC=—

3

1
nec=—asl<c<l1
3

b y -1 1 3 5 7
my—w | L | L L[]
WEYL S 9 9 | 9|3

E(Y):-l(l)ﬂ 1)+3(1j+5(1)+7(1j
3 9 9 9 3
E(Y)——l+1+3+5+z
39 9 9 3
E(Y)_—§+1+§+§+21
9 9 9 9 9
27
EY)="-=3
) 9
¢ EY?)=(- 1)( )+1 (1)+32(1j+52(1)+72(1)
9 9 9 3

E(Y )_—+1+9+§+ﬂ
999 9 9

E(r?)= 185

Var(Y)=E(¥?)-[E®)])*
Var(Y) = 125 32

9
Var(Y)= %

Var(Y)=11.56
SD(Y)=+/11.56 =3.40
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11 a EQX-1)=2EX)-1
EQ2X-1)=2(4.5)-1=8
b E(5-X)=5-E(X)
E(5-X)=5-45=05
¢ EGX+1)=3E(X)+1
EGX+1)=34.5)+1=145
12 SD(X)=2.5s0 Var(X)=2.5> =6.25
a Var(6X)=6Var(X)=36x%6.25=225
b Var(2X+3)=2>Var(X)=4%x6.25=25
¢ Var(-X)=(-1)?>VAR(X)=6.25
13 a p(x)=hGB-x)(x+1)
p(0)=h(3)(1)=3h
p()=hGB-DA+1)=4h
p(2)=hGB-2)2+1)=3h

3h+4h+3h=1
10h=1
h=L
10
b X 0 1 2
Prix=x)| 3 | 4 | 3
10 10 | 10
E(X)=0 A0 Y B Y (5

10 10 10
E(X)= 0424610,

10 10 10
E(X2)=02( )+12( )+22[ )
E(X%)= o4 212 16

10 10 10

Var(X)=E(X?)-[E(X)]?
Var(X) =%—(1>2

Var(X )_E_&_izoﬁ
10 10 10

SD(X)= \/: =0.7746
10

14 a Y Pr(X=x)=1
all x

a+02+03+b+0.1=1
a+b+0.6=1
A+b=04eeeiieieinns (1)
E(X)=2.5
1(a)+2(0.2)+3(0.3)+4(b)+5(0.1)=2.5
a+04+09+4b+0.5=2.5
a+4b+1.8=25
a+4b=0.7.....(2)

@)=
36b=0.3
b=0.1
Substitute »=0.1 into (1)
a+0.1=04
a=03
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b E(X?)=12(0.3)+22(0.2)+3%(0.3)+42(0.1)+52(0.1)
E(X*)=0.3+0.84+2.7+1.6+2.5
E(X*)=79
Var(X)=E(X*)~[E(X)]*
Var(X)=7.9-2.5"
Var(X)=7.9-6.25
Var(X)=1.65
SD(X)=+/1.65=1.2845

15 a Var(X)=2a-2 and E(X)=a
Var(X) =E(X?)~ [E(X)]’
2a-2=E(X*)—-a*
a*+2a-2=E(X?)

b E(x*)=6

a’*+2a-2=6
a*+2a-8=0
(a+4)a—-2)=0
a+4=0o0ra-2=0
a=-4 a=2

a=2,a>0
Thus E(X)=a=2 and Var(X)=2a-2=2(2)-2=2
_Jny y=1,2, 3,4
162 ”(")‘{nw—y) ¥=5,6
p()=n, p(2)=2n, p(3)=3n, p(4)=4n, p(5)=2n, p(6)=n
Y Pr(x=x)=1
all x
n+2n+3n+4n+2n+n=1
13n—-1=0
1
n=—
13
bl 1 2 3 4 5 6
1 2 3 4 2 1
PrY =y)| — = = = - -
13 13 13 13 13 13

E(Y):l(ij+2(£)+3(i)+4(i)+5(£)+6(L)
13 13 13 13 13 13
E(Y)=i+i+2+§+9+£:ﬁ:3.5385

13 13 13 13 13 13 13
o) 38 3o

13 13 13 13 13 13

Bytyo L 8,27, 64 50 36186

13 13 13 13 13 13 13

Var(Y)=E(Y?) - [E()]?

Var(y):@_(ﬁjz
13 13

Var(yy= 2418 _2116 302 _, 2005
169 169 169

SD(Y)=+/1.7870 =1.3368

17 a E={11, 12, 13, 14, 15, 16, 17, 18
21, 22, 23, 24, 25, 26, 27, 28
31, 32, 33, 34, 35, 36, 37, 38
41, 42, 43, 44, 45, 46, 47, 48
51, 52, 53, 54, 55, 56, 57, 58
61, 62, 63, 64, 65, 66, 67, 63
71, 72, 73, 74, 75, 76, 77, 78
81, 82, 83, 84, 85, 86, 87, 88}
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V1
b Pr(Z=l)=Pr(ll)=(§) ==

2
Pr(Z =2)="Pr(12, 21, 22):3(1j -3
8) 64
IR
Pr(Z=3)=Pr(13, 23, 31, 32, 33)=5| - | ==
8) 64
1V 7
Pr(Z =4)=Pr(14, 24, 34, 41, 42, 43, 44)=7 s "o

2
Pr(Z =5)="Pr(15, 25, 35, 45, 51, 52, 53, 54, 55)=9(%) =%

Pr(Z = 6) = Pr(16, 26, 36, 46, 56, 61, 62, 63, 64, 65, 66)
1 11

Pr(Z=6)=11|-| =—
8) 64

Pr(Z =T7)=Pr(17, 27, 37, 47, 57, 61, 71, 72, 73, 74, 75, 76, 17)

2
Pr(z=7)=13(l) B

8) 64
Pr(Z =8)=Pr(18, 28, 38, 48, 58, 68, 78, 81, 82, 83, 84, 85, 86, 87, 88)
1V 15
Pr(Z=8)=15|-| =—
8) 64
z 1123|4561 7]s38

Pr(Z T35 (78 |np13]1s5
2= 2 |64 | 64 | 62 | 64 | 62 | 64 | 62

cE(Z)ll+23+3i+4l+52+6£+7£+8£
64 64 64 64 64 64 64 64
6 15 28 45 66 91 120
E(Z)——+—+—+—+—+—+—+—
64 64 64 64 64 64 64 64

E(Z):ﬂzs.zﬂzs
64

E(Z})=1*| — |[+2°| = 3 ix[2 +42(l)+52 D e L2 1B g2 (13
64 64 64 64 64 64 64 64
Bzl 12,45, 112 205 396 637 060 2388 .,
64 64 64 64 64 64 64 64 64

Var(2)=E(Z*)-[E(2)]’
Var(z)= 2388 (372)Z

64\ 64
152832 138384 14448
Var(Z)= - - -3.5273
4096 4096 4096
14 448
SD(Z) = |———> —_1.8781
4096
18 a Area of whole board is 7(4 x 5)* = 4007
I 1
B and A = 7(4)2 = 167 and Pr(A) = 2% = L
4007 25
4
B and B = 72(8)% — 167 = 647 — 167 = 487 and Pr(B) = —oF - 3
4007 25
B and C = 7(12)? — 647 = 1447 — 647 = 807 and Pr(C) = —2F = >
4007 25
B and D = 7(16)% — 1447 = 2567 — 1447 = 1127 and Pr(D) = 2% = L
4007 25
144
B and E = 7(20)% — 2567 = 4007 — 2567 = 1447 and Pr(E) = % _ 9.
200 25

b X is the gain in dollars

Pr(E) =-$1, Pr(D)=$0, Pr(C)=$1, Pr(B)=$4, Pr(A)=$9
X —$1 $0 $1 $4 $9
9 715 1

Pr(X=x)| — — = 2 —
25 25 |25 5| 25 25
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c i E(X)——l(g)+O[lj+1(ij+4(ij+9(i)
25 25 25 25 25

a

B=-2 4083412, 9
25 25 25 25

E(X)= 17 =0.68 cents
25

ii B(X?)=(-1) ( j+02(7 j+12(i)+42(i)+92(ij
25 25 25 25 25

E(X)——+0 S a8 8l
25 25 25 25
143

E(X?)=—

(X" 55

Var(X) = E(X?)~ [E(X)]?

vaoo=55-(2)

3575 289 3286

Var(X)- o2 - 222 =222 - g506
625 625 625
sD(X) = 2280 _ 5229
625

Possible Scores:

2 4 6 8 11
— Y A — = —
1-1, 1-3, 1-5, 1-7, 1-10
I SIS S S I < A
3-1, 3-3, 3-5, 3-7, 3—-10

6 8 10 12 15
— —

— —= ——
E=45-1, 5-3, 5-5, 5-7, 5-10
’_§“ 10 12 14 17

——
7-1, 7-3, 7-5, 7-7, 7-10
1] 13 15 17 20
—_— Y Y =
10-1, 10-3, 10-5, 10-7, 10-10

.. Possible Scores are 2, 4, 6, 8, 10, 11, 12, 13, 14, 15, 17, 20

Pr(2) = Pr(11)= 0.2 x 0.2 = 0.04
Pr(4) = Pr(13, 31) = (0.2x 0.2)> = 0.08
Pr(6) = Pr(15, 33, 51) = (0.2x0.3)+ (0.2 x 0.2) + (0.3x 0.2) = 0.16

Pr(8) =Pr(17, 35, 53, 71)=(0.2x0.2)+(0.2x 0.3) + (0.3x 0.2) + (0.2 x 0.2) = 0.20

Pr(10) = Pr(37, 55, 73) = (0.2x 0.2)+ (0.3x 0.3)+ (0.2 x 0.2) = 0.17
Pr(11)=Pr(1 10, 10 1) = (0.2x 0.1) + (0.1 x 0.2) = 0.04

Pr(12) = Pr(57, 75)=(0.3x0.2)+(0.2x0.3)=0.12
Pr(13)=Pr(1 10, 10 1)=(0.2x0.1)+(0.1x0.2)=0.04
Pr(14) =Pr(77)=0.2x 0.2 = 0.04

Pr(15)=Pr(5 10,10 5)=(0.3x0.1)+(0.1x0.3)=0.06
Pr(17)=Pr(7 10, 10 7)=(0.2x0.1)+(0.1x0.2) = 0.04
Pr(20)=Pr(10 10)=0.1x0.1=0.01

X 2 4 6 8 10 11 12

13

14

15

17

20

Pr(X=x)| 0.04 | 0.08 | 0.16 0.2 0.17 0.04 | 0.12

0.04

0.04

0.06

0.04

0.01

E(X)=9.4 and SD(X)=3.7974

Y Pr(Xx=x)=1

all x

0.5k +0.5k> +k+ k> +4k+2k+2k+ k> +7k> =1

10k% +9k—-1=0

k=—1 or k=0.1
. k=0.1k>0

E(X)=1.695

SD(X)=1.167
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Exercise 10.4 — Applications
1 a E(X)=5(0.05)+10(0.25)+15(0.4)+20(0.25)+25(0.05)

E(X)=0.25+2.5+6+5+1.25
E(X)=15

b E(X?)=5%(0.05)+10%(0.25)+15%(0.4)+20%(0.25) + 25%(0.05)
E(X*)=1.25+25+90+100+31.25
E(X?)=247.5
Var(X)=E(X?) - [ECO]
Var(X)=247.5-15"
Var(X)=22.5
SD(X)=~/22.5=4.7434

¢ U—20=15-2(4.7434)=5.5132
U+20 =15+2(4.7434) = 24.4947
Pr(i—20 < X < +20) =Pr(5.5132 < X < 24.4947)
Pr(i—20 < X < u+20) = Pr(X = 10) + Pr(x = 15) + Pr(X = 20)
Pr(i—20 < X < i +20) =1—(Pr(X = 5)+Pr(X = 25))
Pr(u-20<X<u+20)=1-0.1=0.9

2 E(X)=0(0.012)+1(0.093)+2(0.243)+3(0.315)+ 4(0.214) + 5(0.1)+ 6(0.023)
E(X)=0+0.093+0.486+0.945+0.856+0.5+0.138
E(X)=3.018
E(X%)=02(0.012)+1%(0.093)+22(0.243)+3%(0.315) +4%(0.214) + 52 (0.1)+ 6 (0.023)
E(X?)=0+0.093+0.972+2.835+3.424+2.5+0.828
E(X?)=10.652
Var(X)=E(X?)~[ECO)
Var(X)=10.652—3.018>
Var(X)=1.5437
SD(X)=+/1.5437 =1.2424
U—20 =3.018—2(1.2424) = 0.5332
U+20 =3.018+2(1.2424) =5.5028
Pr(it—20 < X < u+20) =Pr(0.5332 < X <5.5028)
Pr(—20 <X < f1+20) =Pr(X = 1)+ Pr(X = 2) + Pr(x = 3) + Pr(X = 4)+ Pr(X = 5)
Pr(u—20 <X <p+20)=1—(Pr(X =0)+Pr(X =1))
Pr(u—20 <X <u+20)=1-(0.012+0.023)
Pr(u—20 <X <u+20)=0.965

3 x $100 $250 $500 $750 | $1000
PrX=x)| 0.1 0.2 0.3 0.3 0.1

where X is hundreds of thousands of dollars.
a Pr(X <$500)=Pr(X = $100) + Pr(X = $250) + Pr(X = $500)
Pr(X <$500)=0.1+0.2+0.3=0.6
Pr(X = $250) N Pr(X < $750)
Pr(X <$750)
Pr(X =$250)+Pr(X =$500)+ Pr(X = $750)
1-Pr(X =$1000)
0.2+0.3+0.3
1-0.1

Pr(X >$250| X g$750):%=§

b Pr(X >$250| X <$750)=

Pr(X >$250| X <$750)=

Pr(X >$250] X <$750)=

¢ E(X)=100(0.1)+250(0.2)+500(0.3)+750(0.3)+1000(0.1)
E(X)=10+50+150+225+100=$535
.~.the expected profit is $535 000

d E(X?)=100%(0.1) + 250 (0.2) + 5007 (0.3) + 7502 (0.3) + 1000%(0.1)
E(X?) =1000 + 12500 + 75000 + 168 750 + 100 000
E(X?) =357250
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Var(X) = EX}) - [EX)]

Var(X) = 357 250 — (535)> = 71 025

SD(X) = /71025 = 266.51

U—20 =535-2(266.51)=1.98

U+20 =535+2(266.51)=1068.02

Pr(u—20 <X < t1+20)=Pr(1.98 < X <1068.02)
Pr(u—20<X<u+20)=1

Y Pr(z=2)=1

all z

3MABN= e M

Pr(Z <2)=3Pr(Z>4)
P{(Z=0)+Pr(Z=1)=3Pr(Z=5)

2m =3Muueccurenn. )
Substitute (2) into (1)
3m+2m=1
Sm=1
1
m=—
5

1
Substitute m = 3 into (2)

2(l)=3n
5
2

n=—
15

w03 ()2

B =0s3e 8y €, 8 10
15 15 15 15 15

33 11
E(Z) = — = — as required
(2) 55 q

E(Z%) = 02(3) + 12(3) +22(i) +32(3j +42(3) +52(3j
15 15 15 15 15 15

3 12 18 32 50

E(Z) =0+ —+—+—t ot
515 15 15 15
Bzty- 15 _23
15 3

Var(Z)=E(Z%)-[E(2)]?

