Exam question booklet | Topic 1

1 Combinatorics

1 Combinatorics

1.2 Counting techniques

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (1 mark)

A={3,4,m,7},B={1,4,5,9,C={mn=3rforl <r<4,reZ}.(An B)UCequals
A. ¢

B. {4}

C. {3,6,9}

D. {3,4,6,9}

E. {3,4,6,9,12}

Question 2 (1 mark)

Michael is buying a sound system for his music studio. He has a choice of 6 pairs of speakers, 4 amplifiers,
3 DJ controllers and 2 turntables. Calculate the number of different systems possible if he chooses one of
each type of component.

[] systems

Question 3 (1 mark)

Janelle must choose 1 first semester unit from 3 units of geography and 2 units of mathematics and

1 second semester unit from 2 units of English, 3 units of science and 3 units of IT. Determine how many
different 2-units courses are possible.

[] courses

Question 4 (1 mark)
IfA={1,2,3,4,56}and B=1{3,4,5,6, 7} findAn B.
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Subtopic 1.2 Counting techniques

Question 5 (1 mark)
Ife={a,b,c,d, e, f,g h,itand P = {b,d,f}, find P'.

Question 6 (2 marks)
Ife=1{1,2,3,4,56,7,8,9,10, 11, 12}, P={3,4,5,6, 7}and Q = {1, 3}, find P n Q.

Question 7 (3 marks)
M is the set of prime numbers less than 15. P is the set of even numbers less than 20. Find M U P and
Mn P.

Question 8 (1 mark)

If A={1,3,5}and B={1,3,4,5,6,7}, AU B equals:
A. A

B. B

C. {1,3,5}

D. {4,6,7}

E. An B)

Question 9 (1 mark)

& ={a,b,c,d,e,f,g, h,i}and P = {b,d, [}, therefore (P’ N §) equals:
A. {b,d,f}

B. {a,b,c,d,e,f, g, h,i}

C. (Pug)

D. {a,b,b,c,d,d,e.f,f, g, h,i}

E. {a,c,e, g, h, i}

2 Jacaranda Maths Quest 11 Specialist Mathematics VCE Units 1 & 2 Second Edition © John Wiley & Sons Australia, Ltd



Exam question booklet | Topic 1

1 Combinatorics

m 1.3 Factorials and permutations

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (1 mark)
If 'P, = 1680 then # is equal to
A.3

R-Nel-
~N N D A~

Question 2 (2 marks)

A child has wooden letters spelling out their name GRACE on their wardrobe. Determine how many names
can be created by rearranging these wooden letters in any combination that is more than 2 letters long.

[] names

Question 3 (1 mark)
Determine how many ways the Mathematics, Science, Physics and Chemistry prizes can be awarded from
25 students if no student can win more than one prize.

[] ways

Question 4 (1 mark)

The number of arrangements of the letters in the word ‘BREAK’ where the vowels are together is:
A. 24

B. 12

C. 48

D. 36

E. 40
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Subtopic 1.3 Factorials and permutations

Question 5 (1 mark)
!
simpliﬁes to:

(n—l)(n—2)
2

(n—

A.

B.n"—n
C.n’=3n>+2n
D.n—1)(n—-2)(n—23)
E. > —=3x+3

Question 6 (1 mark)
Calculate the number of ways a family consisting of a mother, father, two daughters and three sons can be
seated at a circular table if the daughters are to sit together.

Question 7 (1 mark)

Five students have made an appointment to see their teacher. The number of ways the appointments can be
arranged if Sam, a difficult student, must go first is:

A. 120

B. 60

C.24

D. 16

E. 30

Question 8 (1 mark)

The number of arrangements of the letters in the word ‘FINDER’ where the vowels are together is:
A. 720

B. 360

C. 240

D. 120

E. 320
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1 Combinatorics

m 1.4 Permutations with restrictions

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (1 mark)

Determine the total number of arrangements of the letters of the word FACTORIAL, which starts and
ends with A .

No. of arrangements = []

Question 2 (1 mark)

The number of ten—digit mobile phone numbers having at least one of their digits repeated is:
A. 36288

B. 3628800

C. 99963712

D. 36288000

E. 9996 371 200

Question 3 (2 marks)
Determine how many ways the letters of the word CALCULUS can be arranged in a row
a. If there are no restrictions. (1 mark)

[] ways

b. If the two C’s are separated. (1 mark)
[] ways
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Subtopic 1.4 Permutations with restrictions

Question 4 (1 mark)

Emma has a special collection of bottles. Eight are red, five are blue and seven are green. She likes to
arrange them in threes on a shelf so that one of each colour is displayed with green in the middle.

If the bottles are all different in shape and size, how many arrangements can she make?

Question 5 (1 mark)

The number of different three-digit numbers that can be formed using {4, 6, 8, 1, 2} if each digit can be used
only once is:

A. 24

B. 120

C. 15

D. 60

E. 40

Question 6 (1 mark)

The number of ten—digit mobile phone numbers having at least one of their digits repeated is:
A. 3628 800

B. 99963 712

C. 36 288 000

D. 9996 371 200

E. 362880

Question 7 (2 marks)
Determine the probability that in a randomly chosen arrangement of the word PERMUTATION, the letters
T are together.

6 Jacaranda Maths Quest 11 Specialist Mathematics VCE Units 1 & 2 Second Edition © John Wiley & Sons Australia, Ltd



Exam question booklet | Topic 1

1 Combinatorics

m 1.5 Combinations

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (1 mark)
Four marbles are to be selected from a bag containing six green and three purple marbles. Determine
how many different ways this can be done if there are to be two purple marbles in the selection.
5C, x3C,
°C, x'C,
°C, +3C,
°C, +7C,
°C, x'C,
21

SEREY e

Question 2 (1 mark)

At Marina’s café, sandwiches can be made with cos lettuce, carrot, avocado, capsicum, tomato and red
onion. Determine how many different sandwiches are possible.

[] sandwiches

Question 3 (2 marks)

A rugby union squad has 12 forwards and 10 backs in training. A team consists of 8 forwards and
7 backs. Determine how many different teams can be chosen from the squad.

[] teams

Question 4 (3 marks)
In a basket there are 6 red balls and 14 blue balls. How likely is it that 5 balls chosen at random should
all be red?
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Subtopic 1.5 Combinations

Question 5 (4 marks)
A review panel is to be established. It is to consist of the Principal and four other teachers selected from the
7 male and 9 female staff members.

a. How many different panels can be formed? (1 mark)
b. How many panels can be formed that consist of at least 3 female teachers? (1 mark)
c. What is the probability that only 1 male teacher is selected to be on the panel? (2 marks)

Question 6 (3 marks)
Determine the value of n if "C, = 10.
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1 Combinatorics

m 1.6 Applications of permutations and combinations

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (1 mark)
To win a racing quinella you have to select the first two runners across the finishing line in any order. At

$0.50 a bet, determine how much it would cost to cover all quinella possibilities in a 24-horse race.
It would cost $[]

Question 2 (1 mark)

Determine how many 4-digit numbers that are divisible by 10 can be formed from the numbers
3, 5,7, 8, 9, 0such that no number repeats.

[] 4-digit numbers

Question 3 (1 mark)

The official version of Oz Lotto requires you to select seven numbers from a total of 45 numbers. A
standard game consists of 7 randomly chosen numbers and costs $1.45. Determine how much it would cost
you to ensure that you won first prize.

It would cost $[]

Question 4 (2 marks)
A domino set contains all number pairs from double zero to double six with each number pair occurring
exactly once. How many dominos are there in the set?
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Subtopic 1.6 Applications of permutations and combinations

Question 5 (1 mark)
How many 4-digit numbers that are divisible by 10 can be formed from the numbers 3, 5,7, 8,9, 0 such that
no number repeats?

Question 6 (2 marks)
A poker hand (five cards) is dealt from a standard pack of 52 cards. What is the probability of being dealt at
least two aces? Give your answer correct to two decimal places.
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1 Combinatorics

m 1.7 Pascal’s triangle and the pigeon-hole principle

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (1 mark)

On one evening in Australia, 1.4 million people watched the national news. We can be certain that at least
x people from the same state/territory watched the news. Determine the maximum value of x.

A. 139999

B. 174999

C. 175000

D. 200 000

E. 233333

Question 2 (1 mark)
There are 21 —30 people swimming at the local pool. The pool has 10 lanes. Show that there is at least
1 lane with 3 or more people in it.

Question 3 (2 marks)

In an all-boys school of 393 students, every students must wear the school uniform comprising of the
following options: short-sleeve shirt, long-sleeve shirt, jumper, shorts and pants. A students must wear
1 type of shirt, shorts or pants and has the option of wearing the jumper.

Show that there are at least 50 students wearing the exact same uniform.

Question 4 (1 mark)
Using a copy of Pascal’s triangle, find the number of ways six objects can be selected three at a time.
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Subtopic 1.7 Pascal’s triangle and the pigeon-hole principle

Question 5 (1 mark)

The number of ways that 7 objects can be chosen three at a time is:
A. 20

B. 21

C.7

D. 35

E. 70

Question 6 (1 mark)

The middle number in the ninth row of Pascal’s triangle is:
A. 56

B. 70

C. 126

D. 84

E. 252

Question 7 (6 marks)
The first six terms in a particular row of Pascal’s triangle are 1, 25, 300, 2300, 12650, 53130. Determine
the first six terms in the row after this.
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Subtopic 1.7 Pascal’s triangle and the pigeon-hole principle

Question 8 (1 mark)
In Pascal’s triangle, what do you notice about the horizontal sums?
Is there a pattern?

Question 9 (2 marks)
A dance concert is split into 3 age groups, < 10,10 — 16 and > 16. If there are 46 dancers performing in the
concert, show that at least 1 age group must contain 16 or more dancers.

Question 10 (2 marks)
There are 21 — 30 people swimming at the local pool. The pool has 10 lanes. Show that there is at least
1 lane with 3 or more people in it.
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1 Combinatorics
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your learnON title at www.jacplus.com.au.

Question 1 (2 marks)

Determine how many ways the letters of the word DIFFERENTIAL can be arranged in a row

a. if there are no restrictions. (1 mark)
[] combinations

b. if the F’s are separated. (1 mark)
[] combinations

Question 2 (1 mark)
Old MacDonald had a farmE -1 —E —-1—-0.
The number of different arrangements of the letters E — 1 — E — I — O in a straight line is
A. 5!
B.5
.

2!

5!

2121
E. 5! 2! 2!
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Subtopic 1.8 Review

Question 3 (2 marks)

A netball team of 7 players is to be chosen from a squad of 11 players. Suppose and member can play

any position. Determine how many ways this can be done

a. if each player is chosen to play a particular position. (1 mark)
No. of ways = []

b. If players have no particular position. (1 mark)
No. of ways =[]

Question 4 (3 marks)

Determine how many ways five men and five women can be arranged in a row if

a. there are no restrictions. (1 mark)
No. of ways =[]

b. the men and women occupy alternate positions. (1 mark)
No. of ways =[]

c. all the men are next to each other. (1 mark)
No. of ways =[]

Question 5 (1 mark)
In the expansion of (ax + b)* two of the terms are —540x> and —1500x. Determine the possible values of
aand b.
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Subtopic 1.8 Review

Question 6 (2 marks)
Find the probability of selecting one banana, one apple and one grapefruit when selecting three pieces of
fruit from nine bananas, four apples and three grapefruit.

Question 7 (2 marks)
A shelf holds 8 French books and 10 German books. If 6 French books and 7 German books are selected
from the shelf, in how many different ways can they be arranged in a row. Assume each book is unique.

Question 8 (2 marks)
In how many different ways can 3 men and 4 women be arranged in a circle if:
a. the women must sit together. (1 mark)

b. men and women must sit alternatively. (1 mark)
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Subtopic 1.8 Review

Question 9 (4 marks)

A committee of 5 goats and 2 wolves is to be formed from 9 goats and 6 wolves. Find the number of
different committees if:

a. the committee contains the thinnest goat and the lone wolf. (2 marks)

b. the committee does not contain the black goat or the toothless wolf. (2 marks)

Question 10 (8 marks)
In the expansion of (a + b)", the fifth term equals the sixth term. (5 marks)
a. Find a relationship between a and b.

b. Use the relationship you have found between a and b in part (a) to show that the second last term in the

expansion of (a + b)" is Lb”. (3 marks)
5(m—>5)
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Answers and marking guide
1.2 Counting techniques

Question 1
A UB= {4}
C= {3,6,9,12}

(AN BUC={3,4,6,9,12}

Question 2
The multiplication principle can be used to determine the number of different systems.

Speakers ‘ Amplifiers ‘ DJ controllers | Turntables

6 X4 X3 X2 =144 ways
There are 144 different system. [1 mark]

Question 3
Total number of 2-unit courses:

Semester 1 | Semester 2
5 8

5x8=40
There are 40 different 2-unit courses. [1 mark]

Question 4
The numbers that overlap are 3, 4, 5and 6,s0 AN B = {3, 4, 5, 6}. [1 mark]

Question 5
P’ is everything within the universal set that is not in P.
P' ={a,c,e, g, h, i} [1mark]

Question 6
P =1{1,2,8,9, 10, 11, 12}
0 =12,4,5,6,7,8,9, 10, 11, 12} [1 mark]
PPnQ =1{2,8,9,10, 11, 12} [1 mark]
Question 7
M=1{2,3,5 7,11, 13}
P={2,4,6,8, 10, 12, 14, 16, 18} [1 mark]
Mu P={2,3,4,5,6,7,8, 10, 11, 12, 13, 14, 16, 18} [1 mark]
Mn P={2} [1mark]

Question 8

A U B combines everything in A with everything in B, excluding duplications.

Question 9
P’ ={a,c,e,g,h,i}
The intersection of P’ with the universal set is simply P.
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1.3 Factorials and permutations

Question 1
2n)!
znPn _ (2n)
2n—n)!
_(Cm!
n!
Test each value until you find the expression which
When n = 3:
2nPn — 61)3
6!
T3l
=6Xx5x4
=120
When n = 4:
2nPn — 81)4
8!
T4
=8XTX6X5
= 1680

Therefore, the answer is n = 4

Question 2
There are 5 letters in the name Grace.
The number of names of length 3 that can be formed by rearranging these letters is

!
5P3=%=5><4><3=60

The number of names of length 4 that can be formed by rearranging these letters is
!
P, = % =5%x4x3x%x2=120

The number of names of length 5 that can be formed by rearranging these letters is
!
Ps = % =5X4x3x2x1=120
Award 1 mark for correctly calculating the number of names of length 3,4 and 5.
In total, the number of names that are 3 or more letters long that can be formed from the letters in the name
Grace is 60 + 120 + 120 = 300. [1 mark]

Question 3
25P4 — E
21!

=25%x24%x23x%x22
= 303600 [1 mark]

Question 4
Count the EA as one unit.
Therefore, there are 4! number of ways to arrange the letters.

The EA can also be AE.
4! %2

= 4X3X2x1x2
48

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 11 Specialist Mathematics VCE Units 1 & 2 Second Edition 19



Exam question booklet | Topic 1

Question 5
n! nXm—DXn—-2)Xm—-3)Xn—-—4)X..xX1 . )
= cancelling down common factors gives
n—-3)! m=3)xmn—-4)x..x1
_nX(n—-1)xX(n-2)
1
=nn—1)m-2)
= (nz—n)(n—2)
=nd =20 —n’+2n
=n’—3n>+2n
Question 6

The two daughters can be considered as 1 object, giving a total of 6 objects needing to be placed in a circle.
The number of distinct ways n objects can be arranged in a circle = (n — 1)!
In this case n = 6.
mn-—DI=06-1)
= 5!
= 120 ways [1 mark]
For each arrangement the daughters can sit in 2 different ways; daughter 1/daughter 2 or
daughter 2/daughter 1
120 x 2 = 240
There are 240 possible arrangements. [1 mark]

Question 7
Sam is not counted in calculations because we know he must be first. The other appointments can then be
arranged in any order.
4l =4x3x2x1
=24

Question 8
Count the IE as one unit.
.. there are 5! ways to arrange the letters.

The IE can also be EI.
SIX2=5%X4%X3X2X1X%X2
=240

1.4 Permutations with restrictions

Question 1

The 2 A’s have set positions, first and last. This leaves 7 letters in the middle that can be arranged
in any order.

The number of arrangements is therefore 7! = 5040. [1 mark]

Question 2

The number of ten-digit mobile phone numbers that can be formed using the digits of 0, 1,2,...,9is 10'°
The number of ten-digit mobile phone numbers that have none of their digits repeated is

0P, = 10! = 3 628 800.

Hence, the required number 10'° — 3628 800 = 9996 371 200.
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Question 3
a. There are 8 letters in the word CALCULUS, but there are 2 C’s, 2 L’s and 2 U’s. With no restrictions,

; 5 = 5040 ways of arranging the letters. [1 mark]

there are
21

7!
b. Consider the 2 C’s together as one character. There are BT = 1260 combinations that have

consecutive C’s.
Therefore, the number of combinations in which the C’s are separated is 5040 — 1260 = 3780. [1 mark]

Question 4
The colours can be arranged in 2 ways: RGB or BGR. [1 mark]
2x8C, x7C,; x3C, =2x8x7x5[1mark]

= 560
Question 5
5P3=L=2=5><4><3=60
6-3 2
Question 6

The number of ten—digit mobile phone numbers that can be formed using the digits of 0, 1,2, ..., 9 is 10"
The number of ten—digit mobile phone numbers that have none of their digits repeated is

0P, = 10! = 3628800.

Hence the required number = 10'° — 3628800 = 9996371 200. [1 mark]

Question 7

The word PERMUTATION contains 11 letters of which there are 2 Ts.

|
I 19958 400
21

There are 19 958 400 arrangements. [1 mark]

For the letters T to be together, we treat these two letters as one object. This creates 10 groups: (TT), P, E,
R,M,U,A,L,O,N.

The 10 groups can be arranged in 10! ways.

number of arrangemens with the Ts together

P (That all the Ts are together) =
total number of arrangements

10!

il
2!
10! x2!

11!
2
= — [1 mark
11[ ]

1.5 Combinations

Question 1

Two of the marbles are to be purple, so we have to choose 2 out of the three purple: >C,
The other two marbles will be green, so we have to choose 2 out of the six green: °C,
Total number of ways = 9C, x 3C,

Question 2
There are 6 ingredients and customers can choose 1,2, 3,4, 5 or 6 of these ingredients.
The number of sandwiches possible = C, + °C, + °C; + °C, + 9C5 + 6C,

= 63 [1 mark]
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Question 3
From 12 forwards choose 8 and from 10 backs choose 7.
| |
12C8 10C, = 12! y 10!
(12-=-8)!8!" A0-=7!7
! !
= £ X i [1 mark]
418! 317!
12X 11x10x9%x8!  10Xx9x8x7!

X
8!Ix4x3%x2x%x1 TIx3x2x1

=495 %120
= 59400 [1 mark]

Question 4
Number of ways of choosing 5 from 6 is °C5 = 6 [1 mark]
Number of ways of choosing 5 from 20is 2°Cs = 15504 [1 mark]

6 1
Likelihood bability) = ——— = —— [1 mark
ikelihood (probability) 1550 2584[ |
Question 5
|
a. 16(24 = 1!
4! x12!
16 x15x14x 13 x 127
4x 121
_ 43680
24

= 1820 [1 mark]

b. 3 females (and 1 male) or 4 females
! |
9Cy x7C, xCy = . X7+ 2 [1 mark]
3Ix6! 41%x5
=588 + 126
=714
c¢. Calculations from parts (a) and (b)
n (3 females + 1 male)

Pr (only 1 male) = [1 mark]
total number of panels
588
1820
= 0.3231 [1 mark]
Question 6
nC2 = 10
n!
— =10 [1 mark]
21(n—2)!
]
T —10x21
n-2)!

nXn—1DXm—-2)X(n—-3)..%x1
m=-2)xmn-3)x..x1
nin—1)=20
n*> —n—20 = 0 [1 mark]
n=5m+4)=20
n=5or —4
Only the positive solution makes sense in this situation, so n = 5 [1 mark]

=20
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1.6 Applications of permutations and combinations

Question 1

Total number of quinellas = >*C, = 276
At $0.50 a bet it would cost you $138.
($0.50 X 276 = $138). [1 mark]

Question 2

If a number is divisible by 10, its units place should containa 0: _ _ _0

After O is placed in the units column, the tens place can be filled with any of the other 5 digits.

Selecting one digit out 5 digits can be done in °C; = 5 ways. After filling the tens place, we are left with
4 digits. Selecting 1 digits can be done in *C; = 4 ways.

After filling the hundreds place, the thousands place can be filled in °C; = 3 ways. [1 mark]

Therefore, the total combinations possible = 5 X 4 X 3 = 60.

Question 3
There are ¥°C; = 45 379 620 possible combination. At $1.45 per game, it would cost you
45379 620 x $1.45 = $65 800 449 to ensure you won first prize. [1 mark]

Question 4

Preface: There are 7 possible numbers that can appear on one half of a tile; {0, 1,2, 3,4, 5, 6}

There are ’C, ways to select a domino in which the ends have different numbers of spots and ’C; ways to
select a domino in which the two ends have the same number of spots.

Hence,
The number of dominoes ina set = ’C,+’C, [1 mark]
=21+7
= 28 [1 mark]
Question 5
If a number is divisible by 10, its units place should containa 0. _ _ _ 0

After O is placed in the units column, the tens place can be filled with any of the other 5 digits.
Selecting one digit out of 5 digits can be done in °C; = 5 ways.

After filling the tens place, we are left with 4 digits. Selecting 1 digit out of 4 digits can be done in
4C, = 4 ways.

After filling the hundreds place, the thousands place can be filled in °C; = 3 ways.

Therefore, the total combinations possible = 5 X 4 X 3 = 60 [1 mark]

Question 6

Order is not important, so this is a selection problem. There are three mutually exclusive possibilities:
2 aces and three non-aces

3 aces and two non-aces

4 aces and one non-ace.
4C2 X48C3 4c3 ><48(;2

Pr (2 aces, 3non — aces) + Pr(3 aces, 2non — aces) + Pr (4 aces, 1 non — aces) =

32C5 32C5
4C X48C
4 1
T [1 mark]

= 0.04 [1 mark]
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1.7 Pascal’s triangle and the pigeon-hole principle

Question 1

There are 8 states/territories. n = 8

1400 000 people watched the news.

1400000 =8 X174 999 + 8 > 8x 174 999 + 1, k = 174999

Therefore, at least k + 1 = 175000 people from the same state watched the news.

Question 2

There are 10 lanes in the pool. n = 10

There are at least 21 people in the pool.
21=10X2+1=nk+1,k=2

Therefore, there is at least 1 lane with k + 1 = 3 people in it. [1 mark]

Question 3
Uniform options:
short-sleeve + shorts
short-sleeve + pants
long-sleeve + shorts
long-sleeve + pants
short-sleeve + shorts + jumber
short-sleeve + pants + jumber
long-sleeve + shorts + jumber
long-sleeve + pants + jumber
There are 8 uniform options. n = 8 [1 mark]
There are 393 students.
303 =8x49+1
=nk+1 (k=139
Therefore, by the pigeonhole principal, there must be at least k + 1 = 50 students wearing the same
uniform. [1 mark]

Question 4

Identify the relevant row in Pascal’s triangle. Six objects, so seventh row.
1 6 15 20 15 6 1

Three at a time, so the fourth element.

The answer is 20. [1 mark]

Question 5

Identify the relevant row in Pascal’s triangle. 7 objects, so eighth row.
1 7 21 35 35 21 7 1

Three at a time, so the fourth element.

The answer is 35. [1 mark]

Question 6
Ninth row is 1 8 28 56 70 56 28 8 1
The middle number is 70. [1 mark]
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Question 7
Term1 =1
Term2 =1+ 25
=26
Term 3 = 25 4+ 300
= 325
Term 4 = 300 + 2300
= 2600
Term 5 = 2300 + 12650
= 14950
Term 6 = 12650 + 53130
= 65780

Award 1 mark for all terms correct.

Question 8
The horizontal sums double each time. [1 mark]

Question 9

There are 3 age groups. n = 3

There are 46 dancers. 46 =3 X 15+ 1 =nk+ 1, k=15 [1mark]
Therefore, there is at least 1 age group with 16 or more dancers. [1 mark]

Question 10

There are 10 lanes in the pool. n = 10

There are at least 21 people in the pool.

21=10X2+1=nk+1, k=2[1mark]

Therefore, there is at least 1 lane with £ + 1 = 3 people in it. [1 mark]

1.8 Review
Question 1
a. The word DIFFERENTIAL has 12 letters, with 2 I's, 2 F’s and 2 E’s.
With no restrictions there are 121 59 875 200 possible combinations. [1 mark]

212121
!
b. Consider the 2 F’s together as one character. There are ﬁ = 9979200 combinations that have

consecutive F’s.
Therefore, the number of combinations in which F’s are separated is
59875200 — 9979200 = 49 896 000. [1 mark]

Question 2

!
There are 5 letters of which there are two doubles. % =30

Question 3

a. To play in a particular position means order is important.
This is a permutation.
P, = 1663200 [1 mark]

b. If position is not important, this is a combination.
¢, =330 [1 mark]
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Question 4

a. In a group of 10 people with no restrictions, the number of arrangements is 10! = 3 628 800 [1 mark]

b. Alternating MW or WM, there are 2 X 5! X 5! = 28 800 possible arrangements. [1 mark]

¢. The number of arrangements within the group of men is 5! = 120. The 5 women and the group of men
can be thought of as an arrangement of 6 groups. Therefore, the number of possible arrangements with
all men standing next to each other is 6! X 5! = 86400 [1 mark]

Question 5
(ax + b)4 = a*x* + 4a3bx® + 6a2b*x* + 4ab’x + b*
X} =540=4a*b [1] a’b=-135

x: —1500 = 4ab® [2] ab® = —375 [1 mark]

3
375 . 375
[2] a= —7 into [1]: <—?> X b=—135 [1mark]
b® = 390625
b=i5, a:i—=i3
125

a=-3,b=5 or a =73, b =-5[1mark]
Question 6

Using combinations, there are 16 pieces of fruit, so there are <136> ways of selecting 3 pieces of fruit.

4
There are <?> ( 1) <?> ways of selecting one of each fruit. [1 mark]

(1)) 6)

P,1,1) = BTV — = 0.1929 [1 mark]
(5)
Question 7

We select the books, making 13 books in all. We then arrange the 13 books.

Select in (2) (17()) ways. [1mark]

1
Now arrange. Total number of arrangements is <2) < 7()) X 13! [Imark]

Question 8
a. Treat the women as a single unit. There are 4 units to arrange (women plus 3 men) in 3! ways.
Then we need to arrange the women within the unit of 4 women in 4! ways.
Arrangements equal 3!4! = 144ways. [1 mark]
b. Seat the women in 3! ways spaced around the table (remember (n — 1) ! Now seat the men in 3! ways in
the empty seats.
Arrangements equal 3!3!= 36 ways. [1 mark]

Question 9
a. If the thinnest goat and the lone wolf are on the committee we still need 4 goats out of the 8 still
available and 1 wolf out of the remaining 5. [1 mark]

Number of committees equals (2) <?> = 350. [1 mark]
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b. We need 5 goats out of 8 goats and 2 wolves out of 5 wolves. [1 mark]

5

Number of committees equals (2) < N

) = 560. [1 mark]

Question 10
a. ts = (Z) a(n—4)b4; tg = <§> a(n—S)bS [2 marks]

(Z) a(n—4)b4 — <’;> a(n—S)bS [2 marks]

b

a= m [1 mark]

b.t,_, = <’i’> a'b=V [1 mark]

b
X—
5(n-=75)

=" p[1mark]
5n—75)

x b=V [1 mark]
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% Seqguences and series

Topic 2 Sequences and series

m 22 Describing sequences

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (1 mark)
Specify a rule for the sequence 2, 5, 10, 17, 26 ...
t,=[1],neN

Question 2 (1 mark)
Determine the next three terms in the sequence a

[, O and ]

2
,—a, 1,...

Question 3 (1 mark)
(n+1)y
—

Write down the first five terms in the sequence ¢, =
t 1=
t2 =
l3 =

Oooodnd

S
I
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Subtopic 2.2 Describing sequences

Question 4 (1 mark)
For a particular sequence ¢; = 6,7, =2n— 1,n > 1.
List the first six terms of the sequence.

Question 5 (1 mark)
Specify a rule for the sequence 2,5, 10, 17, 26, ...
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2 Sequences and series
m 2.3 Arithmetic sequences

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (2 marks)

Determine the common difference of the arithmetic sequence given by
=+ 1)*—n(m+3)+4, neN

d=[]

Question 2 (1 mark)
In an arithmetic sequence, t; = 5¢; and the common difference is 4. Determine the value of the first term.

a=[]

Question 3 (2 marks)
D, q, 1, s are four consecutive terms in an arithmetic sequence. Show that gr — ps = 2(r — 5)%.

Question 4 (1 mark)
Is the sequence given by ¢, = 2n 4+ 5,n > 1 arithmetic?

Question 5 (2 marks)
What is the common difference of the arithmetic sequence given by
=+ 1> —nm+3)+4,neN?
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Subtopic 2.3 Arithmetic sequences

Question 6 (2 marks)
In an arithmetic sequence, #; = 7 and t,, = 33, find the first term and the common difference.

Question 7 (1 mark)
In an arithmetic sequence, #;, = 5¢; and the common difference is 4. Find the first term.

Question 8 (2 marks)
Insert five terms between (3¢ — 7p) and (—3g — p) so that all seven terms form an arithmetic sequence.

Question 9 (1 mark)

Wine bottles are stacked on their side in rows, one row on top of another. There are a bottles on the bottom
row and one less bottle on each subsequent row. If there are 71 bottles on the sixth row, then a equals:

A. 64

B. 65

C. 66

D. 76

E. 77
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Subtopic 2.3 Arithmetic sequences

Question 10 (1 mark)

A team of runners sets off. Igor was the first runner and ran 1000 metres. Each other runner in the team ran
500 metres further than the previous runner. Natasha was the final runner, and she ran 6500 metres. The
total number of runners in the team was:

A. 12

B. 11

C. 10
D. 9
E. 8

Question 11 (1 mark)

The first three terms of an arithmetic sequence are —a, —3a, —5a, ...
Find an expression for ¢, ;, the (n + 1)th term of this sequence.

A. —2an

.2n+1)

.—2n+1)

. 2n+1)+a

.—Q2n+1)a

2o OW

Question 12 (1 mark)

A toy raceway consists of a number of small pieces of raceway that join together. The shortest piece is
250 mm and each of the other pieces increase in length by 30 mm. The total length of the complete toy
raceway is 3.85 metres. The number of small pieces is:

A. 4

B. 10

C. 25

D. 26

E. 77
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2 Sequences and series
m 24 Arithmetic series

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (2 mark)
Calculate the sum of all natural numbers between 1 and 100 that are divisible by three.
The sum of all natural numbers between 1 and 100 that are divisible by three is []

Question 2 (2 marks)
Calculate the sum of the first 15 terms of the sequence 5, 9, 13, 17, ...

Sis=01

Question 3 (2 marks)
Consider the sequence ¢, = pn + g. Calculate the sum of the first 24 terms in the sequence by first showing
that the sequence is arithmetic.

S =01

Question 4 (3 marks)
The sum of three consecutive terms of an arithmetic series is 36 and the sum of the next three terms is 45. If
the first term is a, find the sum of the first 12 terms in terms of a.
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Subtopic 2.4 Arithmetic series

Question 5 (2 marks)
P, g, 1, s are four terms of an arithmetic series. Show that gr — ps = 2(r — 5)°.

Question 6 (1 mark)
The first three terms of an arithmetic sequence are 10, 13, 16, ...
S,, the sum of the first n terms of this sequence is:

A. 2 3n+23)
2
n

B. 2 (n+23)
n

C. 3 Gn+17)
n

D. 2 (n+17)

n
E. -(Gn+7
2(n )
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2 Sequences and series
m 2.5 Geometric sequences

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (1 mark)

. n n? .
For the geometric sequence m, — —, - the common ration and the tenth term are
0 m m

n n
A, —, T

m m

9

nn
B. ——, —

m m

n n’
C. T T T

m oM

n n
D. T 1

m- m

2 a8
E. T 17

m m

Question 2 (1 mark)
Insert one term between 2 and 8 to form a geometric sequence.
The missing term is [] or []

Question 3 (2 marks)
Determine the number which forms a geometric sequence when added to each of the numbers 11, 17, 25.
The number to be added is [].

Question 4 (1 mark)

Find the next three terms in the sequence a?

,—a, 1,...
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Subtopic 2.5 Geometric sequences

Question 5 (1 mark)

Specify the rule for the sequence ﬂ, -1, z
n m

9 oo

Question 6 (2 marks)

The planet Angloopa has a population of 6.6 billion nargs in the year 2094 AP. If the population of nargs
increases at a rate of 10% per Angloopa year (approx. 1.75 Earth years), during which year, AP, will the
population have tripled?

Question 7 (1 mark)

The common ratio of the geometric sequence 2, —6, 18, ... is:
1

A. -

3

B. -1

3
C.3
D. -3
E. —-3.333

Question 8 (1 mark)
The first term of a geometric sequence is p and the common ratio is also p. If the nth term is n, then p,
expressed in terms of n, is:

mEaFE>
3
I
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Subtopic 2.5 Geometric sequences

Question 9 (1 mark)
Two geometric sequences S; and S, are such that a; = pa, and r| = gr,. The ratio of the seventh term
of S; to the seventh term of S, is:

AP

S
QQ

= T O%
NESN RS

@"B

=

~
(o)}

Question 10 (1 mark)

The length of a fish in a pond increases by 5% per month until its length has doubled. The number of
months the length takes to double is closest to:

A. 8

B. 10

C. 14

D. 15

E. 20

Question 11 (1 mark)

A Snurk living on the planet Onguardo decreases its body weight by 10% every Onguardo year
(approximately 5.2 Earth years) ultimately reaching its ideal weight. Initially its weight was 5 krongs
(1 krong = 0.425 kg). Find the Snurk’s ideal weight.
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2

Sequences and series

2.6

Geometric series

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (1 mark)

Calculate the sum of the first 10 terms of the geometric series —2, +4, —8, + 15, —32,...

Sio=0

Question 2 (1 mark)

The sum of the first 12 terms of a geometric sequence is 12 285. If the first term is 3, determine the

common ratio.

r=[]

Question 3 (3 marks)

For a particular geometric sequence S,,, = 55,,. Show that r = VZ

Question 4 (1 mark)

I 1

. . . 1
Find the sum of n terms of the geometric series 1 + > +-+-+..

48

Question 5 (1 mark)

Find the sum of the first 10 terms of the geometric series —2, +4, —8, +16, =32, ...

© John Wiley & Sons Australia, Ltd
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Subtopic 2.6 Geometric series

Question 6 (2 marks)
The first term of a geometric series is 4 and the common ratio is 2. Find the sum of the second 10 terms,
i.e. 1731 to 10-

Question 7 (1 mark)
The sum of the first 12 terms of a geometric sequence is 12 285. If the first term is 3, find the
common ratio.

Question 8 (1 mark)
Find S, for the geometric series 4, 2, 1,...

Question 9 (2 marks)
The nth term of a geometric series is 6(0.25)". Find the sum to infinity.

Question 10 (1 mark)
Explain why some geometric series have a sum to infinity and some do not.
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Subtopic 2.6 Geometric series

Question 11 (3 marks)

m—1 . .
———, where ris the common ratio.
m

For a particular geometric series where S, = mS),, show that r = 4

Question 12 (1 mark)

The first four terms of a geometric sequence are 3, —9, 27, —81.
The sum of the first 10 terms of this sequence is:

A. —44286

B. 44286

C. =59049

D. 597049

E. 177147
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2 Sequences and series
m 2.7 Applications of sequences and series

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (2 marks)
Using compound interest, calculate the future value of $1000 invested for 10 years 8% per annum.

Value = $ [] to the nearest cent

Question 2 (2 marks)
The planet Angloopa has a population of 6.6 billion nargs in the year 2094 AP. If the population of nargs

increases at a rate of 10% per Angloopa year (approx. 1.75 Earth years), determine during which year, AP,
the population will have tripled.
During year []
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Subtopic 2.7 Applications of sequences and series

Question 3 (3 marks)

The number of koalas K, on a plantation at the start of the nth year is given by K, ; = 0.98K,, — 5 and at
the start of the first year there were 200 koalas. (Note: round all decimal answers down to the nearest integer
when stating answers.)

a. Determine the number of koalas on the plantation at the start of the fourth year. (1 mark)
There are [] koalas at the start of the fourth year.

b. The number of koalas at the start of the nth year is given by the formula K, = 450 X 0.98"~! — 250. Use
this formula to determine the year in which the number of koalas falls below 100.
During the [TJth year (2 marks)
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2 Sequences and series

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (1 mark)

A pendulum starts its swing through an angle of 60° from one extreme to the other.

Each oscillation of the pendulum swings out an angle which is 60% of the preceding oscillation.
Determine the angle that the pendulum swings through in its 10th oscillation.

Angle = []°, to two decimal places

Question 2 (2 marks)

Two friends, Thanh and Maria, start work at Blogg Brothers Emporium. Initially they are paid the same
annual salary of $25 000.

Thanh’s salary increases at the end of each year at the flat rate of $1250 per annum while Maria’s salary
increases at the end of each year at 4% per annum.

Determine who earns the greater salary at the end of the sixth year.

Question 3 (2 marks)
The nth term of a geometric series is 6(0.25)". Calculate the sum to infinity.

Seo =011

Question 4 (2 marks)

A ball drops from a height of 10 metres. After bouncing, it reaches 70% of its original height.

Assuming a geometric sequence, determine on which bounce the ball passes a rebound height of 1 metre for
the last time.

On the [Jth bounce.

16 Jacaranda Maths Quest 11 Specialist Mathematics VCE Units 1 & 2 Second Edition © John Wiley & Sons Australia, Ltd



Exam question booklet | Topic 2

Subtopic 2.8 Review

Question 5 (3 marks)
The sum of three consecutive terms of an arithmetic series is 36 and the sum of the next three terms is 45. If
the first term is a, calculate the sum of the first 12 terms in terms of a.

Sp=0

Question 6 (3 marks)

Explain why the sequence a, a, @, a*, @, ... is not arithmetic.
Find the nth term of the sequence.

Calculate ¢, — ¢,

Question 7 (1 mark)
$20 000 is invested at 7% compound interest for 5 years. What is the total value of the investment at the end
of 5 years?

Question 8 (8 marks)
Answer the following.
a. For a geometric series, the sum to infinity is four times the sum of the first two terms.

Find the common ratio. (2 marks)
b. Show that for any geometric series, if S, = 35, then r = % (3 marks)
c. Show that for any geometric series, if S,, = ¢S,, ¢ > 0, then r = /(g — 1). (3 marks)
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Answers and marking guide
2.2 Describing sequences

Question 1
Each term is one greater than a square. That is, 2 = 124+ 1,5=2%+1, and so on.
t,=n*+1,n € N [1mark]

Question 2

Divide each term by —a

a*, —a, 1, —1, 12 —%, ... [1mark]

a a a

Question 3

Substitute » = 1, n = 2 and so on.
1+1)°

l’l = ( + ) = 23 = 8
2 4 125 21

) _7a 6_3 _5, _6, . [1mark]

2 3 4

Question 4

tl = 6

h=2%X2-1=3
=2X3—-1=5
p=2x4-1=7
ts=2%X5-1=9
t¢=2X6—1=11[1mark]
Question 5

Each term is one greater than a square. Thatis,2 = 12 + 1, 5 =22 + 1, etc.
t,=n*>+1, n>1[1 mark]

2.3 Arithmetic sequences

Question 1
=+ 1) —nm+3)+4

=2 +2n+1—-n2-3n+4

=-n+5 [1 mark]
Hh=4,1L=3=>d=-1 [1 mark]
Question 2
te =513
a+15d = 5a + 10d
4a = 5d
Given d =4 = 4a =20
sa=5 [1 mark]
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Question 3
qr —ps = 2(r — s)2
LHS=(@p+d (p+2d)—p (p+3d)
= 2d* [1 mark]
RHS = 2(r — 5)°
= 2(-dy’
=24’
..LHS = RHS [1 mark]

Question 4
tiyr—t,=2m+1)+5—-2n+5)=2= arithmetic, d =2 [1 mark]

Question 5
Lh=m+1)’—nmn+3)+4
=n’+2n+1-n>-3n+4
= —n+ 5 [1 mark]
ty =4, , =3=>d=—1[1mark]

Question 6

a+6d="7

a+ 19d = 33 [1 mark]

Solving simultaneously.
a = -5, d =2 [1 mark]

Question 7
tlﬁ == 5t3
a+ 15d = 5a + 10d
da = 5d
Givend=4= 4a =20
..a = 5 [1mark]
Question 8
a=3q-"Tp

a+6d=-3q—p
d = —q + p [1 mark]

Sequence is:
(g —1p),(2q —6p),(q — 5p),(=4p),(—q — 3p), (=29 — 2p) ,(=3q — p) [1 mark]
Question 9
t,=a+n—1)d
te=a+(6-—1)x-—1

=71
a=176
Question 10
6500 = 1000 + 500(n — 1)
5500 = 500(n — 1)

n—1=11
Son=12
Question 11
thyp=—a+m+1—-1)X-2a
=—2n+1l)a
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Question 12
S, = g[2a+(n—1)d]

38502%[2><250+(n—1)x30]

7700 = 470n + 30n?
3n* 4+ 47n—=770=0
@Bn+77)(n—10)=0
n=10

2.4 Arithmetic series

Question 1

Arithmetic series, a = 3, d = 3, [ = 99. [ 1 mark]
To find n:

Il=a+(n—1)d=>n=233 [1 mark]

S33=§[2x3+(33— 1) X 3]
= 1683 [1 mark]
Question 2
Arithmetic, a = 5, d = 4 [1 mark]
Sis = §[2x5+(15—1)><4]
=495 [1 mark]

Question 3
t,=pn+gq
byt —ty=pln+ 1) +qg—(@Pn+q) =p
Arithmeticd = p
a=1t
= p + g [1 mark]

24
Sy = ?[Z(P + q) + 23p]
— 12(25p + 2¢) [1 mark]

Question 4

Three consecutive terms are (p — d), p, (p + d)
@P—-d)+p+(@p+d =36=p=12[1 mark]

Next three terms are (12 + 2d), (12 + 3d), (12 + 4d)

(12 +2d)+ (12 +3d) + (12 + 4d) = 45 = d = 1 [1 mark]

S, = %[2><a+(12—1)><1]
= 12a + 66 [1 mark]

Question 5
qr—ps = 2(r— s)2

LHS=@+d@p+2d)—pp@+3d)
= 24* [1 mark]
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RHS = 2(r — s)°
=2(=d)’
=24 [1 mark]

.. LHS = RHS
Question 6

Sn=g[2a+(n—1)d]
=g[2x10+(n—1)x3]
=g(3n+17)

2.5 Geometric sequences

Question 1
n

r=——-+m
m
_ n
)
th = ar9
9
n
=m| ——
)
m\7
Question 2
Let sequence be 2, m, 8
8 m

—=—=>m?=16=>m=+4.
m 2
Either 4 or —4 can be inserted. [1 mark]

Question 3

(11 +b), (17 + b), (25 + b) form a geometric sequence.
h I3

Hh b
174+b _25+b
11+b 17+b
(17 + b)> = (11 + b)(25 + b) [1 mark]
34b + 289 = 36b + 275

b =7 [1mark]
Question 4
Divide each term by —a.
11 1
a*,—a,1,——, — T [1 mark]
a a a
Question 5
2 3
Multiply by I to get the next term; ﬂ, -1, ﬁ, —n—z, n—3, ... [1 mark]
m n m m
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Question 6
3% 6.6 =6.6(1+0.1)" [1 mark]
1.1"=3
n=11.53
Year is 2094 + 11.53 = 2105th year. [1 mark]
Question 7
-6
r=—
2
_18
-6
=-3
Question 8
ty=pxp"h
= p”
=n
=>p= W
Question 9
01(7"1)6 _ Paz(CI”z)6
02(7’2)6 az(rz)6
=pq°
Question 10
t, =2a
= a(1.05)"
(1.05)" =2
log (2)

n= ———
loge(l.OS)
= 14.21 months

Question 11
S, = —

—r

5
1-0.1
= 4.5 krongs [1 mark]

2.6 Geometric series

Question 1
a=-2,r=-2
-2 (1-(=2)")
Sio =
1-(=2)

= 682 [1 mark]
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Question 2
3x (1-r12)
="
1—r
= 12285
1— 12
w = 4095

1—r
Solving, r = 2 [1 mark]

Question 3
S2n:5Sn
a(—-1) Sa( —1)
r—1 =
a( -1 =1 _ Sa(@ —1)
r—1 =
+1=5

[1 mark]

[1 mark]

r=\/4 [1 mark]

Question 4

a=1,r=—

2
1(1-0")

S, =
1 —

1
2

| =

n—1
=2 <— [1 mark]

Question 5
a=-=-2,r=-2
-2 (1-(=2)")
1—=(=2)
= 682 [1 mark]

Sio =

Question 6
o g 422 -1) 4(20"-1)
20 7 P10 — ) _1 - 71

= 4190208 [1 mark]

Question 7
3x (1—r2)

512 =

1—-r

= 12285

(1 — rlz)

—-r
Solving, r = 2 [1 mark]

= 4095

[1 mark]
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Question 8
a=4,r=-
Sy = —
1—-r
_ 4
- 1
-3
= 8 [1 mark]
Question 9
t, = 6(0.25)"
a =1t =6(0.25)" = 1.5, r=0.25 [1 mark]
a
Seo = 7
5
- 1-025
= 2 [1 mark]

Question 10
For a sum to infinity to exist each subsequent term must be numerically smaller than the previous term.
This only happens if |r| < 1. [1 mark]

Question 11

S =mS),
1-7
¢ T mark)
1—r 1—r
1=m(—-7r)
m—1
¥ = —— [1 mark]
m
s fm—=1
r =1/ —— [1mark]
m
Question 12
a(l—=r"
Sio=—F""
1—r
3(1-(=3)")
1=
= —44286

2.7 Applications of sequences and series

Question 1
Value = $1000 x 1.08'°  [1 mark]

=$2158.92 [1mark]

Question 2
3% 6.6 =6.6(1+0.1)"
1.1"=3

n = 11.53 [1 mark]
Year is 2094 + 11.53 = 2105th year [1 mark]
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Question 3

a. K,, 1 =0.98K, -5, K; =200
K2 = O.98K1 - 5
K, =0.98 X200 -5
K, =191

There are 191 koalas at the start of the second year. [1 mark]

K3 =0.98K2—5
Ky=098x191 -5
K3 = 182.18

There are 182 koalas at the start of the third year. [1 mark]

K4 = 098K3 - 5
K, =098 x182.18 -5
K, = 173.54

There are 173 koalas at the start of the fourth year. [1 mark]

b. K, = 450 x 0.98"~! — 250

Exam question booklet | Topic 2

To determine when the number of koalas reaches 100, solve the following equation for n using your CAS

calculator.

