Exam question booklet | Topic 2

2 Complex numbers

2 Complex numbers
m 2.2 Complex numbers in Cartesian form

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Source: VCE 2020 Specialist Mathematics Exam 2, Section A, Q5; © VCAA
Question 1 (1 mark)

Given the complex number z = a + bi, wherea € R\ {0} and b € R, is equivalent to

z+§)2

2

A1+ Im(Z)>
Re(z)

B. 4[Re(z) X Im(z)]

C. 4 ([Re(@]” x [Im(2)])
D. 4[1 + (Re(2) + Im(2))’]
E 2 X Im(2)

[Re(2)]*

Source: VCE 2019 Specialist Mathematics Exam 2, Section A, Q4; © VCAA

Question 2 (1 mark)

The expression i + ' + %' + ... + i'% is equal to
A. 0

B. 96

C.95+i

D. 94 + 2i

E. 98 + 2i
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Subtopic 2.2 Complex numbers in Cartesian form

Question 3 (1 mark)
100

Z ni" is equal to
n=1

. 50 —50i

50

—50i

100

5050

mEaw

Source: VCE 2014, Specialist Mathematics 2, Section 1, Q.6; © VCAA

Question 4 (1 mark)

Given that i" = p and i* = —1, then i*"*3 in terms of p is equal to
PP =i

PP+i

_p2

. —ip?

ip?

mEORP

Question 5 (1 mark)
If z = x + yi where x and y are two non-zero real numbers, then which one of the following is not a real
number?

I
NI

+

I
INSTIRNY

SH e
M| =y | =N
+

X
N =2 =
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Subtopic 2.2 Complex numbers in Cartesian form

Question 6 (1 mark)

Ifu=4a+3b+ 12i,v = —1 + (3a — 2b) i, and u = v, where a and b are real numbers, then
A.a=2and b =3

.a=2and b= -3

.a=5and b =-7

.a=3and b= -4

.a=4andb=0

=HoOw

Question 7 (1 mark)
If z = —x — yi, where x and y are non-zero real numbers, which one of the following is a real number?

A.zl‘1
B. -
Z1
C. —
iTY
D. - —-
ii
E. -+
Z Z

Question 8 (1 mark)
If (x + yi)3 is a real number, find a relationship between x and y.

Question 9 (1 mark)

For any complex number z = x + yi, where both x and y are real, then the complex number w = i°z is
found by

. reflecting z in the real axis.

. reflecting z in the imaginary axis.

. rotating z through 90° in a clockwise direction.

. rotating z through 90° in an anti-clockwise direction.

. rotating 180°.

HEoOW P
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Subtopic 2.2 Complex numbers in Cartesian form

Question 10 (1 mark)

IIII(Z);L

‘;Re(z)

The point W on the Argand diagram represents the complex number w. The points P, O, R and § all lie on a
circle and are all equally spaced around the circle as shown above.

The complex number i?w is best represented by the point

AW

B. P
C.0
D. R
E. N

one of the above

Question 11 (1 mark)
If z=a+ bi and w = ¢ + di where a, b, c and d are non-zero real numbers, then which one of the following
is a real number?

A.zw—2Zw
B.ZZW—%V/V
C. =x—=

oW
D. =—+—

. w
E. ow+zw
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Subtopic 2.2 Complex numbers in Cartesian form

Question 12 (1 mark)

If z=a+ bi and w = ¢ + di where a, b, ¢ and d are non-zero real numbers, then Re(w?) + Im(z?) is equal to:
A. 2+ b

B. ¢ —d* +2ab

C.c*+d*—2ab

D. *d* + (ab)2

E. &2 — b?

Question 13 (1 mark)

If z=a+ bi and w = ¢ + di, where a, b, ¢ and d are non-zero real numbers, then Re(zz) + Im(ww) is
equal to

A. (a2 — b2) - (02 + bz)

B. (02 - dz) + (a2 - bz)

C.d>+¢?

D. a*> - b?

E. &*> — ¢

Question 14 (1 mark)

If u = — — =i, where a and b are non-zero real numbers, then a?b%u? is equal to

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 5
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Subtopic 2.2 Complex numbers in Cartesian form

Question 15 (1 mark)

Ifu=a+biandv=—-— Zi where a and b are non-zero real numbers, then uv in Cartesian form is equal to
a

A.2

2 2
B.2+<b ta )i
ab
2
C. 2+<b a )i
ab
(bz'“)

<b2 + a2
ab

Question 16 (1 mark)
Ifz=2—4iandw =1+ 3i, find <.
w

A.2+ﬂi
3

= o Ow
)
I
4

Question 17 (1 mark)
If u = — + —iand v = a — bi, where a and b are non-zero real numbers, then — in Cartesian form is equal to

a b y
A. 0
2

a’ + b?

= & 0 F
|
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2 Complex numbers

m 23 Complex numbers in polar form

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Source: VCE 2021 Specialist Mathematics Exam 2, Section A, Q.4; © VCAA
Question 1 (1 mark)

For z € C, if Im(z) > 0, then Arg <i_> is
—Z
A -z

(\)

AN R[N

B
C
D.
E

Source: VCE 2021 Specialist Mathematics Exam 2, Section A, Q.6; © VCAA

Question 2 (1 mark)

If z € C, 7 # 0 and 7> € R, then the possible values of arg(z) are
A. k?ﬂ keZz
B. kr, ke Z
c. G0 ey

2
D. 4k+ 1w

o kez
g @k=Dr

ke z
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Subtopic 2.3 Complex numbers in polar form

Source: VCE 2019 Specialist Mathematics Exam 1, Q.7; © VCAA
Question 3 (5 marks)

a. Show that 3 — \/Ei = 24/3cis <—%> (1 mark)
3
b. Find <3 - \/gi ) , expressing your answer in the form x + iy, where x,y € R. (2 marks)
n
c¢. Find the integer values of n for which <3 - \/gi ) is real. (1 mark)
n
d. Find the integer values of n for which (3 - \/Ei ) = ai, where a is a real number. (1 mark)

Source: VCE 2019, Specialist Mathematics 2, Section A, Q.6; © VCAA

Question 4 (1 mark)

Let z, w € C where Arg(z) = % and Arg(w) = %
2

The value of Arg < ) is

w4

A. —

] N

B
C.
D

SEMELNE
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Subtopic 2.3 Complex numbers in polar form

Source: VCE 2016, Specialist Mathematics 2, Section A, Q.5; © VCAA
Question 5 (1 mark)

2
If Arg(—1 + ai) = —?ﬂ, then the real number a is

A. —v/3

p V2
i

C. —

Source: VCE 2016, Specialist Mathematics 1, Q.6; © VCAA
Question 6 (3 marks)
4
(1 - \/§i>
Write ——————— in the form a + bi, where a and b are real constants.
1+ /3

Source: VCE 2015, Specialist Mathematics 2, Section 1, Q.5; © VCAA

Question 7 (1 mark)
_ +iV/3 S .
Given z = EEPWRE the modulus and argument of the complex number z> are respectively
+1

A. 2\/5 and %T
B. 4v/2 and X
12
C. 4v2 and /=
12
D. 24/2 and 51—7;

E. 41/2 and —%

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 9
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Subtopic 2.3 Complex numbers in polar form

Source: VCE 2015, Specialist Mathematics 2, Section 1, Q.9; © VCAA

Question 8 (1 mark)
Let z; = rycis(8)) and z, = r,cis(6,), where z; and z;z, are shown in the Argand diagram below; 6, and 6,

are acute angles.
Imiz) M

Reiz)

A statement that is necessarily true is
A.r ) > 1
B. 6, <6,

b4
c |2

)
D. 61 = 92

E.r1>1

>r1

Source: VCE 2014, Specialist Mathematics 2, Section 1, Q.5; © VCAA
Question 9 (1 mark)
37 .
If the complex number z has modulus 2\/5 and argument 7 then 22 is equal to
—8i

4i
—24/2i
24/2i

—4i

HEOQF >
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Subtopic 2.3 Complex numbers in polar form

Source:VCE 2014, Specialist Mathematics 2, Section 1, Q.8; © VCAA

Question 10 (1 mark)
_3\/5 — i\/g is

The principal argeument of
P P g 2420

A —137
12
T

12
i

12
137

12
-1l

12

= & O F

Source: VCE 2013, Specialist Mathematics 2, Section 1, Q.7; © VCAA
Question 11 (1 mark)
2
If z = rcis(0), then ZT is equivalent to
z
A. P cis(30)
B. 1 cis(—9)
C. 2cis(30)

D. 7 cis(9)
E. rcis(36)

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 11
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Source: VCE 2013, Specialist Mathematics 2, Section 1, Q.6; © VCAA

Question 12 (1 mark)
Letz=a+ bi, z € C.
If the principal argument of z* is in the second quadrant, then the complete set of values for Arg(z) is

N

B.

Question 13 (1 mark)

+ 3i
If p is a real constant and the imaginary part of d

- is equal to zero, then
i

Im(Z),\

A. p =0only
B. p =4 only
C. p=-3only
D.p=+21/3
E.p=+4

12 Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition © John Wiley & Sons Australia, Ltd



Exam question booklet | Topic 2

Subtopic 2.3 Complex numbers in polar form

Question 14 (1 mark)
Which of the following could not represent the complex number —2 — 2\/51'?
A. 4cis(—120°)

B. 4cis <4—ﬂ>
3

C. 4cis (—2—7T
3

D. —4 cis(60°)

E. —4cis <2—7T>
3

Question 15 (1 mark)

If z = —2a — ai, where a is a real positive number, then which of the following represents Arg(z)?
A. tan"1(2)

B. —tan"!(2)

C. tan™! <l>
2

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 13



Exam question booklet | Topic 2

Subtopic 2.3 Complex numbers in polar form

Question 16 (1 mark)

(7 .
Letu = 5cis | — ) and v = acis(b), where a and b are real constants.

It L =2cis (%) , a and b respectively are equal to

u
A. E and z
2 2
B. 10 and —
C. 10 and 2—7[
D. 10 and — 1%
1312
E. 2.5 and =%
12
Question 17 (1 mark)

Letu = 2cis <§> and v = acis(b), where a and b are real constants.

If uv = 3cis <3?7T> , a and b respectively are equal to

A. z and 4—”
3 15

B.1.5and =
2

. 1.5 and 14—”
15

. 6 and —4—7t
15

. 1.5 and 4—”
15

S 0

=
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Question 18 (1 mark)
If u = 3cis(0),v = rcis <2?ﬂ'> and uv = —6i, then
A.r=3,0= Iz
2
B.r=3,0=—
5 6
C.r=20= R
65
D.r=-2,0= 2z
62
E T

r==-2,6=——
6

Question 19 (1 mark)
Ifu=rcis(6),v=2cis <—5?ﬂ> and £ = —6, then
v

Ar=-40=-2

5 3
B.r=-4,0= 27

53
C.r=12,6=2
D.r=126=-2

5
E.r=120=-2
3

Question 20 (1 mark)

3
Ifz= —% - gi, then Arg(z?) is equal to
A. 0
B. 27
C.«m
D. 27
g 87

27

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 15
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2 Complex numbers

m 24 Solving polynomial equations over C

>
c
)
To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.
Source: VCE 2021 Specialist Mathematics Exam 1, Q.8; © VCAA
Question 1 (4 marks)
a. Solve 22 4+ 2z + 2 = 0 for z, where z € C. (1 mark)
b. Solve 22 4+ 2z + 2 = 0 for z, where z € C. (3 marks)

Source: VCE 2020 Specialist Mathematics Exam 2, Section A, Q6; © VCAA

Question 2 (1 mark)

For the complex polynomial P(z) = 22 + az? + bz + ¢ with real coefficients a, b and c,
P(=2) =0and P(3i) = 0.

The values of a, b and ¢ are respectively

A. —2,9,—18

B. 3,4,12

C. 2,9,18

D. -3,—-4,12

E. 2,-9,-18

16 Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition © John Wiley & Sons Australia, Ltd
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Subtopic 2.4 Solving polynomial equations over C

Source: VCE 2017 Specialist Mathematics Exam 2, Section A, Q3; © VCAA

Question 3 (1 mark)

The number of distinct roots of the equation (24 — 1) (12 + 3iz — 2) =0,
where z € C, is

A. 2

HEOW
o AW

Source: VCE 2019, Specialist Mathematics 1, Q.7; © VCAA

Question 4 (5 marks)
Answer the following.

a. Show that 3 — \/gi = 24/3cis (—%) (1 mark)
3
b. Find (3 — \/gi ) , expressing your answer in the form x + yi, where x, y € R. (2 marks)
n
c¢. Find the integer values of n for which <3 - \/31) is real. (1 mark)
n
d. Find the integer values of n for which <3 — \/gi ) = ai, where a is a real number. (1 mark)

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 17
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Source: VVCE 2017, Specialist Mathematics 2, Section A, Q.4; © VCAA

Question 5 (1 mark)
The solutions to 2" = 1 + i, n € Z* are given by

1
A. 250i5<£+@>,k6R
4n n

1 T
B. 2ncis —+27rk ,kez

C. 22n01s <% + — > keR

D. 2n01s (1 Zﬂk> keZ
4n

E. 22n01s <£ 2ﬂk> keR
4n

Source: VCE 2017, Specialist Mathematics 1, Q.3; © VCAA

Question 6 (3 marks)
Let z° + az> + 62+ a = 0, z € C, where a is a real constant.
Given that z = 1 — i is a solution to the equation, find all other solutions.

Source: VCE 2016, Specialist Mathematics 2, Section A, Q.4; © VCAA

Question 7 (1 mark)

One of the roots of z° + bz? + ¢z = 0is 3 — 2i, where b and ¢ are real numbers.
The values of b and ¢ respectively are

6, 13

3,-2

-3,2

2,3

-6, 13

HEQF>
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Subtopic 2.4 Solving polynomial equations over C

Source: VCE 2015, Specialist Mathematics 1, Q.4; © VCAA

Question 8 (4 marks)
a. Find all solutions of z* = 8i, z € C in cartesian form. (3 marks)

b. Find all solutions of (z — 2i)3 = 8i, z € C in cartesian form. (1 mark)

Source: VCE 2014, Specialist Mathematics 1, Q.3; © VCAA

Question 9 (5 marks)
Let fbe a function of a complex variable, defined by the rule (z) = z* — 42> + 72> — 4z + 6.
a. Given that z = i is a solution of f{z) = 0, write down a quadratic factor of f(z). (2 marks)

b. Given that the other quadratic factor of f{z) has the form z> + bz + c find all solutions of
74 — 47 + 772 — 4z + 6 = 0 in cartesian form. (3 marks)

Source: VCE 2013, Specialist Mathematics 1, Q.8; © VCAA

Question 10 (4 marks)
Find all solutions of z* — 2z> + 4 = 0, z € ¢ in cartesian form.

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 19
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Question 11 (1 mark)
If z> + a = 0, where a is a real positive number, then the most correct solution(s) for z is

A.iva
Va
+iy/a
e

=+

=P QR

Question 12 (1 mark)

If 2> = 4cis —% , then z equals

A.1—+3ior —1+1/3i
B. V3+i or —\/g—i
C.—l—@or —1+\/§
D.V3—ior —\3+i

E.l—@or 1+\/§

Question 13 (1 mark)
A linear factor of P(z) = z° — 322 4+ 6z — 18is

A. 3

B. \/6i
C.z+ \/Ei
D.z—\/g

E. 246

20 Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition © John Wiley & Sons Australia, Ltd
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Question 14 (1 mark)

P(z) is a polynomial in z of degree 5 with real coefficients. Which of the following statements must
be false?

A. P(z) = 0 has five real roots.

B. P(z) = 0 has one real root and two pairs of complex conjugate roots.

C. P(z) = 0 has three real roots and one pair of complex conjugate roots.

D. P(z) = 0 has one repeated real root and three non-real roots.

E. P(z) = 0 has three repeated real roots and two non-real roots.

Question 15 (1 mark)

The linear factors of z3 — 3iz> 4+ 37 — 9i are
A. (z2 + 3) (z—3i0)

B. (2 —3)(z+3i)

C. (z—3) (> - 3i)

D. (z+3i) (z = 3i) (z - \/51')

E. (Z + \/§i) (z - \/§i) (2 — 3i)

Question 16 (1 mark)

P(z) is a polynomial in z of degree 6 with real coefficients. Which one of the following statements must
be false?

A. P(z) = 0 has no real roots.

B. P(z) = 0 has three real roots and three non-real roots.

C. P(z) = 0 has one (repeated) real root and two non-real roots.

D. P(z) = 0 has four real roots and two non-real roots.

E. P(z) = 0 has six real roots.

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 21
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Question 17 (1 mark)
If z* + 16 = 0 then z is equal to

A V2 £0)
B. —\/E(lii)
C. V2 (=1 +1i)
D. V2 (1 +i) and V2 (1 + i)
E. V2(1+i)and — V21 +1)

Question 18 (1 mark)

Given that z — 1 + \/gi is a factor of P(z) = > + 7> — 2z + a where a € R the value of a is

A. —-12
B. 4
C. -1
D. 3
E. 12

Question 19 (1 mark)
The conjugate pair of factors P(z) = z° + 2z* + 5z + 10 are

.(2—2\/_1') and (z+2\/§i)

B. < —\/_z> and<z+\/_z>

C. <z+2 \/_z> and <z+2+\/—z>
D. (z 2- \/_z) and<2—2+\/_z>

o (e (e )

Question 20 (1 mark)

If 1 — i and +1/2i are solutions to the equation P(z) = z* + bz3 + cz2 + dz + 4 = 0 where b, ¢ and d are real,

then
A.b=-2,c=4andd = -4
B.b=-2,¢c=—-4andd =14
C.b=-2,c=—-4andd =4
D.b=2,c=4andd =4
E.b=2 ¢c=—4andd =4

22 Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition
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2 Complex numbers

m 2.5 Subsets of the complex plane

>
c
o
To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.
Source: VCE 2021 Specialist Mathematics Exam 2, Section A, Q.5; © VCAA
Question 1 (1 mark)
The graph of the circle given by |z -2- \/5 ) i = 1, where z € C is shown.
For points on this circle, the maximum value of |z is
Im(z)
4
g
3
2
1
» Re(z)
a1 9 2 3 4
—-1
A V341
B. 3
C.\3
D. V7+1
E. 8
Source: VCE 2020 Specialist Mathematics Exam 2, Section B, Q2; © VCAA
Question 2 (11 marks)
Two complex numbers, # and v, are defined as u = =2 —iand v = —4 — 3i.
a. Express the relation |z — u| = |z — v| in the cartesian form y = mx + c. where m,c € R. (3 marks)

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 23
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Subtopic 2.5 Subsets of the complex plane

b. Plot the points that represent # and v and the relation |z — u| = |z — v| on the Argand diagram

below. (2 marks)
Im(z)
A

» Re(z)

c. State a geometrical interpretation of the graph of |z — u| = |z — v| in the points that represent
u and v. (1 mark)

d. Answer the following.

i. Sketch the ray given by Arg(z — u) = % on the Argand diagram in part b. (1 mark)
Im(z)
A
5
is 0 ! » Re(z)

-5

|

\
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Subtopic 2.5 Subsets of the complex plane

ii. Write down the function that describes the ray Arg(z — u) = rE giving the rule in cartesian

form (1 mark)

y= |jforx|j

e. The points representing u and v and —5i lie on the circle given by |z — zc| = r,where z,. is the centre of
the circle and r is the radius.
Find z. in the form a + ib, where a,b € R, and find the radius r. (3 marks)

Source: VCE 2019 Specialist Mathematics Exam 2, Section A, Q5; © VCAA

Question 3 (1 mark)
Let z = x + yi, where x,y € R. The rays Arg(z — 2) = % and Arg(z— (5 +1i)) = 5?”, where z € C, intersect

on the complex plane at a point (a, b).
The value of b is

A. -3
B.2-1/3
C.0
D. 3
E.2+/3

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 25
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Subtopic 2.5 Subsets of the complex plane

Source: VCE 2017, Specialist Mathematics 2, Section A, Q.5; © VCAA

Question 4 (1 mark)
On an Argand diagram, a point that lies on the path defined by [z —2 4+ i| = [z — 4] is

NSy

B.

Source: VCE 2015, Specialist Mathematics 2, Section 1, Q.3; © VCAA

Question 5 (1 mark)

If both a and ¢ are non-zero real numbers, the relation a’x> + (1 — a?)y* = ¢
. acircle.

. an ellipse.

. a hyperbola.

. a single straight line.

. a pair of straight lines.

2 cannot represent

HoOW P

Source: VCE 2015, Specialist Mathematics 2, Section 1, Q.6; © VCAA

Question 6 (1 mark)
Which one of the following relations has a graph that passes through the point 1 + 2i in the complex plane?

A.Z=1/5

B. Arg(z) = %

C.lz—1]=z-2{
D. Re(z) = 2Im(z)
E.z4+7z=2
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Subtopic 2.5 Subsets of the complex plane

Source: VCE 2015, Specialist Mathematics 2, Section 1, Q.8; © VCAA

Question 7 (1 mark)

A relation that does not represent a circle in the complex plane is
A . zz=4

B. |z+3i|=2|z—1]

C.lz—i| =z+2]

D.|z—1+i|=4

E. |zl +2z| =4

Source: VCE 2014, Specialist Mathematics 2, Section 1, Q.9; © VCAA

Question 8 (1 mark)

The circle |z — 3 — 2i| = 2 is intersected exactly twice by the line given by
A z—il=1z+1]

B. z—3-2i]=|z-5]

C.|z—3—-2i] =|z— 10

D. Im(z) =0

E. Re(z) =5

Source: VCE 2013, Specialist Mathematics 2, Section 1, Q.5; © VCAA

Question 9 (1 mark)

The region in the complex plane that is outside the circle of radius b centred at the origin is given by the set
of points z, where z € C, such that

A. |zl <b

B. z| > b

C. |z > b?

D. |z| =b

E. |7| < b?
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Question 10 (1 mark)
2
If the ray represented by {z: arg(z) = ?ﬂ} is translated 3 units downwards parallel to the imaginary axis,

then it will be described by

A.

( 2
zoarg(z — 3i) = —7{}

= & 0 ¥

2
ziarg(z + 3i) = ?ﬂ}

3

2
zarg(z+3) = ?ﬂ
: 5
zarg(z—3) = ?ﬁ

2
z arg(z) = ?ﬂ -3

Question 11 (1 mark)
Find the equation of the perpendicular bisector of the line which joins the points 2 + 3i and 1 — .

Question 12 (1 mark)

If the ray represented by {z: arg(z) = 5%} is translated 2 units upwards parallel to the imaginary axis and 3

units to the right parallel to the real axis, then it will be described by

A.

B.

= & 0

zarg(z—3 —2i) = 5?7[

5
zarg(z+3+2i) = ?ﬂ

zarg(z+3—2i) = %T

5m)

zarg(z+2—3i) = 3

57)

rarg(z —2 —3i) = =
zrarg(z i) P

J
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Question 13 (1 mark)

Which of the following does not describe the line S shown in the Argand diagram?
| Ii(:]( S
7 1 > Re(Z)

A. {z:Arg(z) = %} U {z:Arg(z) = —%}
B. {z:Re(z) = Im(z2)}

C. {zlz—2[=|z—-2i}

D. {z:|z+ 3| = |z + 3i]}
E.{z|z+1—i|=|z—1+i]}

Question 14 (1 mark)

The set of points which are equidistant from the two complex numbers 3i and —3 is given by
A {z|z+ 3| = |z - 3i|}

B. {z:|z+ 3| = |z + 3i}

C. {z:|z—3| = |z—3i]}

D. {z:|z—3i| — |z+ 3| =3}

E. {z:|z—=3i| + |z + 3| = 3}
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Question 15 (1 mark)
The diagram shows a circle in the complex plane. The circle is specified by
Im(z) o
/_ 4
A Re(2)

A {2+ 4+ 4i) (z—4+4i) = 16}
B. {z:(z+4—4i) (T+4 +4i) = 16}
C.{z:(z—4—4i)(z—4+4i) =16}
D. {z:|z — 4 + 4i| = 16}
E. {z:|z +4 — 4i| = 16}

Question 16 (1 mark)

The set of points in the complex plane described by {z: |z — 3| + |z + 3| = 10} best represents
. a straight line.

. acircle.

. an ellipse.

. a branch of a hyperbola.

. anull set.

=N oN--Ird
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Question 17 (1 mark)

If z € C, which one of the following represents a ellipse on an Argand diagram?
A.zz=6

B. [z-2|+|z4+2|=6

C.(z—4+2)(z—4-2i)=7

D.4|z—1+4+i|=6

E. [z-3]=4

Question 18 (1 mark)

The Cartesian equation representing Im (z + 2i) = 3[Re (z — 2P —1is given by
A y=3x>—12x-9

B.y=3 (x2—6x+4)

C.y=3+12x-9

D.y=3x>—-12x+9

E.y=3x-27"+1

Question 19 (1 mark)

The Cartesian equation representing Im (z — i) = 2 [Re (z + DP is given by
A.y=2x"—6x*+6x+3

B.y=2x+6x>+6x+3

C.y=2x"+6x>—6x+3

D. y=2(x3+3x2+3x+3)

E.y=2x+1°+3
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Question 20 (1 mark)
The Cartesian equation representing [Im(z)]2 [Re(z)]2 = 8 is given by

A.y=4 —3

B. y={

oo | oo
ﬁ‘

2
C.y=4/=
3

X
D.y=1/%
Y=V

I

<

1]

[\®]
By

Question 21 (1 mark)
z—ai

The set of points in the complex plane described by {z: Im ( > = O} where a and b are real and

z—>b
ab # 0, represents

. a straight line

. acircle.

. an ellipse.

. a branch of a hyperbola.
. anull set.

HoOW P

Question 22 (1 mark)

The set of points in the complex plane described by {z: |z + 3| — |z — 3| = 2} represents
. a straight line.

. acircle.

. an ellipse.

. a branch of a hyperbola.

. anull set.

=S OQOW P&
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2 Complex numbers

m 2.6 Roots of complex nhumbers

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Source: VCE 2020 Specialist Mathematics Exam 1, Q.3; © VCAA
Question 1 (3 marks)

Find the cube roots of — — Li . Express your answer in polar form using principal values of the
2 42
argument.

Source: VCE 2017 Specialist Mathematics Exam 2, Section A, Q4; © VCAA

Question 2 (1 mark)
The solution to z* = 1 + i,n € Z* are given by

1
A. 22ncis <l+@>,keR
4n n

1
B. 2ncis (— + 27Tk> keZz
C. 22n01s<ﬂ 2ﬂk> k€ER
1
D.250i3<£+@ ,keZz

n
E22n01s< 2k>,k€Z
n
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Source: VCE 2015 Specialist Mathematics Exam 1, Q4; © VCAA

Question 3 (4 marks)
Answer the following.
a. Find all solutions of z* = 8i, z € C in cartesian form. (3 marks)

b. Find all solutions of (z — 2i)3 = 8i,z € Cin cartesian form. (1 mark)

Source: VCE 2020, Specialist Mathematics 2, Section A, Q.6; © VCAA

Question 4 (1 mark)

For the complex polynomial P(z) = z° + az*> + bz + ¢ with real coefficients a, b and ¢, P(—=2) = 0 and
P@3i)=0.

The values of a, b and c are respectively

.—2,9,-18

.3, 4,12

.2,9, 18

. —3,—4, 12

.2,-9,—18

= o N--R

Source: VCE 2014, Specialist Mathematics 2, Section 1, Q.7; © VCAA

Question 5 (1 mark)

The sum of the roots of z> — 5z> + 11z — 7 = 0, where z € ¢, is
A. 1+24/3i

B. 5i

C. 4—24/3i

D. 21/3i

E. 5
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Source: VCE 2013, Specialist Mathematics 2, Section 1, Q.8; © VCAA

Question 6 (1 mark)

The principal arguments of the solutions to the equation 2=1+iare
T 4
A. —and —
8 87
B. _r and z
8 8
C. —7—7T and —
8 8
p. 17 aa 27
8 8
E

= andZ
4 4

Question 7 (1 mark)

The solutions to z* = 36 in Cartesian form are
A. 6, 6i, —6and — 6

B. \/6 and \/E

C. \/6_, \/a — \/6 and — \/6

D. /36, v/36i,—\/36 and — \/36i

g V6 V6. Ve V6.

« —, —1, ———and — —1i
4 4 4 4

Question 8 (1 mark)
The solutions to z8 = 16 in Cartesian form are
A V2, —V2, V20, —V2i, 1 =i, =1 —i 1L +i,—1 +i
B. V/8,—V/8,—/8i,—V/8i, 1 —2i,—1 —2i,1 — 2i,—1 + 2i
C. V2, V2, —V2i,—V2i, 1 = V2i,—1 = V2i, 1 = V2i,—1 + \2i
D2 —2,—20,—-20,2—i,-2—0,2—0i,-2+1i

\/5 -2, \/Ez—\/izl 2i,—1—2i,1 — 2i,—1 +2i

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 35



Exam question booklet | Topic 2

Subtopic 2.6 Roots of complex numbers

Question 9 (1 mark)
The solutions of z* = 256 are

A. +16

B. +16i

C. +16and + 16i

D. +4i

E. +4and +4i

Question 10 (1 mark)

The diagram shows a circle of radius a on an Argand diagram.

Im(z),

The roots of the equation z* + a’i = 0, where a is a positive real number, are given by
A. D only

B. J, Gand B.

C. G, CandK.

D. A, Fand I

E. D, Hand L.
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Question 11 (1 mark)
Solve 72 = —27i in Cartesian form.

Question 12 (1 mark)

If2=1- 4\/§i, then z is equal to
A. 2 - \/gi only

B. 2+ \/gi only

C.2+/3i

D. 2 —\/3iand — 2 + \/3i

E. /3 —2iand /3 + 2i

© John Wiley & Sons Australia, Ltd
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2

Complex numbers

Review

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to

your learnON title at www.jacplus.com.au.

Source: VCE 2021 Specialist Mathematics Exam 2, Section B, Q.2; © VCAA

Question 1 (9 marks)

The polynomial p(z) = 2 +az? + Bz +y, where z € C and «, B, ¥ € R, can also be written as
p(2) =(z2—121)(2—22) (2 —23), where z; € Rand z,,z3 € C.
a. i. State the relationship between z, and z3.

(1 mark)

ii. Determine the values of a, 8 and y, given that p(2) = —13, |z, + z3| = 0and |z, — 73| = 6. (3 marks)

Consider the point z; = \/?; + 1.

b. Sketch the ray given by Arg(z — z4) = 5% on the Argand diagram below.

Im(z)

4

+» Re(z)
4

(2 marks)
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5w, . . L . .
c. The ray Arg(z — z4) = — intersects the circle |z — 3i| = 1, dividing it into a major and a minor segment.

i. Sketch the circle |z — 3i| = 1 on the Argand diagram in part b. (1 mark)

Im(z)

44

Re(z)

ii. Find the area of the minor segment. (2 marks)

Source: VCE 2018 Specialist Mathematics Exam 2, Section B, Q2; © VCAA

Question 2 (10 marks)

a. State the center in the form (x, y), where x,y € R, and the radius of the circle given by |z — (1 + 2i)| = 2,
where z € C. (1 mark)
Center =[]

Radius =[]

b. By expressing the circle given by |z + 1| = \/5 |z — i] in cartesian form, show that this circle has the
same centre and radius as the circle given by |z — (1 + 2i)| = 2. (2 marks)
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c. Graph the circle given by |z + 1| = \/5 |z — i| on the Argand diagram below, labelling the intercepts
with the vertical axis. (2 marks)

The line given by |z — 1| = |z — 3| intersects the circle given by |z + 1| = \/5 |z — i| in two places.

d. Draw the line given by |z — 1| = |z — 3| on the Argand diagram in part c. Label the points of
intersection with their coordinates. (2 marks)
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e. Find the area of the minor segment enclosed by an arc of the circle given by |z + 1| = \/5 |z — i| and part
of the line given by |z — 1| = |z —3]. (3 marks)

Source: VCE 2016 Specialist Mathematics Exam 2, Section B, Q2; © VCAA

Question 3 (11 marks)

A line in the complex plane is given by |z — 1| = |z +2 = 3i], z € C.

a. Find the equation of this line in the form y = mx + c. (2 marks)
b. Find the points of intersection of the line |z — 1| = |z + 2 — 3i| with the circle [z — 1| = 3. (2 marks)

c. Sketch both the line |z — 1| = |z + 2 — 3i| and the circle |z — 1| = 3 on the Argand diagram

below. (2 marks)
Im(z)

A

4

3

» Re(z)

-2

-3

4
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d. The line |z — 1| = |z + 2 — 3i] cuts the circle |z — 1| = 3 into two segments. Find the area of the major
segment. (2 marks)

e. Sketch the ray given by Arg (z) = —% on the Argand diagram in part c. (1 mark)

Im(z)

A

4

3

» Re(z)

f. Write down the range of values of a, a € R, for which a ray with equation Arg(z) = ar intersects the
line |z — 1| = |z 4+ 2 = 3i]. (2 marks)
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Source: VCE 2015 Specialist Mathematics Exam 2, Section A, Q5; © VCAA

Question 4 (1 mark)

, 1+iv3 .
Given z = —\_/_, the modulus and argument of the complex number z° are respectively
+1

A. Zﬁand%

B. 4\/5and 51—7;

C. 4\/§and Iz

12

D. 2\/§and51—72T

E. 41/2and — X
12

Source:VCE 2015 Specialist Mathematics Exam 2, Section 2, Q2; © VCAA

Question 5 (12 marks)
Answer the following
a. i. On the Argand diagram below, plot and label the point 0 + Oi and 1 + i\/g . (2 marks)

Im(z)

A
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ii. On the same Argand diagram above, sketch the line ‘z - (1 + i\/g )| = |z| and the circle
lz—2|=1. (2 marks)

Im(z)
A
3

iii. Use the fact that the line ‘z — (1 +i \/§ )’ = |z| passes through the point z = 2, or otherwise, to find
the equation of this line in cartesian form. (1 mark)

y=04

iv. Find the points of intersection of the line and the circle, expressing your answer in the form
a+ib. (3 marks)

. . . : /4
b. i. Consider the equation z> — 4 cos («) z + 4 = 0, where a is a real constant and 0 < o < 5

Find the roots z; and z, of this equation, in terms of &, expressing your answers in
polar form. (3 marks)
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PR . Z St
ii. Find the values of a for which |Arg (—1> = ? (1 mark)
2
Source: VCE 2020, Specialist Mathematics 2, Section B, Q.2; © VCAA
Question 6 (11 marks)
Two complex numbers, # and v, are defined as u = =2 —iand v = —4 — 3i.
a. Express the relation |z — u| = |z — v| in the cartesian form y = mx + ¢, where m, ¢ € R. (3 marks)
b. Plot the points that represent u and v and the relation |z — u| = |z — v| on the Argand diagram
below. (2 marks)
Im(z)
A
5
T 7 t 77= Re(z)

-5

c. State a geometrical interpretation of the graph of |z — u| = |z — v| in relation to the points that represent u

and v.

(1 mark)
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d. i. Sketch the ray given by Arg(z — u) = % on the Argand diagram in part b. (1 mark)

ii. Write down the function that describes the ray Arg(z — u) = rE giving the rule in cartesian

form. (1 mark)

e. The points representing # and v and —5i on the circle given by |z — z.| = r. where z,. is the centre of the
circle and r is the radius. Find z, in the form a + ib, where a,b € R, and find the radius r. (3 marks)

Source: VCE 2019, Specialist Mathematics 2, Section B, Q.2; © VCAA

Question 7 (9 marks)
Answer the following.

a. i. Show that the solutions of 2z> + 4z + 5 = 0, where z € C, are 7 = — (1 mark)

12 Y5
2
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ii. Plot the solutions of 2z + 4z + 5 = 0 on the Argand diagram below. (1 mark)

Imiz)
r'y

» Reiz)

b. Let |z + m| = n, where m, n € R represent the circle of minimum radius that passes through the solutions
of 222 +4z+5=0.
i. Find m and n. (2 marks)

ii. Find the cartesian equation of the circle |z + m| = n. (1 mark)

iii. Sketch the circle on the Argand diagram in part a.ii. Intercepts with the coordinate axes do not need
to be calculated or labelled. (1 mark)

c. Find all values of d, where d € R, for which the solutions of 2z2 + 4z +d =0 satisfy the relation
|z +m| < n. (2 marks)
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d. All complex solutions of az> + bz + ¢ = 0 have non-zero real and imaginary parts.
Let |z + p| = g represent the circle of minimum radius in the complex plane that passes through these
solutions, where a, b, ¢, p,q € R.
i. Find p and ¢ in terms of a, b and c. (2 marks)

ii. Plot the solutions of 2% + 4z + 5 = 0 on the Argand diagram below. (1 mark)

Imiz)
r'y

» Reiz)

Source: VCE 2018, Specialist Mathematics 2, Section A, Q.6; © VCAA

Question 8 (1 mark)
The complex numbers z, iz and z + iz, where z € C \ {0}, are plotted in the Argand plane, forming the
vertices of a triangle.
The area of this triangle is given by
A. |Z]
B. |2] + |z

2’
C. —

2

D. |2’

V3l

2

E.
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Source: VCE 2018, Specialist Mathematics 2, Section A, Q.5; © VCAA

Question 9 (1 mark)
Let z = a + bi, where a,b € R \ {0}.
Ifz+ ! € R, which one of the following must be true?
Z
4
A. Arg(z) = Z
B.a=-b
C.a=b
D. |z =1
E.22=1

Source: VCE 2018, Specialist Mathematics 1, Q.2; © VCAA

Question 10 (4 marks)
Answer the following.

a. Show that 1 +i = 1/2cis G) (1 mark)

(50"

b. Evaluate — giving your answer in the form a + bi where a,b € R. (3 marks)
1+
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Source: VCE 2016, Specialist Mathematics 2, Section A, Q.6; © VCAA

Question 11 (1 mark)
The points corresponding to the four complex numbers given by

2
7, = 2cis <%> ,Zp = Cis <%> ,23 = 2cis <—?ﬂ) ,Z4 = Cis <—%) are the vertices of a parallelogram in
the complex plane.
Which one of the following statements is not true?
A. The acute angle between the diagonals of the parallelogram is 7

B. The diagonals of the parallelogram have lengths 2 and 4
C. 21202324 =0

D.zj+20+z234+42,=0

E. 1 < |z] <2 for all four of z, 2, 23, 24

Source: VCE 2016, Specialist Mathematics 2, Section B, Q.2; © VCAA

Question 12 (11 marks)

A line in the complex plane is given by |z — 1| = [z + 2 — 3|, z € C.

a. Find the equation of this line in the form y = mx + c. (2 marks)
b. Find the points of intersection of the line |z — 1| = |z + 2 — 3i| with the circle |z — 1| = 3. (2 mark)
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c. Sketch both the line |z — 1| = |z + 2 — 3| and the circle |z — 1| = 3 on the Argand

diagram below. (2 marks)
Im(z)

A

4

3

» Re(z)

d. The line |z — 1| = |z + 2 — 3i| cuts the circle |z — 1] = 3 into two segments.
Find the area of the major segment. (2 marks)

e. Sketch the ray given by Arg(z) = —%T on the Argand diagram in part c. (1 mark)

f. Write down the range of values of @, a € R, for which a ray with equation Arg(z) = a intersects the
line |z—1| = |z+ 2 —3i]. (2 marks)
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Source: VCE 2015, Specialist Mathematics 2, Section 2, Q.2; © VCAA
Question 13 (12 marks)

Answer the following.
a. 1. On the Argand diagram below, plot and label the points O + Oi and 1 + i\/g . (2 marks)

Im(z)
A

ii. On the same Argand diagram above, sketch the line |z - (1 + i\/g >| = |z| and the circle
z—2|=1. (2 marks)

iii. Use the fact that the line |z — (1 +i \/5 >| = |z| passes through the point z = 2, or otherwise, to find
the equation of this line in cartesian form. (1 mark)

iv. Find the points of intersection of the line and the circle, expressing your answers in the form
a+ib. (3 marks)
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. . . . Ve
b. i. Consider the equation 22 —4cos(a)z+4 =0, where « is a real constant and 0 < o < —.

Find the roots z; and z, of this equation, in terms of «, expressing your answers in
polar form. (3 marks)

ii. Find the value of a for which

Arg<z—1>’ Uy (1 mark)
22 6

Source: VCE 2014, Specialist Mathematics 2, Section 2, Q.2; © VCAA

Question 14 (13 marks)

Consider the complex number z; = \/5 — 3i.

a. i. Express z; in polar form. (2 marks)
ii. Find Arg(z)). (1 mark)

iii. Given thatz; = \/5 — 3i is one root of the equation 7> + 24\/_ = 0, find the other two roots,
expressing your answers in cartesian form. (2 marks)
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b. i. Find the value of (z; + 2i) (21 - 2i), where z; = \/5 — 3i. (1 mark)

ii. Show that the relation (z + 2i) (2 — 2i) = 4 can be expressed in cartesian form as
2+O+2)7 =4 (2 marks)

iii. Sketch {z: (z+ 20) (Z —2i ) = 4} on the axes below. (2 marks)

Im(z)
s

6

'l L L :R :
6 e(z)

-2

=4

-6

c¢. The line joining the points corresponding to k — 2i and —(2 + k)i, where k < 0, is tangent to the curve
given by {z: (z + 2i) (7 — 2i) = 4}.
Find the value of k. (3 marks)
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Subtopic 2.7 Review

Source: VCE 2013, Specialist Mathematics, Exam 2, Section 2, Q.2; © VCAA

Question 15 (15 marks)
Answer the following.
a. On the Argand diagram below, sketch {z: 7z = 4, z € C} and sketch
{z|z+72 =|z—-%,z € C}. (3 marks)

b. Find all elements of {z:2z2 = 4, z € C} n {z:|z+ 2| = |z —Z|, z € C}, expressing your answer(s) in the
form a + ib. (3 marks)

¢. One of the roots of the equation 72 4+ 16 = 0 is z = \/5 + i\/z.
Write down the other roots in cartesian form.
Plot and label all of these roots on the Argand diagram provided in part a. (2 marks)
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Subtopic 2.7 Review

d. Express z* + 16 as the product of four linear factors in terms of z. (1 mark)

e. On the Argand diagram provided in part a., shade the region defined by
{z2]z] £2,z€CIn {z: Re(z) < \/5, ZE C} (1 mark)

f. Find the area of the shaded region in part e. (2 marks)

g. On the Argand diagram below, sketch {z: 7z = 4, z € C} and sketch
{z|lz+72 =122,z € C}. (3 marks)

F Y

-+
e
+

.l sk

=4 --
f Y
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Subtopic 2.7 Review

Question 16 (1 mark)
If z=—1—1, then % is equal to
Z

1
Al —— (1 +i
16( )

==

1
C— (=14
16( i)

1 .
L=
. 8(1—i)

. —8(1 +1i)

=T 0

Question 17 (1 mark)

If P(z) = 22 + az* + bz — 12 and P(2 — ai) = 0 and P(2) = 0, where a, b and « are all real numbers, and
a # 0, then

A.a=—6andb =-14

B.a=—-2andb=-14
C.a=-2

D.a=2
E.a=+v2
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Answers and marking guide

2.2 Complex numbers in Cartesian form

Question 1

z=a+bi,a=Re(z) € R\ {0}, b=1Im(z) ER

Z=a—-bi,72+z=2a,7z=a*> - b2 =a® + b*
47z Ad*+b)

+2)’ 4a22

=1+=
612

2
s (Im(z)>
Re(z)

The correct answer is A.

Question 2
'=ii*=-1,=-1,*"="=... =i
sum =i—24+97=95+1i

M2 P 4+ =95 4+

The correct answer is C.

Question 3

4
Sni"=1Xi+2xi2+3x +4xit
n=1

=i—2-3i+4=2-12i

9
D" =5XP+6XO+Txi"+8x 8
n=5
=5i—6-Ti+8=2-2i
100
> ni" =252 —i) =50 — 50
n=1

Alternatively, use a CAS calculator and evaluate:
100

>, ni" =50 — 50i
n=1
The correct answer is A.
Question 4
i"=p
i?=-1
i2n+3 — i2n X i3
="’ X2Xi
= —ip
Question 5
x+y)—Gx—y)=x—x+yi+yi
z—2=2yi

Question 6

Equating real parts (1) 4a + 3b = —1
Equating imaginary parts (2) 3a —2b = 12
2%x(1) 8a+6b=-2

3X(2) 9a—6b =36

Adding gives 17a =34 = a=2and b = -3
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Question 7
1 1 z+
-+ == ¥
Z z 2
—x+iy—x—1iy
(=x+iy) (=x —iy)
-2
== a > areal number
X" +Yy
Question 8
(x+ yi)3 = x> 4 3x%yi — 3xy? — y3i
3x%yi—yi=0

y= i\/gx (y = Odiscarded) [1mark]

Question 9

i is a rotation of 90° anti-clockwise, so i>

is a rotation of 270° anti-clockwise or 90°clockwise.

Question 10
w is the refection of w in the real axis, which is the point R.
i*w is a rotation by 180° anti-clockwise; this takes us to the point P.
Question 11
w + 72w = (a + bi) (c + di) + (a — bi) (c — di)
=ac + adi + bci — bd + ac — adi — bci — bd
= 2ac —2bd
Question 12
2 = a* — b + 2abi
w2 =c? —d® + 2cdi
Re (wz) =c? - d*
Im (zz) = 2abi
Question 13
ZE — al _ b2
Re (zZ) =a*-b
ww = c? — d?
Im (WW) =0i

Question 14

2
a*b*u?* = a*b? <l - ll>
a b

. .2
a2b2u2 — a2b2 (i _ & + l_>
a> ab b?
a*b*u* = b* — 2abi + a**

a*b*u? = (b2 - az) — 2abi
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Question 15

(1 1,
uv = (a + bi) (;—;)

b. a. .
w=14+—-i——-i—i
a b

uv=2+<é—g>i
a b

22
uv=2+<b a>i
ab

Question 16
z 2—-4i 1-3i
= = X
w 143 1-3i
—10—10i
10

=—1—i

Question 17
1, 1; .
u_ ;+;lxa+bz

v a-—bi a+bi
1+2+(5+2)i
& — b7
(M)i )
w_Na J b

v a® + b? " ab

2.3 Complex numbers in polar form

IS

<

Question 1

z=a+bi,b=im(z) >0,z=a—bi

o PopP @B i (@)
z—z  26i 2 i 2

= = —(a*> + b?
Re(Z—Z_>=O,Im< ZZ_>= ( )<O
72—z 72—z 2b

The correct answer is A.

Question 2
z = rcis(8), 22 = r’cis(26)
Im(z%) = 0 = sin(28) = 0

arg(z)=6=k7ﬂ, keZ

The correct answer is A.

Question 3

a.z=3—\/§i
2| = (3)2+(—\/§)2=\/ﬁ=2\/§
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Arg(z) = tan™! (_T\/g) =z

z=2+/3cis <—%
Award 1 mark for correctly converting between the two forms.

VCAA Examination Report note:
Students were required to show that 3 — \/3 = 24/3cis (—%) and students generally did this quite

. . 3
well. Some particular errors were noted. Some students wrote such things as tan (T) or

! (?) _T_.x
b. 2 = (3 _ \/§i)3 - (2\/§cis (-%))3
A= (2\/5)3c1s (-3{) = 244/3cis (-%)
2 =244/3 <cos <—§> +i sin <§>) = 0—241/3i

Award 1 mark for using De Moivre’s Theorem.

Award 1 mark for the correct answer.

VCAA Examination Report note:

The efficient method was to use de Moivre’s theorem although some students attempted to expand

3
(3 — \/gi ) . Students who chose the latter approach generally did not score as well.

c. Im<<3 - \/31')") - (2\/§)nsin (-%) -0

sin <—E> =0, "o kr
6 6
n = 6k, k € Z [1 mark]
n is an integer multiple of 6.
VCAA Examination Report note:

There were several ways to answer this question. Some students realised that if n was a positive or

n
negative multiple of 6 then (3 - \/5 i > was real, but were unable to express this mathematically. Some
students did not indicate that k was a member of Z, the set of integers.

d (3-V3i) =aiaeR n
Re((3-v31)) = (2v5) cos<_%>=0
o () =0

n=6k+3, k € Z[1mark]

n is an odd integer multiple of 3.

VCAA Examination Report note:

This question was answered poorly. There were a number of equivalent correct answers but many
students were unable to find a general solution.

=2 iin
2
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Question 4
T
Arg(z) = > Arg(w) = —

Question 5
2
Arg(—1 +ai) = =22,
The complex number is in the third quadrant.

an~! (—a) = —2?” +7= r

3
_a=tan<§)=\/§
=>a=-13

Question 6

<1 - \/§i>4 _ (ZCis -z )4

—8005<73T> +81$1n< >

3
—8>< + 8i X —
2 2

=4 +44/3i
Award 1 mark for expressing both complex numbers in rectangular form.
Award 1 mark for correctly applying DeMoivre’s theorem and division of complex numbers in polar form.
Award 1 mark for the final correct result.
VCAA Assessment Report note:
This question was well answered overall. Those students who used polar form tended to have greater
success than those who tried to solve the equation in Cartesian form and often made algebraic or
arithmetical errors. It was common for the incorrect argument to be used, usually due to the incorrect
quadrant but sometimes due to not knowing exact values. A sketch may have been helpful. Many sign errors
were seen. An elegant solution used the fact that the numerator turns out to be four times the square of the
denominator.
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Question 7
Z=1+i\/§= 2cis (%) =\/§cis(£>
1 +i \/Ecis(%) 12

Arg (£°) = 51—7;

0= 43

This was solved using CAS.

Question 8
Require r, < ry, since z;z, = ryr, cis(6; + 6,). A, B, D and E are incorrect.

Question 9

= 2\/§cis <%)
2= (2\/5)2cis <2 x %)

722 = 8cis <3—7T>
2

72 =-8i

Question 10

Arg<—3\/§—i\/€> _lx

by CAS
2+2i 12

Question 11
2 .

2= rcis(@)% = M = rcis(28 — (=0)) = rcis(30)
Z rcis(—9)

Question 12

z=a+bi,zeC

% < Arg (z3) < ﬂthen% < Arg(z) < %

alsoif — % < Arg(2) < —%then — 37” <Ag(F)<-ne % <Arg () <m

T 7 T

soArgz) el ——, —— U | =, —

2(e) ( 2 3) (6 3>
VCAA Assessment Report note:

All students were awarded marks for this question.
Question 13
p+3i _p+3ix4—pi

4+pi A+pi 4—pi
p+3i  4p+12i—p'i—3pi

44pi 16 — p2i2
p+3i  Tp+(12-p?)i
4+ pi 16 + p>
43 Tp+ (12— p?) i
IfIm(p l.>=0:>Im ( ) =0
4+ pi 16 + p?

>12-p>=0=p+23
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Question 14
4 cis(—120°) = 4 cis <4?7T> =4cis <—2?7T> = —4c¢is(60°) = -2 — 2\/51'

—4cis <2?”> =—4 <cos <2?”> +isin (%’T)) =—4 (—% +i§> =2-2v/3i

Question 15
z is a complex number in the 3rd quadrant.

Im(z) 7

-

7 “Re(2)

Arg(z) = tan™! <%> -7

Question 16
Y=Zes(b-2) =2cis Bl
Z 5 4 6
S==2
5
a=10
p_ T 7
4 5
St mw 13x
b=—+_=_
6 4 12
__lix
12

Question 17

uv = 2acis <b+ Z) = 3cis <3—7T>
3 5

J2a =
3
a==
2
prZ=3T
3
po 3 _T_ AW
5 3 15

2 T T 27 Iy
=>3r=6=>r=2and —+0=——0=—-—— — = ——
3 2 2 3 6
However, we can add 27 to the value of 6.
r Y/
O=——+2mr = —
6 6
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u_ LS(@) = Kcis <9+5—7T> = —6 = 6¢cis(m)
v 2Cis(—57”) 2 3
r

=6=>r=12 and 6+5—7T=7z',6=71'—5—7[=—2—7r
2 3 3 3
Question 20
1 V3
e
2 2
z is in the 3rd quadrant.
Im(z)T .
; TR
-1 T 21
Arg(z) = —m + tan <\/§) = -7+ 3 = ey

2
Arg (z3) =3X —?T[ = —2mbut — 7 < Arg(z) < 7, sothat

Arg () =-2mr+27r =0

2.4 Solving polynomial equations over C
Question 1
a.72+2z+2=0

Z4+2z+1=—-1=¢

G+ 1) =2
7+ 1==i
z=—1=+1i [1 mark]

b. 22 +27+2=0
Letz=a+bi,a,bER,z€C
(a+bi)’ +2(a—bi)+2=0
a? + 2abi + b** +2a—2bi+2 =0
(a*+2a+2—0b%) +iab—2b) =0
Re:(1)a*>+2a+2—-b*=0
Im: (2)2ab —2b =2b(a—1)=0
2)=>a=1lorb=0
Ifb=0thena*+2a+2=0=>a=1=+ibuta€Rr
Soa=1,l2=14+2+2=5b==+5
z=1=x \/5
Award 1 mark for setting-up using Cartesian form.
Award 1 mark for equating real and imaginary parts.
Award 1 mark for the final correct values of z

Question 2
PRy =2 +a? +bz+c
P(-2)=0,PBi) =0
z2=-=2,z==3i
PR)=(z+2)(* =9)
PR =22 +224+9z+18
a=2,b=9,c=18
The correct answer is C.
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Question 3

Solve the equation to determine the number of distinct roots.

