Chapter 1 - Algebra I

Solutions to Exercise 1A

1 a Add indices: n Multiply the coefficients and add the
O xxt x0T = A indices:
1 1 7
Add indices: 2x2 x4x3 = (2 x 4)x2" = 8x2
5 -3 _ 5+3 _ 2
@ xas=a -4 Multiply the first two indices and add
Add indices: the third:

2%l x 2 = 2142 — 3

Sglbtract indices:
y _ _
)7 _ y3 7 _ y 4

S%btract indices:

X
QN b

po

Subtract indices:
P 52 7
—2 = p_ e p_
p

Subtract indices:
1 2 3 4

a2 =as3 :ag 6:@

Multiply indices:
(61_2)4 — a—2><4 — a—S

i Multiply indices:
(y—2)—7 — y—2><(—7) . y14

j Multiply indices:
5Y3 = 53 = 15

(x =X
Multiply indices:
3 3

(a—zo)g — a—20><§ — a—lz

Multiply indices:

A
(_x 2) =x 2 =X

Multiply indices:

1 1
(nlo)§ = n10><§ = n2

S 5
(a2)2 xat=ad”2 xa*

:a5+(—4)
:al =
1;l 4
— =x 4 =X
o

2\5 2
(2n‘§) S (@t = 291755 = (2270
=2°n77 + (2%
_ 5-6,-2-4

1
I L
" 2nb

Multiply the coefficients and add the

indices.

3 1 3
X7 X2x2 X —4x 2

_ (12 x -4 7 (3)

= —8x°

(ab®)* x a2b™* x

a’b3
=’ xa*h ™ xab?
— a2+—2+—2b6+—4+3

— a—2b5

@227 x&p> = ((6p7))° = 1
Anything to the power zero is 1.



1
b 643 = V64 =4
1 1
(Lot
o) g
_Vi6 4
Vo 3
1
d 1677 =
162
_ 11
Vie 4
(2t
36 (49)%
3
R
V49
36
_ V36 _6
49 7
f 273 = V27 =3

=33=27

1 1

1 14
_) = —
163

3
2

23\0
5

3 1)3
1 1287 :(1287)

=23-8
a 4.35%=18.9225 ~ 18.92
b 2.45 =79.62624 ~ 79.63
¢ V34.6921 = 5.89
d 0.0273 = 125000

e V0.729 = 0.9

f V23045 = 1.23209... ~ 1.23

o

2
h (4.558)5 = 1.83607...~ 1.84

1 1
i — =(0.064)3 =04
(0.064)"3

a*b’

_ 2--233—-4
a ey a“ b
=da'b’
2a%(2b)° 2% x 2°b°
(a)2b=*  272a72b4
24a42p3
= 25,04
_ 942 2--2p3--4
= 204*p" = 64a*D’
c a’b g2y

a2pd
=a’b' =b

1
(345.64)"3 =0.14249...~0.14



a*b’ ab
24 X T
a*b~ a b~
a2+1b3+1

d

T g1y a1
a’b*

= 43S

= 335 = 50

(2a)* x 80> 4a® x 8b°
16a=2b~% ~ 16a-2b~4
_3248%°
 16a2b*
— %az——2b3——4
=24a*b’

2a%b? ) 16ab

8a2b~* ~ (2a)"'bh!
_2d% Qay b

~ 8424 " l6ab

B 2a2b3 2—1a—1b—1

= 8a 24 " 16ab
21+—1a2+—1b3+—1

T 8x 16 x a2 pA+

2%a'b?
T 1284 b2
L
= —a -
128 128

2" x 8" 2"X 3"
2% 16 22 x 24
B M 2311
T 020 ¢ 04
2n+3n—2n
— x
— 22/1 X 2—4

— 22n—4

6 27 x 37 x 6% x 3 x 2%

= (2% 3)7 X 6% x (2 %x3)*
=67 X 6™ x 6™

— 6—x+2x+2x

— 63x

7 In each case, add the fractional indices.

11 2 2.1 4
a 23 x26x23=26"6""6
1 1l
1 6
:26:(—)
2
12 1 5. 8. 2
b a4 Xa5 Xa 10 = g207207 20
11
:(12
2 5 2 4.5 4
Cc 23 X26 X2 3 =2676"6
S
=726
1IN 1\ 2 s
d (23) x(zz) =25 %23
4.15 19
=266 =26

a



b Va3b? x Valb! e Vadh2c3 x Va2b'¢-5

1 1 1 < 1
= (@’b*)2 x (a*b™1)2 = (@’b*c)2 x (a®b7'¢7)2
31 3,3 1 s
=a2b Xa b2 =a2bc2xab2c2
i 301 et 3403
a2ttt = g2b2 =2t p 2212
501
¢ =a2bic™

1 1
Va3b? x Va2b1 = (@’b*)3 x (a*b™1)5
t Va3b? = Va2b!

32 2 1
= a3b3 Xasb’ 5
1 1
3.2 2,1 1 = (@b)5 + (@*b™')5
=as 5b5 5 =abs
32 21
=a5b5 =as5b 5
47,2 351
— a5 5h575 = g5b5

1 1
= (@ *bH2 x (@®b™H2

g
31 o
= a2 xa2b 2 Vab?  Nab?

X
2b-1c5 " a3p-!

—2+§ 1+—l
=a 22 3205 N
11 = (@b)2  (ab)e X(a3b_l)%
=a 2b2 2b-1c-5 B3b-!
3
1 1 511 271
5 = a2b a b 3 1
_ 02 (b = s X gy Xa2b 2
T\, a‘b~lc>  a’b”
az 3 9,101 0--5 2-3,1--1
=a2 b ¢ P xXa b
3 1
Xa2b 2

1 3001
=a 2b°C xa>b* xa2b 2

1 3 1
— a—2+—5+ 5 b2+2+—2 CS

;
=a*h2¢d



Solutions to Exercise 1B

1

a

b

47.8 =478 x 10! = 4.78 x 10
6728 = 6.728 x 103

79.23 =7.923 x 10! = 7.923 x 10
43580 = 4.358 x 10*

0.0023 =2.3x 1073

0.000 000 56 = 5.6 x 1077

12.000 34 = 1.2000 34 x 10"
= 1.200034 x 10

Fifty million = 50 000 000
=5.0x 10’

23000 000 000 = 2.3 x 10
0.0000000013 = 1.3 x 10~°

165 thousand = 165 000
=1.65x 10°

0.000014 567 = 1.4567 x 107>
The decimal point moves 8 places to
the right = 1.0 x 1078

The decimal point moves 24 places to
the right = 1.67 x 10723

The decimal point moves 5 places to
the right = 5.0 x 107>

The decimal point moves 3 places to
the left = 1.853 18 x 10°

The decimal point moves 12 places to
the left = 9.461 x 10'?

The decimal point moves 10 places to
the right = 2.998 x 10'°

The decimal point move 13 places to
the right = 81 280000 000 000

The decimal point move 8 places to
the right = 270 000 000

The decimal point move 13 places to
the left = 0.000 000 000 000 28

456.89 ~ 4.569 x 107
(4 significant figures)

34567.23 ~ 3.5 x 10*
(2 significant figures)

5679.087 ~ 5.6791 x 10°
(5 significant figures)

0.04536 ~ 4.5 x 1072
(2 significant figures)

0.09045 ~ 9.0 x 107
(2 significant figures)

4568.234 ~ 4.5682 x 10°
(5 significant figures)

324000 x 0.0000007
4000
324x103x7x 1077

4 %103
| 3.24x7

4
=5.67%x107

= 0.0000567

X 105+—7—3




5240000 x 0.8 Vi Exio

42000000 62 5= 3005
:5.24><106><8><10‘1 V2 x V10°
4.2 % 107 = 106.8375...
_ 4192 x10° 1.2599...x 103
4.2 x 1073 = T 106.8375. ..
_ 4192 x10 =0.011792 ... x 10’ ~ 11.8
42000 x 103
4192 262 b
= 32000 ~ 2625 Ya _ V2x107
4b* ~ 4x0.054
. V2x V1012
4 x0.00000625
_1.1892... x10°
 4%6.25%10°6

=0.047568...x10° ~ 4.76 x 10’



Solutions to Exercise 1C

1 a 3x+7=15
3x=15-7
=38

=24
L o=24x-2
2

x=48

¢ 42+3x=22
3x=22-42

e 52x+4)=13
10x +20 =13
10x =13 -20

f -34-5x)=24

12+ 15x =24
15x=24+12
=36
N
15
12
:?:2.4
g 3x+5=8-7x
3x+7x=8-35
10x=3
3
x=1—020.3

h 2+3(x-4)=42x+5)
2+3x-12=8x+20
3x—10=8x+20
3x-8x=20+10

-5x =130

30
:—:—6

R

. 2x 3
1 ?—Z—SX

2x 3
?x20—1x20_5x><20

8x —15 =100x
8x —100x = 15
-92x =15

15

X:—9—2



X
bx+d=2_3
X + 3
6x><3+4><3:§><3—3><3

18x+12=x-9
18x—x=-9-12
17x = =21

21

X:—ﬁ

X 2x_

275

X 2x
X110+ —x10=16x%x 10
2 5

16

Sx+4x =160
9x = 160

_ 160
9

X

3x x

= _Z_-8

4 3
3x

X
— X12-=%x12=8x%x12
4 3

9x —4x =96
5x =96
96

=2 -192
VU

3x—-2 x

-3
2 '3

3)C_2><4+f><4:—8><4
2 4

2B3x-2)+x=-32
6x—4+x=-32

Tx=-32+4
=-28
x=-4

5x 4 2x
d 17375
%x60—§x60:25—x><60
75x — 80 = 24x
75x —24x = 80
51x =80
80
51
e x—4+2x+5:6
2 4
x;4x4+2x;r5><4:6><4
2x—4)+ 2x +5) =24
2x—-8+2x+5=24
4x=24+8-5
=27
27
x:Z:6.75
f 3—3x_2(x+5)_i
10 6 20
3;03x><60—2(x6+5)><60:%><60

6(3 -3x)-20(x+5)=3
18 — 18x—20x—-100 =3

-38x=3-18+ 100

= 85
&
38

X =



3—x 20x+1)
5 & s
3 20x+ 1)

~24

— X 20— X 20 = —24 % 20

4
53-x)—8(x+1)=-480
15-5x—-8x—-8 =-480

—13x=-480-15+8

= 487
487
T3
25-x) 6 4(x-2)
h - =
g 7 3
_2(5_x)><168+g><168=4(x_2)

—42(5 - x) + 144 = 224(x - 2)
—210 + 42x + 144 = 224x — 448

42x — 224x = —448 + 210 — 144

—182x = —382
382 191
TI82 T 0

3 ai3x+2y=2;2x-3y=6
Use elimination. Multiply the

first equation by 3 and the second

equation by 2.
O9x+6y=06

4x -6y =12
O+ @:
13x =18

18

T 13
Substitute into the first equation:

X

18
3X —+4+2y=2
37

54
— +2y=2
37

V=273
28
13
14

y:—E

X 168

b 5x+2y=4;3x-y=6

Use elimination. Multiply the second
equation by 2.

5x+2y=4 )
6x—2y =12 @
D+
11x =16
16
v 2

Substitute into the second, simpler

equation:
16
3Xx——-y=6
1 °
48
Ry .
-
48
e
J 11
18
YT

2x-y=T7;3x-2y=2

Use substitution. Make y the subject
of the first equation.

y=2x-17

Substitute into the second equation:
3x-2Q2x-T7)=2

3x—4x+14=2
-x=2-14
x=12

Substitute into the equation in which
y is the subject:
y=2x12-7

=17

x+2y=12;x-3y=2

Use substitution. Make x the subject
of the first equation.

x=12-2y



Substitute into the second equation: Substitute into the second equation:

12-2y-3y=2 xX+5%x2=10
-Sy=2-12 x+10=10
=-10 x=0
oy=2 _ f 15x+2y = 27; 3x + Ty = 45
Substitute into the first equation:

Use elimination. Multiply the second

x+2x2=12 .
equation by 5.
x+4=12 15x +2y =27 ®
x=8 15x + 35y = 225 ©
Tx—-3y=-6;x+5y=10 O -Q:
Use substitution. Make x the subject ~33y = 198
of the second equation. 198
x=10-15y y= ? =6
Substitute into the first equation: ) ) .
7(10 — 5y) — 3y = —6 Substitute into the second equation:
3x+7x6=45
70 — 35y -3y =-6
3x+42 =45
-38y=-6-70
3x=45-42
=-76
76 =
=—— =2 _
Y=33 x=1

10



Solutions to Exercise 1D

1 a 4x-2)=60
4x -8 =60
4x =60+8
=68
x=17

2x+7

b The length of the square is
2
2x+7
=49
)
2x+7
=7
4
2x+7=T7x4=28
2x=28-7=21
x=10.5

¢ The equation is length = twice width.

x—=5=2(12-x)

x—5=24-2x

x+2x=24+5
3x =29

29
xX=—

3
d y=2(2x+1)+(x-3))
=22x+1+x-3)
=20Bx-2)
=6x—-4

e O=np

f If a 10% service charge is added,
the total price will be multiplied by
110%, or 1.1.

R=1.1pS

g Using the fact that there are 12 lots of

5 min in an hour (60 + 12 = 5),

60n
— =2400
5

0
h a=ci f X —
a = circumference 360

60
-2 -
n(x+3)><36

1
=2 3) X —
m(x + )><6

T
= §(x+ 3)

Let the value of Bronwyn’s
sales in the first week be $s.
s+ (s +500)+ (s + 1000)

+ (s +1500) + (s +2000)
= 17500
55+ 5000 = 17500
5s = 12500

s = 2500
The value of her first week’s sales is

$2500.

Let d be the number of dresses bought
and /& the number of handbags bought.
65d + 26h = 598

d+h=11
Multiply the second equation by 26 (the

smaller number).
65d + 26h = 598 (@

26d + 26h =286 ©

11



O -0O:

39d =312
312
d=——=238
39
h+8=11
h=3

Eight dresses and three handbags.

Let the courtyard’s width be w metres.
3w+w+3w+w =67

8w = 67
w = 8.375

The width is 8.375 m.
The length = 3 X 8.375 = 25.125 m.

Let p be the full price of a case of
wine. The merchant will pay 60%
(0.6) on the 25 discounted cases.
25p + 25 x0.6p = 2260

25p + 15p = 2260
40p = 2260

p =565
The full price of a case is $56.50.

Let x be the number of houses with
an $11 500 commission and y be the
number of houses with a $13 000
commission.

We only need to find x.

x+y=22

11500x + 13000y = 272 500

To simplify the second equation, divide
both sides by 500.

23x + 26y = 545

Using the substitution method:

23x + 26y = 545
y=22-x
23x +26(22 — x) = 545
23x + 572 - 26x = 545
—3x =545 -572
=-27

x=9
He sells nine houses with an $11 500
commission.

It is easiest to let the third boy have
m marbles, in which case the sec-
ond boy will have 2m marbles and
the first boy will have 2m — 14.
Cm=14)+2m+m=171

Sm—14 =71
Sm = 85
m=17

The first boy has 20 marbles, the second
boy has 34 and the third boy has 17
marbles, for a total of 71.

Let Belinda’s score be b.

Annie’s score will be 110% of Belinda’s
or 1.1b.

Cassie’s will be 60% of their combined
scores:

0.6(1.16b+ b) = 0.6 x2.1b
= 1.26b
1.16 + b + 1.26b = 504

3.36H = 504

504
"~ 3.36
=150

12



10

Belinda scores 150 2c+ 6 X% ¢ =245x%x107%
Annie scores 1.1 x 150 = 165 3

_ -22
Cassie scores 0.6 x (150 + 165) = 189 2¢+2c¢=245x10
4e=245x 1072
Let r km/h be the speed Kim can o= 245x 107
run. Her cycling speed will be 4
(r + 30) km/h. Her time cycling =6.125x 1072
will be 48 + 48 + 3 = 64 min. Con- = C
verting the times to hours (+60) and -3
using distance = speed X time _6.125%x107%
gives the following equation: - 3
48 64 -23
X — +(r+30)x — = 60 ~2.04x 10
60 60 The mass of an oxygen atom is
48r + 64(r + 30) = 60 x 60 204%x 10723 g.
48r + 64r + 1920 = 3600
112r + 1920 = 3600 11 Let x be the number of pearls.
X x X
112r = 1680 gtztsto=x
1680 S5x+ 10x + 6x
=——=15 ————+9=x
Sh 15 km/h H2 50
e can run at 15 km/ 21x +270 = 30x
7x+90 = 10x
Let ¢ g be the mass of a carbon atom and
3x=90
x g be the mass of an oxygen atom.
(0 is too confusing a symbol to use) x =30
¢+ 6x = 2.45 x 10722 There are 30 pearls.

C
X ==

12 Let the oldest receive $x.
The middle child receives $(x — 12).

Use substitution.

- 12
The youngest child receives $ (XT
- 12
xtx—12+2 3 - 96
- 12
2x—12+—==96

6x—36+x =300
7x = 336
x =48

|

13



13

14

15

Oldest $48, Middle $35, Youngest $12

Let S be the sum of her marks on the
first four tests.

S
Then — = 88
en4

S8 =352
Let x be her mark on the fifth test.
S +x
5
352 + x =450
x =98
Her mark on the fifth test has to be 98%

=90

Let N be the number of students in the
class.

0.72N students have black hair

After 5 leave the class there are

0.72N — 5 students with black hair.
There are now N — 5 students in the

class.
0.72N -5

N -5
5 072N =5 = 0.65(N - 5)
072N = 0.65N + 1.75

Hence =0.65

- 0.07N = 1.75
TN =175
N =25

There were originally 25 students

Amount of water in tank A at time ¢
minutes = 100 — 2¢

Amount of water in tank B at time ¢
minutes = 120 — 3¢

100 — 2¢ = 120 — 3¢

t=20
After 20 minutes the amount of water in
the tanks will be the same.

16 Height candle A at f minutes = 10 — 5¢

17

18

Height of candle B at # minutes = 8 — 2¢

a 10-5r=8-2¢
3t=2

2
t==

.. equal after 40 minutes.

1
b lO—St:§(8—2t)

10-5t=4-1¢
4t =6
3

r==
2
.. half the height after 90 minutes.

¢ 10-5t=8-2t+1

10-5t=9 -2t
3t=1
t_1
3

.. one centimetre more after 20
minutes.

Let ¢ be the time the motorist drove at
100 km/h

10
100z + 90(? —1) =320
100z + 300 — 90t = 320
10 = 20

t=2
Therefore the motorist travelled 200 km
at 100 km/h

Let v km/h be Jarmila’s usual speed

14



Therefore distance travelled= ﬂ km

13
v + 3 is the new speed and it takes 3

hours.

13 14
L5 ve3) = Tv
13(v +3) = 14v

v =239

Her usual speed is 39 km/h

15



Solutions to Exercise 1E

1 Let k be the number of kilometres 4
travelled in a day. The unlimited
kilometre alternative will become more
attractive when 0.32k + 63 > 108.
Solve for 0.32k + 63 = 108:
0.32k =108 — 63

=45

45
k = — =140.625
0.32

The unlimited kilometre alternative will

become more attractive when you travel
more than 140.625 km.

2 Let g be the number of guests. Solve for
the equality.
300 + 43g = 450 + 40g

43g — 40g = 450 — 300
3g = 150

g =50
Company A is cheaper when there are
more than 50 guests.

3 Let a be the number of adults

and ¢ the number of children.
45a + 15¢ = 525000

a+c = 15000
Multiply the second equation by 15.
45a + 15¢ = 525000 ©)
15a + 15¢ = 225000 )
O-o:
30a = 300000
a = 10000

10000 adults and 5000 children bought 6
tickets.

Let $m be the amount the contractor
paid a man and $b the amount he paid a
boy.

8m +3b = 2240

6m + 18b = 4200
Multiply the first equation by 6.

48m + 18h = 13440 O
6m + 18b = 4200 )
O -:
42m = 9240
m = 220

Substitute into the first equation:
8 X 220 + 3b = 2240

1760 + 3b = 2240
3b =2240 - 1760
=480

b =160
He paid the men $220 each and the boys
$160.

Let the numbers be x and y.
x+y=212 ®
x—y=42 )
D+ Q:
2x =254
x =127
127 +y =212
y =285

The numbers are 127 and 85.

Let x L be the amount of 40% solu-
tion and y L be the amount of 15%
solution. Equate the actual substance.

16



0.4x + 0.15y = 0.24 x 700
=168

x+y=700
Multiply the second equation by 0.15.

0.4x +0.15y = 168 ©)
0.15x + 0.15y = 105 @
O-:
0.25x =63
x=63x4
=252
252 +y =700
y =448

Use 252 L of 40% solution and 448 L
of 15% solution.

7 Form two simultaneous equations.

x+y=220 @

120 +y =220
y =100

They started with 120 and 100 marbles
and ended with 60 each.

Let $x be the amount initially invested at
10% and $y the amount initially invested
at 7%. This earns $31 000.

0.1x + 0.07y = 31000

When the amounts are interchanged, she
earns $1000 more, i.e. $32 000.

0.07x + 0.1y = 32000

Multiply the first equation by 100 and
the second equation by 70.

10x + 7y = 3100000 @
4.9x + 7y = 2240000 @
O-@:
5.1x = 860000
X = 862?00 ~ 168 627.451

10 x 168 627.451 + 7y = 3 100 000
1686274.51 + 7y = 3100000
Ty =1413725.49

y =201960.78
The total amount invested is

x+y=168627.45+ 201960.78
= $370588.23

= $370588
correct to the nearest dollar.

9 Let a be the number of adults and s the

number of students who attended.
30a + 20s = 37000 D
a+ s = 1600
20a +20s = 1600 x 20
= 32000 @
O-0o:
10a = 5000
a =500
500 + s = 1600
s = 1100

500 adults and 1100 students attended
the concert.

17



Solutions to Exercise 1F

1 av=u+at h%:l+l
vV ou
=15+2x%x5 _1+1_10
=25 3721
21
PrT f==
b [=— 10
100
600x5.5% 10 =21
100 i C=d+b
=330
= 8.8% + 3.4°
¢ V=nrh — 89
_ 2
=r X425 X6 c= V89
d S =2ar(r+h) i 2= 2 1 2as
e Ve o v= V91.04
3 ~9.54
B 4rx3.582x 11.4
B 3
~ 612.01 2 a v=u+at
V—u=at
fS:l/tt+§Clt2 vV—1u
. g=
1 t
:25.6><3.3+§><—1.2><3.32 .
b S ==(a+])
~ 77.95 2
28 =n(a+1)
l 28
g T:27r\/j a+l=—
8 n
PA)
o x 1.45 127—61
=21 _—
9.8
=21 x0.3846...
~2.42

18



(o]

_2(s —wu)
= 3
1
E = Emv2
2E = mv?
2F
V===
m
2F
V=t4—
m
Q= +2gh
Q® =2gh
L
S 22

—Xy—z=Xxy+z

—Xy—Xy=2+2
—2xy =2z
2z

__z

Sy

ax + by b
= X —

c
ax + by = c(x - b)

ax+ by =cx—bc
ax —cx = —bc — by

x(a—c)=-b(c+Yy)

—b(c +y)
x= —=
a—c
_ blc+y)
T c—a
mx+b
=c
x—>b

mx+b=c(x—>b)
mx+b=cx—bc
mx—cx=-bc—->b

x(m—-c)=-b(c+1)

—b(c+1)
X=—
m-—=c¢
9C
F=—+32
3 +
2
_ X285
= 82.4°
oC
F=—+32
3 +
oC
F-32=—
5
9C = 5(F - 32)
5(F - 32
. c-2F=32
Substitute F = 135.
C:5(135—32)
9
_s1s
9
~ 57.22°
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4 a §=180(n-2)

= 180(8 — 2)
= 1080°
b S =180(n—2)
S
@ —I’l—2
S
=—+2
"800 "
1260
= — +
180
=7+2=9

Polygon has 9 sides (a nonagon).

1
5 a V= §Hr2h

1
=3 XTX3.5%%9
~ 115.45 cm®

b V= %ﬂzh
3V = nr’h
3V
T
~3x210
42

~ 12.53 cm

c V= %nrzh
3V = nr’h
£1%
r? = —
3V
"N
3 x262
“ N 7x10
~ 5.00 cm

6as :g(a+l)

7
= —(-3+22
2( +22)

= 66.5

b S:g(a+l)

28 =n(a+1)
28
—=a+!

n
2
.'.az—S—l
n

3 2 x 1040

-1
3 56

—4

¢ S:g(a+l)

28 =n(a+1)
25
n=——
a+l
_2x110
25+ -5
=11

There are 11 terms.
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Solutions to Exercise 1G

2x+3x_4x+9x
3 2 6

_5a
4

3h  S5h 3h  6h+5h—12h

1782 g

4 6 3 12
_ Sx—2y
12

_ 3y+2x
Xy

5 2 Sx+2(x-1)
x x(x-1)
_5x+2x—2
 ox(x—1)
B Tx—=2
Cx(x—1)

3 2 3x+1D)+2(x-2)

+
x—1 x

2 kvl G-+
3 3x+3+2x-4
(=2 + 1)
B Sx—-1
S (x=2)(x+1)

x+3
_ 4x(x—3) = 8x(x +3) - 3(x+3)(x - 3)

2(x+3)(x—3)
: 4x% — 12x — 8x2 = 24x = 3(x2 - 9)
2(x+ 3)(x - 3)
_4x? - 12x - 8x% — 24x - 3x* +27
2(x +3)(x = 3)
B —7x% = 36x+27
2(x +3)(x = 3)

4 3 4x+1)+3
—+ —
x+1 (x+1)? (x + 1)2
_4x+4+3
T o(x+1)2
o Ax+7
(x4 1)2

a—2 a 3a

+ -+ —

a 4 8

B 8(a—2)+2a* +3d°
B 8a
_5a2+8a—16

B 8a

J

K 2xo 6x> -4 _ 10x% — (6x> — 4)
5x 5x

10x% — 6x2 + 4
5x

B 45> + 4

~ 5x

3 4x*+ 1)

B S5x
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2 3 I G-y -y-1

x+4 x2+8x+16 xX=y Xy
_ 2 3 (x-y?’ -1
x+4 (xtay T x—y
2x+4)-3
— GTap a 3 B 4x _ 3 N 4x
2x+8-3 bl Z_l3x_1
S (x4 - x+1
_ 2x+5 x_
T (x+4)? r 3 + 2 _ 0 e
x-2 2-x x-2 x-2
3 N 2 3-2x
-1 (x=D(x+4) T x-2
3+ +2
(x=Dx+4) ¥4y 4352
3x+ 1242 2 a =-X-—=
_orrler s 2y X 2yX
x=Dx+4 2
3 3x+ 14 =20
(x—1)(x+4) . 3x2 )2 3x%?
3 ) 4 4y 6x_24yx
n — +
x—2 x+2 P-4 -2
3 2 4 8
T x=2 x+2 (x=2)(x+2) 453 12 483
B(x+2)-20x-2)+4 ¢ 3 X534 T ap
T -2 +2) 2
 Bx+6-2x+4+4 T x
a x=2)(x+2
(x=2)(x+2) 2 3xy 2 6
x4 14 e e T
T (x—-2)(x+2) y 6 o
6x>
0 " on?
s A 2 6xy?
x—2 x245x+6 x+3 _ X
5 3 2 _y2

_x—2_(x+2)(x+3)+x+3
S(x43)(x +2) = 3(x = 2) + 2(x — 2)(x + 2) . 4-x _d*  a*(d-x

G-+ +3) 3¢ 4-x 3a@d—x
507 +5x+6)=3x+6+2(x7 - 4) _a
B (x = 2)(x + 2)(x + 3) 3

3 5x2+25x+30-3x+6+2x* -8
- (x = 2)(x + 2)(x + 3)

_ Tx+22x+28

T (x=2(x+2)(x+3)




2x+5 2x+5 x+2  4x+38

f = -
4x2 +10x  2x(2x+5) x(x=3) x*2—4x+3
1 ox+2 0 4x+2)
 2x Cx(x-3) " (x=D(x-3)
8 234 G-Dxtd Xx —3) (x+2)
1 x-1
x—1 = — X
= X 4
x+4
_x—l
b X—x—6 (x=3)(x+2) T 4x
x-3 x-3 m
- x+2 2x 4x? 2x X -1
- = X
x—=1 x2-1 x-1 4x2
. =5x+4  (x-Dx-4) _ 2 G-DE+D
2 —4x  x(x—4) - x-1 4x2
x—1 _ 2x(x+ 1)
- X B 4X2
x+1
. 542 10a 54> 6b = >
j =+ = X X
122~ 6b 1262 10a ,
_ 30a2b n X —9X3x+6+2
~ 120ab? x+2 x—3 X
a _(x—3)(x+3)x3(x+2)xx
4b - x+2 x-3 79
5 ~ 3x(x =3)(x +3)(x + 2)
K FT2LX ‘24 T 0+ 2)(x-3)
* 2x x(x+3)
x—-2  2x° —
= X
X x2 =4
=2 %2 3x 62 2

0

9x—6+x—2xx+5

x =212
3x x—-2 2

2x2 = X X

= 33x-2) 6x2 x+5

x(x+2)

2x(x=2)
P T 6x2(3x—2)(x +5)

N X X — X +

x+2

x—2

T 3x(G3x-2)(x +5)
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2 N 2 2(x-3)+2(x—4)
x—4 x-3 x—-4d(x-3)
2x—6+2x—-8
x2=Tx+12
4x - 14
2—Tx+12

3 N 2 3x-3)+2x+4)
x+4 x-3 (x+dH(x-3)
3x—9+2x+8
xX2+x—12
Sx—-1
xX2+x-12

2x 2 2x(x+4)+2(x-3)

2 5 2x+4)-5(x-3)
x—3 x+4  (x-3)(x+4)
3 2x+8 —-5x+ 15
x2+x-12
23 —3x
xX2+x-12

2x 3x 2x(x+3)+ 3x(x—3)

x—3+x+4_ x=3)(x+4)
3 232 +8x+2x—-6
S X2+x-12
3 2x2 +10x -6
o rx—12

1 2 1+2(x-5)
=52 x-5 (x-5p
1+2x-10
x2 —10x + 25
2x-9
x2 —10x + 25
3x 2 3x+2(x-4)
G427 X dT T -4y
3x+2x—8
x> —8x+ 16
5x—38
x> —-8x+ 16

+ =
x—3 x+3

(x=3)(x+3)
_2x2+6x+3x2—9x
B x2 -9
_5x2—3x
 x2-9
1 2 1-2(x-5)
(x=52 x-5  (x=5)7
_1-2x+10
~ x2—10x+25
o Il-2x
- x2—-10x+25
2x 2 _ 2x-2(x-6)
(x=67° (x-62  (x-6)
_2x-2x+ 12
S (x-6)
12
C (x-6)
2x+3 2x-—-4
x—4 x-3
C2x+3)(x-3)-2x-DH(x—4)
B (x—4)(x-3)
~(2x*-3x-9) - (2x* - 12x + 16)
B x2=Tx+12
_2x2—3x—9—2x2+12x—16
B xX2=Tx+12
_ 9x-25
X2 —Tx+ 12
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4 a

d

(¢

2
l—x+m
NTaVT—a+2
T Vi
o l=x+2
_3-x
VT
2 +2:2V7TZ+6
x—4 3 3Vx—4
3 2 5

+ =
Vx+4 Vx+4 Vx+4

+ Vx+4
x+4

_ 3+ Vx+4vx+4
Vx+4

_3+x+4

Vx+4

x+7

Vx +4

3x°
~3x*Vx+4
Vx+4

B 3 =32 Vx+4Vx+4
i Viid

B 303 = 3x%(x+4)

T Vaea

i 3x3 = 3x° — 1247

Vx+4

3x°
f +3x°Vx+3
2Vx+3

3 3 + 62 Vx+3Vx+3
- Vx+3

3 3x% + 6x%(x + 3)

- x+3

3 3x° 4+ 6x° + 1847

1 2
5a (6x-3)3-(6x-3)3

—(6x-3I - —
(6x —3)3

_ (6x— 3)%(6x— 3)% -1

2
(6x —3)3

B 6x-3-1
(6x —3)
6x—4
2
3

W

(6x—3)

1 2
b 2x+3)3 —2x(2x+3)73

1 2
- (Qx+3) - —F

2
(2x +3)3

1 2
_(2x+3)3(2x+3)3 - 2x

2
(2x+3)3
C2x+3-2x

2
(2x+3)3
3

2
2x+3)3
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Since (3 — x)? = (x — 3)?, the answer is
3 —-3x

1 2

¢c B-x3-2x3-x)3
equivalent to 5
(x=3)3

2x

1
:(3—x)§— p
3

B-x

1 2
_(3-x33-x3 -2x
- 2

(3-x)3

_3-x-2x

N 2
3-x)3
3-3x

2
(3-1x)3



Solutions to Exercise 1H

1 a ax+n=m

ax=m-n
m-—n
X =
a
b ax+b=bx

ax—bx=-b
x(a-b)=-b
-b

a —
This answer is correct, but to avoid a
negative sign, multiply numerator and

denominator by —1.

-b x_l
X = —
a—-b -1
b
" b-ua
C %+c:0
ax
= c
ax = —bc
bc
xX=—-—
a
d px=qgx+5
px—gx=>5
x(p—q) =5
5
xX=—
pP—q

(3 mx+n=nx—m
mx—nx=-—m-—n

x(m—-n)=-m—-n

1 b

xX+a X

Take reciprocals of both sides:

X+a=-—

b
x_f—_
b= a
A
5 xX=a
x—xb_a
— =
—xb
xbx X b = ab
x—xb =ab
x(1 =b)=ab
N ab
T 1-b
b 2b

X—da X+a

Take reciprocals of both sides:
xX—a x+a

b 2b
X—da X+a
2b = 2
5 X 2b T X 2b

2x—a)=x+a
2x—-2a=x+a
2x—x=a+2a

x =3a

X X
—+n==+m
m n

X X
— Xnmn+nXmn=—Xmn+mXmn
m n

2 _ 2
nx+mn- =mx+mn

nx — mx = m’n — mn®
x(n —m) = mn(m — n)
_ mn(m — n)

n—m

27



Notethat n—m=-m+n 1

X 2x 1
=—1(m-n) a-b atb @D
—mn(n — m) x(a—Db)a+Db) 2x(a+b)a—b) (a+b)a—b)
 n-m a-b - a+b a2 -b?
= —mn x(a+b)+2x(a—b)=1

ax+ bx +2ax—2bx =1
i —bax+Db)=albx—a) 3ax—bx =1

—abx — b* = abx — d* x(Ba—-b) =1
—abx — abx = —a* + b? ., 1
—2abx = —a* + b* Sa=b
m
x__(_a2+b2) p—qx+p:qx—t
B 2ab t P
2 _p? 1(p— f(gx—t
_a-b pi(p qx)+pxpt:p(qx )
2ab t p
2 - —_

i PP1-x)-2pgx = (1 +x) PP =qx) + pit = igx = 1)

P2 — pPx— 2pgx = @ + ¢x P> — pgx + p’t = gtx — >
—pzx—qux—qzx:qz—pz —pgx — qtx = —tz—pz—pzt
—xX(P* +2pg + ) = ¢ — p* —qx(p +1) = —(* + p* + p*1)

2+ p?+pit
_ _(qz_pz) X = #or
pz_qz pZ+pZZ‘+l‘2
~ (p+q)2 q(p +1)
_P-9p+q I S B
(p+q)? x+a x+2a x+3a
_P~4 Multiply each term
ptq by(x + a)(x + 2a)(x + 3a).

Kk f_1:f+2 (x +2a)(x+3a) + (x + a)(x +3a) = 2(x + a)(x + 2a)
N % 2 X2+ 5ax + 64 + x* + dax + 3a*> = 2x° + 6ax + 4d*
EXab—ab:Exab+2ab 2x% + 9ax +9a* = 2x* + 6ax + 4a*

bx —ab = ax + 2ab 2x* = 9ax — 2x* — 6ax = 4a® — 9a*
)
bx —ax =2ab + ab 3ax==5a
54>
x(b — a) = 3ab T 34
3ab __da
X = 3

b—-a
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2 ax+by=p;bx—ay=gq __ab(b—a)

Multiply the first equation by a and the ~b-a)b+a)
second equation by b. _ ab
a’x + aby = ap ©)

atb
Substitute into bx + ay = ab:

b'x—aby = bp @ bx—ab +ay = ab
a+b
Ds +Q: 5
ab“(a + b)
x(a2+b2) = ap + bq W+ay(a+b):ab(a+b)
_ap+ bg ab® + ay(a + b) = a*b + ab*
a* + b? 5 . 5
Substitute into ax + by = p: ayla+b) =a’b +ab" - ab
ap+bq+by:p ay(a + b) = a*b
a’ + b? 2b
alap + bq) + by(@ + b*) = p(a® + b%) Y= Jat b
a’p + abq + by(a* + b*) = a*p + b*p _ab
by(a® + b*) = a’p + b*p a+b
—a’p —abq
s 1 ) 4 a Multiply the first equation by b.
by(a” + b") = b"p — abg
_ b(bp — aq) abx + by = bc ©)
Y b 1 ) Xx+by=d o)
_bp-aq O-0O:
T 22
@b xab—1)=bc—d
bc —d
Xy Xy _
3 —+-=1-+==1 X =
a b b a ab -1
First, multiply both equations by ab, _d-be
giving the following: 1 —ab
bx + ay = ab
It is easier to substitute in the first
ax+ by =ab

Multiply the first equation by b and the equation for x:

second equation by a:

b’x + aby = ab? )
a*x + aby = a’b )
O-:
x(b* — a®) = ab* - a*b
ab* — a*b
= psa
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bc—-d

ax +ty=c ¢ Add the starting equations:
(be — dab - 1) ab -1 ax+by+ax—by=t+s
albc — ap —
ab — 1 *yab=1)=cab-1) 2ax=1t+s
abc —ad + y(ab — 1) = abc — ¢ t+s
xX=—
b—1)=abc - 2a
ya ) =abe—c Subtract the starting equations:
—abe+ad ax+by—(ax—by)=t—-s
y(ab—-1)=—c+ad
2by =t—s
y= ad —c ;
T ab-1 = o
y =
_c—ad 2b
1 —ab d Multiply the first equation by a and
b Multiply the first equation by a and the second equation by b.
the second equation by b. a*x + aby = a® + 2a°b — ab® 0
a’x — aby = a @ 5 b ;
Px — aby = b° o b°x+aby=ab+b @
0-o: O
& - =d - b x(@ - b =d’ +a*b - ab® - b*
a - b’ _a+a*b—ab* -’
M e
_ (a—b)(a® +ab+ D) _d*(a+b)—-b*(a+Db)
~ (a-bla+b) B a® — b2
_d+ab+b? _ (@ -b)a+b)
 a+b B a’ — b?
In this case it is easier to start again, =a+b

but eliminate x.

Substitute into the second, simpler
Multiply the first equation by b and

N q ¥ equation.
the second equation by a. _ 2 2
abx—bzy:azb 3 b(a+b)+ay=a +b
2 _ 2,32
abx_aZy:abZ @ ab+b +ay=a +b
Q- @: ay = a* + b* —ab - b*
y(=b* + a*) = a*b — ab® ay = a* — ab
y(@* - b*) = ab(a - b) a® - ab
_ab(a - b) YT
B a2 - b2 =a—-b
_ ab(a-D)
B (a —b)(a+b) e Rewrite the second equation, then
_ab multiply the first equation by b + ¢
a+b
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and the second equation by c.
(a+b)(b+c)x+c(c+c)y
=bc(b + ¢)
acx + c(b + c)y
= —abc
O-@:
x((a+b)(b+c)—ac)
= bc(b + ¢) + abc
x(ab + ac + b* + bc — ac)
=bc(b+c+a)
x(ab + b* + be) = be(a + b + ¢)
xb(a+b+c)=bcla+b+c)
. bc(a+ b+ ¢)
bla+b+c)

=cC

Substitute into the first equation. (It

has the simpler y term.)
cla+b)+cy=bc

ac+ bc+cy =bc

cy =bc —ac—bc

cy = —ac
—ac
y = -
c
=-a

f First simplify the equations.
3x-3a—-2y—-2a=5-4a

3x-2y=5—-4a
+3a+2a
3x-2y=a+5

2x+2a+3y—3a=4a-1
2x+3y=4a-1
—2a+3a

2x+3y=5a-1

@

a

Multiply® by 3 and @ by 2.
9x — 6y =3a+15
4x 4+ 6y =10a -2

O+@:
13x =13a + 13
x=a+1

Substitute into Q):
2@+ 1)+3y=5a-1

2a+2+3y=5a-1
3y=5a—-1-2a-2

3y=3a-3
y=a-1
s = ah
=aa+1)
Make h the subject of the second

equation.

h=a2+h)
=2a+ ah
h—ah =2a
h(l —a) =2a
h 2a

-a
Substitute into the first equation.
s =ah

=aX
1-a

24>

1-a
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¢ h+ah=1 e s=h"+ah

hl+a)=1 = (3a*)* + a(3d®)
_ ! _ 1 = 9a* + 3a°
(I+a) a+l = 383Ba+ 1)
as=a+h
1 f as=a+2h
- a+1 =a+2a-ys)
ala+1)+1
e S — =a+2a-2s
a+1
A ra+1 as+2s =3a
a+1 s(a+2)=3a
2
:w 3a
s =
ala+1) 242

d Make /& the subject of the second g s=2+ah+h

equation. . 12
ah=a+h =2+a(a——)+(a——)
a a
ah—h=a ) 5 1
=2 -1 -2+ =
ha-1)=a +a +a +a2
1
1 _n,2
h = —261—1+a—2

a—1
Substitute into the first tion. .
ubstitute mto the Hrst equation h Make # the subject of the second

as=s+h )
equation.
as = s + a as +2h =3a
a—1
a 2h =3a—as
as—s =
a=1 3a—as
a h =
sta—1) = o .
a-1 Substitute into the first equation.
-1 2
s(a—l)(a—l):a(a 1) 3s—ah=a
a —
a(3a — as) )
sia-1)?=a 3S_T:a
S:L 6s — a(3a — as) = 2a°
(a—1)

65 —3a> + a’s = 2a°
a’s + 6s = 2a° + 3d°
s(a® + 6) = 5a°

54>
S:
a’+6
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Solutions to Exercise 11

Use your CAS calculator to find the solu- Dividing by y yields:
tions to these problems. The exact method ax + é —a+c
will vary depending on the calculator used. y
bx + a_ b+c
1 ax=a-> Yy
let n = — and the equations become:
b x=7 y
ax+bn=a+c
. x:_at\/a2+4ab—4b2 bxtan=h+c
2
_a+b+c
d x= a+c T a+b
2 a+b
y =
c
2a (x-Dx+DHy-DHHy+1) b xb=c)+by—c=0
b (x—-Dkx+1D(x+2) yic—a)—ax+c=0
¢ (@ - 12b)(d’ + 4b) b-cx+by=c
—ax+(c—a)y=—c
d (@a-c)a—-2b+c) —a-b-c)
" a+b-c
3 a axy+b=(a+0o)y y:w
a+b-c

bxy+a=(b+c)y
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Solutions to technology-free questions

1 a (x3)4 — x3><4

_ 2

3 3
b (y—lz)z — y—lZXZ

= y_9
3 4 3+4
¢ 3x2XxX-5x"=B3x-5x2
11
=—15x2

4 4
d (D3I xx?= %3 x x7

— S

= x_l

2 32x10" x12x 107
=(32x12)x 107

= 384 x 10°
=3.84 x 10®
3x 'y 2x 6x+y-—4x
3a —+-—-——=— -~ =
A TR 10
_2x+y
10
b é_l_z:4y—7x
X 'y Xy
5 3 2 S5(x-1)+2(x+2)
x+2 x-1  (x+2x-1)
_S5x—-5+2x+4
T x+2(x -1
B Tx—1
S (x+2)(x-1)

e

a

3 4 3x+4)+4x+2)

X

T2 x+d (x+2)(x +4)
_3x+12+4x+8
x4+ 2)(x+4)
_ Tx+20
(x4 2)(x+4)

5x 4x 5

x+4

- x-2 2

10x(x —2) + 8x(x +4) = 5(x + 4)(x — 2)
2(x+ 4 (x=2)

10x2 — 20x + 8x% + 32x — 5(x2 + 2x — 8)
2x+4d(x=2)

10x% — 20x + 8x% + 32x — 5x% — 10x + 40
2 +4)(x - 2)

37x% + 2x + 40

2x +4)(x=2)

3 6

3(x-2)-6

X

x+5

—2  (x-272

(x—2)?
_3x-6-6
T x=2
_3x-12
ox=2

_3(x—4)
ox-=2

Xt +5x

2x—6  4x—12

_x+5 ><4x—12
2x—6  x*+5x
_x+5 ><4()6—3)
2(x=3) x(x+95)

4 2

T x
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3x 1247
x+4  x2-16
3x X -16
= X
x+4 12x2
3x x=DHx+4)
X
x+4 12x2
_ 3x(x—4)
12a2
x—4
dx

x2—4x3x—9. 9

x=3 x+2 x+2
X2—4 3x-9 x+2

= X X
x—3 x+2 9

C

3 (x—2)(x+2)x3(x—3)
B x=3 x+2
x+2
X
9
_(x+2D)x-2) x* -4
B 3 -3
4x+20 6% 2

d

0x—6 x+5 3x-2
4(x+95) 6x> 3x-2
= X X
3B3x-2) x+5 2
_4><6x2
T 3x2

= 4x*

S Let t seconds be the required time.
The numberlof red blood cells to be
replaced is 3% 5x 10?2 =2.5x 10"

25%x10°%x71=25x%x10"

2.5x 10"
= ———
2.5 x 100
= 10°
Time = 10° seconds

= 10° + 3600 + 24 days

31
~11.57or11 7 days

1.5 % 108
L5107 _ 5102
3 x 106

= 50 times further

7 Let g be the number of games the team
lost. They won 2g games and drew
one third of 54 games, i.e. 18 games.
g+2g+18=54

3g=54-18
=36

g=12
They have lost 12 games.

8 Let b be the number of blues CDs
sold. The store sold 1.1b clas-
sical and 1.5(b + 1.1b) heavy
metal CDs, totalling 420 CDs.
b+1.1b+1.5x%x2.1b =420

5.25b = 420
420
T 525
= 80
1.1 =1.1 x80 = 88
1.5x2.16=15x%x2.1x80

=252
80 blues, 88 classical and 252 heavy
metal (totalling 420)
9 a V=nrh
=1x5°x12

= 3007 ~ 942 cm?
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b h=
nr?
585
T ox52
117
=—x~74cm
S5r
|74
2—_
c r =
r = 4/ — (use positive root)
B 786
N7z x6
128
= +/— ~40.7 cm
T
10 a xy+ax=0»>b
x(y+a)=>b
b
X =
a+y
b
b 2+2=¢
X X
ax bx
— 4+ —=cx
X X
a+b=cx
a+b
X =
c
X X
—==+2
¢ a b
@:@+Zab
a b
bx = ax + 2ab
bx —ax =2ab
x(b—a)=2ab
2ab
x:
b—a

11

a

bd(a — dx)

a—dx+b_ax+d
d b

bd(ax + d)
bd xb=———
p + X b

b(a — dx) + b*d = d(ax + d)
ab — bdx + b*d = adx + d*

—bdx — adx = d* — ab — b*d

— x(bd + ad) = —(ab + b*d — d%)
x_4w+wmw%
~ —(bd +ad)
_ab+b*d-d’
" bd+ad

p_ . 4 _Pp-9+4qlp+q
ptq p-gq r+9p—-9q
_PP-aptap+q’
P> = pq+pq—q*
_p2+q2
p2_q2

(xy = y*) = 2xy
x  xy—y? x(xy — y?)
—xy —
x2y _ xy2
xy(x —y)
x(x—y)

xX+y
x(y — x)

x2+x—6x2x2+x—1
x+1 x+3
_ (x=2)(x+3) " x+DR2x-1)
x+1 x+3
=(x-2)2x-1)
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2a o 2ab + b?*
2a + b ba?
2a bQ2a + b)
= X
2a + b ba?

12 Let A’s age be a, B’s age be b and C’s
age be c.
a=3b

b+3=3(c+3)

a+15=3(c+15)
Substitute for a and simplify:

b+3=3(c+3)
b+3=3c+9
b=3c+6 ©)
3b+ 15 =3(c+ 15)
3b+15=3c+45
3b=3c+30
b=c+10 @)
O=02:
3c+6=c+10
3c—c=10-6
2c =4
T
b=3x2+6
=12
a=3x%x12

=36
A, B and C are 36, 12 and 2 years old
respectively.

13 a Simplify the first equation:

1
—5==(b+3
a 7(+)

Ta-5)=b+3
Ta—35=b+3

Ta—b =38
Simplify the second equation:

1
b-12=—(4a-2)
5
S5(b-12)=4a-2
5h—60 = 4a -2

—4a + 5b = 58
Multiply the first equation by 5, and

add the second equation.

35a - 5b =190 @
—4a + 5b = 58 ©)
D+
3la = 248
a=38

Substitute into the first equation:
7Tx8—-b=38

56 —b =38
b=56-38=18
Multiply the first equation by p.
(P=@x+(p+qy=p+q)

p(p—@)x + p(p +q)y = p(p + ¢°)
@

Multiply the second by (p + ¢g).
ax—py=q" —pq
q(p +q@)x — p(p + q)y
=(p+ 9" - pg) ©)

O+ Q@:
(p(p—q) +q(p+q)x

= p(p+q)* + (p + 9)(q* - pqg)
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(p* = pq + pq + q*)x 322 +102x+35=0

= p(p*> +2pq + q°) 32x% — 102x =35 =0
+pqz—pzq+q3 —pq2 R2x-7)(16x+5)=0
(P> +¢H)x 2x-7=0o0r16x+5=0
=p3+2pzq+pqz—p2q+q3 x>0,502x—-7=0
=p’ +pq+pq +q x=35
=P+ +q(p+q)
_ 2 2 2 2 6 k2
=P+ +49) 15 a 2n2><6nk2+3n:_n>3< -
n
*=r+q 3,2
Substitute into the second equa- _ L2k
tion, factorising the right side. 3”2
aqp+q9 —py=q"-pq = 4n’k
2 _ 2
Pq+q —py=4q —pq 8C2X3y > %xy
-py=¢"-p4-pq—-q 6a’b3c3 ~ 15abc?
2.3
-py =-2pq _Scxy w
_2pg 6a*b3c® ~ 30abc?
Y=, _ 8c%xy " 30abc?
 6a2h3c3 xy
=2q 43
_ 240abc”x"y
~ 6a’b3c3xy
14 Time = distance ) 40¢x2
speed = >
) ab
Remainder = 50 -7 — 7 = 36 km
7 7 36
xax T ex+s 6 x45 x-S _ 2
7.7, 12, 15 10 15
x 4x 2x+1 30(x+5) 30=5) _ o (), 2
7.7, 12 5 10 U TTE
(4x2x+ 1)) x —+4—+2 T
XX sxt 2(x +5) = 3(x—5) =30 + 4x
N x(2x + 1) 2% +10 = 3x + 15 = 30 + 4x
28QRx+1)+7Q2x+ 1)+ 48x dx—3x—4x=30-10-15
= 16x2x + 1) s
56x +28 + 14x+7 + 48x =]
= 32x% + 16x
56x + 28 + 14x+ 7 + 48x
-32x*-16x=0
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Solutions to multiple-choice questions

1 A S5x+2y=0 5B
3. 2 3(x+3)-2(x-3)
2y = =5x x—=3 x+3  (x-3)(x+3)
y 5 _3x+9-2x+6
YT 2 - 29
x+ 15
2 A Multiply both sides of the second “2_9
equation by 2.
9x2y3
2.3 . 3 _
3r+2y =36 @ &F 9=
6x —2y =24 @ _9x—2y3
15133
o+ "
9x = 60 3
3
20 " 5x
_20 Sx
X 3 .
20 ==
3)(?_)]:12 7 B V—3h(l+W)
0—y=12 3V="h(l+w)
y=8 3V ="hi+hw
hl =3V — hw
3C -9=3t-17 1—3V_hw
t=3t=9-17 - h
3V
=2t = -8 =W
t=4
s B (3x2y3)2 ~ o y6
_n—p 2 - 2
4 A m = 2x%y 2x°y
n+p oy’
mn+p)=n-p 2
mn+mp=n-—p :2x2y5

mp+p=n—mn
pm+1)=n(l —m)

_n(1—m)
1+m
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9B Y=8()%><Z:§Z

X=15()%><Y:%Y
3 4z

2575
12z
10

=127

= 20% greater than Z

10

Let the other number be n.

X+n

2
x+n=205x+4)

=10x+8

=5x+4

n=10x+8—x

=9x+8
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Solutions to extended-response questions

1 Jack cycles 10x km.

Benny drives 40x km.
a Distance = speed X time
. distance
time =
speed
10
time taken by Jack = ?x
5x
= —h
1 ours
40
b Time taken by Benny = =
70
X
=—h
7 ours
5 4
¢ Jack’s time-Benny’s time = Zx — 7X
_(35-16)x
B 7
19
= 2—8x hours
. . . . 1
d i If the difference is 30 mins = 3 hour
19x 1
then — = =
128 72
14
xX=—
19
= 0.737 (correct to three decimal places)
y . 14
il  Distance for Jack = 10 x 0]
_ 140
19

= 7 km (correct to the nearest km)

1
Distance for Benny = 40 X —

19
_ 560
19

= 29 km (correct to the nearest km)
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2 a

Dinghy is filling with water at a rate of
27000 — 9000 = 18000 cm? per minute.

After t minutes there are 18 000f cm? water in the dinghy,

re. V = 18000t
V = nr?h is the formula for the volume of a cylinder
Vv
h=—
nr?
_ 18000z
=—
The radius of this cylinder is 40 cm
_18000r  45¢
1600r  4r 45
t
1.e. the height 47 cm water at time ¢ is given by h = y
T
4
When 1 =9, h= %2
4
~ 32.228...

The dinghy has filled with water, before r = 9, i.e. Sam is rescued after the dinghy
completely filled with water.

5 3
Let Thomas have a cards. Therefore Henry has Fa cards, George has ?a cards, Sally

has (a — 18) cards and Zeb has g cards.

3 5
7a+a—18+§:a+ga+6

9a + 6a — 108 + 2a = 6a + 5a + 36
6a = 144

a=24
Thomas has 24 cards, Henry has 20 cards, George has 36 cards, Sally has 6 cards
and Zeb has 8 cards.

6.67 x 1071 x 200 x 200
F =
122
=1.852...x1078

= 1.9 x 1078 (correct to two significant figures)

42



Fr?
my X 6.67 x 10~11
Fr* x 10!
6.67m2

bm1:

¢ IfF=24x10

r=6.4x10°
and m, = 1500
2.4 % 10* x (6.4 x 10%)% x 10!
mi =
! 6.67 x 1500

=9.8254...x 10*

The mass of the earth is 9.8 x 10?* kg (correct to two significant figures).

5a V=3x10x6x10>xd

=18 x 10%d

b Whend =30, V=18x 10°x 30
= 540000 000

=5.4x108
The volume of the reservoir is 5.4 x 10® m3.

c E=kVh
1.06 x 10" = k x 200 x 5.4 x 10®
_ L06x% 10"
200 x 5.4 % 108
=981...x10°

k = 9.81 x 10* correct to three significant figures.

d E=(9.81x%x10% x54x10% x250

= 1.325 x 10" correct to four significant figures.
The amount of energy produced is 1.325 x 10" J.

e Let ¢ be the time in seconds.
52%x1=54x108

t=103.8461538
number of days = 103.846 153 8 =+ (24 x 60 X 60)

=1201.92...
The station could operate for approximately 1202 days.
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CAS calculator techniques for Question 5

5 b Calculations involving scientific notation and e
significant figures can be accomplished with the Display Digits:
aid of a graphics calculator. Angle:
When d _ 30 V _ 18 X 106 % 30 Exponential Format:
’ Real or Complex:
= 540000000 Calculation Mode: | Approximate
This calculation can be completed as shown MEctlma Rectanoul, =
here |Restore| |Make Defaultl |Cancel|

T1: Press ¢ — 5: Settings — 2: Document
Settings and change the Exponential Format to
Scientific. Click on Make Default.

Return to the Calculator application.

Type 18 x 10”6 x 30 or 18i6 x 30 18- 100G 5.488 1
CP: In the Main application tap O — Basic 18000000 30 5.458 H
Format

Change the Number Format to Sci2
Type 18 x 10"6 x 30

¢ T1: Press c— 5: Settings — 2: Document
Settings and change the Display Digits to Float 106 1015 9.81e3 ﬁ

3. Click on Make Default. 200- 5.4 108

Return to the home screen and press and complete as shown.
CP: tap O — Basic Format
Change the Number Format to Sci3 Complete calculation as shown

d The calculation is as shown. T1: Display Digits
is Float 4 CP: Number Format is Sci4 106 1015 9.81e3
Simply type x5.4 x 108 x 25 200-5.4- 10°

B

9814.8148148148- 5.4- 10%- 250  1-325E15
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6 Let R; cm and R, cm be the radii of the inner circles.
Yellow area = nR%

Blue area = nR% — ﬂR%
Red area = 1007 — 7R;

1007 — JTR% = ﬂR% — 7TR% = nR%

Firstly, JTR% - ﬂR% = ﬂR%

implies R = 2R} @
and 1007 — nR% = nR% - ﬂR%

implies 100 = 2R5 — R} @

Substitute from (Din @
- 100 = 4R? — R}

100 = 3R}
10
and R = —
V3
10V3 , 200
= (Note C Ry = T)
1
The radius of the innermost circle is 0 3\5 cm.
7 IfC=F,
5
F=—(F-32
9( )
9F = 5F — 160
S4F = —-160
S F=-40

Therefore — 40°F = —40°C.

45



8 Let x km be the length of the slope.

) X x km /
time to go up = IG //
X

time to go down = —

40
total time = a + a
15 40
B 11x
120
total distance
average speed = —
total time
11x
=2y —=
120
120
=2x X —
ST
240
Sl
~ 21.82 km/h
9 1 litre = 1000 cm?
a Volume = Volume of cylinder + Volume of hemisphere
2
= 1r’h + gnr3

It is known that » + h = 20
h=20-r

2
b i Volume =nar*(20 —r) + gnﬁ

=20mr — nr + gnr3

T
— 02— 3
= 3T

ii If Volume = 2000 cm?
T
then 20772 — §r3 = 2000

Use a CAS calculator to solve this equation for r, given that O < r < 20. This
gives r = 5.943999 . - .
Therefore h =20 — r

=20-5.94399...
=14.056001 ...
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The volume is two litres when r = 5.94 and h = 14.06, correct to two decimal
places.

10 a Let x and y be the amount of liquid (in cm?) taken from bottles A and B respectively.
Since the third bottle has a capacity of 1000 cm?,

x+y=1000 ©)
Now X = §x wine + gx water
and y = gy wine + gy water
2 1 1 ) . .
—Xx + —y = —x + —y since the proportion of wine and water must be the same.

3 6 3 6
4x+y=2x+5y

2x =4y
x =2y
From @ 2y +y = 1000
y= 1000 and x = M
Therefore, 000 cm? and 1000 cm?® must be taken from bottles A and B respectively

2
so that the third bottle will have equal amounts of wine and water, 1.e. §L from A

1
and §L from B

b x+y = 1000 ©)
132 1
3PP

4x + 9y = 8x + 3y

6y = 4x
3
=5y @
3
From @O §y+y = 1000
2
= — x 1000
Y75
=400
x =600
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Therefore, 600 cm?® and 400 cm® must be taken from bottles A and B respectively so
that the third bottle will have equal amounts of wine and water, i.e. 600 mL from A
and 400 mL from B

x+y=1000 ©)

m p n q
X+ y= X+ y
m+n p+q m+n p+gq

m(p + @)x + p(m + n)y = n(p + g)x + g(m + n)y
(m(p +q)—n(p +q)x = (g(m +n) — p(m + n))y
(m—n)(p+q)x=(q—p)m+n)y

(m+n)(g - p)
=—— YV, mMENPE] )
(m—-n)(p+q)
(m+n)(g - p)
From (D ————y+y=1000
m-np+q° °
(m + n)(g — p) + (m —n)(p + q)y _ 1000
(m—=n)(p+q)
mq—mp+nq—np+mp+mq—np—nqy: 1000
(m—-n)(p+q)
2 _
My — 1000
(m—=n)(p+q)
_500(m —n)(p + q)
-~ mg-np
mq # np
- 500(m —
From @ x = (m+n)(q—p) « (m—n)(p +q)
(m—n)(p+q) mq —np
_5000m +n)g—p) n 4 q
500 oy o pSOO
Therefore, (m +m(g = p) cm? and (n = m(p +9) cm? must be taken from
mq —np mq —np
bottles A and B respectively so that the third bottle will have equal amounts of wine
and water. In litres this is W litres from A and W litres
) 2(mq — np) ; 2(mgq — np)
from B. Also note that — > 1 and 4 <lor— <1and 4 > 1.

m p m p
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20-h r
11 a —20 —E

10(20 — h) = 20r
200 — 104 = 20r
20— h=2r
h=20-2r
=2(10 - 7)

b V=nxr’h
= 27r2(10 — 1)

¢ Use CAS calculator to solve the equation 27x*(10 — r) = 500, given that 0 < r < 10.

This gives r = 3.49857 ... or r = 9.02244 . ..
When r =3.49857..., h =2(10-3.49857...)

=13.00285...
When r =9.02244 ..., h =2(10-9.02244...)

=195511...
Therefore the volume of the cylinder is 500 cm® when r = 3.50 and & = 13.00 or
when r = 9.02 and & = 1.96, correct to two decimal places.
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Chapter 2 — Number systems and sets
Solutions to Exercise 2A

1 ¢ AUB=1{24,638,10,12)
AB d AUBY ={1,3,5,7,9,11}
e AnpB ={1,3,5,7,9,11}
a A’ ={4)
b B ={1,3,5} 4 &7 1131417181921 223
¢ AUB={1,2,3,4,5}, or & @
P 0
d AUBY =0
A'NE a =
¢ ne =9 {10,11,13,14,15,17,18, 19,21, 22,23, 25}
2 ¢ 1 5 7 11 13 b Q"=
{11,12,13,14,16,17,18,19,21,22,23, 24}
2 4
P 0
e 8 10 ¢ PuQ=1{10,12,15,16,20,24,25}
14 16
d (PUQ) =
a P'={1,2,4,5,7,8,10,11,13, 14, 16} {11,13,14,17,18,19,21,22,23}
b O ={1,3,579,11,13,15) e PO =
{11,13,14,17,18,19,21,22,23}
c PUQ-=
{2,3,4,6,8,9,10,12, 14, 15, 16}
5 ¢ »
d (PUQ) ={1,5,7,11,13}
X 0 Y
e PPNnQ ={1,57,11,13}
3&_’ aXI:{P’q,uaV}

b Y ={p, r, w}

c X'NnY ={p}
a A'=1{1,2,3,5,6,7,9,10,11} d XUY ={p, q, r, u, v, w}
b B ={1,3,5,7,9,11} e XUY={q, r, st uvw
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f

6 ¢

(XU Y) ={p}candf are equal.

X' =1{5,7,8,9,10,11}

Y’ =1{1,3,5,7,9,11}

X' Uy ={1,3,57,8,9,10,11}
X' NY ={57,911}

XUy =1{1,2,3,4,6,8,10,12}

(XUY)Y =1{5,7,9,11}d and f are
equal.

54 B
A/
54 B
BV

‘(9 B
ANB

g

A B

AU B

(4L By

8 ¢
R
- (8

a A’ = (R)

b B ={G, R}

¢ ANB={L, E, A, N}

d AUB={A N, G, E, L)
e (AUBY = (R}

f AAUB ={G, R}

9 M H

AB

A’ =1{E, H, M, S}

b B ={C, H, I, M}

¢c ANB={A, T}

d (AUBY = {H, M}

e AUB ={C,E, H 1L M, S}
f A'NB ={H M}

V]
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Solutions to Exercise 2B

1

a

b

Ye
Yes

Yes

The sum may be rational or irrational,
for instance, V2 + V3is irrational;
V2 + (3 — V2) = 3 is rational.

The product may be rational or irra-
tional. For instance, V2x V3 =16
18 irrational; V2x3V2=6is
rational.

The quotient may be rational or

irrational. For instance — is

o 3vV2 ) .
irrational; —— = 3 is rational.
2

45 9

45 = — = —
045= 700 = 20

0.27 = 0.272727.....
0.27 x 100 = 27.272727 . ..

0.27 x99 = 27
.27 3
27= =2
027255 =11
12 3

12=—"=_

8 100~ 25

0.28571 4 = 0.285714285714 ..
0.28571 4 x 10° = 285714.285714 . ..

0.28571 4 x (10° — 1) = 285714
285714 2

0.285714 = 999999 7

-®

0.36 = 0.363636. ..
0.36 x 100 = 36.3636....
0.36 x99 = 36

.. 36 4

Q%:ﬁzﬁ

0.2=0.22222...
0.2x10=22222...
02x9=2

. 2
5 02=—
9

2
7= 7)2.000000 .. .

=(0.2857142857...
=0.285714

5
— =11 iS.OOOOOO...
11

=0.454545 ...
=0.45

— =20)7.00

=0.35

4
— =13 i4.000000 .
13

= 0.30769230. ..
= 0.307692

7= 17)1 .00000000000000000. . .

= 0.0588235294117647058 . ..
= 0.0588235294117647
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-2 -1 0
o °
m IR
E—— RN
o o
-2 -1 0 3 5
o >
-2 -1 0 3 5
(_0073)

b [-3,)
¢ (—0co,-3]
d (5,)

e [-2,3)
f [-2,3]
g (-2,3]

h (-5,3)
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Solutions to Exercise 2C

1 a8
b 8
c 2
d -2
e =2
f 4

2 a [x—1]=2

Casel: Ifx>1
x—1=2
x=3

Case2: Ifx < 1

1—-x=2
x=-1
b 2x—-3|=4

Case 1: If x > %

2x—-3=4

Il
NSRIEN|

X

3
Case 2: If x < 3

3-2x=4

5Sx-3|=9
Case 1: Ifng
5x-3=9
e
5
Case 2: Ifx<§
3-5x=9
| G
5
x-3]=9
Casel: Ifx>3
x-3=9
x=12
Case2: Ifx <3
3-x=9
x=-6
lx-3]=4
Casel: Ifx>3
x—3=4
x=7
Case2: Ifx <3
3—-x=4
x=-1
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Bx+4|=8
4
Case 1: If x > 3
3x+4 =28
4
xX==
3
4
Case 2: If x < -3
-3x—-4=28
x=-4
Sx+11]=9
11
Case 1: If x > 3
S5x+11=9
2
xX=-=
5
11
Case 2: If x < -3
—5x-11=9
x=-4
(=3,3)
O O
-5 -4 -3 =2 -1 0 1 2 3
(—OO, _5] U [5’ OO)
6-5 4 -3-2-1 01 2 3 4
[1,3]
5 432 -1 0 1 2 3
(=1,5)
5 4 3 2 -1 0 1 2 3

(~00,=8] U [2, c0)

- o

98 -7-6-5-4-3-=2-1 01

[_3’ _1]

e

-5 -4 -3 -2 -1

0

1

a

4.1

o

Range [1, c0)

<

X
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6 a |[x—4|—-|x+2|=6 8
Casel: If x >4
x—4 — x—2 = 6 (no solution)
Case 2: If x < -2
4 — x — (=x —2) = 6 Always true: Soxl Iyl =+
Case3: If -2<x<4
4-—x—(x+2)=6
4-2x-2=6
-2x=38
x=-4 9
Soln not acceptable.
Therefore x < —2 is the solution

o+ y2 + 2|x[|y| = 2+ y2 + 2xy

(Ix+ yD)* = Jx + v

Hence

lx =yl =Ix+ (=) > [x| + [ =yl = x| + |yl

X+ y2 = 2lx[lyl < X+ y2 —2xy
(Ixl = Iy)* < Jx =y

b x=-9orx=11 Soxl =1yl < lx =yl

We can assume |x| > |y| without loss of

4 4 generality.

10 |[x+y+z <fx+yl+ 2] < x| + [y + [z
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Solutions to Exercise 2D

1a V8= +Vax\2
=22
b Vi2=Vax V3
=213
¢ V27=vV9x V3
=313
d V50=V25%x V2
=5V2
e V45=V9x V5
=35
£ V1210 = V121 x V10
=11V10
g V98 =V49x V2
=72
h \/W:\/%x\/g
=63
i V25=5
j VI5=V25x V3
=53
k V512 =V256x V2
=16V2

V8+ V18 - 212
= V4x2+Vox2-2V2
=2V2+3V2-2V2
=32

V75+2V12 - V27
= V25x3+2V4x3 - Vox3
=5V3+4V3-3V3
=6V3

V28+ V175 - V63
= VaxT7+ V25x7-Vox7
=2V71+5V7-3V7
=47

V1000- V40 — V90
= V100 x 10 — V4 x 10 — V9 x 10
=10V10-2V10-3V10
=5v10

V512+ V128 + V32
= V256 x 2+ V64 x 2 + V16 x2

= 16V2+8V2+4V2
=28V2

V24 —3vV6 — V216 + V294
= V4x6-3V6- V36x6+ V49 x 6

=2V6-3V6-6V6+7V6
=0
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3 a

—p

=7

(

V75+ V108 + V14
= V25 x3+ V36 x3+ V14
=5V3+6V3+ V14
= 11V3+ V14

V847- V567 + V63
= V121 x7- V81 x7

+ VO x7
= 11V7-9V7+3V7
=57

V720- V245 — V125
= V144 x5- V49 x5
— V25 x5

=12V5-7vV5-55
=0

V338— V288 + V363 — V300
= V169 x 2 — V144 x 2
+ V121 x 3 - V100 x 3
=13V2-12V2+11V3
-10V3
=V2+ V3

V12+ V8 + V18 + V27 + V300

= VAx3+ Vax2+ VIx2
+ VO x 3+ V100 x 3

=2V3+2V2+3V2
+3V3+10V3

=5V2+15V3

f
2V18+3V5 - V50 + V20 — V80

=2Vo9x2+3V5-V25x%2

+ V4x5-V16x5

=6V2+3V5-5V2+2V5-4+5

=V2+ 5
LN G C
V5 N5 05
b VT VT
V1oNT T
e L V2 V2
V2 V2 2
dixﬁzﬂ
V3 V33
.3 Y6_3V6_ Ve
V6 V6 6 2
1 V2 V2
f —x—=—
2vV2 V2 4
1 V2-1 V2-1
g X =
V2+1 V2-1 2-1
V21
1
=V2-1

1 ><2+\/§_2+\/§
2-V3 2++3 4-3
=2+ V3

1 X4+\/E_4+\/E
4-+10 4+ +10 16-10

_ 4+ V10
6
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2 Xx/6—2:2%—4
Ve+2 Ve-2 6-4
_2vV6-4
2

=V6-2
1 \/_+\/_ V5+ 13

VY Sy S
_V5+43
a 2
1
3 \/_+\/_ _3(V6 + V5)
V6 - «/_ V6++Vs  6-5
=3(V6 + V5)
- 1 3+2x/‘ 34242

3— 2\/_ 3+2v2  9-8
=3+2V2

2 3+2\/_ 6+ 42

5
3o 2\F 34242 9-8
=6+4V2
b (V5+2)?%=(V52+4V5+4
=5+4V5+4
=9+445
¢ (1+V2)3-2V2)
=3-2V2+3V2-4
:—1+\/§
d (V3-12=3-2V3+1
=4-2V3

LR S SV LA NV £
Vi YT N3 NT N3
_3V3-V3
9
23
~ 9

V3+2 \/§+2X2\/§+1
2V3-1 2V3-1 2V3+1
6+ V3+4V3+2
- 2-1
8+53
BT

V5+1 \/§+1>< V5+1
Vs-1 V5-1 V5+1
5+2V5+1

5-1
_6+2V5

V8+3  2V2+3

VI8+2 3v2+2
_2x/§+3x3\/§—2
3V2+2 3v2-2
_12-4V2+9V2-6

18 -4
_6+5V2
14

6 a 2Va-17*=02vVa-1DQ2Va-1)
=d4a-2+Va-2+a+1
=da-4+a+1
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b (Vx+1+ Vx+2)? b (x=2V3)(x+2V3)=x2-12
Therefore b =0and ¢ = —12

=(Vx+1+ Vx+2)
x(\/x+l+ \/x+2)

(x= (1= V2)(x—(1+ V2) =

(g)

B 142 7 3 2=2x—-1
= x4 14+29(x+ Dix+2) Therefore b = -2 and ¢ = —1
+x+2

d -2-vV3 -2+ V1) =
=2x+3+2/(x+ D(x+2) (r=( V3= \/—)

x—4dx+1
Therefore b= -4 andc =1

7 a (5-3V2)-(6V2-38) e (x—3-2V2)(x-(3+2V2) =

=5-3V2-6V2+8 2 —6x+1
- 13-912 Therefore b = -6 and ¢ = 1
= V169 — V162 f (x—@4-7V5)(x-(3+2V5) =
50 2= (==T+5V5)x-58-13V5
532 is larger. Therefore b = —7 + 5 V5 and
c=-58-135
b 2V6-3)-(7-2V6)
—2V6-3-7+26 W 1 Y2+ V3- V5
_4vE—10 V2+V3+ V5 V2+V3- 5
] V2+ V3- V5
= V96 - V100 = (Vis iy s
vl _ V24 V3- 5
7 —2 V6 is larger. 2+3+2v6-5
2 -5
sat 0.2 3 e
372 3 2
V24 \/_—\/§Xﬁ
K 3  VIZ+ VIS - V30
c 2 1 B N5 12
4957 7 5 _2V3+3v2- 30
B 12
10 64 V10 8
d — <—=> —<—
4 73 2 3

123 123

11 a Notea—b:(ai) —(b§)
9 a (x— V3)x+ V3)=x2-3
Therefore b = 0 and ¢ = -3



b

1 2
1 1+23+23
X

1 1 2
1-23 1+23+23

12
=—(1+23+23)
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Solutions to Exercise 2E
1 a 2°x3x5
b 2% x 132
¢ 22 x57
d 22 x3%x5?

e 22x3%2x7

f 2)68640

11) 143

13) 13

1
Prime decomposition

=22x3x5x11x13

Prime decomposition
=22x3x7x11x13

11) 143

13) 13

1
Prime decomposition

=2x7Tx11x13
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2)544 544
2272272
2)136 136
2) 68068
2) 34034

EEEER Y

7) 17017

11; 2431

13

17

P—t\],_;

Prime decomposition
=2 xTx11x13x17
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2 For each part, first find the prime 4 1050 =7%x5*%x3x2

decomposition of each number. Children are teenagers: Ages:
7x2=14
a 4361 = 7> x 89 5%3 =15
Neither 7 nor 89 are factors of 9281. 5
HCF =1
b 999 =3%x37 5 222 %552 = 10%> x n?

(11 x2)? x (11 x 5%) = 10% x n?
112X 112 x (5 %x2)2 =102 x n?

2160 =2*x3° x5

HCF = 3° =27 = 101
¢ 5255 =5x%x1051
716 845 is divisible by 5 but not 6 5x3xT7x3=7%x5x32
1051. This has 12 factors Therefore the
HCF =5 starting number is 7 X 5 X 3 = 105. It

has 8 f: )
d 1271 =31 x41 as 8 factors

3875 = 5° x 31
HCF = 31

7 720 = 5x 3% x24
720 =23 x2x%x3%2x%x5

e 804:22X3X67 720 =8x9x%x10. n =8

2358 = 2 x 3* x 131

8 30=2%x3x%x5
HCF=2x3=6 Factors are:1,3,5,2,2 X 3,2 %X 5,3 X
5,2%x3X%5
3 al18=32x2 Product = 2% x 3* x 5% = 30*
Factors: 1, 2, 3,6, 9,18.
36 =32x2?

9 LCM is 252 which is 4 hours and 12

Factors: 1,2,4,3,6,12,9, 18,36 minutes. That is 1:12 pm.

b 36 is a perfect square

5 10 600 and 108 000
¢ 121 = 11-. It has to be a perfect 2400 and 27 000

square to have an odd number of 3000 and 21 600
factors. To have 3 it @ust be the 5400 and 12 000
perfect square of a prime.



Solutions to Exercise 2F

1 a If asolution is not readily seen, use

trial and error on the variable with the
largest coeflicient, as you will expect
fewer trials until you find a multiple
of the other variable.

Try x = 0 : 3y = 1 has no integral
solutions.
Tryx=1:114+3y=1hasno
integral solutions.

Try x =2 :22 + 3y =1 has the
solution y = —7.

The HCF of 11 and 3 is 1.

The general solution will be
x=24+3t,y=-T-11t,t€Z

An obvious solutionis x = 1,y = 0.
The HCF of 2 and 7 is 1.

The general solution will be
x=1+7t,y=-2t,teZ
Alternatively, if you spot the solution
x = 8,y = -2, then the general
solution will be:
x=8+Tt,y=-2-2t,teZ

This equation is equivalent to

8x + 21y = 33, and then the HCF of 8
and 21 is 1.

It is also obvious that y must be odd,
and x must be a multiple of 3.

y =5 gives the solution x = -9.
x=-9+21t,y=5-81teZ

Alternatively, use a CAS calculator’s

33
table feature with y = —ﬁx + 21 and
find an integer solution. Once such

is x =264,y = =99, so the general
solution can also be written as:
x=264+21t,y=-98-8tteZ

this is the same equation as in part a,
hence the solution will be the same.
x=2+3t,y=-7T-11t,te Z

e Any even value of y will give a
solution.
Ify=2,x=4.
The HCF of this solution is 2.
The general solution will be
x=4+Tt,y=2-2t,t€Z
To get integer solutions, replace ¢ by
21t.
x=4+Tt,y=2-2t,t€?Z

f Dividing through by 5 shows that
this is the same equation as in part e,
hence the solution will be the same.
x=4+Tt,y=2-2t,t€Z

2 From the general solution, when ¢ = 0,

x=4andy=2.Ifr>1,y<0
Ift < —-1,x < 0soonlyt =0 works.
There is one solution: x =4,y = 2.

Let / be the highest common factor of a
and b.

a, b and ¢ can be written as a = hp,
b =hq,c = hr+k, where 0 < k < h.
The equation becomes

hpx + hqy = hr + k.

For all integer values of x and y, the left
side of the equation will be a multiple of
h, while the right side will not be.
Therefore the equation can have no
integral solutions.

4 a Let s be the number of spiders and b

d Dividing through by 2 shows that the number of beetles.
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Equating the numbers of legs gives
8s + 6b = 54.

This equation simplifies to

4s +3b = 27.
4s =27 -3y
=309-0)
39-0)

s =

Solutions will only exist when 9 —b is
a multiple of 4, and b > 0,9 — b > 0.
This occurs when b = 1, s = 6 and
when b =5, s = 3.

The answer could be written ‘3
spiders and 5 beetles, or 6 spiders and
1 beetle’.

S Equating the value of the coins,

20x + 50y = 500

2x + 5y =50
S5y =50-2x
=2(25-x)
_225-x)
YTTs
X
=2|5-—
[5-3
This gives the results as in the table
below.

50ccoins | O | 2 | 4 | 6 |8]10

20ccoins |25 (20 (151105 O

All solutions are given by
x =100+ 837,y =1-19¢

100 + 83t > 0
83t > —100
100
> —_—
83
1-19r>0
19t > -1
t —_
<19

Since ¢ is an integer, —1 < ¢ < 0.
The second solution occurs when
t=-1.

x=100-283
=17

y=1+19
=20

For 19x + 98y = 1998, one obvious
solution is x = 100,y = 1.
x=100+98¢y=1-19¢
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100 + 98¢ > 0

98t > —-100

100

l‘ J—
T

1-19r>0
19t > -1

< !
. .19
Since ¢ is an integer, —1 <7 < 0.
The second solution occurs when

r=-1.

x =100 -98
=2

y=1+19
=20

Equating the value of the notes,
10x + 50y = 500

x+ 5y =150
x=50-"5y
=5(10-y)

This gives the results as in the table
below.

$50notes | O | 1 |2 |3 |4 |5

$10 notes | 50 [ 45 |40 | 353025

6 (78910

20015{101 5|0

Total number of pieces of fruit =

63x + 7.
63x+7
y:

23

_70O9x+ 1)

23

_63x+7  T79x+1)

23
9x + 1 must be a multiple of 23.

9x+1=23n
9x=23n-1
23n -1
T
Ifn=2,x=5andy = 14.
Ifn=9r+2,
23n -1
T
_2309t+2)—-1
B E—
23 x2-1
=23t + —9
=23t+5
_700x+1)
YT T3
_T((23n-1)+1)
\ 23
="Tn
=709t +2)
The next solution will be
x=28,y=112.
The general solution is
x =5+ 23t,

y=14+63t;t >0and r € Z.

Consider the value of the two types of
cattle.
410x + 530y = 10000

41x + 53y = 1000
Using a CAS calculator, a spreadsheet,

or trial and error,

x=5,y=15.

5 of the $410 cattle and 15 of the $530
cattle.

10 Let the required number be x.

If it leaves a remainder of 6 when
divided by 7, then x = 7n + 6.
If it leaves a remainder of 9 when
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11

divided by 11, then x = 11m + 9.
Tn+6=11m+9

Tn—11m =73

One solutionisn =2,m = 1.

The general solutionisn =2 + (—11)t,

m=1-"7t.

Replacing ¢ with —# gives n = 2 + 11¢,

m=14+7t.

t=0givesn=2m=1,x=7TX2+6=

20.

The smallest positive number is 20.

The general form is

x=Tn+6

=72+ 11nH+6
=77t + 20 for t e N U {0}

Let x be the number of 5-litre jugs used
and y the number of 3-litres jugs used.
Sx+3y=7

Sx=7-3y
_T7-3y

Solutions will only exist when 7 — 3y is
a multiple of 3.

This occurs when y = —1:

7+3
x=——=2

To measure exactly 7 litres, you would
pour two full 5-litre jugs into a container
and then remove one 3-litre jugful.

12

13

14

Obviously the post office can’t sell 1c or
2c¢ worth of postage. Nor can it sell 4¢
or 7c worth, because there’s no way to
arrange 3¢ and Sc to get those values.

It can sell 6¢ worth (3 + 3 = 6) and 8c
worth (3 +5 = 8).

So the problem can be rephrased as
3x+ 5y = n,n > 8 where x is the number
of 3c stamps and y the number of 5c
stamps.

If n = 8,3x + 5y = §; the obvious
solutionis x = 1,y = 1.

If n=9,3x+ 5y = 9; the obvious
solution is x = 3,y = 0.

If n = 10,3x + 5y = 10; the obvious
solutionis x = 0,y = 2.

Since this set of three can be made using
3x + 5y, the next set of three amounts
(11, 12, 13) can be made as 3x + 5y + 3,
or by adding another 3¢ stamp.
Similarly, every set of three consecutive
amounts can be made by adding an
additional 3c stamp.

Therefore it’s possible to create all
amounts in excess of 3c, except for 4¢
and 7c.

Consider total cost.
1.7a + b = 29.6

17a + 10b = 296
Using a CAS calculator, a spreadsheet,

or trial and error,
a=28,b=16.
8 of type A and 16 of type B.

6x — 9y = 10 has no integer sollutions
since the left-hand-side is divisible by 3
while the right side is not.
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15 13k—-18m =5
k =—1and m = —1 is a solution.
Next solution is k = —1 + 18 and
m = —1 + 13 Therefore the multiple of
131is 221

16 10a+b—-5(a+b)=17
Sa—-4b =17
a =5 and b = 2 is a solution.
The general solution is a = 5 + 4n and
b=2+5n,n¢eZ.
A second solution is given by n = 1.
Thatisa=9and b =7.
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Solutions to Exercise 2G

1a b=ag+r,0<r<a
43 =5g+r

=5%x8+3
(5,43) = (5, 3) by theorem 2

5=3x1+2
(3,5) = (3,2) by theorem 2
3=2x1+1
(2,3) = (2, 1) by theorem 2
2=2x1+0
(43,5)=(5,3) =1

b b=ag+r,0<r<a
39=13g+r
=13x3+0
(39,13) = (13,0) = 13
¢ b=ag+r,0<r<a
37=17g+r
=17%x2+3

(17,37) = (17, 3) by theorem 2

17=3x5+2
(3,17) = (3,2) by theorem 2
3=2x1+1
(2,3) = (2, 1) by theorem 2
2=2x1+0
37,17y =(17,3) =1

d b=ag+r,0<r<a
128 = 16g +r
=16x8+0
(128,16) = (16,0) = 16

2 If d is a common factor of a and b, then
a=ndand b = md.
a+b=nd+ md

=d(n+m)
d is a divisor of a + b.
If d is a common factor of ¢ and b, then
a =ndand b = md.
a—b=nd—-md

=dn—m)
d is a divisor of a — b.

3 a 0284 = 4361 x 2 + 562
(4361,9284) = (4361,562)
4361 = 562 x 7 + 427
(4361,562) = (427,562)
562 =427 x 1+ 135
(427,562) = (135,427)
427 =135 x3+22
(135,427) = (22,135)
This process could continue, but at
this point it is quicker and easy to
notice that the two numbers have
no common factor other than 1, so
(4361,9284) = 1.
b 2160 =999 x 2 + 162
(999,2160) = (162,999)
999 = 162 x 6 + 27
(162,999) = (27,162)
162 =27x6+0
(999,2160) = 27
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¢ (=372,762) = (372,762)
762 =372x2+18
(372,762) = (372, 18)
372 =18 x20+ 12
(372,18) = (12, 18)
1I8=12x1+6
(12,18) = (6, 12)
12=6%x2+0
(-372,762) = 6

d 716 485 = 5255 x 136
+ 1805
(716 485, 5255) = (1805, 5255)
5255 = 1805 x 2 + 1645
(1805, 5255) = (1805, 1645)
1805 = 1645 x 1 + 160
(1805, 1645) = (160, 1645)
1645 = 160 x 10 + 45

(160, 1645) = (45, 160)
This process could continue, but at this
point it is quicker and easy to notice that
the two numbers have a highest common
factor of 5, so (716 485,5255) = 5.

4 a Apply the division algorithm to 804
and 2358.
2358 = 804 x 2 + 750

804 =750 x 1+ 54
750 =54 x 13 + 48
54 =48 x1+6

48 = 6% 8
Working backwards with these

results,

6=54-48x1
6 = 54 — (750 — 54 x 13)
6 =54-750+54x%x13
6 =54 x14-750
6 = (804 — 750 x 1) x 14 — 750
6 =804 x 14 — 750 x 14 — 750
6 =804 x 14 — 750 x 15
6 = 804 x 14 — (2358
-804 x2)x 15
6 = 804 x 14 — 2358
x 15 + 804 x 30

6 =804 x 44 — 2358 x 15
A solution is x = 44,y = —15.

The general solution is

2
x:44+$t

=44 + 393¢

804
= _15- 22
Y 6

=-15-134t,t€Z

This is equivalent to 3x + 4y = 1.
The algorithm is still useful.
4=3x1+1

I=3x-1+4

A solutionis x = -1,y = 1.

The general solution is
x=-14+4¢

y=1-3t,te?Z
478 =3x —478 +4 x 478
A solution is x = —478,y = 478.

The general solution is
x=—478 + 4t

y=478-3t,teZ
(If you use the algorithm, you will
find the solution x = 1434,y = —956.
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Then the general solution can be
expressed as

x = 1434 + 4¢

as

y=-956-3t,teZ.,)

The algorithm is still useful.

-5=3x-2+1
1=3%x2+-5
1=3%x2-5x%x1

38=3x76-5x%x38

A solution is x = 76,y = 38

The general solution is

x =76+ 5t

y=38+3t

This can be simplified. If £ — 15 is

used instead of ¢, then
x=T76+5(t—-15)

=1+5¢
y=38+3(t-15)
=-7+3t,teR

Apply the division algorithm to 804
and 2688.
2688 = 804 x 3 +276

804 =276 x 2 + 252
276 =252 x1+24
252 =24%x 10+ 12

24 =12x%x2
Working backwards with these

results,

12 =252-24%10
12 =252-(276 -252x1)x 10
12 =252 -276 x 10 + 252 x 10
12=252x11-276 x 10
12 =(804 —276 x2) x 11
-276 x 10
12 =804 x 11
—-276x22-276 % 10
12 =804 x11-276 x32
12 =804 x 11
— (2688 — 804 x 3) x 32
12 =804 x 11 — 2688
X 32 + 804 x 96

12 = 804 x 107 — 2688 x 32
A solution is x = 107,y = —32.

The general solution is
2688

=107 + 222
o 12

= 107 + 224¢

-3 -2,
Y 12

=-32-67t,teR

Apply the division algorithm to 1816
and 2688.
2688 = 1816 x 1 + 872

1816 =872 x 2 + 72
872 =72x12+8

72 =8x%9
Working backwards with these
results,
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8=872-72x12
8§ =872 - (1816 —872x2)x 12
8 =872-1816 x 12 + 872 x 24
8=872x25-1816x12
8 = (2688 — 1816 x 1) x 25
— 1816 x 12
8 = 2688 x 25— 1816 x 25
— 1816 x 12
8 = 2688 x 25 - 1816 x 37

A solution is x = =37,y = 25.

The general solution is

2
x:—37+%t

= —37 + 336t

=25-227t,t € Z
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Solutions to Exercise 2H
1 ac¢ g
H ° E
Since all students do at least one of
these subjects, 9 + 5 + x = 28

x=14
b i5+14=19
ii 9 Since 40% don’t speak Greek,
v+ 20% = 40%
iii 9+14=230r28-5=23 y=20%

Since 40% speak Greek,
X+ 20% = 40%

x =20%
20% speak both languages.

4 Since 40 — 25 = 15 don’t own a cat,

y=9
r J Since 16 own a dog, x +9 = 16
b inAnNC)=9+14=23 x=7

. Seven students own both.
ii
nMAUB)=3+6+5+2+7+14 5 a

=37 A B

iii n(A’NBNC)=9

(AU B) =A"n B'is shaded
We must assume every delegate
spoke at least one of these languages.
If 70 spoke English, and 25 spoke
English and French, 45 spoke English
but not French.
.45 4+ 50 = 95 spoke either
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English or French or both.
.. 105 = 95 = 10 spoke only
Japanese.

If 50 spoke French, and 15 spoke
French and Japanese, 35 spoke
French but not Japanese.

.. 35 + 50 = 85 spoke either
French or Japanese or both.

.. 105 — 85 = 20 spoke only
English.

If 50 spoke Japanese, and 30 spoke
Japanese and English, 20 spoke
Japanese but not English.

.20 + 70 = 90 spoke either
Japanese or English or both.

.. 105 =90 = 15 spoke only
French.
We can now fill in more of the Venn
diagram.

E (70) F (50)

/S
2%
L

J(50)

¢ 1s the number who don’t speak

English.
105-70=10+c+ 15
c+25=35
c=10
x+c=15
x=5

5 delegates speak all five languages.

We have already found that 10 spoke
only Japanese.

6 Enter the information into a Venn
diagram.

P G

A
A
N

F

Number having no dessert
=350-50-30-70-10

—40-45-60
= 45

7 Insert the given information on a Venn

diagram. Place y as the number taking a

bus only, and z as the number taking a

car only.

C B (33)

/5
[N
Y,

T (20)

a Using n(T) =20, 2x+ 10 =20

x=35
b Using n(B) = 33 and x = 5,
12+5+y=33
y=16

¢ Assume they all used at least
one of these forms of transport.
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2+44+8+16+2+5+5=40
z=0

(X N'Y NZ) = intersection of all sets

= 36 (from diagram)

ii 7n(X NY) = number of elements
in both X and Y

= 5 (from diagram)

9 The following information can be placed

on a Venn diagram.

R G

A
2%
N

B

The additional information gives 5 > x
and x > 3.
x=4

Number of students

=10+2+4+5+3+3+4

=31
20 bought red pens, 12 bought green
pens and 15 bought black pens.

10 Enter the given information as below.
B N M is shaded.

B M

4
N

F

S+124+54+5+x+y+2=28

27T+ x+y+z=28

x+y+z=1
This means that exactly one of x,y and z
must equal 1, and the other two will
equal zero.
Since n(F N B) > n(M N F), the Venn
diagram shows that this means x > y.
x=1y=2z=0

B M

A
[N

F

a+ b=12

n(MNFNB)=n(F")
b=a+ 10
Substitute ina + b = 12:
a+(a+10)=12
20 =2
a=1

b=a+10=11
nMNF)=b+0=11
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11 Enter the given information as below.

A4 (23) S (22)

A
2%

46 F (18)

a+x=nANS)=10

The number of elements in
the shaded region is given by
nANS’") =n(A)—(a+x)

=23-10
=13
nAuS)=10+22
=32
Sr+46=80-32=48
r=72

Use similar reasoning to show
c+r=18-(b+x)

=18-11=7
Sincer=2,c=5
Since x+ ¢ =n(S UF)=6and
¢ =5, x =1 One person plays all three
sports.

12 Enter the information into a Venn

A
(NN

diagram.

Since they are all proficient
in at least one language,
X+3+x+54+2+4+x+1=33

3x+15=33
3x=18
x=6
The number proficient in Italian
=6+3+2+5
=16

13 Enter the given information into a Venn
diagram.

A
(NN

C

1.5x+25+x+7+4+20+35 =201

2.5x+91 =201
2.5x =110
110
xX=—
2.5
=44

The number studying Mathematics
=15x+25+7+4

=66+25+7+4
=102
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Solutions to Technology-free questions

1 a 0.07 =0.07777...

007x10=0.7777...