100 = 450 x 0.98"~! — 250

The solution is n = 13.4396 [1 mark]
K3 = 450 % (0.98)'* — 250 = 103.12

K, = 450 % (0.98)"% — 250 = 96.06

The number of koalas will fall below 100 during the 13th year. [1 mark]

2.8 Review

Question 1
Angle = 60° x (0.6)°

= 0.60° [1 mark]

Question 2
Thanh : $25000 + 6 X $1250 = $32 500 [1 mark]

Maria : $25 000(10.4)6 = $31632.98 [1 mark]

Thanh earns a greater salary at the end of the sixth year.

Question 3
t, = 6(0.25)"
a=t = 6(0.25)1 = 1.5, r = 0.25 [1 mark]
Seo = —
1—r
15
1-0.25
= 2 [1 mark]
Question 4

a="7,r=0.7 [1 mark]
t, height > 1
1 <7x0.7"
= n=5.456
That is, on the 6th bounce [1 mark]
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Question 5

Three consecutive terms are (p — d), p, (p + d)
p—-d+p+@P+d =36 > p=12 [1 mark]

Next three terms are (12 + 2d), (12 + 3d), (12 + 4d)
(12+2d)+ (12+3d)+ (12 + 4d) =45 = d = 1[1 mark]

S, = %[2><a+(12— 1)x 1]
= 12a + 66 [1 mark]
Question 6

In this instance, each term is multiplied by a constant term to find the next term. For an arithmetic sequence,

a constant is added. [1 mark]
t, = " [1 mark]

thy1 —t, =a"' —ad" = d"(a—1) [1 mark]

n

Question 7
Value = $20000(1.07)°

= $28051.03 [1 mark]

Question 8

N}
—_~
—_
|
S—"

a

DlWA|—= B

a.

P
I
~

1—r

I
Jo
I

>[5

\
I
H

[1 mark]
") 3a(l—r)

1—r 1—r
1—-r=31-r"

Q
—~
—_

I
o

[1 mark]

1-7A+7)=3(1-r" [1mark]

r = /2 [1 mark]
a(l1-r") ga(l—m
1—r 1—r
1= =g -

[1 mark]

A-rAa+r)y=q( -7 [1mark]

r=14/(g — 1) [1 mark]
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3 Logic and algorithms

3 Logic and algorithms
m 3.2 Statements (propositions), connectives and truth tables

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (1 mark)
Complete the truth table for the compound statement p A —p.

Question 2 (1 mark)

p and g, or p and r can be written as
A.pAgANPAT)
B.pAg)V(PAY)
C.pvg)A(pVr
D.pvgvpvVvr

E. 0 A= A7)

Question 3 (2 marks)
Determine the missing connectives between p, g and r in the last column of the following truth table.

p?2q?r
T

Q

m|m{m|—H|Tn|H|H|H|T
mim|d|m|[d|m|[H|d
T ||| A || >
mid|m|m| 4|4

pUOqgOr
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Subtopic 3.2 Statements (propositions), connectives and truth tables

Question 4 (1 mark)

Is the following sentence a statement?

‘When the engine fails, a yacht can always revert to sail power.’
If not, what can be added to create a statement?

Is the statement created true?

Question 5 (1 mark)
Construct the truth table for p A g.

Question 6 (1 mark)
Construct the truth table for p Vv —q.

Question 7 (2 marks)
Use truth tables to establish if (-p = q) & (p = —q).

2 Jacaranda Maths Quest 11 Specialist Mathematics VCE Units 1 & 2 Second Edition
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Subtopic 3.2 Statements (propositions), connectives and truth tables

Question 8 (1 mark)

Which of the following is a negation of ‘All plongs are umple’?
A. No plongs are umple.

B. All plongs are not umple.

C. No plongs are not umple.

D. Some plongs are umple.

E. Some plongs are not umple.

Question 9 (1 mark)
Prove (p V —ip) to be a tautology.

Question 10 (2 marks)
Use a truth table to determine if (p = q) © (—g = —p).

Question 11 (2 marks)
Prove by counter example that the statement ‘the cube root of x3 is +x” is false.
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Subtopic 3.2 Statements (propositions), connectives and truth tables

Question 12 (1 mark)
This is the truth table for:

MM 4|4
M| M|
mim|m| -

A.pVvyg
B.pAqg
C.p' NG
D.p' Agq
E.pAgq

Question 13 (1 mark)
This is the truth table for:

LI I
n|=| |
—[m|=|-

A.pVyg
B.pAqg
C.p' NG
D. pVv g
E. pvyg
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Subtopic 3.2 Statements (propositions), connectives and truth tables

Question 14 (1 mark)

Where the universal set is the set of real numbers, R, a tautology is true for:

.XERTU{0}
xE€Rt
. x€ R U{0}
XER™
XER

HTOR P

Question 15 (1 mark)

(P V Q) AQ is equivalent to:

A. PA-Q
B. PV -Q

.1
. 0
. P

=20

Question 16 (2 marks)

Determine by using truth tables if (p = ¢) < (¢ = —p).
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3 Logic and algorithms
m 3.3 Valid and invalid arguments

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (2 marks)

Examine the validity of the following argument.

The supplement of an obtuse angle is an acute angle.
Angle A is not obtuse.

Hence, the supplement of angle A is not acute.

The argument is [].

Question 2 (2 marks)
Use a truth table to determine whether (p — ¢g) < (0g — —p).
The statements are [].

Question 3 (2 marks)

Use tautology to verify the validity or otherwise of the following modus follens argument.
P g

q

p
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Subtopic 3.3 Valid and invalid arguments

Question 4 (2 marks)

Use tautology to verify the validity or otherwise of the following modus tollens argument:
=79

q

p

Question 5 (2 marks)
Determine if the following statement is a tautology: ‘If it rained yesterday, today is Tuesday’.
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3 Logic and algorithms
m 3.4 Boolean algebra and digital logic

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (2 marks)
Using the laws of Boolean algebra, show that A + A - B = A.

Question 2 (2 marks)
Determine the Boolean equations for this electrical circuit.

o« o o—
a b
iy C (F)
T Fridge
o . o o
c d

Question 3 (3 marks)
Use truth tables to show that the second logic circuit is a simplified version of the first logic circuit.
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Subtopic 3.4 Boolean algebra and digital logic

Question 4 (1 mark)
In the language of logic gates, explain NAND.

Question 5 (4 marks)
Draw the logic circuit for the Boolean equation P = a + a - b, and construct the truth table.

Question 6 (3 marks)
What is a tautology? Give one example using set theory and one example using Boolean algebra.

Question 7 (1 mark)
In Boolean algebra, this logic gate system is:

B
C X
A.(A-B)-C
B.(A+B)+C
C.(A-B)+C
D.A-(B+C)
E. (A+B)-C
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3 Logic and algorithms
m 3.5 Sets and Boolean algebra

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (3 marks)
Determine using Boolean algebra if (p A ¢) V =g and p V —g are equivalent.

They are |:|

Question 2 (1 mark)

If & =1{1,2,3,4,5,6,7,8,9}, B={1,3,5,7,9}, C = {3,5,7,8}, (BN C)U B’ equals
A. {2,4,6,8}

B. @

C. {2,3,4,5,6,7,8}

D. {6}

E. {2,3,4,5,6,7,8,8}

Question 3 (4 marks)
IfA={p,q,r},B=1{p,q,r,s}, 1=1{p,q,r,s,t,u,v} verify De Morgan’s Law (A + B) = A’ - B'.

Question 4 (2 marks)
‘Write out the Distributive Laws in both set and Boolean notation.
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Subtopic 3.5 Sets and Boolean algebra

Question 5 (1 mark)
Write out deMorgan’s Laws.

Question 6 (3 marks)
Determine using Boolean algebra if (P A Q) V =Q and P Vv —(Q are equivalent.

Question 7 (4 marks)
IfA={p,qr},B=1{pq,rsh1=1{p,q,rs,tuv} prove deMorgan’s Law: (A +B) = A’ - B'.

Question 8 (1 mark)

Written in set notation, A U (B N C) equals:
A. AUBINAUO)

B. ANnB)UMANO)

C. AUBNANO

D.(A-B)+(A-C)

E.A+B)-(A+0)

Question 9 (1 mark)
(A - B) equals:

A. A" -B

B. (A" -B)
C.A-B)

D. A"+ B

E. A+B)
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3 Logic and algorithms
m 3.6 Algorithms and pseudocode

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (2 marks)
Write a pseudocode to determine the volume of a cylinder.
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Subtopic 3.6 Algorithms and pseudocode

Question 2 (5 marks)
The following equation shows how to convert from degrees Fahrenheit to degrees Celsius:

5
C=-F-32).
9( )

a. Write pseudocode to convert a temperature entered as Fahrenheit to its Celsius equivalent. (2 marks)

Cold Hot

OF : ﬂc 0 \ OC
160 — —60 160 — ==
140 = = 50 140 = =50
120 = = 40 120 = = 40
100 = = 30 100 = = 30
80—= = 20 80 —= = 20
BO—= = 10 60 — = 10
4w-= [E0 w= = o
20 = = 10 20 = = 10
e =20 G = 20
0= = 30 g — = -39

// _// g

)

b. Write pseudocode to tabulate temperatures in Celsius to their Fahrenheit equivalence for values of
Celsius from 0 to 40 in steps of 2 degrees. (3 marks)
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Subtopic 3.6 Algorithms and pseudocode

Question 3 (4 marks)
Write a pseudocode to solve a quadratic equation, where the coefficient of the quadratic term is non-zero.
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3 Logic and algorithms

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (1 mark)

Consider the following valid argument.

If John plays for us on Saturday, then we will win.

If we win on Saturday, then we will come in first place on the ladder.

If we come in first place on the ladder, then we play our first final at home.
Therefore, if John plays for us on Saturday, then we play our first final at home.
This is an example of

. modus ponens

. disjunctive syllogism

. hypothetical syllogism

. modus tollens

moOw P>

. constructive dilemma

Question 2 (1 mark)

Premise: All argans are flimps. Premise: All flimps are doinks.
The conclusion is

. all doinks are flimps.

. all doinks are argans.

. all argans are doinks.

. all flimps are argans.

. doinks are a subset of argans.

O OW >
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Subtopic 3.7 Review

Question 3 (1 mark)
Consider the following logic circuit
The Boolean equivalent to this circuit is:

SO

c

A.la-(b+ )]

B.a'" + (@ -¢)

C.(@+b) -(a+c")

D. Both A and B are equivalent to the circuit
E. A, B and C are all equivalent to the circuit

Question 4 (2 marks)
Use truth tables to determine whether (p — q) < (¢ — —p).
The are |:|
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Subtopic 3.7 Review

Question 5 (8 marks)

£§=1{1,2,3,4,5,6,7,8,9, 10, 11, 12, 13, 14, 15}

A=1{1,2,3,4,5}

B=1{4,5,6,7,8, 9}

Cc=1{5,8,9,10, 11}

By considering the elements in the various sets below, verify each of the following statements.

a. AUB)Y =A'nPB’ (2 marks)
b. ANB)Y =A"UB’ (2 marks)
c. AUBINC=MANCOUBNO) (2 marks)
d. AnBNnC)Y =A"UB' U’ (2 marks)
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Answers and marking guide
3.2 Statements (propositions), connectives and truth tables

Question 1

p |p|pPv-p
T |F F
FlT| F

Award 1 mark for the correct truth table.

Question 2
‘and’ is written as A.
‘or’ is written as V.

Question 3

The last row is false, which implies at least one of p, g and r is required.

The second last row is true; r is required but not with the other two, which are false. This implies V.
Through a process of elimination, the answerisp A g V r.

Award 1 mark for a process of elimination.

Award 1 mark for the correct answer.

Question 4

No, this sentence is not a statement.

To make this sentence a statement, ‘It is true that...” needs to be added to the beginning of the sentence.
‘It is true that when the engine fails, a yacht can always revert to sail power.’

This statement is true. [1 mark]

Question 5
plqg|pAg
T|T T
T|F F [1 mark]
FIT] F
FIF[ F

Question 6
plqg|pVv-g
T|T T
TI|F T [1 mark]
FIT] F
FIF[ 7

Question 7
plqg|-p|-wP=>q|-q|p=>-q
T[T[F T F F
T|F| F T T T [1 mark]
FI|T| T T F T
FIF[T F T T

They are not equivalent. [1 mark]
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Question 8
A negation is merely the opposite of the original statement.

If P = “All plongs are umple’, then ~P = ‘Some plongs are not umple’.
Another example:
If P = ‘All animals are equal’, then ~P = ‘Some animals are not equal’.

Question 9
p|-p|(pv-p)
T| T T
T| F T
F| T T
F| T T

Exam question booklet | Topic 3

Award 1 mark for the correct truth table.

Question 10

plaglp=>qg|-g=>-p|-p|-q
TIT] 7T T F|F
TIF| F F FIT
FIT] T T T|F
FIF] T T T T

Award 1 mark for the correct truth table.
(p = q9) © (ng = —p) is equivalent. [1 mark]

Question 11
Consider a single case, let x = 5.

The cube root of 5° is +5 = the cube root of x> is +x. [1 mark]
The original statement is false. [1 mark]

Question 12
P A g, as p and g are true simultaneously.

Question 13

PV g
The last row gives —p or ¢, and the first row gives p or g. Therefore, it must be option D or option E. Now

just use trial and error.

Question 14
Here the universal set is R. A tautology is always true, hence it is true for all values of the universal set.

Question 15
PVOA-Q=FPA=0Q)V(QA-Q)

=PA-QVO0
=P/\—|Q
Question 16

plqg|P=>q|pP|g=>-p
TI|T T F F
T|F| F [ F T
FI|T T T T
F|F T T T

[QA=Q =0]

Conclusion: They are not equivalent.
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Award 1 mark for constructing the correct truth table.
Award 1 mark for concluding that the statements are not equivalent.

3.3 Valid and invalid arguments

Question 1

p = Angle A is an obtuse angle.

q = The supplement of angle A is an acute angle.
Set up truth tables for both premises.

P—q < (p—> g

pPlg|P-q |-P->~q|-p|q
T[T T T F|F
T|F F F FlT
FIT T T T|F
FIF T T T|T

Award 1 mark for the correct truth table.

Question 2
pP|lg|pP—->q | P|q| q-—>-Pp
T|T T F F T
T|F F FIT F
FI|T T T F T
F|F T T T T

Award 1 mark for the correct truth table.
(»p = q) © (~g — —p) is equivalent. [1 mark]

Question 3
P || P—>"q|pP|q|g—>Pp
T T T F|F T
T|F F FIT| F
F T T T|F T
F F T TI|T T

Award 1 mark for the correct truth table.
The modus tollens arugument is valid. [1 mark]

Question 4
P |7q | P=>"q|g=>p |p|q
T T T T FI|F
T|F F F |F|T
F T T T T|F
F F T T TI|T

Award 1 mark for the correct truth table.
The modus tollens argument is not valid. [1 mark]

Question 5
p = If it rained yesterday
g = Today is Tuesday
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Prove (p A g) to be a tautology.

plal(paq)
T(T] T
T|F| F
FIT| T
FIF| T

Award 1 mark for the correct truth table.
False, (p A g) is not a tautology. [1 mark]

3.4 Boolean algebra and digital logic

Question 1
A+A-B=A+A)-(A+B)
=A-(A+B)
=(A+0)-(A+B) [1mark]
=A+(0-B)
=A+0
=A [1 mark]
Question 2

F=@-b)+(c-d
Award 1 mark for each of the two branches.

Question 3
a|b|a-b|la+a -b|a+b
00 0 0 0
0|1 1 1 1
110 0 1 1
111 0 1 1

Award 1 mark for each of the last three columns correct in the truth table.

Question 4
Essentially this gate means ‘not and’, so it does not allow both to occur simultaneously, every other
combination is acceptable. [1 mark]

Question 5

QBD
p
b

Award 1 mark for each of the two gates.

alb|la-b|a+a-b
0|0 0 0
0|1 0 0
110 0 1
111 1 1

Award 1 mark for each of the last two columns correct in the truth table.
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Question 6

A tautology is something that is always true, no matter what values are used. For example, ‘If today is
Friday, tomorrow is Saturday’.

Award 1 mark for a correct explanation.

AN A=A [1mark]

A+A=A [1mark]

Question 7
A and B enter an OR gate, which is represented by +.
(A + B) then enters an AND gate, which is represented by -, with C, hence the result.

3.5 Sets and Boolean algebra

Question 1

PAQV g

=P-9+0

=P+0)-(Q+0Q) [1mark]

=P+0)-1 [1 mark]

=P+

=pVq

.. They are equivalent. [1 mark]

Question 2

BNOUB =BUB)N(CUB)
=CUB
=1{3,5,7,8tu{2,4,6,8}
=1{2,3,4,5,6,7,8}

Question 3

A ={p’q’r}9B={p:q’r’s}7l={p,q’r’s’t’uav}
A+B={p,q,r,s}

A+ B=B [1mark]

A+B) ={t,U,V} oo, (1) [1mark]
A" ={s,t,u,v}

B' ={t,u,v} [1 mark]
A" B ={t,u,V} oo, (2) [1 mark]
(D =)

S(A+B) =A"-B

Question 4

Set notation:
AUBNO)=AUBNAUO

ANBUO=ANBUMANC) [1mark]
Boolean notation:
A+B-O)=A+B)-A+0

A-B+0O)=(A-B)+A-C) [1mark]
Question 5
(A+B)=A"-B

(A-B) =A"+B' [1mark]
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Question 6

PAQV-Q =PV AQV~Q) [1mark]
=Pv-0 (©Qv-Q=1) [1mark]

.. They are equivalent. [1 mark]

Question 7

A={p,q,r},B{p,q,r,s},1 ={p,q,r,s,t,u,v}
A+B={p,q,r,s}

=B [1 mark]
A4B) ={6,U,V} oo, (1)
A '={s,t,u,v}
B' ={t,u,v} [1 mark]
A" B ={t,u,V} oo (2) [1 mark]
(=2

(A+B' =A"B

Question 8
Using distributive law, A U (BN C) is equivalent to (AU B)N (AU O)

Question 9
Using de Morgan’s Law, (A - B) equals A’ + B’

3.6 Algorithms and pseudocode

Question 1
begin

numeric radius, height, volume

display ‘Enter the radius’

input radius

display ‘Enter the height’

input height

volume = pi* r¥#2 * h

display ‘The volume of the cylinder is’, volume [2 marks]
end

Question 2
a. begin
numeric ¢, f
display ‘Enter the temperature in Fahrenheit’
input £
c=5/9"(f - 32)
display “The equivalent temperature in Centigrade is’,
c
end [2 marks]
b. begin
numeric ¢, f
disp ‘Centigrade Fahrenheit’
for (¢ =0, 40, 2)
f =32+ 9*¢/5 [3 marks]
dispec, f
endfor
end
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Question 3
begin
numeric a, b, c, delta, x1, x2
display ‘Enter the values of a, b and ¢’
inputa, b, c
delta=b*"b—4*a*c
If (delta > 0) then
x1 = (—b + sqrt(delta))/(2* a)
x2 = (—b — sqrt(delta))/(2* a)
disp ‘There are two solutions’ x1, ‘and’, x2
elseif (delta == 0) then
x1 = —b/(2* a)
disp ‘There is one solution’ x1
else
disp ‘There are no real solutions’
endif
end [4 marks]

3.7 Review

Question 1

Let p — John plays for us on Saturday.
q — we win on Saturday.

r — we came in first place on the ladder.
s — we play our first final at home.
pP—=4q

q—->r

r—s

p—s

Question 2

arugans C flimps

flimps C doinks

— arugans C doinks

— all argans are doinks

Question 3
Working from left to right:
b and ¢ connect to an OR gate. Boolean: b + ¢
b + ¢ and a connect to an AND gate. Boolean: a. (b + ¢)
The output of this connects to a NOT gate. Boolean
[a-(b+0)]
A is a Boolean equivalent to the logic circuit.
[a-(b+c)] =a’ + (b’ -c’), soB is also a Boolean equivalent.
[a-(b+0)] =[@-b)+@-c)

=@ +b)-(@+c)
So C is also a Boolean equivalent.
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Question 4
P|qQ | pP—>q| P |gq—>Pp
T|T T F F
T|F|] F F T
FI|T T T T
F|F T T T

Conclusion: They are not equivalent.
Award 1 mark for constructing the correct truth table.
Award 1 mark for concluding that the statements are not equivalent.

Question 5
a. AUB={1,2,3,4,5,6,7,8,9}
(AUuB) ={10,11,12,13,14,15}  [1 mark]
A'=16,7,8,9,10,11,12,13,14, 15}
B' ={1,2,3,10,11,12,13,14, 15}
A'nB' ={10,11,12,13,14,15} [1 mark]
(AUB) =A'NnB
b. (ANnB) ={1,2,3,4,5,6,7,8,9,10,11,12,13,14,15} [1 mark]
A'"UB ={1,2,3,4,5,6,7,8,9,10,11,12,13,14,15} [1 mark]
(ANB) =A"UB’
c. AUB ={1,2,3,4,5,6,7,8,9}
(AUB)NC =1{5,8,9} [1 mark]
ANC={5},BNC=1{538,9}
(ANC)U(BNC)=1{5,8,9} [1 mark]
AUB) NC=ANCUBNO)
d AnNnBNnC={5}
(ANBNC) ={1,2,3,4,6,7,8,9,10,11,12,13,14,15}  [1 mark]
A'uB'uC' ={1,2,3,4,6,7,8,9,10,11,12,13, 14,15} [1 mark]
(ANBNC) =A"UB' UC’
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4 Proof and number

:

Proof and number

Number systems and mathematical statements

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (1 mark)

The recurring decimal 0.209 expressed as a fraction in the form % is

A 209
1009

209

999
209

990
209

909
29

101

B.

Question 2 (1 mark)

Determine if the proposition Vx € R, Vy € (x, o), x < y is true or false.

A. True
B. False

Question 3 (2 marks)

Consider the statement ‘Vx € N, x (x + 1) is even’. Decide if this is a true statement and justify your

decision.

© John Wiley & Sons Australia, Ltd

Jacaranda Maths Quest 11 Specialist Mathematics VCE Units 1 & 2 Second Edition 1



Exam question booklet | Topic 4

Subtopic 4.2 Number systems and mathematical statements

Question 4 (1 mark)

Within the set of real numbers, the interval greater than 6 but less than or equal to 11 is written as:
A. [6,11]

B. [6,11)

C. (6,11]

D. (6,11)

E.6<x<1l,xE€R

Question 5 (1 mark)
Ifa € Nand b € R~ U {0}, show that a > b.

Question 6 (1 mark)
Is b\/; a surd?

Question 7 (1 mark)

The statement ‘x is greater than or equal to a but less than b’ is written as:
A. (a,b)

B. (a,b]

C. [a,b)

D. [b,a)

E. [a,b]
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4 Proof and number
M 4.3 Direct and indirect methods of proof

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (2 marks)
Prove by counter example that the statement ‘the cube root of x*is +x” is false.

Question 2 (1 mark)

The contrapositive of the conjecture ‘If p, then ¢’ is
A. ‘If not p, then not g’.

B. ‘If not g, then p’.

C. ‘If not g, then not p’.

D. ‘If g, then not p’.

E. ‘If g, then p’.

Question 3 (3 marks)
If you were trying to prove that M — N is true by contradiction, state what steps you would take. Explain
the process.

Question 4 (2 marks)

Prove thatVp > 0, p > 2 — l
4

Question 5 (4 marks)
Consider the statement Vx € N, x (x — 1) is odd. Is this a true statement? Show proof.
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4 Proof and number
M 4.4 Proofs with rational and irrational numbers

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (1 mark)
Consider four consecutive numbers, a;, a,, as, as. Then a; + a, + a3 + a, equals
A.azsXa,—a; Xa,
B. a3 xa,+a, Xa,
C.ay Xay—azXay
D. a; Xay,+a3Xay
E. a,Xa,—a; Xas

Question 2 (1 mark)
If a is a factor of b and b is a factor of ¢, then

A. 4 is a factor of é
c

B. ab is a factor of %

C. ab is a factor of ¢
D. ais a factor of ¢
E. &3 is a factor of be

Question 3 (3 marks)
Prove that for all x,y € R, (x + 1)* + (y — 1)* > 2x — 2y — 2xy + 2
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Subtopic 4.4 Proofs with rational and irrational numbers

Question 4 (3 marks)
Prove that forallx, y € R, (x + )+ - 1)? > —4x + 2y + 2xy — 4.

Question 5 (3 marks)
Show that if p and ¢ are multiples of a, then p + ¢ is a multiple of a.

Question 6 (1 mark)
+
If proof by contradiction was to be used to prove 4/pg < l%, D, q € N, the opening line would be:

A.\/p—q>l%,p,q€N
B.\/p—q<¥,p,qu
C.\/p_qsl%,p,qu
D.\/p—qzl%,p,qu

p+q
E. \/p =T,p,q€N
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4 Proof and number

M 4.5 Proof by mathematical induction

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to

your learnON title at www.jacplus.com.au.

Question 1 (1 mark)

The first step in the proof by induction to prove 1 +24+3+4+.--+n =

statement is true for
.n>1

ck>1

n=1

n=k
.n=k+1

MO QR >

, 1s to prove the

Question 2 (1 mark)
Consider the proposition P (n) that

12422432 4. +n2=én(n+1)(2n+1)
If n = k + 1, the proposition would become
A 124224 ..., +(k+1)2=%(k+1)(k+2)(2k+1)

B. (k+1)* = é(k+1)(k+2)(2k+3)
C.12+224..... +é(k+1)2=k(k+1)(k+2)(2k+3)
D. 124+22+..... +(k+1)2=%(k+1)(k+2)(2k+3)

E. 12422 +..... +k2+(k+1)2=§(k+1)(2k+2)

Question 3 (5 marks)

Assuming the triangle inequality |a + b| < |a| + |b| for a, b € R.
Use mathematical induction to prove that

xp +x0 + .o x| S x|+ el + ] xg, X9, ..., X, ER.
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Subtopic 4.5 Proof by mathematical induction

Question 4 (1 mark)
Consider the proposition P(n) that 4 is a factor of 5n — 1 for all natural numbers 7.
To prove this by mathematical induction, the first step would be to

ol --R

. assume P(k) holds
. consider P(k+ 1)
. test if P(1) holds

. express (5*t1 — 1) as (5! =5+ 4)
. assume P(1) holds

Question 5 (1 mark)
In using mathematical induction to prove De Moivre’s theorem that if z = rcis@ then
7" = r"cisnf for any natural number n, the proof proceeds as follows:

Step 1n = 1 is true.
Step 2 Assume n = k is true and consider z**!.

Which of the following would show the necessary explanation for the next part of Step 2 of the proof?

A.

+1
=7k

= rkcis kOr cisb
= A cis ko

k+1

L =

= rcis@rkcis kO by assumption
= leis(k+ 16
n=k+ listrueifn = kistrue

+1
L =
= rcisOrkcis kO by assumption
+1 . )
= " cis kB%son = k + 1 is true
+1
L =
= rcis 0% cis 6% by assumption
i 1 i
= "*leis6ft son =k + 1 is true
+1
L =

= rcisOrfcis k6
= A isk+1)0
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4 Proof and number
M 4.6 Proof of divisibility using induction

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (4 marks)
Use proof by induction to prove that 12 |(3@"+V —3) n € N.

Question 2 (4 marks)
Use proof by induction to prove that n* — n? is divisible by 2, n € N

Question 3 (4 marks)
Prove by induction that 2 |(5(”_3) + 1) , where n is a natural number greater than 3.

Question 4 (4 marks)
Use proof by induction to prove that 12| (3(2”"'1) - 3)

Question 5 (4 marks)
Use proof by induction to prove that 9" — 6 is divisible by 3.
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4 Proof and number

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (1 mark)

27—2,3.14,3.146, \ /2&, V9,1/ (5% + 12?)

Within this list of numbers, the irrational number is
22

A, —
7

B. 3.146
3

C. V9
D. /(52 +12%)

E. /2
4

Question 2 (1 mark)

If p=4¢q,p,q € N, then p + g is even.
The contrapositive is:

A. Ifp #q,p,q € N, then p + g is odd.
B. If p=¢q,p,q € N, then p + ¢ is odd.
C.Ifp+gisodd, p,g €N, thenp # g
D.Ifp+gisodd,p,g €N, thenp =g
E. If p =g, p,q € N, then p — g is even.

Question 3 (5 marks)
Prove by induction that . 5' = % (5" -1).

i=1
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Subtopic 4.7 Review

Question 4 (4 marks)
Consider the following statement: 3x € N, x(x — 1) is odd. Is this a true statement? Show proof.

Question 5 (3 marks)
Prove that for a, b € Z, if 4| (a2 + bz), then a and b are not both odd.

Question 6 (1 mark)
IfleZ andl =+, prove that r does not exist.

Question 7 (4 marks)
Answer the following
a. Identify what is wrong with the following proof. (2 marks)
Proposition: 17 =9
Let x and y be two non — zero integers where 8x = 9y.
8x =9y
8x2 = 9xy
8(x2+y2) = 9(xy—y2)
Bx+y)(x—y) =9 (x—y)

8x+ 8y =9y
Substitude 8x =9y
9y + 8y =9y
17y =9y
17=9
b. Prove, by any means you choose, that if p, ¢ € N, p*> — ¢*> # 1. (2 marks)
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Answers and marking guide
4.2 Number systems and mathematical statements

Question 1
The denominator consists of 9s, one for each digit in the repeated decimal.

Question 2

Vx, Vy means for all possible values of x and all possible values of y the statement is true. In this instance, y
is selected from the set (x, o0). This means that y is guaranteed to be larger than x. The statement

is true. [1 mark]

Question 3

The statement V natural numbers, x , x (x + 1) is even is true. [1 mark]

If x is even, then the statement will be true (an even number multiplied by an odd number is even). If x is
odd, then x + 1 is even and the statement is still true. [1 mark]

Question 4
Square brackets for equality; round brackets for non-equality.

Question 5
aEN=>a>0, be R~ U{0}= b <0.Hence a > b. [1 mark]

Question 6
No, because by/a? = ab which does not contain a radical (root) sign. [1 mark]

Question 7
‘Equality’ requires square brackets, whereas ‘greater than’ or ‘less than’ requires round brackets.

4.3 Direct and indirect methods of proof

Question 1

Consider a single case, let x = 5.

The cube root of 5% is +5 — —5 is not the cube root of 5°. [1 mark]
The original statement is false. [1 mark]

Question 2
The contrapositive of the conjecture ‘If p, then ¢’ is ‘If not ¢, then not p’.

Question 3

Assume the proposition to be proved is false, i.e. M — N is false. [1 mark]

The next step is to show that this assumption leads to some mathematical contradiction, for example
0 =1 [1 mark]

Once you have reached a contradiction we can conclude that our assumption was false, and hence the
proposition M — N is true. [1 mark]

Question 4
pr2-1
p
p?>—2p+1>0[1 mark]
(p — 1)* > 0 True Vp [1 mark]

Question 5
x and (x — 1) are consecutive numbers, hence one is odd and the other even. [1 mark]
The product of an odd number and an even number is even. [1 mark]
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If either is zero, the product is zero, taken as even. [1 mark]
Thus the statement is untrue. Vx € N, x (x — 1) is even. [1 mark]

4.4 Proofs with rational and irrational numbers

Question 1

Let the numbersbe m, m+ 1, m+ 2, m+ 3
az X as—a; Xa,
m+2)y(m+3)—m@m+1)=4m+6
m+m+1D)+m+2)+(m+3)=4m+6

Question 2

If a is a factor of b then b = na

If b is a factor of ¢ then ¢ = mb = mna
— ais a factor of ¢

Question 3
[(x+ 1)+ (y — DI* > 0 [1 mark]
G+ D+ =D +2(x+ Dy —1)
x4+ D%+ —=17> =20+ 1)y — 1) [1 mark]
> —20(y—x+y—1)
> 2x — 2y — 2xy + 2 [1 mark]

Question 4
—A4x+2y+2xy—4=—-4x+1)+2y(x+ 1) [1 mark]
=2(x+ 1) (y+2) [1 mark]
G+ +-D*220+ DO +1)
G+ D+ =1 =2x+1D(ry—=2)>0
{c+ 1D+ @-1*>0 whichis true forall x, y € R [1 mark]
Question 5
p = ma [1 mark]
g = na [1 mark]
p+q=ma+na=(m+ n)a[l mark]
Question 6
+
\/Pq > ]%, P, q € N. Since this is ‘proof by contradiction’ it would seem obvious that one should start

with a contradictory statement.

4.5 Proof by mathematical induction

Question 1
The first step in the proof by induction is to show that the statement is true for n = 1

Question 2

Question 3

We are trying to prove that |x; +x, + ... +x,| < x| + %] + ... + |x,],
X1, X3, -, X, ER

Test that it holds for n = 1:

|x;| < |x;|. This is true. [1 mark]

Assume that the statement is true for n = k:

12 Jacaranda Maths Quest 11 Specialist Mathematics VCE Units 1 & 2 Second Edition © John Wiley & Sons Australia, Ltd



Exam question booklet | Topic 4

lx; + x5 + .o+ x| < x| + x| + ...+ |x| [1 mark]
Consider the case whenn = k + 1:
X1 + 30+ oo x| =00 F o+ X)) F x|

<Gy +2x0 + o+ x)] + e |

(By the triangle inequality) [1 mark]

At this point we can use the assumption:
lxp + 30 + oo x| < x| F x| 4 g
< xal+ el + .o+ ol + x| [1 mark]
We have shown that the statement is true for n = 1, and that if it is true for n = k, it must also be true for
n = k + 1. By induction, the statement is true for all n € N. [1 mark]

Question 4
The first step in any proof by mathematical induction is to establish that the proposition holds for an initial
value, n = 1 in this case.

Question 5

+1
=7

= rcis@rkcis kO by assumption
= leis(k+1)6
n=k+ listrueifn = kistrue

4.6 Proof of divisibility using induction

Question 1

Whenn = 1, 3@+D _3
— 3(2+l) -3
=24

. 3@+ _ 3 45 divisible by 12 when n = 1. [1 mark]
Assume that 32+ — 3 is divisible by 12 when n = k.
When n = k, 32+ 3
— 3(2k+l) -3
= 12m [1 mark]
Whenn =k+ 1, 3%+D -3
= 3@k+2+D _ 3
=09 x 32+ _3
=9 (3D -3) +9x3-3
=9 (3@ —3) 4+ 24v [1 mark]
=9(12m)+2x 12
= 12(9m + 2) [1 mark]
By induction 3@+ _ 3 divisible by 12.
foralln e N

Question 2
If n = 2,n* —n* = 16 — 4 = 12, which is divisible by 2. [1 mark]
Assume that n* — n? is divisible by 2 when n = k.
When n = k, n* — n?
=k -k
= 2m [1 mark]
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When n =k + 1,n* — n?
=Gk+ D= (k+ 1)
=k + 43 +6k> +4k+1— k> —2k—1
= k* — k? + 4k + 6Kk + 2k [1 mark]
=2m + 4k> + 6k* + 2k
=2m+2 (2K + 3k> + k)
=2 (m+2k* + 3k* + k) [1 mark]
By induction, n* — n? is divisible by 2 for all n € N.

Question 3
When n = 4, 57~ + 1
=6

. 547 4 1 is divisible by 2 when n = 4. [1 mark]
Assume that 54~ 4 1 is divisible by 2 when n = k.
When n =k, 53 4+ 1 [1 mark]

— 5(k—3) +1

=2m
Whenn=k+ 1,579 +1

= 5k+1-3) 4

=5%=2 41

=5(5%V+1)-4

=5Q2m)—4

=2(5m —2) [1 mark]
By induction 5"~ + 1 is divisible by 2.
For all natural numbers n > 3.

Question 4

Whenn =1, 3%+ 3
= 3@n+D) _ 3
=24

. 3@ _ 3 i divisible by 12 when n = 1. [1 mark]
Assume that 32+D — 3 is divisible by 12 when n = k.
When n = k, 32+ -3

= 3@+ _ 3

= 12m [1 mark]
Whenn =k + 1, 3@+1 -3

— 3(2k+2+1) -3

=0x 3(2k+1) -3

=9 (3D _3)+9x3-3

=9 (3%+D — 3) 4+ 24 [1 mark]

=9(12m) +2x 12

=12 (9m + 2) [1 mark]
By induction, 32"tV — 3 is divisible by 12.
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Question 5

Whenn=1, 9" -6
=9-9
=3

- 9" — 61s divisible by 3 when n = 1. [1 mark]
Assume that 9" — 6 is divisible by 3 when n = k.
Whenn =k, 9" -6

=9 -6

= 3m [1 mark]
Whenn=k+1, 9" -6

:9k+1_6

=9(9*—6) +48

=9m + 48

=9m+3X%X16

=3(3m+ 16) [1 mark]
By induction, 9" — 6 is divisible by 3.

4.7 Review

Question 1
% is irrational. The answer lies between 2 and 3

Question 2
If p+gisodd, p,q € N, then p # q. The contrapositive of a true statement is also true.

Question 3

n
We are trying to prove that Y. 5 = Z (5" —1Dforalln € N.

i=1

Whenn = 1:
5
y5==(5"-1)
i=1 4
5
5==(5-1
4( )
5:§x4
4
5=5

The statement is true for n = 1 [1 mark]
Assume that it is true for n = k.

k
5= % (5* = 1) [1 mark]
i=1

Consider the case whenn = k + 1:
k+1 k

Zsiz Z5i+5k+1
i=1

i=1

(5" - 1) + 5K (Using the inductive hypothesis) [1 mark]

(55 =1) +5x5

N R S RV T )|

(5"—1)+§(4x5k)
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=§(5"—1+4x5")
=§(5><5"—1)

= % (51— 1) [1 mark]

‘We have shown that the statement is true for n = 1, and that if it is true for n = k, it must also be true for
n = k + 1. By induction, the statement is true for all n € N. [1 mark]

Question 4

x and (x — 1) are consecutive numbers, hence one is odd and the other even. [1 mark]
he product of an odd number and an even number is even. [1 mark]

If either is zero, the product is zero, taken as even. [1 mark]

Thus the statement is untrue. Vx € N, x (x — 1) is even. [1 mark]

Question 5
RTP:ifa, b € Zand 4| (a* + b*) then a and b are not both odd
Prove the contrapositive: If a and b are both odd, then 4 does not divide a” + b*. [1 mark]
Assume a and b are both odd.
a=2m+1,b=2n+1,mn € Z
@ +b*=Cm+ 1)+ @2n+1)>
=dm?> +4m+1+4n’> +4n + 1
:4(m2+m+n2+n) + 2 [1 mark]
Therefore 4 does not divide a” + b>.
Therefore if 4| (a* + b*) then a and b are not both odd. [1 mark]

Question 6
I=rt=r= i{/i, but / < 0 and an even root of a negative number does not exist. [1 mark]

Question 7
a. Error:

8 (x2 - yz) =9 (xy - y2) This line has an error. Expanded we get

8x? — 8y? = 9xy — 9y%. We have subtracted different quantities from each side. [2 Marks]
b.p’ —¢=p-9@P+q

If(p—g)=1then (p=¢qg)#1

Hence (p — q) (p + g) # 1 [1 mark]

If(p+qg)=1then (p —q) # 1

Hence (p — q) (p + q) # 1 [1 mark]
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5 Matrices

5 Matrices

m 5.2 Addition, subtraction and scalar multiplication of matrices

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (4 marks)

Given the matrices A = [g g] and B = [_27 _31] , determine the matrix X if X = 2B — 3A + 21I.
X=[
Question 2 (1 mark)
7 5 -2 b 9 6
If [a _2] - [ 3 7] = [_3 _9],then the values of a and b are

A.a=0and b = 1.

B.a=0and b = —1.
C.a=—-6and b = —1.
D.a=—-6and b =1.
E.a=6andb=1.

Question 3 (2 marks)

Given the matrices A = a 3 ,B = —2 b and O = 00 , determine the values of a, b, x, and
x —6 4 vy 0 0

y given that 2A — 3B = 0.
a=0,b=0x=0andy=[]
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Subtopic 5.2 Addition, subtraction and scalar multiplication of matrices

Question 4 (4 marks)

0 1 2 —4
Given matricesA =|—4 —-3|andB=|6 0 |, find matrices 2A and —3B and hence find matrix C such
2 1 3 6
that —2A + C = —3B.
c=01
Question 5 (1 mark)
3 1 =2
Inthe matrix{ 5 =3 4 |, element as, is:
-5 -4 0

4

RNl s
&

Question 6 (1 mark)

IfA = [ 2 _3] , then —2A equals:
_ -5 5

a0

o i

¢ |0 1o

[

e [0
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m 5.3 Matrix multiplication

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (1 mark)

If A is a (2 X 3) matrix and B is a (3 X 1) matrix, then the product AB
. isa (2 X 1) matrix.

