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Introduction

Cambridge Mathematics Specialist for Western Australia Units 3 & 4 is a new edition aligned

specifically to the Western Australian Mathematics Specialist Year 12 syllabus. Covering

both Units 3 and 4 in one resource, it has been written with understanding as its chief aim and

with ample practice offered through the worked examples and exercises.

Beginning with complex numbers, the textbook then provides a study of composite and

inverse functions, vector equations and functions, advanced calculus techniques including

applications to kinematics and statistics with a focus on sample distribution and means, all in

a variety of practical and theoretical contexts. Worked examples utilising CAS calculators are

provided throughout, with screenshots and detailed user instructions for both ClassPad and

TI-Nspire included for each CAS example.

Compared to the previous Australian Curriculum edition, this WA edition has undergone

a number of revisions. Careful adjustments to notation and language have been made

throughout to match that used in the WA syllabus and the Year 12 exam and in WA

classrooms more generally. Some revision topics as well as topics on inverse trigonometric

functions, the exponential distribution and dynamics have all been removed for this edition.

All multiple-choice questions that were formerly located in the chapter reviews and revision

chapters have also been removed.

The book contains four revision chapters, including one that revises the entire course. These

chapters provide technology-free and extended-response questions and are intended to help

prepare students for examinations and other assessments, and the grading of the questions

and the inclusion of challenging problems ensure that WA students have the opportunity to

achieve at the highest standards.

The TI-Nspire calculator examples and instructions have been completed by Russell Brown

and those for the Casio ClassPad have been completed by Maria Schaffner.

The integration of the features of the textbook and the new digital components of the

package, powered by Cambridge HOTmaths, are illustrated on pages viii to xi.

About Cambridge HOTmaths

Cambridge HOTmaths is a comprehensive, award-winning mathematics learning system – an

interactive online maths learning, teaching and assessment resource for students and teachers,

for individuals or whole classes, for school and at home. Its digital engine or platform is used

to host and power the Interactive Textbook and the Online Teaching Suite. All this is included

in the price of the textbook.
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Overview

Overview of the print book

1 Graded step-by-step worked examples with precise explanations (and video versions)

encourage independent learning, and are linked to exercise questions.

2 Additional linked resources in the Interactive Textbook are indicated by icons, such as

skillsheets and video versions of examples.

3 Chapter reviews contain a chapter summary and short-answer and extended-response

questions.

4 Revision chapters provide comprehensive revision and preparation for assessment.

5 The glossary includes page numbers of the main explanation of each term.

Numbers refer to descriptions above.

3 4 5

2

1
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Overview ix

Overview of the downloadable PDF textbook

6 The convenience of a downloadable

PDF textbook has been retained for

times when users cannot go online.

7 PDF annotation and search features are

enabled.

7 7

Overview of the Interactive Textbook

The Interactive Textbook (ITB) is an online HTML version of the print textbook powered

by the HOTmaths platform, included with the print book or available as a separate purchase.

8 The material is formatted for on-screen use with a convenient and easy-to-use navigation

system and links to all resources.

9 Workspaces for all questions, which can be enabled or disabled by the teacher, allow

students to enter working and answers online and to save them. Input is by typing, with

the help of a symbol palette, handwriting and drawing on tablets, or by uploading images

of writing or drawing done on paper.

10 Self-assessment tools enable students to check answers, mark their own work and rate

their confidence level in their work. This helps develop responsibility for learning and

communicates progress and performance to the teacher. Student accounts can be linked

to the learning management system used by the teacher in the Online Teaching Suite, so

that teachers can review student self-assessment and provide feedback or adjust marks.

11 All worked examples have video versions to encourage independent learning.

12 Worked solutions are included and can be enabled or disabled in the student ITB

accounts by the teacher.

13 An expanded and revised set of Desmos interactives and activities based on embedded

graphics calculator and geometry tool windows demonstrate key concepts and enable

students to visualise the mathematics.

14 The Desmos graphics calculator, scientific calculator, and geometry tool are also

embedded for students to use for their own calculations and exploration.

15 Quick quizzes containing automarked multiple-choice questions have been thoroughly

expanded and revised, enabling students to check their understanding.

16 Definitions pop up for key terms in the text, and are also provided in a dictionary.

17 Messages from the teacher assign tasks and tests.
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x Overview

INTERACTIVE TEXTBOOK POWERED BY THE HOTmaths

PLATFORM

A selection of features is shown. Numbers refer to the descriptions on pages ix–xi. HOTmaths

platform features are updated regularly

11

16

8

15 8 13 14

17

12

WORKSPACES AND SELF-ASSESSMENT

9 

10
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Overview xi

Overview of the Online Teaching Suite powered by the

HOTmaths platform

The Online Teaching Suite is automatically enabled with a teacher account and is integrated

with the teacher’s copy of the Interactive Textbook. All the teacher resources are in one place

for easy access. The features include:

18 The HOTmaths learning management system with class and student analytics and

reports, and communication tools.

19 Teacher’s view of a student’s working and self-assessment, which enables them to

modify the student’s self-assessed marks and respond where students flag that they had

difficulty.

20 A HOTmaths-style test generator.

21 A suite of chapter tests and assignments.

22 Editable curriculum grids and teaching programs.

23 A brand-new Exam Generator, allowing the creation of customised printable and online

trial exams (see below for more).

More about the Exam Generator

The Online Teaching Suite includes a comprehensive bank of SCSA exam questions,

augmented by exam-style questions written by experts, to allow teachers to create custom

trial exams.

Custom exams can model end-of-year exams, or target specific topics or types of questions

that students may be having difficulty with.

Features include:

� Filtering by question-type, topic and degree of difficulty

� Searchable by key words

� Answers provided to teachers

� Worked solutions for all questions

� SCSA marking scheme

� All custom exams can be printed and completed under exam-like conditions or used as

revision.
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1 Complex numbers

In this chapter

1A Starting to build the complex numbers

1B Modulus, conjugate and division

1C The polar form of a complex number

1D Basic operations on complex numbers in

polar form

1E Solving quadratic equations over the

complex numbers

1F Solving polynomial equations over the

complex numbers

1G Using de Moivre’s theorem to solve

equations

1H Sketching subsets of the complex plane

Review of Chapter 1

Syllabus references

Topics: Cartesian forms; Complex

arithmetic using polar form;

The complex plane; Roots of

complex numbers; Factorisation of

polynomials

Subtopics: 3.1.1 – 3.1.15

In the sixteenth century, mathematicians including Girolamo Cardano began to consider

square roots of negative numbers. Although these numbers were regarded as ‘impossible’,

they arose in calculations to find real solutions of cubic equations.

For example, the cubic equation x3 − 15x − 4 = 0 has three real solutions. Cardano’s formula

gives the solution

x =
3
√

2 +
√
−121 +

3
√

2 −
√
−121

which you can show equals 4.

Today complex numbers are widely used in physics and engineering, for example in the study

of aerodynamics.
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2 Chapter 1: Complex numbers

1A Starting to build the complex numbers

Mathematicians in the eighteenth century introduced the imaginary number i with the

property that

i 2
= −1

The equation x2
= −1 has two solutions, namely i and −i.

By declaring that i =
√
−1, we can find square roots of all negative numbers.

For example:
√
−4 =

√

4 × (−1)

=

√
4 ×
√
−1

= 2i

Note: The identity
√

a ×
√

b =
√

ab holds for positive real numbers a and b, but does not hold

when both a and b are negative. In particular,
√
−1 ×

√
−1 ,

√

(−1) × (−1).

The set of complex numbers

A complex number is an expression of the form a + bi, where a and b are real numbers.

The set of all complex numbers is denoted by C. That is,

C = { a + bi : a, b ∈ R }

The letter often used to denote a complex number is z.

Therefore if z ∈ C, then z = a + bi for some a, b ∈ R.

� If a = 0, then z = bi is said to be an imaginary number.

� If b = 0, then z = a is a real number.

The real numbers and the imaginary numbers are subsets of C.

Real and imaginary parts

For a complex number z = a + bi, we define

Re(z) = a and Im(z) = b

where Re(z) is called the real part of z and Im(z) is called the imaginary part of z.

Note: Both Re(z) and Im(z) are real numbers.

Let z = 4 − 5i. Find:

Re(z)a Im(z)b Re(z) − Im(z)c

Example 1

Solution

Re(z) = 4a Im(z) = −5b Re(z) − Im(z) = 4 − (−5) = 9c
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1A Starting to build the complex numbers 3

Using the TI-Nspire

� Assign the complex number z, as shown in

the first line. Use to access i.

� To find the real part, use menu > Number >

Complex Number Tools > Real Part, or just

type real(.

� For the imaginary part, use menu > Number

> Complex Number Tools > Imaginary Part.

Note: You do not need to be in complex mode. If you use i in the input, then it will

display in the same format.

Using the Casio ClassPad

� In , tap Real in the status bar at the bottom of

the screen to change to Cplx mode.

� Enter 4 − 5i⇒ z and tap EXE .

Note: The symbol i is found in the Math2 keyboard.

� Go to Interactive > Complex > re.

� Enter z and highlight.

� Go to Interactive > Complex > im.

� Highlight and drag the previous two entries to the

next entry line and subtract as shown.

Represent
√
−5 as an imaginary number.a Simplify 2

√
−9 + 4i.b

Example 2

Solution√
−5 =

√

5 × (−1)

=

√
5 ×
√
−1

= i
√

5

a 2
√
−9 + 4i = 2

√

9 × (−1) + 4i

= 2 × 3 × i + 4i

= 6i + 4i

= 10i

b

Using the TI-Nspire

Enter the expression and press enter .
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4 Chapter 1: Complex numbers

Using the Casio ClassPad

� Ensure your calculator is in complex mode

(with Cplx in the status bar at the bottom of

the main screen).

� Enter the expression and tap EXE .

Equality of complex numbers

Two complex numbers are defined to be equal if both their real parts and their imaginary

parts are equal:

a + bi = c + di if and only if a = c and b = d

Solve the equation (2a − 3) + 2bi = 5 + 6i for a ∈ R and b ∈ R.

Example 3

Solution

If (2a − 3) + 2bi = 5 + 6i, then

2a − 3 = 5 and 2b = 6

a = 4 and b = 3∴

Operations on complex numbers

Addition and subtraction

Addition of complex numbers

If z1 = a + bi and z2 = c + di, then

z1 + z2 = (a + c) + (b + d)i

The zero of the complex numbers can be written as 0 = 0 + 0i.

If z = a + bi, then we define −z = −a − bi.

Subtraction of complex numbers

If z1 = a + bi and z2 = c + di, then

z1 − z2 = z1 + (−z2) = (a − c) + (b − d)i

It is easy to check that the following familiar properties of the real numbers extend to the

complex numbers:

� z1 + z2 = z2 + z1 � (z1 + z2) + z3 = z1 + (z2 + z3) � z + 0 = z � z + (−z) = 0
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1A Starting to build the complex numbers 5

Multiplication by a scalar

If z = a + bi and k ∈ R, then

kz = k(a + bi) = ka + kbi

For example, if z = 3 − 6i, then 3z = 9 − 18i.

It is easy to check that k(z1 + z2) = kz1 + kz2, for all k ∈ R.

Let z1 = 2 − 3i and z2 = 1 + 4i. Simplify:

z1 + z2a z1 − z2b 3z1 − 2z2c

Example 4

Solution

z1 + z2

= (2 − 3i) + (1 + 4i)

= 3 + i

a z1 − z2

= (2 − 3i) − (1 + 4i)

= 1 − 7i

b 3z1 − 2z2

= 3(2 − 3i) − 2(1 + 4i)

= (6 − 9i) − (2 + 8i)

= 4 − 17i

c

Using the TI-Nspire

Enter the expressions as shown.

Using the Casio ClassPad

� Ensure your calculator is in complex mode

(with Cplx in the status bar at the bottom of

the main screen).

� Enter the expressions as shown.

Cambridge Senior Maths for Western Australia ISBN 978-1-009-25972-9 c© Evans et al. 2023 Cambridge University Press

Mathematics Specialist 3&4 Photocopying is restricted under law and this material must not be transferred to another party.



6 Chapter 1: Complex numbers

Argand diagrams

An Argand diagram is a geometric representation of the set of complex numbers. In a vector

sense, a complex number has two dimensions: the real part and the imaginary part. Therefore

a plane is required to represent C.

An Argand diagram is drawn with two

perpendicular axes. The horizontal axis

represents Re(z), for z ∈ C, and the vertical axis

represents Im(z), for z ∈ C.

Each point on an Argand diagram represents a

complex number. The complex number a + bi

is situated at the point (a, b) on the equivalent

Cartesian axes, as shown by the examples in

this figure.

A complex number written as a + bi is said to

be in Cartesian form.

Re(z)

Im(z)

(2 − 3i)

(3 + i)(−2 + i)

−1
−3 −2 −1 10 2 3

1

2

3

−2

−3

Represent the following complex numbers as points on an Argand diagram:

2a −3ib 2 − ic

−(2 + 3i)d −1 + 2ie

Example 5

Solution

Re(z)

Im(z)

2 − i

−1 + 2i

−(2 + 3i) −3i

−1

−3 −2 −1 10 2

2

3

1

2

3

−2

−3
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1A Starting to build the complex numbers 7

Geometric representation of the basic operations on

complex numbers

Addition of complex numbers is analogous to addition of vectors. The sum of two complex

numbers corresponds to the sum of their position vectors.

Multiplication of a complex number by a scalar corresponds to the multiplication of its

position vector by the scalar.

Re(z)

z2

z1

z1 + z2

Im(z)

0
Re(z)

az

bz

a > 1

0 < b < 1

c < 0
cz

z

Im(z)

0

The difference z1 − z2 is represented by the sum z1 + (−z2).

Let z1 = 2 + i and z2 = −1 + 3i.

Represent the complex numbers z1, z2, z1 + z2 and z1 − z2 on an Argand diagram and show

the geometric interpretation of the sum and difference.

Example 6

Solution

z1 + z2 = (2 + i) + (−1 + 3i)

= 1 + 4i

z1 − z2 = (2 + i) − (−1 + 3i)

= 3 − 2i

Re(z)

Im(z)

−1
−4 −3 −2 −1 1

0
2 3 4

1

2

3

4

−2

−3

−4

z1

z2

−z2

z1 + z2

z1 − z2
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8 Chapter 1: Complex numbers

Multiplication of complex numbers

Let z1 = a + bi and z2 = c + di (where a, b, c, d ∈ R). Then

z1 × z2 = (a + bi)(c + di)

= ac + adi + bci + bdi 2

= (ac − bd) + (ad + bc)i (since i 2
= −1)

We carried out this calculation with an assumption that we are in a system where all the usual

rules of algebra apply. However, it should be understood that the following is a definition of

multiplication for C.

Multiplication of complex numbers

Let z1 = a + bi and z2 = c + di. Then

z1 × z2 = (ac − bd) + (ad + bc)i

The multiplicative identity for C is 1 = 1 + 0i. The following familiar properties of the real

numbers extend to the complex numbers:

� z1z2 = z2z1 � (z1z2)z3 = z1(z2z3) � z × 1 = z � z1(z2 + z3) = z1z2 + z1z3

Simplify:

a (2 + 3i)(1 − 5i) b 3i(5 − 2i) c i 3

Example 7

Solution

a (2 + 3i)(1 − 5i) = 2 − 10i + 3i − 15i 2

= 2 − 10i + 3i + 15

= 17 − 7i

b 3i(5 − 2i) = 15i − 6i 2

= 15i + 6

= 6 + 15i

c i 3
= i × i 2

= −i

Geometric significance of multiplication by i

When the complex number 2 + 3i is multiplied by −1,

the result is −2 − 3i. This is achieved through a rotation

of 180◦ about the origin.

When the complex number 2 + 3i is multiplied by i,

we obtain

i(2 + 3i) = 2i + 3i 2

= 2i − 3

= −3 + 2i

Re(z)

Im(z)

0

2 + 3i

−3 + 2i

−2 − 3i

The result is achieved through a rotation of 90◦ anticlockwise about the origin.