. 7
007x9=0.7=—
10

7
007 =—
90

b 0.45 =0.454545 . ..
0.45x 100 = 45.4545 . ..

0.45 x99 =45
L. 45 5
45=—==
049 = 56 = 1
5 1

1000 _ 200
405 81

¢ 0.005 =

e 0.26 = 0.26666. ..

026 x 10 = 2.6666. ..

; 24
026x9=24=—
10

24 4

026:%:E

f 0.1714285
=0.1714825714.. ..
0.1714285 x 10°
= 171428.5714285 ...
0.1714285 % (10° - 1)
= 1714284
_ 1714284

10

0.1714285

1714284
"~ 9999990

6

35

2 2)504

504 =23 x32x7

3 a |n®—9|is prime.
n> = 9| = |n—3|jn+ 3|
For it to be prime either [n — 3| = 1 or
n+3]=1
Ifin-3=1,thenn=4o0orn=2
Ifln+3|=1,thenn=—-4orn=-2

b i xX2+5x-6=0

Consider two cases:
x>0: x*+5x-6=0
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(x+6)(x—-1)=0 s 3+2V75  3+2vV25x%3

Lx=1 3- V12 - 3-V4x3
x<0: x*-5x-6=0 3+2%x53
=10 e
B :3+10x/§x3+2\/§
ii x+[x=0 3-2V3  3+243
Consider two cases: 9+6V3+30V3+60
x20:2x=0=>x=0 - 9-12
x<O:Alwaystrue‘ . 69 + 363
Therefore the solution is x < 0 - 3
¢ 5—|x<4 =-23-12V3
|x| > 1
Lx>lorx<—1. 6 62 ) 62
2\/5—1:2\/§—1X£ 3V2RE 3\35«/;?/5
oo Va2V
:@ _36+12v6
18 —12
V5+2_ V5+2 V5+2 _36+12V6
V5-2 V5-2 V5+2 6
5+44vV5+4 =6+2V6
==—F
=4V5+9 p Yarb-Va-b
Va+b+ Va-b
\/§+\/§_\/§+\/§X\/§+\/§ _\/a+b—\/a—b
Vi-V2 \B-\2 B+ 2 ~ Natb+ Va-b
_3+2vV6+2 Ya+b—-Va-b
- 3-2 ><\/a+b—\/a—b
=2V6+5 Ca+b-2\@rba=b+a-b
(a+b)—(a->b)
_ 2a-2Va*>-b?
2b
a-NEP
b

7 First enter the information on a Venn
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diagram.

/)

Bl (40)

G (55) BE (45)

oA
_/

a It is obvious to make up the 40
blonds that 5 must be blond only, so
the number of boys (not girls) who

are blond is 5

+ 10 = 15.

b The rest of the Venn diagram can be

filled in the same way:

G (55) BE (45)

/A
EYA
N,

BI(40)

Boys not blond or blue-eyed

=100-15-15-15-20-5-10-5

=15

8 Fill in a Venn diagram.

E M

/S
2%
N,

F

a30-2-14-5-4-2-2=1(since
all received at least one prize.)

b 14+5+2+1=22
c 24+14+4+2=22

9 Enter the given information on a Venn
diagram as below.

X (23) Y (25)

A
2%
e

Z (19)

The numbers liking X only, Y only and
Z only are 9, 14 and 2 respectively.
The number who like none of them

=50-9-3-14-9-2-6-2
=5
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10 The rectangles can be represented by
circles for clarity. Enter the data:

A4 (20)

A
%A
N

C (16)

B (10)

Note:a+x=3,b+x=6andc+x=4

p+b+a+x=20

p+b+3=20
p+b=17
q+(p+b)+nB)=35
qg+17+10=35
.q=28

g+ b+x)+c=n(C)=16
8+6+c=16
Le=2
c+x=4
Lx=2

There is 2 cm? in common.

11 Viiz- \/?—ﬁ
V28

224
=V16x7 - VIx7 -

V4 x7

PPN 2
=4V7-3V7 2\/7X\/7

2247
=47 -3V7 - 14(

=4V7-3V7-16V7
=-15V7

12 Cross multiply:
(V7= V3)(VT + V3) = &
7-3=x"
4 = x*

x==2

1+ V2 . 1-2
V5+V3 V5-3
1+ V2 X\/_—\@
V5+V3 V5-143
. 1- V2 X\/§+\/§
V5-V3 V5+3
V53— V5+ V10— V6
5-3
+\/§+\/_—\/ﬁ—\/5
5-3
_2V5-2+6
=T

= V56

13

14 @i%ﬁﬁNﬁ—J%

= VI9x3- V4x3

12353 Viox3
V25

:3\/5—2\/§+10\/_—45—\/§
_ 15V3 - 10V3 +50V3 —4+v3

5

513
-5

15 a [AUB|=32+7+15+3 =57

b C=3



¢c BNA=32

16 17+6V8=17+2x VOx V8

=17+2V72
a+b=17,ab =172

a=8,b=9(ora=9, b =238, giving the

same answer.)
(V8+ V92 =17+6V8

So the square root of

17+6V8=V8+ Vo

=2V2+3
17 1885 =365 x5+ 60
(1885,365) = (60, 365)
365=60x6+5
(60, 365) = (60,5)
60=5%x12+0

(1885,365) =5

18 a Apply the division algorithm to 43
and 9.
43 =9x4+7

9=7%x1+2
T=2%x3+1

2=2x1
Working backwards with these
results,
1=7-2x%3

1=7-09-7x1)x3
1=7-9%x3+7x%x3
1=7x4-9x%x3
1=(43-9%x4)x4-9x%x3
1=43%x4-9%x16-9x%x3
1=43%x4-9x%x19

19

A solution to 9x + 43y =1 is
x=-19,y=4.

A solution to 9x + 43y =7 is
x=-19%x7=-133,y=4x7=28.
The general solution is
x=-133+43¢

y=28-91,teR

Other solutions are possible.

t = 4 gives a specific solution of

x =39,

y = =8, leading to a general solution
of

x =39 +43¢

y=-8-9t,teR

b If x>0,39+43t>0

4
43

Ify>0,-8—-9>0

1< —=
These two inequations cannot both be
true if x is an integer.
There is no solution for x € Z*, y € Z*.

If a and b are odd, they may be written
as 2n + 1 and 2m + 1 respectively, where
n and m are integers.
ab=02n+1)2m+1)

=dmn+2n+2m+1

=2Qmn+n+m)+1
This will be an odd number since

2mn + n + m is an integer.
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12121 = 10659 x 1 + 1462
(12121,10659) = (1462, 10659)
10659 = 1462 x 7 + 425
(1462,10659) = (1462, 425)
1462 = 425 x 3 + 187
(1462,425) = (187,425)
425 = 187 x2 + 51
(187,425) = (187,51)

187 =51 x3+34
(187,51) = (51,34)

51=34x1+17
(51,34) = (34,17)
34=17%x2+0
(12121,10659) = 17

21 a The algorithm is still useful.

T=5x1+2
5=2x2+1
1=5-2%2
1=5-(7-5x1)x2
1=5-7TXx2+5x%2

1=5x3-7x2

A solution is x = 3,y = -2.
The general solution is
x=3+Tt

y=-2-5tteR

b If1 =5x3-7x2,then

100 = 5 x 300 — 7 x 200.

A solution is x = 300, y = —200.

The general solution is
x =300+ 7t

y=-200-5t, t € RR
x =300 + 7t,y = —200 — 5¢

22

c Ify>nx,
-2-5t>3+7t

12t >5

t < >

. 12
Since ¢ is an integer, t < —1.

The solution is

x=3+7t

y=-2-5tt<-1,teR

First, let Tom’s age be f and Fred’s age
be f.
Since it appears Tom is older than Fred,
and we must look at the time when Tom
was Fred’s age, we will define d as the
difference in ages, specifically how
many years Tom is older than Fred.
t=f+d

t+f =63

(f+d)+f =63

2f +d =63
When Tom was Fred’s age, d years ago,
Fred was aged f — d.

Tom is now twice that age, 2(f — d).
1=2f-4d

1=2f-4d
Since t = f +d,

f+d=2(f-d
=2f-2d

3d=f
Substitute f = 3d into 2f + d = 63.
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6d +d = 63
7d = 63
d=9
f=3d

=27
t+f=63

t =36
Tom is 36 and Fred is 27.
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Solutions to multiple-choice questions

. 4 4 X3_2VE 5 C (3,00)N(-00,5]
3+42V2 3+42V2 3-242 —{xe€R:x>3)N{xeR:x<5)
:M ={xeR:3<x<5}
9-8 3.5
= 12-8V2 -G
6 D The next time will be both a
2 D 2)86400 multiple of 6 and a multiple of 14.
6x 14

2i43 200 LCM = 3
2 i21 600 =42

The next time is in 42 minutes.
2 ilO 800

7 B
2i 5400
X NYNZ = set of numbers that are
2i 2700 multiples of 2,5 and 7

2) 1350 LCM =2 X5X7
3) 675 =35

3j 225 8 B Draw a Venn diagram.

F (50%) T (40%)

Sﬁ 30 %

—_— Since 50% don’t play football,
x+30% = 50%

x=20%
Since 40% play tennis, it can be seen

that 20% play both sports.

Prime decomposition

=27 %33 %x5°

3 D (V6+3)(V6-3)
(V6P +3V6-3V6-9 ¢ ¢ VI-V6_VT-V6 VT-+6
Vi+V6 VTI++V6 VT1-+6

=6-9
_7-2V42+6
=3 - T 76
4 D B NA =numbers in set A that = 13-2V42
are not also in set B
=1{1,2,4,5,7,8}
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10 A

11 D

12 D

Draw a Venn diagram.

L E
0
15+5+x=40
x =20

20 students take only Economics.

You can choose any number of 2s
from O to p in (p + 1) ways. For each
of these, you can choose any number

13

of 3s from 0 to ¢ in (¢ + 1) ways, and
for each of these combinations you
can choose any number of 5s from 0
to rin (r + 1) ways.

The total number of ways =
(p+D(g+ D@ +1)

m+n=mn

n=mn—m
=mn-1)
n

T n-1
This will only be an integer if
n=2m=2orn=0,m=0.
There are two solutions.
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Solutions to extended-response questions

La (Va+ )7 =(Va+ yn(Vx+ yy)
VE(Vx + V) + W(Vx + )
x+ VX + WwVx+y
x+y+2Vxyy

X+y+2+/xy

b Froma, (V3+ V52 =3+5+2V3V5
:8+2VB

Vit V3= {8 +2VT3

c i (Vil+ V3?2 =11+3+2V11V3
=14+2v33

14+2\/§: \/ﬁ+ \/§
i (V8 = V7)? = 8 + 7 — 2 V8 V7 (also consider — V8 + V7)

=15-2V56
~A15-2V56 = V8= V7
=2vV2- V7

i (V27— V242 =27+24-2V27V24
=51-2x3V3x2V3V2
=51-36V2

51 -36V2 = V27 - V24
=3Vv3-2v6

2a Q+3V)+@+2V3)=2+4+3V3+23

=6+5V3
Hencea =6 and b = 5.
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b 2+3V3)@d+2V3)=2(4+2V3)+3V34+2V3)
=8+4V3+12V3+18

=26+16V3
Hence p = 26 and g = 16.

o ><3—2\/5
3+2V3 3+2V3 3-243
3-243
“9-12
3-243
T3
:—1+%\/§
3

Hencea=-1and b = %

d i 2+5V3)x=2-13
2-13
24543
_2-V3 2-5V3
T 245V3 2-543
_2-V3)2-5V3)
4-175
_22-5V3)- V32-53)
—71
4-10V3-2V3+15
—71
19-1243
—71
123 - 19
71

ii (x-37-3=0
(x-3)%=3

V3

+ V3

x—-3

I
-+

Il
w

X



iii 2x-1°-3=0

Q2x-1?%=3
2x—1=+3
2x =1+ V3
13
)
e Ifb=0, a+ b3 = a. Hence every rational number, a, is a member of {a+b\/§ :
a, b e Q}.
1 1 2-13
3 a = X
2+V3 2+V3 2-13
2-3
- 4-3
=2-13

b (V2+ V3)"+(y2- V3)' =4

(N 1
SN2+ \/§)X+( ) :4(as :2—\/§froma)
2+ 3 2+ 13
1
SN2+ VB 4 —— =4
({2 + V3)*
1
st —=4 wherer=( 2+ V3)
1
c t+—-=4
t
P+1=4t
P —4t+1=0
-b+ Vb? -4
Using the general quadratic formula ¢ = = > ac witha =1, b = —4 and
a
c =1 gives
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442 -4x1x1
B 2x1

4+ V16 -4

2

4+ V12

)

4243
2

=2+13

d Frome, r=2+ V3ort=2- V3
but 7 = (4/2 + V3)",

(V2+ V3 =2+ V3

or (V2 + V3 =2-13
From @D 2+ V3)2 =2+ V3

=

Li=1
2
X

=2

and from @ (2 + \/§)§ =

1 1

=2-V3f
2+ V3 (a52+\/§ roma)
=2+ V3)!

= -1

YR

=-2

Hence the solutions of the equation (/2 + \/g)x + (42— \/g)x =4 are x = +2.

Graphics calculator techniques for Question 3
CAS calculator techniques for Question 3

3 d A CAS calculator can be used to help understand the structure of this question.
TI: Sketch the graphs of

fl= (\/2 + ‘/§)x,
f2= (\/2 - V§)x, £3 = f1(x) + f2(x) and

fa=4
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a

b

Press Menu — 6:Analyze Graph
— 4:Intersection

Repeat this process to find the
other intersection point

Altematively, with the graphs still
active, type solve(f3(x) = 4,x) in
the Calculator application
CP: Sketch the graphs of

yl= (‘/2+7‘/§)x

y2 =( 2 - ‘/3) ,
y3 = yl(x) + y2(x) and
yd =4

Tap Analysis — G-Solve —
Intersect

Use the Up and Down arrows on
the Keypad to select the graph of
y3 and y4

To display the other point of
intersection use the Left and
Right arrows

n(A U B) =n(A) + n(B) —n(AN B)

€4 Bl &l4
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nAUBUC)=n(A)+nB)+n(C)-n(ANB)—-n(BNC)-n(ANC)+n(ANBNC)

5alfx®*+bx+c=0andx=2- V3
then 2- V32 +b2-V3)+c=0

4-4V3+3+2b- V3b+c=0
(T+2b+c)+(-4-b)V3 =0
7+2b+c=0 and -4-b6=0
T+2(-4)+c=0 b=-4

7—-8+c¢c=0
—1+c¢=0
c=1

b x?-4x+1=0
Using the same procedure asin3 ¢, x =2+ V3.
Hence 2 + V3 is the other solution.

¢ i IfxX*+bx+c=0andx=m—n+jg
then (m—n\/§)2+b(m—n\/21)+c:0
m? —2mnJg +n*q+bm—bn\Jg+c=0
(mz+n2q+bm+c)+(—2mn—bn)\/5:O
m* +n’q+bm+c=0and —2mn—bn =0
—2mn = bn

2m=>b

ii m2+n2q+(—2m)m+c: 0
m* +n’qg+-2m*+c=0
ng-m?+c=0

c=m*—-n’q

iii If x> + bx + ¢ = 0, the general quadratic formula gives

_ —b= Vb2 -4c
a 2

X (asa=1)
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Given b = —2m and ¢ = m* — n’g

2m + [4m? — 4(m? — n2q)
B 2

2m + \J4m? — 4m? + 4n’q
B 2

2m + 2n/q
=—
=m=*n+lg

K +bx+c=(x—(m—-n+g)(x— (m+nq)
or, by completing the square,

X

X2 =2mx +m? —n*q = x* = 2mx + m* + m* —n*q —m*

= (x=m)’ = (ng)*
= (x—m—n+\g)(x —m+n+/g)

6 a x=2mn

=2X5x%x2
=20
y=m? —n?
—52_ 72
=25-4
=21
z=m* +n?
=5 +2?
=25+4
=29

b X+ y2 = (2mn)2 + (m2 - nz)2
= 4m*n* + m* - 2m*n® + n*
=2m*n* + m* + n*
2= (m? +n2)?

=m* + 2m*n® + n*
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7 a

C

i 23 = 8. Factors of 8 are 1, 2, 4 and 8. Hence 23 has four factors.

ii 37 =2187. Factors of 2187 are 1, 3, 9, 27, 81, 243, 729 and 2187. Hence 37 has

eight factors.

2! =2 Factors are 1, 2. Hence 2! has two factors.
22 =4  Factors are 1, 2, 4. Hence 22 has three factors.
23=8 Factorsare 1,2, 4, 8. Hence 23 has four factors.

24 =16 Factorsare 1,2,4,8,16. Hence 2* has five factors.
2" has n + 1 factors.

i 213" = 6. Factors are 1, 2, 3, 6. There are four factors.
2132 = 18. Factors are 1, 2, 3, 6, 9, 18. There are six factors.

2232 = 36. Factors are 1, 2, 3,4, 6,9, 12, 18, 36. There are nine factors.
2233 = 108. Factors are 1,2, 3,4, 6,9, 12, 18, 27, 36, 54, 108. There are twelve

factors.
2337 has (3 + 1)(7 + 1) = 32 factors.

ii 2".3™ has (n+ 1)(m + 1) factors.

d The following table investigates the relationship between the number of factors of x

and its prime factorisation.

X Factors Number of factors Prime factorisation Number of factors

1 1 1 0+1

2 1,2 2 21 1+1

3 1,3 2 3! 1+1

4 1,2, 4 3 22 2+1

5 1,5 2 5! 1+1

6 1,2,3,6 4 21 31 1+D(Aa+1
For any number x, there are (a; + 1)(ay + 1)(a3 + 1)...(a, + 1) factors.

8=4x%x2
=@B+DA+1)

Now 2°.3! =24

The smallest number which has eight factors is 24.

1080 = 23 x 3* x5 25200 = 2* x 32 x 52 x 7
Least common multiple of 1080 and 25200 is 2* x 33 x 52 x 7 = 75 600

HCF Of m and n= plinin(alugl)plznin(ablb) - pglin(amﬁn)
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9 a

.". the product of the HCF and LCM

ii

i

ii

iii

min(a;, B1)+max(ai,B1) pmin(az,ﬁ2)+max(az,ﬁz) ... ppmin(@n.By)+max(@n. B.)

1 2
— al"’ﬁl (1/2+ﬁ2 an"’ﬂn
=Py P Pn
=mn

The lowest common multiple of 5, 7, 9 and 11 is 3465.

Now 3465 + 11 is divisible by 11, 3465 + 9 is divisible by 9, 3465 + 7 is divisible
by 7, 3465 + 5 is divisible by 5.

Therefore choose numbers 3476, 3474, 3472 and 3470.

Divide by 2 to obtain 4 consecutive natural numbers, i.e. 1738, 1737, 1736,
1735.

Region 8, PN F'NR’
Region 1, BN F’ N R represents red haired, blue eyed males.

Region 2, BN F’ N R’ represents blue eyed males who do not have red hair.

Let & be the set of all students at Argos Secondary College studying French, Greek

or Japanese.

né) =n(FUGUJ) =250
nF'nG'nJ’)=0
n(GUJ)NF") =41
nFNJNG)=12
nJNGNF')=13

nGNJ NF)=13
nFNGNJ)=2xnFNGNJ)
nJNG NF)=nFNG)

n©=25| F a G

2y,

Now n((GUJ)NF’) =13+ 13 + 3x

=26+ 3x
26 + 3x =41
3x=15
x=35
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n@®=250| F

&

n(FNG' NJ)=250-(10+12+5+13+13+15+0)
=250 - 68
=182

n@®=250| F

¢

i n(FNGnNJ)=25, the number studying all three languages.

ii n(FNG NJ) =182, the number studying only French.

10 a i B’ denotes the set of students at Sounion Secondary College 180 cm or shorter.

ii A U B denotes the set of students at Sounion Secondary College either female or
taller than 180 cm or both.

ili A’ N B’ denotes the set of students at Sounion Secondary College who are males
180 cm or shorter.

A4’'N B’ A B AN B 4 B |AUB
C
C’ A B A/ mBVm C( A B

LAUB=@ANBY
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A'NB'n CY AUBUC

C
LAUBUC=A'NB NCY

11 n(€) = 500
nAnC)=0
n(A) = 100
n(BNA"NC" =205
n(C) =2 xn(BNC)
nANBNC") =35
nA’'NnB' NC") =35

a ;4 (E)=500

Ve Ok
C

nANB NC)=100-35
=65
2x + 35+ 65+ 205 + 35 =500
2x + 340 = 500
2x =160
x =80

n (&) =500 Q a
y a
c

b n(C) = 160, regular readers of C.

¢ n(AN B NC’) = 65, regular readers of A only.

d n(ANnBNC) =0, regular readers of A, B and C.
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12 a All possible ways to combine 5c and 8c stamps for a total value of 38c

Use linear Diophantine equations

let x = number of Sc stamps, y = number of 8c stamps
then 5x+8y=38

By inspection a solution for this equationis x = 6,y = 1
Let

x=6+8¢

y=1-5t, teZ

Only want when x,y > 0

So6+8>0 and -5¢> -1

s 8 5t<1

8 1

< —

S 5

3 1
Sotr={teZ: ——<t< -
or={ zsi=3

=0
Soonly 6 X 5¢c + 1 x 8¢ = 38c

As above let x = number of 5c¢ stamps, y = number of 8c stamps
now 5x+8y=120

By setting x = 0 we see that x = 0, y = 15 1s a solution

Let

x=0+8¢

y=15-5t, te€Z

Only want when x,y > 0

So0+8>0and 15-5t>0

t>0 =5t>-15

<

-5

t<3
Thatis t={reZ:0<tr<3}

=1{0,1,2,3,4}
(1) =0,
x=0+8x0 and y=15-5x%0

:0 :15
then 5x + 8y =5x0+8x 15

=120
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2 =1,
x=0+8x1 and y=15-5x1

=8 =10

then 5x+ 8y =5x8+8 X 10
=120

3) t=2,

x=0+8%x2 and y=15-5%2

=16 =5

then 5x + 8y =5x16+8 x5
=120

4) =3,

x=0+8x3 and y=15-5x%x3

=24 =0

then Sx + 8y =5x24+8x0
=120

So solutions are (0, 15), (8, 10), (16, 5), (24,0)
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Chapter 4 — Sequences and series
Solutions to Exercise 4A

1

a

Hh=3
Hh=3+4=7
B=T+4=11
tb=11+4=15
ts=15+4=19
=5

h=3x5+4=19
t3=3x19+4 =061
ty =3x61+4=187
ts = 3% 187 +4 =565

Hh=1
Hh=5%x1=5
3=5%x5=25

1y =5%x25=125
ts =5x%x 125 = 625

t =-1
h=-1+2=1
r=142=3
t4=34+2=5
ts=5+2=7
=1
=3

=2X3+1=7
b =2XxT7+3=17
15 =2%x17+7 =41

=1t +3
13=10+3

Sty =th1+3, =3

h =24

3 =2

Sty =2t =1

hh =-2X1M
13=-2X10

Sty ==2t1, 1 =3

h=tH+3
=10 +3

oty =t +3, 1 =4

L=t +5
=1t +5

SLt,=t,1+5 =4

N
I

~
—_
I

oy
Il

St
|

=
|

Bl = W] = DO = = = ] =

Il
—
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h=12+1=2
Hh=2>+1=5
n=32+1=10
h=4+1=17
t, =2n
n=2x1=2
h=2x2=4
3=2%X3=6
14=2x4=8
t, =2"
n=2'=2
Hh=2"=4
=2=8
13,=2=16
t,=3n+2

h=3x1+2=5
h=3x2+2=8
3=3x3+2=11
tw=3x4+2=14

ty = (=1)'n’
h=CEhx1?=-1
h=(-1Y?x2=8
3 = (=1)* x 3% = =27
th=(=1)*" x4’ =64

g t,=2n+1
Hh=2x1+1=3
Hh=2%x2+1=5
3=2%x3+1=7
p=2x4+1=9

h 1, =2x3""!
n=2%x3"=2
nh=2x3"=6
5 =2x3>=18
f,=2x3" =54

at,=3n

b t, =2""1

1

C l‘n—;

d 1, =3(-2)""!

e t,=3n+1

ft,=5n-1
t,=3n+1

tis1 =3n+1)+1
=3n+4
th, =32n)+1

=6n+1

at,=t,1+3, =15
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b

=15
h=15+3
t5=(15+3)+3
=15+2x%x3
St,=15+(m—-1)x3
=3n+12

f13=3x13+12
=351

4% reduction is equivalent to 96% of
the original.
t, = 0.961,_,
=3

tHh =94.3

tr = 0.96 X 94.3

t3 = 0.96 X (0.96 x 94.3)

=0.96 x 94.3

Sty =94.3x0.96"!

fo = 94.3 X 0.968
~ 68.03 seconds

t, = 1.8t,_1 + 20

to = 100

1 = 1.8 x 100 + 20 = 200
t, = 1.8 x200+ 20 =380
3 = 1.8 X380+ 20 =704
t4 = 1.8 x 704 +20 = 1287
ts = 1.8 x 1287 + 20 = 2336

9 a 1, =2000x 1.06

10 a

11 a

12 a

=$2120

t, = (2120 + 400) x 1.06
= $2671.20

3 = (2671.2 + 400) x 1.06
= $3255.47

t, = (t,—1 +400) x 1.06
= 1.06(t,-; + 400), ¢, = 2120

Method will depend on the calculator
or spreadsheet used.
o = $8454.02

1,4,7,10, 13, 16
3,1,-1,-3,-5,-7
! 1,2,4,8,16

27 b b b b

32,16,8,4,2,1

1.1, 1.21, 1.4641, 2.144, 4.595,
21.114

16 32
27,18,12, 8, —, —
3°9

~1,3,11,27,59, 123
-3,7,-3,7,-3,7

l,” — 21’1—1

n=2=1

h=2'=2
t=2"=4
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1, 1 2\ 3
bun=§(n -n)+1 14 t2:§1+1)=§=1-5
1
:—12—1 1:1 1 2 1
u 2( )+ t3:_§+—):—7%1.4168
L 22 " 3/2) 12
=52 =2 +1=2 M7 2 NCSTT
Y7 o\12 T 17/12) T 208 T

1
Uz = 5(3 -3)+1=4 Comparing the terms to real numbers

between 1 and 1.5, it can be seen that

¢ The sequences are the same for the . » €
the sequence gives an approximation of

first three terms.

V2 = 14142
I =u
I =u
15 3=0H+1
I3 =us
=1+1=2
d 1,=2"=38 =13+0
1
LM=§M2—®+1:7 =2+1=3
The sequences are not the same after ts =14 + 13
the first three terms. _342=5

2 = Iny1 + 1
13 S,=ax1?+bx1l=a+b

Sr=ax2*>+bx2=4a+2b

Sy=ax3>+bx3=9a+3b
Sn+1 _Sn

Solpel = I+
Sobpn = (b + b)) oy

= 2t, + t,—1

=an+ 1) +bn+1)—an’®—bn
=an®>+2n+1)+bn+b—an’®—bn
= an® + 2an + a + b — an’

=2an+a+b
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Solutions to Exercise 4B
1t,=a+xn-1)d

a h=0+(1-1)x2=0

Hh=0+(2-1)x2=2
=0+3-1)x2=4
b=0+@-1)x2=6

hH=-3+(1-1)x5=-3
h=-3+42-1)x5=2
Bn=-3+3-1)x5=7
h=-3+@A-1)x5=12

ti=-V5+(1-1)x-V5=-v5

Hh=-V5+2-1)x-V5=-245
n=-V5+3-1)x-V5=-3V5
h=-V5+@-1)x-V5=-45

nh=11+0-1)x-2=11
Hh=11+2-1)x-2=9
3=11+G3-1)x-2=7
th=11+4-1)x-2=5

iz =a+12d
=5+12x-3=-31

tio=a+9d
=-12+9x4=24
to =a+8d

=25+8%x-25=5

d ts=a+4d
=2V3+4x V3
=6V3

a+(1-1d=3
a=3
3+2-1d =17
d=7-3=4
Lt=3+4n-1)
=4n -1

b a+(1-1)d=3

a=3
34+ (2-1)d = -1
d=-1-3=-4
ot =34 -4 —1)
=7 —4n
¢ a+(l-Dd=—.
a -d=-=
2
1
a=-=
2
3
e+ (2-Dd=2
; T@=hd=3
3]
d=>_-=2
272
1
f = —=+2n—1)
5
-
"3
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d a+(1-Dd=5-15

a=5-15
G-V +2-1d=5
d=5-(5-15)
=5
th=05-V5)+ V5(n-1)
=nV5+5-2V5
4 aa=6andd =4
6+4(n—1)=>54
4n-1) =48
n-1=12
n=13

b a=5andd =-3
5-3(n—-1)=-16

-3(n-1)=-21
n—1=7
n=3_8
ca=16andd=16-13=3
16 +3(n—1) = —41
—-3(n-1)=-57
n—1=19
n =20
da=7andd=11-7=4
T+4n—-1)=227
4(n—1) =220
n—1=255
n =56

5 ty =17
30 = 85
a+3d="7...(1)
a+29d=285...(2)
Equation (2) — Equation (1)
26d =78
d=3

a+2d=18 ...(D)
a+ 5d = 486 ...(2)
Equation (2) — Equation (1)
3d = 468
d =156
a+2x156 =18
a+312=18
a=-29
Sty = =294 +156(n - 1)
= 156n — 450
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a+6d=06...(1)
a+1ld=-04...(1)
Equation (2) — Equation (1)
5d =-1.0
d=-0.2
a+6x-02=0.6
a—-12=0.6
a=1.8
S =1.84+19%x-0.2
=-2

a+4d=24...(1)
a+9d=39...(2)
Equation (2) — Equation (1)
5d =15
d=73
a+4x3=24
a+12=24
a=12
S5 =12+14 %3
=54

9 a+14d =3+9V3...(1)
a+19d=38-V3...(2)
Equation (2) — Equation (1)
5d =35-10V3
d=7-2V3
a+14x(7-2V3)=3+9V3
a+98-28V3=3+9V3
a=37V3-95
t6 =37V3-95
+5%(7-2v3)
=37V3-95
+35-10V3
=273 - 60

10 a 672

b 91st week

11 a Pisthe 16throw.a =25, d =73
e =a+ 15d

=25+15%3
= 70 seats
b X s the 24throw. a =25, d =3
ta =a+23d
=25+23%x3

= 94 seats

c t,=25+3(n—-1)=40
3n-1)=15
n-1=5

n==6
Row F
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12 t,=3+5d =98

5d =95
d=19
t;7=1ts+ 19
=117
13 4+9d =30
9d = 26
29
d=—
9

26 62

h=4+1X—=—

2 + X9 9

26 88

B=4+2X —=—

3 + X9 9

26 38

=4 -~ _C

14 +3><9 3

g:4+4x%§:E@

9 9

26 166

=4 -

te +5X% 9 9

26 64

=4 o

t7 +6X9 3

26 218

tg=4+7TX —=—

sEATIXg T

26 244

to=4+8X — = —

9TATeN G =g
14 5+5d=15
5d =10
d=2

Hh=5+1%x2=7
3=5+2%x2=9
t,=5+3x2=11
ts=5+4%x2=13

15 a+(m-1)d=0

(m—-1)d=-a
a

m—1
an—1)
m—1
This could be simplified as follows:
_alm—=1)—an-1)

n =

ty=a—

m—1
_am—-1+n+1)
B m-—1
_a(m—n)
T om-—1
a+b
16 =
a ¢ 3
8+ 15
= =115
2
a+b
b =
€=
1 1 . 1 )
2\2v2-1 2V2+1
C2V2+1+2V2-1
22V2 - 1H2V2 + 1)
42
T 2x(8-1)
_2V2
7
17 3X_QZM
2
6x—4=5x+12
x=16

18 Use the fact that the difference is
constant.
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Ba—-13)—-4a-4)=@Ua—-4)—-a
8a—-13-4a+4=4a-4—-a
4da -9 =3a-4

a=5

19 t,=a+(m—-a)d=n
thb=a+n—a)d=m
Subtract:
m—-nd=n-m

=—-1(m—-n)

_ —l(m—-n)

 m-n

=-1

Substitute:
a+(m—-a)x—-1=n

d

a=m+n-1

tyin =a+m+n—1)d

=n+m-1+m+n-1)x-1

=n+m-1-m-n+1

=0

20

21

Use the fact that the difference is
constant.

a>—2a=2a—-a

a*-3a=0

aa-3)=0

a =3 (since a # 0)

If a is a prime number, then the nth

term is a + (n — 1)d Since a 1s a natural
number there is an n such thatn — 1 = a.
The term 7,1 = a + ad which is divisible
by a (=a(d + 1) is composite since
d+1>2anda > 2). Hence no infinite
arithmetic sequence of primes exists.
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Solutions to Exercise 4C

1 a a=8,d=5,n=12
th =8+11%x5=63
12
512:—(8+63)
2
=6x71
=426
b a=-35,d=2,n=10
to=-35+9%x2=14.5
10
S0 = 7(—3.5+ 14.5)

=5x11
=55

d a=-4,d=5 n=38
tg =—-4+7x5=31

8
S5 = 5(~4+31)

=108

2 a=7,d=3,n=7
7
S7:5(14+6><3)

=112

3

a=5,d=5,n=16
16
516:?(10+15X5)

= 680

There will be half of 98 = 49 numbers:

a=2,d=2,n=49
49
S49:7(4+48><2)

= 2450

a l4

b 322

a 20

b -280

a 12

b 105

a 180
b Sn:g(8+(n—l)><4)
=180
n(8 + 4n — 4) = 360
4n* +4n - 360 = 0
n”?+n-90=0
(n—-9n+10)=0
n=9%asn>0

So{n:5,=180}={n:n=9}
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9 Sn:g(30+(n—1)><—1):110
n30—-n+1) =220
—n*+31n-220=0
n?—31ln+220=0
n-11)(n-20)=0

n=11orn=20
Reject any value of n > 15, as this
would involve a negative number of logs
in a row. There will be 11 layers.

10 a=-5d=4
S = g(—10+(m—1)><4)
= 660
m(—10 + 4m — 4) = 1320
4m* — 14m - 1320 = 0
(m — 20)(4m + 66) = 0

m=20asm>0
n
11 S,,:E(a+€).'.Sn:0

12 a a=06
tis =6+ 14d = 27
14d = 21
d=15
g=6+7x%x1.5

=16.5 km

b Ss5= g(l2+4x 1.5)
=45 km

¢ 7 walks

d Total distance:

15
S5 = 7(12 + 14 x 1.5)
=247.5
Distance missed = 18 + 19.5 + 21

= 58.5km
(8th day = 16.5 km)

Distance Dora walks = 247.5 — 58.5
= 189 km

13 a a=30,d=5

Sy = g(60+(n— 1) x 5)
=500
n(60 + 51 — 10) = 1000
5n* + 50n — 1000 = 0
n? +10n — 200 = 0
(n—10)(n+20)=0
n=10,asn >0
10 days
b a=50,n=5
Ss = %(100 + 4d)

=500
100 + 4d = 200

~200-100
4
= 25 pages per day

d

14 a RowlJ =1
=50+9%x4 =286

26
b S = 7(100+25 x 4)
= 2600

¢ 50+54+58+62=224
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d 2600 — 224 = 2376
e S, = g(lOO+(n— 1) x 4)
= 3410
n(100 + 4n — 4) = 6820
4n® + 96n — 6820 = 0
n* +24n—1705 =0
n-3Dn+55=0

n=3lasn>0
There are 5 extra rows (from 26

to 31).

15 Total membelrls2
S = 7(80+ 11 x 15)

= 1470
Total fees = 1470 x $120
= $176 400
16 a+d=-12
6(2a+ 11d) = 18
2a+11d =3

Substitute a = =12 — d:

-24-2d+11d =3
9d -24 =3
d=3

a+3=-12

a=-15

te =—15+5x%3

=0

Se = g(—30+5><3)

= 45

17  5Q2a+9d) =120
2a+9d =24...(1)
10(2a + 19d) = 840
2a+19d =84...(2)
Equation (2) — Equation (1)
10d = 60
d=06
2a+9x6=24
a=-15

30
S30 = 7(—30 +29x6)

= 2160

18 a+5d=16...(1)
a+11d =28...(2)
Equation (2) — Equation (1)
6d =12
d=2
a+10=16
a==6

14
Sig= 7(12+ 13 x2)

= 266
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19 a a+2d=65...(1)
4(2a +7d) = 67

a+3.5d:6§7:8.375...(2)

Equation (2) — Equation (1)
1.5d = 1.875
d=1.25
a+125%x2=6.5
a=4
t,=4+125n-1)
=275+ 1.25n
5,11

=-n+

4 4

6
b a+3d=—
\5
_6 ¥
V5 5
6V5
g(Za +4d) = 16V5
5(a+2d) = 16 V5
1
a+2d:£?§”(D
Equation (2) — Equation (1)
g 6Y5 16V5
5 5
_ 105
B 5
-10V5 1645
a+2x =
5 5
L 16V5 20V5
5 5
=36V5
L _36V5 1045
"5 5
(n—1)
_46V5 10V5
5 5
= 465—\5—2\/§n

20 a t,y —t,=bn+1)—>bn
=b

l)Sn:ng+m—1w)
:ng+nb—m

:gmb+m
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b 1 _
This can be factorised to %ﬁ a=n
=20-6x1=14
21 a=10,d=-5 d=14
ts =10+4 x =5
24 Letthetermsbea, a+d, a+ 2d.
=-10 Sum = 3a +3d = 36
25
525:7(20+24><—5) a+d=12
= —-1250 Product = a(a + d)(a + 2d)
= 1428
Substitute d = 12 — a.
22 S50 = 10Q2a + 19d) ubstitute "
a(a+ 12 —a)(a + 24 — 2a) = 1428
= 25a
12a(24 — a) = 142
20a + 190d = 25a w24 -a) 8
24 —a) =119
190d = Sa P 224 a)
24a —a- =119
a =38d f
a —24a+119=0
S30 = 15(76d + 29d)
(a=Ta-17)=0
= 1575d
a=T7ora=17
d=12-7=5
23 a S, =17n-1)-3n-1)7°
5 ord=12-17=-5
=17n—17-3(n" =2n+1) The three terms are either 7, 12, 17 or
=17n—-17-3n* + 6n -3 17,12, 7.
=930 — 3 — 20 Not'e: in cases like this, it is sometimes
easier to call the terms a — d, a, a + d.
b ,=8,-S1
=17n-3n*—=23n+3n% +20 25 The middle terms will be ¢, and t,,1.
=20-6n tn:a+(n—1)d

tye1 =a+nd
C tyy1— 1, =20-6(n+1)— (20 —6n)
=20-6n-6-20+6n
=—6 2n
The sequence has a constant Son = 7(261 +(2n - 1)d)
difference of —6 and so is arithmetic.

t,+tu =2a+ 2n—1)d
n(t, + tye1) = n2a + 2n — 1)d)

=na+ 2n - 1)d)

=n(t, + tye1)
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26 There are 60 numbers divisible by 2. One solution is a = 25 and d = 0.

Se0 =30(4 + 59 x 2) = 3660 The others are (24, 2), (23,4),...(1,24)
There are 40 numbers divisible by 3. The sequence for the first solution is
S40 = 20(6 + 39 x 3) = 2460 25,25,25,25.

There are 20 numbers divisible by 6 The sequence for the second solution is
Se0 =10(12 + 19 x 6) = 1260 22,24,26,28

The sum of the numbers divisible by 2

3 =3660 + 2460 — 1260 = 4860
of " 28 Let the angles be a —d,a and a + d.

Then 3a = 180. Hence a = 60. The
27 Letthe numbersbe a—d,a,a+d,a+2d. angles are, 60 — d, 60 and 60 + d.
The sum is 4a + 2d = 100 which simpli- There are 60 such triangles: Listing:
fies to 2a + d = 50. (1,60,119),(2,60, 118), ..., (60,60, 60)
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Solutions to Exercise 4D

1 ¢, =ar!

a n=3x2"1=3
nh=3x2"1=6
=3x271=12
13=3x2%1 =24

b f=3x-2"1=3
h=3x-2""=-6
=3x-21=12
t=3x-2""=-24

¢ £ =10000x0.1'"! = 10000
t» = 10000 x 0.1>~' = 1000
3 = 10000 x 0.1°7' = 100
2 = 10000 x 0.1*7' = 10

d 1, =3x3"1=3
HL=3x3"1=9
1=3x3"1=27
13 =3x3"1=81

15
2 a 6127
1
~N\
oo 13 (1)21
7 3 567
b a=1
1
r=y

4
%:lxﬂz)25£

a= 3
r= V3

to = \/EX(‘/E)9=32

ty =2 x (=2)""!

a=2

=25
2

f, =2 % (V5!

a=2andt; =486

Let r be the common ratio
L 2xr =486

S =243

Sr=3

a=25and t;5 = g

Let r be the common ratio

16
25Xt = —
Xl"16 75
4 _ 7
ST
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8X3”‘1_27
5 12,1_1_64 9 o1 4
4~ 3"—1_27x9
21 = 64 x 4 -1 4 78
_28 _35
- T 25
n=9 _
Thus t9, the ninth term. n=6
4 1
e a=—-=,r=—=
6a 6122,}’:3 » 3 2
2% 3" = 486 —gx(—%) :9_16
3n1 =243 -
5 £3) TRV
=3 2] T 9674
n==6 3 1
- 32x4
b 6125,7'22 1 17
5x2"1 =1280 =73 = (—5)
n—-1 _
2=l =256 n=8
=28
n=9 7 ar* =54
ar'' =2
c a=768, r=— 54
1n_1 r3:?:27
768 x (=] =3
X(Z) r=3
1 _3 ax3'=2
2n-1 7 768 )
_ 1 _1 a:ﬁ
T 256 28 )
n=9 l‘7:FX36
2
T3
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3 . b 24 x2° = 12888 fish

22
3 _
ar’ = \2 10 a Atthe end of 7 days, it will have
2=\ 1 increased 7 times.
2V2 10 x 37 = 21870 m>
=4
b 10x 3" >200000
r=2
. 3" > 20000
ax?2= ;i nlog,,3 > log,, 20 000
1 n>9014...
a=—— . .
42 It will cover the lake early in the tenth
1 day.
tg = —— x 27
8 i3
3
_ 32 1 r=2
2 . . 3
Rationalise the denominator: First bounce: — m
32 V2 2 .
§ = —=X—=
V2 2 Second bounce: 3 m
_32 V2
=5 =16 V2 Third bounce: — m
32
Fourth bounce 81 m
u unce: —
9 a ar =768 128
24
ar* = 96 Fifth bounce: 243 m
768 512
}"3 = % = 8
12 a Atthe end of 10 years, it will have
r=2 . .
increased 10 times.
ax?2*=96 2500 x 1.08° = $5397.31
= 24 fish
\ ; b 2500 x 1.08" > 100000
100 000
1.08" > =
08" = 2500
nlog,,1.08 > log,,40
n>4793...

It will take 48 years until the value
exceeds $100 000. Alternatively, use
the solve command of a CAS calcula-
tor to solve 2500 x 1.08" > 100 000.
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This gives n > 47.93 ... directly.

13 a 120x0.9” ~ 57.4 km

b 120 x 0.9 = 30.5
30.5
n—1 _
09! = 20
=0.251...

(n - 1)1og,, 0.9 = log;,0.251 . ..

n—1=13.0007...

n=14
The 14th day.

14 a=1landr=2
t30 = 2% = 5368709.12
She would receive $ 5368 709.12

15 a Atthe end of 10 years:
value = 5000 x 1.06°

= $7092.60

b 1.06" > 2
nlog;, 1.06 > log;,2

n> 11.89...
In the 12th year.

16 A x1.085'2 = 8000
A X2.6616...= 8000
A = $3005.61

17 Let the rate be r.
=3

r=3%"=0.11612...
Approximately 11.6% per annum.

18

19

20

21

a=4,r=2
4% 21> 2000
215 500

20 =512
The tenth term, which is
fio = 4 x2° = 2048

a=3,r=3
3x 3"~ 500
3" > 500

3% =243 and 3° = 729
The sixth term, which is tg = 729

Solve for n:

n—1
40960 x (%) =40 x 2!

40960
9 — 2n—1 X 2n—1
40
1024 = 2172 = 210
2n-2=10
n==6

But n = 1 corresponds to the initial
numbers present, so they are equal after
5 weeks.

a V5 x720 = V3600 = 60

b VIx625=+6.25=25

/1
$><\/_—\/T—1

\/x2y3 X x6yll = \/xsym

— x4y7

(g]

(=%

145



I _ho

22 r=—=
1y 17
a+6d_a+15d
a+3d a+6d

(a+ 6d)* = (a + 15d)(a + 3d)
a* + 12ad + 36d* = a* + 18ad + 45d*
9d* + 6ad = 0
3d(3d + 2a) = 0
3d + 2a = 0 (see below)
2

d:—ga

a+ 6d

a+ 3d
a—4a

a-—2a

-3
43

—-a

Note: d = 0 gives the trivial case
a

r=-=1.

a
(All the terms are the same.)

23 a7 ' +at = a!

24

25

nd" ' A+a-a*)=0

S.a=

a

a

1+ 5

5 ora=0

When the first 300 ml is withdrawn
there is 700 mL of ethanol left.
When the second 300 ml withdrawn
there is 0.7% x 1000 mL of ethanol
left

After 5 such witthdrawals there is
0.7° x 1000 ~ 168.07mL left.

Solve the inequality 1000 x 0.7" < 1
for n an integer t find n =20.

The perimeter of the rectangle is
2a + 2b. Each side of the corre-
a+
, the

sponding square will be

arithmetic mean of a and b.

The area of the rectangle is ab. The
side length of the corresponding
square is Vab, the geometric mean of
a and b.
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Solutions to Exercise 4E

15, =% =D
r—1
a a=>5
10
:—:2
"=
5210~ 1)
S =
10 2_1
=5115
b a=1
-3
:—:—3
"=
1(=3°=1)
S_
6T T 3
=-182
. 4
a=-—-=
3
2 4 1
yr=-=--—-——=——
373 2
4(f 1\
—||-=] =1
sl
2
57
64
2 a a=2
-6
:—:—3
T3
t, = 1458 = 2 x =3""!
-3 =729
n="7
2x(=37-1)
§,o=" - -
! 3_1
= 1094

b a=-4

8
===
ty = —1024 = -4 x 2"

—2"" =256

r -2

f, =2 = 6250 x (0.2)"!
2 1

2l = —
©:2) 6250 ~ 3125
n==6
6250 % ((0.2)° - 1)
B 02-1
= 7812

AN

3 a=3andr=2
32" -1)
o2-1
If S,, = 3069 then
312" = 1) = 3069

S

2" —-1=1023
2" =1024
n=10
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4 g=24andr— -t c S, > 15 %60 = 900

20 % (1.25" — 1)
1\n
2401+ o > 900
L+ 3 0.25

1.25" —= 1 > 900 x —
S, =16(1 - (1)) 20

n

15, = 2 - 11
8 a9 125" > 12.25
1\n
16(1 +(3)") = —
8 nlog,, 1.25 > log,, 12.25
129
Iy _ 247 > 11.228
1+(35) 78 n
. 1 12 -7 =5, so Friday.
"= 128
n="17
7 a=15r= -
10
5 a=600, r=1.1 ISX(I—(g) )
a ;=600 x 1.1 S10= 2
1-2
= 1062.9366 3
About 1062.9 mL 310 _ 910
=3x15x% Q=0
600 x (1.17 = 1) 3
b §;= 310 —9l0
1.1-1 -5 x —
3
= 5692.3026
About 5692.3 mL _ 9O x58025
6561
'y 11 days _ 290 125
6561
The bounces will all be doubled (up and
6 a=20, r= i_f) -25 down) except f01r2 t9lbelﬁzrsst (down only).
) Distance = 2 X el 15
= 48.828125 = 76561
49 minutes (to the nearest minute) -7 2882
1
b S« o 20 % (1.25° - 1) 636
T 1251 8 a=$15000, r = 1.05
— 164.140625 “= e
1§4 minutes, or 2 hours and 44 a ts = 15000 x 1.05%
minutes
=18232.593...
$18232.59
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15000 x (1.05° — 1)
- 1.05-1

= 82 844.4686
$82 884.47

b Ss

9 Andrew: Interest = 1000 x 0.20 x 10

= $2000
His investment is worth

$1000 + $2000 = $3000.
Bianca’s investment is worth

1000 x 1.125'0 = $3247.32
Bianca’s investment is worth more.

10 a ar’ =20
ar’ = 160
160
r3:2—O:8
r=>2
ax2*=20
a=>5
_5x(2-1)
2-1
=155

Ss

b arzz\/i
ar’ =8
8
5
;= —
V2
_ Vo4
V2
= V32 =(V2)
r=12
ax(\/i)zz V2
a—L
V2
1
— X ((V2)8 - 1)
Sg = V2
V2 -1
L><15
V2 ><\/§+1
V2-1 V2+1
15
— x(V2+ 1D
_ V2
2-1
:15+—15\/§
2
11 a=1,r=2
a S, =255
Ix@2"=1)
=’ 9755
2-1
2" — 1 =255
2" =256
n=2_8
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b S, > 1000000
IxQ2"=1)
2-1
2" — 1> 1000000
2" > 1000001
nlog,,2 > log,, 1000001

n>19.931...
{n:n>19}or {n:n > 20}, since n is

> 1000000

a positive integer.

12 a=1, r=-x2

Note that there are (m + 1) terms.
1 % (_x2)m+l -1

2 -1
_ x2(m+1) -1
o2 -1
x2m+2 +1

x2+1

Sm+1 -

13 a The thickness of each piece is 0.05

mm.
There are 1 + 2 + 4 + - -- 2% pieces of
paper of this thickness.

240 _ 1
Thatis,] +2+4 +---2%0 = S
40 _ B
The thickness is 7 x 0.05 =

54976 km

Solve the inequality
0.05 x 2" > 384400 x 10° for n
an integer to find n = 43.

14 Option 1: $52 million;
Option 2: $45 040 000 million
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Solutions to Exercise 4F

a
1S.=
1-r
a a=1
1 | 1
r=—-+1=-
5 5
1
Sw=—7
1=Z=
5
5
4
b a=1
2 2
=-Z-.1=-Z
=73 3
¢ 1
o = 2
1--Z2
3
_3
5

2 Each side, and hence each perimeter,
will be half the larger side.

1
= — =
> 4TF
1 n—1
Perimeter of nth triangle = p X (5)
_ P
on-1
Soo = Ll
> _
2
= 2p
2
p-V3
Area =
N 9 x 41

V3
27

Sum of the areas = P

3 a=200, r=0.94
_ 200
® 7 1-094

1
= 3333~
3 m

4 a =450, r =0.65
450
~1-0.65

~ 1285.7

Yes, it will kill him.

S o

3, r=05
3

a=>o,

Se = =6

He can o_nl}; make the joumey if he
walks for an infinite time (which isn’t

very likely).

S = =38
1-0.75
The frog will approach a limit of 8 m.

8 r=70%=0.7
a

S 40

T1-07
a=0.3x%x40
=12m

9 Note: all distances will be double (up
and down) except the first (down only).

Usea =30, r= 3 and subtract 15 m

from the answer.
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s. =20 _g d a=0035 r=00l

2~ 0.035
_z Se =
173 1-001
Distance = 90 — 15 =75 m 35 7
T 990 198
10 a a=04, r=0.1 e a=09, r=0.1
04 4
5o _4 ¢ .09
1-01 "9 o 1-0.1
b a=003, r=0.1 2y
o 003 9
1-0.1 fa=01, r=0.1
_3_1 o _ 01 1
90 ~ 30 T 1-01 9
1 37
ca=03,r=01 Decimal = 45 = -~
0.3 s N
S“_l—al
3 1 a(l —rh
= - = — 11 = =
973 Se= =3
Decimal = 10 7 = = Sm:lir:32
a=32(1-r)

Substitute for a:
32(1 = r)(1 =1

=30
1-r
32(1 = =30
1—r4=§
32
30
4
=1-=
d 2
21
3216
1 1
=—0orr=—=
R )
1 1
Ifr=-: :2@——)
r > a=3 >
=16

=48
The first two terms are 16 and 8, or 48
and —24
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12 S, = 1 13
I+ -
da
:—:8
5
a=10
12
tSZIOX(_Z)
_5
-8
14

=15
1-r
5=15(1-r)
1
l—-r==
=3
1
=1-=
" 3
2
3
2
=x
1-r
Solve for r
2
—=1-r
* 2
r=1--
X

2
Sincex>2,—-<landsor=1--<1

X

X
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Solutions to short-answer questions (technology-free)

1 a#n=3
h=3-4=-1
th=—1-4=-5
ty=-5-4=-9

t5=—9—4=—13
te =—13-4=-17

b /=5
Hh=2%xX5+2=12
t3=2x12+2=26
14, =2%X26+2=54
ts=2%x54+2=110
te=2x110+2 =222

2 an=2x1=2
h=2x2=4
3=2%X3=6
ty=2x4=28
ts=2%x5=10
te=2%X6=12

b nH=-3x14+2=-1
thh=-3x2+2=-4
t3=-3%xX3+2=-7
ty =-3x4+2=-10
ts=-3%x5+2=-13
te=-3XxX6+2=-16

3 a End of first year:
$5000 x 1.05 = $5250
Start of second year:
$5250 + $500 = $5750

End of second year:
$5750 x 1.05 = $6037.50

b 1, = 1.05(t,—1 +500), t; = 5250

a+3d=19...(1)
a+6d=43...(2)
Equation (2) — Equation (1)
3d =24
d=38
a+3x8=19
a=-5
tho=-5+19%x8
= 147

a+4d =035...(1)
a+8d=0.15...(2)
Equation (2) — Equation (1)
4d = -0.2
d = —0.05
a+4x-0.05=0.35
a=035+0.2
=0.55
tis = 0.55+ 13 x -0.55
=-0.1
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6

7

a+5d=-24...(1)
a+13d=6...(2)
Equation (2) — Equation (1)
8d =30
d=3.75
a+5x375=-24
a=-24-18.75
= —42.75
S10=5%(-85.5
+9x3.75)
= —258.75

a:_Sn’ d=17
S, = E(—10+7(n—1))

=402
n(=10+7(n—-1)) = 804
Tn* — 10n — 7n = 804
Tn> = 17n -804 = 0
(Tn+67)(n—12)=0
n =12 (since n > 0)
(n:85,=402}={n:n=12}

1
fh=—x3 =1

27

r=-3:ax(-3°=9
1

=7y

1
th= =35 x (-3 =1

So for either case, 14 = 1

9 a=1000
r=1.035
t, = ar"
= 1000 x 1.035"

10 92 =4
4
2—_
" 79
+2
r=+—
3
t, = ar = =6
8
t4:ar3:;_r§ .
T =6, —or—6,——
erms 3or 3
11 a+ar+ar’ =24

ar’ + ar* + ar’ = 24

Pa+ar+ar?) =24

24

All terms will be the same: 1, = 3 =8

512:12X8:96
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2 s, a(r - 1)
r—1
6x(=38-1)

St 3_1
= —9840
1
13a=1,r=-=
a r 1 3
S = 1
1___
3
_3
4

14 x+4:2x+2
X x+4

(x+4)° = x2x+2)

xX? +8x+16 = 2x% + 2x
2x* +2x—x*-8x—16=0

X —6x-16=0

(x—8)(x+2)=0

x=8orx=-2
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Solutions to multiple-choice questions

1D

3 A

4 A

nh=3x1+2=5
h=3%x2+2=28
3=3x3+2=11

nL=3+3=6
=6+3=9
t,=9+3=12
a=10
d=8-10=-2
tio=10+ (O x=-2)
=-8
a=10,d=-2

10
Sl() = 7(10 + —8)

=10

a=38
d=13-8=5
th=8+5(n~-1) =358
S(n-1)=50
n—1=10
n=11

6 D

9 E Value = 2000 x 1.055°

10 D

Il
—_
o)

|

= $2757.69
Ll =375
1——
3
2
=375% =
a 3
=25
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Solutions to extended-response questions
1 a 08,1522,...

b d = 0.7 and so the sequence is conjectured to be arithmetic.

(o]

th=08+(m—-1)x0.7
St =08+(12-1)x0.7
=8.5
The length of moulding in the kit size 12 is 8.5 metres.

2 a d = 25 and so the sequence is arithmetic.

b t,=a+m-1)d
=50+(n—-1)x25
=50+ 25n - 25
=25n+125

C 5 =25%x25+25
=650
There are 650 seeds in the 25th size packet.

3 The distances 5,5 —d, 5 —2d,...,5 — 6d form an arithmetic sequence of seven terms
with common difference —d.
n
Now S, = §(a+€)

7
S 87 = 5(5+5—6d)

7
Since §7 = 32~ 3 =29, 29 = ~(10 - 6d)
58
w2 =10-6d
7
Lod =2
-
2
nd==%

7
The distance of the fifth pole from town A is given by S's.

5 2
== _4xZ
Ss 2(5+5 ><7)

155
7

1 1 6
— 20~ and32-22- =92
7 a0 7777
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1 6
The fifth pole is 225 km from town A and 95 km from town B.

a 20,36,52,68,84,100,116,132,...

b T,=a+n-1)d
=20+(n—-1)x 16
=20+ 16n-16
=16n+4

c Let T, = 196

o 16n+4 =196
co16n =192
on=12

Yes, size 12 will handle 196 lines.

CAS calculator techniques for Question 4

TI: Open a Graphs page. Press
Menu — 3 : Graph

Entry/Edit — 6 : Sequence — 1 :
Sequence and input the equation and
initial term as shown. Press ENTER
then press /T to view the sequence.

CP: Open the Sequence application.

Input the following:
ap1 =20+ (n—-1)x 16
ag = 20

Tap # to view the sequence.

*Unsaved —

667 1y

utln)=20+(n-1) 16
Imitial Terms: =20
1=n=99 nsiep=1

6.67 Ly nul= ¥

20+(n="13*

4,

]

20,

-10

36,

52,

68,

b=, |

byt | P W N O

6.67 ¢

KL

159



S5a D,=a+n-1)d
=2+(n-1)x7
=2+Tn-17
=7Tn-5

b D, =191

STn+1)-5=191

STn+1) =196
sn+1=28

on=27
The firm made 27 different thicknesses.

6 t1=4,1 =16, t3 =28 Sd=12
tyo = a+ (40 - 1)d
=4+39%x12
=472

The house will slip 472 mm in the 40th year.

7t1:16,1(l;2:24,t3:32 sd=38
51027(2X16+(10—1)X8)

=532+72)

=520
She will have sent 520 cards altogether in 10 years.

1
8 a a—90,r—1—0,

{5

1 - —
10

= 99.9999
After six rinses, Joan will have washed out 99.9999 mg of shampoo.

.'.S6 =
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1 - —
10

=100

There were 100 mg present at the beginning.

CAS calculator techniques for Question 8

TI: Open a Graphs page. Press
Menu — 3 : Graph

Entry/Edit — 6 : Sequence — 1 :
Sequence and input the equation and
initial term as shown. Press ENTER
then press /T to view the sequence.

CP: Open the Sequence application.

Input the following:
. 90(0.1" - 1)
A
ap = 90
Tap # to view the sequence.

o 2ot () - (1) -
1_392_3’6_3

~ 729

6.67 Ly
14
X
[pestlors) ;
ui’[n)= 900,17 -1
0.1-1
Tnitial Terms:=90| L
1=n=99 nstep=1 &
6.67 1y nulin= ¥
SO0, 1"
0. 0. 2
1 1. S0.
IIIIIIIIIIIIIIIII?:
10 1 10]2. 9s.
3. 89,9
4, 95,99
L= Q0 QN0
6.67 90. KIC

The water level will rise by 729 metres at the end of the sixth hour.
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b S¢=

S(1-6))

1
=3
364
=79
=0.499314 ...

The total height of the water level after six hours will be 1.499 m, correct to three
decimal places.

=0.5
The maximum height the water will reach is 1.5 metres. If the prisoner is able to
keep his head above this level, he will not drown.

400 320
500 400
a =500, r =0.8,

1, = 500(0.8)"!
f12 = 500(0.8)14!

=127.487790...
On the 14th day they were subjected to 27.49 curie hours, correct to two decimal
places.

S, = ald —r)
1-r
~500(1 - 0.8°)
> 1-08
= 1680.8
During the first five days, they were subjected to 1680.8 curie hours.
2
Hh = § X 81
2 2
1= (5) x 81
2 6
te = 5) x 81
9

1
After the sixth bounce, the ball reaches a height of 76 metres.
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b Total distance = 81 + % X 81 + % X 81 +

3

2\2 2\2
(5) ><81+(§) X 81 +...

2 2\2
:81+2(§x81+(§) ><81+...)

2
§><81
=81 +2x 5
1-Z2
3
=81 +324
=405

The total distance travelled by the ball is 405 metres.

CAS calculator techniques for Question 11

108 -‘ *nsaved —

TI: Open a Lists & Spreadsheet
application. Type seq(n,n, 1,30, 1) into
the formula cell for column A. This will
place the number 1-30 into column A.

Open a Graphs application and input the
following sequence.

Navigate back to the Lists & Spread-
sheet page. Type seq(ul(n),n, 1,30,1)
into the formula cell for columns B.

Type 2 X b[] into the formula cell for
column C.

Type cumulativeSum(c[]) + 81 into the
formula cell for column D.

Give column D the name csum and
column A the name a

=seq(n,n,1

6.67 Ty

10 11

u1{n)=54{273)7"1
Imifial ﬁ'rms:=a[n]
1=n=99 nsiep=1
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The graphs of these relations can now
be considered. In a Data & Statistics
application sketch the graph of csum
against a as shown. This is the total
distance travelled against the number of
bounces.

The limiting behaviour is demonstrated
by this graph.

1 EE .'

*nsaved —

LY ~
=seqin,n,1=seqluln I
1. 54 |
2. 36.
3. 24,
4, 16.
5.10.6666... i
2 714444
aa| [«]»

1 KR :

*nsaved —

B A
| =seq(ul(n =2*H[] =cumulativ I
54, 08| 189,
36. 7 261,
24, 48, 309,
16. 32, 341,
10.6666.. 21.3333.. 362.333.. i
7 44444 44 9790 27 gog
D1 |=189. KL

*Unsaved —

E 30|
[44]
g ]
260 | @
200
| |@
0 4

'8 12 16 20 24 28 3
a

164



12 n=1=2°

tp=2=2!
=4=2°
oot =21
S, = Mwherea: 1, r=2
1-r
1(1 - 2%
A Sep = ——
64 -2
=2%-1

The king had to pay 264 — 1 = 1.845 x 10" grains of rice.

13 a i The amount of cement produced is an arithmetic sequence.
Let C,, be the amount of cement produced (in tonnes) in the nth month.
C, =a+ (n—1)d where a = 4000, d = 250

=4000+ (n—-1) x 250
= 4000 + 250n — 250
- Cp =250n + 3750

ii LetS, be the amount of cement (in tonnes) produced in the first # months.
S, = g(a + 1) where a = 4000, I = 2501 + 3750

- 3(4000 + 2501 + 3750)

- g(ZSOn +7750)

= n(125n + 3875)
S Sn=125n(n + 31)
= 3875n + 125n°
iii When C, = 9250,
250mn + 3750 = 9250
. 250n = 5500
Son=22
The amount of cement produced is 9250 tonnes in the 22nd month.
iv C, =250n+ 3750

=T =250m + 3750
1

cm=—T-1
m=asl ~ 15
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v §,=522750and S, = g(a + 1)
522750 = £4000 +250p + 3750)

~. 1045500 = p(250p + 7750)
- 4182 = p(p +31)

L pP+31p—-4182=0
Using the general quadratic formula,

—31+ /312 -4 x 1 x(-4182)
p: 2

-31 + 131
2
=—-82or5l1

Slasp>0

b i The total amount of cement produced is a geometric series. Total amount of
cement produced after n months is given by

"]
§p= 2" "D yhere a = 3000, r = 1.08
r —

~3000(1.08" - 1)
B 0.08
- S, =37500(1.08" = 1)

il Q4 =125n(n+31)and Qg = 37500(1.08" — 1)
-0 — 04 =3750001.08" — 1) — 125n(n + 31)
Using a CAS calculator,
sketch f1 = 37 500(1.08" — 1) — 125x(x + 31)

Op- 04 /

TI: Press Menu — 6 : Analysis Graph — 1 : Zero

CP: Tap Analysis — G - Solve — Root to yield a horizontal axis intercept
at (17.28, 0), correct to two decimal places. Hence, the smallest value of n for
which Qp — Q4 > 01is 18.

14 a Geometric sequence witha = 1 and r = 3:
Number of white triangles after step n is 3"~!

1
b Geometric sequence with a = 1 andr = 3
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15 a

n—1
Side length of white triangle in diagram n is (5)

. . 3
Geometric sequence witha = 1 and r = 1 :

n—1
Fraction that is white :(4_1)

As n — oo the fraction that is white approaches O.

Geometric sequence witha = 1 and r = 8:
Number of white squares after step n is 8"~

. . 1
Geometric sequence witha = 1 and r = 5:

n—1
Side length of white square in diagram n is (g)

. . 8
Geometric sequence witha =1 and r = 5 :

8 n—1
Fraction that is white :(§)

As n — oo the fraction that is white approaches O.
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Chapter S — Algebra 11

Solutions to Exercise 5A

1 ax* +bx+c=10x> -7

=102 +0x—7
a=10,b=0, c=-7

2 2a-b=4
a+2b=-3
4a—2b =8
@+0:

S5a=5

a=1

ax1l-b=4
=-2

3 2a-3b=17
3a+b=5
DO+3x®:

1la =22

a=72
3x2+b=5

b ==l

c=77

4 a(x+Db) +c=ax®+2abx +ab® + ¢

a=72
2ab =4
b=1

ab* +c=5
2+c=5
c=3

S)

5 c(x+2°+a(x+2)+2

=cx’+4cx+4c+ax+2a+d
c=1

4e+a=0

a=-4
4e+2a+d=0
4-8+d=0
d=4

F¥=(x+2)P?-4x+2)+4

6 x+DP+alx+1)?+b(x+1D+c
=X +37+3x+ 1 +ax

+a+bx+b+c
3+a=0

a=-3
3+2a+b=0
3-6+b=0
bh=3
l+a+b+c=0
c=-1
=+ 1) =30+ 1)

+3x+1)-1
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2

7 ax’ +2ax+a+bx+c=x 9 Expanding gives the following:

a=1 n® = an’® + 6an’
2a+b=0 + 1lan + 6a + bn?
bh=_2 +3bn+2b+cn+c+d
a+c=0 a=1
c=-1 6a+b=0
b=-6
8 a a(x+Db)’ +c=ax’+3abx’ 1la+3b+c=0
+3ab’x +ab’® + ¢ I-18+c=0
=3x° —Ox" + 8x+ 12 c=17
a=73 6a+2b+c+d=0
3ab = -9 6-12+7+d=0
3x3xb=-9 d=-1
b=-1
Equating x terms: 10 a Expanding gives the following:
3ab* = 8 n* = an® + 3an + 2a
3ab* =3 x3x(-1)*=9 +bn® + 5bn + 6b
The equality is impossible. atb=1 0
b Clearly this expression can be ex- 3a+5b=0 @
pressed in this form, ifa =3, b = -1 20+ 6b =0
and
ab’>+c=2 a+3b=0 ®
34c=2 Q-0
2b = -1
1
b=—=
2
1
+-——==1
‘T
1
a = E
These do not satisfy the second
1 1
tion,as 3 X 1= +5X —= =2.
equation, as 5 5
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b n®> = an® + 3an + 2a

+bn+b+c
a=1
3a+b=0
b=-3
2a+b+c=0
2-34+c¢=0
c=1
n*=n+1)n+2)
-3n+1)+1

11 a a(x*> +2bx+b*>) +c =
ax® + 2abx + ab* + ¢

b ax*+bx+c=Ax+B?*+C

= Ax* + 2ABx
+AB>+C
A=a
2AB=1b
3 b
" 2a
AB*+C=c
2
CZX@‘FC:C
b2
C=c——
¢ 4a
b 2
ax2+bx+x:a(x+—)
2a
4ac — b*
+

da

12 (x - l)z(px +q) = ()c2 -2x+ D(px+¢q)
= px’ +(q - 2p)x°

+(p—-29)x+q

Equating x* and x? terms:

p=a

q-2p=">

q—2a=>b
qg=2a+b

Equating x and constant terms:
q=d

p—2q=c
p=c+2d

Equating the two different expressions

for p and g gives:
d=2a+b (@)

b=d-2a
a=c+2d (p)
c=a-2d

13 c(x—a)(x—b) = cx* —acx

— bex + abe
=3
c=3
—ac—bc =10
—3a-3b=10
abc =3
3ab =3
ab =1
b=l
a
—3a—§:10
a
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3¢ +3 =-10a 15 (x—a)*(x—b) = (x* =2ax+a*)(x - b)

3¢ +10a+3 =0 = x> = 2ax’? — bx?
Ba+D@+3)=0 +a’x + 2abx — a®b
1 o —
az—g,b:—3,c:3 2a-b=3
| a’® +2ab = -9
ora=-3,b= -3 c=3 Substitute b = —2a — 3:

@ +2a(-2a-3) = -9
a - 4a* — 6a = -9
-3a> - 6a+9=0

a+2a-3=0

(a+3)a-1)=0

14 n* =a(n-1)*+bn-2)*
+c(n—3)?
=an® —2an +a + bn®

—4bn + 4b + cn® + 9¢

a+b+c=1 ® FySora=1
Da—4b—6c=0 b=-2a-3
a+2b+3c=0 ® , b=3orb=-5
Comparing the constant terms:
a+4b+9c =0 ® c= —a2b
@-: c=(-3?%%x3=-27
b+2c=-1 @ orc:(—l)ZX—SZS
B -0: Soa=1,b=-5c=5
ora=-3,b=3,c=-27
2b+6¢c=0
b+3c=0 ©)
16 a
©-@: WTS P(—x)= P(x) > b=d=0
¢=1 P(=x) = P(x)
b+3x1=0 ax* = b+ —dx+e=ax* +bxX> +cx* +dx+e
b=-3 —bx’ —dx = bx®> +dx
a+b+c=1 —2bx3—2dx=O
a-3+1=1 _2x(bx® +d) = 0
a=3 b +d=0
2 _ 2 2
n“=3n-17-3n-2) bh=d=0
+(n—-3)*
b next page
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WTS P(-x)=—P(x) > b=d=f=0

P(-x) = P(x)

a(=x)° + b(=x)* + c(=x)* + d(=x)? + e(=x) + f = —(a(x)’ + b(x)* + c(x)* + d(x)* + ex + f)
—a(x)’ + b(xX)* — c(x)® +d(x)* —ex + f = —a(x)’ — b(x)* — c(x)’ —d(x)* —ex— f

b(x)* + d(x)* + f = =b(x)* —d(x)* - f

2b(x)* +2d(x)* +2f =0

b(x)* +dx)*+ =0

b=d=f=0
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Solutions to Exercise 5B

1 a X —2x=-1 e Divide both sides by 2:
7
¥ -2x+1=0 x2+2x:§
—1)2 = 9
x-1D7=0 P42x+1=2
=1 g 9% 2
x4+ 172 =2 =222
b ¥-6x+9=0 2 4
(x=37%=0 x+1=i—¥
X:3 3\/5
x=-1+——
¢ Divide both sides by 5: 2
1
x2—2x:g f 6x°+13x+1
6 =0
X —2x+1=—
5 X
6 30
2 _ _
-7 =5=75 _ 13+ V169 -4 x6 X1
V30 12
X—lZiT _—131%
V30 12
x=1+—
5
d Divide both sides by —2: 2 a A=9—am
20y = _1 No solutions:A < 0
12 9—-4m <0
X —2x+1=—=
2 m>Z
1 2
x-1=-=2
2\; b A =25—4m
2
x_IZiT Two solutions:A > 0
3 25 —4m >0
leiT <25
m —_—
4
¢ A =25+32m
One solution:A = 0
25+32m=0
25
"ETR
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d A=m*-36
Two solutions:A > 0
m?> =36 >0

m>6orm< —6

e A=m?>-16
Nosolutions:A < 0
m> =16 <0
-4d<m<4
f A =m?+ 16m

One solution:A = 0
m?> +16m =0

m=-16orm =0

3a 22-x-4t=0

C1x V1 —4 x2x -4t

* 4
1+ V32+1
- =
32t+1>0
32t > -1
e
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b 42 +4x-1t-2=0

4+ V16 -4 x4 x—(t+2)

o 8

-4+ V16 + 32 + 16¢
8

—4 + V16t +48
8

—4+4Nt+3
8

-1+ Vt+3
2

t+3>0

t>-3

c 5x2+4x—-1t+10=0
e 4+ 16 -4 x5x (-t + 10)

10
—4 + V16 + 20f — 200
- 10
—4+ \20r - 184
-
—4 + VA(51 - 46)
e
—4 + 25t - 46
=
2+ V51— 46
=
5t—46>0
5t > 46
)
) W)

d i +4tx—t+10=0
Lo Th V1612 — 4 x t X (—1 + 10)
2t
—4t + V1612 + 412 — 40t
21

—4t + V20£2 — 40¢
2t

—4t +2 V512 - 10t
2t

=2t + \51(t = 2)

t

5tt—2) >0
This is a quadratic with a minimum and
solutions t = 0, ¢t = 5.
tr<0,t>5
Note: ¢t = 0 gives denominator zero, so
it must be checked by substituting = 0
in the original equation. In this case it
gives 10 = 0, and so is not a solution,
but it should be checked.
(e.g. tx> + 5x + 4 = t gives a solution
with ¢ on the denominator, but substitut-
ing t = 0 gives 5x + 4 = 0, which has a
solution.)

—p+ \p? —4x1(-16)
x:

2
i
- 2
0+ vo4
b p:Ogivesx:T\/_:él
. -6+ V100
p:6glvesx:—2 =2

a 2x>-3px+Bp-2)=0
A=9p*-83p-2)

=9p> —24p + 16
=(Q3p-4

Ais a perfect square

4

3p+x(3Bp-4)

¢ Solution is x = 2
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3+1
i Whenp=1,x=——

| 4
.'.leorx:i
ii Whenp:2,x:6:;;2
.'.x:20rx:—%
iii Whenp=—1,x= _3417
.'.x:10rx:—§
6 a 44p-3)x>*-8px+3=0

A = 64p* — 48(4p - 3)
= 64p% — 192p + 144
= 16(4p* - 12p +9)
= 4(2p -3y’

Ais a perfect square

3
bA=0=p=3

8p+4(2p -3
¢ Solution is x = p8(4]§ _p3) )
8+4
iWhenpzl,x:%
1 3
LX=—o0orx=-—
2 2
16 +4
ii h =2 x=
ii When p , X 20
1 3
LX=—orx=—
T2
-8 +20
iili Wh =-l,x=
iii en p , X —5¢
10 3
LX=—o0orx=-——
2 14

7 Use Pythagoras’ Theorem:

(8 — x)* + (6 + x)* = 100
64 — 16x + x> + 36 + 12x + x> = 100
2x* —4x=0
2x(x=4)=0
x = 2 since

x#0

8 Let x be the length of one part.
The other part has length 100 — x
Let the second one be the larger.

200 - x\* _ 2
4 - 16

(200 — x)? = 9x°
200 — x = 3x
x =150

..200—x =150
The length of the sides of the larger
square is 37.5 cm

9 a Leta= x
a*>-8a+12=0

(a-6)a-2)=0
a=6ora=2
SLx=36orx=4

b Leta = +x
a*-2a-8=0
(a-4)a+2)=0
a=4ora=-2

SLox=16

¢ Leta= +/x
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a—5a—-14=0
(a-Ta+2)=0
a=Tora=-2
S.ox =49
d Leta=+x
@ -9 +8=0
(a—8)a-1)=0

a=8ora=1

SLx=512orx=1
e Leta=+x
@ -a-6=0

(@a-3)a+2)=0
a=3ora=-2
Sx=27orx=-8

f Leta= +x
a*—29a+100 =0
(a—25)a-4)=0
a=25o0ra=4

Lx=6250rx =16

10 32> - 5x+ 1 =a(x*> +2bx +b*) + ¢
Equating coefficients:

X2 3=ua s

X: —5:21%1:>b:_8
2 13

constant: 1zba+c:>c:_ﬁ
13

Mini lue is — o2

inimum value is B

11 2 —4x—x* =24+ 8x+ x*

227+ 12x+22=0
X+6x+11=0

A=36-4x11<0

Therefore no intersection

12 -0 +(c—a)x+(a-b)=0
(b-o)x—(a=-b)(x-1)=0
a—>b

orx=1
b-c o

X =

13 2> -6x-m=0
6+ V36 + 8m

4
The difference of the two solutions

V36 + 8m
2

V36 + 8m 3
X2 N

36 + 8m = 100
8m = 64

X =

5

m=28

14 a (b*-2ac)x*> +4@+c)x—8=0
A = 16(a + ¢)* + 32(b* = 2ac)

= 16(a* + 2ac + ¢?) + 32b* — 64ac
= 16a®> — 32ac + 16¢° + 32b*
= 16(a® = 2ac + ¢* + 2b?)

=16((a —¢)> +2b*) > 0

b One solutionifa=cand b =0

178



s L, b1 16 32+ px+7=0A= p* — 84
2 x+k x p? > 84
x(x+ k) +2x =2(x + k) The smallest such integer is 10.

X+ xk +2x = 2x + 2k

X +kx—2k=0
A=k +8k
A<0=k*+8k<0

kK +8k<0
k(k +8) <0
-8<k<0
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Solutions to Exercise 5C

6(x+3)—6x 18
x(x+3) x(x+3)
18
x(x+3)
18— x(x+3)
x(x+3) -
18—x(x+3)=0
18—x-3x=0
Re-arrange and divide by —1:
X +3x-18=0

(x=3)(x+6)=0

x=3o0orx=-6

300 _@_2
X+5  x

300x = 300(x +5) — 2x(x + 5)

36n% — 574n — 646 = 0

187> — 287 -323 =0

(n—-17)(18n+19)=0

n=17

The numbers are 17 and 19.

300x = 300x + 1500 — 2x% + 10x

2x* — 10x — 1500 = 0

x*=5x-750=0

(x+25)(x—30) =0
x=25o0rx=-30

3 Let the numbers be n and n + 2.

1+ 1 36
n n+2 323
1 1 36
— + _— =
n n+2 323
323(n+2)+323n—36n(n+2)_0
323n(n + 2) B

323n + 646 +323n - 360" - 72n =0
Re-arrange and divide by —1:

40
40
-2
40 40 _,
x=2 x
40x —40(x = 2) = x(x — 2)
80 = x* — 2x
X -2x-80=0
(x—-10)(x+8)=0
Sox=10

Car = @ km/h; Plane =
X
600

— + 220 km/h
X

Since the plane takes x — 5.5 hours

to cover 600 km its average speed is
600

55 Hence:

also given by
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600 600

— +220 =

X x—55

600(x — 5.5) + 220x(x — 5.5) = 600x
600x — 3300 + 220x% — 1210x = 600x
220x* — 1210x — 3300 = 0
2x* - 11x-30=0
2x-15)(x+2)=0

x=175
(x>0
Average speed of car = — =
80 km/h
Average speed of plane = 80 + 220
=300 km/h

200
6 Time taken by car = — h
X

Time taken by train = —— h =
x+5

@—Zh
200 _ @_2
x+5 X
15 ><x(x+5):22—0><x(x+5)
—2Xxx(x+5)
200x = 200(x + 5)
—2x(x+5)
= 200x + 1000
—2x* - 10x

2x% + 10x — 1000 = 0
2 +5x-500=0
(x—-20)(x+25)=0

x =20since x >0

7 Let his average speed be x km/h.

108
His time for the journey is — h.
X

1
108 X 2(x +2) — 45 X 2x(x +2)

=108 x 2x
216x + 432 — 9x* — 18x

=216x
—9x*> —18x+432=0

X +2x—48=0
x=6)(x+8)=0
x=6

since x > 0
His average speed is 6 km/h.

75
8 a Usual time = — h.

X
75 18 75
x 60 x+125
75 3 75
x 10 x+125

75(x + 12.5) — 0.3x(x + 12.5) = 75x
75x +937.5 — 0.3x> — 3.75x = 75x

-0.3x> = 3.75x+937.5=0
Divide by 0.15:

2% +25x - 6250 = 0
(x=50)2x+125)=0
x =50
b Average speed = x + 12.5 = 62.5

75
Time = —— = 1.2 h,
ime = =

or 1 hour 12 minutes, or 72 minutes.

9 Let the speed of the slow train be

x km/h.
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) 1 10 7 1
The slow train takes 35—@ = 5_8
_20
6
_10
3

hours longer.

Compare the times:
250 N 10 _ 250
x+20 3 X
750x + 10x(x + 20) = 750(x + 20)

750x + 10x% + 200x = 750x + 15000
10x% + 200x — 15000 = 0
x* +20x—1500=0
(x—30)(x+50)=0

x =30
Slow train: 30 km/h
Fast train: 50 km/h

10 Let the original speed of the car be
x km/h. Compare the times:

105 105 1

x+10 «x 4
420x = 420(x + 10)

—x(x+10)
420x = 420x + 4200
—x—10x
X" +10x— 4200 = 0
x—60)(x+70)=0
x =60 km/h

11 Let x min be the time the larger pipe
takes, and C the capacity of the tank.
Form an equation using the rates:

12

c, ¢ _ <
x x+5 111

9
c, c _%
x x+5 100
1 1 9
— 4+ -
X x+5 100

100(x + 5) + 100x = 9x(x + 5)
100x + 500 + 100x = 9x* + 45x
200x + 500 = 9x* + 45x
9x* — 155x — 500 = 0
(x —20)(9x +25)=0

x =20 since x > 0
The larger pipe takes 20 min and the

smaller pipe takes 25 min.

Let x min be the original time the first
pipe takes, and y min be the original
time the second pipe takes.
Let C be the capacity of the tank.
The original rates are — and —.

X Yy

The combined rate is — + —.
Xy
Total time taken = capacity =+ rate

C+(£+£):C+Cy+cx
X oy Xy
XYy
Cx+Cy
xy 20
x+y 3
¢ and C.
y+2
C

+—.
y+2

=Cx

New rates are

x—1

The combined rate is
x —
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C C
CT(x—1+y+2)

LCO+D+Cx -1
(=D +2)
_ox Xz ho+2)
Cx+Cy+C
_(x—l)(y+2)_7
O ox+y+1

Solve the simultaneous equations:
xy 20

x+y 3
x-DOHy+2) _q

x+y+1

Multiply both sides of the first equation
by 3(x + y):
3xy = 20x + 20y
3xy — 20y = 20x
y(3x —20) = 20x
20x
y =

T 3x-20 ,
Substitute into the second equation, after

multiplying both sides by x + y + 1:
x—-DOy+2)
=Tx+7y+7
+ 2)
+7

20x
3x-20
140x
3x-20
20x + 2(3x — 20)
3x—-20
140x
3x-20

(x - 1)(

=T7x+

(x—=1)

=T7x+ +7

(x = 1)(26x — 40)

13

= T7x(3x —20)
+ 140x + 7(3x — 20)
26x% — 66x + 40
= 21x% - 140x
+ 140x + 21x — 140
5x* —87x+ 180
=0
(5x - 12)(x - 15)
=0
x=24o0rx=15

20x .
y = 5o < 0ifx=24
x=15

20% 15
Y= 3x15-20 2

The first pipe now takes one minute
less, i.e. 15 — 1 = 14 minutes.

The second pipe now takes two minutes
more, i.e. 12 + 2 = 14 minutes.

Let the average speed for rail and sea be
x + 25 km/h and x km/h respectively.

Time for first route =

— hours.
x+25+  hours

Time for second route =

— hours.
Y- +  hours
233 N 126

x+25 X
405 2 é

X125 x 6
233 X 6x + 126 X 6(x +25)

=405 X 6x + 39 X 6(x + 25) + Sx(x + 25)
1398x + 756x + 18 900
= 2430x + 234x + 5850 + 5x* + 125x
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14

—5x2 —635x+ 13050 =0

X7+ 127x-2625=0
_ —127+ V1272 -4 x 1 X 2625
- 2

X

~ 18.09
(Ignore negative square root as x > 0.)

Speed by rail is 18 + 25 = 43 km/h and
by sea is 18 km/h.

After 15 min, the freighter has travelled
3 km, bringing it to 12 km from where
the cruiser was.

Let x km be the distance the cruiser has
travelled in 15 minutes and y km the
original distance apart of the ships.

The distance the cruiser has travelled
can be calculated using Pythagoras’
theorem.

x o

x>+ (y—=3)>=10>=100
After a further 15 minutes, the distances
will be 2x km and (y — 6) km.
2x)* + (y - 6)* = 137

4x* + (y - 6)* = 169
Multiply the first equation by 4 and
subtract:

4@y —3)* - (y — 6)> = 400

- 169

4y* — 24y +36 — y* + 12y — 36 = 231
3y? - 12y-231=0
y—4y-77=0
-1y +7) =0

y=11
x>+ 8% =10%
x=6

The speed of the cruiser is

6 + 0.25 = 24 km/h. The cruiser

will be due east of the freighter when the
freighter has travelled 11 km.

This will take {5 hours. During that

time the cruiser will have travelled

24 x 11 =22 km.

They will be 22 km apart.

15 Let x be the amount of wine first taken
out of cask A.
After water 1s added, the concentration
of wine in cask B is 21
If cask A is filled, xit will receive x litres
at concentration 20"

The amount of wine in cask A vgill be

X X
20 x)+xX —=20—-x+ —.
(20 =0 +xx 35 720
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The concentration of wine in cask A will
2
X
20—X+% . X N X2
20 20 400
The amount of wine in cask B will be
2
X X
20 — — = x- —.
20=0x35=*"35

Mixture is transferred again.

be

The amount of wine transferred is
20 B 20 x X2

60

1 al + x X
20 400 3 3 3
Amount of wine in A =

X 20 x X2
20 — — | -= ==+ =)
0-x+ (3 3+60)

Amount of wine in B =
X2 20 «x x2)

*~20)"\3 73760
x2 20 x x°
20 — (=4 =
(0 “20) (3 3+60)
I T U
“\*720)7\3 737 60
X2 20 x X
20 — =4
O-x+ 5" 3%3 %
_ X2 x 2
B 20 3 3 60
4x*  4x 20_0
60 3 3
X2 4x 20
537370
x> +20x—100=0
(x—10>=0

10 litres was first taken out of cask A.

16

17

18 a

Let v km/h be the speed of train B

The speed of train A is v + 5 km/h.
80

v+5

Time for train A =

Time for train B = —
%

80 80 3

% v+5

80(v+5)—80v = =-(v(v+)5)

80v +400 — 80v = =(v(v + 9))

W= W= W] =

1200 = v* + 5v
v 450 —1200 = 0

L S(VI93 -1
2 i

5(V193 +1)
ory=--—.

2
The speed of train B is ~ 37.23 km/h
and the speed of train A is = 42.23km/h

a a+ Va? — 24a minutes,

a—24 + Va? — 24a minutes

b i 84 minutes, 60 minutes
ii 48 minutes, 24 minutes
iii 36 minutes, 12 minutes

iv 30 minutes, 6 minutes

120 km

b 20 km/h, 30 km/h
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Solutions to Exercise 5D

1 a C
Sx+1 A . B 3x-2 A . B
(x—Dx+2) x-1 x+2 (x+2)(x—2) x+2 x-2
_A(x+2)+B(x-1) _A(x-2)+B(x+2)
T (x=D(x+2) O x+2)(x-2)
_Ax+Bx+2A—B _Ax+Bx—2A+ZB
T (x=D(x+2) T (x+2)(x=2)
A+B=5 0 A+B=3
2A-B=1 ® 24+2B=6
D+ Q: —2A+2B = -2
3A=6 D+ Q:
A=2 4B =4
2+B=5 B=1
B=3 A+1=3
Sx+1 2 .\ 3 A=2
x-Dx+2) x—-1 x+2 . 3x—2 2 .\ 1
~1 T +2)(x-2) x+2 x-2
(x+ DQ2x+ 1) d
A B dx +7 A N B
T R T c+3)x-2) x+3 x-2
_AQx+ D)+ B(x+ 1) _A(x-2)+B(x+3)
T (x+ D2x+ D) O (x+3)(x-2)
_2Ax+Bx+A+B _Ax+Bx—2A+3B
T (x+ DC2x+ D) T (x+3)(x-2)
2A+B=0 ® A+B=4
A+B=-1 @ 2A+2B =8
- —2A+3B=7
A=1 D + O
B=-2 B=3
—1 _ 1 2 A+3=4
x+D2x+1) x+1 2x+1
A=1
4x+7 1 3

TG -2) x+3 x-2
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b — 2
7T—x A B (1 +2x)(1 = x)?

= +

(x—dHx+1) x-4 x+1 :1A2 +lB + IC .
_ A+ D+ Blxr—4) A+1 i ’ ;xl (2_1X) C(1+2
T T G-dHa+ D _Ad =07+ B + 201 -0 + C( +2x)

(1+2x)(1 —x)?

_Ax+Bx+A-4B _ A-2Ax+Ax?+ B+ Bx—2Bx* + C +2Cx

(x=dHx+1) (1+2x)(1 - x)2
A+B=-1 @ A-2B=0 O
A—4B =1 ® 2A+B+2C=0 @
D-0: A+B+C=9 0O
5B = -8 2A+2B+2C =18 @
8 ®-Q:
B=--
5 4A+ B =18
8
A—gz—l OX®@®:4A -8B =0
3 9B =18
A=-
3 B=2
7-x 3 8
G-dHx+1) 5x-4) 5x+1) 4a+2=18
A=4
2x+3 A N B 4+2+C=9
— 32 y_ —2\2
(x-13) x—3 ((x-=-3) C=3
_A(x-3)+B 9
(x—3)? oA 20(-x?
Ax—-3A+B 4 2
== = + +
(x — 3)2 1+2x 1-x (1-x)?
A=2 2x-2
R (x+ D(x - 27
A, B __C
-6+B=3 (x+1)  (x=2) (x-2)?
3 A =22+ Bx+ D(x-2)+Cx + 1)
B=9 - (x+ D(x—2)?
2x+3 _ 2 + 9 _ Ax?—4Ax+4A+ B2 — Bx—2B+Cx+C
(x-=3)2 x-3 (x-3)? - (x+ D(x-2)
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2x—2 4
(x+Dx=22  9(x+1)
4
9(x-2)
2
" 3(x—2)?

+

3x+1
x+DE2+x+1)
A Bx+C
+
x+1 2+x+1
AW H+x+ D+ Bx+O)(x+1)
B x+ D2 +x+1)
_AX +Ax+A+BxX* +Bx+Cx+C

® ® 60 ©

x+DE2+x+1)

A+B=0
A+B+C=3
A+C=1
@-0O:C=3
A+3=1
=-2
A+B+C=3
—-2+B+3=3
B=2
3x+1
x+D2+x+1)

2 2x+3
+
x+1 xX2+x+1

3x24+2x+5
(2 +2)(x+1)

Ax+ B C
= +

x2+2  x+1
_(Ax+B)(x+ 1)+ C(x? +2)
B (2 +2)(x+1)
_AX*+Ax+Bx+B+Cx* +2C

(2 +2)(x+1)
A+C=3 @

A+B=2 @
B+2C=5 ®
O-0:
C-B=1 @
@+@:
3C=6
c=2
A+2=3

®

188



A=1 3A+B=1

1+B=2 A+B=1
B=1 B=-2
3x2+2x+5 _x+1+ 2 _ X +2x-13 _x—2 1
(+2)(x+1) x2+2 x+1 T2+ D(x+3) K2+1 2(x+3)

¢ Factorise the denominator:
208 +6x2+2x+6 4 x-Dx-2)=x*-3x+2

—22(x+3) + 2x +3) F1rst2d1V1de: .
, 3x*—4x-2=3x"-3x+2)+5x-8
=2(x"+D(x+3
(D3 3¢ —4x-2  5x-8
The 2 factor can be put with either (x=-Dx-2) (x-Dx-2)
fraction. Sx-8 A B

G-Dx=-2) x-1 x=2
A(x-2)+B(x-1)

X +2x—-13
2(x2 + 1)(x +3)

Ax+B  C (- D(x-2)
_ 2(Ax+ B)(x +3) + C(x + 1) (x—=D(x-2)
- 22 + D(x +3) A+B=5
:2Ax2+6Ax+ZBx+6B+Cx2+C —2A—-B=-8
22 + D(x +3)
2A+C=1 @ O+
6A + 2B =2 —A=-3
94+3B=3 O A=3
6B+C=-13 @ 3+B=5
®-0o: B=2
24— 6B = 14 -8 _ 3 2
x-Dx-2) x-1 x-2
A=3B=7 @ Use the previous working:
@+@: 5
3x —4x—2_3+ 3 N 2
10A =10 (x—D(x=2) x—-1 x-=-2
A=1
2+C=1

=-1
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2x+ 10 b

(x+ D(x— 1) X __A B
A C x=-2)(x+3) x-2 x+3
TSR _A(x+3)+B(x-2)
Ax—12+Cx+1) (x =2)(x+3)
AP - 2Ax+A+Cx+C (r=2)x+3)
T @+ D12 A+B=1
A=0 2A+2B=2
2A+C=2 34—-2B=0
c=2 D+@:
A+C=10 5A4=2
0+2%10 a2
It is impossible to find A and C to satisfy T3
this equation. 2
—+B=
3
6 a B="2
1 __A B 5
(x-DE+D  x—1 x+1 . x __2 3
A+ D+ Bx - 1) (x=2)(x+3) 5(x-2) 5(x+3)
 (x=Dx+1) N
_Ax+Bx+A-B 3x+1 = A + B
T = Dx+ 1) x=2)(x+5 x-2 x+5
- _A(x+5)+B(x-2)
e © TR
A-B=1 @ _ Ax+Bx+5A-2B
D+ @: (x=2)(x+5)
A = A+B=3
1 2A+2B=6
A==
1 2 5A-2B=1
§+B:0 ®+®:
1 =
B=-! TA =7
1 o 1 A=l
(x-Dx+1)  2x-1) 2(x+1) I+B=3
B=2
3x+1 1 2

G-2(x+5) x-2 x+5
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1
2x-1Dx+2)

B=-1

A ) B A-2%x-1=5
T 2x—1 x+42 A=3
_A(x+2)+BQx-1) | 3x+5 3 I
(2x - D(x+2) T Bx=-2)2x+1) 3x-2 2x+1
_Ax+2Bx+2A—B 5 A B
T 2x-D(x+2) £ - 24
A+2B=0 x(x—-1) x x-1
_A(x-1)+Bx
2A+4B=0 @ plvr—
2A-B=1 ©) _Ax+Bx-A
D + O x(x=1)
1 -A=2
B=--
5 A=-2
A+2B=0 0 B0
2
A=Z B=2
5
1 2 1 L2 2 2
2x—D(x+2) 52x-1) 5(x+2) x(x=1)  x-1
3x+1 _A+Bx+C
3x+5 . x(x2+ 1) x x2+1
(Bx=2)2x+ 1) A2+ 1) + x(Bx + C)
A B -
= + x(x2+1)
3x—-2 2x+1 5 5
_AQx+ 1)+ B(3x-2) _ Ax +AjBx +Cx
T Bx-2)2x+ 1) X+ 1)
_2Ax+3Bx+A—ZB A+B=0
 (Bx-2)(2x+1) C=3
2A +3B =3 0) Ao
A=2B=5 1+B=0
2A —4B =10 ©) -
®-Q©: ' 3x+1 1 3—x

S = =
7B = -7 x(x2+1) x x2+1
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3x2+8

A Bx+C
= — 4+ —

x  x2+4
AP +4) +x(Bx+ 0)
B x(x2 + 4)
_Ax2+4A+Bx2+Cx
B x(x2 +4)

A+B=3

1 A+ B
x(x=4) x x-4
_A(x—4)+ Bx
o x(x-4)
_Ax+Bx—4A
o x(x—4)

A+B=0
—4A =1

X(x—4) 4x—-4) 4x

x+3 _f_l+ B
x(x—4) x x-4
_A(x—-4)+ Bx
 x(x—4)
_Ax+Bx-4A
o x(x—4)

A+B=1
—4A =3

x+3 7 3
x(x—4) 4(x-4) 4dx

k First divide x* — x> — 1 by x* — x.