. 1s a (3 X 3) matrix.

. isa (2 X 3) matrix.

. does not exist.

. is not defined.

=T Ow P

Question 2 (1 mark)
The set of matrices that can be multiplied is
4 5
A.|1]and|1
4 3
B. [4 2] and [5 3]
5
C.[312]and|3
1
9 1 5
D. [‘7t ;]and 3 2 4
8 1 3

E. [7] and [g]
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Subtopic 5.3 Matrix multiplication

Question 3 (1 mark)

14><813' 1t
6 3 0 o 4| iScaualto

8 19
A 48 37]
[ 8 37 19
B. 48 33 30]
48 37
C. 30 33]
8 48
D.| 37 33
19 30
8 28 15
E. [48 42 34]
Question 4 (6 mark)
. 5 2 2 4 -1 0 . e
Using A = 0 4 ,B= 1 3 and C = 0 4 , verify the Distributive Law: A (B + C) = AB + AC.

Question 5 (4 marks)
Given matrices A = |:_13 _42] and [ = [(1) (1)] , verify that A% = [A? = A

4 Jacaranda Maths Quest 11 Specialist Mathematics VCE Units 1 & 2 Second Edition © John Wiley & Sons Australia, Ltd
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Matrices

Determinants and inverses

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (1 mark)

Which of these matrices is singular?

A. __;
a

"

.y

Question 2 (1 mark)

The inverse of the matrix [; ;] 18:

9
NE
4
22
B.
-1
| 22
C. 22
[ 4
22
D.
2
| 22
[ 4
22
E.
2
| 22

B

-7
22
2

2

7

22
9

22
7

22
9

22

© John Wiley & Sons Australia, Ltd
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Subtopic 5.4 Determinants and inverses

Question 3 (3 marks)

1 2
IfA = [ 5 4] , determine the value (s) of k for which the determinant of the matrix A — kI = 0.
k=[Jor[]

Question 4 (4 marks)

1fp =L [
5

-3 2

4 l] , find M and verify that MM~' = M~'M = .

Question 5 (3 marks)

Find the multiplicative inverse of the matrix [_63 z] .

Question 6 (4 marks)

M—l

1 [—2 =5

=713 > ] Find M and verify that MM~' = M~'M = I.

Question 7 (1 mark)

The inverse of the matrix

11

N
B. = [_42 _12] :

-1

D. does not exist.

el |
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m 5.5 Matrix equations

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (1 mark)
Express this system of simultaneous equations in matrix form and solve for x and y.

2x+5y=-3
Tx—2y=9
x=[]
y=04
Question 2 (1 mark)
Given matrices A = B :i] and B = [:; 7_2] , matrix X, such that AX = B, is
[—2 1
A s 2]
[—2 3
b | 2]
20 -30
C. 10 —20]
i 20 =30
10 |10 =20

=

1—7 -7
‘51-18 7
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Subtopic 5.5 Matrix equations

Question 3 (1 mark)
Which of the following system of equations has a unique solution?

System I: System II: ~ System III:
2Xx—y=-3y=5-2x 7x—-5y=1
5x+y=4 4x+2y=52x=6+y

A. System I only

B. Systems I and II only
C. Systems I and III only
D. All systems

E. None of the systems

Question 4 (3 marks)
Two shops, A and B, are supplied with boxes of different flavours of corn chips — plain (P), chilli (C) and
salty (S) — according to the following table.

A |30 |30]20
1 B|20]15] 20 |

The costs of the boxes are plain $10, chilli $12 and salty $12.
a. Write down the costs in a 3 X 1 matrix. (1 mark)

b. Use matrix multiplication to find the total costs for each shop. (2 marks)

Question 5 (8 marks)

Kylie bought 3 Mars Bars and 1 Snickers for $9. Jarrad bought 2 Mars Bars and 3 Snickers for $13.
a. Express these situations in two simultaneous equations. (1 mark)

b. Write the simultaneous equations in matrix form. (1 mark)
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Subtopic 5.5 Matrix equations

c¢. Calculate the determinant of the coefficient matrix. (2 marks)
d. Use the determinant to find the inverse of the coefficient matrix. (1 mark)
e. Use the inverse of the coefficient matrix to solve for both variables. (3 marks)
Question 6 (4 marks)

Express the following system of simultaneous equations in matrix form and solve for x and y.
3x—=2y=17
S5x+y=3

Question 7 (1 mark)

1
The matrix equation [ _ 2] [;] = [Z] represents which of the following pairs of simultaneous

3

equations?

A. 3x—2y=4
2x—y=15

B.2x+y=5
3x—2y=4

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 11 Specialist Mathematics VCE Units 1 & 2 Second Edition 9
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only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (4 marks)

Express the following system of simultaneous equations in matrix form and solve for x and y.
3x—2y=17

Sx+y=3

x=[y=0

Question 2 (1 mark)

The inverse of the matrix E | is
A. [(1) ‘1)]

B. [iz 1_2]

A

D. not defined
E. none of these

Question 3 (6 marks)

. 5 2 2 4 -1 0 . ..
Using A = [O 4] ,B = [_ | 3], and C = [0 4] , verify the Associative Law:

AB+C)=AB+AC.

Question 4 (4 marks)
1 -2 1
Given matrices A = [_3 4 ] and / = [0 (1)] , verify that A2 = JA? = A2,
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Subtopic 5.6 Review

Question 5 (4 marks)

IfM! = % [:i ﬂ , calculate M, and verify that MM~' = M~'M = L.

Question 6 (1 mark)
IftB = [41‘ :ﬂ,then the matrix B is equal to:
(16 4
a|] 1]
(16 —4
b [} _1]
(14 -6
.|} _1]
8 —4
|3 _2]
(14 3
e |1 _1]
Question 7 (1 mark)

If A% + 91 = O where O represents the null (zero) matrix and I represents the identity matrix, then the
matrix A~! is equal to:

A 14
9

B. ——A
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Subtopic 5.6 Review

Question 8 (6 mark)

. . 3 7 19 -24 15
Given the matrices A = [5 _2] ,B= [33 36 ] and C = [—16] :
a. Find the inverse of the matrix A. (2 marks)
b. Find the matrix X if AX = C. (2 marks)
c. Find a matrix D such that DA = B. (2 marks)
Question 9 (10 marks)
Given the matrices

4 -3 50 31 1 0

A= [_1 2],D_ [0 1],p_ [_1 1] and I = [0 1]~
a. Express the determinant of the matrix A — kI in the form pk? + gk + r. (2 marks)
b. Evaluate the matrix pA% + gA + rl. (2 marks)
c¢. Find the values of k for which the determinant of the matrix A — kI is equal to zero. (2 marks)
d. Find the inverse of the matrix P. (2 marks)
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Subtopic 5.6 Review

e. Determine the matrix P~ AP. (2 marks)

Question 10 (5 marks)

. . 5 0 e Of
Given the matrices D = [0 1] and F = [0 f]’

a. The matrix D is called a diagonal matrix as it has non-zeros on the leading diagonal and zeros elsewhere.
Find the matrices D>, D3 and D™'. (3 marks)

e 0

0 f
matrices F® and F~!. (2 marks)

b. If F = [ ] where e and f are non-zero real numbers, find the matrix /2 and hence write down the

Question 11 (4 marks)

Let A= [Z b] . The transpose of the matrix A is given by AT = [a C]

d b d|
Find the matrix AA” and show that det (AA”) = det(A) det (AT).
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Answers and marking guide
5.2 Addition, subtraction and scalar multiplication of matrices

Questiop 1
2B = _li _2] [1 mark]
—3A = _15 _24] [1 mark]

2l = 0 2] [1 mark]

X=2B-3A+2I
[—14—-6+2 —2-12+0
4—15+0 6-24+2

—18
- -1 —16] [1 mark]

Question 2
7 5 _ -2 bl |9 6
a =2 3 71 [-3 -9
5—-b=6
Sb=-1
a—3=-3
Sa=0
Question 3

a 3 2 bl 0 0
R
3B =

[2x —12] [12 3] [
|

2a+ 6 6 —3b
[2x— 12 —12 -3y
Therefore
2a+6=0
2a = —6
a=-3
6—3b=0
3b=6
b=2
2x—12=0
2x =12
x=06
—12-3y=0
3y=-12
y=-—4
Award 2 marks for the correct values of a, b, x and y.

I
oo o o
o o
—
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Question 4
0o 2
2A =|—-8 —6| [1 mark]
| 4 2
[ -6 12
—3B=|—-18 0 | [1mark]
| -9 -18
—2A+C=-3B
C = =3B + 2A [1 mark]
(-6 12] [o 2
=|-18 0 |+|-8 -6
| -9 —138] 4 2
[ —6 14 ]
=|1-26 —6 | [1 mark]
| =5 —16]
Question 5

as, is the element in row 3 and column 2.

Question 6

A= [—25 _53

= 24= —25X><22 _53><X22]
> —A= [Ig —610

5.3 Matrix multiplication

Question 1
2x3)x(Bx1)

Exam question booklet | Topic 5

Multiplication is defined, since the number of columns in A(3) is equal to the number of rows in B(3), and

the resultant matrix is of the order (2 X 1).

Question 2

To multiply matrices, the number of columns of the first matrix must be the same as the number of rows of
the second matrix. Option C contains 1 X 3 matrix followed by a 3 X 1 matrix. The number of columns of
the first matrix, 3, is the same as the number of the second matrix, 3, and therefore the matrices can be

multiplied.

Question 3

R

_[I1x8+4Xx0 1xX1+4%x9 1x3+4x4
T [6Xx8+3X0 6X1+3X9 6x3+3x4

[8 37 19
~ |48 33 30
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Question 4

[2—1 4+0
AB+O = 4+o3+4

[1 mark]

S oS o
|-b Nuu-'; Nu
[—
N

= ] [1 mark]

:8 26 _
= 4 12] [1 mark]

[5 2] [-1 O]
AC= 0 4 [o 4

:_5 _8_
= 0 16] [1 mark]

[ 8 26] -5 8
apac= |, 12_+[0 16]
[ 3 34]

= 4 28 [1 mark]

JAB+C)=AB+AC =

3 34
—4 28

so the Distributive Law holds [1 mark]

Question 5
1 =211 =2
2 _
AT = -3 4] [—3 4]
[ 7 —10]

=__15 » [1 mark]

[ 7 —10][1 ©
T =15 22]]0 1
[ 7 —10]

= 15 22| [1 mark]

[1 o][ 7 -10
2
"= 0 1] [—15 22]

[ 7 —10
= BE 22] [1 mark]

- A% = IA? = A? [1 mark]

5.4 Determinants and inverses

Question 1
A=2X3-1X6

=0
.". the matrix is singular.
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Question 2
[4 7]_1_ 1 X[ 9 —7]
29 4x9-7x2) |-2 4
_ 1 9 -7
T2 4
i><9 i><—7
_| 22 22
i><—2 i><4
| 22 22
(9 7
_{22 22
-1 2
| 11 11
Question 3
1 2 k 0
A—kl= [5 4]—[0 k] [1 mark]
1=k 2
15 4—k

det(A—kD=(1—-k4d—-k) —2X5
0=4-5k+k—-10
0=k>—-5k—-6
0=((k—-6)(k+ 1) [1 mark]
..k =6,—1[1mark]

Question 4
Inverse of [Zl b] ! [d _b]

=ad—bc —c a

S
|

1{1 =2
_—[4 _3] [1 mark]

(91
—_

:g] [1 mark]
B
-3|l5|-4 1
—2] [—3 2]
-3 -4 1
(1)] = I [1 mark]

|

0
= o 1]—I[lmark]

SMMT'=M""M=1

<
I
= =

—

:
"
'T‘

—

|

~

N|—= ]| =

I

—

O
—
S W
wn O
—_—

S
<
I

Il

—_1 N = |~
—
S W
wn O
—_

—

Exam question booklet | Topic 5
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Question 5
—1
6 2 1 2 -2
= —— X lmark
[—3 2] 6x2-2x3 [3 6][ ]

_1 22
1873 6

=1 18 [1 mark]

Question 6

Inverse of

wls A

ino
11 11
L
11
-1

] I [1 mark]

. 2 =512 5
i = [3 J15 3
11 0

110 11

1
[ ] = I [1 mark]

S MM = M~'M = I'[1 mark]

Question 7
det=2%x1-0x1
=2

1 [ 1 0]
.. Inverse = —
2
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5.5 Matrix equations
Question 1

2x+5y=-3

Ix—2y=9

2 2Bl mana

- NERIA

T 2x-2)—-Gx7)
AX =B

7 9 ] [1 mark]

_39] = [_1] [1 mark]

=-1 [1 mark]
Question 2
=k
det(A)=3x—-4)—2x-1)
=—12+2
=—10
Aol L[4 1]

T 10]-2 3
AX =B

Question 3
If the solution is unique, A # 0.
System I:
2x—y=-3
Sx+y=4

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 11 Specialist Mathematics VCE Units 1 & 2 Second Edition 19
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Inmtrixfrm2 =3
autom s 1y T 4

A=(2x%x1)—(-1x5)

=7
#0
.. system I has a unique solution.
System II:
y=5-2x
2x+y=35
4x+2y=35
In matrix form [2 1] [x] = [5
4 2] |y 5
A=(2x%x2)—(4x1)
=0
=0
*. system II has no unique solution.
System III:
Ix—5y=1
2x=6+y
2x—y=26

In matrix form T 2!
auetorm, 4y 41 [y T le

A=Tx-1)—2%x-=5)
=3
#0
". system III has a unique solutions.
". systems I and III have unique solution

Question 4 -
10
a. Cost matrix: C =12 [1 mark]
12
10
A (30 30 20
b. B [20 15 20] 12| [1 mark]
12
Shop A=30%x10+30x 12 +20x 12
=900
ShopB=20Xx 10+ 15%x 12 +20x 12
= 620
.". the cost for shop A is $900, and the cost for shop B is $620. [1 mark]
Question 5
a 3m+s=9
" 2m+3s =13 [1 mark]

31 m 9
b. [2 3] X L] = [13] [1 mark]
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C. det[g ;] =3 X3 —1x2[1mark]

=90-2
= 7 [1 mark]

-1
31 1
d.[2 3] -1

[1 mark]

||
= 3
]
Il

[ 7
2
= [3] [1 mark]

Therefore, Mars Bars cost $2 each and Snickers cost $3.

Question 6
3x—-2y=17
S5x+y=3
3 2] |x 7
A e
3 =2 X 7
A—[S 1],X_H andB_[3]
1 1 1 2]
BxDH—=(=2x51|-5 3
11 2
_E _s 3] [1 mark]

Exam question booklet | Topic 5
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AX =B
X=A"'B

RIRIE

-2

3|-5 3
1 [13
13 -—26]
1

[1 mark]

x =1,y = =2 [1mark]

Question 7

el
e[

S2x+y=5
S3x—2y=4

5.6 Review

Question 1
3x—2y=17
Sx+y=3

5 T[] =[] wmana
wels ] e - f]

A !

:

2X x+1Xy _
3X x+(=2)Xy

T BxD-(=2x5)

_ L
13 [~
AX =B

X =A"'B

_1[
13 |-5

_ 1B
~ 13|26

2

1 2
5 3] [1 mark]

alH

1
= [_2] [1 mark]

x =1,y = -2 [1 mark]

Exam question booklet | Topic 5
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Question 2

det=2%x1-0x%x1

=2

3
. Inverse = —
2

Question 3

AB+C) =

AB =

SJAB+C)=AB+AC= [

Exam question booklet | Topic 5

1 0
-1 2
[5 2][2-1 440
0 4] [-1+0 3+4
5 2][1 4
0 4] [_1 7] [1 mark]
[3 34
4 28] [1 mark]
5 2]1[2 4
0 4] |-1 3
[ 8 26
4 12] [1 mark]
[5 2] [-1 0
0 4]0 4
s g
0 16 [1 mark]
[ 8 26] N -5 8
-4 12 0 16
[ 3 34]
4 28 [1 mark]

3 34
-4 28

So the Associative Law holds. [1 mark]

Question 4
A= :—13 _42] [—13 _42]

= __715 _2120 [1 mark]
Al = :—715 _2120: [(1) 1

= __715 _2120 [1 mark]
welp o

= __715 _2120 [1 mark]
LA =A% = A? [1 mark]
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Question 5
a b 1 d -b
Inverse of =
c d ad—bc |—C a
11-3 2
-1 _ 2
M= 5 [—4 1]
1 =2
SM= [4 _3] [1 mark]
1 =2(1]-3 2
-1 _ 2
MM™ = [4 —3] 5 [—4 1
_ 1 =2l [-3 2
T 5 4 =3[ [-4 1
_1[s o
500 5
1 0
= [O 1] = I [1 mark]
1[-3 2]t -2
-1 _ =
M M_5 [—4 1] [4 —3]
_ 1[50
500 5
1 0
= [O 1] = [1mark]

S MMEY = MEYM =T [1 mark]

Question 6

4 =2l [4 —2
2
B‘1—1H1 —1]

[4x4+(=2)x1 4% (=2)+(=2)x(=1)
[IXx4+(=Dx1 1x(=2)+(=1)x(=1)
_[14 -6
13 —1]

Question 7
A’+9I=0

A2 =-9]

Question 8

3
a.A—[5

1 |-2 =7 112 7
-1 _ _ -
A7 = a1 [_5 3] a1 [5 _3] [1 mark]

_27] det(A) = =6 —35=—41 [1 mark]
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b. AX=C
ATIAX =A"C [1 mark]
IX=A"'C
112 7 15 1 [-82
I -
X=A"C= 41 [5 —3] [—16] 41 [123]
X= [_32] [Imark]
c. DA=B
DAA~!" = BA~! [1 mark]
DI = BA™!
19 =241 1 (|2 7 1 [—82 205
— pA-l — — -
b=BA""= [33 36]41 [5 —3] 41 [246 123]
-2 5
D= [6 3] [1 mark]
Question 9
4 =3 1 0 4—k =3
a.A—kI—[_1 2]—k[0 1]_[_1 >k [1 mark]

detA—kD=(@A—-kQ2—-k —-3=8—6k+k -3
det(A —kI) = k* — 6k +5
p=1, ¢g=—6, r=>5[1mark]

b. pA% + gA + rl = A% — 6A + 51

[4 -3][4 -3 4 =3 1 0
—__1 2][_1 2]—6[_1 2]+5[O 1] [1 mark]
_ |19 18]  [24 —18] 5 0
-6 7 -6 12 05
[0 0
= 0 0] [1 mark]

c.det(A—kl) =k*—6k+5=(k—15)(k—1) =0 [1 mark]
k=15,—1 [1mark]

(98]

&
~
I
I
_

i] det(P)=3+1=4 [1mark]

~
I
L
Il
| —|
—

-1
3 ] [1 mark]

e. P7IAP )
_ [ -1 4 -3 3 1
_4[1 3]_—1 2”—1 1]
1/[1 =1][ 4 =3 3 01
et (Y | s D S
_15—5'31_1200
4l 3] [-1 01 410 4

[1 mark]

Il
—
S W
- O
—_—

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 11 Specialist Mathematics VCE Units 1 & 2 Second Edition 25



Exam question booklet | Topic 5

Question 10
a. D> = [5 O] [5 O] = [25 0] [1 mark]

0 110 1 0 1
25 0[5 O 125 0
3 n2p — _
D —DD—[0 1] [O 1]—[0 1] [1 mark]
L
det (D) =5, D“=[5 ] [1 mark]
0 1

e 0 e Olle O e 0
b.F=[0 f] F2=[O f] [O f]:[o fﬂ] [1 mark]

1
Fo e 0 | ; 0
- F= [1 mark]
[0 f’] o L
f
Question 11
2 2

T_ |4 bl la ¢ _a +b ac + bd

AAT = [c d] [b d] “lac+bd A+ [1 mark]

Now det (A) = det (A”) = ad —bc  [1mark]

det (AAT) = (a2 + bz) (c2 + aa) —(ac + ba’)2
= (a2c2 + aPd? + b*c* + bde) — (a202 + 2abcd + bzdz) [1 mark]
= a’d* — 2abcd + b*c?
= (ad — bc)® = det(A) det (A7) [1 mark]
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O Graph Theory

M 6.2 Introduction to graph theory

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (2 marks)
If two simple graphs are isomorphic, determine if the complement of each graph also isomorphic. Justify
your answer.

Question 2 (3 marks)
A graph G is self-complementary if G is isomorphic to the complement of G. Show that if G is
self-complementary, then the number of vertices is equal to 4k or 4k + 1, where k is an integer.

Question 3 (1 mark)
Consider the following adjacency matrix for a graph G.

01 1 20
1 0 0 01
A=|1 0 0 1 1
201 00
01 1 00
The sequence that gives the possible degrees of each vertex in G is
A.(2,2,3,3,4)
B. (0,1, 1,2, 0)
C.(0,0,1,1,2)
D. (2,3,3,3,3)
E. (2, 3, 4)
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Subtopic 6.2 Introduction to graph theory

Topic 6

Question 4 (1 mark)

A |
A n

The graph above is a subgraph of which one of the following graphs?

A. c B. B C C. c
.1] B
A D A b

A D

D. B E. None of the above

Question 5 (1 mark)

The adjacency matrix | 2 represents which of the following networks?

0
A. B. B C. B
B Y A
A c C A
BDJ
C

—_— = N
N = O

E. None of the above
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Subtopic 6.2 Introduction to graph theory

Question 6 (1 mark)

B

Construct the adjacency matrix for the network above.

Question 7 (1 mark)
Which of the adjacency matrices describes a connected graph?
[2 1 0 O] 01 10 01 10
1 1.0 0 1 1 00 1 00O
A'0031 B'1030 C'1001
[0 0 1 1] 0 0 0 1 0 010
[1 0 1 3]
0200
D. 101 2 E. All of the above
3 0 2 0]

Question 8 (1 mark)

Which of the following statements best describes a simple graph?

A. A graph in which each vertex is connected directly to every other vertex
B. A graph with no loops or multiple edges between vertices

C. A graph with loops and multiple edges

D. A graph that can be drawn without any edges crossing each other

E. A graph in which pairs of vertices are connected by at least two edges

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 11 Specialist Mathematics VCE Units 1 & 2 Second Edition 3
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M 6.3 Planar graphs and Euler’s formula

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (1 mark)
If G is a 3-regular planar graph with 24 vertices, determine how many faces there will be in the planar
drawing of G.

f=0

Question 2 (2 marks)
A graph has 6 vertices and 10 edges. Explain whether it is planar, non-planar or either. Justify your answer.

Question 3 (2 marks)
State whether the following graph is planar. Justify your answer.
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Subtopic 6.3 Planar graphs and Euler’s formula

Question 4 (1 mark)
The given adjacency matrix represents a planar graph with 3 vertices. The number of faces (regions) on this
planar graph is

1 1 2
1 0 3
2 30

Question 5 (1 mark)
A connected planar graph has 5 vertices and 7 edges. How many faces does it have?
A. 2

mHEQF
o AW

Question 6 (1 mark)
A connected planar graph has 14 edges and 7 faces. How many vertices does it have?
A.3

SN X
— O 3 W
S
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Subtopic 6.3 Planar graphs and Euler’s formula

Question 7 (1 mark)
Redraw the following graph to show that it is planar.

Question 8 (1 mark)
F

A B

Represent this triangular prism as a planar graph.
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M 6.4 Eulerian and Hamiltonian graphs

=
5
To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.
Question 1 (1 mark)
State what values of n will result in K,, being an Eulerian graph.
Question 2 (4 marks)
Hamiltonian cycles of a graph are only considered distinct from one another if they use a different set of
edges. That is, the order the edges are traversed is not relevant. It can be seen then that K5 only has 1
Hamiltonian cycle.
a. Determine the number of distinct Hamiltonian cycles in: (2 marks)
i. K4 (1 mark)
[] distinct Hamiltonian cycles
il. K5 (1 mark)
[ distinct Hamiltonian cycles
b. Determine a rule that connects the number of Hamiltonian cycles with n, the number of vertices in the
complete graph K,,. (2 marks)

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 11 Specialist Mathematics VCE Units 1 & 2 Second Edition 7



Exam question booklet | Topic 6

Subtopic 6.4 Eulerian and Hamiltonian graphs

Question 3 (1 mark)
An Eulerian trail for the graph will be possible if only one edge is removed. The number of different ways
in which this could this be done is

=EQR>
SCINC NV R NN

Question 4 (1 mark)
The sequence of vertices that represent a trail in the network shown is

S
A. BHFGHBA
B. HFEDHFG
C. HBAHGFH
D. AHGAHBC

E. All of the above
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Subtopic 6.4 Eulerian and Hamiltonian graphs

Question 5 (1 mark)

Which of the following statements is incorrect?

A. A path uses vertices only once.

B. A trail uses edges only once.

C. A cycle finishes on its starting edge.

D. A circuit finishes on its starting vertex.

E. A simple cycle is a cycle in a graph with no-repeated vertices.

Question 6 (1 mark)

Which of the following statements best describes a Hamiltonian path?

A. A path that begins and ends at the same vertex and passes through each vertex exactly once.
B. A path that begins and ends at the same vertex and passes through each edge exactly once.
C. A path that begins and ends at different vertices and passes through each vertex exactly once.
D. A path that begins and ends at different vertices and passes through each edge exactly once.
E. A path that begins and ends at the same vertex and passes through each vertex at least once.

Question 7 (1 mark)
How many edges need to be removed to ensure that there is no Hamiltonian cycle starting at X?

mEQwE>
SRS o NNV NN
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Subtopic 6.4 Eulerian and Hamiltonian graphs

Question 8 (1 mark)
Identify the semi-Hamiltonian cycle that starts at vertex A in the following graph.

D G

Question 9 (2 marks)
Explain why the following graph is semi-Hamiltonian, but not Hamiltonian.

Question 10 (1 mark)
Draw an Eulerian graph with 4 vertices and 5 edges.
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M 6.5 Weighted graphs and trees

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (1 mark)
The following showing the distances (in km) between different camping sites in a national park.
Determine the minimum length of cable required to connect all the camps to the same network.

13

14 10

10 15
12 5 5 18

12

The minimum length of cable required is [ Jkm

Question 2 (2 marks)
Let G be a connected graph.
a. Describe what can be said about an edge of G that appears in every spanning tree. (1 mark)

b. Describe what can be said about an edge of G that appears in no spanning tree. (1 mark)

Question 3 (4 marks)

Consider the complete graph K, where the vertices are labelled 1 through to n.

a. Determine the value of the minimum spanning tree if the weight of each edge is the difference of the
value of the vertices it connects. (2 marks)
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Subtopic 6.5 Weighted graphs and trees

b. Determine the value of the minimum spanning tree if the weight of each edge is the sum of the value of
the vertices it connects. (2 marks)

Question 4 (1 mark)

The weighted network shows the distance, in kilometres, between a series of towns, Adlen, Brint, Corlo,
Epil and Drent. Which of the following distances is not possible to achieve in travelling from Adlen to
Drent?

24 Brint
Adlen
« 28
21
Drent
Corlo 31
A. 90 km
B. 66km
C. 52km
D. 40 km

E. None of the above
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Subtopic 6.5 Weighted graphs and trees

Question 5 (1 mark)

A journey is taken from point A to point G where the numbers on edges indicate distances in kilometres.
What is the maximum possible distance that can be travelled if the journey must pass through each vertex
only once?

B 4 G

A. 15km
B. 23km
C. 46 km
D. 52km
E. 43km

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 11 Specialist Mathematics VCE Units 1 & 2 Second Edition 13
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Subtopic 6.5 Weighted graphs and trees

Question 6 (1 mark)

The network diagram shows the distances, in kilometres, between a major regional town, T, and the nearest
capital city, C. The area in between is home to many smaller towns. On a particular day a locum doctor
leaves the regional town T and must visit each small town and the capital city once only, and return home to
town T. Calculate the minimum distance he must travel to achieve this task.

25

A. 195km
B. 215km
C. 236km
D. 245km
E. 180 km
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M 6.6 Bipartite graphs and the Hungarian algorithm

=
c
o
To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.
Question 1 (4 marks)
Consider the complete bipartite graph K 4.
a. Draw the graph of Kj 4. (1 mark)
b. Determine if the graph has a Eulerian cycle. Justify your answer. (1 mark)
¢. Determine if the graph has a Hamiltonian cycle. Justify your answer. (2 marks)
Question 2 (2 marks)
Answer the following
a. State which complete bipartite graphs are also Eulerian graphs. (1 mark)
b. State which complete bipartite graphs also semi-Eulerian Graphs. (1 mark)

© John Wiley & Sons Australia, Ltd
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Subtopic 6.6 Bipartite graphs and the Hungarian algorithm

Question 3 (3 marks)

Four swimmers are to compete in a medley relay. During training each swimmer has swum each leg of the

relay and their times have been recorded in the following table.

Leg 1 Leg 2 Leg 3 Leg 4
Mary 2 4 3 5
Jenny 3 5 3 4
Pauline 2 3 4 2
Jacinta 2 4 2 3

Determine the optimal allocation and the minimum time to complete the race.

Question 4 (1 mark)

applicants jobs

Ae » =

[T
B

ce” o ey

De > ez

Which of the following statements is true about the bipartite graph above?
A. Person A must do job W.

B. Person B must do job Z.

C. Person C cannot do job W.

D. Person D can do jobs W, X or Y.

E. Job X can only be done by person D.

Question 5 (1 mark)

Four friends are discussing the countries they would like to visit over the winter.
Georgie would like to visit New Zealand or Indonesia.

Tim wants to visit Japan. Sarah would like to visit Thailand or Japan.

Karan would like to go to any of the countries already suggested.

Draw a graph to show the travel preferences of the four friends.

16 Jacaranda Maths Quest 11 Specialist Mathematics VCE Units 1 & 2 Second Edition
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Subtopic 6.6 Bipartite graphs and the Hungarian algorithm

Question 6 (2 marks)

A company has 4 vacant positions and 4 applicants in total.

They believe that Naomi would be a good fit for jobs 1 and 2; Aaron would work well in jobs 2 and 4;
Julian only suits job 2 and Maria would be outstanding in jobs 1, 3 or 4.

Draw the graph representing the situation and determine which person gets each job.

Question 7 (1 mark)
The time in minutes for a team of people to complete a series of tasks is given in the following table.
T1 T2 T3 T4 T5
P1 12 9 11 8 15
P2 12 15 13 12 6
P3 9 11 8 11 9
P4 8 12 9 13 14
P5 12 15 13 15 13

Determine the allocation of tasks to each individual to ensure all tasks are completed in the minimum time
possible. What is the minimum time possible?

A. 38 mins

B. 39 mins

C. 42 mins

D. 43 mins

E. 45 mins
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Subtopic 6.6 Bipartite graphs and the Hungarian algorithm

Question 8 (1 mark)
Four workers need to be allocated four tasks. The time required for each worker for each task is summarised
in the table below.

Task 1 Task 2 Task 3 Task 4
Worker 1 30 70 19 32
Worker 2 45 62 21 44
Worker 3 38 75 26 37
Worker 4 26 73 24 39

Use the Hungarian algorithm to minimise the time required to complete the tasks by allocating one job to
each worker.
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only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (2 marks)
Three houses need to be connected to three utilities: gas water and electricity. Determine if it is possible to
connect each house to each utility without the lines intersecting. Justify your answer.

Question 2 (1 mark)

A complete graph with 7 vertices will have a total number of edges of
A7

B. 8

C. 14

D. 21

E. 28

Question 3 (1 mark)

If G is a simple connected 3-regular planar graph where every face is bounded by exactly 3 edges, then the
number of edges in G is

A. 4

SINESE
0 O W
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Subtopic 6.7 Review

Question 4 (5 marks)
A team of four — Barnie, Ruth, Shelley and Carlos have been selected to play four holes of golf for a social
event for their workplace. Each member of the team will play one of the holes. Their scores for their
previous rounds of golf for these four holes have been summarised in the following table.

Hole 1 Hole 2 Hole 3 Hole 4

Barnie 5 7 5 9

Ruth 6 10 10 7

Shelley 7 5 3 8

Carlos 7 8 8 9
a. Perform a row reduction on the matrix formed from this table. (2 marks)
b. Perform a column reduction on the matrix from part a. (1 mark)
c. Apply the Hungarian algorithm if necessary. (1 mark)
d. State the optimal team for this event. (1 mark)
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Subtopic 6.7 Review

Question 5 (5 marks)

A cruise ship takes passengers around Tasmania between the seven locations marked on the map.