=D +3iz—2)=0

@+ @—D)@E+20@z-D)E+1)=0

z=—i, i, —2i,—1, 1

There are 5 distinct roots

To solve this equation using CAS, complete the entry line as:

cSolve ((z* — 1) (22 +3iz—2) = 0, z), remembering to use the correct symbol for i, rather than the variable i.
The correct answer is D.

Question 4
a.z=3- \/gi

d=1/@7 +(-V3) = V=2V
_\/§> .

Arg(z) = tan™! <T =

6

z = 2+/3cis <—%> [1 mark]

VCAA Examination Report note:
Students were required to show that 3 — \/5 = 24/3cis <—%> and students generally did this quite

well. Some particular errors were noted. Some students wrote such things as

tan(?) or tan~! (?) = % = —%.
b 2 = (3 - \/351')3 - (2 3ecis (—%))
2= (2v3) cis (—3?”) = 244/3cis (-%)
2 =244/3 <cos <—§> +isin (%)) = 0—241/3i

Award 1 mark for using De Moivre’s Theorem.

Award 1 mark for the correct answer.

VCAA Examination Report note:

The efficient method was to use de Moivre’s theorem although some students attempted to expand

3
(3 — \/5 ) . Students who chose the latter approach generally did not score as well.
c. Im<<3 - \/§i> ) - (2\/§> sin <—%> —0
sin (—%) =0, nr km

n=6k keZz

n is an integer multiple of 6. [1 mark]

VCAA Examination Report note:

There were several ways to answer this question. Some students realised that if n was a positive or

n
negative multiple of 6 then (3 - \/gi was real, but were unable to express this mathematically. Some

students did not indicate that k was a member of Z, the set of integers.
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d. (3—\/§i>n=ai,a€R
Re (3= VA1)") = (2v3) cos () =0

cos<ﬂ> =0, nro_ z+k7T
6 6 2

n=3+6k keZ

n is an odd integer multiple of 3. [1 mark]

VCAA Examination Report note:

This question was answered poorly. There were a number of equivalent correct answers but many
students were unable to find a general solution.

Question 5
'=14+i,nezt

2 =/2cis (% + 2k7r>
1
= 22cis <§ + 2k7T>

z=221_ncis <l+2k—n>, keZ
4n n
Question 6
2 +az’> +6z+a=0,where a € R
Given that z = 1 — i, by the conjugate root theorem then z = 1 + i is also a root.
Now z+2 =2, zz = 1 — i, so that z> — 2z + 2 is a factor
2+a+6z+a=0
(Z2 -2+ 2) (z + k) = 0, expanding
2H+*hk =22 +02-2k)z+2k=0
Equating coefficients
>6=2-2k
> k=-2.
2+ar+6z—a=0
(2=22+2)(z=2)=0
S.Therootsarez=2, z=1+i,z=1—1i
Award 1 mark for using the conjugate root theorem.
Award 1 mark for the correct quadratic.
Award 1 mark for all correct roots.
VCAA Examination Report note:
Students generally performed well on this question, with most students able to obtain at least two marks.
Typical errors included:
* giving a second solution as —1 — i
* correctly giving 1 + i as a second solution then multiplying this by the given solution to get 2 and stating
2 as the third solution, which was a correct answer but incorrect reasoning
* not being able to correctly determine G. Students could correctly find a = —4 but were unable to get the
third solution.
A small number of students expressed the real solution in terms of a. Some students quoted the answer as
factors rather than solutions. Those who attempted to use polar form were unsuccessful.
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Question 7

a=3-2i,a=3+2i
a+a=6ax=9—-4=13

7> — (sum of roots) z + product of roots = 0
7> — 6z + 13is one factor.

(2 —6z+13) =22 —622+13z=0
=>b=-6,c=13

Question 8
a.z72=8i,zeC

2 = 8cis <§ + 2k7r>

1. <7r 2k7t>
z=83cis | — + —
6 3

k=0,z=2cis<% = \/§+i> [1 mark]
k=1,z=2cis (%) = —\/§+i [1 mark]

k=1,z=2cis <—§> = _2i [1 mark]

VCAA Assessment Report note:
This question was quite well answered by students who used polar form, but not by the small number of
students who tried to solve the equation in cartesian form. The most common errors included finding the
incorrect polar form for 8i or finding the correct polar form for 8i but making errors in finding the other
two solutions. Some students who found the correct solutions in polar form either left them in polar form
or converted them to cartesian form with arithmetical errors. Many students assumed that the Conjugate
Root Theorem applied. Others tried to use the formula for perfect cubes. Some gave factors rather than
solutions, and a number of students gave only one solution for this cubic.

b. (z—2i)° =8i,z€C
2=2i=\3+i, -3 +i, —2i
z=V3+3i,-V3+3i,0 [1mark]
VCAA Assessment Report note:
Students were expected to recognise that the solutions to Question 4a. needed to be translated two units
to the right, and so add 2i. Several students subtracted 2i from the answers in part a., and a small number
tried to solve the equation without using their answer to part a.

Question 9

a f@Q =7 —42+77—4z+6
By the conjugate root theorem,
f) = fi=i) =0,
So (z+1i)(z — i) = 22 — i? = 72 + 1 is a quadratic factor.
Award 1 mark for stating the conjugate root theorem.
Award 1 mark for the correct length.
VCAA Assessment Report notes:
Most students identified the need to use the conjugate root theorem but some then gave z> — 1 as their
answer. Confusion between solutions and factors was often evident. Several students gave the conjugate
root or factor and then did no further work. Some students seemed not to realise that they had completed
what was required and found the second quadratic factor. Some quoted z = +1 as solutions rather than
=%
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b. 24 =422+ 72 —4z46=0
(Z2+1) (2-4z+6) =
(2+1)(2—4z+4+42)=0
(Z+1) (@=2+2) =0
(2-7)(z=27=22)=0

@+ (=24 V2) (z-2-V2i) =
2=+, 2+ /2

Award 1 mark for division and finding the other quadratic factor.

Award 1 mark for solving the other quadratic by completing the square or using formulae.

Award 1 mark for all three correct solutions.

VCAA Assessment Report notes:

Students made many sign errors and other algebraic errors in finding the second quadratic factor. Some
students, having found this factor, gave —2 + \/Ei, 2 + 2ior2 + 1/ 10i as the solution. Some confusion
between solutions and factors was evident.

Question 10
#=272+44=0,z€C
=22 +1=—4+1=-3
(- 1)2=3i2
Z-1 =i\/§i
Z=1=+ \/gi

Letz=a+ bi,a,b €R
22 = d® + 2abi + b*i* = a> — b* + 2abi
Re()=>a>—b> =1
Im(Q2) = 2ab = i\/g

V3

b =+—into(1
2a M

3
2
a — —
442

4a* —4a* -3 =0

=1

(2a2+1) (2a2—3)=0 a€R

\/7 +—:b +£=i£=iL=i—2
Ve

Award 1 mark for attempting to solve the quartic.
Award 1 mark for the correct method.
Award 2 marks for all four correct final answers.
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VCAA Examination Report note:
There were many good attempts at this question, using either completing the square or the quadratic

formula, so many students were able to find that 2> = 1 + i \/5 The most frequently occurring answer from

that point was z = +1/ 1 &+ i1/3, which is not of the form z = x + iy. Those who used polar form often
achieved correct answers, although a few forgot to change back to Cartesian form. Some students made
errors in the sine and cosine of standard angles. A few students solved the question successfully by other

methods and did not need to use polar form. Solving (x + iy)2 =1+ \/g was a viable approach but most
who used this approach struggled with the algebra. There were some interesting attempts including treating
the original expression as a perfect square as well as working that involved the factor theorem.

Question 11

Sra= = (Va) = (e Vi) (e Vi) <0

z=ii\/5 for a>0

Question 12

) ) T
zZ2=4cis| —— ), r=2
(-3)

7

20--% T o
3 3
o7 5T
6 6

Question 13
2(z—3)+6(z—3)=@—-3)(+6)

=(z—3)<z+\/gi> (z—\/gi>

Question 14
P (z) = 0 has one repeated real root and three non-real roots.

Question 15
By grouping,
2 =32 +3z2-9i=2 (-3 +3(-3i) = (2 +3)(z—3i)

B—3i2 +37—9i= (z+\/§i) (z—\/ii)(z—m')

Question 16
A polynomial of degree 6 must have an even number of non-real roots; therefore, B is a

false statement.
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Question 17
A 4+16=0
7 = =16 = 16cis( + 2krr)

z=16%cis<j:+2k_ﬂ)_4 <(2k+1)7t>
k=z=4cis<%> <cos< >+zsm< >> \/_(1_“)
3

Question 18
Answer E
(z—1+\/§i) <z—1—\/§i>
=72—-2z+4
P()= (P —2z+4)(c+k)
P(2) = 22 + kz? — 272 — 2kz + 4z + 4k
P(2)=2+(k—=2)22 + @4 —2k) z + 4k

4—-2k=-2
k=3
sa=12
Question 19
Answer B
P(=2)= (=2 +2(=2> +5(=2)+ 10
=0

P@)=@2+2)(+5)
=(z+2) <z+ \/§i> (z— \/§i>

Question 20

Nowu+u=2anduu=1-i>=2

Letv = \/Ei by the conjugate root theorem. v = \/Ei is also a root.
Nowv+v=0Mand v+v=—-2i>=2

(z—u) (Z—E) (z—v) (Z—?) = (ZZ— (u+ﬁ) +uﬁ) (zz— (v+3) +v§)
(2 =2z42) (2 +2) = (F 22 +42 -4z + 4)

Coefficient of 73: = b = =2

Coefficient of 72: = ¢ = 4

Coefficientof z: = d = —

2.5 Subsets of the complex plane

Question 1

The circle is centred around the point z = 2 + \/gi. |z| represents the distance of a complex number from
the origin. The maximum distance from the origin will be the distance of the centre of the circle from the
origin, plus the radius of the circle.
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2| = |2+\/§i|+1
= 22+(\/§)2+1
=V4+3+1

=vV7+1
The correct answer is D.

Question 2
a. u=-2—i,v=—-4-3j
lz—ul=|z—v|,z=x+yi
x+2)+iGy+ D =|x+4)+i(y+3)]
C+27+ O+ 1) =@ +4>+ G +3)°
A +4 4+ + 29+ 1= +8x+ 164> +6y+9
4x+4y+20=0
y=—x—-5m=-1,c=-5
Award 1 mark for expressing in modulus form.
Award 1 mark for simplifying.
Award 1 mark for the correct line.
b. Im(z) A

5 Re(2)

Y
Award 1 mark for the two points.

Award 1 mark for the correctly graphed line.

¢. The line is the perpendicular bisector of the line joining u and v, or the set points equidistant from both u
and v.
Award 1 mark for the correct geometrical interpretation.

d. i. Im(z) A

y=x+1

5 Re(2)

AN

Award 1 mark for correctly sketching the ray on the diagram in part b.
Note this diagram must show an open circle at u.
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ii. Arg(z—u) = —

Arg((x +2) + i(y + 1)) = %
>

+1
tan~! <y+2> = %forx -2
X
y+1 _
x+2

y=x+ lforx> -2

A ray with open circle at u (-2, —1)

Award 1 mark for the correct line.
e.z.=a+bi

k=2l =r,@c—a) +(y—b’ =7

(=2, -1) () (—2—a)’*+(=1=b> =1

(=4, =3) Q) (4 —a)* +(=3—=b> =1

0, =5)(3) a® + (=5 = b)* = 1*

Solving using CAS:
5 10 5v2
a=—=b=——,r=——
3 3 3
7, = —E—Qz———(1+21)
3 3

Award 1 mark for correctly setting up three equations.
Award 1 mark for the correct value of a and b.
Award 1 mark for the correct value of r.

Question 3
Arg(z—2) =

T
4
tan‘1< Y >=z,x>2
4

Y = tan z =1
x—2 4

DHy=x—-2,x>2

Arg(z—(5+10) = 5?7[

-1
tan‘1<y >:5—ﬂx<5
x—5 6

y—1 <57T>
=tan | —

x—5 6

V365

(2)y=T+1,x<5

(Dx=y+2,into2Q)y = @H

:M+1:(3_)})+]
3 V3

V3g-1)=3-y

(\/§+1)=3+\/§

3+\/_ V3-1_3-3+2V3 _ i
\/_+1 Vi1 o 3-1

The correct answer is D.

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 73



Exam question booklet | Topic 2

Question 4
lz—2+i|=|z—4], z=x+yi
=2+ @+ Di|=|x—4+yi

\/(x—2)2+(y+1)2=\/(x—4)2+y2
X —dx+4+yP+2y+1=x—8x+ 16 +?

1
4x 4+ 2y =11 satisfied by x =3,y = ~5

Alternatively, considering the points between z = 2 — i and z = 4 the point z = 3 — é lies on the midpoint,

that is the perpendicular bisector.

Question 5
2.2 N2 XY
ax+(1—a)y =c:}>c—2+ > =1
2 1-d
Therefore a circle, an ellipse, a hyperbola and a pair of lines are all possible, c = 0,a = % y==

A single straight line is not possible.

Question 6
z=142i,z=1-2i
z-2=1—4% =5, Arg(z) = tan~' (2)

2+z=2
Question 7
lz—il=|z+2]

b+ (v = DI = [((x +2) + y

\/x2+(y—1)2= \/(x+2)2+y2
P4y =2y+1=x>+4x+4+)°

4x + 2y + 3 = 0is a line; all the rest are circles.

Question 8
lz—3-2i|=2

=34+ —2)i|=2

\/(x—3)2+(y—2)2=2
¥ —6x+9+y —4y+4=4
¥ —6x+y?—4y+13=4
lz—3—=2i|=z—5]
x=3+ @ —2)i]=|x—5+yi|

V=37 +0-27 =/ =57 +2
x> —6x+y? —4y+ 13 =x> — 10x + 25 +y?

4x —4y =12
x—y=3
y=x-3

The line y = x — 3 intersects x> — 6x + y> — 4y + 13 = 4 at (3,0) and (5, 2).

Question 9
|z| > b is the set of points outside a circle of radius b, centred at the origin.
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Question 10
2
{z: arg(z + 3i) = ?ﬂ}

Question 11
Let x + yi be a point on the perpendicular bisector.
=27+ =3"=@—-1"+@+1)
—Adx+4-6y+9=-2x+14+2y+1

—2x — 8y + 11 =0 [1 mark]
Question 12
{z: arg(z+3—2i) = 5?7{}

Question 13
All of B, C, D and E are correct; they all give y = x.
A is incorrect as it does not include the origin.

Question 14

The set of points which are equidistant from the two complex numbers « and v is given by
{zlz—ul=lz—vl}

{z:]z+ 3| = |z = 3i]}

Let z=x+yi

|x + vi+ 3| = |x+ yi — 3|

|G+ 3) +yil =[x+ (= 3) ]

\/()c+3»)2+)12=\/x2+(y—3)2
¥ +6x+9+y? =x>+y>—6y+9

6x = —6y

y=—x

Question 15

Letz=x+yiz=x—yic=a+bic=a—bi

Now (z —¢) (Z—E) =zz—cz—2zC+cC
= (x + yi) (x — yi) — (a + bi) (x — yi) — (x + yi) (a — bi) + (a + bi) (a — bi)
= (x2 — yziz) — (ax + bxi — ayi — byiz) - (ax + ayi — bxi — byiz) + (a2 - b2i2)
= x> 4+ y* — 2ax + 2byi® + (02 + bz) = (x2 —2ax + az) + (y2 —2by + bz)
=@x—a’+@y-b)

So(z—rc¢) (Z - E) = 2 represents (x — a)2 +(O - b)2 = r2, which is a circle with centre ¢ = a + bi and

radius r.

In our case, c = —4 + 4i, ¢ = —4 — 4; and the radius is 4.

{Z: (z+4—4) (E +4+ 4i) = 16} specifies the circle.

A circle with centre ¢ = a + bi and radius r is also represented as {z: |z — c¢| = r}, so E has the wrong radius

and is therefore incorrect.

Question 16

{z:]z =3+ |z+ 3| = 10}

Let z=x+yi

|(x = 3) + yi| + |(x + 3) + yi| = 10

\/(x—3)2+y2+\/(x+3)2+y2= 10
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Soy/(x — 3 +y2=10— \/ (x+ 3)> + y2 squaring both sides gives
(x =3 +y2 =100 + (x 4+ 3)” + y* — 201/ (x + 3)* + 2
X2 —6x+ 9412 =100+ 22 + 6x + 9 + 2 — 201/ (x + 3)* + 2
2 25
204/ (x+3)" +y2=12x+ 100 forx>—?
5/ (x+ 3)* +y2 =3x+25 squaring both sides again gives

25 ((«? +6x+9) +y?) = 9% + 150x + 625
25x% + 150x + 225 + 25y% = 9x + 150x + 625

1632 + 25y = 400

2 2
X
LY

I A
25 16
This is an ellipse.

Question 17
|z — 2| + |z + 2| = 6 represents an ellipse. All the others represent circles.

Question 18
y+2=3(x—2)2—1

y=3x>—12x+9

Question 19
y—1=2(x+1)°

y=2x>+6x> 4+ 6x+ 3
Question 20
y2x3 =8

=\

2
=2,/=
X3

Question 21

[ (25) =

Letz=x+4yi
(x+y)—>b (x—>b)+yi
Im<x+(y—a)ix<(x—b)—yi>> _o
(x—=>0)+yi (x—>0)—yi
>x-b(y—a)—xy=0
xy—by—ax+ab—xy=0

ax + by = ab since ab # 0
This represents a straight line.
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{@lz+3[—[z=3]=2}

Letz=x+4+yi
|(x + 3) + yi| — [(x = 3) + yi| =2
\/(x+3)2+y2—\/(x—3)2+y2=2

So\/(x+3)7+y2=2+1/(x—3)+)2
Squaring both sides gives

C+3)+y =4+ & -3’ +y* +4/(x—3)* +?

Ao +94+)2 =442 —6x4+ 94y +41/(x —3)2 +2

4\/(x—3)2+y2=12x—4f0rx>%

V=37 +y2=3x—1
Squaring both sides again gives
(x2+6x+9) +y? =9 —6x+1

8x? —y? =38
2

xz—y—:l
8

this is a branch of a hyperbola, since x > %

2.6 Roots of complex numbers

Question 1

2= L — Li=cis <—E +2k7l'> = Cis <M>
Vi_yio\A :

) <7T(8k—1)>
Z=CS|\ ———
12

. T
k=0, z=cis| ——

k=1, z=cis [
12

k=-1, z=cis _—97T = cis —3—7T
12 4

Award 1 mark for using ks with DeMoivre’s Theorem.
Award 2 marks for the correct three values.

Question 2
"=1+i,neZ*

'= \/Ecis (% + 2k7r>
1
= 22cis (% + 2k7r>

1
zzzﬂcis<£+2k—”>,kez

n n
The correct answer is E.
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Question 3
a.z2=8i,zeC

2 = 8cis <% + 2k7r>

1 <7‘[ 2k7T>
z=83cis| — + —
6 3

k=0,z=2cis (%) = /3 + i [1 mark]
k=1,z=2cis (%”) = —/3 + i [1 mark]

k=—1,z=2cis (-%) — —2i [1 mark]
b. (z =20} =8i,ze C

2=2i=3+i,—\/3+i,-2i
2= /3 +3i,—\/3 + 3i,0 [1 mark]
Question 4
P@)=7+az* +bz+c
P(=2) =0, PGi) =0
z2==2,z==3i
P) =(z+2) (2 +9)
PR)=24+224+9z+ 18
a=2,b=9,¢c=18
Question 5
2 =572411z-7=0

Z1=2+\/§i,Z2=2_\/§i,Z3=1

Sum of the roots:

z1+z2+z3=(2+\/§i)+(2—\/§i)+1

=5

Question 6

zz=1+i:\/§cis<%+2k7t>
z=1 \/Ecis (% +k7‘[>
Letk=0,z=1/ \/Ecis <%>

. Ik
Letk=—1,z=1/ \/5015 <—?)

7
Principal arguments are — ?ﬂ and %

Question 7
2+ = 36.¢is (2km)

i (5

k=0—>z=\/g
k=1
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7= \/gcis <§>

= /6i
k=2,z=16cis(x)= -6

k=3,z=\/gcis<37ﬂ)=—\/g

Question 8
2 = 16.cis (2kn)

7= \/Ecis <k§>

k=0,z=12

k=1,z= \/Ecis <%> etc.

or use a calculator to give the eight solutions that occur as conjugate pairs:
2= V2, V2, —V2i, V2, 1 +i,—1 =i, 1 —i,—1 +i

Question 9
7t =256 = 256¢is (0 + 2kr)

1
2 = 2567 cis <2"—”> = 4cis (k—”>
4 2

k=0 z=4cis(0) =4

k=1 z=4cis<z>=4i
2

k=2 z=4cis(r)=—-4

k=—1 z=dcis <—5) Y
2

Question 10

2+adi=0= 2 =—-ddi = d’Psince i’ = —1

One solution is z = ai the point D on the diagram above; however, there must be three solutions, and they
must be equally spaced around the circle. Hence, the solutions areD, H and L.

Question 11
2 =-27i

=27 cis <377T + 2k7r)

Question 12
Let z = x + yi so thatz> = 22 — y* + 2xyi
Now 72 =1 — 4\/51', so equating real and imaginary parts

Re()x* —y* =1

—2v/3

Im(2) 2xy = —44/3 s0y=—\/_
X
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Substituting gives

12
2__=1
2
M-12=x
F=x2-12=0

(¥*—4)(¥*+3)=0
x= i2orx=i\/§i but x € R so x = +2 only
Soifx =2, thenand if x = —2, theny = \/5

Z=i<2—\/§i>y=—\/§

2.7 Review

Question 1
a. i. pQ)=2+a?+Pz+y, zeC,a,B,y ER,

Exam question booklet | Topic 2

By the conjugate root theorem, and since the coefficient are real, z, and z; are conjugate

pairs. [1 mark]
ii. Letz, =a+bi,z3=a—bi
L+ =2a, |25+ =0,

=>a=0
25 — 23 =2bi, |z — 23| = |2bi| =2 |bi| =2|b| =6
= b=43

So (z—3i)(z+3i) = (z*+9) is a factor

pR =2 +a? +fz+y=(+0) (Z+9)
=72 +c2+92+9c

a=c¢pB=9,y=9

p(2)=—13

—13=8+4a+28+y

—13=8+4+4c+ 184+ 9¢c =26+ 13¢

13¢ = -39, ¢ = -3

a=-3,8=9,y=-27

PR =2 —-32+9z-27=(—-3)(*+9)

Award 1 mark for setting up cubic coefficents.

Award 1 mark for the correct values of a and b.

Award 1 mark for the correct values of a, § and y.

b. z4 = \/5 + i, the ray Arg(z — z4) = %T is the line

y=2—@forx< \/5

Im(z)

Award 1 mark for the correct ray.
Award 1 mark for including open circle at z,.
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¢. i. Thecircle |z —3i| = lisx2 +(y—3)> =1

with centre at C (0, 3) and radius r = 1. [1 mark]
AIm(z)

y=2 —r%xforx <3

3
ii. The ray and the circle intersect at the points A (—g, g) , B(0,2), and triangle ABC is equilateral,

T . .
so £BCA = —, the area of the minor segment is

L2 sin@y=L (% —sin(Z
5%(9—5111(9))_2(3 sm<3>>

1z _ 3

2\3 2

= 1—12 (2%—3\/5)

Award 1 mark for correctly identifying the segment.
Award 1 mark for correctly calculating the area of the segment.

Question 2
a. |z—(1+2)|=2,z=x+yi
=1’ +@-2"=4
Circle center (1, 2) radius 2 [1 mark]
VCAA Examination Report notes:
Some students gave only one of the two required parts of the answer. An incorrect radius of \/5 was
occasionally given. Students were not asked to find the expression of the circle at this point but a number
did so.
b. |z+ 1] = \/Elz—il
&+ D+ iyl = V2 e+ (= Dl

Vo242 = V22 + 0= 1)

x2+2x+1+y2=2[x2+y2—2y+ 1]

¥ =2x+y —4y+1=0

¥ =2x+1+y’—4y+4=4
=17 +@(y-27"=4

Circle centre (1, 2) radius 2
Award 1 mark for correctly setting up an equation involving x and y.
Award 1 mark for correctly manipulating this equation to give the same cartesian equation found in
part a.
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VCAA Examination Report notes:

Most students were able to correctly find an expression that did not involve i. In a ‘show that’ question
such as this, students are expected to explicitly show that the given relation leads to the required

conclusion. The working shown above is an example of a suitable response.

Y '-‘_\]

(0, 2 +-\.f_3) ;“‘ x— 1P+ (y-2)

4 '|=a 4 4
(0.2-3)
o |
we
1

Y
Award 1 mark for the correct circle.
Award 1 mark for correct intercepts.
VCAA Examination Report note:

The circle was generally drawn correctly. Students did not always supply the coordinates of the
y-intercepts as required by the question. Some coordinates were incorrectly given imaginary numbers.

d. |z — 1| = |z — 3] is the line x = 2, solving
x=2and (x—1)* + (y —2)* = 4 gives

y=2i\/§,(2,2+\/§),<2,2—\/§)

YA :
G=1Re(y-2V=4
(2,2+3)
(1,2)
Pl (22—{3)
. T T T T T
AR R R VR R S
_]_
_2_
_3_
—4—
x=2
Y

Award 1 mark for drawing a correct graph.
Award 1 mark for correctly labelling the points of intersection.
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VCAA Examination Report notes:
While the vertical line was usually sketched correctly, coordinates of the points of intersection with the
circle were not always shown. Coordinates were sometimes presented as decimal approximations.

tan(0) =

-5

0 = tan~! <\/§> = %
. 27
The angle subtended is 26 = 3

A= %rz(e — sin(6))

(o (3)(3-%)
A=%(4n—3\/§)

Award 1 mark for identifying the required area.

Award 1 mark for correctly calculating the area.

VCAA Examination Report notes:

Students who used standard formulas to find the segment area were generally more successful than those
who took a definite integral approach. Many students did not start the problem with a correct sector
angle.

Question 3
a. Letz=x+yi
| = 1) +iy| =[x+ 2) + (v — 3)i

\/(x— 1) +y2 = \/(x+ 2> + (y -3
=2+ 1+y =X +4x+4+y°—6y+9
6x—6y+12=0
y=x+2
Award 1 mark for find the linear equation.
Award 1 mark for correct linear equation.
VCAA Assessment Report note:
The majority of correct answers resulted from substituting z = x + yi into the expression provided. Very

few students used a perpendicular bisector approach at this stage. The most common error was a negative
gradient.
b. The circle |z — 1| = 3 has centre (1, 0) and radius 3.
|x =1 +iy| =3

V=12 4+y2=3

x=1?+y2=9
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For points of intersection, solve
(Dy=x+2and(2) x— 1> +)y*=9
x=1D*+x+2°=9
X=2x+1+x*4+4x+4=9
¥+x-2=0
x+2)x—1)=0=>x=1, =2
(1’ 3)’ (_21 0)
Award 1 mark for solving the line and circle.
Award 1 mark for final correct coordinates of the two points.
VCAA Assessment Report note:
Most students were able to find the cartesian expression for the circle and the line and then apply
substitution or use technology to find the required points

Award 1 mark for the correct circle and centre axial intercepts.

Award 1 mark for correct line and intersection points.

VCAA Assessment Report note:

This question was generally well answered. The circle was sketched correctly in cases. However, the line
was not always placed with sufficient accuracy. Some students who were unable to find the correct
equation in Question 2a. were able to use a perpendicular bisector approach to draw a correct line.

d. The area of the major segment is the area of the right-angled isosceles triangle with two side of 3 units,

1
plus the area of the sector, Erze, where r =3 and 6 = 3771'

A=1x3x3+lx32x3—ﬂ
2 2 2

_ 18+ 27x

Award 1 ilark for the section area.

Award 1 mark for the correct area.

VCAA Assessment Report note:

Students found this question more difficult than previous parts of Question 2. A correct answer was most
easily found by adding a right-angled triangle to three-questions of a circle. Subtracting the minor
segment area from the circle area was a common approach. Some students correctly used a segment area
formula and a larger number set up elaborate definite integrals to find the area, occasionally successfully,
but this was not an efficient approach. Sign and factorisation errors meant that some students moved from
a correct approach and evaluation to an incorrect final answer.

e. The ray Arg(z) = —%T is the line y = x for x < 0 and has an open circle at the origin.

Since the origin is not included and the ray makes an angle of 135° measured clockwise from the positive
real axis.
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Award 1 mark for the correct ray on the diagram in part c.
VCAA Assessment Report note:
Many students were not able to sketch the required ray. Some students sketched a line but did not restrict
their ray appropriately, either including or extending past the origin.
f. Since —7 < Arg(z) < 7, the ray Arg(z) = ar is parallel to the line

|z— 1| = |z + 2 — 3i| when Arg(z) = _3n or Arg(z) = T and therefore does not intersect the line,

e (2 (4]

Award 1 mark for each correct value.

VCAA Assessment Report note:

Students found this question demanding, with few students giving a fully correct answer. Many students
did not respond to this question. Common incorrect answers contained multiples of 7= or included the
endpoint « = —1. Some students did not note that the principal value of the argument was used in the
question. Of the correct answers, a variety of correct notations were presented.

Question 4

1+iV3

1

5

(@)}

—_

w
A~ (9%}
o~
SN—

I
o
72}
VRS
BIE
!
=1
SN—

Il

Sl

o.

= .
N

[a——

N
W
Il
N
S
8.
w2
7N N

p—

S
N~
~—

wn

2
=44/2cis <5—”>
12

The correct answer is B.
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Question 5
a. i Im(z)

[
LA N3

O+ 0i

<7 T T T T >
3 |2 =19 12 | 3Re@®

=3
\

Award 1 mark for each correctly positioned point.
VCAA Assessment Report note:

This question was answered quite well, but many students could not accurately position 1 + i \/g, not
realising it lay on the circle of radius 2. A number of students did not fully label both points.
ii. |z—(1+i \/§)| = |z is the line equidistant or the perpendicular bisector from the points
0+ 0i and 1 +iv/3.
|z — 2| = 1 is the circle, center at 2 + 0i and radius 1.

Im(2)
3

2_

|

\ L+ i3

1_

_ 0+ 01 ‘

| T 1

3 2 =0 }\f>éRe(z)
Py

=3
Y

Award 1 mark for the line and 1 mark for the circle on the diagram in a. i.

VCAA Assessment report note:

Most students graphed the circle correctly, although some circles were poorly drawn.

A common error was to draw a straight line with a positive gradient. A number of students
terminated their line at (2, 0). Few students seemed to realise that the required line was the

perpendicular bisector of the line interval joining (0, 0) and (1, \/5 )

iii. [z— (1 +iV3)| =z
Let z=x+yi

|(x—1)+(y—\/§)i(=|x+yi|
R O =

=2+ 142 =23y +3=22+)?
x+ /3y =2 [1 mark]
VCAA Assessment Report note:

This question was generally well answered. The most common error was the gradient given as
positive.
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iv. (1) |z—(1+i\/§)|=|z|:>x+ V3y=2

Q) z=2l=1=2x=-2"+y*=1
Substitute (1)x = 2 — 1/3y into (2)

2
<—\/§y> +y =47 =1
1

T
Y 1 y +3
1 3
y=—:>x=2—£
2 2

1 3

y=——=>x=2+ [

1 2 1 21 1

Z(4- 3) + —iand = (4+ 3) — i

2 ( \/— 2 2.\ \/— 2

Award 1 mark for substitution.

Award 1 mark for each correct point of intersection.

VCAA Assessment Report note:

The question was reasonably well answered. Common errors were answers given in the wrong form
and sign errors. Most students attempted to solve the equations of the line and circle simultaneously.

b i zz—4cos(oc)z+4:O,oceR,O<oc<g

ii.

A = (4cos(@))* — 4 X 4 = 16cos2(ar) — 16
= 16(cos?(a) — 1) = —16sin*(a)
= 162 sin’(@)

4 cos(a) + 4/ 162 sin?(a)

2
7z =2cos(ar) + 2i [sin(a)| since 0 < a < %

=

71 = 2(cos(a) + isin(a)) = 2 cis(x)

7, = 2(cos(a) — isin(a)) = 2 cis(—a)

Award 1 mark for using the quadratic formula.

Award 1 mark for simplifications.

Award 1 mark for both correct roots.

VCAA Assessment Report note:

Most students attempted to apply the quadratic formula or complete the square, but few managed to
find the values of z in polar form. Dealing with the discriminant proved to be a problem for many. A
number of students left answers in cartesian form, and some erroneously converted the correct

cartesian form answer to 2\/5 cis(ar) and 2\/5 cis(—a).

2
G _ 2@ _ o
Z,  2cis(—a)

Arg (Z—1> =2a = oz
Vo) 6
o= R [1 mark]

VCAA Assessment Report note:

Many students did not attempt this question. Common errors were unsimplified expressions involving

St St
z, —— and —.
12 6
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Question 6
au=-2—iv=—-4-3j
lz—ul=lz—v,z=x+yi
(x+2)+iGy+ D =|x+4)+i(y+3)

C+2*+ 0+ D> = +4*+ (1 +3)
CHAx+4+y2+ 29+ 1= +8x+16+y> +6y+9

4x+4y+20=0
y=—x—-5m=-1,c=-5
Award 1 mark for expressing in modulus form.
Award 1 mark for simplifying.
Award 1 mark for the correct line.

b. Im(z)
|

SJ\

'J“/I
=
0
|

¥
"
o
Y

N T ORI

7’

| Y
Award 1 mark for the two points.

Award 1 mark for the correctly graphed line.

c. The line is the perpendicular bisector of the line joining u# and v, or the set of points equidistant from both
uand v.
Award 1 mark for the correct geometrical interpretation.

d i m(z)
5 A
yvsx#l
}\\u =2I=T) N
—‘i N e 0 ‘\
N =B
L~
J A
Vit4=5)
5
Y

Award 1 mark for correctly sketching the ray on the diagram in part b.
Note this diagram must show an open circle at u.
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T
ii. Arg(z—u)=—
g( )4

Arg(x+2) +i(y+ 1) =§

1
tan~! <y+ ):z for x > =2
x+2 4

y+1 _

x+2

y=x+1 for x> -2

A ray with open circle at u (—2,—1)

Award 1 mark for the correct line.

e.z.=a+bi

lz—zl=rGx—a’+G-b’=r
(=2,-1) (1) (2—a)P+(-1=-b> =7
(—4,-3) 2) (—4—a)* + (=3 —b)* =1
0,=5) 3) K2+ (=5-b)* =1*

1

Solving using CAS:
5 10 5V2
a=——, == —
3 3 3
ZC=—§—Ei=—§(1+2i)

Award 1 mark for correctly setting up three equations.
Award 1 mark for the correct values of a and b.
Award 1 mark for the correct value of r.

Question 7

a. i 272 +4z4+5=0
Completing the square
2(24+2z+1)=-5+2=-3=37

3i?
2+ 1) ==
z+1D 2

32 +/e6i

t+l=4\/ =t
2

)
\/6i
e=-lEe
Quadratic formula
a=2,b=4,c=5

A=Db%—4dac =16 —40 = =24 = 242 = 4 X 6i*
—b+\A  —4+24/6i

2a 4
2

Award 1 mark for the correct method and proof.

VCAA Examination Report note:

Most students were able to show that the quadratic equation had the given solutions either by the
quadratic formula as above or by completing the square. In a ‘show that’ question such as this,
students are expected to explicitly show that the given information leads to the required conclusion
rather than ‘verify’ that the given values of z are solutions of the equation. The working shown above
is an example of a suitable response.

z=-
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i, Tm{z) A
3
61 2
1+ )

. S
T Ml T 0 . T T T >
-3 =2 =i | 1 2 3 Re(z)

¢ T

HE A

13

Y

Award 1 mark for the correct points.

VCAA Examination Report note:

Most students correctly plotted points representing the two solutions. In some cases insufficient care
was taken to plot points accurately relative to the supplied gridlines and scale.

V6

b. iim=1,n=—

2
Award 1 mark each for the correct values of n and m.
VCAA Examination Report note:
m = —1 was a common incorrect response.

6
ii. [z4+m|=n, |z+1|=7, Z=x+yi

|G+ 1) +yi] = ?

V@ + 1D +y2 = ?

x+ 1)2 +y? = E,circle with centre (—1, 0) and radius

>[5

Award 1 mark for the correct equation of the circle.
VCAA Examination Report note:
Incorrect responses included sign errors and algebraic errors resulting from unnecessary attempts to
isolate y.
iii. Im(z) A

3
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i\/2(d—2)

c.p(2) =272 +47+d=0, z=—1 + ——— for complex solutions,

So, d — 2 > 0 but for solutions of p(z) to liein |z+m| <nso2 <d <5.
However, —1 < d < 2 when the solutions are real and lie on the real axis, inside the circle, so

—-1<d<5s.
(d 2) \[
2

Alternatively
‘ V2@-2)| _
|d 2| <3, —ISdSS
Award 1 mark for using the correct method.
Award 1 mark for the correct value of d.
VCAA Examination Report note:
Many students did not attempt this question. Of those who did, most abandoned a potentially correct
approach before they reached a conclusion. Those who reached a conclusion generally got there via the
quadratic formula but unfortunately most of these students found only one end point of the interval.

—b+iv-A |

5 since we want complex solutions, so A = b*> — 4ac < 0
a

d. i. aZ2+bz4+c=0, z=

b Vdac - b* _
p= 22 q= T since g > 0 and g represents the radius.
a a
Award 1 mark each for the correct values of p and q.
VCAA Examination Report note:
Many students did not attempt this question. Of those who attempted it, most made errors relating to

signs; giving the negative of the correct p value or not accounting for the sign of a.

ii. Im(z) A

3

61 2

1+ )

® |,
Rl T or* T T >
=3 2 ] 1 2 3 Re(z)

¢ T

—tE V[g_x Ao

13

Y

Award 1 mark for the correct points.

VCAA Examination Report note:

Most students correctly plotted points representing the two solutions. In some cases insufficient care
was taken to plot points accurately relative to the supplied gridlines and scale.

Question 8

z=a+ bi,A(a,b)

iz =—b+ ai, B(-b,a)
z+iz=(@—b)+(a+Db)i, Ca—b,a+b)
CA-CB=0 £ACB =90°

d(AC) = Va2 + b2,d (BC) = \/(—=b)* + a2

_1 ey
A—Zd(AOd(BO—z(a +b?) = >
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Question 9
z=a+bi,a,b € R\ {0}

1 . a—bi
z+—=a+bi+ - -
Z a+bi a-—bi
a—bi
=a+bi+
a® + b?
a b
=la+—|+i|b———
< a2+b2> < a2+b2>

1
Im<z+—> =0:>b—%=0
Z a“+b
2P =a*+b* =1,z =1
Question 10
au=1+i

Ul = Vi+1=1v2

Arg(u) = tan~!(1) = 1

w=1+i=/2cis G) [1 mark]

VCAA Examination Report note:
This question was answered well by most students. A common incorrect response was to write

1 T 1 T
tan | — | = — rather than arctan [ — | = —.
1 4 1 4

b.v=\/§—i

V| = <\/§)2 + (=1 =2 Arg(v) = tan" <—%) - —%,v —3—i=2cis <—%) [1 mark]

10
\/g—i 2cis (=ZVW)V'0 210G (—3Z
(Vi) | once))” 2o
0 (s

)>12 "~ 26¢is(37)
= 2%cis <—5?7T 37+ 471)

= 16cis (-2—”>
3

= 16cos <2—ﬂ> — 16isin (2—7T>
3 3

3

=16 X S 16 X i
2 2

= —8 — 84/3i [1 mark]

VCAA Examination Report note:

Most students realised that they needed to use polar form and de Moirvre’s theorem. Quite a few students

=18

. .. . T 57 T .
were not able to write \/3 — i in polar form correctly with arguments of —, — and — being given

frequently.Students are reminded that a diagram placing the complex number in the correct quadrant can
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be helpful in avoiding errors. Of those students who obtained the result 16 cis <—2?7T> , some neglected

to write the final answer in the required form or made errors in their attempt.
A small number of students attempted to expand brackets. This approach was rarely successful.

Question 11

7y = 2cis z 7, = CIS 3—” 73 = 2cCiS —2—7T Z4 = CIS _r
! 3 )% 4 )7 3 )0 4

21202324 = 4 cis 3 +— -

:4cis<%> =2V3+2i#0
All other options are true.

Question 12
a. Letz=x+1iy
x=1) +iy| =[x +2)+ (—3)i

Vo= 1P 42 = e+ 22+ - 37
=2+ 1+y =X +4x+4+y°—6y+9
6x—6y+12=0
y=x+2
Award 1 mark for finding the linear equation.
Award 1 mark for the correct linear equation.
VCAA Assessment Report note:
The majority of correct answers resulted from substituting z = x + yi into the expression provided. Very
few students used a perpendicular bisector approach at this stage. The most common error was a negative
gradient.
b. The circle |z — 1| = 3 has centre (1,0) and radius 3.
(x—1)+iy| =3

V-1 +y2=3
x—1*+y2=9
For points of intersection, solve
(1) y=x+2 and 2) x=1>+y*=9
=D+ @x+2>=9
=2+ 14+x*+4x+4=9
X4+x-2=0
x+2)x—-1)=0=>x=1,-2
(1,3), (=2,0)
Award 1 mark for solving the line and circle.
Award 1 mark for final correct coordinates of the two points.
VCAA Assessment Report note:
Most students were able to find cartesian expressions for the circle and the line and then apply
substitution or use technology to find the required points.
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Award 1 mark for the correct circle and centre axial intercepts.

Award 1 mark for the correct line and intersection points.

VCAA Assessment Report note:

This question was generally well answered. The circle was sketched correctly in almost all cases.

However, the line was not always placed with sufficient accuracy. Some students who were unable to find

the correct equation in part a. were able to use a perpendicular bisector approach to draw a correct line.
d. The area of the major segment is the area of the rightangled isosceles triangle with two sides of 3 units,

plus the area of the sector, lr29 where r =3 and 6 = 37”

A=1x3x3+lx32x3—ﬂ
2 2 2

_ 18+ 27n

Award 1 fnark for the sector area.

Award 1 mark for the final correct area.

VCAA Assessment Report note:

Students found this question more difficult than previous parts. A correct answer was most easily found
by adding a right-angled triangle to three-quarters of a circle. Subtracting the minor segment area from
the circle area was a common approach. Some students correctly used a segment area formula and a
larger number set up elaborate definite integrals to find the area, occasionally successfully, but this was
not an efficient approach. Sign and factorisation errors meant that some students moved from a correct
approach and evaluation to an incorrect final answer.

e. The ray Arg(z) = —27 i the line y = x for x < 0 and has an open circle at the origin, since the origin is

not included and makes an angle of 135° measured clockwise from the positive real axis.
Award 1 mark for the correct ray on the diagram in part c.
VCAA Assessment Report note:
Many students were not able to sketch the required ray. Some students sketched a line but did not restrict
their ray appropriately, either including or extending past the origin.
f. Since —7 < Arg(z) < 7, the ray Arg(z) = ar is parallel to the line |z — 1| = |z + 2 — 3i].

1
When Arg(z) = —%T or Arg(z) = % and therefore does not intersect the line, o € (—1, —%) U <Z’ l].

Award 1 mark for each correct value.

VCAA Assessment Report note:

Students found this question demanding, with few students giving a fully correct answer. Many students
did not respond to this question. Common incorrect answers contained multiples of 7z or included the
endpoint « = —1 Some students did not note that the principal value of the argument was used in the
question. Of the correct answers, a variety of correct notations were presented.
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Question 13
a. i

Award 1 mark for each correctly positioned point.
VCAA Assessment Report note:

This question was answered quite well, but many students could not accurately position 1 + i \/5, not
realising it lay on the circle of radius 2 A number of students did not fully label both points.

ii. |z - (1 +i \/g )) = |z] is the line equidistant or the perpendicular bisector from the points 0 + 0i and
1 +iv/3.
|z — 2| = 1 is the circle, centre at 2 + 0i and radius 1.
Award 1 mark for the line and 1 mark for the circle on the diagram in a. i.
VCAA Assessment Report note:

Most students graphed the circle correctly, although some circles were poorly drawn.
A common error was to draw a straight line with a positive gradient. A number of students
terminated their line at (2, 0). Few students seemed to realise that the required line was the

perpendicular bisector of the line interval joining (0, 0) and <1, \/5 )
i, [c — (1 + iﬁ)) = |¢]
Letz=x+yi

=+ (y= V3) i =l + vl
\/(x—1)2+<y—\/3)2=\/m

¥ =2x+1 +yz—2\/§y+3=xz+y2
x+ /3y =2 [1 mark]
VCAA Assessment Report note:
This question was generally well answered. The most common error was the gradient given as
positive.

iv. (1) |z—<1+i\/§)|=|z|=>x+ V3y=2
Q) z=2|=1=2>x=-27+y*=1
Substitute (1) x = 2 — /3y into (2)
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R,
Y=o =4
1: ) 3
= — X=2—-—
Y=5 2\/_
1 3
y=——;"x=2+7

2
1 l. 1 1.
5 (4 \/5) + 2zand2 <4+\/§> 21
Award 1 mark for substitution.
Award 1 mark for each correct point of intersection.
VCAA Assessment Report note:
This question was reasonably well answered. Common errors were answers given in the wrong form
and sign errors. Most students attempted to solve the equations of the line and circle simultaneously.

2 —4cos(a)z+4=0,a €R0<a < g
A = (4cos(@))* —4 X 4 = 16cos2(ar) — 16
= 16(cos?(a) — 1) = —16sin’()
= 16i2sin*(a)

4cos(a) + 1/ 16i2sin*(@)

2
7z =2cos(a) + 2i |sin(a)| since 0 < a < %

=

z; = 2(cos(a) + isin(a)) = 2 cis(ax)

7, = 2(cos(a) — isin(a) = 2 cis(—a)

Award 1 mark for using the quadratic formula.

Award 1 mark for simplifications.

Award 1 mark for both correct roots.

VCAA Assessment Report note:

Most students attempted to apply the quadratic formula or complete the square, but few managed to
find the values of z in polar form. Dealing with the discriminant proved to be a problem for many. A
number of students left answers in cartesian form, and some erroneously converted correct cartesian

form answers to 2\/§cis(oc) and 2\/§cis(—oc).

o
G 268@ _ o
Z,  2cis(—a)

Arg Z—l> =2a = 7
22 6
o= Rl [1 mark]

VCAA Assessment Report note:

Many students did not attempt this question. Common errors were unsimplified expressions

. . Sm S5t
involving z, ——— and —.
12 6
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Question 14

a. i

ii.

iii.

ii.

ii.

4 = \/5—3”'
2
[l =1/(V3) +37

1
21/3

-3
Arg(z)=tan_' —
o <\@>

\

98]

3
71 = 2\/§cis <—%>
Award 1 mark for the correct magnitude.
Award 1 mark for the correct argument (angle).
Arg (}) = —4 X g + 2

2
A () =2

Award 1 mark for the correct argument (angle).
2 =V3-3i, 7, =3+3i

27, =3-92 =12, z;+7, =2V3

So 22 — 24/3z + 12 is a factor.

2 +24v/3=0

(z2—2\/§z+ 12) (z+2\/§) —0

z= —2\/3, \/5 +3i

Award 1 mark for the correct factors.
Award 1 mark for the other two roots.

i (2 +20) (zy — 2i) = 7,7, + 2izy — 2iz; — 4%

=12+2i (V3+3i) -2 (V3-3i) +4

= 12+ 6/3i + 62 — 61/3i + 6 + 4
=12—-6—-6+4

=4

Award 1 mark for the correct value.
(z+20)(z—2i) =4

24207 —2iz —4i* =4
x+FyD)x—yD)+2i(x—y)—2ix+y)+4=4

x2 + xyi — xyi — i2y? + 2ix — 2yi® — 2ix — 2y’ + 4 =4

¥ +y +dy+4=4

L+ +2)7 =4

Award 1 mark for correct expansions.

Award 1 mark for showing the correct relation.
2+ (y+27 =4

Circle with centre (0, —2) and radius 2

Exam question booklet | Topic 2
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D
-

Award 1 mark for the correct radius.
Award 1 mark for the correct centre.
c. P(k,-2), 0(0,—-2+k)), k<0

L _-Cth+2
PO 0—k
y4+2=1(x—k)

The line touches the circle X2 + (y + 2)* = 4
x4+ (x— k)2 =4

2x* — 2xk + (k* — 4) = 0 has only one solution.
A=0

(—2k)° —4x2x (K —4)=0

4k* — 8k* +32=0

4k? = 32

=8, k=422

k=-24/2 since k<0

Award 1 mark for the correct gradient.
Award 1 mark for using the discriminant.
Award 1 mark for the correct value of .

Question 15

2 +i2

z=x+yi,z=x—Yi

zZ=x—yit=x+y"=4

A circle with centre at the origin and radius 2

lz+2] = |z—2z| = [2x] = |2yi] = |x| = ]y]

y = +x, which implies two straight lines through the origin.
Award 1 mark for the correct Cartesian equation of the line.

98 Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition © John Wiley & Sons Australia, Ltd



Exam question booklet | Topic 2

Award 1 mark for the correct Cartesian equation of the circle.

Award 1 mark for correct drawing, lines and circle.

VCAA Assessment Report note:

The majority of students did not draw the line y = —x. Most got the circle and the line y = x.

Some students drew more than one circle, and straight lines were sometimes drawn roughly.
b. Substitute y = +xintox> + y*> = 4.

=4 2=2> x=-|_-\/§f/y=i\/§

Altogether there are four answers.

V2+iV2, V2= ivV2, V2 +iV2,-V2 - iV2

Award 1 mark for substituting.

Award 2 marks for all four correct answers.

VCAA Assessment Report note:

This question was only moderately well done. Most students found only two solutions for z,

z= \/§+i\/§andz=—\/§—i\/§.

c.*+16=0
Oneroot: 7 = \/§+i\/§
The other three roots are z = \/E—i 2,z= —\/5+ i\/z, 7= —\/5— i\/z

Award 1 mark for the correct answers.
Award 1 mark for correct labelling in part a.
VCAA Assessment Report note:
Major errors involved not plotting the roots, not labelling the plotted roots, and plotting the roots on the
incorrect circle and in other locations.
d *+16= <z+\/§+i\/§> <z+ \/5—1'\/5) (z—\/§+i\/§> (z—ﬁ—iﬁ)
Award 1 mark for the correct linear factors.
VCAA Assessment Report note:
A number of students confused factors and roots. Some wrote down the correct factors but not as a
product as required.
e.z=x+1iy
Re(2) > V2= x> V2
Award 1 mark for correct shading in part a.
VCAA Assessment Report note:
Frequent errors included segments shaded in other quadrants, the major segment shaded, shading of an
annulus, and inaccurate borders and shading of the defined region.

f. Areaof segment = %rz (6 —sin(©))

o3 (5-n(3)) =2 (5)

A=m -2

Award 1 mark for using the correct formulae.

Award 1 mark for the correct area.

VCAA Assessment Report note:

This question was done reasonably well by students who shaded the correct region in part e. Some

students gave a decimal approximation. A frequent error was A = — (7r — 2), where only half the

segment was sketched, or where integration was used without doubling the integral.
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2 +i2

Z=x+yi,z=x—yi

z=xX—yil=x"+y"=4

A circle with centre at the origin and radius 2

lz+z[ = lz—z] = [2x] = [2yi] = |x| = |yl

y = +x, which implies two straight lines through the origin.

Award 1 mark for the correct Cartesian equation of the line.

Award 1 mark for the correct Cartesian equation of the circle.

Award 1 mark for correct drawing, lines and circle.

VCAA Assessment Report note:

The majority of students did not draw the line y = —x. Most got the circle and the line y = x.
Some students drew more than one circle, and straight lines were sometimes drawn roughly.

Question 16

z=—1—i=>2=—1+i=\/§cis<%r>
-7
l7=;7= (\/E) cis <—21—n>

4

I |
VN
5
(@]
Q.
w
—
W
=I5
SN—
N—

N =A ] =

Question 17

Let u = 2 — ai by the conjugate root theorem. u = 2 + «i is also a root.
Nowu+u=4and uu = 4 — %> = 1 + a°.