23 (11
Var(Z)=—-| —
ar(Z) 3 (SJZ

121
Var(Z)=">-—
=370

575 363
Var(2)=22-22
75 75

Var(2) =22 22 8267
75

SD(2)= |22 _ 1 6813
75

,11—26:%—2(1.6813)=—1.1626

U+20 = %+2(1.6813) =5.5626
Pr(U—20 < Z < u+20)=Pr(-1.1626 < Z <5.5626) = 1
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5 a

E(Y)=3.5
1(0.3)+2(0.2) + d(0.4)+8(0.1)=3.5
0.3+0.4+0.4d+0.8=3.5
0.4d+1.5=3.5
0.4d=2
2
04
d=5
Pr(Y >2)"Pr(Y <5)
Pr(Y <5)
Pr(Y =2)+Pr(Y =5)
1-Pr(Y =8)
0.2+0.4

Pr(Y 22|y <5)=

Pr(Y 22|Y <5)=

Pr(Y 22|y <5)= 1
Pr(Y 22|y <5)= 06_2
09 3
E(Y?)=1%(0.3)+22(0.2)+5%(0.4)+82(0.1)
Er*)=03+0.8+10+6.4=17.5
Var(Y)=E(Y?) - [EQ))
Var(Y)=17.5-3.57
Var(Y)=5.25
SD(Y)=+/5.25 =2.2913
Y Pr(z=2)=1
all z
0.2+0.15+a+b+0.05=1
a+b+04=1
AHD =06 )
E(Z)=4.6
1(0.2)+3(0.15) +5a+ 7b+9(0.05) = 4.6
02+045+5a+7b+0.45=4.6
5a+7b+1.1=4.6
50+ 7D =35, )
From (1) a=0.6—b.......... 3)
Substitute (3) into (2)
5(0.6—b)+7b=35
3-5b+7b=3.5
2b=05
bh=0.25
Substitute b = 0.25 into (3)
a=0.6-0.25=0.35
E(Z%)=12(0.2)+3%(0.15)+52(0.35)+ 7%(0.25)+ 9% (0.05)
E(Z*)=0.2+1.35+8.75+12,25+4.05
E(Z?)=26.6
Var(Z)=E(Z*) - [E@2)]’
Var(Z)=26.6—-4.6> =5.44
SD(Z)=+/5.44 =2.3324
i E(3Z+2)=3E(Z)+3
=3(4.6)+3
=15.8
ii Var(3Z+2)=3?Var(Z)=9x5.44=48.96

b4 0 1 2 3 4 5

Pr(Z=2)| m m m m n n

Y P(Z=2)=1

all z

Pr(Z<3)=PrZ >4)
4dm=2n

Substitute (2) into (1)
dm+212m)=1
dm+4m=1
8m=1

m=—

8

1
Substitute m = 3 into (2)

)

n=

n
1
4
i E(Z)=0(lj+1(
8

e
8 8 8 4 4
E(Z)=0+—- +2+3+§+&
8 8 8 8 8
24
E(Z)=—=
(2)= g

el

E(Zz)=0+l+ﬁ+2+2+50
8 8 8

8 8

E(z2):98—6= 12

Var(Z)=E(Z*)~[E(2)]’

Var(Z)=12-3%=3
SD(Z)=+/3=1.732
U—20 =3-2(1.732)=—0.464
U+20 =3+2(1.732) = 6.464
Pr(u—20 < Z<p+20)=Pr(-0.464 < Z <6.464)=1

M %
N 0.216 0.264 0.480
N’ 0.234 0.286 0.520
0.450 0.550 1.000

a As M and N are independent

Pr(M " N)=Pr(M)Pr(N)=0.45%0.48=0.216
Pr(M’nN’")=0.286

Y is the number of times M and N occur. Y ={0, 1, 2}
Pr(Y =0)=0.286

Pr(Y =1)=0.264 +0.234 = 0.498

Pr(Y =2)=0.216

y 0 1 2
Pr(Y =y) 0.286 0.498 0.216
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d i E(¥Y)=0(0.286)+1(0.498)+2(0.216)=0+0.498+0.432=0.93

ii BE(Y?)=07(0.286)+1(0.498)+2(0.216)=0+0.498+0.864 =1.362
Var(Y) =E(Y?)-[E®)]
Var(Y)=1.362—0.93
Var(¥)=0.4971

iii SD(Y)=+/0.4971=0.7050

9 a pr(x)zé(4—x), where x ={0, 1, 2}

4 3 1 2
p0)= 57 p(D= 5 = g’ p(2)= 5

b 2 p(x)=1so this is a probability density function.

x=1

. R —of2 3 2\_7
i E(X)-,u-pr(x)—O(g)+l(9j+2(9] 5

x=1
(7]2 99 49 _50

9) 81 81 81

ii Var(X)=0 —Z(x 2)2 p(x) = 5

iii SD(X)= / =0.7857

¢ U-20=2-2(1.03)=—0.06
U+20 =2+2(1.03)=4.06
Pr(u—20 <X <u+20)=Pr(-0.06 < X <4.06)
Pr(1 —26 < X <p1+20)=Pr(0)+Pr(1)+ Pr(2)
Pr(u-2c<X<u+20)=1
10 a ) Pr(X=x)=1
all x
K> 5k—-1 3k-1 4k-1
—+ + +
4 12 12 12
3k>+5k—1+3k—1+4k—-1=12
3k2+12k-3=12
3k2+12k-15=0

=1

k*+4k-5=0
(k+5)k-1)=0
k=-5 k=1
k =—=51is not applicable .. k=1
x 0 1 2 3
Prxex) | oA L2 1 3
MX=01 07412731276 12
b E(X)= 0( j ( ) (3) 3(1):0+i+i+9 7
12 12 2 12 12 12
¢ Pr(X <14)=Pr(X =0)+Pr(X=1)= i+i=l
2 12
I a [ nNoney [ $1000 [ $15000 [ $50000 [ $100000 | $200000
Probability | & 1 1 1 1
rooapility 5 5 5 5 5

E (Bank offer) is
1 1 1 1 1
= 1000(—) +15 000(—) +50 000(—) +100 000(—) +200 000(—)
5 5 5 5 5
=$73200
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Money $1000 | $15000 | $50000 | $100000

. 1 1
Probability — —

1 1
4 4 4 4

E (Bank offer) is

=1000 ! +15 000 1 +50 000 ! +200 000 !
4 4 4 4

=$66 500
12 a Autobiography Probability | Cook Book Probability
New $65 0.40 New $54 0.40
Good used $30 0.30 Good used | $25 0.25
Worn used $12 0.30 Worn used | $15 0.35

New Autobiography + New Cook Book $65 + $54 = $119 0.4 x 0.40 = 0.16
New Autobiography + Good Cook Book $65 + $25 = $90 0.4 x 0.25 = 0.10
New Autobiography + Worn Cook Book $65 + $15 = $80 0.4 x 0.35=0.14
Good Autobiography + New Cook Book $30 + $54 = $84 0.3 x 0.40 = 0.12
Good Autobiography + Good Cook Book $30 + $25 = $55 0.3 x 0.25 = 0.075
Good Autobiography + Worn Cook Book $30 + $15 = $45 0.3 x 0.35 = 0.105
Worn Autobiography + New Cook Book $12 + $54 = $66 0.3 x 0.40 = 0.12
Worn Autobiography + Good Cook Book $12 + $25 = $37 0.3 x 0.25 = 0.075
Worn Autobiography + Worn Cook Book $12 + $15 = $27 0.3 x 0.35 = 0.105
X = cost of two books.

X $119 | $90 | $84 | $80 | $66 | $55 | $45 | $37 | $27
Pr(X=x) | 0.16 | 0.10 | 0.12 | 0.14 | 0.12 | 0.075 | 0.105 | 0.075 | 0.105

b E(X)=119(0.16)+90(0.1)+84(0.12)+80(0.14)+66(0.12)+55(0.075) + 45(0.105) + 37(0.075) + 27(0.105) = $71.70
13 a LetY be the net profit per day.

y —$120 | $230 | $580 | $930
Pr(Y =y) 0.3 0.4 0.2 0.1

b E(Y)=-120(0.3)+230(0.4)+580(0.2)+930(0.1)
E(Y)=$265

¢ E(Y?) = (=120)2(0.3) + 230%(0.4) + 5802 (0.2) + 930%(0.1)
E(Y?) =179 250
Var(v) =E(r?) - [EM)[
Var(Y) = 179 250 — 265>
Var(¥) =109 025

SD(Y) = /109 025 = $330

U—20 =265-2(330)=-$395

U+20 =265+2(330)=$925

Pr(u—20 <Y < u+20)=Pr(-$395<Y <$925)
Pr(u—20 <Y < u+20)=1-Pr(Y =$930)
Pr(u—-20<Y<u+20)=1-0.1=09

1

14 a Coin: Pr(H) =% and Pr(T) = 1

1 1 1 1 1 1
Die: Pr(l)=—, Pr(2)=—, Pr(3)=—, Pr(4)=—, Pr(5)=—, Pr(6)=—
M 1 ()12 ()4 ()4 ()12 ()4
5 5 1 1 5 110 10 1 110 1
L B i R s B e B s B i B e B e N e M s B e R )
E={1H, 2H, 3H, 4H, 5H, 6H, 1T, 2T, 3T, 4T, 5T, 6T}
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b

c
d

15 a

P(5) = Pr(1H, 2H, 5H) = (112 4) [ix

Pr(l) = Pr(3H, 3T, 4H, 4T, 6H, 6T)

Pr(10) = Pr(1T, 2T, 5T) = (112 4) (12><4)
3.
4

J (>
i)

[1
12 4

TOPIC 10 Discrete random variables ¢« EXERCISE 10.4

) _1
16

3)- L
4) 48 16

(e i) (o ) ()

i) (i)

L2
16
x 1 5 10
12 3 3 1
Pr(X=x) | —== = —
16 4 16 16
BOO=1[2 |es[ 2 o[ L |22, B, 103755
16) (16 16) 16 16 16 16

E(25 tosses) =25x2.3125=57.8

Let n be the number of tosses
2.3125n =100
= 100 =43.243
2.3125

Minimum number of tosses required is 44.
Pr(V UW)=0.7725 and Pr(V " W) =0.2275.
Pr(V U W) =Pr(W)+Pr(V)— Pu(W N V)
0.7725 = Pr(W) + Pr(V) — 0.2275
1.0000 =Pr(W) +Pr(V)..covvrereerirrerrrienne )
V and W are independent events.
Pr(W A V) =Pr(W) Pr(V)
0.2275 = Pr(W) Pr(V)
0.2275 _
Pr(W)
Substitute (2) into (1)
~0.2275
- P(W)
Pr(W) = 0.2275 +[Pr(W) |
=[Pr(W)]* = Pr(W) +0.2275
Pr(W) = 0.65 or 0.35

But Pr(V) < Pr(W) so Pr(W)=0.65 and Pr(V)=0.35

+Pr(W)

b W W’
\" 0.2275 0.1225 0.35
\'A 0.4225 0.2275 0.65
0.35 0.65 1.000
Note: Pr(V' nW’) =0.2275
¢ x 0 1 2
Pr(X =x) 0.2275 0.545 0.2275

d

i E(X)=0(0.2275)+1(0.545)+2(0.2275) =1
ii E(X?)=07(0.2275)+17(0.545)+22(0.2275)
=0+0.545+0.91=1.455

Var(X) =E(X*)—[E(X)]’

Var(X)=1.455-12
Var(X)=0.455

iii SD(X)=+/0.455=0.6745
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16 a ) Pr(Z=2)=1 i E(Z)=2.4286

all 2 ii Var(Z)=E(Z*)-[E(Z)]* =9-2.4286> =3.1019
2
kK 5-2k 8-3k iii SD(Z)=1/3.1019 =1.7613
77 7 =2 or3 ¢ [-20=2.4286—2(1.7613)=—1.094
cam 1 [ +20 =2.4286+2(1.7613) = 5.9512
Butif k=3, _7( )=—; so this is not applicable. Pr(u-20<Z<pu+20)=Pr(-1.094<Z<59512)=1
)
b z 3 5
~ 2 4 [5-202) 1]8-302) 2
Prz=2 1 —=- 7 71| 71 7
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Topic 11 — The binomial distribution

Exercise 11.2 — Bernoulli trials

1 a

b

This is not a Bernoulli distribution as a successful outcome
is not specified.

This is a Bernoulli distribution as a success is getting a
hole in one and a failure is not getting a hole in one.

This is a Bernoulli distribution as a success is withdrawing
an ace and a failure is withdrawing any other card.

X 0 1
Pr(X = x) 0.58 0.42

b E(X)=042

[g]

T

(g]

i Var(X)=0.58%x0.42=0.2436

ii SD(X)=+/0.2436 =0.4936
This is a Bernoulli distribution as the arthritis drug is either
successful or not.
This is a Bernoulli distribution as the child is either a girl
or not.
This is not a Bernoulli distribution as the probability of
success is unknown.
This is a Bernoulli distribution as the next person either
subscribes or not.
The friend does not replace the ball before I choose a ball,
so this cannot be a Bernoulli distribution.
There are 6 outcomes not 2, so this is not a Bernoulli
distribution.
The probability of success is unknown so this is not a
Bernoulli distribution.
E(Z)=p=0.63
Var(Z)=pg=0.63x0.37=0.2331

SD(Z)=+/0.2331=0.4828

y 0 1
Pr(Y = y) 0.32 0.68
i E(Y)=p=0.68

ii Var(Y)=pg=0.68x0.32=0.2176
iii SD(Y)=+0.2176 =0.4665

U—20 =0.68 —2(0.4665) = —0.253
H+20=0.68+2(0.4665)=1.613
Pr(u—20 <Y < u+20)=Pr(-0.253<Y £1.613)

=Pr(Y = 0)+Pr(Y = 1)
=1

X

0

1

Pr(X = x)

0.11

0.89

i E(X)=p=0.89

i Var(X)=pg=0.89x0.11=0.0979

iii SD(X)=+/0.0979 =0.3129

U—20=0.89—2(0.3129) = 0.2642

U+20=0.89+2(0.3129)=1.5158

Pr(1—20 <X < 11+20) = Pr(0.2642 < X <1.5158)

=Pr(X=1)
=0.89

Var(X)= p(1- p)=0.21

p-p> =021
0=p*>-p+0.21

1++/(=1)% = 4(1)(0.21)

2(1)

Therefore p =

10

11

12

1£41-0.84
P=—,-""
2
1£04
p:

2
p=03o0r0.7

But p>1-pso p=0.7

b E(X)=p=0.7

SD(Y) =0.4936
Var(Y) =0.49362 = 0.2436
Var(Y) = p(1- p)=0.2436
p—p*=02436
0=p’ - p+0.2436
1++J(=1)% — 4(1)(0.21)436

Therefore p =

2(D
1+J1-0.9744
pP=—
2
_1£0.16
2
0.84 1.16
=——or —
2 2
p=0.420r0.58
But p>1-pso p=0.58
E(Y)=p=0.58
Pr(breast cancer) = 0.0072
z 0 1
Pr(Z=2) 0.9928 0.0072

1 =E(Z)=0.0072
Var(Z) = pg=0.0072x0.9928 =0.0071
0 =SD(Z)=+0.0071 =0.0845

p—20 =0.0072—2(0.0845) =—0.1618
L +20 =0.0072 +2(0.0845) = 0.1762

| 211

Pr(u—20<Z<u+20)=Pr(-0.1618<Z<0.1762)

=Pr(Z=0)
=0.9928
y 0 1
Pr(Y = y) 0.67 0.33

U=E¥)=p=033
Var(Y) = pg=0.33x0.67=0.2211
0 =SD(Y)=+/0.2211=0.4702
U—20=0.33-2(0.4702) = -0.6104
U+20 =0.33+2(0.4702) = 1.2704
Pr(u—20 <Y < i+20)=Pr(—0.6104 <Y <1.2704)
=Pr(Y =0)+Pr(¥Y =1)
=1

wm|h o
N | = | =

Pr(X =x)
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1
b E(X)=p=—
()p5

5
¢ Pr(X=5)= (é) =0.00032

13 a Var(Z)= p(1- p)=0.1075
p—p?=0.1075
0=p* - p+0.1075
p=0.1225 or 0.8775
Since p>1-p. p=0.8775.
z 0 1
Pr(Z =z) 0.1225 0.8775
¢ E(Z)=p=0.8775
14 a SD(X)=0.3316
Var(X)=0.3316> =0.11
b Var(Z)=p(l-p)=0.11
p-p*=0.11
0=p>-p+0.11
p=0.1258 or 0.8742
Since p>1-p, p=0.8742.