1B oo

Bass Strait

King Island

Robbins
Island

SOUTHERN Maria
R .. Island
~~~~~ AL
OCEAN Bruny Island
The sailing distances between locations are indicated in the table.
Hobart Bruny . Maria l. Flinders I. Devonport Robbins 1. King I.
Hobart - 65 km 145 km 595 km 625 km - -
Bruny I. 65 km - 130 km - - 715 km -
Maria I. 145 km 130 km — 450 km - - -
Flinders I. 595 km - 450 km - 330 km 405 km 465 km
Devonport 625 km - - 330 km - 265 km 395 km
Robbins I. - 715 km — 405 km 265 km - 120 km
King I. - - - 465 km 395 km 120 km -
a. Draw a weighted graph to represent all possible ways of travelling to the locations. (2 marks)
b. Determine the shortest route from Hobart to Robbins Island. (1 mark)

© John Wiley & Sons Australia, Ltd

Jacaranda Maths Quest 11 Specialist Mathematics VCE Units 1 & 2 Second Edition 21



Exam question booklet | Topic 6

Subtopic 6.7 Review

c. Determine the shortest way of travelling from Hobart to visit each location only once.

(1 mark)

d. Determine the shortest way of sailing from King Island, visiting each location once and returning to King

Island.

(1 mark)

Question 6 (1 mark)
The sequence of vertices that represent a trail in the network shown is

A. BHFGHBA
B. HFEDHFG
C. HBAHGFH
D. AHGAHBC
E. GHFEDHBA

Question 7 (1 mark)

Which of the following statements is incorrect?

A. A path uses vertices only once.

B. A trail uses edges only once.

C. A cycle finishes on its starting edge.

D. A circuit finishes on its starting vertex.

E. A closed trail begins and ends at the same vertex.
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Subtopic 6.7 Review

Question 8 (1 mark)

Which of the following statements best describes a Hamiltonian path?

A. A path that begins and ends at the same vertex and passes through each vertex exactly once.
B. A path that begins and ends at the same vertex and passes through each edge exactly once.
C. A path that begins and ends at different vertices and passes through each vertex exactly once.
D. A path that begins and ends at different vertices and passes through each edge exactly once.
E. A path that uses every edge of a graph exactly one.

Question 9 (1 mark)
The sequence of vertices that represent a trail in the network shown is

A. BHFGHBA
B. HFEDHFG
C. HBAHGFH
D. AHGAHBC
E. EFCBAHDEFC

Question 10 (1 mark)
How many edges need to be removed to ensure that there is no Hamiltonian cycle starting at X?

mEQwE>
SRS Yo NNV RN
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Source: Jacaranda (John Wiley & Sons Australia, Ltd), Practice Question

Question 11 (1 mark)

Identify the semi-Hamiltonian cycle that starts at vertex A in the following graph.
D G

Source: Jacaranda (John Wiley & Sons Australia, Ltd), Practice Question

Question 12 (2 marks)
Explain why the following graph is semi-Hamiltonian, but not Hamiltonian.

Source: Jacaranda (John Wiley & Sons Australia, Ltd), Practice Question

Question 13 (1 mark)
Draw an Eulerian graph with 4 vertices and 5 edges.
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Answers and marking guide
6.2 Introduction to graph theory

Question 1

Since the two graphs are isomorphic, there is a one-to-one correspondence between the two graphs. This
correspondence between the two graphs preserves not only adjacency between vertices but also
non-adjacency. [1 mark]

Therefore, the non-adjacency between each vertex in both graphs is also isomorphic. Hence, the
complement of the two graphs is isomorphic. [1 mark]

Question 2
If G is self-complementary with n vertices, then G and its complement must have the same number of
edges. The sum of their numbers of edges must be the number of edges of the complete graph.

Hence, edges in G must be % X the number of edges in K|,

Edges in G must be % X n(n2— D = nn=1)
Since the number of edges in G must be a whole positive number, n (n — 1) must be divisible by 4.

If n is odd then (n — 1) is even or n is even then (n — 1) is odd. This means that n and (n — 1) cannot both be
divisible by 2. Thus, either 7 or (n — 1) is divisible by four. [1 mark]

Giving:

n=4k or n-—1=4k— n=4k+1[1mark]

[1 mark]

Question 3
The number of edges can be determined from the adjacency matrix by adding up the values in the upper
triangle of the matrix.

011 20
1 0 0 01
A=|1 0 0 1 1
20100
01100

The number of edgesisequalto 1 + 1 +24+14+14+1=7

Therefore the sum of the degrees is equal to 2 X 7 = 14

So only A and B are possible options.

Looking at the adjacency matric, the vertex represented by the top row has 4 edges coming from it, so its
degree must be 4. This is only present in option A.

Question 4

B L&
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Question 5
The bottom right entry of the matrix states that there are 2 edges connecting vertex C with vertex C. This
rules out the following networks:

B
A
B
C A%
C

The middle entry in the matrix states that there is an edge connecting vertex B with vertex B. This rules out

L

the following network: ‘“‘\&
Va JL'

[/

N
//xl is the correct network for the adjacency matrix.
' (_fx\

Question 6

The adjacency matrix details how many edges connect vertices. The columns and rows represent the
vertices A to D.

The number of edges between vertices A and A is 0, place a zero in the top left corner. The number of edges
between vertices A and B is 1, place a 1 in the 1st row 2nd column. Continue for the rest of the vertices.

01 1 1
1 1.0 0
101 2 [1 mark]
1 0 2 0
Question 7
0 1 1 0]
1 0 0O :
10 0 1 describes a connected graph
0010

A 1s connected to B and C, and C is connected to D.
All other adjacency matrices contain a vertex that has no connections to any other vertices.

Question 8
A simple graph has no loops or multiple edges between vertices.
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6.3 Planar graphs and Euler’s formula

Question 1

A 3-regular graph will have degree 3 for every vertex.
With 24 vertices this means that ) deg (V) = 24 X 3 = 72.
We know that ) deg (V) = 2n(E) = 72

So the number of edges will be equal to 72 +2 = 36
Using Euler’s formula v — e + f = 2 gives

24 -36+f=2

f=14 [1 mark]

Question 2
It is possible to produce a non-planar and planar graph using 6 vertices and 10 edges. Non-planar:
K5 and an isolated vertex is non-planar

Planar:

Award 1 mark for an example of a non-planar graph and 1 mark for an example of a planar graph.

Question 3
It can be seen that K5 is a subgraph contained in the middle of the graph. [1 mark]
Since K5 is a subgraph the graph is non-planar. [1 mark]

Question 4
A planar graph representing the above adjacency matrix is

Number each of the separate regions to find the total number of faces (regions). Make sure you include the
outside or infinite region. There are 6 regions.

Question 5

v—e+f=2

5-T7+f=2
f=4
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Question 6

v—e+f=2
v—14+7=2
v=9

Question 7
C
| »\
‘A
F

[1 mark]

Question 8
D E

A B [1 mark]
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6.4 Eulerian and Hamiltonian graphs

Question 1

A graph will be a Eulerian graph if the degrees of all vertices are even. A complete graph K,, is also an

(n — 1)-regular graph. It follows that all r-regular graphs will be Eulerian graphs if r is even. Therefore, if
r=n—1,thenn=r+1.

So if r is even, then n must be odd.

Thus, complete graphs K, will be Eulerian graphs when n is an odd positive integer. [1 mark]

Question 2
a. i. It helps to label each of the edges before starting.
5
1 6
2 4
3

Starting from the bottom left vertex, there are three possible paths (1, 2, 3).
Depending on which path is taken, there will be two possible paths from each of the initial choices:
l1—>5and1 -4
2—>5and2 - 6
3—>4and3 -6
Finally for each choice, there will only be one path left to return to the original vertex.
l1-5->6->3and1 -4-56->2
2-55-4->3and2-6-4->1
3-4->55->2and3-6->5->1
We can then see that a number of these are repeats in reverse order.
l>5->6->3andl 4562
2-55->4->3and2-6—-4->1
3-4-55->2and3->6->5—-1
These are considered the same Hamiltonian cycle, so there is only 3 Hamiltonian cycles
for K, [1 mark]
ii. It helps to label each of the edges before starting.

Starting from the left vertex, there are three possible paths (1, 2, 3, 4).

Depending on which path is taken, there will be three possible paths from each of the initial choices:
1-51—->8and1 — 10

2—56,2—>9 and2 — 10

3-57,3->8and3 -9

4—-554—->6and4 -7
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Following on, there will be two choices that remain for each path:
1-5-56,1-8—>7and1 > 10— 8
1-5->7,1-8—>9and1 - 10-9
2-56->52-9->7ad2-10-5
2-56-7,2->9—->8and2—-10—-8

357—>55 3-58->5and3->9->10
357—-56,3-8—->10and3 ->9—-6

4-55-58,4->6—->9 and4->7—->38

4-55-10,4—->6—>10and 4>7-9

Finally, there is one route back to the original vertex for each possible path so far.
1-5-6-29-31-8-7-6—-10and1—-10—-8->7->3
1-5-7-59-52,1-8-59->6—->4andl -10-9->7->4
256->5-8-232-9-7-5->1and2-10-5-7-3
256->7-8-1,2-9-8-5—-4and2-510-8->7—-4
3-7-55-510-2,3-8->5—-6—->2and3->9->10-5-4
3-7-56—->10-1,3-8—-210->6—>4and3-9->6->5->1
4-55-58-59-24-6->9—->8—->1land4—->7—->8—->10—->2
4-5-10->9-3,4-6->10—->8—>3 and4->7—-9->10—->1
Removing the repeats (paths appearing in reverse order) leaves 12 Hamiltonian cycles.
1-5-6->9-53,1-8->7->6—->10and 1 - 10>8—->7—->3
1-5-7-59-52,1-8-59->6—->4andl -10-9->7->4
256->5-8-32-10->5-7->3and2-9-8->5-4
2-10-8->7-4,3->9->10—-5—->4 and3 - 8 - 10 - 6 = 4 [1 mark]

b. Using the approach taken in parts a. when given a K|, graph, there will be (n — 1) edges that can be taken
from the first vertex. After making a choice, the number of edges available to traverse will be one fewer
than at the previous vertex until there is only one remain path to the original vertex. So that total number
of cycles created will be equal to:
m—DXxm—-2)x(n—-3)X% ... X1 =m—1)![1 mark]

Half of these cycles end up being the reverse of another cycle and are considered the same cycle (as they

traverse the exact same edges).

(n—1)!

Therefore, the total number of Hamiltonian cycles of a complete graph K, is equal to [1 mark]

Question 3

An Eulerian trail for the graph will be possible if there are only two odd vertices. Removing an edge will
decrease the value of two vertices by 1. So we can only remove edges that will leave the graph with only
two odd vertices.

The following graph shows the degrees of the vertices in red.

4 5 4

30 Jacaranda Maths Quest 11 Specialist Mathematics VCE Units 1 & 2 Second Edition © John Wiley & Sons Australia, Ltd



Exam question booklet | Topic 6

There are 4 odd vertices, so we can remove any edge that joins two odd vertices. There are 6 edges that
could be removed, which are indicated in pink below.

4 5 4
1 3
2
4 5
5 3 5
6
Question 4

The only sequence of vertices that does not pass over the same edge twice is HBAHGFH

Question 5
A cycle finishes on its starting vertex, not its starting edge and it can only use vertices once.

Question 6
A Hamiltonian path is a path that begins and ends at different vertices and passes through each vertex
exactly once.

Question 7
The only Hamiltonian cycle starting at X is the path shown below in purple.

There are 5 unnecessary edges that can be removed, then 1 more edge will need to be removed to break the
Hamiltonian cycle. The total number of edges that need to be removed is 6.

Question 8
The semi-Hamiltonian path starting at vertex A is
A—-C—-B—-F—-G—-E-D [1mark]

Question 9

This graph contains a bridge, which means that it cannot contain a Hamiltonian cycle as it can only be
traversed once. [1 mark]. However it can contain a semi-Hamiltonian cycle, as the starting vertex could be
on one side of the bridge and the end vertex could be on the other side of the bridge. [1 mark]

Question 10

/

\ [1 mark]
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15

10

18
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15

10

18

15

10

18

Question 1
13 .
8 8
6 ! 12
14
4
10 15
12 3 5
12 )
Using Prim’s algorithm, the sides selected in order are: Select the 4
13
8 8
6 ! 12
14
5 4 10 15
12 5
12 -
Then select only one of the 5,s (otherwise a loop is formed).
13
7 8
8 6 12
14
5 4 10 15
12
12 )
Select the 6.
13 R
8 7 8
6 12
14
4
5 1015
12
12
Select both 8’s (cannot select 7 or else a loop is formed).
13
8 8
6 12
14
4 1015
12 3
12

Select both 10’s.

Exam question booklet | Topic 6

32 Jacaranda Maths Quest 11 Specialist Mathematics VCE Units 1 & 2 Second Edition

© John Wiley & Sons Australia, Ltd



Exam question booklet | Topic 6

13 _
8
6 8 > 15
14 10
4
5 10 15
12 - 18
12 -
Select 12 to finish the tree.
13
8 15
6 8 12
14 10
s 4 10 15
12 ) 18
12 -

The minimum value is therefore 4 +5+ 6+ 8 + 8 + 104+ 10 + 12 = 63 km [1 mark]

Question 2

a.
b.

Every edge in a tree is a bridge, since removing it would disconnect the graph. [1 mark]
If an edge never appears in a spanning tree, then it is a loop, as a loop will never be found in any tree as it
is a cycle. [1 mark]

Question 3

a.

In this situation the edges are weighted according to the difference between the numbers of the vertices
they connect.

The defining feature of a complete graph is the fact that every vertex is joined to every other vertex.
Therefore the minimum spanning tree will start at vertex 1 and connect to vertex 2, then connect to
vertex 3 to vertex 4 to vertex 5 and so on until it reaches vertex n [1 mark]

Each of these edges has the minimum weight of 1, since they connect consecutively numbered vertices.
There are (n — 1) edges required to connect all vertices in a spanning tree. The value of the minimum
spanning tree is therefore (n — 1) X 1 = (n — 1). [1 mark]

. In this situation the edges are weighted according to the sum of the numbers of the vertices they connect.

Since a spanning tree must connect to all vertices in a graph and each vertex in a complete graph is
connected to every other vertex via an edge, the minimum spanning tree will be the tree which connect
every vertex to the vertex with the lowest number (vertex 1). This will minimise the weights of all edges.
[1 mark]

The minimum spanning tree will therefore contain edges of weights 1 +2 =3, 1+3=4,14+4 =35,
and so on, up to (1 + n). The value of the minimum spanning tree will therefore
be3+4+5+6+..+n+ (n+1). [1 mark]

Question 4

57 km is travelled using the route AEBD or ABED

66 km is travelled using the route AECD

52 km is travelled using the route ABD

The distance of 40 km cannot be achieved by any valid route.

Question 5

Starting the journey at A, travelling to B (11), then to D (10), onto C (6) , then E (4), followed by F (3) and
finishing at G (12).

This route takes in the three largest distances in the network.

Adding the values gives a total of 46 km.
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Question 6
The network below shows the route needed. The total distance of this route is
184+ 194+ 16+ 12+ 104+74+9+ 12+ 15+8+154+204+17+8+9 =195km

6.6 Bipartite graphs and the Hungarian algorithm

Question 1

a. m [1 mark]

b. Since all the vertices are odd, the graph will not have a Eulerian cycle. [1 mark]

c. Start by establishing the two groups: group A has the 4 vertices and group B has the 3 vertices. Any
Hamiltonian path will start in group A and zig-zag through the graph and thus also finish in
group A. [1 mark]
It is not possible to therefore complete the cycle as group A vertices are only connected to group B
vertices, so it is impossible to return directly to the group A vertex from which the Hamiltonian path
started. The graph will therefore not have a Hamiltonian cycle. [1 mark]

Question 2

a. A Eulerian graph must satisfy the condition that every vertex has an even degree. That means the two
groups in the bipartite graph must have an even number of vertices. Therefore: K,,, ,, where m,n are even
positive integers will be Eulerian graphs. [1 mark]

b. A semi-Eulerian graph must satisfy the condition that every vertex has an even degree with two odd
vertices. That means that one group can only have two vertices (both of which will be odd) and the other
group can have any odd number of vertices. Therefore: K, ,, where m = 2 and n is an odd positive
integer will be semi-Eulerian graphs. [1 mark]

Question 3
2 4 35
3 5 3 4
2 3 4 2
2 4 23

Conduct a row reduction
Row 1, the smallest number is 2, so subtract 2 from all other numbers in the row.
Row 2, the smallest number is 3, so subtract 3 from all other numbers in the row.
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Row 3, the smallest number is 2, so subtract 2 from all other numbers in the row.
Row 4, the smallest number is 2, so subtract 2 from all other numbers in the row.

[0 2

1 3

0 2 0 1

01 2 0

0 2 0 1
minimum number of lines needed to cover all zeroes is 3, so all 4 tasks cannot be allocated.

i‘he

N = NN

Conduct a column reduction

Column 1, the smallest number is 0, so do nothing.

Column 2, the smallest number is 1, so subtract 1 from all other numbers in the column.
Column 3, the smallest number is 0, so do nothing.

Column 4, the smallest number is 0, so do nothing.

3

Use the Hungarian algorithm.
The smallest uncovered number is 1, so subtract that from all uncovered numbers and add 1 to the two
numbers with two lines going through them.

0 0 2

1
0 [1 mark]
3
0

S = O
oS O O
o O O

M — LlorlL2
Je — L1,12,L30rL4

P—IL2orl4
Ja— L1,L2,L3orl4
So one possible allocation would be
M- L1
Je - L3
P— 12
Ja — L4
The minimum time is therefore: 2 + 3 + 3 + 3 = 11 minutes [1 mark]

[1 mark]

Question 4
The only job that person A can do is job W.
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Question 5

Tim Japan
Georgie New Zealand
Karan Thailand
Sarah Indonesia [1 mark]

Question 6

e \< I
2

Aaron

Julian 3

Maria # 411 mark]

The only applicant able to do job 3 is Maria.
Julian can only do job 2.
Naomi must do job 1 and Aaron must do job 4. [1 mark]

Question 7
Using the Hungarian algorithm.
1. Subtracting the lowest value in each row from all values in that row gives:

T1 | T2 | T3 | T4 | TS

P14 |0 (3 |0 |7
P2 |6 |8 7 |6 |0
P3 |1 2 |0 |3 1
P4 |0 |3 1 5 |6
P5 |0 |2 1 3 1

2. Subtracting the lowest value in each column form all other values in the column.
T1 | T2 | T3 | T4 | TS

P14 |0 |3 |0 |7
P2 |6 |8 7 |6 |0
P3 | 1 2 |0 |3 1
P4 |0 |3 1 5 |6
P50 |2 1 3 1
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3. Cover the zeros with the minimum number of lines.

4. Covering the zeros would take a minimum of 4 lines (we need 5 as there are 5 rows). Therefore subtract
the lowest value from all uncovered values and add the lowest value to any places where two covering lines
intersect.

T1 | T2 | T3 | T4 | TS
P1 5 0 3 0 8
P2 |6 7 6 5 0
P3 |2 2 0 |3 |2
P4 |0 2 0 |4 6
P5 |0 1 0 |2 1

5. Cover the zeros with the minimum number of lines.

6. Covering the zeros would take a minimum of 4 lines (we need 5, as there are 5 rows).
Therefore, subtract the lowest value from all uncovered values and add the lowest value to any places where
two covering lines intersect.

T1 | T2 | T3 | T4 | TS
P1 6 0 |4 0 |9
P2 |6 6 6 |4 0
P3 |2 1 0 |2 2
P4 |0 1 0 |3 6
P5 |0 0 0 1 1

Allocation of tasks to people for minimum time is:
Pl1toT4, P2toT5, P3toT3, P4toT1 and P5 to T2 For these allocations, the times are
8+ 6+ 8+ 8+ 15 = 45 minutes
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Question 8
Subtract the row minimum from each row.
Task 1 Task 2 Task 3 Task 4

Worker 1 11 51 0 13
Worker 2 24 41 0 23
Worker 3 12 49 0 11
Worker 4 2 49 0 15

[1 mark]

Subtract the column minimum from each column.

Task 1 Task 2 Task 3 Task 4

Worker 1 9 10 0 13
Worker 2 22 0 0 12
Worker 3 10 8 0 0
Worker 4 0 8 0 4

[1 mark]

Cover all of the Os with the minimum number of lines.

]
Task 1 | Task 2 | Tadk 3 | Task 4
Worker 1 9 10 ) 2
| Worker 3 10 b 0
— W erdeer-d B 15 4

The number of lines is equal to the number of tasks. Draw the bipartite graph.

Worker | Task 1
Worker 2 » e Task 2
Worker 3 Task 3
Worker 4 Task 4
[1 mark]

Worker 1 can only do task 3.

Task 2 can only be done by worker 2.
Task 1 can only be done by worker 4.
Task 4 can only be done by worker 3.

The minimum time for all 4 tasks to be completed is 19 + 62 + 37 + 26 = 144 minutes. [1 mark]

6.7 Review

Question 1

The three house must each be joined to the three utilities. Thus we can consider the problem to be made up
of 6 vertices splits into two groups of 3 (the houses and the utilities). The graph of this situation would be

the graph of K3 ; which is non-planar. [1 mark]
Therefore it is impossible to connect each house to each utility without crossing lines. [1 mark]
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Question 2
_n(=1) _ |
Edges = ————, where n = the number of vertices
7(7—-1
Edges = (—) =21
Question 3

A 3-regular graph will have %n edges, where n is the number of vertices.

Given the graph is planar we have:

v—e+f=2
n—37n+f=2
n
=2+ -
/ 2

Since f must be an integer, n must be even.

if n = 2, then there 3 faces with 3 edges. In this graph each face is bounded by two faces only, so A is not
correct.

if n = 4, then there are only 4 faces with 6 edges.

Since each face is bounded by exactly three edges, the total number of boundaries required is 12.

As each edge is a boundary on two faces, 6 edges can provide 12 boundaries.

The graph with n = 4 is:

This graph satisfies all the properties of G, so the answer is 6, as G has 6 edges.

Question 4
5 7 5 9
6 10 10 7
7 5 3 8
7 8 8 9

Conduct a row reduction.

Row 1, the smallest number is 5, so subtract 5 from all other numbers in the row.
Row 2, the smallest number is 6, so subtract 6 from all other numbers in the row.
Row 3, the smallest number is 3, so subtract 3 from all other numbers in the row.
Row 4, the smallest number is 7, so subtract 7 from all other numbers in the row.

0 2 0 4
! [1 mark]

- O B~

5
2
The minimum number of lines needed to cover all zeroes is 2, so all 4 tasks cannot be allocated.
0 2 0 4

4 4 1
2.0 5
1 4 ¥

0 4
4 2
0 1

=N
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b. Conduct a column reduction.
Column 1, the smallest number is 0, so do nothing.
Column 2, the smallest number is 1, so subtract 1 from all other numbers in the column.
Column 3, the smallest number is 0, so do nothing.
Column 4, the smallest number is 1, so subtract 1 from all other numbers in the column.

The minimum number of lines needed to cover all zeros is 4, so all 4 tasks can be allocated. [1 mark]
¢. Hungarian algorithm is not necessary. [1 mark]
d. B - Hl

R — H4

S — H3

C - H2

The minimum time is therefore: [1 mark]

5+7+3+8=23

Question 5

a. King Istand 465 Fiind.cls Island

Bruny Istand

b. obart-Bruny—Robbins: 715 + 65 = 780 km [1 mark]

¢. Hobart-Bruny—Robbins—King-Devonport-Flinders—Maria:
715 4+ 65 + 120 4+ 395 + 330 + 450 = 2075 km [1 mark]

d. King—Devonport-Flinders—Maria—Hobart—Bruny— Robbins—King:
395 + 330 + 450 + 145 + 65 + 715 + 120 = 2220 km [1 mark]

Question 6
The only sequence of vertices that does not pass over the same edge twice is HBAHGFH.

Question 7
A cycle finishes on its starting vertex, not its starting edge and it can only use vertices once.

Question 8
A Hamiltonian path is a path that begins and ends at different vertices and passes through each vertex
exactly once.

Question 9
The only sequence of vertices that does not pass over the same edge twice is HBAHGFH.
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Question 10
The only Hamiltonian cycle starting at X is the path shown below in purple.

There are 5 unnecessary edges that can be removed, then 1 more edge will need to be removed to break the
Hamiltonian cycle. The total number of edges that need to be removed is 6.

Question 11
The semi-Hamiltonian path starting at vertex A is
A—C—-B—-—F—-G—-—E—-D [1mark]

Question 12

This graph contains a bridge, which means that it cannot contain a Hamiltonian cycle as it can only be
traversed once. [1 mark]. However it can contain a semi-Hamiltonian cycle, as the starting vertex could be
on one side of the bridge and the end vertex could be on the other side of the bridge. [1 mark]

Question 13

/

\/ [1 mark]
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[ Trigonometric ratios and
applications

Topic 7 Trigonometric ratios and applications
Subtopic 7.2 Review of trigonometry

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au.

Question 1 (2 marks)
The cuboid below has edges 5cm, 6 cm and 8 cm.

H G
C
D
£ F
5cm
8 cm
A 6 cm B

Determine the size of the angle between the diagonal AG and the edge AD. Give your answer in the form

a® —tan~! <é)
¢

The size of the angle is a® — tan™! <é> with
c

a= Doandézlj
C

Question 2 (1 mark)

From the top of an office building 100 metres high, the angle of depression to a second building, 80 metres
away, is 16°. The height of the lower building is

A. 68m

B. 71m

C.75m

D. 77m

E. 79m
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Subtopic 7.2 Review of trigonometry

Question 3 (2 marks)

The gallant knight Sir George, whose eye level is 1.8 metres from the ground, is standing on top of a small
mound, 3 metres high. From this vantage point he notices that the angle of elevation of the tall tower, at the
top of which the fair damsel Charlotte is being held captive, is 2. Using his expert judgement he calculates
the distance to the foot of the tower as 3 kilometres. Sir George requires a rope twice the height of the tower
to aid him to rescue the damsel. Determine what length of rope, rounded to the nearest metre, he should
purchase from the conveniently located rope shop.

The length of rope is [] m, to the nearest metre.

Question 4 (1 mark)
In a right-angled triangle ABC, AB = 5 cm, BC = 12 cm and AC = 13 cm. Find the size of angle ACB in
degrees correct to 2 decimal places.

Question 5 (2 marks)
A cuboid has edges 5 cm, 6 cm and 8 cm. Find the size of the angle between the space diagonal and the
shortest edge, in degrees correct to 2 decimal places.

Question 6 (2 marks)
A rectangle is 10 cm long and 5 cm wide. Find the angle between the diagonal and the long side, in degrees
correct to 2 decimal places.

Question 7 (2 marks)
The gradient sign beside a road up a hill says 1:5. This means that for every 5 metres horizontally the road
rises 1 metre vertically. What angle is the road to the horizontal, in degrees correct to 2 decimal places?
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Subtopic 7.2 Review of trigonometry

Question 8 (1 mark)

From a yacht, the angle of elevation of the top of a cliff is a°.
From the top of the cliff, the angle of depression of the yacht is:
A. (ax —90)°

B. (90 + «)°

C.a°

D. (90 — a)°

E. (180 — a)°

Question 9 (2 marks)
From ground level the angle of elevation of the top of a tree 120 metres away over flat ground is 23.7°. How
high is the tree, in metres to 2 decimal places?

Question 10 (3 marks)
From the top of an office building 100 metres high, the angle of depression to a second building, 80 metres
away, is 16°. What is the height of the lower building, in metres to 2 decimal places?

Question 11 (3 marks)

For a horizontal distance of 1 kilometre from its base a road rises 100 metres vertically, that is, a gradient of
1:10.

For the next kilometre horizontally the road has a gradient of 1:8 until it reaches its top.

From a point at the top of the road, what is the angle of depression to a point at the bottom of the road?
Write your answer in degrees correct to 3 decimal places.

Question 12 (2 marks)
To walk in the direction p° west of south is equivalent to walking on what bearing?
If I walk for k kilometres in this direction, how far west of my starting point do I finish up?
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Subtopic 7.2 Review of trigonometry

Question 13 (4 marks)

An orienteering course is as follows:

From S go 7 km to P on a bearing of 050°. Then go 5 km to Q on a bearing of 120°.
How far is S from Q and what is its bearing?

Question 14 (3 marks)
A yacht sails on a bearing of 045° for 10 km to point P, then sails on a bearing of 250° for 15 km to point
Q. What is the bearing of the yacht’s starting point from the point Q?

Question 15 (3 marks)
Two ships leave port. One sails on a bearing of 325° at 20 km/h, the other on a bearing of 100° at 15 km/h.
How far apart are the ships after 4 hours?

Question 16 (1 mark)
The angle of elevation of the top of a cliff from A is 30°. One kilometre due east of A lies B. From B, the
angle of elevation of the cliff is 25°. How high is the cliff?

Question 17 (1 mark)

What is the angle of elevation from a point on the ground 29 m away to the top of a 20 m high building?
A. 34.59°

B. 43.60°

C. 46.40°

D. 55.41°

E. 61.93°

4 Jacaranda Maths Quest 11 Specialist Mathematics VCE Units 1 & 2 Second Edition © John Wiley & Sons Australia, Ltd



Exam question booklet | Topic 7

Subtopic 7.2 Review of trigonometry

Question 18 (1 mark)

From the top of a 3.2 km mountain, a car 6 km away can be seen.
What is the angle of depression from the mountain to the car?

A. 28.07°

B. 32.23°

C. 45°

D. 57.77°

E. 61.93°

Question 19 (1 mark)

The bearing of ship X from a harbour control tower, T, is 025°. Ship Y is due south of the control tower.
The bearing of ship X from ship Y is 015°. The size of angle TXY is:

A, 5°

B. 10°

C. 15°

D. 20°

E. 25°

Question 20 (2 marks)
The points A, B and C are the vertices of a triangular yachting course. If the three legs of the course form an
equilateral triangle and the bearing of B from A is 050°, find the possible bearings of C from A.

Question 21 (3 marks)
Two ships leave the same point. One sails on a bearing of 125° at 20 km/h, the other on a bearing of 030° at
10 km/h. How far apart are the ships after 2 hours?
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7 Trigonometric ratios and applications
m 7.3 The sine rule

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (2 marks)

In triangle ABC, AB = 6cm, AC = 8cm and angle ACB = 28°. Calculate the size of angle ABC correct to
2 decimal places.

ZABC = []°

Question 2 (2 marks)

In triangle POR, PQ is 15 mm and angle RPQ is 40°. if RQ is 12 mm, determine the size of angle
PRQ correct to 2 decimal places.

ZPOR = []°

Question 3 (3 marks)
From point A on a straight road a plane is at an angle of 57° to the vertical. From point B, 2 km away,
looking in the same direction, the plane is at an angle of 50° to the vertical. Calculate the altitude of the

plane, in km correct to 3 decimal places.
Plane

A 2km B
The altitude of the plane is [] km
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Subtopic 7.3 The sine rule

Question 4 (1 mark)

Consider the diagram of campsites A, B and C.
C

325°

Campsite A is due west of campsite B. Campsite C is 5 km away on a bearing of 50° T from campsite A.
Campsite C is on a bearing of 325° from campsite B

What is the distance between campsite A and campsite B?

A. 4.11 km

B. 6.08 km

C. 7.78 km

D. 8.71 km

E. 9.07 km

Question 5 (2 marks)
In triangle POR, PR = 5 cm, PQ = 7 cm and angle RPQ = 30°. Find the length of OR.

Question 6 (2 marks)
In triangle ACB, ZCAB = 55° and ZABC = 80°. The length of side AB is 40 m. Find the length of AC.
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7 Trigonometric ratios and applications
m 7.4 The cosine rule

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (2 marks)

Tri looks at a door. One side of the door is 6 metres away while the other side of the door is 7.5 metres
away. The angle between his sight lines to either side of the door is 17°. Calculate how wide the door is.
Give your answer rounded to the nearest centimetre.

The width of the door is [ m

Question 2 (1 mark)
0 R

18 cm

74° _

P 25' cm N
In parallelogram PQORS, £ZQPS = 74°.
In this parallelogram, PQ = 18 cm and PS = 25 cm.
The length of the shorter diagonal is closest to
A. 26.5 cm
B. 30.1 cm
C. 30.8 cm
D. 26.3 cm
E. 399 cm
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Subtopic 7.4 The cosine rule

Question 3 (2 marks)
Determine the value of x in degrees, rounded to 2 decimal places.

24
13
xO
18
x=[1°
Question 4 (1 mark)

In triangle ACB, 2CAB = 60° and ZABC = 80°.

The length of side AB = 50 m.
C

Find the length of BC.
A. 57Tm

B. 67m

C.77m

D. 81 m

E. 100 m

Question 5 (3 marks)
The sides of a triangle are in the ratio of 8:14:7. What is the size of the largest angle?
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7 Trigonometric ratios and applications
m 7.5 Arc length, sectors and segments

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (2 marks)

A segment of a circle, radius 10 cm, has an angle of 30°. Determine the area of the segment, in square
centimetres correct to 3 decimal places.

The area is [] units?

Question 2 (2 marks)
The area of a sector of a circle is 500 square centimetres. The central angle is 40°. Calculate the radius, in

centimetres correct to 2 decimal places.
The radius is [] c¢cm

Question 3 (1 mark)

For a particular circle, the area of a sector and the arc length of the same sector are numerically the same.
Determine the radius of the circle.

The radius is [] units
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Subtopic 7.5 Arc length, sectors and segments

Question 4 (1 mark)
A sector of a circle, radius r cm, has an angle of 8°. The area of the sector is:

A. Lo
2

B. %(Gr)2

C. 1921’
2

nlﬂi>#
2\ 180

ElG@>ﬂ
2\ 6

Question 5 (1 mark)

An arc of a circle, radius r cm, has an angle of 8°. The length of the arc is:
A. 6°r

B. (6r)

C. (6r)

n(ﬁdﬂ

180

EG@>F
e
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7 Trigonometric ratios and applications

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (4 marks)

An orienteering course is as follows:

From S go 7km to P on a bearing of 050°. Then go 5 km to Q on a bearing of 120°. Calculate how far S is
from Q, in km to 2 decimal places, and determine the true bearing of S from Q in degrees to 2 decimal
places.

SO = [] km

The bearing is [1° T

Question 2 (4 marks)

A yacht sails on a bearing of 045° for 10 km to point P, then sails on a bearing of 250° for 15 km to point Q.
Calculate the true bearing of the yacht’s starting point from the point Q, in degrees to 2 decimal places.

The bearing is [1° T

Question 3 (1 mark)

From a point, A, west of a cliff, the angle of elevation of the top of a cliff from A is 30°. One kilometre due
east of A lies B. From B, the angle of elevation of the cliff is 25°. The height of the cliff is

A. 208 m

B. 258 m

C. 299m

D. 320m

E. 323m
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Subtopic 7.6 Review

Question 4 (1 mark)
Consider the diagram of campsites A, B and C.
Campsite A is due west of campsite B. Campsite C is 5 km away on a bearing of 50° T from campsite A.

Campsite C is on a bearing of 325° from campsite B.
C

5 km

50°

A X B 325°

The distance between campsite A and campsite B.
A. 4.11km
B. 6.08 km
C. 7.78km
D. 8.71 km
E. 9.07km

Question 5 (1 mark)
Calculate the area of the shape in the diagram to the nearest square centimetre.

The area is [] cm?

Question 6 (1 mark)
There is a particular circle for which the numerical value of the area of a sector is six times the numerical
value of the arc of that sector. Find the radius of this particular circle.
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Subtopic 7.6 Review

Question 7
Answer the following.
a. Show that the perimeter of a sector of a circle of radius » cm and central angle 6° is (6 + 2). (2 marks)

b. Show that the perimeter of a segment of a circle of radius r cm and central angle 6° is r (6 + 2sin g)

(3 marks)

c. solver(6+2)=r (6 + 2sin g) (2 marks)
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Answers and marking guide
7.2 Review of trigonometry

Question 1

A E
6 cm
B F
8cm

AF =14/62 +82cm

= 4/100cm
= 10cm [1 mark]
D G
5cm
0 F
A 10 cm

0 =tan~! <i>
10
= tan~! <l>
2

a =90° — tan™! <%) [1 mark]

Question 2

100 m
X
tan (16°) = —
(16°) 20
x = 80tan (16°)
~ 23 m
Height of building2 = 100 — x m
~ 100 — 23 m
~ 77Tm

Exam question booklet | Topic 7
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Question 3

|

xXm

| S

oy _ X
tan (2°) = 3km
x = 3tan (2°) km
= 0.1047 km
=104.7m [1 mark]

The height of the tower is 104.76 m + 3m + 1.8 m = 109.56 m
The length of rope required is two times the height of the tower.
Length of rope = 2 X 109.56 m

=219.12 m

~ 219 m [1 mark]

Question 4

sin (LACB) = i
13

ZACB = 22.62° [1 mark]

Question 5

Space diagonal = /(52 + 62 + 82)
=545

= 11.18 cm [1 mark]

cos () = S
545
6 = 63.43° [1 mark]
Question 6
cos(B) = 10 [1 mark]
52+ 107

6 = cos™! L)
V52 + 107

= 26.57° [1 mark]

Question 7
tan (6) = %
= 0.2 [1 mark]
8 =tan"' (0.2)
= 11.31° [1 mark]
Question 8
aO
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Question 9
height of
tan (23.7)° = —igntottree
ground distance
= L [1 mark]
120

h =120 X tan (23.7)°
= 52.68 meters [1 mark]

Question 10

Difference in height is found by:
tan (16)° = height difference

round distance
= — [1 mark
20 [ ]
h = 80 X tan (16)°
= 22.94 meters [1 mark]

Height of lower building = (100 — 22.94) metres
= 77.06 meters [1 mark]

Question 11
Angle of depression () is found by:
height difference (m)
tan (6)° = -
ground distance (m)
i+

= —= [1 mark]
di+4d,

100 + § X 1000
~ 1000 + 1000
225

[1 mark]

~ 2000
6 = 6.419° [1 mark]

Question 12

Bearings are given as three digit number, clockwise from north.
(180 + p)° [1 mark]

Right-angled triangle:

ksin (p)° [1 mark]
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Question 13

£SPQ = 50° + 60°
= 110° [1 mark]
Cosine rule:
SQ = /(72 + 52 =2 X 7 x 5 x cos (110°))
= 9.90 km [1 mark]

Sine rule:
sin (£PQS) _ sin (£SPQ)

7 9.90

£SPQ = 41.64° [1 mark]
Bearing = (360 — (60 + 41.64))°
= 258.36° [1 mark]

Question 14

————

110°) p

15 km

10 km
e 45°

Method: find ZQOP, then subtract 45° to give ZQOW.
The bearing of O from Q is (ZQOW + 90)°.
£QOP = (180 — 110 — 45)°

= 35° [1 mark]
In AQOP

0Q? = OP? + OP? — 2 x OP X OQ X cos (QOP)
= 100 + 225 — 300 cos (35°)
0Q = 8.902 [1 mark]

sin (QOP) _ sin (QPO)
0Q  0Q
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in(qop) - LSOO

= 0.9665
£QOP = 75.12° [1 mark]

£2QOW = (75.12 — 45)°

= 30.12°
.. Bearing of O from Q is (ZQOW + 90)° = 120.12° [1 mark]

Question 15
Distances travelled are 4 X 20 km and 4 X 15 km [1 mark]
Angle between is (35 + 110)° [1 mark]
d? = 80% + 60° — 2 x 80 X 60 X cos (145°)
= 17863
d = 133.7 km [1 mark]

Question 16
CIiff

1 km > E

Cliff is & metres high.
In the right-angled horizontal triangle:
(htan (60°))* + 1000? = (A tan (65°))* [1 mark]
W= 1000 000
[(tan (65°))” — (tan (60°))*]
h? = 790.8 m [1 mark]

Question 17
20

tan () = —
©) 29

6 = 34.59°
Question 18
3.2
tan () = —
©) 5
6 = 28.07°
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Question 19
ATXY:
ZTYX = 15°
2XTY = 65° +90°
= 155°
= £TXY = 10°

Question 20

Angle BAC is 60°. The possible bearings are
050° + 60° or 050°—60°. [1 mark]