If −3 + 2i is multiplied by i, the result is −2 − 3i. This is again achieved through a rotation

of 90◦ anticlockwise about the origin.
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1A 1A Starting to build the complex numbers 9

Powers of i

Successive multiplication by i gives the following:

i 0
= 1� i 1

= i� i 2
= −1� i 3

= −i�

i 4
= (−1)2

= 1� i 5
= i� i 6

= −1� i 7
= −i�

In general, for n = 0, 1, 2, 3, . . .

i 4n
= 1� i 4n+1

= i� i 4n+2
= −1� i 4n+3

= −i�

Exercise 1A

1Example 1 Let z = 6 − 7i. Find:

Re(z)a Im(z)b Re(z) − Im(z)c

2Example 2 Simplify each of the following:
√
−25a

√
−27b 2i − 7ic

5
√
−16 − 7id

√
−8 +

√
−18e i

√
−12f

i(2 + i)g Im
(

2
√
−4

)

h Re
(

5
√
−49

)

i

3Example 3 Solve the following equations for real values x and y:

x + yi = 5a x + yi = 2ib

x = yic x + yi = (2 + 3i) + 7(1 − i)d

2x + 3 + 8i = −1 + (2 − 3y)ie x + yi = (2y + 1) + (x − 7)if

4Example 4 Let z1 = 2 − i, z2 = 3 + 2i and z3 = −1 + 3i. Find:

z1 + z2a z1 + z2 + z3b 2z1 − z3c

3 − z3d 4i − z2 + z1e Re(z1)f

Im(z2)g Im(z3 − z2)h Re(z2) − i Im(z2)i

5Example 5 Represent each of the following complex numbers on an Argand diagram:

−4ia −3b 2(1 + i)c

3 − id −(3 + 2i)e −2 + 3if

6Example 6 Let z1 = 1 + 2i and z2 = 2 − i.

a Represent the following complex numbers on an Argand diagram:

i z1 ii z2 iii 2z1 + z2 iv z1 − z2

b Verify that parts iii and iv correspond to vector addition and subtraction.

7Example 7 Simplify each of the following:

(5 − i)(2 + i)a (4 + 7i)(3 + 5i)b (2 + 3i)(2 − 3i)c

(1 + 3i)2d (2 − i)2e (1 + i)3f

i 4g i 11(6 + 5i)h i 70i
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10 Chapter 1: Complex numbers 1A

8 Solve each of the following equations for real values x and y:

2x + (y + 4)i = (3 + 2i)(2 − i)a (x + yi)(3 + 2i) = −16 + 11ib

(x + 2i)2
= 5 − 12ic (x + yi)2

= −18id

i(2x − 3yi) = 6(1 + i)e

9 a Represent each of the following complex numbers on an Argand diagram:

i 1 + i ii (1 + i)2 iii (1 + i)3 iv (1 + i)4

b Describe any geometric pattern observed in the position of these complex numbers.

10 Let z1 = 2 + 3i and z2 = −1 + 2i. Let P, Q and R be the points defined on an Argand

diagram by z1, z2 and z2 − z1 respectively.

Show that
−−→
PQ =

−−→
OR.a Hence find QP.b

1B Modulus, conjugate and division

The modulus of a complex number

Definition of the modulus

For z = a + bi, the modulus of z is denoted by |z| and is defined by

|z| =
√

a2 + b2

This is the distance of the complex number from the origin.

For example, if z1 = 3 + 4i and z2 = −3 + 4i, then

|z1| =
√

32 + 42 = 5 and |z2| =
√

(−3)2 + 42 = 5

Both z1 and z2 are a distance of 5 units from the origin.

Properties of the modulus

� |z1z2| = |z1| |z2| (the modulus of a product is the product of the moduli)

�

∣

∣

∣

∣

∣

z1

z2

∣

∣

∣

∣

∣

=
|z1|
|z2|

(the modulus of a quotient is the quotient of the moduli)

� |z1 + z2| ≤ |z1| + |z2| (triangle inequality)

These results will be proved in Exercise 1B.

The conjugate of a complex number

Definition of the complex conjugate

For z = a + bi, the complex conjugate of z is denoted by z and is defined by

z = a − bi
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1B Modulus, conjugate and division 11

Properties of the complex conjugate

z1 + z2 = z1 + z2� z1z2 = z1 z2� kz = kz, for k ∈ R�

zz = |z|2� z + z = 2 Re(z)�

Proof The first three results will be proved in Exercise 1B. To prove the remaining two

results, consider a complex number z = a + bi. Then z = a − bi and therefore

zz = (a + bi)(a − bi)

= a2 − abi + abi − b2i 2

= a2
+ b2

= |z|2

z + z = (a + bi) + (a − bi)

= 2a

= 2 Re(z)

It follows from these two results that if z ∈ C, then zz and z + z are real numbers. We can

prove a partial converse to this property of the complex conjugate:

Let z, w ∈ {x ∈ C: Im(x) , 0} such that zw and z + w are real numbers. Then w = z.

Proof Write z = a + bi and w = c + di, where b, d , 0. Then

z + w = (a + bi) + (c + di)

= (a + c) + (b + d)i

Since z + w is real, we have b + d = 0. Therefore d = −b and so

zw = (a + bi)(c − bi)

= (ac + b2) + (bc − ab)i

Since zw is real, we have bc − ab = b(c − a) = 0. As b , 0, this implies that c = a.

We have shown that w = a − bi = z.

Find the complex conjugate of each of the following:

a 2 b 3i c −1 − 5i

Example 8

Solution

a The complex conjugate of 2 is 2.

b The complex conjugate of 3i is −3i.

c The complex conjugate of −1 − 5i is −1 + 5i.

Using the TI-Nspire

To find the complex conjugate, use menu

> Number > Complex Number Tools >

Complex Conjugate, or just type conj(.

Note: Use to access i.
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12 Chapter 1: Complex numbers

Using the Casio ClassPad

� Ensure your calculator is in complex mode.

� Enter and highlight 2.

� Go to Interactive > Complex > conjg.

� Repeat for 3i and −1 − 5i as shown.

Division of complex numbers

We begin with some familiar algebra that will motivate the definition:

1

a + bi
=

1

a + bi
× a − bi

a − bi
=

a − bi

(a + bi)(a − bi)
=

a − bi

a2 + b2

We can see that

(a + bi) × a − bi

a2 + b2
= 1

Although we have carried out this arithmetic, we have not yet defined what
1

a + bi
means.

Multiplicative inverse of a complex number

If z = a + bi with z , 0, then

z−1
=

a − bi

a2 + b2
=

z

|z|2

The formal definition of division in the complex numbers is via the multiplicative inverse:

Division of complex numbers

z1

z2

= z1z−1
2 =

z1z2

|z2|2
(for z2 , 0)

Here is the procedure that is used in practice:

Assume that z1 = a + bi and z2 = c + di (where a, b, c, d ∈ R). Then

z1

z2

=
a + bi

c + di

Multiply the numerator and denominator by the conjugate of z2:

z1

z2

=
a + bi

c + di
× c − di

c − di

=
(a + bi)(c − di)

c2 + d2

Complete the division by simplifying. This process is demonstrated in the next example.
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1B Modulus, conjugate and division 13

a Write each of the following in the form a + bi, where a, b ∈ R:

i
1

3 − 2i
ii

4 + i

3 − 2i

b Simplify
(1 + 2i)2

i(1 + 3i)
.

Example 9

Solution

a i
1

3 − 2i
=

1

3 − 2i
× 3 + 2i

3 + 2i

=
3 + 2i

32 − (2i)2

=
3 + 2i

13

=
3

13
+

2

13
i

ii
4 + i

3 − 2i
=

4 + i

3 − 2i
× 3 + 2i

3 + 2i

=
(4 + i)(3 + 2i)

32 + 22

=
12 + 8i + 3i − 2

13

=
10

13
+

11

13
i

b
(1 + 2i)2

i(1 + 3i)
=

1 + 4i − 4

−3 + i

=
−3 + 4i

−3 + i
× −3 − i

−3 − i

=
9 + 3i − 12i + 4

(−3)2 − i 2

=
13 − 9i

10

=
13

10
− 9

10
i

Note: There is an obvious similarity between the process for expressing a complex number

with a real denominator and the process for rationalising the denominator of a surd

expression.

Using the TI-Nspire

Complete as shown.

Cambridge Senior Maths for Western Australia ISBN 978-1-009-25972-9 c© Evans et al. 2023 Cambridge University Press

Mathematics Specialist 3&4 Photocopying is restricted under law and this material must not be transferred to another party.



14 Chapter 1: Complex numbers 1B

Using the Casio ClassPad

Ensure your calculator is in complex mode and

complete as shown.

Exercise 1B

1Example 8 Find the complex conjugate of each of the following complex numbers:
√

3a 8ib 4 − 3ic

−(1 + 2i)d 4 + 2ie −3 − 2if

2Example 9 Simplify each of the following, giving your answer in the form a + bi:

2 + 3i

3 − 2i
a

i

−1 + 3i
b

−4 − 3i

i
c

3 + 7i

1 + 2i
d

√
3 + i

−1 − i
e

17

4 − i
f

3 Let z = a + bi and w = c + di. Show that:

z + w = z + wa zw = z wb

(

z

w

)

=
z

w
c

|zw| = |z| |w|d

∣

∣

∣

∣

∣

z

w

∣

∣

∣

∣

∣

=
|z|
|w|

e

4 Let z = 2 − i. Simplify the following:

z(z + 1)a z + 4b z − 2ic

z − 1

z + 1
d (z − i)2e (z + 1 + 2i)2f

5 For z = a + bi, write each of the following in terms of a and b:

zza
z

|z|2
b z + zc

z − zd
z

z
e

z

z
f

6 Prove that |z1 + z2| ≤ |z1| + |z2| for all z1, z2 ∈ C.
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1C The polar form of a complex number 15

1C The polar form of a complex number

In the preceding sections, we have expressed complex numbers in Cartesian form. Another

way of expressing complex numbers is using polar form.

Each complex number may be described by an angle and a distance from the origin. In this

section, we will see that this is a very useful way to describe complex numbers.

Polar form

The diagram shows the point P corresponding to the

complex number z = a + bi. We see that a = r cos θ and

b = r sin θ, and so we can write

z = a + bi

= r cos θ + (r sin θ) i

= r
(

cos θ + i sin θ
)

Im(z)

0 a

b
r

P
z = a + bi

θ
Re(z)

This is called the polar form of the complex number. The polar form is abbreviated to

z = r cis θ

� The distance r =
√

a2 + b2 is called the modulus of z and is denoted by |z|.
� The angle θ, measured anticlockwise from the horizontal axis, is called the argument of z

and is denoted by arg z.

Polar form for complex numbers is also called modulus–argument form.

This Argand diagram uses a polar grid

with rays at intervals of
π

12
= 15◦.

cis
3
π

Re(z)

Im(z)

2i

−2i

−2 2

3
cis −

πcis
3

−
2π

2cis
6
π

2cis
3
π2cis

3
2π

2cis
6
5π

Non-uniqueness of polar form

Each complex number has more than one representation in polar form.

Since cos θ = cos(θ + 2nπ) and sin θ = sin(θ + 2nπ), for all n ∈ Z, we can write

z = r cis θ = r cis(θ + 2nπ) for all n ∈ Z

The convention is to use the angle θ such that −π < θ ≤ π.
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16 Chapter 1: Complex numbers

Principal value of the argument

For a non-zero complex number z, the argument of z that belongs to the interval (−π,π] is

called the principal value of the argument of z and is denoted by Arg z. That is,

−π < Arg z ≤ π

Complex conjugate in polar form

It is easy to show that the complex conjugate, z, is a

reflection of the point z in the horizontal axis.

Therefore, if z = r cis θ, then z = r cis(−θ). Re(z)

Im(z)

0

z

z
_

θ

Find the modulus and principal argument of each of the following complex numbers:

4a −2ib 1 + ic 4 − 3id

Example 10

Solution

Im(z)

0 4
Re(z)

a

Re(z)

Im(z)

0

−2

π

2

b

|4| = 4, Arg(4) = 0 |−2i| = 2, Arg(−2i) = −π
2

Re(z)

(1, 1)

Im(z)

0

√2
π

4

c

Re(z)

Im(z)

0

5
θ

(4, −3)

d

|1 + i| =
√

12 + 12 =

√
2

Arg(1 + i) =
π

4

|4 − 3i| =
√

42 + (−3)2 = 5

Arg(4 − 3i) = − tan−1
(

3

4

)

≈ −0.64 radians
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1C The polar form of a complex number 17

Using the TI-Nspire

� To find the modulus of a complex number,

use menu > Number > Complex Number

Tools > Magnitude.

Alternatively, use |�| from the 2D-template

palette or type abs(.

� To find the principal value of the argument,

use menu > Number > Complex Number

Tools > Polar Angle.

Note: Use to access i.

Using the Casio ClassPad

� Ensure your calculator is in complex mode

(with Cplx in the status bar at the bottom of

the main screen).

� To find the modulus of a complex number, tap on

the modulus template in the Math2 keyboard, then

enter the expression.

� To find the principal argument of a complex

number, enter and highlight the expression, then

select Interactive > Complex > arg.
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18 Chapter 1: Complex numbers

Find the argument of −1 − i in the interval [0, 2π].

Example 11

Solution

Choosing the angle in the interval [0, 2π] gives

arg(−1 − i) =
5π

4

Re(z)

Im(z)

0π

4

(−1, −1)

√2

Express −
√

3 + i in the form r cis θ, where θ = Arg
(

−
√

3 + i
)

.

Example 12

Solution

r =
∣

∣

∣−
√

3 + i
∣

∣

∣

=

√

(

√
3
)2
+ 12 = 2

θ = Arg
(

−
√

3 + i
)

=
5π

6

Therefore −
√

3 + i = 2 cis

(

5π

6

)

Re(z)

Im(z)

0

2

(−√3, 1)

Express 2 cis

(−3π

4

)

in the form a + bi.

Example 13

Solution

a = r cos θ b = r sin θ

= 2 cos

(−3π

4

)

= 2 sin

(−3π

4

)

= −2 cos

(

π

4

)

= −2 sin

(

π

4

)

= −2 × 1
√

2
= −2 × 1

√
2

= −
√

2 = −
√

2

Therefore 2 cis

(−3π

4

)

= −
√

2 −
√

2i
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1C 1C The polar form of a complex number 19

Exercise 1C

1Example 10 Find the modulus and principal argument of each of the following complex numbers:

−3a 5ib i − 1c
√

3 + id 2 − 2
√

3ie
(

2 − 2
√

3i
)2

f

2 Find the principal argument of each of the following, correct to two decimal places:

5 + 12ia −8 + 15ib −4 − 3ic

1 −
√

2id
√

2 +
√

3ie −(3 + 7i)f

3Example 17 Find the argument of each of the following in the interval stated:

1 −
√

3i in [0, 2π]a −7i in [0, 2π]b

−3 +
√

3i in [0, 2π]c
√

2 +
√

2i in [0, 2π]d√
3 + i in [−2π, 0]e 2i in [−2π, 0]f

4 Convert each of the following arguments into principal arguments:

5π

4
a

17π

6
b

−15π

8
c

−5π

2
d

5Example 18 Convert each of the following complex numbers from Cartesian form a + bi into the

form r cis θ, where θ = Arg(a + bi):

−1 − ia
1

2
−
√

3

2
ib

√
3 −
√

3ic

1
√

3
+

1

3
id

√
6 −
√

2ie −2
√

3 + 2if

6Example 13 Convert each of the following complex numbers into the form a + bi:

2 cis

(

3π

4

)

a 5 cis

(−π
3

)

b 2
√

2 cis

(

π

4

)

c

3 cis

(−5π

6

)

d 6 cis

(

π

2

)

e 4 cisπf

7 Let z = cis θ. Show that:

|z| = 1a
1

z
= cis(−θ)b

8 Find the complex conjugate of each of the following:

2 cis

(

3π

4

)

a 7 cis

(−2π

3

)

b

−3 cis

(

2π

3

)

c 5 cis

(−π
4

)

d
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20 Chapter 1: Complex numbers

1D Basic operations on complex numbers in polar form

Addition and subtraction

There is no simple way to add or subtract complex numbers in the form r cis θ. Complex

numbers need to be expressed in the form a + bi before these operations can be carried out.

Simplify 2 cis

(

π

3

)

+ 3 cis

(

2π

3

)

.