(Z—2)(z—u)(z—ﬁ) =(z—2)(z2— (u+ﬁ) +u+ﬁ)

=@z-2) (2 —4z+ (4+a?)) =2 +a? +bz— 12

2(4+a%) = -2 4+a’=6a’=2a =+\2

Coefficient of 7>:a=-2—4=>a=—6

Coefficient of zzb=8+4+a’= b =14
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4 Vector eqguations of lines and
planes

Topic 4 Vector equations of lines and planes

m 4.2 Linear equations and inequations

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (1 mark)

Which of the following statements imply that g X b = 0?
A. g and b are perpendicular

B. g and b are parallel

C. |g| = |b|

D. Neither g or b are the zero vector

E. |g| <[p] <1

Question 2 (3 marks)
Consider the points P(3, 0, 0), Q(0, —2, 0) and R(0, 0, 1).
Determine the area of the triangle POR using a vector method.

Question 3 (2 marks)
For any two vectors g and b, show that |a X lg|2 = |Q|2 |l3|2 —(a- b)z.
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4 Vector equations of lines and planes
m 4.3 Lines in three dimensions

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (1 mark)
Which of the following is a vector equation for the line passing through A(—3,0,5) and B(2,5,—7)?

A r(0) = (=3i+5k) +1 (5;+ 5j— 12@)
() = (=3i + 5K) +;<—5g— 7+ 121;)
Cr@) = —8g+51—715)+z<51—7z+1215)

(
(

P = (2;- T+ 17k) +1 (—5g+ 5j— 12/;)
(

N—

= 2 0O =

P = 2g+5z+715) +t(—5£—5j— 1215)

Question 2 (3 marks)

. . . . . . ox—=2 +1 z-7
Determine the vector equation of the line given by the Cartesian equation =2 = and

which passes through the point (8, —5, —1).

Question 3 (5 marks)

One line passes through the two points (5,4, —1) and (9, 14, —7). A second line passes through the two
points (5, 3, 10) and (6, 5, 14). Show that the two lines intersect and calculate the point of intersection and
angle between the two lines.
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4 Vector equations of lines and planes

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (3 marks)
Determine the equation of the plane which contains the points A(1, 3, —4), B(2, 0, —1) and C(0, -3, 4).

Question 2 (2 marks)
Determine the equation of the plane which is perpendicular to n = 2i + 3 — k and which contains the point

Py(1,3,-1).

Question 3 (2 marks)
The parametric equation x =t + 3,y = 5 — t and z = 2¢ + 1 defines a line. The line intersects the plane

3x — 2y + z =7 at a point. Determine the coordinates of this point of intersection.
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4 Vector equations of lines and planes

>
c
°

To answer questions online and to receive immediate feedback and sample responses for every question, go to

your learnON title at www.jacplus.com.au.

Question 1 (1 mark)

. X=X Y=Y 174
Consider the line = = and the plane a,x + b,y + ¢,z = d, the acute angle between the

a; b, €
angle and the plane is given by

-1 laya, + byby + ¢y

20120 2.0/ 2002 2
\/al + b; +c1\/a2+b2+c2

A. sin

aa, + b1b2 + C1Cp

201202 ) 222
\/a1 + b; +c1\/az+192+c2

-1

B. cos

layay + byby + ¢y

C. sin”!
@+ B+ @+ B+

- layay + byb;y + c1cy

D. cos

20020 2. ]2 p2 a2
\/al + b, +cl\/a2+b2+c2

layay| + |b1b,| + |cycs]

E. sin™

N——————— s —— N S N~——————

2020 2./ 20 p2 0 2
\/al + b; +cl\/az+bz+c2
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Subtopc 4.5 Review

Question 2 (1 mark)
— X y—)’1=2—21 X=X y‘)’zzz—z

. . X
Consider the two lines = and =
a; b, €1 a b, (%]

2 the acute angle between

the lines is given by

apa, + b1b2 + Cc1Cy

20120 2./ 20 120 2
\/al + b; +c1\/az+bz+c2

A. sin”!

aa, + b1b2 + C1Cy
2 2 2 2 2 2
\/a1 + b +c1\/az+bz+c2

cos™! [
. -1 layay + byby + cicy
sin

N —— L ————

C.
201202 /20122
\/a1 + b +c1\/a2 +b,+¢;
D. cos—! laya, + b1by + ¢y
2,020 2. /20 520 2
\/al + b; +c1\/az+l)2+c2
E. cos—! laya,| + |byby| + ey
2,020 2. /20 520 2
\/a1 + b; +c1\/a2+b2+02

Question 3 (1 mark)

In three dimensions the equation y = x represents

. a line parallel to the xy plane.

. a line parallel to the z-axis.

. a plane parallel to the xy plane.

. a plane parallel to the z-axis.

. a plane passing through the origin and perpendicular to the z-axis.

sl ol R
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Subtopic 4.5 Review

Question 4 (1 ma}c'k)
Consider the line — = —y = z and the plane x + y — z = 0 then the line and the plane

A. are parallel and do not intersect.

B. are skew and do not intersect.

C. are perpendicular and intersect only at the origin.

D. intersect at two points (2, —1, 1) and the origin.

E. intersect at an infinite number of points as the line lies in the plane.

Question 5 (3 marks)
A triangle is formed by the points A(=3, 5, 6), B(—=2, 7, 9) and C(2, 1,7). Classify the triangle as either
scalene, isosceles or equilateral and prove the triangle is right-angled.
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Answers and marking guide
4.2 Linear equations and inequations

Question 1
aXb=|a||b|sin(6) =0
sin(8) =0

n6=0

lg| =0

|b| =0

When the vector product is zero, the angle between the vectors is 0, or at least one of the vectors is a
Zero vector.
The correct answer is B.

Question 2

P@3,0,0), 00,-2,0), R0,0,1)
OP =3i

00 = -2j

O—R>=I~<[1mark]
PO =00 —-OP OR=OR-00

=-3i—-2j =2/ +k
i j ok
POXOR=|-3 -2 0
0 21
_.-2 0 /-3 0+k_3 -2
2172 o 1T o 2
—2i + 3j — 6k [1 mark]
[PGx OR] = /(=2 +3 + (=67
=1/49
=7
1 — —
Area of triangle = 2 |PQ X QR|
7
= — 1 mark
5 [ 1
Question 3
lax bl = |ja|| b sin ©) - &I since [n] = 1

= |a|* |b[’ sin*(6) [1 mark]
RHS = faf’ 5" — (a-5)°

= |af’ |5 = (|a] |b] cos(®))”

= (a2 - (lal’ 16 cos’®)
|2 (1—cos*(8))
|’ sin’(6)
hown [1mark]

Il
=
)
|92
w2
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4.3 Lines in three dimensions

Question 1
a= —3z + Sk

- (—3L+ 5K) + k (5g+ 5j— 121;)
The correct answer is A.

Question 2
x=2 y+1 z-7
a =2 -4
x=2+at,y=-2t—1,z=7—4t [1mark]
y=-5=-2r—1
2t=4
t=2
x=8=2+2a [1mark]
2a=06
a=3

= (20— j+7k) +1(3i-2j—4) [lmark]

=t

Question 3
Line 1: A(S 4 1)B(9 14,-17)
v, = AB = OB — OA

=4i+10j — 6k
t_x—S_y—4_Z+1
T4 10 -6

x=5+44t,y=4+10t,z=—-1—6¢ [1 mark]
Line 2: P(5,3,10) Q(6,5, 14)
v, =PQ =00 — OP
=L'+22+4Ig
x=5 _y—=3 z-10
1 2 4
x=5+s,y=3+2s5,z=10+4s [1 mark]
(I)54+4r=5+4+s = s=4tinto (2)
2)4+10t=3+2s 4+4+10t=3+ 8¢
B)—1—-6t=10+4s 2r=-1
1
t=——=>5=-2
2
Check in (3) LHS = —1 — 6t =
RHS =10+4s=2 [1 mark]
t=—%z>x=3,y=—l,z:2

s =

s=—2=>x=3,y=-1,z=2
Point of intersection (3, —1, 2)

vy - vy =4+ 20—24 =0 [1 mark]
Lines intersect at 90°  [1 mark]
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4.4 Planes

Question 1
A(1, 3,-4), B(2,0, 1) and C(0, -3, 4)
AB =[—3j+3k, AC=—i—6j+ 8k

AB = i - 3j+ 3k, AC = —i — 6 + 8k [1 mark]

i J k

n=1 -3 3

-1 -6 8
=—6i—111—9lf [1 mark]

n
0=—6(x—1)—11(y—3)—9(z+4)
0=—-6x+6—11y+33—-9z—-36
6x + 11y + 9z = 3 [1 mark]

Question 2
r~z=2£'+31'—1~c Py=(1,3,-1)
26—1)+3(y—-3)—(z+1)=0 [1mark]
2x—24+3y—-9—-z—-1=0
2x +3y—z=12 [1mark]

Question 3

x=t+3,y=5—¢t andz=2¢+1
T=3x—-2y+z2
7=3t+3)-25-0H+1Qt+1)
7="7t

t=1 [1 mark]
x=14+3=4

y=5—-1=4

z=2%X1+1=3
Point(4, 4, 3) [1mark]

4.5 Review

Question 1

Direction of the line: vy, = aji + byj + c 1k
Normal to the plane: n = a,i + b, j~+ crk
The acute angle between these two vectors is:

n _1<|21-'z|) ._1<|21'71|>
— — COS = S1n
2 |vy] 7] [vi||n|

1 layay + byby + ¢y

=sin_

20120 2.0/ 2520 2
\/al + b; +c1\/az+192+c2

The correct answer is C.
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Question 2
Direction of the first line: y; = ayi + b, j + ¢k direction of the second line: v, = a,i + b, j + c>k.
The acute angle between these two vectors is:

—1 (ll’l "32|> —1 lajay + biby + ¢ 10,
cos = cos
Vil v 2,422 |22, 2
il \/a1+b1+cl\/a2+b2+cz

The correct answer is D.

Question 3
In two dimensions it is a line in the xy plane, in three dimensions it is plane parallel to the z-axis.
The correct answer is D.

Question 4
Line: = = =z, y= al

2 e 2 X X
Substitute into the planex+y—z=0.x— - —=-=0=0.

Consistent. There is an infinite number of solutions, as the line lies in the plane.
The correct answer is E.

Question 5
Zﬁ:@q+y+%)—@@+y+@)
— i+ 2j+3k
7= Vi
§€=<%+1+mj—(—y+y+9@

= 4i+ 6+ 2%
)= V5
EZ:(—&+@+6@—(—%+1+Q)

= —Si+4j—k
)a] = \/ﬁ[l mark]

mch=<y+q+3@-Q@—g—2@

— 442446
— 14
E?ii:(@—q+%>(—ﬁ+ﬁ—@
= —20+-24+2
-4
Z§.6¥=<g+;p+%>-<—ﬁ+¢g—g>
=—5+8-3
=0 [1 mark]

~AB - CAarel
Triangle ABC is a right-angled scalene triangle. [1 mark]
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5 Differential Calculus

5 Differential Calculus

m 5.2 Review of differentiation techniques

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (2 marks)
Calculate the derivative of y = log, (\/ 2% + 9).

Question 2 (2 marks)
d
Ify= loge (tan (3x) + sec (3x)), show that a’_y = 3 sec (3x).
x

Question 3 (2 marks)
If n and k are both constants, verify the following.

di [x" cos (kx)] = x*~! (n cos (kx) — kx sin (kx))
X

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 1
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Subtopic 5.2 Review of differentiation techniques

Question 4 (1 mark)

- d
Ify= =3 then e is equal to
3x+4 dx

A. =
3
25
" (Bx 442
el
" (Bx 447
_7
" (Bx 447
12x+9

" Bx 447

B

Question 5 (1 mark)
loge 3x)

X
log, (3x)

3x2

(1—1log, (3x))

dy
If then — is equal to
y I q

| =

-

| O8]
—_ =
[\S]

(log, (3x) —3)
7

(Gx + 4)?
12x+9

(Bx + 4)?

W
(S}

X

2 Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition
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5 Differential Calculus
m 5.3 Applications of differentiation

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (4 marks)
1 . .
The tangent to the curve y = — at the point where x = a and a > 0 crosses the x-axis at B and crosses the

X
y-axis at C if O is the origin, determine the area of the triangle OBC.

Question 2 (4 marks)

Given the function £ R — R, f(x) = x’e™>":
a. determine the equations of the tangents to the curve y = x’e~>" at the points where x = 1 and

x=0 (2 marks)
Tangent at the point where x = 1: y =]
Tangent at the point where x = 0: y =[]
b. show that the tangents above are the only two tangents to the curve that pass through
(2 marks)

the origin.
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Subtopic 5.3 Applications of differentiation

Question 3 (3 marks)
The population number, P(f), of ants in a certain area is given by

P(t) =

03 + e—O.lSt
where ¢ > 0 is the time in months.

a. Calculate the initial population of the ants.
The initial population was [] ants (1 mark)

b. Determine the rate at which the ant population is increasing with respect to time and evaluate this rate
after 10 months, correct to 1 decimal place.
After 10 months the population is increasing at a rate of [] ants per month (1 mark)

c. Over the first 10 months determine the average rate at which the ant population is increasing, correct to
1 decimal place. (1 mark)
[] ants per month
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5 Differential Calculus
m 5.4 Implicit and parametric differentiation

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Source: VCE 2019 Specialist Mathematics Exam 1, Q10; © VCAA.

Question 1 (5 marks)
Vi VE
V6 V3

7 —a\b

Give your answer in the form —————— where a, b € Z*.

Ve +5)

d
Find d_y at the point ( > for the curve defined by the relation sin (x*) + cos (y?) = xy.
x s

Source: VCE 2017 Specialist Mathematics Exam 1, Q1; © VCAA.

Question 2 (3 marks)
Find the equation of the tangent to the curve given by 3xy? 4+ 2y = x at the point (1, —1).

Source: VCE 2016 Specialist Mathematics Exam 2, Section A, Q7; © VCAA.
Question 3 (1 mark)

. . 1. dy . .
Given that x = sin (#) — cos (f) and y = 5 sin (2¢) then d_y in term of ¢ is

x

. cos (?) — sin ()
. cos(¢) + sin (¢)
. sec (f) + cosec (f)

. sec (f) + cosec (f)
cos (2t)

cos (1) — sin (1)

<BE-NoN-I-=
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Subtopic 5.4 Implicit and parametric differentiation

Source: VCE 2018, Specialist Mathematics 1, Q.3; © VCAA

Question 4 (4 marks)
2

Find the gradient of the curve 2x? sin(y) + xy = 71[—8 at the point (%, %) . Give your answer in the

a .
form ————, where a, b and c are integers.
71'\/5 +c

Source: VCE 2017, Specialist Mathematics 2, Section A, Q.6; © VCAA
Question 5 (1 mark)

. dy d’y : .
Given that — = ¢* arctan (y), the value of — at the point (0, 1) is
dx dx?

A, -

Source: VCE 2016, Specialist Mathematics 1, Q.3; © VCAA
Question 6 (4 marks)

. . . . . T
Find the equation of the line perpendicular to the graph of cos(y) + ysin(x) = x? at <0, —5> .
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Subtopic 5.4 Implicit and parametric differentiation

Source: VCE 2014, Specialist Mathematics 1, Q.4; © VCAA

Question 7 (3 marks)
Find the gradient of the normal to the curve defined by y = —3e*e" at the point (1, —3).

Question 8 (3 marks) ,
Find the gradient of the curve with equation e*e® + ¢*" = 2¢* at the point (2, 1).

Question 9 (1 mark)

If 2x? + 2xy + y*> = 0, then an expression for the gradient is given by

A dx+2y

B. 4x + 2y +)?
2% —

c. =222
xX—=y

D. 4x+2

E.

—2x—y

xX+y

Question 10 (1 mark)
2 2 dy .
If yx° + xy~ = 10, d—, is equal to
X

A2

B
C
D. 2x+1
E

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 7
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Subtopic 5.4 Implicit and parametric differentiation

Question 11 (1 mark)
The gradient of the normal to the curve x> + y*> = 25 at the point in the third quadrant where x = —3 is
equal to
A. —6
3

B. -
4

C. -

w4
Alw

SN

Question 12 (1 mark)
Consider the curve x> — xy — 6y?> = 0. Which one of the following is false?
2x —y

x+ 12y
B. At the point (—2, 1), the gradient of the normal is 2.

A. The gradient of tangent is given by

C. At the point (3, 1), the gradient of the normal is %

D. At the point (4, —2), the gradient of the normal is —%.
E. At the point (—6, —2), the gradient of the normal is 3.
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5 Differential Calculus
m 5.5 Second derivatives

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Source: VCE 2017 Specialist Mathematics Exam 2, Section A, Q6; © VCAA.

Question 1 (1 mark)
2

d d
Given that @ e arctan (y), the value of ar at the point (0, 1) is
| dx dx?
A. -

=
|

g 0
|

2
|

Question 2 (4 marks)
Use mathematical induction to show that % (") = nx""'¥n € N.

Question 3 (4 marks)

If a, b, and n are constants, show that % [(ax2 + b)”] =2an (ax2 + b)”—Z (a Qn—1)x + b).
X

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 9



Exam question booklet | Topic 5

Subtopic 5.5 Second derivatives

Source: VCE 2017, Specialist Mathematics 2, Section A, Q.8; © VCAA

Question 4 (1 mark)

Let f(x) = x> — mx® + 4, where m,x € R.

The gradient of f will always be strictly increasing for
A. x>0

B. x>

C.x<

=

X2

=
o|gu]gelzals

x <

Question 5 (1 mark)

Iy = 2VE 0. then £ ; ]
= orx > ,ten—lse ual to
Y x—1 dx? d
7
- x5+3\/)_c>
A — 7
(2 =-1)*
5
—<x5+3\/)_c>
B. —~ 7
(2 -1)*
C. 3x+24x2 +2

VE (2 1)

3x* +26x% +3

D, -—-— -

2k (2 1)’

2%% 4+ 6x% + x
(2-1)"
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Subtopic 5.5 Second derivatives

Question 6 (1 mark)

3
The second derivative of f{x) = x> + x2 is equal to
3

A. 3x2+5L2
2

154/x
4

1

2

C. 3>+ SL
2

B. 6x +

1
D. 6x + 2
4
154/x

2

E. 6x +

Question 72 (1 mark)

If f(x) = €*, then f”'(1) is equal to
A. dxe” +2¢°

B. 6¢*

C. 4e

D. 6e

E. 2e

© John Wiley & Sons Australia, Ltd
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Subtopic 5.5 Second derivatives

Question 8 (1 mark)
b
If f(x) = tan~! <—x>, where a and b are positive real constants, then f''(1) is equal to
a
A ——
a’ + b?
ab
a* + b
—2ab
(@ +b?)°
2ab
(@ +1?)°
—2ab’
(02 + b2)2

B.

D.

E.

Question 9 (1 mark)

&
Ify= sin”!(bx), where b is a real non-zero number, then d_); is equal to
X

A b

(1 — b2
B —bx

V(1 = b2x2)?
C bx

\ (1 = b2y
D —bx

\ (1 = b2x2)’
E b3x

:

(1 — b2x2)?
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5 Differential Calculus
m 5.6 Derivatives of inverse trigonometric functions

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Source: VCE 2020 Specialist Mathematics Exam 1, Q6a; © VCAA.
Question 1 (1 mark)
Let f(x) = arctan 3x — 6) + 7.

Show that f’' (x) = ——.
S Ox% — 36x + 37

Source: VCE 2017 Specialist Mathematics Exam 1, Q10a; © VCAA.
Question 2 (1 mark)

Show that i <x arccos <£>> = arccos <£> - ;, where a > 0.
dx a a a2 — x2

Source: VCE 2015 Specialist Mathematics Exam 2, Section 1, Q2; © VCAA.
Question 3 (1 mark)
The range of the function with rule f{ix) = (2 — x) arcsin <§ - 1) is

A. [-7, 0]
B. [_Z, z]
272
c. [_(Z—x)n" (2—x)7r]
2 2
D. [0, 4]
E. [0, 7]
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Subtopic 5.6 Derivatives of inverse trigonometric functions

Source: VCE 2017, Specialist Mathematics 1, Q.6; © VCAA

Question 4 (3 marks)
Letfix) = ———.
arcsin(x)

Find f’(x) and state the largest set of values of x for which f'(x) is defined.

Question 5 (1 mark)

d
If y = tan™! <i> and x # 0, then Y is equal to
3x dx

Question 6 (1 mark)

d
If y = cos™! <i> and x > 0, then 2 is equal to
S5x dx

V16 — 25x2

5
V16 — 25x2
\/7

16 — 25x2

5
4

D.

xV25x2 —16
E. -

x

A.
B.
C.

V16 — 25x2
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Subtopic 5.6 Derivatives of inverse trigonometric functions

Question 7 (1 mark)

d
If y = tan~! (\/§x>, then o equals
| dx
A.

143

+
=

P

B.
1

+
(98
=

V3
x2
1

24/3x(1 + 3x)
V3
24/x(1 + 3x)

—
+
98]
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5 Differential Calculus
m 5.7 Related rates

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Source: VCE 2019, Specialist Mathematics 2, Section A, Q.10; © VCAA
Question 1 (1 mark)

/

Sand falls from a chute to form a pile in the shape of a right circular cone with semi-vertex angle 60°. Sand
is added to the pile at a rate of 1.5 m® per minute.

The rate at which the height # metres of the pile is increasing, in metres per minute, when the height of the
pile is 0.5 m, correct to two decimal places, is

A. 0.21

B. 0.31

C. 0.64

D. 3.82

E. 3.53

Source: VCE 2016, Specialist Mathematics 1, Q.4; © VCAA

Question 2 (4 marks)

Chemicals are added to a container so that a particular crystal will grow in the shape of a cube. The side
length of the crystal, x millimetres, ¢t days after the chemicals were added to the container, is given

by x = arctan(?).

Find the rate at which the surface area, A square millimetres, of the crystal is growing one day after the
chemicals were added. Give your answer in square millimetres per day.
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Subtopic 5.7 Related rates

Source: VCE 2014 Specialist Mathematics Exam 2, Section 2, Q4 a, b; © VCAA.

Question 3 (5 marks)

At a water fun park, a conical tank of radius 0.5 m and height 1 m is filling with water. At the same time,
some water flows out from the vertex, wetting those underneath. When the tank eventually fills, it tips over
and the water falls out, drenching all those underneath. The tank then returns to its original position and
begins to refill.

1m

VoL

Water flows in at a constant rate of 0.02 7m?/min and flows out at a variable rate of 0.01 71'\/5 m?/min,
where h metres is the depth of the water at any instant.
a. Show that the volume, V cubic metres, of water in the cone when it is filled to a depth of /& metres is

given by V = %lﬁ (1 mark)

b. Find the rate, in m/min, at which the depth of the water in the tank is increasing when the depth
1s 0.25m (4 marks)
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Subtopic 5.7 Related rates

Source: VCE 2016, Specialist Mathematics 2, Section A, Q.7; © VCAA
Question 4 (1 mark)

. . 1 . dy . .
Given that x = sin(¢) — cos(f) and y = 5 sin(2t), then d—y in terms of ¢ is

X

. cos(t) — sin(r)
. cos(?) + sin(?)
. sec(t) + cosec(?)

. sec(t) — cosec(r)
cos(21)

cos(?) — sin(¢)

SH-NON- IS

Question 5 (1 mark)

An oil slick is in the shape of a circle. Its surface area is increasing at a rate of 20 m?/s.
Let r metre be the radius of the oil slick and time ¢ seconds.

The rate of increase of r, In m/s, is given by

A2
r
20

Tr
10

72
1

B.

207r
E. 207tr

Question 6 (1 mark)
The sides of an equilateral triangle are increasing at a rate of 4 cm/ min. The rate at which the area is
increasing in cm?/ min when the sides are all \/5 cm is

A. 43
B. 2¢/3
C. V3

D.
E

(@)Y
ST
W
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Subtopic 5.7 Related rates

Question 7 (1 mark)
3v3
A regular hexagon has each side length being L cm. The area A of the hexagon is given by TLZ. If each

of the six sides of the hexagon increases at a rate of 2\/5 cm/s, then the rate in cm?/s at which the area of
the hexagon is increasing, when the side lengths are \/5 cm, is given by

A. 184/3

B. 18

C. 123
D. 94/3

E. 27

Question 8 (1 mark)
A puddle is in the shape of a circle. Its surface area, scm
be the radius of the puddle at time ¢ seconds.

The rate of increase of r, in cm/s, is given by

A

r
@
r
io
r?
1

2, is increasing at a rate of 10 cm?/s. Let r metres

B.

D.
207Tr
E. 207

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 19
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5 Differential Calculus

>
c
)
To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.
Source: VCE 2021 Specialist Mathematics Exam 1, Q.5; © VCAA.
Question 1 (3 marks) ,
Find the gradient of the curve with equation e*e? + ¢*" = 2¢* at the point (2, 1).
Source: VCE 2016 Specialist Mathematics Exam 1, Q3; © VCAA.
Question 2 (4 marks)
. . . . . /e
Find the equation of the line perpendicular to the graph of cos (y) + ysin (x) = x? at <0, —5> .
Source: VCE 2015 Specialist Mathematics Exam 1, Q9; © VCAA.
Question 3 (6 marks)
. 3
Consider the curve represented by x> — xy + Ey2 =09.
a. Find the gradient of the curve at any point (x, y). (2 marks)
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Subtopic 5.8 Review

b. Find the equation of the tangent to the curve at the point (3, 0) and find the equation of the tangent to the
curve at the point <O, \/6 ) (2 marks)

c¢. Find the acute angle between the tangent to the curve at the point (3,0) and the tangent to the curve at the

point (0, \/g) (2 marks)
Give your answer in the form k7, where k k is a real constant.

Source: VCE 2013 Specialist Mathematics Exam 1, Q6; © VCAA.

Question 4 (4 marks)
(x—1)
Find the value of ¢, where ¢ € R, such that the curve defined by y* + Se

= ¢ has a gradient of 2

where x = 1.
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Subtopic 5.8 Review

Question 5 (5 marks)

—1)"nla"
Use mathematical induction to prove that 4 < ! > = (=1) nla ,VneN.
dx" \ax+b (ax + b)"*!

Source: VCE 2020, Specialist Mathematics 1, Q.7; © VCAA

Question 6 (5 marks)
Consider the function defined by
mx+n x<l1

foy=1_4 X

—_—, X2
14 X2
where m and n are real numbers.

a. Given that f(x) and f’(x) are continuous over R, show m = —2 and n = 4. (2 marks)

b. Find the area enclosed by the graph of the function, the x-axis and the lines x = 0
and x = \/3 . (3 marks)
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Answers and marking guide
5.2 Review of differentiation techniques

Question 1
y=log, (\/2x2 + 9)
1
= log, (2x* +9)2

= %loge (2x*+9)  [1 mark]

dy 1 4x
— =X —
dx 2 2x*+49
2x
= —— [1 mark]
2x>+9
Question 2

y= loge (tan (3x) + sec (3x))
dy L (tan (3x) + sec (3x))

dx  tan (3x) + sec (3x)
_ 3sec? (3x) + 3sec (3x) tan (3x)

tan (3x) + sec (3x)
_ 3sec(3x) (sec (3x) + tan (3x))

tan (3x) + sec (3x)

= 3sec (3x) [1 mark]
Question 3
y = x" cos (kx)

Let v = cos (kx)

dv

— = —k sin (kx
y, (kx)

x
Letu = x"
@ = px"~!
dx

y=uv
dy _

= x""!(n cos (nx) — kx sin (nx)

[1 mark]

= —kx" " sin (kx) + nx"~! cos (kx)

Award 1 mark for correctly identifying u and v and their derivatives.
Award 1 mark for correctly applying the product rule to obtain the result.

Question 4
_4x—=3
Y 3x+4

@_4(3x+4)—3(4x—3) _ (12x+16) — (12x—9)

dx (Bx + 4)*
25

S

(Gx + 4)?

© John Wiley & Sons Australia, Ltd
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Question 5
loge (3x)
y 3x
letu = loge (3x) and v =3x
@ = 1 and @ =3
dx x dx
dy 1x3x—3log,3x) 3(1—log,(3x))
dx (3x2) B 9x?

1
=12 (1—1log, (3x))

5.3 Applications of differentiation

Question 1

y=lwhenxza,a>0:P<a,l>y=0[1mark]
X a
dy 1

de 2
Mmp=——
1 1
I'y—-=—=Gx=-a

a

a
Crosses x-axis when y = 0 at point B. [1 mark]
1 1

—=—=(x-a

b ( )

xX—a=a
x=2a

B (2a,0)

Crosses y-axis when x = 0 at point C.
1 1

y——=-= (—a) [1 mark]
a a
1 1

y——=-
a a

(o)

N,
Y

O

w
Area of AOBC = %
=2

X 2a X 2 [1 mark]
a

Question 2
a. f(x)=xle ™
F(x) =3x%e™ > = 2x3e™ ™
=x%e (3 —2x)
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Atx=1
f(h)y=e>2
fl()=e?

T:y—e"2 =e2(x—1)
y = xe~? [1 mark]

Atx=0
f0)=0
f0)=0
T:y=0
b. At x = a [1 mark]
P(a,a3e_2“

f(@) = e (3d*> — 2a%)

Tangent at x = a

y—ale ™ =72 (3(12 - 2a3) (x — @) [1 mark]

If the tangent passes through the originx =0, y=20

—dPe ™M =72 (3a2 — 2613) X —a
—a*=—a (3612 - 2a3)
a® =3a®> - 24°
2a° —2a* =0
2a°(a—1)=0

Soa=0ora=1
Are the only tangents which pass through the origin. [1 mark]

Question 3
520
PO = o5 o
P(0) = % =400 [1 mark]
7520
b PO = a0

P(f) = 520 (03 + =015

P _
B 01567015 520 (0.3 + ¢=015) 2
dt B 78e—0.15t

(0.3 4 ¢=0157)?
P —0.15x10
d— = T8e [1 mark]
dt =19 (0_3 + e—O.lelOz)z
= 63.6
520
PO 5o

P(10) = 994.016
P(10) — P(0) _ 994 — 400

10-0 10
= 59.4 [1 mark]
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5.4 Implicit and parametric differentiation

Question 1

sin (xz) + cos (yz) = iExy using implicit differentiation
/4

N

Q_ﬂ_—z\/ga=2b=3

dx \/ (71 +13 )

Award 1 mark for using implicit differentiation and product rule.
Award 1 mark for correctly rearranging.

Award 1 mark for correctly substituting the x and y values.
Award 1 mark for transforming.

Award 1 mark for the final correct values of a and b.

Question 2
3xy? + 2y = x using implicit differentiation, with product rule in the first term

dy _d
3y + by +22 = 1
X dx

d
D 6xy+2) = 1-3y
dx
dy 1 —3y?
dx 6xy + 2

at the point (1,,—1)

_1-3
T —6+2
1

2
T:y+1=5(x—1)
2y+2=x-1
2y—x+3=0

oy
dx a1, —n

26 Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition © John Wiley & Sons Australia, Ltd



Exam question booklet | Topic 5

Award 1 mark for using implicit differentiation with the product rule.
Award 1 mark for the correct gradient.

Award 1 mark for the correct tangent line.

Question 3

xsin(t) —cos(f) y= % sin (2¢)

d
@ =x = cos () + sin (?) o =y = cos (2¢1)
dt dt
Q_@ﬂ_)’)_ cos (2)

dx  dtdc & cos(f)+sin(?)

cos (27) y cos (1) — sin (¢)
cos(f) +sin(r) cos () — sin(7)
cos (21) (cos (¢) — sin (¢))

cos? (1) — sin’ 6
cos (2f) (cos (¢) — sin (7))

cos (2t)

= cos (1) — sin (¢)

The correct answer is E.

Question 4
2

2x% sin(y) + xy = 7;—8
Using implicit differentiation, with product rule in the first and second terms:

. 2 dy dy
4xsin(y) + 2x“ cos(y)— +y+x— =0
dx dx

d
Axsin(y) + y = —d—y(zx2 cos(y) + x)

X
Award 1 mark for using implicit differentiation.
Award 1 mark for correctly using the product rule.

At the point (z, z)
6 6
T T T dy T 2 T T
4(—> sin <—> +—-—=-— 2<—> cos <—) + — ) [1 mark]
6 6 6 dx 6 6 6

dx 7[\/5 +6
a=—18, b =3, c = 6 [1 mark]
VCAA Examination Report note:
Most students knew to use implicit differentiation in this problem and were successful in their application
of the chain and product rules. Many students attempted to find an expression for d_y in terms of x and y
X
. . . . . V4 T, .
This was not necessary, with a more effective approach being to substitute x = — and y = 5 immediately

following the implicit differentiation. Some students had difficulty with arithmetic.
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Question 5
dy 1
— =¢"tan"'(y) at (0, 1) whenx =0, y = 1,
gx
d_y =tan"!(1) = %, using implicit differentiation and the product rule:
X
d’y e dy
— =¢ctan"!(y) + ———
dx? ) 1 +y*dx
whenx=0y=1
d? 1d
£y _ tan~!(1) + _2
dx? 2dx
_T,T
4 8
L
8
Question 6

cos(y) + ysin(x) = x?, <0, —%
Using implicit differentiation, with the product rule on second term:

d d
- sin(y)—y + sin(x)—y + ycos(x) = 2x
dx dx

—y[sin(x) — sin(y)] = 2x — ycos(x)
dx dy  2x—ycos(x)
. dx sin(x) — sin(y)
Atx =0,y = —5:
= 0+ % cos(0)
sin(0) — sin (=5

z
2

>my=——
T
Find the equation of N:
/o 2
y+—=——x-0)
2 /o

2x T

=TT

Award 1 mark for using implicit differentiation and applying the product rule.

Award 1 mark for finding the correct gradient at the indicated point.

Award 1 mark for the gradient of the normal.

Award 1 mark for the correct equation of the normal.

VCAA Assessment Report note:

Students generally dealt well with the implicit differentiation, with most realising the need for the chain rule
and the product rule. Several students made a sign error when substituting the given point; others found the
gradient of the perpendicular line and did not continue. Others found the gradient and/or equation of the
tangent, while some thought that the gradient of the normal was equal to the reciprocal rather than the
negative reciprocal of the gradient of the tangent. Others used the negative of the gradient of the tangent.
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Question 7
y= —3eeY
y +3e**e’ =0

d d
e + 9e¥e’ + 3eve = =0
dx dx

% (1 + 3e3xey) = —0¢¥eY

dy _ —9¢3eY

dx 1+ 3¢

dy _9e3x+y

dx 14 3&%e

my = @ 92 9

B dx 1,-3) B 1+ 363_3 B _Z
4
mN - =
Award 1 mark for using implicit differentiation and the product rule.
Award 1 mark for evaluating the gradient of the tangent.
Award 1 mark for the correct gradient of the normal.
VCAA Assessment Report notes:
Many students answered this question well. Most recognised the need for implicit differentiation and

: L d,
attempted to use the product rule. The most common differentiation errors were —(e*) = ye”

d . . . .
and d—(y) = 0, occasionally = 1. Some students rearranged the equation prior to attempting to find the
y
derivative. On most occasions this either led to complications or was an incomplete attempt. A number of

d . . : o
students were unable to take the o terms to one side of the equation or made algebraic errors in doing so.

Many students did not substitute i1)1€ the given values. Some who did substitute in the given values made
numerical errors or were unable to simplify e~3¢>. Several students correctly found the gradient of the
tangent and then did no further work. Some students found the equation of the normal, which was not
required.

Question 8
e + ¢ = 2¢*
d > d [ 42 d 4\
— (e"e y) +— (e Y ) =— (2e ) using the product rule on the first term
dx dx dx
d
ALy red (@)L <e4y2) Yo
dx dx dy dx
d d
ee? + Zexezy—y + 8ye4y2—y =0
dx dx

substitute x =1, y =2

d d
e’e? + 26262—y + 8e4—y =0

dx dx

d
et = —1064—y

dx
&__1
dx 10

Award 1 mark for applying the product rule.
Award 1 mark for correctly using implicit differentiation.
Award 1 mark for the final correct gradient.
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Question 9

d
0=dx+2y+ 2x+2y)
dx

d
D2k +2y) = —4x =2y
dx

dy —4x—12y
dx  (2x+2y)
_ —2x-—y
X+y
Question 10
d d
0= 2xy+x2—y +y* + —nyy
dx dx

%(x2 + 2xy) = —2xy — y?
dy —2xy—y?
dx B (% + 2xy)
Question 11
2 +y? jl 25 p J 4
Taking o of each term E(xz) + E(yZ) = 5(25)

dy
2x+2y— =0

dx

b __x

dx y

Now whenx = —=3,9+)? =25=> > =16 y = +4
In the third quadrant, x = —3 and y = —4 Point (-3, —4)

IR E
(=3,—4) —4 4=
4

dx
my =

3
Question 12
Using implicit differentiation x> — xy — 6y* = 0.
d , d d 5
— @)= —xy)——(6y)=0
dx( ) dx( y) dx( V)
Using the product rule in the middle term
Ly —x Ly 3L - Loy =0
dx dx Y ydx dx Y
25— 52 12 0
Xx—x——y—12y— =
dx Y ydx

d
2x—y= —y(12y+x)

dx

dy 2x—y
dx  x+ 12y
A is true
d -4 -1 1
B d = = —— =my= my = 2is true.
dX(_2 D 12-2 2
d
C od = 6 =l=mTistrue.
dX(3 D 3412 3
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dy 8+2 1 .
D — = = —— = my 1is true.
dx 4, =2) 4—-24 2
d —
E 2 _ 22 s oy = -1 SoEis false.
dx (=6, =2) —6—24 3

5.5 Second derivatives

Question 1

d

d—y — ¢“tan~' (y) at (0, 1) whenx =0, y = 1,
X

— =tan"! (1) = %, using implicit differentiation and the product rule:

X
d d
—y—e"tan_l(y)+ ¢ o
dx? 1+ dx
Whenx =0, y=1,
d 1d
() + -2
dx? 2 dx

T T

= — 4+ —
4 8
3

8
The correct answer is B.

Question 2
To show 4 (") = nx"71,
dx

the first base step is to prove it is true for the base case, that is when n = 1

i(xl) =1=1x"=1soitis true whenn = 1.
dx

We now assume it is true when n = k, that is assume

di (xk ) = kxk=! the kth derivative is true,
x

we now consider the derivative of x**!

di (x"“) = di (x" X x) using the product rule
x X

(xk+1 ( ) +xki(x)

) =
(xk+1) kak Vb x 1 = kb + 4
) =

( e
Wthh is what we want to show, this completes the proof by induction, so it is true for all n € N.
Award 1 mark for base case whenn = 1.

Award 1 mark for assumption case.
Award 1 mark for simplifying using the product rule.
Award 1 mark for the final conclusion.

(k+ 1) x*
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Question 3
Let ;
y= (ax2 + b)
dy ) n—1
— =n><2ax(ax +b)
dx )
=2an |x X (ax* + b)n_l] [1 mark]
% = 2an :(axz + b)n_1 + xdii (ax2 + b)n_l] [1 mark]
= 2an (ax2 + b)n_l +2ax>(n—1) (ax2 + b)n_z]

an (ax2 + b)n_2 [(a)c2 + b) + 2ax? (n — 1)] [1 mark]

Il
o

2an (ax2 +b) ax*(1 +2(n— 1)) +b)

(
= 2an (ax2+b)n z(a n—l)x2+b)
(

% | (@ +)"| = 2an (@ + )" (a@n = 1)2 +b) [1 mark]
X

Question 4
fx)y=x>—mx*>+4
f'(x) = 3x* = 2mx
f"(x) = 6x —2m

100> 0 = xz%

Question 5

@_—<x3+3\/}>

dx (xz _ 1)2
a’zy _ 3x* +26x% +3

W ay(e 1)’
Question 6

, 50
fl(x)=3x>+ 2

15+/x

f'x)=6x+ T
Question 7

f(x)= 2xe
f(x) = 4x%e* + 2¢*
= 2¢7 (1 + 2%)
') =4e+2e

= 6e
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Question 8
f(x) = tan™! <@>
) a
' a -1
fx)= ey =ab (a2 + bzxz)
(%) = —ab2b*x)(@® + b*x2)
o) = —2ab’x
(a2 + bzxz)2
PR
(1) = 2ab .
(@* + b?)
Question 9
y= sin_](bx)
d _1
Db -

& i

&y 1 2 2.2\3
—5 =52 = b2
dzy _ b3x

AR & S
dx V(1 = p2x2)?

5.6 Derivatives of inverse trigonometric functions
Question 1

fix)y =arctan(Bx—6)+ 7

f)=y=tan"' W)+ m,u=3x—6

dy

dy 1 du_

du 1 +u? dx

fo) = ———x
1+ Bx—06)

lx —

A Ox% — 36x + 37

Award 1 mark for the correct use of the chain rule.

Question 2
Using the product rule

A1)
— | x arccos | — ,a>0
dx a
d X d X
= — (x)arccos | — | +x— | arccos | —
dx a dx a

X X
=arccos{ — | —
a Va2 —x2

Award 1 mark for the correct use of the product rule.
Question 3

=@2-xsin”' (- 1)
y=Q2-x (2

Domain’%—l’ﬁl:—lgg—lgl

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 33



Exam question booklet | Topic 5

05%52:»&[0,4]
fO)=—-m,f@)=-m,f2)=0
Range [—7, 0]

The correct answer is A.

Question 4
_ 1 (=1 -1
o = arcsin(x) B (Sm (x))
Let flu) = u~!, u(x) = sin_l(x) using the chain rule
fl)y=—u"? u'(x) =

V1—x2
f(x) = —! - for —1<x<1
V1= (sin™' ()
Award 1 mark for using the chain rule.
Award 1 mark for the correct derivative.
Award 1 mark for the correct interval for the gradient.
VCAA Examination Report note:

This question was not answered well. Some students confused the inverse function with the reciprocal

function. The most common incorrect derivatives were V/1 — x2 and

had d(arcsin x)

log, (sin_1 x)

, while some

= loge(arcsin x). Common errors for the domain included R, R\ {-1, 0, 1}, [—1, 1],

X
(=1, 1) and [—1, 1]\ {0} Many students did not exclude zero. The incorrect answer (—oo, 0) U (0, o0) was

also relatively common.
Question 5

Lety = tan~! (i>
3x

y = tan~!(u), where u = 3i = éx_l (using the chain rule)
x

dy_ 1 du_ 5, =S

du 1+ u? dx 3 3x?

@_—5 1 5 1 5 1
T 227 .2\ 2,2 25 |7 32| o4as
dx  3x <1+(%)> 3x 1+3 3x 99;225
d _ 2

—y=&sincex7&0

dx  3x*(9x% +25)

dy =15

dx 25+ 9x*

Question 6

Lety = cos™! <i>
S5x

4 4
y = cos~!(u), where u = P gx‘l (using the chain rule)
X
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dy_ -l du_ 4, 4
du /1 — u2 dx 5 5x2
dy
4
V 1- 5_ \/ T s
4>< X
since x > 0
dx 52 /25x T 52V250 - 16
25,\72
dy 4
dx  x+/25x2 — 16
Question 7
= tan~! (\/—x)
tan(y) = \/gx
sec? ydy = /3dx
dy V3
dx  sec’(y)
__ V3
1+ tan%(y)
V3
= [1 mark]
1+ 3x2
5.7 Related rates
Question 1
Given d_V = 1.5m3/ min
dt )
tan(60°) = f =3, r=+3h V= %mZh - %n (\/§h> h=7h
av 3 h2
dh
dh _dhdv _ 15 dn 15 oo

dt dvdt  3mhP dth_os  37(05)
Question 2
x =tan~!(¢), A(x) = 6x7

A(t) = 6 (tan~(5))°
dA _ 6 x 2tan~! (1)

i 1+7
When ¢ = 1:
dA 12tan~'(1)
a2
=6x£
4
= =~ mm?/day
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Award 1 mark for correctly expressing A in terms of .

Award 1 mark for the correct rate.

Award 1 mark for evaluating the rate.

Award 1 mark for the final correct result.

VCAA Assessment Report note:

Students had mixed success with this question. Quite a few students made errors with the formula for the
surface area of a cube, including, A = x?, 2x2, 4x> or more commonly x°. There was some confusion

with ¢ and x, which resulted in a denominator (1 + x?) rather than (1 + 7%). Some found the correct derivative
using the chain rule but then did not continue by substituting for # and/or x. Some students did not use the
chain rule. A few wrote ¢ = tan(x) and some progressed successfully from there. Other methods were seen,
including some students converting completely to the variable x.

Some students wrote arctan(f) as tan~' () and then converted this to

tan(?)
Question 3
r 0.5
a - =—
B
_1
2
h
r=—
2
1
V=—mr?h
3
2
(2
37 \2
= L3 [1 mark]
v
b. —=0027 - 0.017v/h
T
=T (2= h) 1 mark
= (2-Vh) 1 ]
2
v _zh [1 mark]
dh 4
dh _ dh dv
dt  dv dt
4 T (
=2 xZ (2- h)
ah* 100 Vi
2—/h
= \/_ [1 mark]
25h?
dh 214025
dtly—025 25 (0.25)2
15
/25
(%)
~ 25

= 0.96 m/min [1 mark]
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Question 4
x =sin(?) —cos(t) y= % sin(2¢)

dx . ) dy .
E = X = cos(f) + sin(¢) E =y = cos(2f)
dy dydr 'y  cos(2t)
dx drdx i cos(f) + sin(?)
cos(2t) y cos(?) — sin(?)
cos(t) + sin(f)  cos(¥) — sin(¢)
cos(2f)(cos(t) — sin(t))
cos?(t) — sinz(t)
_cos(2)(cos() — sin(?))
B cos(21)
= cos(t) — sin(f)

Question 5

ﬁ=20
dt

§=27L’r
B

ﬂ_dr ds
dt ds dt

=— %20
T 2mr

_1o
Tr
Question 6
312 L
a=1 sin(60°)L* A = —\/_ a \/_
2 4 dL 2

dA _dA dL \/_L4 2L
dr dL dr 2

A = 6cm?/min
dtl -3
Question 7

3v3
A= —\'/_L2 d—? = 3\/§Lgives i—L =24/3cm/s

t
dA dA dL
— =34/3L X 24/3 =18L

dr dL dr \/_ \/—
d = 18y/3cm?/s
dt =3

— =4 cm/min
dt

Exam question booklet | Topic 5
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Question 8
& _ 19
dt
@ =2rr
dr
dr dr ds
— = — X —
dt ds dt
= L x 10
2mr
5
= — [1 mark]
Tr
5.8 Review
Question 1

2
e + " =264

4 (e'e?) + di (e“yz) = di (2¢*) using the product rule on the first term
x x

d
(32ydi (e") + exi (e¥) + 4 <e4y2> oo
X

dx dy dx
ee? + 2e*e” 4 + 8ye4y2 Q =0
dx dx
Substitute x =1, y =2
d d
e*e? + 26282—y + 86‘4—y =0
dx dx
d
et = —1084—y
dx
y__1
dx 10

Award 1 mark for applying the product rule.
Award 1 mark for correctly using implicit differentiation.
Award 1 mark for the final correct gradient.

Question 2
cos(y) +y sin(x) = x%, | 0,— %
Using implicit differentiation with the product rule on second term:

d d
—sin(y) d + sin (x) i +y cos(x) =2x
dx dx

4 [sin (x) — sin (y)] =2x —y cos (x)

dx
dy  2x—y cos(x)
dx  sin(x) — sin(y)
T
Atx=0,y=——:
YT

0+ 3 cos (0)

"= sin (0) — sin (—Z)
T

2
> my = ——
T
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Find the equation of N:

2
VH T =2 x-0)
2 s

X 7
=T T2
Award 1 mark for using implicit differentiation and applying the product rule.
Award 1 mark for finding the correct gradient at the indicated point.
Award 1 mark for gradient of the normal.

Award 1 mark for the equation of the normal.

Question 3

3 T .
a. x> —xy+ Eyz = 9 implicit differentiation

2x—y—xﬂ+3y@=0
dx dx dy
2x—y=(x—3y)£
dy 2x—y
a_x—3y

Award 1 mark for using implicit differentiation.
Award 1 mark for the correct gradient.

d
boA:G3,0m =2 =2 T:y—0=2x-3)
X3, 0
TA:y=2.X—6
dy 1 1
B:(O, 6) = Ll ve=Ltu_o
\/_mB dx(o’\/g) 3 BY \/_ 3(x )

Award 1 mark for the correct tangent at (3, 0).
Award 1 mark for the correct tangent at (0, \/8).
1 1
c. Letmy = tan (8,) = 3 = 6, = tan™! <§> and
my =tan(6,) =2 = 6, =tan"' (2)

9 = 92 - 61
tan (6) = tan (6, — 6,)

_ tan(6,) —tan(6;) _ 2_% _ % -1
B 1 + tan (6,) tan (6,) B 1+2><% B g B
6 =tan"' (1)
o~

Award 1 mark for using the tan angle formula.
Award 1 mark for the final correct angle.

Question 4

3!
=c

x—=2

Using implicit differentiation and the quotient rule.

dy N 3€(x_1) (x—2)— 3e(x—1)

¥+

2y— =0
dx (x—2)°
d 3 =1 ¢y 3
dx (x—2)
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d
When x = 1,d—y=2

X
3¢9 x —2 3
y+="""=0= 4y-6=0= y="=
(=D 2
9
C=Z—
3
c=——

Award41 mark for using implicit differentiation.
Award 1 mark for using the quotient rule.
Award 1 mark for substituting.

Award 1 mark for using the final correct value c.

Question 5
n 1Vl 47
Toshowd ( 1 >=( 1)'nla
dx* \ax+b (ax + b)n+1

The first base step is to prove it is true for the base case, that is when n = 1,
Las =4 < ! > =L (ax+b)7")

dx \ax+b dx =
=—a(ax+b) "’ = —
(ax + b)
-D'lla"  —a

RHS = so is true when n = 1.

(ax + b)2 (ax + b)
We now assume it is true when n = k, that is assume

k -1 k | 4k
a < 1 ) = (Z) Ka for the k th derivative is true,
dx* \ax+b (ax + b)**!

we now consider the (k + 1) th derivative, that is

dk+1<1> d(dk<1>). .
— ) == — using the assumption
A+ \ax+ b dx \dx* \ax+b

dt! < 1 > _d ( (=D k a* >

At \ax+b)  dx \ (ax + b

Taking the constant factor outside the derivative simplifying

dk+1 1 _ « kd —k—1
( >_(—1) k!aa<(ax+b) )

At \ax + b

Call < ! ) = (=K a (=k—1) X a ((ax+b)_k_2>
d)g(k:]] ax;—b |

aikH <ax+ b> =D G DR <(ax+ b)k+2>
d-! 1 (=D (k+ 1) 14!

k] <ax+b) = (ax + b2

Which is what we want to show, this completes the proof by induction, so it is true for all n € N.
Award 1 mark for base case when n = 1.

Award 1 mark for assumption case.

Award 2 marks for simplifying.

Award 1 mark for the final conclusion.
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Question 6
mx+n,x<1
a. flry =1 4
1+x2,x21
m, x<1
f@ o=y 2
(1+x%)

Since f(x) is continuous, (1)f{1) =m +n = 2.
Since f'(x) is continuous, (2)f' (1) = m = —% =-2=>n=4

Award 1 mark for equating components.
Award 1 mark for solving for m and n.

1 V3

b. A= J(4 — 2x)dx + J
0 1

A =[4x— X))+ [4 tam—'(x)]}/5

A=@—1)—0+4 <tan‘1 <\/§> - tan-l(l))

A=3+4<5—5>
3 4

A=3+Z2
Award 1 mark for the correct definite integral.

Award 1 mark for the correct integral.
Award 1 mark for the final correct area.

dx

1 + x?
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O Functions and graphs

6 Functions and graphs
m 6.2 Sketching graphs of cubics and quartics

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Source: VCE 2021 Specialist Mathematics Exam 2, Section A, Q.9; © VCAA

Question 1 (1 mark)

Which one of the following derivatives corresponds to a graph of fthat has no points of inflection?
A f(x)=2(x—2°+5

B. f'(x) =2(x =3 +5

€1 = 2w=37
D. f'(x) = %(x -3y -5
E. f'(x) = (x—3)° — 12x

Source: VCE 2017 Specialist Mathematics Exam 2, Section A, Q10; © VCAA

Question 2 (1 mark)

A function f, its derivative f’ and its second derivative f' are defined for x € R with the following
properties.

fla) =1, flma) = -1

fb)=—-1,f(=b) =1

, (x+ a)’(x — b)

") = ——7—"
g(x)

The coordinates of any points of inflection of | f{x)| are

A. (—a, 1) and (b, 1)

B. (b,—1)

C. (=a,—-1) and (b,—1)

D. (—a,1)

E. (b,1)

and

, where g(x) < 0

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 1
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Subtopic 6.2 Sketching graphs of cubics and quartics

Source: VCE 2017 Specialist Mathematics Exam 2, Section A, Q8; © VCAA
Question 3 (1 mark)
Let fix) = x> — mx*> + 4, where m, x € R.