Bearings are 290° and 110°. [1 mark]

Question 21
Distances travelled are 2 X 20 km and 2 X 10 km. [1 mark]
Angle between the ships is (125 — 30)° [1 mark]
a’? = b> + ¢ — 2bccos (A)
d? = 407 + 20* — 2 X 40 X 20 X cos (95°)
= 2139.45
d = 46.25 km [1 mark]

7.3 The sine rule

Question 1
C
64°
8 cm
A 6 cm B
sin (ABC) _ sin(ACB)
AC AB
ACsin (ACB
sin (ABC) = ACSINACE) ) ark]
AB
_ 8X5sin(28°)
6
ZABC = sin™! (—8 X Slg (28 )>
= 38.75° [1 mark]
Question 2

Ambiguous case — there are two possible answers

20 Jacaranda Maths Quest 11 Specialist Mathematics VCE Units 1 & 2 Second Edition

© John Wiley & Sons Australia, Ltd



sin (PRQ) _ sin (QPR)

PQ QR
sin (PRQ) = w [1 mark]
15 xsin (40°)

- 12
ZPRQ = sin™! ( 15X 511; (40°>>

= 53.46° or (180 — 53.46)°

= 126.54° [1 mark]

Question 3
<PAB = 33°, #/PBA = 140°=> ZAPB =7°
PB AB

sin (PAB)  sin (APB)
B— AB sin (PAB)
sin (APB)
= 8.938
In ABPL, 2PBL = 40°

sin (40°) = PL
PB

PL = 8.938 5in (40°)

=5.745km [1 mark]

Question 4

[1 mark]

[1 mark]

Exam question booklet | Topic 7

£CAB = 40° (complementary angles), ZABC = 55° (exterior and complementary angles),

ZACB = 85° (angles in a triangle),

c b
sinC sinB
x 5
sin85°  sin 55°
_ 5 Xsin85°
~ sin55°
= 6.08 km
Question 5

Use the cosine rule. [1 mark]
OR = /(52 + 72 = 2 X 5 X 7 X cos (30°))
= 3.658 cm [1 mark]

Question 6
2ACB = 45° [1 mark]
40 AC

sin(45°) _ sin (80°)
AC = 55.71 [1 mark]
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7.4 The cosine rule

Question 1

P =62+75-2x6%x7.5%cos(17°) [1mark]
=36 + 56.25 — 86.067
d=249m [1 mark]
Question 2
Use the cosine rule
PR = /(187 + 257 — 2 x 18 X 25 X cos (74°))
= 26.28 cm

Question 3

2 2 122
cos (x) = M [1 mark]
2Xx18x%x24

x =3221° [1 mark]

Question 4

Use the sine rule.
2ACB = 40°

BC 50
sin (60°)  sin (40°)
C= 50 sin (60°)

sin (40°)
= 67.36 cm [1 mark]

[1 mark]

Question 5

Largest angle is opposite the longest side. [1 mark]

2 72_142
cos (x) = 8+— [1 mark]
2X8X%X7

x = 137.8° [1 mark]

7.5 Arc length, sectors and segments
Question 1
A= %rz (6 —sin ()

=l102<<5> —sin<z>> [1 mark]
2 6 6

= 50(0.5236 —0.5)

=1.180 [1 mark]

Exam question booklet | Topic 7
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Question 2

A,—-—r29
r=4 / (positive value)  [1 mark]

S50
(7%)

= 37.85cm [1 mark]

Question 3
%rZGA = 76 [1 mark]
1

—r=1
r=2
Therefore, the radius is 2 units. [ 1 mark]

Question 4
1

or

2

Question 5
(©r)

7.6 Review
Question 1

£SPQ = 50° + 60°
= 110° [1 mark]
Cosine rule:
SQ = V(72 +52 =2 x 7 x5 xcos (110°))

= 9.90km [1 mark]

Sine rule:
sin (£PQS) _ sin (£SPQ)
7 990

£2PQS = 41.64° [1 mark]
Bearing = (360 — (60 + 41.64))°

= 258.36°T [1 mark]
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Question 2

—————

110°, p

15 km

10 km
S~ 45°

Method: find £QOP, then subtract 45° to give ZQON then subtract ZQON from 90 degrees to give ZQOW.
The bearing of O from Q is (ZQOW + 90)°.
£2QPO = (180 — 110 — 45)°
= 35° [1 mark]
In AQOP:
0Q? = OP? + QP? — 2 x OP X QP X cos (QPO)
= 100 + 225 — 300cos (35°)

0Q = 8.902 [1 mark]
sin (QOP) _ sin (QPO)

QP 0Q
sin (QOP) = —QPS%E)QPO)
= 0.9664

2QOP = 180 — 75.11 = 104.89° [1 mark]
£QOP = (104.89 — 45)°
= 59.89°
£2QOW =90 —59.89 = 30.11°
.. Bearing of O from Qis (£QOW + 90)° = 120.11°T [1 mark]

Question 3
Draw a diagram of the situation.

h

30° 7 25°
A x 1—x B
1 km
tan (30°) = ﬁ
X
tan (25°) =
1—x
tan (30°) (ﬁ) N (1 —x)
tan (25°) X h
1—x

1.23813 =

=
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1.23813x=1—x
2.23813x =1
1
X =
2.23813
= 0.4468 km

Substituting this value back into the first equation:
h

tan (30°) = —
X

V3 h

3 0.4468
. _ 044683

3
= 0.258 km
=258m
The cliff is 258 metres high.

Question 4
£CAB = 40° (complementary angles)

£ABC = 55° (exterior and complementary angles)
£ACB = 85° (angles in a triangle)

c b
sin(C)  sin(B)
X _ 5
sin(85°)  sin(55°)
_ 5sin(85°)
sin(55°)
= 6.08 km
Question 5

This is a major sector.

Exam question booklet | Topic 7

Therefore, the angle subtended by the major sector is (360 — 80)° = 280°

This is equivalent to 280 X %0 - 218—; = 4.8869¢
Therefore, the area of the major sector is:

A=1re
2

= % X 5% x 4.8869¢

= 61.08625
~ 61 cm? [1 mark]
Question 6
%ﬁe = 610
r = 12 [1 mark]
Question 7

a. A sector is bounded by two radii and one arc. [1 mark]
Perimeter = r + r + r0

=r(© +2) [1 mark]
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b. A segment is bounded by a chord and an arc. [1 mark]

Chord length = 2 X rsin <§)
. (6
= 2rsin 5 [1 mark]

Perimeter = 27 sin <g> + 6

= r<9 + 2sin <§>) [1 mark]
c.zr(@+2)= r<6+2sin <g>>

0 + 2r = r@ + 2rsin <g>

sin <g> = [1mark]

6 = 180° [1 mark]

26 Jacaranda Maths Quest 11 Specialist Mathematics VCE Units 1 & 2 Second Edition © John Wiley & Sons Australia, Ltd



Exam question booklet | Topic 8

e Trigonometric identities

8 Trigonometric identities

Subtopic 8.2 Pythagorean identities

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (1 mark)
1 + tan® (x)

> can be simplified to

The expression
tan- (x)
. sec? (x)

sin? (x)

cos? (x)

. cosec? (x)
. cot? (x)

2

moSa = >

Question 2 (1 mark)
Determine which of the following statements is false.

(e () (e )

B. cos?® () + sin® () = 1

C. cos? () + sin? () = 1

D. cos () + sin () = —1

E. cos T + sin z =1
2 2
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Subtopic 8.2 Pythagorean identities

Question 3 (1 mark)
Determine which of the following statements is false.

A. 2sin <E> cos <E> = sin (E)
6 6 3
T

Question 4 (1 mark)
Which of the following statements is true?

(o) s ()

o~}
i R

o)

g

=
VR
0| %
N~
N~
[3e)

+
/N

)

o

o

w2
N
| %
N~
N~
[\S)

Il

—_
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Subtopic 8.2 Pythagorean identities

Question 5 (1 mark)
sin (A) + 1 +cos(A) ,

- is equal to
1+ cos(A) sin (A)
A. 2sin(A)
B. 2cos(A)
C.2

" sin(A)
2

" cos A)

Question 6 (2 marks)
Prove that sin* (x) — cos? (x) = (sin (x) — cos (x)) (sin (x) + cos (x))

Question 7 (2 marks)
I —sin(x) 1

1+sin(x)  (sec(x) + tan (1))

Prove that

Question 8 (2 marks)
1 —cos (x) sin(x) 2

Prove that — = .
sin (x) 1+ cos(x) cosec(x)+ cot(x)

Question 9 (2 marks)
cos(2x) —1

Simplif’ .
Py cos(2x) + 1
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8 Trigonometric identities
m 8.3 Compound angle formulas

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (1 mark)

When expanded, cos (a — b) + cos (a + b) equals
A. 0

. 2cos(a)cos (b)

. —2cos (a) cos (b)

. 2 sin (a) sin (b)

. —2sin (a) sin (b)

O OW

Question 2 (1 mark)
Determine which of the following is not a correct trigonometric identity.

A. cos <x+ %) — cos <x— %) = \/Esin(x)

+ cos <x — —) 2cos (%)

(-

B. cos

/_\

C. sin

2 cos (x)

\/5 sin (x)

2 (tan2 x) + 1)
1 — tan? (x)

><

+
2.
=
N
=
|
N 4>|>:

X+

/\/\

E. tan | x +

/N

RN 4>|>:
I
.
=

Question 3 (2 marks)
Simplify cos (x + y) cos (x — y) + sin (x + y) sin (x — y).
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Subtopic 8.3 Compound angle formulas

Question 4 (1 mark)
Expand tan (3x + 2y).

Question 5 (2 marks)
Simplify sin (A + B) + sin (A — B).

Question 6 (1 mark)
Use the compound-angle formula to prove that cos (24) = cos? (A) — sin’ (A).

Question 7 (1 mark)
If cos (20) = 1%, find cos (6).

Question 8 (1 mark)

When expanded, cos (a — b) + cos (a + b) equals:
A. 0

. 2cos(a)cos (b)

. —2cos (a) cos (b)

. 2 sin (a) sin (b)

. —2sin (a) sin (b)

2SS OW
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8 Trigonometric identities
m 8.4 Double and half angle formulas

2
c
)
To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.
Question 1 (3 marks)
Simplify cos (40).
Question 2 (2 marks)
Answer the following
a. Simplify sin (28) cos (6) — sin (8) cos (26). (1 mark)
b. Simplify sin (60) cos (26) — sin (26) cos (66). (1 mark)

Question 3 (1 mark)
Determine which of the following is not equal to cot <8?7T> .
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Subtopic 8.4 Double and half angle formulas

Question 4 (1 mark)
Which of the following is not a correct trigonometric identity?

2 tan (x)

1 + tan® (x)
1 — tan® (x)
1 + tan® (x)

1 —cos (2x)
sin (2x)
sin (2x)

" 14 cos (2x)
sin(3x) cos(3x)

A. sin(2x) =

B. cos (2x) =

= tan (x)

= cot (x)

" sin (x) cos (x) B

Question 5 (3 marks)
Show that the multiple angle formula cos (3x) = 4cos? (x) — 3 cos (x) holds for x = %
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8 Trigonometric identities
m 8.5 Converting a cos(x) + b sin(x) to r cos (x+a) or r sin (x+x)

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (3 marks)
Solve the trigonometric equation \/5 cos (x) + sin (x) = 1 for 0 < x < 27 by converting the LHS of the

equation into the form r cos (x — a).

Question 2 (1 mark)
Sketch the graph of y = cos (x) + \/5 sin (x) over the domain x € [0, 27].
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Subtopic 8.5 Converting a cos(x) + b sin(x) to r cos (x+a) or r sin (x+o)

Question 3 (1 mark)
cos (x) — sin (x) can be rewritten as:

A. \/Esm <x+—

2 sin <x + —>
C. \/5 sin <x + —>
2 sin <x + —>
2 sin < >
Question 4 (1 mark)

4 cos (9 + % is equal to:

A. 24/3cos (0) + 2 sin ()
3cos () —2sin (6)
C. 24/35in (6) — 2 cos (6)
3sin () + 2 cos (B)
3cos(B) +2cos (B)
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8 Trigonometric identities

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to

your learnON title at www.jacplus.com.au.

Question 1 (3 marks)
Show that sin (26) cos (6) — sin (8) cos (26) _ 1sec ©6) sec (20)
sin (60) cos (20) — sin (20) cos (66) 4 '

Question 2 (2 marks)
If isec (6)sec(20) = —i, calculate 6, 0 < 6 < 27.

Question 3 (1 mark)
Determine which of the following statements is false.

A. 2sin <E> cos <E) =1
4 4
B. cos? <%> — sin? <%> =0
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Subtopic 8.6 Review

Question 4 (2 marks)

42

If cot 2x) = — and
sin (2x) =[]

< x < &, determine an exact value for sin (2x).

NN

Question 5 (2 marks)

If cos (20) = %, determine cos (6) in terms of a and b.
cos(8) =[]
Question 6 (1 mark)

Which of the following is not equal to cot (%) ?

A. tan <_E>
6

s (3)

C.
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Subtopic 8.6 Review

Question 7 (1 mark)

Which of the following is not true?

A. (sec (x) + tan (x)) (sec (x) — tan (x)) = 1

B. (cosec (x) + cot (x)) (cosec (x) — cot(x)) =1
C. 1 + sin (x)

cos (x)
1 —cos (x)

= sec (x) + tan (x)

- = cosec (x) — cot (x)
sin (x)
sin (x) cos(x) )

" cosec x) sec(x) B

Question 8 (1 mark)

Which of the following is not a correct trigonometric identity?
A. sec? (x) + cosec? (x) = sec? (x) cosec? (x)

B. (sec?(x) — 1) (cosec’ (x) — 1) =1

C. cot (x) + tan (x) = sec (x) cosec (x)

= 2cosec? (x)

"1-sin@) 1 +sin()
E. sec? (x) — cosec’ (x) = tan? (x) — cot® (x)

Question 9 (3 marks)

Prove that M =1 — 4sin® (6).
cos (
Question 10 (4 marks)

Factorise 2 sin (x) sin (3x) — sin (8x).
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Subtopic 8.6 Review

Question 11 (3 marks)
Prove the identity sin4x + sin2x = 6 sinx cos x — 8sin’x cos x.

Question 12 (2 marks)
Write cos (3x) — cos (5x) as a product.

Question 13 (1 mark)
Answer the following.
a. Simplify sin (260) cos (8) — sin (6) cos (26)

Question 14 (1 mark)
Which of the following statements is false?

s (2) e (2) (5 o (3)

. cos? () +sin’ (1) = 1
. cos? () + sin® (1) = 1
. cos () + sin () = —1

T . T
.cos| — ) +sin|{ =) =1
<2> <2>

B OO
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Subtopic 8.6 Review

Question 15 (1 mark)
Answer the following
a. Simplify sin (260) cos (6) — sin (0) cos (26)

b. Simplify sin (69) cos (20) — sin (26) cos (66)

sin (20) cos (0) — sin (0) cos (20) lsec (6) sec (26)

¢. Show that — - =
sin (60) cos (20) — sin (29) cos (66) 4

d. If i sec () sec (29) = —%, find 6,0 <6 < 27.

14 Jacaranda Maths Quest 11 Specialist Mathematics VCE Units 1 & 2 Second Edition
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Answers and marking guide
8.2 Pythagorean identities

Question 1
1 + tan? (x)
tan? (x)
_ 1 tan? (x)
tan® (x)  tan? (x)
= cot? (x) + 1 = cosec? (x)

Question 2
cos? () + sin3 (7r) = 1 is false since cos® () + sin® (7) = (=1)° + 0% = —1

Question 3
37 sin (37”) 3
tan (7 = ————— is false since cos > =

Cos >

w
N

Question 4
For statements A, B and C the right-hand side is equal to 4, and E is false; therefore D is true.

Question 5
sin (A) + 1+ cos(A)
1+ cos(A) sin (A)
_sin® (A) + (1 + cos (4))°
~ (1 4cos(A))sin(A)
sin? (A) + 1 + 2cos (A) + cos? (A)
sin (A) (1 + cos (A))

_ 2+ 2cos(A) _ 2(I+cos(A))
"~ sin(A) (1 +cos(A)  sin(A) (1 + cos (A))

2
"~ sin(A)
Question 6
LHS:
sin®x — cos*x = (sin’x — cos?x) (sin’x + cos?x)

= (sinzx — cos’x) [1 mark]

RHS:
(sinx — cosx) (sinx + cosx) = (sinzx - coszx) [1 mark]
.. LHS =RHS

Question 7

LHS:
1—sin(x) _1+sin(x) 1 —sin’(x)

I +sin(x) 1+sin(x) B (1 + sin (x))2

2
= L(x)z [1 mark]
(1 + sin (x))
RHS:
1 _ 1
(sec (x) + tan (x))* ( 1, sin®) )2
+ —_—
cos(x)2 cos(x)
cos” (1) [1 mark]

B (1 + sin (x))°
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..LHS =RHS
Question 8
LHS: )
1 —cos (x) sin(x) (1 = cos? (x) + sin” (x))
sin (x) 1 + cos (x) B sinx (1 4+ cos (x))
_ sin” (x) + sin® (x)
~ sin(x) (1 + cos (x))
_ 2sin’ (x)
~ sin (%) (1 + cos (x))
= M [1 mark]
(1 + cos (x))
RHS:
2 2
cosec (x) + cot (x) L4 cosv)
SlIi(xs)in ()gl()d
= — [1 mark]
1+ cos (x)
..LHS =RHS
Question 9 )
- 1 — 2si -1
cos (20 —1 _ (1 — 2sin” (x)) (1 mark]
cos(2x)+1  (2cos’>(x)—1) +1
_ =2sin’ (%)
"~ 2c0s? (x)
= —tan’® (x) [1 mark]

8.3 Compound angle formulas

Question 1

cos(a—b)+cos(a+b)
= cos (a) cos (b) + sin (a) sin (b) + cos (a) cos (b) — sin (a) sin (b)
= 2cos (a)cos (b)

Question 2

Exam question booklet | Topic 8

B, C, D, and E can all be shown to be correct trigonometric identities.

Question 3

cos(x +y) cos(x —y) + sin(x + y) sin(x — y)
=cos [x+y)—(x—y)] [1 mark]

= cos (2y) [1 mark]

Question 4
tan (3 tan (2

tan G + 2y) = ~A0CO TN
1 —tan (3x) tan (2y)

Question 5

sin (A + B) + sin (A — B) = sin (A) cos (B) + cos (A) sin (B) + sin (A) cos (B) — cos (A) sin(B) [1 mark]

= 2sin(A) cos (B)
Question 6
cos(2A) =cos(A+A)
= cos (A)cos (A) — sin (A) sin (A)
= cos? (A) — sin® (A) [1 mark]

[1 mark]
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Question 7
cos (260) = 2cos? (0) — 1

l1—a

2cos> (0) =1+ [1 mark]
1 l1—a
cos () = 2<1+< P ))
<1—a+b> [1 mark]

Question 8

cos (a — b) + cos (a + b)

= cos (a) cos (b) + sin (a) sin (a) + cos (a) cos (b) — sin (a) sin (a)
= 2cos (a) cos (b)

8.4 Double and half angle formulas

Question 1
cos (46) = cos (2 (29))

=2cos2(20) — 1 [1 mark]
2cos? (20) — 1 =2(2c0s2(6) — 1)° — 1
=2 (4cos* (0) —4cos’(0) + 1) — 1 [1 mark]

= 8cos* (6) — 8cos? (6) + 1 [1 mark]
Question 2
a. sin(26)cos (8) — sin (8) cos (20) = sin (260 — 0)
= sin (0) [1 mark]
b. sin (60) cos (26) — sin (26) cos (68) = sin (66 — 20)
= sin (46) [1 mark]
Questlon 3
1 — tan? (27”) <47-( ) \/§
—— =cot| — | = —
2tan () 3 3
87

#* COt< 3 )
Question 4

sin(2x)  2sin(x)cos (x)
p, 1 +cos@0 1+ (2cos’()— 1)

_ 2sin(x) cos (x) sin (x)
= = tan (x)
2cos? (x) cos (x)
A, B, C and E can be shown to be true identities.

sin (2x) = 2 sin (x) cos (x)
A. _ 2sin() cos?(x) 2tan(x) _ 2tan(x)

cos (x) Cosec?(x) 1+ tan®(x)
cos (2x) = cos? (x) — sin’ x)

B. _ Coslz(x) (cos? (x) — sin” (x)) _1- tan’ @ _1- tan? (x)

- 1 sec? (x) 1+ tan? x)

cos*(x)
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I —cos(2) 1—(1- 2sin® (x))

c. sinv) 25in (x) cos (x)
2sin” (x) _sin(x)

= — = = tan (x)
2sin(x)cos(x)  cos(x)
sin (3x) _ cos (3x) _ sin(3x) cos (x) — sin (x) cos (3x)

E sin (x) cos (x) sin (3x — il)n (x) cos (x)
B lsin@ry)
Question 5
cos (3 <§>> = cos ()
=1 [1 mark]

1 [1 mark]

8.5 Converting a cos(X) + b sin(X) to r cos(X + a) or r sin(X + o)

Question 1
Let /3 cos (x) + sin (x) = rcos (x — &)
= r(cos (x) cos (&) + sin (x) sin («))
= rcos (x) cos (a) + sin (x) sin (x)
[1]:7cos(a) = \/5
crsin(a) =1
(2]  rsin(a) 1

(1] rcos(@) V3

tan(a) = L

W

.'.\/gcos(x) + sin(x) = 2 cos (x — %) [1 mark]

Now solving for x:

Zcos<x—z>=1

6
(%)=
cosx——)=-—
6 2
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Overthe domain0 < x — % <2z

JEL:

. Domain is now % <x< [1 mark]

. T . e
Reference angle is —and cos is postive in first and fourth quadrants

T TS|
633
x= z, 11—7[ [1 mark]
26
Question 2

cos(x) + \/gsin(x) = rcos(x — a)
= r(cos(x) cos(ar) + sin(x) sin(cx))
= rcos(x) cos(a) + rsin(x) sin(x)

[1]:rcos(ax) =1

rsin(a) = \/g

[2_]_ rsin(a)

[1]'rcos(oc) B

tan(x) = \/5

v
a=—=

s.cos (x) + \/gsin (x) = 2cos <x - %) [1 mark]

This graph has a maximum of 2 and a minimum of —2. It has a period of 27z and a starting point of (0, 1)
and an end point of (27, 1).
Its x-intercepts are at:

2 cos <x—z> =0
3
cos (x—z> =0
3

Over the domain0 < x — g <27

T T
S—<x<—
3 3

Reference angle is %

T 7w 37w
X——=—=,—
3 22
x= 5—7T,11—7T [1 mark]
6 6
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The graph is shown below:

Y

Award 1 mark for correct graph shape
Award 1 mark for the correct endpoints, axis intercepts and stationary points

Question 3
Using a CAS calculator to collect the expression cos (x) — sin (x)

cos (x) —sin (x) = \/Ecos <x + %)

Recall that cos (6) = sin (9 + %)

Therefore,

cos (x) —sin(x) = \/Ecos <x + %)
= y/2sin (x + 3—”)
4
Question 4

T T . . (T
4 cos <6 + g) =4 (cos (6) cos (g) — sin (6) sin <g>>

V3 1
4 (T cos (6) — 2 sin (6)

=2 (\/gcos (6) — sin (9))
= 24/3 cos () — 2sin ()
8.6 Review
Question 1
sin(20) cos(6) — sin(B) cos(26) sin(0)
- ; == [1 mark]
sin(66) cos(26) — sin(260) cos(60)  sin(4H)
_ sin(6)
~ 25in(26) cos(26)
= — sin(©) [1 mark]
4 sin(8) cos(8) cos(26)
1
- 4 cos(B) cos(26)
= i sec(6) sec(29) [1 mark]
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Question 2
i sec(@)lsec(26) = —i
cos(6) cos(20) -
cos(8) (2cos*(@) — 1) = —1 [1 mark]

2c0s3(8) —cos(@)+1 =0
(cos() + 1) (2cos*(8) — 2 cos(8) + 1) =0
3

cos@)+1=0=>6= -
2c0s%(0) — 2 cos(8) + 1 = 0, nosolutions [1 mark]

Question 3
Cis false since tan <§> — tan <377T> is undefined.

Question 4
cosec? (2x) = 1 + cot? (2x)
—1+2
49
= ﬁ [1 mark]
49

cosec (2x) = ig
7
7
sin (2x) = +—
i (2x) 9
E§x§7r:>7rﬁ2xs27t
Hence sin (2x) is negative = sin (2x) = —g [1 mark]

Question 5
cos(20) =2cos’(B)—1

2cos?(®) =1+ ( > [1 mark]

5 _l 1—a
cos (8)—2<1+< ) >>

1—a

l—a+b
cos (6 =4/ — 1 mark
©) 7 [ ]
Question 6
) ()
——— =cot| — )| = —
2taln(277r 3 3
8
cot| —
#on ()
Question 7

Options A, B, C and D can be shown to be true identities.
A. sec? (x) — tan® (x) = 1 = (sec (x) + tan (x)) (sec (x) — tan (x)) = 1

B. cosec? (x) — cot? (x) = 1 = (cosec (x) + cot (x)) (cosec (x) — cot (x)) = 1

c. 1 + sin (x) _ 1 4 sin (x) = sec (x) + tan (x)

cos (x) cos(x) cos(x)
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D. ! _. cos () = — L _ C?S ) = cosec (x) — cot (x)
sin (x) sin (x) sin (x)
i sin (x) cos (x) _ sin (x)  cos(x) — gin? () + cos? (1) = 1
cosec (x) sec (x) sinl(x) coi(x)

Question 8
Options A, B, C and E can be shown to be true identities.
1 1
+
cos?(x)  sin’ (%)
sin? (x) + cos? (x)

A. sec? (x) + cosec? (x) =

sin” (x) cos? (x)
B sin” (x) cos? (x)
= sec? (x) cosec? (x)
B. (sec2 x) — 1) (cosec2 x) — 1) = tan® (x) cot? (x) = 1
cos(x) sin(x)

C. cot(x) + tan (x) = sin (x)  cos (x)

cos? (x) + sin” (x)

sin (x) cos (x)
1

cos (x) sin (x)
1 1

cos (x) sin (x)

= sec (x) cosec (x)
1 _ 1 _ (I +sin(x)) + (1 —sin(x))
"1 —sin x) 1+sin(x) B (1 —2sin (x)) (1 + sin (x))

B 1 — sin’ (x)
__2
cos? (x)
= 2sec? (x)
E. sec? (x) — cosec? (x) = tan? (x) — cot® (x)
= sec? (x) — tan® (x) = cosec? (x) — cot?> (x) = 1
Question 9
cos(30) _ cos (20 +0)
cos (0) ~ cos ®)
_ cos (20) cos (B) — sin (26) sin (6)

[1 mark]
cos (0)
A2 _ . .
_ (1 2sin (6)) cos (6) — 2sin (6) cos (6) sin (6) 1 mark]
cos (6)

_cos(6) (1 —2sin” (6) — 2sin” (6))

B cos (9)

=1 —4sin’ (8) [1 mark]

JS569 v )
cos (B)
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Question 10

2 sin (x) sin (3x) — sin (8x) = cos (4x) + cos (2x) — 2 sin (4x) cos (4x) [1 mark]
= cos (4x) (1 + cos (2x) — 4 sin (2x) cos (2x)) [1 mark]
= cos (4x) (2cos2 (x) — 8sin (x) cos (x) cos (2x)) [1 mark]
= 2cos (x) cos (4x) (cos (x) — 4sin (x) cos (2x))  [1 mark]

Question 11

LHS:

sin (4x) + sin (2x) = 2 sin (3x) cos (x)
= 2sin (2x + x) cos (x)
= 2 cos (x) (sin (2x) cos (x) + cos 2x sin x)
= 2cos(x) (2 sin (x) cos? (x) + (1 — 2sin’ (x)) sin (x)) [1 mark]
= 25sin (x) cos (x) (2cos? (x) + (1 — 2sin* (v)))
= 25sin (x) cos (x) (2 (1 — sin® (x)) + (1 — 2sin” (x)))
= 2sin(x)cos (x) (3 —4sin” (x))  [1 mark]

RHS:

6 sinx cosx — 8sin’x cosx = 2 sinx cos x (3 - 4sin2x)

..RHS =LHS

Question 12

cos (3x) — cos (5x) = —2sin (3x ;’ 5x> sin <3x;5x> [1 mark]

= —2sin (4x) sin (—x)
= 2sin(4x)sin(x) [1 mark]
Question 13
a. sin(26)cos(8) — sin(6) cos (28) = sin (26 — 9)
= sin (0) [1 mark]

Question 14
Option B is false since cos® (7r) + sin® (7r) = (=1)* + 0° = —1, therefore A, C, D, and E, are true.

Question 15
a. sin (29) cos () — sin (B) cos (26) = sin (26 — 6)
=sin(6) [1 mark]
b. sin (60) cos (26) — sin (26) cos (60) = sin (66 — 26)
= sin (46) [1 mark]
sin (20) cos (6) — sin(0) cos (20) _ sin(0)

" sin (60) cos (28) — sin (26) cos (66) ~ sin (46)
sin ()

~ 2sin (260) cos (26)
sin (6)

- 4 sin (9)1COS (6) cos (26)

[1 mark]

[1 mark]

- 4 cos (6) cos (26)
= 2 sec (6)sec (20) [1 mark]
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d. 1 sec (0) sec (20) = 1
4 4
_
cos (6) cos (26)
cos (6) (2cos? (6 — 1)) = —1 [1 mark]
2cos’ (B) —cos (@) +1=0
(cos (8) + 1) (2cos? (6) —2cos (B) + 1) =0 [1 mark]
cos(@)+1=0=>6= 377[
2co0s? () —2cos (8) + 1 = 0, no solutions [1 mark]
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O Vectors in the plane

9 Vectors in the plane
m 9.2 Vectors and scalars

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (1 mark)

OABC is a parallelogram with OA = a and OC = c.
The sum of the diagonal vectors OB and AC is

A. 2a + 2¢

B. 2a — 2c

Question 2 (2 marks)

Clemantine, an intrepid hiker, walks 10 km east through rugged terrain, then 6 km due north. After a
suitable break, she then walks a further 3 km west and 3 km south, then camps for the night. Determine how
far she is from her starting point as an exact value, and determine the bearing of her camp from her starting
point, in degrees rounded to 2 decimal places.

The distance from the starting point is [] and the bearing is [] °T
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Subtopic 9.2 Vectors and scalars

Question 3 (2 marks)

A river current flows parallel to the river banks at 5 km/h. A boat heads directly across the river from one
river bank to the other side at 12 km/h. Determine the actual velocity and direction of the boat, in degrees to
2 decimal places.

The actual velocity is [] km/h

The direction is []°

Question 4 (1 mark)
‘What is the difference between a scalar and a vector?

Question 5 (1 mark)

a
‘What does the vector b] mean?
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9 Vectors in the plane
m 9.3 Position vectors in the plane

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (1 mark)

The magnitude of the vector ¢ = 3i + 4; is equal to
A.7 i

B.5

C.\7

D. V5
E. 25

Question 2 (1 mark)

The vector with a magnitude of 20\/5 is
A. 2i—15j

B.7i+5j

C. 20i + 40j

D. 6i+5j

E. 80i +5;

Question 3 (1 mark)
Ifa =i+ 3jand b = —i — 2j, determine |g@ — b|.
la—bl =0

Question 4 (1 mark)
What is the vector from the origin to the point (p, g)?
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Subtopic 9.3 Position vectors in the plane

Question 5 (1 mark)
a= E],ﬁnd lal.

Question 6 (1 mark)

Find the magnitude of the position vector [_17] .

Question 7 (1 mark)
The vectors g = [_52] and b = [_43] are added giving a + b.
Find |a + b|.

Question 8 (1 mark)

Find the angle that the position vector [\/% ] makes with the positive direction of the x-axis.
P

Question 9 (1 mark)
What is a unit vector?

Question 10 (1 mark)
Find the angle that the vector 2i — 5j makes with the positive direction of the x-axis.
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Subtopic 9.3 Position vectors in the plane

Question 11 (1 mark)
Ifg=2i—3jand b = —5i — 6/, find 2¢ — 3b

Question 12 (2 marks)
If a =i+ 3jand b = —i — 2j, find the position vector for M, the midpoint of g — b.

Question 13 (1 mark)
A boat travels on a bearing of 210° for 100 km Its position in terms of ; and j will be

A. =501/3i - 50j

. 50i — 501/3;
. =50i — 50;

. =50i — 501/3;
. 50i — 50;

=C OW

Question 14 (4 marks)

Redbeard, the evil pirate, sails his ship, the Lady Kirsty, from her home port of Tortegula. Redbeard sails at
15 knots on a vector of 20i + 305 for 8 hours when he anchors. If i represents east and j represents north,
how far east and north of Tortegula is he anchored? (One knot is a speed of one nautical mile per hour.)
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Subtopic 9.3 Position vectors in the plane

Question 15 (1 mark)

A ship leaves a point Oand travels a distance of 30 km on a bearing N60°W while a car leaves the same
point O and travels 20 km due south. If j and j are unit vectors of magnitude 1km in the directions of east
and north respectively, then the position vector of the car from the ship is given by

A. 15V/3i - 35]
. —15/3i + 35]

. —15V/3i = 5]

150+ (=153 +20))

. —15i— (15\/5 + 20)

= 2 O w

.

Question 16 (1 mark)

A student walks a distance of 100 m on a bearing south 30° east to a lift. The lift travels vertically up a
distance of 10 m. If i, j and k are unit vectors of magnitude 1 m in the directions of east, north and vertically
upwards respectively,Nthen the position vector of the student relative to her initial position is given by

A. 50i — 501/3;

B. 50i — 501/3j + 10k
C. 504/3i - 50/

D. —50i + 501/3j + 10k
E. 501/3i — 50j + 10k
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Vectors in the plane

Scalar multiplication of vectors

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (1 mark)

Consider the following relationships between vectors p, ¢ and r.

p=2q—randr=qg+p

Out of the followingi the statement which is true is

A q

. p 3
B.;~7=2g
C.g=0,p=r
D.c~1=0,1~7=—g
E.1~)=c~1+[
Question 2 (1 mark)

3. 8.\ .
a= <§L'— §Z>’ if ka = 15 + mj, the values of k and m are

A. k=35
m =56
B. k=35
m= —56
C. k=17
m = 56
D. k=7
m = —56
E. k=-7
m = 35
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Subtopic 9.4 Scalar multiplication of vectors

Question 3 (2 marks)
r=xi+4jands = -5/ +6j.1f 3r + 5 = 2i + 18, determine the value of .
x=[]

Question 4 (3 marks)

A cyclist is riding up a hill at 22km/h in the southwest direction. Once he gets to the top of the hill he turns
around and rides back down at twice the speed.

If the unit vectors i and j represent the directions east and north respectively, the vector which represents his
journey back down the hill is:
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:

Vectors in the plane

The scalar (dot) product

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (1 mark)

Ifa=i+3jand b = —i—2j, then g - b, the scalar product, is equal to

A7

B. -7
C.5

D. —=5v2

E. V7

Question 2 (1 mark)

If @ =i+ 3jand b = —i — 2/, determine the value of 6, the angle between ¢ and b in degrees correct to 1

decimal place.

0=[1°

Question 3 (2 marks)

r=ai+(a—1) Z, s=3ai+(a+1) l If r and s are perpendicular, determine the value(s) of a.

a=[]

© John Wiley & Sons Australia, Ltd
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Subtopic 9.5 The scalar (dot) product

Question 4 (1 mark)

Ifg=2i—j+kand b = —4i+1j— 2k, then

A. if t = =2, the vector q is parallel to the vector b and if t = 10, the vector g is perpendicular to the
vector b.

B. if t = 2, the vector q is parallel to the vector b and if t = —10, the vector ¢ is perpendicular to the

vector b.
C. if r = 2, the vector ¢ is parallel to the vector b and if r = 10, the vector ¢ is perpendicular to the vector b.
D. if t = 10, the vector g is parallel to the vector b and if ¢ = 2, the vector q is perpendicular to the vector b.
E. if t = —10, the vector a is parallel to the vector b and if t = 2, the vector g is perpendicular to the

vector b.

Question 5 (2 marks)
If g = —i+ 3jand b = —i + 2j, find 6, the angle between g and b.
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9 Vectors in the plane
m 9.6 Projections of vectors — scalar and vector resolutes

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (1 mark)
If a = —i + 3j and g = —i + 3j, the scalar resolute of b onto g is equal to
—14
A, —
5
14

5
1

B.

~

%l

L
n

sl

Question 2 (1 mark)
If u=6i+7jand y = —3i + 4/, the vector resolute ofy parallel to y is equal to

A.

mE0 W
o

+

&
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Subtopic 9.6 Projections of vectors — scalar and vector resolutes

Question 3 (3 marks)
Ifr= \/g (145' + 18j ) and s = 2{ + J, calculate the vector resolute of rperpendicular to s.
the vector resolute of r perpendicular to s is []

Question 4 (3 marks)
If u =8i—3jandy = —i + 9j, calculate the vector resolute of i parallel to y.
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:

Vectors in the plane

Review

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (1 mark)

Out of the following, the vector which is a unit vector is

A i+j

B. ﬁ(zg—z)

Question 2 (2 marks)

An airship is headed east at a speed of 50 km/h. A wind blows from the southwest at 10 km/h. Determine
the velocity of the airship relative to the ground, rounded to one decimal place.

The velocity is [[] km/h

Question 3 (1 mark)

-7
Calculate the magnitude of the position vector [ 1] .

The magnitude is []

© John Wiley & Sons Australia, Ltd
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Subtopic 9.7 Review

Question 4 (2 marks)
V2lalp|

a-b=—

T 2

The angle is []°

Determine the angle between g and b.

Question 5 (3 marks)
OAB is a triangle, with O the origin. OA = g, OB = b, M is the midpoint of OB, N is the midpoint of OA

and Q is the midpoint of AB. Show the ONQM is a parallelogram.

Question 6 (1 mark)

ABC is a triangle with P the midpoint of AC and Q the midpoint of CB. Which of the following statements
is false?

A. AP =PCand CQ = OB

B. PO = JAB

C. @ is parallel to AB

D. The length of @ is one-half the length of AB.

E.E:%(ﬁ+@>

Question 7 (1 mark)
OABC is a square with OA = g and OC = c.
Which of the following statements is false?

A.CB=ag
B.ﬁ:g
C.O?=g+g
D.E=q—g
E. |g| = [¢|
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Subtopic 9.7 Review

Question 8 (3 marks)
Use vectors to show that the points O(0, 0), A(2, 1) and B(0, 5) form a right-angled triangle.

Question 9 (3 marks)
A circle cuts the x-axis at A(—a, 0), B(a, 0) and the y-axis at C(0, a) and D(0, —a). Prove that angle ACB is
aright angle by using the dot product.

Question 10 (2 marks)
In triangle ABC, AB is divided in the ratio AM:MB = 1:4. If vector CA = g and CB = b, show

that CM = é(4g +b).

C

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 11 Specialist Mathematics VCE Units 1 & 2 Second Edition 15
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Subtopic 9.7 Review

Question 11 (1 mark)

In the Cartesian plane, a vector perpendicular to the line —2x + 3y + 6 = 0 is:

A. -3x—-2y+3=0

B. -3x+2y+3=0

C. 2x—3y+3=0

D. 2x+3y+3=0

E. lx—ly+l=0
3 2

Question 12 (1 mark)

ABC is a triangle with P the midpoint of AC and Q the midpoint of CB. Which of the following statements

is true?
A. PC+CQ = QP
B. PA+AB + BQ = QP
C.PO =184
2
D. Area of APCQ = % Area of AACB

E. %(ﬁ+§>=@

Question 13 (1 mark)
If PO = —PR and |RQ| = 2, then which of the following is false?
A. P,Q and R are collinear.

B. |PQ| =1
C.PQ-QR=0

D. P_Q) is parallel to RP
E. PO -PR = —1
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Subtopic 9.7 Review

Question 14 (1 mark)
The adjacent sides of a rhombus are g and b. Which one of the following is true?

Question 15 (1 mark)
The point M cuts the line segment PQ in the ratio of 3:5, with M being closer to P. If the position vectors of
P and Q are p and g respectively, then the position vector of M is

A. %(33 + 551)
1
B. §(313 —5q)

1
C. g(S]Z + 3c~1)

1
D. §(5c~1 - 3;3)

1
E. -(5p—3¢9)

8 ~ ~
Question 16 (1 mark)

The sides of a vector triangle are g, b and ¢. The angle between b and ¢ is 60°. Which one of the following
is true?

A. la* = b + Ic]?

B. |a” = [b]* + |c|* — [Bllc]

C. lal* = [B]* + |c|* + [Bllc]

D. [a]* = [b” + |c|* — 2|bllc]

E. |a* = [bI* + Ic]* + 212I¢|

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 11 Specialist Mathematics VCE Units 1 & 2 Second Edition 17
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Subtopic 9.7 Review

Question 17 (1 mark)
A vector of magnitude 3\/5 units is at an angle of 30° to the vertical. Its vertical component will be

a2V
2 ~

B. v/

. ¥

D. V2j
E. 6V/2)

Question 18 (1 mark)
A vector of magnitude 5\/5 units is at an angle of 30° to the horizontal. Its vertical component will be

B. —j

D. 150/3;

5v2
E. —=j
3 Z
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Answers and marking guide
9.2 Vectors and scalars

Question 1

OB =a+c¢
AC =—a+c

O_B)+E)=2g

Question 2
Vector = (10i + 6j) + (—3i — 3))
=7i+3j
Distance = /72 + 32
= 1/49 + 9 = /58 [1 mark]

)

7

3
tan(0) = =
an (0) -

6 =23.20°

90 — 23.20 = 66.80
Hence, bearing = 066.80°T [1 mark]

Question 3

5 km/h

12 km/h —<— ACTUAL RIVER

The actual velocity is (52 + 122) = 13km/h. [1 mark]

The actual direction is cos™! <%> = 22.62° to the original river bank. [1 mark]

Question 4
Both have magnitude, but only a vector has direction. [1 mark]

Question 5
Move a units horizontally and b units vertically. [1 mark]
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9.3 Position vectors in the plane

Question 1
la| = V32 +42=1/9+16=125=5

Question 2
|20i + 40| = V20% + 40% = /2000 = 20V/5

Question 3

a—b=(i+3)~(~i-2)

=2i+5j
a-bl=V2+5

= 4/29 [1 mark]
Question 4

Across +p units, then +¢ vertically. The vector is [Z ] . [1 mark]

Question 5
la| = V2% + 32

= 4/13 [1 mark]
Question 6

Length = \/(=7)* + 12
=1/50

= 5\/5 [1 mark]

)

2
= [2] [1 mark]

la+bl= V242

=24/2 [1 mark]

Question 7

a+b= [_2

5 +

Question 8

V3p

tan(f) = ——
p
=13
= 6 = 60° [1 mark]
Question 9
A unit vector is a vector whose magnitude is one unit. [1 mark]
Question 10
-5
tan(6) = —
©) 3

=-25
= 0 = 68.20°
Note: This angle is in the 4th quadrant [1 mark]
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Question 11
2a —3b=2(2i—3)) - 3(=5L—6))
= 19 + 12/ [1 mark]

Question 12
a—-b=(>{+3)—-(-i—2)

=2i+5j
a—>b 5
= ~=i+5j[1mark]
. 1
OM = § [1 mark]
2

Question 13
x: — 100 cos(60)i = —50k

y: — 100 sin(60)i = —50\/31'
Position: — 50i — 50V/3j
Question 14

15 knots for 10 hours = 150 nautical miles [1 mark]
6 is the angle to the east at which he sails.

tan(6) = %

0 = 56.31°[1 mark]
Distance east = 150 cos(56.31°)
= 83.21 nautical miles [1 mark]
Distance north = 150 sin(56.31°)
= 124.81 nautical miles [1 mark]

Question 15

OC = —20j
OS = —305sin(60°); + 30 cos(60°)] = —154/3i + 15;
We require SC =0C-0S= 15\/51' —35j

Exam question booklet | Topic 9
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Question 16
N
A

1
0>’; s
30° 4
ol @“O‘IB
~J10
A

Y
S

OA = 1005sin(30°)i — 100 cos(30°)j = 50i — 501/3;
AB = 10k
So OB = OA + AB = 50i — 50/3j + 10k

9.4 Scalar multiplication of vectors
Question 1

p=29-1

L=q+p

@_—p (4+0)

TS S
Il I
N Que

Question 2

ka=<3ki—%j>
- 77 5%

*ois

Question 3
3r=3xi+12j
3r+s=3xi+12j - 50+ 6]
=GBx-95i+ 18!' [1 mark]
Bx—=35)i+ 18/ =2i+ 18]
3x—-5=2
3x=17

X = % [1 mark]

Exam question booklet | Topic 9
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Question 4
Southwest direction: k ( —i—J ) [1 mark]
Speed is 22 km/h, so magnitude = 22,

K (=1 + (=1 =22
k2 =22

p=22

V2
k= 11\/5 [1 mark]
Uphill Journey: 11\/5 (i —1)

Downhill Journey (double speed, opposite direction) = 22\/5 <—£’ —J ) [1 mark]

9.5 The scalar (dot) product

Question 1
a-b=1xXx—-1+4+3x-2
=-7

Question 2

©) a-b
COS = —
|al|b]

_IX—14+3x-2

V10Vs

7

5

0 =171.9°

Question 3
[-§=0=3a2+(a2—1)

>4 =1=>a=+

N | =

Question 4

If a is perpendicularto b, g - b =
Nowag-b=-8—-t—-2=0=>r=-10
Ifgisparalleltob,b =g, b=—-2a=>1t=2

0.

Question 5
© a-b
cos(f) = —=
|al[&]
_ —1x—-1+3x2
V104/5
= L [1 mark]

52
6 = 8.13° [1 mark]
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9.6 Projections of vectors — scalar and vector resolutes
Question 1

b-a
The scalar resolute of b on g = ~|—|
a
b-a —20+6 -14
lal  V1ie+9 S
Question 2
The vector resolute of ¥ on y = (1:1 . y) v

~3i +4j

e

Question 3
The vector resolute of r perpendicular to s = r — (@ .

r=(3-1)5= 5 (14i+18) - ((2’\;) . <\/§zl4£+ 18!))) (2’\;)
= /5 (14i+ 18Z> — 28+ 18)<2i;'_Z)
:v@<uq+1q>_<9%+4q>

_ <7og:/r§9oz> ) (92;\;54%)

=22, 44
= —I14+ —

V5 W5

() ) o
<_i/_;_29!> . (85'— 3~>> <—£+ 91) [1 mark]

Question 4
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9.7 Review

Qulestionl |
LTV~ VR B~
|\E(£+\G)| VARG
1/ 2
— Va5 =—121
Va2l Vi

21
=1
1
R <4£’ + \/§]> is a unit vector.
V21 B
Question 2

Actual path -7
_ >

50 km/h
Cosine Rule [1 mark]
V= \/(502 +10° =2 x50 x 10 X cos(135)°)
= 57.5km/h [1 mark]

Question 3

Length = \/(=7)* + 12
/50

2 [1 mark]

5

5
Question 4

cos(B) =—

[1 mark]

()

.. The angle between the vectors is 135°. [1 mark]

-l

—_

6 =cos”

Question 5
NQ = %OA + %AB [1 mark]
1 1
=—-a+-(b—a
27 2 (~ ~)
= %lg = OM [1 mark]

One pair of opposite parallel and equal sides is sufficient to prove that ONQM is a parallelogram. [1 mark]

Question 6
A, B, C and D are true; E is false.
Since P and Q are the mid-points of the sides AC and CB respectively, then
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ﬁ:ﬁ:%ﬁand@:@’:%@
PO = PC + CQ

_Lic+ lcE
2 2

B

. —_— 1 —_— . . —_— . —_—
Notice that PQ = EAB is one vector statement; however; this states that PQ is parallel to AB and that the

length of PQ is half that of AB

Question 7

¢ B
[

0 =4

a

A.a= OA = CB is true.

B.c= OC = AB is true.

C.@=a+ﬁ=g+gistme.

D.AC=A0 + OC = O_C)—O_A>=g—g, so D is false.

E. |a| = |c|. Since it is a square, the magnitudes of the vectors are equal.

Question 8

— 2] — |2 = 0
OA = [J,AB: [4],BO= [_5] [1 mark]

|0A| = V/5, |AB| = /20, |BO| = /25 [1 mark]
2 2 2
(\/3) + (x/zo) - <\/25) [1 mark]
Question 9
AC = ai + aj [1 mark]
BC = —ai + aj [1 mark]
AC-BC = - +d
=0
= perpendicularity [1 mark]
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Question 10
AB =—a+b
AM = ;(—g + b) [1 mark]
CT;[ = a+m
1
+ —_(—
5(
(4a + b) [1 mark]

1Q
N

+b)

| —

5

Question 11
For ax + by + ¢ = 0, the perpendicular vector is bx —ay +d =0
For —2x + 3y + 6 = 0, the perpendicularis 3x + 2y +d =0

Question 12
The length of PQ is half the length of AB, but the direction of travel must be the same; that is, P — Q and
A — B.

Question 13

R P 1

T 0

P, Q and R are collinear.

PQ - PR = |PQ||PR| cos(180°) = —1

Since |P—Q)| = |I’_R] =1.

All of A, B, D and E are true.

If P_Q) . Q_R' =0=> @ is perpendicular to Q?, this is false.

Question 14
The diagonals of a rhombus are perpendicular. They are (q - lg) and (g + lg).
Perpendicularity implies the dot product equals zero.
Question 15
PM = % PO