Example 14

Solution

First convert to Cartesian form:

2 cis

(

π

3

)

= 2

(

cos
(π

3

)

+ i sin
(π

3

)

)

= 2

(

1

2
+

√
3

2
i

)

= 1 +
√

3i

3 cis

(

2π

3

)

= 3

(

cos
(2π

3

)

+ i sin
(2π

3

)

)

= 3

(

−1

2
+

√
3

2
i

)

= −3

2
+

3
√

3

2
i

Now we have

2 cis

(

π

3

)

+ 3 cis

(

2π

3

)

=
(

1 +
√

3i
)

+

(

−3

2
+

3
√

3

2
i

)

= −1

2
+

5
√

3

2
i

Multiplication by a scalar

Positive scalar

If k > 0, then Arg(kz) = Arg(z)

Re(z)
0

z

kz

Arg(kz) = Arg(z)

Im(z)

Negative scalar

If k < 0, then

Arg(kz) =



















Arg(z) − π, 0 < Arg(z) ≤ π
Arg(z) + π, −π < Arg(z) ≤ 0

Re(z)

Im(z)

Arg(z)

Arg(kz)

z

kz

0
Re(z)

Arg(z)

Arg(kz)

Im(z)

kz

0

z
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1D Basic operations on complex numbers in polar form 21

Multiplication of complex numbers

Multiplication in polar form

If z1 = r1 cis θ1 and z2 = r2 cis θ2, then

z1z2 = r1r2 cis(θ1 + θ2) (multiply the moduli and add the angles)

Proof We have

z1z2 = r1 cis θ1 × r2 cis θ2

= r1r2

(

cos θ1 + i sin θ1

)(

cos θ2 + i sin θ2

)

= r1r2

(

cos θ1 cos θ2 + i cos θ1 sin θ2 + i sin θ1 cos θ2 − sin θ1 sin θ2

)

= r1r2

(

(

cos θ1 cos θ2 − sin θ1 sin θ2

)

+ i
(

cos θ1 sin θ2 + sin θ1 cos θ2

)

)

Now use the compound angle formulas:

sin(θ1 + θ2) = sin θ1 cos θ2 + cos θ1 sin θ2

cos(θ1 + θ2) = cos θ1 cos θ2 − sin θ1 sin θ2

z1z2 = r1r2

(

cos(θ1 + θ2) + i sin(θ1 + θ2)
)

Hence,

= r1r2 cis(θ1 + θ2)

Here are two useful properties of the modulus and the principal argument with regard to

multiplication of complex numbers:

� |z1z2| = |z1| |z2| � Arg(z1z2) = Arg(z1) + Arg(z2) + 2kπ, where k = 0, 1 or −1

Geometric interpretation of multiplication

We have seen that:

� The modulus of the product of two complex

numbers is the product of their moduli.

� The argument of the product of two complex

numbers is the sum of their arguments.

Geometrically, the effect of multiplying a complex

number z1 by the complex number z2 = r2 cis θ2 is to

produce an enlargement of Oz1, where O is the origin,

by a factor of r2 and an anticlockwise turn through an

angle θ2 about the origin.

Re(z)

Im(z)

z1

z1z2

r1
r1r2

0

θ1

θ2

If r2 = 1, then only the turning effect will take place.

Let z = cis θ. Multiplication by z2 is, in effect, the same as a multiplication by z followed by

another multiplication by z. The effect is a turn of θ followed by another turn of θ. The end

result is an anticlockwise turn of 2θ. This is also shown by finding z2:

z2
= z × z = cis θ × cis θ = cis(θ + θ) using the multiplication rule

= cis(2θ)
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22 Chapter 1: Complex numbers

Division of complex numbers

Division in polar form

If z1 = r1 cis θ1 and z2 = r2 cis θ2 with r2 , 0, then

z1

z2

=
r1

r2

cis(θ1 − θ2) (divide the moduli and subtract the angles)

Proof We have already seen that
1

cis θ2

= cis(−θ2).

We can now use the rule for multiplication in polar form to obtain

z1

z2

=
r1 cis θ1

r2 cis θ2

=
r1

r2

cis θ1 cis(−θ2) =
r1

r2

cis(θ1 − θ2)

Here are three useful properties of the modulus and the principal argument with regard to

division of complex numbers:

�

∣

∣

∣

∣

∣

z1

z2

∣

∣

∣

∣

∣

=
|z1|
|z2|

� Arg

(

z1

z2

)

= Arg(z1) − Arg(z2) + 2kπ, where k = 0, 1 or −1

� Arg

(

1

z

)

= −Arg(z), provided z is not a negative real number

Simplify:

a 2 cis

(

π

3

)

×
√

3 cis

(

3π

4

)

b

2 cis

(

2π

3

)

4 cis

(

π

5

)

Example 15

Solution

a 2 cis

(

π

3

)

×
√

3 cis

(

3π

4

)

= 2
√

3 cis

(

π

3
+

3π

4

)

= 2
√

3 cis

(

13π

12

)

= 2
√

3 cis

(

−11π

12

)

b

2 cis

(

2π

3

)

4 cis

(

π

5

) =
1

2
cis

(

2π

3
− π

5

)

=
1

2
cis

(

7π

15

)

Note: A solution giving the principal value of the argument, that is, the argument in the

range (−π,π], is preferred unless otherwise stated.
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1D Basic operations on complex numbers in polar form 23

DeMoivre’s theorem

De Moivre’s theorem allows us to readily simplify expressions of the form zn when z is

expressed in polar form.

DeMoivre’s theorem

(r cis θ)n
= rn cis(nθ), where n ∈ Z

Proof This result is usually proved by mathematical induction, but can be explained by a

simple inductive argument.

z = cis θLet

z2
= cis θ × cis θ = cis(2θ) by the multiplication ruleThen

z3
= z2 × cis θ = cis(3θ)

z4
= z3 × cis θ = cis(4θ)

Continuing in this way, we see that (cis θ)n
= cis(nθ), for each positive integer n.

To obtain the result for negative integers, again let z = cis θ. Then

z−1
=

1

z
= z = cis(−θ)

For k ∈ N, we have

z−k
= (z−1)k

=
(

cis(−θ)
)k
= cis(−kθ)

using the result for positive integers.

Simplify:
(

cis
(π

3

)

)9

a

cis

(

7π

4

)

(

cis
(π

3

)

)7
b

Example 16

Solution
(

cis
(π

3

)

)9

= cis

(

9 × π
3

)

= cis(3π)

= cisπ

= cosπ + i sinπ

= −1

a

cis

(

7π

4

)

(

cis
(π

3

)

)7
= cis

(

7π

4

) (

cis
(π

3

)

)−7

= cis

(

7π

4

)

cis

(−7π

3

)

= cis

(

7π

4
− 7π

3

)

= cis

(−7π

12

)

b
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24 Chapter 1: Complex numbers 1D

Simplify
(1 + i)3

(1 −
√

3i)5
.

Example 17

Solution

First convert to polar form:

1 + i =
√

2 cis

(

π

4

)

1 −
√

3i = 2 cis

(−π
3

)

Therefore

(1 + i)3

(1 −
√

3i)5
=

(√
2 cis

(π

4

)

)3

(

2 cis
(−π

3

)

)5

=

2
√

2 cis

(

3π

4

)

32 cis

(−5π

3

)
by de Moivre’s theorem

=

√
2

16
cis

(

3π

4
−

(−5π

3

)

)

=

√
2

16
cis

(

29π

12

)

=

√
2

16
cis

(

5π

12

)

Exercise 1D

1Example 19 Simplify 4 cis

(

π

6

)

+ 6 cis

(

2π

3

)

.

2Example 15 Simplify each of the following:

4 cis

(

2π

3

)

× 3 cis

(

3π

4

)

a

√
2 cis

(

π

2

)

√
8 cis

(

5π

6

)
b

1

2
cis

(−2π

5

)

× 7

3
cis

(

π

3

)

c

4 cis

(−π
4

)

1

2
cis

(

7π

10

)
d

4 cis

(

2π

3

)

32 cis

(−π
3

)e

Cambridge Senior Maths for Western Australia ISBN 978-1-009-25972-9 c© Evans et al. 2023 Cambridge University Press

Mathematics Specialist 3&4 Photocopying is restricted under law and this material must not be transferred to another party.



1D 1D Basic operations on complex numbers in polar form 25

3Example 16 Simplify each of the following:

2 cis

(

5π

6

)

×
(√

2 cis
(7π

8

)

)4

a
1

(

3

2
cis

(5π

8

)

)3
b

(

cis
(π

6

)

)8

×
(√

3 cis
(π

4

)

)6

c

(

1

2
cis

(π

2

)

)−5

d

e

(

2 cis
(3π

2

)

× 3 cis
(π

6

)

)3

f

(

1

2
cis

(π

8

)

)−6

×
(

4 cis
(π

3

)

)2

g

(

6 cis
(2π

5

)

)3

(

1

2
cis

(−π
4

)

)−5

4 For each of the following, find Arg(z1z2) and Arg(z1) + Arg(z2) and comment on their

relationship:

z1 = cis

(

π

4

)

and z2 = cis

(

π

3

)

a z1 = cis

(−2π

3

)

and z2 = cis

(−3π

4

)

b

z1 = cis

(

2π

3

)

and z2 = cis

(

π

2

)

c

5 Show that if
−π
2
< Arg(z1) <

π

2
and
−π
2
< Arg(z2) <

π

2
, then

Arg(z1z2) = Arg(z1) + Arg(z2) and Arg

(

z1

z2

)

= Arg(z1) − Arg(z2)

6 For z = 1 + i, find:

Arg za Arg(−z)b Arg

(

1

z

)

c

7 a Show that sin θ + i cos θ = cis

(

π

2
− θ

)

.

b Simplify each of the following:

(sin θ + i cos θ)7i (sin θ + i cos θ)(cos θ + i sin θ)ii

(sin θ + i cos θ)−4iii (sin θ + i cos θ)(sinϕ + i cosϕ)iv

8 a Show that cos θ − i sin θ = cis(−θ).
b Simplify each of the following:

(cos θ − i sin θ)5i (cos θ − i sin θ)−3ii

(cos θ − i sin θ)(cos θ + i sin θ)iii (cos θ − i sin θ)(sin θ + i cos θ)iv

9 a Show that sin θ − i cos θ = cis

(

θ − π
2

)

.

b Simplify each of the following:

(sin θ − i cos θ)6i (sin θ − i cos θ)−2ii

(sin θ − i cos θ)2(cos θ − i sin θ)iii
sin θ − i cos θ

cos θ + i sin θ
iv
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26 Chapter 1: Complex numbers 1D

10 a Express each of the following in modulus–argument form, where 0 < θ <
π

2
:

1 + i tan θi 1 + i cot θii
1

sin θ
+

1

cos θ
iiii

b Hence, simplify each of the following:

(1 + i tan θ)2i (1 + i cot θ)−3ii
1

sin θ
− 1

cos θ
iiii

11Example 17 Simplify each of the following, giving your answer in polar form r cis θ, with r > 0

and θ ∈ (−π,π]:
(

1 +
√

3i
)6

a (1 − i)−5b i
(

√
3 − i

)7
c

(

−3 +
√

3i
)−3

d

(

1 +
√

3i
)3

i(1 − i)5
e

(

−1 +
√

3i
)4(−
√

2 −
√

2i
)3

√
3 − 3i

f

(−1 + i)5

(

1

2
cis

(π

4

)

)3

g

(

cis
(2π

5

)

)3

(1 −
√

3i)2
h

(

(1 − i) cis
(2π

3

)

)7

i

1E Solving quadratic equations over the complex

numbers

Factorisation of quadratics

Quadratic polynomials with a negative discriminant cannot be factorised over the real

numbers. The introduction of complex numbers enables us to factorise such quadratics.

Sum of two squares

Since i 2
= −1, we can rewrite a sum of two squares as a difference of two squares:

z2
+ a2

= z2 − (ai)2

= (z + ai)(z − ai)

Factorise:

z2
+ 16a 2z2

+ 6b

Example 18

Solution

z2
+ 16 = z2 − 16i 2

= (z + 4i)(z − 4i)

a 2z2
+ 6 = 2(z2

+ 3)

= 2(z2 − 3i 2)

= 2
(

z +
√

3i
)(

z −
√

3i
)

b

Note: The discriminant of z2
+ 16 is ∆ = 0 − 4 × 16 = −64.

The discriminant of 2z2
+ 6 is ∆ = 0 − 4 × 2 × 6 = −48.
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1E Solving quadratic equations over the complex numbers 27

Factorise:

a z2
+ z + 3 b 2z2 − z + 1 c 2z2 − 2(3 − i)z + 4 − 3i

Example 19

Solution

a Let P(z) = z2
+ z + 3. Then, by completing the square, we have

P(z) =

(

z2
+ z +

1

4

)

+ 3 − 1

4

=

(

z +
1

2

)2

+
11

4

=

(

z +
1

2

)2

− 11

4
i 2

=

(

z +
1

2
+

√
11

2
i

) (

z +
1

2
−
√

11

2
i

)

b Let P(z) = 2z2 − z + 1. Then

P(z) = 2

(

z2 − 1

2
z +

1

2

)

= 2

(

(

z2 − 1

2
z +

1

16

)

+
1

2
− 1

16

)

= 2

(

(

z − 1

4

)2

+
7

16

)

= 2

(

(

z − 1

4

)2

− 7

16
i 2

)

= 2

(

z − 1

4
+

√
7

4
i

) (

z − 1

4
−
√

7

4
i

)

c Let P(z) = 2z2 − 2(3 − i)z + 4 − 3i. Then

P(z) = 2

(

z2 − (3 − i)z +
4 − 3i

2

)

= 2

(

z2 − (3 − i)z +

(

3 − i

2

)2

+
4 − 3i

2
−

(

3 − i

2

)2
)

= 2

(

z − 3 − i

2

)2

+ 4 − 3i − (3 − i)2

2

= 2

(

z − 3 − i

2

)2

+
8 − 6i − 9 + 6i + 1

2

= 2

(

z − 3 − i

2

)2

Cambridge Senior Maths for Western Australia ISBN 978-1-009-25972-9 c© Evans et al. 2023 Cambridge University Press

Mathematics Specialist 3&4 Photocopying is restricted under law and this material must not be transferred to another party.



28 Chapter 1: Complex numbers

Solution of quadratic equations

In the previous example, we used the method of completing the square to factorise quadratic

expressions. This method can also be used to solve quadratic equations.

Alternatively, a quadratic equation of the form az2
+ bz + c = 0 can be solved by using the

quadratic formula:

z =
−b ±

√
b2 − 4ac

2a

This formula is obtained by completing the square on the expression az2
+ bz + c.

Solve each of the following equations for z:

z2
+ z + 3 = 0a 2z2 − z + 1 = 0b

z2
= 2z − 5c 2z2 − 2(3 − i)z + 4 − 3i = 0d

Example 20

Solution

a From Example 19a:

z2
+ z + 3 =

(

z −
(

−1

2
−
√

11

2
i

)

) (

z −
(

−1

2
+

√
11

2
i

)

)

Hence, z2
+ z + 3 = 0 has solutions

z = −1

2
−
√

11

2
i and z = −1

2
+

√
11

2
i

b From Example 19b:

2z2 − z + 1 = 2

(

z −
(

1

4
−
√

7

4
i

)

) (

z −
(

1

4
+

√
7

4
i

)

)

Hence, 2z2 − z + 1 = 0 has solutions

z =
1

4
−
√

7

4
i and z =

1

4
+

√
7

4
i

c Rearrange the equation into the form

z2 − 2z + 5 = 0

Now apply the quadratic formula:

z =
2 ±
√
−16

2

=
2 ± 4i

2

= 1 ± 2i

The solutions are 1 + 2i and 1 − 2i.
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1E 1E Solving quadratic equations over the complex numbers 29

d From Example 19c, we have

2z2 − 2(3 − i)z + 4 − 3i = 2

(

z − 3 − i

2

)2

Hence, 2z2 − 2(3 − i)z + 4 − 3i = 0 has solution z =
3 − i

2
.

Note: In parts a, b and c of this example, the two solutions are conjugates of each other.

We explore this further in the next section.

Using the TI-Nspire

To find complex solutions, use menu > Algebra

> Complex > Solve as shown.

Using the Casio ClassPad

� Ensure your calculator is in complex mode.

� Enter and highlight the equation.

� Select Interactive > Equation/Inequality > solve.

� Ensure that the variable is z.

We can see that any quadratic polynomial can be factorised into linear factors over the

complex numbers. In the next section, we find that any higher degree polynomial can also be

factorised into linear factors over the complex numbers.

