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To the student 

Nelson VICmaths is your best friend when it comes to studying 

Specialist Mathematics in Year 12. It has been written to help you 

maximise your learning and success this year. Every explanation, 

every exam hack and every worked example has been written with 

the exams in mind. 

STE 1 

Study each 

Worked example 

specialist 
mathematics 

STE ] 

Complete the 

The 3 steps Matched example in the 

to mastering 

each topic 

STE 3 

Do the Mastery 

questions in the 

. exercise that are 

met ore linked to the 

Worked example 

9780170448543 

Mastery Workbook 

specialist 
mathematics 
Frastery workbook ==. 

To the student Vv



vi 

To the teacher 

Now there's a better way to VCE maths mastery. 

Nelson VICmaths 11-12 is a new VCE mathematics series that is backed 

by research into the science of learning. The design and structure of 

the series have been informed by teacher advice and evidence-based 

pedagogy, with the focus on preparing VCE students for their exams 

and maximising their learning achievement. 

« Using backwards learning design, this series has been built by 

analysing past VCE exam questions and ensuring that all theory 

and examples are precisely mapped to the VCE Study Design. 

« To reduce the cognitive load for learners, explanations are 

clear and concise, using the technique of chunking text with 

accompanying diagrams and infographics. 

« The student book and workbook combination has been designed 

for mastery of the learning content. 

« The exercise structure of Recap, Mastery and Exam Practice leads 

students from procedural fluency to higher-order thinking using 

the learning technique of interleaving. 

« Exam practice includes exam-style questions and graded past 

VCE exam questions with success percentages based on VCAA 

performance data. 

« The cumulative structure of Exercise Recaps and chapter-based 

Cumulative examinations is built on the learning and memory 

techniques of spacing and retrieval. 

Nelson ViICmaths Specialist Mathematics 12 9780170448543
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Area of study 

1 Discrete mathematics 

Logic and proof 

2 Functions, relations and graphs 

3 Algebra, number and structure 

Complex numbers 

Study Design grid 

Nelson VICmaths 
Specialist Mathematics 12 chapter 

Logic and proof 

Rational functions 

Complex numbers 

4 Calculus 

Differential calculus and integral calculus “y) Differentiation 

va Integration 

8 | Areas and volumes of integration 

Differential equations ‘) Differential equations 

Kinematics: rectilinear motion : 10 [ Kinematics 

5 Space and measurement 

Vectors i Vectors 

Vectors and cartesian equations 

Vector calculus 

Vector equations 

Vector calculus 

6 Data analysis, probability and statistics 

Distribution of linear combinations of random 

variables 

Random variables and hypothesis testing 

Distribution of the sample mean Random variables and hypothesis testing 

Confidence intervals for the population mean Random variables and hypothesis testing 

Hypothesis testing for a population mean with a 

sample drawn from a normal distribution of known 

variance, or for a large sample 

Random variables and hypothesis testing 
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About this book 

In each chapter 

Study Design coverage and extracts 

are shown at the start of the chapter, 
Ea study Design coverage 

AREA OF STUDY 2: FUNCTIONS, RELATIONS AND GRAPHS 
ith a listi i + rational functions and the expression of rational functions of low degree as sums of partial fractions 

along with a listing of Nelson MindTap * graphs of rational functions of lw degre, tel asymptote behaviour, and thernature and location of 
chapter resources. stationary points and points of inflection 

‘= graphs of simple quotient functions, their asymptotic behaviour, and the nature and location of stationary 
points and points of inflection 

VCE Mathematics Study Design 2023-2007 p. 110, © VCAA 2022 

Nelson MindTap cengage.com.au/nelsonmindtap 

Scalar product and vector 

Important words and phrases are projections 

aed blue ag ieted ney rr itenattpoitwtnredineceuesrabereneareace Sn 
Glossary and index at the back ‘The symbol used is a dat + 

of the book. ‘The scalar product is used in many contexts and problems when dealing with vectors. 

Properties of the scalar product 
1 The scalar product isa real number, not a vector. 
2 The scalar product is commutative. 
3. The scalar product is distributive over vector addition. 
4 The scalar product is found by the formula: 

Important facts and formulas are i= afoleos(o) 
highlighted in a shaded box. where is the angle between the two ‘outgoing’ vectors. 

5 Ifa =i +a,j +ajk and b=b i +b,j + byk, the scalar product is found by the formula: 

a+b =ayb, + a,b, +a5b5 

6 m(a-d) (ma) -b =a+ (mb) forall me R. 

=2 is perpendicular tob. 

|b] = 2 is parallel to b. 

Worked examples are explained 

fren WORKED EXAMPLE 6 For acToMs clearly step-by-step, with the 
fa tind the scalar product ofthe vetorsa =1—2) + 7kand b=31 +E : 5 
|i nd the vlueofm ifthe vcorsy=1~2)+7kand b=3-+m)-+kare pependclar mathematical working shown on the 

9 right-hand side. Steps 
Use the formula 1x3) + 2x0) +x 0) 

aeb= ab +b, 
——___. Exam hacks highlight valuable exam 

Be arefulifone of the componenis is missing st can lead toa careless mistake. hints and common student errors. 

b 1 Usethe formula a b= (13)4(-2%m)+ (7X1) 
a-b=ab, +a,b,+ a,b, 

2. Use the formula for perpendicular vectors a 
a: b=0 to solve form. 

Links to scaffolded matched examples 

in the Mastery Workbook (WB). 
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x 

Using CAS provides clear instructions for 

TI-Nspire and Casio ClassPad calculators. 

Graded exercises, including Recap, Mastery and 

Exam practice questions, are linked to worked 

examples and Using CAS, and include past VCE exam 

and exam-style questions. 

Recap questions revise skills from the previous 

exercise, Mastery questions provide skill practice, 

while Exam practice applies learned skills to 

VCE exam and exam-style problems. 

fo vous EERE ah Teche 
Past VCE exam questions are clearly tagged and 

graded by colour-coded success percentages based on 

VCAA data, presented in the order: Exam 1, Exam 2A, 

Exam 2B. 

2021 exam year 

Northern hemisphere exam 

VCAA sample exam 

Technology not permitted 

1 Exam 1 (tech-free) 

2A Exam 2 Section A (multiple-choice) 

2B Exam 2 Section B 

For multiple-choice questions and other 1-mark 

questions, the success percentage is the percentage 

of students who answered correctly. For questions 

worth more than 1 mark, the success percentage is 

the mean percentage result scored by students. 

Success percentage range 

(80-400% (straightforward) 83% 

(60-79% | (standard) 62% 
(089%) (complex) 5% 

Note: Questions from Northern hemisphere and VCAA 

sample exams do not have success percentages. 

Nelson ViICmaths Specialist Mathematics 12 

{21 dem 
tara 

dir.) 
. 

1 Create a1 x3 matrix and store using => as, 1 Set the modes to Decimal and Deg. 
‘m, as shown above 2 Press Interactive > Vector > angle. 

2 Repest for matrix, 3 In the dialogue box, in the Vector: field enter 
3 Tap Interactive > Vector > dotP. ‘mand in the Another: field, enter n 

a 4.In the dialogue box, in the Vector: field enter 4 To confirm, find the cos of dotP(m, n) 
‘mand in the Another: field, enter. divided by norm(m) times norm(a), as shown 

PCIE cater proauct and angio botwoon vectors 
~@ | For the vectors m = i-2)+4k andn =—2i + j+3k, find the 

a scalar product b angle between the vectors, 

[1 2 de had 
(at a)ae fea 
etna) . 

1 Createa 1x3 matrix andstoreitintom,as _1 Set the mode to DEG. 
shown above. 2 Press trig > cos" 

2 Repeat formatrixn 3 Enter dotP(m.n) divided by norm(m) times 
3 Press menu > Matrix & Vector > Vector > norma), as shown above 

Dot Product. 4 Press ett += to find the approximate angle 
4 Enter m,n to find the scalar (dot) product between the two vectors. 

ClassPad 

(1-2 dem 

above (optional). 

Scalar and vector projections 
Every vectorcan be written as two components perpendicular to each other. In many real-life 
circumstances, this is used in reference to a particular vector. 

EXERCISE 1.2 Linear dependence and independence of vectors ANSWERS 0.555, 

© Recap 

3 10. 

1 3 
1 For the vectors m = | and n= 3 find 

amto bm-a ema 4 [a ea 

2 The unit vector for the vector pi ~2) is 

A pi -2)) BP +42) e ——(ri-2)) 
¢ : Vers 

> i-2)) « (Fr 

\—@ mastery 
1 3 Determine whether the two vectorsa =—3i + j~3k and b= i] + are linearly 

dependent. 
3 

ands =|-5 | are linearly dependent, 4 Determine whether the vo] 1 
u 

1 3 3 
5 Given p | ih {J=-[2] find 

eal” La u 
a -p+g » [A +19) © |p+y 

Determine whether the vectors a= 4i + j + 3k.b=2i—j +3k and 
i + 2j + 6k arelinearly dependent. . ° 

3 
5 | the values of m and m in the 
n 

1 3 
7 For the linearly dependent vectorsp =| 1} q=|—I) andr = 

So Lay? La equation p = mg +m are 
201 A m=Ln=1 © m=-5n=5 

Dom=1n 

Exam practice (0-100% 00-7Ot OSH 

\___e 9 GREEN zis) omy (@ mario) Find the value of d for which the vectors = 2i —3)+ 4k, 
i + 4) — 8k and c= 61 + 2) + dk are linearly dependent. . 

9 ERENY 2180205] For thevectorsa =i +3j-k.b= 
linearly dependent, the value of 2 must be 
a0 BI 2 D3 Ed 

= 4) + 2kand c 6) +Ak tobe 

10 EERIE 2000 28015 | (72H) The vectorsa =i +2j—k, b= Ai +3) + 2k andc =i +k will belinearly 
dependent when the value of 2 is ° . 
al B2 3 Da ES 

9780170448543



At the end of each chapter 

VCE question analysis leads students through a 

past VCE exam question that exemplifies the chapter, 

discussing how to approach the question, providing 

advice on interpreting the question, common student 

errors, and statistics on student performance. 

@ VCE QUESTION ANALYSIS. 
WEEN 255 ) 2014 Exarinaton2 Section BOs 3 (10mars) 

wee | Leta =31+2)+ kandb=21 -2) -k 
| a Express as the sum of the two vector resolutes, one of which is parallel to band the 

other of which is perpendicular to b, Wenify clearly the parallel vector resolute and the 
perpendicular vector resolute Sans ——2 COABC!s paralldogram where Dis the midpoit of CB. OF and AD intersect at point P 

Le =4 and OC =_ 

Chapter summary for easy reference. 

Cumulative examinations 1 and 2 are 

mini-exams based on the format of the 

VCE examinations 1 and 2, with around 

50% of questions focusing on the 

chapter in which they appear. 

9780170448543 

Hl Hence deduce the values ofa and f. 

1 Given tha AB = «AD, write an expression for A in terms of, and 2narke 
{i Given that OP = BOB, writeanother expression for AP intermsof fa and. 1 mas 

2 marke 

Reading the question 

results stated separately. 

Vectors 
+ Avector describes both magnitude and 

direction. 
Moy 

“The vectorabove canbe writen as AB ary 
+ tength = lu —5)) +0 iF 

‘This is called the magnitude ofthe vector. 
+ The direction ofthe vector can be considered 

using geometry and trigonometry 
+ Orthogonal unit vectors: 

{is the unit vector that runs along the s-axs. 
jis the unitvector that runs along the y-axis. 
[ss the unit vector that runs along the =a 

[Any vector cam he written in terms ofthese thrce 
‘orthogonal unit vectors. 

+ The magnitude of vectora = xi+ yj+2k isequal 

Unit vectors: 
+ Aunit yectorhas a magnitude ofl 
+ The unt vector heading in the direction of has 

the notation 

v 
Adding and subtracting vectors 
We can add vectors gcomettcally and algebraically 
Addition 

+ Note that the question asks forthe sum ofthe two vector resolute; not just the two 

+ ‘The rst question is about the parallel vector resolute and the perpendicular vector resolute, 
+ The question moves into a Vector Proof question scaffolded stage by stage. 
+ Make sure youknow what ‘in terms of’ and Weduce' mean, 

SE © Chapter summary 

Subtraction 
“To subtract the vector BC from AB, ad the 
opposite of B: 

Linear dependence and independence 
of vectors 
For two vectors that are not parallel 
img nb = pa-+qb, then m=p and n= 9 
So wean equate the coefficients of the vectors 
levectnrc cam be written as linear combination 

‘of vectors and by thon a, band cae std tobe 
linearly dependent. 
“Thismeans that when ¢= mg + nb forreal numbers 
mand n, where m and are not zero, then band 
are lincaly dependent 
‘Comrscy if vector cannot be writen asa linear 
‘combination of vectra and by then a, band ¢ are 
said to belincarly independent. Thiscase mans that, 
‘when ¢= mg + nfor eal numbers m and nthe only 
solution to the equation ¢=ma +nbisthat m= n=0, 
For twa dependent vectorsin 2D, they must be 
parallel; ones a scalar multiple ofthe athe 
In other words, asct af two vectorsis linearly 
dependent if onc is parallel to the other, and 
Tineatly independent i they are not parallel. 

Resolving vectors 
Wecan use the unit vectors, j and to express any 
vector in terms ofthe three axes xy and = 
+ Albo.3 = cos(a}i + ens(8) +cos(yk 

os CUMUlative examination 2 

“Tlal number ofmarks:20 Reading time:4 minutes Writing time: 30 minutes 

Approved technology is permitted 

Section A 5 multiple-choice questions 

If ieacalz ang between and § 30 then m ual 
A N241 B23 

( 2 B 

7) Consider the vectors given by = mi + j and b= 1 + mj where m © R 

2 ERENST95) [a +b + bfanda-b0.whichoncof the llowing is necessarily true? 
A aispualeltob 8 halls 
Ds 

9 EEERY S207) The vectorsa = 
mnstant, ate linearly dependent if 

A d=-10 Bde RU) 
D de R\-10) Eder 

+ 3j+ a it |-dkande= 21+ 

© ab 
b E a isperpendicular to 

where dis areal 

© d=-14 

4 EEREBIY 59724032) Given the vectorsgivenby a = 31 4j +12 and b = 2) +2). the vector 
resolute of gin the direction of bis 

M 4 4 (isa) 4) 

-# & 4 (3-4) +12) 8 i@i41* 1) 

4 oe - H(i +2)-1) 9 iti-#) 
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At the end of the book 

CHAPTER 1 
EXERCISE 1.1 

8 pani component 2}¢26, 

EXERCISE 4, 

. [3] c- 
Li) 

A ccombined Glossary and index. 

ends compos +188) 

Answers (with worked solutions provided 

on Nelson MindTap for teachers to 

allocate to students). 

Glossary and index 

sboolute value (or modulus) The unaigned magne of 
{real number othe distance ofthe mumbe rom 0a he 
number ine For example the abot vale 7, wrt 
as 7,447. Ala, 
the plcewwefuncton: 

‘Able atte can be dein by 

acceleration The ric of change of loca of «moving 
bt, presente by the fanctna 
the velo (signed spe) apd xs the dlacement 

a(t wv it Also a =v or £0? | Convery. = J ty 
p29 
slrresiance Inston tothe gravtatioalaccekraton, 
‘etading ce acing the oppostedrecton tothe obs 
‘duecton of motion (p45) 
ternative hypothesis (sym: A statement about 

‘ popilaton parameter thatthe oppose nd 
‘complementary the mllhypeties stall ciming 
Somme eft or ference. the nul hypothesis ected 
then the alematve hypthes a upport 
Seal mull hypothesis p25) 
ant derivative (or integral or prime) The opposte of 
the deatve The ant-derwate aff (20) 2 funeton 2) 
whose demvaesf(2- F(a) =f(2(p.220) 

carsan or or cage frm) The comet 
fom ftheequatonea graph thy tin ara 
funionot 40 
Seatoporform 
caring capaci Ina gc mo frpoplstinn fovharyngeapacty the maxim ner ie 
Evacanent anspor (38) 
Seatolaitic moa 
cena theorem Ares frst 
Inge (2 30 nom snp ofa randon vane X tom 2 dsitaon wth eanjandstandrddevatone be 
‘isrbatin ofthe mean oh sans» aprocnale 
noma mean nda deiton-©(p.521) 
<Qainele A Soma rangi derma ‘ompontefncton My ahd wegen 
0 eat 
complex ono The conto he conpler numer 
Spits ytbesamecaprason wh he's changetoa crneevena) (p19) 
complex numbers) Nanbers te fm + 
thor randyarerea mune andthe magna} hunter wife = Vor iudral alandagmary 
numbers (p19) 

complex plane Sec Angand diagram. 
‘complex polynomial polynomial whos coflcent and 
‘anablearecompl umber. (p 176) 

(p26) 

arclengh Thelenghof th graphotfuncton over 
Sh wtervalfrom r=, t0x= 1, gen by the formulas 

‘compound ange formulas So sum and dfeence formulas. 
‘compound sentence stalement contami woo. 

Nelson MindTap 
Nelson MindTap is an online learning space that provides students with tailored learning experiences. 

Video playlists Access tools and content that make learning simpler yet smarter to help you achieve VCE maths mastery. 

Nelson MindTap includes an eText with integrated interactives and online assessment. 

Worksheets Margin links in the student book signpost multimedia student resources found on MindTap. 

Skillsheets Nelson MindTap for students: 

« Watch video tutorials featuring expert teacher advice to unpack new concepts and develop your 

understanding. 

« Revise using quizzes, worksheets and skillsheets to practise your skills and build your confidence. 

« Navigate your own path, accessing the content, analytics and support as you need it. 

Nelson MindTap for teachers*: 

¢ Tailor content to different learning needs — assign directly to the student, *Complimentary access 

or the whole class. to these resources is only 

available to teachers who use 

this book as part of a class set, 

book hire or booklist. 

Contact your Cengage 

Education Consultant for 

information about access and 

conditions. 

« Monitor progress using assessment tools like Gradebook and Reports. 

« Integrate content and assessment directly within your school’s LMS for 

ease of access. 

« Access topic tests, teaching plans and worked solutions to each exercise 

set. 

xii Nelson VICmaths Specialist Mathematics 12 9780170448543
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Companion resources 

Mastery Workbook 

« Step-by-step scaffolding to guide students towards mastery of the course content. 

« Write-in support that encourages students to show working. 

« Matched examples for every worked example in the student book. 

¢ Full integration between student book and workbook. 

« Answers (worked solutions for teachers on Nelson MindTap) 

Examplus 

¢ Create and simulate exam-like conditions in minutes. 

« Save time with an extensive bank of filterable and difficulty-graded questions for Year 12. 

Over 1000 past VCAA and unseen exam-style questions and solutions all in the one place. 

Extensively researched and user-tested. 
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TI-Nspire CAS introduction 

The latest TI-Nspire model is TI-Nspire CX II CAS. When purchasing 

a new handheld, you also gain access to the student software. If you 

purchase a used handheld, then you can pay an additional fee for the 

student software. Alternatively, you can connect your handheld to your 

computer using the TI-Nspire™ CX II Connect web-based app, which 

enables you to perform a variety of functions such as screen captures, 

file transfers and operating system updates. 

Note that there is also TI-Nspire non-CAS technology available. 

It is vital that you use the CAS technology. 

TI-Nspire CX II CAS 

Student book instructions 

The instructions in this student book use words instead of symbols. Most keys on the keypad are clearly 

labelled with a word or an abbreviation. Four words that are used to represent less obvious keys are: 

| home tafon 

catalog 3) 

template teife 

Scratchpad Ig 

Several keys have a second function highlighted in blue above the key. For example, press ctrl + x? to access 

the square root function J. 

Applications 
The applications available are outlined below. 

ft CAS 

Scratchpad Documents 

1 New 

Add Calculator 

Add Graphs 

Add Geometry 

Add Lists & Spreadsheet 

Add Data & Statistics 

Add Notes 

Add Vernier DataQuest™ 

Add Widget 
Add Program Editor 

A Add Python 

O
©
M
N
O
n
B
W
N
 

=e Blea 

Press home to view the home page. The Scratchpad When you select Documents > New from the home 

options on the left are available for quick calculations page, a list of the seven applications plus three 

and graphing. The Document options on the right additional menu options will be displayed. From 

are used for navigation. The seven icons on the any application, press ctrl + I (for insert) to display 

bottom are the main applications. this list and add a new page to the document. 
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Menus 

The instructions in this student book primarily use the Calculator, Graphs, Lists & Spreadsheet and Data & 

Statistics applications (see Hints on page xviii). The following figures show the initial menu options for 

these four applications. These menu options link to submenu options, which are not shown below. On the 

handheld and software, the applications are referred to as Documents. In the student book instructions, the 

applications are referred to as pages of the document (e.g. Add a Graphs page). 
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Calculator Graphs 

Number , 2 View » 
= 3 Algebra , Ss 3 Graph Entry/Edit » 

S¢ 4 Calculus , Q 4 Window/ Zoom » 
@ 5 Probability » {5 Trace » 
X 6 Statistics , ‘Q 6 Analyze Graph 
ba 7 Matrix & Vector , FB 7 Table 
$€ 8 Finance » Bs Geometry 
3 9 Functions & Programs » 

139 Settings... 

Lists & Spreadsheet Data & Statistics 

2 Insert + 

“33 Data» 
X 4 Statistics > 
—}5 Table » Window 
ee | ; 

6 Settings... ~~ -f this problem 

T
e
m
a
s
 

Of
 
«
O
I
 

2 

3 

4 

$ 

Click to add variable 

If your document contains more than one page, move among them by clicking on the numbered tabs at 

the top of the screen. Alternatively, press ctrl + left arrow or ctrl + right arrow. To view all the pages of a 

document, press ctrl + up arrow. 

All menu and submenu options include numbers. The student book instructions do not include numbers. 

For example, the instruction in a Calculator page for clearing all calculations is ‘press menu > Actions > 

Clear History. The shortcut is ‘press menu > 1 > 5. For efficiency, you are encouraged to learn the sequence 

of numbers for frequently used commands. 

Document settings 
The document settings can be accessed in the following ways: 

1 From the home page, press Settings > Document Settings. 

2 From a document page, press the doc key or click on Doc at the top of the page, then select 

Settings & Status > Document Settings. 

3 Click on the battery icon in the top right-hand corner of the page, then select Document Settings. 
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xvi 

The document settings shown below are the primary ones you will be using. 

Document Settings 

OK — Cancel 

The screen above shows the default document 

settings. The Display Digits field is set to Float 6, 

which means up to six significant figures will be 

displayed. 

Document Settings 

OK — Cancel 

There are three Angle options shown above. Select 

either Radian or Degree. These two angle settings 

can be toggled at any time by clicking on DEG or 

RAD in the top right-hand corner of the screen. 

Templates 
The template key is located to the right of the 9 key. 

Boo oO oP fe 
coo Ge] > GF) Ged Ze te 40 fo 0 Be 

lien 
oF0 

Press template to view the template options. Most 

templates will be directly inserted but for some, you 

will be prompted with a dialogue box. For example, 

after selecting the 3 piecewise function template, 

you will be prompted for the number of function 

pieces. 

Nelson ViICmaths Specialist Mathematics 12 

Document Settings 

ER «cance: 

Click in any field to display the options. The screen 

above shows the Display Digits options. Scroll 

down to select a specific number of decimal places. 

Document Settings 

Cancel 

There are three Calculation Mode options shown 

above. It is recommended that you keep the default 

setting of Auto. If you require an approximate or 

decimal answer, press ctrl + enter or include a 

decimal point in your calculation. 

The screen above shows three examples using 

templates: an absolute value, a derivative and an 

integral. Many of the templates can be accessed 

using keys on the keyboard, for example, fraction, 

square root etc. 
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Catalog 
The catalog key is located to the right of the template key. In addition to using the menus and submenus, 

you can access all the commands using the catalog. The advantage of using the catalog is that it shows the 

parameters required for each command at the bottom of the screen. Optional parameters appear in square 

brackets. 

For example: 

factor(x2-9) (3): (e+3) 

z 

i) 
FE 
(4) 
> 
a 
° 
ec 
FE 

= 
o 
< 
° 

Ww 

a 
7) 
z 
“_ 
FE 

- factor(e2-8) x7-8 

Can aR. factor(x2-8,x) (c-2: 42): (x+2- (2) 

f& (Cleweards on 

factorExprisvarp] | 

Press catalog and ensure tab 1 is selected. Press F When you factor the expression x” — 9, the solution 

to jump to the commands starting with F. Scroll is (x - 3)(x + 3). When you factor x” - 8, the 

down to factor(. The parameters for the factor expression remains unchanged. However, if you 

command appear at the bottom of the screen include the optional parameter, x, the expression 

(see red rectangle). Expr is a required parameter. will factorise to (x = 2V2)(x ae 2/2). 

The square brackets around Var means it is an 

optional parameter. 

Symbols 
All symbols are listed at the end of the catalog. To access the symbol palette, press ctrl + catalog. 

Frequently used symbols are available in mini-palettes by pressing the keys shown below. 

cos tan csc sec cot >|<l# i 7 e @Q 
in =) tant = 4 ‘ sir cos’ tan csc sec cot’ > < | | ‘ r 9 i 

Press trig to access the Press ctrl + = to access Press TI to access commonly 

trigonometry functions. the inequalities and the used symbols. 

constraint symbol. 
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Hints 
The instructions below provide a few hints to assist with using the four main applications. 

Calculator 

Define A(x)=2:x+3 Done 

A2) 7 i 

glc)=x? Done 

22) of 
Sa 5 

a 5 

There are a few options available to define or store 

functions and variables. 

1 Press menu > Actions > Define. 

2 Press ctrl + template for the := symbol. 

3 Press ctrl + var for the store symbol. 

Press var to view the list of defined and 

stored variables. 

Graphs 
Graphs & Geometry Settings 

» 

> 

> 

o
a
 

OK — Cancel 

Press menu > Settings to view and/or change the 

settings for the Graphs and Geometry applications. 

The default setting for Display Digits is Float 3 

so change this if you need greater accuracy. The 

Graphing Angle is set to Auto but can be changed 

to Degree or Radian. 

xviii | Nelson VICmaths Specialist Mathematics 12 

Define Alx)=2: x+3|-25xS2 Done 

A2) 7 

A3) undef | 

ClearAZ Done | 

42 42 

Press ctrl + = to access the constraint symbol ((). 

1 Use constraint for substitution. 

2 Use constraint to limit the domain of a function. 

Press menu > Actions > Clear a-z to 

delete defined variables. 

The constraint command can also be used ina 

Graphs page to specify a domain. 

Press menu > Trace > Graph Trace to identify 

points on a graph. 
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# 1 Actions 
2 View 

> 3 Graph Entry/Edit », zero 
Q 4 Window/Zoom *" ce 
(5 Trace 2 Minimum .7  TAnaWzeIGrah| °° Maximum 
7 Table i : enon 

B 8 Geometry 2 . Ru 6 dy/dx 
£2 9 Settings... xb» 7 Integral 

n(e)=fx2-4,-32xs3 AX 8 Bounded Area 
+87 © 9 Analyze Conics * 

A second option for identifying key points on a 

graph is to press menu > Analyze Graph. These 

options prompt you for a lower bound and upper 

bound to locate the point. 

Lists & Spreadsheet 

W
N
 

= 

The columns in the Lists & Spreadsheet application 

can be used for lists. Above, the values in the list 

in column B are the squares of the values of the list 

in column A. It can also be used as a spreadsheet. 

The value in cell C3 is the value in cell A3 raised 

to the power of 4. 

Data & Statistics 

12 

5, ) 
> 

6 

@ 

Eee 
T. T. Pa T T © T T. 

08 12 16 20 24 28 3.2 36 40 
x_val 

The Data & Statistics application is reliant on 

lists generated in other applications. It is designed 

for ungrouped data. The plot above displays the 

x_val and y_val lists from the Lists & Spreadsheet 

application. 

9780170448543 

% 1 Actions 

= 2 Point On 
(,)3 Point by Coordinates (p) 

|>v 4 Intersection Point(s) 

| 5 Line 
-* 6 Segment 
7 Ray apes » 

7<.8 Tangent rasurement > 
-" 9 Vector nstruction » 

<A Circle arc ansformation » 

A third option is to press menu > Geometry > 

Points & Lines. Locate points of intersection or place 

points on the graph and move them along the graph. 

Click on a coordinate to manually change a value. 

ap 1 1 
2 2 4 

3 3 9 81 

4 4 16 

Ss . 

y_val:=a[ Hi }?? GAY 

Calculations using lists can be completed using 

the column headings A, B, C etc. Lists need to be 

labelled to be used in other applications. List A 

above has been labelled x_val and list B labelled 

y_val. List names cannot have spaces so spaces are 

replaced by asterisks. Alternatively, press 

ctrl + space bar to insert the underscore character 

instead of a space. 

08 12 16 20 2.4 28 3.2 3.6 40 
x_val 

Press menu > Plot Type to view the various 

graphing options. Options 1 to 4 are for univariate 

data (one list). Options 5 and 6 are for bivariate data 

(two lists). Options 7 to 9 are for categorical data 

(one list). 
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XX 

Operating systems 
Ensure the latest operating system is installed on 

your handheld and software. 

Installing the latest operating system is relatively straightforward. 

Using the USB cable provided, 

connect the handheld to a computer with the student 

or computer link software installed. Select Help > Check 

for OS Updates. If you see a message that a new OS is 

available, follow the links to install it. Alternatively, go to the 

TI website at https://education.ti.com/ to download 

the latest operating system. Select Tools > Install OS 

then select the downloaded file. 

To determine the version of your operating system, 

press home > Settings > Status. At the time of 

publication, the operating system for the CX II 

is version 5.4.0.259. 

Nelson ViCmaths Specialist Mathematics 12 

Handheld Status 

‘Storage Capacity: 92.3 MB 

Sto 

Network: Wireless client is not attached. 

Login: Not logged in. 

About 
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Casio ClassPad introduction 

The latest model of the Casio ClassPad is the fx-CP400. 

The connectivity software Screen Receiver, Share Assistant 

and Program Link Software can be downloaded for free. 

The ClassPad Manager software emulator is a separate 

program available at an additional cost. 

Casio ClassPad 

Student book instructions 
The instructions in this student book use words instead 

of symbols. ClassPad tools are located at the top of the 
< are “45 Graph aa 

screen. These tools vary with each application. Initially, 

these instructions will show a tool enclosed in a red View Window Poa 

rectangle with the corresponding word highlighted 

in red. Examples are shown here. Table 

Table Input Pes] 

Applications 
The applications available are outlined below. 

= @ 

Tap Menu to view the applications. Slide the scroll bar at the bottom of the screen to 

access the full list. 
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xxii 

The instructions in this student book will primarily use the Main, Statistics, Geometry, Graph&Table 

and Conics applications (see Applications on page xxiv). All these applications have the # (systems) 

and Edit menus available at the top left of the screen. 

Edit Action Interactive 
Variable Manager 

View Window 
Basic Format 

Graph Format 
Geometry Format 
Advanced Format 
Financial Format 

Default Setup 

Main 

Keyboard 

Tap #§ to view the system menu. The menu 

options allow you to manage variables and 

format applications. 

Document settings 

Current Folder 

aif 
Tv) 

’ 

Complex Format 
[Decimal Calculation 

Assistant 

Descending Order 
Variable is Real 
Q,, 3 on Data 

Set Cancel Default 

Alg Standard Real Red @ 

Tap > Basic Format. The screen above shows 

the default document settings. The Number 

Format default field is set to Normal 1. 

2 [Efit] Action Interactive 

eens SET 
Select All 

Delete 

Clear All Variables 
Clear All 

Tap Edit to view the edit menu. The menu options 

allow you to cut, copy, paste and delete screen 

content and clear variables. The Edit menu varies 

with each application. 

Current Folder 

WZ Descending Order 
Variable is Real 
Q,, 3 on Data 

Set Cancel Default 

Alp Standard Real Red @ 

Tap the Number Format field to display the 

options. The screen above shows the Display Digits 

options. Scroll down to fix a specific number of 

decimal places. 

The settings Standard/Decimal, Real/CpIx and Rad/Deg/Gra can be toggled at the bottom of the screen. 

The recommended settings are Standard, Real and Rad. 
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Keyboard 
There are nine soft keyboards available. 

Line 

| Matha. p 
[Math Ta 
trio aa 
| Var ~ 

[abc LE 
EAL~ 
Alg Standard Real Rad @ 

Press Keyboard to view the soft keyboards. The Math1 

soft keyboard is shown above with the simultaneous 

equation template highlighted in red. Tap the left tabs 

to access the other keyboards. Press the down arrow to 

view the second screen. 

alg ‘Standard = Real Deg @ 

Tap Math2 to display the soft keyboard. 

The derivative and integral templates are 

highlighted in red. 

(man [alole|dlelr 

(watt oy lalalele 

| Trig s|t\|alu|mwix 

ca Ty} 2 ]O|. | > | cas] 
[abe | J 

v || @ | Se | Se | ans | Exe 

Alo Decimal “Real Deg = 

Tap Var to access the variables. Use variables, 

not letters, in your algebraic calculations. 

9780170448543 

[Catalog| |aleiclplelFl> 

Advance fag ry) Form 
a, [Number | 3 gui 
abExpR 
abExpReg 
abs( INPUT 
absExpand ( 
aCoef 

[ET |lacSea Ga EXE 

Alo Decimal ~~ Real_‘Deg @ 

All functions can be accessed from Catalog. Tap 

on the letters at the top to jump through the list. 

Press the up arrow to return to the first screen. 
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Alg 

The Math template is shown above with the 

piecewise template highlighted in red. Use this 

keyboard for inequalities. 

abe opy Math | Symbol 

1]2]3/4/5]6/7/s|{9]o]- 
ajwie|rjtlyjulijo|p/@| 

ajs|d/fialh/j/k/1]; 

4|z]/x|c|v|b|[n}m|, |. ars 

Sa 
jAlg Decimal Real Deg = @l 

Tap abc to access letters and symbols. Use letters 

to name functions and matrices, etc. Tap the tabs 

at the top of the screen to access the range of 

symbols. Press back to return to the main screen. 
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xxiv 

Applications 

Main 

© Edit Action [interactive] 
cs [Tia Transformation 

Advanced 
o Calculation 

Complex 
List 

Matrix 
Vector 

Equation/inequality 

Assistant 
Distribution/Inv. Dist 

Financial 
Define 

In Main, there are two menus available to enter 

functions, Active and Interactive. With the 

Interactive menu, users are prompted with a 

dialogue box to enter the parameters. With few 

exceptions, the instructions in this student book 

are written using the Interactive menu. 

For derivative and integral it is easier to use 

Interactive > Calculation > diff or summa (J) 

rather than the icons in Math2. 
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© Edit Action Interactive 

1] Ge [Ra] sine | ’ [ab Ss L. 

Define f(x)=2-x+3 fa 
done 

£(2) 
wi 

Sea 

5 

Oo 

a 
(Matht [Line] | va] x [> || 

To define a function, enter and highlight the 

expression then tap Interactive > Define. The store 

arrow is available from the Math and Trig soft 

keyboards. Store can be used to store values. 

Use the abe soft keyboard to label values. 

All algebraic working uses Var and not abe. 

Define a function will be over-saved with a new 

defined function. 

In contrast, stored variables need to be cleared 

using Variable Manager. 
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Graphing 
There are two main options for graphing functions and relations. 

© Edit Action Interactive 

In Main, tap Graph to open the graph window. 

Enter and highlight the function or expression and 

drag it into the Graph window from either the right 

or left side. 

Tf the function has a restricted domain, it must be 

dragged from the left side of the screen. 

The significance of Main is that the equations are 

on the top and corresponding graphs are on the 

bottom of the twin screens. 

Cis 

Plot 
Line 
Text 

4 Tangent 
Normal 

There are several menu options available to analyse 

graphs. Tap Analysis > Trace and press the arrow 

keys to move along the graph. Tap Analysis > 

Sketch for the options shown above. 

9780170448543 

© File Edit Type 

Graph&Table is used much less frequently because 

it requires rearrangement in terms of y=... 

Tap Menu > Graph&Table. Enter the function 

then tap Graph. The instructions in this student 

book use the Main option in preference to the 

Graph&Table option. 

Tap Analysis > G-Solve to identify key features 

of a graph. For example, select Root to find the 

x-intercepts and select Intersection to locate points 

of intersection of two graphs. G-Solve gives decimal 

values. Use Main to calculate exact values. 
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xxvi 

Statistics 
@ Edit Calc SetGraph « 

Ui [$3] vee |S. [Oe 
list 1 list2 

O
O
H
 

t
S
w
a
s
]
9
H
M
s
e
N
n
—
 

Tap Menu > Statistics to open the Statistics 

application. The default settings show list1, list2, 

list3 etc. If required, tap on the list name to enter 

a new heading. 

Set StatGraphs 

XList: 

| Freq: 

Tap SetGraph to set up the statistics graphs. 

Tap Type: to view the graphing options for 

statistical graphs. When finished, tap Set. 

© File Edit Graph Calc 

fea] s [Jes] fesfiinl 
A | B ¢ lg 

1 1) 1 
2 2) 4 
3 38 | 
4 _4 16 | 
5 5) 25 | 
iz 36 I 

id al 49 | 
8 s[_—6q] 
9 

Tap Menu > Spreadsheet to open the Spreadsheet 

application. Values and formulas are entered using 

standard spreadsheet techniques. Column A shows 

the numbers 1 to 8 and Column B shows the square 

of the numbers. 
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OK 

Tap Calc to view the Calculation menu options. 

Tap One-Variable for the dialogue box used to 

calculate statistical analysis of a list. The screen 

above displays the one variable statistics for list1 

for the frequencies in list2. 

53 2 3 4 3 6 

[@a | 

Tap Graph to display the statistical graph. 

The graph above displays a histogram of the 

list1 values for the frequencies in list2. 

@ Edit View Type Calc {x} 

rTP] 
A B 

1 1 | 
2 2 4 

3 3} x i 
4 4 16] 
5 529) 
6 6| 36 
i] i | 
=A1*2 vx) 

60: is 
. 

. 
. 

Ps 
. e 

* 5 

Highlight the required data and tap Cale to 

access the range of statistical functions. 

Highlight the data and tap Graph to access the 

range of graphs available. The graph above shows 

a Scatterplot of the squared values. 
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Operating systems 
Ensure you have the latest operating system installed on 

your handheld. 

Tap Settings (located in the bottom left corner of the screen) 

then select Version. At the time of publication, the latest version 

is 02.01.7001. 

To download the latest operating system, go to the Australian 

Shriro website at www.casio.edu.shriro.com.au/classpad.php. 

Using the USB cable provided, connect the handheld to a 

computer. Start the installation program and follow the prompts. 

Some of these prompts will be on the computer and others 

will be on the handheld. 
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CHAPTER 

VECTORS 

Study Design coverage 

Nelson MindTap chapter resources 

1.1 Operations with vectors 

Adding and subtracting vectors 

Position vectors 

Using CAS 1: Operations with vectors 

Scalar multiplication 

1.2 Linear dependence and independence of vectors 

1.3 Resolving vectors 

1.4 Scalar product and vector projections 

Using CAS 2: Scalar product and angle between vectors 

Scalar and vector projections 

Projection of vectors 

1.5 Vector product 

Using CAS 3: Vector product 

1.6 Parallel and perpendicular vectors 

1.7 Vector proofs of geometric results 

VCE question analysis 

Chapter summary 

Cumulative examination 1 

Cumulative examination 2



Study Design coverage 

AREA OF STUDY 5: SPACE AND MEASUREMENT 

Vectors 

e addition and subtraction of vectors and their multiplication by a scalar, position vectors 

e linear dependence and independence of a set of vectors and geometric interpretation 

e magnitude of a vector, unit vector, the orthogonal unit vectors i, | andk 

e resolution of a vector into rectangular components 7 

¢ scalar (dot) product of two vectors, deduction of dot product for the i, j and k vector system and its use 

to find scalar resolute and vector resolute 7 

e vector (cross) product of two vectors in three dimensions, including the determinant form 

e parallel and perpendicular vectors 

e vector proofs of simple geometric results, such as ‘the diagonals of a rhombus are perpendicular’, ‘the 

medians of a triangle are concurrent’ and ‘the angle subtended by a diameter in a circle is a right angle’. 

VCE Mathematics Study Design 2023-2027 p. 112, © VCAA 2022 
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Operations with vectors Representing vectors + Unit vectors 

Linear dependence and independence Scalar multiplication 
of vectors Scalar product » Component form of the 

Resolving vecto dot product Properties of the dot product 

Scalar product and vector projections Projections 
Vector product Vector product 
Parallel and perpendicular vectors Parallel and perpendicular vectors 

: Resultant and unit vectors in 3D space 
Vector proofs of geometric results : 

Wectore Proofs using vectors * Geometry proofs 

using vectors 

’ To access resources above, visit 
& Nelson MindTap cengage.com.au/nelsonmindtap ry 1 

a @) Operations with vectors 
Video playlist 
Operations 

A vector is defined as having a magnitude and a direction. B B with vectors 

The vector AB is a line of magnitude | AB| and direction starting at a en 
~ Worksheet 

A and finishing at B. Representing 
vectors 

A vector can also be expressed with the tilde symbol ‘~; A A 

for example, a. 

Adding and subtracting vectors 
We add vectors by placing them ‘head to tail’. 

In this diagram, AB + BC=AC. 

We subtract vectors by reversing the direction of the vector that is subtracted. 

In this diagram, AB — BC = AB+ BC’ = AC’. 
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Position vectors z 

Vectors can be written with reference to a certain point, usually the origin, O. 

i is the unit vector in the x direction. 

j is the unit vector in the y direction. 

k is the unit vector in the z direction. 1 

Consider the three position vectors: a = 2i + 3j,b = i-4j,c=-3i + j Ps 

Adding and subtracting the matching terms, we get ° ° 

a+b=3i-j 

b+2¢=-5i 2) 
3a—b+e=2i + 14j 

x 

Another way of expressing the position vector xi + yj + zk is (x, y, z) or} y |. 

z 

Vile) 14> | BS Position vectors 

For the given diagram of a regular hexagon, express AB in terms of e and d, where OA is the position 

vector a. 

Steps Working 

1 Label the hexagon, adding a chosen origin, O. 

A B 

F Cc 

E D 

2 Express AB in terms of e and d. AB= AO + OB 

Also AB = ED (sides are parallel). 

So AB= ED = EO +OD 

giving AB=-e +d. 

Unit vectors 
A unit vector has a magnitude of 1 unit. 

Worksheet : : : a a 
Unit vectors. Fhe unit vector of a is given by a = ial as & we procioimiced “acBet 

The magnitude of vector a = xi + yj + zk is |al = ety tz?. 

For example, for the position vector a = 2i + 3j — k, the magnitude of a is 

43?4+(-1? = 

So the unit vector a = ai +3j—k). 
Vi4 
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CAS can be used to find unit vectors and to perform operations with vectors. 

| USING CAS 1 | Operations with vectors 

a a+ band 2a — 3c. 

Given the three position vectors: a = 2i+3j—k,b = i—4k,c = 2i —3i+ j, find 

b the magnitude |c| and unit vector ¢. 

a [2 3 -1)sa [2 3 -1] 

[1 0 -4)-0 [1 0 -4] 

[2 -3 a)se [2 -3 1) 

a+b [2 3 -s] 

2a-3e (-2 15 -5] 

1 Press the template key and select the 3x3 

matrix template. 

2 In the dialogue box, select 1 row and 

3 columns”. 

3 Enter the i, j and k components for a into 

the template. 

4 Press ctrl + var and store the matrix into a. 

5 Repeat to store the other two matrices into 

bande. 

6 Enter the additions and multiplications as 

shown above. 

norm(c) via 

unitV(c) fia -3- {14 {14 

14 14 7 

1 Press menu > Matrix & Vector > 

Norms > Norm. 

2 Enter the stored matrix c to find the 

magnitude. 

3 Press menu > Matrix & Vector > Vector > 

Unit Vector. 

4 Enter the stored matrix ¢ to find the 

unit vector. 

* Vectors can also be stored as column 

matrices. 

a 
Edit Action Interactive Edit Action Interactive 

Ei] o> [ea] soe] P| 24] > [ia] sine] || Yo] 
[[2 3 -1ls@ g nrm(c)s—i(i‘;éSCOS 

(2 3-1] v4 
[1 0 -4]9b unitV(c) 

[1 0-4) [a -3-v14 VI4 
[2-3 119¢ ar se ae 

(2-311 a 
\at+b 

(3 3 -5] 

\2a-3e 

[-2 15 -51 

1 Open the Keyboard and tap Math2. 1 Press Interactive > Vector > norm. 

2 Tap twice on the 1x2 matrix template to 2 In the dialogue box, enter the stored matrix 

create a 1x3 matrix*. c to find the magnitude. 

3 Enter the i, j and k components for a into 3 Press Interactive > Vector > unitV. 

the template. 4 In the dialogue box, enter the stored 

4 Tap = to store into matrix a. matrix c to find the unit vector. 

5 Repeat to store the other two matrices 

into band. * Vectors can also be stored as column 
6 Enter the additions and multiplications as matrices. 
shown above. 
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[ws] WORKED EXAMPLE 2 BUaCo 

Find the unit vector 6 where b = —3i + be — 4k. p.2 je 

Steps Working 

1 Find the magnitude of b. |b] = or + (} +(-4P = ~ 
y 

2 Write down 6 using the formula 6 = be b= 1 [a me i, = x] 
[b ~~ for 22 

4 

b= Fa ait - At 
~ 101 2> 

‘unity [-2 ¥-4) 

[=534 Tol ¥i01 -8-¥101 
101101 101 

a Scalar multiplication 
Multiplication by a real number (scalar) changes the magnitude, but not the direction, of the vector. 

Worksheet 

Scalar Consider the vector u =i + j. 
multiplication ~ NM 

2u is twice the length of u. 

1 u is half the length of u. 32 

When u is multiplied by —2, the vector u has double the length, but in the opposite direction. 

A/n Kf? 
EXERCISE 1.1 Operations with vectors ANSWERS p. 555 

2u 

A, zu 

Mastery 

1 [ESE For the trapezium shown, AaB 
— 2—~ — — — 

if AB= 5 PO express AB in terms of c and d, where OC =c and OD = d 

2 ESET Find the unit vector b, where b= 31 + j —k. 

Eg TECH-FREE | 
a Find the magnitude of vector a, where a = —3i + 2j + 4k. 

b Hence find the unit vector a. > 
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4 (SEES) Given p =-3i + j + 2k,q=i+j+k,OA =4i +2j—3k and OB =5i — j + 6k, find 

a AB b |4B| c p d 

yO
> 

5 Given m = (-6, 4, -2),z = (0, 3, -4), d = (1, 2, 5) and e = (3, —2,-1), m + e equals 

A (-3,2,-3) B (-6,7,-6) c (-5, 6, -3) D (1,5, 1) E (1,2,5) 

6 Given m = (-6, 4, -2),z = (0, 3, -4), d = (1, 2, 5) and e = (3, —2, -1), 2z — 3d equals 

A (-3,2,-3) B (-6,7,-6) c (-5, 6, -3) D (-3, 0, -23) E (-2,0, 6) 

7 Given m = (6, 4, —2), Z = (0, 3, -4), d = (1, 2,5) and e = (3, —2, —1), -3m equals 

A (-18, 12,-6) B (18, -12, 6) c (0,9,-12) D (-3, 0, -23) E (2,0, 6) 

8 For the vector m = —3i + 4j — k, the unit vector m is 

ka HY 1 aT Ve seconds 
A spit 4i- 4) B pg (i+ 41-4) c a (3i+ 4j-k) 

D 8(-3i +4j-k) E 26(-3i + 4j-k) 

9 Given m = —3i + 4j —k, the vector three times the magnitude of m in the direction 

of m equals 

a 3 ba 4S Sh gids 

a alit4i-¥) B pg (i+4j-§) © (Fit 4i-§) 
D 24(-3i + 4j —k) E 26(-3i + 4j-k) 

Exam practice 80-100% 60-79% —0-59% 

10 J 20141012 | (79%) (1 mark) Consider the vector a = V3i -j - V2k, where i, j and k 

are unit vectors in the positive directions of the x, y and z axes respectively. Find the unit vector in the 

direction of a. 

11 [ 2015 1a1a | (74%) (1 mark) Consider the rhombus OABC shown, Cc B 

where OA = ai and OC =i + i+ k, and a is a positive real constant. Find a. Zi 

oO A 

12 [EQEY 2006 20015 | (74%) In the parallelogram shown, |a| = 2|b|. 

Which one of the following statements is true? q 

2b 

+b= 

-d 

to
 

ip
 

ir
 | 

im
 

to
 

i ive
) 

ra
n 

13 (36%) If|a + bl =|al + |b| and a-b #0, which one of the following is necessarily true? 

A ais parallel to b B aj =|b| 

Ca=b Da=-b 
E a is perpendicular to b 
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Video playlist 

Linear 

dependence 
and 

independence 
of vectors 

WB 

p.3 

8 

(2) Linear dependence and 
independence of vectors 

If vector c can be written as a linear combination of vectors a and b, then a, b and ¢ are said to be linearly 

dependent. This means that when c = ma + nb for real numbers m and n, where m and n are not zero, 

a, b and are linearly dependent. 

Conversely, if vector c cannot be written as a linear combination of vectors a and b, then a, b and c are said to 

be linearly independent. 

A set of vectors is linearly dependent if at least one of its vectors can be expressed as a linear combination of 

the other vectors. 

Conversely, a set of vectors is linearly independent if no vector can be expressed as a linear combination of 

the other vectors. 

A set of vectors is linearly independent if it is not linearly dependent. 

For the special case of two vectors, they are linearly dependent iff (‘if and only if’) they are parallel. 

a and bare linearly dependent iff a = mb, where m is a scalar. 

a, b and c are linearly dependent iffa = mb + nc, where m and n are scalars. 

Ve) si ¢ Se) > 7-\\ | B= <1) Linear dependence 

Consider the set of four vectors p =—3i + j + 2k,q =i+j+k,r=3i+ 3j+3kands=i—3j + 3k. 

a Ifq =mr, determine the value of m such that the two vectors q and r are linearly dependent. 

b Determine whether the three vectors p, q and g are linearly dependent. 

Steps Working 

1 3 

a Set up the statement q = mr, where q =|1}andr=|3). q=mr 

1 3 1 3 

1j=m)}3 

i 3 

1 1 
We can see that m = 3 “qs 3 

giving linearly dependent (and parallel) vectors. 

b 1 Set up the statement p = mq + ns, where p=mq +ns 

3 1 1 3 1 1 
p= 1),q=|1]and s= —3). 1j=m]1]4+n}-3 

2 1 3 2 1 3 

2 Equate i, j andk terms. i j k 

3 Solve for m and n. Substitute the values found for l=m-3n 

m and n and see if they hold for the components 2=m+3n 

of i. 3 1 
m=—,n=— 

6 

Check by substituting into —3 = m +n: 

3 1 
—34#=-4+75 

2 

Solutions do not hold for all three equations There are no values of m and » for this set of 

«. linearly independent. equations. p, q and s are not linearly dependent. 
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EXERCISE 1.2 Linear dependence and independence of vectors ANSWERS p.555 

Recap 

1 3 

1 (ESS) For the vectorsm =| 19] andn=| —2|, find 

3 -10 

a m+n b m-n ec m-n d ni em 

2 The unit vector for the vector pi — 2} is 

1 A 2(pi -2)) B yp +4(pi-2)) © ——(pi-2)) 

(pi -2i) E \p +4 

Mastery 

, 1. 
3 [SS SES) Determine whether the two vectors a =—3i + j—3k andb=i- 3! + kare linearly 

dependent. 

1 3 3 

4 (2S E5E4) Determine whether the vectors p=| 1 }q =|-1 |andr =| —5 | are linearly dependent. 

© [ayo La 1 
1 3 3 

5 (2) Given p=] 1|,q=|-1 andr =| -5|, find 

~ [1p > L 4 ul 
a —-pt+q b pi +|q| c p+ 

6 ((2S55E3) Determine whether the vectors a = 4i + j + 3k,b=2i—j+3k and 

c=—4i + 2j + 6k are linearly dependent. 

1 3 3 

7 For the linearly dependent vectors p =| 1},q =|—1 |andr =| —5 |, the values of m and n in the 

; ~ [+1 4 ul 
equation p = mq + nr are 

2 1 2 1 
A m=l1,n=1 B m=7n=-> C m=-7[n= > 

3 3 3 3 

1 2 
D m=l1,n=-3 E m=-7-,n=— 

3 3 

Exam practice 

8 76% (3 marks) Find the value of d for which the vectors a = 2i — 3j + 4k, 

b=—-2i + 4j —8k andc =—6i + 2j + dk are linearly dependent. 

9 For the vectors a = i + 3j —k, b=-i — 4j + 2k andc = -i — 6j + Ak tobe 

linearly dependent, the value of A must be 

A 0 Bl Cc 2 D3 E 4 

10 [EMERY 2020 20013 } (72%) The vectorsa =i + 2j—k,b=Ai+3j +2k andc =i +k will be linearly 
dependent when the value of A is 

Al B 2 c 3 D4 E55 
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10 

(3) Resolving vectors 

The process of writing a vector as a linear combination of vectors in particular directions is called resolution. 

Orthogonal components are at right angles to each other. To represent a vector in space, we resolve the 

vector along the three mutually perpendicular axes as shown below. 

Zh ° 
C(0, 0, ( 2 

P Zk (M (x, y, Z) 

B(Oy, 0) 

i f°? 4 y 

‘A (x, 0,0) R 
x 

The vector OM can be resolved along the three axes as shown. Here, OM is the diagonal of the 

parallelepiped with edges OA, OB and OC along the three perpendicular axes. 

From the above figure, we say that 

OA = xi 

OB = yj 
OC = zk 

The vector OM can be represented as OM = xi + yj + zk. This is known as the component form of a vector. 

It is easy to write a vector in component form if we know the beginning and endpoints of the vector. 

Consider a vector starting at (0, 0, 0) and finishing at (2, 3, 4); we write the vector 

as 2i + 3j + 4k. 

Consider a vector OA of length 2 units at an angle of 60° to the x-axis. We know from 

trigonometry that the x- and y-components of the vector depend on cosine and sine. 

OA = (2cos (60°))i + (2 sin (60°))j ; 

=i+ 3} ° ©2 cos (60° 

Vile) si ese) > 7 | 28s") Resolving vectors 

a Write the vector OM in component form given the points O(0, 0, 0) and M(—2, 3, —5). 

y 

b Write the vector AB in component form given the points A(1, 2, —5) and B(-1, 3, -8). 

c Write a vector of magnitude 10 units at an angle of 20° to the y-axis in 2D component form. 

Steps Working 

a Write the points O(0, 0, 0) and M(-2, 3, -5) OM =~-2i + 3j—5k 

using i, j and k. ~ 

b Use the distance and direction between each AB = (-1- 1)i + (3-2)j + (-8-[-5)k 

component of the points A(1, 2, —5) and =-2i+j-3k 

B(-1, 3, -8) to write in component form. 

c¢ Drawa diagram using the information given. OA = (10 cos (70°))i + (10 sin (70°))j 

10 sin (70°) 

O 10 cos (70°) x 
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In the case where we are given the magnitude and direction of the vector 

in a 3D context; to express a vector in component form, the following 

formulas apply. 

Given the vector a = ai + a,j + a3k makes angles, respectively, of a, B,y to 

the positive directions of the x, y and z axes, then 

cos (0) =— cos (B) == cos (yp = “3 
lal lal lal 

fe) si ese) > @-\ | 8= 3) Angle between vectors and axes 

decimal places. 

Find the angle between the vector a = 3i — 2j + 7k and the y-axis. Write your answer in degrees to two 

Steps Working 

1 Identify a) and |al. a,=-2 

jal= V2? + (27 +7 = Jo2 

—2 
2 Use the formula cos (f) = i where f is the angle cos (B) = Tag 

between the vector and the y-axis. -. B= 104.71° 

11 © Edit Action Interactive 

woe [rea] [ecalsion |e ETT 
cos FZ) 

104, — 

EXERCISE 1.3 Resolving vectors ANSWERS p. 555 

Recap 

1 (ESET Leta = 2i-j +k andb=i-j+2k. 
Are these two vectors linearly dependent or linearly independent? 

1 3 3 

2 For the vectors p=] 1|,q =|-—1 |andr =| -—5 |, which statement is false? 

-1 4 11 

A The three vectors are linearly dependent. 

Bp has coefficients 1, 1 and—1. 

1 3 
C g=—=/- 

q 2/2 1 
4 

D p= 1 ; ews 
-1 

1 

E -2p+r=|-7 

14 
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p> Mastery 

3 Leta = 2i —j and b=i-j +2k. Find 

a atb 

b 2a-3b 

4 USo.5i5 55 Write the vector OM in component form given the 

0 2 

points O| 0 |and M} 3). 

0 -1 
3 -3 

5 (SES) Write the vector AB in component form given the points A| 2 ]and B| 1 |. 

1 10 

6 Write a vector of magnitude 2 units at an angle of 30° to the x-axis in 2D component form. 

7 Eq woneoeunies) ERIEGEA Let b= i-j +2k. Find 
a_ its magnitude. 

b_ the angle the vector makes with the x, y and z axes, respectively. Write your answers to the nearest 

degree. 

8 Given m = (1, 4,—2) ande = (3, 2, 1),e — 2m equals 

A (1,-6, 5) B (1,-6, 6) c (7,8,0) D (-5, 0,-4) E (4,6,-1) 

9 Given m = (-6, 4, —2),d = (1, 2,5) and e = (3, -2,—1), m +e + d equals 

A (-5, 6, 3) B (4,0, 4) c (-5,6,-3) D (-2,0, 2) E (-2,4,2) 

Exam practice (60-79% 059% 

10 (8 marks) Consider the vector a = V3i -j- V2k, where i, j and k are 

unit vectors in the positive directions of the x, y and z axes, respectively. 

a (79% Find the unit vector in the direction ofa. 1 mark 

b (42%) Find the acute angle thata makes with the positive direction of the x-axis. 2 marks 

11 (6 marks) Write each vector as a linear combination of i, j and k. 

-3 

a (3,-5,-3) b A(1, 2,4) to B(-1, 2, 6) c 0 

2 
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Scalar product and vector 
projections 

The operation of multiplying two vectors has two methods. In this section, we will study the dot product. 

This is called the scalar product as the result is a scalar, a number and not a vector. 

The symbol used is a dot -. 

The scalar product is used in many contexts and problems when dealing with vectors. 

Properties of the scalar product 

1 The scalar product is a real number, not a vector. 

2 The scalar product is commutative. 

3 The scalar product is distributive over vector addition. 

4 The scalar product is found by the formula: a 
-b= Video playlist a+ b= allb|cos(@) ideo plat 

. é wd product 
where is the angle between the two ‘outgoing’ vectors. and vector 

projections 
5 Ifa=ai +aj +a,k andb=bi + bj + b3k, the scalar product is found by the formula: 

~ ~ Worksheets 

b= Scali a:b =a,b, + ab, + a3b; predict 

ce it 6 (ab) = (ma): =a (mb) forall me R nee 
dot product 

7 a-b=0=a=0 orb=0 or — oz ee eet roperties 
of the dot 

=a is perpendicular to b. product 

8 a-b=+ al|b| >a is parallel tob. 

9 i-i=jej 
10 i-j=j-k=k-i=0 

Useful reminders when finding the dot product 

« Select the easiest component formula, a- b = a,b, + a,b, + a3b3, when both vectors are given. 

+ Use the formula a - b = |a||b| cos (8), when there is an angle given or an angle to be found. 

¢ The rule for perpendicular vectors, a - b = 0, is the rule «————— Don’t forget to use 

most often used in a variety of contexts. this most helpful rule. 

¢ The rule for parallel vectors, a - b = + Jal|b , has two options: 

positive al|b| is for when cos (6) = 1, meaning parallel in the same direction. 

negative |a||b| is for when cos (8) =—1, meaning parallel in the opposite direction. 

For example, to find the scalar product of vectors of magnitudes 5 and 6 at an 

angle of 60° to each other, there is an angle involved, so use the formula 

a b= |allbcos(6) 
Substituting the values gives the scalar product 

a-b=5x6xcos(60°) = 15 
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[ws] WORKED EXAMPLE 6 Foran 
a Find the scalar product of the vectors a = i — 2j + 7k andb=3i+k. 

pe b Find the value of m if the vectors a = i — 2j + 7k and b = 3i + mj + k are perpendicular. 

Steps Working 

a Use the formula a-b=(1x3)+(-2x0)+(7x1) 

a- b=a,b, + ayb, + azb3. a-b=10 

(ai) 
Be careful if one of the components is missing as it can lead to a careless mistake. 

b 1 Use the formula a-b=(1x3)+(-2x m)+(7x1) 

a b=a,b, + arb, + asb, =10-2m 

2 Use the formula for perpendicular vectors a-b=10-—2m=0 

a- b =0 to solve for m. Sy —i5 

Whtal= 2 lalabadl Angle between vectors 
Find the angle between the vectors a = i — 2j + 7k and b = 3i + k, expressed in degrees correct to two 

p7 decimal places. 

Steps Working 

1 Evaluate a - b using the formula a-b=(1x3)+(-2x0)+(7x1) 

a+b =a,b, + a,b, + a3b; a-b=10 

2 Evaluate al|b]. jal|b|= VP + (2% +7? xv? +P 

" allb|= ovis 
3 Use the formulaa - b = al|b| cos (6) to find 0. a-b= al|b| cos (8) 

2. 10= 6V15 cos (8) 

10 
cos = chs 

0=64.51° 

@ Edit Action Interactive 
maa 

fel 0 645114 Ea] o> [ita]son [4] oT] 
6: 15 cos 10) [4] 

6v15 
64. 51140128 

To find the angle between two vectors, it is useful to rearrange the formulaa - b = |al|b| cos (8). 

The angle between two vectors 
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| USING CAS 2 | Scalar product and angle between vectors 

For the vectors m = i — 2j + 4k andn = —2i + j + 3k, find the 

a scalar product b angle between the vectors. 

TI-Nspire 

a 

[1 -2 4)+m [1 -2 4] coo dotP(m,n) 62,1882 
{-2 1 3)an [-2 1 3] norm(m): norm(n) 

dotP(m,n) 8 

1 Create a 1 X 3 matrix and store it into m, as 1 Set the mode to DEG. 

shown above. 2 Press trig > cos”. 

2 Repeat for matrix n. 3 Enter dotP(m,n) divided by norm(m) times 

3 Press menu > Matrix & Vector > Vector > norm(n), as shown above. 

Dot Product. 4 Press ctrl + = to find the approximate angle 

4 Enter m, n to find the scalar (dot) product. between the two vectors. 

ClassPad 

a b , ; 
© Edit Action Interactive Edit Action Interactive 

Ea] he HEI Sina | Ad loca be ] 9E4 | Cm [JR sie | y | ¥ ’ 

[1 -2 4]om [+] [angle(m, n) [4 | 
u-2 4) 62. 18815686 

213 ——dotP(m,n)__ 
' ie [211 Cos" (orm (m) norm (a) 

62. 18815686 
dotP (m,n) D 

8 

1 Create a 1 X 3 matrix and store using > as 1 Set the modes to Decimal and Deg. 

m, as shown above. 2 Press Interactive > Vector > angle. 

2 Repeat for matrix n. 3 In the dialogue box, in the Vector: field enter 

3 Tap Interactive > Vector > dotP. mand in the Another: field, enter n. 

4 In the dialogue box, in the Vector: field enter 4 To confirm, find the cos” of dotP(m, n) 

m and in the Another: field, enter n. divided by norm(m) times norm(n), as shown 
above (optional). 

Scalar and vector projections 
Every vector can be written as two components perpendicular to each other. In many real-life 

circumstances, this is used in reference to a particular vector. 

Imagine a plane flying in the air and the wind picks up, affecting the plane's trajectory. This wind can 

be represented asa and the plane as b. How much of the wind affects the course of the plane, both in 

magnitude and direction? 
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a 
Worksheet 

Projections 

16 

o
>
 

is the scalar projection of the wind affecting the plane. 

(a: b)b is the vector projection of the wind affecting the plane. 

Scalar projection ofa in the direction of b 

(or scalar projection of a on b) 

(a-b)b Vector projection of a in the direction of b 

~ (or vector projection of a on b) 

a—(a-b)b Vector projection of a perpendicular to the direction of b 

Projection of vectors 

Any vector a can be written as the sum of two vectors, one perpendicular to a given vector b and one parallel 

tob. 

ip
 

is
 

Projection of a on b 

In the diagram, a = u + vy, where u is the vector projection (or vector resolute) of a on b (or in the direction 

of b), and y is the vector projection of a perpendicular to b. 

The scalar projection (or scalar resolute) of vector a on b is the magnitude of the vector projection of a 

on b. If the angle between the two vectors is obtuse, then the scalar projection is negative and the vector 

projection ofa on b is in the opposite direction to b, as shown by u in the second diagram. 

Projection of a on b 

Scalar and vector projections 

The scalar projection ofa on bisa- b. 

The vector projection of a on b is (a : b) b. 

The vector projection of a perpendicular to b isa — (a : b) b. 

Ve) si ¢Se) > V2 B= ":)) Vector projections 

Find the vector projections ofa = 3i + 6j — 6k parallel and perpendicular to b = 4i + 2j — 2k. 

Steps Working 

1 Find b= |b] =V4? +27 + (2) 
b -- 

b= (4i+2j-2k) 

=F (2+ i-) 
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2 Calculate the vector projection of a on b. (a : b)b 

3 Find the vector projection ofa perpendicular tob. a — (61 +3j- 3k) =-3i +3j —3k 

EXERCISE 1.4 Scalar product and vector projections ANSWERS p. 555 

Recap 

1 0 

1 (SEES) For the vectors m =| 0|andn=| —2|, find 

a m+2n 3 -10 

b 2m-—2n 

c m:n 

d_ the angle that m makes with the x-axis 

e lal 
fa 

1 
2 The value of m such that the vector a = —(-2i + 5j) is a unit vector in the direction of a is m 2 

1 
A -V29 B= Cc V7 D 29 E 29 29 5 v7 29 

Mastery 

3 FJ workeo examete6 ) ese 

i perpendicular ii parallel. 

4 [FQ worked Example ) (SS35G3) Find the angle between the vectors a = i —2j and b=3i+j, 

written in the form cos! (z} where pER 

5 [EQ workeo exametes ) (e8G 3) Find the vector projections of a = i — 2j +k parallel and 

perpendicular to b = 3i + 2j + 2k. 

6 The scalar product of the vectors a = 3i — 2V3j and b= V3i + 2j is 

A “3 B -1 cl D V3 E 33 

7 The angle between the vectors a = 3i — 2/3j and b = V3i + 2j, correct to two decimal places is 

A 75.04° B 77.40° Cc 81.79° D 98° E 98.21° 

8 For the vectors m = i — j + k andn = —2i — j + 3k, the dot product m- nis 

A \2 B V3 2 D vi4 E 6 fe}
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> Exam practice (80-100% 60-79% —0-59% 

9 EXENY 2014101 (6 marks) Consider the vector a = V3i — j — 2k, where i, j and k 

are unit vectors in the positive directions of the x, y and z axes, respectively. 

a (79% Find the unit vector in the direction of a. 1 mark 

b (42% Find the acute angle that a makes with the positive direction of the x-axis. 2 marks 

c (78%) The vector b = 2V3i + mj — 5k. Given that b is perpendicular to a, find the value of m. 2 marks 

10 5% (4 marks) Relative to a fixed origin, the points B, Cand D 

are defined respectively by the position vectors b = i — j + 2k,c =2i—j +kandd =ai — 2}, 

where a is a real constant. Given that the magnitude of angle BCD is ‘, find a. 

11 (4 marks) Consider the vectors a = —i — 2j + 3k and b= 2i +cj +k. 

Find the value of c, c € R, if the angle between a and b is x. 
3 

12 J ©vcaa | 2018N 102 (3 marks) Leta = 3i — 2j + mk and b = 2i — j + 3k, where me R. 

Find the value(s) of m such that the magnitude of the vector resolute of a parallel to b is equal to J14. 

13 [EEN 2006 20017 | (85% Let u=i+j andy =i +2) + 2k. The angle between the vectors 

u and y is 

A 0° B 45° c 30° D 22.5° E 90° 

14 | 2018 2A011 } (80% Consider the vectors given by a = mi + j and b=i+ mj, 

where mé R. If the acute angle betweena and b is 30°, then m equals 

1 3 39 A V241 B 243 c V3, p—_ EM 
v3 4-3 13 

15 (7% Two vectors are given bya = 4i + mj — 3k and b=—2i + nj —k, where m, 

né R*. If{a|= 10 anda is perpendicular to b, then m and n respectively are 

ana BBS NBS ORR 51 
16 FERENY 2014 20015 ) (69%) If @is the angle between a = V3i + 4j —k and b=i—4j + 3k, 

then cos (26) is 

4 7 7 14 24 
A -— B — Cc -— D — E-— 

5 25 25 25 25 

17 | © vcaa | IV 2020 20016 (69% Leta =i + 2j + 2k and b= 2i — 4j + 4k, where the acute angle between the 

vectors is 0. The value of sin(26) is 

1 1 3 45 ¢ 4S p 85 ge 246 
9 9 81 81 25 

18 Given that @ is the acute angle between a = —2i + 2j — k and 

b=—4i + 4j + 7k, then sin (26) is equal to 

A wi ° 4/2 22 22 4/2 
B — Cc — DB — E — 

A 

9 9 3 3 

19 The vector resolute of a = 2i — j + 3k that is perpendicular to b =i + j —k is 

27.4, 275, ly. 
A ~Z(i+i-&) B ~5 (21-5 +3) c 5 (81-5 +7k) 

Di-2j+4k E it+j+2k 
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> 20 (62% The vector resolute of i + j — k in the direction of 

mi +nj + pk is 2i — 3j +k, where m, n and p are real constants. 

The values of m, n and p can be found by solving the equations 

mim +n— p)_ 

m+n? +p? 

2, nim +n—p)_ 3. and p(mt+n—p) _ 
=l1 

m+ n+p” m+n>+ p> 

m(m + n— p)_ m+n Pp n(m+n—P)_y sng Pomtn—p)_ 

m+n +p m+n? + p* m+n? +p 
1, 

C m+n-p=6,m+n-p=-9 and m+n-—p=-3 

D m+n-p=3m,m+n-p=3nandm+n-—p=-—3p 

E m+n-—p=2\V3,m+n-— p=-3V3 and m+n- p=V3 

21 FONE 2006 2AQ16 A unit vector perpendicular to 5i + j — 2k is 

A 7(5i+ 1-24) B 2i-4j+3k c op (2b- 41+ 3k) 

ly. 4: Lie, D Joy (24-41 +38) E Jag (54+ 1-24) 

22 (10 marks) Point A has position vector a = —i — 4j, point B has position 

vector b = 2i — 5j, point C has position vector ¢ = 5i — 4j, and point D has position vector 

d = 2i + 5j relative to the origin O. 

a (7%) Show that AC and BD are perpendicular. 2 marks 

b TA Use a vector method to find the cosine of ZADC, the angle between DA and DC. 3 marks 

c 35% Find the cosine of ZABC, and hence show that ZADC and ZABC are 

supplementary. 2 marks 

Point P has position vector P = 2i. 

Use the cosine of ZAPC and an appropriate trigonometric formula to 

prove that ZAPC= 2ZADC. 3 marks 

(s) Vector product 

The result of multiplying two vectors in 3D space is called the vector product. 

It is also called a cross product because the symbol used is a cross, ‘x. As its name suggests, the vector 

product is a vector, unlike the scalar product or dot product, which is a number (scalar). 

The vector product of two vectors in three dimensions is a vector at right angles to both the original vectors. 

Its magnitude is the product of the magnitudes of the original vectors and the sine of the angle between their 

directions. 

The vector product 

Ifa = qi + ayj + a;k and b = bi + bj + bk, then the vector product of a and b is: 

aX b = (ab; — ash) i — (ab, — axb,) j + (ab, —ab,)k 

9780170448543 Chapter 1 | Vectors 
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p.9 

Mi fe) 514s > 7.1) 18 te Vector product 

Find the vector product of the vectors a = 3i + 2j — kandb =i+ 2k. 

Steps Working 

1 Identify the coefficients in ijk 

both vectors. aes 3 -] 

b1l0 2 

2 Apply the vector product axb= (ayb, - azb, )i — (a,b; - ash) j + (aby — ab, Jk 

formula, = (2x 2-(-1)x0)i-(3x 2-(-I)x1)j+(3x0-2xDk 

3 Simplify. =(4-0)i-(6-(- )jt+ +(0-2)k 

= 4i -7j -2k 

| USING CAS 3 | Vector product 

Find the vector product of a = 3i + A= kandb = i+ 2k 

1 Ina Calculator page, press menu > Matrix & 

Vector > Vector > Cross Product. 

2 Press the template key then use the matrix 

template* to enter the two vectors, separated 

by acomma. 

3 Press enter. 

# Edit Action Interactive 

Ei] [Sa] sioo |] «Pe L 
crossP([3 2 -1],[1 0 21) 

(4 -7 af 

al 

1 Tap the Math2 keyboard then enter and highlight 

the first vector using the matrix template*. 

2 Tap Interactive > Vector > crossP. 

3 In the dialogue box, copy the vector in the 

Vector: field and paste it into the Another: field. 

4 Change the values to those for the second vector. 

5 Tap OK. 

*The vectors can be entered as either 1 x 3 row matrices or 3 x 1 column matrices. 

The vector product is 4i — 7j — 2k. 

It helps if you notice the pattern in the order that the coefficients are used when calculating the vector 

product. 

ijk 
a 32-1 
blo 2 

For (a,b; — a3b, )i, ignore the i column and calculate 

2 1) =2x2-(1)x0 
0 2 

Nelson ViCmaths Specialist Mathematics 12 
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For (a,b; — a3b,) j, ignore the j column and calculate the determinant of the remaining matrix: 

3 -1 
=3x2-(-1)xl [I afsea-c @s) 

For (a,b) — ayb,) k, ignore the k column and calculate the determinant of the remaining matrix: 

33 
1 3] =ax0-2%1 

The determinant form of the vector product 

ijk 
a la|2@ S|, _|4 B],,1/4 & axb=|a a) a|= i- yar k 

ee b. be bs} = b)|~ re Bl Ibe Ble Ta Be Tab 

where|? | = ab; — a3b, and so on. 
by bs 

Whe) <=) CVV 0)) Vector product in determinant form = 

Find the vector product of a = (3,—3,1) and b = (4,9,2). 
10 

Steps Working , 

1 Identify the coefficients in both vectors. i jk 

23-30 
b4 92 

3 1 iat a 3 
2 Apply the vector product determinant formula, axb= | i- | jt | 

. alas 9 aI~ |4 Qe |4 9~ 
using the pattern described above. 

Il 3 Simplify. (-6 - 9)i - (6 -4)j + (27 -(-12))k 

=-15i — 2) + 39k 

Using determinants provides an easy way of calculating the vector product. 

To view the direction of a vector product, we can use the right-hand thumb rule. 

If the fingers of the right hand are curled in the direction of rotation from vector a to vector b, then the 

thumb points in the direction of the vector product of a and b. 

is
 

oa
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This also means that a x b and b X a are not the same and point in opposite directions. 

The magnitude of the vector product is a x b| = |al|b| sin (6). 

Note that this is NOT the same as the scalar product a - b = |a||b| cos(@). 

The vector product is used less often than the scalar product and it is only defined in 3D space. 

EXERCISE 1.5 Vector product ANSWERS p. 555 

Recap 

1 GESTS) Given a = 21 + j —3k,b=i —2j + 4k, ¢=3i — j + 2k andd = 2i — 2j — 3k, find 

a_ the scalar projection of a on b using the scalar product a - b. 

b the vector projection of c ond using the scalar product c - d. 

c the cosine of the angle between a and c using a suitable scalar product. 

2 SESE) Given a = 2) + 2) —k, b =i —2j,¢ =3i — j + nk, where n is a real constant, find 

a_ the scalar projection of a on b. 

b_ the vector projection of ¢ ona in terms of n. 

c the value of n such that vector projection ofc ona is 2i + 2j —k. 

d_ the value of n such that a is perpendicular toc. 

Mastery 

3 (ses 55) Find the vector product of 

a a=i-2jandb=3i +2j 

b a=3i+2j+kandb=2i + 2j— 4k 

4 EESESES Calculate the cross product of vectors (3, 4, 7) and (4, 9, 2). 

—2 

5 Using the determinant method, find a x b in component form if a =| 1} and 

3 -3 

b=} 4|. 

—5 

6 If w =(1,0, -3) and y = (6, —3, —4), find 

ayvxw b wxyv 

7 Ifa=3i-—2j +6k and b=4i — j — 6k, calculate a x b. 

8 Calculate y x w for w = (3, -1, 5) and vy = (0, 4, —2). 

9 Calculate w x y for w = (1, 6, —8) and v = (4, —2, —1). 

10 The vector product of the vectors a = 3i — 2V3j and b = V3i + 2} is 

A 3v3 B 2i+2j—4k C 12k D V3 El 
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> Exam practice 

41. The vector product of the vectors a = 3i — 2V3j + k and b= V3i + 2) is 

A 3v3 B -2i + J3j+ 12k c V3 

Dp ~3 E 2i-V3j-12k 

12 The vector product of i — j andi + j is 

Ak B -2k Cc 2k D -2i E 2i 

13 Ifa and b are vectors such that a x b =0 anda - b=0, then 

A a=0andb=0 Ba 

C atleast one ofa or b equals 0 D b= 

E none of the above 

(+s) Parallel and perpendicular vectors 

Three important results come from the scalar product. 

Parallel and perpendicular vectors 

If a- b = 0, then vectors a and b are perpendicular. 

If a-b=|allb , then vectors a and b are parallel in the same direction. 

If a - b = —|al{b|, then vectors a and b are parallel in the opposite direction. 

If three or more points lie on the same vector, they are said to be collinear. 

If two or more vectors go through the same point, those vectors are said to 

be concurrent. 

@ 
Video playlist 
Parallel and 

perpendicular 
vectors 

Worksheets 

Parallel and 
perpendicular 

vectors 

Resultant and 
unit vectors 
in 3D space 

Mie) 14> 7 SG Parallel vectors 

Consider the vectors a = —3i 7 + 3k andb=2i+j—k. 

a Find a unit vector that is parallel, and in the opposite direction, toa. 

b Find the vector that is parallel to and in the same direction as a, with the same magnitude as vector b. 

Steps Working 

2 
a 1 Find the magnitude ofa. lal (-3) = (+4) 32 

2 

v3 
2 
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1 
2 Find the vector in the opposite direction toa. —a=3it a —3k 

V73 -a 2 [ 1 } 
3 We know|a| =——. — =—_| 31+ —j-3k 

i 2 la J73\* 22778 

b 1 Find the magnitude of b. |b| Pe (ay 

= V6 

2 Finda. a= (-21-Fi+ 28] 
. ~ 73 2 

3 Multiply a by the magnitude of vector b. V6 x (31 - 5} + 3k) 

26 1 
= 7B (-ai-1) +k) 

PS. 2- 

Whe) sese) > @\ |= 45) Perpendicular vectors 

Show that a = 3i — 2j + 4k and b =—2i + 3j + 3k are perpendicular. 

Steps Working 

1 Find the scalar product. a: b=3x (-2)+(-2)x3+4x3 

=(-6) + (-6) +12 

=0 

2 State conclusion. Since a - b=0, a and b are perpendicular. 

fe) d= Bo 7 \ RSE Ratios of vectors 

Consider the vectors OA = -i+ ; jand OB = a + j. Find the coordinates of M such that M is the point 

of trisection, closest to A, of the vector AB. 

Steps Working 

1 Find AB. aoe ror 

, AB=i-—j+—itj 
Qe oh 

7.1, 
=itsj 

4 2 

2 Find AM. anew AM 7 
3 iN Ps 

=, _1(7 1 
am =2(7i+5)) 

3\47 2* Oo 

3 Find OM. OM =OA + AM 
— 1 
Om 144 4 

Ze 12 6~ 

= Gf j 
12~ = 

. 5: 2 
4 State the coordinates of M. M = 
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EXERCISE 1.6 Parallel and perpendicular vectors ANSWERS p. 555 

Recap 

1 GESTS) Givena = 21 + j — 3k, b=i —2j + 4k, c= 3i —j + 2k andd = 2i — 2) — 3k, find 

a axb b cxd 

2 (ESSE Given a = 2i + 2j —k, b =i — 2), ¢ = 3i — j + mk, where nis a real constant, find 

a axb b axc 

Mastery 

3 | TECH-FREE | For the vector a = —3i — j + 3k, find a unit vector that is parallel, and 

in the opposite direction, toa. 

4 (253) Consider the vectors a =—3i — j + 3k and b = 2i + j — 4k. Find the vector that is parallel 

to and in the same direction as a, with the same magnitude as vector b. 

5 [Eq worked EXAMPLE 12 | Consider the vectors a =—i — j + 2k and b= 2i + j —k. A vector perpendicular 

toa, with the same magnitude as vector b is 

a —(i-j+k) B V2(2i+j-k) © Vili+j +k) 

D alitit§) E aglit it 8) 

J 6 [EEG Consider the vectors OA =i +j and B= 31+ 
a Find the vector AB. 

a 
4 

b Hence, find the coordinates of M such that M is the point of bisection of the vector AB. 

7 Fora =3i—2j+kandb=i-2j+4k 

a a+ 2b equals 

A i-2j+4k B 3i-2j+k c 3i-4j+5k 

D 4i-4j +5k E 5i-6j+9k 

b a-bequals 

A 3 B4 ce 5 D 6 E ll 

8 Find the scalar product of each pair of vectors. 

a_ Vectors with magnitudes 5 and 8 at an angle of 75° 

A 40 BV6-vi —¢ -10(V6-V2) > V6 E af) 
b (3,-5) and (6, 4) 

A -2 BO c 2 D 38 E 40 

e (0,-3, 7) and (3,5, 2) 

A -2 B-l cil D 14 E 27 
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)» 9 Given the two vectors shown on the right, a - b is 

A —44 B -35.4 c 44 (ho b 

D 76.2 E 88 a 

10 The dot product of —5i + 2j —k and 3i — 4j — 7k is 

A -30 B -16 c -12 DO E 16 

Exam practice 

" GSE 4 marks) Leta = 2i 3) +k and b =i + mj —k, where mis 
11 

an integer. The vector resolute of a in the direction of b is — ali + mj - k). 

a (66% Find the value of m. 3 marks 

b (28%) Find the component ofa that is perpendicular to b. 1 mark 

12 66% Let point M have coordinates (a, 1, —2) and let point N have 

on 3 
coordinates (—3, b, —1). If the coordinates of the midpoint of MN are [- 5 > ¢| and a, b and c are 

real constants, then the values of a, b and c are respectively 

A -13,2 and—= B -2, 1 and —3 Cc -7,-2 and—> 
2 2 2 

D -2, tl and —3 E -7,2 and—> 
2 2 

13 The scalar resolute ofa = i — 2j + k in the direction of b = 4i — 4j + 7k is 

3 1 1 19 19 
A -= B- = Dp — —E — 

2 3 2 9 6 

14 The vector resolute of a = i — 2j +k in the direction of 

b=4i — 4j +7k is 

c 

19 361 19 A —(4i—4j+7k B —-(4i—4j+7k © —(i-2j) +k 
art 4A +7) a1 te 4+ 7) aii +) 

361 D (2) +k) e 6) a4) sie 278 sak 

@ @) Vector proofs of geometric results 
Video playlist 
Vector proofs 

of geometric Vectors are used to carry out proofs of simple geometric results. This could be as simple as using vectors to 
results 

prove Pythagoras’ theorem, or to show that the diagonals of a rhombus are perpendicular, the medians of a 

worksheets _ triangle are concurrent, the angle in a semicircle is a right angle, or that the angle subtended by a diameter in 
Proofs using 

vectors a circle is a right angle. 

Geometry In the topic of vectors, key words recognised here are 
proofs using 

vectors . * perpendicular Va 

concurrent From these key words, we can 

~< see the importance of the dot 

+ angle product in these proofs. 

« right angle. 
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fe) 51.4 > 4.1 1 8 Vector proof 1 

(74% In the parallelogram shown on the right, a] =2)b]. ta
 

Which one of the following statements is true? v A 

Aa=2b Ba+b=c+d a 
cb-d=0 Dat+c=0 - 

Ea-b=c-d 

Steps Working 

1 Consider what is given. jal = 2b 

Meaning also |c|= 2d]. 

2 Consider what we know. at+tbtc+d=0 

This is none of the options. 

3 Consider what is clearly wrong. Option A: a = 2b confuses vector with only its 

magnitude. 

Option B:a + b=c+d confuses with Step 2. 

4 Consider vector operations. Parallel and opposite vectors. 

Option D:a + c= 0 is correct. 

p.14 

fe) 51.4 > ¢.\) |) SE Vector proof 2 

Use vectors to prove that the diagonals of a square intersect at right angles. 

Steps Working 

1 Sketch a diagram and set up the proof. “ ie 

. 

oO b B 

2 State what needs to be proved. To prove: BA ‘OC =0 

3 Express BA and OC in terms of a and b. BA=BO+OA=a-b 

OC = OB + BC=at+b 

4 Express BA‘ OC in terms of a and b. BA OC =(a—b): (a+b) 

=a-a—b-b 

5 Usea-a =|al’. =lal -[bl 

6 State the conclusion. Hence, BA ‘OC =0. 

= 0, since OABC is a square and lal’ = |b]. 
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VCE QUESTION ANALYSIS 

Leta = 3i + 2j + k and b=2i —2j —k. 

LENS 2014 28Q3 ) 2014 Examination 2 Section B Question 3 (10 marks) 

a Express a as the sum of the two vector resolutes, one of which is parallel to b and the 

other of which is perpendicular to b. Identify clearly the parallel vector resolute and the 

perpendicular vector resolute. 5 marks 

OABCis a parallelogram where D is the midpoint of CB. OB and AD intersect at point P. 

Let OA =a and OC =c. 

(C D B 

\aw/ 

Py 
oO 

b i Given that AP= «AD, write an expression for AP in terms of a, a and c. 2 marks 

ii Given that OP = BOB, write another expression for AP in terms of B,a and c. 1 mark 

ili Hence deduce the values of « and . 2 marks 

Reading the question 

« Note that the question asks for the sum of the two vector resolutes; not just the two 

results stated separately. 

¢ The first question is about the parallel vector resolute and the perpendicular vector resolute. 

« The question moves into a Vector Proof question scaffolded stage by stage. 

« Make sure you know what ‘in terms of’ and ‘deduce’ mean. 

Thinking about the question 

« This question has two quite distinct sections. It is unusual to have the first part of a question 

worth as many as 5 marks. Usually part a leads much more gently into the question. 

* Part a isa skills question testing vector resolutes. 

¢ Part b follows a vector proof model. 

« Finishing the question with writing a vector in terms of other constants and vectors will be 

challenging. 

Worked solution (/ = 1 mark) 

a Givena = 3i + 2j +k andb=2i —2j-k 

|b| = (Payee = 3s0 unit vector b = 1 (ai -2j- k). v 

Parallel component = (a-b)6 

= Sx (24-2)-&) 

= 3-49-45) 
sj ey 

9 Q= 9 
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Perpendicular component =a — (a -b)b 

oe ee ee 
~ oe Lg™ 9 9” 

2 2 d 
= 3i+2j+k--i+—j+—-k 

* o: oe 9 

Sl ae eae 
9° 92 9° 

We need the sum of 2 vector resolutes 

5. De. it 
a=i--j-—k+ ye, fn v 
~ 9* 9* 9 97 9% 9% 

Note that the above expression simplifies to a = 3i + 2j + k as these are the two resolutes of a. 

b i Given AP = @AD 

and since OABC isa parallelogram, OA = CB = a and OC = AB =, 

consider AD = AB + BD. 

So AD = ot BD 

= BO 
~ 2 

1 se. v E—-5 

Since AP = @AD 

= i 
then AP = ale - 4] v 

ii Given OP = BOB, 

consider OB = OC + CB 

=cta 
We have OP = BOB 

= B(cta) 

An expression for AP is AP = AO + OP 

=-a+B(cta) 
= (B-l)at+ Bev 

iii Equate expressions for AP: 

AB = a{e- 4a) and AB = (B-1)a+ 

soas-ta]=(B-1)a+ Bev 

Equate a and c vectors: 

1 
a gives o =B-1 

cgivesa = B 

Solving for @ and B gives a = B = > v 
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30 

Student performance 

a (698% Performance was fair with this long 5-mark question which tested vector resolutes. 

Students often made calculation errors or did not answer the question completely, often forgetting 

to express a as the sum of the two vector resolutes at the end, and losing the final mark. 

‘The first part of part b was done well, despite the introduction of the constant a. 

Some students missed that BD was in the opposite direction to a. 

ii 55%) The success rate dramatically decreased for the rest of the question. 

(4% Most difficult. Finding @ and B by equating coefficients was challenging and 
required a better understanding of parts i and ii. 

More exam practice is needed when dealing with parameters in vectors. 

EXERCISE 1.7 Vector proofs of geometric results ANSWERS p. 556 

Recap 

1 (ESS) Given A(1,-5), B(-4, 3) and C(5, 0), find the magnitude of each vector. 

a AB b BC c AC 

2 (SSS) Given A(1,-5), B( 4, 3) and C(5, 0), find the coordinates of M, the point of bisection of 

the vector: 

a AB b BC ce AC 

Mastery 

3 (se5a55 The median ofa triangle is a vector from a vertex to the midpoint of 

the opposite side. Show that the sum of the medians of a triangle equal zero. 

4 Show that the midpoint of the hypotenuse of a right-angled triangle is equidistant from the 

vertices of the triangle. 

5 If ABCD is a parallelogram and M is the midpoint of AC, prove that M is also the midpoint 

of BD. 

6 Fora = 4i + mj — 3k andb = 8i — 4j — 6k, b = 2a 

A m=4 B m=-4 Cc m=-2 D m=2 Ea=2 

7 Fora = 4i+mj-—4kandb = 8i — 4j + nk, b = 2a 

A m=4,n=2 B m=-4,n=-2 C m=-2,n=8 

D m=2,n=-8 E m=-2,n=-8 

8 Leth =-2i+7j-k.|b|= 

A2 B 4 c 54 D 3V6 E V10 

1 2 0 
9 The values of p and q such tat |» - | = H are 

a pu gu 2 B put gut c pct gut 
Pept 34 peyre gy Pepi; 

1 1 1 1 D p=--,q=-— E p=-—,g=-— 
pert g Pepa | 
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> 10 The vectors 2i+ j—k, i+j+kand3i—2mj-+ 4k, where mis a real constant, are linearly 

dependent when m equals ~ 

A -3 B -2 c -2 D2 E ll (7) 

11 WORKED EXAMPLE 15 ] 2011 2AQ10 ) (68% | The diagram on the right shows 

a rhombus, spanned by the two vectors a and b. 2 

It follows that XY 

A a-b=0 ~ B 

© (a+b)-(a-b)=0 D |a+b| =|g-bl=0 E 2a+2b=0 

Exam practice 80-100% 60-79% —0-59% 

12 (4 marks) The coordinates of three points are A(—1, 2, 4), 

B(1, 0, 5) and C(3, 5, 2). 

a (86%) Find AB. 1 mark 

b (78% The points A, Band C are the vertices of a triangle. Prove that the triangle has a 

right angle at A. 2 marks 

c (72% Find the length of the hypotenuse of the triangle. 1 mark 

13 ((2SESE3) (4 marks) OACB is a parallelogram with OA= a and OB = b. 

Given that AB is perpendicular to OC, prove that OACB is a rhombus. 

B ce 

we, 
14 (283) (8 marks) Consider the rhombus OABC shown on /J 

the right, where OA = ai and OC =i + j +k, and a isa positive real constant. 

a (7%) Finda. 1 mark 

b (67% Show that the diagonals of the rhombus OABC are perpendicular. 2 marks 

15 [EEN 2004 11019 ) (50%) The right-angled triangle shown on the right has 
sides represented by the vectors a, b and c. Which one of the following 

ip
 

to
 statements is false? 

A |b)’ +]cl° =laf B 
© b-(a—b) = [blle| D a-b=|al[b|cos(a)  #\_~ a 

: . is
 

16 (43%) P, Q and Rare three collinear points with position 

vectors p, qand r respectively, where Q lies between P and R. 

If jQR] = 5lPal then r is equal to 
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> 17 (30%) Vectors a, b and ¢ are shown on the right. 

From the diagram, it follows that 

A |cl =lal +|b) B cl’ =|al’ +|b]’ ~|allb| 

c |e’ =|al +/b) +/2-b| D |e’ =|al +[b)° + allo 

E lel’ =|al +[bl° -[2-b| 

18 [ENS 2021N 20011 | Leta and b be arbitrary non-zero vectors. 

Which one of the following statements is always true? 

A |a+b| 2|a—b| B |a—bj <|al+|b| © |a—b| <|al—|b] 

D |a—b| <|al+|b] E |a—b] >|al —|b] 

19 EXO (11 marks) The diagram on the right shows a triangle 

with vertices O, A and B. Let O be the origin, with vectors OA = a 

and OB =b. 

a Find the following vectors in terms of a and b. 

i (96% MA, where M is the midpoint of the line segment OA. 

ii (94% BA. 

iii 80% | AQ, where Q is the midpoint of the line segment AB. 

b (59%) Let Nbe the midpoint of the line segment OB. Use a vector method to 

prove that the quadrilateral MNQA is a parallelogram. 

Now consider the particular triangle OAB with OA = 3i + 2j + V3k and OB = ai, where a, 

which is greater than zero, is chosen so that triangle OAB is isosceles, with |OB| = |OA|. 

c (87% Show that a= 4. 

di (67%) Find OQ, where Q is the midpoint of the line segment AB. 

ii 61% Use a vector method to show that OQ is perpendicular to AB. 

1 mark 

1 mark 

1 mark 

3 marks 

1 mark 

1 mark 

3 marks 

20 (13 marks) OABCD is a pyramid. The height of the pyramid is the length of DE, 

where E is the point on the base OABC such that DE is perpendicular to the base. 

alse 
C(—2, -5, -2). B(2, 6, 2) 

O(0, 0, 0) A(4, 1, 4) 

a (48%) Show that the base OABC is a rhombus. 

b (65% Use a vector method to find ZAOC correct to the nearest tenth of a degree. 

The unit vector pi + qj + rk, p > 0, is perpendicular to both OA and OC. 

c i (35%) Show that q= 0 and find the exact values of p and r. 

ii 3%) Hence find the exact height of the pyramid. 

Nelson VICmaths Specialist Mathematics 12 

3 marks 

3 marks 

4 marks 

3 marks 
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G) Chapter summary 

Vectors 

« Avector describes both magnitude and 

direction. 

a 

A 

The vector above can be written as AB or y. 

2 2 
+ length = (2% — 1) + (92 - 1) 

This is called the magnitude of the vector. 

¢ The direction of the vector can be considered 

using geometry and trigonometry. 

« Orthogonal unit vectors: 

i is the unit vector that runs along the x-axis. 

j is the unit vector that runs along the y-axis. 

k is the unit vector that runs along the z-axis. 

Any vector can be written in terms of these three 

orthogonal unit vectors. 

« The magnitude of vectora = xi + yj + zk is equal 

to yx + y +2". 

Unit vectors 

« A unit vector has a magnitude of 1. 

+ The unit vector heading in the direction of a has 

the notation a. 

ait yj t zk 

lal J+ yp +e? 

Adding and subtracting vectors 

as 

We can add vectors geometrically and algebraically. 

Addition 

Using the triangle or parallelogram rule: 

B 

Cc 

‘AB + BC = AC (Note the common letter B.) 

9780170448543 

Subtraction 

To subtract the vector BC from AB, add the 

opposite of BC: 
Cc, 

Linear dependence and independence 

of vectors 

For two vectors that are not parallel, 

ifma + nb = pa+ qb, then m = p and n = q. 

So we can equate the coefficients of the vectors. 

If vector ¢ can be written as a linear combination 

of vectors a and b, thena, b and c are said to be 

linearly dependent. 

This means that when c = ma + nb for real numbers 

m and n, where m and n are not zero, thena, band 

care linearly dependent. 

Conversely, if vector c cannot be written as a linear 

combination of vectors a and b, then a, b and c are 

said to be linearly independent. This case means that 

when c = ma + nb for real numbers m and », the only 

solution to the equation c = ma + nbis that m=n=0. 

For two dependent vectors in 2D, they must be 

parallel; one is a scalar multiple of the other. 

In other words, a set of two vectors is linearly 

dependent if one is parallel to the other, and 

linearly independent if they are not parallel. 

Resolving vectors 

We can use the unit vectors i, j and k to express any 

vector in terms of the three axes, x, yand z. 

« Also, a = cos(a)i + cos ()j + cos(y)k 

where: 

ais the angle between the unit vector and the 

x-axis. 

Bis the angle between the unit vector and the 

y-axis. 

y is the angle between the unit vector and the 

Z-axis. 
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This means that ifa = ai + ayj + ajk, then 

cos (a) = 4a 
lal 

cos ($) “ial 

cos (y) = 
lal 

Scalar (dot) product 

Ifa = ai + ayj + a3k and b = bi + byj + b3k, 

then a - b = a,b, + a,b, +. a3b3, 

a-b= jal {b| cos (6), where 6 is the angle between 

the outgoing vectors a and b. 

« Angle between two vectors 

lo
n 

a-2 cos(@) = al 4 

Scalar and vector projections 

= 
V
i
s
e
s
 

’ 

u b 

Vector projection of a perpendicular to the 

direction of b=a— (a-6)6 

Parallel and perpendicular vectors 

« Ifa -b = 0, then vectors a and b are 

perpendicular. 

+ Ifa-b =+al|b|, then vectors a and b are parallel. 

+ Parallel in the same direction: a - b = |al|b| 

+ Parallel in the opposite direction: a - b = —|a||b| 

Nelson ViCmaths Specialist Mathematics 12 

Vector product 

Ifa = ai+aj +a,k andb = bi+ b,j +b;k, then 

the vector product ofa and bis: ~ 

axb= (ayb, = azb, )i = (a,b; = ash, ) j 

+ (ab, — ah) k 

In determinant form: 

ijk 
“~~ *)_|@ %). (4 %).|4 % axb=|a, a) a) = i- j+ k 

oe b, b,)~ b,|~ |b - by by by 93 b, bs 1 by 

axh 

at 

a b 

« The magnitude of the vector product is 

a x b| =|al|b| sin (0), where 0 is the angle between 

the two ‘outgoing’ vectors. 

Vector proofs of geometric results 

« All techniques dealt with in this chapter can be 

included in vector proofs of simple geometric 

results. 
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Cumulative examination 1 

Total number of marks: 9 Reading time: 4 minutes Writing time: 14 minutes 

| TECH-FREE | Technology is NOT permitted. 

1 [EXSY 2017 105 } (4 marks) Relative to a fixed origin, the points B, C and D are defined respectively 

by the position vectors b =i — j + 2k,c =2i — j + k andd = ai — 2}, where ais a real constant. 

+ 

z 

2 
FE 
q 

= 
= 
< 
s 
Ww 

w 

= 
FE 
< 
al 

Given that the magnitude of angle BCD is ue find a. 
3 

2 2019N 105 ] (5 marks) A triangle has vertices A(V3 +1, —2, 4), B(1, -2, 3) and 

C(2, -2, V3 +3). 
a Find angle ABC. 3 marks 

b Find the area of the triangle. 2 marks 
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Cumulative examination 2 

Total number of marks: 20 Reading time: 4 minutes Writing time: 30 minutes 

Approved technology is permitted. 

| Section A 5 multiple-choice questions 5 marks 

1 [XEN 2018 20011 ) Consider the vectors given by a = mi + j andb =i + mj, where me R. 

If the acute angle between a and b is 30°, then m equals 

A J241 B 243 ons 

3 39 i 
D = 

4-3 13 

2 EXTY 2018 20012 } If |a + bl= [a] + |b| anda - b # 0, which one of the following is necessarily true? 

A ais parallel tob B |a|= |b] c a= 

D a=-b E ais perpendicular to b 

3 2017 2AQ11 ) The vectors a = 2i+3j + dk,b=i+j—4kandc = 2i+ j —2k, where d isa real 

constant, are linearly dependent if 

A d= 10 B de R\{-14} Cc d=-14 
D de R\{-10} EdeR 

4 [EX@NN 2017 20013 ) Given the vectors given by a = 3i— 4j + 12k and b = 2i + 2j — k, the vector 

resolute of a in the direction of b is 

A 5 5 -=(2i+2)-k) G -$(21+2)-k) 

-= E ~=5 (31 -4j+ 12k) 

5 AY 2017 20015 } A body has displacement of 3i + j metres at a particular time. The body moves 

with constant velocity and two seconds later its displacement is i + 5j metres. The velocity, in ms", 

of the body is 

A 21 +6j B -2i +2j Cc -4i+4j 
D 4i-4j E i+3; 

36 Nelson ViCmaths Specialist Mathematics 12 9780170448543



| Section B 2 questions 15 marks N 

3 
4 EERENY 2013 2804 ) (12 marks) Leta ~~, + j—2k and b =i + V3j + 2V3k. E 

. Z < 
z 

a Find a unit vector in the direction of b. 1 mark = 

b Resolve a into two vector components, one that is parallel to b and one that is $s 
’ Ww 

perpendicular to b. 3 marks i 
2a 

c Find the value of m such that c = mi + j — 2k makes an angle of = with b and wherec #a. 2 marks = 

d_ Find the angle, in degrees, that c makes with a, correct to one decimal place. 2 marks s 

For the triangle ABC shown below, the midpoints of the sides are the points, M, N and P. 

Let AC = u and CB=y. 

B. 

N 

M 

Cc 
A ip 

e i Express AN in terms of u andy. 1 mark 

ii Express CM and BP in terms of u and y. 2 marks 

iii, Hence simplify the expression AN + CM + BP. 1 mark 

2 [XY 20102810 } (3 marks) The diagram below shows a triangle with vertices O, A and B. 

Let O be the origin, with vectors OA = aand OB = b. 

{0) 

Find the following vectors in terms ofa and b. 

a MA, where M is the midpoint of the line segment OA. 1 mark 

b BA. 1 mark 

c AQ, where Q is the midpoint of the line segment AB. 1 mark 
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@ 
Video playlist 
The conic 

We studied straight lines, parabolas, circles, ellipses and hyperbolas in Year 11. You will be familiar with the sections. 

@) The conic sections 

Cartesian and parametric definitions. Remember that a locus is the path traced out by a point under a given 

condition. 

Whe) si qs) > 7 |= 4)) Finding a locus [we] 

Find the locus of a point equidistant from the points (—1, 2) and (3, 4). 
p. 16 

Steps Working 

1 Sketch the points (—1, 2) and (3, 4) and show that 

the point P (x, y) is equidistant from 

(-1, 2) and (3, 4). 

2 Equate the distance formulas. ne ~(Dy + W- 2p = Je —xY4(4— yy 

3 Square both sides. (x+ 1) +(y- ay =(3- x) +(4 -y) 
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4 Simplify. x +2xtl+y?—4y+4=9-6xtx+16-8yty 

2x+ 6x—4y+ 8y+1+4-9-16=0 

8x+4y—20=0 

2x+y—-5=0 

5 State the answer. The locus is the straight line with the equation 

2x+y—5=0. 

The locus is actually the perpendicular bisector of the points (—1, 2) and (3, 4). 

Check that it is perpendicular to the line through the points and passes through their midpoint. 

Conic section definition as a locus 

A conic section is the shape made when a cone is intersected by a plane. 

The eccentricity of a conic section is given by 

sin(B) 

sin(@) 

where @ is the slant angle of the cone 

and f is the angle between the plane and the base of the cone. 

For circles: e=0 ellipses: 0<e<1 parabolas: e= 1 hyperbolas: e > 1. 

A conic section is a locus referred to a fixed point 

(focus) and line (directrix). D: 

PF = distance between the points and focus. M ial ee P(x, 

PM = distance between the points and directrix. : : HRUgiS 

PE 3 a 
ao a 
PM a F 

For a circle, PM =o and PF=r. D’: 

We studied conic sections with directrices parallel to the axes in Year 11. 

Parabolas (e = 1, a> 0) 

ya yh 

Concave up 
. Concave right 

x = day i 
R 

F(a, 0) 

* © 
ya-aiy y 

Vertex: (0, 0) (0, 0) 

Axis: x=0 y=0 

Equation: = day y = 4ax 

If a< 0, the parabola is concave down or concave left. 
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Ellipses (0 < e< 1, a> b) 

LI. 
_b| X4F a1 

ee 

y 

Axis lengths: — Major 2a 

Vertices: (ta, 0), (0, +b) 

Axis: x=0 

Formula: x + x =1 
a ob 

7a 
=a’ (1-e’), ore =1-— 

a 

For any point P (x, y) onan ellipse, PF + PF’ = 2a. 

Hyperbolas (e > 1) 
_b F 

yh Vr"qy 

< > 
x 

Vertices: 

Transverse axis: 

Formula: 

Be 
Pada (e- 1), or e=lt a 

a 
b 

Asymptotes: y = +— 
a 
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yh 

a 

+ 

~ ( 

+ 

al 
y 

Minor 2b 

(0, ta), (+b, 0) 
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The auxiliary rectangle, through (a, 0), (0, b), (—a, 0) and (—b, 0) assists 

in sketching the asymptotes and hyperbola. 

For a ‘vertical’ hyperbola it passes through (0, a), (b, 0), (0, -a) and (—b, 0). 

Circles (e = 0, a= b) 
A circle with radius r and centre at the origin has the equation x° + y’ =r’. 

Centre (h, k) = 
The equation of a conic section with centre (h, k) has x and y replaced 

by (x—h) and (y — k) respectively in the appropriate equation. 

Wael fe) ies) > @-\\ | 8 = 1) Finding an ellipse from given information 

An ellipse has its major axis parallel to the x-axis and is of length 16. A line segment at an inclination of 

p.17 45° from the centre to the point (-3, —8) on the ellipse has length 5V2. 

Find possible equations for the ellipse. 

Steps Working 

1 Use the length of the major axis to find a. 2a=16 

a=8 

2 Write the equation of the straight line y — (-8) = tan (45°) (x — (-3)) 

and simplify. y+8=1 (x+3) 

yHx-5 

3 Substitute the centre in the equation. k=h-5 

5 Simplify, substitute and solve for h. 50=(h+3)+(h-5+8) 

2(h+3)°=50 

h+3=45 

h=2or-8 

6 Find the values of k. k=h-5=-3 or-13 

7 Write the possible centres. The centre is (2, —3) or (—8, —13). 

8 Write the general formula, substitute known values (x eit + & es — 

and solve for b, for both cases. 8 b 

(3-27) C843" _ | 
8 b 

SP +5 x 8 =8h 

(64 — 25)b? =5? x 8” 

b= 40- (negative root irrelevant) 

39 

4 Write the length of the line. 5V2 = y(h—(-3) +(k-(-8)P 
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2 2 
or ae + ae = 

SP +5 x8 =8h 
»- 20 

39 
9 Write the possible equations. The equation of the ellipse could be 

2 2 
(x — 2) 4 39 +3) =1 

64 1600 

2 2 or (x + 8) 4 Dy +13) = 

64 1600 

The parametric form of a conic section has x and y expressed in terms of an independent variable, usually 

written as 6 or f. 

A Pythagorean identity can change circles, ellipses and hyperbolas to parametric form. 

Circles and ellipses have a sum, so use sin’ (t) + cos” (j)=1. 

Hyperbolas have a difference so use tan’ (t) + 1 =sec’ (t) or 1 + cot? (t) =cosec’ (t), written as 

sec” (t) — tan? (f) = 1 or cosec’ (t) — cot? (t)=1. 

Ve) st ese) > @-\\ | 28 = <1) Changing from Cartesian to parametric form 

-3/y +1) 
Express the hyperbola (y= 3" _ (+) = 1 in parametric form. 

81 100 

Steps Working 

4 Use tan? (t) + 1 =sec? (t). sec’ (t) — tan?(t)=1 

37 +1) 
2 Satisfy the identity. Choose sec? (t) = (y= 3) 3 tan*(t) = (e+) 

81 100 

to satisfy the identity. 

‘ y-3 x1 
3 Use the roots. Specify the values of t to sec(t)=+ »tan(t) =+ 7 

é 10 
complete all the points of the hyperbola. 

ox<reomesn = OF sec and tan are 

22 undefined at x am 
2 2 

wy y3 sor 
4 Use the positive roots. Choose sec (t) = , tan(t) = for 

simplicity. 

5 Simplify to get th tric f Th vet” implify to get the parametric form. e parametric form is) 10tan(t) 

y = 3 -9sec(t) y =3+9sec(t) y = 3 -9sec(t) 
The other ch : 
SEE OICES . = —1+10tan(t) x =—1-—10tan(t) fF ly =-1- 10 tan (t) 

give the same hyperbola but start at different points and/or traverse it in the opposite direction as t goes 

from 0 to 27. 

Check the form of the parametric equations for Worked example 3 for the identity 

1+ cot” (t) = cosec’ (t). 

The parabolas x” = 4ay and y” = 4ax use the substitutions x = 2at or y = 2at respectively. 

9780170448543 Chapter 2 | Rational functions 

p.18 

43



p.19 

VWle) st ¢s 2) > 7 | B="! Changing from parametric to Cartesian form 

. . x = 4+ 3cos(t) . . 
Express the parametric equations . ,0 St < 27 in Cartesian form. 

y = -6 + 5sin(t) 

Steps Working 

; x4... yt6 
1 Isolate sin (t) and cos (t). cos(t) = a sin(t) = —_ 

2 Write the identity. sin? (t) + cos”(t) =1 

+6) -4y 
3 Substitute the expressions. (22°) + (* ; } =1 

+6) | (x-4) 4. Simplify. & a ! aS i 

The above example is an ellipse with centre (4, —6). 

Its major axis is 10 units long and vertical, while the 

minor axis is 6 units long. You must be able to change between parametric 

and Cartesian forms of conic sections. 
J 

Parametric forms of conic sections 

Parametric forms of conic sections with centres at the origin, for 0 < t < 27. 

x = 2at 
Parabolas: vertical axis 2 

y =at 

y = 2at 
horizontal axis 2 

x = at 

= t 
Ellipses (a > b): horizontal major axis x = acos(t) 

y = bsin(t) 

. . . oS (EEE) 
vertical major axis . 

y = asin(t) 

x = asec(t) x = acosec (t) 
Hyperbolas: horizontal transverse axis ( or { ( 

y = btan(t) y = bcot(t) 

vertical transverse axis 
y = asec(t) y = acosec(t) 

or 
= x = bcot(t) 

x = rcos(t) 

y 
Circles: { 

rsin(t) 

For the centre (h, k), replace x and y by (x — h) and (y — k) respectively in the equation of any of the 

conic sections. This adds h and k to the parametric equations for x and y, respectively. 

Polar coordinates in the plane express the position of a point in terms of the distance r of a point from the 

origin and the anticlockwise angle 0 from the x-axis. (58) 

Conversions between (x, y) and (r, 8): 

tan(@)=2,P=xr4+y 
x 

x=rcos(@), y=r sin (0) 
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The polar form of the equation of a conic section has a focus placed at the origin and the form 
de de 

7 1+e cos (8) on" Ike sin (0) 

e is the eccentricity and d is the distance from the focus to the directrix. The equation with cos (@) gives 

r ,0< 86 < 27 for an ellipse, hyperbola or parabola. 

horizontal conic sections, and sin (6) gives vertical ones. 

For ellipses, e < 0; for parabolas, e = 1; for hyperbolas, e > 1 

The vertices of an ellipse are at 0= 0, *, mand 3m 
2 

For a horizontal hyperbola, they are at @= 0 and 7; for a vertical hyperbola, they are at 9= . and =. 

The polar form of a circle is r= +2a sin (9) or r= +2acos (0), where a= radius. The centres are (a, 0), 

(—a, 0), (0, b) and (0, —a) for 2a cos (9), —2a cos (6), 2asin (0) and —2asin (6) respectively. 

Ve) 5) ¢ Se) > @\ | B=) Changing from polar to Cartesian form 

: : 20 : : 
Write the equation r=———, 0 < @< 27 in Cartesian form. 

7-3.cos(@) 

Steps Working 

1 Divide by 7 to get e and determine the e= a , 80 it is a horizontal ellipse. 

type of conic. a 

20 3 20 
2 Find the vertices. (0) =5,r =). —,r(m) =2 andr oe | 

2, 7 2 Z 

20 1 20 
3 Change to Cartesian coordinates. (5, 0) > (5, 0), ( 7° =) [o - i 

(2, 2) > (2,0) and (2. >) i? C -2) 
hod 7 

4 Find aand b. 2a=5-(-2)=7 

a=3.5 

2p = 20_{_20 )_ 40 
7 7 Z 

20 ba 
7 

5+(-2 
5 Find the centre. - ) =s5; =0, 

[ we can use b? = a2(1 — e) to find b. so the centre is (1.5, 0). 

-15y -0y 
6 Write and simplify the equation. fen + y y =1 

35° 20 

7 

2 2 
A(x —-1.5) + 49y =] 

49 400 

The horizontal form with cos (@) above is confirmed by the lengths of the horizontal and vertical axes, 

2a=7 and 2b= a = 5.714. 
7 

For a hyperbola, we use v= a(e* — 1) to find b. 
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ve 

p.21 

46 

Ve) st ¢S 0) > 7\ | B= 75) Changing from Cartesian to polar form 

3 Check that the centre is at a focus. 

4 Find dand de. 

5 Write and simplify the equation. 

6 Choose the correct sign. 

7 Write the answer. 

. 2 (yH2.5P x? . 
Write the equation ~———— — =1 in polar form. 

4 225 

Steps Working 

1 State the type of conic. It is a vertical hyperbola. 

2 

2 Useaand b to find e. Jt ates 
a 4 4 

e=1.25 

k-ae=2.5—2 x 1.25 =0, so the lower focus is at the origin. 

d=ae—*=25-16=09 
e 

de =0.9 x 1.25= 1.125 

ls 
1£1.25sin(@) 8+ 10sin(0) 

r 

T 3a 
For +, (2] =0.5 and (| =~4.5, which gives vertices at 

(0, 0.5) and (0, —4.5), which works. 

9 
8+ 10sin() 

2. 2 For (y+25) x 

4 2.25 

: 9 
equation would be r= —————_.. 

8-10 sin (0) 

=1,k=-2.5, sok + ae=-2.5 + 2.5 =0, the top focus is at the origin and the polar 

Wherever possible, use CAS to check graphs or conversions of conics. 

| USING cas 1 | Graphing conics 

Graph each conic section. 

f =4+3cos(t) 
,OSt<27 

y=-6 + 5sin(t) 
b 

2 
(y — 2.5) xk 

4 225 

9 
~~ 8410 sin (6) 

all c 

File Edit Type 

% 
‘Sheet! |Sheet2 |Sheet3 |Sheet4 |Sheet5 

xt1=4+3-+cos(t) 4 
1) : — ytl=-6+5-sin(t) | | 
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1 Add a Graphs page. 1 Open the Graph&Table application. 

2 Press menu > Graph Entry/Edit > Parametric. 2 Tap Type > ParamType. 

3 Enter the parametric equations as shown on 3 Enter the parametric equations as 

the left. shown on the left. 

4 Press enter. 4 Tap Graph. 

5 Adjust the window settings to suit. 5 Adjust the window settings to suit. 

Note: the windows have been swapped. 

#2 Edit Zoom Analysis @ {x} 

> 

1 Delete the previous graph and reset the window 1 Delete the previous graph. 

settings to Standard. 2 Open the Conics application. 

2 Press Graph Entry/Edit > Relation. 3 Enter the conic equation as shown above. 

3 Enter the relation as shown above. 4 Tap Graph. 

4 Press enter. 5 Adjust the window settings to suit. 

c # Edit Zoom Analysis {x} 

¥ [WZ] pa] ea] ca [EEE] | 

|Sheett |Sheet2 |Sheet3|Sheet4|sheet5| | 
9 _o 

a 
| a- am. Sis 

|Wrl= sy To-sin@@) 

1 Add a new Graphs page. 1 Open the Graph&Table application. 

2 Press Graph Entry/Edit > Polar. 2 Tap Type > r=Type. 

3 Enter the polar equation as shown above. 3 Enter the polar equation as shown above. 

4 Press enter. 4 The window settings will be the same 

Note: the asymptotes are included with the graph. as the previous graph. 

2 
Compare the graphs of (2s) aa and Ew . 

TI-Nspire users: switch between 1.1 to 1.2. 

ClassPad users: switch between Conics and Graph&Table, tapping Graph each time. 
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EXERCISE 2.1 The conic sections ANSWERS p. 556 

Mastery 

1 Find the locus of each description and identify the shape. 

a_ A point moves so that it is equidistant from the points (3, 6) and (7, —2). 

b A point moves so that its distance from (0, 8) is three times its distance from (6, 4). 

c A point moves so that the angle between the lines drawn from the point to (2, —5) and (6, 3) 

is always 90°. 

2 A hyperbola has vertices at (2, 4) and (10, 4). One of its asymptotes has a 

slope of —0.75. 

a Determine the Cartesian equation of the hyperbola. 

b Find the number of intersections with the line y= 0.5x + 5. 

3 An ellipse has a major axis four times as long as the minor axis. The top focus is at (2, 7) and the 

rightmost point is vertically above (7, —6). 

a Find the Cartesian equation of the ellipse. 

b Determine the number of intersections of the ellipse with the circle with equation 

(x— 3)? + (y+ 4)" = 64, 

4 [EQ worked Examples | Express each Cartesian equation in parametric form. 

a y=12(x+5)?+4 b (x+2)°+(y—6)?=36 

2. 2 2 (x=4) +2)" _ | q et) +yel 
25 49 16 

(x+5))_(y-4F | , Wt (x-6F _, 
32 50 400 256 

5 Express each pair of parametric equations in Cartesian form, where 0 < t <2 

for parts a to e. 

a x = 2+4+5cos(t) b fx = 2sec(t)-1 

y = 3sin(t)-4 ly =34 4tan(t) 

c x = 2+43cot(t) d x = 6cos(t) —3 

y = 5cosec(t) y = 6sin(t)+7 

e [x =3+4cos(t) p {x =3-0257 
ly =1+46sin(¢) ly =1-05¢ 

6 Express each Cartesian equation in polar form. 

2 8) 1 _5p 2 

a *,Y ) =1 b x=—-y-2 c (y=5) -==1 
36 100 8 16 9 

+3 oy? +11? y? ak) ree e x +(y-4)=16 ¢ 
16 7 25 96 

7 Express each polar equation in Cartesian form, where 0 < 0< 22. 

13 5 13 6 

mn 6+7 cos (0) nm 7+ 6sin (8) ere 1+ sin (0) 

15 15 
d r=-10 = ——_ f r=—~—_~ 

r cos(@) r 34+2sin (0) r 1-2sin (0) > 
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> Exam practice 80-100% 60-79% 00-59% 

9 

10 

11 

12 

13 

(ESsi 55 (3 marks) A curve is specified parametrically by @:) 

r(t) = sco(i+ rant) teR 

a (80% Show that the Cartesian equation of the curve is x= aye =1. 2 marks 

b (70% Find the x-coordinates of the points of intersection of the curve x 2y° =1 

and the line y=x- 1. 1 mark 

. —_ (x-2" . (y-3) ‘ : 
(84% The ellipse 5 + 7 = 1can be expressed in parametric form as 

A x=2+3tand y=3+2/1+ ae B x=2+3sec(t) and y=3 + 2tan(t) 

C x=2+9cos(t) and y= 3+ 4sin (tf) D x=3+2cos(t) and y=2 + 3sin(t) 

E x=2+3cos(t) and y=3 + 2sin(t) 

(€1%) The Cartesian equation of the relation given by x =3 cosec” (f) and 

y =4cot(t) — lis 

2, 2 a Wt) XL) B (y+ py? = 1+) 

16 9 
2 2 

o 4 Wt Ly D 4x—3y=15 ry 
9 16 

E (y+ ap =) 

A circle with centre (a, —2) and radius 5 units has equation x - 6xt+y +4y=b, 

where a and b are real constants. The values of a and bare respectively 

A —3and 38 B 3and 12 Cc —3and-8 

D -3and0 E 3and 18 

CRETY 2015 2003 | (60% If both a and c are non-zero real numbers, the relation ax +(1- ay? =¢ 

cannot represent 

A acircle. B anellipse. 

Cc ahyperbola. D asingle straight line. 

E a pair of straight lines. 

(43%) The two asymptotes of a particular hyperbola have gradients na? 
3 3 

respectively and intersect at the point (2, 1). One branch of the hyperbola passes through the 

point (5, 5). 

The equation of the hyperbola is 

A (x=2% (-I _| B (x-2) _(y-1? _ 17 

4 9 4 9 36 

o Walt _@-2" 7 p Woh _(&-2" _, 
9 4 36 4 9 

eg = al 3 
9 4 > 
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> 14 (9 marks) A curve is defined parametrically by x= sec (f) + 1, y= tan (f), 

wheret € [ot] . 

a (80%) Show that the curve can be represented in Cartesian form by the rule y = Vx? — 2x. 2marks 

b (59%) State the domain and range of the relation given by y = Vx? — 2x. 2 marks 

c i (67% Express 2 in terms of sin (f). 2 marks 
Ix 

ii 61% State the limiting value of 2 as t approaches z 1 mark 
Ix 2 

d (90%) Copy the axes below and, in the graph, sketch the curve y = Vx? — 2x for x [2, 4], 

labelling the endpoints with their coordinates. 2 marks 

yo 
4 { 

jj | t5) | | | | | 
24 
me 

a 2) Rational functions and 
oe partial fractions 

functions 
and partial 
fractions 

A rational function is of the form f(x) = PO). where p and q are polynomials and q is not the zero 
q(x) 

polynomial. Although polynomial functions are continuous, rational functions have discontinuities where 

q(x) =0. At these values, the rational function is not defined, so the function is discontinuous. 

[ws] WRitael se Ua8atdl Points of discontinuity 
For each function, find any points of discontinuity. 

me +13 2x? -3x+1 3x? —5x-2 x x — 3x xe — 5X a f(t)=—4*? ob ofp = 2M S3HtL gi) = 3 =? («+ 2)(x—3) ° Poi Pa 3x45 
Steps Working 

a 1 Find when the denominator is zero. (x + 2)(x- 3) =0 atx=-2 or x=3 

2 State the points of discontinuity. f(x) is discontinuous at x = —2 and x =3. 

2 
b 1  Factorise where possible. g(x) = ox Fi —_ 

xa) 

(2x -1)(x -1) 
= ‘(x4 1)(x=1) .«—} Do not cancel (x-1). 

2 State the points of discontinuity. g(x) is discontinuous at x =—1 and x= 1. 
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3x*-5x-2 (3x + 1)(x- 2) 
x? 3x45 x? 3x45 

2 Check the discriminant of the denominator. A = b? — 4ac=9 —20=-11 <0 

c 1 Factorise where possible. h(x) = 

3 State the conclusion. x* — 3x +5 has no real roots, so there are no points 

of discontinuity. 

In part b in Worked example 7, the common factor (x — 1) cannot be cancelled if (x — 1) = 0 because 

dividing by 0 is undefined. It is better to leave it uncancelled to remind us that a discontinuity exists at x= 1. 

Rational functions 

p(x) 
A rational function f(x)= 

q(x) denominator. 

is classified according to the degrees of its numerator and 

If deg (p) = 0 (i.e. the numerator is a constant), the function is a reciprocal function. 

If deg (p) < deg (q), the function is a simple rational function. 

If deg (p) = deg (q), the function is a quotient function. 

F(x) =0 if and only if p(x) =0 and q(x) # 0. 

The roots of a rational function f(x) are those of its numerator p(x). 

Since the numerator of a reciprocal function is a constant, it has no roots. 

The vertical asymptotes of a rational function are the zeros of the denominator. 

Ve) sh =) > G8 = 9:3) Roots of rational functions 

Find the zeros of each function. 

a 1 Factorise where possible. 

2 Find the roots of the numerator. 

2x? -5x-3 (2x +1)(x- 3) 
x + 5x44 (x +1)(x + 4) 

g(x) = 0 when 2x + 1=0 or x-3=0. 

—— orx=3 
2 

b 1 Factorise where possible. 

2 Find the roots. 

4 
x =3 is nota root because 

f(x) is undefined at x = 3. 

2x? +2x?—18x-18 _ Ax? +x?-9x—9) 
3x°-8x-3 (3x + I)(x —3) 

x? (x +1) - 9(x +1] 

(3x +1)(x — 3) 

A(x + 1)(x? - 9)] 

2(x +1)(x — 3)(x +3) 

~@xtD(e-3) 
h(x) =0 when x+1=0 orx+3=0. 

x=—30rx=-l 

2x? —5x-3 2x? + 2x” — 18x —18 a 
a g(x) = b h(x) = =—5* "= 

et 5 3x" — 8x —3 

Steps Working 

If deg (p) = deg (q), then divide the numerator by the denominator to obtain a quotient and a remainder. 

If deg (p) = deg (q), then the quotient is a constant, the result of dividing the leading terms. 
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[ws] Weitecel > estat) Quotient and remainder where deg (p) = deg (q) 

6x? —2x+3 
p24 Find the quotient and remainder of — 

Die te 

Steps Working 

3 

1 Divide the highest powers: 6x* + 2x” = 3. 2x” + x —1)6x? —2x +3 

2 Multiply the quotient (3) by the divisor. 3 
2 ) 2 

Subtract to get the remainder. cc al a ice 

2x" doesn't go into —5x, so stop dividing. One tae 3 
—5x +6 

3 Write the answer. The quotient is 3 and the remainder is —5x + 6. 

[ws] STN STE quotient and remainder where deg (p) > deg (q) 
3 2 

p.25 Find the quotient and remainder of paabiesant2) 
x4 2 

Steps Working 

1 Set out as a long division, with all powers 5x27 — 7x +14 

shown. Or by synthetic division: ee 2)sx° + 3x2 +0x4+2 

5 3 0 2 5 > 

-2 | l -10 14 ~28 elo 
5 -~7 14 -26 7x? + 0x 

— 7x? -14x« 

14x +2 

14x + 28 

26 

2 Write the answer. The quotient is 5x” —7x + 14 and the remainder is —26. 

| USING CAS 2 | Quotients of rational functions 

Verify the solutions to the 2 examples above by finding the quotients and remainders for 

6x? -2x+3 5x? +3x° +2 
5 and : 

ORS op pe — IL fens 2 

TI-Nspire ClassPad 

© Edit Action Interactive 

SEE] o> [Fas] Sime | 459 | v | A] v 

rontrae 822528 a 
2ex“4x-1 

5x 6 - 3 
Dex2axml 2ex24xrl 

3 2. 
provFrac| ox +38 af) 

PEG ie 28. | Sex*=Tex: xeatl4 
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1 Press menu > Number > Fraction Tools > 1 Enter and highlight the first expression. 

Proper Fraction. 2 Tap Interactive > Transformation > 

2 Enter the first expression as shown. Fraction > propFrac. 

3 Repeat for the second expression. 3 Tap OK. 

4 Repeat for the second expression. 

For the first expression, notice that 2x” + x — 1 = (2x — 1)(x + 1). Separating the denominator 
—5x +6 

of —.———— into the smaller denominators 2x — 1 and x + 1 is called expressing as partial fractions. 
2x? +x-1 

It is the reverse of changing to a common denominator. We learned how to decompose algebraic fractions 

into partial fractions in Year 11. 

Partial fractions 

ax+b : A B 
* —————can be expressed in the form ae : 

(x +c)(x +d) (x+c) (x+d) 

5 p can be expressed in the form A a B : 
(e+) (ately (%4c) 

. = or at u can be expressed in the form antl Z ar 2 b 
Geese) Gee sG +d) (x+c) (x+c) (x+d) 

2 
. ee where px” + qx + ris irreducible (cannot be factorised), can be expressed in 

(mx +n)(px* ar Gbear 0) 

A Bx+C 
<>. 

mxtn px +qx+r 
the form 

In some exam questions, you do not need to find the values of the denominators of partial fractions. 

However, you can find the values of A, B, C etc., by equating the coefficients of the denominators, 

substituting values of x or a combination of methods. 

le) st ese) > 7\\ | B= 4) Expression as partial fractions 

Express each expression as partial fractions. 

3x —1 10x” —7 
a >= b ———_—_ 

x” —4x—5 (x +2)°(x* — 2x + 3) 

Steps Working 

a 1 Factorise the denominator. 3 isa = Sx—d 
x -4x-5  (x-—5)(x +1) 

2 Decompose the denominator. a + a 
x+1 «2-5 

_ A(x —5)+ B(x +1) 
3 Express with a common denominator. 

(x +1)(x —5) 

4 Simplify and equate the denominators. So 3x-1=A(x—5)+B(x+1) 

= Ax-5A+Bx+B 
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54 

Method 1 Method 2 

5 Putx=5. 15 — 1 =A(0) + B(6) Equate coeffs. A+B=3,-5A+B=-1 

6 Simplify. 6B=14 Solve for A. (A+B) —(-5A+B)=3-(-1) 

B=25 6A=4 

A=2 
3 

7 Putx=-l. —3 — 1=A(-6) + B(0) Substitute. s+ B= 

8 Simplify. -6A=-4 Solve forB. p=?! 

3 

2 1 
9 Write the result. 3x-1 =. 3 + aa 

x -4x-5 xt] x-5 

2 7 
= + —— 

3(x+1) 3(x—-5) 

1 Check x? —2x+3. A=(-2)?-4x1x3=-8<0 

2 Write the conclusion. x” — 2x +3 is an irreducible quadratic. 

3 Decompose the 10x77 A B Cx+D 
: = afi 

denominator. (x +2) (x? —2x4+3) (xt2) x42 x? -2x43 

5 Equate numerators. 10x? — 7= A(x” — 2x + 3) + B(x + 2)(x? — 2x +3) + (Cx + D)(x +2)" 

6 Putx=-2. 40-7=A (44+44+3)+Bx0+(Cx+D)x0 

7 Solve for A. 11A = 33 

A=3 

8 Simplify RHS 10x” — 7 = 3x? -— 6x +9 + Bx’ — Bx + 6B 

denominator. + Cx) +4Cx? + 4Cx + Dx? + 4Dx + 4D 

9 Collect terms. 7x? + 6x — 16 

10 Equate coefficients B+C=0,4C+ D=7, 4C- B+4D=6, 6B+4D=-16 

and solve. Substitute B=-—C:4C + D=7, 5C+4D =6, -6C+ 4D =-16 
Substitute D = 7 — 4C: 5C + 28 - 16C=6 

11C= 22, so C=2, B=-2, D=-1 

2 

11 Write the result. 10x" =7 3 2 2x71 

Express with a 

common denominator. 
_ A(x* = 2x +3)+ B(x + 2)(x7 - 2x + 3)+ (C+ D)(x +2)" 

(x +2) (x? —2x +3) 

=x) (B+C) +x’ (4C+D)+x(4C- B+4D)+6B+4D 

= - + 
(x +2) (x? -2x+3) (x+2)" x+2 x? -2x43 

If you have time in an exam, you should come back to check a partial fraction by finding the common 

denominator of your answer. Partial fractions can also be found using CAS. 
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| USING CAs 3| Partial fractions 

x =x = 4x 4 

(x+ 1? (x? +x +2) 

@ Edit Action Interactive 

Express as partial fractions. 

xeon? 4x44 [4 | 
in a a (soe (c+1)2. (25%) (#1) 2+ (x24x42 

oF 2 3 ——28_, 2, 3 
Se es x24xt2 XT (x41) 2 

x2axt2 x24x42 XFL (41)? 

1 Press menu > Algebra > Expand. 1 Enter and highlight the expression. 

2 Enter the expression as shown above. 2 Tap Interactive > Transformation > expand. 

3 In the dialogue box, tap Partial Fraction. 

4 In the Variable: field, enter x. 

5 Tap OK. 

3 2 x+6 
The solution expressed in partial fractions is z+ -s . 

(x+1f xtl xo +x4+2 

In some cases it is easiest to equate coefficients, and in others to substitute values. You may have a preference 

for one method over the other, but practise both because a combined method is often the most efficient. 

EXERCISE 2.2 Rational functions and partial fractions ANSWERS p. 557 

Recap 

2 2 
1 The parametric form of (x=3) + (y+5) _ 4is 

25 49 

x = 3+ 5cos(t) B x = 5cos(t)-3 c x =3+410cos(t) 

y =7sin(t)-5 y =7sin(t)+5 y = 14sin(t)-5 

x = 10cos(t)—3 Poe 
E _ . 

y = 14sin(t)+5 y =3.5sin(t)—5 

a 12 
2 The Cartesian form of r = is 

2 —4sin (0) 

2 12 2 2 2 2 a Wty xy p (xt4y yy co Xt _) 
4 12 4 12 12 4 

2 2 2 2 D (x + 4) youy E (y -4) Xo 

4 12 4 12 

Mastery 

3 Find any points of discontinuity for each function. 

2x —5 b x-3x° +7 ° x’ ~7x +10 
(x — 1)(x + 3) x’ —5x+6 3x? + 11x +6 

4 2x? +x-6 e 6x —6 : 12x” + 4x — 40 
x? +4x° —9x — 36 2x3 — x? —22x—24 4x? — 32x? + 83x —70 
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> 4 Find the zeros of each function. 

2x —5 x’ 7x +10 2x +x-6 
a b 2 c 3 2 (x — 1)(« + 3) 3x? +1lx +6 x? + 4x? —9x — 36 

4 x? —3x? —7x+21 e 2x3 — 5x? -llx-—4 1 6x? — 7x" —7x +6 
x? — 5x46 x? +5x-6 2x? — x? — 22x —24 

5 [Eq WORKED EXAMPLES 9, 10 ] Find the quotient and remainder for each expression. 

3x° 2x +5 5x —3 3x" —x-6 
a ————_ b c ———— 

x +xt+4 2x+1 x-2 

xx? 43x41 2x3 +3x7 —x+4 x? -2x?43x-1 
q 2 e 1S 

x+3 x -1 x 4+3x4+2 

6 Find the quotient and remainder for each expression. 

3x° — 17x? — 2x b 3x +1423 — x? + 21x -2 

3x-2 x+5 

og 4x? + 11x? + 24x +27 gq Ox) = 24x! - 13x? - 8x? +x + 20 

x45 x 45 

e 2x — 2x4 43x? +6x413 p 2 ox' 4x) - 2x7 -2x-7 

2x? —x +2 x42 

7 Express each fraction as partial fractions with numerators involving A, B, C, etc. 

Do not solve for the values of the constants. 

a x 43x44 b __5x-7 c 3x? —2x-3 

(x + 1)(2x +1)(x +4) 6x" +5x —6 (2x + 3)(3x? — 4x +5) 

d x +1 e 3x) +2x?-3x-2 
(x — 2) (3x — 4)(4x +1) (x +1)° (2x + 1)?(3x +1) 

f 2x +x—5 

(2x —1)?(2x +.1)(3x* + 3x + 2) 

8 Express as partial fractions. 

3 Ax +5 8x -—11 
® 52 _7sa8 b= a 

2x° -—7x4+5 x +x-2 2x° +5x-3 

gq 6x7 + 15x46 e 2x? +19x + 29 ' 2x +9 

(x — 1)? (2x +1) (x + 3Y°(x = 2) (x? + x + 3)(« +2) 

9 Express as partial fractions. 

a Ox) —12x +27 bp 2 Bx = 82 
(x +7)(x —2) (x + 2)(x +1)(x - 5) 

c 64 — 24x" — 37x d 4x? + 41x —10 

(x +2)(x + 4)(x? —5x +7) (x? —2x + 8)(2x? + 3x +2) 

e 2X — 56x" + 97x — 62 78x! + 367x° + 346x? + 642x +732 

(x +5)(x — 3) (x —5)(3x +. 4)(5x? — 6x + 4) 

4 3 
10 Express x38 EET eg quotient and partial fractions. 

(x+2)(x+1) 
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> Exam practice 80-100% 60-79% —0-59% 

"1 88% (1 mark 
a 4 

Verify that =1+ . 
ify a-4 a-4 

2 EEG (1 mary 
5x3 +12x +4 1 3. 2x-1 

Verify that —.—.—— can be written as — +—+ . 
x? (x? +4) x x x 44 

13 The quotient of 2x° + x° — 3x + 2 and x’ — 2is 

A 2x41 B x+4 c 16 D 2x7+5x+7 E 2x-5 

2x-4 

(x? + 2x + 5)(x — 2)7 

where A, B, C, D and E are real numbers, as 

14 The algebraic fraction can be written in partial fraction form, 

A A 4 Bete D B sed 4 Cc -+ D 

x +2xt5 (x-2P x-2 x +2x+5 (x-2)f x-2 

c Ax+B Cx + D E D A B Cc D 

2 + zt z + + x + 
x +2x+5 (x-2)f x-2 x +2 x+5 (x-2)) x-2 

A B Cc D 
E + + 7 

(x? +2x4+5% x* 42x45 (x-2) x-2 

15 (46% Which one of the following, where A, B, C and D are non-zero real numbers, 

2 
is the partial fraction form for the expression 2x t3xtl ; 

(2x +1)°(x? 1) 

a 4A +34 B ze + B 5+ c z+ = 
2x+1l x«-l x41 2x+1 (2x+1) (2x41 x°-1 

c A 4 Bxt Cc D A 4 B ++ Cc 

2xt+1l x -1 2x+1 (2x4+1) x-l 

E A 4 Bx+C D 

2x+1 (2x41 x-1 

: 1 
16 [EMT 20202A07 ) (26%) For non-zero real constants a and b, where b < 0, the expression Tr eT 

ax(x* + b) 

in partial fraction form with linear denominators, where A, B and C are real constants, is 

A B Cc a A, Bete B+ + 
ax x? +b ax x+b x—vVb 

c A 4 B ea G D A 4 B ea Cc 

xX  axt+y, b| ax —, b| x x+,/ b| x—,/ b| 

A B Cc 
E—+ + 

ax ( x+vVJb y x+ Jb 

9x — 20 
17 Express zs as partial fractions. 

(x — 3)?(2x +1) 
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a @s) Graphing rational functions 
Video playlist 

Graphi 
arity The relationships between a function and its reciprocal (and their graphs) follow from simple 

functions 
: : 1 > 1 > 

considerations, such as ‘as y > 0, — > tee’ and ‘as y > too, — > 0” 

y y 

Reciprocal polyno: functions 

For any polynomial function p(x) and its reciprocal function f(x) = ae 
p(x 

« the signs of p(x) and f(x) are the same 

the zeros of p(x) correspond to the vertical asymptotes of f(x) 

* asx— te, p(x) > te so f(x) — 0, so the x-axis (y= 0) is a horizontal asymptote 

« the maxima and minima of f(x) correspond to the minima and maxima of p(x) 

« the y-intercept of f(x) is the reciprocal of the y-intercept of p(x) 

* for p(x) concave up, f(x) is concave down. For p(x) concave down, f(x) is concave up 

« the domain of f(x) excludes the zeros of p(x). 

When graphing a reciprocal function, find the vertical asymptotes by finding the zeros of the denominator. 

Find the y-intercept and the signs of the function between the asymptotes. Remember that reciprocal 

functions have a horizontal asymptote at the x-axis. 

We) si ese > GN | B= 45) Graphing reciprocal polynomial functions 

ize Sketch the graph of f(x) = == 

Steps Working 

1 Factorise p(x) = x? -2x-15. x? — 2x -15=(x—5)(x+3) 

2 State the important points of p(x). p(x) has zeros at x =—3 and x=5. 

p(0)=-15 
Concave up as leading coefficient is positive so by 

quadratic symmetry, p(x) has a local minimum at (1, —16). 

3 State the signs of p(x). For x < -3 or x > 5, p(x) > 0. 

For -3 < x <5, p(x) <0. 

4 Use p(x) to identify characteristics of f(x). F(x) has vertical asymptotes at x = —3 and x =5. 

f(0) = - and f(x) has a local maximum at (. - i] 

As x + to», p(x) > toe», so f(x) > 0. 

F(x) has a horizontal asymptote at y = 0 (the x-axis). 

For x < -3 or x > 5, f(x) > 0. 

For -3 < x <5, f(x) <0. 

5 Sketch the graph, labelling all asymptotes Loy : 

and intercepts with their coordinates. ' '\ f= 

Label the maximum. 
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k 

p(x) 
A reciprocal function of the form 

x-axis by the factor k. 

is a dilation of the reciprocal function 
1 

p(x) 
from the 

le) si ese) > | B=) Graphing a multiple of a reciprocal polynomial function 

4 Sketch the graph of f(x) = ~—* —. 
cEMEn ht) aaa 

Steps Working 

1 Consider p(x) = x4 4n 47. 

2 Complete the square for p(x). 

3 State the behaviour as x > too. 

4 Find the y-intercept. 

5 Sketch the graph, labelling all asymptotes and 

intercepts with their coordinates. Label the 

minimum and maximum. 

For p(x) =x°+4x+7,A=-12<0,so there are no 

real zeros, so f(x) has no vertical asymptotes. 

p(x) =x? +4x4+443 

=(x+2)4+3 

Therefore, p(x) has a minimum at (—2, 3). 

f(x) has a maximum at x = —2, f(-2) = *. 

As x > —09, p(x) > © so f(x) > 0 from above. 

As x — 00, p(x) > © so f(x) > 0 from above. 

+ 
f=— 

In a simple rational function, the degree of the numerator is less than the degree of the denominator. 

Its graph has a horizontal asymptote of y = 0 (the x-axis). 

We can sketch a simple rational function by considering the signs of the function between the zeros and 

vertical asymptotes. Remember to find all intercepts and label their coordinates. 

Solve f’(x) = 0 to check for stationary points. 

We) st ese) > | B= 4" Graphing a rational function with a linear numerator 

Sketch the graph of f(x) = a 
xe tae — 2 

Steps Working 

1 Consider p(x) = x° +x -2. 

2 Find any zeros. 

3 Find the y-intercept. 

p(x)= x +x—-2=(x-1)(x+2), so f(x) has vertical 

asymptotes x= 1 and x = -2. 

(2) =0, so there is an x-intercept at (2, 0). 

(0) =1, so the y-intercept is (0, 1). 
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p.31 

60 

4 Differentiate. 

5 Find any stationary points. 

6 State the behaviour as x > too. 

7 State the signs of f(x) between the asymptotes 

and zeros. 

8 Sketch the graph, labelling all asymptotes and 

intercepts with their coordinates. Label the 

maximum. 

x 4+x—2-2x7 43x42 

(x? +x -2)% 

=x? + 4x 

(x -1)'(x + 2) 
—x(x — 4) 

(x= 1)’ (x + 2) 

f (x) =Oatx=0,4. 

f’(-1) < 0, f’(0.5) > 0, so there is a minimum at 

x=0. 

f'(x)= 

f'(3) > 0, f’(S) < 0, so there is a maximum at x = 4. 

The stationary points are a local minimum at (0, 1) 

and a local maximum at («2} 

As x > te0, y > 0, so there is a horizontal asymptote 

at y=0. 

For x < —2, f(x) < 0. 

For -2< x <1, f(x) > 0. 

For 1<x <2, f(x) <0. 

For x > 2, f(x) > 0. 

In some cases, the derivative does not help us to find the maxima and minima easily, so we just indicate 

where they are approximately by the shape of the curve. 

Ve) si ¢s 2) > @\\ | B= 45) Graphing a rational function with a quadratic numerator 

x’ — 3x —10 
Sketch th h of = —__—_.. etch the graph of f(x) ea De 3) 

Steps Working 

1 Factorise. 

2 State the zeros and vertical asymptotes. 

3 State the signs of the function. 

x? -3x-10 _ (x—5)(x +2) 
Fe)= ae 3) (ete 3) 
There are zeros at x = —2 and x = 5 and vertical 

asymptotes at x =—1 and x= 3. 

For x < -2, f(x) <0. 

For -2 <x <—-1, f(x) >0. 

For -1 <x < 3, f(x) >0. 

For 3<x <5, f(x) <0. 

For x > 5, f(x) > 0. 
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4 State the behaviour as x > +9, As x > —©, f(x) — 0 from below. 

As x > ©, f(x) > 0 from above. 

y=0 is a horizontal asymptote. 