You might observe a pattern in the

question.

¥ -x-1 _x(xz—x)—l B

2 2

X°— X X

1
x2—x

- X

X —

Express —— in partial fractions.
x> =X
1 A B

— - +
x(x—=1) x x-1
_A(x-1)+Bx
o x(x=1)
_Ax+Bx-A
o ox(x-1)
A+B=0
-A=-1
A=1

192



1+B=0 x?—x
m —_—
(x+ D2 +2)
A Bx+C
+
x+1  x2+2
AP +2)+ (Bx+O)(x+ 1)

-1 1 1 =

3 2
oot o (x+ D2 +2)
xr—x x x-1 ) )
_AX"+2A+Bx"+Bx+Cx+C
1 First divide (x> — x* — 6) by B (x+ D(x2 +2)
(=x% + 2x). A+B=1
B S B+C=-1
-2 +2x ) - x2 -6
2_6 O-@:A-C=2
X - 2x ®+@:34=2
2x—6 A—2
(F = x?=6) = (=x? +2x) = K]
1+ 2x—6 2
_X— —
x(2 - x) 3t B=
Separate p 2:x) into partial B :1
fractions. 3
2x—6:é+ B 1+C:—1
x2-x) x 2-x 3 A
_ AQ - x)+Bx C=-3
 x(2-2) ,
“Ax+Bx+2A S it S S, foks
= X2 —x) (x+Dx2+2) 3(x+1) 3(x2+2)
-A+B=2 n x> — 3x — 2 can be factorised into
" w (x = 2)(x + 1),
2+2
=-3 (x = 2)(x + 1)2
3+B=2 A B C
x—2+x+1+(x+1)2
=1 A+ 12+ B(x+ D(x = 2) + C(x - 2)
2x-6 _ 3 1 - (x = 2)(x+ 1)
x2-x)  x 2-x _ A +24x+ A+ Bx? — Bx— 2B+ Cx - 2C
P -xr-6 3] B (x=2)(x+1)?
2x — x2 x 2-x
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A+B=1 @®
2A-B+C=0
4A -2B+2C =0 @
A-2B-2C=2 ©)
o+ 3:
SA-4B=2 @
@-4x®:

N

+ NS

o] BN 0

1] Il Il
S Wim — Wi O

o]
|

[SSERNN
W | =

+
a a
I

Il
|
—_

242 B 2
(x=2)(x+ 12 3(x-2)
1
3(x+1)
1
(x + 1)2

+

2x2+x+8 _A Bx+C

x(x2+4)  x  x+4
A AP +4) + x(Bx + C)
9 x(x2 + 4)
_Ax2+4A+Bx2+Cx
- x(x2 +4)
A+B=2
C=1
4A =8

A=2
2+B=2
B=0

2x2+x+8_2 1

xX(2+4)  x 2+4

p 2xX°+7x+6=02x+3)(x+2)
1-2x A B

2x+3)x+2) 2x+3  x+2
_Ax+2)+ B2

x+3)

2x+3)(x+2)
_Ax+ﬂh+2A+3B

2x+3)(x+2)

A+2B=-2
2A+4B=—-4
2A+3B=1
O-0:
B=-5
A+2Xx-5=-2
A=28

1-2x 3 8 5
QCx+3)(x+2) 2x+3 x+2

332 —6x+2

(x—12(x+2)

A B C

x+2+x—1 +(x—1)2

A= D2+ B(x+2)(x — 1) + C(x +2)
B (x=DX(x+2)

q

_Ax* —2Ax+A+Bx* + Bx—2B+Cx+2C

(x=1D*x+2)
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A+B=3

4A +4B =12 ©)
-2A+B+C=-6 ®)
A-2B+2C =2 ®
®-0:
5A—-4B =14 @
O+@:
9A =26
2
a=20
9
26
—+B=3
9
gl
9
52 1
-——+-4+C=-6
9 9
C- 1
3
3x2 —6x+2 26

x—12(x+2) 9x+2)
1

9(x-1)
1

3(x— 1)

+

4

r (x=1D22x+ 1)

A B C
= + +
2x+1  x—-1 (x—1)2

A= 1?4+ BQx+ D)(x- 1)+ CQx+1)
N\ (x—12Q2x+1)
_ AxX’ —2Ax+A+2Bx* - Bx—-B+2Cx+C

(x—12Q2x+1)

A+2B=0 @®
—-2A-B+2C=0 @
A-B+C=4
2A-2B+2C =38 ®
®-o:
4A - B =38
8A-2B =16 @
O+ @:
9A = 16

(x—1)2Qx+1) 9Q2x+1)
8
C9(x—1)
4
" 3(x—1)2

s Divide:

x—2
x2—4)x3—2x2—3x+9
x = 0x? — 4x
—2x +x
—2x>+8

x+1
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¥ -2x2-3x+9
x2—4
x+1
x2—4
x+1
(x+2)(x=2)
A B
x+2+x—2

=x—-2+

_A(x-2)+B(x+2)

(x+2)(x - 2)

_Ax+Bx—2A+ZB

(x+2)(x-2)
A+B=1

2A+2B=2

-2A+2B

O+@:
4B

b
+
SR W

x+1

=1

AL W

Il
—_

1
4

1

x+2)(x-2) 4(x+2)

B =2x2-3x+9
¥ -4

t Divide:
X

+

3
4(x=2)

=x-2

—+

+

1
4(x+2)
3
4(x—-2)

X +3

x+3

GiDx-D TG+Dx-D

x+3 A

GiDx-1) x+1.

x—1

CA(x -1+ Bx+ 1)

x+Dx-1)
_Ax+Bx—A+B

(x+D(x-1)

A+B=1
-A+B=3
O+

2B =4
B=2
A+2=1
A=-1

x+3 1

2

GtrDx-1  x+1.

X +3 1

GiDa—D T x+1

2x—1
(x+1)Bx+2)

A B
= +

Cx+1 3x+2
_AGBx+2)+B(x+1)
 (x+ DBx+2)
_3Ax+Bx+2A+B

(x+1DBx+2)
3A+B=2

2A+B=-1
O-©@:A=3
9+B=2
B=-7

2x -1 3

x—1

2
x—1

7

x+DGBx+2) x+1 3x+2
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Solutions to Exercise SE

. . 1
1 aA smple start is often to subtract the (3 + \/_3’ 44 \/E) and
equations. 2
2
x—x=0
3- VI3
‘/_,4— Vi3).
x(x—=1)=0 2
x=0orx=1
Ifx=0,y=0 2 a Substitute y = 16 — x into
x*+y? =178
Ifx=1,y=1 x2+(16—x)2:l78
The points of intersection are (0, 0) 24956 — 320 + 42 = 178
and (1, 1).
2x* - 32x+78=0
b Subtract the equations: 2 _16x+39=0
2x%-x=0
(x-=3)(x-13)=0
x2x-1)=0
| x=3o0orx=13
szorx:E Ifx=3,y=16-x=13
Ifx:({,y:O1 Ifx=13,y=16-x=3
If x = 2’ y= B The points of intersection are (3, 13)
The points of intersection are (0, 0) and (13, 3).
1 1
and (5, 5) b Substitute y = 15 — x into
x* +y? = 125.
¢ Subtract the equations: ¥+ (15-x?%=125
2 — — =
¥ =3x=1=0 2 +225 - 30x + x> = 125
+ 19 — _
L5 ;XIX ! 2%~ 30x + 100 = 0
2 _
_3i\/§ x*=15x+50=0
y 2 x=-5x-10)=0
:3+x/ﬁor3—\/ﬁ x=5o0rx=10
2 2 Ifx=5y=15-x=10
3+ VI3 3+ V13 '
If x = 5 ,y=2X > +1 fx=10,y=15-x=5
=4+ V13 The points of intersection are (5, 10)
and (10, 5).
3 VI3 3- VI3 (1o
If x = , y=2X +1
2 ¢ Substitute y = x — 3 into
=4- V13 x? +y? = 185.

The points of intersection are
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X+ (x—3)" =185
X +xt—6x+9=185
2x* —6x-176 =0

X -3x-88=0
x=1)x+8) =x=0

x=1lorx=-8

Ifx=11,y=x-3=38
fx=-8,y=x-3=-11
The points of intersection are (11, 8)

and (=8, -11).

d Substitute y = 13 — x into
¥ +yr=97.
2+ (13-x)?2=97

X2 + 169 — 26x + x> =97
2x* —26x+72=0

¥ —13x+36=0
x—4)x-9)=0

x=4o0rx=9
Ifx=4,y=13-x=9
Ifx=9,y=13-x=4
The points of intersection are (4, 9)

and (9,4).

e Substitute y = x — 4 into
x? +y? = 106.
X+ (x—4)* = 106

X+ x> —8x+ 16 = 106
2x* —8x-90=0
X —4x—-45=0
x-9x+5=0
x=9orx=-5
Ifx=9y=x-4=5
Ifx=-5y=x-4=-9

The points of intersection are (9, 5)
and (-5, -9).

3 a Substitute y = 28 — x into xy = 187.
x(28 — x) = 187

28x — x> = 187
x> —28x+187=0
(x—1D(x-17)=0

x=1lorx=17
Ifx=11,y=28-x=17
fx=17,y=28-x=11
The points of intersection are (11, 17)
and (17,11).
b Substitute y = 51 — x into xy = 518.
x(51 —x) =518
51x—x* =518
x> =51x+518=0
(x=14H)x-37)=0
x=14o0rx =37
Ifx=14, y=51-x=37

Ifx=37,y=51-x=14

The points of intersection are (14, 37)

and (37, 14).

¢ Substitute y = x — 5 into xy = 126.
x(x—=5)=126
x? —5x =126
X -5x-126=0
x-14)x+9 =0

x=14o0rx=-9
Ifx=14,y=x-5=9
Ifx=-9, y=x-5=-14
The points of intersection are (14, 9)
and (-9, —14).
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4 Substitute y = 2x into the equation of
the circle.
(x=57+2x)?* =25

x> —10x + 25 + 4x> = 25
522 -10x=0
Sx(x—2)=0

x=0orx=2
fx=0,y=2x=0
Ifx=2,y=2x=4

The points of intersection are (0, 0) and
(2,4).

5 Substitute y = x into the equation of the
second curve.

= +3
o x—=2

x(x=2)=1+3(x-2)

X -2x=1+3x-6

¥ -5x+5=0
5+ V25-4x1x5
tE 2
5+4/5
)
54V5 5-45
N & A

Since y = x, the points of intersection
are

(5+ \/5’ 5+ \/g)and
(5 —2\/3’ 5 —2«/3).

2 2

6 Substitute x = 3y into the equation of
the circle.
9y? +y* =30y -5y +25=0

10y =35y +25=0
2y2—7y+5=0
2y-50-D=0

15 5
The points of intersection are (7, —)

2
and (3, 1).

7 Make y the subject in

X:f+1
4 5

4
y = ?x +4
Substitute into x> + 4x + y* = 12.

A<
| =

dx :
x2+4x+(?+4) =12

16x2  32x
2
+4x+ ——+—+16=12
S TR

25x% + 100x + 16x> + 160x + 400 = 300

41x% 4+ 260x + 100 = 0
—260 + V67600 — 4 x 41 x 100
82
—260 + V51200
82
~260 + V25600 x 2
82
—260 + 160 V2
82
—130 + 802
41
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—130 + 80V2
fx= ——— =
41

4% (=130 +80V2)
- 5x41
_4x(-26+16V2)  4x4]
- 41 o
_ —104 + 64 V2 + 164

- 41
_60+6472

4

+4

~130 - 80V2
41 ’
60 — 64 V2
41
The points of intersection are

(—130 +80V2 60+ 64 «/i)
, and

Likewise, if x =

y:

41 41
—130-80V2 60— 642
41 : 41 '

8 Subtract the second equation from the

first.
1

x+2
1-3x+2)+x(x+2)=0

1-3x—6+x*+2x=0

-3+x=0

¥ -x-5=0
1+ VI-4x1x-5
X =
2
1421
2
1+ 21 —-1- V21
If x = S Yy=Tx=———
I e ] N o 1
TTy T R T
The points of intersection are
1+ V21 -1-+21
7 5 and

(1 —;/ﬁ’ -1 +2\/ﬁ)

+4

9
9 Substitute y = i
of the parabola.

into the equation

2
Ox + 4
= o
Ox + 4)2
(x1+6) =

(9x+4)> =9x x 16
81x% + 72x + 16 = 144x
81x* —72x+16=0

9x—4)2 =0
4
S
_9x+4
Y=g
4 +4 4
- =2(52)

Note: Substitute into the linear equation,
as substituting into the quadratic
introduces a second answer that is not
actually a solution.

10 Substitute y = 2x + 3 V5 into the
equation of the circle.
4+ Q2x+3V5?%=9

P+t +12V5x+45=9
52 +12V5x+36=0

X+ 12\/§)c+ﬁ—0
5 5
2x6V5  (6V5)?
2 _
X+ 5 X+ 25 =0

(x+ 65—\/3)2:0
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_6¥5
5

y:2x+3\/§

_12\/§+15\/§
5 5

_ 3;/3(_62/5, 3;/5)

X =

| 1
11 Substitute y = Zx +lintoy=—-—.
X

1 1o 1

4X x

x+4 1

4 X

x(x+4)=-4
X +4x+4=0
(x+2?%=0

x=-2

y=-=

X

12 Substitutey = x— lintoy =
2
x—2
x-1D(x-2)=2
X -3x+2=2
2 -3x=0

x(x-=3)=0

x—1=

x=0orx=3
fx=0,y=x-1=-1
fx=3y=x-1=2

The points of intersection are (0, —1)

and (3, 2).

13 a 2xX% —4x+1=2x*-x-1

-3x=-2
2
X==
3
3 7
Y=y
b 2+ x+1=2x2-x-1
4x* -2x-2=0
22 -x=-1=0
2x+Dx-1)=0
1
x:—iorle

-1
Solutions: (7,0),(1,0)
c X+x+1l=x*-x-2
2x+3=0
X=-
_7
Y=y

d 30 +x+2=x>—x+2
232 +2x—=0
2x(x+1)=0

x=0orx=-1
Solutions: (=1, 4), (0,2)

14 a k=-2, k=1
b -10<c< 10

¢c p=>5



Solutions to technology-free questions

1 3a+b=11 a=p
6a+2b=22 @ b=q+2p
a-2b=-1 @ c=p+2q
O+Q: d=gq
Ta =21 2a+d=2p+q=>
a=73 a+2d=p+2g=c
3x3+b=11
b=2 4 (x=2%(px+q) = (@ —dx+H)(px+q)
242 =4 = px’ +(q—4p)x’
c=1 +(4p —4g)x + 4q
a=p
2 ¥ =(x-1)7° b=q-4p
+a(x— 1> +bx-1)+c c=4p-4q
=X =37 +3x—1+ax’ d=4q

- - 1
2ax+a+bx—-b+c _4a+Zd:_4p+q:b

-3+a=0
4=3 da-d=4p—-4q=c
3-2%X3+b=0
b3 5a x*+x-12=0
“1+3-3+c=0 (x+4)x-3)=0
o= 1 x=—4orx=3
¥©=x-D+3(x-1)7 b xX*-x-2=0
+3(x—1+1 (x+1(x-2)=0

x=-1lor2

3 (e Dipr+g) ¢ xX-3x-11=-1

X -3x-10=0
(x=35)(x+2)=0

= (2 +2x+ D(px+9q)
= px3 + (g + 2p))c2

TP +29xtg x=5orx=-2
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d 2x2-4x+1=0 —3x+4 A B

7 - +
4+ VI6-4x2x1 P - 3)x+2) x-3 x+2
*= 4 _A(x+2)+B(x-3)
4+ VB T (x=3)(x+2)
4 _ Ax+Bx+2A-3B

2+ 12 (x=3)(x+2)
= B A+B=-3

e 3x2—2x+5-1=0 3A+3B=-9 O

D+ \VE—4dx3x(5—1 T
R 6><><( ) 2A-3B=4 ©
O +@:
2+ V4 —60+ 121
= 6 5A = -5
2+ VI121-56 A=-1
6 -1+B=-3
2+ \A(Gi- 14) { Y
0 L 3x+4 12
_2x2V3t-14 Co(x=3)(x+2)  x-3 x+2
6
1= V3r- 14 p 7x+2 A B
3 G+D)x-2) x+2 x-2
fix-itx+4=0 _AGx=2)+B(x+2)
_tE VNP2 -4xtx4 (x+2)(x=2)
te 21 _ Ax+Bx—-2A+2B
1= NP2 - 16t (x+2)(x—-2)
B 2t A+B=7
2A +2B =14
2x+2)-3(x-1) 1 A oE
(x—Dx+2) 2 LAt ab =
22x+4-3x+3)=(x— D(x+2) ®+@:
2(—x+7):x2+x_2 4B = 16
Dx+14=x"+x-2 B=4
X +3x-16=0 A+4=7
a=1,b=3,¢c=-16 A=3

x:—3i\/9—4><1><—16 | a2 B ) A

2 (x+2)(x=2) x+42 x-2

-3+ V73

===
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T—x

A B

G-3)x+5) x-3 x+5

_A(x+5)+B(x-3)

(x=3)(x+5)
_Ax+Bx+5A—SB
 (x=3)x+5)

A+B=-1
3A+3B=-3
5A-3B=17
O+Q@:
8A =4
1
A=—
2
l+B:—l
2
3
B=——
2
7T —x 1 3

(x—3)(x+5) 2(x-3) 2(x+5)

3x-9

A B

G-+ x=5 x+1

_A(x+ 1)+ B(x-9)

(x=5)(x+1)
_Ax+Bx+A—SB
T x=5x+1D
A+B=3
5A+5B=15 @
A—-5B=-9 ®
O+0:
6A =6
A=1
1+B=3
B=2
3x-9 1 2

G-+ x=5 x+1

3x—4
(x+3)(x+2)?
A B C
+ +
x+3 x+2 (x+2)?
_A(x+2? + B(x+3)(x+2) + Clx +3)
B (x+3)(x +2)?
_ Ax* +4Ax +4A + Bx> + 5Bx + 6B+ Cx + 3C
- (x+3)(x + 2)?

A+B=0
8A+8B=0 ©)
4JA+5B+C =3
12A+15B+3C =9 ®
4A + 6B +3C = -4 ©)
@-03:
8A +9B =13 @
@ - ©:
B =13
A+13=0
A=-13
4x-13+5%x13+C=3
C=-10
3x—4 3 13
(x+3)(x+2?2 x+3
13
x+2
10
(x +2)2
6x2—5x—16
(x—-12%(x+4)
A B c

xr4 -1 T Goay

_A(x - ?+Bx+4H)x-1)+Cx+4)
(x=D*(x+4)

_ Ax*> —2Ax+ A + Bx> +3Bx — 4B + Cx + 4C

(x=D*(x+4)
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A+B=6 A+C=1 O

16A + 16B = 96 @® A+B=-6 @
-2A+3B+C=-5 B+2C=-4 ®
—-8A + 12B +4C = -20 @) O-Q:
A—-4B+4C = -16 ® C-B=7 @
®-o: @O+ @:
©+@: C =
25A =100 A+1=1
A=4 A=0
4+B=6 0+B=-6
B=2 B=-6
—2x4+3x2+C=-5 . X¥-6x=4 1 6
C=_3 (2+2)(x+1)  x+1 x2+2
2 _ 5. _ h
6x zx 16 _ 4 2 4
x=1D*(x+4) x+4 x-1 G-DZ+x+ D)
D _ A Bx+C
(x—1) Cx—-1 X2+x+1
2 —6x—4 _A(x2+x+1)+(Bx+C)(x—1)
& @2+ (x— D2+ x+1)
_Ax+B+ C _Ax2+Ax+A+Bx2—Bx+Cx—C
o2 +2 x+1 B (x—= D2 +x+1)
_(Ax+B)(x+ D)+ C(x* +2) A+B=0 O
(2 +2)(x+ 1) A-B+C=-1 @
:Ax2+Ax+2-Bx+B+Cx2+2C A-C=4 @
(x*+2)(x+1)
@+0:
2A-B=3 @
O+ @:
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A =
=-1
1-C=4
=-3
-x+4 1
x-D2+x+1) x-1
x+3
2+x+1
—4x+5 3 A N B
(x+dHx-3) x+4 x-3

_A(x-3)+B(x+4)

(x +4)(x - 3)
_Ax+Bx—3A+4B
 (x+dHx-3)

A+B=-4
3A+3B=-12 ©)
-3A+4B =5 ®

D+®:7B=17

B=-1

A-1=—-4

A=-3
—4x+5 3 1

x+dHx=-3) x+4 x-3
13
T 3-x x+4

—2x+8 B A N B
(x+dHx-3) x+4 x-3
_A(x-3)+B(x+4)
O (x+dHx-3)
_Ax+Bx—3A+4B
x4+ 4dHx-3)
A+B=-2
3A+3B=-6
-3A+4B =38
D+®:7B=2
2
7

-2x+8 2 16
(x+dHx-3) T(x=3) T(x+4)

14x — 28

(x=3)x2+x+2)
A N Bx+C
x=3 x*2+x+2
AW +x+2)+ (Bx+ O)(x - 3)
B (x=3)(x2 +x+2)

_Ax*+Ax+2A+ Bx* -3Bx+Cx-3C

(x=3)(x*+x+2)
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A+B=0
9A+9B =0 ©)
A-3B+C =14
3A-9B+3C=42 ©
2A-3C=-28 ©®
@Q+Q®:5A-9B=14 @
D+@: 14A = 14

A=1
1+B=0
B=-1
1-3x-3+C=14
C=10
14x - 28
(x=3)(x2+x+2)
1 —-x+ 10
= +
x=3 xX>+x+2
1 x—10

x=3 xX+x+2

1
(x+ D2 -x+2)
A N Bx+C
x+1 x2-—x+2
AP —x+2)+Bx+O)(x+1)
- D2 —x+2)

_AX* —Ax+2A+Bx* + Bx+Cx+C

x+ D2 =-x+2)

A+B=0 @
-A+B+C=0 ©®
2A+C=1 ©®
®-0:3A-B=1 ®
O+@:4A =1
1
A=-
4
1
-+B=0
i
1
B=—-
4
1 1
———=4+C=0
1 T
C_l
2
1
x+ D2 -x+2)
1 -x+2
= +
4x+1) 4(x2-x+2)
1 x=2

TAx+ D) A2 —x+2)

¢ First divide 3x® by x* — 5x + 4.
3x+ 15
X —5x+ 4%
3x° — 1527 + 12x
15x% — 12x
15x% — 75x + 60
63x — 60

m (factorising the
denominator)
63x-60 A N B
x-DHx-1) x-4 x-1
_Ax-D+Bx—-4)

(x—4)(x—1)
_Ax+Bx—A—4B
T (x=dHkx-1)
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A+ B =063 ©)

—A—-4B = -60
O+®:-3B=3
B=-1
A-1=63
A =64
63x-60 64 1
x-4dHx-1) x-4 x-1
3x°
x?—-5x+4

=3x+15

64 1
+ —
x—4

x—1

2+x=0
x(x+1)=0
x=0o0rx=-1
Ifx=0,y=0
Ifx=-1,y=1
The points of intersections are (0, 0)
and (—1,1).

Substitute y = 4 — x into x> + y*> = 16.

K+ @d-x*r=16

X +16-8x+x>=16
2x* -8x=0

¥ —4x=0
x(x—=4)=0

x=0orx=4
Ifx=0,y=4
Ifx=4,y=0
The points of intersections are (0, 4)

10

11

and (4, 0).

¢ Substitute y = 5 — x into xy = 4.
x5-x)=4
5x—x*—-4=0
¥ -5x+4=0
x-4Hx-1)=0
x=4orx=1
Ifx=4,y=1
Ifx=1,y=4
The points of intersections are (4, 1)
and (1, 4).

Substitute x = 3y — 1 into the circle.
Gy-1D*+2@y-D+y*=9
9y —6y+1+6y—2+y*=9
10y =10 =0
y¥-1=0

0+DOy-1D=0

y=lory=-1

Ify=-1,x=-4
Ify=1 x=2

The points of intersections are (2, 1) and

(-4,-1).

135
ar=—

X

135
b t=

x—15
¢ x=60

d 60 km/h, 45 km/h
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Solutions to multiple-choice questions

1 C 2=Gx+D>+bx+1+c

= x> +2x+1+bx+b+c
b+2=0

b=-2
b+c+1=0

c=1

2 D X=alx+2)°+bx+2)?
+c(x+2)+d
= ax’ + 6ax’* + 12ax + 8a

+bx* + 4bx + 4b

+cx+2c+d
a=1
b+6a=0
b=-6
12a+4b+c=0
c=12
8a+4b+2c+d=0
d=-8

3D a=3,b=-6,c=3
6+ V36 -4x3x3
2x%X3

4 C (x-4)x+6)=0
X +2x-24=0

X +2x =24

2x% +4x = 48

5

6

7

E

E

3 5

x+4 x-2
C3(x-2)-5(x+4)
O (x+dH(x=2)
3 3x—-6-5x-20
 (x+dH(x-2)

3 -2x—26
x4+ d(x-2)

. 2(x+ 13)
C(x+ 4 (x-2)

4 2x

(x + 3)? +x+1
Ax + 1)+ 2x(x + 3)?
T 32+ D)
Ax + 4 + 233 + 12x2 + 18x
- (x+32(x+ 1)
23 + 12x+22x + 4
T (x+32(x+ 1)
23 +6x2 + 11x +2)
T 432+ D)

7x% + 13

(x-DE2+x+2)

a bx+c

+
x—1 x2+x+2
B a(x>+x+2)+ (bx+c)(x-1)
B (x— D2+ x+2)
B ax> +ax+2a+bx>* —bx+cx—c
x-D2+x+2)
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a+b=T7 @© A+2B=28

a-b+c=0 @ 2A+4B=16 (@
2a-c=13 @ 2A+B=7 Q@
@+0Q: O-o:
3a-b=13 @ 3B=9
@ + @: B=3
4a =20 A+2B=38
a=>5 A=2
Sib=7 8x+7 _ 2 N 3
Rx+D(x+2) 2x+1 x+2
bh=2
3x2+2x—1
a-b+c=0 0B T
C:—3 (X +1)(X+1)
_Ax+B+ C
8 D 4x_32: A + B . o2+l x+1
(x=3)* x=3 (x-3) L (Ax+ B)(x+ 1)+ C(2+ 1)
:A(x—3)J2FB B (2 + D(x+ 1)
A(x;j) 5 A +Ax+Bx+B+Cx*+C
_ % - 2+ Dx+ 1)
(x=3) A+C=-3 @
A=4 A+B=2 0
-3x4+B=-3 B+C=-1 @
B=9
O-0:
4a-3 4 9 CoBe s
(x=32 x-3 (x—=3)? B
2C=-6
9 B 222 +5x+2=02x+ D(x+2)
8x +7 C=-3
Qx+ D)(x +2) A+-3=-3
A~ + b A=0
T 2x+ 1 x+2 -
_A(x+2)+BQ2x+ 1) 0+B=2
O 2x+ D(x+2) B=2
_Ax+ZBx+2A+B . —3x+2x+5 2 3
2x+ D(x+2) @+ D+ D) a2+l x+1
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Solutions to extended-response questions

1 a Let V km/h be the initial speed.
V — 4 is the new speed.
It takes 2 more hours to travel at the new speed,

G

v T v-4
240(V — 4) + 2V(V — 4) = 240V
240V — 960 + 2V? — 8V = 240V
2V -8V -960 =0
V2 -4V -480=0
(V=24)(V+20)=0
V=24o0rV=-20
Actual speed is 24 km/h.

b If it travels at V — a km/h and takes 2 more hours, equation | 1 | from a becomes
240 240
—+2=
\% V-a
240(V — a) + 2V(V — a) = 240V
240V — 240a + 2V? - 2Va = 240V
2V —2aV —240a =0
VZ—aV-120a =0

Using the general quadratic formula,

V_a+ Va? + 480a

2
When a = 60, V = 120, i.e. the speed is 120 km/h, a fairly fast speed. So if speed is
less than this, practical values are 0 < a < 60 and then 0 < V < 120.

¢ If it travels at V — a km/h and takes a more hours, equation | 1 | from a becomes

240 240
—+a=
\% V—-a

240(V — a) + aV(V — a) = 240V
240V — 240a + aV? — a®V = 240V
aV? — a*V = 240a = 0

o VZ—aV -240=0
Using the general quadratic formula,

a+ Va? +960

V=
2
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The only pairs of integers for a and V are found in the table below.
a| 1 | 8 | 1422|3443 |56 |77 | 118
V11620 |24 |30 |40 |48 |60 | 80 | 120

2 A table is a useful way to display the speed, time taken and distance covered for
each train.

distance (km) | time (h) speed (km/h)
) b
Faster train b — %
Y,
) b b bv
Slower train b —+a |b+|—+al|l=
% V b+ av
a In ¢ hours, the faster train travels a distance of ¢v km.
) ) bcv
In ¢ hours, the slower train travels a distance of " km.
av
Since the slower train travels 1 km less than the faster one in ¢ hours,
bcv
cv—1=
b+av

s (ev—=1)(b + av) = bev
- bev + acvt — b — av = bev

Lacv —av—b=0
Using the general quadratic formula,

_a=* Va® +4abc

Vv =

2ac
a+ Va? + dabc
= since v > 0
2ac
+ Va2 + 4ab
Therefore the speed of the faster train is a a ave km/h.

2ac

b If the speed of the faster train is a rational number, then a® + 4abc must be a square
number.
Set 1
Ifa=1,
then a® + 4abc = 1 + 4bc
ega=1,b=1,¢c=2
a+ Va® + 4abc

2ac
1+ VI2+4x1x1x2
2xX1x%x2
1+ 9
4
1 km/h

in which case v =

becomes v
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Set 2
Ifa =1and b = 100,
then a? + 4alﬁ =1+ 400c¢

Ch = —
00se ¢ 0 .
thena2+4ac:1+400><1—0
=441
=21%
11
Whenazl,bleOandc:E,
a+ Va? + 4abce
V=
2ac
1+21
becomesv:—11
2X1 X —
10
. 22x10
2
= 10 km/h
Set 3 |
Ifa:E,b:15,c:1
a+ Va2 + 4abc
then v =
2ac
2
1 1 1
5+\/(§) +4><§><15><1
becomes v = 1
2% =X 1
2
1 121
W 4
IS 1
_1+11
22
= 6 km/h
Set 4 |
Ifa=-
a 7

1
then a2 + 4abc = — + bc
ega=1,b=5c=1
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a+ Va? + 4abc

2ac

in which case v =

becomes v =

5
= — km/h
4
Set 5
Ifa=1landb =1,
then a2 + 4abc = 1 + 4c¢

Choose c =6

thena® +4ac=1+4x6
=25
=5

Whena=1, b=1andc = 6,
a+ Va? + 4abce

Vv =

2ac
becomes 1 — LF VI2+4x1x1x6
2X1x%x6
145
12
= 1 km/h
2
Volume | Time | Rate
Large pipe 1 Ty rL
Small pipe 1 Ts rs
Both pipes 1 Tg ry +rs

Ty is the time for the large pipe to fill the tank
T's is the time for the small pipe to fill the tank
T is the time for both pipes to fill the tank

where it is assumed without loss of generality that the volume of the tank is 1 unit.

Given

T =T, +a
Ts=Tg+b  ..[2]
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Note that rg = r¢ + 1.

1
Tp = —
rp

1
rsg +rr,

11
Ts  Tp
IsTy

Ts +T;

Fromand
T, +a=Tg+b
TsTy

T Ts+ 1,
TL(TL + Ts) + a(TL + Ts) = TSTL + b(TL + Ts)

S TRTr+a)+aRTp +a) =T (T, +a)+ bRT, + a)
S 2TF +aTy +2aTp +a* = T} +aTy + 2bT; + ba

ST +2a—-b)Tp+a* —ba=0

_2(b - a) + Y4(a® - 2ab + b?) — 4(a® - ba)

+b

T, > since 7, > 0
_ 2(b—a) + V4a® —8ab + 4b?> — 4a® + 4ba
- 2
=b—-a+ V—ab + b?

Also fromTS =Tr+a
=b—-a+ Nb*—ab+a

=b+ Vb*—ab

b Ifa=24and b = 32,
Tg =32+ V322 -32x24

=48

T, =Ts —a
=48 -24
=24

¢ b%> —abis a perfect square, and Ts = b + Vb2 — ab.
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Letb=a+1.ThenTs =a+1+ Va+1)?—a(a+1)

—a+1+ Va2 +2a+1-a2—a

=a+1+ Va+1
Note: This means b must be a perfect square.
a |38 |15]24 |35
b 4] 9 |16|25| 36
Tg | 8| 18(32]50 |72
Tp | 5110 |17 | 26 | 37
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Chapter 7 — Principles of Counting

Solutions to Exercise 7A

1 We multiply the number of ways of ways to get from Adelaide to Perth.

making each choice. Therefore, there
are 5 X 3 x 3 = 45 different outfits.

As a customer cannot select both
chicken and beef, the total number of
mealsis5 +3 = 8.

Each of the ten boys shakes hands with
twelve girls so there are 10 X 12 = 120
handshakes.

I

7 8 9
ANANA

8 979 78

— 1
AN NN

78 978 9 7289

a There are 3 choices for each of the 3
digits so 3 X 3 x 3 = 27 three-digit
numbers can be formed.

b For the first digit there are 3 choices.
For the second there are 2 choices.
For the final digit there is only 1
choice. Therefore, 3 X 2 X 1 = 6 three
digit numbers can be formed.

There are 4 + 2 = 6 ways to get from
Sydney to Adelaide and2 +3 =5

Therefore, there is a total of 6 X 5 = 30
ways to get from Sydney to Perth.

a2x3=6
b 3x2x3=18

¢ (Ix3x2x2)+(2x2x2x1)
=12+8
=20

d 3x@2x2+1)
=3X5
=15

B R G
VAP
B RGBGBRG
Reading off the tree diagram,

the different arrangements are
BB,BR,BG,RB,RG,GB,GR,GG.

Start by considering coins of the highest
value and successively replace these
with coins of lower values. This gives
12 ways of making change for 50 cents:
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(20,20, 10)
(20,20,5,5)

(20, 10, 10, 10)

(20, 10, 10, 5, 5)

(20, 10,5,5,5,5)
(20,5,5,5,5,5,5)

(10, 10, 10, 10, 10)
(10,10, 10, 10,5, 5)
(10, 10, 10,5,5,5,5)
(10,10,5,5,5,5,5,5)
(10,5,5,5,5,5,5,5,5)
(5,5,5,5,5,5,5,5,5.,5)

10 Let us denote the desks belonging

to the first, second, third and fourth
teacher by A, B, C and D respectively.
When the teachers select new desks this
corresponds to a rearrangement of the
letters ABCD. We are interested in the
rearrangements in which no letter is in
its original position. We illustrate the
possibilities on a tree diagram.

C B D
N N
A D A C D C A
VAN VAN
D A B DDAAU B B
N et O Y
B B A CATZCZB A C

This gives 9 possible arrangements.

11 a There are three choices for first
position, two for the second and one
for the third. This gives a total of
3 X2 x 1 = 6 arrangements.

b Call the runners A, B, C. Without a
tie there are 6 arrangements. If there
1s two-way tie for first then either
(A,B),(A,C) or (B, C) tie. This gives
3 possibilities. If there is a two-way
tie for second then there are also 3
possibilities. Finally, if there is a
three-way tie for first then there is
only one possibility. This gives a
total of 6 + 3 + 3 + 1 = 13 different
arrangements.

12 There are more efficient strategies
but the easiest method is to count the
number of unique entries in the table

below.
x |10 2 3 5 7 11
0Oo(0 0 O 0 O 0
210 4 6 10 14 22
3/0 6 9 15 21 33
510 10 15 25 35 55
710 14 21 35 49 77
1110 22 33 55 77 121

There are 16 unique entries in this table.
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Solutions to Exercise 7B

1 1,1, 2,6, 24,120, 720, 5040, 40320,
362880, 3628800

51 5.4
2a 0T
=5
10! 10-9-8!
b =%
=10-9
=90
. 120 12-11-10!
100-2!  10!-2!
12411
)
= 66
d 100! 100-99-98-97!
971.3! 971 3!
_100-99-98
B 6
= 161700
n+1)! m+1)-n!
3 a =
n! n!
=n+1
b n+2)! _ (m+2)-(n+1)!
n+1)! (n+1)!
=n+2
h nl  n-(n-1)-(n-2)!
n-2)! (n—2)!
=nn-1)

1 1 n+1 1
d —+ = +
n! (m+1)! @m+Dn! @+1)
n+1 1
= +
m+ 1! (n+1)
B n+2
C (n+1)!
4! 4!
4 4Ppp=—=— =1
"T@-o0 4
41 41
4P: :—:4
"T@-1n 3!
4! 4!
4py= — = =4.3=12
T @-2 2
4! 4!
4py= — = =4.3.2=24
T @-3) 1
41 41
4p, = =—=4.3.2.1=24
YT U-a o

D G
/N /NN
OGDGOD
o
G OGDDO
Reading the permutations off the tree

gives:
DOG, DGO, ODG, OGD, GOD, GDO.

Five items can be arranged in 5! = 120
ways.

Nine different letters can be arranged in
9! = 362880 ways.

The first letter can be chosen 4 ways
leaving 3 choices for the second letter.
Therefore, there are 4 X 3 = 12 two letter
permutations of the letters in FROG.
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10 a

6 students can be arranged in
6! = 720 ways.

6 X 5x4x3x2="720. Note that this
is the same as the previous question
since if there are six seats then we
have no choice but to allocate the
final seat to the remaining student.

6x5%x4x3 =360

Five different digits can be arranged
in 5! = 120 ways.
S5x4x3x2=120

5x4x%x3=060

11 There are eight choices of desk

for the first student, seven for the

second, and so on. This gives
8XTXx6x%x5%x4x%x3 =20160 allocations.

12 a

13 a

There are 5 choices for each letter.
Therefore, there are 5° = 125 ways
that the three letters can be posted.

There are 5 choices of mailbox for
the first letter, 4 for the second and 3
for the third. This gives 5x4 X3 = 60
ways that the three letters can be
posted.

6x5x4=120
6x5x4x%x3 =360

6xX5x4x3x%x2=720

14 Four flags can be arranged in 4! = 24

15

16

17

ways. Four flags taken three at a time
can be arranged in 4 X 3 X 2 = 24 ways.
Four flags taken two at a time can be
arranged in 4 X 3 = 12 ways. Therefore,
there are a total of 24 + 24 + 12 = 60
different signals.

a 26° x 10° = 17576000

b (26 x25x24)x(10x9x8) =
11232000

a The 3 tiles can be arranged in 3!
ways. Each of the 3 tiles can be
rotated four different ways so there
are 3! x4 x4 x4 = 384 arrangements.

b The 4 tiles can be arranged in 4!
ways. The first 3 tiles can be rotated
4 different ways. The last tile is rota-
tionally symmetric, and can only be
rotated 2 different ways. Therefore,
there are 4! X 4 x4 x4 x2 = 3072
arrangements.

720
Write the equation as m! = — We
n

then substitute in values for n beginning
withn =0

n n! m!=720/n! m
0 1 720 6
1 1 720 6
2 2 360 -
3 6 120 5
4 24 30 -
5 120 6 3
6 720 1 0,1

Since m > n the only solutions are
(m,n) = (6,0),(6,1),(5,3).
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18 >-n)-n='=n-n=1)-(n—-2)! the same colouring twice. Choose one
— ! colour as the top face. We can then
rotate the cube 4 times, keeping the
top face still. A cube has 6 possible
faces to choose as the top face, so

there are 6 X 4 = 24 orientations of the

19 Without considering rotations, the
number of ways to paint the 6 faces
i is 6! .
W.Itb 6 colours is 6. HoweYer we must cube. Thus the number of colourings is
divide out the number of orientations a 6! =24 = 30

cube has to ensure we are not counting
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Solutions to Exercise 7C

1 a

Five digits can be arranged in
5! =120 ways.

As the number is odd, there are
three possibilities for the last digit
(either 1,3 or 5). Once this number
is selected there are 4 options for
the first digit, 3 for the second

and so on. This gives a total of

(4 x3x2x1)x3=72numbers.

The first number is 5. There are 4
options for the second digit, 3 for the
third and so on. This gives a total of
I x4 x3x2x1 =24 numbers.

Without restriction, there are

5! = 120 numbers. Of these, 24 start
with a 5. Therefore, 120 — 24 = 96 do
not begin with a 5.

Five children can be arranged in
5! =120 ways.

Label the three girls with the numbers
1,2, 3 and the boys with the numbers
4 and 5. If we group the four boys
together we must arrange four
objects: 1, 2,3, {4,5}. These can be
arranged in 4! ways. Lastly, the two
boys can be arranged in in 2! ways.
We then use the Multiplication Prin-
ciple so that there are 4! x 2! = 48
arrangements.

There are 120 arrangements without
restriction. Of these, 48 have the
boys sitting together. Therefore,
120 — 48 = 72 will have the boys

a

sitting apart.

If the boys and girls alternate then
the first position must be filled by
a girl. This can be filled in 3 ways.
The next position must be a boy,
and this can be filled in 2 ways.
Continuing down the row gives
atotal of 3 X2 x2x1x1=12
arrangements.

There are three vowels. Therefore,
there are 3 choices for the first
letter. Having chosen this letter,
there are 5 choices for the second,
4 for the third and so on. This
gives 3 X 5xX4x3x2x1=360
permutations.

There are three vowels. Therefore,
there are 3 choices for the first letter.
Having chosen this letter, there are
2 choices for the final letter. This
leaves 4 choices for the second,

3 for the third and so on. This

gives 3 x4 X3 x2x1x2=144
permutations.

We group the vowels so that we
must now arrange four objects:
Q.Z,Y,{U,E,A}. This can be done
in 4! ways. The 3 vowels can be
arranged in 3! ways. The Multipli-
cation Principle then gives a total of
4! x 3! = 144 permutations.

We group the vowels and consonants
together so that we have to arrange
two objects: {Q,Z,Y},{U,E,A}.
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This can be done 2! ways. The 3
vowels can be arranged in 3! ways
and the 3 consonants in 3! ways.
The Multiplication Principle then
gives a total of 2! X 3! x 3! =72
permutations.

The boys and girls must sit in
alternate positions. The 4 boys can be
arranged in 4! ways and the 4 girls

in 4! ways. Since the first position

is either a boy or a girl we must also
multiply by 2. This gives a total of

2 x 4! x 4! = 1152 arrangements.

We group the boys and girls so that
we now have to arrange two groups:
{boys}, and {girls}. This can be
done in 2! ways. The 4 boys can

be arranged in 4! ways and the 4
girls in 4! ways. The Multiplication
Principle then gives a total of

2! x 4! x 4! =1152.

The first digits cannot be O so there
are only 5 choices for the first

digit. The remaining 5 digits can be
arranged in 5! ways. This gives a
total of 5 X 5! = 600 arrangements.

There are two choices for the last
digit (O or 5).

(Case 1) If the last digit is O then
there are 5 choices for the first

digit, 4 for the second and 3 for the
third. This gives S x4 x3 x 1 =60
arrangements.

(Case 2) If the last digit is 5 then the
first digit cannot be 0. Therefore,
there are only 4 choices for the first

digit, 4 for the second and 3 for the
third. This gives 4 x4 X3 x 1 =48
arrangements.
This gives a total of 60 + 48 = 108
arrangements.

A number less than 6000 will have
either 1, 2, 3 or 4 digits. Note that the
first digit can never be 0.

digits arrangements
1 6
2 5x5=25

3 S5x5x4=100

4  5Xx5%4x%x3=300
This gives a total of

6 + 25+ 100 + 300 = 431 dif-
ferent arrangements.

There are two cases to consider.
(Case 1) If the last digit is O then
there are 5 choices for the first digit
and 4 for the second. This gives

5 x4 x 1 = 20 arrangements.

(Case 2) If the last digit is 2 or 4 then
there are 2 choices for the last digit.
The first digit cannot be 0. Therefore,
there are only 4 choices for the first
digit and 4 for the second. This gives
4 X 4 x 2 = 32 arrangements.

We obtain a total of 20 + 32 = 52
arrangements.

There are a total of six people to
be arranged. This can be done in
6! = 720 ways.

There are 2 ways of filling the first
position, and there is 1 way of
filling the last position. There are
4 choices for the second seat, 3 for
the third and so on. This gives a
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a

total of 2 X4 x3x2x1x1=48
arrangements.

Label the two parents with the letters
A and B and the children with the
letters C, D, E and F'. If the children
sit together then we have to arrange
three objects: A, B, {C, D, E, F}.

This can be done in 3! ways. The

4 children can then be arranged

in 4! ways. This gives a total of

3! x 4! = 144 arrangements.

Label the two parents with the letters
A and B and the children with the
letters C, D, E and F. If the parents
sit together and the children sit
together then we first arrange two
groups: {A, B}, {C, D, E, F}. This can
be done in 2! ways. The 2 adults

can be arranged in 2! ways and the

4 children can then be arranged

in 4! ways. This gives a total of

2! x 2! X 4! = 96 arrangements.

Label the two parents with the letters
A and B and the children with the
letters C, D, E and F', where C is the
youngest child. First assume that

C sits next to A. We then have to
arrange 5 objects: {A,C},B,D,E, F.
This can be done in 5! ways. How-
ever A and C can then be arranged in
2! ways. We also multiply our answer
by 2 since C could also sit beside B.
This gives a total of 5! X 2! x 2 = 480
arrangements.

As the first digit cannot be 0 there
are 9 choices for the first digit. The
next digit can now be 0 so there are

now 10 choices for the second digit.
There are also 10 choices for the third
digit. There is only one choice for
the fourth and fifth digits. This gives
atotal of 9 X 10X 10X 1 X 1 =900
five-digit palindromic numbers.

b As the first digit cannot be 0 there
are 9 choices for the first digit. The
next digit can now be 0 so there
are now 10 choices for the second
digit. There are also 10 choices
for the third digit. There is only
one choice for the fourth, fifth and
sixth digits. This gives a total of
Ox10x10x1x1x1 =900 six-digit
palindromic numbers.

8 The total number of arrangements

is 5! = 120. We now consider those
arrangements that begin and end

in a vowel. There are 3 choices of
vowel for the first position, leaving

2 choices for the last position. The
second letter can be chosen 3 ways,

the third can be chosen 2 ways and the
fourth in 1 way. Therefore, there are
3x3x2x1x2 =36 arrangements that
begin and end in a vowel.

Finally, the number of arrangements that
do not begin and end in a vowel must be
120 — 36 = 84.

9 (1-digit numbers) There are only 2

possibilities.

(2-digit numbers) There are 3 X2 = 6
possibilities.

(3-digit numbers) There are

3 x 2 X2 =12 possibilities.

(4-digit numbers) There are
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3x2x1x2 =12 possibilities. can be arranged in 4! ways. Girls A
Adding these gives a total of and B can be arranged in 2! ways.
2+ 6+ 12 + 12 = 32 possibilities. This gives a total of 4! X 2! = 48
arrangements. However, you must
multiply this answer by 4 because

10 a The total number of arrangements . .
there are four choices of girl to

of six girls is 6! = 720. We now

) go between A and B. This gives
consider those arrangements where

48 x4 =192 ts.
the girls sit together. There are five ATTAnECeny

objects to arrange: {A, B},C,D, E, F.

This can be done is 5! ways. Girls 11 There are four different patterns
A and B can be arranged in 2! ways. possible:
This gives a total of 5! X 2! = 240 GBGBGB,
arrangements. Therefore, there are
720 — 240 = 480 arrangements where BGBGEG,
the girls do not sit together. GBBGBG,

b Assume that girl F' goes between QPCBBG.
girls A and B. We therefore have only For each of these patterns, the boys can
four objects to arrange:{A, B}, C, D, E. be arranged in 3! ways, and the girls
Girl F will simply be slotted can be arranged in 3! ways. This gives a
in-between A and B. Four objects total of 4 X 3! x 3! = 144 arrangements.
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Solutions to Exercise 7D

1

There is a total of 7 coins, of which a
group of 4 are alike and another group

of 3 are alike. These can be arranged in

7!
m =35 ways.

There is a total of 11 letters. Of these
letters, 1 is M, 4 are S, 4 are I, and 2
are P. The 11 lette{s can therefore be

arranged in = 34650 ways.

414121

There is a total of 11 letters. Of these
letters, 2 are A, 2 are R, and 2 are O.

The 11 letters can therefore be arranged

11!

n ———
21-21.21

= 4989600 ways.

There is a total of 8 digits. Of these
digits, 5 are nine, and 3 are seven.

Therefore, the 8 digits can be arranged
8!

5!-3!

in = 56 ways.

¢ The first and last flags are blue so so

there are 6 flags to arrange: 2 red,
2 black and 2 blg?. These can be

arranged in = 90 ways.

21-21.21
Every alternate flag is blue. There
are 4 flags to arrange in-between

the blue flags: 2 red and 2 black.
4)

These can be arranged in X "2' =6
ways. However we must multiply
this by 2 as the blue flags can be
placed in either odd or even positions.
This gives a total of 6 X 2 = 12

arrangements.

We group the two red flags together
as one item. We then need to arrange
this single group as well as 2 black
flags and 4 blue flags. This makes 7

items in total. These can be arranged
7!

2041

in

= 105 ways.

7 Each path from A to B can be described
by four R’s and three D’s in some order.

5 There is a total of 12 letters. Of these
letters, 3 are A, 4 are B and 5 are C.

Therefore, the 12 letters can be arranged As the7r:e are seven letters in total, there
12! are —— = 35 paths.

in m = 27720 ways.

a There is a total of 8 flags. Of these,
2 are red, 2 are black, and 4 are

blue. These can be arranged in
8!
m =420 ways.
b The first flag is red so now there are
7 flags to arrange: 1 red, 2 black
and'4 blue. This can be done in

A 105 ways.

3141

8 a Let N be a movement of one unit

in the north direction, and E be a
movement of one unit in the east
direction. Then each path from (0, 0)
to (2,4) can be described by two

N’s and four E’s in some order. As

there are six letters in total, there are
6!
ﬂ = 15 pathS.

b Let E be a movement of one unit
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10

in the east direction, and N be a
movement of one unit in the north
direction. Then each path from (0, 0)
to (m, n) can be described by m letter
N’s and n letter E’s in some order. As

there are m + n letters in total, there
m+n)!
( ) paths.

are
m!-n!

a The 52 playing cards can be arranged
in 52! ways.

b There are now 104 playing cards,
however each of the 52 playing cards

occurs twice. Therefore, these cards
104!

can be arranged in W

ways.
¢ If there are n decks then there are 52n
playing cards. Each of the 52 playing

cards occurs n times. Therefore, these
(52n)!

cards can be arranged in ——
(n!)sz

ways.

Let NLE,S,W denote a movement of

one unit in the north, east, south and
west directions respectively. Any

path of length 8 can be described by a
combination of 8 of these letters in some
order. Any path that starts at (0, 0) and
finishes at (0, 0) has an equal number

of N’s and S’s and an equal number of
E’s and W’s. We list the various ways in
which this can happen.

N E S W arrangements
8!

0 0 4 4 —4!.4!:
8!
8!

222 2 i - 2%
8!
8!

4 4 0 O —4!'4!—

This gives a total of
70 + 1120 + 2520 + 1120 + 70 = 4900.

11 There are various ways to solve this

problem. We show one solution using

arrangements. Jessica can either take 2
steps or 1 step at a time. Therefore, each
of Jessica’s paths up the stairs can be

described by some sequence of 2’s and
I’s whose sum is 10. We list the various

ways that this can happen.

digits arrangements
!
1111111111 &:1
10!
!
111111112 2 =9
8!
!
11111122 8 =
6!2!
7!
6!
112222 YT 15
!
22222 5—;:1
> 269
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Solutions to Exercise 7E

S 510 51 6!
L Go=5ra-or '~ 1gon b 6C5:5!~(6—5)!
51 51 6!
~ 05 BT BETIN
_ 5.4 65!
114! ICTREY
5.4 6
T 1
_5 =6
S 51 51
“=3 G CTa o) ¢ 120, = 12!
51 51 10! (12 — 10)!
:2y—3; :ﬁ _ 12!
5.4.3! 5.4.3) 10! - 2!
- 213 - 73121 _12.11-10!
5.4 5.4 10! - 2!
=5 =5 C12-11
- 10 - 10 2
S, = 5! S, 5! = 66
41 (5 — 4 51-(5-5)! 8 .
_ 5 _ St 4 G=576 5
410 510! o
410 .
< _ 8765
== 5131
! 8.7-6
-5 = —
= 56
7
2 a 7c1:m . C,, - 100!
- 991 (100 — 99)!
T 100!
7.6! 99! 1!
BETIS _ 100-99!
7 991 1!
=1 100
=7 1
= 100
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1000! (n+1)!
£ 10000 o d "¢, =
%9981 (1000 — 998)! TR Y
_1000! _(n+ D!
998! - 2! T
_ 1000 - 999 - 998! _(n+1)-n!
998! - 2! o
:1000-999 —n+1
2
= 499500 e "2C, = (n+2)!
n!'-(n+2-n)!
(n+2)!
" n! = T
3a’"C= E R—Ty] n!-2!
I (n = D! (n+2)-(n+1)-n!
__n - 8, G}
(n—1)! _(n+2)(n+1)
_n-(n-1)! { 2
(-1 ¢
— N (n+1)!
=D ((n+ 1) = (n—1))!
n! !
272 (n-2)! T -2
__n (et )n-(n-1)
2-(n-2)!  (n-1D!-2!
:n-(n—l)-(n—2)! nn+1)
2-(n-2)! Y
_nn-=1)
2 4 a There are 10 items and 3 to arrange.
ne n! This can be done in 10 X 9 X 8 = 720
T I (- (- D) ways.
n!
N CEEI b There are 10 items and 3 to select.
o . 10
(-1 This can be done in ""C3 = 120 ways.
 (m=-1!
=n S 5 objects can be selected from 52 in

2(Cs = 2598960 ways.

6 a '°C; =10
b 19C, =45

C IOCg =45

271



d °Cy =10

7 ¥C; = 45379620

8 3 vertices are to be selected from 8. This
can be done in 8C3 = 56 ways.

9 a This is the same as asking how many
ways can 2 teams be selected from
10. This can be done in '°C, = 45
ways.

b Let n be the number of teams. Then,

"Cy =120
n!
— =12
2! (n-2)! 0
cn=1-(n=2)
n-n—1)-(n 2).:120
2!-(n-2)!
n-n—1)
——= =120
2
nn—1) =240
n—n-240=0

(n—16)(n +15)=0

=>n=16asn > 0.

10 Let n be the number of
people at the party. Then

"C, =105
n!
N
21 (n-=2)! 05
n-n—1)-(n-2)!
=105
2! (n-2)!
nn—1)
=105
2
nn—1)=210
n”?-n-210=0

(n—=15mn+14)=0

=>n=15asn>0

11 RHS ="C,-,

B n!

C(n=-r)!-(m-m-r)!
n!

(=7
n!

Crle(n-r)!

:ncr

= LHS

12 Each diagonal is obtained by selecting
2 vertices from n. This can be done in
"C, ways. However, n of these choices
will define the side of the polygon, not a
diagonal. Therefore, there are "C, — n
diagonals.

13 There are '°Cs ways of choosing five
students to belong to team A. The
remaining five students will belong to
team B. However, the labelling of the
teams doesn’t matter, so we must divide
by 2.
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14 There are '>Cg ways of choosing six b There are 12 lines of 5 dots. From

students to belong to team A. The each of these lines we select 3
remaining students will belong to team from 5 dots. This can be done in
B. However, the labelling of the teams 12x3C5 =120 ways.

doesn’t matter, so we must divide by 2. There are 4 lines of 4 dots. From
This gives 12Cs — 462 each of these lines we select 3

from 4 dots. This can be done in
4 x4C;3 = 16 ways.

15 We begin with the right hand side. This There are 16 lines of 3 dots. Note:
gives, if you’ve found only 4 lines, then
RHS =""'C 1+ n=le - look harder! From each of these lines

(n—1)! (n—1)! we select 3 from 3 dots. This can be
T r-Dn—-1-(r=1)!  rl(n—1-r)donein 16 x>C; = 16 ways.
(n—1)! (n—1)! Therefore, there are
T U-Din=n!  Am-r-Dl 120 + 16 + 16 = 152 ways of
(n—1)! 1 1 selecting 3 dots that lie on a straight
T r-Din—r-1)! (n—r ?) K-
(n—1)! n

¢ The three dots will form a triangle if

(r=Dln—r—Dlr(n—r) they don’t form a line. So the number
— n! of ways of selecting three dots to
ri(n—r)! form a triangle will be the total
= LHS. number of selections, minus those

selections that form a line. This gives

16 a The number of ways of selecting 3 2300 — 15223 = 2148.

dots from 25 is 2C3 = 2300.
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Solutions to Exercise 7F

1 Since Jane and Jenny are to be included

we still have to select 2 students from
the remaining 18. This can be done in
8C, =153 ways.

Since the subset already contains the

number 5, there are still 4 numbers to be

selected from the remaining 9. This can
be done in °C, = 126 ways.

Since the hand already contains the jack,
queen and king of hearts, there are still 2

cards to be selected from the remaining
49. This can be done in ¥C, = 1176
ways.

There are '°Cy ways of selecting 6
students from 10. We then subtract the
number of combinations that include
both Rachel and Nethra. If Rachel and
Nethra are on the team then we must
select 4 more students from the 8 that
remain in 8C4 ways. Therefore, the
required answer is

¢, -3¢, = 140.

a 7 students are to be selected from
a total of 13. This can be done in
3C; = 1716 ways.

b 4 girls are selected from 8 and 3
boys are selected from 5 applying
the Multiplication Principle gives
8C,-°C3 =700

¢ There can be either 4 girls and 3
boys or 3 girls and 4 boys. Applying

both the Addition and Multiplication
Principles, this can be done in
8C4-2C3 +8C3-2C4 = 980 ways.

We first consider the number of ways
of selecting teams with fewer than 2
boys. There can be either 7 girls and
0 boys or 6 girls and 1 boy. This can
be done in 8C7 - °Cy + 8Cg - °Cy = 148
ways. Therefore, the number of
teams with at least two boys will be
1716 — 148 = 1568.

4 students are to be selected from 10
for the first committee and 3 are to
be selected from 10 for the second
committee. This can be done in

10¢, - 19C5 = 25200 ways.

First choose 4 students from 10 for
the first committee. This can be
done in '°C4 ways. There are now 6
students left, from which we select 3
for the second committee. This can
be done in °C; ways. This gives a
total of '°C, - °C; = 4200 different
selections.

7 students are to be selected from
18 for the basketball team and 8
are to be selected from 18 for the
netball team. This can be done in
BC, . 1BCg = 1392554592 ways.

First choose 7 students from 18 for
the basketball team. There are now

11 students left, from which we select
8 for the netball team. This gives
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a total of '8C5 - ''Cg = 5250960
different selections.

5 senators are to be selected from
a total of 20. This can be done in
20C5 = 15504 ways.

There can be either 2 Labor and 3
Liberal senators or 3 Labor and 2
Liberal senators. As there are equal
numbers of both types, the number

of ways these can be selected is
2-19¢5 - 19¢, = 10800.

The total number of unrestricted
selections is 2°Cs = 15504. We now
consider the number of ways of
selecting no Labor senator. There

are '°Cs = 252 ways of selecting 5
Liberal senators out of 10. Therefore,
there will be 15504 — 252 = 15252
selections.

There are 'Cs = 21 ways of selecting
5 numbers out of 7.

As the sets already contain the
numbers 2 and 3, there are still 3
numbers to be chosen from the 5
numbers that remain. This can be
done in °C3 = 10 ways.

We subtract the number of subsets

that contain both numbers from the
total number of subsets. This gives
21 — 10 = 11 subsets.

10 We select 2 of 5 vowels and 2 of
21 consonants. This can be done in
3C,-21Cy, = 2100 ways.

11

12

13

14

a 4 hearts are to be selected from
13 and 3 spades are to be selected
from 13. Using the Multiplication
Principle, this can be done in
3¢y - BC;3 = 204490 different ways.

b 2 hearts are to be selected from
13 and 3 spades are to be selected
from 13. The remaining 2 cards
are to be selected by amongst the
26 cards that are neither diamonds
nor clubs. Using the Multiplication
Principle, this can be done in
B¢, - By -26C, = 7250100 ways.

a 3 doctors are to be selected from 4
and 1 dentist is to be selected from 4.
The remaining position is to be filled
with 1 of 3 physiotherapists. Using
the Multiplication Principle, this can
be done in “C3 x 4 X 3 = 48 ways.

b 2 doctors are to be selected from 4.
The remaining 3 positions are to be
chosen from among the 4 + 3 =7
non-doctors. Using the Multiplication
Principle, this can be done in
4C2 . 7C3 =210 ways.

The girls can be selected in *C;
ways. The boys can be selected in
3C, = ways. The children can then
be arranged in 4! ways. Using the
Multiplication Principle gives a total
of 4C, - °C, - 41 = 6-10-24 = 1440
arrangements.

The women can be selected in °C,
ways. The men can be selected in
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3C, = ways. The four people can fill
the positions in 4! ways. Using the
Multiplication Principle gives a total of
C, -3C, - 4! = 3600 arrangements.

There are 4 vowels and 6 consonants.
The vowels can be chosen in *C, ways
and the consonants can be chosen

in °C3 ways. The 5 letters can then

be arrangned in 5! ways. Using the
Multiplication Principle gives a total of
4C, - °C; - 5! = 14400 arrangements.

16

17

Each rectangle is defined by a choice
of 2 out of 6 vertical lines and 2 out of
5 horizontal lines. This gives a total of
°C,-3C, = 150.

There are 13 choices of rank for the
first card. 4 cards have this rank, from
which we choose 3. There are 12
choices of rank for the second card.

4 cards have this rank, from which 2
will be chosen. This gives a total of
13 x*C3 x 12 x *C, = 3744 hands.
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Solutions to Exercise 7G

1 'C,=21,C, =15and °C, = 6.

Clearly, 7C2 = 6C2 + 6C1.

The n = 7 row is:

1 7 21 35 35 21 7 1
7C, = 21 since this is the third entry in
the row.

’C4 = 35 since this is the fifth entry in
the row.

The n = 8 row is:

1 8 28 56 70 56 28 8 1
8C,4 = 70 since this is the fifth entry in
the row.
8Ce = 28 since this is the seventh entry
in the row.

A set with 6 elements has 2° = 64
subsets. Note that this includes the
empty subset, which corresponds to
selecting none of the DVDs.

A set of 5 elements has 2° = 32 subsets.

A set with 10 elements has 2'° = 1024
subsets.

A set with 6 elements has 2° — 1 = 63
nonempty subsets.

A set with 8 elements has
28 _8C, —=8Cy=256-8—-1=247
subsets with at least 2 elements.

If the set already contains the numbers 9

10

11

and 10, then we need to find the number
of subsets of {1,2,...,8}. There are
28 = 256 of these.

Each subset of coins creates a different
sum of money. We therefore need to find
the number of nonempty subsets of a 4
element set. There are 2* — 1 = 15 of
these.

a We consider the selfish subsets of
size 1 through to 8. There is 1 selfish
set of size 1, namely {1}.

If a selfish set has size 2, then it is
of the form {2, a} where a is chosen
from the remaining 7 numbers. This
can be done in ’C; ways.

If a selfish set has size 3, then it is
of the form {3, a, b} where the two
numbers a and b are chosen from the
remaining 7 numbers. This can be
done in 'C, ways.

Continuing in this fashion, we find
that the number of selfish sets is just
the sum of entries in row n = 7 of
Pascal’s Triangle. Therefore, there
are 27 = 128 selfish sets.

b We consider the selfish subsets of
size 1 through to 8.
There is 1 selfish subset of size 1. Its
compliment is also selfish, as it has 7
elements and contains the number 7.
A selfish set of size 2 is of the
form {2, a}, where a # 2. Since the
compliment is also selfish, a # 6.
Therefore, a can be chosen from the
remaining 6 numbers. This can be
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done in °C; ways.

A selfish set of size 3 is of the form
{3,a, b}, where a, b # 3. Since the
compliment is also selfish, a, b # 5.
Therefore, a and b can be chosen
from the remaining 6 numbers. This
can be done in °C, ways.

A selfish set of size 4 is of the form
{4,a,b,c}, where a,b,c # 4. The
compliment cannot also be selfish,
since the compliment has 4 elements
but does not contain the number 4.
A selfish set of size 5 is of the form

{5,a,b,c,d}, where a, b, c,d # 5.
Since the compliment is also selfish,
a,b,c,d + 3. Therefore, a, b, ¢, d
can be chosen from the remaining 6
numbers. This can be done in °Cy
ways.

Continuing in this fashion, we find
that the number of selfish sets with
a selfish compliment is just the sum
of entries in row n = 6 of Pascal’s
Triangle, less 6C;. Therefore, there
are 20 — °C5 = 44 selfish sets whose
compliment is also selfish.

278



Solutions to Exercise 7H

1 Label three holes with the colours red,

blue and green.

R|[BJ[G]

Select four socks and place each sock
in the hole whose label corresponds to
the colour of the sock. As there are four
socks and three holes, the Pigeonhole
Principle guarantees that some hole
contains at least two socks. This is the
required pair. Clearly, selecting three
socks is not sufficient as you might pick
one sock of each colour.

Create 26 holes, each labelled with a
letter from A to Z.

Al[B]--[z]

Put each word in the hole whose label
corresponds to its first letter. There are
277 words to place in 26 holes, so there is
some hole that contains at least 2 words.
Therefore, there are at least two words
that begin with the same letter.

Create 4 holes with labels 0, 1, 2 and 3.

o][1][2][3]

Put each natural number in the hole
whose label corresponds to the remain-
der when it is divided by 4. There are
5 numbers to place in 4 holes, so there
is some hole that contains at least 2
numbers. Therefore, there is at least 2
numbers that leave the same remainder
when divided by 4.

4 a As there are only 2 colours, if 3 cards

are dealt, at least two will be the same
colour.

b As there are only 4 suits, if 5 cards
are dealt, there is some suit that
occurs at least twice.

¢ As there are 13 kinds, if 14 card are
dealt, there is at least one kind that
occurs at least twice.

Divide the number line into ten
intervals:

[0,0.1),[0.1,0.2),...[0.9, 1].
Eleven points are located in 10 intervals,
so some interval contains at least two
numbers. The distance between any two
number in this interval is no more than
0.1 units.

Divide the equilateral triangle into 4
equilateral triangles of side length 1

/A

There are 5 points located in 4 triangles,

unit, as shown:

so some triangle contains at least 2
points. The distance between any two
points in this triangle is no more than 1
unit.

Divide the rectangle up into square of
size 2 metres by 2 metres. There are 13
points located in 3 X 4 = 12 squares,

SO some square contains at least two
points. The distance between any two of
these points can not exceed length of the
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10

11

square’s diagonal, V22 + 22 = 2/2.

a For two-digit numbers, there are 18
possible digital sums: 1,2,...,18.
So if there are 19 numbers then there
there is some digital sum that occurs
at least twice.

b For three-digit numbers, there are 27
possible digital sums: 1,2,...,27.
Since 82 = 3 x 27 + 1, by the
Generalised Pigeonhole Principle,
there is some digital sum that occurs
at least 4 times.

Label four holes with each of four
possible remainders when a number

is divided by 4, namely 0, 1,2 and 3.
Each of the 13 numbers belongs to one
of 4 holes. Since 13 = 3 x4 + 1, there
is some hole that contains at least 4
numbers.

There are 3C, = 28 ways that 2 teams
can be chosen to compete from 8
choices. There are 29 games of football,
so there is some pair of teams that play
each other at least twice.

Label 25 holes as shown below

[1or49|[20r48]---[24 or 26|[50]

If there are 26 numbers, then there

is some hole that contains at least 2
numbers. As these two number are
distinct, their sum must be 50. Clearly,
this is the smallest number of students
required, since 25 students could select
the numbers 1,2, 3,...,25, no two of

12

13

14

15

which add to 50.

Label the chairs with numbers from
1 to 14. There are 14 groups of three
consecutive chairs:

{1,2,3},{2,3,4},...{13,14, 1}, {14, 1, 2}.

Each of the 10 people will belong to 3 of
these groups, so there are 30 people to
be allocated to 14 groups. Since

30>2x14+1,

the Generalised Pigeonhole Principle
guarantees that some group must contain
3 people.

Pick any one of the 4 points and draw

a diameter through that point. This
splits the circle into two half circles.
Considering the remaining 3 points, the
pigeonhole principle says that one of the
half circles must contain at least 2 of
those 3 points. Together with the initial
point chosen, that half circle contains at
least 3 points.

Using two distinct integers chosen from
{1,2,...,98,99}, there are 195 different
sums possible: 3,4, ...,197. There are
35 different players and *>C;, = 595
ways of pair these players up. Since

595=3x195+10>3x195+1,

the Generalised Pigeonhole Principle
guarantees that at least four pairs will
have the same sum.

Label the chairs with numbers from 1
to 12 are then create 6 pairs of opposite
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seats: that they shake. Note that either the first
{(1,71,{2,8},{3,9}, {4, 8},{5,9}, {6, 12}. or last hole must be empty since if some
guest shakes hands with O people then

Each of the 7 boys belongs to one of 6 )
no guest shakes hands with all people.

pairs, so some pair contains two boys. ) o
Likewise, if some guest shakes hands

with all people, then no guest shakes
16 Create n holes with labels hands with O people. This leaves n — 1
0,1,2,...,n—1. holes in which n guests are located. The
Pigeonhole Principle guarantees that

Place each of the n guests in the hole

corresponding to the number of hands some hole has at least two guests.
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Solutions to Exercise 71
1 a {1,3,4}

b (1,3,4,5,6}

c {4}

d {1,2,3,4,5,6}

e 3

f 2.{4},{5}.{6},{4,5}.{4, 6}.{5, 6}.{4,5, 6}

2 Let T be the set of track athletes and
F be the set of field athletes. Then the
number of athletes in the team will be
given by:

[TUF|=|T|+|F|-|TNF|
=25+23-12
= 36.

3 Let A be the set of patients taking
medication A and let B be the set of
patients taking medication B. Then,

|AU B| = |Al+|B| - |AN B|
50=25+29-|ANB|
50=54-|PnC|
AN Bl =4.

4 Let A and B be the sets comprising of
multiples 7 and 9 respectively. Clearly
A N B consists of the multiples of 7 and
9, that is, multiples of 63. Therefore,
|A| =90,|B| = 70 and |A N B| = 10.
We then use the Inclusion Exclusion

Principle to find that,

5 a

|AUB| =|A|+ |B] - |AN B|
=90+70-10
= 150.

Let A and B be the sets comprising
of multiples 2 and 3 respectively.
Clearly A N B consists of the mul-
tiples of 2 and 3, that is, multiples
of 6. Therefore, |A| = 48, |B| = 32
and |A N B| = 16. We then use the
Inclusion Exclusion Principle to find
that,

|AU B| =|Al+|B| - |AN B|
=48 +32-16
= 64.

We have already found that 64

are divisible by 2 or 3. Therefore,
96 — 64 = 32 will not be divisible by
2 or 3.

There are two vowels so there are 2
choices for the first letter, 4 for the
second letter, 3 for the third, and so
on. This gives 2 x4 x3x2x 1 =48
arrangements.

There are two vowels so there are 2
choices for the last letter, 4 for the
first letter, 3 for the second, and so
on. This gives 4 X 3 X2 x 1 X2 =48
arrangements.

There are two vowels so there are 2
choices for the first letter and then
1 for the last letter. As two letters
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have be used, there are then 3 choices is, powers of 6. Since 36 =729 and

for the second letter, 2 for the third, 45 = 4096, there are exactly 3 powers
and 1 for the fourth. This gives of 6 no greater than 1000,
2x3x2x1x1=12arrangements. AN B =1{1°25 3.

We then use the Inclusion-Exclusion

We let A be set of arrangements Principle to find that,

that begin with a vowel, and B be

the set of arrangements that end AU Bl = Al +Bl - |AN B
with a vowel. Then A N B is the =31+10-3
set arrangements that begin and - 38

end with a vowel. We then use the

Inclusion-Exclusion Principle to find
that 8 Letsets A, B and C consist of those

integers that are divisible by of 2,3 and

AVB|=Al+[Bl 14N B 5 respectively. We then have

=48+48-12
g4 set multiples of size

A 2 |A| = 60

B 3 |B|] = 40
There are ten perfect squares, C 5 IC| = 24

{1,4,9, 16, 25,36, 49, 64, 81, 100}. ANB 6 |ANB| =20

There are 4 perfect cubes, AncC 10 Ancl=12

BnC 15 IBNC| =8

t1,8,27, 64}, ANBNC 30 ANBNC|=4
Only 1 and 64 are common to both We then use the Inclusion-Exclusion
lists, so there are 10 +4 -2 =12 Principle to give,
integers that are perfect squares or IAUBUC|
perfect cubes.
=|Al + |B| + |C]
Let A be the set of perfect squares. —JANB|-|ANC|-|BNC|
Since 312 = 961 and 322% = 1024,
+HANBNC
there are exactly 31 perfect squares
no greater than 1000, =60+40+24-20-12-8+4
A={1%2%,...,31%). =388
Let B be the set of perfect cubes. Therefore, there are 88 integers from 1
Since 103 = 1000, there are exactly to 120 inclusive that are divisible by 2, 3
10 perfect cubes no greater than or 5.
1000,
B = {13’ 23’ s 103}' 9 Letsets A, B and C consist of those

Clearly A N B consists integers that integers that are divisible by of 2,5 and
are perfect powers of 2 and 3, that 11 respectively. We then have
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10

11

set multiples of size of set

A 2 Al = 110

B 5 |B| = 44

C 11 IC| =20

ANB 10 |ANB| =22
ANC 22 ANC|=10
BNnC 55 IBNC|l=4
ANnBNC 110 JANBNC|=2

We then use the Inclusion-Exclusion
Principle to give,

IAUBUC|

=|Al + |B| + |C]|
—[ANBI-1ANC|-|BNC]
+HANBNC|
=110+44+20-22-10 -4 +2
=140

Therefore, there are 140 integers from 1
to 120 inclusive that are divisible by 2, 3
or 5, and 220 — 140 = 80 integers that
are not.

Let B be the set of students that study

biology, let P be the set of students that

study physics, and let C be the set of

students that study chemistry. Then,
|IBUPUC|

= |B| + |P| +|C]
—|BNP—|BNC|-|PNC
+|BNPNC|

90 =94—-|BNPNC|
Therefore, | BN PN C| = 4.

a There are *C, ways of choosing
2 Year Ten students from 4, and
C4 ways of choosing 4 more

students from those in Years Eleven
and Twelve. This gives a total of
4C, x 2C4 = 756 selections.

b There are 7C, ways of choosing 2
Year Eleven students from 5, and 8Cy
ways of choosing 4 more students
from those in Years Ten and Twelve.
This gives a total of °C, x 8C4 = 700
selections.

¢ There are *C, ways of choosing 2
Year Ten students from 4. There
are °C, ways of choosing 2 from
Year Eleven. There are *C, ways of
choosing 2 remaining students from
Year Twelve. This gives a total of
4C, X 3C, X 4C, = 360 selections.

d We let A be the set of selections with
exactly 2 Year Ten students and let B
be the set of selections with exactly 2
Year Eleven students. Then A N B is
set selection with exactly 2 Year Ten
and Year Eleven students. We then
use the Inclusion-Exclusion Principle
to find that,

|AU B| =|Al+|B| - |AN B|
=756 + 700 — 360
= 1096.

12 We let A be the set of hands with exactly
90=36+42+40-9-8-7+|BNPNC(|

one heart. Then there are '3C; ways
of choosing the heart and ¥ C, ways
of choosing the 4 non-heart cards.
Therefore,

1Al = B, x ¢y = 1069263

We let B be the set of hands with exactly
two diamonds. Then there are '3C, ways
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13

of choosing the two diamonds and 3°Cj
ways of choosing the 3 non-diamond
cards. Therefore,

1Bl = PCy x 3 = 712842

Then A N B is the set hands with exactly

one heart and two diamonds. Then

there are '*C, ways of choosing the one
heart, 13C, ways of choosing the two
diamonds and ?°C, ways of choosing the 14
2 remaining cards. Therefore,

IANB| = PCy x 3 C, x?*°C, = 329550.

We then use the Inclusion-Exclusion
Principle to find that,

|AU B| =|A|+|B| - |ANB|
= 1069263 + 712842 — 329550
= 1452555.

The sum of numbers divisible by 2 will
be

2+4+ ...+ 100 = 2550.

The sum of numbers divisible by 3 will
be

3+6+...+99 =1683.

Adding these together does not give the
desired answer, since it double counts

those numbers divisible by 2 and 3, that
is, those divisible by 6. The sum of these
numbers is

6+12+...4+96 = 816.

Therefore, the required answer is
2550 + 1683 — 816 = 3417.

Let F, C and G be the sets of students
studying French, Chinese and Ger-
man, respectively. Then using the
Exclusion-Inclusion Principle gives,

|FUCUG|
=|F| +1C| + |G|
—|FNCl-|FNG|-|CNG|
+|FNC NG
80=30+45+30-|FNC|-|FNG|-|CNG|+15
80 =120-|FNC|-|FNG|-|CNG]|
40 =FNC|+|FNGl+|CNG|

Now |[F N C|+ |F NG|+ |C NG| counts

the number of students who study at

two subjects, but triple counts those

who study three subjects. Therefore, the
number that study exactly 2 subjects will
be 40 -2 x 15 = 10.
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Solutions to Technology-free questions

1 a °C;

6!

:3Lm;$!

5!

T 213
_6-5-4-3!

3!.3!

_6-5-4-3!

313!

_6-5-4

6

=20

b 20C2 —

20!
21-(20-2)!
20!
2!-18!
20-19- 18!
2!-18!
20-19

2
190

¢ This can evaluated by using the fact

that "C,

= n. Otherwise, we simply

use the formula for "C, to give,

300, =

300!
I-(300 - 1)!
300!

I!-299!
300 - 299!

299!
300.

d 100C98 —

100!
98! (100 - 93)!
100!
98! 2!
100 - 99 - 98!
98! - 2!
100 - 99
2

4950

2 We solve the following equation,

"Cy =55
n!
—— =155
21 (n-2)!
n-nm—1)-(n—2)!
=55
2! (n-2)!
n-(n—1)
7 =55
nn—1)=110
n”?-n-110=0

(n—11)(n+10) = 0

=>n=11asn>0.

3 a If the digits can be repeated there are

3 choices for each of the 3 positions.
This gives a total of 3° = 27 numbers.

b 3 digits can be arranged (without

repetition) in 3! = 6 ways.

4 There are 6 choices of student for the

first position, 5 for the second and
4 for the third. This gives a total of

6x5%x4=

120 arrangements.

5 There are 5 choices of desk for the first
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student, 4 for the second and 3 for the
third. This gives a total of 5 X 4 x 3 = 60
allocations.

There are *C, ways of selecting 2 Year
11 student out of 4 and 3C, ways of
selecting 2 Year 12 student out of 3.
Using the Multiplication Principle
gives a total of *C, x3C, =6x3 =18
selections.

Without restriction, there are 'Cz = 35
ways of selecting 3 children out of 7.
We then consider those selections that
have no boy. There are are *C3 = 4 ways
of selecting 3 of 4 girls. Therefore, there
are 35 — 4 = 31 selections that have at
least one boy.

There are 5 flags, of which a group
of 2 are alike, and a group of 3 are

alike. These flags can be arranged in
5!
2'—3‘ =10 ways.

9 Label 26 holes with each of the letters

10

11

from A to Z. Place each word in the
hole according to its first letter. Since
53 =2 %26 + 1 there is some hole that
contains at least 3 words.

Let N and B be the set of students play-
ing netball and basketball respectively.
Then using the Inclusion-Exclusion
Principle gives,

INUB| =|N|+|B|—|NnNB|
20 =|N|+12-4
20=|N]+8
IN| = 12.

So 12 student play netball.

Let’s denote the six people by letters
A,B,C, D, E and F. First suppose
person C is between person A and B.
We then have to arrange four items:
{A,C,B},D, E,F. This can be done in 4!
ways. Person C is fixed but A and B can
be arranged in 2 ways. We then multiply
by 4 as there are 4 different people who
can go between A and B. This gives a
total of 4! X 2 x 4 = 192 arrangements.
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Solutions to multiple-choice questions

1 C Using the Multiplication Principle

3

4

6

7

8

there are 4 X 3 X 4 = 48 ways that
Sam can select his remaining three
subjects.

Using both the Addition and
Multiplication Principle gives a total 10
of 3+ 2 x4 = 11 different paths.

10 people can be arranged in 10!
ways.

The first digit can be chosen in 6
ways, the second digit in 5 ways on

the third digit in 4 ways. This givesa 17 A

total of 6 X 4 X 3 arrangements.

There are 4 vowels, so there are
4 choices for the first letter and

3 for the last. After filling these
two positions, there are 4 choices
for the second letter, 3 for the
third, and so on. This gives a total
of 4 x4 x3x2x1x3=288
arrangements.

There are 7 flags in total, of which
a group of 4 are alike and another

group of 3 are alike. These can be
7!

413!

arranged in ways.

3 items can be chosen out of 9 in
°C3 ways.

A set with 6 elements has 2°
subsets. One of these is the empty
set, so there are 2% — 1 subsets with
at least one element.

9 C There are °C, ways of selecting

2 girls out of 9 and 8C, ways of
selecting 2 boys out of 8. Using the
Multiplication Principle gives a total
of °C, x 8C, selections.

Labels two holes with the colours
blue and red. Select 5 balls. Then
since 5 =2 X 2 + 1, there is some
hole that contains at least 3 balls.
Clearly 5 is the smallest number
since selecting 4 balls might give 2
blue and 2 red balls.

Let F, C and G be the sets of stu-
dents studying French, Chinese and
German, respectively. Then using the
Exclusion-Inclusion Principle gives,

|FUCUG| =|F|+|C|+ |G|
—-IFNC|-|FNG|-|CNG]|
+HFNCNG|
30=15+15+17
—-IFNC|-|FNG|-|CNG|
+FNnCNG|
Therefore,
17 = |[FNC|+|FNG|+|CNG|-|FNCNG]

Since 15 student study more than
one subject we also know that,

IS = |[FNC|+ FNG|+|CNG|=2|FNCNG.

Subtracting the second equation from
the first gives,

IFNCNG|=2.
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Solutions to extended-response questions

1

a

a

The first digit is 5 so there is only 1 choice for the that position. The remaining 5
numbers can be arranged in 5! ways. This gives a total of 1 X 5! = 120 arrangements.

If the first digit is even then there are 3 choices for that position. The remaining 5
numbers can be arranged in 5! ways. This gives a total of 3 x 5! = 360 arrangements.

There are 2 choices for if the first number is even or odd. The 3 odd numbers can
then be arranged in 3! ways, and the 3 even numbers can be arranged in 3! ways.
This gives a total of 2 x 3! x 3! = 72 arrangements.

If we group the even numbers, we need only arrange 4 items: 1, 3,5,{2, 4, 6} and
{2,4, 6}. This can be done in 4! ways. The 3 even numbers can then be arranged in
3! ways. This gives a total of 4! X 3! = 144 arrangements.

If the first letter is E, then there is only 1 choice for the that position. There are 5
remaining choices for the second letter, and 4 for the third. This gives a total of
1 X 5 x4 = 20 arrangements.

If the first letter is a vowel then there are 4 choices for that position. There are 5
remaining choices for the second letter and 4 for the third. This gives a total of
4 x 5 x 4 = 80 arrangements.

If the letter E is used then there are 3 choices of position for that letter. There
are 5 and then 4 choices for the remaining two positions. This gives a total of
3 X 5 x4 = 60 arrangements.

4 students can be chosen from 10 in '°C4 = 210 ways.

If the school captain must be chosen then we are still to chose 3 students from the 9
that remain. This can be done in °C; = 84 ways.

We must select 2 boys from 4 and 2 girls from 6. This can be done in *C, x °C, =
6 x 15 = 90 ways.

The total number of selections is '°C, = 210. The number of selections with no
boys is °C,4 = 15. Therefore, the number of selections with at least one boy will be
210 - 15 = 195.

There are 8 letters in total, 2 of ‘WhiCh are N, 2 of which are J and 4 of which are T.

These can be arranged in = 420 ways.

202141
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The first and last letter are both N. Therefore, we need only arrange 6 letters, 2 of
!

which are J and 4 of which are T. This can be done in

T 15 ways.

We group the two J’s so that we now must arrange {J,J},N,N,T,T,T,T. There are 7
!
=105

items to arrange, of which 2 are N and 4 are T. This can be done in

2!-41
ways.

If no two T’s are adjacent then they are either all in the even positions or all in the

odd positions.

4\
The 4 remaining letters are: N,N,J,J. These can be arranged in Y = 6 ways. We

multiply this by 2 because the I’s can be placed in either even or odd positions. This
gives a total of 6 X 2 = 12 arrangements.

i 3 toppings can be chosen from 6 in °C3 = 20 ways.

ii 2 additional toppings have to be chosen from among 5 that remain. This can be
done in °C, = 10 ways.

iii A set of size 6 has 2° = 64 subsets.

We want to find the smallest value of n such that 2" > 200. Since 27 = 128 and
28 = 256 they must use at least 8 different toppings.

4 people can be chosen from 10 in 1°C, = 210 ways.

We must choose 2 women from 5 and 2 men from 5. Using the Multiplication
Principle, this can be done in >C, X 5C, = 100 ways.

We must choose 2 married couples from 5. This can be done in °C, = 10 ways.

We first chose 4 couples from 5. This can be done in °C4 = 5 ways. Then from
each of the 4 couples there are 2 choices of either husband or wife. Using the
Multiplication Principles gives a total of 5 X 2 X 2 X 2 X 2 = 80 selections.

There are 26 choices for both the first and second letter so there are 26 X 26 = 676
two letter initials.

We first consider the two letter initials that contain no vowel. There are 21 choices
of consonant for each of the two letters, giving a total of 21 x 21 = 441. Therefore,
676 — 441 = 235 two letter initials contain at least one vowel.

Label 676 holes with each of the different two letter initials. Since 50000/676 > 73,
there must be some hole containing 74 items. Therefore, there are at least 74 people
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8 a

b

who share the same initials.
The lowest common multiple is 24.

A N B consists of numbers that multiples of 6 and 8. That is, it contains multiples of
24. Therefore, A N B = {24, 48, 72,96}, so there are 4 elements.

We have,
A multiplesof 6 |[A| =96 +6 =16
B multiplesof 8 |B|=96+8 =12
ANB multiplesof 24 [ANB=96+24=4
Using the Inclusion-Exclusion Principle gives,

IAUB| = A+ |B| - |AN B
=16+12-4
= 24,

There are 24 numbers that are divisible by 6 or 8 and 96 — 24 = 72 that are not.
72 3

Therefore, the probability that the integer is not divisible by 6 or 8 is %6 -1

Let N be a movement of one unit in the north direction, and E be a movement of one

unit in the east direction. Then each path fro H to G is described by six N’s and six

= 924 paths.

6!-6!

E’s in some order. As there are twelve letters in total, there are

In three years there are at least 365 x 3 = 1095 days and there are 924 different
paths. Since 1095 > 924, by the Pigeonhole Principle, there is some path taken at
least twice in the course of 3 years.

i Each path from H to C is described by two N’s and two E’s in some order. As

there are four letters in total, there are IR 6 paths.
ii Each path from C to G is described by four N’s and four E’s in some order. As
there are eight letters in total, there are a0 '4‘ = 70 paths.

iii There are 6 paths from H to C and 70 paths from C to G. Using the Multiplica-
tion Principle gives a total of 6 X 70 = 420 paths from H to C to G.

Let X be the set of paths from H to C to G. We have found that | X| = 420. Let Y be
the set of paths from H to B to G. Clearly, |Y| = 420.

Now X NY is the set of paths from H to C to B to G. Since there are 6 paths from
each of three steps, [X N Y| = 6 X 6 X 6 = 216. Lastly, applying the Inclusion-
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Exclusion Principle gives,
IXUY|l =IX|+]Y]-|XNY]|
=420 + 420 - 216
=624
10 The ratio of green to yellow to orange ballsis 1 : 3: 6 =2 : 6 : 12. Therefore, the ratio

of blue to red to green to yellow to orange ballsis 1 : 4 : 2 : 6 : 12. Using this, we can
find the number of balls of each type. This gives:

!
bl %400 = 16
R Y-

red hd x 400 = 64

25
2 x 400 = 32
reen @ — =
& 25
ellow i x 400 = 96
y 25 -

12
— x 400 =192
orange 2

Label five holes with each of the above colours. In the worst case, you might first select
16 blue, 32 green, 49 red, 49 yellow and 49 orange. Selecting one additional ball must
give either a red, yellow or orange ball. This gives a total of 16 + 32 +3x 49+ 1 =196
balls.
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Chapter 8 — Number and Proof

Solutions to Exercise 8A

1 a Asmandn are even, m = 2p and
n = 2q where p, g € Z. Therefore,

m+n=2p+2q
=2(p+9q),
1S an even number.
b As m and n are even, m = 2p and
n = 2qg where p, g € Z. Therefore,
mn = (2p)(2q)
=4pq
=2(2pq),

is an even number.

2 Asmandnareodd, m =2p+ 1 and
n = 2q + 1 where p, g € Z. Therefore,

m+n=02p+1)+2qg+1)
=2p+2qg+2
=2(p+q+1),

is an even number.

3 Asmisevenand nis odd, m = 2p and
n = 2q + 1 where p, g € Z. Therefore,

mn=2pQ2qg+1)
=2(2pq + p).

is an even number.

4 a If mis divisible by 3 and » is divis-
ible by 7, thenm = 3p and n = 7¢q
where p, g € Z. Therefore,

mn = (3p)(7q)
= 2lpq,

is divisible by 21.

b If m is divisible by 3 and #n is divis-
ible by 7, thenm =3p and n = 7¢q
where p, g € Z. Therefore,

m*n = (3p)*(1q)
=9p*(7q)
= 63p’q

1s divisible by 63.
S If m and n are perfect squares then

m = a® and n = b? for some a,b € Z.
Therefore,

mn = (a*)(b*) = (ab)*,

is also a perfect square.

6 Expanding both brackets gives,

(m+n)2 — (m—n)2
=m* + 2mn + n* — (m2 —2mn + nz)
=m® + 2mn + n* —m* + 2mn — n*

=4dmn,

which is divisible by 4.

7 (Method 1) If n is even then n? is even
and 6n is even. Therefore the expression
is of the form

even — even + odd = odd.
(Method 2) If n is even then n = 2k
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10

where k € Z. Then Therefore,

n?* —6n+5=02k?>-62k +5

=4k — 12k +5
S A - 12k +4+ 1 =0 =y +7)

=(x — Y)(x + Y +y?)