Exercise 1E

1Example 18

Example 19

Factorise each of the following into linear factors over C:

z2
+ 16a z2

+ 5b

z2
+ 2z + 5c z2 − 3z + 4d

2z2 − 8z + 9e 3z2
+ 6z + 4f

3z2
+ 2z + 2g 2z2 − z + 3h

2Example 20 Solve each of the following equations over C:

x2
+ 25 = 0a x2

+ 8 = 0b

x2 − 4x + 5 = 0c 3x2
+ 7x + 5 = 0d

x2
= 2x − 3e 5x2

+ 1 = 3xf

z2
+ (1 + 2i)z + (−1 + i) = 0g z2

+ z + (1 − i) = 0h

Hint: Show that −3 + 4i = (1 + 2i)2.
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30 Chapter 1: Complex numbers

1F Solving polynomial equations over the complex

numbers

You have studied polynomials over the real numbers in Mathematics Methods. We now

extend this study to polynomials over the complex numbers.

For n ∈ N ∪ {0}, a polynomial of degree n is an expression of the form

P(z) = anzn
+ an−1zn−1

+ · · · + a1z + a0

where the coefficients ai are complex numbers and an , 0.

When we divide the polynomial P(z) by the polynomial D(z) we obtain two polynomials,

Q(z), the quotient and R(z), the remainder, such that

P(z) = D(z)Q(z) + R(z)

and either R(z) = 0 or R(z) has degree less than D(z).

If R(z) = 0, then D(z) is a factor of P(z).

The remainder theorem and the factor theorem are true for polynomials over C.

Remainder theorem

Let α ∈ C. When a polynomial P(z) is divided by z − α, the remainder is P(α).

Proof Dividing the polynomial P(z) by z − α, we can write

P(z) = (z − α)Q(z) + R

where Q(z) is the quotient and R is the remainder, with R ∈ C. Therefore

P(α) = (α − α)Q(α) + R = R

and so the remainder is R = P(α).

Factor theorem

Let α ∈ C. Then z − α is a factor of a polynomial P(z) if and only if P(α) = 0.

Proof This theorem follows straight from the remainder theorem, since z − α is a factor

of P(z) if and only if the remainder is zero when P(z) is divided by z − α.

Factorise P(z) = z3
+ z2
+ 4.

Example 21

Solution

Use the factor theorem to find the first factor:

P(−1) = −1 + 1 + 4 , 0

P(−2) = −8 + 4 + 4 = 0

Therefore z + 2 is a factor. By division, we obtain

P(z) = (z + 2)(z2 − z + 2)
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1F Solving polynomial equations over the complex numbers 31

We can factorise z2 − z + 2 by completing the square:

z2 − z + 2 =

(

z2 − z +
1

4

)

+ 2 − 1

4

=

(

z − 1

2

)2

− 7

4
i 2

=

(

z − 1

2
+

√
7

2
i

) (

z − 1

2
−
√

7

2
i

)

P(z) = (z + 2)

(

z − 1

2
+

√
7

2
i

) (

z − 1

2
−
√

7

2
i

)

Hence,

Factorise z3 − iz2 − 4z + 4i.

Example 22

Solution

Factorise by grouping:

z3 − iz2 − 4z + 4i = z2(z − i) − 4(z − i)

= (z − i)(z2 − 4)

= (z − i)(z − 2)(z + 2)

The conjugate root theorem

We have seen in the examples in this section and the previous section that, for polynomial

equations with real coefficients, there are solutions which are conjugates.

Conjugate root theorem

Let P(z) be a polynomial with real coefficients. If a + bi is a solution of the equation

P(z) = 0, with a and b real numbers, then the complex conjugate a − bi is also a solution.

Proof We will prove the theorem for quadratics, as it gives the idea of the general proof.

Let P(z) = az2
+ bz + c, where a, b, c ∈ R and a , 0. Assume that α is a solution of the

equation P(z) = 0. Then P(α) = 0. That is,

aα2
+ bα + c = 0

Take the conjugate of both sides of this equation and use properties of conjugates:

aα2 + bα + c = 0

aα2 + bα + c = 0

a(α2) + bα + c = 0 since a, b and c are real numbers

a(α)2
+ bα + c = 0

Hence, P(α) = 0. That is, α is a solution of the equation P(z) = 0.

If a polynomial P(z) has real coefficients, then using this theorem we can say that the

complex solutions of the equation P(z) = 0 occur in conjugate pairs.
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32 Chapter 1: Complex numbers

Factorisation of cubic polynomials

Over the complex numbers, every cubic polynomial has three linear factors.

If the coefficients of the cubic are real, then at least one factor must be real (as complex

factors occur in pairs). The usual method of solution, already demonstrated in Example 21,

is to find the real linear factor using the factor theorem and then complete the square on the

resulting quadratic factor. The cubic polynomial can also be factorised if one complex root

is given, as shown in the next example.

Let P(z) = z3 − 3z2
+ 5z − 3.

a Use the factor theorem to show that z − 1 +
√

2i is a factor of P(z).

b Find the other linear factors of P(z).

Example 23

Solution

a To show that z −
(

1 −
√

2i
)

is a factor, we must check that P
(

1 −
√

2i
)

= 0.

We have

P
(

1 −
√

2i
)

=
(

1 −
√

2i
)3 − 3

(

1 −
√

2i
)2
+ 5

(

1 −
√

2i
)

− 3 = 0

Therefore z −
(

1 −
√

2i
)

is a factor of P(z).

b Since the coefficients of P(z) are real, the complex linear factors occur in conjugate

pairs, so z −
(

1 +
√

2i
)

is also a factor.

To find the third linear factor, first multiply the two complex factors together:
(

z −
(

1 −
√

2i
)

)(

z −
(

1 +
√

2i
)

)

= z2 −
(

1 −
√

2i
)

z −
(

1 +
√

2i
)

z +
(

1 −
√

2i
)(

1 +
√

2i
)

= z2 −
(

1 −
√

2i + 1 +
√

2i
)

z + 1 + 2

= z2 − 2z + 3

Therefore, by inspection, the linear factors of P(z) = z3 − 3z2
+ 5z − 3 are

z − 1 +
√

2i, z − 1 −
√

2i and z − 1

Factorisation of higher degree polynomials

Polynomials of the form z4 − a4 and z6 − a6 are considered in the following two examples.

Factorise z4 − 16 over C.

Example 24

Solution

z4 − 16 = (z2
+ 4)(z2 − 4) difference of two squares

= (z + 2i)(z − 2i)(z + 2)(z − 2)
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1F Solving polynomial equations over the complex numbers 33

Factorise z6 − 1 over C.

Example 25

Solution

First note that

z6 − 1 = (z3
+ 1)(z3 − 1)

We next factorise z3
+ 1 and z3 − 1.

We have

z3
+ 1 = (z + 1)(z2 − z + 1)

= (z + 1)

(

(

z2 − z +
1

4

)

+ 1 − 1

4

)

= (z + 1)

(

(

z − 1

2

)2

− 3

4
i 2

)

= (z + 1)

(

z − 1

2
+

√
3

2
i

) (

z − 1

2
−
√

3

2
i

)

and, similarly, we have

z3 − 1 = (z − 1)(z2
+ z + 1)

= (z − 1)

(

(

z2
+ z +

1

4

)

+ 1 − 1

4

)

= (z − 1)

(

(

z +
1

2

)2

− 3

4
i 2

)

= (z − 1)

(

z +
1

2
+

√
3

2
i

) (

z +
1

2
−
√

3

2
i

)

Therefore

z6 − 1 = (z3
+ 1)(z3 − 1)

= (z + 1)(z − 1)

(

z − 1

2
+

√
3

2
i

) (

z − 1

2
−
√

3

2
i

) (

z +
1

2
+

√
3

2
i

) (

z +
1

2
−
√

3

2
i

)

Using the TI-Nspire

To find complex factors, use menu > Algebra >

Complex > Factor.

The first operation shown factorises to give

integer coefficients, and the second fully

factorises over the complex numbers.
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Using the Casio ClassPad

� Ensure your calculator is in complex mode.

� To factorise over the real numbers:

Enter and highlight z6 − 1. Select Interactive > Transformation > factor.

� To factorise over the complex numbers:

Enter and highlight z6 − 1. Select Interactive > Transformation > factor > rFactor.

Note: Go to Edit > Clear all variables if z has been used to store a complex expression.

The fundamental theorem of algebra

The following important theorem has been attributed to Gauss (1799).

Fundamental theorem of algebra

Every polynomial P(z) = anzn
+ an−1zn−1

+ · · · + a1z + a0 of degree n, where n ≥ 1 and

the coefficients ai are complex numbers, has at least one linear factor in the complex

number system.

Given any polynomial P(z) of degree n ≥ 1, the theorem tells us that we can factorise P(z) as

P(z) = (z − α1)Q(z)

for some α1 ∈ C and some polynomial Q(z) of degree n − 1.

By applying the fundamental theorem of algebra repeatedly, it can be shown that:

A polynomial of degree n can be factorised into n linear factors in C:

i.e. P(z) = an(z − α1)(z − α2)(z − α3) . . . (z − αn), where α1,α2,α3, . . . ,αn ∈ C

A polynomial equation can be solved by first rearranging it into the form P(z) = 0, where

P(z) is a polynomial, and then factorising P(z) and extracting a solution from each factor.

If P(z) = (z − α1)(z − α2) . . . (z − αn), then the solutions of P(z) = 0 are α1,α2, . . . ,αn.

The solutions of the equation P(z) = 0 are also referred to as the zeroes or the roots of the

polynomial P(z).
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1F 1F Solving polynomial equations over the complex numbers 35

Solve each of the following equations over C:

z2
+ 64 = 0a z3

+ 3z2
+ 7z + 5 = 0b z3 − iz2 − 4z + 4i = 0c

Example 26

Solution

a z2
+ 64 = 0

(z + 8i)(z − 8i) = 0

∴ z = −8i or z = 8i

b Let P(z) = z3
+ 3z2

+ 7z + 5.

Then P(−1) = 0, so z + 1 is a factor, by the factor theorem.

P(z) = (z + 1)(z2
+ 2z + 5)

= (z + 1)(z2
+ 2z + 1 + 4)

= (z + 1)
(

(z + 1)2 − (2i)2)

= (z + 1)(z + 1 − 2i)(z + 1 + 2i)

If P(z) = 0, then z = −1, z = −1 + 2i or z = −1 − 2i.

c z3 − iz2 − 4z + 4i = 0

(z − i)(z − 2)(z + 2) = 0 (from Example 22)

∴ z = i, z = 2 or z = −2

Exercise 1F

1Example 21

Example 22

Factorise each of the following polynomials into linear factors over C:

z3 − 4z2 − 4z − 5a z3 − z2 − z + 10b 3z3 − 13z2
+ 5z − 4c

2z3
+ 3z2 − 4z + 15d z3 − (2 − i)z2

+ z − 2 + ie

2Example 23 Let P(z) = z3
+ 4z2 − 10z + 12.

a Use the factor theorem to show that z − 1 − i is a linear factor of P(z).

b Write down another complex linear factor of P(z).

c Hence, find all the linear factors of P(z) over C.

3 Let P(z) = 2z3
+ 9z2

+ 14z + 5.

a Use the factor theorem to show that z + 2 − i is a linear factor of P(z).

b Write down another complex linear factor of P(z).

c Hence, find all the linear factors of P(z) over C.

4 Let P(z) = z4
+ 8z2

+ 16z + 20.

a Use the factor theorem to show that z − 1 + 3i is a linear factor of P(z).

b Write down another complex linear factor of P(z).

c Hence, find all the linear factors of P(z) over C.
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36 Chapter 1: Complex numbers 1F

5Example 24

Example 25

Factorise each of the following into linear factors over C:

z4 − 81a z6 − 64b

6 For each of the following, factorise the first expression into linear factors over C, given

that the second expression is one of the linear factors:

z3
+ (1 − i)z2

+ (1 − i)z − i, z − ia z3 − (2 − i)z2 − (1 + 2i)z − i, z + ib

z3 − (2 + 2i)z2 − (3 − 4i)z + 6i, z − 2ic 2z3
+ (1 − 2i)z2 − (5 + i)z + 5i, z − id

7 For each of the following, find the value of p given that:

z + 2 is a factor of z3
+ 3z2

+ pz + 12a z − i is a factor of z3
+ pz2

+ z − 4b

z + 1 − i is a factor of 2z3
+ z2 − 2z + pc

8Example 26 Solve each of the following equations over C:

x3
+ x2 − 6x − 18 = 0a x3 − 6x2

+ 11x − 30 = 0b

2x3
+ 3x2

= 11x2 − 6x − 16c x4
+ x2

= 2x3
+ 36d

9 Let z2
+ az + b = 0, where a, b ∈ R. Find a and b if one of the solutions is:

2ia 3 + 2ib −1 + 3ic

10 a 1 + 3i is a solution of the equation 3z3 − 7z2
+ 32z − 10 = 0. Find the other solutions.

b −2 − i is a solution of the equation z4 − 5z2
+ 4z + 30 = 0. Find the other solutions.

11 For a cubic polynomial P(x) with real coefficients, P(2 + i) = 0, P(1) = 0 and P(0) = 10.

Express P(x) in the form P(x) = ax3
+ bx2

+ cx + d and solve the equation P(x) = 0.

12 If z = 1 + i is a zero of the polynomial z3
+ az2

+ bz + 10 − 6i, find the constants a and b,

given that they are real.

13 The polynomial P(z) = 2z3
+ az2

+ bz + 5, where a and b are real numbers, has 2 − i as

one of its zeroes.

a Find a quadratic factor of P(z), and hence calculate the real constants a and b.

b Determine the solutions to the equation P(z) = 0.

14 For the polynomial P(z) = az4
+ az2 − 2z + d, where a and d are real numbers:

a Evaluate P(1 + i).

b Given that P(1 + i) = 0, find the values of a and d.

c Show that P(z) can be written as the product of two quadratic factors with real

coefficients, and hence solve the equation P(z) = 0.

15 The solutions of the quadratic equation z2
+ pz + q = 0 are 1 + i and 4 + 3i. Find the

complex numbers p and q.

16 Given that 1 − i is a solution of z3 − 4z2
+ 6z − 4 = 0, find the other two solutions.

17 Solve each of the following for z:

a z2 − (6 + 2i)z + (8 + 6i) = 0 b z3 − 2iz2 − 6z + 12i = 0 c z3 − z2
+ 6z − 6 = 0

d z3 − z2
+ 2z − 8 = 0 e 6z2 − 3

√
2 z + 6 = 0 f z3

+ 2z2
+ 9z = 0
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1G Using de Moivre’s theorem to solve equations 37

1G Using deMoivre’s theorem to solve equations

Equations of the form zn
= a, where a ∈ C, are often solved by using de Moivre’s theorem.

Write both z and a in polar form, as z = r cis θ and a = r1 cisϕ.

Then zn
= a becomes

(r cis θ)n
= r1 cisϕ

rn cis(nθ) = r1 cisϕ (using de Moivre’s theorem)∴

Compare modulus and argument:

rn
= r1 cis(nθ) = cisϕ

r = n
√

r1 nθ = ϕ + 2kπ where k ∈ Z

θ =
1

n
(ϕ + 2kπ) where k ∈ Z

This will provide all the solutions of the equation.

Solve z3
= 1.

Example 27

Solution

Let z = r cis θ. Then

(r cis θ)3
= 1 cis 0

r3 cis(3θ) = 1 cis 0∴

r3
= 1 and 3θ = 0 + 2kπ where k ∈ Z∴

r = 1 and θ =
2kπ

3
where k ∈ Z∴

Hence, the solutions are of the form z = cis

(

2kπ

3

)

, where k ∈ Z.

We start finding solutions.

z = cis 0 = 1For k = 0:

z = cis

(

2π

3

)

For k = 1:

z = cis

(

4π

3

)

= cis

(

−2π

3

)

For k = 2:

z = cis(2π) = 1For k = 3:

The solutions begin to repeat.

Re(z)

Im(z)

0 1

z = cis 
2π

3

z = cis 
−2π

3

The three solutions are 1, cis

(

2π

3

)

and cis

(

−2π

3

)

.

The solutions are shown to lie on the unit circle at intervals of
2π

3
around the circle.

Note: An equation of the form z3
= a, where a ∈ R, has three solutions. Since a ∈ R, two of

the solutions will be conjugate to each other and the third must be a real number.
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In Example 27, we found the three cube roots of the number 1:

1, w = cis

(

2π

3

)

= −1

2
+

√
3

2
i and w2

= cis

(

−2π

3

)

= −1

2
−
√

3

2
i

More generally:

Solutions of zn = 1

For n ∈ N, the solutions of the equation zn
= 1 are called the nth roots of unity.

� The solutions of zn
= 1 lie on the unit circle.