OP = p and (TQ =q
P
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OM = OP + PM
— — 3—)
OM = OP + =PQ

8
OM = OF + > (PG +00)

8
OM = OP + % (06 - 0F)
oM = é (507 +300)
—_ 1
OM = (5p+39)
Question 16
lal* = 1B]* + [c]” — 2| |a| cos(60°)

1

lal* = [B* + [cl* = 2|blla| x 3
lal* = B> + |c|* — |bla]

Question 17

Vertical component:
3v6

3v/25in(60)) = —\2/—1

Question 18

Vertical component:
5v/3

5V/35in(30)j = —=;
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10 Complex numbers

10 Complex numbers

Subtopic 10.2 Introduction to complex numbers

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (2 marks)
Answer the following
a. Simplify each of the following. (1 mark)

V-4=0
V=9=0
V=4xy-9=10
V-4x9=0

b. Consider the following: =1 = 2 =ixi= V-1 x V=1 =v=1x-1=+1=1

Determine where the logic breaks down. (1 mark)

Question 2 (3 marks)
Answer the following
a. If n is a natural number evaluate i*". (1 mark)

i4n=|:|

b. If n is a natural number evaluate i*"*3. (1 mark)
i4n+3 — I:‘
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Topic 10 Subtopic 10.2 Introduction to complex numbers

c. If n is an even natural number show that (—1)2 = ", (1 mark)
Question 3 (2 marks)

Let fin) = i + 2i> + 3> + ... + ni". Determine:

a. Re(f(10)) =1 (1 mark)
b. Im(f(11)) = (1 mark)

Question 4 (1 mark)

Ifu=4a+3b+ 12i,v=—1+ (3a — 2b)i and u = v, where a and b are real numbers, then
A.a=2andb =3

B.a=2andb=-3

C.a=5andb = -7

D.a=3andb=—4

E.a=4andb=0

Question 5 (2 marks)
fx—-3)+@+5i=Bx—y) —2xi, find x and y.
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Topic 10 Subtopic 10.2 Introduction to complex numbers

Question 6 (1 mark)

The imaginary component of z = —4 — i is:
A. -4

B. -1

C. —i

D. i
E. 4

Question 7 (1 mark)

Ifzy =a+biand 2, = p + qi, then z; = 2, if:
a+ b =p*+q

.a+b=p+gq

ab = pq

a=b,p=gq

a=p, b=gq

mEARP
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10 Complex numbers

m 10.3 Basic operations on complex numbers

]
c
)
To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.
Question 1 (5 marks)
Let u =3 — 4i and v = 4 + 5i. Evaluate each of the following.
a.u+v=_] (1 mark)
b. 2u —3v =] (1 mark)
c. uy =[] (1 mark)
d. Re (u? = 2uv +v?) = (1 mark)
e. Im (2 + 2uv +v?) = (1 mark)
Question 2 (3 marks)
Let u = 3 — 4i and v = 4 + 5i. Determine the values of the real numbers x and y if:
a. xu+y=17-2i (2 marks)

x=,y=0

4 Jacaranda Maths Quest 11 Specialist Mathematics VCE Units 1 & 2 Second Edition
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Topic 10 Subtopic 10.3 Basic operations on complex numbers

b. xu> + > +5+88i =0 (1 mark)
x=L,y=01

Question 3 (4 marks)
Let u = 2 — 3i and v = 3 + 4i. Determine the values of the real numbers x and y if:

a. x+yhu=v (2 marks)
x=L,y=01

b. x+y)v=u (2 marks)
x=[,y=010

Question 4 (1 mark)

If z=a+ biand w = ¢ + di where a, b, ¢ and d are non-zero real numbers, then which one of the
following is a real number?
A, zw —Zw”

IW—2Zw

z _

= X ww

x|

N

B.
C.
D. - +ww”
E.

w + zw”

Question 5 (2 marks)
Ifz; =2-3i,2p =—4 —iand z3 = 3 + 2i, find:
a. 2z, + 3z, (1 mark)

b. —z; — 5z3 (1 mark)
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Topic 10 Subtopic 10.3 Basic operations on complex numbers

Question 6 (2 marks)

Simplify:
a. —i(3—-20) (1 mark)
b. (2 — 3i)* (1 mark)
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10 Complex numbers

Subtopic 104 Complex conjugates and division of complex numbers

>
c
°
To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.
Question 1 (5 marks)
Let u = 3 —4i and v = 4 + 5i, evaluate each of the following.
1
a. — =[] (1 mark)
u
1
b. - =[] (1 mark)
v
u
c. — =[] (1 mark)
v
v
d. -=1 (1 mark)
u
1
e. — =[] (1 mark)
uv

Question 2 (1 mark)
Let u = a + bi and v = ¢ + di. Simplify (u +v)~".
w+v~ =0
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Topic 10 Subtopic 10.4 Complex conjugates and division of complex numbers

Question 3 (1 mark)

Determine the value of the complex number z in Cartesian form if

s=[]

z—1
z+1

Question 4 (1 mark)

Ifz=2—4iandw =1 + 3i, find <.
w

A.2+ii

3
B. -1-i
C.l—i4
D.2—-i

3
E. -1+

Question 5 (3 marks)
Ifz=a+ibandw = c + id show that ZX w™ = z X w—.

Question 6 (1 mark)

If u = — — —i, where a and b are non-zero real numbers, then a’b*u? is equal to
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Topic 10 Subtopic 10.4 Complex conjugates and division of complex numbers

Question 7 (1 mark)
1 1 . . .
If u = —+ —iand v = a— bi, where a and b are non-zero real numbers, then 4 in Cartesian form is equal to

a b v
A. 0 )
B. ——
a* + b?

c. -L

ab
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10

Complex numbers

The complex plane (the Argand plane)

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (4 marks)

Letu = 3 — 4i. Plot u, iu, iu on an Argand diagram and comment on their relative positions.

Question 2 (1 mark)

A triangle is formed when the complex number u = a + bi and u are plotted on an Argand diagram with
the origin O. Determine the area of this triangle.

Area =[]

Question 3 (1 mark)

A triangle is formed when the complex number u = a + bi are plotted on an Argand diagram with the origin
O. Determine the area of this triangle.

Area =[]
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Topic 10 Subtopic 10.5 The complex plane (the Argand plane)

Question 4 (1 mark)

The complex number a + bi, where a and b are real constants, is represented in the following diagram.
In(z)
§ Relz)

All axes below have the same scale as in the diagram above. The complex number —i?(a — bi) could be
represented by

A. Imiz} B. Imi)
L]
0 Re(z) - 0 = Reiz)
L]
C. Imiz) D. lmi)
L]
- 0 = Reil) - o = Reio)
L]

E. Imizi

- 5 = Reiz)

.
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Topic 10 Subtopic 10.5 The complex plane (the Argand plane)

Question 5 (1 mark)

Imiz}

Reizy

The point W on the Argand diagram represents the complex number w. The points P, Q, R and W all lie on
a circle and are all equally spaced around the circle as shown above.

The complex number i>w is best represented by the point

AW

B. P
C.0
D. R
E. None of the above

Question 6 (3 marks)
If z = 3 + 2i, on an Argand diagram plot 2z, iz, z.

Question 7 (2 marks)

The points P and Q represent the complex numbers z and w in the Argand plane; O is the origin. What can
you say about the position of P and Q if

|zl = Iw|?
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10 Complex numbers

Subtopic 10.6 Complex numbers in polar form

>
c
)

To answer questions online and to receive immediate feedback and sample responses for every question, go to

your learnON title at www.jacplus.com.au.

Question 1 (2 marks)

Answer the following

— 1 .
a. Letu = \/5 + i. Express u, u, —and —u in polar form. (1 mark)
u
. 3 . .
b. Letw = 5\/5015 <_Tﬂ> Express w in Cartesian form. (1 mark)
w =[]
Question 2 (1 mark) 3
Letu=1—iandv =—1—i. Express u, v, u+ v and — in polar form.
%

Question 3 (3 marks)

Letu=a-— \/gi. Determine the value of the real number a« if:

a. [u| =9 (1 mark)

a=1[]
T
b. Arg(u) = —5 (1 mark)
a=1[]
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c. u?> = 8cis <—2?”> (1 mark)
a=[]

Question 4 (2 marks)
Convert (1, 1) to polar form.

Question 5 (2 marks)
Convert 5 cis (150°) to Cartesian form.

Question 6 (2 marks)
Find the distance parallel to the x-axis between 2 cis <%) and 8 cis <%> .

Question 7 (3 marks)
Find the distance between A = 2 cis (45°) and B = 4 cis (60°).
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10 Complex numbers

Subtopic 10.7 Basic operations on complex numbers in polar form

>
c
)

To answer questions online and to receive immediate feedback and sample responses for every question, go to

your learnON title at www.jacplus.com.au.

Question 1 (4 marks)

Answer the following

a. Let u = —1 — 1/3i. Express u'? in Cartesian form. (2 marks)

u12 — I:l
. 1. .
b. Let w = —1 — i. Express — in Cartesian form. (2 marks)
w
1 —
W
Question 2 (4 marks)
10
. . —1 . . .
Simplify (—, stating your answer in Cartesian form.
(V3 -0
(1- i)lo ~
(V3 -0
Question 3 (6 marks)
(T . . .
If u = rcis <§) and v = 4cis(6), determine the values of r and 6 if:
a. uv = —12 (2 marks)

r=[11,6=[]
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Topic 10 Subtopic 10.7 Basic operations on complex numbers in polar form

b. “_ —12i (2 marks)
v
r=0,06=

c. uh? =32 (2 marks)

Question 4 (1 mark)

(T .
Letu = Scis Z and v = acis (b), where a and b are real constants.

it 2 =2cis <5§>, a and b respectively are equal to:

Question 5 (1 mark)

(7 .
Letu = 2cis 5 and v = acis(b), where a and b are real constants.

If uv = 3cis <3?7[> ,aand b respectively are equal to:

A. 2 and 4—”
3 2

B. 1.5and =
2

C. 1.5and 14—7T
15

D. 1.5and 14—”
15

E. z and 4—7T
3 15
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Topic 10 Subtopic 10.7 Basic operations on complex numbers in polar form

Question 6 (1 mark)

If z=—1—1, then _L7 is equal to:
Z
A _1 (1+9)
T 16

1 :
B —(=1+0)
1 .
C. (=D
. 8(1—i)
E.%(—1+i)

=]
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10 Complex numbers

m 10.8 Solving quadratic equations with complex roots

>
5
To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.
Question 1 (2 marks)
Solve for z in each of the following. Write your answer in the form a + bi.
a. 2+ 12z+52=0 (1 mark)
z=01
b. 222 —=5z+6=0 (1 mark)
=0
Question 2 (2 marks)
Answer the following
a. Form a quadratic with integer coefficients that has 2 — \/Ei as one of its roots. (1 mark)

Quadratic =[]

b. The quadratie 2> + bz + 41 = 0 has 3 + \/Ei as one of its roots, determine the values of the real numbers
b and c. (1 mark)

b=, c=01

Question 3 (3 marks)
Determine the real numbers a and b if (a + bi)2 =7 —24i.

a=[1b=[]
or
a=[]b=[]
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Topic 10 Subtopic 10.8 Solving quadratic equations with complex roots

Question 4 (1 mark)
If 2 + a = 0, where a is a real positive number, then the most correct solution(s) for z is

iva
Va

+iy/a
=1t

=+

#EQw>

Question 5 (1 mark)
Factorise a*> + 1,a € C.

Question 6 (2 marks)
Factorise z(—z+ 1) — 4,z € C.

Question 7 (1 mark)
If the quadratic expression ax® + bx + ¢ cannot be factorised over R, it means that:
.c<O.
. b —4ac > 0.
. b —4ac < 0.
c
—=>0.

N~ NoN- =

al
— &7
p 2

Question 8 (1 mark)
The quadratic expression p?x?> + ¢*x + 2p does not have factors over R. Find a relationship between p and g.
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Topic 10 Subtopic 10.8 Solving quadratic equations with complex roots

Question 9 (3 marks)
If x> + x + b does not factorise over R, factorize x> + x + b over C. Explain why b # —4.

Question 10 (1 mark)
Solve forx € C, x> + 6 = 0.

Question 11 (2 marks)
Solve forx € C, x> + 6x+ 10 = 0.

Question 12 (2 marks)
By substituting a = 2Zysolvez* —z2—-6=0, ze C.

Question 13 (1 mark)

a*> = —b and a, b € C. Which one of the following is true?
A.a= i\/z

B. No solution

C.a= —\/Z, \/Ei

D.a= i\/;i

E. a= i\/Zi

Question 14 (1 mark)
z =i is a solution to the equation 2 +7i+2 =0, z€ C.Find the other solution.
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10 Complex numbers

Subtopic 10.9 Lines, rays, circles, ellipses and regions in the complex plane

>
c
°
To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.
Question 1 (4 marks)
Sketch and describe each of the following sets, clearly indicating which boundaries are included.
a. {z:]z—2| = |z -4}
(2 marks)
b. {z:|z + 4i] = |z — 4}
(2 marks)
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Topic 10 Subtopic 10.9 Lines, rays, circles, ellipses and regions in the complex plane

Question 2 (2 marks)
Determine the Cartesian equation and sketch the graph defined by Iz:Arg(z —-2)= %}

Question 3 (2 marks)
Describe and sketch the region defined by {z:1 < |z| < 2}.
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10 Complex numbers

Subtopic 10.10 Review

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (1 mark)

Simplify the expression =3 i > giving your answer in the form a + bi.
2i 3

1+i 2-i

Question 2 (1 mark)

If f(i) = Lhit it +il , then the statement below that is true is

A fH=2+i

B. Re[f(i)] = 5
CJmMM—i
D. f(i))=0

ERWW:i

Question 3 (1 mark)
Ifz=8—"7iand w = 3 + 4i, then 3z — 2w is equal to

A. 30-13i
B. 30 —29:
C. 18 —29i
D. 18

E. 18 4+ 29i
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Topic 10 Subtopic 10.10 Review

Question 4 (1 mark)
4
Ifz=-1- \/gi and w = 2 + 2i, then w_3 is equal to
Z
A+ 4

.23

. —di

. =8
1

=Nl N=

2i

Question 5 (4 marks)

Answer the following
I 1
a. Evaluate the complex number z in Cartesian form if ot 1 = 5(3 + Q).
Z —_—
z=[ (1 mark)

b. Determine the real numbers a and b if (a + bi)2 =5-12i

a=01,b=01
or
a=[1b=0] (3 marks)
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Subtopic 10.10 Review

Question 6 (2 marks)

On an Argand diagram, plot the points correspondingto A = -3 —-2i, B=-1+3i, C=445i.

If A,Band C represent three vertices of a parallelogram, find the complex number to represent D, the fourth
vertex of the parallelogram.

Question 7 (1 mark)
For any complex number z = x + yi, where both x and y are real, then the complex number w = i*z is found

. reflecting z in the real axis.

. reflecting z in the imaginary axis.

. rotating z through 90° in a clockwise direction.

. rotating z through 90° in an anti-clockwise direction.
. rotating 180°.

cR-NoN-N S

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 11 Specialist Mathematics VCE Units 1 & 2 Second Edition 25



Question 8 (1 mark)

Exam question booklet | Topic 10

Subtopic 10.10 Review

If z = a + bi and w = ¢ + di where a, b, c and d are non-zero real numbers, then Re(w?) + Im(z?) is equal to:

A. 2+ b

B. ¢ —d* +2ab
C.%+d*—2ab
D. 2d? + (ab)*
E. &2 — b?

Question 9 (1 mark)
Vi- b
Vi

A. 1

equals:

VP

\/13

B.1———
Vi
r+p=24/pr
r—p
r+p—2\/ﬁ
r+p
r+p+2\/ﬁ

r—p

D.

Question 10 (1 mark)

If p is a real constant and the imaginary part of

A. p =0 only
B. p =4 only
C.p=-3
D.p=12\/§
E.p=+4

p+
4+

3i .
is equal to zero, then

pi
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Topic 10 Subtopic 10.10 Review

Question 11 (1 mark)

If z = x + yi where x and y are two non-zero real numbers, then which one of the following is not a real

number?

Az

B.z+7z

C.z—z
1

D. -+ -

E.

—

X

2| =N
N =2

Question 12 (2 marks)
Solve the equation iz*> — 2z + \/gi = 0 for z.
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Answers and marking guide
10.2 Introduction to complex numbers

Question 1

a. V-4
= V42
=2i

V=9
= 1/9i2
= 3i
Voaixyo
=2iX3i
= 6i°
=—06
VAx 9
= /36
= 6 [1 mark]

b. Vaxb=+/ax b

Only fora > 0, b > 0 [1 mark]

Question 2
a.
= (")’
=)
=1 [1 mark]
b. l-4n+3
= ()" x
=1xiZxi
= —i [1 mark]

c. (—1)% .
- (V1)
=" [1 mark]

Question 3

a. Re(f(10))
= 22 + 4i* + 6% + 8® + 10i'°
=-24+4-6+8-10
= —6 [1 mark]

b. Im (f(11))
=1Im (i + 38 + 57 + 7 + 9 + 11'")
=Im@G@—-3i+5—-T7i+9i—11i)
= Im (—6i)
= —6 [1 mark]

Question 4

Equating real parts (1) 4a+3b =—1
Equating imaginary parts (2) 3a—2b=12

Exam question booklet | Topic 10
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2x(1) 8a+6b=-2
3%x(2)  9a—6b=36

Adding gives 17a =34=>a=2 and b=-3

Question 5
x=3)++5i=0Cx—y)—2xi
x—3=3x—y
y+5=-2x=>y=-2x—5 [1mark]
Substitute y=—-2x—75
x—3=3x—(—2x—-95)
-8 =4x
x==2
y=—1 [1mark]

Question 6

The imaginary component is the coefficient of i. That is, —1.

Question 7

Exam question booklet | Topic 10

Complex numbers are equal if their real components are equal and their imaginary components are equal.

10.3 Basic operations on complex numbers

Question 1
a. u=3—-4i,v=4+5i
u+v=_0G-—4i)+ @4+ 50
=3+4+i(—4+5)
=7+ i [1 mark]
b.u=3-4i,v=4+15i
2u—3v=20B—-4)—-3@+ 50
=6-—8—12—15i
=6-12)+i(—-8—-15)
= —6 — 23i [1 mark]
c.u=3—-4i,v=4+5i
u—v=_3-—4i)4+5i)
=12 — 16i + 15i — 20i*
=12—-16i + 15i + 20
=(12+20)+i(15—-16)
=32 —i [1 mark]
d.u=3—-4i,v=4+5i
Re (u? = 2uv +17?)
:Re((u—v)z)
= Re((3 —4i — (4 + 5i))%)
=Re((3—4) —i(4+5)°)
= Re ((=1 = 9i)*)
= Re (1 + 18i + 81:%)
=Re (1 — 81 + 18i)
= —80 [1 mark]
e.u=3—-4i,v=4+5i
Im (u2+2uv+v2)
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=1Im ((u + v)%)

=Im ((7 +i)°)
=1Im (49 + 14i + i)
=14

Question 2

a. xu+yv=17-2i
x@B—-4D)+y@+5)=17-2i
x+4y+i(Sy—4x)=17-2i
Re: [1] 3x+4y=17
Im: [2] 5y —4x = -2 [1mark]
[1]x4 12x+ 16y = 68
[2]x3 15y —12x = —6

3ly=62

y=2

3x=17—4y
=17-8=9

x =3 [1 mark]

b. u =3-4i v=4+5i

W =94 162 —24i v2 =16 4 40i + 252

= -7 -—24i = -9+ 40i

xu> + W +5+88i=0

x(=7 =24+ y (=9 +40i) = -5 — 88i

—T7x =9y +i(40y — 24x) = =5 — 88i

Re: [1] —7x—9y=-5

Im: [2] 40y —24x = —88 [1 mark]
—[1]7x+9y =5

[2]><%5y—3x=—11
—[1]1x321x+27y=15
[2] x %35y—21x= =77

62y = —62
y=—1 x=2 [1mark]

Question 3
a. (x+yhu=v
x+y)2-3)=03B+4)
2x + 2yi — 3xi — 3yi> =3 + 4i
2x+3)+(3x+2y)=3+4i
Re: [1] 2x+3y =3
Im: [2] —-3x+2y=4 [1mark]
[1]x3 6x+9 =9
[2] x 2 —6x+4y =8
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13y =17
_u
YT 13
2x=3 -3y
2)c=3—5—1
39 1%1
2x = &3
2x=—i§
X=—-—-— [1 mark]

b. x+y)v=u
x+y)B+4)=2-3i

3x + 3yi + 4xi + 4yi> =2 — 3i
Bx—4y)+i(dx+3y)=2-3i
Re: [1] 3x—4y=2

Im: [2] 4x+3y= -3 [1mark]
[1]x4 12x— 16y =8

[2]x3 12x+9y=-9

[1 mark]

Quesrion 4

Exam question booklet | Topic 10

w +z2w” = (a + bi)(c + di) + (a — bi)(c — di) = ac + adi + bci — bd + ac — adi — bci — bd = 2ac — 2bd

Question 5
a.27,+3,=22-3)+3(-4-1)
= —-8—9i [1 mark]
b. —z; = 523=—02-3)—-53B+2i)
=—17—-7i [1 mark]
Question 6
a. —i(3—2i)=—3i+ 2’
=-=3i—2 [1 mark]
b. (2 —3i)* =4 — 12i + 92
=4-12i—9
=-5-—12i [1 mark]
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10.4 Complex conjugates and division of complex numbers

Question 1
au=3—-4i,v=4+5i
1 1

u 3-—-4i
1 344
= X
3—4i 3+4+4i
3+4i
9 — 164>
=i+ii [1 mark]
25
b.u=3-4i,v=4+15i
1 1

v 44+5i
1 4-—5i
= X
4450 4—5i
_4-Si
16 — 2512
4 5

41 41
u=3—-4i,v=4+5i
u _3-4
v 4+ 5i
_ (B3—4)x (4 =50
(4 + 5i) (4 — 5i)
_ 12— 160 — 15i + 20/*
16 — 25/

_(12-20)+i(=15-16)

———i [1 mark]

41

4+50 3+4i
3—4i 3+4i
_ 12+ 15i + 16i + 20/*
- 9— 164
_(12-20)+i(15+ 16)

—_— —— [1 mark]

25
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e.u=3—-4i,v=4+5i
1 1

W (3—4i) (4 +50

12 — 16i+115i—20i2

121+ 204+i(15—-16)

32—
1 3241
X
32—i 3241
3241
1024 — 2
32 1 .
— + i
1025 1025
Question 2
u=a++bi
w+v) ' =

[1 mark]

v=c+di
1

u+v
1

(a+ bi)+ (c + di)
1 at+c—(b+di

= - X - [1 mark]
at+c+i(b+d) a+c—0b+d)i
at+c—b+di
(a+c)* — (b +dy*i
at+c—b+d1i
= 5 2[lmark]
(a+c)y+b+d
Questi0n3
o i
Z+1
(z=1)==2i(z+1)
7—i=—2iz—2i’
z—i=—2iz+2
z(14+2) =2+
7= 2+l.><1_2l. [1 mark]
1+2i 1-2i
_2+4i—4i—2
1 — 4
_4-=-3i
5
4 3,

- — =i

5 5
Question 4
z _2-4i 1-3i

C14+3i 0 1-=3i
RO /ST, A

10
=—1—i

[1 mark]
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Question 5
z=a+1ib Z=a—ibw=c+idw =c—id

7 Xw ac—bd—i(cd+ ad)
= - [1 mark]
ZXWwW ac — bd +i(cd + ad)

=ac — bd —i(cd + ad)
=7><;[1mark]

Question 6
2
a’b*u? = c121)2<l - ll)

. .2
a?b2u? = 2b? (i _ & + l_>
a*> ab b?
a*b*u* = b> — 2abi + a*i*
a*b’u? = (b2 — az) — 2abi
Question 7
s %i a+ bi
X
a—bi a+bi
1+ 4+ (5+2)i
N a’> — b*i?
az+bz ;
E _ ( ab )l _ L
v a* + b? ab
10.5 The complex plane (the Argand plane)

Question 1

< IS < IS

u=3-4i
w =3+4i reflection in the real axis
iu=1i3—4i)
=3i—4i# arotation by 90° anti — clockwise
=443
Pu=—3—4)
= —-3+4i arotationby 180° anti — clockwise
Pu=—i(3—4i)
= —4 —3i arotation by 90° clockwise
\ Im(2)
i2u 57 7]
o 4 o
N34 : /.m
\\\ 2 ///:/
\l_ /// :
< T T T T T T T T T >
5-4-3-2-10K1 2 § 4 5 Re@
e ’ 2 \\ i
Pu o -3 \\\:
—44 *u
—54
(

Award 1 mark for each correctly plotted point and description of how it differs geometrically from u.
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Question 2

Im(z) A u=a+bi
»
0 Re(2)
Y i=a-bi

Area = % X |a| X |2b]| [1 mark]
= |ab| [1 mark]

Question 3
AIm(z)

u=a+bi

< > Re(z)

\

lu| = Va?+b? = |iu| [1mark]

2
Area = % X (\/a2 + b2>
= % (a*+b%)  [1mark]
Question 4

—i>(a — bi) = —(=1)(a — bi) = a— bi

Question 5
w is the refection of w in the real axis, which is the point R.
2w is a rotation by 180° anti-clockwise; this takes us to the point P.

Question 6

—ir—]

Award 1 mark for each correctly plotted point.

Question 7
P and Q lie on the circumference of a circle, with centre at the origin and radius |z| = |w|. [1 mark]
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10.6 Complex numbers in polar form
Question 1

a.u=\/§+i

lul| =v3+1=2
Arg (u) = tan™! <L\/_> =z

Im(z)

1 [ ]

—> Re(2)
ol i
u= \/§+i=20is %)

7=\/§—i=2cis —z>

A

Pt 1
Ve
= - 3—')=—01s —=
4(\/_ A ( 6)
. . T
—u=— 3—1=201s<—?> [1 mark]
b w=5\/Ecis -

=-5-5i [1 mark]

Question 2

u=1—i=\/§cis<—%>
y=—1—i=+2cis <—%>

u+v=-2i=2cis <—z>
2
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(3

u _ 1—i —1+i
v —1—i —=1+4i ﬁcis(—%)
_—l4i+i—i
=
_2

2

. < V1 371)
=i=cis| ——+—

4 4

=cis z [1 mark]
Question 3

au=a—\/€i
lu| = Va2 +6=9
a*+6 =38l
?=75=25x5
a=+5v5 [l mark]

bu=a—\/€i
T

Arg(u)=—§
(5)-=-
tan| —— | =
3 a
-V6
—1/3 =
a
6
a=—

3
a= \/5 [1 mark]

= a* — 2a\/6i + 612

= (a2 — 6) — 2a\/gi

|u|2=a2+6=8

a>=2,a>0

u= \/5 - \/gi

Arg (u?) = —2?71'

Soa =12 [1 mark]
Question 4
tan () = !

1
6= % [1 mark]

[(1, 1) is in the first quadrant]
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r=v12+12
=+/2 [1mark]
- (1, 1) = V2cis (%)
Question 5
x=rcos(®), y=rsin(O)
x=5co0s(150°), y=>5sin(150°) [1 mark]

54/3 —5v/3

x= —\/— y=2 5 cis (150°) = V3 +2i [1mark]
2 2 2 2

Question 6

Actual distance apart is 6 units. [1 mark]

Distance parallel to the x-axis is 6 cos <%> = 3\/3 [1 mark]

Question 7
OA=2, OB=4,
2AOB = (60 — 45)°
=15° [1 mark]
cosine rule AB = \/22 +42 —-2%x2x%x4xcos(15°) [1mark]
=2.132 [1 mark]

10.7 Basic operations on complex numbers in polar form
Question 1

a. AIm(z)
< _,1 0 > Re(z)
o_\/§-'
u =—-1- \/gi
|| =

Arg(u) =tan™! (\/5)—7‘(

T 21
= — -7 =——

3 3

=2"2cis <12 X —%T)
= 2"%cis (—87)
= 2"2¢is (0)
= 4096 [1 mark]
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b. \ Im(2)
<—,70—>Re(z)
-1
o -1+
4
w=—1—1i

Question 2

(2)j0cis (=)

Question 3

. T
a. U =rcis | —
<3>

A s

")

Exam question booklet | Topic 10

i [1 mark]

[1 mark]

v =4cis (0)

© John Wiley & Sons Australia, Ltd
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uv = rcis < >><401s C)]

=4 rcis ( > = —12 [1 mark]
= 12cis (71)

r =3 0= ? [1 mark]

b. u = rcis (%) v = 4cis (6)

s (3)
r C1S —_
u__ \3/

v 4cis (0)
~ s (Z -e> — —12i [1mark]
4 3

= 12cis <_Z>
2

T=1p Z_¢=-Z

4 3 2

r =48 @:E+z:—ﬂ [1 mark]
32 6

C. u = rcis (%) v =4cis (6)
202 = (w)* = 1672 cis <2?” + 29) =32

= 32cis (0)
16r2 =32
Po=2
r=4/2 [1mark]
26+2—7T =0
3
6 =—— [1mark]
Question 4
Y_ gcis (b— Z) = 2cis <5—ﬂ>
Z 5 4 6
-=2
5
a=10
p_ T 3"
4 6
St mw 137w
b=—+—=—
61 4 6
b——
12
Question 5
uv = 2acis <b— Z) =3cis <3—”>
3 6
S2a=73
3
a= =
2
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b+ % = 3?”
p=Z

5
Question 6

z==1—-i=>7%

182(cos (3m4) + isin 3m4)) = 182(=22 +22)1777 = 116(—1 + i)

z
3

_4r
15
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—14+i=2cis3n4)1777 = 1Q2cis(374))7 = (2) — Tcis(—2174)1z77 = 182cis(374) =

10.8 Solving quadratic equations with complex roots

Question 1

a 22+ 12z+52=0

2+ 127+ 36=-52+36

(z+6) =—-16
7+ 6==4i
z=—6x4i

b. 222 =5z46=0
a=2b=-5c¢c=6
A = b —4ac

=25-48

= —23 =232

B ER

2a

_ 5+1/23i

4
Question 2

a.oc=2—\/§i

a+a =4
P —4z+7
b. a =3+ \/ci
a+a =6
So b=-6
41=9+¢
c=32

Question 3

(a+ bi)* = d® + 2abi + b2
=a’> —b* 4+ 2abi =7 —24i

o =2+1/3i
aa =4-3>=17
[1 mark]

o :3—\/21'

aa =9—ci2=9+c¢

[1 mark]

Re: [1] &> —-b*>=7

Im: [2] 2ab=-24=>b= _—12 into [1]

2
—-12
a

144

2
a
2

a
a*—=7a*—144=0,a €R
a=+4=>b=7%3

=7

4—-3i or —4+3i

© John Wiley & Sons Australia, Ltd
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Question 4

2
Zz+a=22—i2(\/5> =(z+\/5i> (z+ \/Zi>=0
z=ii\/5 for a>0

Question 5
ad+1=da*-72
=(a—1(a+i) [1mark]
Question 6
2(—z+ D —4=-2+z-4

S

Question 7
The expression does not factorise over R if the discriminant b*> — 4ac < 0.

Question 8
A<0=b*>—4dac<0
3)2 2
(q ) —8p"Xp<0
q®*—8p* <0
g¢* <2p [1 mark]
Question 9

P
P +x+b= <x+—> ——=+b

—l+b>0:>b>l
4 4
=.b # —4 [1 mark]

Question 10

2+6=0
2 =-6
X2 = 6i%

X = i\/gi [1 mark]
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Question 11
¥ +6x+10=0

(x+3*=9+10=0 [1mark]
G+3’=-1=7
x=-=3+i [1mark]
Question 12
F—-2-6=0
a*—a—6=0
(a—3)(@+2)=0 [1mark]
a=3,-2=72=3,-2
7==+v3, i\/ii [1 mark]
Question 13
a*=—b
= bi*
a= i\/zi
Question 14
Using long or synthetic division, the other solution is z = —2i. [1 mark]

10.9 Lines, rays, circles, ellipses and regions in the complex plane

Question 1
a. (z|z=2|=[z—-4)
Let z=x+1y

|(x = 2) +iy| = |(x —4) + iy]

\/(x— 2 +y2 = \/(x— 4)% +y2
¥ —dx+4+y? =x>—8x+16+)?
4x =12
x = 3 [1 mark]
Set of points equidistant from (0, —4) to (4, 0)
Im(z)

2

E

310 1 5 1 iRem
g

Award 1 mark for correctly sketching the line Re (z) = 3
b. (zi [z +4i| = |z—4))

Letz =x+1iy

x+(G+dil=|(x—4)+ iy

\/x2+(y+4)2 = \/(x—4)2+y2
X+ +8y+16=x>—8x+ 16 + y?
8x+8y=0
y = —x [1 mark]
Set of points equidistant from 0, —4 and 4, 0.
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Award 1 mark for correctly sketching the line Im (z) = —Re (2).

Question 2

. _n_Z
<z.Arg(z 2) 6>

Ray starts from the point (2, 0) making an angle of % with the positive real axis

V.4

Arg(z—2)=—

g( ) 6

Arg(x+yi—2):%

. T

Arg((x —2) +yi) = g

tan_1< Y >=z,forx>2
x—2 6

Y _ tan~! <E> = L,forx >2

x=2 6 \/g

V3y=(x—=2), forx>2 [1mark]

Im(z) A

3_
24 T

1 6

B L

32 —110_ 1 2 3Re@
-2

3
Y

Question 3

1<z <2

1<4/x2+y2<2

1<+ y2 <4

Boundary lines are two circles, centre (0, 0), with radius 1 and 2 units.
The boundary lines are included.

The region lies on and between the two circles, centred at (0, 0) of radius 1 and 2 units. [ 1 mark]
Im(z)

Award 1 mark for correctly sketching the region as shown above.
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10.10 Review

Question 1
2i 3
1+i 2—i
4i+2—-3-3
A+d)@2=-9)
-1+
2—i+2i+1
—1+i_ 3-—i
X
340 3-—i
—3+4+i+3i+1
9+1
-2+ 4i
10
-1 2,
= — + -1
5 5
Question 2
L+i+2 4 +ill
1—i

[1 mark]

[1 mark]

[1 mark]

Exam question booklet | Topic 10

l+i+ P2 +2XI+PXP+PXi+XP+ -+ XXX

1—i

Cltit—l—i+l+it—l—i+l4+i+-1—i

0
1—1i
=0

Question 3

3z=2w=3@8-T7))—23+4i)

1—i

=24-21i—6-28i

=18 —29i

Question 4

z=—l—\/§i

© John Wiley & Sons Australia, Ltd
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—V3
tan (6) = —\( (third quadrant)

_ V5
0 = —m + tan™! <\/§>

T
=-n+—-
27

. 2
¢ = 2cis (‘_”>
3
w=2+2i

w| = V22 + 22
=8

2v2

2

tan (0) = —

an (0) >
=1

0 =tan"' (1)

-
4

_ 6dcis(m)
 8cis(—27)
=8cis(3m)

= 8cis ()

=8cos () + sin () i
=—-8+0i

=-8

Question 5

a 2L Laiy
z—1 2

2+ 1D =C+Diz—-1
27242=3z4+zi—3—1i

S+i=z(1+9)

Z=5+l><1_l [1 mark]
1+i 1-—i
54+i—5i—i
Z=—"T- —

1 —i?
z7=3-2i [1 mark]
b. (a+bi)2=a2+2abi+bzi2 a,b €R

=a*—b*+2abi=5—-12i [1 mark]
Re: [1] a?—-b=5

Im: [2] 2ab = —12=> b = —9 into [1] [1 mark]
a
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3—2i or —3+2i [1mark]

Question 6

¥

il

| D Y A ) T
AR e ENE AL

{5
[

—ir—]

Award 1 mark for correct plot.
D =2+0i [1mark]

Question 7

i is a rotation of 90° anti-clockwise, so i°

is a rotation of 270° anti-clockwise or 90° clockwise.
Question 8

22 = a* — b* + 2abi

w?=c2—d? + 2cdi
Re (wz) =c? -
Im (zz) = 2abi
Question 9
Vi Vi Vi
VitVB VR VT

r+p—24/pr

r=p

Question 10
p+3i_p+3ix4—pi
4+pi  A+pi 4—pi
p+3i _ A4p+12i—p’i—3pi

4 + pi 16 — p*i®
p+3i  Tp+(12-p7)i
4 + pi 16 + p?

3i Tp+ (12 =p?)i
IfIm<p+ f>=0=>1m p+(12-p7) =0
4 + pi 16 + p?
> 12-p2=0=>p==213

Question 11
x+y)—(x—y)=x—x+yi+yi
z—z=2yi
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Question 12
i2—2z4+/3i=0

B — 2=\ —axix i

212,/(1+\/2§l)

B 2i

—_ [u (1+\/§)] i [1mark]

[1 mark]

Z
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17 Transtformations

11 Transformations

Subtopic 11.2 Translations

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (1 mark)

5
The coordinates of the image of (—3, 2) under the transformation given by [ 3] are

A. (=2,1)

B. 2,-1)

C. (-6,7)

D. (6,-7)

E. (6,7)

Question 2 (1 mark)

The image equation when the line with equation y = x — 5 is transformed by the translation
3

matrix T = | is

Aoy =3x" -1

B.y =-3x"-1

C.yy=x'-9

D.y =x'-7

E.y=x"-1

Question 3 (3 marks)
Determine the image equation when the equation y = x> + 1 is transformed by the translation matrix

N

y=04
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Topic 11 Subtopic 11.2 Translations

Question 4 (1 mark)

If the graph of y = x°, is translated 3 units in the positive direction of the x-axis and then translated 3 units
down in the negative direction of the y-axis, it becomes the graph of

A.y=3x-3

B.y=(x—-3°"+3

C.y=x-37°-3

D.y=3—(x-3)°

E.y=3—(x+3)

Question 5 (1 mark)

The point (a, b) is translated under T, , giving the image point (—2a, 3b). Which one of the following is
true?

A.p=3a, g=4b

B.p=-3a, g=4b

C.p=3a, qg=-4b

D. p=—-3a, g=—-4b

E.p=-3,¢g=-4

Question 6 (1 mark)
The point (a, b) is translated under 7, ,. Find the coordinates of the image point.

Question 7 (2 marks)
y = f(x) is translated under 7,, .. Find the new equation.
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Topic 11 Subtopic 11.2 Translations

Question 8 (2 marks)
The image of y = x> under a translation is y = (x — 3)* — 7. Find the translation.

Question 9 (1 mark)

If the graph of y = x?, is translated 2 units to the left parallel to the x-axis and then translated 3 units up,
parallel to the y-axis, it becomes the graph of

A.y=(x+2)2+3

B.y=(x—-27+3

C.y=(x+27>-3

D.y=(x—-37>+2

E.y=(x+3)°>=2

Question 10 (1 mark)

The point (—a, b)) is translated under 7_
The coordinates of the image point are:
A.(a+p, b+9q)

B.(a+p, —b—¢q)

C.(a+p, b—q)

D. (ma—p, b—q)

E.(a=p, b—9q)

P> —q°
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11 Transformations

m 11.3 Reflections and rotations

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (1 mark)

The coordinates of the point (—5, —2) after a reflection in the y-axis are
A. (-2,5)

B. (5,-2)

C. (-5,2)

D. (5,2)

E. (2,5)

Question 2 (1 mark)
An anticlockwise rotation about the origin of 60° is best represented by

1 1 V3
A. =

2 [-v3 1]
1 2 V3]
B. -

2 [-V3 2
cl_l_\/g_
2 |V3 1]
1| 2 =v3]
D. =

2 (V3 2
1|1 V3
E. -

2[v3 1
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Topic 11 Subtopic 11.3 Reflections and rotations

Question 3 (3 marks)

Determine the equation of the image of the line 2y — 3x = 1 under a rotation 90° about the origin in a
clockwise direction.

The equation is []

Question 4 (1 mark)

If the graph of y = (x — 2)* + 2, is reflected in the x-axis and then in the y-axis, it becomes the graph of
A y=—(x—=27%=2

B.y=—-(x—27+2

C.y=(x-27%-2

D.y=—-(x+2°>-2

E.y=(x+2)7>-2

Question 5 (2 marks)
The point (a, b) is reflected in the y-axis. The image point in then reflected in the x-axis. What are the
coordinates of the final point?

Question 6 (3 marks)
y = x> — 3x + 1 is reflected in the y-axis. What is the new equation?
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Topic 11 Subtopic 11.3 Reflections and rotations

Question 7 (3 marks)
y = x> + x + 1 is reflected in the x-axis. What is the new equation?

Question 8 (1 mark)
The graph of the function g: (—co0, 0) — R where g (x) = x* + x is reflected in the y-axis. The equation of
the new graph is:

A g (x)=x*—x, x € (—co0, 0)
B. g'(x) = x> —x, x€[0, oo]
C.g'(x) = —x*>—1x, xE€ (-0, 0)
D. g'(x) = —x* —x, x € [0, oo]
E. g'(x) = x> +1x, x€[0, oo]

Question 9 (1 mark)

Consider the graph of y = x* — x>. Which of the following statements is true?

A. When reflected in the x-axis, the graph becomes y = x> + x>

B. When reflected in the x-axis, or the y-axis, the graph becomes y = —x3 + 12
C. When reflected in the line, the graph becomes y = x> — x°.

D. When reflected in the line, the graph becomes y = —x> + x2.

E. When reflected in both the x-axis and y-axis, the graph becomes y = x> + x%.

Question 10 (1 mark)

The image point of point A after reflection in the line y = —x is (—m, —n). The coordinates of A are:
A. (—m, —n)

B. (—n, —m)

C. (—n, m)

D. (n, —m)

E. (n, m)
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Topic 11 Subtopic 11.3 Reflections and rotations

Question 11 (2 marks)
The parabola y = x*> — 5x + 6 is reflected in the x-axis. What is the new equation?

Question 12 (2 marks)
The parabola y = 2x*> — 3x — 7 is reflected in the y-axis. What is the new equation?
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11 Transformations

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (3 marks)
A transformation T is given by
x| (4 Of [x
o =b 3D
a. Determine the image of point A (=3, 1). (1 mark)
The coordinates of the image are []

b. Describe the transformation represented by T. (2 marks)

Question 2 (3 marks)

Determine the image equation when the hyperbola y =

y=04

is dilated by a factor of 3 from the x-axis.
x —

Question 3 (1 mark)

The image of the point (—6, 2) after a dilation of factor 2 from the x-axis is
A. (—12,2)

B. (—-6,4)

C. (-3,2)

D. (-3,1)

E. (-6,2)
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Topic 11 Subtopic 11.4 Dilations

Question 4 (1 mark)

The graph y = x? is transformed to the graph of y = 4x? by
A. adilation parallel to the x-axis by a scale factor of 4.

. a dilation parallel to the y-axis by a scale factor of 4.

. a dilation parallel to the x-axis by a scale factor of 2.

. a dilation parallel to the y-axis by a scale factor of 2.

= O OW

. a dilation parallel to the y-axis by a scale factor of %

Question 5 (1 mark)

The graph y = x° is transformed to the graph of y = 8x° by
A. adilation parallel to the x-axis by a scale factor of 8.

. a dilation parallel to the y-axis by a scale factor of 8.

. a dilation parallel to the x-axis by a scale factor of 2.

. a dilation parallel to the y-axis by a scale factor of 2.

o oOw

. a dilation parallel to the y-axis by a scale factor of %

Question 6 (2 marks)
The point (a, b) is dilated by a factor of p parallel to the x-axis. What are the coordinates of the image
point?

Question 7 (3 marks)
y = x*> + x + 1 is dilated by a factor of 9 parallel to the y-axis. Find the new equation.
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Topic 11 Subtopic 11.4 Dilations

Question 8 (2 marks)
2

The image of y = x> under a dilation is y = )16_6 Find the dilation, giving your answer as:

a. a dilation parallel to the x-axis (1 mark)
b. a dilation parallel to the y-axis (1 mark)
L]

Question 9 (1 mark)
The graph of y = f(3x) is dilated by a factor of 5 from the x-axis and by a factor of 6 from the y-axis. The

new equation is:
A. y =30f(3x)

1
B.y= /()

cy=§ﬂm>

1 X
Dy=g (5)
X

Question 10 (1 mark)
2
The graph y = x? is transformed to the graph of y = % by
A. adilation from the x-axis by a scale factor of 4.
a dilation from the y-axis by a scale factor of 4.

B.

C. adilation from the x-axis by a scale factor of 2.
D. a dilation from the y-axis by a scale factor of 2.
E.

1
a dilation from the y-axis by a scale factor of >
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11 Transformations

Subtopic 11.5 Combinations of transformations

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (1 mark)

2
The transformation 0 g is
. a translation of 2 units in both the x- and y-directions.
. a dilation of factor 2 parallel to the y-axis.
. a dilation of factor 2 from the y-axis.
. a dilation of factor 2 parallel to both the x- and y-axis.

. a dilation of factor 2 from the x-axis.

HOOW >

Question 2 (3 marks)
Determine the image of the point (—1, 3) transformed by the following matrices in order:

oL 2 0 ) -1 0 . —4
Dilation [O 1] , reflection [ 0 1] , translation [ 5]

The coordinates of the image are []

Question 3 (3 marks)
A rectangle ABCD with vertices A (0, 0), B (0, 2), C(3, 2) and D (3, 0) is transformed under the
transformation matrix T = _(1) _(1) .

Describe the effect of the transformation on the rectangle’s position and area.
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Topic 11 Subtopic 11.5 Combinations of transformations

Question 4 (4 marks)

The point (a, b) is dilated by a factor of p parallel to the x-axis and by a factor of g parallel to the y-axis.
The image point is reflected in the y-axis and then translated by 7T,, ,,. What are the coordinates of the final
image point?

Question 5 (4 marks)
y = x° is dilated by a factor of p parallel to the x-axis and by a factor of ¢ parallel to the y-axis. The image
point is reflected in the y-axis and then translated by 7, ,. What is the final equation?

Question 6 (1 mark)
A reflection in the line y = x followed by a dilation of 2 from the from the x-axis is represented by the
matrix:

N
o [0
e )
o [0
el
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Topic 11 Subtopic 11.5 Combinations of transformations

Question 7 (3 marks)
The point (a, D) is translated under 7,, ,, and then reflected in the x-axis. Write these transformation in
matrix form and hence find the final image point.

Question 8 (3 marks)
The point (a, b) is dilated by a factor of p parallel to the x-axis, then rotated by 45° anticlockwise around
the origin. Write these transformations in matrix form and hence find the final image point.

Question 9 (1 mark)

The graph of y = x? is transformed to the graph of y = 4 — (x — 2)? by

A. areflection in the y-axis, a translation of 2 units in the positive direction of the x-axis, followed by a
translation of 4 units in the positive direction of the y-axis.

B. areflection in the x-axis, a translation of 2 units in the positive direction of the x-axis, followed by a
translation of 4 units in the positive direction of the y-axis.

C. areflection in the y-axis, a translation of 2 units in the positive direction of the x-axis, followed by a
translation of 4 units in the positive direction of the y-axis.

D. areflection in the x-axis, a translation of 2 units in the negative direction of the x-axis, followed by a
translation of 4 units in the positive direction of the y-axis.

E. areflection in the y-axis, a translation of 2 units in the positive direction of the x-axis, followed by a
translation of 4 units in the positive direction of the y-axis.

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 11 Specialist Mathematics VCE Units 1 & 2 Second Edition 13
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Topic 11 Subtopic 11.5 Combinations of transformations

Question 10 (1 mark)
The graph of y = cos(x) is transformed in to the graph below.

ki
_;/:i\\ . /\ \ *’/\
_r_-_b? _I‘J{ r._iY‘Cf—/.Ts“—. |.2§n\|.71_':sn:-—.
|

Which of the following statements describes the correct transformations?
A. A dilation by a factor of 2 parallel to the y-axis and a dilation by a factor of 2 parallel to the x-axis.

B. A dilation by a factor of 2 parallel to the y-axis and a dilation by a factor of 1 parallel to the x-axis.
C. A dilation by a factor of 2 away from the y-axis and a dilation by a factor of 2 away from the x-axis.

1 1
D. A dilation by a factor of 2 away from the y-axis and a dilation by a factor of 5 away from the x-axis.

E. A dilation by a factor of % parallel to the y-axis and a dilation by a factor of % away from the x-axis.