The gradient of f will always be strictly increasing for
A x>0

B. x>

C.x<

W[IWw|3I

D.xzz—m
3

E.xsz—m
3
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6 Functions and graphs
m 6.3 Sketching graphs of rational functions

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Source: VCE 2018 Specialist Mathematics Exam 1, Q5; © VCAA

Question 1 (4 marks)
x+1
2

Sketch the graph of f{x) =

X
and any intercepts with their coordinates.

on the axes provided below, labelling any asymptotes with their equations

-2

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 3
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Subtopic 6.3 Sketching graphs of rational functions

Source: VCE 2016 Specialist Mathematics Exam 2, Section A, Q3; © VCAA

Question 2 (1 mark)

x3—

x2

The straight-line asymptote(s) of the graph of the function with rule f(x) = ax, where a is a non-zero

real constant, is given by

. x =0 only.

. x=0andy=0only.

. x=0andy = x only.

cx=0, x= \/Eandx=— a only.
. x=0andy=aonly.

HoOQOWwW»>

Source: VCE 2016 Specialist Mathematics Exam 2, Section B, Q1 a, b, c; © VCAA
Question 3 (4 marks)

: . . 44 x4+ x° ,
a. Find the stationary point of the graph of fix) = ————, x € R\ {0}. Express your answer in
X
coordinate form, giving values correct to two decimal places. (1 mark)

The stationary point is [].

b. Find the point of inflection of the graph given in part a. Express your answer in coordinate form, giving
values correct to two decimal places. (2 marks)
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Subtopic 6.3 Sketching graphs of rational functions

4+x*+x° . . .
c. Sketch the graph of f{x) = —————— forx € [—3, 3] on the axes below, labelling the turning point and

X
the point of inflection with their coordinates, correct to two decimal places. (1 mark)

Source: VCE 2020, Specialist Mathematics 2, Section A, Q.1; © VCAA
Question 4 (1 mark)

The y-intercept of the graph of y = f(x), where f(x) = %, is also a stationary point when a
x —
equals
A. -2
B. -2
5
C.0
p. ¢
5
E. 2

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 5
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Subtopic 6.3 Sketching graphs of rational functions

Source: VCE 2019, Specialist Mathematics 2, Section A, Q.2; © VCAA

Question 5 (1 mark)
2

The asymptote(s) of the graph of f(x) = ; +
X

A . x=4
x=4andy =

1
2 has equation(s)

x=4andy=—-+2

N[=N=N]=

B.
C.
D. x=8andy =
E.x=8andy=2x+2

Source: VCE 2014, Specialist Mathematics 2, Section 1, Q.3; © VCAA

Question 6 (1 mark)

X —4x+3 .

The features of the graph of the function with rule f(x) = o include
X°—x—

A. asymptotes at x = 1 and x = —2

B. asymptotes at x = 3 and x = -2

C. asymptotes at x = 1 and a point of discontinuity at x = 3
D. asymptotes at x = —2 and a point of discontinuity at x = 3
E. asymptotes at x = 3 and a point of discontinuity at x = —2

Source: VCE 2013, Specialist Mathematics 2, Section 1, Q.3; © VCAA

Question 7 (1 mark)

The graph of y = has asymptotes atx = =5, x =3 and y = 0.

ax* + bx +c |
Given that the graph has one stationary point with a y-coordinate of s it follows that

Aia=1,b=2,¢c=-15

B.a=l,b=—1,c=—E
2 2

C.a=—%,b=—1,c=15
D.a=-1,b=-2,c=-15
B

E.a=—-,b=1,c=
2 2
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Subtopic 6.3 Sketching graphs of rational functions

Question 8 (1 mark)

The graphof y =3 — % + 2x has asymptotes at
X

.x=0andy=3

.x=0and y =2x

.x=2and y=2x+3

.x=0and y=2x+3

.x=0and y=3-2x

sl eN--Id

Question 9 (1 mark)
3
The graph of y = ¥ +2 has
3x?
A. x = 0 as its only straight line asymptote.
B.x=0and y = ;—C as its only straight line asymptotes.
C. no straight line asymptotes.
D. y = 0 as its only straight line asymptote.
E. x =0 and y = x* + 2 as its only straight line asymptotes.

Question 10 (1 mark)
2y+5x = % — 1 has straight line asymptotes at
X
—(5x+1
A x=0andy= %

B.x=0and y=-5x+1

3
C.x=0and y=—
YT e

3
D.x=0andy=— -1
Y 252

E.x=0andy=%—1

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 7
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Subtopic 6.3 Sketching graphs of rational functions

Question 11 (1 mark)

A

A possible equation for the graph of the curve shown is

Ay= D Dandb >0
3
B.y=""F" i <0andb<0
X
3
Coy=%*>  c0andb>0
X
3
D.y=w,a>0andb>o
X
3
Ey=%F2 4 <0andb<0
X
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Subtopic 6.3 Sketching graphs of rational functions

Question 12 (1 mark)

0

Y
A possible equation for the graph of the curve shown is

2
Acy=%FP s 0andb > 0
X
4
B.y=""F" i <0andb<0
x2
4
Cy=% "+l 0andb>0
x2
4
D.y=%*" 5 0andb>0
x2
4
Ey="F2 05 0andb<0
x2
Question 13 (4 marks)

2
Sketch the graph of f: R —, f(x) = 2+ 4

X
Give the equations of any asymptotes and the coordinates of any axial intercepts and stationary points.

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 9
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Subtopic 6.3 Sketching graphs of rational functions

Question 14 (1 mark)

A possible equation for the graph of the curve shown is

Ay="Fb o andb>0
X
B.y="F% i coandb<0
X
2
Coy=%*>  0andb>0
X
3
D.y=2" 5 0andb >0
X
3
E.y=w,a<0andb<o
X
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6 Functions and graphs
m 6.4 Sketching graphs of product and quotient functions

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Source: VCE 2021 Specialist Mathematics Exam 2, Section A, Q.3; © VCAA

Question 1 (1 mark)
1
The coordinates of the local maxima of the graph of y = , where a € R\ {0}, are

(cos(ax) + 1)* + 3
N (an 1) rez

B. 27k 1) kez

(1 + 2k 1)

@

keZz

]

keZz

E. kez

(5
(5
(71(1+2k) 1)
(=

(1 + 2k) 1)

Source: VCE 2020 Specialist Mathematics Exam 2, Section B, Q3; © VCAA

Question 2 (10 marks)
Let fix) = x?e™*
a. Find an expression for f’ (x) and state the coordinates of the stationary points of f(x) (2 marks)

b. State the equation(s) of any asymptotes of f(x) (1 mark)

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 11
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Subtopic 6.4 Sketching graphs of product and quotient functions

c¢. Sketch the graph of y = f(x) on the axes provided below, labelling the local maximum stationary point

and all points of inflection with their coordinates, correct to two decimal places. (3 marks)
y
A
3
2
1
» X
-5 4 -3 2 -10( 1 2 3 4 5
-1
-2
-3
d. Write down an expression for g’ (x) (1 mark)
e. i. Find the non-zero values of x for which g’’(x) = 0. (1 mark)
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Subtopic 6.4 Sketching graphs of product and quotient functions

ii. Complete the following table by stating the values(s) of n for which the graph of g(x) has the given
number of points of inflection. (2 marks)

Number of points of inflection Value(s) of n (where n € 2)
0

1
2
3

Source: VCE 2019 Specialist Mathematics Exam 2, Section A, Q1; © VCAA

Question 3 (1 mark)

X
The graph of fix) =
. horizontal asymptote.
. vertical asymptote.
. local minimum.
. vertical axis intercept.
. point of inflection.

does not have a

HEo QWP

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 13
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Subtopic 6.4 Sketching graphs of product and quotient functions

Source: VCE 2018, Specialist Mathematics 2, Section A, Q.1; © VCAA

Question 4 (1 mark)
1
Part of the graph of y = 5 tan~!(x) is shown below.

The equations of its asymptotes are

1
A.y=ig
B.y=iZ
C.y==1

/4
D.y=ig
E.y=iz
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Subtopic 6.4 Sketching graphs of product and quotient functions

Source: VCE 2018, Specialist Mathematics 2, Section A, Q.2; © VCAA
Question 5 (1 mark)
. . . 1
Consider the function f with rule f(x) = , where ¢,d € R and ¢ > 0.

\/ sin™! (cx + d)

The domain of fis

Source: VCE 2015, Specialist Mathematics 2, Section 1, Q.2; © VCAA
Question 6 (1 mark)
The range of the function with rule is f{ix) = (2 — x) arcsin <§ - 1> is
A. [-m, 0]

B. [_z, z]
22

C. [_ ¢ —2x)7r Q- x)n’]

’ 2
D. [0, 4]
E. [0, 7]

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 15
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Subtopic 6.4 Sketching graphs of product and quotient functions

Source: VCE 2014, Specialist Mathematics 2, Section 1, Q.4; © VCAA

Question 7 (1 mark)

The domain of arcsin(2x — 1) is
A. [-1, 1]

B. [-1, 0]
C. [0, 1]
D. [0, 1]
E

b

Question 8 (1 mark)
The graph shown below could have the equation

-2 -

L =
\
g —
=Y

ZSin_l(x -D+1
2sin"'(x+ 1) — 1
sinT'x+ 1) — 1
2sin"'(x+ 1) + 1
sinT '+ 1)+ 1

Ay
B.y
C.y
D.y
E.y

Question 9 (1 mark)
Show that the range of the function y = bcos™'(6 —a) +cisc <y < bm +¢

Question 10 (1 mark)
Find the domain of the function y = p sin_l(q (rx—s))—t
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Subtopic 6.4 Sketching graphs of product and quotient functions

Question 11 (1 mark)

The maximal domain of the function f(x) = sin_l(Zx +3)— % will be
A. [—4,-2]

B. [—-1,—1]

C. [-2,-1]

Question 12 (1 mark)
The maximal domain of the function f(x) = cos™!(3x — 7) + Z?n will be
A. [6, 8]
B. [0, 7]
[z 2]
33
D. [2, §]
3

E. [-1, 1]

Question 13 (1 mark)
The range of the function f(x) = 2 sin_1(2x -1+ % will be
A. [0, 1]

B. |-Z, z]
| 47 4
c [ s_ﬂ]

4° 4

. |-Z 3%

| 47 4
E. [0, 2]

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 17
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Subtopic 6.4 Sketching graphs of product and quotient functions

Question 14 (1 mark)
The implied domain of the function with the rule f(x) = (a + b) sin_l(cx) is
A. (—c, ©)
L]
c c
C.la—b, a+b]
D. |a— b_7z', a b—ﬂ]
2 2

E. [a — bc, a + bc]

Question 15 (1 mark)
The graph of y = cos™!(x) is dilated by a scale factor of 2 units parallel to the x-axis and then translated
2 units away from the y-axis. It becomes the graph of

A.y=2cos”! E)
y ( .
1 X
B.y=—-cos™! (=

) <2)

C.y=2cos™!(2x)
D.y= %cos‘1(2x)

1
E.y=——

YT Dcos (3)
Question 16 (1 mark)
The graph of y = 3 tan™! <;—C> + % has asymptotes at
A. x=43
B. x= 13—ﬂ

2
T
C.y=+—

YTE

D.y=—mandy =27
R4
E.y+—
Y 2
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6 Functions and graphs

>
c
°
To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.
Source: VCE 2021, Specialist Mathematics 2, Section B, Q.1; © VCAA
Question 1 (10 marks)
2x=3)(x+5
x—1Dx+2)
. Bx+C
a. Express f(x) in the form A + ———— — where A, B and C are real constants. (1 mark)
x—Dx+2)
S =0
b. State the equations of the asymptotes of the graph of f. (2 marks)

c. Sketch the graph of fon the set of axes below. Label the asymptotes with their equations, and label the
maximum turning point and the point of inflection with their coordinates, correct to two decimal places.

Label the intercepts with the coordinate axes.

(3 marks)

© John Wiley & Sons Australia, Ltd
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Subtopic 6.5 Review

2x—3 5
d. Let g;,(x) = w, where k is a real constant.
x—kx+2)

i. For what values of k will the graph of g, have two asymptotes? (2 marks)

ii. Given that the graph of g, has more than two asymptotes, for what values of k will the graph of g,
have no stationary points? (2 marks)

Source: VCE 2020, Specialist Mathematics 1, Q.6; © VCAA

Question 2 (5 marks)
Let fix) = arctan(3x — 6) + 7.

3
a. Show that f'(x) = ——————. 1 mark
S 9x% — 36x + 37 ( )
b. Hence, show that the graph of fhas a point of inflection at x = 2. (2 marks)
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c. Sketch the graph of y = f{x) on the axes provided below. Label any asymptotes with their equations and

the point of inflection with its coordinates. (2 marks)
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Source: VCE 2019 Specialist Mathematics Exam 2, Section A, Q2; © VCAA

Question 3 (1 mark)
2

The asymptote(s) of the graph of f{x) = z has equation(s)

2x—8
A.x=4 B
B.x=4andy=—
Y 2
C.x=4andy=§+2
D.x=8andy=§
E.x=8andy=2x+2
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Source: VCE 2017 Specialist Mathematics Exam 2, Section B, Q1 a,b; © VCAA

Question 4 (8 marks) .
Letf:D — R, fix) = ﬁ,where D is the maximal domain of f.
+x

a. Answer the following.
i. Find the equations of any asymptotes of the graph of f. (1 mark)

ii. Find f'(x) and state the coordinates of any stationary points of the graph of f, correct to two decimal
places. (2 marks)

iii. Find the coordinates of any point of inflection of the graph of f correct to two decimal
places. (2 marks)

b. Sketch the graph of flx) = " Y formx = —3 to x = 3 on the axes provided below, marking all

+ x°
stationary points, points of inflection and intercepts with axes, labelling them with their coordinates.
Show any asymptotes and label them with their equations. (3 marks)

y

A

2
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Source: VCE 2014 Specialist Mathematics Exam 2, Section A, Q3; © VCAA

Question 5 (1 mark)
. . X —dx+3 .
The features of the graph of the function with rule f{x) = JCa— include
A. asymptotes at x = 1 and x = —2 o
B. asymptotes at x = 3 and x = -2
C. an asymptote at x = 1 and a point of discontinuity at x = 3
D. an asymptote at x = —2 and a point of discontinuity at x = 3
E. an asymptote at x = 3 and a point of discontinuity at x = —2

Source: VCE 2020, Specialist Mathematics 2, Section A, Q.2; © VCAA

Question 6 (1 mark)
b
A function fhas the rule f(x) = |b cos™!(x) — a|, where a > 0b > 0 and a < 7”

The range of fis
A. [—a, bt — a]
B. [0, bt — a]
C. [a, bt — a]
D. [0, bt + a]
E. [a — br, a]

Source: VCE 2017, Specialist Mathematics 2, Section A, Q.10; © VCAA

Question 7 (1 mark)
A function f, its derivative f’ and its second derivative f' are defined for x € R with the following
properties.
fla)=1, fl—a) = -1
fb)=—-1, fi-=b) = i
and (x) = SFDETD) e o) < 0
g(x)
The coordinates of any points of inflection of | f{(x)| are
A. (—a,1)and (b, 1)
B. (b,-1)
C. (—a,—1)and (b,—1)
D. (—a,1)
E. (b, 1)
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Source: VCE 2020 Specialist Mathematics Exam 1, Q.6; © VCAA

Question 8 (5 marks)
Let f(x) = arctan(3x — 6) + 7.

a. Show that f'(x) = (1 mark)

9x2 — 36x + 37

b. Hence, show that the graph of f has a point of inflection at x = 2. (2 marks)

c. Sketch the graph of y = f(x) on the axes provided below. Label any asymptotes with their equations and

the point of inflection with it’s coordinates. (2 marks)
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Source: VCE 2019, Specialist Mathematics 1, Q.5; © VCAA

Question 9 (6 marks)

The graph of fix) = cos?(x) 4+ cos(x) + 1 over the domain 0 < x < 27 is shown below.
.‘.‘

: : : : : : f P X
01 b i 3 27 5 37
2 1 3 : %
-1
a. i. Findf'(x) (1 mark)
ii. Hence, find the coordinates of the turning points of the graph in the interval (0, 27). (2 marks)
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1

b. Sketch the graph of y = jﬂ on the set of axes above. Clearly label the turning points and endpoints of
X

this graph with their coordinates. (3 marks)

.‘.‘
A

4

Ll
T

f 0] 1 f f f f t | R
1 Es T 3n 2 5m 3r
1 2 2‘ le
1
-1
Source: VCE 2016, Specialist Mathematics 2, Section B, Q.1; © VCAA
Question 10 (8 marks)
Answer the following.
. . . 4+x2+x° .
a. Find the stationary point of the graph of fix) = ————, x € R\ {0} Express your answer in
X
coordinate form, giving values correct to two decimal places. (1 mark)

Stationary Point =[]

b. Find the point of inflection of the graph given in part a. Express your answer in coordinate form, giving
values correct to two decimal places. (1 mark)
Point of inflexion =[]
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4 2 3
c¢. Sketch the graph of flx) = AUk for x € [-3, 3] on the axes below, labelling the turning point and
X
the point of inflection with their coordinates, correct to two decimal places. (3 marks)
y
A
10
8
6
4
2

d. A glass is to be modelled by rotating the curve that is the part of the graph where x € [—3, —0.5] about
the y-axis, to form a solid of revolution.
i. Write down a definite integral, in terms of x, which gives the length of the curve to be
rotated. (1 mark)

ii. Find the length of this curve, correct to two decimal places. (1 mark)
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b
e. The volume of the solid formed is given by V = a J x2dy.

c
Find the values of a, b, and c. Do not attempt to evaluate this integral.

(1 mark)
Source: VCE 2015, Specialist Mathematics 2, Section 2, Q.1; © VCAA
Question 11 (12 marks)
Considery = 4/2 — sin2(x).
d
a. Use the relation y> = 2 — sin®(x) to find d_y in terms of x and y. (1 mark)
by
dy
dx
b. i. Write down the values of y where x = 0 and where x = z. (1 mark)
. . dy 7
ii. Write down the values of o where x = 0 and where x = — (1 mark)
x
c. Now consider the function f with rule
f) = /2 — sin’(x) for 0 < x < g
Find the rule for the inverse function f~', and state the domain and range of . (3 marks)
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d. Sketch and label the graphs of fand f~! on the axes below. (2 marks)

y
A

e. The graphs of fand f~! intersect at the point P(a, a).
Find a, correct to three decimal places. (1 mark)

f. The region bounded by the graph of f, the coordinate axes and the line x = 1 is rotated about the x-axis to
form a solid of revolution.
i. Write down a definite integral in terms of x that gives the volume of this solid of
revolution. (2 marks)

ii. Find the volume of this solid, correct to one decimal place. (1 mark)
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Question 12 (1 mark)
The number of real solutions to x* + x> = cosec?(x) — cot?(x) is
A. 0

mo AW
N W N =

Question 13 (1 mark)

A possible equation for the graph of the curve shown is

Ay="Hb G and b0
X
2

B.y=""F" i coandb<0
X
2

Coy=%*l c0andb>0
X
3

D.y=% :-b,a>0andb>0
X
3

Ey=2FP 4 coandb<0
X
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Question 14 (1 mark)
_2.2
The graph of y = % has

X
A. no straight line asymptotes.

B.y= —% as its only straight line asymptote.

C. x = 0 as its only straight line asymptote.

D.y= %, x = 0 as its only straight line asymptotes.

E.y= —g, x = 0 as its only straight line asymptotes.

Question 15 (1 mark)
The reciprocal of y = 5x + 2 will
A. intersect with y = 5x + 2 when x = 1 and x = —1 and have an asymptote at x = 0.

1 2
B. intersect with y = 5x 4+ 2 when x = 5 and x = % and have an asymptote at x = 3

1 2
C. intersect with y = 5x + 2 when x = =3 and x = —% and have an asymptote at x = =3
D. intersect with y = 5x + 2 when x = 1 and x = —% and have an asymptote at x = %
1
E. intersect with y = 5x + 2 when x = 3 and x = —% and have an asymptote at x = 0
Question 16 (1 mark)
The graph of the function with the rule: f(x) = _ over its maximal domain has
x+2)(x—=3)
1
A. asymptotes x = 2 and x = —3 and a turning point and x = %
1
B. asymptotes x = —2 and x = 3 and a turning point and x = —5
1
C. asymptotes x = —2 and x = —3 and a turning point and x = %
1
D. asymptotes x = —2 and x = 3 and a turning point and x = %
1
E. asymptotes x = 2 and x = 3 and a turning point and x = —5
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Question 17 (1 mark)

Consider the graph of the function y = f(x), where 3y — 2x = 6 The graph of ]% wil
A. intersect with y = f(x) when x = % and x = —% and have an asymptote at x = —3.
B. intersect with y = f(x) when x = —% and x = % and have an asymptote at x = 3.
C. intersect with y = f(x) when x = —% and x = —g and have an asymptote at x = 3.

D. intersect with y = f(x) when x = % and x = % and have an asymptote at x = —3.

E. intersect with y = f(x) when x = —% and x = —g and have an asymptote at x = —3.

Question 18 (1 mark)
The graph of the function y = f(x) has a maximum turning point at (2, —4) The graph of the function

1
y = —— will have
) . .
A. a maximum turning point at (2, 4).
. . . 1
B. a maximum turning point at (2, _Z>
C. a maximum turning point at (2, 4).

D. a minimum turning point at <2, —i) .

E. a minimum turning point at <%, _4_1> .
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Question 19 (1 mark)
The graph of the function y = f(x) crosses the x-axis at x = 3 and crosses the y-axis at y = 4. The graph of
the function y = 1 will
S .
A. cross the y-axis at y = —4 and cross the x-axis at x = —3.

B. cross the y-axis at y = 3 and cross the x-axis at x = 4.

: 1 . 1
C. cross the y-axis at y = — and cross the x-axis at x = R

D. have a vertical asymptote at x = 3 and cross the y-axis y =

. 1 .
E. have a vertical asymptote at x = 3 and cross the y-axis y =

1

T
1
T

Question 20 (1 mark)

The graph of f(x) = 2;
X

where m and n are real constants, has no vertical asymptotes if

+mx—+n

m? < 4n
m? > 4n
m?> = —4n
m? < —4n
m? > —4n

HEQF >

Question 21 (1 mark)
The graph of y =

m? < 4n
m? > 4n
m?> = —4n
m? < —4n
m? > —4n

mEaw>

nx* + mx — 1

, where m and n are real constants, has no vertical asymptotes if

© John Wiley & Sons Australia, Ltd
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Answers and marking guide
6.2 Sketching graphs of cubics and quartics

Question 1
o) =2(x=3+5
f'@=6a=3720
1
fx) = S 0= 3)* + 5x
f(x) is a quartic, and has a minimum point, has no inflection points, the second derivative does not change
sign.
(All cubics have an inflection point)

Question 2
fl@=1, f(-=a)=-1f0b)=-1, f(-b)=1

2
Fra= SR <o, =0
g(x)

S>x=—a,x=b,f(b)=-1 |f(b) = 1|

X = —a is a turning point, (b, 1) is an inflection point.
Question 3

f)=x>—mx*>+4

/(%) = 3x> — 2mx

f"(x) =6x—2m

f@)>20=x> %

6.3 Sketching graphs of rational functions

Question 1
x+1
X) =
f0 =5

Vertical asymptotes at x = +2
Horizontal asymptote at y = 0

Crosses the x-axis (horizontal asymptote) at x = —1,(—1,0)
1 1
Crosses the y-axisaty = —— | 0, ——
s aty =5 (0.-1)
x>2,f(x)>0
x<=2,fx)<0
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y
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ix=—2 ) ix=2

Award 1 mark for correct vertical asymptotes.

Award 1 mark for correct horizontal asymptotes.

Award 1 mark for correct axial intercepts.

Award 1 mark for correct shape and horizontal asymptote intercept.

VCAA Examination Report note:

Most students realised that x = —2 and x = 2 were vertical asymptotes, although the horizontal asymptote
y = 0 was often not stated. Students who found the axis intercepts were not always able to position them
correctly on the axes. Some students showed a stationary point of inflection on their graph or were missing
the outer branches.

Question 2

x3 — ax a

JO)=——F—=x—-

. x . x
x = 0 is a vertical asymptote
y = x is an oblique asymptote

Question 3
2 3
a fo) = TXEFX e R\f0}
X
23 +x% -4
fx) = %

For stationar)gl points, solving f'(x) = 0 gives x = 1.1134, f(1.1134) = 5.946 (1.11,5.95)

Award 1 mark for the correct coordinates of a stationary point.

VCAA Examination Report note:

This question was answered very well. A small number of students gave the coordinates for the point of
inflection rather than the stationary point.
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2 (x +4)
b () = =——
For inﬂectiog points, " (x) = 0:
x=1\—4=-1587, f(—1.587) = —1.587
(—1.59, —1.59)

Exam question booklet | Topic 6

Award 1 mark for setting the second derivative to zero. Award 1 mark for the correct coordinates of the

inflection point.
VCAA Assessment Report note:

This question was generally answered well. The most common error resulted from substituting a rounded

x value, yielding an incorrect y value of —1.58 Some students left off the negative sign of the y value.

y
A

l

(3,13.33)

12 \

3

\

/

8
(=3,4.67)
1.11,5.95
'\\ A ( )
-3 -2 -1 o 1 2 3
(-1.59, -1.59) 4
-8

x=0VA
Award 1 mark for the correct graph on the domain.

Award 1 mark for the stationary point and inflection point.
Award 1 mark for the endpoints and vertical asymptote.

Questi0?4 a4 3)
xX—a)x+
f(x)—z(xT
;o X —4x+5a—-6
f'x) G2y

f’(O):O:>5a—6:0,a:§

Question 5

2
+ 1 17
== +Z+2
2x—8 2(x—4) 2

x = 4 is a vertical asymptote.

y= % + 2 is an oblique asymptote.

36 Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition

© John Wiley & Sons Australia, Ltd



Exam question booklet | Topic 6

Question 6
X2 —4x+3
¥ —x—6
_@=3)-1)
x=3)(x+2)
_x—=1
x+2
_x+2-3
x+2
3
x+2
The graph has a vertical asymptote at x = —2, a horizontal asymptote at y = 1 and a point of discontinuity

atx =3

x#3

Question 7

1 1
Since the asymptotes are at x = —5 and x = 3, then y = =
ax* +bx+c a(x+5x=3)

The stationary point has an x-coordinate halfway between x = =5 and x = 3 at x = —1.

< 1) 1 1 1 1
-, --)—-=———=-—3a="-

8 8 a(@dx-4) 16a 2
. 1 _ 1 _ 1 Lol
%(x+5)(x—3) %(x2+2x—15) %xz+x—E 2 2

Question 8
Asymptotes atx =0 andy = 2x + 3

Question 9
X+2 X3 2
= — 4+ —
3x2 3x2 3x?
X 2
=2 4 =
3 3x?

Asymptotes at x = 0 andy = g

Question 10

3
2y=——-5x—-1
Y 2x?
_ 3 &x+D
Y 4x? 2 S
Asymptotes atx =0 and y = %

Question 11

S+b b
s ax’ 4+ —. The parabola y = ax’? with a < 0 is an asymptote. The graph crosses the x-axis at

X X

. . . . Do [ b ..
one point, so that there is one real positive solution for ax® + b = 0, which is x = 1/ —=. Since a < 0, we
a

d d
require b > 0. Also &_ 2ax — % For a single turning point, we require d_y =0, so that x = 4 2
X X a

X
The value of x is negative for the single turning point, so thata < 0 and » > 0.

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 37



Exam question booklet | Topic 6

Question 12
ax* +b

b . . .
y= > = ax’ + —- The parabola y = ax?> with a < 0 is an asymptote. The graph crosses the x-axis at
X X

. . D [ b .
one point, so that there are two real solutions for ax* + b =0, whichis x> = +1/—=. Since a < 0,
a

we require b > 0. Also — = 2ax — - For a single turning point, we require o # 0 so that x* = — or
x X x a

X = —|_—\/E . The value of x is negative for the single turning point, so thata < 0 and b > 0.
a

Question 13

Y

Award 1 mark for sketching a graph with the correct shape.

Award 1 mark for identifying the asymptotes: x = 0, y = al

8
Award 1 mark for identifying that there are no intercepts.

Award 1 mark for identifying that the stationary points are turning points <12, iE)

Question 14
_ ax’> +b

b . . . .
y= = ax + —. The line y = ax with a < 0 is an asymptote. The graph crosses the x-axis at two
X X

distinct points, so there is a real solution for ax?> + b = 0, which is x = i\/j . Since a < 0, we require
a

b > 0. Also d_y =a—-— for turning points. This graph has no turning points, so we require no solutions for
X X
dy

b . . .
d_ =0,s0x = i\/j has no solution. Since a < 0, we require b > 0.
X a
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6.4 Sketching graphs of product and quotient functions

Question 1 |

(cos (ax) + 1)* + 3
(cos(ax) + 1)2 + 3 has local minimum of 3
When cos(ax) = —1

ax = cos~I(=1) + 2km

ax =1+ 2kmr = 7w (1 + 2k)

Local max M, %), keZ
a

The correct answer is E.

For local maximum y = , a € R\ {0}

Question 2
a. f(x) = x?e™
)= (2x —x2) e
Solving f'(x) = x (2 — x) e™* = 0 for stationary points:
x=0,2sincee ™ #0
Absolute minimum (0, 0)
Local maximum (2,4e72) » (2,0.54)
Award 1 mark for the correct derivative.
Award 1 mark for the correct derivative.
b. y = 0 is a horizontal asymptote.
Award 1 mark for the correct equation.
c. f'(x) = (x2 —4x+ 2) e™*
Solving "' (x) = (x2 —4x+ 2) e = 0 for inflection points:
x=2+2~059,3.41 since e # 0
Inflection points (0.59,0.19), (3.41,0.38)

YA

2
>

2

flx) =xPe™
17 (2.00, 0.5'4) —
3 0,0 {) sgi‘i-”)
5432001 234 57
(0.59,0.19)

Award 1 mark for the correct second derivative and inflection points.
Award 2 marks for the correct graph and labelled diagram.
d. glx)=x"e™"
g'(x)=x"2(2 =2nx+nmn—1)e*
Award 1 mark for the correct expression.
e. i. g’"()=0 > x=ni\/ﬁ
Award 1 mark for the correct values.
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Number of points ofinflection Value(s) of n (where n € 2)
0 n<0
1 1
2 2,4,6..nevenn =2k, keZ'
3 3,5 7..noddn=2k+1, keZ*

When nis odd, the point at the origin is a horizontal point of inflection, but when # is even, the point
at the origin is an absolute minimum turning point (not an inflection point).

Award 1 mark for the correct table.
Award 1 mark for the correct explanation.

Question 3
ex
f) =
x=1
x = 1 is a vertical asymptote.
y = 01is a horizontal asymptote.

The graph has a minimum turning point at x = 2.
The graph does cross the y-axis, f{0) = —1.

The graph does not have a point of inflection, /"' (x) # 0

The correct answer is E.

Question 4

1
y = —tan~!(x)

mne(_z z)
g 4’ 4

: Vs
Horizontal asymptotes at y = —|_—Z

Question 5

fx) = ! ,c,d€R,c>0

\/sin_1 (ex+4d)

For the maximal domain, we require sin"Hex + d) > 0:

O<ex+d<1
—d<cx<1-d

1 —
C C

Question 6

X
=2-x)sin"' (= -1
y=( ) (2 >
Domain‘g—l‘gl :—15%-131
05%52 = xel0, 4]

f0)=—7, fid)=—-m, f(2)=0
Range [—m, 0]
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Question 7
y=sin"'Q2x—1)
|2x—1] <1
-1<2x-1<1
0<2x<L?2
0<2x<1

Question 8

y=2 sin”'(x — 1) + 1 is the only possible graph, as it has the correct domain and range.

The domain of y = 2sin”'(x— 1)+ lis |x— 1] < 1= —1 <x—1 <1 or (0, 2) and the range is
(—7+ 1, 7+ 1) = (-2.14, 4.14).

Question 9

a gives a horizontal translation which does not affect the range.
So consider y = bcos™'(0) + ¢

The effect of b is to dilate in the y direction.

The effect of c is a translation in the y direction.

The range is ¢ <y < brr + ¢ [1 mark]

Question 10

The dilation factor in the y direction, p, does not affect the domain and can be ignored.

The vertical translation, —z, does not affect the domain and can be ignored.

Consider g(rx — s5) = gr <x - f)
’

Domainofy = sin™' (x)is [1, 1]

Domainofy =p sin_l(q(r —s)—0is[—1, 1]

= [—i + 5, 1 + f] [1 mark]
qr r qr r
Question 11
Domain:
—1<2x+3<1
—4<2x< -2
—2<2x< —1

Domain = [-2, —1]
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Question 12

Domain:
—1<3x-7<1

6<3x<8

Question 13

Domain:
—-1<2x-1<1
0<2x<L2
0<x<1
Domain = [0, 1]
A0)=2sin"'O)— 1) + & = 3%
4 4
A =2sin' @y -1+ Z =27
4 4
Range = _3_71" Rl
4 4

Question 14
For the implied or maximal domain, we require

lex] <1, =1 <ex<1or —lgxgl:[_l,l]
c c c ¢

Question 15 .
As y = cos™!(x) is dilated by a scale factor of 2 units parallel to the x-axis,replace x with % It becomes

y = cos™! <E>
2

Dilated 2 units parallel to the y-axis, it becomes the graph of y = 2 cos™! (g)

Question 16
-1 . T
y = tan™ (x) has horizontal asymptotes at y = +—,

. 3
y = 3tan™! <§> + % has horizontal asymptotes at y = i;ﬂ + % ory=—mandy = 27,

6.5 Review

Question 1
2x=3)(x+5)
af)=——F—-
x—Dx+2)
o =2+ —>2=" 1 mark]
x=—Dx+2)
b. Vertical asymptotes x = 1, x = —2 [1 mark]
Horizontal asymptote y = 2 [1 mark]
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c¢. The graph crosses x-axis <%, O> , (=5,0)
. 15
The graph crosses y-axis | 0, Y

The graph crosses HA at (%, 2>

The turning points are (—0.04,7.49), (4.44,2.51)
The inflection point is (6.79,2.45)

y
| A
1544
|
\
0
|
\ /1 s
NI
—0104]7.49)
5
(4.44,2.31)
y =2 ® o >
g (6/79] 2.45)
~_ |(—3, 0 Ji
» x
—-10 -5 of 1z 1 s 10—
(57
\
\
_‘5
x=-2 x=1

Award 1 mark for the correct graph shapes.
Award 1 mark for the correct axial intercepts.

Award 1 mark for the correct turning points and inflection point.
2x-=3)(x+5) LER

d. i. gitx) =
8 = e+
There are two asymptotes: one horizontal and one vertical.
k=-5 gm=2"3keRr
x+2
3 2(x+5)
k=— X) = ———
y MW=
2x=3)(x+5)
k=-2 gy=-"—"""T2
x+2)

Award 2 marks for all 3 correct values of k.

ii. For more than two asymptotes but no stationary points, solving the discriminant for k for values less
dg(x)

than zero when =0givesk< -5 or k> %

x
Award 1 mark for each correct value of k.
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Question 2
a. fix)=arctan(3x—6)+ 7
fx)=y—tan~ ')+ 7, u=3x—-6

dy_ 1 du_
du 1+ u? dx
= ——
1+ Bx—06)
/xz—
F 9x% — 36x + 37

Award 1 mark for the correct derivative.
b. f'(x) = 3(9x> — 36x +37) "

F(x) = =3(18x — 36)(9x% — 36x + 37)

—3Xx18(x—2
') = =2 5= 0 for point of inflection

(922 — 36x + 37)
f"(1) >0, f'(3) < 0: change of sign, so x = 2 is a point of inflection.

Award 1 mark for the correct second derivative.
Award 1 mark for the correct value of the point of inflection.
c. ()y=tan"'(O)+7r =7 — (2, 7

The range of y = tan~'(x) is (—%, %)
Lz +7T,y= 37 andy = z are horizontal asymptotes
TS N 5 SRS A RO
o2 yan
|}'_ 21 1 1 1 1
R S Ry A o
I N P A P |
R
~ | o | f >
4 4 3 7 4 6
I IR T S5 S S S
i i P2 i i i
S RN S SO S NN S
TN O 2 N N N
i i L2y i i i
Award 1 mark for the correct graph shape.
Award 1 mark for the correct asymptotes.
Question 3
2 +1 17
fo =2t +Z+2
2x—8 2(x—-4) 2
x = 4 is a vertical asymptote.
y= g + 2 is an oblique asymptote.
Question 4 B
a. i. f(x) = N 5 x=—1 is a vertical asymptote and y = 0 is the horizontal asymptote
+x

Award 1 mark for both correct asymptotes.
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VCAA Examination Report note:
The majority of students stated the vertical asymptote but significantly fewer stated the horizontal

asymptote. Various incorrect attempts at partial fraction forms were made.
.. 1—2x°
ii. f'(x) = —
( 1+ x3)
Stationary points at f'(x) = 0

X = - ~ 07937, £(0.7937) = 0.529

3

2
(0.79, 0.53) is a local maximum.

Award 1 mark for the correct derivative.

Award 1 mark for the correct coordinate of the stationary point.

VCAA Examination Report note:

This question was generally answered well. Some students did not give the coordinates of the
stationary point in the required form.

6x2 (x3 — 2)

jii. "' (x) = —2f”(0.79) <0
(1+x%)
Inflection points at f"'(x) = 0
x =2~ 1.2599, £(1.26) = 0.42
(1.26,0.42) is a point of inflection
Award 1 mark for setting the second derivative to zero.
Award 1 mark for the correct coordinate of inflection point.
VCAA Examination Report note:
The majority of students provided the correct inflection point. A common error was to erroneously
include the point (0, 0), which is another point where f”'(x) = 0, but it is not a point of inflection as
there is no change of concavity; f''(x) does not change sign.
b. y
A

2

/ M 079,053
(1.26,042)

s e 4 I B J"’X y

Il
(e]

-2
x=-1
Award 1 mark for the correct graph on the domain with the correct intercept.

Award 1 mark for the stationary point and the inflection point.

Award 1 mark for the correct asymptote and its equation.

VCAA Examination Report note:

Graphing was generally completed to a reasonable standard. In some cases the shape of the graph was
poor and the required points were not marked clearly or were not placed in the correct position.
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Question 5
X2 —4x+3
¥*—x—6
_x=3)(x=1)
x=3)(x+2)
_x—1
x+2
_x+2-3
x+2
3
x+2
The graph has a vertical asymptote at x = —2, a horizontal asymptote at y = 1 and a point of
discountinutity at x = 3.
The correct answer is D.

xX#3

Question 6

f) =l|bcos™ (x) —a
0 < cos™! x)<mm0< bcos™! (x) < b, —a < bcos™! x)—a<br—a
0<|bcos™!(x)—a| <bm—a

range [0, b — a]

,a>0,b>0,a<b77r

Question 7

fla)=1, flma)=-1, fib)=-1, fi-b)=1
(x+a)’(x—1b)

f(x) = e , g0 <0, f"X)=0 > x=—a, x=>b, fib)y=—1 |f(b) =1|
X = —a is a turning point, (b, 1) is an inflection point.
Question 8

a. f(x)=arctan(3x—6)+ 7
f)y=y=tan'(W) + T, u=3x—6

dy 1 du
—=—’—=3
du 1+ u? dx
fon=—"—
1+ Bx—6)
/x - >
;) 9x% — 36x + 37

Award 1 mark for the correct1 derivative.
b. f'(x) =3(9x% —36x+37)

£ () = =3 (18x — 36) (922 — 36x +37)

" —3x18(x—2 ) ) )
f = x=2) = O for point of inflection

(922 — 36x +37)°
S (1) >0, f” (3) < 0: change of sign, so x = 2 is a point of inflection.
Award 1 mark for the correct second derivative.
Award 1 mark for the correct value of the point of inflection.
c.fQ=tan'O)+7 =7 - 2,7

The range of y = tan~! (x) is <—%, %)

T T RY/4 Vo .
So <—5, 5) +7m,y= > andy = ) are horizontal asymptotes.
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Award 1 mark for the correct graph shape.
Award 1 mark for the correct asymptotes.

Question 9

a. i. flx) =cos’(x)+cos(x)+1,0<x <27
f'(x) = =2sin(x) cos(x) — sin(x), 0 < x < 27 [1 mark]
VCAA Examination Report note:
This question was well done. A small number of students had difficulty finding the derivative and
some students who correctly differentiated attempted to factorise their answer with mixed success.
Some students used a double angle formula to write the answer in an alternative form. This was not
always done correctly nor was it helpful for the next part of the question.

ii. f'(x) = —sin(x)(2 cos(x) + 1) = 0 for turning points

sin(x) =0, cos(x) = —%

T T
x=0,7l',27T, -x=7T—_’7T5+§=

2 A 1\> 1
(—2”, §>, (—4”, 3) , (T, 1)
34 34

Award 1 mark for correctly setting to zero and solving.

Award 1 mark for all 3 correct coordinates.

VCAA Examination Report note:

This question was generally well done. A common mistake was to include the endpoints at x = 0 and

x = 27 even though the question specifically asked students to find the coordinates of the turning
points in the interval (0, 27).

b

2 4w
373
3
4

b. The graph of y = 1 has turning points at
Jx)

<2—7T, i) , <4—ﬂ, i) , (7r, 1) the endpoints are <O, l) , <27r, l) not included.
3°3 3°3 3 3

Award 1 mark for the correct graph shape.

Award 1 mark for correct endpoints.

Award 1 mark for correct turning points.

VCAA Examination Report note:

Students’ graph-sketching abilities were reasonable, with most drawing a single, smooth curve with the
correct shape. Common errors included neglecting to label the turning point at (77, 1), their graph not
passing through the intersection points <%, 1) and (4?”, g), and poor estimation of the location of

the heights — and 3 with respect to the given scale. Some students drew their graphs with an open circle

at the endpoints.
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Question 10

2 3
a foy= XX FE R\
X
23 +x*—4
f’(x)=$

For stationar))fcpoints, solving f'(x) = 0 gives x = 1.1134, f(1.1134) = 5.946

Award 1 mark for the correct coordinates of the stationary point.

VCAA Assessment Report note:

This question was answered very well. A small number of students gave the coordinates for the point of

inflection ragher than the stationary point.
b. 7 = X2
For inflection points, ' (x) = 0:
x=1/—4 = —1.587, f(—1.587) = —1.587
(—1.59, —1.59)
Award 1 mark for setting the second derivative to zero.
Award 1 mark for the correct coordinates of the inflexion point.
VCAA Assessment Report note:
This question was generally answered well. The most common error resulted from substituting a rounded
x value, yielding an incorrect y value of —1.58. Some students left off the negative sign of the y value.
y
A
‘ (3,13.33)

A /
\ /

8
(=3,4.67)
1.11,5.95
'\\ A ( )
P x
-3 -2 -1 o 1 2 3

(-1.59, -1.59) 4
-8

x=0VA
Award 1 mark for the correct graph on the domain.

Award 1 mark for the stationary point and inflexion point.

Award 1 mark for the endpoints and vertical asymptote.

VCAA Assessment Report note:

Students missed out on marks for ignoring the domain of the function or a lack of accuracy in the
placement of the endpoints. Students are advised to use their technology as a tool to support the
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sketching of an accurate graph rather than simply copying a roughly correct shape from a screen.
Students generally followed the instruction to label particular points but these points were not always
plotted with appropriate accuracy. Careful attention to the axes scale is required.

b
d. i s=J V 1+ (' (0)dx
-0.5 3 2 _ 2
szj " <M) dx
-3 x2

Award 1 mark for the equivalent definite integral representing arc length.
VCAA Assessment Report note:
This question was answered fairly well. A variety of equivalent correct forms were presented.
A common error was an integrand containing the square of f(x) rather than the square of f’ (x). Other
errors included incorrect terminals, sign errors within the integrand and expressions that appeared to
represent the volume of a solid of revolution.

ii. s=13.18
Award 1 mark for the correct value.
VCAA Assessment Report note:
The majority of students who answered part d. i. correctly were able to answer part d. ii. correctly.
A number of students who wrote an incorrect expression for part d. i. went on to evaluate a correct
expression and gained the mark for part d. ii.

e.a=m

b=fi-3 =%

1 33
<=1 <‘5> =77

Award 1 mark for all values a, b, and ¢ correct.

VCAA Assessment Report note:

Part e. was not answered well. A number of students incorrectly gave decimal approximations for the
value of b. Students must note and follow the general instructions given at the start of Section B. Some
students interchanged the values of b and c, but this would only be correct if they wrote a = —.

Question 11
a. > =2-— sinz(x)
By implicit differentiation:
d
2yd—y = —2sin(x)(cos(x)) = — sin(2x)
x

dy  —sin(2x)
dx 2y
VCAA Assessment Report note:
This question was answered reasonably well. The main error was some answers were given only in terms
of x. Some students moved from a correct answer involving x and y to an incorrect answer involving only
x. Omission of the negative sign occurred occasionally.

b.i. x=0, y=\/2—sin2(0):\/§

[1 mark]

T
XxX=—, y= 2—sin’ (=) =1 [1mark
Y <2> [ ]
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VCAA Assessment Report note:

This question was well answered. Some students wrote 2 instead of \/5 and others included +
alternatives in their answers.

@ _ —sin(0) —0

dx \/5

oY
=Y TS ) o mark)

27 dx 1
VCAA Assessment Report note:
This question was answered quite well. A few students had answers other than zero, while some students
did not make it clear that both answers were zero.

e f y=1/2—sin’(x)

f1 x=4/2—sin’()
x2 =2 —sin*(y)
sinz(y) =2—x*
sin(y) = £V 2 — x2 (take the positive)
1) = y = sin™! (\/2 _ x2)
domf~! =ranf=[1, /2]

domf=ranf~! = [O, g]
Award 1 mark for the inverse function.

Award 1 mark for the domain of the inverse function.

Award 1 mark for the range of the inverse function.

VCAA Assessment Report note:

This question was answered fairly well. The main errors were the incorrect domain and/or range, or the
omission of one or both. A small number of students gave the inverse relation by including =+ in front of
the square root.

Most students knew to interchange x and y as a first step.

ii. x=0,

YA

Piaa

I T T T
0 |

d. fpasses through (0, \/E), (g, 1).
= [1, \/5] - R, f~(x) = sin™" (,/2 _x2>
f~! passes through <\/§, 0) , <1, %)

Award 1 mark for the correct graph in terms of shape and 1 mark for the scale.

VCAA Assessment Report note:

This question was answered moderately well. Many students did not accurately transfer the graphs from
a CAS screen to the axes provided. Of those who managed to draw the graphs correctly, a significant
number did not label them. Incorrect location of endpoints and incorrect concavity were common.

-
X
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e. Solving f~!(x) = f(x) or f(x) = x or graphically
x =a = 1.099[1 mark]
VCAA Assessment Report note:
A signiﬁcalnt number of students did not give their answer correct to three decimal places.

fi V= nj (2 = sin’(x)) dx

Awardol mark for the upper and lower bound, and 1 mark for the definite integral.
VCAA Assessment Report note:
This question was answered reasonably well. Common errors included not squaring f{x), incorrect
terminals and the occasional omission of 7z and/or dx.
ii. V=>54unit’
[1 mark]
VCAA Assessment Report note:
This question was answered very well by students who set up the integral correctly. A number of
students who set up the integral correctly did not include the 7 in their calculations and obtained 1.7.

Question 12

A+ =1

A+ -1=0

Then use calculator functions to solve.
.". there are two real solutions

Question 13

2
ax”+b b . . . .
y= = ax + —. The line y = ax with a > 0 is an asymptote. The graph does not cross the x-axis at

X X

.. . . . DL [ b .
two distinct points, so there is no real solution for ax* + b = 0, which is x = +4/—=. Since a > 0, we also
a

. dy b : . . dy b
require b > 0. Also — =a — — - For turning points we require — = 0, sothatx = +4/—.Soa > 0 and
a

dx X dx
b>0.
Question 14
_ —3x*+4
6x
3x2 4
—_— + N
6x 6x
1 2
y=—=x+ —

.. Asymptotesare: x =0, y = —g [1 mark]

Question 15
y =

and y = 5x + 2 intersect

Sx+2
when =5x+2
Sx+2 : 3
Solving for x gives x = -3 and x = s

Asymptote at Sx+2 =0= x = —%.
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Question 16

Turning point at —
2a

x+2)(x=3)=x>—x—-6
b _1

22 2

Asymptotes at x +2 = 0= x = =2
andx—3=0=>x=3.

Question 17

3y—2x=6
_ 6+ 2x

3
The graphs of y = f(x) and ]% will intersect when
X

=y

6+2x 3
3 6+ 2x

Solving for x gives x = ) and x = —5

Asymptotes at 3(0) —2x=6=>x= -3

Question 18
The reciprocal graph has the same x-value for the turning point, but the y-value is the reciprocal. Also,
the maximum becomes a minimum.

Question 19
The reciprocal graph has a vertical asymptote where the original crosses the x-axis; the y-value is the
reciprocal.

Question 20

Needx> + mx+n#0
b* —4ac <0

m?—4n<0
m? < 4n

Question 21
Neednx? + mx — 1> 0
b> —4ac <0
m? +4n <0
m? < —4n
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/ Integral calculus

7 Integral calculus
M 7.2 Areas under and between curves

>
c
)
To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.
Question 1 (1 mark)
Calculate the area bounded by the curve y = x2 — 2x — 24, the x axis x = 2 and the lines and x = 8.
Area =[] units’
Question 2 (2 marks)
If a is a positive constant, calculate the area bounded by the curve y = x* — a’x and the x-axis.
Question 3 (2 marks)
. 190 X
Consider the graphs of y = —- — 5 and y = —32cos <§> for x > 0.
X
a. Determine the coordinates of the first two points of intersection, giving your answers rounded to 4
decimal places.
@ s @, (1 mark)
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Subtopic 7.2 Areas under and between curves

b. Calculate the area between the curves and these first two points of intersection, giving your answer
correct to 4 decimal places.
Area = [Junits® (1 mark)

Source: VCE 2014, Specialist Mathematics 1, Q.7; © VCAA

Question 4 (5 marks)
Consider f{x) = 3x arctan(2x).
a. Write down the range of f. (1 mark)

6x
1 +4x2

b. Show that f' (x) = 3 arctan (2x) + (1 mark)

c. Hence evaluate the area enclosed by the graph of g (x) = arctan (2x), the x-axis x = % and the lines and

xX=—-: (3 marks)
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Subtopic 7.2 Areas under and between curves

Source: VCE 2009, Specialist Mathematics 1, Q.8; © VCAA

Question 5 (4 marks)
Answer the following.

2
a. Show that f(x) = 2+ can be written in the form f(x) = —1 + 6 . (1 mark)
4 — x? 4 —x?
. 2 +x° . .
b. Find the exact area enclosed by the graph of f(x) = PR the x-axis, and the lines x = —1 and x = 1.
—Xx
(3 marks)
Question 6 (1 mark)
YA
P =
3 -
24
l —
Y

The graphs of y = 4sin* (2x) and y = 4cos? (2x) are shown for 0 < x < % Given that the graphs intersect at
X = %, the shaded area has a magnitude in square units of

S

HEOFP
0 AN = O
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7 Integral calculus
M 7.3 Linear substitutions

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Source: VCE 2020, Specialist Mathematics Exam 1, Q.2; © VCAA.

Question 1 (4 marks)
0

1 . .
Evaluate J ldx. Give your answer in the form a\/z + ¢, where a,b,c € R.
1—x

Source: VCE 2019, Specialist Mathematics Exam 2, Section A, Q8; © VCAA.
Question 2 (1 mark)

‘With a suitable substitution, J (2x — 1) V2x + 1 dx can be expressed as

503 1

A. u5 + u5 du

N | =

1
1

[ 3 1
B.2 <u2 + M2) du
3
o3 1
C.2 | u2 +2u2 |du

ne3ool

D. 2 | |u2 +2u2 |du
s

E. % ui - ZuE du

w
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Subtopic 7.3 Linear substitutions

Source: VCE 2017, Specialist Mathematics Exam 2, Section A, Q7; © VCAA.
Question 3 (1 mark)

With a suitable substitution, J x*4/2 — xdx can be expressed as
1

1 3 5
A. — <4u2 —4u2 + u2> du

1 3 5
B. du2 — 4u2 + u2> du

0

SR W e L)
—— o A~ A~ —_———

1 33
—4u2 + 4u2 — u2> du

1 35
<4u2 —4u2 + u2> du

0
1 3 5
E. J <4u2 —4u2 — u2> du
1

D. -

Source: VCE 2020, Specialist Mathematics 1, Q.2; © VCAA
Question 4 (4 marks)
0

1 . .
Evaluate J ldx. Give your answer in the form a\/z + ¢, where a,b,c € R.