� There are n solutions and they are equally spaced around the circle at intervals of
2π

n
.

This observation can be used to find all solutions, since z = 1 is one solution.

Solve z2
= 1 + i.

Example 28

Solution

Let z = r cis θ. Note that 1 + i =
√

2 cis

(

π

4

)

.

(r cis θ)2
=

√
2 cis

(

π

4

)

r2 cis(2θ) = 2
1
2 cis

(

π

4

)

∴

r = 2
1
4 and 2θ =

π

4
+ 2kπ where k ∈ Z∴

r = 2
1
4 and θ =

π

8
+ kπ where k ∈ Z∴

Hence, z = 2
1
4 cis

(

π

8
+ kπ

)

, where k ∈ Z.

z = 2
1
4 cis

(

π

8

)

For k = 0:

z = 2
1
4 cis

(

9π

8

)

For k = 1:

= 2
1
4 cis

(−7π

8

)

Re(z)

Im(z)

0

2  cis
−7π

8

1
4

2   cis
π

8

1
4

Note: If z1 is a solution of z2
= a, where a ∈ C, then the other solution is z2 = −z1.

In Example 28, we found the two square roots of the complex number 1 + i. More generally:

Solutions of zn = a

For n ∈ N and a ∈ C, the solutions of the equation zn
= a are called the nth roots of a.

� The solutions of zn
= a lie on a circle with centre the origin and radius |a|

1
n .

� There are n solutions and they are equally spaced around the circle at intervals of
2π

n
.

This observation can be used to find all solutions if one is known.
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The following example shows an alternative method for solving equations of the form z2
= a,

where a ∈ C.

Solve z2
= 5 + 12i using z = a + bi, where a, b ∈ R. Hence, factorise z2 − 5 − 12i.

Example 29

Solution

Let z = a + bi. Then z2
= (a + bi)2

= a2
+ 2abi + b2i 2

= (a2 − b2) + 2abi

So z2
= 5 + 12i becomes

(a2 − b2) + 2abi = 5 + 12i

Equating coefficients:

a2 − b2
= 5 and 2ab = 12

a2 −
(

6

a

)2

= 5 b =
6

a

a2 − 36

a2
= 5

a4 − 36 = 5a2

a4 − 5a2 − 36 = 0

(a2 − 9)(a2
+ 4) = 0

a2 − 9 = 0

(a + 3)(a − 3) = 0

a = −3 or a = 3∴

When a = −3, b = −2 and when a = 3, b = 2.

So the solutions to the equation z2
= 5 + 12i are z = −3 − 2i and z = 3 + 2i.

Hence, z2 − 5 − 12i = (z + 3 + 2i)(z − 3 − 2i).

Exercise 1G

1Example 27

Example 28

For each of the following, solve the equation over C and show the solutions on an

Argand diagram:

z2
+ 1 = 0a z3

= 27ib z2
= 1 +

√
3ic

z2
= 1 −

√
3id z3

= ie z3
+ i = 0f

2 Find all the cube roots of the following complex numbers:

4
√

2 − 4
√

2ia −4
√

2 + 4
√

2ib −4
√

3 − 4ic

4
√

3 − 4id −125ie −1 + if
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3Example 29 Let z = a + bi such that z2
= 3 + 4i, where a, b ∈ R.

a Find equations in terms of a and b by equating real and imaginary parts.

b Find the values of a and b and hence find the square roots of 3 + 4i.

4 Using the method of Question 3, find the square roots of each of the following:

−15 − 8ia 24 + 7ib −3 + 4ic −7 + 24id

5 Find the solutions of the equation z4 − 2z2
+ 4 = 0 in polar form.

6 Find the solutions of the equation z2 − i = 0 in Cartesian form. Hence, factorise z2 − i.

7 Find the solutions of the equation z8
+ 1 = 0 in polar form. Hence, factorise z8

+ 1.

8 a Find the square roots of 1 + i by using:

i Cartesian methods ii de Moivre’s theorem.

b Hence, find exact values of cos

(

π

8

)

and sin

(

π

8

)

.

1H Sketching subsets of the complex plane

Particular sets of points of the complex plane can be described by placing restrictions on z.

For example:

�

{

z : Re(z) = 6
}

is the straight line parallel to the imaginary axis with each point on the line

having real part 6.

�

{

z : Im(z) = 2 Re(z)
}

is the straight line through the origin with gradient 2.

The set of all points that satisfy a given condition is called the locus of the condition

(plural loci). When sketching a locus, a solid line is used for a boundary that is included in

the locus, and a dashed line is used for a boundary that is not included.

On an Argand diagram, sketch the subset S of the complex plane, where

S =
{

z : |z − 1| = 2
}

Example 30

Solution

Method 1 (algebraic)

Let z = x + yi. Then

|z − 1| = 2

|x + yi − 1| = 2

|(x − 1) + yi| = 2
√

(x − 1)2 + y2 = 2

(x − 1)2
+ y2
= 4∴

Re(z)

Im(z)

0 1 + 0i

−1 + 0i

3 + 0i

This demonstrates that S is represented by the circle with centre 1 + 0i and radius 2.

Cambridge Senior Maths for Western Australia ISBN 978-1-009-25972-9 c© Evans et al. 2023 Cambridge University Press

Mathematics Specialist 3&4 Photocopying is restricted under law and this material must not be transferred to another party.



1H Sketching subsets of the complex plane 41

Method 2 (geometric)

If z1 and z2 are complex numbers, then |z1 − z2| is the distance between the points on the

complex plane corresponding to z1 and z2.

Hence,
{

z : |z − 1| = 2
}

is the set of all points that are distance 2 from 1 + 0i. That is, the

set S is represented by the circle with centre 1 + 0i and radius 2.

On an Argand diagram, sketch the subset S of the complex plane, where

S =
{

z : |z − 2| = |z − (1 + i)|
}

Example 31

Solution

Method 1 (algebraic)

Let z = x + yi. Then

|z − 2| = |z − (1 + i)|
|x + yi − 2| = |x + yi − (1 + i)|
|x − 2 + yi| = |x − 1 + (y − 1)i|

√

(x − 2)2 + y2 =

√

(x − 1)2 + (y − 1)2
∴

Squaring both sides of the equation and

expanding:

x2 − 4x + 4 + y2
= x2 − 2x + 1 + y2 − 2y + 1

−4x + 4 = −2x − 2y + 2

y = x − 1∴

1 + i

0 1 2−1−2

−1

1

2

Re(z)

Im(z)

Method 2 (geometric)

The set S consists of all points in the complex plane that are equidistant from 2 and 1 + i.

In the Cartesian plane, this set corresponds to the perpendicular bisector of the line

segment joining (2, 0) and (1, 1). The midpoint of the line segment is

(

3

2
,

1

2

)

, and the

gradient of the line segment is −1.

Therefore the equation of the perpendicular bisector is

y − 1

2
= 1

(

x − 3

2

)

which simplifies to y = x − 1.
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42 Chapter 1: Complex numbers

Sketch the subset of the complex plane defined by each of the following conditions:

Arg(z) =
π

3
a Arg(z + 3) = −π

3
b Arg(z) ≤ π

3
c

Example 32

Solution

a Arg(z) =
π

3
defines a ray or a half line.

Note: The origin is not included.

Re(z)

Im(z)

π

3

0

b First draw the graph of Arg(z) = −π
3

.

Re(z)

Im(z)

0
−π

3

The graph of Arg(z + 3) = −π
3

is obtained by

a translation of 3 units to the left.

Re(z)

Im(z)

0−3

c Since −π < Arg(z) ≤ π in general, the condition Arg(z) ≤ π
3

implies −π < Arg(z) ≤ π
3

.

Re(z)

Im(z)

region required

boundary not included
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1H Sketching subsets of the complex plane 43

Sketch the region corresponding to each of the following:

|z − (2 − i)| ≤ 3a
{

z : 2 < |z| ≤ 4
}

∩
{

z :
π

6
< Arg(z) ≤ π

3

}

b

Example 33

Solution

Re(z)

Im(z)

0
2 

_

 i

a

Re(z)

Arg(z) =
π

6

Im(z)

0

2

4

Arg(z) =
π

3
b

Region required Region required

The condition defines a disc of radius 3

and centre 2 − i. The Cartesian relation

is
{

(x, y) : (x − 2)2
+ (y + 1)2 ≤ 32

}

.

Describe the locus defined by |z + 3| = 2|z − i|.

Example 34

Solution

Let z = x + yi. Then

|z + 3| = 2|z − i|
|(x + 3) + yi| = 2|x + (y − 1)i|

√

(x + 3)2 + y2 = 2
√

x2 + (y − 1)2
∴

Squaring both sides gives

x2
+ 6x + 9 + y2

= 4(x2
+ y2 − 2y + 1)

0 = 3x2
+ 3y2 − 6x − 8y − 5

5 = 3(x2 − 2x) + 3

(

y2 − 8

3
y

)

5

3
= (x2 − 2x + 1) +

(

y2 − 8

3
y +

16

9

)

− 25

9

40

9
= (x − 1)2

+

(

y − 4

3

)2

∴

The locus is the circle with centre 1 +
4

3
i and radius

2
√

10

3
.
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44 Chapter 1: Complex numbers 1H

Describe the locus defined by |z − 2| − |z + 2| = 3.

Example 35

Solution

Let z = x + yi. Then

|z − 2| − |z + 2| = 3

|x + yi − 2| − |x + yi + 2| = 3
√

(x − 2)2 + y2 −
√

(x + 2)2 + y2 = 3
√

(x − 2)2 + y2 = 3 +
√

(x + 2)2 + y2
∴

Square both sides:

(x − 2)2
+ y2
= 9 + 6

√

(x + 2)2 + y2 + (x + 2)2
+ y2

x2 − 4x + 4 + y2
= 9 + 6

√

(x + 2)2 + y2 + x2
+ 4x + 4 + y2

−8x − 9 = 6
√

(x + 2)2 + y2
∴

Note: This implies that −8x − 9 ≥ 0, so x ≤ −9

8
.

Square both sides again:

64x2
+ 144x + 81 = 36(x2

+ 4x + 4 + y2)

28x2 − 36y2
= 63

x2

36
− y2

28
=

1

16

x2

9
− y2

7
=

1

4
∴

This is the Cartesian equation of a hyperbola with asymptotes y = ±
√

7

3
x.

The locus is the left branch of this hyperbola, where x ≤ −3

2
.

Exercise 1H

1Example 30 Illustrate each of the following on an Argand diagram:

2 Im(z) = Re(z)a Im(z) + Re(z) = 1b |z − 2| = 3c

|z − i| = 4d |z − (1 +
√

3i)| = 2e |z − (1 − i)| = 6f

2 Sketch
{

z : z = i z
}

in the complex plane.

3Example 31 Describe the subset of the complex plane defined by
{

z : |z − 1| = |z + 1|
}

.

4Example 32 Sketch the subset of the complex plane defined by each of the following conditions:

Arg(z) =
π

4
a Arg(z − 2) = −π

4
b Arg(z) ≤ π

4
c
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1H 1H Sketching subsets of the complex plane 45

5Example 33 Sketch each of the following regions of the complex plane:

{

z : |z − 1| ≤ 2
}

a
{

z : 2 ≤ |z| ≤ 3
}

∩
{

z :
π

4
< Arg(z) ≤ 3π

4

}

b

6 Prove that 3|z − 1|2 = |z + 1|2 if and only if |z − 2|2 = 3, for any complex number z.

Hence, sketch the set S =
{

z :
√

3 |z − 1| = |z + 1|
}

on an Argand diagram.

7Example 34 Sketch each of the following:
{

z : |z + 2i| = 2|z − i|
}

a
{

z : Im(z) = −2
}

b
{

z : z + z = 5
}

c

{

z : zz = 5
}

d
{

z : Re(z2) = Im(z)
}

e

{

z : Arg(z − i) =
π

3

}

f

8Example 35 Illustrate each of the following on an Argand diagram:

|z − 1| + |z + 1| = 3a |z − 6| − |z + 6| = 3b

9 Sketch each of the following:
{

z : |z − i| > 1
}

a
{

z : |z + i| ≤ 2
}

b
{

z : Re(z) ≥ 0
}

c
{

z : 2 Re(z) + Im(z) ≤ 0
}

d
{

z : Re(z) > 2 and Im(z) ≥ 1
}

e
{

z : |z + 3| + |z − 3| = 8
}

f

10 On an Argand diagram, sketch the set S =
{

z : Re(z) ≤ 1
}

∩
{

z : 0 ≤ Im(z) ≤ 3
}

.

11 Sketch the region of the complex plane for which Re(z) ≥ 0 and |z + 2i| ≤ 1.

12 Sketch the locus defined by |z − 2 + 3i| ≤ 2.

13 On the Argand plane, sketch the curve defined by each of the following equations:
∣

∣

∣

∣

∣

z − 2

z

∣

∣

∣

∣

∣

= 1a

∣

∣

∣

∣

∣

z − 1 − i

z

∣

∣

∣

∣

∣

= 1b

14 If the real part of
z + 1

z − 1
is zero, find the locus of points representing z in the complex

plane.

15 Given that z satisfies the equation 2|z − 2| = |z − 6i|, show that z is represented by a point

on a circle and find the centre and radius of the circle.

16 On an Argand diagram with origin O, the point P represents z and Q represents
1

z
.

Prove that O, P and Q are collinear and find the ratio OP : OQ in terms of |z|.

17 Find the locus of points described by each of the following conditions:

|z − (1 + i)| = 1a |z − 2| = |z + 2i|b Arg(z − 1) =
π

2
c Arg(z + i) =

π

4
d

18 Let w = 2z. Describe the locus of w if z describes a circle with centre 1 + 2i and

radius 3.

19 a Find the solutions of the equation z2
+ 2z + 4 = 0.

b Show that the solutions satisfy:

i |z| = 2 ii |z − 1| =
√

7 iii z + z = −2

c On a single diagram, sketch the loci defined by the equations in b.
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46 Chapter 1: Complex numbers

Chapter summary

� The imaginary number i has the property i 2
= −1.

� The set of complex numbers is C = { a + bi : a, b ∈ R }.
� For a complex number z = a + bi:

• the real part of z is Re(z) = a • the imaginary part of z is Im(z) = b.

� Complex numbers z1 and z2 are equal if and only if Re(z1) = Re(z2) and Im(z1) = Im(z2).

� An Argand diagram is a geometric representation of C.

� The modulus of z, denoted by |z|, is the distance from the origin to the point representing z

in an Argand diagram. Thus |a + bi| =
√

a2 + b2.

� The argument of z is an angle measured anticlockwise about the origin from the positive

direction of the real axis to the line joining the origin to z.

� The principal value of the argument, denoted by Arg z, is the angle in the interval (−π,π].

� The complex number z = a + bi can be expressed

in polar form as

z = r(cos θ + i sin θ)

= r cis θ

where r = |z| =
√

a2 + b2, cos θ =
a

r
, sin θ =

b

r
.

This is also called modulus–argument form.

Im(z)

0 a

b
r

P
z = a + bi

θ
Re(z)

� The complex conjugate of z, denoted by z, is the reflection of z in the real axis.

If z = a + bi, then z = a − bi. If z = r cis θ, then z = r cis(−θ). Note that zz = |z|2.

� Division of complex numbers:

z1

z2

=
z1

z2

× z2

z2

=
z1z2

|z2|2

� Multiplication and division in polar form:

Let z1 = r1 cis θ1 and z2 = r2 cis θ2. Then

z1z2 = r1r2 cis(θ1 + θ2) and
z1

z2

=
r1

r2

cis(θ1 − θ2)

� De Moivre’s theorem (r cis θ)n
= rn cis(nθ), where n ∈ Z

� Conjugate root theorem If a polynomial has real coefficients, then the complex roots

occur in conjugate pairs.

� Fundamental theorem of algebra Every non-constant polynomial with complex

coefficients has at least one linear factor in the complex number system.

� A polynomial of degree n can be factorised over C into a product of n linear factors.

� If z1 is a solution of z2
= a, where a ∈ C, then the other solution is z2 = −z1.

� The solutions of zn
= a, where a ∈ C, lie on the circle centred at the origin with

radius |a|
1
n . The solutions are equally spaced around the circle at intervals of

2π

n
.