X4 _y4

=202k =6k +2) + 1,

positive  positive positive
' =(x=-y)x+y)(x"+y°)

>0.
(Method 1) If n is odd then n? is odd and
8n is even. Therefore the expression is

of the form Therefore, x* > y*.

odd + even + odd = even. 11 We have,

(Method 2) If nis odd then n = 2k + 1

where k € Z. Then 2+ y2 — 2xy

R+ 8n+5=0k+1)72+82k+1)+3 =x* = 2xy + )’
— 4k + 4k +1+16k+8 +3 =(x—y)*
= 4k* + 20k + 12 >2xy.

= 2(2k* + 10k + 6),

. Therefore, x> + y> > 2xy.
is even.

12 a We prove that Alice is a knave, and
Bob is a knight.
Suppose Alice is a knight
= Alice is telling the truth

First suppose 7 is even. Then 512 and 3n
are both even. Therefore the expression
is of the form

even + even + odd = odd. = Alice and Bob are both knaves
= Alice is a knight and a knave
Now suppose 7 is odd. Then 5 and 3n This is impossible.
are both odd. Therefore the expression = Alice is a knave
is of the form = Alice is not telling the truth
= Alice and Bob are not both knaves
odd + odd + odd = odd. = Bob is a knight
= Alice is a knave, and Bob is a knight
Firstly, if x > y then x —y > 0. Secondly, b We prove that Alice is a knave, and
since x and y are positive, x +y > 0. Bob is a knight.
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Suppose Alice is a knight
Alice is telling the truth

They are both of the same kind
Bob is a knight

Bob is lying

Bob is a knave

Bob is a knight and a knave.
This is impossible.

Alice is a knave

Lt iUl

Alice is not telling the truth

Alice and Bob are of a different kind
Bob is a knight

Alice is a knave, and Bob is a knight

A

¢ We will prove that Alice

is a knight, and Bob is a knave.
Suppose Alice is a knave

Alice is not telling the truth
Bob is a knight

Bob is telling the truth
Neither of them are knaves
Both of them are knights
Alice is a knight and a knave

14

te Ul

This is impossible.

Alice is a knight

Alice is telling the truth

Bob is a knave

Bob is lying

At least one of them is a knave
Bob is a knave

tue Uil

13 a In the diagram below, there are 11
yellow tiles. We can also count
the yellow tiles by subtracting the
number of red tiles, 52, from the
total number of tiles, 62. Therefore
11 =6>-5%

Alice is a knight, and Bob is a knave.

b Every odd number is of the form
2k + 1 for some k € Z. Moreover,

k+ 12 =k =k +2k+1-k
=2k+1,

so that every odd number can be
written as the difference of two
squares.

¢ Since 101 =2 x50 + 1, we have,

51?2 - 50% = 101.
a Since
9 99 an 10 100
10 110 11 110°
it is clear that
10 9
— > —.
11 10
b We have,
n n-—1
n+1 n
n® nin—-1)

A+ ) n(n+l)

_n2 —nn-1)

nn+1)
_n2 -n’+n
Coam+1)
1
“n(n+1)
>0

since n(n + 1) > 0. Therefore,
n n—1
>
n+1 n
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15 a We have, 17 a Expanding gives,

1 1

10 11 _ 2 2
1 10 (x = y)(x +xy+y2)
~110 110 = + Xy + xy* = Py -y’ - )
:L :X3 - y3’

110

1

100’ which is the difference of two cubes.

i 110 > 100.
SInce > b Completing the square by treating y

b We have as a constant gives,
1 I n+l n
n n+l nn+1) nnr+1) 2+ yx + 92
n+l-n > 2
:n(n+1) =xz+yx+y———+y2
| 4 4
2 2
= —, 2 Y M
= + + — |+ —
nn+1) (x yx 1 ) 1
1 2 32
= ’ y y
n?+n :( + —) + =
| T2 T
< w2 >0
since n® +n > n’. ¢ Firstly, if x > y then x — y > 0.
Therefore,
16 We have,
P+ [a+b) s
2\ 2 Xy
2 12 2 >0 >0
_a+ b B (a+Db) —
2 4 =(x =y (X" +xy+y9)
2 +20*  a*+2ab+b? >0.
4 4
_2(12 +2b* —a® - 2ab - b?
N 4 Therefore, x> > y°.
_a2 —2ab + b?
b42 18 a Let D be the distance to and from
:(a _4 ) work. The time taken to get to work

is D/12 and the time taken to get

0. home from work is D/24. The total
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distance is 2D and the total time is The average speed will then be

b D . .

12 24 distance + time
:22_? + % _op . @rbD Z:)D
:32_2 =2D X ﬁ
:g = azjbb km/hour.

The average speed will then be

) o ¢ We first note that a + b > 0. Secondly,
distance = time

D a+b 2ab
=2D + 3 2 a+b
8 _(a+ b)? f 4ab
=2Dx 5 “2(a+b) 2a+b)
=16 km/hour _(a s by - dab
2(a +b)
b Let D be the distance to and from a2 +2ab + b? — dab
Work. The time ‘taken to get to work = 2a+b)
i1s D/a and the time taken to get home &2 —2ab + b2
from work is D/b. The total distance =
: o 2(a +b)
is 2D and the total time is 2
D D _ (a - b)
PR 2(a +b)
_bD N aD >0
“ab  ab )
aD + bD since (a—b) >0anda+b > 0.
:T Therefore,
_(a+D)D a+b> 2ab
- ab 2 T a+b
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Solutions to Exercise 8B

1 a P:1>0 (true)

not P : 1 < 0 (false)

b P :4isdivisible by 8 (false)
not P : 4 is not divisible by 8 (true)

¢ P : Each pair of primes has an even
sum (false)
not P : Some pair of primes does not
have an even sum (true)

d P : Some rectangle has 4 sides of
equal length (true)
not P : No rectangle has 4 sides of
equal length (false)

a P : 14 is divisible by 7 and 2 (true)
not P : 14 is not divisible by 7 or 14
is not divisible by 2 (false)

b P : 12 is divisible by 3 or 4 (true)

not P : 12 is not divisible by 4 and 12

is not divisible by 3 (false)

¢ P :15isdivisible by 3 and 6 (false)
not P : 15 is not divisible by 3 or 15
is not divisible by 6 (true)

d P :10is divisible by 2 or 5 (true)
not P : 10 is not divisible by 2 or 10
is not divisible by 5 (false)

We will prove that Alice is
a knave, and Bob is a knave.

L

L

Suppose Alice is a knight

Alice is telling the truth

Alice is a knave

Alice is a knight and a knave

This is impossible.

Alice is a knave

Alice is not telling the truth

Alice is a knight OR Bob is a knave

Alice and Bob are both knaves.

If there are no clouds in the sky, then
it is not raining.

If you are not happy, then you are not
smiling.

If 2x # 2, then x # 1.
If x> <y, then x < y.

Option 1: If #n is not odd, then n? is
not odd.
Option 2: If n is even, then n? is even.

Option 1: If mn is not odd, then 7 is
not odd or m is not odd.

Option 2: If If mn is even, then n is
even or m is even.

Option 1: If n and n are not both even
or both odd, then m + n is not even.
Option 2: If n and n are not both even
or both odd, then m + n is odd.

Contrapositive: If n is even then
3n+ 5 is odd.
Proof: Suppose n is even. Then
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n = 2k, for some k € Z. Therefore,
3n+5=32k)+5
=06k+5
=06k+4+1
=23k+2)+1
is odd.

Contrapositive: If n is even, then n? is
even.
Proof: Suppose n is even. Then

n = 2k, for some k € Z. Therefore,

n® = (2k)*
= 4k*
= 2(2k?)
1s even.

Contrapositive: If n is even, then

n*> — 8n + 3 is odd.

Proof: Suppose n is even. Then

n = 2k, for some k € Z. Therefore,

n* —8n+3 = (2k)* — 8(2k) + 3

= 4k* — 16k + 3
=4k — 16k +2 + 1
=20k -8k + 1)+ 1

1s odd.

Contrapositive: If n is divisible by 3,
then n? is divisible by 3.

Proof: Suppose n is divisible by

3. Then n = 3k, for some k € Z.
Therefore,

n? = (3k)*
= 9k*
= 3(3k%)
is divisible by 3.

e

Contrapositive: If n is even, then
n® + 1 is odd.

Proof: Suppose n is even. Then

n = 2k, for some k € Z. Therefore,

P+ 1=2k+1
=8k +1
= 2(4k%) + 1
is odd.

Contrapositive: If m or n are divisible
by 3, then mn is divisible by 3.

Proof: If m or n is divisible by 3 then
we can assume that m is divisible

by 3. Then, m = 3k, for some k € Z.
Therefore,

mn = (3k)n
= 3(kn)
is divisible by 3.

Contrapositive: If m = n, then m + n
is even.
Proof: Suppose that m = n. Then

m+n=n+n
=2n

is even.

Contrapositive: If x > 0, then

x> +3x>0.

Proof: Suppose that x > 0. Then,
x> +3x=x(x+3) >0,

since x > 0and x+ 3 > 0.

Contrapositive: If x < —1, then
X —-x<0.
Proof: Suppose that x < —1. Then,

¥-x=x(x-1)<0,

since x> >0and x— 1 > 0.
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8 a

Contrapositive: If x < 1 and y < 1,
then x +y < 2.
Proof: If x < 1 and y < 1 then,

x+y<l+1=2,

as required.

Contrapositive: If x <3 and y < 2,
then 2x + 3y < 12.
Proof: If x < 3 and y < 2 then,

2x+3y<2x3+3%x2=6+6=12,

as required.

Contrapositive: If m is odd or n is
odd, then mn is odd or m + n is odd.

Proof:

(Case 1) Suppose m is odd and n is
odd. Then clearly mn is odd.

(Case 2) Suppose m is odd and n is
even. Then clearly m + n will be odd.

It is likewise, if m is even and n is
odd.

We rationalise the right hand side to

give,

x-y

Vx+ Ay
__x-y Nx- Wy
VX + Y VX = Ay
_ (= (Vx—+p)
(Vi+ W) (V- +5)
=y (Va- V)
R
—Vx - .

b If x > y then x — y > 0. Then, using

the above equality, we see that,

VE— V= ——

M
i

since the numerator and denomi-

>0,

nator are both positive. Therefore,

Vx> /.

¢ Contrapositive: If yx < 4/y, then

x<y.

Proof: If v/x < /y then, since both
sides are positive, we can square both
sides to give x < y.
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Solutions to Exercise 8C

1 If all three angles are less than 60°,

then the sum of interior angles of the
triangle would be less than 180°. This
is a contradiction as the sum of interior
angles is exactly 180°.

Suppose there is some least positive
. P .
rational number —. Then since,

q
P P
29 gq

there is some lesser positive rational
number, which is a contradiction.
Therefore, there is no least positive
rational number.

Suppose that 4/p is an integer. Then
VP =n,

for some n € Z. Squaring both sides
gives

p=n’
Since n # 1, this means that p has
three factors: 1,7 and n%. This is a
contradiction since every prime number
has exactly two factors.

Suppose that x is rational so that x =

ESH S

where p, g € Z. Then,
3*=2
)4
= 39 =2
p\4
= (3‘1) =24
= 3r=21

The left hand side of this equation is
odd, and the right hand side is even.

This gives a contradiction, so x is not
rational.

Suppose that log, 5 is rational so that
log,5 = P where p, g € Z. Then,
q

P
29 =5
4
= 29 =5
p\4
= (2’1) = 51
= 2r=51

The left hand side of this equation is
odd, and the right hand side is even.
This gives a contradiction, so x is not
rational.

Suppose the contrary, so that /x is
rational. Then

Vx=Z,
q

where p, g € Z. Then, squaring both
sides of the equation gives,
»

g

where p?, ¢*> € Z. Therefore, x is

X =

rational, which is a contradiction.

Suppose, on the contrary that a + b is
rational. Then

rational rational
—— /=
b=(@+b)— b.

Therefore, b is the difference of two
rational numbers, which is rational. This
18 a contradiction.
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10

11

Suppose b and c¢ are both natural
numbers. Then

- =4
(c=b)(c+Db)=4.

The only factors of 4 are 1,2 and 4. And
sincec+b>c—-b,

c—b=1landc+ b =4.
Adding these two equations gives 2¢ = 5

so that ¢ = 3 which is not a whole

number.

Suppose that there are two different
solutions, x; and x,. Then,

ax;+b=candax, + b = c.
Equating these two equations gives,
ax;+b=axx+b
ax, = axp
x| = Xp, (since a # 0)

which is a contradiction since the two
solutions were assumed to be different.

a Every prime p > 2 is odd since if it
were even then p would be divisible
by 2.

b Suppose there are two primes p and p
such that p + g = 1001. Then since
the sum of two odd numbers is even,
one of the primes must be 2. Assume
p = 2 so that g = 999. Since 999 is
not prime, this gives a contradiction.

a Suppose that
42a+7b = 1.

Then
7(6a + b) = 1.

12 a

This implies that 1 is divisible by 7,
which is a contradiction since the
only factor of 1 is 1.

Suppose that

15a +21b = 2.
Then

3(5a +7b) = 2.

This implies that 2 is divisible by 3,
which is a contradiction since the
only factors of 2 are 1 and 2.

Contrapositive: If n is not divisible by
3, then n? is not divisible by 3.

Proof: If n is not divisible by 3 then
eithern =3k + 1 orn =3k + 2.

(Case 1) If n = 3k + 1 then,

n* = Bk + 1)?
=9k% + 6k + 1
=303k +2k) + 1

1s not divisible by 3.
(Case 2) If n = 3k + 2 then,

n® = (3k +2)°
= Ok* + 12k + 4
=Ok* + 12k +3 + 1
=3Gk> +4k+ 1) +1

is not divisible by 3.

This will be a proof by contradic-

tion. Suppose V3 is rational so

that V3 = p where p,q € Z. We
q

can assume that p and g have no
common factors (or else they could
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13 a

be cancelled). Then,

p=3¢ (1)

p? is divisible by 3

p 1s divisible by 3

p = 3k for some k € N

(3k)* = 34°(substitituting into (1))
3¢° = 9k

¢* = 3k2

g° is divisible by 3

L 2 e

q 1s divisible by 3.

So p and ¢ are both divisible by 3,
which contradicts the fact that they
have no factors in common.

14

Contrapositive: If n is odd, then n? is
odd.

Proof: If n is odd then n = 2k + 1 for
some k € Z. Therefore,

=2k + 1)}
=8k + 12k> + 6k + 1
=204k + 6k* + 3k) + 1

is odd. Otherwise, we can simply
quote the fact that the product of 3
odd numbers will be odd.

This will be a proof by contradic-

tion. Suppose V2 is rational so

that V2 = P where p,q € Z. We
q

can assume that p and g have no

common factors (or else they could 15

be cancelled). Then,

p=2 (1)

p’ is divisible by 2

p is divisible by 2

p = 2k for some k € N

(2k)® = 24> (substitituting into (1))
24° = 8k°

g = 4

L e

¢’ is divisible by 2
= g is divisible by 2.

So p and ¢ are both divisible by 2,
which contradicts the fact that they
have no factors in common.

This will be a proof by contradiction, so
we suppose there is some a, b € Z such
that

a?—4b-2=0

=>a’=4b+2

=>a®=22b+1) (1)
which means that ¢? is even. However,
this implies that a is even, so that
a = 2k, for some k € Z. Substituting this
into equation (1) gives,

(2k)> =2(2b + 1)

4> =2(2b + 1)

2k* =2b + 1
26> -2b =1
20> -b) = 1.

This implies that 1 is divisible by 2,
which is a contradiction since the only
factor of 1is 1.

a Suppose on the contrary, that a > vn
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16 a

and b > +/n. Then (r = 3) We have,

b > =n,
a Vo =n mz=(4n+3)2
which is a contradiction since ab = n. — 1602 +24n+9
If 97 were not prime then we could = 161" +24n+8+1
write 97 = ab where 1 <a <b < n. =4(4n® +6n+2)+ 1
By the previous question, we know
that has a remainder of 1.
a < V97 < V100 = 10. Therefore, the square of every integer
Therefore a is one of 1sfdllV151ble by 4 or leaves a remainder
of 1.

{2’ 3’ 4’ 5, 6, 79 8’ 9}'
b Suppose the contrary, so that both

However 97 is not divisible by a and b are odd. Then a = 2k + 1
any of these numbers, which is a and b = 2m + 1 for some k, m € Z.
contradiction. Therefore, 97 is a Therefore,

prime number.
=ad + b
Letm =4n+r wherer =0,1,2,3. = Qk+ 1) +Qm+1)7

(r = 0) We have, =4k + 4k +1+4m* =4m + 1

m* = (4n)* =4 +m* + k+m) + 2.
= 16n°
= & 4n2) This means that ¢? leaves a remainder

of 2 when divided by 4, which is a
is divisible by 4. contradiction.
(r = 1) We have,

m* = (4n + 1) 17 a Suppose by way of contradiction
— 1612+ 81 + 1 either a # c or b # d. Then clearly

5 both a # ¢ and b # d. Therefore,
=4(4n° +2n)+1

has a remainder of 1. a+bV2=c+d\2
(r = 2) We have, b-d)V2=c—-a
m* = (4n + 2)* Nt
= 16n° + 16n + 4 b-d
=4(4n* +4n + 1) Since Z : Z € Q, this contradicts the
is divisible by 4. irrationality of V2.

304



b Squaring both sides gives, Equation (1) then becomes

2
3+2V2=(c+dV2) ax’ +bx+c=0
2
_ 2 2
34+2V2=c?+2cd V2 +2d a(B) +b(£)+c:0
q q

3+2V2 =0 +2d% + 2¢d\2 ) )
ap - +bpg+cq =0 2)
Therefore

2 2
¢ +2d° =3 (D need only consider three cases.

cd =1 (2) (Case 1) If p is odd and ¢ is odd then
equation (2) is of the form

Since p and g cannot both be even, we

Since ¢ and d are integers, this
implies that c = d = 1. odd + odd + odd = odd =0.

This is not possible since 0 is even.
(Case 2) If p is odd and g is even then

18 There are many ways to prove this
equation (2) is of the form

result. We will take the most elementary
approach (but not the most elegant). odd + even + even = odd =0.

Suppose that This is not possible since 0 is even.

ax’> +bx+c=0 (1) (Case 3) If p is even and ¢ is odd then

has a rational solution, x = B. We can equation (2) is of the form

q _ _
assume that p and ¢ have no factors even + even + odd = odd =0.

in common (or else we could cancel). This is not possible since 0 is even.
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Solutions to Exercise 8D

1 a

Converse: If x =1, then2x+3 = 5.
Proof: If x = 1 then

2x+3=2%x1+3=5.

Converse: If n — 3 is even, then n is
odd.

Proof: If n — 3 is even then n — 3 = 2k
for some k € Z. Therefore,

n=2k+3=2k+2+1=2k+1)+1
1s odd.

Converse: If m is odd, then

m? +2m + 1 is even.

Proof 1: If m is odd then the
expression m? + 2m + 1 is of the form,

odd + even + odd = even.

Proof 2: If mis odd then m = 2k + 1
for some k € Z. Therefore,

m> +2m+ 1
=Qk+ 12> +2k+1)+1
=A4k> + 4k +1+2k+2+ 1
= 4k* + 6k + 3
=4k + 6k +2+1
=202k* +3k+ 1)+ 1,

is clearly odd.

Converse: If n is divisible by 5, then

n? is divisible by 5.

Proof: If n is divisible by 5 then

n = 5k for some k € Z. Therefore,
n* = (5k)* = 25k* = 5(5k%),

which is divisible by 5.

Converse: If mn is a multiple of 4,
then m and n are even.

a

This statement is not true. For
instance, 4 X 1 is a multiple of 4, and
yet 1 is clearly not even.

These statements are not equivalent.
(P = Q) If Vivian is in China then
she 1s in Asia, since Asia is a country
in China.

(Q =» P) If Vivian is in Asia, she

is not necessarily in China. For
example, she could be in Japan.

These statements are equivalent.

(P = Q) If 2x = 4, then dividing both
sides by 2 gives x = 2.

(Q = P) If x = 2, then multiplying
both sides by 2 gives 2x = 4.

These statements are not equivalent.
(P= Q)If x>0andy > 0 then

xy > 0 since the product of two
positive numbers is positive.

(Q = P) If xy > 0, then it may not
be true that x > 0 and y > 0. For
example, (1) X (=1) > 0, however
-1<0.

These statements are equivalent.

(P = Q) If m or n are even then mn
will be even.

(O = P) If mn is even then either
m or n are even since otherwise the
product of two odds numbers would
give an odd number.

4 (=)Ifn+1lisoddthen,n+1=2k+1,
where k € Z. Therefore,
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n+2=2k+2
=2(k+1),
so that n + 2 is even.

(<) If n+ 2iseven then, n + 2 = 2k,
where k € Z. Therefore,

n+1=2k-1
=2k-2+1
=2(k-1)+1

so that n + 1 1s odd.

(=) Suppose that n> — 4 is prime. Since

n—4=mn-2)n+2)

expresses n”> — 4 as the product of two
numbers, eithern —2=1orn+2=1.
Therefore, n = 3 or n = —1. However, n
must be positive, so n = 3.

(<) If n = 3 then

n”-4=3-4=5
is prime.
(=) We prove this statement in the

contrapositive. Suppose 7 is not even.
Then n = 2k + 1 where k € Z. Therefore,

=2k + 1)
=8k + 12k* + 6k + 1
= 2(4k* + 6k + 3k) + 1

s odd.

(&) If n is even then n = 2k. Therefore,

n’ = (2k)°
= 8k°
= 2(4k%)
is even.

(=) Suppose that n is odd. Then
n=2m+ 1, for some m € Z. Now either
m is even or m is odd. If m is even, then
m = 2k so that

n=2m+1
= 202k) + 1
=4k + 1.

as required. If m is odd then m = 2g + 1
so that

n=2m+1
=2Q2qg+1)+1
=4q+3
=4qg+4-1
=4(@+1 -1

=4k -1, wherek=qg+ 1,

as required.
(e)If n = 4k = 1 then eithern = 4k + 1
orn=4k—-1.1f n =4k + 1, then

n=dk+1
= 202k) + 1

=2m+ 1, where m = 2k,

is odd, as required. Likewise, if
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n =4k — 1, then b (&) We will prove this in the
n=d4k—1 contrapositive. Suppose that m —n
were odd. Then either m is odd and n

=4k-2+1 . .
is even or visa versa.
=2QR2k-1)+1 Case 1 - If m is odd and n is even
= 2m+ 1, wherem = 2k — 1, The expression m? + mn + n? is of the

form,
. . odd + even + even = odd.
is odd, as required.
Case 2 - m is even and n is odd
The expression m? + mn + n® is of the

8 S that,
(=) Suppose tha form,

(x+y)7 =x"+)

5 s o o even + even + odd = odd.

X +2xy+y " =x"+y
5 0 In both instances, the expression
Xy = .
M m? + mn + n? is odd. Therefore,

=0
v m® —n = (m - n)(m* + mn + n?)
Therefore, x =0 ory = 0.
(&) Suppose that x = 0ory = 0. We

can assume that x = 0. Then

(x+y)? = (0+y)*

is the product of two odd numbers,
and will therefore be odd.

2 10 We first note that any integer n can be
=Y . .
S written in the form n = 100x + y where
=07 +y X,y € Z and y is the number formed
= X%+, by the last two digits. For example,
as required. 1234 = 100 x 12 + 34. Then
n is divisible by 4
9 a Expanding gives ©n = 100x + y = 4k, for some k € Z
(m — n)(m® + mn + n®) oy =4k — 100x
=m® + m*n + mn* — m*n — mn* — n’ oy =4(k —25x)
=m’ —n’. &y is divisible by 4.
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Solutions to Exercise SE

1 a

If we let n = 31 it s clear that
2n* —4n+31 =2x31* -4 x31 +31
is divisible by 31 and so cannot be
prime.
Let x =1and y = —1 so that

(x+y)° =1+ (=17 =0,
while,

Py =1+DP=1+1=2,

1
If x = —, then,
X > en
1 1
2—— —- =
X—4<2 X.
If n = 3 then,

nw—-n=27-3=24

is even, although 3 is not.

Ifm=n=1thenm+n =2 while
mn = 1.

Since 6 divides 2 X 3 = 6 but 6 does
not divide 2 or 3, the statement is
false.

Negation: For all n € N, the number
9n® — 1 is not a prime number.
Proof: Since

I’ —1=0Cn-1)3Bn+1),

and since each factor is greater than
1, the number 91 — 1 is not a prime
number.

Negation: For all n € N, the number
n* + 5n + 6 is not a prime number.
Since

" +5n+6=m+2)n+3),

5

a

and since each factor is greater than
1, the number 9% + 5n + 6 is not a
prime number.

Negation: For all x € R, we have
2+ #1-2°

Proof: Suppose that 2 + x> = 1 — x%.
Rearranging the equation gives,

2+xr=1-x2

252 = -1
1

2—__

X = 2,

which is impossible since x> > 0.

Leta = V2and b = V2. Then
clearly each of a and b are irrational,
although ab = 2 is not.

Leta = V2and b = — V2. Then
clearly each of a and b are irrational,
although a + b = 0 is not.

Leta = V2and b = V2. Then

clearly each of a and b are irrational,
a .

although 5= 1 is not.

If a is divisible by 4 then a = 4k for
some k € Z. Therefore,

a* = (4k)* = 16k* = 4(4k*)
is divisible by 4.
Converse: If a? is divisible by 4 then
a is divisible by 4.

This is clearly not true, since 2> = 4
is divisible by 4, although 2 is not.

If a — b is divisible by 3 then
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a — b = 3k for some k € Z. Therefore, 16+9=25, 15+10=25
14+11 =25, 13+12=25

a® = b* = (a - b)(a+Db) = 3k(a + b) 1+8=9 2+7=9

is divisible by 3. 4+5=09, 3+6=9.

b Converse: If a® — b? is divisible by 3 b We now list each number, in descend-
then a — b is divisible by 3. ing order, with each of its potential
The converse is not true, since pairs.

22 12 = 3 s divisible by 3, although 1274
2—-1=11isnot. IS
10| 6
917
6 a This statement is not true since for all 8 11
a,b eR, 7 12,9
@~ 2ab+ b = (a—b>* > 0> 1. 6310
514
b This statement is not true since for all 415
x € R, we have, 3116
217
X2 —4x+5 13,8
=2 —dx+4—-4+5 Notice that the numbers 2 and 9
—(x 2)2 i1 must be pairec'l with 7. There'fore,
one cannot pair all numbers in the
>1 required fashion.
3
>Z.
8 If we let x = ¢, then
— 02 —
7 a The numbers can be paired as fley=ac+bc+c=clac+b+1)
follows: is divisible by ¢ > 2.
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Solutions to Exercise 8F

ta [P0 |

1+2+---+n:n(n+1)
2

P(1)
If n = 1 then

LHS =1
and

I(1T+1

RHS = (2+ ) _ 1.

Therefore P(1) is true.

Assume that P(k) is true so that
k(k +1)

1+2+---+k= . (1)

2

Pk + 1)
LHS of P(k + 1)

=14+2+---+k+*k+1)

=k(k2+ Disn oy
_kk+1) 20k + 1)

2 2
_k(k +1)+2k+1)

2

_(k+1)(k+2)
B 2
_(k+D((k+ D+ 1)
- 2
=RHS of P(k + 1)
Therefore P(k + 1) is true.

Therefore P(n) is true for all n € N
by the principle of mathematical

induction.

b [P

l+x+x> 4+ +x" =

1= xn+1

1-—x

If n = 1 then
LHS=1+x

and

RHS =

1-—x 1—x

Therefore P(1) is true.

Assume that P(k) is true so that
"y 1= xk+l

l+x+x> 4+ +xf =

Pk +1)
LHS of P(k + 1)

=1+ x4+ 2%+ -+ x4 A

|

1= Xk+1
— + xk+1
1-—x

1_xk+l

(by (1))

Xk+1(1 _x)
1-x I —x
_1 _ xk+1 + Xk+1(1 _ x)

B I—x
1= xk+1 + xk+1 _ xk+2

1—x
1—Xk+2

1-—x
1= x(k+l)+l

- 1—-x

=RHS of P(k + 1)

Therefore P(k + 1) is true.
Therefore P(n) is true for all n € N

by the principle of mathematical
induction.

e [P

1-2) (1-x)1+x)

(D

, nn+1D2n+1)

124224+ 4+n? =

6
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If n =1 then

LHS =12-1
and
1+ D2+1)

6
Therefore P(1) is true.

P(k)
Assume that P(k) is true so that
3 k(k+ DHQ2k+1)
= 5 )

RHS = 1.

124274+ 4k

LHS of P(k + 1)
=12 4+22 4+ I+ (k+ 1)
_k(k+ D2k +1)
B 6
_k(k+ D2k +1) N 6(k + 1)?
B 6 6
_k(k+ D)2k + 1) + 6(k + 1)?
B 6
_(k+ D2k + 1)+ 6(k + 1))
B 6
_(k+ 1)K + k + 6k + 6)
B 6
_(k+ DQ2K* + Tk + 6)
B 6
_(k+ 1)(k +2)(2k + 3)
- 6
(k+ D((k+ 1D+ DQRKk+1)+ 1)
B 6
=RHS of P(k + 1)
Therefore P(k + 1) is true.

)

+(k+1)* (by (1)

Therefore P(n) is true for all n € N
by the principle of mathematical
induction.

a [P |

1-2+---4n-(n+1) =

nn+ 1)(n+2)
3

If n = 1 then
LHS=1x2=2

and

RES = 1><§><3 _

Therefore P(1) is true.

Assume that P(k) is true so that
k(k + 1)(k + 2)
3 :

2.

12+ +k-(k+1) =

LHS of P(k + 1)
=1-2+---+k-(k+ 1)+ (k+1) - (k+2)
_k(k+ 1) (k+2)
—S 7
_k(k+ 1) (k+2) N 3k + 1)(k+2)
- 3 3
_k(k+ D)(k+2)+3(k+ D(k+2)
3 3
_(k+ Dk +2)(k +3)
N 3
(k+ DR+ 1)+ D((k+ 1) +2)
N 3
=RHS of P(k + 1)
Therefore P(k + 1) is true.

Therefore P(n) is true for all n € N
by the principle of mathematical

ey

+(k+1)(k+2) (by(1))

induction.

e [ P |

1 1

_ e+ =
1-3 2n-12n+1)
n

2n+1

If n = 1 then
1

1
LHS= — = —
S 1x3 3

and

312



Therefore P(1) is true.

Assume that P(k) is true so that

Lo 1 ok
1-3 k- DQk+1) 2k+1

LHS of P(k + 1)

! + ! +
1-3 3-5

1 1

T k- D2k+ 1) k+ D@k +3)

k 1

Tok+1 2k + D2k + 3)

_ k(2k+3) . 1
Qk+ 1Dk +3)  (Qk+ D(2k+3)

_ kQRk+3)+1

T2k + D2k +3)

2k +3k+ 1

T2k + D(2k + 3)

_ Qk+ D(k+1)

T2k + D2k +3)

B k+1

T2k +3)

3 k+1

T QRKk+1D+1)

=RHS of P(k + 1)

Therefore P(k + 1) is true.

(by (1))

Therefore P(n) is true for all n € N
by the principle of mathematical
induction.

If n = 2 then

1 3
LHS=1- ==~
> 22 4

and

RHS = 271 -3
2x2 4
Therefore P(2) is true.

Assume that P(k) is true so that

1 1\ k+1
(1_2_)"'(1_E):7
Pk + 1)

LHS of P(k + 1)

-z <@l -mw)

k41 1
T2k 1_(k+1)2) (by (1)

_k+1 (k +1)? 1 )

2% \k+12 (k+1)72
Ck+1((k+1)* -1
2k (k + 1)2 )
(k+ DK + 2k)

2k(k + 1)2
(ke + 1)k +2)
 2k(k + 1)?
_(k+2)
S 2(k+ 1)
(k+D+1
C2k+1)
=RHS of P(k + 1)
Therefore P(k + 1) is true.

Therefore P(n) is true for all n € N
by the principle of mathematical
induction.

2 a [P |

11" — 1 is divisible by 10

If n =1 then
1'-1=11-1=10
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is divisible by 10. Therefore P(1) is
true.

Assume that P(k) is true so that
1 —1=10m (1)

for some k € Z.

1 -1 =11x11% =1

=11x{A0m+1)-1 (by(1))

=110m+11 -1
=110m + 10

=10(11m+ 1)
is divisible by 10. Therefore P(k + 1)
is true.

Therefore P(n) is true for all n € N
by the principle of mathematical
induction.

32" + 7 is divisible by 8

If n = 1 then
34 7=94+7=16=2x8

1s divisible by 8. Therefore P(1) is
true.

P(k)
Assume that P(k) is true so that

3K+ 7 =8m (1)

for some k € Z.

32(k+1)+7:32k+2+7
=3% %3247
=@8m—-T)x9+7 (by(1))
=72m—63 +7
=72m — 56
= 8(9m —7)

is divisible by 8. Therefore P(k + 1)
is true.

Therefore P(n) is true for all n € N
by the principle of mathematical
induction.

7" — 3" is divisible by 4
If n =1 then
7'-3'=7-3=4

1s divisible by 4. Therefore P(1) is
true.

Assume that P(k) is true so that
7*—3k=d4m (1)

for some m € Z.

7k+1 _ 3k+1

=7 x 7% — 3k*1

=7 x (4m +35) =3 x 3% (by (1))
=28m + 7 x 3k =3 x 3
=28m + 4 x 3

=4(Tm + 3%
is divisible by 4. Therefore P(k + 1)
is true.

Therefore P(n) is true for all n € N
by the principle of mathematical
induction.
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a [P |

5" +6 x 7"+ 1 is divisible by 4
If n = 1 then

S5'46x7' +1=48=4x12
is divisible by 4. Therefore P(1) is
true.

P(k)

Assume that P(k) is true so that

S+6xT +1=4m (1)

for some k € Z.
Pk +1

5o x 7ML 41
=5x55+6xTx7" +1

=5 X (4m — 6 x T* = 1) + 42 x 7!
=20m -30x 7" -5 +42x 7"+ 1
=20m + 12 x 7" - 4

=4(5m +3x 7 - 1)
is divisible by 4. Therefore P(k + 1)
is true.

!

Therefore P(n) is true for all n € N
by the principle of mathematical

w
®
-
=)
a.
c
(@}
I g‘
o
=i

P(n)
4" > 10x 2" where n > 4
P(4)
If n = 4 then
LHS = 4% = 256 and RHS = 10x2* = 160.
Since LHS > RHS, P(4) is true.
P(k)
Assume that P(k) is true so that
4% > 10x 2" where k > 4. (1)

~
~~
=
+
[
p—

We have to show that
441 5 10 x 29+
LHS of P(k + 1) = 4%
=4 x 4*
>4 x 10 x 2F
=40 x 2¢
=20 x 2¢*1

(by (1))
(as 10 > 2)

> 10 x 2k+!

= RHS of P(k + 1)
Therefore P(k + 1) is true.
Since P(5) is true and P(k + 1) is true
whenever P(k) is true, P(n) is true for
all integers n > 4 by the principle of
mathematical induction.

P(n)
">35x2"wheren >5
P(5)
If n = 5 then
LHS = 3° = 243 and RHS = 5x2° = 160.
Since LHS > RHS, P(5) is true.
P(k)
Assume that P(k) is true so that
3*>5x%x28wherek>5. (1)

(%]

Pk +1)
We have to show that
3k+1 > 5 X 2k+1'

LHS of P(k + 1) = 3!

=3x3

>3x5x2F (by (1))
=15x2F (as 10> 2)
> 10 x 2

:5X2k+1

=RHS of P(k + 1)
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Therefore P(k + 1) is true.

Since P(5) is true and P(k + 1) is true
whenever P(k) is true, P(n) is true for
all integers n > 5 by the principle of
mathematical induction.

2" > 2n wheren > 3

If n = 3 then
LHS =2>=8and RHS =2 x3 =6.

Since LHS > RHS, P(3) is true.

Assume that P(k) is true so that

2% > 2k where k > 3. (1)

‘We have to show that
2 S 2(k + 1).
LHS of P(k + 1) = 2~*!
=2 x 2k
>2x2k (by (1)
= 4k
=2k + 2k
>2k+2 (as2k>2)
=2(k+1)

= RHS of P(k + 1)
Therefore P(k + 1) is true.

Therefore P(n) is true for all
integers n > 3 by the principle of
mathematical induction.

n! > 2" wheren > 4

If n = 4 then
LHS = 4! = 24 and RHS = 2* = 16.
Since LHS > RHS, P(4) is true.

Assume that P(k) is true so that

k! > 2 where k > 4. (1)

We have to show that
(k + 1)l > 2K,
LHS of P(k +1) = (k + 1)!
= (k + Dk!
> (k+ 1) x 2k (by (1))
>2x28 (ask+1>2)

— 2k+l

= RHS of P(k + 1)
Therefore P(k + 1) is true.
Therefore P(n) is true for all
integers n > 4 by the principle of
mathematical induction.

42 [P ]

a, =2"+1

If n = 1 then
LHS=a; =3andRHS =2 + 1 = 3.
Since LHS = RHS, P(1) is true.

Assume that P(k) is true so that

ap=25+1. (1)

We have to show that

ak+l — 2k+1 +1.
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C

LHS of P(k + 1) = ags;

=2a; — 1 (by definition)
=202+ 1)-1 (by (1)
=240

— 2k+1 +1

= RHS of P(k + 1)
Therefore P(k + 1) is true.
Therefore P(n) is true for all n € N
by the principle of mathematical
induction.

P(n)

a=9"=1

P(1)
If n = 1 then
LHS =a; =4andRHS = 5' -1 = 4.
Since LHS = RHS, P(1) is true.

Q
I

P(k)
Assume that P(k) is true so that
a=5-4. (1)

Plk+1)
‘We have to show that

Clk+l A 5k+1 —4.

LHS = Al+1
= 5a; +4 (by definition)
=55*-1D+4 (by (1)

=51 544
:5k+1 -1
= RHS

Therefore P(k + 1) is true.

Therefore P(n) is true for all n € N
by the principle of mathematical
induction.

P(n)

5

a,=2"+n

If n = 1 then
LHS =a; =3and RHS =2' + 1 = 3.
Since LHS = RHS, P(1) is true.

Assume that P(k) is true so that
ax=2+k. (1)
We have to show that
d =2 k41,
LHS of P(k + 1) = ag+
2a; —k+1
=202+ k) —k+1
=21 4 2k —k+ 1
=24k + 1

= RHS of P(k + 1)
Therefore P(k + 1) is true.

Therefore P(n) is true for all n € N
by the principle of mathematical
induction.

3" is odd where n € N
If n = 1 then clearly
31=3
is odd. Therefore, P(1) is true.
Assume that P(k) is true so that
F=2m+1 (1)

for some m € Z.

~
~~
b
+
—
~
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3k+1 :3X3k
=3x2m+1) (by(1))
=6m+3
=6m+2+1

=2CB8m+1)+1
is odd, so that P(k + 1) is true.

Therefore P(n) is true for all n € N by
the principle of mathematical induction.

6 a| P

n®> — n is even, where n € N.

P(1)
If n = 1 then

17-x1=0
is even. Therefore, P(1) is true.
P(k)

Assume that P(k) is true so that k> — k

is even. Therefore,
KR —-k=2m (1)

for some m € Z.

P(k + 1)

k+1)?*—=(k+1)
=k>+2k+1—-k-1

=k* +k

=(k* — k) + 2k

=2m +2k (by (1))

=2(m + k)
Since this is even, P(k + 1) is true.

Therefore P(n) is true for all n € N
by the principle of mathematical
induction.

b Factorising the expression gives

nz—n:n(n—l).

As this is the product of two consec-
utive numbers, one of them must be
even, so that the product will also be
even.

7 a [P |

n® — n is divisible by 3, where n € N.

If n = 1 then
P-1=0

is divisible by 3. Therefore, P(1) is
true.

P(k)
Assume that P(k) is true so that k> — k
is divisible by 3. Therefore,

E—-k=3m (1)
for some m € 7Z.
We have to show that (k+1)° — (k+ 1)
is divisible by 3.
(k+1°—(k+1)
=k + 3K +3k+ 1 —k—1
=k> — k + 3k* + 3k
=(k® — k) + 3k* + 3k
=3m + 3k*> + 3k (by (1))
=3(m + k> + k)

Since this is divisible by 3, P(k + 1) is
true.

Therefore P(n) is true for all n € N
by the principle of mathematical
induction.

Factorising the expression gives
P +n=nm*-1)=nn-Dn+1).

As this is the product of three
consecutive numbers, one of them
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must be divisible by 3, so that the
product will also be divisible by 3.

n \1 2 3 4 5
a, \ 9 99 999 9999 99999

We claim that a,, = 10" — 1.

P(n)
a, =10" -1
P(1)
If n =1, then
LHS = a; =9and RHS = 10' -1 = 9.
Since LHS = RHS, P(1) is true.
P(k)
Assume that P(k) is true so that
ar=10—1. (1)
Pk+1)
We have to show that
a1 = 10F Z 1
LHS = a;4;
= 10a; +9 (by definition)
= 1010 = 1) +9 (by (1))

=101 -10+9
=107 -1
= RHS

Therefore P(k + 1) is true.

Therefore P(n) is true for all n € N
by the principle of mathematical
induction.

6 7 8 9 10
8 13 21 34 55

hi+h++fu=fa2—1

If n =1 then
LHS=fi=1
and
RHS=f;-1=2-1=1.
Since LHS = RHS, P(1) is true.

Assume that P(k) is true so that
H+h+ o+ fi=firn—-1 (1)

LHSof Ptk + 1) = fi+ o+ + fi + fir1
= fisz = 1+ firr  (by (1))
= firt + fira — 1
= frsz —1 (by definition)

= furye2 — 1

= RHS of P(k + 1)
Therefore P(k + 1) is true.
Therefore P(n) is true for all n € N

by the principle of mathematical
induction.

fi=1

fi+fi=1+2=3
f1+f3+f5:3+5:8
h+fH+fs+f=8+13=21

From the pattern observed above, we
claim that

i+ 3+t fane1 = fon

e [P

fit i+ + foum1 = fou

If n = 1 then
LHS = fi =1
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and
RHS=f-1=2-1=1.

Since LHS = RHS, P(1) is true.

Assume that P(k) is true so that
Hh+ i+ + famr = fare (D

LHS = fi+ f+ -+ far-1 + Sornn
= fu + fus1  (by (1))
= fos2 (by definition)

= o+
= RHS
Therefore P(k + 1) is true.

Therefore P(n) is true for all n € N
by the principle of mathematical
induction.

The Fibonacci number f3, is even.

If n = 1 then

fr=2

1s even, therefore P(1) is true.

P(k)
Assume that P(k) is true so that f3; is
even. That is,

fHre=2m (1)

for some m € Z.

Saw+1) = faks3
= fars2 + fa+1  (by definition)
= fakr1 + Sk + Sk
= 2f3k+1 + fak
=2fa+1 +2m  (by (1))

= 2(f3k+1 + m)
Since this is even, P(k + 1) is true.

Therefore P(n) is true for all n € N
by the principle of mathematical
induction.

o [P0

Since we’re only interested in odd
numbers our proposition is:

42n=1 4 527-1 5 divisible by 9, where
n e N.

If n = 1 then
4'+5' =9

is divisible by 9. Therefore P(1) is true.

Assume that P(k) is true so that
4ty =om (1)

for some k € Z.

Pk+1)
The next odd number will be 2k + 1.
Therefore, we have to prove that

42k+l + 52k+1

1s divisible by 9.
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12

42k+1 + 52k+1

:42 X 42/(—1 + 52 X 52k—l

=16 x (9m — 5% 1) + 25 x 5%1
=144m — 16 x 5271 + 25 x 5%1
=144m + 9 x 52!

=9(16 + 5%
Since this is divisible by 9, we’ve shown
that P(k + 1) is true.

Therefore P(n) is true for all n € N by
the principle of mathematical induction.

P(n)
A set of numbers S with n numbers has
a largest element.

P(1)
If n = 1, then set S has just one element.
This single element is clearly the largest

element in the set.

P(k)
Assume that P(k) is true. This means
that a set of numbers S with k numbers

has a largest element.

Pk +1)

Suppose set S has k + 1 numbers.
Remove one of the elements, say x, so
that we now have a set with k numbers.
The reduced set has a largest element,

. Put x back in set S, so that its largest
element will be the larger of x and y.
Therefore P(k + 1) is true.

Therefore P(n) is true for all n € N by
the principle of mathematical induction.

<

P(n)
It is possible to walk around a circle
whose circumference includes n friends

(by (1))

13

and n enemies (in any order) without
going into debt.

If n = 1, there is one friend and one
enemy on the circumference of a circle.
Start your journey at the friend, receive
$1, then walk around to the enemy and
lose $1. At no point will you be in debt,
so P(1) is true.

Assume that P(k) is true. This means
that it is possible to walk around a circle
with & friends and k enemies (in any
order) without going into debt, provided
you start at the correct point.

Suppose there are k + 1 friends and k + 1
enemies located on the circumference of
the circle, in any order. Select a friend
whose next neighbour is an enemy
(going clockwise), and remove these
two people. As there are now k friends
and k enemies, it is possible to walk
around the circle without going into
debt, provided you start at the correct
point. Now reintroduce the two people,
and start walking from the same point.
For every part of the journey you’ll have
the same amount of money as before
except when you meet the added friend,
who gives you $1, which is immediately
lost to the added enemy.

Therefore P(n) is true for all n € N by
the principle of mathematical induction.

Every integer jsuchthat2 < j < nis
divisible by some prime.
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14

If n = 2, then j = 2 is clearly divisible
by a prime, namely itself. Therefore
P(2) is true.

Assume that P(k) is true. Therefore,
every integer jsuch that2 < j < ks
divisible by some prime.

We need to show that integer j such
that 2 < j < k + 1 is divisible by some
prime. By the induction assumption, we
already know that every jwith2 < j <k
is divisible by some prime. We need
only prove that k + 1 is divisible by a
prime. If k + 1 is a prime number, then
we are finished. Otherwise we can find
integers a and b such that k + 1 = ab
and2 <a<kand2 < b < k. Bythe
induction assumption, the number a
will be divisible by some prime number.
Therefore k£ + 1 is divisible by some
prime number.

Therefore P(n) is true for all n € N by
the principle of mathematical induction.

If such a colouring of the regions is
possible we will call it a satisfactory
colouring.

If n lines are drawn then the resulting
regions have a satisfactory colouring.

If n = 1, then there is just one line.
We colour one side black and one side
white. This is a satisfactory colouring.
Therefore P(1) is true.

Assume that P(k) is true. This means
that we can obtain a satisfactory
colouring if there are k lines drawn.
Now suppose that there are k + 1 lines
drawn. Select one of the lines, and
remove it. There are now k lines, and
the resulting regions have a satisfactory
colouring since we assumed P(k) is true.
Now add the removed line. This will
divide some regions into into two new
regions with the same colour, so this is
not a satisfactory colouring.

However, if we switch each colour
on one side of the line we obtain a
satisfactory colouring.

This is because inverting a satisfactory
colouring will always give a satisfactory
colouring, and regions separated the new
line will not have the same colour.

Therefore P(n) is true for all n € N by
the principle of mathematical induction.
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Solutions to Technology-free questions

1

a

Let the 3 consecutive integers be
n,n+ 1 and n + 2. Then,

n+n+1)+(n+2)=3n+3

=3(n+1)

is divisible by 3.

This statement is not true. For
example, 1 +2 +3 +4 = 101is not
divisible by 4

(Method 1) If n is even then n = 2k, for
some k € Z. Therefore,

n* =3n+1=(2k?> =22k + 1
= 4k* — 4k + 1
=2(2k*> - 2k) + 1

1s odd.
(Method 2) If n is even then n®> — 3n + 1
is of the form

even — even + odd = odd.

(Contrapositive) If n is not even, then

n? is not even. (Alternative) If n is

odd, then »? is odd.

If n is odd then n = 2k + 1, for some
k € Z. Therefore,

n = Qk+1)>
= 8k + 12k% + 6k + 1
= 2(4k> + 6k + 3k) + 1
is odd.

This will be a proof by contradic-
tion. Suppose V6 is rational so

4 a

that V6 = P where p,q € Z. We

can assume that p and g have no
common factors (or else they could
be cancelled). Then,

pP=6q (1)

p is divisible by 2

p is divisible by 2

p = 2k for some k € N
(2k)* = 64°(substitituting into (1))
8k> = 64°
4k = 3q°

L

g° is divisible by 2
= ¢ is divisible by 2.
So p and g are both divisible by 2,

which contradicts the fact that they
have no factors in common.

Suppose n is the first of three
consecutive numbers. If n is divisible
by 3 then there is nothing to prove.
Otherwise, it is of the formn = 3k + 1
or n = 3k + 2. In the first case,

n=3k+1
n+1=3k+2
n+2=3k+3=3k+1)

so that the third number is divisible
by 3. In the second case,

n=3k+2
n+1=3k+3=3k+1)
n+2=3k+4

so that the second number is divisible
by 3.
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b

The expression can be readily
factorised so that

7 +3n% +2n =n(n* +3n+2)

=nn+1n+2)

is the product of 3 consecutive
integers. As one of these integers
must be divisible by 3, the product
must also be divisible by 3.

if m and n are divisible by d then
m = pd and n = gd for some p,q € Z.
Therefore,

m—n= pd-qd
=d(p-q)

is divisible by d.

Take any two consecutive numbers
nandn + 1. If d dividesn and n + 1
then d mustdivide (n+ 1) —n = 1.
As the only integer that divides 1 is 1,
the highest common factor must be 1,
as requried.

We know that any factor of 1002 and
999 must also divide 1002 — 999 = 3.
As the only factors of 3 are 1 and 3,

the highest common factor must be 3.

If x = 9 and y = 16 then the left hand
side equals

Vo+16=V25=5
while the right hand side equals

Vo+Vi6=3+4=7.

b (=)

[(]VX+y= Vx+ )y
:>x+y:(\/}+ \/§)2
Sx+y=x+ xy+y

= 0 = sgrtxy
=xy=0
=x=0o0ry=0

(<) Suppose that x = 0or y = 0. We
can assume that x = 0. Then

=\
= W+ V0
=V + Vx,

as required.

7 (Case 1) If n is even then the expression
is of the form

even + even + even = even.

(Case 1) If n is odd then the expression
is of the form

odd + odd + even = even.

8 a Ifa=>b=c=d =1 then the left
hand side equals

1
-+ -=2
1 1

while the right hand side equals

L |

1+1

b first note that if 2 > g then bc > ad.
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Therefore,
a+c a

b+d b
_bla+c) alb+d)
“bb+d)  bb+d)
_bla+c)—alb+d)
B b(b + d)
_ab+bc—ab—ad
Bl b(b + d)
_bc—ad
" b(b+d)
>0

since bc > ad. This implies that
a+c a
—_— > -,
b+d b
Similarly, we can show that
a+c ¢

< -.
b+d d

P(n)

6" + 4 is divisible by 10
P(1)

If n =1 then

6' +4 =10
is divisible by 10. Therefore P(1) is

P(k)
Assume that P(k) is true so that
6“+4=10m (1)

II§
&

for some m € Z.

Pk + 1

64 =6x6"+4
=6x(10m—-4)+4 (by (1))
= 60m — 24 + 4
= 60m — 20 x 3
= 10(6m — 2)

!

is divisible by 10. Therefore P(k + 1)
is true.

Therefore P(n) is true for all n € N
by the principle of mathematical
induction.

Pn)

12+32+---+2n-17%=
n2n—-1)2n+1)

P(1)

If n = 1 then LHS= 12 = land
RHS = I2x1-1)2x1+1) _

3
Therefore P(1) is true.

P(k)
Assume that P(k) is true so that

Ib)

1.

12+3% 4+ +(2k-1)* = 3

Pk + 1)

LHS of P(k + 1)
12432+ + k=1 + 2k + 1)?
_k(Qk - D)2k + 1)
B 3
_ﬁ@k—b@k+n+3gk+bz
B 3 3
_kQk— D2k + 1) + 32k + 1)
B 3

@k + D(kQ2k - 1) + 32k + 1))
B 3
_Qk+ 1)(2k> — k + 6k +3)

3
_Ck+ D@k +3)k+ 1)

3
(k+ D2k + 1)(2k + 3)

3
k+DQRKEk+1D)-DRK(+1D+1)
- 3
=RHS of P(k + 1)
Therefore P(k + 1) is true.

+ 2k + 1)

(by (1))
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Therefore P(n) is true for all n € N induction.
by the principle of mathematical
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Solutions to multiple-choice questions

1 E The expression m — 3n is of the form

even — odd = odd.

2 E Ifmisdivisible by 6 and n is

3

divisible by 15 then m = 6p and
n = 15¢q for p, q € Z. Therefore,

m X n = 90pq
m+n=06p+15¢=32p+ 5q)

From these two expressions, it
should be clear that A,B,C and D
are true, while E might be false. For
example, if m = 6 and n = 15 then
m + n = 21 is not divisible by 15.

We obtain the contrapositive by
switching P and Q and negating
both. Therefore, the contrapositive
will be

not Q = not P

We obtain the converse by switching
P and Q. Therefore, the converse
will be

Q=P

5 C If m+n=mnthen

n=mn—m

n=mn-1)

6 D

7 D

8 C

This means that n is divisible by

n — 1, which is only possible if n = 2
orn=0.Ifn=0,thenm = 0. If

n = 2, then m = 2. Therefore there
are only two solutions, (0, 0) and
(2,2).

The only statement that is true
for all real numbers a, b and

¢ 1s D. Counterexamples can
be found for each of the other
expressions, as shown below.

1 1
A - < =
3 2
1 1
B — > —
2 -1

C 3x-1<2x-1

E  12< (=27

As n is the product of 3 consecutive
integers, one of which will be
divisible by 3 and one of which

will be divisible by 2. The product
will be then be divisible by 1, 2,3
and 6. On the other hand, it won’t
necessarily be divisible by 5 since

2 X 3 x 4 is not divisible by 5.

Each of the statements is true except
the third. In this instance, 1 + 3 is
even, although 1 and 3 are not even.
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Solutions to extended-response questions

1 a The number of dots can be calculated two ways, either by addition,
1+2+3+4)+(1+2+3+4)

or by multiplication,
4 x5.

Equating these two expressions gives,
1+2+3+4)+(1+2+3+4)=4x%5

20+2+3+4)=4x%x5

1+2+3+4:i§é

The argument obviously generalises to more dots, giving equation (1).

b We have,
2
=99 x 50,
which is divisible by 99.

¢ Suppose that m is the first number, so that the n connective numbers are
mm+1,....m+n-1.
Then,
m+m+D)+m+2)+---+(m+n-1)
=nxXxm+(1+2+---(n-1))

(n—1n
2

=nm+
o)
=n|m+

2

n-—1

Since n is odd, n — 1 is even. This means that is an integer. Therefore, the term

in brackets is an integer, which means the expression is divisible by 7.

d Since |
1+2+~-+n:n(nz+ ),

we need to prove the following statement:
3 n*(n + 1)?

P+2 4+ 40 =
" 4

328



a

If n = 1 then
LHS=1°=1
and 12(1 + 1)?
RHS = — - 1.
Therefore P(1) is true.
Assume that P(k) is true so that
K+ 1)

P+22 4. 41

1 )

LHS of P(k + 1)
=P+ 4+ P k+ 1)

Kk +1)?
4
K+ 1?4+ 1)
T 1 T4
Rk + 1)+ 4k + 1)
Bl 4

C(k+ DK+ 4k + 1))
Bl 4

C(k+ 1K+ 4k + 4)
B 4

_(k+ 1)k +2)?

Bl 4

C(k+ D*((k+ 1)+ 1)?
a 4

=RHS of P(k + 1)

+(k+1y  (by (1)

Therefore P(k + 1) is true.

Therefore P(n) is true for all n € N by the principle of mathematical induction.

The first number is divisible by 2, the second by 3, the third by 4 and so on. As each
number has a factor greater than 1, each is a composite number. Therefore this is a

sequence of 9 consecutive composite numbers.
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b

We consider the this sequence of 10 consecutive numbers,
I+ 2, 110 +3,..., 111+ 11.

The first number is divisible by 2, the second by 3 and so on. Therefore as each
number has a factor greater than 1, each is a composite number.

Since (a, b, ¢) is a Pythagorean triple, we know that a*> + b> = ¢2. Then (na, nb, nc) is
also a Pythagorean triple since,

(na)?> + (nb)* = n*a* + n*b?
= n(a* + b?)
= n’(c?)

(nc)?,

as required.

Suppose that (n,n + 1,n + 2) is a Pythagorean triple. Then
P+ 1)7?=m+2)>

4+’ +2n+1=n"+4n+4

" -2n-3=0
n-3)n+1)=0
n=3-1.

However, since n > 0, we obtain only one solution, n = 3, which corresponds to the
famous (3,4, 5) triangle.

Suppose some triple (a, b, ¢) contained the number 1. Then clearly, 1 will be the
smallest number. Therefore, we can suppose that

124+ b = 2
c-p=1
(c=b)c+b)=1
Since the only divisor of 1 1s 1, we must have
c+b=1
c—-b=1
=b=0andc = 1.

This is a contradiction, since b must be a positive integer. Now suppose some triple
(a, b, ¢) contained the number 2. Then 2 will be smallest number. Therefore, we can
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suppose that
22+ =¢?
-b =4
(c=b)c+b)=4

Since the only divisors of 4 are 1,2 and 4, we must have

c+b=4
c—-b=1

3 5
zbzi,czi

or

c+b=2
c—b=2
=b=0,c=2

In both instances, we have a contradiction since b must be a positive integer.

(Case 1) If a = 3k + 1 then
a = 3k + 1)
= 9k® + 6k + 1
=3(3k* + 2k) + 1

leaves a remainder of 1 when divided by 3.
(Case 2) If a = 3k + 2 then

a* = Bk +2)?
= Ok* + 12k + 4
=0k* + 12k +3 + 1
=33k +4k+ 1)+ 1
also leaves a remainder of 1 when divided by 3.
Suppose by way of contradiction that neither a nor b are divisible by 3. Then using

the previous question, each of a? and b? leave a remainder of 1 when divided by 3.
Therefore a® = 3k + 1 and b? = 3m + 1, for some k, m € Z. Therefore,

A =a*+b?
=3k+1+3m+1
= 3(k+m)+ 2.

This means that ¢? leaves a remainder of 2 when divided by 3, which is not possible.
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5 a| P
n* + n is divisible by 2, where n € Z.
P(1)
fn = 1then 1% + 1 = 2 is divisible by 2. Therefore P(1) is true.
P(k)
Assume that P(k) is true so that
F+k=2m (1)

[

for some m € Z.