2 1—x
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Subtopic 7.3 Linear substitutions

Source: VCE 2019, Specialist Mathematics 2, Section A, Q.8; © VCAA

Question 5 (1 mark)
5

With a suitable substitution, J (2x — 1) V2x + 1dx can be expressed as

1
5
1 3 1
A. —J <u2 +u2>du

1
11

[ [ 3 1
B. 2 <u2 +u2> du

3
5

[\

F /03 1
C.2 <u5 + 2u5> du
1
11
W
D. 2 <u2 + 2u2> du

3
11
3 1
J <u2 - 2u2> du
3

E.

N =
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Subtopic 7.3 Linear substitutions

Source: VCE 2017, Specialist Mathematics 2, Section A, Q.7; © VCAA

Question 6 (1 mark)

With a suitable substitution, J x*4/2 — xdx can be expressed as

1

1 3 5
A. — (4u2 —4u2 + u2> du

1 3 5
B. du2 — 4u2 + u2> du

0

S i —
—— o A~ A~ —_———

1 3 3
—4u2 — 4u2 — u2> du

1 3 5
<4u2 —4u2 — u2> du

0
1 3 5
E. J <4u2 —4u2 — u2> du
1

D. -

© John Wiley & Sons Australia, Ltd

Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 7



Exam question booklet | Topic 7

Subtopic 7.3 Linear substitutions

Source: VCE 2015, Specialist Mathematics 2, Section 1, Q.10; © VCAA
Question 7 (1 mark)

1
Using a suitable substitution, the definite integral J <x2 V3x+ 1) dx is equivalent to
0

1

1 5 3 1
A. §J <u2 —2u2 +u2>du

0
4
1 5 3 1
B.—J u2 —2u2 +u2 | du
27
1
4
1 5 3 1
CgJ u2 —2u2 +u2 | du
1

5 3 1
[ <u2 —2u2 + u2> du

Question 8 (2 marks)
Find an antiderivative of axy/(cx + e).

8 Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition © John Wiley & Sons Australia, Ltd



Exam question booklet | Topic 7

Subtopic 7.3 Linear substitutions

Question 9 (1 mark)
With a suitable substitution, J 2xV x — 2dx can be written as

A. 2J (u +2\/{¢> du
B. : <2u% + ﬁ) du

C. "(2+ u)du

Question 10 (1 mark)

. . . 3x
With a suitable substitution, J

dx can be written as
X+
[ 3
A. | =du
Ju

B. <3—§> du
J u

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 9
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Subtopic 7.3 Linear substitutions

Question 11 (1 mark)

X
ax+b

If a and b are positive real constants, then dx is equal to

S —— |~

10 Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition © John Wiley & Sons Australia, Ltd
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7 Integral calculus
M 7.4 Non-linear substitutions

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Source: VCE 2018, Specialist Mathematics Exam 2, Section A, Q8; © VCAA.
Question 1 (1 mark)

Using a suitable substitution, | tan?(x)sec?(x)dx can be expressed as

Sy

(u4 + u2) du

>
Sl S5

B. (u4 + uz) du

SRR
W

=]
—oN o

<

(e}

N

<

<
)

QU

<

sz}

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 11
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Exam question booklet | Topic 7

Subtopic 7.4 Non-linear substitutions

Source: VCE 2016, Specialist Mathematics Exam 2, Section A, Q8; © VCAA.
Question 2 (1 mark)

. . . . 4 .
Using a suitable substitution, J (x3e2x > dx, where a and b are real constants, can be written as
a

Source: VCE 2013 Specialist Mathematics Exam 2, Section A, Q9; © VCAA.

Question 3 (1 mark)
4
e b

The definite integral, J

dx can be written in the form J ldu where
x log,(x)
3

u

A. u = log,(0),a = log,(3), b = log,(4) ’
B. u =log,(x),a=3,b=4
C. u=log,(x),a=¢e*b=¢
D.u=—-,a=e3,b=¢"*
i
E.u=-,a=¢&,b=¢"
X
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Subtopic 7.4 Non-linear substitutions

Source: VCE 2020, Specialist Mathematics 2, Section A, Q.11; © VCAA
Question 4 (1 mark)

sec? (x)

dx can be expressed as
sec? (x) —3tan (x) + 1

With a suitable substitution,

BN —— 0y

1
V3

A. ( ! - ! )du
J u—1 wu-—-2
1
V3

B. < ! —i>du
J \3(u—-3) u
1
V3

C ( ! - ! >du

u—2 u-—1

1
V3

D. < ! - ! )du
J u—1 wu—-2
x
3

EJ( I - ! >du
J 3u—1) 3m+2)
4

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 13
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Subtopic 7.4 Non-linear substitutions

Source: VCE 2018, Specialist Mathematics 2, Section A, Q.8; © VCAA
Question 5 (1 mark)

Using a suitable substitution, | tan? (x) sec? (x) dx can be expressed as

o ——oly

§|H

A. (u4 + uz) du

B. (u4 + uz) du

14 Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition © John Wiley & Sons Australia, Ltd
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Subtopic 7.4 Non-linear substitutions

Source: VCE 2016, Specialist Mathematics 2, Section A, Q.8; © VCAA
Question 6 (1 mark)

b
. . . . 4 .
Using a suitable substitution, J <x3ezx ) dx, where a and b are real constants, can be written as
a

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 15
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Subtopic 7.4 Non-linear substitutions

Source: VCE 2014, Specialist Mathematics 2, Section 1, Q.13; © VCAA
Question 7 (1 mark)

2

. o dx
Using the substitution # = y/x + 1 then [ ———————can be expressed as
0

x+2)vVx+1
V3

A. !

Va4 )

du

=
<
[}S)
+ o
—
QU
<

C. du
Vuu+1)
2
1 1
D.—{ du
40 uz(u2+1)
V3
E.2J 21 du
u +1
1

Question 8 (1 mark)
—3x

S e .
An antiderivative of — s equal to

A.log, le™ —1|+c
3log, le™ = 1| +¢

B.

C. =3log,le™* = 1| +¢
1
D. 3 log, e — 1|+ ¢
E.

1
—Zlog |e=¥* — 1|+
3 g, e | +c
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Subtopic 7.4 Non-linear substitutions

Question 9 (1 mark)

An antiderivative of is equal to

4x> +9
2 2
A. Eloge (4x +9) +c

3
B. “tan~! <§> +c
8 3
2
C. S log (4x* +9) + Lan-1 <%> +c
8 ¢ 6 3
D. _é (9log, (42 +9) —4x2) + ¢

3i2 (9log, (42 +9) —422) +c

Question 10 (1 mark)
An antiderivative of tan (3x) is equal to

A. %loge (sin(3x)) + ¢
B. —% loge (sin(3x)) + ¢
C. % loge (cos(Bx)) + ¢

D. —% log, (cos (3x)) + ¢
E. =3log, (cos (3x)) + ¢

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 17
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Subtopic 7.4 Non-linear substitutions

Question 11 (1 mark)

Using a suitable substitution, J de is equal to

V3x2 +4
1 Ju—4du

01_8 \/;
B.ZJM_4du
e
c.ldeu
2 V3u+4
D.ZJ Y
3u+4
2 _
ElJu 4du
o)
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7 Integral calculus
M 7.5 Integrals of powers of trigonometric functions

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (1 mark)

cos? (3_x> dx is
2

The exact value of

Sy

AL
3
B.Z
6
c. =
12
2
"3
E. 0
Question 2 (1 mark)

State which of the following is an anti-derivative of sec’(3x)tan’(3x).
.3tan®(Bx) + ¢
. 3sec*(Bx) + ¢

. %tan3(3x) +c

. %tan3(3x) +c

o O O WP

. %sec3 Bx)+c

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 19
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Exam question booklet | Topic 7

Subtopic 7.5 Integrals of powers of trigonometric functions

Question 3 (2 marks)

Evaluate the following in terms of p.
P

J (sin®(5x) — cos*(5x)) dx = ]

0

Source: VCE 2009, Specialist Mathematics 2, Section 1, Q.10; © VCAA

Question 4 (1 mark)
Let f:[—m,27] = R, where f{x) = sin’ ).
Using the substitution # = cos(x), the area bounded by the graph of f and the x-axis could be found by

evaluating
2

A. —J (1—u?)du

B.3j(1—u2)du

n

C. —3J (1 —uz)du
-7

D. 3J (1—u?)du
1

E.— | (1-u?)du

Le—
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:

Integral calculus

Integrals involving inverse trigonometric functions

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Source: VCE 2021, Specialist Mathematics Exam 1, Q.2; © VCAA

Question 1 (3 marks)
1

2x+ 1

dx.
241

Evaluate J
0

Question 2 (1 mark)

J dx is equal to
2+ 5x2 a

5
A. tan! ﬁ +c

V2
Vi (VTG
Ttan >

V5 [ Viox
—tan

C.
5 2
NN A
D. tan
10 2
1

© John Wiley & Sons Australia, Ltd

Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 21


www.jacplus.com.au

Exam question booklet | Topic 7

Subtopic 7.6 Integrals involving inverse trigonometric functions

Question 3 (2 marks)

SR

Determine an anti-derivative of ————.
(b2 — a2x2)

Question 4 (2 marks)

. . 1
Find an antiderivative of

VI =3x2)

Question 5 (2 marks)

. . cos (x
Find an antiderivative of ®)

\/ (1 — sin’ (x)).
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Subtopic 7.6 Integrals involving inverse trigonometric functions

Question 6 (1 mark)

x
J V(2 —7x2)
A. ﬁsin_l
7 2

L (V)
gm_l (\/ﬁx>

2

D. sin”' (%) +c

is equal to

E. —\/7cos™! (@> +c

V2

© John Wiley & Sons Australia, Ltd
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7 Integral calculus
M 7.7 Integrals involving partial fractions

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Source: VCE 2018 Specialist Mathematics Exam 2, Section A, Q3; © VCAA

Question 1 (1 mark)
Which one of the following, where A, B, C and D are non-zero real numbers, is the partial fraction form for

. 2x* +3x+1
the expression ?

Qx+ 1) (2 =-1)
A B C
. + +
2x+1 x—1 x+1

A B C Dx
. + 2+ 3+ 2
2x+1  2x+1) 2x+1) x =1
A Bx+ C
. +
2x+ 1 =1
A B C

: + +
2x+1  x+1)? x-1
A Bx+ C D

. + +
2x+1  2x+1)7° x-1

Source: VCE 2017 Specialist Mathematics Exam 1, Q2; © VCAA

Question 2 (4 marks)
V3

1
Find J —— —dx expressing your answer in the form log, (\/E > where a and b are positive integers.
X (1 + xz) b
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Exam question booklet | Topic 7

Subtopic 7.7 Integrals involving partial fractions

Question 3 (1 mark)

. .. a .
If a is a positive real constant, then J —dx for x > a is equal to

x(x — a)
A. log, <a —x)
X

B. log, <x—a>
X
C. —log, <x—a>
X

a—Xx

D. —log, <
pe
E. —log, (x(x — a))

Source: VCE 2020, Specialist Mathematics 2, Section A, Q.7; © VCAA

Question 4 (1 mark)
For non-zero real constants a and b, where b < 0, the expression ( ; in partial fraction form with
ax +
linear denominators, where A, B and C are real constants, is
A Bx+C
A, —+
ax xX*+b
A B C
B. —+ +
ax  x+ \/l_) ax — \/E
A B C
C. —+ +
X ax+4/|b| ax—+/|b|
A B C
D. — + -
X x4+4/]b]  x—1/|b]
Ay P, C

ax <x+\/;;)2+x+\/z
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Subtopic 7.7 Integrals involving partial fractions

Source: VCE 2018, Specialist Mathematics 2, Section A, Q.3; © VCAA

Question 5 (1 mark)

Which one of the following, where A, B, C and D are non-zero real numbers, is the partial fraction form for

. 22 +3x+ 1
the expression ?

Qx+ 17 (= 1)
A B C
. + +
2x+1 x—1 x+1
A B C Dx
. + >+ s+
2e+1 x4+ 1) (@41 2-1
A Bx+c¢
. +
2x+1  x2-1
A B C
. + +
2x+1  @2x+1)?% x-—1
A Bx+c¢ D
. + +
2x+1  2x+1)? x-—1

A

D

Source: VCE 2013, Specialist Mathematics, Exam 1, Q.2; © VCAA
Question 6 (4 marks)
1

Evaluate J de.
XX =5x+6
0

Source: VCE 2011, Specialist Mathematics 1, Q.1; © VCAA

Question 7 (3 marks)
Find an antiderivative of %, x € R\ {-3,3}.
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Subtopic 7.7 Integrals involving partial fractions

Question 8 (1 mark)
4x — A B
When _h=6 is expressed in the form + , the values of A and B respectively are
x* 4+ 6x+ 8 x+4) (xx+2)

. 8and 4
.—4and 8
.=7and 11
. —6 and 10
. 11 and -7

HoOw P>

Question 9 (1 mark)
4 2

: . Ax+B .
is expressed in the form —+, the values of A and B respectively are

x—3) -2 (x—3)(x—2)
A. 4 and -2

. 2and -2
.—2and 4
. 2 and 2
. 3and 2

when

O OW

Question 10 (1 mark)

2x+1 A B
alis can be expressed as a partial fraction in the form

S ae— + as
3x? +£lx+1 (ax+c) (dx+e)

+
6x+1 2x+1
1 2
+
3x+1  x+1
1 1

+
3x+2  2x+1
1 1

+
6x+2 2x+2

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 27
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Subtopic 7.7 Integrals involving partial fractions

Question 11 (1 mark)

The algebraic fraction

can be written in partial fractions form as

5 4x* — 25
A. +
2x+5 2x-=5
B. 2 + 2
2x+5 2x-5
C. ! + !
2x+5 2x-5
2 _ 2
"2x—5 2x+5
1 _ 1
"2x—5 2x+45
Question 12 (1 mark)

The algebraic fraction >
abx” + (pb + ga) x + pg
partial fractions form as

1 q p .
A. — rovided that ag — bp # 0
aq — pb <bx+q ax+q>p 1-bp ¥
1 q p .
B. + rovided that ag — bp # 0
ag—pb \bx+q ax+gq P 1=br #
c. ! < b __a > provided that ag — bp # 0
ag—pb \bx+q ax+p
D, —! < a __b > provided that ag — bp # 0
ag—pb \ax+p bx+gq
E a b

ax+p_bx+q

, where a, b, p and ¢ are real numbers, can be written in

28 Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition
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Subtopic 7.7 Integrals involving partial fractions

Question 13 (1 mark)

When L is expressed in the form A + B X
x+4) (x+4

x>+ 8x+ 16
.land 3

.—land 3
.land 1
. 0and 8
. land -1

the values of A and B respectively are

EoOw P>

Question 14 (1 mark)
When !

B
+ 3 is expressed in the form i > the values of A and B respectively are

x=3) (=3 x—-3)

A. 6 and -3

B. 1and 6

C. 1and3

D. 3and 2

E. 6and 1

Question 15 (1 mark)

2—3x . . A B
- can be expressed as a partial fraction in the form >+ a
x*—4x+4 (ax + ¢) (ax + ¢)

= 3

=2 -2
-3 4

"x—2? (-2
) 3

=2 -2
-3 2

S

B

D. -
x=27 (=2
3 4

"x—2? (-2
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Subtopic 7.7 Integrals involving partial fractions

Question 16 (1 mark)
The algebraic fraction Lz can be written in partial fractions form as
(2x+5)
A. L _ 3
2x+5  (2x+59)
B. 5 1 .
2x+5  (2x+59)
2 10
2x+5  (2x+5)°
1 5
. + 3
2x+5  (2x+59)
5 1

. + 3
2x+5  (2x+59)

Question 17 (1 mark)

. . b . .
The algebraic fraction &, where a, b, p and ¢ are real numbers, provided that p # 0, can be written

o (px + )’
in partial fractions form as

-b
N )
p\px+q (px+q)

Bl a _aq—bp
p\px+q  (px+9q)°
-b
e Lzt _1_
P\ Px+q (px+gq)

-b

p (L _ww
P\ (px+q) px+gq
-b

pl( L
P\ (px+q) px+q
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Subtopic 7.7 Integrals involving partial fractions

Question 18 (1 mark)

When # is expressed in the form Ax+ B + ¢ , the values of A, B and

(¥ +2)(x=1) (P+2) =D
C respectively are

A.—=,—Zand — =

_
N
—

#E 0 W

Question 19 (1 mark)

5—20x . L Ax+B C
——— can be expressed as a partial fraction in the form + as
(x2+4) x—=1) (x2+4) x—1)

5x—20 4
A. -

(P+4) =1
B. 17 —3x + 3

(@ +4)  @-1D)

C. 3x—17 3

(2+4) «=1)
D. 4x=20 5

(¥*+4) =1

20 — 4x 5

E.
(P +4) =D
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Subtopic 7.7 Integrals involving partial fractions

Question 20 (1 mark)
. . TP —6x+4 . . . .
The algebraic fraction —————— can be written in partial fractions form, as
3x (x2 + 4)
1 + 2x—2
x 2 +4
B. 1 2x=-2
3x  x*+4
C. 1 + 2x+2
3x  x*+4
D. 1 2x+42
3x x*+4
2 x+1
"3x 2+4

Question 21 (1 mark)
1

The algebraic fraction > where a and b are non-zero real numbers, can be written in
(x2 + az) (x+0b)
partial fractions form, where A, B, C and D are real numbers, as

A B Cx+D
A. + 2+ )
xX+b (x+b) x+a)
A B C D
B. +

+ >t 2
x+b (x+0b) x+a (x+a)
A Bx+C D
+ +
x+b  (x+b? x*+d
A B Cx+D
+ +
x+b  (x+b? FP+d
Ax+B+ C 4 D
x+b (x+b)2 X%+ a?
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Subtopic 7.7 Integrals involving partial fractions

Question 22 (2 marks)

Find an antiderivative of

x(4=x)

Question 23 (1 mark)

If a is a positive real constant, then J

A. log, <a—x>
X

B. log, (x—a)
by

dx for x > a is equal to
x(x—a)

E. — loge x(x—a)

Question 24 (1 mark)
22 4 32

ax-+b dei It
o > dx is equal to

If a and b are positive real constants, then J
asx- —

A, x+ %tan <bx>
B. x— bbg(“x+ﬂ)
ax—>b
ax—>b >
ax+b
ax+b )
ax—>b

222 - )

C.x+ - loge

|
E

D. x+ —log
a

a

b
E. x+ —log
a

a
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7 Integral calculus

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Source: VCE 2020, Specialist Mathematics Exam 2, Section A, Q11; © VCAA.
Question 1 (1 mark)

sec(x)

dx can be expressed as
sec2(x) — 3tan(x) + 1

With a suitable substitution,

BN—— 0y

1
V3
AJ( ! — ! >du
u—1 u-2
1
V3
B. ( 1 —i>du
J \3(u-3) u
1
V3
C. ( I - ! >du
J u—2 u-—1
1
V3
D. ( ! - ! )du
u—1 wu-—-2

E.

( 1 >du
3wu—-1) 3Ww+2)

BNy e
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Subtopic 7.8 Review

Source: VCE 2015, Specialist Mathematics Exam 2, Section A, Q1a; © VCAA.
Question 2 (2 marks)
1
Show that J tan(2x)dx = Eloge|sec(2x)| +c.

Source: VCE 2014, Specialist Mathematics Exam 1, Q7; © VCAA.

Question 3 (5 marks)
Consider f(x) = 3x arctan(2x).
a. Write down the range of f.
Range = [] (1 mark)

6x

b. Show that f'(x) = 3arctan(2x) + )
1 + 4x?

(1 mark)

1
c. Hence evaluate the area enclosed by the graph of g(x) = arctan(2x), the x-axis and the lines x = 5 and

xX=—. (3 marks)
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Subtopic 7.8 Review

Question 4 (1 mark)
a’x* + b .
>dx is equal to

2,2 _

If a and b are positive real constants, then J
a-x

A x+ %tan‘l <@>
+b‘>

ax
ax — ‘

B. x — blog,

a
b

a

ax—>b

x? — b?|

(:
C.x+—loge< >
<ax+b‘>
(la®x* = 22])

b
E. x + -log,
a

Question 5 (1 mark)

Evaluate the following in terms of a and b.
b

J (cosec?(3x)e*'3) dx = ]

a

Source: VCE 2021, Specialist Mathematics 1, Q.2; © VCAA
Question 6 (3 marks)

1
Evaluate J 2t
0 .x2 + 1
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Subtopic 7.8 Review

Source: VCE 2015, Specialist Mathematics 1, Q.8; © VCAA

Question 7 (7 marks)
Answer the following.
1
a. Show that J tan (2x) dx = 3 log, [sec (2x)| + c. (2 marks)
1
b. The graph of fix) = 5 arctan(x)is shown below. (2 marks)
A i
i > x
0 e
i. Write down the equations of the asymptotes. (1 mark)

ii. On the axes above, sketch the graph of f~!, labelling any asymptotes with their equations. (1 mark)

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 37



Exam question booklet | Topic 7

Subtopic 7.8 Review

c. Find f( V3 ) (1 mark)
d. Find the area enclosed by the graph of f, the x-axis and the line x = \/5 . (2 marks)
Source: VCE 2011, Specialist Mathematics 1, Q.3a; © VCAA
Question 8 (7 marks)
Answer the following.
2x* +3 . . 1
a. Show that f(x) = can be written in the form f(x) = 2 + . (1 mark)
+1 ?+1

on the axes below.

b. Sketch the graph of the relation y = 2

X
Label any asymptotes with their equations and label any intercepts with the axes, writing them as

coordinates.

3 2 1 0 1 2

(3 marks)
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Subtopic 7.8 Review

2% +3

X~ +
x=1. (3 marks)

c.Find the area enclosed by the graph of the relation y = , the x-axis, and the lines x = —1 and

Question 9 (1 mark)
The graph of y = 2sin”! (x + 1) is shown. The domain of the graph is [-2, 0] and the range is [—7, 7].
The shaded area is equal to

Y

— ]

0
A. J 2sin” ! (x + 1) dx

-2

B. J 2sin™! (x + 1) dx

-7
0

J 2sin”! (x + 1) dx

—-7T

C.

+J23in_1(x+ 1) dx
0
J (sin <£> - 1> dx
2
J <1 —sin <£>> dx
2

D.

E.
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Answer
7.2 Areas under and between curves

Question 1
y=x'—2x—24
=x—6)(x+4)
6
A= (x2—2x—24) dx
2

= lx3 —xr - 24x]
3 2

= (%X6X36—36—24x6)—(%x8—4—48>]

02

=—-58-

; 3

A, = (x2 —2x— 24) dx

o

= l)c3 —x? - 24x]
3

6

8

L 6
= <%x83—82—24><8>—<§x63—62—24x6>

=2
3
Area = |A|| + A,
- ‘—582‘ +202
3 3

= 81% [1 mark]

YA

=Y

Question 2
y=x>—a’x
=x (x2 - az)

=x(x+a)(x—a)

40 Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition

© John Wiley & Sons Australia, Ltd



Exam question booklet | Topic 7

=(0) — [icf' - %aZaz]

= laz4 [1 mark]
4

So required area = %a“ [1 mark]

Question 3
190
ay =—-= 5
X
X
Yy, = =32 cos <g)
Y1 =)2

x =7.5882, 24.2955

Points of intersection (7.5882, —1.7003)
(24.2955,—-4.6781) [1 mark]

24.2955
b. A= J <—32005 (5> _ 150, 5) dx
5 x2
7.5882
= 384.3732 [1 mark]
Question 4

a. f(x) = 3xtan~!' 2x), range f= [0, oo]
Award 1 mark for the correct range.
VCAA Assessment Report note:
This question was answered poorly by most students. Few realised that x and the arctan function are both
positive for the same values, negative for the same values and zero for the same values. Incorrect
responses included R, <_Z, Z) s <—z, E) , (— 3—77:, 3—”) and (— 3ﬂ, 3ﬂ> . Many students seemed

4 4 2 2 22 2 2

to use the product of the range of each of the ‘parts’, some ignored one part and others found the product
of the range of one part and the variable x. Some ignored the presence of one of the two functions
involved.

b. f (x) = 3tan~! (2x) + 3x X ﬁ’ using the product rule
+ 4x

= 3tan~! (2x) + —2

1 +4x°
Award 1 mark for correct differentiation using the product rule.
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VCAA Assessment Report note:

This question was well answered. Most students were able to obtain the given result. There were,
however, some unconvincing arguments, often because insufficient steps were shown. A few students
used tan~!(2x) and then confused inverses with reciprocals.

d 6x
c. — [3xtan~!' (2x)| = 3tan~! 2x) +
dx [ ( )] @) 1+ 4x2

[ (3 tan~! (2x) + " f); 2) dx = 3xtan™! (2x)
x

J?)tan_1 (2x)dx + J " 6); sdx = 3xtan~! (2x)
+ 4x

6x

dx
1 + 4x?

J 3tan~! (2x)dx = 3xtan~! (2x) — J
-1 -1 3 2
3 Jtan (2x)dv = 3xtan™! (20) - 7 log, (14 4x%)

1
J tan~! (2x) dx = xtan™! (2x) — 2 log, (1 +4x?)

V3
2
A= J tan™! (2x) dx
1
2

s,

Award 1 mark for the correct definite integral for the area.

Award 1 mark for deducing the correct antiderivative.

Award 1 mark for the correct final area.

VCAA Assessment Report notes:

Most students who used the result from part b. made good attempts at this question. Some ignored the
word ‘hence’. Most attempted to apply this method but many made algebraic errors. When attempting to

integrate i some gave 3 arctan (2x) or similar, others made the correct substitution but made errors
+ 4x

in either changing the terminals or with the arithmetic.

42 Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition © John Wiley & Sons Australia, Ltd



Exam question booklet | Topic 7

Question 5
2 +x°
@ f) =17
o —(—*=2) —(4—-x*)+6
X) = =
4+ x? 4 + x*

6

f(x)=—1+4 > [1 mark]
—x

VCAA Assessment Report note:

This was a straight forward ’show that’ question, which was done well by most students; however, some

divided the numerator into the denominator.
b 1

b. TheareaA=Jf(x)dx=J<—l+ 6 >dx
4 — x?

-1
By partial fractions:

6 B + C =B(2+x)+C(2—x):x(B—C)+2(B+C)

4—x2 2—x 2+4x 2-x2+x) 4—x*
;"B—C=Oand2(B+C)=6=>B+C=%

1
A=J<—l+g ! + ! dx
2\2—x 2+4x
1

1 1
3 3 3 2
A=|-x—=log 2—x)+ =-log (2+x) = |—x+ =log +x
2 ¢ 2 ¢ 1 2 ¢ 1

2—x
3 3 1 3
A=-1+-1 3))—-(1+=1 — =—1 9) -2
< 2°ge()>< 2°g€<3>> 208

A=3log,(3)—2

=log, (27) — 2 [1 mark]
VCAA Assessment Report note:
A number of equally alternative answers were accepted. Most students realised the answer from part a.
should be used and attempted partial fractions. Some wrote incorrect formulae for the area with an
incorrect negative sign, or had the terminals reversed, or omitted the —1 term. Some did not use partial

fractions and claimed incorrectly that J dx =6log, (4 - xz) , while others who found the correct

4 — x?
partial fractions made sign errors when integrating. The evaluation of the terms, including the log, was
poor, with numerous errors occurring.

Question 6
T

8

A =2 (4cos® (2x) — 4sin’ (2x)) dx by symmetry

w0l ©¢

| 1. ¥ T .
A=38 cos(4x)dx=8[zsm(4x)] =2<s1n<5)—sm(0)>=2

z) 0
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7.3 Linear substitutions

Question 1
du

Letu=1—x,x=1—u,x+1=2—u, d—=—1.
X

Terminalsx =0, u=1,x=—-1,u=2

0
1
I=J~ +x dx

e VI—x

X 1
=2 —=wu 2du
1
2
[ _1 1
= <2u 2 — u2) du
1
- 2
1 3
= [4u2 — guf
31

S

_8Y2 10

3 3
Award 1 mark for the substitution.

Award 1 mark for changing terminals.
Award 1 mark for the correct definite integral.
Award 1 mark for the final correct answer.

Question 2

5

J(2x— DV2x + 1dx

: d

Letu=2x+1, 2x=u—1, 2x—1=u—-2, & -2
dx

Terminals, when x = 5,u = 11 and whenx = 1,u = 3
5 11

J(Zx— DV2x — ldx = % J(u—z)\/ﬁdu
1 3

11

1 3 1
= —J <u2 —2u2>du
2
3

The correct answer is E.
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Question 3
2

I=Jx2 2 —xdx

1
du

u=2—x— =-—1

dx
x=2—u, 2=Q—-ul =4—4du+u?
x=2=>u=0,x=1=>u=1

I=— (4—4u+u2)u%du

I=-

—_—c "

1 33
<4u2 —4u2 + u2> du

1
The correct answer is D.

Question 4
Letu=1—x,x=1—u,x+1=2—u,?=—l.
X
Terminalsx =0, u = l,x=—-1,u =2
0
Izj 14x g
2 VI1—x
1
oy
= u—du
\Vu
2
2
[ _1
=1 Q2—-—uwu 2du
1
2
[ _1 1
= <2u 2—u2>du
1
2
1 3
= 41,[5—%1,[5
3 1

(w2-52v2)=(+-5)

_8V2 10

3 3

1=2<4\/§—5)

3
Award 1 mark for the substitution.

Award 1 mark for changing terminals.
Award 1 mark for the correct definite integral.
Award 1 mark for the final correct answer.

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 45



Exam question booklet | Topic 7

Question 5
5

J(Zx— 1) V2x + 1dx

0
Letu—2x+12x—u—l2x—1—u—2@=2
dx

Terminals, whenx = 5,u = 11 and whenx=1,u =3
5 11

J(Zx—l)\/2x+1dx=%J(u—2)\/;du
0

11

3 1
J <u2 - 2u2> du
3

1
2
Question 6

2

I=Jx2 2 — xdx
1
u=2—x@=—1
dx
x=2-—u, xz=(2—u)2=4—4u+u2

x=2=>u=0,x=1=2>u=1

0

1
[4 4u+u u2du
1

1 3 3
I=—[<4u2—4u2+u2)du
1

Question 7
1

Izj(xzm)dx

Letu=3x+1, @—3 @=l
dx du 3

1 1
P _1’2__ _12
x—3(u ), x 9(u )

Terminals, x=0=>u=1,x=1=>u=4
4

P
—Jg(u 1)\/E3du
1

1

L (u2 —2u+ 1) u2du

27

——n R —

K~
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Question 8
cxX+e=u =>x=

u—e

c.dx = du =>dx=@
c

Jax (ecx+e)dx = a<

2a 3 2ae
= —(x+e)2——(cx+e
Pl (G

Question 9
Letu=x-—2
du

— =1land 2x=2u+4
dx

sz x—2dx=J(2u+4)\/Edu

u—

Exam question booklet | Topic 7

1
u2 du [1 mark]

c

3
2 [1 mark]

J(2u w4y du = J <2u% +4\/E> du

Question 10
Letu=x+4+2
du

—=1land 3x=3u—6
dx

J 3x dx=J3u_6du
x+2 u

(-9

Question 11

X

St——n i~

dxletu=ax+b@=a
ax+b dx

x=1(u—b)whenx=l,u=1+bandwhenx=0,u=b
a

1+b
b

1
= [u—b log, ()]

1 b
=—|(1+blo _—
a2< ge<b+1>)

1+b

1 b

| (1=-2)a

azJ( M>x
b

= % (14+b—blog,(1+b)) — (b—blog, (b))
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7.4 Non-linear substitutions
Question 1
%

J tan? (x) sec? (x) dx
0
L

etu = tan(x).

du _ sec? (x)

1
Terminals: when x = %, u = tan (Z) = — and when x = 0,u = tan(0) = 0.

o) V5

w

1
7

tan? (x) sec? (x)dx = J u*du
0

S ——al

The correct answer is E.

Question 2
b

1= [ <x3ezx4> dx

a
Letu=x4:@ =4 = ax _ L
dx du 43
Terminals: x =a=>u=a*, x=b=>u=1>0*
»* »*
3 2u 1 1 2u
I = x et —du = - (e )du
4 43 4 ) 4

a
The correct answer is D.

a

Question 3
4
e

dx Let u = log, (x), @=l
dx x

J xlog, (x)
&3
Terminals x = e, u = log, (64) =4 and x = &,
u = log, (63) =3

4

& 4 b

J ! dx=Jldu=Jldu, soa=3andb = 4.
) xlog, (x) u u

e’ 3 a

The correct answer is B.

Question 4
T
sec? (x)

3 2
I= J > sec” W) dx = J dx using 1 + tan? (x) = sec? (x)
T sec® (x) — 3tan (x) + 1 7 1 + tan? (x) — 3 tan (x) + 1

Let u = tan (x).

du )
— =sec” (x
T €9

Terminalsx=z,u=tan z =\/§,x=z,u=tan T =1
3 3 4 4
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V3
i 1
I= | —du
l+u?>—3u+1
1
V3
S U
w —3u+2
1
1 _ 1
W =3u+2 w—-Dw=-2)
A B
= +
u—1 wu-—-2
_Aw-2)+Bu—1)
u—1w—-2)
_u(A+B)—-2A-B
w?—=3u+2
A+B=0,2A+B=-1=A=-1,B=1
V3

I=J< ! — ! )du
u—2 u-—1

1
Question 5
T

6

J tan? (x) sec? (x) dx
0

Let u = tan (x).

du

—_— = SeC2 X
T (x)

Terminals: when x = %, u = tan <%> =

L
V3
and when x = 0,4 = tan (0) = 0.

3

€L
7

tan? (x) sec? (x) dx = J w’du
0

O_aolbl

Question 6
b
1= J <x3e2"4> dx
‘ d 1
Letu=x4:—u =4 => & —_—
dx du 4x°
Terminals: x=a=>u=a*,x=b=>u=">0*
»* »*
3 2u 1 1 2u
I=|xet—du=- (e )du
4x3 4
a4 a4

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 49



Exam question booklet | Topic 7

Question 7
2

J dx
x+2)vVx+1

0

Letu=+x+1.

du _ 1
de  2y/x+1
_ L
2u

x+l=u’,(x+2)=u*+1
Terminals x = 2,u = \/g andx=0,u=1
2 V3

J d [ 1 dx

x
x+2)vVx+1 o (02 + 1) udu

0

Question 8

Letu=1—e" —=

dx
—3x
e
dx
J | —e

11 1
= - du = —log |u|+c
3J 3 1og. Jul

u

1 _
= gloge|e —1|+c
Question 9

3 2
J x dxzjxXx I
4> 49 4> 49

Letu:4x2+9,@:8xandx:l(u—9)
dx 4

Tu-9 _
8 u 32 u 32 u

= 31—2 (u—9log, (w) +C

1 9
= — (4x% — —log (4%
32(x +9) o og, (4> +9) +C

__1 > 42 —c+ 2
= 32(9loge(4x +9) 4x)+cletc—C+32
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Question 10

Let u = cos (3x), @ = —3sin (3x)
dx

sin (3x)

cos (3x)

dx

J tan (3x) dx = J

1[1 1
=—=|-du=—=log ()+c
3Ju 3 g, ()

= —% log, (cos (3x)) + ¢

Question 11
3 2
J x dr = J XXX I

V3x2+4 V3x2+4

1
Letu=3x2+4,%=6x and x2=§(u—4)

X
Ly —
_i[iey,,
ol
ey,
18 \/ﬁ

7.5 Integrals of powers of trigonometric functions

Question 1

T

3
3x

J cos? <—> dx
2

0

/9
3

= % J(l + cos (3x))dx
0 T

1. 31 (m 1. 1.
x+§s1n(3x)]0 —E<§+§sm(ﬂ)—<0+§sm(0)>>

The correct answer is B.

Question 2

Let u = tan (3x), du _ 3sec? (3x)
dx

J sec? (3x) tan® (3x) dx

1
=—J uzdu=lu2+c
3 9

= é tan® 3x) + ¢

The correct answer is D.
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Question 3
P

P
J (sin® (5x) — cos? (5x)) dx = — J cos (10x) dx [1 mark]
0 0 | )
= [——sin(le)]

10 .
= —%sin (10p) [1 mark]

Question 4

sin® (x) dx by symmetry

A=3

Il
W
St O —

sin (x) sin’ x)dx=3 J sin (x) (1 — cos? (x)) dx
0

Let u = cos (x) and @ = —sin (x)
dx

Terminals when x = 0 and u = cos (0) = 1

and when x = 7 and u = cos () = —
-1 1

A=3J—(1—u2)du=3J (1—u2)du
1 -1

YA

]_

0.5

\ Y\

T T
- \0.57 0 057 n\15z/)2n 2.5n 3m\3.5x
—0/5-

—11

VCAA Assessment Report note:
This question was poorly done; only 23% of students chose the correct answer, which was the lowest
percentage correct for a multiple choice question on this exam. 52% incorrectly chose E.

7.6 Integrals involving inverse trigonometric functions

Questlon 1
1 1
J 2x + 1 J 2x dx N J
x> +1
0 0

log, (¥ +1) + tan™! (x)]o

[
= (log, (2) + tan™" (1)) — (log, (1) + tan™" (0))

T
=log, )+ —
g. (2) 1
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Award 1 mark for two integrals.
Award 1 mark for either correct integrals and evaluating.
Award 1 mark for final correct answer.

Question 2
Let u = v/5x, du = \/g
dx

J dx
2 + 542

e

= tan — | +c

i (ﬁ)

The correct answer is D.

Question 3
a

i —
(b2 — i2x2)

S

dx [1 mark]

()7}

Question 4
1 1

= )

[1 mark]

J ! = Lsin_1 (\/§x> [1 mark]
NRE
y(-0)
Question 5
J o0 e [y (1 mark]
(1 —sin*(x)) J y/cos? (x)
_ | cos (x) dx
J cos(x)
= | ldx
=X [1 mark]
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Question 6

Letu = \/7x, du = \ﬁ
dx
J dx
V(2 —T7x2)

sl ()

7.7 Integrals involving partial fractions

Question 1
2% 43x+1 (x+D@+1D
Qx+1)° (2 -1) 2+ D@+ D=1
1 1
2+ 12— 1) FEboy
A B C
+

= +
2x+1 2x+1)? x-1
The correct answer is D.

Question 2
Using partial fractions
1 _A Bx+C

—_ +
x(1+x2) x 14X
A(1+x*) +x(Bx+C)

x(1+x2)
_X*A+B+Cx+A
B x(1+x2)
A+B=0,A=1,C=0, B=-1
V3 V3

1

[loge |x| — %loge (1 + xz)]

11 x? Vi
[5 o8 <1+x2>]l

1
—d
j x(l +x2) *

V3

1
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(3= (3) -3 (3))
()
(/)

Award 1 mark for the correct partial fractions decomposition.
Award 1 mark for the solving for the coefficients.

Award 1 mark for the correct integration.

Award 1 mark for the correct final values of a and b.

Question 3
By partial fractions,

a _A B Alx—a)+Bx x(A+B)—Aa
x(x—a) x x-—a x(x—a) x(x—a)

() A+B=0 (2 —Aa=a=>A=-1 B=1

J a dx=J< ! —l>dx
x(x—a) xX—a X

= loge ()C - Cl) - loge (.X)

xX—a .
= log, <—> +c sincex>a>0
X

The correct answer is B.

Question 4
a€R\{0},bER, b<O
1 _ 1 1
ax (x2 + b) ax (x2 _ (—b)) - <x2 _ |b|2>
A B C

+ +
X x4+/|b] x—+/|b]|

Question 5
22+3x+1 e+ D@+
Qx+ 1’ (=1) @x+D’@+DE-1D
= 12 X F £, L
2x+1)"x—=1) 2
A B C
= + +
2x+1  Qx+1)? x-1
Question 6
By partial fractions
x—5 A + B  Ax-2)+B(x-3)

P—5+6 x—3 x—2 (x—3)(x—2)
x—5=A x—-2)+Bx-3)
letx=2 —-3=-B =B=3
letx=3 —2=A =>A=-2
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1 1

J_l:i_wzj< 3 2 >w
—5x+6 x—2 x-3

0 0

= [31og, |x — 2| - 2log, |x 3],

= (3log, | — 1| —2log, | —2|) — (3log, | — 2| —2log, | —3|)
= —2log,(2) —3log, (2) + 21og, (3)

=lo (—9 >
Ee 4x8
9
=1lo —
ge<32>

Award 1 mark for using partial fractions.

Award 1 mark for finding constants.

Award 1 mark for integration.

Award 1 mark for final correct answer.

VCAA Assessment Report note:

Most students identified the need to use partial fractions. However, quite a few students were unable to
successfully factorise the quadratic in the denominator, often giving x> — 5x + 6 = (x — 6) (x + 1).

Most students who had the correct factors managed to obtain the correct partial fractions. The most
common error was the lack of modulus signs leading to the logarithms of negative numbers. A number of
students were unable to apply the log laws and simplified incorrectly.

For instance, the following ‘simplification” occurred often: 2log, (3) — 5log, (2) = % log, (%)

A significant number of students increased the work required either by first writing the given fraction as
x—=35 X

X —5¢+6 X—5x+6 x*—5x+6
x=35 1 2x—5 1 5 . . o .

———— = —-| =——— ) — = | =———— ) using and then using substitution and partial

X =5x+6 2\x*-5x+6 2\x*—-5x+6

fractions. Few students who used an unnecessarily complicated approach were successful.

and then using partial fractions on each term, or by

Question 7

By partial fractions
x+1 A + B

9—x> 3—x 3+x
_AGB+x)+B(3—x

B—-xGB+x
_x(A=B)+3(A+B)
9 —x?
=>A—-B=1and 3(A+ B) =1 [1mark]
A= z, B = —l [1 mark]
3 3
<1+x>dx:lJ< 2 1 >dx
9 —x? 3 3—x 3+4x

1
= 3 [—2 log, [3 — x| —log, |3 + xl]

= _% log, ((3—x)*|3 +x|) + ¢ [1 markK]
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VCAA Assessment Report note:

This question was quite well done. Most students recognized that partial fractions were required. Some
changed the entire fraction into partial fractions immediately, while others split the original fraction first,
using substitution on part of it. The latter method led to the correct answer but was inefficient as partial
fractions were still required. Typical errors seen included using denominators of 9 — x and 9 + x in the

partial fractions, integrating 3 to give |3 — x| (missing the negative sign) and omitting modulus signs.

—X
Some students first changed the denominator to x> — 9 and many of these subsequently made sign errors.
A few students justified removing modulus signs due to x € R\ {—3, 3}. There was often an incorrect

attempt at simplification of the two terms in the answer a the end (and missing out on the final mark); for
example —% In|3 —x|— %ln 3+x| =— <§ In|3 —x|— %ln 13 +x|>. A small number of students
produced answers involving arctan (x).

Question 8
Ax+2)+Bx+4)=4x—-6
A+B)x+2A+4B=4x—-6

A+B=4
2A+ 4B = -6
2A+2B=28

2B=—14
B=-7
A—-T7=4
A=11
Question 9
4x—2)—2(x—=3)
=4x—8—-2x+6
=2x—2

A=2and B=-2

Question 10
A B

(3x+1)+(x+1)
Ax+1D+BGx+1)=2x+1
Ax+A+3Bx+B=2x+1
A+3B)x+A+B=2x+1
A+3B=2 and A+B=1
A=B=1

2
1 1

+
23x+1)  2(x+1)
1 1

+
6x+2 2x+2

Question 11
10 A B

= +
4x2—25 2x+5 2x-5
_AQx—5+B@Qx+5)
4x* — 25
_2Xx(A+B)+5B-A)
B 4y — 25
(DA+B=0 (2)5(B=A)=10=>B—-A=2
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Add2B=2,B=1 andA = —1.
10 1 1

42 —25 2x—5 2x+45
Question 12
1

1 A B
= = +
abx*> + (pb+ ga)x+pg (ax+p)(bx+q) ax+p bx+gq

_A(bx+q)+B(ax+p) _ X(Ab + Ba) + gA + Bp

(ax +p) (bx + q) (ax +p) (bx + q)
(1) Ag+Bp=1 (2) Ab+ Ba =0 to eliminate A

bx (1) Abg+ Bbp =b g X (2) Agb + Bag = 0 subtracting gives
(ag—bp)B=—-b=>B = —
aq — bp
(1) Ag+Bp=1 (2) Ab+ Ba =0 to eliminate B
aXxX (1) Aag+ Bap = a p X (2) Abp + Bap = 0 subtracting gives
a
(ag—bp)A=a=>A=

aq — bp

! = ! ( a« __b )provided that ag — bp # 0
abx* + (pb+ ga)x+pg aq—pb \ax+p bx+gq

Question 13

Ax+4)+B=x+3

Ax+4A+B=x+3

A=1=>B=-1

Question 14
1x—3)+6=Ax+B
gx—3+6=Ax+B
x+3=Ax+B
A=1land B=3
Question 15
A B
x=27 =2
A+B(x—2)=2—-3x
A+Bx—2B=2—-3x
A—2B =2 and Bx = —3x
A=—-4andB = -3
-4 3
x—27 -2
Question 16

2> _ A ., B _AQx+5+B
Qx+5?% 2x+5  (2x+5)? (2x + 5)?
_2Ax+5A+B

(2x + 5)°
2A=2=>A=1
B+5A=0=B=-5

2x 1 5

2x+57 2x+5 (2x+45)
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Question 17

ax+b A + B A(px+q)+B pr+B+Aq
px+q? PXta - (px+q’ ()’ (px + )’
pA=a=A="1

p

ag _bp—aq  aq—bp
P P P

ax+b 1 a aq — bp
—— == - ;) p#O
px+q° P\PXtq (px+q)
Question 18

Ax+B)(x—D+C(x*+2)=x-2

Ax2 —Ax+Bx—B+Cx*+2C=x-2
A+C=0,B—A=1,2C-B-2

B+Aq=b=>B=b—Aq=b—

B+C=1

2C—B=-2

3C=-1
colpotall
3 3 3

Question 19

Ax+B)(x— 1)+ C(x* +4) =5-20x
Ax*> —Ax+Bx—B+ Cx* +4C =5 —20x
A+C=0;B—A=-20;4C-B=5
B+ C=-20;4C—-B=75;

5C=-15
C=-3;B=-17;A=3
3x=17 3
(¥*+4) =1
Question 20
7x2—6x+4_1<A Bx+C 1 (AP +4)+xBx+ O\ 2(A+B)+Cx+44
3x(x2+4) 3\ x x+4 3 x+4) 3x(x2+4)
A+B=7 C=-6 4A=A =>A=1 B=6
x> —6x+4 1<1 6x—6> 1 2x-2
3x(x*+4)  3\x P +4 3x ¥’ +4
Question 21
We have repeated and non-linear factors:
1 A B Cx+D
2. 2= + st 5
(P +a®)(x+b)° x+b (x+b)° X +a
Question 22
2 —l l+ ] [1 mark]
x@G—-x) 2|x 4-—x
1 1 1 1
|-+ dc=—|In|x|—In|(4 —x
2” 4_X] %[ il = In |4 — ]
= ~In ‘ '[1mark]
2 4—x
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Question 23

Ax— B A+B)—A

By partial fractions, a _A + B__ (X —a) + Bx = X(A+B)—Aa
xx—a) x x-—a x(x—a) x(x—a)

(DA+B=0 (2) —Aa=a=>A=-1 B=1

J a dx=[< ! —l>dx
x(x—a) xX—a X

= log, (x —a) —log,, (x)

xX—a .
=10ge( >+c since x > a >0

X
Question 24
a’x’ + b? a’x* — b* +2b° 2b?
.[azxz—b2 dx=J a’*x> — b? dx=J l-l-azxz—b2 d
. . 2h? A B A(ax—b)+B(ax+b) ax(A+B)+b(B—A)
By partial fractions, = + = =
x> —b* ax+b ax—b>b (ax + b) (ax — b) x(x—a)

(1) B—A=2b 2) A+B=0add=>B=bA=—b

2
J<1+L>dx=J<l+ b — b >dx
a*xr — b? ax—b ax—>b
b b
= x + —log, (Jax — b|) — = log, (|ax + bl)
a a
ax—bD
ax+b
7.8 Review

Question 1

b
=x+—10ge<
a

sec? (x)
sec? (x) — 3tan (x) + 1

~
Il

sec? (x)
1 + tan® (x) — 3tan (x) + 1

BN — oy BR—— )y

using 1+ tan? (x) = sec? (x)
Letu = tan (x).
du

— = sec?
T ()

Terminals

x=§,u=tan<§>=\/§,x=§,u=tan<%)=1
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V3
i 1
I=| ————du
l+u?>—3u+1
V3
-
w—3u+2
1
1 1
w=3u+2 wW—-1)w-2)
A B
= +
u—1 wu-—-2
_Au=-2)+Bu-1)
W=D -2)
_u(A+B)—-2A-B
w—3u+2

A+B=0,2A+B=—-1=>A=-1,B=1

V3
I=J < L >du
1 u—2 u-—1

The correct answer is C.

Question 2

Jtan (2x) dx = J sin (2x)

cos (2x)

dx

Letu = cos (2x), @ = —2sin (2x)
dx
1 1 1
Jtan 2x)dx = —— J —du = —=log, (|u]) + ¢
2 Ju 2

1
= —Eloge (Jcos 2x)|) + ¢

)
=—-log,| ——— | +¢
2 |cos (2x)|

1
= Eloge (Isec 2x)]) + ¢

Award 1 mark for the correct substitution.
Award 1 mark for the correct result.

Question 3
a. f(x) = 3xtan~! (2x), range f = [0, co]
Award 1 mark for the correct range.

b. f (x) = 3tan~! (2x) + 3x X % using the product rule
+

32
=3t~ 20+ ——  [1mark]
1 + 4x2
d 6x
c. — [3xtan=' (2x)| = 3tan™! (2x) +
dx [ ( )] @) 1 + 4x2
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J <3tan_1 (2x) + " Ox

+4
6x

2) dx = 3xtan~! (2x)
x
J 3tan~" (2x) dx + J 1+ gy = 3rian (2x)

6x
J 3tan‘1 (2)6) dx = 3xtan_1 (2)6) _ J 1+ 4X2 dx

3 J tan~! (2x) dx = 3xtan~! (2x) — gloge (1+4x?)

J tan~! (2x) dx = xtan~! (2x) — iloge (1+4x?)

V3
2
A= J tan™! (2x) dx

1

2
V3

[xtan‘1 (2x) — —loge (1+4x?) ] ?

3 _ 1
= Ttan 1( - —10ge (4)) tan O —10ge (2)>

Award 1 mark for the correct definite integral for the area.
Award 1 mark for deducing the correct antiderivative.
Award 1 mark for the correct final area.

Question 4
a*x* + b? a*x*> — b* + 2b? 2b?
Jazxz—bzdxzj a*x? — b? dx=J l-l_azxz—b2 dx
By partial fractions,
20 A B
axr—b* ax+b ax-b>b

ax(A+B)+b(B—A)
(ax + b) (ax — b)

_A(ax—b)+B(ax+b)
T (ax+b)(ax—b)

Exam question booklet | Topic 7
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(1) B—A=2» (2) A+B=0add=>B=DbA=-b

2
J<1+L>dx=J<l+ b — b >dx
a’xr — b? ax—b ax+b

b b
=x+ —log, (Jax — b|) — —log, (|ax + b|)
a a

b (ax—b)
=x+ —log, ’
a ax+b

The correct answer is C.

Question 5
b

b
J (cosec? (3x) e3¢t gx = [_ ! & cot(zx)]

9
— _é (e3cot(3b) _ e3cot(3a)) [1 mark]
Questlon 6
1
J 241 J 2x Jl 1
= dx
2+ 1 2+ 2 +1

0
[l (x + 1) + tan™! (x)]
= (log, (2) + tan™" (1)) — (log, (1) + tan~" (0))

T
=log, (2) + 2

Award 1 mark for two integrals.
Award 1 mark for either correct integrals and evaluating.
Award 1 mark for final correct answer.