� The distance between z1 and z2 in the complex plane is |z1 − z2|.
For example, the set

{

z : |z − (1 + i)| = 2
}

is a circle with centre 1 + i and radius 2.
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Short-answer questions

1 Express each of the following in the form a + bi, where a, b ∈ R:

3 + 2i + 5 − 7ia i 3b (3 − 2i)(5 + 7i)c

(3 − 2i)(3 + 2i)d
2

3 − 2i
e

5 − i

2 + i
f

3i

2 + i
g (1 − 3i)2h

(5 + 2i)2

3 − i
i

2 Solve each of the following equations for z:

(z − 2)2
+ 9 = 0a

z − 2i

z + (3 − 2i)
= 2b z2

+ 6z + 12 = 0c

z4
+ 81 = 0d z3 − 27 = 0e 8z3

+ 27 = 0f

3 a Show that 2 − i is a solution of the equation z3 − 2z2 − 3z + 10 = 0. Hence, solve

the equation for z.

b Show that 3 − 2i is a solution of the equation x3 − 5x2
+ 7x + 13 = 0. Hence, solve

the equation for x ∈ C.

c Show that 1 + i is a solution of the equation z3 − 4z2
+ 6z − 4 = 0. Hence, find the

other solutions of this equation.

4 Express each of the following polynomials as a product of linear factors:

2x2
+ 3x + 2a x3 − x2

+ x − 1b x3
+ 2x2 − 4x − 8c

5 If (a + bi)2
= 3 − 4i, find the possible values of a and b, where a, b ∈ R.

6 Pair each of the transformations given on the left with the appropriate operation on the

complex numbers given on the right:

a reflection in the real axis i multiply by −1

b rotation anticlockwise by 90◦ about O ii multiply by i

c rotation through 180◦ about O iii multiply by −i

d rotation anticlockwise about O through 270◦ iv take the conjugate

7 If (a + bi)2
= −24 − 10i, find the possible values of a and b, where a, b ∈ R.

8 Find the values of a and b if f (z) = z2
+ az + b and f (−1 − 2i) = 0, where a, b ∈ R.

9 Express
1

1 +
√

3i
in the form r cis θ, where r > 0 and −π < θ ≤ π.

10 On an Argand diagram with origin O, the point P represents 3 + i. The point Q

represents a + bi, where both a and b are positive. If the triangle OPQ is equilateral,

find a and b.

11 Let z = 1 − i. Find:

2za
1

z
b |z7|c Arg(z7)d
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48 Chapter 1: Complex numbers

12 Let w = 1 + i and z = 1 −
√

3i.

a Write down:

i |w| ii |z| iii Arg w iv Arg z

b Hence, write down

∣

∣

∣

∣

∣

w

z

∣

∣

∣

∣

∣

and Arg(wz).

13 Express
√

3 + i in polar form. Hence, find
(

√
3 + i

)7
and express in Cartesian form.

14 Consider the equation z4 − 2z3
+ 11z2 − 18z + 18 = 0. Find all real values of r for which

z = ri is a solution of the equation. Hence, find all the solutions of the equation.

15 Express (1 − i)9 in Cartesian form.

16 Consider the polynomial P(z) = z3
+ (2 + i)z2

+ (2 + 2i)z + 4. Find the real numbers k

such that ki is a zero of P(z). Hence, or otherwise, find the three zeroes of P(z).

17 a Find the three linear factors of z3 − 2z + 4.

b What is the remainder when z3 − 2z + 4 is divided by z − 3?

18 If a and b are complex numbers such that Im(a) = 2, Re(b) = −1 and a + b = −ab,

find a and b.

19 a Express S =
{

z : |z − (1 + i)| ≤ 1
}

in Cartesian form.

b Sketch S on an Argand diagram.

20 Describe
{

z : |z + i| = |z − i|
}

.

21 Let S =

{

z : z = 2 cis θ, 0 ≤ θ ≤ π
2

}

. Sketch:

a S b T =
{

w : w = z2, z ∈ S
}

c U =

{

v : v =
2

z
, z ∈ S

}

22 Find the centre of the circle that passes through the points −2i, 1 and 2 − i.

23 On an Argand diagram, points A and B represent a = 5 + 2i and b = 8 + 6i.

a Find i(a − b) and show that it can be represented by a vector perpendicular to
−−→
AB and

of the same length as
−−→
AB.

b Hence, find complex numbers c and d, represented by C and D, such that ABCD is

a square.

24 Solve each of the following for z ∈ C:

z3
= −8a z2

= 2 + 2
√

3ib

25 a Factorise x6 − 1 over R.

b Factorise x6 − 1 over C.

c Determine all the sixth roots of unity. (That is, solve x6
= 1 for x ∈ C.)

26 Let z be a complex number with a non-zero imaginary part. Simplify:
∣

∣

∣

∣

∣

z

z

∣

∣

∣

∣

∣

a
i
(

Re(z) − z
)

Im(z)
b Arg z + Arg

(

1

z

)

c
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Chapter 1 review 49

27 If Arg z =
π

4
and Arg(z − 3) =

π

2
, find Arg(z − 6i).

28 a If Arg(z + 2) =
π

2
and Arg(z) =

2π

3
, find z.

b If Arg(z − 3) = −3π

4
and Arg(z + 3) = −π

2
, find z.

29 A complex number z satisfies the inequality
∣

∣

∣z + 2 − 2
√

3i
∣

∣

∣ ≤ 2.

a Sketch the corresponding region representing all possible values of z.

b i Find the least possible value of |z|.
ii Find the greatest possible value of Arg z.

Extended-response questions

1 Let z = 4 cis

(

5π

6

)

and w =
√

2 cis

(

π

4

)

.

a Find |z7| and Arg(z7).

b Show z7 on an Argand diagram.

c Express
z

w
in the form r cis θ.

d Express z and w in Cartesian form, and hence express
z

w
in Cartesian form.

e Use the results of d to find an exact value for tan

(

7π

12

)

in the form a +
√

b, where a

and b are rational.

f Use the result of e to find the exact value of tan

(

7π

6

)

.

2 Let v = 2 + i and P(z) = z3 − 7z2
+ 17z − 15.

a Show by substitution that P(2 + i) = 0.

b Find the other two solutions of the equation P(z) = 0.

c Let i be the unit vector in the positive Re(z)-direction and let j be the unit vector in

the positive Im(z)-direction.

Let A be the point on the Argand diagram corresponding to v = 2 + i.

Let B be the point on the Argand diagram corresponding to 1 − 2i.

Show that
−−→
OA is perpendicular to

−−→
OB.

d Find a polynomial with real coefficients and with roots 3, 1 − 2i and 2 + i.

3 a Find the exact solutions in C for the equation z2 − 2
√

3z + 4 = 0, writing your

solutions in Cartesian form.

b i Plot the two solutions from a on an Argand diagram.

ii Find the equation of the circle, with centre the origin, that passes through these

two points.

iii Find the value of a ∈ Z such that the circle passes through (0,±a).

iv Let Q(z) = (z2
+ 4)(z2 − 2

√
3z + 4). Find the polynomial P(z) such that

Q(z)P(z) = z6
+ 64 and explain the significance of the result.
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50 Chapter 1: Complex numbers

4 a Express −4
√

3 − 4i in exact polar form.

b Find the cube roots of −4
√

3 − 4i.

c Carefully plot the three cube roots of −4
√

3 − 4i on an Argand diagram.

d i Show that the cubic equation z3 − 3
√

3iz2 − 9z + 3
√

3i = −4
√

3 − 4i can be written

in the form (z − w)3
= −4

√
3 − 4i, where w is a complex number.

ii Hence, find the solutions of the equation z3 − 3
√

3iz2 − 9z+
(

3
√

3+ 4
)

i+ 4
√

3 = 0,

in exact Cartesian form.

5 The points X, Y and Z correspond to the numbers 4
√

3 + 2i, 5
√

3 + i and 6
√

3 + 4i.

a Find the vector
−−→
XY and the vector

−−→
XZ.

b Let z1 and z2 be the complex numbers corresponding to the vectors
−−→
XY and

−−→
XZ.

Find z3 such that z2 = z3z1.

c By writing z3 in modulus–argument form, show that XYZ is half an equilateral

triangle XWZ and give the complex number to which W corresponds.

d The triangle XYZ is rotated through an angle of
π

3
anticlockwise about Y . Find the

new position of X.

6 a Sketch the region T in the complex plane that is obtained by reflecting

S =
{

z : Re(z) ≤ 2
}

∩
{

z : Im(z) < 2
}

∩
{

z :
π

6
< Arg(z) <

π

3

}

in the line defined by |z + i| = |z − 1|.
b Describe the region T by using set notation in a similar way to that used in a to

describe S .

7 Consider the equation x2
+ 4x − 1 + k(x2

+ 2x + 1) = 0. Find the set of real values k,

where k , −1, for which the two solutions of the equation are:

real and distincta real and equalb

complex with positive real part and non-zero imaginary part.c

8 a If z = cos θ + i sin θ, prove that
1 + z

1 − z
= i cot

(

θ

2

)

.

b On an Argand diagram, the points O, A, Z, P and Q represent the complex numbers

0, 1, z, 1 + z and 1 − z respectively. Show these points on a diagram.

c Prove that the magnitude of ∠POQ is
π

2
. Find, in terms of θ, the ratio

|OP|
|OQ|

.

9 A regular hexagon LMNPQR has its centre at the origin O and its vertex L at the point

z = 4.

a Indicate in a diagram the region in the hexagon in which the inequalities |z| ≥ 2 and
−π
3
≤ Arg z ≤ π

3
are satisfied.

b Find, in the form |z − c| = a, the equation of the circle through O, M and R.

c Find the complex numbers corresponding to the points N and Q.

d The hexagon is rotated clockwise about the origin by 45◦. Express in the form r cis θ

the complex numbers corresponding to the new positions of N and Q.
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Chapter 1 review 51

10 a A complex number z = a + bi is such that |z| = 1. Show that
1

z
= z.

b Let z1 =
1

2
−
√

3

2
i and z2 =

√
3

2
+

1

2
i. If z3 =

1

z1

+
1

z2

, find z3 in polar form.

c On a diagram, show the points z1, z2, z3 and z4 =
1

z3

.

11 a Let P(z) = z3
+ 3pz + q. It is known that P(z) = (z − k)2(z − a).

i Show that p = −k2. ii Find q in terms of k. iii Show that 4p3
+ q2

= 0.

b Let h(z) = z3 − 6iz + 4 − 4i. It is known that h(z) = (z − b)2(z − c). Find the values

of b and c.

12 a Let z be a complex number with |z| = 6. Let A be the point representing z. Let B be

the point representing (1 + i)z.

i Find |(1 + i)z|.
ii Find |(1 + i)z − z|.
iii Prove that OAB is an isosceles right-angled triangle.

b Let z1 and z2 be non-zero complex numbers satisfying z2
1
− 2z1z2 + 2z2

2
= 0.

If z1 = α z2:

i Show that α = 1 + i or α = 1 − i.

ii For each of these values of α, describe the geometric nature of the triangle whose

vertices are the origin and the points representing z1 and z2.

13 a Let z = −12 + 5i. Find:

i |z| ii Arg(z) correct to two decimal places in degrees.

b Let w2
= −12 + 5i and α = Arg(w2).

i Write cosα and sinα in exact form.

ii Using the result r2
(

cos(2θ) + i sin(2θ)
)

= |w2| (cosα + i sinα), write r, cos(2θ)

and sin(2θ) in exact form.

iii Use the result of ii to find sin θ and cos θ.

iv Find the two values of w.

c Use a Cartesian method to find w.

d Find the square roots of 12 + 5i and comment on their relationship with the square

roots of −12 + 5i.

14 a Find the locus defined by 2zz + 3z + 3z − 10 = 0.

b Find the locus defined by 2zz + (3 + i)z + (3 − i)z − 10 = 0.

c Find the locus defined by αzz + βz + βz + γ = 0, where α, β and γ are real.

d Find the locus defined by αzz + βz + βz + γ = 0, where α, γ ∈ R and β ∈ C.
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15 a Expand (cos θ + i sin θ)5.

b By de Moivre’s theorem, we know that (cis θ)5
= cis(5θ). Use this result and the

result of a to show that:

i cos(5θ) = 16 cos5 θ − 20 cos3 θ + 5 cos θ

ii
sin(5θ)

sin θ
= 16 cos4 θ − 12 cos2 θ + 1 if sin θ , 0

16 a If z denotes the complex conjugate of the number z = x + yi, find the Cartesian

equation of the line given by (1 + i)z + (1 − i)z = −2.

Sketch on an Argand diagram the set

{

z : (1 + i)z + (1 − i)z = −2, Arg z ≤ π
2

}

.

b Let S =
{

z :
∣

∣

∣z −
(

2
√

2 + 2
√

2i
)

∣

∣

∣ ≤ 2
}

.

i Sketch S on an Argand diagram.

ii If z belongs to S , find the maximum and minimum values of |z|.
iii If z belongs to S , find the maximum and minimum values of Arg(z).

17 The roots of the polynomial z2
+ 2z + 4 are denoted by α and β.

a Find α and β in polar form.

b Show that α3
= β3.

c Find a quadratic polynomial for which the roots are α + β and α − β.
d Find the exact value of αβ + βα.

18 a Let w = 2 cis θ and z = w +
1

w
.

i Find z in terms of θ.

ii Show that z lies on the ellipse with equation
x2

25
+

y2

9
=

1

4
.

iii Show that |z − 2|2 =
(

5

2
− 2 cos θ

)2

.

iv Show that |z − 2| + |z + 2| = 5.

b Let w = 2i cis θ and z = w − 1

w
.

i Find z in terms of θ.

ii Show that z lies on the ellipse with equation
y2

25
+

x2

9
=

1

4
.

iii Show that |z − 2i| + |z + 2i| = 5.
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2 Composite and

inverse functions

In this chapter

2A The absolute value function

2B Composite functions

2C One-to-one functions

2D Inverse functions

2E Further composite and inverse functions

Review of Chapter 2

Syllabus references

Topics: Functions; Sketching

graphs

Subtopics: 3.2.1 – 3.2.7

In this chapter, we build on your study of functions from Mathematics Methods. We focus on

three topics that will be used throughout the rest of the book.

The absolute value function or modulus function

The absolute value function is useful in many contexts. For example, it enables us to talk

about the distance between two points on the real number line. We will use the absolute value

function in our study of integration and differential equations. We will also generalise the

absolute value function to both vectors and complex numbers.

Composition of functions

An understanding of composition allows us to view a complicated function as a combination

of two simpler functions. We will use composition when applying the chain rule for

differentiation, which in turn will be applied to the study of related rates.

Inverse functions

An understanding of inverse functions is very useful when solving equations. Later they will

also be applied to integration.
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54 Chapter 2: Composite and inverse functions

2A The absolute value function

The absolute value or modulus of a real number x is denoted by |x| and is defined by

|x| =



















x if x ≥ 0

−x if x < 0

It may also be defined as |x| =
√

x2. For example: |5| = 5 and |−5| = 5.

Evaluate each of the following:

a i |−3 × 2| ii |−3| × |2|

b i

∣

∣

∣

∣

∣

−4

2

∣

∣

∣

∣

∣

ii
|−4|
|2|

c i |−6 + 2| ii |−6| + |2|

Example 1

Solution

a i |−3 × 2| = |−6| = 6 ii |−3| × |2| = 3 × 2 = 6 Note: |−3 × 2| = |−3| × |2|

b i

∣

∣

∣

∣

∣

−4

2

∣

∣

∣

∣

∣

= |−2| = 2 ii
|−4|
|2|
=

4

2
= 2 Note:

∣

∣

∣

∣

∣

−4

2

∣

∣

∣

∣

∣

=
|−4|
|2|

c i |−6 + 2| = |−4| = 4 ii |−6| + |2| = 6 + 2 = 8 Note: |−6 + 2| , |−6| + |2|

Properties of the absolute value function

� |ab| = |a| |b| and

∣

∣

∣

∣

∣

a

b

∣

∣

∣

∣

∣

=
|a|
|b|

� |x| = a implies x = a or x = −a

� |a + b| ≤ |a| + |b|
� If a and b are both positive or both negative, then |a + b| = |a| + |b|.
� If a ≥ 0, then |x| ≤ a is equivalent to −a ≤ x ≤ a.

� If a ≥ 0, then |x − k| ≤ a is equivalent to k − a ≤ x ≤ k + a.

The absolute value function as a measure of distance

Consider two points A and B on a number line:

O A B

ba

On a number line, the distance between points A and B is |a − b| = |b − a|.