5 Find the y-intercept. f(0) = 10 
3 

6 Sketch the graph, labelling all asymptotes and 

intercepts with their coordinates. 

= 3x10 

a (x+ 1)? (x-3) 

We can use CAS to graph rational functions, such as f(x) from the above example. 

| USING CAS 4| Rational functions 

x? —3x-10 

(x ae 1y (x - 3) 
Graph f(x) = 

Rad Real 

1 Add a Graphs page and enter the function. 1 In Main, enter and highlight the expression. 

2 Press menu > Trace > Graph Trace or press 2 Tap the graph icon and drag the expression 

menu > Analyse Graph to find and label the down into the graph window. 

key features of the function. 3 Tap Analysis > G-Solve to find and label the 

key features of the function. 

4 Press enter each time to label the coordinates. 
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EXERCISE 2.3 Graphing rational functions ANSWERS p. 557 

Recap 

2x* + 5x —3 
1 The function f:R > R, f(x) = ~ 5 ~ has 

(x —1)(x* — 2x — 8) 

A zeros atx = > 3 and discontinuities at x =—2, 1, 4. 

1 . — 
B zeros at x = > —3 and only one discontinuity, at x = 1. 

1 : age 
C zeros atx = > 3 and discontinuities at x = 2, 1, —4. 

1 
D zeros at x = > —3 and discontinuities at x = 1, 22. 

E zeros at —x = -— > 3 and discontinuities at x =—2, 1, 4. 

2 As partial fractions, x? equals 
(x +1)°(x +3) 

A 11 _ 5 B 11 _ 5 ; 

2Ax+3) 22(x+]) 2(x+3) 2(x +1) 

c 1l _ 5 = ll D 1 _ 6 _ 6 

A(x+1) x41" 4(x +3) T(x+1) 7(xt+1P  7(x+3) 

E 11 4 5 = 11 

A(x+3) 2(x4+1) A(x +1) 

Mastery 

3 Sketch the graph of each function. 

1 1 1 
a x)= b x)= c x) = >—_ 

F(x) x-2 F(x) (x +3 F(x) x? 2x45 

1 1 1 
d (x) = ———_,} e (x) = ——-—— f (x) = ———_—____ 0) = S35 ae We) = Cas IO) = Det Dats) 

4 Sketch the graph of each function. 

3 6 8 
a x)= b x)= c x)= 

fx) x1 f(x) 9— x? Sx) x? —8x +12 

6 24 
d f(x) = =————— e f(x) = ————_—_— 

x” — 6x +10 (x + 1)(x + 4)(x — 3) 

8 
t f(x) x)= ——___ 

(x — 2)?(x + 2)(x +1) 

5 Sketch the graph of each function, including any maxima or minima. 

2x-5 3x -4 x-4 

a fe)- 4 P f0)= CE) © f= CG 3 
x+5 x-1 x+3 

d fe)= a5 © f= Gen) 1 fle)= a4 > 
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> 6 Sketch the graph of each function, showing all important features. 

a f(x) = b fix)= >A © fle) = eS (2s) 

4 f= e f)= =F f fla) = ea 

7 Sketch the graph of each function. 

d fo) = e f= oa t fls)= 
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)> Exam practice 80-100% 60-79% 00-59% 

9 (53% (4 marks) Copy the axes below, and on them sketch the graph of 

x+1 
fas my labelling any asymptotes with their equations and any intercepts with their coordinates. 

xe 

yo 
4a 

24 

fateh elt te 
2 

44 
y 

10 (66% The graph of y = f(x) is shown below. 

y 
2 

7a ae: 

All of the following axes have the same scale as the axes in the diagram above. 

1 
The graph of y = 

f(x) 
is best represented by 

A B y 
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1 
1 q 

\ 

q 

x U 1 
1 

: 
<=_—, T nL ied ~ | _ : O| % T Top TTT 

1 1 
' a 1 
1 U 
1 4 yi NE | 
: y 

E yh 
' 4 
1 

bX! 
: ns 
1 

—O > 
1 4 

1 i J 
1 : J 
' 4 

y 

11 EXE 20122408] (708) The graph of y = ——+—— has asymptotes at x= -5, x= 3and y=0. 
ax” +bx +c 

Given that the graph has one stationary point with a y-coordinate of = it follows that 

A a=1,b=2,c=-15 B a ee c a=) b=-Le=15 
2 2 2 

D a=-1, b=-2,c=-15 E a=) b=1h-=-P 
2 2 

@ 
Video playlist 

Graphing 
quotient 

form functions 

n n-1 
f(x) = +a, jx +. 

n n-1 b,x" +b, yx" + 

As x > teo, the x” terms will dominate, so f(x) > Sn = c, aconstant. 

b, 

A quotient function whose numerator and denominator have the same degree has a horizontal asymptote 

y=c, where c is the quotient of the leading coefficients. 
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p.32 

66 

Vile) sh =) > N84) Quotient function graph with a horizontal asymptote 

2x? +6x+4 Sketch the graph of f(x) = : 
oe ess 

Steps Working 

1 Factorise. 

2 State the zeros and vertical 

asymptotes. 

3 Find the y-intercept. 

4 Find the horizontal asymptote by dividing 

the leading coefficients. 

5 Differentiate and simplify to find stationary 

points. 

6 Find any points where f’(x) = 0. 

7 Find the nature of the stationary points. 

8 State the nature of the stationary point. 

9 State the sign of f(x) in each 

region of the graph. 

10 State the behaviour as x + too 

(e.g. try f(100), f(—100)). 

11 Sketch the graph, marking all 

important points. 

2(x + 2)(x +1) 

(x -1)? 

There are zeros at x = —2 and x = —1 and a vertical 

f(x) = 

asymptote at x= 1. 

f(O)=4 

2x° + x° =2, so the horizontal asymptote is y = 2. 

(4x + 6)(x —1)? — (2x? + 6x + 4) x 2(x —1) 
f(x)= 

(x -1)' 

_ (Ax + 6)(x —1) — 2(2x? + 6x + 4) 

7 (x-1) 

_ 4x? + 2x —6 — 4x? —12x-8 

7 (x-1 
_ -10x—14 
~ @=1i 

f (-1A4) =0 so there is a stationary point at x = —1.4. 

cad [aa | >-14 
F(x) 7 0 + 

ds 
There is a minimum at (24- zh 

For x < —2, f(x) is positive. 

For —2 < x < —1, f(x) is negative. 

For -1 < x < 1, f(x) is positive. 

For x > 1, f(x) is positive. 

As x 4 —, f(x) < 2, so f(x) — 2 from below. 

As x > ©, f(x) > 2, so f(x) — 2 from above. 

. 2x7 + 6x44 
! £9) = >=— 
te1 x —2x+1 

1 
i) 
i) 

i) 

' 
| — 

ee reer | eee deme ITA. 

= 
x 

i} 
i} 
1 
; 

(2,0) (-1,0)} | 
i} 
1 
! 
1 

Nelson ViICmaths Specialist Mathematics 12 

A quotient function with deg (numerator) — deg (denominator) = 1 has an oblique (sloping) asymptote of 

the linear form y = mx + c, where mx + c is the quotient of the numerator and denominator. 
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Whe) s) =) > GN B= v4) Quotient function graph with a sloping asymptote 

(x + 2)(x — 2)(2x —7) 

2 State the zeros and vertical asymptotes. 

3 State the signs of the function. 

4 Find the sloping asymptote. 

5 State the behaviour as x > tee. 

6 Find the y-intercept. 

7 Sketch the graph. 

Sketch the graph of f(x) = > 
ES Na) 

Steps Working 

1 Factorise. f(x) = (& +2\x— 2)Qx=7) 
(x —3)(x +1) 

The zeros are at x =—2,x=2 andx = 5 =3-. 

The vertical asymptotes are x = —1 and x= 3. 

For x < —2, f(x) <0. 

For -2< x < -1, f(x) >0. 

For -1<x <2, f(x) <0. 

For 2<x< 3,f(x) >0. 

For3 <x < 2, flx) <0. 

7 
For x > phe 0: 

(x +2)(x — 2)(2x — 7) = 2x? — 7x” — 8x + 28 

2x3 — 7x" — 8x +28 -8x +19 
—{. ee 3 Ey 

x” —2x-3 x” -2x-3 

so there is a sloping asymptote; y = 2x — 3. 

Asx—>—o0, S419 >0sof(x) >y=2x-3 
x —2x-—3 

from above. 

Ave eg Oe ow 0 so f(x) > y=2x-3 
x? —2x-3 

from below. 

(x+2)(x—2)(2x-7) 

x? -2x-3 

A quotient function with deg (numerator) — deg (denominator) = 2 has a curved asymptote of the quadratic 

form y= ax" + bx + c, where ax” + bx + c is the quotient of the numerator and denominator. 
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Whe) sh 2) > B= 475) Quotient function graph with a curved asymptote 

(x + 3)(x —5)(x +2) 
Sketch the graph of f(x) = 5 

x 

Steps Working 

1 State the zeros and vertical asymptotes. 

2 State the signs of the function. 

3 Find the curved asymptote. 

4 State the behaviour as x > tee. 

5 Find the y-intercept. 

6 Determine the characteristics of the curved 

asymptote. 

7 Sketch the graph. 

The zeros are at x =—3, x=5 and x = —2 and the 

vertical asymptote is at x = 2. 

For x < -3, f(x) > 0. 

For -3 < x < -2, f(x) < 0. 

For -2 < x < 2, f(x) > 0. 

For 2<x<5,f(x) <0. 

For x > 5, f(x) > 0. 

(x+ 3)(x- 5)(x+2) =x° - 19x - 30 
3 

a — 130 2 all , so there isa 

curved asymptote; y= x +2x-15. 

As x > —00, — ee > 0so f(x) yax' +2x-15 

from above. ~ 

As x > 00, — 2 < O80 f(s) y=xr+2x-15 

from below. ~ 

f(0)=15 

yar + 2x —15=(x+5)(x— 3) has zeros at —5 and 3. 

The vertex is halfway between the zeros, at x =—1, 

y=—16. 

The y-intercept is —15. 

feo aA (x + 3)(x—5)(x + 2) 

ia
l i

 

We should always check for stationary points, but in more complex graphs such as in the previous two 

examples, they may be too difficult to find without using CAS. 
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| USING CAS 5 | Quotient functions 

Graph f(x) = ea eee + Aya 22 = a) 
a 

=
>
 1 is)
 

° ~—
 

=
 

nN
 

°o
 
—
 
—
 

we
 

wn
 

° ~~
 

1 Add a Graphs page and enter the function. 1 In Main, enter and highlight the expression. 

2 Adjust the window settings to suit. 2 Tap the graph icon and drag the expression 

3 Press menu > Trace > Graph Trace or press down into the graph window. 

menu > Analyse Graph to find and label the 3 Adjust the window settings to suit. 

key features of the function. 4 Tap Analysis > G-Solve to find and label the key 

features of the function. 

EXERCISE 2.4 Graphing quotient functions ANSWERS p. 561 

Recap 

1 The asymptotes of f(x) = 3446 are 
(x* — 4)(x - 3) 

A y=3,x=-2,x=2,x=3 B y=3,x=2,x=3 C y=0,x=-2,x=2,x=3 

D y=0,x=2,x=3 E y=0,x=-2,x=2,x=-3 

2 The graph ofa function is shown on the right. 

A possible equation is: 

A fo =a B f= as 

c I) = os D fey = 

E f(x)= aver) 
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)> Mastery 

3 Sketch the graph of each function, labelling all important features. 

6x -9 4-3x 2-5x — 3x" 
2 fos ces | © I)" oa 

_ x’ —3x-10 _ 4x? 2x43 _ (2x —5)(x +5) 
q F(*) = ryan 6 e f(*) = x+4—3x" t f(*)= (l—x)(x + 2)? 

4 Sketch the graph of each function, labelling all important features. 

_ x? 6x48 _ 2x? -5x-3 _ (2x +5)(x -3Y 
2 fe) a3 i aan © FOS se a6 

_ 3x" — 2x +1)(x — 2) _ 3(x* — 5x — 6)(x + 2) 2x? —54 
2 F(x) = 34x —2x? F(x)= 4-x° ’ f)= a4 

5 Sketch the graph of each function, labelling all important features. 

_ Bx +2)(x— D(x -3) _ (x +3)(e-1) 
a f(x) — b f(x) ~ 

= Grades Mend) _ 2x +l +2)8-9) 
° O55 4 fe)= x +2x41 

e f(x) = AEG +9) t Fey BEDS oe eh) 
x? —2x+1 x +6x +8 

6 Sketch the graph of each function. 

2x? — x 4x? —9x3 + 4x -—6 
a x) = ——_—_ b x) = ——__.——_ 

fe) (x + 1)(x - 2) He) (x +1)(3x? - 4x + 2) 

4x° — 8x —52x +83 11x? — x* - 12x - 86 
ce f(x) =———__——_— df (x) = ———__— 

(x + 4)(2x —7) 2(x + 2)(x —5) 

(1=x)(x” -8) 4x* +14x° +15x7 + 8x —9 
e x) = ———_ f x)= 

A(x) x+3 Fe) 4x? + 6x +3 

2 2 
7 a How many zeros does f(x) = 2x 8a" have? 

xt+a 

. . 2x? — 8a’ 
b How many straight-line asymptotes does f(x) = ————— have? 

xt+a 

ce Find the equation(s) of the straight-line asymptote. 

d_ Sketch the graph. 

8 Find any vertical, horizontal, sloping and curved asymptotes for each function. 

x+2 3x°+x-2 
a x) = —=—_—_ b x)eoest 

F(%) x? —2x—24 f() x? —3x+2 

° fx) = 2 385 4 Fx) = 2 3H Het 
x+2 x? —2x-8 

(2x —1)(x + 2)(3-— x) xt-x-x41 
e x) = f x) = ————_ F(x) i PO) = a yaeas 
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)» 9 State a possible function rule for each graph. 

2 
a (9% Show that f(x) = ox + can be written in the form f (x) = 2+ : i 1 mark 

x +1 x +1 

2 
b (63% Copy the axes below and on them sketch the graph of the relation y = ca +3 from 

x +1 

—3 to 3. Label any asymptotes with their equations and label the intercepts with the axes, 

writing them as coordinates. 3 marks 

x +l 
11 (86% | The asymptote(s) of the graph of f(x) = ar has equation(s) 

0 — 

x x 
A x=4 B x=4and y= > c xodandy =~ +2 

D x=8and y => E x=8andy=2x+2 > 
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> 12 (71%) The straight-line asymptote(s) of the graph of the function with rule 

f(x) = se where a is a non-zero real constant, is given by 

A x=0 only. B x=0and y=0 only. 

C x=0and y=x only. D x=0,x= Va andx=- Va only. 

E x=0and y=a only. 

2 
13 The features of the graph of the function with rule f(x) = —— include 

A asymptotes at x= 1 and x=-2. 

asymptotes at x = 3 and x=—2. 

an asymptote at x= 1 and a point of discontinuity at x = 3. 

an asymptote at x = —2 and a point of discontinuity at x= 3. 

m
o
o
o
 

an asymptote at x = 3 and a point of discontinuity at x = —2. 

2x3 +x? -1 
14 [EXVSNY 2011 2001) (84%) The number of straight line asymptotes of the graph of y = —— ~ is 

x -x-2 

A 0 Bl c 2 D3 E4 

15 [ENEMY 2021 2801 J (10 marks) 

2x — 3)(x +5 Let f(x) = 22 — 3 + 5). 
(x — 1)(x + 2) 

. Bx+C 
a 79% Express f(x) in the form A + ———————. , where A, B and C are real constants. 1 mark 

(x —1)(x + 2) 

b State the equations of the asymptotes of the graph of f. 2 marks 

c (48%) Copy the set of axes shown below and on them sketch the graph of f. Label the 

asymptotes with their equations, and label the maximum turning point and the point of 

inflection with their coordinates, correct to two decimal places. Label the intercepts with 

the coordinate axes. 3 marks 

Yh 
154 

104 
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2x —3)(x+5 
(2x — 3)(x +5) , where k is a real constant. > d Let g(x) = 
(x — k)(x + 2) 

i (24%) For what values of k will the graph of g, have two asymptotes? 2 marks @s) 

ii (46%) Given that the graph of g, has more than two asymptotes, for what values of k will the 

graph of g, have no stationary points? 2 marks 

@s) Absolute value functions 

In Year 11, we learned that |x| is the absolute value or modulus of a real number x, and is the (positive) 

distance of x from the origin on the number line. 

x, forx 20 Ix|= . —x, forx <0 a 

Solve equations like | f(x)| =k as 2 equations: f(x) =k or f(x) =-k. 

Solve inequalities like | f(x)| 2k as 2 inequalities: f(x) 2 k or f(x) <—k. eS , 

Solve inequalities like | f(x)| < k as 2 inequalities: f(x) < k and f(x) 2 —k. This can be written as fiectie 

-k < f(x) <k. 
Worksheets 

Absolute 
Whe) st ese) > | B= 45:) Absolute value equations and inequalities uals 

Solve aise 
functions 

a [2x-5|=11 b [3x+2|28 c |x +4] <6 vancotite 
; value 

Steps Working inequalities 

a 1 If[f(x)| =11, then f(x) = 11 or -11. 2x-5=411 

2 Solve each equation. 2x-S5=l1l>x=8 

2x-5=-ll1>x=-3 

3 Write the solutions. x=8orx=-3 mas 

b 1 If[f(x)| 28, then f(x) =8 or f(x) <-8. 3x+22>8o0r3x+2<-8 

2 Solve each inequality. 3x+25-8 => 3x S-10 > x s- . 

3x+228=>3x26>5x22 

‘ é 10 
3 Write the solutions. x22or x <—-— 

3 

c 1 If|f(x)| <6, then -6 < f(x) <6. -6<xt+4<6 

2 Solve each inequality. -6<x+4>5-10<x 

xt+4<65x<2 

3 Write the solution. x € (-10, 2) 

The solutions to the above inequalities can be shown in alternate forms; for example, 

b xe [---2]e [2,0¢) ande {x:-10<x<2}. 
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Worksheet 

Transformations 

of absolute 
values and 
hyperbolas 

74 

| USING CAS 6 | Absolute value equations and inequalities 

Solve |3x + 2| >|x - 4|. 

@ Edit Action Interactive 

Ei] o> [ease eT 
solve(|3+ x+2[2|x-4],x) 

xS-3 eo solve(|3-x+2|2Ix-4|,.x) 

; {xs-3. 40x} |) "2 

1 Press menu > Algebra > Solve. 1 Open the Keyboard > Math1 or Math2 to access the 

2 Press the template key to access the absolute value function. 

absolute value template. 2 Enter and highlight the inequality. 

3 Press ctrl + = to access the 2 sign. 3 Tap Maths to access the 2 sign. 

4 Enter the inequality followed by, 4 Tap Interactive > Equation/Inequality > solve > OK. 

x as shown above. 

The solution is (—e,—3] U E | 

For x = 0, |x| =x, so the absolute value function is the same as y = x for x > 0. 

For x <0, |x| =—x, so the graph of the absolute value function is symmetrical about the y-axis. 

= _ 
x 

The graph of the absolute value function has a sharp vertex at (0, 0), called a cusp. 

F(x) = a|x| or f(x) =|ax| is dilated from the x-axis by a factor of a. 

For a> 1 ora<-l, it is stretched; for —1 < a < 1, it is shrunk. 

f(x) = |x + D| is translated in the x direction. For b > 0, it moves left; for b < 0, it moves right. 

f(x) = |x | + c is translated in the y direction. For c > 0, it moves up; for c < 0, it moves down. 

Vile) ese) > @\ | 2B -t) Absolute value graphs 

Sketch the graph of f(x) = 2|x+ 3]+ 1. 

Steps Working 

1 State the transformations. The graph of f(x) = |x| is translated 3 units to the 

left, stretched from the x-axis by the factor 2 and 

translated 1 unit up. 

2 Sketch the graph and include a few points for 

reference. 
(0,7) 

f(x) =2|x4+3|4+1 

*y
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EXERCISE 2.5 Absolute value functions ANSWERS p. 564 

Recap 

39x — 2x3 — x? — 43 
1 The asymptotes of f(x) = are 

x’ +2x-15 

A x=-5,x=3,y=2x+1 B x=5,x=-3,y=-l 

C x=-5,x=3,y=-2x-1 D x=5, y=—3, y=2x—3 

E x=-5,x=3,y=3-2x 

2 The graph of the function f(x) is shown on the right. yh 

A possible equation for the given graph is a | 
— T T 0 T T T aes 

A. f(x) = 3&2 De=5) pppoe il 2 3 4 aNg* 
(x — 2)(x — 4) rey 

64 

B f(x)= 3(1-— x)(x —5) 34 

(x —2)(x — 4) ~105 
-v4 

© f(x)= 3(x —1)(x —5) ya 

(x + 2)(x +4) _164 

' 
D f(x)= —3(x +1)(x +5) 

(x —2)(x — 4) 

E f(x)= 3(x + 1)(x +5) 

(x — 2)(x - 4) 

Mastery 

3 Solve each expression. 

a |4x+3|=9 b |m—5|=1 ce |32+4)=7 
d [3g+2|<8 e |2k+6|>14 f |2x-1)>7 

4 Solve each expression. 

a |[5x-3|<7 b |3-2p|=5+3p © 2\q+4|>3 (q-2) 
d [3m—2| <|5m+7| e 2|2a+4|=3|7—-al f |x —5x+4]>2 

5 Sketch the graph of each function. 

a f(x)=|x-3]+1 b f(x) =|2x+5|-4 c f(x) =3|4-x|-2 

d f(x) =2|3x-1]+4 e f(s) = 6-5 |x| f(x) =|x—4] + [x +2 

6 State possible equations for the functions with these graphs. All are shown with unit grids. 

a b 
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Exam practice 

7 EB GEES + mary 
Solve the inequality 3 — x > u 7q for x, expressing your answer in interval notation. 

x 

8 (3 marks) The function f(x) has the rule f(x) = |2x — 3] - [3x - 1]. 

a_ Sketch the graph of f(x) for—5 $x <5. 2 marks 

b State the domain and range of f. 1 mark 

9 (2 marks) Find the range of f(x) = |x — k| — |3k — x| in terms of k. 

10 Consider the function with rule f(x) = | x -— 3] + |x + 3|-a, 

where a is a real constant. 

1 

f(x) 

A {-3, 3} B {} C [6, 0) D (-co, 6) E [-3, 3] 

The graph of will have three asymptotes if the set of values of a is 

11 The solution(s) of |3x -— 1| <|x+ 1] are 

A xSl B x<0orx21 Cc O0<x<l D x20 EOs<x< 

Video playlist 
Reciprocal 

Pam Remember from Year 11 that secant, cosecant and cotangent are defined as sec(@) = oy = i 
cos x 

1 1 1 cos(@) x 
cosec(@) = = — and cot(@) = ——~— = —— = —. We can calculate sec (@), cosec (@) and cot (0) 

sin(@) y tan(@) sin(@) vy 

from the corresponding values of cos (6), sin (@) and tan (6). 
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The graphs of y = sec (x), y= cosec (x) and y= cot (x) are related to the graphs of y = cos (x), y = sin (x) and 

y = tan (x) respectively in the same way as any reciprocal graphs are related to the originals. 

« They have vertical asymptotes wherever the related graph has a zero. 

* y=cot(x) has zeros where y = tan(x) has asymptotes. 

e Maxima become minima and vice versa. 

¢ The signs remain the same. 

y = cosec (x) 

asymptotes at x =—z,, 0, 7, 27, 3m, etc. 

x=nn,neZ 

no zeros 

domain: R \{nm: n € Z} 

range: (—c, —1] U [1, ©) 

ine 3m Hm 5K ON 
minima at x = —-——,—,—,— etc. 

2°2°2°2 

[m+nEa) mez 

nm 3m 7H 11 

y = cosec (x) 

7 , #Y
 

maxima at x = ——,—,— , — etc. 
22 2 2 

(4n-1)2,-1|,neZ 
2 

oy atx = ae on SF te 
me 2727272 °° 

\ 
1 ' 

x=(2nt+1)—,neZ y =sec(x) 1 

' 
\ 

a 

domain: R\{n7m: n € Z} 

range: R 

P
E
 

ae
 

ep 
en
 

a
g
e
r
 

ee
 
e
e
r
 

ee
r 

no zeros arr 

‘ T el 
domain: R \}(2n+ on eZ hy an * 

range: (—ce, —1] U [1, 09) 

minima at x = —27, 0, 27, 47 etc. 

(2nzm, 1),neEZ 

maxima at x =—7, 71, 37, 57 etc. 

((2n+ 1)m,-1),n€Z 

y = cot (x) 

asymptotes at x =—7, 0, 7, 27, 37 etc. 

x=nnneZ H 
f 

am 30 SH 1 
zeros (centres) at x = ——,—,— , — etc. 4 

2°2°2°2 
1 
' . 

x=(2n+1)2,n eZ jen 
2 x 

t
o
o
-
-
-
-
-
-
-
-
-
-
-
8
4
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We can sketch transformations of the reciprocal circular functions by sketching the corresponding circular 

function first, but it is generally easier to proceed from the basic reciprocal function. 

Order of transformations 

Sketch the graphs of a f [n(x + b)] + c, for f(x) = sec (x), f(x) = cosec (x) and f(x) = cot (x) by 

transforming f(x) in the following order 

‘HORIZONTALLY’: 
[ mis can be written as |n| > | 

I 
¢ Dilation from the y-axis by a factor of — (period from n): shrink for n> 1 or n<-—l, 

stretch for-—l<n<1 
n 

¢ Reflection in the yausitneo oo T can be written as [n| <1. ] 

¢ Translation parallel to the x- 

‘VERTICALLY’: 

¢ Dilation from the x-axis by a 

e Reflection in the x-axis if a< 

axis (phase from b): left if b > 0, right if b < 0. 

factor of a: shrink for —1 <a < 1, stretch fora>1ora<-—l 

0 

¢ Translation parallel to the y-axis: up if c > 0, down if c < 0. 

We can also sketch cot graphs by 

TT 
e Asymptotes 0, 7; points [ A 

transforming the asymptotes and important points and joining them: 

Ve) 4 
1 

Ve) si ese) > @\\ | 84) Graphing reciprocal circular functions 

p.37 Sketch the graph of y = 3 cosec & oP £) —1 from x=0 tox=27. 

Steps Working 

T 
1 Expressasaf[n(x+b)]+c. y =3 cosec [a{=+2] -1 

2 State the transformations. Dilate the (dotted) graph of y = cosec (x) from the 

y-axis by a factor of a move left by units. 
6 

Dilate from the x-axis by a factor of 3, move down by 1 unit. 

3 State the asymptotes and cosec (x) has asymptotes at 0, 7, 27, +2n7, minima at 

important points of cosec (x) 3. 
P P . 2 + 2nz and maxima at 2 +2nn 

(from zeros, maxima and 2 2 

minima of sin (x)). 

4 Transform the important 1 1 1 1 r 

poinsendasymems, (34) >(F1)>(54) (5a) (52) 
3m 3m 70 70 70 
1 y= aL om) ,-4 

2 + 12 12 12 

T 
x=0>5x=09%=-— 

6 

UT UT 
x= x= >t KS 

2 5] 

5m 
x=20 Sx=HOx= ra 

5 State the change of period. The period changes to 7. 
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6 State the asymptotes and 3cosec = [2 + 

important points 

=) —1has asymptotes at 

Luz 
6 V 

of the new function. mh 5t 

673° 6 

[ 7" 
maxima at | — 

1 

7 Sketch the graph over the yh 

required domain, labelling 44 

important points. 
x 

(ai) 4 x 
(5-7) 

Remember to put exact : 

values on your sketch in 0 i : 

an examination unless i 

advised otherwise. It is not x=! 
3! 

enough to copy the graph 4 

on your calculator. 

Ga 
12” 

44 

64 

Reciprocal circular functions 

Graph y = cosec [2 ae =). 1 from x = 0 to x = 27. 

1 Enter the function as shown above. 

2 Press trig to access the esc function. 

3 Press ctrl + = to access the | and ¢ signs. 

4 Adjust the window settings to suit. 

@ Edit Zoom Analysis 

PSMICGI Na Cf 

1 Open the Keyboard and tap Math3 to access the | 

and £ signs. 

2 Enter, highlight and drag the expression down 

into the graph window for cosec using 1/sin as 

shown above. 

3 Adjust the window settings to suit. 
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p.38 

80 

Vile) si ¢se) > 7.\ | B=) Equations involving reciprocal circular functions 

Solve cosec (2x) = 1+ 2 sin(2x) for all real values of x. 

Steps Working 

1 Change cosec to sine. 1 =1+42sin(2x) 

sin (2x) 

2 Simplify. 1 =sin (2x) + 2 sin? (2x) 

3 Write in standard quadratic form. 2 sin? (2x) + sin(2x) -1=0 

4 Factorise the quadratic. [2 sin (2x) — 1] [sin (2x) +1] =0 

5 Solve for sin (2x). sin(2x) = 5 sin (2x) =-1 

1 5m 32 
6 Solve for 2x. 2x = Boe or 2x = a or 2x = ye One forne Z 

7 Solve for x. sng, eros enn oe 
12 12 4 

(O examnack 
If you are asked to ‘show the solutions are ..., they may be ina different form. In that case, you should check 

whether your solutions can be rewritten to be in the same form. 

For the above example, you could change the solutions to x = (121 + )- x = (12n+ 5)= orx = (4n+ 34 

using common denominators. You could also write them as x = (12 — u)4, x = (12n- nz or x = (4n—- jz 

by taking 27 from the solutions to 2x. 12 12 4 

5m 
The solutions 2x = a+ 2nz or 2x = — + 2nm can be combined as 2x = na + (-1)" . or 2x = nt — (-1)""" ‘ 

6 

giving x = [12n+ cys. etc. 

of 

| USING CAS 8 | Equations and inequalities involving reciprocal circular functions 

3 
Solve sec (2x) > cot (x) - 2 for x € [5 4 correct to three decimal places. 

4 

The inequality is difficult to solve using CAS, so solve the equation instead and consider the graphs. 

any x i 

3 foe ), xs 
solve(sec(2- x)=cot(y)-29)<xs— az . 4 4 

4 n 3+% 

x= 1.13899 or x=2.16464 1 refeote)-2Z cst 
~" ™ ™ 
6 rc 

(1.14,-1.54 2.16 ,-2.68) 

4 

1 Press menu > Algebra > Solve and enter the 4 Add a Graphs page. 

equation as shown above. 
q 5 Enter the two functions over the domain E — 

2 Enter ‘, x’. 
as shown above. 

3 Press ctrl + = to access the | and § signs. 
6 Adjust the window settings and axis scales to suit. 

7 Press menu > Trace or Analyze Graph to 

determine the points of intersection. 
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© Edit Action interactive 

a es ae solve Sacra “ian ay 2! FSG) 

for cot. 

access the | and << signs. 

solve > OK. 

lett =| aT 
| (x=1, 138988324, x=2. 164635895} 

2 Open the Keyboard and tap Math3 to 

1 In Main, enter and highlight the inequality 

as shown above. Use 1/cos for sec and 1/tan 

3 Tap Interactive > Equation/Inequality > 

Taiver 15708 —*1.3635 

4 In Main, open the graph screen and drag each side 

of the equation into the graph window separately 

over given domain. 

5 Adjust the window settings to suit. 

6 Tap Analysis > G-Solve > Intersection to find the 

points of intersection. 

7 From the graph, decide where sec (2x) 2 cot (x) - 2. 

The solution to the inequality sec (2x) 2 cot (x) - 2 is {x: 1.139 < x 2.165}. 

EXERCISE 2.6 Reciprocal circular functions ANSWERS p. 565 

Recap 

1 The solution of |2x — 8] < 10 is 

A x>9 

D -l<x<9 

2 The graph of the function f(x) is shown. 

A possible equation for the function is 

A f(x) =4-|2x+3] 

B f(x) =|2x+3|-4 

© f(x)=6-|4x+4| 

D f(x) =4-|2x-3| 

E f(x)=4-|4x+ 6] 

Mastery 

3 §STESES) Find the exact value of 

E xeR 

B x<-lorx>9 Cc -9<x<l 

y 
5 

4 

3 

(=) © cosec | — 
6 

[ | (7) 
e@ cosec | —— f sec} — 

4 3 

: TT 3 
4 Given cosec (x) =aand0 <x <—, find in terms of a 

a sec(x) b  cot(x) 

5 If cot(x) = aand cos(x) = b, find sec (x) and cosec (x) in terms of a and b. 

30 . é . tnt 
6 — <x <2mand sec(x) = t. Find the other 5 trigonometric ratios in terms of f. 

2 
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> 7 Graph each function for the stated domain. 

1 
a y=2ee(S+2} 1 for 21 Sx <2 b y= 3eot{ nx) —2 for0<x <3 

c y= Dooee(ax—2) +2 forOSx<7 d y= -05 se [2n(x-1)} 41 for 0<x<2 

e y=2cot X42 |_3 for0<x<4n f y= 4cosec *_7 \h 0 for0sx< 4a 
3. 2 2 6 

8 Sketch each function. 

a y=3cot(2x)+1for-7<x<a b y=08 cosee(x +4] for-m<x<m 

1 1 x 
c y=2sec| mx-—|—lforO0<x<2 d y=—cot}—+— |for0<x<4z 

2 2 2. 2 

9 Give a possible rule for each function graphed. 

ay b 
34 

64 

44 

24 _4] 

-64 
y 

c d 
ye yh 
64 a 

44 24 

24 0 ~ 

4 2n * 
3 3 

0 > 24 
T 2n 3n \ 4m x 

24 44 

44 -64 
Y 

-84 

-104 
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x 
4 

10 Solve each equation for all real values of x. 

a V3 cosec(2x)+2=0 b 3cot(3x) =—3cot(3x) = V3 

x 
c 2see(-=) +4=0 d 2-sec? (a) =tan? (a) + sec (a) 

11 Solve each inequality for 0 < x < 27. 

a sec(2x) > J2 b 3 cosec(x) <-6 

ce 3 cot [2= + =) <3 d_ 3(sec (3x) — sec? (3x) > 2(sec?(3x) — 1) 

12 Solve each equation or inequality in the stated domain, correct to three decimal places. 

a 3 cot (3x) > 1ford<x <= 
2 

© 6cosec’ (x) —24=0 forxeR 

b 4sec(2x)+6=0for-t<x<7 

d 1+ cot(2x) —2 cosec(2x) 20 for0<x<7a 

e Scot?(x) + 3 sec%(x) < I2ford sx % f 2sin(3x) +cot(3x) <3 for0<x<a 

0 <x 27s shown below. 

VA 
44 

3 

24 

i4 

-——}-9 z x 3x ar an 
2 2 2 2 

-14 

ai 86% Find f’(x). 1 mark 

ii 68% Hence, find the coordinates of the turning points of the graph in the 

interval (0, 271). 2 marks 
1 

b (54%) Copy the above graph and on it sketch the graph of y = Fo on the set of axes 
x 

above. Clearly label the turning points and endpoints of this graph with their coordinates. 3 marks > 
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> 14 [ERNY 2019 2003 } (65%) The implied domain of the function with rule 

f(x) = 1=see{ x +2) is 

AR B [0,2] 

c R\ {Or UE ez D R {OUT ez 
4 4 

E R\ {Or VEN ne Z 

15 60% For-7 <x< a the graphs of the two curves given by y= 2 sec” (x) and 

y =5 |tan (x)| intersect 

A_ only at the one point (arctan (2), 10). 

B_ only at the two points (+arctan (2), 10). 

. 1) 5 
C only at the one point [ston (: } 5) 

5 
D only at the two points [tartan (: } 3) 

E at the two points (: arctan (: } 5) as well as at the two points (+arctan (2), 10). 
2) 2 

16 (49%) If cos (x) =—a and cot (x) = b, where a, b > 0, then cosec (—x) is equal to 

a? Bp 2 c 2 dp? E -ab 
a a b b 

1 
17 FENN 2017 2002 | (37%) The solutions to cos (x) > ri cosec (x) for x € (0, 277) \ {7} are given by 

nm St 5a 137 170 
A xe > U 5 U » 20 

12 12 12° 12 12 

132 17 
D xe = un) U (Zz .2" 
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@:) Trigonometric identities 

We learned the following trigonometric identities in Year 11. 

sin (x + y) = sin (x) cos (y) + cos (x) sin (y) 

sin (x — y) = sin (x) cos (y) — cos (x) sin (y) 

cos (x + y) = cos (x) cos (y) — sin (x) sin (y) 

cos (x — y) = cos (x) cos (y) + sin (x) sin (y) 

tan(x)+ tan(y) 

1 — tan (x) tan(y) 
_tan(x)~ tan(y) 

fan (*— 7) = Ty tan (x) tan (y) ae 

tan(x+ y) = 

sin (2x) = 2 sin (x) cos (x) Video playlist 

ene in? “horties cos (2x) = cos” (x) — sin* (x) 

2 or 2 cos“ (x) -1 Worksheets 
. Simplifying 

or 1-2 sin’ (x) periodic, 
functions 

a _ 2 tan (x) , ; 
n (2x) = —— Trigonometric 

1—tan“(x) identities 

sin? (x) + cos” (x) =1 

tan? (x) + 1 = sec” (x) 

cot? (x) + 1 =cosec” (x) 

Vile) 5) ¢S 2) > @.\\ | 8 =e) Compound angles and exact values 

6-2 
Show that sin (4) = v6 - v2 , and hence that cosec (4) = V6 + AD p.39 

12 4 12 

Steps Working 

1 Choose an appropriate sum and difference sin (4) = sin (z - =) 
7 a 12 3.4 
identity. 

2 Expand using sin (x — y). = sin (5) cos (£) —~cos (2) ain (4) 

3 Simplify using exact values. e > 4 5 
Pv etna oe aan 

2 2 2 2 

_e-v3 
4 

4 Invert both sides t t cosee (J cosec | = |= zs vert both sides to ge’ —|. — |= >= 
7 12 2} ~6—2 

5 Rationalise the denominator. _ 4(J6 + V2) 

(V6 — V2)(V6 + V2) 
_ 4/6 + V2) 

+ 

6 Simplify. = 642 
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86 

lot 
‘Show that’ means you have to prove the result. If the required expression is of the form atvo , use cos (2A); 

Vat Vb atvbo c 
but if it is of the form — or ———.,, use an angle sum or difference. 

c c 

eg 

We can sometimes use a double angle formula to change a trigonometric equation so that it contains only 

one trigonometric ratio. 

We) si ese) > @\| 28 = 2" Double angle application to trigonometric equation 

Solve 2 cos (2x) = sin (x) +2 for 0 <x < 27. 

Steps Working 

1 Change to an equation with only sin (x). 2[1 —2 sin? (x)] = sin (x) +2 

2 Expand the brackets. 2-4 sin? (x) = sin (x) +2 

3 Simplify. —4 sin’ (x) = sin (x) 

4 Change to one side and factorise. sin(x)[4 sin (x) + 1] =0 

5 Solve for sin (x). aato—versn@)= -+ 

6 Solve for x in the required domain. sin(x)=0>x=0, 7, 27 

. 1 _ (1 avaif 1 
sin(x) =-- > x=a+sin  |—|2a-sin | — 

+ 4 4 

3rd and 4th quadrants 

Dont divide both sides by sin (x) at step 3 because if sin (x) = 0 you'd be dividing by 0. 

V'fe) a) a0) > 7\" | B= +)) Identities and exact values 

1 
Given cos (x) = i and m < x < 27, find the value of tan (x). 

Steps Working 

1 
1 Find sec(x). sec (x) = =4 

cos (x) 

2 Now find tan (x). tan” (x) + 1 = sec?(x) 

tan” (x) + 1= 16 

tan? (x) = 15 

tan (x) = +/15 

3 Find the quadrant. Since cos(x) > 0 and m < x < 27, x is in the fourth 

quadrant. 

4 Exclude the incorrect answer. tan(x) <0, so tan(x) = —VI5 
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le) ese) > F\\ | B= 1°) Identities and equations 

Solve x° — x[sec” (x) — tan” (x)] = 0. 

Steps 

1 Rearrange the identity tan? (x) + 1 = sec” (x). 

2 Substitute in the equation. 

3 Factorise. 

4 Use the null factor law. 

5 Write the solutions. 

Working 

sec’ (x) — tan?(x) =1 

x—x=0 

x(x?-1)=0 

x(x —-1)(x+1)=0 

x=0,x-1=0,orx+1=0 

x=0,x=lorx=-l 

We can also solve the equation x* — x = 0 by inspecting the intersections of the graphs of y = x* and y= x. 

EXERCISE 2.7 Trigonometric identities ANSWERS p. 567 

Recap 

1 The graph of f(x) is shown on the right. vb 
a4 

A possible equation for the function is: Vi ui Wy 

A f(x) =2 cosec (27x) +1 24 

B f(x) =2.5 sec (27x) 
0 T T T T T To 

C f(x) =3 sec (2mx) +1 0.5 1 15 2 2.5 3.x 

D f(x) =2 sec (27x) +1 24 

E f(x) =2 cosec (27x) -1 
4 

2 The solutions of cos (2x) = 1 + sin(x) for 0 < x < 27are 

A 0, = B 0, Ut c z= p uz E 0, 2, Ue 
6 6 6 6 6 6 

Mastery 

3 [EQ workep Example 23 | Evaluate each expression in exact form. 

7 asin (4) b 
12 

4 Show that each equation is true. 

TT 
a cosee( =] _/2 —J6é b 

5 Find each exact value. 

6 Show each equation is true. 

. (=) 2+2 
a sin} —— | = ——— b 

8 2 

7 Eq workep Example 24 | Solve each equation for -1< x <7. 

a sin(2x) = cos (x) 

70 

b cos (2x) = cos (x) +2 

9780170448543 

Ce) e¢ tan| — 
12 

v2 - v6 
4 

7) --fi-wWa 

7 
c cot -)=2-W8 

12 

c cot 
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)» 8 Solve each inequality. 

a 

b 

{x1 sec? (2x) <2, -1<S x <a} 

{x:4 sin? (3x) > 3,0<x< a} 

9 Given sin(x + y) =a and sin(x—y) = b, find an expression for sin (x) cos (y). 

10 Given cot (x) — tan (x) = > find cot (2x). 

3 
41 Given tan (2x) = V15 and < x < 27, find the value of cosec (x). 

12 Pq worked EXAMPLE 25 

a_ If cosec(x) = 3, find cot (x), where x is acute. 

b Given tan(x) = ¥3+ V2 and0<x<7, find sec (x). 

c Show that sec” (x) + cosec” (x) = sec” (x) cosec’ (x). 

2 
d_ Show that sec (2x) = 14 tan (x), 

1—tan“(x) 

13 Solve x* —4 cosec? (x) =— 4 forxeER. 
tan* (x) 

Exam practice 

. 1 z 
14 81% (3 marks) Given that cot(2x) + 5 tan (x) = a cot (x), use a suitable 

double angle formula to find the value of a, a € R. 

3 
15 2016109 | (62%) (3 marks) Given that cos(x — y) = zand tan (x) tan (y) =2, 

find cos (x + y). 

177 
16 The value of sec (=) is 

A 

12 

v2-V6 B-V6-J2 sg YO=N2 p 6-2 e e+V2 
4 4 

17 sin(x+ y) cos(x—y) is equal to 

A 

B 

c 

D 

E 

sin (x) cos (x) + sin (y) cos (y) 

sin (x) cos (x) [cos” (y) - sin (y)] + sin (y) cos (y) [cos (x) — sin? (x)] 

sin (x) cos (x) [cos” (y) - sin? (y)] — sin (y) cos (y) [cos (x) — sin? (x)] 

sin (x) cos (x) — sin (y) cos (y) 

sin (x) cos (x) [sin? (y)- cos” (y)] + sin (y) cos (y) [sin (x) — cos” (x)] 

18 cos (46) is equal to 

A 

m
o
o
w
o
 

4 cos’ (@)—1 

4 cos‘ (@)—1 

2 cos! (0) —2 cos’ (8) —1 

4 cos* (8) —2 cos” (0) +1 

4 cos! (0) — 2 cos” (0) — 1 

19 cot(x) = 4, a possible value of cosec (x) is 

A 5 B V3 c V5 D al
 - 
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)» 20 The solutions of cos (2x) — sin (x) = 0 on the interval [0, 27) are 

az p = 5a co 25a a 
6 6 6 6 6 2 

p = 5m 30 e 25k m 3m 
6 6 2 6 6 2 2 

342 2-3 21 GBB @ marks) Given that cos =) : whe show that sin( =) - ee. 

Gs) Inverse circular functions 

We learned about the inverse circular functions in Year 11, in which the principal value domains 

: . T T 1 Tw “ 
of sin (x), cos(x) and tan (x) are restricted to a sx 2 O0<x < mand 5 <x< a respectively to 

make them one-to-one, so that their inverses are functions. a 

Inverse circular functions 
Video playlist 

Inverse 
circular 

functions 

The inverse sine, inverse cosine and inverse tangent functions are defined as: 

+ y=sin | (x) if and only if sin (y) =xand-2< ys 4 
2 2 Worksheet 

Inverse 

+ y=cos (x) ifand only if cos(y) =x and 0<y< x. functions 

+ y=tan ’ (x) if and only if tan (y) =x and ~* <y< = 

sin! (x), cos! (x) and tan”! (x) are also called the arcsine (arcsin), arccosine 

(arccos) and arctangent (arctan) functions, respectively. 

The domains of sin ! (x) and cos! (x) are both [-1, 1]. 

The domain of tan! (x) is the set of real numbers, R. 

1 1 1 
For any values, arccosec (a) = arsin{ +) arcsec (a) = arceos{ +) and arccot (a) = arctan( +) 

a a a 

V'fe) ai =e) > @-\" |) = 4) Exact value of an inverse circular function 

Find the value of a cos! (-0.5) b arccot (v3) 

Steps Working 

a 1 What value of cos(y) = 0.5? cos () = 0.5 
3 

2 For what value does cos (y) = —0.5 with y in Qn 

the first two quadrants? “ 3° 2 

3 Write the answer. cos! (-0.5) = at 
3 

b 1 Write in terms of arctan (x). arccot (v3 ) = arctan [+5] 
i) 

2 What angle has tan (x) = 1, wild 
v3 6 
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F F - | -1 
CAS shows the inverse circular functions as sin. ,cos. andtan . 

| USING CAS 9 | Inverse circular functions 

Find arccos +} arctan (-4) and cosec + (3). 
2 

Edit Action Interactive 

Ei] 6+ [ia] so] «TTL 
1 [+] cos*( Tz 

tan*(-4) 71.32582 x 

ese"(3) 0.339837 eaive¢=a) 
-1. 325817664 

ares sin“ ( 3 ) 

0. 3398369095 

Press trig to access the cos~', tan and 1 In Main, open the Keyboard > Trig to access the 

csc™ functions. cos~’, tan” and sin“ functions. 

2 Enter sin (3) for cosec * (3). 

= ‘ arctan (~4) ~ -1.326 and cosec (3) ~ 0.3398 

The graph of an inverse function is the reflection of the original function in the line y = x. 

This is because the values of x and y are swapped for the inverse. The matched graphs of 

y=sin(x), y=xand y=sin | (x); 

y=cos(x), y=x and y= cos! (x); 

y =tan(x), y=xand y=tan | (x) are shown below and on the next page. 

The endpoints of sin ! (x) and cos! (x) are shown to indicate that these functions do not continue. 

a 
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1 44 f % 
1 ~!|! a 

Bi 
by} a] 
I nfl 

<2 1 1 =Z A en | 
—— rs ny pans 

14 t y= tan (x) 
1 

et a 
4-3-2! -1 112 3 4% 

L 7-1 4 H 

1 1 

ny seas oe Poe 
y=-s Fi 2 wea 

Ria wo! mf ay e| 
I H i 

R | 44 ! 

The inverse circular functions are transformed in the same manner as other functions. 

Sketch the graphs of y= af [n (x+ b)] +c for f(x) = sin | (x), f(x) = cos” (x) and f(x) = tan”' (x) by 

transforming f(x) in the following order. 

‘HORIZONTALLY’: 

¢ Dilation from the y-axis by a factor of — (period from n): 
n 

shrink for n > 1 or n <—l, stretch for -l<n<1 

4 
[ mis can be written as |n| > 1 | This can be written as |n| < | 

« Reflection in the y-axis ifn <0. 

¢ Translation parallel to the x-axis (phase from b): left if b > 0, right if b < 0. 

‘VERTICALLY’: 

« Dilation from the x-axis by a factor of a: shrink for —1 <a <1, stretch fora > 1 ora<—l 

« Reflection in the x-axis ifa <0. 

« Translation parallel to the y-axis: up if c > 0, down if c < 0. 

It may be easier to transform the important points and asymptotes for inverse tan graphs and join them: 

asymptotes y = 5 y= 4 points (-.-4} (0, 0), [. =) We can also do this for inverse sin and cos. 

We can find domains and ranges using simple inequalities. 

Domain and range of inverse circular functions 

What are the maximal domain and range of y = —3 sin! [: - =) —7? 

Steps Working 

1 Use the domain of sin”! (A). -1<l = <1 

’ x x 
2 Solve each side. eS 

1-=<15-=<05x20 
2 2 

3 Combine the solutions. O<x<4 

4 Use the range of sin’! (A). mre (A) < & 
2 2 
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p.45 

92 

3 “3 3; 
5 Multiply by —3, reversing the signs for negative 2? > 3 sin? (A)2 a 

multiplication. 2 

30 pees 30 
6 Subtract 7. = ialdaaiaan (A)-"2-—- am 

% > 3s! (A)- 2-2 
2 2 

7 Write the answer. The domain is x € [0, 4] and the range is 

‘4 ” 2° 2 

We should include the endpoints of graphs with limited domains. 

Vie) 5) ¢ so) CV = 42) Transformation of inverse circular functions 

3. 
Sketch the graph of y = scott) +P lly 

Steps Working 

1 State the transformations. Translation parallel to the x-axis: left by 3. 

Dilation from the x-axis by a factor of d 
2 

Translation parallel to the y-axis: up by 1. 

2 Translate 3 left. y 4 

44 

(-4, ) 
34 

14 

— T T 6+ 

4 -3 2 -1 lx 

4 
1 

: . 1 yh 
3 Dilate from the x-axis by a factor of > 4 

Ab \ b \ & \ Pa
l 
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4 Translate 1 up. yh 
44 

z (+ oy + 1) 31 

y= arccos (+3) 1 

24 

(21) 14 

—_ T T 4 Lal 

-3 —2 -1 1* 

-14 
’ 

Make sure you include the equations of asymptotes where applicable. 

Ve) sh) > GN) 8 = <1) Transformation of arctan function 

Sketch the graph of y=—tan™ (2x — 3) — 1. 
- p.46 

Steps Working 

1 Write in standard form. y =-tan! [2 (x = 14)]- 1 

2 State the transformations. Dilation from the y-axis by a factor of ; 

Translation |} units right. 

Reflection in the x-axis. 

Translation 1 unit down. 

3 Transform the important points and T lox r r r 
yo a ee Li LL iil 

asymptotes. 4 24 4 A 4 

Only the vertical changes are needed 

on the asymptotes. 

Se TT | i) L S ll 4 S Il 
NI
A ey 

4 Sketch the graph. 
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| USING CAS 10] Graphing inverse circular functions 

cos? (x ap 3) 
Graph y = + 1, showing the domain and range. 

4 

1 Press trig to access cos~' and enter the 5 To find the exact values of the domain and 

function as shown above. range, add a Calculator page. 

2 Adjust the window settings to suit. 6 Press catalog then D to jump to the functions 

3 Press menu > Geometry > Points & Lines > starting with d. 

Point On. 7 Scroll down to select domain. 

4 Click to place two points on the graph and 8 Enter f1(x), x to determine the domain. 

alter the coordinates to find the endpoints. 9 Enter f4(-4) and f1(-2) to determine the exact 

values of the range. 

@ Edit Action Interactive i T “Ty 

Et] A> [Ra sme] oP oY) 

Define £(x)=2S“O8) 4 
y 

x 
f(-4) + al 

LIE} 
f(-2) Alg Standard Real Rad @ 

1 In Main, open the Keyboard and tap Trig to 5 Tap Analysis > G-Solve > fMin to determine the 

access cos”. minimum endpoint. 

2 Define the expression, and drag into the 6 To find the exact values of the range, enter in 

Graph screen. the top screen f (—4) and f (—2). 

3 Adjust the window settings to suit. 

4 Tap Analysis > G-Solve > fMax to determine 

the maximum endpoint. 

f(-4) = a+ Landf(-2)=1 

Use simple inequalities to find the domain and range of a function involving the inverse circular functions 

with constants or other functions. 
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le) st ¢ Se) > @\\ | B= <5) Implied domains and ranges of inverse circular functions 

State the implied domain and range of each function. 

a f(x)=a+ arcsin’ (bx + c), where a, b, ce Rand b>0 

by=a EE here abode Rand bles 0 
arctan(cx + d) 

Steps Working 

a 1 Use the domain of arcsin (x). -l<bx+c<l 

2 Solve for x. -l—-c< bx, bx<1l-c 

ie 1- x2-—*,x<—* (b>0) 
b b 

: T ‘ TT 
3 Use the range of arcsin (x). -—S arcsin (bx +c) < — 

2 2 

=) 
4 Work towards the expression. 0 < (aresin(bx +c))’ < = 

2 
Tw 

a<at(aresin(bx +c))? < a+— 

it Cees vee — a 

b b 
2 

range = {yeR:a< y sat" 

5 Write the answer. domain = {x ER: - 

b 1 Use the domain of arctan (x). cx+deER 

is part But ee > 0andb>0,so 2 The square root of 
q arctan (cx + d) arctan (cx + d 

of the expression. ( ) 
arctan (cx +d) > 0, so cx+d>0 

3 Solve for x. cx >-d 
d 

i 

c 

4 Use the (restricted) range of 0 < arctan(cx +d) < . 

arctan (cx + d). 

—__ it. 2% 
arctan(ex +d) 

. b 2b 
5 Work towards expression. ————— > — (b>0) 

arctan(ex +d) 7 

b . 2b 

arctan(cx + d) 1 

= ae 
arctan(cx + d) 

— <a fora <0 
arctan(cx + d) 1 

ya 

y>a oO ean ea DY ecn-zn 
1 T 

2b a 
T 
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Consider a > 0 and a < 0 separately. a 

a 

d 
6 Write the answer. Domain is x > -—, range is |y| > and 

c 

y is the same sign as a. 
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e 
Video 

VCE question 
analysis: 
Rational 
functions 

96 

VCE QUESTION ANA 

x 
Let f: D> R, f(x) = es where D is the maximal domain of f. 

A cee 

a_i Find the equations of any asymptotes of the graph of f. 

ii Find f’(x) and state the coordinates of any stationary points of the graph of f, 

correct to two decimal places. 

iii Find the coordinates of any points of inflection of the graph of f, correct to 

two decimal places. 

x 
from b Copy the axes below, and on them sketch the graph of f(x) = ioe 

ar 

x=-3 to x= 3, marking all stationary points, points of inflection and intercepts 

with axes, labelling them with their coordinates. Show any asymptotes and label 

them with their equations. 

NC 2017 2BQ1 ) 2017 Examination 2 Section B Question 1 (8 marks) 

1 mark 

2 marks 

2 marks 

3 marks 

Reading the question 

« The degree of the denominator is greater than the degree of the numerator. 

« Need to differentiate to find stationary points. 

« Use second derivative for points of inflection. 

Thinking about the question 

The degrees show there is a horizontal asymptote at y= 0. 

The denominator will factorise, so there must be at least one vertical asymptote. 

For part b, use zeros, y-intercept and signs as well as the answers to part a. 

Worked solution (/ = 1 mark) 

x 

a fe=T3 

f(x) is undefined for 1 + x =0. 

The equations of the asymptotes are y = 0 (horizontal) and x =—1 (vertical). ¥ 

The stationary points are at f’(x) = 0 and the points of inflection are at f” (x) = 0. 
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ii Use CAS to find the derivative and solve f’(x) = 0. 

TI-Nspire ClassPad 

# Edit Action Interactive 

4] be [cals 45] [SS] 
| 
Define £(x)=—3 

1+x: 

a ax FO) 

@ Edit Action interactive 

*Ea] b> [ital sine 5] «[4]v] 
solve(-# (£¢x))=0, x) 

2 

3 1 
(x) = Oatx = — = = 0.79 

FA 2 ¥2 

Find the approximate y-coordinate using CAS. 

@ Edit Action Interactive 

2 0.793701 5 
5S 
Es 

2 0.529134 0. 793700526 

~ (A 2 | 3° 
0.529133684 

f(x) has one stationary point, at about (0.79, 0.53). ¥ 
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ili Use CAS to find the second derivative and solve f” (x) =0. 

% Edit Action Interactive 

Ei] o> [also] eT | 

% Edit Action Interactive 

93] b> [Ja] sie | 9] v [+] 
2 L d = 

A solvel —(Ax))=0,x' 2 
=) x=0 orx=2 > solve £7 (£00 =0, x} a 

2 x=0. or x=1.25992 { a} 

4 solve|- —(x))=0,x x=0, x=2 3 
ax? d2 

solve > (F(x) ) =0, x} 
dx2 

{x=0, x=1. 25992105} 

f(x) =0 at x=0 and x = 1.26. 

For x < 1.26, f’(x) > 0 and for x > 1.26, f’(x) <0. 

(1.259 92) = 0.42, f’(1.259 92) = —0.333 333 

f’(x) does not change sign at x = 0, so there isn’t a point of inflection there. 

There is only one point of inflection, at x = 1.26. V 

There is a point of inflection at about (1.26, 0.42), V where f(x) changes from concave up to 

concave down on a falling curve. 

b Draw the function with CAS from x =-3 To x = 3. 

(0.794,0.529) 
(1.26 0.42) 

Sketch the function from x = —3 to x = 3, including the 

asymptotes, zeros, y-intercept, etc. VV VW 

Use the results of part a, and CAS as a guide. 

(ai) 
It is not sufficient to merely copy the graph - 

from your calculator. Make sure you include i) 

(0.79, 0.53) 

vvv 

the coordinates of the relevant points and any 

other information. 
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Student performance (80-100% 60-79% —0-59% 

a_i (36% Most students found the asymptote x = —1 but did not identify the other asymptote y = 0. 

i 90% Well done. 

iii (52%) Some students included (0, 0) in their answer, but it is not a point of inflection as there is 

no change of concavity. 

b (83% Generally well done but sometimes not enough points were given, or they were not marked 

clearly, or the graph was badly drawn. 

EXERCISE 2.8 Inverse circular functions ANSWERS p. 567 

Recap 

1 Ifsec(x) = 3, then 

A cosec (x) = ; and tan (x) = 2/2 

22 
3 

and tan (x) = 2V2 B cosec(x) = 

C cosec(x) = we and tan (x) = 22 

D cosec(x) = 2v2 and tan (x) = 2v2 
3 3 

E cosec(x) = 3V2 and tan (x) = w 

2 How many solutions of 2 cos” (x) + tan? (x) + cos (x) = sec” (x) are in the domain 0 < x < 27? 

A 2 B 3 c4 D5 E 6 

Mastery 

3 [EQ worked ExamPLe 27 ) Evaluate each expression. 

a tan” 1 b sin” 1 © arccos v3 an | ——= sin =. V3 V2 2 

1 —1 
d_arcsin (1) arcesin (—1) e tan! (-v3) + cos! (5) f arecos (~1) 

2 arcsin (—1) 

4 Evaluate each expression. 

: 1 -1 
a arctan (—1) b arcsin =5 Cc cos 

Find the values, correct to three decimal places, of 

d_arcsin (—0.75) e arccos (0.93) f tan! (5) > 
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100 

> 5 Find the maximal domain and range of each function. 

1 1 afl 
a 3tan!(2x—4)+2 b 3 arcsin (Ex+1)-4 c 2cos '(dx-2}44 

d sin! (2x) +3 e 2arctan (v3 - *) +1 f arccos (x°-2x+1)-2 

6 Sketch the graph of each function, labelling it carefully. 

1... _ 
a y= sin? (2x — 3)+1 b f(x) =3 tan! (2x+1)-4 

1 1 1 1 
ec y= —arccos}—x+3}+2 d f(x) = arctan] —x +3 }-1 

4 2 2 3 

Zz 3 
e y=-2cos 1(1-3x)-1 f f(x) =—arcsin(1-2x)+2 

T 

7 Sketch the graph of each function and state its domain and range. 

a f(x) =2 arcsec (3x — 5) b y=0.5 arctan (2x — 5) ce f(x) =3—arcsin (x +2) 

8 State the implied domain and range of each function, where a, b, c € R and 

b>0. 

a f(x) =a arcsin (bx — c) b f(x) = ,/aarccos(bx + c) © f(x)= a 
arctan (c — bx) 

d f(x) =ax4c arcsin (bx) e f(x) =xarccos (bx —c) +a f f(x)= arctan? (bx +c) —a 

Exam practice 80-100% 60-79% 059% 

9 (2S) (8 marks) The graph of f(x) = arctan (x) is shown. 

a_i (72% Write down the equations of the asymptotes. 1 mark 

ii (54%) Copy the graph and on it sketch the graph of f~', labelling any asymptotes with 

their equations. 1 mark 

b Find f (V3). 1 mark 

10 ERGY 2013 104 (4 marks) 

a (66% State the maximal domain and the range of y= arccos (1 — 2x). 2 marks 

b (61% Sketch the graph of y=arccos (1 — 2x) over its maximal domain. Label the endpoints 

with their coordinates. 2 marks 

11 GB GE 6 mars 

State the maximal domain and the range of f(x) = ,/arccos (=} 
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p> 12 (6 marks) Consider the functions with rules 

f(x) = arsin( =) + — and g(x) = arcsin (3x) — 3. 
2) 25x" -1 25x" -1 

a_i 67% Find the maximal domain of f, (x) = arcsin( =). 1 mark 

ii (98%) Find the maximal domain of f, (x) = 3 —————— 1 mark 

25x? -1 

iii (26% Find the largest set of values of x € R for which f(x) is defined. 1 mark 

1 
b (20%) Given that h(x) = f(x) + g(x) and that @ = h (;} evaluate sin(@). 

Give your answer in the form ab a,b,ceZ. 3 marks 
c 

13 Me (1 mark) Consider f(x) = 3x arctan (2x). Write down 

the range of f. 

14 (90% The domain of arcsin (2x— 1) is 

11 1 
A [-11 B [-1,0 c [0,1 D |-=,= E |0, = 

; ! wl 2 | t | 

15 (88% The domain of the function with rule f(x) = arcsin (3x) is 

Tt 11 at 
A [-1,1] B [-3, 3] c [> 4 D [-35| E [-2.2| 

3 33 6 6 

16 [EXENY 20122004) (88% The domain and range of the function with rule 

T F 
f(x) = arccos (2x — 1) + ae respectively 

mu 30 
A [2,0] and [0, 7] B [-2, 0] and [E. =| Cc [0,1] and [0, 7] 

na 3K 
D [0,1] and rae E (0, z] and [0, 1] 

17 Bom (85% Part of the graph of y = Fran '(x) is shown below. 

1 3 
A =+-— B =+t— c =d41 2 2 y 4 y 

T T D y=te E y=te yeasty yas > 
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» 18 (84% The implied domain of y = arcos{ * 7 *) , where b > 0 is 

A [-1,1] B [a—b,a+b] Cc [a-l,a+1] 

D [a,a+bn] E [-b, b] 

19 (78%) The implied domain of the function with the rule f(x) = b+ cos ! (ax), 

where a> 0, is 

A (-2.4) B (-1, 1] Cc | ,2) D (-2.4) 

aa aa aa 

20 (70% The range of the function with rule f(x) = (2— x) ansin( = - i] is 

A [-7,0] B [-2.4| c [-2522, 2) 

20 2 2 2 

D [0,4] E [0,7] 

21 The maximal domain and range of the function with rule 

f(x) = 3sin (4x -1)+ z are respectively 

A [-n, 27] and [> 3] B [> ;] and [—7, 27] c [-=.=] and -3-9| 
2 2 2 2 2 

1 1 
D [5 and [0, 37] E [-3-9| and [-7, 27] 

22 [AEN 20202002} A function f has the rule f(x) = |bcos (x) —al|, wherea>0,b>Oanda< *. 

The range of fis 

A [-a, bx-a] B [0, bx-a] Cc [a, bx-al 

D (0, br+a] E [a—bn, a] 

23 (60% Consider the function f with rule f(x) = —— 

The domain of f is ysin (cx +d) 

, where c, d€ Randc>0. 

d _ _l- _ 
A x>-— B 4g} d c J bcnst d 

c c c c c 

d 
D xeR\j-— E xeR 

c 

24 (7 marks) Consider y = y2— sin*(x). 
a (91% Write down the values of y where x= 0 and where x = z. 1 mark 

Now consider the function fwith rule f(x) = 2 —sin?(x) for0 < x < *. 

b (79%) Find the rule for the inverse function f~', and state the domain and range of f~'. 3 marks DP 
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> c (51%) Copy the axes below, and on them sketch and label the graphs of fand f~!. 2 marks 

d (66%) The graphs of fand f' intersect at the point P (a, a). Find a, correct to three 

decimal places. 1 mark 

25 (62% (2marks) A brooch is designed using inverse circular functions to 

make the shape shown in the diagram below. 

The edges of the brooch in the first quadrant are described by the piecewise function 

3 arcsin (=), O0<x< 2 

f(x) = 
3 arccos (2) V2 <x <2 

a (74%) Write down the coordinates of the corner point of the brooch in the first quadrant. 1 mark 

b (49%) Specify the piecewise function that describes the edges in the third quadrant. 1 mark 
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(2) Chapter summary 

Conic sections 

* Aconic section is the shape made when a cone is 

intersected by a plane. 

« The eccentricity of a conic section is the ratio 

sin(B) 

sin(@) 

and f is the angle between the plane and the base 

of the cone. 

, where a is the slant angle of the cone 

* For circles: e=0 ellipses: 0<e< 1 

parabolas: e= 1 hyperbolas: e > 1 

« Aconic section is a locus referred to a fixed point 

(focus) and line (directrix). 

D: 
M: 

Oo 
: Focus 

is 4 af 
‘a F 

D 

PF 
—=e 
PM 

For acircle, PM = and PF=r. 

Cartesian equations of conic sections 

¢ Parabolas (e= 1, a> 0). 

y 

Concave 

up, 

» 

r Concave right 

“ 

F(0,a) x 

y= 4ax 

Vertex: (0, 0) (0, 0) 

Axis: x =0 y=0 

Equation: = day y =4ax 
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For any point P (x, y) on an ellipse, PF + PF’ = 2a 

LD. >. 
y 

« Ellipses (0 <e<1,a>b) 

vA 

wa i ~~ 
2 
2y%a1 os 

y@ b 

Axis lengths: 

as
 

IS
. + the 

Major 2a 

Vertices: (+a, 0), (0, +b) 

Vertices: (+a, 0) (0, +a) 

Transverse axis: x =0 y=0 

2 yy 2 
Formula: > po D pt 

be 
b? =a’ (e*-1), ore =l+> 

a 

b 
Asymptotes: y=t- y= te 

a 

« A circle with radius rand centre at the origin 

has the equation x7 + y=? 
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* Cartesian equations of conic sections with centre 

(h, k), have x and y by replaced by (x — h) and 

(y — k) respectively. 

Parametric equations of conic sections 

¢ Parametric forms of conic sections with centres at 

the origin, for 0 <t< 27. 

+ Parabolas: vertical axis }* ~ 2at 
y= at? 

. : = 2at 
horizontal axis /” 5 

x = at 

« Ellipses (a> b): 

horizontal major axis }* ~ acos(t) 

y = bsin(t) 

vertical major axis x = bcos(t) 

y = asin(t) 

¢ Hyperbolas: 

horizontal transverse axis 

{* = asec (t) or{* = acosec(t) 

y = btan(t) y = bcot(t) 

vertical transverse axis 

. = asec(t) ord’ = acosec (t) 

x =btan(t) |x = beot(t) 

* Circles; {* ~ rcos(t) 
y =rsin(t) 

« For centres (h, k), add h and k to the parametric 

equations for x and y, respectively. 

Rational functions 

« Arational function is of the form f(x) = re 
q(x 

where p and q are polynomials and q is not the 

zero polynomial. 

¢ Rational functions have discontinuities where 

the denominator q (x) = 0. At these values, the 

rational function is not defined. 

« If deg (numerator) = 0, then the function is a 

reciprocal function. 

If deg (numerator) < deg (denominator), then it 

is a simple rational function. 

9780170448543 

+ If deg (numerator) > deg (denominator), then it 

is a quotient function. 

¢ The roots of rational functions are those of the 

numerator. 

« If deg (numerator) > deg (denominator), then 

divide the numerator by the denominator to 

obtain a quotient and a remainder. 

Partial fractions 

+b 
° wrod can be expressed in the form 

A 4 B 

(xtc) (x+d) 

. a * : can be expressed in the form 
xtc 

A B 
5) + . 

(x+cy  (x+c) 

a ax +b b 
. or can be 
(xtcP(xt+d) (xtc) (x+d) 

A B Cc 
din the f + + . expressed in the form Gio? @to td) 

ax’ +bx +c 2 
©. where px" + qx + r cannot 

(mx +n)( px? +qx +r) 

be factorised, can be expressed in the form 

A Bx+C 
+ 

px’ +qxtr mx+n 

Reciprocal functions 

« For any polynomial function p(x) and its 

1 
reciprocal f(x) = ——, 

p(x) 
— the signs of p(x) and f(x) are the same. 

— the zeros of p(x) correspond to vertical 

asymptotes of f(x). 

too, p(x) > tee so f(x) > 0 and the 

x-axis (y = 0) is a horizontal asymptote. 

— asx 

— the maxima and minima of f(x) correspond to 

the minima and maxima of p(x). 

— the y-intercept of f(x) is the reciprocal of the 

y-intercept of p(x). 

— for p(x) concave up, f(x) is concave down. For 

p(x) concave down, f(x) is concave up. 

— the domain of f(x) excludes the zeros of p(x). 

k 

f(x) 
« A reciprocal function of the form isa 

dilation from the x-axis of the reciprocal function 

oe by a factor of k. 
f(x) 
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Simple rational functions 

« Ina simple rational function, the degree of 

the numerator is less than the degree of the 

denominator, and its graph has a horizontal 

asymptote of y = 0 (the x-axis). 

Sketch a simple rational function by considering 

the sign of the function between the zeros and 

vertical asymptotes. 

Quotient functions 

« A quotient function has the form P(x) , Where 

deg (p(x)) > deg (q (x)). ax) 
« A quotient function whose numerator and 

denominator are the same degree has a 

horizontal asymptote y = c, where c is the 

quotient of the leading coefficients. 

« A quotient function with 

deg (numerator) — deg (denominator) = 1 

will have an oblique asymptote of the linear 

form y = mx +c, where mx + c is the quotient 

of the numerator and denominator. 

« A quotient function with 

deg (numerator) — deg (denominator) = 2 

will have a curved asymptote of the quadratic 

form y = ax’ + bx + c, where ax’ + bx +c is the 

quotient of the numerator and denominator. 

Absolute value functions 

*|x|= x, forx 20° =y 

« |x| can also be defined as| x| = Vx. 

¢ The graph of the absolute value function has the 

shape. 

~< = 
x 

© f(x) = a|x| or f(x) = |ax| is the graph of y= |x| 

dilated from the x-axis by factor of a. 

For a> 1lora<-l, it is stretched; for—1 <a <1, 

it is shrunk. 

+ f(x) = |x + b| is translated in the x direction. 

For b > 0, it moves left; for b < 0, it moves right. 

« f(x) = |x| + c is translated in the y direction. 

For c > 0, it moves up; for c < 0, it moves down. 

Nelson ViICmaths Specialist Mathematics 12 

The reciprocal circular functions 

yh 

P(x, y) 
1 unit 

y 

_ 6 _ 
x x 

y 

cosec (9) = 1! = L 
sin(@) y 

1 1 6)= = 
sec (8) cos(9) x 

cot(8) = 1 cos (0) _ x 

tan (0) ~ sin (0) y 

* y=cosec (x) has domain R\{nz: n € Z}, range 

(—ce,-1] U [1, ©9), vertical asymptotes x = nz for 
a 

néZ, minimaat x = (4n + > for n€ Zand 

: T 
maxima at x = (4n— 5 forneZ. 

y 

7 
\ fi if 

= cosec (x) ' y 
q In" 3x 

ra 
¢ y=sec(x) has domain R \ {(2n + 1): neZ, 

range (—ce,—1] U [1, ©), vertical asymptotes 

x =(2n+ iF for n € Z, minima at x = 2n7z for 

n€Z and maxima at x= (2n+ 1)z forn eZ. 

y 

|44. |: : ; 

; | aN 
“T 4 TO! g¢ ! a | 3px 

AAS taf 3 ; i 

* y=cot(x) has domain R\{n7: n € Z}, range R, 

vertical asymptotes x = nz for n € Z and zeros at 

x = (2n-+1)7 for n eZ, 
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« Sketch the graphs of a f [n(x + b)] + c, for 

F(x) = sec (x), f(x) = cosec (x) and f(x) = cot (x) 

by transforming f(x) as follows: 

- (horizontal) dilation from the y-axis by a factor 

oft (period from n): shrink for n > 1 or 
n 

n<-l, stretch for-1 <n< 1. 

~ (horizontal) reflection in the y-axis ifn <0 

~ (horizontal) translation parallel to the x-axis 

(phase from b): left if b > 0, right if b < 0. 

— (vertical) dilation from the x-axis by a factor of 

a: shrink for —1 < a < 1, stretch for a> 1 or 

a<-l. 

— (vertical) reflection in the x-axis ifa<0 

— (vertical) translation parallel to the y-axis: up if 

c>0, down if c <0. 

The sum and difference identities 

« sin(x + y) =sin (x) cos(y) + cos (x) sin (y) 

« sin (x — y) =sin (x) cos(y) — cos (x) sin (y) 

* cos (x + y) = cos (x) cos(y) — sin (x) sin (y) 

cos (x — y) = cos (x) cos(y) + sin (x) sin (y) 

tan(x)+ tan(y) 

1- tan(x)tan(y) 

7 tan (x) - tan(y) 
* tan(x—y)= 1+ tan(x)tan(y) 

* tan(x+y) = 

The double angle identities 

¢ sin (2x) =2 sin (x) cos (x) 

* cos (2x) = cos” (x) — sin? (x) 

or 2 cos” (x) —1 

or 1—2 sin’ (x) 

2tan(x) 
* tan(2x) = Toten) 

The Pythagorean identities 

* sin? (x) +.cos” (x) =1 

° tan? (x)+1= sec? (x) 

+ cot” (x) + 1 =cosec’ (x) 

9780170448543 

Inverse circular functions 

oy= sin”! (x) ifand only if sin(y) =x and 

T a -i<y<-. 
27 "9 

+ y=cos’ (x) ifand only if cos (y) = x and 

Osys<n. 

+ y= tan”! (x) if and only if tan(y) =x and 

~F eye ® 
27 *3 

« sin! (x) has domain [-1, 1] and range 

[+4] 
« cos! (x) has domain [-1, 1] and range [0, 7]. 

« tan! (x) has domain (—, e2) and range. 

(£3) 
1 

+ For any values, arccosec (a) = arcsin( 4 , 
a 

1 
arcsec (a) = arccos} — | and 

a 

1 
arccot (a) = arctan} — |. 

a 

(-1,7) Ya 
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« Sketch the graphs of a f [n(x + b)] + c, for 

f= sin”! (x), f(x) = cos! (x) and f(x) = tan! (x) 

by transforming f(x) in the following order. 

« dilation from the y-axis by a factor 
1 

of — (period from n): shrink for n > 1 or n<~—l, 
n 

stretch for-l<n<l. 

« reflection in the y-axis ifn <0 

Nelson ViCmaths Specialist Mathematics 12 

translation parallel to the x-axis (phase from b): 

left if b > 0, right if b < 0. 

dilation from the x-axis by a factor of 

a: shrink for —1 < a < 1, stretch for a>1 

ora<-l. 

reflection in the x-axis ifa <0 

translation parallel to the y-axis: up if 

c>0, down if c <0. 

It may be easier to transform the important points 

and asymptotes for inverse tan graphs and join 

them. 
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Cumulative examination 1 

Total number of marks: 10 Reading time: 4 minutes Writing time: 15 minutes 

| TECH-FREE | Technology is NOT permitted. 

1 201916 ) (3 marks) Find the value of d for which the vectors a = 2i — 3j + 4k, 

b = -2i —3j + 4k andc = -6i + 2j + dk are linearly dependent. 

2 2013 13a ) (1 mark) The coordinates of three points are A (—1, 2, 4), B (1, 0, 5) and C (3, 5, 2). 

Find AB. 

= 

z 
° 
E 
q 

= 
= 
¢ 
x 
Ww 

w 
> 
E 
¢ 
_ 
> 
= 
=) 
(3) 

3 20121Q2 ) (3marks) Find all real solutions of the equation 2 cos(x) = V3 cot (x). 

4 2019102) (3 marks) Find all values of x for which x — 4 [= at Yl, 
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Cumulative examination 2 

Total number of marks: 22 Reading time: 5 minutes Writing time: 33 minutes 

Approved technology is permitted. 

Section A 5 multiple-choice questions 5 marks 

1 FEXQNY 2012 20016) The distance between the points P (—2, 4, 3) and Q (1, -2, 1) is 

A 7 Bri Cc) 3 Dill E 49 

2 ERY 2012 20015) Letu = 4i-jtk y= 3j + 3k and w = ie ok 

Which one of the following ishteernais is not true? 

A |ul=lyl B 
C u,yand w are linearly independent D u-y=0 

E (u+w)-v=12 

1 
3 20122a01 } The graph with equation y = ee? has asymptotes given by 

xx 
3 

A eas are abd) | 

3 
B 2 ant aa only, 

3 
CG x =—,x=-2andy=0 

2 

3 
D x =-—,x=2andy=0 

2; 

3 
E Gg oid ea only, 

4 ESNY 2013 2002) The graphs of y = ax and y = arctan (bx) intersect exactly three times if 

A 0<b<a B a<b<0 Cc a=b 

D b<a<0 E 0<b<a@’ 
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k 
5 ERGY 20102003) Let f(x) = Paid 

x 

, where k and a are real constants. 

If k is an odd integer which is greater than 1 and a < 0, a possible graph of f could be 

A B ay 

Vil ; 

+ ~~ ad T T T T T T a 

250 ea) Dy me 6A pay, es 6 

24 24 

44 44 

yi q 

c L) vA 

V 24 

= T T ~~ = T T T i T T sss 

-6 a =o) P47 0 24 too 

= 
U 

E 

aie T T T T T T = 

ae 2 34-6. * 
24 

cand 
Y 

| Section B 2 questions 17 marks 

1 [EXSY 2019 2804 } (9 marks) The base of a pyramid is the parallelogram ABCD with vertices 

at points A (2, —1, 3), B(4, -2, 1), C(a, b, c) and D (4, 3, -1). The apex (top) of the pyramid 

is located at P(4, —4, 9). 

Find the values of a, b and c. a 

b Find the cosine of the angle between the vectors AB and AD. 

a
o
 Find the area of the base of the pyramid. 

Show that 61 + 2j + 5k+ 2j is perpendicular to both AB and AD, and hence find a 

unit vector that is perpendicular to the base of the pyramid. 

2 2014 2Ba1 ) (8 marks) Consider the function f with rule f(x) = 

its maximal domain. 

a Find the coordinates of the stationary point(s). 

b State the equations of all asymptotes of the graph of f. 

9 
———_§\—_ ov 
(x + 2)(x — 4) 

2 marks 

2 marks 

2 marks 

3 marks 

er 

3 marks 

2 marks 

c Sketch the graph of f for x € [—6, 6], showing asymptotes, the values of the coordinates 

of any intercepts with the axes, and the stationary point(s). 

9780170448543 
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Study Design coverage 

AREA OF STUDY 1: DISCRETE MATHEMATICS 

Logic and proof 

e conjecture — making a statement to be proved or disproved 

e implications, equivalences and if and only if statements (necessary and sufficient conditions) 

e natural deduction and proof techniques: direct proofs using a sequence of direct implications, proof by 

cases, proof by contradiction, and proof by contrapositive 

¢ quantifiers ‘for all’ and ‘there exists’, examples and counter-examples 

e proof by mathematical induction. 
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Conjectures Counterexamples 

The language of proof Necessary and sufficient » Converse 
Direct proof 

Proof by contrapositive and contradiction 

Proof by mathematical induction 
Logic and proof Proof by induction * Mathematical induction 

Quantifiers 

Contrapositive 

¥¢ Nelson MindTap 
To access resources above, visit 

“ cengage.com.au/nelsonmindtap 

G1) Conjectures 

The language of logic 
Logic is the study of correct reasoning using a defined set of principles and definitions and is applied in 

many areas including philosophy, mathematics, computer science and economics. 

A study of logic requires information to be communicated clearly and accurately using a set of definitions. 

A statement (or proposition) is a sentence that is either true or false. Questions are not statements. 

“Water at room temperature is wet’ (true) and ‘1 + 1 = 3? (false) are both statements, but ‘Is it hot today?’ 

is not a statement. 

A statement that allows a conclusion (inference) to be drawn is a premise. Making an inference is drawing a 

conclusion based on the facts. Inferences can be made from premises, but they may not be true. For example: 

‘Elephants have big ears. 

My Basset Hound dog has big ears. 

So my dog is an elephant? 

which is false, because the logic is not correct. 

An atomic sentence is a single statement that cannot be broken down into simpler sentences, and a 

compound sentence contains 2 or more atomic statements. 
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“The sky is blue’ is an atomic sentence, whereas “Today is Monday, and tomorrow I will go to the shop’ is a 

compound proposition because it consists of two atomic sentences, “Today is Monday’ and “Tomorrow I will 

go to the shop. 

A logical argument consists of premises and inferences that are true and from which a general conclusion 

can be made. 

we Whe) ses) > eB = 4) Identifying logical terms 

A conversation between Lee and Ami is shown below. 

Lee: How are you going, Ami? 

Ami: I'm tired. 

Lee: That’s because you work too hard. 

Ami: To recover, I'm going to relax, but I'll be at work tomorrow. 

a 
F
w
 

r
y
e
 

Lee: Rest always helps with tiredness. 

a Decide whether each sentence is a statement. 

b Describe the statement that is not atomic. 

c Describe each inference. 

d Explain if there is a logical argument. 

Steps Working 

a A statement is true or false. 1 is a question, so it is not a statement. 

Sentences 2 to 5 are either true or false, so they are 

all statements. 

b Look for a sentence that can be written as Statement 4 is not atomic as it can be written as 

two or more sentences. “To recover, I'm going to relax’ and ‘Tl be at work 

tomorrow. 

¢ Identify a premise from which a conclusion 2 is a premise. 

is made. 3 is an inference from 2 because Lee concludes that 

Ami is tired because she works too hard. 

Ais an inference from 2 because Ami concludes that 

relaxing for the day will solve her tiredness. 

d Decide if the premises and inferences are Each premise and its inference are true. The general 

correct and that a general conclusion is made. conclusion is that rest cures tiredness. Hence, the 

conversation is a logical argument. 

Inductive and deductive reasoning 
Consider a function machine that accepts a set of random numbers as input, performs hidden calculations 

and then outputs the answers below. 

Ppt | output | 
27 3 
8 1 

Vil 5 

=55 7 

Based on our observation, we might conclude that the output will always be an odd number. Our reasoning 

is logically true, but we cannot be certain that our conclusion is correct. For instance, what would we 

conclude if the next output was 16? 
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The method of forming a generalisation based on specific examples is inductive reasoning. 

Consider the two statements below and the conclusion drawn. 

Statement 1: All circles are round. (premise) 

Statement 2: This shape is round. (premise) 

Conclusion: This shape is a circle. (inference) 

In this example, a true conclusion is drawn from statements 1 and 2. 

However, even if all premises are true, it is not guaranteed that the conclusion drawn is true. 

This is demonstrated by the following example: 

Statement 1: Yani is a wrestler. 

Statement 2: Yani is rich. 

Conclusion: All wrestlers are rich. 

Any valid example can be given to disprove the conclusion. For the example above, it is sufficient to state 

that the wrestler, Big Ted, is actually living in poverty. 

The method of forming a specific conclusion from the general case is deductive reasoning, which is the 

opposite of inductive reasoning. 

This is illustrated by the following example: 

Statement 1: All wrestlers are fit. 

Statement 2: Yani is a wrestler. 

Conclusion: Yani is fit. 

Conclusions made from deductive reasoning are true if all premises are true. 

le) st ese) > 7 \ | 5851) Inductive and deductive reasoning 

Decide, with reasons, whether each conclusion is made through inductive reasoning, deductive reasoning 

or neither. 

a Every coin I’ve taken out of my pocket was 10 cents. I only have coins, so all of them must be 10 cent 

coins. 

b During summer, Karen always suffers from hay fever. It’s a hot day today, so Karen has hay fever. 

c¢ When Vin does homework, he passes the subject. Vin will do Science homework, so he should pass 

the subject. 

Steps Working 

a 1 Write the information consisting of Statement 1: Every coin I’ve taken out of my pocket 

statements and a conclusion. was 10 cents. 

Statement 2: I only have coins. 

Conclusion: I only have 10 cent coins in my pocket. 

2 Decide if the information fits the definition A general conclusion is made from a particular case 

of inductive or deductive reasoning. (the observations of coins). 

3 State the type of reasoning. This is inductive reasoning. 

b 1 Write the information consisting of a Statement 1: During summer, Karen always suffers 

statement and a conclusion. from hay fever. 

Statement 2: It’s a hot day today. 

Conclusion: Karen has hay fever. 

2 Decide if the information fits the definition A specific conclusion is made, but it does not follow 

of inductive or deductive reasoning. from the statements because it is not mentioned if it’s 

a summer day. 

3 State the type of reasoning. This is neither inductive nor deductive reasoning. 
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¢ 1 Write the information consisting of a Statement 1: When Vin does homework, he passes 

statement and a conclusion. the subject. 

Statement 2: Vin will do Science homework. 

Conclusion: Vin will pass Science. 

2 Decide if the information fits the definition A specific conclusion is made from a general case. 

of inductive or deductive reasoning. 

3 State the type of reasoning. This is deductive reasoning. 

Formulating a conjecture 
In 1742, the German mathematician Christian Goldbach proposed a conjecture that every even number 

greater than 2 can be expressed as the sum of 2 prime numbers. Thus, 4 =2 + 2,6=3+3,8=3+5 

and so on. A conjecture is a theory or hypothesis, an ‘educated guess’ based on observation, facts and 

experimentation. A proof has yet to be found for Goldbach’s conjecture, although this number property has 

been shown to be correct for integers up to 4 x 10’* using computers and other methods. Golbach’s proposal 

is an open conjecture, a mathematical statement that seems to be true but a general proof has not been 

established. A conjecture is therefore a conclusion reached from inductive reasoning. 

There have been well-known conjectures in mathematics for which proofs have been established. One is 

Fermat’s last theorem (1637), which states that the equation a" + b" = c" has no integer value solutions for 

a, b and c for values of n > 2. Proofs exist that there are infinite solutions for a+ b=c (n= 1) and for 

a’+b’=c* (n=2, Pythagoras’ theorem), but it was not until 1995 that a general proof was formulated 

covering all values of n. 

When formulating conjectures, we look for a pattern and predict a relationship that will produce more results 

following the same pattern, keeping in mind that our conjecture might need to change to accommodate 

new findings. Consider the sequence of numbers 1, 2, 3. Perhaps the sequence is arithmetic, with each term 

increasing by 1. 

What if the sequence is 1, 2, 3, 5? Our conjecture now changes and we might consider the Fibonacci 

sequence, where each term is the sum of the two preceding terms. However, if the sequence is 1, 2, 3, 5, 9, 

1 17 
the conjecture might change to stating that the nth term, f(n), of the sequence is t(n) = a” —w + ran 1, 

a function satisfying all 5 values. 

For a conjecture to be true, it must apply to all possible cases. However, it is sufficient to provide only 

one counterexample as proof that the conjecture is not true. For example, the conjecture that all prime 

numbers are odd numbers can be dismissed by providing the counterexample that the number 2 is both 

prime and even. 

r 

Merely providing examples to show the conjecture works is insufficient proof that the conjecture always works. 

Wile) st ese) > @\ | 2B <1) Conjectures and counterexamples 

For each conjecture 

i provide an example 

ii give a counterexample. 

a The sum of any 2 prime numbers is an even number. 

b For all integers a and b, Vaz Boe ee rdhth, 

¢ All natural numbers are either prime or composite. 
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Steps Working 

a_i State a particular case when the conjecture —_ Let p, = 5 and p, =7 be the two prime numbers, 

holds. so p, + p) = 12, an even number. 

ii Provide a counterexample. Let p; = 2 and p, =3 be the two prime numbers, 

so p, + P) = 5, an odd number. 

b i Give an example when the conjecture Let a=3 and b=4. 

holds. Va? +b? = J9+16 =5 anda+b=7 

Sova +h? <atb. 

ii Give a counterexample. Let a=0 and b=6. 

Va? +b? = J0+36 = 6 andat+b=6 

Sova +b? =atb. 

c i Provide an example that shows the Let n= 1, 2, 3, 4,5... be the set of natural numbers. 

conjecture to be true. All values of n > 1 are prime or composite. 

n=7 is prime, n = 12 is composite. 

ii Give a counterexample. n= 1 is neither prime nor composite. 

Welst¢-9) >) @\\\15=—)) Forming a conjecture a 

ON 25) 
a State a conjecture using notation that describes the sequence em pst 

b Predict the next three terms of the sequence. 

¢ Provide an informal justification of your conjecture. 

Steps Working 

a 1 Look for patterns. The dividends are odd numbers, increasing by 8. 

The denominators are 4. 

The numerators 9, 17, 25 are given by 8n + 1, n= 1, 2, 3. 

8n+1 
2 Provide a conjecture. Hence, the nth term is t(n) = gs 223 

b Predict more terms. Find the 3 terms for n=4,n=5,n=6. 

The next 3 terms are t(4) = a t)= au t(6) = me 
4 4 4 

c Show general relationships. - 2+ ee =4+ A 22 =6+ : 
4 4 4 4 4 4 

8 gp on ES 
4 4 

1 
Division by 4 produces even numbers and rs 

at 
The divisor is 4 and the fraction remainder is ie 
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EXERCISE 3.1 Conjectures ANSWERS p. 570 

Mastery 

1 Choose which description(s) (i to iv) apply to each sentence below. 

i atomic sentence ii compound sentence iii statement iv sentence only 

a Stand up. 

b The square root of 6 is 3. 

¢ Today is hot so I'll go for a swim. 

d He asked me to listen. 

e Circles are round, birds sing and grass grows. 

f Please sit down. What is your name? 

2 [EQ WorkED EXAMPLE 2 ) State whether each conclusion involves inductive reasoning, deductive reasoning 

or neither. 

Worms always come up from the soil after it rains. It has stopped raining, so worms will appear. 

b When Tim rides his bike, his dog is nearby. Next time Tim rides his bike, a dog will be nearby. 

c Each of 10 times that a biscuit was taken out of a bag of Yummy biscuits, it was either square shaped 

or circular. Therefore, each biscuit taken out of a Yummy bag will be square or round. 

3 Explain why the conclusion made for each of the following examples of inductive reasoning is false. 

a_ All the cockatoos I have seen are white, therefore all cockatoos are white. 

b  Allleft-handed people I know use left-handed scissors, so all left-handed people use left-handed scissors. 

c Inevery display home I’ve been to, I’ve noticed that all bedroom walls are painted white. Therefore, 

all display homes have bedroom walls painted white. 

d_ Every time I go to the shops, I spend at least five minutes looking for a parking spot. This means 

everyone going to the shops will spend at least five minutes looking for parking. 

4 Consider the following. 

Statement 1: a >b 

Statement 2: b<c 

Conclusion: a = c 

By deductive reasoning, the conclusion will be true when 

A |a—b| =|e| B Jal >|b-<¢| © al +|b| = |e 

D jat+¢ <|d E |ja—c/=0 

5 In each of the following, explain why the conclusion reached is not valid. 

a Statement 1: Most triangles have acute angles for all three of their interior angles. 

Statement 2: This polygon has an obtuse interior angle. 

Conclusion: The polygon is not a triangle. 

b Statement 1: As the number of sides of a regular polygon approaches infinity, the polygon looks 

more circular. 

Statement 2: This shape is a circle. 

Conclusion: This shape must be a polygon. 

c Statement 1: All polygons are two-dimensional. 

Statement 2: This shape is two-dimensional. 

Conclusion: This shape is a polygon. > 
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6 Provide an example and a counterexample for each of the following conjectures. 

a All numbers of the form 6n — 1, n =2, 3, 4 ... are prime numbers. G3) 

b All quadrilaterals with opposite sides of equal length are rectangles. 

c The exterior angle of any polygon is acute. 

d Forall numbers x such that |x| > 0, x°>x. 

e For all integers, n, if nv’ is divisible by 4, then is also divisible by 4. 

7 The expression 2a + 6 = 4a will be a proposition if it is written as 

A 2a+6=4awhena=3. 

2a +6 = 4a, where a isa real number. 

2a + 6 = 4a is an inequation when a > 3. 

2a +6 = 4a has more than one solution. 

6 =4a — 2a. m
o
o
 

8 In atomic form, ‘Hey, listen. Circles are round and I am tall’ is 

A ‘Hey, listen; ‘Circles are round and I am tall? 

B ‘Hey, listen? ‘Circles are round, ‘I am tall? 

C ‘Circles are round and I am tall? 

D ‘Circles are round? ‘I am tall? 

E ‘Hey, listen. Circles are round, ‘I am tall? 

9 What inference can be drawn from “The dog barks when the postman arrives, and the dog is 

now barking’? 

A_ The dog sees the postman. 

B_ The dog sees something. 

C The postman is approaching. 

D The postman has arrived. 

E The dog hates the postman. 

10 a State 2 conjectures about the sum of the infinite sequence 1—1+1—1+1-... 

b Suggest a third conjecture by starting with 1—-1+1-—1+1-...=1-(1-1+1-...) 

11 FE workep EXAMPLE 4 

a State a conjecture using notation that describes the sequence Zz 2B 2 1a 
3.3 3 

b Predict the next 3 terms of the sequence. 

c Provide an informal justification of your conjecture. 

12 Let f(n) be the total number of sides in shape n. 

Shape 1 Shape 2 Shape 3 

a State the value of f(1), f(2) and f(3). 

b Describe a conjecture in the form f(n) = Af(n —1) + Bn, (A, B constants). 

c¢ Use your conjecture to predict the result for f(7). 

9780170448543 Chapter 3 | Logic and proof 119



> Exam practice 

13 Which of the following is a counterexample to the conjecture, ‘If p is an odd prime number, then p + 2 is 

also a prime number?’ 

A 3 B5 c7 D9 E ll 

14 Consider the conjecture, ‘If n is an integer, then n” + 1 is prime. 

A value of n to use as a counterexample to the conjecture is 

Al B 2 c 3 D4 E 10 

15 (3 marks) A conjecture that remained unproven for a long time is that there is only one solution to 

xt y? = 1, where x > 0, y>0, a>1 and b> 1 are natural numbers. 

a Given that m>0, > 1 are natural numbers, list the values of m" up to m=n=4. 2 marks 

b Hence state the solution to x — y’ = 1. 1 mark 

16 (6 marks) 

; HH 

X)=0 xy=4 x, =12 

Let x,, be the number of lines connecting adjacent vertices in a square shape with side length n. 

a Find x3, x, and xs. 3 marks 

b State a conjecture, x,,, in the form x,, = Ax,_, + Bn, (A, B constants), that gives the number 

of lines in a shape with n sides. Use it to predict xs. 2 marks 

c Discuss how your conjecture for the explicit form changes if each shape is drawn in 

three dimensions. 1 mark 

17 (4marks) The Collatz conjecture states that for any natural number, n, successively applying the 

n 
function f(n) = y Omeven produces a certain result. 

3n+1 nodd 

a Apply the function to the number 20. 1 mark 

b Apply the function to the number 25. 1 mark 

c Describe the complete conjecture. 2 marks 

18 (4 marks) Consider the 3 shapes below. 

Shape 1 Shape 2 Shape 3 

a For each shape, determine the maximum number of colours needed to colour the regions 

so that no 2 adjacent regions have the same colour. 3 marks 

b State a conjecture in relation to the number of colours needed. tmak D> 
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> 19 (6 marks) Look at the 10 labelled points in the shape below. 

a For each point 1—10, imagine a horizontal line starting at that point and finishing anywhere 

outside the shape on the right. 

Copy and complete the table to show the number of intersections of each horizontal line 

with the shape’s perimeter. 3 marks 

lumber of intersections Point 
f
o
c
 

10 

b What conjecture can be put forward involving the relationship between the number of 

intersections and whether the point lies inside or outside the shape? 2 marks 

20 (3 marks) Below is a grid consisting of 2 rows and 3 columns, with a line drawn from one corner to 

another passing through 4 squares. 

The table shows results for the number of squares crossed using grids of different size. 

Rows 1 2 3 4 5 6 6 7 7 8 8 8 8 8 | 12 | 12 

Columns 1 3 4 4 3 2 3 1 5 1 2 3 4 8 6 8 

a Suggest a conjecture that relates the number of squares crossed to the number of rows 

and columns. 2 marks 

b Use your conjecture to show that a line drawn through a grid that has 187 columns 

and 198 rows will cross 374 squares. 1 mark 

21 (4 marks) Suppose it is conjectured that for x, y € R, |x+ yl S|x|+|yI. 

a_ Verify that the conjecture is true for x= —5 and y = 3. 2 marks 

b Prove the conjecture for all real values, x, y. 2 marks > 
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a @2) The language of proof 
Video playlist 
The language 

of proof 

providing proofs. 

Connectives 

Symbols and terminology play an important role in presenting information and forming valid reasoning and 

Logical connectives (or logical operators), combine, compare, imply or negate statements. The main 

connectives are listed below. 

Conjunction AND A 

Disjunction OR Vv 

Negation NOT a 

Equivalence is identical to = 

Conditional if then > 

Biconditional if and only if e 

Logical connectives 

Consider the statements: 

_ A: ‘it is raining’ 

B: ‘T stay indoors’ 

C: ‘the sun shines’ 

D: T go for a walk. 

Translate each symbolic statement into an English sentence using correct grammar. 

aA>B b =A>D ce =C>(AAB) 

d D>-AvC e “BSc f =B=D 

Steps Working 

a 1 Write the statement using the word connectives. If A then B. 

2 Write the completed sentence. If it is raining, then I stay indoors. 

b 1 Write the statement using word connectives. If NOT A then D. 

2 Write the completed sentence. If it is not raining, then I go for a walk. 

c 1 Add word connectives to the statements. If NOT C then A AND B. 

2 Write the completed sentence. If the sun is not shining, then it is raining and 

I stay indoors. 

d 1 Add word connectives. If Dthen NOT A ORC. 

2 Write the completed sentence. If I go for a walk, then it is not raining or the 

sun shines. 

e 1 Join statements with word connectives. NOT B if and only if C. 

2 Write the completed sentence. I dont stay indoors if and only if the sun shines. 

f 1 Join statements with word connectives. NOT B is identical to C. 

2 Write the completed sentence. Not staying indoors is the same as going for a walk. 
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le) si ese) > @\\ | 28 (5) Statements using symbolic logic 

Write statements with logical connectives to describe each sentence. 

a A triangle has an interior angle greater than 90° if and only if it is an obtuse triangle. 

b Ifanumber is divisible by 2 and 3, then it is not divisible by 7. 

Use A: divisible by 2. B: divisible by 3. C: divisible by 7. 

¢ If today is not Tuesday or Thursday, I go to the movies but not to the shops. 

Use A: today is Tuesday. B: today is not Thursday. 

C: 1 go to the movies. D:1 go to the shops. 

Steps Working 

a 1 Write the statements to be used. A: A triangle has an interior angle greater than 90°. 

B: An obtuse triangle. 

2 Identify the connectives and write the Use a biconditional operator. 

statements in notation form. AOB 

b 1 Decide on the connectives. A AB means ‘divisible by 2’ and ‘divisible by 3°. 

—=C means ‘The number is not divisible by 7. 

2 Write the information in notation form. Use a conditional operator. 

AAB>-C 

c¢ 1 Decide on the connectives to use. A: Today is Tuesday. 

B: Today is Thursday. 

(A v B) means “Today is not Tuesday or Thursday’. 

Cis ‘I go to the movies. 

=D is ‘T don't go to the shops. 

C AD is T go to the movies and not to the shops. 

2 Write the sentence in logical form. Combine with a conditional operator. 

a(AvB)3>CAAD 

The ‘if and only if’ biconditional statement 
The biconditional connective X <> Y is written as X iff Y. 

It is read as ‘X if and only if Y and means (X > Y) A(Y > X). 
( ‘iff is the abbreviation for ‘if and only if ) 

X — Y is the converse statement to Y—> X and Y > X is the converse statement to X > Y. 

To show X © Y we show both X > Y and Y > X to be true. 

X — Y means ‘X is a sufficient condition for Y’. 

Y — X means ‘X is a necessary condition for Y. 

Hence, necessary and sufficient condition means X © Y. 

For example, letting X: “a +4=9 and Y: ‘a = 5°, we have the following. 

Read X > Yas ‘ifa+4=9thena=5. 

a+4=9 isa sufficient condition that gives a = 5 but it is not necessary. For instance, 3a — 7 = 8 also gives 

a=5. 

Read Y> X as ‘ifa=5 thena+4=9. 

a+4=9 isa necessary condition since a= 5 can lead to a—2 = 3, 2a+ 1=11, and so on. 

Thus X <> Y can be written as ‘a+4=9 iffa=5. 
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[ws] Whtecel eae! Definitions as biconditional statements 
Express each definition as a biconditional statement. 

pss a A hexagon is a 6-sided polygon. 

b An acute triangle is a triangle with 3 acute angles. 

Steps Working 

a 1 Find statements A and B so that A > B A: hexagon 

and BA. B: 6-sided shape 

2 State A > Band B > A in words. A — B Ifa shape is a hexagon then it has 6 sides. 

B- A Ifashape has 6 sides, then it is a hexagon. 

3 State the biconditional statement A<9 B. —_A shape is a hexagon if and only if it has 6 sides. 

b 1 Find statements A and B so that A > B A: an acute triangle 

and B > A. B: 3 acute angles 

2 State A > Band B > A in words. A — B Ifa triangle is an acute triangle then it has 

3 acute angles. 

B-A Ifa triangle has 3 acute angles then it is an 

acute triangle. 

3 State the biconditional statement A<>B. _A triangle is acute if and only if it has 3 acute angles. 

[ws] Wheel e Wala ‘if and only if’ involving divisibility 

Show that for n € N, n is divisible by 35 if and only if n is divisible by both 5 and 7. 
p. 55 

Steps Working 

1 Choose statements. X (necessary condition for Y): number divisible by 35. 

Y (sufficient condition for X ): divisible by both 5 and 7. 

2 ShowX 3 Y. n is divisible by 35 meansn = 7X5Xm,me€ N. 

Hence n is divisible by both 5 and 7. 

3 Show Y > X. n is divisible by both 5 and 7 means n is also divisible by 5 x 7 = 35. 

wel he) ses a) > GBs) if and only if’ involving square numbers 

Show that for n € N, n” even © nis even. 

pee Steps Working 

1 Choose statements. X: n’ is even. 

Y: nis even. 

2 ShowX > Y. n’ even means n X nis even. 

Hence, n is even, since if n was odd, the product of 2 odd numbers 

would be odd. 

3 Show Y>X. nis even,son=2m,meéN. 

n’ =4m’ so n= 2m. 

2m is divisible by 2, so n is even. 

Logical equivalence 
Two statements are logically equivalent if they always produce the same truth value. 

For example, statement A: ‘all even numbers’ and statement B: ‘all multiples of 2; are equivalent, so we 

have A = B. 
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Some common logical equivalences are the following. 

Idempotent laws AVA#=A AAA=A 

Double negation law (nA) = A 

Commutative laws AVB=BVA AAB=BAA 

Associative laws (Av B)vC=Av(BVC) (AA B)AC=S AA(BAC) 

Distributive laws AvV(BAC) = (Av B)A(AVC) AA(BYC)=(AAB)vV(AAC) 

De Morgan's laws (A v B) = =A a-B (A a B) = 3A v —B 

Proofs of these equivalences can be shown using truth tables, which we learned about in Year 11. 

De Morgan’s laws 
De Morgan's laws comprise logical equivalences that illustrate the relationship between the negation, 

conjunction and disjunction involving two propositions. 

De Morgan’s laws 

(A v B) =A a-B The negation of a disjunction is the conjunction of the negations. 

(A A B) = AA v =B The negation of a conjunction is the disjunction of the negations. 

To demonstrate De Morgan’s Laws, in Worked example 6c, we have 

A: Today is Tuesday B: Today is Thursday. 

—(A v B) means “Today is not Tuesday or Thursday’. 

Write —A is “Today is not Tuesday’ and —B is “Today is not Thursday’. 

Using —(A v B) = A A —B we can say “Today is not Tuesday or Thursday’ is equivalent to “Today is not 

Tuesday and Today is not Thursday’. 

A useful property that will be used later in the chapter as part of proofs is to negate a statement. Consider the 

negation of the statement, “The maths problem can be solved by factorising or by using the quadratic formula. 

Let A: ‘use factorising’ _B: ‘use the quadratic formula. 

Then —(A v B) = 4A A —B reads, “The problem can’t be solved by factoring and it can’t be solved using 

the quadratic formula. Negation is used in De Morgan's laws. 

Whe) si ese) > | B= si) Verifying De Morgan’s laws 

a Inabag are 7 tokens numbered 1, 2, 3, 4, 5, 6, 7. Tokens 2, 4 and 5 are randomly removed and put back 

into the bag. Tokens 1, 2, 3 and 7 are then randomly removed. 

Show that =(A v B) = AA A -B is true. 

b Show that —(A A B) = =A v —B using the statement: ‘I like swimming and I like shopping. 

c Show that =(A A BAC) = AA v =Bv -C. 

Steps Working 

a 1 Write the statements to be used. A: {2, 4, 5} 

B: {1, 2,3, 7} 

2 Find the set of numbers that satisfy A v B: {1, 2, 3, 4,5, 7} Numbers in A or B. 

(A v B). (A v B): {6} 

3 Find the set of numbers that satisfy —A: {1, 3, 6, 7} Numbers from 1 to 7 that are not in A. 

aA AB. —=B: {4, 5, 6} Numbers from 1 to 7 that are not in B. 

=A A —B: {6} Numbers from 1 to 7 that are not in A 

and not in B. 
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b 1 Write the statements to use. A: Ilike swimming. 

B: I like shopping. 

2 Express —(A A B) with words. Not (I like swimming and I like shopping). 

3 Express =(A A B) with correct grammar. _ I dontt like swimming and shopping. 

4 Express =A v —B in word form. not I like swimming or not I like shopping. 

5 Express 4A v —B using correct grammar. I don't like swimming or shopping. 

ce 1 Write in the form =(X A Y). =A(A A BAC) = A((A A B) AC) 

2 Apply De Morgan's law twice. A((A A B) A C) = A(A A B) vV AC 

= AA v aBv AC 

EXERCISE 3.2 The language of proof ANSWERS p. 571 

Recap 

1 A conjecture states that for prime numbers up to 41, the difference between any two consecutive prime 

numbers is an even number. A counterexample is that for two particular prime numbers in the interval 

[1, 41], the difference is 

A 1 B 3 c D7 E 9 

2 Which conjecture, f(), describes the total number of circles in shape n? 

A 

B 

c 

D 

E 

f(n) = f(n-l)+nn>1 

f(n+1)= f(n)+n+1,n>0 

f(n-1) = 2f(n) +n, f(1) =1 

f(n) = f(n-l)+n-1,fQ) =1 

f(nt+1) = (n+ Df (n) +n, f0) =1 

Mastery 

3 Translate each symbolic statement into an English sentence using correct grammar. 

A: winter B: it’s cold C: people ski D: summer E:T swim 

a 

b 

c 

A> (BAC) 

(Dv =B) > E 

=(AC A AB) = =D A AE 

0 & B 

4 Write statements with logical connectives to describe each sentence. 

a A number is rational if and only if it can be expressed as the ratio of two integers. 

b 

c 

I pass tests if and only if I study hard. 

If it’s raining or it’s cold, I stay indoors. 

5 Express the following statement in terms of statements A and B so that A <> B: 

“The quadratic equation f(x) = 0 has two x-intercepts iff the discriminant is positive? 

6 Two sets of whole numbers, A = {numbers between 1 and 10} and B= {odd numbers from 1 to 7} are 

randomly selected from the first 10 natural numbers. 

Use the sets to verify De Morgan’s laws. 
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7 Use logical connectives with each set of statements to make them equivalent to statement Z. 

a Z: A number divisible by 6 is divisible by 2 or divisible by 3. 

A: Number divisible by 6 B: Number divisible by 2 C: Number divisible by 3 

b Z:A 4-sided shape that has opposite sides parallel and diagonals of different length is not a square. 

A: Opposite sides parallel B: A shape with 4 sides 

C: Diagonals are of different length D: A square 

c Z: Parallel lines do not intersect 

A: Non-intersecting lines B: No point of intersection C: Infinite points of intersection 

8 Explain why the converse of (A A B) > C is not always true for 

A: recurring decimal, B: terminating decimal and C: rational number. 

9 State the converse and the biconditional statement for the statement, ‘If points lie on the same line, then 

they are collinear’ 

10 Which statement is the converse of the statement, ‘If a quadrilateral is a square, then it is both a 

rectangle and a rhombus’? 

A Ifa quadrilateral is a square, then it is a rhombus or a square. 

If the quadrilateral is either a rectangle or a rhombus, then it is a square. 

If a quadrilateral can be both a rectangle and a rhombus, then it must be a square. 

If a quadrilateral is both a rectangle and a rhombus, then it could be a square. 

m
o
o
w
o
 

If a quadrilateral is both a rectangle and a rhombus, then it is a square. 

11 State the converse to each statement and decide if it is always true. 

a Ifit is sunny, then it is a hot day. 

b WhenI am hungry, I go to the supermarket to buy food. 

c Ifthis shape is a triangle, then it has exactly three sides. 

12 Express each definition as a biconditional statement. 

a_ Two non-parallel lines have one point of intersection. 

b_ The square of an odd number is odd. 

13 Suppose we have the conditional statement ‘If the sum of two angles is 180°, then they are supplementary. 

a Write the converse of the statement. 

b State the biconditional statement. 

14 Write the converse of the statement ‘A square is a figure with 4 right angles, and explain whether the 

biconditional statement is true. 

15 Show that for n € N, n is divisible by both 3 and 4 if and only if is divisible 12. 

16 Show that for n € N, n? is odd © n is odd. 

17 Verify one of De Morgan's laws by using the statements A: {whole numbers 

between 3 and 10} and B: {odd numbers from 1 to 7}, where both sets are drawn from the set of whole 

numbers {1, 2,3 ... 10}. 
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)> Exam practice 

a 
Video playlist 
Direct proof 

p.58 

128 

18 (2 marks) Consider statements P: ‘The function is differentiable’ and Q: ‘The function is continuous. 

If a function is differentiable at point c, then it is continuous at c. Explain, using P, Q and ‘necessary and 

sufficient language, whether P © Q. 

19 (2 marks) Use one of De Morgan's laws to show that for N statements, 

Aj; Ay A; -.. Ay a(Ay A Ay A... A Ay) = AA) V TAQ V «WV AQ. 

20 (3 marks) Apply De Morgan's laws to show each equivalence 

a -((Av-B)vC)=AAABAR-=C 1 mark 

b -=(-(A v B) A(—AC AA=D)) = AVBVCVD 1 mark 

ce -(Av BvC) = 7AA-Bv—=C 1 mark 

21 (2 marks) A: ‘real numbers a, b such thataxb=0 B:‘a=0 C:‘b=0 

Use the statements A, B and C and logical connectives to describe the Null Factor Law: 

‘If ax b=0 then either a or b is zero or both a and b are zero. 

22 (5 marks) 

a_ By using the notation 4X for X, XV Y for X+Y and X AY for XY, show that 

a(A(A AR BVAC)VaA(A A BAC)) can be written as AB+C+ ABC. 2 marks 

b Given the properties (X+Y)Z=XZ+YZ, XX =X and XX =0, show that 

a(A(AARBVAC)VA(AABAC)) =0 3 marks 

@s) Direct proof 

Verifying X > Y is known as direct proof. It is the most common method of proof, where X (assumed to be 

true) is used to directly conclude that Y is true. A direct proof consists of a sequence of statements already 

given or which can be deduced from previous statements. The last statement is the conclusion to be proved. 

fe) CN ES Direct proof 

a Given that even numbers are divisible by 2, prove that the sum of 2 odd numbers is even. 

b Prove that if an integer n is not divisible by 3, then n? — 1 is a multiple of 3. 

Steps Working 

a 1 State what is to be proved. P: sum of 2 odd numbers. 

Q: even number. 

Show P> Q. 

2 Write the first statement using Let a and b be the 2 odd numbers. 

known information. Hence for integers m, n we have 

a=2m+1,b=2n+1 

State the sum. 

a+b=2m+2n+2 

=2(m+n+1) 

= 2k, for integer k. 

3 Establish the conclusion. 2k is divisible by 2 (given). 

Hence the sum of the 2 odd numbers, a + J, is divisible by 2. 
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b 1 Write the statements to use. A: nis not divisible by 3. 

B: n°’ — Lis a multiple of 3. 

2 Write the first statement using Not divisible by 3 means that after division, the remainder is 

known information. lor 2. 

Hence for integer p, 

n=3pt+lorn=3p+2 

If n= 3p + 1, then 

n° — 1 = (3p + 1)? —=3(3p" + 2p) = 3k, for integer k. 

If n= 3p + 2, then 

n—1=(3p +2)? -1 =3(3p?+4p +1) 

= 3k, for integer k. 

3 Establish the conclusion. Both cases give multiples of 3, so n—lisa multiple of 3. 

Sets of numbers 

C complex numbers: of the form a + bi, where a, b are real numbers. 

R real numbers: all integers, rational and irrational numbers. 

Q rational numbers: of the form & where a, b are integers but b #0. 

Zpintegetss.. = 27 = 10, ls 2) oe 

N natural numbers: 1, 2, 3,4... 

Subsets are denoted with a + or —, such as R- negative real numbers, Z* positive integers. 

Quantifiers 

Using quantifiers, the statement “You can fool some of the people all of the time’ can be written as 

“A people p such that V time t, you can fool p’. Quantifiers such as J and V are symbols that combine 

mathematical statements, when the amount of a quantity relates to ‘all’ and ‘there is. 

In direct proof P > Q, statement Q is the predicate. It will be either true or false. 

For example, for P: x isa real number Q: = -1, P> Qis false. 

However, writing P: x isa complex number Q: = —1, P= Qis true, since x= +i. 

We write this as “4x € C, P(x), where J is the existential quantifier ‘there exists, and the sentence reads, 

“There exists an x in the set of complex numbers such that x° =-1? 

Note that ‘4x’ doesn’t necessarily mean there is only one value of x. It means ‘there is at least one value. 

For example, suppose the predicate P(x) is x” — 3x +2 =0 and the domain is all real numbers. We have 

“dx € R, P(x) with solutions x = 1, x = 2? also written as “4x € R, P(1), P(2), since P(1) = 0 and P(2) =0. 

Now consider values of x that satisfy P(x): x + 0 = x. All real values of x are solutions, written as” Vx € R, P(x). 

V is the universal quantifier, meaning ‘for all’ or ‘for every. 

In general, we write “Vx € D, (P(x) > Q(x)); where D is the domain, but if the domain is assumed, it does 

not need to be included. 

Quantifiers can be used in different ways. The statement ‘x + y = 3,x,y € R’ is true because for all values, 

x, there is a y that satisfies x + y = 3, and for all values, y, there is an x that satisfies x + y = 3. This can be 

expressed as, respectively, “Vx dy (x + y = 3) and ‘Sx Vy(x + y = 3). 

Make sure that quantifiers are written in the correct order. For example, the statement ‘For every natural 

number m there exists a natural number n such that n =m’, can be written as ‘Vn dm (n= m y but not 

as ‘Im/n(n = mY. The first statement is true but the second is false because of its claim that all natural 

numbers can be written as the square of a natural number. 
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fe) si ese) > 7\ | B= 4) Interpreting expressions containing quantifiers 

p.59 
a Vx dy (y = sin(x)) 

Write each expression as a statement. If no domain is given, assume it is R. 

b Vx,y € R, dz € C(z=x+ yi) 

Steps Working 

a 1 State the meaning of each quantifier 

and the predicate. 

2 Form one statement. 

Vx All real numbers, x. 

dy There is a y value corresponding to the given value of x. 

Predicate: y = sin (x) 

Combine the statements to make one statement. 

‘For all real numbers, x, there exists a y such that y is the 

sine of x. 

b 1 State the meaning of each quantifier 

and the predicate. 

2 Form one statement. 

Vx € R Allreal numbers, x. 

Vy € R All real numbers, y. 

dz € C There exists a z in the set of complex numbers. 

Predicate: z = x + yi 

Combine the statements into one statement. 

‘For all real numbers, x and y, there exists a z in the set of 

complex numbers such that z = x + yi’. 

We) si ese) > 7\\ | 8= 4) Writing statements using quantifiers 

it need not be included in the answer. 

a c= Va +b? 

Write each expression using appropriate quantifiers. If no domain is given, it can be assumed to be R and 

b p=mn, p,m,neN 

Steps Working 

a 1 Determine the domain, quantifiers 

and predicate. 

2 Form one statement. 

No domain is given, so assume it is R. 

Every number in R qualifies to be a and b, so Va,b € R 

is needed. 

c depends on a and b and is real. 

The predicate is the formula c = Va? +b’. 

Since the domain is the default domain for all variables, it can 

be omitted. 

VaVb Ac (c = Va? +b") 

b 1 Determine the domain, quantifiers 

and predicate. 

2 Form one statement. 

p=mn, p,m,neN 

The domain is N and includes all values of p, m and n. 

All of the domain can be used as values for m and n, so we use 

VmeNandVne N. 

p is the product of m and n and depends on their values, 

so dp is needed. 

The predicate is p = mn. 

Vm,n € N,Ap (p = mn) 
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Wile) si ese > |= 4" Decide if statements involving quantifiers are true 

Decide if each statement is true or false. Assume x and y are natural numbers. 

a Vx (x <5 — Ay(x+ y = 6)) b Vxay(y > 2 > (y? = x)) 

Steps Working 

a 1 Work from left to right and test Vx (x <5) are the numbers, x= 1, 2, 3, 4. 

each given condition. > ay (x+ y= 6) means that for each x, there is a number, 

y, such that x+y =6. 

This is true for all possible values of x. 

2 Decide ifthe statement is true. The statement is true. 

b 1 Write the statement as a sentence. For all values of x, there is a y value greater than 2 such that 

x is the square of the y value. 

2 Decide if the statement is true. The statement is false. 

A counterexample isy=3,x=2, 3742. WB 

Ve) si ¢ se) > @\\ | B= 4) Proof using quantifiers 1 
p.61 

Prove Vx, y € Q((x + y) € Q). 
[we] 

. WB 
Steps Working 

1 Translate the statement to omit quantifiers. For all rational values x, y, x + y is rational. P. 62 

2 Write as a conditional statement, P > Q. P: x and y are rational numbers. 

Q x+y is rational. 

3 Use P to deduce Q. Let x= Foy =a, b,c,d eZ. 

ad+be  m 
xty= = —, where m,n € Z. 

bd n 

4 State the proof. x+y is the ratio of two integers, hence the sum of 

two rational numbers is rational. 

Negation of a quantifier 

The negation of an existential statement (‘there exists’) is a (ai) 
universal statement (‘for all’). 

The negation of ‘all’ is NOT ‘none. 
TAs (P) = Vx (P(x) The negation of ‘all’ is ‘not all} or ‘some’ 

Statement: Some maths students study Physics. or ‘at least one. 
S 

Negation: No maths student studies Physics. 

So to prove an existential statement is false, prove that its negation is true. 

The negation of a universal statement is an existential statement. 

AV x (P) = Ax (AP(x)) 

Statement: All maths students study Physics. 

Negation: At least one student does not study Physics. 

So to prove a universal statement is false, prove that its negation is true. 
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[ws] Whiten ental Proof using quantifiers 2 
Prove that each statement is false. 

63 . aes wo 
p a There is a positive integer, n, such that n’ + 3n + 2 is prime. 

b Every integer is odd. 

Steps Working 

a 1 Write the statement using quantifiers. dn € N, (n° + 3n + 2) is prime. 

2 Write the negation. Vn EN, (n? + 3n + 2) is not prime. 

3 Show that the statement is true. nw +3n+2 =(n+1)(n+2) 

n+1>landn+2>1 

So (n + 1)(n + 2) is the product of two integers, each of 

which is greater than 1. 

Hence n? + 3n +2 is not prime. 

b 1 Write the statement using quantifiers. Vn € Z, 5k € Z, (n = 2k +1) 

2 Write the negation. dne Z,Vk € Z,(n # 2k4+1) 

3 Show the statement to be true. Provide a counterexample. 

n=A4 cannot be written as 2k + 1. 

EXERCISE 3.3 Direct proof ANSWERS p. 571 

Recap 

1 =(HA v (=B A =C)) is equivalent to 

A (AAB)vC B AA-=BVC Cc A=AAABV=C 

D Aa(BvC) E (AAVB)VC 

2 The converse of the statement ‘If k > 3 then k’ > 9’ is true when 

A k<-3 B k>3 Cc k<3 D k2-3 E ks3 

Mastery 

3 Show that if n is odd, then n' is odd. 

4 Prove that n° +n is even for alln € N. 

5 Prove that if m and n are both odd integers, then m x n is also odd. 

6 Use direct reasoning to show that if n is an even integer then 7n + 4 is an even integer. 

7 Prove that ifn € N is even, then 2n? +.4n + 13 is odd. 

8 Prove P > Q given the statements P: b is divisible by a for a,b € N,Q: ab. 

9 Prove P > Q for P:3n + 2 odd, n € N, Q: nodd. 

10 [£9 workeD Example 13 | Write each sentence to include domains and quantifiers. 

a_ The square of a positive number is positive. 

b For every real number, x, there is a real number y such that y=x + 1. 

c The area, A, of a rectangle of length x and width y is A = xy. 

d_ The magnitude of a complex number is at least zero. 

e The quadratic equation ax’ + bx + c=0 has complex solutions. > 
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>. Decide, with reasons, if each statement is true. If it is false, provide a counterexample. 

In each case, let m € N,n € N. 

a Vmdin(m—n=0) 

b Vm dn(m—3n = 0) 

c Vm(m>6 > Va(n>m—n > 6)) 

d Ym(m <10 > Va(n<m—> m= Vn)) 

Exam practice 

12 

13 

14 

15 

16 

17 

19 

21 

(2 marks) 

a Show that for even integers, m, n, m—n is even. 1 mark 

b Given the result from part a, prove that ifm’ +n’ is even, then m+n is even. 41 mark 

(2 marks) Prove that the product of a rational number with another rational number is also a 

rational number. 

(3 marks) Show that n(n + 1)(2n + 1) is divisible by 6 for all n € N. 

(4 marks) Prove that if m and n are odd integers, then 

a m+n’ iseven. 2 marks 

b m+n’ isnot divisible by 4. 2 marks 

(3 marks) 

a_ Given aq, b are even integers and c is an odd integer, verify using a = 3, b= —2 and c=—9 

that ab + c is an odd number. 1 mark 

b Hence, or otherwise, deduce that for integers x, y, z, (4xy + 2z + 1° is odd. 2 marks 

(8 marks) Show that Vp € Z(s = 2p+1— Ske Z(s°+3s+5 = 2k+1). 

(8 marks) Prove Vm,n € N Sk € N(m? +n? +1 = 2k). 

(8 marks) Prove Vm € N Ja,b © N(m =a’ —b’). 

(4 marks) Prove each statement by first writing it as a grammatical sentence. 

a VneNAmeN (n(n +1) = 2m) 2 marks 

b Vx,y € Riz,w eC(z+wec) 2 marks 

(6 marks) 

a_ Given that the product of 2 odd numbers is an odd number, prove that for n € N, 

3” is odd. 3 marks 

b Given that the product of 2 even numbers is even, explain why (3" + 1)" is always even. 3 marks 

(4 marks) Use the expansion (a + b)" = kya"b? + ka" 'b! + kya" ?b + ka" 7b? + kya" 1b +... 

+ ka" "b", (kj, ky ... k,, non-zero constants), to prove that for all odd numbers, x, x" will be odd 

ifk, =1. 
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Proof by contrapositive and 
contradiction 

Proof by contrapositive 
Consider these two statements: 

Statement 1: ‘If I don’t study, I will fail the test. 

Statement 2: ‘If I pass the test, then I have studied. 

The two statements are logically equivalent and each can be written as a conditional statement. 

Statement 1: P: ‘I don't study’ Q: T fail the tes? PQ. 

Statement 2: —Q: ‘I pass the test’ —P: ‘I study’ =Q-> -P. 

Proof by contrapositive requires taking the negation of each statement. 

To prove P > Q, prove =Q > —P. 

Vf) si ese) > 7 | B= Wve Proof by contrapositive 

Prove that Vn € N, if 7n + 9 is even, then n is odd. 

Steps Working 

1 Express the statement P > Q in the form —Q > —P. P:7n +9 is even. 

Q@ nis odd. 

P— QIf7n+9 is even, then n is odd. 

=Q—- = PIfn is even, then 7n + 9 is odd. 

2 Prove Q—> =P. If n is even, then 7n is even. 

Hence 7n + 9 is odd, since even + odd = odd. 

So Q— —P is true. 

Hence if 7n + 9 is even, then n is odd. 

Vile) 5) ¢ Se) > @\\ | | B= sF:) Contrapositive to prove divisibility 

Prove that for every natural number, n, if n’ is divisible by 3 then n is divisible by 3. 

Steps Working 

1 Express the statement P > Q P: n’ is divisible by 3. 

in the form —Q > AP. Q: nis divisible by 3. 

P > Qif n’ is divisible by 3 then n is divisible by 3. 

AQ > =P if n is not divisible by 3, then n’ is not divisible by 3. 

2 Prove Q—> —P. If n is not divisible by 3, then the remainder after division is 1 or 2. 

Hence n is of the form 3k + 1 or 3k+2 fork EN. 

If n= 3k + 1, nw’ = 3(3k’ + 2k) + 1, which is not divisible by 3. 

If n= 3k + 2, nw = 3(3k’+ 4k + 1) + 1, which is not divisible by 3. 

Hence, =Q —> —P is true, so P > Qis true. 

Proof by contradiction 
The method of proof by contradiction involves the assumption of a false conjecture that will lead to a 

contradiction. 

The usual approach to prove P > Q is to accept P and assume —Q. The contradiction arising from P + —Q 

is proof that P > Q is true. However, give some thought to what assumptions need to be made, otherwise a 

contradiction may not occur. 
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We) st ese) > | B=) Proof by contradiction involving surds 

Use proof by contradiction to prove that V3 is irrational. 

Steps Working 

1 Assume the statement is false and 

write it as an equation. 

Rearrange the equation and form 

conclusions about the types of 

variables used. 

Write the equation in terms of the 

types of variables and rearrange. 

State the contradiction. 

State the conclusion. 

a 
Assume that V3 is rational and can be written as V3 = re 

where a, b € Z have no common factors other than 1. 

a=30 

3b? is odd, so a? is odd. Hence a is odd. 

3b’ is odd, so b? is odd. Hence b is odd. 

aand bare odd, so leta=2m+1,b=2n+1,m,ne Z. 

Then a? = 3b” becomes 

4m? + 4m +1=12n?+12n+3. 

2m? + 2m) = 2(3n?+ 3n) + 1. 

2(m? + 2m) is even and 2(3n”+ 3n) + 1 is odd. 

This is a contradiction. 

The assumption that V3 is rational leads to a contradiction, 

so the original assumption that 3 is rational is false. 

Whe) s¢se) > GV | B= 01) Proof by contradiction 

Show that for all integers a, b, c, if at+b= CH, then either a or b is even. 

Steps Working 

1 

2 

Assume the statement is false. 

Rewrite the expression according to 

the types of numbers used. 

Expand and rearrange the expression 

and form a conclusion. 

State what must be true to avoid 

a contradiction. 

Explain the contradiction, testing 

each case. 

State the conclusion. 

Assume a’ + b? = c’ and both a and b are odd. 

a, bare odd, soa=2m+ 1, b=2n +1, m,n integers 

(2m+1)P+(2n+1P =e 

a +b'=4m’+4mt+14+4n+4n41 

=A? +m+14+n+n)t+2 

This is divisible by 2, so a’ +b’ is even. 

Hence ¢’ is also even. 

Hence 4k +2=c’. 

c= 2p, for integer p 

4k+2=4p" 

This is not possible because 4p” is divisible by 4 but 4k + 2 

is not divisible by 4. 

The assumption that both a and b are odd is wrong, so either 

a or b must be even. 

EXERCISE 3.4 Proof by contrapositive and contradiction ANSWERS p. 572 

1 Ifx and y are natural numbers, a counterexample to Vx(x > 3 — dy(x + y < 10)) is 

A x=4,y=5 B x=3,y=7 C x=6,y=4 

D x=6,y=2 E x=8y=1 
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} 1 
> oi x,y, b € R, then the statement “The line y = 3x + b intersects the positive x-axis at x = Fics — by 

can be expressed as 

A vx 3 > bo (40-8) > 0)) 

B vavy[3b 4 (o- b) > 0)) 

c ve3y36(L-0 > 0| 

D vy( >bo> (Go-5 > 0)) 

E vs3y[ 3» > [Fo-w = 0) 

Mastery 

3 Use proof by contrapositive to show that Vn € N, if 5n —7 is even, then n is odd. 

4 The contrapositive to the statement, ‘If I live in Melbourne, then I live in Australia; is 

A. If I live in Melbourne, then I don’ live in Australia. 

If I live in Melbourne, then I must live in Australia. 

If I live in Australia, then I live in Melbourne. 

If I dont live in Australia, then I don't live in Melbourne. 

m
o
o
w
o
 

If I don’t live in Melbourne, then I don't live in Australia. 

5 Prove by contrapositive that for every natural number, 1, if n is divisible by 3, 

then n is divisible by 3. 

6 Vector u and vector y are parallel if u = ky,k € R \ {0}. 

To prove this property using proof by contradiction, what will statements P and Q be? 

A P: u,y parallel Qustk 

B P: u,y not parallel Qustzk 

Cc P: u,v parallel Qu=k 

D P: u,v perpendicular Qustzk 

E P: u,y not parallel Qu=k 

7 Prove that 3/2 is irrational. 

8 Use proof by contrapositive to show that Va,b,c € N, if ab +c is odd, then c is odd. 

9 It is required to show there do not exist integers m and n such that 15m + 25n= 1. 

a_ Write the statement that includes the assumption that will lead to a contradiction. 

b Use your statement to complete the proof by contradiction. 

10 Prove by contradiction that the difference of the squares of consecutive odd 

numbers is divisible by 4. (Assume the difference of the squares of consecutive odd numbers is not 

divisible by 4.) 
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11 (2marks) Show using the contrapositive that Vn € Z, ifn +5 is odd, then n is even. 

12 (2marks) Show using proof by contradiction that Vn € N, if n° +5 is odd, then n is even. 

13 (3 marks) Prove by contrapositive that Vm,n € Z, if 3 does not divide mn, then 3 does not divide m and 

3 does not divide n. 

14 (5 marks) Let n be an integer and consider the statement ‘If n’ is even, then n is even. 

a Write statements P, Q so that P> Q. 2 marks 

b Show the contrapositive as a statement. 2 marks 

c¢ Prove =Q > -—P. 1 mark 

15 (3 marks) Use proof by contradiction to show that Va,b € Z, a —4b #2. 

16 (3 marks) Apply the method of contrapositive to show that if the sum of 2 real numbers is irrational, 

then at least one of the 2 real numbers is irrational. 

17 (8 marks) Prove using contrapositive that Vm,n € Z, mn odd > mand n odd. 

18 (3 marks) Prove by contradiction that there is no smallest positive rational number. 

19 (6 marks) To prove by contradiction that there is an infinite number of prime numbers, we start by 

assuming that there is a finite number of prime numbers, N. 

Let Py be the product of the finite number of prime numbers. 

a_ Explain why Py + 1 is a composite number. 3 marks 

b_ By considering if there is a remainder when Py + 1 is divided by a prime number, 

complete the proof by establishing a contradiction. 3 marks 

20 (3 marks) Prove by contradiction that the sum of the squares of 2 odd numbers is even. 

21 (5 marks) Consider the statement Vn € N dk, € N(3n +2 = 2k +1 — dk, € N(n = 2k, +1)). 

a_ Translate the statement into a grammatical sentence. 2 marks 

b Prove the statement using contrapositive. 3 marks 

Gs) Proof by mathematical induction 

A widely-used method of proof in mathematics is proof by mathematical induction, which we studied in 

the Year 11 chapter, Proof and number. A conjecture is shown to be true for a specific value and the general 

case is established based on the assumption that the conjecture is true. The method is related to inductive 

reasoning, which we examined at the beginning of this chapter, because both methods make generalisations 

that are based on specific cases being true. 

The method falls within the area of discrete mathematics, where integers comprise the number system 

involved. 

For example, consider the statement, ‘The sum of the interior angles of an n-sided polygon is 180(n — 2) 

degrees. We know it is true for n = 3 (triangle), but how can it be proved that 180(n — 2) is true for all 

n23? 
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Proof by mathematical induction 

Step 1 (base step): Show true for the first value of n, such as n= 1. 

Step 2 (assumption): Assume true for n =k. 

Step 3 (induction): Prove true for n=k+1. 

Step 4 (conclusion): Conclude that the statement is true for all required integers, n. 

Mathematical induction works because of a ‘domino effect’ after we have proved that if a statement is true 

for n= k, then it is also true for the next integer, n =k +1. 

Because we have shown the statement to be true for n= 1, 

then it is also true for n=1+1=2, 

therefore it is alsotruefor n=2+1=3, 

n=3+1=4,and so on for all positive integers, n 

Vile) 5) 6S) GN DE = 5) Proof by induction for the sum of terms of an arithmetic sequence 

Prove by induction that 4+9+14+...+ (51-1) = ont abn EN. 
p. 68 

Steps Working 

n 
1 Prove the base step. Let P(n) = awn +3). 

Prove that the formula is true for n = 1. 

1 
4= 5 (5 x1+ 3) 

4=4 

LHS = RHS, so formula is true for n = 1. 

2 Assume the conjecture is true Assume the formula is true for n = k, an integer. 

for some.integern = Ie Assume 4+9 +... + (5k +3) -4 (5k +3) 

3 Prove that the conjecture is Need to prove P(k+ 1) = FEN 5(k +1) +3) 

true for n=k + 1, substituting 

above assumption. _ (k +1)(5k + 8) 

2 

For n=k+1, the sum is the kth term + the (k + 1)th term. 

The (k + 1)th term is 5(k+1)-1=5k+4. 

P(k+l1)= *(sk + 3) + (5k +4) 

_ K(Sk + 3) 10k+8 

2 2 

_ 5k? + 13k +8 
7 2 

= (er DOE 8) as required 
2 

4 State the conclusion. The formula is true for n =k + 1 if it is true for n=k. 

The formula is true for n = 1, so by mathematical induction the 

formula is true for all integers n € N. 
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le) ¢s 2) > 7 | B=) Proof by induction of the sum of terms of triangular numbers 

Prove by induction that + St6HIOt I et tT = aint I(n+2),neN. 

Steps Working 

1 Prove the base step. Let P(n) = am +1)(n +2). 

Prove that the formula is true for n = 1. 

LHS=1 

RHS = c+ +2)=1 

LHS = RHS, so the formula is true for n= 1. 

2 Assume the statement is true Assume the formula is true for n= k, an integer. 

fot some integer n= Ke Be... +f (k+1) of (k +1)(k +2) 

3 Prove that the conjecture is Need to prove P(k+ 1) = Laan +1)4+1) ((k+1)+2) 

true for n=k + 1, substituting & 

above assumption. = (k+ Ik + 2)(k+ 3) 
6 

The (k + 1th termis sk +1)(k +2). 

k 1 
P(k+1)= ae +1)(k+2)+ 5% +1)(k + 2) 

k 1 
=(k+1)(kK+2)) —+— nts 
=(k+ n(k+2)( 23} 

= (k + I(k + 2)(k +3) as required 

6 

4 State the conclusion. The formula is true for n =k + 1 if it is true for n=k. 

The formula is true for m = 1, so by mathematical induction the 

formula is true for all n € N. 

Whe) ses > NBs) Divisibility proof using induction 

Prove by induction that for any integer n > 2, n° — n is divisible by 3. 

Steps Working p70 

1 Prove the base step. P(n)=n—n 

Prove true for n= 2: 

23 — 2 = 6 is divisible by 3. 

2 Assume the statement is true Assume the conjecture is true for n =k, an integer. 

for some integer n= k. That is, that k° — k is divisible by 3. 

3 Prove that the statement is true P(k+1) = (k +1 -(k+)) 

forn=k+1. =k 43k? +3k+1—-k-1 

=k +3k? +2k 
= k(k’ + 3k +2) 
= k(k+1)(k +2) 

Since P(k + 1) is the product of 3 consecutive integers, one of 

them must be a multiple of 3, so P(k + 1) is divisible by 3. 
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4 State the conclusion. The conjecture is true for n= k + 1 if it is true for n =k, and as it 

is true for n = 2, then by mathematical induction it is true for all 

integers n 2 2. 

The method of mathematical induction is applicable to a range of mathematics topics, so formulas and 

properties from different areas of study may be needed. 

Whe) ses) > NBs 2" Induction with trigonometry 

1l- 2 
Given n € N and x # ka,k € Z, show that sin(x) + sin(3x) + sin(5x)+...+ sin(2n —1)x = = 

sin(x 

Steps Working 

1- 2 
1 Prove the base step. P(n) = ames (C2) 

2sin(x) 

Prove true for n= 1. 

LHS = sin (x) 

=) 
tHe = 1—cos(2x) = 1—(1- 2sin*(x)) = sin(x) 

2sin(x) 2sin (x) 

LHS = RHS, so true for n= 1. 

2 Assume the statement Assume the conjecture is true for n = k, an integer. 

is true for some integer 1- aks ek Pk) = cos (2kx) 

. sin (x) 

1- 2k+1 
3 Prove that the statement Need to prove that P(k + 1) = leo (21) ) 

. 2sin(x) 
is true forn=k+1. 1 (2k) 

P(k-+1) =" 5. sin [2k +1)x] 
2sin (x) 

_ 1=cos(2kx) + 2sin(x)sin[(2k +1) x] 

2sin(x) 

1-cos(2kx) — (cos[(2k + 2)x] — cos (2kx 
= (aes) — (eal x] (2is)) , using the identity 

2sin (x) 

1 
sin A sin B = —5 (cosa + B)—cos(A— B)) 

cos ORF DE ereaniced 
2 sin (x) 

4 State the conclusion. The formula is true for n=k+ 1 if it is true for n =k, and as it is true for 

n= 1, then by mathematical induction it is true for all n € N. 

VCE QUESTION ANALYSIS 

A sample question for a new topic (11 marks) 

Consider the following conversation between Aarush and Petros. They are discussing 

the conjecture P: Vne N(f(n) 2 g(n)), f(n) = 3",g(n) = 2n+1. 

Petros: ‘Hi, Aarush. 1 

Aarush: ‘Hi. I’ve been thinking a lot about the problem. 2 

Petros: ‘Have you found a proof?’ 3 

Aarush: ‘I think so? 4 

Petros: “You always find a solution when you think a lot about the problem? 5 
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a Explain why sentences 1 and 3 are not statements. 1 mark 

b Explain why Statement 2 is a premise and Statement 4 is an inference. 1 mark 

c Petros wants to show that the negation, —P, is always false. 

i Write 4P using quantifiers. 1 mark 

ii Petros shows that —P is false for n = 3. He then claims this is a necessary 

and sufficient counterexample that proves statement P is true. Explain why 

this reasoning is incorrect. 2 marks 

d_ Aarush thinks he has proved the conjecture by using mathematical induction. 

Show how this could be achieved by following the steps below. 

Step 1: Verify the conjecture is true for a particular value of n. 

Step 2: Make an assumption. 

Step 3: Based on your assumption, conclude that the statement is always true. 3 marks 

e Petros used proof by contradiction to show that for all positive integers, n, f(n) — g(n) 

is divisible by 2. Given that 3” is odd for all positive integers, show the proof that 

Petros would have provided. 3 marks 

Reading the question 

« Highlight key words and terms and recall their meaning. 

« Appreciate the relationship between terms such as statement, premise, inference and conclusion. 

The connection is tested in part b. 

« For part d, show each step by providing sufficient calculation and reasoning. 

¢ The conjecture is given in quantifier notation, so ensure that the meaning of the quantifier and 

the domain are understood. 

* Most of the questions require explanations to be given rather than calculations. This means that 

it is important that responses are clear and correct terminology is used. 

Since | marks are not awarded, provide clear answers for all 1-mark questions. This applies 
2 

particularly to part ¢ i where notation is required. 

Part ¢ ii requires understanding of how to express negation by changing a universal quantifier 

to an existential quantifier. 

In part ¢ ii, reference to ‘necessary and sufficient’ and ‘counterexample should form part of the answer. 

In part e, assume the opposite of ‘divisible by 2’ and show that this leads to a contradiction. 

Worked solution (/ = 1 mark) 

a A statement is either true or false. Sentences 1 and 3 are not true or false statements. Sentence 1 is a 

greeting and sentence 2 is a question. / 

b An inference is a conclusion drawn from a premise. Statement 4 (‘I think so [that I have solved 

the problem]’) is a conclusion based on the premise Statement 2 (‘I've been thinking a lot about 

the problem). / 

¢ i —Por ‘not P’ is ‘There exists a value of n € N such that f(7) <g(m). dn € N (3" < 2nt+1)V 

ii Using one value of n to show the negation is false is a necessary condition (/) but not a 

sufficient one because it must be false for all values of n. (V) 
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d Verify conjecture is true forn=1, 3' > 2x14+1./ 

Assume it is true for n =k, an integer, so assume 3 Sk +L 

We need to show 3**! > 2(k +1) +1, that is, 3+! > 2k +3. 

3k+1 = 373") > 3(2k +1), by assumption 

31 > 6k 43> 2k +3 

The conjecture is true for n =k + 1 if it is true for n =k. The conjecture is true for n = 1, so by 

mathematical induction, it must be true for all values of n EN. / 

e Assume that f(7) — g(n) is not divisible by 2. / 

Then 3" — 2n — 1 = 2k + 1, for integer k. [(2k + 1) is always odd.] 

3"—2n-2=2kV 

LHS is odd (3” is odd, 2n is even, 2 is even, so odd — even - even is odd). 

RHS is even for all k. 

This is a contradiction, so it is not true that f(7) — g(n) is not divisible by 2. 

Therefore f(n) — g(n) is divisible by 2. / 

EXERCISE 3.5 Proof by mathematical induction ANSWERS p. 573 

Recap 

1 The contrapositive to the statement (=A v B) > —C is 

A =C > -=(AA-B) B —(A~-—B) > =C c -+(Av=B)>C 

D C>(Av-B) E C+ (Aa-B) 

2. To prove by contradiction the statement, ‘For all positive integers, n, 3" + 1 is not divisible by 2; 

the assumption to make can be 

A ‘For all positive integers, n, if 3" + 1 is even, then n is not divisible by 2? 

For all positive integers, n, 3" + 1 is divisible by 2’ B 

C ‘For all positive integers, n, 3" + 1 is not divisible by 2? 

D ‘For all positive integers, n, if n is not divisible by 2, then 3" + 1 is odd? 

E ‘For all positive integers, n, if 3" + 1 is odd, then it is not divisible by 2? 

Mastery 

3 Prove by induction that 4+9+14+...+(5n-1) = Ont aon EN. 

4 Prove by induction that for all integers n > 1, 

1x24+2x27+3x24+4x2' 4... +nx2" = 2(1+(n-1)2"). 