Exercise 11.3 — The binomial distribution

1a Y~Bi(5, EJ
7
1024

Pr(Y=1)= 5( )4() 3840 _ 2085
16807

’i
Py =2)=10( 2 =760 _ 3427
7 ~ 16807
Pr(Y:3):1o(f)z( j 4320 _ 9570
7 16807
pry =4y=5/ 4 | 2] = 1620 _ 0964
7\7) " 16807
5
Py =5)=| 2 | =2 _0.0145
7) " 16807
y 0 1 2 3 4 5

Pr(Y =y)| 0.0609 | 0.2285 | 0.3427 | 0.2570 | 0.0964 | 0.0145

b Pr(Y <3)=Pr(X =0)+Pr(X =1)+ Pr(X =2)+ Pr(X =3)
=0.0609 + 0.2285 +0.3427 + 0.2570
=0.8891

Pr(Y 2 1) Pr(Y <3)

Pr(Y <3)
_ Pr(X = 1)+Pr(X =2)+Pr(X =3)
0.8891
~0.2285+0.3427 +0.2570

0.8891
- 0.8282

0.8891
=0.9315

¢ Pr(Y=11Y<3)=

4 3 4 4
d Pr(Miss, Bulls-eye, Miss, Miss) = 7 X 7 X 7 X 7 =0.0800
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2 a Y ~Bi(l10, 0.42)

Pr(Z = 0) = (0.58)'° = 0.0043

Pr(Z =1)=10(0.58)°(0.42) = 0.0312,

Pr(Z = 2) = 45(0.58)%(0.42)* = 0.1017

Pr(Z = 3) =120(0.58)" (0.42)° = 0.1963
Pr(Z = 4) = 210(0.58)°(0.42)* = 0.2488
Pr(Z = 5) = 252(0.58)° (0.42)° = 0.2162
Pr(Z = 6) = 210(0.58)*(0.42)° = 0.1304

Pr(Z = 7) = 4120(0.58)*(0.42)" = 0.0540

Pr(Z = 8) = 45(0.58)*(0.42)® = 0.0147

Pr(Z =9) =10(0.58)(0.42)° = 0.0024

Pr(Z =10) = (0.42)'° = 0.0002

TOPIC 11 The binomial distribution ¢« EXERCISE 11.3

bl 0 1 2 3 4 5 6 7 8 9 10
PH(Z=2)| 0.0043 | 0.0312 | 0.1017 | 0.1963 | 0.2488 | 0.2162 | 0.1304 | 0.0540 | 0.0147 | 0.0024 | 0.0002
> <
¢ PrZz2517<8)=Z2)NPIZ<Y)
Pr(Z £8)

_PH(Z=5+PH(Z=6)+Pr(Z=7)+Pi(Z=8)
1-(Pr(Z =9)+Pr(Z = 10))
0.2162+0.1304 +0.0540 +0.0147

0
1-

0.0026

=04

3 a X~Bi(25, lj
6

1-(0.0024 +0.0002)

4153

164

1~

E(X):np=25><é:4€—4.1667

5

SD(X)=+/3.472=1.8634

4 a E(Z)=np=32.535

1 17
b Var(X)=npg=25x—x=-=3—=
(X)=npq 65636

Var(Z)=npg=np(1-p)=9.02195

Re-iterating, we have

NP =32.535 0o )
np(1— p)=9.02195.......(2)

@)+
np(1-p) 9.02195
np 32535
1- p=0.2773
1-02773=p
0.7227=p

b Substitute p=0.7227 into (1):

0.7227n=32.535
32.535
n= =
0.7227
5 X~Bi(n, 02)

Pr(X >1)>0.85
1-Pr(X =0)>0.85
1-0.8" >0.85
1-0.85>0.8"
n>8.50

Thus 9 tickets would be required.
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6 X ~Bi(n, 0.33)

10

11

Pr(X 21)>0.9

1-Pr(X =0)>0.9

1-0.67" >0.9
1-0.9>0.67"

n>5.75
They need to play 6 games.

X ~Bi(15, 0.62)
a Pr(X =10) = '°C,,(0.62)'°(0.38)" = 0.1997
b Pr(X >10) = 0.4665

¢ Pr(X <41X <g§)= DX <D
Pr(X <8)

00011

03295

—0.0034

X ~ Bi(15, 0.45)

a BE(X)=np=15x0.45=6.75

b Pr(X =4)=0.0780

¢ Pr(X<8)=0.8182

d If T = buys a ticket and N = does not buy a ticket
P«(T,T,N,N) = (0.45)* x (0.55)* = 0.0613

X ~Bi(8, 0.63)
2l 0 1 2 3 4 5 6 7 8
Pr(X = x)| 0.0004 | 0.0048 | 0.0285 | 0.0971 | 0.2067 | 0.2815 | 0.2397 | 0.1166 | 0.0248
b Pr(X <7)=1-Pr(X =8)=1-0.0248 = 0.9752
> <
¢ PrX 331X <7)= HXZIOPIXST)
Pr(X <7)
_Pr3<X<7)
T 09752
10,9416
0.9752
=0.9655
d Px(B’,B,B,B,B,B)=0.37x0.63° = 0.0367
a X ~Bi(45, 0.72)
i E(X)=np=45x0.72=324
ii Var(Z)=np(1- p)=45x0.72x0.28 =9.072
b Y~Bi(1oo, lj
5
i E(Y)=np=100><%=20
. 1 4
ii Var(Y):np(l—p):looxgxg:w
c Z~ 31(72, 3)
9
. 2
i E(Z):np:72><§:16
2.7 4 .
i Var(Z)=np(1-p)=T2x=x—-=12"=12.4
(Z)=np(1-p) ) 9
Z~Bi(7, 0.32)
21, 0 1 2 3 4 5 6 7
Pr(Z=z)| 0.0672 | 02215 | 03127 | 02452 | 0.1154 | 0.0326 | 0.0051 | 0.0003

b E(Z)=np=7x0.32=2.24
Var(Z)=np(1- p)=7x0.32x0.68 =1.5232
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¢ SD(Z)=+/1.5232=1.2342
U—20=2.24-2(1.2342)=-0.2284
U+20=224+2(1.2342)=4.7084
Pr(u—20<Z<u+20)=Pr(-0.2284 <Y <4.7084)
=1-(Pr(X =5)+Pr(X =6)+Pr(X = 7))
=1-(0.0326+0.0051+ 0.0003)
=0.9623
12 a Let X be the number of females on the executive.

X~ Bi(12, l)
2

Pr(X >8)=0.1938
b Let Y be the number of females on the executive.
Y ~Bi(12, 0.58)
Pr(Y >8) = 0.3825
13 a Let X ~Bi(n, p)
EX)=np=9.12.ccncireeeernen. (1)
Var(X) = np(1— p) =5.6544.....(2)
@+
np(1-p) 5.6544
o 9.12
1-p=0.62
1-0.62=p
0.38=p
b Substitute p=0.38 into (1):
nx0.38=9.12
9.12
n=_---=
0.38
14 a Let X ~Bi(n, p)
EX)=np=3.8325..cccceveiernene. 0))
Var(X)=np(1- p)=3.4128......... 2)
@)=
np(1-p) 3.4128
np  3.8325
1- p=0.8905
1-0.8905=p
0.1095=p
b Substitute p =0.1095 into (1):
nx0.1095=3.8325
ne 3.8325 _
0.1095
15 a Let X ~Bi(16, p)
E(X)=np=10.16
E(X)=16p=10.16

:ﬁzo_@s
16

24

b Var(X)=np(1-p)
Var(X)=16(0.635)(0.365)
Var(X)=3.7084

SD(X) =+/3.7084 =1.9257
16 X~Bi(]0, lj
7

a E(X):np:le%:l.4286

Var(X)=np(l—p)=10><%><g=1.2245
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b SD(X)=+/1.2245=1.1066
H—20 =1.4286—-2(1.1066) = —0.7846
H+20 =1.4286+2(1.1066) = 3.6410
Pr(u—20 <X <u+20)=Pr(-0.7846 <Y <3.6410)
=Pr(0<Y <3)
=0.9574
17 X ~Bi(n, 0.75)
Pr(X 21)20.95
1-Pr(X=0)2>0.95
1-0.25" 20.95
1-0.9520.25"
n=2.16
Thus 3 shots would be required.
18 a X ~Bi(12,0.2)
Pr(x =3)=0.2362
b Y ~Bi(14,0.2362)
Pr(Y 2 6) =0.0890

Exercise 11.4 — Applications
1 Y ~Bi(10, 0.3)
a Pr(Y 27)=0.0106
b E¥)=np=10x3=3
Var(Y)=np(1- p)=10x0.3x0.7=2.1
SD(Y)=~/2.1=1.4491
2 Z~Bi(5 0.01)
a Pr(Z <3)=0.951+0.0480 +0.0010+0x3=1
b i E(Z)=np=5%0.01=0.05
i Var(Z)=np(1— p)=5x0.01x0.99 = 0.0495
SD(Z)=+/0.0495 = 0.2225
¢ U—20=0.05-2(0.0495)=—0.049
U+20 =0.05+2(0.0495) = 0.149
Pr(ii—20 < Z < j1+20) = Pr(-0.049 < Z < 0.149)
=Pr(Z=0)
=0.9510
3 X~Bi(l5, 0.3)
a Pr(X <5)=0.7216
b i E(X)=np=15x0.3=4.5
ii Var(X)=np(1-p)=15x0.3%0.7=3.15
SD(X)=+/3.15=1.7748
4 Y ~Bi(6, 0.08)
a i E(Y)=np=6x0.08=0.48
ii Var(Y)=np(l- p)=6x0.08x0.92=0.4416
SD(Y) =/0.4416 = 0.6645
b u—20 =0.48—2(0.6645) = —0.849
U+20 =0.48+2(0.6645) = 1.809
Pr(ii—20 <Y < u+20)=Pr(—0.849 <Y <1.809)
=Pr(Y =0)+P(Y =1)
=0.6064+0.3164
=0.9228
¢ Z~Bi(6, 0.01)
i E(Z)=np=6x0.01=0.06
ii Var(Z)=np(1— p)=6x0.01x0.99 = 0.0594
SD(Z) =+/0.0594 =0.2437

d u-20=0.06-2(0.2437)=-0.4274
u+20=0.06+2(0.2437)=0.5474
Pr(u—20<Z<u+20)=Pr(-0.4274 < Z <0.5474)
=Pr(Z=0)
=0.9415
e There is a probability of 0.9228 that a maximum of

1 male will be colour blind, whereas there is a probability
of 0.9415 that no females will be colourblind.

5 Z~Bi(12, 0.85)

a Pr(Z <8)=0.0922
> <
b Pr(Z>517<8)= " Z2I)NPIZ<8)
Pr(Z<8)
_PH(5<Z<8)

0.0922
~0.092213

0.0922
=0.9992

¢ i E(Z)=np=12x0.85=10.2
il Var(Z)=np(1- p)+12x0.85x0.15=1.53
SD(Z)=+/1.53 =1.2369

6 Let Z be the number of offspring with genotype XY.

Z~ Bi(7, lj
2

(Y17
P (Z=6)="Cs| = || = | =—=0.0547
2N\2) 64

7 Let Z be the number of chips that fail the test.

Z ~ Bi(250, 0.02)
Pr(Z=7)=>°C,(0.98)**(0.02)" =0.1051

8 a X~Bi(3, p)

Pr(X =0)=(1-p)’, Pr(X=1)=31-p)’p.
Pr(X =2)=3(1- p)p?, Pr(X=3)=p’

X 0 1 2 3

PriX=x) | (1-p) |30-p?p|3a-pp*| P’

b Pr(X=0)=Pr(X=1)

(1-p)’ =3(1-p)’p
(1-p’-31-p’p=0
(1-p)>d-p-3p)=0

1-p’(1-4p)=0

(- p)X1+p)1-4p)=0
1-p=0,1+4p=0o0r1-4p=0
p=1 p=-1 1=4p

PZZ

1
Sp= ZbecauseO<p<1

1 3

¢ i u=EX)=np=3x—==

u=EX)=np 11
1 3 9
ii Var(X)=np(l1— =3X—X—=—
(X)=np(l-p) 1716

9 3

o=SD(X)=,|—==
X) 16 4

9 a Let X be the number of people who suffer from anaemia.

X ~Bi(100, 0.013)
Pr(X >5)=0.0101
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b Pr(X:4IX<10):M
Pr(X <10)
Pr(X =4)=0.0319
Pr(X <10) =0.9999
Pr(X=4) 0.0319
Pr(X <10)  0.9999
¢ u=np=100x0.013=1.3
Var(X)=np(1- p)=100x0.013x0.987=1.2831
o =SD(X)=+/1.2831=1.1327
HU—20=1.3-2(1.1327)=-0.9654
U+20=1.3+2(1.1327)=3.5654
Pr(u—20 <X < u+20)=Pr(-0.9654 < X <3.5654)
=Pr(0<X<3)
=0.9580
This means there is a 96% chance that a maximum of
3 people per 100 will suffer from anaemia.
10 X ~ Bi(20, 0.2)
a Pr(X 210)=0.0026
b Pr(X 210)=1x1x1x1xPr(X >6)
=10.0489
11 X ~ Bi(6,0.7) X = kicking 50 m
a i Pr(YYYNNN)=(0.7)’(0.3)*
=0.0093
i Pr(X=3)=°C;(0.7)’(0.3)°
=0.1852

Pr(X=41X<10)= =0.0319

0.7% Pr(X >2)

0.7
_ 0.678454

0.7
=0.9692

iii Pr(X >3|1st kick >50 m)=
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b X ~ Bi(n,0.95)
Pr(X 21)20.95
1-Pr(X =0) >0.95
1-0.3" >20.95
1-0.95>0.3"
n>248
Therefore, 3 footballers are needed.
12 X ~Bi(12,0.85)
a Pr(X >9)=0.9078
b Pr(3M,9G)=(0.15)* (0.85)° = 0.0008
Pr(X =1)xlast 9 are goals
Pr(last 9 are goals)
_0.057375%(0.85)°
(0.85)°
=0.0574

¢ Pr(X =10|last 9 are goals) =

13 X ~ Bi(n,0.08)
Pr(X >2)>0.8
1-(Pr(X =0)+Pr(X =1))>0.8
1-0.8>Pr(X =0)+Pr(X =1)
0.2>(0.92)" +n(0.92)""(0.08)
n=36.4179 so at least 37 tickets must be bought.
14 X ~Bi(10, p)
Pr(X <8)=1-Pr(X 29)
=1-(Pr(X = 9) + Pr(X = 10))
=1-(10(1- p)p’ +p")
If Pr(X <8)=0.9 thus solve 0.9=1-(10(1- p)p’ + p'°)
0.9= 1—(10(1 -pp’ +p‘°)