B
~~~
by
+
—
N’

Letting n = k + 1 we have,
k+ 1%+ (k+1)
=>4+ 2k+1+k+1
=k> + 3k +2
=(k* + k) + (2k +2)
=2m+2(k+1) (by (1))
=2(m+k+1)
is divisible by 2. Therefore P(k + 1) is true.

Therefore P(n) is true for all n € N by the principle of mathematical induction.

b Since
n+n= nn+1)

is the product of two consecutive integers, one of them must be even. Therefore the
product will also be even.

¢ Ifnisodd, then n = 2k + 1. Therefore
n—1=2k+17°-1

=4+ 4k +1-1

= 4% + 4k

=4k(k + 1)

=4 x2k (since the product of consecutive integers is even)
= 8k

as required.

6 a If nis divisible by 8, then n = 8k for some k € Z. Therefore
n* = (8k)* = 64k* = 8(8k%)
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b

is divisible by 8.
(Converse) If n? is divisible by 8, then n is divisible by 8.

The converse is not true. For example, 4% = 16 is divisible by 8 however 4 is not
divisible by 8.

There are many possibilities. For example 3 + 97 = 100 and 5 + 97 = 102.

Suppose 101 could be written as the sum of two prime numbers. Then one of these
primes must be 2, since all other pairs of primes have an even sum. Therefore
101 =2 + 99, however 99 is not prime.

There are many possibilities. For example, 7 + 11 + 83 = 101.

Consider any odd integer n greater than 5. Then n — 3 will be an even number greater
than 2. If the Goldbach Conjecture is true, then n — 3 is the sum of two primes, say p
and g. Then n = 3 + p + g, as required.

We have,
1 1 n n—1
n-1 n nn-1) nn-1)

_n—(m-1)
 n(n-1)
_n—-n+l
Can-1)
3 1
Cn(n-1)

Using the identity developed in the previous question, we have,

1 1 1
+

— —+...+
2x1 3x2 nn+1)
1 1 1 1 1 1 1 1 1 1
mE——— = — =+ = — = - + - -
1 2 2 3 3 4 n-2 n-1 n-1 n
_1 1
1 n
3 1
B n

as required.
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d Since k*> > k(k— 1) forall k € N,
1 1 1 1
—_ _...+_

<2,

as required.

9 a We have,
X+y a’ + b?
7 V= Vel
2, 12

:a-lz-b b
_az+b2 2ab
T2 2
_az—2ab+b2
= o
_(a—b)?
2 @

> 0.

It is also worth noting that we get equality if and only if x = y.
b i Using the above inequality, we obtain,
1 [ 1
a+—2=>24la-—
a a
=2V1

=2.

as required.
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ii Using the above inequality three times, we obtain,
(a+b)(b + c)(c +a) = 2Vab x 2 Vbc x 2 Vea
= 8(Vay (Vb (Vey?
= 8abc,

as required.

iii This inequality is a little trickier. We have,
2 2 2 2 2 2
s 2 o [a° b b- ¢ a- ¢
+b°+c" ==+ =|+|=F+=|+|=+ =
¢ ‘ (2 2) (2 2) (2 2)
a* + b? N b* + c? +a2+c
2 2 2
Va2b? + Vb2c? + Va2

=ab + bc + ac,

Y

as required.

¢ If a rectangle has length x and width y then its perimeter will be 2x + 2y. A square
with the same perimeter will have side length,
2x+2y  x+y
4 2

Therefore,

X+ y)\?
A(square) = (T) > xy = A(rectangle).

10 We show that it is only possible for Kaye to be the liar.
case 1

Suppose Jaye is lying

Kaye is not lying

Elle is lying

There are two liars

Lu Ul

This is impossible.

case 2

Suppose Kaye is lying

Jaye is not lying and Elle is not lying

Uy

Kaye is the only liar
case 3

Suppose Elle is lying
Mina is not lying
Karl is lying

There are two liars

LUl

This is impossible.
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11 First note that the four sentences can be recast as:

m Exactly three of these statements are true.

m Exactly two of these statements are true.
m Exactly one of these statements are true.

m None of these statements are true.

At most one of these statements can be true, or else we obtain a contradiction. If none

of the statements is true, then the last statement is true. This means that at least one
of the statements is true. This also gives a contradiction. Therefore, only one of the
statements is true, that is, the third statement.

12 a There is only one possibility,
1,2,4,8/3,5,6,7

b We know that we can split the numbers 1, 2,...,8,

1,2,4,8]

3,5.6,7

Deleting the largest number, 8, will give a splitting of 1,2,...,7.

1,2,4\

3,5,6,7]

Continuing this process, deleting the 7, will be a splitting of the numbers 1,2,...,6,

and so on.

¢ We first note that if a set can be split then two numbers can’t appear in the same
group as their difference. To see this, if x and y and x — y all belong to the same
group then (x —y) + y = x. Let’s now try to split the numbers 1,2, ...,9. Call the

two groups X and Y. We can assume that 1 € X. We now consider four cases for the

groups containing elements 2 and 9.
(case 1) Suppose 2 € X and 9 € X

Reason X Y Reason

(assumed)
(assumed)
(assumed)

(3,7€Y)

5,6 €Y)

1
2
9

(1,2 € X)
2,9 € X)

(1,4 € X)
2,4 € X)
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This doesn’t work, since X is forced to contain the numbers 1, 8 and 9.

(case 2) Suppose 2 € Xand 9 € Y
Reason X Y Reason

(assumed) 1
(assumed) 2
9 (assumed)

3 (1,2€X)
(3,9¢Y) 6

4 (2,6€X)

5 (1,6 €X)

This doesn’t work, since Y is forced to contain the numbers 4, 5 and 9.

(case 3) Suppose 2 € Yand 9 € X
Reason X Y Reason

(assumed) 1
2 (assumed)

(assumed) 9

8 (1,9€¢X)
2,8€Y) 6

3 (6,8€X)
2,8€Y) 5 (3,8 € X)

This doesn’t work, since X is forced to contain the numbers 1,5 and 6.

(case 4) Suppose2 € Yand9 € ¥
Reason X Y Reason

(assumed) 1

2 (assumed)

9 (assumed)
2,9€Y) 7

6 (1,7¢X)
2,8€Y) 4

3 4,7€X)

This doesn’t work, since Y is forced to contain the numbers 3, 6 and 9.

d If the numbers 1,2, ...,n could be split, where n > 9, then we could successively

eliminate the largest term to obtain a splitting of the numbers 1, 2,...,9. However,

we already know that this is impossible.

13 a A suitable tiling is shown below. There are many other possibilities.

b Tile E must go into a corner. This is because there are only two other tiles (A and
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B) that it can go next to. Tile F must also go into a corner. This is because there are
only two other tiles (B and C) that it can go next to.

(Case 1) Tile E and tile F are in different rows

Since tile B must go next to both tiles E and F, this is impossible.

(Case 2) Tile E and tile F are in the same row

Assume tile F is in the top left position.

Then tile E goes in the top right position.

B

Therefore tile B must go between them.

Tile C must then go beneath tile F and tile A must go beneath tile E. Consequently,
tile D must go beneath tile B. Therefore, there is only one valid orientation of tile D.

This fixes the orientation of tiles A and C.

Since tile F could have gone into any one of the four corners, there are only four
ways to tile the grid.
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Chapter 9 — Geometry in the plane and proof

Solutions to Exercise 9A

1

a

d

i obtuse
ii straight
iii acute
iv right
i /ZHFB
ii /BFE
iii /ZHFG
iv /BFE
i «.CBD,/BFE, /ABF,/HFG

i /CBA,/BFH,/DBF,/EFG

| bl

a = 65° (supplementary angles),
b = 65° (vertically opposite angles)

2x + 10 = 90 (complementary angles

x =40°,
y = 130°( supplementary angles)

a = 60°(vertically opposite angles),
b = 70°(vertically opposite angles),
¢ = 50° (angle sum of triangle),

d = 60° (alternate angles),

e = 50° (supplementary angles),

f = 130° (supplementary angles)

(FCB = 60°(supplementary angles,
B = 120°(co-interior angles)
a = 60°(co-interior angles)

a = 90°(alternate angles),
LLMC = 87°(alternate angles)

B = 93°(supplementary angles)

f 6 = 108° (vertically opposite angles),
a = 108° (corresponding angles),
B = 90°(supplementary angles)

LACB = /CBD(alternate angles,

AC || BD)

LCAB = /DBX(corresponding angles,
AC || BD)

/CBX = /CBD + /DBX

.. /CBX = /ACB + (CAB

We have proved that the sum of two
interior angles of a triangle is equal

to the opposite exterior angle of the
triangle.

/B = 180° — a (co-interior angles,

AD || BC),

¢£D = 180° — « (co-interior angles,

AB || DC),

L LC=a

We have proved that diagonally opposite
angles of a parallelogram are equal.

Assume that the opposite angles of

a quadrilateral ABCD are equal. Let
(A=/C=aand /B=/D=p
Then 2a + 28 = 360°(Angle sum of a
quadrilateral)

Sa+p=180°

S LA+ /B =180°

That is, co-interior angles A and B are
supplementary

which implies

AD || BC



Similarly AB || CD
.. ABCD is a parallelogram

6 2a + 28 = 180° (co-interior angles)
Sa+B=90°
.. LAEB is aright angle.

Let /PXA = /YXA =«

Let «£XYB = /BYS =p

2a = 2f (alternate angles, PQ || RS)
La=p

.. AX || BY (alternate angles are equal)

8 /AOX = /FAO = « (alternate angles,
AF || X0O)
/BOX = /CBO = g (alternate angles,
BG || X0)
La+p=1,AOB =90°

a

Draw a line CX through C
parallel to both AB and DE.

LBCX = 42° (alternate angles,
BA || XC)

(DCX = 65° (alternate angles,
DE || XC)

.0=/BCD = (42 + 65)° = 107°

Draw line X CC' parallel to both QD
and PB

LXCE = 35°(corresponding
anglesXC || 0D

. £XCB = 55°(complementary
angles)

.. 8 = 55°(corresponding angles
XC || PB



Solutions to Exercise 9B

1

a Yes (satisfies triangle inequality)
b Yes (satisfies triangle inequality)
¢ Yes (satisfies triangle inequality)

d No (does not satisfy triangle
inequality)

a Scalene
b Isosceles

¢ Equilateral

Must be greater than 10 cm

a 6,65,7

b No

If2n— 1 =n+7 Then n = 8 and the
values are 15, 15, 15

If2n — 1 = 3n — 9 then n = 8 and the
sides are 15, 15, 15

If 3n —9 = n + 7 then n = 8 and the

values are 15,15,15

a 6 =46°, straight angle;
B =70°, complementary to ZEBC;
v = 64°, alternate angles (/CBD);
a = 46°, corresponding angles
(LEBD)

b y =80°, angle sum of triangle;
B = 80°, vertically opposite (y);
6 = 100°, supplementary to (;
a = 40°, alternate angles (/BAD)

¢ a = 130°, supplementary to ZADC;
B = 65°, co-interior angles ZCDA;
v = 65°, co-interior angles ZACD

d a =60°, equilateral triangle

e a = 60°, straight angle;
B =60°, angle sum of triangle

f a =55°, straight angle;
b = 55°, corresponding angles (a);
g =45°, vertically opposite;
¢ = 80°, angle sum of triangle;
e = 100°, straight angle;
f = 80°, corresponding angles (c)

g m = 68°, corresponding angles;
n = 60°, angle sum of triangle;
p = 52°, straight angle;
q = 60°, alternate angles (n);
r = 68°, alternate angles (m)

a Sum = 720°; Angles = 120°

b Sum = 1800°; Angles = 150°

¢ Sum = 3240°; Angles = 162°

a Together they form 10 straight angles

b 360°

The proof is the same as that for 9

The exterior angles plus the interior
angles add to n x 180°

The interior angles sum to (n — 2)180°
Therefor the sum of the exterior angles
is 360°



10 (n—2)180 =4 x 360 11 (n—2)180° = k360°
n-2=238 . 180n — 360 = 360k Solving for n
n=10 n=2k+1)



Solutions to Exercise 9C

1 a A and C (SAS)
b All of them (AAS)

¢ A and B (SSS)

a AABC = ACDA (SSS)
b ACBA = ACDE (SAS)
¢ ACAD = ACAB (SAS)
d AADC = ACBA (RHS)
e ADAB = ADCB (SSS)

f ADAB = ADBC (SAS)

A

C B
M

Let AM be the bisector of ZCAB.
Then
AC = AB (Definition of isosceles) That

LCAM = /BAM (Construction)
AM = AM (Common)
AACM = AABM (SAS)

. LACM = L/ABM
1s ZACB = /ABC

A

C B
M

Let AM be the bisector of ZCAB.
Then

(ACM = tABM (Given)
LCAM = /BAM (Construction)
AM =AM (Common)
AACM = AABM (AAS)
" AC =AB
{ B
B B
o o
D C
2a + 2B = 360°
(Angle sum of quadrilateral)
Sa+p=180°
Hence, cointerior angles are supplemen-

tary.
Therefore, AB || DC

6 aa=b=c=d=60°



B C
A | - AE
b°
G F

LCB0 = /BOA = 60° ... BC || AE
(alternate angles equal) Similarly
BE || BA

a=108° b=36° c=72°,
d=36° e=36° f=36°

c®+d° =108° and e° + f° = 72°
.. BD || AE (co-interior angles
supplementary)

b° +e° =72° and a®° = 108°

.. BE || CD (co-interior angles
supplementary)

First prove opposite sides are
equal.

ABCD is a parallelogram, AD || BC

and AB || DC

Join diagonal AC
In AABC and ACDA
/BAC = /DCA ( alternate angles, AB || DC)

LBCA = /DAC ( alternate angles, AD || toBC
AC = CA (common)
.. AABC = ACDA (AAS)

. AB=CDand AD = BC
To prove opposite angles are equal.

A R B
7
/a ;/
N
D 7 C

Let /DAC = @ and /ABC =

a + p =180° (co-interior angles,
AD || BC)

. LADC = B (co-interior angles,
AB || DC)

.. /BCD = « (co-interior angles,
AB || DC)

B # C
Join diagonal AC
In AABC and ACDA

AD = CB (opposite sides equal)
AB = CD (opposite sides equal)
AC = CA (common)

.. AABC = ACDA (SSS)

.. LBAC = /DCA

.. AB || DC (alternate angles equal
Furthermore,

.. tDAC = /BCA

.. AD || BC (alternate angles equal



B 11
8 o
From the diagram ,

2a + 2B = 360° (angle sum of
quadilateral)

Soa+ B =180°
Co-interior angles are supplementary.
S AB | DC and AD || BC

In AABD and ACDB
AB = DC (given

LABD = /CDB (alternate angles
BD = DB (common)
.. AABD = ACDB (SAS)

..AD = BC
ABCD is a parallelogram
A P B
D C
Q
To prove:

XYZW is a parallelogram.
In AADQ and ABPC

11

AD = CB( opposite sides of a parallelogram)
¢D = /B opposite angles of a parallelogram
DQ = BP (construction)

.. AADQ = ACDP (SAS)

LAQ =PC
. APCQ is a parallelogram (opposite
sides are equal in length)

To prove:

APCQ is a parallelogram.

The diagonals of a parallelogram bisect
each other.

.. X0 =0Zand WO = OY

(X0Y = /WOZ and /XOW = /YOZ

S AXO0Y = AWOZ and AXOW = AYOZ
XY =WZand WX =ZY

.. XYZW 1is a parallelogram (opposite
sides of equal length)

A rhombus is defined as a parallelogram
with a pair of adjacent sides equal in
length. Therefore all the sides are equal
in length. You should also prove that if a
quadrilateral has all sides of equal length
then it is a thombus.



C
AABC = AADC (SSS)

.. LBAC = tDAM
. AMABM = AADM (SAS)

AM = MC (diagonals bisect each other)
MM = DM (diagonals bisect each other)
/BMA = /CMD = 90° (diagonals are perpendicular
.. AABM = ACDM(SAS)
.. AB=CDand /MCD

.. AB || DC (alternate angles equal)
Similarly BC = AD and BC || AD

Finally AABM = ACDM(SAS)
Hence AB = AD

We note that a shorter proof is
available but we have proven several
properties of rhombuses on the way

- /BMA = /DMA = 90° (equal and supplementary)

.. AC L BD

b Refer to the diagram for a
AABC = AADC (SSS)
.. L/BAC = /DAM
Similarly for the other vertex angles

c A

KJ

C
In AABM and ACDM

through.
12 a 4 D
M
B c
AABC = ADCB (SAS)
.. AC = BD.

ABCD is arectangle and therefore a parallelogram

.". diagonals bisect each other

b If a parallelogram has one right angle

then:

the opposite angle is a right angle
(opposite angles equal in a parallelo-
gram). the cointerior angles are right

angles.
A D Let
B C



M be the pont of intersection of the
diagonals.
AAMD = ABMC(SAS)

AAMB = ADMC(SAS)
All of these triangles are isosceles
.. LBAM = /DCM
L AB || DC
SimilarlyAD || BC

/A=/B=/C=/D
Therefore all right angles. Hence
ABCD is arectangle.

13

AABC = AAED (SSS)
.. LABC = {AED

14

AZBX = AXAY = AYCZ (SAS)
L ZX =XY =YZ

15

AABD = ACBD (SSS)
.. /ABD = /CBD
.. AABK = ACBK (SAS)
L AK =CK

16 /C = /A + /B implies that 2C = 90°.
AABCis a right-angled triangle.
Choose point D to complete the



17

rectangle ABCD.

The rectangle has diagonals AB and CD
which are of equal length and bisect
each other.

Let M be the midpoint of AB.

Then AB = 2CM.

Let /MNO = /MON = x°
Then ZANO = (90 — x)° and
/NMO = (180 — 2x)°

18

M is the midpoint of BC.

BG and CF are perpendicular to the
median AM extended

ABMG = ACMF (ASA)

.. BG=CF

10



Solutions to Exercise 9D

1 Height up the wall = V182 — 72
= 5V11 metres

2 Length of diagonal = V40? + 92

= 41 metres

3

Distance of the chord from O = V142 — 22

= V192

=8V3cm

4 Lngth of diagonal = V132 + 132
=13V2cm

5 a Letx cm be the length of a side of the

square.
2x2 =100
x> =50
x= V50

The length of a side is 5 V2 cm. The
area = 50 cm?,

b Letx cm be the length of a side of the

square.
2x% = 64
x* =32
x=4V2
The length of a side is 4 V2 cm Area
= 32cm?

AACB = ECB (RHS)
..AB =BE

Each side length of the square has length = 2cm

. DE*>=2*+(2x2)?
. DE*=20
.DE =2 \/gcm

A

G
E, F,G and H are the midpoints of sides
DC, CB, BA, AD repectively.

DE =FEC=CF=FB=BG=GA =
AH =HD = 1cm

We seethat:

HE? =1 + 1 = 2 and therefore

HE = EF = FB=GA = V2. . EFGH
is a rhombus.

AHDF = ACEF (SAS) These triangles
are right-angled isosceles triangles and
therefore /DEH = /CEF = 45°.
Therefore /ZHED is a right angle and
EFGH is a square.

The area of EFGH is 2 cm?

11



10

LetCN = xcm

Then in AABN
(6-x2+AN*=72...(1)
In AACN

x> +AN? =25...(2)
Subtract (2) from (1).
Then

—12x+36 =49 - 25

—12x =-12

x=1
Substitute in (2)
1 +AN? =25

AN = V24
.'.AN:Z\/Ecm

a 7> # 5% + 6% (Not three sides of a
right-angled triangle)

b 3.9% = 3.6 + 1.5% (Three sides of a
right-angled triangle)

¢ 4% #2.4% +2.4% (Not three sides of a
right-angled triangle)

d 822 = 182 + 80? (Three sides of a
right-angled triangle)

(=12 +4x> =x* =27+ 1 +45°
=xt+2x% + 1

=+ 1)?
The converse of Pythagoras’ theorem
gives that the triangle is right-angled.

11

12

C
15 cm N
12 cm
A
20 cm B
Let NC = x cm
In AACN

x* =152 - 12 Let NB=ycmIn
x> =225-144

X =81

x=9

AABN

¥ =20 - 12 . BC=x+y=25
y> =400 — 144

y? =256

y=16

The sidea of AABC are 20,15, and 25.
207 + 15% = 400 + 225

=625

=25
The converse of Pythagoras’ theorem
gives that the triangle is right-angled.

16 cm

8 cm
M

AM? = 16> - 82 =192
- AM = V192 = 83

12



13

=
|

.
]
|
N = N = N
- Ny
oS
~—
o

Ay
AddingA; and A,

1 /b\2 1 2 1
573) +57(5) = g+ 0"

14 BD? = 8%+ 6% = 100
. BD =10 AAXB = ACYD (ASA)

LetBX = DY = x
InAAXB
AX = V36 — x2

In AAXD
AX? + XD? = 64

36 — X2 + (10 — x)* = 64
36 — x% + 100 — 20x + x* = 64
20x = 72

18
X=—
5

S XY =10 -2x
=2.8

15 From the two right-angled triangles

36 = (x+4)° +y*...(1)
9=x2+y2...(2)
Subtract (2) from (1)

27 = x> +8x + 16 —
27 =8x+ 16

11 =8x
L

8
Substitute in (2)
- (3]

121
g 212
6d ”

16

13



17

Let AE = DF = x
Let BE =CF =y
Let AG = BF =7
LetGD = HC = w

Using Pythagoras’s theorem 3 times

X+ =9...(D
V+22=16...(2)
w?+y?2=25...(3)
Subtract (1) from (2)
V-xt=7...(4)
Subtract (4) from (3)
w? +x% =18

PD*> =w? +x* =18

PD =3V2cm

Let AB=c¢,AC = b, PB = x,
AP =m,AQ=h,CO=1t,0QP =5
Then,
s+1=x

m? = h? + s?

czzhz+(s+)c)2
b =h+7
We start with,
AB? + AC? - 2AP?
=+ b =2m°
= +(s+x)?+ W+ -20 -2
=1’ + 5 +25x+x° + W2+ 17— 2h% - 257
=2+ 2xs+ X2+ -2
=X’ +2xs+1 —s°
= x2+2xs+(t— S)(t+5)
= x> +2sx+ (1 — s)x
= x> + $X + Ix
= x>+ x(s+1)
=2x?
= 2PB°
~AB® + AC* - 2AP? = 2PB?
~AB* + AC* = 2PB* + 2AP?

14



18

I

|

l
—9

AABX = ACYD (RHS)
Let AX = BY = x
Let BX=CY =y
AC? = (AD + x> +y* ...
BD? = (AD — x)* + ..
Add (1) and (2)

Y

Y AC? + BD? = AD* + 2xAD + x* + AD* — 2xAD + y?

= 2AD* + 2(x* + %)
. AC? + BD? = 2AD> + 2AB>.

(1

.(2)

15



Solutions to Exercise 9E

1 One part = 9000 + 9 = 1000 7 Suppose they receive $x, $y and $z

Two parts = 1000 x 2 = 2000 respectively.
Seven parts = 1000 x 7 = 7000 x+2_3
X 2
2(x+2)=3x
2 One part = 15000 + 5 = 3000
Two parts = 3000 x 2 = 6000 2x+4 =3x
x=4

X 9
3 ==
6 15
9x6
=—=36
T s
g 144_6
11
p 11
144 = 6
:11><144:264
6
x 15
5 2=
3 2
15x3
= =225
SR

6 6:5:7=180°
One part = 180° + 18 = 10°
Six parts = 10° x 6 = 60°
Five parts = 10° x 5 = 50°
Seven parts = 10° x 7 = 70°

10

11

X receives $4 and Y receives $6.
Two parts = $4

One part = $2

Seven parts = $14

Z receives $14.

Onepart=10g
Three parts = 10 g X 3 = 30 g (zinc)
Four parts = 10 g x4 = 40 g (tin)

Seven parts = 56
One part = 56 + 7 = 8 green beads
Two parts = 8 X 2 = 16 white beads

One part = 45 mm
125000 parts = 45 mm x 125000

= 5625000 mm
= 5.625 km

One part = $5200 = 13 = $400
Eight parts = $400 x 8

= $3200 (mother)
Five parts = $400 x 5

= $2000 (daughter)
Difference = $1200

16



12

13

14

15

If BC is one part, AB and CD are each 16 One part = 3.5 cm

two parts. AD is 5 parts and BD is 3 250000 parts = 3.5 cm x 250 000
3
parts, so BD = gAD. = 875000 cm
= 8.75 km

The ratio will be 7 : 1, as for any circle.

a—-c ¢

17 =—
b-d d

Onepart =30+5=6

Two parts = 6 X 2 = 12 (boys)
Three parts = 6 x 3 = 18 (girls) & ad —cd = bc —dc
After six boys join the class, there are 18

S a-c)d=0b-dc

& ad = be
boys and 18 girls, so the ratio is 1:1. a ¢
S - ==
b d
b 4 b+c 5
— == and ==
a 3 a 2 2 2 2
b+c:§ 18 azgx,bzgy,czgz
a 2 Catbtc 3xty+z 2
é+£:§ U x+y+z x+y+z 3
a a 2
4 ¢ 5
—+—-== 19
3 a 2 xX+y m+n
c_5_ 4 x=y m-n
a 2 3
Sx+y)m—-n)=x-y)(m+n
5-8 7 (x +y)( )= (x—y) )
76 6 S Xm—xn+ym-—yn=xm+ xXn—ym-—yn
a:c=6:17 & 2ym = 2xn
m X
S —=-—
noy

17



Solutions to Exercise 9F

1 a AAA
X

b AAA
Note that E corresponds with B, so x
corresponds with 14 cm.

x_lO
14 12
10x 14 112
= = — CIn
X B C
¢ AAA
x_6
2 4
6x2
x:T:BCm
d AAA

Note that Q corresponds with B
and R corresponds with C, so x
corresponds with 6 cm.

x_lO
6 8
10
X = ><6:7.50m
8
2 a AAA
Xx+12 24 3
12 16 2
2x + 24 =36
2x =12
x=6cm

—92Z
X 3C1’I1

d AAA
x+15 12

x 10
S5x+7.5=06x

6
5

x=75cm

AC 15 5
14 12 4
S5x 14

AC = =17.5cm

AE+4_5

AE 4
4AE + 16 = 5AE

AE =16 cm
AB =AE + EB
=20 cm

tree 30 15

33 224 112
15 % 33
Tree height = 1>1<2 =442 m

18



Note: It is valid to leave the measure-
ments of the stick and its shadow in
cm, as you are comparing the ratio of
measurements with the same units.

h 1
300 20
3

h:2—:15mhigh

10 )
h= —2 = 10§mhlgh

20— x
8
20 —x
8
2x=20—-x

3x =20
20

2

°°|5<)4>|><

X

10 Let x be the height of A above the 80 cm

leg of the table.
X 12
30 100
12 x 30
= =36
100

Height = 80 cm + 3.6 cm
=83.6cm

x 15 15
13-x 08 8
8x=195x —15«x

23 x =195

11

12

_ 1.3%103.5

3.5
- 269.1

7

260
=— x~37.1
7

269.1

Height = +1.7

2691 +11.9

7
281
7

=401m
7

13

Om

19



9

h_
8 10

72
h:E:7.2mhigh

14 Taking the heights above the spotlight,

h=06 05 1
8§ 3 6
6 8 4
h——:—:—
100 6 3

_4.3
3 5
_20+9
15

14 .
—IEmhlgh

15 a Vertically opposite angles at C are

equal:

(B = /D =90°

The third angles in the triangle must
be equal: /A = LE

AABC ~ AEDC

16

17

18

d y:z:2\/§:5\/§

=2:5
ED:AB=2:5
v:z=ED:AB
a+12 10
12 7
120
+12=—
“ 7
120
a=——-12
7
36 1
=__ =5_
7 7
h 1.8
3076
1.8%3
h = ~7.11
0.76 m

In ATRN, /TRN =90° — /T
In ARST, S =90° — /T

(TRN = /S
/SRN = /T
ATRN ~ ATSR
NT RT
RT ~ ST
4 2
T10 5
NT 2
4 75
2x4

20



15 m, A 20 Note that the three triangles are all
similar, as shown in Q.18.

14m 3m x+4 6 3
Q.. 6 4 2
x+4:3X6:9
B 0 m o 2
In AAPQ and AACB, x=3
AQ _3 y_4
AB 14 Xy
E:E:i VY =4x=4x5
AC ™ 7 14
AQ AP y=2v5
AB  AC a 6 3
/A is common to both triangles. y 4 2
AAPQ ~ AACB a=2 _3+5
PO AQ 2
BC AB
PQ 3
10 14
30

1
PO=2 =0~
O=13=27m



Solutions to Exercise 9G

1 X
Ad M |z B
Y
In AXAZ and AYBZ

(XZA = /YZB, (vertically opposite)

(XAZ = /YBZ = 60°

AXAB andABMY are equilateral - given)

- AXAZ ~ AYBZ,(AAA)
XA = 2YB (given)

S AZ =2ZB
2
TA B
D C
In APBQ and AQCR

/PBQ = /QCR, (right angles)
/PQR =90°, (given)
.. ZRQC =90° — /POR = /BPQ
. APBQ ~ AQCR, (AAA)
. PB _ BO
QC CR
.. PBXCR=BQXxQC

a Interior angles of a regular pentagon
are each108°
In ADEF
(DEF = 108° and
LEDA = tEAD = 36°(ADEF is
isosceles)
Similarly /BAC = 36°
- LCAE =172°

b AC and BD meet at X. In ABXA and
ABAD
/XAB =36° = /BDA

/XBA = 72° = /ABD
. ABXA ~ ABAD (AAA)

_BX BD
" AB AB
. BX x BD = AB®
C
D,
B A
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a ABAD ~ ABCA (AAA)---(1)

From(1) B
AD _AB
AC  BC
P Q

L ADX BC =ABXxAC

b ABAD ~ AACD (AAA)---(2)

. DA DB
“DC _ DA APBQ ~ AABC
.. DA®> = DC x DB PQ 2
AC 3
c ABAD ~ ABCA (AAA)---(1) AAXC ~ APXQ
. BA _DB PQ X0 2
BC  BA AC XA 3
*. BA® = BC X BD L AX:AQ=3:5

Y

AAPM ~ AABD  (AAA)
AAMQ ~ AADC  (AAA)

AAXO ~ ACYO (AAA)... (D)

AAOB ~ ACOD ~ (AAA)...(2) PM  AM

From (1) BD ~ AD

OX OA AX Mo _AM

oYy oC CY ?Ai ;‘4%

From (2) BD ~ DC

0A _AB Also BD = DC
OC ~ CD

OX O0A AB - PM=MQ

"oy~ oc~cD

23



8 AAED ~ AACB AAA

A B C D : A_E = @
""AC CB
LAEXCB=EDXAC
< L (AC-EC)XxCB=EDXAC
Since APBC is equilateral: L ACXCB—-ECXCB=EDXAC
LPBC = /PCB = /BPC = 60° .ACxCB=ECxCB+EDXAC
/PCB = /PBC = 120° ButEC = ED
APCB and APAB are isosceles. . AC X CB=ED(CB+ AC)
.. LCPD = /CDP = 30° .1 _CB+AC
LPAB = /BPA = 30° “ED Alc X Cf
.. MAPD ~ AABP ~ ADCP “ac T cB
AP _AD
" PB AP 11

AP’ = ABx AD

9 0(
A C
D o\ B
/BAD = /DBC a AABC ~ AACD ~ ACBD (AAA)
DA DB
E = % b We have from AABC and AACD
. ABAD ~ ACBD (SAS) AC AB
—_— = We have
. /ADB = /BDC AD  AC
DB bisects /ADC . AC*=AD X AB...(1)
from AABC and ACBD
10 CB _BD
c BA CB
. .CB*=BAXBD...(2)
G Add (1) and (2)
: AC? + CB> = AD x AB + AB X BD
D = AB(AD + DB)

= AB?
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Solutions to Exercise 9H
1 a2:4:6:8=1:2:3:4
b 2:8:18:32=1:4:9:16
¢ The second ratio is the square of the
first.
2 a2:4:6:8=1:2:3:4
b 1:4:9:16

¢ The second ratio is the square of the

first.
A'B 5
AB 3
5 2
Area A’B'C'D’ =7 x (5)
_Tx 25
9
4
= 19- cm?
5 cm
20 20
4 — = —
2.12 441

= 4.54 cm®

5 a F is the midpoint of AC, so
AF =1cm.
BF? = BA* — AF?

=22-12=3
BF = V3cm

b A’C’:B’F’

AC BF

a 2

2 V3
443
=R~ 3

Area A’B'C’ B'F’ z
Area ABC BF

Arearatio = 16 : 25

Side ratio = 4/ —

9
30 x - =225cm

al:2:3
b1:2:3
c 1:8:27

d The third ratio is the cube of the first.

a 18:12=2:3
ii 4:6=2:3

1
iii 3:4-=2:3
iii 5
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b 8><4><3:12><6><4%:96:324
=8:27

¢ The ratio in b is the cube of the ratios
in a.

10 a 3:2:5

4
b Sphere 1: V:§><7r><33 = 36m

4 32
Sphere 2: V:§><7r><23 = %

4 500
Sphere 3: V = 3 Xax5 = Tﬂ
32500

36 : — : —— =108 :32:500
3 3

=27:8:125

¢ The second ratio is the cube of the
first.

11 2:1)0°=2%:1°
=8:1

12 3:4Y=3:4
=27:64

13 V8:27=+8:27
=2:3
14 Volume ratio = 64 : 27
a Height ratio = Vo4 : 27
=4:3

b Radius ratio = ‘\/3 64 :27
=4:3

15 Heightratio=2:1

a Arearatio = (2: 1)2

=4:1
b Capacity ratio = (2 : 1)°
=8:1
16 a (1:10)>=1:100
b (1:10)*=1:1000
c (1:10)'=1:10

d Both models will have the same
number of wheels, so 1 : 1.

I (3)

2 2

= Z litres
16

3

1 (16 1
=x|=| =5x2°
2718 2

3
1 (12
17 = x|—| =

= 4 litres

3 3
18 343 x (ﬁ) =343 x (é)

10.5 7
=125 mL

3 3
9 6
=216 mL

19 a Lengthratio = V1 :2500
=1:50
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20 a

21

a

Capacity ratio = (area ratio)°
= (1 : 50)
=1:125000

1
Width = 150 X —
! 50

=3cm

1
Area =3+ ——
fea 2500

=3 x 2500 = 7500 cm?

Height ratio = V144 : 169
=12:13

Capacity ratio = (12 : 13)°

= 1728 : 2197

Ratioof sides =1 : 2
Ratio of areas = 12:22=1:4

Four times

Area AAKM = 14—5 =3.75

22

23

ABDE ~ ACAF
and AB = AC = 2AD
BD? = BA?> — AD?

= (2AD)* - AD?
= 3AD?
2
Ratio of areas = ——
AC2
_ 3AD?
"~ (2AD)?
_3AD* 3
4AD?2 4

So the ratio is 3:4
Note: It is easier to express lengths in
terms of AD as fractions are avoided.

Area ratio = 144 : 81
=12%2:9?
Length ratio = 12 : 9

9
Length in second triangle = - X 6

=45 cm
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Solutions to Exercise 91

1 a ¢—1=1+\/§—1
2
1+ V5-2
B 2
_V5-1
2
1
607!
3 _ (L+ V5)°(1 + V5)
b P = :
(1 +2V5+51 + V5)
B 8
_(6+2V5)(1+ V5)
B 8
_6+8V5+10
B 8
20+1 =1+ V5 +1
=2+ 5
¢ =2¢+1

1
¢ As shown above, ¢ — 1 = —.

, (1+V5-2Y
o-1r= (L2822
_(V5-1)?
4

5-2vV5+1
=

3-145
2

1
2-¢=@-D'=45

:2—¢

2 a In AACX, /ACX =90° — /BCX
In ACBX, /B=90°-/BCX
(ACX = /B

(A = /BCX
AACX ~ ACBX
AX X
CX BX
b Multiply both sides of the above
equation by CX X BX
i CX*=AXxBX
=2x8=16
CX=4
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ii CX?>=AXxBX
=1x10=10
cx = V10

3 Join AB and BC. This will produce a
right-angled triangle with an altitude.
In Q.2 we proved that the altitude was
the geometric mean of the two segments
that divided the base. Therefore, as in

Q.2

AD  BD

BD ~ CD

EC  DE
DE ~ DE +EC
Since BD = DE,

AD = EC and CD = DE + EC
DE _ DE +EC

EC~  DE
EC
=1+—
DE
DE
X=—
EC
1
=1+~

x
¥-x-1=0

Using the quadratic formula:

1+ VI-4x1x-1
2

X =
~1+ 15

(Rejecting the negative root as x > 0)

—_=¢-1

DE ~ ¢ ¢

AD EC

—:—:¢—1

BD ~ DE

AD _BD

BD CD
=¢—1

360

4 i /ZAOB=— =36°
a 1 10
ii LOAB= 180 - 36
2
= 72°
72
b i

/XAB = — = 36°
2

LABO = LOAB =72°
(AXB =180-36-72
=72°
(ABO = tAXB
AX =AB

ii /XAO = %

=36° = /ZAOX
AX = 0X

ili Corresponding angles are equal,
so the triangles must be similar.

¢ AMOB ~ AXAB
OB AB

AB _ XB
OX+XB _AB
AB  XB

OX = XA = AB
AB+XB AB
AB  XB

XB AB
l+— ="

AB ~ XB

XB
xX=—-—
AB
1
=1+ -
X

¥-x-1=0

Using the quadratic formula:
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d

_—1+\/1—4><1><—1
- 2

~1+ 15
:—:¢

(Rejecting the negative root as x > 0)
XB 1

X

AB ¢
=¢—1
-1+ 45
)
(Refer to Q.1 part a.)
XB AB
AB OB
=AB
=¢—1since OB =1
-1
4=t Y5 o6

2

i Draw a circle of radius 1 unit.
Use the construction in section
9.5 of the textbook to find ¢,
then cut off a length of 1 unit
to obtain a length of ¢ — 1.

Mark off this length around the
circumference of the circle to
divide the circumference into ten
equal parts. Join these points to
produce a regular decagon.

ii Repeat i but join every second

point.
¢ =1
P A
0 =¢=—3
1
—1==
’ ¢
¢—l+1
¢

i)

3+

¢ =¢(1 +¢)
=4’ +¢
=(1+¢)+¢
=14+2¢

=4+22\/§:2+\/§

¢* = ¢(1 +2¢)
= ¢ +2¢
=¢+2(1 +¢)
=2+3¢

4431+ V5 7+3V5
B 2 )

_]__
? ¢

1+\/§—2_—1+\/§
2 B 2

o 1
=—(¢-1
¢ ¢(¢ )

=l-(-D
4-(1+V5 3-+5
- 2 2
= -2 -

¢ ¢( ¢)

4

51
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=2p-1-1
=24 -3

:%Zzﬂ:\@_z

=2-3(-1)
=5-3¢
_ 10—3—3\/527—3\/5

2
Alternatively, the surd expressions can
be multiplied and simplified, for the
same answers:

P
i
1
=1+ —
¢ +¢
¢n+l:¢x¢n
1
=(1+= b
(+¢)x¢
:¢n+¢n—l

6

In > In-1
I+l Ih—1
=1+

.tn . tn . .
Since the Fibonacci sequence is

. . t +1
increasing, 1 < <.

n
This means the sequence is not diverg-
ing to infinity, and has a limit between 1
and 2.

If there is a limit, then when # is large,
Int1 In—1

In In

X

1

=1+~

X
X—x-1=0

Using the quadratic formula:

-1+ VlI-4x1x-1
X =
2
~1+ V5
:—:¢

(Rejecting the negative root as x > 0.)
Thus the sequence will approach ¢ as

n — oo,
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Solutions to technology-free questions

1 4 a x=7cm, y=7cm, a=45°
B =40°
b a=125°, p=27.5°
c 6=52° a=52° =65, y=63°
S 8m
a
AGAE = HAF (SAS) 6 a APAQ = AQBO (RHS)
AEBH = FDG (SAS) b Use Pythagoras’ theo-
- GE = FH and GF = EH rem: APOR = AORQ (S55)
.. GEHF1s a parallelogram
A
/B + (/A = 180° (co-interior angles) /\
1
(BEH = (90° — EB) (ABEH is isosceles) . e
1 / \
LAEG = (90° — =A); (AAEG is isosceles) * z
2 Both triangles share a common
- LGAE =90° angle X.
.. GEHF is arectangle (XPQ = /XYZ
b 16 (XQOP = /XYZ
(alternate angles on parallel lines)
AXPQ ~ AXYZ (AAA)
2
2 22 2 4 22, 4 2.2 . XOQ Zp
x° - + 2xy) = x" =2xy" +y" +4x b =
(x” = y9)" + (2xy) y oty y 1 — =37
= x' + 2% + X0 24 2
PRI 30 363
The converse of Pythagoras’ theorem X0 =20cm

gives the result.

ii 0Z=XZ-X0

3 The diagonals of a rhombus bisect each 0Z =30 -20
other at right angles. =10cm
Therefore if x cm is the length of each
side length of the rhombus ¢ XP:PY=24:12=2:1
x=V9+25= 34 PO:YZ=2:3
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8 a Ratio of areas ABC : DEF
=125:45

=25:9
AB:DE=5:3

DE =3 cm
b AC:DF=5:3

¢c EF:BC=3:5

10 BC =5 (3—4-5 triangle)
SoYB=25

ABAC ~ ABYX
XY CA
YB ~ AB
XY 3
25 4

3 15
XY:Zx2.5:§

11 The triangles are similar (AAA).

x—7_3

7 4
4x-28 =21

4dx =49
x=12.25

12 . /—\
22

26.4

X 7.2

x+88 264
723
T 264 11
11x=3x+264

8x =264

x=33
Now compare the top two triangles:
y 55 5

72 33 3
_5><7.2
Y=T3

=12

13 a Volume of block = 64 cm?

8 parts = 64 cm®
1 part = 8 cm?

5 parts = 40 cm?®
3 parts = 24 cm®

MassofX:40><§:64g

4
Masson:24><§ =32¢g
Total mass =96 g

b X:Y=64:32=2:1(by mass)
¢ Volume (cm?) : mass (2)
=64:96
=2:3
= 1000 : 1500

Volume of 1500 g block is 1000 cm?.

d V1000 = 10 cm = 100 mm

14 a Consider ABMA and APAD.

If the two sloping lines were extended to
form a triangle, then the left side of the
top triangle would be given by:
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C

15 a

(B =/P=90°
/BAM = /PDA
=90° — /PAD
(BMA = tPAD
=90° - /BAM
ABMA ~ APAD (AAA)

BM =30 cm

AM = 50 cm (3—4-5triangle)
Comparing corresponding sides AM
and AD:

AM :AD=50:60=5:6

Ratio of areas = 5% : 6

=25:36
PD _ AD
BA  MA
PD _ 60 _6
40 50 5
PD:6X4O:480m

The same units (cm) must be used to
compare these quantities.

200:30=20:3
A 207 400
360 329

A:gﬂx%o

=16000 cm® = 1.6 m?

v o 2_03 8000
1000 33 27
V= 8000 x 1000
27
8000000
= ————ccm
27
8 3

=—m

27

16 a Ratioofradii=101:100=1.01:1

17

Ratio of areas = 1.01% : 1
=1.0201:1
= 102.01 : 100
Percentage increase = 2.01% =~ 2%
Ratio of volumes = 1.01° : 1

=1.030301 : 1

= 103.0301 : 100

Percentage increase ~ 3%

XYy AX
BC ~ AB
3 1
"9 3
AY AX
AC ~ AB
3 1
"9 3
cy 2
AC 3
Yz Cy
AD ~ AC
2
"3
areaAXY_l2
area ABC ~ 32
1
"9
area CYZ 27
area ACD ~ 32
4
"9
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18

o &)

Consider AAOB and ACOD
(AOB = /COD

(vertically opposite angles)
(ABO = /CDO

(alternate angles on parallel lines)
LOAB = 10CD

(alternate angles on parallel lines)
AAOB ~ ACOD (AAA)

co_cb
AO AB
3
= — :3
1
CO = 3A0
CO + AO = 4A0
AC = $A0
1
AO = —AC
4

19 a
B

4

A
2 ¥ R
X 8y

PO YO
AB  XB_ .
(corresponding sides of similar

triangles)

/B=1/,0

(corresponding angles of similar
triangles)

" AABX ~ APQY (PAP)

AX AB
PY PO
(similar triangles proven above)
AB  BC

PO OR
(ABC and PQR are similar)
AX  BC
PY OR
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Solutions to multiple-choice questions

1 C 3x+66=180 10 B 75 parts = 9 seconds
9 3
3x=114 1 part = 7 :3g seconds
x =38 100 parts = — x 100
parts = ——
2 B 2x+270=540 = 12 seconds
2x =270 11 D 10 parts = 50
x =135 One part = 5
3B Largest part is 6 parts = 30

4 B BC = 10 by Pythagoras’ theorem 12 C Ratio of lengths =10:30=1:3

- _13.23
Use similar triangles Ratio of volumes = 1 : 3

ABAD ~ ABCA =1:27
AD _ CA 13 E Ratio of lengths =4 : 5
AB  BC Ratio of volumes = 4° : 5
AD = 25—4 =64:125
XYy 12 6
5 A 14 E ——=—-=-
; 3 10 5
X
6D =2 6x3
775 XY = ——
X = ﬁ =3.6cm
5
21 2
-5 15 E XY = §XY
Area of triangle XY'Z’
7 B 100 parts = 400 kg 4
85 parts = 85 x 4 :A—Lx60:@cm2
= 340 kg (copper) ? 3

8 D Cost of one article is %

Cost of R articles = % X R
_OR
P

9 C 100 parts = 3.2 m

1 part = 3.2
Pt = T00

=0.032m=32cm



Solutions to extended-response questions

1 a ADAC and AEBC share a common angle ZACE and each has a right angle. Hence
AEBC is similar to ADAC.

b —= i}_ because corresponding side lengths of similar triangles have the same
p xTy
ratio.

¢ Using similar triangles AFAC and AEAB (which share a common angle /EAB and
Yy
x+y

d ﬁ+ﬁ:h(1+1)andé+ﬁ: > 4=

h
have a right angle), — =
q

P 4 q 4 p q xty x+y
Xty
CX+y
1 1
h(—+—):1
P q
e Whenp=4andg =35,
1 1
W=+2)|=
[5+3)
5 4
9
—h=1
20
20
h=—
9

2 a AF is parallel to BC and AB is parallel to CF
Hence ABCF is a rthombus and the length of CF is 1 unit.

b EF =CE-CF

=d — 1, as required.

¢ AACF and ADEF have vertically opposite angles which are equal and they are both
isosceles.
Hence AACF and ADEF are similar.
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F
1 1 d-1 d-1
E D
A C 1
d
d 1
1 d-1
dd-1)=1
d-d=1
d?-d-1=0

e Using the general quadratic formula,
1+ (=12 -4x1x(=1)
d =
2x1

1+ V1+4
2

1+ 5
2

1+ 5

= ,asd >0
2 as

3 If DE || AB then ACDE is similar to AABC
CD CE
AC  BC
x—-3 B 4
3x—19+x-3 x—-4+4
x—3 4 4
4x-22  x
x(x —3) = 4(4x — 22)
x> —3x=16x— 88
X2 —19x+88=0
(x—1D)(x-8)=0

x=11or8

4 a ABDR and ACDS share a common angle ZCDS and each has a right angle. Hence
ABDR and ACDS are similar.
ABDT and ABCS share a common angle ZCBS and each has a right angle. Hence
ABDT and ABCS are similar.
ARSB and ADST are similar as /RSB = /TSD (vertically opposite) and
/(RBS = /STD (alternate angles).
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CcS BC

DT ~ BD
p
Yy pP+tgq
CS CD
BR ~ BD
< _ q
X ptq
+E:z(l+1)and£+5: P , P
y X oy Xy ptq ptgq
_P+q
pP+q

[+
=+=|=
x oy

1

1 .
— 4+ — = —, as required.
Z

X oy
QC PB
AQ AP

6 PB

2 3
3x3=PB

PB =9cm
PB BR
AP PO
9 BR
3 4
3Xx4=BR

BR =12 cm

area AAPQ 17
area AABC 42



area ABPR 92

area AABC E
81

144
9

16

b i area AABC =9 x area AAPQ

= 16a
Hence area of AABC is 160a cm?.

1
ii area ACPQ = > (area AABC — area AAPQ — area ABPR)

1 9x 16a
=—|16a—a -
27T TG )
1
= 5 X 6Cl
= 3a
Hence area of ACPQ is 3a cm?.
areca AADE B 1
area AABC 9
12
-3
AD AE
AB AC
1
-3
AD = 1AB
3
1
=—-X6
3
AE—IAC
-3
1
==-%x9=3
3
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7 The length of BC should be given as 40V10 metres.
C

40\/F)m

120 m

A

1 l_
«— M S5 F D
«— 130m 5

1
area AAEF = Earea AABC

1
=5 (area AACD + area ABCD)

1(1 1
~ 5(5\/1502 — 1202(120) + E‘/(4O V10)2 - 1202(120)

1

1 1
= 5(5(90)(120) + 5(40)(120))

1
= 5(5400 + 2400)

area AAEF 3
area AACD




b

4k — b* = 2bk
4k* = 2bk - b*> =0

2b + V4b* + 16b?

k =
8

2b + V20b2
8

b+ \5b

=T 4

_b(1+ V5)

since k > 0

1+

since ¢ = 5

S
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Chapter 10 - Circle geometry

Solutions to Exercise 10A

1 a 50°:1x a x+112°=180°
2
o x:680
x =100
1 y+59° = 180°
Y=o y=121°
=50°
b x+ 68 =180°
b y=360"-108" = 252° x=112°
1 (o) (o]
x:§><252:126° y+93% =180
y =87°

1
z:§x108°:54°
¢ x+ 130° = 180°
¢ Acute /0 =2 x35=170°

— 50°

2= 360° = 70° = 290° *
X y+70° = 180°
y =3 %290 = 145 y= 110°

d 0=180°
x =360 - 180 = 180°
y = 90° (Theorem 3)

3 Let the equal angles be x°.
2x +40° = 180°

2x = 140°
e 3x+x=180° x=170°
Ax = 180° TI.1e angles in the.mlnor segments .
will be the opposite angles of cyclic
x = 45° quadrilaterals.
7=2x%X3x 180° —70° = 110°
=2 x 3 x45° =270° 180° —70° = 110°
y =360° —270° 180° — 40° = 140°
=90°

2 The opposite angles of a cyclic
quadrilateral are supplementary.
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In cyclic quadrilateral ABDE,
(DEA = 110°

On arc DC, /DBC = 28°

. LABC =70+ 28 = 98°

Join EB. Equal chords will subtend
equal angles at the circumference.
.. LABE = (EBD = 35°

(EAD = 35° (also on equal arcs)
On arc BC, /BAC = /BDC = 20°

.. LEAB =35° +28° +20° = 83°

In cyclic quadrilateral ABDE,
LEDB = 180° — 83° = 97°

S LEDC =97° +20° = 117°

In cyclic quadrilateral ABCD,

/BCD = 180° — (28° +20°) = 132°

D
LBAC = /BDC (subtended by the same
arc)
(DAC = /BDA (subtended by equal
arcs)
.. LBAC + /DAC = /BDC + /BDA
/BAD = /ADC
LADC + /ABC = 180° (opposite angles
in a cyclic quadrilateral)
.. LBAD + /ABC = 180°

BC and AD are thus parallel, as
co-interior angles are supplementary

N
[

(ADE + /ADC = 180°

LABC = /ADC (opposite angles in a
parallelogram)

.. LADE + /ABC = 180°

LAED + /ABC = 180° (opposite angles
in a cyclic quadrilateral)

.. LADE = {AED

AE =AD

120°

(ADC = = 60°
If B and D are on opposite sides of
AOC, then /ADC =

(Reflex angle ADC = 360° — 120° will
be used.)
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36°

42°

In AQRS, £QRS = 102°
triangle)

/PSR = 64° +42° = 106°
LPQR =74° (opposite angles in a
cyclic quadrilateral)

(angle sum of

LQPS =78° (opposite angles in a
cyclic quadrilateral)

The opposite angles in a parallelogram
are equal.

In a cyclic parallelogram, the opposite
angles will add to 180°.

.". the opposite angles equal 90°.

.. all angles are 90°, i.e. the parallelo-
gram is a rectangle (subtended by the
same arc).

10

N

In triangle BCS,
/BSC =180° — £SBC - /BCS

= 180° — %AABC - %ABCD
Likewise, in triangle AQD
LAQD = 180° - %ABAD - %ACDA
.. LBSC + LAQD

1
=180 — EAABC

— %4BCD + 180° — %ABAD

1
- =/CDA
2

1
=360° — E(AABC + /BCD
+ /BAD + /CDA)
(ABC + /BCD + /BAD + /CDA
= 360° (angle sum of quadrilateral)
(BSC + tAQD = 360° — 180°

= 180°
.". both pairs of opposite angles in PORS
will add to 180°.

.. PORS 1is a cyclic quadrilateral.
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Solutions to Exercise 10B

1 a x = 73° (alternate segments)

y = 81° (alternate segments)

LT =90°
Sox=90°—-33° =57°
q = 57° (alternate segment theorem)

y = 74° (alternate segments)
_ 180° - 74°

¢ 2

= 53°
x = 53° (alternate segments)
x = 180° — 80° — 40° = 60°
Use the alternate segment theorem to

find the other angles.
y = 180° - 60° — 60° = 60°

w = 180° — 40° — 40° = 100°
z=180° — 80° — 80° = 20°

w =z = x = 54° (alternate segment,
alternate angles and isosceles triangle
PTS)

y = 180° — 54° — 54° =72°

/BCX = 40°

LCBD = 40°

LABC =2 x40° = 80°

Triangle ABC is isosceles;
/ABC = /ACB

180° = 116°
_ B0° - 116° 5

Using the alternate angle theorem,
(BDC = /ACB = 32°.

(BEC + /BDC = 180°

(opposite angles in cyclic quadrilateral
BCED)

.. BEC = 180° —32° = 148°

In ACAT,

LACB = 180° - 30° — 110° = 40°
The alternate segment theorem shows
(BAT = 40°

LCAB = 110° - 40° = 70°

In ACAB,

LABC = 180° — 40° —70° = 70°

There are multiple ways of proving this
result.
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LADB = /DCB (alternate segment theorem)Triangles PAT and BAQ are similar,

(DCB = /DCE (subtended by equal arcs)

.. /ADB = /DCE
/DBA + /DBC = 180°

(DEC + /DBC = 180°

.. .DBA = /DEC
.. triangles ABD and CDE are similar,

since two pairs of opposite angles are
equal.

/TCB = £/CBA (alternate angles)
(TCB = /CAB (alternate segment)

.. LCBA = /CAB
ABC is an isosceles triangle with

CA =CB.

0
LTAP = /AQP (alternate segment)

LAQP = /BAQ (alternate angles)

- /TAP = /BAQ
LAPT + /APQ = 180° (adjacent angles)

(AQB + /APQ = 180° (opposite angles)
/APT = /ABQ

since two pairs of opposite angles are
equal.

B

Let T be the point where the
perpendicular from P meets the
tangent at A
Let O be the centre of the circle.
Join PA and PB.
Consider triangles OAN and OBN:
LANO = /BNO = 90°

OA = OB (radii)
ON is common to both triangles.
.. LAON = /BON (RHS)

AN = BN

Now consider triangles PAN and PBN:

AN = BN
LPNA = /PNB =90°
PN is common to both triangles.
.. PAN = PBN (SAS)

LPAN = /PBN

Now consider triangles PAT and PAN:

LPBN = /PAT (alternate segment theorem)

.. LPAT = /PAN

/PTA = /PNA = 90°
PA is common to both triangles.

. LPAT = /PAN (AAS)
PT = PN
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Solutions to Exercise 10C

1

4

PD=7cm—-5cm=2cm

a AP-PB=CP-PD

5x4=2PD Let PB = xcm
PD = 10 em PA =4xcm
AP-PB =CP-PD
b AP-PB=CP-PD dx X x =12 %2
4PB=3x8 =6
PB=6cm x= V6
AB=4V6+ V5
2 8
. :5\/gcm
Sem
4 8 cm !
3em 4
. 4

Let the centre of the circle be O and the
length of the radius r cm.
Extend OP to meet the circumference of
the circle at C and D.
CP=r—-3and PD=r+3

CP-PD =AP-PB

P

Use theorem 9:

PQ? = PA-PB
(r=3)r+3)=8x5 PR? = PA-PB
r> =9 =40 PO* = PR
r* =49 PO = PR
r=7cm
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Let the centre of the circles be O.
Let the radii of the larger and smaller
circles be R and r respectively.
Let QP produced meet the larger circle
ats.
By symmetry, SP = RQ.
Extend OQ to meet the larger circle at A
and C, and the smaller circle at B.
Since SP = RO,
SP+ PQ =RQ+ PQ
SO = PR
Using the large circle,
SQ-RO =AQ-CQ
PR -RQO = (R + r)(R — r), which is constant

Let P be a point on BC such that AP is
perpendicular to BC.

Because ABC is isosceles, AP

will bisect AB. Let AP = x and

PC =PB=y.
DP =y—-BD
CD =2y-BD

Using Pythagoras’ theorem twice, we
get AB?> = x* + y? in triangle ABP and in
triangle ADP.

AD? = x* + (y — BD)?

= x* +y* — 2y X BD + BD?
= AB?> — BD(2y — BD)
= AB* - BD-CD
BD -CD = DEAD

AD? = AB*> - DE - AD

AB? = AD* + DE - AD
= AD(AD + DE)
= AD - AE
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Solutions to technology-free questions

1 equal:

x=47°

y =53°

z is the exterior angle angle of either
triangle.

Using the left triangle:
AB can be considered as a diameter of 7= x+53°

the circle centre M passing through C
MC = MA (radii of the circle)
LACM = 36° (isosceles triangle) = 100°
LCMN = 72° (sum of two interior
angles is equal to the opposite exterior
angle)

(MCN = (180 -72-90)° = 18°

=47 + 53°

d First note that y = x.
Consider the concave quadrilateral
containing the 30° angle.
Its angles are 30°,
180° — 70° = 110, x + 70° and
— 70° x + 70°, using supplementary angles,
vertically opposite angles and

140°

2
Theorem 4: x +y = 180°

2 a Theorem 1:y =

exterior angles of a triangle.

x = 180° - 70° = 110° x+70+ x+70+ 110 + 30 = 260
b Name the quadrilateral ABCD, in 2x + 280 = 260
which y is at A and x is at B. x = 40°
Let P be the point of intersection of _ A0°
AC and BD. -
In triangle XCD, z=180—(x+70)
(CDX = 180° - 50° — 75° =70°
= 55°
/BCD = 90° 3

(angle subtended by a diameter)

In triangle BCD, '

x = (BDC /
= 180° - 90° — 55° A
= 35°

y = x = 35°(angles subtended
a Using angles on arc AP,

LPOA =2/CBA
¢ Angles in the same segment are Using alternate angles,

by the same arc)
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LPOA = /CAB 5
LCAB =2/CBA

b Using angles on arc AP,

LPOA =2/CBA
Using alternate angles,
LOPC = /CBA

Using the exterior angle of triangle

OCP, /PBD = /BAP (alternate segment)

/PCA = /POC + /OPC /BAP = /BDQ (angles on BQ)
= /POA + LOPC .. PBD = /BDQ
These are alternate angles on BP and
/PCA =2/CBA + /CBA oD
=3/CBA . BPis parallel to OD.

6 a The base angle of the isosceles
triangle is 57° (alternate segment

B theorem)
) ] x=180° - 57° - 57°
4 p c = 66°
LOBC = LOAB + £AOB (exterior angle b Make a construction as shown below.

of triangle AOB)
LOBC = LOAB + /AOB (exterior angle
of triangle AEB)

1
LBAE = EAOAB

1
¢BEA = EZAOB (angles on arc AB) y = 64° (alternate segment theorem)

1 o ]
LEBC = E(AOAB + /AOB) x = 180" — 64

1 = 116° (cyclic quadrilateral)
= EZOBC
i.e. EB bisects ZOBC. ¢ Make a construction as shown below.
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180° — 48° 7

Marked angle = >

= 66°
x = 66° (alternate segment)
y = 180° — 66°
= 114° (cyclic quadrilateral)

P

Consider triangles MNQ and NPM.
LMQN = /NMP (alternate segment)
L(MNQ = /NPM (alternate segment)

the triangles are similar and
MN  OM

Np  MN’

Cross multiplying gives
MN? = NP-OM

8 AE-EB=CE-ED

15x5=25ED
ED = DE
=3 cm

501



Solutions to multiple-choice questions

1 B Inisosceles triangle ABD,

2

4

5

C

LtABD = t{ADB

180° — 70°
= =55

LACD is subtended by the same arc,

so LACD = 55°.

In quadrilateral OAPB,
LOAP = LOBP = 90°

LAPB = 360° — 150° — 90° — 90°

=30°
The angle subtended at the

circumference on minor arc AB is

150°

=75°.
2

This angle is opposite Q in a cyclic

quadrilateral.
(AQB = 180° —75° = 105°

There are multiple ways to solve
this problem.

LOAB = 68°

/BAT =90° — 68° = 22°

/ABT =180° — 20° — 68° = 92°
L(ATB = 180° — 22° — 92° = 66°
LBAC = 60°

Reflex /BOC = 360° — 120°

= 240°
In quadrilateral ABOC,
LABO = 360° — 240° — 42° — 60°
=18°

(DAB = 180° — 65° = 115°
Corresponding angles on parallel
lines

LCBE =115°

6 A

/BAD = 50° (alternate segment
theorem)

LABD = 50° (alternate segment
theorem)

In triangle ABD,

/ADB = 180° — 50° — 50°

= 80°

AP-PB =CP-PD
12x 6 =2PD
PD =36 cm

8§ B NB=13-5=8cm
NQ = PN
AN -NB=PN-NQ
= PN?
18 x 8 = PN?
PN = V144 = 12 cm
PB* = 12% + 8% =208
PB = V208
= V16 x 13
=4vV13 cm

9 A Intriangle BAX,
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/BAX = 180° —40° — 105°
= 35°
Angles are subtended by the same

arc
(XSC = /BAX = 35°

10 A /CDA =90° (angle subtended by a

diameter)
In triangle ACD,
LCAD = 180° — 90° — 25°

= 65°
/CBD = /ACD = 65°

/BCD = 180° — 75° = 105°
In triangle BCD,
/BDC = 180° — 105° — 65°

=10°
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Solutions to extended-response questions

1 a Let PT be the tangent.

o
R

LPS Q = /QPT (alternate segment)
(PQS = /QPT (alternate angles)
Since £PS Q = £PQS, triangle POS is isosceles
with PQ = PS, as required to prove.
b /PRS = /PQS (same segment)
LPRQ = /QPT (alternate segment)
LPQS (alternate angles)
= /PRS

/QRS = /PRQ + /PRS = 2/PRS
Therefore PR bisects ZQRS , as required to prove.

AM DM
AM X BM = CM x DM implies — = ——

CM BM
(AMC = /BMD
Hence AAMD ~ ADMB (SAS). Hence /CAM = /BDM
Hence ABCD is cyclic (converse of Theorem 2)
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T
/XCA + LACB + /BCT = 180° (supplementary)

(XCA = /CBA (alternate segment)
(TCB = /CAB (alternate segment)

LBCA + /CAB = £ABD (exterior angle of triangle)
LYDA = /ABD (alternate segment)

(YDA + /ADB + /BDT = 180°
/ABD + /ADB + /BDT = 180°

/BCA + /CAB + /ADB + /BDT = 180°
But «CAB = /TCB
/BCA + /TCB + /{ADB + /BDT = 180°

L(ACT + /ADT = 180°
TCAD is a cyclic quadrilateral, as required to prove.
b /TAC = /BAC
= /BCT (alternate segments in circle ABC)
=/DCT
= /TAD (same segment in circle ACT D)
(TAC = (TAD, as required to prove.
¢ TC?>=TB-TA and TD? = TB. TA (tangent/secant theorem)
TC?* =TD?
TC =TD, as required to prove.
4 a AD is atangent to the circle CDP.
/BAC = /ACD (alternate angles, AB || CD)
= /DCP
= /ADP (alternate segment)

= /ADB, as required to prove.
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b /BAP = /BAC
= /ADB (from a)

= /ADP
AB is a tangent to the circle ADP (alternate segment), with point of contact A, i.e.

the circle ADP touches AB at the point A, as required to prove.
¢ Let /BAC = x°, /ABD =)°,
/ACD = x° (alternate angles)
/ADB = x° (alternate segment)
(BDC = y° (alternate angles)
/BCA = y° (alternate segment)
(ADC = (x +y)°
and /DCB = (x + y)°
/ABC + /DCB = 180° (co-interior angles)
LABC + (ADC = 180°
ABCD is a cyclic quadrilateral, as required to prove.
S a 1 /MSX = /MSR (supplementary angles)

=90°
Also MP = MS (M midpoint of PS) and £S MX = /PMQ (vertically opposite)
triangles MPQ and MS X are congruent.
Therefore S X = PQ

= RS (opposite sides of a square)
S is the midpoint of RX.

Also /PSX = /PSR
=90° (angle in a square)
Therefore triangle XPS is congruent to triangle RPS .
XP = RP and triangle X PR is isosceles, as required to prove.

ii PS = RS (sides of a square)
. triangle PRS is isosceles with ZRPS = 45°
LRPX = 90°
PX 1L OP and PX is a tangent to the circle at P, as required to prove.
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b Area of trapezium = area of square PQRS + area of triangle PS X

1
=47+ — x4
2

=16+8
=24 cm?
6 a Let AF be the perpendicular bisector of BC (since AB = AC). A4
AB? = BF? + AF? (@ (Pythagoras’ theorem)

AE? = AF? + FE? @ (Pythagoras’ theorem)
@O — @ yields
AB?> — AE* = BF? + AF? — AF? - FE?

— BF? _ FE2 B v C
= (BE - FE)* - FE?

= BE* - 2BE - FE + FE* — FE?

= BE’> - 2BE - FE

= BE(BE - 2FE)

= BE(BF + FE — 2FE)

= BE(BF - FE)

= BE(CF — FE) (since BF = CF)

= BE - CE, as required to prove.

b Extend PT to meet the circle again at Q.
PT - QT = AT - BT (intersecting chords)
but QT = PT since AB is a diameter

PT? = AT - BT 571 J8 ¢
and, by the tangent/secant theorem
CP*=CA-CB ©
Also CP? = CT? + PT? (Pythagoras’theorem)
CA-CB=CT?+AT - BT
CA-CB-TA-TB = CT?, as required to prove.
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Chapter 12 — Sampling and sampling distribu-
tions

Solutions to Exercise 12A

1

No, the sample is biased towards
students who use the internet, because of
the email collection method.

No, the sample is biased because she is
collecting the data at a particular time of
day. Some age groups would be more
likely to use the restaurant at that time

— probably school children and ‘young’
families.

No, the sample is biased towards
viewers of that station. Only people with
strong opinions will call, and people
may call more than once.

Answers will vary

a 0.48

b p, This is a sample proportion,
because it was determined from a
sample.

The population is all students at this
school.

The population proportion is

the proportion of students in the
whole school who travel by public
transport,0.42.

The sample proportion is the propor-
tion of students in the sample who
travel by public transport,0.37.

The population is all Australian
adults.

The population mean is the mean
number of hours that Australian
adults watch TV per day = 4 hours.

The sample mean is the mean number
of hours that the Australian adults in
the sample watch TV per day = 3.5
hours.



Solutions to Exercise 12B

1 a X 0 1 2
Pr(X = x) | 0.16 | 0.48 | 0.36

b Pr(X>1)=0.36+0.48
=0.84

2 a Pr(X=3)=0.35

b Pr(X <3)=Pr(X = 1) +Pr(X = 2)
=0.05+ 0.15
=0.20

Pr(X > 4) = Pr(X = 4) + Pr(X = 5) + Pr(X = 6)
=0.25+0.15 + 0.05
=0.45

Pr(P > 0.8) =Pr(P=0.8) +Pr(P = 1)
= 0.4372 + 0.3060
=0.7342

Pr(0.2 < P < 0.8) = Pr(P = 0.4) + Pr(P = 0.6)
=0.0422 +0.2111 + 0.3060
=0.2533

Pr(0 < P < 0.8)
Pr(P > 0)
~0.2567

~0.9999
= 0.2567

Pr(P <0.8|P>0) =

Pr(0.2 < P <0.8|P>04)
_ Pr(02< P <0.38)

Pr(l < X <5)=Pr(X =2)+Pr(X =3) + Pr(X = 4) pr(ﬁ > 0.4)
=0.75 B 0.2533
© 02111 + 0.4372 + 0.3060
e Pr(X#5)=1-Pr(X=5) _ 0.9654
=10.15
=0.85 8
4 ap=—=05
fP(1<X<5|X>1)—%—E 16
g 7095 19

3 a Pr(P =0.2)=0.0034

Pr(P < 0.4) = Pr(P = 0) + Pr(P = 0.2)
= 0.0001 + 0.0034
= 0.0035

b Number of soft centred chocolates
could be 0, 1, 2 or 3. Thus, possible

values of P are 0, —, =, 1

3°3

¢ Pr(P=0)=Pr(X =0)

_()6)
(5)




a

Pr(P=1)=Pr(X =1)
_()G)
(%)
224
560

=04
Pr(P =3) =Pr(X =2)
_()0)
(%)
224
560

=04
Pr(P = 1) = Pr(X = 3)

_00)
(%)

_ 56
560
=0.1
po [0 E %]
Pr(P=p) | 0.1 04|04 0.1

Pr(P > 0.25) = 0.9

12

:%—0.6

P

Number of male swimmers could be

0,1,2,3,4
The values of P are
0,0.2,0.4,0.6,0.8,1

Pr(P = 0) = Pr(X = 0)
_(0)6)
(%)

= 0.0036

Pr(P=1)=Pr(X=1)
_(ME)
(%)
= 0.0545
Pr(P=2)=Pr(X=2)

_()0)
(5)
=0.2384
Pr(P = 2)=Pr(X =3)

_ ()G
(5)
= 0.3973
Pr(P = 1) =Pr(X = 4)

_()0)
(%)
= 0.2554
Pr(P = 1) =Pr(X = 5)

_(5)6)
()

=0.0511

b 0 0.2 0.4

Pr(P = p) | 0.0036 | 0.0542 | 0.2384

p 0.6 0.8 1

Pr(P = p) | 0.3973 | 0.2554 | 0.0511

d Pr(P > 0.7) = 0.3065

e Pr(0 < P <0.8) =0.6899,

. . P P<o.
Pr(P < 08| P> 0) = TO<FP<08)
Pr(P > 0)

= 0.6924




_10_ 4, e Pr(0 < P <0.5) = 0.4263,
S0 Pr(P < 0.5/ P > 0) = 0.5518

b Possible number of defectives could
be 0, 1, 2, 3, or 4. Therefore values of
P are 0,0.25,0.5,0.75, 1.

6 ap

7 a Pr(P>0.6)=Pr(P=2)+Pr(P=1)

=0.028

¢ Pr(P=0)=Pr(X =0) . .

5\ /35 b Pr(0 < P <0.6) = Pr(P = 1) = 0.243,
:(o)(4) Pr(0 < P < 0.6)

Pr(P < 0.6|P>0) =

(540) Pr(P > 0)
=0.2274 = 0.897
Pr(P=1)=Pr(X=1)
(115) (335) 8 a p=05
) (540) b Values of Pare
04263 0,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9, 1
Pr(P = %) = Pr(X =2) ¢ Binomial with n = 10, p = 0.5
(125) (325) Pr(P = 0) = Pr(X = 0)
- (540) _ (100) (0.5(0.5)"°
=0.2713 = 0.00098
Pr(P = 3)=Pr(X =3) Pr(P =0.1)=Pr(X = 1)
) (135) (3]5) _ (110) (0_5)1(0-5)9
O ® = 0.0098

The following values are
= 0.0691

. obtained in the same way
Pr(P=1)=Pr(X =4)

p 0 0.1 0.2 0.3
(12) (35) Pr(P = p) | 0.00098 | 0.0098 | 0.0440 | 0.1172
4/\0
(540) p 0.4 0.5 0.6 0.7
Pr(P = p)| 0.2051 | 0.2461 | 0.2051 | 0.1172
= 0.0059
P 0 0.2 0.5 B 08 [ 09 | 1
Pr(P = p) | 0.2274 | 0.4263 | 0.2713 PP = P [DOHD 0008 | D008
p 075 | 1
Pr(P = p) | 0.0691 | 0.0059

d Pr(P > 0.5)=0.075



d Pr(P > 0.5) = 03771

9 a

10 a

N 1
The values that P can take are O, 3
1125
3’2376’
Binomial withn = 6, p = 0.52
Pr(P = 0) = Pr(X = 0)

= (§) (0.52)°(0.48)°

=0.0122
Binomial withn = 6, p = 0.52
Pr(P=1)=Pr(X =1)

= (§) (0.52)'(0.48)°

=0.0795
The following values are obtained in

the same way.

p 0 1 1 1
g 6 3 2
Pr(P = p) | 0.0122 | 0.0795 | 0.2153 | 0.3110

b 3 8 !

Pr(P = p) | 0.2527 | 0.1095 | 0.0198

Pr(P > 0.6) = 0.307
. . Pr(P < 0.
Pr(P < 03| P <08) = L <03)
Pr(P < 0.8)
=0.1053

A 1
The values that P can take are O, 3’
131537

4’ 8, 2’ 8’ 4’ 8’
Binomial withn = 8, p = 0.8
Pr(P = 0) = Pr(X = 0)

= (5) (0.8)°(0.2)°
= 0.000003

11

Binomial withn =8, p = 0.8
Pr(P =1 =Pr(X=1)

= (}) (0.8)'(0.2°

= 0.00008
The following values are

obtained in the same way.

p 0

1 1

8 4

Pr(P = p) | 0.000003

0.00008 | 0.00115

P 5

3

1 3
2 8

Pr(P = p) | 0.0092 | 0.0459 | 0.1468

P i

3

=
g 1

Pr(P = p) | 0.2936 | 0.3355 | 0.1678

¢ Pr(P > 0.6) = 0.1468 + 0.2936 +
0.3355 + 0.1678 = 0.9437

d A
| N Pr(P > 0.6)
Pr(P>06|P>025) = ——
Pr(P > 0.25)
=0.9448
af[p] o [o25] 05 [075] 1
Hyp | 0.0587 | 0.2499 [ 0.3827 | 0.2499 | 0.0587
Bin | 0.0625| 0.25 | 0.375 | 025 |0.0625
b [ 0 0.1 0.2 0.3
Hyp | 0.0006 | 0.0072 | 0.0380 | 0.1131
Bin | 0.00098 | 0.0098 | 0.0440 | 0.1172
p | 04 0.5 0.6 0.7
Hyp | 02114 | 0.2593 [ 0.2114 | 0.1131
Bin | 0.2051 | 0.2461 | 0.2051 | 0.1172
» | 08 0.9 1
Hyp | 0.0380 | 0.0072 | 0.0006
Bin | 0.0440 | 0.0098 | 0.00098
¢ Not much



Solutions to Exercise 12C

1 a a. There are eight dots which will differ)
represent sample proportions of
0.8 or more from the 100 samples

4 a 1.14 *Unsaved <

simulated. Thus we can estimate

Pr(P > 0.8) = 0.08.
b b. There is one dot which rep- s
resent a sample proportions of 3 s o 5
0.5 or less from the 100 samples e 2 s E E 5 s E 3 a
. . e 000000 0e0CQeee
simulated. Thus we can estimate 064 068 092 076 080 084 088 04
Pr(P < 0.5) = 0.01. =
b seea
2 a There is one dot which repre- ¢ i Pr(P>0.9) =~ 0.06.(Answers will
sent sample proportions of 0.7 differ)
or more from the 100 samples
simulated. Thus we can estimate ii Pr(P<0.7)~0.08. (Answers will
Pr(P > 0.7) = 0.01. differ)
b There are seven dots which rep-
resent a sample proportion of S a fafis]re
0.25 or less from the 100 samples
simulated. Thus we can estimate
Pr(P < 0.25) = 0.07. s388 .
> *Unsaved < §§§§§§§ §§§§0§ o
015 025 035 045 0.5
workers
X b seea

i Pr(P > 0.45) ~ 0.18.(Answers
will differ)

ii Pr(? < 0.25)~ 0.38.(Answers
b see a will differ)

¢ i Pr(P>0.64) ~ 0.04.(Answers
will differ)

ii Pr(P <0.44) ~0.03. (Answers



b seea

=~

*Unsaved

6 a d1.14]1.15]1.16 §

i Pr(P > 0.45) ~ 0.01.(Answers

A

ii Pr(P <0.25) = 0.06(.Answers

will differ)
will differ)

0.18 0.22 0.26 0.30 0.34 0.38 0.42 0.46 0.

workers




Solutions to Exercise 12D

1 a

3 a

b

C

4 a

There are two dots which represent
sample means of 25 or more from the
100 samples simulated. Thus we can
estimate Pr(X > 25) = 0.02.

There is one dot which represent a
sample means of 23 or less from the
100 samples simulated. Thus we can
estimate Pr(X < 23) = 0.01.

There are four dots which represent
sample means of 163 or more from
the 100 samples simulated. Thus we
can estimate Pr(X > 163) = 0.04

b. There are five dots which represent
sample means of 158 or less from the
100 samples simulated. Thus we can
estimate Pr(X < 158) = 0.05

calculator

*Unsaved <~

388 394 40(% 11.8
i

40.6
sh

1.2

i Pr(X >41)~0.04/

ii Pr(X <39)=~0.04.

calculator

> *Unsaved <~

i Pr(X >55)~0.0l.

ii Pr(X <40)=~0.01.

5 a calculator

*Unsaved <

i Pr(X > 1.003) ~ 0.07

ii Pr(X <0.995) ~ 0.01

6 a calculator

> *Unsaved —

T T T T T
0.995 0.997 0,999 1.001
fizzyb

i Pr(X>1.003)~0

ii Pr(X <0.995)~0



Solutions to technology-free questions

1 a Employees of the company people in the team :E
5

number of females in company

b p= =0.35

number of people in company

b The values of P are—, %, 1

W —

¢ B number of females in the sample 0.4
P = umber of people in the sample

¢ Pr(P = %) =Pr(X=1)

2 No, this sample (people already inter- B G) (i)
ested in yoga) is not representative of - (5)
the population 3 :
" 10
3 No, people who choose to live in houses Pr(P = %) =Pr(X =2)
with gardens may not be representative N
of the population _ (2) (1)
(5
()
4 a People with Type II diabetes _ 6
10
b Population is too large and dispersed Pr(P = 1) = Pr(X = 3)
to use for such an experiment. 3\ (2
_B0)
¢ Unknown (g)
d x=15 = 1
10
R 1|2
P |5]3|!
5 a All of the employees of the company o [3]6|1
Pr(P = p) ol
b p = number of people in the company . 6 1 7
who are tertiary qualified divided by d Pr(P>0.5) = T 10" 1o
the number of people in the company ;
=0.2 e Pr(0< P <0.5) = o
¢ p number of people in the sample Pr(P <0.5|P>0) = liO

who are tertiary qualifieddivided
by the number of people in the

sample=0.22 7 a Values of P are 0, 0.25, 0.5, 0.75, 1

b Binomial withn =4,p =0.5
6 a p =number of people in the team who
are femaledivided by the number of



Pr(P =

Pr(P =

Pr(P =

Pr(P =

Pr(P =

0) = Pr(X = 0)
= (5) (0.5)°0.5)*

= 0.0625
025)=Pr(X=1)

= (1) 05)'0.5)’ 8

=0.25
0.5) = Pr(X = 2)

= (3) (0.5%(0.5)°

=0.375
0.75) = Pr(X = 3)

= (3) 05Y0.5)"

=0.25
1) = Pr(X = 4)

= (}) (0.5)*0.5)°
= 0.0625

P

0 025] 0.5 |0.75 1

Pr(P = p)

0.0625 | 0.250.375|0.25 | 0.0625

¢ Pr(P <0.5)=0.3125

d Pr(P<0.5|P<0.8)=

ii

ii

Pr(P < 0.5)
Pr(P < 0.8)

There are three dots which
represent sample proportions

of 0.7 or more from the 100
samples simulated. Thus we can
estimatePr(P > 0.7) = 0.03

There are four dots which
represent a sample proportion of
0.38 or less from the 100 samples
simulated.Thus we can estimate
Pr(P < 0.38) = 0.04

. _ number of people in the sample who will vote for Bill Bloggs
% number of people in the sample B

0.42

From the plot there are 8 samples
where the sample proportion

is 0.42 or less, from the 100
simulations.Thus we can estimate
that Pr(P < 0.42) = 0.08

10



Solutions to multiple-choice questions

1

7

B

Since this ratio is determined from a
sample it is a sample statistic.

Since this percentage is determined
from complete census it is a
population parameter

In reality we rarely know the value
of a population parameter, whereas
we can determine the value of a
sample statistic. So generally, we are
using the sample statistic to estimate
the value of a population parameter.

The sampling distribution describes
how the values of the sampling
distribution vary from sample to
sample.

Since sample statics are estimates of
population parameters.

Pr(P > 0.7)

Pr(P > 0.7|P > 0.2) = ——
Pr(P > 0.2)

_(0.048 +0.005

0572
0053
T 0572
= 0.092657 ...

There are 4 vegetarians and 6
non-vegetarians. If the proportion of
vegetarians with plastic plates is P,
then:

.~ 3
IfP= 7 then three of the 4 vegetari-

ans got a plastic plate, and 4 of the 6
non-vegetarians got a plastic plate,

8

that is: "
Pr(P=1)= (4)1(50)
(¥)
=0.1143
4\ (6
Pr(P = %) _ (3) (1)

10
(¥)
= 0.0048
Thus Pr(? > 0.5) = 0.1191

There are 12 gold fish and 8 black
fish. If the proportion of gold fish in
the sample of five is p, then P takes
values 0, 0.2, 0.4, 0.6, 0.8, 1.

If P = 0.8, then 4 of the 5 fish are

gold, that is:
(2)()

(5)

= 0.2554

Pr(P =0.8) =

Thus Pr(? > 0.8) = 0.3065

X = number of students who study
Chinese in the sample of size 20.

X has a binomial distribution,
n=20,p=02

P = proportion of studenrs who
speak Chinese in the sample of size
20. P takes values 0, 0.05, 0.1,0.15,
0.20,0.951

Pr(P < 0.1) = Pr(P = 0) + Pr(P =
0.05)

We have

PrP =0) = Pr(X = 0) = 0.0015

11



10

Pr(P = 0.05) = Pr(X = 1) = 0.0576
- Pr(P < 0.10) = 0.0691

X = number of heads in the sample
of size 10.

X has a binomial distribution,
n=10,p=0.5

P = proportion of heads in the
sample of size 10.

P takes values 0,0.1,0.2,0.3. ..
Pr(P <02 o0r P >0.8) =Pr(P <
0.2) + Pr(P > 0.8)

Pr(P < 0.2) = Pr(X < 2) = 0.01074

11

12

Pr(P > 0.8) = Pr(X > 8) = 0.01074
Pr(P <02o0rPrP > 0.8) =
0.02148 ~ 2%

The exact sampling distribution is
hypergeometric, but when the sample
size is small compared to the popu-
lation size, the binomial distribution
gives a good approximation.

Thus increasing the sample size will
result in a decrease in the variability
of the sample estimates, as we have
seen from the sampling dsitributions.

12



Solutions to extended-response questions

1 a p a b

0.1 1 0.03|0.17
0.2]0.11 | 0.29
0.3]0.19 | 0.41
041029 051
0.51]0.38 | 0.62
0.6 | 049 | 0.71

b i p=034
ii p=030rp=04
2 a iii mean~ 50, s.d. ~ 1.12
b iii mean ~ 50, s.d. ~ 0.71

¢ iii mean ~ 50, s.d. = 0.50

13



Chapter 13 - Trigonometric ratios
and applications

Solutions to Exercise 13A

1 a Lo cos 35° 2
5
x=5x%0.8191 ]
=4.10cm 0 om
fa0°
b 110 = sin 45°
— =5sin60°
x=10x0.0871
=0.87 cm 20:x><§
¢ 3 =tn2016 __ 40 _40V3
3 3
x=8x%x0.3671 \/_
=294 cm 3
d I =twn30°15
7 15 cm
x=7x0.9661
=4.08 cm % 6 oo
12 cm
10 o B
e tanx°:E Ccos X _E_OA
= 0.666 x° =66.42°
x = 33.69° The third angle = 180° — 2 X 66.42°
=47.16°
1
f —0 = tan40°
A h
10 = x x 0.8390 4 55 =tndo’
x:L x=20x1.1503
0.8390
=11.92 cm ~23m
. 1
5 a sinZACB = ¢

LACB =9.59°



400

b BC®=6"-1°=35 10 =2 = sin16°
N d
BC=N35m 400 = d x 0.2756
" 0.2756
10 = 1451 m
6 0=—=05
a cos 0
6 = 60° 11 Since the diagonals are equal in length,
PO . the rhombus must be a square.
b 2—0 = sin 60
a AC® = BC?+ BA* = 2BC*
PQ =20x0.866
100 = 2BC?
=17.32m
BC? =50
3 BC = @ =5 \/5 cm
7 a 7= sin 26°
where L m is the length if the ladder b As the rhombus is a square,
3 = L x0.4383 ZABC = 90°.
I 3
~0.4383 12 Find the vertical height, 4 cm.
=6.84m
3
b ]Tl = tan 26° 90 cm 90 cm
where i m is the height above the
ground. Ao — '
3 =hx0.4877 S "'—?
3 h
h=——— - - °
0.4877 g0 = s 1
=6.15m h =90 x 0.9659
h = 86.93 cm

8 sinf = g =021666. .. x=90-8693 =3.07cm

0 =12.51°

h
9 ﬁ = sin66°

x =200x0.9135
=182.7m



13 i = sin 52.5°
L

2

15 = % x 0.7933

30
~ 0.7933
=37.8 cm
14 5% = tan 32°
w =50 x 0.6248
=31.24cm

15 W +1.72=4.7>
W =47>-1.7°
=192
h=438m

50
16 ”l = sin 60°

50 =d x 0.866

_ 50
~0.866
=57.74 m

17 Let length of the flagpole be [

I
in60 = ——
& 1+2
3_ 1
2 1+2
\3

[+2)— =

I+ )2
3

(%-1)1:—\/5

_ V3
__3_1
2
23

18 Perimeter =10 = x + A -I;COpp =10

19

30="C
COS n

J— x —_—
"~ cos30

l\)‘&‘k

tan 30 = opp
X

1
opp = xtan30 = —
V3

Y 4+ xtan30 =10
s 30

x+£+ix:10
V3 V3
(V3 + Dx =10
10
V341

x ~ 3.66

X

SIv

=5(V3-1)

In APDB, Let /PBD =6

2
Then sin 8 = 5
Hence 0 = 23.578...°
/APB =260 ~ 47.16°



Solutions to Exercise 13B

x 10 b w _ sin42°
sin50°  sin70° 8.3 9.4
10 % sin 50° ) 8.3 X sin42°
= sin70° Smé =57
=8.15cm = 0.5908
y 6 0 =36.22°

In this case 6 cannot be obtuse. Since

$in37°  sin65° - . .
6 X sin 37° it is opposite a smaller side.
~ sin65° sinf _ sin108°
=3.98 cm T8 T 10
" 8 % sin 108°
sinf = ——
X _ 5.6 10
sin 100°  sin28°
5.6 Xsin100° ¥
- sin 28° 0 = 49.54°
_ In this case 6 cannot be obtuse. Since
=11.75cm
the given angle is obtuse.
d x = 180° — 38" — 90° o Siné _ sin38°
= 52° 9 8
x 12 Sin‘9:9><sm38
sin52°  sin90° 8
_ 12xin52° = 0.6929
sin 90° 0 = 43.84° or 180 — 43.84
= 9.46 cm —131.16°
6 =180 —43.84 — 38 = 98.16°
sind  sin72°
2 a T g or 180 — 136.16 — 38 = 5.84°
) 7 X sin72°
sinf = ——
8
= 0.8321
0 = 56.32°

In this case 0 cannot be obtuse. Since
it is opposite a smaller side.



3 a

A =180°-59°-73°

48°

b 12

sin48°

12 X sin 59°
sin48°

13.84 cm

c 12

sin48°

12 X sin 73°
sin48°

15.44 cm

C =180° —75.3° — 48.25°
= 56.45°

a 5.6

sin75.3°  sin48.25°
3 5.6 x sin75.3°

sin 48.25°
=7.26 cm

c 5.6

"~ sin48.25°
5.6 X5in56.45°

sin 48.25°
= 6.26 cm

sin 56.45°

B =180° — 123.2° - 37°
=19.8°
b 11.5

sin 19.8°  sin 123.2°
11.5 xsin 19.8°

sin 123.2°
=4.66 cm

c 11.5

sin37° sin123.2°
11.5 x sin 37°

sin 123.2°
= 8.27 cm

b=

a

C =180° —23° - 40°
=117°

b B 15
sin 40°

~ sin23°
_ 15 x5in40°
~ sin23°
= 24.68 cm
c 15
sinl17°  sin23°
15%xsin117°
sin 23°
=34.21 cm

C =180° - 10° — 140°
= 30°
a 20

sin10° _ sin 140°
B 20 x sin 10°
"~ sin 140°
=540 cm

c 20

~ sin 140°
3 20 % sin 30°
"~ sin 140°

=15.56 cm

sin30°

sin B 3 sin 48.25°

176 153
17.6 X sin 48.25°

15.3
= 0.8582

B =59.12° or 180° — 59.12°
= 120.88°

sinB =



A =180° —48.25° — 59.12°

=72.63°
or 180 — 48.25° — 120.88°
=10.87°
15.3 a a

Sind825°  sin72.63° ' sin 10.87°
15.3 x sin 72.63°

sin 48.25°
15.3 x sin 10.87°

sin48.25°
=19.57 cmor 3.87 cm

a =

sinC B sin 129°

456  7.89
GinC = 4.56 x sin 129°
B 7.89
=0.4991
C = 26.69°
A =180° — 129° — 26.69°
=2431°
a 7.89

sin24.31°  sin 129°
_ 7.89 xsin24.31°

sin 129°
=4.18 cm

sin B 3 sin 28.35°

148 85
B 14.8 x sin 28.35°
85
= 0.8268

B =55.77° or 180 — 55.77 = 124.23°
C =180° —55.77° — 28.35° = 95.88°
or 180° — 124.23° — 28.35°

=27.42°
8.5 B c c
sin28.35°  sin95.88° . sin27.42°
_ 8.5 x5in95.88°
Q sin 28.35°
8.5 x sin27.42°
sin 28.35°
=17.81 cmor 8.24 cm
A
b
630 70°
5 400 m ¢

A =180° - 68° —70°

=42°
b 400
sin68°  sin42°
400 X sin 68°
~ sin42°
= 55426 m



6 b Y =180° — 109° — 32°
LAPB = 46.2° - 27.6°

=39°
= 18.6° (exterior angle property) AY 50
a 34 sin109° ~ sin39°
sin27.6°  sin 18.6° Ay = S0 xsin109°
34 x sin27.6° ~ sin39°
PB=a=———
sin 18.6° =75.12m
=49.385m
i — sin46.2° 9 a From the sine rule:
h =49.385x%x0.7217 bsin A
~ 3564 m T SinB
b a éin B
sin A
7 4 1070 m E bsinC
740 79° c N
sin B
b
bsinA asinB
a+b=— + —
o sin B sin A
C = 180° — 69° — 74° a+b:bsin2A+asinzB
_ 370 sin A sin B
Bl a+b_bsin2A+asinzB>< sin B
. b = .1070 c sinAsin B bsinC
$in697  sin 37° bsin’ A + asin® B
1070 X sin 69° =
b= ﬂ bsinAsinC
sin 37° . 5 ) )
_ 1659.86 3 bsin“A + bsinA sin B
B o0 TS B bsin A sinC
B sinA + sin B
8 a X = 180° — 120° — 20° sinC
= 40° b Repeat the steps above but for a — b
AX 50
sin20°  sin40°
3 50 x sin 20°
~ sind40°
= 26.60 m



Solutions to Exercise 13C

1 BC*=4>
=b*+c? —2bccos A
=152 +10°-2x 15 % 10
X cos 15°
=325 -300 x cos 15°
=35.222
BC =593 cm

2 /ABC = /B
a+ct-b
2ac
B 52+82-10%
- 2x5x8
=-0.1375
. /ABC ~ 97.90°

LACB = /C

cosB =

a* +b* - c?

2ac
_52+102—82
- 2x5x%10
=0.61

. LACB ~ 52.41°

cosC =

3 a a®=b"+c*-2bccosa
=16% +30% — 2 x 16 x 30
X cos 60°
= 1156 — 960 X cos 60°
=676
a=726

b b* =d*+c? —2accos B
=147+ 122 -2x 14 x 12
X cos 53°
= 340 — 336 X cos 53°
= 137.7901
a=11.74

c /ABC = /B
a’>+c? - b’
2ac
272 + 46 — 35°
2 X 27 x 46
=0.6521

. LABC =~ 49.29°

cos B =

d b>=d’+c*—2accosB
=177 +63*-2x 17
X 63 X cos 120°
= 4258 — 2142 x cos 120°
= 5329
b="173

e ¢ =a’+b>—-2abcosC
=312 +42* -2 x 31
X 42 x cos 140°
= 2642 — 2604 X cos 140°
= 4719.77
c ~ 68.70



f /BCA = /C 6 Label the points suitably: A and B are

P+ b— 2 the hooks, and C is the 70° angle.
cosC:T 2 =d®>+b*=2abcosC
102 +122-92 BD* = 42” + 547 — 2 X 42 x 54 X cos 70°
To2x10x 12 = 4680 — 4536 x cos 70°
= 06791 — 3128.5966

. LBCA ~ 47.22 BD ~ 55.93 cm

g ?=a’>+b*—2abcosC

=117+92-2x11x9 7 a /B=180°—-48 =132°
X cos 43.2° AC? = a*> + ¢* — 2accos B
=202 — 198 x cos43.2° =52 +4> -2 x5%x4xcos132°
= 57.6642 =41 —-40 x cos 132°
c~7.59 = 67.7652
AC ~ 8.23 cm
h /CBA = /B
a* + c? - b? b BD? = b*>+d> —2bdcos A
cosB= ———
2ac =524+ 4% -2 x5%4xcos48°
S = 41 — 40 X cos 48°
T T 2x8x15 = al—alxcos
— 07875 = 14.2347
. LABC ~ 38.05° BD ~ 3.77 cm

8 a Use AABD.
BD? = b* + d* — 2bd cos A

=6°+4> -2 x6x4xXcos92°
=52 — 48 X c0s92°
= 53.6751

BD ~ 7.326 cm

4 *=d*+b*-2abcosC
=47+ 6> -2 X4 X6 X cos 20°
=52 — 48 X cos 20°
= 6.8947
¢ ~ 2.626 km

5 AB’> =d? +b* - 2abcos O
=47 + 6% —2x 4 x6xcos 30°
=52 — 48 x cos 30°
= 10.4307
AB ~3.23km



9 a

b

(D = /BDC
sinD _ sin88°
5 7.3263
GinD = 5 X sin 88°
7.3263
=0.6820
D = 43.0045°
B =180° — 88°
—43.0045°
= 48.9954°
b _7.3263
sin48.9954°  sin 88°
b= 7.3263 x sin 48.9956°
sin 88°
~ 5.53 cm
, 6% + 6% — 82
cos ZAO'B = ERTTE
=0.111
LAO'B ~ 83.62°
7.5%+7.5° -8
cos LAOB = = T S X 75
= 043111
/AOB =~ 64.46°

10 a Treat AB as c.
2 =d®+b*-2abcosO
AB? =70% +90°> = 2 x 70
X 90 X cos 65°
= 13000 — 12 600 x cos 65°
= 7675.0099
AB ~ 87.61 m
a* + ¢? - b?
2ac
70% + 87.6071% — 902

2x70x 87.6071
= 0.3648

/AOB =~ 68.6010°
Now use AOCB.

LetCBig, OB =b, OC =c.
CB = > =43.80

b cos/B =

¢ =d’>+b*>—-2abcos O

OC? = 43.8035% + 70> — 2 x 43.8035

X 70 x 0.3648
= 4581.24
OC ~ 67.7m

10



Solutions to Exercise 13D

1
1 a Area= Eab sinC

:%x6><4><sin70°

=11.28 cm®

1
b Area = Eyz sin X

= % X 5.1 x6.2xsin72.8°

=15.10 cm?

1
¢ Area= Enl sin M

= % X 3.5 x 8.2 x sin 130°

=10.99 cm?
d /C=180-25-25=130°

1
Area = —absinC

:%XSXSXSinI:%OO

= 9.58 cm’

2 a Use the cosine rule to find ZB.
(Any angle will do.)
at+ct—b?
cos/B= ————
2ac

322 +4.1°-59
T 2x3.1x4l1
= —0.2957

/B =107.201°

1
Area = Eac sin B

1
=—-x32x%x4.1
2

x sin 107.201°
~ 6.267 cm’

b Use the sine rule to fmd 2C.
sinC 3 sin 100°

7 9

. 7 % sin 100°
sinC = o

= 0.7659

C =49.992°
/A =180° — 100° — 49.992°

= 30.007°

1
Area = Ebc sin A

= % X 9 x 7 x sin 30.007°

~ 15.754 cm?

c E = 180° — 65° — 66°
= 60°
e 6.3
sin60° _ sin55°
6.3 X sin 60°
= sin55
= 6.6604 cm

1
Area = Eef sin D

= % X 6.6604 X 6.3 X sin 65°

~ 19.015 cm?

11



d Use the cosine rule to find /D.

N

T
5.12+5.7>-59?

T T 2X5.1x57

= —0.4074

/D = 65.95°

cos /D =

1
Area = Eef sin D

= % X 5.1 X 5.7 X sin 65.95°

~ 13.274 cm?

sin / 3 sin 24°

12 5
12 X sin 24°
5

=0.9671
I =77.466° or 180° — 74.466°
= 102.533°
G = 180° — 24° — 108.533°
or 180° —24° — 77.466°
= 53.466° or 78.534°

sinl =

1
Area = Ehi sinG
= % X 5% 12 X sin 53.466°

or % X 5 % 12 x sin 78.534°

~ 24.105 cm? or 29.401 cm?

Note that although the diagram is
drawn as if / is obtuse, you should
not make this assumption. Diagrams
are not neccessarily drawn to scale.

I=180-10-19

= 151°
i 4
sin151°  sin 19°
. 4XsinI51°
‘e sin 19°
= 5.9564

1
Area = Eih sinG

= % X 5.9564 x 4 x sin 10°

~ 2.069 cm?

12



Solutions to Exercise 13E

1 7= E < 277 b This represents the minor segment
360 area. .
105 2 .
= — A = = 9 - 9
36O><2><7r><25 27( sin 6)
1
~ 45.81 cm =5 X 7% x (0.8858 — sin 0.8858)
0 5 =2.73 cm?
2 a 9:% = gradians
5 180 4 A represents the interior of a circle of
3% degrees radius 4, centre the origin.
= 95.4929° f\
=95°30’ y 4
/‘\ -
b — / Y 2
8 .
| 3W |
| | —4
o /
' o 6 2 1
/ 2 4 2
o 25 v_x
in— = — =0.8333 2 3
sin > 30 >
0=—
g = 56.4426° 3 5
. AN Bisasegment where r = 4, 6 = =
0 =112.885 1 3
= 112°53’ A= EFZ(G — sin 9)
1 2 2
) :—><42><(—7T—sin—ﬂ)
3 a Set your calculator to radian mode. 2 3 3
[
sin ~ = = = 0.4285 =9.83 cm®

=7 % 0.8858
= 6.20 cm

13



0
cos @ = cos 2(5) Radius = 5 V3 — ?
0 ., 15V3-53
= Ccos” — — sin” — = - - -
2 2 3
0 0
20 ) 10vV3
cos E_l—smi :—g/_cm
.20 50 °
cosf =1 —sin E—sm 3 /AOD = 60
2
C o2 ? - LAOB = 120° = ?” radians