5 Use proof by induction to show that Vn € N, 6" + 4 is divisible by 5. 

6 Prove by induction that P+P434.c¢nr = Z(n +1)(2n +1). 
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> 7 

8 

9 

Exam practice 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

Prove each of the following by induction, givenn € N. 

a 14+24+2?7+22424...42"=2"*1-1 

n 
b 1+243+..¢n= 74+) 

Prove by mathematical induction that Vn € N, 3 divides 74". 

Prove by induction that Vn € N,9"—1 is divisible by 8. 

(3 marks) Prove by mathematical induction that for all positive whole numbers, n, 5"4+2x 11" is 

divisible by 3. 

(8 marks) Prove by mathematical induction that for all positive integers, n, 3°"* | + 2"*? is divisible by 7. 

(marks) Let P(n) = 2" and Q(n) =n”, where n € Z*. 

Prove by induction that Q(n) < P(n) for n > 4. 

(3 marks) Use induction to prove that for positive integers, n, 2" > n. 

(3 marks) Use mathematical induction to prove that for all positive integers, n, 5" + 9" + 2 is divisible by 4. 

(4 marks) Use induction to prove that for positive integers n > 4, 2” <n! 

(4marks) Givenn € N and sin(x) # 0, use the principle of induction to prove that 

cos(x)cos(2x)cos(4x) |. cos(2"!x) = sin(2"x) 
2" sin(x) 

in (2k ok 
Hint: Show that P(k + 1) = P(k) x eee and apply 2sin Acos A = sin2A. 

sin (x 

(4 marks) A sequence is defined as u,, , ; = 2u,,+ 1, with u, = 1 and n is a positive integer. 

Prove by induction that u,, =2" — 1. 

(4 marks) Use the method of induction to prove u, + u)+u3+,,, +u,,= 3"— 1, given that the nth term 

isu, =2X 3m 

(5 marks) Apply the method of induction to prove that for all natural numbers, n, 

1 1 1 1 n 
+ + + + = 

2x5 5x8 8xll ~ (3n-—V(Bn+2) (6n+4) 

4 
(5 marks) The symbol | [ means product, and [[@i +1) means 3X5X7X9. 

i=l 

- 1 +1 
Use proof by induction to prove that ne - } = a 

j=2 i 2n 
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(2) Chapter summary 

Conjectures 

Definitions and ‘rules’ of logic allow for 

conclusions (inferences) to be drawn from 

premises (statements). 

« A statement can be atomic or compound. An 

atomic statement (or sentence) consists of a single 

proposition, whereas a compound sentence is a 

combination of at least two atomic sentences. 

« A logical argument comprises a set of premises 

that provide a logical conclusion. 

Inductive reasoning involves reaching a 

general conclusion based on a finite number 

of observations. 

« Deductive reasoning draws a specific conclusion 

on the basis of accepting as true the more 

general case. 

* A conjecture is a proposition that seems to 

be true but has not been conclusively proved, 

whereas a theorem is a statement that has been 

logically proven. 

* A conjecture can be disproved solely on providing 

one counterexample to what is being stated to 

be true. 

The language of proof 

A set of logical connectives are used to combine 

statements and to show conditions that have been 

put in place. They include conjunction (AND), 

disjunction (OR) and negation (NOT). 

A number of logically equivalent statements are 

used when proving other statements. 

Of particular usefulness are De Morgan’s laws, 

(A v B) = AA A-=B and -(A a B) = AAV -B. 

The biconditional statement A iff B (or B} A) 

provides proof that A > Band B—> A. 

Nelson VICmaths Specialist Mathematics 12 

Direct proof 

In direct proof, true statements are used in 

sequence to arrive at a logical conclusion, which 

forms the last statement. 

To indicate quantity in relation to proofs involving 

number systems, quantifiers are used. The 

existential quantifier, J (meaning ‘there exists’), 

is used to indicate that there is at least one value 

in the set of numbers that can be used to prove 

the statement. In the same way, the universal 

quantifier, V, (meaning ‘for all’), is used to state that 

all numbers in the given set of numbers can be used 

as part of the proof. 

Proof by contrapositive and 

contradiction 

One method to prove that a statement is true is 

to use proof by contrapositive. To prove P > Q is 

true, we show 4Q > —P is true. This means that to 

prove ‘if P then Q; we prove ‘if not Q then not P” 

When the method of proof by contradiction is 

used, it is assumed ‘if P and =Q’ which results in a 

contradiction in the reasoning process. This means 

the assumption —Q is false, hence it must be true 

that P> =Q. 

Proof by mathematical induction 

Step 1 (base step): Show true for the first value of n, 

such asn=1. 

Step 2 (assumption): Assume true for n= k. 

Step 3 (induction): Prove true forn=k+ 1. 

Step 4 (conclusion): Conclude that the statement 

is true for all required integers, n. For example, 

‘The statement is true for n =k + 1 ifitis true 

for n=k. It is true for n= 1, so by mathematical 

induction it is true for all n € N? 
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Cumulative examination 1 

Total number of marks: 10 Reading time: 4 minutes Writing time: 15 minutes 

(2SESEA) Technology is NOT permitted. 

1 (8 marks) Consider the statement: ‘If i is an imaginary number, then it is not a real number’. 

a_ Write the converse statement. 1 mark 

b Write the biconditional statement. 1 mark 

c Write the contrapositive statement. 1 mark 

+ 

z 

2 
FE 
< 
= 
= 
< 
*s 
Ww 

w 

= 
FE 
< 

= 
=) 
(2) 

2 (2marks) State two conjectures about the value of the nth term of the sequence 2, 3,5... 

3 (2 marks) For vectors u = ai — j + k and y = 2i + aj — 2k, find all non-zero values of a so 

that u is perpendicular to u + y. 

4 (3 marks) 5 4 

a Write bx? — 4b’x + y’ — 2y + 3b? +1 =0 in the form Gm ar i =1, 

where h, k, a and b are constants. a b 2 marks 

b For what values of a and b will 4x” — 16x + y* — 2y + 12 + 1=0 represent a circle? 1 mark 
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Cumulative examination 2 

Total number of marks: 20 Reading time: 4 minutes Writing time: 30 minutes 

Approved technology is permitted. 

Section A 5 multiple-choice questions 5 marks 

1 Which of the following is a statement? 

A Hello. Please come here. 

What is your name? 

Logic confuses me. 

Ie 

m
o
o
n
 

The topic of Boolean logic. 

2 Which function supports the conjecture that f(x) generates the terms of the sequence 5, 15, 29? 

A f(n)=5n 

B f(n) =2n’-3 

Cc f(n= 3n? +2 

D f(n) =n? -2n+6 

E f(n= n(n? + 3n+1) 

3 Which statement is not equivalent to Vx € R, x° > 0? 

A All real numbers have non-negative squares. 

Every real number has a square that is positive. B 

C The square of every real number is non-negative. 

D The value x’ is not non-negative for every real value of x. 

E 
2 

x* is not less than zero for each real number, x. 

2 
4 For what value of a is the vector ai — 5j + sis parallel to the vector 18i — 60j + 8k? 

2 1 3) il 4 
A — Br = Ch DFS EP 

4 4 2 5 5 

x - 7x? +10x+1 
5 The equation of an asymptote to the graph of y = ——_,————— is 

xe 7x10 

A x=-5 B y=2x+1 Cc x=l1 D y=x EPx——2 
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Section B_ 5 questions 15 marks 

1 (8 marks) Prove by induction that for all natural numbers, n, 9" + 3 is divisible by 4. 

2 (2marks) Prove that the greatest common divisor of a and b is a iff a divides b. 

3 (3 marks) Proof by contradiction can be used to prove that the length of the hypotenuse of any 

right-angled triangle is less than the sum of the lengths of the other two sides. 

N 

z 

2 
FE 
q 

= 
= 
q 
*s 
Ww 

w 

= 
FE 
< 
al 
=) 
= 
=) 
° 

a What statement, P, can be used that will lead to a contradiction? 1 mark 

b Show that P results in a contradiction. 2 marks 

4 (4 marks) 

; anne bn A 
a Given P(x) = 2x + x° — 2x +1 and Q(x) =2x+5, write in the form R(x) + ‘i 

Q(x) Q(x) 
where R(x) is polynomial of degree 2 and A is a constant. 2 marks 

b State the equations of the asymptotes. 2 marks 

5 (3marks) The magnitude of vector u = ai — bj + V6k is 4. 

1 
The scalar product of u with J2i + j— As is 2 — V6 -3. 

a Find the value of a and b if they are both whole numbers. 2 marks 

1 
b Hence, find the magnitude of V2i + j— alls 1 mark 
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Using CAS 1: Complex number operations 

Using CAS 2: Polar and Cartesian conversions 
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Circles 

Ellipses 

Rays and semicircles 

Using CAS 3: Powers of complex numbers 

Using CAS 4: Roots of unity 

Quadratic factorisation 
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The fundamental theorem of algebra 
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Quadratic equations 
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Study Design coverage 

AREA OF STUDY 3: ALGEBRA, NUMBER AND STRUCTURE 

Complex numbers 

e De Moivre’s theorem, proof for integral powers, powers and roots of complex numbers in polar form, and 

their geometric representation and interpretation 

e the nth roots of unity and other complex numbers and their location in the complex plane 

e factors over C, of polynomials; and introduction to the fundamental theorem of algebra, including its 

application to factorisation of polynomial functions of a single variable over C, for example, 

241,2-iorP-(2-)e+z-24i 
e solution over C of polynomial equations by completing the square, use of the quadratic factorisation and 

the conjugate root theorem. 

VCE Mathematics Study Design 2023-2027 p. 110, © VCAA 2022 

Video playlists (7): 
441 Complex numbers 

4.2 Polar form 

4.3 De Moivre’s theorem 

4.4 Roots of unity 

4.5 Factorising polynomials 

4.6 Solving polynomial equations 

VCE question analysis Complex numbers 

Evaluating the modulus 1 * Evaluating the 
modulus 2 * Modulus and argument » Complex 
number conversions * Polar complex number 
conversions * Multiplication in the plane 
* Division in the plane » Complex plane graphs 

Using de Moivre's theorem 

Roots of complex numbers 

Complex polynomials * Remainder and factor 
theorems 

Polynomials with real coefficients * Real and 
imaginary factors Worksheets (20 

41 Complex numbers - Complex number 
operations » Complex conjugates » Complex 
conjugates and inverses + Addition and 
subtraction in the plane * The complex plane 

To access resources above, visit 

cengage.com.au/nelsonmindtap ¢ Nelson MindTap 
= 

“ 

. . . 2 3 Pa : Pa 
Remember that the imaginary number i = J—1, soi“ =—1, i” = -i, i*=1,i° =i,i°=-1 and soon. 

The complex numbers, C, are of the form z= a + bi, a, be R. 

Complex numbers 

Complex numbers are equal if and only if the real parts are equal and the imaginary parts are equal. 

For two complex numbers z= a + bi and w= c + di, if z= w, then a =c and b= d. 

The complex conjugate of z=a + biis Z = a — bi. 

Both zz and z + Z are real, while z — Z is imaginary. 

The complex number z= x + yi has a real part, Re(z) = x and an imaginary part, Im(z) = y. 

If x = 0, the number is purely imaginary. If y= 0, the number is purely real (or just real). 

Complex numbers are shown geometrically as points or vectors in a number plane called the Argand 

diagram or complex plane. 

The complex number z= x + yi is represented as (x, y) or the position vector of the point (x, y). 

The real axis is horizontal and is labelled Re(z) or x. 

The imaginary axis is vertical and is labelled Im(z) or y. 
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p.73 

c 
p.75 

150 

Vile) tes) > 7-\\ | B= 4) Complex numbers in the complex plane 

a Show u=2 + 3iand v=2 -—3ias points on an Argand diagram. 

b What is the relationship between u and v? 

c¢ Show w= 1 —2iand z=~—2 + ias vectors on an Argand diagram. 

d What is the relationship between w and z? 

Steps Working 

a 1 Write the complex numbers as points. u= (2, 3), v= (2, -3) 

2 Plot and label the points on the plane. Im@4 

4 

34 eu (2,3) 
24 

14 

“ZSS) 155 tee 
24 

34 ev(2,-3) 

44 

b State the relationship. u = V; they are reflections of each other in the x-axis. 

¢ 1 Write the complex numbers as points. w= (1,-2), z= (-2, 1) 

2 Draw as position vectors. Im@4 

4 yx 

d= State the relationship. They are reflections of each other in the line y = x. 

Operations 
To add or subtract complex numbers, treat the real and imaginary parts separately. 

To multiply complex numbers, expand and use i” =—1. 

To divide complex numbers such as = realise the denominator by multiplying by * 
w w 

Notice that (a, b) + (c, d) =(a+c, b+ d) and (a+ ib) + (c+ id) =(a+c)+(b+d)i, v 

so vector addition gives the same result as complex number addition. Similarly, 

subtraction of vectors gives the same result as complex number subtraction. 

The diagram shows both. 

fe) 5) ¢ Se) > -\\ | B=), Complex number operations 

Simplify each expression. 

a (3—2i)+(-5+3i) b (5+4i) — (2-33) © (2-31) x (-1+5i) d 2-1) (4=3)) 

Working 

Separate the real and imaginary parts. (3 — 2i) + (-5 + 31) = (3 + (—5)) + (24+ 3)i 

2 Add the parts. =2+i 

Steps 

aod 
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b 1 Separate the real and imaginary parts. (5 + 4i) — (2 —3i) = (5-2) + (4—(-3))i 

2 Complete the subtractions. =3+7i 

c 1 Expand the brackets. (2 —3i) x (-14+ 5i) = 2(-1 + 5i) — 3i(—1 + 5i) 

2 Multiply out. =-24+10i+3i-157 

3 Use =-1. =-2+ 10i+3i+15 

4 Express in standard form. =134+13i 

d 1 2-i 
Write in fraction form. (2-i)+(4-3i) = toy 

— 3i 

. w ar 2-i 443i 
2 Multiply by = 1) and simplify the == 

Py Y w plify 4-31 4+3i 
expression. 

_ 8+6i-4i+3 
16+9 

_ 1+ 2i 
25 

3  Expressasx+ yi. = Theis 
25. 25 

For CAS complex number calculations, set the complex number mode and use the special i provided on 

CAS. Do not use the letter or variable i. 

| USING CAS 1 | Complex number operations 

u=i-—3, v=4—5i,w=4-2iandz=-1—i. 
. _ v 

Find av butv c w-u d wz e— 
w 

© Edit Action Interactive 
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1 In Document Settings, change the Real or 1 In Main, set the mode to Cplx (not Real). 

Complex: field to Rectangular. 2 Use the Math2 or Math3 keyboard to access i 

2 Press the mkey to access i from the mini- and enter the complex numbers. 

palette to store the values of u, v, w andz. 3 Store as u, v, wand z, using the abe menu. 

3 Press Menu > Complex Number Tools > 4 Highlight and tap Interactive > Complex > 
Complex Conjugate to find v. conjg to find. 

4 Complete the rest of the operations. 5 Complete the rest of the operations. 

EXERCISE 4.1 Complex numbers ANSWERS p. 574 

Mastery 

1 Simplify each expression. 
5 fa _ . _ 

ai b i’ c it a ill e i? 

2 Find the real and imaginary parts of each complex number, given a, b, c,d, x, y € R. 

3-7i x-i 
a z=2i-4 bw= ! e z= 344 dw= 2 e z=at+bit+tct+di 

5 xty 

3 Find the complex conjugate of each number, given a, b, ce R. 

5+ 2i — ib a c=-5+6i bowa-" ¢ z=iv3+1 9 dd atci-bi e 4 
3 c+ ib 

4 Show each complex number as a point on an Argand diagram. 

a=3-2i, b=-2+4i, c=3+4i, d=-1-3i, e=2i 

5 Show each complex number as a vector in the complex plane. 

t=—3,u=4+i,v=2i-3,w=-2-i,z=-1+3i 

6 Simplify each expression. 

a (-6-2i) +(8—5i) b (—4-4i) + (6-81) ce (-1-7i)+(-5+2i) 

d (7+6i)+(1-9i) e (-2+1i)+(-2+1i) 

7 Simplify each expression. 

a (6+4i) —(-4-8i) b (5+6i)—(1—5i) ce (2+6i)—(-7+ li) 

d (-3+2i)—(-3-3i) e (-6-li)—(4+8i) 

8 Simplify each expression. 

a (-5-4i) x (4+ 3i) b (-6+4i) x (-4-7i) ce (-6-8i) x (-7 +7i) 

d (-2+4i) x (-7 + 4i) e (5-1i) x (-9-8i) 

9 Simplify each expression. 

—2 - 61 
13i-1)+(i-4 b 1 -—4i) + (8-63 a (13i-1)+(i-4) B46 c ( i) + ( i) 

342i 7+ 2i 
d . e 

5i-4 —4 — 8i 
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> 10 

11 

12 

Fd Using cas 1 ) Simplify each expression. 

a (8+3i)+(4i—2) b (i-4)(5-71) ce (9-\3i) x (5+ V3i) 

14 +291 _ ; 
d sin6 e (-9-i) + (5-3i) 

a w=3+iandz=4-—3i. Show w, wi, z and zi as vectors on an Argand diagram. 

b What is the effect of multiplying a number by i? 

w=2-3iand z=—1 + 2i. Show z, w and w — zas vectors on the complex plane. 

Exam practice 80-100% 60-79% — 0-59% 

13 

14 

15 

16 

17 

18 

1- v3i)* 
2016 106 ) (74%) (3 marks) Write ae in the form a+ bi, where a and bare real 

+ 1 
constants. 

(ONY 2012 2008 |} (71%) If z=a +t bi, where both aand bare non-zero real numbers and z€ C, which of 

the following does not represent a real number? 

A zt+zZz B |z| C zz D 2 -2abi E (z-z)(z+zZ) 

Ae 
2020 2AQ5 } (66%) Given the complex number z= a + bi, where a € R\{0} and be R, ae z is 

equivalent to (2 +2) 

Im(z) )” z 
A lt B 4[Re(z) x Im(z)] © 4([Re(z)]’ + [Im(z)}’ ) 

Re(z) 

2xI 
D 4[1 + (Re(z) +Im(2)J 2x Inte) 

[Re(z)] 

GEN 20192004) (44%) The expression PEP EP tL Fie is equal to 

A 0 B 96 Cc 95+i D 94+2i E 98+2i 

[ONY 2012 2006 | 87%) For any complex number z, the location on an Argand diagram of the complex 

number u = °Z can be found by 

A rotating z through 37 in an anticlockwise direction about the origin. 
2 

B_ reflecting z about the x-axis and then reflecting it about the y-axis. 

C reflecting z about the y-axis and then rotating it anticlockwise through 5 about the origin. 

T 
D reflecting z about the x-axis and then rotating it anticlockwise through 7 about the origin. 

‘ 3a, ae a 
E rotating z through 7 ina clockwise direction about the origin. 

EGAN 2020 2008 | (34%) Given that (x + iy) =a+ ib, where x, y, a,b € R, (y— ix)'* for all values of 

x and y is equal to 

A -a-—ib B b-ia Cc -b+ia D -a+ib E b+ia 
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Polar form 

Polar form 

The polar form of a complex number, z= r(cos (0) + i sin (@)), 

is often more useful than the Cartesian (rectangular) form, 

z=x+yi. The modulus r and argument 6 are given by 

r=|2|= x? +y, tan(@) = 2 x=rcos(6) and y=r sin (@), 
x 

as shown in the diagram. x=rcos(@) — Re(2) 

The principal argument is the value of 6 in the interval (—7, 7]. 

cos (0) + i sin(@) is often abbreviated to cis (0). 

The polar form is also called the modulus-argument form or trigonometric form. 

Multiplication and division of complex numbers is simpler in polar form than in rectangular form: 

cis (O,) _ “Gis (0, -6,). r, cis (0,) x ry cis (0) =r, rz cis(O, + 3) and = 
7 cis(0,) 

f 
Remember: ‘multiply the mods, add the args’ J 

WORKED EXAMPLE 3 BE a lau) 

u = 2cis (Z} v=3t+ 3/3i, VS scs(-2| and z= 3i-3. 

Va 

a Express v and z in polar form. 

b Express u and w in Cartesian form. 

c Find uv and wv. 
v Zz 

d Find —and —. 
u u 

Steps Working 

a 1 Find the modulus and principal |v) =J9+9x3 =6 

argument of v. 

tan(@) = - = V3, soO= F (ist quadrant) 

2 Find the modulus and principal |z|=V9+9 =3V2 

argument of z. 
5) 3a 

tan(@) = — =-l,so@= = (2nd quadrant) 

4 

1 3a 
3 Write the polar forms. v= vei = } z = 3V2cis () 

Nelson ViCmaths Specialist Mathematics 12 9780170448543



b 1° Write in complete form. u= aco (E}: i sn( = } 

2 Substitute the values of the trig ratios u= {2 + 11] = V3 +i 

and multiply out. 2 

| © | 
¢ 1° Write uv in polar form, multiply the uv =2 «(2 x sci =] 

moduli and add the arguments. 

= 12cis ( 
2 

=12i 

7 , : 2 3a | © 
2 Write wv in polar form, multiply the wv = 4cis 7a X 6cis as 

moduli and add the arguments. 
Sm 

= 24 cis} -—— 
( 12 

av. woe . | © 
d 1 Write — in polar form, divide the ‘ ceil * 

u —-= 

moduli and subtract the arguments. u reisl 2 
cis] — 

6 

= 3cis 5) 
6 

3 
2 Write 2 in polar form, divide the - 3V2 os(*) 

u [= oe et 
moduli and subtract the arguments. a - (z } 

cis} — 

Assuming @ is positive, multiplication of a complex number by r cis (@) rotates the number through 6 

(anticlockwise) and magnifies it by the factor r. Division by r cis(@) rotates it through —0 (clockwise) and 

multiplies it by the factor A 
r 
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| USING CAS 2 | Polar and Cartesian conversions 

a Find the modulus and argument of 2 — 2i. 

20 
5 ) to Cartesian form. b Convert 1+ V3i into polar form and 4 cis (# 

a 

(14/3 - )>Polar tn 

angle(2-2- #) x e 3-2 
4 " -24+2- 43-2 

( 22) pre a2 Bt 

1 Press menu > Number > Complex Number 1 Enter1+ V3i. 

Tools > Magnitude: 2 Press menu > Number > Complex Number 

2 Enter 2—2/ Tools > Convert to Polar. 

3 Press menu > Number > Complex Number & 

Tools > Polar Angle. 

4 Enter 2 - 2i. 

oa 
Note: the answer e3- 2 equals 2<is{ =) 

3 Insert a set of brackets and enter 4. 

4 Press ctrl + catalog to access the symbol palette. 

5 Select the angle symbol Z. 

6 Enter 2a 
3 

7 Press menu > Number > Complex Number 

Tools > Convert to Rectangular. 

3 [ae tdit Action interactive B To eat Action Interactive 
i] > [ea] sine] oP] Pea] [alsin [To] | 
|2-2-i] a | compToTrig(1+V3 i) a 

22 2+| cos! +sin 
arg(2-2-é) | (5 } (5 } 7 

a 14, 2(2%)) 
4 

| [-2 2v3] 

1 Open the Keyboard and tap Math2 or 1 Enter and highlight 1 + V3/. 

Math3 to access t 2 Tap Interactive > Complex > compToTrig. 
2 Tap on the absolute value template. n n 

3 Enter and highlight |2—2i| and Note: theanswer aco ( +sin (z }} 

press EXE. Tr 

4 Enter and highlight 2 — 2/ and tap equals 2cis (=} 

Interactive > Complex > arg. 3 Enter with square brackets and highlight 

4, 74 I 

3 

Open the Keyboard > Math3 to enter Z. 

Note: the answer [-2 23 | equals —2 + 223i. 

a The modulus equals 2/2 and argument equals = 
4 

b 1+ 3i= 2e(Z and sci 2E]=-24 28 
3 
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Straight lines 
Straight lines in the complex plane are similar to those in the Cartesian plane. 

The horizontal line through (a, b) parallel to the real axis has the equation Im (z) = b and the vertical line 

parallel to the imaginary axis is Re(z) = a. 

Using z+ Z = 2Re(z) andz—z = 2iIm(z) gives z + Z = 2a and z —Z = 2bi. 

So z +Z is horizontal and parallel to the real axis and z — Z is vertical and parallel to the imaginary axis. 

The values of z € {z: |z— v| = |z— ul} are equidistant from u and y, so |z— v| = |z— u| is the perpendicular 

bisector of u and v. 

The vector z— u for a point z on the straight line through u and v must be a multiple of v — u, as it is in the 

same direction. This means the equation of the straight line is given by z— u=k(v—u), kER. 

Im(v)-Im(u) _ Im(v —u) 

Re (v) — Re (u) 7 Re(v—u)- 
We can write this as z= u + k(v— u). It has the slope m = 

But v—u=|v—u| cis(v— 1), so the equation can also be written as z— u=k’ cis(v—u), k’ € R. 

The new constant, k’ = k |v — u|, is just a multiple of the old constant, k. 

Whe) ¢se > 28s"! Straight lines in the complex plane 

@ 
Worksheet 

Complex 
plane graphs 

a What is the equation of the line passing through 1 — 3i and 4 + i? 

b Express the equation in Cartesian form. 

Steps Working 

a 1 Usez—u=k(v—u). |z-(1-31)| =k/4+i-(1-31)| forke R 

2 Simplify. |z-1+ 31)|=k|3+4i] forke R 

3 Write the answer. The equation is |z — 1 + 3i] =k|3 +4il forke R. 

b 1° Writez=x+iy. |x + iy—1+4 3i] =k]3 + 43] 

2  Equate real and imaginary parts. x-1=3kandy+3=4k 

3 Eliminate k. 4x—4=12k and 3y+9= 12k 

= 4x-4=3y+9 

= 4x—-3y—-13=0 

4 Write the answer. The Cartesian equation is 4x — 3y— 13=0. 

Ty) Imi) = 1-3) = & and either 
Re(v) — Re(u) 4-1 

We can also find the Cartesian equation directly using m = 

(1, -3) or (4, 1) in the equation y — y, = m(x — x). 

Circles 

|z—u| =risa circle with centre u and radius r, where u € Candre R. The region inside the circle is given 

by |z— u| < rand the outside by |z—u| > 7. To include the circumference we use < or >. 

The same circle is also given by (z — u)(z - u) =r or(z- u)(z = u) =r. 

p.77 

Whe) si ¢se) > 7\\ | 8 =) Circles in the complex plane 

a Find the equation of the circle with centre 1 + 2i and radius 3. 

b Sketch and label the region strictly inside the circle. 

Steps Working 

a1. Use |z—ul=r. Jz-(1+21)| =3 

2 Simplify. The equation is |z — 1 — 2i| =3. 

b 1. The inequality will use < for strictly — The label will be |z— 1 —2i] < 3. 

inside the circle. 

9780170448543 Chapter 4 | Complex numbers 157



p.79 
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2 Sketch the circle with a dashed line In@ 

to show the circumference is not Or 

included and shade the inside. : 

|z-1-2i) <3, 

_a42i8 © 442i 
+a 142i ] 

Ellipses 
The equation of an ellipse with foci u and v and major semi-axis length a in the complex plane is given by 

|z—u| + |z— v| = 2a (using the locus for the sum of the distances from the foci). The minor semi-axis length 

woo: 1 . . . 
is given by b? = a? — mi |v — uf’, from point z on the minor axis. 

le) si ¢se) > \ | 8= "5 Ellipses in the complex plane 

A region of the complex plane is given by |z— 2 + 3i] + |z+ 3 -i] 28. 

Describe and sketch the shape. 

Steps Working 

1 Describe the shape. It is an ellipse with foci 2 — 3i, —3 + i and major semi- 

axis length 4. The minor semi-axis length is given by 

b?=16-0.25x41= 5.75, so the minor semi-axis length 

is approximately 2.4. 

2 Use the fociand a= 4. In@ 

Include the circumference. 

|z—2+3i]+|z+3-i]28 

Gah 

Rays and semicircles 
The arguments of complex numbers are also used to specify 

regions of the plane. 

The equation Arg (z) = @ specifies a ray in the direction 0 from 

the origin of the complex plane. 

Arg(z—u) = @ starts from point u instead of the origin. 

The ray is drawn with an open circle at its origin because 

Arg (0) is undefined. 

We can also specify a ray as {z: z— u=k cis(0) for ke R*}. 

[2+ 
For example, {= : Arg(z-2-i) = ‘hana: :z-2-i= 2,2) ke 1° oth sei he 

v2 
ray at 135° from the point 2 + i. Using k’ = 

z=2+itk(i-1) forke R’. 
k simplifies the RHS to k’(—-1 + i), so we could write it as 
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1 
The diameter of a circle subtends an angle of Bat the circumference. This means the equation 

Arg(z — u) — Arg(z — v) = . is the semicircle on the right-hand side of the diameter from u to v. 

Arg(z — u) — Arg(z — v) = + is the semicircle on the left-hand side of the diameter from u to v. 

We) st ¢Se) > 7\\ |= 94) Semicircles in the complex plane 

T k 5 
A region of the complex plane is given by B S Arg (z + 1-i)— Arg(z -3-2i)< 7, 

Describe and sketch the shape. 

Steps Working 

1 Describe the shape. It is a semicircle on the diameter i— 1 to 3 + 2i, 

including the interior and the circumference, but not 

the diameter. 

2 Sketch the shape. Im@ 
FS Arg (c+ 1—i) —Arg (2-321) < 

Some problems will require us to find a combination of regions. 

Ve) si ese) > eV | B=) Combined regions 

= ua 2: 
A region of the complex plane is given {z: z - z < 81} A { ae <Arg(z-1+i)< = \ 

a Describe and sketch the shape. 

b Find its area. 

Steps Working 

a 1 Describe the shape. It is the intersection of two regions. 

2 Consider the regions. z-Z=2ilm(z), so {z: z- Z < 8i} is the region on or 

below the line Im(z) = 4. 

7 <Arg(z-1+i)< = is the triangular region 

between the rays from 1 — i, given by @ = and 
6 

O= =, including the ray @ = . 

3 Sketch the graph. Im(z)h 

Im(z)=4 
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b 1° Drawa diagram. 

(1,-1) 

2 Find the height and base. triangle height = 4—(-1)=5 

base = 5 tan (30°) +5 tan (60°) 

53 
= a +5V3 

_ 20V3 
3 

. 1 
3 Find the area. area = - bh 

(ia) 1 20¥3 
=-xX x5 

Unless otherwise stated, you 2 3 

must give exact answers. 50 WEY 

square units 

EXERCISE 4.2 Polar form ANSWERS p. 575 

Recap 

1 w=-2-4iandz=-1+4i. The real part of is equal to: 

14 14 14 = B -— c— 14 

17 17 15 
A - 

15 
D E 

18 

17 

2 Which diagram correctly represents the positions of z, Z, |z| and —z on an Argand diagram? 

Im(z) 4 A Im(z) 4 B 

NI NI 

Re(z) 

y 
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> Mastery 

3 Express each complex number in polar form. 

a 3-3i b /34+i ec 2-231 d 3i e 3-4i 

4 Express each complex number in Cartesian form. 

Sa 
a [seo _3t +isin =a b 2ei( =] c¢ 4cis(z) 

4 4 4 

d_ 6cis = e 3 cis paid 
6 3 

5. 3 2 4 7 
5 t= 3c (2%), u = 05cs mal , v = 4cis [-E). w= 20 2 and z = 5cis it . 

6 4 4 3 12 

Find each of the following, expressing your answers with the principal argument. 

z v zuv 
a tu b vw c— d — e 

w u tw 

6 Express each complex number in polar form. 

a 4-3i b 2+i ce /3-i d 6+6i e 5i-12 

Express each complex number in Cartesian form. 

f 4cis = g 3cis 3a h 5cis An i 2cis 34 j 10cis 5a 
6 2 3 4 12 

7 Find the equation of each line in polar and Cartesian form. 

a The line through 2 — i and 3 + 2i. 

b The perpendicular bisector of 4 + 2i and i- 3. 

c The line with slope 2 passing through i— 1. 

d_ The line parallel to the imaginary axis passing through 1 + 4i. 

5m 
e The line passing through the point —3 — 2i in the direction — a 

8 Describe and sketch each equation. 

a z—2-i=k(2+3i),keER 

b z+3-2i=k(1-i),ke R* 

e |z-3+i)=|z+1-2i| 

3 d Arg (e ~1+2i) = =% 

e |z-l tifekes(2} ke R 

9 Write the equation of each figure in the complex plane. 

a The circle with centre 3 + 2i and radius 5. 

b. The inside and circumference of the circle with centre —1 —i and radius 4. 

c The outside of the circle with centre 3i —5 and radius 2. PE 
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> 10 Describe and sketch each equation or inequality in the complex plane. 

|z-4-3i)=4 b (z-3+3i)(E -3-3i)=9 

|zt+2-iJ>5 d (z+1+4i(F+1-4i) <25 

|z-2+3i) <2 

11 Describe and sketch the region specified by 

|z-2+i]+|z+3-i]=14 b |z-3+i/+|z+1-5i]<14 

Jz+5+i)+|z—-3-3i]< 24 d |[z—5+3i]+|z—-1-i]>18 

12 Describe and sketch the region specified by 

a Arg(z-4 +i)—Arg(z+44i)=2 b Arg(z —1—3i)— Arg(z+2+i)=-— 

c O<Ang(e +3 ~ i) ~ Ang(e-2+3/) <4 d 4 <Arg(e—1 +i) — Arg(z~ 3+ 4i) < 

13 Describe and sketch each equation or inequality in the complex plane. 

a |c-i+4|=3 b 2-2+i=K(3+42i,kER 

\e-3-2i]=|z2+2-3i d Arg(e-1-3i) = 

e (c-1+2i)(2-1-2i) <4 f |c+5—3if+|c—3 +31] < 20 

g 2Re(z)-Im(z)<1 

14 Describe and sketch the regions given by each inequality. 

2 
a -2<Im(z)<3and1<Re(z)<6 b *< Arg(e-1-i) < Zand |e-1-i <4 

© 3<|z-3+2i)<5 d Im(z) <z~2i-k(V3 +i) 

e Re(z)< land |z+2-3i|+|z-4+i|< 16 

Exam practice 

1 = V3i 15 5% (2mars) Consider 2 = ~~ 2e -1+i? 
Find the principal argument of z in terms of kz, k € R. 

1+ iV3 
, the modulus and argument of the complex number z* 16 [EONY 2015 2005 | (81%) Given z = 

5 1+i 
are respectively 

Sa 5m 
A 2V2 and "7 B 4/2 and 7 — c 4V2 and 2 

T 

D 22 and > = E 4/2 and -— 
12 12 

17 (75%) Onan Argand diagram, a point that lies on the path defined by |z—2 + i] =|z—4] is 

(3) Gd) oO) oO) (8) 
2. 

18 (72%) If Arg(-1 + ai) = -=, then the real number a is 

3 1 1 
A -\3 BTS ce D 7 E \3 > 
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-3/2 -iv6 | 
———— 18 

2+ 2i 
19 [EXSY 20142008 | (69% The principal argument of 

137 7 llz 137 llz 
B — Cc — DB — E 

12 12 12 12 12 

20 (58% The complex numbers z, iz and z + iz, where z € C \ {0}, are plotted in the 

Argand plane, forming the vertices of a triangle. 

The area of this triangle is given by 

A {zl B [z+ |z\? c D {zi = Glee 
2 iS)

 

21 On an Argand diagram, a set of points that lies on a circle of radius 2 centred at 

the origin is 

A {ze C:zz =2} B {ce C:2=4} 

© {ze C:Re(<’) + Im(2’) =4} D {ce C:(<+Z)-(z-Z) = 16} 

E {ze C:(Re(z))” + (Im(z))?= 16} 

22 (EXEL 2015 2008 | (57%) A relation that does not represent a circle in the complex plane is 

A oz=4 B |z+3i|=2|z-i| Cc |z-ij=|z+2| 

D |z-1+i)=4 E |z|+2|z|=4 

23 [EEN 2016 2006 } (57%) The points corresponding to the four complex numbers given by 

z=2cis [ } Z)=cis ([# } Z3=2cis [- = } Z4=cis [- =) are the vertices of a parallelogram in the 
4 

complex plane. 

Which one of the following statements is not true? 

A_ The acute angle between the diagonals of the parallelogram is ~. 

B_ The diagonals of the parallelogram have lengths 2 and 4. 

C 222374 =0 

D z+2%+2,+2z,=0 

E 1<|z|<2 forall four of z,, z, z3, Z4 

24 (56%) The circle |z — 3 — 2i| =2 is intersected exactly twice by the line given by 

A |z-i/=|z+1] B |z-3-2i|=|z-5| Cc |z—3-2i|=|z-10i| 

D Im(z)=0 E Re(z)=5 

25 AT Let z, =r, cis (0,) and z, = ry cis (8), where z, 

and z,z, are shown in the Argand diagram given; 6, and 6, are acute angles. 

A statement that is necessarily true is 

2 Re(z) 

22 
A m>1 B 0,<0, c >i 

D 6,=0, E r>1 

26 (8%) Which one of the following relations has a graph that passes through the point 

1+ 2iin the complex plane? 

A z= 5 B Arg(z) = = = Cc |z-1|=|z-2il 
3 

D Re(z)=2Im(z) E z+z=2 
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> 27 (4% Let z=a+ bi, where a, be R \{0}. 

164 

1 
If z + — € R, which one of the following must be true? 

Zz 

Tw 

A Arg (2) = 7 B a=-b Cc a=b D |z|=1 

Im (2) 

For points on this circle, the maximum value of |z| is 

A 341 B 3 c V13 D V74+1 

29 (23% Ifze C,z¥0and2 eR, then the possible values of arg (z) are 

kn 2k +1)a c ( ) 
A Zo keZ B ktukeZ 

Gk-Dt ey 

28 QENENY 2021 2005) (82%) The graph of the circle given by |z— 2 — V3 il = 1, where z € C, is shown below. 

8 

eZ 

30 (9 marks) Points O, U and W in the complex plane represent complex numbers 0, 

u and w respectively, where Arg (u) = 8. When plotted on an Argand diagram, the points are the vertices 

of an equilateral triangle of side length /, as shown below. 

Im(2 4 

oO Re(z) 

a Express w in polar form in terms of | and 0. 

b Point P represents the complex number p and is the midpoint of Uand W. 

i Express p in polar form in terms of / and @. 
x ' a . 
ii Express p” in the form “u", where a, b and n are integers. 

c¢ Showthat ~ = 1,53; 
uo 2 2 

d_ Point U has coordinates (a, 17) and point W has coordinates (b, 41). 

Find the values of a and b. 

Nelson ViCmaths Specialist Mathematics 12 
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> 31 | ©vcaa | VEINS) 2020 2802 } (11 marks) Two complex numbers, u and v, are defined as u = —2 — i and v= —4 — 3i. 

> Express the relation |z— u| = |z— v| in the Cartesian form y = mx +c, 

where m,ceé R. 3 marks 

b (83% Copy the Argand diagram and on it plot the points that represent u and v 

and the relation |z— u| =|z— v]. 2 marks 

Im (2) 

5. 

7» Re(z) 

c (54%) State a geometrical interpretation of the graph of |z— u| = |z—v| in relation 

to the points that represent u and v. 2 mark 

di (55%) Sketch the ray given by Arg(z — u) = ‘ on the Argand diagram in part b. 1 mark 

1 
ii (25%) Write down the function that describes the ray Arg(z — u) = —, giving the rule 

in Cartesian form. - 1 mark 

e (40%) The points representing u and v and —5i lie on the circle given by |z- z.|=r, 

where z, is the centre of the circle and r is the radius. 

Find z, in the form a + ib, where a, b € R, and find the radius r. 3 marks 

32 BS (11 marks) 
a 1% State the centre in the form (x, y), where x, y € R, and state the radius of the circle 

given by |z— (1 + 2i)| =2, where ze C. 1 mark 

b (70%) By expressing the circle given by|z + 1] = V2 |z — ij in Cartesian form, show that 

this circle has the same centre and radius as the circle given by |z — (1 + 2i)| =2. 2 marks 

c (68% Copy the Argand diagram below, and on it graph the circle given by 

|z +1] = V2 |z — ij, labelling the intercepts with the vertical axis. 2 marks 

y 

The line given by |z— 1| =|z— 3] intersects the circle given by|z + 1| = V2 | z —iJin two places. 

d (64% Draw the line given by |z— 1| = |z— 3| on the Argand diagram in part c. Label the points 

of intersection with their coordinates. 2 marks 

e (89% Find the area of the minor segment enclosed by an arc of the circle given by 

|z+1|= V2 |z—iland part of the line given by |z— 1] =|z—3]. 3 marks DP 
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> 33 (11 marks) A line in the complex plane is given by |z— 1| = |z+2—3i|, ze C. 

a (79% Find the equation of this line in the form y= mx + c. 2 marks 

b (75% Find the points of intersection of the line |z— 1| = |z + 2 —3:] with the 

circle |z— 1] =3. 2 marks 

c (83% Sketch both the line |z— 1|=|z+2—3i| and the circle |z— 1|=3 ona copy of the 

Argand diagram below. 2 marks 

Im (2) 

4 

3 

2 

1 

—__ —1—1— 1+ Re(Z 
432-1P] 1234 ) 

2 
=3 
-4 

d (46%) The line |z—1|=|z+2—3i| cuts the circle |z— 1| = 3 into two segments. 

Find the area of the major segment. 2 marks 

3. 
e (84% Sketch the ray given by Arg(z) = — = on the Argand diagram in part c. 1 mark 

f (12%) Write down the range of values of a, « € R, for which a ray with equation 

Arg (z) = az intersects the line |z— 1| = |z+ 2 — 3i|. 2 marks 

EEX 2017 2804 } (10 marks) 

a (74% Express —2 — 2,/3i in polar form. 1 mark 

b (55%) Show that the roots of 27 +4z+16=Oare z = —2 — 2V3i and z = -2 + 2V3i. 1 mark 

c (81%) Express the roots of z’ + 4z+16=0 in terms of z = 2— 2v3i. 1 mark 

d (78% Show that the Cartesian form of the relation| z | = lz - (2 - 23i)) isx—V3y-4=0.  2marks 

e (69% Copy the Argand diagram from question 32 on page 165 and on it sketch the 

line represented by x — V3y — 4 = 0 and plot the roots of z+ 4z+ 16 =0. 2 marks 

f (4% ) The equation of the line passing through the two roots of z’ + 4z+ 16 =0 can be 

expressed as |z— a| =|z— |, where a, be C. 

Find b in terms of a. 1 mark 

g (31%) Find the area of the major segment bounded by the line passing through the roots of 

z+ 42+ 16=Oand the major arc of the circle given by |z| = 4. 2 marks 
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De Moivre’s theorem 

de Moivre’s theorem 

[cos (8) + i sin(@)]" = cos (n) + i sin(n@). 

In this course, we only need to prove the de Moivre's theorem for n € Z. The proof uses induction. 

For n= 1, 

LHS = [cos (6) + i sin (8)]! = cos (8) +i sin (8) = cos (10) + i sin (10) = RHS, so it is true for n= 1. 

Suppose it is true for n = k. Then, 

[cos (8) +i sin ()]* = cos (k@) + i sin (kO). 

For n=k+1, 

LHS = [cos (6) +i sin(6)]**! a 

= [cos (0) + i sin (0)] [cos (8) +i sin (0)]* 

= [cos (6) + i sin (8)] [cos (kO) + i sin (k@)] from the assumption “Dena 

= cos (0) cos (kO) + i cos(@) sin (k@) + i sin (@) cos (KO) — sin (0) sin (k@) se 

= cos (0) cos (k@) — sin (0) sin (k@) + i [sin (A) cos (kO) + cos (8) sin (k@)] wenn 

= cos (0+ k@) +i sin (@ + k@) using the expansions of cos (x + y) and sin (x + y) Cleon 

= cos [(k+ 1)0] +isin [(k + 1)6] 

= RHS 

Thus, the assumption is true for n = 1, and if it is true for k, then it is true for k + 1, so by mathematical 

induction, it is true for n € N. 

For n= 0, LHS = [cos (0) +i sin (0)]° = 1 =cos(0) + isin (0) = RHS. 

For n < 0, let n=—m, where me N. 

Then 

[cos (@) + i sin (6)]" = [cos(@) + i sin (6)]" 

1 

~ [cos(0) + isin(@)}" 

1 
= ———___—_— since it has been shown for me N 

cos(m@) + isin (m@) 

1 x cos(m@) — isin(m@) 

cos(m@)+isin(m@) cos(m@) —isin(m@) 

cos(m@) — isin(m@) 

cos” (m@) + sin? (m0) 

cos (m@) — isin (m@) 

1 

= cos(m@) —i sin(m0) 

= cos (—m@) + i sin(—m®) using cos (—x) = cos (x) and sin (—x) = —sin (x) 

= cos (n0) +i sin (n@) 

Thus the theorem has been proven for n € Nt,n=0,neEN ,50 it is true for n€ Z. 

We can use de Moivre'’s theorem to find powers of complex numbers. 
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Ve) 5) 45) > 7\\ | B= ')) Power of a complex number 

Given z = DIB — 2i, write z in polar form and hence find Zand express it in Cartesian form. 

2 Write in polar form. 

3 Find z° using de Moivre’s theorem. 

Steps Working 

1 Find the modulus and argument. |zl=,y (2V3 +2? =J12+4 =4 

fan(oy=— and x > 0, y<0,so0 tt B ,¥<0, . 

= 1024 cis ae 
6 

=02e08|-- |erein |= 
6 6 

3 1 = wax {2} +ixr02sx(-2) 

= 5163 — 512i 

| USING CAS 3 | Powers of complex numbers 

Simplify (2V3 — 21) . 

-512- (3 512-7 (2: 3-2 #)® 

1 Enter the expression. 

2 The expression will automatically simplify. 

@ Edit Action Interactive 

‘é3] Shc le I 

cExpand((2v3-21)5) ss 
~512v3-512+i {I} 

1 Enter and highlight the expression. 

2 Tap Interactive > Complex > cExpand. 

(2V3 - 2i) = 5123 — 512i 

EXERCISE 4.3 De Moivre’s theorem ANSWERS p. 580 

Recap 

1 Which equation does NOT give a straight line or ray in the Argand plane? 

c Arg(z—3 +i)~ Arg(e +2-i) = 7 

E Angle 1-1) =7 

Nelson ViCmaths Specialist Mathematics 12 

B |z—2-2i)=|z+2-6i 

D z-1+2i=k(2-i) 
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)» 2 Equations X, Y and Z describe figures in the complex plane. 

X |z-3+2i| + |z+1+42i|=10 

Y(z+3-2i)(z2+3+2i) =16 

Z\z-5+3i]=|z-2+3i| 
Which of the following is correct? 

A Xand Yare circles and Z is a straight line. 

X and Y are ellipses and Z is a circle. 

Xand Y are circles and Z is an ellipse. 

X is an ellipse, Y is a circle and Z is a straight line. 

m
o
o
n
 

X isa circle, Y is an ellipse and Z is a straight line. 

Mastery 

3 Convert each expression to polar form, find its modulus and argument, then write 

the expression in Cartesian form. 

a (1+i)° b (-v3-i) c (2v2 - 2iv2)’ d (2+2iv3) 
3 

e (-1+ Vai). 

4 Find each expression in Cartesian form. 

a (1-2i)! b (2-31) © (21-3) 

d (0.5 - 053i) e (v6 + V2 + V6i - V2i) 

5 Solve each equation for k € Z. 
k k 

a (1-i)*=16 b (V3-i) =-64 © (V2i- V2) = 16V2 -16V2i 

6 Convert each expression to polar form, then evaluate and express the answer in Cartesian form. 

a (J3+i) +a? b (1-V3i) (V3-i) c G8) 

(1+ v3i)’ e (2+ 2i) 

(V3 - i (3 +i)" 

Exam practice 80-100% 60-79% 059% 

7 EXER 2010104) (83% (3 marks) Copy the Argand diagram from question 32 on page 165. 

Given that z= 1 +i, plot and label points on the diagram. 

iz ii 2 iz 

8 FSG 2018102) GSTETSI (4 marks) 

a (83%) Show that 1+i = V2cis (=} 1 mark 

10 

(v3 - i) b 70% Evaluate “dtp? » giving your answer in the form a + bi, where a, b€ R. 3 marks 
+1 

sass 3 
9 XEN 2014 2005 ) (85% If the complex number z has modulus 2V2 and argument _ 7 

then 2” is equal to 4 

A -8i B 4i ce -2V2i D 2v2i E -4i > 

9780170448543 Chapter 4 | Complex numbers 169



@ 
Video playlist 

Roots of 
unity 

ive 

p. 83 

170 

> 10 | ©vcaa | 2015 2AQ5 | (81% Given z = 
1+iV3 

, the modulus and argument of the complex number z° 
: 1t+i 

are respectively 

5a 
A 22 and > — B 4\2 and — c 4V2 and Z — 

6 12 12 

D 2/2 and > — E 4\2 and 2 
12 12 

2 
= A Zz, + 

11 [OMENS 2013 2007 | 80% Ifz=rcis(), then — is equivalent to 
Zz 

A. cis (36) B rcis(-0) © 2cis(30) D rcis(0) E rcis (30) 

2. 
12 [ENEMY 20102009) (69%) Given that z = 4 cs( 7) , it follows that Arg (z°) is 

10 4 ui 

3 3 3 3 3 

13 (68%) If z = 3 +3i, then "is 
A real and negative. B_ equal to a negative real multiple of i. 

C real and positive. D equal to a positive real multiple of i. 

E a positive real multiple of 1 + iV3. 

Roots of unity 

We can use de Moivre’s theorem to solve complex equations of the form z" = 1, whose solutions are called 

the roots of unity (unity means ‘1’). 

In polar form, 1 =cos(0) +i sin (0) = cos (+27) + i sin(+27) = cos (+47) +i sin (+47) = 

We can write this as 1 = cos (2k7) + i sin (2kz) for k € Z. 

Vfe) tes) > FN B= 4) Complex roots of unity 

Solve z° = 1 and show the solutions on an Argand diagram. 

Steps Working 

1 The modulus of z will be 1. Let z= cos (8) +i sin (0) 

2 Use de Moivre’s theorem. = [cos (8) +i sin (@)]° 

= cos (60) + i sin (60) 

3 Write the equation with cos (60) + i sin (60) = cos (2k7) + i sin(2k7) 

1=cos (2k7) +i sin (2kz). 

4 — Write the argument equation and solve for 0. 60 = 2kn 

6= La forkeZ 
3 

5 — Write out some solutions. 6=0, +2 ge +n, real 
3 3 3 

a mu 20 
6 Choose only the principal arguments. 6=0, os, 1 

7 Write the solutions. z=cis(0)=1, cis E } cis (22 cis (2) =-1 

or z = cis (*) for k =—2, -1, 0, 1, 2, 3. 
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8 Show the roots on an Argand diagram. 

(ai) 
In an exam, make sure that you choose the 

principal arguments to achieve full marks. 

The solutions to 2° = 1 are called the sixth roots of unity. 

The same method can be used for any value of n in finding 1. 

Roots of unity 

The nth roots of unity are given by z = ca( kn) 
n 

For n even, k = {341 0, 1,2 ah 
2; 2) 

-1 -1 For moda, k= |" wo thy, Ib, Doon | 
2 2 

2; 
The nth roots are separated from each other by the angle ae 

n 

We can use de Moivre'’s theorem for general complex roots. 

fe) Stes e) > @\\ | B=) General complex roots 

Find the 5th roots of z = —16/2 — 16iV2 and show them on an Argand diagram. 

Steps Working 

30 
1 Find zin polar form. z= 32cis [- 2) 

2 Let the roots be w and write w> = -16V2 -16iJ2 
5. 

w= z in general form. 3 w=32cis [2+ 2km | for ke Z 

1 

3 Use de Moivre’s theorem. we [» cis (2 +2kr I 
4 

ll tN 
| s
o
r
e
 

| 

ish
 

a | 
we]

 
w 

S
S
 + 
iS 

a
l
e
 a 

—
—
e
d
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172 

20 

5; 

5 Show the roots on an Argand diagram. 

4 Choose only the principal arguments: z = —2, —1, 0, 

1, 2 to obtain 5 equally spaced solutions, — apart. 

= 2cis x or w = 2cis pam 
4 20 

Im(@@ 4 

Roots of a complex number 

The nth roots of r [cos (6) + i sin(0)] are given by 

2kn +0 z= 2kn +0 
1 

iat cos ) +isin( 
n n 

)| fork € Z. 

20 
The roots have the same modulus and their arguments are separated by —,, so they are evenly spaced 

n 1 
around the circle|z|= r". 

The principal arguments are in the domain (—z, 7]. 

Solve z?= 1 to find the roots of unity. 

cSolve(e?= 12) 

a 8 gap f OF Za —— f Orzel a 2 
2 2 2 2 

(csotvele=1,2)) Polar 
ann -2-& 

3 3 
ze ~ orzse ~  orz=l 

2 Enter 2=1,2. 

Tools > Convert to Polar to express the 

solutions in polar form. 

1 Press menu > Algebra > Complex > Solve. 

3 Press menu > Number > Complex Number 

@ Edit Action Interactive 

Ea [Se [Aa] sine [7] » | 
solve(2?=1,2) —_ 

ere 

fete) mm 

1 Enter and highlight the equation z*=1. 

2 Tap Interactive > Equation/Inequality > solve, 

changing the variable to z. 

3 Copy the equation and tap Interactive > Complex > 

compToTrig to express the solution in polar form. 

—20 

3 
The cube roots of unity are z = 1, oa( 2 

. | 270 
|, Cis 

3 
} 

Nelson ViCmaths Specialist Mathematics 12 9780170448543 



Use CAS for the roots of unity in Examination 2, but make sure you can still find powers by converting to 

polar form. 

EXERCISE 4.4 Roots of unity ANSWERS p. 580 

Recap 

7 
1 3i 

1 (: - oi) in polar form is equal to 

(2+2 

A Sias( =| B Sice(-4) c acis( = D Pais{ UE | E ais | 
12 12 12 

Mastery 

3 Fa WORKED EXAMPLE 10 

a Solve z'= 1 and show the solutions on an Argand diagram. 

b Find the 6th roots of unity in Cartesian form and show them on an Argand diagram. 

c¢ Solve z’ = 1 and show the solutions on an Argand diagram. 

4 
3/2 32. 27V2 | 27V2. 

a_ Show that — + = is a solution of z* = 5 5 i and find all the solutions in 

Cartesian form. Show the solutions on an Argand diagram. 

b Show that 2/3 + 2i isa solution of z* = -128— 1281/3 and find the other solutions in Cartesian 

form. Show the solutions on an Argand diagram. 

c Solve z’ =-8 and show the solutions on an Argand diagram. 

1.9 93, 
d Solve z* = x >! and show the solutions on an Argand diagram. 

5 Solve equations to find the following roots. 

a i b 1 c V4 ad 927 e 4-16 

Exam practice 80-100% 60-79%  0-59% 

1 
6 PANSY 2020103) (54%) (3 marks) Find the cube roots of - WR Express your answers 

in polar form using principal y values of the argument. > 
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)» 7 The solutions of z°= | are given by 

174 

A ca( 2 +<s( 2), incis( 2 ) ci 2%) B cis = , cis 2a , -l, cis aid , cis am 51 
6 3 3 6 3 3 3 3 

8 (53% The solutions to z”=1+i,n€ Z* are given by 

1 1 1 

A 2 csl 242) pe rR B reis\Z+ankheez © 2cis/Z+2™* leer 
An n An 4 n 

1 3 9 (t mas) Let w= 14 93), 
2 2 

a_i Express vin polar form. 2 marks 

ii Hence show that u°= 1. 1 mark 

iii Copy the Argand diagram below and plot all roots of z° — 1 = 0 on it, labelling u and w, 

where w= —u. 3 marks 

Im(z) 

1—> Re(z) 
3 

b i Copy the Argand diagram above and on it draw and label the subset of the complex plane 

given by S= {z: |z| = 1}. 1 mark 

ii Draw and label the subset of the complex plane given by T= {z: |z— u| =|z+ u|} on your 

Argand diagram. 2 marks 

iii Find the coordinates of the points of intersection between S and T. 2 marks 
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Factorising polynomials 

Quadratic factorisation 
—b+ Vb? —4ac 

2a 

A= b*— 4ac, is negative. Since A < 0, the roots are not real; they may be purely imaginary or complex. 

We can use the quadratic formula, x = , to factorise quadratics when the discriminant, 

For roots u and v, the quadratic equation will be of the form k(z— u)(z— v) = 0, where k is the coefficient 

of 2. Expanding k(z — u)(z— v) gives k(2 —(u+v)z+uv). For an equation with real coefficients, k, u+v 

and uv must all be real. 

Suppose that u= a+ ib and v=c + id, where at least one root, say u, is complex. 

Then ut+ v=a+ct+i(b+d)¢ R>b+d=0,sod=-b. 

uv = (a+ ib)(c + id) = (ac — bd) + i(be + ad) € R= be+ad=0. 

Substituting d =—b gives be — ab = 0, so b(c — a) = 0. For u complex, b # 0, so c— a=0 and c=a. 

a 
Video playlist 

This means that a real quadratic expression with real coefficients with at least one complex factor must be aon 

of the form k(z— u)(z— v) = k(x — a — ib)(x— a+ ib). The factors are complex conjugates. 

le) sie se) > @\\ |=) Factorisation of quadratics with complex factors 

Factorise each quadratic expression over the complex numbers. 

a 27-2245 b 22 +3z2+4 pes 
Steps Working 

a 1 Complete the square. 2-2z+5=2-2z+1-145 

=(zg-1)7+4 

2. Use i to make a difference of squares. =(z—1)*-(-4) 

=(¢-1)7- (i)? 
3 Complete the factorisation. =(z—1—-2i)(z-1+2i) 

b 1. Use the quadratic formula to find the roots of For 22 43z4+4= 0, 

2 = 22° +3z+4=0. 2 hE Nb = 4ac 

This can also be solved by completing the 2a 

square. 5 
-34 (37 -4x2x4 

7 4 
_ 3+ 33 

4 

_ 34 V23i 
4 

- 34933; 
4 4 

2. Use the roots for the factorisation and 22 +3244 

simplify. 
py 3 23. 3. V23. 

= 2) 2) et | || 2 | 
4 4 4 4 

3 23. 3 23: 
=2)z 3_ NB, 2b— + ——t 

4 4 4 4 
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The factor and remainder theorems 

A complex polynomial is similar to a real polynomial, except that the coefficients and variable are complex 

numbers. 

A complex polynomial of degree n is of the form: 
n-1 n-2 1 +4, 92 “+...+a,2 +a P(z) =a, 2" +a,_12 

where a,, # 0 and Z, a,) dy_ js Ay 9 «+» Ay Ay € C. 

a, is the leading term of the polynomial. 

« Ifa polynomial P(z) is divided by D(z), then the remainder R(z) is of degree less than D(z). 

¢ The division identity states that P(z) = D(z)Q(z) + R(z). 

« P(z) is called the dividend, D(z) the divisor, Q(z) the quotient and R(z) the remainder. 

« The remainder theorem states that if a polynomial P(z) is divided by D(z) = z— a for a € C, then the 

remainder is given by R= P(a). 

« The factor theorem states that for a € C, z —a isa factor of P(z) if and only if P(a) = 0. 

Ve) si ¢se) > G84) Finding a remainder 

Find the remainder when p(z) = 2 +(2-i)2° —5z+5—3iis divided byz+2-i. 

Steps Working 

1 Find p (-2+ 3), using binomial expansions. p(-2 + i) = (-2 + i)* +(2 —i)(-2 +i)° -— 5(-2+ i) + 5-3! 

= 16 — 3214247 —8° + i+ (2-1-8 + 121-67 +7) 
+10-5i+5-3i 

= -7 — 241+ (2-i)(-2+11i) + 15-8 

=8—32i+ (4+ 2214 21-117’) 

=15-8i 

2 Write the answer. The remainder is 15 — 8i. 

(O bxamhack 
Use CAS to find the remainders. This is highly recommended in Examination 2, rather than finding 

p(-2 + i) by hand. 
4 

| USING CAS 5 | Polynomial division remainders 

Find the remainder when z? + (1 - 2i)z + iz - 2 + 3iis divided byz-3 + 2i. 

TI-Nspire ClassPad 

@ Edit Action Interactive 

AGESSOG 
Define p(c)=z?+(1-2- #)- 2244: 2-243: Define p(z)=29+(1-24)22+i2-2434 ami 

Done p(3-2i) 1 
-28-62+i 

p(3-2: #) -28-62 

polyRemainderlz? +(1-2: i)-27+# 2-243: 42 
-28-62:¢ 

1 Define the polynomial, remembering to use i 1 Define the polynomial, remembering to use 

from the 2 mini-palette. i from the Math2 or Math3 keyboard. 

2 Enter the divisor from the factor p(3 - 2/). 2 Enter the divisor from the factor p(3 - 2i). 

Alternatively, find the remainder using Algebra > 

Polynomial Tools > Remainder of a Polynomial. 

The remainder is —28 — 62i. 
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Whe) si ese) > SBS 4" Finding factors 

Show that z— 1 +iand z—2 are both factors of P(z) =z — 2 — 3(1 —i)z +2 — 6i and find the remaining 

factor. 

Steps Working 

1 Apply the factor theorem by showing = P(1 — i) = (1—- i? =0=17°30=)0 =) 4267 

that P (1—i) = 0. =1-31437?-#% - (1-214 7) - 30-214. 2) 42-63 

=1-3i-3+i-(1-2i-1)-3(1-2i-1)+2-6i 

=—-2—2i-14+2i+1—-3+6i+3+2-6i 

(ai) 
For ‘show that’ questions, you 

must show detailed working. =0 

Use the marks allocated as 

a guide to the amount of 

working or steps required. 

2 Show that P(2) =0 also. P(2)=2?-2?-3(1-i) x24+2-6i 

=8-4-6+6i1+2-6i 

=0 

3 State the result. Since P(1 — i) = 0, z— (1 —i) is a factor of P(z). 

Since P(2) =0, z—2 isa factor of P(z). 

4 Identify the remaining factor. Since z is a cubic where the coefficient of z’ is 1, the last factor 

must be z+ a, where ae C. 

5 Write P(z) asa product. P(z) = (z-1+i)(z-2)(z+a) 

2-2 -3(1-i)zt2-6i= (2-324 iz+2—2i)(z +a) 

6 Finda. Equating the constant term: 

a(2 — 2i) =2-6i 

2-61 
a= 

2—2i 

1-31 _ 1+4 = x 
Lae da 

=2-i 

7 Write the remaining factor. The remaining factor of P(z) isz+2—i. 

Use CAS to solve (z- 14 i)(z- 2) (g+.a) =2-2 —-3(1 — i)z + 2 —6/ to check the value of a. 

The fundamental theorem of algebra 
The polynomial equation 2 +4=0can be written as (z — 2i)(z + 2i) = 0, so has 2 roots, —2i and 2i. 

The polynomial equation 2-2 —z+1=0can be written as (z— 1)(z- 1)(z+ 1) =0, so it has 3 roots, 1, 1 

and —1, of which 2 are equal. 

The equation z!—1=0can be written as (z— 1)(z+ 1)(z—-i)(z+ i) =0, so it has 4 roots, 1, -1, i and -i, of 

which 2 are complex. 

The fundamental theorem of algebra 

The fundamental theorem of algebra states that any (non-constant) polynomial equation has at least 

one complex root. Therefore, any polynomial equation of degree n has n roots, some of which may 

be equal. 
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If the degree of p(z) is 1, then p(z) = mz+n and it has the root a , So it has 1 root. 
m 

Suppose the degree of p(z) is a polynomial equation p(z) = 0 of degree n > 1. 

Then by the fundamental theorem it has at least one root, say a, € C. 

Then (z— a,) is a factor of p(z), so 

p(z) = (z— 4,)p,(z) = 0, where p,(z) is a polynomial of degree n—- 1. 

If the degree of p,(z) is not zero, then it has at least one root, say a) € C. 

Then (z— ay) is a factor of p,(z), so p(z) = (z— a1) (Z— ay) py(z) = 0, where p,(z) is a polynomial of degree n — 2. 

We can continue like this until we have n roots and are left with a polynomial p,,(z) of degree 0, which is a 

constant, say k € C. 

Thus p(z) = (z— a,)(z— a))(z— a3) ... (g—a,,)k = 0 and p(z) has n roots. 

Thus we can write any polynomial expression p(z) of degree n as follows. 

plz) = (z- a,)(z- ay)(z— a3) ... (z- 4, )k 

We can take the factor k into one of the factors, say the first one, to get 

plz) = (kz — ka,)(z- ay)(z- a3) ... (@-,) 

Hence, any polynomial of degree n can be written as a product of n linear factors. Some of the factors may 

be complex. 

Unfortunately, there are no practical methods of finding the factors for some polynomials. 

Factorisation 

The simplest complex polynomials are complex quadratics. 

he) si ¢s 2) > @\ | B= 45) Factorising a complex quadratic 

Factorise arti b 2+(2+2i)z -3+6i 

Steps Working 

a1 Writeasz’=... 2=-i 

ra : .. | 3% __ | 3% 
Write in general polar form to make it = cis > = cis > t2ke phe Z 

easier to find the square roots. 

a 
2 Use de Moivre’s theorem to find the z= (2 p 

general roots. 1 

(«i & + axe ke Z 

_( 2%). [3% 
3 Choose only the principal arguments. z= cis (-£} cis (=) 

2 2 2 2 
4 Use the roots to write the answer. 2+ig (: - (2 - 2.) (: + v2 = 2) 
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b 1. Try the factors of —3 + 6i. 

Use the factor theorem. 

Write p(z) as factors. 

Expand. 

5 Equate real and imaginary parts to solve 

for aand b. 

6 Write the answer. 

Let p(z) =2°+ (2+ 2i)z- 34 63. 

p(3)=3° +3(2+2i) —34 61 

=9+4+6+6i-3+6i 

#0 

p(-3) = (-3)? — 3(2 +21) — 3 + 6: 

=9-6-6i-3+6i 

=0 

(z— (-3)) is a factor of p(z). 

plz) =(z+3)(z+a+ bi) 

=2 +az+bzit+3z+3at 3bi 

=2+(at3+bijz+3a+t 3bi 

at+3=2, b=2,3a=-3 and 3b=6 

a=-landb=2 

2 +(2+2i)z—-34 6i= (zt 3)(z— 142i) 

Unless a polynomial has only the leading term and a constant, look for factors when factorising complex 

polynomials. You might be able to use grouping instead of the remainder theorem. 

le) ese) > 7 | B= sN-) Factorising a complex cubic 

2 Factorise. 

Factorise a 24+32i—22?—z+2-3i b 2+(3-i) 2+ (4-5i)z+2-4i 

Steps Working 

a 1 Group terms to get a common factor. 2+32i-22-—z+2-3i 

=2(z—2+3i)-1(z-2+3i) 

= (2? -1)(z-2 +33) 

=(z- 1)(z+ 1)(z-2+3i) 

Try some values to get p(a) = 0. 

2 State the factor. 

3 Write p(z) as a product of factors and 

expand. 

4 Use the constant term to find b. 

5 Use the z’ term to find a. 

6 Check using the z term. 

7 Write the partial result. 

8 Try some values to get q(a) = 0. 

Let p(z) =2°+ (3-1) 2+ (4-5i)z+2-4i 

p()=1+ (3-1) +(4—5i) + 2-4i= 10-101 

p(-1)=-1+4 (3-1) - (4-51) +2-4i=0 

Since p(—1) = 0, z+ lisa factor. 

plz) = (e+ (2 +az+b) 

2+(3-i) 2+ (4-5i)z+2—-4i 

=f+ar+bzt+2+aztb 

=2t(atle+(atbjzt+b 

b=2-4i 

a+b=2-i+2-4i=4 —5i, which is correct for z. 

p(z) = (z+ 1)q(z), where q(z)=2 + (2-d)z+2-4i. 

q(-1) =1- (2-1) +2-4i=1-3i 

qi) =-1+(2-ii+2-41=2-2i 

q(2) =4+2(2-i)+2-4i=10-6i 

q(-2) =4-2(2-1) +2-41=2-2i 

q(2i) =-4 + 2i(2- i) +2-4i1=0 
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9 State the factor. Since q(2i) = 0, z— 2i is a factor of q(z). 

10. Write q(z) as a product of factors and q(z) = (z— 2i)(z + ) 

expand. 2+ (2-i)z+2—4i=2' + (c—2i)z—2ic 

11. Use the constant term to find c. —2ic=2-4i 

2-41 2-4i i . 
c= = xX-=2+i 

—2i —2i i 

12 Write the answer. 2+(3-i 24+ (4—-5i)z+2-4i 

= (z+ 1) (z—2i)(z+2 + i) 

(a) 
In Examination 2, you can use your calculator to find z* + (2 — i)z + 2 — 4i by polynomial division. 

EXERCISE 4.5 Factorising polynomials ANSWERS p. 581 

Recap 

1 One of the cube roots of —i is 

V3 1, ¢ 1 _%3; ; 3 
A -i B —+-i i 

2 2 2 2 2 2 

2 Which diagram shows the solutions of z*— i= 0 on an Argand diagram? 

A Im B Im@4 c 

-. 0 1 Re 

ap ay 

’ y 

D E Im@4 

dy. 

i 0) ‘1 Re alee JT Re@ 

=i aT 

’ y 

Mastery 

3 [EQ worked ExamPte 12 | Factorise each expression. 

a 2+42+6 b 2-5z+7 

d 224+3z+5 e 427-z+1 

© 32-2241 
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> 4 Find the remainder when 

a p(z)=2°+(2—i)z—3 + 2iis divided by z—2 +i. 

b p(z)=z2+ (14 3i)z? +(-2 + i)z+2i- 1 is divided by z+ 1 +2i. 

© p(z)=2z' + (-2-2i)z" + (3 +i)z—3i + 4is divided by z— 3 —2i. 

d p(z)=z'-32°+ (5+ 6’) — 3z4 4 + Gi is divided by z— 2i. 

e p(z)=z'+ 2iz — 32° + (1+ i)z—2 — 3iis divided by z+ 2 —2i. 

5 Find the remainder when 

a 7 —3iz’+2is divided by z—1. 

b 2 +(2-i)z+2+3iis divided by z+2i. 

ce 2 —(3-2i)z*+42-3iis divided by z—2+i. 

d 22°+ diz? —3z+i-3 is divided by z+ 1+2i. 

e 32°+(2—i)z?—3z—4 + iis divided by z+ 2-i. 

6 [Eq worked EXAMPLE 14 

a Show that z+ 1 — 2iis a factor of 2 — (1 + 2i)z— 2+ 4i and find the remaining factor. 

b Show that z+2 and z—3 + iare factors of 2 — iz’ + (-5 + 5i)z— 2 + 14iand find the remaining 

factor. 

c Show that z—1+2iandz+3-—iare factors of z+ (-1 — i)z?— 5z+17—19i and find the remaining 

factor. 

d Show that z—2-—iis a factor of 32° — (6 + 5i)2 — (1 — 4i)z— 2 —i and find the remaining factors. 

e Showthat z+2—2iandz—2+ iare factors of z'+ (2-212 + (-3 + 2i)2 + 14zi + 12 + 4i and find 

the remaining factors. 

7 [FQ worked EXAMPLE 15 | Factorise each expression. 

2 4 2 1 v3, 
az-i b +1 ez-l dz ->+t—! e 2-i 

8 Factorise each expression. 

a 2-2iz—2z2-3-2i b 2-42-zi+44+2i © 24+(3-2i)z+343i 

d 24+(1+iz+6-2i e 2-(5+2i)z+6+6i 

9 Factorise each polynomial. 

a 32-22 +i? -32¢42-i 

b 22°4+22°—42°i-2iz-2i-4 

ce 24+(1—3i)z+(-4-5iz-442i 

d 2+(3-2i2? +(1-3iz+6-2i 

e z'+2i-4ic’ + (-4+4 8i)z-8-8i 

Exam practice -80-100% 60-79% — 0-59% 

10 EXER 2010101 } (75%) (8 marks) Consider f(z) = z+ 92" + 28z+ 20, ze C. 

Given that f(—1) =0, factorise f(z) over C. 

11 [EXERYY 20202008 | (79%) For the complex polynomial P(z) =z* + az” + bz +c with real coefficients 

a, band c, P(—2) = 0 and P(3i) = 0. The values of a, b and c are respectively 

A —2,9,-18 B 3,4, 12 Cc 2,9, 18 D -3,—4, 12 E 2,-9,-18 > 
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)» 12 What is the remainder when 2 -3i7 + (2—-i)z—4 + 3iis divided by z-1+27 

A -54+15i B 1+13i C -27+9i D -1+4+1li E -27+13i 

13 Which of the following are factors of 2+ (1+)2 + (-6 + i)z—-6i? 

1 ozti Wo z+2i We z+3 

A 1,Iland III BI only Cc lIonly D Tand III E landII 

14 p(z)=2 + (2i—5)2 + (9 — 8i)z—5 + 10i. Given that p(1 — 2i) = 0, p(z) factorises to 

A (z+1-2i)(z-2+i)(z-2-i) B (z-14+2i)(¢—2+i)(z-2-1) 

C (z-14+2i)(z+2+4 3i)(z+2—3i) D (z-14+2i)(z-1)(z+5) 

E (z+1—2i)(z-1)(z+5) 

@ Solving polynomial equations 
Video playlist 

Solving 
polynomial 
equations 

Quadratic equations 
Complex roots of real quadratic equations must be complex conjugates. Quadratic equations with no z-term 

are solved using the roots of complex numbers. If necessary, we can always use the quadratic formula for 

real quadratic equations. 

| WORKED EXAMPLE 17 | = 7 \" 28 = 47 Real quadratic equations with complex solutions 

we Solve each quadratic equation. 

a2 a 2 +64=0 b 2 -2z+3=0 © 3c +10z+15=0 

Steps Working 

a 1 Rearrange. 2+64=0 

2 =-64 

z=t,-64 

2 Separate —1 and simplify to get i. z= +64 x V1 

= +8: 

3 Write the answer. The solutions are +8i. 

b 1 Solve by completing the square. z—2z+3=0 

This can also be solved by using the 2-2z2+1-1+3=0 

quadratic formula. (¢-1)+2=0 

(z-1)?=-2 

z-l=+V2 

2 Write J—2 as V2iand solve. z-1=+y2i 

z=142i 

3 Write the answer. The solutions are 1 + V2i. 
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c 1. Solve using the quadratic formula. 32° +10z+15=0 

This can also be solved by completing _ bet Vb? — 4ac 

the square. a= 2a 

_ -10+ V10? —4x3 x15 
2x3 

_ -10 + y-80 
6 

-10 + 4/— 
2 Simplify the surd. — 

6 

-~10+ i 
3 Write J—5 as J5 i and simplify. = “We 

_ 5 +2V5i 
3 

5 ot 251 
4 Write the answer. The solutions are z = aS V5) 

3 

If a real quadratic equation has a complex root, the other root must be its complex conjugate. 

le) si 4s) > @\ | B= 4F:) Finding a real quadratic equation from a complex root 

3) 
One of the roots of a quadratic equation with real coefficients is z = a 2V2i. Find a possible equation. 

Steps Working 

1 Write the other root. The other root is Z = ++ 2N2i. 

2 Write a quadratic equation with these roots. The equation is (x — z)(x — z) = 0. 

3 Expand and simplify. x —(z+Z)x+zz =0 

. = 2 gua : 
4 Findz+z. B+ E =~ Di + T+ W2i 

=o 2 
4 2 

: = ee -\{3 : 
5 Findzz. zz= 47 N2i Gt nei 

3 : = (2) ~ (2V2i) 

9 137 =——(-8)=—* 
16 (8) 16 

= = 3 137 
6 Substitute z+ Zz and zz into the equation x -ixt+—5=0 

5 . 2 16 
and simplify. 

16x" — 24x + 137 =0 

Note that the equation in the answer is a possible equation. Any multiple of this equation is also a solution. 

As shown in the above example, the quadratic equation x” — (a + B)x + aB = 0 has roots « and B. 
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We solve complex quadratic equations similarly to real quadratic equations. If the coefficient of z* includes 

i, multiply the whole equation by i before starting to solve it. If the discriminant of a quadratic equation is 

complex, it is easier to complete the square than to use the quadratic formula. 

fe) si ese) > @\ | B= 40°) Complex quadratic equations 

Solve the equations: 

3 Write in general polar form. 

4 Use de Moivre'’s theorem. 

5 Use only the principal roots. 

6 Change to Cartesian form 

a i? +8=0 b 3ic’+2z+i=0 © z’+2iz -iV3 =0 

Steps Working 

a 1. The coefficient of z includes i, Pe +8i=0i 

so multiply by i. 2 +48i=0 

2 Writeas2=... 2 =8i 

ga scis{~ +2kn) keZ 

_ {7 
ead WBeis(= +k), keZ 

= wi cs{-**), ~peis(* ) 

wo 8 8) of 2) 

3 Add the square of half the z term 

to each side. 

4 Write the perfect square. 

5 Write the RHS in general 

polar form. 

and simplify. 

=—2-—21,2+2i 

b 1. The coefficient of z includes i, 3?2+2iz+7? =0 

so multiply by i. 32? +2iz—1=0 

32 -2iz+1=0 

2 Check the discriminant. A=0? -4ac 

=(-2i)?-4x3x1 

=-16 

—bt+Vb? — 
3. The discriminant is real, so use z= abt vb" = 4ac 

the quadratic formula. Don't mn ae 

re-calculate the discriminant, = 2i + 41 

just use /-16 = 4i. 6 

4 Simplify. z= ims 

¢ 1° Check the discriminant. A=b" —4ac 

= (21) 41x (-iv3) 

=-44 4V3i 

2 The discriminant is complex, 2 +2iz-— iV3 =0 

so complete the square. 2+ 2iz = iN3 

2422+? =iV34+7 

=-1+ V3i 

(z+iP = 2eis{ 2 + 2k ), keZ 

(z+iyP 

Nelson ViICmaths Specialist Mathematics 12 9780170448543



6 Use de Moivre's theorem. zti= ei = + ix), keZ 
3 

7 Use only the principal values. Z+i= ici 2), Vci( 22) 

mpl; 1 3.)_, 1_N3.)_, 
8 Simplify. = sa( EBs) va{ 28s) 

= 
2 2, 2 2 

The conjugate root theorem 
Many polynomial equations with real coefficients have some complex solutions. 

A real cubic polynomial function has a graph that crosses the x-axis, so it must have at least one real zero. 

This means that a real cubic equation must have at least one real root. Similarly, other real polynomial 

equations with odd degree must have at least one real root. 

Since the graph of a real polynomial function of even degree might not cross the x-axis, real polynomials of 

even degree might not have any real roots. 

The conjugate root theorem states that if w is a complex root of a real polynomial, then its conjugate # is 

also a root of the polynomial. 

Proof 

Suppose p(z) =a,z"+a,_; 2" !+a,_)2"~° +... 44,2) + ag where ayy 4,15 4,7 +++ @p) dy € Rand that 
PP n 

w is a complex root of the equation p(z) = 0. 

Then a, w"+a,_,w" !+a,_,w'?+...4+a,w! n n-1 n—2 1 

n nT n—2 soa,w +a, \w +4,_.w 

a,w" +a,.w"! +a, Ww"? + wba +a =0asz+w=z+w and 0=0 

n nl n— a,w +a, ,Ww +4, Ww 
7 —= == 
+...+4,w' +a) =0as zZw=Zzw 

n n-2 
a,w" + a,_)W a +4,_.W +..+aw +d = 0as a, a, 1) 4,-7 «+» 4,49 ER 

a,(w)" +.a,_,(w)" | +.4,_9(w)"? +... 4+a,(w) +a) = 0as zw = zw. 

Thus, w is also a root of the equation. 

Whe) si ¢se) > 7 \ |= >t) Finding a conjugate root 

One root of a polynomial equation with real coefficients is 4 — 3i. 

State another root of the polynomial. 

Steps Working 

Give the conjugate. By the conjugate root theorem, 4 + 3/ is also a root. 
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@ 
Worksheets 

Polynomial equations 
Complex roots of cubics or higher-order polynomial equations with real coefficients occur in conjugate 

pairs. This means that there can only be an even number of complex roots, so polynomial equations of odd 

"red? degree must have at least one real root. 
coefficients 

inaieny —_fauue);tees*).-¢-Gul)85)) Solving a cubic equation with real coefficients 
factors 

p(z) =22°- 112 + 22z- 15 and p(2 — i) =0. Solve p(z) =0. 

Steps Working 
— 

ws] 1 Use the factor theorem. Since p(2 — i) = 0, one root is 2 — i. 

2 Use the conjugate root theorem. The conjugate, 2 + i is a second root. 
p.95 

186 

3 Write p(z) as a product. 

4 Solve the equation. 

(a) 

p(z) = (2-2 +1)(z-2-i)(az+ b) 

22) — le? + 222-15 = (2° +42 +5)(az+ b) 
Equating the z terms: 2=a 

Equating the constant terms: —15 = 5b, so b=—3 

plz) = (2° + 42+ 5)(2z— 3) 

p(z) =(z-2-1)(z-2+i)(2z-3)=0 

ca as 

The product of the z terms in the factors is the z term in the 

polynomial and the product of the constant terms is the constant 

in the polynomial, as shown in Step 4. 

We can use the factor theorem to find some roots of a polynomial equation. Try factors of the constant term. 

Vile) si ds 0) > @.\\" | B= +) Using the factor theorem to solve a real polynomial equation 

Solve 3z' — 32° — 142” = 11z+3. 

Steps Working 

1 Write the equation as p(z) = 0. 

2 Try factors of the constant —3. 

3 Write p(z) as a product. 

4 Solve p(z) =0, using the quadratic 

formula for the last factor. 

Let p(z) = 3z* — 32° — 142’- 11z-3=0. 

p(1) =-28, p(-1) = 0, p(3) =0 

z+1andz-—3 are factors of p(z). 

plz) = (z+ Ile- 3)(az’ + bz +c) 

324 — 323 — 142 — 11z-3 =(2 — 2z-3)(azr’ + bz +0) 

Equating the z' terms: 3 =a. 

Equating the constant terms: —3 = —3c, so c= 1 

324 — 323 — 142" — 112-3 = (2 — 2z- 3)(32" + bz 1). 

Equating the z terms: —11 =—2 — 3b, so b = 3. 

Therefore, p(z) = (z+ 1)(z- 3)(327 + 3241). 

349-12 _ -3+ V3i 
6 

2=—1, z2=3,2 = 
6 
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1 30 3i 
5 = Write the solutions. The solutions are z=—1, 3, -—+ a —_ lea 

2 6 2 6 

Use the z* and z’ terms to check the value of b. 

We can apply the same techniques to solve equations with complex coefficients, but the conjugate root 

theorem does not apply. 

A polynomial with complex coefficients must have at least one complex root, but they are not necessarily 

all complex. 

Ve) si ese) > | B= +k) Solving a complex cubic equation 

Solve z’ + (2i—2)2 + (2i-5)z+6—4i=0. 

Steps Working 

1. Write the polynomial function. Let p(z) = 2+ (2i-2)2 + (2i-5)z+ 6 —4i. 

2 Try factors of the constant 6 — 4i. p(1) =0, p(-2) =0 so z— 1, z+ 2 are factors. 

3 Write p(z) asa product. p(z) = (z- 1)(z+2)(z+a) 

2+ (2i-2)2" + (21-5)zt+ 6-41 = (2° +2-2)(zt a) 

Equating the constant terms: 6 — 4i=—2a, so a=—3 + 2i. 

Therefore, p(z) = (z— 1)(z + 2)[z + (-3) + 2i]. 

4 Solve p(z) =0. z=1,z=-2orz=3-2i 

In this case, it is important to try all the factors of the constant 6 — 4i, and not stop at the first one. 

Otherwise, we get p(z) = (z- Die +(2i-1)z—6 + 4i]. If we use the quadratic formula on the second factor, 

~2i+ — 20i 
we get z = ——a—= which does simplify to the correct answers, but is quite difficult. 

fe) si ese) > GV | B= 2" Solving a complex quartic equation 

Solve 6iz* + 4i2 = 72° + 7z+2i. 

Steps Working 

1 Write the polynomial function. Let p(z) = 6iz’— 72° + 4iz” — 7z—2i. 

2. Try factors of the constant 2i. p(1) =-14 + 83, p(-1) = 14 + 8i, 

p(2) =-70 + 110i, p(—2) = 70 + 110i 

p(i) =0, p(-i) = 0, so (z + i) and (z— i) are factors. 

3 Write p(z) asa product. plz) =(z+ijz- i)(az* +bz+c) 

6iz! —72 + 4i? —7z-2i=(2 + l(a +bz +0) 

Equating the z' terms: 6i=a. 

Equating the constant terms: —2i = c 

6iz* — 72° + 4iz” —7z—2i= (2 + 1)(6iz” + bz - 2i). 

Equating the z terms: —7 = b 

So p(z) = (z+ i)(z— i)(6iz” — 7z — 2i). 
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4 Solve the quadratic equation. 6iz’ —7z-2i=0 

_ 74 J49-4x6ix(-2iI) 741 6 8 
Zz or 

12i 12i 112i. 12% 

1 2 
z=—or— 

2 «3 

i 2i 
z= —or— 

2 -3 

: . : : : 1. De 
5 Write all the solutions of p(z) = 0. The solutions are z =i, z=—i, z = i 2= =e 

© 
You might find it easier to solve 6iz* + 4iz’ = 7z* + 7z + 2i if you make the leading term 

real and reduce the number of imaginary terms, and i(6iz' + 4i2) = i(72 + 7z +21) 

gives -6z* — 42 = 7iz* + 7iz— 2, so p(z) = 6z* + 7iz? + 42 + 7iz—-2. 

| USING CAS 6 | Solving polynomial equations 

Solve: 223 — (4 —3i)z” + (9 — 6i)z— 18=0 and 3z’ — 32° — 14z*= 11243. 

[_@ Edit Action interactive 

if [ell | 
solve( 2+23-(4-3+i)-224(9-6+i)-2-18=0,2) fa 

3 
rey torz=-3- i orz=2 {z=-3-i,2=1.5°é, z=2} 

esolve(2-23-(4-3- )-224(9-6 #)-2-18-02" 

solve(3-24-3-23-1422=11243, 2) 

1_V3+i 1 V3+i vedo] eSolve(3-24-3- 2-14-2211: aa) {r=-1, 223, 2=-4- 6 

gat — 1 orz=—-—— forz=-lorz=> 
2 6 2 6 

1 Press menu > Algebra > Complex > Solve. 1 Enter and highlight the first equation. 

2 Enter each equation followed by ,z. 2 Tap Interactive > Equation/Inequality > solve 

and change the variable to z. 

3 Repeat for the second equation. 

3 
223 — (4—3i)2"+ (9-6i)z-18=0 z= 5 -3i, 2 

1 3 1 3 
324 — 323 — 142? = 112+ 3 >2=-1,3,-5 - Bie %3 

When we solve cubic equations over C with CAS, we will sometimes get answers involving sin, tan |, roots 

of roots, etc. In this case, try switching to approximate (decimal) or exact (standard) mode to solve them. 

In this case, CAS is using an advanced formula beyond the scope of this course. 
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VCE QUESTION ANALYSIS 

|z-2|=1. 

iii Use the fact that the line |z— (1+ i/3)| =|z| passes through the point z=2, 

or otherwise, to find the equation of this line in Cartesian form. 

in the form a+ ib. 

in polar form. 

Smt 
ii Find the value of a for which a arg( 1] 

&) 

CS 2015 2BQ2 } 2015 Examination 2 Section B Question 2 (12 marks) 

a_i Copy the Argand diagram below to plot and label the points 0 + 0i and 1 + iv3. 2 marks 

ii On the same Argand diagram above, sketch the line |z — (1+ i J3)| =|z| and the circle 

iv Find the points of intersection of the line and the circle, expressing your answers 

b i Consider the equation 2 —4cos(a) z+4=0, where ais a real constant and 0 <a < oO 

Find the roots z, and z, of this equation, in terms of a, expressing your answers 

2 marks 

1 mark 

3 marks 
1 

3 marks 

1 mark 

Reading the question 

« Two points, a line and a circle must be shown. 

¢ The intersections of the line and circle must be found in exact form. 

¢ The solutions of a quadratic are required. 

¢ The value of a is needed. 

Thinking about the question 

¢ The first point is the origin. 

+ |1+iV3|=2, soit is 2 from the origin, with real coordinate 1. 

© The circle |z— 2|=1 has centre 2 + 0i and radius 1. 

« 2 —4cos(a) z+4=0 is solved with the quadratic formula. 

5m 
« The difference between the arguments of z, and z, is ." 

+ The line |z— (1 + iV3)| = |z| is the perpendicular bisector of | + iV3 and the origin. 
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Worked solution (/ = 1 mark) 

a_i Label the origin as 0+ 01. VW 

1+ i/3 has modulus 2 and argument tan! (v3) a = v 

ii. The line z — (1 + iN3)| =|z| must pass through (2) and is perpendicular to the radius. 

Label the line. ¥ 

Draw the circle with radius 1 and centre 2. Label the circle. VW 

iii. The line passes through (2, 0) and has inclination a + aa 25 som = tan( =) = eth. 
3.2 6 6 V3 

The equation of the line is given by y — y, = m(x — x,). 

1 
—0 =-—~(x-2) OB 

VBy =—-x+2 

The equation in Cartesian form is x + V3y-2=0.v 

iv The equation of the circle is (x— 2/7 +y = 1. Substitute y= Lt —2): 

21 2 v3 
(x - 2) +o) =lv 

4-27 =1 
i) 

3 
x-2ps2 (x-2y =2 

2-249 50x = 24 8 or2-Mv 
2 2 2 

1 1 3 1 3 
= - = (x-2)=- 2 —2)or- 2 —2 yan gple-D=—F{24°B-2}oe-F (2-8-2) 

11 =-Lor— 
2 2 

The points ofintersectionare2+~9 14,23 tiv 
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—b+ Vb" — 4ac 
bi z= Fa 

_ Acos(a@) + {(4cos(a)) -4x1x4 v 

2x1 

Acos(a@) + (4 cos (a)? -4x1x4 

~ 2x1 
_ 4cos(@) + V16cos” (a) — 16 

2 

_ 4cos(a) + 4 cos”(ar) - 1 

2 

= 2cos (a) + 2¥(1 — cos’(a)) x (-1) ¥ 

=2 cos(@) +2 sin(@)i 

= 2 (cos(Q) +i sin(@)) or 2 (cos(@) — i sin(@)) 

= 2 (cos(Q) +i sin(@)) or 2 (cos (—a@) +i sin (—@)) 

z =2 cis(Q), z, =2 cis (—a) V 

A 2cis(a) 
ii - = cis(2@), so} Arg A |) = 2a, allowing for z, and z, to be interchanged. 

Z,  2cis(-—a) Zy 

5) 20 = 2% 
6 

2k 
12 

a i 81% Answered quite well, but many students did not realise 1 + i V3 was on the circle of radius 2. 

Some students did not fully label the points. 

ii (72% Few students realised the line was the perpendicular bisector of the points and some 

terminated the line at (2, 0) or drew it with a positive gradient. Most students graphed the circle 

correctly, but some were poorly drawn. 

iii (62% Generally well answered. The most common error was giving the gradient as positive. 

iv (57%) Reasonably well answered. Common errors were answers in the incorrect form or with 

sign errors. 

b i 36%) Most students attempted to apply the quadratic formula or complete the square, but few 

found the values in polar form. The discriminant was a problem for many. 

ii 28%) Many students did not attempt this question. Common errors involved unsimplified 

expressions. 
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EXERCISE 4.6 Solving polynomial equations ANSWERS p. 582 

Recap 

4 What is the remainder when z + (3 — i) — (2 + 3i)z +4 is divided by z+2-i? 

A 14 B 4-30: c 10-10i D 16+6i E 18+12i 

2 The factors of 2° + (4i—2)z’ - (4+ 6i)z+4 are 

A z4+1 -i,2+2i,z-2i B z-1+i,z+2i C z-l+i,z—1l-i,z+2i 

D z+1-i,z-2i E z-l+i,z+l-i,z-2i 

Mastery 

3 Solve each equation. 

a 2-32+5=0 b 2+42+6=0 c 32° +6 = 2V2z 

d z+ 3z4+5=0 e 22° +4=52 f 42°-6z+4=0 

4 Find a possible real quadratic equation that has a root of 

1- V2i 1 vB a 2-31 b -1+2i e 2-3 d vai e 13; 
3 2 4 

5 Solve each equation. 

a 22-3iz+5=0 b  2iz? + 82 + 8V3 =0 © 2 +6iz=9+4i 
d 2° 4+2J2=64+2zi-4zi 2 e- -2* +3iz +2=0 f 32°-4iz+4=0 

6 [Eq worked EXAMPLE 20 

a 3+ 4iisa root of a particular polynomial equation with real coefficients. State another root of 

the polynomial. 

b Fora particular polynomial p(z) with real coefficients, p(—3 + 5i) = 0. State two roots of the 

polynomial. 

7 Eg workeb ExaMPLes 21-24 } Solve each equation. 

a 2-324+2-3=0 b 2-22 45222-2245 

c 32+8c+10=102 +z d 2442 44244=742 

e 42422=42+ 20 f 3¢4+(3-7i)¢-(4+7i)-4=0 
g 22-52 +(1-izt+8-i=0 h 22°-(7+i2+(3+42l1i)z+14-2i1=0 

io 243i2+12=32? +424 3izt 18i jo 324+ 42i+ 4i=22° + 102i+ 10z 

k zt—52) — 2iz? + diz’ + 202+ 10iz— 16 — 12i, given that one root is 3+ i 

8 Solve each equation. 

a 2-(5+i2+4z-20-4i=0 b 2432+i=32 +i 43 

© 2+llizt+10=3245iz+6z d 2-(543i)2+(841l)2— (6+ 16i)z+10i=0 

e 24+6i=24 6i2 +52 + 72+ O0izt 108 
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> Exam practice 80-100% 60-79% — 0-59% 

9 69% TECH-FREE Biro aos Pt+art+ozta= 0, z€ C, where a isa 

real constant. Given that z= 1 — iis a solution to the equation, find all other solutions. 

10 (@ marks) 
a_ Show that V5 —i isasolution of the equation a (V5 - i)2 +4z- 4/5 +4i=0. 4 mark 

b Find all other solutions of the equation 2a (V5 - 2 +4z- 45 +4i=0. 2 marks 

11 (4marks) Consider the equation P-2-2z-12=0,zEC. 

20 
a (55%) Given that z = 2cis (=) is a root of the equation, find the other two roots 

in the form a+ ib, where a, be R. 3 marks 

b (83% Copy this Argand diagram and plot all of the roots clearly on it. 1 mark 

Im() 
ry 

12 FEQENY 2013108 ) (50%) (4 marks) Find all solutions of z*- 227 +4=0,ze C 
in Cartesian form. 

13 68% One of the roots of z> + bz + cz =0 is 3 — 2i, where b and c are real numbers. 

The values of b and c respectively are 

A 6,13 B 3,-2 c —3,2 D 2,3 E -6, 13 

14 (65% The polynomial P(z) has real coefficients. Four of the roots of the equation 

P(z)=0 are z=0, z=1-2i,z=1+2iand z=3i. 

The minimum number of roots that the equation P(z) = 0 could have is 

A 4 B5 Cc 6 D7 E 8 

15 (61%) The principal arguments of the solutions to the equation z* = 1 +i are 

4 9. 7 7 T 7 15a 3. a 
A «and B _= and c _ and — D i and — E _=% and — 

8 8 8 4 4 

16 AT The number of distinct roots of the equation (2 - (2 + 3iz—2)=0, 

where z€ C, is 

A 2 B 3 c 4 D5 E 6 > 
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> i7 (13 marks) Consider the complex number z, = V3 -3i. 

194 

a i (89% Express z, in polar form. 

ii (67%) Find Arg (zi ) 

iii (76% Given that z, is one root of the equation z> + 24,/3 = 0, find the other two roots, 

expressing your answers in cartesian form. 

Find the value of (z, + 2i)(Z, — 2i), where z, = V3 -3i. 

ii 69%) Show that the relation (z + 2i)(Z — 2) = 4 can be expressed in cartesian 

form as x° + (y+ 2 =4, 

iii 86% Copy the axes below and sketch {z : (z + 2i)(Z — 2i) = 4} on them. 

Im( 
4 64 

44 

44 

64 
y 

¢ (46%) The line joining the points corresponding to k— 2iand—(2 +k )i, where k< 0 

is tangent to the curve given by {z : (z+2i)}(Z — 2i) = 4}. 

Find the value of k. 

8 (12 marks 
a (87%) Copy the Argand diagram from question 12 on the previous page and sketch 

{z : zz =4, z € Chand sketch {z :|z + Z|=|z — Z|, z € C} onit. 

b (40%) Find all elements of {z : zz = 4,2 € C}N{z:|z + Z|=|z-Z] 2 €Ch 

expressing your answer(s) in the form a + ib. 

c (59%) One of the roots of the equation z'+16=Ois z = V2 +iV2. Write down the 

other roots in cartesian form. Plot and label all of these roots on the Argand diagram 

you drew in part a. 

d (60% Express z'+16as the product of four linear factors in terms of z. 

e (58%) On the Argand diagram provided in part a, shade the region defined by 

{z : |z| <2,2 € Cha {z: Re(z) = V2,z Ee ch. 

(49%) Find the area of the shaded region in parte. 

Nelson ViICmaths Specialist Mathematics 12 

2 marks 

1 mark 

2 marks 

1 mark 

2 marks 

2 marks 

3 marks 

3 marks 

3 marks 

2 marks 

1 mark 

1 mark 

2 marks > 
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> 19 (9marks) The polynomial p(z) = Start Bz+y, where z € Cand a, B, y € R, 

can also be written as p(z) = (z - z,)(z - z))(z - z), where z, € R and z), z; € C. 

a i 73% State the relationship between z, and z,. 1 mark 

ii (48%) Determine the values of a, f and y, given that p(2) = -13, |z) + z;| = 0 and |z, - z,| = 6. 

Consider the point z, = V3 +i. 3 marks 

b (45%) Copy the Argand diagram and on it sketch the ray given by Arg (z - z,) = =. 2 marks 

5. 
ec The ray Arg(z- z) = 7 intersects the circle |z — 3i| = 1, dividing it into a major and a minor segment. 

i (7% Sketch the circle |z - 3i] = 1 on the Argand diagram in part b. 1 mark 

ii (30%) Find the area of the minor segment. 2 marks 
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() Chapter summary 

Imaginary and complex numbers 

+ The imaginary number i is defined as i = J—1 

andi? =-1. 

« A complex number z= a + ib, where a and b are 

real, has a real part Re(z) = x and an imaginary 

part Im(z) =b. 

« Complex numbers are equal if and only if the real 

parts are equal and the imaginary parts are equal. 

Complex conjugates 

¢ The complex conjugate of z= a+ ib, where a and 

bare real, is Z = a — ib. 

¢ Both zz and z + Z are real. 

« Ifa quadratic equation with real coefficients has 

complex roots, then they are complex conjugates. 

Operations with complex numbers 

¢ To add or subtract complex numbers, treat the 

real and imaginary parts separately. 

¢ To multiply complex numbers, expand and use 

r=-l. 
z 

To divide complex numbers such as —, realise 
w 

the denominator by multiplying by ~: 
w 

The Argand diagram 

« The complex number z= «x + yi is represented by 

the point (x, y) on the Argand diagram. 

e The real axis is horizontal and labelled Re(z) or x. 

* The imaginary axis is vertical and labelled Im(z) 

ory. 

« Complex conjugates are reflections of each other 

in the x-axis (real axis). 

« Negatives are reflections of each other in the line 

y=-x. 

Complex numbers as vectors 

The length of the vector representing z= a + bi is 

the modulus of z, written |z|. 

e|zj=Va+h 

«2 =|2|? 

Nelson ViICmaths Specialist Mathematics 12 

Operations in the plane 

« We can show addition and subtraction of complex 

numbers using a parallelogram of vectors. 

« Multiplying a complex number by i rotates it 

through an angle of 4 (anticlockwise). 

« Multiplying by —i rotates the complex number 

through the angle a (clockwise). 

a lole 
°Z =—->=-—Zz. 

z [zl 

Polar form 

* The complex number x + yi or the vector (x, y) is 

in Cartesian form (or rectangular form). 

« A complex number written in terms of its 

modulus r = |z| and the angle 6 that its vector 

makes with the positive direction of the x-axis is 

written in polar form (or modulus-argument 

form or trigonometric form), where @ is called 

the principal argument, in the interval (—z, 71]. 

The relationship between the Cartesian and 

polar forms: 

x=rcos(@) and y=r sin (6) 

r=\x° + y° and tan (6) = 

x +yi=r[cos (8) +i sin (0)] =r cis (0) 

R
I
S
 

Im @) 

x=rcos (@) Re(2) 
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Multiplication and division 

« If z,=r, cis(6,) and z, =r, cis (0,), then the product 

z,Z, has modulus rj r, and argument (6; + 0,), that 

is, r, cis (0,) x ry cis (O)) =r; ry cis (8, + 0). 

 Ifz, =r, cis(0,) and z, = ry cis (0), then the 

quotient 71 has modulus 4i and argument 
23 ig) 

A cis(O,) = 4 ds(@ ~6,). 
ncis(Q,) 1 2 

(8; — 85), that is, 

¢ Multiplication of a complex number by r cis (8) 

is equivalent to (anticlockwise) rotation of its 

vector through the angle 0 and magnification by 

the factor r. 

¢ Division of a complex number by r cis (8) is 

equivalent to (clockwise) rotation of its vector 

through the angle —0 and reduction by the factor r. 

Identities 

e z+Z =2Re(z),z-—Z = 2Im(z), 

Re(z + w) =Re(z) + Re(w), 

Im(z + w) = Im (z) + Im(w) 

«  =|ef,|Z|=|z) lew =lellwl, [| = B and 

Yoda 
zl e| 

« Arg (zw) = Arg(z) + Arg (w) 

Zz 
. Arg )=ang(@) —Arg(o 

w 

Regions in the complex plane 

« Arg (z) = 0 specifies a ray from the origin at 

angle 6 in the complex plane. 

« Arg [z—(x+ yi)] =@ specifies a ray from x + yi at 

angle 6 in the complex plane. 

« Re(z) =a, where a € R, is a straight line parallel 

to the imaginary axis. 

¢ Im(z) =}, where b € R, is a straight line parallel 

to the real axis. 

¢ Im(z—u) =m Re(z—u) or 

Im (z) — Im (u) = m[Re (z) — Re (u)] is the straight 

line through u with slope m for u€ Cand me R. 

The Cartesian equation is y—Im(u) = m[x— Re (u)]. 

« Astraight line through u and v will have slope 

m= Im@)~Im@) pave C. 
Re(v) — Re(u) 

« |z—u|=|z— | is the perpendicular bisector of 

the points u and v. 

9780170448543 

« |z—u|=risa circle with centre u and radius r, 

where u € Candre R. 

° (z-u)(Z - u) =? is the same circle. 

« Arg(z-u) - Arg(z-v)= . is the semicircle on 

the right-hand side of the diameter from u to v. 

« |z—u| =2|z—y| for u, v € Cis also a circle. 

The ellipse with foci at u, v € C and major axis of 

length 2a is given by |z— u| + |z—v| =2a. 

« Arg(z-u) - Arg (z- v) =4 is the semicircle 

on the right-hand side of the diameter from u to v. 

Im() 

Re (2) 

De Moivre’s theorem 

* [cos (@) +i sin (0)]" = cos (nO) + i sin (n8). 

* Use De Moivre’s theorem to find powers of 

complex numbers. 

Roots of unity 

« Use De Moivre’s theorem to solve complex 

equations of the form z= 1, whose solutions are 

called the roots of unity. 

¢ The nth roots of unity are given by cs( 27 | . 
n 

e For neven, k = {$41 ... -1,0,1,2... | 
2 2 

+ Fornodd, k = ("3 w= 1,0)1,2... =| 
2 2 

¢ The nth roots are separated from each other by 

2. 
the angle = 

n 

General roots 

* The nth roots of r cos (@) + i sin (@) are given by 

1 

r” [eos( 2" an jsin{ Mt * *)| fork eZ. 
n n 

¢ The roots have the same modulus and their 

20 
arguments are separated by —, so they are 

n 
1 

evenly spaced around the circle|z|= 7". 
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Complex polynomials 

« Acomplex polynomial of degree n is of the form 
-1 P(z)=a,2' +4,_,2" 

where a,, # 0 and z, a, 

Ifa polynomial P(z) is divided by D(z), then the 

remainder R(z) is of degree less than D(z). 

Oy — 19 Ay —2 ++ Ay AVEC. 

The division identity states that 

P(z) = D(z)Q(z) + R(z). P(z) is called the 

dividend, D(z) the divisor, Q(z) the quotient 

and R(z) the remainder. 

The remainder theorem states that if a polynomial 

P(z) is divided by D(z) =z —a for a € C, then the 

remainder is given by R= P(a). 

The factor theorem states that for a € C,z—aisa 

factor of P(z) if and only if P(a) = 0. 

A polynomial equation has the form p(z) = 0, 

where p(z) is a polynomial. 

The fundamental theorem of algebra states that 

a non-constant polynomial equation has at least 

one complex root. 

The polynomial equation p(z) = 0 of degree n > 1 

has n roots, some of which may be equal. 

Any polynomial can be factorised to n linear 

factors. 

Nelson ViICmaths Specialist Mathematics 12 

Polynomial equations 

* Quadratic equations with no z term are solved 

using the roots of complex numbers. If necessary, 

use the quadratic formula for real quadratic 

equations. 

« Ifa real quadratic equation has a complex root, 

the other root must be the complex conjugate. 

The quadratic equation x° — (a + B)x + oB =0 has 

roots a and B. 

+ If the coefficient of 2 in a complex quadratic 

equation includes i, multiply the whole equation 

by i before starting to solve it. If the discriminant 

of a quadratic equation is complex, it is easier to 

complete the square than to use the quadratic 

formula. 

« The conjugate root theorem states that if w is 

a complex root of a real polynomial, then its 

conjugate W is also a root of the polynomial. 

* Complex roots of polynomial equations with real 

coefficients occur in conjugate pairs. 

¢ Use the factor theorem to find some roots ofa 

polynomial equation: try factors of the constant 

term. 

« If we find enough to reduce the equation to a 

quadratic, we can solve the equation completely. 
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Cumulative examination 1 

Total number of marks: 10 Reading time: 4 minutes Writing time: 15 minutes 

| TECH-FREE | Technology is NOT permitted. 

1 202116 ) (4 marks) Consider the three vectors a = i + 6j 

xo
 | w ta
h 

lo
w ll SS 83
 | © 

ne
s | wu Va

 
2 5 a 

+ 

z 

S 
FE 
q 

= 
= 
< 
*s 
Ww 

w 

= 
FE 
< 
al ce = 3i+2j+|l-p k, where p is a real constant. 

Find the values of p for which the three vectors are linearly independent. 

2 (1 mark) What is the contrapositive of the statement ‘If n° is divisible by 8 then n is divisible by 2’? 

3 2019107 ) (5 marks) 

1 
a_ Show that 3 — V3i = 23 cs(-). 41 mark 

3 
b Find (3 = V3i) , expressing your answer in the form x + iy, where x, y€ R. 2 marks 

c Find the integer values of n for which (3 = vai)’ is real. 1 mark 

d_ Find the integer values of n for which (3 - vai)’ = ai, where a isa real number. 1 mark 
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Cumulative examination 2 

Total number of marks: 20 Reading time: 4 minutes Writing time: 30 minutes 

Approved technology is permitted. 

| Section A 5 multiple-choice questions 5 marks 

1 BGS 2021 20012 } Consider the vectors a = xi + j, = b=i-jandc =i+ xj. 

Given that 0 is the angle between a and b, and @is the angle between b and c, 

cos(@) cos(@) is 

21 + x?) V2(1— x") (x +1) (x -1) V20.+ x?) 
A 2 B D oS 2 Dias 2 2 

l-x l+x 2(1 + x*) 2(1 + x*) Rox 

2 EX 2017 2001 ) The implied domain of f(x) = 2cost (:) is 
ee 

AR B [1,1] C (--,-1] U [1, ») 

D R\{0} E (8 1\M0} 

3 The sum of the roots of z* — 5z’ + 11z—7=0, where z€ C, is 

A 14 2v3i B 5i c 4-2)3i D 2v3i E 5 

4 2019 2aQ6 ) Let z, w € C, where Arg (z) = 2 and Arg (w) = a 

5 
The value of Arg ( 4 is 

4 4 5a 7 
| oe B — Cx dD — = == 

2 2 2 2 

T 
5 2019 2a05 } Let z=x+ yi, where x, y € R. The rays Arg (z — 2) = 7 and 

5 
Arg(z —(5+i)) = = , where z € C, intersect on the complex plane at a point (a, b). 

The value of b is 

IN EAB Bee 3 cX0 DE a3 E 2+ 3 
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| Section B 2 questions 15 marks 

1 [XN 2018 2801 moiFieD ) (5 marks) Consider the function f: D > R, where 

f(x) =2 arcsin (E2—= 

a Determine the maximal domain D and the range of f. 2 marks 

b Sketch the graph of y= f(x), labelling any endpoints and the y-intercept with their 

coordinates. 3 marks 

2 Fee 2019 2Ba2 MODIFIED J (10 marks) 

V6 

N 

z 

S 
FE 
q 

= 
= 
q 
*s 
Ww 

w 

= 
FE 
< 
all 
=) 
= 
> 
(2) 

a_i Show that the solutions of 2z* + 4z+5= 0, where ze C, are z = —-1+ ae , 1 mark 

ii Copy the Argand diagram below and on it plot the solutions of 22 + 4z+5=0. 1 mark 

im (2h 

EeSraRaarassora hay) Tree] 

Y 

Let |z+ m| =n, where m, n€ R, represent the circle of minimum radius that passes 

through the solutions of 227+ 4z+5=0. 

b i Find mandn. 2 marks 

ii Find the Cartesian equation of the circle |z + m| =n. 1 mark 

iti Sketch the circle on the Argand diagram in part a ii. Intercepts with the coordinate 

axes do not need to be calculated or labelled. 1 mark 

ce Find all values of d, where d € R, for which the solutions of 2z°+4z+d=0 satisfy the 

relation |z+ m| <n. 2 marks 

d All complex solutions of az” + bz + c=0 have non-zero real and imaginary parts. 

Let |z+p| =q represent the circle of minimum radius in the complex plane that passes 

through these solutions, where a, b, c, p, qe R. 

Find p and q in terms of a, b and c. 2 marks 
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¢ derivatives of inverse circular functions 
d’y 

dx? 

functions, including points of inflection and concavity 

e applications of chain rule to related rates of change and implicit differentiation; for example, implicit 

differentiation of the relations x? + y’ = 9, 3xy° = x + y and x sin(y) + x cos(y) = 1. 

VCE Mathematics Study Design 2023-2027 p. 111, © VCAA 2022 

¢ second derivatives, use of notations f”(x) and , and their application to the analysis of graphs of 

Video playlists (9): Worksheets (19): 
541 The product, quotient and chain rules 5.1 Product rule * Quotient rule » Chain rule 

5.2 Differentiating circular functions 5.2 Derivatives of trigonometric functions 
* Trigonometric functions and gradient 
+ Differentiating trigonometric functions 

Derivatives of inverse trigonometric functions 
+ Inverse trigonometric functions and gradient 

Derivatives of exponential functions 
* Derivatives of logarithmic functions 

5.3 Differentiating inverse circular functions 

5.4 Differentiating exponential and logarithmic 
functions 

5.5 The second derivative 

5.6 Applying the second derivative 

5.7 The chain rule and related rates of change + Exponential and logarithmic functions 

5.8 Implicit differentiation .5 The second derivative » First and second 
VCE question analysis Differentiation derivatives 

Concavity * Higher derivatives 

Related rates + Related rates of change 

Implicit differentiation » Curve sketching 
with derivatives 

t To access resources above, visit 
& Nelson Mi ndTap cengage.com.au/nelsonmindtap ry 1 

al 6 Cs 

Video playlist 
The product, 
quotient and 
chain rules 

¥, . . Worksheets 

Find the derivative of 5x* and determine the value of the derivative when x = —1. Quotient rule 
Chain rule 

d ae d a\ eK 

As. x4) 20° x As, Derivative at a Point 

x 

“1 
» 

1 Press menu > Calculus > Derivative. 3 Press menu > Calculus > Derivative at a Point. 

2 In the template, enter X as the variable and 4 In the dialogue box, in the Variable: field 

then enter the expression. enter X and in the Value: field enter —1. 
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(ey
 

Ls, x4) 20x 

-20 

5 In the template, enter the expression. 

$f Oo oe MP eC 8 lol 
ss G3) 69 [fe] Ee ste ER) eo So Ba 
ba oo Oy 

Another way of entering the derivative: 

1 Press template and select the derivative template. 

2 Press Shift + -. 

© Differentiation 

Derivative at value 

Expression: 

Variable: x 

Order: i 

1 Enter and highlight the expression 5x*. 

2 Tap Interactive > Calculation > diff. 

3 Tap OK. 

Edit Action Interactive 

o 

8 The first answer above is the derivative. 

9 The second answer above is the derivative 

when x = -1. 

Differentiation 

@ Derivative at value 
Expression: [5x74 ] 

Variable: x | 

Order: a | 

Value: [cl ] 

OK Cancel 

4 Highlight again, Interactive > Calculation > diff. 

5 In the dialogue box, tap Derivative at value. 

6 In the Value: field enter -1. 

7 Tap OK. 

Math! || Line 

( Math2 [pa 
Math3 im 

eld tani 
Var 
abe sin 

v\l\« 

Alg Decimal Real Rad 

Another way of entering the derivative: 

1 Open the Keyboard > Math2 and select the 

derivative template. 

2 Enter the expression. 

Derivative of 5x’ = 20x° 

The value of the derivative when x = -1 is —20. 

The product rule 
The product rule is used to differentiate the product of two functions 

F(x) = u(x) x v(x). 

Ff (x) = u(x) v’(x) + v(x) u(x). 

Nelson ViCmaths Specialist Mathematics 12 

The product rule 

d 
— =uv’+vu’ a) uv’ + vu 

d dv du 
or —(uv) =u—+v— 

dx dx dx 

9780170448543



V'fe) 14S) > FN | B= 41) The product rule 

Use the product rule to find 2 for the function y = x’(2x* — 3x), then verify your answer by expanding 
ke 

the function first, then differentiating. 

Steps Working 

1 Use the product rule: Let u=x" and v= (2x"— 3x) 

5 rn 
Suv) = w+ vl P =7x and v'=4x-3 

% a x! (4x — 3) + 7x°(2x? — 3x) 
dx 

eT dy 
2 Simplify the answer. = x°(4x? - 3x4 14x" - 21x) 

Lx 

= 6x’ (3x—4) 

@ Edit Action Interactive 

47. (2 x2-33)) 6x7. (3+x-4) i] Belen PT] 
AG? (2-x2—3-x)) 

18+x8-24-x7 
simplify (ans) 

6x7 +(3x—4) 

3. Verify by expanding y = x’(2x*— 3x), then y= x!(2x* — 3x) 

differentiating. = 9a 3° 

a = 18x° - 24x” 
= 6x’ (3x — 4) 

(ai) 
In an exam, marks are often lost if mistakes are made after an already correct answer, so it is wise to know when to 

stop simplifying. For the above example: 

y_ 
dx 

=6x’(3x—4) Correct: stop here. 

8 (4x? — 3x + 14x” — 21x) 

= 18x°- 4 Incorrect .". you would lose the answer mark. 

The quotient rule 
The quotient rule is used to differentiate the quotient of two functions f(x) = _ 

7 , v(x 
j v(x) u(x) — u(x) v(x fx) = Lue) (x) vx) 

(v()) 

The quotient rule (a) 

< u vu’ — uv’ For the quotient rule, differentiate 

in alphabetical order, u’, then v’. 

du dv 
y— — u— 

or “(4 )\2_de de 
dx\v v 
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fe) 5) ¢ se) > F\ | 851) The quotient rule 

Find 2 for the function y = a+ 3x 
dx 2x -1 

Steps Working 

1 Use the quotient rule: Letu=x°+3x and v=2x-1 

dlu vii — av? u’=2x+3 and va? 

a(S) “2 dy _ (2x ~1)(2x +3)— (x? + 3x)(2) 
dx (2x - 1y 

2 Simplify the answer. dy 7 Ax? + 4x —3~ 2x? ~ 6x 
dx (2x —1)° 

_ 2x? —2x-3 
~ (2x1) 

© Edit Action Interactive 

The chain rule 

The chain rule is used to differentiate a composite function of the form y = f(g(x)) or y = f ° g(x). 

Y = p(g(x)g’o) 
dx 

This rule can be seen as the derivative of the ‘outer’ times the derivative of the ‘inner. 

The chain rule 

If y= f(u) and u = g(x), then 

ay yd 
dx du dx 

WORKED EXAMPLE 3 8x na 

Find o for the function y = (2x7 + x)°. 

Steps Working 

1 Use the chain rule Let y=u® and u=2x"+x 

dy _ dy, du y=6ue and u’=4x4+1 

dx du dx dv dy. du 
DoD 6S (4x +1) 
dx du dx 

The ‘outer’ function y = f(u) is y= u°. 

The ‘inner’ function u = g(x) is u = 2x* +x. 
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oe 6(2x74+ x) x (4x +1) 
dx 

= 6(4x + 1)(2x" + x) 

© Edit Action Interactive 

2 Replace u = 2x” +x and simplify the answer. 

6+(4ex41)+(20x24x) ° 

Differentiation at a value 

We can use the derivative to find the gradient, or instantaneous rate of change, of a curve at a particular 

point. 

For example, we can find the gradient of the curve f(x) = 3x(x + 2x’)* at x =-1. 

f(x) = 3x x B(x + 2x7)? x (1 + 4x) + (x + 2x7)? x 3. 

= 3(x + 2x”)?[3x(1 + 4x) + (x + 2x”)] 

= 3(x + 2x’)?(3x + 12x? + x + 2x") 

= 6x°(1 + 2x)?(7x+ 2) 

(a) 
Keep the derivative in factorised form so that equating to zero 

for stationary points is easier than if it is in expanded form. 

The graph of f(x) = 3x(x + 2x)* looks like this: 

f (x) = 3x(x + 2x°)3 

The gradient of the curve f(x) = 3x (x + 2x’)* at x = —1 is found by substituting x = —1 into f’. 

. fl) = -6(-1) (-5) = 30 

@ Edit Action Interactive 

a| : Ei] > [Ra] seo] > anus) eae a\ex (c+2-x2) define £(x)=3ae(x+2x2)3 
done 

30 30°) 

3 (26 2. (7. 
6 x°+ (2x41)? (7x42) diff (f(x), x, 1,-1) 

oi x (xsar22)® pet 
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[ws] WORKED EXAMPLE 4 crt n im ron: 

p. 102 

208 

Find the gradient of the curve at x = 1 for the function y = = =e 
6D 

Steps Working 

1 Write y with a negative power and use the chain 7 > ES =(x* +1)! 

rule. agi x 2 
dy _ dy _ de Let y=u and u=x +1 

a. ae dy 2 du 
dx du dx 4=-y and ““=2x 

du dx 

ye ody. it igo 
dx du dx 

2 Replace u =x’ + 1 and simplify the answer. & =x? +1)? x 2x 
x 

_ “ee 

(x? +1) 

3 Substitute x = 1 into ay wy a = 
dx dx (2) 2 

| USING CAS 2 | Differentiation applications 

dx 
a Find C2 for the function y = (x? — 3)“ and the equation of the tangent at x = 2. 

b Graph the function y = (x*— 3)“ and the tangent to the function at x = 2. 

16+ x-31 
iaigaaiiaalle’ al 

1 Press menu > Calculus > Derivative. 

2 In the template, enter x as the variable and 

then enter the expression. 

3 Press menu > Calculus > Derivative at a Point. 

4 In the dialogue box, in the Variable: field 

enter x and in the Value: field enter 2. 

5 In the template, enter the expression. 

6 Press menu > Calculus > Tangent Line. 

7 Enter the expression followed by, x,2. 

[* 

1 Adda Graphs page. 

2 Graph the function f1 (x) = &?-3)*. 

3 Adjust the window settings to suit. 

4 Graph, f2 (x) = 16x- 31, which is the line 

tangent to the function at x = 2 found in 

part a. 

The gradient of the tangent is y = 16x — 31. 
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%@ Edit Action Interactive 

[ea] Pellet PT] 

- A((x2 -3)‘) 

8x: (x2-3) 3 
diff ((x*2-3)*4, x, 1, 2) 

16 

tanLine( (x2-3) *, x, 2) 
16+x-31 

1 Enter and highlight (x?- 3)*. 1 Tap the Graph icon to open a graphs page. 

2 Tap Interactive > Calculation > diff. 2 Drag the original equation (x? 3)* into 

3 In the dialogue box, keep the default variable the graph window (note the windows have 

and tap OK been swapped). 

4 Copy and highlight (x?- 3)*. 3 In the graph window, tap Analysis > Sketch > 

5 Tap Interactive > Calculation > diff. Tangent. 

4 Enter 2. 
6 In the dialogue box, tap Derivative at value. 

7 In the Value: field, enter 2 and tap OK. 

8 Copy and highlight (x?- 3)*. 

9 Tap Interactive > Calculation > line > tanLine. 

10 In the dialogue box, in the Point: field, enter 2 

and tap OK. 

5 A dialogue box will appear with a 2 in it. 

6 Tap OK to graph the tangent line. 

7 Press EXE and the equation of the tangent 

line will appear. 

8 Rounding to the nearest whole number, 

the equation of the tangent is y = 16x - 31. 

The gradient of the tangent is y = 16x - 31. 

EXERCISE 5.1 The product, quotient and chain rules ANSWERS p. 583 

Mastery 

d 
1 [Eq] WoRKED EXAMPLE 1 ) | TECH-FREE | And J rs the function y = x (2x 3x). 

x-3 

x+2) 
2 E{womeDeanee>) EINE rot for the function y = 

3 GEES Find f'() iff) = @- 42) 

4 EEE Find (1) iff = e+ 3°) 
_ 2x+3 

ey 
, then f’(0) equals 

> | | wo
 | °o 

N
l
]
 w
 

i=}
 

wv
 

m w 

6 Iff(x) =2x(x+ 3x), then f’(2) equals 

A —64 BO Cc 56 D 64 E 80 

7 The gradient of the function f(x) = (x? + 3x) tat x = Lis 

—A(2x +3 4 —5 117 et 3) B c — p— E 1280 
(x? + 3x) (x? + 3x) 256 1024 > 
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)» 8 Differentiate each function with respect to x. 

9 2 a f(x) = 5x" b f(x)= 5 ce V3x° 41 

10x3 
9 Find the gradient of the graph of each function at x = 1. 

a f(x) =5x7 b f(x)=—4 © f(x)=V3x2 41 
10x} 

Exam practice 

10 §2eSE3) (3B marks) Find the derivative of the function f: (1, 0) —R, f(x) = - 3 : atx =3 
.— 

. dy 
11 For the function y = Vx(x +3), ae aals 

Ix 

A ty Bw May oe “arty wv 2er-n & ees) 
2x 2 2 vx 3 

2x? 

12 For the function y = 2x + L a equals 
x Ic 

12x+7 12x +7 —12x -7 —-12x+7 —12x —7 
B c D —E —— 

x x x x8 x! 

. 4 dy 13 For the function y = (2x —5)’, ae equals 
Ix 

A 4(2x-5) B 2(2x—5)! Cc 8(2x-5)* D 8(2x-5)° E (2x-5)° 

+i 13. 
14 The derivative of l—x+ 5 is 

A ie B 12 c 1-x D -x-x E x-1 
3 3 

13 
15 Given f(x) = eH 37 the value of f’(9) is 

A -152 B 2 c vi D it E iol 
3 3 3 2 2 

16 The value of the gradient function of f(x) = a[ Ve -5 x? at x= lis 

A 0 a2 cZ D1 ge 4 
3 9 3 

17 The derivative of f(x) = ( Bx +5x° )(v3« - 5x3 ) is 

A 3x-5 B 3-15x" Cc 154+3x D 5-3x E 3x°-15 

p 2 

18 The derivative of f(x) = —x>, with a and b real constants, is 
a 

ay 
at pt] ce 1 D x? E x 

a a a 
xb xb x? 

19 The gradient function of f(x) = 1+ x—x' is 

A 1-x B 2-x © 2x+1 D x-2 E 1-2x > 
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» 20 Iff(x) = 2x° +x, the value of f’(-1) is 

A -7 B -4 c5 D6 E 

x d 
21 Ify= , then at x =—1 is equal to 

x+2 

A -3 BO c 4 D 2 E 
3 9 

1 d) 
22 If y = —,, then ™ is 

1l+x dx 

A x B~ Cc x+y p — 5 
y (1+ x) 

y = tan (x) ak = sec”(x) 

y = tan (kx) 2 = ksec? (kx) 

y = cot (kx) 2 = —kcosec?(kx) 

Video playlist 
Differentiating 

circular 
functions 

Worksheets 
Derivatives of 
trigonometric 

functions 

Trigonometric 
functions and 

gradient 

Differentiating 
trigonometric 

functions 

Vile) s) =) > GN) B=) The chain rule with a circular function 

Find 2 for the function y = 3 sin? (4x). 

Steps Working 

1 Rewrite y =3 sin? (4x) in chain rule form. 

2 Use the chain rule »y = y x du and the rule: 
dx du dx 

y = sin (kx) > a = kcos(kx) 

3 Substitute u = sin (4x). 

4 Simplify the answer using a double angle formula. 

y=3 sin? (4x) = 3[sin (4x) 

Let u = sin (4x) > ae = 4cos(4x) 
dx 

Let y = 30° ae 
du 

= ay = 6u x 4cos(4x) 
dx 

Pe dy = 6sin (4x) x 4cos(4x) 
dx 

Hy 79 sin(8x) 
dx 
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Ve) ese) > 7) B= 75) The product rule with a circular function 

Find the gradient of the function y = x” tan (x* + 7) atx = 0. 

Steps Working 

1 Puty= x tan (x? +7) in product rule form. Let u =x and v = tan (x? + 7). 

d d 
Also, y = tan(kx) => = = k sec” (kx). a = 2x and = sec’(x? + 2) x 2x 

2 Use the product rule 2 = Pia tt, yy = x” x Qxsec?(x” +m) + tan(x” + 1) x 2x 
dx dx dx dx 

= ay = 2x[x? sec? (x? +7)+ tan (x? +7)] 
dx 

3 Substitute x = 0. When x = 0, dy = 0, so the gradient of the 
dx 

function at x =0 is 0. This derivative involves the chain 

rule as part of the product rule. 

Ve) st ese) > @\ |= 94) The quotient rule with a circular function 

2 
Find the gradient of the curve f(x) = cos (+) Ae, 

sin(x) 

Steps Working 

1 Use the quotient rule to find f’(x). u=cos"(x) v= sin (x) 

a =-2 cos (x) sin (x) e = cos (x) 

f= [sin (x) x (—2 cos (x) sin (x))] — [cos?(x) cos (x)] 

sin? (x) 

72 sin? (x) cos(x) — cos*(x) 

sin?(x) 

1 -2sin*( * os (5 )-< (<) 

2 Substitute x =—. (2) = x 4 4 

(2) sin’ | — 
4 

(4) we) (3) 2 
_ 2 2 2 2 

OG) 2 

=e 
2 

2 
3 Answer the question. The gradient of the curve f(x) = oats stem is ee 

sin (x) 4 7 
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TI-Nspire ClassPad 

@ Edit Action mierectie 

2 a ) . 83 | dom [Jax] Sime | 839] w | AY] 

at (coste))*)  ~N\cin(s))*+3)- costs) a Ccos(x))2 8 
dx\  sin(x) 2 ~sin(x) 

(sin(x)) 
"conn 342-contn ing?) 

a | ost)? | -3+ (2: (sin(x))2 
a4 2 diff ( (cos(x))*2/sin (x) , x, 1, %/4) 

dx\ sing) -3-V2 
2 

Note that with CAS, cos” (x) must be entered 

as (cos (x)y. 

EXERCISE 5.2 Differentiating circular functions ANSWERS p. 583 

Recap 

1 (EES) Let f(x) = 3(x + 1). Evaluate f’(1). 

2 If f(x) = (2x + 1) (x —x’), then f’(2) equals 

A -22 B -19 c -10 D -3 E -l 

Mastery 

d 
3 | TECH-FREE | Find ae for the function y = sin’ (2x). 

4 (2Se5=5) Find the gradient of the function y = x cos (2x) at x = 7. 

5 For the function y = cos” (2x), 2 can be expressed as 
Ix 

A 2cos? (2x) B_ sin (4x) C cos (2x) sin (2x) 

D -cos (2x) sin (2x) E -2 sin (4x) 

6 Find the gradient of the function y = x’ sin (2x — 2) at x= 7. 

A 20 B -2n c 0 D -29 E -87 

Exam practice 

7 (ESS) (2 marks) Differentiate y = cos(x) sin(x). 

cos(2x) 
8 Eq worken exawpLe7 ) EESRY (2 marks) Find ® for y =< ain(2zy" 

Xx 

9 GESEEES (2 marks) Find y’ if y = cos(4x° —x). 

10 SSE TES) (2 marks) Differentiate y = 4x" cos (x). 
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T 
y=f(x) atx = ma 

A 24y B 

F(x) = (sin (x))? 

> 11 Iff(x)= sin’ (x), which one of the following graphs could represent the tangent to the graph of 

4 ry Y 

Av
e A 

E 247 
F(x) =(sin(x))? 

12 For the function y = tan*(2x), & equals 
Ix 

A 2tan(2x) B 4 tan (2x) 

D 4sec?(2x) E 4 tan (2x) sec (2x) 

13 For the function y = x sin’(2x), the gradient at x = zis 
2 

A 0 Bar Cc -n 

. 2, dy 
14 For the function y = sin” (x), ae equals 

Ix 

A. sin (2x) B_ cos (2x) C tan (2x) 

15 For the function y = x sin’ (x), the gradient at x = zis 
4 

a= p 241 e 741 
4 4 2 4 

16 The value of at x= 1.5 for y = /1+ cot (x) is closest to 

A —0.8 B -0.5 Cc 0.2 

Nelson ViICmaths Specialist Mathematics 12 

© 4 tan (2x) sec?(2x) 

D undefined 

D 2sin (x) 

Di 

D 05 

2 cos (x) 

0.6 
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@) Differentiating inverse circular 
functions 

e derivatives of the inverse circular functions 

y=sin |(x) eres (-1, 1) 

Note the domain x € (—1, 1), where the 

derivative is not defined at the endpoints 

of the graph of y = sin™(x). 

“1 dy -1 
= = = ————, xe (-1,1 y=cos""(x) ie te 

d 1 Video playlist 
1 Differentiating 

y=tan (x) cid xeER inverse 
dx l+x circular 

functions 

(x d 1 ae 
y = sin (2) a. TT 7 *€ (-a, a) Worksheets 

dx a —x’ Derivatives 
of inverse 

trigonometric 
functions 

Note the domain x € (—a, a), where the 
Inverse 

derivative is not defined at the endpoints trigonometric 
” functions and 

of the graph of y = sin! (2) gradient 
a 

Note that sin”! (x), cos! (x) and tan”'(x) can also be written as arcsin (x), arccos (x) and arctan (x), respectively, 

especially in exams. 

dy 1 
Using Ox = dx ” 

rl 

ua dy : (-3) 
= sin 2| 

We use this relationship to show the fe) =sin'(@) 

derivative of the inverse circular functions. 

4 “) ‘ ‘ ‘ 05 ‘ ‘ ze 
Let y=sin™ (x), where x € [—1, 1] and 

< [ z =| 

eee (4) 2 
14 
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If y= sin /(x), then x= sin (y). 

Then i cos(y). 
dy 1 

Using ay. 1 » we get my < 
dx dx dx cos (y) 

dy y 

Using right-angled triangle relationships and sin(y) = x = > I= 

2 
cos(y) = aaa = Vl-x° 

1 

1 1 [ ug 4 
so = » for y € | -=—,— 

cos (y) Lx? 2 2 

Because yy = , hence, £ (sin-"(x)) = ! for x € (-1, 1). 
dx cos (y) dx l—x? 

We get, if y = sin [(x), then yy = i xe (-1, 1). 

dx 1-2? 

Generally, co sin! *|\- a for x € (—a, a). 
dx a Qin 

Whe) ese) > e\\ | B= 9:1 Differentiating inverse circular functions 

Find 2 for the function y = sin! (=) giving the domain for your answer. 
ie 

Steps Working 

3. 2 
1 Identify the value of ain y = sin’ (=} a= a 

2 Use the rule 2 sin'(*) = i _. id sin'(*) = 
dx a ax dx 2 ) 2 aa 

3 Simpli . dy 1 3 
implify your answer if necessary. w De = 

dx Ac =9x? 4-93? 
2. 

Zz 2 
4 Give the domain. xe |-—.> 

33 

Note: The derivative can also be found using the chain rule: 

u = 3x, du =3 
dx 

y=sn2[4*, #1 
2 du ba 

dy _ 3 _ 3 

dx J4—(3x) 49x" 
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Whe) ses) > \ | B=) Differentiating inverse circular functions at a point 

Find the gradient of the function y = arctan (2 + 3x”) at x = 2. 

Steps Working 

1 Put y=arctan (2+3x°) in chain rule form. Let u=2 + 3x" and y = arctan(u). 

2 Use the chain rule” = 2 ya pnpeca as Og 
dx du dx dx 

. dy _ 1 d 1 and the rule: y = arctan(x) > ak = Ge y =arctan(u) > a 5 
be era 

1 
&. = 7 X 6x 
dx l1+u 

3 Substitute u = 2 + 3x’. y = — x 6x 

he 1+(2+3x") = 

dy _ 6x WB 
a 

i 1+(2+3x") p.107 

4 Substitute x = 2. - ay 6(2) 5 = 2 

de 14(2+3y) 197 

EXERCISE 5.3 Differentiating inverse circular functions ANSWERS p. 584 

Recap 

in (2. 
Sy TECH-FREE | Find & for y = sin (2x) at x = 71. 

x 

2 The gradient of the curve with rule y = sin (x7+ 1) at x= 1 is 

A 2cos(x) B 2cos(2) © 2xcos(x*+1) D 2cos(3) E cos(2x) 

Mastery 

3 EEEIEGLES Find 9 forthe function y = tan” [= } siving the domain and 
x 

range for your answer. 

4 | TECH-FREE | Find the gradient of the function y = arcsin (2x7 —x)atx=0. 

5 The gradient of the function y = —cos ! (3x’), including its domain is 

11 
A ce R B -cos”!(3x’),xe R C xe (-35) 

v1-9x* 33 

5 fe ve[-J | 5 __6x re(-¥ *] 

Vi-9x4” v3" V3 Vi 9x! V3) V3 

6 The gradient of the function y = arctan (2x” + 1) atx =—lis 

A -l B tan |(3) c 7 D _2 E 0 > 

5 5 
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> Exam practice 80-100% 60-79% 00-59% 

1 
7 2004 1801 ) (58%) (2 marks) Show that, for 0 < x <=, 

2 
dj. 1 
ae (v=) = 2x (1— 2x) 

1 2 a (marks) Let fx) = 2aresin( 4x41) —2, 
1 

a (50% | State the implied domain and the range of f 2 marks 

b (45% Find f’(x) giving your answer in the form f’(x) = £ , where a, band c 

are integers. T/bx(x +c) 3 marks 

9 For the function y = cos! [ + i}, se equals 

-l -l -1 -l —4 
A B c D —E —— 

V—x(x +8) Vx(x +8) 4-x? 16 — x? V1 = 16x" 

10 For the function y = x cos”! (2x) yy at x = — equals 
* dx 22 

—— B= e 741 p 2-1 E -2V2 
42 4 4 4 

1" (8) ify = sin [<). x4, then 2 is equal t 
x Ix 

A 4 B —2~_ c 4 D 4 E _ 4 

vx? -16 Vx" —16 xvx? -4 Vx" -16 xv x" -16 

= d 
12 (46% If y = tan 1(3x), then is equal to 

Ix 

1 3 3 1 3 A a 8 c 3 D E v3 
1+ 3x 1+3x 14+3x 2y3x (1+ 3x) 2vx (1+ 3x) 

13 (4 marks) Let f(x) =x arctan (x). 

a (7%% Find f’(x), and calculate the slope of the graph of fat x = 0. 2 marks 

b (75%) Copy the axes below, and on them sketch the curves of y = x arctan (x) 

and y = arctan (x) over the domain [0, 1], clearly labelling each graph. 2 marks 

vA 
14 

0.84 

0.65 

0.45 

0.254 

0 02 04 06 08 Te 
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> (10 mars) 
Consider the function f with rule f(x) = sin"!(2x”- 1). 

a (65% Copy the axes below and on them sketch the graph of the relation y = f(x). Gs) 

Label the endpoints with their exact coordinates and label the x- and y-intercepts with 

their exact values. 3 marks 

y| 
3h 

ay
 

2 

V1- x? 

c¢ (4%) Copy and complete the following to specify f’(x) as a hybrid function over 

b (55%) Show that f’(x) = for x € (0, a) and find the value of a. 3 marks 

the maximal domain of f’. 2 marks 

forx € 

f= 
forx € 

d Copy the axes below and on them sketch the graph of the hybrid function f’, 

showing any asymptotes. 2 marks 

74 
64 

5 

4 

34 

24 

14 

“To 0.5 ° 05 To = 
44 

24 

34 

44 

54 

64 

74 
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@ 
Video playlist 
Differentiating 
exponential 

and 
logarithmic 
functions 

Worksheets 
Derivatives of 
exponential 
functions 

Derivatives of 
logarithmic 
functions 

Exponential 
and 

logarithmic 
functions 

p. 108 

p. 109 

220 

Differentiating exponential and 
logarithmic functions 

The function f(x) = e* is the only function whose derivative (and anti-derivative) is itself. 

The derivatives of the exponential and 

logarithmic functions 

yee Boe 

d y=log.(x) 2.1 

ya D ~ he 

d k y =log.(kx) ue 

Whe) sds) > \ | B= 40) Differentiating exponential functions 

Find 2 for the function y = x" e* atx =1. 

Steps Working 

1 Use the product rule y - uk’. of ve Let u= x" and v=e™. 

Lis = x? x3e* +6" x 2x 
dx 

2 Simpli BY det implify the answer. —- xe"* (3x + 2) 
aa 

3 Substitute x = 1. dy =~ (3+2) = 5e° 
dx 

Whe)si¢se) > | 28=s| Differentiating logarithmic functions 

1 
Find Ge for y = log, (2 - *} where x # 0. 

dx By 

Steps Working 

1 Use thechain‘role 2 = 0 y etn — 99 _ 
dx du dx x dx x? 

dy 1 
Let y = log, (u) > = =— 

duu 

y = a x [« + 4 
dx ou x? 

2 Substitute u = 3x? — 4 a dy : eS («= a =) x dx [2 2 ) oe x 
x 
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3 Simplify the answer. 

We can now use the product, quotient and chain rules 

to differentiate the full range of functions we use in 

Specialist Mathematics. 

Consider the function y = |9x* — 1]. 

9x? -1 forx <—tux>t 

This function actually equals f(x) = 1 3 1 3 
~(9x? —1) for-—<x <= (9x* -1) 3 3 

18x for x <-tux >i 

Hence the derivative of this function equals f’(x) 3 1 3 

-18x for-=<x<= 
3 3 

ai : 1 1 
Note that the derivative does not exist at the cusps, x = 3 and x= > 

Now consider the function y = Pal 

a: 1 
et for x 2 — 

This function actually equals f(x) = 2 
-Qx-) 1 e or x <= 

2 

2¢4 for x > L 

Hence, the derivative of this function equals f’(x) 7 
~(2x-1) 1 2e for x <= 

2 

Note that the derivative does not exist at the cusp. 

x 

04 | 14 
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| USING CAS 3 | Differentiation: a mixture of functions 

Find 2 for each function. 

a y= |2x| b y= |x’-9/@-1) 

a,b | & Edit Action interactive 

Zu poor MN GS SSD 
be d o (jax) 
A (l.2-9} (ex-1)) 2-signum (x) 

simplity 4 (|x2-9|-(e*-1)) > 
we bac fo i X12 

pocl ) sol ah h ‘| |x2-9|-e%+signum(x2-9)-(2-x-e¥-2+x) 

1 Press menu > Calculus > Derivative. 1 Enter and highlight the first expression. 

2 In the template, enter x as the variable 2 Tap Interactive > Calculation > diff. 

and then enter the first expression. 3 Repeat for the second expression. 

3 Repeat for the second expression. 4 Tap Simp to simplify the expression. 

The solutions include the ‘sign’ or 'signum' function. This means the solution varies depending on 

whether the sign of the expression inside it is positive or negative. 

(ai) 
Never write the word ‘sign’ or ‘signum in your answer in the 

exam as this is CAS language, not mathematical notation. 

EXERCISE 5.4 Differentiating exponential and logarithmic functions ANSWERS p. 584 

Recap 

1 Find S (arctan(x? )). 

2 7106 | (44%) (3 marks) Let f(x) = a Find f’(x) and state the largest set 

of values of x for which f’(x) is defined. arcsin (x) 

Mastery 

3 {(2S55E5) Find the gradient of the each function at x = 1. 

a y=xe™ b y=xlog, (x) c y=x log, (2x) 

di 4 [ESEGE Find & foreach function 
x 

1 
a y= tg, 2+] b y= log,(x’+1) © y =x" log,(3x) 

5 A (es ) at x = 2 is equal to 
dx 

Ae! Be c 4e! D 4e° E 9¢° 
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> 6 An expression for m in the function y = 3 log, (3x)(x + 9) is 

27 3] 3. 
A 3log, (3x) +3+— B 3 log, (3x) + 3x c 3 log (3x) 

x x 

D 3 log, (3x) E 3log, (=) + 27 
3 x 

_ dy . 
7 Find — for each function. 

dx 
rd 6x 2¢5* 

a =— b =— c = 

» x ” 3x ” 5x? 

8 Find the derivative of each function. 

ox 
a yaxre™ b y= c y= sin (3e™) 

x 

9 Find f’(2) for each function. 

a f(x) = xe" b f(x) =(2x+ 3)e* ce f(x) = 5x°e* 

10 Differentiate each function at x = 1. 

a y=9e b y=-e™ c y=ehtx d y= (2e"—3)° 

11 (GE2SSSES) (8 marks) Find the derivative of each function at x = 1. 

a y=log,(3x) b y=log,(3x" + 1) ce y=log,(e) d_ y=log, [sin (x’)] 

12 Fory=(2x+ 1) e**), wy equals 
dx 

A e(6x+7)(2x +1) B e**!(6x + 7)(2x+ 1) c e** (6x +7) 
3x41 3x, D e**!(x2 4 20x +7) E (12x + 20x +7) ( Remember log, ¢' = xand e®&'" = x J 

13 The gradient function for the curve y = log,|1 — 2x| is 

2 —2 1 1 
A B Cc -log,(2 D E 

2x -1 2x -1 32) 2x -1 1-2x 

. 2x —-1 . 
14 The gradient of the curve y = log, [ ] at x = —2 is 

x 

1 ap —_l_ © log, (5) — log, (2) 
x(x —1) x(2x —1) Be Se 

pt et 
6 10 

15 The gradient function of the curve y = log, [sin (x)] is 

A cos (x) B cot (x) C cos (x) sin (x) D tan (x) E log, [tan (x)] 
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The second 
derivative 

Worksheets 
The second 
derivative 

First and 
second 

derivatives 

224 

The second derivative 

The derivative of a function is used to analyse the behaviour of that function. 

The derivative of the derivative is called the second derivative. 

dy For a function y = f(x), the (first) derivative is written as f’(x) or a and the second derivative 
Ix z 

as f”(x) or = 

If the first derivative exists at a particular point of a function, we can’t assume that the second derivative also 
5 2 

exists at that point. For example, for f(x) = x3, f(x) = ax and f’(0) = 0. 

1 
Differentiate again to get f’(x) = + 3s a where it 

9x3 

can be clearly seen that f”(0) is undefined. 

| USING CAS 4| Finding the second derivative 

Find the second derivative of e*x sin (x). 