P +10(1-p)p°® -0.1=0
p=0.6632
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Topic 12 — Continuous probability distributions

Exercise 12.2 — Continuous random variables 2 a Fx)

and probability functions
(0,0.5)] f(x)=0.5 cos(x)

1 5,
—¢**, 0<x<log,3

1 a f(x)=14
0, elsewhere
IS SN ] B S S
A= J’Zezxdx 2 2 4 4 2 2
0
2
2

1 1 log, 3
= |:— x — e }
4 2 o

1 log, 3
]
8 o

N | =

i
2
L
2
T
1 1 T 1 1
=—¢?loe3 _ 0 J —cos(x)dx=—sin(£j——sin(—£)
8 8 2 2 2) 2 2
Zlelog“g—(lxlj 2
: :
1 11
_l( 1og«9_1) _[—COS(X)dx=—+—
8 w2 2 2
1 T
=-(9-1 ;
8 2
= 1
! _[ —cos(x)dx =1
JOA x2
2
_1 This is a probability density function.
fx)y=ge bAoA
/
o (1og.3.3) B
Sx) =
(0.5,0.71)
1
54 O — o)
(, O)l (log,3,0) * ( >
0| (0.5,0) 4,0 X
This is a probability function as the area is 1 units?. A \
b F&A -05 ;. _[.05T*
J. 0.5x 7 dx= [x Jo.s

0.25

4
j 0.5x5 dx =4 -J05

f(x)=0.25 0.25
4
2,025 (2,025 [ 0557 dx=2-0.7071
0.25
4
- — [ 0577 ax=1.2929
(2,0 0 2,0 ¥ 025
Y This is not a probability density function.
2 3
[ 0.25dx=[025xT, 3 [n(x* =ndx=1
-2 1
2 1 3
[ 0.25dx=0.25(2)-0.25(-2) n|:—x4 - xj| =
2 4 1
2 1 1
[o25dr=05+05=1 "((Z(3)4_3j_(1(])4_1)):
= 81 1
This is a probability density function. H(Z -3- 2t 1) =
18n=1
1
n=—
18
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0 3
4 J.(—ax)dx+f(2ax)dx=l
0

-2
[—%axz :|02 +[ax2 ]Z =
(o - (—%a(—z)zn +(a(3)2 - o) =1

2a+9a=1
1la=1
1
a=—
11
5a i Prx<o=10%26_36_9
100 100 25
i Prx>4y=0 4
100 25
b i Prl<x<d)=20t28+20_74 37
100 100 50
< <
i x> 11 x <4y PE>I0X <4 PA<x<4)
P(X <4) P(X <4)

L3784 37 10037
50 100 50 84 42
6 a Number of batteries is 100.

b Pr(X >45)= 2>
100

¢ Pris<x<60)=>2 -4
100 50
d Pr(X >60)= 3
100
7 a 200 shot-put throws were measured.
b i Pr(X>0.5=20"7_125_5
100 200 8
i Pri<x<2=22_31
200 100

¢ PrX<051X<n=03<X<D_© 18 _06 200 63 21
PrX<I) 200 200 200 138 138 46

8 a fOA

1,1
f(x)=—1 14

(e %)

(~,0) (-1,0)0

R"

Y
:fl—ldx
x

-1
—e

= [—loge (x)_l]

e L.

=1 units®

This is a probability density function.
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b fxA
(f, 1.71)

f(x) =cos(x)+1

(%7”, 0.29)

IICCEECES

(cos(x) +1)dx

slae—a|¥

3
:[sin()c)+x:|7;t
3
.(371') 3 ( (n’) ﬂJ
=|sin| — |+— || sin| — |+ =
4 )4 1)
~07071+2F _07071-%
4 4

v/ 2
= — units
2

This is not a probability density function.

A f) =1 sin(x)

This is a probability density function.
d fwA

0.5
K Lo @0 *
Y
2
—— dx =1 units?
'!.2\/x—1

This is a probability density function.
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1.65
9 I cdx=1
025
[exoos =1
1.65¢—-0.25¢=1
l4c=1
1

C=—

4

—_

c=

| W

5
10 [ fz)dz=1
-1

A =1

triangle
l><6><z:1
2
3z=1
1
z==
3
2
[m(6—2x)dx
0

11 a

2
mJ.(6— 2x)dx
0

m[6x —x? Ji
m(6(2)— (2)* = 6(0)+0?)

8m

m

1 oo
m |:— — } =1
2e 0

m=2
log, (3)
c J. me** dx=1

0
log, (3)

m 'f e dx=1

1 log, (3)
m [— e } =1
2 o

m(nglog(,(fﬁ) _ leo) -1
2 2

m(lek’g"(g) —l) =1
2 2

=1

=1
=1
=1
=1

1
8
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12

(%(3)3+k(3)2+3)—0:1
9+9k+3=1
9k =-11

k=——
13 jfuyuzl
2

Jlloge(i)dx =1
52 2

[l(x log,(x)— 1.6934x)} =1
2 b

%(aloge(a)——L6934a)—~%(210g€(2)——L6934(2))=1

alog,(a)—1.6934a—-2log,(2)+1.6934(2) =2
alog,(a)—1.6934a—1.3863+3.3868 -2=0
alog,(a)—1.6934a+0.0005=0
a=4.2521,5.4374
Only a =5.4374 = 2e gives the answer of 1.

14 a
ctng T

fx)=—x (a,a)

f)=x

NW

(-1,0) (0, 0) (g, 0)
Y

_T f(x)dx
-1

= ]).—xdx+]z'xdx
-1 0

0 a
4T 4]

1 - 1 2 1 501
=—=0)" +=(-D"+=a" -
SO+ D7+ 2a

~(0)?
2()
_a2+1

2

b A
1 -

>
>

~ 0] (1,0 (e,0) 7 Y
Y
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e 2
[y ¢ Pr(Z>05)= [ f(x)dz
1 0.5
€ 1 1 2
=[—ay Pr(Z>05)= [ (1-2)dz+ [(z- Dz
1 0.5 1
=[10g, ]! [ 1 2}1 1
' PH(Z>0.5)=|z—— =
= log, (¢)log, (1) RS RS S
=1 2
“ . Pr(Z>0.5):(1—%(1)2J—(%—%(%) ]+%
¢ [feodx={fdy NP
S I Pr(Z>0.5)=——(———) —
@ +1_ 2 (2 8) 2
2 Pr(Z>0.5)=1—§
a®+1=2 S 8
=1 Pr(Z>05)=¢
a=%1 9
a=1sincea>0 2 a J4x3dx=1
K 0
12 474 _
15 [ nsin(3x)cos(3x)dr =1 [+ ], =1
0 at-0=1
2 a*=1
n [ sin(3x)cos(3x)dx =1 a=tl
0 . a=1since a >0
0.083n=1 b A
n=12 (1,4
a 4_
16 a J-loge(x)dle fr) =42
1
[xloge(x)—x];l =1
(alog,(a)—a)—(log,(D—1)=1
alog,(a)—a+1=1
alog,(a)—a=0 < o—>
alog,(a)=a V(O, 0) (1,0) *
log,(a)=1
1_ 1
¢ =a ¢ PrOS<X <D= [4x dx
. a=e 05
b As f(x)20and [ f(x)dx=1, this is a probability density Pr(05< X <1)=[x* ]2)5
. ! 1-4
function. Pr0.5<X <) =1% - 5
1
Exercise 12.3 — The continuous probability Pr05<X<h=1-—
density function 15
Pr0.5<X<1)=—
1a f@A 16
3 a YA
0, 1) q 2,1)
y=Lsin()
f@=z-1 f@=—=+1 1o 2
< (, O)I (1,0) (2,0 >
b Pr(Z<0.75)= [ (~z+1)dx
< 0. = - < >
r 0o V¢ . (0,0) % (,0) X

Pr(Z < 0.75) = [—122 + z}
2 o

2
Pr(z<0.75)=[_l(§j +zj_o
2\4 4

Pr(Z <0.75) = 15
32
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¢ Pr(X>%|X<3—ﬂ)=

0 1
c Pr(—1sxs1)=jl(2+x)dx+jl(2—x)dx
J4 04
0 1
Pr(-1<X <1)= J‘(l+lx)dx+_|.(l—lx)dx
274 \2 4

0 1
Pr(—lSXSl):[lx+lx2] +[lx—lx2}
2787 1, 27 87

_ oLty el Lty Lz )
Pr(-1< X <1)=0 (2( D+ D )+(2(1) 8(1)) 0

rerexen- {31}

Prol<X <l)=>4°

8 8

3
Pr-1<X<l)=>

4
Pr(-1<X<1)

d Prx=-1|x<1)=
Pr(X <1)

0 1
Pr(X Sl)zii(2+x)dx+£i(2—x)dx
0
Pr(XSl)inlxlexz} +E
2778 ], '8
o (L L5023
P(X<1)=0 (2( 2)+8( 2) )’Ls

Pr(x31)=1-1+§

Pr(X <1)=—+

oL

PHX <1)=

W oI —

PrX=-1|x<)=

[ NN

4

5 Let X be the amount of petrol sold in thousands of litres.

30
a fkdle
18
[l =1
(30k)— (18k) =1
12k=1

k=t
12

25
1
b Pr(20 < X <25) = j—dx
12
20
1 25
Pr20< X <25)= |:—x:|

1 1
Pr(20 < X <25) = (5(25)) - (E(ZO))

Pr(20< X <25)= 3
12
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Pr(X 226N X >22) fz
> > =
¢ Pr(X 226|x 222) X5 22) b | f@d
> 1
Pr(X > 26| x > 22) = LIX 220) <1
Pr(X >22) = f —dz
30 1 22
Pr(X 222)= [ —dx
12 1,1
22 = —J.—dz
30 2
1 1z
Pr(X =222) = [Ex} 1 >
2 = E[IOge (Z)]T

Pr(X >22) = é(so)— %(22)

Pr(X >22) = 3
12

2 =—x2log,(e)
Pr(X >22)=— _
( ) 3 _{
0 .
P =20)= Jde As f(z)20 and Jf(z)dz =1, this is a probability density
2 function. 1
1 B0
Prix=20)= [_X] c F) A
12 e
: 1 flu) =™
Pr(X > 26) = —(30)— — (26
i( ) 12( ) 12( )
4
Pr(X 2 26) = —
( ) 12 I (a’ e4a>
Pr(X > 26) = é |
Pr(X226) 1 2 |
Pr(X>22) 3 3 ©0.1) :
PrX226) 1 3 |
Pr(X>22) 3 2 :
Pr(X 226) 1 - | .
Pr(X >22) 2 ©.0) (@,0) u
6 a fA |
(1 i) 1 (6 i) a
A SR d [ fdu
0
= Ie4” du
- 5 0
0 «a,0 6, 0) x REPA:
Y =3 ]
i 1 4a 1 0
bPr(ZSXss)zjédx = e e
> 1, 1
17 =—e
Pr(2SXS5)=[—x} 4 4
5 2 &2 a
PI2<X<5)= 15+ [ e = { radu
5 5 ] 5
3 4a 1
<x<5==2 1= 1
Pr2<X <5)=— o1
5 1
7 a f(2) Z:Zem
5 :e4u
f@ =2LZ ] lOge(S) =4q
0.5 3 1 —log,(5)=a
] e
i 2¢?
< A o
0¢ (1,0 @.0) ~
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8 a F@A
(0.7) @) =L eos()
5 ’ 0

T

Lot
5 [sm(z)]_%

_N2+1
4

9 a ]l-f(u)duzl
0
T(l - i(Zu— 3u2))du =1
0
T(l—%u+%u2jdu =1
0
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0.75 1
b Pr(U <0.75)= j (I—Z(Zu—?auz))du
0

0.75 1 3
Pr(U < 0.75) = j (1——u——u2)du
2 4

0
0.75

Pr(U < 0.75) = [u— L +lu3}
4 4" |
Pr(U < 0.75) = (0.75 - i(0.75)2 + i(0.75)3) -0

1
1>r(U<075)—ﬁ
256
0.5 1
¢ Pr0.1<U<05) = ||1-—(2u-3u? )d
( ) I( 4(u u) U

0.1
0.5

Pr(0.1<U <0.5) = I(l—%u—%uzjdu

0.1
0.5

1
Pr(0.1<U <0.5)=[u——u2 +—u3}
4 4 oy

Pr(0.1< U <0.5) = (0.5 - %(0.5)2 + i(0.5)3 ) - (0.1 - %(o. D+ i(o.1)3)
Pr(0.1<U <0.5)=0.371

d PrU=0.8)=0
103

10 a Pr(X >12) =j(— 2)
1.2 8

3l }
=—|—x

83" 1.,

Pr(X > 1)

Pr(X >0.5)
2

!(gxz)dx
(gxzjdx

b Pr(X >1/X >0.5)=

(=]
G

O %0 o
R[foe 1w

&

O\ 0| — 00w 00| S—3

¢ Pr(X<n)

oo | W
=
8]

=
5
— e

N

I/~
W= W=
w

CRhRlWRA|IW MW
s

S
I

S

1l
[e)}
w
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11 a _[f(z)dz =1
0

07 _z
b Pr(0<Z<0.7)= je 3d;
0

. 0.7
Pr(0<Z<0.7)= [—3e3:|

0
0.7

Pr(0<Z<07)=-3¢ 3 +3¢"
07

Pr(0<Z<07)=-3¢ 3 +3

Pr(0 < Z < 0.7) = 0.6243

Pr(02<Z<0.7)
Pr(Z >0.2)

0.7 =z

Pr(0.2< Z <0.7) = j e 3dz
0.2

¢ P(Z<0.7|Z>02)=

. 0.7
Pr(0.2<Z<0.7)= [—3[3}

0.2
07 02

Pr(02<Z<0.7)=-3¢ 3 +3e 3
Pr(0.2 < Z < 0.7) = —2.3757 + 2.8065
Pr(0.2 < Z <0.7) = 0.4308
PH(Z>2)=1-PrZ<2)
02 =z
Pr(0<Z<02)= je 3dz
0

.02
Pr(0<Z<0.2)= {—Be 3}

0
0.2

Pr0<Z<02)=-3¢ 3 +3¢°
Pr(0<Z<0.2)=0.1935
Pr(0.2<Z<07)  0.43085

= =0.5342
Pr(Z >2) 1-0.1935

13

14

d Pr(Z <o) = 0.54
o 2

j e 3dz=0.54

0

z o
{—Se 3 } =0.54
0

_oa
3¢ 3 +3¢"=0.54
o

—3¢ 3+3=0.54

_&
~3¢ 3 =-2.46
_x
¢ =082
log, (0.82) = —%

~3log,(0.82) =
o = 0.60

f) =3

1
b PO<X <1)= [ f(x)dx
0

1
PrO<X <1)=[3¢™ dx
0

PrO<X<I)= [—e‘”‘]z)

Pr0<X <) =—¢+¢°
Pr(0 < X <1)=0.9502

¢ Pr(X>2)= T3e‘3x dx
Pr(X >2)= (2).0025
a Tloge(xz)dx =1
1
[xloge (xz) - ZxJT =1
(aloge (az) - Za) - (loge (12)— 2(1)) =1

alog,(a®)-2a+2-1=0
2alog,(a)—2a+1=0

a=2.1555
2
b Pr125<X<2)= [ log,(x”)dx
1.25
Pr(1.25< X <2)=0.7147
0.25 1
a Pr(—0.25<Z<0.25) = j dz

2
025 n(z + 1)
Pr(-0.25< Z < 0.25)=0.1560
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¢
b
!).xz +1
1 @
[tan (x)]0 =0.5
tan"'(a) — tan"1(0) = 0.5

dx=0.5
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-1
tan” (a) = 0.5 3
1 25 25,
a= tan(—j 3 3
2 3 3
a = 0.5463 a2 ==
2
a=13104
Exercise 12.4 — Measures of centre and spread 13104
Tl b EW)= [ yfydy
1 a —dz=1 0
" Vz

AlOoN[w W =

b i E2)=[zf(2)dz

slo —

E(Z)= [z dz
o
o3
1

_2 (9 245
E2)=3 (4) :

ii

[2Vz]" =05
2Jm -2J1=0.5
2dm =25
Jm =125

m=1.5625 or é
16

1.3104 3

EW)= [ y2dy
0

’ 5 1.3104
E(Y)=|Zy?