Question 7

a. | tan(2x)dx = J sin 2x)

cos (2x)

Let u = cos (2x), @ = —2sin (2x)
dx

tan (2x) dx = 1 J ldu = _1 log (lu]) + ¢
J 2 u 2 ¢

1

1 1
=——1lo cos(2x)h)+c=-1lo _
5 g, (cos (2x)|) g, <|COS 20|

2
= % log, (Isec 2x)|) + ¢

Award 1 mark for the correct substitution.
Award 1 mark for the correct result.
VCAA Assessment Report note:

Exam question booklet | Topic 7

)+

This question was answered reasonably well. There were many instances of poor choices of substitution,

such as u = sin(2x), u = tan(2x), u = sec(2x) or u = cos(x)

(after the use of double-angle formulas)

rather than u = cos(2x). These attempts led to a more complicated solution and were rarely successful.
Some students who used the correct substitution then made sign or arithmetical errors or did not use a

modulus sign at the integration stage (although it often appeared at the end). Some attempted to use the

tan double-angle formula, but this was rarely successful. A few students used differentiation as their

method, but only a small number could correctly obtain the derivative of the right-hand scale. There were
some unconvincing arguments, often due to insufficient steps shown.
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b. i. y= i% are the asymptotes of f(x) = arctan (x). [1 mark]
VCAA Assessment Report note:
Most students answered this question correctly. Some gave y = i% ory = +7. Others gave i%

rather than equations.
ii. fx)=y= %tan_l x)  flx= %tan_] 6))

2x = tan~! (y) = y = tan (2x)
V1

[ <_%’Z) — R, f~!(x) = tan (2x)

T
I
I
I
I
I
I
1
1

.

| R

e L ]

4 T4 [1 mark]
VCAA Assessment Report note:
Students were expected to be able to reflect the given graph in the line y = x, or find the equation
y = tan(2x) and sketch that directly. Typical errors included poor attempts at the shape of the inverse
(sometimes graphed as y = — tan(2x)), poor positioning of the vertical asymptotes, and either not
labelling or incorrect labelling of the vertical asymptotes — for example, y = +—— and drawing the
graph beyond its domain. Asymptotic behaviour was lacking in some of the attempts, with curves
sometimes moving away from the asymptotes.

c.f(\@) = %tan_l (\/5) =1 x Z = Z [1mark]

2 3 6
VCAA Assessment Report note:

. . . Vs T .
This question was well answered. The main errors seen were 3 and X with some students not knowing

the exact values.

v :
d. A, = J %tan‘l (x)dx, A,= J tan(2x)dx and A, +A, = \/gx%
0 0

NS

A, = J tan (2x) dx = [l log e (|sec (2x)|)] °
0 2 0

4 (5)) - o]
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[ () (o

1
=5 [log, (2) —log, (1)]

1
=—-log (2
> g, (2)
SOA1=@—1 @

1
cos (0)

Exam question booklet | Topic 7

)

=N

4———-—-—-\&‘;}

Award 1 mark for the correct integral and area of the square.

Award 1 mark for the correct area.
VCAA Assessment Report note:

Only a small proportion of students answered this question correctly. Some gave the correct expression
for the area in terms of arctan, but no progress or poor attempts at integration (usually where the
supposed antiderivative was actually the derivative) was made. Many gave an incorrect (incomplete)

expression for the area in terms of the inverse

or incorrect terminals. Some students

omitting

tried to integrate tan(2y) rather than using the information contained in part a. but were usually
unsuccessful. Several of those who used the correct antiderivative of tan(2y) using part a., made

subsequent substitution errors. A number of students found the wrong area and obtained 2 log, 2. Using

a diagram would have been helpful for many students.

Question 8

a. By long division

243 2 4+2+1

2 +1

2 +1

_2(x2+1)+1

=2+

2+1

2+1

[1 mark]
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VCAA Assessment Report note:
This question was generally very well done. However, as often happens in a ‘show that’ question, some
students were unable to do the relevant algebra yet somehow still managed to give the result stated.

b. Vi

VCAA Assessment Report note:
This question was well done by many students, but there were some strange graphs. A large number of
students seemed to interpret the denominator as x + 1 or as (x + 1)(x — 1) and consequently had one or

two vertical asymptotes. A few students drew the graph of y = . Among those who had the correct

2
x 41
idea, typical errors included omitting the label of the intercept or the asymptote, showing the maximum
point as a cusp rather than as a turning point and not showing asymptotic behaviour.

1

2
c. A= J 2 +3dx

x> +1
-1
1
22
A=2J al +3dx by symmetry
X +1
0
1
1
A=2J<2+ > )dx from a. [1 mark]
x +1
0

A =22+ tan™! (x)](l) [1 mark]

A=2[(2+tan"! (1)) — (0 + tan™' (0))]

A=2[2+5]
4

T mT+8

=44+ == units? [1 mark]

2
VCAA Assessment Report note:

Most students handled this question very well, realising that they needed to express the fraction in two
parts. Some students used symmetry successfully. Common errors included integrating the fraction to

give In (x2 + 1), sign problems (often caused by lack of brackets) in the evaluation to give either 4 or %

as the answer and the incorrect evaluation of tan~! (—1) as % (ignoring the quadrant). Some found the

area between the graph and the asymptote.
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Question 9
It is the area bounded by the inverse function with the y-axis, fromy = -7 toy = 7.

fioy=2sin"'(x+1)
Ik x=ZSin_1(y+1)=>§=sin_l(y+1) y+1=sin<%>

L. —sin(Z) -1
ey <2
Ve
So the required area is J (sin (g) — 1) dx.

—7T
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3 Differential eguations

8 Differential equations
M 8.2 Verifying solutions to differential equations

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Source: VCE 2015, Specialist Mathematics Exam 2, Section A, Q14; © VCAA

Question 1 (1 mark)
A differential equation that has y = xsin(x) as a solution is

A. —+y=0
dx? Y
d*y
B.x—+y=0
dx? Y
d%y
C. —+y=—sin(x
2T (x)
p. &, 205 (x)
. —= = —2cos (x
dx? Y
dzy
E. — +y=2cos(x
2 Y ()
Question 2 (3 marks)

d? d
Find the value of m where m € C if y = ¢™ satisfies d_)z) + 4d_y + 13y =0.
X X
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Subtopic 8.2 Verifying solutions to differential equations

Question 3 (4 marks)

d d
Verify that y = tan~'(2x) is a solution of the differential equation (1 + 4x2) d—}zj + Sxd—y =0.
X by

Question 4 (1 mark)

Which one of the following differential equations is satisfied by y = 3e=2*?
dy dy

A — =22 42y = -6
d)zc2 dx Y
d d

B. _y + _y — 2)7 — _6e—2x
d)zc2 dx
d d

C. 22 22 gy e
d)zc2 dx
d d

D. d—); + 2_y —2y = —6e~ >
djzcy dy

E. — 4+ — +2y=—6e%
A dx

Question 5 (1 mark)

d? d
Which of the following is not a solution of the differential equation d_)zl + 4d_y +4y=07?
X X

A y=3e%

B.y=>5"%*

C. @ +27x=0
ar?

D.y=@4+2x)e >

E.y=x%"%
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Topic 8 Differential equations

d
Subtopic 8.3 Solving Type 1 differential equations,d—y =fx)
Ix

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (2 marks)

d
Determine the general solution to the differential equation ezxd—y + 6 = 2e%,
x

Question 2 (2 marks)

d
Determine the general solution to the differential equation \/x2 + 9d_y —-x=0.
X

Question 3 (3 marks)
Solve the following differential equation and state the maximal domain for which the solution is valid.

d
cosec (3x) d_y +9c0s”(3x) =0, y(0)=0
X
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Subtopic 8.3 Solving Type 1 differential equations

Question 4 (1 mark)

d
The solution to d_y = 2x\/x? + 8, when y = 1 when x = 1, will be
by

3

A y= %(x2+8)5—17

3 2
B.y=5(x2+8)3—9

1
C.y=2(x*+8)2-17

3
D.y=3(x>+8)2-9

3
E.y=2x(x*+8)2—17

Question 5 (1 mark)
d
The solution, in terms of u, to d_y = x>V/4 — x3, can be evaluated using

A.J\/;du )
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Subtopic 8.3 Solving Type 1 differential equations

Question 6 (1 mark)
The general solution to d_y = 4x\/2 — x% will be
X
3
2(2-x%)2
A. —u +c
3
2)%
2x(2—x
B. — ( +c
3
3
8(1—x%)2
C. - +c
3
2)%
3(2—x
D. — ( +c
4 3
4(2—x%)2
- ( ) +c
3
Question 7 (1 mark)

The gradient of a curve is given by 5 The equation of the curve which passes through the origin is

given by B
A.y=log, (x—2)
B.y= loge 2—-x)

X
C.y=1 1-=
y=tog, (1-3)

D. y=—log, |x—2|
E.y=- loge 2-x)+ loge )
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Subtopic 8.3 Solving Type 1 differential equations

Question 8 (1 mark)

. dy 1
Given that — — — = Oand y(—1) =1, then
2x+3)
_3x+4
Y 2x+13 |
B.y=————-
2(2x+3) 2
C.y=2- !
2x+3)
Dy =L _29
22x+3) 10
-1 4
E.y= - =
YT %+3 s
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Differential equations

d
Solving Type 2 differential equations,d—y =£fy)
Ix

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Source: VCE 2015, Specialist Mathematics Exam 2, Section 1, Q12; © VCAA
Question 1 (1 mark)

Given—y =1—Xandy=4whenx=2,then
-(x=2)
A.y=e 3 -3
—(x—2)
B.y=e 3 +3
—(x—2)
C.y=4e 3
4(y—x-2)
D.y=e 3
(x—=2)

E.y=e 3 +3

Question 2 (4 marks)
Solve the following differential equation and state the maximal domain for which the solution is valid.

d
o + 6¢cosec <X) =0,y <l> =0
dx 2 3
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Subtopic 8.4 Solving Type 2 differential equations

Question 3 (1 mark)

d
Given that a, b and ¢ are non-zero real constants, solve the differential equation d_y +ay = by?, y(0) =c.
by

y=04

Source: VCE 2019, Specialist Mathematics 1, Q.1; © VCAA

Question 4 (4 marks)

d 2ye®
Solve the differential equation &_ e given that y (0) = 7.
dx 1+

Question 5 (1 mark)
d
The general solution to d_y = 3y will be

X
A.y=33@x—0)

B. y=log, (3x) + ¢

C.y=Ae*
3
X
D.y=—+c¢
y 2,
3
E.y=—+c
)
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Subtopic 8.4 Solving Type 2 differential equations

Question 6 (1 mark)
The general solution to o2 will be
A. y=log, (4x)+C

B. y =A™
C.y=4log,x+C
D.y= Aeﬁ
2
X
E.y=—+c¢
Y 2
Question 7 (1 mark)
d -9 —y?
The solution of (d_y> = %, y(3) =0, is given by
X

X
A. y=3sin| =
y <3

NS NI /\/

B. 3cos| =

=305 2

Gt

D. x = 3sin <X>
3

E. x =3cos <X>
3
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Subtopic 8.4 Solving Type 2 differential equations

Question 8 (1 mark)

The general solution to & 2 —y2 will be

A. y=sin(x_c>
V2

B.y= sin(\/i(x—c))

C.y= \/Esin(x—c)

D.y= sin (x — ¢)

V2

e )

Question 9 (1 mark)
d
The solution of d—y +4y =0,y (0) = 3 is given by
X

A y=de >
B. y = 4¢*
C.y=3e¥
D. y = 3e¥
E.y= 3e_§
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Subtopic 8.4 Solving Type 2 differential equations

Question 10 (1 mark)
d
The solution of 6d—y —4y> =9, y(0) = % is given by
X

B.y=—tan<z+E
2 4
T 37
C.y=—tan| -+ —
2 <2 4)
D.y=§tan<x+£>
24

E.y= “tan~ ! (x
y=3 ()

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 11
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Differential equations

d
Solving Type 3 differential equations,d—y =fx)gly)
X

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Source: VCE 2019 Specialist Mathematics Exam 1, Q.1; © VCAA

Question 1 (4 marks)

d 2ye®
Solve the differential equation e
de 1+ e¥

given that y (0) = 7.

Source: VCE 2018 Specialist Mathematics Exam 2, Section A, Q9; © VCAA

Question 2 (1 mark)

d 2
A solution to the differential equation _ - - can be obtained from
dx sin(x+y)—sin(x—y)

A. " ldx = J2Sin () dy

B. [ cos(y)dy = ° cosec (x) dx
C. [ cos (x)dx = [ cosec (y) dy
D. [ sec (x)dx = [ sin (y) dy
E. [ sec (x)dx = ~ cosec (v) dy

12 Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition © John Wiley & Sons Australia, Ltd
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Subtopic 8.5 Solving Type 3 differential equations

Source: VCE 2017 Specialist Mathematics Exam 1, 8b; © VCAA
Question 3 (2 marks)

d -
Solve the differential equation d_y = " al > with the condition y(—1) = 1. Express your answer in the form
X +y

ay’ + by + cx* + d = 0 where a, b, ¢ and d are integers.

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 13
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Differential equations

@
Solving Type 4 differential equations,d—x}; =f(x)

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (1 mark)

Solve the differential equation

d?

2l =0,y()=2,y02) =3

dx?
y=04

Question 2 (2 marks)
Solve the differential equation

& d
el e =52=02=0,y=0
dx? dx

Question 3 (2 marks)

.. d
a. If a and b are positive real constants, show that — al = a4 . (1 mark)

dx \/a + b.x2 \/((1 + bx2)3

d
b. Hence, find the general solution to &y + 1 = 0. (1 mark)

2
dx \/ (a+ bxz)3

y=04
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Exam question booklet | Topic 8

Subtopic 8.6 Solving Type 4 differential equations

Question 4 (1 mark)

Given that 22 = 4sin? <f and y' (0) = 0, y(0) = 0, then
e 1 y )y :

A y= isin4 al
48 4

B. y = x> 4+ 8cos

|
o0

C.y=x>—8cos

+
o

D. y = x> —2cos

I
()

N—— N —
+
oo

N= NI=x NI=x NDI=

TN N N N

E. y=x*+2cos

Question 5 (1 mark)
. d*y
Given that — =
dx (4x = 3)

1 1
A.y=-@x—1+—log (4x—3
y 4(x ) 16oge(x )

1

B.y= —(x—1)—iloge(4x—3)

4 16

C.y=x—l—iloge(4x—3)

1
D.y= 1—x+Zloge(4x—3)

1
E.y=—log (4x—3
y 160ge(x )

and y’ (1) =0, y(1) = 0, then

© John Wiley & Sons Australia, Ltd
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8 Differential equations

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (3 marks)

d d
Show that y = sin (x?) satisfies the differential equation xd—)zj - d_y +4x%y = 0.
by X
Questionn 2 (5 marks)
d? d
Given that y = 4e~>* sin(3x) is a solution of the differential equation d_)z) + ad—y + by = 0, determine the
X X

values of a and b.

Question 3 (3 marks)
Find the particular solution to the following differential equation, stating the maximal domain over which
the solution is valid.

d
(5x+3)2d—i} +4=0,y(-1)=2
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Subtopic 8.7 Review

Question 4 (1 mark)

y = tan~! <§> satisfies which of the following differential equations?
d

A (2+9)2—3=0
gx

(2+9) 2 +3=0

&

C.(®-3)2_9=0
gx

D. (9-2) 2 +3=0
gx

E (9-2) 2 432 =0
dx

Question 5 (3 marks)
d
Let y = ctsin(2¢). Find the value of ¢ given that y + 4y = 8 cos(2¢).

ar

Source: VCE 2016, Specialist Mathematics 1, Q.10; © VCAA

Question 6 (5 marks)

d
Solve the differential equation V2 — x2d—y = %, given that y(1) = 0. Express y as a function of x.
X -y

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 17



Exam question booklet | Topic 8

Subtopic 8.7 Review

Source: VCE 2014, Specialist Mathematics 2, Section 1, Q.12; © VCAA

Question 7 (1 mark)
d
It d_y = 4/(2x° + 1) and y = 5 when x = 1, then the value of y when x = 4 is given by
by

A (\/(2}66 T+ 5) dx
1
4

B. | V(2x0 + 1)dx
1
4
C. | Vx+ Ddx+5
1
4
D. | Vx5 + Ddx =5
1
4

E. ~(\/M—s)dx

1

Question 8 (1 mark)
I . Ly - dy
y = —e~*(sin(x)) is a solution to — + k— = 2e~"sin (x) where k € R.

dx dx

Find the value of k.

A. 1

B.2

C. -1

D. -2

E. 0

F. ¢
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Subtopic 8.7 Review

Question 9 (1 mark)

The value of f(x) correct to 1 decimal place at x = 2 when f'(x) = sin(x?), given f{0) = 4, will be equal to
2.7

-0.1

4.8

6.0

4.9

mEaw>

Question 10 (1 mark)

The value of f(x) correct to 2 decimal place at x = 1 when f'(x) = €%, given f(0) = 2, will be equal to
A. 5.10

B. 5.21

C. 5.18

D. 5.09

E. 5.19

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 19
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Answer
8.2 Verifying solutions to differential equations
Question 1

y = xsin (x)

dy .
d_ = xcos (x) + sin (x)

x
d*y .

—= = cos (x) — xsin (x) + cos (x)
dx?

T o 2c0s() - xsin()

— =2cos (x) — xsin (x

dx?

2y
— 4+ xsin(x) = 2cos (x
3 @) )

d
—)2]+y:2005(x)

X
The correct answer is E.

uestion
Question 2
y - emx
d
d_y = me™
X
d2y 5
— =m*e™ [1 mark]
2
dx 2y &
— + 4—+13y=0
dx dx

m2e™ + 4me™ + 13¢™ =0
e™ (m? +4m+13) =0
€™ #£ 0 [1 mark]
m>+4m+13=0
m*+4m+4=—13+4

(m+2)*=-9
(m+2)* =92
m+2 =43
m = —2 + 3i [1 mark]
Question 3
y =tan~! (2x)
d
o_ 2 [1 mark]
dx 14 4x?
=2(1+42)”"
d? _
£ o CIx2x8x(1+42) 7
dx?
- ixz [1 mark]
(1+4x?)

20 Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition © John Wiley & Sons Australia, Ltd



LHS=(1+4x)d2 + 8x b
dx> dx
= (1 +4x2) i+8x><
(1+4:2)° I+ 4x
—16x 16x

14+4x2  1+4x2

5 [1 mark]

= RHS [1 mark]
Question 4
— 38—2x
d2 dy
— +2—= =2y =12"F+2(—6e7>) =2 (37>
dx? dx Y= ( ) ( )
1267 — 125 — 6™ = —6e™
Question 5
For any value A
d d
Ity =Ae, 2 = 24e7> and 22 = 440>
dx dx?
d d
EY 4D 4y = e (A —8A + 44) =
dx? dx J
Ify = Axe™2, d—y = DAxe™ X 4 Ae™> = Ae~2 (1 — 2x)
X
dzy -2 —2x -2
— = 247 =247 (1 —2x) = Ae ™ (4x — 4)
dx?
d*y dy

— 44— 44y =AeF@x—4+4(1=2x)+4x) =
dx? dx

Exam question booklet | Topic 8

All of A, B, C and D (by a linear combination) satisfy the differential equation; E does not.

8.3 Solving Type 1 differential equatlons

Question 1
d
elcd +6 =2
dx
er@ =2¢% -6
dx
d Ax
& Ze [1 mark]
dx e

y= J (2@2" — 66_2") dx

y = e* + 3¢7> 4 ¢ [1 mark]

Question 2
d
x2 + 9_y —x=0
dx
d
Vx2+9—= Y =x
dx

= flx)

© John Wiley & Sons Australia, Ltd
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Q_ x

dx Vx2+9

X
=
Va2 +9
y=Vx?+ 9+ c [l mark]
Question 3
d
cosec (3x) d—y +9c0s2(3x) =0, y(0)=0
X

[1 mark]

cosec (3x) d—y = —9cos” (3x)
2~ _95in (3x) cos? (21)
y= J —95sin (3x) cos® (3x) dx [1 mark]
Let u = cos (3x) @ = —3sin (3x)
dx

y=3Ju2du

=ul+c
y = cos® (3x) + ¢ [1 mark]
Whenx =0, y=0
0=cos’(0) +¢
c=-—1

y=cos’Bx)—1, x€ R\?,n € Z [1 mark]

Question 4
Letu = x>+8

J2x x2+8dx=J2xﬁ@
2x

=J\/Edu

2 3
)’=§(x2+8)2+c
y =1 when x = 1:

2 3
1=§(1+8)2+c

2
1==-Q27)+c¢

3( )
c=-17

2 3
y=§(x2+8)2—17

Question 5

Letu=4—-x
% = —3x°
* du
dx = ——
3x2

Exam question booklet | Topic 8
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Va4 —xtdx = —sz\/;ﬂ
3x7
1 J \/L_tdu
3

Question 6
Letu=2—x"

2x
J 4xV?2 — x2dx = — J 4x\/;?
X
3

2
2J\/ﬁdbt=—4%+c

42—
3

N

Question 7
d 1 -1
Y = since at (0,0),x < 2.
dx x—-2 2-—x
y= dx=log, 2—x)+c¢
- X
To find ¢, use x =0 when y = 0.
0=log,(2)+c=>c=—log,(2)

2—x X
y=log, (2 —x)—log, (2) =log, (T) = log, (1 - 5)

Question 8
dy 1
2 _=0andy(-D)=1
dx  (2x + 3)
dy 1
dx  (2x +3)?
1 -1

2dx= +c
(2x +3) 2(2x+3)
To find ¢, use x =—1 when y = 1.

1 3
l=——+4+c=>c==
2 2

_ -1 +§_—1+3(2x+3)_ 6x+ 8
Yo x+3) T2 20x+3)  20x+3)
_ 3x+4
r= 2x+3
8.4 Solving Type 2 differential equations, fl—y = f(y)
X
Question 1
dy _,_Y _
oo Ty Y@=
dy -y dy 3

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 23



x=3J;dy=—3log (13=yh)+c
3—y ¢

2=-3log (1D +¢c, c=2
x=-=3log (|3 —y])+2

7

3 = log (|3 —y|) sincex =2wheny =4
2—x
y— 3=¢ 3
2—x —&=2)

y=3+e3 =3+e 3

Or use CAS to solve.

The correct answer is B.

Question 2

d
—y+6cosec<z> =0, y<l> =0
dx 2 3

= -oemes (3)
— = —6cosec | =
dx 2

dy -1

& [y
o —6cosec<z>
2
11 . (v
x=—/|sin| =) d
<o (3) o
1 y
x=—=cos| = | + ¢ [1mark]
3 2

When y =0, x=%

! = lcos O)+c

33
¢ = 0 [1 mark]
e (5)
x=—cos| =
3 2
3x = cos Y
2

% =cos~! (3x)
y =2cos~! (3x) [1 mark]
Require |3x| <1
1
lx] < 3 [1 mark]

Question 3
d
Dray=02  yO)=c
dx
Y 2

—=by —a
dx y y
y__ 1
dx by’ —ay

_ 1

y(by —a)
= J ;dy [1 mark]
y(by—a)

Exam question booklet | Topic 8
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Partial fractions
1 A

yby—a) y by—a

_A(by—a)+ By
y(by —a)
_y(Ab+B)—adA
y(by —a)
aA=-1 2A=—
T
Ab+B=0 =>B=-Ab=-
a
x=lJ< b —l>dy[1mark]
a by—a vy
by—a
ax = log, + K [1 mark]
When x =0, y=c¢
0 =log, bc_a‘+K
c
K = —log, bc—a
c
c(by —a)
ax =log, | ——
(bc—a)y
by —
e‘”‘=u[lmark]
y(bc —a)

Note: The absolute value can be removed since LHS = RHS when the given condition is substituted in.
y(bc —a)e™ = c(by —a) = bcy — ac
—ac =y (bc — a)e™ — bcy
ac =y (bc+ (a — bc) e™)

ac
= 1 mark
Y bc + (a — bc) e™ [ :
Question 4
dy 2ye* . .
— = ——— separating the variables
dx  1+e¥ )
1 2e™
—-d :J dx
J y Y 1 +e*

log, (|y|) = log, (1 + er) +ctofinde usex=0,y=m
loge (m) = loge (2)+¢, c=log, <%>

log, (v) = log, (1 + er) + log, <%) since y > 0 modulus is not needed

log, (y) = log, (% (1 + ez")>

y= z (1 + ¥ )

Award 1 mark for separating variables.

Award 1 mark for correct integration.

Award 1 mark for finding constant of integration.
Award 1 mark for correct rule as y = ...
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VCAA Examination Report note:
Most students recognised that they needed to separate and integrate in order to solve the differential
equation although not all were then able to obtain the correct equation. Common errors were

r 2x
2ydy = J ¢ _drand J 2ye*dx = J dx. Students who failed to recognise that
J 1+ e* 1+ e

T (1 + 62") = 2¢** did not score highly. Some students spent time using a substitution to determine
) e2x

T dx, which was not necessary. Some students who managed to correctly find the value of the
constant of integration did not use log or index laws correctly, presenting incorrect solutions such as
y=e*+1+ %

y X 2x

An alternative approach was to solve J —dt = J 126 o dt. Note that a different variable of integration
X t 0 + e

must be used. Students using this method typically retained x and y as the variables of integration and thus

did not obtain full marks.

Question 5
1
x= J —dy
3y
= loge Gy +C
y =Ae*
Question 6
x= J idy
y
=4 loge »+C
X
y= Aed
Question 7

(5)- =
5
-

x = 3cos™! <§ +cy=3,x=0=>¢c=0

x = 3cos™! (%) =y =3cos <)3—C> [1 mark]

Question 8

xzj;dy
2—y?

x=sin"! <L> + C
V2

y= \/5 sin (x — ¢)
Question 9

Rewriting as & —4y and then inverting both sides gives
X
dx 1

dy 4y

26 Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition © John Wiley & Sons Australia, Ltd



Integrating w.r.t. y gives

x=—lJldy=—llny+C
4)y 4

1
x=—=lny+C
7y

Exam question booklet | Topic 8

1 1
First find C and then rearrange. Now y =3 whenx=00 = —Zln 3+ Csothat C = Zln 3 (do not evaluate)

Substituting gives:
1 1

x=—=Iny+ -In3
4 4

X = [1n3 —lny]

1
4
1

x=-=In <§>
4 \y

using log laws.

4x = In <§> or 3 =
y Y

Inverting again gives:
[ e—4x
2

Soy =3¢+

Question 10

d
Rewriting as 6d—y = 9 + 4y? and then inverting both sides gives
by

dx 6

dy 4y’ +9
Integrating again w.r.t. y gives

2
x=J 6 dy=tan_1<—y>+C
4y +9 3

Now y = % when x = 0 so that

0=tan~!(1)+C= C= —%
Substituting gives

2 2
x =tan~! (_y) D d Do <_y>
3 4 4 3
2
tan <x+ E) - <—y>
4 3
= é‘[an x+z
Y73 4

8.5 Solving Type 3 differential equations, % = f(x)g(y)

Question 1

d 2 2x

@ _ e Separating the variables:
dx 14e*

log, (Iy]) =log, (1 + ¢*) + ¢ Tofindcusex=0,y=7
log, () =log, (2) + ¢, ¢ =log, <%>

log, () = log, (1 + ¢2*) + log, <%>

© John Wiley & Sons Australia, Ltd
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Sincey > 0
modulus is not needed

log, (v) = log, < (1+ ezx)>

y= % (1 + e* )
Award 1 mark for separating variables.
Award 1 mark for correct integration.

Award 1 mark for finding constant of integration.
Award 1 mark for correct rule as y = ...

Question 2

sin (x 4+ y) = sin (x) cos (y) + cos (x) sin (y)
sin (x — y) = sin (x) cos (y) — cos (x) sin (y)
sin (x + y) — sin (x — y) = 2cos (x) sin (y)
@ _ 2

dx sin (x + y) — sin (x — y)

y__ 2

dx  2cos (x)sin ()

sin(y)dy = Jc ! dx=Jsec(x)dx

0s (x)

The correct answer is D.

Questi0n3
dy
. —— D=1

J(1+y )dy=J—xdx

y+ =y =—5x2+c
Whenx=—-1,y=1

1 1 11

I+ =—cteze=—
+l3——ix2+E
y+ 2y 5 6

2y3+6y+3x2—11=0, a=2,b=6,c=3,d=-11
Award 1 mark for the correct separation of the variables.
Award 1 mark for the correct values.

8.6 Solving Type 4 differential equatlons — _f(x)
Question 1

d

Y Loa =0, y()=2, y2)=3
dx?

d2

AT, Y

dx*

b = J —24x%dx

dx

d

& —8x% + ¢,

dx

y= J (—8x3 + cl)dx

y=-2%+cix+c,
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Wheny=2, x=1

D) 2==24+ci+c,=>c+c, =4
Wheny =3, x=2
2)3=-324+2c1+cr=>2c;+c, =35
cy =31, ¢, =-27

y = =2x* + 31x — 27 [1 mark]

Question 2

d
2o 5o + ie_b‘ + u [1 mark]

y= J (—Se_" + ie‘“ + E) dx
3 3

X —JX X
y=735e —§€3+T+C2
y=0, x=0
O=5—ﬂ+c2
_ =41
CZ_T 4 11x
j— —X
y = 5e —§e 3

—3x

41
— — [1 mark
5 [ ]

Question 3

dx Va+ bx?

Using the quotient rule,
1 -1
1Va + bx% — 2bx X E(a+bx2) 2Xx
a+ bx*

2
! > \/a+bx2—L
a+ bx Va + bx2

1 <a+bx2—bx2

a+ bx? Va + bx2

= [ Imark]

(Va+b2)
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d2
b. d_ + 1 = O
o (a + bxz)%
d*y _ 1
dx (a + bxz)3
d
o
o (a + bx2)3
—X

=_—1><i><2 a+bx’>+cix+c,
2b

a
=cz+clx—ib\/a+bx2[1mark]
a
Question 4
d2y 2<X
— =4sin" (=) and y' (0) =0, y(0) =0
12 1 ¥ (0) y(0)

Q = [4sin2 <£> dx = ZJ <1 — cos <£>> dx
dx 4 2
dy

—=2<x—25in <£>> + G
dx 2

d
To find the value of C;, y' (0) = 0 means x = 0 when d_y =0.
X
Substituting gives 0 = 2 (0 — sin (0)) + C; so that C; = 0.

d
Now, o =2<x—2sin <£>>
dx 2

Integrating again w.r.t. x gives y = J 2x — 4sin (%)) dx = x* + 8 cos <§> + c.

To find the value of C,, y (0) = O means x = 0 when y = 0.
Substituting gives 0 = 0 + 8 cos (0) + C, so that C, = —8.

y:x2+800s<§ -8

Question 5

&y ! dy (1)=0,y(1)=0
—_— = —— an y = ’y =
dx*  (4x—3)°

d

_yzj%dx

dx ) (4x=3)

dy 1

—=——+4+(
dx 4(4x—-13)

d
To find the value of C;, y' (1) = 0 p;means x = 1 when d—y =0
X

1 1
Substituting gives 0 = ~21 + C; sothat C; = R
dy 1 1

Now, — = - — ————,
dc 4 4@x-3)
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Integrating again w.r.t. x gives

y=J T V=2 Lige ax—3+0,
4  4(4x-3) 4 16 ~°¢
To find the value of C,, y (1) = O means x = 1 when y = 0.

Substituting gives 0 = i — % log (1) + C, so that C, = _i_

1
=—-(x-1)——1log (4x—3
y 4(x ) 16oge(x )

8.7 Review
Question 1
y = sin (x?)
dy )
— =2xcos (x ) [1 mark]
X
2
d—); =2cos (x*) —4x?sin (x*) [1 mark]
dx
d’y dy 3. _ 2 2ein (42 2 3eio (12
xﬁ - — + 4’y = x(ZCos(x ) —4x s1n(x )) - 2xcos(x ) +4x s1n(x )
=2xcos (x*) — 4x*sin (x?) — 2xcos (x*) + 4x’sin (x?)
=0

= RHS [1 mark]

Question 2
y = 4e~>sin (3x)

d
o —8e~%sin (3x) + 12¢~*cos (3x) [1 mark]
X
= 4e~% (3cos (3x) — 2sin (3x))

d2
d_); = —8e¢7 2 (3cos (3x) — 2sin (3x)) 4+ 4e~>* (—6sin (3x) — 6¢c0s (3x))
X
= —4e~2 (5 sin (3x) + 12 cos (3x)) [1 mark]
d d
D haZ vy =0
dx* dx

0 = 4e~> (=5sin (3x) — 12cos (3x) 4+ a (3cos (3x) — 2sin (3x)) + bsin (3x))
0 = 4e=> ((=5 — 2a + b) sin (3x) + (=12 + 3a) cos (3x)) [1 mark]
—124+3a=0
= a = 4 [1 mark]
—5—2a+b=0
=>b=2a+5

b =13 [1 mark]

Question 3
d

Gx+322 44=0, y=1)=2
dx

d
(5x +3) d—y =—4

X
y_ -4
dx  (5x +3)?
y:J_—42dx
(5x + 3)
=L+c [1 mark]
5(5x+3)
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Whenx=—-1,y=2

2= i +c
c= 2 [1 mark]
5
4 12
Y=ot —
5Gx+3) 5
_4+12(5x+3)
© 5(5x+3)
_ 60x+40
YT 5Ga+3)
12x+ 8 =3
= ,x # — [1 mark
V= o3 YTy Hmakd
Question 4
y = tan~! <£>
3
y__3
dx x*+9
(2+9) 2 =3
dx J
Therefore, y = tan™! <§) is the solution to the differential equation (x2 + 9) d_y -3=0
by

The correct answer is A.

Question 5
y = ctsin(2t)

@ = c[sin(2t) + 2tcos(2t)] [1 mark]
x

d
d_z = c¢[2cos(2t) + 2cos(2t) — 4t sin(2t)] [1 mark]
x
= c[4 cos(2t) — 4t sin(2t)]
d2
d—f + 4y = 4¢cos(2t) — 4ctsin(20) + det sin(2t)
X
= 4c cos(2t)
4¢ cos(2t) = 8 cos(2t)
¢ = 2 [1 mark]

Question 6
d
Va—e2 o1
dx 22—y
Separate the variables:

1
J(Z—y)dy=J
V2 —x2
y? X
2y——=sin_1 — | +c
2 2

dx

When y = 0,x = 1:0 = sin™" % +c:'c=—%
2
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X T
oo ()3
V2 2

y2—4y+4=(y—2)2=4+%—2sin‘1(

y—2=44|4+Z —2sin”" [ =
2 NG

Since y = 1 when x = 0, take the negative result:

y=2- 4+ 2 —osin' [ =
2 \/5

Award 1 mark for separating the variables.
Award 1 mark for correct integration on both sides.
Award 1 mark for evaluating the constant of integration.

)

Sl

Award 1 mark for completing the square.

Award 1 mark for the final correct expression.

VCAA Assessment Report note:

Students found this question challenging. Most students were able to separate the variables correctly, but
there were then many errors in the subsequent integration. Errors were seen in the integration of the
polynomial part but far more in the integration of the term involving the reciprocal of the square root,
despite the formula being on the formula sheet. It was common for logarithms to be seen. Some students
were unable to proceed by completing the square or otherwise having integrated. A large number of
students, when confronted with a square equals a constant, gave only the positive root. Many gave both
roots but did not realise that only the negative root satisfied the initial conditions. Several students omitted
the constant of integration; others made mistakes when attempting to evaluate the constant. A number of
students interpreted y(1) = 0 as x =0 when y = 1, while some attempted to solve for x rather than y.

Question 7
X

d
d—y=\/2x6+1:>y=J\/2t6+1dz+c
X
0

Wheny =5,x=1
1

=>5=J\/2ﬁ+1dt+c

0
1

c=5—J 216 + 1dt

0

X 1
y=J\/2t6+1dt+5—J\/2t6+1a’t
0 0
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When x =4,
4

y=| V20 +1dt— | V20 +1dt+5

y= 21 + 1dr + 2104+ 1dt+5

rO
O%HO%_

S ROC

y=|V20+1dr+5

1

Question 8

dy . _
— = —(cos (x) —sin(x))e™
dx

Y _
— =2cos(x)e™ "
dx?

2cos(x)e ™ —k(cos (x) —sin(x)) e™™
=2sin(x)e™™
_ 2sin(x)e™ —2cos(x)e™"

(cos (x) — sin (x)) e™*

Sk=2
Question 9
2
flx) = J sin (x%) dx + 4
0
~ 4.8
Question 10
1
fx) = J eXdx +2

0
~ 5.19
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O Further iNntegration technigues
and applications

Topic 9 Further integration techniques and applications

m 9.2 Integration by parts

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (2 marks)
Find J x*log,(2x) dx.

Question 2 (4 marks)
In determining the Fourier series to represent the function f{x) = x in the interval —7 < x < 7, the Fourier
T T

. 1 1 . . o
coefficients are given by a, = — J xcos(nx) dx and b, = — J xsin(nx) dx, where n is a positive integer.
v/d T

—-7T —-7T

2(-1)"
Show thata, = 0and b, = — =D .
n
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Subtopic 9.2 Integration by parts

Question 3 (3 marks)
Let J,(x) = J x"eMdkx.

kx

a. Use integration by parts to show that J,, (x) = %x"e - % n—1 (). (1 mark)

1

b. Hence, evaluate J xe* dx. (2 marks)

0
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9 Further integration techniques and applications
m 9.3 Integration by recognition and graphs of anti-derivatives

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (4 marks)

2V2
. d (4 1
Determine — |cos = and hence evaluate  —
dx X 2 xVx4—16

dx.

Question 2 (4 marks)
Find — [loge (tan(x) + sec(x))] and hence determine the area enclosed between the curve y = sec(x), the
x

) . T
coordinate axes and the line x = Z
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Subtopic 9.3 Integration by recognition and graphs of anti-derivatives

Question 3 (2 marks)
Consider the following graph of a gradient function, f” (x).

Ay
F)

0.4

Y

0 (E’ 0) X

Sketch the graph of the original function, f{x).
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9 Further integration techniques and applications
m 9.4 Solids of revolution

>
c
°

To answer questions online and to receive immediate feedback and sample responses for every question, go to

your learnON title at www.jacplus.com.au.

Source: VCE 2020, Specialist Mathematics Exam 1, Q.8; © VCAA
Question 1 (5 marks)
. . . X Hx+1 .
Find the volume, V of the solid of revolution formed when the graph of y = 2 — I8 rotated
+ 1) (x> +1)

about the x-axis over the interval [0, \/g].
Give your answer in the form V = 27 (log,(a) + b), where a, b, € R.

Source: VCE 2019, Specialist Mathematics Exam 1, Q.8; © VCAA

Question 2 (4 marks)

2x .
> Is rotated about the
1+x

Find the volume of the solid of revolution formed when the graph of y =

x -axis over the interval [0, 1].

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 5
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Subtopic 9.4 Solids of revolution

Source: VCE 2015, Specialist Mathematics Exam 1, Q5; © VCAA

Question 3 (3 marks)
Find the volume generated when the region bounded by the graph of y = 2x> — 3, the line y = 5 and the
y-axis is rotated about the y-axis.

Source: VCE 2021, Specialist Mathematics 1, Q.4; © VCAA

Question 4 (4 marks)

Answer the following.

a. The shaded region in the diagram below is bounded by the graph of y = sin(x) and the x-axis between the
first two non-negative x-intercepts of the curve, that is, the interval [0, 7r]. The shaded region is rotated
about the x-axis to form a solid of revolution. (3 marks)

Find the volume, V, of the solid formed.

b. Now consider the function y = sin(kx), where k is a positive real constant. The region bounded by the
graph of the function and the x-axis between the first two non-negative x-intercepts of the graph is
rotated about the x-axis to form a solid of revolution.

Find the volume of this solid in terms of V. (1 mark)

6 Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition © John Wiley & Sons Australia, Ltd



Exam question booklet | Topic 9

Subtopic 9.4 Solids of revolution

Source: VCE 2014, Specialist Mathematics 1, Q.6; © VCAA
Question 5 (4 marks)

a. Verify that a__ 1+ 4 . (1 mark)
a—4 a—4
Part of the graph of y = —2% __ is shown below.
W2 —4)
¥
A !
3r :
st e
3t E
2F |
Lt |
1 1 | 1 L > X
-1 , o 1 12 3 e
b. The region enclosed by the graph of y = — % and the lines vy =0, x =3 and x = 4 is rotated about
V2 —4)
the x-axis.
Find the volume of the resulting solid of revolution. (4 marks)
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Subtopic 9.4 Solids of revolution

Source: VCE 2013, Specialist Mathematics 2, Section 1, Q.10; © VCAA

Question 6 (1 mark)
4

The region bounded by the lines x = 0,y = 3 and the graph of y = x3 where x > 0 is rotated about the
y-axis to form a solid of revolution. The volume of this solid is
2
81733
11
1273
7
2773
7
1
18732
5
1
6732
5

A.

3
)

B.

W=

Question 7 (1 mark)
The shaded region is the area bounded by the x-axis and the graph of y = 3 cos (2x). This region is rotated
about the x-axis to form a solid of revolution. The volume of the solid, in cubic units, is

YA

A. 444132
g 7

2
C. 1872
D. 3

4
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Subtopic 9.4 Solids of revolution

Question 8 (1 mark)

X
The diagram shows the graphs of y = 4¢”2 and y = 3 sin <§>

If the curves intersect at the point (b, c) and the shaded area is rotated about the x-axis to form a volume of

revolution, the volume is given by

v

© John Wiley & Sons Australia, Ltd
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9 Further integration techniques and applications

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Source: VCE 2018, Specialist Mathematics Exam 1, Q9bc; © VCAA

Question 1 (3 marks)

Answer the following.

a. Find the x-coordinates of the points of intersection of the curve x*> — 2y> = 1 and the line
y=x—1. (1 mark)
x=[x=0

b. Find the volume of the solid of revolution formed when the region bounded by the curve and the line is
rotated about the x-axis. (2 marks)

Source: VCE 2013, Specialist Mathematics Exam 2, Section 1, Q10; © VCAA

Question 2 (1 mark)
4

The region bounded by the lines x = 0, y = 3 and the graph of y = x3 where x > 0 is rotated about the
y-axis to form a solid of revolution. The volume of this solid is
2
817 33
11
1
127 34
7
1
277 33
7
1
187 32

A.

B.

51
67 32
5
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Subtopic 9.5 Volumes

Source: VCE 2013, Specialist Mathematics Exam 1, Q9; © VCAA
Question 3 (4 marks)

The shaded region below is enclosed by the graph of y = sin(x) and the lines y = 3x and x = z.
This region is rotated about the x-axis.

Find the volume of the resulting solid of revolution.

y
A
3-
2' — =£
y=3x X 3
1_
y = sin(x)
0 i » X
3

© John Wiley & Sons Australia, Ltd
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9 Further integration techniques and applications
m 9.6 Arc length and surface area

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Source: VCE 2016, Specialist Mathematics Exam 1, Q7; © VCAA
Question 1 (4 marks)

[\S][8)

1
Find the arc length of the curve y = 3 (x2 + 2) fromx=0tox =2.

Question 2 (3 marks)
Find the surface area obtained by rotating the curve y = \/)_c from x = 0 to x = 1, about the x-axis.

Question 3 (8 marks)
a. Prove that the circumference of a circle of radius r is 27r. (4 marks)

b. Prove that the total surface area of a sphere of radius r is 4r?, (4 marks)
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9 Further integration techniques and applications

>
c
)
To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.
Source: VCE 2021, Specialist Mathematics Exam 2, Section B, Q.3; © VCAA
Question 1 (10 marks)
A thin-walled vessel is produced by rotating the graph of y = x* — 8 about the y-axis for 0 <y < H.
All lengths are measured in centimetres.
y
A
> x
o
a. i. Write down a definite integral in terms of y and H for the volume of the vessel in cubic
centimetres. (1 mark)
(1 mark)

ii. Hence, find an expression for the volume of the vessel in terms of H.

VH) =1

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 13
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Subtopic 9.7 Water flow

Water is poured into the vessel. However, due to a crack in the base, water leaks out at a rate proportional to
. . dv .
the square root of the depth % of water in the vessel, thatis — = —4 \/E, where V is the volume of water

remaining in the vessel, in cubic centimetres, after f minutes.

—4\/h
b. i. Show that @ = —\/_ (2 marks)

>
w(h+ 8)3

ii. Find the maximum rate, in centimetres per minute, at which the depth of water in the vessel
decreases, correct to two decimal places, and find the corresponding depth in centimetres. (2 marks)
Depth = [Jcm, rate = [[]cm/min

iii. Let H = 50 for a particular vessel. The vessel is initially full and water continues to leak out at a rate
of 44/hcm? min~!. Find the maximum rate at which water can be added, in cubic centimetres per
minute, without the vessel overflowing. (1 mark)
[Jcm?/min

c. The vessel is initially full where H = 50 and water leaks out at a rate of 4\/4cm? min~'. When the depth
of the water drops to 25 cm, extra water is poured in at a rate of 40\/5 cm? min~!. Find how long it takes
for the vessel to refill completely from a depth of 25 cm. Give your answer in minutes, correct to one
decimal place. (3 marks)
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Subtopic 9.7 Water flow

Source: VCE 2018, Specialist Mathematics Exam 2, Section B, Q3a-d,f; © VCAA

Question 2 (11 marks)
Part of the graph of y =

1V 4x2 — 1 is shown below.

N | =

The curve shown is rotated about the y-axis to form a volume of revolution that is to model a fountain,
where length units are in metres.
a. Show that the volume, V cubic metres, of water in the fountain when it is filled to a depth of & metres is

given by V = % (%h3 + h> (2 marks)

b. Find the depth & when the fountain is filled to half its volume. Give your answer in metres, correct to two
decimal places. (2 marks)

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 15
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Subtopic 9.7 Water flow

The fountain is initially empty. A vertical jet of water in the centre fills the fountain at a rate of 0.04 cubic
metres per second and, at the same time, water flows out from the bottom of the fountain at a rate of
0.05\/% cubic metres per second when the depth is 4 metres.

dh 4—5vh

c. i. Show that — = ——— (2 marks)
dt 257 (4h* +1)

ii. Find the rate, in metres per second, correct to four decimal places, at which the depth is increasing
when the depth is 0.25 m. (1 mark)
[Om/s

d. Express the time taken for the depth to reach 0.25 m as a definite integral and evaluate this integral
correct to the nearest tenth of a second. (2 marks)

e. How far from the top of the fountain does the water level ultimately stabilise? Give your answer in
metres, correct to two decimal places. (2 marks)
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Subtopic 9.7 Water flow

Source: VCE 2014, Specialist Mathematics Exam 2, Section 2, Q4; © VCAA

Question 3 (12 marks)

At a water fun park, a conical tank of radius 0.5 m and height 1 m is filling with water. At the same time,
some water flows out from the vertex wetting those underneath. When the tank eventually fills, it tips over
and the water falls out, drenching all those underneath. The tank then returns to its original position and
begins to refill.

Water flows in at a constant rate of 0.027z m®/min and flows out at a variable rate of 0.017 \/E m?/min,
where & metres is the depth of the water at any instant.
a. Show that the volume, V cubic metres, of water in the cone when it is filled to a depth of /& metres is

givenby V = %}P. (1 mark)

b. Find the rate, in m/min at which the depth of the water in the tank is increasing when the depth
1s 0.25 m. (4 marks)

The tank is empty at time ¢ = 0 minutes.
c¢. By using an appropriate definite integral, find the time it takes for the tank to fill. Give your answer in
minutes, correct to one decimal place. (2 marks)
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Subtopic 9.7 Water flow

Another water tank, shown below, has the shape of a large bucket (part of a cone) with the dimensions
given. Water fills the tank at a rate of 0.057 m*/min, but no water leaks out.

When filled to a depth of x metres, the volume of water, V cubic metres, in the tank is given by
v=21 (x3 + 6x% + 12x).
48

d. Given that the tank is initially empty, find the depth, x metres, as a function of time . (5 marks)
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9 Further integration techniques and applications

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to your
learnON title at www.jacplus.com.au.

Source: VCE 2019, Specialist Mathematics Exam 2, Section B, Q1e; © VCAA

Question 1 (2 marks)
The portion of the curve given by y = V/x2 — 2x for x € [2, 4] is rotated about the y-axis to form a solid of
revolution. Write down, but do not evaluate, a definite integral in terms of ¢ that gives the volume of the

solid formed. (2 marks)
Source: VCE 2014, Specialist Mathematics Exam 2, Section 2, Q1; © VCAA
Question 2 (11 marks)
Consider the function f with rule f{x) = 2 over its maximal domain.
x+2)x—4)
a. Find the coordinates of the stationary point(s). (3 marks)
b. State the equation of all asymptotes of the graph of f. (2 marks)
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Subtopic 9.8 Review

c¢. Sketch the graph of ffor x € [—6, 6] on the axes below, showing asymptotes, the values of the
coordinates of any intercepts with the axes, and the stationary point(s). You may wish to upload an image
using the image upload tool. (3 marks)

y
A

» x

The region bounded by the coordinate axes, the graph of f and the line x = 3, is rotated about the x-axis to
form a solid of revolution.
d. i. Write down a definite integral in terms of x that gives the volume of this solid of

revolution. (2 marks)

ii. Find the volume of this solid, correct to two decimal places. (1 mark)
Volume = [] units’
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Subtopic 9.8 Review

Question 3 (3 marks)
. X 65y?
A vase is formed, when part of the curve — —

16 4096
form a volume of revolution. The x and y coordinates are measured in centimetres. The vase has a small
crack in the base and the water leaks out at a rate proportional to the square root of the remaining height of
the water. Initially the vase was full and after 10 minutes the height of the water in the vase is 9 cm.
Determine how much more time will pass before the vase is empty, in minutes correct to one decimal place.

=1for4 <x <9,y >0, is rotated about the y-axis to

Question 4 (6 marks)

If n is a positive integer, and a is a positive real number then:

a. Show that J cos™(ax) dx = isin(ax) cos" (ax) + u J cos"2(ax) dx. (3 marks)
an n

b. Hence, determine J cos’(3x) dx. (3 marks)

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 21



Exam question booklet | Topic 9

Subtopic 9.8 Review

Question 5 (4 marks)

A soup bowl has a circular base and top, with radii of 4 and 9 cm respectively. Its height is 16 cm. The
origin O is at the centre of the base of the bowl. The bowl is formed when the curve y = ax? + b is rotated
about the y-axis. Initially the bowl is filled with soup, but the soup leaks out at a rate equal to 2\/5 cm?/min,
where & cm is the height of the soup remaining in the bowl after # minutes.

Set up the differential equation for / and 7 and determine how long before the bowl is empty, in minutes
correct to one decimal place.
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Subtopic 9.8 Review

Source: VCE 2015, Specialist Mathematics 2, Section 2, Q.3; © VCAA

Question 6 (11 marks)
A manufacturer of bow ties wishes to design an advertising logo, represented below, where the upper

boundary curve in the first and second quadrants is given by the parametric relations
T

9

x=sin(), y = % sin (¢) tan (¢), for t € 3

The logo is symmetrical about the x-axis.

d
a. Find an expression for d—yin terms of r. (2 marks)
X

b
b. Find the slope of the upper boundary curve where ¢ = % Give your answer in the form a—, where a, b

c
and c are positive integers. (2 marks)
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Subtopic 9.8 Review

x2

c. 1. Verify that the cartesian equation of the upper boundary curve isy = ——— (1 mark)

21 —x2

ii. State the domain for x of the upper boundary curve. (1 mark)
d . 2x? d TP . . .
d. Show that — (arcsin (x)) = ——+ — <x\/ 1 - x2> by simplifying the right-hand side of this
dx V-2 dx
equation. (2 marks)

e. Hence write down an antiderivative in terms of x, to be evaluated between two appropriate terminals, and
find the area of the advertising logo. (3 marks)
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Answers and marking guide
9.2 Integration by parts

Question 1
Jx3loge (2x) dx
d
u=1log,2x) = =42
dx
du 1 1,
— == V= —X
dx x 4
3 1, 1,1
x’log (2x) dx = = x"log (2x) — | —=x" - — dx [1 mark]
¢ 4 ¢ 4 X
= lx4 log (2x) — l J Xdx
4 8 4
1, 1
= —x*log 2x) — —x*+¢
5* 108, (29 = 1
1
= 1—6x4 (4log, (2x) — 1) + ¢ [1markK]
Question 2
nez
1
a, = — J xcos (nx) dx
T
- dv
u=x — = cos (nx)
@ =1 v = —sin (nx)
dx -~ n
T T
1 X . 1 .
a, = — | |—sin(nx) - - sin (nx) dx | [1 mark]
m [Ln . Nl
1 1 g
- |z sin (nx) + — cos (nx)]
T |n n o
= Lz sin (n7) + % cos (nr) + u sin (—nmw) — iz cos (—nr)
T n n n n

Nowsin(nr) =0 sin(—nm) =0
cos (n) = cos (—nm) = (=1)"

So a, = 0 [1 mark]

T
b, = l J xsin (nx) dx

T
-7

dv .
u=x — =sin(ux

T (nx)
du

-1
— =1 v = —cos(nx
dx n (nx)
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1 x S
b, =— | |—— cos(nx) + - cos (nx) dx | [1mark]
T n . nl_;
T
= 1 [—f cos (nx) + 1 sin (nx)]
7l n n? _n
1 1 1
= — [_Z cos (nm) + = sin (n7r) — T cos (—nm) — = sin (—nr)
T n n n n
= —g cos (n)
n
2
= ——(=1)" [1 mark]
n
Question 3
a. J, = J X' dx
u=x" @ = &
i dx
A nx""ly= =k
dx
1
J, = —x"e — ij”_lekxdx
k k
1
J, = —x"¢® — 27 | [1mark]
k k
kx [y
b. Jy=| e%dx=-e¢
k
[ o1
J =] xe¥dx = zxe - =J
_ lXekx ok
= 5
1 2
J, = | ¥?eFdx = —x?e — Ejl
= ! x2el — 2 (lxe’“ — le"”‘)
k k \k k?
1k < 2 _ % 2)
k kK
3
J; = J e dx = = et — EJQ
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9.3 Integration by recognition and graphs of anti-derivatives

Question 1

y =cos™! <i2>
X

= cos™ ' (u) U= — =4x

@_ -1 du

du V1= u2 E_ x_3

, |x| > 2 [1mark]

R )
S

=

ﬁ_

I

—

@)}

&

Il
0| = =
—

(@)

@]

@

L
N
kl\)l'b
N——
[
) )

S

os~! (%) - cos—1(1)> [1 mark]

1
=-|c

8
=1(z_0)
8\3

T

= — [1mark
24[ ]

Question 2
i (sec (x)) = tan (x) sec (x), i (tan (x))
dx dx

=sec’ (x) [1mark]
If y= loge (tan (x) + sec (x))

dy _ sec? (x) + tan (x) sec (x)
E B tan (x) + sec (x)

_ sec(x) (tan (x) + sec (x))
B tan (x) + sec (x)
sec (x) [1mark]
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SO J' sec(x) dx = log, (tan(x) + sec(x)) + ¢

=Y

= [log, (tan (x) + sec (x))] T [1 mark]

= log, (tan (%) + sec (%)) — log, (tan (0) + sec (0))

= log, (1 + \/5) [1 mark]

Question 3
A stationary point of inflection at x = 2.
YA

[\
=

Y

Award 1 mark for correct shape of graph and 1 mark for the stationary point of inflection at x = 2.