#(e.» sald) 
ax? 

2+ (x+1)- e*+ cos(x)+2- e*: sin(x) 

be a "a factor(2- (c+ 1). ee. cos(x)+2- e*- sin(x)) 

2: €*: ((x+1}- cos(x)+sin(x)) 

1 Press the template key. 3 Enter the expression as shown above. 

2 Select the second derivative template. 4 Press menu > Algebra > factor to simplify the 

expression (optional). 

ClassPad 

Edit Action Interactive 

@ Differentiation EA] Gm IRA] sim | M9] v || w 

© Derivative at value | 

Expression: ——_fe* (ae) sin (2c) | 

ao Q 

factor (22 (eX-x-sin(x)) ) 
dx2 

2+(x-cos(x)+cos(x)+sin(x) )-e* 

a ee | 
Alg Standard —-Real_Rad 
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1 Enter the expression. 5 The second derivative will be displayed. 

2 Highlight and tap Interactive > Calculation > diff. | 6 Highlight the result and tap Interactive > 

3 In the Order: field, change the value to 2. Transformation > factor to factorise (optional). 

4 Tap OK. 7 Use Rotate or scroll to view the whole solution. 

Mile) 51.4 > 1 | 8 = Second derivative 

For y = log, (3x’), find 
2 

a y b the second derivative at x = 3. 

Steps Working 

ai Find 2. 
dx — 

2 WB 
2 Find 22, 

dx p.110 

b Substitute x = 3. 

On ClassPad, the second derivative is shown by 

Order 2. 

EXERCISE 5.5 The second derivative ANSWERS p. 584 

Recap 

1 (SESS) Let f(x) = In (x). The graph of fis transformed by: 

¢ adilation by a factor of 3 from the x-axis, followed by 

¢ a translation of I unit horizontally to the right, followed by 

¢ —adilation by a factor of from the y-axis. 

Find the rule of the transformed graph. 

3. 
2 The implied domain of the function with the rule f(x) = —_—*___ is 

4 — arccos (2 — x) 

A [1,3] B [-L1] ¢ [0.)UG2] ~~ D [-10)U@1] E [1,2)U(2,3] 

Mastery 

2 

3 EEREEES Find “Pity = + 3)02t-17. > 
t 
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@y 
> 4 (ESTES For y = log, (3x), find rr 

x 

226 

2 
5 For y= log, (3x’), find os atx=1. 

IX 

2 
6 For y= sin (x +1), find 22 atx=—l. 

dx 

7 Find the second derivative of y = x 2 + x4- x3, 

8 Find the second derivative of each function. 

a y=x!—2x°+4x4-7 b y=5cos (2x) 

c y = 2x" - 3x43 d ya=x' 

9 Find f”(x) for each function. 

a f(x)=J2=x b f(x)=22 
3x-1 

10 For f(x) = sin (e*), f’(0) equals 

A. sin (1) — cos (1) B_ cos (1) —sin (1) C cos(1) 

D & cos (ce) Ee [cos (e*) —sin (e*)] 

Exam practice 

11 FERNY 2010105 ) (51%) (marks) Given that f(x) = arctan (2x), find f {=}. 

z 
12 (2 marks) Find the value of x for which a = 3, given y= 3x° — 2x" + Sx. 

x 

13 §ECESES) 2 marks) If f(x) =x’ —5, find f(x). 

2 

2 

14 (2 marks) Find : Y ify =2 9 +1. 
x 

15 (2 marks) f(x) = 3x! — 2x? + 5x — 4. Find f’(1) and f’(-2). 

16 (2 marks) f(x) =x" — x? +2x° — 5x — 1. Find f’(-1) and f”(2). 

17 (2 marks) If g(x) =Jx, find g”(4). 

2 
18 (2marks) Given h =5f — 20° + t+5, find oF when t=1. 

t 
2 

19 For y = sin (e*), ay equals 
dx 

A. sin (e*) B_ e*cos (é) Cc xcos (e*) 

D e*[cos (e*) —sin (e*)] E e*[cos (e*) — e*sin (e*)] 

2 
20 For y= cos (e*), oe equals 

A sin (e*) * Be‘ cos (e’) Cc xcos (e*) 

D e *[e*cos (e) + sin (e)] E e*[cos (e*) — e‘sin (e*)] 

21 For f(x) = cos (e*), f’(0) equals 

A. sin (1) — cos (1) B -cos (1) — sin (1) C cos (1) 

D e’cos (e’) E ¢* [cos (e*) — sin (e*)] 
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Applying the second derivative 

dy We know that solving f’(x) = 0 or an 0 finds stationary points on a curve. 

There are three types of stationary points: 

Local minimum Local maximum Stationary point of inflection 

Points of inflection petertal 
the second 
derivative A point of inflection on the graph of a function is where the graph ‘bends’ and its concavity changes, either 

from concave up to concave down, or from concave down to concave up. Ata point of inflection, the curve ae 

is neither concave up nor down. Concavity 

There are two types of points of inflection: 

Non-stationary point of inflection Stationary point of inflection 

Jo 
At the point of inflection, the graph is changing from concave down to concave up, as shown in the 

diagrams above. In the second graph, the gradient of the point of inflection is 0. 

« Where f”(x) > 0, the gradient of the graph of f(x) is increasing, and the 

graph is concave up. 

« Where f”(x) < 0, the gradient of the graph of f(x) is decreasing, and the 

graph is concave down. 

Points of inflection 

« A point of inflection on the graph of y = f(x) is a point where the concavity of the graph changes 

and f”(x) =0. 

« At this point, the curve is neither concave up or concave down. 

« Itis important to check that f”(x) has different signs on either side of the point of inflection. 
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Consider the graph of the quartic function f(x) = 5 — 2)3(x + 4), which has points of inflection at 

(.- *) and (2, 0). 

5 
f() =Oatx =—>,x=2 

f(x) =0atx=-1,x=2 

We have f”(x) = 0 and f’(x) = 0 at x = 2. 

. x = 2 isa stationary point of inflection. 

We also have f”(x) = 0 but f’(x) # 0 at x =—-1. 

.. x =—]isa non-stationary point of inflection. 

_L a 
ff 20) 7x 

fa) =F (e- 2)(x4 4) 

le) 14> NES ER Points of inflection 

non-stationary. 

For the graph of f(x) = x°(x — 2), find any points of inflection and state whether they are stationary or 

3 Solve f”(x) = 0. 

4 Check that concavity changes on either side of 

x= 2, such as atx =O and x= 1. 

Use CAS to check this. 

5 For stationary or non-stationary, substitute 

x= ; into f(x). 

2 
6 For the y value of the point, substitute x =— 

F 3 
into f(x). 

7 Answer the question. 

Steps Working 

1 Find f(x). f(x= x(x — 2) 

=x — 2x7 

ag = 3x? — 4x 

2 Find f”(x). f'(«) =6x-4 

f"Gs) =6x—4=0atx => 

f’ (0) = -4 <0 (concave down) 

f’ (1) = 2 > 0 (concave up) 

2. 
o6— seagpointofinflection: 

2 2\*_,f2 12) =3/ 2] —4/= (3) (3) 6) 
a 

3 
#0 

non-stationary 
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WORKED EXAMPLE 14 Bere Wisy 

For the graph of f(x) = x°(x — 4), find the points of inflection and comment on the change in concavity at 

each point. 

Steps Working 

1 Find f’(x). f(x) =2(x-4) =x4- 4x7 

fe) = 408 — 127 

2 Solve f’(x) = 0. f(x) = 12x? — 24x 

= 12x (x—-2) 

=0 

x=0,%=2 

3 Check that concavity changes on either side of x = 0 f’(-1) =36>0 (concave up) 

and x = 2, such as x = -1 and x = 1 for x =0, and f"(Q) =-12<0 (concave down) 

x= Land x =3 for.x=2. “. x= 0 is a point of inflection. 

f’(3) =36>0 (concave up) 

“. x= 2 is a point of inflection. 

4 For stationary or non-stationary, substitute x = 0 f’ (0) =0 stationary 

and x = 2 into f(x). f' (2) =-16 #0 non-stationary 

5 For the y values of the points, substitute x = 0 and f(0)=0 

x = 2 into f(x). f(2)=-16 

6 Discuss change in concavity at each point of y 

inflection. \ 

(0, 0) is a stationary point of inflection, 

where the graph changes from concave up to 

concave down. 

(2,-16) is a non-stationary point of 

inflection, where the graph changes from 

concave down to concave up. 

As the sign of the second derivative describes the concavity of the graph, we have the second derivative test 

The second derivative test ae 

that identifies whether a stationary point is a local minimum point or a local maximum point. This is called worksheet 
she 

finding the nature of the stationary point. Higher 
derivatives 

We know that a stationary point occurs when f’(x) = 0. 

The second derivative test for maximum and minimum points 

« Iff’(x) > 0 ata stationary point, then the graph is concave up there so it’s a local minimum point. 

« Iff’(x) <0 ata stationary point, then the graph is concave down there so it’s a local maximum 

point. 
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fe) 5) 4s) > @\ | B= 4 5-) The second derivative test 

Show that the graph of f(x) = x°(x — 4) has a stationary point at x = 3 and determine its nature. 

Steps Working 

1 Find f’(x). 

2 Solve f’(x) = 0. 

3 Substitute x = 3 into f(x). 

4 Find f’(x). 
5 Use the second derivative test at x = 3. 

t 

6 State the nature of the stationary point at x = 3. 

At (3, -27), the second derivative 

is positive (concave up). 

f= x! 49° 

f (x) = 4 - 12° 

f(x) = 4x7 (x -3) =0 

e=0;2=3 

There are stationary points at x = 0 and x = 3. 

f(3) =-27 

f(x) = 12x? - 24x 

f"(3) = 36 >0 
The graph is concave up at x = 3, so the 

stationary point is a local minimum point. 

-30 (3,-27) 

(3, -27) is a local minimum point. 

EXERCISE 5.6 Applying the second derivative ANSWERS p. 585 

Recap 

1 §ESEESES Find f’(x) and f”(x) if f(x) = 2x? —e. 

2. The second derivative at x = 0 of the function with the rule f(x) = 

a 24 p 24 co 
T T 

Mastery 

3x . 
———- is 
arccos (x) 

6 6 
Dp — E -— 

1 1 

3 (G2SESES) For the graph of f(x) = (x + 1)? (2x — 1), find any points of inflection 

and state whether they are stationary or non-stationary. 

4 For the graph of f(x) = (x + 1)° (x — 4), find the points of inflection 

and comment on the change in concavity at each point. 

5 State the nature of the stationary points at x = 1 and x = 4 in the 

graph of f(x) = x(4—x)°. 
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> 6 Inthe graph of f(x) = 3(x + 1)°(x + 5), the point at x = of 

A changes from concave down to concave up. ; 

B_ changes from concave up to concave down. 

C changes from concave down to concave down. 

D is astationary point of inflection. 

E is alocal maximum. 

7 In the graph of f(x) = 3(x + 1)°(x+ 5), the point at x = _ 

A changes from concave down to concave up. 

B_ changes from concave up to concave down. 

changes from concave down to concave down. c 

D is astationary point of inflection. 

E is alocal maximum. 

8 In the graph of f(x) = 3(x + 1)°(x + 5), the point atx = -1 

A changes from concave down to concave up. 

B_ changes from concave up to concave down. 

C isalocal minimum. 

D is astationary point of inflection. 

E  isalocal maximum. 

9 Explain why the graph of f(x) =x‘ does not have a point of inflection even though f”(x) = 0 has 

a solution. 

Exam practice (80-100% 60-79% 00-59% 

10 EECEEGES (3 marks) Differentiate £08 (*) 
x 

11 GSES) 4 marks) Find f’(m) if f(x) = 5x° tan (3x). 

12 (58%) If f’(x) > Oand f”(x) < 0 for all x over a given part of the domain of a 

function f, then the graph of f over this part of the domain would be a curve which 

A increases, having increasing gradient with increasing x. 

B decreases, having increasing gradient with increasing x. 

C increases, having decreasing gradient with increasing x. 

D decreases, having decreasing gradient with increasing x. 

E increases, having a non-stationary point of inflection. 

13 The graph of f(x) = x°(2 — x) has a non-stationary point of inflection at 

A x=0 B x=1 Cc x= — D x=— E x=2 
3 2 > 
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6xVx 

3x7 41 
p> 14 (7 marks) The function f: [0, 0) > R, where f(x)= 

derivatives with rules given by 

, has first and second 

9(9x* 26x? +1) 

avlx (3x? +1) , 

a (7% Find the coordinates of the maximum turning point of the graph of fand use an 

appropriate test to verify its nature. 2 marks 

=———~> and f’"(x)= 

b i (37%) Write down a polynomial equation, which, when solved, will give the x-coordinates 

of the points of inflection of the graph of f 1 mark 

Find the coordinates of the two points of inflection of the graph of f, Give your 

answers correct to one decimal place. 2 marks 

¢ (61% Copy the axes below and on them sketch the graph of f, clearly indicating the 

location of any intercepts with the axes, the maximum turning point and the two points 

of inflection. 2 marks 

va 

a @) The chain rule and related rates 
boat of change 
and related 

rates of 
change 

dy _dy_d 
We can use the chain rule = x. to solve related rates problems. These problems involve three or 

Worksheets dx du 

Related rates more variables. 

er oo Imagine a spherical balloon being inflated at a rate of 10 cm*/s. Note the units suggest the variables Volume 

and Time. We then ask at what rate the radius is increasing instantaneously when the radius equals 2 cm. 

Note that the variable of Length is introduced. 

This problem has three variables that are related to each other: V cm’, ts andrcm. 

Related rate problems have at least three variables to ‘relate’ 

Steps in solving a related rates problem 

1 Write down the rate you are given: ‘Given’. 

2 Write down the rate you have to find and when you have to find it: “To find, wher’. 

3 State the chain rule using three variables: ‘Chain rule’. 

4 Write down a formula relating two of the variables that we then differentiate and substitute the value 

required: ‘Differentiate’. 

5 Solve for the required rate: ‘Solve’. 
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To solve the balloon problem, we have: 

1 Given: ey =10 
dt 

2 To find, when: ar =?atr=2 
dt 

3 Chain rule: ul = av x me 
dt dr dt 

: ‘ 43 
4 Differentiate: Volume of sphere V = aut 

dV 2 
. —— =4ar 

dr 

dV 
When r = 2, — = 4n(2”) 

dr 

= 167 

5 Solve: av = av x ae 
dt dr dt 

dr 
10 = 162 x — 

dt 

d Giving 7 =a 
t 16x Students often make the mistake of placing win 

5 the numerator rather than the denominator. 
= rm cm/s S 

TT 

Vite) da Nee Related rates 1 

A cube of length / metres, originally full of liquid, is leaking out of a small hole at one corner at a rate 

of 5 m/s. At what rate is the length, width and height of liquid decreasing when I = 2? p.114 

Steps Working 

1 Write the given information. . =5 
t 

. dl 
2 Write what rate to find and when. a ?atl=2 

t 

3 State the chain rule using required variables. mV, x a 
dt dl dt 

4 Differentiate and substitute. volume of cube = 1? 

AWE 3P 
dl 

att=2,V 23x 2-12 
dl 

5 Solve.using On Va Me, 5=12x 2 
dt dl dt dt 

ais. ep 

The above example has 3 variables: V, / and t. 

The next example includes more than 3 variables. 
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Mfe} 1 4 > NEW Related rates 2 

A right inverted square-based pyramid of base length x cm and vertical sem 

height h cm is being filled with water at a rate of 20 cm’/min. Given that the 

height of water is always 5 cm more than the base width, x, at what rate is 

the height of water increasing when h = 10 cm? 
hom 

Steps Working 

dV 
1 Given information. = =20 

dt 

dh 
2. Rate to find and when. a ?ath=10 

3 Chain rule using required variables. dv _ dv dh 

dt dh dt 

4 Differentiate, using h =x +5 volume of pyramid = 5h 

ee x=h-5. v=2nn-sy 

a 

& _(h-5)(3h-5) 
dh 3 

Ath= 10,2”. = 1b a0-5)(30-5) = ae 
dh 3 

5 Solve, using oe = OY 4 99 = 25, ah 
dt dh dt 3 dt 

dh 12 . 
“. — =— cm/min 

dt 25 

EXERCISE 5.7 The chain rule and related rates of change ANSWERS p. 585 

Recap (80-100% 60-79% —0-59% 

4 

1 Consider the function with the rule f(x) = = 

Find the values of x at which the graph of y = f(x) has a point of inflection. 

2 (7%) The graph of the function with rule f(x) = 2x — + has 
x 

A_ one asymptote and a local maximum at (1, 3). 

one asymptote and a local maximum at (—1, —3). 

two asymptotes and a local maximum at (1, 3). 

two asymptotes and a local minimum at (—1, —3). 

m
o
o
o
 

two asymptotes and a local maximum at (—1, —3). 
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> Mastery 

3 (G2SEA) The radius of a sphere is increasing at a rate of 2 cm/min. State an @ 

expression for the rate of increase, in cm?/min, of the volume of the sphere, in terms of the radius. 

4 | TECH-FREE | A right cone, full of melted ice cream, 

of radius r mm and vertical height mm, with a hole in the bottom, is 

draining ice cream at a rate of 10 mm’/s. Given that the height of ice 

cream in the cone is always double the radius, at what rate is the radius of 

the ice cream decreasing when r = 5mm? 

Exam practice (80-100% 60-79% 00-59% 

5 (SES) (2 marks) A right cone, whose height is always 2 cm more than the radius, is filled with 

water. Its height is changing at a rate of 2 cm/s. At what rate is the volume of water changing when its 

height is 4 cm? 

6 [ENON 2002 20017 ) 69% The radius of a sphere is increasing at a rate of 3 cm/min. When the radius is 

8 cm, the rate of increase, in cm?/min, of the volume of the sphere is 

1 2 
A Soe B 2567 c 68258 D 768 7 E 2048 7 

7 (58%) Sand falls from a chute to form a pile in the 

shape of a right circular cone with semi-vertex angle 60°. Sand is added 

to the pile at a rate of 1.5 m® per minute. 

The rate at which the height h metres of the pile is increasing, in metres 

per minute, when the height of the pile is 0.5 m, correct to two decimal places, is 

A 0.21 B 0.31 Cc 0.64 D 3.82 E 3.53 

8 [EEN 2002 1016 ) (35%) Water is draining from a cone-shaped funnel at 

the constant rate of 600 cm*/min. The cone has height 50 cm and 

base radius 10 cm. Let h cm be the depth of water in the funnel at time f min. 

The rate of decrease of h, in cm/min, is given by 

A 12 B 1007 c — 

3 rh 50cm. 

D 24h” e 8 
ca 
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> 9 (27%) An ascending space shuttle rises vertically from a launching pad. As it rises 

the shuttle is tracked from a station at ground level 500 metres away. 

4 
Launching pad £1 — Station 

500m 

When the angle of elevation of the shuttle is — radians from the horizontal direction, and is increasing 
6 

at a rate of 0.5 radians per second, the speed of the shuttle is closest to 

A 333ms! B 144ms! Cc 289ms! D 577ms! E 500ms’ 

10 (5 marks) The volume, V litres, of oil in an irregularly shaped tank, when 

the oil depth is h metres, is given by V = 8000 h tan”!(h). 

aii TT Find the exact volume of oil in the tank, in litres, when the oil depth is one metre. 1 mark 

ii (48% Find the oil depth, correct to the nearest centimetre, when its volume is 10 000 litres. 1 mark 

The tank is initially empty. Oil is then poured into the tank at a constant rate of 2000 litres 

per minute. 

b (59% Find, in terms of h, an expression for the rate at which the oil depth is increasing, 

in metres per minute, when the depth is h metres. 3 marks 

xt-1 
11 [ERTNY) 2009 2Ba4abe ) (7 marks) Consider the function fwith rule y = z— over the 

x 
range -10< y< 10. 

a 65% The domain of f may be expressed in the form x € [—a, —b] U [b, a], where a, b > 0. 

Find the values of a and b correct to one decimal place. 2 marks 

b (70% Copy the set of axes below and on them sketch the graph of f for y € [-10, 10], 

clearly showing the location of the x-intercepts. 2 marks 

A glass with a hollow stem, and with its base at y = —10, is made by rotating the part of the 

graph of f where x > 0 and y€ [—10, 10] about the y-axis to form a volume of revolution. 

Liquid is poured into the glass at a rate of 1.5 cm’/s. 
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2 
x 

4 | 
_ ch +4 

> c (31% The function y = x 1 can be rearranged to give = ~~. 

dV 
Given that —— = 7x’, where V cm’ is the volume of liquid in the glass where the radius 

dy 
of the surface of the liquid is x cm, find the rate at which the surface is rising when it is 

6 cm from the top of the glass. Give your answer in cm per second, correct to 

two decimal places. 3 marks 

12 (5 marks) The top part of a wine glass, while lying on its side, is constructed 

by rotating the graph of y = ro from x = 0 to x = 5 about the x-axis as shown. All lengths 
1+x° 

are measured in centimetres. 

va 

44 

ay
 

NY s a oo
 

At time f= 0 seconds, wine begins to be poured into the upright glass so that its depth 

(x cm in the graph) is increasing at a rate of 2 cm/s. 

; dy 6-3x° . d 
a (7%) Given that DS ?* tind an expression for ® the rate of change of the 

Ix 4 3 dt 
(1 +x y 

radius of the surface of the wine with respect to time, in terms of x. 1 mark 

b (28%) Hence find an expression for the rate of change of the area, A cm’, of the surface 

of the wine in the upright glass with respect to f, in terms of x. Give your answer in the 

form — = ———> where a, b and c are constants. 3 marks 

dt (1 +x 

c (28% Find the exact value of the depth of the wine for which the area of its surface, A cm’, 

is a maximum. 1 mark 

13 (6 marks) A curve is defined parametrically by x = sec (t), y = cosec (t) 

TT 
where t € [+.3} 

2 

a Show that the curve can be represented in Cartesian form by the relation y = Tea 2 marks 
x1 

b State the domain and range of the relation given by y = *_ for this curve. 2 marks 

c Use the derivative of the relation to show that the gradient of the curve is negative at all 

points on the curve. 2 marks 
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Implicit differentiation 

We have, up till now, differentiated functions that are written as y =... or f(x) = ... explicitly. 

Implicit differentiation is used to differentiate functions of the form where y is not the subject, and can 

appear more than once, such as in the equation y” + 2x = xy. 

Implicit differentiation uses the chain rule to differentiate each term of the equation with respect to x. 

The LHS of the above equation is y’ + 2x, so we differentiate term-by-term. 

For the y* term, using the chain rule, we differentiate with respect to y and multiply it by = 
Ix 

rae dx dy dx 

dy =2y% 
” dx 

This process is like considering y as the ‘inner’ term in the chain rule, and as we 

dont actually know what y equals, the derivative of this ‘inner’ term is “ 
Ix 

4 42x) =2y 4 2 
dx dx 

We then differentiate the RHS of the equation xy using the product rule: 

d dy dy 
=x. +y-l= 

(ay) = x dx ye “ax 
ny, 

This differentiated equation now becomes 

dx dx 

dy ~(Qy-x)=y-2 a OY x)=y 

dy _ yn? 
dx 2y-x 

© Edit Action Interactive 

impDitly2+2- xox yxy) 2)” impDift (y2+2-x=x-y, x,y) a 
wan (v-2) | 

ve Kby 

x-2-y 

See next page on how to use CAS for implicit differentiation. 
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| USING CAS 5 | Implicit differentiation 

U 
oint | —,4 |. 

P (; 

Use implicit differentiation to find the derivative of * 4 x? = 2x and determine the gradient at the 
Ms 

2: xe y-2 y+1)- impo Eex?e2-x9 Geryayrty 
x 

x2 7 16 
impDif| —+x*=2: xxv ari and y=4 

2 Enter the equation followed by ,xy. 

3 To find the gradient, press = to access the 

mini-palette and select |. 

4 Enter x = Tandy =4. 

Note, the and command can be accessed from 

the catalog or manually typed in. 

5 Press enter. 

1 Press menu > Calculus > Implicit Differentiation. 

@ Edit Action Interactive 

yey (2+x-2)41) 7 
* Ix=q ly=4 

16 

1 Enter the expression. 

2 Highlight and tap Interactive > Calculation > 

ImpDiff > OK. 

3 Highlight the right-hand side of the solution 

and drag to the next line. 

4 Open the Keyboard > Math3 and tap on |. 

5 Enter x = 7 
4 

6 Tap on| again and enter y = 4. 

7 Press EXE. 

he) ses) > GN |B 40°) Implicit differentiation 

a Find » for the equation 3xy + y” = 2. 
dx d 

b Hence find aty = 1. 
dx 

Steps Working 

a 1 Differentiate both sides of the equation with d d5.2 d 
: — (3xy) + —(y*) = —(2) 

respect to x, using the product rule for 3xy. dx dx dx 

dy } dy 
3x. +y-3}+2y— =0 

[ dx - 4 dx 

2 Collect dy terms and take out asacommon factor. 3x y +2y dy =-3y 
dx dx dx 

(a) Y (3x 4 2y) =—3y 
dx 

A common mistake is to forget that the 

derivative of a constant on the RHS is zero. 

3 Make ay. the subject. a 
dx dx 3x+2y 
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b 1 Find x for y=1. 3x-1l+V= 

1 = 
2 Find” at the point (3) % GX = 

te 3 3x5 42x1 

© Edit Action Interactive 

Ea] A> [fea] sine]! ] «| 
-3 

impbit(3- xy? ~2x9) — impDiff (3-x-y+y2=2, x, y) ‘ 
3°x+2-y a: 

VE Bxtoy 
1 =] 36 

impDit(3+ xe yty? cos pet and x=— gs ly=1 ix=t 
3 

VCE QUESTION ANALYSIS 

Consider the function f: D > R, where f(x) = 2arcsin (coe 1b), 

LAV 2018 2BQ1 ) 2018 Examination 2 Section B Question 1 (11 marks) 

a Determine the maximal domain D and the range of f. 2 marks 

b Copy the axes below and on them sketch the graph of y = f(x), labelling any endpoints 

and the y-intercept with their coordinates. 3 marks 

vA 
4] 

34 

24 

14 

DEES UER ER 
24 

34 

44 

’ 

c Find f’(x), for x > 0, expressing your answer in the form 

h A 
f(x) = ———, Ae R. 1 mark 

V2- x? 

d Write down f’(x), for x < 0, expressing your answer in the form 

B 
to) = ———,, Be R. 1 mark 

V2-x? 

e The derivative f’(x) can be expressed in the form 

, g(x) ; ; ; 
f(x) = == over its maximal domain. 

V2-x? 

i Find the maximal domain of f’. 1 mark 

ii Find g(x), expressing your answer as a piecewise (hybrid) function. 1 mark 

iii Copy the axes from part b again and on them sketch the graph of g. 2 marks 
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Reading the question 

« Note that questions ask for labelling any endpoints and the y-intercept with their coordinates. 

Marks are often lost when students forget to write their points as coordinates. 

e The questions are about endpoints, domains and range and the derivative. 

« You need to understand how to write an answer in the given required form. 

« You need to know what a piecewise (hybrid) function is and how to handle this type of function 

using both by hand and CAS techniques. 

Thinking about the question 

« Remember that the maximal domain is the domain that naturally occurs in the given function. 

Think about where the curve starts and stops. 

« Dont forget the range! 

« The question is quite unusual as it includes two graphs with grids provided, meaning the 

examiner wants precise and correct shapes, with curves going through the correct grid square. 

(ai) 
The examiners advise students to set viewing windows on CAS to a 

scale that closely matches the scale provided in the examination. 

* Clearly x > 0 and x <0 is important in this question. 

° f(x)= so is not automatically given by your technology, make sure that you know how to 
2-x 

get it, either by continuing with CAS or using by-hand algebra. 

Worked solution (/ = 1 mark) 

a The inverse sine graph f(x) =2 arcsin (x*— 1) has a natural maximal domain and range. 

Start thinking what the x’ will do with the graph. 

Define the function using CAS and graph it to see what the shape looks like. 

4hy 

(12, 2) (V2, 2) 

Ry
e 

fl) =2 sin”? -1) 

The graph of y = 2arcsin (x) has the domain [—1, 1] and range [—1, 7]. 

J (a) 

f(x) =2sin"(x) 

4 

Ry
e 

(+L, -2) 
“ty 

For maximal domain solve —1 < x*-1 < 1, giving -J2 < x < J2.v 
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Edit Action Interactive 

Ei] A> [ka] sioe |] «To 
miva a 1sx?-1s 1x) “V2 <xsf2 solve(-1<x?~1<1, x) ‘ai 

(-Vexsv2) | | 

Range does not change. 

Maximal domain D = [-v2.v2 | and range = [—1, 7]. V 

b Graph of y = f(x) 

va 
4] 

2,9 34 402.2) 
24 

14 

“Saat pa sat 

(0, —1) 

1 VVv 

Ax 

¢ OT 
—x°(x° — 2) 

4x|—| id 

Simplifying gives f’(x) = XI = 1" __ For x > 0, cancel x and |x|, 
V2-x 2-2? 

2 

@ Edit Action Interactive 

2 ai ] sina 7 Le ’ 

simplify (2esin-*(x2-1)) 

1 
The sign(x) means the solution is negative For x > 0, |x| =xso x - LY =. 

when x < 0 and positive when x > 0. 

4 4 
Therefore, f'(x) i: when x > 0. Therefore, f'(x) ~ 2 when > 0. 2— x2 2-x 

x 4x 

/ -| 
d From above, f(x) = 7 

V2-x* 

. -4 
For x < 0, |x] =—x so we can cancel x and |x| leaving —1, so that f(x) = = v4 

2-x 
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e i f’ does not exist at endpoints or cusps. 

Maximal domain of f’ is (-v2, v2) \ {0} 

or can be expressed as (-v2,0) U (0,V2). v 

ii Piecewise (hybrid) function 

4,0<x< 2 
g(x) = 

-4,-J2<x<0Vv 

g(x) 

2x, 
iii. The graph of g(x) in the function f’(x) = 

NW 

Student performance 

a (7%) Generally well done, with common errors including giving the domain but not the range, giving 

decimal approximations rather than 7, and using round brackets instead of square brackets. 

b (76%) Students were often careless in drawing graphs, such as not labelling endpoints or the 

y-intercept. Exam assessors give some leeway if the curve is slightly outside the required grid. Make 

sure you practise drawing accurate graphs before your exam. The curve must be drawn in one smooth 

movement rather than ‘feathered’ in little bits. 

c (80% 
d (81% 
e i (21% Students achievement reduced dramatically when a deeper analysis was required about the 

derivative function. Examiners identified that students did not realise that the cusp or the endpoints 

were not included in the domain of the derivative function. For a Specialist Maths student, this is a 

significant lack of knowledge. 

ii (49%) 

iii (48% | More exam practice is needed when dealing with sketching functions. A common mistake 

was sketching f’(x) rather than g(x). 

EXERCISE 5.8 Implicit differentiation ANSWERS p. 585 

Recap 

12 3 
1 (STE) @ marks) Find sin (¢) given that t = arccos{ | + arcan( 3} 

d 
2 (37%) Given that x = sin (t) — cos(#) and y = 5sin(2e), then a in terms of tis 

A cos(t) — sin (t) B_ cos(t) + sin(t) C sec(t) + cosec(t) 

cos (2t) 
D sec(t) — cosec(t) cos(t) — sin() 

Mastery 

3 FE worken examee 1s | (ene) Find 2 for the equation 3x sin(y) = 1. 

C1 TECH-FREE Mater “ at y = 1 for the equation 3x7 +4x= 1. 
Ix 

5 Use implicit differentiation to find the derivative of xy + x” = 2 to determine the 

gradient at the point (1, 1). > 
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> 6 For the equation 3y” + ~ a1, Lis equals 
y dx 

A ~+1 B—2—+1 coc 5+1 0 5 E 6y-=41 
y 6y —x x—6y x—6y y 

: x dy 
7 For the equation 3y + — = x, + equals 

2y dx 

ay! =y ay'+y y y ay’ =y 
Aa Ba c 2 D 3 Ea 

6y° —x 6y° —x x—6y x-6y 6y° -x 

Exam practice 

8 (6 marks) Consider the family of curves defined by the relation 

3x9 -y + kx + 5y — 2xy = 4, where ke R. 

a (76% Verify that every curve in the family passes through the point (0, 4), and find the 

other point of intersection with the y-axis. 2 marks 
. . dy. 

b (78% Find an expression for a in terms of x, y and k. 2 marks 
Ix 

c (45%) Hence evaluate the gradient of the curve at the point (1, 1). 2 marks 

9 REMY 2008102) (68%) SEGA) (4 marks) Given the relation 
3x + 2xy + y = 11, find the gradient of the normal to the graph The word ‘normal is no longer 

part of the course. It means the 
line that is perpendicular to the 

10 (4marks) Consider the relation | ‘gent drawn at the same point 

of the relation at the point in the first quadrant where x = 1. 

th h. 
2xy 9" +9=0. oe eee 

d 
a (70% Findan expression for 7 in terms of x and y. 2 marks 

Ix 

b (60% Hence find the exact value of Z when y= 1. 2 marks 
dx 

11 62% (3 marks) Find the gradient of the tangent to the curve 

xy’ +y + (log,(x — 2))? = 14 at the point (3, 2). 

2 ENE (6 mars) 2 
-2 

a (63% Copy the axes below and on them sketch the graph with equation x” — y2y =1 

State all intercepts with the coordinate axes and give the equations of any asymptotes. 3 marks 

yh 
6 

54 

44 

+--+] 12 3% 

2 
b (50% Find the gradient of the curve with equation x 

x=2andy<0. 

= Lat the point where 

3 marks 
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> 13 46% (4 marks) Find the gradient of the curve with equation 
2 

T Tu a 
2x? sin(y)+ xy = — at the point [. = } Give your answer in the form (3) 

PONS Tg EPO L6G 7 mb +c 
where a, b and c are integers. 

14 60% The slope of the curve 2x -y = 7 at the point where y = —3 is 

A -4 B 2 c 2 D4 E 2 

> 
C4 
< 
= 
= 
=) 
oO 

V4 
wi 
E 
a 
< 
= 
(4) 

The product rule The chain rule 

d , , d dv du The chain rule is used to differentiate a composite 
—(uv) =uv’'+vu or =—(uwv) = u— + v— 
dx dx dx dx function y = f[g(x)]. 

The quotient rule If y = f(u) and u = g(x), then y = dy x du 
dx du dx 

du dv 

“(*] vu’ — uv’ (#] “x dx =l= or =|= 
dx\v v dx\v v 

Derivatives of circular functions 

y = sin (x) a = cos(x) y = tan (x) 2 = sec”(x) 

y = sin (ax) »y =acos(ax) | y= tan (ax) 2 = asec”(ax) 

d 
y = cos (x) ~ =-sin(x) | y=cot(x) 2 = —cosec”(x) 

d 
y = cos (ax) on = ~—asin(ax) | y = cot (ax) 2 = —acosec”(ax) 

_ dy 1 Derivatives of exponential and 

y= sin” (x) a = xe (-1,1) logarithmic functions 
1l-x 

-1 dy zl x |Y_ ox dy 1 y=costy) |X = vxe(-L) yo® [Pac |yatogiy | Y= 
dx l-x? dx dx =x 

— tan! dy_ = ott |W = geet | ay dial y=tan™ (x) ae aE yre ie ae“ | y = log, (ax) dike Gx 

y= sin) y_ ! ,x € (-a, a) 

a dx a—x 

y= cos! (=) y = = » x € (-a, a) 

a dx a-x 

a(x dy a =tan'{=| 2 .xeR 
n [ = dx a +x? “se 
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The second derivative 

For y = f(x), the first derivative is f’(x) or a and 

the second derivative is f”(x) or uy 
dx 

Points of inflection 

« A point of inflection on the graph of y = f(x) is 

a point where the concavity of the graph changes 

and f”(x) =0. 

+ f(x) has different signs on either side of the point 

of inflection. 

« A stationary point of inflection is located where 

f(x) =0 and f’(x) = 0. 

« Anon-stationary point of inflection is located 

where f(x) = 0 and f’(x) # 0. 

Concavity 

« Where f”(x) > 0, the gradient of the graph of f(x) 

is increasing, and the graph is concave up. 

} oy 
« Where f”(x) < 0, the gradient of the graph of f(x) 

is decreasing, and the graph is concave down. 

co 

Nelson ViCmaths Specialist Mathematics 12 

The second derivative test 

+ If f(x) > 0 ata stationary point, then it is a local 

minimum point. 

+ If f(x) < 0 ata stationary point, then it is a local 

maximum point. 

The chain rule and related rates of 

change 

Related rates problems have at least three variables 

to ‘relate’ 

1 Write down the rate you are given. 

2 Write down the rate you have to find. 

3 Write down a formula relating two of the 

variables. 

4 State the chain rule using three variables. 

5 Solve for the required rate. 

Implicit differentiation 

Implicit differentiation is used to differentiate 

functions of the form where y is not the subject but 
«2 

appears more than once, such as in y° + 2x = xy. 
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Cumulative examination 1 

Total number of marks: 11 Reading time: 5 minutes Wr 

| TECH-FREE | Technology is NOT permitted. 

a y 
2 

1 2019N 107 } (5 marks) Given that 3x” + 2xy + y” = 6, find 
dx 

2 20121010 } (6 marks) 

a Consider the functions with rules 

f(x) = [sein(®) + | and g(x) = arcsin (3x) - —————.. 
V25x? -1 

x 
i Find the maximal domain of f,(x) = arcsin (=) 

3 

25 

iii Find the largest set of values of x € R for which f(x) is defined. 

ii Find the maximal domain of f,(x) = 

b Given that h(x) = f (x) + g(x) and that @=h = (} evaluate sin (8). 

avb Give your answer in the form “Y~, a, b, c € Z. 
c 

9780170448543 

at the point (1, 1). 

iting time: 17 minutes 

= 

z 
° 
E 
q 

= 
= 
¢ 
x 
Ww 

w 
> 
= 
¢ 
_ 
> 
= 
=) 
(3) 

1 mark 

1 mark 

1 mark 

3 marks 
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Cumulative examination 2 

Total number of marks: 21 Reading time: 4 minutes Writing time: 32 minutes 

Approved technology is permitted. 

| Section A 5 multiple-choice questions 5 marks 

1 EEXNY 2018 2006 ) The complex numbers z, iz and z + iz, where z € C\{0}, are plotted in the Argand 

plane, forming the vertices of a triangle. The area of this triangle is given by 

2 2 
3 

A |d| B lz +|<° ce 4a D |:|* Dyck 
2 2 

1 
2 2018 2aa2 | Consider the function f with the rule f(x) = SS where c, dé R, 

and c > 0. The domain of f is ysin’ (cx +d) 

Lasse i eile ala d Spe Ald 

c c G @ 6 

d 
Dxe a\{-<} E xe R 

c 

1 dyes dy , , 
3 EEN 2017 2008 | Given that rs = e*arctan(y), the value of es at the point (0, 1) is 

x Ix 

a 8 2 4 8 

4 2017 2aq10 ) A function f, its derivative f’ and its second derivative f” are defined for x € R with 

the following properties 

f(a) =1,f(-a) =-1, f(b) =-1, f(-b) =1 

(x +a) (x — b) 
and f"(x) = , where g(x) < 0. 

g(x) 

The coordinates of any points of inflection of | f(x)| are 

A (-a, 1) and (b, 1) B (b,-1) C (-a,—1) and (b, -1) 

D (-a, 1) E (671) 

5 [XY 2018 2007 | The gradient of the line that is perpendicular to the graph of the relation 

3y’— 5xy — x* = Lat the point (1, 2) is 

iL 12 Wf Ii 
A =— B — (23h D -— E -— 

12 a, 12 1) 
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| Section B 2 questions 16 marks 

1 FEXEEY 2021 2801 ) (8 marks) A curve is defined parametrically by x = sec (#), y = cosec (£) 

wheret € [2 }. 
2) 

: ‘ : x 
a Show that the curve can be represented in Cartesian form by the relation y = esry 2 marks 

x2 
F oe x ; 

b State the domain and range of the relation given by y = ——— for this curve. 2 marks 
Vx? -1 

c Use the derivative of the relation to show that the gradient of the curve is negative at all 

points on the curve. 2 marks 

N 

z 

eS 
FE 
q 

= 
= 
q 
*s 
Ww 

w 

2 
FE 
< 
all 
> 
= 
=) 
(2) 

d Copy the grid below and on it sketch the graph of the relation, labelling any asymptotes 

with their equations. 2 marks 

0 
SS where D is the maximal domain of f. 2 2017 2Ba1 } (8 marks) Let f: D> R, f(x) = ; 

ares 

a_i Find the equations of any asymptotes of the graph of f. 1 mark 

ii Find f’ (x) and state the coordinates of any stationary points of the graph of f 

correct to two decimal places. 2 marks 

Find the coordinates of any points of inflection of the graph of f; correct to two 

decimal places. 2 marks 

* — from x = -3 b Copy the axes provided below and on them sketch the graph of f(x) = 5 
Le 

to x = 3, marking all stationary points, points of inflection and intercepts with axes, labelling 

them with their coordinates. Show any asymptotes and label them with their equations. 3 marks 
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6.1 Curves in 2D and 3D 

6.2 Vector equation of a line 

6.3 Normals to a plane 

Using CAS 1: Normal to a plane with three points 
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Study Design coverage 

AREA OF STUDY 5: SPACE AND MEASUREMENT 

Vector and cartesian equations 

e vector equations and parametric equations of curves in two or three dimensions involving a parameter 

(and the corresponding cartesian equation in the two-dimensional case) 

e vector equation of a straight line, given the position of two points, or equivalent information, in both two 

and three dimensions 

e vector cross product, normal to a plane and vector, parametric and cartesian equations of a plane. 

VCE Mathematics Study Design 2023-2027 p. 112, © VCAA 2022 

Curves in 2D and 3D Equations of lines in space 

Vector equation of a line Equations of planes 

Normals to a plane 

Equations of planes 3D sketcher 

Vector equations 

' To access resources above, visit 
& Nelson MindTap cengage.com.au/nelsonmindtap + cy 

Curves in 2D and 3D 

The standard parametric form of a parabola with turning point (h, k) is x= 2at+h, y= at’ +k. 

This is the same as the Cartesian form 4a(y —k) = (x — hy. 

We can write the same curve in vector form as r (t) = (2at+h) i+ (at? +k) j, where i and j are the unit 

vectors in the x and y directions. 

In general, the vector equation of a curve in two dimensions will be given by r (t) =f (t)i+g ()j, where 

fand gare functions of the parameter t. We can find the Cartesian form by eliminating ¢ from the equation. 

Vile) si ese) > 7-8 = 4) Changing from vector to Cartesian form 

Convert each vector equation to Cartesian form and describe the curve. 

a r(t)=(3t+2)i+(2t-5)j b r(t)=(5 cos (f)— 1)i+(4 cos (t) — 3)j forO<t<2n 

Steps Working 

a 1 Write in parametric form. x=3t+2,y=2t—5 

=2, 
2 Write tin terms of x. t=~ 5 

. . : x—2 
3 Substitute in y and express in standard form. y=2 — 5 

3y=2x-4-15 

2x—3y—-19=0 

2 
4 Describe the curve. The curve is a straight line with gradient 5 

. 1 
and y intercept oS 
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c 
p.118 

252 

b 1 Write in parametric form. 

2 Isolate cos (ft) and sin(t). 

3 Use cos’(@) + sin? (6) =1. 

4 Substitute expressions and simplify. 

5 Describe the curve. 

x =5cos(t)— 1, y=4cos(t) —3 

ctl yr3 

4 
cos(t) = oy 

cos? (t) + sin?(t) =1 

The curve is an ellipse with centre (—1, —3), horizontal 

axis of length 10 and vertical axis of length 8. 

(a) 
Simplify parametric equations in 2D with trigonometric functions by trying one of the 

trigonometric identities sin? (@) + cos” (0) = 1, tan?(@) + 1 = sec” (@)= 1 or 1 + cot” (0) = cosec” (8). 

The vector equation of a curve in three dimensions has the same form as the vector equation of a curve 

in 2D, but with three functions. It is r (t) = f(t) i + g()j +h (6) k, where f, g and h are functions of the 

parameter ft. 

We may be able to describe a 3D vector curve by considering projections on the y-z, x-z and x-y planes. 

These will have no i, j or k components respectively. 

fe) si ese) > 748 =) Describing a 3D curve from its vector equation 

Describe the shape of the curve given by r (t) =3 cos (t)i + 0.5¢j +3 sin (t)k. 

Steps Working 

1 Isolate the trigonometric part for the projection 

on the x-z plane. 

2 Identify the shape. 

3 Describe the whole vector. 

4 Describe the 3D shape. 

3 cos(t)i+3 sin(t)k 

The projection on the x-z plane is a circle of radius 3. 

As t increases from 0 to 27, the y component 

increases from 0 to 7, while the x and z components 

trace out a circle. 

The shape is a coil of radius 3 with centre along the 

y-axis, with a full turn every interval of z along 

the axis. 

It is relatively easy to sketch the projection of a 3D curve in vector form on any of the y-z, x-z and x-y 

planes. We just neglect the appropriate component. Find the Cartesian form to help identify the projection. 

The projection on the x-y plane is perpendicular to the z-axis, and similarly for the other planes. 

Whe) si ese) > 7\\ |= <1) Sketching the projection of a curve on the plane of two axes 

Sketch the projection of the curve r (f) =(f— 5t+ 2) i +(t+3) j +(2t?—4) k on the y-z plane. 

Steps 

1 Write the projection on the y-z plane. 

2 Write in parametric form. 

3 Eliminate t. 

Working 

(t+3)j+Q2P-4)k 

y=t+3,z=2P—4 

t=y—3 

z=2(y-3)P-4 
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4 Describe the shape. The shape is a parabola with axis parallel to the z-axis, 

a minimum at (y, z) = (3, 4) and z-intercept 14. 

5 Find the y-intercepts. 2(y-3)'-4=0 

(y- 3) =2 
y-3=tV2 

y=3— 2,342 

6 Sketch the projection. 

EXERCISE 6.1 Curves in 2D and 3D ANSWERS p. 586 

1 Convert each vector equation to Cartesian form and describe its curve. 

a r(t)=(5t—3)i +(2t-4) j b r(t)=(3 sec (f)+1)i +(2 tan (t)+2)j for0<t<2z 

c r(t)=ti + (t+ 1) j d r(t)=(5 sin (t)—3)i + (5cos(t)+4)j for0<t<27 

2 [FQ worked ExaMPLE2 ) Describe the shape of the curve given by r (£) = 3 cos (t)i + 0.5tj + tk. 

3 Describe the shape of the curve given by r (t) = 4ti — tj + 2tk. 

4 [FQ worked ExamPLE 8 ) Sketch the projection of the curve r (f)=tit (P —5t+ 4) j+(6t?—4t+2)k on 

the x-y plane. ~ 

5 Sketch the projection of the curve r (t) = (3sin (¢) + 2) i + (t? + 3) j +(2cos (t)— 1)k perpendicular to 

the y-axis. 

6 Express the projection of r(t) = (2sec(t) - 1) i+ (ve —2j+V7- t) k perpendicular to the x-axis in 

Cartesian form and identify the shape. 

7 Describe the shape of the curve given by r (t)=3i +0.5tj +t°k 

Exam practice 

8 (SEES) (2 marks) Convert the Cartesian equation y = 4 (x — 3) + 2 to 2D vector form using the 

parameter t=x+1. 

9 Which of the following points is on the curve given by r (t) = (t? — 6) i + (5—f)j +(6 +3) k? 

A (2,-1, 11) B (-5,-8, 2) c (-2,1,11) D (-2, 11,-5) E (3,-4,-24) 

10 A curve is given by the vector equation r (t) = Vt+4i +2tj +5t°k. 

Which of the following is the projection of the curve on one of the x-y, x-z or y-z planes? 

A z=1.25y B y=x'-4 C z=5(x+2)(x—2) 

D z= 2.5y" E 2=5(x74+4)* 
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a Vector equation of a line 
Video playlist 

Vector 

equation of — Remember that the position vector of a point A, OA, is the vector from the origin O to the point A. It is 
aline 

usually written as the lower case vector a. 

worksheet ~~ Remember that the vector from A to B, AB, is given by AB =b —a. Equations 
of lines in 
iene A straight line through the points A (3, 2, —4) and B (—2, 3, 1) is in the direction of AB = b—a =(-5, 1,5). 

For any point P (x, y, z) on the line, the vector AP = p — a will be a multiple of AB. 

Thus p — a =tAB, wherete R,so p =a +tAB = (3,2,-4) +t (-5, 1,5) =(3—5t,2+t,-4+51), teR. 

In this case, t is a parameter for the position vector r ofa general point on the straight line, t € R. 

We can write this as r (t) =(3—5f)i +(2+ 0) j +(-44+5t)k. 

In parametric form, this is x= 3 —5t, y=2+ Lez =-4+5t. 

x-3 ya2 z—(-4) x-3 _y-2_z+4 Writing t = ,t= and t = gives the Cartesian form =o = 
—5 1 5 —5 1 5 

Equation of a line 

The equation ofa straight line through A (a), a5, a3) and B (by, b,, b3) is: 

* r(t)=at tAB = a +td asa vector equation, where t € R and AB = d =b~—a isthe 

displacement vector in the direction of the line. Note that a = a,i +a, jt+ a3k and similarly for b. 

° x=a,+ td), y=a, + td), z=a; + td; are the parametric equations of a line in 3D. 

x-a Se BAe Sola =e Z-a3., . . 
° 1.2 2 = 3 or 1.2 25 > isa Cartesian equation. 

b\-a, b,-a, b3-a; d, d, d; 

« In the vector forms, if 0 << 1, the points are on the line segment AB, 

if t<0, the points are on the line to the left of A, and 

if t> 1, the points are to the right of B. 

Vector equations of straight lines 

Find the vector equation and parametric form of lines through 

a (3,5) and (—2, 4) b (3, —4, 4) and (—2, 3, 1) 

Steps Working 

a 1 Find the displacement vector. d=b-a =(-2,4)-(3,5)=(-5,-1) 

Write the vector equation. r(t)=a+td =(3,5)+t(-5,-1),teR 

Write the parametric form. r()=(3-S5)i+(6- dj orx=3-5t,y=5-4teR 

b 1 Find the displacement vector. d=b-a =(-2, 3, 1)-(3,-4, 4) =(-5, 7, -3) 

2 Write the vector equation. r(t)h=a+td =(3,-4,4)+t(-5, 7,-3),teR 

3 Write the parametric form. r(t)=(3—5t)i + (4+ 7t)j +(4-32)k or 

x=3-5t,y=-4-3t,z=4-3t,teR 

We can find the Cartesian form from the vector form or directly from information. 
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le) ses) > @\\ | B=) Cartesian equations of straight lines 

Find the Cartesian equation of lines through 

a (1, 3) and (4,5) b (3, 6, 2) and (-1, -4, 0) 

Steps Working 

a 1 Find the displacement vector. d=b-a =(4,5)-(1, 3) =(3, 2) 

2 Write the Cartesian equation. x=l = a8 
= 2 

3 For 2D cases, it is usual to write in the 2(x - 1) = 3(y- 3) 

standard form. 2x 3y+7=0 

b 1 Find the displacement vector. d=b-a =(-1,-4, 0) -(3, 6, 2) = (—4, -10, —2) 

2 Write the Cartesian equation. x3 = y-6 = Z 
—4 —10 =. 

3 Simplify if possible. “5 Bs ae =z-2 

. a : x+1l_yt4 : + 
We can use any point on the line in the Cartesian form, so 3 me (using the second point as a) 

is also an equation of the line in part b above. The equation can also be written as a pair of equations similar 

to the standard form of 2D equations. Hence, x = 2z— 1 and y=5z— 4 also give the same straight line. 

Ve) st ese) > NSB = 75) Vector equation of a segment 

a Find the vector equation of the line segment between P (1, 6, —2) and Q (4, 3, 3). 

4 
b Which of the points (2, 5, —4), (225) » (5.5, 1.5, —5.5) and (2, 5, 0) are on the line segment? 

Steps Working 

a 1 Find the displacement vector. d=b-a =(4,3, 3)—(1, 6, -2) =(3, -3, 5) 

2 Write vector equation. r(t)=(1+38)i + (6—3t) j +(-2+ 5) k,teROStS1 

b 1 Reject the points with a value outside the — —4 is outside the range —2 < z <3 and 5.5 is outside the 

range. range 1 <x <4 so (5.5, 1.5, —5.5) and (2, 5, —4) are not 

on the line. 

2 4 2 
2 Find the value of t for the x values For | 3, ae ,1+3t=3,sot = 

of the remainder. 
1 

For (2,5, 0),1+3t=2,s0 t = = 

2 4 
3 Test the values of t. For t = 3 6 —3t=4 not OK and -2+5t = 7 OK. 

1 1 
For t = goo and —24+5t= a not OK. 

4 Write the conclusion. No points are on the line segment PQ. 

(ai) 
Look for obviously wrong coordinates first in testing points. 

We may have to use information other than given points to find the equation of a straight line. 
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Vile) st 4 Se) > @\\ | B= 6) Equation of a line from given information 

The vectors 3i — j + 4k, -5i +2j +k and 4i + 7j +3k are parallel to edges of a parallelepiped. 

One vertex is at the point P (3, —2, 7). Find the equation of the line through this vertex and the point Q 

on the parallelepiped furthest from it. 

Steps Working 

1 Sketch the parallelepiped. 

(3, -2, 7) 

2 Find the furthest point. q = (3, -2, 7) + (3, -1 4) + (—5; 2, 1) + (4, 7, 3) 

= (5, 6, 14) 

3 Find the displacement vector. q — p =(5, 6, 14) — (3, —2, 7) = (2, 8, 7) 

4 Write the equation of the line PQ. x (t) = (3, -2, 7) + £ (2, 8, 7) or 

r(f)=(3+2t)i+(-2+8)j+7+7)kteR 

It is very easy to make arithmetic mistakes with multiple vector operations, so use CAS for examples like 

those above. 

EXERCISE 6.2 Vector equation of a line ANSWERS p. 586 

Recap 

1 The Cartesian equation of the curve given by r (t) =(5— 2t)i+(3+4t)j,te R,is 

A y=4x+3 B y=-2x+9 C y=-2x-3 D y=-2x+5 E y=2x+12 

2 The projection of r (t) = (2 sin (f)— 3)i + (5418) j +(7 +2 cos (t)) k, t€ R, onto the y-z plane is 

A (y +3) + (2-7) =4 B z=2cos(y-—12) C z=2cos(y—5)-7 

D z=2cos(y+5)+7 E z=2cos(y—5)+7 

Mastery 

3 Find the vector equation of the line through 

a (3,8) and (5, —2) b (—5, 3, 8) and (2, 7, 0) ce (6,—1, -4) and (8, 3, 6) 

d (5,-8, 0) and (-1, -6, 1) e (-8, 8, -8) and (0, 7,-1) f (-3,-6, -8) and (5, 4, —2) 

4 Find the parametric form of the line through 

a (9,-8, 0) and (1, 2,—7) b (—4,—-1, 5) and (3, 8, -5) ce (-8,—4, —4) and (—2, 9, 5) 

d (2,9, —9) and (7, —6, -3) e (—5,-7, 2) and (5, 6,—8) f (7,-1,-7) and (3, -8, —9) 

5 What is the vector equation of the line through (1, 6, —2) in the direction of 3i + 5j — 2k? 

6 Find the Cartesian equation of the line through 

a (6, 1) and (-3, 7) b (—2, 4) and (2, 9) ¢ (-3, 0, -8) and (2, 2, 1) 
d (-3,—2, 8) and (4, 5, 4) e (2,-5, -9) and (7, 5,7) f (4,4, 6) and (—2, —2, -2) 

7 Find the vector equation of the line segment between 

a (5,—1,—4) and (-6, 3, 8) b (6, 8, —2) and (5, 1,-7) ce (-1,-8, 7) and (2, -5,—-9) 

d_ (0,1, -5) and (7, 3, 1) e (3, 6,3) and (-1, ~4, 0) f (5,-6,0)and(9,-8 1) 
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> 8 State whether each point lies on the given line. 

a (13,8,-7),-2i+2j -k +¢(-5i —2j +2k) 

b (10,-3,-8), 6i —5j +t(i +2} —2k) 

© (8,9, 13), 61-3) +5k +t(-i -6j —4k) 

d (3,-9,-4), 3} —6k +1 (3i — 6j +2k) 

(-13, 2, 11), -5i -6j —5k +¢(-2i +2) + 4k) 

(6, —4, -3), 3i+j—k +t(-3i+5j +2k) 

9 State whether each point lies on the line segment joining A (2, —4, 3) and B (6, 4, —9). 

a (4,0, 4) b (8, 8,-16) ce (-3,-14, 17) d (-1,-10,-7) e (5,2,-7) 

10 State whether each point lies on the line segment joining A (—3, 4, —5) and B (7, -11, 15). 

a (3,-6,7) b (-7,9,-13) ce (3,-6,-7) d (8,—14, 17) e (1,-3.3) 

11 A rectangular prism has its longest edge parallel to the y-axis and its shortest 

edge parallel to the z-axis. The edges are of length 20 cm, 30cm and 50cm. The corner nearest the origin 

is at (10, 30, 20). What is the vector equation of the diagonal through this corner to the furthest corner? 

12 A line through (—2, 4, -3) makes angles of 60°, —45° and 30° with the x, y and z directions. What is the 

vector equation of the line? 

Exam practice 

13 TECH FREE (8 marks) A parallelepiped is shown on the right. : H. G 

Let AB =u, AD =v and AE =w. LIT] 
Express the vector equation of BH in terms of u, v, w and a, the position je = 

vector of A. B 

14 [SSG E5) (marks) Find the Cartesian equation of the projection of 

r (t) = (2 —3t) i + (-3 + 2t) j + (1 +48) k perpendicular to the z-axis. 

15 An equation of the line through (2, 3, —5) and (5, —3, 4) is 

A r(t)=2i+3j —5k +t(5i —3j + 4k) 

B r(t)=5i —3j +4k +¢(3i —6j +9k) 

x-2 y-3_ z+5 
Cc =?7 "= 

3 6 9 

D 4-2 a~2+3 14 
3 -6 

E x=5t+2,y=—3t+3,z=4t—-5 

16 The equation of a line is given by r (t)=4i — j+2k+¢(2i+4j —k). 

Which of the following points lies on the line? 

A (10,11, 1) B (0,2,4) © (12, 15,6) D (-4,-17, 6) E (-8,—25, 4) 

17 Which of the following points is on the line segment AB? 

A (6, 18, 3) B (12, 6,9) Cc (18, 34,—-1) 

D (-3,6,6) E (9, 22,3) 
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Normals to a plane 

A plane is a flat surface extends in all directions. A normal is a vector perpendicular to the plane. A plane 

may be fixed by any three points not in a straight line on the plane. Any normals of the same plane are 

parallel, so they are multiples of each other. A plane has two dimensions, so the position vector of any point 

in the plane will be a linear combination of any two independent vectors in the plane. 

Independent vectors 

« No vector in a set of independent vectors can be written as a linear combination of the others. 

« In two dimensions, the largest independent set has only two vectors. Any other vector can be written 

as a combination of two independent vectors. The independent vectors are in different directions. 

¢ For independent vectors a and b ina plane, the position vector of any point P in the plane will have a 

position vector given by p =na+ mb for some n, me R. 

Consider the plane I containing independent position vectors oS, 

a =2i+4j —kand b =3i —5j +2k. Fora and b to be S 

independent, they must be in different directions, as shown in the : 

diagram on the right. Any point P will have a position vector given by 

Pp =na+ mb for some n, me R. 

le) st ese) > @\ | B= "9:1 Points on a plane 

The plane I’, contains position vectors a = 2i+4j —k and b=3i —5j +2k. 

Determine whether each of the following points are on the plane. 

a (13, -7, 4) b (14,6, 2) 

Steps Working 

a 1 Write as a combination. 131 -7j +4 =n (2i+4j —k)+m(3i -3j +2k) 

2 Simplify. =2ni+4nj —nk + 3mi —5mj +2mk 

= (2n+ 3m) i + (4n—-5m) j +(2m—n)k 

3 Separate components and solve. 2n+3m= 13 [1], 4n-5m=-7 [2], 2m—-n=4 [3] 

[1] +2 [3] = 2n+ 3m 42 (2m—n)=1342x4 

=>7m=21 

=>m=3 

Substituting in [3] gives n =2. 

4 Check values. 222i + 4j —k)+3(3i —5j +2k) 

=4i1+8j —2k +9i —15j +6k 

=13i -7) +4k OK 

5 Write the conclusion. (13, -7, 4) ison T). 

b 1 Write as a combination. 14i+6j+2k =n (2i+4j —k)+m(3i —5j +2k) 

2 Simplify. 141+6j +2k =2ni+4nj —nk +3mi —5mj +2mk 

= (2n + 3m) i+ (4n—5m)j + (2m—n)k 
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3 Separate components and solve. 2+3m= 14 [1],4-5m=6 [2], 2m—n=2 [3] 

2x [1] —[2] > 2 (2n+3m) —(4n—5m) =2x 14-6 

= 11lm=22 

=>m=2 

Substituting in [2] gives n =4. 

4 Check values. 4(2i +4j —k) +2 (3i —5j +2k) 

=8i +16j —4k +61 —10j +4k 

=14i +6} Not OK, 

5 Write the conclusion. (14, 6, 2) is not on T). 

The vector product of two vectors is itself a vector perpendicular to both the n 

original vectors. Suppose a plane contains position vectors 3i — 2j + 2k a 

and —4i + 5j —k. The vector product must be perpendicular to both, so is a ms Bi 

normal to the plane. 

Wea 7022) Normal to a plane [ws] 

The plane I’; contains position vectors a = 4i —2j +2k and b=—4i+5j —k. 

Find a normal to I’; and a normal unit vector. pus 

Steps Working 

1 Find the vector product. axb 

=(4i —2j +2k)x(-4i+5j —k) 

=[(-2) x (-1)-2x5]i - [4x (-1)-2x C4] j + 

[4x 5—(-2) x(-4)] k : 
=-8i —4j +12k 

2 Find the unit vector. a-q2 
n 

al 
= (-85 - 4) +12) 
V8" + (-4)? +12? = 

1 = ——___(-8) -4j +124) 
V64+ 16+ 144 ~ 

—7_ (8) -4j +12k)= —— (21 - 5 +3k) aig fig 
1 

3 Write the answer. —8i —4j +12k isanormal and —— (-2i —-j +3k i-4j+12k ie (-2i — j +3k) 

is a unit vector normal to the plane T). 

There are only two unit normals to any plane; they are the negative of each other. In the above example, 

the other unit normal is — (2i+j —3k). 
Vi4 
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Any three points A, B and C not in a straight line are sufficient to specify a plane. We can find a normal to a 

plane by finding the vector product of two displacement vectors, say AB x AC. 

Ve) 5) 4S 0) > 7) | B= si) Normal to a plane using three points 

The points A (5, 2,—1), B (6, —6, 5) and C (1, —4, 3) are on the plane I). Find a normal to the plane. 

Steps Working 

1 Find AB and AC. 

2 Find the vector product. 

3 Factorise if possible. 

4 Write the answer. 

AB =6i —6j +5k —(5i +2j -k)=i -8j+6k 

AC =i —4j+3k —(5i+2j —k)=-4i -6j +4k 

AB x AC 

=(-i-8j + 6k) x (-4i —6j +4k) 

=[(-8) x4-6x (-6)]i -[1 x4-6x (-4)]j - 

[1x (-6) — (8) x (-4)] k 
=4i —28j —38k 

=2(2i —14j —19k) 

n =2i —14j —19k isa normal to the plane I). 

In the above example, we can choose any two displacement vectors. We will always get a multiple of the 

same vector as a normal. Notice that n is chosen to be the simplest possible. Use CAS whenever possible to 

calculate vector products to avoid arithmetic errors. 

| USING CAS 1 | Normal to a plane with three points 

Find a normal to the plane containing the points E (—3, 2, —4), F (2, 3, 1) and G (8, -3, 4). 

[-3 2 4]—e [-3 2 4] 

(2 3 1-7 {2 3 1] 

[3 -3 4]ag [3 -3 4] 
crossP(e-fe-g) [-15 -18 -31] 

1 Press the template key to create a 1x3 

matrix. 

2 Enter the given values and store the matrix 

into e. 

3 Repeat for matrices f and g. 

4 Press menu > Matrix & Vector > Vector > 

Cross Product. 

5 Enter the matrices e-f and e-g, separated 

by a comma. 

6 Press enter. 

Edit Action Interactive 

[ea] A> [a sino] >] «To 
[-8 2 4]e Z| 

[-3 241 
[2 3 1lef 

(231) 

[3 -3 4]>g 

(3 -3 4] 

crossP (e-f, e-g) 

[-15 -18 -31] 

1 Open the Keyboard > Math2 palette to create 

a1 3 matrix, or enter using square brackets 

with commas between the numbers. 

2 Enter the given values and store the matrix 

ase. 

3 Repeat for matrices f and g. 

4 Tap Interactive > Vector > crossP. 

5 Enter the matrices e-f and e-g in the fields 

provided. 

6 Tap OK. 

-15 - 18j - 31k is a normal to the plane. 
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Make sure you show the vector product you have used in your working for questions worth more than 1 mark. 

EXERCISE 6.3 Normals to a plane ANSWERS p. 587 

Recap 

1 The equation of the line through (2, 3, —5) and (5, —3, 4) is 

A z=2x+y-7 B r(t)=2i -3j —5k +t(3i —6j +9k) 

© r(t)=5i —3) +4k +t(3i —6j —9k) D r(t)=5i —3j +4k +t(3i —6j +9k) 
E Ixty-7=0° : : : 

2 The equation of a line is given by r (f)=—-2i+4j +2k +t (3i+5j + 2k). Which of the following points 

is not on the line? ~ ~ 

A (-8,-6,-2) B (4,14,4) c (7,19,8) D (1,9, 4) E (-11,-11,-4) 

Mastery 

3 Determine whether each point lies on the plane containing position vectors 

a =i+3j+5k and b =-4i+2j —3k. 

a (-10, 12,1) b (-3,5, 2) e (-7,-7,1) d (10, 2, 16) e (5, 13,9) 

4 Determine the normal to the plane containing position vectors. 

a 5i+4j-7k,-7j-k b 4i+3j —3k,7i -j -3k 

ce 2i —j —6k,5i+6j —5k d 61 +6j+5k,-5i —2j -7k 

5 Find a unit vector normal to the plane containing each pair of position vectors. 

a 3i -j,7i -2j+3k b 2i +6) +7k,4i -3j -k 

ce 61+3j+2k,3i —j —4k d 41 +3j+2k,2i+5j+2k 

6 Determine the normal to the plane containing the points. 

a (-4,—2, 2), (-2,-5, -3), (2, 3, 5) b (-1, 3,5), (2, 2, 2), (-4, -1, -5) 

ce (1,-2, 4), (2, 1,-3), (0, -4, 3) d (—4,5,-—5), (0, -2, 2), (3, 2,3) 

e (-5,—3, 4), (5, 4, 2), (-1, 0, -2) 

7 Determine the unit normal to the plane containing the points. 

a (-3,5, 3), (6, 3,—-1), (4-1, -5) b (2, -2, —4), (2, -3, 3), (-4, -4, 3) 

ce (-4,-3, -2), (3, 4, -3), (5,5, —4) d (-1, 4,2), (-5,-5, 4), (-1, 5, 1) 

e (-4,-4, -4), (—6, 4, 5), (—6, 3, 3) 

8 Determine the unit normal to the plane containing the points. 

a (0, 3,—-6), (5, 1, 4), (5, 6, 5) b (2, 6,-1), (5, 1, 1), (-2, 2,5) 

ce (0,-6, 5), (-1,—-5, —3), (6, 2, -6) d (2, 2,-1), (2, 3, -3), (5, -5, -1) 

e (-3,-6, 3), (2, 3, 0), (-2, 6,-1) 

Exam practice 

9 | TECH-FREE | (3 marks) Find a normal to the plane containing the points (3, 0, 4), (—4, 5, 3), (-5, 6, 4). 
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10 A normal to the plane containing the points (—5, —2, —3), (-1, —6, 3), (6, —5, 4) is given by 

A 5i —54j -31k B 23i+19j -28k © 5i -19j 16k 

D 5i+11j +4k E 5i+57j +28k 

@) Equations of planes 

Suppose the point A (2, 3, —1) is in the plane’, and n=4i —7j+5kisa n=4i-7j+5k 

normal to the plane. P(x,y%,2) 

Then for any point P (x, y, z) in the plane, PA is perpendicular to n. Tr 

The scalar product of perpendicular vectors is zero, so PA - n=0. A(2,3,-1) 

Hence [(xi t+yjtzk)-(2i +3) —k)]- Gi —7j+5k)=0. 

(xi t+yj tek) (4k —7j +5k)-(2i +3} —k)- (4i —7j +5k)=0 

4x —7y + 5z-(2x4+3x (-7)+(-1) x 5)=0 

4x —7y+5z+18=0 

4x—7y+5z=-18 

Since P (x, y, z) can be any point in the plane, the equation 4x — 7y + 5z =—18 must be satisfied by every 

point in the plane. We say that 4x — 7y + 5z = —18 is the equation of T. 

Equation of a plane 

« The equation ofa plane I through A(x9, yo, Zo) with normal n = ai + bj +ck is given by 

a(x — x9) + b(y — yo) + c(z— 2) = 0, where P (x, y, z) is any point in the plane. 

« The equation can also be written as ax + by + cz = d, where d= axy + byg + czy. 

¢ The vector equation of a plane I’ is given by n-(p— a) = 0 orn- p = k, where n is a normal, 

a is the position vector of a particular point in the plane, P is the position vector of a general point 

in the plane and k = n-a isa real number. 

Equation of a plane from normal and point 

a Find the equation of a plane with normal 2i + 4j+ 3k containing the point (3, —2, 7). 

b Write the vector equation of a plane with normal —3i + 2j- k containing the point (2, 1, 5). 

Steps Working 

a 1 Write the general formula. ax + by +cz=axy + byy + cz 

2 Substitute values and simplify. 2x +4y+3k=2x34+4x (-2)+3x7=19 

3 Write the answer. The equation of the plane is 2x + 4y + 3k =19. 

b 1 Write the general formula. n-p=n-a 

2 Substitute values and simplify. (-3i+ 2j- k)- p =(-3i+ 2j- k)- Qit+j + 5k) 

=642—5 
=-9 

3 Write the answer. The vector equation is p « (-3i+2 1 k)=-9. 

Since scalar multiplication is commutative, it doesn’t matter in which order we write it. 

A plane may be fixed by a point and a normal to the plane; any 3 points not ina straight line; 

2 intersecting lines; or 2 parallel lines. In each case, find a normal and a point in the plane and then proceed 

as in the above example. 
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le) si ¢ Se) > 7\\ | B= 4\) Equation of a plane from three points 

Find the equation of a plane containing the points (1, 2, —7), (3, —5, 6) and (—4, 2, 8). 

Steps Working 

1 Find two displacement vectors inthe plane. —-y, = (3i —5j + 6k) —(i+2j —7k)=2i —7j +13k 

vy =(-4i+2j +8k)-(i+2j —-7k)=-5i +15k 

2 Find the vector product (2i —7j + 13k) x (-5i + 15k) 

to-obtain anormal. =(-7x15-13x0)i — (2x 15—13x(-5)j + 
(2x 0-(-7) x (-5))k 

=-105i —95j —35k 

3 Simplify it. n= (21, 19, Nis a normal to the plane. 

4 Write the formula. ax + by + cz= axy + byg + cZq 

5 Substitute and simplify. 21x + 19y+7z=21x1+19x2+7x(-7) 

=21+38-49 

=10 

6 Write the answer. The equation of the plane containing the points 

(1, 2,-7), (3, -5, 6) and (—4, 2, 8) is 21x+ 19y+7z= 10. 

© 
Verify that the other 2 points satisfy the equation to check your answer: 

21X3+19x(-5)+7x6=63-95+42=10 OK 

and 21 x (-4)+ 19x 2+7 x 8=—84+ 38+56=10 OK 

When given 2 intersecting lines, find the intersection to get a point 

and the vector product of the directions to get a normal. 

——_j 

le) st ese) > 7 | B=) Equation of a plane from intersecting lines 

Find the equation of the plane formed by the lines r,(f)=5i +19j +4k +t(4i +7j +k) and 

1 (t)=3i —23j +8k +£(2i +6j +2k). _ 

Steps Working 

4 State the nature of the lines. The lines have different directions, so to form a plane 

they must be intersecting. 

2 Write in condensed form, with r,(t)=(5+ 4t)i +(19+7Hj +(444+0k 

different parameter symbols. 1)(s) =(3 + 2s) i +(-23 +6s)j + (8 +25) k 

3 Choose the simplest pairs of 44+t=84+2s >t=4+2s ...[1] 

expressions and solve. 54+4t=3 42s 4t=2s—2...[2] 

4(4+ 2s)=2s—2 

16+ 8s=2s—2 
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Write the vectors. 

State the intersection. 

Find the vector product of the directions of 

the lines. 

Write the simplest normal. 

Write the formula. 

Substitute and simplify. 

Write the answer. 

1y(-2)=5i +195 + 19k +(2)(4i +7) +) 
=-3i +5j +2k 

rp(-3) =3i — 23j +8k +(-3)(2i +6) +2k) 
=-3i —41j +2k 

The lines intersect at (—3, —41, 2). 

(4i +73 +k) x (2i +6j +2k) 

=(7X2-1x6)i —(4X2-1x2)j +4x6-7x2)k 

=8i —6j +10k 

4i —3j +5k is anormal to the plane. 

ax + by + cz=axy + byy + cz 

4x —3y+5z=4x (-3) -3 x (41) +5x2=121 

The equation of the plane is 4x — 3y + 5z= 121. 

Skew lines do not intersect and do not form a plane. 

When given two parallel lines, choose an easy point on each line, find the equation of Ag 
the line between them and find a normal using the vector product of one of the lines 

and the new line. 

We) ese) > | B=." Equation of a plane from parallel lines 

Find the equation of a plane formed by the lines r,(t) = (5+ 3t)i +(3—4t)j +(7+2t)k and 

ry (t) = (3 +30) i —(2+4t)j + (442Hk. “ 

Steps Working 

1 State the relationship between the lines. The lines have the same normal vector, 3i — 4j + 2k, 

so they are parallel. 7 

2 Choose an easy point on each line. r,(0)=(5+0)i +(3-0)j +(7+0)k =5i +3j +7k, 

so (5, 3, 7) is on rj. . . 

r)(-1) =(3-3) i —(2-4)j +(4-2)k =2j +2k, 

so (0, 2, 2) ison ry. . . 

3 Find the direction of the line. (5i +3j +7k)-(2j +2k) 

=5i+j+5k 

4 Find the vector product with the direction 

vector of the parallel lines. 

5 Write the formula. 

6 Substitute one of the points and simplify. 

i 
It doesn't matter which point you 

substitute, so choose the easier 

one of (5, 3, 7) and (0, 2, 2). 

Write the answer. 

(5i + j +5k)x (i —4j +2k) 

=(1x2-5x(-4))i -(5x2-5x3)j +(5x(-4) 

-1x3)k 7 

=22i +5j —23k 
ax + by + cz=aXxy + byy + cZ 

22x + Sy — 23z=22 x0+5x2-—23x2=—36 

The plane is 22x + 5y — 23z=—36. 
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To see whether a point is in a plane, just substitute into the equation. 

Ve) st ese > eV | B= EY Check if a point is on a plane 

Determine whether each of the following points is on the plane 2x — 3y + 5z=7. 

a (5,-4,—3) b (-8,-1,5) c (-6,7,8) 

Steps Working 

a 1 Substitute point in the equation and 2x5-—3~x (-4)+5 x (-3) 

calculate the answer. =10+12—15=70K 

2 Write the result. (5, -4, -3) is on the plane. 

b 1 Substitute point in the equation and 2x (-8) -3 x (-1)+5x5 

calculate the answer. = 16434595 

=12 Not OK 

2 Write the result. (—8, -1, 5) is not on the plane. 

c 1 Substitute point in the equation and 2x (-6)-3x7+5x8 

calculate the answer. =-]2—21+40 

=7 OK 

2 Write the result. (—6, 7, 8) is on the plane. 

The angle between intersecting planes, called the dihedral angle, is the same as the angle between the 

normals. Planes must either be parallel or intersect in a straight line. 

Whe) st ese) > | B= s\-) Intersection of planes 

Find the line of intersection of the planes x — 5y + 2z= 4 and 2x + 3y— 3z=3. 

Steps Working 

1 Choose the simplest variable to eliminate. It is easiest to eliminate x. 

2 Eliminate the variable. 2x[1] 2x-10y+4z=8 

-1x([2]-2x- 3y+3z=-3 

-l3y+7z=5 

3 Express one variable in terms of the other. 7z=13y+5 

4 BS 
z=—yt = 

[ att the variable with the smaller cocticen. | 7 7 

4 Express the other variable in terms of the x—5y+2z=4 

same variable. x=5y-2z2+4 

13 5 =5y-2/ ~y+2]+4 
” ( 7” 3] 

918 
7 z 7 

5 Choose the expression for f in terms of the Choose y= 7t. 

same variable. 4 

Choose the multiple of the independent variable 

that eliminates fractions in the coefficients of t. 

6 Write the other variables in terms of t. x= x 7t- ~ =9t- me << 7 x7 2 =13i+ 2 
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7 Write in vector form. r(t)= (-4+ 9) +7tj + (3+ 13] k 

8 Write the answer. The planes x — 5y + 2z= 4 and 2x + 3y — 3z= 3 intersect 

18 5 
in the line r(#) = (-= + 9) +7tj+ (: + 13) k 

In the above example, the direction vector of the line is 9i +7 j + 13k. We could obtain a simpler value of a 

2 31 
by substituting a suitable value of f to get another point on the line. For example, (2) =0i +2j + > k, 

31 31 
so (0.22) is on the line and we can write it as r (f)=9ti + (2+7t)j + (> + 13) k, which only has one 

fraction. 

VCE QUESTION ANALYSIS 

A sample question for a new topic (12 marks) 

a Find the intersection of I: 4x - 2y - 5z =-3 andT,: 2x - y + 3z=-7. 4 marks 

b Another line L is drawn in I, parallel to the intersection of the planes. 

What is its direction vector? 1 mark 

c Anotherline, AB, is drawn directly between L and the intersection. 

What is the relationship between AB and the normal to I’? 1 mark 

d What is the relationship between AB and L? 1 mark 

e Find the equation of a line in T, parallel to the intersection and 9 units away from it. 5 marks 

Reading the question 

* Part a asks for the intersection of two planes, which will be a line. 

« Part b asks for a second line parallel to the first. 

« The second line must be in the first plane and a fixed distance from the first line. 

Thinking about the question 

¢ The planes have different normals so they are not parallel. 

* One variable has to be eliminated so that each variable can be expressed in terms of a single 

variable. This gives the equation of the intersecting line. 

¢ The newline L will have the same direction vector as the intersection line. 

« Lwill be perpendicular to the normal of the plane. 

+ AB will be perpendicular to L and the intersection line. 

Worked solution (/ = 1 mark) 

al): Ax —2y —5z=-3 

-2x Ty: -4x + 2y-6z=14V 

-llz=11 

z=-lV 
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Substitute in I’): 2x —y- 3 =-7 

y=2xt+4 

Letx=t/ 

The intersection is ti + (4+2t)j-k. / 

b The intersection of the planes othe line ti + (4+ 2t) i= k, when written as 4j- k+t(i + 2j ) 

has direction vector i + 2j, so the direction vector of the line is ny = i + 2). v 

c AB is drawn between two parallel lines in the plane, so it is also in the plane, so is perpendicular to 

the normal of the plane ny. / 

d_ AB is drawn directly between the line of intersection and a parallel line, so it is perpendicular to 

both lines, and therefore L. / 

e Let A (0, 4,—1) bea point on the intersection line (where x = 0, y=2x+4,z=-1).V 

Let B = (b,, b,, bs) 

So AB =byi +(b)—4) j+(bs+1) k, AB -n,=0, AB “ny, =0V and | ABl=9 7 

Use CAS to solve the equations. 

Edit Action Interactive 

a] > [a sine] |S] 
(o7 52-4 o3+1)2a — [o7 42-4 03+1] [bl b2=4 b3+1]9a a 

{1 2 0] (bl -4+b2 1+b3] 
[1 2 0}91 

[4 -2 -s] (1 20) 
[4 -2 -Slep 

(4 -2 -5] 

dotP(a,1)=0 
solve(} dotP(a, p)=0 

norm(a)=9 

b1=-6 and b2=7 and b3=-7 or b1=6 and b2=> norm (a)=9 
a {{b1=-6, b2=7, b3=-7}, {bl=(>) 

dotP(a,/)=0 
solve|{dotP(ap)=0 ,{87,b2,b3} 

b1, b2, b3 

b, =-6, b, =7, b;=-7 / 

There is a second solution (6, 1, 5) on the other side of the intersection line. 

The equation of a line parallel to the intersection in the plane I, and 9 units from it is 

r(\=(6+Hi+(74+2j-7k. Vv 

EXERCISE 6.4 Equations of planes ANSWERS p. 587 

Recap 

1 Which vector is a normal to the plane containing position vectors j — 4k and 6i —5j + 2k? 

A -18i +24j -6k B 18i —24j -6k © li —12j +3k 

D 1li -12j -3k E 3i+4j+k 

2 Which vector is a normal to plane that contains the points (—2, 1, —1), (1, 4, 3) and (4, 1, 4)? 

A 20i +9j —24k B 5i +3j -6k © 15i +29j —18k 

D 7i +9j —12k E 23i +9j —24k 
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3 Find the equations of a plane with normal 

a 5i- j + 3k and containing the point (—8, —6, 7) 

b 9 +j- 4k and containing the point (1, —1, —1) 

e 4i +4j- 7k and containing the point (7, 4, 0) 

d 7i+4jt+ 8k and containing the point (—4, 3, -6) 

e 3j —7i and containing the point (8, —8, 0) 

4 Find the vector equations of a plane containing 

a (3,-7, 2) with normal —3i +3j —5k b (-8,-8, 4) with normal —4i —2j +9k 

e (1, 1,-8) with normal -8i +9j +2k d (3,3, 1) with normal -9i +2j —2k 

e (1,6, 8) with normal —9i +9j —k 

5 Find the equation of a plane containing the points 

a (-5,—6,—4), (—5, 0, -6), (4, -6, -1) b (5, 2, 1), (3, -6, 0), (3,5, 1) 

ce (-3,0,-1), (6, 2, 3), (-5, 1, 6) d (6, 4,5), (—1, 3, —-5), (0, 3, —4) 

e (-5,0,-1), (4, —-6, 1), (5, 1, 1) 

6 Find the equation of the plane formed by each pair of lines. 

a —2ti +(7— 40) j + (5 +5) k, (3-211 + (4-40) j +(-6 + 5k 

b —2i +(4-6F) j +(-11+5t)k, -2t1 +(-2-6t)j +(-4+3)k 

© (-18-48)i +(-24—78) j +(-14-24)k, (4-34) i + (2438) j +(8-7HK 

d (-6+7t)i +2j +(2-2t)k, (447i +(7-2k 

e (1-38) i +(-6 +84) j +(-4+ 4t)k, 8 — 34) i + (3 +84) j +3 +40) k 

f (5+t)i tj + (-9— 2t)k, (20+ 46) i + (234 46) j +(-31-6t)k 

g (27-5t)i +(-3 +8) j + (12-21) k, (25-6t)i + (-2+0)j +(13-34)k 

h (-7+8t)i +5j + (5 +k, (-2+8)i + j+2+Dk 

7 For each plane, determine if each point lies on the plane. 

a —4x-2y+3z=6: (-1, 5, 4), (2, 3, -6), (2, 4, 2) 

b 3x—3y+z= 10: (—3, -3, 10), (4,—6, 6), (1, 3, 0) 

ce 3x+6y—z=-6: (2, -2, 0), (6,—5, 2), (-1, -6, 39) 

d 6x—4y+z=3: (6, —4,—49), (5, -5, -7), (3, 0, -5) 

e x-2y+z=11:(-1,-1, 8), (-3, 4, 0), (-1, —-4, 4) 

f x+2y+5z=9: (1,-1, 2), (5, 2, 6), (3, -6, -1.2) 

8 Find the line of intersection of each pair of planes. 

a 8y—5x—6z=39, 4x + 4y —3z= 136 

b 13x—25y + 60z=—74, 17x — 15y — 10z= 89 

ce 3x+9y+z=-24, 15x+ 1l3y+5z=8 

d 20x +22y+7z=—62, 4x —7y — 10z=—58 

e 25x+10y—19z=—125, 19z—-20x —-8y=119 
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9 Isthe line r(t)=(2+6i +(1- t)j +(1+2t)k in the plane given by x— 3y + 2z=7? 

10 Find the equation of a plane parallel to 4x — y+ 5z =6 and containing the point (3, 1, -3). 

Exam practice 

11 (SEES) (2 marks) A plane perpendicular to the line (3 +f) i +(1—t)j +(2+3f)k contains 

the point (3, —2, 5). Find the equation of the plane. ~ 

12 (SES) (marks) Find the dihedral angle between the planes 3x + 4z=—2 and 4x -8y—z=8. 

13 The plane through (—4, 5,—1) with normal 4i +6j + 4k is given by 

A 2x+3y+2z=5 B 13x+6y—22z=0 Cc 4x—5y+z=0 

D 2x+3y+2z=0 E 4x—5y+z=-10 

14 The plane through the points A (—5, 3, —4), B (—6, 4, -5) and C (—4, —2, —3) is given by 

A 2x+y+3z=5 B z-x=1 C 2x+y+3z=-19 

D 2x-—y+3z=—-15 E z-x=4 

15 (10 marks) 

a_ Show that the point A (3, —5, 7) is not on the line 

r(t)=(5-fi +(1-3t)j +(3+40k 1 mark 

b Find the equation of the plane through A perpendicular to the given line. 2 marks 

c Find the intersection B of the plane and the given line. 2 marks 

d_ For any other point C on the given line, show that ZABC = = 2 marks 

e Find the general equation of a plane through a point B (b,, by, b3) and perpendicular to 

a given line, where B is not on the line. 3 marks 
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(e) Chapter summary 

Curves in 2D and 3D 

« The vector equation of a curve in two dimensions 

is given by r(t)=f(Hi+g(Hj, 

where f and gare functions of the parameter tf. 

The Cartesian form is found by eliminating f. 

« The vector equation of a curve in three 

dimensions has the form 

r(t)=f(t)i + g(t)j + h(t)k, where f, gand h are 

functions of the parameter t. 

The projections on the x-y, x-z or y-z planes are 

obtained by omitting the other dimension. 

Straight lines in 2D and 3D 

The position vector of a point A, OP, is the vector 

from the origin O to the point A. It is usually 

written as the corresponding lower case vector a. 

¢ The vector from A to B, AB, is given by 

AB=b-a. 

« The vector equation of a straight line through 

A (a); ay, a3) and B (bj, by, b3) is 

r(t)=a +tAB =a +td, where te Rand 

AB = d =b —a is the displacement vector in 

the direction of the line. t € R is the parameter for 

different points on the line; it is not time. 

«© x=a,+ td), y=ay + td, and z= a; + td; are the 

parametric equations of a line in 3D. 

* The Cartesian equation is 

X74 _ Yr, _ 2743 

b\-a, b,- a, b3- a, 

x—-a —a Z—-a or 1 _ 742 _ 3 

dy d, d; 

e Inthe vector forms, 

if 0 <t< 1, the points are on the line segment AB, 

if t <0, the points are on the line to the left of A, and 

if t> 0, the points are to the right of B. 

« The equation can also be written as a pair of 

equations with two of the variables expressed in 

terms of the third, such as x= a,z+ c, and 

YH AagzZt Cy, 

Normal to a plane 

¢ A plane is a flat surface in 3D that extends in all 

directions. 

« Anormal to the plane is a vector perpendicular 

to the plane. Any normals of the same plane are 

parallel, so they are multiples of each other. 

Nelson ViICmaths Specialist Mathematics 12 

« No vector in a set of independent vectors can be 

written as a linear combination of the others. 

+ In two dimensions, the largest independent set has 

only two vectors. Any other vector can be written 

as a combination of two independent vectors. The 

independent vectors are in different directions. 

For independent vectors a and b ina plane, the 

position vector of any point P in the plane will 

have a position vector given by p =na + mb for 

some n,me R. . 

« The vector product of any two independent 

vectors ina plane is a normal to the plane. 

« A plane may be fixed by a point and a normal to 

the plane; any three points not in a straight line; 

two intersecting lines; or two parallel lines. 

¢ There are only two unit normals to any plane; 

they are the negative of each other. 

¢ Skew lines do not intersect and do not form 

a plane. 

Equations of a plane 

« The equation of a plane T through A (xp; yo; Zp) 

with normal n= a,;i + 4)j + 43k is given by 

a(x — x9) + b(y— yo) + c(z— Zp) = 0, where 

P (x, y, z) is any point in the plane. 

n=aitaj+ask 

P(x, y,2Z) 

2B 

A (1, Xp X3) 

« The equation of a plane can be written as 

ax + by + cz=d, where d= ax + byg + cz. 

« The vector equation of a plane T is given by 

n-(p-—a)=Oorn- p=kwhere n isa 

normal, a is the position vector of a particular 

point in the plane, p is the position vector of 

general points in the plane andk=n-aisa 

real number. 

« The angle between intersecting planes is called the 

dihedral angle. It is the same as the angle between 

the normal. 

Planes must either be parallel or intersect in a 

straight line. 
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< 
= 
= 
< 
*s 
Ww 

w 

= 
FE 
< 
al 

1 2021N 101 } (4 marks) Consider the function f with rule f(x) = = +sin (x). 

a Find all values of x for which the second derivative is equal to zero. 2 marks 

b Explain whether the graph of fhas any points of inflection. 2 marks 

2 2020 283d | (1 mark) Let g(x) =x"e *, where ne Z. 

Write down an expression for g” (x). 

3 (i mark) A straight line passes through the points A (—2, 3, —1) and B (3, 5, —5). 

Determine the vector form of the equation of the line. 

4 (4marks) A plane passes through the points A (2, 0, 1), B (-1, 2, 3) and C (3, 1, 0). 

a Determine a vector normal to the plane. 3 marks 

b Use the result to determine the Cartesian equation of the plane. 1 mark 
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Cumulative examination 2 

Total number of marks: 20 Reading time: 4 minutes Writing time: 30 minutes 

Approved technology is permitted. 

Section A 5 multiple-choice questions 5 marks 

1 The function fis defined by the rule f (x) = ie ‘ae , where a, b € Randc>0. 

The domain of f is cual = 

A (2) (eH) a [-2.2] > ee) x (-2.2) 
a a a a aa a a aa 

2 f(x) 2 xe earesin @) i (x) = 

csin (x 2_arcsin (x c x2etcsin(x) B ) AxeRtesin(x) 
A B 2x emsin (x) Age Cc 

Vi- 1-x’ 12 

arcsin (x) E 2x enesin(x) 4 ed 

-* 
ie 

D 2x eesin wy 

3 Which equation describes the line passing through A (—2, 5, 4) and B (2, —2, 1)? 

A (4-2t)i+(-7+5t)j+(-3+4t)k,teR 

B (2-2t)i+(-2+5f)j+(1+4t)k,teR 

C x=2t+4, y=—2t—7,z=—3t+1,teR 

D x=—4t—2,y=7t+5,z=3t+4,teR 

re ee ean 
2 a 

4 A line is described by the equation r (t) = (4+ 3t)i + (2—3f) j +(-1+20k 

Which of the following points lie on this line? 

A (-5,11,-5) B (13, 11, —-5) c (10,—1, 3) D (16, -7,7) E (2, 8-6) 

5 The vector 27i + 9j+ 9k is normal to the plane containing the points (3, 2, —2), (1, 3, 3) and (2, m, 5). 

The value of m is 

A -14 B -4 c -2 D2 E 4 
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Section B 2 questions 15 marks 

2 2 
1 (8 marks) A function is given by the rule y =f (x), where ai ae = =1;x,yeRandx, y20. 

( : dy 
a Find an expression for ae 1 mark 

x 

b Find an expression for the value of z, where (z, 0) is the x-intercept of the tangent to 

N 

z 

eS 
FE 
q 

= 
= 
< 
*s 
Ww 

Ww 

2 
FE 
< 
al 
> 
= 
=) 
(2) 

F (x) at the point P (a, b). 2 marks 

d: d 
c Find an expression for = in terms of x and =e 3 marks 

d d: 
d_ Given that feat = Satx =e kes atx = 2) 1 mark 

dt dt 

: dz, 
e What does the negative value of a signify? 1 mark 

t 

2 (7 marks) A triangle has vertices A (—3, —1, 2), B (5, —1, —2) and C (7, —5, —1). 

a Find the equation of the plane of the triangle. 3 marks 

b Find the equation of the parallel plane through D (5, 5, 5). 1 mark 

c Find the shortest distance from the plane of the triangle to the point D. 3 marks 
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Study Design coverage 

AREA OF STUDY 4: CALCULUS 

Differential calculus and integral calculus 

e techniques of anti-differentiation and for the evaluation of definite integrals: 

— anti-differentiation of - to obtain log, |x| 
x 

- anti-differentiation of —__ and a 
Va? — x? a+x 

corresponding inverse circular functions 

— use of the substitution u = g(x) to anti-differentiate expressions 

for a > 0 by recognition that they are derivatives of 

- use of the trigonometric identities sin?(ax) = 14 — cos (2ax)) and cos*(ax) = d (1+ cos (2ax)) in 
anti-differentiation techniques 2 2 

- anti-differentiation using partial fractions of rational functions 

— integration by parts 

e numerical and symbolic integration using technology. 

VCE Mathematics Study Design 2023-2027 p. 111, © VCAA 2022 

Anti-differentiation Indefinite integrals - Integrating functions 

Integrals producing inverse Inverse trigonometric functions * Integrals and 
circular functions inverse trigonometric functions 

Integration by substitution Integration by substitution 1» Integration 
Integrating circular funct by substitution 2 * Definite integrals by 

5 A substitution 
Integration by partial fractions 

Further integration techniques 

Integration by parts 

Integration 

Trigonometric identities * Integrals of sin?x and 
cos*x + Integration of cos’x and sinx 

Partial fractions 

Integral calculus 

1, To access resources above, visit 
iy Nelson MindTap cengage.com.au/nelsonmindtap 

= 

% 

@) Anti-differentiation 

Anti-differentiation or integration is the opposite process to differentiation. 

The derivatives of x’, e+ 3, x +12and x° —7 are all 2x. 

It follows that the anti-derivative of 2x is x” + c, where c represents an arbitrary constant. 

In mathematical notation, this anti-derivative is written as Jax dx=x?+c. 

The symbol f is an extended ‘S’ for summation. The function being integrated is called the integrand and 

the ‘dx’ indicates that the integral is ‘with respect to x’, which is the variable in the expression. 
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6 
q 
c 
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The integral of + 
In Mathematical Methods, Chapter 9, Applying the exponential and logarithmic functions, we learn that 

J day =log, (x)+c, but for x > 0 because this is the domain for log, (x). 
x 

Now we can find fra forx <0. 
x 

If x < 0, then log, (—x) is defined because —x is positive. 

Then 4 (og, (-x))= 4x) _ by the chain rule. 
dx -x x 

So Jrde=log, (-x)+c for x <0. 
x 

log, (x)+c forx>0 
So frax= 8, (x) 

x log,(—x)+c forx <0 

1 
But this is the same as writing J=dx=log,|x|+c, x#0. 

x 

WORKED EXAMPLE 1 

Find the anti-derivative of 5x* — Se 
p. 133 

276 

Similarly, J L dx = log, |ax+b|+c, xel, 
ax+b a a 

Basic integrals 

t&) Jfooax 

, n+l 

* mai” ——_ This means 

nil yet 

(ax +b)" (ax +b) c Jxtde = to. 
a(n+1) n+1 

& Lew ye 
a 

= log, |x| + ¢ 
x 

1 dog, Jax + b| +c 
ax+b a 

1 
sin (ax) ——cos (ax) +¢ 

a 

1. 
cos (ax) —sin (ax) +c 

a 

2 1 
sec’ (ax) —tan(ax)+c 

a 

Integration of polynomial functions 

Z 

x 

Steps Working 

form x". 

1 Express all the parts of the polynomial in the 
2 - Sx ->+6=5x°-2x° +6 

x 
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4 2 
2 Anti-differentiate each term. fsx — 2x3 +6 dx = = - ~ + 6x +¢ 

5x4 1 
3 Simplify, expressing the answer with positive =—+ 7+6xte 

indices. 4 x 

Whe) si ese) > 7-\\ | J 8= 3) Integrating exponential functions 

. . 3x, 4 Find an integral of 5e™* + —. 
& 

Steps Working 

3 
Use the formulas: ex dx = 1 ges +cand foe rs 4 — Se + 4log, |x| 

a e 
x 

fra = log, |x| +c 
x 

The ‘+ ¢ is not required if the 

question asks for ‘an integral’ 

rather than ‘the integral. 

VWfe) 5) ¢se) > 7-\\ |= <)) Integrations that produce logarithmic functions 

Find the anti-derivative of 3S : 
2% 7. 

Steps Working 

Use the formula: f i dx = log, |ax +4|+¢ J 3 de = log, |2x-7| +6 
ax +b a 2x-7 2 

fe) 1 dso GN 8-8 Integrating (ax +b)" 

Find | 6(3x +2)! de. 

p. 134 

p. 134 

The definite integral 
The quantity im F(x) dx is called the definite integral of f(x) with respect to x between the values a and b. The 

values of a and b are the limits of integration, where a is the lower limit and b is the upper limit. 

In Chapter 8, Areas and volumes of integration, we will examine the use of definite integrals to find the area 

between a function f (x) and the x-axis in more detail. 

9780170448543 Chapter 7 | Integration 

Steps Working 

+1 5 
Use the formula: Jlax +b)" dx = (ax + byl tc fo(ax +2)! dx = 6Gx +2)" ae 

a(n +1) 3x5 
5 

_ 2(3x + 2) iB 

5 

Whe) si ¢se) > GN | B=") Integrating trigonometric functions [we] 

Find J cos (2x) — sin(4x) dx. _ 

Steps Working 

Use the formulas: J sin(ax) dx =— 1 cis (a) +c Joos (2x) — sin(4x) dx 
a 

is i 
and | cos(ax) de = 1sin(ax)+c = g sin 2x) +7 cos (4x) te 

a 

277 



Evaluating a definite integral 

« Find an anti-derivative F (x) of f (x). 

« Evaluate the integral by substituting the upper limit for x and then the lower limit for x. 

« The definite integral is the difference between these two results i F(x) dx = F(b) - F(a). 
5 

— 

WEST STSE Evatuating a definite integral 

Evaluate 2s dx. 
xe 1 p. 136 

Steps Working 

1 

x+1 

4 
1 Write the anti-derivative in square brackets without J dx = [log, |. +1) | 

0 
the constant ‘c. 

Write the limits on the right-hand bracket. 

2 Find F(4) — F(0). =log,(4+ 1) — log, (0 + 1) 

=log,(5) — log,(1) =0 

| USING CAS 11 Finding indefinite integrals 

Find the indefinite integral J 6(3x + 2)* dx. 

@ Edit Action Interactive 

A] > [a] see] + [* 

fe (-x+2)4)ax 2 (x42) fPo-connvar tax S Q 5 a5 ASEM 49240 44492-x94288-x2+ 96-4 
simplify (ans) 

2+(B-x42)5 
5 

1 Press menu > Calculus > Integral. 1 In Main, enter and highlight the expression. 

2 In the template, enter the expression and the 2 Tap Interactive > Calculation > J. 

variable x. 3 Tap Simp to factorise the solution. 

Note that the Integral template can also be accessed by Note that the Integral template can 
pressing the template key. The shortcut is Shift + +. also be accessed by tapping 

Keyboard > Math2. 

| USING CAS 2 | Finding definite integrals 

Find the definite integral i u 5 acre 
Ooxt+ 

© Edit Action Interactive 

a] Ae [ia] sine] 9] | 

[iste 4 oxtl 
In(5) 
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1 Press menu > Calculus > Integral. 1 In Main, enter and highlight the expression. 

2 In the template, enter the lower and upper 2 Tap Interactive > Calculation > f. 

limits, the expression and the variable x. 3 Select Definite and enter the Lower and 

3 Press enter. Upper limits. 

4 Tap OK. 

EXERCISE 7.1 Anti-differentiation ANSWERS p. 588 

Mastery 

1 Find the anti-derivative of 
1 2. °5 

2 3 5 3 i 
a 10x' + 6x" — 8x +5 b >-+= co x2 +x 3—x4 

x x 

2 Find an integral of 
a 8c +4e* b 2 eo + 

x 3x 

3 Find each integral. 

1 6 8 
a dx b dx c dx 

5x —2 4x+3 1—4x 

4 [FQ workep examp.e4 } Find each integral. 

af (2x+9)' dx bf 2(4x-1)' dx c f——d 
(5x + 6) 

5 [Eq worked exawetes | Find each integral. 

a cos (10x) dx b_ | 3sin(6x) dx c 2cos(3x + 4) dx 

6 FF worken exampte6 | Evaluate each definite integral. 

2 6 = 2 2 
a dx b | 6cos(2x) dx ce | (1-5x) dx 

03x42 0 . 

7 Find the anti-derivative of each function. 

a_ log, (3x) b xcos(2x) 

8 Find the value of each integral correct to three decimal places. 

[Pxet a b fo in(x2) d a J, xe* dx é sin(x ) Ix 

Exam practice 80-100% 60-79% — 0-59% — 

9 eS) (2 marks) Find the value of a, given ft 1 5 dx = log, (v3) 1aK< 7 
—41-2x 

8 1 10 [SeFF SS) (2 marks) Find |, ——— dx. TECH FREE, bos 
2 1x 

11 FENN 200211014 ] 70%) The value of ) # 2k 5. , correct to four decimal places is 
9 2cos(x) 

A -0.4369 B -0.3334 Cc —0.2622 D —0.0484 E 0.4369 > 
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)» 12 The anti-derivative of 4/x° is 

@ 
Video playlist 

Integrals 
producing 
inverse 
circular 

functions 

Worksheets 
Inverse 

trigonometric 
functions 

Integrals 
and inverse 

trigonometric 
functions 

280 

7 7 
47 3.4 

A —xt+c B =x +c 
ZL 7 

5 7 
40 7 | 

D —xt+c E —xt+c 
5 4 

1 
13 The integral of 12x° + =t Vx is 

x 

3 
A 36x? - 2+ B at we, 

x 2x 4x 3 

3 
D ax¢_- 2N +e E at We 

2x 3 2x 3 

14 The indefinite integral of — is 
(6x + 2) 

1 1 
A —log,(6x+2)+c B -———; +e 

6 2(6x + 2) 

1 1 
D —(6x+2)' +c E -———,;¥ +e 

24 12(6x + 2) 

ou ’lo. 
15 The definite integral [ — dx is equal to 

a x 

A 10log, (b- a) B 10 log, (b) — log, (a) 

D 10log, b E 10_10 
a boa 

m ax : 
16 J e™ dx is equal to 

A am—an a ge > eam _ gan 

a a 

17 | ovens | eV 2018N 2AQ9 J (1 — cos (10x)) dx is equivalent to 

A J sin?(5x) dx B ; J sin?(20x) dx 

D 2J cos*(1ox) dx E 2J sin’ Sx) dx 

2 2 C =x* +c 
5 

1 1 
© 3x -—_4+—_ +c 

2x? Wx 

c -__+ ite 
24(6x + 2) 

10 10 

Cee 

am 
am an e D a(e“”" — &") E a 

c J cos” (5x) dx 

@) Integrals producing inverse 
circular functions 

1 
Ja? — x? 

The inverse sine and cosine functions have the derivatives: 

4{an*(#)) = ee xe (-a, a) 
dx a @ —ix2 

The integral of 
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Integrals producing inverse sine and cosine functions 

x 
Joes = sin") +c,a>0,xeE (-a, a) 

x 

a 

-1 

le 
Some algebraic manipulation is often required so that the integrand matches one of the formulas above. 

= cos! (2) +c,a>0,x€ (-a, a) 

WORKED EXAMPLE 7 Bin celetiite) 

3 Use the formula J 

to find the anti-derivative. 

9780170448543 Chapter 7 | Integration 

Find J = dx. 
25 — x? 

Steps Working 

1 Find the value of a. a =25 

a=5 (a>0) p.137 

1 _ 
2 Use the formula J J dx = sin ‘(z] +6 

25- x? 5 
to find the integral. 

WORKED EXAMPLE 8 @inceletiite) 1 
va? — x? 

p. 138 
Find J — dx. 

V1-9x" 
Steps Working 

1 Change the integrand into the form = : J 3 dx =3 = dx 
Va? — x? V1—9x? 1-9x? 

=3 J 7 dx ==) 
=3 J = dx 

3. 3 —x? 

= J = dx 

i? 
2 Find the value of a. a= L 

9 

1 
a= - a>0 1 (a>0) 
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The integral of —> a 
a“ +x 

x 
The inverse tangent function has the derivative a [s 7 [z ) = 

a 

a 
zp rE R. 
at+x 

Integrals producing inverse tangent functions 

{ a ar=tn"(2)+ox6 R 
atx? a 

— 

[ws] WORKED EXAMPLE 9 @inceletiite) 2 2 z 
at+xX 

p.139 1 
Find dx. 

J 64 + x? 

Steps Working 

1 Find the value of a. a = 64 

a=8 

1 1 8 
2 Transform the integrand into the form — a a J 7 ax = — J x Ax 

1 a+x 644 x 8° 644+x 
Multiply the integral by a x8. 

3 Use the formula [ _ 5dr = tan™[*) +e asta? x hie 
at+x a 8 8 

to find the anti-derivative. 

WORKED EXAMPLE 10 §inGeleniite) a_i 
a® +b°x 

1 
Find dx. 

J 9+ 4x" 

Steps Working 

1 Take out a factor of 4 in the denominator. J u 7 dx = J 1 7 dx 
944 4(3+2") 

1 1 
ae J z dx 4 a+ x 

2 Find the value of a. a= a 
4 

3 a= = 
2 

a 1 1 a 
3 Transform the integrand into the form -=—.. J z dx = J 2 x Ax 

a+x 9+ 4x 4x 3 ot x 

Multiply the integral byt x : ake J 3 te 

2 6 2 +x? 

1 pe 
4 Use the formula J z a 5 dx = tan! (=) +e = —tan! = FG 

at+x a 6 5 

to find the anti-derivative. 1 2 
(2x 

=-—-tan | —]+c (3) 
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Whe) ses) > |S B= 4) Integration involving completing the square 

1 
Find J Sieapueee 

x +4x +13 

Steps Working 

‘ . 1 1 
1 Complete the square in the denominator. 5 dx = J ri dx 

x +4x+13 x +4x+4+13-4 

= —— dx 
(x +2) +9 

2 Find the value of a. a@=9 

a=3 

: : 1 1 3 
3 Transform the integrand into the form J —— dx = = | —_,— dx 

a (x+2) +9 3° (x+2)°4+9 

atx 1 

Multiply the integral by 3 x3. 

4 Use the formula: 

Le od +2 

J = = dx = tan! *|4e = bon( Jee 
at+x a 3 3 

Definite integrals producing inverse 
circular functions 

We need to take care of the domain and range when evaluating an inverse circular function. 

Domain and range of inverse circular functions 

pe uncion Doman Range 
[-a, a] 

[-a, a] 

Whe) si ese) > 7 \ | 844 Definite integrals that involve inverse trigonometric functions 1 

3 
Find IP dx. 

0 5) 
4-x 

Steps Working 

1 Find the value of a. a=4 

a=2 

2 Use the formula: 

3 Evaluate the definite integral. 
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le) si ese) > FN |S B= 4) Definite integrals that involve inverse trigonometric functions 2 

5 1 
Find dx. 

I 25+ x? 

Steps Working 

1 Find the value of a. a’ =25 

a=5 

. . a 1 p55 5 
2 Transform the integrand into the form =—x. = x dx 

1 at+x 5°-5 254 x 

Multiply the integral by 5 x5. 

1 x 2 
3 Use the formula: J 5 a 7 dx = tan! (=) = an (= 

at+x a 5 SH_s 

4 Evaluate the definite integral. = * (tan (1)- tan! (-1)) 
5 

. qT 
The range of arctan (x) is [-2.4} _ ja [2 

5\4 4 

therefore tan! (-l1) = -£, = a 
4 5 2 

= 
10 

EXERCISE 7.2 Integrals producing inverse circular functions ANSWERS p. 588 

Recap 

eee 1 ' : 
1 The anti-derivative of aoa? with respect to x, is 

(ax + by 

a 4 —2a 
A —log,(ax+b)+c B 3a(ax+b)* +c c —— +e 

a (ax + by 
-1 -1 

D So te E soos te 
2a(ax + b) 3a(ax + b) 

nu 

2 The value of f2 cos (2x) — sin (4x) dx is 
1 q 1 a 3 

A — B 8 Cc - D — E — 
8 4 6 8 

Mastery 

3 P| WORKED EXAMPLE7 | Find each integral. 

a ! dx b 4 dx 
V9— x? V81— x? 

4 P| WORKED EXAMPLE 8 | Find each integral. 

a 1 4 b 2! 
V1- 4x" 49x? 

5 P| WORKED EXAMPLE 9 | Find each integral. 

1 2 a 5 dx b x Ax 
25+x I+x 

6 Find each integral. 

1 
a }——, dx b — dx 

44+ 25x 16+ 81x 

7 Find each integral. 
1 1 

a J= b J 5——~ ax 
x” —2x +17 x +6x +45 
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> 8 P| WORKED EXAMPLE 12) Evaluate each integral. 

Bos 1 
a oa b ne 

9 [Eq worKED EXAMPLE 13 J Evaluate each integral. 

2 1 
a Cae b Pasa dx 

Exam practice R100 

10 GEESE (2 marks) 

a Express x’ + 10x + 34 in the form (x+ bY +c. 

b Hence find J — dx. 
x” +10x + 34 

11 (2 marks) Find the value off” 2 ; 2 dx. 

12 J ©vcaa | Ve. 2005 1AQ11 

A 3sin”'(2x) B 6sin"'(2x) 

if x af x 
D 6sin | = E 12sin |} — 

2 2; 

re 21 : 
13 An anti-derivative of ———— is 

V1- 49x? 
1 _ 

A 21sin'! (7x) B — sin '(7x) 

D 3sin!(7x) 

1 

V1- 64x? 
14 The indefinite integral J dx is equal to 

B sin! (8x) +c 

15 The indefinite integral J _— x dx is equal to 
100 + x 

A —tan' (10x) tc B Jitant *) +e 
10 10 10 

1] x -1 
D 10tan [Z)+« E 10tan (10x) +c 

s 4] 
16 The value of J 2. dx is 

0 2 
25—x 

T T -l [3] 
A — B — Cc sin |— 

30 3 2 

17 The value of f° — dx is 
264 +416x 

a = 3 t ot 
4 64 64 
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@) Integration by substitution 

Integration by substitution is used to find the integral of the product of two functions where one part of 

the integrand is the derivative of the other part of the integrand. 

For example, the integral J (2x + 1)Vx? +x dx can be found by substitution because if we let u = x* + x, then 

the derivative Li 2x +1 appears in the other part of the integrand. 
dx 

du 
Note that the integral is in the form J g(u)— dx, where u = 4% g(u) = Vx 4x and 2 = 2x41. 

dx 

In general, let y = J fedax = J ew du. 

so = f(x) and = g(u). 
Ix 

Using the chain rule: 4 x ie 
dx du dx 

du 
f(x) = glu) x — 

dx 

J flo de = J eu) x ax 
dx 

J eu) du = Feu MH ae 
dx 

dx 

(ai) 
Integration by substitution is the most 

common integration method used in 

Specialist Mathematics and is frequently 

examined in both Examinations 1 and 2. 

Change of variable rule 

for integration 

Whe) ses > e285." Integration by substitution involving polynomial functions 1 

Find Jax + DvVx? +x dx. 

Steps Working 

1 Choose a substitution for u in terms of x, which 

is inside the more complex function. 

du 
2 Find —. 

dx 

di 
3 Substitute u and ~ into the integral. 

Ix 

4 Integrate with respect to u and then substitute 

u =x" + x to express the answer in terms of x. 

Letu=x' +x. 

tt pec 
dx 

Jax x? +x dx = [atx 
dx 

= J Nu du 

Check your answer to the above example by differentiating it, using the chain rule. 
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Whe) st ese) > 7 \\ | B= 45) Integration by substitution involving polynomial functions 2 

Find J 6x(2 +2) dx. @) 

Steps Working 

41 Choose a substitution for win terms of x, whichis Let u =x" + 2 

inside the more complex function. 

d d 
2 Find and write 6x in terms of “. ae =2x 

dx dx dx 
d 3 = 6x 
dx 

3 Substitute u and 3& into the integral. J 6x(x? +2) dx = J 3 xu dx 
Ix x 

= 3] uw du 

4 Integrate with respect to u and then substitute 3ut eS 

u=x° +2 to express the answer in terms of x. — tre WB 

_ 3(x? + ay" p. 145 

4 

Whe) ese > GV | B= 4°) Integration by substitution involving sine and cosine functions wn 

Find Jcos(x) sin’ (x) dx. 
p. 146 

Steps Working 

1 Choose a substitution for u. Let u = sin (x). 

d d 
2 Find. a cos(x) 

dx Let u be the more complicated dx 

circular function. 

3 Substitute u and du into the integral. J cos(x)sin*(x) dx = | w die dx 
dx dx 

= J uw du 

4 Integrate with respect to u and then substitute zw 

u = sin (x) to express the answer in terms of x. ~ 4 Tze 

sin’ (x) 
= c 

4 

Linear substitution 
Linear substitution occurs when u is a linear function. 

Linear substitution method 

« Substitute the linear function, u, for the inside of the more complex part of the integrand. 

« Transpose to express x in terms of u and substitute for x in the other part of the integrand. 

d d 
+ Find ™ and write an equation where ko a1. 

dx 
. du 

¢ Substitute k — for the factor of 1. 
dx 
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Whe) st ese) > |B se Integration by linear substitution 

Find J xvV2x —4 dx. 

4 Substitute for u, x and 1 in the integral. 

5 Integrate with respect to u and then substitute 

u = 2x — 4 to express the answer in terms of x. 

Steps Working 

1 Choose a substitution for u in terms of x, which is Let u= 2x -4. 

inside the more complex function. 

2 Transpose to express x in terms of u. x= zee, 
2 

3 Find au and write an equation in the form yet =1. oe 
dx dx dx 

1G 
2 dx 

J xJ2x—4 dx = fot) ext me 
2 Dax 

— 
= 7] uray du 

3 3 
1] 2u2  8u2 

= —|——+— ]+e 
4} 5 3 

iz EZ 
u2—2u? 

=—+— +e 
10 3 

3 2 
—4)2 ey ys _ 2x 4) 4 22x 4) ke 

10 3 

Definite integrals by substitution 
In a definite integral that is found by substitution, it is essential to convert the lower and upper limits from x 

values to u values. Then substitute the limits of integration for u into the anti-derivative. 

[ws] Wetec each) Substitution with definite integrals 

p. 148 

288 

nu 

Find the value of J_3.cos(x) sin? (x) dx. 

Steps Working 

1 Choose a substitution for u. 

2 Find _ 
dx 

3 Convert the limits of integration from x to u 

by substituting into u = sin (x). 

Let u = sin (x). 

du 
= = cos(x) 

lower limit: 

x=0 

u=sin(0)=0 

upper limit: 

1 x= 
> 
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. du a . a Pe: aa 3 du 
4 Substitute u, a and the limits into the integral. Je cos(x) sin” (x) dx = J u Fe dx 

Ix xe 
3 

Every part of the integral MUST be in terms of = Jz uw du 

the substituted variable u, including limits. o 

5 Integrate with respect to u and then substitute iB 

the limits of integration into the anti- _ B 2 

derivative. 4 |, 

i 

Jl _s 
4 

2 

64 

Vile) sese) > |= s0:) Linear substitution with definite integrals 

Find the value of J pyetata dx. 
See p. 149 

Steps Working 

1 Choose a substitution for u. Letu=x-1. 

2 Transpose to express x in terms of u. x=ut+l 

3 Find du du =1 
dx dx 

4 Convert the limits from x values to u values. lower limit: upper limit: 

x=5 x=10 

u=5-1=4 u=10-1=9 

. du a 10 x+2 9 -1 du 
5 Substitute u, ns and the limits into the J dx = J u 2(u+1+2)— dx 

5 ff 4 
integral. * x1 , dx 

9 -1 
= Jeu 2(u+3) du 

591i 
= i u2 +3u ? du 

4 

a 2a ee 2. om 2x9 > | 2x4 
6 Integrate and evaluate. ; +6u? | = 3 +6x 9? — 3 +6x 4? 

4 
_ 56 

3 

EXERCISE 7.3 Integration by substitution ANSWERS p. 588 

Recap 

. ar 1 . 
1 The indefinite integral J ——— dx is equal to 

V1- 81x" 
A 9sin (x) +c B sin! (9x) +¢ c jain [=] +c 

D 1 Sin (9x) +e E 9sin7|~ lee 
9 9 > 
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> 2 The value of — dx is 
36—x 

az B 
6 w

/
a
 

fo}
 

a 5,
 

—
~
 Ie
 

a
a
 

o a m 

v
i
a
 

Mastery 

3 Find each integral. 

a (6x — 2)V3x? — 2x dx b & cos(e* ) dx 

4 Find each integral 
a | 12x7(x*° +2) de b | ——~ dk 

5 Find each integral. 

a [sin(x)cos*(x) dx b 

6 [EQ worked Exaile 17 ) Find each integral. 

a xV¥x+5 dx b * dy 

7 P| WORKED EXAMPLE 18 | Evaluate each integral. 

nu 

a 43 c0s(x) sin” (x) dx b foxx +2) dx 

8 [FJ WorkED EXAMPLE 19 | Find the value of each definite integral. 

5 
dx b i x(x — 3) dx 

Exam practice (80-100% 60-79% 00-59% 

1 

9 62% (2 marks) Evaluate J)'e* cos(e*) dx. 

1 
10 FERRY 2015108, | (52%) (2marks) Show that J tan (2x) dx = 5 lee see (2%) +c. 

3a 

11 51% (3 marks) Evaluate J cos? (2x) sin (2x) dx. 

2 

1 . v3 F 12 2017 102 48% (4 marks) Find J, —— dx, expressing your answer 
x(1+x*) 

in the form log, (} where a and b are positive integers. 

et 1 
13 | ovens | WeZV 2013 2AQ9 85% The definite integral J 2 sia dx can be written in the form iM 1 du, 

x log, (x) ay 
where 

A u=log,(x), a=log,(3), b = log, (4) B u=log,(x),a=3,b=4 

c u=log,(x),a=e', b=e! D ustace3,bee4 
x 

E uo and, b=e! 
x 

2 
14 (80% Use a suitable substitution to show that the definite integral J 

can be simplified to 

A ie du B afew? du c Pu du D 2f u? du E Jou? du 
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b 5 
p> 15 (ENELY 2006 2009) (80%  Usinga suitable substitution, J x (x? + 1) dx is equal to 

a 

b b PH 41 
A tf w du B 2f u? du c I ow du D 24" “du E 1ys_ 14s 

2 a a 2 a+1 a 24, 4 12 12 

nu 

16 FERENY 2011 2A015 | (73%) Using a suitable substitution, the definite integral J24 tan (2x) sec? (2x) dx 

is equivalent to 

1 fp (u)au B 2 J 2¥(u) du c [2% au D SI du E 24? (u) du 

17 (73% Using a suitable substitution fx 3 ext dx, where a and bare real constants, can 
a 

be written as 4 

A fie") du B iP (e") du c 5d. (e") 4 

D LIN (e) du E ; at (c") du 

it 
18 | 2007 20013) (70% Using a suitable substitution, in * [loge (x Di dx may be expressed completely 

in terms of u as 

aj u aa loge(3) 3 loge(3) 3 33 A Jo Jo B J; ue du c J, ow du D ¥ we du E Jeu du 

V3 log, [arctan (x)] 
19 2008 2Aa16 | 69% Using a suitable substitution, Ie ——— dx can be expressed 

comple in terms of u as Thx 

VB = log, (u) z 
A log, (u) du B | 6——— du C |} 3 log,(u) du 

0 8 9 1+ tan’(w) I, 7 

- = log,(u) 
D of loge(u) du E J 3——~7— du 

9 1+ tan*(u) 

20 | 20142A013 } (65% Using the substitution u = /x +1 then J can be expressed as 
Sine: +1 

3 1 2 2 3 1 
A 1 res B oa c Den 

1 72 1 3 1 
D sera E 2s 2 ay 

2 
21 (60% With a suitable substitution J, x2 — x dx can be expressed as 

of t Ss 5 of 1 38 1 ae a 5 
A-}. 4u* — 4u? +u* |du B J 4u* —4u? +u2 |du c J —4u? + 4u? — u? |du 

1 3005 1 30065 
of 5 S = of = = 2 

D -fi G —4u2 + u? Ju E J, fae — 4u?2 — u2 du 

1 
22 (56% Using a suitable substitution, the definite integral J x? J3x +1 dx is 

equivalent to 

5 3001 5 3001 5 3001 
iy > = = 4) = = = 4) = a = 

mien fa B lifer ae oe © jie ae ee la 
9 70 1 1 27 9 

3001 5 3001 rpfe o3 4 rp 2 3 
=] fu? -2u? +u? |du = uw? —2u? + u? |du 
27°90 301 
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> 23 FEAENY 201220013 ) (53%) Using a suitable substitution, Jp 3 sin? (x)cos* (x) dx can be expressed in 

terms of was 

A [o(u —u ) du B J (uo -ut) d c Ji (ut — a4) 

D f.2 (uf 1!) au E J, Su! -u °) du 

24 (23%) Let f: [-7, 27] > R, where f (x) = sin?(x). 

Using the substitution u = cos (x), the area bounded by the graph of fand the x-axis could be found by 

evaluating , 

A -J (1-1) du B 3f' (1-w) du co -3)*(1-u") du 

0 f-0-w)a c -[-a)a 
25 | 2018N 2408 ) Using a suitable substitution J? eo Ja can be expressed as 

2+ (4x +1) 

A : {sea} Bil. Ike Jew ° 3]; Ike Jew 

a Integrating circular functions 
Video playlist 
Integrating 
circular 

functions 

Integration of odd powers of sin(ax) and cos (ax) 
The integrals of odd powers of sin (x) and cos (x) are found by substitution. 

Odd powers of sine or cosine 

To find the integrals of odd powers of sine and cosine functions: 

* write the integrand as 

sin (x) x an even power of sin (x) or 

cos (x) x an even power of cos (x) 

+ use the Pythagorean identity sin*(x) + cos”(x) = 1 and substitute 

sin?(x) =1- cos?(x) or cos*(x) = 1 — sin’(x) 

* integrate by substitution. 

Wife) si ¢se) > 7 \ | 2811) Integrating an odd power of a sine function 

Find J sin’ (x) dx. p.150 

Steps Working 

1 Write the integrand as J sin?(x) dx = J sin (x) sin? (x) dx 

sin(x) x an even power of sin (x). 

2 Substitute sin? (x) = 1 — cos” (x). = J sin(x)[1 - cos?(x)| dx 

3 Choose a substitution for u. Let u = cos (x). 
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4 di 
4 Find = mo = —sin(x) -¢ = sin(s) | 

5 Substitute for u and sae in the integral. Join (of - cos(x) | dx = le - w) x -%) dx 
dx , dx 

= -f(l -uv ) du 

6 Integrate with respect to u and then substitute a 

u = cos (x) to express the answer in terms of x. tee 3 2G 

3 

{ = —cos(x)+ sos'(x) c 

When using CAS to integrate a circular 

function, sometimes it will give you a 

different answer that is equivalent to 

the one you found by hand. 

Even powers of sin (ax) and cos (ax) 
The integrals of even powers of sin (x) and cos (x) can be found using the double angle identities for 

cos (2x) to make cos”(x) or sin?(x) the subject. 

Double angle identities 

cos (29) 2 cos?(x) — 1 gives cos’(x) = st + cos(2x)] 

cos (2x) = 1 — 2 sin?(x) gives sin? (x) = a —cos(2x)] 

OR D AMP Integrating the square of a sine function 

Find J sin? (3x) dx. 

Steps Working 

1 Substitute sin’ (3x) = sh — cos (6x)]. J sin? (3x) dx = ; J 1—cos(6x) dx 

2 Integrate. 
8 -4) x1 sno) +¢ 

= 1, + an(éx) +e 
2, 12 

p.151 

fe) si ese) > 7-\ | 8= ++) Integrating the square of a cosine function 

Find J cos”(x) dx. 

Steps Working 

. 2 1 2 1 
1 Substitute cos* (x) = 5 [1 + cos(2x)]. Jcos (x) dx = 5 J 1+ cos(2x) dx 

2 Integrate. 
= uF + + sn(2s)| +c 

= Da en I) ee 
2 4 
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a Trigonometric identities and integrals 

sec’(x) = 1 + tan?(x) 

aveepomenis cosec? (x) =1+ cot” (x) 
identities . . 

titedalbat sin (2x) = 2 sin (x) cos (x) 

sin?x and cos”x 
il 

Integration of Jsec?(ax) dx = —tan(ax) +c 
cos’x and sin?x a 

IL 
Jcosec? (ax) dx = ——cot(ax)+c 

a 

Jtan(x) de = { aie) dx = —log, |cos(x)| a @ 
cos (x) 

[ws] Whee ate <l Integration using trigonometric identities 1 

Find fran? (2x) + 1 dx. 
p. 152 

Steps Working 

Substitute sec?(x) = 1 + tan?(x). J tan? (2x) +1ldx= Jsec?(2x) dx 

1 
= —tan(2x)+c 

2 

Wha eat) 8 Integration using trigonometric identities 2 

Find J sin? (x) cos” (x) dx. 
p. 153 

Steps Working 

1 Express the integrand as [sin (x) cos (x)? and j an? cos d= J [eintenste)] ii 

use the double angle rule for sin (2x). 

sin (2x) = 2 sin (x) cos (x) a iE sin(20)| dx 
1 

3 sin (2x) = sin(x)cos(x) _ 1 [sin?(2x)ae 

2 This is an even power of sine so use the formula: awk J 1 [1 —cos(4x)] dx 

sin?(2x) = 5 —cos(4x)] 472 
1 1 

= HE ——sin as] G 
8 4 

1 
3 og ge (ten 
8 32 

WORKED EXAMPLE 25 [RSC et een 
nu 

p.154 Find Je sin? (x) cos” (x) dx. 

Steps Working 

4 Write sin*(x) as x x es 200) dx = [3si re) 200) d 
sin (x) x an even power of sin (x). iF sin’ (x)cos'(x) dx iF sin (x) sin" (x) cos'(x) dix 

2 Substitute sin?(x) = 1 — cos”(x). z 
= Je sin(x)[1 ~ cos(x) |cos?(x) dx 

3 Choose a substitution for u. Let u = cos (x). 

«4g 
4 Find ~ = —sin(x) [-$ = x00] 
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5 Convert the limits of integration from lower limit: upper limit: 

x values to u values. a) = iz 

3 

u=cos(0)=1 w= coo ]=5 
3 2 

du 2) 2 du 
6 Substitute u, —_ and the limits into the if 3 sin’(x)cos*(x) dx = J l-u jes a 

Ix 
integral. =F 

Note that the new limits are In (wv -ul ) du 

not in ascending order as the 

original limits are. = Jy fale ~s °) du 

1 
5 35 

7 Integrate and evaluate. =| h 
5 3 1 

etl oe (Ee 
160 24 5 3 

_47 
480 

EXERCISE 7.4 Integrating circular functions ANSWERS p. 589 

Recap 80-100% 60-79% — 0-59% — 

1 The integral J 
V49 — 9x? 

A anin(#) + B tarsi =] +0 c -5Vi9- 9x" +¢ 

2 FENY 2005 11015 } (60% An anti-derivative of xV/3 — x, for x < 3, is 

3 5 2(3_ x5 3 5 
a -*(3-x)2 p 2 Goa} © 2(3-x)2-2(3-x)2 

3 3 5 

5 39 5 
D -2(3-x)2 +=(3-x)2 E -2(3 x -2G x) 

Mastery 

3 Find each integral. 

a J cos*(x) de b J sin’ (2x) dx c J Acos*(4x) dx d J cos®(x) dx 

4 Bind J sin’(x) dx, 

5 Find each integral. 

a J sin?(4x) dx b J cos” (2x) dx c J 3cos? (5x) dx 

6 Find J tan?(x) +1 dx. 
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> 7 Find J Asin? (2x) cos? (2x) dx. 

nu 

8 Find J sin? (x) cos*(x) dx and hence evaluate Js sin? (x) cos*(x) dx. 

Exam practice 

9 TECH-FREE CR) 
a (81% For the function with rule f(x) = 96 cos (3x) sin (3x), find the value of a such that 

f (x) = asin (6x). 1 mark 

b (66% Use an appropriate substitution in the form u = g(x) to find an equivalent definite 
a 

integral for JP 96 cos (3x)sin (3x) cos” (6x) dx in terms of u only. 3 marks 
36 

x 
c (45%) Hence evaluate je 96 cos(3x)sin(3x)cos” (6x) dx, giving your answer in the form 

36 
Vk ke Z. 1 mark 

a 

10 (4 marks) With a suitable substitution, Js sin? (2x) sin (2x) dx can be expressed in 

b 
the form — J (1 -uw ) du, where a and b are positive real constants. 

a 

a Find the values of a and b. 2 marks 
nu 

b Find the value of Je sin’ (2x)sin(2x) dx. 2 marks 

nu 

11 (66% With a suitable substitution, Jis cos® (2x) dx can be expressed as 

ct 2 ine 2 1 ai 2 A 5 le(t-« ) du B 3 2(u ~1) du c 5h (1-u ) du 

1 3 
D 2) 2(u? -1)du E 22 (1-u*) du 

12 FERNY 200411011 | (64%) Jes (*)- cos” (*) |e is equal to 

A ~Ssin{% | B A sia(3a) c + sni(az) 
3 4 3 3 

D s[t-sin(30)] E ~ [00s (3a) -1] 

nu 

13 iE (sin’(x) cos” (x)) dx is equivalent to 

4 
1 1 

A fies ~u?) du where u = cos (x) B -f2 (wv ~u') du where u = cos (x) 

2 2 

a Zz 
c -f2 (wv =u!) du where u = sin (x) D J; (wv -u') du where u = sin (x) 

4 4 
1 

E -f3 (2 -u') du where u= sin (x) 

v2 

14 Ananti-derivative of sin’ (6x) is 
4 

sin’ (6x) 13 13 1 
A —— B —cos (6x) — cos (6x Cc —cos (6x) ——cos(6x 1 3 (6x) (6x) is (6x) 6 (6x) 

4 
6. 1 1 

D sin(6x) E ——cos*(6x) + —cos(6x) 
24 18 6 
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E ——-—sin(x) 

15 An anti-derivative of sin” [: ) is 

+ 37x 3 (x sin’ (+ 2sin’ (+ 1 
A {8 B 57 sin) C x-sin (x) D (4) * 

16 J sin? (2x) cos* (2x) dx is equal to 

sin’(2x) — sin?(2x) 
— - +e 

3 5 3 

sin? (2x)cos*(2x) 
———TEsr eam +e 

6 6 

nu 

17 The value of Jp tan? (x) +1 dx is 

6 

p 82 c 
3 3 6 

We used partial fractions in Chapter 2 Rational functions to graph rational fractions. We can also use partial 

fractions to integrate rational fractions. 

Partial fractions with two linear factors 

3 5 
2 sin” (2x) _ 2sin (2x) Le sin? (4x) 

Cc ——+e 
5 12 

3 5 
m2. P (2. sin'(2x) _ sin'(2x) 

10 

The partial fractions for fractions with two linear factors in the denominator take the form 

f(x) A B 
= + 

(x-a)(x—b) (x-a) (xb) 

Ve) 5) ¢s 0) > 7.) | B=) Integration by partial fractions with two linear factors 

numerators. 

3 Solve for A and B by equating coefficients. 

fractions. 

5 Use the partial fractions to find the integral. 

2 Write with a single denominator and equate the 

4 Substitute the values of A and B into the partial 

Find J ia dx. 
(x+1)(x-1) 

Steps Working 

4 Write —*=> as the sum of two partial x5 oa tt + B 
(x+1)(x-1) (x+1)(x-1) x+1 x -1 

fractions. 

x—-5 _ A(x —1)+ B(x +1) 

(x+I(e-1l) (xt D(x-1 
x-5=A(x-1)+B(x+1) 

A+B=1 maby 
-A+B=-5 2] 
(1) + [2] 2B =-4 

B=-2 
Sub in [1]: A-2=1 

A=3 

x-5 3 2 

(x+D(e-l) xt x1 

3 2. 
dx 

(x+1) x-1 m
m
 

=3log,| x +1|-2log,| x-1]+ce 
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| USING CAS 3| Partial fractions 

2x? +x-1 
——.—.— as partial fractions. 
(2x=1) (x? -1) 

Express 

1 Press menu > Algebra > Expand. 

2 Enter the expression. 

3 Press enter. 

Edit Action Interactive 

Ei] [ka] sine]!@] «Yo 
2ex24y—1 x [4] 

(2ex-1)3-(x2-1)" 
-2 + 1 2 

2ex-1  x-1 (2+x-1) 2 

on 

1 In Main, enter and highlight the 

expression. 

2 Tap Interactive > Transformation > expand. 

3 Tap Partial Fraction. 

4 In the Variable: field, enter x. 

5 Tap OK. 

Whe) ese) > 7\ | B= 94 Definite integration by partial fractions 

6 Evaluate the definite integral and simplify using 

logarithm laws. 

Find the exact value of I a dx. 
ext 10) 

Steps Working 

1 Factorise the denominator. 6x — 18 6x —18 

3 —7x+10 (x—5)(x—2) 

2 Write as partial fractions. 6x-18 A + B 

(x-5)(x-2) x«-5 x-2 

3 Write with a single denominator and equate the 6x -18 _ A(x — 2)+ B(x —5) 

numerators. (x -—5) (x - 2) (x -—5)(x -2) 

6x —18 = A(x —2)+ B(x —5) 

4 An alternative to equating coefficients is to Let x = 2. Let x =5. 

substitute values of x that eliminate A or B. —3R=—6 3A=12 

B=2 A=4 

5 Rewrite the integral into partial fractions. i Sele dx = ing & + Z dx 
(x —5)(x — 2) cx-5 x—-2 

= [4log, |x —5| + 2log, |x — a]; 

= 4log, (2) + 2 log, (5) — [4 log, (1) + 2log, (4)] 

= log, (2*) + log, (57) — 0 — log, (4”) 
(= x 25 

= log, 
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Partial fractions with repeated linear factors 

The partial fractions for fractions with a repeated linear factor in the denominator take the form 
fi) A B 

5 + zi (x-ay  (x-a) (x-a) 

Whe) ses) > 7\ |= 4:1 Integrating partial fractions with repeated linear factors 

Find J a dx. 
(2) 

Steps Working 

3 -3 A B 
1 Write ca zy as the sum of two partial # z= + : 

(x +2) (x +2) x+2  (x+2) 

fractions. 

x-3 _ A(x+2)+B 
2 Write with a single denominator and equate the |§ ———~ = 7 

(x +2) (+2) numerators. 
x-3=A(x+2)+B 

3 Solve for A and B by equating coefficients. A= 

2A+B=-3 

2+B=-3 
=-5 

4 Integrate the partial fractions. J a= 5 dx = J i _3 = dx 
(x +2) x+2  (x+2) 

= fi -s(et27 dx 
x+2 

= log, |x + 2|+5(« +2)" +6 

= log, |x + 2|+ te 
(x +2) 

EXERCISE 7.5 Integration by partial fractions ANSWERS p. 589 

Recap 

nu 

1 With a suitable substitution, Je ‘cos (4x) dx can be expressed as 

3 3 
A 1 J2(-W2) du B 1 J (tw) du c Jo 

D 1 f2(1 at E Je(i-w2) du 

ua 

2 FEXENY 2004 11012 | (59%) With a suitable substitution, (eos. (x) sin? (x) dx can be expressed as 

A fiw (1-1?) du B 2u? (lu?) du c Jaw (1-w) du 
2 

3 

D -f 32 (1-22) du E -J2 2 (1-1) du 
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> Mastery 

8 Ea worneo SeawPie26 ) Find 
8x —18 2x+8 8x +5 J x d. b J x c J Bg 

(x +3) (x -4) * (e42)(@—2) (2x +1)(x +1) * 

- 3x? +10x+3 ; ; 
4 Express Gx +1)? —9) in partial fraction form. 

x x = 

5 13-x 
5 [EQ worken exaete 27 ) Find the exact value of lh = x. 

6 [Eq WoRKED EXAMPLE 28} Find 

3x—-2 1-2x a loa* b laa dx 

Exam practice (80-10% 60-79% | 059% 

7 as (4 marks) Evaluate J'—5*—>— dx. 
x” —5x +6 

1+ 
8 63% (3 marks) Find an anti-derivative of ~ xe R\ {-3, 3}. > 

9- x? 

3x+4 : . 7 
9 (83% Gap expressed in partial fractions has the form 

x—-4 

A B A B A B 
A + B + c + 3 

(x+4) (x-4) (x-4) (x-4) x—4) (x- 4) 

A Bx+C A B D +5 B4000 E+ 
(x-4) (x-4) (x-4) (x-4) 

10 (57%) Which one of the following is an anti-derivative Go for 0<x< 3? 
x(3-x 

A 3{log,(x) — log,(3 — x)] B_ log,(x) — log, (3 — x) 

C log,(x— 3) — log, (x) D 3flog,(x) + log,(3 — x)] 

E log,(x) + log, (3 — x) 

er 2 1 . 
11 | ©vcaa | eV 2004 11013 (53% An anti-derivative of a , for x < 3, is 

(3-xy 3-x 

2 2 
A log, (x —3)- B log, (x —3)+ 

x-3 x-3 

2 2 
C log, (3- x) — D log, (3-x)+ 

3-x 3-x 

2 
E -log, (3-x)+ 

3-x 

12 (38%) The algebraic fraction eee where cis a non-zero number, can be 
3(x+e 

written in partial fraction form, where A and B are real numbers, as 

A A 4 B B A 7 B ; c A = B 

xte xte 3xt+ec (x +c) 3x+ce xte 

D A B : E A ra B 

x+e (xtc) B(x+c) xtc 
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> 13 Given that A, B, Cand D are non-zero rational numbers, the expression 

Sat can be expressed in partial fraction form as 
x(x - 2) 

A A, a B Ay B 5) —+ B + c 5) 
x (x-2) x (x-2) x (x-2) (x-2) 

p 4,4, Cc ge Ag Bx ean 

x x? (x—2) x (x-2) (x-2) 

14 The value of f° bx ia dx is 
(x +2) 

A 3log,(2) +> B 3log,(4) +82 © log.(64) +2 
+ 64 

3 51 
D log,(4)+=— E —-~ 
ar 16 

. se x-ll. 
15 An anti-derivative of =———— is 

x +3x-4 

A log,|(x + 4)°(x- 1))| B log, |(x + 4)" —log,|(x - 1)| 
C 3log,|x + 4| +2 log,|x +1| D 3log,|x — 4| — 2log,|x + 1| 

-~1y 
E log, (x y 

(x+4) 

16 The value of [> + — dx is 
Lx? —Ax—5 

1 1 1 3 
A —log,(2 B -—log,(2 C —log,| — § 108 e(2) 5 0B e(2) , o(3] 

1 1 
D stog,( + | E -6log, [5] 

Integration by recognition 

Integration by recognition involves differentiating a function and then finding the anti-derivative of 

another function by recognising the derivative. 

We) si ¢se) > 7\ |=) Integration by recognition 

vx ev* Find the derivative of e’* and hence find J ee dx: 
be 

Steps Working 

1 Find the derivative. y= et 

dy _ yl 
dx 2 2x 

ve 
2 Write the corresponding integral. J £ dx = e* 

Wx 
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c 
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3 Find the given integral. ev Pas 
J dx= 2) dx 
vx 2x 
vx 

J € dx = 20" +e 
Vx 

We) ses > e | B= <f)) Integration by splitting the numerator 

Dx 
Find dx. 

J 1+x? 

Steps Working 

1 Split the numerator to create two integrals. 2 +* dx = J 2 5 dxt J * = dx 
Tk 1h Lex 

2 The first integral produces tan” (x). Letu=1+x. 

Choose a suitable substitution for u in the du = = ldu =x 

second integral. zd 2 

3 Find the integrals. J 2t* ay = 2f 1 = dx i ldu ). 

1l+x 1+ 2° u dx 
1 Trl 

=2 dx+—]|—du 
J 1+x? 2 J u 

= 2tan!(x)+ 8 |u| +c 

= 2tan (x) + eB. 1+ | +e 

EXERCISE 7.6 Further integration techniques ANSWERS p. 589 

Recap 

1 Given that A, B, Cand D are non-zero rational numbers, the expression ae can be expressed in 

partial fraction form as x(2x +1) 

a 4,_3 gp 4,_8 _ c 44 Bete 
x (2x+1) x (2x +1) x (2x+1) 

D A B Cx + p E A B Cc ; 

x (2x+1) (2x +1) x (2x +1) (2x +1) 

2 If J as dx = alog, (b) — blog, (a), the values of a and b are 
9x 4+ 4x43 

A a=125,b=243 B a=3,b=5 C a=243,b=125 

D a=-3,b=3 E a=-1,b=15 

Mastery 

3 
a Find the derivative of sin! (vx). 

b Hence find J a dx. 
2 VX-—X 

4 [EQ worked example 30) Find 

a frre ax b Jeti 
94x7 V9 — x2 
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> Exam practice 80-100% 

EM OVCAA PCI (4 marks) @) 

lod = 1 1 _ 
—, —(sin (J2x)) = ————_ a (58%) Show that, for0<x<> rl ( )) Ox 2x) 2 marks 

ood 
Hence find the exact value of fi dx. 2 marks 

g V2x(1—- 2x) 

. . we 6+ 6 FRENY 212101) 4%) (2 marks) Find the anti-derivative of ~~~ 
2 
+4 

2+6. 
7 FRY 2006 108 ) (42%) (4 marks) Find the anti-derivative of ra 

4-x 

8 (4 marks) 
d(tan™ (vx) 1 

a Show = : 2 marks 
dx 2Vx (1 +x) 

7 1 
b Hence find J —— dx. 2 marks 

1, 3% 
x? + x? 

9 (@ marks) Find f 772% dx. 
4+ 25x 

10 (8 marks) 
1 

Evaluate i) 2x +1 dx. 
Ox +1 

@ 
Video playlist 
Integration 

Integration by parts is a special method used to integrate the product of two functions. by parts 

The formula for integration by parts is an integration version of the product rule for differentiation. 

=u—+v— 
dx dx dx 

uv= ie te yet de 
dx 

a te =uv— yt ae 
dx dx 

The function u is chosen so that “ is simpler than u. 
xc 

Integration by parts 

ee =u-v— vote 
dx dx 

This formula can also be written as 

J Flog’) dx = flxdg(x) - J f')g(x) dx 
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WORKED EXAMPLE 31 Been anne 

Find [ x sin (2x) dx. 
p. 160 

Steps Working 

1 Identify f(x) and g’(x), where f’(x) is simpler f(x) =x g(x) = 

than f(x). f@= g’ (x) = sin (2x) 

2 Find f’(x) and g(x). f(x) =x g(x)= — 5 08(2x) 

f(x) =1 g’ (x) = sin (2x) 

3 Substitute in the formula: J x sin(2x) dx 

J fog (x) dx = xx{-feae Jix{ Lea a 

= flxdg(x)- J fa)g(x) dx a a 
= A ana) - J eae(ox) +c 

——i 

Whale nth) Two-step integration by parts 

Find Jee dx. 
p. 161 

Steps Working 

1 Identify f(x) and g’ (x), where f(x) isthe function f(x) = x7 g (x)= 

with the simpler derivative. f(a = gi(x=e 

2 Find f’(x) and g(x). f(dax g(x)=e 

ff @)=2« g (x) =e 

3 Substitute in the formula: fre" dx =x? xe — Jrx x e* dx 

J soe’ de = tet — 2] xe* dx 
= flxdg(x)- J f@)g(x) dx 

4 We need to integrate by parts again to find J xe’ dx. f(x)=x g(x) =e 

Repeat the process. [@=1 g (x)= & 

Jxe® de = xx e* - [I xe* dx 

= xe* — e* 

5 Substitute this result for the integral in Step 3. Jxre* dx = x*e* — 2(xe* -e ) ne 

_ 2x x x 
= xe —2xe” +2e +c 

304 ~—_ Nelson VICmaths Specialist Mathematics 12 9780170448543



Ve) si ¢ Se) > | B= <) Integration by parts involving inverse trigonometric functions 

3 Substitute into the integration by parts formula. 

x 
4 Find J x dx by substitution. 

l+x 

5 Substitute the integral found into the integral 

equation in Step 3. 