5 5
E(Y):§(1.3104)2—§(0)2
E(Y)=0.7863

N jfdy—os
|: :|o
3 3
2,2-202205
3 3
m = 0.8255

e

2
3 E©2)= j 2z1og,(22)dz

1
E(Z)=0.7305
Var(2)=E(Z*) - [E(2)

2
E(2%)=[22” log, (22)dz
1
E(Z%)=0.8760
Var(Z) = 0.876— (0.7305)>
Var(Z) = 0.3424
SD(Z)=+/0.3424
SD(Z)=0.5851

Median:

0.5= [2log, (22)dz
1

0.5=[2zlog, (2)-0.6137z]"

0.5=2mlog,(m)—0.6137m—(2(1)log, (1)-0.6137(1))
m=1.3010, 0.0120
- m=1.3010 (m>1)

4 E(X)=[3xe "

E(X)=

W=
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Var(X) = E(X?) - [E(X) [

E(X?) = j 3x2e ¥ dx

0
2
E(xH)==
(X9 9
2 (1
Var(X)==—| =
ar(X) 9 (3)
Var(X)=z—l=l
9 9 9
1
SD(X)=,[—
(X) 9
1
SD(X)=—
(X) 3
Median:
f3e‘3*dx:o.5

[ —3)(] =05
—e 3m+e =05
1—e?" =05
05=¢>"
log,(0.5) =—3m
1
——log,(0.5)=m
3 g.(0.5)

m=0.2310
- 1
J.z\/_dx f—x 2 dx
1

J 2\1/; dx = E'([x_i dx

0

1

1 i
J‘mdxzz{bcz}

0 0

j%dle(z\ﬁ—zx/ﬁ)

0
As f(x) 2 0for all x-values, and the area under the curve = 1,

f(x)is a probability density function.

1
E(X)= [ xf (x)dx
0

1
X
E(X)=|—=dx
£ 2Jx

1
E(X):%jx/)_cdx
0

1[2 27
R i)
E(X) ZLx L
EX)=—| 213 -2
(X) 2(3 P =530
1 2
E(X0)=2x3
1
E(0=
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!dezo.s
1

m

—Ix 2dx=0.5

1
%[sz] =0.5
0

2Jdm -2J0 =1
Jm=05
m=0.25

E(T) = [¢f(har
0

E(T) = jzze‘zf dt

0
E(T)=0.5 min
E(T?)= [ f(0)dt

0

E(T?) = jzﬁe‘Z’ dt
0
E(T?)=0.5
Var(T) = E(T?) - [E(D)]
Var(T) = 0.5-0.5%
Var(T) = 0.5-0.25

Var(T) = 0.25
SD(T) = +/0.25 = 0.5 min

j f(Hdt=0.5
0

TZe_Z' dt=0.5

0
[-e ]o =05
—e?" 1" =05
1-05=¢2"
0.5=¢72"
log,(0.5)=-2m

1
——log,(0.5) =
2 0g,(0.5)=m

m =0.35 min

“
EX)= [ yf(»dy
0
U§y3
E(Y)= j—dy
0 3

E(Y)= [y}
12 |
3o\ (3m)
() (@)
12 12

4

G
)= B
E(Y)=1.5601
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QI
[ rndy=025
0

0 2
[Zay=025
13

3 QI
{y—] =025
9 0

3 3
&0 o5
9 9
0} =225
0,=32.25
0, =13104
QX
[ fzrdy=075
0
0, 2
[L-dy=075
53
372
{y—] =075
9 0
3 3
& 0 o35
9 9
03=6.75
0, =36.75
0, =1.8899
d Inter-quartile range is Qs
8
Igdz =1
Z
8
aJ.ldz =1
1
8
aflog, 9]} =
a(log,(8)—log,(1))=1
alog,(8)=1
1
log,(8)
a=10.4809

8
b E(Z)=J.(z><0.4809)dz
1

8
E(Z)= [ 048094

E(Z)=[0.4809z]}
E(Z) = 0.4809(8) — 0.4809(1)
E(Z)=3.3663

-0, =1.8899-1.3104=0.5795

SD(Z) =/3.8195 =1.9571

Ql
J- 0.4809 dz =025

1
0.4809[log, (2)]" =0.25
log, (Q,)—log,(1)=0.5199
log, (Q;)=0.5199
Q _ 60'5199
\ =

0, =1.6817

m 8
b [ f(dy=05 ¢ B2)=[(2x 20 s
0 Z
"2 g
j S d=05 E(Z%) = j 0.4809z dz
0 1
3" N 278
{ ST s E(z%)=[024052" |
9 1o E(Z% = 0.2405(8) — 0.2405(1)
3 3
’%_%:05 E(Z%)=15.1515
=45 Var(2) = B2 -[EOF
Var(Z) = 15.1515—3.3663
m=3/45
7)=338l
m=1.6510 Var(2) =3.8195

€ 0.4809
=

dz=0.75
1
0.4809log, ()] =0.75
log, (Q3)—1log,(1)=1.5596
log, (05) = 1.5596
Q3 :elA5596

=4.7568

Inter-quartile range is Q; —Q, =4.7568 —1.6817 =3.0751

Range=8-1=7

(sin(2x)+1)d.

O —
N |-

(sin(2x) +1)dx

O —

T

[— % cos(2x) + le

0

1( 1 1)
=—|—-——=+7mT+—
T\ 2 2

=1

1 1
- ((—5003(27[) + ﬂj— (—ECOS(O) + 0))

As f(x) 20 for all values of x and the area under the curve
is 1, f(x) is a probability density function.

E(X)= J%(sin(Zx)+ 1)dx
0

E(X)=1.0708

T2
¢ i B(X?)= [ (sin@x)+1)dx
0 T

E(X*)=1.7191

Var(X) = E(X*) - [EQO)J
Var(X)=1.7191-1.0708>
Var(X) = 0.5725

ii SD(X)=+0.5725=0.7566
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m

d | L (sin2o)+1) |ar=0.5
0 T

l[—lcos(Zx) + x] =0.5
Tl 2 o

(—%cos@m) +m)— (—%COS(O) +0) =1.5708
- lcos(Zm) +m+ l =1.5708
2 2

m— %cos(Zm) =1.0708
m=0.9291

2
10 E(X)=[xf (x)dx=1
0

2
Ix ax — bx =1
0
2
J(ax —bx) =1
0
2
[gx3—éx4:| =1
3 4 0
a 3 b 4)
2P =20 |-
(3( ) 4( )
2
[£x3—éx4} =1
3 4 o

aa3_bosa)
(3(2> (2))

84 _4p=1
3

8a—12b=3 oo )

j.f(x)dle
j.(ax bx ) =1
0

[ﬁxz—éxﬂz:l
2 3 1o
4op_boy)-
(2(2) 3(2))

2a—§b=l
3

(2)x4
24a-32b=12.............. 4)
®H-0)

4b=3

b:

AW

Substitute b = % into (1)

8a—12(§j=3
4

8a—-9=3

8a=12

3

a=—

2
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N | W

b E(Z)=[zf(2)dz

3
X — |dz
[ sz

e N [ W2 —

E(Z)=

e

E(Z)=

.—t—..\:‘
I |w
!\1

3
E(Z)=[3log, (2)]?

E(Z)=3log, (%) —-3log, (1)

E(Z)=1.2164
3

2
E(Zz%)= Jzzf(z)dz

E(Zz%)=

00— e 1 [0 —

E(zz)=j3dz
1

3
2

E(Z%)=[3z];
2y _5(3)
E(Z )—3(2) 3(1)

E(z%:%-%

3
2 —
EZ*)=3

Var(2)=E(Z*)-[E@)]
Var(Z) = %— 1.21642
Var(Z)=0.0204
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c J.f(z)dz:0.5
1

_][Z%dz=0.5

|

(@)}

+

[ i)

3 3
In 1 |
Ll & I RI— =

QI
| fydz=025
1

-12+120, =0,
110, =12

12
QI_H

Q?
[ f@ydz=075
1

-12+120, =30,
90, =12

12
Q3=_

WA g

03 =

. .4 12 44 36 8
Inter-quartile range is —— —=—-—=—

1133 33 33
12 a y=+v4-x?
1
y:(4—x2)2
dy 1 2*l
2= (2x)(4-x%) 2
22 0)(4-+)
ﬂ__ X

dx 4—x*
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5
b EQX)= [ xf(x)dx
0

B 3x
E(X)= [ —2X _ax
! N4 - x?
3ﬁ x
E(X):——j[— ]dx
T 0 4—)(2
EIN
E(X)= ﬂ[ 4—x l)
E(X):—i( 4—(\/5)2—\/4—02]
T
B0 =-2 (- 4)
E(X)= -2 x—1
T
E(X)=>
T
13 a JOOA
(0, 2h) y=f(x) (4,2h)
0 2,0) i

4
[fyax=1
0

(lx2x2hj+(lx2x2h]=1
2 2

2h+2h=1

4h=1

h=l
4

4
b B(X)= [ (x)dx
0

1,1 1,1
E(X)='f ——x"+—x dx+'[ —x"——x |dx
o\ 4 2 o4 2

2 4
E(X)=[—éx3 +ix2} +|:Lx3 _lxz]
0

(Lot o[ Lap-Lae o[ Lap-Loy
E(X)—( 5@ +4(2>) 0+(12(4) 4(4>j (12(2) 4(2>j

E(X):—E+I+E—4—g+l
3 3 3

E(X)=4-4+2

E(X)=2
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4
E(X%) =[x f(x)dx
0

2 T 3.1 5 e 3 1,
E(X )=J(——x +—x dx+_[(—x ——x" |dx
o\ 4 2 o4 2
1 1T T1 157
E(Xz)z[——x4+—x3} +[—x4——x3}
16 6 Jo Ll6 6 1
NN IPAVIRS | 3)_ (i 4 1 %)_(L 4 1 3)
E(X") ( 16(2) +6(2) 0+ 16(4) 6(4) () 6(2)

16
E(X2)=—1+f+16—2—1+i
3 3 3

E(X*)=14-8
E(X*)=6
Var(X)=E(X?)-[EX)]?
Var(X)=6-22
Var(X)=2
fA
f) =k
@h Bk
k- ———o
oy (@,0) (b,0) Tx
b
jkdx =1
(k] =1
kb—ka=1
k(b—a)=1
f= !
b—a

b

E(X)= jxf(x) dx

a

E(X)= j.kxdx

k 2}1’
E(X)=|=
(X) [zx )
E(X)=£b2—ka2
27 2

k 2 2
E(X)—E(b -d’)

L (b-abta)
2(b—a) 1
b+a

2

E(X)=

E(X)=
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b
d E(X*) =[x f(x)dx

b
E(x?)= jkxz dx

a

b
E(Xz):[gxﬂ

E(X2):Eb3 L

E(X?)= (b3 })

_ 2 2
E(X?)= 1 x(b a)(b” +ba+a”)
3(b-a) 1
2 2
E(X2)=b+b++a

Var(X) =E(X*)~[E(X)

I
2
Var(X)_b +ba+a® ( ; )
b +

Var(X)— +ba+a 2ba+a’®
3 4
2 2 a2 a2
Var(X)=4b +4ba+4a” —3b" —6ba—3a
12
2 _ 2
Var(X)=b 2ba+a
12
2 N2
Ve b=’ _a=b?
12 12
7.9344 7.9344

dy= [ 021 e(l)dzl
!fy y J; 0g. | 5 |dy

7.9344
b E®)= | o.zylog,_,@)dy=5.7278
2

7.9344
¢ E0Y)= | 0.2y210g(,(%)dy:34.9677
2

Var(Y)=E(¥?) - [EM)]
Var(Y) =34.9677 - 5.7278
Var(Y) = 2.1600

SD(Y) = /2.1600 = 1.4697
d !0.210ge (%)dy -05
0.5=[0.05(2+” log, (x)-2.3863x )]?
0.5=0.05(2m” log, (m)—2.3863m” ) - 0.05(0.05(2(2)2 log, (2)—2.3863(2) ))

0. 055 =2m? log, (m) —2.3863m* — (5.5452 - 9.5472)

10=2m? log, (m)— 2.3863m” +4.0218

0=2m? log, (m)—2.3863m* — 5.9782
m=3.9816
e Range is 7.9344 -2 =15.9344

16 a j\/z—ldz=1
1

j.(z—l)%dzzl
1 oy
]
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e
1

§\/(a—1)3—§\/(1—1)3 =1
3.3

2

9
=2
(a-1 )

a=2.3104

(a=1

23104

b i E(Z)= j z—1dz =1.7863
1
2.3104

i E(Z%)= | *Jo—ldz=33085
1

i Var(Z)=E(Z*)-[E@2)]
Var(Z) =3.3085—-1.7863>
Var(Z)=0.1176

iv SD(Z)=+/0.1176 = 0.3430

Exercise 12.5 — Linear transformations
1 E(Y)=4 and Var(Y)=3
a EQY-3)=2E(Y)-3=2(4)-3=8-3=5
b Var(QY —3)=22Var(Y)=4x3=12
¢ Var(Y)=EY?)—-[EW)]
3=E(?)-(4)*
3=E{¥?)-16
19=E(Y?)

d EY(Y-1))=E¥*-Y)=EX*)-E(¥)=19-4=15

2 E(X)=9 and Var(X)=2
aY=aX+5
E(Y)=E(aX +5)
E(Y)=aE(X)+5
E(Y)=9a+5
Var(Y) = Var(aX +5) = a>Var(X) = 24>
E(Y) = Var(Y)
9a+5=2d*
0=2a*-9a-5
0=Qa+1(a-53)
a =5 since a is a positive integer
b EY)=9a+5=9(5)+5=50
Var(Y) =2a* = 2(5)* =50

2
3a jf(x)dle
-2

—_—c

(—kx)dx + 'Z[(kx)dx =1
0

0 2
—Exz} +|:Ex2} =1
2 -2 2 0
ko2 koo
+(2(2) > j—l
2k +2k=1

4k=1
1

k=—
4

]

| —

Koy s Koy
(2(0>+2(2>

N——
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2
b E(X)= [ xf(x)dx
-2

0 2
E(X)= J(xx—%jdx+f(xx%jdx
0

-2

E(X)= j——dmj%dx

x° ’ x° ’
ol 4] 5

2 0
3 3 3 3
E(X)=[—0+(_2) J+[2—0]
12 12 12 12
3 3
E(X)=-5+7
E(X)=0

Var(X) = E(X?) - [E(X)
2

E(X?)= [ x> f(x)dx
2

0 2
E(XZ): J(xz X—i)dx+J(x2 X%jdx
0

-2

5 0 x3 2 x3
R
470 4 TP
e i
6], [16]
E(X2)=(—£+(_2)4]+(2—QJ
16 16 16 16
E(X?)=1+1
E(X?)=2
Var(X)=2-0%=2
¢ BE(GX+3)=5E(X)+3=5(0)+3=3
Var(5X +3) =5 Var(X) =25x2=50
d E(3X-2)")=E(9X> - 12X +4)
=9E(X?)-12E(X) + 4