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11

Transformations

Topic
Subtopic 1

1.6

Review

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (1 mark)

The image of the point (—a, b) after using the matrix equation for translation [;C,] = [x] + [_5] is

A.(=GC+a),—-0b-4%)

B.(—G6+a), (®+4)
C.((5+a),—-(b—-4)

D.(5+a),(b—4)
E.(+a), (b+4)

The matrix equation for the translation that maps the circle (x — p)2 +0+ q)2 = 1 onto the circle

+

o
| 4]

|~
)
[~
)
[~
)

Question 2 (1 mark)
¥4y =1is
A x: _|x
1 D
B. x _ [
vl D
C. x _ [
R B R
D. x _
1 D
E. x _ [
y1 D

| 9]

© John Wiley & Sons Australia, Ltd
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Topic 11 Subtopic 11.6 Review

Question 3 (1 mark)
The single transformation matrix T that describes a reflection in the line y = x followed by a dilation of
factor 2 from both the x- and y-axes is

vr=fp [0
e[t
cr-[0?
nr-[} Y
er-[ )

Question 4 (1 mark)

The point P (a, b) comes under a reflection in the y-axis followed by a dilation of factor 3 from the y-axis.
The coordinates of the image point P’ (x, y) are

A. (—a, =3D)

B. (a, 3b)

C. (a, =3b)

D. (=3a, b)

E. (=3b, a)

Question 5 (1 mark)

The equation of the image of y = x> under a double transformation of a reflection in the line
y = —x followed by a clockwise rotation of 90° about the origin is

A.y= \/)_c

v

x2

x2

none of these

=<
I

B.
C.
D.
E.
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Topic 11 Subtopic 11.6 Review

Question 6 (1 mark)
The transformation 7' : R2 — R2 , which maps the curve with equation y = log e(x) to the curve with
equation y = log e(2x —4) + 3, could have rule

X 0.5 0] [x 2]
wr(() =[5 5TE) -
[x] 0.5 0] [x] . [4]
B'T<_y_>_ [0 1] [y]+[3_
[x] [1 0] [x]  [-4]
c.T(_y_>__0 5
[x] [1 0] [x]  [-2]
D.T(_y_>__o 5
[x] 2 0] [x] [4
er(P)) =15 S+ [
Question 7 (1 mark)
The point (2, —3) is mapped to the point (—3,4) by which of the following transformation matrices?
A 0 1
12 0
0 o]
B. 1 o
o
C. o 2|
P!
p. |° 2
|1 0
i 1
|’ 73
-1 0

© John Wiley & Sons Australia, Ltd
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Topic 11 Subtopic 11.6 Review

Question 8 (4 marks)
Answer the following
a. The graph of y = f(x) is translated % units to the left and & units upwards. What is the
new equation? (1 mark)

b. The new equation is dilated by a factor of a parallel to the x-axis and a factor of b parallel to the y-axis.
What is the new equation? (1 mark)

y=[O

c. Had the dilations in part b been completed first, before the translations in part a, what would be the final
equation? Are the final equations the same? (1 mark)

y=04

d. Take the equation 7y = —%(x +3)* + 6 Which transformations and in which order would be required to

result in a final equation x = y? (1 mark)
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Topic 11 Subtopic 11.6 Review

Question 9 (1 mark)

The transformation 7 : R? — R? with rule T < [ﬂ ) = [2 0

N + -1 maps the curve with equation
0 3| |[y| |4 |™P d

y = x? to the curve with equation:

2
Ay Yt
4 2
By 44 0t D
4 2
3 1
C.y=—4+m
2
4 2
-1
4
Question 10 (1 mark)

The transformation T:R*> — R?, that maps the curve with equation y = x> to the curve with equation
= (4x — 6)3 + 1 could, have which of the following rules.

wr(B]) =5 ST
“’]H B

L]
b

BliEe

0
~

=
ﬂ

~— e N~ ~— ~——
Il

R R R e

=
ﬂ
TN T N T NN
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Topic 11 Subtopic 11.6 Review

Question 11 (1 mark)
A transformation T : R> — R? that maps the curve with equation y = cos(x) onto the curve with equation
y = 2 cos(3x) is given by:

3 0],
A. T< y ) =1, [
V] Y V]
R _0 2_ -
B. T( * ) =1, *
M ENd M
- _2 0_ -
C. T( * > =1, ! *
M Ay M
- 1 T, -
D. T< X > _ g of [x
V] [0 2f L]
- - 1T . -
E. T< X ) _ 0 g X
1) o 2] D
Question 12 (2 marks)
Compare the graph of the equation y = " to the graph of the equation y = 6{ ’ —4} 1.

Which transformations have taken place?

Question 13 (8 marks)
Answer the following
a. The graph of y = f(x) is translated / units to the left and k units upwards. What is the
new equation? (1 mark)

b. The new equation is dilated by a factor of a parallel to the x-axis and a factor of b parallel to the y-axis.
What is the new equation? (1 mark)
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a. Had the dilations in part b. been completed first, before the translations in part a., what would be the final
equation? Are the final equations the same? (2 marks)

b. Take the equation 7y = —%(x +3)* 4+ 6. Which transformations and in which order would be required to

result in a final equation x = y? ? (4 marks)
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Answers and marking guide
11.2 Translations

Question 1

x' X a
= +
@, y)Y=Gx+a,y+Db)

«,y)=(=3+52-3)
=@2,-1)

Question 2

-0

The image equation for the two coordinates is:

x'=x+3
y'=y-1
x=x'-3
y=y' +1
y=x—-95
y+1l=x"=-3)-5
yl:x1_9
Question 3
ERIRn
= +
Y y -1
X =x+2
y' =y —1 [1mark]
x=x'"—-2
y=y+1
y=x>+1
y +1=(x"—2)"+1 [1mark]
Y= =2

.. the image equations is y = (x — 2)2. [1 mark]

Question 4
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(@, b)—> (-2a,-3b)=>x'=x—3a, y=y—4b

Question 6

X' =x+p,y=y+gq

.. The image point is (a + p, b + ¢g). [1 mark]

Question 7

X =x+p, Y +gq
x=x"—p, y=y —q[lmark]
Y —q=f"—-p)

y—q=flx—p)

y = flx — p) + g [1 mark]

Question 8
y=@x=3"-7

y+7 = (x—3)* [1 mark]

y—k=(x—h)*

This is a translation of +4 horizontally and +k vertically.

ie., T; _3 [1 mark]

Question 9
y=(x+27"+3

VA
8 =]

Question 10

The coordinates of the image point are:

X=x-—py=y—gq
The image point is (—a — p, b — q).

11.3 Reflections and rotations

Question 1

The coordinates of the point (-5, —2) after a reflection in the y-axis are (5, —2)

Question 2

Anticlockwise rotation is represented by [

1
Here the angle is 60°, giving 2 [

cosf@ —sinb
sin 6 cos O

1 —\/ﬂ

© John Wiley & Sons Australia, Ltd
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Question 3
b =5 ol ) e
N
—X
x=—=y,y=x" [1mark]
2y—-3x=1

2x'+3y' ' =1=>2x+3y=1 [lmark]

Question 4

¥

Question 5

X=-xy =y

Image is (—a, b) [1 mark]
xll — xl’ yl! — _yl

Final point (—a, — b) [1 mark]
Question 6

X=—x, Y=y

x=—x', y=y [1mark]

y = —[x' 4+ 3(') + 1 [1 mark]
y = —x> 4+ 3x+ 1 [1 mark]

Question 7

X=x, Y =-y

x=x', y=—y [1mark]

—y' = [¥'T* + (') + 1 [1 mark]
y= —x?> —x — 1 [1 mark]

Question 8
Substitute (—x) for x.
g(—x) = (—x)” + (=)

=x% —x, [0, o]

Question 9
If y = x> — x?, when reflected in the x-axis,
the graph becomes y = x* + x?, and if y = —x> — x2,

is reflected in the y-axis, the graph becomes y = x* + x°.

Question 10
On reflection, y becomes —x and x becomes —y
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Question 11
y' = —y; negative sign is placed in front of the equation. [1 mark]
y = —(x2—5x+6)
= —x? + 5x — 6 [1 mark]
Question 12
y':x is changed to negative x. [1 mark]
Y =2(=x)*=3(-x) =7
= 2x* + 3x — 7 [1 mark]

11.4 Dilations
Question 1
] _[4 o] [-3
b=l 3 7]
_[4x-3+0x1
a. T 0x-3+3x1
12
_ 3]

s (=3,1) = (=12,3) [1mark]
b. A dilation of factor 4 from the y-axis (parallel to the x-axis) [1 mark]
and a dilation of factor 3 from the x-axis (parallel to the y-axis). [1 mark]

Question 2

o] =[o 3 b} e

=l

Y [3y
X' =x
' =3y

y:

LY

Sy = g [1 mark]
1

, x=2

Yo

3 =2
l_x3

Y x' =2

.. the image equation is y = % [1 mark]
x —

Question 3

] [t o] [-6

y| 10 2f] 2
_[1x-6+0x2
T 0x—6+2%x2
_[-6
| 4

(_—6, 2) - (—6,4)
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Question 4
a dilation parallel to the y-axis by a scale factor of 4.

Question 5
a dilation parallel to the y-axis by a scale factor of 8.

Question 6

x' =pa, y =b [1 mark]

The image point is (pa, b). [1 mark]
Question 7

X=x, y =9

/

x=x, yzyg[lmark]

% = @')* +x + 1 [1 mark]
y = 9(x* + x + 1) [1 mark]

Question 8
y = x_2
B
y= (Z) . This is a dilation of 4 parallel to the x — axis. [1 mark]
_x
T |
b. % = x2. This is a dilation of e parallel to the y — axis. [1 mark]
16

Remember; in equations, dilations divide.
Question 9
Y
y = (3 becomes 2 =f<%x> >y= 5f<§>

Question 10
a dilation from the y-axis by a scale factor of 2.

_ z)z_x_z
Y= \2 4

11.5 Combinations of transformations

Question 1
The matrix Dy, is a dilation parallel to both the x- and y-axes (k; and k, are the dilation factors).

Question 2

X -1
| =[]
First transformation:
x| 12 0] |-1
yl 10 1 3

-2
=[ 3] [1 mark]
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Second transformation:

x| -1 0] [|-2

y| 0 1113
2

= |5 [1 mark]

Third transformation:
x'"[ |2 + —4
y'| |3 5

-2
= [ 3 ] [1 mark]

So(=1,3)>(=2,3)

Question 3 )
x' -1 0|0
A Yl 10 —1] [0
_ [0
B 0
x' (-1 0] [0
B: v [0 —1f [2
— -0-
= B
x' —1 0][3
c: Y10 -1]]2
— __3_
= B
x' -1 o3
Al v | 0 —1f [0
_ [—3
10

SA(O, O),-B’ 0, =2), C' (=3, =2), D' (=3, 0) [1 mark]
.". Original rectangle is reflected in both the axes. [ 1 mark]
.. The area is unchanged. [ 1 mark]

Question 4

(a,b) = (pa,b) [1 mark]

(pa,b) = (pa, gb) [1 mark]

(pa, gb) — (—pa, qb) [1 mark]

(—pa, gb) = (—pa + m, gb + n) [1 mark]

.. The final image point is (—pa + m, gb + n).

Question 5

5
y =X > y= <£> [1 mark]

5 5 5
y = <f) NP <f> >y= q<f) [1 mark]
P q p p

5
z > [1 mark]
p

<
Il
BN
N
=
N~
(ot
l
<
Il
Q
N
0
m‘k
-
N~
W
2
=
Il
|
Q
N
|
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’ =m\’ a=m\’
y=—q<£> _,y_nz_q< > +y=—q< > +n [1mark]
p p s p

.The final equationy = —q<(x — m)) + n. [1 mark]
4
Question 6
1 010 1f_ [0 1
0 21|11 0] 120
Question7
a m a+m
[b] + n] = [b+n] [1 mark]
1 Off|a+m a+m
[o —1] [b+n] - [—(b+n)] 1 mark]

.. The final image point is [a + m, — (b + n)]. [1 mark]

p Of|al _ |pa
2 ] <[] e
cos(45°) —sin(45°)| [pa| \/5 pa—>b
sin(45°) cos(45°) b T pa+b
\/_

2 2
.. The final image point is g (pa —b), - (pa + b). [1 mark]

Question 8

] [1 mark]

Question 9

A reflection in the x-axis, a translation of 2 units in the positive direction of the x-axis, followed by a

translation of 4 units in the positive direction of the y-axis.
Yh

6_

b —{
e

o
=Y

Question 10

2
The graph is y = 2 cos (2x) which has an amplitude of 2 and a period of T = 7” =7

11.6 Review

Question 1

x' _ x] + [—5]

'y 4

[x'] _ '—a] N [—5]

V'] | b 4

[x'] _ [—a — 5] _ [— (a+5)
| T b+4 b+4
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Question 2
=0
y y —-q
C=p’+O0+g’ =1

=@-p+p +G+qg—q =1
=x>+y’ =1

Question 3
2 0110 1f_ [0 2
0 2|11 of [2 0

Question 4

Reflection in the y-axis changes the sign of the x coordinate.

Point is now (—a, b).

Dilation from the y-axis multiplies the x coordinate by the given factor, 3. Point is now (—3a, b).

Question 5

f = 1ol 1l Bl o STEL =T

X=—x, Y=y

y=x

Y= (=) = ()
Dropping dashes
y=x

Question 6

Dilation of factor 0.5 from the y-axis
Horizontal translation of 2
Vertical translation of 3

Question 7

(2, —3) is reflected in the line y = x the point then becomes (-3, 2), by the matrix [(1) 0

(—3,2) is dilated parallel to the y-axis by a scale factor of 2, so that it becomes (—3,4) , and the matrix is

0 1 therefore ¥ _ |01 2|7
20 y| 12 of[-3] |4
Question 8

y—k=f(x—h)
y=fx—h)+k [1 mark]

X=f<f—h>+k
b.b a
y

::M(x_ah>+bkﬂnmﬂd
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Y

(3)

Step 1: a dilation of factor 23—8 parallel to the y-axis. [1 mark]

=—(x+3)°+8

d. 7y:—%(x+3)3+6:>

>y=—(x+3)’+8
Step 2: a translation of 3 units to the right and 8 units downwards. [1 mark]

>y=—x
Step 3: a reflection in the x-axis. [1 mark]
>y=x
Step 4: a reflection in the line y = x. [1 mark]
> X = y3
Question 9
x’=2x—1:>x=x +1
2
4—y

y==-3y+4=>y=

4—y’_<x’+1>2

3 2 )
"+1

y,=4_3(x—+)

4
3+ 1)°
- =
Question 10
y=xintoy=(4x—6)+1ory—1=(4x—6)’, theny =y — 1 and x = 4x’ — 6 becomes

¥ =242 20250+ 15andy =y + 1 in matrix form H B [0'25 O] H " [1.5
472 ’ vonb

3

y=4

Question 11

, X
X = -
o3
y =2y

ATET L
MR HEENIN
Y 2y 0 2|
Question 12

There has been a horizontal translation of +4 and a vertical translation of —7. [1 mark]
There has been a dilation factor 6, parallel to the y-axis. [1 mark]

Question 13
a. y—k=fix—nh)
y = flx — h) + k [1 mark]

b. Z=f<f—h>+k
b a
y

= bf<x_ah> + bk [1 mark]
a
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C. X=f<£> [1 mark]
b a
y—k (x—h
b _f( a >
y=w<£:ﬁ>+kﬂmmm
a
¢7y=—%u+3f+6: Y _(x+3)+8

28
o 28 :
Step 1: a dilation of factor 3 parallel to the y-axis. [1 mark]

=>y=—(x+3)+8
Step 2: a translation of 3 units to the right and 8 units downwards. [1 mark]

>y= —x?

Step 3: a reflection in the x-axis. [1 mark]
>y= X

Step 4: a reflection in the line y = x. [1 mark]
> X = y3
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[ 2 Functions, relations anad
graphs

12 Functions, relations and graphs
Subtopic 12.2 The absolute value function
=)
c
o
To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.
Question 1 (5 marks)
Given the function f(x) = 4 — |3 — 2x|
a. Sketch the graph of y = f(x) stating the range.
(3 marks)
b. Determine {x: f(x) < 3}.
x€e [ (2 marks)
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Topic 12 Subtopic 12.2 The absolute value function

Question 2 (2 marks)
Solve |5 —2x| > x.
Answer =[]

Question 3 (3 marks)
Sketch the graph of y = |x* + 2x — 3| and solve |3 — 2x — x?| < 5.
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Topic 12 Subtopic 12.2 The absolute value function

Question 4 (2 marks)

If |x| = —|x| + 1, show that x = i%.

Question 5 (1 mark)

Which one of the following is not true about the function
f:R > R, f(x) = |ax + 3al|?

A. The graph of fis continuous for x € R.

B. The graph of f’ is continuous for x € R.

C. f(x) > 0 for all values of x.

D. ' (x) = afor all x > 0.

E. None of the above.

Question 6 (4 marks)

The graph of y = |x — 1] is translated by 2 units to the left and then reflected in the x axis. This reflected
graph is now subject to a dilation of 3 units parallel to the y axis and 2 units parallel to the x axis. Find the
final equation.
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12 Functions, relations and graphs
m 12.3 Partial fractions

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (1 mark) .
The partial fraction decomposition of —— can be expressed A, B, C, where, and are non-zero real

x+2)
numbers, as
A B
. + 5
x+2) (x+2)
A B
B. >+ 3
x+2) x+2)
A B
C. ——+ .
x+2) x+2)
A B C
D. + > + 3
x+2) x+2° (+2)
A B Cx

. + +
x+2)  x+2? x+2)°

Question 2 (1 mark)

The partial fractions decomposition of > is given by
a—x
AL+ 1
a—x a+x
1 1
B.
a—x a-+x
1 1
C. -
a—x a+x
D. ! + !
2(a—x) 2(@+x)
E. 1 1

2+x 2a—x
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Topic 12 Subtopic 12.3 Partial fractions

Question 3 (1 mark)

The partial fractions decomposition of — s given by
x? (x2 + az)
A B
A. — +
x xX+d
B. 24 B
x X +d
A B Cx+D
C. -+—
x x* +d
A B Cx
D.—+—=+
x XX x¥+ad
A B C
E.—+—-+
x XX xX¥+d
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12 Functions, relations and graphs
m 124 Reciprocal graphs

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (3 marks)
1

Sketch the graph of y = ———.
grap Y 2 +2x-3
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Topic 12 Subtopic 12.4 Reciprocal graphs

Question 2 (4 marks)
Sketch the graphs of each of the following

1
a.y=
Y 2 +9

(2 marks)
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1

bh.y= ———
Y 2+6x+9

(2 marks)
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Question 3 (3 marks)

Given the function y = ; determine the values of &, for which the function has:
x> +kx+ 16
a. two straight line vertical asymptotes
k=[] (1 mark)

b. one straight line vertical asymptote
k=[] (1 mark)

¢. no straight line vertical asymptotes.

k= (1 mark)
Question 4 (2 marks)
1
Find the equations of the vertical asymptotes of m, where f(x) = x? — 3x — 4.
X

Question 5 (2 marks)

The graph of J% has vertical asymptotes of x = 2, x = 0, x = —1. Give a possible equation for f(x).
X

Question 6 (1 mark)
Comment on the reciprocal graph of f(x) = x> + 1.

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 11 Specialist Mathematics VCE Units 1 & 2 Second Edition 9



Exam question booklet | Topic 12

12 Functions, relations and graphs
m 12,5 The reciprocal trigonometric functions

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (1 mark)
Sketch the graph of the function f: [-37,37] - R, f(x) =2 cot <§>
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Topic 12 Subtopic 12.5 The reciprocal trigonometric functions

Question 2 (1 mark)
Sketch the graph of the function f: (=37,37) — R, f(x) = 3 sec (%)
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Topic 12 Subtopic 12.5 The reciprocal trigonometric functions

Question 3 (1 mark)
Sketch the graph of the function f: [-37,37] — R, f(x) = 2 cosec <§>

Question 4 (1 mark) .
The graph of y = 3 sec 2 has a range of:

A. R

B. (-0, F|U[F )
C. (=00, =3]U[3, o0)
D. (—o0, —2]U[2, o0)
E. (oo, 21 U [3L, o)
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Topic 12 Subtopic 12.5 The reciprocal trigonometric functions

Question 5 (1 mark)

1
The graph of y = 5 sec (27rx) has a period of:
A. 1

HOOQR
NI=g|— N o=

Question 6 (2 marks)
State the domain and range of y = 2 sec (2x) + 2.

Question 7 (1 mark)

The graph of y = cot %:

A. crosses the x-axis at x = 27” and has a vertical asymptote at x = %
B. crosses the x-axis at x = 7z and has a vertical asymptote at x = 27
C. does not cross the x-axis and has a vertical asymptote at x = ZT”
D. does not cross the x-axis and has a vertical asymptote at x = %

E. none of the above.

Question 8 (2 marks)
If sin (x) = 2, find the value of cosec (x).

Question 9 (2 marks)
If cot (x) = p, find the value of sec (x).
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Topic 12 Subtopic 12.5 The reciprocal trigonometric functions

Question 10 (3 marks)
If cosec (x) = \/5, T<x< 37”, find sec (x).

Question 11 (2 marks)
The graphs of y = cosec (bx) and y = sec (bx) intersect at P.
If 0 < bx < 27, what are the coordinates of P?

Question 12 (3 marks)
Find the vertical asymptotes of the graph of y = sec <Z> x,—a<x<a.
a
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12 Functions, relations and graphs

Subtopic 12.6 Inverse trigonometric functions

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (1 mark)
Consider the function, f, defined by f(x) = ! . The maximal domain of fis

-1 (3 — 4x>
cos
5

@)

|

= D=
L

V)
N———
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Topic 12 Subtopic 12.6 Inverse trigonometric functions

Question 2 (6 marks)
Sketch the graph of the following, stating coordinates of any axial intercepts and the coordinates of any
endpoints.

a.y =sin™! <3x—2>
4

(3 marks)
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3—2x
b. y = cos™!
g < 6 >

(3 marks)
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Topic 12 Subtopic 12.6 Inverse trigonometric functions

Question 3 (3 marks)
Sketch the graph of y = itan‘1 (3x) stating the equations of any asymptotes.
T
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To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (4 marks)
Answer the following
a. Determine the equation of the circle which has a domain of [1, 7] and range of [-2, 4].
Express the equation in the form (x — h? + (y —k)? =12
Equation: [] (2 marks)

b. Determine the equation of the ellipse which has a domain of [—4, 6] and range of [—2, 6].
C=h’  G=R

= e 1.
Equation: [] (2 marks)

Express your equation in the form

Question 2 (3 marks)
Show that x> — 4x 4+ y> + 6y — 12 = 0 represents a circle, sketch its graph, stating the coordinates of the
centre and the domain and range.

Question 3 (3 marks)
Show that 49x? + 294x + 25y> — 200y — 384 = 0 represents an ellipse, sketch its graph, stating the
coordinates of the centre and the domain and range.
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Topic 12 Subtopic 12.7 Circles and ellipses

Question 4 (1 mark)

The circle (x—2)2 +O+ 3)2 = 25 can also be represented as
A X +4x+yP—6y+12=0

X2 —4x+y* + 6y =38

X2 —dx 4y +6y—12=0

. X2 +4x+y? — 6y =38

X+ 4=y +6y+12=0

2o 0OW

Question 5 (1 mark)

The graph of a circle touches the x-axis at x = —3 and touches the y-axis at y = 3. Its equation is given by
A. X +6x+y>—6y=9

B. x> +6x+)y>—6y+9=0

C.x>—6x+y*+6y+9=0

D. x> —6x+y*+6y=9

E. x> +y>+3x—3y=9

Question 6 (2 marks)
Find the coordinates of the centre and the radius of the circle x> + y> — 4x + 6y + 9 = 0.

Question 7 (3 marks)
Find the coordinates of the point(s) of intersection of the circle (x — 3)2 +O+ 4)2 = 16 and the x-axis.
Comment on your answer.

Question 8 (3 marks)
Find the equation of the locus point which is always \/Ep units from the point (p, p).
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Topic 12 Subtopic 12.7 Circles and ellipses

Question 9 (1 mark)

The equation p (x> + 2x) +y? = 1 will represent an ellipse if
A.p>0

B.p>1

C.-1<p<0

D.p=1

E.p=+l1

Question 10 (1 mark)
Find the equation of an ellipse whose horizontal semi-axis is 1, vertical semi-axis is 2 and whose centre is
(3,-9).

Question 11 (2 marks)

. - .2 +5)
Find the exact values of the axial intercepts on the ellipse — + =1
400 900

Question 12 (2 marks)
For a particular ellipse, the semi-major axis is 3 and the semi-minor axis is 5. The centre of the ellipse is the
point (=2, —1). State the equation of the ellipse.

Question 13 (2 marks)

4)2 — 1)
Find the coordinates of the vertices of the ellipse & -; ) + O 5 ) =1.
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Topic 12 Subtopic 12.7 Circles and ellipses

Question 14 (1 mark)
An ellipse has a domain of (—3, 11) and a range of (—7, 1). Its equation is given by

(+4’ =3

A 1

49 ) 5

— 4
g &= O+

49 5 16 5

—4 3
c & D O+,

49 5 16 5

—4

p &3 -9

16 5 49 5

—4

O 08

49 16
Question 15 (1 mark)

-2 20y +3)

The ellipse with the equation x=2) + O 5 ) = 2 has a maximum y-value of
A.3+4/5
B.5-1/3
C. -3+1/5
D.3—1/5
E.5+13
Question 16 (1 mark)
The coordinates of the centre of the circle x> + 4x + y* = 36 are
A. (0,-2)
B. (=2,2)
C. 2,0
D. (=2,0)
E. 2,2)
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Topic 12 Subtopic 12.7 Circles and ellipses

Question 17 (1 mark)

In equation x> + px + y*> = —4 a circle will not be formed when p is equal to:
A. 4

B. -5

C.6

D. 5

E. -6

Question 18 (1 mark)

2 2
(=2 20+3)

5 = 2 has a maximum y-value of

The ellipse with the equation

A.3+1/5
5-13
—3+1/5
3-45
5443

HEOQR

Question 19 (1 mark)
An ellipse has a domain of (—3, 11) and a range of (-7, 1) Its equation is given by

(+4’ =3

A 1
29 "6
- 4
B. (x=7) +(Y+ ) —1
49 76
—4 3
¢ U O+
29 "6
—4
D. (x+3) +(Y ) —1
6 49
—4
E. (x+3) +()’ ) — 1
49 16
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Question 20 (1 mark)
An ellipse has a horizontal semi-axis length of 4 and a vertical semi-axis length of 3.
Given that the centre of the ellipse has coordinates (—1, 3), the ellipse is:

G+’ -3 _

A. 1

6 9
-3

p WD 0=
6 9

o G- 43

© 16 9
- 3

p, Lo X, 04D
6 9

NS M k.
9 16
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only

Question 1 (3 marks) .
Determine the equation of the hyperbola that has asymptotes given by y = —0_—5 and vertex at the points

(4, 0).
2 2

Express your equation in the form — — M-
a b?
Equation: []
Question 2 (4 marks)
A hyperbola has the equation o > ) _ b 7 ) = 1, asymptotes given by y = S?x andy = —% —6anda
a

vertex at the point (0, — 3).
Determine the values of £, k, a and b.

h=[k=a=01,b=

Question 3 (4 marks)
Show that 9x?> — 54x — 16y? — 64y — 127 = 0 represents a hyperbola, sketch its graph, stating the
coordinates of the centre, the domain and range and the equations of any asymptotes.

Question 4 (1 mark)
The asymptotes on the graph of y = 3 + 4 are:
2(x—1)
A.x=1,x=4
B.x=-1,x=4
C.x=-1,y=4
D.x=1,y=4
1
E.x=—-,y=4
> y
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Topic 12 Subtopic 12.8 Hyperbolas

Question 5 (1 mark)
The equation for the hyperbola shown is

"

10

12

A.(y—;)—xzzl

—1)?
B.(yg)—x2=1
c 0=D 2 _
"9 36
D x—z—(y_l)2=1
" 36 9

—1)? 2
r -0 I

9 6

Question 6 (3 marks)

x+5

Find the equations of the asymptotes of the hyperbola

Question 7 (4 marks)

The equations of the asymptotes of a hyperbola are y = +2x and the x-axial intercepts are (iZ \/5, 0). Find

the equation of the hyperbola.
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Topic 12 Subtopic 12.8 Hyperbolas

Question 8 (1 mark)
—_— 2 —_—
The hyperbola & zp) + O = 1 has asymptotes given by:
a
a
b(x—p)
B.y= tq
a
b(x —
C.y=- &—p) tq
a
b(x —
D.y= iM +4q
a
b(x—p)
E.y=+ —q
a
Question 9 (1 mark)
A hyperbola has asymptotes given by y = 2x and y = —2x — 8. Which one of the following could be its
equation?
CLEICLL
2)? — 4y
p OE2_ 0=,
2 2
4
C. x+2° O0+4 _ 1
4 ) 16 )
— -4
p 6= =4 _
4 5 16 )
- -4
g G=2' 0=’
2 4

© John Wiley & Sons Australia, Ltd
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>
c
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To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.
Question 1 (4 marks)
Answer the following
a. Convert each of the following to polar coordinates, expressing 6 in radians.
i, (—1, \/5) -0 (1 mark)
ii. (—V3,-)=0 (1 mark)
b. Convert each of the following to Cartesian coordinates.
. 3
1. [4 2, _T] =04 (1 mark)
2
ii. [8, ?] =0 (1 mark)
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Topic 12 Subtopic 12.9 Polar coordinates, equations and graphs

Question 2 (7 marks)
Convert each of the following Cartesian equations into polar equations.
a. x> +y>=49
r= [, circle (2 marks)

b. 5x— 12y = 13
r= [, line (2 marks)

X2 y2

c. —+—==1
49 25
r* = [, ellipse (3 marks)
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Question 3 (7 marks)
Convert each of the following polar equations into Cartesian equations and sketch the graphs.
a. r = 7sin (20)

(2 marks)
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b. tan(@)+1 =0

(2 marks)
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3

c.r=——
1 + cos(6)

(3 marks)
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Question 4 (2 marks)
Convert (1, 1) to polar coordinates.

Question 5 (2 marks)
Convert [5, 150°] to Cartesian coordinates.

Question 6 (3 marks)
The line from the origin to the point (x, y) makes an angle of 8°with the x-axis. If tan (6°) < 0, what
conclusion can be made about the value of y?

Question 7 (2 marks)
Find the distance parallel to the x-axis between A [2,30°] and B [8, 30°].

Question 8 (3 marks)
Find the distance between A [2,45°] and B [4, 60°].

Question 9 (2 marks)
Rewrite y = x? as a polar equation.

Question 10 (2 marks)
Rewrite r = 2 as a Cartesian equation.
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Topic 12 Subtopic 12.9 Polar coordinates, equations and graphs

Question 11 (3 marks)
Rewrite y = \/gx as a polar equation.

Question 12 (3 marks)
Rewrite (x — 3)* 4 (v + 4)* = 25 as a polar equation.

Question 13 (4 marks)

Rewrite r = —————— as a Cartesian equation.
1 + cos(6)

Question 14 (1 mark)

Written as a Cartesian equation, r = a is:
A. x+y=ad

B.x+y=a

C.x*+y’=a

D. V/x2+y2=d?

E. A+ =a
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Question 1 (4 marks)
Given the parametric equations x = cos (¢) and y = cos (2¢) for 0 < ¢t < 27, determine the Cartesian
equation and sketch the graph, stating the domain and range.

Question 2 (4 marks)
Given the parametric equations x = 4 cos (f) and y = 3 sin (¢) for 0 < ¢ < 27, determine the Cartesian
equation and sketch the graph, stating the domain and range.

Question 3 (4 marks)
Given the parametric equations x = 3 sec () and y = 4 tan (¢) for 0 < ¢ < 27, determine the Cartesian
equation and sketch the graph, stating the domain and range.

Question 4 (1 mark)
Find the Cartesian equation with the parametric form x = ¢, y = 21> — 1.

Question 5 (3 marks)
Find the Cartesian equation with the parametric form x = 2 cos (8), y = 5sin (6).

Question 6 (3 marks)

4 2
Find a suitable parametric form for (i) — <§> =1
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Question 7 (2 marks)
Find the Cartesian equation with the parametric form x = 2¢, y = (1 — t2)2.

Question 8 (2 marks)
Find the Cartesian equation with the parametric form x = 1/(t +2), y = £.

Question 9 (3 marks)
Find the Cartesian equation with the parametric form x = 2 cos (8), y = 2sin (6). Describe the shape of the
curve.

Question 10 (3 marks)
Find the Cartesian equation with the parametric form x = 3 cos (8), y = 2sin (8). Describe the shape of the
curve.

Question 11 (3 marks)
Find the Cartesian equation with the parametric form x = 3 sec (8),y = 5tan (6). Describe the shape of the
curve.

Question 12 (3 marks)
Find parametric forms for the equation of a circle with centre (2, —1) and radius 3.

Question 13 (3 marks)
Find parametric forms for the equation of an ellipse with centre (—3, —2), semi-major axis 4 and
semi-minor axis 2.
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Question 14 (3 marks)
Find the parametric forms for the equation of a circle with centre (—2, 5) and radius 4.
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Question 1 (4 marks)
1

Express r = ————— in Cartesian form.
1+ cos(6)

Question 2 (2 marks)
Determine the Cartesian equation with the parametric form x = v/t +2, y = £.

Question 3 (1 mark)

The equation p (x> + 2x) + y* = 1 will represent an ellipse if
A.p>0

B.p>1

C.-1<p<0

D.p=1

E.p=+l1
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Question 4 (1 mark)
The equation for the hyperbola shown is
YA
10
\\\\\ N /////
<771 ',L/"><\'\\'\' T I:x
-10 j§,-6’ \6\§\ 10
-~ _5_ >~
-10
Y
1 2
A. (y-; ) —x*=1
—1?
B. O 9 ) - =1
c 0= 2 _
9 36
o 2 _0=D
" 36 9
—1)? 2
E. 0-b —-——=1
9 6

Question 5 (4 marks)
a. Show that the graph defined in polar form r = 2 and the graph of the parametric equations x = 2 cos (¢),

y = 2 sin (¢) both give the circle x* + y*> = 4. (2 marks)
b. Show that the graph defined in polar form r = 1#@ and the graph of the parametric equations
— cos
x=cos(2t), y= 2\/5 cos (#) both give the parabola y> = 4 (x + 1). (2 marks)
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Question 6 (1 mark)
The graph of y = |3 — x|, is reflected in the x-axis and then in the y-axis, it becomes the graph of

A.y=|3—x|
B.y=|3+x|
C.y=—|3—x
D.y=—|3+x
E. y=3—|x|

Question 7 (1 mark)
What is an asymptote?

Question 8 (1 mark)
Explain why it is possible to have a horizontal asymptote.
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Question 9 (10 marks)
a. Answer the following.
i. Rewrite r = 4 as a Cartesian equation. (4 marks)
b—pcos(6)
ii. What shape is the curve if b = p? (1 mark)

b. Answer the following.

i. Rewrite 1 = M as a Cartesian equation. (4 marks)
b—pcos(6)
ii. What shape is the curve if b = p? (1 mark)
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Answers and marking guide
12.2 The absolute value function

Question 1
ay=f(x)=4—|3 -2
Crosses the x-axis when
4=3—-2xand —4 =3 —2x
2x=—1 2x =17

X=—— X = -

2
<—l,0> <Z,O> [1 mark]
2 2

Crosses the y-axis whenx =0: y =4 —|3| =1
©, 1)
The vertex is at (%, 4)

The range is (—o0,4) [1 mark]

[1 mark]
b. {x:f(x) <3}

4—-13-2x|<3
3—2x] > 1
3—2x<—-lor3—2x>1
Cov<—4  —0x> —p1mark]
x> 2 x<1

Sox € (—o0,1)U (2, 00) [1 mark]

Question 2
|5 —2x] > x
5—2x> x and2x—5>x
52 35x x5 [1 mark]
x< —
3
So <—oo,§ U [5, c0) [1 mark]
Question 3
oy=x>+2x-3
Consider
=x+3)x—1)

Crosses the x-axis at x = —3,1 (=3,0) (1,0)
Crosses the y-axis at y = —3 (0, —3)
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y=x*+2x-3
=x’+2+1-3-1
=(x+1)7>-4

The minimum turning point is at (—1, —4)
The graph of y = [x* + 2x — 3|
crosses the x-axis at (—3,0) (—1,0) and the y-axis at (0, 3) and has a maximum point at (—1,4). [1 mark]

»\':|x2+2,\‘73|

(0,3)

[1 mark]
X +2x=3=5
X +2x—8=0

SOl ) (x—2)=0
x=-4,2

So |x¥*+2x—-3|<5

. —4<xx<2
Gives x e [=4.2] [1 mark]
Question 4

x| = [xf + 1
2x| =1 [1 mark]

1
=3
1
>x= 15 [1 mark]

Question 5
The function has a sharp point at x = —3. The gradient function is not continuous at x = —3. A sharp point
is called a cusp.
Question 6

y= =1

y=1G&+2) -1

=|x+ 1] [1 mark]
y=—lx+1| [1 mark]
L= 5+ [1 mark]
3 2
3
y= —5|x+2| [1 mark]
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12.3 Partial fractions

Question 1
Since we have a repeated factor
X A B C

3= + ;T 3
x+2° @+2) x+2)° *x+2)
The correct answer is D.

Question 2

a _ A + B
a? — x? a—x a+x

_Ala+x)+B(a—x)
(a—x)(a+x)
_x(A=B)+a(A+B)
a? —x?
() A—B=0 =>A=8B
1
2) a(A+B)=a :A=B=5
a 1 1
= +
a—x2 2(@-x) 2(a+x
The correct answer is D.

Question 3
X 1 A Bx+C
= = - ,x#0
X2 (x2+a2) x(x2+a2) X 2+ ad? *
The correct answer is B.
12.4 Reciprocal graphs
Question 1
1
Y T P in-3 Pix+l-4
) 1 [1 mark]

G+1P2—4 @+3)x-1)
Does not cross x or y-axis

Vertical asymptotes x = —3,x = 1
Horizontal asymptote y = 0

Maximum turning point at (—1, —i) [1 mark]
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Question 2
1

¥ +9
No vertical asymptote
y = 0 horizontal asymptote

ay=

Maximum turning point <0, é) [1 mark]

[\5)
S

[1 mark]
b. = !
X +6x+9
_ 1
(x+3)*
x = —3 is a vertical asymptote

y = 0 1is a horizontal asymptote

Crosses y-axisx =0 y = é <0, é) [1 mark]

V)

1
y =
T2+ 6x49
y=0

T T
1 2

-
X

o —

[1 mark]

Question 3
1

X +kx+ 16
A = b* —dac
a=1,b=k,c=16
A=k —4x16
=Ik> — 64
Two straight line vertical asymptotes
A>0
K> > 64
|k| > 8
(—00,—8) U (8, 00) [1 mark]

a.y=
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by=—
x> +kx+16
A =b* —4ac
a=1,b=kc=16
A=k —4x16
=k>— 64

One straight line vertical asymptote
A=0
kK =64 [1 mark]

k=+8
1
c.y=———
X +kx+16
A = b* —dac
a=1,b=k,c=16
A=k>—-4x%x16
=k*—64
No straight line vertical asymptotes
A<O
k> < 64
|k| < 8
(-8, 8) [1 mark]
Question 4

X2=3x—4=@x—-4x+1)  [1mark]
1

.. Vertical asymptotes are x = 4,x = —1 [1 mark]
Question 5
1 1

1 k-2a+ 1D

1
) =+ 1)

[1 mark]

Jx) =kx(x —2)(x+1) [1mark]

Question 6
The graph has no vertical asymptotes. It has the x-axis as a horizontal asymptote. [1 mark]

12.5 The reciprocal trigonometric functions

Question 1

f

y

[—37,37] — R, f(x) = 2 cot <§)

0

Vertical asymptote sin <§> =0

X

2
x

=-m,0,7

= —27,0,27 [1 mark]

Exam question booklet | Topic 12
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Crosses x-axis y = 0 cos (%) =0

X T 37

—=t+—,+—

2 2’72

X = =47, +37

(=37,0), (=m, 0),(m, 0),(37, 0) [1 mark]

[1 mark]
Question 2

f: (=37m,37) > R, f(x) =3sec (%

by 3
=3sec| - )| = ———
g <z> <>
cos

Does not cross the x-axis.
Crosses the y-axis when x = 0:

cos (0)
=3
y-intercept at (0, 3).

. X
Vertical intercepts occur when cos <5> =0:

)
cos | =
2
X
2
x

7T 7 [1mark]
27 2
-, T

Turning points occur when cos <§> = —1lorcos <§> =1:

cos(£> =-1
2
X
—=-7, T
2
x=-=-2m, 27
cos<£> =1
2
X _ o
2
x=0

Turning points:
(—2m,-3),(0,3), (27, —3) [1 mark]

Exam question booklet | Topic 12
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fI=37, 37— R, flx) = 3sec(%)

I
W
3

X

[1 mark]
Question 3

£ [=3m,37] = R, f(x) =2 cosec (g

<x> 2

y=2cosec| = | = ———

2 . (x)
sin

Does not cross x-axis or y-axis

Vertical asymptotes sin (g) =0

o —7,0, 7

2

x =—27,0,27 [1 mark]]

Turning points

(_377:’ 2) ’ (_775 _2) ’ (71'5 2) (371" _2) [1 mark]
i YA

<

I
I
I
I
I
I
I
I
I
I
I
l
T T T 0
3z 72{5 5 n 2}7[ 3z
I
I
I
I
I
I
I
I
I
I

x=-2r

[1 mark]

Question 4

y=3sec£=

Range: (—o0, =3] U [3, o)

Question 5

1 1
y=—sec2nx = ———
) 2cos 2mwx
Period T = il =1
2

Exam question booklet | Topic 12
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Question 6

y=2sec2x+2 = 2

cos 2x
Vertical asymptote when:
cos2x =0
T 3n 5m 2n+1)nm
>2%=—, —, —, ————

2727 27 2
_@n+Dr

+2

> X

Domain: x € R\

{W} n e Z [1 mark]

Range: (—o0, 0] U (4, —oo] [1 mark]

Question 7
3x

3x CosF

y=cot— = 3
2 sin 5

Crosses the x-axis when:

cos§=0

E
2 272
Vertical asymptote when:

. 3x 3x 27
sin—=0,7=> —=7=>x=—
2 2 3

T
xX=—,7
2

Question 8
sec(x) =2

cos (x) =

Question 9
cot(x) =p = tan(x) = l
14

sec? (x) = 1 + tan? (x)

0]

=1+ 1 [1 mark]
P

sec(x) =+ <1 + %)
p

= ilm [1 mark]
p
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Question 10
x lies in the third quadrant where sec(x) is negative. [1 mark]

1 T
cosec (a) = \/5;\ sin (@) = — = a = — [1 mark]
V2 4
x=(r+a)
S

4
sec <%T> = L [1 mark]

V2
Question 11
y = cosec (bx)
y = sec (bx)
1

sin (bx) " cos (bx) = tan (bx) = 1, sin(bx) # 0, cos (bx) # 0

tan (bx) = 1 = bx = %, %” [1 mark]
_I 7

MRTARTA

y = sec (bx)

y= \/_’ V2
Points are <£, \/5), <5—7T —\/5) [1 mark]

4b 4b’
Question 12

Period of y = sec <E> xis 2w + T_ 2a [1 mark]
a a

Asymptotes where cos T)x=0 [1 mark]
a

. T T
.e.where | — | x=+—
<a> 2
1
a

x = +— [1 mark]

12.6 Inverse trigonometric functions
Question 1

Domain of cos™! <7x> is given by:
|3—4x
5
1<
5
—5<3-4x<5
—8<—4x<?2
8§>4x > -2

<1
3—4x

<1

22x2—l

_lsxsz
2

Domain of cos™! <3 —54x> is [—%,2]-
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fx) = ! will be undefined when cos™! (3 — 4x> =0:
—1 <3 - 4.x> 5
cos
5
cos =
5
3—4dx
5
3—4x=5
—4x =2
1
xX=——
2
So the maximal domain of f(x) = ! is (—l, 2]
1 (3 — 4x> 2
cos
5

The correct answer is E.

Question 2

a. Endpoints <—2,2> s <2, z)
3 2

Intercepts (2,0> , (O,—z)
3 6

YA

-

W[

—T

Y
3—2x
b. y = cos™!
g ( 6 >
3_2X‘Sl

—6<3x—2x<6

—9<-2x<3
—-3<2x<9

Domain: ‘

—Estg domain —2,2 [1 mark]
2 2 22

Endpoints <—§,O> , <2,7T>
2 2

. 1 Y
Crosses y-axisx =0,y =cos™! [ = ) = 3

(o, %) [1 mark]
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(NI

1~

[SIN-F
<Y

Question 3
y = itan_1 (3x)
T

Crosses x and y-axis at origin (0, 0) [1 mark]

lim <itan—l (3x)> L AV
T T

x—00 2
y = +2 horizontal asymptotes [1 mark]
YA
M y=2 iy
,,,,,,,,,,,,,,,,,, P I i
1
- (0, 0) _
T T T T T T T T 'x
<4 3 2 - 12 3 4
=2
<~ 2 Y e .
3]
/ [1 mark]

12.7 Circles and ellipses

Question 1
a. Circle: domain [1, 7]
Distance between is 7 — 1 = 6 so radius is 3

Centre at x = ﬂ =4

Range [—-2,4]
Distance between is 4 — 2 = 6 so radius is 3 [1 mark]

Centreaty= —— =1
Circle x—h)* + (y — k> = 12
(x—4)> + (y — 1)’ = 9 [1 mark]

b. Ellipse: domain [—4, 6]
Distance between is 10 — (—4) = 14 =2asoa =7

=3=h

Midpoint !

Range [—2, 6]
Distance between 6 — (—=2) =8 =2b,b =4

Exam question booklet | Topic 12
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Midpoint =2=k
Ay K2
Bitipse “—° 4 975 _ 1 14 mark]
a? b?
2 2
- -2
x=3) +(y ) =1 [1 mark]
49 16
Question 2

¥ —4dx+y?+6y—12=0
¥ —4dx+4+y?P+6y+9=12+4+9
(x—2)* + (y + 3)* = 25 circle [1 mark]
Centre (—2, 3) radius 5
Vertices (7, —3) (—3,-3)
(2,2) 2,-8)
Domain [-3, 7]
Range [—8, 2] [1 mark]
Crosses x-axis y = 0

x> —4x=12
x> —4x+4=16

x—27%=16

x=2+4
x=-2,6

Crosses y-axis x = 0

2+ 6y =12
Y +6y+9=12+9

(y+3) =21
y=-3x21

= —7.58, 1.58
YA
y=(x-27+(y+3)?=25
2.2

Question 3
49x? + 294x + 25y* — 200y — 384 =0
49 (x2 + 6x) +25 (y2 — 8y) = 384

49 (x* +6x+9) +25(y* — 8y +16) =384 +49x 9 + 25X 16
49(x + 3)* + 25(y — 4)* = 1225
<x+3>2+<y—4>2
25 49

= 1 ellipse [1 mark]
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Centre (—3,4)

Vertices (—8,4) (2,4) (—3,-3) (=3,11)
Domain [-8, 2]

Range [—3, 11] [1 mark]

Crosses x-axis y = 0

49 (x2+6x+9) =384 +49%x9

49(x + 3)* = 825

5v/33
7

=-7.1, 1.1
Crosses y-axisy = 0

25(y* —8y+16) =384 +25x 16
25(y — 4)* = 784

x=-3%

@+3)° -4’ _ AY

25 49 12+

Question 4
=22+ +3)?2=25