Find J arctan (x) dx. 

Steps Working 

1 Let g’(x) =1. f(x) =arctan (x) g(x) = 

f@= g (x)=1 

2 Find f’(x) and g(x). F (x) = arctan(x) g(xj=x 

1 , 
(x)= =1 
Pea ve 

J arctan (x) dx =xarctan (x) — J * _ dx 

Letu=1+x° 

as, 
dx 

1 du eo 
2 dx 

x 

= oe 

5 J du = Fog, (14+ ) 

J arctan(x) dx = xarctan(x)— 5 bose( tx)te 

p. 162 

Whe) sese) > | h= <0" Integration by parts involving exponential functions 

Find J e* cos (x) dx 

3 Substitute into the integration by parts formula. 

4 We need to integrate by parts again to find 

J e* sin(x) dx- 

Repeat the process. 

5 Substitute into the integral equation in 

Step 3 and solve. 

Steps Working 

1 Let f(x) = e* and g’(x) = cos (x). f(x)=& g(x) = 

f= & (x) = cos (x) 

2 Find f’(x) and g(x). f@)=e g(x) = sin (x) 

fii=e (x) = cos (x) 

fer cos(x) dx = e* sin(x) — fer sin (x) dx 

f(x) =e 

fae 

g(x) =— cos (x) 

g(x) = sin (x) 

J e* sin(x) dx = —e* cos(x)+ J e* cos(x)d. 

Je cos(x) dx 

= e* sin(x)— (-e* cos(x)+ J e* cos(x) dx) 

J e* cos(x) dx 

= e* sin(x) + e* cos(x) — J e* cos(x) dx 

2 J e* cos(x) dx = e* sin(x) + e* cos(x) 

Je cos(x) dx = dig sin(x) +56" cos(x)+¢ 
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VCE QUESTION ANALYSIS 

Let f (x) = x arctan (x). 

ENY 2007 2802 ) 2007 Examination 2 Section B Question 2 (12 marks) 

a_ Find f’(x), and calculate the slope of the graph of f at x = 0. 2 marks 

b Sketch the curves y =x arctan (x) and y = arctan (x) over the domain [0, 1], clearly 

labelling each graph. 2 marks 

c i Write down a definite integral which gives the area enclosed by the graphs of 

y =x arctan (x), y=0 andx=1. 1 mark 

ii Find the area defined in part i correct to three decimal places. 1 mark 

d_ Use the result for f’(x) in part a to show that an anti-derivative of arctan (x) is 

x arctan (x) — 5 loge( ae) 2 marks 

e Use the anti-derivative given in part d to find the exact area enclosed by the graphs of 

y = arctan (x), y=0 and x= 1. 2 marks 

f Find the area enclosed by the curves y = x arctan (x) and y = arctan (x). 

Give the answer correct to two decimal places. 2 marks 

Reading the question 

¢ Highlight the domain of the functions in the sketch graph. 

« Highlight the required answer. The answers to parts of this question require an integral 

equation, a graph, a value in exact form or a decimal approximation to a given number of 

decimal places. 

« Highlight the instructions for the question. “Use a previous answer to show or find’ indicates the 

questions must be answered using this result as the starting point. 

Thinking about the question 

« The question requires the use of differentiation and anti-differentiation. 

* You will need to understand how the derivative of a function relates to the original function. 

« You will need to be able to use the anti-derivative to calculate areas. These areas may be between 

two curves or between a curve and the x-axis. 

« You will also need to find definite and indefinite integrals using ‘integration by recognition. 

Worked solution (/ = 1 mark) 

x 

xt) 

Slope = f’(0) = 0V 

© Edit Action Interactive 

Et] b> [asi] ] PT 

Define f(x)=x-tan7(x) a | 
done 

v a f'G)= tan !(x)+ 

collect (A cf¢x)) , x} 

x2stan'(x) x 

x241 x24] x24 

diff (f(x), x, 1,0) | 
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f(x)=x tan! (x) 

x 

0.2 04 06 08 1 

Graph of f(x) “Graph of g(x) V 

1 
ec i Area = [x tan (x) de ¥ 

ii Area = 0.285 units” V 

@ Edit Action Interactive 

[Ea] > [Ra sino |] ve 

[roe 

0. 2853981634 _ | 

d(x tan !(x)) _ x 
d 7 tan !(x) + Pal from part a 

xtan!(x) = Jftan'as = Jey 
x 1 

xtan | (x) = J tan" (x) de + J a dx 
el 

J tan (x) dx = x tan! (x) - J 7s dx 
5 tien aE 

Letu=x7 +1 du og. digi _ 
dx 2 dx 

J tan '(x) dx = x tan '(x)— ; J I du 
u 

: = 1 
J tan '(x) dx = xtan (x) ~ Flog. lub u=x" +1>0so0 |u| =u 

Jrtan™'(x) dx = xtan '(x) — 518 (x? +1I)¥% 

e Area= ik tan |(x) dx 

1 

= E tan /(x)— sige (x - »| v 

2 0 

=1tan"(1)- 5 log. (0? +1) -[0 7 “og, (| 

x ol a 22 
sly, 2) units” V 

4 2 °B-(2) 
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_f} -1 -1 f Area= J} (tan (x) — x tan (x) dxv¥ 

Area = 0.15 unit” ¥ 

© Edit Action Interactive 
. as > TJ] simp [5a 

Define g(x)=tan(x) Done eb» | cals os Te J 
Define g(x)=tan™(x) [4] 

1 0.153426 = 

[iain 
1 

| eoteoax 

0. 1534264097 l 

b (7%) Some students lost marks for drawing beyond the domain, incorrect concavity, wrong 

intersection points and not labelling the graphs. 

c i 74% Some students misread the question and gave an integral for the area between the two 

curves. 

ii 67%) Students who answered part i correctly were able to follow through with the calculation of 

the definite integral. 

d (65%) Most students correctly separated the integral into two parts. Some errors were made with the 

integration by substitution. 
ie T 

e (7% Some students neglected to evaluate tan 1d) as 7 

f (71%) Some students reproduced the answer to part ¢ and did not calculate the area between the two 

curves. 

EXERCISE 7.7 Integration by parts ANSWERS p. 589 

Recap 

-1 
1 If (tan (v=) = 1 , then | ; i 7 dx is equal to 

dx 2x (x +1) 
x2 $42 

= _ 1 _ 
A tan '(Jx)+ce B 2tan (Vx)+c c jtan (Wx) +e 

3 
D 2tan '(x2) +c E ———+c 

at bx 
2 dx is equal to 
Pee q 

= bx a 
A atan™ *\ dx +c B dx + blog, (x? +4) +c 

(: Ia Ie &e( ) 

c fran!) JE avec D Stan'(=) + | tute 
2 2 u 2u 

E ata] + J 2 dx +c 
2 x +4 

Mastery 

3 Find each anti-derivative. 

a J sin (x) de b J xcos(3x) dx c J xe* dx d J see? (x) de 
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p> 4 Eg workeo Examee 32 ) Find each anti-derivative. 

a J xe dx b | x? sin(x) dx c Jx cos (x) dx 

5 (FQ workep exampte 33 | Find each anti-derivative. 5 

a J arcsin (x) dx b | arccos(x) dx c J log, (x) dx 

6 Find each anti-derivative. 

a J e* cos(2x) dx b | e* sin(x) dx c J e>* sin (x) dx 

Exam practice 

ua 

7 (STE 6s marks) Find the value of . x sin (4x) dx. 

8 (@ marks) Find the value of J *x?e* dx. 

iL 

9 (3 marks) Find the value of . arcsin (2x) dx. 

r 

10 (SEES) (6 marks) Find the value of jet sin(2x) dx. 

11 J 2x? coo 2 Jas is equal to 

A 4x? sn(*] wt x sn(* Ja B x sn(*] - 2 xsin{* Jd 
2 3 2 2 

E 4x? so( +8 xsin{® dx 

12 J 8x%e* dx is equal to 
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@) Chapter summary 

Basic anti-derivatives 

f(x) Jt(xyax 
Ch yt 

x +c 
n+1 

+1 
(ax + b)" (ax + by" +c 

a(n +1) 

ax 1 Mae 

a 

1 log, |x| + ¢ 
x 

—— “log.|ax ++ ¢ 

1 
sin (ax) |——cos(ax)+c 

a 

cos (ax) pa sin(ax)+c¢ 
a 

sec?(ax) 1 tan (ax) +c 
a 

The indefinite integral 

For a function F (x), 

J Fle) de = F(x) +c, where F” (x) = f(x). 

The definite integral 

« Find an anti-derivative F (x) of f (x). 

+ J! fede = FH) F(a) 
1 

The integral of Ja? — x? 

The integral of = 
a® + x? 

-f a dx = tan?|~ |+c, 
2,2 
a+x a 

xeR 

Nelson ViCmaths Specialist Mathematics 12 

Integration by substitution 

One part of the integrand is the derivative of the 

other part of the integrand u. 

Linear substitution method 

« Substitute u for the inside of the more complex 

part of the integrand. 

+ Transpose to express x in terms of u and 

substitute for x in the other part of the integrand. 
du du 

« Find — and write an equation where k — = 1. 
dx dx 

¢ Substitute a for the factor of 1. 
Ix 

Integrals of odd powers of sine 

and cosine functions 

« Write the integrand as 

sin (x) x an even power of sin (x) or 

cos (x) x an even power of cos (x). 

+ Substitute: sin? (x) = 1 — cos”(x) or 

cos(x) = 1 — sin?(x). 

« Integrate by substitution. 

Integrals of even powers of sine 

and cosine functions 

Use the formulas: 

cos”(x) = st + cos(2x)] 

sin?(x) = sh —cos(2x)] 

Partial fractions 

f(x) __A n B 

(x-a)(x-—b) (x-a) (x-b) 

f(x) _ A + B 

(x —a)? - (x-a) (x-a) 

Integration by parts 

fue ax =uv— fr ax 
dx dx 

This formula can also be written as 

J fde'(x) de = flxdelx)— | fel) de. 
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Cumulative examination 1 

Total number of marks: 10 Reading time: 4 minutes Writing time: 15 minutes 

| TECH-FREE | Technology is NOT permitted. 

+ 

z 

2 
FE 
< 
= 
= 
< 
*s 
Ww 

w 

= 
FE 
< 
al 

4 1 1 2019N 104] (3 marks) Evaluate |“ ——— de. 
& xlog,(x) 

1+8 
2 (3 marks) Find ae dx. 

1+16x* 

1+ V3i 

-2/3 + 2i 
3 (4 marks) Express in polar form. 
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Cumulative examination 2 

Total number of marks: 20 Reading time: 4 minutes Writing time: 30 minutes 

Approved technology is permitted. 

| Section A 5 multiple-choice questions 5 marks 

1 ERY 2018 2003) Given that A, B, Cand D are non-zero rational numbers, the expression 

Wer sn yl 
— a can be expressed in partial fraction form as 
(2x +1)" (x? -1) 

in A by B ot Cc B A m B - Cc i DE 

2x41 xe1 x+1 Del (2x lies (Qe+ ly ieee 

c A pene D A im B =) Cc 

2x4+1 x -1 QF 1 (2x +1) x-l1 

A Bx+C D 
E ers 

Qx+1 (2x41 x-1 
nu 

2 FEN 2018 20008 | Using a suitable substitution, Je tan? (x) sec?(x) dx can be expressed as 

1 2 1 
lt ca Bit ae NE A J 58 (u +u°) du B J(u +u ) du c JyB udu 

z ty 
D Js uw du E Je uw du 

oe 
3 FEN 200211012 ) An anti-derivative Soa [i Cas i} is 

Fl 2 

A *(x - ea) B 4log,(2e** — 1) C 2log,(2e* - 1) 
2B 

1 2x 1 2x D 5 lB (2e -1) E 708 (2 -1) 

4 Ifz =16 co] +isn(2*] then z is equal to 

A 4+ 4)3i or 4 — 4)3i B 2 —2V3i or 2+ 2v3i 

C -2¥3 + 2i or 2¥3 — 2i D 2V3 + 2i or 2V3 - 2i 
E -1+J3i or 1-1V3i 

5 The distance between the points (3, 4, —2) and (1, 2, 1) is 

A VI7 B 3 c V21 dD 53 E7 

| Section B 3 questions 15 marks 

1 (6 marks) 
a Express z, = —V3 + iin polar form. 2 marks 
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b Copy the Argand diagram and on it plot and label z,. 1 mark 

Im@a 

Bos =i te) 1 D 3 Re@ 

N 

z 

oS 
FE 
q 

= 
= 
< 
*s 
Ww 

w 

2 
FE 
< 
all 
> 
= 
=) 
(2) 

\ 

c By solving z” — 2./3z +4 = 0 algebraically, show that the roots of this equation 

arez = V3 +iandz = V3 -i. 2 marks 

2 EXTERN 2021n 2801 } (8 marks) A curve is defined parametrically by x = sec (t), y = cosec (#), 

wheret € [| 
2; 

a Show that the curve can be represented in cartesian form by the 

x 
relation y = ; 2 marks 

a 
‘ at ze ; 

b State the domain and range of the relation given by y = i for this curve. 2 marks 
1 

c Use the derivative of the relation to show that the gradient of the curve is negative at all 

points on the curve. 2 marks 

d Copy the axes below and on them sketch the graph of the relation, labelling any asymptotes 

with their equations. 2 marks 

YE 44 

34 

24 

4 

ad T T T > 

Se leo elle ale, slew 
44 

+4 

43] 

a4. ; 

3 (2 marks) 

a Using a suitable substitution, write in terms of the variable u, an equivalent integral 

x 
for {| ——— dx. 1 mark 

2 
ee ll 

b_ Find an anti-derivative of using the substitution in part a. 1 mark 
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OF INTEGRATION 

Study Design coverage 

Nelson MindTap chapter resources 

8.1 Areas under curves 

The area between a curve and the x-axis 

Using CAS 1: Finding the area bounded by a curve and the x-axis 

The area between two curves 

Using CAS 2: Finding the area between two curves 

The area between a curve and the y-axis 

8.2 The graph of the anti-derivative 

8.3 Volumes of solids of revolution 

Solids of revolution about the x-axis 

Solids of revolution about the y-axis 

Revolving regions bounded by two curves 

8.4 Arc lengths of curves 

Using CAS 3: Calculating the length of a curve 

The length of a curve written in parametric form 

8.5 Surface areas of solids of revolution 

Solids of revolution about the x-axis 

Solids of revolution about the y-axis 

Surface area of a solid of revolution in parametric form 
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Chapter summary 

Cumulative examination 1 
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Study Design coverage 

AREA OF STUDY 4: CALCULUS 

Differential calculus and integral calculus 

e the relationship between the graph of a function and the graphs of its anti-derivative functions 

¢ application of integration, areas of regions bounded by curves, arc lengths for parametrically determined 

curves, surface area of solids of revolution, volumes of solids of revolution of a region about either 

coordinate axis. 

VCE Mathematics Study Design 2023-2027 p. 111, © VCAA 2022 

Areas under curves Calculating physical areas « Areas of integration 
The graph of the anti-derivative Areas between curves 1+ Areas between 
Voltiimesiot colidsiof revolution curves 2 + Calculating areas between curves 

Sums and differences of areas 

Volumes of integration - Volumes * Solids of 
revolution 

Arc lengths of curves 

Surface area of solids of revolution 

Areas and volumes 
of integration 

1 To access resources above, visit 
Ke Nelson MindTap cengage.com.au/nelsonmindtap 

= 

% 

Areas under curves 

Definite integrals 

The definite integral ie) dx = F(a) — F(b), where F(x) is an A) ) 

anti-derivative of y = f(x), is the area between the curve f(x), 

the x-axis and the lines x = a and x = b, where f(x) 2 0 for 3 ; 

all x € [a,b]. [etext 

This relationship between the anti-derivative and the area under od 

a curve is called the fundamental theorem of calculus. 
[tests venbeatssasad 

_ r r T ipenen 

Al 

The area between a curve and the x-axis 
J, 

When calculating areas, the integral representing the area below 0 oo 
. . . fre dx is positive 

the x-axis produces a negative answer and the integral a 

representing the area above the x-axis produces a positive answer. 

The area shown can be written as 
0 b 

A=J. flx)de- fl fle)de or 

J fears ff F094 A= 4 f(x) dx + b flx)dx — or fr dx is negative 

A= J? flax +| wie dx. 
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p. 164 
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fe) ste Se) > @\\ | B= 4) Finding the area between a curve and the x-axis 

Find the area between the curve f(x) = —t and the x-axis from x = —J3 to x = 3. 
4-x? 

Steps Working 

1 Graph the function and identify the area required. 

2 Write a definite integral that represents the area 

and simplify the integral by symmetry. 

3 Find the anti-derivative and evaluate the definite 

integral. 

20 : 
Area = =. square units 

Vile) 5) ¢s 2) > ¢-\\ |= 1) Finding the area bounded by a curve and the x-axis 

Find the area bounded by the graph of f (x) = x(x - 4)(x + 3) and the x-axis. 

oS Biehl as 
4 3 

= 78— units 
12 

yi 

y=f(x) 

250 0CE 

Steps Working 

0 4 
1 Write a definite integral that represents Area = lis x(x —4)(x +3) dx — J, x(x —4)(x + 3) dx 

the area. 

. er O 3: 32 Mg: 32 
2 Find the anti-derivative and evaluate the = iin x” — x" —12x dx — J, x” — x" —12x dx 

definite integral. 

x! x i x! x ‘ 

-[p-5-6| [ise | 4° 3 3 L4 ° 

Nelson ViCmaths Specialist Mathematics 12 9780170448543



| USING CAS 1 | Finding the area bounded by a curve and the x-axis 

Find the area between f(x) = x(x - 4)(x + 3) and the x-axis. 

: ‘tt(c)=x: (0-4): (ee3) ‘t1Gc)ax- (ca): (ee3) 

24.8 

lower puree » as 

1 Add a Graphs page and graph the function. 5 When prompted for the upper bound?, 

2 Adjust the window settings to suit. enter 0. 

3 Press menu > Analyze Graph > Integral. 6 The area between the curve and the x-axis 

4 When prompted for the lower bound?, enter -3. from -3 and 0 will be displayed. 

7 Repeat to find the area between the curve and 10 Solve f1(x) = 0 to determine the x-intercepts. 

the x-axis from 0 to 4. This value is negative as 11 Add the integral from -3 to 0 to the 

it is beneath the x-axis. absolute value of the integral from 0 to 4, as 

8 The total area is 24.8 + 53.3 = 78.1. shown above. 

9 To find the exact area, add a Calculator page. 12 Press ctrl + = to confirm the approximate 

answer from the Graphs page. 

# Edit Zoom Analysis (x) is Edit Zoom Analysis @ 

Eutatefa @T 

1 Open the Graph&Table application and graph 7 The area between the curve and the x-axis 

the function. from —3 and 0 will be displayed. 

2 Adjust the window settings to suit. 

3 Tap Analysis > G-Solve > Integral > fdx. 

4 Enter - 3. 

5 The Enter Value dialogue box will be displayed 

with — 3 in the Lower: field. 

6 Enter 0 in the Upper: field and tap OK. 
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@ Edit Zoom 

ye | 
Analysis @ (x) 

> a eat 

Sheeti Sheet2 |Sheet3 |Sheet4 /Sheet5 

Wy 1=x- (x4) + (x43) — 

as it is beneath the x-axis. 

8 Repeat to find the area between the curve and 

the x-axis from 0 to 4. This value is negative 

9 The total area is 24.75 + 53.33 = 78.08. 

Edit Action Interactive 

fe] boi Simmp | 9] v | A}+ ll 

13 

solve(y1 (x)=0, x) [4] 

0 
| yl (x)dx+} 
-3 

{x=-3, x=0, x=4} 

4 [ ncds| 
0 

937 
12 

78. 08333333 

To find the exact area, tap Main. 

Solve y1(x) = 0 to determine the x-intercepts 

(use the letter y, not the variable y). 

Add the integral from —3 to 0 to the 

absolute value of the integral from 0 to 4, as 

shown above. 

Tap Convert to confirm the approximate 

answer from the Graph&Table application. 

. 937 

12 
The area is —— ~ 78.1 square units. 

The area between two curves 

Consider two functions y = f (x) and y = g(x) that intersect at the points where x = a, x = b and x= c, 

as shown. The area bounded by the two curves can be found by calculating the difference of the definite 

integral of the upper function and the lower function using the intersection points as the limits 

of integration. 

Area en curves 

Area between two curves = J (upper curve — lower curve) dx 

b c 

Awas i} f(x) — g(x) det J, a(x) — f(x) de 
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Ve) 5) ese) > @\\ | B= <1 Finding the area between two curves 

Find the area bounded by the functions f(x) = 8 - x” and g(x) = 2x. 

Steps Working 

1 Find the x-coordinates of the intersection 2x=8-x 

points between the two functions. +2x-8=0 

(x + 4)(x - 2) =0 

x=-4,x=2 

2 Sketch the graphs of fand g on the same axes. 

p. 166 

2 
3 Area between two curves Area = [, F(x) — g(x) dx 

5 J (top curve — bottom curve) dx 2 
= [), (8-2? - 2x) dx 

8 64 
=16-—-44+32-— +16 

3 3 
= 36 units” 

| USING CAS 2 | Finding the area between two curves 

Find the area between the two functions f(x) = 8-x* and g(x) = 2x. 

DB. 
va
se
 

inter section point @® £1 (x)=8-x? : 7 . af 12(:)=2-x 

sintersection point G® 

lower bound? - lupper bound?] 

1 Add a Graphs page and graph the functions. 5 When prompted for the upper bound?, 

2 Adjust the window settings to suit. move the cursor and select the second 

3 Press menu > Analyze Graph > Bounded Area. intersection point. 

4 When prompted for the lower bound?, move 

the cursor to select the first intersection 

point. 
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solve(f7(x)=£2(x),x) x=-4 orx=2 

[ta “ 

6 The area between the two curves will 7 To find the area, add a Calculator page. 

be displayed. 8 Solve f1(x)=f2(x) to determine the 

x-coordinates of the points of intersection. 

9 Find the integral of the difference between the 

two functions from —4 to 2 as shown above. 

1 Open the Graph&Table application and graph 4 Press ENTER to label the first point of 

the functions. intersection. 

2 Adjust the window settings to suit. 5 The cursor will jump to the second point of 

3 Tap Analysis > G-Solve > Integral > {dx intersection. 

Intersection. 6 Press ENTER to label this point. 

& Edit Zoom Analysis # [x] Edit Action Interactive 

3] b> [a sie] oT] 
solve(yl (x)=y2(x), x) [a] 

{x=-4, x=2} 

2 
[/ sioo-v2@0¢x 

36 

it] 

7 The area between the two curves will be 9 Solve y1(x)=y2(x) to determine the 

displayed. x-coordinates of the points of intersection 

8 To confirm the area, tap Main. (use the letter y, not the variable y). 

10 Find the integral of the difference between the 

two functions from —4 to 2 as shown above. 

The area is 36 square units. 
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The area between a curve and the y-axis 

For the function x = f(y), the shaded area between the function and the y-axis from y = a to y = bis 
b 

given by the definite integral i} f(y) dy. 

« Transpose the function to express x in terms of y. 

« Find the definite integral of this function with respect to y using y values as the limits of integration. 

Vile) s) 4s) > @\ | B=") Applying the area between a curve and the y-axis 

Find the area bounded by the function f (x) = sin !(x) and the lines y = 0 and x = a 2 p. 167 

Steps Working 

1 Graph the function and identify the area YA y=sin™! (x) 

required. | 
z 6 7 

= ' t 4 

| 2 

Y 

The required area is shaded pink. 

1 

2 Write a definite integral for the required area. Area = f sin | (x) dx 

3 This area can be calculated by finding the (blue) y= sin! (x) => x =sin (y) 

area between f (x) and the y-axis and lower limit: upper limit: 
subtracting it from the area of a rectangle. 1 

Transpose to make x the subject and convert the x=0 "3 

upper and lower limits from x values to y values. od _a(1)_@ 
y=sin” (0)=0 y= sin. 5) 

4 Find the area between f(x) and the y-axis. Area between f (x) and the y-axis 

nT 

Every part of the definite integral = Je sin (y) dy 

must be converted to y values. 

= [-cos(y)]é 
= —cos (2) + cos (0) 

V3 =]-~ 
2 
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rectangle. mol 3 

6 

= 

5 Subtract this area from the area of the Area between f (x) and the x-axis (orange) 

When finding the area, always sketch the graph of the function or functions and shade the required area. 

The mathematical equation for ‘Area =’ must be a definite integral that produces the necessary area. 

EXERCISE 8.1 Areas under curves ANSWERS p. 590 

Mastery 

1 Ej worked EXAMPLE 1 

1 3V3 
a Find the area between the curve f(x) = — the x-axis, the y-axis and the line x = ——. 

9-x 

x 

Vl+x° 
b Find the area between the curve f(x) = , the x-axis and the line x = V3. 

2 
a Find the area bounded by the function f: [0, 7] > R, f(x) = sin? (3x). 

x 

V1+x° 
b Find the area between the curve f(x) = , the x-axis and the lines x = —/3 and x 

3 FQ using cas 1 

2 

= 3. 

a Find the area between the curve f(x) = V9 +x , the x-axis and the lines x = -1.5 and x = 2.5, 

correct to two decimal places. 

3 
-1 

V44+x 

lines x = —2 and x = 1, correct to two decimal places. 

4 FE workep EXAMPLE 3 

b For the function f(x) = , where x > —4, find the area between the curve, the x-axis and the 

a Find the area bounded by the functions f(x) = sin (x) and g(x) = -cos (x) between x = 0 and x = 27. 

b Find the area bounded by the functions f(x) = -x and g(x) = V2—x. 

5 [FQ using cas 2 

a Find the area bounded by the functions f(x) = sin (2x) and g(x) = -cos (x) over the domain x € [-2, 1], 

correct to two decimal places. 

b Find the area bounded by the functions f(x) = ie 
x +3 x 

6 [EQ workeD EXAMPLE 4 

a Find the area bounded by the function f(x) = sin™'(2x) and the lines x = 0, y= 0 and x = 

b Find the area bounded by the function f(x) = log, (x), the x-axis and the line x = e. 

Nelson ViCmaths Specialist Mathematics 12 

and g(x) = i correct to three decimal places. 
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Exam practice 80-100% 60-79% 00-59% 

2 
7 Ben (73% (3 marks) Find the area enclosed by the relation y = s *. 

the x-axis and the lines x = —-1 and x= 1. 

8 EEE (mars) 
24x? . . 6 

a (7% Show that f(x) = ie can be written in the form f(x) =-1+ re 1 mark 
—x -x 

24x 
b (58% Find the exact area enclosed by the graph of f(x) = ——; the x-axis, and the lines 

x=-landx=1. 3 marks 

9 (54% | (2SETES| (3 marks) Consider the curve with equation 

y =(x-1)V2-x,1<x <2. Calculate the area of the region enclosed by the curve and the x-axis. 

10 GB PETE (4 marks) Find the exact area bounded by y = ow 2 
—18 

the x-axis and the lines x = —2 and x = 2. * 

Bie © VCAA (ESTES) (6 marks) Consider f(x) = 3x arctan (2x). 

a (4%) Write down the range of f 1 mark 

b (91% Show that f(x) = 3 arctan (2x) + bss 7: 1 mark 
1+ 4x 

c (51%) Hence evaluate the area enclosed by the graph of g(x) = arctan (2x), the x-axis and 

the linesx= 1 and x3. 3 marks 
2 2 

12 (47%) GESTTES) (4 marks) Part of the graph with equation 

y= (x - 1) Vx +1 is shown below. 

avb 
Find the area that is bounded by the curve and the x-axis. Give your answer in the form ——, 

where a, b and care integers. 

13 (7% The shaded region in the diagram 

on the right is bounded by the y-axis, and the curves with equations 

y=x - land y = 2cos (=) The exact value of the area of the 

shaded region is 

10 14 4 4 
A — B— c —-- 

3 3 n 3 
4 2 4 

p—-= E —+2 
n 3 
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> 14 (13 marks) A council is planning to construct a fence at a park from pre-made panels. 

One side of each fence panel needs to be painted. To determine the amount of paint needed, the area of 

one side of each panel needs to be calculated. Each panel is 2 metres wide. An artist’s sketch of a panel 

is given below. Estimates of the height of one panel are made from the artist’s sketch. Taking x metres as 

the distance from the left-hand end of a panel and h metres as an estimate of the height, these estimates 

are summarised in the table. 

h 

x h 

0.0 0.00 

0.5 1.60 

1.0 1.25 

15 0.85 

a <> 2.0 0.55 

a (69% Estimate the area of one side of a panel by approximating the shape of a panel 

using four trapeziums of equal width. 2 marks 

A mathematician examines the artist’s sketch and decides that the height of each panel can be 

modelled by the function 

10 h(x) = ——~—., x € [0,2] 
(x? + 1)(3x +1) 

10. +A B 
b (74% Given that +t can be written in the form ~ + ; 

(x7 +1)(3x +1) x +1 3x4] 

find the values of A and B. 

c (88%) Write down a definite integral which represents the area of one side of a pre-made 

3 marks 

panel according to the mathematician’s model. Hence use calculus to find this area correct 

to two decimal places. 

The fence is to be constructed by overlapping the panels. The fence will be 100 metres long. 

5 marks 

d (25% To build the fence, the pre-made panels are overlapped and secured to upright posts. 

An artist's sketch of three panels and posts of the fence is given below. 

2.0m 
‘post ! post "post 

According to the mathematician’s model, what is the minimum number of panels required? 3 marks 

15 (14 marks) Consider the function f: [0, 3) > R, where 

f(x) =-2+ 2see( =} 

a (85% Evaluate f (2). 

Let f7! be the inverse function of f 

b (74%) Sketch the graphs of fand f ', showing their points of intersection. 

Nelson ViCmaths Specialist Mathematics 12 
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ce (70% The rule for f-! can be written as f'(x) = acos’ (5): Find the exact value ofa. 2 marks 
x+ 

Let A be the magnitude of the area enclosed by the graphs of fand f”?. 

d (88%) Write a definite integral expression for A and evaluate it correct to 

three decimal places. 2 marks 

e i 48%) Given that0 <kx< = show that the derivative of log, besa is k sec (kx). 3 marks 
2 cos 

ii 18% | Hence find the exact value of A, the magnitude of the area enclosed by the 
-1 graphs of fand f~. 4 marks 

16 (13 marks) Consider the function f: D > R, where f(x) = log, (4 - x) and 

Dis the largest possible domain for which fis defined. 

a (69% Find D. 1 mark 

b (75%) Sketch the graph of f, labelling all the key features. 3 marks 

Let A be the magnitude of the area enclosed by the graph of f, the coordinate axes and the 

line x= 1. 

¢ (87%) Without evaluating A, use the graph of f to show that log, (3) < A < log, (4). 2 marks 

d i 75%) Differentiate x log, (4 - x). 2 marks 
2 

ii 22% Find an anti-derivative of eS 3 marks 
-x 

iii 18%) Hence find the exact value of A in the form a + blog, (c), where a, band c 

are integers. 2 marks 

The graph of the anti-derivative a 
Video playlist 

The graph 

Suppose F(x) + c is the anti-derivative of f(x). orsheventt 

J fle) de = F(x) +e or flx) =F’ (x) 
The graph of the anti-derivative y = F (x) can be found using the fact that the function values for f(x) 

represent the gradient of F (x). 

Properties of a function f(x) and its anti-derivative F(x) 

The gradient function f(x) 

F(x) = 0: F(x) has zero gradient: 

the graph intersects the x-axis the graph has a stationary point 

F(x) > 0: F(x) has a positive gradient: 

the graph is above the x-axis the graph is increasing ye 

F(x) < 0: F(x) has a negative gradient: a 

the graph is below the x-axis the graph is decreasing 

Draw a slope graph below the graph of the function f(x) using straight lines to represent the slope of the 

curve in each section. This slope can then be transformed into a smooth curve and moved into position 

on the grid provided. 

This method will determine the shape of the anti-derivative F(x) + c. However, additional information 

will need to be provided to determine the value of the arbitrary constant c. 
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Ve) st ese) > F-\\ | 8 = (3) Sketching a possible anti-derivative function 

Sketch the graph of a possible anti-derivative for y = f(x). 

J 

Steps Working 

1 y=f(x) has three x-intercepts at x = —2,x =1 ii y=fx) 

and x = 3. 

These represent the three stationary points 

with a gradient of zero. 
x 

Draw horizontal lines below each x-intercept, ; 4 

for the slope graph. { 

2 Draw an increasing line in the section of the Yh y=fe) 

slope graph, where f(x) is above the x-axis and 

a decreasing line in the section where f(x) is 

below the x-axis. 

3 Move the horizontal lines on the slope graph 

to make the slope graph continuous. 

The given graph looks like a positive > 

cubic function (of degree 3) so the 

graph of the anti-derivative should 

look like a positive quartic function 

(of degree 4). 
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4 Drawa smooth curve from the slope graph 

and translate the graph upwards to any 

position on the axes above. 

The value of the constant is not known, 

so any vertical translation can be used. 

le) st ese) > 7 \\ |= 75) Sketching the anti-derivative function 

Sketch the graph of the anti-derivative for y = f (x), where J F(x) dx = F(x), given F(0) = 1. 

These represent the two stationary points with 

a gradient of zero. 

Draw a horizontal line below each x-intercept. 

Add the slope lines below the graph obtained 

from the gradient function f(x). 

2 As F(0) =1, the graph of the anti-derivative 

F(x) passes through the point (0, 1). 

Draw a smooth curve from the slope graph 

and translate the graph upwards so that it 

passes through the point (0, 1). 

we 
2 

=F) 

i 

aun Ee 
-1 

-2 

Steps Working 

1 y=f(x) has two x-intercepts at 1 and 3. 3 y 

y=f(x) 
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EXERCISE 8.2 The graph of the anti-derivative ANSWERS p. 591 

328 

Recap 

1 The region bounded by the y-axis, and the curves with equations y= x- 4and y = 2 sin“ is 

1 Eig p a8 E 748 A 167+8 B —-8 c 
4 2 4 2 

2 The area of the region enclosed by the curve f(x) = (x —1),/(5— x) and the x-axis is 

A 128 B 4 c 8v2 D AVIS E v2 4 
15 15 15 15 5 15 

Mastery 

3 Sketch a possible anti-derivative for y = f(x). 

al 

4 [Eq workep EXAMPLE 6 

a_ Sketch the anti-derivative for y = f(x), where JF dx = F(x), given F (0) =2. 

1 y=f(x) 

ay
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5 (85% Part of the graph of the derivative 

of a function fis shown on the right. 

Which one of the following could be the graph of the function f? 

A ve 

> 0 

’ 

D va 

2 

6 PehWeVN 2008 2012 

shown below. 

The value of ie F (x) dx is closest to 

A -9 B -7 ce -5 

When a curve is rotated about an axis, the 3D shape formed is called a solid of revolution. In the diagram, 

the blue region has been rotated about the x-axis to form a cone-like solid. Integration can be used to find 

the formulas for the volumes of many common objects like cylinders, spheres and cones. 
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Solids of revolution about the x-axis 

Consider the curve y = f(x). The area between the curve and the x-axis from x = a to x = b is shown. 

y 
y=H(x) 

If this area is rotated about the x-axis, it produces the volume of a solid of revolution. 

Yh 

=f) 

y 

If we consider a small section of the volume with a thickness of dx, the shape 

will be approximately cylindrical with a radius of y. 

The volume of the cylinder given by the formula V = mr*h will be 

dV = ny dx 

The sum of all the cylinders from x = a to x = b can be found from the definite integral 

V= f my'dx ox 

As 7 is a constant, we can place it outside the integral. 

Volumes of solids of revolution 

The volume of a solid of revolution about the x-axis from x = a to x = b is given by 

= ("92 Van f y dx 

Vile) si dss) > CNB = Volumes of solids of revolution 

1 
Find the volume generated when the area between the function y = — and the x-axis from x = 1 to 

x = 4 is rotated about the x-axis. “ 

Steps Working 

1 Graph the function and identify the y 

area required. 1 Pe", 

“ToT 23) 4 

-1 

Nelson ViCmaths Specialist Mathematics 12 9780170448543



Vv
 

2 Rotate the curve in a circular motion about y 

the x-axis to create a solid of revolution. 1 

> 
-1 

-1 

3 Write the formula for the volume of a solid of b 5 
. . V= | mydx 

revolution about the x-axis. a 
5 1. 2 

Substitute y = — using x = 1 and x = 4as the ae ‘2(=) ae 
x 1 k& 

limits of integration. 

4 Evaluate the definite integral. 41 
V= nf = ax 

1 356 

Solids of revolution about the y-axis 
Consider the curve y = f(x). The area between the curve and the y-axis from y = a to y = b is shown. 

y=) 

=f) 
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If we consider a small section of the volume with a thickness of dy, 

the shape will be approximately cylindrical with a radius of x. 

The volume of the cylinder will be 6V = 1x" 6y. 

The sum of all the cylinders from y= a to y = b can be found from 

the definite integral V = 7 JP ay. 

Volumes of solids of revolution about the y-axis 

The volume of a solid of revolution about the y-axis from y= a to y = b is given by 

V= n Ji x?dy 

Vile) si ¢ Se) > @-\\" | B= ":)) Finding the volume of a solid of revolution about the y-axis 

Find the volume generated when the area between the function y = 2 arccos (x), x € [0, 1 and the y-axis 
172 

, is rotated about the y-axis. 

Steps Working 

1 Graph the function and identify the 7, { 

area required. NX 

‘% arccos (x) 

<= \ ~ 
1 0 1 * 

2 Rotate the curve in a circular motion about y 

the y-axis to create a solid of revolution. n 

y= arccos (x) 

r) 

= T > 

1 0 1 * 

. . ae) 
3 Write the formula for the volume ofa solid of | V = ral x“dy 

a 
revolution about the y-axis. 

4 Transpose the equation to make x the subject. — y = 2cos (x) 

2 = cos? (x) 
2 

x= co 2 
Z 

wes . = 2( 2. 5 Substitute into the volume formula using V= 9 7oos i dy 

y = 0 and y = zras the lower and upper limits 

of integration. 

332 Nelson VICmaths Specialist Mathematics 12 9780170448543



6 Use the double angle rule =n id 5 lees (y) +1] dy 

1 
cos?(x) = —[cos(2x) +1] to find the 1 

gleos2) +1] =F [sin(y) +9] 
anti-derivative. 

—(sin(2) + a — sin (0) - 0) 

2 
a3 

= — units 
2 

When an area between a curve and the y-axis is rotated about the y-axis to form a solid 

of revolution, the lower and upper limits of integration are the lowest and highest y 

values of the solid. A sketch of the volume formed will help identify the limits. 

Revolving regions bounded by two curves 
Consider the area bounded by two curves f(x) and g(x), which is rotated about the x-axis. 

dt; y 

f)_ Few ILFan) 

aa T T aed —T i t Fe 

In the diagram above, the rotated function f(x) will form the outer skin of the solid and 

the function g(x) will form the inner skin. 

The cross-section of this volume will be hollow and ring shaped as shown here. 

Revolving regions bounded by two curves 

When the area bounded between y = f(x), y = g(x) and the lines x = aand x = b 

is rotated about the x-axis, the volume of the solid of revolution is given by 

v = mf {LfGoP -[g@)]} dx 
where f(x) > g(x) for x € [a, b]. 

Ve) stds) > 7 | B= ')) Revolving regions bounded by two curves 

The area enclosed by y= sin (x), y= 2x and the line x = = is rotated about the x-axis to form a solid of 

revolution. Find the volume of the solid. 

Steps Working 

1 Graph the function and identify the area 7 

required. 
yo2x 

Jasin (x) 
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2 The function, when rotated about the x-axis, y 
y= 2x 

will form a hollow solid. 

Write a definite integral to represent y=sin (x) 

this volume. 
« > = 

= 
V =a) 6 (2x) — sin’(x) dx 

2 1 
3 Integrate and evaluate. =n Ks (2x)? - 5h = cos(2x)] dx 

z Le, a. 
=m [ 64x? ——+—cos(2x) dx 

0 2 32: 

- lad 
4x0 1 1 6 

=n|--=x+ —sin(2x) 
L 3 0 

wml. (2) 
= n| —-—+-sin| — 

162 12 4 3 

wm ow ms. 
=—--7+—_ units 

162 12 8 

EXERCISE 8.3 Volumes of solids of revolution ANSWERS p. 591 

Recap 

1 The graph of f(x) is shown on the right, where f (x) = F’(x). 

A possible graph of the function F is 

A Yh ] B FH 
t F(X] bof — 

Fe Ay 5. il i 

1 WE 
FE [i ¥ Ea 3 4 

5 = CA aeiieienen 
ri | | 

{ | y F(x) 

c yh D L% E vi 

4 1 | 10 | facet x) eae) ae 
5 tts Z | 

i | 

fi i 

BHSREAN) = 0 Pe { qj 

A Ee eH 
# FO) Ft 1 

Y | t y 
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2 The graph of a function f, together with one of its 

anti-derivative functions is shown on the right. 

The value of Pe F (x) dx is closest to 

A -6 BOS Cc 6 

D8 E 10 

Mastery 

3 [EQ workeD EXAMPLE 7 

1 
a_ The area bounded by the coordinate axes, the function f(x) = ———— and the line x = 1 is rotated 

V4—x? 

about the x-axis to form a solid of revolution. Find the volume of the solid. 

b The area bounded by the x-axis and the function f(x) = V9 — x” is rotated about the x-axis to form 

a solid of revolution. Find the volume of the solid. 

4 (Eq workeD ExAMPLe 8 

a The area bounded by the curve y = sin™!(x), the y-axis and the line y = = is rotated about the y-axis 

to form a solid of revolution. Find the exact volume of the solid. 3 

b The area bounded by the curve f: [-2, 2] > R, f(x) = x’ and the y-axis is rotated about the y-axis to 

form a solid of revolution. Find the exact volume of the solid. 

5 The area bounded by the functions f(x) = x and g(x) = 2x is rotated about the 

x-axis to form a volume of revolution. Find the volume of the solid. 

Exam practice 80-100% 60-79% 059% 

(3 © VCAA (253) 4 marks) The region in the first quadrant enclosed by the coordinate axes, 

the graph with equation y = e™ and the straight line x = a where a > 0, is rotated about the x-axis to form 

a solid of revolution. 

a (70% Express the volume of the solid of revolution as a definite integral. 1 mark 

b (60% Calculate the volume of the solid of revolution, in terms of a. 1 mark 

. . om 
c (64% Find the exact value of a if the volume is 7 cubic units. 2 marks 

7 68% (4 marks) Find the volume of the solid of revolution formed when 

14+2. 
the graph of y = i * is rotated about the x-axis over the interval [0, 1]. 

+x 

8 (62% (3 marks) The region in the first quadrant enclosed by the curve 

y =sin (x), the line y = 0 and the line x = z is rotated about the x-axis. Find the volume of the resulting 

solid of revolution. 
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» 9 TECH-FREE RCE) 
4 

Verify that f+ , 
a-4 a-4 

1 mark 

Part of the graph of y = ——~*____ is shown on the right. 

([e-4 

b (85% The region enclosed by the graph 

of y= ——*____ and the lines y= 0, x=3 and x= 4 is rotated about the x-axis. 

4 
Find the volume of the resulting solid of revolution. 4 marks 

10 (4 marks) 
a (69% The shaded region in the diagram below is bounded by the graph of y = sin (x) 

and the x-axis between the first two non-negative x-intercepts of the curve, that is, the 

interval [0, 2]. The shaded region is rotated about the x-axis to form a solid of revolution. 

Find the volume, V,, of the solid formed. 3 marks 

b (30% Now consider the function y= sin (kx), where k is a positive real constant. The region 

bounded by the graph of the function and the x-axis between the first two non-negative 

x-intercepts of the graph is rotated about the x-axis to form a solid of revolution. 

Find the volume of this solid in terms of V,. 1 mark 

11 FERRY 2013109) (53%) (4marks) The shaded region below is enclosed by the graph of 

y = sin (x) and the lines y = 3x and x = = this region is rotated about the x-axis. 
3 

»Y
 

Find the volume of the resulting solid of revolution. 
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12 (53% (3 marks) Find the volume generated when the region bounded by 

the graph of y =2x" - 3, the line y = 5 and the y-axis is rotated about the y-axis. 

19 EEE ¢ mars) 
d 

a (85% Show <{« arccos (=) = asco = + = where a > 0. 1 mark 
a a a — x2 

b (88% State the maximal domain and the range of f(x) = ,/arccos (=) 2 marks 

c (85% Find the volume of the solid of revolution generated when the region bounded by 

the graph of y = f(x), and the lines x = -2 and y = 0, is rotated about the x-axis. 4 marks 

14 | TECH-FREE | (4marks) The graph of y = cos! (x), x € [-1, 1], is shown below. 

Ss
 

a (28% Find the area bounded by the graph shown above, the x-axis and the line with 

equation x = -1. 1 mark 

b (51%) Find the exact volume of the solid of revolution formed if the graph shown above 

is rotated about the y-axis. 3 marks 

15 (72% The region bounded by the lines x = 0, y = 3 and the 
4 

graph of y = x3, where x > 0, is rotated about the y-axis to form a solid of revolution. 

The volume of this solid is 

2 3 1 1 1 
3 4 3 2 2 8173 B 1273 c 2773 D 1873 E 673 

11 7 Z 5 5 

‘ - aT. 
16 62% The curve given by y= sin 1(2x), where 0 <x< > is rotated about 

the y-axis to form a solid of revolution. 

A 

The volume of the solid may be found by evaluating 

nt mt n= 
A 7 J21-osy)dy B 5 J21-cos(2y) dy © {JZ 1-cos(ay)dy 

1/2 nm 
D g J? 1 cos(2y)dy E ig | 71 — cos(2y) dy 

2 

17 (48%) The volume of the solid of revolution formed by rotating the graph of 

=J9-(x- 1y about the x-axis is given by 

A 4n(3)7 B nf (9-(x-1)) ax c nf 9—(x=1))) de 

D nf (9-(x-1y) dx En * (9-(-1P) dx 
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P 48 

19 

20 

21 

(ELY 2001 2aat6 ) 46%) The graph of f: [3, 0) — R, where f(x) = Vx? —9, is shown below. 

The shaded region is bounded by this graph, the x-axis, and the line with equation x = 5. 

_ 
x o! 3 5 

The shaded region is rotated about the y-axis to form a solid of revolution. The volume of this solid, 

in cubic units, is given by 
4 4 4 

A nJo(y°-9) ay B nJ(34-y°) ay c nJi(y° +9) dy 

D x] (16- y*) dy E x] i(5-\ y +9) dy 

2014 2Ba1d } (3marks) Consider the function f with rule f(x) = a over its 
da ae (x +2)(x-4) maximal domain. 

The region bounded by the coordinate axes, the graph of f and the line x = 3, is rotated about 

the x-axis to form a solid of revolution. 

a Write down a definite integral in terms of x that gives the volume of this solid 

of revolution. 2 marks 

b (77% Find the volume of this solid, correct to two decimal places. 1 mark 

(3 marks) The region in the first quadrant enclosed by the graph of 

2 2 -1 
(«=1) +2 = 1, the x-axis, and the lines x = 1 and x = 3 is rotated about the x-axis to form a solid 

9 4 

of revolution. 

a (86% Write down a definite integral, in terms of x, that gives the volume of this solid 

of revolution. 2 marks 

b (71% Find the volume of this solid of revolution. 1 mark 

©VCAA (8 marks) Consider the function fwith rule f(x) = 2 sin?(x) for0 < x < z. 

The region bounded by the graph of f, the coordinate axes and the line x = 1 is rotated about 

the x-axis to form a solid of revolution. 

a Write down a definite integral in terms of x that gives the volume of this solid 

of revolution. 2 marks 

b (71% Find the volume of this solid, correct to one decimal place. 1mark D> 
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22 (5 marks) The top part of a wine glass, iz 

while lying on its side, is constructed by rotating the graph 

6x . 
of y= 5 from x = 0 to x= 5 about the x-axis as shown L ,| 

Vvl+x PAPE Ae eee 
below. -2 

All lengths are measured in centimetres. 4 

a (84% Write down a definite integral which represents the 

volume, Vem’, of the glass. 2 marks 

b (64%) Use the substitution u = 1 + x° to write down a definite integral which represents 

the volume of the glass in terms of u. 2 marks 

c (52%) Find the value of V correct to the nearest cm’. 1 mark 

2 

23 (67%) (2marks) The region bounded by the curve (x — 1 - - = land 

the line x = 3 is rotated about the x-axis. Find the volume of the solid formed. 

24 (6 marks) Consider the function f with rule f(x) = sin”! (2x7 - 1). 

a (65% Sketch the graph of the relation y = f (x). Label the endpoints with their exact 

coordinates and label the x- and y-intercepts with their exact values. 3 marks 

b i 60% Write down a definite integral in terms of y, which when evaluated will give 

the volume of the solid of revolution formed by rotating the graph about the y-axis. 2 marks 

ii 48%) Find the exact value of the definite integral in part i. 1 mark 

4 
25 (8 marks) Consider the function f with rule y = ~ z 1 over the range -10 < y< 10. 

x 

a 65% The domain of f may be expressed in the form x € [-a,- b} U [b, al, where a, b> 0. 

Find the values of a and b correct to one decimal place. 2 marks 

b (70% Sketch the graph of ffor y € [-10, 10], clearly showing the location of the x-intercepts. 2 marks 

The rule relating x to y may be rearranged to give x" - yx” - 1=0. 

2 + +4 
c (46%) Show that x” = ytvy a giving reasons for rejecting any solutions. 2 marks 

A glass with a hollow stem, and with its base at y = -10, is made by rotating the part of 

the graph of f where x > 0 and ye [-10, 10] about the y-axis to form a solid of revolution. 

d i 57%) Write down a definite integral which, when evaluated, would give the volume 

of the glass. 1 mark 

ii 45%) If the x- and y-coordinates measure lengths in centimetres, find the volume 

of the glass in cm’, correct to one decimal place. 1 mark 

6xVx . 
26 ies (5 marks) The graph of f(x) = (x? +1) is rotated about the x-axis between 

3x° +1 

x=Oandx= z to form a solid of revolution with volume V. 

18x? 
a (74% Show that V= anf J3 —=~—_ dx. 1 mark 

° (3x? +1) 
b d 

b (42%) Use the substitution u = 3x” + 1 to express V in the form anf (: + 4) du. 2 marks 
“\u ou 

c (35% Hence, by using an appropriate anti-derivative, find V in exact form. 2 marks 
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Video 
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Arc lengths 
of curves 

p.174 

340 

Arc lengths of curves 

Integration can be used to find the arc length of a curve. 
él 

Consider the curve of a function y = f(x) that is continuous over the interval [x,, x]. by 

The curve can be considered to be made up of lots of very small straight lines. 5 
x 

A very small section of this curve is taken as shown in the diagram. 

For this small section, the length of the curve is 5/ and the increase in x and y are dx and dy. 

Using Pythagoras’ theorem: (81)? = (Sx)? + (dy)? 

81 = (Sx) + (yp 

This can be simplified further to d/ Il 

—
=
 

an
 

R ~
S
 ‘S 

o
S
 

w + 
—
 

S S
S
 <
 

N
e
 

The sum of all these individual arc lengths can be found by integration. 

The arc length, |, of the graph of the function y = f(x) over the interval x = x, to x = x, is given by the formulas 

x. ay 2 
=f" 1+(2) dx or 1=f Vl +[f(a)P ade 

xy x] 

le) st ¢ Se) > GV | B= 4) The arc length of a curve 

3 
Find the arc length of the curve y = (x —1)2 between x =1 andx=5. 

Steps Working 

2 dy 3 1 

1 Find & ana{ 2). de pCa 
dx dx ae 

y —*, — 5 oi 

(2) 7 ) 

2 Use the arc length formula. 

3 Find the anti-derivative using the formula: 375 
n+l 1] (9x —5)2 

J (ax byt dx = OE “3 9x3 
a(n +1) 2 j 
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1 3 3 
4 Evaluate the definite integral. = Ff a0! -4 } 

80 8 
= —v10 — — units 

27 27 

| USING CAS 3 | Calculating the length of a curve 

Calculate the arc length of the curve y = (x — 1p between x = 1andx=5. 

@ Edit Action Interactive 

3 8-(10- {10 -1) 5 o 
arcLen\(x=i) 2 5x45 27 cimaltnsty 2 1.8) 

80-VI0_ 8 
3 9.07342 a6 st 
_ ans 

arcLen\(x-1) 2 ,x,1,5 9.073415289 

1 Press menu > Calculus > Arc Length. 1 In Main, enter and highlight the expression. 

2 Enter the expression followed by x,1,5 2 Tap Interactive > Calculation > line > arcLen. 

as shown above. 3 In the dialogue box, enter the Start and End 

values. 

4 Tap OK. 

5 Tap Convert to change the answer to decimal. 

The arc length is 80 fio - 8 units. 
27 27 

The length of a curve written in parametric form 
Consider the parametric equations for a curve x = f(t) and y = g(t). The length of the curve for parametric 

functions is found below using Pythagoras’ rule. 

(61) = (6x) + (6y) 
(si _ (5x), (6) 

ty (6) 

(2p (ee) 

The sum of all these individual arc lengths can be found by integration. 

Arc length in parametric form 

The arc length, J, of the graph of the parametric functions x = f(t) and y = g(t) 

over the interval t = t, to t = f, is given by the formulas 

2. 2 

if? (=) +(2) de oz ils J, [OP +[’oP ae 
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[ws] SECS TSRET arc length in parametric form 
Find the arc length for the curve defined by the parametric function 

p.175 X 
x=2 cos (2t), y=2 sin (2t),t € [0] 

Steps Working 

dx . 

1 Find & and 2. dt = 4 sin (2t) 
dt dt d 

® | Acos (2t) 
dt 

: 2 2 
2 Substitute into the formula l= ° (=) +(2) dt 

4 dt dt 

2 {(dx\? dy 2 ua 2 ; 

Is J, (=) +(2) at = J s[-4sin (20)f +[4cos(2e)}’ at 
x 

= J 6 16sin?(2t) + 16 cos” (2t) dt 
0 

x 

3 Simplify using the identity - Bs 16(sin” (2t)+ cos” (2t)) dt 

sin?(x) + cos?(x) = 1 x 
= | 64dt 

4 Evaluate the definite integral. 0 
nu 

= [4t]§ 
=4x2_0 

6 
2m 

= —units 
3 

EXERCISE 8.4 Arc lengths of curves ANSWERS p. 592 

Recap (80-100% 60-79% 059% 

1 The area bounded by the coordinate axes, the function f(x) = 1 and the line x = 4 is rotated 
V¥25 — x? 

about the x-axis to form a solid of revolution. The volume of the solid formed is 

A ain'(2] B sin! [=] c 1e8.(37) 
5 5 5 

pz ez log, (3) 

20 5 

2 (7%) The graph of f: (0, 0) — R, where f(x) = [7 is shown. The shaded region 
x + 

is bounded by the graph of f, the y-axis and the line with equation y = 1. 

Yh 

5 

ca
s 
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The shaded region is rotated about the x-axis to form a solid of revolution. The volume of the solid, 

in cubic units, is given by 

2 2 2( 5 2( 5 2 5 
AT —1dx Br -l1)|d4 Cr —ldx 

(=n) ites ~ mi 

2 2 5 2 4 
Daz dx En d: 

(au) Lea) ~ 
Mastery 

3 Fa WORKED EXAMPLE 10 

a Find the length of the curve y = 4x? between x= 1 and x =9. 

b Find the length of the curve y* = x* between x = 0 and x = 1. 

4 FQ using cas 3 

a Find the arc length, correct to two decimal places, along the curve f(x) = xe* between x = 1 and x =4. 

b Find the arc length, correct to two decimal places, along the curve f(x) = e* sin(x) between x = 0 

and x = 2. 

5 ie WORKED EXAMPLE 11 

a Find the arc length for the curve defined by the parametric function 

x =3cos (t), y=3 sin (t),t € [=| 

b Find the arc length for the curve defined by the parametric function 
3 

x=3t+l,y=202,t € [0,1]. 

Exam practice 

3 
6 (63%) (STE) (4 marks) Find the arc length of the curve y = 2? + 2)2 from 

3 
x=Otox=2. 

4 1 
7 TQNGSN 2019N 108 ) [ses Sss==) (4 marks) Find the length of the arc of the curve y = = + re +3 from 

x 
. . a we 

x = 1 to x = 2. Give your answer in the form —, where a and b are positive integers. 

8 (4 marks) 
d A. 

a Find (1-2)? . 2 marks dx 
3B 7 b Hence find the length of the curve specified by y = V1—x* from x = ss tox = 

Give your answer in the form kz, ke R. 2 2 marks 

9 (4 marks) Find the length of the curve specified parametrically by 

x = a0 —asin(@), y = a—acos(@) from@ = = to = 27, where a€ R’. Give your answer in terms of a. 
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> 10 (70%) The length of he curve defined by the parametric equations 

x = 3 sin (¢) and y = 4 cos (t) for 0 < t < mis given by 

z 2 “2 sf a) A J, V9cos*(t) — 16sin?(t) de B J V9 +7sin’(t) at 

" 2 % i c , 14+ 16sin‘(t) dt D J, (3cos(t) — 4 sin (t)) dt 

mY 2 ) 
E ‘ 3cos*(t) + 4sin“(t) dt 

41. The arc length of the curve y = x° between x = 1 and x =3 is given by 

A : 143x* dx B : 1+-x° dx c fii 9xt dx 

p3-P E J vitoxt de 

12 The arc length of the curve y = Ve between x = 0 and x = 8 is given by 

A fe Loe dx B BNAT OR te c 1° a+ ox dx 
0 4 0 4 270 

D J a E ies dx 

9x3 

13 The arc length of the curve y = Jx between x = 2 and x = 4 is given by 

14 4x41 14 4 
A ty dx B tf V44+ x dx c J V1+x dx 

274 x 2°2 7 

D fi 14+~ dx E fi et 
2 4 2V 4x 

14 The approximate arc length of the curve y = e* between x = 1 and x =e, correct to two decimal places, 

is equal to 

A 6.85 B 11.45 © 12.85 D 13.26 E 15.85 

3 

15 The length of the curve y = 2x? between x = 0 and x= 1 is equal to 

3 a B02 p 2 (Vio -1) ¢ 20, 
27 27 27 27 

2vl0 2 e2 
27 27 9 

16 The arc length for the curve defined by the parametric function 

x= 4 cos (2¢), y= 4 sin (2t),t € [° =| is given by the definite integral 

nu 

A Je 16cos”(2t) + 16 sin? (2t) dt 

ft. 
© J 3 (Bcos(2t)— Bsin (28) at 

ua 
E J 3-4cos’(2t) + 4sin?(2t) dt 

17 (3 marks) Determine the length of the cu 

344 Nelson VICmaths Specialist Mathematics 12 

nu 

B Je 64cos”(2t) + 64 sin*(2t) dt 

nu 

D J/3 16cos?(2t) + 16sin?(2t) at 

3 
rvex = SUP between y= 1 and y=4. 
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18 (3 marks) A glass is to be modelled by rotating the curve that is the part of the 

44x 4+x° 
graph of f(x) = See T* where xe [-3, -0.5], about the y-axis, to form a solid of revolution. 

x 

a_i (78%) Write down a definite integral, in terms of x, which gives the length of the 

curve to be rotated. 1 mark 

ii 74%) Find the length of this curve, correct to two decimal places. 1 mark 

6 The volume of the solid formed is given by V = a J’ x° dy. Find the values 

of a, b and c. Do not attempt to evaluate this integral. 1 mark 

Surface areas of solids of 
revolution 

How do we find the surface area of a curve that is rotated about an axis? 

Each small section of curve that is rotated about the x- or y-axis forms 

a cylinder. 

The surface area S of the cylinder can be found using the formula 

S = 2arh, where r is the radius of revolution and h is the length of the curve 

being rotated. 

RY
 

Solids of revolution about the x-axis 

For a solid of revolution rotated about the x-axis, the radius of the cylinder is r= y or f(x) and the height of 

the cylinder is h = 5, the arc length of the small section of the curve. 

2 
But 6] = 1+(2) x. 

Let 5S be the area of the small section of the surface of revolution. 
= if < 

Then 6S = 2arh S = 2arh 

= 2ryédl 

2 
h=6l 

= ny, jl + (2) x 
bx 

The sum of all these individual surface areas 5S can be found by integration. 

b dy) 
S= | 2myjl+]|—] dx 

J a? [ dx } 

b dy) 
= 20 1+|—]| dx oye (35) 

Surface area of a solid of revolution 

If f(x) is a smooth non-negative function in the interval [a, b], the surface area 

generated by rotating the curve y = f(x) about the x-axis is given by 

d 2 

S= fi2any 14(2) dx 

we 0S fran flx) 1+ (f'@o)-de. 
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p.176 

346 

Vile) s) 2) > GN) B= 4) Surface area of a solid of revolution 

Find the surface area generated by rotating the function f : [0,1] > R, f(x) = 2x° about the x-axis. 

Steps Working 

1 Find f(x). 

2 Substitute into the formula: 

$= fam flxfi+ (feo)rae 

3 Integrate by substitution. 

f(x) = 6x" 

$= f’amplxfi+(f"Co) ae 

= Jjanxax?fi+(6x7) de 

= rf 4x°Vi+ 36x! dx 
0 

Let u=1+36x* 

When x = 1, u = 37 

36°1 dx 

NM p37 = 
== [2 du 

36-1 

3 37 

_ @| 2u? 

36| 3 

1 

1 = 2 
=) 37-2 

54 

= 2 (3737 - 1)sq. units 

Solids of revolution about the y-axis 

Surface area of revolution about the x-axis 

If g(y) isa smooth curve in the interval [c, d], the surface area 

generated by rotating the curve x = g(y) about the y-axis is given by 

Nelson ViICmaths Specialist Mathematics 12 

D 

$= [2x 1+(#] dy 
« y 

or S= fone) 1+(g’(y)) dy 
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Vile) si ese) > 7\\ | B= se) Surface area of a solid of revolution about the y-axis 

Find the surface area generated when the function y = x” on the interval [0, V2 ] is rotated about the y-axis. 

2 Substitute into the formula: 

2 

S= fi 2nx 1+(2] dy 

3 Evaluate the integral. 

Steps Working 

2 
1 Find x as a function of y, rr and the new YZ 

limits of integration. y a 
= 

de 1+ 1 
_ 2 = = 

dy 2” — 2Jy 
When x = 0, y=0°=0 

When x = v2, y =(V2)" =D, 

d dey 
S =f! 2nx +(2) dy 
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Surface area of a solid of revolution in 

parametric form 

Surface area of a solid of revolution in parametric form 

The formulas for the surface area of a parametric equation f(x @s y(t) , te [t,, tp] are: 

rotation about the x-axis 

rotation about the y-axis 

Whe) st ese) > 7-\\ | B= 40" Surface area of a solid of revolution in parametric form 

Find the surface area generated by rotating the function with parametric equations 
p.178 

x(t) = 3cos(t) and y(t) = 3sin(t), t € [04] about the x-axis. 

Steps Working 

1 Find x(t) and y’(t). x’(t) = —3sin(t) 

y(t) = 3cos(t) 

ue t 
2 Substitute into the formula: S= J, 2ny(t), (x’(0))° + (yy dt 

Ss lie amy (thy (x(t) +(y'(t))” dt 7 . . 
: = J 2 20x 3sin(t)\(-3sin(t))’ + (3cos(t))° dt 

nu 

= 61 J ? sin(t)y9 sin?(t) + 9cos"(t) dt 
nu 

=18r J2 sin (t) dt 

ua 

3 Evaluate the integral. = 182 [-cos(t)]2 

= -182{eoo{-%)- cos | 

= 187 units” 
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VCE QUESTION ANALYSIS 

Let fiD > R, flx)= 5 # 

2017 Examination 2 Section B Question 1 (11 marks) 

where D is the maximal domain of f. 
+x 

a_i Find the equations of any asymptotes of the graph of f. 1 mark 

ii Find f’(x) and state the coordinates of any stationary points of the graph of f, 

correct to two decimal places. 2 marks 

iii Find the coordinates of any points of inflection of the graph of f, correct to 

two decimal places. 2 marks 

b Sketch the graph of f(x) = es from x = -3 to x = 3 marking all stationary points, 

points of inflection and intercepts with axes, labelling them with their coordinates. 

Show any asymptotes and label them with their equations. 3 marks 

c The region S, bounded by the graph of f(x) = a the x-axis and the line x = 3, is rotated 
crx 

about the x-axis to form a solid of revolution. The line x = a, where 0 < a < 3, divides the 

region S into two regions such that, when the two regions are rotated about the x-axis, they 

generate solids of equal volume. 

i Write down an equation involving definite integrals that can be used to determine a. 2 marks 

ii Hence, find the value of a, correct to two decimal places. 1 mark 

Reading the question 

¢ Highlight the required answer in each part. This may be an equation, a graph or a value. 

« Highlight the number of decimal places required where the answer needs to be approximated. 

¢ Highlight the labelling required on the graph. 

Thinking about the question 

« The question requires the use of differentiation and anti-differentiation. 

« You will need to understand how the derivative of a function is used to find stationary points 

and points of inflection. 

* You will need to know the concavity conditions required for a point of inflection. 

¢ You will need to understand how to calculate the volume of a solid of revolution. 

Worked solution (/ = 1 mark) 

a i Horizontal asymptote y =0 

1+x° #0 

x #-1 

x #-1 

Vertical asymptote x = -1 / 

Edit Zoom Analysis # (x) 
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f (0.79) = 0.53 
Stationary point is (0.79, 0.53). / 

Define Ax)= = Done 

1tx 

2 ACresit 
yn “(4s)) 

(0 x 

(c24)° 

oN zatve| £(4)o0 2) x=0.793701 
ax 

ii f(x) =0 

x=0, 1.26. / 

concavity). 

Point of inflection is (1.26, 0.42). / 

a nin E60 
dx 

x=0. or x=1.25992 

Ea 

1.25992) 0.419974 

(0.79,0.53) 
1.26, 0.42) 

Correct shape with asymptotes / 

Correct turning point coordinate / 

Correct point of inflection coordinates / 

The point (0, 0) is not a point of inflection as f’’(x) < 0 where x < 0 and x > 0 (no change in 

ClassPad 

@ Edit Action Interactive 

84 | br [J] Sime [89 | v 

Define £(x)=—*3 
14x 

Saco) 

=(ax8-1) 
(x341)? 

solve( 2 (F¢x)) =0, x} 

{x=0. 793700526} 

@ Edit Action Interactive 

Ea] A> [Ra] sie [5] eS am 

solve 2 -c€00)=0,] x] 

{x=0, x=1. 25992105} 

f(1. 25992105) 

0. 4199736833 
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ct af'(flx)dx= af (fod a 

Correct left-hand side equation / 

Correct right-hand side equation / 

ii a=0.98/ 

© Edit Action intersctive 

Ea] d> [ka] sino] © 
Gg a 3 3 3 

of | (9)? =| (4)? «J save cto raver ct00) aa | 

0 a {a=0. 9764617942} 

a=0.976462 

Student performance (B0-100% 60-79% 059% 

a_i (36%) Most students were able to write x =—1 but omitted y= 0. 

ii 90% Well done. 

(52% Also well done. A common error was to include the point (0, 0), which is another point 

where f(x) = 0, but it is not a point of inflection. 

b (83% Generally well done. In some cases, the shape of the graph was unclear and points were not 

labelled or positioned precisely. 

c¢ i 78% A common mistake was forgetting to square f(x) or include 

ii (65% Most students who obtained the correct answer in part i were able to achieve the correct 

answer in part ii. 

EXERCISE 8.5 Surface areas of solids of revolution ANSWERS p. 592 

Recap 

1 The arc length of the curve y = Ve between x = 1 and x = 2 is given by 

/ 3 Alacoee. 
A [PSP™ ae B [Pete ae c 5S a+ 25%" dx 

D I? 14 de E Jovi +23 dx 

2 The arc length for the curve defined by the parametric function 

x= 3 cos (3f), y= 3 sin (3t),t € [02] is given by the definite integral 

nu nu 

A J 3 \[9cos*(3t) + 9sin*(3t) dt B 9] 3 Jcos*(3t) + sin?(3¢) at 
nu nu 

c J_2 Btcos@i) — 81sin@3A) dt D J/3.27 cos*(3t) + 27 sin?(3t) dt 

nu 

E 3] cos”(3t) + sin?(3t) dt 
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> Mastery 

3 Find the surface area generated by revolving the curve of each function about the 

X-axis. 

a y=3x,0<x<1 b y=V9-x7,-2<x<2 c y=Vx,0<Sx<6 

4 Find the surface area generated by revolving the curve of each function about the 

y-axis. 

a y=5x-2,ye[(0,3] b x=y,ye[0, 1] c y=x,xe[1, 3] 

5 (EQ worked examete 14) Determine the surface area generated by revolving each pair of parametric 

functions about an axis. 

a x(t) =3t-4,y(t) =#,t €[0, 2] rotated about the x-axis. 

b x(t) =5t+ 1, y(t) = 2t- 1, t€[1, 3] rotated about the y-axis. 

c x(t) =4cos(2t), y(t) =4sin(2t), t € [04] rotated about the x-axis. 

Exam practice 

6 (3 marks) Find the surface area formed when f(x) = 2V2 — x, between —2 and 0 is rotated 

about the x-axis. 

7 (3 marks) Find the surface area formed when f(x) = Vx — 4, between 4 and 5 is rotated 

about the x-axis. 

8 (3 marks) Find the surface area formed by rotating the curve f (x) = 4x’, x € [0, 1] about the 

y-axis. 

9 (3 marks) Determine the surface area generated by revolving the parametric function, 

x(t) = 4t - 3, y(t) =3t+ 1, te [0, 3], about the x-axis. 

10 The function h:[1,e*]  R, h(x) = log, (x) is rotated about the y-axis to form a solid of revolution. 

The surface area of the solid is given by the integral equation 
1 

3 3 2 
A J, 2me” (1 + 2?) dy B in 20 tog 1 + >} dx 

3 1 e y 1 2 
c J, 27 los.(y) 1+ D J, 2me aad dy 

3 z 2 E J, 2me’ (I +e »)p dy 

11 The function g: [4] => R, g(x) = cos (2x) is rotated about the x-axis to form a solid of revolution. 

The surface area of the solid is given by the integral 

a a 
A iE 2m cos(2x)V1 + 4 sin?(2x) dx B fa 2m sin(2x)(1 + cos”(2x)) dx 

6 6 

cs a 
c iE 2m cos(x)V1 + sin? (x) dx D fa 2m cos(2x)Vy1— 4 sin’ (2x) dx 

6 6 

E 2 2mcos(2x) (1-sin?(2x)) dx 

6 

Vv 
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> 12 (3 marks) A group of engineering students is designing a parabolic satellite dish whose shape 

will be formed by rotating the curve y = ax’ about the y-axis. The dish is to have a diameter 

of 6 metres and a maximum depth of 2 metres. 

a Find the value of a. 

b Express the surface area as a definite integral. 1 mark & 

c Find the surface area of the dish. 1 mark z 

=] 

13 (3 marks) The surface of a football is obtained by rotating half an ellipse with the t 

parametric equations x = V2 cos(t), y = sin(t),t € [0,7] about the x-axis. 2 

a Find the cartesian equation of the ellipse. 1 mark E) 

b Express the surface area as a definite integral. 1 mark a 

c Find the surface area of the dish. 1 mark 

1 mark 

Chapter summary 

Area between a curve and the x-axis 

« The definite integral lia f(x) dx = F(a) - F(b) 
is the area between the curve f(x) and the 

The area between a curve and 

the y-axis 

yh =f0) 
x-axis from x = a to x = b, where f(x) > 0 for all r, 

x € [a,b]. b+ 
a4 

The area between two curves —_ T T ns 

y 

« The area bounded by the two curves can be 

found by calculating the definite integral of the 

top function — the bottom function using the 
intersection points as the limits of integration. 

¢ Area between two curves = 

J (upper curve — lower curve) dx 

b c + Area= J f(x)~ gx) dx + Ji go) - f(x) dx 

« For the function x = f(y), the shaded area 

between the function and the y-axis is given by 

the definite integral IFO dy. 

« To find the area between the function and the 

y-axis by integration: 

— transpose the function to express x in terms 

ofy 

- find the definite integral of this function with 

respect to y using y values as the limits of 

integration. 

Properties of a function f(x) and its anti-derivative F(x) 

The gradient function f(x) The anti-derivative F (x) Shape of F(x) 

f (x) =0: F (x) has zero gradient: 

the graph intersects the x-axis the graph has a stationary point 

f (x) > 0: F(x) has a positive gradient: Pos 

the graph is above the x-axis the graph is increasing 

f (x) <0: F(x) has a negative gradient: oe 

the graph is below the x-axis the graph is decreasing 
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The volume of a solid of revolution 

about the x-axis 

b 
Van [ yrdx 

The volume of a solid of revolution 

about the y-axis 
b 

V= nf x'dy 

The length of a curve 

The arc length, /, of the graph of the function 

y =f (x) over the interval x = x, to x = x) is 

x2 dy 2 
l= f° fi+[2] ae 

x dx 

l= Jey +[f'(x)P dx 

The arc length, /, of the graph of the parametric 

functions x = f(t) and y = g(t) over the interval 

or 

t=t, tot=t,is 

t 2 2 
l= [7 (=) +(2) dt 

4 dt dt 

or 

The surface area of a solid of 

revolution about the x-axis 

2 

S= fi2ny p+(2) dx 

or 

Nelson ViCmaths Specialist Mathematics 12 

The surface area of a solid of 

revolution about the y-axis 

2 
d 

s=| 21x 1+(#) dy or 

s= [Conon (ene dy 

The surface area of a solid of 

revolution in parametric form 

For f (x(t), y(t), te [t) t: 

rotation about the x-axis 

2 2 
s= [anyon S) +(2) a 

or 

or 

te 

S= y any (ti(x’'()) +(y'WF at 

rotation about the y-axis 

2 dx)” (dy) 
s=[ 2nx(t) (=) +(2) dt 

or 

7) 
S= J, 2nx(0) (xO) +(y'W) at 
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Cumulative examination 1 

Total number of marks: 10 Reading time: 4 minutes Writing time: 30 minutes 

| TECH-FREE | Technology is NOT permitted. 

1 (6 marks) 

+ 

z 

eS 
FE 
q 

= 
= 
< 
*s 
Ww 

w 

= 
FE 
< 
al 

2, 
A curve is specified parametrically by r(t) = sec (t)i + = tan(t)j,teR. 

a Show that the cartesian equation of the curve is x” - 2y° = 1. 2 marks 

b Find the x-coordinates of the points of intersection of the curve x” - 2y’ = | and the line 

y=x-1. 1 mark 

c Find the volume of the solid of revolution formed when the region bounded by the curve 

and the line is rotated about the x-axis. 2 marks 

eA 1 
2 (3 marks) Evaluate J ——— dx. 

© 2x log A(x) 

3 (2 marks) A triangle has vertices A (v3 + 1,4), B (1, 3) and C(2, V3 +3). 

Find angle ABC. 
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Cumulative examination 2 

Total number of marks: 21 Reading time: 4 minutes Writing time: 30 minutes 

Approved technology is permitted. 

| Section A 5 multiple-choice questions 5 marks 

1 EEXENY 2018 2007 ) A curve is described parametrically by x = sin (2t), y = 2 cos (#), for 0 <t < 27. 

The length of the curve is closest to 

AGS 2 B95 (3 1) DEI25 E383 

2 EXTY 2010 2006 } P(z) is a polynomial of degree n with real coefficients where z € C. Three of the 

roots of the equation P(z) = 0 are z = 3 - 2i, z= 4 and z = -5i. The smallest possible value of n is 

A 3 B 4 CAS D 6 E 7 

3 XY 2010n 2009 ) With a suitable substitution be 5x —1 dx can be expressed as 

D 1 (2 9 
A 5 | Vu du B = J Vu du c 5). Ju du 

D et 0 de E 5]? \5u—1 du 
iy 4 

4 (EEN 2012 20012 moniFieD | The volume of the solid of revolution formed by rotating the graph of 

y= 25 —-(x- 1y about the x-axis is given by 

A 4n(5) B xJ°25-(x-1) de © nJ° J25-(x-1) dx 

D xf (25-(x-1)) a& E xf) 25-(x-1) dx 

5 [NY 2016 2002 ) The implied domain of y = arccos( z 7 *}, where b > 0 is 

A [-1, 1] B [a-b,a+b] Cc [a-1,a+1] 

D [a,a+bn] E [-b, b] 
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| Section B 2 questions 16 marks 

1 | ovcaa | Nene 2018N 28q1 (10 marks) Consider the function f with rule f(x) = 10 arccos (2 - 2x). 

a Sketch the graph of f over its maximal domain. Label the endpoints with their coordinates. 3 marks 

A vase is to be modelled by rotating the graph of f about the y-axis to form a solid of revolution, 

where units of measurement are in centimetres. 

b i Write down a definite integral in terms of y that gives the volume of the vase. 2 marks 

ii Find the volume of the vase in cubic centimetres. 1 mark 

c Water is poured into the vase at a rate of 20 cm’s"’. 

Find the rate, in centimetres per second, at which the depth of the water is changing when 

N 

z 

g 
FE 
q 

= 
= 
q 
*s 
Ww 

w 

2 
FE 
< 
all 
> 
= 
=) 
() the depth is 57 cm. 3 marks 

d_ The vase is placed ona table. A bee climbs from the bottom of the outside of the vase to 

the top of the vase. 

What is the minimum distance the bee will need to travel? Give your answer in centimetres, 

correct to one decimal place. 1 mark 

2 REMIEEN 21512501} (6 marks) Consider y= [2 ~ sin®(x). 

dy a Use the relation y” = 2 ~ sin?(x) to find TE in terms of x and y. 1 mark 
Ix 

b i Write down the values of y where x = 0 and where x = Ee 1 mark 
2) 

igen & dy T 
ii Write down the values ol where x = 0 and where x = —. 1 mark 

Ix 2; 

Now consider the function f with rule f(x) =2—sin?(x) for 0<x<2n. 

c Find the rule for the inverse function f~', and state the domain and range of f!. 3 marks 
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Using CAS 2: Solving oe = f(x) 
Ix 

The particular solution 

; a OY Using CAS 3: Solving me = f(x) 

Newton's law of cooling 

Growth and decay 

Inflow/outflow 

The logistic model 

Using CAS 4: Slope fields 

Using CAS 5: Euler's method 
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Chapter summary 
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Study Design coverage 
W 

AREA OF STUDY 4: CALCULUS c 

Differential equations 7 
> 

e formulation of differential equations from contexts in, for example, chemistry, biology and economics, ° 

in situations where rates are involved (including some differential equations whose analytic solutions °o 

are not required, but can be solved numerically using technology) = 

e the logistic differential equation 

e verification of solutions of differential equations and their representation using direction (slope) fields wi 
a 

e solution of simple differential equations of the form x = f(x), & = g(y) and in general differential > 
1X Ix a 

equations of the form oa = f(x) g(y) using separation of variables and differential equations of the 2 
7) 

d’y 
form —> = f(x oe (x) 

e numerical solution by Euler’s method (first order approximation). 

VCE Mathematics Study Design 2023-2027 p. 111, © VCAA 2022 

Slope fields 

Differential equations Euler’s method 
dy Differential equations 

Solving — =f (x) 
dx 

Simple differential equations 

Solving x =f(x)g(y) + Differential equations 
Ix 

Solving * =f(y) and exponentials + Differential equations 

Separation of variables oa =f(x)g(y) 
Ix 

t To access resources above, visit 
¥¢ Nelson MindTap cengage.com.au/nelsonmindtap ry 4 

@ 
Video playlist 
Differential 
equations 

Differential equations 

A differential equation is an equation that involves a function and its derivative(s). The solution to the 

equation is the function. 

The order of a differential equation is its highest derivative and the degree is the highest power of the 

highest derivative. 

2 n 
dy is order 1, a x is order 2, ay, is order n. 
dx dx dx" 

o = 5xy is of order 1, degree 1, and y is the function. 
Ix 

2 
> - = + 4 = 0 is of order 2, degree 1, and x is the function. 

t t 

4 2p) 
(=) - (<7) + P = 0 is of order 2, degree 3, and P is the function. 

Is Is 
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Differential equations are used to model many real-life situations: 

eve “ (velocity vis rate of change of displacement with respect to time) [order 1, degree 1] 
t 

dx : . . 
« F= mar (applied force is mass x acceleration) [order 2, degree 1] 

t 

dT . . . . 
“a kT, (rate of change of temperature, T, is proportional to its surrounding temperature, T,) 

t 

{order 1, degree 1] 

dP ’ . . . 
‘a kP (rate of change of population growth, P, is proportional to the current population) 

t 

{order 1, degree 1]. 

2 
The differential equation = = 2 can be solved by anti-differentiation to obtain x = ? + ct +c), where 

t 

c, and c, are constants. However, there are differential equations such as a” =x + y, where a numerical 
Ix 

approach must be used for an approximation to the solution. 

fe) si ¢se) > 7\ | 28-4) Finding the differential equation 

Express the information as a differential equation using the variables given. 

a The rate of change of volume, V cm’, ofa sphere with respect to its radius, r cm, is proportional to the 

square of its radius. 

b The rate of change of the period, P seconds, of a pendulum with respect to its length, L cm, is inversely 

proportional to the square root of its length. 

c The rate of decrease in the mass M kg with respect to time, f minutes, of a chemical of initial mass 2 kg 

undergoing a chemical reaction is proportional to the product of its current mass and the decrease 

in mass. 

Steps Working 

dV 
a 1 Express the rate of change in terms of | Volume is changing with respect to the radius. This is —. 

the given variables. = 

dV 
2 ‘Proportional means the rate of change Let the constant of proportionality be k. Then — = kr’. 

is the product of a constant with some dt 

function of the independent variable. 

b 1 Express the rate of change in terms of — The period is changing with respect to its length. 

the given variables. ‘iisas dP 

dL 

2 ‘Inversely proportional means the Let the constant of proportionality be k. 

rate of change is the ratio of a constant dP k 

and some function of the independent aber aL aL 

variable. 

ec 1 Express the rate of change in terms of | The mass is changing with respect to time. 

the given variables. dM 
This is —. 

dt 

2 Express the rate of change in terms of For the mass M at time t, the decrease in mass is 2— M. 

the given variables. dM 
The rate of change equation is “te kM(2 — M), where 

k is the constant of proportionality. 
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Verifying a solution to a differential equation 

A solution can be shown to satisfy a differential equation by substituting the solution into the equation. 

This will involve differentiating the solution before substitution. 

(ai) 
When verifying a solution by substitution, show 

enough working until it is clear that the left-hand 

side of the equation is the same as the right-hand 

side. 

Vile) si ese) > @\\ | 8 = 3) Verifying a solution to a differential equation 

2 
Verify that y = sin (x) is a solution to the second-order differential equation ay +y=0. 

dx? 
Steps Working 

& 
1 Find an expression for = in terms of y. Differentiate y = sin (x) twice. 

Ix 
dy = = cos(x ” (x) 

ay. => = -sin(x 7 (x) 

2 
ed = -~y, since y= sin (x) => —y =—sin (x). 
dx 

F 
2 Substitute for oY in the left-hand side Left-hand side is —y + y=0. 

dx 
and simplify. 

z 
3 State the conclusion. LHS = RHS, so y= sin (x) is a solution to a y =0. 

dx? 

2 
Note that we could also write the left-hand side in terms of x to obtain oy + y =—sin(x)+ sin(x) = 0. 

Ix: 

Ve) 5) ese) > 7\\ | B= <)) Verifying a solution to find the constant 

ay d 
Determine the values of the constant m in y =e” that satisfy > + Fe —12y=0. 

be Ix 

Steps Working 

dy dy 
1 Use y=e* to find ~ and —. =e 

y dx dx? ’ 

& = me™ 
dx 

dy _ 2 mx 

ae 
2 Substitute the information found in the me” + me"™* — 12e* =0 

differential equation. 

3 Take out a common factor and simplify. e”"*(m? +m —12)=0 

m+m—-12= 0, since e”"* # 0 for all values of x. 

4 Solve the quadratic equation by factorising. (m+ 4)(m—3)=0 

m=—4,m=3 
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| USING CAS 1 | Verifying solutions to differential equations 

For y =x? + 2x*+3x +4, determine the values for a, b, cand dso that 

pay sx + y = (at o)x® + (2c — d)x? + (a+ b— ox + (5b — 6a) 
dx? dx 

243. x44 3 X°+2> x" 

3x24 x43 

6x44 

1 Enter the expression and store it in y. 

2 Find the derivative y and store it in d1y. 

3 Find the derivative of d1y and store it in d2y. 

4 Enter the differential equation using x, y, 

dty and d2y. 

5 The simplified polynomial in terms of x will 

be displayed. 

atcn4d 

2: c-d=2 

ja+b-c=0 

5: b-6:a=4 

a=1and b=2 and c=3 and d=4 

A abcd } 

6 Press menu > Algebra > Solve System of 

Equations > Solve System of Equations. 

7 In dialogue box, set the Number of equations: 

field to 4. 

8 Change the Variables: field to a,b, c,d. 

9 Equate the coefficients of the original equation 

to set up and solve 4 simultaneous equations as 

shown above (“see note on following page). 

L @ Edit Action Interactive 

1] o> [ea] sine [4] 6 To 

234202493x+4oy a 
x3 42x 243ex44 

Ay) say 
dx 

Bex244ext3 

|Lcaly) eazy 
dx 

Gext4 

simplify (2¢2xd2y-axdly+y) 

4x 3420x244 

1 Enter the expression and store it in y. 

2 Find the derivative y and store it in dty. 

3 Find the derivative of diy and store it 

in d2y. 

4 Enter and highlight the differential equation 

using x, y, dly and d2y. 

5 Tap Simp and the polynomial in terms of x will 

be displayed. 

© Edit Action Interactive 

[ea] o> [alsinn >] +P] 
fate=4 [a] 
2e-d=2 
atb-c=0 

5b-6a=4la,b, c,d 
{a=1, b=2,c=3, d=4} 

iY] 

cos | tan | 

6 Open the Keyboard > Math1 and tap to insert 

the simultaneous equations template. 

7 Tap the template twice more to create four 

lines for the equations. 

8 Equate the coefficients of the original equation 

to set up 4 simultaneous equations as shown 

above using Var for a,b, c,d (“see note on 

following page). 

9 In the lower right-hand corner of the 

template, enter the variables a, b, c,d. 
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*To determine the set of 4 simultaneous equations in terms of a, b, c and d, equate the coefficients as 

shown below: 

4x? +2x° +4 = (at ox? + (2c—d)x° + (a +b — Ox + (5b — 6a) 

This gives: 

at+c=4 

2c-d=2 

at+h-c=0 

5b-6a=4 

EXERCISE 9.1 Differential equations ANSWERS p. 593 

Mastery 

1 State the order and the degree of each differential @examhack 

equation. 

2 2 The order and degree of a differential 
dy _4(¥ . 

a3 -2} |] +y=0 equation are whole numbers, so some 

arrangement of the equation may be 

necessary to make things clearer. Write 
2 

(e{4) 3 ; a} | =1 d Py) dyY & 
2 ly [dy yy) _(dy 

at Ade 2 (3) »() (#2). 
3 

c aA 4 da, =0 mobae ne, 

dp dp dx dx 

2 Using the variables given, write each statement as a differential equation. 

a_ The rate of change of kinetic energy, K joules, of a moving object with respect to its speed, S m/s, is 

proportional to its speed. 

b_ The rate of change of the brightness, B watts, of a candle with respect to its distance, r, in centimetres 

© 
Taking the proportionality constant to be k, 

. . . ‘proportional to’ means ‘= k X expression’ 
cross-sectional area A and inversely proportional to © : . 
; 7 and ‘inversely proportional to’ means 
its thickness, T cm. 1 

. . “= kx ————”. 
d_ The rate of change in the rate of change of distance, x, expression 

from a point is inversely proportional to the cube of 

the distance from the source. 

c The rate of change of heat conduction, H°C, of an 

object with respect to time, f s, is proportional to its 

with respect to time, f, of a falling object is constant. 

3 Verify that y = cos (2x) is a solution to the second-order differential 

z 
equation oy +4y =0. 

dx 

4 (2S Verify that y= x* (kis a constant), is a solution to the differential equation 

dy £Y _(K-y)Y =o, x2 ( 7 
> 
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> 5 G is the gravitational force between two 

objects in space and R is the distance between them. 

The rate of change of G with respect to R is inversely When substituting y= ein Question 6, 
a fast way is to associate a variable, 

say, p, with the order of each term. 
proportional to the cube of R. 

a_ Write this information as a differential equation. 
dx dx 

@G dG Thus —- —-— + x = 0 becomes 
b Verify that roe +3—=0. dt dt 

dR? dR pe-pti=o. 

6 Determine the values of the 

2 

constant m in y = e”™ that satisfy — ay rs -12y =0. 
dx? - 

7 Eq using cas ) If y= x° —x° — 2x +1, determine the values for a, b, cand d when 

2 

Se (b+ c)x? + (2a—b)x* +(7b+d)x +(atb+c-d). 

Exam practice 80-100% 60-79% 00-59% 

8 (2 marks) Determine the value of the constant k if y = x sin (x) satisfies the differential 
2 

equation ay + y = kcos(x). 
dx 

9 (2 marks) Find all values of the constant c if y= c log, (x) satisfies the differential equation 

10 | 2009106 } (81% fif=erE Ta) (2 marks) Find all real values of m such that y = e”” is a solution of 
2 
dy _ 39 _ioy=o, 
dx? dx 

11 EEREEY 2005 102 ) (67%) (4 marks) y = e*“cos (x) is a solution of the differential equation 

da di 
ay thee y= —2e** sin (x), where ke R. 

Ix dx 

Find the value of k. 

12 61% (3 marks) Find the value of the real constant k given that kxe”* is a 

solution of the differential equation a? dy 1h +5y =e" (15x +6). 
dx? dx 

13 (49% (3 marks) y= xe** is a solution of the differential equation 

a Ty i mB@tny= 0, where m, né€ R. 
dx? dx 

Find the values of m and n. 

14 (76% Which one of the following differential equations is satisfied by 

y = sin (2x)? 

dy a ay | dy A re ptaaty= Acos (2x) B tea 4y = 4cos (2x) 

oF 4B ay = Ac0s 2x) p t2 9 ay Acos(2x) +2 cos (2x or — —4y = 4cos (2x 
dx? dx dx? dx 

dy 4 E Rm 25, + Ay = 4c0s (2x) > 
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> 15 (76% A differential equation that has y = x sin (x) as a solution is 

dy dy 
A —<4+y=0 B x—++y=0 

dx* » dx? » 

2 2 
c OF + y = =sin(x) D oY + y = 20s (x) 

IX Ix 

2 
E TF + y = 2e0s(x) 

Ix 

16 The rate of change of a function y (x) with respect to x 

is proportional to the product of the dependent variable 

and inversely proportional to the natural log of the Use only one proportionality constant for 

independent variable. This can be written as expressions involving both ‘proportional to’ 
and ‘inversely proportional to. 

a Ok ov 
dx — ylog,(x) dx — kylog,(x) 

o Map * dy 
dx log.(y) dx log,(x) 

ev, 

17 (69% A jug of water at a temperature of 20°C is placed ina refrigerator. 

The temperature inside the refrigerator is maintained at 4°C. 

When the jug has been in the refrigerator for ¢ minutes, the temperature of the water in the jug is y°C. 

The rate at which the water’s temperature decreases is proportional to the difference between it and the 

temperature inside the refrigerator. 

If k is a positive constant, a differential equation involving y and t is 

dy dy A Y =_ky—20);t=0,y=4 B  =-ky+4);=0, y=20 
ge Oy de Pa tay 

co YL =-ky—4);,t=0, y=16 p Y =-Ky+4);t=0,y=24 ap KO As t= Oy ap Ot A t= Oy 

dy E =-ky—4);t=0, y=20 
dt AO AER Oy 

18 (87%) The rate at which a type of bird flu spreads throughout a population of 1000 

birds in a certain area is proportional to the product of the number N of infected birds and the number of 

birds still not infected after t days. Initially, two birds in the population are found to be infected. 

A differential equation, the solution of which models the number of infected birds after t days, is 

A aN _ ,(1000-N) B aN _ x 2)(1000-N) 
dt 1000 dt 

dN dN 
c ““=kn(1000-N) p “ =kn{1000-(N +2)] 

dt dt 

dN 
E —=k(N+2)(1000-—N) 

dt 
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» 19 The gradient of the tangent to a curve at any point P(x, y) is half the gradient of the 

line segment joining P and the point Q(-1, 1). 

@ 
Video playlist 

Solving 
dy _ is F(x) 

Worksheet 

Simple 
differential 
equations 

p. 182 

366 

The coordinates of points on the curve satisfy the differential equation 

dy _ ytl 

dx 2(x-1) 

D dy _ x1) 

dx ytl 

20 [EEN 2011 20016 ) (25% | The gradient of the normal to a curve at any 

point P(x, y) is twice the gradient of the line joining P and the point Q(1, 1). 

The coordinates of points on the curve satisfy the differential equation 

dy x—-1 

Solving 
dy 

dy _ %y-1) 

dx x41 

dy_ y-l 

dx 2x41) 

dy x-1 

c dy x-1 

dx Ay+)) 

The word ‘normal is no 

longer part of the course. 
It means the line that 
is perpendicular to the 
tangent drawn at the 
same point on the graph. 

d 
One type of first-order, first-degree differential equation is ae F(x). 

The solution is found by anti-differentiating f(x). 

dj 

dx 

dx 

2 = f(x)has the solution y = Jf dx +c, 

where c is a constant of integration. 

fe) 5) ¢S 0) > @\\| 28 =") General solution to a first-order, first-degree differential equation 

Find the general solution to each differential equation. 

ae a) 6¢*! + det ae 
dx dy 9-7 

Steps Working 

1- 2x)* 
a Find the anti-derivative and simplify. (1— 2x Ydx = Te +c 

L 
yaGll-2x)' +e 

b Find the anti-derivative and simplify. 6e* + 4e*%dt =—2e + 2e%# + 

y= 2e*-2e* 4¢ 

x 
c Use [= = sin'(# 
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Vile) 1 ese) > 7) | 8= 3) Particular solution to a first-order, first-degree differential equation 

dy Qa . 
a= if y(2) = 

dx x’—4x y(2) 

ge a 

Find the solution to each differential equation. 

2 Use y(2)=1 to find c. 

3 Write the answer. 

dx 

Steps Working 

ai use f £ av =tog, [Awd] +6 ¥= [ x2 Jan 
x — 4x 

1 
1= 5 log, [2-4 x2] +e 

c=1-log, (2) 

= ; log, |x” — 4x| + 1 —log, (2) 

b 1. Factorise x°+5x+6 to change 

1 
>.> to partial fractions. 
x +5x+6 

2 Equate the numerators. 

3 Substitute x =—3 and x =—2 to find 

Aand B. 

4 Rewrite the integral. 

5 Use Joa =log, |x| +c. 
x 

6 Use y(1) =0 to find c. 

7 Write the anti-derivative. 

8 Simplify using logarithmic laws. 

x? + 5x46 =(x+3)(x+2) 

1 A B 

2 7 + x +5x%+6 x+3 x+2 

_ A(x +2) + B(x + 3) 

(x +.2)(x +3) 

A(x+2)+B(x+3)=1 

A=-land B=1 

1 
= |—>=——_ a& 

» reeew 

1 1 
=f - dx 

ka 2 KES 

=log, |x + 2|—log, |x +3] +e 

0 =log, (3) — log, (4) +c 

c=log, (4) — log, (3) =log, (2) 

y=log, |x+2|-log, |x +3|+ log, [ 
+ 

3 ) 
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c¢ 1 Use the formula cos (2x) = 2 cos? (x) -1 y= Joos? (x) dx 

to rewrite the integral and then find it. 1 
= Jlcos(2x) + 1) dx 

L. 1 
= —sin (2x)+ —x+e 

4 2 

1 1 
2 Substitute y(Z)=0 tofind 0= —sin [axZ}+3x% +e 

6 4 6 2 6 

<= Bt 
8 12 

il 1 3 
3 Write the answer. y= —sin (2x) + =x- v3 =, 

4 2 8 12 

Solving oy = f(x) 
dx 

The speed v m/s of a particle at time t seconds is given by v=t sin (t). If the particle started from rest, 

how far has it travelled after 3 seconds, correct to two decimal places? 

Differential Equation Solver 

> deSolve(s'=r sin(*) and s(0)=0,t,s) 

Example: y’ = 2y s=sin(t)-r cos(¢) 

Equation: | s'=t*sin(t) 

Independent Var: [t s=sin(t)-r cos(t)|r=3 s=3.1111 

Dependent Var: |s 

Condition: | (Optional) 

Example: yO) = 1 

OK Cancel 

1 Press menu > Calculus > Differential Equation 3 The general solution will be displayed. 

Solver. 4 Substitute t = 3 into the general solution to 

2 In the dialogue box, enter the equations and find the distance travelled after 3 seconds. 

variables as shown above. Press 1 to open the 

mini-palette to access the ’ symbol for s’. 

© Edit Action interactive 

No condition SIGS Fea] sino] +] Why Tl 
@ Include condition dSolve(s’=t+sin(t), t,s, t=0, =i) 

Equation: |s*=tsin(t) {s=-t+cos(t)+sin(t) } 
Inde var: it | -t-cos(t)+sin (t) 1£=3 
Depe var: ———5| 3. 111097498 

Condition: t=0 n 

Condition: |s=0l — 

OK 
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1 In Main, enter and highlight the equation. Open 4 The general solution will be displayed. 

Keyboard > Math to access the ’ symbol for s’. 5 Substitute t =3 into the general solution to 

2 Tap Interactive > Advanced > dSolve. find the distance travelled after 3 seconds. 

3 In the dialogue box, enter the variables as 

shown on the previous page. 

After 3 seconds, the particle will travel approximately 3.11 metres. 

EXERCISE 9.2 Solving * = f(x) ANSWERS p. 593 

Recap 80-100% — 60-79% —0-59% 

3 
dy\' (ad? 

1 The order and degree of the differential equation (2) - & + y = Oare, respectively 
Ix Ix 

A 1,4 B 2,1 Cc 2,3 D 3,4 E 4,2 

2 GR EGE y= satistes ©O 
da d 

the differential equation = = 5 — 6y, the possible Solving a second-order differential equation 
ix Ix 2 

values for k are of the form att + 2 + cy = 0 when 

A -6and 1 B -land6 . ke mn . 
given y =e” will produce a quadratic 

c -5and6 D -3and-2 equation in k, which can be solved for k. 

E 2and3 

Mastery 

3 State the general solution to each differential equation. 

d 1 dP p 
a ® = 2c0s(2x) — sin(x) b ae z c —=2e -] 

dx dt 9+t 

4 Solve each differential equation. 

dy 3x7 +1 dx 3 4 
a= »y (1) =0 b —= + , x (0) = log, (4) 

dx x +x » ds 3s+2 4s+1 Se 

c a = 2sin?(2x) - 1, AZ) = 
Ix 

Generally, powers of trigonometric functions should first be expressed in terms of trigonometric functions with 

power 1 using sin? (x) = ; [1 — cos (2x)] and cos?(x) =; [1 + cos(2x)]. 

1 

4 

5 The speed v cm/s of an object at time ¢ seconds is given by the differential equation 

v= sin (t) cos (3f), x(0) = 0. Correct to two decimal places, how far has it moved after 0.4 seconds? 
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> Exam practice 

6 

10 

11 

12 

13 

14 

15 

FEY 2010107 ) (53%) (3 marks) Consider the differential equation 

2 
dy _ 4x -1<x <1, forwhich 2 = > = 3when x =0Oand y=4 when x=0. de (l- dx , 

Given that al 2 } -_* find the solution of this differential equation. 
dx\yax) aaxy? 

d 
[XEN 2016s 107 } ESTETES) (4 marks) Solve the differential equation - = 2 for y, given that when 

Ix x 
x=ly=-l. 

. . d: 1 . 
(2 marks) Determine the solution to = ify=0 when x=1. 

dy J4—9y? 

((ESESE5) (2 marks) Determine the solution to & = 3 —+—— _ if y(0) =2. 
dx x? +4x+6 y 

x 
e 

l+e 
(2 marks) Show that the solution to y’ = y (0) =log, (2e), is y=log, (1 +e") +1. 

. , dd / 
68% (4 marks) Solve the differential equation = xx? -16, 

Ix 
x 2 4, given that y= 13 when x=5. 

(2 marks) The gradient of a point on a curve is given by o = 2x9 +x? andit passes 

through the point (0, 20). Find the equation of the curve. * 

(5 marks) The acceleration due to gravity on the surface of the moon is such that the speed 

of some green cheese thrown upward by an astronaut with a strong arm is given by v = 25 — 1.6t, where 

visinms and tis in seconds. Assume that the initial height is 0 m. 

a Use the derivative to find the height after t seconds. 2 marks 

b Find the height after 4 seconds. 1 mark 

c¢ Usea quadratic equation to show that the cheese never reaches a height of 200 metres. 2 marks 

(3 marks) The rate of change of distance, x cm, of an object with respect to time, 

t seconds, is proportional to the time taken to travel that distance. 

a State this information as a differential equation. 1 mark 

b Calculate the distance travelled by the particle in 10 s, given that x (2) = 10 and x(4) = 28. 2 marks 

Which of the following is of the form = = f(x? 
Ix 

2 
A os 8 B sin(x) =14¢ c tex 

dt & 
dx dxY x 

D log, (t)-— =0 —E [=| == 
8. (*) dt [=] t 
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P 46 

17 

18 

19 

20 

21 

dy _5P. 
The general solution to — = -e 3 is 

dp 
2 2 

5P — +p 
A y==e +c B y=e% +c C y= +e? +c 

2 
~3P ~3P 

D y=-~e? +c E yases te 

d. 1 1 
The solution to a ssin( 11) = 0, x(27) = 0, is 

dt 2 4 

1 1 1 1 1 
A x =—cos}—t B x =2-—2cos|—t Cc x = —cos| —t 

2 4 4 4 4 

1 1 
D x =27+cos|—t E x =~—2cos|—t 

4 4 

aP . . a 
a* proportional to Vt, P(0) = 1 and P(1) = 3. The constant of proportionality and the constant of 

integration are, respectively, 

A 1,2 B 1,4 c 3,1 D 3,5 E 4,0 

(59%) If f(x) = 2sin’( =) —land (4) = 0, then f(x) is equal to 

A -—sin (x) B 1 -sin (x) Cc sin(x)+1 

D sin(x)-1 E -—1-—sin (x) 

(3 marks) Consider the function y= f(x), — = , where c, and c are positive constants. 

Given y(0) =4 and y(2) = 2V3 and the constant of integration is zero, express the solution to the 

differential equation in the form y = f(x). 

(3 marks) The population, P, of a small town is increasing at a rate given by the differential equation 

dP 
—_—= kAe™, where A and k are constants. 
dt 

The present population is 4000 and it is predicted that the population will be 21408 in 10 years and 

99 428 in 20 years. What is the predicted population in 50 years? 

(ai) 
When there are 3 constants to be found and only 2 equations, dividing 

one equation by the other equation may eliminate one of the constants. 
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22 (8 marks) The shape of a skate ramp is shown below and can be described by the function Pp Ip y 
y= Ax? + Bx? +Cx + D, where A, B, C and D are constants. 

: F . a ‘ 
The graph of its gradient function oY _ ax? +bx+ c, where a, b and c are constants, is also shown. 

dx 

va 

(4, 2.04) Skate ramp y= Ax? + Bx? +Cx+D 

dy Gradient function x ax’ +bx+C 

(1, 0.33) ee (6,038) 

T T T T T T = 

° 1 2 3 4 5 6 * 

Determine the equation of the gradient function. 2 marks 

b Using the equation from part a, at which point on the ramp is the point of inflection? 

Give the exact values. 2 marks 

c Find the equation that describes the shape of the ramp. 2 marks 

d_ State the relationship that must exist between A, B, C and D if there is to be a stationary 

point on the graph of y. 2 marks 

@ 
Video playlist 

Solving 
2, 

z 
The general solution to the second-order differential equation = = f(x) is obtained by anti-differentiating 

Ix 
f(x) twice to obtain y= g(x) + cx + c, where g”(x) = f(x) and c, and c, are constants of integration. 

[ws] Whitale ata) Anti-differentiating twice 
2 

p.184 Determine the general solution to y for a = 12x + cos(x). 

Steps Working 

_ . __ dy . d’y 
1 Anti-differentiate to obtain ~, and include the —> = 12x + cos(x) 

. . dx dx 
constant of integration. 

d 
a 6x? + sin(x) + q 
dx 

2 Anti-differentiate ay to obtain the equation for y. y= 2x? —cos(x) + ext+c 
dx 

Include the second constant of integration. 
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The particular solution 

To find the particular solution, information must be provided to determine the values of all constants 

of integration. 

(© bxamnack 
If you have the required information, work out the first constant of integration before anti-differentiating and adding 

the second constant. This will avoid ending up with one equation and two unknowns (constants of integration). 

Whe) si ¢se) > 7\ | B= 94) Finding the velocity from acceleration 

2 A rocket is constructed so that its acceleration for a short time after take-off is given by a= 10t+2 ms“, 

af 

where t is in seconds. It takes off vertically from a height of 100 metres above sea level. Find its velocity 

and height at 4 seconds. 

Steps Working 

1 The anti-derivative of velocity gives displacement. S =10t+2 
t 

Write the differential equation and integrate it. 

Simplify. v = [(1or+ 2)de 

=5P +2ttc 

2 Usev(0)=O0to findc. c=0 

3 Write the equation and substitute t= 4 to find the v=5f +2t 

velocity at 4s. v(4) =88 m/s 

4 Find the height function by integrating the velocity. “ =5f4+2t 
t 

5 
h=-f4+e+k 

3 

5 Use h(0)=100 to find k. k= 100 

' ‘ 2342 
6 Write the equation. h= 5 t+f+100 

7 Substitute t= 4 to find the height at 4 s. h(4)= > x 64+ 16+ 100 

= 222 2 
3 

8 Write the answer. The velocity and height after 4s are 88 m/s 

2. 
and 222 Fos above sea level, respectively. 
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. d’y 
Solving —, =f(x awe (x) 

A ax + t 
equation — 

he deal 

A particle starts from rest and its displacement, x cm, from O, at time t s is given by the differential 

= 0, with x (0) =0 andx(1)=2. 

a State the solution to the differential equation in the form x = At + B tan*(t) + Ct In (t? + 1) 7 

where A, B and C are constants. 

b Find the next time the particle is at the origin, correct to two decimal places. 

a,b 

Differential Equation Solver 

Equation: | x"+t/(t2+1)=0 

Example: y 

Independent Var: 

Dependent Var: 

Condition: 

Condition: 

Example: y(0) = 1 

OK Cancel 

1 Press menu > Calculus > Differential Equation 

Solver. 

2 In the dialogue box, enter the equations and 

variables as shown above. Enter the ‘symbol 

twice for x’. 

=0 and x(0)=0 and x(1)=2,» deSolve|x"+ 

x=-0.5t in(:2+1,)-tan()+3.13197- t 

A solve(0=-0.5+ t in(:2+1,)-tan()43.13197 
t=-21.3142 or f=0. or f=21.3142 

3 The general solution will be displayed. 

4 Substitute x = 0 into the general solution and 

solve the equation for t. 

5 Select the positive solution. 

a,b 

No condition 

@ Include condition 

Equation: [ac (2) / (2° 
Inde var: et | 

Depe var: 

Condition: 

Condition: 

OK 

1 In Main, enter and highlight the equation. 

Open the Keyboard > Math3 to tap the symbol 

twice for x’. 

2 Tap Interactive > Equation/Inequality > dSolve. 

3 Tap Include condition, enter t= 0, x=0 

andt=1,x=2. 

4 Tap OK. 

Edit Action Interactive 

TGS SS 
|asoive( x"+—'—=0, t, x, t=0, x=0, t=1,x=2 | 

1241 
in (t2. om, te {r= A +1) tantcey ott! In(2) 24} 

-tein(t2. ox, tel 
solve( o==!tn(t7#1) inl #1) tant eZ tin) {2 +24,t) 

{t=-21. 31422902, t=0, t=21. 31422902} 

o 

5 The general solution will be displayed. 

6 Substitute x = 0 into the general solution and 

solve the equation for t. 

7 Select the positive solution. 

a The solution to the differential equation is x = 3.132t — tan? (t)- 0.5tIn(t? + 1). 

b The next time the particle is at the origin is when t = 21.31 seconds. 
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2 

Solution to aay) = f(x) 
dx? 

dy 
p To solve es = f(x), first anti-differentiate to obtain a = J feo dx = h(x) +c, where h’ (x) =f(x). 

Anti-differentiate a second time to get y = Jh(x) dx + fads = g(x) + qx + c, where g’ (x) =h(x) 

and c, and c, are constants of integration. 

EXERCISE 9.3 Solving = = F(x) ANSWERS p. 593 

Recap 

d 2x3 -1 
1 The solution to Y _ yaa) = 0 is 

dx x +x41 

A y =x" —2x—1 +log, (2x°-1) 

C y=2x-I1+log, (x? +2 41) 

E y=2x+1+ log, (x? +x +1) 

B y = (x=1) + log, (x7 +x +1) 

D y =x? —2x—1 + log, (x? +x +1) 

2 {65% The amount ofa drug, x mg, remaining in a patient's bloodstream ¢ hours 
dx 

after taking the drug is given by the differential equation — = —0.15x. 
dt 

The number of hours needed for the amount «x to halve is 

20 20 
A 21 — B —l 2 o8.( | 3 18 (2) 

3 3 
D 151 = E —l 200 o8.( 3] 5 !o8. (200) 

Mastery 

3 Determine the general solution to y 

© 2log,(15) 

(a) 
Information is not provided in this 

question to evaluate the constant of 

integration (the initial amount of the 

drug), so write it as a coefficient of the 

exponential so that it will cancel when 

known information is substituted. 

4 A balloon is released at ground level and for the first 20 seconds of its motion rises 

vertically with an acceleration given by a= e°". Calculate its height after 10 seconds, to the nearest metre. 

1 
2 

Ey TECH-FREE | Solve “4 =——> given that = 2.5 when x= 2, and y= 1 when x= 1. 
ke x dx 

6 A skydiver’s motion as she falls with an open parachute satisfies the equation 

ax dx 
m— + k— = 0, where m kg is her mass, x m is the distance fallen, t is the time in seconds and k is a 

d? dt 

constant relating to air resistance. 

a Using m= 65 kg and k= 2, write the solution to the differential equation in the form x = A(1— e*') 

b How long, to the nearest second, will it take the skydiver to fall a distance of 500 m? 

c¢ What distance will the skydiver cover if she can fall indefinitely? 
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> Exam practice 

7 

10 

11 

12 

13 

14 

(2STSEA) (4 marks) The population, P, of a country town is declining according to the model 
2 
dP 50e°"! = 0, where using t = 0 years gives the current population. 

a Solve the differential equation given that P(3) = 3707 and P(10) =1849. 

Give the answer in the form P= Ae“ + Bt, where A, k and B are constants, and 

A and B are rounded to the nearest integer. 2 marks 

b What is the current population of the town? 1 mark 

c When is the rate of change in the decrease in population 499 people/year? 1 mark 

2 d 
(2 marks) Solve = = 6ax + 2b (with a, b constants) given that the solution contains 

x 

the coordinates (0, —1), (1, 1), (-1, -5) and (2, 7). 

2 d d 
(2 marks) fe = e*, show that “Y = y— qx +¢, where c, and c, are constants of 2 

integration. dx * 

(2 marks) The points (0, log, (2)) and (1, log, (6)) satisfy the solution to 

ay 1 1 

de (x+1 (x +2) 

Express y as a function of x. 

(3 marks) The acceleration of an object is proportional to the square of the time, f seconds, 

it takes to move x cm. The object’s initial speed is 3 cm/s and its initial position is 10 cm from a fixed 

point. After 1 second, the object’s position is 15 cm from the fixed point. Calculate the value of the 

constant of proportionality. 

2 
The intensity, I, of light at a distance R from the light source satisfies a + a =0. 

17 
Given that I(1) = 1 and I(2) = A , the intensity when R= 4 is 

5 A 1S B 2 c 2 D3 e 344 
16 32 24 32 16 

dx : . 
If ee a Vt, the equation for x can be written as 

t 

4 5 
A x=2VP tqt+e B x=AVP +P te, c x= VP tot +61 

15 15 15 

D x=—VitoPto E xe +ette, 
15 15 

If c, and c, are, respectively, the first and second constants of integration in the solution to 
& 
oes = cos(x), where y’(0) = 1 and y(0) = -2, which statement must be true? 

Ix 
A cyo=l1 B cp t+c=0 C 2c,-c,=2 D c=c) E q-aq=l 
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> 15 

16 

17 

18 

19 

d°x t 
The general solution to e 2 e =0is 

t 

A xatetotte B xa et otto, c vate eotte, 
2 4 4 

D xatettat—c, E xatetigPie, 
4 2 

2 
If the general solution to a =ax+bisy= Ax? + Bx’ + Cx +D (a, b, A, B, C and D are constants), 

IX 

the relationship between a, b, A and B is 

A at+b=2A+B B a—b=A+B c e=58 

p f= 2A E #= A 
b 3B 2b B 

(6 marks) Tom throws a pebble with initial speed 2 m/s down a vertical mine shaft of depth 20 metres. 

The pebble accelerates with a constant acceleration of 10 m/s”. 

a_ State the differential equation for the acceleration using v for speed and t for time. 1 mark 

b Obtain the equation for the speed of the pebble. 2 marks 

¢ Obtain the equation for the distance x m the object falls after t seconds. 2 marks 

d_ Find how long the pebble takes to hit the bottom of the mine shaft. 1 mark 

(9 marks) A horizontal beam is supported at its endpoints, which are 2 m apart. 

The deflection y m of the beam measured downwards at a distance x m from the support at the 
2 

origin O is given by the differential equation sot =3x-4. 
Ix 

——_ 
. 

y 

a_ Given that both the inclination, ie and the deflection, y, of both the beam from 
Ix 

the horizontal at x = 2 are zero, use the differential equation above to show that 

Oy = 5x9 — 2x? + 2x, 2 marks 

b Find the angle of inclination of the beam to the horizontal at the origin O. Give your 

answer as a positive acute angle in degrees, correct to one decimal place. 2 marks 

ce Find the value of x, in metres, where the maximum deflection occurs, and find the 

maximum deflection, in metres. 3 marks 

d_ Find the maximum angle of inclination of the beam to the horizontal in the part of the 

beam where x 2 1. Give your answer as a positive acute angle in degrees, correct to one 

decimal place. 2 marks 

(5 marks) A three-dimensional object depicting an ice cream consists of a hemisphere 

of radius R resting on an inverted cone of base radius R. 

The relationship between the volume, V, of the object and its radius, R, is described 

av 
by dR = kR, where k is a constant. 

a Given V’(2) =20z, and V(3) =45z, express V as a function of R in the form V = CR’, 

where C is a constant. 2 marks 

b Use the answer to part a to deduce that the height, H, of the cone is 3R. 41 mark 

c Determine the values of R for which V”(R) — V’(R) = 0. 2 marks 
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dy a 
Video playlist 

Solving — = f(y) 
Sing dx 
Y - ¢ ae 07) 

dy 
ax f(y) isa first-order differential equation with degree 1. It gives the rate of change as a function of the 

dependent variable, y. 

Writin, yy = f(y) as 1» = lallows the integral of both sides of the equation to be taken. 8 ay y ¥) dx 8) q 

| & dx = fi dx 
f(y) dx 

eef2 
FQ)” 

— 

WORKED EXAMPLE 8 EO) 7ile] a = f(y) 
Ix 

186 
, Solve each differential equation. 

js basa? eo" =e om —5 
dx 2ytl dt dt 

Steps Working 

a 1 Transpose so that the same variables are together d_ 1 

and show as an integral. dx 2y4+1 

dy 2yt NZ =1 
Qy Ya 

dy Jay+ Dade = fide 

JQy +dy = fide 

2 Anti-differentiate both sides. yty=x 

3 Solve for y and add a constant of integration. Complete the square. 

yty=x 

o
N
 

S
 - 

N
i
l
e
 

7
 

‘S 
| 

—
—
—
~
 

Ni
le

 
S
i
t
i
,
 © 

Il RB 

Pa) = |) pe a 
y 2: 4 

-ltv4x+1 
y= +¢ 

2 

b 1 Transpose so that the same variables are together py 

and show as an integral. dt 

2 
dx = |1dt 

J 4+x? J 

2 Anti-differentiate both sides. tan! (=) =t 
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3 Solve for x and add a constant of integration. be 
— = tan(t) 
2 
x = 2tan(t)+c¢ 

c 1 Transpose so that the same variables are together dQ 

and show as an integral. Be Q 

1 
Jaaq= fiat 

2 Anti-differentiate both sides. log, |Q|=t+c 

3 Calculate the value of the constant. Q(0) =5, so 

log,(5) =O0+c¢ 

c=log,(5) 

4 Substitute the constant into the general solution log, |Q| =t + log, (5) 

and solve for the dependent variable. log, |Q| - log, (5) = t 
e e 

Q 
log, q =t 

Og 
5 

Q=5e 

Newton’s law of cooling 
A well-known first-order differential equation is Newton's law of cooling. It states that the rate at which 

an object loses heat is proportional to the temperature difference between the object and its surroundings. 

It can be expressed as a = -k(T — T,), where T is the temperature of the object at time ¢, T, is the 
t 

temperature of the object’s surroundings, and k is a proportionality constant. 

(O rxambake 
Knowing that the general solution to Newton’s law of cooling is T = T, + he™ (where T> is the initial 

temperature difference between the object and its surrounding temperature), can speed up computations. 

Ve) i ¢ Se) > @-\\ | B= ')) Newton’s law of cooling 

A steel rod is heated to 100°C and then begins to cool according to Newton's law of cooling. 

The surrounding temperature is 25°C and the bar takes 10 min to drop to 55°C. 

Find, to the nearest minute, how long it will take for the temperature of the rod to drop to 40°C. 

Steps Working 

1 Write the required differential equation, dT 

including known information. ant “KT —T,), 

with 7.=25, 22 = Kr — 25), 
dt 

2 Write the integral and anti-differentiate. dT 7 

Jeo -7I 
log, |T — 25| =—kt+ c 
T-25= ektte 

T=25+ The“, where Ty =e. 
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3 Calculate the value of the constant using 

the initial temperature. 

4 Calculate the value of the remaining 

constant using the temperature at 10 min. 

Do not round your value of k so that 

When t= 0, T= 100. 

100 =25+T) > T=75 

T=25+75e" 

When t= 10, T=55. 

55 = 25 + 75¢ 1k 

you can reuse it without losing accuracy. 

Store it on your calculator or write it 

down with many decimal places. 

5 Find the time required for the rod’s 

temperature to drop to the given value. 

6 State the answer. 

I. a= 25 
k= - ios ( } = 0.0916... 

10 75 

T=25+75¢ 016 

For T= 40, 

40 = 25 + 75e 016 

1 40 — 25 
t =-—_ log, = 18 

0.0916 75 

It will take 18 minutes for the rod’s temperature to 

drop to 40°C. 

Growth and decay 

Natural elements such as uranium and carbon gradually transform into different substances. The time they 

take to do this can be modelled mathematically. In a similar way, human and animal population growth can 

dN 
be described by ie F(N), where the rate of change of the population is a function of the current population. 

(a) 
In application questions, if the rate of change of the function represents a 

dy decrease, remember to include a negative by writing — = —f(y). 
dx 

Vile) 5) 450) > ¢-\\" |) 8 = 40) Find the age of a substance using the rate of decay differential equation 

The rate of decay of radioactive material depends on the amount of material present at the time. The 

half-life is the time taken for half of a given amount of material to decay. The half-life of carbon-14 is 

5730 years. A charcoal sample contains 0.05 g of carbon-14 and it is estimated that 0.27 g of carbon-14 

was present at the time the charcoal was formed. Use a differential equation to find the age when the 

charcoal was formed. Give your answer to the nearest year. 

Steps 

1 Choose the variables and write the equation. 

Decreasing gives a negative rate of change. 

Put M on the left. 

2 Integrate both sides with respect to time 

and make M the subject. 

Mp is the initial value of M. 

Working 

Let M= mass of material in grams and t= time in 

years. 

dM 
— =-kM 
dt 

dM 
M dt 

1 dM Jat = [-kat 
M dt 

In |[M| =—kt +c 
M=e"**-M, kt 

M,=0.27 
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To find k, use the half-life. 

3 Write the equation for M. 

4 Substitute M = 0.05 to find t, the time when 

the charcoal was formed. 

5 Write the answer. 

At t=5730, M= 5 Mo 

1 -5730k = My=Mye 5730k 

2 

1 730k _ + 

2 

—5730k =In (5) =—In (2) 

ke In(2) 

5730 

tn(2) M= 0276", where k= 
5730 

0.05 = 0.27e * 

_ie 0.05 
e-=— 

0.27 

(2) In(2) 
t=—In | —— | + —— 

5730 

= 13940.857... 

The age to the nearest year is 13 941 years. 

Whe) ese > | B= 4) Apply the growth model to predict the population 

proportionality. 

b Solve the differential equation. 

¢ Calculate the predicted population for 2025. 

The population of a small town is increasing at a rate proportional to the number of people living there at 

that time. In 2010, there were 500 residents, and in 2015 there were 642 people in total. 

a Write the differential equation using P for population, t for time and k as the constant of 

variables given. 

Steps Working 

a Use the general form ay cc f(y) with the ull = 
dx dt 

b 1 Anti-differentiate. 

Take 2010 as the start (t= 0). 

3 Determine the value of the constant of 

2 Find the value of the constant of integration. 

Transpose and integrate. 

“- Jkeae 

log, |P|=kt+c 

When t=0, P=500. 

log, (500) = c 

Year 2015 is t=5 and P=642. 

proportionality. log, |P| = kt + log, (500) 

log, (642) = 5k + log, (500) 

1 642 
k = —log, (2) = 0.04999... 

5: 500 
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4 Transpose to make P the subject. log, |P| = 0.049 99t + log, (500) 

2) 
log,|—| = 0.049 99t 
= a 

P=500¢0-0499% 

c 1 Substitute the value for t in the equation. Year 2025 is t= 15. 

P=500e0-01999 15 ~ 1058 

2 State the answer. There will be 1058 people in 2025. 

Inflow/outflow 

The rate of change of the amount of a dissolved substance, M, in a tank as liquid enters and exits the tank at 

given rates can be modelled by aM f(M) = inflow rate — outflow rate. 
dt 

le) ses) > | B= 44 Solving the inflow/outflow differential equation 

A tank initially contains 20 litres of water in which 8 grams of chocolate flavouring is dissolved. Chocolate 

flavouring containing 1 g/L is then added at 4 L/min, and liquid is removed from the tank at 4 L/min. 

a Form the differential equation that shows the rate of change of chocolate flavouring in the tank. 

b Solve the differential equation. 

¢ Correct to one decimal place, find the amount of chocolate flavouring in the tank after 10 minutes. 

d Sketch the graph of M against t and describe what happens to the amount of chocolate flavouring in the 

tank as time increases. 

Steps Working 

a 1 Determine inflow rate and outflow rate. Chocolate concentration is 1 g/L and liquid enters 

at 4 L/min. Inflow rate is 1 x 4= 4 g/min. 

Let M be the amount of flavouring in the tank 
M 

at time t. Each litre in the tank has x0 8 of 

flavouring. For 4 L/min being removed, outflow is 

4x = = UE g/ 

2. Use rate = inflow rate — outflow rate. dM M 20-M 

a 3S 

b 1 Transpose and integrate. J ° dM = fi dt 
20—- M 

—5 log, |20 - M|=t+c 

2 Evaluate the constant. Use t=0, M=8 to find c. 

—5 log, (20-8) =0+c 

c=—5 log,(12) 

3 Write the equation with M as the subject. —5 log, |20 — M| =t—5 log, (12) 

20—- M 
—5lo = Se D 

1 20-M_ -it —¢3 
12 

aly 
M = 20-12e 5 

x10 
c Use the equation to find the amount of dye Whent=10,M =20-12e° = 18.4 grams. 

for the given time. 
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d 1 Use CAS to draw the graph for positive 

values of t. 

2 Describe the behaviour of the graph for 

large values of t. 

0 
2 4 6 8 10 12 14 16 18 20 22 24 26 ft 

As t increases, the value of M approaches 20 g, 

which is a horizontal asymptote. The limiting 

toe 

1 = 
case can be written as lim 2» —12e 5 = 20. 

The logistic model 
dP P 

A better population model than n = KP is the logistic model, a io. - 7} It takes into account 
t 

the maximum possible population (the carrying capacity, K) that can be sustained. As before, P is the 

K 
population at time t and k is a constant of proportionality. The solution is P = —~~—~—— , where Py is 

1+ | > a Jem 
0 

the initial population and k can be evaluated from given conditions. 

le) si ¢se) > @\ |=) Apply the logistic model to a population of fish 

b Solve the equation for P. 

population to reach 600. 

A fish farm is stocked with 100 trout and it is estimated that it can sustain a population of 1000. 

After 2 years, it is estimated that the number of trout has doubled. 

a State the logistic equation for the number of trout, P, at time f years. 

¢ Use the logistic equation to find, correct to two decimal places, how long it will take for the trout 

d Sketch the graph of P against t and explain the significance of the value of the carrying capacity. 

Steps Working 

a Substitute known information into The carrying capacity is K= 1000. 

aE in(1-2) 
K dt 

= ke —_ } 
1000 

__ kP(1000 ~ P) 
~ 1000 

and write in integral form. 

2 Anti-differentiate. 

b 1 Group the variables P and tf, use partial fractions J 1000 

P(1000 — P) 

il 1 
($+ soncp)? = feat 

log, |P| — log, |1000 — P| = kt+c 

dp = [kdt 
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3 Evaluate the constant of integration. When t= 0, P= 100. 

e<I6 soon aval 
11000 — 100 

1 

=e (5) 
= — log, (9) 

P 
log, | ———_ = kt — log, (9 Be imal 8. (9) 

9P 
log, | = kt 
817000 — 7 

4 Evaluate the constant of proportionality. When t = 2, P= 200. 

1800 
log, | —— | = 2k 
( 800 } 

k= 0.405 

oP 
5 Write the equation with P as the subject. —— = & 

1000 — P 

PO 45 gary = 1000¢°405 

_ 1000e* 1000 
PB 94 gottst ~ 7 4 gg 00st 

c Substitute the given value of P and solve 1000 

for t algebraically or use SOLVE in CAS. S00 1+ 9¢ 00st 

9\ 600 27 

0.405t = | [ : } = = Jog, | — 
Be | 57 

t = 6.43 years 

Edit Action Interactive 

3] b> [al sim] ] +] > 1000) rn J JSS0000 
a | rar solve(600=——1000-_,) & 149. @70-405" ( = are 0. 405%" ) | 

{t=6. 426394285} | 

d 1 Use CAS to sketch the graph. 1000. 

800 

600 

400 

200 

OF a 6 8 10 12 14 16 18 20 tyears 

2 Describe the graph in terms of intercepts and The graph starts at 100 (the initial number of 

asymptotes. trout). This increases exponentially to approach 

a limiting value (asymptote) of 1000, which is the 

carrying capacity. 
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Application models of * = f(y) 

Growth and decay 

dS FN ior erent = = =f (vn for decline 
dt dt 

Newton's law of cooling 

a = -k(T — T,), where T is the temperature at time ¢, T, is the temperature of surroundings, k is a constant 

Inflow/outflow 

dM _. : ; 
an = inflow rate — outflow rate, where M is the amount of a dissolved substance 

Logistic model 

dP ig . . . ; ; ; ; 
ana kP|1—- x} K is the carrying capacity, where P is the population at time t and k is a constant 

The solution is P = = , where P» is the initial population. 
ila ze Jem 

0 

EXERCISE 9.4 Solving * = fly) ANSWERS p. 594 

Recap (60-79% — 059% 

1 The function f (x) defined as f” (x) = 6x — 2 and with f’ (1) =6 and f (-1) =-8 is 

A f(x ax 4x —x41 Bf’ (x) =3x°-x?—5x-1 

Cc f' (x) = +.2x°-5x-1 D f' (x)=x°-2 +5x-1 

E f’ (x) =3x° - 2 +x-1 

2 (69% If f” (x) = 2e*sin (x), f’(0) =0 and f (0) =0, then f (x) equals 

A —e*(cos (x) + sin (x)) B —e*(cos(x) — sin(x)) +1 

C -e*cos(x) D x-e*cos(x)+1 

E x-—e*cos(x) 

Mastery 

3 Solve each differential equation. 

a WoL p a o-2 e IN = 2Nn,N@)=1 
dx 3y dt dt 

4 The rate at which a hot object cools is approximately proportional to the 

difference between its temperature and the temperature of the surrounding. A cup of black coffee is 

made with boiling water. After 2 minutes, its temperature has dropped to 80°C. The room is at 25°C. - 

Use a differential equation to find how much longer (to the nearest minute) it will take to drop to 50°C.” 
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P» 5 The amount of carbon-14 remaining in a sample of bone is 20% of the original 

amount assumed to be present. Carbon-14 has a half-life of 5730 years and decays at a rate proportional 

to the quantity present. Use a differential equation to find an equation for the percentage quantity 

present after time t and hence find the age of the bone. 

6 The population of rabbits in a habitat is increasing at a rate proportional to 

the number of rabbits present. In 2020 there were 100 rabbits, and in 2022 there were 150 rabbits. 

Assuming that this rate continues, how many rabbits will be in the habitat in 2028? 

7 A vat has 100 litres of water in which 10 grams of salt is dissolved. Salty water is 

poured into the vat at 5 L/min, with each litre containing 3 grams of salt. Salt water is released from the 

vat at 5 L/min. 

a State the differential equation and find, to the nearest gram, the amount of salt in the tank after 

4 minutes. 

b What is the limiting case for the amount of salt in the vat? 

8 A habitat is originally home to 500 kangaroos. Three years later, their number 

increased to 800, and research has established that up to 2000 kangaroos can survive in the area. 

a_ Use the logistic equation to find, correct to two decimal places, how long it will take for the kangaroo 

population to reach 1500. 

b Sketch the graph of the kangaroo population from 0 to 28 years. 

Exam practice 

9 RANA 2017N 1078) ze BG) (3 marks) Let 2 =(4- yy. 
Ix 

Express y in terms of x, where y(0) =3. 

10 (5 marks) A container of water is heated to boiling point (100°C) and 

then placed in a room that has a constant temperature of 20°C. After five minutes the temperature of the 

water is 80°C. 

a (78% Use Newton's law of cooling a =~-k(T — 20), where T°C is the temperature of the 
t 

= 3 
water at time ¢ minutes after the water is placed in the room, to show that e Sk z 2 marks 

b (60% Find the temperature of the water 10 minutes after it is placed in the room. 3 marks 

. dy . 
11 The general solution to 3—— = — is 

dx y 

1 1 3 
A y=x3 +e B y=xte C y=xte D y=x3 +e E y=x*+ce 

, . do 1, . 
12 A particular solution to — = 5 is AO + sin (20) = Bx, where A and B are constants. The values of 

dx cos’ (@) 

A and Bare, respectively 

A 1,3 B 2,3 Cc 2,4 D 3,1 E 3,3 

13 The rate of change in the diameter, D cm, of tree trunks with respect to time, t years, is proportional to 

the square root of their diameter. The general solution is 

A t=VD+c B t=iVD+e Cc t=V2D+c D t=2VDtc E t= sD te > 
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> 14 A tank has 1000 L of water mixed with 5 kg of paint colour. Water pours in at 50 L/min and mixture 

is removed at the same rate. If M is the amount of paint colour in the tank at time f, the differential 

equation is 

dM _M B dM _M dM _ _M 

dt 40 dt 20 dt 1000 

D aM _ 5 M_ E 4M _ 49) M 
dt 1000 dt 40 

15 [EXSY 2006 20010 | (47%) A chemical dissolves in a pool at a rate equal to 5% of the amount of 

undissolved chemical. Initially, the amount of undissolved chemical is 8 kg and after t hours, 

x kilograms has dissolved. 

The differential equation that models this process is 

16 (65%) The volume of water, Vm’, ina cylindrical tank when it is filled to a depth of 

h metres is given by V= 4h. Water flows into the tank at a rate of 0.2 m*/min and leaks out at a rate of 

0.01Vh m*/min. 

The differential equation, which when solved would enable h to be expressed in terms of f, is 

a tt 02-0.02Vh & = 4(02-o01vh) c dh _20-Vh 
dt dt dt 400 

dh __ 400 gah yy 100 
dt 20-Vh dt vh 

17 (4% A large tank initially holds 1500 L of water in which 100 kg of salt is dissolved. 

A solution containing 2 kg of salt per litre flows into the tank at a rate of 8 L per minute. The mixture is 

stirred continuously and flows out of the tank through a hole at a rate of 10 L per minute. 

The differential equation for Q, the number of kilograms of salt in the tank after f min, is given by 

a #2 _ 16 _52 p 22 _j5__52 co $2364 52 
dt 750 —t dt 750 +t dt 750 —t 

p 22 __100@ e #2_3__ 2 
dt 750-t dt 1500 — 2t 

18 (57%) Water containing 2 grams of salt per litre flows at the rate of 10 litres per 

minute into a tank that initially contained 50 litres of pure water. The concentration of salt in the tank is 

kept uniform by stirring and the mixture flows out of the tank at the rate of 6 litres per minute. 

If Q grams is the amount of salt in the tank ¢ minutes after the water begins to flow, the differential 

equation relating Q to tis 

a 22_ 49 _32 p 22 _ 4 __32 ¢ $2 _ 49 _32 
dt 25 + 2t dt 25 + 2t dt 25 — 2t 

p 22 ~ 9 _22 gE FQ_ 4932 
dt 25 — 2t dt 25 
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> 19 [EATERY 2009 20018 } (38%) A fish tank initially has 4 kg of salt dissolved in 100 litres of water. It is 

decided that this concentration is too high for saltwater fish to be kept, and so fresh water is mixed in at 

10 litres per minute, while 10 litres of the mixture is removed per minute. 

If x kg per litre is the concentration of the saltwater solution in the tank ¢ seconds after fresh water is 

first added, the differential equation for x would be 

A 10 4x=0 B 4 _tox=0 c 100 +x=0 
dt dt dt 

D # _ 100x=0 E 100% —x=0 
dt dt 

: cgi .__ aP 2 ; seca 
20 A particular logistic model is E = 0.005(0.05P — P* ). The carrying capacity is 

t 

A 4 BO5 c 16 D 20 E 100 

21 (3 marks) A furnace is switched on at 9 am. 

Heat is supplied at a constant rate; but as the furnace 

temperature increases, heat is lost at a rate determined Write the differential equation in the form 
that describes the required model. by the difference between its temperature and the 

surrounding temperature. The temperature of both 

was 20°C at 9 am. At 9.30 am the furnace was at 200°C and by 10 am it was at 350°C. The minimum 

operating temperature is 800°C. Use a differential equation to find the time when the furnace was ready 

for use and the highest temperature it could be expected to reach. 

22 (3 marks) A piece of very hot iron was dropped into some cold water at 15°C. After 10 minutes, the iron 

had cooled to 45°C, and after a further 3 minutes it was at 30°C. The rate of cooling is proportional 

to the temperature difference between the iron and the water. Find the initial temperature of the iron, 

correct to the nearest degree. 

23 (4 marks) A remote island is used to set up a breeding population of bilbies. Initially, 10 bilbies are 

released on the island, which has an ideal environment and is thought to be able to sustain a population 

of 600 bilbies. After 2 years, the population has grown to 30 bilbies. Use the logistic model to find 

a_ when the population will reach 200 2 marks 

b_ the number of bilbies that could be taken back to the mainland in each following 

year while maintaining the population at 200. 2 marks 

24 (3 marks) The completion of a particular chemical reaction involving a catalyst follows the logistic 

model. The reaction between molecules of the reactants occurs when they are adsorbed onto the catalyst 

sufficiently close to one another to react. As the reaction proceeds, this is less and less likely to occur. 

When first measured, 5% of the reaction has taken place; and after 5 minutes, another 5% has taken 

place. How long is it until the reaction proceeds to completion (99% reacted)? 

25 [REN 2005 201 } (14 marks) A large tank initially contains 10 litres of contaminated water. Clean water 

that contains a variable concentration of a purifying chemical is pumped into the tank at a rate of 

20 litres per minute. ) 

1l+t 
After t min, the concentration of the chemical in the water being pumped into the tank is 7 grams 

per litre. 

The solution in the tank is mixed and pumped out of the tank at a rate of 10 litres per minute. 

a (20%  Ifx grams is the amount of purifying chemical in the solution at time f min, write an 

expression for the concentration of the chemical in the tank, in grams per litre, at time tf. dmark DP 
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> b (44%) Show that the rate of increase of chemical in the tank satisfies the differential equation 

dx | x 40 
—t+—= 7: 3 marks 
dt 1+t 1+t 

; 40.4 20 5 
ec i If x =——tan. (t) + ——log,(1+t* ), show that (542%) If =~ tan! (1) + log, (1+) 

1 20log, (+t? dx 40 — 40tan™ (t) Be 
~ 2 20 2° dt l+t (1+t) (1+t) 4 marks 

ii (28%) Hence verify that x satisfies the differential equation given in part b. 1 mark 

40.4 20 3 
d (65% Copy the axes below and sketch the graph of x= Tar tan” (t)+ Tay Oe (I +t ) for 

+t +t 

0 $t< 20. Label any stationary points with their coordinates correct to two decimal places. 

x 

0 T T T T T T T T T a 
2 4 6 8 10 12 4 16 18 20 t 

3 marks 

e i (84%) The purifying chemical is only effective if there are at least 15 grams of it present 

in the tank. Find, correct to three decimal places, the value of t when the purifying 

chemical first becomes effective. 1 mark 

ii 51%) Hence find for how long the purifying chemical is effective correct to two 

decimal places. 1 mark 

26 (12 marks) The population of a town is initially 20 000 people. This population 

would increase at a rate of one per cent per year, except that there is a steady flow of people 

arriving at and leaving from the town. The population P after t years may be modelled by the 

dP P 
differential equation ae = i00 — k with the initial condition P = 20000 when t = 0, where k is 

t 

the number of people leaving per year minus the number of people arriving per year. 

a (9% Verify by substitution that for k = 800, P = 20000(4— 3c") satisfies both the 

differential equation and the initial condition. 3 marks 

b (82% For k= 800, find the time taken for the population to decrease to zero. 

Give your answer correct to the nearest whole year. 2 marks 

The differential equation which models the population growth can be expressed as 

ae 100 vith P= 20000 when t= 0. 
dP P-100k 

¢ (73% Show by integration that for k < 0, the solution of this differential equation is 

P= (20000 ~ 100k)e°""' + 100k. 2 marks DP 
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> It can be shown that the solution given in part ¢ is valid for all real values of k. 

d (51%) Copy the set of axes and for each of the values 

i k=800 ii k=200 iii k= 100 

sketch the graph of P versus t on it while the population exists, for 0 <¢ < 40. 

7 10 20 30 407 3 marks 

e i (57%) Find the value of k if the population has increased to 22 550 after twelve years. 1 mark 

ii 417%) Use the definition of k to interpret your answer to part i in the context of the 

population model. 1 mark 

27 (12 marks) A tank initially contains 10 litres of pure water with no chemical 

present. Water containing a variable concentration of chemical, &°”! grams per litre where t > 0, 

flows in at the rate of 20 litres per minute. The solution of water and chemical, which is kept 

uniform by stirring, flows out at the rate of 10 litres per minute. 

a (29%) If x grams is the amount of chemical in the tank at time f minutes, write down, in terms 

of x and ¢, an expression for the concentration of chemical in the tank in grams per litre. 1 mark 

b (50% Show that the differential equation governing the rate of increase of x with respect 

to tis 

dx x 
“+ =20e°' 2 marks 
dt l1+t 

100e°* (t +6 
Tt can be shown that x(t) = 600. _ 10007" (t +6) 

t+l t+l 

c ox) 

i Find dx 1 mark 
dt 

100e°* (t +6 
ii Verify by substitution that x(t) = £00 100" (t+ 6) satisfies both the 

t+1 t+l1 

differential equation and the initial condition. 3 marks 

d (65% Copy the axes below, and sketch the graph of x(t) for 0 < t < 50, stating the coordinates 

of the turning point, correct to one decimal place. 

xh 

40 

30 

20 

10 

> 
ie) 10 20 30 40 50 ¢ 3 marks 

e (42%) Find the amount of chemical which has flowed out of the tank over the first ten minutes. 

Give your answer in grams, correct to one decimal place. 2marks P 
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> 28 (14 marks) Nick takes a bottle of milk from the refrigerator for baby Alex. To heat the 

bottle, Nick puts it in a saucepan of continuously boiling water. Let y°C be the temperature of the milk 

at time f minutes after the baby’s bottle is placed in the boiling water. 

A differential equation that models the increase in temperature of the milk while the bottle is in the 

boiling water is ae a(100 —y), where a> 0. 
dt 

a (66% The milk’s temperature when the bottle is put into the boiling water is 5°C. 

Solve the differential equation to show that y = 100 — 95e™ for 0 < t< T, where T is the 

time when Nick takes the bottle out of the boiling water. 4 marks 

When Nick takes the bottle out of the boiling water at time T, the temperature of the milk is 48°C. 

He realises that this is too hot to give to baby Alex and so he puts the bottle into cold water. The 

temperature of the cold water is 10°C and the milk cools according to Newton’s law of cooling: 

a —b(y —10), where b > 0 

b 19% Verify, by differentiation, that for t 2 T, y= 10+ Ae Xt Dn and evaluate A. 3 marks 

Nick lets the milk cool to a temperature of 36°C to give to baby Alex. It takes three times 

as long for the milk to cool to this temperature from 48°C as it previously took to heat up 

from 5°C to 48°C. 

c (84% Sketch a graph of y in terms of f from when the baby’s bottle is put into the boiling 

water to when the milk is ready to give to baby Alex. 3 marks 

. . a at 
d (45%) Find the ratio 7 correct to three significant figures. 4 marks 

29 (9 marks) Bacteria are spreading over a Petri dish at a rate modelled by the 

differential equation 
dP_P 
—=—(1-P),0<P<1l 
dt 2 

where P is the proportion of the dish covered after t hours. 

a_i Express _? in partial fraction form. 1 mark 
P(1- P) 

a : : t-—c¢ P . 
ii Hence show by integration that a log, Tp} where c is a constant 

of integration. 2 marks 

iii If half of the Petri dish is covered by the bacteria at t= 0, express P in terms of f. 2 marks 

After one hour, a toxin is added to the Petri dish, which harms the bacteria and reduces 

their rate of growth. The differential equation that models the rate of growth is now 

dP _P VP oP =P _ py? fort > 1, 
dt 2 20 

b Find the limiting value of P, which is the maximum possible proportion of the Petri dish 

that can now be covered by the bacteria. Give your answer correct to three decimal places. 2 marks 

ce The total time, T hours, measured from time t = 0, needed for the bacteria to cover 80% 

of the Petri dish is given by 

where q, rands ER. 