=9(2)-12(0)+ 4
=22

a fA
(7, 1)

f(x) = —cos(x)

0y

(—cos(x))dx

D[ e—

=[- sin(x)]i;
2

. . (T

=—sin(m)+sin| —
w5

=0+1
=1
This is a probability density function.
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V4 2
b E(X)= [ xf(x)dx 8 a [mx2-x)dx =1
2 2 |
Vi3 2 _
E(X)=J—xcos(x)dx £(2mx—mx yax=1
% 2_m 31 _
E(X)=2.5708 BN
ZE(x2)_ 2
Var()=E(X") [ECO] (m(z)z _ %(2)3) _0=1
E(XY)=|x2f(x)d
s B
2 3
7 12m—8m _ |
E(Xz) = J—xz cos(x)dx 3 B
i dm =3
2
) 3
E(X?)=6.7506 e
2 2 4
Var(X)=E(X?)-[E(X)] 2
Var(X) = 6.7506 — (2.5708)? b E(X)= [xf(x)dx
Var(X)=0.1416 0
¢ E(3X+1)=3EX)+1 E(X):Jixz(Z—x)dx
E(3X +1)=3(2.5708)+1 04

E(3X +1)=8.7124
Var(3X +1) = 3% Var(X)
Var(3X +1)=9(0.1416) 15 3,
Var(3X +1) = 1.2743 E(X):[E" 16" }
d E(2X-1)3X-2))=E(6X>-7X +2)
E((2X -1)(3X —2))=6E(X?)— TE(X)+2

2
E(X):J(Exz—gf)dx
ACI

2

0

(Lap_2or)-
E(X)—(za) 16@)) 0

) E(X)=4-3
E((2X - 13X —2)) = 6(6.7606) — 7(2.5708) + 2 E(X)=1
E((2X - 1)(3X —2)) = 24.5079 ,
5 E(Z)=5and Var(Z)=2 E(X2)=f X f(x)dx
a E(3Z-2)=3E(Z)-2=3(5)-2=13 (2)3
2 3
b Var(3Z-2)=32Var(Z)=9(2) =18 E(X )=.([Zx Q- x)dx
Var(Z)=E(Z?)-[E2)] 2
¢ Var2)=E(2’)-[E@)] oty = (2 -2 s
2=E(2%)-5 o\27 4
2=E(2%)-25 E(Xz)z[éx“—ixs}z
27=E(2?) 2 203 0
E(X2>=(—(2>4——<2>5)—0
d E(—zz—ljzi (z2)-1=2-1=8 8 20
E(X*)=6-48
a E2-Y)=2-E(Y)=2-35=-15 Var(X):E(XZ)—[E(X)]Z
b E(Z)zlE(Y)zlx&s:ms Var(X)=12-1?
2) 2 2 Var(X)=0.2
¢ Var(Y)=[SDI] =(1.2)* = 1.44 ¢ E(53-2X)=5-2E(X)=5-2(1)=3
d Var2-Y)=(-1)* Var(Y)=1.44 Var(5-2X)=(-2)* Var(X)=4x0.2=0.8
Y\ (1Y 1 B a 5
e Var(aj—(z) Var(Y)—4><1.44—0.36 9 a mdz:]

0
[2log,(z+D)]; =1
2log,(a+1)—2log, (0+1)=1

7 Let T be the time for the kettle to boil.
E(T)=1.5and SD(T)=1.1so Var(T)=1.21

E(5T)=5E(T)=5x1.5="17.5 minutes log,(a+1)=0.5

Var(5T) = 5% Var(T) =25x1.21=30.25 P =a+l

SD(5T) =+/30.25 = 5.5 minutes e —1=a
0.6487 =a
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0.6487 z
b E(Z)= j =2 47=0.2974
z+1

0
0.6487 2

EZ)= [ Z-dz=0.1234
5 ozt 1
Var(Z)=E(Z*)-[E(Z)]
Var(Z) =0.1234—0.29742
Var(Z)=0.0349
¢ i EGZ+1)=3E(Z)+1=3(0.2974)+1=1.8922
i Var(3Z+1)=3>Var(Z) =9(0.0349)=0.3141

jii E(Z>2+2)=E(Z*)+2=0.1234+2=2.1234
10 Y=aX+3 and E(X)=5 as well as Var(X)=2
E(Y) = Var(Y)
E(aX +3) = Var(aX +3)
aE(X)+3=a*Var(X)
5a+3=2a"

0=24>-5a-3
0=a+1)(a-3)

1
a=——,3
2

~.a =3 since a is a positive integer
Thus E(Y)=E(BX+3)=3E(X)+3=3(5)+3=18
and Var(Y)=Var(3X +3)= 32 Var(X)=9(2)=18
11 Z=aY -3 and E(Y)=4 as well as Var(Y)=1
E(Z)=Var(2)
E(aY —3)= Var(aY - 3)
aE(Y)-3=a’Var(Y)
4a-3=4"
0=da*-4a+3
0=(¢g-3)a-1
a=lor3
Thus E(Z)=E(Y -3)=E(Y)-3=4-3=1and E(Z)=EQY-3)=3E(Y)-3=3(4)-3=9
Also Var(Z)=Var(Y -3)= 12Var(Y) =1and Var(Z)=Var(3Y -3) = 32 Var(Y)=9(1)=9

12 a If(z)dz =1
1

T3{% dz=1
1

l a
|:622:l =1
1

[6v2] =1
6Ja —641=1
6Ja-6=1
6Ja =7

7
Ja=¢

49

36
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E
36
b E(Z2)= sz(z)dz
o
36 1

E(Z)= j 622 dz
1
3756
E(Z)=|2z2
1
3

3
(P2 512
E(Z)—2(36) 2(1)

3
73\ )2
E(Z)—Z((g) J -2
7 3
E(Z)—Z(gj -2

E(Z)=1.1759

9
36

E(Z%)= _[ 22f(2)dz
1

49
3

36 3
E(Z%)= j 3:2dg

o]

E(Z%)==

E(Z%)== [
2 —6(1)5

E(Z7) s\e
E(Z%?)=1.393
Var(Z>=E<ZZ)—[E<Z)]2

Var(Z)=1.3937-1.1759°
Var(Z) =0.0109

¢ i E4-3Z2)=4-3E(Z)=4-3(1.1759)=0.4722
ii Var(4—32)=(-3)*Var(Z)=9x0.011=0.0978

Ty x
13 a —sin(—)dle
o kr 3

1 3z X
—jxsin(—jdle
km 3

0

1 X i
[ 3xcos( )+9sm( )] =1
kr 3 3/

(-3(3m)cos () + 9sin(7r)) — (—3(0) cos (0) + 9sin(0)) = kx
ow=kn
k=9
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3
b E(X)= j xf (x)dx
3(;[ X2 X
E(X)= | —sin(—)dx
5 o 3
E(X)=5.61 mm

c W=2X-1
E(W)=E(2X -1)
E(W)=2E(X)-1
E(W) = 2(5.6051)— 1
E(W)=10.21 mm
1.25
14 a | k@y+ndy=1

0.9
1.25

k j Qy+Ddy=1
0.9
k[y2 + y]:)zs =1
k((1.252 +1.25)- (097 + 0.9)) =1
k(2.8125-1.71)=1
1.1025k =1
_ 400
T 441

1.25

b EW)= [ y(»dy
125

E()= [ (0.907yQ2y+1))dy

0.9
1.25

E(Y)= j (1.814y* +0.907y)dy

0.9
. 25
E(Y)=[0.6046)° + 04535y }:)9

E(Y)= (0.6046(1 25) +0.4535(1.25)% ) - (0.6046(0.9)3 + 0.4535(0.9)2)
E(Y)=1.8895—0.8081
E(Y)=1.081kg

¢ Z=0.5Y+045
E(Z) = E(0.75Y +0.45)
E(Z)=0.75E(Y)+0.45
E(Z)=0.75(1.0814) + 0.45
E(Z)=1.261kg

15 a

’[510ge(z) de=1
1

Jz

[104/zlog, (z)— 20\/2111 =1
(10Valog,(a)-20va)— (10T log, (1)~ 201) =1
10+/a log,(a)—20\a +20=1

10Valog,(a) - 20a +19=0
a=1.7755
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1.7755
b E2)= [ #()d

1
1.7755

E(Z)= j 5Jzlog, (z)dz
1
E(Z)=1.4921

1.7755
BZH= | Zf@d

1
1.7755 3

E(Z%)= f 5z510ge(z)dz
1

E(Z%)=2.2625
Var(2)=E(Z*) - [E)[
Var(Z) = 2.2625—-1.49212
Var(Z) = 0.0361
¢ E(3-22)=3-2E(Z)=3-2(1.4921)=0.0158
Var(3—22Z) = (-2)*Var(Z) =4 x 0.0361 = 0.1444
16 Y =aX+1and E(X)=2 as well as Var(X)=7
E(Y) = Var(Y)
E(aX +1)=Var(aX +1)
aE(X) +1=a*Var(X)
2a+1=d®
0=da’>-2a-1
a=0.5469
E(Y) = E(0.5469X + 1) = 0.5469E(X) + 1= 0.5469(2) + 1 = 2.0938
Var(Y) = Var(0.5469X +1) = 0.5469% Var(X) = 0.5469° (7) = 2.0938
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Topic 13 — The normal distribution

Exercise 13.2 — The normal distribution 4 Let X = the length of pregnancy for a human X ~ N(275,142)
N2 2
1 (5 1 E [+0=275+14=289 Pr(261 < X <289)=0.68
1 f®)=37=¢ = odan -0 =275-14=261
a u=2and =3 U+20 =275+2(14) =303 Pr(247 < X <303)=0.95
. o U—20 =275-2(14) =247
JOA
U+30 =275+3(14)=317 Pr(233 < X <317)=0.997
_L —30 =275-3(14) =233
| e K %)
o Pr(X <233) UPr(X >317) = 0.003
Pr(X <233)=Pr(X >317)=0.003+2=0.0015
So Pr(X <233)=0.0015
P
< > 5 a Input | —=e 2" */ dx=0.9999 =1 using CAS
D I
- 1w IEA Mfxep)?
1 —5(-3) 1 2( 4 ) 1 2( J
2 ~ b x)= e = e o
2 a Inputjme dx =1 on CAS. W T
: (=)
o 1 2 1(x—u
1 —(x-3) 1 - 2 2
b f(x)= e? = e\ © _1(10G=1) _fx-u
f() :[C 2 o2 6af(x)= 10 62( 3 ): 1 eZ(O‘J
32w o~N2m
u=3and o =1
1 10
—=—3s500=—=03and u=1
¢ fWA o 3
1 b Dilation by a factor of 10 parallel to the y-axis or from the
. (a2r) 3T,
2z | x-axis. Dilation by a factor of 10 parallel to the x-axis or
from the y-axis and a translation 1 unit in the positive
x-direction.
¢ fwA
= X (1 10 )
oy 1 2 3 4 5 &6 10 327
3 a Let X = the results on the Mathematical Methods test 32n
X ~N(72.8?)
H+o=72+8=80
H—0o=72-8=064
U+20=72+2(8)=388
U—20=72-28)=56
So Pr(56 < X <88)=0.95
and Pr(X <56) U Pr(X >88)=0.05 :0 T T T T T T T »
Thus Pr(X < 56) = Pr(X >88) = 0.05+ 2 = 0.025 Y o1 04 07 1 13 16 19
- _Ifx+ay? IESTAY
So Pr(X >88) = 0.025 7 a fo- 1 ez(loJ o ez("j
b U+30=88+8=96 10427 o\2m
U—30=58-8=50 u=-4,0=10
1
Pr(48 < X <96) = 0.997 b Dilation factor 0 from the x-axis, dilation factor 10 from
Pr(X < 48) U Pr(X >96) = 0.003 the y-axis, translation 4 units in the negative x-direction.
Pr(X < 48) =Pr(X >96) =0.003+2=0.0015
c i o =SD(X)=10
c Pr(64 < X <80)=0.68

_~2_1n2 _
Pr(X < 64) U Pr(X > 80) = 0.32 Var(X)=0"=10"=100

Pr(X <64)=Pr(X>80)=0.32+2=0.16
Pr(X <80)=1-Pr(X >80)=1-0.16=0.84
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P A
d | ———e 2197 @x=0.9999 =1 f(x)=0 for all
£ TN £
values of x and the area under the curve is 1 so this is a
probability density function.

_1[5<x—2))2 ] ,l(ﬂ)z
e 2\ 2 — e 2\ 0

o2r

a f(x)zzm

N |

1 2
— soo=—and u=2
o 5

¢ i E(5X)=35EX)=5(2)=10
104 104
25 5
a Let X = the scores on an IQ test X ~ N(120,202)
i u—0=120-20=100
H+0o0=120+20=140
il u—-20=120-2(20)=80
H+20 =120+2(20) =160
ili p—-30=120-3(20)=60
H+30=120+2(20)=180
b i Pr(X<80)=0.5-0.475=0.025
ii Pr(X >180)=0.003+2=0.0015

i B(5X?)=5E(X%)=5x 2.8

10 Let X = the results on a biology exam X ~ N(70,62)

H+30=70+3(6)=288

1-0.997

Pr(X >88) = =0.0015=0.15% get a mark which is

greater than 88.
11 X~N(155%)
a 68% of values lie between 15—5=10 and 15+ 5 = 20.

b 95% of values lie between 15—2(5) =5 and 15+ 2(5) =25.
¢ 99.7% of values lie between 15—3(5)=0 and 15+ 3(5) = 30.