X —4x+4+yP+6y+9=25
¥ —dx+y?—12=0
Question 5
The graph of the circle has its centre at C (=3, 3) with a radius of 3. Its equation is given by
x+37°+(G-37>=32
¥ +6x+9+y?—6y+9=9
¥ +6x+y?—6y+9=0

Question 6

Centre: <—(_2ﬁ, _76> = (2, —3) [1 mark]
Radius: /22 + (=3)> — 9 = 2 [1 marK]
Question 7

x-axis, y = 0.
(x=3)* + (0 + 4> = 16 [1 mark]
(x—3=0
x=3,x=3
.. there is only one point, (3, 0). [1 mark]
The double answer indicates that the x-axis is a tangent to the circle at (3, 0). [1 mark]
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Question 8
Circle centre (p, p) radius \/Ep. [1 mark]
2
@—p)+G-p’= (\/5p> [1 mark]
x% 4+ y* — 2px — 2py = 0 [1 mark]

Question 9
We require p > 1, for the equation to represent an ellipse.

Question 10

2 2
a;& L0+

4(x —3)* + (y + 5)* = 4 [1 mark]
Question 11

2 45 |
400 900
x-axis,y = 0:
2 0+5 .
400 900
xX=4 10 3 35 [1 mark]

y-axis,x = O:
2
0 + +95) _q
400 900
y = 25,—-35[1 mark]

Question 12
@—m2+@—@2_

a? b? !
2 2
(x —§;2)) + - (2—1)) — 1 [1 mark]
2 2
(x+92) LY ;’51) — 1 [1 mark]

Question 13
2 2
=h’ =k _
a? b?
Horizontal:
(htak)y=(—4+2,1)

=(—6,1),(-2,1) [1 mark]

1

Vertical:
(hk+xb)=(—4,1+3)

=(—4,4),(—4,-2) [1 mark]

Question 14

Given that the domain is (—3, 11), the x-value at the midpoint of this interval is # = 4. This is the

x-coordinate of the centre of the ellipse. Also, a = 7 and the range is (—7, 1). The y-value at the midpoint of

this interval is kK = —3. This is the y-coordinate of the centre of the ellipse. Also, b = 4, and the standard

equation of the ellipse is:

a=h 0=k _
a’ * o

=4 ¢+3)°
o, + =
49 16

1

S 1.
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Question 15
u—mz+@+$2_

1
8 5
Maximum when x — 2 = 0:
(+3)°=5

y+3=1/5
y=-3+15

Question 16

X +4x+y> =36

X +ax+4+yP=36+4
(x4+27°+y2 =40

.. Centre at (—2,0)

Question 17
X2 +px+yt=—4

2 2
x+ x+<l—7> +2=<i—7 -4
P 2 Y 2
2

p p’
<x + 5) + y? = = — 4; Which forms a circle if

4
2

2 _4>0

4

p>> 16

p>4orp<—4

Question 18

2 2
=2 0+ _

Maximum when x — 2 = 0:
»+37°=5

y+3=15
y=-3+15

Question 19

Given that the domain is (—3, 11), the x-value at the midpoint of this interval is 4 = 4. This is the

x-coordinate of the centre of the ellipse. Also, @ = 7 and the range is (—7, 1). The y-value at the midpoint of

this interval is £ = —3. This is the y-coordinate of the centre of the ellipse. Also, b = 4, and the standard

equation of the ellipse is:

(=h’ =R _

a’ b?

=4 0+3’

o, + =

49 16

Question 20

x-p’  o-9’

» vt <
a2 b 2
(x+D + 0=3 _

16 9

1.

S L.

1

1
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12.8 Hyperbolas
Question 1
X
Asymptote y = iE
Intersect at the origin (0, 0)
2 2

So~ — X = 1 [1 mark]
a2 2

X X
Asymptote y = +— = +—
b1 a 2
So — = = [1 mark]
a 2
Vertex (+4,0) is + (a, 0)

Soa=4b=2
2 2
X Y 11 mark]
16 4
Question 2
@=n G-k’
Hyperbola — =1
X X
Asymptotey = —, y=———06
ymp y 32 y . 5
These intersect X _ _Ex —
3x=—-6

x=-2=>y=-3
So centre (—2,3)
h = =2,k = =3 [2 marks]
y—k _ i(x —h)

b a

y=ié(x—h)+k
a

y=—3ié(x+2)
a

So b =3 a = 2 since the asymptote y = % passes through the origin

x+27° (+3)°
4 9
Question 3

9x? — 54x — 16y> — 64y — 127 =0

9 (x* — 6x) — 16 (y* + 4y) = 127
9(x*—6x+9) =16 (> +4y+4) =127+9x9 - 16 x4

9(x — 3)* — 16(y + 2)* = 144

(x=3° (+2)
16

Hyperbola centre (3, —2)

Domain (—oo0, —1] U [7, 00), range R [1 mark]
x—3

4

= 1 [2 marks]

= 1 [1 mark]

+2
Asymptotes Y 3 =4
3
y+2= iZ(x—3)

y=}t(3x—17),y=i(l—Sx)[lmark]
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Crosses x-axis y = 0
9 (x> —6x+9) =127 +381

9(x — 3)* = 208
/208
x=3+
3
x=—1.81,7.81

Crosses y-axis x = 0
—16(y + 2)* = 144
Doesn’t cross y-axis

@-3" 0+2°_,

16 9

Question 4

Vertical asymptote, x— 1 =0=>x=1

Horizontal asymptote, i =0=>y=4
2(x—=1)

Question 5

Hyperbola centre at (0, 1):h = 1, k = 0; distance from centre to graph along y-axis is 3. So a = 3. The

general solution Sl - (= k) = 1 becomes o-D ~ X —1.Tofind b, the asymptotes are
a’ b? b?
-1 -1 X2
r— oo if ory—1= iﬁ.Whenx= 2,y =0, so b = 6. The equation is 0-D SR
3 b b 9 36
Question 6

2y — 3x — 21 = 0 [1 mark]
2y + 3x + 9 = 0 [1 mark]

Question 7

Centre (0, 0)

2y

;_ﬁzl [1 mark]

x-axis, y =0
>x=xa=a

= 24/2 [1 markK]
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Assymptotes are y = +—x
a
y=42x
= b2 =44
= 32 [1 mark]
2y
— — — =1[1 mark]
8 3
Question 8
0=9 _+&x=p)

a
b(x—p)
a

y==

+q

Question 9
The asymptotes y = 2x and y = —2x — 8 intersect at 2x = —2x — 8 or when 4x = —8 atx = —2 and y = —4.
x+2° (+4)’
a? b?
2

ory = ié (x +2) — 4. Since the gradient of the asymptotes is 2, b =2and b—2 =4.
a a a

This is the centre of the hyperbola, so its equation is

y+4 <x +2
—_— =+

b a
Option C is the only one which satisfies this.

= 1. Now the asymptotes are

12.9 Polar coordinates, equations and graphs
Question 1

a. i <—1, \/5)

Y

Vea

'\

C N
0 X

-1

P =x2+y?
=143
r=2
6 =tan~! <—\/§>+7T
T
:—§+7T
%
3

[2, 2?”] [1 mark]

i, (—\/5,—1)

YA
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x:_\/§9 y=1

P =x?+y?

=3+1

r=2
6=tan‘1<L>—n’

V3
V1
=g—7(
__o
6

[2, —%T] [1 mark]

b. i [4 2,—3—ﬂ
4
YA
—1 0
< : o
: 4
----- -1
4 2’7371'
| I\
r=4 2,6:—3—7T
x =rcos (0)

= 4\/5cos <—%>
= 4\/5005 <3—7T

4

()

=—4
y = rsin (0)

N———"

N

= 44/2sin <—%)
4\/§sin (%)
\/5

= 442X —
2
=—4
(=4, —4) [1 mark]
ii [8,2—ﬂ
3
r=238, sz—ﬂ
3
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x =rcos(0)

ton()
o ()

=4

(—4, 44/3 ) [1 mark]

Question 2
a. x> +y> =49
x =rcos(0) y=rsin(0)
’cos? (0) + r?sin? (6) = 49 [1 mark]
r* (cos? (8) + sin® (0)) = 49
=49
r="7 circle [1 mark]
b. 5x— 12y =13
S5rcos (8) — 12rsin (6) = 13 [1 mark]
r(5cos (6) — 12sin (8)) = 13

r= 13 - line [1 mark]
5cos (6) — 12sin ()
2 2
C. ll + Y =1
49 25
2 )
r*cos? (6) + r*sin? () — 1 [1 mark]
49 25
25r2cos? (6) + 49r%sin? () |
1225 B
r* (25cos? (6) + 49 sin® (8)) = 1225 [1 mark]
1225
= ellipse [1 mark
25c0s? (6) + 49sin® (0) psel ]
Question 3

a. r = 7sin (20)
r = 145sin (6) cos (6)
r = 14r%sin (8) cos () [1 mark]
P = 14xy

3
(x* +?)2 = 14xy [1 mark]
s
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b.tan(®)+1 =0

tan(6) = —1
tan (6) = —1
Y_
X
y = —x straightline [1 mark]
y
4
4_
y=-x 37
2_
IS 3NG 1T
2
—3
_4_
—5-
Y [1 mark]
3
c.r=——
1 + cos (0)
r+ rcos () = 3 [1 mark]
r+x=3
r=3—x
P =03-x’
¥ +y?=9—6x+x°
y?> =9 —6x
32
X = sideways parabola [1 mark]

YA
8_

<Y

A~
=
o0 -

[1 mark]

Question 4
tan () = %
0 = 45° [1 mark]
[( 1, 1) is in the first quadrant]
= ViEA
= 1/2 [1 mark]
~(L 1) =[v/2,45%
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Question 5
x=rcos(0),y=rsin(0)
x=5co0s(150°),y = 5sin(150°) [1 mark]

IENERN
2

,y = — [1 mark
y 2[ 1

Question 6

tan (8) < 0 = 6 lies in the 2nd/4th quadrants. [1 mark]
x> 0= 0 lies in the 1st/4th quadrants. [1 mark]

y lies in the 4th quadrant = y is negative. [1 mark]

Question 7
Actual distance apart is 6 units. [1 mark]

Distance parallel to the x-axis is 6 cos (30°) = 3\/5 [1 mark]

Question 8
OA =2, OB =4,
£AOB = (60 — 45)°
= 15° [1 mark]
cosine rule AB = \/22 +42 —2X%x2x4Xxcos(15°) [1 mark]
= 2.132 [1 mark]

Question 9
rsin (8) = r*cos? (8) [1 mark]
sin (9)

"7 cos? ®)
= tan (6) sec (6) [1 mark]

Question 10

V2% +y2 = 2 [1 mark]

x4+ y2 = 4 [1 mark]

Question 11
rsin () = \/3rcos (6) [1 mark]
tan (6) = 1/3 [1 mark]
6 = 60° [1 mark]

Question 12
x=rcos(6)
y = rsin(0)
(rcos (8) — 3)* + (rsin (6) + 4)* = 25 [1 mark]
r? — 6rcos (0) + 8rsin (6) = 0 [1 mark]
r= 6cos(0) — 8sin(0) [1 mark]

Question 13
1

' 1 + cos (0)
r+rcos(6)=1
r=1—rcos () [1 mark]
/22 +y2 =1 — x [1 mark]
2 +yr=(1—-x)7?
=1 —2x + x? [1 mark]
y?> = 1 — 2x [1 mark]
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Question 14
r=4/x2+y?

=a

12.10 Parametric equations

Question 1

x = cos (1)

y=cos(2) =2cos’()—1, 0<t<2r
= 2x* — 1 part of a parabola [1 mark]

So-1<x<1,-1<y<1

Domain [—1, 1] [1 mark]

Range [—1, 1] [1 mark]

V)
2_

Question 2

x=4cos(r) O 0= z

y=3sin(?) sin(r) = g

cos? (¢) + sin? (1) = 1 [1 mark]
x2 y2

— + — = lellipse
16 9 P

Domain [—4, 4] [1 mark]
Range [—3,3] [1 mark]

YA
5 Lo
4 RS
169!
2_
1_
s A32-10 123 45"
2
_4_
—54
(
Question 3
X
x = 3sec(?) sec () = 3
y
y = 4tan (¢) tan (¢) = 4

tan” (f) + 1 = sec? (1)
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sec? (1) —tan® (¢) = 1

2y

——=—=1 hyperbole [1 mark
o 16 yp [ 1
Crosses x -axis at (+3,0)

doesn’t cross y-axis

4
asymptotes at y = i?x [1 mark]

Domain (—oo0, —3] U [3, 00)
Range R [1 mark]

Question 4
Substituting x = ¢ into y = 23 — 1
y = 2x*> — 1 [1 mark]

Question 5
cos (6) = g sin (6) = % [1 mark]

Using identity cos® (0) + sin? (6) = 1 [1 mark]

2 2
cos? () + sin® (6) = <§> + (%)

= 1 [1 mark]
2

S}

X

Z + = 1 [1 mark]

Gl

Question 6

This hyperbola is similar to a circle where x = rcos (), y = rsin (6) are used. The trigonometric identity
best suited here is sec? (8) — tan? (8) = 1 [1 mark]

Substituting x = 4sec (8), y = 5tan (6) [1 mark]

gives sec” (0) — tan> (0) = 1

Hences the parametric form is: x = 4 sec (), y = 5tan (6) [1 mark]

Question 7

x=2t

t= g [1 mark]
y=(1-7)"

y= (1 - ()2—‘)2> [1 mark]
Question 8

x=14/(t+2)

=t+2

t = x* — 2 [1 mark]
y= (x*=2)° [1 mark]
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Question 9

cos(0) = —, sin(B) = g [1 mark]

= 1 [1 mark]
2 2
x_+y_:1
4 4
¥ +yP=4

.. Circle, centre the origin, radius 2. [1 mark]

Question 10
cos(B) = =, sin(B) = 2 [1 mark]

X
3
X
cos? (6) + sin” (6) = <§> < >
=111

mark]
2
)C_ + y_ =1

.. Ellipse, centre the origin, semi-major axis 3, semi-major axis 2. [1 mark]

Question 11
sec(0) =

sec? (B) —tan? (0) =

’_‘/_\UJIX

. tan (6) = 2 [1 mark]
2 52
1) +(3)
3 5
2 P

— — — =1 [1 mark]
9 25

.. Hyperbola, centre the origin, asymptotes y = i%. [1 mark]

Question 12

(x=2)* + (y+ 1)* = 9 [1 mark]
x—2=3cos(0),y+ 1 =3sin(6) [1 mark]
x=3cos(0)+2, y=3sin(0) — 1 [1 mark]

Question 13

2 2
<x+3> +<M> = 1 [1 mark]
4 2 ),
3 os(@), )%=sin(9) [1 mark]

x=4cos(0)—3, y=2sin(0) — 2 [1 mark]

Question 14

x— 2+ -5*=16

(x+2)* + (y — 5)* = 16 [1 mark]
x+2=4cos(®), y—5=4sin(6) [1 mark]
x=4cos(0)—2, y=4sin(6) + 5 [1 mark]
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12.11 Review
Question 1
= ;
1 + cos (6)
r+rcos(8)=1
r=1-—rcos(6) [1 mark]
Vaz+y2=1—x [1 mark]
2+yP = —x)°
=1-2x+x* [1 mark]
y=1-2x [1 mark]
Question 2
x=1/(+2)
r=t+2
t=x*-2 [1 mark]
y= (x2 — 2)3 [1 mark]
Question 3

We require p > 0, for the equation to represent an ellipse.

The correct answer is A.

Question 4
Hyperbola centre at (0, 1) : & = 1, k = 0; distance from centre to graph along y-axis is a = 3. The general
L 0=h a—k’ o= 2
solution - = 1 becomes — — = 1. To find b, the asymptotes are
a’ b? 9 b? )

-1 -1 2
yT = i% ory—1= i%x. When x = 2,y =0, sob = 6. The equation is ) — ;—6 =1.
The correct answer is C.

Question 5
a.r=2
X2 4+y2=2
2+ y2 =4 [1 mark]
x=2cos(t), y=2sin(?)
- cos (1) Y _ sin (1)
2 2
cos? (f) +sin® (f) = 1
x_2 + ﬁ =1
4 4
X+ y2 =4 [1 mark]
2
5y = ————
1 —-cos(0)
r(l —cos(8) =2
r—rcos(0) =2
r—x=2
r=2+x
Va2 +y2=2+x
¥y =4+4x+ 27
yV=4x+4
Y =4x+1) [1 mark]
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x=cos(2), y= 2\/5005 )
x=2cos?(t) -1 DA cos (7)

, 2
=)

2
x+1 =y_
4

y?> =4 (x+ 1) [1 mark]

Question 6

Question 7

An asymptote is the shape a curve approaches, that is gets closer to, as x gets closer and closer to critical

1
values. For example, as x gets closer and closer to 2 for the curve y = ——, then the curve gets closer and

closer to the shape of the vertical line x = 2. The vertical line x = 2 is an_asymptote. [1 mark]

Question 8

An asymptote is the shape a curve approaches as x gets closer and closer to critical values. For example, as

x gets larger and approaches infinity for the curve y = 3 —

X
shape of the horizontal line y = 3. The horizontal line y = 3 is an asymptote. [1 mark]

Question 9

. a
a. L

"= b—pcos(0)
br—prcos(®)=a
br =a+ prcos (0) [1 mark]
bv/x2 + y2 = a + px [1 mark]
b2x2 + b*y? = (a + px)*
= a® + 2apx + p*x* [1 mark]

V2= é [a® + 2apx + (p? — b*) x*| [1 mark]

ii. I =p
1
V= = (a* + 2bx), which is a reflected parabola. [1 mark]

, then the curve gets closer and closer to the
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_asin(0)

T bh— p cos (0)
b —pcos(0) = asin(0)

br = arsin (6) + prcos (6) [1 mark]
by\/x* + y? = ay + px [1 mark]

b*x* + b*y* = (ay + px)2

= a’y? + 2apxy + p*x* [1 mark]
(b* —a?) y* = [2apxy + (p* — b?) x*| [1 mark]
ii. Ifb=p,
(b2 - a2) y* = 2apxy

2ap 2ap

y = ——— —x, which is a straight line with gradient ——————. [1 mark]
(bz_az) (bz—az)
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13 Simulation, sampling ano
sampling distributions

13 Simulation, sampling and sampling distributions

Subtopic 13.2 Random experiments, events and event spaces

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (2 marks)
The three hearts picture cards are drawn at random. List the elements of the event space and list the
elements of K, the event of a king being drawn first or a jack being drawn last.

Question 2 (2 marks)

Answer the following

a. A card is drawn from a standard pack of 52 cards. List the elements of Q, the event of a red picture card
or an even spade. (1 mark)

b. The event in Q could be described as (red card AND picture card) OR (even card AND spade). List the
elements of R, the event of (red card OR picture card) AND (even card OR spade). (1 mark)

Question 3 (2 marks)

An urn contains four balls numbered 1 to 4. A ball is withdrawn and its number noted. A second ball is then
drawn out and its number noted (without replacement of the first ball). List the elements of the event space,
and list the elements of R, the event of an odd number on both balls.
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Topic 13 Subtopic 13.2 Random experiments, events and event spaces

Question 4 (1 mark)
Three dice are rolled. List the event space for all three dice showing the same number upwards.

Question 5 (1 mark)
A die is biased. Does the concept of ‘equally likely’ apply here? Explain your answer.

Question 6 (1 mark)
In how many ways can a five or a Jack be selected in one pick from a standard pack of playing cards?

Question 7 (1 mark)

Kirsty has designed an experiment to get some idea of how many families with three children have either
three boys or three girls. Kirsty will toss three coins one thousand times in her experiment. If heads
represents girls and tails represents boys, approximately how many families out of 1000 should she expect
to find have three girls?

Question 8 (1 mark)
What is the long run proportion for choosing a heart from a standard pack of playing cards?
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13 Simulation, sampling and sampling distributions
Subtopic 13.3 Simulation
>
c
)
To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.
Question 1 (4 marks)
The data below show the number of bullseyes scored by 40 dart players after 55 throws each.
1 4 0 3 4 2 1 5 4 2
304 5 21 2 3 21
0 2 1 4 3 5 3 2 4 4
02 1 0 3 5 4 2 3 1
a. Explain how a calculator can be used to obtain the range of numbers given in the table. (1 mark)
b. Calculate the proportion of players that scored at least 3 bullseyes. (1 mark)
¢. Conduct 20 trials and obtain another possible value for the proportion of players who scored at least
3 bullseyes. (1 mark)
d. Comment on your results. (1 mark)
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Subtopic 13.3 Simulation

Question 2 (4 marks)

Use a spreadsheet to simulate the following situation. A target consists of 3 concentric circles and darts are
randomly thrown at the target. Let the smallest circle have a radius of cm, the next r, cm and the largest 3
cm. They sit on a square board y X y cm (y > 2r3). Assume that all darts hit the target or the square board
outside the target.

Start with some numeric examples, say r; = 5,1, = 10, 73 = 15 and y = 32.

If you ‘hit’ a circle, you score points: the inner circle, 5 points; the middle circle, 3 points; the outer circle,

1 point; and you score no points for hitting the board outside the target.

a. Perform enough simulations so that you can predict the ‘expected’ number of points per throw.

b. Experiment with different values of the radii and board size, and tabulate your results.

c. Experiment with different scoring systems and tabulate your results.

d. Calculate the ‘theoretical’ probabilities and expected scores for your different values of radii and
board size.

Hints on setting up simulation:

1. Generate two random numbers which represent x- and y-coordinates with the target at (0, 0).

2. For each random pair, calculate the distance from the origin and compare it to ry, r,and 7.

3. Allocate points appropriately.

Question 3 (4 marks)
A football league has 8 teams. Each team plays all the other teams once. Thus there are 28 games played
in all.
a. Simulate a full season’s play, assuming that each team has a 50 : 50 chance of winning
each game. (1 mark)
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Subtopic 13.3 Simulation

b. Modify the probabilities so that they are unequal (hint: sum of probabilities = 4) and simulate a full
season’s play. Determine whether the better teams reached the top of the ladder. Discuss your results
with other students.

Hint: If Team 1 has a probability of winning of 0.7 and Team 2 has a proba%il7ity of winning of 0.6, then

when they play against each other, the probability of Team 1 winning is 07+ 06" (3 marks)

Question 4 (1 mark)
A six-sided die is rolled and a coin is tossed. What proportion of outcomes would you expect to have a
number divisible by three and a head?

A.

B.

N|— W= K~|—=|—o00]|—
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13 Simulation, sampling and sampling distributions

m 13.4 Discrete random variables

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to

your learnON title at www.jacplus.com.au.

Question 1 (2 marks)

Casey decides to apply for a job selling mobile phones. She receives a base salary of $200 per month and
$15 for every mobile phone sold. The following table shows the probability of a particular number of
mobile phones, x, being sold per month. Determine the expected salary that Casey would receive each

month.

X 50 100 | 150 | 200

250

PriX=x) | 0.48 | 0.32 | 0.1 | 0.06

0.04

Expected salary = $ []

Question 2 (2 marks)

The table below represents the probability distribution of the number of accidents per week in a factory.

X 1 2 3 4 5 6

7

8

9

Pr(Xx=x) | 0.02 | 0.22 | 0.16 | 0.14 | 0.07 | 0.13

0.03

0.05

0.18

Given that 4 = 4.36 and 0 = 2.105 evaluate Pru — 20 < X < u + 20.
Pr(u —20 < X < u+20)=1

Question 3 (3 marks)

The probability distribution of X is given by the formula:
2
Pr(X = x) = ;‘—4 where x = 2,3,4,5

Determine:
a. the probability distribution of X as a table (1 mark)
b. the expected value of X, correct to 4 decimal places

EX) =[] (1 mark)
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Topic 13 Subtopic 13.4 Discrete random variables

¢. the standard deviation of X, correct to 4 decimal places.
o= (1 mark)

Question 4 (1 mark)
The mean of a population is u and the standard deviation is . The probability of success is p. Samples of

size n are taken. The standard deviation of the distribution of sample means is:
A. o = pad-p

X

=
Q
I

@)

Q

[
= Q‘Q‘
T‘%Mq SERS §'

&
]
I

p)

=

=
A
Il
S =
=
—_~
—
|

Question 5 (2 marks)
The mean of a population is u and the standard deviation is . The standard deviation of the distribution of
sample means is 0.250. What is the size of each sample used?

Question 6 (1 mark)

In a normally distributed population of the heights of Fyongs, the mean height is p kpls and the standard
deviation is r kpls. It is known that a height of g kpls corresponds to s standard deviations below the mean.
The relationship between p, ¢, r and s is:

A.s=q_p
-
B.s=p_q
B
C.q=p i
B
D.q=s P
r
E.s=p—gr
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13 Simulation, sampling and sampling distributions

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (1 mark)

A survey is given to 50 students randomly selected from the Year 12 students at your school. The
population is

A. the 50 selected student

. all year 12 students at your school

. all students at your school

. all Year 12 students at in the state

. all people who live within the school catchment zone

=HOoOW

Question 2 (1 mark)

A standard deviation is known as a parameter if it is calculated from the
A. mean

B. sample

C. population
D. statistic

E. variance

Question 3 (1 mark)

The different between x and u is that

A. x is a parameter and u is a statistic

B. X is calculated from a population and u is calculated from a sample
C. X is calculated from a sample and u is calculated from a population
D. x is the average value and u describes the spread of the data

E. u is the average value and x describes the spread of the data
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Topic 13 Subtopic 13.5 Sampling

Question 4 (1 mark)

A survey at a football match found that of the 40 000 people attending, roughly 20% were female.

A small sample of 80 of the attendees was taken at half-time. How many of these would you expect to be
female?

400

16

. 1788

. 1789

64

mEOR P

Question 5 (1 mark)

The mean of a population is u and the standard deviation is o.

The standard deviation of the distribution of sample means is 0.1250.
What is the size of each sample used?

A. kh 64

B. 8

C. 55

D. 156

E. 12,5
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e S

Simulation, sampling and sampling distributions

Sampling distribution of sample means

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (3 marks)

It was stated that to accurately determine the estimate of the population mean from a set of sample means,
the size of each sample must be the same. This is not strictly true. Consider the following example of the
sample means x medical cases requiring hospitalisation at a group of medical clinics. (Note that the
hospitals have used different-sized samples.)

Clinic ; Sample size
Abbotsford 3 |7
Brunswick 5 13
Carlton 3 10
Dandenong 5 [ 15
Eltham 4 |10
Frankston 2 |8
Geelong 8 |21
Hawthorn 3 11
Inner Melbourne | 2 15
N. Melbourne 3 13
S. Melbourne 5 |17
E. Melbourne 3 |7
W. Melbourne 5 14
St Kilda 3 |8

a. Convert the sample means of each hospital to the equivalent sample mean of a sample of size 1.

(Give exact answers)
Abbortsford: x; = []
Brunswick: x; = []
Carlton: x; = []
Dandenong: x; =[]
Eltham: x; =[]
Frankston: x; =[]
Geelong: x; =[]
Hawthorn: x; =[]
Inner Melbourne: x;
N. Melbourne: x; =
S. Melbourne: x; =
E. Melbourne: x; =
W. Melbourne x; =
St Kilda: x; =

|
OOodog

(1 mark)
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Topic 13 Subtopic 13.6 Sampling distribution of sample means

b. Calculate an estimate of the population mean if the population is 10 000 cases.
An estimate is [], to the nearest whole number. (1 mark)

c. State whether a dotplot would be an appropriate way to display the spread of the sample
proportions. (1 mark)

Question 2 (3 marks)
Consider a population with N = 600, 4 = 180 and o = 121and samples of size 60 are taken from it.
a. Calculate the mean of the distribution of Xx.
=01 (1 mark)

b. Calculate the standard deviation of the distribution of x.
o: = [ to 2 decimal places. (1 mark)
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Topic 13 Subtopic 13.6 Sampling distribution of sample means

¢. Graph the distribution of Xx.

(1 mark)
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Question 3 (1 mark)

A population of N items has a mean of M and a variance of V.

P samples, each of size ¢, are drawn from the population.

The mean and standard deviation of the distribution of sample means are respectively

A M,V

g M |V

q p

c.m Y

q

p MV

P\

E. M,

\P
Question 4 (1 mark)

A survey at a football match found that of the 60 000 people attending, roughly 30% were female.

A small sample of 60 of the attendees was taken at half-time. How many of these would you expect to be
female?

[] would be expected to be females.

Question 5 (1 mark)
Of the students at Oldenivy University, 60% study English. 20% of those who study English, also study

Latin. If students can only study Latin if they study English, what proportion of students at Oldenivy
University study Latin?
That proportion is [] %

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 11 Specialist Mathematics VCE Units 1 & 2 Second Edition 13



Exam question booklet | Topic 13

Topic 13 Subtopic 13.6 Sampling distribution of sample means

Question 6 (1 mark)

The mean of a population is M and the standard deviation is ¢. The probability of success is p. Samples of
size n are taken.

The standard deviation, o,, of the distribution of sample means is:

A axzp(l—p)
NG
B. o, = \/E
n
C.o = L
Jn
D. O-x= i
nn—1)
1
E.o = 5\/19(1 -p)

14 Jacaranda Maths Quest 11 Specialist Mathematics VCE Units 1 & 2 Second Edition © John Wiley & Sons Australia, Ltd



Exam question booklet | Topic 13

13 Simulation, sampling and sampling distributions

Subtopic 13.7 Review

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (1 mark)

Which of the following statements best describes the population, as used in statistics?

. The population is the total number of people living in a country.

. The population is the total number of people who will participate in a research study.

. The population consists of people only.

. The population is the group about whom conclusions are drawn on the basis of a random sample of that
group.

. The population is a subgroup selected from a larger group of research interest.

=N oN--I

=

Question 2 (2 marks)

Approximately 40% of all Trogfins in the world’s population of 1 million Trogfins are tartan with a variance
of 250 000. A random sample of 1600 Trogfins is taken. Determine the mean and variance of this sample.
x=1

Sample variance = []

Question 3 (2 marks)

Using a calculator simulate the outcomes of a game whereby a coin and a six-sided die are tossed
simultaneously.

From your simulated results, calculate the probability of tossing a head and rolling a six. Compare your
result to the theoretical result.
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Subtopic 13.6 Review

Question 4 (3 marks)

Igor is playing a game of Pingo which involves throwing 3 darts at a dart board while blindfolded. The
dartboard comprises three sections marked by circles. The inner circle, in black is known as the bull. There
is a middle yellow section between the bull and the outer ring which is red. All three sections are of equal
area.

Assuming that all three darts hit the target, simulate the throwing of three darts 20 times, and from your
results calculate the probability that one dart lands in each of the three coloured areas. Compare this to the
theoretical probability of this occurrence.

Question 5 (4 marks)
The Specialist Mathematics students at Perfect High School perform very well on exams, with a mean score
of 91% and a standard deviation of 3.5%.
a. Samples of the percentages gained by 35 students are taken. Calculate the mean and standard deviation
of the distribution of sample means.
Mz = %
o; = [1% to 4 decimal places. (2 marks)

b. If the sample sizes were decreased to 15, state the effect this would this have on your previous
answers. (2 marks)

Question 6 (4 marks)
An estimation of a population mean can be obtained by taking the average of the mean of samples taken
from the population. Comment on this statement, pointing out any difficulties.
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Answers and marking guide
13.2 Random experiments, events and event spaces

Question 1
¢ = {KQJ,KJQ, QKIJ, QJK,JKQ,JQK} [1 mark]
K = {KQJ,KJQ, QKIJ} [1 mark]

Question 2
a. Red picture cards {25, 4S, 6S, 8S,10S}
Even spades {2S, 4S, 6S, 8S ,10S}
Q={JH, QH, KH, JD, QD, KD, 2S,
4S, 6S, 8S, 10S} [1 mark]
b. Red card OR Picture card:
{A, 2H, 3H, 4H, 5H, 6H, 7H, 8H, 9H, 10H, JH,
[QH, KH, AD, 2D, 3D, 4D, 5D, 6D, 7D, 8D, 9D,
[10D, JD, QD, KDJS, QS, KS, JC, QC, KC} [1mark]
Even card OR Spade:
{2H, 4H, 6H, 8H, 10H,2 D, 4D, 6D, 8D, 10D,
[AS, 28, 35, 48, 5S, S, 78S, 8S, 9S, 10S, JS, QS, KS,
[2C, 4C, 6C, 8C, 10C}
R ={2H,4H, 6H, 8H, 10H, 2D, 4D, 6D,
18D, 10D, JS, QS,KS}
R = {2H,4H, 6H, 8H, 10H, 2D, 4D, 6D, 8D, 10D, JS, QS, KS}

Question 3

§=1{1,2),(1,3),(1,4),2,1,(2,3),2,4),
3,1D),3,2),3,4),4,1),4,2),4,3)} [1 mark]

R=4{(1,3),3, 1)} [1 mark]

Question 4
{1,1,1),(2,2,2),(3,3,3),(4,4,4),(5,5,5),(6,6,6)} [1 mark]

Question 5
If the die is biased it means that one number is more likely to come up than any other. The outcomes are
therefore not ‘equally likely’ to occur. [1 mark]

Question 6
There are 4 fives and 4 Jacks so there are 8 ways of choosing either a five or a Jack.
4+4=8

Question 7
Kirsty will find that three heads will appear roughly 125 times.
Three tails will give a similar result. [1 mark]

<é of 1000 = 125>

Question 8
As the number of trials increases, the proportion of hearts should get closer to one-quarter. [1 mark]

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 11 Specialist Mathematics VCE Units 1 & 2 Second Edition 17



Exam question booklet | Topic 13

13.3 Simulation

Question 1
a. Generate 20 numbers from 0 to 5 using randInt function on the calculator, that is, randInt
(0,5,20). [1 mark]

b. Pr(atleast3) = 1—9
40

=0.475 [1 mark]
c. Sampe response shown: Using a calculator, these numbers were generated

53223513423110433001
Number | Frequency
0 3
1 4
2 3
3 6
4 2
5 2
Pr(atleast3) = E
20
1
= — [1 mark
> [ ]

Note: Answers will vary depending on the result of the simulation. The important thing is that the
calculation based on the results is correct.
d. Results compare well, however for greater accuracy more numbers need to be generated. [1 mark]

Question 2

Results will vary depending on the parameters chosen. If you use the suggested starting values, r; = 5,
r, = 10, r; = 15 and y = 32 with scores for inner circle, 5; the middle circle 3, the outer circle 1, and
outside the circle, 0. The total square has an area of 32 X 32 = 1024.

Region Area Probability Points
. 5 78.54
Inner circle 7T X5 =78.54 — =0.077 | 5
1024
. . 5 5 235.62
Middle circle 7T x10° — 7w x 5° = 235.62 =0.23 | 10
1024
) 5 5 392.7
Outer circle Tx15° —mx10°=3892.7 | —— =0.383 | 15
1024
. . 5 317.14
QOutside circles | 1024 — 7 x 15 = 317.14 024 =031 |0

The theoretical expected number of points per throw is

0.077x5+0.23x 104+ 0.383 x 154+ 0.31 x 0 = 8.43

This question is marked holistically. Award 1 mark for each step (parts a—d) so long as the response
correctly uses the results of the selected parameters.

Question 3

a. Results will vary depending on the outcome of the simulation. Students should explain their simulation
methodology in their response.
Award 1 mark for a simulation that has been performed correctly
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b.
Team Number | Probability
1 0.9
2 0.8
3 0.7
4 0.6
5 0.4
6 0.3
7 0.2
8 0.1
This will result in a theoretical probability of winning each match as given below (winning team in left
hand column):
Team 1 | Team 2 Team 3 Team 4 Team 5 Team 6 Team 7 Team 8
0.9 0.9 0.9 0.9 0.9 0.9 0.9
Team 1 -
0.9+0.8 0.9+ 0.7 0.9+ 0.6 09+0.4 0.9+0.3 09+0.2 0.9+ 0.1
=0.53 = 0.56 =0.6 = 0.69 =0.75 =0.82 =0.9
0.8 0.8 0.8 0.8 0.8 0.8
Team2 | 1-0.53 -
- 047 0.8+ 0.7 0.8+ 0.6 0.8+ 0.4 0.8+ 0.3 0.8+0.2 0.8+ 0.1
' =0.53 = 0.57 = 0.67 =0.73 =0.8 =0.89
0.7 0.7 0.7 0.7 0.7
Team3 | 1-0.56 | 1-0.53 = -
_044 | 047 07+06 |07+04 | 07+03 |07+02 | 0.7+0.1
) ) = 0.54 = 0.64 =0.7 =0.78 =0.88
0.6 0.6 0.6 0.6
Team4 | 1 -0.6 1-057= | 1-054= -
_ 0.6+0.4 0.6+ 0.3 06+0.2 0.6 + 0.1
=04 0.43 0.46 =0.6 = 0.67 =0.75 = 0.86
0.4 0.4 0.4
Team5 | 1-069 |1-067= |1-064= | 1-06= - 04403 04102 0.4 404
_ 4+ 0. 4+ 0. 4+ 0.
=0.31 0.33 0.36 0.4 057 =067 ~08
0.3 0.3
Team6 | 1-0.75 | 1-0.73= | 1-0.7= 1-067= | 1-057= -
_ 0.3+0.2 0.3+ 0.1
=0.25 0.27 0.3 0.33 0.43 =06 =075
0.2
Team7 | 1-0.82 | 1-08= 1-078= | 1-075= | 1-067= |1-06= -
=018 |02 0.22 0.25 0.33 0.4 0.2 +0.1
= 0.67
Team8 | 1-0.9 1-089=11-088= | 1-086= |1-08= 1-0.75= | 1-0.67= -
=0.1 0.11 0.12 0.14 0.2 0.25 0.33

The games in each round would need to be simulated using these probabilities to decide who the ultimate
winner would be. [1 mark]

Award 1 mark for selecting a valid set of probabilities.

Award 1 mark for correctly determining the probability of the outcomes of each individual game in the
season.

Award 1 mark for a correctly performed simulation based on the probabilities calculated for each match.
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Question 4
3 and 6 are divisible by 3. The only possible outcomes which are acceptable are {3, H} and {6, H}.

There are 12 possible outcomes, so the answer is 12—2 or r

13.4 Discrete random variables

Question 1
The expected number of phones that Casey sells in a month is:
E(X) =50x0.48 + 100 x 0.32 + 150 X 0.1 4+ 200 X 0.06 + 250 x 0.04
=93 [1 mark]
Expected salary = $200 + 93 X $15
= $1595 [1 mark]
Question 2

u—20<X<u+2
=436—-2X%2105<X<436+2x2.105 [1mark]

=1<X<8
Pr(1 <X<8)
=0.95 [1 mark]
Question 3
a.
X 2 3 |4 5
2 1 8 25
prX=x)| — | = | = | —
27 | 6 | 27 | 54

b. E(X)=2x£+3xl+4xi+5x§ = 4.1484 [1 mark]
27 6 27 54

¢. Var(X) =E (X?) - [EQ®)

......................... + 52 % §—> —4.1481..2

=18.111... — 4.1481..2 = 0.9039 ...
o =+v/0.9039... = 0.9509 [1 mark]

Il
N
N}

[\S]
X

|
+

Question 4

.. . o
The standard deviation of the mean is o; = \/j
n

wn

Question
0.250 =

\/Z=.

n=16 [1 mark]

[1 mark]

5|-<ils

[\
91

Question 6
_q-p
s =
-
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13.5 Sampling

Question 1
The population is the Year 12 students at the school as the sample is specifically targeting this group.

Question 2
A parameter is a characteristic of the population, not of a sample.

Question 3
X is a sample statistic and is calculated from a sample. u is a parameter and is calculated from a population.

Question 4
The proportion in the sample should be the same as the proportion in the population.

20% of 80 is 16.

Question 5
0.1250 = -
\/n
1
V= —
0.125
n=64

13.6 Sampling distribution of sample means

Question 1
a. Convert each sample mean to the equivalent sample mean for a sample of size 1 by dividing the sample

mean by the sample size.
Abbotsford: x; = % ~ 0.43 [1 mark]

Abbortsford: x; = % ~ 0.43

Brunswick: x; = — ~ 0.38
Carlton: x; = £ =03

10 |
Dandenong: x; = — = 3 ~ 0.33

Eltham: x| = L =04
10

2 =0.25

Frankston: x; =

Geelong: x; = 3 ~ 0.38
213

Hawthorn: x; = T ~ 0.27

- 2
Inner Melbourne: x; = I =~ 0.13

N. Melbourne: x; = 5—3 ~ 0.23
S. Melbourne: x; = 15—7 ~ 0.29
E. Melbourne: x; = % ~ 0.43
W. Melbourne x; = % ~ 0.36
St Kilda: x; = % = 0.375
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5y 3 5 3
b. =2y 22
z 7 13 8
=4.569134...
Averagex, = 456% = 0.326366...

An estimate of the population mean if the population is 10000 is 0.326366... X 10000 =~ 3264 [1 mark]

c. Yes. A dotplot is very effective, rounding to one decimal place. [1 mark]
A
8_
7_
6_
5_
4_
3_
2_
l —

0

0.2
0.3
0.4
0.5
=1

—
o

Question 2

a. u; = u = 180 [1 mark]

booo= -2 =1L _ 14

1/ 60
Note: the sample size is used here NOT the population size [1 mark]

FA

5

X

0 T T T T T
176 178 180 182 184

>

0 ! ! ! ! ! 5
176 178 180 182 184

Question 3

The mean of the distribution of sample means is equal to the mean of the population which is M he standard

deviation of the distribution of sample means is equal to the standard deviation of the population divided by

the square root of the number of items in each sample (not the number of samples). In this case there are

q items in each sample. Mean = M

Standard deviation = \/Y
q

Question 4
Assume the same proportion in the sample as in the population. Proportion in population is 30%
30% x 60 = 18 females. [1 mark]

Question 5
The proportion is 20% of 60% = 20% X 60%

=12% [1 mark]
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Question 6

o, =

SISk

13.7 Review

Question 1
Population is the totality of everything under discussion. This means that the population is the group about
whom conclusions are drawn on the basis of a random sample of that group.

Question 2
x = 40%0f1600 = 640 [1 mark]
2
Sample variance g - 250000 = 156.25 [1 mark]
n 1600
Question 3

Create a list of 100 random integers between 1 and 2 and a list of 100&nb sp;random integers between 1
and 6 to represent the outcomes of the coin toss and the dice roll. [1 mark] Analyse the data to determine
the number of times a head was tossed and a 6 was rolled simultaneously. [1 mark]

The following screen shows how this can be computed using the TI Nspire CAS calculator:

Note: define t 1 as the coin toss (1 = Heads) and define t 2 as the dice roll (numbered 1 — 6.

A head and a 6 occurs when t2 —t1 = 5.

Simulated probability is 17E = 0.07
1
Theoretic probability is n ~ 0.0833

Question 4

Each section has the same area so we can assume that there is the same probability of landing on each.
Create 3 lists of 20 random integers between 1 and 3 to simulate the result of each dart throw. [1 mark]
Analyse the data to determine how many times the three darts landed in the three coloured sections. [1
mark] Then compare the simulated probability to the

theoretical probability. [1 mark]

Then compare the simulated probability to the theoretical probability. [1 mark]

The following screen shows how this can be computed using the TI Nspire CAS calculator:

Note: define bl as the first dart, b2 as the second dart and b3 as the third dart.

They land in each of the 3 different sections when b1 X b2 X b3 = 6.

bI:ﬂmnd[nl[l,B,lD]
{11,11,2,0,1,2,1,3,2,1,3,1,3.3,1,3,2.1 }

b2:=randint(1,3,20)
{3,11,2,1,1,2,1,3,3,3,3,2,1,.3,2,233,3}

b3=randlnt(1,3,20)

{331,2.32.2,1,5.2,31,3,1,33.1,1,2.2}

countlf(b 7+ b2 b3,6)

Simulated probability is 23—0 =0.15
Theoretic probability:

The first dart can land in any area, then the second dart must land in either of the other 2 areas, and the third

dart must land in the 1 remaining area.
3x2x1 6 .
——=—=02
3x3x3 27
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Question 5
a. u; =91%
o; = 0.5916%
b. If n is reduced, the mean of the sample means is unchanged. [1 mark]
The standard deviation of the sample means will increase as we are dividing by a smaller number.
Mz =p=91%
o= =39 _09037%  [1 mark]
Vi y/1s
Question 6

The samples whose means are to be averaged must be of equal size, otherwise a weighting would have to be
given to each. [1 mark]

The larger number of samples, the greater the accuracy; that is, taking the average of the means of

100 samples gives a closer measure of the mean of the population than taking the average of the means of
two samples. [1 mark]

The larger the size of the samples, the greater the accuracy. [1 mark]

The result can only ever be an estimate; the actual mean of the population can only be calculated using

all of the population data. [1 mark]
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