Find the values of q, r and s, giving the value of q correct to two decimal places. 2 marks 
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Separation of variables 

dy 
ax > f(x)g(y) 

dy A first-order, degree 1, differential equation of the form i F (x)g(y) allows the variables to be separated 
Ix 

and anti-differentiation to be performed. 

dx 

Jy zy) dx f (x) 

This is called separation of variables because we have the y-terms on the left and the x-terms on the right. 

We also need to be careful that g(y) = 0 is not a solution of the differential equation. 

Integrate both sides with respect to x: 

1 dy 

Jig = J fea 
gly) 

he) si dso) > Ge \ | 28s." Separation of variables 

Solve ay) = (2x — 3)(3y + 4). 
dx 

Steps Working 

1 Separate the variables. | _@ =2x- 
3y +4 dx 

. 1 aw 2 Integrate both sides. J dx = Jax — 3) dx 
3y +4 dx 

Ione Joox -3) dx 

5 low [37 +4! =x -—3x+e 

ae 
3 Make y the subject. log, |3y + 4| =3x° -9x+ 3c 

3x? -9x43c 
3y+4=e 

Bis By =o Me _ 4 

2 
= Ae ~°* 4 where A=e* 

= ed 9 4 A 

3) 
“5 where k = — is another constant. 
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le) st ese) > | B= 45) Separation of variables problem 

The rate at which a new social network expands is proportional to both the size of the network and the 

time since its establishment. Two weeks after the establishment of a new network, there are 30 members 

and after another week there are 120. How long will it take to pass the 10 000-member milestone? 

Steps Working 

1 Choose variables and write the rate Let m be the number of members and t= time in weeks. 

equation for m. dm 
— =kmt 
dt 

ld 
2 Separate variables and integrate = =kt 

both sides. md 

ld Joa = frat 
m dt 

3 Make m the subject. In(m) = —kP +c 

fit? +0 
m=e 

da? 
=e & 

dit? 
4 Rename constants to simplify. m=Ae? , where A=e 

34(2?) 33") 
5 Use m(2) = 30 and m(3) = 120 30 = Ae? and 120 =A e? 

to find k. 9k 

6 Divide the second equation by the first. 4=e2 

5k 
In (4) = — (4) 5 

pF 0.4In (4) 
5 

+foin(4)}2 2 
7 Write the equation for m. mesdet = ado2in(4)]e 

2 
8 Use m(2) = 30 to find A. 30 = Aelo2# (EP 

= Aesin 

08 
~ as (« 

= (4°) 

A=30+4°% = 9.896... 
2 

m = 9,896...¢ (0218) 
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2 

9 Substitute m= 10 000 to find t. 10000 = 9.896...¢ (21 
10000 _ 2 [ozin(a)]? 

9.896... 
In(1010.477...) = [0.21n(4) |e? 

2 _ In(1010.477...) 
C= = 24.9520... 

0.21n(4) 

t=4.995... 

10 Write the answer. It will take about 5 weeks to get to 10 000 members. 

Separation of variables 

dy : : 
x f (x)g(y) is solved by finding 

1 
—~ dy = J fe) dx + c, where c is a constant. 
gly) 

EXERCISE 9.5 Separation of variables + = f(x)g (y) ANSWERS p. 595 
ix 

Recap 80-400% 60-79% — 0-59% 

1 76% Given that 2 = 1-2 and y=4 when x=2, then 
be 

—(x-2) (x — 2) (x — 2) 

A y=e 3 -3 B y=e 3 43 c y=4e 3 

4(y-x~2) (x-2) 
Dy=e 3 E y=e 3 +3 

2 (69% Given that 2 = y + 1and that y= 1 at x =0, then 

A = tan( « * B = tan{ +) c = lo # +1 y 4 y 4 y Be] > 

13 1 2 D y=-yty- = E y=yxt+xt+l1 
3 3 

Mastery 

. . . dy 
3 Solve the differential equation n = 5x(3y + 8). 

Ix 

dx : ae dx 2 4 The speed az m/s of an object x m from a fixed point is given by -" = kxt’, 
t t 

where k is a constant. 

a Find xasa function of t. 

b Find the values of k and the constant of integration, c, given that x (0) = 2 and x (3) = 2e. 

c How long (to the nearest second) will it take the object to be 100 metres from the fixed point? 
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> 5 EES) Solve 5 = y(3y + 2)t if the initial value of y is 6. 

-y d) 
6 Solve e?**” — 2¢*-7 a = 0 if the initial value of y is 6. 

Ix 

ya TECH-FREE 

a Solve 29 =! _. given that 0(0) =0. 
dt (1+#)sin(@) 

b Show that 0<t<e?-1. 

8 Solve the differential equation oy = ky +1 (k is a constant), and show that y= A(1 + kx) — B, 
dx kx +1 

where A and B are constants. 

9 Ifthe curve of the solution to vem = $ passes through the origin, state the value of the 
x y 

constant A in y = VAx. 

Exam practice 80-100% 60-79% 059% 

10 (4 marks) A tank initially holds 16 L of water in which 0.5 kg of salt has 

been dissolved. Pure water then flows into the tank at a rate of 5 L per minute. The mixture is stirred 

continuously and flows out of the tank at a rate of 3 L per minute. 

a (44%) Show that the differential equation for Q, the number of kilograms of salt in the tank 

after t minutes, is given by 1 mark 

AQ ___3Q 
dt 16 + 2t 

b (52% Solve the differential equation given in part a. to find Q as a function of f. 

a 
Express your answer in the form Q = — > where a, b and c are positive integers. 3 marks 

(16 + 2t)¢ 

11 (3 marks) Solve the differential equation yy = Z for y, given that when x= 1, y=—1. 
x dx 

f dq. 1 
12 (46% (5 marks) Solve the differential equation V2 — x ra = zy? 

aid ~y 
given that y(1) = 0. Express y as a function of x. 

, we : dx_ ef. ; , 
13 If the constant of integration in the solution to Ge x is zero, the relationship between 

t x 

x and t is 

A x°+2e'=0 B 2x°-e'=0 c x-e=0 D x+e'=0 E x-e"=0 

14 A solution to dy _* is 
dx sy 

A x-y~=e B xty=c c xt+y=e D x+y=c E x -y=c > 
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)» 15 The rate of change of distance of a particle with respect to time, t, is four times the square 

of the distance x and the cube of the time taken. If x(1) = 1, the equation for distance is 

A x= u BO X= 2 Cc x= u 
3-244 1+¢* 1-¢* 

1 
Dx=- 1 E x= 7 

1-2¢ 2-t 

16 The differential equation 2 = 2e” cos’ (8) can be solved using 

A Je? dy = J+ cos()d0 B Je dy = [1+ 2cos(6)d0 

c fe’ dy = Ji cos(20)d0 D fer dy = J+ cos(20)d0 

E fe’ dy = J2[1 + cos(26)] 40 

Wa d 1 
17 The point (£ , 3) satisfies the differential equation & = —____. The constant of integration is 

6 dx yV1— x? 

A 35 B4 c5 D 55 E 6 

dy _ 2 

dx — sin(x + y)—sin(x — y) 
can be 18 [ERE 2012 2009 | (69% A solution to the differential equation 

obtained from 

A Jidx = J 2sin(y) dy B J cos(y) dx = J cosee (x) dx 

c J cos(x) dx = J cosec(y) dy D J sec (x) dx = J sin(y) dy 

E J sec (x) dx = J cosee(y) dy 

(a) 
The sum or difference of trigonometric functions 

should be expressed as products so that separation of 

variables is made possible. 
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Slope fields 

The graph shows tangent lines for the gradient function 2 = 2x. 

iN v4 / 

-3 -6 \ 54 7 

-2 -4 x \ Zp 
-1 2 Xt 104 / 

0 0 PS 4 
- ‘a 

1 2 X\ 54 v4 
ie Za 

2 4 <~ Bea 

Sate — 
3 6 —__ + tt a Sa 
1 3 45 4-35 -3 25 2-15 -1 059 05 1 15 2 25 3 35 4 45 *~ — \ideoplaytist 

Slope fields 

The shape is a parabola with equation y= x’, which is one solution to & = ox. 
dx 

a : dj . : 
However, it is only one out of a family of curves because a = 2x satisfies y= x° +c, where c is a constant. 

Ix 

A slope field (or gradient field or direction field) displays a family of solutions for various values of c. 

. dj . . 
Below is the slope field for De 2x and the solution function, y= x, for c=0. 

dx 

Each gradient line in a column has the same slope because in the derivative function, rm is a function of x. 
Ix 

d) 
If 77 is a function of y, each gradient line in a row will have the same slope. 

Ix 

y 
VA MAN Sale ory Bore 
SNM XN ON See SOULE Lhd 
SANS WN Nettie of LALA 
VN NAN MS Som ZN 7 OP 7 
VAN YN SAE ee 7 
LNONA N N |= bE DAD 
VA NANNSO F477 6471 
Ne AN A NORE eet Ss PL = 
\ TN S| aeedahe 
VA NSANN N= 4 4 727 277 
NON N AON Mes 7 2 Ie 
VANALCA WYN <n 7 £422 7 
VV ANA NNN SFr LLP 
SAN SN Slee LS Lh fd 
NNN NON Nee Fo 
PANN VME As PLT 

Note that the tangent lines can also be shown as arrowed lines. 

The pattern of the derivatives indicates the shape of the solution function, in this case, the family of 

parabolae y= x" +c. 
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c 
p.195 

398 

fe) st ese) > F\ | B= 4) Sketching a slope field 

a Sketch the slope field for a =05y for—3 <y $3. 

b Describe what type of function y must be. 

2 Draw the grid and decide if the 

slopes will be the same vertically 

or horizontally. 

3 Sketch the slope lines. 

Steps Working 

a 1 Complete a table of & values, Evaluate kd using a = 0.5y. 
dx dx dx 

om is a function of y only, so each gradient line will have the 
Ix 

same slope horizontally. 

y 
3 

2 

1 

The first gradient is —1.5 at y= —3 in the third row below the 

x-axis. Lines of gradient —1.5 are drawn for all x values in 

this row. 

Repeat this for each of the other y values and their gradients. 

ot PELL LL BL SPA LA 

FEA ALA VIERA SD 28 

b 1 Connect the pattern of arrows 

to show the general shape of the 

anti-derivative function. 

2 Describe the type of curve. 

BEALE FPA, PLL A 

PABA ARV? # oF 

wee ee Fs aaa 

NOW NN A EBV YN NNN 

NNN NN WBN NN UY 

The curves appear to be exponential, since the gradient rises 

sharply as x increases. 
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The use of CAS is a quick and efficient way of sketching slope fields. 

a Sketch the slope fields for =x. 

b Show the solution for i = xy ify) =5. 
ix 

TI-Nspire 

1 Add a Graphs page. 4 The slope field will be displayed. 

2 Press menu > Graph Entry/Edit > Diff Eq. 

3 In the y1 field, enter the expression x x y1. 

| ‘ 
Paya (2 fp) = | 1 | 7 
TT. T\l7 7 11 T | PA Vex gey f | 

Li \\ | ae ee LLL VAANEA Pk 
40 ] wiley Vy AA rr "lrivire ht ar) 

ccOy E7XY\ Vv | Lt? ?} td 7X \ A Ay {| 
1 | ! | \ \ 1 td | i | \\\ | | 

| | | 1 /4\ \ | | | | kil gd YER 
1 +9 \ "i ! i [es 2a 

1 Press tab then the up arrow to return to the 3 The slope field with a plot through the point 

y1 field. (2, 5) will be displayed. 

2 In the (Xp,y19) field, enter the initial 

conditions 2 and 5. 

© Edit Zoom Analysis 

L 
Diff—q| IC |Graphs 

yaxy 

9780170448543 Chapter 9 | Differential equations 399



1 Tap Menu and select the DiffEq-Graph 1 Tap the IC tab. 

application. 2 In the Initial Condition 1 section, enter xi=2 

2 Tap Math3 to find y’ =, enter xy. Using and yi=5. 

Var there is no need for the x (multiply) sign. 3 Graph to display the slope field with a plot 

3 Tap Graph to display the slope field. through the point (2, 5). 

: . . dy . . . . 
For differential equations of the form — = f(x, y), estimate the gradient by keeping one variable constant. 

First think of » = xy" as »y = kx and then as ¥ = ky’. 
dx dx dx 

e 

EXERCISE 9.6 Slope fields ANSWERS p. 595 

Recap 

1 Given 2 =e* Jy and y(0) =9, then 
Ix 

—1yx 2 _ lex 2 _ly x 2 
A yale +5) B y=sle -5) c yale +1) 

alex —~_lyex psy D y=le -5) E ya-s(e +5) 

dx . 1 2 . oo. co. 
2 For — = xcos(t) with x a = e’, the value of the constant of integration in the solution is 

A -l B = c L Di E 2 
4 2 

Mastery 

3 Eq workep EXAMPLE 16 

a_ Sketch the slope field for o = 3x? for-5<x<5. 
Ix 

b Describe what type of function y must be. 

4 Sketch the slope fields for id = x + y and show the solution when y(2) = 1. 
dx 

(60-79% —0-59% Exam practice 

d 
5 GSES (2 marks) Draw the slope field for the function - = 3.cos (x”) and show the particular 

solution for y (0) = 3. * 
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> 6 EE (6 mart) 
a (88%) Copy the axes below and on them sketch the slope field of the differential equation 

2 
yy. Ivy for y=—2, —1, 0, 1, 2 at each of the values x = —2, —1, 0, 1, 2. 
dx 2 

ya 

34 

2 

14 

“3370 T2323 

y 2 marks 

b (59% If y=—1 when x=0, solve the differential equation given in part a to find y in 

terms of x. 3 marks 

c (48% Sketch the graph of the solution curve found in part b on the slope field in part a. 1 mark 

7 (4 marks) A slope field representing 
the differential equation 

dy _ —x 
z is shown below. 

dx l1+y 

a (82% Sketch the solution curve of the differential equation 

corresponding to the condition y(—1) = 1 on the slope 

field above and, hence, estimate the positive value 

of x when y = 0. Give your answer correct to one 

decimal place. 

2 marks 

2 . . dy -x ws 
b (61% Solve the differential equation + = z with the condition y(—1) =1. 

dx l1+y 

Express your answer in the form ay’ + by + cx’ + d=0, where a, b, c and dare integers. 2 marks 

8 (ee .i55 (2 marks) Find the particular solution to the slope y 

field shown below. NS NY N200N: NX ANS 
X Ao N SIN X ANY 
X ASN N Bowe © ON 
XX AN N APY N NON 
VV XX ATN A (75,5) 
at a 
AV VV VIN \ \ \20 * 
Ss Ark N AIS N NS 
x AN N a “Ss \ NN 
X As N N34 § ALND 

. . . yh 
9 FON 201420014) (72%) The differential equation eeereeerereertb ee eee seer ries 

that is best represented by the direction field on totkecrtrar et ee ese erin ails 
. . iistisantdetidaltdst tdattastaaleeaemine 

the right is SE SISSIES S SALA T ATARI 
nn FAL ZAZOCLAIIAVANNNNNS 

d 1 d d 1 LESSEE EEE EES EN GAO TAAL SSNS SS 
a we BZ =y-x cMe besbaesearsyseeeac7s S77 EAA LILIINRINNRSNNSS 

dx x-y dx dx y—x — SESESELEE IST E7411 A AN NSSSSS85 LELESEES EEG INT AAS SSNSSS888° 
Be sutssussslAr! “yh WIV} ANS ANARN SAN - 

Ca dg hAsLeALEa al NINS ANSARSS SS = pYax-y eg #1 PAS CAT CAST ANI RNSNNSRRSENS ER. 7 
Inc dx yt+x ZEEEEAGTT NAAN ERS SSN SSNS 85555 

ZL24C4E11 { VA NAN EANSNSNSSRSSS SS 
YACVIATYINN AINAAN 
ZAZA CUVVNINS AN 
ZLEIITANNNNNSNSNS 
ZIZZIIEVANINSNNANS: 
Zi f2 UY A AINA ANNA 
ZIEVVNNNNSNSNNSNN: 
TV NINA NNANN SAN PRN SENT RS SRS TSS > 
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The differential equation that best represents the above direction field is 

y D 2 
x 

2 

dx 
=% a 2 

dx 
~y 
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=x wy. A 

dx 

ercbedobabobSl-lederlodyr 

P
O
L
L
E
C
C
 

EEE ELLE 
I
I
E
,
 

e
e
e
e
e
e
 

ee t/iyT 

S
I
S
A
L
 

See e
e
c
e
c
 

ee fT 
F
e
e
 

eee zee 
1/1 

a
,
 

1 
2
e
e
e
T
 

HI TANN 
e
r
t
y
 

C
h
 

CLZVANNASSS. 

t- 
LAAN 

7 
TTTANNANNNS. 

7 - 1 

TVANS 

2 

AL 
LLANASSSSS, 

TLV AASNSNANS 
LAAN 

AAS a
e
s
 

va (oMVe7.V. 2016 2AQ10 11 

t 
us 

corn 
I
I
I
 

p
e
r
c
e
 

re 
TT 

NAN 
eee ce 

III INNNNN 
PAZLITT 

TASS. 
ZOLTTT AA ANNSS 
ZIZTTTANSSSSSS 
ZITINIANNSSSSS 
TT 

TVINNNSSS= 
=~ 

TTA 
ANANSSSN=== 

TLUNNSN 
Sees 

J \ANANS==s ==> 
V
i
s
t
s
e
o
e
 t= 

ssa 
fecha 

t
o
t
 

T
T
 

Os a
S
 

T
A
R
T
S
 RS 

are 
a 

aN 
cea 
e
s
e
 

as 
re 

S
S
 
S
a
 

dx 

A solution to this differential equation that includes (0, —1) could also include 

The direction field for the differential equation & +x + y = 0 is shown above. 
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The direction field above could be that of the differential equation 
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The direction field for a certain differential equation is shown above. 

The solution curve to the differential equation that passes through the point (—2.5, 1.5) could also 

pass through 

A (0,2) B (1,2) © (3,1) 

D (3,-0.5) E (-0.5, 2) 
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The direction (slope) field for a certain first-order differential equation is shown above. 

The differential equation could be 

A Y = gin(2x) B Y = cos(2x) c # - cos(3y] 
dx Ix 2 

iL”) ie (24) D — = sin| —y E — = cos| — 
Ix dx 

The direction (slope) field for a certain first-order differential equation is shown above. 

The differential equation could be 
2 

A WX Ly B Ye (o ye 

dx 2 dx 2 dx 2y 

p wa» a ae 
dx 2x dx 2y > 
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>» 20 The differential equation that best represents the direction field is 

Video playlist 
Euler's 

method 

406 

dj d yt 
A Dax B Da y-x Payee ara'd Fan 

PHL PAT dx dx HUT Oe 
PL ad 

d 2.2 d 2 a ee 
¢ Say ax pay -x HA A 

dx dx RA ce 
d HAG hes E Dayts EE . 
dx Tite ‘7 

Hs 
HITT 
a 
fH a 

21 The direction (slope) field for a certain first-order differential equation is shown. 

A solution to this differential equation could be 
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Euler’s method provides a sequence of numerical approximations to the solution of a first-order differential 

equation when standard methods of anti-differentiation do not work. 

In the graph below, P is a point on the curve = = f(x) and its tangent line passes through a close point, Q. 
Ix 

The gradient of the tangent line is Yo, Taking this as an approximation for y we have 210 = F(x). 
x — Xo dx x1 — Xp 

This gives y, = yo + (x; — Xo) f (xp) or y; = Yo + hf (x), where h is the step size. 

> 
x 

The x values are xp, x; = Xq +h, x) =x) + 2h... and the sequence of approximations for y are 

N=VYothSf (Xo) Yo= thf ys ¥3= Vat hf (x) -- 
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The set of coordinates (x9, yp), (1s ¥,)s (x) Vp) .-. lie on the approximating curve to the solution of 

o = f(x). The start coordinates (x9, yo) is the initial condition. 
Ix 

Solution curve 

(3, Js) 

‘Approximating curve 
fl 

i 
i 
I 
i 
1 
i 
i 
i 
I 
i 
I 

& fa
 & RY
 

x3 

Euler’s formula can be expressed in iterative form. 

Euler’s method 

Xue 1=%,th 

Yue =Int Af sy) where fly) =Z atx, 
x 

n=0,1,2,3... with (xp, yo) given. 

Accuracy in the approximations will increase by using a smaller step size or by increasing the number 

of iterations. 

WORKED EXAMPLE 17 $2 Cae itere] 

Use a step size of h = 0.1 with initial condition (0, 1) to find the first three iterations for the solution 
p.196 

to By = 2x. 

Steps Working 

d 
1. Use the initial condition to find the coordinates h=0.1, xp =0, y= 1, - =De 

for the first iteration by substituting into Euler’s * 
The first iteration uses n = 0. 

formula. 

dy = yy th = 20 Ag 

=yp +h(2x) 

=1+(0.1x0)=1 

x) =X) +h=0+0.1=0.1 

So (x, y,) = (0.1, 1). 
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2 Repeat the process to work out the remaining For the second iteration, n= 1. 

iterations. 

=y, + h(2x,) 

=1+0.1x (2x 0.1) = 1.02 

x) =x, +h=0.1+0.1=02 
So (xy yy) = (0.2, 1.02). 

For the third iteration, n = 2. 

V3 = 2+ h(2x,) 

= 1.02 + 0.1(2 x 0.2) 

= 1.06 

x3 =x, +h=0.24+0.1=0.3 

So (x3, y3) = (0.3, 1.06). 

Vile) si ese) > 7-4") B= SF-)) Comparing Euler’s method to the exact answer 

d_ il 

dx l+x 
a Use calculus to solve z given that when x =0, y= 2. 

b Use astep size of h = 0.2 with initial condition (0, 2) to obtain a series of approximations in the interval 

Oke tweet = y 
dx” 1¥x 

z: State answers correct to three decimal places. 

c Find the percentage error, to the nearest whole number, between the last approximation and the 

exact value. 

Steps Working 

a Anti-differentiate the function and find the constant dy __# 

of integration using the initial condition. dx 1+x? 

y= tan /(x) +c 

(0, 2) means 2=tan (0) +¢ = c=2 

y= tan (x) +2 

b 1 Write down the known information and h=0.2, x)= 05¥9=2s dy _ ol 

determine the number of iterations. dx 14+x? 

A step size of 0.2 starting from 0 to 1 

1 
means — = 5 iterations. 

0.2 

2 Write the general form for the solution. Xq a =%q_ + 0.2 

Yue =n 02( z}pn=0123,.. 
Lx 

3 Calculate each iteration up to the First iteration, n =0. 

required number. Xp =0, yy =2h=0.2 

1 1 = yy th =2+02 = 22 
a= De [3] (aa) 

(x), ¥,) = (0.2, 2.2) 
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Second iteration, n= 1. 

x,=0.2, y, =2.2,h=0.2 

1 1 = y, +02 =22+02 
eee [2] terra 

= 2.392 

(x5 y9) = (0.4, 2.392) 

Fourth iteration, n = 3. 

x5 = 0.6, y; = 2.565, h=0.2 

Third iteration, n = 2. 

x) = 0.4, y= 2.392, h=0.2 

yy = 2.392 + 02 } = 2.565 
1+04 

(x y3) = (0.6, 2.565) 

Fifth iteration, n = 4. 

x4 = 0.8, yy=2.712, h=0.2 

= 2.565 + 0.2 = 2.712 = 2.712 + 0.2 = 2.834 
fez) * (a) 

(xp y,) = (0.8, 2.711) (x5) ys) = (1.0, 2.834) 

ce 1 Find the exact value. y (1.0) = tan” (1.0) +2 

= 2.786 

2 Calculate the percentage error. 2.834 — 2.786 
percentage error = ———————. x 100% 

2.786 

= 1.7229...% 

= 2% 

The use of CAS can significantly speed up the repetitive process of iteration, especially when many iterations 

are involved. 

| USING CAS 5 | Euler's method 

ay Use h=0.5 with Euler’s formula to determine the first 5 iterations for = = log, (x), y(1) =2. 

fw 2 fa |3 iC |4 8 |S me eo 
ENarT A 
EndWhile 

errCode | 

exact( 

cit ¥. 

iz Wizards On 

euler(Expr, Var, depVar, {Var0, VarMax}, es 

depVar0, VarStep [, eulerStep}) li 

euler(SystemOfExpr, Var, ListOfDepVars, y 

1 Press catalog > E to jump to the functions 

starting with e. 

2 Scroll down and select euler. 

3 Click on the arrow to expand the display at 

the bottom of the screen to see the order in 

which to enter the parameters. 

euler{in(x),xy,£ 1,5 },2,0.5) 
E 1s 2. 28 3. 3 
2. 2. 2.20273 2.54931 3.00745 3.55: 

4 Enter the parameters as shown above, which are: 

Expr:In(x), Var:x, depVar:y, {Var0:1, VarMax:5}, 

depVar0:2, VarStep:0.5. 

5 The first 5 iterations will be displayed. 

The first 5 iterations are 2, 2.203, 2.549, 3.008, 3.557. 
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@ 
Video 

VCE question 
analysis: 

Differential 
equations 

410 

© Edit Type nan © Edit Type 

|[Recursive| Explicit | 
1M anss=ant0.5 

ao=1 
Ml bnai=bn+0. 5eIn(an) 

bo=2 
Cnet O 

co=0 

g 
n an bn 

I 15 2] 
2 2 2.2027 
3 2.5 2.5493 
4 3 3.0075| 
8 3.5 3.5568 | | 

ty 
sof 
1 LVL 

Rad = Real @ Rad Real @ 

1 Tap Menu and select the Sequence 4 Complete the a,,, formula as shown. 

application. 5 Set ag=1. 

2 Tap n,a, to display the drop down menu. 6 Tap n,a, and select b,. 

3 Select a,. 7 Complete the b,,, formula as shown. 

8 Set by=2. 

9 Tap Table to display the table of iterations in the 

lower window. 

The first 5 iterations are 2, 2.203, 2.549, 3.008, 3.557. 

Euler’s formula 

Euler’s formula in iterative form is 

Ran Sean eb an = pnoe 0, n=0, 1, 2,3 ..., where h is the step size. 

VCE QUESTION ANALYSIS 

2016 Examination 2 Section B Question 3 (11 marks) 

A tank initially has 20 kg of salt dissolved in 100 L of water. Pure water flows into the tank at a rate of 

10 L/min. The solution of salt and water, which is kept uniform by stirring, flows out of the tank at a rate 

of 5 L/min. 

If x kilograms is the amount of salt in the tank after t minutes, it can be shown that the 

differential equation relating x and t is Me so! Si, 
dt 20+t 

a_ Solve this differential equation to find x in terms of t. 3 marks 

A second tank initially has 15 kg of salt dissolved in 100 L of water. A solution of kg 

of salt per litre flows into the tank at a rate of 20 L/min. The solution of salt and water, 

which is kept uniform by stirring, flows out of the tank at a rate of 10 L/min. 

b If y kilograms is the amount of salt in the tank after ¢ minutes, write down an 

expression for the concentration, in kg/L, of salt in the second tank at time t. 1 mark 
d 1 

c Show that the differential equation relating y and t is Bl 2 marks 
dt 10+t. 3 
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? + 20t + 900 
6(10 + t) 

satisfies the differential equation in part c. Verify that the given solution for y also 

d_ Verify by differentiation and substitution into the left side that y = 

satisfies the initial condition. 3 marks 

e Find when the concentration of salt in the second tank reaches 0.095 kg/L. 

Give your answer in minutes, correct to two decimal places. 2 marks 

inflow—outflow problem. Keep in mind how to calculate the inflow rate and outflow rate for the 

two tanks from the information provided. 

* Read the question carefully, particularly parts b and e which have concentration highlighted to 

reinforce that the rate of change of concentration is not what is being asked. 

¢ Part d will require differentiation using the quotient rule, but CAS can be used to speed up and 

check calculations. 

« When verifying the solution given in part d, show clearly that, after substitution and simplifying, 

the left-hand side is the same as the right-hand side. 

Thinking about the question 

¢ Solving part a will require separation of variables and a constant of integration that will have to 

be found using the initial conditions. 

« With the exception of part b, the questions are more than 1 mark, so working needs to be shown 

for each. 

« Decide for which questions a calculator is required. It is necessary for part e and optional for the 

remaining questions. 

¢ Understand the difference between finding expressions for the concentration and finding 

expressions for the rate. 

at TI-Nspire 
Anti-differentiate both sides. 

log, |x| = —log,|20 +t) +¢ V 

As x and t are always positive, we don't x 
need the || symbols. aes Sparoand x(0)=20,t.x 

t=0,x=20 4 es 400 

log, (20) = —log,(20) +c +20 

c= 21og,(20) = log, (400) / 

Write the solution with x in terms of ¢. ClassPad 

log, (x) = —log, |20 + ¢| + log, (400) 
@ Edit Action Interactive 

log, (x(20+ t)) = log,(400) G79 Ets) ed ed dB 
x(20 +t) = 400 asolve(x'+5%7=0, t,x, t=0,x=20) 

= 400 
0| = 40, {=jezor} | 

20+¢t Vv for correct CAS function 

Vv for correct conditions 

v for correct answer 
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b Change in volume = inflow — outflow 

=20-10=10L 

The initial volume is 100 L. 

The volume at time f is 100 + 10¢. 

Concentration is mass per unit volume. 

The mass of salt in the tank is y kg. 
y The concentration of salt at time t is ——~—— 

100 + 10t 
kg/L. / 

c Find inflow rate — outflow rate. 

I. 1 
inflow rate: 20 x — = — kg/min 

60 3 

outflow rate: 10 x 2 — = 7 kg/min / 
100+10¢ 10+¢t 

Find the rate of change. 

dy _1 y 
dt 3 10+¢t dt 10+¢t 

dj 
d Obtain an expression for = in terms of f only. 

1 =iV 
3 

_ + 20¢ +900 
*~ ~600 +0) 
Use the quotient rule or CAS to differentiate. 

dy _ t? +20 — 700 
dt 6(10 + t) 

Substitute into the LHS of the equation and show that it is the same as the RHS. 

tus = % +2 
dt 10+¢t 

iP +20¢= 700, 1 t? + 20¢ + 900 
6(10 +t) 10+t\ 6(10+f) 

2(t + 10) 

6(10 + t)” 
1 
3 

= RHSV 

Verify the initial condition. 

Initially, y = 15 from part a. 

_ # +20t+900 
6(10 +t) 

900 
t=0, y= = SV 

y 
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. mass : 
e Concentration = i TI-Nspire 

volume 

For the second tank, the concentration is 

v3 2450. H+ 201+900 1 Oe aie 

6(10 + t) 100 + 10¢ 60: (10+)? 
1=3.04656 

_ # +20t + 900 
60(10 + t? ClassPad 

Solve the equation © Edit Action Interactive 

By Gs oe 
| t2+20-t+900 
| 60-(104t) 2 

{t=3. 046561461) 

? +20 +900 
= 0.095 

60(10 + t)* n(n [a] =0. 095, t] 1t>0 I 

It will take 3.05 min for the concentration to be 0.095 kg/L. / 

Student performance 80-100% 60-79% — 0-59% 

The overall percentage average for this challenging question is 43%, with only part a having a 

score above 50%. 

a (56%) Common errors were not separating the variables correctly, forgetting the constant of 

integration or adding the constant to both sides of the equation. 

b (34% Many students did not understand the question, and often deduced — dy 
dt 

c (45%) Students struggled with this ‘show that’ question, with some stating with the result rather than 

trying to prove it. Many did not realise that the answer to part b was related to this question. 

instead. 

d (38%) Most students could find the derivative, but not verify the solution satisfied the initial conditions. 

e (27%) Quite challenging for students and there were many non-attempts. 

EXERCISE 9.7 Euler’s method ANSWERS p. 596 

Recap 

1 ENN orcs 2aq7) | 

The direction (slope field) for a certain first-order differential equation is shown above. 

The differential equation could be 

d d 
A 7 = sin(2x) B 7a = cos (2x) Cc 2 = cos (5) 

D # - sin(3y) E % — cos( 4] : 
dx 2 dx 2 > 
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> 2 

The direction field shown above is for the differential equation =xty. 

A solution to this differential equation that includes (0, —1) could also include 

A (-2,0) B (2,0) c (-1,0) D (-2,-1) E (1,2) 

Mastery 

3 Use a step size of h= 0.4 and the initial condition (0, 5) to find the first 

5 iterations for the solution to = 3x7. 

4 
a_ Use calculus to solve = = 2cos(2x), given that when x = 0, y=4. 

b Useh= ‘ with initial condition (0,4) to obtain a series of approximations for the solution to 

2 = 2cos(2x) in the interval 0 < x < 7. State your answers correct to three decimal places. 

c Find, to the nearest whole number, the percentage error between the first approximation and the 

exact value. 

5 Use h =0.5 with Euler’s formula to determine the y value of the 10th approximation to 

dy the solution for mo log, (x), y(1) = 0. Give the answer correct to one decimal place. 
Ix 

Exam practice 

6 (4 marks) 
a (50%) Use Euler's method to find y, if 2 = 7 given that yy= y(1)=1 andh=0.1. 

Ix x 
Express your answer as a fraction. 2 marks 

b (47%) Solve the differential equation given in part a to find the value of y which is estimated by y,. 

Express your answer in the form log, (a) + b, where a and b are positive real constants. 2 marks 

7 (marks) Let & = (y 427° +4and yy=y(0)=0. 
x 

a (50% Solve the differential equation above, giving y as a function of x. 3 marks 

b (47%) Apply Euler’s method to find y,, using a step size of 0.1. 2marks DP 
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> 8 

10 

11 

12 

13 

14 

15 

Euler’s method, with a step size of 0.1, is used to approximate 

1 dy 
the solution of the differential equation vik = cos(x), with y=2 when x=0. 

y dx 

When x= 0.2, the value obtained for y, correct to four decimal places, is 

A 2.2000 B 2.3089 Cc 2.3098 D 2.4189 E 2.4199 

@VCAA & Euler’s method, with a step size of 0.1, is used to solve the differential equation 

dy _ x — =e, with initial condition y= 1 at x =2. 

When x = 2.2, the value obtained for y, correct to four decimal places, is 

A 1.0122 B 1.0222 Cc 1.0233 D 1.0258 E 1.0271 

Let D = —*** — and (x. 99) = 0.2). dx x7 +2x41 

Using Euler’s method, with a step size of 0.1, the value of y, correct to two decimal places is 

A 0.17 B 0.20 c 1.70 D 2.17 E 2.20 

(77m) Let = 2 —xyand y=2 when x=. 
x 

Using Euler’s method with a step size of 0.1, the approximation to y when x = 1.1 is 

A 09 B 1.0 cll D 19 E 2.1 

{70% Consider the differential equation ye oe with yp = 1 when xy = 0. 
dx 34+3x+x 

Using Euler’s method with a step size of 0.1, the value of y), correct to three decimal places, is 

A 1.033 B 1.063 Cc 1.064 D 1.065 E 1.066 

(63% When Euler's method, with a step size of 0.2, is used to solve the differential 

dy equation x 2 tan '(x + 1) with x) =0 and yo =1, the value of y, would be given by 
Ix 

A 1+012 B 1+0.4tan |(1.2) 

C 0.1+0.4 tan"(1.2) D 14+0.17+04 tan |(1.2) 

E 1+04 tan |(1.2) + 0.4 tan71(1.4) 

(60%  Euler’s method, with a step size of 0.2, is used to solve the differential equation 

dy x hare tae 
—_ =cos 5 , With initial condition y= 2 when x= 0. 

The approximation obtained for y when x = 0.4 is given by 

A 2+0.4 cos (0.1) B 2+0.4cos (0.2) 

C 2.2+0.2 cos (0.1) D 2.2+0.2 cos (0.2) 

E 2+0.2 cos (0.1) + 0.2 cos (0.2) 

d 
FERNY 2020 20012 | (59%) If " = eS and Yo = e when xy = 0, then using Euler’s formula with step 

size 0.1, y3 is equal to * 

A e+o(1+e"”) Bet O.1(1+ e%) + 00) 

c e+ O(c + oO” + 00002) D e+ 0.1 (e000 4 e002 +00) 

cos (0.1) + E e+ 0.A(e +e £05(0.2) + es) 
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d. 
> 16 (59%) Euler’s formula is used to find y,, where ue = cos(x),xX9 = 0, yy = 1 

andh=0.1. * 

The value of y, correct to four decimal places is 

A 1.1000 and this is an underestimate of y (0.2). 

1.1995 and this is an overestimate of y (0.2). 

1.1995 and this is an underestimate of y (0.2). 

1.2975 and this is an underestimate of y (0.2). 

m
o
o
o
 

1.2975 and this is an overestimate of y (0.2). 

17 [EXSY 2011 2A018 | (54%) The amount of chemical x in a tank at time t is given by the differential 

dx 10 
equation — = — 
a dt 10-t 

in the values of t. 

and when t= 0, x9 = 5. Euler’s method is used with a step size of 0.5 

The value of x correct to two decimal places when f= 1 is found to be 

A 3.95 B 3.97 Cc 4.50 D 5.50 E 6.03 

18 5% Consider 2 = 2x7 +x41, where y(1) = yp = 2. 
x 

Using Euler’s method with a step size of 0.1, an approximation to y (0.8) = y, is given by 

A 0.94 B 1.248 c 16 D 24 E 2.852 

19 [AXVENY) 2002 204 } (4 marks) Suppose Euler’s method is used to solve the differential equation 

= = log, (4— 2’), with a step size of 0.05 and initial condition y= 0 when x= 0. 
Ix 

a (85%) Use Euler's method to express yy9 in terms of y49. 2 marks 

b (28% Given that y,, = 1.2464, find y,», giving your answer to four decimal places. 1 mark 

c | 2%) Why is y,) an estimate of A? 1 mark 
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Chapter summary 

Types of differential equations 

A differential equation has at least one 

dx 
derivative, such as En = 2t +1. In this case, tis 

t 

the independent variable and x is the dependent 

variable. The order is the highest derivative and 

the degree is the highest power of the highest 

derivative. 

dyV dy a -o* rye = 0 is of order 2, degree 1. 
dx dx? 

The usual method for solving a differential equation 

is by anti-differentiation, but a numerical approach 

can be used to obtain an approximation to the 

solution when standard algebraic methods cannot 

be used. 

Verifying a solution to a differential 

equation 

To show that a given solution satisfies the 

differential equation, substitute it into the equation 

until it is obvious that the left-hand side and right- 

hand side of the differential equation have the same 

value. 
2x: , dy 

For example, y= e™ is a solution to — —2y = 0 
dx 

; we _ dy _ 2x 
because differentiating y =e” gives 7 = 2e 

Ix 

dy F 2x dy or + = 2y, since y= e*. Hence, ~ —-2y =0 a y dx 

as required. 

First-order differential equations 

1 *, = f(x)has the general solution y = Ja (x) +c, 
dx 
where c is a constant of integration. 

2 = e*, y(0) =2 has solution y = e* +1. 
Ix 

2 2 = f(y) has the rate of change as a function of 
Ix 

the dependent variable. The general solution is 

x=g(y) +c where g’(y) =f (y) and c is a constant 

of integration. 

9780170448543 

Examples: 
aT _ 

o Newton’s law of cooling, — = —k(T —T,), 

which states that the rate of heat loss is 

proportional to the temperature difference 

between an object and its surroundings. 

© Growth and decay involving radioactive 

elements, bacteria and populations. 

© Inflow/outflow, the rate of change of the 

mass of a substance in a solution is modelled 

by ot =f (M) = inflow rate — outflow rate. 

© The logistic model aP ad io - *) has 
dt K 

7 K P 
solution P = —___~___ , wherre P is 

1+ a et 
4 

the population at time f, Py is the initial 

population, K is the carrying capacity and k is 

a constant of proportionality. 

3 a = f(x)g(y) is solved by separation of 
Ix 

variables that involves rewriting the differential 

equation as: 

We need to be careful that g(y) = 0 is nota 

solution of the differential equation. 

1 
lo ly = | f(x)dx 

Second-order differential equations 

The general solution to the second-order differential 

a ye 
equation —> 
a dx* 

= f(x)isy=g(x) tex + cy 

where g” (x) =f (x) and c, and c, are constants of 

integration. 
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A slope field (or gradient field or direction 

field) displays a family of solutions to a first-order 

differential equation by showing segments of its 

gradient whose overall pattern represents the 

solution curve. 

SN 
\ 
< 
\ 
\ 
\ 
\ 
N 
\ 
* 
SN 
\ 
= 

e
e
 

The slope field for a 
ix 

= cos(x), y(0) =0. 

Nelson ViCmaths Specialist Mathematics 12 

Euler’s method 

When algebraic methods of anti-differentiation 

cannot be applied to solve a first-order differential 

equation, Euler’s method is used to generate a 

sequence of approximations to the solution of 

7 = f (x) that has an initial condition (xp, yo). 

Euler’s formula in iterative form is 

X41 = Xn ths ng = Yn t Hf), 

where f (x) =f n=0,1,2,3... 
dx 

Accuracy in the approximations will increase by 

using a smaller step size, h, or by increasing the 

number of iterations. 
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Cumulative examination 1 

Total number of marks: 10 Reading time: 4 minutes Writing time: 15 minutes 

Technology is NOT permitted. 

1 2012105 } (3 marks) Let y = arctan (2x). 

+ 

z 

2 
FE 
< 
= 
= 
< 
*s 
w 

w 

= 
FE 
< 
al 
=) 
= 
=) 
(2) 

a dy Y 
Find the value of a given that y = ax (2) » where a is a real constant. 

x 

: ed wot 
2 (2marks) Solve the differential equation as Tr given that ¢(0) = 1. 

State the answer in the form a + bt! +c =0, where a, b and c are constants. 

3 (2 marks) Provide a counterexample to each statement. 

a Vx,yeRx* =7)ox= y. 1 mark 

b Ifn’—1 is divisible by 5, then n — 1 is divisible by 5. 1 mark 

4 (8marks) The graph of the quadratic function f(x) = (x— 1) +5 is reflected in the line y =6 

to obtain the function g(x). 

a State the equation of g(x). 1 mark 

b Calculate the area enclosed by the graph of f (x) and the graph of g(x) in [a, b], 

where a and b are the x-coordinates of the points of intersection of the two functions. 2 marks 
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Cumulative examination 2 

Total number of marks: 17 Reading time: 4 minutes Writing time: 30 minutes 

Approved technology is permitted. 

| Section A 5 multiple-choice questions 5 marks 

1 EERE 2018 20010 | yh pene éf 

6 
ial 

z 

“Ee IOS es 
-24 

-44 

-64 
| get 

' 

The differential equation that best represents the direction field above is 

a Wa 2xty p Wx 

dx y-2x dx 2x-y 

o Hey pws Hee 
xen x Dy, dx y-2x 

= dy _axty 

dx 2y-x 

2 2011 2AQ18 ) The amount of chemical x in a tank at time t is given by the differential equation 

ey aie and when t= 0, x9 = 5. Euler’s method is used with a step size of 0.5 in the values of t. 
dt 10-t 

The value of x correct to two decimal places when f= 1 is found to be 

A 3.95 B 3.97 Cc 450 D 5.50 E 6.03 

3 2002 11930 ) A 150 litre cylinder of air contains 20% oxygen. The amount of oxygen in the 

cylinder is to be increased by pumping in pure oxygen at a constant rate of 10 litres/minute, while 

removing the uniformly mixed air at the same rate. 

If P litres is the volume of oxygen in the cylinder at time ¢ minutes after the pumping begins, 

a differential equation for P in terms of t is 

WES Syren poe an, a0, Biba 
dt dt 

c @ _ 304104; = 0, P = 30 ee ee, 30 
dt dt 15 

5 Ae ig gop Sabo 
dt 15 
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4 Let P: even numbers are divisible by 2 

Q: 6 is an even number 

The statement =(P A =Q) is equivalent to 

A_ Even numbers are not even and 6 is an odd number. 

Odd numbers are not divisible by 2 or 6 is an even number. B 

Cc Even numbers are not divisible by 2 or 6 is an even number. 

D Ifeven numbers are divisible by 2, then 6 is an even number. 

[= If 6 is not even, then even numbers are not divisible by 2. 

N 

z 

2 
FE 
q 

= 
= 
q 
*s 
Ww 

Ww 

2 
FE 
< 

2 
5 With the substitution u = 2x — 4, if e?*4dx becomes 

2 1 0 2 
A 2f e“du B =] e“du c 2f e“du 

0 2/4 -4 
1 2 

D =f edu E 2) edu 
2/0 4 

| Section B 2 questions 12 marks 

1 [EXER 2012 28022-ci ) (7 marks) The number of mobile phones, N, owned in a certain community 

after t years, may be modelled by log, (N) = 6 — 3e°“", t > 0. 

a_ Verify by substitution that log, (N) = 6 — 3e°" satisfies the differential equation 

Ag, + 0.4log,(N)- 2.4 =0. 2 marks 
N dt 

b Find the initial number of phones, N, owned in a certain community. 

Give your answer correct to the nearest integer. 1 mark 

c Using this mathematical model, find the limiting number of mobile phones that would 

eventually be owned in the community. 

Give your answer correct to the nearest integer. 2 marks 

dN 
The differential equation in part a can also be written in the form a. 04N(6 — log, (N)). 

t 

2 
d Find re in terms of N and log, (N). 2 marks 

Ls 

2 (5 marks) A region is defined by the area bounded by the curves with equations y = Vx and 

1 
y = —x, as shown below. 

Z vo 

y=\x 
ya 
2) 

- 
x 

a State the coordinates of the points of intersection of the two curves. 1 mark 

b Determine the area of the region bounded by the two curves. 2 marks 

c The region is rotated about the x-axis. What is the volume of the solid produced? 2 marks 
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Study Design coverage 

AREA OF STUDY 4: CALCULUS 

Kinematics: rectilinear motion 

e use of velocity-time graphs to describe and analyse rectilinear motion 

e application of differentiation, anti-differentiation and solution of differential equations to 

rectilinear motion of a single particle, including the different derivative forms for acceleration 

ax dvisow a(3 *) 
a=— = — =v— = —|-v* |. 

VCE Mathematics Study Design 2023-2027 p. 111, © VCAA 2022 

The equations of kinematics 

Variable acceleration 
Straight-line motion . . 

Kinematics 
Velocity-time graphs 

, To access resources above, visit 

i Nelson MindTap cengage.com.au/nelsonmindtap ry 1 

Straight-line motion 

Kinematics examines the motion of an object in a straight line (rectilinear motion), where the object is 

considered to be a point without mass, shape or size. 

Displacement, velocity and acceleration 
Displacement is the change of position of an object in relation to a fixed reference point. We can think of it 

as the direct distance from where the object starts to where it stops. 

The velocity of an object is the rate of change of its displacement with respect to time. 

Acceleration is the rate of change of the velocity with respect to time. 

Displacement, velocity and acceleration are vectors because they are defined by requiring magnitude 

and direction. For example, a displacement of 3 km north, a velocity of 5 metres per second south and an 

acceleration of —3 cm per second per second west. 

The units for velocity are cm/s (cm s’), m/s (m s') and km/h (km h”}), and the units for acceleration are 

m/s” (ms) and km/h? (km h”). 

The average velocity of an object is its displacement divided by the total time taken during its motion. 

Distance and speed 
Scalar quantities do not have a direction. The associated scalar quantities for displacement and velocity 

are distance and speed respectively, where distance is the magnitude of the displacement and speed is the 

magnitude of the velocity. 

The average speed of an object is the total distance travelled divided by the total time taken. 
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The displacement-time graph and the position-time line shown below are ways of illustrating the straight 

line motion of an object. 

5 c 

= 44 
8 
23 
z 
z? ¢ oan Ps — 
3 t=12s 
BO B A 
a 

~ 
ip 1235 67 8 9 lon 2 t=55 10s 

B/ Time (s) — r 1 r ; T T T — 
3 2 -1 0 1 2 3 4 5 x(cm) 

¢ The object takes 5 seconds to move from position A to B. 

b 

It takes another 7 seconds to go from B to C. 

¢ In relation to the start position (4cm from the origin), the total distance travelled is 6 + 7 = 13cm and 

the displacement is 5 - 4 = 1cm (to the right of the start position). 

6 
« The average speed of the object in going from A to B is 5 1.2 cm/s, and the average speed in going 

from B to cis? =1cm/s. 

5-4 
¢ The average velocity in going from A to B to Cis 

12 

fe) si ¢se) > 7-\ | 8=4)) Average speed and velocity 

A particle moves in a straight line such that its position x cm from a reference point O after t seconds is 

= 0.08 cm/s. 

shown in this displacement-time graph. 

x (cm) 

- 4— (0.97, 14.56) 

t(s) 

(3.61,-1.11) 

a Illustrate the motion of the particle as a position—time line in the interval [0, 5]. 

b Calculate the average speed in the interval [0, 5]. 

c Determine the average velocity in the interval [0, 5]. 

Give answers to two decimal places. 

Steps Working 

a 1 Determine the initial displacement. At ¢=0, the particle is 3.53 cm from the origin. 

2 Describe the motion foreach part The particle moves away from the origin on the positive 

of the graph. side for 0.97 until it is at 14.56 cm. It reverses direction and 

reaches the origin after another 2.03 seconds (t= 3). 

The particle continues to move in the negative direction away 

from the origin for another 0.61 seconds, reverses direction 

when it is at 1.11 cm from the origin. It then returns to the 

origin after 1.39 more seconds (t= 5). 

424 Nelson VICmaths Specialist Mathematics 12 9780170448543



3 Draw the position-time line. 5s 

Os 0.97 s 
<I t (erm) 

2-10 123 45 6 7 8 9 101112 131415 16 

total dist: b average speed = Total distance is 14.56 — 3.53 + 14.56 + 1.11 +1.11=2781 cm. 
total time 

Total time is 5 seconds. 

total dista: 27.81 
owen = 556 cm/s 

total time 5 

. displacement . 
¢ average velocity = ————_—— In [0, 5], the particle starts at 3.53 cm and ends at 0 cm. 

time taken 
Displacement is 0 - 3.53 = -3.53 cm. 

Total time is 5 seconds. 

—3.53 
average velocity = = = —0.71 cm/s 

fe) si ese) > 7\\ | B= 1) Average speed, velocity and direction 

An aeroplane flies in the direction 030°T for 1h 40 min at a constant speed of 300 km/h and then flies due 

east for a further 3 hours at a constant speed of 400 km/h. 

a Find the average speed of the plane. 

b Calculate the magnitude of the average velocity. 

¢ In which direction is the average velocity vector? 

Give answers to two decimal places. 

Steps Working 

a 1 Show the information as a vector 300 km/h for 1h 40 min (2 n| is a distance 

Giegram. of 300 x 1Z = 500 km. 

400 km/h for 3h is a distance of 1200km. 

1200km 

2 Calculate the average speed. Total distance is 500 + 1200 = 1700km. 

Total time is 4h 40 min (25) 

distance 
average speed = ——— 

time 

_ 1700 

~ ge 
43 

= 364.29 km/h 
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b 1 Find the displacement using the 2 =a’ +b - 2ab cos(0°). 

cosine rule. a= 500, b= 1200, 6° = 120° 
c’ = 500° + 1200° - 2 x 500 x 1200 x cos (120°) 

=2290000 

c=1513.27km 

2 Calculate the magnitude of the The plane has flown 1513.27 km in 4 ; h. 

average velocity. < displacement 
average velocity = —~————— 

time 

_ 1513.27 

7 
= 324.27 km/h 

c¢ 1. Use the sine rule to calculate angle 0° sin(120°) _ sin(@°) 

and use it to find the direction of the c ~ 1200 

velocity vector. , 
_1| 1200 120° 6° = sin | an = 43.37° 

1513.27 

2 State the direction. The velocity vector has direction 30° + 43.37° = 073.37°T. 

Note that in the above worked example, the average speed © 

of the aeroplane, 364.29 km/h, is not the same as the 

magnitude of the average velocity, 324.27 km/h. Speed is the magnitude of the velocity, 
but average speed is not the same as the 

magnitude of the average velocity. 
Zo 

Differentiation and anti-differentiation 

Differentiation provides the rate of change of a dependent variable with respect to the independent 

variable. For example, for x = f(t), x is the displacement and the dependent variable, f is the time and the 

dx 
independent variable and a gives the instantaneous velocity. The symbol for velocity is v or x. 

t 
2 

Acceleration is the rate of change of velocity. It is the result of differentiating speed, so “(¢) = =. 

dv 
Acceleration may also be written as a, Re vorx. 

t 

Anti-differentiation of acceleration gives the velocity, and anti-differentiation of velocity gives displacement. 

Displacement, velocity and acceleration 

displacement differentiate velocity differentiate | acceleration 

. 2 
* a, vk ft at Wi 

anti-differentiate anti-differentiate at It 

v=fadt, x=fvdt 
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V'fe) si ¢S 2) > @\\ | 28 = <1 Finding velocity and acceleration from displacement 

described by the function x = ze — 20 +3t. 

In relation to a fixed point, the position x cm of a particle moving horizontally at time t seconds is 

a Determine when the velocity of the particle is zero and its position at that time. 

b Find at what time the acceleration is zero and the particle's velocity at this time. 

¢ Calculate the distance that the particle will travel during the first 4 seconds. 

Steps Working 

a 1 Differentiate the equation to obtain the 

velocity function. 

2 Let the equation for velocity be zero and solve 

for t. 

3 Determine the position using these t values. 

x=—P —2¢? +3¢ 

?-4t+3=0 

(t-1)(t- 3) =0 

t=1,t=3 

The velocity of the particle will be zero at 

t=lsandt=3s. 

Use x = 1p oP aK 
3 

1 1 
When t=1,x =—-24+3=1-— cm. 

3 3 

When t= 3, x=9 -18+9=0cm. 

b 1 Differentiate the velocity equation to obtain dx _ re 

the acceleration function. dt 
2 

Ee oy 
dt 

2 Use the equation and the given value for x 

acceleration to find the value for t. dt a aaa de 

3 Find the particle’s velocity by substituting the d. P yey Be p= 2, =P at +3 = -1emis 
value for t. dt 

c Use the graph of the position function to findthe x 

distance in each section. Turning points occur 

when the velocity is zero. 1 J 

T T i — +t 
| 1 2 3 4 

1 
Att=landt=4,x« =1-— cm. 

3 

‘ 2 al 1 2 
Distance travelled in [0, 3] is1— + 1— = 2= cm. 

3 3 3 

Distance travelled in [3, 4] is 15 cm. 

; sae 1 
Total distance is "e + ie =4cm. 
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le) si ¢se) > | B= 7!) Velocity and position from acceleration 

The acceleration a m/s” of a particle at time fs is given by the function a= 6t +2. 

a Obtain the equation for the velocity v m/s of the particle given that v= 13 when t = 2. 

b Find the equation for the position x m of the particle given that x = 4 when t= 1. 

c Find the exact value of the acceleration when the particle's velocity is 0. 

Steps Working 

a Anti-differentiate the equation for acceleration a=6t+2 

with respect to f to obtain the velocity function. v=3l+2t+c 

Then find the value of the constant of integration. v1 whent=3 

13 =16+6¢,soc=-3. 

v= 3h +2t-3 

b Anti-differentiate the velocity equation with v=3f+2t-3 

respect to ¢ to obtain the position function and x= 40 <3h 4c 

find the value of the constant of integration. aeoasdien==. 

4=-l+c,soc=5. 

wxeP +P —3tt5 

c 1 Find the value of tf when the velocity is zero. Let v= 32 + 2t- 3 =0 and solve for t. 

—1+ 10 a? +2e—-3=0 t= tO 
3 

2 Substitute into the equation for acceleration. a=6t+2 

—1+ +10 
= 6x =i vi0 +2 

3 

= 2V10 m/s” 

Other forms of acceleration 

Acceleration can be represented in different derivative forms, depending upon the problem to be solved. 

From the chain rule for differentiation, dv = dv de and so dv =v dv where v is velocity and x is 
dt dx dt dt dx 

displacement. Also, pt = a iy a = a 12 . 
dx  dv\2 dx  dx\2 

These last two forms can be used when acceleration is not required as a function of time. 

Different forms of acceleration 

For example, if a= , where tis time, use 7 
t 
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Vile) s) 2) > @\ | 8= =) Position from acceleration 

The acceleration a cm s~ of an object moving in a straight line with positive velocity v cm/s when x cm 

from the origin is given by a=4(x+1)°. Find the position, x cm, of the object at time ¢ seconds given that 

Pe /2 when x=0, and when t=0, x =0. 

Steps Working 

1 Decide which form of acceleration can be used. 

2 Anti-differentiate with respect to x and find the 

value of the constant of integration. 

dx 
3 Write vas —. 

dt 

4 Anti-differentiate and find the value of the 

constant of integration. 

5 Solve for x. 

Acceleration is given as a function of x, so use 

When x =0,v = V2. 

l=l+c>c=0 

1 
So 3” = (x41). 

m = J2(x+1) (positive square root since 
t 

v is positive) 

-1=0+c¢ 

c=-l 

1 
So- = V2t-1 

KA. 

@+1=— 
V2t-1 

V2t —_ 
“At 

Vile) si ¢s0) > @\ |= (5) Velocity as a function of position 

The velocity, v km/h, of a particle x km from a fixed point is v= e*, where k is a constant. 

a Determine the value of k if the acceleration is 36km h™~ when the velocity is 2km/h. 

b Obtain an expression for the position of the particle at any time given that its initial position is zero. 

Steps Working 

. . . d 
a 1 Use the equation for velocity to find an expression Use v= e* to write acceleration a as v—. 

for acceleration. dv _ kek 

dx 

dv 
v—=vxkv=kv 

dx 

a=kv 
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2 Evaluate k using the given information. Use a = 36 when v= 2. 

36=4k 

k=9 

4: A * wa. dx 9x 
b 1 Anti-differentiate velocity to obtain displacement. Fe =e 

din 4 
-=e™ =tt+e 

9 

2 Find the constant. When t=0,x=0. 

-~xl=0+t¢e5c=-— 
9 9 

i é ‘ 1 ox 1 
3 Write displacement as a function of time. ae =t- a 

-9x 
e- =-9t+1 

1 1 
x =——log,(1—9t),0<t<= 9g OBell — 94) 

| USING CAS 4 | Displacement, velocity and acceleration 

The displacement, x m, at time t s of a particle from O is given by the equation x =1.5 — © O<t <5. 

a State the maximum distance of the particle from O. 

b At what time(s) is the particle at O? 

c When does the particle’s velocity become 1 ms for the second time? 

d Calculate the particle’s acceleration after 4 seconds. 

Give all answers correct to two decimal places. 

a 

cline Adurs-c5inO o<res Done A solve(At)=0,1) = 1.50147 or 2.72524 

& fMax(Ad),2) 1=4.84256 

4.84256) 1.29072 

1 Define the function over the domain [0, 5]. Set the function equal to 0 and solve. 

2 Press menu > Calculus > Function Maximum 

and enter f(t),t. 

3 Substitute the answer into the function to 

find the value of the function at this point. 

c 

da 2 -0.689755 = = d A cave (4) 14 rN SWo)iens 

t=0.102954 or t=2.58899 or t=3.31745 as 

Set the derivative of the function equal to 1 Find the second derivative of the function 

and solve. when t = 4. 
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| @ Edit Action Interactive © | @ Edit Action interactive 

Define f(x)=1. 5-t8in(t) @ solve(f(t)=0, t) |Os#s5 o 
done {t=1. 501465385, t=2. 725235063} 

fMax (f(t), t, 0,5) o 

{MaxValue=1. 290723278, t=4. 8426} 

1 In Main, define and highlight the function. Set the function equal to 0 and tap 

2 Tap Interactive > Calculation > fMin/fMax > Transformation > Equation/Inequality > solve. 
fMax. Include the domain [0, 5]. 

3 In the dialogue box, enter t for the variable, 

0 for the start and 5 for the end. 

c d 
@ Edit Action Interactive 

sa sine] 4] +] +] 
@ Edit Action Interactive 

163] b> [ital] sine] 89 |v |] 9 
solve( 2 £(t))=1,+) loess Q 

dt A 

{t=0. 1029538509, t=2. 5889934, t=3. a | i he a 
-0. 6897547856 |) 

Set the derivative of the function equal to 1 Find the second derivative of the function 

and tap Transformation > Equation/Inequality > when t = 4. 

solve. Include the domain [0, 5]. 

a Over the domain [0, 5], the maximum value of the function is 1.29 m. 

b The particle is at O when t = 1.50 sandt = 2.73 s. 

c The second time the velocity of the particle is equal to 1 is when t = 2.59 s. 

d After 4 s, the acceleration of the particle is -0.69 ms. 

EXERCISE 10.1 Straight-line motion ANSWERS p. 596 

Mastery 

1 Below is the graph of the position x m of a particle at time t minutes in the 

interval [0, 3.93]. 

a_ For the given interval, show the motion of the particle as a position-time line. 

b Calculate the average speed in the given interval. 

c Determine the average velocity in the given interval. 

Round answers to two decimal places. 

J 

054 

(3.02, 0.21) 

(0.79,0) (2.36, 0) (3.93, 0) 
7 : : et 

H 2 3 4 

054 (145,047) 
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Exam practice 

>» 2 A ship leaves port and sails due north for 5 hours at a steady speed of 12 km/h. 

It then immediately changes direction and sails in the direction 30°T for a further 4 h 20 min at 9 km/h. 

a_ State the ship’s average speed. 

b Calculate the magnitude of the average velocity. 

¢ In which direction, correct to two decimal places, is the average velocity vector? 

Give answers to two decimal places. 

3 The position, x cm, of a particle at time fs is described by the function 

10; 9 
x=—P+ iP -98. 

3 2 
a Find when the particle’s velocity is zero and its position at that time. 

b Find when the particle’s acceleration will be 10 cm/s” and its velocity at that time. 

¢ Calculate the distance that the particle will travel during the first 2 seconds. 

4 The acceleration, a m/s”, of a particle at time f seconds is given by the function 

a=2t-8. 

a Obtain the equation for the velocity, v m/s, of the particle given that v= 9 when t= 1. 

b Find the position of the particle when its velocity is zero given that when t= 0, x = 1. 

5 An object moving in the positive direction also has positive velocity. If its 

acceleration is a = 3x when it is x cm from the origin, obtain an expression for the position at time fs, 

given that v= 0 when x= 0, and x= 1 when f=0. 

6 The velocity, v m/s, of a particle x m from a fixed point is v = ¥1— kx”, where k is 

a constant. 

a_ Find the value of k if the acceleration is -8 m/s” when it is 1 m from a fixed point. 

b Obtain an expression for the position of the particle at any time given that its initial position is zero. 

7 The position, x m, at time f s of an object from O is found using the equation 

x=tcos(2t),0<t<5. 

a Calculate the difference between the object’s maximum and minimum distance from O. Give the 

answer to two decimal places. 

b State the initial velocity. 

c How long after the start does the object take to return to O for the first time? Give the answer correct 

to one decimal place. 

d_ Find the first time that the magnitude of the object’s velocity is the same as the magnitude of its 

position. Give your answer correct to one decimal place. 

e Determine when the object’s acceleration is 15 ms”. Give the answer to one decimal place. 

8 (ESE (2 marks) The position, x mm, of a particle at time t seconds is given by 

x =A cos (kt) + B sin (kt), where A, B and k are constants. Show that the particle’s acceleration is 

proportional to its position. 

@ a 
9 GSES 3 marks) The acceleration, - of an object at time tis given by a = sin(kt), where kis a 

t t 

positive real number. Calculate the value of the constants a, b and c if the position of the object is of the 

form x= a sin (kt) + bt+ Pas = L when t= 0 and x = —+ whent = =. 
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> 10 (2SESES) (2 marks) The position, x metres, at time t seconds of a moving object is described by 

x =acos(t) +b sin(t), where a and b are constants. Determine the values of a and b if its speed 

_3-v3 
1s 

a : es a 
m/s when t = — s and its acceleration is /2 m/s” when t = a. seconds. 

2 3 

11 (2 marks) The velocity, v cm/h, at time ft hours of a particle starting from rest at the 

origin is v= te’. 

a Show that its acceleration at t hours is (1+ )e’ cm/h’. 1 mark 

b Use the result from part a to show that the position, x cm, of the particle isx=v-e' +1. 1 mark 

12 FEXGNY 2012108) (57%) GET) (3 marks) 

The velocity, v m/s, of a body when it is x metres from a fixed point O is given by v = 2x 
Vitx2 

Find an expression for the acceleration of the body in terms of x in simplest form. 

13 GD GEE ¢ mar) 
A mass has acceleration a m s~ given by a =  — 3, where vm s‘! is the velocity of the mass when it has 

a displacement of x metres from the origin. 

Find v in terms of x, given that v = -2 where x= 1. 

14 A cyclist rides due north for 2 h at 6 km/h and then due east for 2 h at 8 km/h. The cyclist’s average 

velocity was 

A 40 km/h, 069°T B 20 km/h, 069°T © -5 km/h, 053°T 

D 5km/h, 037°T E 5 km/h, 053°T 

15 The position of an object in the interval [0, 4] is shown. 

x (cm) 

T > t (seconds) 
3.5 

The position-time line for the interval [0, 4] is 

A t=0 . t33 to4 B . tea 

<= T T , T T T Tx t=3 t=0 

= T T T T T T T Tx 

3 2 -1- 0 1 2 3 4 «5 

c t=3 t=5 DD t=0 t=3 t=4 
z = s . > . 

t=1 — ot rt ort 
t=0 3 2 -- 0 1 2 3 4 °5 

+ T T T T T T T T T Tx 

4 3 2 120 12 3 4 «5 

E t=4 

t=0 t=3 
° - 

=— T T T T T T T Tx 

3 2 -l 0 1 2 3 4 ~°5 > 
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)> 16 A moving object’s motion is described by x = log, (#’) - °, where x mm is its position in relation to a 

fixed point and t seconds is time. The object’s speed after 0.5 seconds is 

A -3mm/s B -2 mm/s Cc 1mm/s D 2mm/s E 3mm/s 

17 (70%) The velocity, vm sljofa body which is moving in a straight line, when it is 

xm from the origin, is given by v= sin! (x). 

The acceleration of the body in m s~ is given by 

-1 
A -cos !(x) B —<0s_(*) C -cot (x) cosec? (x) 

sin® (x) 

D 1 E sin | (x) 

V1— x? sin(x) V1-x? 

18 (67% The acceleration, a m s”, of a particle moving in a straight line is given by 

Vv 
Tog. ( y where vis the velocity of the particle in m s“ at time t seconds. The initial velocity of the 
og, (v 

particle is Sms}. 

The velocity of the particle, in terms of t, is given by 

A v=e! B v=e"+4 C vaev2ttloge(s) 

2 2 2t+(loge5 —\|2t+(loge 5 
D v=e\7*{lo8e5) E yao Vittles) 

19 (65% A particle moves in a straight line such that its acceleration is given by a= v-1, 

where v is its velocity and x is its displacement from a fixed point. 

Given that v=/2 when x= 0, the velocity vin terms of x is 

A v=\V2+x B v=1+|x+1] C v=V24+x" 

D v= 1+(1+x) E v= 1+(x-1) 

20 [ENGNY 2011 20022) 61%) A particle moves in a straight line. At time ¢ seconds, where t > 0, 

its displacement, x metres from the origin, and its velocity, v metres per second, are such that v=25 + x. 

If x = 5 initially, then fis equal to 

3 3 ; 1 A 25x +7 B 25x == c ban"(=) +s 

1 
D tn'(2)-2 E ban'(=)-2 

5) 4 5 5) 20 

21 (59%) A particle is moving ina straight line in such a way that its displacement, 

t 
x metres, from a fixed origin at time f seconds is given by x= 2.5t+ 9 cos (5) t20. 

If the velocity of the particle at time t seconds is v metres per second, then the minimum value of v is 

A -6.5 B -2 c 0 D 25 E7 

22 (58%) A body moves in a straight line such that its velocity, vm sis given by 

v = 2V1—.x?, where x metres is its displacement from the origin. 

The acceleration of the body in m s~ is given by 

A — B -2x c — D 2(1- 2x) E -4x 
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> 23 ENE 2014 20021 | (52%) The acceleration, in m s~’, of a particle moving in a straight line is given 

by -4x, where x metres is its displacement from a fixed origin O. 

If the particle is at rest where x= 5, the speed of the particle, in m s!, where x = 3 is 

A 8 B 82 c 12 D 4/2 E 2/34 

24 (45%) A body moves in a straight line so that at time t, its velocity is v and its 

acceleration is a, where a = f(v). Given that v= vy when t= fg, and v= v, when t= f;, it follows that 

A y= Jf Foydv-+ vy B t= Jn dv + ty 1 = [P+ toav 

4 1 Di,= J? Foydv +t Nair 

25 (44% A body is moving in a straight line and, after t seconds, it is x m from the 

origin and travelling at vm s_'. 

Given that v = x, and that f= 3 where x = -1, the equation for x in terms of t is 

A x=e? B x=-e' C x=V2t-5 D x=-V2t—-5 E x=-e3 

26 (42%) A particle moves ina straight line. When its displacement from a fixed origin 

is x m, its velocity is v m/s and its acceleration is a m/s’. 

Given that a = 16x, and that v = —5 when x = 0, the relation between v and x is 

A v=-4x-5 B v=8x"-5 C v=-V25 + 16x? 

D v=V25+16x" E v=-V25+32x" 

27 (87%) A particle moves with constant acceleration in a straight line so that at time f, 

t > 0, its velocity is v and its displacement from a fixed point on the line is x. 

Which one of the following equations could not be true? 

A t=v-1 B t=x-1 C x=f-1 D x=V-1 E v=t-l 

28 (35%) A particle moves ina straight line such that its velocity, v, is given by 

v= sin (2x), when at a displacement of x from the origin O. 

The acceleration of the particle is given by 

A 2cos(2x) B_ sin(2x) cos(2x) C -5 cos (2x) D sin(4x) E 2cos(x) 

29 (30% At time ts, t> 0, the velocity, v m/s, of a particle moving in a straight line is 

given by v=cos(t) + V3 sin (¢) - 1. For what value of t does the particle first attain its maximum speed 

of 3 m/s? 

7 az at o Zt > {2 
6 3 6 3 

E The particle never attains a speed of 3 m/s. 

30 (25%) A particle travels in a straight line with velocity v at time t. 

If the velocity of the particle is given by v= , for 0 < x< 1, then the acceleration is given by 

Asin !(x) Ax 2x 2x 

i-2 (iy (-/) -2)) 
A 2sin!(x) B 
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> 31 The acceleration, a m s~, of a particle moving ina straight line is given by a = v +1, 

where v is the velocity of the particle at any time f. The initial velocity of the particle when at origin O 
. -1 
is2ms . 

The displacement of the particle from O when its velocity is 3 ms” is 

A log, (2) B Hog. ( c 5 lose (2) D 4 tog.( 3) E tg.( 2] 

32 EEN (11 marks) A car accelerates from rest. Its speed after T' seconds is Vm s-', where 

V =17 tan? (=) T20 
6 

a (58%) Write down the limiting speed of the car as T—> ©. 1 mark 

b (82% Calculate, correct to the nearest 0.1 m s~’, the acceleration of the car when T= 10. 1 mark 

ce (%% Calculate, correct to the nearest second, the time it takes for the car to accelerate 

from rest to25 ms". 2 marks 

After accelerating to 25 m s’’, the car stays at this speed for 120 seconds and then begins to 

decelerate while braking. The speed of the car t seconds after the brakes are first applied is vm s"', 

d 1 
where — = —(145 — 2t), until the car comes to rest. 

dt 100 

di (69% Find vin terms of f. 2 marks 

ii 68% Find the time, in seconds, taken for the car to come to rest while braking. 2 marks 

e i 44%) Write down the expressions for the distance travelled by the car during each of 

the three stages of its motion. 2 marks 

ii (30%) Find the total distance travelled; from when the car starts to accelerate to when 

it comes to rest. 

Give your answer in metres, correct to the nearest metre. 1 mark 

a Velocity-time graphs 
Video playlist 
Velocity-time 

graphs A velocity-time graph provides a visual representation of straight-line motion by showing the velocity of an graph p! P. y s 
object at different times. 

Constant acceleration 
._ change in velocity We write 

If there is a constant acceleration in given time intervals, then acceleration is — 
change in time 

a= 72" where a is acceleration, > — v, is the change in velocity and ft, - f, is the change in time. 
h-h ' 

In the velocity-time graph shown, the horizontal line from nal 

A to B has zero gradient and represents a constant velocity no4 ' 

of 80 km/h. Since there is no change in the velocity as the 100 

object moves from A to B, its acceleration in this section ge 07 ' 

is zero. The line from B to C has gradient 10, so there is a é "a | | 

constant increase in velocity of 10 km/h each hour. The F oo ' ' 

acceleration is 10 km/h per hour, or 10 km h”. Line CD has 2 50+} areas 80 =a00 

gradient -30 and indicates that the velocity is uniformly 405 Area Leo “fam 

decreasing 30 km/h each hour. The acceleration is -30 km/h "a ‘ae M 

per hour, or -30 km h?. 104 | ' 

‘ods as eT eo HUE 
Time (h) 
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Area under a velocity-time graph 

The total area under the velocity—time graph represents the distance travelled, 

and the signed area represents displacement. 

The area under the graph on the previous page is 1040 square units, which represents a distance of 1040 km. 

Ve) ses) > @\ | B= 6) Velocity-time graph 1 

A ball 20 metres above the ground begins to fall. It hits the ground after 2 seconds and rebounds with 

half of its impact speed. Taking the gravitational acceleration as 10 m/s”, show the information as a 

velocity—time graph for 0 <t< 3. 

Steps Working 

1 Take ‘down to be positive velocity. The acceleration is constant and is the change in 

Determine the velocity on impact. velocity, v, with respect to time. 

The initial velocity is zero. 

' : Vy -V; 
Substitute into a = —1., 

h-t 
The impact velocity is 

10 =~, so v=20 m/s. 
2 

The first section of the graph is a straight line 

starting at the origin that has gradient 10 

(the acceleration). 

2 Work out the time taken to reach maximum Phesdhound vdlodtyis 20 10 mis 

height after the rebound. Note that the 2 : 
velocity is now negative. The acceleration is 10 m/s’, so the time taken is 

v t=— 
a 

- 10 =l1s 
10 

At maximum height, the velocity is zero, so the 

second section of the graph is a straight line starting 

at (2, -10) and finishing at (3, 0). 

3 Show this information on the graph. v (m/s) 

20 

t(s) 
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le) si se) > FN | B= °:)) Velocity-time graph 2 

A ball starting from rest uniformly accelerates and takes 2 seconds to reach a velocity of 5 cm/s. It takes 

another 2 seconds to change its velocity from 5 cm/s to -5 cm/s, which it maintains for a further 

4 seconds. The ball takes another 2 seconds to uniformly change its velocity from —5 cm/s to 5 cm/s. 

a Show the velocity-time graph that describes the motion of the ball. 

b Find the total distance travelled. 

c Determine the ball’s displacement. 

Steps Working 

a 1 Determine the shape of A uniform increase is shown as a straight line with positive 

the velocity-time graph for gradient. The ball starts at (0, 0) and finishes at (2, 5). 

each section. A uniform decrease over 2 seconds is a line with negative gradient 

starting at (2, 5) and finishing at (4, -5). 

A constant speed of -5 cm/s for 4 seconds is represented by 

a horizontal line from 4 to 8 seconds starting at —5 on the 

vertical axis. 

For a uniform increase during the last 2 seconds, use a straight line 

with positive gradient starting at (8, -5) and finishing at (10, 5). 

2 Sketch the velocity-time 5 4 

graph. a 

34 

ge 2] 

s — — 
es 4 1 2 10 
go -l 

—2 | 

3 | 

=| 
—5 

b 1 Calculate the area between Area from t= 0 to t=3 is 2 X3x5=7.5. 

the graph and the horizontal : 

axis. Aiea ftom $= 3.te tis (A 0) 5 = 25. 

Area from f= 9t0 f= 10 is X15 = 25. 

Total area is 35 square units. 

2 State the distance travelled The ball’s total distance was 35 cm. 

by the ball. 

¢ Calculate the signed area Signed area above is 7.5 + 2.5 = 10. 

between the graph and the Signed area below is -25. 
horizontal axis. 

Displacement is 10 + (-25) =-15 cm. 
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Whe) ese) > GN | B=") Velocity-time graph of two moving objects 

a Show the information as a velocity-time graph. 

c How far is the park from the police station? 

A motorbike passes a police station at a speed of 72 km/h, which is maintained. A police car immediately 

leaves the station in pursuit and uniformly accelerates to reach a speed of 90 km/h in 15 seconds, which it 

maintains until it catches up to the bike adjacent to a park. 

b Determine how long the motorbike and police car take to reach the park. 

Steps Working 

a 1 Convert units from km/h to m/s. 

To convert m/s to km/h, multiply by 3.6 

and to convert km/h to m/s, divide by 3.6. 

2 Determine the shape of the graph for 

the bike. 

3 Determine the shape of the graph for 

the police car. 

4 Sketch the velocity-time graph. 

72 km/h is a 20 m/s. 
3.6 

90 km/h is 0. 25 m/s. 
36. 

A constant speed of 20 m/s means a horizontal line 

starting at 20 on the vertical axis. 

A uniform increase in 15 seconds is a straight line 

starting at the origin that has positive gradient of 

25 5 
Ty — = It finishes at (15, 25), at which point a 

horizontal line represents a constant speed. 

Let t be the time at which the police car catches up 

to the bike. 

_ 

Police car 
Motorbike 

Ve
lo
ci
ty
 
(m

/s
) 

P
e
E
R
n
w
 

u
s
u
s
a
s
 

ra
re

 
ra

n 

to 15 
Time (s) 

° uw 

b 1 Calculate the area under the graph for 

the bike and police car. 

2 Find the value of t by equating and 

solving the two expressions for area. 

Find the area under each graph from 0 s to ts. 

bike: 20t (rectangle) 

car: 52 —15)x25 (trapezium) 

The police car catches up to the bike when the two 

areas are the same. 

20t = 5 (21-15) x 25 

t=37.5s 

The police car and the motorbike reach the park 

after 37.5 s. 

c Use the value of t found to calculate the 

distance required. 

il 
20t and qt —15) x 25 represent the distance 

travelled by the bike and police, respectively. 

Substitute t = 37.5 into either expression to get 750 m. 
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Variable acceleration 

For non-linear curves describing velocity as a function of time, the area under the graph can be found by 

integration using calculus by hand or by technology. 

Displacement as an integral 

For the velocity function v(t) in the interval [a, b], displacement is found using i v(t)dt. 

Whe) ese) > |B = 00) Terminal velocity of a falling object 

g = 9.8 is a constant and k is another constant. 

a Express the velocity, v, as a function of time, f. 

A body initially at rest begins to fall vertically with acceleration a = g - kv, where v ms’ is its velocity, 

b Find the value of the constant, k, correct to two decimal places given that v (10) = 62. 

c State the terminal velocity, giving your answer correct to the nearest integer. 

d How far (correct to one decimal place) has the object fallen in the time interval [2, 5]? 

information given. 

Steps Working 

a 1 Write the acceleration in the form ay wi gk 
dt dt 

2 Use separation of variables and integrate, 1 -W d 
* ‘i . . —dt = |1dt including the constant of integration. J g—kv dt J 

lp -k -- dv = [ldt 
k* g—kv 

~~ log, 8 —-kvj=tte 

3 Determine the value of the constant of t=0,v=0 

int ition. integration. ce ~[log, 2 

1. 1 
= logs|g ky t= loge 

4 Write the velocity in terms of time. td ge: ar, 
k g-k 

g-kv agit 

& 

vik (ie) 

b Find the other constant from the t= 10, v= 62 

& 10k 62=2(l-e") 
k 

Solve for k. 

k =0.10, to two decimal places. 

c Terminal velocity is the value that v 

approaches as f approaches infinity. 
& —kt v="(l-e ra ) 

Ast>~,v > (1-0) =8 
k k 

The terminal velocity is ze 98 ms. 
k 0.10 

d 1 Distance fallen is the integral of the 

velocity function in the given interval. 

2 State the answer to the required accuracy. 

ag -Kty,_ f° ~0.1t ppa-e jdt = [9801 -e )dt 

The body has fallen 280.7 metres. 
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Whe) st ese) SNS B= S| Velocity-time graph of car and motorbike 

A car is parked 50 metres from a blind corner at the start of a long straight road. The car starts moving 

away from it just as a motorbike enters the straight at the corner. The speed of the motorbike is given by 

v=8.5+ 1.5e°” m/s and the speed of the car is v= 2t m/s. 

a Sketch a velocity-time graph for t = 0 to 15 seconds. 

b Use CAS to find when and where the motorbike passes the car, correct to the nearest metre. 

Steps Working 

a 1 State nature of car v-t graph. Car graph is a straight line through (0, 0), (10, 20). 

2 State nature of motorbike graph. Bike graph is an exponential curve through 

(0, 10), (5, 12.577...), (10, 19.583...) 

3 Sketch the graphs. v (m/s) 

364 

324 

164 Motorbike 

87 Car 

0 — — ™—T T 
0 2 4 6 8 10 12 14 16 t(s) 

b 1 Find the distance of the car from the corner. a J 2t dt =P +c 

When t=0, x =50, so c=50 

Xcqe =P +50 

2 Find the distance of the motor bike from the x= J 85 41.5e." dt=8.5t+7.5e "+c 

corner. When t=0,x=0, so c=-7.5 

Xpike = 8.5t + 7.5€ 7" - 7.5 

3 Use CAS to solve the two equations simultaneously: 

car distance = motor bike distance 

Edit Action Interactive 

Ei] b> [ical sion] 5] [0] 
solve(t2+50=8. 5+t+7. 5-00 2°t-7, 5, t) a solve(t2+50=8.5- 147.5 €0-2't-7.5,4) 

| {t=15. 45467223) 
(15.454672233162)24+50 288.847 15. 454672232450 

288. 8468937 

4 Write the time. t~15.5s 

5 Find the distance. x= 155° +50 ~ 290m 

6 Write the answer. The motorbike passes the car about 15.5 seconds 

after entering the straight road, about 290 metres 

down the road. 
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Velocity, acceleration and the area under the graph 

+ Acceleration a is the rate of change of velocity with common units m/s”, cm/s’ and km/h’. 

« The gradient at a given point on a velocity-time graph is the acceleration. 

¢ The total area under the velocity—time graph is the distance. 

« The total signed area under the velocity-time graph is the displacement. 

* Constant velocity means zero acceleration. 

EXERCISE 10.2 Velocity-time graphs ANSWERS p. 597 

Recap 80-100% 60-79% 059% 

1 (62% A body is moving in a straight line. Its velocity v ms”! is given by v = x when 

it is x metres from the origin at time t seconds. 

Given x = 1 when t= 3, the rule relating x to t is given by 

1 
A =e B x = log,(t—3) C x=log,(t)-3 

D x=e 741 E x=e'3 

2 The velocity, v m/s at time t seconds, of a particle starting from the origin is v (f) = 6f + 1. 

What is the position of the particle when its acceleration is 6 m/s”? 

A -0.25m B 0.5m Cc 0.75m 

D 125m E 15m 

Mastery 

3 A toy car’s initial velocity is 6 cm/s. It maintains this for 2 seconds 

and then uniformly reduces its velocity to -6 cm/s in 2 seconds. The car then takes 1 second to 

uniformly increase its velocity to zero and takes 2 more seconds to uniformly reach a velocity of 4 cm/s 

before taking 1 second to reduce its velocity to zero at a constant rate. 

a Show the velocity-time graph that describes the motion of the toy car. 

b Find the total distance travelled. 

c Determine the toy car’s displacement. 

4 (2S) Two joggers begin a friendly race. The first jogger uniformly 

increases his speed to 7m/s in 50 seconds and maintains this speed for the rest of the race. The second 

jogger takes 20 seconds to uniformly increase her speed to 6 m/s and then maintains this speed for the 

rest of the race, which ends as a dead heat. 

a Show the information as a velocity-time graph. 

b Determine how long it took to finish the race. 

c Find the length of the race. 
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> 5 A body falls vertically from rest with acceleration a = g — v’, where g=9.8. 

2A 

2At 
-B 

a Express the velocity, v, as a function of time, f in the form v = {Srz3| where A and B 
eas 

are constants. 

b Find the terminal velocity, correct to two decimal places. 

¢ Calculate, correct to two decimal places, the distance the object has fallen in the first 20 seconds. 

6 Two mice leave their mouse hole at the same time. The velocity of the first mouse 

is given by v= 1-7 m/s and the velocity of the second mouse is v = sin (f) m/s. 

a_ Show the motion of the two mice as a velocity—time graph in the interval (0, 3]. 

b When the two mice have the same velocity, which one has travelled further, and by how much? 

Give your answer correct to the nearest centimetre. 

7 (68% A train is travelling from Station A to Station B. The train starts from rest at 

Station A and travels with constant acceleration for 30 seconds until it reaches a velocity of 10 ms. 

It then travels at this velocity for 200 seconds. The train then slows down, with constant acceleration, 

and stops at Station B having travelled for 260 seconds in total. Let v m s! be the velocity of the train at 

time ft seconds. The velocity v as a function of t is given by 

Exam practice 

1 0<t<30 1, 0<t< 30 
3 3 

A v(t)=4 10 30 <t < 230 B v(t)=4 10 30 <t < 230 
1 1 
3 (260 -t) 230 < t < 260 3 (230-8) 230 < t < 260 

3t 0<t< 30 3t 0<t< 30 
ce v(t)=410 30 < t< 230 D v(t)= 410 30 < t<230 

3(230-t) 230<t < 260 3(260-t) 230<t <260 

1, 0< t< 30 
3 

E v(t)=4 10 30 < t< 200 
1 
3 (230 - t) 200<t < 230 

8 (58%) The velocity, v ms”, of a particle at time t > 0 seconds and at position 

1 - 
x = 1 metres from the origin is v = —. The acceleration of the particle, in m s 2. when x =2 is 

x 

1 1 1 
al Bp c- D-— E = 

4 8 8 2 4 > 
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>9 58% The following is the velocity-time graph of a racing car over a 

short course. 

7 

Which one of the following could be the acceleration-time graph of the car’s motion? 

A a B a 
nN r 

4 ee 

Tt + + Tt 
wa 4 [e) 1 3 

4 4 e_ 

c a D 7 
4 4 

7 : >t Y 1 >t 
° 1 3 ° 1 3 

a 

E. r 

: >t 
Oo 1 SS 

10 [ERE 2011 20019 } (71%) The motion of a lift (elevator) in a shopping centre is given by the velocity-time 

graph below, where time f is in seconds, and the velocity of the lift is v metres per second. For v > 0, the lift is 

moving upwards. 

The graph shows that at the end of 30 seconds, the position of the lift is 

A 17.5 metres above its starting level. 

5 metres above its starting level. 

at the same position as its starting level. 

5 metres below its starting level. 

m
o
o
n
 

17.5 metres below its starting level. > 
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> 11 (66% The velocity-time graph for a body moving along a straight line is 

shown below. 

The body first returns to its initial position within the time interval 

A (0,0.5) B (0.5, 1.5) © (1.5, 2.5) D (2.5, 3.5) E (3.5,5) 

12 The velocity-time graph of a particle moving along a straight line is shown below. 

fa
 J 

In which interval does the particle return to its initial position? 

A (4,5) B (6,7) © (5.5, 6) D (6.5,7.5) E (7,8) 

13 {60% | The velocity-time graph for the first 2 seconds of the motion of a particle that 

is moving in a straight line with respect to a fixed point is shown below. 

Vv 

20 

—40 

The particle’s velocity v is measured in cm/s. Initially, the particle is x) cm from the fixed point. 

The distance travelled by the particle in the first 2 seconds of its motion is given by 

A Jevat B Jpvde + x c JPvae- Ji vat 

D [Jo vat E JPvdt— [ivdt +x, 
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p> 14 (58% | The velocity-time graph below shows the motion of a body travelling in a 

straight line, where vm s_ is its velocity after t seconds. 

v 

After 10seconds, the distance of the body from its starting point is 

A 10m B 17.5m c 20m D 42.5m E 47.5m 

15 (51%) A particle travelling in a straight line has velocity v m/s at time ts. 

as dv 3 
Its acceleration is given by — = — 

dt v-9 
. The time taken, in seconds, for the velocity to decrease from 

2m/s to 1 m/s is given by 

2 2 

oo 2 av Bf 2 ay c la 

3 D eet E — 

16 [EXENY 201420022 | (49% | The velocity-time graph below shows the motion of a body travelling in a 
aa “la: , 

straight line, where v ms _ is its velocity after t seconds. 

> 
S
C
H
N
Y
U
B
U
D
A
U
I
B
O
S
 

The velocity of the body over the time interval t € [4,9] is given by v(t) = -S —47P +9. 

The distance, in metres, travelled by the body over nine seconds is closest to 

A 45.6 B 47.5 C 48.6 D 51.0 E 53.4 

17 (6 marks) A body falls vertically from rest with acceleration a = g — kv’, where g = 9.8 and k is a constant. 

a Express the velocity, v, as a function of distance fallen, x. 2 marks 

b Find the value of the constant, k, to one decimal place, given that when the object has 
1 fallen 5 m its velocity is 6.5 ms. 2 marks 

c Determine the velocity as the distance fallen by the object becomes very large. 2 marks DP 
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> 18 

19 

20 

21 

(61% | (3 marks) A car travelling at 24 m/s overtakes a truck travelling at a constant 

speed of 17 m/s along a straight road. T seconds later, the car decelerates uniformly to rest. The truck 

continues at constant speed and it passes the car at the instant that the car comes to a stop. This is exactly 

60 seconds after the car had passed the truck. The velocity-time graph representing this situation is shown. 

Find T. 
v (m/s) 

4 
4 Car 

7 Truck ! 

: ‘ 

H 1 

7 - rie t(s) 

(4 marks) At time t= 0, cyclist A, travelling at a speed of 6 m/s along a straight bicycle 

path, passes cyclist B, who is stationary. Four seconds later, at t= 4, cyclist B accelerates in the direction 

of cyclist A for 8 seconds in such a way that her speed, v m/s, is given by v = (t — 4) tan( 21} 

a (56%) Show that cyclist B accelerates to a speed of 8 m/s. 1 mark 

Cyclist B then maintains her speed of 8 m/s. The velocity-time graph that represents this 

situation is shown. 

Cyclist B 

Cyclist A 

~t 

0 4 DR 

b (87% Find the time at which cyclist B passes cyclist A, correct to the nearest tenth of 

a second. 3 marks 

(2 marks) The velocity, v, of two objects at time f are v= t sin (f) and v= log, (1 + f). Find the value of t 

when they will have first travel the same distance. Give your answer correct to one decimal place. 

(ENN) 2007 2805 } (10 marks) A car travelling at 20 ms" passes a stationary police car, and then decelerates 

so that its velocity, vm s”', at time t seconds after passing the police car, is given by v= 20 - 2 tan’ (1). 

a [70%) After how many seconds will the car’s speed be 17 m s"'? Give your answer correct to 

one decimal place. 1 mark 

b (81%) Explain why v will never equal 16. 1 mark 

c (87%) Write down a definite integral that gives the distance, x metres, travelled by the car 

after T seconds. 1 mark 

Three seconds later, the police car starts to chase the passing car, which has a polluting exhaust pipe. 

The police car accelerates so that its velocity, v m s“, at time t seconds after the polluting car passed it, 

Bat) fort < [3,8]. is given by v = 13cos! [ 

d (49% Write down an expression which gives how far the polluting car is ahead of the police car 

when f= 8 seconds. 

Find this distance in metres, correct to one decimal place. 3 marks 

After accelerating for five seconds the police car continues at a constant velocity. 

e (22%) At time t= T- the police car catches the polluting car. Write an equation which, when 

solved, gives the value of T.. 3 marks 

f [8% Find T-. correct to the nearest second. mak > 
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p> 22 (12 marks) A car accelerates from rest at traffic light A to a velocity of 27 ms! 

in nine seconds. During this period of acceleration its velocity v m s”' after t seconds, is given by 
1 

v=P? ford <t<9 
The car then travels at a constant velocity of 27 m s”! for another thirty seconds, and finally decelerates until 

it comes to rest at traffic light B. During deceleration [negative acceleration], its velocity v ms" is given by 

v= z7eos( - 2] for39<t<51 

a (71% Copy the axes below, and on them draw a velocity-time graph which shows the motion of the 

car as it travels from traffic light A to traffic light B. 2 marks 

v 
a 

304 

254 

204 

T T T T T >t 

o 10 20 30 40 50 

b (78% Calculate the distance travelled by the car during the first nine seconds of its motion. 2 marks 

¢ (75% Calculate, correct to the nearest 0.1 m, the distance travelled by the car while it is 

decelerating. 2 marks 

d (49%) Calculate, correct to the nearest 0.1 ms~|, the average speed of the car as it travels 

from traffic light A to traffic light B. 1 mark 

The speed limit on this road is 200 ms | (80 kilometres per hour). 
9 

e (70% Find the time interval t, < t < t, for which the car exceeds the speed limit. 

Give your answers for t, and f, correct to the nearest 0.1 seconds. 2 marks 

f (31% Just as the car begins to accelerate away from traffic light A, a motorcycle travelling 

at a constant 20ms! passes the car. Find the time, correct to the nearest 0.1 seconds, 

and the distance, correct to the nearest metre, for the car to overtake the motorcycle. 3 marks 

a The equations of kinematics 
Video playlist 
The equations 

ofkinematics — The equations of kinematics are useful relationships between time, distance, velocity and acceleration when 

the acceleration is constant. 

1 v=u+at (a) 

2s=utt+ Lie Negative acceleration is also referred to as 

2 deceleration or retardation. For a=-2 ms~, 

3 v=u+2as we say acceleration is —2 m s”, deceleration 
. —2 . . 2 
is 2 ms ~ and retardation is 2 ms ~. 

4 sa dws) 
2 

Here, a is acceleration, t is time, s is displacement, u is initial velocity and v is final velocity. 
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Vfe) s) 42) > GN) B= 4) Constant retardation 

A car reduces its speed from 25 m/s to 20 m/s over a distance of 25 metres. Assuming constant 

retardation, how long will it take the car to come to a complete stop? 

Steps Working 

1 List the known values. 

2 Decide the formula to use first. 

3 Find the time for the car’s speed to go from 

25 m/s to 20 m/s. 

4 Find the time for the car’s speed to go from 

20 m/s to 0 m/s. 

5 State the total time taken. 

u=25;,7=20,s=25 

Use v? =u? + 2as to find a. 

20° = 25° + 2a x 25 a=-4.5 m/s” 

v=utat 

20 = 25-45t>t=1s 

v=u_+at, with v= 0 because the car’s final speed is 0. 

0=254+(-45)t >t =52 Ss 

1 5 2 
The car takes A + 25 = oF s to come to rest. 

fe) si ese) > | B= 4) Motion of two objects moving simultaneously 

Ina car rally, a Ferrari passes the starting point with speed 216 km/h, which it maintains for the remainder 

of the rally. Ten seconds later, a Lamborghini starts from rest and uniformly accelerates over a distance of 

400m to reach a speed of 234km/h, which it then maintains for the remainder of the race. 

a Determine when the Lamborghini catches up with the Ferrari. 

b The Lamborghini finishes the rally after 85 seconds and then uniformly decelerates and stops in 

25 seconds. To the nearest metre, what is its total distance from start to when it comes to a stop? 

Steps Working 

a 1 Convert km/h to m/s. 

2 Work out the time taken for the Lamborghini 

to reach its maximum speed. 

3 Set up the equation for the distance travelled 

by each car. 

4 The distance is the same when both cars meet. 

9780170448543 

216 km/h = 216 = 60 m/s 
3.6 

234 km/h = ee 65 m/s 
3.6 

Uses = 5 (+ ve with s= 400, 1 =0, ¥=65, 

400 = 1o+65) >te= 12s 
2 13 

Let T be the time when the two cars meet. 

Distance travelled by the Ferrari is 60T. 

Distance travelled by the Lamborghini is 

400 + [7 = 24) x 65. 
13 

Solve for T. 

60T = 400+ G - 2) x 65 

T=80 

The Lamborghini caught up with the Ferrari 

after 80 seconds. 
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4 
b 1 Find the length of the rally. Use 400 + [7 - 25) x 65 with T = 85 to get 

5125 m. 

2 Calculate the distance that the Lamborghini Uses = a (u+ v)t with u = 65, v=0, t=25 to 

travels from its maximum speed to when 2 
: find s. 
it stops. 1 

s= yen ls 25 = 812.5m 

3 State the total distance that the Lamborghini Total distance is the distance of the race plus the 

travels. distance taken to stop. 

This is 5125 + 812.5 = 5937.5 metres. 

The distance from start to finish is 5938 metres. 

Motion involving gravitational acceleration 
2 The Earth’s gravitational acceleration, g, is a constant approximated to 9.8 ms, 9.81 ms or 10 ms~. 

However, this acceleration may be affected by forces such as air resistance. By convention, in the equation 

of motion we normally use +g for a falling object and —g for upward motion, but we can also define ‘up’ to 

be negative motion and ‘down’ as positive as long as we are consistent within the problem. This aligns with 

the observation that a falling object increases in speed (positive), whilst an object moving upward slows over 

time (negative). 

tg 8 

Gravitational acceleration is constant, so in the absence of air resistance the equations of kinematics can 

be used. 

Whe) ese) > N84" Upward motion under gravity 

A cricket ball rises vertically with an initial velocity of 15 m/s. Show that by taking g = 10 m/s’, the time 

it takes for the ball to reach half its maximum height is 402 - Ap) ) seconds. 

Steps Working 

1 Find the time taken to reach the maximum a= -10,u=15, v=0 

height. Take upward motion to be positive. — 

0=15 - 10t 

t=1.5s 

1 
2 Calculate the maximum height reached by s= Bt +v)t 

the ball. 1 

= me +0)x15 

=11.25m 
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3 Determine the time taken to reach half the 

maximum height. 
a=-10,u=15,s = = 5.625 

1 
Uses = ut + 5a and solve for t. 

5.625 = 15t + 510 

P -3t+1.125=0 

Solving this quadratic equation gives : (2-2) 

as the smaller value of the two solutions for f. 

This represents the time taken on the upward 

journey. 

(The second solution is the time taken for the ball 

to come halfway through its downward journey.) 

Wife) st ese) > 7\\ | B= 5) Two bodies moving in opposite direction 

Tara is in a hot air balloon that is rising at 3 m/s. When the balloon is 200 metres above ground, she 

accidentally drops her bracelet over the side. Neglecting air resistance and using g= 9.8 m/s’, find how 

long it will take for the bracelet to hit the ground. Give your answer correct to two decimal places. 

Steps 

Take upward motion to be positive. Then the 

acceleration and displacement will be negative. 

(Alternatively, take downward motion to be 

positive, with all variables changing sign). 

Working 

a=—9.8, u= 3, s=—200 

1 2 
s = ut+—at 

2 

-200 = 3t- 4.97 

4.9P — 3t- 200=0 

Solve for t. Take the positive value for t. 

t=6.70221 ... 

Time taken = 6.70 seconds. 
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| USING CAS 2 | Displacement, velocity and gravitational acceleration 

State your answers correct to two decimal places. 

Helga releases a toy rocket from ground level that rises vertically with an initial velocity of 50 m/s. 

At the same time, Quentin, from 100 m above, throws a ball vertically downward with an initial velocity 

of 30m/s. The rocket and ball collide. Calculate, using g = 9.8, when and where the two objects collide. 

950° t+ -9,8° 1? 5=50° t-4.9 2 
2 

s=30- tb. 9,8+¢2 5=4.9: 174302 
2 

+ 1-4.9° 12 cin 0 t-4.9 = Asal 

$=30- 144.9: ¢* 

s=0. and t=0. or s=81.6327 and r=2.04082 

1 
1 Use s = ut + —at’ to set up an equation for the 

rocket when u = 50 anda =-9.8. 

2 Set up a second equation for the ball when u = 30 

anda = 9.8. 

3 Press menu > Algebra > Solve System of 

Equations > Solve System of Equations. 

4 Select two equations with variables s and t. 

5 Enter the equations into the template as 

shown above. 

| © Edit Action Interactive 

1] > [a] sme] 5] «| 
[ 

a 
s=50t+dx(-9, 8)22 

S=-4, 962450 

s=s0t+dx(9.8)2? 

$=4, 9-t2430-t 

s=-4, 9+t2450+t 
s=4.9+t2430+t |s¢ 

{{s=0, t=0}, {s=81. 63265306, t=2. 0408) 

1 
1 Uses =ut + 5 to set up an equation 

for the rocket when u = 50 anda = -9.8. 

2 Set up a second equation for the ball 

when u = 30 anda = 9.8. 

3 Open the Keyboard > Math1 and select 

the simultaneous equations template. 

4 Enter the two equations and the 

variables s and t as shown above. 

The objects collide after 2.04 seconds at a height of 81.63 metres above ground. 

fe) stds > eB N-)) Upward motion and differential equations 

Take the gravitational acceleration as g= 9.8 m/s”. 

decimal places. 

At ground level, an object is propelled vertically upward with speed 80 m/s. As the object ascends, it 

experiences retardation proportional to its speed, vm/s. 

a State the differential equation involving v and time t that describes the situation. 

b Solve the equation in part a to express v in terms of t, 

c¢ What is the maximum height reached, and when does this occur? Give the answers correct to two 

given that the velocity of the object after 2s in 54m/s. 

Steps Working 

a Choose the form of acceleration that has the 

required variables. 

The resultant acceleration consists of the 

gravitational acceleration and the retardation. 

Both act in the negative direction. 

The gravitational acceleration is —g and the 

retardation is —kv, where k is a positive constant. 

Nelson ViICmaths Specialist Mathematics 12 9780170448543



Vv
 

_ly_k 
k* gt+kv 

b 1 Write the integrands in the right form and dv = J ldt 

anti-differentiate. 

~=log, |g +h =tte 

2 Find the constant of integration, substitute t=0s, v=80 m/s 

into the equation and make v the subject ee ~1 log, |g + 804 

of the equation. 

~= log. |g + ho = t log. |g + 80K 

t= “log. |g + 804 ~ Flog, |g + hy 

— Liog | & + 80k 
k Se gtk 

ko=ibg g + 80k 

“| g+kv 

ke _ & + 80k 
et = 

gtk 

gtk = eh 

g+80k | 

gtk= e*(g+ 80k) 

kv = e™(g+80k)-g 

v= 2(e + 80k)e* — 8) 

wt kt v= 708 + 80k)e™ — 98) 

3 Determine the value of k using CAS. t=2s,v=54 m/s 

1 2k 
54 = —((9.8 + 80k)e ~~ — 9.8 7 l(98 + 80k) ) 
k=0.0479... 

ve 7(08 + 80k)e™ —9.8) where k = 0.0479... 

¢ 1 The maximum height occurs when the 0= Z(os ~ 80k)e* - 98) where k= 0.0479... 

velocity is zero. Solve the equation to find t. 
t= 6.8899... 

The object reaches maximum height after 6.89 s. 

2 Distance travelled is the integral of the f° {(es + 80k)" — 9.8) dt = 260.4676... 

velocity equation in the given time interval. 
The object reaches a maximum height of 260.47 m. 
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EXERCISE 10.3 The equations of kinematics ANSWERS p. 597 

Recap 

1 The velocity-time graph of a particle’s motion during the first 16 seconds is shown below. 

v (m/s) 

8 

6 

4 

2 

T T T T T T 1 t(s) 
| ot tater ho Hie usta 

2 

The total distance the particle travelled at the end of 16 seconds is 

A 44m B 48m Cc 56m D 60m E 64m 

2 (42%) A ball is thrown vertically up with an initial velocity of 7V6 m s“', and is 

subject to gravity and air resistance. The acceleration of the ball is given by ¥ = (9.8 + 0.1v”), where 

x metres is its vertical displacement, and v m s°’ is its velocity at time t seconds. 

The time taken for the ball to reach its maximum height is 

1 5a 
A — B —= c | 4 

3 212 Be (4) 
107 
— E 101 4 
212 Be (4) 

Mastery 

3 During a given time interval, a truck starts from rest and with a constant acceleration 

of 5 m/s” reaches a speed of 50 m/s. A van starts from rest at the same time and with a constant acceleration 

of 8 m/s’ reaches a speed of 40 m/s. Which vehicle travels further in 10 seconds, and by how much? 

4 A train leaves the station and uniformly accelerates for 15 seconds until it reaches 

its maximum speed of 126 km/h, which it maintains. At 15 seconds, a car passes the station at 90 km/h 

for 5 seconds, moving parallel to the direction of the train. The car then uniformly accelerates until it 

reaches a speed of 144km/h, which it maintains until it catches up to the train. 

Calculate when the car catches up to the train, and its distance from the station at this time. 

5 A ball 105 m above ground is projected vertically downward with initial velocity 

10m/s. 

Taking the gravitational acceleration to be 10 m/s’, show that the time, ¢,, taken for the ball to fall one third 

of its initial height satisfies t, — t, = V2(V11 — 2), where t, is the time taken for the ball to hit the ground. 

6 An object is thrown vertically downward with initial speed V from a height H and hits the ground with 

speed V,. Show that the speed, V,, of the object at a height la above the ground satisfies the equation Pp 1 P 2 ) 8} 3 8 q 

V, = JV? — gH, where gis the gravitational acceleration. 

7 A tourist is in a hot air balloon that is rising at a constant speed. When the 

balloon is 300 m above the ground, the tourist drops a marble over the side of the balloon. Neglecting 

air resistance and using g= 9.8m/s’, find the speed of the balloon if the marble hits the ground in 

8 seconds. Give your answer correct to two decimal places. > 
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> s Two toy rockets are released 2 s apart and move vertically upward. The first rocket has 

initial velocity 20 m/s and the second has initial velocity 40 m/s. Using g= 9.81 m/s’, find when and 

where the rockets meet. State your answers correct to two decimal places. 

9 From a hovering helicopter, a ball is released to fall vertically down. The air 

resistance on the ball is proportional to the square of its velocity. 

Take the gravitational acceleration as g= 10 m/s and use the constant of proportionality accurate to 

three decimal places. 

a_ Give the differential equation involving the velocity, v m/s, of the descending ball when it has 

fallen x m. 

b Express vas a function of x, given v (10) = 14.21. 

c Find how far, to the nearest metre, has the ball fallen when its velocity is 30 m st 

Exam practice 80-100% 60-79% —0-59% 

10 At the end of 5 seconds, an object’s change in velocity was 10 cm/s. If the object started from rest, its 

distance during this time was 

A 15cm B 20cm Cc 25cm D 30cm E 35cm 

11 A ball is projected vertically upward with initial velocity 2g m/s, where gis the gravitational acceleration. 

The total time taken for the ball to return to its point of projection is 

A 2s B 4s C 5s D 6s E 8s 

12 A particle starting from rest moves with constant acceleration a m/s’ and after time f seconds travels a 

distance of s, metres to reach a final velocity of v m/s. A second particle, also starting from rest, moves 

with constant acceleration 3a m/s” and after time t seconds has a final velocity of 2v m/s and travels 

Sy metres. The relationship between s, and s, is 

A 3s, = 4s) B 4s, =3s, C 3s,=2s, D 2s, =3s, E 2s, =s) 

13 Two trains head towards each other after leaving stations A and B, which are s km apart. 

The acceleration of the first train is a m/s”. If the trains meet S km from station A, the acceleration 

of the second train will be 

a(S +s) B a(S+s) c a(S+s) D a(S—s) a(S —s) 
E 

S S-s Ss Sts S 

14 (81% An object is moving in a northerly direction with a constant acceleration of 

2ms~. When the object is 100 m due north of its starting point, its velocity is 30 ms” in the northerly 

direction. The exact initial velocity of the object could have been 

A 10/5 ms! B 5/10 ms! c 10/7 ms? D -10V7 ms? E 710 ms? 

15 A balloon is rising vertically at a constant speed of 21 metres per second. A stone is 

dropped from the balloon when it is h metres above the ground. The stone strikes the ground 10 seconds later. 

Assuming that air resistance is negligible, the value of his 

A 210 B 280 c 490 D 700 E 770 

16 [EXENY 2013 2A019 | (57% A tourist ina hot air balloon, which is rising at 2 m/s, accidentally drops a 

camera over the side and it falls 100 metres to the ground. 

Neglecting the effect of air resistance on the camera, the time taken for the camera to hit the ground, 

correct to the nearest tenth of a second, is 

A 43s B 45s c 47s D 49s E 50s > 
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> 17 (2 marks) A ball is projected vertically with an initial speed of u m/s. Show that the ball will reach a 

height of at least D metres if u 2 2V5D m/s. 

18 (2 marks) Show that the time taken, f,, for an object starting from rest to vertically fall a given distance 

is t) V2, where t, is the time taken for the object to fall half of the distance. 

19 (2marks) The base ofa hot air balloon 400 metres in the air is rising with speed 18 km/h when chewing 

gum stuck to the base falls off. To one decimal place, find the time taken for the gum to reach the ground. 

20 (2 marks) A dragster racing car accelerates uniformly over a straight line course and 

completes a ‘standing’ (that is, starting from rest) 400 metres in eight seconds. 

a Find the acceleration (in m/s”) of the dragster over the 400 metres. 1 mark 

b Show that the dragster reaches a speed of 100 m/s at the end of the 400 metre course. 1 mark 

21 (6 marks) For this question, we will derive the four equations of kinematics. Let a be the acceleration, 

t the change in time, s the displacement, u the initial velocity and v the final velocity. 

change in velocity 
a Useacceleration = to obtain v=u + at. 1 mark 

change in time 

b In terms of u, v and ft, write an expression for average velocity and use it together with 

. displacement . 1 
average velocity = ———— to obtain s = —(u + v)t. 2 marks 

change in time 2 

ci Make f the subject in v=u + at. 1 mark 

. . 1 
ii Substitute v =u + at into s = —(u+ v)t. 1 mark 

iii Substitute your answer to part i into s = —(u + v)t, then simplify the expression to 

obtain v* = uv? + 2as. 1 mark 

a Variable acceleration 
Video playlist 

Variable dv 
acceleration When we have acceleration as a function of time, = = f(t), anti-differentiation gives the velocity, v. 

t 

Zero acceleration means f(t) =0, hence v will be constant. For constant (non-zero) acceleration, f(t) =c and 

vis a linear function representing uniform change in velocity. 

There is variable acceleration when f(t) is not a constant (including zero), such as f(t) = mt + c that has the 

velocity function v(t) = sme + ct +d. The graphs below illustrate these three possibilities. 

v v 
ry 4 

v=ctt+d 

vec 
c 

d dv _ ane 

c 

dv_ 
a? 

~t =f 

The area under a velocity-time graph gives distance and the signed area represents displacement. Calculus 

or CAS can be used to determine velocity by anti-differentiating the acceleration function, and distance or 

displacement is found by anti-differentiating the velocity function. 
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Vfe)s) =) > GN) 8 = ve) Uniform increase in acceleration 

A car initially travelling at 10 m/s uniformly increases its acceleration from 4m s~ to 10m s~ in 

30 seconds. Find the car’s velocity and displacement at 30 seconds. 

2 Anti-differentiate to find the velocity function. 

3 Find the velocity at 30 seconds. 

4 Anti-differentiate to find the displacement 

Steps Working 

F . . eo , 10 —4 
1 Uniform increase in acceleration is a linear m= a = 0.2 

function of the form oe mt +c. by 
dt — =0.2t+¢ 

Find the gradient m and intercept c. dt 

d 
When =o =4,soc=4. 

dt 

d & = 0.244 
dt 

v=0.1P+4t+¢ 

When t=0, v=10, soc=10. 

v=0.1P +4t+10 

When t = 30, v= 220 m/s. 

x= +P 422 +108+c 
30 

p. 218 

function. 
meno When t= 0, x =0, so c=0. 

x= st +2¢ +101 
30 

1 30 
5 Find the displacement by finding the area under E P+2r+ 1] = 3000 

0 the velocity curve. 
The car has travelled 3000 m. 

Vile) sh 40) > GN) B= 461) Constant and uniform acceleration increase 

A particle with initial speed 1 cm/s is moving with acceleration 3cm s”, which it maintains for 

10 seconds. It then takes 5 seconds to uniformly increase its acceleration to 13cm s~*. The particle's p.219 

acceleration is then uniformly reduced to zero during a further 10 seconds. 

a Sketch the acceleration-time graph. 

b Sketch the velocity-time graph. 

¢ Calculate the total distance the particle has travelled. 

Steps Working 

a 1 Describe the acceleration Initially, the acceleration is 3 cm s~ for 10 s. 

in each required section. This is shown as a horizontal line passing through 3 on the vertical axis 

and starting at t= 0 and finishing at t = 10. 

In the next section, it takes 5 s for the acceleration to increase from 

3cms7tol3cms™. 
13-3 

This is a straight line of gradient 15-10 = 2 from (10, 3) to (15, 13), 

with equation “ = 2t-17. 
t 

In the last section, the acceleration reduces from 13 cms to0cms~ 

in 10s. 

This is a straight line of gradient = = = —1.3 from (15, 13) to (25, 0), 

. _ dv 
with equation ao —1.3t + 325. 
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2 Show the information 

as an acceleration-time 

graph. 

Ac
ce
le
ra
ti
on
 
(c
m 

s°
) 

tt aL al ett tt 41 
123 4 5 67 8 9 101112 131415 161718192021 22 23 24 25 

Time (s) 

b 1 Obtain expressions by 

anti-differentiation that 

describe the velocity in 

each required section. 

2 Show the information as 

a velocity-time graph. 

Initially, in [0, 10], = = 3,sov=3tt+ec. 
t 

1=0-7=1 ¢=1 

So v=3t+1 in [0, 10]. 

In [10, 15) = 2t-17,sov=f-17t+c. 

From the previous interval [0, 10], for t= 10, 

v=3tt+1>v=3l. 

Sot=10, v=3l with v=? — 17t +c gives 

31=100-170+c=>c=101. 

v=f-17t+101 

In [15, 25], a = -13t+ 32.5, so v=-0.652 + 32.5t+c. 

To find c, use t= 15 and v= ? —17t+101=71 from the previous section. 

t=15,v=71 

Then for v=-0.65f + 32.5t+c, 

71 =-0.65(15)? + 32.5(15) +¢ 

c= -270.25 

v= -0.65¢ + 32.5t - 270.25 

Ve
lo
ci
ty
 
(c
m 

s)
 

2 4 6 8 10 12 14 16 18 20 22 24 26 

Time (s) 

c To find the total distance, 

use calculus by hand or 

CAS to find the area 

under each section of the 

velocity-time graph. 

In [0, 10], the area is Jee +1dt = 160. 

1 
In [10, 15], the area isf PC —17t+101)dt = 234 

In [15,25], the area is J Pos? +32.5t — 270.25)dt = 1143. 
Total area is 1537.5. 

The distance travelled by the particle is 1537.5 cm. 
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5 cm from its start position. 

Find the time taken for a given distance 

The acceleration a cm/s’ of a particle starting from rest in the interval 0 < t < 1 is given by 

a = -50?[2 log, (t) + 1]. Calculate, to two decimal places, how long it will take for the particle to move 

fi-so-« (2-1n()+1))ae -50:12-1n() 

a 4] (-s0-12. wile 
0 

x=0.827553 or x=1.13946 

1 Press menu > Calculus > Integral. 

2 Find the indefinite integral of the acceleration 

to determine an expression for the velocity. 

The object is starting from rest, soc = 0. 

3 Set the definite integral of the velocity from 

0 to x equal to 5 and solve for x. 

4 As the domain is 0 < t < 1, select the first 

solution of x = 0.837553. 

(0.838,0) 

£1(x)=-50- x?+In(x) \ 

5 Add a Graphs page and graph the velocity 

function. 

6 Adjust the window settings to suit. 

7 Press menu > Analyze Graph > Integral. 

8 Find the integral from 0 to 0.837553. 

9 The area under the velocity curve is equal 

to 5, which verifies the solution from the 

Calculator page. 

Edit Action Interactive 

1] > [Ra soo] oP] 
[a] O 

| 17 Ost (2ein(t +1 DAt 

-50-t2-In(t) 
x 

salve fi 9 ort ainttat=5, x} 

{x=0. 8375531655, x=1. 1394|>| 

1 In Main, enter and highlight the expression. 

2 Tap Interactive > Calculation > J. 

3 Find the indefinite integral of the acceleration 

to determine an expression for the velocity. 

The object is starting from rest, so c = 0. 

4 Set the definite integral of the velocity from 

0 to x equal to 5 and solve for x. 

5 As the domain is 0 < t < 1, select the first 

solution of x = 0.837553. 

@ Edit Zoom Analysis ¢ 

Sheet! |Sheet2 |Sheet3 |Sheet4 |Sheet6 

Myl=-50-x2-in¢x) —O 

6 Graph the velocity function. 

Adjust the window settings to suit. 7 

8 Press Analysis > G-Solve > Integral > fdx. 

9 Find the integral from 0.0000001 to 

0.837553 (the function is not defined at 

x = 0 so enter a positive value close to 0). 

10 The area under the velocity curve is equal 

to 5, which verifies the solution from the 

screen in Main. 

It will take the particle 0.84 s to move 5 metres. 
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460 

VCE QUESTION ANALYSIS 

INS 2017 2BQ2 | 2017 Examination 2 Section B Question 2 (10 marks) 

A helicopter is hovering at a constant height above a fixed location. A skydiver falls from rest for 

two seconds from the helicopter. The skydiver is subject only to gravitational acceleration and 

air resistance is negligible for the first two seconds. Let downward displacement be positive. 

a Find the distance, in metres, fallen in the first two seconds. 2 marks 

b Show that the speed of the skydiver after two seconds is 19.6 ms". 1 mark 

After two seconds, air resistance is significant and the acceleration of the skydiver is given by 

a=g-0.01”. 

c Find the limiting (terminal) velocity, in m s~!, that the skydiver would reach. 1 mark 

di Write down an expression involving a definite integral that gives the time taken for 

the skydiver to reach a speed of 30 ms. 2 marks 

ii Hence, find the time, in seconds, taken to reach a speed of 30 m s-|, correct to the 

nearest tenth of a second. 1 mark 

e Write down an expression involving a definite integral that gives the distance through 

which the skydiver falls to reach a speed of 30 ms”. Find this distance, giving your 

answer in metres, correct to the nearest metre. 3 marks 

Reading the question 

e Partsaand b do not involve air resistance, so there is constant acceleration and the constant 

acceleration equations of kinematics can be applied. 

e Parts c to e involve air resistance, so there is variable acceleration. 

« The definite integrals must include limits of integration. 

« Keep in mind the accuracy expected in the answers in terms of decimal places. 

Thinking about the question 

* Part a can be answered using the appropriate kinematics equation and the answer can be used to 

find the required speed in part b. 

¢ To find limiting velocity, the equation given in part b must first be solved to express v as a 

function of t. 

« A calculator is needed to find the definite integrals in parts d and e. 

« The total time includes the 2 seconds of falling without air resistance. 

Worked solution (/ = 1 mark) 

1 
a Uses = ut + at ¥ b v=u+at 

2 Si a=gms’,u=0ms,t=2s 
a=gms ,u=Oms ,t=2s 

1 7 v=0+98x2 
s=—X98x2° =19.6 a 

2 =19.6ms° v 

After 2 s, the distance fallen is 19.6 m. W 

¢ Terminal velocity occurs when there is zero acceleration. 

a=g-0.01V 

a=0ms~ 

g-0.017=0 

v = 100g = 10/¢ 
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The terminal velocity is 10/¢ ms or 10/9.8 = 14/5 ms iv 

OR Terminal velocity can be found by letting t approach infinity. 

This requires v to be expressed as a function of ft. 

1 1 1 
+ dv = } 1dt i i i 2g i Fy Day Ve sn, J using partial fractions 

0.2,./gt 

sire ray S =)- 10/g 
e 

The terminal velocity is 10,/g ms!. V 

d i When v= 19.6, t=2. ii Use technology. 

di 3 For v in [19.6, 30], = g- 0.01 J + av+2=3.80+2=5.20 
dt 196 g — 0.01” 

Anti-differentiate: 

30 1 

= ls g—0.01v" ad 

The total time is 5.8 s. ¥ 

Total time is ee +2.v 
6 g—0.01v" 

e Whent=2s,v=19.6ms_. 

The limits of integration are [19.6, 30]. 

Express vas a function of x. 

Use a = it v 
dx 

dv 2 
v— =g-0.0lv 

dx 8 

dv _ g-0.01v" 
dx v 

x= f° —" wy = 100397 
196 ¢ —0.0lv 

The distance fallen in the first 2 seconds is 19.6 m (from part a). 

Total distance is J, — av +19.6V 
© g — 0.01V 

The total distance is 100.4 + 19.6 = 120 m. ¥ > 
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Most students correctly used an appropriate constant acceleration formula. 

Very well done. Most students were able to find the correct value of v. 

c (48% Some students did not write their answers in exact form. 

di (39%) A very challenging question with many non-attempts. Many students made incorrect 

assumptions such as integrating from the start of the motion (t= 0) or writing an answer that 

did not take into account the first 2 seconds. 

ii (25%) Poorly done. 

e (28%) The errors that occurred in part d also occurred here. 

EXERCISE 10.4 Variable acceleration ANSWERS p. 598 

Recap 

1 Particle A starts from rest and travels for 10 seconds with a constant acceleration of 3m s~”. At the same 

time, particle B has initial velocity 12 ms! and is moving with twice the acceleration as particle A. 

The time needed for particle B to reach the velocity that particle A reached after 10 s is 

A 7s B 3s c 10s D 12s E 15s 

2 An object 100 metres above ground level is propelled vertically with speed 10 m/s. Taking g = 10 m/s”, 

the time taken in seconds for the object to hit the ground is 

A2 B V21 c -1+ 21 

D 14+ 21 E 2+ V21 

Mastery 

3 An out-of-control toy rocket initially travelling at 6 m/s uniformly decreases its 

acceleration from 5m sto -4ms~ in 12 seconds. Find the rocket’s velocity and displacement after 

40 seconds. 

4 A high-pressure water pump is releasing water from a dam. Initially, the speed of 

water passing through the pipes is 20cms"!. During the first 2 seconds, the acceleration of the water is 

uniformly reduced from 16cm s~ to 6cm s~. This acceleration remains constant for the next 3 seconds 

and then three more seconds pass for the acceleration to uniformly reduce to 0cm s”. 

a_ Sketch the acceleration-time graph. 

b Sketch the velocity-time graph. 

ce A tracker ball is placed in the pipes at the start to monitor the movement of water. Calculate the total 

distance that the tracker ball has travelled at the end of 8 seconds. 

5 The acceleration, a m/s’, of a particle starting from rest is 

sin(t) — cos(t) 
t 

e 

Calculate, to two decimal places, how long it will take for the particle to move 0.5 metres from its start 

position and its velocity at that time. 
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> 6 The area under the curve in the velocity-time graph below is 40 square units and each of the two curves 

describes a quarter circle. Determine the value of t. 

i) 
Ve
lo
ci
ty
 
(m
/s
) 

Time (s) 

dv 
7 The acceleration, ae of an object can be described by a linear equation. Find the equation a(t) if 

a(6) =-3.5 and a(-3) = 2.5. 

Exam practice 80-100% 60-79% 00-59% 

8 The velocity-time graph of a particle is shown. 

v 

t 

Which graph is closest to representing the acceleration-time graph? 

A iq B i c 

<«—_|™ +: _ tf, t 

’ ' 
a D N E 4 

<=_<_|_++ <——__}—_+ 

v y 

9 The acceleration-time graph of a moving particle is shown below. 

a 

Ln. 

Which graph is closest to representing the velocity-time graph? 

A B c , 

| | | ~~ 
aw | ow” (_—____________» t 

Dy, Ey 

t t 

10 The velocity of an object is given by v= 5? + t. The change in its acceleration in the time interval [1, 2] is 

A 10 Bll c 16 D 20 E 21 > 
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po. 

12 

13 

14 

15 

16 

17 

18 

Object 1 moves with variable acceleration a, given by a, = ——. The variable acceleration, a), 
t+1 

1 
ay" If both objects start from rest at the origin, the relationship 

i + 

between the velocity, v,, of object 1 and the velocity, v, of object 2 is 

of object 2 is defined by a) = 

A e? = tan(y) B_ log (v,) =tan(v) C log (v2) = tan(v,) 

D e™ = tan(v,)+1 E el tan(v,) =1 

Which of the following functions for velocity as a function of time, v(#), does not indicate constant 

acceleration? 

2 
A yoict B va 4 fax? de c vavi-P £(sin@) 

l+t to dt 

2 2 
D v=(1-Vt)(+ Vt) E v = cos(2t) — 08H) = sin (1) 

cos?(t) + sin? (t) 

60% An object is moving ina straight line, initially at 5 m s-!. Sixteen seconds later, 

it is moving at 11 ms~ in the opposite direction to its initial velocity. 

Assuming that the acceleration of the object is constant, after 16 seconds the distance, in metres, of the 

object from its starting point is 

A 24 B 48 Cc 73 D 96 E 128 

OWENS) 2019N 20015 } A lift accelerates from rest at a constant rate until it reaches a speed of 3m sl. 

It continues at this speed for 10 seconds and then decelerates at a constant rate before coming to rest. 

The total travel time for the lift is 30 seconds. 

The total distance, in metres, travelled by the lift is 

A 30 B 45 Cc 60 D 75 E 90 

A ball is thrown vertically upwards with an initial velocity of 76m s“}, and is 

subject to gravity and air resistance. The acceleration of the ball is given by ¥ = -(9.8 + 0.1v’), 

where v ms" is its velocity when it is at a height of x m above ground level. 

The maximum height, in metres, reached by the ball is 

5av2 A 5log,(4) B_ log, (V31) cm 

7HN2 
D Slog, (2) v2 

3 

(4 marks) A projectile is fired vertically upwards with initial velocity 20 m/s. In addition to gravitational 

acceleration, the projectile experiences an additional retardation proportional to time. 

a Using g= 10 m/s’, state the equation for acceleration. 1 mark 

b_ Give the equation for the velocity. 1 mark 

c Find, correct to one decimal place, the proportionality constant if the maximum height 

of the projectile above its starting point is 19.87 metres. 2 marks 

(2 marks) The acceleration, a m/s’, of an object as a function of its distance x m from the origin is a= ee. 

If the object starts at the origin with initial velocity 1 m/s and its velocity is always positive, find the 

equation for the acceleration as a function of time. 

(8 marks) The acceleration of two particles starting from a fixed reference point is given by a, = e' and 

a,=~-e'~’, with respective velocity functions v,(t) and v,(t) satisfying v,(0) = 1 and v,(2) = 4. Show that 

5e7 

lt+e 
3 } where d, and d, are the when the two particles have the same velocity, d, + e"d) = 5e* e( 

respective distances travelled by the two particles. > 
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>» 19 (6 marks) The velocity-time graph below shows the velocity of a lift as it travels from 

the first floor to the twelfth floor of a tall building during T s of its motion. 

7 b 4 of 

The velocity v m/s at time ts for 0 <t < 2 is given by v= 7(3 - 2). After the first two seconds, the lift 

moves with a constant velocity of 4 m/s for a time, and then decelerates to rest in the final two seconds. 

The acceleration of the lift is a m/s” at time ts, and the velocity-time graph is symmetrical 
1 

about t = —T. 
2 

a_i (84% Express a in terms of f for the first two seconds of the motion of the lift. 1 mark 

ii 74%) Hence find the maximum acceleration of the lift during the first two seconds 

of its motion. 2 marks 

b (59%) Given that the total distance travelled by the lift during its journey is 41 metres, 

use calculus to find the exact value of T. 3 marks 

20 (13 marks) At her favourite fun park, Katherine's first activity is to slide 

down a 10m long straight slide. She starts from rest at the top and accelerates at a constant 

rate, until she reaches the end of the slide with a velocity of 6 m st 

a (78% How long, in seconds, does it take Katherine to travel down the slide? 1 mark 

When at the top of the slide, which is 6 metres above the ground, Katherine throws a 

chocolate vertically upwards. The chocolate travels up and then descends past the top 

of the slide to land on the ground below. Assume that the chocolate is subject only to 

gravitational acceleration and that air resistance is negligible. 

b (58%) If the initial speed of the chocolate is 10 m/s, how long, correct to the nearest 

tenth of a second, does it take the chocolate to reach the ground? 2 marks 

c (27%) Assume that it takes Katherine four seconds to run from the end of the slide 

to where the chocolate lands. 

At what velocity would the chocolate need to be propelled upwards, if Katherine were 

to immediately slide down the slide and run to reach the chocolate just as it hits the 

ground? Give your answer in ms", correct to one decimal place. 2 marks 

Katherine's next activity is to ride a mini speedboat. To stop at the correct boat dock, 

she needs to stop the engine and allow the boat to be slowed by air and water resistance. 

At time t seconds after the engine has been stopped, the acceleration of the boat, a m 6, 

is related to its velocity, v ms”, by 

Katherine stops the engine when the speedboat is travelling at 7 m/s. 

di (68% Find an expression for v in terms of t. 3 marks 

ii 61% Find the time it takes the speedboat to come to rest. 

Give your answer in seconds in terms of 7. 2 marks 

iii 51%) Find the distance it takes the speedboat to come to rest, from when the engine is stopped. 

Give your answer in metres, correct to one decimal place. 3 marks 

9780170448543 Chapter 10 | Kinematics 465



Chapter summary 

Kinematics deals with rectilinear motion involving 

motion in a straight line. 

Distance is the length of the path taken by an object. 

Displacement is the direct distance from the start 

of the path to the final position. It is the change 

of position. 

The distance travelled by an object may not be the 

same as its displacement. 

Speed is the rate of change of distance, (x, - x,), 

with respect to the time taken, (f, - t)). 

Velocity is the rate of change of displacement with 

respect to time. 

distance 
average speed = ——— 

time 

. displacement 
average velocity = —*~_———. 

time 

The displacement-time graph and the position- 

time line show straight line motion by indicating 

path length, direction and the time taken. 

4 
B 

3 
BS 2 

g ane 
3 
Boo 1 > 
3 tT 2 3 45 7 8 
a4 Time (min) 

A 
3 . 

-4 

t=8 
° < 

differentiate 

<= 
anti-differentiate 

Nelson ViCmaths Specialist Mathematics 12 

change in velocity 
Acceleration is , or the rate of 

change in time 

change of speed (or velocity) with respect to time. 

Negative acceleration is also referred to as 

deceleration and retardation. 

Differentiation and anti-differentiation 

Differentiating velocity, “(*) gives acceleration, 

ax : : dv 
ra Acceleration may also be written as a, We 

t t 

.. adv “(3 :) 
v, ¥, v— or —| =v" |. 

dx  dx\2 

Anti-differentiation of acceleration produces speed 

(or velocity) and anti-differentiation of speed 

(or velocity) gives distance (or displacement). 

differentiate 

a 
anti-differentiate 
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Acceleration-time graphs and 

velocity-time graphs 

Constant velocity implies zero acceleration, and 

zero acceleration implies constant velocity. 

4 4 
v=ctt+d 

c vac d 

Vv d a 

dy _ ¢ 
dt 

a >t 

The total area under a velocity-time graph gives the 

distance travelled and the signed area represents 

displacement. 

Lele 

h-h 
For constant acceleration, a = » where v7 - vy 

is the change in velocity and t, - t, is the change 

in time. 

For the velocity function v(t) in the interval [a, b], 

distance is found using fir (t)dt. 

9780170448543 

Constant acceleration 

For constant, (uniform) acceleration, there are four 

equations of kinematics. 

1 v=u+at 

1 
2 s=ut+—at 

2 

3 v=u'+2as 

1 
4 s=—(u+v)t 

2 

where a is acceleration, t is time, s is displacement, 

u is initial velocity, v is final velocity. 

The Earth’s gravitational acceleration, g, is 

approximately 9.81 m/s”. It appears in problems 

involving vertical motion, where ‘vertical 

down usually represents positive gravitational 

acceleration. Since gis a constant, the equations 

of kinematics can be applied to motion involving 

gravity if no external forces such as air resistance 

exist to affect the acceleration. 

Variable acceleration 

When acceleration is not constant, calculus can 

be used to provide relationships between the 

displacement, velocity and acceleration functions 

and to obtain an estimate of the solution. 
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Cumulative examination 1 

Total number of marks: 10 Reading time: 4 minutes Writing time: 15 minutes 

| TECH-FREE | Technology is NOT permitted. 

1 (1 mark) The graph below describes the velocity, v, of a particle at time, t. 

Write, in terms of t, and t,, the total distance travelled by the particle after t; seconds. 

y, 

Vy. 

2 2015106 | (4 marks) The acceleration a m s~ of a body moving in a straight line in terms of the 

velocity v ms" is given by a=4v’. 

Given that v=e when x= 1, where x is the displacement of the body in metres, find the velocity of the body 

when x = 2. 

3 QEMENY 2005 11102 } (4 marks) y = e** cos(x) isa solution of the differential equation 

zh ae y= —2e** sin(x), where ke R. 

Find the value of k. 

4 (i mark) Ifa =3i+5j and b = 2i — 4j, find the value of the constant k so that k(6i — }) is parallel to 2a + 3b. 

468 Nelson VICmaths Specialist Mathematics 12 9780170448543



Cumulative examination 2 

Total number of marks: 20 Reading time: 4 minutes Writing time: 30 minutes 

Approved technology is permitted. 

| Section A 5 multiple-choice questions 5 marks 

N 

z 

2 
FE 
< 
= 
= 
< 
*s 
Ww 

Ww 

= 
FE 
< 
al 1 ERE 200920012} The velocity v ms"! of a body which is moving ina straight line, when it is x m from 

the origin, is a function of x such that v= f(x). 

The acceleration of the body in m s~ is given by 

A f(x) Bf) © xf’) ps(s) © faire) 

2) | @vcaa | WeNY 2018 20017 ) A tourist standing in the basket of a hot air balloon is ascending at 2m ae 

The tourist drops a camera over the side when the balloon is 50 metres above the ground. 

Neglecting air resistance, the time in seconds, correct to the nearest tenth of a second, taken for the 

camera to hit the ground is 

A 23 B 24 c 3.0 D 3.2 E 34 

3 [EXENY 2018n 20017 ) An object travels in a straight line relative to an origin O. 

At time f seconds its velocity, v m/s, is given by 

V4-(t-27, 0<t<4 

-9-@—7)4) 4 < 6510 
v(t)= 

The graph of v(t) is shown below. 

TT 
—20 2A 67 8 10 12¢ 

The object will be back at its initial position when f is closest to 

A 4.0 B 6.5 C 67 D 69 E) 7.0 

4 Iff’ (x) =xcos (kx?) for the function f(x) = sin (kx), then the value of k is 

Al Be2 Cc 3 D4 ES 

5 The sum of the solutions to 3 sin(x) — V3 cos(x) = Oin [-2z, 27] is 

40 51 20 llz 
——— B 87 (a D -—— Ee 

3 6 3 6 
A 
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Section B 4 questions 15 marks 

asps 4 oe bi : 1 
1 (4marks) A particle's acceleration, a m s 2 is described by the equation a = = where 

x metres is the displacement of the particle from a fixed point, O. ie 

a Express the velocity of the particle in terms of displacement in the form v = ,/A + Ba 
i 

where A and Bare constants. 2 marks 

b Find, correct to two decimal places, the displacement of the particle from O when the 

velocity is in the opposite direction to the acceleration. 2 marks 

2 (4marks) From a set of traffic lights on a motorway, car A accelerates uniformly from rest 

and after 30 seconds reaches a speed of 90 km/h, which it maintains. At the same time as 

car A begins to move, car B passes it with a uniform speed of 72 km/h, which it maintains. 

a How many seconds does car A take to catch up to car B, and at what distance from 

the traffic lights does this occur? 2 marks 

b When the two cars meet, car A continues at 90 km/h for a certain time before 

decelerating uniformly to a stop at a second set of traffic lights that are 5.5 km from 

the first set. Meanwhile, car B maintains a constant speed of 72km/h until it passes the 

second set of lights. How much sooner than car B did car A arrive at the second set of 

lights, and how far behind was car B at this time? 2 marks 
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3 (3 marks) Two circles are shown in the Argand diagram below. 

Im (z) 4 

144 

124 

N 

z 

2 
FE 
q 

= 
= 
< 
*s 
w 

w 

2 
FE 
< 
al 

T r T T 
2 4 6 8 10 12 14 Re(z) 

C
U
M
 

a State in complex number form the equation of each circle. 1 mark 

b Find, correct to three decimal places, the two points of intersection, A and B, of the 

two circles. 1 mark 

c Write the equation, in complex number form, of the straight line connecting A to B. 1 mark 

4 (4 marks) 

a Inthe equation y = x +a+— , what must be the relationship between a and b 
x +ax+b 

il é 
for the graph of y = x + a ++ ;———— to have vertical asymptotes? 1 mark 

x” +ax-+b 

1 5 : “ : 
b Express — in partial fraction form using the values a = 5, b=6. 1 mark 

x 4 axed 

c State the equation of each asymptote and indicate its type. 2 marks 
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Vector calculus 

e position vector as a function of time and sketching the corresponding path given the function, including 

circles, ellipses and hyperbolas in cartesian or parametric forms 

e the positions of two particles each described as a vector function of time, and whether their paths cross 

or if the particles meet 

e differentiation and anti-differentiation of a vector function with respect to time and applying vector 

calculus to motion in a plane and in three dimensions. 
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Position vectors Parametric and Cartesian equations 

Differentiating and integrating vectors Derivatives of vectors * Integrals of vector 
Applying vectors to motion functions + Position, velocity and acceleration 

Vector calculus Projectile motion 

m) To access resources above, visit 
& Nelson MindTap cengage.com.au/nelsonmindtap 

= 

“ 

a 
Video playlist 

. ca. . . Position 
The motion of a particle in space can be measured using vectors. We use a position vector with respect to vectors 

) Position vectors 

the origin in terms of the time, ft. The variable ¢ in this situation is called a parameter. 

We describe the position vector in two dimensions as r(t) = x(t)i + y(t)j and in three dimensions as 

r(t) = x(t)i+ y(t)j + z()k. 

For example, the path of a particle could be given by r() = 2 cos (f)i — sin (¢)j for t 2 0. 

In this case, x(t) = 2 cos (t) and y(t) = —sin (£), both for f2 0. ° 

x(t) y(t) 
3 3 

2 2 

1 ay 1 

1 ———+ 5 1 nnn.) 

-1 -1 

—2 —2 

3 3 

For t20: xe [-2, 2] and ye [-1, 1] 

Another way to visualise what is happening is setting up a table of values, again with f as the parameter. 

3 
nm || 20 

2 

—2| 0 2 

0 1 0 
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Students should get used to sketching x-t and y-t graphs to 

find the domain and range of the subsequent Cartesian form. 

r(t) is called the vector function, which describes the Always consider the correct domain and 
range, as this is an area where students 

frequently lose marks. displacement of a particle from a chosen origin, in terms of 

time, t. 

To find the distance of a particle from the origin, find the magnitude of the displacement, 

written as |r(#)|. 

In two dimensions: |r(f)| = (x(t))” + (ny. 

In three dimensions: [r(t)| = (x(t) + (y(t) + (ey A 

Remember that for position vectors 

¢ iis the unit vector in the x direction. 

 j is the unit vector in the y direction. 

¢ kis the unit vector in the z direction. 

Fe 

Another way of expressing the x 

~——————_ position vector xi + yj + zk is (x, y,z) or} y |. 

z 

Mile) 14> 71 | B= Position vectors 

a Find the position of a particle with position vector function r(t) = (3f)i + ar) i at f=0, t= 1 andt=-2. 

b Find the distance of the particle from the origin at t=4. 

Steps Working 

a Substitute t= 0, f= 1 and t=-2. r(0) = 0i +0j 

r(1) = 3i + 2j 

1(-2) = -61 + 8) 

b Use distance = |r(#)| = (x(t) + (vy . c@|= Vor? +404 

©. [e(4)| = 12? +32? 

The distance from origin is 473. 

Finding Cartesian equations 
Complete a table of values for the vector function r(t) = (3f)i + (207)}. 

0 1 2 y 
: A A + a + 10 

Oi+O0j | 3i+2j |6i+8j LEU | oat 4] [OL to] es am 

5 

On a Cartesian (x-y) plane, we can plot points where the ot *t=1 

particle is at particular times and see an outline of the ce ete iy * 

shape of the particle's path. <5 

~10. 
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The general shape of these points may form a parabola. 

We can prove this by setting up equations for x and y 

in terms of the parameter ¢, then eliminate ft. t=— fet 2 
= 2x 

From the vector function, let x = 3t and y = 20. y= "9 
2 t=-1 

x 4 LL ie 
From the first equation, t= > so y=2 (=) » giving —10 =5 5 10 * 

2x2 
the parabola y = > 

le) si ¢se) > @\\ | 84) Cartesian equations 

4 
a Find the Cartesian equation of the vector function r(f) = [) i+ (2t)j fort>0. 

b Give the domain and range of the Cartesian equation and sketch its graph. 

Steps Working 

a 1 Use the vector function to write x and yas x= 4 y=2t 

functions of t. t 

+ 
2 Eliminate f. From x: f= — 

Es 

ayaa4)=8 
x x 

. . 8 
Cartesian equation: y = — 

x 

. 4 
b 1 Consider x= —, y= 2t for t > 0 to find the x(t) 

t 8 10 

domain and range of y= —. 
x 5 

Sketch graphs of x-t and y-t. (2,2) 

a — I —. —.  s 

5 5. 10 ¢ 

5 

—10 

giving x > 0. 

(th 
10+ 

5] 
q (2,4) 

“E TT1—T—T 4 T1—T—T = T1—1—T to t 

5] 

~104 

y 

giving y > 0. > 
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8 
2 State the domain and range of y= x and sketch 

its graph. 

8 
For y = —: domain = x > 0, range = y > 0. 

10 

Sketching paths in Cartesian and parametric 

forms 

Consider the position vector r(t) = 2cos(t)i — 4sin(t)j,t 2 0. 

To find its Cartesian equation, let x = 2 cos (t) and y = —4 sin (t). 

Make cos (t) and sin (f) the subject of the above equations and use the trigonometric identity 

cos’ (t) + sin’ (t) = 1 in order to eliminate t. 

In an exam, you must write down the particular trigonometric identity used to eliminate f. 

2 2 

cos’ (f) + sin? (f)=1 gives (=) + (-2) =1. 
2 4 

2 
This is an ellipse with equation 7 + ie 1. 

For t2 0, x € [-2, 2] andy e [-4, 4]. 

fe) si ese) > \ | 28s <1) Cartesian graphs 

Sketch the Cartesian graph of the vector function r(t) =(sec(t))i + (2tan(t)) j, ¢2 0. 

Steps 

1 Write two equations for x and y and rearrange 

them into a possible trigonometric identity. 

Working 

2 Use the trigonometric identity 1 + tan’ (t) = sec’ (Z). 

x = sec (t) 

y =2 tan (f), giving tan (t) = 

N
I
s
 

1 + tan? (#) = sec’ (1) 

2 
gives 1+ Yl ax. 

2 2 
Rearrange to get a a =]. 
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~ | 3 Check the domain and range for tf 20. 

Sketch the graph of x-t and y-t. 

x =sec (t) fort>0 y =2 tan (t) fort 20 

= H y 
1) ican 4 d t 

1 1 1 ' 
i) 1 1 1 

2 Y + 2 1 1 
1 t T 1 
4 i - 1 { ‘a 

0 ze T et a 0 Sa ze == at 

2] 3 ; 23 z 
1 f 1 t 

4 1 1 ad I 1 

eel ese), givingye R. 

4 Sketch the graph of x” — 7 = 1,a non-rectangular 

hyperbola with asymptotes at y = +2x. PEOINS 

Note how the graph fits the 

domain and range found 

ofx21,x<-landyeR. 

EXERCISE 11.1 Position vectors ANSWERS p. 599 

Mastery 

1 FE worken ExaMPLe 1 Find the position of a particle with position vector function 

r(t) = (3t+ 1)i + (2¢) j att=O and t=1. 

2 [Eq workeD EXAMPLE 2 Find the Cartesian equation of the vector function r(¢) = (307 ji + (t)j 

for t20. 

3 P| WORKED EXAMPLE 3 } [isepigi}33 

a Find the Cartesian equation, and the domain, of the vector function 

r(t) =(sin(t)) i+ (cos(2t)) j for t 20. 

b Sketch the Cartesian graph of the vector function r(t) =(sin(t)) i + (cos (2t)) j for t2 0. 

rl TECH-FREE 

a Find the Cartesian equation, and the domain, of the vector function 

r(t) = (sin (t))i + (—cos(t)) j, t>0. 

b Sketch the graph of the vector function r(t) = (sin(t)) i + (—cos(£)) j, t 2 0. 