/2r2(1 —cos6) Area = 3 X segment area
3
9 == X r*x (0 -sin6)
= 4[22 1—(1—2s,in2 —)) 2
2 3,300 (2 . on
==X — X|— —sin—
0 2 9 3 3
=4[22 1 =1 +2sin* =
2 =50 g sin 2n
B 3 3
0
= 4 f2r2 2 sin’ 5) —61.42 cm?
22 7
= 4rsm§ 7 a C =2xr
.0 =2xmx20
=2r sin —
2 = 407 ~ 125.66 cm
b
A/ Scm D 5cm B Hm
a0 a0 m NmBa
o
' 20
6= =0.25
[N ] N 20+ 60
Altitude CD = 5tan 60 0 = 13181 radians
=5V3em 20 = 2.6362
OD = 5tan 30° ) o 2.6362
Proportion visible =
5 5v3 2
B 3 = 0.41956
~ 41.96%

14



8 a Use fractions of an hour (minutes).
25
[ = il X 271r

25
:@XZan4

1
= % ~ 10.47 m

25 5w
Angle = — X 21 = —
b Angle 6O><7r 6

1
Area = —§r29

The required area is the sum of two
segments.

Let the left area be A; and the right area
A;.

4
tanf = —

3
0 =0.9272

20 = 1.8545
1
Al = 3 X 32 x (1.8545 — sin 1.8545)

=4.0256

3
4
¢ = 0.6435

2¢ = 1.2870

tan¢ =

1
A, = 3% 4% % (1.2870 — sin 1.2870)

=2.6160
Total area = 4.0256 + 2.6160

= 6.64 cm?

1
10 A= 57»29 =63

20 =126

12

g 2

r
P=r+r+r=32

126
2r+r><—2 =32
I

12
24 120 5
r

217 + 126 = 32r
217 =32r+126 =0
P —16r+63=0

r-=7r-9 =0
r=7o0r9cm
126
9:7
Whenr = 7, 6:%: §
72 7
126 (14\°
Whenr—9, 0= ? :(3)

15



11 The following diagram can be deduced

from the data:

x> =607 - 107 = 3500

x=10V35

10 1

9 = — = —
COS 60 6
6 = 1.4033

26 = 2.8066

2m — 20 =3.4764
Length of belt on left wheel:

[=r6

=15 x2.8066 = 42.1004
Length of belt on right wheel:

[=r6
= 25 % 3.4764 = 86.9122
Total = 12 x 10 V25 + 42.1004

+ 869112
~ 247.33 cm

12 a

a0

5 om

x 10 cm x

The balls can be enclosed as in the

diagram above.
26 = 360 — 90 — 60 — 90

=120°
6 =60°
X
3 =tan60° = V3
x=5V3
Perimeter = 6 X 5 V3 + 3 x 10
~ 81.96 cm

Height of large triangle
= (2x + 10) x sin 60°

:(10\/§+10)x§

=15+5V3cm
Area of large triangle

- %(10\@ +10)(15 + 5V3)

~ 173.2050 cm®
Area of three discs = 10 cm triangle

— half a circle

Height of 10 cm triangle

= 10 X sin 60°

=5V3cm
Area:%x10x5\/§—%><7rx52

=50V3-12.5n
~ 4.03 cm?

16



Solutions to Exercise 13F

|
e
130
N 185
d
3
— =tan 18°
p an
3 130
"~ tan 18°
=400.10 m
2
h
418
40 1
h
E = tan41°
h =40 x 0.869
=3477Tm
3 ~q1e
500 m
413
d
500
—— =tan4l°
p an
B 500
" tan4l°
=575.18 m
4 i
40 m

20°

ﬂ = tan 20°
AB
50
"~ tan 20°
=137.373 m
ﬂ = tan 18°
AC
50
"~ tan 18°
= 153.884 m
d=AC - AB
= 153.884 — 137.373
~ 16.51 m
15 km
[]
10 krn
15
tand = — = 1.5
an 10
6 ~ 56°

The bearing is 056°.



Ol
13 km

22
tand = — = 1.466
an 15

6 =55.713°

The bearing is 90° — 6 ~ 034°.

b 180° +34° =214°

Use the cosine rule, where
/C =180 —-40-35=105°

AB? = ¢?
=a* + b* = 2abcos C

= 2500% + 20007

—2 %2500 x 2000 x cos 105°

= 12838 190.4510
AB =3583.04 m

9 207° -180° = 027°

10

11

12

LSAB =90° —55° = 35°
LS BA =302° - 270° = 32°
(ASB =180° —35° -32° =113°

A
'
'

i
I 12 ki Ml1420

O km
b4
(LMK =360° —90° — 142°

= 128°
First, use the cosine rule to find LK.
LK? = m?

=k>+ I =2kl cosM
=12°+9%2 - 2x 12 %9 x cos 128°

= 357.9829
LK = 18.920
It is easier to use the sine rule to find
/MLK.
sin L B sin 128°
9 18920
" sin 128° x 9
sinl = ————
18.920
=0.3748
/MLK = /L
~ 22.01°

a /BAN =360° —346° = 14°
/BAC = 14° + 35° = 49°

18



b Use the cosine rule:
BC? = &*

= b* + ¢* = 2bccos A
= 340° + 160” — 2 x 340
X 160 X cos 49°
= 69820.7776
BC =264.24 km

13

Use the cosine rule:
(PSQ =115°

PQZ _ 2
_ 2., 2
=p +q —2pgcosA
=52 +75%-2x5
X 7.5 % cos115°
= 112.9464
PO =10.63 km

19



Solutions to Exercise 13G

1 a

=7

FH? = 12> + 57
=169
FH =13 cm

BH? = 137 + &
=233
BH = V233 ~ 15.26 cm

8
tan ZBHF = —
an 13

=0.615
(BHF =31.61°

/BGH =90° and BH = V233

12
cos /BGH = ——

V233
=0.786

/BGH = 38.17°

AB =2EF

EF =4cm

VE

EF
Y

(VEF =171.57°

tan ZVEF =

3

VE? = 4% + 127
= 160
VE = V160
=4V10 ~ 12.65 cm

All sloping sides are equal in length.
Choose VA.

e

f

3 First, sketch the square base, and find
the height % of the tree. Mark M as the
mid-point of 7C and O as the centre of

VA? = VE* + EA®

=160 + 4% = 176
VA = V176

=411 ~ 13.27 cm

LVAD = /VAE

VE
tan /ZVAE = —
EA

_ 410
4

= V10 ~ 3.162
L(VAE =72.45°

Area of a triangular face

1
ZEXADXVE

:%x8x4m

= 16 V10 cm?
Area of base = 8 X 8 = 64 cm?

Surface area = 4 x 16 V10 + 64
~ 266.39 cm?

the square.

A

B

50 m
M

50t

100 tm [

OM =TM =50m



OT? = 50% + 50 = 5000
OT = V5000 m

= tan 20°

h
V5000
h = V5000 X tan 20°

= 25.7365
At A and C,

0 = 14.43°
AtB, TB =2xOT =2v5000 m

4 a /ABC =180° —90° —45°

= 45°
ABC is isosceles, and
CB=AC =85m.

XB
b R = sin 320

XB
g = sin 320
XB = 85 xsin32°

=45.04 m

120 m

50
— =tan26°
X

50
= tan 26°
=102.515m

y: =2+ 120°
= 24909.364

y = V24909.364
= 157.827 m

tan ¢ = 20 =0.316
y

¢ =17.58°

6 From the top of the cliff:

140 m

33

d

For the first buoy:
160 _ tan 3°
T
_ 160
~ tan3°
=3052.981 m
For the second buoy
160 _ tan 5°
T
_ 160
~ tan5°
= 1828.808 m
From the cliff:
)
3053 m
Fii
1820 i
c

/C =337 -308 = 29°
Use the cosine rule.
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¢* = 3052.981% + 1828.808>
—2x3052.981 x 1828.808
X €0s 29°
= 2898 675.1436
¢ =1702.55m

7 a AC* =122 +5% =169
AC =13 cm

6
tan ZACE = —
an 13

=0.4615
(ACE =24.78°
b Triangle HDF is identical (congru-

ent) to triangle AEC.
. LHFD = /ACE

LHDF =90° —24.28°
= 65.22°

c CH?> =12* + 6> = 180

CH = V180

EFH
tan /ZECH = —
CH

= -~ =0.3726

V180
(ECH = 20.44°

8 Looking from above, the following
diagram applies.
A
605 ~~_100 m

T
Because the angle of elevation is 45°,

AT will equal the height of the tower,
h m. Use the cosine rule.
BT? = h? + 100* = 2 x h x 100 X cos 60°

1
=+ 1002—2OOh><E

= h* - 100h + 100>
From point B:

26

d

= tan 26°

_h
" tan 26°
=2.050h

2.050%h* = h* — 100k + 100?
4.2037h* = h*> — 100h + 10 000

3.2037h* + 100k = 10000
Using the quadratic formula:

h~42.40 m

Q. s

9 Find the horizontal distance of A from
the balloon.

750 m

40°

d
750
7 = tan 400
750

"~ tan40°

= 893.815 m
The distance of B from the balloon may

be calculated in the same way:
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750
— =tan20°
¥ an
B 750
"~ tan20°

= 2060.608 m
Draw the view from above and use the

cosine rule.

893.8 m

2081 m

x> = 893.8152 + 2060.6082
—2 % 893.815 x 2060.608
X cos 70°
= 3785143.5836
x=1945.54 m

10 a Find the length of an altitude:

[\

2.5 om 25cm
a* =2.5%+ 6> =4245

a=65cm
The sloping edges are also the

hypotenuse of a right-angled triangle.

s =25%+6.5% =485
s ~ 6.96 cm

b Area:%X5x6.5

= 16.25 cm®

11 a Distance = 300 X L =5km
60
b Looking from above:

O 1000m 4
458

000 m

45°

[ D E
AE = 5000 x sin45°

_ 2990 3535433
V2

CE = 5000 x sin45°
= 2000 ~ 3535.433
V2
CD=CE-DE
= 3535.533 - 1000

= 2535.533

2535.533
3535.533
=0.7171

LCOD = 35.65°
Bearing = 180° + 35.65°
=215.65°

tan £zCOD =

¢ Let the angle of elevation be 6.
OC? = 3535.5332 + 2535.5332

= 18928932

OC =4350.739

500
4350.739
=0.1149

0 =6.56° = 6°33’

tan 6 =

23



Solutions to Exercise 13H

1 a Area ABFE =ABXGC
= 4a X a = 4a* units

Area BCGF = BC x GC
= 3a X a = 34 units

Area ABCD = AB x BC

= 4a x 3a = 124° units

b This is equivalent to ZFAB.

FB
tan /ZFAB = —
AB

a
=— =025
4a

LFAB = 14.04°
GC

tan /GBC = —
¢ tan BC

a
= — =0.333
3a

/GBC = 18.43°

d AC = +(4a)* + (3a)?
= V25a% = 5a

GC
tan ZGAC = 2=
an AC

a
=—=02
Sa

LGAC =11.31°

2 a Let the altitude of triangle FAB be a.

s = Va? + a?
= V2a2 =a\2
oV
in ZVAQ = —
sin VA
_a
aV3
1
=— =0.577
V3
(VAO = 35.26°
b This will be the slope of the altitude.
a 1
sinf = —— = —
av2 2
0 = 45°

3 a BE= V524122

= V169 =13
Triangle BEF is isosceles, so
BE = EF
BF = V132 + 13?2

= V338
BD = V338 - 52
= V313

Gradient of BF = —

~ (.28

V313

5
b tan/FBD = ——

V313
= 0.2826

/FBD =15.78°
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a Use the cosine rule.
AC? = b
=a’ + ¢® — 2accos B
= 16"+ 162 -2x 16 x 16
X cos 58°
= 240.681

AC = 15.51 cm
Hint: Keep the exact value in your

calculator for part c.

b AE = V162 + 122
= V400 = 20 cm

¢ AE=CE=20cm
Use the cosine rule in triangle AEC.
Clz + 6'2 2

E —e
cosE =
2ac

207 +20% - 240.681
B 2 %20 % 20

=0.699
LAEC = 45.64°

5 a First calculate the distances of B and
C from the tower.

s0m

25°

50
i 1B = tan 25°
50

- tan 25°
=107.225 ~ 107 m

ii Likewise,
50
~ tan30°

=86.602 = 87 m

iii Use Pythagoras’ theorem:

BC = V107.2252 + 86.6022

~ 138 m
b MA = lAB
2

25
" tan 25°
=53.612

50
tan /TMA = ———
an 53.612
=0.9326
(TMA = 43.00°

6 Let M be the midpoint of AB.

A Sem M Sem B

a OM = V52415
= V250
OA = V250 + 52
= V275 =5VI1 cm
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15

b sin/OAM = ——
511
3
= —— =0.9045
V11
LOAM = 64.76°
1
¢ tan ZOMN = ?5 =3
/OMN =71.57°

d Draw the perpendiculars from C and

A to meet OB at the common point P.

Find Z/AOB using the cosine rule in
triangle AOB.
(5VID? + (5VI1)? - 102
2x5V11 x5V11
_ 2754275 -100
- 550

cos ZAOB =

450
~ 550
= 0.8181
LAOB = 35.096°
AP

in /AOP = —
sin OA

AP
0.5749 = ——

5v11
AP =511 x 0.5749
= 9.534

AC = V102 + 102
= v200 = 10 V2

Use the cosine rule in triangle APC to

find the required angle, /APC.

cos LZAPC = cos P

~9.534% +9.5342 - 200
T 2%9.534 x9.634
=-0.1

LAPC =95.74°

Let the height of the post be p.

30°

d
The distance away of the first corner is
given by:
= tan 30°

S

p
tan 30°

=p\V3
Likewise, the distance away of the

second corner is given by
p

- tan 45°

=p
The distance of the diagonal from the
post is

V(P V3)2 + p? = \3p? + p?

= 4p2

d
d

=2 p
The elevation from the diagonally
opposite corner is

4
tanf = — = =
an 2
0 =26.57°
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8 a Let each side of the tetrahedron AD — tan 50°

be 2s. 2
AD = 2tan 50°
h
E = tan 350
h = ADtan 35°
= 2 tan 50° tan 35°
Height of altitudes = /(2s)? — s2
= 1.6689 ~ 1.67 km
= V3s2
= V3s 10 a This is the hypotenuse of right-angled
Use the cosine rule: .
triangle ABF'.
74)2 2 2
cosg = 29 ; (‘fs) \/g(\@s) AF = V1002 + 1002
X 25 X S
452 ~ 141.42 m
B 4352 AD
B L\/_S b Sin9 = ﬁ
V3 A—D = sin 30°
0 = 54.74° AE |
b Use the cosinezrule:\/_ ) ) T2
) 1
cosf = (\/§s) * (V3s) (29) AD = -AFE
2x V3sx V3s 2
_ 252 _ 1 =50m
652 3 - 50
S, osinf = ———
6 =70.53° 141.42
=0.3535
9 " 6 =20.70°
h
A 35 D 11

2lm

508
r Y
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8 . a0
Height = sin 30
1
"2
) 8
Height = 05
=16 cm

12 Joining the centres of the four balls to
each other (excluding diagonal balls),
and to the top ball, will form a square
pyramid with each side 20 cm. Each

line will go through the point where the

spheres just touch each other.
The diagram shows the view from
above:

Find the height of this square pyramid.

A Tonf e B
OM = V20? - 102
= V300 cm
ON = YoM? - 102
= V300 - 100

= V200 ~ 14.14 cm
There will be the radius of the top

sphere above this, and of the bottom
spheres below.

The height of the top will be
14.14+ 10 + 10 = 34.14 cm.

13 a The diagonal of the cube will be the
diameter of the sphere.
Applying Pythagoras’ rule twice

gives
d = V3a?
=aV3cm
a3
r=——cm
2

b The diameter will be the length of
one (slide of the cube.
r=—cm

2

14 a Let the required angle be 6.

B
tanf = —
BD
20
=—=0.5
40
6 =26.57°
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b Let the required angle be ¢.

/BED = 90°
BD
tan /ZBCD = —
BC

40 4

T30 3

/BCD = 53.130°
BE
BC - sin /ZBCE
=sin53.130° = 0.8
BE =30x0.8
=24 m
AB

t =
an ¢ BE

20
T 24
¢ =39.81°
Note: BE may also be found using
similar triangles, and/or noticing that
triangles CBD and CBE are 3-4-5
triangles.

=0.8333

¢ Let the required angle be a.

CD = V302 + 402
=50m
CE=25m

Use the cosine rule to find BE.

cos CB
c=—
CD

_30 _
50
BE* = CB* + CE* -2
X CBXCE xcosC
=30%+25° -2
X 30 x25x%x0.6
= 625

BE =25 m
AB
BE
20
=—=0.8
25

a = 38.66°

0.6

tana =
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Solutions to technology-free questions

1 a a®>=b>+c*—-2bccosA

V3

62:x2+102—2x><10><7

¥ —-10V3x+64=0

10V3+ V300—4x 1 x 64
*= 2
10V3 + Va4

2
10V3 +£2V11

2

=5V3+ V11

siny  sin30°

10 6

10 x sin 30°
6

10 5

126

5
-
S1in (6)

5
180° —sin”'| =
o180 =)

b

siny =

=<
I

Since both answers to a are positive,
this must be an ambiguous case.

2 a Triangle is isosceles, so /B = 30° and
/C = 120° )
Area = 3 X 40 x 40 x sin 120°

=400 V3 cm?
1

= —bh
2

20k = 400 V3
h =203 cm

CM
b E = sin 300

CM =40 x sin 30°
=20 cm

12 ko,

Pl G0°

20 km E

OR? =122 +20° -2 x 12
x 20 X cos 60°
= 144 + 400 — 240
=304
OR = V304
= V16 x 19 = 4 V19 km

Tom

5 om

a Use the cosine rule.

AC? =52 +52-2%x5x%x5xcos120°

=25+25+25
=175
AC = V75 =5V3cm

b Area:%x5><5><sin120°

25V3
:Tcm
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¢ Inisosceles triangle ABC, a> = b + ¢*2bccos A

LACB = LBAC — 36 + 25 — 60 cos 60°
1
= 5(180" - 120°) = 30° =36+25-30
LACD = 90° — 30° = 60° =31
1 _
Area of ADC = = X7 X AC X sin 60° a= V3l '
2 Now use the sine rule.
1 in B in 60°
:—><7><5\/§><£ e _ o
2 2 6 V31
105 6 sin 60°
= o’ sin ZABC = ——
V31
2543 105 3v3 393
d Total area= —— + — =—=—
4 31 31
_25V3+105
_ . 8 A= ! 20
55V3+21) -5
T4 M 1
33==x%x6>x6
2
5 x=180°—-37° = 143° =186
33 1
y = 3 = 3 (radians)
ra
§ km 9 a i /TAB=90°-60° = 30°
10k K ii ZATB =180° —30° — (90° + 45°)
7km =15°
I3
P (Rt & p AT _ 300
cosS = ——— o -
%10 %7 sin 135 sin 15
85 17 AT = sin 135° x 300
- 140 28 " 4
V- V2
7 First note that AB=c¢c =5 cm B 1 « 1200
/BAC = A =60°and AC = b =6 cm, so _\/j V6 - V2
the angle is included. So start by finding 1200
a = BC by the cosine rule. - Vi2 -2
1200 600
2vV3-2 V3-1
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_ 600 ><\/§+1
V3i-1 V3+1
_ 600(V3 +1)
3-1
=300(V3+1)m

Use the cosine rule.
AC? = 1?

=a*+c¢* = 2accos B
=117+ 152 -2 x 11 x 15 cos 60°
=121 + 225 - 165
=181
AC = V181 km

11 a *
4 112
30
24 ki

B o}
Draw a line AD in an easterly
direction from A (parallel to BC).
A

30°
30

2.4 Jord

(DAC = 30°

(ACB = /DAC = 30°

/ABC =180° —30-30
=120°

BC =2.4 km
Use the cosine rule to find AC.

AC? = b?
=a’ + c* = 2accos B
=247 +24%-2x24
X 2.4 x cos 120°
=5.76+5.76+5.76 = 17.28

AC = V1728
= V5.76 x 3
123
5

km

=24V3or

12 =710
30 =126

030 _(3)
12 \2
5

1
A=—-x12>x=
2 2

= 180 cm?

13 The reflex angle = 27— 2
~2x3.14-2

~ 4.28 radians
Arc length =~ 5 x 4.28

=21.4cm
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14 a Draw a perpendicular from O to

bisect AB at qz
sin ZAOD = E
12
/AOD = sin”! E
12
/AOB = 2sin™! B
arc AB =10
12
=13 x 2sin”! 3
12
= 26sin”! )

12
b Reflex ZAOB = 2n — 2sin”! G

1 12
area = 2 x 132 x (27r —2sin”! E)

12
= 169(7r —sin”! e cm’

Note: the perpendicular distance from
O to AB can be calculated to be 5 cm
using Pythagoras’ theorem, and so

sin”! 12 cos™! S tan™! 2

13 13 5
Either these three angles may be used
interchangeably.

15 First calculate the distance of each boat
from the cliff.
The first boat will form a right-angled
isosceles triangle and is 11 m from the
cliff.

30°

d

For the second boat,

Use the cosine rule.
Z=112+11V3)? -2 x 11

x 11 V3 x cos 30°
=121 + 363 — 363
=121

x=11m
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Solutions to multiple-choice questions

1 D Use the sine rule. o _ -
sinY sin X sin 130° sin 25°
y  x r:10.><sm205
sinY  sin62° sin 130
18~ 21 ~ 5.52 cm
) sin 62° .
sinY = 18 X 71 6 A First find the angle at the centre
using the cosine rule.
= 0.7568 62 + 62 _ 52
C=——"——
Y =49.2° - 2X6x6
= 0.6527

2 C Use the cosine rule.

_ o _ C
C2 — a2 + b2 —2abcosC C =49.248° = 0.8595

51 Segment area
=30 +212-2x30x%x 21 x —

1
53 = §r2(9 — sin 6)
= 128.547 "
c~11 = > X 67 X (0.8595 — sin 0.8595)
— 2
3 C Use the cosine rule. ~ 1.8 cm
a+b*-c2
cosC = ——F— 7D
2ab oo
522 +6.8% —17.32 -
= m
2xX52x%x6.8
= 0.2826 P
C~74 @ = tan 20°
. d
4 B Area= -bcsinA P
? tan 20°
:§x5><3><sin30° ~ 1374 m
=3.75 cm? 80
8 B tan=——
5 A The oth les in the (i 1 N 1300
e other angles in the (isosceles) — 0.0615

triangle are both

180° — 130° 0= 35210 ~ 40

= 25°.

Use the sine rule.
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9

5 km

-

T lan

7
tand=—- =14
an 5

0 = 54°
Bearing = 270° + 54° = 324°

10 A 215°-180° = 035°
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Solutions to extended-response questions

1 a t/ACB =12°, /CBO =53°, /CBA = 127°

b /CAB =41° A
The sine rule applied to triangle ABC gives
CB 60 ’
sin41°  sin 12°
_ 60sin41°
~ sin12° C &4 \ Oo
= 189.33, correct to two decimal places 49°
37°
OB
(¢ @ = sin 370
OB = CBsin37°
=113.94m
2 a 0 10}
O
12 cm 12 cm
A A
Ad

The circumference of the circular base = 2.5 x 12

=30cm
Therefore 2nr = 30
Solve for r, the31(‘)adius of the base.
r = Z‘(

= 4.77 cm, correct to two decimal places
b Curved surface area of the cone = area of the sector

1
==-X144x2.5
2

= 180 cm?
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¢ The diameter length is required.
Diameter = 2r

_30
B T
=9.55cm

3 a /TAB=3°, /ABT =97°
(ATB = (83 — 3)°

= 80°

b The sine rule applied to triangle AT B gives T
AB 110

— IllO m
sin80°  sin3° B

_ 110sin80°
~ sin3°
= 2069.87

CB

¢ CB=ABsin7°
=25225m

4 a Inright-angled triangle AOS

OA
- = ° B
20 tan 57

OA = 120tan57°

= 184.78 m, correct to two decimal places

5 \ om0
59°
57°
b Inright-angled triangle S OB

OB ]
m = tan 59

OB = 120 tan 59°

= 199.71 m, correct to two decimal places

¢ The distance AB = OB — OA = 14.93 m, correct to two decimal places.
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S a L/ATB=10°

In triangle AT B the sine rule gives 30°
100 AT
sin10°  sin140° _L_ !
100 sin 140°
AT = ———
sin 10°
40°

= 370.17 m, correct to two decimal places

b Applying the sine rule again gives
BT 100

sin30°  sin 10°
BT = 287.94 m, correct to two decimal places

¢ Inright-angled-triangle 7 BX
XT
— =5sin40°
BT
XT = BT sin40°

= 185.08 m, correct to two decimal places

6 a Applying Pythagoras’ theorem in triangle VBA

VA? = 8% + 8? v
=64 + 64
_ 18 8 cm
VA=8V2 AV Un
The distance VA is 8 V2 cm.
b Applying Pythagoras’ theorem in triangle VBC v
VC? =8 +6°
=64 + 36 8 cm
=100 B C
6 cm
VC =10

The distance VC is 10 cm.
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¢ Applying Pythagoras’ theorem in triangle ABC B

AC? = 8% + 6 6cm
8 cm
= 64 + 36 c
=100 4
AC =10
The distance AC is 10 cm.
d Triangle VCA is isosceles with VC = AC C
In right-angled triangle CXA
L, 4V2
sinx® = ——
10
22
S5

Therefore x° = 34.4490. . .°
and Z/ACV = 68.899...°

= 68.9°, correct to one decimal place

7 Let L be the perimeter of triangle ABC and «, 8 and y the angles at A, B and C

respectively.
AB  AC BC

siny  sin ﬁ sina

The sine rule gives:
LetAB = x
X AC

B _ BC
siny sin  sina _
Therefore AC = xsinf and BC = xéma
siny siny
Next

L=AB+ AC + BC

xsinf ) xsina

X+

siny siny
x(l N sinf3 N sma)

siny  siny

(siny+ sinf + sina/)
X

siny

Lsinvy

=
Il

siny + sinf + sin«

1
Area = EAC X AB X sin o

39



1 Lsiny

Lsiny

~ 2siny +sinB + sina

L? sin « sin Bsin siny

- 2(siny + sin B + sin a)?

siny + sinfS + sin«

sin
y B

siny

X sin «

40



Chapter 14 — Further trigonometry
Solutions to Exercise 14A
1

1 a cos (—) = oS (7T — —) = —— o cos(10357) = -1
7V
b Sln(%) = sin (7-( + %) - _L 2 a cos (—a) = CcOoSa
V2 =0.6
c sin(zs—ﬂ) = sin (E) =1
2 2 b Sin(g+a):cosa
1
d sin(%) = sin (g) =1 06

7T .
C CoOS E—x =SIn x

1
2
£ s.n( 157r) sin( n) 1
1 - = T——|= —
4 4

=0.3
2 d Sin (—x) = — Sinx
g sin27n1) =0 _ 03
h si 17my\ . (7 V3 i
Sln(_T)_Sln(g)_T e COS(§+x):—sinx
75 T
— = == =-0.3
P 7g ) COS(z) 0
15 T\
=0.6

=—sinx =-0.3



Solutions to Exercise 14B

1 a tanx=-1 2 a
n
3n Tn tan(2(x——)):1
X=—O0rx=— 4
4 4 2( 71) n0r57ror9710
X——)=- — - "
b tanx= V3 4 4 4 4
5
T3S 48 8 4
37T0r7710r 11710r
X==0or — or — or —
¢ tanx = — 8 8 8
. b
. Iz tan (2(x - —)) =-1
X=—-o0orx=—
6
2( ﬂ) 3ﬂor ﬂo o
X——=)=— —Zor - Zor -
! 4 4 4
tan2x = 1
r 3nr -n
m Sm 3r T Xx= =3 :
Ix = = OF = Of — — of — —
X 401‘401‘ 40r 1 ) - .
x= - orx=-Torx="T or xpmel rE Ty O T org oty
=3 =2 -2 -
L1 7n xSt llx Un
e tan2x= V3 187 18" 18718 18 18
2X=—Or — OF — — or — — 7
X 30r30r 30r 3 d :
57T0r 7'[0r T
X=—-—— X =—— X = —
6 6
or 2r 3 a K | |
xX=—
3 4 i
' 1 a0 S L
tan2x = ——— 0 : : > x
V3 o |
) SJTO 11770 770 T N | |
X=—0—0rx=—0r — — I .
6 6 6 6
n Ve S5n 117b y

—54

wla
N
=

=N B
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Solutions to Exercise 14C

cos3ﬂ
3r 4
1 a cotZ—Sin%
4
— 1 . 1
V2 V2
=-1
S5r 1
b cosecT SmS_”
4
3 1
-1
\2
Y
T 1
c sec6 _COSS_”
6
1
-Vv3
2
2 2V3
V3 3
1
d cosec— = -
Sll’lz
:—:1
471_ 1
e sec3 _0084”
3
1
_—1_—2
2

¢ 137r_ 1
cosec c Sinl?’”
6
1
:sinﬂ
6
1
:TZZ
2
Tr
T cos?
g cot?: Sin77T
3
N
272
1 V3
= 3_ 3
S 1
h sec?—coss_ﬂ
3
1
_T_z
2
cos 135°
t135° =
a o sin 135°
11
V2 V2
=—1
b 150° !
sec =
cos 150°
1
\3



cosec 90°

sec 225° =

sec 330° =

cot315° =

cosec 300°

cos 240°
sin 240°

i cot420°

a cosecx =2

sin x = cos x

tanx = 1

a cosfg=——

COSEC X = s€C x



b cos’6+sin’6 =1

64
@+sin29:1
225
2
0=—
sin 589
) 15 . .
sinf = — (Since sind > 0)
17
sin @
¢ tand =
cos 6
3 15 8
17717
15
-8

5 1+tan’6 = sec’d

) 49 625
sec 9:1+%:%
sec@z%(sincecos@>0)
24
c039:2—5
sinf T
cosH_tang__ﬂ
sinG:—lx%
24 25
7
25

6 1+tan’60 = sec?6
sec’@=1+0.16=1.16

secl = — E
(Since 6 is in the 3rd quadrant)
29
~\N2s
V29

to ==
CO 4

1 +tan® 6 = sec’ @

16 25
2

0=1+—=—
Sec 9 9

secH = —g(cose <0)

cosf = 5
sin @ 4
=tanf = =
cosd 3
g = 3
sin —3>< 5

4

5
4 6

sinf—-2cosf 5 5

coth —sinf 3 4

4 5
231
5720
2,0 8

5 31 31

cos’ @ +sin’h =1

4
§+sin29=1
5
)
6=—-
sin 9
sinf = —g(i <0 < 277)
tan @ = \/5'2— \/5
-3 '3 2
to 2
cotd = ———
\5



tan 6 + cot ¢

5
o S e
tanf —3sinf 2 cotf + tan ¢
cosf —2cotl g_(_i) sin9+cos¢
3 \5 _cosf  sing
V5 2V5+12 cosf  sing
=5 " 35 sinf  cos¢
sin #sin ¢ + cos ¢ cos 6
ﬁ x i B cos @sin ¢
2 2V5+12 ~ cos ¢ cos @+ sinfcos ¢
3 15 ><6— V5 cos ¢ sin 6
_4(\/§+6) 6- V5 _ sinfsin¢ + cos ¢ cos 6
15(6 — V5) cossin¢g
= m v cos ¢ sinf
cos ¢ cos @ + sin 6 cos ¢
_ 15(6 - V5) tanf + cot¢p  cospsind
124 cotf +tang  cosOsing
_ sind y cos ¢
9 a (1--cos’6)(1+cot’d) Y sin ¢
= sin” 6 x cot® § _ sind - sin ¢
cos  cos
., cos*f ¢
=sin" 6 X — tan
sin” 6 =
tan ¢
= cos’ §, provided sin 6 # 0 This is provided cot + tan ¢ # 0 and
If sin = 0, cotd would be the tangent and cotangent are defined.
undefined.

d (sin@ + cos6)* + (sin 6 — cos 6)*

2 2 .2
b cos™8 tan”6 + @ 6RO = sin? 0 + 2 sinHcos O + cos’ 6

2
cos” ¢ +sin”6 — 2sinfcos @ + cos’
=2sin’0 + 2 cos’ 6

=2
There are no restrictions on 6.

.2
sin“ 6 X

:c0s29><—2+sm29>< —
cos=6 sin” 0

= sin% 0 + cos>

= 1, provided sinf # O and cos 6 # 0

¢ In cases like this, it is a good strategy
to start with the more complicated
expression.



2 2 1 sin
1+ cot= 8 cosec-g f secd+ tand = 1

cotf cosec §  cotf cosectd cosf cosf
_ cosecd _ 1+sin0xl—sin9
cotd cos 6 1 —sind
1 sin @ _ (1 +sin@)(1 —sin6)
- @Xcose ~ cosO(1 —sin6)
_ _ 1-sin’6
cos ¢ ~ cosf(1 —sin6)
=secH cos2 6
Conditions: sinf # 0,cos8 # 0 = c0s 0(1 — sin @)
_ cost
. C1- sin @
Conditions: cos @ # 0 (includes

sinf # 1)



Solutions to Exercise 14D

1 Different angles may be used. b tan75° = tan(45 + 30)°

cos(45° — 30°) tan 45° + tan 30°
1 — tan45° tan 30°

a cosl5°

cos 45° cos 30°

1
+ sin 45° sin 30° 1+% \3
= X —
4,1 TG
Va2 a2 V3
:\/§+1 :\/§+1X\/§+1
242 V3-1 V3+1
_ 6+ V2 :ﬁggﬁizyﬁ
— _

b cos 105% = cos(45 + 60)” 3 Different angles may be used.

= cos45° cos 60° 57 (ﬂ N ﬂ)
a cos— =cos|—+ =
— sin45° sin 60° 12 4 6
1 1 1 V3 :coszcosz—sinzsinj—r
= —X=-—— X — 4 6 4 6
V2 2ov2 2 1 V3 1 1
— = — X — — — X —
_1-¥3 V2 T Rwa
2\/5 \/§—1
R
4

2 Different angles may be used.
a sin 165° =sin(180 — 15)°
= sin 15°
sin 15° = sin(45 — 30)°
= sin45° cos 30°
— cos 45° sin 30°
M _ Ll
2 V2 2

X

& &l

-1

5

-

&



b sinm:sin(ﬂ—l)
12 12
o T
—smﬁ
. T N
sin - sm(g - Z)

LT Vi T,
251n§cosz—cos551n—
IACIVNR IS S
27 v2 2T V2
_V3-1
2\V2
VG- V3

4

T T
tan — — tan —

_ 4 3
1+tanztanz
4 3
_1-V3 1-3
_1+\/§ 1-V3
1-2v3+3
=—f ¥
=2+ V3
4 cos’u=1-sin’u
144 25
T 169 169
Cosuz-l_-E
cos’v =1—sin’v
9 16
T 2525
Cosv:ii
5

sin(u + v) = sinu cos v + COs i Sin v

332,42

5 13 5 13
_115148
65

There are four possible answers:
63 33 33 63

65" 65" 65 65

5 a

b

in(6+ ) = singcos X + cos Osin ~
Sin — | =S1In¢cCcos — Ccos ¢ Ssin —
6 6 6

3 1
= i_sint9+§cos6?

2
COS n
7T_ —
4

¢ T +si ¢ . T
= COSQCOoS — S1in @ Sin —
4 4

1
= —cCcos¢ + ——=sing

V2 V2
1
= —(cos ¢ + sin ¢)
\2
- tan9+tan§
anfo 7)< 2
6 1 —tan@tan —
B tan 6 + \/§
1 - V3tan6
inlo U 9 T Osi T
sin ) = sinf cos 1 cos 6 sin )
1 o 1 p
= ——sinf — — cos
V2 V2
1
= —(sinfd — cos 0)
V2

sin(v + (u —v)) =sinu

cos((u+v)—v) =cosu

10



7 cos’0=1-sin’6
216
25 25

4
cosf = ——

(Since cos 6 < 0)
sin?¢ = 1 — cos® ¢

25 144

169 169

. 12
sing = —

(Since sin 6 > 0)

a cos2¢ = cos’ ¢ —sin’ ¢

25 144

169 169
119

169

b sin26 = 2sinfcos b

3 4
=2X—-—X-=
5 5
_ 24
25

sin 6
¢ tanf =

cos 6
-3 3
-4 4
2tan 6
1 —tan?6

cos 2¢
169
119

g cosec(d + ¢) =

h cot20 =

e sin(f + ¢) = sinfcos ¢ + cos fsin ¢
3 5 4 12

537573
14-48
65
033
65

f cos(f—¢) =cosfcos¢ + sinfsin ¢
4 5 3 12

55 B3T3
20-36
65

16

65

1
sin(@ + ¢)
_9

33

tan 26
7

T 24

a tan(u +v)

tanu + tanv

" l-—tanutany

4 5 4 5
=|lz+=]|+|l-sXx—=
(3 12) ( 3 12)

21 4

1279
21 9

1277

63

" 16

11



2t 4
b tan2u = e 9 cosa=-—
1 —tan?u
8 cos’=1-sin’p
_ 3 3 576 29
1o S 625 625
9 7
_ § . i cosf3 = ~55
37 -7 cos’a = 1 —sin’*a
:_% 9 16
7 =1-%573
25 25
2. _ 2
c sec”u =1+ tan”u a cos2a = cos’a — sin’ a
Se0l® _16 9
9 9 25 25
2 7
cos“u=— = —
25 © 25
cosu = ¢ (since u is acute) b sin(a - fB) = sina cos B — cos a sin 3
sec’v=1+tan’v _é _l__‘_‘ %
5 169 57 25 5725
= + — = —
144 144 :E:E
) 144 125 5
cos“ v =—
169 sin
12 C tana =
cosv = T (since v is acute) C(;SQ
cos(u —v) = cosucosv + sinusinvy T4
3 12 4 5 _sinf
_o2 e a0 tanfB =
BERR ERERARE cos B
56 24
tan @ + tan 8
d sin2u = 2sinucosu tan (@ + ) = 1 —tanatan B
4
:2><—><§ —§+—%
575 _ 4 7
_24 N
Y 4 7
117 7
- 28 11
117
44

12



10 a

11

12

a

a

sin2f = 2sinfBcosf

=2X ’ x—%

25 25
336
625

sin 20 = 2 sin @ cos 6

V3 1

2 72
V3

c0s 260 = cos> 6§ — sin> @
1 3

“ 43
1

)
(sin 6§ — cos 6)*
=sin% @ — 2sinOcos O + cos”
=1-sin26
sin* @ — cos* 9
= (sin® 6 — cos? O)(sin® 6 + cos’ 6)
=cos20x 1

= cos 20

V2 sin (0 — z)
4
= \/i(sin 6 cos ;—T — cos @sin ;—T)

= \/E(% sin @ — % cos 0)

=sinf — cosd

b g~ 0cos = + sin@sin =
COS — — ] =COSUCOS — S1in ¢ Sin —
3 3 3

—1 0+ 3'9
_ZCOS 2SlIl

1 3
cos(9+ %T) = Ecos@— 7\/_sin9

Add the last two equations:
cos(@ - 731) + cos(é) + g) =cos 6

c tan6’+7r tan| @ n
4 4

T
tan @ + tan —
T _anewnl
—tan@tan —

4

tan @ — tan ~
an o — tan —
4

1+ tanHtanﬂ
4

tang + 1 9 tang — 1
1—-tan® 1 +tané
=-1

d cos|6+ T cos 0 cos T sin @ sin n
—_ = — — 91 mn —
6 6 6

V3

1
70050— Esin@

T
in|6 + =
Sll’l( 3)

Add the two equations:
cos(@ + g) + sin(é) + g) = V3cosd

) T .
sin 0 cos 3 + cos @sin 3

1
70059+ Esin@

tan 6 + tan =
7T) an +anZ

e tan(@ + -

4 1—tam0tanz

tanf + 1
1—-tand
1+tand
1—-tané

13



sin(u + v)
COSUCOSV

sin46 = sin(2 X 20)
Sin u coS v + Cos u Sin v

= = 2sin 26 cos 26
COSUCOSV
sinu cos v N cosusinvy =2 x 2sinfcos f(cos’ 6 — sin>6)
COSUCOSV  COSUCOSV

=4sinf cos’ @ —4cos sin> @

=tanu + tanv
. 1 -—sin26
. . . J .—
sin(u + v) _ sinucosv +cosusiny siné — cos 6
sin(u —v) sinucosv —cosusiny 1 —sin26 sin@ — cos @

Divide numerator and denominator

= = X —
sinf —cosd sinf —cosd
by cosucosv.

_ (1 =sin26)(sin — cos 6)
~ sin2@ — 2sinfcos  + cos? @
sin(u —v) tanu —tanv _ (I =sin26)(sinf — cos 6)

B 1 —2sinfcos 6
(1 —sin26)(sin@ — cos )

sin(u +v) _tanu +tanv

cos 20 + 2sin’ 0

=c0s’ 0 —sinf +2sin’ @ B 1 —sin26
= cos? 6 +sinZ0 =sinfd —cosé
=1

14



Solutions to Exercise 14E

1

a

Maximum = V42 +32 =135

Minimum = -5

Maximum = V3+1=2

Minimum = -2

Maximum = V1 + 1= V2
Minimum = — V2

Maximum = V1 + 1= V2
Minimum = — V2

Maximum = V9 +3 = VI2=2V3
Minimum = -2 V3

Maximum = V1 +3 =2

Minimum = -2

Maximum = V1+3+2 =4
Minimum = -V1+3+2=0

Maximum = 5 + V32 + 22

=5+ V13
Minimum = 5 — V32 4+ 22
=5- V13

a r=Vi+1=1V2
1 1
COSa@ = —; SIna@y = ———
V2 V2

b4 1
sinfx— -] = —
4 2
T 7w 3n
T4y 4
T
xX= -
2"
b r=vV3+1=2
CcoS \/§sin !
a=—; o= -
2’ 2
T
a=—
6
T
2 +—=1=1
sin| x 6)
. +7r 1
sinfx+ =] ==
6 2
+7r_7r St In
e T6 56
21
=0, —, 2
X 3 s

15



. V3
cCosa = -, sma = ———
2
w=_"
3
T
2 si —=]=-1
sm(x 3)
sinfe - 2 _ 1
3] 2
L In
3676
_r 3
T 2
r=vV9+3=1V12
=23
2V3 2
sincz—ﬁ—l
2V3 2
a="
6
2\/§cos(x+%)=3
cos(x+z)—i—£
6/ 243 2
WL T Ux Lz
*T576 6 6
5
x=0, §,27r

f

CoOSa¥ = —

r= V42 + 32
=V25=5
cos —4' sin —3
oz—S, 01—5
a ~ 36.87°

5sin(6 + 36.87) = 5
sin(f + 36.87) ~ 1
0 +36.87 ~ 90°

6 ~ 53.13°
r= \Erd= VI=2V3
2V3 V3
sin 2 !
== ———
2V3 A3
a ~ —35.26°

2V3sin(@ — 35.26) ~ 3

3
sin(f — 35.26) x —— = —
2v3 2

6 —35.26 ~ 60°,120°

0 ~ 95.26°,155.26°

r=vV3+1=2
V3

i 1
; sina = —
2 2
b

6

T
2 2x + —
COS( X 6)

a =

16



5

Cosa =

r=Vi+1=12

&l -

1 .
—: sina
V2
T
4

a =

V2 sin(3x - g)

a

r=Vi+1=12

| 1
cosa = —; sina = ———
V2 V2
e
a=-—-—
4

fx) = V2 sin(x - %)

The graph will have amplitude V2,
period 2x, and be translated ;_r units

right.

T
1

i
-1 4
2
r=7VNV3+1=2
coS V3 sin |
a=—, @ = -
2 2
V4
a=-
6

f(x)=2 sin(x + g)
The graph will have amplitude 2,
period 2x, and be translated g units
left.

r=Vi+1=1V2
1 ) 1
COSQ’=$; s1na:$
T
“=3

fx) = \/Esin(x + ;—r)

The graph will have amplitude V2,
period 27, and be translated g units
left.

G T T T
T 3m\Tn
—\-Tl‘t 4
r=vV1+3=2
co ! n V3
Sy =—; sin@ = ———
2 2
n
a=—-=
3

) =2 sin(x - g)
The graph will have amplitude 2,
period 2x, and be translated %T units
right.

v

17



Solutions to technology-free questions

1 a

sec 0 + cosec O cot
1 1 cos @
= + — X =
cosf® sinf sinf
1 ( cosf cos 0)
1+
cos 6

sinf@ siné
1
= — (1 + cot*0)
cosf
= sec @ cosec’d

tanZ 0 + cos? 6

secO +sind
3 tan?0 + 1 — sin’ @
B secd + sin @

sec? @ — sin” 0

sec + siné

(sec @ — sin O)(sec 6 + sin )
secd + sin 6

=secO —sind

Maximum = 5, minimum = 1
Maximum = 4, minimum = —2
Maximum = 4, minimum = —4
Maximum = 2, minimum = 0

Maximum = 1 (whencos 8 =

1
—1), minimum = —

. 2 1
sin :Z
sm@zi1
2
g2 2 In 1z
666" 6

1
b sin26 = -
sin 5
n St 13n 17n
20=—-, —, —, —
0 66" 6 6
T S 137 17x
127127 127 12
c cos36:£
2
n 11x 137
39:_5_a_,
6 6 6
237 257 357
6’ 66
_n 117 137
T 187 187 187
231 257 357
187 187 18
d sin®20=1
sin20 = +1
n 3r St I
20:_5_5_,_
22 22
9_71 37 57 In
474747 4
e tan2 =
tan 6 +1
anf = +—
V3
6_77 S In 1lr
667676
f tan20 = -1
Tr 11lr 1
20:377 ﬂ_i

18



h cos20 = —

\®)
S
Il

S
Il

-

N IN
~J
>|4ﬁ|=|

4 tan@ = 2sin 8

iné
ST _ 2sin @

cosd

SO 5 Ging =0

cos 6
. 1
sin @ (— — 2) =0
cosd

sind =0 orcos@ =

| =

6 = 60°,300°,0°,
180°,360°

5 cos’A=1-sinA
25 144
169 169

12
COSA = el (Since A is acute)

cos’B=1-sin’B
64 225
289 289

15
cosB = T (Since B is acute)

a cos(A+B)

=cosAcosB—sinAsinB
12 15 5 8

BT BT

140
- 221
b sin(A + B)
=sinAcos B—cosAsin B
_ ><15 12X8
B 13717 13717
21
221
sin A 5
tanA = = —
¢ MA=CsA 12
an B sin B 8
an B = = —
cos B 15
t tan B
tan(A+B):M
1l —tanAtan B
(2,3
12 15
5 8
|1 - —=X%x—=
12715
57 7
60 9
199
207 7
171
"~ 140

6 a Expression = cos(80° —20°)

1
=cos60° = —

b Expression = tan(15° + 30°)
=tan45° =1

19



a Expression = sin(A + B)

v/
=sin— =1
Sln2

b Expression = cos(A + B)
Vs
= —_ = O
cos 5

a Maximum = 5, minimum = 1

b Maximum = 9, minimum = —1

a sin’Acos® B — cos® Asin’ B
= sin® A(1 — sin®> B)
— (1 - sin* A)sin* B
=sin’ A — sin® Asin’ B
— sin® B + sin® A sin® B

=sin’ A — sin’ B

b Left side

B sin 0 + (1 + cos )2
sin 6(1 + cos )

sin®6 + 1 + 2cos @ + cos? @
sin8(1 + cos 6)
2+ 2cosb
sin 6(1 + cos )
2(1 + cos 6)
sin 6(1 + cos 0)
2

sin @

¢ Leftside
sin@(1 — 2 sin” 6)
cosf(2cos26—1)
sin (1 — sin” 6 — sin® 6)
cos 0(cos? @ + cos2 6 — 1)
sin @(cos? @ — sin” 6)
cos B(cos? 0 — (1 — cos? 0))
sin O(cos? 6 — sin’ )
cos 0(cos? 8§ — sin” 6)

sin @

cos 8
=tand

10 cos’A=1-sin’A
5 4

:1——:—

9 9

2
COsA = 3 (Since A is obtuse)

a cos2A = cos’A —sin® A

b sin2A =2sinAcosA

Vs o2
02X — x-=

3 3
__4Y5
)

¢ sin4A = 2sin2A cos2A

:2><—ﬁ><—l
9 9

_8V5

T8l

20



sin’ @

2
11 a Leftside = &29
sin” 6

1+

cos2 6
. sin® @
cos2 6

cosZ 6

. 2
0
14 5o

cos2 6

cos2 6

cos? 6 — sin’ @

cos 26

cos2 @ + sin 0

= = 26
I oS

b Left side

sin® A + (1 +cosA)?
sinA(1 + cosA)

sinA +1+2cosA + cos? A

sinA(1 + cos A)

2+2cosA
sinA(1 + cos A)
2(1 + cosA)
sinA(l + cosA)
2
sin A

12 a tan 15° = tan (60 — 45)°

tan 60° — tan 45°

1 + tan 60° tan 45°

_V3-1
1+ V3
~ «/§—1>< V3-1
1+V3 V3-1
_3-2V3+1
3-1

=2-13

b sin(x +y) = sinxcosy + cos xsiny

sin(x —y) = sinxcosy — cos xsiny

Add the two equations:
sin(x + y) + sin(x —y) = 2sin xcosy

13 a Express in the form rsin(x + @) = 1.

r=NTH1=V2
1 . 1
COSG’:%; s1na:%
T
“=3

sin +7T !
infx+—-|=—
4 2
+7T_7T 37 97
“TATYr s
x=0, g,27r
X X 1
b 2sin— - = ——
sm20052 5
X 1
inf2x =|=—-=
) !
. 1
sinx = ——
2
T 11x
X=—,—
6 6
2t
c SXﬂ:Ztanx
1 —tan® x

2tan x ;—1 =0
1 —tan? x

3 - (1 —tan® x)

=0
1 —tan? x

tan x = O (since2 + tan® x # 0)

2 tan x(

x=0,m2nr

21



d sinx-cos’x=1

cos2x = —1
2x =m, 3
n 37
X=—=,—
2°2
3
e sin(ax—x):£
2
sin 2 V3
X =—
2
) n 2n I 8«
X ==y = 5 5
3’3 33
n o In 4r
X= === 5
63 6 3
f cos(2x——):—£
2
) 7r_57r T 177 197
737666 6
) _77r Or 197 21w
%66 6 6
_771 37 197 Tn
YT 120

14 a y=2cos’*x
= coszx+(1 — sin? X)
= cos’ x —sin®x + 1

=cos2x+ 1

The graph of y = cos 2x (amplitude 1,

period ) raised 1 unit.

v

b The graph is
y=1 —2sin(g —g) =1-2cos_.

Itisy =2cos g (period 4r) reflected

in the x-axis and raised 1 unit.

¢ The normal tangent graph, but with
period g

15 tan(0 + A) =

tan @ + tan A 3
l —tanftanA
tan@ + 2 3
1—2tan6
tan6 + 2 = 4(1 — 2tan6)
=4 —8tand
9tanf =2
tan @ 2
anf = —
9
16 a = V4 +81 = V85
2 . 9
cosqy = —; sin@ = ——
V85 V85

V85 cos(@ — «), where

o = COS_I(L)
V85
b i V85

22



ii cos(@—a)=1
0—a=0
0=—-«a

cosf = cosa

iii Solve \/gcos(a +a)=1.

cos( —a) =

(9))

1
0—-a= cos_l(—)
V85

6= a+c0s_l(

{5

+ cos_l(

1
V85

V85

|

|
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Solutions to multiple-choice questions

1 A cosecx—sinx = ,1 —sinx
sin x
3 1 —sin®x
~ sinx
_cos’x
~ sinx
:cosxxc?sx
sin x
= CcOoS xcotx
2 A cosx:—l
3
cos’ x +sin’x = 1
2
(—%) +sinx=1
. 9 1 8
sin x—1—§ =3
sinx:+\/g
Y9
2V2 242
33
3 B secQ:é
a

tan’ 0 + 1 = sec’ 6

b2
tan® 6 = - =1
a
y b? — ¢?
=
bz_az
tand = ———

a
(Since tan 6 > 0)

4 A /ABC =u;/XBC =v
) x+4 ( X
anu = —; tanv = —
"= =3
tan 6 = tan(u — v)

tanu — tanv

1 +tanutanv
x+4 x

2 2
x+4

2

4 A+ x(x+4)
2 4
4

x> +4x+4
8

T (x+2)2
sinA =1 —cos® A

=1-7
5 C sinA=Vl-¢

(Since sin A > 0)
cos’B=1-sin’B

=1-7
cosB=-V1-¢

Since cos B < 0)

1+

X
X —
2

=2X

sin(B+ A) = sin BcosA + cos Bsin A

:txt+(— \/l—tz)x 1-1

= -(1-1

=27 -1
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sin 2A
cos2A -1
2sinAcos A
cos2A —sinA — 1
2sinAcosA
—sin?A — (1 — cos? A)
2sin A cos A
—sin®A —sin® A

B 2sinAcosA
~2sin’ A

B COSA

6 E

sin A
= —CcotA

7 C Check the symmetry properties:

sin7r —sinﬂ+
PR A U

. 37r+

= —sin| — +x
2

COS X

= cos(—x)

cos(—x) = cos(2m — x)

L .
sm(z - x) #sinx

8 E (1+cotx)”+ (1 —cotx)’
=1+2cotx+cot’x+ 1
—2cotx + cot® x
=2 +2cot’ x
= 2(1 + cot® x)

= 2cosec’x

9 A sin2A =2sinAcosA

m=2sinA Xn

m
A=—
sin o
tan A sin A
anA =
COSA
_m 1
T
_om
2n?
10 D r=vVl+1=1V2
co ! sin !
sy = —; sin@ = ———
V2
A positive angle must be chosen,
Tr
a=—
4

7
V2 sin(x + Zﬂ)
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Solutions to extended-response questions

1 a P=AD+DC+CB+BA
=2A0 + BA +2A0 + BA
=4A0 + 2BA
=4Xx5cosf+2x5sin6

= 20cos @ + 10sin 0, as required.

b a=20,b=10andR = Va2 + b2
= V202 + 102
= V500
=105

a
Nowcosa = —

2 (o]
Hence,0 < a < 90 and o° = cos_l(—) = (26.56505...)°
\5

Hence P = Rcos(6 — )

=10 \/gcos(é — @) where a = cos_l(
When P = 16,

2

V5

|
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10V5cos(@—a) = 16

cos(d —a) = 16
\5
o]
@)’ = cos” N
6° = cos™ (7) + cos” (

When P = 16,6 = 70.88°

¢ Area of rectangle = AB X AD
=5sinf x 2A0

=5sinf X2 X 5cos6
=50sin@ cosd
=25x2siné coséb

= 25sin26
ksin 26 = 25 sin 26
k=25

d Areais a maximum when sin 260 = 1

2 a AD=

AE + ED
cosd + BF

cosf +2sind

20 = 90°
6 =45°

2

V5

)O
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b a=1,b=2and R = Va2 + b?

= VI2+2?
=5
a
Nowcosa = —
R
B 1
\5
_N5
5
Alsosinoz:é
R
_ 2
\5
_2v5
5

1 [e]
Hence, 0 < @ <90 and o° = cos‘l(—) =(63.43494...)°
V5

Hence AD = \/5005(9 - 63)°

¢ The maximum length of AD is V5 metres.
When AD = \/5,
V5 cos(@ — 63)° = V5

cos(0—63)° =1
0-63=0
6=63
d When AD = 2.15,
V5 cos(0 — )° = 2.15
2.15

Vs °
2.15)

@—-a) = cos_l(—

V5
= (15.94846...)°

0 = (15.948 + 63.435)°
The value of 8, for which 8 > «, is 79.38°.

cos(f —a)° =
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3 a cos 260 = cos> § — sin> @
1-tan’0 1—tan’@
1 +tan20  sec2d
= cos” 6 (1 — tan” 6)

5 cos? @sin* 6
=cos 6 — ——
cos- 0

=cos’f —sin’ 6

1 —tan®@
Hence, cos 26 = i, as required.
1 + tan?6

10
1 —tan?[67—
( 2)

10
b 1 From a, cos(2 X 675 ) = e
1+ tan2(67§ )

N 1°

cos 135 :1+x2 Wherex:tan(67§)
)
—cos45°:1—x
1+ x2
I 1-x
V2 1+a2
B 2:1+)c2
1—x2

1+ 22 =-V2(1-x%)
1+x2= V242 - \/E, as required.

i 1+ =V22- V2
S+ V2=V22 -4
=xX2(V2-1)
, 1+ \/EX V2+1

V2-1 V2+1

V2+1+2+ V2
2—-1

=3+2V2 . [1]




10
Given tan(67§ ) —a+b\2

10
x:a+b\/§wherex:tan(67§ )

X = (a+b\/§)2
= a* +2V2ab + 2°
= (@ +2b%) + Qab)V2  ...[2]
Equating [ 1]and [2]
a*+2h* =3
2ab =2
ab =1

As a and b are integers,a = 1,b=1ora=-1,b=—-1and (1 + \/5)2 =3+2V2
Note: An alternative method is to note

2 V2+1
V2-1
_ (V241
C(V2-1)(VZ+ 1)
=(V2+1)

SoX = i(\/§+ 1)
Whenb =-1,a = -1,

a+b\V2=-1-12
Whenb =1,a =1,
a+b\V2=1+ V2

But tan(67% ) > 0,

na+bV2=V2+1

=1+ V2
a=1,b=1
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1° 1°
C tan(7§ ) = tan(67§ — 60°)

1 [0)
tan(67§ ) — tan(60°)

1+ tan(67% )tan(60°)

h3 = ]’lz sin @

= cos fsin” 6

60° 2

30°

_1+V2-V3
1+(1+ V2)V3
_1+V2-V3
1+ V3+ V6
a i B
hl 1
(5-9)
ii B
h, &
h 5
T
>-9
(-9 c
hy, = hysin@
=sinfcosO
hy
hy

\3

tan 60° = V3
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iv From the diagram, forn € N, h, = h,_;sin@
and h,.1 = h,sin@

h, = sin" "' O cos @

hy+hy+hs+... =cosO +sin@cosd + sin”Hcosd + sin> Hcosh + ...

=cosH(1 +sinf + sin 0 + .. 2
Note: 0 < sin6 < 1 for a given triangle.

hi+h+hy+...= 0
! 2 3 cos (1—sin0)
B cos 6
" 1-sin#
cosd
If = V2
1 —siné
then cosf = V2 — V2sin6

cosf+ V2sin = V2

Let cosf+ V2sinf = rsin(0 + @)

= rsinfcos a + rsina cos 6
WhenH:g, V2 = rcosa
When 6 = 0, 1 =rsina

Squaring | 1 |and |2 | and then adding gives

2+1=r>cos’a+r’sin’a

3 = r*(cos® a + sin® @)

r=1v3
Substituting in | 1 | and
\/z = \/§COS (07
Cosa = ﬁ
V3
_ Y6
3
and 1= V3sinal
1
Sina = @
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Now V2=r sin(d + @)
V2=13 sin(f + @)

2
sin(f + @) = i
\3
and a°<@+a) <0O0+a)
2 o 2 o 2 o 2 o
0= sin_l(i) - cos_l(i) or 180 — sin_l(i) + cos_l(i)
V3 V3 V3 Vi
2\’ 2\°
But 180 — sin_l(i) + cos_l(i) =90°
V3 V3
0= sin_l(ﬁ)o — cos_l(iz)O
V3 Vi
~ 19.47°
2 3m
5 i /CBA=n——=—
a i b8 5 5
1 3 ),
/BCA = 3 - 5 as/BCA = /BAC(AABC is isosceles)
1 y 2 7w ired
= — X — = —, as required.
2" s Ty
ii CA=2CQ B
b8
=2cos = 1
cos 5 i )
The length of CA is 2 cos — units. 5
5 C 0
b i «/DCP=/BCD - /BCA
= /CBA - /BCA
m_m_2n as required
=— ——=— ired.
5 50 Fowrd
ii AC=2CP+ PR D
2
=2cos ?ﬂ + DE !
o
’ 21
=2cos ?ﬂ +1 C > P

But AC = 2cos g (from a ii)

2
2 cos g =2cos ?ﬂ + 1, as required.
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2
iii 2005751:2005—7r+1

5
2
2cos?ﬂ:20057§r—1
coszﬂ—cos7r !
5 5 2
1
ZCoszg—lzcosg—E
1
2 cos? 75_r —Ccos 75—T -5 0 or equivalently 4 cos? g —2cos 75—T -1=0
iv 2008271_00871_1_0
5 5 2
20052———00571—l =0
5 275 4]
r 1 5
2 cos? = — = —+—-—|=0
(cos5 2cos5+16 T
2
r 1 5
2 S -2 )=
((COSS 4) i6) ="

1 5
2 ———] ==
(C°S5 4) 8
n 12_5
374 T 16
cosﬂ 1—+\/5
5 4 T4
bd 1+\/§
COS— = — + —
5 4 4
cos——l_\/5 L+ V5
. o 5 4 4
butcos§>0,asO<§<§
T 1+15
Ccos — =
5 4



6 a

i

LHS = cos @

0
= 2 X —
cos( 2)

0 6
2 —_—— 1 2 —_—
= COS sin

0

1 — tan? =

RHS = g
1 + tan® =

an 2

0
1 —tan® —
2

Il
(@)
]
«»n
[\S)
D
—_
p—
|
—
oo
=]
[\
|

I
(@]
o
7

|
|
S

0 0
2v o 2Y
> sin 7

Therefore LHS = RHS.

0
1 —tan? —

Hence cos 6 =
1 +tan% =
2

= COS

6
2 tan 3
ii RHS =

1 + tan® -
an’ 3

0
2tan -
an2

0
22
sec )

6
2
= — X 2tan —
COS 2 an

2
0 0
2 cos? > sin >
0

COS —
2

, as required.
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6 0
1 —_— —_—
2 sin = cos

6
in[2 X —
sm( 2)

=sin@

= LHS

0
2tan -
Hence sinf = g8 required.
1 + tan? >

8cosO—sinf =4

2 2 _,

6 6
1 —tan® = 2tan —
{—3)-

0 0
1 +tan®> =/ 1+ tan? <
an? 5 an? 5

0 6 0

8(1 — tan® 5) — 2tan§ = 4(1 +tan2§)
0 6 6
8—8tan2§ —2tan§ :4+4tan2§

6 6
12tan’* = +2tan = —4 =0
an ) an2

6 6
6tan2§+tan§—2:0

6 6
(3tan§ +2)(2tan§ - 1) =0

0 0
3tan-+2=0or2tan--1=0
an2 or an2

t —_zt o _
My =3 M3 75



Chapter 15 - Graphing techniques

Solutions to Exercise 15A







(m, 5)

3 a We complete the square so that

fx)=x*+2x+2
=X +2x+1)—-1+2

=(x+ 1>+ 1.
Therefore, a minimum turning point
is located at point (-1, 1).

b To find points of intersection we
solve two equations: f(x) = 1 and
f(x)=—1.If f(x) =1 then

5x(1 —x)=1.

Solving this quadratic equation
(using the quadratic equation or your
calculator) gives

5+ V5
X = .
10
Since f(x) = 1, the coordinates are

(Si \/5,1]_

10
If f(x) =1 then

5x(1 —x)=-1.
Solving this quadratic equation gives

52345
10
Since f(x) = —1, the coordinates are

P

X

5 Notice that y = 2 sin® x will have the
same x-intercepts as y = 2 sin x but will
be non-negative for all values of x.

y
7] I I
| |
11 = | 3 |
NG 1G]
| |
T 1 [ 3n |
1 G T G

T | T > x

¥ *
— I I



¥y ili The graph of y = f(x) will
A have two x-intercepts provided
] 1 — k? < 0. This means that k > 1
1 ork < —1.
0
T T T > X

7 a We complete the square so that
f(x) =x% +2kx + 1
=2+ 2x+ ) - K+ 1
=(x+k)?*+ 1=K,
Therefore, a minimum turning point
is located at point (—k, 1 — k?).

ii

. > X
b i The graph of y = f(x) will (k. 0)
have no x-intercept provided iii
1 — k*> > 0. This means that
-1 <k<l.
> X

ii The graph of y = f(x) will
have one x-intercept provided
1 — k*> — 0. This means that (fk, 1 -k
k=+l.



Solutions to Exercise 15B

1 We know that the point P(x, y) satisfies,
QP =4

Ja— 17+ (- (2P =4

(x—1)72+ (@ +2)? =42
This is a circle with centre (1, —2) and radius 4.

2 We know that the point P(x, y) satisfies,
QP =5

Jox - (4P + (=37 =5

(x+4)7?+(y-3)72=5%
This is a circle with centre (—4, 3) and radius 5.

3 a We know that the point P(x, y) satisfies,
QP = RP

Vo= DR+ (D2 = \Jx= 12+ (- 12
G+ 1D?+0+ D2 =x-1)2+@ - 1)

P H2x+ 1+ +2y+1=x2=2x+1+y> =2y +1

2x +2y+ = =2x -2y

y=-—x

b The above line has gradient —1. The straight line through Q(—1, —1) and R(1, 1) has

equation
y=x

and thus has gradient 1. Because the product of the two gradients is —1, the two lines

are perpendicular. Lastly, the midpoint of points Q and R is (0, 0). This point is on

the line y = —x since if x = 0 then y = 0.

4 a We know that the point P(x, y) satisfies,



OP = RP

V=02 + (=22 = Jx— 12+
P+ -272=x-1)7+y

X +y —dy+4=x"-2x+1+)°

—4y+4=-2x+1

N
2 4
b The above line has gradient 1/2. The straight line through Q(0, 2) and R(1,0) has
gradient
0-2
m= T-0° -2
and equation
y=-2x+2.

Because the product of the two gradients is —1, the two lines are perpendicular.
Lastly, the midpoint of points Q and R is (1/2, 1). This point is on the line

y=3

AW

since if x = 1/2 then
y=1/4+3/4=1.

5 Since P(x,y) is equidistant from points Q(0, 1) and R(2, 3) we know that
QP = RP

Ve + =122 =22+ (- 37
=17 =x-27+@-3)
Py =2y l=x"—4x+4+y —6y+9
-2y+1=-4x-6y+13

4y +4x =12

y=—x+3 (1)
We also know that P(x, y) is 3 units away from S (3, 3). Therefore P(x,y) must lie on
the circle whose equation is

(x=3)+(y—-3)7? =32 (2)

Substituting equation (1) into equation (2) gives



(x=32+(=x+3-3?%=9

(x=32+x*=9
¥ -6x+9+x*=9
2x* —6x=0
2x(x—-3)=0

Therefore, either x = 0 or x = 3. Substituting x = 0 into (1) gives y = 3. Substituting
x = 3 into (1) gives y = 0. Therefore, there are two answers: coordinates (0, 3) and
(3,0).

Since P(x,y) is equidistant from points Q(0, 1) and R(2,0) we know that
QP = RP

\/x2+(y—1)2: \/(X—2)2+y2

X +y =2+ 1 =x"—dx+4+y

-2y+1=-4x+4
-2y=-4x+3

4x -2y = 3. (1)
Since P(x,y) is equidistant from points S (—1,0) and 7°(0, 2) we know that
SP=TP

\/(“1)2+y2= \/xz+(y—2)2

P +2x+1+y =3+ —dy+4

2x+1=-4y+4
—4y=2x-3
2x + 4y = 3. 2)
3

9
Solving equations (1) and (2) simultaneously gives x = T andy = T

Since the treasure is 10 metres from a tree stump located at coordinates 7°(0, 0), it lies
on the circle whose equation is

¥ +yP =102 (1)

Since the treasure is 2 metres from a rock at coordinates R(6, 10), it lies on the circle
whose equation is
(x=6+(y-107=2> (2

Solving equations (1) and (2) simultaneously or by using your calculator gives two



72 154
possible coordinates: either (6, 8) or (ﬁ 7)

8 a Since P(x,y) is equidistant from points R(4,5) and S (6, 1) we know that
RP=SP
V=42 + (=52 = Jx =62 + (v~ 17
X —8x+16+y? — 10y +25=x> - 12x+ 36 +y> -2y + 1
—8x+16-10y+25=-12x+36 -2y + 1
8y—4x=4
2y—x=1 (1)

b Since P(x,y) is equidistant from points S (6, 1) and 7'(1, —4) we know that
SP=TP

\/(x—6)2+(y—1)2: \/(x—1)2+(y+4)2
K= 12x+36+y -2y +1=x—2x+1+y" +8y+16
—12x+36-2y+1=-2x+1+8y+ 16
x+y=2 (1)

¢ Solving equations (1) and (2) simultaneously gives x = 1 and y = 1 so that the point
required is P(1, 1).

d The centre of the circle is P(1, 1) and its radius will be the distance from P(1, 1) to
R(4,5). This is

r=PR=+@4-12+(5-1)2=5.
Therefore the equation of the circle must be

(x—-12+(@y-1)7?=5%

9 Let the point be P(x,y). The gradient of AB is

5-1
e

. The gradient of BP is

Equating the two gradients gives,



=2
x—2
y—=5=2(x-2)
y=2x+1

10 The triangle is shown below.

(@, y)
Y
(0,0) (4,0)
The base of the triangle has length 4 and its height if y. Therefore,
bh
T2
4
2=2
2
y=6.

11 a Let the point be P(x,y). Then as the distance from P to the origin is equal to the sum
of its x and y coordinates,

¥4y =(x+y)’
¥ +yF =22+ 2xy +?
2xy =0

Therefore either x = 0 or y = 0. This is just both coordinate axes.

b Let the point be P(x,y). Then as the distance from P to the origin is equal to the
square of the sum of its x and y coordinates,
¥ +y =x+y

X —x+y’—y=0

1 1 1 1
2 2
—x+-|—-=+[V=v+=l===0
(X ) 4 (y y 4) 4

) +faf =3



This is a circle with centre (% %) with radius L

Nk
12 Consider point P(x,y). The triangle is shown below.

Pz, y)

A(0,0) B(3,0)

We have

AP = {[x? + 2,
BP = [(x—3)2 +y2.

and

Since AP : BP = 2, we have

AP
e )
BP
2 142
VX +y _5

Ja=32+y

x* +y?

2—6x+9+)2
X+ =4 —6x+9+y?)
X%+ y? = 4x% = 24x + 36 + 4y°
3x2 - 24x+36+3y° =0
X —8x+y*=-12
(x> —8x+16) — 16 + y*> = —12

(x—42+y* =4
This is a circle of radius 2 and centre (4, 0).

13 The distance from the point P(x, y) to the line y = 3 is 2. Therefore,
ly=31=2

y—3=+2
y=3+2
y=lory=35



This pair of lines are shown in red on the diagram below.

y

T y=>

¢2 y=3

#2 y=1
X\

14 To solve this problem, draw two circles whose radii are equal to the length of the pipe,

and whose centres are the endpoints of the pipe. The pipe can then be moved in a
minimum of 3 moves. These are indicated on the diagram below.

2N

3

‘

11



Solutions to Exercise 15C

1 We know that the point P(x, y) satisfies,
FP =RP

VE+ =3P = |- (-3
X+ (=3 =0+3)
X+ —6y+9=1y"+6y+9

X —12y=0
YT 1

Therefore, the set of points is a parabola

whose equation is

2 We know that the point P(x, y) satisfies,
FP =RP

P+ - (47 = Jo-27
X+ +4)? = -2)7>

X+ +8y+16=y>—4dy+4

X+ 12y =-12

X2

y=-——1.

Therefore, the set of points is a parabola

whose equation is

3 We know that the point P(x, y) satisfies,

FP =RP

N@E =27 +y? = V(x = (-4))?

(x=2%+y* =(x+4)?

There-

¥ —4x+4+y’=x"+8x+16

—12x+y* =12

2
x=2 -1,

fore, the set of points is a (sideways)
parabola whose equation is

4 a We know that the
point P(x,y) satisfies,
FP =RP

NE =P 4y = x = (=)

(x—c)? +y* = (x+c)
¥ =2ex+ vy = x4+ 2ex + 2
V2 —2cx = +2¢x

y2 =4cx

)
X = —.

4c
Therefore, the set of points is a
(sideways) parabola whose equation
is

2

b The parabola with equation x = —Z—
c
has focus F(0, ¢) and directrix

x = —c. For the parabola x = 3y?,

we have v 3sothatc = v

C
Therefore, its focus is (1/12,0) and
its directrix is at x = —1/12.

12



5 a We know that the FP =RP

oint P(x, y) satisfies,
point P(x.y) - VI-12+0-12= O -0
6>+ 8% = (9 —¢)?

\/(x—a)2+(y—b)2 = - ) © - )% = 100

(x—al +@-b’=@-c)] 9—c=+10
)cz—2c1)c+az—2by+bz=—2cy+c2 c=9+10
x* —2ax+a* +b* — ¢ =2by - 2cy = _1,19
X =2ax+d +b—c*=©2b-2c)y Therefore there are two possibilities for
Solving for y gives, the equation of the directrix: y = —1 and

y=19.

( 2 dax+dt+ b — Cz). 7 As the focus lies on the line of symme-

YT -2 -
—<C try, we can suppose that the coordinates
b Leta=1,b=2andc=3in of the focus are (2, a). The distance
the above equation. This gives, from the focus (2,a) to P(1, 1) is the
y= 1 (2= 2ax+d> + b — ) same as the distance from the line
2b-2c y = 3 to the point P(1, 1). Therefore,
1 —
= _E(xz —2x—4). FP=RP There-
VA =22+(1-a?=2
6 Since the parabola has a vertical 1+(-a)i=4
line of symmetry, is directrix will be (1-a?=3
a horizontal line, y = ¢. The point
. l-a=+V3
P(7,9) is on the parabola. Therefore,
the distance from P(7,9) to the focus a=1+ V3
F(1,1) is the same as the distance from fore the coordinates of the focus are
P(x,y) to the line y = ¢ Therefore, either (2,1 + V3)or (2,1 - V3)

13



Solutions to Exercise 15D

1 a y
A
3‘ ,3’ x
g
b

d Dividing both sides of the expression
by 225 gives

o,
l\)|‘<
| o
Il

—

> X

>

98]

=
-

14



3 a The equation can be found by noting Simplifying yields

that the x-intercepts are x = +5 and 2 >

the y-intercepts are y = +4. Therefore 12=3x*+4y* or i y? =1.

the equation must be o ) ) o
2 2 This is an ellipse with centre the origin,

ntp© 1 and intercepts at x = +2 and y = + V3.
2 2
or ll + Yo 1.
25 16 S Let (x,y) be the coordinates of point P.
b The centre of the ellipse is (2, 0). If AP + BP = 6 then,
Therefore the equation of the ellipse \/ 24+ (y—-2)2%+ \/ X2+ (y+2)?2 =6,

must be ) )
@*=2" ¥y _, X2+ (=22 =6— |22+ (y+2)

32 22 Squaring both sides gives,
x-2° ¥ _
or—g —*7 =" XA =2) =36-12+2+(+ 22+ x> +(y+2)°.
¢ The centre of the ellipse is (=1, I). Now expand and simplify to obtain
Therefore the equation of the ellipse )y —dy+4
must be
+1)2 - 1?2 =36 122+ (y+22+ x> +y? +4y+4
(x22)+(y12):1 VX X4y +4y
—4y =36-124x2+(y+2)2 +4
r(x+1)2+( 1)2_1 ’ ’ (y ) ’
Ty Y - 8y +36 = 12 \/x2 + (y + 202

2y+9=3x+(y+2)7

4 Let (x,y) be the coordinates of point P. Squaring both sides again gives

If AP + BP = 4 then,

\/(x_ 12432 + \/(x+ 12 +2 = 4, 4y? + 36y + 81 = 9(x? + y* + 4y + 4).
Jx =12 432 =4 J(x+ 1)? + y2. Simplifying yields
Squaring both sides gives, 2y
Ox* +502 =45 or —+=—=1.

59
(x=124+)2 = 16—8 y/(x + D2 + y2+ (x+ 1)2 +12,

This is an ellipse with centre the
Now expand and simplify to obtain origin, and intercepts at x = + V5 and

P =2+ 1432 = 16— 8J(x+ 12 +32 + 2 + 2x + | Yytercepts y = £3.
—2x =16 -8 /(x + 1)2 +y2 + 2x,
6 Let (x,y) be the coordinates of point P.
_c |/ 242 1
dx+16=8-/(x+ 1) +y IfFP:EMPthen

X+4=2,(x+1)*+)?
S . . S 1
quaring both sides again gives [(x—2)2 + y2 = —(x + 4)2.

2
X +8x+16 =47 +2x+ 1 +y%). Squaring both sides gives

15



(x—272 +y* = l( X+ 4) 7 The transformation is defined by the rule
4 (x,y) = (5x,3y). Therefore let x" = 5x

A% —4x+4) +4y> = X° +8x + 16 and y’ = 3y where (x’,y’) is the image of
4x* —16x+ 16 + 49> = x> + 8x + 16 (x,y) under the transformation. Hence
xl yl .
3x2.—24x+4y2 :Q' X = gandx: 3 The equation
Completing the 2square glvesz, 2y =1
3(x*—8x)+4y" =0
) ) becomes,
3(x*—8x+16)—16) +4y" =0 W)? ()
X
3(x—47 ~16) +4° =0 5 o 7!

3(x — 4)* + 4y* = 48 Ignoring the apostrophes gives,

Or equivalently, x_2 . y_2 3
25 9
(x —4)? N ﬁ _ 1 This is an ellipse with centre the origin,
16 12 with intercepts at (£5,0) and (0, £3).

16



Solutions to Exercise 15E
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C f For this question, we must first complete the
square in both x and y variables. This gives,
9x% — 25y* — 90x + 150y = 225
9(x* — 10x) — 25(y* — 6y) = 225
9(x* — 10x + 25 — 25) — 25(y* — 6y + 9 — 9) = 225
9((x — 5)* - 25) = 25((y - 3)> = 9) = 225
9(x — 5)> — 225 - 25(y = 3)* + 225 = 225
9(x —5)* = 25(y — 3)*> = 225
(x=5?% (y=3)?
A =1
d y 25 9

e For this question, we must first
complete the square in both x and y 3 Let (x,y) be the coordinates of point P.

variables. This gives, If AP — BP = 6, then
x2—4y2—4x—8y—16=0 \/(x—4)2+y2—\/(x+4)2+y2:3

(X —4x) - 4% +2y)-16=0
—4)2 2 _ 2 2
(C—dr+dody-a0P+2y+1-1)—16=0  NEF 7D+ =06+ ylx+dayn

Squaring both sides gives

(x=2=4)-4(y+1)’-1)-16=0

(=27 —4-40+ 1P +4-16=0  (x—4)>+y% = 36+ 12 y/(x + 4% + Y2+ (x+4)> +)?

(x=2?%-4(y+ 172 =16
Expanding and simplifying

(x —2)? (y+1)2_1
6 4 = 8x+16+)2 =36+ 12J(x +4)2 + 12 + 22 + 8x + 16 + 1

y
A —16x =36 = 124/(x +2)% + y?

—4x—9=3/(x+4)2+)?

9
Note that this only holds if x < I

Squaring both sides agains gives,

16x> +72x + 81 = 9(x* + 8x + 16 + %)

Expanding and simplifying yields

18



16x> + 72x + 81 = 9x% + 72x + 144 + 9y?

7x* — 9y* = 63

x Y 9
— = <-Z.
o 7°" '=7%

4 Let (x,y) be the coordinates of point P.
If AP — BP = 4, then

\/(x+3)2+y2— \/(x_3)2+y2:4

VE+3)?2 Y2 =44 ([(x - 3)2 +)?

Squaring both sides gives

(x=57+y* =4(x+ 1)
¥ —10x+25+y* =4(x* +2x+ 1)
¥ —10x+25+y? =4x*> +8x + 4

0=3x"+18x—y* -21
Completing the square gives,
0 =3(x* +6x) —y* - 21

0=3x%+6x+9-9)—y>-21

0=3((x+3)7%-9)—y*-21

0=3(x+3)>—y>—-48
(x+3)*

2 2 _ 2 0 2 . 16 43 o \ 5
(x+3)"+y = 16+8 /(x —3)* + y*+(x—3) +y21"h1s is a hyperbola with centre (-3, 0)

Expanding and simplifying

P +6x+9+y? =16+84/(x =32 +y2 +x°

120 = 16 = 8 AJ(x = 3)2 + 12
3x—4=2,(x—-3)*+)?

4
Note that this only holds if x > 3

Squaring both sides agains gives,
9x> —24x+ 16 = 4(x* = 6x + 9 + y?)

Expanding and simplifying yields
9x? — 24x + 16 = 4x% — 24x + 36 + 4y°

5x% —4y* =20

5 Let (x,y) be the coordinates of point P.
If FP=2MP

AN =52 +y2 =24(x+ 1)?

Squaring both sides

_6x 4D Ly@t (x,y) be the coordinates of point P.

If FP=2MP
O+ 12 =24/ +4)?
Squaring both sides

X+ + 1) =4y +4)?
P+ +2y+ 1 =407+ 8y + 16)
4y 42+ 1 =4y +32y + 64

0 = 3y? + 30y — x> + 63

Completing the square gives,
0=30%+10y) — x> + 63
0 =3+ 10y + 25 - 25) — x* + 63
0=3((y+5)7>-25—-x>+63
0=30y+57>-75-x*+63
0=30+5>-x*-12

(y+5)?% x?

- ﬁ = 1

This is a hyperbola with centre (0, —5)

19



Solutions to Exercise 15F

1 a

From the first equation we know that
t = x + 1. Substitute this into the
second equation to get
y=(@x+1*-1

= x* +2x.

To sketch the curve it helps to write
y = x(x + 2). This is a parabola with
intercepts at x = 0 and x = 2. To
label the points corresponding to
t=0,1,2,3, we first complete the

table shown below.
t 0O 1 2

x=t—-1]-1 0 1
y=*-1|-1 0 3
The curve and the required points are

shown below. ¥y
A
t=2
\ > X
r=1
t=0
From the first equation we know that

t = x — 1. Substitute this into the
second equation to get
y=2t+1

=2(x-1)+1

=2x-2+1

=2x-1.
We obtain straight line whose equa-
tionisy = 2x — 1, and whose graph is

shown below.

/ ©0,-1)

From the first equation we know that
t = x + 1. Substitute this into the
second equation to get
y=20+1

=2(x+ 1)* + 1.
We obtain a parabola whose equation
is y = 2(x + 1)> + 1, and whose graph
is shown below.

Y

(0, 3)

LD

| > X

For this question, we note that
y = (1%)*. Therefore,

y=() =2
This is clearly a cubic equation
whose graph is shown below.

y
A

(1, 1)

d From the first equation we know that

t = x — 2. Substitute this into the

20



second equation to get

x —_—
We obtain straight a hyperbola
1

who=se equation is y = T and
x [—
whose graph is shown below.
Y
A

(0’_1)
\ x=1

We rearrange each equation to isolate
cost and sin ¢ respectively. This
means that

X y .
— =costand = = sint.
2 2

We then use the Pythagorean identity
to show that

2 2
(g) +(%) =cos’t+sin’r = 1.

Multiplying both sides by 2° gives the
cartesian equation as

24y =22
which is a circle centred at the origin
on radius 2.
We rearrange each equation to isolate
cost and sin ¢ respectively. This
means that
x+1 -2 )
7 = costand = sint.

We then use the Pythagorean identity
to show that

x+ 1) y—22 5 . 2
3 + > =cos“t+sin“t = 1.

That is,
(x+1? (-2
32 + 22 =
which is an ellipse centred at the
point (-1, 2).

1,

¢ We divide both sides of the equation
by 9 so that the equation becomes,

5453

We then let

\S]

X+ \ -
cost = and sint = yT

Therefore, the required equations are

x=3cost—3andy = 3sint + 2.

d We write this equation as

=)+

We then let
+ -1
cost = a and sint:yT.
so that

x=3cost—2andy=2sint + 1.

The gradient of the line through points A
and B is
4-(-2) 6

"TIoE) T2
Therefore, the line has equation

y—4=3(x—-1)We can simply let x = ¢

y=3x+1.
so that y = 37 + 1. Note that this is not

the only possible answer.

S a From the first equation we know that

t = x + 1. Substitute this into the
second equation to get
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y=-202+4r-2

= 2(x+ 1) +4(x+1)-2
= 2 +2x+ D) +4x+4-2
= 2x* —4x—-2+4x+4-2

= 247
Moreover, since 0 <t < 2, we know
that -1 < x < 1.

b We sketch the curve over the domain
—1 <x< 1 y

A

> X

-1,-2) | (1,-2)

6 The cartesian equation of the circle is

¥ +yP=1. (1)

It is a little harder to find the cartesian
equation of the straight line. Solving
both equations for 7 gives,

_x—6

-8
t= andt:y—.

4

Therefore,
x—6 y-38
4 4
4(x—-6)=3(H-73)
4x-24 =3y-24

4x
y=5 ©

Solving equations (1) and (2) simul-

taneously gives x = -3 and x = 5
Substituting these two values into the

. dx . 4
equation y = 3 gives y = -3 and

4
X = 3 respectively. Therefore, the
required coordinates are (—3/5, —4/5)

7

and (3/5,4/5).

a We substitute x = sint into the
second equation to give,
y=2sin’r+ 1

=22+ 1.

b Since the domain is the set of
possible x-values and x = sint
where 0 < r < 27, the domain will be
-1<x<1.

¢ Since the domain is the set of x such
that —1 < x < -1, the range must be
the set of y such that 1 <y < 3.

d The curve is sketched below
over the interval —1 < x < 1.

y
A

(-1, 3) 1,3)

a We substitute x = 2! into the second
equation to give,
y=2%+1

=2 +1

= x>+ 1.

b The domain is the set of possible

x-values. Since x = 2" and t € R, we
know that the domain will be x > 0.

¢ Since the domain is the set of all x
such that x > 0, the range must be the
set of y such that y > 1.

22



d The curve is sketched below over the
interval x > 0. y

0, 1)

9 Here, we must make use of the identity
cos? 7+ sin’ 7 = 1. Since x = cos  we
have,
y=1-2sin’t

=1-2(1 —cos®?t)

=1-2+2cos’t

= —1+2x°
The domain is the set of possible
x-values. Since x = costand 0 <7 < 2nx,
we know that the domain will be

—1 < x < 1. We sketch the curve over
this interval.

Y
A
(1, 1)

L
AVE

1D

10 a We substitute x = 2" + 27" and
y = 2" — 27" into the left hand side of
the cartesian equation. This gives,

2
LHS = 7~ —
~ (2t + 2—t)2 (2[ _ 2—t)2
T4 4
B 2 424272 (2% -2 4277
- 4 - 4
C2H 42427 M40

B 4

— AR

= RHS,
as required.

b The curves is one side of a hy-
perbola centred at the origin.

Y

A

2,0)

11 a This is the equation of a cir-

cle of radius 1 centred at

(0, 1). Its graph is shown below.
y

A

2

[ ]
(0, 1)

> X

b Since x =costandy — 1 = sint, we
have

x2+(y—1)2:coszt+sin2t: 1.
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¢ We will find the points of intersection X+ (y— 1)

of the line, ) 2 2+ 2 2
1+ 1+ 72
y:2—tx (1) _ 2t 2+ 2 1+l22
1+ 1+2 142
(2 {Fl—ﬁz
and the circle, 1+ 1+7£

AP (1-1%)?
T+ 22 a0y
4P (1 -2 +1%
TA+22 T T a+0n

P+y-D*=1. (2

Substituti tion (1) int 27 +1
u s.1u1ng equation (1) into “Ta+ P2
equation (2), we find that, -
X +Q2-mx-172=1 _{d+r)
(1+1%)?
¥ +(l-tx)? =1 »
X+l -2tx+2x =1 as r’equired.
(1+2)x*=2tx=0
x(L+2)x—-26)=0 12 a

Since x # 0, we see that

2t
X = .
1+

We can find y by substituting this into
equation (1). This gives,
y=2-1tx
212
1+
200+ 22
T+ 1+7

b The points corresponding to

2 t=0,1,2,3,4,5,6
L+ are all on the x-axis. The values of
d To verify that these equations t correspond to the number of half
parameterise the same circle we note turns through which the spiral has
that turned.
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Solutions to Exercise 15G

1 a We have
then= rcos @ y=rsinf
=1lcosn/2 = 1Isinnm/2
=0 =1
so that the cartesian coordinates are
0, 1).
Y
A(1.5)
1
> X
b We have
x =rcosf y=rsinf
=2cos3n/4 = 2sin3n/4
- V2 V2

so that the cartesian coordinates are

(- V2, V2).

Y
]
2 4
> X

¢ We have
x =rcosf y=rsinf
=3cos(-n/2) =3sin(-n/2)
=0 =-3

so that the cartesian coordinates are

A
> X

_r

372
Ce

d We have
x =rcos6 y =rsinf
= —-2cosn/4 = -2sinn/4

-2 -2

so that the cartesian coordinates are

(- V2,-V2).
y

> X
—2;
D

e We have

x =rcos6 y=rsinf

=—lcosnm =—1lsinnm
-1 -0

so that the cartesian coordinates are

(1,0).

> <

—.1—0—.—))6
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f We have y
A
x=rcoséb y=rsinf 'x\ o
= 0cosn/4 = Osinx/4 23
. e
-0 -0
5)
so that the cartesian coordinates are H
(0,0). y
i We have
X =rcosf y =rsinf
r ¥ = —2cos(—n/4) = —2sin(-n/4)
=—-\2 = V2
so that the cartesian coordinates are
(_ \/ia \/5)' y
g We have A
1
x=rcosf y =rsinf i2
=4 cos—57/6 = 4sin-57/6 X T
(-
- 2\3 -2 2Ny

so that the cartesian coordinates are
(—2v3,-2).
" 2ar=V2+(-17=V2

f=tan"! -1 = I

The point has polar coordinates

( V2, —n/4). We could also

4 / letr = — V2 and add 7 to the found

G y 4l angle, giving coordinate (— V2, 37/4).

b r=12+(V3) =2
6 =tan"! V3 = z
Y = rcosd y=rsing The point has polar coordinates
_ (2,7/3). We could also letr = -2
= —2cos2n/3 = —2sin2x/3 and add 7 to the found angle, giving
=1 =_13 coordinate (-2, 4r/3).

) ) - 2 2 _
so that the cartesian coordinates are cr=+(=2)7+2 = 2V2

_ f=tan"'—1=-=
(1,-V3), an 7

h We have

26



The point has polar coordinates

(2 V2, —r/4). We could also

letr = =2 V2 and add 7 to the found
angle, giving (-2 V2, 37/4).

d r=(-V2P + (- V2P =2

3
f=——
4

The point has polar coordinates

(2, -3m/4). We could also letr = -2
and add 7 to the found angle, giving
coordinate(—2, w/4).

e Clearly, r = 3 and 6 = 0 so that the
point has polar coordinates (3, 0).
We could also letr = =3 and add = to
the found angle, giving coordinate
(=3, m).

f Clearly,r =2and 0 = —g so that the

point has polar coordinates (2, —72—r).
We could also letr = -2 and add « to

the found angle, giving coordinate
(=2, 7/2).

3 Points P and Q are shown on the
diagram below.

Y
Q
3
P
2
/6 X
@)

Since /POQ = E, we can use the cosine
rule to find that
PQ? = OP* + 0Q* -2 - OP - 0Qcos(/3)

1

=22432-2.2.3. -
2

=4+9-6

=1.

Therefore, PO = V7.

Points P and Q are shown on the
diagram below.

Y

Q

T9 j2)

0 .

91 X

0
Since /POQ = 6, — 6, we can use the
cosine rule to find that
PQ2 = 7‘12 + 1’22 - 2rm COS(HZ - 01)
Therefore,

PO = \r2+nr?—=2rrcos(6, — 6).
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Solutions to Exercise 15H

1

2 a

> X

Since x = rcos 6, this equation

becomes
x=4
rcosg =4
4
r=——
cos 8

Since x = rcos 6 and y = rsin 8 this
equation becomes

xy =1
r* cosfsind = 1
1
P = _
cosfsind

Since x = rcosf and y = rsin 6 this

equation becomes
2

y=x
rsin® = r* cos’ 0
rcos’ @ =sin@
B sin g
" cos26
=tan6fsecd

This is just a circle of radius 3
centred at the origin and so has
equation r = 3. We can check this by
letting x = rcos @ and y = rsin @ this

a

equation becomes
¥ +y’=9
r?cos’ @+ r’sin*6 =9
r*(cos® 0 + sin’ @) = 9
”=9
In fact, since we are allowing
negative r values we could take either
r =3 or r = =3 as the equation of this
circle.

Since x = rcos 6 and y = rsin 6 this
equation becomes
¥-y*=9
r’cos’ @ —r?sin6 =1
r*(cos® 0 —sin’ ) = 1
r?cos20 = 1
1
P =
cos 26

Since x = rcos 6 and y = rsin 6 this
equation becomes
2x—-3y=35

2rcosf —3rsinf =5
r(2cosf —3sinf) =5

5
"= 2cos@—3sinf

The trick here is to first multiply both
sides of the expression through by
cos 8 to get

rcosf =2

Since r cos 6 = x, this equation
simply becomes,

x=2.

b Since r = 2, this is just a circle of
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a

radius 2 centred at the origin. Its
cartesian equation will then be simply

Here, for all values of r the angle

is constant and equal to /4. This
corresponds to the straight line
through the origin, y = x. To see this
algebraically, note that

Y tan(n/4) = 1.
X

Therefore, y = x.

Rearranging the equation we find that

3cos0—2sinf "
r(3cosf —2sinf) = 4
3rcosf —2rsinf =4 (1)
Then since x = rcosf and y = rsin 6,
equation (1) becomes

3x -2y =4.

The trick here is to first multiply both
sides of the expression through by r
to get

r* = 6rcosd (D)

2

Since 7> = x*> + y? and rcos 6 = x,

equation (1) becomes,
X% +y? = 6x
¥ —6x+y"=0
(completing the square)
(P —6x+9-9+y°=0

(x—32+y*=09.
This is a circles whose centre is (3, 0)
and whose radius is 3.

The trick here is to first multiply both
sides of the expression through by r

to get

> =4rsing (1)
2=x>+y*and rsinf =y,
equation (1) becomes,

X +y? =4y

Since r

X +y -4y =0
(completing the square)
XA —dy+4-4=0

¥+ (y-2)7% =4
This is a circles whose centre is (0, 2)
and whose radius is 2.

The trick here is to first multiply both
sides of the expression through by r
to get

r> =2rsind (1)

2 =x?>+y?and rcosf = x,

Since r
equation (1) becomes,
x* +y? = —6x
¥ +6x+y° =0
(completing the square)
(P +6x+9-9+y°=0
x+3)P%+y°=9
This is a circles whose centre is
(=3, 0) and whose radius is 3.

The trick here is to first multiply both
sides of the expression through by r
to get

r> =2rsiné (1)

2

Since * = x> + y? and rsinf = y,

equation (1) becomes,
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x*+y? = -8y which is the equation of a vertical

X +y?+8y=0 line.
X+ +8y+16)-16=0 b Lety = rsin@ so that
(completing the square) rsinf = a
24 (y+d)? =16 r=-2_
sin@

This is a circles whose centre is

(0, —4) and whose radius is 4.
7 a The distance from P to the line is

RP =RQ + QP
5 The trick here is to first multiply both )
. . =a+rsiné.
sides of the expression through by r to
get b Consider the complete diagram
r’ = 2arcos f (1) shown below.
Since r? = x*> + y* and rcos 6 = x, /
equation (1) becomes, . P
X+ y2 = 2ax rsin @
X —2ax+y* =0 0  rcosf Q
a
()cz—2ax+az)—az+y2 =0
. Yy=—a R
(completing the square) Since we are told that OP = RP, this
(x—a)* +y* = d*. implies that
This is a circles whose centre is (a, 0) OP = RP

and whose radius is a. )
r=a+rsmné

r—rsinf=a
6 a The trick here is to first multiply both
sides of the expression through by

cos 6 to obtain, r= —a‘ ,
. I —sin6
as required.

r(1 —sinf) = a

rcosf =a

X =a,
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Solutions to Exercise 151

1

a

b
A

> X

=D0.9

b The ellipse increases in size

a

and become more narrow as e is

increased.

To help sketch this curve we first

graph the function
r=1-sin6

as shown below. This allows us to
see how r changes as 6 increases.

2r Note that:
1
0 [¢]

‘0 /2 m 31/2 2

m As angle 6 increases from 0 to 7/2,

the radius r decreases from 1 to 0.

m As angle 6 increases from /2 to 7,

the radius r increases from O to 1.

m As angle 6 increases from 7 to

37/2, the radius r increases from 1

to 2.

m As angle 6 increases from 37/2 to
27, the radius r decreases from 2

to 1.

This gives the graph shown
below. The points are la-
belled using polar coordinates.

Y
r/2) (1,0)

(2,3r/2)

b The trick, once again, is to
multiply both sides of the equa-
tion through by r. This gives,

7> =r—rsind as

PH+yr=r-y

X +y +y=r

Ky Hy = (fx2 + )2

(x2 +y2 +y)2 = ¥ +y2,
required.

a To help sketch this curve we first
graph the function
r = cos 36 as shown below.
This allows us to see how
r changes as 6 increases.
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Note that:

m As angle 6 increases from 0 to /6,
the radius r varies from 1 to 0.

m As angle 6 increases from /6 to
n/3, the radius r varies from O to
-1.

m As angle 6 increases from /3 to
/2, the radius r varies from from
—-1t00.

Continuing in this manner, we
obtain the following graph shown
below. Note that the labelled
points are polar coordinates.

(1,27/3)

<

(_17 7(/3)
To help sketch this curve we first
graph the function

r = cos 36

as shown below. This allows us to see
how r changes as 6 increases.

a

-14

Note that:

m As angle 6 increases from 0 to 7/6,
the radius r varies from O to 1.

m As angle 6 increases from /6 to

n/3, the radius r varies from 1 to
0.

Continuing in this manner, we obtain
the following graph shown below.
Note that the labelled points are polar
coordinates.

(1,57/6) (1,7/6)

—
|
-

m/2)

To help sketch this curve we first
graph the function

r = sin 26 as shown below. This
allows us to see how r changes as 6
increases.

Using numbers, we have labelled

how each section of this graph
corresponds to a each section
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a

in the rose below. Note that the
labelled points are polar coordinates.

y
(—1,77/4) (1,7/4)
4 1
3 2
(1,57/4) (—1,37/4)

Since sin 20 = 2 sin 6 cos 6, we have
r = sin 26

r =2sinfcos 6
P =2-rsin@-rcosé
P = 2xy
3
(x2 +y2)§ = 2xy

02 +2) = 43,
as required.

7 %

Note that we can find the x-intercepts
by letting 6 = 0 and 6 = . This gives

x=+V2.

b Since cos26 =
cos? @ + sin> 0, we have
= 2¢c0s26

r? = 2(cos’ § — sin” 6)
> =2cos’0—2sin’ @

ea(f -2

2 2

2 _ AX y
T —2ﬁ—2r—2
= 2x% - 2y?

4
(w/xz +y2) =2x% - 2y°
(x2 + yz)2 =2x — 2y2

¢ If did, = 1 then using the dis-
tance formula, we find that

\/(x—1)2+y2\/(x+1)2+y2:1

[(x= D7+ llx+ 1> +y*] = 1

G-+ 1D+ (x- D+ (x+ D +y =1
-2+ [(x—- D>+ @+ D +y* =1
-2+ +2y* +yt =1
X2+ 14288 + 2y 4y =11
—2x2+2y*=0
—2x2 +2y* =0.

P 2xty? +yt

(o +y%)?

Therefore,

(F +y7)” = 2x% - 2y”,

which is the same equation as that

found previously.
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Solutions to technology-free questions

1 a y
| A |
| |
[ [
| |
| |
| |
-2 21
> X
| |
| 1 |
| B |
| |
[ 2 [
| |
b

ola

2 We know that the point P(x, y) satisfies,
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OP = RP

V=22 + (= (D) = (Jx— D+ (v - 27
x=-22+0+D?=(x-1)7+ (-2

X —Adx+4+y +2y+1=x-2x+1+y* -4y +4

6y—2x=0
-
y—3-

Therefore, point P lies on the straight line with equation y = %C

3 We know that the point P(x, y) satisfies,
AP =5 This is a circle with centre (3, 2) and radius 6 units.

V=32 +(-22=6
(x=372+(y-2)7%=6%

4 We complete the square to find that
K +dx+yP-8y=0

[ +4x+4)—4]+[(0* -8y +16)-16] =0
(x+2°—4+(y—-4)>-16=0

(x+2)° + (y — 4)* = 20.
This is the equation of a circle with centre (-2, 4) and radius V20 units.

N,
%
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y
} 2,2)
42 412
=73 23
> X
_ ° 4, -1
0, -1) AT “4,-1)
(2,4

6 We complete the square to find that,
P +4x+2°=0

(P +dx+4)—4+2"=0
(x+2)72+2y* =4

+2)2 y?
(x )+X_:1

4 2
The centre is then (-2, 0). To find the x-intercepts we let y = 0. Therefore,
(x +2)? 3

) 1

(x+2)7°=4

xX+2=%2
x=-4,0

To find the y-intercepts we let x = O (in the original equation). Therefore,
2y° =0

y=0.
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8 We know that the point P(x, y) satisfies,
KP=2MP

Vo= (27 + (=572 =2x— 17
x+272+ (-5 =4(x-1)
X +4x+4+y*—10y+25 =4(x* - 2x+ 1)
X +4x+4+y" — 10y +25 = 4x> —8x + 4

3x2 - 12x—y*+ 10y —-25=0
Completing the square then gives,
3(x* —4x) - (3> —10y) - 25 =0
33 —4x+4-4)-(® - 10y +25-25)-25=0
3((x-22-4) - ((y=57°+25-25=0
3x-2-12-(y—-5%-25-25=0
3x-2°-(y-5%=12
(x-27 (y-5)
VTR
Therefore, the set of points is a hyperbola with centre (2, 5).

. x+1 . .
9 a From the first equation we know that ¢ = — Substitute this into the second
equation to get
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y=06-4¢

:6_4x+1

=6-2(x+1)
=6-2x-2

=4 -2x

We obtain straight line whose equation is y = 4 — 2x.

We rearrange each equation to isolate cos ¢ and sin ¢ respectively. This means that

X .
3 = cost and Y sint.

We then use the Pythagorean identity to show that

2 2
(f) +(X) =cos’t+sin’t = 1.

2 2
That is,
2 2
x_ + y_ — 1
22 22
x2 +y2 — 22

which is a circle of radius 2 centred at the origin.

We rearrange each equation to isolate cos ¢ and sin # respectively. This means that

x—1 y+1

= costand = sint.

We then use the Pythagorean identity to show that

x—l2 +12
( 3 )+(y5 ) =cos’t+sin’t = 1.

That is,
12 2
CER R Vi
32 52
which is an ellipse centred at the point (1, —1).

Since x = cos t, we have,
y=3sin’r -2
= 3(1 —cos®1) — 2
=3-3cos’r—2
=1 -3cos’t

=1-3x
Note that these doesn’t give the entire parabola. Since x = cos ¢, the domain will be
—1 < x < 1. Therefore, the cartesian equation of the curve is

y=1-3x* where —1 <x<1.
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10 a From the first equation we know that # = x + 1. Substitute this into the second
equation to get
y=2 -1

=2(x+ 12— 1.
b Since0<tr<2andx=1¢-1,weknowthat -1 < x < 1.

¢ The parabola has a minimum at (-1, —1). It increases after this point. The maximum