12 X ~N(24,7%)

a Pr(X <31)=0.16+0.68=0.84
b Pr0< X <31)=1-(0.025+0.16)=1-0.105=0.815

Pr(10< X <31) _0.815

= =0.9702
Pr(X <31) 0.84

¢ Pr(X>10/X <31)=

13

14

15

16

Let X = the number of pears per tree X ~ N(230,252)
a Pr(X <280)=1-Pr(X >280)=1-0.025=0.975
b Pr(180 <X <280)=Pr(u—-20 <X <u+20)=0.95

Pr(180 < X <280)  0.95
Pr(X <280) 0.975

¢ Pr(X>180| X <280)= =0.9744

Let X = the rainfall in millimetres X ~ N(305,50%)
a Pr(205< X <355)=1-(0.025+0.16)=1-0.185=0.815
b 0.025 signifies 20
Pr(X < k)=0.025
Pr(X < 205)=0.025
So k =205

c 1—30 =155

1-0.997

Pr(X <155)= =0.0015

0.0015 signifies 30
Pr(X < h)=0.0015
Pr(X <155)=10.05

So h=155
Lseop)? IESTY
2 pwe— L A
N2 o\2m
1
SD(X)=0=—
(X) 5

Var(X)=0? = 1 0.04
25

b Var(X)=E(X?)-[EX)[
EX)=p=1
0.04 =E(x?)-1?
1.04=E(x?)
¢ i EQX+3)=2E(X)+3=2(1)+3=5
i E((X+1(2X-3))=BE(2x*-X -3)
E((X +1)(2X —3))=2B(X?)-E(X)-3
E((X +1D(2X —3))=2(1.04)—1-3
E((X+D(2X —3))=-1.92

X ~N(725,8.4%)

a Pr(64.1<X <89.3)=1-(0.16+0.025)=1-0.185=0.815
b Pr(X <55.7)=0.025

¢ Pr(X <55.7) = 12095 0'—25 =0.025
prix <47)= 1209700085

Pr(47.3 < X <55.7)=0.025-0.0015 = 0.0235
Pr(47.3< X <55.7)

Pr(X <55.7)

.025-0.001
Pr(X>47.3|X<55.7)=w
0.025

Pr(X >47.3] X <55.7)=0.94
d Pr(X>m)=0.16

Pr(X >473|X <55.7) =

Pr(X > pi+0)= 1_2'68:0'—;2:0.16
So m =80.9
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¢ i Pr(X>32)=Pr(Z>k)
x—u _32-20
o 5

Exercise 13.3 — Calculating probabilities and the
standard normal distribution k=
1 a i Pr(Z<1.2)=0.8849

=24

ii Pr(-2.1<Z<0.8)=0.7703
b X ~N(45,6%)
i Pr(X>37)=0.9088
37-45
6

i z=

X ~N(50.15%)

Pr(50 < X <70)=0.4088

a Pr(Z<2)=09772

b Pr(Z <-2)=0.0228

¢ Pr(-2<Pr<2)=0.9545

d Pr(Z <-1.95)UPr(Z >1.95)
By symmetry
=2Pr(Z <-1.95)
=2x0.0256
=0.0512

a Pr(X<61):Pr(Z<61_65)

Pr(X <61)= Pr(Z < —%)
Pr(X <61)=0.0912

b Pr(XleO):Pr(ZZ ”0_98)

15
12
Pr(X >110)= Pr(Z > E)

Pr(X =1 10):Pr(22%)
Pr(X 2110)=0.2119

-2-2 -2
cPr(—2<XS5)=Pr( 3 <ZSSTJ

Pr(—2<X£5)=Pr(—%<Z£1)
Pr(-2< X <£5)=0.7501
Let X = the speed of cars X ~ N(98,62)
a Pr(X>110)=0.0228
b Pr(X <90)=0.0912
¢ Pr(90 < X <110) =0.8860
Let X = the score on a physics test X ~ N(72,122)
a Pr(X >95)=0.0276 =2.76%
b Pr(X 255)=0.9217=92.17%

a Pr(X <a)=0.35and Pr(X <b)=0.62
i Pr(X>a)=1-0.35=0.65

ii Pria<X <b)=Pr(X <b)—Pr(X <a)=0.62—0.35=0.27

b Pr(X <c¢)=0.27 and Pr(X <d)=0.56

i Prc<X<d)=Pr(X<d)-Pr(X<c)=0.56-0.27=0.29

i PrX >clX<dy= PESX<D 0295009
PrX<d) 056

i Pr(X >32)=Pr(Z > k)=Pr(Z < —k)
XM _12-20

=-1.6s0k=1.6
c 5
8 Let X = the score for Jing Jing and Y = the score for Rani
X ~N(72,9%) Y ~N(15,47)
Z= X—H o= y—H
c c
85-72 18-15
z= z=
9 4
13 3
z=— z=—
9 4
z=14 z=0.75

Jing Jing did better.
9 Let X = the length of Tasmanian salmon
X ~N(38,2.4%)
Pr(X >39.5)=0.2659
This is not in the top 15% so is not a gourmet fish.
10 Chemistry X ~ N(68.5)
Z_x—;1_72—68_£_
(o} 5 5

Mathematical Methods X ~ N (69,72)
Z_x—,u_77—69_§

0.8

=-=0.86
(o} 7 7

Physics X ~ N(61,8%)

p=XTH 86 T g7s
(o] 8 8

Justine did best in physics compared to her peers.
11 Let X = the pulse rate in beats per minute X ~ N(80,52)

a Pr(X >85)=0.1587

b Pr(X <75)=0.1587
03108

1-0.1587
12 Let X = the weight of a bag of sugar X ~ N(1.025,0.012)
a Pr(X >1.04)=0.0668 = 6.68%
b Pr(X <0.996)=0.0019=0.19%
13 a Pr(Z £-2.125)UPr(Z >22.125)
By symmetry
=2Pr(Z £-2.125)
=2x0.0168
=0.0336
b Pr(X <252.76) = 0.5684
¢ Pr(-3.175<Z<1.995)=0.9762
d Pr(X <5.725)=0.3081

14 Solve using CAS
k=125.2412

¢ Pr(78<X <82|X>75)= =0.3695
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2
Exercise 13.4 — The inverse normal distribution 7z~ N(O’l )
1 a PX<a)=0.16, u=41 and 6 =6.7 a P(Z<z)=057
a=3434 z=0.1764
b Pr(X<a)=021, u=125and 6 =7.7 b Pr(Z<z)=0.63
a=14.68 z=0.3319
2
¢ Pr5-a<X<15+a)=032, u=15and o =4 8 X~N(43597)
By symmetry a Pr(X<a)=0.73
PrX <15 0.68 034 a=49.4443
<15-a)=—=0.
T D= b Pr(X <a)=0.24
15-a=13.35 a=36.6489
a=1.65 9 X~N(u5.67%)

2 Pr(im<X<n)= 0.92, u= 273 and 0 =8.2 Pr(X > 20952) =0.09
Pr(X<m)=0'—;)8 Pr(2>w)=0.09
Pr(X <m) = 0.04 205 96:572— i

m=12.9444 = =13408
Pr(X <n)=0.96 20.952— u=1.3408x5.67
n=41.6556 20.952 — 1 =7.6023
20.952-7.6023 = u
X ~N(112,62
3 (112.0%) 133497 =
108.87—112 o=
Pr(Z<'Tj:O.42 10 X ~N(u.3.5%)
87— Pr(X < 23.96)=0.2
10887112 _ 0o r(23<963’9u6) 0.28
o . B
3.13=-02019¢ PT(Z< 35 ):0'28
=155 23.96—
% = -0.5828
) .
4 X~N(n445) 23.96— 1 =—0.5828 X 3.5
Pr(X <32.142)=0.11 23.96— 11 = —2.038
Pr(z<32'142_“):0.11 23.96+2.038 =
4.45 H=26
32.142-u >
e =12265 11 X ~N(115,07)
32.142— u=-1.2265x4.45 Pr(X <122.42)=0.76
32.142 -y =-5.4579 122.42-115
32.142+5.4579 = PT(Z< e j:0'76
=376 12242115 _ o o
5 a Pr(Z<z)=039 ° 742 = 07063
So z=-0.2793 ; 4'2 B
b Pr(Z>z)=0.150r Pr(Z <z)=0.85 ——=0
0.7063
So z=1.0364 o=105

¢ Pr(-z<Z<27)=0.28

Pr(Z <-z)=10.36
So —z=-0.3585

12 X~ N(41,0'2)
Pr(X > 55.9636) = 0.11

55.9636—41
Therefore z = 0.3585 Pr(Z > f) =0.11
2 —
6 X~ N(37.5,8.62 ) 35.9636-41 506
_ o
a PriX <a)=0.72 14.9636 = 1.22650
Soa=42.52 149636 _
b Pr(X <a)=0.68 1.2265
Soa=41.53 o=122
¢ Pr37.5-a<X <37.5+a)=0.88
Pr(X <37.5—a)= % =0.06
37.5—a=24.10
a=13.40
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13 X~ N(,u,az)
Pr(X <33.711)=0.36
Pr(Z < m): 0.36
O

33711-u

=-0.3585
o
33.711- p=-0.35850
33.711= 10— 035850 oocoveeeron. )

Pr(X <34.10) = 0.42
Pr(Z <mj —042
o

3410-4 49019
(o}

3410 4 =-0.20190
34.10 = 41— 0.2019G ..orrror... )
33.711= 4~ 0.3585G corssrrrrrn. )

H-2
33.711-34.10 = 035850 +0.20190
~0.389=-0.15660
~0.389

=0
-0.1566
=25

Substitute o =2.5 into (1)
33.711=u—-0.3585(2.5)
33.711=pu—-0.8963
U=34.6
14 X~ N(,u,az)
Pr(X >18.35)=0.31

Pr(Z > w) —031

o

183571 _ 4959
(o)
18.35— u = 049590

18.35= 1 +0.4959G .................... o)
Pr(X >15.09) = 0.45
1509-p

j =0.45
o

BOO=K_ 1257
o

15.09— 11 =-0.12570
15.09= = 0.1257C ccovveereerreeenn. )
18.35= 1 +0.49590.......occooo...... )

P2

OH-®
18.35-15.09 = 0.49590 + 0.12570
3.26=0.62160
3.26
=0
0.6216
o=52
Substitute o = 5.2 into (1)
18.35= 1+ 0.4959(5.2)
18.35=u+2.5787
18.35-2.5787=pu
u=15.8

15 Pr(a< X <b)=0.52 and X ~ N(42.5,10.32)

Pr(X <a)=0.24 Pr(X >b)=0.24
a=35.2251 b=49.7749

TOPIC 13 The normal distribution ¢ EXERCISE 13.5

So Pr(35.2251 < X < 49.7749) = 0.52
Pr(a< X <b)
Pr(X < b)
Pr(X < b)=0.24+0.52=0.76
Pr(X>a|X<b):%
0.76
Pr(X >al X <b)=0.6842

16 X~N(u.c?)

Pr(X >alX <b)=

Pr(X <39.9161)=0.5789

Pr(Z < m) ~0.5789
O

399161-4 _ 1o

o
39.9161— = 0.19910
39.9161= f1+0.19910 ...cceereeen.... )
Pr(X > 38.2491) = 0.4799

Pr(Z > WJ =0.4799
[}

38249141 _ e,

o
38.2491 - u =0.05040
38.2491=u+0.05040................... 2)
39.9161= u+0.191c

H-@)
39.9161-38.2491=0.19910 - 0.05040
1.667=0.14870
1.667
=0
0.1487
o=11.21
Substitute o =11.21 into (1)
39.9161=pu+0.1991(11.21)
39.9161=u+2.2319
39.9161-2.2319=u
n=37.68

| 247

Exercise 13.5 — Mixed probability application

problems
1a i W~N(5083)
Pr(W < 500) = 0.0038
ii Pr(W<w)=0.01
w=501.0210
b Pr(W < 500) < 0.01

500—508)
<7

Pr(Z <0.01

o
2002598 5 3263

o
-8<-2.32630

<o
—2.3263
34389<0

Or ¢ >3.4389 grams

2 a Y Pr(X=x)=1
3k2+ 2k +6k> + 2k + k> +2k+3k =1
10k*> +9k—1=0 as required
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b 10k>+9k—1=0
10k =1k +1)=0

k:Lask;t—l
10

¢ Let X = the chocolate surprises containing a ring
X ~ Bi(8, 0.25)
E(X)=8%x0.25=2
d Pr(X=2)=0.3115
e Pr(X =0)<0.09
"C,(0.75)"().25)° < 0.09
(0.75)" £0.09
nlog,(0.75) <log,(0.09)
n> log,(0.09)
log,(0.75)
n=8.3701
Sample size has to be 9.
f Let W = the weight of the defective chocolate surprises
W ~N(125.67)
Pr(W <100) = 0.082

Pr(Z < M) =0.082
o

100125 _ ) 3917
o

—-25=-1.39170
-25

=0
-1.3917
17.9636 = o

o=18

3 Let X = the error in a speedometer
X ~N(0,0.76)
Pr(Unacceptable) = Pr(X < -1.5) U Pr(X >1.5)
Pr(Unacceptable) = 2Pr(X < —1.5) by symmetry
Pr(Unacceptable) = 2 x 0.0242
Pr(Unacceptable) = 0.0484

4 Let X = the height of Perth adult males

X ~N(174,8)

a Pr(X =180) = 0.2266 or 22.66%

b Pr(X>x)=0.25

x=179.396=179 cm
5 a Let X = average weight of David’s avocados
X ~N(410,20)
i Pr(X <360)=0.0062

Pr(340 < X < 360)
Pr(X < 360)
0.005977
0.0062
Pr(X >340| X <360) = 0.9625

i Pr(X>340|X <360)=

Pr(X >340| X <360) =

b Let Y = average weight of Jane’s avocados
Y~ N( ,u,oz)

Pr(Y < 400) = 0.4207
Pr(Z < ‘mo—_“) = 0.4207
[}

400=K _ 4 2001
o
400 — 1 = —0.20010
400 = 11— 0.2001G v corrree.. M
Pr(Y > 415) = 0.3446
415-u

Pr(Z > ) =0.3446

ASZH (3999

o
415=1u+0.39990.................. (2)
400 = u—-0.20010.....ccccerueueeene )}

@-m
415-400=0.39990 + 0.20010
15=0.60
15
~—5
0.6
25=0
Substitute ¢ = 25 into (1)
400 = u—0.2001(25)
400 = u—-3.0015
=405

6 Let X = the length of metal rods

X ~N(145,1.47)
a Pr(X >146.5)=0.1420
b Pr(X<,u—d):¥
Pr(X <145-d)=0.075
145—-d =142.9847
145-142.9847=d
2.0153=d
d=20
¢ Let Y = the number of rods with a size fault
Y ~Bi(12, 0.15)
Pr(Y =2)=0.2924
d i a+0.15+0.17=1
a+032=1
a=1-0.32
a=0.68
ii E(Y)=0.68(x—5)+0.15(0)+0.17(x—28)
E(Y)=0.68x—-34+0.17x—1.36
E(Y)=0.85x—4.76
iii If E(Y)=0 then
0.85x—4.76=0
0.85x=4.76
x=5.6

Selling price of good rods will be 5.6 —5 =6 cents

0.68

0.68+0.17
=0.8

ie. 80%

iv Production of good rods =
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7 X ~N(2500,700%) and ¥ ~ N(3000,5507 )
a Pr(X <1250)=0.0371
b Pr(Y <1500) = 0.0032
¢ Pr(Both "special") = Pr(X NY)

TOPIC 13 The normal distribution ¢ EXERCISE 13.5

Pr(Both "special") = Pr(X) X Pr(Y) as they are independent events

Pr(Both "special") = 0.0371x 0.0032
Pr(Both "special") = 0.0001
d i Pr(One "special") = 0.4 x0.0371+ 0.6 0.0032
Pr(One "special") = 0.0167

ii Pr(X"special" | One "special") =

Pr(X m One "special")

Pr(One "special")

0.4x0.0371

0.0167
0.00744

0.0167
Pr(X "special” | One "special") = 0.8856
8 a Let X = the height of plants
X ~N(18,5%)
Pr(X <10)=0.0548
Pr(10 < X < 25) = 0.8644
Pr(X > 25)=0.0808

Pr(X "special" | One "special") =

Pr(X "special" | One "special") =

Plant Size Probability
Small X <10 0.0548
Medium 10<X <25 0.8644
Large X>25 0.0808

b E(Cost of one plant) = 2(0.0548) +3.5(0.8644) + 5(0.0808) = $3.54

E(Cost of 150 plants) = 150 x $3.54 = $531
9 Let W = the weight of perch
W ~N(185,20°)
a Pr(W >205)=0.1587 = 15.87% (Cannery, 60 cents)

b Pr(165<W <205)=0.6827 = 68.27% (Market, 45 cents)

¢ Pr(W <165)=0.1587 = 15.87% (Jam, 30 cents)

E(Profit) = 60(0.1587) +45(0.6827) + 30(0.1587) = 45.0045 = 45 cents

10 Let X = the diameter of the tennis ball
X ~N(70,1.5%)
a Pr(X<71.5)=0.8413
b Pr(68.6 <X <71.4)=0.6494
¢ Let Y = the tennis balls in range
Y ~ Bi(5, 0.3506)
Pr(Y 21)=1-Pr(Y =0)
Pr(Y > 1) =1-(0.64935)°
Pr(Y 21)=0.8845
d (68.6<X <71.4)=0.995