Thus |x − 2| ≤ 3 can be read as ‘on the number line, the distance of x from 2 is less than or

equal to 3’, and |x| ≤ 3 can be read as ‘on the number line, the distance of x from the origin is

less than or equal to 3’. Note that |x| ≤ 3 is equivalent to −3 ≤ x ≤ 3 or x ∈ [−3, 3].
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2A The absolute value function 55

Illustrate each of the following sets on a number line and represent the sets using interval

notation:

a
{

x : |x| < 4
}

b
{

x : |x| ≥ 4
}

c
{

x : |x − 1| ≤ 4
}

Example 2

Solution

a (−4, 4)
10−1−2−3 4324−

b (−∞,−4] ∪ [4,∞)
0−2−4 2 4

c [−3, 5]
10−1−2 432−3 5

The graph of y = |x|
The graph of the function f (x) = |x| is shown

here.

This graph is symmetric about the y-axis,

since |x| = |−x|. x

(−1, 1)

O

(1, 1)

y

For each of the following functions, sketch the graph and state the range:

a f (x) = |x − 3| + 1 b f (x) = −|x − 3| + 1

Example 3

Solution

Note that |a − b| = a − b if a ≥ b, and |a − b| = b − a if b ≥ a.

a f (x) = |x − 3| + 1 =



















x − 3 + 1 if x ≥ 3

3 − x + 1 if x < 3

=



















x − 2 if x ≥ 3

4 − x if x < 3

Range = [1,∞)
x

(3, 1)

(0, 4)

y

O

b f (x) = −|x − 3| + 1 =



















−(x − 3) + 1 if x ≥ 3

−(3 − x) + 1 if x < 3

=



















−x + 4 if x ≥ 3

−2 + x if x < 3

Range = (−∞, 1]
x

O 2 4

(3, 1)

(0, −2)

y
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56 Chapter 2: Composite and inverse functions

Using the TI-Nspire

� Use menu > Actions > Define to define the

function f (x) = abs(x − 3) + 1.

Note: The absolute value function can be

obtained by typing abs( ) or using the

2D-template palette .

� Open a Graphs application ( ctrl I >

Graphs) and let f 1(x) = f (x).

� Press enter to obtain the graph.

Note: The expression abs(x − 3) + 1 could have

been entered directly for f 1(x).

Using the Casio ClassPad

� In , enter the expression |x − 3| + 1.

Note: To obtain the absolute value function, either

choose abs( from the catalog (as shown below)

or select from the Math1 keyboard.

� Tap to open the graph window.

� Highlight |x − 3| + 1 and drag into the graph window.

� Select Zoom > Initialize or use to adjust the

window manually.

Note: Alternatively, the function can be graphed using the Graph&Table application.

Enter the expression in y1, tick the box and tap .
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2A The absolute value function 57

Functions with rules of the form y = |f(x)| and y = f(|x|)
If the graph of y = f (x) is known, then we can sketch the graph of y = | f (x)| using the

following observation:

| f (x)| = f (x) if f (x) ≥ 0 and | f (x)| = − f (x) if f (x) < 0

Sketch the graph of each of the following:

y = |x2 − 4|a y = |2x − 1|b

Example 4

Solution

x
O−2 2

ya

x

y = −1 

y = 1 

O

yb

The graph of y = x2 − 4 is drawn and the

negative part reflected in the x-axis.

The graph of y = 2x − 1 is drawn and the

negative part reflected in the x-axis.

The graph of y = f (|x|), for x ∈ R, is sketched by reflecting the graph of y = f (x), for x ≥ 0,

in the y-axis.

Sketch the graph of each of the following:

y = |x|2 − 2|x|a y = 2|x|b

Example 5

Solution

x
−2 2O

ya

x

1

O

yb

The graph of y = x2 − 2x, x ≥ 0, is

reflected in the y-axis.

The graph of y = 2x, x ≥ 0, is reflected in

the y-axis.

Cambridge Senior Maths for Western Australia ISBN 978-1-009-25972-9 c© Evans et al. 2023 Cambridge University Press

Mathematics Specialist 3&4 Photocopying is restricted under law and this material must not be transferred to another party.



58 Chapter 2: Composite and inverse functions 2A

Exercise 2A

1Example 1 Evaluate each of the following:

|−5| + 3a |−5| + |−3|b |−5| − |−3|c

|−5| − |−3| − 4d |−5| − |−3| − |−4|e |−5| + |−3| − |−4|f

2 Solve each of the following equations for x:

|x − 1| = 2a |2x − 3| = 4b |5x − 3| = 9c |x − 3| − 9 = 0d

|3 − x| = 4e |3x + 4| = 8f |5x + 11| = 9g

3Example 2 For each of the following, illustrate the set on a number line and represent the set using

interval notation:

{ x : |x| < 3 }a { x : |x| ≥ 5 }b { x : |x − 2| ≤ 1 }c

{ x : |x − 2| < 3 }d { x : |x + 3| ≥ 5 }e { x : |x + 2| ≤ 1 }f

4Example 3 For each of the following functions, sketch the graph and state the range:

f (x) = |x − 4| + 1a f (x) = −|x + 3| + 2b

f (x) = |x + 4| − 1c f (x) = 2 − |x − 1|d

5 Solve each of the following inequalities, giving your answer using set notation:

{ x : |x| ≤ 5 }a { x : |x| ≥ 2 }b { x : |2x − 3| ≤ 1 }c

{ x : |5x − 2| < 3 }d { x : |−x + 3| ≥ 7 }e { x : |−x + 2| ≤ 1 }f

6 Solve each of the following for x:

|x − 4| − |x + 2| = 6a |2x − 5| − |4 − x| = 10b |2x − 1| + |4 − 2x| = 10c

7Example 4 Sketch the graph of each of the following:

y = |x2 − 9|a y = |3x − 3|b y = |x2 − x − 12|c

y = |x2 − 3x − 40|d y = |x2 − 2x − 8|e y = |2x − 4|f

8Example 5 Sketch the graph of each of the following:

y = |x|2 − 4|x|a y = 3|x|b y = |x|2 − 7|x| + 12c

y = |x|2 − |x| − 12d y = |x|2 + |x| − 12e y = −3|x| + 1f

9 If f (x) = |x − a| + b with f (3) = 3 and f (−1) = 3, find the values of a and b.

10 Prove that |x − y| ≤ |x| + |y|.

11 Prove that |x| − |y| ≤ |x − y|.

12 Prove that |x + y + z| ≤ |x| + |y| + |z|.
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2B Composite functions 59

2B Composite functions

A function may be considered to be similar to a

machine for which the input (domain) is processed

to produce an output (range). For example, the

diagram on the right represents an ‘ f -machine’

where f (x) = 3x + 2.

With many processes, more than one machine

operation is required to produce an output.

INPUT

11

3

OUTPUT

f(3) = 3 × 3 + 2 = 11

f-machine

Suppose an output is the result of one

function being applied after another.

f (x) = 3x + 2For example:

g(x) = x2followed by

This is illustrated on the right.

A new function h is formed. The rule

for h is h(x) = (3x + 2)2.

INPUT

OUTPUT

11

3

121

f(3) = 3 × 3 + 2 = 11

g(11) = 112 = 121

f-machine

g-machine

The diagram shows f (3) = 11 and then g(11) = 121.

This may be written:

h(3) = g( f (3)) = g(11) = 121

The new function h is said to be the composition of g with f . This is written h = g ◦ f

(read ‘composition of f followed by g’) and the rule for h is given by h(x) = g( f (x)).

In the example we have considered:

h(x) = g( f (x)) = g(3x + 2) = (3x + 2)2

Note: For any function f , we denote the domain of f by dom f and the range of f by ran f .

Composite function

In general, for functions f and g such that

ran f ⊆ dom g

we define the composite function of g with f by

g ◦ f (x) = g( f (x))

dom(g ◦ f ) = dom f

x

domain of f range of f  

domain of g

gf

g( f(x))

g º f

f(x)

Cambridge Senior Maths for Western Australia ISBN 978-1-009-25972-9 c© Evans et al. 2023 Cambridge University Press

Mathematics Specialist 3&4 Photocopying is restricted under law and this material must not be transferred to another party.



60 Chapter 2: Composite and inverse functions

Find both f ◦ g and g ◦ f , stating the domain and range of each, where:

f (x) = 2x − 1, x ∈ R and g(x) = 3x2, x ∈ R

Example 6

Solution

To determine the existence of a composite function, it is

useful to form a table of domains and ranges.

We see that f ◦ g is defined since ran g ⊆ dom f , and that

g ◦ f is defined since ran f ⊆ dom g.

Domain Range

g R [0,∞)

f R R

f ◦ g(x) = f (g(x))

= f (3x2)

= 2(3x2) − 1

= 6x2 − 1

dom( f ◦ g) = dom g = R

ran( f ◦ g) = [−1,∞)

g ◦ f (x) = g( f (x))

= g(2x − 1)

= 3(2x − 1)2

= 12x2 − 12x + 3

dom(g ◦ f ) = dom f = R

ran(g ◦ f ) = [0,∞)

Note: It can be seen from this example that in general f ◦ g , g ◦ f .

Using the TI-Nspire

� Define f (x) = 2x − 1 and g(x) = 3x2.

� The rules for f ◦ g and g ◦ f can now be

found using f (g(x)) and g( f (x)).

Using the Casio ClassPad

� Define f (x) = 2x − 1 and g(x) = 3x2.

� The rules for f ◦ g and g ◦ f can now be found

using f (g(x)) and g( f (x)).
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2B Composite functions 61

For the functions g(x) = 2x − 1, x ∈ R, and f (x) =
√

x, x ≥ 0:

a State which of f ◦ g and g ◦ f is defined.

b For the composite function that is defined, state the domain and rule.

Example 7

Solution

a Range of f ⊆ domain of g

Range of g * domain of f

Thus g ◦ f is defined, but f ◦ g is not defined.

Domain Range

g R R

f [0,∞) [0,∞)

b g ◦ f (x) = g( f (x))

= g(
√

x)

= 2
√

x − 1

dom(g ◦ f ) = dom f = [0,∞)

For the functions f (x) = x2 − 1, x ∈ R, and g(x) =
√

x, x ≥ 0:

a State why g ◦ f is not defined.

b Define a restriction f ∗ of f such that g ◦ f ∗ is defined, and find g ◦ f ∗.

Example 8

Solution

a Range of f * domain of g

Thus g ◦ f is not defined.
Domain Range

f R [−1,∞)

g [0,∞) [0,∞)

b For g ◦ f ∗ to be defined, we need range of f ∗ ⊆ domain of g, i.e. range of f ∗ ⊆ [0,∞).

For the range of f ∗ to be a subset of [0,∞), the

domain of f must be restricted to a subset of

{ x : x ≤ −1 } ∪ { x : x ≥ 1 } = (−∞,−1]∪ [1,∞)

So we define f ∗ by

f ∗(x) = x2 − 1, (−∞,−1] ∪ [1,∞)

g ◦ f ∗(x) = g( f ∗(x))Then

= g(x2 − 1)

=

√
x2 − 1

dom(g ◦ f ∗) = dom f ∗ = (−∞,−1] ∪ [1,∞)

y = f(x)

O
−1

−1

1
x

y

The composite function is g ◦ f ∗(x) =
√

x2 − 1, (−∞,−1] ∪ [1,∞)
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Exercise 2B

1Example 6 For each of the following, find f (g(x)) and g( f (x)):

f (x) = 2x − 1, g(x) = 2xa f (x) = 4x + 1, g(x) = 2x + 1b

f (x) = 2x − 1, g(x) = 2x − 3c f (x) = 2x − 1, g(x) = x2d

f (x) = 2x2
+ 1, g(x) = x − 5e f (x) = 2x + 1, g(x) = x2f

2 For the functions f (x) = 2x − 1 and h(x) = 3x + 2, find:

f ◦ h(x)a h( f (x))b f ◦ h(2)c h ◦ f (2)d

f (h(3))e h( f (−1))f f ◦ h(0)g

3 For the functions f (x) = x2
+ 2x and h(x) = 3x + 1, find:

f ◦ h(x)a h ◦ f (x)b f ◦ h(3)c

h ◦ f (3)d f ◦ h(0)e h ◦ f (0)f

4 For the functions h(x) =
1

x2
, x , 0 and g(x) = 3x + 2, x > 0, find:

h ◦ g (state rule and domain)a

g ◦ h (state rule and domain)b

h ◦ g(1)c

g ◦ h(1)d

5Example 7 Consider the functions f (x) = x2 − 4, x ∈ R and g(x) =
√

x, x ≥ 0.

State the ranges of f and g.a Find f ◦ g, stating its range.b

Explain why g ◦ f does not exist.c

6 Let f and g be functions given by

f (x) =
1

2

(

1

x
+ 1

)

, x , 0 g(x) =
1

2x − 1
, x ,

1

2

a Find f ◦ g and state its range.

b Find g ◦ f and state its range.

7 The functions f and g are defined by f (x) = x2 − 2, x ∈ R and g(x) =
√

x, x ∈ [0,∞).

Explain why g ◦ f does not exist.a Find f ◦ g and sketch its graph.b

8Example 8 f (x) = 3 − x, x ∈ (−∞, 3] and g(x) = x2 − 1, x ∈ R.

a Show that f ◦ g is not defined.

b Define a restriction g∗ of g such that f ◦ g∗ is defined and find f ◦ g∗.

9 f (x) = x
− 1

2 , x > 0 and g(x) = 3 − x, x ∈ R.

a Show that f ◦ g is not defined.

b By suitably restricting the domain of g, obtain a function g1 such that f ◦ g1 is

defined.
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2B 2C One-to-one functions 63

10 Let f (x) = x2, x ∈ R and let g(x) =
√

3 − x, x ∈ (−∞, 3]. State with reasons whether:

f ◦ g existsa g ◦ f exists.b

11 Let f (x) =
√

4 − x2, x ∈ S where S is the set of all real values of x for which f (x) is

defined. Let g(x) = x2
+ 1, x ∈ R.

a Find S .

b Find the range of f and the range of g.

c State whether or not f ◦ g and g ◦ f are defined and give a reason for each assertion.

12 Let a be a positive number, let f (x) = a − x, x ∈ [2,∞) and let g(x) = x2
+ a,

x ∈ (−∞, 1]. Find all values of a for which both f ◦ g and g ◦ f exist.

13 For each of the following, find the two composite functions f ◦ g and g ◦ f , and sketch

their graphs:

f (x) = 4 − x, g(x) = |x|a f (x) = 9 − x2, g(x) = |x|b

f (x) =
1

x
, x , 0. g(x) = |x|, x , 0.c

2C One-to-one functions

One-to-one function

A function is said to be one-to-one if different x-values map to different y-values.

That is, a function f is one-to-one if a , b implies f (a) , f (b), for all a, b ∈ dom f .

An equivalent way to say this is that a function f is one-to-one if f (a) = f (b) implies a = b,

for all a, b ∈ dom f . The function f (x) = 2x + 1 is one-to-one because

f (a) = f (b) ⇒ 2a + 1 = 2b + 1

⇒ 2a = 2b

⇒ a = b

The function f (x) = x2 is not one-to-one as, for example, f (3) = 9 = f (−3).

Which of the following functions are one-to-one?

f = {(2,−3), (4, 7), (6, 6), (8, 10)}a g = {(1, 4), (2, 5), (3, 4), (4, 7)}b

Example 9

Solution

The function f is one-to-one, as the

second coordinates of the ordered pairs

are all different.

a The function g is not one-to-one, as the

second coordinates of the ordered pairs

are not all different: g(1) = 4 = g(3).

b
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64 Chapter 2: Composite and inverse functions 2C

The vertical-line test can be used to determine whether a relation is a function or not.

Similarly, there is a geometric test that determines whether a function is one-to-one or not.

Horizontal-line test

If a horizontal line can be drawn anywhere on the graph of a function and it only ever

intersects the graph a maximum of once, then the function is one-to-one.

Which of the following functions are one-to-one?

y = x2a y = x3b y =
1

x
c

Example 10

Solution

not one-to-onea one-to-oneb one-to-onec

y = x2

x
O

y

y = x3

O
x

y

O
x

y

y =
1

x

A function that is not one-to-one is many-to-one.