5 The position of a particle described by the vector function r(t) = (-t)i + (t?) jat t=1lis 

A 0i+0j B i+j © -i-j D -i+j E 
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P 6 The position of a particle described by the vector function r(t) = (-t)i + (? ) j, att=—lis 

A 0i+0j B i+j c -i-j D -i+j E i-j 

t 
7 The Cartesian equation of the vector function r(t) = (£): + (20 )i is 

E y=2x A tat B y=2P c ya D y=50x 

8 This Cartesian graph could have the vector equation 

A t(t)= (sec(t))i + (tan (¢)) j, teR 

r(t) = sec(2t))i + (tan(t)) j, teR B ( 
c rf) = (sec(t))i + (tan (2¢)) j ,teR 

D ( r(t) = sec(t))i + (cos(z)) j, teR 
TTT 

m r(t) =(sin(2t))i + (cos(2t)) j, teR 

Exam practice 

9 (E2SESES) (6 marks) A curve is specified parametrically 

r(t) = sec(t)i + Beantoyst eR. 

Show that the cartesian equation of the curve is x” — 2y"= 1. 2 marks 

b (70% Find the x-coordinates of the points of intersection of the curve eH 2yr = land 

the line y=x—-1. 1 mark 

c (30% Find the volume of the solid of revolution formed when the region bounded 

by the curve and the line is rotated about the x-axis. 2 marks 

10 (4 marks) The position vector of a moving particle is given by 

r(t) = Jt—2i+ 2tj for2<t<6. 

a (7% Find the cartesian equation of the path followed by the particle. 2 marks 

b (42%) Sketch the path of the particle. 2 marks 

11 [ERENY) 2006 2003 } (88%) The position vector of a particle at time f > 0 is given by 
x(t) = (1+ t)i + (1-f) j. The path of the particle has equation 

A y=x-2 B y=x+2 C y=-x-2 D y=-x+2 E y=x-l 

12 (38%) Let i and j be unit vectors in the east and north directions respectively. 

At time f, t 2 0, the position vector of particle L is given by r = (5t — 8)i + (? —5t+ 6) j, and the 

position vector of particle M is given by s = (# —t)i + (3-f)j. ~ 

Particle L is directly north of particle M at time “ 

A 0 Bl c 2 D3 E 4 
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(@) Differentiating and integrating 
vectors 

Differentiating vector functions 
From Chapter 10 Kinematics, we know that: 

« displacement =x 

velocity = v= de 
ty dt 

. dv d’x 
¢ acceleration =a=— = —> 

dt dt? 

Displacement, velocity and acceleration vectors 

Given the position vector r(t) = xi + yj + xk, 

dx. dy. dz 
locity =#(t) = —i+2j+—k velocity = i(t) we Tel a 

2 2 2 
acceleration = ¢(t) = ame + ED. ae dz, 

The tangent to the graph ofa displacement function will give the direction of motion of the particle at that 

instant. But the instantaneous rate of change of displacement is velocity, so we need to consider the velocity 

vector to find that direction. 

(ai) 
When an exam question asks for the angle of direction of a curve, a common 

mistake is to use the displacement vector, but when we are dealing with a curved 

direction we need to consider the tangent to the curve, which is the velocity vector. 

To find the direction of motion, differentiate the displacement and use the velocity vector to find the angle 

required. 

a 
Video playlist 
Differentiating 

and 
integrating 
vectors 

Worksheet 
Derivatives of 

vectors 

Whe) si¢se) > 7\ | 857%) Velocity and acceleration 

a Find the velocity and acceleration of an object with position vector r(t) = 2e*"i + sin (3t)j + 3tk. 

b Hence find the velocity and acceleration at t= 7. 

Steps Working 

a 1 Findi(s). velocity = f(t) = 4e7i + 3cos (3t)j + 3k 

2 Find x(t). acceleration = i(t) = 8e"i — 9sin (3t)j 

b Substitute ¢= 7 into r(t) and i(¢). velocity =i(1) = 4e°7i + 3cos(37)j + 3k 

o. t(1) = 4e7" i — 3) + 3k 

acceleration = #(7)= 8e"" i — 9 sin (32) j 

2 E(w) = 8e7""i 

Speed is the magnitude of the velocity, so to find speed we find the velocity first. 
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WORKED EXAMPLE 5 Eej--7- 

a Find the speed function from the velocity vector ¢(t) = 4e74i +3cos(3t)j + 3k. 

b Hence find the speed at t = 7. 

Steps Working 

a Find the magnitude of i(t). lz(t)| = (40 y _ (3cos(31))? az 

*. |E(£)|= J16e" + 9 cos?(3t) +9 

b Substitute t= 7 into |i(t)]. |t(7)| = J16e4* + 9cos?(3) + 9 

= V16e"7 +9 +9 

+, |E(@)/= V16e'* +18 

Integrating vector functions 
We know that: 

velocity is the anti-derivative of acceleration. 

« displacement is the anti-derivative of velocity. 

When we integrate with vectors, the constant of integration, ‘+ c becomes ‘+ c, a constant in vector form. 

For example, if we are given the velocity vector of an object, ¢(t) = 2i + sin (3t)j — k and we know that at 

t=0, the displacement of the object is —2i + k, we can find the displacement vector of the object. 

Given r¢(t) = 2i + sin (3t)j —k, 

x(t) = J (21 +sin(3#)j - k) at 

= 2ti- 5008(31)j -tk+c¢ 

Given r(0) = -2i+ k, 

-2i+k= 01 = c0s(0)} -Ok+¢ 

c(t) = 21 — 500s 31} - t= 21 +5) +k 

Collecting i, i, Kk terms: r(t)= (2t — 2)i + jt+(-t+1)k- 1 1 
——cos(3t)+— 

3 ( 3 

We can then find displacement at any time. 

For example, at t= 27, r(2m) = (4a —2)i+(1-2z)k. 

le) si ese) > @\\ | 8= 75) Velocity, acceleration, displacement 

The acceleration in m/s” of a particle is ¢(f) = 6ti + sin(t)j — 2k. 

Find the velocity and displacement of the particle, given that initially the particle has a velocity of 3i m/s 

and a position of 2j m. 

Steps Working 

1 Integrate to find £(t). ¥(t) = 6ti + sin (t)j — 2k 

a(t) = | (6ti + sin (¢)j - 2k) ae 

= 3t7i — cos (t)j — 2tk +¢ 
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2 Substitute the initial velocity to find c. 

Att=0,i(0) = 3i. 

3 Find the expression for ¢(t). 

4 Integrate to find r(f). 

We use a different vector = [> 

constant + d as we have 

already used + c. 

5 Substitute the initial displacement to find d. 

At t=0, 1(0) = 2). 

6 Find the expression for r(t). 

E(t) = (34 +3)i + (1 — cos (¢)) j - 28 

u(t) = J ((3? +3) i+ (1— cos (#)) j - 2th) at 

=( +3t)i+(t-sin(®)j-Pk+d 

r(0) =0i+0j -Ok+d=2j 

od =2j 

r(t) =(P + 3t)i + (t-sin (¢) +2) j-P7k 

EXERCISE 11.2 Differentiating and integrating vectors ANSWERS p. 599 

Recap 

la Find the Cartesian equation of the vector function r(t) = 3 sin (2t)i + 3cos(2t)j 

for t>0. 

b State the domain and range of the Cartesian equation. 

2 The position of a particle described by the vector function r(t) = (2t)i + (-0 )i at t = 1 is 

A 0i+0j B 2i+2j 

Mastery 

© 2i-j D 2i+j E 2i-4j 

3 [EG] WORKED EXAMPLE 4 Find the velocity and acceleration of an object with position vector 

r(t) = 3f7i — t7+(t+1)°k at t= 3. 

4 [FE] WorKED EXAMPLE 5 Find the speed at t= 1 given the velocity vector 

i(t) = 3ti — tj) +(t + Dk. 

5 [Eq] WorKED EXAMPLE 6 The acceleration in m/s” of a particle is ¢(t) = —2ti + cos(t)j + 37k. 

Find the velocity of the particle, given that initially the particle has a velocity of 3i + 2} m/s. 

6 The velocity in m/s of a particle is ¢(t) = sin (2f) i + cos (f) j. 

The displacement of the particle, given that initially the particle starts from the origin, is 

A x(t)= (: — eos en) it+sin()j 
2 2 ® 

Cc r(t)= (: + cos en] i+sin (t)j 

E a(t) = 08 (21) — sin (0) 

B r(t)= [-4-~ (2) +n (t) j +5 

D r(t) =2cos (2t)i — sin (t)j 

Tu 
7 A particle that moves with the position vector r(t) = 2f i + cos (t)j. Its velocity vector at t= is 

9780170448543 
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Ps 

Exam practice 

The speed of a particle with the velocity vector ¢(t) = 2i — (? - 1)j +tk at t=2is 

2 

A 4+(P -1) +0 B 2i-3j+2k ce Vi5 

D Vi3 E VI7 

9 EXENY 2007 106 (6 marks) A particle moves so that its velocity at time f is given by 

10 

11 

12 

13 

y(t) =—4sin (2t) i + 6cos(2t) j for 0 < rst 

a (81% Given thatr(0) = 2i, find the position vector r(t) of the particle at any time ¢. 

b (71% Find the cartesian equation of the path followed by the particle. 

c (44%) Sketch the path followed by the particle. 

2013107 (6 marks) The position vector r(t) of a particle moving relative 

1 
to an origin O at time t seconds is given by 1(t) = 4sec (t)i+2tan(t)j, t € 04 

where the components are measured in metres. 4 5 

a (82% Show that the cartesian equation of the path of the particle is - -% 21. 
4 

b (44% Sketch the path of the particle, labelling any asymptotes with their equations. 

= T 
c (89% Find the speed of the particle, in ms 1 when t= a 

(7 marks) The position of a particle at time f is given by 

r(t)= (2 P42 -P)i+(2 P+2+2t);, £20. 

a (73% Find the velocity of the particle at time t. 
avb 

b (58% Find the speed of the particle at time t= 1 in the form ——, where a, b and c 

are positive integers. © 
dy 1+ V3 

c AG Show that at time t= 1, + = 7 
dx 1-3 

d (32% Find the angle, in terms of 7, between the vector -V3i + jand the 

vector r(t) at time f=0. 

2010 108 (5 marks) The path of a particle is given by 

r(t) = tsin(t)i—tcos(t)j, t 20. 

The particle leaves the origin at t=0 and then spirals outwards. 

a (55%) Show that the second time the particle crosses the x-axis after leaving the origin 
30 

occurs when t= 2 

3. 
b (39%) Find the speed of the particle when t= =. 

Let 6 be the acute angle at which the path of the particle crosses the x-axis. 

c (20%) Find tan (@) when to, 

2 marks 

2 marks 

2 marks 

2 marks 

2 marks 

2 marks 

1 mark 

2 marks 

2 marks 

2 marks 

1 mark 

3 marks 

1 mark 

(28% | (2585) (3 marks) A particle moves in the cartesian plane with position 

vector r = xi + yj, where x and y are functions of t. If its velocity vector is v = —yi + xj, find the 

acceleration vector of the particle in terms of the position vector r. 
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> 14 

15 

16 

17 

18 

19 

20 

21 

( The position vector of a particle at time f is given by 

r(t) = (3t? — 2)i — (7 — 5t) j — 4k. The velocity vector of the particle at time ¢ is given by 

A 6ti +35; B 6ti—5j © 6ti—5j—4k 

D (6t—2)i-2j-4k E = ani -[71- 3 }) 4 

(7% The position vector of a particle at time f > 0 is given by 

r(t) = sin (t)i + cos (2t) j. The path of the particle has the cartesian equation 

A yo2x-1 B y=l-2x Cc y=vl-x 

D yevx-1 E y=2xVl— x* 

(72% The acceleration, in m/s”, of a particle at time fs, 20, is given by 

# = cos (t)i — sin (t) j. The initial velocity of the particle was (i + i) m/s. 

The velocity of the particle, in m/s, at time fs is given by 

A ~sin(t)i-cos(t) j B sin (t) i + cos(t) j © [sin(t)+1]i+cos(t) j 

D sin(t)i+[cos(t)+1]j E [l-sin(t)]i+[2- cos(t)] j 

Let i and j be unit vectors in the east and north directions respectively. At time 

t, t2 0, the position of particle A is given by r 4 = (? —5t+ 6)i +(5t — 8)j and the position of particle 

Bis given byrg =(3-t)i+ (? - t) j- Particle A will be directly east of particle B when tf equals 

Al B 2 Cc land2 D 2and4 E 4 

(11% The position of a particle at time t is given byr (t) = (ve - 2)i + (2t) j 

for t 2 2. The cartesian equation of the path of the particle is ~ 

A y=2x4+4,x22 B y=2x+2,x2>2 C y=2x"+4,x20 
=4 eee E y=2x+2,x20 D y= 

(65% The position vector of a particle that is moving along a curve at time t is given 

by x(t) = 3cos(t)i + 4 sin (t) j, t2 0. 

The first time when the speed of the particle is a minimum is 

3 
A 3 B= c¢ tan? {4 p= E 9 

2 3 2 

(50%) The position vector of a particle at time t seconds, t > 0, is given by 

r = (3—1)i — 6Vtj + 5k. The direction of motion of the particle when t = 9 is 

A -6i-18)+5k B -i-j C -6i-j 

D -i-j+5k E -13.5i-108j+ 45k 

CATENY 2019 20015 } (85% A particle is moving along the x-axis with velocity y = wi, where wis a real 

constant. At time f = 0, a force acts on the particle, causing it to accelerate with acceleration 2 = aj, 

where Gis a negative real constant. 

Which one of the following statements correctly describes the motion of the particle for t > 0? 

A_ The particle slows down, stops momentarily and then begins to move in the opposite 

direction to its original motion. 

The particle continues to travel along the x-axis with decreasing speed. 

The particle travels parallel to the y-axis. 

0
0
8
 

The particle moves along a circular arc. 

E The particle moves along a parabola. 
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() Applying vectors to motion 

We can apply vector functions to motion in a plane. Imagine two aeroplanes in the sky where their paths 

may cross. What is of vital interest is if the paths cross at different times or at the same time, as crossing at 

the same time would indicate that they crash/collide. 

Two particles collide when they are at the same position at the same time. 

Two particles cross when they share common points at different times, in other words their paths cross at 

different times. 

When we solve x and y components of a position vector, it is possible to get ¢ values that are the same or 

different. When they are the same, this is where the particles collide; when they are different, this is where 

the paths cross at different times. 

Mile) 51.4 > 118 =a Vectors in motion 1 

The motion of two particles is given by the vector functions r,(t) = (t+ 1)i+ (4t) j and 

r,(t) = (2t-2)i+(# +3) j, where t2 0. “ 

a Find the point at which the particles collide. 

b Find the point(s) at which their paths cross. 

Steps Working 

a 1 Equate i and j coefficients and solve for t. Solving t+ 1=2t— 2 gives t= 3. 

: Solving 4t = f° + 3 gives f= 1 and t=3. 

2 Substitute the same value of t into the vector The particles are at the same point when f= 3, 

functions. sor,(3) = 4i+ 12j. 

3 Conclude whether the particles collide or cross. The particles collide at the point (4, 12). 

b 1 Write the two vectors using a different variable, s, r4(t) = (t+ 1)it(4t)j and 

for time in r5. 
ee ro(s) = (2s 2)i+(s? +3) j 

2 Equate i and j coefficients and solve t+1=2s-2 and 4t=9 +3 

simultaneously for t and s. Solving simultaneously gives two solutions 

$= 3, (3 and s=5,1=7. 

Edit Action Interactive 

Ba | doy [FRI] Sime | M9] v | AL] v 
t+1=2- 5-2 

cif a ee } t+1=2s-2 o 
4 tas" +3 4t=s2+3 |p, 5 

s=3 and f=3 or s=5 and f=7 {{s=3, t=3}, (s=5, t=7}} 

3 Substitute the values into the vector functions and _ s = 3, t=3 gives the point (4, 12) as before. 

write the answer. s=5,t=7 gives the point (8, 28). 

4 Conclude whether the particles collide or cross. The particles’ paths cross at the points (4, 12) 

and (8, 28). 

Cross at (8, 28). 

Cross and collide at (4, 12). 
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Circular motion 
In all motion problems involving vector functions, it is important to identify where the path of the particle () 

starts and in what direction it is moving. 

Sometimes the path starts at a certain point and moves in one direction, then stopping or continuing 

theoretically to infinity. 

Sometimes the path starts at a certain point, moves in one direction, then returns back on the same path, 

moving in a rhythmic fashion. An example of this is the movement in a pendulum clock. 

When the path of a moving object is a circle, it is important to identify where the object starts, when 

t= 0, and the direction in which it is moving. 

Remember that when finding the Cartesian equation of parametric equations we need to consider the 

x-t graph and the y-t graph to identify where the Cartesian graph exists. 

Wlejsu¢->) 4-1) Vectors in motion 2 

The position vector of a particle at time f is given by r(t) = (3 sin (2t)) i + (3cos(2t)) j, where t 2 0. 
. 228 

a Find the Cartesian equation of the path of the particle. is 

b Sketch the graph of the path. 

Steps Working 

a 1 Write parametric equations for x and y. x =3 sin (21), giving sin (2t) =5 

= ag _y 
y =3 cos (2f), giving cos (2t) = - 

2 Identify the trigonometric identity to be used. sin’ (2t) + cos” (2) =1 

2 2 
3 Find the Cartesian equation. (2) 4 (2) =1 

3 3 

wx +y =9, a circle with centre (0, 0) and radius = 3. 

4 Identify where t= 0 and the direction of the r(0) = (3 sin(0))i + (3cos(0)) j 

path. 2. (0) = 3) 
b 1 Identify where the Cartesian graph exists. 

Sketch the graph of x= 3 sin (2f) for t20. Sketch the graph of y = 3 cos (2f) for t 2 0. 

x(t)4 y(t) 
44 44 

re) ra ™1o T ed 
i 14 us 14 2n 

24 24 

34 5 | 

44 44 
y y 

The direction of travel is from the starting The direction of travel is from the starting point 

point where x = 0, with x values increasing. where y = 3, with y values decreasing. 

domain: x € [-3, 3] range: y € [—3, 3] 
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2 Sketch the Cartesian graph x° + y’=9. 

The particle starts at (0, 3) 

and travels around the circle 

in a clockwise direction. « 

Projectile motion 

A projectile is a body moving under the influence of gravity, with acceleration a = —g j, where g is the 

acceleration due to gravity and j is the unit vector heading upwards. 

For a projectile moving in two dimensions, with initial velocity V m/s at an angle of @ to the positive 

direction of the x-axis, the velocity can be found by anti-differentiating the acceleration. 

ta) 
y= J (-si) di Remember that the + c needs to be with a 

tilde + c. 

To find +¢, we know that the initial velocity must be y(0) = V cos(@) i + V sin(@) j , where V is a constant. 

This gives ¢ =V cos(@)i+V sin(@) j (a) 

y= silt Vicoa(@)i+-¥'sin (9)j Note that V sin (@) - gt is a special case of 
Collect for i, j terms: the constant acceleration formula 

veurat. 
“y= Vcos(@)i +(V sin(@) — gt) j a 

The displacement is found in a similar way by anti-differentiating the velocity. Once the displacement is 

known, the Cartesian equation of the pathway can be found. 

Mile) 14> 71 | =e Vectors in motion 3 

The position, r(t), of a projectile at time t seconds is given by r(t) = (100f) i + (2008 - 49t”) j, where 

t > 0. The object is initially on the ground, and the distance is in metres. 

a Find the time taken to return to the ground. 

b Find the maximum height reached. 

c Find the initial speed of the object. 
Note that 200t - 4.97 is a special case of the 

constant acceleration formula s = ut + = at’. 

Give all answers correct to two decimal places. 

Steps Working 

a The projectile is at ground level when the vertical Solve 200t— 4.91 =0 

component of its position equals zero. ae 200 

49 

t= 200 = 40.816 
49 

The time taken to return to the ground 

is 40.82 seconds. 
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b The maximum height reached is when the 

Differentiate the vertical component of 

displacement and solve for zero. 

2 Find the speed at t= 0. 

vertical component of velocity equals zero. 

c 1 Find the velocity vector of the particle at t= 0. 

y = 200t- 4.97 

». = 200-9.8t =0 
dt 

t= 200 = 20.408... 
9.8 

At t= 20.408..., y= 2040.8163... 

The maximum height reached is 2040.82 m. 

x(t) = (L00#) i + (200F — 4.9%") j 

+. #(t) = 100i + (200 — 9.88) j, 

giving #(0) = 100i + 200}. 

#(0)| = (100)’ + (200) ~ 223.6067 

The initial speed of the object is 223.61 m/s. 

VCE QUESTION ANALYSIS 

after time t hours are given by 

a Find the cartesian equation of the path for each yacht. 

b Show that the two yachts will not collide if they follow these paths. 

Give your coordinates correct to three decimal places. 

d_ For what values of t is yacht A travelling faster than yacht B? 

0.2 km of yacht B? Give your answer in minutes, correct to one decimal place. 

| Ovcaa | MeV 2018 2804 ) 2018 Examination 2 Section B Question 4 (10 marks) 

Two yachts, A and B, are competing in a race and their position vectors on a certain section of the race 

ra (t) =(t+ Dit (P+ 20j and rz (t) =i + (PF +3)j, t20 

where displacement components are measured in kilometres from a given reference buoy at origin O. 

c Find the coordinates of the point where the paths of the two yachts cross. 

One of the rules for the race is that the yachts are not allowed to be within 0.2 km of each other. 

If this occurs there is a time penalty for the yacht that is travelling faster. 

e If yacht A does not alter its course, for what period of time will yacht A be within 

2 marks 

2 marks 

2 marks 

2 marks 

2 marks 

yachts. 

question, particularly in parts ¢ and d. 

« The question is centred around the concept of objects colliding or crossing paths. 

« The first question asks for the Cartesian equations given the parametric equations. 

« The question moves into a distance and velocity question using the parametric forms of the 

* Make sure you consider the domain, t 2 0, of the parameter t for a substantial portion of the 
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Thinking about the question 

« The question is in two quite distinct sections. The first is the usual consideration of a parameter, 

t, converted into its relevant Cartesian equation. Remember that for finding the Cartesian 

equation, you can use trigonometric identities or methods of substituting t given polynomials 

in t. This question uses the latter. 

« The Cartesian equation is required for each yacht. 

e The second section involves considering the movement of the yachts. 

« Finishing the question with a more difficult analysis of kinematics, considering speed rather 

than velocity and distance, using time, t, again as the parameter. 

Worked solution (/ = 1 mark) 

Yacht A: Let x=t+ land y= + 2t. 

Eliminate ¢ by letting t= — 1 and substituting into y= f° + 24, 

giving y= (x—- 1)? +2(x-1). 

Simplify to get y=x"— 1 for yacht A. V 

Yacht B: Let x= f and y=? +3. 

Eliminate t by equating ¢° terms, 

giving y=x+3 for yachtB. V 

b Equate x and y terms for 
2 

xterms:t+1l=f 

y terms: P+ 2t=243 

Solve x terms for ¢ getting f - t—-1=0. 

145 . 14+ 5 
, 2 

Solve y terms for f, getting 2f=3. 

i 
2 

Inte: 3 
8 # 5 the two yachts will not collide. V 

c Solve the Cartesian equations y = x— 1 for yacht A and y= x +3 for yacht B. 

x -l=x+3 
wx —x-4=0 

_ltvi7 y 

‘ 14+ Vi7 
For ¢ 2 0 in the equation x = ¢ + 1, the only possible solution is x = 

2 
To three decimal places and substituting for y, the answer is (2.562, 5.562). V 

eae 

d ra (t)=(t+ Di+(P?+20)j and (t)=Fit(P+3)j. 

*or’'g(t)=i + (2¢42)j and r'4(t) = 2ti + 243. 

We want yacht A travelling faster than yacht B. 

Considering speed, we get |r’4(t)| =yl+(2t+27.¥ 
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and |r’a(t)| = V4? +4 = vse. 

Solving V1 + (2t +2)? > V8e? 
1 5 

ives=— <i<—. gives 2 2 

5 
Considering the domain t2 0,0 t< 2 v 

e We need yacht A to be within 0.2 km of yacht B. 

We need distance between vectors, distance = |r (t)- 4 (1) < 02. 

[Pit (P+3)j- (t+ Dit (P+ 26)j)| =| -(t+ it (P +3) - (P+ 20)j| 

= |(P -t-1)i + 3-2¢))j| 

= (? -t-1) +(@-27 v 

2. 

Solve f(t —t-1) +(3-2tY <02 

gives 1.5288... < t< 1.5973... 

Period of time required, so 

1.5973 — 1.5288 = 0.0685... hours 

=4.1 minutes V 

a A skills question that students will have practised many times. 

b (76% Parts b and c test student understanding of the difference between when two objects are in the 

same position at the same time, and in the same position at a different time. 

c (55%) Part c required a ‘show that’ question where the paths of the two yachts cross. The difference 

between colliding at the same time and crossing paths at a different time can be confusing for 

students. Some students gave two answers because they missed the fact that ¢ > 0 or that coordinates 

had to be written correct to three decimal places. 

d (41%) This was a challenging question that confused many students. One careless error was to give 

negative values for time. 

e (37%) The most difficult question required a knowledge of the formula of the distance between two 

vectors: |r (t)-14 () and then to solve that for < 0.2. There were many non-attempts, or answers in 

terms of hours rather than minutes. 

More exam practice is needed when dealing with distance between vectors, and understanding the 

difference between velocity and speed. Remember to work with decimals with more places than what is 

required in the final answer, to avoid rounding error. 

EXERCISE 11.3 Applying vectors to motion ANSWERS p. 600 

Recap 

1 The position vector of a particle at time tis given by r(t) = (—cos (3t)) i + (—sin (3¢)) j, 

where f 2 0. Find the Cartesian equation of the path and the velocity vector of the particle. ~ 

2 If the acceleration of a particle moving in two dimensions is i(t) = 6ti + cos (t)j m/s’, 

find the velocity of the particle given that initially the particle has a velocity of i + j m/s. > 
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)> Mastery 

3 [EG] WoRKED EXAMPLE 7 The motion of two particles is given by the vector functions 

r,(t) = (—t)i + (4t) j andr,(t) = (2t-3)i+ (? + 3) j, where t € R. Find the point at which the 

particles collide. 

4 [Ed] WorKED EXAMPLE 8 The position vector of a particle at time f is given by 

x(t) = 3ti +(t -—1)j, where t 2 0. Find the Cartesian equation of the path of the particle. 

5 [EJ WorkeD EXAMPLE 9 The position, r(t), of a projectile at time ¢ seconds is given by 

r(t) = 10ti+ (20¢ — 4.91? )i , where t 2 0. The object is initially on the ground, and distance is in 

metres. Find the initial speed of the object. 

6 The motion of two particles is given by the vector functions r,(t) =3t i +(t+1)j and 

r(t) = (? - 18)i + (2t —5) j, where t 2 0. The point at which the particles collide is 

A (6,-3) B (6,0) Cc (-9, -2) D (18,7) E (7,18) 

7 The motion of two particles is given by the vector functions r,(f) =ti+(t+1)j and 

ro(t) = (t? —2)i—(t-5) j, where t2 0. 7 

The point at which the particles collide is 

A (-1,0) B (2,0) Cc (2,3) D (-1,0) E (3,2) 

8 The position, r(t), of a projectile at time ¢ seconds is given by 

r(t) = 10ti + (30¢ — 491° ) j, where ¢ 2 0. The particle is initially on the ground, and distance is in metres. 

The time taken to return to the ground, in seconds, is closest to 

A 0 B 6 c7 D 10 E 30 

Exam practice 

9 TA (3 marks) The position vectors of two particles A and B at time 

t seconds after they have started moving are given by 

r4(t)= (? -ir[er8) and rp (t) = ta -1):+{aeco(£)] 

respectively, where a is a real constant and 0 < t <2. 

Find the value of a if the particles collide after they have started moving. 

10 [EXENY 20181010 | (26%) (TESS) (6 marks) The position vector of a particle moving along a curve 
Bp 

at time ft seconds is given by r(t) = re + (arcsin (¢) +tvl-¢? )is 0 <t <1, where distances are 

measured in metres. 

The distance d metres that the particle travels along the curve in three-quarters of a second is given by 
3 

= [4(at? d iF (at? + bt + c)dt 

Find a, b and c, where a, b,c € Z. 
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> 11 (72% A cricket ball is hit from an origin at ground level so that its position vector at 

time t is given by r(t) = 15ti + (208 —5t? ) j for t= 0, where j is a unit vector in the forward direction and 

j is a unit vector vertically up. When the cricket ball reaches its maximum height, its position vector is 

A r= 20i+30j B r= 15i+20j Cc r=60i 

D r= 30i+10j E r= 30i+20j 

12 The acceleration, ams~, of a particle moving in a straight line is given 

by a=v’ +1, where v is the velocity of the particle at any time f. The initial velocity of the particle when 

at origin O is 2m sl. 

The displacement of the particle from O when its velocity is 3 ms"! is 

1 
A log, (2) B Zoe. (22) c 508. (2) 

1 5 4 
D —1 = E | = “ie, ( =) oe(4] 

13 A particle has position vector r(t) = t°i + 3t?j. The total distance travelled by the 

particle from t= 1 to t= 4, correct to two decimal places, is 

A 17.37 B 36.05 C 65.89 D 77.42 E 78.26 

14 (11 marks) A golfer hits a ball at time f = 0 seconds from an origin O, aiming at a hole 

which is 200 metres away at the end of a horizontal fairway. The initial velocity of the ball is given by 

Vo = 35i +5j + 24.5k, where i is a unit vector in the direction of the hole, j is a horizontal unit vector 

to the left perpendicular to i, and k is a unit vector vertically up. Velocity components are measured in 

metres per second. The ball, once in the air, is subject only to gravitational acceleration. 

a (51% Given that the acceleration of the ball is a(t) = —9.8k, show by integration that the position 

vector of the ball t seconds after the golfer hits it isr(t) = 35ti + 5tj + (24.5 — 491? ) k. 2 marks 

b Show that the ball is in the air for 5 seconds. 1 mark 

c 12% Find the maximum height, in metres, reached by the ball. 2 marks 

d (71% Find the speed of the ball when it hits the ground. Give your answer in metres per 

second, correct to the nearest integer. 3 marks 

e (44%) Find the distance from the hole to where the ball hits the ground. Give your answer 

correct to the nearest metre. 3 marks 

15 Fess (8 marks) A child seated on a mat slides down a spiral-shaped water slide. 

At time t seconds after starting to slide, the position vector of the centre of the mat relative 

6 6 8)” 

where i and j are perpendicular horizontal unit vectors and k is a unit vector in the vertical direction. 

2 
to an origin O at ground level is given by r(t) = 5 sin [Z*} +5 cos (E*); + [ass - “ 

Displacement components are measured in metres. 

a Find the height, in metres, of the start of the water slide above the ground. 1 mark 

b Show that the time taken to slide down from the top to the bottom of the slide, 

which is at ground level, is 14 seconds. 1 mark 

c 40% Find the time, in seconds, taken for the child to complete the first loop of the 

spiral that is vertically below the starting point. 1 mark 

d (79% Findi(t), the velocity of the child at time ¢. 1 mark 

e (60% Find the speed of the child when ground level is reached. Give your answer 

correct to the nearest 0.1 metres per second. 2 marks 

f (45%) Show that the magnitude of the child’s acceleration is constant. 2 marks DP 
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> 16 (12 marks) An aircraft approaching an airport with velocity y = 30i — 40j — 4k is 

observed on the control tower radar screen at time t = 0 seconds. Ten seconds later it passes over a 

navigation beacon with position vector —500i + 2500j relative to the base of the control tower, at an 

altitude of 200 metres. Let i and j be horizontal orthogonal unit vectors and let k be a unit vector in the 

vertical direction. Displacement components are measured in metres. 

a (67% Show that the position vector of the aircraft relative to the base of the control 

tower at time t is given by r(t) = (30 — 800) i + (2900 — 401) j + (240 — 4t) k. 3 marks 

b (60% When does the aircraft land and how far (correct to the nearest metre) from the 

base of the control tower is the point of landing? 3 marks 

c (48%) At what angle from the runway, correct to the nearest tenth of a degree, does the 

aircraft land? 2 marks 

d (28% At what time, correct to the nearest second, is the aircraft closest to the base of the 

control tower? 2 marks 

e (22% What distance does the aircraft travel from the time it is observed on the radar 

screen to the time it lands? Give your answer correct to the nearest metre. 2 marks 

17 (12marks) The position vector of a golf ball t seconds after it is hit is modelled by 

r(t) = ati+ (bt —5t ) j, where a, b € Z, t= 0 and where i is the unit vector in the positive horizontal 

direction and j is the unit vector in the positive vertical direction. 

Displacement components are measured in metres. 

The golf ball is hit from ground level and, after 4 seconds, it is 4 metres above ground level and 

descending as it passes over the top of a tree. The tree is at a horizontal distance of 160 metres 

from where the ball was hit. 

a Show that a=40 and b=21. 2 marks 

b What acute angle to the horizontal direction does the tangent to the path of the golf ball 

make as the golf ball passes over the top of the tree? Give your answer in degrees, 

correct to one decimal place. 2 marks 

c What is the maximum height in metres, reached by the golf ball? 2 marks 

d_ Find the cartesian equation of the path of the golf ball, giving your answer in the form 

cy = dx — x’, where c and d are integers. 2 marks 

A person is standing at a horizontal distance of 163 m from where the golf ball was hit. 

The golf ball passes directly over the head of this person. 

e Ifthe person is 1.8 metres tall, how far directly above the person’s head does the ball pass? 

Give your answer in metres, correct to two decimal places. 2 marks 

f How far, in metres, is the golf ball from this person’s feet when it hits the ground? 2 marks 
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@) Chapter summary @ 
a= > 

Position vector « Velocity is the anti-derivative of acceleration. = 

« We describe the position vector in two « Displacement is the anti-derivative of velocity. = 

dimensions as r(t) = x(t)i + y (t)j « When we integrate with vectors, the constant = 
3 . a qo ‘ a + In three dimensions: r(t) = x(t)it y(t)j + zk of integration, ‘+ c becomes ‘+ c, a constant in = 

* vector form. uw 

Differentiating and integrating vector a 
Given th ‘a tor e(t) Faia oe Applying vectors to motion = 

« Given the position vector r(t) = xi + yj + x1 
P ~ aT WT XS * Two particles collide when they are at the same ° 

velocity =i(t) = —i+ yy jt=k position at the same time. 
dt~ dt~ dt : 5 i. 5 * Two particles cross when they share common 

acceleration = i(t) = ax, + dy jt+ dey points at different times, in other words, their 

dt dt’~ dt paths cross at different times. 
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Cumulative examination 1 

Total number of marks: 10 Reading time: 4 minutes Writing time: 15 minutes 

| TECH-FREE | Technology is NOT permitted. 

1 2018102 | (4 marks) 

T 
a Showthat1+i= V2cis (z) 1 mark 

10 
(v3 =i) 

b Evaluate —— 7 > giving your answer in the form a+ bi, where a, be R. 3 marks 
(1+ i) 

2 (3 marks) A particle with a position vector r at any time t is given by 

r=sin(t)it+cos(f)j+?k 

Distances are measured in metres and time is measured in seconds. 

Find the speed of the particle at t= me 

4 
3 2019N 104 } (3 marks) Evaluate fe Sele 

& xlog,(x) 
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Cumulative examination 2 

Total number of marks: 24 Reading time: 5 minutes Writing time: 36 minutes 

Approved technology is permitted. 

| Section A 5 multiple-choice questions 5 marks 

iL 
1 FERNY 2018 2001 J Part of the graph of y= A tan! (x) is shown below. 

N 

z 

eS 
FE 
q 

= 
= 
< 
s 
Ww 

w 

= 
FE 
< 
al 
=) 
= 
=) 
(2) y 

O x 

The equations of its asymptotes are 

As i © y=+l D y=+2 E y=t2 as, a7 ye a -F Tae 

1 
2 2018 2aa8 | Letz=a + bi, where a, b € R\{0}. Ifz+—€ R, which one of the following 

must be true? q 

A Arg(2)=7 B a=-b Cc a=b D [z|=1 E 7=1 

nu 

3 2018 2aa8 | Using a suitable substitution, le tan? (x) sec” (x) dx can be expressed as 

A fza(A +u)d lu B Jy (ut +02) du 

c fe udu D Je uw du 

E fe uw? du 
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4 FehVeV% 2018 2AQ10 ya 

3- 

ees 

44 
| 24 

Sart T T UY) DARI RATS a 
ON NSAY Se 2. 2 4 6 8 

1: 

La 

ot 

(34 

The differential equation that best represents the direction field above is 

dy _axty a dy _x+2y o WM a2*=y 

dx y—2x dx 2x-y dx x+2y 

5) dy _x-2y E ay a2x+y 

dx y-—2x dx 2y-x 

5 ERY 2017 20012 | Let r(t) =(1 — Va sin ()i+ [: - teos(t} for t>0 and a, be R*be the path ofa 

particle moving in the cartesian plane. The path of the particle will always be a circle if 

A ab?=1 B ab=1 C ab’ #1 

D ab=1 E ab#l 

| Section B 2 questions 19 marks 

1 (10 marks) A snowboarder at the Winter Olympics leaves a ski jump at an angle of 

@ degrees to the horizontal, rises up in the air, performs various tricks and then lands at a distance down 

a straight slope that makes an angle of 45° to the horizontal, as shown below. 

Let the origin O of a cartesian coordinate system be at the point where the snowboarder leaves the jump, 
with a unit vector in the positive x direction being represented by i and a unit vector in the positive 

y direction being represented by j. Distances are measured in metres and time is measured in seconds. 

The position vector of the snowboarder ft seconds after leaving the jump is given by 

r(t) = (6t - 0.01¢°)i + (6V3t -4.97 + 0.019°)j, 20 

y Path of 
PE snowboarder 

@° 

O} ™ 45° x 

Slope 

a Find the angle 6. 

Find the speed, in m/s, of the snowboarder when she leaves the jump at O. 

c Find the maximum height above O reached by the snowboarder. Give your answer in 
metres, correct to one decimal place. 

60(V3 +1) 
d_ Show that the time spent in the air by the snowboarder is ame cw seconds. 

e Find the total distance the snowboarder travels while airborne. Give your answer 
in metres, correct to two decimal places. 
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2. | ovens | eZ 2019N 2BQ3 ) (9 marks) 
N 

z 

2 
FE 
q 

= 
= 
< 
*s 
Ww 

w 

= 
FE 
< 

ey
 

~20-4 

The vertical cross-section of a barrel is shown above. The radius of the circular base (along 
the x-axis) is 30 cm and the radius of the circular top is 70 cm. The curved sides of the cross-section 

5 
45 

shown are parts of the parabola with the rule y = a Sor The height of the barrel is 50 cm. 

a_i Show that the volume of the barrel is given by 7 Fe (900 + 80y) dy. 1 mark 
0 

ii Find the volume of the barrel in cubic centimetres. 1 mark 

The barrel is initially full of water. Water begins to leak from the bottom of the barrel such that 

dV -8000zVh 
oF = es cm?/s, where after t seconds the depth of the water is h cm, the volume of water 

remaining in the barrel is V cm? and the uppermost surface area of the water is A cm’. 

dV -—400Vh 
b Show that — = =400Vh 2 marks 

dt 4h+45 

dh —avh 
c Find — in terms of h, Express your answer in the form eae where a, b and care 

dt m(b + ch) 

positive integers. 3 marks 

d_ Using a definite integral in terms of h, find the time, in hours, correct to one decimal place, 

taken for the barrel to empty. 2 marks 
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CHAPTER 

RANDOM VARIABLES AND 
HYPOTHESIS TESTING 

Study Design coverage 

Nelson MindTap chapter resources 

12.1 Linear combinations of random variables 

The mean of aX +b 

The variance of aX + b 

The mean and variance of a linear combination of two independent random 

variables 

12.2 Independent normal random variables 

Using CAS 1: Finding normal probabilities 

Using CAS 2: Finding the inverse probability for a normal distribution 

12.3 Sample means and simulations 

The sampling distribution of the sample means 

Using CAS 3: The distribution of the sample means by simulation 

Larger samples and the sampling distribution of the sample means 

The standard error for the sample means 

12.4 Confidence intervals for the population mean 

Confidence intervals from a simulation 

Confidence intervals of a normally distributed variable 

Confidence intervals for the population mean 

Using CAS 4: The confidence interval for the population mean 

Z-values for common confidence levels 

12.5 Hypothesis testing related to the mean 

The null and alternative hypothesis 

p-values for hypothesis testing related to the mean 

Significance levels for making decisions 

Using CAS 5: z tests 

One-tailed and two-tailed tests 

Critical values for a given significance level 

Using CAS 6: Finding the critical z-value 

12.6 Errors in hypothesis testing 

VCE question analysis 

Chapter summary 

Cumulative examination 1 

Cumulative examination 2



Study Design coverage 

AREA OF STUDY 6: DATA ANALYSIS, PROBABILITY AND STATISTICS 

Distribution of linear combinations of random variables 

e for n independent identically distributed random variables X;, Xp ... X, each with mean p and 

variance o*: 
— E(X,+Xpot+...+X,) =n 

— Var(X,+Xp+...+X,) =e 
e for n independent random variables X,, Xz ... X, and real numbers aj, a)... a, 

— El@sXy + a2 Xt... + Ay Xp) = 4 EK) + AQ E(Xp) + «.. + ay EX) 

— Var(a,X, +a Xt... +4, X,) =a? Var(X;) + as Var(X.) +... +a® Var(X,) 
e for n normally distributed independent random variables X;, Xz ... X, and real numbers a,, a, ... a, the 

random variable a,X; + a) Xj+ ... +a, X, is also normally distributed. 

Ww 
6 
<q 
‘4 
Ww 
> 
fo] 
° 

z 

te 
7) 
Ww 
a 
> 
Qa 
=) 
Ee 
7) 

Distribution of the sample mean 

° the concept of the sample mean X as a random variable whose value varies between samples where X 

is a random variable with mean yi and the standard deviation o 

e simulation of repeated random sampling, from a variety of distributions and a range of sample sizes, 

to illustrate properties of the distribution of X across samples of a fixed size n including its mean y, its 

standard deviation 7 (where 4 and o are the mean and standard deviation of X respectively) and its 
n 

approximate normality if n is large. 

Confidence intervals for the population mean 

e determination of confidence intervals for means and the use of simulation to illustrate variations in 

confidence intervals between samples and to show that the likelihood of a confidence interval containing 

iu depends on the level of confidence chosen in the determination of the interval 

¢ construction of an approximate confidence interval, [F- z=, xX+ 2 where ois the population 
vn vn 

standard deviation and z is the appropriate quantile for the standard normal distribution or construction 

of an approximate confidence interval | X — z, X+ z= where s is the sample standard deviation 
vn vn 

and z is the appropriate quantile for the standard normal distribution, and n is large (n = 30 in many 

practical contexts). 

Hypothesis testing for a population mean with a sample drawn from a normal distribution 

of known variance, or for a large sample 

¢ concepts of null hypothesis, Hp, and alternative hypotheses, H,, test statistic 

e level of significance and p-value 

e formulation of hypotheses and making a decision concerning a population mean based on: 

- arandom sample from a normal population of known variance 

- alarge random sample from any population 

e 1-tail and 2-tail tests 

e interpretation of the results of a hypothesis test in the context of the problem 

e hypothesis test, relating the formulation, conduct, errors and results in terms of conditional probability. 

VCE Mathematics Study Design 2023-2027 pp. 113-114, © VCAA 2022 

Linear combinations of random variables Mean, variance and standard deviation 

Independent normal random variables Normal distributions + Confidence intervals 
Sample means and simulations Polls and levels of confidence 

Confidence intervals for the population mean 

Hypothesis testing related to the mean 

Errors in hypothesis testing 

Random variables and 
othesis testing 

To access resources above, visit 
cengage.com.au/nelsonmindtap 
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a 3) Linear combinations of random 
geen variables 
combinations 

of random 
variables 

Random variables have a probability distribution that can be used to predict the likelihood of a particular 

outcome occurring. The total value of homes that a real estate agent sells in a month, for example, will have 

a probability distribution which can be used to predict the probability that an agent will sell more than a 

particular value in a given month. If the total monthly commission the agent earns is a linear function of the 

value of the homes sold, then properties of the distribution like the mean and variance of the commission 

can also be determined. The monthly commission is a linear combination of the random variable, the value 

of homes sold. 

The mean of aX +b 

The mean or expected value of a random variable X is the long-term average value of X. If the random 

variable X is the height of preschool-aged girls in Victoria, then E(X) would be the average height of all 

preschool-aged girls in Victoria. 

There are two formulas for the expected value of the random variable X, depending on whether the random 

variable is discrete or continuous. (This is covered in detail in Mathematical Methods Unit 4). 

Discrete Continuous 

B(X) = Dix: p(x) | E(x) = J” x-flx) dx 

The mean of aX +b 

Consider a random variable X with an expected value E(X). 

A random variable Y is a linear transformation of X, where Y= aX + b. 

E(Y) = E(aX+ b) =a E(X) +b 

Wetec) 0200)! Finding the mean of aX +b for a discrete probability distribution 
The probability distribution of a discrete random variable X is shown. 

p. 231 

x 0 1 2 3 

ane 0.4 | 0.3 0.2 0.1 

a Find the mean of X. 

b Find E(3X +2). 

Steps Working 

a Use the formula E(X) = Y x: p(x). x | P) | X x p(x) 

Rewrite the table above using columns. 0 |04) 0 

Add a column with the heading x x p (x) and it 0.3 0.3 

calculate the product of the x values and their 2 loo! o4 

probabilities. 
3 0.1 0.3 

The total of the x x p(x) column is the 

expected value of X or E(X). Total 1.0 

E(X) = x: p(x) 

The mean or E(X) = 1. 
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b Find E(3X + 2) by substituting into the formula E(3x+2)=3x1+2 

E(aX + b) = a E(X) + b with a=3 and b=2. =5 SB) 

Ve) 5142) > GN") DE =.) Finding the mean of aX + b for a continuous probability distribution 

The probability density function for a continuous random variable X is given by 

foo={ 0<x<l 
0 elsewhere 

a Find E(X). 
b Find E(10X - 4). 

Steps Working 

1 
a 1 Use the formula E(X) = J, xx 4x3 dx 

1 

m= E(x) = J" x fly = [pax a 
and simplify. p. 232 

4x? ’ 
2 Evaluate the integral. E(X) = = 

0 
5 

40) 9 
5 

== 
5 

b Substitute a= 10 and b = —4 into the formula E(10X — 4) = 10x E(X)-4 

E(aX +b) =a E(X) +b. =10x4-4 
5 

=4 

The variance of aX + b 

The variance and standard deviation of a random variable X measure the spread of the variable about 

the mean. 

The variance of a probability density function 

The formulas for the variance and standard deviation are: 

Var(X) = E(X) - p? SD(X) = /Var(X) 

where LU = E(X) 

There are different formulas for E(X’), depending on whether the distribution of the random variable is 

discrete or continuous. 

The variance of aX +b 

A random variable Y is a linear transformation of X, where Y= aX + b. 

The variance of Y is 

Var(aX + b) = a? Var(X) 
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p. 233 

502 

In the formula Y = aX + b, the addition of b increases all the data values by b and does not influence 

the spread. 

fe) st ¢ Se) > @-\\ | 8 =<) Finding the variance of aX + b for a continuous probability 

density function 

The probability density function for a continuous random variable X is given by 

4x7 OSx<1 x)= 
f( { 0 elsewhere 

Find the variance and hence find Var(5X + 10). 

Steps Working 

1 Write the formula for the variance and calculate Var(X) = E(X’) — w 

E(X) and E(X’). 1 
() and EO’) E(X) = [xx 4x? dx = 4 

The mean LU or E(X) was calculated in Worked ° 5 

example 2. 

fad 1 
2 E(X’)= in x? f (x)dx E(X?) = I x? x 4x3 dx 

1 
= ) 4x? dx 

0 
n 

_ E | 

6 I, 
6 

2(1 20) 
3 

= 
fs) 

2 (4/ 
3 Substitute in the variance formula from Step 1. Var(X) = = (2} 

_2 16 2 
3 25 7 

4 Substitute into the formula Var(5X +10) = 5° Var(X) 

Var(aX + b) = a? Var(X). = 95% 2 

75 

a 
3 

The mean and variance of a linear combination 

of two independent random variables 
Sums vs multiples 

Consider the weight of 3 boxes, (x, + x) + x3), compared with the weight of a box that is 3 times bigger (3X), 

where the random variable X represents the weight of a box. 

Mean: weight of 3 boxes: E(x, + x) + x3) = 3E(X) 

weight of a box 3 times as big: E(3X) = 3E(X) 

Variance: weight of 3 boxes: Var(x, + x) + x3) = 3Var(X) 

weight of a box 3 times as big: Var(3X) = 3” x Var(X) 
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E(aX + bY) and Var(aX + bY) for sums and multiples 

For two independent random variables X and Y, 8) 

E(aX + bY) =a E(X) +b E(Y) 

Var(aX +bY) = a? Var(X) + b? Var(Y) 

n m 
For the sum of n variables of type X, » x; ] and m variables of type Y, yy D 

i=l jel 

E(x $x9+ ...+%, +) + V2 +34 --. +m) = nE(X) + mE(Y) and 

Var(x, + x +x3+...+%, +), +. +y3t ... +p) =n Var(X) + mVar(Y) 

Ve) s 1 ¢ Se) > 7-\\ | 8 =") Finding the mean and variance of the sum of two variables 

At Franken’s furniture, the time taken to build a dining table, X hours, is a continuous random variable — 

with a mean time of 15 hours and a variance of 9 hours, and the time taken to stain and polish the table, 

Y hours, is a continuous random variable with a mean time of 6 hours and a variance of 4 hours. Find the 

mean and variance of the time taken to finish a dining table. pasa 

Steps Working 

1 The total time taken to finish the table is the sum of the _ total time = X + Y 

time to build the table and the time to stain and polish 

the table. 

2 Substitute a= 1 and b=1 into the formula E(X + Y) =E(X) + E(Y) 

E(aX + bY) = a E(X) + bE(Y) =15+6 

to find the mean time. =21h 

3 Substitute a= 1 and b=1 into the formula Var(1X + 1Y) = 1’Var(X) + 1’Var(Y) 

Var(aX +bY) = a” Var(X) + b? Var(Y) =9+4 

to find the variance. =13:h 

Whejs¢-°) >@\\))4- =) Finding E(aX + bY) and Var(aX + bY) 

Two independent random variables, X and Y, have means of 30 and 20 and variances of 5 and 8 

respectively. If Z = 4X + 2Y, find the mean and variance of Z. 

Steps Working 

1 To find the mean of Z, use the formula For Z=4X + 2Y, 

E(aX + bY) =a E(X) + bE(Y). E(Z) = E(4X + 2Y) 

=4 E(X) +2 E(Y) 

=4x 30+2x20 

= 160 

2 To find the variance of Z, use the formula For Z=4X+2Y, 

Var(aX + bY) = a’ Var(X) + b’ Var(Y). Var(Z) = Var(4X + 2Y) 

= 4 Var(X) + 2° Var(Y) 

=4x5+2?x8 

=112 
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Finding the mean and variance of the sum of n variables of type 

X and m variables of type Y 

p. 236 Strawberries grown on a berry farm have a mean mass of 15 g with a standard deviation of 3 g. 

Raspberries grown on the same farm have a mean mass of 5 g with a standard deviation of 1 g. 

The masses of the strawberries are independent of the masses of the raspberries. 

Find the mean mass and standard deviation, in grams, of a set of four of these strawberries and two of 

these raspberries. 

Steps Working 

a 1 Find the mean using the formula Let X = the mass (g) of strawberries 

E(x, + xg +... +X, FY, +Yy +--+ Vm) Y =the mass (g) of raspberries 

= nE(X) + mE(Y), where n= 4 and m=2. E(x, + x) +.%3+%4+y) +o) 

=4 E(X) + 2E(Y) 

=4x15+2x5 

=70g 

2 Find the variance using the formula Var(x, + x) +x34+x4+¥) +72) 

Var(x, +x +x3+ 22.4%, +, + Vt y3t +I mn) = 4 Var(X) + 2Var(Y) 

= nVar(X) + mVar(Y), where n= 4 and m=2. = 4(0x y + 2(oy y 

=4x3° 

=2xV 

= 38 

3 Find the standard deviation. standard deviation = 38 

EXERCISE 12.1 Linear combinations of random variables ANSWERS p. 600 

Mastery 

1 The discrete random variable X has the probability distribution shown below in 

the table. 

x 0 1 )2 (3 /|4 

0.4 | 0.1 | 0.1 | 0.2 | 0.2 

a Find E(X). b Find E(10X +3). 

2 A continuous random variable X has a probability density function given by 

1 2 —(12x - 0<x<12 
f(x) = 788 | x—*) * 

0 otherwise 

a Find the expected value of X. 

b Find the expected value of 3x +2. 

3 A continuous random variable X has a probability density function given by 

x 

— O0sx<4 
f(x)=5 3 0 

0 otherwise 

a Find Var(X). 

b Find Var(18X + 14). 
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4 When Matt cleans his house, he dusts and vacuums. The time that he takes to 

dust the house is a continuous random variable with a mean of 30 minutes and a variance of 25 minutes. 

The time that Matt takes to vacuum the house is another continuous random variable with a mean of 

40 minutes and a variance of 64 minutes. Find the mean and the variance of the time that Matt takes to 

clean his house. 

5 [EQ workeo exametes ) Two independent random variables X and Y have means of 50 and 15 and 

variances of 10 and 20. If Z=3X + 4Y, find the mean and variance of Z. 

6 [fq worked Examples ) Philippa prepares her vegetable garden for planting by first digging the soil and then 

adding organic compost. The time taken to dig each garden bed is a random variable with a mean of 

20 minutes and a standard deviation of 4 minutes. The time taken to add compost to each garden bed is 

also a random variable with a mean of 8 minutes and a standard deviation of 2 minutes. The time taken 

to dig the garden bed is independent of the time taken to add organic compost to the garden bed. If the 

random variable Z represents the time Philippa takes to prepare three garden beds for planting, find 

a E(Z) b Var(Z) ce SD(Z) 

Exam practice (60-79% — 00-59% 

7 (2 marks) The random variables X and Y are independent with 

Ly = 4, Var(X) = 36 and ply = 3, Var(Y) = 25. 

The random variable Z is such that Z= 2X + 3Y. 

a Find E(Z). 1 mark 

b_ Find the standard deviation of Z. 1 mark 

8 [GSES (2 marks) Two independent random variables X and Y have means of 11 and 7 and variances 

of 6 and 4 respectively. Find the mean and variance of 9X - 3Y. 

9 FERENY 20191020 } STS) @ marks) A machine produces chocolate in the form of a continuous 

cylinder of radius 0.5 cm. Smaller cylindrical pieces are cut parallel to its end, as shown in the diagram 

below. The lengths of the pieces vary with a mean of 3 cm and a standard deviation of 0.1 cm. 

a Find the expected volume of a piece of chocolate in cm’. 1 mark 

b (30%) Find the variance of the volume of a piece of chocolate in cm’. 1 mark 

c (50%) Find the expected surface area of a piece of chocolate in cm’. 1 mark 

10 [EQNY 2016 20018 | (61%) Oranges grown on a citrus farm have a mean mass of 204 grams with a 

standard deviation of 9 grams. Lemons grown on the same farm have a mean mass of 76 grams with a 

standard deviation of 3 grams. 

The masses of the lemons are independent of the masses of the oranges. 

The mean mass and standard deviation, in grams, respectively of a set of three of these oranges and two 

of these lemons are 

A 764, 3/29 B 636, 12 c 764, /33 

D 636, 3V10 E 636, 33 > 
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> 11 X is a random variable with a mean of 5 and a standard deviation of 4, 

and Y isa random variable with a mean of 3 and a standard deviation of 2. 

If X and Y are independent random variables and Z = X - 2Y, then Z will have mean p and standard 

deviation o given by 

A p=-1,0=0 B w=-l,o= 4/2 Cc pw=2,0=8 

D U=2, o= 4V2 E pw=-l,o= 26 

12 2021 24019 | (1%) The mean unscaled score for a certain assessment task is 25 and the variance 

is 36. The scores are scaled so that the mean score is 30 and the variance is 49. Let S be the scaled scores, 

to the nearest integer, and let X be the unscaled scores. 

If the scaling function takes the form S = mX + n, where m € R‘ and ne R, then a score of 32 would be 

scaled to 

A 22 B 34 Cc 36 D 38 E 40 

13 X isa random variable with a mean of 12 and a variance of 9. The variance of the variable Y= 4X + 12 is 

A 36 B 144 c 156 D 192 E 204 

14 Xisa random variable with a mean of 36 and a standard deviation of 4. The variance of the variable 

Y=2X - 5is 

A 3 B 8 c 16 D 64 E 67 

15 Two independent random variables X and Y have means of 15 and 10 and variances of 4 and 2. 

The mean and variance of 5X + 2Y is 

A 95and 24 B 415and 108 C 25and6 

D 95and6 E 95 and 108 

Use the information below for Questions 16 and 17. 

The mean price per punnet of strawberries and blueberries is $1.50 and $2.50 and the variance is $0.60 and 

$0.80, respectively. 

16 The mean price of four punnets of strawberries and five punnets of blueberries is 

A $1.40 B $4.00 C $17.50 D $18.50 E $86.50 

17 The variance of the price of four punnets of strawberries and five punnets of blueberries is 

A $1.40 B $5.40 Cc $6.40 D $18.50 E $29.60 

18 (5 marks) A random variable X has the probability density function 

flx)= 5 ifx € [0,2] 

0 otherwise 

Find 

a E(X) 1 mark 

b E(3X+6) 1 mark 

ce Var(X) 1 mark 

d_ Var(3X +6) 2marks P 
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> 19 (3 marks) A random variable Yhas probability density function 

3 2 
—(4y - Osys4 fO) = yy) Sy 
0 otherwise 

Find the variance of Z=3Y- 11. 

20 (2 marks) Each school day, Sam walks from his house to the bus stop and then catches the bus 

to school. 

The time taken to walk to the bus stop is a continuous random variable X, with a mean of 10 minutes 

and a variance of 1 minutes. The time taken by the bus is a continuous random variable X, with a mean 

of 20 minutes and a variance of 5 minutes. If X, and X, are independent, find the mean and variance of 

a_ the total time to get to school. 1 mark 

b the total travel time for the school week (assume that the times for the return trip from 

school to home have the same mean and variance). 1 mark 

@ 
i} Video playlist 

variabies Independent 
normal 
random 
variables 

@) Independent normal random 

A linear combination of two independent normal random variables will also have a normal distribution. 

The mean and variance of aX + b for normally distributed variables 

If X is normally distributed with a mean of of [ly and a variance of (oy)” and Y is an independent 

normally distributed random variable with a mean of [ly and a variance of (oy)’, then aX + bY is also 

normally distributed with 

Mean E(aX + bY) = auly + bly 

Variance Var(aX + bY) = a°(ox)° + b*(oy)? 

Vfe) 5) ¢ Se) > 7) | B= 96) The sum of two normally distributed random variables 

A Year 10 class sits a Maths test and an English test. The scores on the Maths test are normally distributed 

with a mean of 65 and a standard deviation of 5, and the scores on the English test are normally p. 237 

distributed with a mean of 60 and a standard deviation of 10. 

If the test scores are independent, find 

a the mean and variance of the total score of the two tests. 

b the probability, correct to three decimal places, that a student will score better on the Maths test than 

on the English test. 

Steps Working 

a1 Let X=the Maths test score and My = 65, 0x =5 

Y= the English test score. My = 60, oy= 10 

2 Use the formula E(X + Y) =x + Hy 

E(aX + bY) = aly + bly =65+ 60 

to find the mean of the total score. = 125) 

3 Use the formula Var(X + Y)= (oy) + (oy" 

Var(aX + bY) = a’(ox)” + b*(oy)” =5' +10 

to find the variance of the total score. =125 
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b 1 Write a probability equation. Pr (X > Y) = Pr (X- Y>0) 

2 Find the mean and variance of X - Y by using E(X - Y) = My + (-1)bly 

the formulas for mean and variance mentioned = 6560 

in part a. _ 

Var(X - Y) = (o,)* + (-1)(oy)” 

= +10 
=125 

3 Find the standard deviation. standard deviation —./125 — 5/5 

4 Calculate the normal probability using CAS Pr (X - Y> 0) ~ 0.673 

(see below). 

| USING CAS 1 | Finding normal probabilities 

A normally distributed random variable X, has a mean of 5 anda standard deviation of 5V5. 

Calculate Pr(X > 0). 

Normal Caf normCaf(0,~,5,5- V5 ) 0.67264 
Lower Bound: |0 » 

Upper Bound: | « » 

u [s » 

OK Cancel 

1 Press menu > Probability > Distributions > 3 The normal probability value will be 

Normal Caf. displayed. 

2 In the dialogue box, enter 0, ~. 5, 5/5 as 

shown above. Press TI to access the 

mini-palette for the ce symbol. 

@ Edit Action Interactive 

Lower [0 Ea] Se [Ra] sme |] v v I 

er [oo =] vee normCDf (0, ©, 5-V5, 5) 
0 5V¥ (5) 0.672639577 
HS 

Population mean 

OK Cancel 

1 In Main, tap Interactive > Distribution/Inv. Dist 3 The normal probability value will be 

> Continuous > normCDf. displayed. 

2 In the dialogue box, enter 0, , 5/5, 5as 

shown above. Open Keyboard and tap Math2 

or Math$ for the oo symbol. 

Pr(X - Y > 0) = 0.673 
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| USING CAS 2 | Finding the inverse probability for a normal distribution 

For a normal probability distribution with a mean of 50 anda standard deviation of 6, calculate the 

value of x such that Pr(X < x) =0.9, correct to three decimal places. 

Inverse Normal invNorm(0.9,50,6) 57.6893 

0.9 > 

ui: [50 > 

6 > 

OK = Cancel 

1 Press menu > Probability > Distributions > 3 The value of x will be displayed. 

Inverse Normal. 

2 In the dialogue box, enter 0.9, 50, 6 as shown 

above. 

@ Edit Action Interactive 

Tail setting { Left 7 3 [o> [Rea] sme |] «Pv 

0.9 invNormCDf("L”,0.9,6,50) |) 
57. 68930939 | 

1 Tap Interactive > Distribution/Inv. Dist > 3 The value of x will be displayed. 

Inverse > InvNormCDf. 

2 In the dialogue box, keep the Tail setting on 

Left and enter 0.9, 6, 50 as shown above. 

The value of x is 57.69. 

Ve) Ss) ¢s) > @\ "| 8 =":3) The sum of n items selected from a normal distribution WE: 

The volume of spring water dispensed by a machine into bottles varies normally with a mean of 240 mL 

and a standard deviation of 5 mL. The spring water is sold in packs of six bottles. Let the normal random p. 238 

variable X represent the total volume of water (mL) in a pack of six bottles. 

a Find the mean and standard deviation of X. 

b Find Pr(X < 1450), correct to three decimal places. 

¢ Six packs of spring water are rejected if their total volume is less than x mL. Find the value of x correct 

to the nearest mL if 5% of packs are rejected. 

Steps Working 

a 1 Find the mean using the formula E(x, + x) +34... + x6) 

E(x, + x) +x34+...+x,) =6E(X) 

= nE(X) where n= 6. =6x 240 

= 1440 
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510 

2 Find the standard deviation using the formulas 

Var(x, + x) + 2x3 +... +x,) =nVar(X) 

where n=6 

and SD(X) = /Var(X). 

Var(x, + x9 + x3 + +++ +X) 

= 6 Var(X) 

=6x5" 

=150 

SD(X) = V150 = 5V6 

b Calculate the normal probability using CAS. Pr(X < 1450) = 0.793 

¢ Write the probability equation and use the inverse 

cumulative normal on CAS to solve. 

invNorm(0.05,1440,5- /6 ) 1419.85 

Pr(X < x) = 0.05 

@ Edit Action Interactive 

1] b> [isa] sine] L 
invNormCDf (0.05, 5V6,1440) ©) 

1419. 85474| 

x=1420 mL 

Six packs of spring water are rejected if 

their total volume is less than 1420 mL. 

EXERCISE 12.2 Independent normal random variables ANSWERS p. 600 

Recap 

1 The random variables X and Y are independent with fly = 16, Var(X) = 16 and fy = 4, Var(Y) = 9. 

The random variable Z is such that Z= 2X + 3Y. The variance of Z is 

A 20 B 25 c 59 D 68 E 145 

2 Avocados sold at the market have a mean mass of 80 grams and a standard deviation of 4 grams. 

The avocados are sold in boxes of four. 

The mean mass and standard deviation, in grams, of a box of avocados are 

A 20,1 B 320,16 Cc 320,8 

Mastery 

D 320, 64 E 80,2 

3 A factory produces nuts and bolts. The weight of the bolts is normally distributed 

with a mean of 15 g and a standard deviation of 0.4 g. The weight of the nuts is normally distributed 

with a mean of 5 g and a standard deviation of 0.2 g. 

a_ Find the mean and the standard deviation of the combined mass of a nut and a bolt. 

b_ Find the probability, correct to three decimal places, that the combined mass is less than 20.5 g. 

4 Two groups of Year 7 students run a lap of the school oval. The recorded times for a lap 

are normally distributed with a mean and standard deviation of 4, = 650 seconds and 0, = 25s for 

group A and [lg = 660s and og =30s for group B. 

If the times are independent, find 

a_ the mean and variance of the difference in times for groups A and B. 

b_ the probability, correct to three decimal places, that a student in group B will record a better lap time 

than a student in group A. 
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5 For a normal probability distribution with a mean of 440 and a standard deviation of 35, 

calculate the value of x such that Pr(X < x) = 0.95, correct to three decimal places. 

6 [EQ workeo exametee ) The volume of a double espresso dispensed at a cafe varies normally with a mean 

of 75 mL and a standard deviation of 5 mL. Maryam purchases four double espressos each day. Let the 

normal random variable X represent the total volume of coffee (mL) Maryam consumes each day. 

a Find the mean and standard deviation of X. 

b Find Pr(X > 290), correct to three decimal places. 

c¢ Maryam has trouble sleeping if she consumes more than x mL each day. Find the value of x, correct 

to the nearest mL, if Maryam has trouble sleeping on 15% of her evenings. 

Exam practice (60-79% — 059% 

7 (48% | =S8S) (3 marks) The volume of soft drink dispensed by a machine into 

bottles varies normally with a mean of 298 mL and a standard deviation of 3 mL. The soft drink is 

sold in packs of four bottles. Find the approximate probability that the mean volume of soft drink per 

bottle in a randomly selected four-bottle pack is less than 295 mL. Give your answer correct to three 

decimal places. 

8 [EXON 2012 20020 ) (86%) The scores on the Mathematics and Statistics tests, expressed as percentages, 

in a particular year were both normally distributed. The mean and the standard deviation of the 

Mathematics test scores were 71 and 10, respectively, while the mean and the standard deviation of the 

Statistics test scores were 75 and 7, respectively. 

Assuming the sets of test scores were independent of each other, the probability, correct to four decimal 

places, that a randomly chosen Mathematics score is higher than a randomly chosen Statistics score is 

A 0.2877 B 0.3716 Cc 0.4070 D 0.7123 E 0.9088 

9 (42%) Uand V are independent normally distributed random variables, where U has 

a mean of 5 and a variance of 1, and V has a mean of 8 and a variance of 1. The random variable W is 

defined by W=4U - 3V. 

In terms of the standard normal variable Z, Pr(W > 5) is equivalent to 

A r(z> 22 B Pr(Z<1.8) c r{z< 22 

D Pr(Z>0.2) E Pr(Z>138) 

10 [ENS 2018n 20020) A farm grows oranges and lemons. The oranges have a mean mass of 

200 grams with a standard deviation of 5 grams and the lemons have a mean mass of 70 grams with a 

standard deviation of 3 grams. 

Assuming masses for each type of fruit are normally distributed, what is the probability, correct to four decimal 

places, that a randomly selected orange will have at least three times the mass of a randomly selected lemon? 

A 0.0062 B 0.0828 Cc 0.1657 D 0.8343 E 0.9172 

11 Nitrogen oxide emissions for a certain type of car are known to be normally 

distributed with a mean of 0.875 g/km and a standard deviation of 0.188 g/km. 

For two randomly selected cars, the probability that their nitrogen oxide emissions differ by more than 

0.5 g/km is closest to 

A 0.030 B 0.060 Cc 0.960 D 0.970 E 0.977 
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> 12 [AES 2018n 2019 } A local supermarket sells apples in bags that have negligible mass. 

The stated mass of a bag of apples is 1 kg. 

The mass of this particular type of apple is known to be normally distributed with a mean of 115 g and 

a standard deviation of 7 g. A particular bag contains nine randomly selected apples. 

The probability that the nine apples in this bag have a total mass of less than 1 kg is 

A 0.0478 B 0.1132 Cc 0.4265 D 0.5373 E 0.9522 

13 [EXENY 2021 20020 | (43% An office has two coffee machines that operate independently of each other. 

The time taken for each machine to produce a cup of coffee is normally distributed with a mean of 

30 seconds and a standard deviation of 5 seconds. On a particular morning, a cup of coffee is produced 

from each machine. 

The probability that the time taken by each coffee machine to produce one cup of coffee will differ by 

less than 3 seconds is closest to 

A 0.164 B 0.236 Cc 0.329 D 0.451 E 0.671 

Use the following information to answer Questions 14 and 15. 

Two independent normal random variables X and Y have means of 14 and 24 and standard deviations of 

3 and 6, respectively. 

14 The standard deviation of X+ Y is 

A 9 B 35 c 45 D 38 E 3 

15 The value of Pr(Y > 45 - X), correct to three decimal places, is 

A 0.852 B 0.218 Cc 0.782 D 0.314 E 0.148 

16 Two independent normal random variables X and Y have standard deviations of 10 and 4 respectively. 

The standard deviation of X - Y is 

A V6 B 2V21 Cc 6 D 84 E 2/29 

17 Xisa normal random variable with a mean of 125 and a standard deviation of 10 and Y is a normal 

random variable with a mean of 25 and a standard deviation of 5. If X and Y are independent, the mean 

and standard deviation of 2X - 4Y are 

A 350 and 20/2 B 150and 55 c 150 and0 

D 150 and 20/2 E 135and 30 

18 Two independent normal random variables X and Y have means of 20 and 40 and standard deviations of 

4 and 12, respectively. Correct to three decimal places, Pr(X + Y < 55) is equal to 

A 0.346 B 0.415 Cc 0.384 D 0.106 E 0.654 

19 (4marks) Each weekday morning, Frankie drives to the station and then catches the train to work. 

The time taken for the car trip has a mean of 20 minutes and a standard deviation of 4 minutes. The 

time taken for the train trip has a mean of 15 minutes and a standard deviation of 2 minutes. The time 

to drive to work and the time to travel by train are independent variables. 

a Find the mean and standard deviation of the total travel time to work. 2 marks 

b Find the probability, correct to three decimal places, that Frankie takes less than 37 minutes 

to get to work. 2marks DP 
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)» 20 (3 marks) A deluxe car wash comprises of a wash and vacuum. The times for the wash and vacuum are 

independent normally distributed variables. If the time for the car wash has a mean of 18 minutes and a 

standard deviation of 3 minutes, and the time for the vacuum has a mean of 12 minutes and a standard (23) 

deviation of 2 minutes, find the probability, correct to three decimal places, that 3 cars can be washed 

and vacuumed in less than 100 minutes. 

(23) Sample means and simulations 

Now we will examine the properties of the sampling distribution of the sample means. We can use CAS 

to generate random samples from a normally distributed population. This will ensure that the population 

mean is known and we can investigate properties of the sample mean. 

The sampling distribution of the sample means ce 

One hundred random samples of 20 integers are taken from the set {1, 2, 3 ... 100} and the mean of each 

sample is calculated. The mean of the population is 50.5. wides Blatt 
Sample 

Each of the 100 samples has a different mean and these means are shown in — 
simulations 

the dotplot. 

The means of the samples are symmetrically spread about the centre, which i bier 

is the mean of all the sample means. # tea 

: : : : : : deviation 
In this simulation, the mean of the sample means is 51.2, which is 200 a ges Sous ee oa 

approximately equal to the mean of the population (50.5). 34 38 42 46 SO S4 58 62 66 

| USING CAS 3 | The distribution of the sample means by simulation 

Generate 100 samples of size 30 from a population that is normally distributed with a mean of 40 and 

a standard deviation of 5. 

Calculate the mean of each sample and plot the distribution of the sample means. Answers may vary. 

Amean30 8 c D I 
RandSeed 5429 Done 

2 406191 | 

3 40.2237 | 

4 40.8419 | 
5 39.5318 le 

=mean(randnorm(40,5,30)) lig 

1 Press menu > Probability > Random > Seed. 3 Adda Lists & Spreadsheet page. 

2 Enter any number of your own choice to 4 Enter a suitable heading for column A such as 

set a starting point for random number mean30. 

calculations. 5 In the cell A1, enter the formula 

=mean(randNorm(40,5,30)). Press catalog to 

access the functions. 

6 Move the cursor to cell A1 and press menu > 

Data > Fill. 

7 Press the down arrow to fill 100 cells of the 

column. 
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2 
2 
& 

® é 

S % & 

F Setters! 
ee ee T T T —T T 

375 385 39.5 405 41.5 425 43.5 
mean30 

8 Add a Data & Statistics page. 

9 On the horizontal access, select the 

variable mean30. 

10 Ascatterplot of the sample means will 

be displayed. 

37.5 38.5 39.5 40.5 41.5 425 43.5 
mean30 

11 Press menu > Plot Type > Histogram. 

12 Press menu > Analyze > Show Normal PDF. 

13 The normal curve for the average mean and 

standard deviation will be displayed with the 

histogram. 

© File Edit Graph Calc 
:[s]~alp|c[ple|F]>] 

Fill Range 

Formula ‘mean (randNorm(5, 

Range {A1:A100 

OK Cancel 

1 Open the Spreadsheet application. 

2 Tap Edit > Fill > Fill Range. 

3 In the dialogue box Formula field, enter 

Catalog to access the randNorm function. 

4 For the Range field, enter A1:A100. 

@ Edit View Type Calc (x) 

mean(randNorm(5, 40, 30) 

8 Ahistogram of the sample means will be 

displayed in the lower window. 

mean(randNorm(5,40,30)). Open the Keyboard > 

© File Edit Graph Calc 

5 100 sample means will be displayed in column A. 

6 Tap Ato highlight the whole column. 

7 Tap Graph > Histogram. 

° (x) 

(=e 
One-Variable [+] 

X = 40.026889 

=x = 4002. 6889 

=x? = 160303. 13 

0x = 0.9377993 

Sx = 0. 9425238 

n= 100 

minX = 37. 680901 

Qi = 39. 399452 

Med = 40. 105534 

Q, = 40. 657309 ry | 

Output>> | MW) Link Close 

9 Tap to highlight the upper window. 

10 Tap Calc > One-Variable. 

11 The one variable statistics for the sample 

means will be displayed in the lower window. 

12 Tap Resize to display them in a full screen. 
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The mean of the sampling distribution of sample means 

The sampling distribution of the sample means contains the means (X) of all possible samples of size n (23) 

from a population. 

The mean of the sample means ( [/;) is equal to the mean of the population (1). 

Uz = 

There is some variability in the sample means and the standard deviation is a measure of the variability. 

The standard deviation of the sample means is the standard error of the sample mean. 

fe) si ese) > 7 | B=) Finding probabilities from a simulated sample 

A random sample is taken from a population that is normally distributed with a mean of 80 and a standard deviation 

of 10. Using simulation, 100 of these random samples is generated and the results are shown in the dotplot. 

Find the probability that a sample contains a mean greater than 82. 

p. 239 E ah eit 

Steps Working 

Count the number of sample means greater than 10 of the samples contain sample means greater 

82. The probability is a fraction of the total number _ than 82. 

of samples. Probability of a mean greater than 82 

10 1 

~ 100 10 

Vile) si ¢ Se) > @-\\ | B= sie) Finding the mean of the sample means using simulation 

The amount of time spent in the supermarket shopping for groceries is normally distributed with a mean 

of 30 minutes and a standard deviation of 6 minutes. p.240 

a Simulate 50 samples of size 40 and calculate the sample means for each sample. Display the results as a 

dotplot or histogram. 

b Find the average of the sample means for the samples of size 40. 

Steps Working 

a Generate the means of the samples with CAS using the randNorm command. 

Cell formula = mean(randnorm(30,6,40)). Cell formula = mean(randNorm(6, 30,40)). 

Copy for 50 cells. Copy for 50 cells. 

@ Edit View Type Cale (x) 

BS 
iS eo 
tel 

occe heb Ey. 2séSe 
28.0 28.5 29.0 29.5 30.0 30.5 31.0 31.5 

mean40 

b Calculate one-variable statistics for the data in mean of x = 29.95 

column A. Answers may vary slightly. mean of X = 29.85 
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Larger samples and the sampling distribution of 

the sample means 
When a random sample is taken from a population, the reliability of the sample statistics is influenced by 

the sample size. This effect can be seen when the mean is calculated with samples of different sizes. 

For example, in the situation below, samples are taken from a normally distributed population with a mean 

of 30 and a standard deviation of 5. 

Sample means with a sample size of 20 

Fr
eq
ue
nc
y 

Ww
 

275 285 295 305 31.5 32.3 
mean20 

Sample means with a sample size of 200 

12 

rk 

25 305 315° 
mean200 

Standard deviation of x 

20 29.96 1.174 

200 30.01 0.346 

Large sample sizes 

The effect of a larger sample size is 

« the sample mean is closer to the population mean 

« there is less variability in the means. 

A larger sample size produces less error and a more reliable estimate of the population mean. 

Vf) si ese) > @\\ | B=) The mean and standard deviation of sample means for different 

sample sizes 

Random samples of size n are taken from a population that is normally distributed with a mean of 160 

and a standard deviation of 20. Complete 100 simulations for sample sizes of 30 and 150 and determine 

the mean and standard deviation of the sample means. 

Steps Working 

1 Generate the means of the samples by CAS 

using the randNorm command. 

Use n = 30 and n = 150 in the formulas. 

Cell formula = mean(randnorm(160,20,n)). 

Copy for 100 cells. 

2 Answers may vary slightly. 

Cell formula = mean(randNorm(20,160,n)). 

Copy for 100 

Sample size | Mean of x | Standard deviation of x 

30 

cells. 

159.50 3.385 

150 159.77 1.621 
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The standard error for the sample means 
The standard deviation of the sample means is also called the standard error of a sample mean. This 

standard error of X is written as SE(x) or oO; . The standard error indicates how much the sample mean 

x, for a particular sample size, deviates from the population mean LU. 

The standard error formula 

The standard error for a sample mean is given by 

SE() =e 
vn 

where is the population standard deviation and n is the sample size. 

We are unlikely to know the population standard deviation, so the sample standard deviation is used as an 

approximation of the population standard deviation. 

Wile) si ¢Se) > @\\ | 8= 45) The standard error of the sample mean 

A random sample of 200 pears is taken at a fruit cannery. The weight of the pears is normally distributed 

with a mean weight of 70 g and a standard deviation of 8 g. Find the standard error of the sample mean. 

Steps Working 

Use the formula SE(x) = SE(X) = = 0.566 
vn 

EXERCISE 12.3 Sample means and simulations ANSWERS p. 600 

Recap 

Use the following information to answer Questions 1 and 2. 

X and Y are independent normally distributed random variables where X has mean 75 and standard 

deviation 10 and Y has mean 50 and standard deviation 5. 

1 The mean and standard deviation of X+ 4Y is 

A 275 and 20J5 B 275and10V5 © 125and15 

D 275 and 30 E 275and 30 

2 The value of Pr(X + 4Y > 290), correct to three decimal places, is 

A 0.003 B 0.012 Cc 0.045 D 0.089 E 0.251 

Mastery 

3 Generate 50 samples of size 25 from a population that is normally distributed with a 

mean of 145 and a standard deviation of 12. 

Calculate the mean of each sample and plot the distribution of the sample means. 

4 Arandom sample is taken froma population |* 

that is normally distributed with a mean of 80 and a standard ts : jae 

deviation of 10. Using simulation, 100 of these random samples is & 883 3 
. 77 78 79 80 81 82 83 84 

generated and the results are shown in the dotplot. mean50 

Find the probability that a sample contains a mean less than 78. 
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> 5 The amount of time a person spends standing, in a normal working day, is 

normally distributed with a mean of 400 minutes and a standard deviation of 30 minutes. 

a Simulate 50 samples of size 80 and calculate the sample means for each sample. Display the results as 

a dotplot or histogram. 

b Find the average of the sample means for samples of size 80. 

6 Random samples of size n are taken from a population that is normally 

distributed with a mean of 250 and a standard deviation of 50. Complete 100 simulations for sample 

sizes of 20 and 200 and determine the mean and standard deviation of the sample means. 

Copy and complete the table below. 

Sample size | Mean of X | Standard deviation of X 

20 

200 

7 A random sample of 100 eggs is taken at a free-range farm. The weight of the 

eggs is normally distributed with a mean weight of 12 g and a standard deviation of 1.5 g. Find the 

standard error in the sample mean. 

Exam practice 

Use the following information to answer Questions 8 and 9. 

stil. | 
68 692 696 70.0 704 708 | 68.2 696 70.0 “em 70.8 

The weight of hatched chicks is normally distributed with a mean 

weight of 70 g and a standard deviation of 3 g. A simulation of 
ci
ck
 

toa 
120 samples of size 60 is completed and the sample means are shown. 

an60 
8 The probability of a sample having a sample mean less than 69.2 is a 

aL B c = pt el 
40 100 70 20 3 

9 The probability of a sample having a sample mean greater than x is = The value of x is 

A 70 B 70.2 Cc 70.4 D 70.6 E 70.8 

Use the following information to answer Questions 10, 11 and 12. 

Random samples of size 50 are taken from a population that is normally 

distributed with a mean of a and a standard deviation of b, and the mean of 7% ™ 

the samples is calculated. This process is repeated by simulation x times 

and the one-variable statistics for the sample means is shown. One-Variable Q 
® = 749. 26918 

10 The number of simulations is Ex = 59941.535 
A 50 B 80 c 100 Ex* = 44913324 

Ox = 3, 4981891 

D 150 E 749 sx = 3.5202599 
n=80 

minX 40. 92766 

11 The value of the population mean, a, is Q, = 746. 84473 
A 3.5 B 50 Cc 380 Med = 749. 29794 

. Qs = 751.3998 a 

D 741 E 750 a en 

a 
12 The standard deviation of the population is 

A 35 B 3.52 c 20 

D 25 E 315 > 
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)» 13 A random sample of size 64 is taken from a normally distributed population with a mean of 40 

and a standard deviation of 8. The standard error for the sample means is 

Al B 2 c4 D5 E 8 

14 (2marks) A random sample of 50 items is taken from a normally distributed population. 

The sample mean is 29.95 and the standard deviation of the sample means of size 50 is 0.566. 

Find, to the nearest integer, 

a_ the population mean. 1 mark 

b_ the population standard deviation. 1 mark 

15 (2marks) The birth weight of babies is normally distributed with a mean of and a standard deviation 

of o. A random sample of 100 babies is taken and the birth weights are recorded. If the sample mean 

is 3.49 kg and the standard deviation of the sample means of size 100 is 0.05 kg, find, correct to one 

decimal place, 

a_ the population mean. 1 mark 

b_ the population standard deviation. 1 mark 

16 (3 marks) The volume of soft drink in a can is normally distributed with a mean of 345 ml and a standard 

deviation of 2 ml. 

a Simulate 50 sample means by taking random samples of size 60. Present the summary 

as a dotplot or histogram. 1 mark 

b_ Find the mean of the sample means and the standard deviation of the sample means. 2 marks 

Confidence intervals for the 
population mean 

A parameter is a characteristic value of a particular population, such as a mean. A statistic is an 

estimate of a population parameter found from a sample. In most cases, we cannot be absolutely certain 

of the value of a parameter because we cannot obtain values from a whole population, so we must use a 

statistic instead. 

Point estimates and interval estimates 

A sample statistic is used to estimate a population parameter. 

A point estimate of a parameter is a single value obtained from a sample. The statistic used is called an 

estimator of the parameter. 

An interval estimate of a parameter is an interval that is likely to include the value of the parameter. 

Suppose we need to find the amount of time Year 12 students spend on social media per day and we find 

the mean daily social media use from a sample of 50 Year 12 students. This sample mean is a point estimate 

of the population mean. An interval estimate for the daily social media use of Year 12 students is an interval 

that is likely to contain the population mean. 

The observed interval will vary from sample to sample. The frequency with which the interval contains the 

population parameter is given by the confidence level. 

For example, if we take 100 samples of size n from a population to estimate the population mean {land 

calculate 95% confidence intervals for the sample mean for each sample, then about 95 of these intervals 

will contain the population mean. 
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@ 
Worksheet 

Normal 
distributions 

p. 243 
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Confidence intervals and the margin of err 

For a confidence interval symmetric about the mean in a distribution: 

« the confidence level is equivalent to the probability 

that the population parameter being estimated lies Confidence level 

within the confidence interval. 
Margin of error 

« the margin of error is the distance of the ends of the 

interval from the mean. It is half of the confidence 

interval. 
lu 

<—N ©— Confidence interval 

Confidence intervals from a simulation 

In the confidence interval (a, b), a is the lower quantile and b is the upper quantile. 

The confidence level of a confidence interval is equal to the proportion of values in the distribution that lie 

between the upper and lower quantiles. 

If a confidence interval of (a, b) has a confidence level of 95%, then 95% of the values in the distribution will 

be included in this interval. 

Confidence intervals and confidence levels 

For a confidence interval (a, b) with a confidence level of c: 

Confidence interval: 

Pr (a <X< b) we Confidence interval = (a, b) 

Tails: 

The tails represent the values in the distribution that 

are less than a or greater than b. Tail Tail 

Ok en)= RYO = hot a a 

Confidence intervals of a normally distributed 
variable 
The inverse cumulative normal distribution can be used to determine the confidence interval at any 

confidence level for a normally distributed variable. 

fe) st ¢ Se) > GN | 28 = se) Finding a confidence interval for a normally distributed variable 

The time, in minutes, that Year 12 students spend on social media is a normally distributed random 

variable with a mean of 80 min and a standard deviation of 9 min. 

Find a 95% confidence interval, correct to one decimal place, for this variable. 

Steps Working 

1 Determine the percentage of values in each tail. | The confidence interval contains 95% of the 

sample. 

The proportion in each tail 

=U 01025 
2 

2 Use the inverse cumulative normal distribution Pr(X < lower quantile) = 0.025 

to determine the quantiles of the confidence Pr(X < upper quantile) = 1 - 0.025 

interval. = 0.975 
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3 Use CAS to determine the quantiles of the 

confidence interval. 

Edit Action Interactive 

invNorm(0.025,80,9) 62.3603 
linvNormCDf ("L”, 0.025, 9,80) (i) 

invNorm(0.975,80,9) 97.6397 62. 36092414 
inyNormCDf("R”, 0.025, 9, 80) 

97. 63967586 

95% confidence interval = (62.4, 97.6) 

Confidence intervals for the population mean 
The Tasmanian farmers fruit growers’ association needs to determine the mean weight of golden delicious 

apples grown in their state in this year’s harvest. They take random samples of 100 apples from randomly 

selected orchards and use this sample to estimate the mean weight of every golden delicious apple in this 

year’s Tasmanian harvest. 

This one sample will have a mean of X and a standard deviation of s. 

The sampling distribution of the sample means of size 100 is the set of every possible sample mean and is 

represented by X = {X,,X,%3 ... X,}- In this set, X, is the mean of sample 1, X, is the mean of sample 2 

and so on. The standard deviation of the set of sample means of size 100, written as Ox, is a measure of the 

spread of the sample means about the mean. The properties of this sampling distribution enable predictions 

to be made about the population mean j. 

The central limit theorem states that the distribution of the sample means taken from any kind 

of distribution is approximately normally distributed. The larger the sample size, n, the closer the 

approximation to the normal distribution. n = 30 is generally considered large enough to assume the 

sampling distribution is normal. 

The mean and standard error of the sample means 

If X is any random variable with mean LU and standard deviation o, then the sampling distribution of 

sample means X, of size n, will be approximately normal, provided n is sufficiently large. 

The mean of the sample means E(X) =p. 

The standard deviation or standard error is SE (X) =Ox &. Te 

(ai) 
If the population X is normally distributed, then the sampling distribution 

of the sample means, of any size n, is also normal. 
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Whe) ses) > 7 | B= 4" Finding the probability for the sampling distribution of the 

sample means 

p. 244 The life of LED light globes is normally distributed with a mean of 50 000 hours and a standard deviation 

of 5000 hours. What is the probability that the mean life of a sample of 25 LED light globes will be less 

than 52 000 hours (correct to three decimal places)? 

Steps Working 

1 Estimate standard deviation of the sampling o 5000 5000 

distribution. Ox = vn J 5 | a000 

2 Since the population is normal, the sampling The sampling distribution is approximately normal. 

distribution of the sample means is also normal. 

3 Find the probability using CAS. 

© Edit Action Interactive 

G9 Cis 2) a 
normCdf(-,52000,50000,1000) 0.97725 normCDf (==, 52000, 1000, 50000) ES] 

0. 9772498681 |) 

Pr(X re 52000) = 0977 

Ve) si ¢ Se) > NB = 5) Finding a confidence interval for the population mean 

A random sample of size 50 is taken from a population that is normally distributed with a standard 

deviation of 5. If the mean of the sample is 75, find a 90% confidence interval for the population mean 

(answer correct to 2 decimal places). 

Steps Working 

1 Estimate the standard deviation of the sampling o 5 1 

distribution. Ox = Vn J50 V2 

2 Since the population is normal, the sampling The sampling distribution is approximately normal. 

distribution of the sample means is also normal. 

3 Determine the percentage of values in each tail. The confidence interval contains 90% of the sample. 

1—0.90 
The proportion in each tail = 2 0.05. 

4 Use the inverse cumulative normal distribution Pr(X < lower quantile) = 0.05 

to determine the quantiles of the confidence Pr(X < upper quantile) = 1 - 0.05 

interval. =0.95 

5 Use CAS to determine the quantiles of the 

confidence interval. Enter the sample mean 

as the mean of the sampling distribution. 

@ Edit Action Interactive 

84 | doe | FI] Sime | | v oe 1 73.8369 
invNorm|0.05,75,—= ~ invNormcbr(L*, 0.08, >, 75) o 

i2 v2 
73. 83691285 

76.163 i =p 1 
inenorn(095,75 2 6.1631 invNormcpr R 0.05, 7. 75) 

2 76. 16308715 

90% confidence interval = (73.84, 76.16) 
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CAS has a built-in feature that can be used to find the confidence interval for the population mean from a 

sample of a given size such as the previous example. 

| USING CAS 4 | The confidence interval for the population mean 

From Worked example 15, a random sample of size 50 is taken from a population that is normally 

distributed with a mean of 75 anda standard deviation of 5. Confirm the 90% confidence interval for 

the population mean. 

z Interval zInterval 5,75,50,0.9: statresults 

ofs ‘ "Title" —"z Interval" 

"CLower" 73.8369 

% [7S » "CUpper" 76.1631 

nz [50 5 ate 75. 
"ME" 1.16309 

Z “at 50. 
OK = Cancel "o" 5. 

1 Press menu > Statistics > Confidence Intervals 4 The z Interval statistics will be displayed. 

> z Interval. 5 The CLower and CUpper values specify the 

2 On the next screen, change the Data Input confidence interval, which is (73.84, 76.16). 

Method: setting from Data to Stats. 

3 In the dialogue box, enter the values as 

shown above. 

OneSampleZint @ 

1 Tap to open the Statistics application. 

2 Tap Calc > Interval. 

3 On the next screen, tap Variable then tap Next. 

4 In the dialogue box displayed in the lower 

screen, enter the values as shown above, then 

tap Next. 

|OneSampleZint @ 

5 The Z Interval statistics will be displayed. 

6 The Lower and Upper values designate the 

confidence interval, which is (73.84, 76.16). 

The confidence interval is (73.84, 76.16). 

Confidence intervals for the population mean and the margin of error 

The confidence interval for the population mean is ( 

standard deviation o is known. 

When o is not known, the confidence interval is (F 

Oo 

vn vn 
= = oO 3 
X—-Z—=,x+z +.) when the population 

Ss Aen S 
ns Ge | 

vn vn 
where s is the sample standard deviation, x is the sample mean and z is the appropriate quantile for the 

standard normal distribution. 

. s 
The margin of error E = z—~. 

vn 
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z-values for common confidence levels 

The z-values vary for different confidence levels and can be calculated from an inverse cumulative standard 

normal distribution Z ~ N(0, 1). 

The most common confidence levels are 90%, 95% and 99%. 

Confidence | Proportion in Zz 95% confidence intervals 

feu cave) The 95% confidence interval for the population mean is 
99% 0.005 2.58 

95% 0.025 1.96 [5 -196-4.8-+196-4 | 
90% 0.05 1.64 vn vn 

Vile) st =) > GN) 84) Confidence interval formula 

At a strawberry farm, the mass of a random sample of 100 strawberries is recorded. The sample has a 

mean of 5.2 grams and a standard deviation of 1 grams. Find a 95% confidence interval for the mean mass 

of strawberries at the farm (correct to three decimal places). 

Steps Working 

1 Estimate the standard error for the sampling Use s = 1 to find the standard error of the 

distribution using the sample standard sample means. 

deviation, s, as an estimate of the population s 1 1 

standard deviation o. “x = Un ~ 100 ~ 10 

2 Since n = 30, we can use the normal distribution. The sampling distribution is approximately 

normal as n = 100 > 30. 

3 Determine the z-value used for a 95% confidence interval. Use z= 1.96 for a 95% confidence interval. 

4 Substitute into the formula for the confidence (= - 1.96 = ee 196-4] 
vn vn interval. 

= 52-1964, 52 196x 4 
10 10 

= (5.004, 5.396) 

The 95% confidence interval for the mean of the 

mass of strawberries at the farm is (5.004, 5.396). 

Vile) st ¢ Se) > @-\\ | B= sive Finding the sample size n, for a given margin of error 

A population has a standard deviation of 20. Determine the smallest sample size, n, needed so that the 

sample mean is within 5 of the population mean at a 95% confidence level. 

Steps Working 

Use the margin of error formula to calculate n. _ margin of error=5 

Use the population standard deviation 20 for 

sand z= 1.96 for a 95% confidence level. 

M=z—=<5 
Vn 

196x722 <5 
n 

Jn > 196% 20 _ 7 94 
5 

n > 7.84? = 61.4656 

n=62 
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Ve) st ¢ se) > 7-\\ | B= sF:) Finding the sample mean and size, for a given 

confidence interval 

The standard deviation of the weights of apples picked on an orchard is 6.2 g. From the results of a sample 

of n apples, a 95% confidence interval for the mean weight of apples was calculated to be (84.48, 87.52). 

Calculate the mean score and the size of this random sample. 

Steps Working 

1 Calculate the sample mean by finding the — 84.48 + 87.52 

median of the confidence interval. ae Ei} 8 

2 Calculate the margin of error and substitute into M = 87.52 - 86= 1.52 

the formula 
1.52 =1.96x Be 

M=z2 vn 
vn 

using z= 1.96 and o= 6.2. 

3 Solve the equation for n using CAS. n= 64 

The sample mean of the sample of 64 apples is 86 g. 

EXERCISE 12.4 Confidence intervals for the population mean ANSWERS p. 601 

Recap 

The following information refers to Questions 1 and 2. 

Random samples of size 100 are taken from a population that is normally 

distributed with a mean of a and a standard deviation of b, and the mean 

of the samples is calculated. This process is repeated by simulation x times 

and the one-variable statistics for the sample means is shown. 1 Title 

Zax 25.0555) 
1 The value of the population mean, g, is closest to 

3 =x 1252.78 
A 25 B 25.1 

i pag 31395.8 
c 50 D 100 

5 SX:= Sn... 0.371573 
E 1253 

6 OX:= On... 0.367838 

2 The standard deviation of the population is closest to 70n 50. 

A 0.37 B 0.38 8 Minx 23.6747 

Cc 37 D 10 9 QixX 24.8788 

E 25 10 Medianx... 25.0921 

11 Q3X 25.3039 

12 Maxx 25.8102 

13 SSX =F 6.76595 

="One-Variable Statistic: 

Mastery 

3 The time, in minutes, that customers spend at the art gallery is found to be a 

normally distributed random variable with a mean of 60 minutes and a standard deviation of 

15 minutes. 

a Find a 95% confidence interval, correct to one decimal place, for this variable. 

b Find the 99% confidence interval for the normal variable X with mean 55 and standard deviation 18. 
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> 4 Eq wonennanriei) 
a_ The resting pulse rates for adults is normally distributed with mean 70 bpm and standard deviation 

10 bpm. Find the probability, correct to four decimal places, that a sample of 36 adults will have a 

resting pulse rate greater than 68 bpm. 

b The number of hours of battery life for a particular type of laptop is found to be normally distributed 

with mean 650 minutes and standard deviation 45 minutes. Find the probability, correct to four 

decimal places, that a sample of 81 laptops will have a battery life less than 660 min. 

5 [Eq workep EXAMPLE 15 

a A random sample of size 100 is taken from a population that is normally distributed with a standard 

deviation of 16. Ifthe mean of the sample is 45, find a 90% confidence interval for the population 

mean (answer correct to 2 decimal places). 

b The mean of a sample of size 50 is 28. Determine a 95% confidence interval for the population mean 

if the standard deviation of the population is 9. 

6 A random sample of size 1200 is taken from a population that is normally distributed 

with a standard deviation of 8.2. If the mean of the sample is 33.4, find a 90% confidence interval for the 

population mean (answer correct to three decimal places). 

7 [EQ worked EXAMPLE 16 ) At an apple orchard, the weight of a random sample of 50 apples is recorded. 

The sample has a mean of 85 g and a standard deviation of 6 g. Find a 95% confidence interval for the 

mean weight of apples at the farm (answer correct to one decimal place). 

8 P| WORKED EXAMPLE 17 

a_ A population has a standard deviation of 30. Determine the smallest sample size, n, needed so that 

the sample mean is within 7 of the population mean at a 95% confidence level. 

b A population has a standard deviation of 20. Determine the smallest sample size, n, needed so that 

the sample mean is within 4 of the population mean at a 90% confidence level. 

9 A machine fills cups with soft drink. The machine cannot fill each cup with 

exactly the same amount and the standard deviation of the amount of liquid dispensed each time is 

2.5 mL. From the results of a sample of n cups of soft drink, a 95% confidence interval for the mean 

volume of soft drink dispensed was calculated to be (249.3, 250.7). Calculate the mean volume and the 

size of this random sample. 

Exam practice (60-79% — 00-59% 

10 AA% (3 marks) A farmer grows peaches, which are sold at a local 

market. The mass, in grams, of peaches produced on this farm is known to be normally distributed 

with a variance of 16. A bag of 25 peaches is found to have a total mass of 2625 g. 

Based on this sample of 25 peaches, calculate an approximate 95% confidence interval for the mean mass 

of all peaches produced on this farm. Use an integer multiple of the standard deviation in your calculations. 

11 (4 marks) Throughout this question, use an integer multiple of 

standard deviations in calculations. The standard deviation of all scores on a particular test is 21.0. 

a From the results of a random sample of n students, a 95% confidence interval for the mean 

score for all students was calculated to be (44.7, 51.7). Calculate the mean score and the size 

of this random sample. 2 marks 

b Determine the size of another random sample for which the endpoints of the 95% confidence 

interval for the population mean of the particular test would be 1.0 either side of the 

sample mean. 2 marks 
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> 12 

13 

14 

15 

16 

17 

18 

(4 marks) The number of cars per day making a U-turn ata 

particular location is known to be normally distributed with a standard deviation of 17.5. Ina 

sample of 25 randomly selected days, a total of 1450 cars were observed making the U-turn. 

a Based on this sample, calculate an approximate 95% confidence interval for the number 

of cars making the U-turn each day. Use an integer multiple of the standard deviation in 

your calculations. 3 marks 

b The average number of U-turns made at the location is actually 60 per day. Find an 

approximation, correct to two decimal places, for the probability that on 25 randomly 

selected days the average number of U-turns is less than 53. 1 mark 

{G2SSES) (8 marks) A random sample of 100 solar lights produced by a company were tested 

to determine the number of hours of illumination after a full day of charging. The mean number 

of hours was 5.5 with a standard deviation of 0.5. Find a 95% confidence interval for the average 

number of hours of illumination for all the lights produced by the company. Use an integer 

multiple of the standard deviation in your calculations. 

(78% A random sample of 100 bananas from a given area has a mean mass 

of 210 ganda standard deviation of 16 g. 

Assuming the standard deviation obtained from the sample is a sufficiently accurate estimate of 

the population standard deviation, an approximate 95% confidence interval for the mean mass of 

bananas produced in this locality is given by 

A (178.7, 241.3) B (206.9, 213.1) C (209.2, 210.8) 

D (205.2, 214.8) E (194, 226) 

(68% | The lifetime of a certain brand of batteries is normally distributed 

with a mean lifetime of 20 hours and a standard deviation of 2 hours. A random sample of 

25 batteries is selected. 

The probability that the mean lifetime of this sample of 25 batteries exceeds 19.3 hours is 

A 0.0401 B 0.1368 Cc 0.6103 D 0.8632 E 0.9599 

(57% | The gestation period of cats is normally distributed with mean 

16 
= 66 days and variance o* = > The probability that a sample of 5 cats chosen at random has an 

average gestation period greater than 65 days is closest to 

A 0.5000 B 0.7131 C 0.7734 D 0.8958 E 0.9532 

(44% A confidence interval is to be used to estimate the population mean 

based ona sample mean x. To decrease the width of a confidence interval by 75%, the 

sample size must be multiplied by a factor of 

A 2 B4 c 9 D 16 E 25 

[EX 2017 20020 } The mass of suspended matter in the air in a particular locality is normally 

distributed with a mean of Lf micrograms per cubic metre and a standard deviation of o = 8 micrograms 

per cubic metre. The mean of 100 randomly selected air samples was found to be 40 micrograms per 

cubic metre. 

Based on this, a 90% confidence interval for jl, correct to two decimal places, is 

A (38.68, 41.32) B (26.84, 53.16) C (38.43, 41.57) 

D (24.32, 55.68) E (37.93, 42.06) 
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> 19 The heights of all six-year-old children in a given population are normally 

distributed. The mean height of a random sample of 144 six-year-old children from this population 

is found to be 115 cm. Ifa 95% confidence interval for the mean height of all six-year-old children is 

calculated to be (113.8, 116.2) cm, the standard deviation used in this calculation is closest to 

A 1.20 B 7.35 ce 15.09 D 54.02 E 88.13 

20 Consider a random variable X with probability density function 

fo) ={ 2x OSxs<l 

0 x<O0orx>1 

If a large number of samples, each of size 100, is taken from this distribution, then the distribution of the 

sample means, X, will be approximately normal with mean E (Xx) =2 and standard deviation sD(X ) 
3 

equal to 

a a 2 o pt e 2 
60 6 180 18 30 

21 FERENY 2017 2019 ) The petrol consumption of a particular model of car is normally distributed with a 

mean of 12 L/100 km and a standard deviation of 2 L/100 km. 

The probability that the average petrol consumption of 16 such cars exceeds 13 L/100 km is closest to 

A 0.0104 B_ 0.0193 Cc 0.0228 D 0.3085 E 0.3648 

22 (EXON 2021 20018 } 65% A scientist investigates the distribution of the masses of fish in a particular 

river. A 95% confidence interval for the mean mass of a fish, in grams, calculated from a random sample 

of 100 fish is (70.2, 75.8). 

The sample mean divided by the population standard deviation is closest to 

A 13 B 2.6 eC 5.1 D 10.2 E 13.0 

23 Samples of size 50 were taken from a normally distributed population with a mean of 55 and a standard 

deviation of 10. The standard deviation of the sampling distribution is 

a 2 B5 c V2 Dp 10 g IN? 

24 Ina fishing competition at a large lake, 60 trout are caught and weighed. The trout have a mean weight 

of 1.1 kg and a standard deviation of 0.2 kg. The 95% confidence interval for the mean weight of trout in 

the lake is 

A (1.05, 1.15) B (0.9, 1.3) Cc (0.7, 1.5) D (1.06, 1.14) E (0.95, 1.25) 

25 A population has a standard deviation of 32. Determine the sample size needed such that the 95% 

confidence level of the population mean is within 4 of the sample mean. 

A 50 B 6l © 125 D 246 E 342 

26 A random sample of 100 is taken from a population. The sample is normally distributed with a mean 

of 18 and a standard deviation of 3. The margin of error in a 95% confidence interval is 

A 0.059 B 0.424 Cc 0.54 D 0.588 E 3.528 

27 FEN 2018n 2807» } (1 mark) According to medical records, the blood pressure of the general population 

of males aged 35 to 45 years is normally distributed with a mean of 128 and a standard deviation of 14. 

Researchers suggested that male teachers had higher blood pressures than the general population 

of males. 
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To investigate this, a random sample of 49 male teachers from this age group was obtained and found to 

have a mean blood pressure of 133. 

Find a 90% confidence interval for the mean blood pressure of all male teachers aged 35 to 45 years 

using a standard deviation of 14. Give your answers correct to the nearest integer. 

28 (2 marks) Ata large hardware chain, the amount of money spent by customers on the weekend is a 

random variable with a standard deviation of $45. The mean of a random selection of 50 customer 

receipts is $125. Find the 90% confidence interval for the average amount of money spent by all the 

customers on the weekend. Express the quantiles to the nearest dollar. 

29 (2 marks) A random sample of 49 Victorian Year 11 students were surveyed to find the number of hours 

of part-time work they completed each week during a school term. If the sample results are normally 

distributed with a mean of 5.5 hours and a standard deviation of 1.5 hours, determine the margin of 

error in a 90% confidence interval, correct to two decimal places. 

30 (2 marks) The average growth of children between the ages of 2 years and 3 years is thought to be 9 cm 

with a standard deviation of 1 cm. How many results would need to be obtained to establish this with a 

margin of error of 2 cm at a 95% confidence level? 

@ @) Hypothesis testing related to 
the mean bres 

testing 
related to 
the mean 

Statistical inference is the process of drawing conclusions about a population based on the properties of 

a sample. 

A test given to all Year 7 students in Victoria has a mean of 30 and a standard deviation of 6. Researchers 

claim that students who watch video tutorials achieve better than average scores. A random sample of 

50 Year 7 students, who watched video tutorials, was tested and the mean score on the test is found to be 33. 

In this section we will examine how we can test the researchers’ claim. 

The null and alternative hypothesis 
Hypothesis testing is a systematic way to test a claim about a parameter in the population using data 

measured in a sample. There are two hypotheses. 

Hypothesis testing 

Hy): The null hypothesis 

This is a statement about a population parameter (the population mean) that is assumed to be true. 

The null hypothesis is the starting point. We test to see if the parameter stated in the null hypothesis is 

likely to be true. 

H;: The alternative hypothesis 

This statement reflects the claim being made and is the opposite of the null hypothesis. The value of the 

population parameter is either less than, greater than or not equal to the stated value in the null hypothesis. 

The null and alternative hypotheses must be mutually exclusive and exhaustive. 

For the example of the Victorian Year 7 students who watch video tutorials: 

Hy: U=30 
The null hypothesis states that the mean test result for Victorian Year 7 students who watch video tutorials 

will be 30 (that is ‘no effect’). 

Ay: U> 30 
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The alternative hypothesis states the mean test result for Victorian Year 7 students who watch video tutorials 

will be greater than 30 (that is ‘positive effect’). This hypothesis always relates to the claim being made. 

Vfe) st ese) > | B= 40°) The null and alternative hypothesis 1 

The monthly weight gain of turkeys has a mean of 1.5 kg and a standard deviation of 0.2 kg. A poultry farm 

claims their turkeys gain more weight on their new high protein feed. Write the null and alternative hypotheses. 

Steps Working 

1 The null hypothesis is a statement about the population that is assumed null hypothesis 

to be true. Hy: B=1.5 

2 The alternative hypothesis is a statement about the population mean alternative hypothesis 

that contradicts the null hypothesis. Hy > 15 

The claim that the turkeys gain more weight indicates that the direction 

of the alternative hypothesis must be 1 > the population mean. 

Ve) stds) > GN | B= 48) The null and alternative hypothesis 2 

Excite bubble gum claims that their chewing gum holds its flavour for an average of 30 min. A rival 

bubble gum company disputes this claim. Write the null and alternative hypotheses. 

Steps Working 

1 The null hypothesis is a statement about the population mean that is null hypothesis 

assumed to be true. Hy: = 30 

2 The alternative hypothesis is a statement about the population mean alternative hypothesis 

that contradicts the null hypothesis. As the rival company disputes the Hy: #30 

claim, the alternative hypothesis is 1 # the population mean. 

The procedure for a hypothesis test 

« Identify the population of interest and the parameters: population mean () and population 

standard deviation (0). 

« Identify the sample and the statistics: sample size (1), sample mean (x) and sample standard deviation (s). 

« Write the null and alternative hypothesis. 

« Find the z- and p-values for the sample mean. 

« Make a decision to either reject or fail to reject the null hypothesis. 

e Write the conclusion. 

p-values for hypothesis testing related to the mean 
The null hypothesis is the statement being tested. Usually, the null hypothesis is a statement of ‘no effect’ or 

‘no difference. 

If the null hypothesis is disproved (rejected), then the alternative hypothesis ‘is supported’ and can be used 

to describe the population parameter. 

Based on the sample data, the testing method will help determine whether to reject the null hypothesis or 

fail to reject the null hypothesis. 

The p-value is used to make that determination. 

The p-value 

The p-value is the probability of obtaining the value in the sample or a more extreme value, assuming 

the null hypothesis is true. 
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We use a one-sample z test to compare the mean in one sample to the expected norm, which in our case is 

the population mean. The z test can only be used when the population is normally distributed or the size of 

the population is large and the standard deviation is known. 

The mean and standard deviation formulas for calculating the p-value 

When calculating the p-value, with a one-sample z test, a cumulative normal distribution is used. 

mean = population mean J, or [ly = 

<a 
vn 

in place of oy. 

standard deviation (standard error) 0x = 

If o is not known, then use sy = r 

Significance levels for making decisions 
The decision to reject the null hypothesis or fail to reject the null hypothesis is made using the p-value. 

The value at which the null hypothesis is rejected is called the significance level and this is represented 

by the Greek letter a. 

Common significance levels (a) 

If the p-value is less than a, we reject the null hypothesis and support the alternative hypothesis. 

The low p-value indicates that the observed data are extremely unlikely if the null hypothesis is true. 

If the p-value is greater than a, we fail to reject the null hypothesis. 

The ‘significant’ here means the observed difference is probably not due to chance. 

Common levels used for « are 0.05 and 0.01. 

« p-value > a: the observed difference is ‘not significant’ 

¢ p-value < a: the observed difference is ‘significant’ 

(to support the null hypothesis) 

If the significance level is not given, use 0.05. 

A set of data has a mean of 30 and a standard deviation of 4. If a random sample of size 20 is made, 

determine the probability that the mean of this sample is greater than 31. 

zTest 30,4,31,20,1: stat.results 

"Title" "z Test" 

"Altemate Hyp" "[1> 10" 
‘ee 1.11803 

"PVal" 0.131776 

1 31. 

Alternate Hyp: 20. 
"o" 4 

1 Press menu > Statistics > Stat Tests >z 4 Change the Alternate Hyp: setting to 

Test. 

2 On the next screen, change the Data Input 

Method: setting from Data to Stats. 

3 In the dialogue box, enter the values as 

shown. 

Ha: 1 > 0. 

5 The zTest data will be displayed. 

6 The PVal specifies the probability, which is 0.13. 
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Ho 

1 Tap to open the Statistics application. 

2 Tap Calc > Test. 

3 On the next screen, tap Variable, then 

tap Next. 

4 In the dialogue box, change the ju 

condition to >. 

30 

1.118034 

0. 1317762 

31 

5 Enter the values as shown above, then 

tap Next. 

6 The z Test statistics will be displayed. 

7 The prob value designates the probability, 

which is 0.13. 

The probability that the mean of the randomly selected sample is greater than 31 is 0.13. 

WORKED EXAMPLE 21 Renter Roe 

p. 251 and a standard deviation of 0.5 hours. The number of hours of sleep for 50 randomly selected adults 

who are snorers produced a mean of 7.5 hours. Test the hypothesis that snorers sleep less than the general 

population. Test at the 5% significance level. 

The number of hours of sleep an adult has each night is normally distributed with a mean of 7.7 hours 

Steps Working 

1 Write the null hypothesis. 

2 Write the alternative hypothesis. 

3 Find the p-value. 

Assume that Hy is true. 

Find the probability of obtaining the sample 

mean or a value more extreme in the direction 

of the alternative hypothesis. 

As H, is U < 7.7 and the observed mean in the 

sample is 7.5, the observed value or a more 

extreme value is x < 7.5. 

4 Complete a one-sample z test. 

The mean used is the population mean. 

The z test can be completed using CAS. 

Null hypothesis 

Hy: l= 7.7. The mean number of hours of sleep that 

adult snorers have per night is equal to 7.7 h. 

Alternative hypothesis 

Hy: < 7.7. The mean number of hours of sleep adult 

snorers have per night is less than 7.7 h. 

P=Pr(x <7.5|M = 77) 

y 

NI in x q ><
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7.7 

-2. 828427 
zTest 7.7,0.5,7.5,50,-1: stat.results 2.33898-3 

"Title" "z Test" 7.5 

"Alternate Hyp" "1 < 0" I 
"2" ~2.82843 

“PVal" 0.00233 

ye a 75 

‘ni 50. 

"o" 0.5 

Write the p-value. Pr(x <7.5|H =7.7) = 0.0023 

p=0.0023 
5 Make a decision about the null hypothesis for The chance of getting a mean less than 7.5 is 0.0023 

the 5% level of significance. if Hp is true. Since p < 0.05, we reject the null 

Reject if p < 0.05. hypothesis and therefore the result is significant. 

Fail to reject if p > 0.05. 

6 Make a conclusion about the claim. The mean number of hours of sleep that adult snorers 

have per night is significantly less than 7.7 hours 

(z =-2.828, p = 0.0023, x = 7.5, o= 0.5, n= 50). 

There is enough evidence to support the claim that 

snorers get less sleep than the general public. 

One-tailed and two-tailed tests 
In the previous example, a one-tailed test was performed to test a ‘less thar’ claim, but a two-tailed test is 

required for a ‘not equal to’ claim. 

p-values for one- and two-tailed tests 

One-tailed test 

A ‘less than’ (<) or ‘greater than’ (>) sign in the alternative hypothesis indicates that a one-tailed 

test is required. 

In this one-tailed test, v1 

« the null hypothesis Ho: = LL, 

¢ the alternative hypothesis Hy: fu < pl, p-value 

° p-value = Pr (X ‘< x| = th) 

el
 

My >I
 

where X is the sample mean and 1, is the mean of the population. 

Two-tailed test 

A two-tailed test looks for any change in a parameter. The presence of a not equal to sign (#) in the 

alternative hypothesis indicates that a two-tailed test is required. 

In this two-tailed test, 
yi 

« the null hypothesis Ho: = LL, 

¢ the alternative hypothesis Hy: 4 LM, 
_ p-value. 

° p-value =2x Pr(X > x| = 1); for X > Lh 

we mo Xx xX 

° p-value =2 x Pr(X < x|m = 4) for X < Ly 

where X is the sample mean and [U, is the mean of the population. 
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Mfe) 1 d= NB ye Two-tailed test 

A company sells fruit juice and sets their machines up to dispense the same amount of juice in each bottle. 

The mean and standard deviation of the volume of juice in each bottle are 350 ml and 5 ml, respectively. 

A consumer group claims there is not 350 ml of juice in each bottle. They then test a sample of 100 bottles 

and find the average volume to be 348 ml. Test the consumer groups claim at the 1% significance level. 

3 Assume that Hy is true. 

Find the probability of obtaining the sample 

mean or a value more extreme in the direction of 

the alternative hypothesis. 

As H, is L # 350, a two-tailed test is required. 

We calculate the probability of the observed 

value x = 348, ora more extreme value is 

(x < 348). 

4 Complete a one-sample z test. 

The mean used is the population mean. 

The p-value is found using CAS. 

Input the data using CAS. 

zTest 350,5,348,100,0: stat.results 

"Title" "z Test" 

"Alternate Hyp" "pL # 0" 

‘zn ~4, 

"PVal" 0.000063 

be 348. 

“n" 100. 

"6" 5. 

5 Make a decision about the null hypothesis. 

When p-value < 0.01, the observed difference 

is significant. 

6 Make a conclusion about the claim. 

Since the null hypothesis Hy is rejected and the 

alternative hypothesis is Hj: p1 # 350, we need 

to decide if 1 > 350 or WW < 350. 

The sample mean X = 348 is less than 350, 

therefore we choose jl < 350. 

Steps Working 

1 Write the null hypothesis. null hypothesis 

Hy: M= 350 
2 Write the alternative hypothesis. The alternative _ alternative hypothesis 

hypothesis is that there is not 350 ml in a bottle. Hy: w# 350 

p=2x Pr(X < 348|u = 350) 

y 

348 350 352 -X 

= 350 

p= 0.000063 

w# [350 
7-4 ] 

prob|6.3342e-5 | 
K/348 

The chance of getting a mean less than 348 or 

greater than 352 is 0.000 063 if Hy is true. We reject 

the null hypothesis f1 = 350 because p is less than 

0.01 and therefore the result is significant. 

The mean volume of juice in the bottle is 

significantly less than 350 ml (z= —4, p = 0.000063, 

xX = 348, 0=5,n= 100). 

There is enough evidence to support the claim that 

the average volume of juice in the bottle is less than 

350 ml. 
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Critical values for a given significance level 
In hypothesis testing, there are two ways to determine if there is enough evidence to reject or fail to reject 

the null hypothesis. 

The first way is to calculate the p-value and compare it with the level of significance a, which we have 

covered in detail in the previous section. 

The second way is to compare the test statistic (z) with a critical value determined from the level of 

significance a. 

If the test statistic is more extreme than the critical value, the null hypothesis is rejected. The values where it 

would be rejected is called the rejection region. 

Critical z values for common significance levels 

yl yl yl 

a & 
(3 a 2 2 

c Zz — ~ Z c 2 

a | z=-c a |z=c a |z=te 

0.01 | —2.326 0.01 | 2.326 0.01 | + 2.576 

0.05 | —1.645 0.05 | 1.645 0.05 | + 1.960 

0.1 | -1.282 0.1 | 1.282 0.1 | + 1.645 

where 0x =—= 

s 
When g is not known, use sz = Vn in place of Ox. 

(ai) 
Memorise the critical z-values for one- and two-tailed tests at the 0.01, 0.05 and 0.1 levels 

of significance. They may be required in Exam 1 in questions on hypothesis testing. 

The inverse cumulative normal distribution can be used to find the critical z-value. 

Let the critical z-value =c. 

For a significance level a = 0.05 with a right one-tailed test 

Pr(z > c) = 0.05 

| USING CAS 6 | Finding the critical z-value 

Find the critical z-value for a one-tailed test with a significance level of 0.05. 

© Edit Action Interactive 

invNorm(0.95,0,1) 1.64485 invNormCDf("R”,0.05,1,0) 
1644853627 |) 

For Pr(z > c) = 0.05, c = 1.64485. 
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le) sso) > G\\ | 28s) Testing a null hypothesis using a critical z-value 

distributed with a standard deviation of 20 mL. 

at the 0.05 level of significance. 

YoGood sells yoghurt in containers with an advertised mean volume of 250 mL. Their competitors claim 

that on average the containers contain less yoghurt than advertised. They take a random sample of 

16 containers and find the mean volume is 248 mL. The volume of yoghurt in all containers is normally 

a State appropriate null and alternative hypotheses for the volume. 

b The p-value for this test is given by the expression Pr(Z < z), where Z has the standard normal 

distribution. Find the value of z and hence determine whether the null hypothesis should be rejected 

ox Nn 

2 Compare the test statistic with the critical 

z-value for the significance level of 0.05. 

Steps Working 

a 1 Write the null hypothesis. Hy: W= 250 

2 Write the alternative hypothesis. Hy: p< 250 

b 1 Find the value of the test statistic z. o 20 20 

ke Rn ie 4 
2 = SoH Where o,=2 Substitute = 250, oy =5 

3 Make a decision about the null hypothesis. 

X—p 248-250 _ 
Ox 5 

z= —0.4 

For a = 0.05, the critical z value = —1.645 and the 

test statistic z is — 0.4. 

y 

Critical z-value =—1.645 

Test statistic z=—0.4 

The test statistic z= —0.4 is not less than the critical 

z-value = —1.645 and lies outside the rejection 

region. 

We fail to reject the null hypothesis 44 = 250 mL at 

the 0.05 significance level. 

(z= -0.4, ¥ = 248, o= 20, n= 16) 

We) si ¢se) > G\\ | hs 2" Finding critical values of the sample mean 

Consider the hypotheses Hy: u= 45, Hy: u # 45 

sampling distribution of the sample means. 

A normally distributed population has a mean of 45 and a standard deviation of 5. 

a Find the critical z-values at the 0.04 significance level, correct to three decimal places. 

b A random sample of size 25 is taken from this population. The random variable X represents the 

Find the critical values of X at which the null hypothesis would be rejected. 

Steps Working 

a 1 Draw the standard normal distribution, y 

label the critical z-values and the 

associated probabilities. 

A two-tailed test is required for u # 45. 0.02 0.02 

—Zz Zz Zz 
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2 Use an inverse cumulative normal Pr(Z < -2.054) = 0.02 and Pr(Z > 2.054) = 0.02 

distribution.on CAS to find z. Critical z-values are —2.054 and 2.054. 
In the two-tailed test, we reject the null 

hypothesis p= 45 if the test statistic is in 

the rejection region shaded in the standard 

normal distribution. 

TI-Nspire ClassPad 

© Edit Action Interactive 

( ) Ei] > [ia] sine |] vv 
i -2.053 invNorm(0.02,0,1 2.05375 invNormCDE("L",0.02, 1,0) [| 

-2. 053748911 |) 

b 1 Find the value of ox . os 5 = 

vn 25 

2 X is the sampling distribution of the Right tail 

sample means of size 25 with a mean Let the critical value = c. 

of 45 and a standard error of 1. Pr(Z > 2.054) = Pr(X > c) = 0.02 

The value of c corresponds to the critical 45 

z-value of 2.054. 2.054 = I 

Substitute into z = 7". AID 
Ox 

The value of d corresponds to the critical Left tail 

z-value of -2.054, Let the critical value = d. 

Substitute into z = ~—*, Pr(Z < -2.054) = Pr(X < d) = 0.02 
Ox 

2.054 = a-45 

The critical values of the sample mean can 1 

also be found using CAS by finding the d = 42.946 

96% confidence interval with mean = 45, Reject the null hypothesis if the sample mean is less 

standard deviation = 5, sample size = 25 than 42.946 or greater than 47.054. 
and confidence level = 0.96. 

EXERCISE 12.5 Hypothesis testing related to the mean ANSWERS p. 601 

Recap 

1 A random sample of 150 mangoes from a given area has a mean mass of 220 g and a standard deviation 

of 15g. 

Assuming the standard deviation obtained from the sample is a sufficiently accurate estimate of the 

population standard deviation, an approximate 90% confidence interval for the mean mass of mangoes 

produced in this locality is given by 

A (205, 235) B (217.9, 222.1) Cc (218, 222) 

D (218.8, 231.2) E (216, 224) 

2 The heights of all four-year-old children in a given population are normally distributed. The mean 

height of a random sample of 64 four-year-old children from this population is found to be 102cm. 

If a 95% confidence interval for the mean height of all six-year-old children is calculated to be 

(101.4, 102.6) cm, the standard deviation used in this calculation is closest to 

A 03 B 06 © 12 D 2.0 E 24 > 
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> Mastery 

3 ie WORKED EXAMPLE 19 

a_ The average time spent waiting at a doctor's surgery is 40 minutes. The practice introduces a new 

system of warning patients by SMS in advance if the doctors are running late and they claim that this 

has reduced the average waiting time. Write the null and alternative hypotheses. 

b The average mark for a secondary school entrance exam is 75. A private company runs entrance 

exam preparation courses and they claim that students who do their courses perform on average 

better on the entrance exam. Write the null and alternative hypotheses. 

4 FZ WORKED EXAMPLE 20 

a_ The average weight of a standard chocolate bar produced by Wonka’s Chocolates is 250 g. The 

company purchased a new machine and the supervisor claims the mean weight of the standard 

chocolate bars has changed. Write the null and alternative hypotheses. 

b_ The residents of a small town want to evaluate changes in the pH of the water in a river that runs 

behind their homes. For the last 35 years, the average pH has been 5.5, however over the last few 

years, a lot of construction has been occurring in the area and the residents believe the mean pH of 

the river has changed. Write the null and alternative hypotheses. 

5 using cass 

a_ A sample of size 80 is taken from a population with mean 120 and standard deviation 25. Find the 

probability, correct to 2 decimal places, that the sample mean is less than 118. 

b A sample of size 40 is taken from a population with mean 1000 and standard deviation 200. 

Find the probability, correct to 2 decimal places, that the sample mean is within 50 of the 

population mean. 

6 A manufacturer produces light bulbs that, when tested, have a life with a mean 

of 3000 hours and a standard deviation of 500 hours. A large retail store that uses the bulbs believe they 

burn on average for less than 3000 hours. The store tests a random sample of 100 bulbs and finds the 

mean of the sample is 2800 hours. 

a_ Write the null and alternative hypotheses. 

b Calculate the z- and p-values. 

¢ What is your conclusion about the retailer's claim? 

7 A manufacturer produces drill bits with a mean life of 580 hours and a standard 

deviation of 30 hours. A construction company that uses the drill bits disputes the manufacturer's claim 

that the bits will last an average of 580 hours. The company draws a sample of 100 bits and finds the 

mean is 577 hours. 

a Write the null and alternative hypotheses. 

b Calculate the z- and p-values. 

¢ What is your conclusion about the construction company’s claim? 

8 Fd using cas 6 

a Consider the hypotheses, Ho: U = 28, Hj: [ < 28. Find the critical z-value, correct to three decimal 

places, at which the null hypothesis is rejected at the 0.02 significance level. 

b Consider the hypotheses, Hp: U = 240, Hy: u # 240. Find the critical z-values, correct to three decimal 

places, at which the null hypothesis is rejected at the 0.01 significance level. > 
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9 A company makes meat pies with a mean weight of 175 grams. Their competitors 

claim that on average their pies are smaller than their advertised weight. They take a random sample of 

25 pies and find the mean weight is 170 grams. The weight of all meat pies produced by the company is 

normally distributed with a standard deviation of 10 grams. 

a State appropriate null and alternative hypotheses for the weight. 

b The p-value for this test is given by the expression Pr(Z < z), where Z has the standard normal 

distribution. Find the value of z and hence determine whether the null hypothesis should be rejected 

at the 0.05 level of significance. 

10 A normally distributed population has a mean of 80 and a standard 

deviation of 10. 

For the hypotheses 

Hy: w= 80 
Ay: u# 80 

a find the critical z-values at the 0.02 significance level correct to three decimal places. 

A random sample of size 25 is taken from this population. The random variable X represents the 

sampling distribution of the sample means. 

b Find the critical values of X at which the null hypothesis would be rejected. 

11 (5 marks) A company produces a particular type of light globe called Shiny. The 

company claims that the lifetime of these globes is normally distributed with a mean of 200 weeks 

Exam practice 

and it is known that the standard deviation of the lifetime of Shiny globes is 10 weeks. Customers 

have complained, saying Shiny globes were lasting less than the claimed 200 weeks. It was decided to 

investigate the complaints. A random sample of 36 Shiny globes was tested and it was found that the 

mean lifetime of the sample was 195 weeks. 

Use Pr(-1.96 < Z < 1.96) = 0.95 and Pr(-3 < Z < 3) = 0.9973 to answer the following questions. 

a (72% Write down the null and alternative hypotheses for the one-tailed test that was 

conducted to investigate the complaints. 1 mark 

b i 8% Determine the p-value, correct to three decimal places, for the test. 2 marks 

ii 49%) What should the company be told if the test was carried out at the 1% level 

of significance? 1 mark 

c (86%) The company decided to produce a new type of light globe called Globeplus. Find an 

approximate 95% confidence interval for the mean lifetime of the new globes if a random 

sample of 25 Globeplus globes is tested and the sample mean is found to be 250 weeks. 

Assume that the standard deviation of the population is 10 weeks. Give your answer correct 

to two decimal places. 1 mark 

12 (2853) (2 marks) The random variable X has a mean and variance given by 

Ly = 4 and Var(X) = 36. 

Researchers have reason to believe that the mean of X has decreased. They collect a random sample of 

64 observations of X and find that the sample mean is X = 3.8. 

a State the null hypothesis and the alternative hypothesis that should be used to test that the 

mean has decreased. 1 mark 

b Calculate the mean and standard deviation for a distribution of sample means, Xx, for 

samples of 64 observations. 1 mark 
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> 13 TT Ina one-sided statistical test at the 5% level of significance, it would 

be concluded that 

A_ Hy) should not be rejected if p = 0.04 B_ Hy should be rejected if p = 0.06 

C Hy should be rejected if p = 0.03 D Hy should not be rejected if p # 0.05 

EH, should not be rejected if p = 0.01 

Use the following information to answer Questions 14 and 15. 

The weight of redfin in a large lake is normally distributed with a mean of 1.5 kg and a standard deviation 

of 0.4 kg. An angling club believes that pollution in the lake has reduced the size of the fish. They take a 

random sample of 80 fish and find the average weight of the fish is 1.4 kg. 

14 The null hypothesis is 

A Hy p=14 B Ay: we 15 C Ay:u<14 

D Ay: w=15 E Ay: u>15 

15 The alternative hypothesis is 

A Hy: p=15 B Ay u<15 Cc Ay: u=14 

D Ay u<14 E Ay: wel 

Use the following information to answer Questions 16 and 17. 

The drying time of a certain brand of paint has a mean of 90 minutes and a standard deviation of 

10 minutes. A painting contractor claims the addition of an agent will reduce the average drying time. 

The drying time of 60 modified paint tins was found to have a mean of 87 minutes. 

16 The null and alternative hypotheses are 

A Ho: 1 < 90, Hy: w= 90 B Hy: w= 90, Hy: = 87 C Hy: U=90, Hy: U < 87 

D Hy: u=87, Hy: p< 87 E Hy: u=90, Hy: < 90 

17 The p-value for the hypothesis test is 

A 0.0101 B 0.0011 c 0.0201 D 0.05 E 0.00023 

Use the following information to answer Questions 18 and 19. 

The time taken for the express train to travel between two major centres is a normally distributed 

continuous random variable with a mean of 95 minutes and a standard deviation of 4 minutes. The 

transport authority makes some modifications to the crossings on the route and would like to know if the 

travel time has changed. They take a random sample of 50 trips and find the mean travel time is 93 minutes. 

18 The null and alternative hypotheses are 

A Ho: LW < 95, Hy: w= 93 B Ay: U=95, Hy: w= 93 C Ay: = 95, Hy: U< 93 

D Ay: w=95, Hy: w# 95 E Hy: w=95, Hy: u< 95 

19 The p-value for the hypothesis is 

A 0.0015 B 0.0092 Cc 0.0184 D 0.0001 E 0.0231 
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» 20 (6 marks) A health centre finds that the weight loss for people that complete their ten-week 

program is normally distributed with a mean of 0.65 kg per week and a standard deviation 

of 0.05 kg per week. A group of 45 randomly selected people who complete the ten-week 

program also use a diet app and they find their average weight loss is 0.67 kg per week. 

They claim the use of the app improves their weight loss. 

a
o
o
°
»
o
r
 Write the null and alternative hypotheses. 2 marks 

Calculate the z- and p-values. 2 marks 

State the decision. 1 mark 

What is your conclusion about the claim made about the effectiveness of the app? 1 mark 

21 (6 marks) The resting pulse rate of primary school-age children taken from data over a 30-year 

period has a mean of 65 beats per minute and a standard deviation of 10 beats per minute. 

The medical association believes that changes in lifestyle have also affected the rest 

pulse of children. They take a random sample of 100 primary school-age children and find 

their average rest pulse is 68 beats per minute. 

a 

b 

a
o
 

Write the null and alternative hypotheses. 2 marks 

Calculate the z- and p-values. 2 marks 

State the decision. 1 mark 

What is your conclusion about the claim made about the changes in lifestyle? 1 mark 

22 (4marks) The scores on an IQ test are normally distributed with a mean of 100 and a standard 

deviation of 15. An organisation claims that their courses will on average improve candidate's 

scores on an IQ test. They take a random sample of 40 people who have completed the course 

and find their average IQ is 101. Test the claim made by the organisation. 

23 (9 marks) A dairy factory produces milk in bottles with a nominal volume 

of 2 L per bottle. To ensure most bottles contain at least the nominal volume, the machine that 

fills the bottles dispenses volumes that are normally distributed with a mean of 2005 mL and 

a standard deviation of 6 mL. 

(57%) Find the percentage of bottles that contain at least the nominal volume of milk, 

correct to one decimal place. 1 mark 

Bottles of milk are packed in crates of 10 bottles, where the nominal total volume per crate 

is 20 L. 

b (68% Show that the total volume of milk contained in each crate varies with a mean of 

20 050 mL and a standard deviation of 6V10 mL. 2 marks 

(61% Find the percentage, correct to one decimal place, of crates that contain at least the 

nominal volume of 20 L. 1 mark 

(37%) Regulations require at least 99.9% of crates to contain at least the nominal volume 

of 20 L. 

Assuming the mean volume dispensed by the machine remains 2005 mL, find the maximum 

allowable standard deviation of the bottle-filling machine needed to achieve this outcome. 

Give your answer in millilitres, correct to one decimal place. 3 marks 

(55%) A nearby dairy factory claims the milk dispensed into its 2 L bottles varies normally 

with a mean of 2005 mL and a standard deviation of 2 mL. 

When authorities visit the nearby dairy factory and check a random sample of 10 bottles 

of milk, they find the mean volume to be 2004 mL. 

Assuming that the standard deviation of 2 mL is correct, carry out a one-sided statistical 

test and determine, stating a reason, whether the nearby dairy’s claim should be accepted 

at the 5% level of significance. 2 marks 
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> 24 

25 

[EXENY 2016 2806 } (10 marks) The mean level of pollutant in a river is known to be 1.1 mg/L witha 

standard deviation of 0.16 mg/L. 

Let the random variable X represent the mean level of pollutant in the measurements from a 

random sample of 25 sites along the river. 

Write down the mean and standard deviation of X. 2 marks 

After a chemical spill, the mean level of pollutant from a random sample of 25 sites is 

found to be 1.2 mg/L. 

To determine whether this sample provides evidence that the mean level of pollutant has increased, 

a statistical test is carried out. 

b (78% Write down suitable hypotheses H, and H, to test whether the mean level of pollutant 

has increased. 2 marks 

c i 70% Find the p-value for this test, correct to four decimal places. 2 marks 

ii 65% State with a reason whether the sample supports the contention that there has 

been an increase in the mean level of pollutant after the spill. Test at the 5% level of 

significance. 1 mark 

d (48%) For this test, what is the smallest value of the sample mean that would provide evidence that 

the mean level of pollutant has increased? That is, find x, such that Pr (x > x, | = 1.1) = 0.05. 

Give your answer correct to three decimal places. 1 mark 

e (48%) Suppose that for a level of significance of 2.5%, we find that x, = 1.163. That is, 

Pr(X > 1.163] = 1.1) = 0.025. 

If the mean level of pollutant in the river, fu, is in fact 1.2 mg/L after the spill, find 

Pr (x < 1.163|u = 1.2), Give your answer correct to three decimal places. 1 mark 

(9 marks) A company produces packets of noodles. It is known from past 

experience that the mass of a packet of noodles produced by one of the company’s machines is 

normally distributed with a mean of 375 grams and a standard deviation of 15 grams. To check the 

operation of the machine after some repairs, the company’s quality control employees select two 

independent random samples of 50 packets and calculate the mean mass of the 50 packets for each 

random sample. 

a (45%) Assume that the machine is working properly. Find the probability that at least one 

random sample will have a mean mass between 370 g and 375 g. Give your answer correct 

to three decimal places. 2 marks 

b (21%) Assume that the machine is working properly. Find the probability that the means 

of the two random samples differ by less than 2 g. Give your answer correct to three 

decimal places. 3 marks 

To test whether the machine is working properly after the repairs and is still producing packets 

with a mean mass of 375 g, the two random samples are combined and the mean mass of the 

100 packets is found to be 372 g. Assume that the standard deviation of the mass of the packets 

produced is still 15 g. A two-tailed test at the 5% level of significance is to be carried out. 

¢ (66% Write down suitable hypotheses H, and H, for this test. 1 mark 

d (59% Find the p-value for the test, correct to three decimal places. 1 mark 

e (59% Does the mean mass of the sample of 100 packets suggest that the machine is 

working properly at the 5% level of significance for a two-tailed test? Justify your answer. 1 mark 

f (36%) What is the smallest value of the mean mass of the sample of 100 packets 

for Hp to be not rejected? Give your answer correct to one decimal place. 1 mark 
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» 26 (4marks) According to medical records, the blood pressure of the general 

population of males aged 35 to 45 years is normally distributed with a mean of 128 and a standard 

deviation of 14. Researchers suggested that male teachers had higher blood pressures than the 

general population of males. 

To investigate this, a random sample of 49 male teachers from this age group was obtained and 

found to have a mean blood pressure of 133. 

a_ State two hypotheses and perform a statistical test at the 5% level to determine if male 

teachers belonging to the 35 to 45 years age group have higher blood pressures than the 

general population of males. Clearly state your conclusion with a reason. 3 marks 

b Find a 90% confidence interval for the mean blood pressure of all male teachers aged 35 to 

45 years using a standard deviation of 14. Give your answers correct to the nearest integer. 1 mark 

27 (9 marks) A paint company claims that the mean time taken for its paint to 

dry when motor vehicles are repaired is 3.55 hours, with a standard deviation of 0.66 hours. 

Assume that the drying time for the paint follows a normal distribution and that the claimed standard 

deviation value is accurate. 

a Let the random variable X represent the mean time taken for the paint to dry for a random 

sample of 36 motor vehicles. Write down the mean and standard deviation of X. 2 marks 

Ata crash repair centre, it was found that the mean time taken for the paint company’s paint 

to dry on 36 randomly selected vehicles was 3.85 hours. The management of this crash repair 

centre was not happy and believed that the claim regarding the mean time taken for the 

paint to dry was too low. To test the paint company’s claim, a statistical test was carried out. 

b Write down suitable null and alternative hypotheses Hy and H, respectively to test whether 

the mean time taken for the paint to dry is longer than claimed. 1 mark 

c Write down an expression for the p-value of the statistical test and evaluate it correct to 

three decimal places. 2 marks 

d_ Using a 1% level of significance, state with a reason whether the crash repair centre is 

justified in believing that the paint company’s claim of a mean time taken for its paint to 

dry of 3.55 hours is too low. 1 mark 

e At the 1% level of significance, find the set of sample mean values that would support the 

conclusion that the mean time taken for the paint to dry exceeded 3.55 hours. Give your 

answer in hours, correct to three decimal places. 2 marks 

f Ifthe true mean time taken for the paint to dry is 3.83 hours, find the probability that the 

paint company’s claim is not rejected at the 1% level of significance, assuming the standard 

deviation for the paint to dry is still 0.66 hours. Give your answer correct to two decimal 

places. 1 mark 
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Errors in hypothesis testing 

No hypothesis test is 100% certain. As the test is based on probabilities, there is always a chance of making 

an error. There are two types of errors. 

Type I and II errors 

A type I error occurs when we reject the null hypothesis when it is true. 

The probability of making a Type I error is the a value as this is the (significance) level at which the null 

hypothesis is rejected. 

A type II error occurs when we fail to reject the null hypothesis when it is false. 

Type I error 

Hy False 

Correct rejection 

Fail to reject Hp Correct decision Type I error 

A type I error is also called a false positive and a type II error a false negative. 

Type 1 errors are also called alpha errors as the probability of a type 1 error occurring is equal to the 

significance level, a. 

Ve) st qs) > 7 | B= 1) Type | and Il errors 

a Write the null and alternative hypotheses. 

A car that takes unleaded fuel has a fuel consumption rate of 10 L/100 km. 

A company claims that their additive will improve the fuel consumption. 

b Describe a type I error and the impact in this situation. 

c Describe a type II error and the impact in this situation. 

Steps Working 

1 Write the null and alternative hypotheses. 

2 A type / error occurs when we reject the null 

hypothesis when it is true. 

3 A type II error occurs when we fail to reject the 

null hypothesis when it is false. 

Ho: U= 101/100 km 
The additive will not improve the fuel consumption. 

Hy: ¢< 101/100 km 
The additive will improve the fuel consumption. 

The null hypothesis Hy: = 10 L/100 km 

is rejected when it is true. This would mean 

that you conclude the additive would improve 

the fuel consumption when it really does not. 

Consumers will therefore be wasting their money 

on the product. 

A type II error occurs if the null hypothesis is not 

rejected when it is false. This would mean that you 

conclude the additive would have not improved the 

fuel consumption in the car when in fact it would. 

Therefore, consumers are missing out on 

an effective product. 
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VCE QUESTION ANALYSIS 

2018 Examination 2 Section B Question 6 (8 marks) 

The heights of mature water buffaloes in northern Australia are known to be normally distributed with 

a standard deviation of 15cm. It is claimed that the mean height of the water buffaloes is 150. cm. 

To decide whether the claim about the mean height is true, rangers selected a random sample of 

50 mature water buffaloes. The mean height of this sample was found to be 145cm. 

A one-tailed statistical test is to be carried out to see if the sample mean height of 145 cm differs 

significantly from the claimed population mean of 150cm. 

Let X denote the mean height of a random sample of 50 mature water buffaloes. 

a State suitable hypotheses Hy and H, for the statistical test. 1 mark 

b Find the standard deviation of X. 1 mark 

c Write down an expression for the p-value of the statistical test and evaluate your answer 

correct to four decimal places. 2 marks 

d_ State with a reason whether H) should be rejected at the 5% level of significance. 1 mark 

e What is the smallest value of the sample mean height that could be observed for Hy to 

be not rejected? Give your answer in centimetres, correct to two decimal places. 1 mark 

f Ifthe true mean height of all mature water buffaloes in northern Australia is in fact 

145 cm, what is the probability that Hp will be accepted at the 5% level of significance? 

Give your answer correct to two decimal places. 1 mark 

g Using the observed sample mean of 145 cm, find a 99% confidence interval for the 

mean height of all mature water buffaloes in northern Australia. Express the values 

in your confidence interval in centimetres, correct to one decimal place. 1 mark 

Reading the question 

¢ Highlight the population parameters: mean and standard deviation. 

« Highlight the sample statistics: mean and sample size. 

« Identify the claim for the hypothesis. 

« The level of significance should also be highlighted as this will determine the stage at which you 

reject or fail to reject the null hypothesis. 

Thinking about the question 

« The question requires an understanding of the sampling distribution of the sample means. 

« You will need to understand how to identify the parameters and statistics in the question and 

how these are used to complete a hypothesis test. 

« You will need to know how a confidence interval is calculated and understand how to interpret 

the confidence interval. 

« You will also need to know how to calculate a p-value and a critical z-value and understand how 

they are used to either reject or fail to reject the null hypothesis. 

Worked solution (/ = 1 mark) 

a Hy w=150 

Hy: W< 150 / 

15 3 3V2 ba ey 
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© p-value= Pr(X < 145|u = 150) / 

p=0.0092 ¥ 

TI-Nspire ClassPad 

n<[150— 

Test 150,15,145,50,-1: I 2/-2.357023 | 
zTest 150,15,145,50,-1: stat.results wots srites 

"Title" "z Test" 

"Alternate Hyp" "pi < p10" 

Z -2.35702 

"PVal" 0.009211 

big 145. 

d The chance of a sample mean less than 145 cm if Hp is true is 0.0092. 