9.4 Solids of revolution

Question 1
y =2 2 +x+1
(x+1)(x2+1)
b V3
vV = J :4”J X4x+1 I
0(x+1) (x> +1)
a

By partial fractions,
A Bx+C A(XP+1)+@x+1) Bx+0C)
x+ 1 24+1 x+1) (x2+1)
_XA+B)+x(B+0O)+A+C
@+ 1) (> +1)
_ X 4x+1
x+1) (P2+1)
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Equating coefficients:
X¥:A+B=1x"B+C=1x"A+C=1
>A=B=C-= 1

2

V3
v =271 < ! +x+1>dx

J x+1 2Z+1

0

V3

i 1 X 1
V=27 + + dx

J\x+1 2+1 2+1

0

1 V3
V=27 [loge (x+ 1)+ > log, (x* +1) + tan™" (x)]
0

v=2n [loge<1+\/§>+%10g6(4)+tan_1 (\/5)—0]
T . T
v=2r loge<2+2\/§>+§ un1ts,a=2+2\/§,b=§

Award 1 mark for the correct define integral for the volume.
Award 1 mark for using partial fractions.

Award 2 marks for correct integration.

Award 1 mark for the final correct volume.

Question 2

b
y= \/M,V=ﬂJy2dx
1+ %
0

—_
—

v=7TJ ! dx+J 2 dx

1 + x? 1+ x?
0 0

v =7 [tan~! (x) + log, (1 +x2)](1)

v =7 [tan~"' (1) + log, (2) — tan™" (0) — log, (1)]

v=rr <% + log, (2)> units?

Award 1 mark for the correct definite integral.

Award 1 mark each for the correct integration of each term.

Award 2 marks for the correct final volume.

VCAA Examination Report note:

Most students were able to write down the correct integral to find the volume of solid of revolution. Some
students did not recognise the way in which the integrand split naturally and had difficulty proceeding
further with the question. Some attempted solutions using partial fractions were seenl. Many students who

dx. This was

were able to successfully split the integrand used a substitution method to integrate J " >
+ x

0
unnecessary and resulted in a loss of marks if not done correctly.

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 29



Exam question booklet | Topic 9

Question 3
y=2x*-3

x2

y

|

1

=—(y+3

2(y )
b

1% :anzdy

a

5
% (v + 3) dy [1 mark]
=3

- 5

1
Eyz + 3y [1 mark]

-3

(5+9)-(5-2)]

167 units® [1 mark]

SR I SR

Question 4

a.

Vi,=m L;T sin? (x) dx
T

(1 — cos (2x))dx

J0
T

X — l sin (2x)]
2 0

:<7r - % sin (27‘[)) — <0 — % sin (0)>]

Award 1 mark for the correct definite integral for the volume.
Award 1 mark for the correct antiderivative and evaluating.
Award 1 mark for the final correct volume.

MERSIERSIERSIE

©

. The volume is dilated by a factor of X parallel to the x-axis, so V = %VS.

T

V=m Jok sin® (kx) dx alternatively
/1

v=2 k(1 = cos 2kx)) dx

2 Jo
z

v=Zlv— Lsinin| ¥
27 % .

v=Z (% —isin(Zﬂ)) - (o— %sin«)))]
2

V= T _ lVS [1 mark]
%k

1

k
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Question 5

a a—4+4

a—4 a—4
a—4 4

= +
a—4 a-—-4

=1+
a—4

Award 1 mark for the correct final verification.

VCAA Assessment Report notes:

This question was answered well, but many students did not know how a verification or proof should be
set out. Sg)cme arguments were not convincing, and some eventually showed that a = a or similar.

+
2—4 x—=2 x+2
_Ax+2)+B(x-2)
T k=2 +2)
_x(A+B)+2(A-B)
- x> —4
(1) A=B=0 2 A-B=2
M+ Q) =24 =2 =>A=1,B=-1

v =njj<1+ L >dx

x—2 x+2

)
v <] (srs (2)) - (s 10 (1))

V =nx 1+10ge§

Award 1 mark for the correct definite integral for the volume.

Award 1 mark for using partial fractions.

Award 1 mark for correct integration.

Award 1 mark for the correct final volume.

VCAA Assessment Report notes:

Many students did not use the result from part a. Those who used the result from part a. generally

answered this question well. Those who did not answer this question well commonly used partial
2
. . . X A B . .
fractions, incorrectly attempting — = 5 + . Students are reminded that it is often
X — x— x—
necessary or beneficial to use the results from earlier parts of a question in the latter parts. Many students
performed the division in this part, missing the prompt given. Several did not use partial fractions at all,
giving the log of the denominator as their answer. A number of arithmetic and simplification errors were
seen. Most students remembered to include 7 in their integral, but some did not square the expression

for y.
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Question 6
Volume around y-axis:

4 3
y =x3$y3=x4$x2=y2,a=0,b=3

3.3
V. =nx[y2dy
0
.
=TT —y2
5 Jo
(i)
5
1
-z x 3% x 32
5
1
_ 18732
5
Question 7
Vs T
y=0 3cos(2x) =0 => 2x=i§ x=iz
T T
b 7 7
vV, = nJyzdxz T J 9cos? (3x) dx = 187TJCOSZ (3x) dx by symmetry
a _ 0
- 4
T z
1 4
vV = 97r[ (1 — cos (4x))dx = 97 [x — —sin (4x)]
4 0
Y 1 1
T
V =9rx — ——sin(mr) ) — [ 0——sin(0
((F-3mm)=(0-3m0))
y =%
4
Question 8

b
X
Let y, = 3sin <§ (lower) and y; = 4e” 2 (upper). The volume required is V, = ﬂf (y% - y%) dx, where y,

and y, are the outer (upper) and inner (lower) radii respectively,

7, <16e—x — 9sin’ <§)> dx

9.5 Volumes

Question 1
a. > —2x— 1)’ =1
=2 -2+1)=1
X*—4x+3=0
x=1,x=3 [1mark]
VCAA Examination Report note:
Students needed to substitute y = x — 1 into the equation x> — 2y? = 1 and solve the resulting quadratic
equation for x. A number of students gave the coordinates of the points of intersection and in some cases
did not do this correctly.
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(—9+18—9)—<—§+2-3>]

V= ?” units® [1 mark]

VCAA Examination Report note:

Students found this question challenging. Some students did not apply the formula for the volume of a
solid of revolution correctly. Many students made algebraic or arithmetic errors. A small number of
students realised that the volume required could be found by finding the volume obtained by rotating the
region bounded by the hyperbola, the x-axis and the lines x = 1 and x = 3 about the x-axis and then
subtracting the volume of an appropriate cone.

Question 2

Volume around y-axis: V), = 7TJ dy

IS}
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1
=2—7T><32><35
5

1
18732

5
The correct answer is D.

Question 3

YWy O

9 6 8
Award 1 mark for the correct volume.

Award 1 mark for using the double angle formula.

Award 1 mark for the correct integration.
Award 1 mark for the correct final volume.
VCAA Assessment Report note:

Exam question booklet | Topic 9

This question was well done by some students and poorly by others. Common errors included 7z being
omitted from the outset, an incorrect expression for the volume - using(3x — sin x)* as the integrand was
common -the double angle formula not being used or being used incorrectly (for example, a sign error),

occasional mistakes with the integration step (for example, a sign error), algebraic simplification errors at
the end and finding the area rather than the volume. Several students did not distribute a negative through

. 27
the brackets correctly. Too many students were unable to evaluate sin <?> and many errors were made

when expanding brackets, especially sign errors. Also, (3x)* = 6x% was often seen. A few students treated
the shape to be rotated as a triangle. Some students arrived at the correct answer but then made errors when

attempting to use a common denominator (which was unnecessary).
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9.6 Arc length and surface area

Question 1

Award 1 mark for the correct gradient.
Award 1 mark for substituting into the arc length formula.
Award 1 mark for the correct definite integral giving the arc length.
Award 1 mark for the final correct arc length.
VCAA Assessment Report note:
Some students responded very well to this question but others had some difficulty. A number made an error
in the formula, despite it being on the formula sheet. Most students found the derivative correctly, but some
made errors leading to an impossible integral. A common error was to give the derivative as

X2 +2
A large proportion of those who found the correct derivative and substituted correctly into the forntula were
then unable to recognise the perfect square inside the square root. Some of the functions that were used in
attempts to substitute could not lead to a correct answer. A small number of students took the square root of
individual terms. Some students did not use dx.

Question 2

J=4/x [f=
v o

S=27TJ \/— +—dx[1mark]

:27TJ \/— 4x+1
=ﬂJ Vax+ 1 dx
0
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3!
1 2 =
=xm|-X=(@x+ 12| [1mark]
4 3
o
3
£
6
:%(5\/5—1) [1 mark]
Question 3
a. Y)

)62+yz—r2
d
y=Vrz—x2 Y - al [1 mark]
dx 2 —x2
" 2
d
S=4J‘/l+<—y> dx
dx
0
2
dy X2 rr—x+x° 2
1+(Z) =1+ = = 1mark
(dx) 2 — x2 2 —x2 rz—xz[ ]
s=4J d dx
! 72— 2

= 4r [sin™' (1) — sin™' (0)]
=drx =
2
C = 27r [1 mark]

b. Sphere
Y

LA
NI

\

y=Vr—x2

x2+y2=r2
dy

2x+2y— =0
dx
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d
Y X1 mark]
dx y

r _x2
S=2><27'L'Jy 1+ —=dx

2

0 y

2

r + 2
=47 J y al 5 Y dx [1 mark]
0 y

)
= 47TJ rdx
0

=4rr J 1dx
0
=d7rr [x](’) [1 mark]

=47xr (r—0)
S = 47r7* [1 mark]

9.7 Water flow

Question 1
a. i. y=x"—-8, ¥*=y+38
H

V=7TJ(y+8)%dy[1mark]

0
ii. y=x-8, ¥*=y+8

37 3
VH) = == |(H +8)3 = 32| [1 mark]
2
b i Yo rn+9i Yo 4k 1 mark]
dh dt
—4+/n
fi—h = Z—hcf{—v = —\/_2 [1 mark]
bodvdr 4 8)3
2
i oo o h=o4 @‘
dr? dt l—ny4

Decreases at 0.62cm/min [1 mark]

iii. Maximum rate when 4 = 50

CCZJ_V = 41/50 = 20\/5 cm’/min [1 mark]
t

404/2 —4+/h
C. % = \/_—;/_ [1 mark]
L h+8)5

2
ﬂ = 7k +8)3 [1 mark]
dh 4 (10 2 - \/E>
50 2
. J 7(h + 8)3
4

3 4(10v2 - Vh)

dh = 31.4 [1 mark]

= —0.62 [1 mark]
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Question 2
a.y= %\/4)62 -1
b2

VZFJ dy [1 mark]
4y =4 —1=2x> =
h

V=§J(1+4y2) dy

h 3
-z <h+ ﬂ) [1 mark]
0o 4 3

VCAA Examination Report note:

Approximately half of the students were able to either set up an appropriate definite integral or find an
anti—derivative and attempt to evaluate the constant of integration. Of these, many did not explicitly show
that the first part of their response yielded the required volume.

b. When the fountain is full, 7 = ?

SO V<£> = 71_\/§ [1 mark]
2 4
V3

When the fountain is half-full, V = NT

Solving V = 71-_\/5 =z <h + 4—h3>
8 4 3

gives h = 0.59 m [1 mark]

VCAA Examination Report note:

While the approach above was the most common, other correct approaches were used. A common error

was to fail to halve the volume.

c. i. Inflow 0.04m3/s, outflow 0.05 \/H m3/s

4V _ inflow — outflow = 0.04 — 0.05v/h

dt
= 1%.0 (4 - 5\/2) [1 mark]

3
since V = z <h+ﬂ>

4 3
av_x
dh 4

% (1 +4y*) [1 mark]

(1+4h%)

1540

di_dn av_ 100
dt dv dt z<4h2+1)
4

_ 4-5vh

25w (4h2 + 1)

[1 mark]
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VCAA Examination Report note:
Most students were able to correctly state 4 and find 4 and then use this to find dn before

proceeding. A few students did not understand the importance of brackets when multiplying the
derivative expressions. Many students moved directly from the product of the derivatives to the
required expression, without explicitly showing that their product led to the final (given) answer.
dh 4 —-5v/0.25

dt lp=0.25 251 (4(0.25)2 +1)
=0.0153 m/s [1mark]
VCAA Examination Report note:
The majority of students were able to use the supplied derivative to find the required rate for the given
depth. Some students did not give the answer in the required decimal form.
d. Express the time taken for the depth to reach 0.25 m as a definite integral and evaluate this integral

correct to the nearest tenth of a second.
dr 257 (4n* +1)

dh 45\
0.25
J <257r(4h2+1)
= _—
4—5vh

= 9.8 seconds
VCAA Examination Report note:
Most students were able to set up a correct definite integral. Transcription errors were occasionally

present in the integrand.
e. The water level stabilises when 4 — 5 \/Z =0

4
V=3

h = E [1 mark]
25

ii.

> dh [1 mark]

3
Therefore, the height from the top is g - g = 0.23 m. [1 mark]
VCAA Examination Report note:

Most students who attempted this question understood that they need to solve dh = 0 to find the limiting

t
water level. Many students who correctly found /4 did not subtract their value from the height of the top
of the fountain.

Question 3
r 05 1 h
—=—=—$r=_
h 1 2 2
Vzlﬂrzh

3

1
V=)

3
v=Tp

12

Award 1 mark for the correct expression.
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b. %:0.0271—0.0171 hr= 1 (2— \/Z>

100
av _
dn ~ 4
dh _ dh dv
dt— dv dt
4 71(
=2 T (- h)
7h* 100 \/—
2y
T 25K2

dh _2-14/0.25
dtlh=025  25(0.25)%
24

25

=0.96
Award 1 mark for the correct rates.
Award 1 mark for the correct chain rule.
Award 1 mark for the correct rate for 4.
Award 1 mark for the correct final rate.
dh _2—+/h
d 25K
25°

2-Vh

1
25h?
L = J dh
0
7.

Invert: i =

2—vh
3688
= 7.4 minutes
Award 1 mark for inverting and setting up the correct definite integral.
Award 1 mark for solving using CAS for the correct time.

d. &Y = 0057 = = m¥/min
dr 20
V= 18 (:3 + 632 + 12x)
W7 (324 120+ 12)
dx 8
T 2
=Z(x+2
T
dx _ dx dv
dr dv  dr
dx 16 T 4
= —2 X —= —2
dt  7(x+2) 20 S(x+2)
dt_5(6:+2)°
dx 4

9}

t= —J(x+2)2dx

o
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t=i(x+2)3+c
12

1=0,x=0=> 0= =x8+c¢
c=—i><8
12 S 5
= —(x+2y°—, =x8
2 12
t=i[(x+2)3—8] whenx:l,t=§
" 12 12
~=e+2' -8
(x+2)3=1?2t+8
43t + 10
(x+2)3=(+)

x(t)zilw_Q
5
95

=23/(0.3t + 1) — 2 for0 g;gﬁ

Award 1 mark for finding the correct rate.

Award 1 mark for the correct chain rule.

Award 1 mark for inverting and solving the differential equation.
Award 1 mark for the constant of integration.

Award 1 mark for obtaining the correct expression for x

9.8 Review

Question 1
b
y=x*=2x, V= ﬂszdy

a
VY+l=x=2x+1=(x—-1)>

x=1+\/)/2—-i-1

2v2
V=m J- (1 +\/yz—+1)2a’y
0

d
y=tan(?), y> + 1 =tan’ (t) + 1 = sec? (¢), _ sec? (1)

y=2\/§, t = tan~! (2\/5), y=0,t=0
tan_](2\/5)
V=r J (1 + sec (£))*sec? (1) dt

Award 1 moark for the correct method.

Award 1 mark for the correct definite integral.

VCAA Examination Report note:

Very few students answered this question correctly. The most common incorrect answer was an integral in
terms of x. Of those that attempted to give an integral in terms of z, most simply replaced dx with dt.
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Question 2

9
> f(x)_(x+2)(x—4)
9
e (x2—2x—8)
=9(x*—2x—8
)= —-9Q2x-2)
-
Whenx=$;
= —
S 3{(_3
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Stationary point, local maximum at (1, —1)
Award 1 mark for solving the gradient equal to zero.
Award 1 mark for the correct x-value.
Award 1 mark for the correct coordinates.
b. Vertical asymptotes x = 4,x = =2
Horizontal asymptote y = 0
Award 1 mark for both correct vertical asymptotes.
Award 1 mark for the horizontal asymptote.

C. Vertical
asymptote 4

T T

Vertical —

)| asymptote |

x=4

2
16

—_—

o
X

=)}

|
|
|
|
|
|
|
|
|
|
|
}
|
T T
345
(L-DY\ |
|
|
|
|
|
|
|
|
|

Award 1 mark for the correct shapé over the correct domain.
Award 1 mark for the correct y-intercept.
Award 1 mark for correctly approaching asymptotes.

3

d. i. V:nJ 81

dx

(x + 2)°(x — 4)
Award 1 mark for the correct terminals.
Award 1 mark for the correct definite integral representing the volume.

0

ii. V=12.85

Award 1 mark for correctly using CAS to obtain the volume.
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Question 3

)

16 4096
K2 4096 + 65y
16 4096
1
x2 = — (65y* + 4096
756 (0% )
h h
V=r J Cdy = J ﬁ (65y2 +4096) dy [1 mark]
0 0
v 7w

=5 (65h2 + 4096) ‘;—‘; = —kVn
dh _dn dv___ —kvh

e dv dr 2’5f—6 (65K + 4096)
di _ 65K + 4096

dh Ak

At B = J 65h2\-;z4096 g

3 1
= J <65h5 + 4096h_5> dh

5 1
= 26h2 + 819242 [1 mark]
Whenh =16 =0

5 1

B =126 x 162 + 8192 x 162 = 59392
When h =9 t=105 |
10A+B =26 X 92 + 8192 x 92 = 30894

10A = —28498

A = _1‘5‘249 B= 59392

When empty 4 =0
B 59392

A 14249

= 20.8 minutes
So it takes an extra 10.8 minutes [1 mark]
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Question 4
a. Jcos” (ax) dx = C,

= J cos (ax) cos"~! (ax) dx

Let u = cos™™! (ax) ? = cos (ax) [1 mark]
X
% =—(n—1) acos" 2 (ax) sin (ax) V= J cos (ax) dx
X
= ! sin (ax)
a

¢, = 1 sin (ax) cos"™! (ax) + (n — 1) | sin® (ax) cos"~2 (ax) dx
a J

_1 sin (ax) cos™ ™! (ax) + (n — 1)J (1 — cos? (ax)) cos"~? (ax) dx
a

c, = 1 sin (ax) cos™™! (ax) + (n — 1) ‘ cos" 2 (ax) dx —(n—1) Jcos” (ax) dx [1 mark]
a J

J cos” (ax) dx = é sin (ax) cos™ ! (ax) + (n— 1) J cos" 2 (ax) dx
-n J cos” (ax) dx + J cos” (ax) dx
n J cos” (ax) dx = i sin(ax) cos" ! (ax)+ (n—1) J cos" 2 (ax) dx
cos” (ax) dx = L sin (ax) cos"™! (ax)

an

n
+

— 1 J’cos”‘2 (ax) dx [1 mark]
n
b. Letn =5, a=3
cos’ (3x) dx = 11—5 sin (3x) cos* (3x) + % [ cos? (3x) dx [1 mark]
cos> (3x) dx = é sin (3x) cos? (3x) + % J cos (3x) dx

= é sin (3x) cos? (3x) + % sin (3x) [1 mark]

cos’ (3x) dx = — sin (3x) cos* (3x) + % é sin (3x) cos? (3x) + % sin(3x)| + ¢

= — sin(3x) [3cos4 (3x) + 4cos® (3x) + 8] + ¢ [1 mark]

Question 5
YA

A 4,0) B(9,16)
y=ax*+b
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(1) 0=16a+b
(2) 16=8la+b

65a =16
16 256
a=— b=
65 65
16
x-—16
y= = (@ —16)
1—y = _x2 -_ 16
65 65y + 256
2= g Y20
16 16
h h
65y + 256
ﬂ[xz dy = J' y1+6 dy [1 mark]
v 7 S av
o= 65h +256), — = —2Vh
dh ( ) dt \/_
W _d av_x et
dh dV dh —2vVhx 16
0
_ ;_727 J Mdh [1 mark]
16 \/Z
- 14 464
= — X —-——
32 3
= 473.3 minutes [1 mark]
Question 6
' T 7
a. x=sin(?),r € [——,——]
33

. Y
X == =cos(t
T ©)

y= % sin (¢) tan (7)
3 dy 3 sin (7) (cos2 @+ 1)

Exam question booklet | Topic 9

dr 2cos? (1)
d d o sin(f) (cos? (¢) + 1
_y:_y'ﬂ:X.: ( )=ltan(z‘)(1+secz(z))
de dt dx % 2cos> (1) 2

Award 1 mark for the parametric differentiation.

d
Award 1 mark for the correct expression for d_y in terms of ¢ (other simplifications are possible).
X

VCAA Assessment Report note:

This question was reasonably well answered. Many students attempted a chain rule relation, but a
number of these had x instead of t in what otherwise would have been a correct answer. Some students

. . - : d
gave zy as their answer, while others first eliminated t to get y in terms of x, found _y’ and then
t X

expressed their answer in terms of . The latter method was lengthy and more prone to errors. Some
students did unnecessary further working out, attempted to simplify a correct answer and changed it to an

incorrect answer.
dy sin(®) (cos* (1) +1)

Cdt 2cos? (1)
& d o sin(f) (cos? () + 1
_yz_y.ﬂ=¥= ( )=ltan(t)(1+secz(t))
dx dt dx X 2cos? (f) 2
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L L GO G k) AV
dx t=% 2cos’ (”) 18
2
c. i. RHS = sin’ ()
2v1—x2 \/l—sm ®
sin’ ®n sin’ (»
24/cos2 () 2cos (1)
_1 sin (t)
=5 s x cos (f)

1
= 2 sin (f) tan (f) = y = LHS [1 mark]
VCAA Assessment Report note:

Many responses to this question lacked the necessary steps. Some students assumed what was to be
shown and then proceeded to show something else.

. T ) n) \/5 V4 . T \/5
. t=—,x=sin| - )=—,andt=——,x=sin|{ —— | = ——
3 2 3 3

3

\E\@]

Domain: x € |——, 7

VCAA Assessment Report note:

>[5

This question was answered reasonably well. Common errors included (—

(55)

s ?) , (=1,1)and

B _ 2 — 52
\/21 X \/lzx

Award 1 mark for the correct simplification.

Award 1 mark for the correct verification.

VCAA Assessment Report note:

Students were asked to simplify the right-hand side of the equation in this question. However, some
students attempted to work on both sides of the given equation, usually integrating both sides. The
second-last step of putting the two square root terms over a common denominator was occasionally
omitted.
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V3
2 x?
e. A =4J —dx
0 2V1—x2
2
4 (sin_1 ) = _x + 4 (x\/l —x2>
dx 1—y2 dx
2
then J de =sin"' (x) —xV1 — x2
1 —x2

[—X _ax= i [sin—1 () —x\/1— xz]
V3

2
0

B
Il
N
X
NG
_
2.
=
|
=
N
|
=
—
I
=
[\S)
e

(V3 V3 3
= sin — | =——/1—-=
2 2 4
T 3
T34
= units
2

Award 1 mark for the correct definite integral for the area.

Award 1 mark for deducing the anti-derivative.

Award 1 mark for the correct area.

VCAA Assessment Report note:

Only a small number of students seemed to understand this ‘hence’ question. An antiderivative with
terminals needed to be written down. The most common answer was an integral for the area, followed by
its evaluation using CAS technology.
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10 Applications of first-order
differential equations

10 Applications of first-order differential equations

Subtopic 10.2 Growth and decay

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Source: VCE 2019, Specialist Mathematics Exam 2, Section B, Q3; © VCAA

Question 1 (9 marks)

a. The growth and decay of a quantity P with respect to time # is modelled by the differential equation
P
P
dt
where t > 0.

i. Given that P (a) = r and P (b) = s, where P is a function of ¢, show that k =

! log, <Z) 2 marks
b s

a—

ii. Specify the condition(s) for which k > 0. 2 marks

b. The growth of another quantity Q with respect to time ¢ is modelled by the differential equation

d_Q = et_Q

dt

where t > 0 and Q = 1 when ¢ = 0.

i. Express this differential equation in the form [ f(Q) dQ = [ h () dt. 1 marks
ii. Hence, show that Q = log, (e’ +e— 1). 2 marks
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Topic 10 Subtopic 10.2 Growth and decay

iii. Show that the graph of Q as a function of ¢ does not have a point of inflection. 2 marks

Question 2 (2 marks)

Plutonium-239 is a silvery metal that is used for the production of nuclear weapons. If 3 micrograms of
plutonium-239 decomposes to 1 microgram in 38 213 years, determine the half-life of plutonium-239,
correct to the nearest year.

Question 3 (1 mark)

The population of Germany in 2010 was approximately 80.827 million and by 2021 it had grown to
83.900 million. Assuming the population of Germany follows the law of natural growth, the year in which
the population will reach 100 million is

A. 2062

B. 2063

C. 2066

D. 2072

E. 2073

Source: VCE 2007, Specialist Mathematics 2, Section 1, Q.14; © VCAA

Question 4 (1 mark)

The rate at which a type of bird flu spreads throughout a population of 1000 birds in a certain area is
proportional to the product of the number N of infected birds and the number of birds still not infected after
t days. Initially two birds in the population are found to be infected.

A differential equation, the solution of which models the number of infected birds after ¢ days, is

dN _ k(lOOO —N)

A.

dt 1000
B. %} =k(N—2)(1000 — N)
C. N = kN (1000 — N)

dt

dN

D. I = kN (1000 — (N + 2))

E. % =k(N+2)(1000 — N)
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Question 5 (5 marks)
The rate at which a type of a hideous infection spreads throughout a population of 5000 wild horses in the
badlands of a desert state in the USA is proportional to the product of the number H of infected horses and
the number of horses still not infected after # months. The initial study showed 50 horses out of the total
5000 horses to be infected.

99H

In
5000p <5000 —H

Show that t = >, where p is a constant.

Question 6 (4 marks)

The population of a town is two million. Five years later the population has grown to three million.
Assuming that the population growth is proportional to the current population, show that the population
after a further ten years is 6.75 million.

Question 7 (1 mark)

The population of a town is one million. Five years later the population has grown to two million. Assuming
that the population growth is proportional to the current population, then the population after a further ten
years is

A. 3 million

B. 4 million

C. 5 million

D. 6 million

E. 8 million
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Question 8 (1 mark)
N = N (¢) is the number of bacteria in a culture after a time ¢ hours. Initially there are 200 bacteria present
and after two hours the number has increased to 400. If the differential equation describing the bacteria

growth is given by % = kN, N(0) = N,, then
A. k=2 and Ny =200

B. k= loge (2) and N, =200

C. k=log, <\/§> and Ny = 200

D. k=2 and N, =400

E. k=log,(2) and N, =400

Question 9 (1 mark)

A radioactive substance decomposes so that the rate of decay is proportional to the amount of the substance
present at that time. The half-life of a certain radioactive substance is 24 days. The percentage of the
original amount present after 8 days is closest to

A. 81%

B. 79%

C. 67%

D. 33%

E. 21%

Question 10 (1 mark)

d
The amount of a substance Q = Q (¢) satisfies the differential equation 7Q = —kQ?. If the initial amount of
t

the substance present is O, and after a time of 7' the amount has reduced to EQO’ then
A. onT =-2

B. kQ,T = —1
C. kQOT= 1
1
D. —1 2)=-1
=log, (2

1
E. —log 2)=1
T g, (2)
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Question 11 (1 mark)

A research project finds that the rate at which the population of an animal species on an island is declining
is proportional to the population, P, at any time, ¢. If the population of the species at the commencement of
the study was 5000 and after five years it was 3500, the rate at which the population is changing can be
represented by the differential equation closest to

A. dp = 500007

dt

B. ap = —350e07
dt

C. ap = —5000e~!
dt

D. ap = —3500¢ 000
dt

E. dap — 3500e"°7’
dt 5000

Question 12 (1 mark)

An oil spill occurs in a lake that contains 4000 fish. The rate of decline of fish can be modelled by the
F
differential equation dr = —200e~¥, where F is the number of fish in the lake ¢ years after the oil spill. If

there are 3115 fish in tktle lake 5 years after the oil spill, then the value of & is closest to
0.2

—0.8

0.5

—0.05

0.05

mEaw>
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10 Applications of first-order differential equations
m 10.3 Other applications of first-order differential equations

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (2 marks)
The charge, Q units, on a plate conductor 7 seconds after it starts to discharge is proportional to the charge at
that instant. If the charge is 500 units after a half-second and falls to 250 units after 1 second, determine:

a. the original charge. (1 mark)
[Junits

b. the time needed for the charge to fall to 125 units. (1 mark)
[JIseconds

Question 2 (3 marks)
In an electrical circuit consisting of a resistance of R ohms and a capacitance of C farads, the charge,

Y

. . . . . .
0 coulombs, at a time ¢ seconds decays according to the differential equation o + — = 0. Assuming the

initial charge is Qy, solve the differential equation to determine the charge at any time ¢ after discharging.

Question 3 (3 marks)

When light passes through a medium it loses its intensity as it penetrates depths. The rate of loss of
intensity with respect to the depth is proportional to the intensity at that depth. If 5% of light is lost in
penetrating 40% of a glass slab, calculate the percentage lost penetrating the whole slab. Give your answer
correct to 1 decimal place.
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Source: VCE 2013, Specialist Mathematics, Exam 2, Section 2, Q.3; © VCAA

Question 4 (13 marks)

The number of mobile phones, N, owned in a certain community after ¢ years, may be modelled by
log,(N) = 6 —3¢™%4,1 > 0.

a. Verify by substitution that log, (N) = 6 — 3¢™"* satisfies the differential equation

lal\’ +0.4log (N)—2.4=0. (2 mark)
N dt ¢

b. Find the initial number of phones owned in the community. Give your answer correct to the nearest
integer. (1 mark)

c¢. Using this mathematical model, find the limiting number of mobile phones that would eventually be
owned in the community. (2 mark)
Give your answer correct to the nearest integer.

d. The differential equation in part a. can also be written in the form %] = 0.4N(6 — loge(N)). (4 mark)

i. Find cf_]z\/ in terms of N and log (N). (2 marks)
t

ii. The graph of N as a function of ¢ has a point of inflection. Find the values of the coordinates of this
point.
Give the value of ¢ correct to one decimal place and the value of N correct to the nearest
integer. (2 marks)
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e. Sketch the graph of N as a function of # on the axes below for 0 < ¢ < 15. You may wish to upload an
image using the image upload tool. (2 marks)
N

A

400

300

200

100

Source: VCE 2010, Specialist Mathematics 2, Section 1, Q.13; © VCAA

Question 5 (1 marks)
The amount of a drug, x mg, remaining in a patient’s bloodstream ¢ hours after taking the drug is given by

the differential equation

dx = —0.15x.
dt

The number of hours needed for the amount x to halve is

A. 2log, (23—0>

B. 23—0 log, (2)

C. 210ge(15)

3
D. 1510 -
ge<2>

E. % loge (200)
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Question 6 (1 marks)

The rate at which the price of the shares in a business is declining is proportional to the price, P, at any
time, ¢. If the shares initially cost $50 and six weeks later they were $35, then the rate at which the price is
changing can be represented by the differential equation

AT 50e=07
dt

B. ¥ - —35¢=07
dt

C. ap = —3.5¢=0"
dt

D. L —35¢70
dt

E. d_P — ﬁe—.on
dt 50
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10 Applications of first-order differential equations
m 10.4 Bounded growth and Newton’s law of cooling

2
=
)
To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.
Source: VCE 2013, Specialist Mathematics Exam 1, Q5; © VCAA
Question 1 (3 marks)
A container of water is heated to boiling point (100°C) and then placed in a room that has a constant
temperature of 20°C. After five minutes the temperature of the water is 80°C.
. dT . .
a. Use Newton’s law of cooling % = —k (T — 20) where T°C is the temperature of the water at time ¢
t
minutes after the water is placed in the room, to show that ek = 4_1 (2 marks)
b. Find the temperature of the water 10 minutes after it is placed in the room. (1 mark)

°c

Source: VCE 2013, Specialist Mathematics Exam 1, Q5; © VCAA

Question 2 (7 marks)
An RL series circuit consists of a resistance, R ohms, and an inductance, L henries, connected to a voltage
source, E volts. The rise of current, i amperes, after a time t seconds satisfies the differential equation

di .

—+Ri=F

dt . I . . .

a. Assuming the initial current is zero, determine the current at any time . (5 marks)

b. Show that the time required for the current to reach half its ultimate value is given

L 1
by —log, [ = |- 2 marks
y log (2> ( )
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Topic 10 Subtopic 10.4 Bounded growth and Newton’s law of cooling

Question 3 (3 marks)
The temperature of a room is 25°C. A thermometer which was in the room is taken outdoors and in five
minutes it reads 15°C. Five minutes later the thermometer reads 10°C. Determine the temperature outdoors.

Question 4 (1 mark)

The temperature in a room is kept at a constant temperature of 5°C. A cup of fluid with a temperature of
75°C is placed on a bench in the room. According to Newton’s law of cooling, the time taken for the fluid to
cool to a given temperature 7" can be found using

A. t =klog (=5
¢ 70
T—
B. r= llog (=5
kK —¢ 75
C.t= llog 70
k ~°(T-Y5)
T—
D.t= llog (=5
kK ¢ 70
T—
E. t=log (=5
¢ 75

Question 5 (1 mark)

A pot of soup is heated to 100°C and then cools to 90°C in 3 minutes. If the room temperature is 25°C, how
much longer will it take until the soup reaches a temperature of 80°C according to Newton’s law of
cooling?

A. 5 minutes

B. 6.5 minutes

C. 3.5 minutes

D. 6.2 minutes

E. 2.8 minutes
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Topic 10 Subtopic 10.4 Bounded growth and Newton’s law of cooling

Question 6 (1 mark)

A hot iron at a temperature of 68°C is left to cool in a room where the room temperature is constant at
18°C. The rate at which the temperature of the iron cools is proportional to the excess of its temperature
above the room temperature. If & is a positive constant, then the differential equation describing the

temperature R of the iron at a time 7 minutes after it begins to cool is given by

A. Z—I:+k(R—68)=O, R@0) =18

B. C:i—lf+k(R—18)=O, R(0) =68

C. %—k(R—68)=O, R(0) =18

D. %—k(R—18)=O, R(0) =68

E. %—k(R+18)=0, R(0) =68

Question 7 (1 mark)

A can of beer is taken from a refrigerator and placed in a room. Assuming Newton’s law of cooling, the
temperature 7°C of the can after a time ¢ minutes after it begins to cool is given by T = 18 — 15¢~% where k
is a constant. Which of the following is correct?

A. The room temperature is 18°C and the temperature of the refrigerator is —15°C.

B. The room temperature is 18°C and the temperature of the refrigerator is 3°C.

C. The room temperature is 18°C and the temperature of the refrigerator is —3°C.

D. The room temperature is 15°C and the temperature of the refrigerator is 3°C.

E. The room temperature is 15°C and the temperature of the refrigerator is —3°C.
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Topic 10 Subtopic 10.4 Bounded growth and Newton’s law of cooling

Question 8 (1 mark)

A hot roast ‘sicilian’ chicken at a temperature of 65°C is left to cool in a room where the room temperature
is constant at 21°C. The rate at which the temperature of the chicken cools is proportional to the excess of
its temperature above the room temperature. If k is a positive constant, then the differential equation

describing the temperature C of the chicken at a time # minutes after it begins to cool is given by

A. Z—(tj—k(R—Zl):O, R(0) =65

dc

B.E—k(R+21)=O, R(0) =65
C.%+k(R+21)=O, R(0) =65
D.%+k(R—2l)=0, R(0) =65
E. dC

— —k(R-21)=0, R(65)=0
dt
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10 Applications of first-order differential equations
m 10.5 Chemical reactions and dilution problems

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Source: VCE 2018, Specialist Mathematics Exam 1, Q8; © VCAA

Question 1 (3 marks)

A tank initially holds 16 L of water in which 0.5 kg of salt has been dissolved. Pure water then flows into
the tank at a rate of 5 L per minute. The mixture is stirred continuously and flows out of the tank at a rate of
3 L per minute.

a. Show that the differential equation for Q, the number of kilograms of salt in the tank after  minutes, is

given by:
d 3

Y - _ 0 ) (1mark)
dt 16 + 2¢

b. Solve the differential equation given in part a. to find Q as a function of . Express your answer in the

form Q = R where a, b and c are positive integers. (1 mark)

(16 + 21)¢
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Topic 10 Subtopic 10.5 Chemical reactions and dilution problems

Source: VCE 2013, Specialist Mathematics Exam 2, Section A, Q13; © VCAA

Question 2 (3 marks)

Water containing 2 grams of salt per litre flows at the rate of 10 liters per minute into a tank that initially
contained 50 liters of pure water. The concentration of salt in the tank is kept uniform by stirring and the
mixture flows out of the tank at the rate of 6 liters per minute.

If Q grams is the amount of salt in the tank ¢ minutes after the water begins to flow, the differential equation
relating Q to ¢ is

A.d—Q=20— 30
dt 25+ 2t
B. % _ o3¢
dt 25 4+ 2t
c. %y 32
dt 25 -2t
D.d—Q=10— 30
dt 25 -2t
E. d_Q=20_3_Q
dt 25

Question 3 (3 marks)

A tank initially contains 50 litres of water. A chemical solution is drawn off at a rate of 5 litres per minute,
and at the same time a mixture containing the chemical at a concentration of 3 grams per litre is added to
the tank at a rate of 4 litres per minute. The contents of the tank are kept well stirred.

a. Set up the differential equation for Q, the amount of the chemical in grams in the tank after

¢ minutes. (1 mark)
dQ
dr =

b. Verify that Q (¥) = 3(50 — 1) + C(50 — t)5 is a general solution of the differential equation. (2 marks)
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Source: VCE 2020, Specialist Mathematics 2, Section A, Q.10; © VCAA

Question 4 (3 marks)

A tank initially contains 300 grams of salt that is dissolved in 50 L of water. A solution containing 15 grams
of salt per litre of water is poured into the tank at a rate of 2 L per minute and the mixture in the tank is kept
well stirred. At the same time, 5 L of the mixture flows out of the tank per minute.

A differential equation representing the mass, m grams, of salt in the tank at time 7 minutes, for a non-zero

volume of mixture, is
dm

A.— =0
dt

g dm___m
dt 50 — 5¢

c.dm_q_m
dt 10

p. I 39 ™
dt 50 — 3¢
d_m_ _ Sm
dt 50 — 5¢

Source: VCE 2014, Specialist Mathematics 2, Section 1, Q.10; © VCAA

Question 5 (1 mark)

A large tank initially holds 1500 L of water in which 100 kg of salt is dissolved. A solution containing 2 kg
of salt per litre flows into the tank at a rate of 8 L per minute. The mixture is stirred continuously and flows
out of the tank through a hole at a rate of 10 L per minute.

The differential equation for Q, the number of kilograms of salt in the tank after ¢ minutes, is given by

AL e 3¢
dt 750 — t
B. 9 - ¢
dt 750 + t
c. 642
dt 750 — t
D, 40 _ 1000
dt 750 —1t
% g0

=8 —=
dt 1500 — 2¢
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Topic 10 Subtopic 10.5 Chemical reactions and dilution problems

Source: VCE 2013, Specialist Mathematics 2, Section 1, Q.13; © VCAA

Question 6 (1 mark)

Water containing 2 grams of salt per litre flows at the rate of 10 litres per minute into a tank that initially
contained 50 litres of pure water. The concentration of salt in the tank is kept uniform by stirring and the
mixture flows out of the tank at the rate of 6 litres per minute.

If Q grams is the amount of salt in the tank ¢ minutes after the water begins to flow, the differential equation
relating Q to ¢ is

A. d—Q =20-— 30
dt 25+ 2t
B. d—Q =10- 30
dt 25+ 2t
C. d—Q =20-— 30
dt 25 =2t
D. d—Q =10 - 30
dt 25 =2t
B % _y_3¢
dt 25
Question 7 (1 mark)

A tank initially holds 800 L of water when a chlorine solution of concentration 3 g/L is added at a rate of
12 L/min. The mixture is kept uniform by stirring and flows out of the tank at a rate of 8 L/min. If x is the
mass of chlorine at any time, ¢, the volume, V, of the solution can be found using

A. V =100+ (12 — 8) 3t
B. V=100 + 4
C.V=112—-8
D. V = 100 — 4t
E.V= 100+@
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Question 8 (1 mark)

A tank contains V, litres of water in which a grams of salt has been dissolved. A salt solution containing

b grams per litre is poured into the tank at a rate of g litres per minute, and the well stirred mixture leaves
the tank at a rate of flitres per minute. If the differential equation for the amount of salt Q grams in the tank

do 50

at a time ¢ minutes is given by — = 12 + 10 0 (0) = a, then it is possible that
. V0=10,b=3,g=4andf=t5
Vo=10,b=2,g=6and f=5
Vo=10,b=4,g=3 and f=2
Vo=12,b=2,g=6and f=5
Vo=12,b=3,g=4and f=3

moOQOWwW P

Question 9 (1 mark)

A tank contains 50 litres of water in which 5 grams of salt has been dissolved. A salt solution containing
3 grams per litre is poured into the tank at a rate of 4 litres per minute, and the well stirred mixture leaves
the tank at a rate of 2 litres per minute. If the amount of salt in the tank at a time ¢ minutes is given by Q
grams and Q = Q (1) = 3(50 + 21) + C(50 + 21)", where C is an arbitrary constant, then the

value of n is

A. -2
B. -1
C.0
D. 1
E. 2
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Applications of first-order differential equations

Subtopic 10.6

The logistic equation

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (2 marks)

If a logistic equation has as its solution N (f) =

1 4+ 99¢~k

- where k > 0, write an expression for

dt

Question 2 (1 mark)

A logistic equation has the solution N (f) =

500
ok

- where N is the population number of a city in

millions at a time ¢ years and k is a positive real constant. Determine the value of the population when the
population is increasing most rapidly.

[Jmillion

Question 3 (7 marks)

Given the general logistic equation ‘ZLV = kN <1 — %) , N(0) = N, where £ is a positive constant and
t
P> Ny>0:
_ . PN,
a. show, using integration, that N (¥) = —. (2 marks)
Ny + (P — Np)*
b. show that lim N () = P (1 mark)

n—oo

© John Wiley & Sons Australia, Ltd
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2
c¢. show that dZ—N = k’N <1 — %V ) (1 — g) and hence that there is a point of inflection at

dr*

1 P P

Zlo ——1), = 2 marks
(k = (No ) 2) (2 marks)

. o L PN, . .
d. verify, using differentiation, that N (¢) = — is a solution of
Ny + (P — Np)*

dN N
— =kN{1—-——=),N)=N,. 2 marks
o < P> 0) =Ny ( )
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10 Applications of first-order differential equations

Subtopic 10.7 Euler’s method

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Source: VCE 2021, Specialist Mathematics Exam 2, Section A, Q8; © VCAA

Question 1 (1 mark)
Euler’s method, with a step size of 0.1, is used to approximated the solution of the differential equation

dy )
— = VySsin .
T y sin (x)

Given that y = 2 when x = 1, the value of y correct to three decimal places, when x = 1.2 is
A. 2.168
B. 2.178
C. 2.362
D. 2.370
E. 2.381

Source: VCE 2020, Specialist Mathematics Exam 2, Section A, Q12; © VCAA
Question 2 (1 mark)

d
it 2

dx
A. e+ 0.1 (1 + eCOS(O'l))

B.e+0.1(1+ eCOS(O D + £°0s(0. 2))
C.e+0.1(e+ £c0s(0.) + ecos(0.2))

D. e+ 0.1 (ecos(O.l) + ecos(O.Z) + ecos(0.3))
(e + ecos(O.l) + ecos(0.2) + ecos(0.3))

= ¢*W and y, = e when x, = 0 then, using Euler’s formula with step size 0.1, y; is equal to

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 21
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Topic 10 Subtopic 10.7 Euler’s method

Source: VCE 2017, Specialist Mathematics Exam 2, Section A, Q9; © VCAA

Question 3 (1 mark)

d
Consider d_y =2x>+x+ 1 where y(1) =y, = 2.
x

Using Euler’s method with a step size of 0.1 an approximation to y (0.8) = y, is given by

A. 0.94
B. 1.248
C. 1.6
D. 24
E. 2.852

Source: VCE 2016, Specialist Mathematics 2, Section A, Q.9; © VCAA

Question 4 (1 mark)
d
Iffix) = d_y = 2x> — x where y, = 0 = y(2), then y; using Euler’s formula with step size 0.1 is
X
A. 0.1/(2)

B. 0.6 + 0.1f(2.1)
C. 1.272 4 0.1/2.2)
D. 2.02 + 0.172.3)
E. 2.02 + 0.1f2.2)

Source: VCE 2014, Specialist Mathematics 2, Section 1, Q.11; © VCAA
Question 5 (1 mark)

Let d_y =x*—xyandy =2 whenx = 1.
X
Using Euler’s method with a step size of 0.1, the approximation to y when x = 1.1 is

A. 09
B. 1.0
C. 1.1
D. 1.9
E. 2.1
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Topic 10 Subtopic 10.7 Euler’'s method

Source: VCE 2013, Specialist Mathematics 2, Section 1, Q.11; © VCAA
Question 6 (1 mark)

. . . . d 1 .
Consider the differential equation & ——  , with yy = 1 when x; = 0.
) _ Ix 3 +43x+x? i )
Using Euler’s method with a step size of 0.1, the value of y,, correct to three decimal places, is

1.033
1.063
1.064
1.065
1.066

moawP

Question 7 (1 mark)
d
When solving the differential equation d_y = f(x) and y (xy) = yo using Euler’s method, the value of y at

x
X = xy + 2h for a small value of % is given by
Xg+2k

A. | fodx

2%
B. f Jx)dx
C. yo + h [fixg) + flxg + b))

D. (yo + i) (x + 2h)
E. (v + 2hf) (x, + 2h)

Question 8 (1 mark)
d
Euler’s method with a step size of 0.2 is used to solve the differential equation A log, (xz), with initial

condition y = 1 at x = 2. When x = 2.6 the value obtained for y is closest to
1.59

1.94

1.6

14

1.28

moaw >
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Topic 10 Subtopic 10.7 Euler’s method

Question 9 (1 mark)

d
Euler’s method, with a step size of 0.25, is used to solve the differential equation Y= loge (2x — 3), with
initial condition y = 1 when x = 3. The approximation obtained for y when x = 3 is given by

A. gloge 3)—1

B.1+llog <§>
4 "¢\2

1
.1+ -log (3
1 g, (3)

1 15
.1+ -1o —
4 ge<2>

.3 loge 3)

=2 0
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your learnON title at www.jacplus.com.au.

Question 1 (1 mark)

To answer questions online and to receive immediate feedback and sample responses for every question, go to

Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 25

The differential equation that has the diagram above as its direction field is

© John Wiley & Sons Australia, Ltd


http://www.jacplus.com.au

Exam question booklet | Topic 10

ubtopic 10.8 Slope fields

Source: VCE 2020, Specialist Mathematics Exam 2, Section A, Q9; © VCAA

Question 2 (1 mark)
P (x,y) is a point on a curve. The x-intercept of a tangent to point P (x, y) is equal to the y value at P. Which
one of the following slope fields best represents this curve?

A.

C.

B. .

y
A A
N A A e NNy NN NN
Wi Y NN R R R pasriiriiil it
NRER RN NN R P PR /s
IR A NN SN R A ] Sttt AR R NN
IR SSSSSSSSSSSN NNy i atas SRR N B EIINN
IR RN SN B B 2 o K/ 70TV VNN
11777 NNNNN S S e VA N BN IR TN NN
11177 NN\ V177002 ettt & e B AN
11777 NN\ N/ /srrre /7 1V VNNNNNSS
s s\;///////// ;/sl\\\\\\\\
IS VR N NNSS————
AAA RN I e —— A SR R
» = » X - — - |
277 -1 —2--17 277-13% 0
Rt A A AR ~= N
sy oy NN
s -
s VYRR R § NN NSNS RS s
71T A T R I N NN VIYS PP
/AR EEREEN N R N N S NN INYE Y
STV TV AN Z0 T UV VNN NN ENNSNSNSSSSSS N BRI P
LTV NANNNNNN NSNS~
PP VVVAN N\l SIS
BEERNNNN EEERRRRRNEES ~SNNNNNNNENN R A} At
(EERNNNN FEVVVARAAL BRSNS V1117777, 2300000 0222207
E. v
A
zanan ARSI
/;7”(:{ NN LT
NNNNNNNN [
/;”(HH SNNNNNNNNAL
A ERR RN SNNNNNNANNNVV L
NN A4 R R ER RN NSNS 13
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Subtopic 10.8 Slope fields

Topic 10

Source: VCE 2019, Specialist Mathematics Exam 2, Section A, Q9; © VCAA

Question 3 (1 mark)

=
A

NN/ /777 TANANNN A0 // / INNNNN | [/ /7
NNANN S/ /77 NNNSNY /777 T INNNNA L /7
NNANNA T L/ /77 PANNNNFN /777 T TANNNAN T [/
[NNNNN T/ /777 TNNNYNNL /7777 TAYNNNN |
JAINNNNNT /7777 0 \NFO N/ /777 T NNNNN
ST UINNNNNT /777 T NYNNNN /7777 1T VNN
ST VNNNNNT S/ /77 TFNNNNN L/ 777 1 TANAN
SIS T UNNNAN L L7777 L VNNNNN /7777 AN
J/ /7 T ENNNNN N /S /=ENNNANN /77 AN
| /7777 T INNNNNL /7747 TANNNN N /777 1N
VI /777 T UNNSNANAN L L/ F7 7 TVNNNNA L /777

NN/ /77 T IANNSNN LS /77 IANNNNNA L /777
NANNS /777 T INANNN I/ /[ ANNNNN | /7 /7
NNANNS /777 T IUNNANNA 17777 T VNN /77
NNNNN /777 P VNNNNY L/ /77 T VNNNNN |/
VANNNNA S S/ NN N Vs s s NN

> e e —

ETRINCNRNE VST VRN SNV V- S IN-INNN-")
RS RN N NN DN NN
ST INNNNNNAS 77777 INSNNN L L/ 7 77 T VNN
S0 LT INNNNNN T /77 /4 GNNNN /777 10N
17777 INNNNNA L/ /7 0 UNNNNN /777 14N
[/ /777 INNNNNN /747 T INNNAN /777100
NS 277 T IANNNANA S L) 27 T IANNNNN L L7777
NN /777NN T 7NN s
NNANT /777 IANNNNNNL 7777 T UNNANNN L /777
NNNNA /777 INNNNNY L/ /77 T INNNNNL /7
NNNNN T/ /777 IANNNY Y L /777 T VNN
INNSNNN T/ /77 IANNNR 1/ /77 7 TANAN T
FUNNNNA T/ /777 1NN L /7777 VAN

JTUNNNNN T/ /777 INENNNY L/ /777 TANANN
J/IANNNNNN /777 0 INNNNA L /777 7 TANAN
/T TANNNANN /77 /4NN /7 7NN

sin (y — x)

dy_
dx

A, —

The differential equation that has the diagram above as its direction field is

\V_M £
.
Il Il Il
SSIRESHESE S
I ST

cos(y —x)
1

dx
dy _

E

sin (y — x)

dx
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Subtopic 10.8 Slope fields
Source: VCE 2019, Specialist Mathematics Exam 2, Section A, Q.9; © VCAA

Question 4 (1 mark)

Topic 10

=
A
NN/ /777 T ANNANNAH 0/ / / INNNANN L [/ /7
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NNNNAN /777 0 ANNSNNFN T/ /77 1 TNNNANN |/
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JAINNNNN N /77770 \ANNFO N/ /777 1T NVNNNA
ST UINNNNN T/ /777 T NYNNNN L/ /777 1 VNN
ST VNNNNNT /777 TANNNNN L/ /77 1 TANAN
/ST UNNNANN S/ P ANNNNANN /7 VNN
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sin(y — x)

cos(y — x)

sin(x — y)
1

cos(y — x)
1

dy
dx
dy
dx
d
c. ¥
dx
dy

A, —

The differential equation that has the diagram above as its direction field is

B.
D

dx
dy _

E

© John Wiley & Sons Australia, Ltd

sin(y — x)

dx
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Subtopic 10.8 Slope fields

Topic 10

Source: VCE 2018, Specialist Mathematics 2, Section A, Q.10; © VCAA

Question 5 (1 mark)

3
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The differential equation that best represents the direction field above is
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Subtopic 10.8 Slope fields

Source: VCE 2017, Specialist Mathematics 1, Q.8a; © VCAA

Question 6 (2 marks)

A slope field representing the differential equation & is shown below.
dc  1+y°

Sketch the solution curve of the differential equation corresponding to the condition y(—1) = 1 on the slope
field above and, hence, estimate the positive value of x when y = 0.
Give your answer correct to one decimal place.
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Subtopic 10.8 Slope fields

Topic 10

Source: VCE 2016, Specialist Mathematics 2, Section A, Q.10; © VCAA

Question 7 (1 mark)

e
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+ x + y = 0 is shown above.

dy
dx

The direction field for the differential equation

A solution to this differential equation that includes (0, —1) could also include

A. (3,-1)

B. (3.5,-2.5)

C. (=1.5,-2)
D. 2.5,—1)

E. (2.5,1)
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Subtopic 10.8 Slope fields

Source: VCE 2015, Specialist Mathematics 2, Section 1, Q.13; © VCAA

Question 8 (1 mark)
2
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The direction field for a certain differential equation is shown above.