value of y is obtained when x = 1. Therefore,

y=21+1)Y-1="7.

The range is the interval -1 <y < 7.

d We sketch the curve over the domain —1 < x < 1.

y
(1, 7)
0, 1) >
v *
L1
11 We have
Xx =rcosf y =rsinf
= 2cos3n/4 = 2sin3n/4
= -2 =2

so that the cartesian coordinates are (— V2, V2).

12 r= 2 +(-2V3) = VI6=4

-2v3
H:tanl—\/_:tan‘l—\/_:—z

The point has polar coordinates (4, —r/3). We could also letr = —4 and add 7 to the
found angle, giving coordinate (-4, 27/3).

13 Since x = rcos# and y = rsin 6 the equation becomes,

39



2x+3y=35
2rcos@ + 3rsinf =5

r(2cos@ +3sinf) =5
Therefore the polar equation is,
3 5
T 2 cos6+ 3sin6

14 The trick here is to first multiply both sides of the expression through by r to get

7> = 6rsiné (1)

2 = x2 +y? and rsin6 = y, equation (1) becomes,

x2+y2:6y

Since r

¥+ —-6y=0
X+ (y2 -6y+9)-9=0 (completing the square)

¥+ (@y-37%=09.
This is a circle whose centre is (0, 3) and whose radius is 3, as required.
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Solutions to multiple-choice questions

1 B The graph will have two vertical

2

asymptotes provided that the
denominator has two x-intercepts.
Therefore the discriminant of
quadratic must satisfy,

A>0

b* —4ac >0
64 —4(Dk >0
64 — 4k > 0

k < 16.

We know that the point P(x, y)

satisfies,
AP = BP

\/(x—2)2+(y+5)2=\/(x+4)2+(y—1)2
=22 +0+5>=(x+4)>+(y-1)?
X —dx+4+y+10y+25=x>+8x+ 16+ =2y +
y y y =2y

=x-1
Therefore, the set zf points is a straight
line with equation y = x — 1. Alternatively,
one could also just find the perpendicular
bisector of line AB. This will give the same
equation for about the same effort.

One can answer this questions either by
reasoning geometrically, or by finding the
equation of the parabola. Suppose MP is
the perpendicular distance from the line
y = —2 to the point P. We know that the
point P(x,y) satisfies,

FP=MP

Ve + =22 = -2
P+(y-27=@+27

x2+y2—4y+4=y2+4y+4

x* =8y
Y=g

Clearly A,B and C are true. The point (2, 1)

does not lie on the parabola since when
x=2,
~ x2 B 22 |
Yey TRl
The point (4,2) does lie on the parabola

since when x = 4,

Since the x-intercepts are x = +3 and the
y-intercepts are y = +2 the equation must be
PERe

¥+?=1

which clearly corresponds to item C.

‘We can find the the coordinates of the

x-axis intercepts by letting y = 0. This gives,
¥ 0?

8 -1
%59
2
X
Z -
25
1 x2=25
X =5,

so that the required coordinates are (-5, 0)
and (5, 0).

The hyperbola is centred at the point (2, 0).
This means that we can exclude options A,C
and E, each of which are centred at the point
(=2, 0). The x-intercepts of the hyperbola
occur when x = —7and x = 11. Welety =0
in option B and D, and see that only option
D has the correct intercepts.

The graph of

y2 x2

9 4
is centred at the point (0, 0). If we translate

this by 3 units to the left and 2 units up we
obtain the given equation. It will now be
centred at the point (-3, 2).

We rearrange each equation to isolate cos ¢
and sin ¢ respectively. This means that

x—1 y+1

= cost and =sint.
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We then use the Pythagorean identity to
show that

4
That is,

x-17  (+1)?
FEREE A
To find the x-intercepts, we let y = 0.

1.

Solving for x gives,
(x—1)% N 0+ 1)? B

42 22 1
x-17% 1
T+Z:1

(x-1°_3

42 4

x-1%*=12
x—lzt\/ﬁ
x=1+2V3

9 E Option A. These points are in quadrants 1

and 2 respectively and so cannot represent
the same point.
Option B. These are located on the y-axis,

x—1\ (y+1)
( ) +(y_2 ) =cos’t+sin’t = 1.

10

but on opposite sides.

Option C. These points are in quadrants 1
and 4 respectively so cannot represent the
same point.

Option D. These points are in quadrants 1
and 3 respectively so cannot represent the
same point.

Option E. These coordinates do represent
the same point. Recall that the coordinate
(—1,77/6) means that we locate direction
7m/6, then move 1 unit in the opposite
direction. This is the same as moving 1 unit
in the direction 7/6.

The trick is to multiply both sides of the

equation through by r. This gives,

r? =r+rcosf

¥+y=r+x

¥ +y —x=r

©+y—x= \X2+)?

(4 0P =21
as required.
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Solutions to extended-response questions

1 a We know that the point P(x, y) satisfies,
AP = BP
\/xz+(y—3)2 = \/(96—6)2+y2
X+ -3)2=x-67+y
X+ —6y+9=1x"—12x+ 36+
-6y +9=-12x+ 36

9
—2x— 2

Therefore, the set of points is a straight line with equation y = 2x — —.

b We know that the point P(x, y) satisfies,
AP = 2BP

P+ (=3 = 24— 67 42
¥+ (=37 =4[(x - 6)> +)*]
X2 +y2 =6y +9=4[x* — 12x + 36 + y*]

3x2 —48x+ 3y + 6y +135=0
Completing the square then gives,
3x2 —48x+3y* + 6y +135=0

3(x* = 16x) + 307 +2y) + 135 =0
3[(x* - 16x+64) - 641 +3[(* + 2y + 1) = 1]+ 135=0
3[(x—8)% —64]+3[(y+ 1)*—1]1+135=0
3(x-8)% +3(y+ 1) =60
(x—-8+(+1)?=20
This defines a circle with centre (8, —1) and radius V20.

2 a Suppose MP is the perpendicular distance from the line y = —2 to the point P. We

know that the point P(x, y) satisfies,

9
2
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FP=MP

V2t o472 = o - 27
(-4 =+2)7°
X +y -8y + 16 =y +4y+4

12y = x> + 12
2
X
=—+1.
MR

Therefore, the set of points is a parabola.

b Suppose MP is the perpendicular distance from the line y = -2 to the point P. We
know that the point P(x, y) satisfies,

1
FP=-MP
2

Ve o-42 =2 Jo-cp

1
(=4 = 2 +2)]
AP+ (-4 = (v +2)

Ax*+y* -8y +16) =y* + 4y +4

4x* +4y* - 32y + 64 = y* + 4y + 4

4x% +3y* =36y + 60 =0
Completing the square then gives,
4x* +3y* —36y+ 60 =0

4x* +3[y> =12y +20] =0

4x% + 3[(y* = 12y + 36) — 36 + 20] = 0
4x* +3[(y-6)*-16] =0

4x* +3(y — 6)> = 48

2 A2

*¥ 6-6"_

=1
16
Therefore, the set of points is an ellipse.

¢ Suppose MP is the perpendicular distance from the line y = -2 to the point P. We
know that the point P(x, y) satisfies,
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FP=2MP

VP +o-42 =2 - (2
X+ (y—4) =4y +2)°
X+ (-4} =4y +2)7

X +y =8y + 16 =407 +4y+4)

X+ —8y+ 16 =4y* + 16y + 16

X —3y" =24y =0
Completing the square then gives,
x* —3y* =24y =0 Therefore, the set of points is a hyperbola.

¥ =30?+8y]=0
¥ =30 +8y+16-16]1=0
¥ -3[(y+4)?%-161=0
3(y+4)F — x> =48
O+ 2
16 48

. X 4 .. .
Since x = 10z, we know that 7 = 10° We substitute this into the second equation to

give
y =20t — 5¢
X X \?
—20( —5(—)
(10) 10
2
x
= 2x—5
72700
2
:2x—x—

It will also help later if we consider the factorised expression. That is,

1
= —x(40 — x).
y 2Ox(O X)

The equation of the ball’s path is
1
y= EX(“-O - X).

We note that the x-intercepts are x = 0,40. The turning point will be located
half-way between at x = 20. When x = 20, we find that y = 20. The graph of the
ball’s path is shown below.
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(20, 20)
201

101

0 X
0 10 20 30 40

¢ The maximum height reached by the balls is 20 metres, and occurs when x = 20.

d Since x = 10z, we know that ¢ = 1—8x We substitute this into the second equation
to give
y =20t — 5¢%
60 — x 60 — x\’
=20 -5
)55 )
(60 — x)?
=120-2x-5——
! 100
(60 — x)?
=120 -2x — ——
T 20
_ 2y2
120 — 2 — (3600 12%0x + x7)

2

X
=120 -2x-180+ 6x — —
X X0

x2

—4x— 60— =
x 20

L 5

= —%(x - 80x + 1200)
1

= —%(x —20)(x - 60)

e The second balls path has been included on the diagram below. The point of
intersection has been identified in the following question.
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g

Y (20, 20) (40, 20)
204
1
10 ball 1 ball 2
0 ' ' ' ' ' ' X
0 10 20 30 40 50 60

To find where the paths meet, we solve the following pair of equations simultane-
ously (or using your calculator),

1
y= —%(x -20)(x—=60) (1)

1
y= Ex(40 -x) (2)
This gives a solution of x =30 and y = 15.

Note: just because the paths cross does not automatically mean that the balls collide.
For this to happen, they must be at the same point at the same time. For the first ball,
when x = 30, we find that
L VN
10 10
For the second ball, when x = 30, we find that
60-x 60-30
‘70 T 10
So the balls are at the same position at the same time. Therefore, they collide.

=3.

if ZAOB = 90° then we can use Pythagoras’ theorem on right-triangle AOB.
Therefore,
AB* = OA* + OB

(m—n)* = (V12 + m2)? + (V12 + n2)?

(m=n)*=(1+m?)+(1+n)
m* —2mn +n® = 2 + m* + n’?

—2mn =2
mn = —1,

as required.

Suppose that mn = —1. Since we don’t yet know that triangle AOB is right-angled,
we now use the cosine rule. Suppose ZAOB = 6. Then,
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AB? = OA? + OB? — 2(OA)(OB) cos 6
m-n?=(VI2+m2)? + (V12 + n2)> = 2 V12 + m2 V12 + n2 cos 6
m—-n’=0+m>)+ 1 +n) =21 +m)(1 +n2)cos

m? =2mn+n®=2+m>+n* =21 + m2)(1 + n2)cos

—2mn =2 -2+ +m?)(1 + n?)cos 6
Since mn = —1, this simplifies to give,
2=2-2+1 +m?)(1 +n?)cosb

0 =2+/(1 +m2)(1 +n2)cos @
Since 2 \/(1 + m?)(1 + n?) # 0, this implies that cos @ = 0. Therefore,

LAOB =60 =90°,

as required.

¢ Consider the point P(x,y). The gradient of AP is

y—4
mp = 3
X
The gradient of BP is
y—10
ny = .
*T x-8
Since AP L BP we know that
m1m2:—1
y—4y-10 1
x x-8
y? — 14y + 40 _
x2-8x

y2 = 14y + 40 = —x* + 8x

¥ —8x+y>— 14y +40=0

Completing both squares gives,

[(x* — 8x + 16) — 16] + [(y* — 14y + 49) — 49] + 40 = 0
(x—4?-16+(y-7>-49+40=0

(x—4’+(-77=25
This a circle with centre (4, 7) and radius 5.

5 The ladder is initially vertical with its midpoint located 3 metres up the wall at
coordinate (0, 3). The ladder comes to a rest lying horizontally. Its midpoint is located 3
metres to the right of the wall at coordinate (3, 0). So if the midpoint is to move along a
circular path then it must be along the circle

F+yr =37 (1)
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To check that this is indeed true, we suppose that the ladder is ¢ units from the base of
the wall. Then by Pythagoras’ theorem, the ladder reaches

s= V62 —12 = V36— 12

units up the wall. The midpoint of the ladder will then be

P(f \/36—t2)
2 2 '

We just need to check that this point lies on the circle whose equation is (1). Indeed,
2
N z_(z)2+ V36—
Y=z 2
2 L 36- =
4 4

=9
=32
Therefore point P lies on the circle whose equation is x> + y* = 3.

6 a The (rather complicated) path of the point is shown in red below.

| oSN

0 1 2 3 4 5

The picture is a little more clear when the box is hidden. The path consists of a
quarter circle of of radius 1, another quarter circle of radius V2 (the diagonal length)
and then another quarter circle of length 1.

b The total distance covered by point P will be

1 1
D= (n 1+2r V2+421-1) = E(27r+7r«/§).

¢ The (rather complicated) path of the point is shown in red below.
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The picture is a little more clear when the box is hidden. The path consists of a
quarter circle of of radius a, another quarter circle of radius Va? + b? (the diagonal
length) and then another quarter circle of length b.

a

\\ vV a? :«‘-bf

|
|
|
|
| |
| _ - |b
6 N

The total distance covered by point P will then be
1
D = ;(2na+2r- Na® + 17 + 2rb) = g(a + Va2 + b2 + b).

The area consists of three quarter circles and two triangles. The total area will then
1 1
be. A = Z(m2 + (Va2 + b2)? + xb%) + 2 X 5ab

1
= Z(zmﬂ +27b%) + ab

= g(az +b%) + ab.
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Chapter 16 — Complex numbers

Solutions to Exercise 16A

1aRe(zd)=a=2 a-5a+6=0
Im(Z):b:3 (a_z)(a_3)20
b Re() a4 Whena =2
Im(z)=b=5 e
Whena =3
1
¢ Re@=a=37 b=35-3Z
Im(z):b:_% ¢ 2a+bi=10
=10+ 0i
d R —qg=-4
e(@)=a 2a = 10
Im(iz) =b=0
a=>5
e Re(z)=a=0 b=0
I =bh=3
m (2) d 3a=2
f Re(z):a:\/i a_%
3
Im(z) =b=-2V2
a-b=
2 —
2 a 2a-3bi=4+6i 37 0=
2a =4 bzg— 2—%
a=2
—3bi = 6i 3a 2-3)+@-5)=2+4-3i-5i
b a+b=5 b 4+)+Q2-2))=4+2+i-2i
b=5-a =6—-1
—2ab = -12
e ¢ (3-i)-B+i)=-3-3—i—i
a5-a)=6 SonA

5a—-d> =6



d 2- V2i)+(5- V8i) d P=ixi

=2+5-V2i— V8i =i

=7-V2i-2V2i e 14 = 32

=7-3V2i =1
e 1-)-Qi+3)=1-3-i-2i £ 20 = A5

:—2—3l :1
f Q+)—-(2-)=2+2+i+1i g —2ixi=-2
:4+2l :—2

g 42-30)-(2-38i) h 4i*x32 =4x3xi*x i’

=8-2-12i+8i = 12{°

=6-4i =12
h = (5-4i)+(+2i) i V8P x V=2= V8i*xix V2i

=54+ 1+4i+2i = Viex1x-1
i 5(i+4)+3Ri-7)

=20 - 21 + 5i + 6i 5a iQ-i=2-7

= 1+ 11 =2i—-(-1

. ; =1+2i
j —@4-3)-=2-1)

2 2 b 23 —4i) = —-13 - 4i)

3 3
:2—3—§l+§l :_3+4l
=-1 ¢ V2i(i— V2) = V22 - 2i
:—\6—21'
a V-16= Vi6x -1
d
= 4i
—V3(V=3+ V2) = - V3(V3i + V2)
b 2V-9=2V9x -1 - _3i- 6
c V2= V2x-1
= \2i



Solutions to Exercise 16B

1a @G+)>=16+8i+1i’

=15+8i

(2 =20 =4—8i+4
= —8i

G+ 202 +4i) =6+ 12i + 4i + 8°
= -2+ 16i

(-1 =i)>=1+2i+4

=2i

(V2 = V3i)(V2 + V3i) =2 -3/
=2+3
=5

(5 = 2i)(=2 + 3i)
= —10 + 15i + 4i — 6i*
=—4+19i

z=2-15i
7=2+5i
z=—-1+3i
z=-1-3i
z= \/5—21'
= \/§+2i

=0-5i
=0+5i=5i

Il

I\l

I\l

¢ z122=02=0)(=3+2i)
= —6+4i+3i—2i°
=—-4+7i

d z10=-4-Ti

e 1= Q2 +i)(=3-2i)
=—6—4i—3i=2i’
=—4-7i

f Zl+22=(2—i)+(—3+2i)

=-1+i
g zi+tn=-1-i

h Z1+22=2+1)+(-3-2i)

=-1-i

b zz=2-4)Q2 + 4i)
=4 - 16/
=20

¢ z+z2=02-4)+ 2 +4)
=4

d z(z+7) =4z

=8-16i

e z-7=02-4)-2+4)
= —-8i



f i(z—2)=ix-8i
= -8i>=28

[
[
o|H

~
=
_I_
[\
o~

p—

I i
i(2 — 4i)
-1
= —1x (2i — 4i%)

= —4-2i

5 (a+bi)(2+5i) =2a+ 5ai +2bi — 5b

=3
2a —5b =73
S5a+2b=-1

Multiply the first equation by 2 and the

second equation by 5.
4a—-10b =6
25a + 10b = -5

0]
®

6 a

2—i 2—-i 4-i

A+1 a+1a=i
_8-2i—4i+i?
B 16 — 2
_7-6i
17
7 6.

“ 1717

3+2i_3+2i><2+3i
2-3i 2-3i 2+43i

_6+9i+4i+6i°
- 4 - 92
130

=45 =1

4+3i 4430 1-i

I+ l+i 1-i
_4-4i+3i-3
- 172

—1

3
o

YIS
|
N —



i i 2-6i

2+6i 2+6i 2-6i

B 2i+ 6
C4- 362
_2i+6
40

3 1.

20 " 20"

B—-i)a+bi)=3a+3bi—ai+b
=6-7i

3a+b=6
—a+3b=-7
—-3a+9b = -21

a Z

b z

42i

2—i

42i 2+
240 2+i
847 + 42i*
—42 + 84i

5
42, 84
5 5
—2—i
1+3i
2-i 1-3i
1+3i  1-3i
—2+6i—i+37
1 —9;2
-5+5i
10

L
5=




¢ z

1+i 5+ 2i

=543 4 =507
_ 1+ix5—3i _5+2 X4+7i
543 5-3i 24 -7 4+7i
_5-3i+5i-3¢ 20 + 35i + 8i + 1422
25 - 9¢2 T 2(16-499)
_ 82 6+43i
IM - Fo
=—@+i ;
7@+ = —5(6+43)
4
(S Z:1_+i
_ 4 1
1+1 1-1i
44
1=
44
)

=2-2i



Solutions to Exercise 16C

1 A=3+i
B=2i
C=-3-4i
D=2-2i
E=-3
F=-1-i
2 A=3-4i
B=-4+i
C=4+i
=-3
==-2i
F=-5-2i
b Im(z) A
° 1 ce
d
TS50 138 e
1 e(z)
of -2e¢€
-3
—4 - ae

3 a z1+2=06-5)+(-3+4)

=3
. Im()
2 A
e 4
\
\ -
\
\
N
\
N
\
\ -
T T T =~ J T T T T T Eal
N~
32 -1 9°~~13 6 Re(2)
—1 \\ ®
N !
-1 N
AN
N
- N
N
N
- N
N
N
_5— )

b z1—220=(06-50)—-(-3+4i)
=9-9;

. Im(2) A
e 4 4
\
N
N
\
\ 4
\ -
_:; T IO_\L\\I T T T 6I T T 9I Re(
4 \\\\\\
i NN
NN
i NN
NN ~
-54 \\‘~1
- N
AN
=1 AN
AN
- AN
-9 - Yo7 m 5
4 a A:z=1+3i
b B:z=1-3i
¢ C:22=1+6i+9
=-8+6i
d D:—z=-1+3i)
=-1-3i
E 1 1
e - =
z 1+3i
1 o 1-3i
14300 1-3i
o 1=3i
1492
1 3.
=— - —l
10 10
¢ (-8 +6i) Im(z) A
SN 1 a(1+30)
\\ 3 /9
AN 7 L_i
N/ e(lO 10’)
_I T T T T T T I(%\i T T kz(z)
14\
dH_m_‘;- -3

5aA:z=2-5i



b B:zi=i2-5i) e E:zi*=z7z=2-5i

_ni_ g2 Im(z) A
20 = 5i c(-2+50)e 57
=5+2i N
A
\ .
e 2 _ _ . =42 //ob(5+21)
c C.:zg°=—-z=-2+5i N T
T |_|2 |(r’\r| T T >
d D:z’=-iz -5 ///0\:‘\) 2 5 Re(2)
. . o -2 \\
=—i(2-150) d(=5-2i) 1
=-5-2i 10 .
—5 ®a, e(2-50)




Solutions to Exercise 16D

1 a 2+4=0
Z—47=0
(z=2i)(z+2))=0

z7==+2i

b 2x*+18=0
2+9=0
Z-9%=0
(z-3i)(z+3) =0

z7==3i

c 372 4+15=0

Z+5=0

Z-52=0

(z— V3i)z+ V5i) =0
z=+V5i

(=3

(z-2)=-16
z—2==4i

z=2+4i

(¢

(z+ 1) =-49

z+ 1 =+7i

z=—-1+7i

f Complete the square.
Z=2z+1+2=0
z-1%-2i*=0
(z—1- V2i)(z— 1+ V2i) =0
z=1+V2i

g Use the quadratic formula.
_-3x49-12
- 2
-3+ V-3
2

= %(—3 + V3i)

4

h Use the quadratic formula.
-5+ V25-32

B 4

-5+ V-7
=—

= 4—11(—5 + Vi)

<

i Use the quadratic formula.
372 -7z+2=0

1+ vV1-24
6

_li V=23
=

= é(l + V23))

=

j Complete the square.
?-2z+5=0

Z-2+1+4=0
z-1)7-4=0
(z=1-2i)(z=1+2)=0

z=1+x2i



k Use the quadratic formula. 1 Complete the square.

22 -6z+10=0 2 —6z+14=0

2 -32+5=0 2-6z+9+5=0

_3x+9-20 (z-3°-5"=0

o 2 (z—=3- V5)(z-3+ V5)) =0
:?’i—;/__” z=3+ V5i

:%oiVHo

10



Solutions to Exercise 16E

1 a The point is in the first quadrant.
r= 12+ (V3)?
=V1i+3=2

cosb =
6 =

1+ \/§i:2cis(g)

Wy N~

b The point is in the fourth quadrant.

r= Vit 2
= V2
cosH:L
V2
P
4

1—i:«/§cis(—g)

¢ The point is in the second quadrant.

r=2V3) +2

= V16=4
42
T Sri
0: _—_ = —
"6

-2\/§+2i:4cis(%”)

d The point is in the third quadrant.

r= V42 + 42

= V32=4V2

4 1
cosf = ——— = —=

42 2

b8 3
§=—nm+o=-—"0
TTAT T,

—4—4i:4\/§cis(—'¥)

e The point is in the fourth quadrant.

r= V122 +122x3

= V4x 144 =24

g 12
cosf =—-—
24

1

2

9_7T
3

12 - 123 = 24 cis (—;—r)

f The point is in the second quadrant.

B 1_ 1
Vi 5
o1 1
CoOSU =——7= +— ——
2 \2
1 1
=——x V2=-——
2 \2
T 3r
9: _—_—= —
T
1+1 lcis(37r)
—_ = -] = — PR
V2 4

. T R/
2 a 3c1s§:3cos—+3zs1n—

2 2
=3i

11



\/EcisE = \/§cos7—r+ \/iisinz
3 3 3
V2 6,

= — 4+ —1i
2 2
2
:£(1+\/§i)
2
ZCng:Z cos 7é+2isin%
= V3+i

3 3 3
5cisZﬂ :SCosZﬂ+5isinZﬂ

. Sm b4 . 5S¢
12 cis i IZCOSF + 12§ smg
= —6V3+6i

= —6(V3 - i)
3V2 cis (—%) =3V2 cos (—g)

+342i sin(—g)

=3-3;

=3(1 -1
4 4 4
5cis§:5cos§+5isin?ﬂ

__§_5\/§l.

2 2
5 )
=51+ V3i)

= 12C08g + 12isinz

=6+6V3i
= 6(1 + V3i)

3

12



(oo JESTE

. T 571' ) 31
_SCIS(Z+E) — 601s(zr—7)
2 .
:SCiS?ﬂ = 6CISZ
T .. T
2500823—7T+5isin23—ﬂ = 6COSZ+ \/gzsmz
__5.5V3, = V3+ V3i
22 = V3(1 +1)
5
:—5(1—\/51') '
. IOCls—_IOCS(E_l)
T
d (1201s (——)) (3 cis ?ﬂ) SCISE 5 4 12
.
2 =2cis —
= 36 cis (——+—”) 6
3 7 .. T
=2cos — + 2isin —
— 36 cis = 6 6
3 = \/§+i
:36cosg+36ising b
=18 + 18 V3i 12 cis (_’_T)
3 12 . T 2
= 18(1 + V3i) ——5 =y sy
3 cis —
3
e 12cis5—7r-3>cisz = 4 cis (-7)
6 7 =4cis (-m
36 St x = 4 cos (—m) + 4i sin(—m)
=36 cis G +2  0— 4
A
=36 cis — . 3m
SRR S B
= 36.oS — + 36i sin — 3Vicis & 3v2 4 12
3 3 12
= —18 - 18 V3i I
= CIS?
= —18(1 + V3i) ;
:8005—ﬂ+8isin—ﬂ
3 3
= —4+4V3i
= —4(1 - V3i)

13



Vs
20 cis [—=
015( 6)

T
8 cis —
cis —

—§cis _m_on
8 6 6

i

5
=5 cis (—m)

5 5
=5 cos(—m) + Ei sin (—1)

5
_—§+O

5

)



Solutions to Technology-free questions

1 a 2z +32, =2m+2ni+3p+3qi f

= (2m+3p) + 2n + 3q)i (@1 +22)(21 = 22)
2 2
=Z{ — %
bn=p-q 12 i 22 2 22
=m" 4+ 2mni + n°i- — (p~ + 2pqi + q°i°)
¢ 2122 = (m+ni)p— qi) =m? + 2mni — n> — (p* + 2pqi — ¢°)

_ . . B
= mp + npi — mqi — nqi =(m* —n® — p* + ¢*) + Qmn — 2pq)i

= (mp + nq) + (np — mq)i

1 1
. g — = -
d z_l_m+m <1 m+ni
. p+qi 1 ><m—ni
m+ni p-qi m+ni  m-—ni
= - X . '
p+qi  p—qi - "IN
: : 5 m? + n?
_ mp +npi —mqi — nqi
= Ep h 2_Pta
_ (mp +nq) + (np — mq)i Zi m+ni
- 24 2 + qi —ni
P +q _r qlixm I’ll
m+ni  m-—ni
e 71 +271 = (m+ni)+ (m— ni) :mp+nq+(mq—np)i
—m m? + n?

3z1 _ 3(m+ ni)

2 p+q
_ 3(m + ni) ><p—qi
© p+qgi p-qi
_ 3(mp + npi — mqi — nqi®)
- PP+
_ 3lnp + ng) + (np — mq)i
P+ q

2 aA:z=1-13i

b B:Z2=(1- V33
=1-2V3i+3"
= -2-2v3i

15



C

d

(¢

f

3 a

b The point is in the fourth quadrant.

C:z3 :zzxz
= (=2 = 2V3i)(1 - V3i)
= 2 +2V3i-2V3i + 6

= -8
plo
"z 1-1Gi
_ 1 ><1+\/§i
1-V3i 1+ V3i
1+ V3
4
E:Z=1+ V3i
Pl
7 1+ V3i
_ 1 Xl—«/ii
1+ V3i 1-+3i
1 - V3i

Note: use existing diagram from
answers

The point is in the first quadrant.

r= V1% + 12

- \2

g

COSU = ——

V2

T

p="

4
1+i:\/§cis(;—r)

1 - V3i=2cis (—g)

¢ The point is in the first quadrant.

r=VI2+1
= V13
1
tanG:—xﬁ
2V3 V3
_ V3
6

3
2V3 +i= V13cis (tan_1 %)

d The point is in the first quadrant.

r=V18+18
= V36 =6
3vV2 1
cosf = — = —
6 2
T
0=-
4

3\/§+3\/§i:6cis(%)

e The point is in the third quadrant.

r= VI8 +18
=V36=6
cosd = 3\/5— !
6 V2
Vi 3
9:— _ = ——
7r+4 1

—3\/5—3\/§i:6cis(—¥)

16



f The point is in the fourth quadrant.

r=vV3+1

d x=-3cos (—3—ﬂ)

4
_3\2
2
3
= —3sin|-=
y sm( 4)
_3\2
2
3V2 342,
7= — 4+ —1i
2 2
5
XZSCOS(——T[)
343
2
5
y:3sin(——ﬂ)
D &
2
_3v3 3
Z > 21
x:\/zcos(——)
=1
y:\/zsin(—z)
4
=—1
z=1-1
5 Im(z)
ZZZSiS(?) A
\\
\\
AN
N\
AN
0\\
AN
AN
AN

» Re(z)

17



1 (

¢ — =cis
Z

2

d cis|—

015(3

> Re(2)

18



Solutions to multiple-choice questions

1 c L _1 Z+6z+10=2+62+9+1
2—u 1-1 2
TRy =@+l
C1-i 1+ =(z+3° -7
:1;’ = (z+3-D)(z+3+i).
IR 6 E Completing the square gives,
=5 t5 11 1+
. 1—i 1-il+i
2 Di=cis 5750 the point will be rotated 1+
n 2
by —.
72 11
:§+—l
3C |7=5 Therefore,
11
z| Il

4 D (x+yi)?=x*+2xyi + y*i

= (x* — %) + 2xyi and
Therefore
2 2 _
x~ =y~ =0and 2xy = -32. g="
1
Therefore )
, 7p 2 _»
X =y =0=>y=+x z— (3 -20)
If y = x then 2=2i=2(z-03-20)
z—2i=2z-23-2i)
2xy = =32 ' '
z=203-2i)—-2i
has no solution. If y = —x, then —6—6i
2xy = =32
—2x* = -32 8 D Z(l+i)=2-2i
2-2i
¥ =16 2= ‘l
I+
X = x4 2 = 2i)(1 = i)
Therefore, x =4,y = -4 or = —
=4,y =-4.
x=4,y (i
5 D Completing the square gives, = (=1 +10)?

19



9 B A=0b*-4dac
= (8i)? — 4(2 + 2i)(—-4(1 — i)
= 64 + 16(2 + 2i)(1 — i)
= —64 +32(1 +)(1 - i)
= —64+32(1 - %)
=-64+32x%x2
=0

10 D Arg(l +ai) =

tan"'a =

o NI RN I

a :tan(

&l

T

6

)

20



Solutions to extended-response questions

1 az2-2V3z+4=0
Completing the square gives
Z-2V3z+3+1=0

(z— V3> +1=0

(z— V3?2 -i#=0

(z— V3+i)z-V3-i)=0

z:\/gii
b i Im@2)A

1+ ez=13+i

0 xE Re(;)

-1 °-=\3-j

i [V3+il=[V3-il=2
The circle has centre the origin and radius 2.
The cartesian equation is x> + y> = 4.

iii The circle passes through (0, 2) and (0, —2). The corresponding complex
numbers are 2i and —2i. Soa =2

2 =6

a [(1+id)z=1+1iz
= \/§x6
=6V2

b [(1+i)z—z2=|z+iz—7
= |iz|
= 1] Iz]
=6

¢ A is the point corresponding to z, and |OA| = 6.
B is the point corresponding to (1 + i)z, and |OB| = 6 V2.



3 z=

From part b, |AB| = |(1 + i)z — 2|
=6
Therefore AOAB is isosceles.
Note also that
|OAP + |ABI> = 6> + 6> =72
and |OBP* = (6 V2)
=72
The converse of Pythagoras’ theorem gives the triangle is right-angled at A.

1 1,

@4_%!
a 1+z_1+i+L Im(z) A
V2 V2
:(1+L)+Li Z P
Vi) V2 ’ .
:£+Li -~
V2 \/51 . 0 A Re(z2)
andl—z:1—$—$l )
B 1) 1 Y
-
o V2-11
R

22



V241V (1)
o5
|OP| N + N
:%(2+2«/§+1+1)
=2+12
V2-1V (1)
oo =) ()
[0]0] 7 +\/§
:%(2—2«/§+1+1)
=2-1V2
|OP|=|—-1+z+1+¢
= |27
= 2|7
=2
and |QP)* = 4

Therefore |QP*> = |OP)> + |0Q?
By the converse of Pythagoras’ theorem /POQ is a right angle, i.e. ZPOQ =

|OP] B \/2+ \/E
" joal ~ f-v

= \/2+ \/5\/2— \/Ex—2+ V2
N2+ V2

N

2+\2
2
=V2+1

4 For this question we will use the fact that |z|> = zz. This is easy to prove.

2 —_—
a |+ =@ +22)@ +22)
=(z1 +22)(z1 +22)
=21+ tun+ua

2 2, L — =
=|zl” +lzl” + 2122 + Z122

s

2

23



bz -2l =@ -2)&@ - 2)
= (21 —22)(@1 —22)
=Z2121 + 2222 — 2122 — U2
= il + oo’ = (72 + Ziz2)
¢ Since

21+ 2 = P+l + 2 + 7z

and
— Im(z)
2 2 2
21 — 22" = |a1l” + 22" = (2122 + Z122)
7
we can add these two 22 4
equations to give, 21 A ;2
e
21 + 2 + |21 — 22 = 2021 P + 2|z 2~z 21
AN
21 , N
7 A
7
7
e
7
7 22
e Re(z)

This result has a geometric interpretation. By interpreting complex numbers z; and
Zp as vectors, we obtain a parallelogram with diagonals whose vectors are z; + 2>
and z; — 2o. This result then shows that the sum of the squares of the lengths of the
four sides of a parallelogram equals the sum of the squares of the lengths of the two
diagonals

5 a For this question we will use the fact that 71z, = Z; 7. This is easy to prove if you
haven’t already seen it done.

i Zim=721 22
=2Z2122

ii First note that z + 7 = 2Re (z). Now using part (i) we have
UL+ =2+

= 2Re (2122),
which is a real number.

iii First note that z — 7 = 2i Im (z). Now using part (i) we have

24



2122 — 2122 = 222 — UL
= 2i Im (z122),
which is an imaginary number.

iv Adding the results of the two previous questions gives
(@12 +712)° + (0% — 2122)” = Re (Z122))* = (20 Im (Z122))°

= 4(Re (7122))” + 4(0m (Z122))°
= 4(Re Z122))* + (Im (Z122))%)
= 4z1zo)

= 4zl

= 4lz1llzaf

2
= 4|z120]".

b (zil + lz2)? = lz1 + 221 =lz1* + 2lz1llzal + |22 = (21 + 22)(z1 + 22)
=lz1l* + 2lzillzal + lz2* — (21 + 22)(F1 + 22)
=lz1l* + 2lz1llz2l + lzal* — (2171 + 2222 + 2122 + Z122)
=lz1l* + 2lzillzal + 122l = (21 + |22l + 2172 + Z122)
=lz1l* + 2lz1llzal + 122l = 121> = |2al* = (2122 + Z122)
=2|z1llz2] = (z122 + Z122)
=2Jz1llz2] - 2Re (Z122)
=2[z1llza| — 2Re (Z122)
=2[z122] — 2Re (Z122)

>0

¢ This question simply requires a trick:
|21l = I(z1 = 22) + 22| < |21 — 22 + [22l.
Therefore,

lz1 — 22| > |z1] = |zal.

6 7z =cisf

25



a

z+1=cisd+ 1
=cosf+isind + 1

=(1+cosf) +isind

lz+ 1] = \/(1 +cos0)? + sin® 0

= \/1+2c0s6+c0529+sin2¢9
= VlI+2cosO+1
= V2 +2cos@

6
= 2cos (—) since 0 <

|

T
< —.

2
hat

=

To find the argument, we find
sin @ sin @

- 0
I +cosé 7 cos?

2

2sin = cos —
SlIl2C082

0
2 cos? —
2

sin —

2

0
2 cos —
cos >

0

= tan =
2

0
so that Arg(z + 1) = 5

26



b

z—1=cisb—-1
=cosf+isind—1

=(cos@—1)+isind

lz—1] = \/(cose— 1)2 + sin’ 0

= \/c0529—2c039+ 1 +sin’ @

= V2 —-2cos0

6
=2sinl =1 si < - < —,
sm(2) since 0 < 7 <3
To find the argument, we evaluate

sin @ sin @

cosf—1 - " 1—cosf
sin @

T
2 (3)
Sin 5

. (0 6
2Sln(2)COS(2)
. 2 (0
2 sin (2)
0
(3
. (0
sm(2)
3 0
- COt(z)
0 n
+_

:tan(i 2)

so that Arg(z — 1) =

+

ST
(ST

27



‘Z—l |z — 1]

¢ ) R
0
2sin 3)
B s1n2
B 0
2603
CcoS 7
an3)
=tan|—
2
z—1
Arg (—) = Arg(z—1)— Arg(z+ 1)
z+1
T 6 0
= — 4+ - — —
2 2 2
o
2

7 a A=0b*-4ac

b The equation has no real solutions if and only if

b — 4dac < 0.

¢ If b? — 4ac then we can assume that

—b + i Vdac — b? —b — i V4ac — b?
21 = and 7z = )
2a 2a
It follows that P; has coordinates
-b Vdac - b?
2a’ 2a
and P, has coordinates
-b  Vdac — b?
2a’ 2a '
i z+z=-—-
2
b\ Vdac — b?
Izl =l2l=A\||=| +|—F—
2a 2a
3 b*  dac - b?
~ \da? 4a?
e
" Va

ii To find £P,0P; it will also help to find

28



i Vdac — b?

1 — 22 =
a
Vdac — b?
lz1 — 22l = ———

Therefore, with reference to the diagram below, we use the cosine law to show
that
PPy = OP? + OP3~2-OP; - OP, - cos @

dac-b*> ¢ ¢ c
——5— =—-+—-—-2-cosf
a a a a
dac - b* 2
ac_z == _2%cosh
a a a
dac - b* 2
ac_z = —C(l — cos b)
a a
dac — b?
e 2¢(1 — cos 6)
a
4ac - b*
1—-cosf = mezo
2ac
4 _ 12
cosf=1- Lb
2ac
b? = 2ac
cosf = ———
2ac.
Therefore
b2 -2
cos(ZP,0P;) = —ac'
2ac
Im(z)
22
P
21
zZ1 z9
21
Py
0= Re(z)

8 a It’s perhaps fastest to simply use the quadratic formula here:



—b + Vb? - dac
2a

—1+ /12 =4(D(1)

2
~1+ V=3
2
~1+iV3

so that
—1+iV3 -1-iV3
= B — and 7, = —

Z:

21

b We prove the first equality. The proof for the second is similar. We have

_l o me
_4(1+z\/§)

1
=50 +2i V3 +3%)

= %(—2 +2iV3)

_—1+iV3
2

=421
as required.

~-1+iV3

¢ First consider z; = . The point is in the second quadrant.

1 3
= — 4+ —
4 4
=1
) 1
COSU = ——
2
9_27T
3
—1+i\/§_1CiS 2
2 B 3
-1-iV3

Now consider z; = . The point is in the third quadrant.

2



1 N 3
B 4
=1
p 1
cosf =——
2
_2r
3
~1-iV3 . ( 271)
3 =1cis|——
d Plot points O, P; and P,. From this, you will see that
bh
T2
1
3X -
2
_ V3
=
Im(z)
Pi(-3.%)
1 O
o
Re(z)
n(-h-4)
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Chapter 18 — Matrices

Solutions to Exercise 18A

1 a

Number of rows X number of
columns =2 X 2

Number of rows X number of
columns =2 x 3

Number of rows X number of
columns =1 x4

Number of rows X number of
columns =4 x 1

There will be 5 rows and 5 columns
to match the seating. Every seat of
both diagonals is occupied, and so
the diagonals will all be ones, and
the rest of the numbers, representing

unoccupied seats, will all be 0.
[1 0 0 0 1]

— o o o
—_0 o O

S = O =
o o = O
S = O =

If all seats are occupied, then every
number in the matrix will be 1.

11111
111 11
11111
11111
1111 1]

i = j for the leading diagonal only,
so the leading diagonal will be all
ones, and the rest of the numbers 0.

10000
01000
00100
00010
00001
0 0 0 0 0
10000
bl 1000
11100
1 1 1 1 0
0 0 0 0 0
10000
c|l01 000
00100
0 0 0 1 0

We can present this as a table with the
girls on the top row, and the boys on the
bottom row, in order of year level, i.e.
years 7, 8,9, 10, 11 and 12 going from
left to right.

200 180 135 110 56 28

110 117 98 89 53 33

Alternatively, girls and boys could be

the two columns, and year levels could

run down from year 7 to 12, in order.

This would give:

200 110
180 117
135 98
110 89
56 53

| 28 33|

S a Matrices are equal only if they



have the same number of rows and
columns, and all pairs of correspond-
ing entries are equal. The first two
matrices have the same dimensions,
but the top entries are not equal, so
the matrices cannot be equal.

The last two matrices have the same
dimensions and equal first (left)
entries, so they will be equal if x = 4.
Thus, |0 x| =[0 4]ifx=4.



b

The first two matrices cannot be
equal because corresponding entries
are not equal, nor can the second and
third for the same reason.

The last matrix cannot equal any of
the others because it has different
dimensions. The only two that can be
equal are the first and third.

4 7 x T1.
[1 —2] - [1 —2] ifr=4
All three matrices have the same

dimensions and all corresponding
numerical entries are equal. They

could all be equal.

2 x 4 |y 0 4

-1 10 3] |-1 10 3
12 0 4
-1 10 3
ifx=0,y=2

The entry corresponding to x is 2, and

the entry corresponding to y is 3, so
x=2andy=3.

The entry corresponding to x is 3, and
the entry corresponding to y is 2, so
x=3andy=2.

¢ The entry corresponding to x is 4, and
the entry corresponding to y is =3, so
x=4andy = -3.

d The entry corresponding to x is 3, and
the entry corresponding to y is =2, so
x=3andy=-2.

Write it as set out, with each row
representing players A, B, C, D and

E respectively, and columns showing
points, rebounds and assists respectively.

21 5 5
8 2 3
4 1 1
14 8 60
0 1 2]




Solutions to Exercise 18B

1 Add the corresponding entries. true for numbers, all corresponding
X+Y = [ I+31_ [ 4 ] entries in the added matrices terms
-2+0] [-2 will be equal, so the matrices will be
Double each entry. equal.
X = 2x1 | |2
T l2x 2| |4 b As the matrices have the same
Multiply each entry in Y by 4 and add dimensions, corresponding terms can
the corresponding entry for X. be added. The first matrix will add
4Y + X = [ 4x3+1 _ [13] the first two numbers, then the third,
4x0+ __2 f2 and the second matrix will add the
Subtract coi'resgondmgzentrles. second and third numbers frst, then
X-Y= [ 2_ ol = _2] add the result to the first number.
. o B Since the associative law holds
Multiply each entry by —3. .
3% ] -3x—] true for numbers, all corresponding
—3A = 3%x2 -3%3 entries in the added matrices terms
will be equal, so the matrices will be
— -3 3 equal.
-6 -9
Add B to the previous answer.
_3A 4B = -3 3 N 4 0 4 a Multip_ly each entry by 2.
-6 -9 [-1 2 a|® 4 l
~ [ 1 3 ] —4 4
-7 -1 b Multiply each entry by 3.
3B = 1O 2 _39]
2 2A= [2 _2] ’
0 4 ¢ Add answers to a and b.
6 4 0 -9
- 2A + 3B =
Y TP —4]+[12 3]
0 -6 6 _5
—6A = -6 6] ® _1]
| 0 -12 d Subtract a fom b.
- 4
3824 =|° 9H6 ]
3 a As the matrices have the same 123 —4 4
dimensions, corresponding terms can 3 -6 -13
be added. They will simply be added B 16 7

in the opposite order.

Since the commutative law holds 5 a Add corresponding entries.



1 0 N -1 1| [0 1 b If 3A +2Y = 2B then 2Y = 2B - 3A
0372 ol7|2 3 Y:B_%A
b Triple entries in Q, then add to [0 —10 11 3 1
corresponding entries in P. =2 17| 2 1-1 4
10] [-3 3] _[-23 S 3 3
0 3 6 0| |6 3 0—§><3 —10—§><1
- 3 3
¢ Double entries in P, then subtract Q »—2—§><—1 17—§><4
and add R. .
20_—11+04 _2_§
06/ |2 o1 1 =l 2
—— 11
13 3 L 2
-1 7
7
6 a If2A —3X = B, then 2A — B = 3X X+r
3X=2A-B [150+ 160 90+90 100+ 120 50 + 40
2 1 "
X:§A—§B 100+100 0+0 75 + 50 0+0
_ {310 180 220 90
:%[3 1]_1[0 ‘10] 1200 0 125 0
3[-1 4] 3|=2 7 The matrix represents the total produc-
gx 3—l>< 0 % 1 —lx— 10 tion at two factories in two successive
_13 3 3 3 weeks.
12 1 2 1
—X—-1-=%X2 =x4--x%x-17
377 73X 33X
_’2 4
0 -3




Solutions to Exercise 18C

(1 -2][2 2 1][1 -2
1 AX_»—l 3”-1] CA_»I 1”-1 3]
C[Ix2+-2x-1 C[2x1+1x-1 2x-2+1x3
C-1x2+3x-1 CIx1+1x-1 Ix-2+1x3
|4 -1
-5 10 1
3 2|[2 0 -1
BX—_1 1] 1 UseAC—[1 2]
[3x2+2x-1 (AC)X = 0 -1 [2
“lix2+1x-1 2]l
4 jox2+-1x-1
=14 | ITx2+2x-1
(1 2|1 1
AY = _
-1 3”3 »0}
C[Ix1+-2x3 USCBX:H
T l-1x1+3x%3 &
2 1[4
_ BX) =
_ | CBX=|, 1] 1]
| 8 i
IX:_O -1 1x4+1x1
[Ix2+0x-1 _ 9]
“lox2+1x-1 S
i 1 =2[[t o
_ 21} A=, 3”0 1]
:1 M 1 C[Ix1+-2x0 1x0+-2x1
= - T |-1x1+3x0 —-1x0+3x1
AC -1 3”1 1] ]
i | )
I x2+-2x1 Ix1+-2x1 = -1 3
-1 x2+3x1 —-IxI1+3xl IB—:l ol[3 2
_[o —1] o 1f1 o1
12 .
- I1x3+0x1 1x2+0x1

O0x3+1x1 Ox2+1x1

[3 2
11




(1 -2
AB =
Kl

[1x3+-2x1 1x2+-2x1
-1 Xx3+3x1 -1x2+3x1

3 2 e [3 S8][2 1
ll 1] AC‘»—4 11”1 1]

[3x2+-8x1 3x1+-8x1
-4 x2+11x1 —4x1+11x1

B [1 0 3 [—2 -5
101 13 7
BA - 3 2] 1 —2]
b= 3 2 a A product is defined only if the
B [3x1+2%x—-1 3x-2+2x%3 number of columns in the first matrix
CIx1+1x-1 1x-2+1x3 equals the number of rows of the
10 second.
= 0 1] A has 2 columns and Y has 2 rows,
- ] 01 ) so AY is defined.
AZ = AA = | 3 H 1 3 ] Y has 1 column and A has 2 rows, so
YA is not defined.
O Ix1+-2x-1 Ix-2+-2x3 X has 1 column and Y has 2 rows, so
S l-Ix1+3x-1 -1x-2+3x3 XY is not defined.
3 _8 X has 1 column and 2 rows, so X2 is
= [_4 11 not defined.
3 2113 2 C has 2 columns and I has 2 rows, so
2 )
B°=BB = 11 [1 1 ClI is defined.
X has 1 column and I has 2 rows, so
_[3x3+2x1 3x2+2x1 XI is not defined.
S [Ix34+1x1 1x2+1x1
11 8 2 0]l[0 O
= 3 AB=
[4 3] 0 o] -3 2]
UseCA:l(l) _11] [2x0+0x-3 2x0+0x2
C[0x0+0x-3 0x0+0x2
A(CA) )
[ 1 2111 -1 _00
_ ~ - 10 0
-1 3 [[0 1 -
[Ix1+-2x0 1x-1+-2x1
C[-1x143x0 —-1x-1+3x1 4AB:OO
) 00
|1 =3
-1 4
- _g S No, because Q.2 part b shows that AB
Use A% = [_4 11] canequal O, and A # O,B # O.



1 1
6 One possible answer is A = [ ) 1]

7 LX=[2 - 1][_23]

=[2%x2+-1x-=-3]=[7]
XL=| 2 2 -1]

-3

[2x2 2x-1

C|-3x2 -3x-1

4 -2

-6 3

8 A product is defined only if the number
of columns in the first matrix equals the
number of rows of the second.

This can only happen if m = n, in which
case both products will be defined.

[axd+bx—-c ax-b+bxa
cXd+dX—-c cX-b+dXa

_>ad—bc 0
B 0 ad — bc

[t o
10 1]
For the equations to be equal, all

corresponding entries must be equal,

therefore ad — bc = 1.
When written in reverse order, we get

10

11

|

dXa+-bxc dxb+-bxd

—cXa+aXc —-cXb+axd
_lad=bc 0O |10
) ad— bel |0 1

since ad — bc = 1.

We can use any values of a, b, ¢ and d as
long as ad — bc = 1.

For example,a =5,d =2,b=3,c =3
satisfy ad — bc = 1 and give

S

o R |

Other values could be chosen.

One possible answer.

1 2 0 1
A‘[4 3]’3‘[2 3]’C‘

1+0 2+1] _[1 3
4+2 3+3 _[6 6]
0+-1 1+2 -1 3
2+-2 3+1 [o 4]
[1 2][-1 3
B[P

[1x-1+2%x0 1x3+2x4
[4Xx-1+3x0 4x3+3x4

(-1 11
-4 24

01
4 3|2 3
[1x0+2%x2 1x1+2x%x3

4XxX0+3%x2 4x1+3x4

4 7
6 13

B

A+B=

B+C-=

AB+C) =

AB — 1 2]




[1 2][-1 2
AC‘_4 3”—2 1]
[1x—-1+2x-2 1x2+2x1
[4X-1+3x-2 4x2+3x1

[-5 4
=10 11
4 7] [-5 4
AB+AC=1 13]+[—1o 11]
[4+-5 7+4

6+-10 13+11

[+ 11]

-4 24

B+ OA

-1 3] 2

|0 4|4 3
[-Ix1+3x4 -1x2+3x3
C|Ox1+4x4 0x2+4x%3
o7

“ 16 12

1 1
12 For example:A:[ ) 1] and

13

14

B_23 5 12
4 5| [2.50 3.00

1
2
SX1+12%x2
250x1+3.00x2

) [82590}

1 X 5min plus 2 X 12 min means 29 min

for one milkshake and two banana splits.

The total cost is $8.50.
5 12 {11 2 0
250 3.001{2 1 1
CSx1+12x2  5x2+12x1 5x0+12x1
T25x14+3x2 25%x2+3x1 25x0+3x1

(29 22 12
~[8.50 8.00 3.00
The matrix shows that John spent 29 min

and $8.50, one friend spent 22 min and
$8.00 (2 milkshakes and 1 banana split)
while the other friend spent 12 min and
$3.00 (no milkshakes and 1 banana
split).

(-3 4 -7 -24
A% = At =
-4 —3]’ [24 —7]’
A8 _|7527 336
~|-336 -527
12 13
2 _ 3 _
A=l 1]’ A _lo 1]’
1 4 1 n
4 n _
A=l 1]’ A‘[o 1]




Solutions to Exercise 18D

1 a det(A)=2x2-1x3
=1

12 -1 2 -1
-1 _ = —
b A _1[—3 2] [—3 2]
¢ det(B)=-2x2--2x3
=2

2 a Determinant =3 X -1 --1x4=1
1({-1 1 -1 1
A_l = — =
TR
b Determinant=3 x4 -1x-2=14
-1 1 l4 -1

" 142 3
2 1

_|7 14
13
7 14

¢ Determinant=1xk—-0x0 =k

A-l—l[k 0]—{1 (1)]
T klo 1l o =
k

d Determinant = cos @ X cosd
— —siné X sin @
=1
. 2 -2
since cos“ @ + sin“ g = 1
1| cos@ sin 9]

A=
1|[-siné cosé

_ | cosd sin @
"~ |-sin@ cos6

3 Suppose AB =BA =1

and AC=CA =1
Then
C=CI=CAB)=(CA)B=1IB=B

det(A) =2x-1-1x0=-2
I [-1 -1
0 2

Al = —
11
:[2 2

-2
0 -1
detB)=1x1-0x3=1

1[1 0
B~ =
1[—3 1]

[
welp L

0 -1 [[3 1

[2x1+1x3 2x0+1x1
O0xX1+-1x3 O0x0+-1x1

5 1

-3 -1

dettAB)=5x-1-1x-3=-2
1 |1-1 -1

AB)' = —

an - 5]

-2 5
I 1
12 2
3 5
2 2
A"'B™!
5 5] o
o Al
1 1 1 1
X1+=-x-3 —x0+=-x1
_ [z x1+5X 5 X0+ 2 X
OX1T+-1Ix-3 O0x0+-1x1
L
= 2
,3 _1]

10



11 3 4
B A" = 10 5 2 c If YA:[ l,multiply both sides
31l 5 1 6
from the right by A~!.
1 1 3 4
1><§+O><O 1><§+0><—1 YAA‘lz[ ]A—l
= 1 6
1 1
»—3><§+1><O —3><§+1><—1 YI=Y
[ 1 1 - 1 3
|2 2 _|3 4] ~3 3
3 5 1 6/l 1 22
-2 2 Lo 3
(AB)—IZB—IA—I B 3X—§+4X1 3X§+4X—2

1 3
IX——=+6%x1 I1X=+6X%Xx-2
2 2

S a dettA)=4x1-3x2=-2

A_l_ 1 1 _3 V% _;
—21=2 4 =l 21
13 2 T2
=l 2 2
1 -2
6 a fAX+B=CthenAX=C-B
3 4] . ax= | 4o
b IfAX = L 6 , multiply both sides 2 6 2 2
from the left by A~!. _ [—1 5
3 4 0 4
-1 _ Al
ATAX=A [1 6] det(A) =3x6-2x1= 16
116 -2
. _ Al = —
SIX =X <l 3
(13 [3 4] 3
=1 2 2 - _Z
1 6 _| 8 8
LT R
[ 1 3 1 3 16 16
——=X3+=-X1 —=X44+=-Xx6 16 16
N : 2 2 ifAX = | 7' | multiply both sid
[ IX3+-2x1 1x4+-2%6 o gl MWHPLY bothsides
0 7 from the left by Al
N -1 5
b -8 A'AX =A™
) 0 4

11



JOX =X
3 1
Q “2|l-1 5
| 8 8
1 3“0 4]
L 16 16
'§><—1+—l><0 §><5+—1><4
- 8] 8 8 8
»—EX—1+EXO —EXS‘FEX“-
31
_| 8 8
1 7
16 16

b IFYA+B=CthenYA=C-B

=l -b )

3 1

-1_| 8 8

From parta, A~ = . 3
16 16

-1 5
If YA = [ 0 4}, multiply both sides

from the right by A~
IR Bl B ) R
YAA _[O 4}A
YI=Y
) 3 1
[-1 5|8 B
10 4 13
16 16
[ 3 1 3
_ —1x§+5x—ﬁ _IX_§+5XE
3 1 3
44 —— ——+4x =
»0X8+ X 6 0% 8+ ><16
117
_| 16 16
X=| 1 3
4 4

7 A must be [a“ 0].
0 ax

det(A) = aj; Xa» —0x0=a;ax»n
det(A) # 0 since a;; # 0 and ay, # 0 and

the product of two non-zero numbers
cannot be zero.
.. A is regular.

anax | 0 ap
1
— 0
_|au
1
0 —
axn

If A is invertible, it will have an inverse,
A~!'. Multiply both sides of the equation
AB = 0 from the left by A=!.

AT'AB=A"'0
IB=0
B=0

c d
If the determinant is 7, then the inverse

1 —
of A is given by — [ d b].
n

Let A be any matrix [a b].

-c a
la b _l d -b
e d| on|-c a
a="andd="
; a+n a
Substituting for d, a = —— = —
n n

This gives n?=1,orn==+l.
Ifn=1,a=dand -b = b, which gives
b = 0 and similarly ¢ = 0.

det(A)=ad =a* =1

This leads to two matrices, [

-1 0
o]
If n = -1, a = —d; there are no
restrictions on b and ¢ but the

determinant = ad — bc = —1.
a’> + bc = 1 (since a = —d)

0
0 1] and

12



Ifb:O,a:il,giving[il 0], 10 a==V2
c 71
. ) 1 0
which can be written [ i 1] or 11 . :
det(A) = -
-1 0 eUA) n+2n n*f+2n+1
k1| 3 1
1-d? o+ 1D)2(n+2
b #0, & +be = 1 gives ¢ = — n(n+ e +2)
b Therefore
a b 1 :
.. 5 oL 1
giving |1 — ¢ ) which includes A = n(n + D20 +2)| 72 1"]
b T+l on
1 k -1 k ’ 5
the cases and when nn+1) —(n+1)*(n+2)
0 -1 0 1 = 5
P —nn+ D(n+2) (+12n+2

All the entries are integers

13




Solutions to Exercise 1SE

1 First find the inverse of A.
det(A)=3x-1--1x4=1

ISR

Al =—
-4 3
a IfAX = Kthen A'AX = A~'K

1

~IX=X=A"K
-1 1][-1
X‘_—4 3”2]
_'—1><—1+1><2
|4 x-1+3x2
I3
|10
b IfAX = Kthen A"'AX = A'K
~IX=X=A"K
—1 1][-2
X =
BN
_’—1><—2+1><3
C|-4x-2+3x3
BE
|17

2|7 R

Determinant = -2Xx 1 -4x3=-14

Inverse = L[l _4]
14 (-3 -2
1 92
_| 14 7
3 1
L 14 71
1 2

R
i3 i
L 14 7
[ 1 2
:—31—4><6+1?><1
,ﬁX6+7X1
(1
|7
10
7
110
oYt

e NN

Determinant = -1 x4 -2Xx -1 = -2

Inverse = L4 =2
VEE 55 4
S
= 1 1
L 2 2]
RN
[ P | )
7z 2l
'—2><—1+1><2}
= 1 1
= X-14+=x2
| 2 2
[ 4
=|3
)
3
x:4,y:§0r1.5

14



2x -3y =7
3x+y=35

(N

Determinant =2 X 1--3x3 =11

3 Solve the simultaneous equations

!

Inverse—i b3

11 |-3 2

x| 1L[1 3|7

y|  11|{=3 2|5

_ L[ 1x7+3x5
11 [-3x7+2x%x5
_1[2
TR
x=2,y=-1

The point of intersection is (2, —1).

If x is the number of books they are
buying and y is the number of CDs they
are buying, then the following equations

apply.
4x +4y =120
Sx+3y=114

s 3L

Determinant =4 X3 — 4 x

1

Inverse = —
-8

x =12,

One book costs $12,a CD costs $18.

SR

#

81144

y=18

5
1
8
x] 1[-3 41][120
vl 815 -4]|114
1[-3x120+4x 114
8|5x120+-4x114

5 4 2-3)|x| |3
4-6|ly| 1|6
b det(A) =2x-6—--3 x4 =0, so the

matrix is singular.

¢ Yes. For example x =0, y = -1 is an
obvious solution.

d You should notice that the second
equation is simply the first with both
sides multiplied by 2.

There is an infinite number of solutions

to these equations, just as there is an

infinite number of ordered pairs that
make 2x — 3y = 3 a true equation.
6 a A°'C

b B'A™'C

c A°'CB™!

d A'C-B

e A7(C-B)

f A-BA!'=1-BA™!

15



Solutions to technology-free questions

(1 0] [-1
1 A+B=
a TP 3T o
[0 o]
|2 4]
(1 0] [-1
A-B= -
2 3] [0
_[2 0]
2 2]
[0 0][2 ©
(A+B)(A—B)_>2 4_[2 2]
[0 o0
|12 8
1 0][t o
2 _ _
b A _AA_lz 3“2 3]

[+ J

-1 0][-1 ©
B> =BB =
[o 1”0 1

_[1 0]
101
(1 0] [1 0
2 2 _ Q
AT-B 18 9 [0 1]
[0 o0
18 8
2 Find the inverse of [2 :

Determinant =3x8 -4 x6 =0
This is a singular matrix.

|

0
1

|

IfA = [x]’ then this corresponds to the
y

simultaneous equations:
3x+4y =28

6x+8y =16

The second equation is equivalent to
the first, as it is obtained by multiplying
both sides of the first by 2.

Thus if x = a,

3a+4y =28

4y =8 - 3a

y=2-—

The matrices may be expressed as

a
, 3l

4

a For a product to exist, the number of
columns of the first matrix must equal
the number of rows of the second.
This is true only for AC, CD and BE,
so these products exist.

B 2X1+4x%x3
2xX2+4x%x -1

=14 9]

det(A) =1x-1-2x3=-

1 (-1 -2
ATl = —
—7[—3 1
1 2
_ I o2 77
-5[3 1] 301
7 7

16



1 -4
4 AB-= 15 _12 ;[1 —6}

B 3 -8
CIXT+-2x1T+1%x3 1X-4+-2X-6+1x-8
Tl-5X14+1x142%x3 5x-4+1x-6+2%x-8
2 0
‘[2 -2

det(C) =1x4-2x3=-2

1 2
S Find the i f .
ind the inverse o [3 4]

Determinant = 1 x4 -2x3 = -2

Inverse—L 42
S 20-3 1

_L[# 2
213 -1

Multiply by the inverse on the right:

5 61 1[-4 2
A_[IZ 14]X§[3 —1]

]

2 0 0][2 0 0
6 A’=1[0 0 2[|l0 0 2

0 2 0]l0 2 0O

(4 0 0]

=0 4 0

0 0 4]

1

-0 0

2 1
Al=10 0 -

12
0 - 0
)

7 The determinant must be zero.
I1xx-2%x4=0

x—-8=0

x=38

s 16 e

1
3 -5
15 8

ii MMM = MM(M)

-3 S

1 3

[ -18
118 19
iii
Determinant =2 X3 —--1x1=7
3 1
-1 _ =
M =714 2]

T
o
Zﬁ] :

17



Solutions to multiple-choice questions

1 B The dimension is number of rows by
number of columns, i.e. 4 X 2.

2 E The matrices cannot be added as
they have different dimensions.

3C
1 -3 1
D_C_[z 3 —1]
2 -3 1
1 0 =2
[1-2 -3--3 1-1
2-1 3-0 -1--2
_[-1 0 0
113
4 E Multiply every entry by —1.
—4 0 ]
M= -
ol
[4 0
12 6
5C
0 2 0 4
IM-2N=2x| 1]—2><3 0]
[0 4] [0 8
-6 2] |6 0
o -4
S |-12 2

6 A A + B will have the same dimension
as A and B, i.e. m X n.

7 E The number of columns of Q is not
the same as the number of rows of P,
so they cannot be multiplied.

8 A Determinant=2x1-2x -1
=4

9 E Determinant=1x -2 —--1x1

=-1
Inverse = L -2 1
T o1]-1 1

2 -1

1 -1

10 D )
0 2l[o -2
NM__3 1] -3 1]

[0x0+2Xx-3 0x-2+2x1
3X0+1x-3 3x-2+1x1
-6 2

-3 -5

18




Solutions to extended-response questions
1 a i Theequations 2x — 3y = 3 and 4x + y = 5 can be written as
2 =3f|x| |3
4 1 |ly|l |5
ii Determinantof A =2 x 1 —4 X (-3)

=2+12
=14

i [= 5[ 3|
-4

119
7|1
1
Therefore x = 2 andy = ——.
7 7

iv The two lines corresponding to the equations intersect at (?, —7)

b i The equations 2x + y = 3 and 4x + 2y = 8 can be written as
2 If{x|_|3
4 2[ly| |8
ii Determinant of A =2x2-4x1

=4-4

=0
Since the determinant of A equals zero, A is a singular matrix and the inverse Al
does not exist.

¢ The two lines corresponding to the equations are parallel.

2 a The 2 X 3 matrix is: [79 78 80]

80 78 82

The rows correspond to the semesters and the columns to the forms of assessment.

19



The percentages of the three components can be represented in the 3 X 1 matrix:
0.2

0.3

0.5

Multiplying the two matrices gives the semester scores.
[79 78 80] ol [79.2]

80 78 82 0.5 80.4

Notice that multiplication of a 2 X 3 matrix by a 3 X 1 matrix results in a 2 X 1 matrix.

For Chemistry the result is given by the following multiplication.

[86 82 84] o _[83.8]
1 L1752
81 80 70 0.5 75

The aggregate of the four marks is 318.6. This is below 320.
Three marks will be required to obtain an aggregate of marks above 320.

The part-time and full-time teachers required for the 4 terms can be shown ina 4 x 2
matrix. The columns are for the two types of teachers and the rows for the different

10 2

. 4

terms. Hence the matrix is: 3
6 10

The full-time teachers are paid $70 an hour and the part-time teachers $60. This can
70
60]
The product these two matrices gives the cost per hour for each term.
10 2 820
8 41(70| | 800
8 8 [60] 1040
6 10 1020

be represented in the 2 X 1 matrix:

The cost per hour for term 1 is $820.
The cost per hour for term 2 is $800.
The cost per hour for term 3 is $1040.
The cost per hour for term 4 is $1020.

20



For the technical, catering and cleaning staff, the matrix for the 4 terms is the 4 X 3
2 21

W N

matri 2
X:

4
4

W
[N ST

60
The rate per hour can be represented in the 3 X 1 matrix: |55
40

The cost per hour is given by the product.

2 21
60 270
2 21 ss| = 270
3 4 2 10 1480
3 4 2 480

The cost per hour for term 1 is $270.
The cost per hour for term 2 is $270.
The cost per hour for term 3 is $480.
The cost per hour for term 4 is $480.

The total cost per hour is given by the sum of the matrices.
820 270 1090
800 2701 11070

1040| T 480| = | 1520
1020 480 [1500

The cost per hour for term 1 is $1090.
The cost per hour for term 2 is $1070.
The cost per hour for term 3 is $1520.
The cost per hour for term 4 is $1500.

a b
Let A = .
=l ]
e f
LetB = .
© [g h]

det(A) = ad — bc and det(B) = eh — fg.

Then det(A) det(B) = (ad — bc)(eh — fg)
=adeh+bcfg —adfg — bceh

ae +bg af + bh

ce+dg cf+dh

and det(AB) = adeh + bcfg — adfg — bceh
.. det(AB) = det(A) det(B)

Furthermore AB =

21



b A 2 x 2 matrix is invertible if and only if its determinant is non-zero. Hence if A and
B are invertible then so is AB

22



Chapter 19 - Transformations of the plane
Solutions to Exercise 19A

1 a

b

2,4 =2+ (4.2-(-4) =
(=2,6)

2,-4) - 22) + 3(-4),3(2) -
4(~4)) = (-8,22)

(2,-4) > (3(2) — 5(-4),2) = (26,2)
(2,-4) > (-4,-2)

0 1((2 3 O0x2+1x3
1 0]|3] [1x2+0x3
Therefore (2,3) — (3,2).
(-2 0][2] _
0 3|[3]

2

Therefore (2,3) = (-4,9).

-3

-2xXx2+0x%x3
O0x2+3x%x3

[1 2][2] [1x2+2x3] [8
0 1]|13] [0x2+1x3] |3
Therefore (2,3) — (8, 3).

2 1][2] _[2x2+1x3] [7
1 3[[3] [1x2+3x3| |[11
Therefore (2,3) — (7, 11).

The linear transformation can be
written as

x'=2x+3y
y =4x+ 5y

so the transformation matrix is

i

The linear transformation can be

written as
x'=11x-3y
y =3x—-8y
so the transformation matrix is
11 -3
Vo
The linear transformation can be
written as
x'=2x+0y
Yy =x-3y

so the transformation matrix is
2 0
1 =3

The linear transformation can be
written as
X' =0x+1y
Yy =—1x+0y

so the transformation matrix is

5l

4 For each of these questions we multiply
the transformation matrix by a rectan-
gular matrix whose columns are the
coordinates of each vertex.

a010101_
-1 ollo 0o 1 1|

0 0 1 1
0 -1 0 -1

The columns then give the required
points:
(0’ 0)9 (0’ _1)’ (1a 0)7 (1a _1)

The square is shown in
blue, and its image in red.



1 (1, 1)

-1 (1,-1)

b200101_0202
0 3[/[0 01 1] [0033
The columns then give the required

points:
(0,0),(2,0),(0,3),(2,3). The square

is shown in blue, and its image in red.

y

4 A

3 (2, 3)

2_

1 (1,1

0 > X
o 1 2

c100101_0213
1 1[0 11 2f [0 0 3 3
The columns then give the required

points:
(0,0),(1,1),(0,1),(1,2). The square

is shown in blue, and its image in red.

A
2 (1, 2)

1 (1, 1)

. [-1 3Ho 10 1]_
2 —-1/10 0 1 1
0 -1 3 2
[O 2 -1 1]
The columns then give the required
points:
(0,0),(-1,2),(3,-1),(2,1). The

original triangle is shown in blue, and
its image in red.

Y
34
-1,2
(12
1 ’ 2, 1)
T O T T > X
-1 0 2 3
1+
(3.-1)

S We multiply the transformation matrix

by a rectangular matrix whose columns
are the coordinates of each vertex. This

2203
EVES I ol 2 1|73 5 4

The columns then give the required

points:
(1,3),(0,5),(3,4). The square is
shown in blue, and its image in red.

y

A
5_
4
3
1N
1-

O -

T T > X
0 1 2 3



6 The image of (1,0) is (3,4). The image Therefore -3 11|2] _|-3
of (0, 1) is (5, 6). Write these images 2 —1(|3 1
) 5 so that (2,3) — (=3, 1).
as the column of a matrix, .
4 6
3 51|1-2 14 [ 1 1 1 1
fherefore [4 6] [ 4 ] ) [16] Sal 2] o [2 —1]'

so that (-2,4) — (14, 16).

7 The image of (1,0) is (=3, 2). The image -1 1) =1
of (0,1)1s (1,—-1). Write the_s; 1m1ages 1 o] 51
as the column of a matrix, [ ) 1] . ¢ -1 -3] or -3 -1



Solutions to Exercise 19B
1 a i [(1) g]

ii

o
—_
ot
w

e i o
0 -1
ii y
A
1
0 > X
0
=]
0 -1
£
ST
ii y
A
1_
0 > X
| 0
—1
a i
[x’] X 2] x+2
, = + = y
y y| [0 y
ii
A
1
0 > X
0 1 2 3
-1
b i
x’]_ X N 0 _[ X ]
vl 1-3] -3



il

y d i
A
0 > X
0 1
1A ii
2
=3
i
[x’]_[x -2 _[x—Z] e i
Y vl (-4 |y-4|
ii y
A ii
0 > X

X |x N o | x
v 21 [y +2|
y
A
3
2
1
0 l)x
0 2
>x’] X -1 x—1
= + =
Y’ y 2 y+2
Y
A
1
0
> X

2

-1




Solutions to Exercise 19C

2 a

b

[cos 270 —sin270
sin270  cos 270
[0 1
-1 0
[cos 30° —sin 30°
| sin30°  cos 30°
(V31
| 2 2
V3
2 2
[cos(—60°) — sin(—60°)
[ sin(—60°)  cos(—60°)
B
—1 2 2
V31
2 2
[cos(—135°) —sin(—135°)
| sin(—135°)  cos(—135°)
L
_| V2 W2
B 1 B 1
V2 V2

The rotation matrix is

cos90° —sin90°|
sin90°  cos90° |
Therefore

IR

so that (2,3) — (-3,2).

The rotation matrix is

—sin(=45°)|

cos(—45°)
cos(—45°) |~

sin(—45°)

Therefore

Sl =sl-

3 a

b

c

d
L
\2

11 4 a
\2

3wl -l

N‘ﬁl\)‘

so that (2,3) — (

0 1
10

| —

g

N‘ﬁl\)l'—‘

P

Since

[cos 90°
| sin 90°

[cos 120°
| sin 120°

[cos(—60°)
| sin(—60°)

[cos 30°
| sin 30°

sin 90°
—c0s 90°

sin 120°
—cos 120°

V3
2
1
2

sin(—60°)
—cos(—60°)

sin 30°
—cos 30°

1
2
V3

2

tanf =3 = —,



we draw a right angled triangle
with opposite and adjacent lengths
3 and 1 respectively. Pythagoras’
Theorem gives the hypotenuse as
V10. Therefore

1
cos = —— and sinf = ——.
V10 V10
We then use the double angle
formulas to show that
cos 20 =2 cos* 6 — 1

1\
-
V10
2
= -1
10
3 4
=-3
sin 26 =2 sinfcos @
3 1

Y —
V10 V10
3

5
Therefore the required matrix is

4
[cos 260 sin26 ] -z

_| 5
sin20 —cos26 3
5

| | W

Since

5
tan0 =5 = T

we draw a right angled triangle
with opposite and adjacent lengths
5 and 1 respectively. Pythagoras’
Theorem gives the hypotenuse as
V26. Therefore

1
cos = —— and siné =

We then use the double angle
formulas to show that

S
V26

c0s 20 =2 cos* 6 — 1

-
2

== 1
26

12
B,
sin 26 =2 sinfcos 0
L L3
V26 V26
5

13
Therefore the required matrix is
12 5

cos260  sin 260 _| 13 @ -
sin26 —cos 26 i 1_
13 13

¢ Since tanf = %,
we draw a right angled triangle
with opposite and adjacent lengths
2 and 3 respectively. Pythagoras’
Theorem gives the hypotenuse as
V13. Therefore

3
cosd = —— and sinf = ——.
V13 V13
We then use the double an-

gle formulas to show that
cos20 =2cos’d — 1  There-

(-
18

=— -1
13

5

3
sin 26 =2 sinfcos 6
2 3
Vi3 V13

12

:E_



a

fore the required matrix is

. 512
[COS 20 sin 260 :| _ 13 13

sin20 —cos260| |12 5
13 13
Since
3
tanf = -3 = -2,
an 1

we draw a right angled triangle

with opposite and adjacent lengths

3 and 1 respectively. Pythagoras’
Theorem gives the hypotenuse as

V10. Therefore, since —90° < 6 < 0°,

1
cos = —— and sinf = ———.

V10 V10

We then use the double an-
gle formulas to show that
cos20 =2cos’f#—1  There-

1\
(g
V10
2
=— -1
10
3 4
=-3
sin 26 =2 sinf cos @
B 3 1

V10 V10

fore the required matrix is

cos26 sin26 | |7
sin20 —cos26| |_

| van| ~
|
U‘"hu]lw

Since

m
tand =m = —,

1
we draw a right angled trian-
gle with opposite and adjacent
lengths m and 1 respectively.

Pythagoras’ Theorem gives the
hypotenuse as Vm? + 1. Therefore,

cosf = We then use the
m? +1
. m
sinf =
m? + 1

double angle formulas to show
that cos 26 =2cos? 6 — 1

1 2
NS
m2 + 1

2
= -1
m? + 1
N = m?
Tm2+ 1
sin 20 =2 sinfcos
5 m 1
Vm? +1 Vm? + 1
_ 2m
m 1 .
Therefore the required matrix is
1 —m? 2m
cos26 sin20 _|m2+1 m22+ 1
sin20 —cos?26 2m m-—1

m+ 1 m?+1
b The gradient of the line is m = 6.
Substituting this into the matrix
found above, the reflection matrix is
1 —m? 2m [1-6> 2x6

m2+1 m2+1 62+1 62+1
2m m?—1 2x6  6*2—1

m+1 m+1l le2+1 6241

35 12
13 37
= 13 35
[ 37 37
_1[-35 12
37|12 35

Therefore the image of (1, 1) can be

|52

found by evaluating,

|

1

11-35 12
1

37012 35




so that

=23 47
(1’1)_) A 0 A
37 37
6 a [cos45° —sin45°
| sin45°  cos45°
— 1 1 —
_|V2 V2
-1 1
—| 2 2
V2 2
B 7

b To find the image of

the

unit square we evaluate

V2 V2
o oo
V2 N2 ([0 01 1
L 2 2
[ 2 2
o 2 V2,
|V
2 2
05 5w
The columns then give the required
points:
0oL L) (L2
2 2
The square is shown in

blue, and its image in red.

Y

A

> X

)

2

¢ To find the overlapping region, we

subtract the area of the small upper
isosceles triangle from the right

half of the red square. The base and
height of the small isosceles triangle
is V2 -1 so that the overlapping area

1
s A= - E(«/_—1)
% %2 2V2+ 1)
1 1
=5-30- 242)
-1
=V2-1

There is no real need to use the
rotation matrix for this question.
Let O be the origin. We know that
length OA = 1. Therefore lengths
OB =1 and OC = 1. Therefore,

1 V3
= 120° 12 |- =
= (cos 120°,sin 120°) = (2 2)

1 3

C = (cos 240°, 5in 240°) = (_5, _g)

b Triangle ABC is clearly equilateral.

Its lines of symmetry will be
y = xtan60° = V3x

y=0
y = xtan300° = — V3x



Solutions to Exercise 19D

1 The matrix that will reflect the plane in

the y-axis is given by

ol

The matrix that will dilate the result by a
factor of 3 from the x-axis is given by

b3

Therefore the matrix of the composition
transformation is

b A )

The matrix that will rotate the plane by
90° anticlockwise is given by

cos90° —sin90°| [0 -1

sin90°  cos90° | [1 O
The matrix that will reflect the result in
the x-axis is given by

b 4

Therefore the matrix of the composition
transformation is

|

3 a The matrix that will reflect the plane

in the x-axis is given by

b2

The matrix that will reflect the plane
in the y-axis is given by

o

a

(]

a

Therefore the matrix of the
composition transformation is

-1 Offt 0] (-1 O
0 1/|0 1] |0 -1f
The matrix that will rotate the plane

by 180° clockwise is given by

cos 180° —sin 180° p -1 0
sin180° cos180° | [0 —1|°

which is the same as the matrix found
above.

T; : The matrix that will reflect the
plane in the x-axis is given by

b 4

T> : The matrix that will dilate the
result by a factor of 2 from the y-axis

bl

Therefore the matrix of 7' followed
by 75 will be

2 0ff1 o _(2 O

0 1[0 -1 |0 -1|
The matrix of T, followed by 7 will
be

T S

No. The order of transformation does

is given by

not matter in this instance, since the
two matrices are the same.

T, : The matrix that will rotate the

10



plane by 90° clockwise is given by
cos(—=90°) —sin(=90°)| [0 1
sin(-90°)  cos(-90°) |~ [-1 0]

T> : The matrix that will reflect the

plane in the line y = x is given by

i

Therefore the matrix of 7 followed
by T, will be

|

b The matrix of T, followed by 7 will

be
0O 1{10 1f |1 O
5ol ol=lo 5
¢ Yes. The order of transformation does
matter in this instance, as the two
matrices are different (the first gives

the reflection in the y-axis, the second
a reflection in the x-axis).

6 a x’__—10x+—3
v 10 1|y 5
_—x+—3
__y y
__—x—3
__y+5

Therefore the transformation is
(x,)’) - (_X - 3,}7 + 5)

B[ G-

-1 0][x-3
[0 1][y+5

[—x +3

| y+35
Therefore the transformation is

a

(x,y) > (—x+3,y+)5).

Yes. The order of transformation does
matter in this instance, as the rule for
the each composition is different.

This is a reflection in the x-axis
followed by a dilation from the y-axis
by a factor of 2 (or visa versa):

o el R

b This is a reflection in the x-axis

followed by a dilation from the x-axis
by a factor of 3 (or visa versa):

el e

This is a reflection in the line y = x
followed by a dilation from the x-axis
by a factor of 2:

I 0]|0 1If |0 1
0 2f|1 o] [2 o]
Alternatively, it is a dilation from the

y-axis by a factor of 2 followed by a
reflection in the line y = x:

0 11(2 0] |0 1
1 ofjo 1 [2 of
This is a reflection in the line y = —x

followed by a dilation from the y-axis
by a factor of 2:

e [ e

Alternatively, it is a dilation from the
x-axis by a factor of 2 followed by a
reflection in the line y = —x:

I |

11



8 a The required matrix is
0 1f|1 O 0 -1
ll 0“0 —1]:l1 o]‘
b The above matrix corresponds to a
rotation by angle 6 = 90° since
c0s90° sin90° 0 -1
[sin 90° cos 900] - [1 0 ] '

9 We require that:

cos —sinf||0 1| |0 1f|cos@
sind cos@ [|1 0ol |1 0]|sin®
—sin@ —cos@| |[sinf cosé
cos 8 sind | |cos@ sind

For these two matrices to
be equal, we required that

—sin@ =sind
2sinf =0
sinfd =0

6 = 180°k, where k € Z.

10 a Matrix A% will rotate the plane by

angle 26.
b oAZ = cosf —sinf|[cosd —sinf
“|sin@ cos@ ||sin® cos@
3 cos?@—sin’@ —2sinfcosd
~ | 2sinfcosd cos?@ —sin’ @

¢ Since A? will rotate the plane by
angle 26, another expression for A? is
A2 _ |08 26 —sin26
sin20  cos26 |

Equating the two expressions for A2

gives
[cos 20 —sin 26’]

sin26 cos 260
[cos2 0 — sin’ @

—-2sinf@cos @
2 sinfcos 6 ’

cos?f —sin> @

—sind
cosd

12

|

a

Therefore
c0s 260 = cos? f — sin> @
sin 260 = 2 sin§ cos 4.

[y +1
[ x + 2
Therefore the rule can be written in

the form (x,y) —» (y + 1, x+ 2) orin
X =y+1

Yy =x+2.

the form

X [y+1
[y’]_
x+2
|1 0][y+1

[ ol )

We have,
[0 1
This shows the the transformation can

be expressed as a reflection in the line
y = x followed by a translation in the

L 2
direction of vector [1] .

[cos(60) —sin(60)
| sin(60) cos(60)]
V3
2
1
2

|
IV\J‘ﬁNIH'

12



[cos(—45°) - sin(—45°)

| sin(—45°)  cos(—45°)
V2 V2
- 2 2
V2 V2
2 2

A 60° rotation followed by a —45°
rotation will give a 15° rotation.
Therefore, the required matrix is.

[ 1 V3l V2 V2

SR | Ry
V3ol V2 V2
5 33 7
Vi VE Vi G
“1V6i v vBiva

rotation matrix of 15° is also given by
the expression

cos(15)
sin(15)

—sin(15)
cos(15) |

Comparing the entries of these two

matrices gives

. 2+ 6

cos 15° = ——,
4

.o V612

s1n15:T,

13 The matrix that will reflect the plane in

the line y = xtan ¢ is

cos 2¢
sin 2¢

sin 2¢
—cos2¢|

The matrix that will reflect the plane in

the line y = xtan 6 is

cos 20
sin 20

sin 20
—cos26|’

Therefore the matrix of the

composition transformation is

sin 20
—cos 26

[cos 20
| sin 26

cos 2¢
sin2¢

[c0s 20 cos 2¢ + sin 20 sin 2¢
|sin 260 cos 2¢ — cos 26 sin 2¢

[c0s 20 cos 2¢ + sin 20 sin 2¢
|cos 20sin 2¢) — cos 26 sin 2¢
[cos(26 — 2¢)
| sin(26 — 2¢)

sin 2¢
—cos2¢

cos 20sin 2¢ — sin 26 cos 2¢
€08 26 cos 2¢ + sin 20 sin 2¢

—(cos 20sin2¢ — cos 26 sin 2¢)
cos 26 cos 2¢ + sin 20 sin 2¢

—sin(26 — 2¢)
cos(26 — 2¢).

This is a rotation matrix corresponding

to angle 260 — 2¢.

13



Solutions to Exercise 19E

1 d -b 1 d -b
1aAl= d A=
A aa’—bc[—c a] ad—bc[—c a]
3 1 1 =1 3 1 5 -3
C4x1-1x3|-3 4 T (-Dx5-3x(-4) 4 -1
11 -1 15 -3
S 1|-3 4 714 -1
{1 -1 > 3
-3 4 =17 1
“ad-bcl-c a
2 a Since the matrix of this linear
_ 1 —4 -1 transformation is
3x(-4)-2x1|-2 3
1[4 -1 A:E _ﬂ
14|12 3 B
% i the inverse transforma-
= ? 1% . tion will have matrix
- A-l = 1 d -b
ad —bc|—-c a
¢ Alo 1 [d —b] B I 12
ad=bc|-c a T Sx(-)-(-2)x2|-2 5
_ 1 4 -3 1 [-1 2
S 0x4-3x(-2)[2 0 =_—1[_2 5]
_ 14 -3 1 -2
S 6[2 0 = [2 _5]
2 1 Therefore the rule of the in-
— % 2 verse transformation is
3 0 (x,y) = (x — 2y,2x — 5y)

b Since the matrix of this linear
transformation is

the inverse transforma-
tion will have matrix



1 d -b 1
A= :
ad — bc [—c a] 1]

ol [ o ]|

This can be written as a single equa-

= ! 0 1] tion, which we then solve to give
Ix0-(-)x1]|-1 1 121 21

_[o 1 Al 31 |1 1]

-1 1 : -1
Therefore the rule of the inverse A= 2 1] [1 2]
transformation is (x,y) — (v, —x + y). |1 1]2 3

-4 3
R 1]'

3 a We need to solve the following equa-

tion for X. 2 X = ! . [
0 1 1 S This can be solved in one step by
- -1 solving the following equation for X.
1 2 1 -
X = ] [ ] e P [
01 2 -1|7 [0 0 1 1
|12 1 1[0 1 0 1
o 1]t X=|_
] 2 -1 0011
-1
=1 -1 IHO 1 0 1]
Therefore (~1,1) — (1, 1). -2 10 0 11
0 -1 1 0
b We need to solve the fol- “lo -2 1 -1
lowing equation for X. The vertices are then given by the
[4 3] X = [1l columns of matrix X. These are
220 (0,0), (~1,-2),(1,1) and (0, - 1).
-1
4 1
L3
22 1 6 a The dilation matrix is
12 -3 A:[k o
“2|2 4| 01
1 [_1l b The inverse transformation will have
= — 1 d -b
2|2 trix A™! =
| matrx ad — bc [—c a]
:{_El _ 1 1 -0
1 kx1-0x0[-0 &
1
Therefore (—5,1) - (1, 1). 111 0o
T k|0 k
4 We need to find a matrix A such that _ [Uk 0]
1o o1

15



This matrix will dilate each point b The inverse transforma-

from the y-axis by a factor of 1/k. tion will have matrix
" ad-bc|-c a
The shear matrix is
1 k B 1 -1 -0
A‘o 1 T Ix(-)-0x0{-0 1
The inverse transformation will have =-1 -1 0]
. 1 [ d —b] 0 1
matrix A~ =
ad —bc |—-c a _[1 0]
~ 1 [ 1 —k] o -1
Ix1-kx0|-0 1 — A
1711 -k This is expected, since two reflections
= 1 [0 1 ] in the same axis will take the return
_— the point (x, y) to its original position.
“lo ]
This matrix will shear each point 9 a The reflection matrix is
from the x-direction by a factor of cos?26 sin?26
—k. sin20 —cos26|

b The inverse transforma-
The reflection matrix is tion will have matrix

A:[1 a -

0 -1
1 d -b
“ad-bcl-c a

~ 1 [— cos26 —sin 29]

—cos2 6 —sin?@|—sin20 cos26

i —cos268 —sin26
—1|—sin20 cos?26

cos28 sin26

sin20 —cos?26

=A.
This is expected, since two reflections

in the same axis will take the return
the point (x, y) to its original position.

16



Solutions to Exercise 19F

1 a The matrix of the transformation is

-

Therefore, if (x’,y") be the co-
ordinates of the image of (x,y),
then,

F=ho SIEL)

Therefore that x’ = x and y’ = —y.

Rearranging gives x = x" and

y = —y". Therefore y = 3x + 1

becomes, -y’ =3x"+1 We now
y =-3x"-1.

ignore the apostrophes, so that the

transformed equation is

y=-3x-1.

The matrix of the transformation is

o

Therefore, if (x’,y") be the co-
ordinates of the image of (x, y),
then,

X 12 O fx| _|2x

[y'] ( [0 1Hy] B [y]
Therefore that x” = 2x ar’ld y =y
Rearranging gives x = XE andy =y”.
Therefore y = 3x + 1 becomes,

=—+1.
Y =3

We now ignore the apostrophes, so
that the transformed equation is
X

=—-+1
)

¢ The matrix of the transformation is

|

Therefore, if (x’,y") be the co-
ordinates of the image of (x, y),
then,

x| (2 Offx| _|2x
Y110 3]yl 3y
Therefore that x’ = 2x and y’ = 3y.

. . X Yy
Rearranging gives x = ) andy = 3
Therefore y = 3x + 1 becomes,

% =3 (%) + 1 We now ignore the
9x’
= +3.
Y75

apostrophes, so that the transformed
equation is
9x

= — +3.
Y=5

The matrix of the transformation is

-1 0
0 -1}
Therefore, if (x’,y") be the co-

ordinates of the image of (x, y),
then,

L=l SlE-E
YioLo =ty [~
Therefore that x’ = —x and y' = —y.
Rearranging gives x = —x" and

y = —y’. Therefore y = 3x + 1
becomes, —y' = 3(—x") + 1 We now

-y ==-3x"+1

y =3x - 1.
ignore the apostrophes, so that the
transformed equation is

y=3x-1.

e The matrix of the transformation is

]

17



Therefore, if (x’,y") be the co-
ordinates of the image of (x,y),

R

Therefore that x’ = —x and y’ = 3y.

Rearranging gives x = —x" and
/

y = yg Therefore y = 3x + 1
becomes, % =3 (-x") + 1 We now

% =-3x" +1
y =-9x" +3.

ignore the apostrophes, so that the
transformed equation is

y=-9x+3.

f The matrix of the transformation is
cos90° —sin90°| |0 -1
[sh190° cos90°l"[1 0]'
Therefore, if (x’,y") be the co-
ordinates of the image of (x,y),
then,

MR KRN

Therefore that x’ = —y and y’ = x.

/

Rearranging gives x =y’ and y = —x".

Therefore y = 3x + 1 becomes,
—x' =3y’ +1 We now ignore the

3y =-x" -1

/
, —x' =1

y =
apostrophes, so that the transformed
equation is

—x-1
3

y:

g Firstly, the rotation matrix is
cos(=90°) —sin(=90°)f [0 1
sin(—=90°)  cos(-90°)

-1 ol

a

The reflection matrix is

b 4

Therefore, the matrix of the
composition transformation is

1L 0f{0 I |0 1
0 —-1{|-1 1| |1 0]
Therefore, if (x’,y") be the co-

ordinates of the image of (x, y),
then,

X110 1)|x| |y
v |11 oflyl [x|
Therefore that x” = y and y’ = x.

Therefore y = 3x + 1 becomes,
x" =3y’ + 1 We now ignore the

3y =x -1

/
, X =1

y =
apostrophes, so that the transformed

equation is

If (x’,y") be the coordinates of the
image of (x,y), then x" = 2x and
y = 3y.

Rearranging gives x = 5 andy = %

/ /

Therefore y = 2 — 3x becomes,

Y —2-3(Z | We now ignore the
3 2
9x’
’ — 6 _ X
y 2

apostrophes, so that the transformed
equation is

—6— .
Y 2

If (x’',y") be the coordinates of the
image of (x,y), then x’ = —y and
v = x.

18



/

Rearranging gives x =y  andy = —
Therefore y = 2 — 3x becomes,
—x" =2 — 3y’ We now ignore the
3y =x"+2
X' +2

’

y =
apostrophes, so that the transformed

equation is

x+2
3

y:

Let (x,y") be the coordinates of the
image of (x,y). Then this transfor-
mation can be written in matrix form
as:

[ﬂ o 7] [ ]

£

/

| Y
sothat x =x"+2y andy = y'.

Therefore y = 2 — 3x becomes
y =2 -3(x"+2y). We solve
the equation for for y’ in terms
of x', y =2-3("+2y") The

Yy =2-3x -6y

7y =2 -3x
, 2-3X
Y = -
transformed equation is
_2-3x
y= 7

Let (x',y") be the coordinates of the
image of (x,y). Then this transfor-
mation can be written in matrix form

as:

Therefore,

HEHRNH
15 31

[2x" — 5y
|—x" + 3y’
so that x = 2x" — 5y’ and

y = —x" + 3y’. There-

fore y = 2 — 3x becomes

X' +3y =2-32x" -5y"). We

solve the equation for for y’ in terms
of X', X'+ 3y =2-3Q2x" —5y") The

X +3y =2-6x+ 15y

12y =7x" =2

,  Ix' =2

YT
transformed equation is
_Ix-12

TR

3 There are many answers. We find a

matrix that maps the x-intercept of the
first line to the x-intercept of the second
line, and likewise for the y-intercepts.
Then

(1,0) = (2,0) and (0, 1) — (0, 2).

Since we have found the images of the
standard unit vectors, the matrix that
will achieve this results is

3l

There are many answers. Let’s find the
matrix that maps the x-intercept of the
first line to the x-intercept of the second
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line, and likewise for the y-intercepts.
Then

(=1,0) = (3,0) and (0, 1) — (0, 6).

The matrix that will achieve this results
is

!

Let (x’,y") be the coordinates of
the image of (x, y). Then the rule
for the transformation is given by

x |10 X N -1
y B 0 —1]\|y 2
B (1 0 [x-1
0 —1]|y+2

B [ x—1
= 2
Therefore,

X' =x-1andy = —-y—2so that
x=x"+landy=—-y - 2.
Therefore, the equation y = x> — 1
becomes -y —2 = (x’ + 1)> — 1.
Therefore, t —y —2 = (x' + 1)* -1

-y =+ 1) +1

Y =—(+1)7°-1
The transformed equation is

y=—(x+17°-1.

Let (x',y") be the coordinates of
the image of (x, y). Then the rule
for the transformation is given by

Y= -1 Offx + Therefore,
Y 0 Illy] |-
= N 2
__y 3
_——x+2
__y—3
X =—x+2andy =y-3

so that

x=-x'+2andy =y +3.

Therefore, the equation y = (x — 1)?
becomes y’ +3 = (—x’ +2 — 1)

Therefore,

Y +3=(=x+2-1)>
Y =(=x+1-3
= (-(' = 1)’ -3

= -17-3
The transformed equation is

The dilation matrix is given by

The rotation matrix is given by

sin90°  cos 90°

[cos 9

y=(x—1)*-3.

3

0° —sin90°]_[0
1

transformation is given by

o=

Therefore,

so that

ol B[

x' = -3yandy’ = x,

/

=——andx =Y.
y 3 y

-1
ol
Let (x,y") be the coordinates of the
image of (x,y). Then the rule for the

-3
0

I

X
y

]:

20
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Therefore, the equation x> + y> = 1

\2
becomes (y')* + (—%) = 1. Ignoring
the apostrophes gives,
2
x )
? + y = 1,
which is the equation of
an ellipse, shown below.

Let (x',y") be the coordinates of the
image of (x,y). Then this transformation
can be written in matrix form as:

MR

_ b -1,
Therefore, x] = [a l [X]

|y c d Y
3 1 d -b||x
ad—bc|-c all|y
dx' — by’
—| ad—bc,
—cx' + ay
ad — bc
so that
_dx' = by =X +ay
T d —be andy = ad —bc

Therefore px + gy = r becomes,

dx' — by’

-cx' tay
p ad — bc

ad — bc -

+q

which, although horribly ugly, is most
definitely the equation of a line.

The matrix of the transformation is

1 1
cos45° —sin45° B 6 _$
sin45° cos45° | | L 1 |

V2 V2

Let (x’,y") be the coordinates of the
image of (x,y). Then this transformation
can be written in matrix form as:

1 1
MRS !
y oL Ly
vV
Therefore,
1 P 171
NERRG Y
1 I P S A %
[ V2 2
— 1 1 —
_| v2 2|
~ 1 1 ¥
[ V2 V2
[ Xy ]
V2 |-+
so that |
x=—x"+y),
\2
Lx +y)
y=—(=x"+Y".
V2
Therefore y = — becomes,
X
(=x"+y) !
—(=x"+y) = )
V2 (7 +)

V2
Ignoring the apostrophes, and
simplifying this expression gives,

1 1
—(x+ y)—z(—x +y) = 1 This is the

Vi
1
§u+w@—m:1

yz—x2:2

required equation.
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Solutions to Exercise 19G

1 a The area will be given by 7. y
|detB|=3x1-1x1|=]2| =2. A
Y 3
2
2_
1 1
0 L 4 T T X 0 T T > X
I 1 2 3 3 0 \2/ 3
b The area will be given by -7

|detB| = |(=1)x3—1x 1| = |- 4| = 4.

2 a The original triangle is shown
A . \ .
4 in blue, and its image is in red.

¢ The area will be given by
|detBl =1 X1 —-(-1)x(-2)| =
|—1]=1. y

A

b The area of the original tri-

1
angle is —. Therefore the

area of the image will be given by,
Area of Image =|det B| X Area of Region

1
=[1x1-3%x2|x =
| | >

i > X
1 \ 1 1
=|-5|xX =
| =3I >

=2.5.

3 a The original triangle is shown

d The area will be given by in blue, and its image is in red.
|[detB|=2%x3-1x(-1D|=16+1|=

22



b The area of the original tri-
angle is 1. Therefore the
area of the image will be given by,

Area of Image = |det B| X Area of Region

=2x3-1x1|x1
=5.

4 Since the original area is 1 and

the area of the image is 6, we have,

|detB|x1=6
Imxm—-2x(=1)]=6
Im?>+2|=6

m? +2 = 6 (since m* +2 > 0)
m> =4

m==+2.

5 The original area is 1 and the

area of the image is 2. Therefore,
Area of Image = | det B| X Area of region

2=lmxm-mx1|x1

2 =|m*—m|
Therefore either

2 2

m-—m=2orm"“—m=-2.
In the first case, we have
m -m-2=0 In the

m-2)(m+1)=0
m=-1,2.

Z-m+2=0.

This has no solutions since the dis-

second case, we have m

criminant of the quadratic equation is
A =b* — 4ac

=17 - 4(1)(2)
=1-8<0.

6 a ilIf

then

|detB| =1 x1—-kx0=1.

i If

cosd —sind
sin@ cos@

then

|det B| = | cos@cosf — (—sinf)sind||

= |cos? 6 + sin® 6]

=1.
i If

_|cos 20 sin 20
"~ |sin20 —cos?26

then

| det B|] = | cos 260(— cos 26) — sin 26 sin 20||
= | — (cos® 26 + sin® 20)|
=| -1

=1

b 1 This transformation is a dilation
by a factor k away from the y-axis
and a factor of 1/k away from the
X-axis.

ii We have,
|detB| = |k x 1/k —0x 0]

=1
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7 a We have,

|detB| =[x X (x +2)— 1 x(=2)|

= |x* +2x + 2|
=|(x* +2x+ 1) + 1

(completing the square)
=[x+ D +1]
=(x+ 1) +1.

b The area will be a minimum at the
turning point the parabola whose

equation is y = (x + 1)> + 1. This
occurs when x = —1.

| det B| > 2 Therefore
|4m — 6| > 2.
either4m —6>2o0rdm—6 < -2. In
the first case, m > 2. In the second case,
m < 1. Therefore m > 2 orm < 1.

We require that

Since (1,0) — (1,0) we can assume that
the matrix is of the form

b

b 1
] . Since the area is > we know
C

that 1
IxXe—-bx0|=—=
[1xc | >
1

|C|—§

1

c=+—

Since (0, 1) — (b, ¢), one corner of the
rhombus will be given by the second
column (written as a coordinate). More-
over, since it is a rhombus, the distance
from (0, 0) to (b, ¢) is 1. Therefore

P+t =17

2

1

2 —
b +(2)

3
==
4
b= iﬁ
so that the required matrix is
V3
]
0 =*=
2

10 a We can assume that (1,0) — (a,c)
and (0, 1) — (b,d). Therefore, the
required matrix is

a b
c d|’
. . 1
The area of the original triangle is 5

Therefore the area of the image will
be given by,

Area of Image = |det B|] X Area of Region

1
=laxd-bxXc|x =
la ‘| >
1
zzlad — bc|

If a, b, ¢, d are all rational numbers

1
then so too is Elad — bc|.

We will assume that the triangle has
vertices 0(0,0), A(a, ¢) and B(b, d)
.Then the area of the triangle is

1
Elad —bc|. (1)

We will find another expression
for the area. Since the triangle is
equilateral,

OB = OA = Va? + ¢

24



Using Pythagoras’ Theorem, we can
show that
MB* + OM* = OB?
1 2
MB* + (EOA) = 0A?

1
MB? + —0A? = 0A?

4
MB? = §OA2
4
3
MB = 7‘/_0/4
B V3 Va2 + 2

2
Therefore, another expression for the
area is

1
A:EXOAxMB

1 3Va? + ¢?
Va2+c2><—\/_ 621 ¢

=—X
2
V3(a? + b?)
D — 2)
Equating equations (1) and (2) gives,
V3@ +b?) 1

) = Elad — bc|
2lad — bc|
V3 = 2ad = bd

a? + b?

Since a, b, ¢ and d are all rational
numbers, the right hand side of
the above expression is rational.
This contradicts the fact that V3 is
irrational.
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Solutions to Exercise 19H

1 Firstly, the matrix that will rotate the

plane by 90° clockwise is given by

cos(=90°) —sin(=90°)f [0 1
sin(=90°)  cos(=90°) | [-1 0}

Therefore the required transformation is
] [0 1][x=2] [2
= We check
F=15 ol =2l [
2
2
Yy
|—x+4

our answer by finding the image of the
point (2,1). Let x = 2 and y = 1 so that

BLZJiJ:B}

Therefore, (2,1) — (1,2), as expected

from the diagram shown below.
AN

)

+
[—x +2

(2,2)

2 Firstly, the matrix that rotates the plane

by 180° about the origin is

]

Therefore the required transformation is

X =1 0]fx+1 N -1
vy [0 —1f|ly-1 1
-x-1 -1

= +
-y+1 [1]

[x-2

|y +2)

We check our answer by finding the
image of the point (—1,0). Let x = -1
and y = 0 so that

-1

=1, |

X |=(=1)-2
y| | -0+2
Therefore, (—1,0) — (-1, 2), as