Reject Hy at the 5% significance level as p = 0.0092, which is less than 0.05. / 

e Hy will not be rejected if p > 0.05. 

If p= 0.05, z= —-1.64485 

Smallest sample mean to not be rejected is 146.51 cm. / 

© Edit Action Interactive 

Ei] o> [ia] sie]] eT 
invNormCDf("L”, 0.05, 1,0) : 

-1. 644853627 |) 

invNorm(0.05,0,1) -1.64485 

f Hy will not be rejected at the 5% significance level if x > 146.51. 

Pr(X > 146.51|u = 145)=0.24v 

> /145, 

z\0. 7118208 
zTest 145,15,146.51,50,1: stat.results probio. 382879 | 

"Title" "z Test” x(146.51 
"Altemate Hyp" "}1> 10" ni50 

bt 0.711821 

"PVal" 0.238288 

“Rr 146.51 

“n" 50. 

Mgt 15. 
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g 99% CI = (139.5, 150.5) V 

Lower|139.53584 | 

Upper |150. 46416 
zInterval 15,145,50,0.99: stat.results 

"Title" —-"z Interval" 

"CLower" 139.536 

"CUpper" 150.464 

R145 

x 145. 

"ME" 5.46416 
ae 50. 
"og" 15. 

a (70%) Well done, but there was careless notation such as Hy = 150. Some students did not understand 

deeply the nature of a one-tailed test, with answers such as Hj: 1 # 150. 

c (68% Some students did not write p to the four decimal places. Some students were careless with 

notation, writing calculator output rather than mathematical notation, including the incorrect 

p= Pr(X < 145|u = 150). 

d (76%) Well done, but some students did not give a reason for their conclusion as required, or believed 

that 0.0092 > 0.05. 

e (48%) 
f 41%) Only a few students answered this part. 

g 52% This 1-mark question was well done, but calculation errors caused some students to miss out 

on the mark. Some students used a 95% confidence interval rather than 99%. Students are always 

advised to read the question carefully. 

EXERCISE 12.6 Errors in hypothesis testing ANSWERS p. 602 

Recap 

1 Ina two-sided statistical test at the 5% level of significance, it would be concluded that 

A_ Hy) should not be rejected if p = 0.01 BH) should be rejected if p = 0.05 

C Hp should be rejected if p=0.95 DH) should not be rejected if p # 0.05 

E Hp should be rejected if p=0.01 

2 The curing time for a concrete slab is normally distributed with a mean of 160 hours and a standard 

deviation of 40 hours. A contractor claims the addition of an agent will reduce the average curing time. 

The mean curing time of 60 slabs that have the extra agent in the mix concrete are found to be 150 hours. 

A statistical test is carried out at the 5% significance level. The p value for this test is 

A 0.0135 B 0.025 Cc 0.0264 D 0.0426 E 0.05 

Mastery 

3 Fa WORKED EXAMPLE 25 

a A potato farmer supplies potatoes for making chips that have a mean length of 12 cm with a standard 

deviation of 1 cm. An inspector takes a random sample of potatoes from the truck and measures the 

length of the potatoes. The chip company will reject the truck load of potatoes if the average length is 

less than 11.5 cm. 
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> i Write the null and alternative hypotheses. 

ii Describe a type I error and the impact in this situation. 

iii. Describe a type II error and the impact in this situation. 

b In the metropolitan area, the response time for an ambulance has a mean of 13.5 min and a standard 

deviation of 3.2 min. The director of emergency response initiates some changes to the call centre to 

improve the ambulance response. 

i Write the null and alternative hypotheses. 

ii Describe a type I error and the impact in this situation. 

iii. Describe a type II error and the impact in this situation. 

Exam practice 

4 A type Terror can occur 

A_ when the null hypothesis is true but is not rejected. 

when the alternative hypothesis is false but is not rejected. 

when the null hypothesis is true and the alternative hypothesis is false. 

when the null hypothesis is true but is rejected. 

m
o
o
o
 

when null hypothesis is false but is rejected. 

5 A type Il error can occur 

A_ when the null hypothesis is false but is not rejected. 

when the alternative hypothesis is false but is not rejected. 

when the null hypothesis is false and the alternative hypothesis is true. 

when the null hypothesis is true but is rejected. 

m
o
o
o
 

when the null hypothesis is false but is rejected. 

6 (11 marks) A tyre company produces a steel belted radial tyre designed for normal road use. The life of 

the tyre in kilometres is a normally distributed variable with a mean of 40 000 and a standard deviation 

of 5000. The RACV claim that the mean life of the tyres will be improved if the maximum speed is 

reduced from 110 km/h to 90 km/h. They select a random sample of 100 drivers who reduce their 

maximum speed to 90 km/h and find the mean life of their tyres is 41000 km. 

a State the null and alternative hypotheses. 2 marks 

b Find the zand p values. 2 marks 

c Describe a type I error and the impact of the error in this situation. 2 marks 

d_ Describe a type II error and the impact of the error in this situation. 2 marks 

e What is the decision? 1 mark 

f What is the conclusion about the claim made by the RACV? 1 mark 

g Whaterror do you run the risk of making? 1 mark 

7 (9marks) The battery life of a brand of smartphone is normally distributed with a mean of 7h anda 

standard deviation of 1 h. The phone’ software receives an update that claims to improve the battery 

life of the phone. A random sample of 50 people record the battery life of the phone and the average is 

found to be 7.5 h. 

a State the null and alternative hypotheses. 2 marks 

b Find the zand p values. 2 marks 

c¢ Describe a type I error and the impact of the error in this situation. 2 marks 

d_ Describe a type II error and the impact of the error in this situation. 2 marks 

e What is the conclusion about the claim made about the phone's software update? 1 mark 
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(2) Chapter summary 

Linear combinations of random 

variables 

Discrete Continuous 

A random variable Y is a linear transformation of X, 

where Y=aX +b. 

E(aX + b) =a E(X) +b. 

¢ The formulas for the variance and standard 

SD(X) = ./Var (X) 

deviation are: 

Var(X) = E(X’) - 1? 

where fl = E(X). 

¢ For two independent random variables X and Y, 

E(aX + bY) = aE( X) + bE(Y) 

Var(aX + bY) = a’Var(X) + b’Var(Y) 

i=l 

For the sum of n variables of type X, ba ] and 

m 
m variables of type Y, yy > 

j=l 

E(x, +x) +--+ x, + 9, ty. t 73 +0 + Ym) 

=nE(X)+mE(Y) 

Var(x, +X) +23 4+... +X, +), +N. +3 t+ = +m) 

=n Var(X) + mVar(Y) 

Independent normal random variables 

« If X is normally distributed with a mean of ly 

and a variance of (¢x)° and Y is an independent 

normally distributed random variable with a 

mean of [ly and a variance of (oy)’, then aX + bY 

is also normally distributed with 

E(aX + bY) =ajly + bly 

Var(aX + bY) = a"(ox)? + b(oy) 

mean 

variance 

The sampling distribution of the 

sample means 

¢ The sampling distribution of the sample means 

contains the means (X) of all possible samples of 

size n from a population. 

« The mean of the sample means (1;) is equal to 

the mean of the population (). 

i =H 

The standard deviation of the sample means 

is the standard error of the sample mean. 

9780170448543 

A larger sample size produces less error and a 

more reliable estimate of the population mean: 

the sample mean is closer to the population mean 

and there is less variability in the means. 

* The standard error for a sample mean 

SE(x) = Ox = - where a is the population 
n 

standard deviation and n is the sample size. 

Confidence intervals for the 

population mean 

« A point estimate of a parameter is a single value 

obtained from a sample. The statistic used is 

called an estimator of the parameter. 

« An interval estimate of a parameter is an interval 

that is likely to include the value of the parameter. 

An interval estimate for a population parameter is 

called a confidence interval. 

For a confidence interval symmetric about the 

mean in a distribution: 

the confidence level is equivalent to the 

probability that the population parameter being 

estimated lies within the confidence interval. 

the margin of error is the distance of the ends 

of the interval from the mean. It is half of the 

confidence interval. 

Confidence level 

Margin of error 

lu 
=_s ° 7— Confidence interval 

The central limit theorem 

« If X is any random variable with mean JL 

and standard deviation o, then the sampling 

distribution of sample means X, of size n, will 

be approximately normal with mean E(X) and 
oO ze 

« This is the case provided n is not small. (n = 30) 

standard deviation og = 

¢ For a sample with a mean X anda standard 

deviation s, X is an estimator of E(X). 

e When ois not known, s is used as an estimator 

of o. 

Chapter 12 | Random variables and hypothesis testing 549 

@) 

> 
C4 
< 
= 
= 
> 
oO 

V4 
Ww 
Ee 
a 
< 
<= 
o 



550 

The standard deviation of the sampling 

distribution is now written as sy = 

Confidence intervals for the 

population mean and the margin 

of error 

The confidence interval for the population mean 

np oO - oO 7 
is [= —Z—=,X+z +) when the population 

vn vn 
standard deviation o is known. 

When o is not known, the confidence interval is 

_ SL s 
[5 ae +e} 

where s is the sample standard deviation, x is the 

sample mean and z is the appropriate quantile for 

the standard normal distribution. 

. s 
The margin of error M = z—=. Ta 

Hypothesis testing: the null and 

alternative hypotheses 

Hypothesis testing is a systematic way to test a 

claim about a parameter in the population using 

data measured in a sample. 

Hp: The null hypothesis is a statement about a 

population parameter (the population mean) that is 

assumed to be true. We test to see if the parameter 

stated in the null hypothesis is likely to be true. 

H,: The alternative hypothesis is a statement that 

reflects the claim being made and is the opposite 

of the null hypothesis. It states that the value of 

the population parameter is less than, greater 

than or not equal to the stated value in the null 

hypothesis. 

The p value is the probability of obtaining the 

value in the sample or a more extreme value, 

assuming that the null hypothesis is true. 

When calculating the p-value, with a one-sample 

z test, a cumulative normal distribution is used. 

mean = population mean pL 

oO 

Vn 
a is the significance level, the value (usually 0.05) 

standard deviation ox = 

at which the null hypothesis is rejected. 

If the p-value is less than a, the null hypothesis is 

rejected. 

If the p-value is greater than a, we fail to reject the 

null hypothesis. 

Nelson ViICmaths Specialist Mathematics 12 

One-tailed test 

A <or > in the alternative hypothesis indicates that 

a one-tailed test is required. 

y 

p-value 

x hy >I
 

¢ The null hypothesis Hy: = 1, 

« The alternative hypothesis H): l < Ly 

. p-value = Pr(X <x u = 11) 

where X is the sample mean and j, is the mean of 

the population. 

Two-tailed test 

A ¥ sign in the alternative hypothesis indicates a 

two-tailed test is required. 

¢ The null hypothesis Hy: = Ly, 

y 

p-value 

Mm Xx xX 

¢ The alternative hypothesis H): l # Ll 

° p-value = 2 x Pr(X > x | ML = bt) for X > Ly 

or 

° p-value = 2 x Pr(X <x|u = [) for x <M 

where X is the sample mean and j, is the mean of 

the population. 

Critical values for a given 

significance level 

A null hypothesis can also be tested by comparing 

a test statistic (z) with a critical value determined 

from the significance level a. 

If the test statistic is more extreme than the critical 

value, the null hypothesis is rejected. 

Jy 
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yh Errors in hypothesis testing 

« A type I error occurs when we reject the null @) hypothesis and it is true. 

* The probability of making this type of error is a > 
co the a value as this is the level at which the null es 

hypothesis is rejected. Ss 

2 « A type II error occurs when we fail to reject the = 

null hypothesis and it is false. : 

Ww e/ | \3 : H, False a 
—c c Zz n q 

Reject Hy Type error | Correct rejection a 

Left tail Right tail Fail to reject H) [@tyencras Type II error 

a | z=-c a |z=c a | z=te decision 

0.01 | —2.326 0.01 | 2.326 0.01 | + 2.576 

0.05 | -1.645 0.05 | 1.645 0.05 | + 1.960 

0.1 | -1.282 0.1 | 1.282 0.1 | 41.645 

When ois known, the z value for the sample 

statistic is given by 

x- o 
z= H where O, == 

Ox vn 

F s., 
When gis not known, use sy = —= in place 

vn 
of Ox. 
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Cumulative examination 1 

Total number of marks: 10 Reading time: 4 minutes Writing time: 15 minutes 

| TECH-FREE | Technology is NOT permitted. 

1 20181Q4 ) (4marks) X and Y are independent random variables. The mean and the variance of 

X are both 2, while the mean and the variance of Y are 2 and 4, respectively. 

Given that a and b are integers, find the values of a and b if the mean and the variance of aX + bY are 

10 and 44, respectively. 

2 (4 marks) 

a Show thatl—i = View| -2 | 1 mark 

10 
(V3 +4) 

b Evaluate —ae giving your answer in the form a + bi, where a, b € R. 3 marks 

(1-3) 
3 (2 marks) Find the volume of the solid of revolution formed when the region bounded by the curve 

2 
0G 
Ty + y = 1 and the x-axis is rotated about the x-axis. 
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Cumulative examination 2 

Total number of marks: 20 Reading time: 4 minutes Writing time: 30 minutes 

Approved technology is permitted. 

| Section A 5 multiple-choice questions 5 marks 

1 [XEN 2018 20019) The gestation period of cats is normally distributed with mean p= 66 days and 

N 

z 

2 
FE 
< 
= 
= 
< 
*s 
Ww 

Ww 

= 
FE 
< 
al 
=) 
= 
=) 
(3) 

variance 0” = =: The probability that a sample of five cats chosen at random has an average gestation 

period greater than 65 days is closest to 

A 0.5000 B 0.7131 C 0.7734 D 0.8958 E 0.9532 

2 The scores on the Mathematics and Statistics tests, expressed as percentages, 

ina particular year were both normally distributed. The mean and the standard deviation of the 

Mathematics test scores were 71 and 10, respectively, while the mean and the standard deviation of the 

Statistics test scores were 75 and 7, respectively. 

Assuming the sets of test scores were independent of each other, the probability, correct to four decimal 

places, that a randomly chosen Mathematics score is higher than a randomly chosen Statistics score is 

A 0.2877 B 0.3716 Cc 0.4070 D 0.7123 E 0.9088 

3 The curve given by x = 2cos(t)—1 and y= 3sin (t) + 1 can be expressed in cartesian form as 

wit) PGS, 5 te Paty eS 
4 9 4 9 

ver aes Pee Dare et ee 
4 9 2 3 

iim = 
4 9 

4 P(z) isa polynomial of degree n with real coefficients, where z € C. Three of the roots of the equation 

P(z) = 0 are z= 3 - 2i,z=4 + 3i and z=~-5i. The smallest possible value of n is 

A 3 B 4 () 85) D 6 EY 

5 Given that 0 is the acute angle between the vectors a = 2i+2j+k and b = 4i+4j-7k, 

then sin (@) is equal to 

wi Bi pn 22 4 . eZ ae 
3 9 3 3 
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| Section B 2 questions 15 marks 

1 EEX 2012N 2806 } (6 marks) A coffee machine dispenses coffee concentrate and hot water 

into a 200 mL cup to produce a long black coffee. The volume of coffee concentrate dispensed 

varies normally with a mean of 40 mL and a standard deviation of 1.6 mL. 

Independent of the volume of coffee concentrate, the volume of water dispensed varies normally 

with a mean of 150 mL and a standard deviation of 6.3 mL. 

a State the mean and the standard deviation, in millilitres, of the total volume of liquid 

dispensed to make a long black coffee. 2 marks 

b Find the probability that a long black coffee dispensed by the machine overflows a 

200-mL cup. Give your answer correct to three decimal places. 2 marks 

c Suppose that the standard deviation of the volume of water dispensed by the machine can 

be adjusted, but that the mean volume of water dispensed and the standard deviation of 

the volume of coffee concentrate dispensed cannot be adjusted. 

Find the standard deviation of the volume of water dispensed that is needed for there to be 

only a 1% chance of a long black coffee overflowing a 200-mL cup. Give your answer in 

millilitres, correct to two decimal places. 2 marks 

2 (@ marks) 
4txt+x° 

a Find the stationary point of the graph of f(x) = ee eR {0}. Express your 
x 

answer in coordinate form, giving values correct to two decimal places. 1 mark 

b Find the point of inflection of the graph given in part a. Express your answer in 

coordinate form, giving values correct to two decimal places. 2 marks 

4+xtx? D : . 
c Sketch the graph of f(x) = ——— for x € [-3, 3], labelling the turning point and the 

Es 
point of inflection with their coordinates, correct to two decimal places. 3 marks 

A glass is to be modelled by rotating the curve that is the part of the graph where 

x € [-3, -0.5], about the y-axis, to form a solid of revolution. 

di Write down a definite integral, in terms of x, which gives the length of 

the curve to be rotated. 1 mark 

ii Find the length of this curve, correct to two decimal places. 1 mark 

b 
e The volume of the solid formed is given by V = af x? dy. Find the values of a, b and c. 

Do not attempt to evaluate this integral. 1 mark 
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1 2 

EXERCISE 1.1 1a|-4 b/} 4 ec -30 

— -17 26 
1 AB==(-d+c) 1 | ° 

3 d 71.57° e 226 f —] -1 
2 +Gi+j-b V26 | 4 
vans 

. 1 2D 
3 a V29 b a= seg ijt 4) 3a -l b i p= ii p=-3 

2 
4a 4B =i—3)+9k b Jor 4 os'(22) 

nN 1. : 
c p-+( —3i+j+2k) d q=itj+) 5 parallel component 778i + 2) +2) 

“ ° erpendicular component fai —36j + 15k) 5A 6D 7B pep Pome 
8B 9B 6A 7C 8C 

~ 1 - a © 
10 = 7g (ijk) 9a a= (31 - j- v2k) bls 

13 12 D 13 A © 6+5V2 
10 a=-2 

EXERCISE 1.2 
11 c=-3 

4 2 12 m=2m=—— 

ta ; ae oo 13 B 14.¢ 15 A 
16 B 17 D 18 B 

dV oe Lh 19 C 20 A 21D 4 

V110 22 a Proof: see worked solutions b cosZADC =5 

2c c Proof: see worked solutions 

3 linearly dependent d Proof: see worked solutions 

4 linearly dependent cos (ZAPC) = cos (2ADC) = 2 
25 

2. 

5al—2 b 3 +26 co 233 EXERCISE 1.5 

5 ta 22 b 2(2i-2j-3k) ¢ v6 
6 not linearly dependent V21 ~ 42 

7B 8 16 9E 10 E 2a 2 b 4="oi+ 25-6) 

v5 9 . 
EXERCISE 1.3 cn=-5 d n=4 

1 linearly dependent 3 a axb=8k b axb=—10i +14)+2k 
= 4 (-55, 22, 11) 

3 a at+b=3i-2j+2k 5 7i-19j- 11k 
b 2a—3b i+ j—6k 6 a (9, 14,3) b (-9, -14, -3) 

5 7 7 181 +42) +5k 

4 OM =2i+3)-k 8 (18, 6, -12) 
5 AB=— 6i-j+9k 9 (-22, -31, -26) 

6 V3i+j 10 C 11 2B 12 C 13 C 
7 a b=V6 b 66°, 114°, 35° 

EXERCISE 1.6 
8A 
OF 1 a -2i-11j-5k b 7i+13j-4k 

10 a a= JeW3i -j- 28) b % =a5° 2 a -2i-j-6k b (2n-1)i-(2n + 3)j-8k 
a pi . 3 1 (3i+j-3k) W 3i-5j-3k b -2i+2k se LOS a 3i 2] K i+ 2k Vio 

c —3i+2k 
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4 Bore 

5 
5 

6 a AB=2i-3; b o(Z.-2) 
4 4~ 8 8 

7Tae£E bE 

B8ac baA cB 

9A 10 B 

11a m=4 pb 24 -5)4 2 
18 o 18 

12 E 13D 14.4 

EXERCISE 1.7 

1a 89 

3,4,5 Proof: see worked solutions 

6C 7 E 8 D 9 B 

10 Cc 11-c 

12a AB=2i-2j+k 

b Proof: see worked solutions 

c 38 
13 Proof: see worked solutions 

14 a a=\3 b Proof: see worked solutions 

15 C 16 A 17 D 18 B 

19a ita iia-b iti 1-72 
2 7 27 27 

= 1 1 a.m_l 1 1 ward 
b MN=—b-73= Q Q=5b+ i —b)=5a=MA 

jon _7,,,,N3 1 
dioq =pitit y+ or 32+) 

aim nel aR. ape 7 3 ii|OA] =|OB], OG AB=>-2->=0 

=a awl 1 or AB- AB=3(b-b-a-a)=2(|b/'-|al')=0 
20 a Proof: see worked solutions 

b 109.5° 

CUMULATIVE EXAMINATION 1 

1 a=-2 

2a bi 
6 

CUMULATIVE EXAMINATION 2 

Section A 

2 A (36%) 3 C 16% 

4c (7%) = 5B) 
Section B 

1a b == (i+ V3j + 23k) 80% 

b parallel component = — v3 i-j-2k (56% 
3 

perpendicular component = -2v3i +2) 56% 
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EXERCISE 2.1 

1 1 
1a y= —x-— —;astraight line y 3 2 8 

b (x-6.75)?+ (y— 3.5) = 7.3125; a circle 

¢ UEP @-¥ 
= 1a vertical hyperbola 

45 45 

2 _ay 
aa EoD y+ _y b? 

16 9 

_oy _95y 
3a (y+ svi5 ~ 77 5 (x 2) =1_ b 4 (by graphs) 

400 25 

4a ra Or es b {ergeo? 

y=3t +4 y = 6sin(t) +6 

x =5cos(t)+4 
c . 

y =7sin(t)-2 

es AV? sec (t) -5 x= 4y/2 cosec (t) — 5 
d or 

y =4V2tan(t)+4 y =5v2cot(t)+4 

e x = Acos(t)—1 

y= sin(t) 

f y = 20sec (t)-2 y = 20cosec(t)—-2 

x = 16tan(t) +6" x = 16cot(t)+6 

2 2 sa SoU uty, 
25 9 

2 _ 3, p tp O-3P _, 
4 16 

2 2 
c Y_ (x= 2) =1 

25 9 

d (x+3)+(y—7)?=36 
2 2 @ FL On _, 

16 36 
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6ar 

> 
o
m
e
 

»
 

14 

c 

18 
~ 5—4sin(0) 

4 r=——___ 
1—cos(@) 

9 

" 4+5sin (6) 
7 r=—_ 

4+ 3cos(@) 

r=8 sin (6) 

96 r=—_ 
5 —11cos(@) 

25 75 

Substitute into the identity tan? (f) + 1 = sec? (f). 

(1, 0), (3, 2) 
10 E 118 12 D 13 D 

Square (x — 1) and y and use tan? (t) + 1 = sec? (t) to 

get? +1=(x-1). 

Rearrange to get y = Vx? — 2x, (y>0). 

xe [2, ), ye [0, e) 

sin(t) 

EXERCISE 2.2 

1C 

3a 

d — 

2A 
2 

-3,1 b 2,3 ce -=,-3 
3 3 

4,-3,3 2-54 

22,2 
22 

2 b 2,5 ce 2,2 
2 2 

-V7,V7,3. e -1,-0.5,4 

12,3 
3°2 

3,-5x-7 p 2, 
2 2 

3x+5,4 d x?— 4x4 15,-44 

2x+3,x+7 f x-5,16x+9 

9780170448543 

6 a x —5x-4,-8 

b 3x°-x°+4x+1,-7 

© x +4x+6,4x-3 

d 6x* — 24x? — 43x + 112, 216x — 450 

@ 3x-x +4,4x+5 f e-x-4,1-4¢ 

A B Cc A B 
7a + + b + 

x+1 2x+1 x+4 3x-2 2x+3 

A Bx+C 
c +2 aeae 2x+3 3x" —4x+5 

A B Cc D 
d + + + 

(x-2P x-2 3x-4 4x41 

A B Cc D 
e + + + 

xt+1 (2x+1P 2x41 3x41 

A B Cc Dx +E 
f = + + 7 

(2x-1)f  2x-1 2x+1  3x°+3x+2 

2 1 1 
8a -— b 

2x-5 x-1 x+2 

ce 5 2 

x+3 2x-1 

3 d - 
(x-1 

2 1 3 
e - + 

(x+3P x43 x-2 

1 —x +3 f ae 
X+20 x°+x4+3 

3 1 5 
9a > + + 

(x-2) x-2 x+7 

4 6 3 
b - +— 

x+2 x-5 x+l1 

1 2 3x-1 
c + - 

x+2 x+4 x —5x47 
d 3a 2x x-7 

2x°+3x+2 x -2x+8 

3 1 4 6 
e 2 3 X-3 (x-3Y (x-3)f x+5 

1 2 3 3x+5 
f 7 + -3 

(3x+4) 3x+4 x-5 5x°-6x+4 

2 37 
10 x? —6x+16+—~— — 

xt1l x+2 

11 Change the RHS to a common denominator. 

12 Change the fractions to a common denominator. 

13 A 14 8B 15 D 16 D 

1 1 2 
17 z+ - 

(x-3)° x-3 2x41 

EXERCISE 2.3 

1E 2c 

3a y 

Answers 557 
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c 

d 

e 

et 
[= Type | 

e Minimum and maximum at x = Sue) and 
_ ¥37-2 
am) 

f 
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Ss 
“ L 

° U || 
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Nn 
7
 

a 
3 

o 

and 
8 

~(v57+5) f Minimum and maximum at x 

5a 

_ -4 

© (x=2) (4) 
f(x) 

45) (x3) f(x) 
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15-2 d Unmarked minimum and maximum at — 

15 — 2. 

~ Grae 47 f(x) 

28)(x+1) xa + 3. ¢ 

5) 

Nelson ViICmaths Specialist Mathematics 12 9780170448543 560



4 
y 

10 E 11 £E 

® EXERCISE 2.4 

1c 2D 

fi(c)= 2-x=3 

(2. x-5)- (28-47 

A(x + 1)(x -1) 

(x + 2)?(x —2)(x —3) 
f f(x)=- 
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|_ Bx" —2x + I(x—2) 

34+x—2x" 

e 

e 

fix)= 3x2 = 5x— O42) 

4-x 

(6, 0) 

' f 

125 
fa) = CR PNE+5) (0 ?) 
f= Gye? 

x 

4a 

5a 

b 

b 

c 

y= 2x- 17-4 (2x4 5)(x—3)° 
= 
x+5x—6 
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ity 

os . 4 
t(x)= 4: x?-9 x3 44+ x-6 

(c+1)- (3-x?-4- x42 

q y 
i (2x7 + 1)(x +2)(3 —x) 
|| f@)=— 
: x +2x4+1 

i x 

e c 

(3,0) 10 

(2 +.x—6)(x2 +3) 4-x9-8- x?-52- x483 
f= te eet 

(0,-18) 

f 

(x+3)(x? — 2x7 - x42) 

+ 6x48 
f= 

ysxr—5x415% 5 

6a 
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ri)=Lia)-b?-s) 
X+3 

2 4 x*+6° x43 

4 x44 14e x? 415+ x748+ x-9 1()-——$_——_ 

7 a 2 (at—2a and 2a) 

b 2 (1 vertical and 1 sloping) 

© x=-aand y=2x- 2a 

d 

y=0,x=-4,x=6 

y=3,x=1,x=2 

x=-2,y=2x-7 

x=-2,x=4,y=—-3x-4 

x= 4, y=-2x" + 11x- 33 

~
 
o
a
n
 

0
 

F
 

®
 

y= x -AK+7 

(x — 2)(x +3) 

(x + 2)(x — 4) 

3(x —1)(x + 2) 

(x + 4)(x - 3) 

9 a f(x)=- 

b f(x) = 

Nelson ViCmaths Specialist Mathematics 12 

(x — 3)(x + 2) 
© fix) =F 

d ffs) = FPO) 

e fia) = Ge) 

f fy = aes 
A(x +2) 

10 a Change the second expression to a common factor. 

d i k=-2,k=-5,k=3 
2 

ii k<-Sork>3 
2 

EXERCISE 2.5 

1E 2B 

3 
3a Ka3x =F b m=4,m=6 

10 
c ga aa1 d -—<g<2. 

3 3 

e k<-l0ork>4 f x<-30rx2>4 

4a exer b p=-2 
5 5 

9 
© q<il4 d ME n 5 OM.2— =, S0me R. 

e a=-29,a=8 
7 

f rexesorx < SoM ory > St 
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5a 9 -2k<x<2k 
y 

(-3,7) F(x) =|x-3| +1 10 Cc ic 

(5,3) EXERCISE 2.6 

1D 2A 

3 a-l b 2 c 2 
1 d= e 2 f 2 

3 a 
4a+—4 b tVa?-1 o dave 

a -1 a 

1 
5 sec(x) = v cosec (x) = a 

6 sin(x) =—- e =) cos(x) = pian (x) =v? -1, 

cot (x) = -———, cosec (x) = 
Ve -1 

7a ' 
d \8 

\ 
6 

y=2 see ($42) +1 Rot 
| 

(0,7)% | f(x) =2)3x-1)+4 7 '2 
\ 

T T T ™o _ 

(4.4) —2n —n da 

a ‘ff 
re 

e yD bys 
ve 

1 
Fe)=6— 5 [x41] flx)=3 cot(mx-4)-2 
(0,5.5) 

0 

_ 

f ya _a 
(-5,12) 

(6,10) 6 
(4,6) 

4] +|x+2| -«\ 
TTT y 

1 6 a sa)=[+3) b fla)=4s-6) cy 
c fx) = 2x45] d f(x)=2|x—-4|-2 8} 6 

© flx)=tfxea|-3 tf fle)=2|x-2[-4 4 2 3 a 

“7 = 
_4 

-64 
aff FE 
104; H : : 

y 4 H 

7 
b domain: R, range:{ x Ee R:xs I 
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S
e
e
 
C
a
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a
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SP 
4 

a 
5 

oS 
mw 

9 a f(x) =2sec(x) +3 

b f(x) =cosec (mx) -2 

ce f(x)= soot(S] +1 
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d f(x)=2 cose{2-£ }- 3 

e f(x)= 5sec(203) -2 

f flx)= 7c0t(2) +1 

10 a x= (6n— 1) orx = (3-1) 

nm 20 
b x =(6n-1)—, —(n+1 (6n- 15+) 

c x= (4n—I)morx = (120 +5)" 

-1{2 
d x =2nn+tcos "(2 }ors=ane 

lia 

> > < 
8 24 8 24 8 

12a o<xs%, 

[0 < x < 0.349, 1.047 < x < 1.396] 

b x=+1.150,x=+1.991 

cf 
© x=ntt— 

d Zexcn 
2 

e 0.709 <x < 0.984 

fF 0.120<x < 1.0472, 1.146 <x < 2.094, 2.215 <x < 3.142 

13 a i -—2cos (x) sin (x)— sin (x) or —sin (2x) — sin (x) 

hn (# ;) (+ ;) 
ii | —,.— |, (4 1),| —— 

3°04 3.4 

b yh ] 

9780170448543 

EXERCISE 2.7 

1D 2B 

ga tvs b J6-J2 ¢ 24+ 3 

4 First use the expansion of cos (2x) to find 

d 1-2 

© 1-V2 

8 

aan on 
Ta -—,7,7 b -4,10 

262 6 

Ba —msx< ec ce 3 Be ck 
8 8 8 8 8 

SE ggg Ph lece y 
8 8 8 

[z = 4n = |Z =| 
b x e]—,—]VU| —,— —,— 

9 9 9 9 9 9 

g arb to 3 11-206 
2 4 3 

12 a 22 b V4+V2 

¢ Change to sin (x) and cos (x) and a common denominator 

d_ Use cos (2x) and sec? (x) = 1 + tan (x) 

3x=J2-~2 142 15-1 
2 5 

16 B 17 A 18 E 19 C 20 D 

21° Use the Pythagorean identity: 

H(s)-r(is}eo(is) sin} — | = 2sin| — |cos| — 
6 12 12 

EXERCISE 2.8 

1c 2c 

3a 2 b= c Sn 
6 4 6 

2 
dq -2 e 0 f 2 

4 

4a—~ b 2 c = 
4 6 4 

d -—0.8481 e 0.3764 f 1.3734 

3. 3. 
5 a domain: R, range: (-# +2, = + 2) 

b domain: [—4, 0], range: [-2 -4, can | 
6 6 

c¢ domain: [3, 9], range: [-7+ 1, 7+ 1] 

d domain: [-35} range: [-2 + 3, w+ 3] 

e domain: [ v3, V3], range, 1+ =| 

f domain: [0, 2], range: E 2| 

Answers 567 
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ul 1 Iz arccos($x+3)+2 

— 3 

2 (+4, 2) 

Nelson ViCmaths Specialist Mathematics 12 

fi(x)=0.5- tan*(2- x-5) 

f1(x)=3-sin"(x+2) 
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-lect+l c 
8 a domain: [: b = } range from—~“* to “ y 

(or vice versa depending on the sign of a) 

b For a 0: domain] =," | range: 0, ae . t f 
bob 2 

Fora <0 domain:| “+, =) range: - jam gy 
bob 2 

c domain: R \ {Ft range: [~-2}- [2-] ° 1 v2 * 

14 ig fe d 1.099 
d domain: [-35 range from a x e 5c EG g x eo 25 a (2 **) 

(or vice versa depending on the sign of a) 4 

e domaine] 7,4] -sarcco(—2) —2Sx <-V2 

bb b g(x) = 2 
range: [- -)r, a cet Duan a| -saresn{-2} -V2 <x <0 

2b 2b 

2 
f domain: R, range: = 7 CUMULATIVE EXAMINATION 1 

9a i yat 1 d=16 (7%) 2 AB=2i-2j)+k (86%) 

38 x= (2n-+1)5,2nn +, 2nm-+ 2 forne Z (28% 

ii 
4 x=-2or22 (75% 

CUMULATIVE EXAMINATION 2 

Section A 

‘AG 825m 3 am 
4D (sme) 5 A 

Section B 4 

rt 1 a a=6,b=2,c=-3 (45%) b cos(@) = > (75H) 

6 c 2V65 square units (27%) 

10 a domain: [0, 1], range: [0, z] 
b d AB = (2,-1,-2), AD = (2,4,-4) (68%) 

r Let y = 61 + 2j + 5k 

; (7) ‘AB - y=12—2 —10= 0, so AB is perpendicular to v. 

1 AD -y =12+8- 20 = 0,so AD is perpendicular 

(0,0) tov. 
ms : re y 
ae se T 3 vy = \3644425 = JE 

—2. a 1 
a Thus ¥ = —~(6i + 2j + 5k) isa unit vector 3 v Ye! i + 2j + 5k) 

perpendicular to the base of the pyramid. 

11 domain: x € [ —2, 2], range: [o,vz | 

12 a i [-2,2] 

ii on Far 
55 

11 
fii [-2,2]\| --,- raan[-$5] 

p X7 
16 

13 [0, <) 14 C 15 D 16 D 

17 E 18 B 19 E 20 A 

21 A 22 8B 23 B 

24a 2,1 

b f' (x)= aresin 2 — x } domain: [v2 } 

us 
range:| 0, — [3 
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EXERCISE 3.1 

1a iv 

10 

1 

12 

13 

15 

d 

c
r
o
 

oO
o 

®
 

» 
oO
o 

oc
 

® 

b 

b i, iii © ii, iii 

i, iii e ii, iii f iv 

deductive reasoning b neither 

inductive 

Not all cockatoos are white. 

It cannot be verified that all left-handed people use 

left-handed scissors. 

The conclusion is based on a sample of homes. It 

doesn't include all display homes. 

Finding a parking spot depends on variables such as 

time of day, which shops are visited and luck. 

‘Most triangles’ does not mean all triangles. Some 

triangles have an obtuse interior angle. 

A polygon consists of straight sides. A circle does 

not. 

There are two-dimensional shapes such as a circle 

that are not polygons. 

For n = 3, 6n — 1 = 17, which is prime, so it is true. 

For n= 11, 6n— 1 = 65, which is not prime. 

A square has opposite sides of equal length and 

it has the properties of a rectangle. However, a 

parallelogram and rhombus have opposite sides of 

equal length, but they are not rectangles. 

60° / \120° 

1/1 
For x = 3, 37> 3, so true. Forx =—, (1 

2\2 

For n= 4, 4 = 16, so true. Forn =6, 67 = 36, so false. 

8D 9 D 

1+(-14+1)+(-14+1)-.. =lor 

(l-1)+(-1)+.. =0 

§=1-14+1-141-.. 

=1-(1-14+1-...) 

=1-S 

w=1as=t 
2 

_ 6n+1 

3 

25 01 31 1 37 1 
1(4) = = =8=,t(5) == =10-,t(6) = = 12- (4) 3 783 (5) 3 3 (6) 3 3 

t(n) »n=1,2,3,... 

t(n) = 2n+ ; The whole number part is even, 

1 
starting with 8. The fraction is always —. 

3 
FQ) =3,f(2) =9, f(3) = 18, f(4) = 30 
f(n) = f(n-1)+3n © f(7) =108 

14.C 

VP =1,2?=4,3?=9,47=16 

1 = 1,2? =8, 3° = 27, 4° = 64 

14 =1,24= 16, 34 =81, 4° = 256 

PF 31 

Nelson VICmaths Specialist Mathematics 12 

J < = so false. 
2 

17a 

18 a 

b 

19 a 

20a 

21a 

x3=124+4x3=24 
x, =24+4x4=40 
x5=40+4x5=60 

X, =X,_,+4n 

X53 =Xyt+2x5=60 

Xn =12n" 

20+2=10,10+2=5,3x5+1=16,16+2=8, 

8+2=4,4+2=2,2+2=1 

3x25+1=76, 76 +2 =38,38+2=19, 3x 19+1=58, 

58 +2=29,3x29+1=88,88+2=44,44+2= 22, 

22+2=11,3x11+1=34,34+2=17,3x 17+1=52, 

52+2=26,26+2=13,3x 13+1=40, 

40 +2=20,20+2=10,10+2=5,3x5+1=16, 

16+2=8,8+2=4,4+2=2,2+2=1 

Start with any whole number. If the number is even, 

divide by 2, and if the number is odd, multiply by 3 

and add 1. Apply the method to each result until the 

answer is 1. 

No more than four colours needed. 

A maximum of four colours are needed to colour 

any region. 

1 5 

2 10 

3 7 

4 9 

5 8 

6 6 

7 5 

8 4 

9 3 

10 2 

Odd number of intersections; inside even number of 

intersections: outside. 

The number of squares crossed is the sum of rows 

(R) and columns (C) minus the highest common 

factor of Rand C. 

198 + 187 — 11 = 374 

LHS =|-5+3| =|-2| =2 

RHS =|-5|+|3|=5+3=8, 2<8 
xS|x|,y<ly] 

xtys|x|+|y| 
lx+ylslal+1l| 

,so| x+y] <|x| +] y]. But ||x| +|y|] =|x|+]y 
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EXERCISE 3.2 16 Ifnisodd.n=2m+l1,meN, 

10 

1 

12 

13 

14 

15 

A 2A 

a_ If it’s winter, it's cold and people ski. 

b Ifit’s summer or it’s not cold, I swim. 

c If people are skiing or it's cold, then it's not summer 

and I am not swimming. 

a_ A: A number is rational. B: A number can be 

expressed as the ratio of two integers. A © B. 

b A:I pass tests if I study hard B: When I study hard 

I pass tests. A <> B. 

c A:lIts raining B: It’s cold C: I stay indoors 

(Av B) > C. 

A: A quadratic equation has two x-intercepts. 

B: The discriminant of a quadratic equation is positive. 

Show -(A A B) = =A v =B 

A = {2,3,4,5,6,7,8, 9}, B = {1,3,5,7} 
AA B= {3,5,7},4(A A B) = {1,2,4,6,8,9,10} 
AA = {1,10}, 4B = {2,4,6,8,9, 10}, 

=A v —B = {10} 

Show -(A v B) = =A A -=B 

Av B= {1,2,3,4,5,6,7,8,9},(A v B) = {10} 

=A A-B = {10} 

a A>(BvVC) b AABAC+>-=D 

ec =A>-BVC 

A rational number need not be the sum of a recurring 

and a terminating decimal. 

Converse: If the points are collinear, then they lie on the 

same line. 

Biconditional: Points lie on the same line if and only if 

they are collinear. 

E 

a ‘Tf it isa hot day, then it is sunny. Not always true. 

Could be a humid overcast day. 

b ‘When! go to the supermarket to buy food, I am 

hungry. Not always true. 

c ‘If this shape has exactly three sides, then it is a 

triangle. Always true. 

a A pair of lines intersect at one point if and only if 

they are not parallel. 

b The square of a natural number is odd if and only if 

the number is odd. 

a_ If two angles are supplementary, then their sum 

is 180°. 

b The sum of two angles is 180° if and only if the two 

angles are supplementary. 

Converse: ‘If a figure has four right angles, then it is a 

square. Not a good definition because a rectangle also 

has four right angles. 

n is divisible by both 3 and 4 means n = 12m,me N, 

which is divisible by 12. 

n divisible 12 meansn = 12m =3x4xm,meN. 

n is divisible by both 3 and 4. 

9780170448543 

17 Show =(A a B) = =A v -=B 

18 Continuity is a necessary but not sufficient condition 

r= Ant +m)+1=4k+1,k € N, which is odd. 

AA B= {5,7}, 2A A B) = {1,2,3,4,6,8,9, 10} 

AA = {1,2,3,10}, 4B = {2,4,6,8,9,10}, 

=A vB = {2, 10} 

Show {A v B) =A A-=B 

Av B= {1,3,4,5,6,7,8,9}, a(A v B) = {2,10} 

aA A-B = {2,10} 

for differentiability. For example, y = |x| is continuous 

at x = 0 but not differentiable at that point. 

So P — Q is true. The converse, Q — P means that 

if the function is continuous at a point, then it is also 

differentiable there. This is not the case for y = |x| at 

x =0. Thus, continuity is a necessary but not a sufficient 

condition for differentiability. 

19 =(A, AA) A... A Ay) = ACA, A (A, A | A Ay )) 

=A, VA) A... A Ay )) 

=A, V-(A, A (A; A... A Ay )) 

=A, VTA) V-(A; A... A Ay )) 

Continue in this way until 

aA, VA, VV A(Ay_) V Ay )) = 

aA, VA, V .. ATAy_) VaAy 

20 a -((A v-B)vC) =-=(A v-B) A=C 

= 3A A-=(-B) AAC 

aA AaB AAC 

b =(A(A v B) aA (AC A-D)) 

= (Av B)v A(AC aD) 

=AvBvCvD 

ce 7A(Av BvC) 

=-((A v B)vC) 

=-(A v B) AAC 

= AAA -Ba—-C 

or 

A(Av BvC) 

=-(Av(BvC)) 

=AAa-(BvC) 

=7A”a—-Ba-=C 

21 A> (BvC)v (BAC) 

22 Proofs: see worked solutions 

EXERCISE 3.3 

1D 2B 

3 n=2k+1keN 

(2k +1)' = 2(8k4 + 16kK° +12k? + 4k) +1 
=2m+l,meN 

4 Proof. See worked solutions 

5 m=2a+laeN 

n=2b+1,beN 

mn = 2(2ab+a+b)+1=2pt+l,peN 
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10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

n=2k,keN 

7n+4 =2(7k+2)=2p,peN 

n=2m 

2n? + 4n +13 = 2(4m? + 4m+6)41 

= 2k +1, (k = 4m’? +4m+ 6) 

a=kb,ke Nsoasb. 

3n +2 odd — 3nis odd because odd + even = odd. 

3n odd means n odd, because odd x odd = odd. 

a Wx € R*(x” >0) 

b Vx e Raye R(y=x+)) 

c Vxe RVye R WA R(A=xy) 

d Vx e RVye Riz=xt+yie C(x’ +y? 20) 

e Vae R\{0}Vbe RVce RAzEC 

(b? — 4ac < 0) 

a true 

2 
b false; m=2n= 2 

c¢ true 

d false;m=7,n=5 but7 # V5 

a m=2a, n=2b, a,b integers 

m—n =2(a—b) =2k,k integer 

b (m+n) =m’ +n? 2mn=M —Nis even, where 

M=m?’ +n’ is even and N= 2mnis even. 

m= 4 n = £ a,b,c,deEZ 
b d 

mn = & ef e€ N => mnisrational 
bd f 

Hint: Show the expression is divisible by 2 and by 3. 

One of n or n + 1 is even and the other odd, so the 

product is even, hence divisible by 2. 

Hint: 

a Use integers a and b with m=2a+1,n=2b+1 

to express m? + r? in the form 2k, where k is an 

expression involving a and b. 

b Modify your answer to part a so that it is in the form 

4p + q, where p and q are integers. 

a 3x(-2)-9=-15 

b (4xy +2241)? = 2[2(2xy + z) + 2(2xy+ J] +1= 
2n+1,n= 2(2xy +z)? + 2(2xy +z) 

The question is asking to show that if s is odd, then 
2 . 
s+ 3s+5 is odd. 

s=2k+ 19 +3s+5=2(2h+5k+4)+1=2q+1, 

which describes an odd number. 

0? is odd, a’ is even, b? +a” is odd UW’ + a’ + 1 is even, 

sob? +a’ +1=2k. 

m=2k+l1keN 

2k+1=(k+1P -—kh 

=a -b,a=kt+lb=k 
a_ The product of two consecutive whole numbers is even. 

Let n be the first number, so n + 1 is the second 

number. 

n(n+ 1); the product of odd/even or even/odd is even. 

Nelson ViICmaths Specialist Mathematics 12 

21 

22 

b The sum of two complex numbers is a complex 

number. 

Z=2+ Zi, w= WwW, + Wi 

zt+we= (z+ w,)+ (z+ W,)i=a+t bi € C), with 

a=2,+W,,b=2z,+ Wy, 

a sa xP xKPx3 x. x3" 

3! x 3? is odd (3! x 3?) x 3° odd x odd = odd 
(3! x 3? x 3°) x 34 odd x odd = odd and so on up to 3”. 

b 3” is odd, so 3" + 1 even and (3" + 1)nis the product 

of n even numbers, which is even. 

Let x = 2m + 1, for integer m. 

(2m +1)" = ky(2m)'1° + ky (2my tt + 

k,(2m)"?P +... +k, 

2 (ky 22m + 2m"? + kyo" tm"? + + 1+ ky 

=2K+k,, Kaconstant 

2K is even so need k, = 1 to have= 2K +1, odd. 

EXERCISE 3.4 

1 

3 

10 

11 

Cc 2A 

Prove that n even will lead to 5n — 7 is odd. 

Let n = 2m, for integer m. 

5n— 7 =10m—7 = 2(5m — 4) + 1, which is odd. 

D 

Show if 1 is not divisible by 3, then n° is not divisible by 3. 

Not divisible by 3 means remainder after division is 1 or 2 

n=3k+1lor3k+2forkeN. 

Ifn = 3k+1, 0 =3(9k° + 9K + 3k) + 1, which is not 
divisible by 3. 

Ifn = 3k +2, 0 =3(9k° + 18k + 12k+ 3) — 1, which is 
not divisible by 3. 

B 

Assume 3/2 = 2 Pp, q integers with no common divisor 

greater than 1. 

2q° = p’, p’ has a factor of 2, so p has factor 2. 

Let p = 2k, integer k. 

@ = 4°, so q’ has factor 2. Both p and q have factor 2, 

which is a contradiction. 

Prove that sc — 7(ab + c). c is even, so ab is even. 

a(ab + c) means ab + c is even. 

a Assume that there exist integers m, n such that 

15m+ 25n=1. 

b 5 divides 15m + 25n but 5 does not divide 1. This is 

not possible. 

Let 2n + 1, 2n + 3 be the consecutive odd numbers. 

Then (2n + 3)? — (2n +3) = 8(n +1). 

So 8(n+ 1) =4k+ 1 or 8(n + 1) = 4k +2 0r 

8(n+ 1) =4k+3 

A(2n+2—k) =1 or 4(2n+ 2—k) =2 or 4(2n+2—k) =3, 

each of which is not possible. 

Show that if n is odd then n° + 5 is even. 

Let n=2k+1. Then n° +5=(2k+1)+1 

= 2(4k° + 6K + 3k +1) =2m, integer m. 
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12 Show that n° + 5 odd and n odd leads toa 

contradiction. 

w+5=2k+ 1, for integer k. 

n° = 2(k— 2) = 2p, integer p. 

This implies that n is even because it is divisible by 2, 

which is a contradiction to the assumption that n is 

even. 

13 Show that if 3 divides m and 3 divides n then 3 divides mn. 

m = 3k,, integer k,. mn = (3k,)n = 3(k,n) = 3k,, integer k, 

Hence 3 divides mn. 

14 a Write statements P: nr’ is even Q: nis even. 

b If nis odd then n’ is odd. 

c nisodd, so n= 2k + 1, integer k. 

W = (2k+1)? = 4k +4k+ 1=2(2k’ + 2k) +1= 
2p + 1, integer p. 

15 Assume Va,b € Z, a? —4b=2. 

a =2+4b, so a’ is even. Hence a is even, so a= 2k, integer k. 

a — 4b = 4k? — 4b =2 or 2(k’-b) =1 

This is not possible because k” — b is an integer. 

16 The contrapositive is to prove ‘If both real numbers are 

rational, then their sum is rational: 

= om integers a, b, c, d. 
bd 

_ ad+be om. 
= —, integers m, n. 

n 

17 Show that if both m and n are even, then mn is even. 

m = 2x, n= 2y, mn = 2(2xy) = 2p, p integer. 

18 Assume that there is a smallest positive rational number 

of the form “. 
aoa a 

Then we have — < —, and — is rational because both 
2b ob 2b 

a and 2b are integers. 

Hence there is no smallest positive rational number. 

19 a Py is the product ofall the primes and contains all 

the primes, so Py + 1 can’t be prime. 

b If Py +1 is composite, it is divisible by at least one of 

the known primes. 

But when Py + 1 is divided by the prime(s), there 

is a remainder of 1. However, Px + 1 can’t be both 

divisible by a number and have remainder 1. 

20 Assume the sum of the squares of two odd numbers is 

odd. 

Leta =2m+1,b=2n+1, (m,n integers). 

a’ +B’ is odd. This means 4m” + 4n” + 2m +2n+2= 

2k + 1, for integer k. 

2(2m? + 2n? + m+ n)+1=2k,2p+ 1 =2k, for integer p. 

LHS is odd RHS is even hence a contradiction. 

21 a Forall natural numbers, if 3 + 2 is odd, then n is odd. 

b Show that if n is even, then 3n + 2 is even. 

n=2m, integer m 

3n+2=2(3m) +2 =2p +2, integer p. 
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EXERCISE 3.5 

Only partial solutions shown for this exercise: see worked 

solutions. 

1 =£ 2B 

3-8 Proof: see worked solutions 

9 True forn=1 

Assume true for n = kand prove true form =k+1 

9k —1=8p, for integer p. 

9k=8pt+1 

9k+1-1=9x9k-1 

=9(8p+1)-1 

= 8(9p + 1), which is divisible by 8. 

10-15 Proof: see worked solutions 

16 True forn =1, LHS = cos(x) 

_ sin(2x) _ 2sin(x)cos(x) 
RHS = = cos(x) 

2sin(x) 2sin(x) 

sin(2* x) 
Assume true for n = k, so let P(k) = =——— 

2* sin(x) 

aa(ok «oak 
P(k +1) = P(k) x Sint?) = cos(2'x) x antes). 

2 sin(x) 2" sin(x) 

_ sin(2(2*x)) 

2 gin(x) 

ao cakt 
p(k-+1) = SB) 

2k sin() 

17 True for n = 1. Assume true for n = k, so uk = 2koy 

Ups =2yet 1 = 2(2*- 1) +1 

=2'*141, so true forn=k+1 

18 Use the method of induction to prove 

uy +u,+u;+...+u,, =3"—1 given that the 

nth term is u, = 2x 3". 

True forn=1, 2x3! !=2, 3!-1=2. 

Assume true for n = k. 

LHS = (u, + uy + Us te. t my) +2 38tIo! 

=3'-142x3* 

=3x3k-1 
=3ktl_y 

= P(k+1) 

19 Apply the method of induction to 

prove that for all natural numbers, n, 

1 1 1 1 n 
+ + t+ = . 

2x5 5x8 8x11 (3n-1)@n+2) (6n+4) 
n 

P(n)= 
™) (6n + 4) 

True for n =1, LHS = a) RHS = P(1) = — 
10 10 

Assume true for n= k. 

Then 

1 1 1 1 k 
+ + tot a 

2x5 5x8 8xll (3k—1)(3k+2) (6k +4) 

n=k+1 

Py yt 1 + 
2x5 5x8 8x11 (3k — 1)(3k + 2) 

1 
(3k + 2)(3k +5) 

Answers 573
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k 1 k 
= + = + 
6k+4 (3k+2)(3k+5) 2(3k +2) 

1 

(3k + 2)(3k +5) 
—  kKGBK+5)+2 — k+l 

20K +2)8k+5) O(k+1)+4 

20 True for n=2 

= P(k+1) 

2 1 13 n+1_3 
TIli-= =|]-—=-— and == 

2 eo 4 an 4 

Assume true for n =k. 

E 1 
That is, P(k) = []| 1-= | =—— 

atis, PCR) I r] 2k 

n=k+1 

CUMULATIVE EXAMINATION 1 

1 a [Ifiis nota real number, then it is an imaginary number. 

b iis nota real number if and only if it is an imaginary 

number. 

¢ Ifiisa real number, then it is not an imaginary number. 

2 odd number, t, = t,_, +t,» 

3 uty =(a+2)i+(@-lDj-k 

u-(u+y)=a(a+2)—(a-1)-1 
=a@ +a 
=a(at+1) 

a(at+1)=0>a=0,a=-1 

Take a =-1 

aa SoD ORY yg gai, b=1 
P v 

CUMULATIVE EXAMINATION 2 

Section A 

1c 2B 3B 4c 5D 

Section B 

1 P(n)=9"+3=4m 

True for n= 1, P(1) = 12 is divisible by 4. 

Assume true for n = k 

P(k+1) =9't! 43 =9(95) 43 

= 9(4m — 3) +3 =36m—24 

= 4(9m — 6), which is divisible by 4. 

2 Ifa divides b, then b = ka, for integer k. This means a divides b 

and ais the greatest common divisor. If the greatest common 

divisor is a, then b = ka, for integer k, so a divides b. 

3 a P:c>a+b,c is hypotenuse, a, b two shorter sides. 

b 2>(a+b) 

C>a+b' + 2ab 

C>C+2ab, since a +P =C 

2ab < 0. This implies a or b or aand bare zero or 

either a or b is negative. This is a contradiction. 
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19 

2x+5 
4a x -2x4+4- 

b y=x-2x+4,x=-25 

5 a a=1,b=3 b 2 

CHAPTER 4 

EXERCISE 4.1 

tai bi ce -i 

d -1 e -i 

2 Re(z) =—4, Im(z) = 2 

b Re(w) = 3,Im(w) =-2 
5 5 

c Re(z) = 3 +4, Im(z) =0 

d Re(w) = ~~, Im(w) = -— 
x+y x+y 

e Re(z)=a+c,Im(z)=b+d 

3a 5-6 b = ¢ 1-13 

se ac—b b(atc), 
d at+bi-ci e i 

C+P CC 4e 

4 In@ 
4 

° 44 ° 
6(-24) 4 | (3,4) 

2+4e (0, 2) 

- 

—_ 1—1—1—1- Re (2) 
432-1] 1234 

2-4 ° 

d(-1,-3)e34 4(3,-2) 
-44 

Y 

5 Im@ 
4 

z(-1,3) _ | 

6 a 2-7 b 2-12i c -6-5i 

d 8-3i e -44+2i 

7 a 10+12i b 4+1li © 9+5i 

d 5i e -10-9i 

8a -8-3li b 52+ 26i Cc 984+ 14i 

d -2-36i e -53-3li 

9 a 1-3i b B23; c iy 
25 25 25 50 

qd -2-3; ¢ 443; 
41 41 20 5 

10 a 6+7i bp 22-3; 6 as—4 (3)i 
74 74 

d 1-4i 2116 
17°17 
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tia In) e 13cis(@), where @ = 7 — tan! fa 
t 12 

54 i f 23-3: g -3i 

wi h 5B, i -V2 -V2i 
2 2 

w j 2.5(V6 — V2 - V2) +2.5(V6 + V2)i 

~ E 0 Tayke@ 7 a z—2+i=k(1+3i),ke R,3x-y-7=0 

b |z—4-2i]=|z+3-i],x+7y+10=0 

© z+1-i=k(1+2i),ke R,2x-y+3=0 

d Re(z)=1 
54 

y e 2+3+42i=kcis [RE ore a+2i= A (5 +i) 
no. . 

b It rotates the complex number 2 anticlockwise ke R,V3x- ay+ 33 —6 =0 
around the origin. 

8 a Theline through 2 +i with slope >. 
12 Im() 

Re (2) 

z-2-i=k(2+3i), KER 

13 444,31 

14 E 15 A 16 C 17.C 18 A 

EXERCISE 4.2 
b The ray from —3 + 2i with inclination , 

1B 2c 4 
Im (2) 

3 a 3V2cis _# b 2cis |= 4 
4 6 44 

ce 4cs(-% d 3cis| Z 9) 243-21=k =i), keER™ 
6 2 24 

4 7 
e 5cis (—0), where @ = arctan| — Re(2) 

7 1234 

4a _5N2 _ 5y2; b -J2 - J2i 
2 2 

c -4 d 33 -3i 4 

2, 
2 2 c The perpendicular bisector of 3 — i and 2i- 1. 

5 a 1.5cis (-=) b 2cis (=) Im(Q 
12 12 | 

1 47 
© 2.5 cis |— d 8 cis (—1) 

4 34 

(a) ig e =cis |-— i4 
3 12 

3 Re (2) 

6a Scis(-0, where = tn(2 1234 

7 |z-3+ i]=|z+1-2i| 

b J5cis@, where @ = tan! E} 

. ua 
2cis | -— 

° [ :] 
d 6\2cis () 
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3 5 - , 5 
d. The ray from 1 — 2i with inclination 3 c The outside and circumference of the circle of radius 

4 5 with centre —2 + i. 

Im 
im 

d The inside of the circle of radius 5 with centre —1 — 4i. 

n Im(z) 
e The line through 1 — i with inclination % (z+144i)(Z+1-4i) <25 

-lt+i 

Im @ 

Se ae ee ee ee es See Se 

le-1+i|=keis(Z), ker 
3 On a ca e The inside and circumference of the circle of radius 

+4-|—}——|_ 2 with centre 2 — 3i. 

Im(z) 

9 a |z-3-2i)=5 b |z+1+i<4 Cc |z+5-3i|>2 

10 a The circle of radius 4 with centre 4 + 3i. 

|z-243i<2 

Im(2)4 
4+8i 

-14+3i 

11 a The ellipse with foci 2 —iand —3 + i, major semi-axis « 
‘ _. V167 

7 and minor semi-axis — 

y 4-2: 

Im (z) 4 

b The circle of radius 3 with centre 3 — 3i. |e-2+i)+|z+3-iJ=14 

Im(z) 

340i l34i 
- _ ° 

Re(z) 

ae 2, Si Re(z) 
(z—3+3i)(Z-3-3i)=9 24-1 

64+-31 

vy 

3+-6i 
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b The inside of the ellipse with foci 3— i and —-1 + 5i, b The semicircle on the left-hand side of the diameter 

major semi-axis 7 and minor semi-axis 6. from 1+ 3ito—2-i. 

Im(z) Im (2) 
ites. [2-3 +i]+|z+1—-5i]<14 

1+3i 

0.5 +i 

< > 
Re(z) 

2+ 

Arg (z— 1+ 3i|-|Arg (2+2+i) =F 

c The inside and circumference of the ellipse with c The outside and circumference of the semicircle on 

foci —5 — i and 3 + 3i, major semi-axis 12 and minor the right-hand side of the diameter from —3 + i to 

semi-axis ¥124. 2-3i. 

Im(z)4 Im(z) 4 
|Je+5+i)+|z-3-3i]<24 

O< Arg (2+3—i))- Arg (2-243) <F 

Rez) 
Re(z) 

d The inside and diameter of the semicircle on the 
d The outside of the ellipse with foci 5 — 3i and 1 + i, 

right-hand side of the diameter from 1 — i to 3 — 4i. 
major semi-axis 9 and minor semi-axis /61. 

Im(z) me 

> |z-5+ 3i]+[z—1-i|>18 Rete) 

F <Arg(z—1+i)—Arg (z-3 +4) <x 

12 a The semicircle on the right-hand side of the 13 a The circle of radius 3 with centre i— 4. 

diameter from 4 —i to —4—i. 
Im(z) 

Im(z) 4 jz-i+4[=3 

—44+4i 

741i 

~ 
[ j Re(z) Re (2) 

—4+-i 0+-7 44-i 

Arg (2—4 + i] larg (24441) =F 

v 
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b The straight line through 2 — i and slope > 

Im@ < 

Actedaonnen 

111 Re (2) 
12 3 

jj | j | y tj ft 

c The perpendicular bisector of 3 + 2i and 3i— 2. 

Im@) 
4 | 

d The ray from 1 + 3i with inclination z. 

e The inside and circumference of the circle of radius 

2 and centre 1 — 2i. 

Im@ 

> 
Re(2) 

d—kes(Z [2-14 i[=keis(), ker 

—1+-2i 34-2i 

Nelson ViCmaths Specialist Mathematics 12 

f The inside of the ellipse with foci 3i— 5 and 3 — 3i, 

major semi-axis 10 and minor semi-axis V75. 

mOt 6 _1429E-1-2 <4 

g The area above the line through —i with slope 2. 

Im (2) 

|z+5—3i]+ |z—3+3i]<20 

14 a Thearea enclosed by the lines z = —2i,z = 3i,z=1 

and z = 6, not including the lines. 

Im (2) —2<Im(z)<3 

and 1<Re(z)<6 

b The sector of the circle with centre 1 + i and radius 
2. 

4 between the rays with inclinations = and = 

including the ray with inclination z. 

Im) 4 

oe 
4 Z<arg(e-1-i)< 

141i and |z—1-i)<4 

< ~ 
Re (2) 

v 
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c The annulus with centre 3 — 2i and radii 3 and 5, 31 a y=-x-5 

including the outer circumference. b Im@ 4 

Im @) 

3<|z-34+2i]<5 

943i 

Re) 

c The perpendicular bisector of the line segment 

joining the points represented by u and v. 

d= i See diagram in part b above. 

ii y=x+1,x>-2 4 y 

Im (2) <z—-2i-k3 +) 5 10 53 
34 e z, =-—-—i, radius = — 
a 33 3 

54 32 a centre (1,2), radius 2 

¥ b Use |z|” = x° + ¥ on both sides of the equation. 

e The area to the left of z = 1 and inside the ellipse with c,d Im 

foci —2 + 3i and 4 — i, major semi-axis 8 and minor 5 

semi-axis V51, including all the boundaries. 4 
(0, 2+ V3) (2,2 +V3) 

Im (2) 4: 

=243i | | Re (2) < T'and \ (0, 2-13) 22-8) 
© | |iz+2-3i] #]2—44 i] < 16 32 4 7 a 

\ -1 
al a ° ™R -2 

4+-li / #6) 

y a 

15 = 16 8 7A 18 A 
19 C 20 C 21D 22 C 

23 C 24 8B 25 C 26 E 

27 D 28 D 29 A 

2 

ii. u=I cis (0) 1 

n_ 729 » =——u 
4096 d Aa277 2 

4 2 

Icis| 9 + = 
ws 3 (2) 1, V3 
= = ——— = cis} — J = = + i 
u 3 

d a= 93 23 
ey} ey} 
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b -2+2V3i 

© -(2- 2y3i), -(2-2V3i) 

d= Use |z? =x* + y’ on both sides of the equation 

8 Im@4 

g A=aa+ 

EXERCISE 4.3 

1 C,asemicircle 2D 

3a 42,9 4-4 

b 32,4, 163 - 161 

d 64,7, -64 

e 16,22, 8+ 831 

4a -74+24i b -46-9i © 597+ 122i 

d 0.5-05V3i e 128+128V3i 

5 a8 b 6 © 5 

6a 323 — 32 — (323 + 32); b 1283 + 128i 

© -2-2N3+(2-2v3)i d 8+8V3i 

V3 +14 (V3 -Di 

2 

7 <(1, 1), (0, 2), 2*(-4, 0) 

580 ~—_— Nelson VICmaths Specialist Mathematics 12 

8 a Find modulus and argument 

9A 10 B 114 E 12 E 13 A 

EXERCISE 4.4 

1B 2c 

3 a z=1,-1,i,-i 

Im (2) 

Re (2) 

© cis (=) for k=—3, —2,-1, 0, 1,2, 3 

a 3V2 | v2, =3(V6 + V2) , 3(v6 = V2), 
4 ; 

2 2 4 4 

(V6 - V2) _ 3(V6 + V2), 
4 4 

Im () 
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b 24 2V3i, -2V3 + 2i, -2 — 2V3i, 2V3 — 2i 

In@4 
ose 

© -2,1+ V3i,1- V3i 

Im@4 

5a—l VB, _1_ N38, 
2 2°2 2 

p 2 V2, V2 _ v2, v2 V2, v2_ 2 
2 °2°2 2° 2 2 2 2 

— i, i,-i,-1,1 

© 1+i,1-i,-1+i,-1-i 

d v3 , 3, V3 3,93 3, 8 sh N3,N3 
22°72 2°2 2 

9780170448543 

9ai as(£] 
3 

i Apply de Moivre'’s theorem. 

EXERCISE 4.5 

1D 2B 

3 a (2+2+ 21 (z+2-V2i) 

b -$8)(25 
2 2 2 2 

e (22-54 V3i) (22-5-~3i) 

4 a 3-6: b -1+2i Cc 7+ 64i 

do e -102+53i 

5 a 3-3i b 7i co 

d 6-i e —2-20i 

6 a z-2 b z+1-2i © z-3-2i 

d z-i,3zt+i e z+2,z-i 

Answers 



d [-+8-H--2+5) 

2 2 

8 a (z+1)(z-1+2i) b 

© (z+ i)(z+3—-3i) d 

e (z—-3)(z-2-2i) 

9 a (3z-2+i)(z-1)(z+1) 

b e+1-2[2-2 2] 

© (z-i)(z+2)(z-1-2i) 

d (z+ i)(z-2i)(z+3-i) 

e (z—2)(z+i)(z—- 2i)(z+2+2i) 

10 (z+1)(2+4+2i)(z+4-2i) 

tic 12 C 13 D 

EXERCISE 4.6 

(z-2)(z-2-i) 

(z—2i)(z+ 1+ 3i) 

v2 2, 
++i 

2 2 

1A 2B 

3a 34,¥0,3 0, 
2 92°72 2 

b -2-V2i,-2+V2i 
v2.4, v2 4 

ec —+-i,—--i 
3.373 3 

g 23, ¥i7, v3 _ v7, 
2° 2 2 2 

eo 5447, 5 97, 
4.4/4 4 

1 1445, 1 vi5, 
2 6 2 6 

4a 2-42+13=0 

© 2-42+7=0 

e 162°+162+7=0 

5a 42 
2 

b 2-2-6) -(2+ 8) 
ce V2 -(V2 +3)i,V2+(V2-3)i 

d V6 V2-4, Vo 244, 
2 2 2 2 

e 1h i 
2 

f 21,7) 
3 

6 a 3-4i 

7 a 3,i,-i 

© -=,2+i4,2-i 

582 

b 242z24+5=0 

d 92°-6z+3=0 

b -3+ S5iand -3—5i 

b 1,14+2i,1-2i 

d -1,-1+i,-1-i 

Nelson ViICmaths Specialist Mathematics 12 

1,-2,3+i,3+i 

2i,-21,5+i 

2i,2+i,14+2i 

e@ 2i,-3i,3 + 4i,-2 + 3i 

© 

o
o
 
*
 

9 1+i,2 

10 a Show p(V5—i) =0 

—V3i,3 ia -l 

4 
f -Li-i 

3 

h i,4-2i,—+7i 
2 2 
11 

jo 1+424,--4+-i 
33 

b 1+i,2+i,-i 

d 14+2i,1-i,1+i42+i 

b -2i, 2i 

ii. 23 and V3 + 3i 

b i4 

ii [x+ (y+ 2)i][x- 

i 

(y+ 2) =4 + (y+2) =4 
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b Solve y=+x and x? +y?=4,2=+V2 +iv2 

ce V2 -V2i,-VJ2 + V2i, V2 - V2i; all roots are 

shown in part a above. 

d_ (z- V2 - v2i) (2 + V2 - V2i) (2 + V2 + V2i) 

(z- v2 + V2) 

e Segment shaded in part a 

f n-2 ( segment has angle 
\ 

19 a i z,=Z,, they are complex conjugates 

ii a= -3, B =9 and y=-27 

b Im()4 
ci answer 

ci See diagram above. 

i 2-3 
6 4 

CUMULATIVE EXAMINATION 1 

1 pe R\{-V5,v5} (63%) 

2 ‘If nis not divisible by 2, then n’ is not divisible by 8. 

3 a Find modulus and argument 81% 

b -12V12i=-24J3i (84%) 

© n=6kkeZ (39%) 

d n=6k+3,keZ (26%) 

CUMULATIVE EXAMINATION 2 

Section A 

1D (60%) 2 (% 8 E (75%) 
4s (6%) 5D (a) 

Section B - 

1a domain: | —/2, v2 |, range: [ -x, 7] 76% 

b 76% 

Im (24 
4 

(2, 2) 34 (V2, 0) 

24 

i 

1 Re (z) 
304 

9780170448543 

2 a_i Use the quadratic formula or complete the 

square. 68% 

bi m=in=%8 em 
fi (x+1P+y=15 (59%) 

ili 
© -1<d<5 (19%) 

dx 

2s 
dx x +2) 

3 f (x) =-16x (3 — 4x") 

42 
4 

5D 6E 7 C 
3 3x 

8 a 35x° b -— c — 
: 3x? +1 

5x: 

9 a 35 b 3 c 3 
5 2 

io 1 
8 

11A 12 C 13 D 145 

15D 16 A 17 B 18 D 

19 E 20 E 21 A 22 D 

EXERCISE 5.2 

1 f(@=12 2B 

3 8 sin’ (2x) cos (2x) 

41 5 E 6D 

7 cos’ (x) —sin?(x) = cos (2x) 

8 -2cosec? (2x) 

9 (12x? 1) sin (4x° — x) 

10 -12x! sin (x°) + 8xcos (x*) 

11C 12 C 13. A 

4A 15 B 16 B 

Answers 
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EXERCISE 5.3 

1 = 2B 
4 

3 y =_v_, domain: R; range: [02 
dx 4x" +25 5 

4 -1 5E 6D 

7 Proof: see worked solutions. 

8 a domain: xe [-4,0] range: [ —4,—2] 

2 
b f(x) =——— 

f M—x(x + 4) 

9A 10 D 1A 12 E 

13 a f(x)= z tarctan(x), f"(0) =0 
1l+x 

b 

Ya 
14 

0.85 

y= arctan (x) 

0.67 
y =x arctan (x) 

0.45 

0.27 

T T T T ad 

7 02 04 06 08 1* 

14a 

_) 2 ¢ L>) 

aay 
C yA a TTT ATT 

ahs 
4 2 

24 

b Proof: see worked solutions, a = 1 

2 ; forx € (0,1) 
Cc yy, 1- fix) = > 

- for x € (-1, 0) 
1-x? 

Nelson ViCmaths Specialist Mathematics 12 

2x 
1 

xt +1 

2 i defined for 
(arcsin(x))” Vvi-x 

(-1, 1)\{0} OR (-1, 0) U (0, 1) 

3 a 4 bi © 2log,(2) + 1 

x1 2x 
4 b © 2xlog, (3x) +x 

x(x" +1) x41 Be 

5D 

6A 
x 6x 

7aé (x= 2) b & (ex—1) 

x 3x" 

7 2e°* (5x — 3) 

5x4 VE Je 

8 ae (2x-4x) b Seas) 
© 15e**cos (3e”) 2x2 

9 a 3c” b 97 © 100e° 

10 a 9% b -e ce+2 

d 12e (2e-3)° 

ial b= cl d 2cot (1) 

12 8B 13. A 14 E 15 B 

EXERCISE 5.5 

1 y=3In(2(x-1)) 2E 

& dy 1 3 ae wit tis 4 a 

2 2 

5 fy, 6 £y 29 
dx’ dx 
2 

7 SY = ax) — 40s) +129 
LX 

2 

8a 2% 49.5 408 +482 
dx 

@y ay 
b —~ =-20 cos (2x) ec —=4 

dx? dx? 
2 

d 22 <29y8 
dx 

» -1 
9a f(x)= 3 b f(s) = 

A(2— x) (3x-1) 

10 B 

cd 80 1 (2) 
2 (i+ 2) 
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wxek 10 a i 20007L ii 134m 

18 dh _ 2000 
ye) — 797 —= 

13 f(x) =72x' dt 000 tan”"(h) + a 

ay 1+h 
14 = 40K — 6x 11 a a=3.2,b=03 

15 (1) = 1 and f”(-2) = 168 b at 

16 f(-1) _~ and f”(2) = 40 3 

17 9'(4)=-— 64 s@=- 5 i 

ah 1 
18 E 26 24 

19 E 20 D 21 B 47574] 

EXERCISE 5.6 

1 f(x) =4x -2 and f"(x) =4 

2A 
. . . . 1 

3 Non-stationary point of inflection at x = > © O.llcm/s 

4 Stationary point of inflection at x =—1 where the 42 dy 6- 3x3 b dA _ 24nx(6 = 3x°) 

graph changes from concave up to concave down. 7 dt aX 2 dt ( = y 
3)3 x 

And at x = 3, the graph changes from concave down to (1 al ) 

concave u > e 2 Pp. 

5 Maximum turning point at x = 1 and stationary point of 13 a Proof: see worked solutions 

inflection at x = 4. b domain: (1, 2), range: (1, 2) 

6A 7E BC c Proof: see worked solutions 

9 f(x) = 12x° =0 has solution x = 0. But concavity 

does not change on both sides of x = 0, because 

f’(-1) = 12 > Oand f”(1) = 12 > 0. (0, 0) is not a point 56 

EXERCISE 5.8 

sin(y) 
of inflection. It is a minimum point. 1 65 2A ~ xcos(y) 

—x sin (x) — cos (x) 
10 ———,—— 4 2 5 -3 6D 

* 6 
41 90n? 12C 13 B 7A 

14a (1,15), f") =-2 <0, Thus (1, 1.5) is the 8 a (0,1) 
maximum turning point. e dy _ 6 

b i 9x'—26x7+1=0 ii (0.2,0.5) and (1.7, 1.4) dx 
9 dy 3 

if ‘ 
toa Ye p #1 

(15) dx 9-x dx 9 

1 wy _-4 
dx 13 

12 a Asymptotes at y= 2x +2 and y=—2x+2 

Intercepts at (v2.0 and (-v2,0) 

p
r
r
e
i
r
i
i
i
T
i
r
i
i
i
i
i
i
g
 

EXERCISE 5.7 

1 x=41 2E 

3 WV = gar 
dt 

4 a = —manalss decreasing at rate of -mmis. 
dt 5 5 

5 MOT o/s 
3 

6D 7C 8 C 9A 
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dy -18 13 x axe 4A CHAPTER 6 

CUMULATIVE EXAMINATION 1 EXERCISE 6.1 
dy d’y 3 1 a 2x—5y—14=0, straight line 
=~ - 2-4 =-— ! \2. _ 2 

dx dx 2 al b (x ~ - Y = = 1, horizontal hyperbola with 

2a i xe[-2,2] (67% ii n\[-2.2] am) 
55 centre (1, 2) 

a 11 
iii xe [-2, 2] \[-3.5| 26% © y=(x+ 1)°, cubic with point of inflection (—1, 0) 

b sv7 d (x43)? + (y- 4)? = 25, circle of radius 5 with centre 

16 (3,4) 
CUMULATIVE EXAMINATION 2 2 Acosine function of magnitude 3 along the line z = 2y 

7 and perpendicular to the y-z plane. 
Section A 3. A dtraisht line'th he origin with projects 
4c 58% 2B 60% 3B 46% straight line through the origin with projections 

x+4y=0,x—2z=0and 2y+ z=0 on the x-y, x-z and 

4E 8% 5D y-z planes respectively. 

Section B 4 
1a Proof: see worked solutions 

b xe (1,~), ye (1, ~) 

c Proof: see worked solutions 

d 7 
yO 

a2} 3 

34 ; 

1 f 6 +2 =5,acircle of radius J5 in the y-z plane with 

“4 { centre at the origin. 

Ba i x=-1,y=0 (36) ‘Loita 
ii f=, ars, 0.53) (90%) 8 r(t)=(t-1)i+ 4 -4) +2]j 

(1+") 9D 10 A 
iii (1.26, 0.42) (52%) 

b (ex) EXERCISE 6.2 

1B 2E 

;t 3 a r(1)=(3+2H)i+ (8-100)j 
| b r(t)=(5+7#)i +(3 +41) j+(8-8)k 

14 (0.79, 0.53) ce r(t)=(6+2t)i + (1440) j+ (44101) k 

(1.26, 0.42) d x(t) = (5-6f)i +(-8 +28) j+tk 

rs e r(t)= (-8+8/)i +(8-)j+(8+7)k 

f r(t)= (-3+8h)i + (6 + 108) j+ (-8 + 6t)k 

4a x=9-8hy=-8+102=—7t- 

b x=-4+7t, y=-1+9t,z=5-10¢ 

© x=-8+6t,y=—44 132-44 9t 

d x=2+5t,y=9-15t,2=-9+ 6t 
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e@ x=-5+ 104, y=-7+13f,2=2-10t 8 a —52i-5j+25k b 1li+21j+ 14k 

f x=7-4t,y=-1-7t,2=-7-2t © 53i—59j- 14k d 14i+6j-25k 

5 i+6j—2k+t(3i+5j- e 17} + 51k : 

6 a 28 pay zy 15=0 9 3it+4j—k 
-3 2 10 Cc 

b x42 yn 4 sy ay 4 26=0 
4 5 EXERCISE 6.4 

c x+3_y_z+8 15 2B 

5 2 9 
dex _y+2_2-8 3 a Sx-yt3z=- b 9x+y-—4z=12 

7 4 © 4x+4y-7z=44 d 7x+4y+8z=-64 

e x-2_yt5_z+9 e 3y—7x=-80 

2 x 6 4 a p-(3i-3)+5k) =40 

¢ X74 _yo4_z-6 b p:(9k —4i—2j) =84 3 3 4 PrUsr ane) 
7 a c(t)=Si-j-4k +t (-Mit4j+12k),0<t<1 © p:(9j-8i+ 2k) =-1 

br r (ft) =—6i + 8j-2k + t(1li-7j—5k),0<t<1 d p:(9i- 2j + 2k) = 23 

e r(t)=-i- 8) + 7k +t (3i+ 3j—-16k), Ostsl e p:(9j-9i-k) =55 

d rO=j- se oe’ O<tsl 5a x-y-32=13 b 3x+2y—22z=-3 

e r( — 10j-3k),0<t<1 © 10x-7ly+13z=-43 d x+3y—z=13 

f r()=5i- joa 240) O<t<1 e 2y-14x+ 69z=1 

8ayY bN cy 6 a -59x+37y—6z=289 b 6x—-5y—6z=34 

dy ey fN © 5x-2y-3z=0 d —4x+ 15y+14z=5 

gayY bN cN @ 28x+33y—45z=10 =f 25x-y+l6z=- 

dN ey g x+3y-z=6 h -x-5ly+ 8z=-33 

10 a Y b Y cN 7a Y,N,N b Y,N,N 

dN e Y c Y,N,N d Y,N,N e 

11 10i+30j+ 20k + (30i + 50j + 20k) e N,N,Y f YN,N 

12 -21+ 4j- 3k +t(i-V2j+V3k) 8 a -i+ (2431) j+(—3+4Hk 

13 a+ust(v+w—u) : ‘5 
b @rspit(-2459j+(-3+¢}k 

14 2x+3y+5=0 

15 B 16 D 17 A ce (5+f)i-4j+(-3-3f)k 

d (6—3f) i+ (2+41) j+(2-4Hk 
EXERCISE 6.3 * 

1D 2B e [2-2 +aesn jose 

3ayY bY cN 
9 no 

dy en 
oo. oo 10 4x-y+5z=-4 

4 a —53i+5j—35k b -12i-9j — 25k 
; ~ — 11 x-y+3z=20 

© 41i—20j+17k d -32i+17j+18k 8 

5a gq Bit I-W b 1G +2)-2k) ae arccas( 4) 
a ° - ° 13 A 14 B 

ce —2(i-6j+3k d — (2i+2j-7k -t- = 72 (i 6)+ 3k) yay J—7k) 15 a 5-t=3=1=2,but3+4x247 

6 a 4i-9)+7k b 28i—21j— 15k b x+3y-42=-40 c (47 41 111) 
. ou, ae 13’ 13°13) 

e© 41i-—17j-20k d 35i—17j-37k 

e 18i—26j—k ~ d ak and BC is in the direction of the 

7 a L(i- 11+ 10k) b LWi- ~ 42-6) line n= 3] + 4g 
bo 8 ., 8 20 8 

1 Brn=— x (-1) +-— x (-3) +-— x4=—4+ 
c —— (6i- 5j+7k) d 4 (7i-4j-4l) 13 13 13 

V110 = 9 ~ 72 _80_4 i ae 
e — (7i+4j-2k 13) 13 

Yes 7 4-7) = - 
Hence AB is perpendicular to n, so ZABC = Tr 

9780170448543 Answers 587 
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588 

€ Suppose the line is given by 

L(t) =aital +asktt (mit mjt ng). 

Then the plane has normal vector ni + nj + n3k 

and has equation n,x + n,y + nz = d for some dé R. 

Since B is on the plane, it satisfies the equation, so 

n,b1 + nyb, + n3b3 = d. 

The equation of the plane is 

NX + Nyy + 13z = Ny b, + Nyb, + 13b3. 

CUMULATIVE EXAMINATION 1 

ua 
ta xaZ t2nmne Z 

b f’(x) =1-sin (x) 20, no sign change, so there are 

no points of inflection. 

2 2 -(2nx"!) - rx"? + nx"? x") e* or 

x"? (2 —2nx+n(n—-1))e* (91% 

(t) = (-2 + 5t) i+ (3 + 2t) j+(-1-4Hk 3r 

4a 4i+j+5k b 4x+y+5z=13 

CUMULATIVE EXAMINATION 2 

Section A 

1D 2B 3D 

4A 

Section B 

ia yy __ 9% 
dx 1l6y 

b z=a+ ish, 
9a 

& 9x? +16y? \dx 
c—e= _ i 

dt 9x?y dt 

a % _ avis = 32 = —2.6312 
dt 215 

e As x increases from 0 to 8, z moves from +ce back 

towards the ellipse. 

2a xt+y+2z=0 

156 
4 

EXERCISE 7.1 

b x+y+2z=20 

1a 2x42 - 4x? 45x46 

1 
c 3 lesel*l 

3 

b oe. [4x +3) +c 

© ~2log,|1—4x|+¢ 

Nelson ViICmaths Specialist Mathematics 12 

4 3 4a (2x +9) c b (4x —1) +e 

8 6 

-1 
c +c 
10(5x + 6) 

5a 4 gin(lox) +e b ld cos(6x) +6 
10 2 

2. 
c 3 8in Ge + 4) +e 

6 a 4log,(2) b 8 ¢ 13 

7 a xlog,(x)+ xlog,(3)-—x+c¢ 

b 2x sin (2x) + cos(2x) | 

4 

8 a 8.389 b 0.048 

9 a=-1 

10 2 1A 12 A 13 D 

14 E 15 D 16 C 17 E 

EXERCISE 7.2 

1D 2A 

3a an'() +e b 4cos! a) +0 
3 9 

4a 1 in 1 (ax) +e b deost eee 
2 3 2 

5a pian'()+e b 2 tant *)re 
5 5 3 3 

6a sont =) +e b dant 7) +6 
10 2 4 

7a fan (421) 46 b dant sae 
4 4 

ga = b = 
3 12 

ga b= 
3 9 

10 a (x+5)4+9 b ban'(*22) 40 

1 2 12 A 13 D 14 A 
4a 

15 B 16 E 17 E 18 D 

EXERCISE 7.3 

1D 2E 
2 3. 

3a 5 (38° - 2x) tc b sin(e*) +e 

4a (x +2)'+e b —— _4¢ 
(4x - 5x”) 

; log, (x) 
5a —_cos5 (x) +e b (log.(*)) +¢ 

5 6 

3 el 
6a 2(x +5)2 _ 10(x+5)2 ie 

5 3 

b - 1 Z +c 
x-1 = 2(x-1P 

7a 3 b 15 
8 4 

a % p 39 
20 

9780170448543



9 sin (e) —sin (1) 

to [8222 4, 
cos (2x) 

du 
Let u = cos (2x) — = —2sin (2x ( in (2x) 

ldu --—= 2. ae sin (2x) 

1fl 1 1 a 
5 7 dt = 7 lose |u| +6 = Slog. u ‘Jae 

sin (2x) 1 1 1 
dx =— +c=—l 2x)| + 

Ineo 2 Be cos (2x)} . 7 lOBe| see » . 

1 3 
-= I = 1 é 12 ne :| 13 B 

4A 15 C 16 D 

17 D 18 E 19 C 

20 E 21D 22 B 

23 B 24 B 25 B 

EXERCISE 7.4 

1c 2D 
3 

3a sin(x) - 2) 

b pcos (2x) +bcos'(2x) + c 
2 6 

3 
c sin (4x) — 2 oye 

d sin(x)- Fsin'(x) + a +e 

4 1.1 sinax) +e 
2 4 

5a 1d iniexyec b dad sin(ax) +c 
2 16 2 8 

3 3 
ce —x+—sin(10x)+c 

2 20 

6 tan(x)+c 

x 
7 X_ 1 sn (ex)+c 

2 16 

sin’ (x) 17 
+¢;— 

3 5 480 

EXERCISE 7.5 

1B 2A 

3 a 2log,|x— 4] + 6log,|x +3) +c 

b 3log,|x — 2|— log, |x + 2| +c 

© log,|2x +1] + 3log,|x +1| +c 

3 1 
4 ——_ +—__ 

10(3x+1) 10(x —3) 

9780170448543 

864 
5 log, | — 

oe (Se 

6a Slog, |x 1] -——+¢ 

b -2lo Jxt4]-—2-+0 
Be x+4 

9 
7 log,| — ee(3] 

2 1 
8 ~ 5 l0Be|3 — x] — 5 log. 3 + x| 

gC 10 B 11D 12 D 

13. C 14C 15 B 16 B 

EXERCISE 7.6 

1E 2B 

1 «1 
3a ——— b 2sin (Vx) +e 

2Vx-x? 

-1{ * 2 4 a tan (=) +on|9+ 33] +6 

b 2sin! *)-vo- 2 +e 

= 1 1 
5a u= 2x, (sin! (V2x)) = x 

( ( )) 2x (1 — 2x) 

b= 
12 

6 stan™(=) + Fog, (x? +4) + 

7 asin) ~ 64-3? +e 

d(tan' (Vx)) 1 1 
8 a u=Vvx, =—=x 

dx 2Vx  (1+x) 

b 2tan' (Vx) 

1 oy 1, 4 (5x 
9 59 loge (4 + 25% )+ypen [=)+« 

10 log, (2) += 

EXERCISE 7.7 

1 

3 

B 2D 

a sin (x) —x cos (x) +c 

1 1 
b 9 Cos(3x) + 5 xsin 3x) + © xe* —e* +c 

9 

d log, |cos (x)| +xtan(x)+c 

1 1 1 
a —x°e* ——xe* +-e* +¢ 

2 2 4 

b 2cos(x)— x” cos(x) + 2x sin(x) +c 

© 2xcos(x)+ x7 sin(x) — 2sin(x) +c 

a xarcsin(x)+V1—x? +c 

b xarccos(x) — V1—x? +¢ 

ce xlog,(x)-x+c 

Answers 589 
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1 2 
6 a —e* cos(2x) +—e* sin(2x)+¢ 

5 5 

1x b —e* sin(x)— a cos(x)+c¢ 

11 C 12 B 

CUMULATIVE EXAMINATION 1 

1 2log, (2) — log, (3) 

2 yan (4x) + oe + 16x?) +c 

— _# 
8 2 2 

CUMULATIVE EXAMINATION 2 

Section A 

1D Gee) = 2 GF) ra 
4B 5A 

Section B 

c Use the quadratic formula or complete the 

square. (73% 

= tan(t) 
sin(t)’ y 

c a is 
dx 3 

(x? -1)2 

. hegative 

positive 

Gradient is always negative. 

Nelson ViICmaths Specialist Mathematics 12 

CHAPTER 8 

EXERCISE 8.1 

1 a Z square units b 1 square unit 

3 

2 a 4 square units b 2 square units 

3 

a 22.18 b 4.13 

a 4/2 square units b 3 square units 

5 a 2.13 

b 0.111 

mol . 
6a 7 saere units b 1 square unit 

74+2 
2 

8 a Proof: see worked solutions b -2+3log,(3) 

4 
9 — 10 6log,(5 is Be (5) 

11 a [0, ) b_ Proof: see worked solutions 

3x mn 1 
ec —-—-=log,(2 6 ag 8 (2) 

4p 32v2 
35 

13 E 

14 a 1.9875 m* b A=3,B=-3 

© 2.18 d 52 

15 a2 

b yi 
5 

4 

es eee es 

2 Point of intersection 

1 (2,2) 

c = d 1.939 
us 

e i Proof: see worked solutions 

a 24 
ii 12-(4Jiog (2+ 43) 

nT 

9780170448543



16 a (-2,2) b 

b local max at (0, log, (4)); asymptotes at x = +2; 

x intercepts (0, + v3), symmetric about the x-axis y=F(x) 

© area of lower rectangle < A < area of upper rectangle 

; 2x? NE 
= = 2 4 di log, (4 x) ra) 

7 2+x 
ii x + log ( Jee 

2-x 

iii -2 + 3log, (3) 

5 B 6A 

EXERCISE 8.2 
EXERCISE 8.3 

1D 2A 

3 Any graph of the form F (x) + c is correct TA ac 
mlog.(3) 1. 

3 a — ~~ cubic units 
a yl 4 

me] b 36m cubic units 

2 

— — 4a mm cubic units b ee cubic units 
7 AT 6 8 5 

5 SAT cubic units 
15 

y= F(x) 7 1 (+105 2) 

Tt 9 a Proof: see worked solutions 

v vortvome(3) 
1 

10 a —units® b rag units® 

4a 

y= F(x) . 
Proof: see worked solutions 

domain: [~2, 2], range: [o,Vz | 
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162 EXERCISE 8.5 
23 — 

;° 1c 28 
24a y, 3 a 3V10z units’ b 247 

2 
ar 620 (9 (+3) = 1 

10V10 -1 a es La 212/26 b ) 

ss 25 27 
= 0 x 

1 F © 2[lui)-56] 
a3 

at 4 5 a 4xvi0 b 447/29 © 32n 

6 22 (55 — 3V3) 7 =(5v5 -1) 
3 6 

a 1 2 1 bi V=f2xx-sn(y+)dy i © 8 2 (i7vi7 -1) 9 165K 
+ 2 2 96 

10 E 1A 
25 a a=3.2,b=03 5 am (2 

b aan Shiver oy 

o 497 
4 

x? ca 13a S4y'=1b 2m J” sin (t)J2sin2(#) + cos*(t) dt 
“T-T T T T TT T iat 0 

“47 37D 12°37 4s © (w+2) 

CUMULATIVE EXAMINATION 1 

1 a Proof: see worked solutions | § 

c Proof: see worked solutions b x=1.x=3 10% 

ty? +4 20 
ison “ies y Je ii 1747 ae 

2 log, (2) 
nq 

26 a Proof: see worked solutions b v=2nf?? <7 du 3 6 

© V =2mlog,(2)—2 i 
CUMULATIVE EXAMINATION 2 

EXERCISE 8.4 Section A 

1E 2A 1 C (7%) 2c 3D 

aa 1625V13 3737 7 13V13 -8 4D 5 B (B4%) 

54 54 27 Section B 

4 a 215.74 b 7.06 1a 

San b 42-2 
6 it 7 123 

3 32 

8a bz 
6 

9 6a 10 B 11 £E 12, C 

13 A 14 C 15 B 16 B 

17 4 L | 
3 

x 

18 
10” y , 

1-0.5cos|= || dj | fef-esee(Z)f 5 

c— d 31.14 
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sin (x) cos (x) sin (2x) 
2a- = (15% 

x 2y 

bi Ji,1 Gia) 

CHAPTER 9 

c fi (x) = arcsin V2—-x2 ) , domain: [1, V2 ], 

a [02] “10% 

EXERCISE 9.1 

1 

o
o
n
 

oD
 

10 

11 

13 

14 

18 

order 2, degree 1 

order 2, degree 2 

o
T
 
f
 

order 1, degree 2 

a as = kS, k is the proportionality constant. 

aB_ik er 
b — = \, kis the proportionality constant. 
dr 

dH _ kA 
— = —,k is the proportionality constant. aT Prop y, 

ax . A A 
ae = k,k is the proportionality constant. 

. dy 
— =-2sin(2x), nm = —4cos(2x) 

ot + 2y =—4cos(2x) + 2 x 2cos(2x) = 0 
Ix: 

dx? dx 

= xx k(k—Dx*? —(k-1)x kxk 

= k(k —1)x* — k(k =1) x x*t 

Gk 
dR R 

aR? Rt 
3k a2 
RR 

3.46 
RdR 

2, 2 

GG _ 3G cont G 4346 _9 
dR? dR dR? dR 

m=-6,m= 

a=2,b=-1,c=3,d= 

k=2 

c can be any positive real number. 

m=-2,n=9 

k=-2 12 k=3 

m=-6,m =2 

Cc 15 E 16 D 17 E 

Cc 19 E 20 A 

9780170448543 

EXERCISE 9.2 

1c 2E 

10 

11 

12 

13 

14a 

15 

20 

21 

22 

a y=sin(2x)+cos(x)+c¢ 

1, it 
b x=-tan!—+c 

3 3 

xx 
2 a y =log. 

b x = log, |2(3s + 2)(4s + 1)| 

2 

+c _ e 

aa Eve 

y (0) = log, (2e) = log, (2) + ¢ = log, (2e) 

dx = log,|(1+ e*) 

c = log, (2e) — log, (2) =1 

3 
yale -16)? +4 

=2 23 yaa (9+) +2 

a h=25t- 0.80 b 872m 

c Proof: see worked solutions 

wig 
dt 

D 16 C 17 E 

y =-V16-x 

9039 212 

d a  <003x? -0.2x +05 
dx 

b 154cm 

18 D 

© y =0.01x* —0.1x7 +0.5x +1 

d B’=3AC 

EXERCISE 9.3 

c P=e%_—fte 

ava tan! (“s * 2) - we tan'(/2)+2 

19 B 

1 

3 

4 

5 

6 

7 

B 2B 

y=e+sin(x)+ qx +c 

72m 

y = log, x+2x+1 

=t 
a x = 2600}/1-—e 65 

© 2600 metres 

a P =5000e +t 

b 7 seconds 

ot b 5000 people 

c t=0 years 

Answers 593 



8B y=x—x 42x -1 10 a Proof: see worked solutions 

2 b T=65 
dy _ ox x dy one +c, y=e tartar yaoa tar te qic 42 13D 14 8B 15 8B 

, »_@y  @y 16 C 17 A 18 A 19 A 20 D 
sincee* = —4, 80 —> = y—qx+c _onesst 

dx* dx 21 T =1100-1080e~ °C, 12.31 pm,1100°C 

10 y = log, |(x + 1)(x + 2)| 22 315°C 

WW k=24 23 a about 6 years (5.973) 

12 D 13 8B 14 B 15 C 16 C b about 83 each subsequent year 

17a 10 bv=2+10t ¢ x=2t+5 24, 50-45 minutes 
at 25 a b Proof: see worked solutions 

d 18s 10+ 10¢ 

dy 3 3 c i-ii Proofs: see worked solutions 
18 a 80 ==x" -4x4+0,0=—x2-4x2+¢,c=2 

dx 2 2 d 

_1i3 2 
80y = 3 —2x° +2x4+d, ” (1.37, 25.53) 

o=+x2-2x242x24+d,d=0 fi 2 204! 

80y = 2x? -5# —2x Boer aS 

104} oe = 
b 14° : 

2 od “|! 
© x = —; maximum deflection is —. oF u i u 1 u u 1 ~ 

3 135 2 4 6 8 1 12 14 16 18 20! 

d 0.5° > 

19 a v=22R 
3 e i 0.485 ii 8.17 

27 23 . 12 57 p3 ‘ 
b 3 (hemisphere) + a mR H(cone) = a 26 a student to verify 

b 29years 
2R+H=5R,hence H=3R 

c student to show working 
c R=2 di 

EXERCISE 9.4 PA 

1D 2D J Concave up 

2x+c — &o 
3a y=t 5 b x =3sin(t+c) 20000 

c N=e" 4 

4 T =25+75e °c (tin min), another 5 min 5s 4 

5 Q = 100e° 0" 96 (tin years), about 13300 years 4 

6 P=100e"", t = 8, P = 506 rabbits. 100004 
ily | Concave down 

7 a M =300-290e  ,63¢ 

b 10g 7 

8 a 9.51 years 7 

TOT T TTT TTT TT 

b ° 10 20 30 4ot 
Ph 

2000 + e i k=-0.0049 

ii Arrivals exceeded departures. 

1500 =) 

27 a concentration = 
10 + 10¢ 

1000 = 

b & = x99 _* x10 
dt 10+ 10¢ 

500 + 0.2t 42 7 HA 208 +7431) __ 600 
dt (t+1) (t+1) 

0 3 4 6 8 10 12 14 16 18 20 22 24 26 28 7 years) ii Show that both sides of the equation simplify to 

20e°!, Initial condition: x (0) = 0. 
1 9 y=4-——_ 

y x+1 
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12 y=2- 44% -2are 
xh 2 

404 13. C 14, A 15 E 

16 D 17 B 18D 
30 | 

| 

/ | 
20 

| 
| 
| vot te De | 

EXERCISE 9.6 

1A 2D 

3a 

| 
| 
| 
| 
i 

10 20 30 40 50 # 

e 516g 

28 a Proof: see worked solutions 

b Answer as given, with A = 38. 

c slightly curved, concave down from (0, 5) to (T, 48) 

slightly curved, concave up from (T, 48) to (4T, 36) 

d 4.76 
5 

29a 124+ it Solve = 24? ana 
P 1-P dP P 1-P 

t-—c P 
rearrange to obtain > = log, j-p|}- 

0st 

m Pa oa 

b 0.894 6a ri 
© q=0.62,r=0.80,s=1 

EXERCISE 9.5 

1B 2.8 

15 2 b2 8 
3 y=Aer -=- 

y 3 

ae 1 
4a x=Ae Dk=o.c=2 © 5seconds 

2 
Jt 5 y= 6e - 

10 — 9e' b y= tn 

6 y=-05log,(e — x) 
c See answer to part a. 

7 a 0 =cos!(1—log,(1+t ( g. (1+ t)) la 

b Proof: see worked solutions 

a yal eett feet Ds pay ayap, 
k = - 

ek kek 

A=—,p=-1 
£ 

kek 

2 A— 17<x<19 
40 a $2 = 9__32____3@ b 2y°+6y+3x°-11=0 

dt 16 + 2t 16+ 2t 
2 

8 y=--x+10 b Q=— ya3* 

(16 + 2t)? 9c 

10 E 11 8B 12 A 13 A 

(2) yal) 11 [yl =e */ ory =ted * 14 B 15 D 16 B 17 Cc 

18 C 19 B 20 D 21D 
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EXERCISE 9.7 2.36 
b — = 0.60 m/min 

1B 2c ; 
3 (0.4, 5), (0.8, 5.192), (1.2, 5.96), (1.6, 7.688), (2, 10.76) c 303 = -0.25 m/min 

4a y=sin(2x)+3 99 

3a cd 3a 2 a — =1061km/h 
b (0,4), (—, 5.570), (—, 5.570), (—, 4.000), (7, 4) gi 

4 2 4 3 

aaa 95.78 
5 20.9 b oa = 10.26 km/h 

131 et 
6 a — b log, (1.2) +1 

110 © 11.75°T 

7a y=2tan(2x+)—2 b y,=0.8 3 a t= 0.6s,-3.06 cm 

8D 9D 4OE WD 12C 13D b _ —8.525 cm/s c 279 cm 

44C 15C 8B 178 188 faye! —8EH16 b 227m 
19 a yyy = yo +0.05log,(4-0.957) b 1.3029 Sx=e 

6 k=8 
x 2 1 2 © yay = Jv log.(4 x? dx = J} log. (4-2? )dx = A 5 x= chee 

22 

CUMULATIVE EXAMINATION 1 7 a 792m b 1m/s c 08s 

1 a=-4 (60%) d 04s e 45s 

2 @-?t-1=0 8 © = ~Aksin(kt) + Bkcos(kt) 

3 a x=l,y=-l ex 

b n=4 7 = —AK? cos (kt) — Bk? sin(kt) 

4 a y=-(x-17+7 b 22 units? = Kk? (Acos(kt) + Bsin (kt)) 
3 =—-k2 

= —k’x 

CUMULATIVE EXAMINATION 2 9 a=-4, o=2, c=-4 
k k k 

Section A 10 a=1Lb= 

1A Gm = «2B GR) DOG aaa 
4c 5B lia * =e'+te! =e'(1+1), using Product rule 

Section B a 

1 a Differentiation of the solution with respect to t gives b an =te+e! 

ian. =1.2e°"", and substituting into the av 
N at Joa = frats feat 
left-hand side of the differential equation gives t 

left-hand side = 1.2e°“' + 0.4 x (6 - 3¢ °°) - vexte+e 
24 = 126°" 42.4-1.26°" — 2.4 = left-hand t=0,x=0v=03c=-l 
side = 0 = right-hand side. 42% yox=e-1 

b N=20 82% xav-e41 

© 403. (6%) a 
2 12 2 

d “= = (2-0.4log,(N))0.4N(6 —log,(N)) (44%) (+ x) 
4 13 v=—-Ve%™" +3 

2 a (0,0), (4,2) b= 
8 3 14 E 15 C 16 E 17 E 

ci. 
3 18 D 19 D 20 E 21 8B 

22 E 23 A 24 B 25 E 

CHAPTER 10 26 C 27 B 28 D 29 D 

30 C 31°C 
EXERCISE 10.1 V8 

32 a — b 03 
ta 2 

223 min © 25 =17tan™ [Z}r = 18.995,T =19 
coor? 3.02 min 6 

monn oy min ; di v=-— (ase -7) 4.25 
-0.5-0.4-0.3-0.2-0.1 0 0.1 0.2 0.3 0.4.0.5 0.6 0.7 0.8 0.9 1 100 

m 
ii 0= ast —1°)+25,t = 20 

100 
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ei JP ztan| 2 Jar, 25x 120 
0 6 

fr- A (ast —P) 425 dt 
° 100 

ii 3637 

EXERCISE 10.2 

1 

3 

18 

E 2A 

a 64 
54 

44 

= 34 S 5] 

B14 
ep 0 — > 
3-14 1 2 3H 4 6 7 8 

324 Timg (8) 23] im 

—4 4 
—5 4 
6 J 

b 27cm © 15cm 

8 
5 Jogger 1 

me é Jogger 2 

Bs 

Ba 

83) / 
oO ASA 
>2 // 

W/ 

o 

10 20 30 40 50 60 70 80 90 100110 120 130 140 150 
Time (s) 

b 1min55s c 630m 

& —2kx 
av=,/-(l-e") 

k 

b k=0.2 c¢ 7m 

Mouse I: v=1-e* 

» t(s) 

b The second mouse travelled further by 28 cm. 

A 8B 9E 

A 11D 12.C 

Cc 14 8B 15 B 

E 

2 gt 
e -1 - 

a va lg cE b 3.13ms™ 
e +1 

c 61.92m 

T=25 

9780170448543 

19 a t=12,v= (2—aytan{ % x12 }= stan( =] 8 
48 4 

b 366s 

20 t=37 

21 a 17 =20-tan/(t),t = 14.1, correct to one decimal 

place 

b tan'(t) < ay > 20-1 = 16.858 

T: -1 c i. (20 —2tan(t)) dt 

d fi (20-2tan!(t))dt — 

8 1 (13 — 2t 
I, 13cos 7 dt =60.7 m, correct to one 

decimal place 

e@ Whent = 8, Viotice = 26-178 (m/s), so 

60.7 + fe (20 - 2tan|(t)) dt = 26.178(T. — 8) or 

equivalent. 

f T, =146 = 15s, correct to the nearest second. 

22a , 
30 

25 

° 10 20 30 40 50 

b 972m c 206.3m d 21.8ms7 

e t, =7.9, t, = 43.6, correct to the nearest 0.1 s 

f 417m 

EXERCISE 10.3 

1—E 2D 

3 > The van by 300 - 250 = 50 m. 

4 97.5s,3.15km 

5 u=10m/s,a=10 m/s” 

s=105m 

1 
s=ut+—at’ 

2 

105 = 10t+5t’,f? +2 -21=0,t=t, = Vilv2-1 

s=35m, 35=10f+5¢,t? + 2t-7 =0, 

t=t,=2V2-1 

ty — , = (Vi1V2 -1) -(2V2 -1) 
= ¥2(V11 - 2) 
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6 

10 
14 
17 

18 

19 

20 

21 

Usev? = u? + 2as 

v=V,s=H,u=V 

V2 =V?+2gH_...[1] 

1 
vaVys= FHuaV 

1 
vg = vhv2g( DH =V?+gH_ ...[2] 

[2] - [1]: V)’ - V" =-gH so V, = JV" - gH 
1.70ms? 

t=2.51s,s =19.28m 

a oe =10+ bor Ev )- 10+kv? 
dx dx\2 

b v=100Ve* -1 

c¢ 43m 

Cc 11 8B 12 B 

A 15 B 16 C 

Use v? = uv? + 2as with v = 0,a =—10 to get 

2 
-20s = -w’ ors = z 

20 

we 
Require s 2 D, x0 2D, u>2J5D m/s 

121 12 2 
s=—aty, —s=—aty => s =at. 

2'20 2? > 
1 
sae =aty => t, =tV2 

9.68 

a 12.5ms~ 

b v=u+at;v=0+125x8=100 

a, b Proof: see worked solutions 

v—-u a: 14 
i s=ut+—at 

a 2 

iii. Proof: see worked solutions 

ci t= 

EXERCISE 10.4 

1 

3 

§ 

B 2D 

—394 m/s ,-3760 m 

Time (s) 

598 Nelson ViICmaths Specialist Mathematics 12 

Ve
lo
ci
ty
 
(c
m/
s)
 

3 

40 

20 

0+. > >) 1 1 
o 1 2 3 4 5 6 7 8 

Time (s) 

1 
c 412— cm 

3 

5 2.368, -0.07 m/s 

6 20s 
2 1 

7 a(t)=-—t+=— (t) aS 

BC 9E 10 A 11D 

12 8B 13 B 14 C 15 A 

16 a  __iy_ ke 
dt 

b v= -10t—0.5kt? + 20 © 01 

2 

17 oe i 5 
dt (—t? 

18 v(t)=e,y(t)=5-e7 

Lett = T satisfy v,(T) = v,(T). 

5e 5e? 
Thene! = => T =lo . 

1+e (85) 

d=|Te'dt=e"-1, =f" -e')dt = 5T-e %(e'-1) 

5e 
d, =5T—e*(e" 1) = stg 7} 

l+e 

2 

d, +e*d, =5e" | Se ) 
l+e 

19 a i a=6t-3t 

ii Gyyqx = 3 m/s” 

b 2 
4 

10 
20 a 3° b 25s c¢ 35.1 m/s 

d t y= tisie[ EE) ory = sin[ 2+ =) 
6 10 3 10 

t=" ii issm 
3 

CUMULATIVE EXAMINATION 1 

1 L(t +ty—n)V 2 o° (Om 
=2 co

ms
) 

9 k= 2 (rm 
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CUMULATIVE EXAMINATION 2 

Section A 

1 E (59%) 25m 8c 
4E 5A 

Section B 

b -1.25m, 0.67m Tave= b+? 
x 

2 a 75s,1500m b 30s, 600m 

3 a |z-4-4i|=4, |--7-7i)=7 

b A(0.213, 5.287), B(5.287, 0.213) 

c¢ Im(z) =—Re(z)+5.50 

1 1 

x+2 7 x+3 

© y=x+5, oblique; x =—2, x =—3, vertical 

EXERCISE 11.1 

4 a @-4b>0 b 

4 1(0) =i and r(1) =4i +2) 
2 x=3/ 

3a y=1-2x forxe [-1,1] 

b 
vo 

1 

< | u ~ 
-0.5 0 0.5 * 

4a x+y =1forxe [-1,1] 

b 

5D 6B 7D BA 

9 a Proof: see worked solutions 

b x=1,x=3 

20 

3 
10 a y=2x°+4 

9780170448543 

b y 
(2, 12) 

10 

5 
(0,4) 

od T T T T T - 

2 a of 1 2 3* 

11D 12 E 

EXERCISE 11.2 

Ya xty=9 

b domain: [-3, 3], range: [-3, 3] 

2c 

3 a(t) =6ti — j+ 2(t+1k andi(t) = 6i+ 2k 

#(3) =18i — j + 8k and#(3) = 6i + 2k 

4 vi4 
5 i(t) = (3-P)it+(2+sin(O) j+Pk 

6A 7A 8 E 

9 a r(t) = 2cos(2t)i + 3sin(2t) j 

2 2 
ane ae 

4 9 

° yh 44 

3 1 2 3% 

10 a Proof: see worked solutions 

b 
YI 
5 

4 x 

3 yaa 

2 

1 

Os ee ee ee 

c 4/3 

lia al 

p 46 
3 

c Proof: see worked solutions 

a 2 
12 

12 a Proof: see worked solutions 

b i Vasor 
2 

3a 
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600 

14 A 15 B 16 C 7 E 

18 C 19 B 20 B 21 £ 

EXERCISE 11.3 

1 x’+y=1,t = (3sin(3t))i + (-3cos(3¢)) j 

2 i(t)= (3° + ii + (sin(t) +1)j 

3 (-1,4) 

x-3 
4y= 5 

5 10V5 mis 
6D 7C 8E 

9 a= 2-1 
3 

10 a=-1,b=0,c=2 

11 E 12 C 13 E 

14 a,b Proof: see worked solutions 

ec 30.625m d 43 m/s e 35m 

15 a 245m b 14s ce 12s 

d i= Zoos{ Zi - * sin =) j - tk 
6 6 6 6 )*~ 4 

e 4.4m/s 

f Proof: see worked solutions 

16 a Proof: see worked solutions b 1118 m 

c 46° d 56s 

e 3010m 

17 a Proof: see worked solutions b 25.4° 

© 22.05m d 320y = 168x—x" 

e 0.75m f 5m 

CUMULATIVE EXAMINATION 1 

1 a Proof: see worked solutions 83% 

b -8—83i (70%) 

2 nr +1 (Oe 

3 log, (2) 

CUMULATIVE EXAMINATION 2 

Section A 

1 E (85%) 2D A%) 

3 E (rim) 4A (Gm) 
5 A (49%) 

Section B 

1a 60° b |r(0)| =12 

c¢ Maximum height occurs when t= 1.0639. 

Maximum height = 5.5 m 

Proof: see worked solutions 

38.51 m 

o
»
 o

o 
a
 

i Proof: see worked solutions 

ii 145 0007 

b Proof: see worked solutions 

Nelson ViCmaths Specialist Mathematics 12 

EXERCISE 12.1 

O
n
 
o
O
a
r
h
 

O
 

ND
 

=
 

© 
2 

3 
bh
 

Oo
 

-0
6€
«S
8 

o
 

20 

a7 b 20 

a 6 b4 

a’ b 288 
9 

mean = 70 min, variance = 89 min 

mean = 210, variance = 410 

a 84 b 60 © 215 

ai b 3V41 
mean = 78, variance 522 

2 a it b= a 
4 1600 2 

A 11 2B 12 D 13. B 

D 15 E 16 D 17 C 

a = b 10 c 2 d 2 
3 9 

7.2 

a mean = 30 min, variance = 6 min 

b 600 

EXERCISE 12.2 

1 

3 

20 

E 2c 

a mean = 20, standard deviation = xB 

b 0.868 5 
a E(B—A)=10, Var(B — A) = 1525 

b Pr(B-A>0)=0.601 

497.570 

a mean = 300, standard deviation = 10 

b 0.841 ¢ 310mL 

0.025 or 0.023 

B 9E 10 Cc 11 8B 

A 13. C 14 B 15 E£ 

E 17 D 18 A 

a mean =35, standard deviation = 25 b 0.673 

0.945 

EXERCISE 12.3 

141 143 #145 147 
mean25 

149 pF 
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42. 22 C 23 A 24 A 25 D 

100 26 D 27 (130, 136) 

5a 28 (115,135) 29 0.35hours 30 97 

ja EXERCISE 12.5 

5 r 1c 2E 

bi 3 a Ay: u=40,Hy:y<40  b Ay: y=75,Hy:>75 

is 4 a Hy: w= 250, Hy: #250 b Hy:w=5.5, Hu #55 
Oo @ eo 
i 800 °3. 2 @. 5 a 0.24 b 0.89 

See . Bases 8 6 Ap: w= 3000, Hy: 3000 393 395 397 399 401 403 405 ao: H= 9000, Ay Hs 
mean80 b z=-4,p =0.000 032 

b average of the sample means = 400.41 c The chance of getting a mean less than 3000 is 

6 anne Mean Standard deviation or 0.000 032 if Hy is true. We reject the null hypothesis 

20 249.474 | 11.376 w= 3000 because pis less than 0.05 and therefore the 

| 200 249.793 | 3.904 | result is significant. 

The mean life of a light bulb is significantly less than 

Answers may vary slightly depending on the data 3000 hours. 

generated. (z =—4, p = 0.000032, ¥ = 2800, 7 = 500, n = 100) 

7 015g The retailers claim is supported. 

8A 9c 10 B 7 a Hy: u=580h, Hy: + 580h 
11 £E 12A 13 A b z=-1,p =0.3173 

14 a population mean = 30 c The chance of getting a mean less than 577 or greater 

b population standard deviation = 0.566 x 50 = 4 than 583 is 0.3173 if Hp is true. We fail to reject the 

15 a 35kg b 05kg null hypothesis. The construction company’s claim is 

- — —_ t supported. 16 a > aS ne 
ERD EEE) *° - 8 a -2.054 b -2.576 and 2.576 

2 9 a Ay p=175, Hyp < 175 

= b z=-2.5, critical z-value =—1.64 

3 The test statistic z = —2.5 is less than the critical 

z-value = —1.645 and lies inside the rejection region. 

re CY ° We reject the null hypothesis 4 = 175 g at the 0.05 

0 So S852 co oto? o@ significance level. 
344.5 344.7 3449 345.1 3453 (z=-2.5,% =170, = 10, n= 25) 

meso 10 a 2=-2.326,2=2.326 
b mean of sample means = 344.96, standard deviation b_ Reject the null hypothesis if the sample mean is less 

of the sample means = 0.224 than 75.347 or greater than 84.653. 

EXERCISE 12.4 41 a Hy: p= 200, Hy: p< 200 

b i 0.001 ii reject Hy as p < 0.001 
1B 2c 

c (246.08, 253.92) 
3 a (30.6, 89.4) b (8.64, 101.36) 

12 a Hy p=4,Hyp<4 
4 a 0.8849 b 0.9772 _ 

b mean = 4; standard deviation = 0.75 
5 a (42.37, 47.63 b (25.51, 30.49 
é ( ) 6 ) 13 C 14D 15 B 16 E 

33.011, 33.789 
6 ) 17 A 18 D 19 D 

7 (83.3, 86.7 
( ) 20 a Hy: 1 =0.65 kg/week, H,: p> 0.65 kg/week 

8 a n=71 b n=68 
b z= 2.683 p = 0.0036 

9 mean = 250 mL, n= 49 ; 
c The chance of getting a mean greater than 0.65 is 

10 (103.4, 106.6) 0.0036 if Hy is true. We reject the null hypothesis. 

11 a mean = 48.2, n= 144 b 1764 d_ The mean life weight loss is significantly more than 

12 a (51,65) b 0.025 0.65 kg/week. 

13 (5.4, 5.6) (z = 2.683, p = 0.0036, ¥ = 0.67, = 0.05, n= 45) 

148 15 E 16 E 17 D The claim about the app is supported. 

18 A 19 B 20 A 21C 
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21a Hy: ¢ = 65 beats/min, H,: " # 65 beats/min 

z=3p = 0.026 

c The chance of getting a mean less than 62 or greater 

than 68 beats per minute is 0.0026 if Hy is true. We 

reject the null hypothesis. 

The mean number of beats per minute is 

significantly more than 65 beats per minute. 

(z= 3, p = 0.0026, x = 68, 0= 10, n = 100) 

The medical association's claim is supported. 

22 Hy w=100 Hy: w> 100 

one-tail test: z= 0.4216, p = 0.337 

The chance of getting a mean greater than 101 is 0.337 

if H) is true. There is insufficient evidence to reject 

the null hypothesis, therefore we fail to reject the null 

hypothesis. (z = 0.4216, p = 0.337,X =100,0=15, 

n=40) 

The average IQ is 100 and the organisation's claim is not 

supported. 

23 a 

b 

d 

e 

24a 

25 

o
o
 

®
 

0
 

a
 

26a 

27 

o
e
a
e
o
x
v
7
r
s
 &
 

79.8 

Proof: see worked solutions Cc 99.6 

s=5.1 

p = 0.0569, accept the dairy’s claim. 

E(X)=1.1, SD(X) = 0.032 

Ay: w=1.1, Hy: y> 1.1 

i p = 0.0009 

ii p < 0.05, reject the null hypothesis at the 5% level 

of significance, supports the contention 

x, = 1.153 

0.124 

0.741 b 0.495 

Hy: # = 375, Hy # 375 d p= 0.046 

As p < 0.05 reject Hy. The sample suggests the 

machine is not working properly. 

x, = 372.1 

Hp: ¢ = 128, Hy: > 128, 

p = 0.00621, reject Hy at the 5% significance level as 

p<.05, The evidence supports the researchers claim. 

(130, 136) 

mean = 3.55, standard deviation = 0.11 

Hy: w= 3.55, Hy: p> 3.55 

p = Pr(X > 3.85|y = 3.55) = 0.003 
As p < 0.01 we reject Hy at the 1% significance level. 

Pr(X > Xeatical|H = 3.55) = 0.01, Xeritial = 3.806 

x 2 3.806 

Pr(X < 3.806|y = 3.83) = 0.41 

EXERCISE 12.6 

1E 

602 _Nelson VICmaths Specialist Mathematics 12 

3 

o
o
r
e
a
 

p
y
 

i Hy: w= 12, Ay < 12 

ii The null hypothesis Ho: 4 = 12 is rejected when 

it is true. The potatoes have an average length 

of 12 cm however the inspector believes they 

do not. The potato-chip producer sends the 

truckload of acceptable potatoes away, which 

may result in lost revenue for the supplier. 

iii. The null hypothesis Hp: = 12 is not rejected 

when it is false. The potatoes do not have an 

average length of 12 cm however the inspector 

believes they do. The producer uses the 

truckload of potatoes to make potato chips. 

The potatoes are undersize and this will upset 

the chip company and may affect the farmers 

contract 

i Ho: y= 13.5, Hyp < 13.5 

ii The null hypothesis Ho: = 13.5 is rejected when 

it is true. The average response time is still 13.5 

minutes however they believe the changes to 

the call centre have improved response times. 

This would result in changes being made to 

the call centre which will not have an impact 

on the response time of the ambulance as 

any improvement in response times is due to 

expected variation in the sample mean. 

iii. The null hypothesis Hp: y = 13.5 is not rejected 

when it is false. The average response time is no 

longer than 13.5 min but they believe it still is. 

This would result in changes appearing to have 

had no effect, and they may be cancelled, or not 

further improved upon. 

Hy: # = 40 000 km, Hy: > 40000 km 

2= 2, p= 0.02275 

The null hypothesis Ho: 1 = 40 000 is rejected 

when it is true. The average life of tyres is 40 000 

kilometres but it is believed reducing the maximum 

speed has improved it. This could result in 

maximum speeds being reduced in the false belief it 

will improve the life of the tyres. 

The null hypothesis Ho: 4 = 40 000 is not rejected 

when it is false. The average life of tyres is not 

40 000 km, but it is believed reducing the maximum 

speed has had no impact. This could result in drivers 

continuing to drive at maximum speeds of 110 km/h 

when they could improve the life of the tyres by 

reducing their maximum speeds. 

The chance of getting a mean greater than 40 000 km 

is 0.02275 if Hy is true. We reject the null hypothesis. 

The mean number of kilometres is significantly 

more than 40 000 km. 

(z = 2, p = 0.02275, X = 41000, o = 5000, n = 100) 

The RACV’s claim is supported. 

As the null hypothesis is rejected, there is a chance 

of making a type I error. 
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7 a Hy w=7h, Hy: w>7h CUMULATIVE EXAMINATION 2 

b 2=3.536, p= 0.000204 Section A 
c The null hypothesis Ho: » = 7 is rejected when it is iE (81% 2B 56% 3A 

true. The battery life of the phone is still 7 h but it is 40 5c 

believed the software update has improved it. This . 

could result in the update being installed in phones as Section B 

they believe it will have an impact when it will in fact 1 a mean = 190, standard deviation = 6.5 

make no difference to the phone’ battery life. b 0.062 c 3.99 

d The null hypothesis Ho: 1 = 7 is not rejected when it 2 a (1.11,5.95) (93% 

is false. The battery life of the phone not 7 h, but it is b (1.59, —1.59) 86% 

believed the software update has not improved the 

phone life. This could result in the update not being c Teh 

installed in phones as they believe it will not have an 

impact when it will in fact improve the battery life. 

e The chance of getting a mean greater than 7 h is 

0.000 204 if Hy is true. We reject the null hypothesis. 

The mean number of hours of battery life is 

significantly more than 7 h. 

(z = 3.536, p = 0.000204, X =7.5,0=0.5, n = 50) 

The claim that the phone's software update improves 

battery life is supported. 

CUMULATIVE EXAMINATION 1 

1 a=2,b=3 (76%) 

2 a Proof: see worked solutions 

b 128i 

8 
3 FF units 

3 

9780170448543 Answers 603



604 

Glossary and index 

absolute value (or modulus) The unsigned magnitude of 

a real number, or the distance of the number from 0 on the 

number line. For example, the absolute value of —7, written 

as |-7|, is 7. Also, |2| =2. Absolute value can be defined by 

the piecewise function: 

x, x20 
a| = 

I-x, x <0 

or by the formula |x| = ve. (p. 73) 

acceleration The rate of change of velocity of a moving 

object, represented by the function a = * 

vis the velocity (‘signed speed’) and x is the displacement. 

Also, a= a or a {bv } Conversely, v= Ja(e)at. 

= X, where 

dx\2 
(p. 423) 

air resistance In addition to the gravitational acceleration, a 

retarding force acting in the opposite direction to the object's 

direction of motion. (p. 450) 

alternative hypothesis (symbol: H,) A statement about 

a population parameter that is the opposite of and 

complementary to the null hypothesis, usually claiming 

some effect or difference. If the null hypothesis is rejected, 

then the alternative hypothesis is supported. 

See also null hypothesis. (p. 529) 

anti-derivative (or integral or primitive) The opposite of 

the derivative. The anti-derivative of f (x) is a function F(x) 

whose derivative is f (x): F’(x) =f (x). (p. 220) 

arclength The length of the graph of a function over 

an interval from x = x, to x = x, given by the formulas 

2 

1 =f 1+ (2) dx, 1= J” Vi + [fo] dx, or if the 

function has parametric equations in terms of t with the 

2 2 
interval between t= t, and t= t,,/= in (=) + (2) dt 

i 

orl= I VLeP + LP at. (p. 340) 

arccosine, arcsine, arctangent See inverse sine, inverse 

cosine, inverse tangent respectively. 

Argand diagram (or complex plane) A number plane 

for representing complex numbers. The number x + yi is 

represented by the point (x, y). (p. 149) 

argument The angle that the vector of a complex 

number makes with the positive direction of the x-axis, 

written @=arg(z). The principal argument is the value of 

in the interval (—z, 7]. (p. 154) 

atomic sentence A statement that cannot be broken down 

into fewer sentences. (p. 113) 

average speed The total distance divided by the total time 

taken. (p. 423) 

average velocity The displacement divided by the total time 

taken. (p. 423) 
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Cartesian form (or rectangular form) The conventional 

form of the equation of a graph in which y is written as a 

function of x. (p. 44) 

See also polar form. 

carrying capacity In a logistic model for population 

growth, carrying capacity is the maximum number the 

environment can support. (p. 383) 

See also logistic model. 

central limit theorem A rule states that for sufficiently 

large (n > 30) random samples of a random variable X from 

a distribution with mean and standard deviation a, the 

distribution of the means of the samples is approximately 

normal with mean {J and standard deviation a (p. 521) 
vn 

chain rule A formula for finding the derivative of 

a composite function. If y= f(u) and u= g(x), then 

complex conjugate The conjugate of the complex number 

x+ yi is x— yi, the same expression with the ‘+’ changed to a 

‘— (or vice-versa). (p. 149) 

complex numbers (set C) Numbers of the form x + yi, 

where x and y are real numbers and i is the imaginary 

number, where i = J—1. Includes all real and imaginary 

numbers. (p. 149) 

complex plane See Argand diagram. 

complex polynomial A polynomial whose coefficients and 

variable are complex numbers. (p. 176) 

compound angle formulas See sum and difference formulas. 

compound sentence A statement containing two or more 

atomic statements. (p. 113) 

concavity See second derivative. 

confidence interval An interval centred on the mean of a 

distribution that contains a specific proportion of the values 

of the distribution. For example, a 95% confidence interval 

contains 95% of the values of the distribution. (p. 519) 

Confidence level 
Confidence interval 

Margin of error 

confidence level The proportion of values contained in a 

confidence interval, for example, a 95% confidence interval 

has a confidence level of 0.95. (p. 519) 

conjecture A statement that is believed to be true but 

conclusive proof has not been found. (p. 116) 

conjugate See complex conjugate. 

conjugate root theorem If wis a complex root of a real 

polynomial, then its conjugate W is also a root. (p. 185) 

constant of integration A constant added to an indefinite 

integral. (p. 372) 
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converse The converse to the logical statement P > Q 

(if P then Q) is Q > P (if Q then P). (p. 123) 

cosecant Abbreviation: cosec. The reciprocal of sine; 

. (p. 76) cosec (0) = an) 

cotangent Abbreviation: cot. The reciprocal of tangent; 

cot (0) = . (p. 76) 
tan(@) 

counterexample An example that is used to disprove a 

conjecture. (p. 116) 

deceleration Negative acceleration. (p. 448) 

deductive reasoning The process of reasoning from one or 

more statements to reach a conclusion using logic. (p. 115) 

definite integral An integral of the form j f(x) dx, 

whose value is the area under a curve and is read ‘the 

integral of f (x) between a and b with respect to x. (p. 277) 

degree (of a polynomial) The highest power of the variable 

in a polynomial. For example, x* — 3x” + 6x has degree 3. 

(p. 363) 

degree (of a differential equation) The power of 

the highest derivative of the equation, for example, 

dx dx? 

differential equation). (p. 359) 

dy\' (dy) 
(2) | 14 y = Ois of degree 3 (or is a third-degree 

de Moivre’s theorem The identity for complex numbers 

states that [cos(@) + i sin(@)]” =cos(n@) +i sin (n@); useful 

for finding powers and roots of complex numbers. (p. 167) 

De Morgan’s laws The rules =(P v Q) = =P A 7 Qand 

a(P A Q) =7=P v7 Q. (p. 125) 

dependent variable A variable that is calculated from 

another variable according to a rule or equation. The 

variable on the vertical scale of a graph. For y =f (x), y is the 

dependent variable. (p. 378) 

differential equation An equation that contains one or more 

2 
derivatives, for example, ae - +4 = 0.(p. 359) 

at’ 

dihedral angle The angle between intersecting planes, same 

as the angle between their normals. (p. 265) 

dilation Stretching or squashing (compressing) of a graph, 

either vertically or horizontally. (p. 59) 

direct proof A series of statements given or implied that are 

used to prove the last statement. (p. 128) 

direction field See slope field. 

discrete mathematics A branch of mathematics that 

examines countable and distinct objects. (p. 137) 

discriminant A =’ — 4ac, the part of the quadratic 

—b+ vb? — 4ac 

2a 

the number and type of roots of the quadratic equation, 

ax’ +bx+c=0. (p. 175) 

formula x = that gives information about 

displacement The change of position of an object from 

its start position to its end position (its ‘signed distance’), 

represented by the function x(t) or r(¢), where displacement 

is a function of time. (p. 423) 
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displacement vector The vector from one point to 

another. The change from position A to position B is written 

as AB. (p. 254) 

equation of a plane An equation that specifies the points in 

a plane, written in vector form or Cartesian form. (p. 262) 

equations of kinematics Displacement (s) and velocity 

(v) equations for motion in a straight line with constant 

acceleration (a). 

1 1 
v=ur+at,s= ut + oat, visu ass = >(u+ vt, 

where f is time, u is initial velocity. (p. 448) 

Euler’s method A numerical approach that uses an initial 

value to solve a first-order first-degree differential equation. 

(p. 406) 

existential quantifier The symbol 5, meaning ‘there exists, 

which shows that the formula is true for at least one value of 

the quantity involved. (p. 129) 

factor theorem If z— isa factor of the polynomial P(z), 

then P(a) = 0. (p. 176) 

fundamental theorem of algebra A (non-constant) 

polynomial equation has at least one complex root. (p. 177) 

gradient field See slope field. 

gravitational acceleration The constant acceleration 

of approximately 9.8 ms~ due to the effects of Earth's 

gravitational force on a falling object. (p. 450) 

growth and decay A first-order differential equation where 

the rate of change of the dependent variable is proportional 

to the dependent variable. If the proportionality constant 

is positive, the rate of change represents growth, and if the 

proportionality constant is negative, the rate of change 

represents decay or decline. (p. 385) 

imaginary numbers Numbers of the form yi, where i is the 

imaginary number, i = J—1. (p. 149) 

Im(z) The imaginary part of the complex number x + yi. 

Im (z) = y. (p. 149) 

implicit differentiation A method of differentiation for 

a function such as 3xy + y’ = 2, where the subject of the 

function (such as y in the above function) is not on its own. 

It involves using the chain rule. (p. 238) 

indefinite integral An integral of the form J f(x) dx, 

which is an anti-derivative function and is read ‘the integral 

of f (x) with respect to x. (p. 278) 

independent variable A variable that is used to calculate 

the value of another variable. The variable on the horizontal 

scale of a graph. For y = f (x), x is the independent variable. 

(p. 360) 

inductive reasoning A method to reach a general conclusion 

from premises containing specific evidence. (p. 115) 

See also deductive reasoning. 

inference A conclusion that can be drawn on the basis of 

evidence and reasoning. (p. 113) 

inflow rate/outflow rate The rate at which a product such 

as liquid or gas enters a contained system such as a tank and 

described by a first-order differential equation. The exit rate 

of the product is the outflow rate. (p. 382) 
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initial conditions A set of given coordinates that are 

used to determine one or more constants of integration or 

other constants. In Euler's method, it is the first (starting) 

approximation in the set of approximations for solving the 

differential equation. (p. 407) 

integrand The expression that is being integrated. (p. 275) 

integration by parts An integration technique such that for 

the functions u(x) and v(x): J ut dx =uv—- J ya dx. 
Ix (p. 303) dx 

integration by substitution A method of integration for 

the product of functions where one of the functions is the 

derivative of a part of the other function, for example, for 

Joox +1)Vx" + x dx. (p. 286) 

interval estimate of a parameter An interval that is likely 

to include the value of the parameter, such as a confidence 

interval. (p. 519) 

inverse circular functions The functions that are the 

inverse of the sine, cosine and tangent functions, namely the 

inverse sine, inverse cosine and inverse tangent functions 

respectively. (p. 89) See below. 

inverse cosine (or arccosine) Abbreviation: cos”. The 

inverse function to the cosine function. y = arccos (x) ifand 

only if cos (y) =x and 0 <y< 7. (p. 89) 

inverse sine (or arcsine) Abbreviation: sin !. The inverse 

function to the sine function. y= arcsin (x) if and only if sin 
au au =xand-—<y<—. (p.89 (y) =x an 3 t= 5 (p. 89) 

inverse tangent (or arctangent) Abbreviation: tan’. 

The inverse function to the tangent function. y= arctan (x) 

if and only if tan (y) = xand— * sys = (p. 89) 

inversely proportional to If y is inversely proportional to x, 

then y= La where k is a constant. (p. 360) 
x 

kinematics The study of the motion of an object without 

reference to any acting forces. (p. 423) 

See also equations of kinematics. 

limiting velocity See terminal velocity. 

linear dependence of vectors If can be written as a linear 

combination of a and b (i.e. c= ma + nb, where m and n are 

not 0), then a, b and ¢ are linearly dependent. Otherwise 

they are linearly independent. (p. 8) 

locus A set of points that satisfies a given condition, for 

example, equidistant from a point and a line. (p. 39) 

logic A system of reasoning that allows conclusions to be 

drawn according to a set of rules. (p. 113) 

logical argument A set of premises and inferences that 

allow a conclusion to be drawn. (p. 114) 

logical connectives (logical operators) Symbols in logic 

that are used to connect or negate statements. (p. 122) 

logically equivalent A relationship between two statements 

where they have the same truth value. (p. 124) 

logistic model A model for population growth that takes 

into account the growth rate and carrying capacity of the 

population. (p. 383) 

See also carrying capacity. 
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logistic population model A realistic model of population 

growth described by the equation < = wf) - 2\ which 

takes into account the maximum possible population, K, 

that can be sustained. (p. 383) 

margin of error In a confidence interval, the difference 

between the mean and the extremes. For the confidence 

interval (u— E, + E), the margin of error is E. (p. 520) 

mathematical induction See proof by mathematical 

induction. 

modulus The distance between a point on an Argand 

diagram representing a complex number x + yi, and the 

origin, written |z|.|z| = x? + y?. (p. 73) 

See also absolute value. 

modulus-argument form See polar form. 

necessary and sufficient condition Conditions that show 

the biconditional statement P <> Q to be true. A ‘necessary 

condition’ is required to show P > Q, and a ‘sufficient 

condition’ is needed to show Q = P. (p. 123) 

Newton’s law of cooling The rate at which an object loses 

heat is proportional to the temperature difference between 

the body and its surroundings. “ = —k(T — T,) (p. 379) 

normal (in vector geometry) A line that is perpendicular to 

a plane. (p. 258) 

null hypothesis (symbol: Hy) A statement about a 

population parameter that is assumed to be true, usually 

claiming no effect or no difference. (p. 529) 

See also alternative hypothesis. 

one-tailed test A test used in hypothesis testing when the 

alternative hypothesis involves > or <. (p. 533) 

See also two-tailed test. 

x Xx 

open conjecture A conjecture that has been proposed but 

no formal proof has been provided. (p. 116) 

order (of a differential equation) The highest derivative in 
2 

the equation, for example, ax - 3 +4 = Ois of order 2 
dt dt 

(or a second-order differential equation). (p. 359) 

p-value The probability of obtaining a value in the sample 

or a more extreme value assuming the null hypothesis is 

true. (p. 530) 

parameter (in statistics) A characteristic value of a 

particular population, such as the mean. (p. 519) 

parameter (in algebra) An independent variable such as t 

or @ that is used in the parametric form of the equation of a 

graph, upon which the variables x and y are defined. (p. 251) 
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parametric equations Equations expressed in terms ofa 

parameter. (p. 43) 

partial fraction One of the fractions when a rational 

function is written as the sum or difference of fractions, for 

5x+1 2 
example, in = + the partial 

(x-1)(x+2)  x-1 x+2 

a 2 3 
fractions are and . (p. 53) 

x-1 x+2 

particular solution The solution to a definite integral that 

includes the value of the constant of integration. (p. 373) 

plane A flat surface that extends in all directions, such as a 

number plane. (p. 258) 

point estimate of a parameter A statistical value obtained 

from a sample that estimates the parameter, such as a sample 

mean. (p. 519) 

point of inflection A point on the graph where the 
2 

dy 9, (p. 227) concavity changes and where — = 
dx 

y 

3 

2 

polar form (or modulus-argument form or trigonometric 

form) A form of a complex number expressed in terms of 

its modulus r, the length of its vector in the Argand diagram, 

and its principal argument 0, the angle the vector makes 

with the positive direction of the x-axis. (p. 45) 

position-time line A diagrammatic way of depicting 

the position, direction and time taken of an object’s motion. 

(p. 424) 

predicate A statement which is taken to be true in the 

context of the logical argument. (p. 129) 

premise A statement taken to be true which is used to form 

a conclusion. (p. 113) 

principal argument See argument. 

product rule A formula for finding the derivative of the 

product of two functions: Sw) =u'v + uv’. (p. 204) 
Ix 

projectile motion Motion in which a body is travelling 

under the influence of gravity. (p. 484) 

proof by contradiction A method of proof that begins by 

assuming the opposite of what is required to be proven so as 

to lead to a contradiction. (p. 134) 

proof by contrapositive A form of proof where to prove 

P > Qinvolves showing =Q > —P. (p. 134) 

proof by mathematical induction A form of mathematical 

proof that involves proving that if a conjecture is true for 

some integer n = k, then it will also be true for the next 

consecutive number, n= k + 1. (p. 137) 

proportional to If y is proportional to x, then y= kx, where 

k is a constant. (p. 360) 
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proposition A statement proposing a concept that can be 

true or false. (p. 113) 

2 
quadratic formula The formula x = Paste that 

a 

gives the solutions of the quadratic equation 

ax’ +bx+c=0. (p. 175) 

quantifier The symbols V and J that are used to express the 

quantity in terms of ‘there exists’ and ‘for every’. (p. 129) 

quotient The answer to a division. (p. 51) 

quotient rule A formula for finding the derivative of the 

dfu)_uv-uv' 
ratio of two functions: —| — |= ——_—. 

dx\v v 
(p. 205) 

P(x) 
q(x)’ 

where p and q are polynomials and q is not the zero 

polynomial. (p. 50) 

rational function A function of the form f (x) = 

Re (z) The real part of the complex number x + yi. 

Re (z) =x. (p. 149) 

realise the denominator To convert a complex 
, Zz , . . 

expression of the form — so that its denominator is real, 
w 

by multiplying by -_ where w is the conjugate of the 
w 

denominator. (p. 150) 

reciprocal functions The functions that are the reciprocals 

of the sine, cosine and tangent functions, namely the 

cosecant, secant and cotangent functions respectively. 

1 
cosec (0) = a oO sec (8) = wos oy cot (8) = in Oy 

(p. 51) 

rectilinear motion Straight line motion of an object. 

(p.423) 

reflection Mirror-image or ‘flipping’ of a graph so that it is 

back-to-front or bottom-to-top. (p. 78) 

resultant vector The vector that is the sum of 2 or more 

vectors. (p. 23) 

retardation Negative acceleration. (p. 448) 

roots of unity The solutions to the complex equation z" = 1, 

the roots of 1. (p. 170) 

scalar A quantity that has magnitude (size) but not 

direction. In comparison, a vector has both magnitude and 

direction. (p. 13) 

scalar product (or dot product) The product of two vectors 

asa scalar (a real number), not a vector.a- b = |al|b] cos(@), 

where 0 is the angle betweena and b. (p. 13) 

scalar projection (or scalar resolute) The (scalar) magnitude 

of a vector projection (but not the direction). (p. 16) 

secant Abbreviation: sec. The reciprocal of cosine. 

sec (0) = - (p. 76) 
cos (0) 

second derivative The derivative of the derivative ofa 
2 

function y =f (x), written as f(x) or a. which indicates 
Ix 

the concavity of the graph of the function. If f"(x) > 0, 

the graph is concave up. If f’(x) < 0, the graph is concave 

down. (p. 224) 
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separation of variables A method used to separate the 

product of two functions and to obtain two integrands, each 

of which can be integrated. (p. 392) 

See also integrand. 

significance level (symbol: «) The level at which a null 

hypothesis is rejected, for example, if p < 0.05, the observed 

difference is ‘significant’ and not due to chance. (p. 531) 

slope field (or gradient field or direction field) A graph 

that displays a family of solutions to a differential equation 

for various values of the constant. (p. 397) 
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standard error The standard deviation of the sample 

means. (p. 515) 

statement A sentence that is true or false. (p. 113) 

statistic An estimate of a population parameter found from 

a sample. (p. 516) 

step size In Euler’s method, the difference between any two 

consecutive x values that are used to obtain the sequence of 

iterations that approximate the solution to the differential 

equation. (p. 406) 

sum and difference identities (or compound angle 

formulas) The formulas for the trigonometric ratios of 

sums and differences of angles. 

sin (x + y) =sin (x) cos (y) + cos (x) sin (y) 

sin (x —y) =sin (x) cos (y) — cos (x) sin (y) 

cos (x + y) =cos (x) cos (y) — sin (x) sin (y) 

cos (x — y) =cos (x) cos (y) + sin (x) sin (y) 

tan @e+y) = tan (x) + tan(y) 

1—tan(x)tan(y) 

tan (x—y) = tan (x) ~ tan(y) (p. 85) 
1+ tan(x)tan(y) 

terminal velocity The predicted limiting velocity of 

a falling object when the time taken for its motion is 

considered to be infinite. (p. 440) 

theorem A statement that is always true. (p. 166) 

translation Shifting of a graph parallel to the x-axis 

(horizontally) or y-axis (vertically). (p. 78) 

trigonometric identities (or Pythagorean identities) 

For any value x: sin? (x) + cos” (x) = 1, tan? (x) + 1 =sec? (x), 

cot? (x) + 1 = cosec? (x). (p. 85) 

truth table A table that summarises logical statements in 

terms of true/false. (p. 125) 

two-tailed test A test used in hypothesis testing when the 

alternative hypothesis involves # rather than > or <. 

See also one-tailed test. (p. 533) 
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p value 

Mm Xx xX 

typelerror The error of rejecting a null hypothesis when it 

is true, sometimes called a false positive. (p. 544) 

type Ilerror The error of not rejecting a null hypothesis 

when it is false, sometimes called a false negative. (p. 544) 

unit vector A vector that has a magnitude of 1. The unit 

vector heading in the direction of a has the notation a. 

(p.4) 
universal quantifier The symbol V, meaning ‘every’ or ‘for 

all; indicating that the formula is true for all values of the 

quantity involved. (p. 129) 

variable acceleration Acceleration that is not constant, 

such as the acceleration of a falling object experiencing air 

resistance. (p. 456) 

vector A quantity that has both magnitude (size) and 

direction. In comparison, a scalar has magnitude only (and 

is a number). Examples of vector notation are a or AB. 

(p.3) 
vector equation An equation written as a vector or 

involving a vector or vectors, such as the vector equation of 

a line. (p. 251) 

vector product (or cross product) The product of two 

vectors as a vector, not a scalar. axb is perpendicular to both 

vectors a and b and has magnitude |a||b| cos(@), where 0 is 

the angle between a and b. (p. 19) 

vector projection (or vector resolute) A vector that is the 

component of a main vector in the direction of another 

vector. For example, the vector projection of a on b (or in 

the direction of b) is shown on the diagram. It is like the 

shadow of a on b. (p. 16) 

Projection of a on b 

velocity The ‘signed speed’ of a moving object, represented 

by the function v= a = x, the rate of change of the 

displacement, x. Conversely, x= J v(t) dt. (p. 423) 

velocity-time graph A graph of velocity against time that 

can be used to determine the distance/displacement by 

finding the area between the function and the horizontal 

axis. (p. 436) 

verify a solution by substitution Substitute an expression 

into an equation and show that the left side has the same 

value as the right side. (p. 361) 
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