Pr(68'6_70 <7< 71.4—70):0'995
o (e

pr(ﬂ<Z<ﬁ)=o.995
o o
Pr(Z > ﬁ) =0.0025
o
E: 2.807
c
1.4

— =0
2.807
0.4987=0
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11 Let X = the diameter of a Fugee apple
X ~N(71,12%)
a [ +20 will be the largest possible diameter
(71+24) mm will be the largest possible diameter
95 mm will be the largest possible diameter
b Pr(X <85)=0.8783
Pr(X <60)=0.1797=18%
d Pr(X<x)=0.85
x=83.4372 mm
83 mm is the minimum diameter
e Pr(x>100)=0.0078
f E(Cost of one apple) = 0.1797(0.12) + 0.6703(0.15) + 0.15(0.25) = 0.1596 or 16 cents
E(Cost of 2500 apples) = 2500 x 0.1596 = $399
g Let Y = Jumbo apples in a bag
Y ~ Bi(6, 0.15)
Pr(Y 22)=1—(Pr(Y =0)+Pr(Y =1))
Pr(Y 22)=1-(0.3771+0.3993)
Pr(Y 22)=1-0.7764
Pr(Y 22)=0.2236
12 Let X = the amount of disinfectant in a standard bottle
X, ~N(0.765,0.007)
Let X, = the amount of disinfectant in a large bottle
X, ~N(1.015,0.009°)
a Pr(X <0.75)=0.0161
b Pr(X,; <1.00)=0.0478
Let Y = the large bottles with less than 0.95 litres in them
Y ~ Bi(12, 0.0478)
Pr(Y 24)=1-Pr(Y <4)
Pr(Y 24)=1—(Pr(Y =0)+Pr(Y = 1)+ Pr(Y =2)+Pr(¥Y =3))
Pr(Y 24)=1-(0.5556+0.3347 + 0.0924 + 0.0155)
Pr(Y 24)=1-0.9982
Pr(Y 24)=0.0019

(<]

13 Let L = the length of antenna of a lemon emigrant butterfly
L~N(22,15%)
a Pr(L <18)=0.0038
Let Y = the length of antenna of a yellow emigrant butterfly

b Pr(Y <15.5)=0.08
155-u
o

Pr(Z< )=0.08

IS5=K _ 1 4051

o
15.5-u=-14051c
15.5=pu—-140510.....ccccueuce. (6}
Pr(Y >22.5)=10.08

Pr(Z > 225—_“) ~0.08
o

225-u

=1.4051
O
22.5- u=1.4051c
22.5= 1+ 140510 ...ooveeeen.... 2)
15.5= U —1.4051C ccoovccrmmee... )
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)=
22.5-15.5=1.40510 +1.4051c
2=2.81020
2

=0
2.8102
o =2.5mm

Substitute o = 2.5 into (1)
15.5=u—1.4051(2.5)
15.5=u—-3.5128

15.5+3.5128=pu

1 =19.0 mm

Pr(Yellow) = 0.45 and Pr(Lemon) = 0.55
Let B = the number of yellow emigrants
B~Bi(12, 0.45)

Pr(B=5)=0.2225
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14 a Let X = the error in seconds of a clock
X ~ N(,u,az)
The clock can be up to 3 seconds fast or 3 seconds slow.
Pr(X >3)=0.025
u=0
Pr(Z > ﬂ) =0.025
o

=1.95996
3=1.959960

Q|w

3

— =0
1.95996
o =1.5306

b Let Y = the number of rejected clocks
Y ~Bi(12, 0.05)
Pr(Y <2)=Pr(Y 1)
Pr(Y <2)=0.8816
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Topic 14 — Statistical inference

Exercise 14.2 — Population parameters and
sample statistics

1

10

11
12
13
14
15

16

17

18

Mr Parker teaches on average 120 students per day. This is
the population size. N =120

He asks one class of 30 about the amount of homework they
have that night. This is the sample size. n =30

Lois is able to hem 100 shirts per day. This is the population
size. N =100

Each day she checks 5 to make sure that they are suitable.
This is the sample size. n =5

Mr Banner tests his joke on this year’s class (15 students).
This is the sample size. n =15

We don’t know how many students Mr Banner will teach. The
population size is unknown.

Lee-Yin asks 9 friends what they think. This is the sample
size. n=9

We don’t know how many people will eventually eat
Lee-Yin’s cake pops. The population size is unknown.

a Population parameter

b Sample statistic

a Population parameter

b Sample statistic

Number of boys: x 75 =34.29. Therefore 34 boys.

523+621

Number of girls: X 75=40.71. Therefore 41 girls.

523+621

Number of boarders: 23% of 90 = 20.7. Therefore 21

boarders.

The rest of the sample will be day students. 90 — 21 =69 day

students.

a We don’t know how many people will eventually eat the
pudding. The population size is unknown.

b 40 volunteers to taste test your recipe. This is the sample
size. n =40

a We don’t know how many people will eventually receive
the vaccine. The population size is unknown.

b 247 suitable people test the vaccine. This is the sample
size. n =247

Sample statistic

Population parameter

Sample statistics

Population parameter

a A systematic sample with k=10

b Yes — assuming that the order of patients is random

The sample is not random, therefore the results are not likely

to be random

It is probably not random. Tony is likely to ask people that he

knows, or people that approach him.

Number of male staff: 60% of 1500 = 900

Number of full time male staff: 95% of 900 = 855

Number to sample: 855 x80=45.6
1500
Number of part-time male staff: 900 — 855 = 45

x80=2.4

Number to sample: 45
1500

Number of female staff: 1500 — 900 = 600
Number of full time female staff: 78% of 600 = 460

Number to sample: 460% x80=24.96

Number of part time female staff: 600 — 460 = 140

Number to sample: lét)% x80=7.47

The sample consists of:
Full time male staft: 46
Part time male staff: 2
Full time female staff: 25
Part time female staff: 7
19 Use the random number generator on your calculator to
produce numbers from 1 to 100. Keep generating numbers
until you have 10 different numbers. Answers will vary.
20 First assign every person in your class a number e.g. 1-25.
Decide how many students will be in your sample, e.g. 5.
Then use the random number generator on your calculator
to produce numbers from 1 to 25. Keep generating numbers
until you have 5 different numbers. The students that were
assigned these numbers are the 5 students in your random
sample. Answers will vary.

Exercise 14.3 — The distribution of p

p=0.85

Is 10n < N? 10n = 500, therefore 10n < N.

Is np 210? np =50 x 0.85, therefore np =10.
=425

Is ng 210? ng =50x%0.15, therefore ng Z 10
=75

The sample is not large.

For the sample to be large, ng=10
0.15n=10
n=0606.7

n =67 is the smallest sample size that can be considered large.
4 np=10 As p<gq, if np <10, then ng <10.
0.05n=10

n=200
Is 10n £ N? 10n = 2000, therefore n =200 is a large sample.
Sau;=p
=05
1-
bo,- p(1-p)
n
_ [0.5%0.5
50
=0.07
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6 If N=1000, =100 and p=0.8.

X p Pr(P = p
a l,=p Z i 2
=0.8 4 3 5C, (0.62)* (0.38)' =0.281
bo;= p(=p)
b " 5 1

5C5(0.62)° (0.38)" =0.092

_ [0.8x0.2 TOTAL 5085
100 samples

=0.04 S
. 27 Probability distribution table:
""30 s Lo L2 3] ],
_9 5 5 5 5
10 -
147 Pr(P = p)| 0.008 | 0.064 | 0.211 | 0.344 | 0.281 | 0.092
8 p=—
537 R . 3 . 4 .
9 12 4 c Pr(P>O.5)=Pr(P=5j+Pr(P:g)+Pr(P:1)
a p=—=—
217 =0.344+0.281+0.092
b 0 females chosen out of 4, 1 chosen out of 4, 2 chosen out =0.717
of 4, 3 chosen out of 4 or 4 chosen out of 4. 11 np=10  As p<gq, if np <10, then ng <10
13 ’ - -
Therefore the possible values for p are 0, —, —, —, 1. 0.0l1n=10
42 4
¢ - n=1000
. Relative Is 10n < N? 10n =10 000, therefore n=1000 is a large
X p Number of samples | frequency sample.
0 0 2c,°c, =126 0.021 12 p;=p
1 =0.15
1 — 2c9c, = 0.168
1 C, C; =1008 o - p(1-p)
1 ' n
2 5 c,’c, =2376 0.397 [0.15% 0.85
3 N 150
3 = 2¢,%c, =1980 0.331 =0.029
4 13 uy=p
4 1 2¢,°c, =495 0.083 =0.75
TOTAL 085 o - |P=p)
samples P n
Probability distribution table: _0.75%x0.25
. 1 1 3 V100
p 0 " > " 1 =0.043
4 2 4
- 14 Hp=p
Pr(P=p)| 0.021 | 0.168 | 0.397 | 0.331 | 0.083 p=0.12

. ) ) -
d Pr(P>O.6)=Pr(P=%)+Pr(P:1) 5, p( : p)

=0.331+0.083 0.12x0.88
—0414 00285 = |=————
. . Pr(P>0.5 4, 0.1056
e Pr(P>0.5’P>0.3)=¥ 81225107 = =——
Pr(P>0.3) _oaoss
__ 0414 8.1225% 10~
0.414+0.397 =130
=0.510 1S py=p
=0.81
10 a 0,l,g,§,i,1 p=038
5555 p(1-p)
b A .~ . O;=
X P Pr(P = p) n
0.81x0.19
0 0 5C, (0.62)° (0.38)° = 0.008 0.0253 =, ’f
1
1 5 3C,(0.62)' (0.38)" = 0.064 6.4009x 10~ = 21339
n
2 S , X o 01539
2 5 C,(0.62)*(0.38)° =0.211 = 6.4009%10~
3 =240.4
3 5 5C,(0.62) (0.38)* =0.344 Therefore n =240
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TOPIC 14 Statistical inference ¢« EXERCISE 14.4

Relative frequency

p(1-p)
510
p(1-p)
510
0.11475=p(1-p)
=p-p’
The quadratic p> — p+0.11475=0 can be solved using the quadratic formula.

p= —b+b*—4ac
- 2a

1+ J1-4x1x0.11475

2
_1£40.541
2
p=0.87o0r p=0.13
As p > 0.5, the population proportion is p = 0.87.

0.015=

225%107™ =

p(1-p)
n
p(l-p
350
p(i-p
350
0.2275875=p(1-p)

=p-p’

p

~

0.0255 =

~—

6.5025%x 107 =

The quadratic p?— p+0.2275875=0 can be solved using the quadratic formula.

_ —b++b* ~dac
2a
1+ /1-4x1x0.2275875
- 2

_ 1£,/0.08 965

2
p=0.650r p=0.35

p

| 255

Exercise 14.4 — Confidence intervals
1 n=30

p=0.78

z=1.96

p(1-p)
n

The 95% confidence interval is p+z

0.78+1.96 /LS x0.22
30

63%-93%
n=>53
p=0.82
z=1.96

1=
The 95% confidence interval is p+ z p(1-p)
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0824196, [ 252X 018
53

72%-92%

n=116

5=0.86

7=2.58 (Pr(Z < z)=0.005)

The 99% confidence interval is p+z

0.86+2.58, |0 014
116

78%-94%

n=95

p=0.3

z=1.64 (Pr(Z < z)=10.05)

The 90% confidence interval is p+z

03+1.64 /M
95

22%-38%
95% confidence interval z=1.96
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p(1-p)

p(1-p)

p will be at the centre of the interval, p=0.4

The confidence interval is p+ z

(1-

>
~—

>

Z =0.05.

N

(1-

04x0.6 _

>
~—

>

=0.05

Z

0.05

-

1.96

=)

024 =0.0255

n
2

=

S
=

=6.5077x107*

0.24

n=——
6.5077 x107*
=368.8
A sample of size 369 is needed.
90% confidence interval z =1.64

= ‘

p(=p)

n

. This means that

p will be at the centre of the interval, p=0.8

The confidence interval is p+ z

(i-

>
~

>

Z =0.05.

N

(-

08x02 _

>
~—

>

=0.05

<

T

1.64 0.05

=]

016 _ 0.0305

n
1

)}

o
o)

=9.285%x107*

_ 0.16
" 9285%10
=172.1
A sample of size 173 is needed.

: ‘

p(1-p)

n

. This means that

7

10

11

n=250
20
250
=0.08
z=1.96

>
Il

p(1-p)

The 95% confidence interval is p+ z

0.08x0.92
250
4.6%-11.4% of complaints take more than 1 day to resolve.

0.08+1.96

0924258 [208X092
250

87.6%—-96.4% of complaints are resolved within 1 day.

7=1.64 485

The 90% confidence interval 0.368 +£1.64 w

250
31.8%—41.8% of Australians have Type A blood.
n=250,p=0.65
Since n is large, we can approximate the distribution of
P to that of a normal curve. Therefore U= p=0.65and

o= 0.65x0.35 ~0.030
250

Pr(ﬁ < 0.6) =0.0487

n=200,p=0.8
Since n is large, we can approximate the distribution of
P to that of a normal curve. Therefore (= p=0.8 and

o= 0.8x0.2 —0.0283
200

Pr(0.8 <P<09|P> 0.65) -

Pr(0.8 <P< 0.9)
Pr(ﬁ > 0.65)
~0.4998

7 0.9999
=0.4998

z=1.96

p will be at the centre of the interval, p=0.3

p(1-p)
n

The confidence interval is p£z . This means that

(

—
>
~—~

>

=0.05.

Z

N

>
_
>

=0.05

03x0.7 _

1.96 0.05

e

=]

2

—_

=0.0255

: ‘

=]

2

—_

=6.5077x107*

0.21

n =
6.5077x107*
=322.7

A sample of size 323 is needed.

3 ‘
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14

15

7=2.58

p will be at the centre of the interval, p=0.25

p(1-p)
n

The confidence interval is p+z . This means that

o
—_
oo S
~
[}

=3.756x107*

0.1875

n=_—————r
3.756x10
=497.62
A sample of size 498 is needed.
95% confidence interval means that z =1.96
The interval is 0%—5%
p will be at the centre of the interval, p =0.025 (2.5%)

p(1-p)

The confidence interval is p+ z . This means that

~—~

——
P=P) _ o 005,

Z

1.96 [0.025% 0.975 — 0025
n
0.024375
—=0.012755
n

0.024375 .
T 16269 %10

n
0.024375
n= =
1.6269 x 10
=149.8
A sample of size 150 is needed.
99% confidence interval means that z =2.58
p will be at the centre of the interval, p=0.94 (94%)
p(1-p)
n

The confidence interval is p£z . This means that

P(1-5)

=0.04.
(1-

0.94 x0.06

>
~

>

=0.04

<

2.58 =0.04

g:

S S
X

r

=0.0155

=]
S
W
[))
N

=2.404x107

0.0564

n=s——————
2.404x107*
=234.6

A sample of size 235 is needed.

16

17

18
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p(1-p)
n

0.03=1.96 /O.ISXO.SS
n

n =544
The sample size needed is 544 people.

M =1.96

p will be at the centre of the interval, p=0.90
p(1-p)
n

The confidence interval is p+z . This means that

p(1-p)

=0.05.

100
0.03z=0.05

z=1.67
Pr(-1.67<z<1.67)=0.9
Benton’s is 90% sure of their claim.
p will be at the centre of the interval, p=0.775

p(1-p)

The confidence interval is p+ z . This means that

. [0.775%0.225 —0.025
250

0.026z =0.025
z=0.947
Pr(-0.947 < 7 <0.947) = 0.66
Benton’s is 66% sure of their claim.
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