The solution curve to the differential equation that passes through the point (—2.5, 1.5) could also pass
through

A. (0,2)

B. (1,2)

C.(3,1)

D. (3,-0.5)

E. (-0.5,2)
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Subtopic 10.8 Slope fields

Source: VCE 2014, Specialist Mathematics 2, Section 1, Q.14; © VCAA
Question 9 (1 mark)
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The differential equation that is best represented by the above direction field is

A
dx x-—y
dy

B. —=y—x
dx Y
d

c. ¥
dx y—x
dy

D. —=x-
dx Y

R
dx y+x
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Subtopic 10.8 Slope fields

Topic 10

Source: VCE 2013, Specialist Mathematics 2, Section 1, Q.12; © VCAA

Question 10 (1 mark)

x
e e T e T . ot S i, e, M B Lr \\\\\\\\\\ e
e el [ P P
B e ] et e P P
B T el [ P
AR AR NS | e S S
AN SRt | i s £
NN S s | e S S S S S S
SANNNNSNSS~~~~— | e S S
SANNNNSNNNSNS~me | —rrrir A S S S S
NNANNSSsmm| st 2 LS S Y ]
NN\NNNNSs~— =/ S/ 1 1]
AANNNNSNSS~ = S
NANNRNNNSesgmr LA ST T
A VYNA NS Sset LA LR ]
BRSNS AR
T A - N O O U U T T G O T
L7 7= =SNA NV Ly
LI P AL~V Y
LIS o= =SNNANA NV VA
LA, ] ==L A
V00 el EECS SN AR
VIS0 e EECCE SN Y
KA HT S A amseimionssr | s SOOI
SIS ST e | SN NN
Y O e e L
P N
D e [ M N N
P el [

2 —y?

dy
dx
dy
dx
dy

A, —

The differential equation that best represents the above direction field is

B
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Subtopic 10.8 Slope fields

Question 11 (1 mark)

The direction (slope) field for a certain first order differential equation is shown.

The differential equation could be
dy

A = =x
dx
d

B. 2 -y
dx
d

c =3
dx

D. Q=x7
dx

E. @=x
dx
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Question 12 (1 mark)
The direction (slope) field for a certain first order differential equation is shown.

LA
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Subtopic 10.8 Slope fields

A

gttt i et e e

The differential equation could be

A.

B.

C.

d
Y3
dx

d
@4
dx

d
D2
dx

dy_ .
— =x
dx

dy

>~ —
dx
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Subtopic 10.8 Slope fields

Question 13 (1 mark)
The direction (slope) field for a certain first order differential equation is shown.

Vi
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R NN s ad
The differential equation could be
dy 3
A, — = —x
dx
B. @ =x*
dx
C. Q = x2
dx
p.&_1
dx x
E. @ =X
dx
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Subtopic 10.8 Slope fields

Topic 10
The direction (slope) field for a certain differential equation is shown. The differential equation could be

Question 14 (1 mark)
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Subtopic 10.8 Slope fields

Topic 10

Question 15 (1 mark)
The direction (slope) field for a certain differential equation is shown. One solution to the differential

equation could be
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Applications of first-order differential equations

Review

only

To answer questions online and to receive immediate feedback and sample responses for every question, go to
your learnON title at www.jacplus.com.au.

Question 1 (1 mark)

Source: VCE 2018, Specialist Mathematics Exam 2, Section A, Q 10; © VCAA

The differential equation that best represents the direction field shown is
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Subtopic 10.9 Review

Source: VCE 2016, Specialist Mathematics Exam 2, Section A, Q9; © VCAA

Question 2 (1 mark)
d
Iffix) = d_y = 2x? — x, where y, = 0 = y(2), then y; using Euler’s formula with step size 0.1 is
X
A. 0.1f(2)

B. 0.6 + 0.1£(2.1)
C. 1272 4+ 0.1f(2.2)
D. 2.02 + 0.1£(2.3)
E. 2.02 +0.1(2.2)

Source: VCE 2013, Specialist Mathematics Exam 2, Section 2, Q3; © VCAA

Question 3 (12 marks)
The number of mobile phones, N, owned in a certain community after ¢ years, may be modelled by
log, (N) = 6 — 3¢ 04, ¢ > 0.

a. Verify by substitution that log, (N) = 6 — 3¢~*# satisfies the differential equation

1dN + 0.4log, (N) —2.4 = 0. (2 marks)
N dt

b. Find the initial number of phones owned in the community. Give your answer correct to the nearest
integer. (2 marks)

¢. Using this mathematical model, find the limiting number of mobile phones that would eventually be
owned in the community. Give your answer correct to the nearest integer. (2 marks)
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Subtopic 10.9 Review

The differential equation in part a. can also be written in the form c;i\] = 0.4N (6 — log, (N)).
t

d. i. Find ZQ—:;] in terms of N and log, (N). (2 marks)

ii. The graph of N as a function of ¢ has a point of inflection.
Find the values of the coordinates of this point.
Give the value of ¢ correct to one decimal place and the value of N correct to the nearest integer. (2
marks)
N =[], t =[Jyears

e. Sketch the graph of N as a function of 7 on the axes below for 0 < ¢ < 15. (2 marks)

¥
h
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Subtopic 10.9 Review

Question 4 (4 marks)

A lake can withstand a maximum of 50 ducks. Initially there are 4 ducks in the lake. The number of ducks
in the lake grows at a rate proportional to the difference between the maximum number and the current
number of ducks in the lake. After 4 months there are 16 ducks in the lake.

a. Write down and solve the differential equation for the number of ducks » in the lake after

t months. (3 marks)
b. Calculate how many ducks are in the lake after 8 months. (1 mark)
[]ducks

Question 5 (3 marks)
The table shows the population in millions of Canada.

Year 2010 2015 2020
Population | 34.148 | 36.027 | 37.742

Assuming the population follows a logistic growth rate:

a. determine the maximum population of Canada, correct to the nearest thousand. (2 marks)
b. calculate the population of Canada in 2000, correct to the nearest thousand. (1 mark)
[[Jmillion
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Subtopic 10.9 Review

Source: VCE 2019, Specialist Mathematics 2, Section B, Q.3; © VCAA

Question 6 (9 marks)
Answer the following.

a. The growth and decay of a quantity P with respect to time ¢ is modelled by the differential equation

P _ rp
dt
where t > 0.

i. Giventhat P (a) = rand P (b) = s, where P is a function of #, show that

k= ! log f). (2 marks)
a—b “°\s

ii. Specify the condition(s) for which k > 0. (2 marks)

b. The growth of another quantity Q with respect to time ¢ is modelled by the differential equation
dQ .

di
where r > 0 and Q = 1 when ¢t = 0.
i. Express this differential equation in the form

[£(@dQ = [h(®adr.

(1 mark)
ii. Hence, show that O = log, (et +e— 1). (2 marks)
iii. Show that the graph of Q as a function of 7 does not have a point of inflection. (2 marks)
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Source: VCE 2016, Specialist Mathematics 2, Section B, Q.3; © VCAA

Question 7 (11 marks)

A tank initially has 20 kg of salt dissolved in 100 L of water. Pure water flows into the tank at a rate of

10 L/min. The solution of salt and water, which is kept uniform by stirring, flows out of the tank at a rate of
5 L/min.

If x kilograms is the amount of salt in the tank after # minutes, it can be shown that the differential equation
relating x and 7 is

dr, _x _
dt +1
a. Solve this differential equation to find x in terms of ¢. (3 marks)

b. A second tank initially has 15 kg of salt dissolved in 100 L of water. A solution of é kg of salt per litre

flows into the tank at a rate of 20 L/min. The solution of salt and water, which is kept uniform by

stirring, flows out of the tank at a rate of 10 L/min.

If y kilograms is the amount of salt in the tank after  minutes, write down an expression for the
concentration, in kg/L, of salt in the second tank at time z. (1 mark)

d 1
c. Show that the differential equation relating y and ¢ is o4 + Y - -. (2 marks)
d 10+t 3
242
d. Verify by differentiation and substitution into the left side that y = % satisfies the
+17
differential equation in part c. Verify that the given solution for y also satisfies the initial
condition. (3 marks)

e. Find when the concentration of salt in the second tank reaches 0.095 kg/L. Give your answer in
minutes, correct to two decimal places. (2 marks)
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Subtopic 10.9 Review

Source: VCE 2013, Specialist Mathematics 1, Q.6; © VCAA

Question 8 (4 marks)
(x—1)
Find the value of ¢, where ¢ € R, such that the curve defined by y2 +

= c has a gradient of 2 where

x=1.

Source: VCE 2009, Specialist Mathematics 1, Q.9; © VCAA
Question 9 (5 marks)
d
Let d—y — (y+2)% +4andy, = y(0) = 0.
X

a. Solve the differential equation above, giving y as a function of x. (3 marks)

b. Apply Euler’s method to find y;, using a step size of 0.1. (2 marks)

Question 10 (3 marks)
dy

If = =¢e*+/y, y(0) =1, find y in terms of x.
o Vs ¥(0) y

Question 11 (3 marks)
d
It d_y = (¢")*(¢")?, y(0) = 0, find y in terms of x.
X
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Answers and marking guide

10.2 Growth and decay
Question 1

P _p
dt

JldP= Jkdt
P

a. i.

log, (|P|) = kt + ¢ but P > 0, so the modulus is not needed
P =P(t) = 't = P, "' where Py = ¢°

() P(a)=Pye"=r, (2)

Q Z _ ek_a =ek(a—b)’ k(a

2) s €k

1 r
k= log, | -
a—>b g <s>

P(b) =Pyl =5

— b) = log, (f
S

Award 1 mark for correctly integrating and solving.
Award 1 mark for the correct result.

ii. k=

a—>b

Case (1) k>0,

a—

Case (2) k>0,

a —

1
, > 0, loge<

1
5 <0, loge<

loge<5> >0,since P>0 = r>0, s>0.
N

>>0 => a>bandr>s>0or

LN v lN

><O => a<bands>r>0

Award 1 mark each for the correct cases.

i Lo

dt I

J.eQdQ = Je’dt [1 mark]
ii. e =¢'+ctofindcuseQ=1, t=0

e=14c¢c, c=e—1
el=e+e—1
O=log, (¢ +e—1)

Award 1 mark for correctly integrating.
Award 1mark for the correct proof.

d*Q (e—1e

iii. = > # Osince e > 1 and e’ > 0 so there are no inflection points.

dr’ (¢+e—1)

Award 1 mark for the correct second derivative.
Award 1 mark for the correct argument

Question 2

m = mye ¥, my =3

when t = 38213, m =1
| = 3e—38213k

1
o—38213k —
3

—38213k = log, (%)

© John Wiley & Sons Australia, Ltd
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1
—log, =
~ g<3)

38213
~ 0.00002875

m = 36—0.00002875t [1 mark]

The half-life is the time taken for the mass to reduce to half its initial mass.
1.5 = 3,—0-000028751

e—0.00002875t — l
1
log, <5> = —0.00002875¢

1
log, | =
g<2>

~ Z0.00002875
= 24109 years [1 mark]

Question 3

aN _ N

dt

N = NyeM

N = 80.827¢

whent = 11, N = 83.900
83.9 = 80.827¢!1k

oIk = 83.9
80.827
11k = log, <ﬂ>
80.827
11k = 0.0373
k =0.00339

N = 80.827¢%003%
100 = 80.827¢%-0033%

£0-003391 _ 100
80.827 100
0.00339¢ = log, <—>
80.827
0.00339¢ = 0.21286
=628

62.8 years after 2010 is late in 2072.
The correct answer is D.

Question 4

dn o« N(1000 — N)
dt

% = kN (1000 — N)

Answer: C

VCAA Assessment Report note:
The number not infected is 1000 — N. The product is then N(1000 — N); hence, optio C is correct.
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Question 5

dH

— = pH (5000 — H) [1 mark]
a_ 1

dH  pH (5000 — H)

! <l+;> [1 mark]

5000p \H 5000 — H

= (In H —1n|5000 — H|) + ¢ [1 mark]
5000p

t=0,H=50

0= — (In50 — In|5000 — 50]) + ¢
5000p

c= 1 In99 [1 mark]
5000p

t= ! In < 9OH > [1 mark]
5000p  \ 5000 — H

Question 6

dN dt 1 dt
— xN=> —x —=> —
dt dN N dN
t=kIn (N)+c
t=0, N=2,c=—kIn(2)
t =kIn (0.5N) [1mark]
t=5N=3

k
= — [1 mark
N [ ]

k= [1 mark]
In(1.5)

= 5In (0.5N)
In (1.5)
t=15, N=6.75 [1mark]

Question 7
% =kN and N(0) =Ny = N = N(1) = Ny
N(0) = Ny = 1 million

N (5) = 2N,
1

2Ny = Npek = ek =2 k= S log, (2)

Now when ¢t = 15

N(15) = Nye*°2? = Nye'°e® = 8N, = 8 million

Question 8

‘iliv = kN and N (0) = Ny = N = N(t) = NyeX
t

N(0) = Ny = 200
N(2) = 400

1
400 = 200e* = e* =2 k= 7 log, (2) = log, (ﬁ)

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 49



Question 9
Q is the amount present at time ¢

% =—kQ=0=0(@) = Qpe M withk>0

1 1
T=-log (2 =24=k=—1log (2
P g, (2) 7 g, (2)

Now when ¢t = 8

1
0(8) = Qpe 3"
So 79% remains.

== 0.794Q0

Question 10

do
= — _kO?
dt ¢
. dt 1
Inverting: — = ———
do kQ?

—led;:JédQ
-
—ki=—+C Q)=
0 Q(0) = Q

0=——+C=C=~

Qo Qo
—kt = _l + L
Qo |
Now whent=T,0 = EQO
2 1 1
—4kT=——+ —=——
Qy Qo Qo
Question 11
P i
dt
t= J idP +C
kP
1
= ElogeAP
t=0, P=5000

0= %loge (50004)

1 = 50004
A=
5000
1 ( P )
St=-log | —
k¢ \ 5000
P = 5000e"
3500 = 5000¢*
k=—0.07
P = 5000¢-07"
P 3500~
dt
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Question 12

F=-200]e¥dt+C
e—kr
=200
k
t=0:
4000=22 4 ¢

C=4000—@

—5k
3115 = 2005— + 4000 — 220

k
200 (e~ — 1)
—885= ———~

s k=0.05

+C

Exam question booklet | Topic 10

10.3 Other applications of first-order differential equations

Questilon 1
L ——0.k>0,00=0,
0= Qpe™™
0(0.5) = 500
0(1.0) = 250

[1] : 500 = Qoe‘§
[2] : 250 = Qge*

e 2
— =

ok
= loge(2)
2 loge(Z)

log,(4)
=4

N>

o NI o

Oy = 250¢* = 1000 units [1 mark]

b. Q= 1000e~*

Q = 125 = 1000~

125 1 _,

1000 8

—kt =log, (é)

-1 1
r= —lloge <l> ) (5)

k 8 log (4)
log (8)
= —° — = 1.5 [1 mark]
log,(4)
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Question 2
ao 0 _
5 + RC =0, 00) = 0,
Q__0
dt RC
a4 _ _RC
do 0 .
t=—-RC|—d
|52
= —RCloge(Q) +c
1= 07 Q = QO

0= —RCloge(Qo) +c
¢ = RClog (Qy)
t = —RC1In(Q) + RCIn(Qy)

RC 0

L _ e
0
2 _ e
Qo .
Q= Q1) = Qe RC
Question 3
"
dx
a__1
dl kI
x= 1 J. la’I
kl 1

—kx =log, () + ¢ [1mark]
Whenx =0,1=1,

c= _loge (IO)
—kx = loge (I) - loge (IO)
—kx = log, <i
Iy
I=1Ie ™ [1 mark]

When I = 0.95],, x = 0.40
095]0 = 106_0'4k

0.95 = ¢~ 0%
—0.4k = log, (0.95)

I
k= ——log, (0.95) = 0.1282
0 8 09

I = 106—0.1282x

x=1
I = I,e™ %1282 = (0.8801,

Then the percentage lost is 12.0% [1 mark]

Exam question booklet | Topic 10

[1 mark]

[1 mark]

[1 mark]
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Question 4
a. log (N) =6 — 3¢ %4 >0

Using implicit differentiation: %%\’ =3 X 0.4 0¥

t
1 dN
LHS —— +04lo —24
N g, (V)

=3%04e70% 4+ 0.4 (6 —3¢704) —2.4
=3x04e™ 04 +24-3%x04e7 %4 -24=0  (shown)
Award 1 mark for using implicit differentiation.
Award 1 mark for correct verification.
VCAA Assessment Report note:
The question was not done well. Many students employed a variety of approaches different to the
required method of substitution.
b. When 1= 0,log, (N) =6—3¢’ =3
= N=¢ =20
Award 1 mark for the correct initial value.
VCAA Assessment Report note:
This question was quite well done; however, a number of students left their answer as e, instead of
giving an answer to the nearest integer.
c. As 1— o0,log,(N) = 6 —3e™ =

> N = 8 ~ 403

Award 1 mark for the correct limiting value.

VCAA Assessment Report note:

This question was fairly well done, with still some students giving the answer as €%, rather than the
nearest integer, 403. A number of students did not show their working.

&N _d (dN d
L —=—|=—)==[04N(6-1
' de  dt ( dt) dt | ( °% )]
Using the product rule:
d’N dN —1dN
— =04—(6-1 04N X ——
ar N dt (6 —log, () + X N dt
=— 0.4 (6 —log, (V) — 0.4]
_ N (2—-0.41og, (V)

Substitute for% = 0.4N (6 — log, (N))
= 0.4N (6 — log, (N)) (2 — 0.410g, ()
4N
= 5 (6 —log, M) (5 —log, W)

Award 1 mark for correct differentiation using the product rule.
Award 1 mark for the correct expression for the secondderivative.
VCAA Assessment Report note:

This question required the use of both the chain and product rules. Very few students answered this
2 2

question correctly. A number of students found d_IZV in terms of ¢, while others found % and
t

attempted to invert the result, which showed little understanding of the properties of second

derivatives. A common error was to find i di\l .
dN \ dt
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ii. For inflexion points: dQ—N =0
dar

Since log, (N) # 6 = log, (N) =5=> N = ¢’ ~ 148

1 1
5=6-—3e"0%= 0% = _ = —Jog (3)=2.7 vyears
3 04 g, (3) y

Award 1 mark for setting the second derivative equal to zero and finding the value of N.

Award 1 mark for the correct ¢ value.

VCAA Assessment Report note:

The majority of students realised that the second derivative needed to be equated to zero. However,

there was a small group who equated the first derivative to zero. Some students obtained the correct

result independently of their efforts in part i.

€. Ny

400
300 -
200

100

3>
T T Ik

0 t
5 10 15
Award 1 mark for the correct shape on a restricted domain.

Award 1 mark for drawing a graph passing through the initial point (0, 20) and the inflection point
(2.7, 148).

VCAA Assessment Report note:

This question was moderately well done. Major errors included inaccurate position of endpoints,
inaccurate placement of the point of inflection and lack of change in concavity.

Question 5

dx _ —0.15x = x = xpe 1
dt

When x = %xo t=7?

1
— =" =3 log (2) = 0.15¢

2
1 20
t=——1og 2)= —1log (2
< log, @)= T log, @
Question 6
P _p
dt |
I=J—dt+c
1kP
——1oge(AP)
t=0,P=50:
O=%loge(SOA)
1 =504
A=—L
50
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= l10 <£>
T %\ 50
P = 50ek
35 =506 . k=-0.07
b _ —3.5¢=0"

P = 50e~0070 - —
dt

10.4 Bounded growth and Newton’s law of cooling

Question 1

a.LetQ=T-20
0= Qpe ™
When ¢t = 0, T = 100, therefore Qy = 80 [1 mark]
When ¢ = 5, T = 80, therefore Q (5) = 60

60 = 80e ™k
st _ 60
80

ek = % [1 mark]

2
b. Whent = 10, 8 (10) = 80e~'% = 80(e~5) = 80 x G)

_80x9
16

45

So the temperature of the water is 65°C.

Award 1 mark for substituting.

Award 1 mark for the correct indices and finding the temperature difference.

Award 1 mark for the correct value of the water temperature.

VCAA Assessments Report note:

Surprisingly, the result of Question 5a. was rarely used directly, the majority of students expressed k in
logarithmic form and often struggled with the algebra. In many cases, their solution to the differential
equation had not been expressed with T as the subject but was left with ¢ as the subject. Only a small
number of students who did have T = 20 + 80e~* were able to write in order to solve this part
efficiently. Some had difficulties with the exponentials and logarithms. There was some poor arithmetic
at the end; for example, T — 20 = 45s0 T = 25 was quit common. Several students multiplied first rather
than cancelling and made their working more complicated. A small number of students left their answer

in the from T = w, T= 20 +200rT = 130 (unsimplified).
16 16 2
Question 2
a. Lﬂ +Ri=E i(0)=0
dt
Lﬂ =F—Ri
dt
L1
Ldi E—Ri
l[d;=J ! di [1 mark]
L E—Ri

t 1
—=——log (E—Ri)+c
I-"® g, ( )
t=0,i=0

1
O0=——=1log (E)+c¢
R g, (E)
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1
Se= = log, (E) [1 mark]
LA (E—Ri)+llo (E) [1mark]
L~ R % R e
r 1
— = —|log (E)—1log (E—Ri
T = llog, (B) — log, (E = Ri)]
i = (75)
— =log, .
L ¢\ E—Ri
Rt E
eL =
. E—Ri
(E—Ri)eL =E [1 mark]
Rt
E—Ri=Ee L
R R
Ri=F—Ee L=E<1—e L>
E _Re
i:,‘(;):E 1—e L [1 mark]

E _Re
b. Maxi(t)=]—e,t—>oo,e L -0

in=_,

Rt

_> [1 mark]

DN
=~
I I
N =Xy
VN
—
|
§N
~

L 1

t= Rloge <2> [1 mark]

Question 3

Thermometer 7, = ?

t=0,T=25-6,=25-T,

t=5T=15-005)=15-T,

t=10,T=10-6(10)=10-T,,
0 = Gye

[1]: 6,=25-T,
[2] : 15—T,, = Bye*
[3]: 10 =T, = Gye'%*

s 15T,

5T,
o 10T,
5T,

el0k = (es")2 [1 mark]
s 15-T,
B5-T,
o 10-T,
%B5-T,

el = (eS")2 [1 mark]
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<15—nv2_10—zn
25-T,,) 25-T,
(15-T7,)0 10-T,
25-T1,) 25-T,

10
15-T,)" =(25-T,)" X
( )= xS

(151, =(@5-1T,)(10-T,)

-T,

m

22 — 30T, + T2, = 250 — 35T, + T2,

5T, =25
T, =5°C [1 mark]
Question 4
T
— =k(T-5
7 ( )
ﬂ _ 1
dT k(T -5)
t= lJ ! dt+C
k) k(T-5)
= %logeA(T—S)
t=0:

s0= %loge (70A)

_1
70
T —
t= llog (=5
kK ¢ 170
Question 5
dr
— =k(T-25
7 ( )
dr 1
dT k(T —25)
1

t=~-| ———dt+C
kJ k(T—-25)

:%M&AU—%)

t=0:

s0= % loge (75A)

1

A J—
75
t=3:

o, (2)
k & 75

3=
k=-0.05

t= ! log <§>=6.5
—-0.05 ““\75

.. takes a further 3.5 minutes
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Question 6

‘Z_’: —k(R+18)  R(0)=68 withk>0

The room temperature is 18°C, and the initial temperature of the iron is 68°C.

Question 7
T=18—15¢%= 15¢ =18 -T
dT 18—T

E = 15ke ™ = 15k< ) = k(18 = T) = —k(T — 18) cooling k > 0

Also T(0) =18 — 15 =3°C
The room temperature is 18°C and the temperature of the refrigerator is 3°C.

Question 8
% =k(R—21), R(0) =65, withk>0
OR
‘;—f =k(R—21), R(0)=65,k>0
10.5 Chemical reactions and dilution problems
Question 1

a. —Q = inflow — outflow

V(i) =16+ (5 = 3)t
d—Q:5x0—3—Q:5><0——3Q
dt V() 16+ (5—-3)¢
VCAA Examination Report note:

This problem required students to recognise a difference of rates. The most common error was a failure
to explicitly note that the rate in was zero.

b. log, (Q) = —glogg (16 +2f)+ ¢ [1mark]

[1 mark]

1 1 3
=—, 1= 0 => 1 P + —1 e 16 =
Q > og <2> 5 log (16) =c
3 1 3
log, (Q) = —Eloge (16 + 21) + log, 5 + Eloge (16) [1mark]

log, (Q) — log, <%> = —gloge (16 + 21 + %loge (16)

3
log, (20) = 1oge< 16 )2

16 + 2¢
3
3 /
16 \2 ( 16) 64
200=—) = =
(16+2t> 3 2
(16 +202 (16 +21)2
Q=L3 a=232,b=3,c=2 [1mark]
(16 + 21)*

VCAA Examination Report note:

The majority of students realised that this was a separable differential equation, but many made errors in
the subsequent integration with the arbitrary constant of integration frequently missing. Some students
made transcription errors that fundamentally changed the problem. Others encountered arithmetic or
algebraic issues. Many students took the common factor of 2 from the 16 + 2¢ expression and evaluated
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2) 8+t
students.

Question 2
o
dt
d 6

O _ox2- —QwhereV(t) =50+ (10 — 6)
dt V(1)

W 5y 92 _py 9

= inflow — outflow

dt 5044 2542
The correct answer is A.

Question 3
a. 3g/L

4 L/min “

Vo=50L

‘ V() = 50 + (4 - 5)¢

5 L/min

d

_Q — 3x4_5—Q

dt 50 + (4 —5)¢

@ =1 —ﬂ[lmark]

dt 50 —¢
b. 0 =3(50—-1) + C(50 — 1)’

d
LHS: 7? = -3 —-5C(50 — H* [1 mark]

RHS: 12— 2 =12—i[3 (50 — ) + C(50 — 1)’
50 50

=12 -15-5C(50 — n*
=—-3-5C(50 — 1" [1mark]

Question 4

d_m = inflow — outflow
dt

=15%2

Sm

504+ (2= 5)1
Sm

50 — 3¢

=30-—

Question 5

= inflow — outflow

dr
d
—Q =8X2— @, where V(1) = 1500 + (8 — 10) ¢
dt \40)
d
9 _ 100
dt 1500 — 2¢
=16— >0
750 — ¢t

Exam question booklet | Topic 10

1 . . . . .
— J ——dt This unnecessary manipulation made subsequent calculations more difficult for these

© John Wiley & Sons Australia, Ltd Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition 59



Exam question booklet | Topic 10

Question 6
d
—Q = inflow — outflow
dt
d 6
9 _10x2- 22 where V(1) =50+ (10— 6)1
dt V(@)
d—Q =20-— 60 =20-— 30
dt 50 + 4« 25 + 2t
Question 7
V. =100+ 12¢t— 8¢
= 100 + 4t
Question 8
[Z—Q = inflow — outflow = bg — % and the volume V=V () = Vo + (g —Nt
t
dQ Y
Z by —— Q0 =a
dt Vo+(g—=DNt
W _ 142 _1n_22 H0)=a
dt t—10 10 —1¢

>bg=12Vy=10 g—f=—1
Only possible solutionis f=5=g=4and b =3

Question 9

d

9 _,__20
dt 50 + 2t

Q=0 =3(50+20)+ C(50 + 26" is the solution

Differentiating:
dQ _ n—1
i 6 + 2nC(50 + 2¢)

t

Substituting gives:
LHS = 6 + 2nC(50 + 21"~

2
RHS=12- —2 —12- 2 [3(50 +21) + C(50 + 20)"| =
50 + 2t 50 + 2t
=6 —2nC(50 + 20"

>n=-—1

10.6 The logistic equation

Question 1
200
Nt)= ——
® 1 +99¢™
dN  0—200 X (—k) X 99¢ =k
dr - (14997) Himark]

dN _ 200 X kX 99¢H

dt (14 99¢7)?
200k 200 (1 + 99¢~*) — 200

T 1+99e7% 200 (14 99¢7H)

12—6—2CG50 +20)""!
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dN _ 200k 200 (1 + 99e7) _ 200
dt 1499\ 200 (1+99%7%) 200 (1+99¢*)
N =kN<1 - i) , N(0) = 2 [1 mark]
dt 200
Question 2
N=2
2
P =500

N =250 [1mark]

Question 3
a. N(O)=N0,P>N0>O

dLV:kN<1_N> :kN<u) :kN(p_N)
dt P P P
dt P

dN kNP — N)

kt=PJ;dN
N(P —N)
1 A B

NE-N N P-N
_A(P=N)+BN

N(P — N)
_ N(B—A)+PA

N(P —N)

B—-—A=0

PA =1
P

kt=Jl+;dN
N P-N

kt =log, (N) — log, (P — N) + ¢ [1 mark]

P—N,
0 = log, (Ny) — log, (P — Ny) + ¢ — ¢ = log, N
0

(%)
kt = loge (N)_loge(P_N)+

N,
e <N(P—N0)>
% \me-m

ek, — N(P - N())
Ny(P —N)
e No(P=N)
N(P — Ny)

N(P — Ny)e " = Ny(P — N) = NyP — NN,

NNy + N(P — Ny)e™" = N,P
3 NyP
Ny + (P —Np)e ™

N(9) [1 mark]
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, NoP
b. k>0, lim N() = ——— = P [1mark]

t—o00 0 =+

2
Wy (1-3) =k (v-T)
dt P P

EX_d () _ () 0N
drr  dr \ dt dN \ dt dt
kN

2
N _,
dr
1-_y
P
v=F
2
=7
ekt:N(P_NO)
Ny (P —N)
P
— (P — N,
_ 2( 0)
P
()
=

.". Inflection point occurs at

<lloge (i - 1> ,£> [1 mark]
k Ny 2

NyP
d N@) = —
NO + (P - No)e
N = NoP(Ny + (P —Ny)e™ )~
dN

== PNy (P = No) X ~ke™(Ny + (P = No) ™) "2
t

1

kPNy (P — Ny) e

(No + (P — Np) e ™)’
= 0 X k(P — Ny) e x ! -
(No + (P = Ng)e™) Ny+ (P —Ny)e ™

! = N [1 mark]
NO + (P - No) e_kt PNO

PN,
Ny + (P — Np)e X = TO
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PN, PN, — NN,
P—Nyek="L_N=—2 "%
( 0) N 0 N
NP —Ny)
d k(P — Ny XNy (P —
LV:NX ( 0) o N)X N
dt NP = Np) PN,
KNP -N)
B P

= kN <1 - E) [1 mark]
P

10.7 Euler’s method

Question 1

dy .

e =ysin(x) =f(x,y) xo=1, yo=2, h=0.1
X

yi = Yo + hf (xo, yo)

y; =2 +0.1x2sin(1)

Y2 =y + i (x,y1)

v, =2.168 + 0.1 X 2.168 sin (1.1)

vy, = 2.3615
The correct answer is C.

Question 2

d
X

Y1 = Yo + hflxo)

v = e +0.1e750

vy =e+0.1e

Y2 =y + hflx)

v, = e + 0.1°50) 4 (.1 c050-D

v, =e+0.1 (e + eCOS(O'l))

y3 =y + hf(xy)

y3=e+0.1 (e + ecos(o‘l)) + 0.1¢050-2)
y3=e+0.1 (e 4 050D ecns<0‘2)>

The correct answer is C.

Question 3
Using Euler’s method, with

d
xo=1,v0=2,h=—0.1, d—yzf(x):2x2+x+1
X
So that x; = 0.9 and x, = 0.8
V= v+ () =2—0.1(4) = 1.6

y2=yi +hf(x) =1.6-0.1(2x09°+0.9+1)
=1.248
The correct answer is B.
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Question 4
d

f(x)=d—y=2x2—x, Yo=0=y(2), h=01, x=2, x =21, x =22
X

f2)=6, f2.1)=672, f2.2)=748
Y1 = Yo + hf (xo)

=0+ 0.1A2)

=0.1x6

=0.6
Y2 =y1 +hf(xy)

= 0.6+ 0.1f(2.1)

=0.6+0.1 xX6.72

=1.272

y3 =y + hf(xp)
=1.272 + 0.1/(2.2)

Question 5
dy
— =fl)=x"—xy
dx
h=01, y():2, Xo = 1, X = 1.1

yi = Yo + hfixp)
—24+0.1(1—1x2)

=1.9
Question 6
dy 1
—_ =)=
dx S 34+ 3x+x2

h=01, Yo = 1, x0=0, X1 =0.1
Y1 = Yo + hftxo)

=1+0.1 (%) = 1.03333
Y2 =y + hfix))

= 1.03333 + 0.1 ! -
34+3x0.1+ (0.1%)

= 1.064

Question 7
yi = Yo + hfixg)
Y2 =1 + hfx)) = yo + hfixg) + hf(x)) since x; =xy+h
Y2 = Yo + h [ fxg) + flxg + 1)
Question 8
X] = 22
yi =1+02log, (2)°
= 1.277258872

X, =2.4

¥y = 1.277258872 + 0.2log, (2.2%)
= 15926418

x;3 =2.6

y3 = 1.5926418 + 0.2log, (2.4%)
=1.94
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Question 9
Using Euler’s method, with
1 dy
Xo = 2, =1, h=-, =—=fix)=log(2x-3
0 Yo U Jix) =log ( )

9
sothatx, = =, x, = and x3 = —
1= 2 3 1

—DN | D

yi=yo +flxg) =1+ 2 log (1) =1

1 3
=y +hfo) =1+ ~log (2
Y2 =y + hflxy) 1 ge<2>

1 3 1 1
=y, +h =1+-1Io —]+-log2)=1+ —1log (3
y3 = Yo + hf(xy) 2 ge<2> 2 g,(2) 1 g,(3)

1 1 5 1 15
=y3;+h =14+-log(3)+-1lo - ]=1+-lo —
Ya =3 + hf(x3) 7 og )+ 7 ge<2> 1 ge(2>

10.8 Slope fields
Question 1
d
At the point x = 1, y = 1, the slope is m = tan (135°) = —1, only d_y = y — 2xsatisfies this.
X

The correct answer is D.

Question 2

a P(a,b)
— =m, P(a,
dxl,—,

T:y—b=m(x—a)
y=0:>x=a—£=b

b b

—=a—-b,m=
a—>b

m
d d
Y_ m= Y is underfined when x = y and & Owheny = 0.
dx xX—y dx

The correct answer is B.

Question 3
d
When the gradient m = 1, there are no vertical slopes m = d_y = cos (y — x) is the only possible differential
x

equation.
The correct answer is B.

Question 4
When y = x the gradient m = 1,

there are no vertical slopes m = d_y = cos(y — x) is the only possible differential equation.

Question 5

When x = 0, the gradient m = 1; when y = O the gradient m = —1.
iy . dy 2x+y
These conditions are only satisfied by m = — = .
dx y—2x
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Question 6
d
A_y PR followmg the slope fields from (—1, 1) to (1.9, 0),sox = 1.9
y
F 3
o e e e e e e e e

T T T i e e e
e
P e
S e
T A T S P P

e e e e e e e
————— ———— e
e e e O TR N NN
e T T

AL e N N
;S NN
T WA, NN X
B e A T L
/{fﬁﬁ LSS s SN N NN \}\
(’a’fl!! T 3 e |\\\ -
/ /XX/#V//!Q—ER\\\ NAYANAN N
[ /7 /7S —~~NN NN N VN WD
LSS S S s~ SN N NN
VA A A S et N G W W N U T T
Vs RS NN N

PP e

P S S ——

e
N T T RN
e e LU N T i W
e e e
e e T T N N

T e e e e e e e e e

Award 1 mark for the correct solution curve.

Award 1 mark for the final correct value.

VCAA Examination Report note:

This question was not answered well. Several curves crossed the slope ticks rather than following them.

Errors included:

* the final curve not being symmetrical

* the curve not passing through (—1, 1), giving the value for x as around 1.2 (the value of the y intercept)

* finding an approximate value from the solution in part b. even though this was inconsistent with the
student’s graph (part a. used the word ‘hence’).

Many graphs were almost flat between x = —0.5 and x = 0.5, resulting in missing the desired y-intercept.

Some drew the graph just to the x-intercepts rather than for the whole domain. Several graphs were not

drawn smoothly with sufficient care.

Question 7
Follow the direction field lines from the point (0, —1) to the point (3.5, —2.5).

Question 8
Follow the direction field solution curve, from the point (—2.5, 1.5) to the point (3, 1).

.LW,M»W“,P,L”“
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Question 9
The slope is m = _y.

x
Along the y-axis,x =0:y >0, m>0; y <0, m <O.
Along the x-axis,y =0: x>0, m < 0; x <0, m > 0.
When x =y, m = o0.

d 1
The conditions are only satisfied by o .
dx y—x

Question 10

Slope is m = el along y-axis. x = 0 and m = 0 along x-axis.
Wheny =0, m = 0.

Whenx=1landy=1, m=1.

Whenx=—-landy=-1, m=1.

Whenx=—-landy=1, m = —1.
Whenx=1landy=—-1, m=—1.

Only satisfied by
b _x
dx y

Question 11
Slope field shows pattern for y = x", where n is a positive odd number.

d
2 3x?
X
y= j 3x%dx = x* is the only option that satisfies this.

Question 12

Slope field shows pattern for y = x", where n is a positive even number:
d

_y =X

dx 5

y= f xdx = % is the only option that satisfies this.

Question 13

Slope field shows pattern for y = log, |x]
dy 1
dx  x

y = [ x7!dx =log, |x| is the only option that satisfies this

Question 14
2

The solution curves are all ellipses of the form x_z +y*=1.

2 d d
Using implicit differentiation, = +2y = =0 = = = — %
a dx dx a’y
d
One solution when a? = 2 is d_y = —21. This is the only possible solution.
X y

Question 15

The solution curves are all of the form y = Ae ™ with k> 0and A < 0or A > 0.
d
_ —kAe™" = —ky. The gradient (slopes) are independent of x; they are the same for each x-value. If

by
y > 0, the slopes are always negative, and if y < 0, the slopes are always positive. Option B is correct.
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10.9 Review

Question 1

Whenx = 0, the gradientm = 1; when y = 0 the gradient
m = —1. These conditions are only satified by

dy 2x+y

m=—= .

dx y—2x

The correct answer is A.

Question 2
d
== =2¢—xy,=0=y2), k=0l

Xo=2,x1=21,x,=2.2
f2)=6,f2.1)=6.72, f(2.2) = 7.48
Y1 =Yo + hf (xo)
=0+ 0.1f(2)
=0.1x6
=0.6
Y2 =y1 +hf(xy)
=0.6 +0.1f(2.1)
=0.6+0.1x6.72
=1.272
3=y +hf(xy)
=1.272+0.1f(2.2)
The correct answer is C.

Question 3
a. Using implicit differentiation %%\’ =3 X 0.4e704
t
LHS = 1aN + 0.4log, (N) —2.4 [1 mark]
N dt

=3%04e7 04404 (6 -3¢0 ) —24
=3 % 0.4e7 04 + 2.4 — 3 x 04704

—2.4 =0 shown [1 mark]
b. When t =0 log, V) =6 -3¢ =3 = N =¢* ~ 20 [l mark]
= N = ¢’ ~ 20 [1 mark]
c. Ast— o log, (N) = 6 —3¢~* = 6 [1 mark]
N = ¢° ~ 403 [1 mark]

d*N d (dN d
i —=—(—)=—[04N(6-1log,
d  dt ( dt> dr [ ( g (V)]
using product rule
&N dN —1dN
— =04—(6—1log,(N)) + 04N X ——
dN
= [0.4 (6 —log, (V) — 0.4] [1mark]
= N (2 = 0.4log, (N))
dt
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substitute for

%’ = 0.4N (6 — log, (N))

= 0.4N (6 — log, (N)) (2 — 0.4log, (N))

- %V (6 — log, (N)) (5 — log, (V)) [1mark]

ii. For inflection points

2
Li—t]zv = Osincelog, (N) # 6 = log, (N) =5 [1 mark]
=>N=¢ ~ 148

5=6—23e"0% = 7041 = % [1 mark]

1
t = —1Ilog, (3) ~ 2.7 years
04 g.(3) y

400
300
200

100

Question 4
a. % = k(50 — n) [1 mark]
n0) =4
n4) =16
dr 1
dn k(50 — n)

kt = J dn
(50 —n)
kt = —log, (|50 — n|) + cbut4 < n <50
Whent=0,n=4
0 = —log, (46) + c = ¢ = log, (46)

kt = log, (46) —log, (50 —n)

kt = log, <5046 >
—n
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50 — n = 46e=X [1 mark]

n=n(t) = 50— 46
n@ =2 (25 — 236_"’)

23
b.r=38,n(8) =2 <25 - 23e‘21°ge(ﬁ)>

2
=2 <25 —23 X <1—7> > [1 mark]
23

_sn
23
=~ 25 ducks

Question 5

a. N(t) =

PN,
Ny + (P — Ny) e ¥

In 2010, t = 0 and N(0) = N, = 34.148
In 2015, t = 5 and N(5) = 36.027

36.02

34.148P
7= (1)
34.148 + (P — 34.148) e

In 2020, t = 10 and N(10) = 37.742

37.742

B 34.148P
34.148 + (P — 34.148) ¢~k

(2) [1 mark]

Solving equations (1) and (2) on a CAS calculator:
P =48.742, k = 0.0383
The maximum population of Canada will be 48.742 million [1 mark]

. To determine the population in 2000, let r = —10.

48.742 x 34.148

N(-10) =
( ) 34.148 + (48.742 — 34.148) ¢~0-0383x-10
= 29.962
The population of Canada in 2000 was 29.962 million. [1 mark]
Question 6
a. i. d—P = kP
dt
[ Lap = [ kar
P

log, (|P|) = kt + ¢ but P > 0, so the modulus is not needed.
P =P (1) = é*¢ = Pyl
(1) P(a)=Pye=r, 2) P(b) =Py =5

M r_ e <r>
— —-=— =" k(a—b)=1o -
2) s € ( ) 8 S
1 r
k= lo -
a—>b gf(s)

Award 1 mark for correctly integrating and solving.

Award 1 mark for the correct result.

VCAA Examination Report note:

Students solved the differential equation to find the given expression for k by a variety of correct
approaches. Common errors were to neglect a constant of integration or to make mistakes when
manipulating logarithmic or exponential terms.
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a—>b
Case (1) k>0,

log, <I> >0,sinceP>0=>r>0,s>0
s

a —
1
< 0,log ( > <0=>a<b
a—>b ¢
Award 1 mark each for the correct cases.
VCAA Examination Report note:

A significant number of students stated only the first of the above conditions.

N e S

dt e?
[ e2dQ = [ e'dt
Award 1 mark for correctly separating the variables.
VCAA Examination Report note:
Most students answered this correctly using the form above or an alternative such as

1 t
J—gdo=]¢d.

ii. e =¢"+ctofind cuseQ=1,1r=0
e=14+c,c=e—1
l=c¢+e—1
Q=log, (' +e—1)
Award 1 mark for correctly integrating.

A;)vard 1 mark for the correct proof.
iii. a9 = e-De # 0 since e > 1 and ¢’ > 0 so there are no inflexion points.
dr (e+e—1
Award 1 mark for the correct second derivative.
Award 1 mark for the correct argument.
VCAA Examination Report note:
Most students supplied a correct second derivative but not all of them went on to reasonably justify

why the graph does not have a point of inflection.

1b>0,10g€< >>0=>a>b

“ N Y« N

Case (2) k> 0,

Question 7
a B X _0.x0)=20
dt 2041t
@ _ X
dt 20+ ¢

J ldx = J ! dt
X 20+t
log, (x) = —log, (20 +1) + ¢
log, (20) = —log, (20) + ¢
=>c=2 loge (20) = loge (400)
loge x) = loge 400) — loge 20+

( 400 >

=log

¢\20+¢
400

x=x(t) = ——

Award 1 mark for separating the variables.
Award 1 mark for correct integration.
Award 1 mark for the correct final expression.
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VCAA Assessment Report note:
A range of errors prevented students from achieving full marks for this question. There were many

instances where students did not separate variables correctly, offering attempts such as
2

[ 20+ 1y dr = [ —xdx = 20t + g =-Z 4+¢
Some students did not write down or evaluate the constant. Errors with constants were common among
students who added a constant to both sides of the expression before attempting to find its value.
A small number of students used definite integrals from O to ¢ and 20 to x on the sides.

b. The volume in this tank is
V() =100+ (20 — 10)r = 100 + 10¢. y

Concentration is mass divided by volume, so ¢ = mkg/L
t
Award 1 mark for the correct concentration.

VCAA Assessment Report note:
Many students did not demonstrate an understanding of what was required by this question.

Students frequently found an expression for Ey rather than the concentration at time .
t

C. 4 = inflow — outflow
dt
y
=—X20—m—— x 10
60 100 + 10¢
dy 1 10y
d 3 100+ 10¢
dy y 1
- 4+ -
dad  10+r 3

Award 1 mark for setting up the differential equation.
Award 1 mark for the correct differential equation and proof.

VCAA Assessment Report note:

. . . . . d 1 .
This ‘show that’ question required students to obtain the expression &_ 37 % by logical steps.
+ 1
Some students incorrectly started with the given expression with no explanation of its origin.

Students frequently did not seem to realise that work done for part b. was useful here.
2 + 20z + 900
dy()=——"7"""—
6(r+ 10)
Differentiating using the quotient rule:
dy (2t420)X6(10+ 1) — 6 (* 420z + 900)
dr 36 (10 + )
12(10 + 1) = 6 (£ + 20t + 900)
- 36 (10 + 2)
2(10 + 1)° — (£ + 20z + 900)

6(10 + 1)’
_ 2420+ 900

1
3 6(t + 10)
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LHS
d
dt  10+1¢
_ 1 7 +20r+900 t2+20t+900>< 1
3 6(t + 10) 6(t+ 10) 10 + ¢
l_t2+20t+900+t2+20t+900
3 6(t + 10)> 6(t + 10)>
=1=RHS

When y (0) = % = 15kg, the initial amount of salt dissolved.

Award 1 mark for correct differentiation using the quotient rule.

Award 1 mark for the correct proof.

Award 1 mark for initial conditions.

VCAA Assessment Report note:

Most students were able to find a correct expression for the derivative. It was not always clear how
expressions for the left side simplified to the right side. Verification that the given solution satisfied the
initial conditi(z)ns was often absent.

£+ 2004990 _ ) 495 using CAS

60(t + 10)°
gives t = 3.05 minutes.

Award 1 mark for the correct equation to be solved.
Award 1 mark for the correct time.
VCAA Assessment Report note:

e. Solving ¢ =

: . . d :
Many students did not attempt this question. It was common to see Y 0.095 rather than using the
t

concentration in the equation.

Question 8
3e(x— 1
x=2
Using implicit differentitation and the quotientrule
dy 3€(x—l) (x—2)— 3e(x—1)

y2+ =c

dx (x—2)2
d 3(x—1) -3
dx (x—=2)
dy
Whenx =1, — = 2.
0 2dx .
3e” X —
4}’+e—2=0 => 4y—6=0 = y==
(=D 2
0
Whenx=1andy=§, c:2+3i
9 2 4 -1
C=Z—3
3
c=—-—
4

Award 1 mark for attempting implicit differentiation.
Award 1 mark for using a quotient rule.

Award 1 mark for substituting.

Award 1 mark for the final correct value of c.
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VCAA Assessment Report note:
This question was reasonably well done. Most students recognised the need for implicit differentiation and

SO wrote Zyd—y. A reasonable number realised that they needed the quotient rule (or product rule) and the

chain rule, alichough a number had difficulties with algebra. Some students forgot that the derivative of a
constant was 0, so a ‘c’ remained on the right-hand side after differentiation, meaning that no significant
progress was then possible. Some students chose to multiply through by (x — 2) before differentiation.
These students were rarely able to make good progress (though a few were able to correctly complete the
question this way). Those who attempted to make y the subject often omitted the +. Typical errors included
having a negative sign error in finding y (which nevertheless gave the correct value for c), incorrect

differentiation such as di (36"_1) =3 (x—1)¢*! and errors in algebra.
by

Question 9
dy
a. Let d_ (y+2) +4andy, =y(0)=0
X

y=2tan <2x+ > — 2 [1 mark]

_ tan(2x) + tan (%) )
B 1 — tan(2x) tan (%)
_ 2(tan(2x) + 1) _

1 — tan (2x)

n+l=ta <y+2
4
+2
y—=tan<2x+ )
2 4

Now make y the subject.
1
0=—tan"'()+C==+C = c=_"

T <y+2> L
X = —tan —
2 2 8

To find Cuse x =0 wheny =0

2 [1 mark]

0°>l
o

dx _ 1
dy 4+ + 2)?
x=] —dy
44 (y+2)>
+2
x= lta <y ) + C [1 mark]
2 2
VCAA Assessment Report note:
Many students struggled with this question writing incorrectly @ = 1 + ! 5 - Those who had the
dy 4 (y+2)

correct reciprocal were able to get an inverse tan function; however, there were many errors with the
constants. Some thought the anti-derivative was a log. Other students correctly found x in terms of y and
stopped, while others incorrectly transformed and re-arranged. Other errors included forgetting the
constant of integration.

b. yo=0xy=1h=0.1f(x,y)=(+2)"+4
y1 =Yo +h(f(xo, o)) [1mark]
Y1 =0+0.1[0+2)+4]
y; = 0.8 [1 mark]
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VCAA Assessment Report note:
Students tended to either answer this correctly or did not know how to proceed. A large number used f(2)
instead of f'(2), while others were careless with brackets and made errors.

Question 10

d
A = e*dx

y
%
J— = Jexdx
VY
2y/y=¢€e"+c [1 mark]
y©0) =1

2\/T=eo+c:>c=1 [1 mark]

2\/§=e"+1

X1 1)?
= w [1 mark]
4
Question 11
d
_y2 = (¢")dx
(iiy)
J )’2 = J (e") dx
(€”)
I e Vdy = J edx
_le—Zy = le3" +c [1 mark]
2 3
y0)=0
—l=l+cﬁcz—§ [lmark]
2 3 6
2 3 6
e—2y — __e3x + é
3 3

[1 mark]

~<

I

J—

=
—

|
W

Q

W

=

+
W | L
N————
|
M,-\:
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