expected from the diagram shown
below.

N

(-1,2) | ¥

A\
(1,1)s 180
(2

—

A4

0—1:0) T

3 a Firstly, the matrix that reflects the

plane in the line y = x is given by

i

Therefore the required transformation

A

is )
Xl 101
y| (10

—y+1
| x

X
y+1

[0
~1

—y+1
[x—1
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We check our answer by finding the
image of the point (0,0). Let x =0
and y = 0 so that

|1

=141

-
yl
Therefore, (0,0) — (1,-1), as
expected from the diagram shown

0+1
0-1

below.
N

(0,0]] 2
N

N

(1, —1)

i

Firstly, the matrix that reflects the
plane in the line y = —x is given by

0 -1
-1 0|
Therefore the required transformation
s Xl [0 -1 x N 0
v -1 ofly+1] [-1
[—y -1 0
= -
RN
_|-t
Cex-1)
We check our answer by finding the

image of the point (0,0). Let x =0
and y = 0 so that

x| -0=-1| |-1

y| |-0-1] [-1|
Therefore, (0,0) — (-1, -1), as
expected from the diagram shown

below.

X \(0, 0)

» %

(L-1) [\

¢ We will translate the plane 1 unit

down so that we can then reflect the
plane in the line y = 0, that is, the
x-axis. We then return the plane to
its original position by translating the
plane 1 unit up.

Therefore, the required transforma-
tion is

HE AR

-y +1

X
-y +2
We check our answer by finding the
image of the point (0,0). Let x =0
and y = 0 so that

10

g

HE
y/
Therefore, (0,0) — (0,2), as

expected from the diagram shown
below.

0
-0+2

y/\
$(0,2)

y=1

(0,0) =,

T 4

d We will translate the plane 2 units
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right so that we can then reflect the
plane in the line x = 0, that is, the
y-axis. We then return the plane to its
original position by translating the
plane 2 units left.

Therefore, the required transforma-

tion is

e
y
e
y

(-1 0

x|
y] 10 1

x+2
y

iin
4] .

[o]

[cos® —sinf|[k 0][cos(—0) —sin(—6)
|sinf cosé@ |[0 1f]|sin(—=60) cos(—6)
_[cos® —sin@|[k O][ cos® sin@
B |sinf cos€ ||0 1[|-sinf cosé
B kcos? @ + sin” 6 kcos@sinf — cos@sind
B |k cos@sinf — cosfsiné ksin® 6 + cos? 6 '

We will rotate the plane clockwise by
angle 6, project the point (x, y) onto
the x-axis, then return the plane to its
original position by rotating by angle 6
anticlockwise.

Therefore, the required matrix will be

We check our answer by finding the
image of the point (0,0). Let x =0
and y = 0 so that

MR

Therefore, (0,0) — (—4,0), as
expected from the diagram shown
below.

N

Y

(—4,0) (0,0)

T =|—2

4 We will rotate the plane clockwise by
angle 6, dilate the point (x, y) by a factor
of k from the y-axis, then return the
plane to its original position by rotating
by angle 6 anticlockwise.

Therefore, the required matrix will be

[cos@ —sinf|[1 0][cos(—8) —sin(—6)
|sinf cos@ |[0 Of]|sin(—=0) cos(—6)
_|cos® —sin@][1 O][ cos® sin@
“|sin@ cosf ||0 Of[-sin® cos@
| cos?0  cos@sin@
B | cos fsin 6 sin” @

The transformation that reflects the
plane in the line y = x + 1 is given by,

=0 ol

[y -1 0
= -
ma
Vo
[x+ 1
If we then want to reflect the result in

the the line y = x we would multiply by
the reflection matrix

01

o]
This give a transformation whose rule is
X 10 Iff{y-1
[y’] - [1 0f|x+1
[x +1

y—1
This is corresponds to a translation

1 28
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Solutions to Technology-free questions

1 a Weletx=2andy = 3 so that the inverse transformation will have
(2,3) = (2x2+3,-2+2x3) = (7,4). matlnx U Td b
el |
b The matrix of the transformation is ad—bc|-c a
given by the coeflicients in the rule, B 1 2 -1
that i, S 2x2-1x(-D[1 2
[ 2 11 | i o
-2 “501 2
¢ The fastest way to find the image 2 1
of the unit square is to evaluate - ? 25
[ 2 1] [0 1 0 1] s 4
-1 2{{0 0 1 1 Therefore the rule of the in-
verse transformation is
_[02 by 21 1 2
0 -1 2 1 (x,)’)_> §X_§y7§x+§y
The columns then give the required
points:
(-1 0][3
0,0),(2,-1),(1,2),(3,1
(0.0, 2.~1).(1,2). 3. 1) 2a | 1”4]
The square is shown in
blue, and its image in red. b [1 0][3
7T 0 5/||4
3.
Y . [1 -3][3
1 0 1[4
1 0]|3
d
o olls

T
i . [cos30 —sin30
|sin30  cos 30
. . . (V31
Since the original area is 1, the > 73
area of the image will be Area = 11 V3
lad —bc| = 2%x2-1x(-1)=5 [ > o
d Since the matrix of this linear ¢ 0 1]|3
transformation is 1 0|4
2 1
A=
5ol
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3 a Since

3
tan6:3:T,

we draw a right angled triangle
with opposite and adjacent lengths
5 and 1 respectively. Pythagoras’
Theorem gives the hypotenuse as

V32 + 12 = V10. Therefore

1 3
cos) = —— and sinf = ——.
V10 V10
We then use the double angle
formulas to show that

cos 20 =2 cos* 6 — 1

(]

sin 20 =2 sin 6 cos 0
1 3

I
V10 V10
3

5
Therefore the required matrix is

4
cos20 sin20 | |75
sin20 —cos26| §

5

| | W

The image of the point (2,4) can be
found by evaluating,
(-4 31121 _114
503 4]l4] 5|22|
4 22
Therefore, (2,4) — (5’ ?)

The matrix that will reflect the plane
in the x-axis is given by

b A

The matrix that will reflect the plane
in the line y = —x is given by

5o

Therefore the matrix of the
composition transformation is

[—01 ‘JH?) —01]:[—01 (1)]

The matrix that will rotate the plane

by 90° anticlockwise is given by
cos90° —sin90°| |0 -1
sin90°  cos90° | [1 0]

The dilation matrix by a factor of 2
from the x-axis is given by

s 3l

Therefore the matrix of the
composition transformation is

1 0[|0 -1] [0 -1

0 2[[1 0of |2 O]
The matrix that will reflect the plane
in the line y = x is given by

i

The matrix that will skew the result
by a factor of 2 from the x-axis is

B

Therefore the matrix of the

given by

composition transformation is
L 00 11 |0 1
2 1f{1 o] [1 2|
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7 a

X (1 0 f]x N -3
y| o -1y 4
_Ex N -3
_>—y A
[ x-3
|-y +4

Therefore the transformation is
(x,y) = (x = 3,-y +4).

IR
=8

Therefore the transformation is
(x,y) > (x=3,-y—4).

The required matrix is

ol

The inverse transformation will have
matrix

1 d -b
Al =
ad — bc [—c a]
~ 1 1 0
CIx1-0xk|-k 1
1 0
-k 1

- [_lk ‘1)]

This matrix will shear each point in

|
1

the y-direction by a factor of —k.

The unit square is shown in red, and 8
its image in blue.

L.
>

,1 4
The determinant of this linear

transformation is
detB=2Xx1-1x(-1)=2+1=3.

The unit square has area 1 square

unit, so to find the area of its image

we evaluate:

Area of Image = |det B| X Area of Region

=3x1

= 3 square units.

The unit square is shown in red, and
its image in blue.

y
A

d /\
T > X

I

1 2 3

~14

2
The determinant of this linear

transformation is
detB=2x(-2)—1x1=-4-1=-5.

The unit square has area 1 square

unit, so to find the area of its image

we evaluate:

Area of Image = |det B| X Area of Region

=|-5|x1

= 5 square units.

We do this is a sequence of three
steps:
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m translate the plane so that the Let x =2 and y = —1 so that

origin is the centre of rotation. [X'] _| ] Therefore
A I P
m rotate the plane about the origin by e
90° anticlockwise. _|==D
[2-2
m translate the plane back to its 1
original position. - 0]
(2,-1) = (1,0).
Firstly the rotation matrix is
cos90° —sin90°] [0 -1 c f[’h('a unit sqfuare lis show'n 1n' rc?d,balnd
sin90°  cos 90° =11 0 1ts 1mage after the rotation 1s 1n blue.

Therefore, the overall transformation

R (R
o Y| S
- _xy—_ll] —11]
- x_—yz]

b To find the image of the point (2, —1).
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Solutions to multiple-choice questions

1 B The point (2, —1) maps to the point

2

3

4

(2x2-3x%(-1),-2+4x(-1)) = (7,-6).

The required transformation is

(x,y) = (-y, —x), which corresponds

to matrix

0 -1

-1 0|
The matrix that will dilate the plane
by a factor of 2 from the y-axis is

o

The matrix that will reflect the result

given by

in the x-axis is given by

1 0
b 5
Therefore the matrix of the
composition transformation is

R P

The location of the negative entry
suggests that this should be a
reflection matrix. Indeed, if 8 = 30°
then,

cos 26

| sin 260

sin 26
—cos26

[cos60°  sin 60°
| sin 60°  —cos 60°

V3

1
= 2 2

V31
L2 2 o
This corresponds to a reflection in
the line y = xtan 30°.

5 C Firstly, matrix that will rotate the

plane by 90° anticlockwise is given

6 A

7 D

by

c0s90° —sin90° B 0 -1
sin90°  ¢cos90° | |1 0|

Therefore, the required transforma-

|5

tion is given by

MR

_70 —1{[{x+2
|t o]|y-3
|-y +3
| x+2

Therefore the transformation is
(x,y) = (=y+3,x+2).

Note that this matrix equal to the

b oo 4

This corresponds to a rotation by

product:

180° (or, equivalently, a reflection
through the origin) followed by a
dilation by a factor of 2 from the
x-axis.

Note that this matrix corresponds
to a reflection in both the x and

y axes. So we draw the graph of

y = (x — 1)?, then reflect this in
each axis. Alternatively, you can
show that the transformed graph has
equation y = —(x + 1)2.

We simply need to find the matrix
that has a determinant of 2. Only the
last matrix has this property.

Matrix R is a rotation matrix of 40°.
Therefore, matrix R" is a rotation
matrix of 40m°. Since a rotation by
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any multiple of 360° corresponds to
the identity matrix, we need to find
the smallest value of m such that

40m is a multiple of 360°. Therefore,
m=9.
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Solutions to extended-response questions

1 a The required rotation matrix is

1 |
cos45° —sin45°| % _@
sin45° cos45° | [ 1 1 |

V2 V2
b The required rotation matrix is

V31

cos30° —sin30° > 75
—| 2 21
sin30°  cos30° 1 V3

2 2

¢ A 45° rotation followed by a 30° rotation will give a 75° rotation. Therefore, the
required matrix is

Vi 1l 17 [-1+V3 1+43
2 20 v2 V2 .| 2V2 22
1 V3| L b 1+V3 -1+ V3|
: 2 vl 5w v

d The rotation matrix of 75° is also given by the expression
cos75° —sin75°
sin75°  cos75°

Comparing the entries of these two matrices gives

. —1+V3 —-V2++6
cos75° = = ,
2V2 4
e 1+ V3 V2446
sin75% = = .
2V2 4
2a y The triangle is shown in blue and its image in red.
A
646
5-
4-
3-
4
1-
0
o 1 37"
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b

The area of the original triangle is
bh 2x2
2 2
Therefore the area of the image will be given by,

2.

Area of Image = |det B| X Area of Region
=[1x3-0x2[x2
1

=3X =
2

= 6 square units.

When the red figure is revolved around the y-axis, we obtain a figure that is the
compound of two cones. The upper cone has base radius r; = 2 and height 7, = 2.
The lower cone has base radius r = 2 and height 4 = 4. Therefore the total volume

will be
V= gnrfhl + g]‘[?‘%hz
1>< 22><2+1>< 22 x4
=—X - X7
3 3

= 8 cubic units.

The matrix of the transformation is obtained by reading off the coefficients in the
rule for the linear transformation. That is,

11
0 1|
This transformation is a shear by a factor of 1 in the x direction.
The image of the points can be found in one step by evaluating,
I 1]]10 1 -1f (0 2 0
0 1jj0 1 1] [0 1 1]
The columns then give the required points:
(0,0),(2, 1), (0, ).

The image will be a sheared parabola, shown in red. The original parabola is shown
in blue.
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y

/
-1,1) 1 1,1 (2,1

T T I>x
-1 0 1 2

4 a The matrix of the transformation is

1 1
cos45° —sin45°| 6 _$
sin45°  cos45° ] R
V2 V2
To find the image of the point (1, 1) we multiply,
1 1
V2 V2 1 _ 0
¥Rl
V2 V2

Therefore (1, 1) — (0, V2). Since this matrix will rotate the square by 45°
anticlockwise, the four points must be:

0, V2),(V2,0), (0, — V2), (- V2,0).

b The square and its rotated image are shown below.

v
\
N2)

A
.

N

(0.+2)

¢ The area of the shape can be found in many ways. We will find the coordinates of
point A shown the in the above diagram. Point A is the intersection of the lines

y=landx+y= V2.

Solving this pair of equations gives x = V2 — 1 and y = 1 so that the required point
is A(V2 — 1, 1). The area of the figure is the sum of one square and four triangles,
one of which is indicated in red below.
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> <

(0,\2)

(_\/55 0 0 0)
T 0 o

—

—_—

(0,F42)
Sinceb%oint A has coordinates ( V2 - 1, 1), the area of each triangle is
=7
_2V2-2)(V2-1)
2
=3-2V2.

Therefore, the total area willbe A =1+4x (3 -2 \/5)
=13-8V2 square units.

5a i Rot(®Rot(¢)

_[cos® —sin@][cosp —sing
_>sin0 cosf [[sing cos¢

[cos @ cos ¢ —sinfsing —(sinfcos ¢ + cos @ sin 6)
|sinfcos¢ + cosfsinf  cosfcos¢d —sinfsin ¢

[cos(0+ ¢) —sin(@ + @)
| sin(0 + ¢)  cos(0 + ¢)

=Rot(0 + ¢)




i Ref(§)Ref(¢)

_[cos26 sin26 |[cos2¢  sin2¢
B | sinf@ —cosf|[sin2¢ —cos2¢

[cos 26 cos 2¢ + sin20sin2¢  —(sin 26 cos 2¢ — cos 26 sin 26)
| sin 26 cos 2¢ — cos 260sin20  cos 260 cos 2¢ + sin 260 sin 2¢

[cos(20 — 2¢) —sin(26 — 2¢)
| sin(26 — 2¢)  cos(26 — 2¢)
_[cos(2(6 - ¢)) —sin(2(6 - ¢))

sin(2(6 — ¢))  cos(2(6 — ¢))
=Rot(2(6 - ¢))

iii  Rot(6)Ref(p)

_[cos® —sin@][cos2¢ sin2¢
|sin® cos@ |[sin2¢ —cos2¢

[cos B cos2¢ —sinfsin2¢  sin6cos 2¢ + cos O sin 26
| sinfcos2¢ + cos@sin20  —(cos 6 cos 2¢ — sin 6 sin 2¢)

[cos(6 +2¢)  sin(@ + 2¢)
| sin(0 + 2¢) —cos(6 + 2¢)

_[cos(2(¢ +6/2))  sin(2(¢ + 6/2))
~ |sinQ2(¢ + 6/2)) - cos(2(¢ + 6/2))

=Ref(¢ + 0/2)

iv  Ref(6)Rot(¢)
_[cos2¢  sin2¢ |[cos® —sin6
B |sin2¢ —cos2¢|[sinf cosf

[cos 260 cos ¢ + sin20sing  sin26 cos ¢ — cos 20 sin O
| sin 260 cos ¢ — cos 26sinf  —(cos 26 cos ¢ + sin 26 sin ¢)

_[cos(20 - ¢)  sin(20 — ¢)
~|sin@20 - ¢) —cos(260 - ¢)

_[cos2@-¢/2))  sin(2(6 - ¢/2))
~[sin2(6 - ¢/2))  —cos(2(6 - ¢/2))

=Ref(6 — ¢/2)
b 1 The composition of two rotation is a rotation.

ii The composition of a two reflections is a rotation.



iii The composition of a reflection followed by a rotation is a reflection.

iv The composition of a rotation followed by a reflection is a reflection.
¢ Evaluating from left to right we have,

Rot(60°)Ref(60°)Ref(60°)Rot(60°)

= (Rot(60”)Ref(60°)) Ref(60°)Rot(60°)

=Ref(60° + 30°)Ref(60°)Rot(60°)

=Ref(60°)Ref(60°)Rot(60°)

= (Ref(60°)Ref(60°)) Rot(60°)

=Rot(2(90° — 60°))Rot(60°)

=Rot(60°)Rot(60°)

=Rot(120°)

[cos 120°  —sin 120°
| sin 120°  cos 120°

1 V3
| 2 2
RER
L 2 2
6 a Since .
tanf = —,
an >

we draw a right angled triangle with opposite and adjacent lengths 1 and 2
respectively. Pythagoras’ Theorem gives the hypotenuse as V5.

V5

1
[
2
Therefore,
2 . 1
cosd = — and sinf = —.
V5
We then use the double angle formulas to show that
2\’ 8 3
cos20=2cos’—-1=2—| -1==-1=7Z,
\V5 5 5
1 2 4
sin26 = 2sinfcosf =2—— = —.
V55 5



Therefore the required matrix is

3 4
cos26 sin20 | |5 3
sin20 —cos26| |4 3|
5 5
b The image of the point A(-3, 1) is found be evaluating the matrix product,
3 4
T 5 ||-3 -1
5 5 —
N
5 5

Therefore, the required point is A’(—1, —3).
¢ Using the distance formula we find that
AB= (2= x)? + (52— 1)
= VI - (D2 + G- (-3)
= V22 +62

d Theliney = g is the perpendicular bisects of line AA’. Therefore, CA = CA’, so that
triangle ACA’ is isosceles.

e Referring to the diagram below we have:
AD + DB =A'D + DB (triangle ADA’ is isosceles)
> A’B (the side length of a triangle is always less than the sum of the other two)
=A'C+CB
=AC + CB (triangle ACA’ is isosceles)
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B(1,3)

A(—3,1)

A(~1,-3)

f The above calculation show that AC + CB is the shortest distance from A to B via the
line. Therefore the shortest distance is

AC+CB=A'C+CB=AB=2V10.

7 a The rectangle is shown below.

Y a,b
(a.b) (a,b)

X

(0’ O) (a, 0)

b The rotated rectangle is shown below.

y
C

(0,0)

We apply the rotation matrix to the coordinate of the original rectangle to find the
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following co-ordinates:
A(acos@,asinb),

B(-bsin0,bcos6),

C(acosd—bsin6,asin6 + bcosb).

¢ The rectangle described is shown in red in the diagram below.

y

0 X

Using coordinates A, B and C found in the previous question, we can find the area of
the triangle. It’s width is equal to

acos@ + bsinb,

and its height is equal to
asinf + bcos 6.

Therefore, its area is
A = (acosO+ bsinf)(asinb + bcos0)

= 4’ cos 0sin @ + ab cos® @ + ab sin® 6 + b* cos fsin 6
= (a2 + bz) cosf@sin@ + ab(cos2 0 + sin® 0)

= (a® + b*) cos sin @ + ab(cos> 6 + sin” 6)

= (a* + b*) cos Osin 6 + ab

2 b2
= % sin 20 + ab

d For 0 between 0 and 90°, the maximum value of sin 26 occurs when 8 = g
Therefore, the maximum area will be
2 + b2
A= % + ab as required.
_(a*+2ab+b?)
B 2
_(a+Db)?
= 5

: . . . : 1 :
8 a Line L, is perpendicular to the line y = mx and so has gradient ——. Moreover, it
m
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goes through the point (1, 0). Therefore, its equation can be easily found:

y=0=-—(x-1)
m

X 1
y=—-——+—-
m m
3 1 X
m om .
. . .. . X .
To find where the line intersects the unit circle, we substitute y = — — — into the
m m

equation for the circle, x> + y> = 1 and solve. This gives,
X+ y2 =1

) (1 x)2
FH[—-=] =1
m m

1 2x  x°
2 —
X~ + % - ﬁ + ﬁ =1
m’x> +1-2x+x>=m’
(m* + Dx*> = 2x + (1 - m*) = 0.
Since we already know that (x — 1) is a factor of this polynomial, we can find the

other factor by inspection. This gives,

(x — 1)((m2 +Dhx-( —mz)) =0

so that
1 —m?
x=1lorx= .
1 + m?
Substituting x = o2 into the equation of the line gives
m
I x
y=—=-—
m m
1 1-m

m m(l +m?)

1+ m? 1 —m?
T m(l+m?d) m(l +m?)
N 2m?
~om(1 + m?)

2m

+ m?
Therefore the other point of intersection is

1—-m® 2m
1+m2 1+m?)]

1
b Line L, is perpendicular to the line y = mx and so has gradient ——. Moreover, it

goes through the point (0, 1). Therefore, its equation can be easily found:
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. . .. . X .
To find where the line intersects the unit circle, we substitute y = 1 — — into the
m

equation for the circle, x*> + y> = 1 and solve. This gives,

P4yt =1
2
f+@—f):1
m
2 2
x2+1——x+x—2:1
m - m

m*x* + m? = 2mx + x> = m*

(1 + m*)x*> = 2mx = 0.
We factorise this expression to give
x((1+mPx—2m) =0

so that
2m

1 +m?

x=0orx=

into the equation of the line gives

2m
Substituting x =
u uting x o2

y=1-2
m

2m
m(1 + m?)

2
- —=

(1 +m?)
1 +m? 2
1+m?  (1+m?)

m?> =1
2
Therefore the other point of intersection is

2m m?: -1
1+m?2 1 +m?)
¢ When reflected in the line y = mux, the point (1, 0) maps to

1-m?* 2m
1+m? 1 +m?

2m m?: -1
1+m?2 1+m?)]

while the point (0, 1) maps to




We write these points as the columns of a matrix to give,
1-m?> 2m

14+m?2 14+m?
2m m*—1|

14+m?2 14+m?
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Chapter 20 - Vectors

Solutions to Exercise 20A

1 2--1 -3
1 a [5] is the vector “1 across to the right 3 v = [_10 B 5] = [15]

and 5 up.”

c [_;] is the vector 1 across to the left

and 2 down.”

2

a=3,b=-15

-2-0] -2
—> 3-1 [2
AB = =
b 0--2] »2]
— 2-3 [—1
¢ BC = _3-0] = __3]
—> —  |=2
d C0=—0C=[3]

Y]
i o
S}
+
S
Il

-|25)-[9)

PN



. a+ b is parallel to c.

b ¥
A
2 4
_04‘7" x
_3-
(¢ ¥
1 4
D7u.r
—4
d ¥
|
ﬂ X
-4
e ¥

7 a ¥
A
1_4
0| i
b »

AN

8 From the graphs above it can be seen
that a and c are parallel.




o=l

d ABCD is a parallelogram.

10m3+n2_3m+2n
-3 4| |-3m 4n
~ [ 3m +2n] B [—19]
-3m +4n 61 12 a
3m+2n=-19

6bm+4n=-38 Q@
—3m +4n = 61 ®
O-@:
9m = -99
m=-11
-33+2n=-19
2n=-19+33
=14

n=17 13

—

—_— —
11 a i MD=MA+AD

—1ﬂ+b
2

ii A—/[T)V:m+zﬁ)+5f>v
1— 1—
:EBA+b+§DN
1— 1—
:—EAB+b+§DC
1 1

:—§a+b+§a

=b

— -
MN = AD
(both are equal to b)

e
CB=CA+AB
=-b+a=a->b
—_— = —
MN = MA + AN

1 1
= —§a+ Eb

1
= E(b —-a)

% . H .
MN is half the length of CB, is
parallel to CB and in the opposite
direction to CB.

I
S

slosl
S|

The regular hexagon can be divided
into equilateral triangles, showing
that

— —

BE =2AF =2a.

|

—

Likewise, FC = 2AB = 2b

—

e
FA=-AF = -a

- —

g
FB=FA+AB

=—-a+b=b-a



—

AB = %(b -a)

(a +2b)

1

9

(a +2b)

—
—

1

3
(a +2b)

OA + AP
_X_

3

(a—>b)+
PO+0OR=u+v
u+v+w

—
—

1
1

3

_2
3

—_—
AP

C

)
Q

Q
<

<
53

K
R

OoP
_—)
a PR

—

b OS =0R+RS =v+w

16
17

=b-a
b—a
b -a)

=-a+b+2a
a+b
—-a+b
A

AB = -BA

14
15



Ql
[OSH N} DJ(ILI\)
<|

—_
<
|
| =
<
~——

(SN S
<
|
W =
<

|
!

3l
I
)
Q
+
Q
~

2 2—
= §(u +v) = §0B
Since OP is parallel to OB and they
share a common point O, OP must be
on the line OB. Hence P is on 59)

Using the result from part d,
OP:PB=2:1.



Solutions to Exercise 20B

H
1 AB=Gi-5)-(@+2)

=3i-5i—i-2j
=2i—7j
2 4 P
o E
—_— = —
a OP=0A+AP
= 5i + 6
—_ s =
b AB=AO+ OB
= —5i + 6
H
¢ BA=-AB
=5i—-6

3 a |5=V52=5
b |[-2jl = V(-2)*=2
¢ [3i+4j]= V32+42
=V9+16=5

d [=5i+12j] = \(=5)2 + 122
= V25 + 144 = 13

u—-v=~Ti+8)—-2i—-4%)
=Ti+8& —-2i+4
=5+ 12

lu —v| =15i + 12|
= V25 + 144
=13

xu +yv = x(7i + &) + y(2i — 4)
=T7xi + 8x + 2yi — 4yj
= 44j

Tx+2y=0

14x + 4y = 0

8x —4y =440

O+0:

22x =44
x=2
Tx2+2y=0
2y =-14
y=-17



—_ s =

AB=AO + OB
—_— =
=—-0A + OB

= —10i + (4i + 5j)

=—6i + 6
— 1=
AM = -AB

2
5
:—3i+§j

—_— = —
OM = OA + AM

5
=7l+§]'
P 4
ey
O\Q
— 1=
a i OM:§0P
2,
=—1
5
_— ) > —
i MQO=MO+0Q
— —
=-0OM + OQ
2_+
= ——1
5 J
—s 1
1ii MN:EMQ
= 2i+
6\ 5 ™/
1,+1,
= ——7 —
157§

—_— = —
iv ON =OM + MN
2,+ 1 N
= —1 _
5 15i
1 1

_LoL
3T

_ = =
v OA=0P+PA
=2i+j

1,
Y

Since ON is parallel to OA and
they share a common point O, ON
must be on the line OA. Hence N

is on OA.
ii 1:5
— 1 ) .
7 OA:[3 =i+3
— 5 .
OB:[_1]=51—J
— —_— —
AB=-0A+ OB
=—i—-3+5i—j
=4i -4
AB| = 42+ (-4
= V16 + 16

= V32 = 42 units



8 a 2i+3f=20i+2k 0 4 ﬁ_[s—zl

2=2 =3
|
-2
2k =3 ‘ -
k_§ =3i-2%
2 b |AB| = V3 + (-2)2
b x-1=5 _oTa
=6
' - VI3
y=x-4
= —>
10 a AB=i+4j—3i
¢ x+y=6 O = 2i+4j
x—-y=0 ® .
b AC=-3i+j-3i
O+@:
=—6i +j
2x=6
—_ > —
x=3 ¢ BC=AC-AB
3+y=6 =—6i +j — (—2i + 4))
y=3 =—4i-3j
Y 2 2
d k=3+2I IBC| = (=4)* + (=3)
k=-2-1 = V16 +9
3+2l=-2-1 =5
3[=-5
5 11 a LetD = (a,b).
]=-= — .
3 AB=-5i+3j
5 -3 . .
k:_2__§ CD=(a+1)i+1b
5 a+1=-5
=-2+=
3 a=-6
3 Dis (=6,3)



b Let F = (c,d).
—
BC = —i - 4j

AF = (c—5)i+(d - 1)

c—5=-1

= 10j
Cis (0, 10)

1350

4 D

15

i —5i+4j

iii i+7

<
2>
S
I
or
9

=AD + OA
=6i+3+2i—j
=8i+2
Dis (8,2).
H
a OP=12i+Y
—_— — —>
PQ=0Q-0P
=18i+13j - 12i -5
=60+ 8
— —
b |RQ| = |0P|
= V122 4+ 52
=13
— —>
|OR| = |PQ|
= V62 + 8
=10
_)
a 1 |AB|=12i-3j|

= V22452 =129



—) . .
ii |BC|=[10i + 4j]
= V10?2 + 42

= V116 =229

ﬁ . o
iii |CA| =[12i —j|

= V122 + 12 = V145

b AB>+BC?*>=29+116

=145 = AC?
.. ABC is aright-angled triangle.

H . .
iii CA=-3i+j

= V10
i BC|= V&2+22
=v20=2V5
i |CAl= V32412
= V10
c AB =CA
= V10
AB*> +CA®> =10+ 10
=20 = BC?
.. ABC is an isosceles right-angled
triangle.
H
17 a i OA=-3i+2
H
ii OB=71j

18 a a=3i+4
la) = V32 + 42
=5

1
a = (i +4))

b b=3i-j
bl = V3% + (=1)?
= V10
A 1
b=——=@3i—j
vm(’”
c c=-i+j
lel = V(=1)2 + 12
=V2
6—L(—i+')
= \/E J
d d=i—-j
ﬁ—;La—)
= \/z J

10



f f=6i—4
Ifl = V6% + (—4)?
= V52
=213
. 1
R PP
f 2\/B(l )
1
_ Lo
\/ﬁ(l J))

11



Solutions to Exercise 20C

1 Leta=i—4j,b=2i+3jandc = -2i—2j b a-b=5x%x6cos135°

1
aa-a=17 =30Xx ———
V2
bb-b=13 =-15V2
cc-c=8
4 a
da-b=-10 (a@a+2b)-(@a+3b)=a-a+4a-b+4(b-b)

_ 2 . 2
ea-b+o)=>10-4) (G)=-4 = la|” + 4a - b + 4|b|

b
f (@a+b)-(a+c) la +b® — la— b
=a-ata-c+b-a+b-c =(@+b)-@+b)+(@—b) (a—b)
=17+6-10-10 —(@-a+2a-b+b-b)—(a-a—-2a-b+b-b)
=3 =4a-b
ga+2b=5+2 c
3c-b=-8i-9 a-(a+b)-ba+b=a-a+a-b-a-b+b-a
s (@+2b)-(3c—b)=-58
= lal* - b’
Chi i p s s W d
2 Leta=2i—-j,b=3i-2andec=—-i+3 a-@+by-a-b _laP+a-b-a-b
aa-a=>5 al al
= lal
b b-b=13
cab=8 5a AB=-2i-2j—i+3
dac=-5 =3ty
H
e a-(@+b)=13 b [AB| = V9 + 1= VI0
— —
¢ a-AB=la||AB|cosf
3 la|=5and|b| =6
la| and [b| s —4=V10x2V2cos6
a a-b=5x6cos45° o8l = — 4
1 h 220
=30Xx —
V2 5.0=116.57°
=15V2

12



— e
CD=-c+d 8 a AP=A0+OP
Let 6 be the angle between ¢ and d =—-4i-4+qQi+5)
¢-d=|c||d|cost =g - 1Di+(5q -4y
4
s.cosf = —— b
X7 —_ =
Using the cosine rule. AP-0OB=0
—
ICDP* =5+ 7> =2 x5x7cos@ = (2 - i+ (5¢ —4)) - Qi +5) =0
4 »
=25+49-2x5xTx = =49-2+25¢-20=0
= 29g-22=0
= 66
R o2
-.|ICD| = V66 AT

0P = gb = 22i + 5
a (i+2))- (5i+xj)=—6 ¢ OF=qb="g@i+3)

44 110
5+2x=-6 i B
Cooordinates of P are (29, 5 )
2x = -11
11 1 . P
x:—j 9 a (l+2_])-(l—4])=\/§><\/ﬁCOSQ
b (xi+7j)- (<4 + xj) = 10 =7 = V85cos6
—dx +7x = 10 cos = ——"
3x=10 V85
10 6 = 139.40
x:?
b —2i+j)-(=2i—2j) = V5% V8cosd
c (xi+j) - (2i-3j)=x
( 7 (_ J) 2 = V40 cos®
—2x-3=x
-3 =3x cosf = ——
N
T 6 =71.57°
d x2i+3j)-I+xj)=06 o )
x2+3%) =6 ¢ 2i—j) (4i= V5 x 4 cos 6
2x+3x> =6 8 =4V5c0s6
5
-2+ 76 \
Xx=—F 0 =26.57°

13



d 7i+j)- (=i +i)+ = V50 x V2cos6
—6=10cos @

080 =——
cos 5

0 =126.87°

10 a - b = |a|||b| cos O
If @ and a are non-zero vectors, then
a-b=0scosf=0

— = —
11 a OM = OA +AM

1
=a-+ E(b - a)
1
= E(a + b)
2
— —
b a-OM = |a|OM|cos(LAOM)
3
cos(LAOM) = —2
V2x3
S LAOM = 45°

—_— — - —
¢ MB-MO =|MB|MO|cos(/.BMO)
3

cos(/BMO) = 4
V5 s
_ A X =
2 2
cos(ZBMO) = —L
V5

/BMO = 116.57°

12 a

— =
ii ON =0A+ AN

OM - ON =

—>

—
ON||OM|cos(£LMON)

27
cos(/MON) = —*
X

SIS
4
~

cos(LMON) = —
V5
/BMO =27.41°
—_— — —_— —
OM - OC = |OM||OC|cos(£LMOC)

cos(LMOC) =

(9]

VA0

E X
9
cos(/MOC) = ——

5410
/BMO = 55.30°

14



Solutions to Exercise 20D

1 ala=V1I+9=+VIO0
1
sLa=—(>U+3))
V10

b b= Vi+4=1+8=2V2

1 1
La=——=Q2i+72)=—(0+))

22 V2

—_ 5 =
cc=AB=A0+0B=i—j

1
Le=—=>U-))

V2

1
2a ia=Gi+4)
ii b= V2

2
b%ﬁmg)
A S
3 a la:§(3l+4j)

VO I
ii b= E(Sl + 12))

— — .
b Let OA’ =aand OB’ =b

Then AA’OB’ is isosceles. Therefore
the angle bisector of ZAOB passes

through the midpoint of A’B’.
Let M be the midpoint of A’B’
Then

— 1 A

oM = 5(& +b)

| N .
= 5(5(31 + 45) + E(Sl + 12)))

8
= @i+ )

1
- (4i+Tj
\/E(l-i_ J)

=)
V]

a=i+3,b=i-4

a-b 1-12
b-bb_ 17

11
_ M
17(1 )

i—-4)

a=i-3,b=i-4j

-b 1+12
-bb_ 17

(i —4)

SR

13 . .
= =i~ 4)

The vector resolute is b

a-b 2

@ " _ “W

b 1
ac_3-2_ 1
el V55
a-b_2v3

lal \V7
b~c_—1—4\/§
lc| V17

a=u+wwhereu =2iandw = j

a=u+wwhereu =2i+2jand
w=i—-j

a=u+wwhereu =0andw =—-i+j

b
-b

S}

b =20 +Jj)

S

_ _ b LetOC =23 +j)
..the unit vector in the direction of OM is:

|

OC is the vector resolute of a in the
direction of b

—_—> . . —>
.. CA 1s a vector perpendiculr to OB

15



—_ = =
CA=CO+0A Therefore

=-=20+))+@+3))

=—i+j

1
the unit vector is —(—i +j)
V2

a

-b

8 a —b>b=

b

-b

a-b

b a— ——

SUBSIIN

o

b-b

=a=1

3
5=J)
PR
b=4i+j—-=(-j)
2
1
:5(8i+2j—3i+3j)

1
= 5 (5i + )

+72j

b=2i+j

=c=2i-3

—
i AB=

—_— =
AO + OB
—1—-2+2i+j
i—j

= —i—2+2i-3
—i-5

The vector resolute =

The shortest distance is the height of
triangle ABC wherethe base is taken
as AC

Therefore height= |13—3(10i +2j)| =

1
— V104
13

The area of the triangle

:%X%\/104X V26

16



Solutions to Exercise 20E

= 4= 2 6
1 a i ORngP ZaAP:§ABandCQ:§CB.
—_— = —
4 OP = OA + AP
= gp
— 2—
= 0A + -AB
— 3
ii RP=-0P )
=a+=(b-
| a 3( a)
=3P 1 2
5 - z
= 3a+ 3b
p—(>) - _ — = —
mrY=-p 0Q =0C +CQ
1
iv fTS) = gP—Q) = O—C)‘ + gCTB)
1 6
= g(q -Dp) = ka + §(b — ka)
— = — k 6
v RS =RP + PS = za+zb
1 1
= gp + g(q -p) b i1 OPQ is astraight
1 line if OP = nOQ.
= — 1 2 k 6
5q ga + gb = n(ia + 71))
b They are parallel (and OQ = 5RS). nk 6n
= 70 + 7b
¢ A trapezium (one pair of parallel 2 6n
lines). 3 = -
) . . 14 7
d The area of triangle POQ is 25 times n= 2 = _
the area of PRS = 125 cm®. 8 9
area of ORSQ =125 -5 1a+%b:25a+§b
5 3 3 9\7 7
=120 cm K X 2b
= —a —_
9 3
k1
9 3
k=73



C

il From part i

— T—
OP = -00
9
7
:§(OP+PQ)
7 7
- _OP+ ~P
gOP + 3P0
2 7
Z0oP= =P
9 9 0
20P = 7PQ
or _17
PO 2

—_— = =
BC = BO + OC
=—-b+ka
=3a — b,since k =3
- = =
PR = PO + OR
1 2 7

:—ga—§b+§a

-0.75i - 1.255

— = —

OF = OA + AE
=3i+35+0.75 - 1.2
=3.75i + 2.25

—
ii AD =2i-0.5 - (3i +3.3)
= —i—4f

St

= —qi —4qj

—_— = =

OD = 0X + 0D

—_— = =

0OX =0D - XD

=2i=0.5 - (-qi — 4q))
=(q+2)i+(4qg—-0.5)

18



¢ (g+2)i+(4g-05)y=

4 4
15p
+2=—
1 4
49+8=15p @
9
49-05=2L o
4
51
O-®: 85=2L
4
_85x4
P=735
2
-3
15p
+2=—
1 4
10 5
42
1
)
_)
a PQO=q-p
_— —
=PM+MQ
— [
MQ ==PM
a
— = [
. PO = PM +=PM
a
- " Ppy
a
— a —
PM = P
a+p
_)
OM = OP + PM
a
=p +ba(q—p)
a+p
Ca+ a+b(q_m
a+p—-a a
= p+ q
a+p a+p
_Pptaq
a+p

o &
It can be seen from the parallelo-
gram formed by adding @ and b
that a + b will lie on the bisector
of angle POQ.

Hence any multiple, A(a + b), will
also lie on this bisector.

ii Ifp = ka and q = [b, then
on = PPt
a+p

_ Pka + alb

an+
If M is the bisector of ZPOQ,

OM = Aa + b

coal =Bk
Divide both sides by SI:
k

(04
B 1

5 Let OABC be a rhombus.

— —
Let OA =aand OC =¢
We note that |a| = |c|

H
a 1 AB=c
—_— = —
ii OB=0OA+AB=a+c¢

b OB-AC=(@+c)-(—a+c)

—-a-a+c-c
= —lal* + |

=0

19



—_ =
R c s u=OR+RU
— =
¥ =OR + ERS
O T — 1=
=OR + EOT
H
a 5= OS =r+ —t
—_— =
= OR+RS 1
u+v=1+=t+=(5+1%¢)
—_— = 2 2
= OR+ 0T 1
—ra4t :§(s+2r+2t)
Ly .y 2u+2v=5+2r+2t
b ST =0T-0S§ Add the two expressions for 2u + 2v:
=t—s du +4v = 3s + 3r + 3t
y = a} =3+r+t)
— —
=0S +SV
— 1= . . S
=08 +=ST 7 Required to prove that if the midpoints
2 . ) ..
1 of the sides of a quadrilateral are joined
=5- E(t - ) then a parallelogram if formed.
1
= —(s+t
S+
¢ Similarly:
—
u=0U
— -
=0S +SU
— 11—
=0S + =SR
2
1
=5- E(r L)) C
1 ABCD is a quadrilateral. P, Q, R and S
S E(S +7r) are the midpoints of the sides AB, BC,

CD and DA respectively.

1 1
, u+v:§(s+r)+§(s+t)

1
=—-2s+r+t
F@s+r+0)

2u+22v=2s +r+t
We may also express u as

20



— 1
AS = ZAD
2
- 11—
AP = -AB
2
— = —
SP=AP-AS
l— 11—
= -AB—- -AD
2 2
1 - —
= —(AB-AD)
2
- o3
2
— 11—
.SP:EDB
Similarly,
— 1=
CR=-CD
2
— 1=
CQZECB
_— = =
RO =RC+CQ
- 1ck-lep
) 2
1 - —
ZE(CB—CD)2
11—
=-DB
2
— 11—
.‘.RQ:EDB
H

Thus S_P) = RQ meaning SP || RQ and
SP =RQ
Hence PQORS is a parallelogram.

8 Consider the square OACB.
— —
Let OA=aand OB =b
They are of equal magnitude. That is,
lal= 1.
The diagonals area + b anda — b
la +b* = (@ +b)-(a+b)
=a-a+2a-b+b-b

2, 2
= lal” + 1b|

la—b*=(@-b)-(@a-b) The
=a-a—-2a-b+b-b
= lal® + b
diagonals are of equal length R
Let M be the midpoint of diagonal OC.

— 1— 1
Then OM = EOC = E(a +b).
Let N be the midpoint of diagonal BA.
— — 1 1
Then ON = OB + E(a -b) = E(a + b).
Therefore M = N. The diagonals bisect
each other

Required to prove that the diagonals of a
parallelogram bisect each other.
A

| -
| 8

-
Y,
-

/
o
- N
[~ AN

D C
ABCD is a parallelogram.

H
LetAD =a

_)
LetAB=b»
Let M be the midpoint of AC.

AC=b+a

— 1
:>AM:§(a+b)

— —_—  —
BM = -AB + AM
1
:—b+§(a+b)
1
=§(a—b)
—_— —_— -
MD = -AM + AD
1
=—— b
2(a+ )+a
1
=—(a-b
@-b)
—
= BM

21



Thus M is the midpoint BD. Therefore
. — —
Therefore the diagonals of a 410CP + 4|AC)? = 2lal* + 2|b)?
— —
parallelogram bisect each other. = 2|10CF + 2IACP = |al* + b)?

Consider AABC. Let the altitudes from 12

A to BC and B to AC meet at O. D C
— —> —

LetOA =a,OB =b and OC =c.

Then p

(c=b)-a=0...(1).

(c—a)-b=0...(2). Subtract (1) from >
()

c—-a)-b-—(c-b)-a=0 For rectangle ABCD

— —
LetAB=xand BC =y
Then there exist real numbers 0 < A < 1
aEl) 0 < u < 1 such that:
c-(b-a)=0 PB = Ax + py

Therefore OC is the altitude from C to
AB

cb—-a-b-c-a+b-a=0

cb—-c-a=0

_)

PC = Ax + (1 — p)y

___)

PD=—(1-x+(1-py

—)

PA =—-(1-x —puy

52  BR12

|PB|~ + |PD|

° = Pl + 2y + (1= D + (1 — )yl
S22 DA

|PA|” + |PC|

= (1 = ) + g2l + 2> + (1 - )’y

B
A& vc

CDR2 L 1 DIR2 A2 L D2
- |PB|* + |PD?| = |PA|” + |PC]|
— = 1 -5 —
OC:OA+§(AO+OB)

1 13
=a+—-(-a+b) 0
2
1 N M
=—(a+b)
2
—_ S = B
AC =A0 +0C A
1 Let OA = OB
=zb-a — —
AN Leta = OAand b = OB
40C-0C=b-b+a-a+2b-a Let M be the midpoint of OB and N be
= lal* + |b* + 2b.a the midpoint of OA.

— —

4AC - AC = lal* + |b|> — 2b.a

22



— = 1= — 5 1 1
AM = A0 + -OB IBN|” = (=a—-b)-(=a—-Db)
2 2 2
= +1b _ 1 b+b-b
=-a > —4a a—a
WV—B_O)+1Q 1
B 2 = —la* + b
b+ 1a But |a|| = |b|.
= - = — —
2 Hence |BN| = |[AM]|

14 See question 10



Solutions to Exercise 20F

1 aa-b=@+j+2k) - Q2i—j+3k)

= —i+2 -k

b 3b-2a+c=32i—-j+3k)
- 2@ +j +2k)
+(-i+k)

= 6i — 3j + 9%k — 2i — 2j

-4k -i+k
=3i -5/ + 6k

¢ |bl = V22 + (=1)2 + 32
=V4+1+9

= V14

d |b+c|l=|2i—j+3k)+ (—i+k)

=li—j+

4k|

= V12 +
= VI8 =

e 3a-b)+2c=

-_ = =
2 a OB=0A+0C
=2 +2k

(—1)2 + 42
3V2

3(G@+Jj + 2k)
- (2i —j+ 3k))
+2(-i+ k)
3(-i+2j-k)
-2i+2k
-3i+ 6 — 3k
-2i+2k
—S5i+6 -k

3

—

h BD

— = —
=-0C + OA + OD
=i+2j—2k

— = —
=-0C-0A+0D
=i-2j -2k

a i lal=V32+12+12

IS )

= Vi1

I
—_
&
+
~.
|
=
N’

24



4 jaj= VI2+12+5° 6 a OF =OA+AE

:@:3\/? :i+3j
b= V211243 07’4:%&5’
= V14 1
= —i+
al 37
= a —_ =
|b| BF = OD
14
:£(i—j+5k) =i
33 g
V42 2
= G —j+5k
9 (i-Jj ) 1
= —1
2
N —_— = = —
5apP0=i-3 ON = OC + CB + BN
I, .
b |p_>|:\/12+32+02 :§l+3j+2k
:m WV:O_J)V—O—])W
N 1. . I,
¢ OM =OP+PM :§l+3j+2k—(§l+J)
_ 0P+ 1P0 1
=OP+5P0 = Zi+ 2+ 2k
=i+2 k+1 3
=ivYktgicg =
31 b [MN| = +/[2] +22+22
=i+ -k 6
[T 1444144
B 36
_ [
N 36
17
6

25



Solutions to technology-free questions

1 a ais parallel to b if a = kb, where k is 0C = OA + AC
af:onst‘ant. o Ci—j+i+
Ti+ 6 = k(2i + xj)

=3i+§
2k =17
C=(@3,98)
7
k== — = —
2 OD =0A + AD
kx=206 :4,]
Tx
> 0,4
12
xX=—
7 3 a+phb+qgc=Q2+2p—q)i
b lal = V72 + 62 +(=3—4p—4q)y
_ V85 +(1+5p+29k
To be parallel to the x-axis,
b| = V22 + x? a+ pb + qc = ki
:|a|:\/g 1+5p+2q:O
L +4=85 2+10p+49=0 @
x* =81 3-4p-49=0 @
x =49 O+®:
-1+6p=0
2 B c 1
PG
4 - I+=-4+2¢g=0
A=(2,-1) 2q:—£
—_— = — 6
OB = OA + AB 11
q9=—75
= 5i + 3j 12
B =(5,3)
H
AC = AB + BC o
—A_B>+A_D> - (2i -2+ 4k)
B =i—-5+8k
=i+9
PO = VI2+52+82
= V90 =3V10
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1
b ——(@i-5+8k)
310

—

S AB

4i + §j + 16k

|

AC = xi + 12j + 24k

For A, B and C to be collinear, we need
H

AC = kAB.
xi+ 12 + 24k = k(4i + §f + 16k)

8k =12
k=15
x =4k
=6

|

6 a OA= Va2 +32
=5
. L. ..
Unit vector = 5(41 + 3j)

— 16—

b OC = ?OA
16
= ? X §(4i + 3])
16 .
= E(‘l-l + 3_])

=
3l
I

PO+ 0T
=a——-(a+Db)
1
=§(2¢l—b)
v TR=TQ+ OR
:%(a+b)—(b—a)
1
:5(4a—2b)
2
=§(2a—b)

e
b 2PT =TR
P, T and R are collinear.

S8 a=»>
a i —g=2
§=-2
ii S5i=n
t=5
iii 2k = uk
u=72
b a= V52+224+22
=V25+4+4
= V33
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Use the cosine rule
p+qf =7 +12

—2X7x%x12x%cos60°
=109
lp +¢ql = V109

10 a a+2b=(5i+2+k)
+2xQ@Bi—-2j+k)
=11i-2+3k

b |a]= V52 +2%2+12
= V30

1
ca=—05i+2+k)
V30

d a-b=0Gi+2j+k)—Gi—2j+k)
= 2i +4j

—_— = =
11 a OC=0A-0B
=Gi+4)-4i-6G)

b i+ 24j = h(3i + 4) + k(4i — 6)
3+ 4k =1

4h — 6k = 24
Multiply the first equation by 3 and
the second equation by 2.

Oh + 12k =3 ©)
8h — 12k = 48 @)
®+Q:
17h =51
h=3
9+4dk=1
k=-2

12 mp + nq = 3mi + Tmj + 2ni — Snj
=8i+Y
3m+2n =238

Tm—-5n=9

Multiply the first equation by 5 and the
second equation by 2.

15Sm + 10n = 40 ®

14m — 10n = 18 @)

O+@:
29m = 58
m=?2
6+2n=2_8
n=1
_)
13 a 4 B b=0B
—_—
o ¢ —_— =
=0A + OC
=a+c
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—_ s =

—_—
b AB=b-a AB=A0O+ OB

BC=c-b =—4i—-j+3i+5
AB:BC=3:2 =—i+4
—_ > =
AB 3 BC = BO + OC
BC 2 = 3i-5-5i+3
2AB =3BC . A
=-8i-2
2(b —a) =3(c -b) AB-BC=8-8-0
2b —2a =3c - 3b Hence there is a right angle at B.
5b =2a + 3c
b:§a+§c 16 p=5Si+3jandg=2i+ ¢
a If p + ¢ is parallell to p + ¢ there
14 Leta =2i—3j,b = —i + 3j and exists a non-zeo real number k such
c:—2i—2j that.
kp+q)=p—q
aa-a=13 That is,
k(7i+B3+ty=3i+@B -1ty
b b-b=10 Hence Tk =3
3
cc-c=8 k=2
7
da-b=-11 k3+)=@3B-1
e a'(b+6')=(2i—3j)-(—3i+j):—9 .‘_3(3+[):7(3—I)
S943t=21-Tt
f
10t =12
(a+b)-(@a+c)=a-a+a-c+b-a+b-c
6
=13+2-11-4 t=§
=0
b p—-2q=5i+3-2Q2i+1)
ga+2=3 =i+ (3 -2y
3c-b=-5-9 . as .
p+2q=5i+3+2Q2i + )
So(a+2b)-(Bc—-b)=-27
=9+ G +2ty
N Since the vectors are perpendicular
1S OA=a=4i+j
H
OB=b=3i+5
ﬁ
OC=c=-5i+3j
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@+@=2ty)-+@B+2t))=0
9+3-203+2)=0

9+(9-4r)=0
47 = 18
9
2
==
2
3
t=+—
V2
p—ql =13i + (3 - 1)
= \V9+(3-1?
lgl = 12i + 4
= V4 + 72
If |p — gl = lq|

then9+ 3 -1 =4 +7
9+9—6t+2=4+1
14-6t=0

t_7
3

c 1
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Solutions to multiple-choice questions

1 C v:[3—1]:[2] 6 B [3i—5]= 3 +(-5)
~1] " |4
> = V9 +25
=2,b=4
‘ = V34
—_— = —>
2 C CB=CA+AB S L,
- 7 A AB=-0A+OB
=-AC+AB = (i—2j) - Qi +3)
—umv =—i-5
1+2 -, . e
3E a+b=| "7 8 C |ABl=|-i-5j
= V12 + (=5
_[3] = V(=1 +(=5)
= _

QH
a4
[\
|9,

4 A 2a—3b:2[3]—3[_1]
9 D o= V22 +32
V13

10 C Ja|= V32 +12+32



Solutions to extended-response questions

1 [(1)] is in the east direction and [(1)] in the north direction.

+5h--off ]

4
b The ship is travelling parallel to the vector u = [ 3] with speed 20 km/h.

1
The unit vector in the direction of u is 3 [43‘]

The vector ﬁ? = 25—0 B]

{16

|12
The position vector ofthe ship is
— = =
OR = OP + PR

_[-31 s 16
=321 |12

[
-]

¢ [OR =5V32+42

=25
When the ship reaches R, it is 25 km from the lighthouse, and therefore the

lighthouse is visible from the ship.

2 p=3i+jandg=-2i+4

a o lp—ql=13i+j— (=20 +4))
= |5i - 3l
= V25+9
= V34
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b pl=Vo+1
= V10
andlqlzm
=25
~ lpl-lgl = VI0-2+5

¢ 3i+j+2(-2i+4)+r=0
3i+j-4i+8+r=90
—-1+9+r=0

Hencer =i -9

-2 11 7 26
3a=|1|,b=|7|,c=|9| andd =12
2 3 7 2
a a+2b-c=kd

-2 11 7] 26

11+2]71-19=k|12

2 3 7] 2

13] 26

6|=k|12

1| 2

Therefore k = % anda +2b —c¢ = %d

b xa+yb=d

-2 11 26
x| | +y| 7] =]12
2 3 2
The following equations are formed:
—2x+ 11y =26 ..@

x+T7y=12 ...

2x+3y=2 ...
Add @ and ®

14y = 28
Ly=2
Substitute in @)
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2x+6=2
Sox=-=2
Equation @ must be checked
-2+14=12
Therefore —2a + 2b =d.

pa+qgb—rc=0
From parts a and b

1
a+2b—c:§d @
—2a+2b=d ...Q

From@® 2a+4b-2c=d
Therefore from @)

—2a+2b =2a+4b - 2c
L da+2b—-2c=0

Hence p = 4,q = 2 and r = 2. (Other answers are possible e.g. p =2,q =1,
r=-1)

— = —
00 = OP + PO
51 [20
8| " |-15

25
-7
The coordinates of Q are (25, 7).
— — —

OR = 00 + OR
—25] [32
17

+

| o——

+

|
| ——
|

I
[\ o)
=
]
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32
17

[

Hence the coordinates of S are (12, 32).

— 3
5 a 0P:4L]

3

The coordinates of P are (12, 4).

+

=20
15

—_— s —
b PM = PO+ OM

=12 N k

-4 |0

k=12

| -4

C |OP| = V122 + 42
= V160
=410
—
Now |OM| =k
and, from part b,m = [k_ 12]

© IPM| = k=122 + 16

For triangle OPM to be right-angled at P, Pythagoras’ theorem has to be satisfied.
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i.e. [OPP + |PMP = |OMP
160+ (k—12)% + 16 = k*
. 160 + k* — 24k + 160 = k*
. 24k =320
- 3k =40

40
3

d If M has coordinates (9, 0) then,
if /OPX = a°,tana° =3
3
and if Z/MPX = °,tan3° = 7
o Anglef=a -

ok

=tan"'(3) — tan_l(%)

= 34.7°, correct to one decimal place
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Chapter 22 — Kinematics

Solutions to Exercise 22A

_ _ 12.25 +2.25
1 a Whent=0,x=12. Average speed = +
12 cm to the right of O 5
14.5
b Whenr=5x=5-7x5+12 5
-9 =29cm/s
2 cm to the right of O
dx
dx 2 av= d_
C v= E t
o =2t-17
= 2 —
When = 0,v = 7. v=0when2t-7=0
Tcm/s to the left t=35s
d v=0when2r-7=0 boac®
dt
t=3.5 5
When ¢ = 3.5, =2m/s

_ 2

=-0.25 Whent=3.5x=35 -7
t = 3.5; the particle is 0.25 cm to the %35+ 10
left of O.
=-225
e Average velocity For the first 3.5 s, the particle has
change in position travelled 12.25 m.
= ~Change in (Mg Whent=5x=5>-7x5+10
_2-12 =0
T 5 From 3.5 s to 5 s, the particle has
— —2cm/s travelled 2.25 m.

Distance travelled = 12.25 + 2.25
distance travelled

f Average speed = — =14.5m
change in time
For the first 3.5 s, the particle has d v=2t-7=-2
travelled 12.25 cm. =5
From 3.5 s to 5 s, the particle has
travelled 2 — (=0.25) = 2.25 cm. t=2.5
x=25"-7%x25+19
=-1.25
After 2.5 s, when the particle is 1.25
m left of O.
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When ¢t =0, x = -3.
dx

Cdr
= 3t* — 22t + 24
Whent =0,v = 24.
3 cm to the left of O and moving at

24 cm/s to the right.
3 dx
Cdt
=32 —22t+24
v = 0 when
3P —22t+24 =0
Bt=4)(-6) =
t=-orb6
3 or

After g s and after 6 s

4
Whent——
x—(—) —11><( ) +24><( ) 3
176 3
— - — XxZ+32-3
27 9 *3°
464
= +29
27
22
=11 —
27
When ¢t = 6,
x=6"—11xX62x6-3
= -39

22
39 cm to the left of O and 11 > cm
to the right of O

v<0Owhen 3t—4)(t—6)=0
This is a parabola with a minimum
value.

4
v<0when§<t<6

4
Length of time = 6 — 3

14
3
2
=4=
38
_dv
Cdt
= 6t — 22 m/s’
g 6r—22=0
22 11

P N3
v =312 —22t+24

2
:3><(£) —22><£+24

3 3
121 242
S V|
33
2
=16=
3

=(3)

2
11><(£) +24><£—3

3 3
1331 1331 3
=7 g X383
16
=-13 —
27

11
The acceleration is zero after Y S,
1
when the velocity is 16 3 cm/s to the

16
left and its position is 13 > cm left
of O.
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4 av=6-10t+4

When v = 0:
6> —10t+4 =0
32 -5t+2=0
Bt-2)t-1)=0
tz%orl
a=12t-10
=2,
3
2
a=12x3-10
=-2
t=1:
a=12x1-10
=2

2
Velocity is zero after 3 s when the

acceleration is 2 cm/s? to the left,
and after 1 s when the acceleration is
2 cm/s? to the right.

a=12t-10
=0
t_1o_5
12006 \
Find v when a = 6:
v=062—10t+ 4
2
5 5
—6x|Z| —10x=+4
(6] 103+
25 50 1
== T 44=—
6 6 6

. 5
Acceleration is zero after 3 s, at

1
which time the velocity is 3 cm/s to
the left.

S The particle passes through O when

x=0.
£ —132+46t-48 =0
Trial and error will give x = 0 when
t=2.
This means (¢ — 2) is a factor of
£ — 1312 + 461 — 48.
£ — 13> + 46t — 48
=(t-2)(* - 111 +24)
=0
Factorising the quadratic gives
t-2)t-3)(t-8)=0
tr=2,30r8
dx
v=—
dt
= 31> — 261 + 46

_dv
“Cu
= 61— 26
t=2:

v=3x4-26X%X2+46

=6cm/s
a=6x2-26

=—-14cm/s
r=3:

y=3xXx9-26%X3+46

=-5cm/s
a=6x3-26
=-8cm/s

r=8:
v=3X64-26x%x8+46
=30cm/s
a=6x8-26

= -22cm/s
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6 a They will be at the same position values of # may be discarded.)

when
2_2—-2=t+2 b The velocities are 1 cm/s and
2 3_4-0 2t — 2 cm/s.
2t-2=1
t-4dHr+1)=0 2 =3
t=4or -1 3
After 4 s, or 1 s before the start. t= 3
(Note: In some cases, motion is not
After = s.

considered before ¢ = 0, and negative
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Solutions to Exercise 22B

1 ax=22-6t+c

2 ax=F£-4+5t+c
Whent=0,x=0.

When ¢t =0, x = 4.

0=0-0+c 4=0-0+0+c¢
Cc = 0 Cc = 4
x =28 -6t x=0£ -4 +5t+4
dv
= a = —
b =3 ar
x=2%x3*-6x3 _6r—8
=0 5
It will be at the origin, O. b 3 -8t+5=0
Bt-50-1)=0
¢ Consider when v = 0:
4t—-6=0 t = g or 1
5
t= % When ¢ j 3 2
2 5 5 5
3 3 —(Z] = et et
xzzx(z)_6><§ x—(3) 4><(3)+5><3+4
125 100 25
- _4 l =——--—+—+4
= 5 27 9 3
1 23
The particle will travel 4 — cm to the =5 27
left of the origin and back, for a total Whent =1,
of 9 cm. x=1—4x1°+5x1+4
d Average velocity =6
change i iti 5
_ ge 1n-p0.51 ion ¢ Whent= 2.
change in time i 3
0 - Z_
_ : — 0cm/s a=6x 3 8
‘ =2 cm/s’
e Average speed = distance t‘rav‘e lled When ¢ =1,
change in time a=6x1-8
:5:3cm/s =—2CI’I1/S2
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v=10t+ ¢

x=52+ct+d

Whent=2:
x=5x2*+3c+d=0
2c+d=-20
Whent=3:
x=5x3"+3c+2=25
3c+d=-20
@-®:c=0
d=-20
x =5 -20
Whent =0, x =20
20 m to the right of O
a=2t-3

v=£-3t+c
Whent=0,v = 3.

3=0-0+c¢
c=3
v=r-3t+3
£ 32
=L T 43t+d
T3

Whent=0,x =2.
2=0-0+0+d

d=2
£ 32
=——-—+4+3t+2
T3
When ¢ = 10,

®

X

a

100 3x10°
E 2
~ 2000 — 900

6

1
=215 =
3

= -3t-3
=10°-3%x10+3
=73

+3x10+2

+ 32

a=-10

v=-10t+ ¢
Whent=0,v = 25.
25=0+c¢

c=25
v=-10r+25

v =—-10t + 25

x=-5+25t+d
Whent=0,x=0.

(Define the point of projection as
x = 0, the origin.)

0=0+0+d

d=0
x = -5 +25¢
Maximum height occurs when v = 0.
v=-10t+25=0

25 5

2.5 s after projection

When t = 2.5,

x — 51 +25¢
= -5%257+25%25
=31.25m
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e x=-52+25t=0 v = 0 when
1 5

—5t(t-5)=0 — 2 -t-8=0
=) 18 9

£ -10-8x18=0
(t—18)t+8)=0

t =5 (t = 0 is the start)

6 Define r = 0 as the moment the lift

passes the 50th floor. r=13
L3 1,5
a=st—= —_p_2p
o9 =5 TR
v:it2—§t+c — 8¢+ 300
18 9 1 y
—8=0-0+c :gleﬁ—Igmz
c=-8 ~8x 18 + 300
b lp 2 g ~ 174
18 9
174
1 3 5 2 — =729
X=—t ——t"-8t+d 6
54 18 It will stop on the 29th floor.
50x6=0-0-0+d
d =300

608



Solutions to Exercise 22C

1 s=30,u=0,a=1.5 d 200 km/h =200+ 3.6
500
S = ut+ iat2 = gom/s
1 _ _ _
30:§><1.5><t2 M_O’V_T’a_3
2 =40 v=u+at
500
t:\/4_0 T:0+31
=2V10s 500
3t= —
9
_ 500
2 u=25v=0,t=3 =57
! 14
= — [ — <X
s 2(u+v) 1827s

1
:5(25+O)X3
4 a 45km/h=45+3.6

=12.5m/s

For constant acceleration, '
change in velocity

=375m

3 a For constant acceleration,

. . leration =
seceleration — change in velocity acceleration change in time
change in time
12.5 ,
27 = T =2.5 m/s
= ) =3 m/s’
b s=ut+ ! 7
b u=30v=50a=3 STur L
Vv=u+at :%x2.5x52
50 =30 + 3¢ —13125m
3t =20
t:23_0:6§s 5 a 90km/h=90=36
1 =25m/s
c s:ut+§at2 u=0,v=25a=0.5
1 Vv=u+at
= - x3x15°
2 25 =0+ 0.5¢
=3375m 0.5¢ = 25
2.5
t=—=50
05 °

609



1
b s:ut+§at2

1 2
= 5 %0.5%50

=625m

6 a 54km/h=54+36

=15m/s
u=15a=-0.25s =250

2
s =ut+ —at
2

1
250 = 15¢ + 3 % —0.25¢
Multiply both sides by 8:
2000 = 120z — 1

## — 120¢ + 2000 = 0
(r=20)(r-100)=0
t = 100 represents the train changing
velocity and retuming to this point.
t=20s
b v=u+at
=15+ -0.25x%x20
= 10m/s
10 x 3.6 = 36 km/h

u+at
20+ -9.8 x4
=—-19.2 m/s

1]
<
Il

1
b s:ut+§at2

1
:20><4+5><—9.8><42

=1.6m

8 a

9 a

vV =u+at
=-20+-9.8 x4
=-59.2m/s

1 2
s = ut + —at

1
:—20><4+§><—9.8><42

= —1584m

u=49,5s=0,a =-9.8
1
s = ut+ Eatz

1
0:49t+5><—9.8><t2

0 = 49t — 4.9/
0 =4.9/10 — 1)
t=10s

u=49,5s =102.9,a = -9.8
1
S = ut+ Eat2

1
102.9 = 497 + 3 % —9.8 %1

102.9 = 49¢ — 4.9/

0 = 4.9 — 491 + 102.9
Divide by 4.9:
£ —-10t+21=0
t-3)(t-7)=0
At both 3 s (going up) and 7 s (going
down).

10 a v=u+at

=49 -9.8¢
=49(1 -21)
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1
b s=ut+—at

1
=491+ 3% -98x¢

= 4.9t - 4.9
=491 -1)
This is his displacement from the

initial 3 m height.
S h=49t(1-1+3

¢ From part a, the diver’s velocity is
zero

when
49(1-20=0
1
t===0.5
2

The maximum height reached is
h=490.5)(1-05)+3

=49%x0.25+3
=4.225
d The diver reaches the water when

h =0, so:
4911 -1 +3=0

49t — 497 +30 = 0
492 — 49t - 30 =0
(7t +3)(7t = 10) = 0

10
=—3s
7

t
Since t > 0

11 a Maximum height occurs when v = 0.

u=196,a=-98,v=0

Vv =u+at
0=19.6-9.8¢
19.6
= —:2
4 9% S

1 2
S = ut+ —at

1
:19.6><2+§><—9.8><22

=19.6 m
So the maximum height from the foot

of the cliff is 19.6 + 24.5 = 44.1 m.
u=196,s=0,a=-9.8

1 2
S = ut + —at

1
0=19.6r + 3% -98x%x 1

0 = 19.6¢ — 4.9/
0=4914 -1
t=4s

u=19.6,s =-24.5,a = -9.8
1
s:zn4-§aﬂ

1
—24.5 =19.6 + 3 % -9.8 x 1

—24.5 = 19.6t — 4.97

0 =497 -19.6r—24.5
Divide by 4.9:
£ —4t-5=0

-5 +1)=0

tr=5s
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12 Let the distance between P and Q At the halfway mark,

be x m. u:20,a:@,s:f

u=20,v=40,5s=x X 2

V2 =12 4 2as v =u? + 2as
1600 = 400 + 2ax :4oo+2x?xg
2ax = 1200 — 1000

a= 2% v= Vi000

600 =10 V10 m/s
X
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Solutions to Exercise 22D

1 Draw the velocity—time graph.

v (mfs)

10

o] 5‘ 5 £ (5)

Distance travelled = area under graph
1
==-x10x13
2
=65m
2 Draw the velocity—time graph.

v (tnfs)

15

o 1‘0 3|5 5|0 Ao

a The area can be calculated using the
trapezium formula, or as the sum of
two triangles and a rectangle.

A:%(a+b)h
:%x(25+50)x15
=562.5m

b A:%(a+b)h

1
= 5 X (25+35)x 15
=450 m

¢ Let the halfway point be at time 7" as

below.
15 V
o 1 T E L

%x10x15+15(T—10): %
75 + 15T — 150 = 281.25

15T = 356.25
T =235s

500 m

: w2
Since the total distance travelled is 1 km
or 1000 m, the combined areas of the
two triangles will equal a distance of
500 m.

lexh+%x10xh:500

2
5h + 10h = 1000
15k = 1000
1000
h= 15
2
=66 =
3

2
Maximum speed = 66 3 m/s

36 km/h =36 +3.6
=10 m/s.
72 km/h = 20 m/s.

v (m/s)

204

10

£ P 12 15 il
) 1
Distance = A = 18><10+§><6><10

=210 m
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S 60km/h=60+3.6

v (mfs)

Bl

Ll

T
20 60 (s

a Distance:A:lx60x@
2 3
=500 m

—+—=|x

I (50 25
b Dist =A==-X
istance 5 (3 3

=375

¢ Let the required time be T s.

v (mis)

70 0 0
It is easier to work with the triangle
on the right.

This triangle will have area
=500 =2
=250

Its base = (60 — T')

The sloping line has gradient

50

=-—+60
3

__ 50 _ 5
180 18

5
". the triangle’s height = §(60 -T)

30
) 6 Let the common time be T s and the

1 5
— —TYX —(60-T) =2
2)((60 ) X 18(60 ) 50

5

— (60— T)> =250

3)6( )
(60 — T)? =250

3
5

= 1800
60 — T = V1800
~ 42.43
T ~17.57s

distance x m.

v (mfs)

254

15

10 E il

a For the first car, x = 15¢

For the second car,
X = %x 10 X 25 + 25(¢ — 10)
= 125 + 25t — 250
=25t - 125
= 15¢
10t = 125
t=125s

x = 15¢
=15x%x12.5
=187.5m
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Distance travelled in the first 24 s = 5(10 + 24)
= 170m
) Distance travelled in next 6 s = 3 X 15
0 =45m
.. total distance = 45 + 170

=215m

Y

d Displacement= 170 — 45 = 125 mto

the right of its starting point.
The particle moves to the right for the

first 10 seconds. Its position at time ¢

is given by 9 a
s =20t — 12 A
It slows for the first ten seconds. At b
time ¢ = 10, it is 100 m to the right of
its starting point. It then heads to the
right for 4 seconds. When ¢ = 14 it is st
84 m from its starting point.
Total distance travelled = 100 + 16 = .
116m. Let (T, 20) be the point at which
It is 84m to the right of its starting the ?onstant acceleration ends. The
point. motion ends at (20, 0).
Considering the area of the
trapezium:
For the first ten seconds of motion 5(20 + (T = 5)) = 160
‘ 10 — i ~T—-15=32
acceleration = 10-0 =1m/s ST =17
From ¢ = 20 to ¢t = 30 the b acceleration = 10 = —Q m/s?
17 -20 3
acceleration = “15-10 5 m/s?
30-20 2 10 Convert the speeds to km/min.

The equation of the line through 60 km/h = 1 km/min

~15)i 4
(20, 10) and (30, —15) is 80 km/h = - km/min

5 .
v—10= _E(I — 20) which can Treat each train separately.

5 .
be written as v = -5 f + 60. The first train:

Whenv =0,t=24
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v (fumfmin)
'y

T
4 5 75
The second train:

et J

£

8 5 g !

.
ey

First train distance
1
:5x1+§x25x1

= 6.25 km

4

1
Second train distance = 3 X 9 x 3

=6km
Since the trains have together travelled
less than 14 km, they will not crash.

11 a The maximum speed will be the
height of the triangle.

v (ts)

.
.
g T 100 ‘O

%XIOOXh:SOO

50h = 800
h=16
Maximum speed = 16 m/s
=16x3.6
= 57.6 km/h

b The slope of the deceleration is
twice as steep as the slope of the
acceleration.
Since the heights are equal, the
acceleration run will be twice as long

as the deceleration run.

2
T =-x100
3

2
= 66—
3S

2
= 1 min 6§ seconds

¢ Taking the acceleration section,
2

the gradient = a = 16 + 66§
_ 48
200
= 0.24 m/s’
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Solutions to technology-free questions

1 a Whent=0,x=-5. 29 y=
5 cm to the left of O dt
=32 — 4¢
b Whent=3,x=3*-4x3-5 d
v
__g a=—=061—-4
8 cm to the left of O Whent=0,x=8,v=0and a = —4.
8 cm to the right of O, stationary and
c v= ? accelerating at 4 m/s? to the left.
t
=2t—4 b v =0 when
When 7 = 0,—-4 cm/s 3% -4t =0t(3t-4) =0
d v=0when2r—4=0 t:()or%‘
r=2 t=0:x=8anda=-4
Whens=2x=22—4x2-5 So 8 cm to the right, —4 cm/s>
; 4 64 32+8 622
— e — X =— — — = —_
At2s,9 _h_?f fO : 20 21
t2s,9 cmto the lett o u=8_4=4
. 22
e Average velocity So 6 57 em to the right, 4 cm/s?

change in position

change in time

13 2 _
~8—(=5) _ 3 a Solve -2 +3t°+12t+7 =0

=— = -1 cm/s Using factors of 7, t = —1 gives
1 cm/s to the left 22X (=D +3x (-1 +12x -1
+7=0
f Distance travelled = distance from Dividing by (7 + 1),
t=0tot =2 (whenv=0), plus — 26 + 318> + 121+ 7

distance fromtr=2tor=3

_ 2 _
So distance travelled = 4 + 1 = -+ Der-51-7)

=-@+ D@+ 1D)2t-7)

=5cm
Average speed = distance travelled =0 ‘
change in time t=3.5,ast=—11susually
5 o) discarded.
===1=cm/s b= dx
(Note: Average velocity has a direc- dt
tion and hence a sign, but average = —61" + 61 + 12

speed does not.) dv 121+ 6
a=—=-—

t
When ¢t = 3.5
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v=—-6%35+6x%x3.5+12

= —-40.5cm/s
ol
dt
=-12%x35+6
= —36 cm/s?
v=0
62 +6:+12=0
r—t-2=0
t+1D(-2)=0
r=2

After 2s (discarding t = —1)

¢ Distance travelled in first 2 seconds

=(-2x22+3x22+12%x2+7)
- (-0+0+0+7)

=20cm
Distance travelled fromf=2tor=3

1S
(—2x3%+3x32+12%x3+7)

—(2x22+3%x22+12%x2+7)
=16 — 27|

=11 cm
Distance travelled in first 3 s

=20+11

=31 cm
01y 1y
ta i af3)=(3) (3]
1
8 4
o
-8

1
g cm to the left

b

ii

iii

ii

2

X
al(t)zﬁ
=6r—-2
1 1
—=6x=-2
01(2) X2
:lcm/s2
dx
vz(t):zzh
1
V2:2X§
=1cm/s

x1(1) = x2(2)

3 2 2

r-1r=t

£-2¢=0
£r-2)=0
t=0and?2

The particles will have the same
position at the start and after 2 s.

Let the distance between the
particles be y = [ — 272.
Define y = 1 — 21%:

dy 2
— =3 -4
dt

=1t(3t—4)

4
:0whent:0and§
Whent =0,y =0.

A 64 3
When =,y = — _ 2%
ME=3V=5777
_ 45
27
Whent=2,y=8-2x4
—0

The maximum distance the
particles are apart in the first 2 s is

618



5 a

a =6t

v=3"+¢

Whent=0,v =0.

0=0+c

c=0

v =37

Whent=2,v=3x4
=12 m/s

v =37

x=r+d

Whent=0,x=0.

0=0+d

d=0

x=17

Since the particle starts at the origin,
its displacement is s = x = £°.

a=3-2¢t

v=3PF-F+c
When ¢ =0,v = 4.

4=0-0+c
c=4
v=3t-r+4=0
—(* =3t-4)=0
—(t-4)r+1)=0
tr=4
After 4 s

v=3t—1"+4

3t2 3
x=——t—+4t+d
Whent=0,x = 0.
0=0-0+0+d
d=0

3¢ P
= — — — +4¢
X > 3+

a

3x4* 43
2 3
+4 x4

2
= 18%
3

Whent=4,x=

2
18§ m to the right

Whent=4,a=3-2x4

= -5 m/s’
a=3-2t=0
t=15s
When t = 1.5,

v=3t—1F+4
=3x15-15+4

=6.25m/s

29 3t4+

S = 3 4 C

Whent=0,s =0.

0=0-0+c¢

c=0

_ 28 3t

T3 Ty 3 )
2x%x1 3x1

Whent=1,x = —

en , X 3 )
2 03 1
3 4 12

1
— he left.
12mtoteet

Whent=1,v=2-3

=—-1m/s
dv
a=—
dt
=41 - 97
Whent=1l,a=4x1-9x 1>
= -5 m/s’
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1 |
8§ awv i
_dv
“Tu
1 -3
:E><(—2t‘):——3
1,
b V—2t
s:—lt_'+c
2

Whent=1,5s =0.

1
0=—=x1"+
5 c

0:—§+C

dv

a=—

dt
=37 —22t+24

Solve forv = 0.

£ —11t+24t =t(t - 3)(t - 8)
Since motion is only defined for
t > 0, it cannot be said to change

direction at t = 0.
tr=3

a=3x3%>-22%x3+24
= —15m/s’

v==> — 117 + 24t
#1184
x:Z——+12t2+c
Whent=0,x=0
0=0-0+0+¢

c=0

* 118
=— —— +127
YT 3

5% 11x5°
Whent=5x= — —
en , X 1 3

+12x 5%

1
N, s
2

3% 11x33
Whent=3,x=— —
en X 4 3

+12x3?

1
=29-
4
Whent=0,x =0.

Total distance

1 1 1

7
— 60—
™
2L mleftof 0,60
12me (0] , 12m

10 u=20,v=0,tr=4
L
S—2I/l VvV

1
=—-x20x4
2

=40 m

11 a u=0,v=30,r=12

V=u+at

30 =12a

30
12
=2.5m/s’

a
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b u=30,v=50,a =25
v=u+at
50 =30+ 2.5¢
2.5t =20

t=8s

t+1t2
C S=u —d
2

1
:0+§x25x2N

=500 m
d 100 km/h =100 + 3.6

=g m/s

250
u=0,v= T,a:Z.S

v=u+at

250
— =2.5t

. 250
T 9x25

=11--s

12 a 100 km/h = 100 + 3.6

l(u + V)t

b s=
T3
_1wa1%
273 3
2
= 347=
9m

13 a u=35,s=0,a=-9.8

0 = 3.5t — 4.9
0.7¢(50 = 7¢) = 0
t:@:7ls
7 7
~7.143 s

b u=355=60,a=-9.8
s = uf+ %atz
60 = 35t — 497
4.9 — 35t + 60 = 0
49¢ — 2501 + 600 = 0
(7t = 20)(7t — 30) = 0

6 2
t=22 ord=
79777

6 2
After 2 = s (going up) and 4 7 S
(going down)

14 a Maximum height occurs when v = 0.

u=196,a=-98,v=0
Vv =u+at
0=19.6-9.8¢

19.6
=— =2
=55 =°°



1 v g
b s=ut+ —at’ 15 s
2
1 25
= 19.6><2+§><—9.8><22
=19.6 m . ‘
With respect to ground level, ¢ 15 3 16
height = 19.6 + 20 = 39.6 m Distance = area
1
¢c u=19.6,5s=0,a=-9.8 =§><35><25
s =ut+ 1at2 =4375m
2
1
0=19.6r+ 7% -98x ¢ 16 oo
0= 19.6t — 4.9
0=4914-1) 0 : g pa—
t=4s

a Distance = trapezium area

= = — = - !
d u=19.6,5=-20,a=-9.8 =2 X(33+15)x 12

_ -2
s-ut+2at =288 m

1
=20 =19.61+ 2 x —9.8 X P b Halfway point is 144 m.
’{he car has travelled
3 X 8 X 12 = 48 m in the first 8
S.

—20 = 19.6¢ — 4.9/
49 -19.t-20=0

497 — 196t — 200 = 0 It must travel 144 — 48 = 96 m at
A = b* - dac 12 m/s.
Total of 16 s.
=77616
VA ~ 278.596 oo
Since the discriminant is irrational, 17 -
solve using the quadratic formula: , s00m
) 196 + 278.596 o
e o s ' £(s)
o8 Since the vehicle travels
~ 4.84 or —0.84 1 km = 1000 m, adding the two
~ 4.84 s (since t > 0) triangles together should give an area

equal to a distance of 200 m. The
triangles have a combined base of 25.
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18

19

1
A=—=-—X25%xV
2

=200
200 x 2
V=
25
=16 m/s

After 3 s, the first car has travelled
12x3 =36 m.

v (m/s)

@ 3‘ 30 j £(s)
Let the second car’s final velocity be
V m/s. The two areas will be equal.

%x27><V:12><30

= 360

2 % 360
y=2X

27
80

For constant acceleration, .
change in velocity

acceleration = —
change in time
80 80
= = — m/s’
3x27 81
2
=—-3x10+5
a v 7
=0m/s
dv
a=—
dt
2t
=—-3
4
t
==-3
2

Whent =0, a = -3 m/s’.

¢ Minimum velocity occurs when

a=0.

t
—=3=0
2
=6
When ¢ = 6,
62
=—-3X6+5
[
= -4 m/s
2
v=—-=3t+5
£ 37
:E—7+51+C

When 't =0,x =0.
0=0-0+0+c
c=0
£ 3
xX=——-—+5¢
Check for change of direction of

velocity.
2

4
= 'f—— =
v=01 7] 3t+5=0

£ —12t+20=0
(t-2)r-10)=0
t=2or 10

There will be no change of direction
of velocity in the first 2 s.
When ¢ = 2,

23 3x2?

=T +5x%x2
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Distance travelled in the third second

2 3
=42 32
374

11
= — he lef
12m(tot e left)

a=2-2t
v=2t=F+c
Whent=3,v=5.
5=2x3-3%+c¢
S5=-3+c

c=28

v=2t—1F+38

v=2t—1+8

, P
x=t"——+8t+d
Whent=0,x=0.
0=0-0+0+d

d=0

l3
x=1 - = +8t
a=4-4¢

v=4t -2 +¢
Whent=0,v=6.

6=0-0+c

c=6

v=4t-2+6
=6+4r-21

b Minimum velocity occurs when

a=0.
i 4-4t=0
t=1
v =6+4r - 27
=6+4x1-2x1?
=8m/s

ii 6+4r-27=6
4t -2 =0

2t2-1 =0
So the velocity of P is again
6 m/s after 2 s.

iii 6+4r-2=0

22 +4t+6=0
£ -2t-3=0
(t-3)t+1)=0
r=3

28
x:—?+2t2+6t+d

x=0whent=0
.d=0
28
x=—?+2t2+6t

When ¢ = 3,

2 3
X3 +2%x32+6x%3

X =—

=18 m

22 a Whent=0,a =27 m/s>.

b a=27- 47

A
v=27t——+c¢

Whent=0,v =5.



5=0-0+c¢ Whent=0,x=0.

c=5 0=0-0+0+d
V:27t—?+5 3 3[‘2 [3+2t
4x3 X=—7""75
Whent=3,v=27x3 - +5 2 2 342 43
Whent=4,x = - —+24
=50m/s 2 2
5 =24-32+8
4¢
v:27t—?+5=5 =0
43
27t——t:O 5
3 24 a r—-10r+24=0
3 _
2\ _
181 -4r) =0 t=4and6
t(9-209+21)=0
b v=r-10r+24
t=45s
A
x=——-52+24t+c¢
a=3-3¢ Whent=0,x=0.
) _3t2 0=0-0+0+c
v-3t—7+c c=0
Whent=0,v=2. P
2=0-0+c x=§—5t2+24l‘
33
c=2 Whent:S,ng—SX?)2
2
v:3t—37t+2 +24%x3
3 x 42 -
Whent=4,v=3x4- 2" 12 36 m
:_10m/s ¢c a=2t—-10<0
2t < 10
2
V:3t—7+2 t<5
32 Sincet>0,0<r<5
=—-=+2t+d
SR R)
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Solutions to multiple-choice questions

1 A Whenr=0,x=0
2 E Whenr=0,x=0.
Whent=2,x=-2°+7
x2%—12x2
=—4
Average velocity

change in position

change in time
4
T2
=-2cm/s
3C v=4t-3+c
Whent=0,v=-1
-1=0-0+c¢

c=-1

v=4t-3 -1
Whent=1,v=4x1-3x1>-1

=0m/s
4 C u=0,5s=90,a=1.8
1
s=ut+§at2
90—1><18><r2
=5 x1.
90 = 0.9¢>
=100
r=10s
5 E 60km/h=60=3.6

:?m/s

50
=0,v="2,=4
u 1% 3
Vv=u+at
50
?:461

50 25
a—ﬁ—zm/s

6 C 60km/h=060+3.6

;(T?Om/s
=0,v=—,1=4
u 1% 3
—1( + V)t
S—2Lt 1%

1 50
—Ex?x4
_loo
-3

7 D Distance
= area under graph

= triangle + trapezium + triangle

1 1
:5x4><10+§><(10+25)><2

1
+§><9><25
=20+25+ 1125
=167.5m
S8 E u=0,a=98,5s=40
v =u? + 2as
=0+2x9.8x40
=784

v= V784 =28 m/s
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9 A u=20,v=0,a=-4 10 D v=62-5t+c¢
Whent=0,v=1.

v=u-+at
1=0-0+c¢
0=20-4t
c=1
t=5
| v=62-5t+1
szi(u+v)t Whentr=1,v=6x12-5x1+1
1 =2
— ~x20%5 m/s
2
=50m

627



Solutions to extended-response questions

7
1 a Whent:O,x:—g

7
Initial displacement is 3 cm to the left of O.

bv=r-4t+4
Whent=0,v=4
Initial velocity is 4 cm/s.

ca=2t—-4
Whent=3,a=23)-4=2
Acceleration after three seconds is 2 cm/s?.

d Whenv =0,
P —4t+4=0
L (t=27%=0

SLr=2

Velocity is zero after two seconds.

e Whenv=0,r=2

1
.:ngaf—2@f+4@y-;
8 7
=——-8+8-~
37 °7°73
_1
3

1
When the velocity is zero, the particle is 3 cm to the right of O.

1 7
fWme:Qgﬁ—2ﬂ+M—§:0
Tryt =1
1 7
LHS=§UPXUZ+«D—§

1 7
= —2+44-<

3 3
=0

.. LHS = RHSandr=1
The displacement is zero after one second.

Also3P(t) = —62 + 12t =7 =(t— D> =5t +7)
and 2 — 5¢ + 7 is irreducible since A =25—-4x7 <0
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2 a x=r"+2 -8
dx
YT

=4 + 41 -8

Whent=0,v=-8
Since the initial velocity is negative, the particle moves first to the left.

b When v = 0,48 + 4t — 8 = 0 After one second, the particle is instantaneously at rest.

AP +1-2)=0
LA - +1+2)=0
=1

Fort>1,t—1>0and 2 +t+2>0
A= DE+1+2)>0

Sv>0
Hence at one second the particle has travelled the greatest distance to the left.

¢ Asv >0 whent > 1, the particle always moves to the right for z > 1.

3 a The rocket crashes when 7 = 0
ie6rr —1 =0

£6-1=0
t=0o0r6
t = 6 since t = 0 represents take-off.
Ll
dh
=12t -3¢
When 1 = 6,v = 12(6) — 3(6)°
=72 -108
= -36

The rocket crashes after six seconds with a velocity of —36 m/s.

b Whenv=0,12t-32=0
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S3t4-1n=0

t=0or4
When ¢ = 4, h = 6(4)* — (4)°
=96 — 64
=32

The speed of the rocket is zero at take-off and after four seconds. The maximum
height of the rocket is 32 metres after four seconds.

Lo
dt
=12 -6t
Whena < 0,12 -6t <0
12 <6t
L2<t

The acceleration becomes negative after two seconds.

4 m x(1)—x(0)=15,1

x(2)—x(1)=5.3 difference — 9.8

x(3) — x(2) = —-4.5 difference — 9.8

x(4)—x(3) =-14.3 difference — 9.8

x(5) —x(4) = -24.1 difference — 9.8

x(6) — x(5) = -33.9 difference — 9.8

x(7) — x(6) = —43.7 difference — 9.8

x(8) — x(7) = =53.5 difference — 9.8

x(9) — x(8) = -63.3 difference — 9.8

m x(10) — x(9) = -73.1 difference — 9.8
The body has a constant acceleration of 9.8 m/s?> which is the acceleration due to
gravity.

5 a Leta=—g (m/s?),v=0(m/s)
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Using v = u + at,

v—u

2 2
The particle will have travelled LT metres to return to its point of projection.

Consider the path of the particle from its highest point when its velocity is zero, until

. . .. u
it returns to the point of projection o downwards.
8

2

Thenu:O,s=u—,a=g
2g

and s = ut + —at’

L=0x1+gr
2
U 2
.— =gt
2g &
)W
L= -
8
u u -
Tt=—-(t=—- is discounted as ¢ > 0)
8 8
. u ou  2u )
Hence the total time taken is — + — = — seconds, as required.
8§ 8 8
u
¢ For the return downwards, u =0, = —,a=g
8
v=u+at
u
=0+gXx—
=u
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Hence the speed of returning to the point of projection is u m/s.

6 Consider the throw of the stone to its maximum height. u = 14,a = 9.8,v =0
vV—u

0-14

-9.8
10
7
It therefore takes 2 x 17—0 = 27—0 seconds for the stone to reach the top of the mine shaft
on its descent.
From this point,

1
u=-14,a=-98,s = ut + Eat2

s =14t-492...(1)

When the stone reaches the top of the mine shaft, the lift has been descending for

& +5= ? seconds and has travelled ? X 3.5 = 27.5 metres.

From this point,

s =-27.5-3.5¢t (for the lift)...(2)

Equating (1) and (2) to find the point of impact.
—14t - 4.9 =27.5-3.5¢

497 +105:-275=0

~10.5 + /10.52 — 4 x 4.9 x (-27.5)
2% 4.9

1.42857 ...

(the negative solution is not practical)
When ¢ = 1.42857...,
s =-27.5-3.5x1.42857

= —32.85013
Hence the depth of the lift when the stone hits it is 33 metres, to the nearest metre.

5
7 a 90km/h:90><§m/s
=25m/s

25
=——t+25
=73

Sy =-=5t+125, 0<tr<5
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b Distance travelled = area under the graph

1
=5 X25%5
=62.5
The distance travelled in five seconds is 62.5 metres.
8 x =3t — 48 + 241 — 48t
dx
"

= 1265 — 12¢% + 481 — 48
When ¢t =0,v = —48
Since v < 0, the particle moves at first to the left.
When v =0,12 — 121> +48: - 48 = 0
L1220 -2 +4-4)=0
LRE-DE+4) =0

=1
When 7 = 1, x = 3(1)* = 4(1) + 24(1)> = 48(1)
=3-4+24-48
=-25

The particle comes to rest at (1, —25)
Whent>1,t—1>0and 2 +4>0

S 1R-D@EE+4)>0

SLv>0

Since v > 0, the particle always moves to the right for # > 1.

1
9 For the first particle, s = ut — igt2 where a = —g

1
For the second particle, s = u(t = T) — Eg(t - T)?
The particles collide when
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1
a i ut—gtzzu(t—T)—Eg(t—T)z

t—uTl 1t2+ T ! T?
ut—ul — — - =
81 +8 78

]
Il

1
—uT + gtT — EgT

1
T(—u+gt— EgT)
1
.'.—u+gt—§gT:O (T #0)
t + : T
Lgt=u+ <
8 58

u T .
..t = — + —as required.
g 2

. u T
ii Whent = -+ —
g 2
T u T\?
= -+ —) — — J—
s=ulz+3) g(g 2)
B w ul 1 (uz uT T2)
T2 et T
B w uT uw* uT gT?
g 2 28 2 8
I/t2 gT2
2g 8
4® — g2T? .
= —————, as required.
8¢
el
When7 = —,s5 = g
8¢
B 4u? — 4u?
= 8
=0

b This is the case when the second particle is projected upward at the instant the first
particle lands. Hence there is no collision.

2
c 7> , the second particle is projected upward after the first particle has landed,

8
hence no collision.
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Chapter 23 — Statics of a particle

Solutions to Exercise 23A
1 T, = 3 kg wt
T, =T, +4:7kth

2 Rearrange into a triangle of forces.

5 kg wt

Using trigonometry,
T,=T,

= 5sin45°
5v2

3 Rearrange into a triangle of forces.

D

3 kg wt
10 kg wt
4 ,,B
6 kg wt ,”/

-
o

(ACB = LACD + tADC

These angles can be calculated using the
cosine rule, but the student should notice
that AACD is a ‘doubled’ 3-4-5 triangle

with ZCAD = 90°.

S ACB = LtACD + tADC

=180 -90 = 90°

4 Rearrange into a triangle of forces.

I

TgkgW‘t
20 kg wt
A

Tl kg

B

[
Using the cosine rule in the triangle in

the original diagram, it is clear that:
152 + 107 - 122

cos LCAB = = 15 % 10
~ 0.6033
/ CAB = 52.89°
/ADC =90 - / CAB
= 37.11°
152 + 122 — 102
cos /CBA = x5 <12
— 0.7472
/CBA = 41.65°
/ACD =90 — /CBA
— 48.35°
/CAD = 180 — 37.11 — 48.35
— 94.54°

Use the sine rule to find 7 and 75.
T, 0

sin /ACD _ sin .CAD
20 x 5in48.35°
~ sin94.54°
~ 14.99 kg wt

T, 20

sin /ZADC ~ sin ZCAD
3 20 x sin37.11°

sin 94.54°
~ 12.10 kg wt
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5 Rearrange into a triangle of forces.

40 kg wt
Using the cosine rule,
F? = 40% + 30 - 2 x 30 X 40 X cos 45°

= 802.94

F ~ 28.34 kg wt
Using the cosine rule,

_ F?+40% - 307
oS = T X F x 40
= 0.663
x ~ 48.5°

W48.5°SorS41.5°W

The angle between the plane and the
horizontal is given by

tanx = —

12
=0.4167

x ~ 22.619°
Rearrange into a triangle of forces.

T

104 kg wt
N
x°
T = 104 sin x
=40 kg wt
Note: The hypotenuse is 13, so
12
sinx = el and cos x = 'ES
N =104 cos x
=96 kg wt

Note that F* will be acting at 50° to the
horizontal and 70° to N, which becomes

110° when the force vectors joined head
to tail.
Rearrange into a triangle of forces.

z

1ige
12 kg wt

30°

r

Use the sine rule.

F 12
sin30°  sin110°
12 X sin 30°
= "~ (3.:3 ]( t
sin 110° Okgw

8 In each case, the particle will be in

equilibrium if the forces add to zero.
Draw the first two forces, and calculate
the third force required for equilibrium.

a
fi
10
Use the cosine rule to calculate the
magnitude of the third force.
F? =10+ 62 =2 x 10 x 6 cos 100°
= 156.837
F ~ 12.52 kg wt
This is not the force in the diagram,
so these forces will not be in
equilibrium.
b :
243

Use the cosine rule to calculate the
magnitude of the third force.
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F?=4+2V3)?-2x4
X 2V3 % cos 30°
=4

F =2kgwt
It has the same magnitude as the third
force in the diagram.

Use the sine rule to find x.
sin x 3 sin 30°

4 2
) 0.5x4 !
sinx = =
2
x =90°

This vector is at the same angle with
the 2 V3 vector as in the original
diagram.

the vectors will be in equilibrium.

9 Draw the triangle of forces and use the

cosine rule to find the three angles.
When the vectors are placed tail to
tail, the angles between them will be
the supplements of the angles in the
triangle.

72 4 42 (2
COSX = ——"——
T T T x4
~ 0.625

x ~ 128°41’
Angle between vectors is
180° — 128°41" = 51°19’

102 + 42 - 72

S = S 104
— 0.8375
y =~ 33°7

Angle between vectors is

180° — 33°7" = 146°53’

7~ 180° — 128°41" — 33°7’
=18°12

Angle between vectors is

180° — 18°12" = 161°48’

10 a v

15 kg wt
300

Draw the triangle of forces.
il

.

15 kg wt

T = 15sin30°
= 7.5 kg wt
b The situation will be the same, except

that the 30° angle will now be 40°.
T = 15sin40°

~ 9.64 kg wt

¢ The angle between T and N is now
80°.

Draw the triangle of forces.
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15 kg wt

r

Use the sine rule.

T 15

sin30°  sin 100°
_15x%x0.5
~ sin 100°
~ 7.62 kg wt

W kg wt

Draw the triangle of forces for point B.

s kg Wt
20°

12 kg wit
Nkg i

Use the sine rule to find 77 and T5.

T, 12

sin110°  sin20°
T, = 12 ><.sin 110°
sin 20°
~ 32.97 kg wt
T, 12
sin50°  sin20°
T, = 12 >< sin 50°
sin 20°

~ 26.88 kg wt
Now draw the triangle of forces for

point C.

Use the sine rule to find 7.
I T

sin70°  sin40°
_ 26.88 x sin 70°
37 sin 40°

~ 39.29 kg wt
Since the triangle is isosceles,

W =T; =~ 39.29 kg wt
The mass of W is 39.29 kg.
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Solutions to Exercise 23B

1 Fcos40° = 10 kg wt 5
10
~ cos40°
~ 13.05 kg wt

12 kg wit
2 Resolve in the direction of F. Resolve vertically:
F—10co0s55° =0 Tcos30°-12=0
F =5.74 kg wt 712
cos 30°
Resolve horizontally:
3 First resolve vertically to find N. F —Tsin30° = 0
Ncos25°-8=0
g F = Tsin 30°
N = : o
C08250 4 1281[130
~ 8.83 kg wt cos 30
Keep the exact value of N in your ~ 6.93 kg wt
calculator.
Resolve horizontally. 6
F—Nsin25°=0 5 Dk
F = Nsin25°
~ 3.73 kg wt i wt
F —Nsin25° =0 A
F = Nsin25° ~ 3.73 kg wt Resolve parallel to the plane.
20 - Wsin40° =0
. 20
4 Resolve parallel to the plane, i.e. W= —
. sin 40°
perpendicular to N.

~ 31.11 kg wt
The force W exerts on the plane is the

part of its weight resolved perpendicular

F is at an angle of 34° to the plane.
Fcos34° —10sin20° =0

- 10sin 20 to the plane.
cos 34° F = Wcos40°
~4.13 kg wt 20 cos 40°
= T sin40°
= 23.84 kg wt
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7 0kgwt 20 kg wt Resolve parallel to the plane.
T —10sin50° =0

T =10sin 50°
~ 7.66 kg wt
W kg wt Resolve parallel to the second plane.
First resolve horizontally so only one T - Wsin40° =0
unknown is involved. T
30 sin x — 205in 35° = 0 V= a0
20 sin 35° _ 10sin50°
sinx = 30 T Tsind0°
— 0382 ~ 11.92 kg wt
x =~ 22°29
Keep the exact value in your calculator 9 First find the angle between the string
and resolve vertically. and the Vergcal.
0=W—-20cos35° —30c0s22.481° sinx =
I5+9
W =20cos35° + 30 cos 22.481° — 0375
~ 44.10 kg wt ¥ = 22.004°
Resolve vertically.
8 Pressure of body on plane Tcosx-3=0
= 10 cos 50° T - 3
~ 6.43 kg wt cos 22.024°
~ 3.24 kg wt
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Solutions to technology-free questions

1 Note that the two strings form a 3-4-5
triangle. Draw the triangle of forces.

o kg wt w
15 kg wt
I3 .
Note:
sin 3 coS 8 4
X=—= —’ XxX=—=—
10 5 10 5
T; =15sinx

= 15><§:9kgwt
T, =15cosx

4
=15x 2 = 12kgwt

2 Draw the triangle of forces.

10 kg w1209\ 10 kg wt

x°
~ Flg wt

~

-

-
-
~

e
Use the cosine rule.
F?=10>+10°-2x%x10x 10

X cos 120°
=100 + 100 — 200 x —%

= 300
F = V300

= 10 V3 kg wt

Since the triangle is isosceles,
3 180 — 120

2
=30°

10 V3 kg wt, at 150° to each 10 kg wt

force.

X

3 The force exerted on the body by the

plane will be perpendicular to the plane.
Resolve parallel to the plane, so the
component this force will be zero.

The hypotenuse of the marked triangle is

h= V122 + 62
= V180 = 6 V5 cm

If x is the angle of the plane to the
horizontal,

sin 6 !
mx= —-=—
6V5 5
12 2
COSX = —— = —
6V5 V5
Resolving,
T-70sinx=0
T =70sinx
1
=70 X —
\5
_70V5

— = V5 kg wt
Resolving perpendicular to the plane,
N-"70cosx=0

N =70cos x
2

=70 X —
v5

1405
= S\F =28 V5 kg wt

The force exerted on the body by the
plane will be perpendicular to the plane.
Resolve parallel to the plane, so the
component this force will be zero.
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Fcos30°—-15sin30° =0 8 W 14 keg

F
—\/§ =15 % l
2 2
F _ 15 30° v
- V3 Resolve parallel to the plane.
15\/§ Wsin30° =14 =0
B 14
3 W= —
= 5V3 kg wt 5112 30
= — =28 kg wt
0.5 R
cosine rule. N =28 cos30° = 0
12kg Wt7 N =28 cos 30°
8 kg wt
5 kg wt Y 28 \/§
2
122 +5% - 8 143 K
CoOSX = ——— =
¥ Ix15%5 3 kg wt
105 7
. 120 8 : N
Since the required angle is 180° — x, the
cosine is ——. g
12 kg wt
30°
6 Fcos30° =20 Calculate F by resolving parallel to the
plane.
F3
Tv_:zo F cos30° — 125in30° = 0
20 % 2 F 1
F = —\B =12x =
\3 2 2
2
403 F=6x—
NS kg wt V3
_12V3
7 Resolve parallel to the plane. 3
F —15sin45° = 0 =43 kg wt
F = 15sin45°
152
= kg wt
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Solutions to multiple-choice questions

1 E 50co0s60° :50><l

2

4

5

6

2
=25N

Use Pythagoras’ theorem.

Resultant = V52 + 42
= V41 kg wt

Resolve perpendicular to the plane.
N —-20cos30° =0

N = 20cos 30°

V3
=20Xx —
2

= 10\/§kgwt

Resolve parallel to the plane.
F —20sin30° =0
F =205sin 30°
1
=20X =
2
= 10 kg wt

For the particle to be in equilibrium,
B must equal the sum of the forces
on A and C.

.. B =Acos60°+ Ccos 30°

(since 180 — 150 = 30).

As this is true, C cannot be true.

i o kg wt
14594 kg wi
i

D leg wit

Since the forces are perpendicular,
aA+7*=9

a* =81 -49
=32
a=V32=4\2

7 B The angle between the forces when

they are head to tail will be 120°.

Use the cosine rule.
F? =20 +20-2x%20

x 20 x cos 120°
=400 + 400 — 800 x —%

= 1200
F = V1200
=20 V3 kg wt

8 A The angle between the forces when

they are head to tail will be 120°.

Use the cosine rule.
F? = 300% + 200% — 2 x 300

x 200 X cos 120°

= 90000 + 40000
1

—12 __
0000 x 3

= 190000
F = V190000
= 100 V19 kg wt

9 C R= V16? +30?

= V1156
=34 kg wt

10 B The forces will be at right angles to

each other.
a* + 8% =127
a’ =144 - 64
=80
a= V80=4V5
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