Exercise 2C

1Example 9 State which of the following functions are one-to-one:

a {(2, 3), (3, 4), (5, 4), (4, 6)}
b {(1, 2), (2, 3), (3, 4), (4, 6)}
c {(7,−3), (11, 5), (6, 4), (17,−6), (12,−4)}
d {(−1,−2), (−2,−2), (−3, 4), (−6, 7)}

2Example 10 State which of the following functions are one-to-one:

{ (x, y) : y = x2
+ 2 }a { (x, y) : y = 2x + 4 }b f (x) = 2 − x2c

y = x2, x ≥ 1d y =
1

x2
, x , 0e y = (x − 1)3f

f (x) = 5g f (x) =
√

2 − x, x ≤ 2h y = |2 − x|i
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2C 2D Inverse functions 65

3 Each of the following is the graph of a function. State which are the graph of a

one-to-one function.

x
O

1

2

ya

x

21
O

1

2

yb

x
−4 4

O

yc

x
O

yd

x
O

ye

x
O

yf

4 a Draw the graph of g(x) = x2
+ 2, x ∈ R.

b By restricting the domain of g, form two one-to-one functions that have the same rule

as g.

2D Inverse functions

If f is a one-to-one function, then for each number y in the range of f there is exactly one

number x in the domain of f such that f (x) = y.

Thus if f is a one-to-one function, then a new function f −1, called the inverse of f , may be

defined by:

f −1(x) = y if f (y) = x, for x ∈ ran f and y ∈ dom f

Note: The function f −1 is also a one-to one function, and f is the inverse of f −1.

It is not difficult to see what the relation between f and

f −1 means geometrically. The point (x, y) is on the graph

of f −1 if the point (y, x) is on the graph of f . Therefore to

get the graph of f −1 from the graph of f , the graph of f is

to be reflected in the line y = x.

From this the following is evident:

dom f −1
= ran f

ran f −1
= dom f

(y, x)

(x, y)

y = x

f−1

f

x
O

y
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66 Chapter 2: Composite and inverse functions

A function has an inverse function if and only if it is one-to-one. Using the notation for

composition we can write:

f ◦ f −1(x) = x, for all x ∈ dom f −1

f −1 ◦ f (x) = x, for all x ∈ dom f

Find the inverse function f −1 of the function f (x) = 2x − 3.

Example 11

Solution

Method 1

The graph of f has equation y = 2x − 3 and

the graph of f −1 has equation x = 2y − 3,

that is, x and y are interchanged.

Solve for y:

x = 2y − 3

x + 3 = 2y

∴ y =
1

2
(x + 3)

Thus f −1(x) =
1

2
(x + 3) and

dom f −1
= ran f = R.

Method 2

We require f −1 such that

f
(

f −1(x)
)

= x

2 f −1(x) − 3 = x

∴ f −1(x) =
1

2
(x + 3)

Thus f −1(x) =
1

2
(x + 3) and

dom f −1
= ran f = R.

Find the inverse of each of the following functions, stating the domain and range for each:

f (x) = 2x + 3, −2 ≤ x ≤ 1a g(x) =
1

5 − x
, x > 5b

h(x) = x2 − 2, x ≥ 1c

Example 12

Solution

a f (x) = 2x + 3, −2 ≤ x ≤ 1

ran f −1
= dom f = [−2, 1]

dom f −1
= ran f = [−1, 5]

Let y = 2x + 3. Interchange x and y:

x = 2y + 3

x − 3 = 2y

y =
x − 3

2

∴ f −1(x) =
x − 3

2
, −1 ≤ x ≤ 5

(−2, −1)

(1, 5)

y = f (x)

O
−2 1

x

3

−1

5

y

3
2

− –
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2D Inverse functions 67

b g(x) =
1

5 − x
, x > 5

ran g−1
= dom g = (5,∞)

dom g−1
= ran g = (−∞, 0)

Let y =
1

5 − x
. Interchange x and y:

x =
1

5 − y

5 − y =
1

x

y = 5 − 1

x

∴ g−1(x) = 5 − 1

x
, x < 0

x

x = 5

y

O
y = g(x)

c h(x) = x2 − 2, x ≥ 1

ran h−1
= dom h = [1,∞)

dom h−1
= ran h = [−1,∞)

Let y = x2 − 2. Interchange x and y:

x = y2 − 2

y2
= x + 2

y = ±
√

x + 2

∴ h−1(x) =
√

x + 2, x ≥ −1

The positive square root is taken because of the

known range.

(1, −1)
O

1
x

y

y = h(x)

Graphing inverse functions

The transformation that reflects each point in the plane in the line y = x can be described

as ‘interchanging the x- and y-coordinates of each point in the plane’ and can be written as

(x, y)→ (y, x). This is read as ‘the ordered pair (x, y) is mapped to the ordered pair (y, x)’.

Reflecting the graph of a function in the line y = x produces the graph of its inverse relation.

Note that the image in the graph below is not a function.

O
x

(x, y)

y

x

(x, y)

(y, x)

y = x

O

y
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68 Chapter 2: Composite and inverse functions

If the function is one-to-one, then the image is the graph of a function. (This is because, if the

function satisfies the horizontal-line test, then its reflection will satisfy the vertical-line test.)

Find the inverse of the function f (x) =
1

x
+ 3, x , 0 and sketch both functions on one set

of axes, showing the points of intersection of the graphs.

Example 13

Solution

We use method 2.

Let x ∈ dom f −1
= ran f . Then

f
(

f −1(x)
)

= x

1

f −1(x)
+ 3 = x

1

f −1(x)
= x − 3

∴ f −1(x) =
1

x − 3

The inverse function is

f −1(x) =
1

x − 3
, x , 3

The graphs of f and f −1 are shown opposite.

The two graphs intersect when

f (x) = f −1(x)

1

x
+ 3 =

1

x − 3

3x2 − 9x − 3 = 0

x2 − 3x − 1 = 0

∴ x =
1

2
(3 −
√

13) or x =
1

2
(3 +
√

13)

x

y

y = f (x)

y = x

3

3

y = f−1(x)

The points of intersection are
(

1

2
(3 −
√

13),
1

2
(3 −
√

13)

)

and

(

1

2
(3 +
√

13),
1

2
(3 +
√

13)

)

Note: In this example, the points of intersection of the

graphs of y = f (x) and y = f −1(x) can also be

found by solving either f (x) = x or f −1(x) = x,

rather than the more complicated equation

f (x) = f −1(x).

However, there can be points of intersection

of the graphs of y = f (x) and y = f −1(x) that

do not lie on the line y = x, as shown in the

diagram opposite.

y = x

O
x

y
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2D Inverse functions 69

Find the inverse of the function with rule f (x) = 3
√

x + 2 + 4 and sketch both functions on

one set of axes.

Example 14

Solution

Consider x = 3
√

y + 2 + 4 and solve for y:

x − 4

3
=

√

y + 2

y =

(

x − 4

3

)2

− 2

∴ f −1(x) =

(

x − 4

3

)2

− 2

The domain of f −1 equals the range of f . Thus

f −1(x) =

(

x − 4

3

)2

− 2, x ≥ 4

(4, −2)O

(−2, 4)

(0, 3 √2 + 4)

y = x

y = 3 √x + 2 + 4

x

y

y =
x − 4

3

2
 − 2

Using the TI-Nspire

� First find the rule for the inverse of y = 3
√

x + 2 + 4 by solving the equation

x = 3
√

y + 2 + 4 for y.

� Insert a Graphs page and enter f 1(x) = 3
√

x + 2 + 4, f 2(x) =
x2

9
− 8x

9
− 2

9

∣

∣

∣ x ≥ 4

and f 3(x) = x.

Note: To change the graph label to y =, place the cursor on the plot, press ctrl menu >

Attributes, arrow down to the Label Style and select the desired style using the

arrow keys. The Attributes menu can also be used to change the Line Style.

Using the Casio ClassPad

To find the rule for the inverse of f (x) = 3
√

x + 2 + 4:

� In , enter and highlight x = 3
√

y + 2 + 4.

� Select Interactive > Equation/Inequality > solve

and set the variable as y. Then tap OK .
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70 Chapter 2: Composite and inverse functions

To graph the inverse of f (x) = 3
√

x + 2 + 4:

� In , enter the rule for the function f in y1.

� Tick the box and tap .

� Use to adjust the window view.

� To graph the inverse function f −1, select Analysis

> Sketch > Inverse.

Express
x + 4

x + 1
in the form

a

x + b
+ c. Hence, find the inverse of the function f (x) =

x + 4

x + 1
.

Sketch both functions on the one set of axes.

Example 15

Solution

x + 4

x + 1
=

3 + x + 1

x + 1
=

3

x + 1
+

x + 1

x + 1
=

3

x + 1
+ 1

Consider x =
3

y + 1
+ 1 and solve for y:

x − 1 =
3

y + 1

y + 1 =
3

x − 1

∴ y =
3

x − 1
− 1

thus the inverse function is

f −1(x) =
3

x − 1
− 1, x , 1

x

y = −1

x = −1

(−2, −2)

(−4, 0)

y = 1

x = 1

y = x

(0, −4)

0 (4, 0)

(2, 2)

(0, 4)

y

Note: The graph of f −1 is obtained by reflecting the graph of f in the line y = x.

The two graphs meet where

3

x + 1
+ 1 = x, x , −1

i.e. where x = ±2. Thus the two graphs meet at the points (2, 2) and (−2,−2).
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2D Inverse functions 71

Let f be the function given by f (x) =
1

x2
, x , 0. Define a suitable restriction g of f such

that g−1 exists, and find g−1.

Example 16

Solution

The function f is not one-to-one. Therefore the

inverse function f −1 is not defined. The following

restrictions of f are one-to-one:

f1(x) =
1

x2
, x > 0 Range of f1 = (0,∞)

f2(x) =
1

x2
, x < 0 Range of f2 = (0,∞)

Let g be f1 and determine f −1
1

.

x
O

y

Using method 2, we require f −1
1

such that

f1
(

f −1
1 (x)

)

= x

1
(

f −1
1

(x)
)2
= x

f −1
1 (x) = ± 1

√
x

But ran f −1
1
= dom f1 = (0,∞) and so

f −1
1 (x) =

1
√

x

O 1

1

x

y = x

f1
−1(x) =

1

√x

y

1

x2
f1(x) =

As dom f −1
1
= ran f1 = (0,∞), the inverse function is f −1

1
(x) =

1
√

x
, x > 0.

Summary of inverse functions

� If f is a one-to-one function, then a new function f −1, called the inverse of f , may be

defined by

f −1(x) = y if f (y) = x, for x ∈ ran f , y ∈ dom f

� dom f −1
= ran f

� ran f −1
= dom f

� f ◦ f −1(x) = x, for all x ∈ dom f −1

� f −1 ◦ f (x) = x, for all x ∈ dom f

� The point (x, y) is on the graph of f −1 if and only

if the point (y, x) is on the graph of f . Thus the

graph of f −1 is the reflection of the graph of f in

the line y = x.

(y, x)

(x, y)

y = x

f−1

f

x
O

y
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72 Chapter 2: Composite and inverse functions 2D

Exercise 2D

1Example 11 Find the inverse function f −1 of the function:

f (x) = 2x + 3a f (x) = 4 − 3xb

f (x) = 4x + 3c

2 For each of the following, find the rule for the inverse:

f (x) = x − 4, x ∈ Ra f (x) = 2x, x ∈ Rb

f (x) =
3x

4
, x ∈ Rc f (x) =

3x − 2

4
, x ∈ Rd

3Example 12 For each of the following functions, find the inverse and state its domain and range:

f (x) = 2x − 4, −2 ≤ x ≥ 6a g(x) =
1

9 − x
, x > 9b

h(x) = x2
+ 2, x ≥ 0c f (x) = 5x − 2, −3 ≤ x ≤ 6d

g(x) = x2 − 1, x > 1e h(x) =
√

x, x > 0f

4 Consider the function g(x) = x2
+ 2x, x ≥ −1.

a Find g−1, stating the domain and range.

b Sketch the graph of g−1.

5Example 13 Find the inverse of the function f (x) =
1

x
− 3, x , 0. Sketch both functions on one set of

axes, showing the points of intersection of the graphs.

6 Let f (x) = 3 − 2x, 0 ≤ x ≤ 3. Find f −1(2) and the domain of f −1.

7 For each of the following functions, find the inverse and state its domain and range:

f (x) = 2x, 1 ≤ x ≤ 3a f (x) = 2x2 − 4, x ≥ 0b

{(1, 6), (2, 4), (3, 8), (5, 11)}c h(x) =
√
−x, x < 0d

f (x) = x3
+ 1, x ∈ Re g(x) = (x + 1)2, x ∈ (1, 3)f

g(x) =
√

x − 1, x ≥ 1g h(x) =
√

4 − x2, x ∈ [0, 2]h

8Example 14 For each of the following functions, sketch the graph of the function and on the same set

of axes sketch the graph of the inverse function. For each of the functions, state the rule,

domain and range of the inverse. It is advisable to draw in the line with equation y = x

for each set of axes.

y = 2x + 4a f (x) =
3 − x

2
b

f (x) = (x − 2)2, x ≥ 2c f (x) = (x − 1)2, x ≥ 1d

f (x) = (x − 2)2, x ≤ 2e f (x) =
1

x
, x > 0f

f (x) =
1

x2
, x > 0g h(x) =

1

2
(x − 4)h
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2D 2D Inverse functions 73

9 Find the inverse function of each of the following, and sketch the graph of the inverse

function:

f (x) =
√

x + 2, x ≥ 0a f (x) =
1

x − 3
, x , 3b

f (x) =
√

x − 2 + 4, x ∈ [2, 8)c f (x) =
3

x − 2
+ 1, x , 2d

f (x) =
5

x − 1
− 1, x , 1e f (x) =

√
2 − x + 1, x ≤ 2f

10Example 15 Find the rule for the inverse of each of the following functions:

f (x) =
x + 1

x − 1
, x , 1a f (x) =

√
x − 2, x ∈ [2,∞)b

f (x) =
2x + 3

3x − 2
, x ,

2

3
c

11 Copy each of the following graphs and on the same set of axes draw the inverse of each

of the corresponding functions:

x

(3, 3)

(0, 0)

ya

x

(2, 1)

(3, 4)

O 1

yb

x

2

O 3

yc

x
O 1

−4

yd

x
−3

3

O

ye

x

y

(1, 1)

(0, 0)
(−1, −1)

f

x
O

yg

x
O−2

yh
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74 Chapter 2: Composite and inverse functions 2D

12 Match each of the graphs of a, b, c and d with its inverse.

x
O

ya

x
O

yb

x
O−1

yx = −1c

x
O

y = 1

yd

x

x = 1

O

yA

x
O

yB

x

y

O

C

x

y

y= −1

O

D

13 a Let f (x) =
√

3 − x, x ∈ A. If A is the set of all real values of x for which f (x) is

defined, find A.

bExample 16 Let g = 1 − x2, b ≤ x ≤ 2. If b is the smallest real number such that g has an inverse

function, find b and g−1(x).

14 Let g(x) = x2
+ 4x, x ≥ b. If b is the smallest real number such that g has an inverse

function, find b and g−1(x).
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2D 2D Inverse functions 75

15 Let f (x) = x2 − 6x, x ∈ (−∞, a). If a is the largest real number such that f has an inverse

function, find a and f −1(x).

16 For each of the following functions, find the inverse function and state its domain:

g(x) =
3

x
a g(x) =

3
√

x + 2 − 4b h(x) = 2 −
√

xc

f (x) =
3

x
+ 1d h(x) = 5 − 2

(x − 6)3
e g(x) =

1

(x − 1)
3
4

+ 2f

17 For each of the following, copy the graph onto a grid and sketch the graph of the inverse

on the same set of axes. In each case, state whether the inverse is or is not a function.

O
x

1 2 3
−1

−2

−2

−3

−3

2

1

3

y

−1

a

O
x

1 2 3 4
−1

−1

−2

−2

−3

−3

2

1

3

yb

O
x

1 2 3 4
−1

−1

−2

−2

−3

−3

2

1

3

yc

1 2 3 5 64
−1

−2

−3

2

1

3

O x

yd

4
O

x
1 2 3

−1

−2

−3

−4

−3−4

2

1

3

4

y

−1−2

e

18 Let f (x) =
x + 3

2x − 1
, x ∈ S , where S = {x ∈ R : x ,

1

2
}.

a Show that f ◦ f is defined.

b Find f ◦ f (x) and sketch the graph of f ◦ f .

c Write down the inverse of f .
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76 Chapter 2: Composite and inverse functions

2E Further composite and inverse functions

In this section, we consider further examples of composite and inverse functions. We use

the natural exponential and logarithm functions y = ex and y = ln x, which are introduced in

Mathematics Methods Units 3 & 4. Therefore you may wish to wait until later in the course

to complete this section.

Let f (x) = sin x and g(x) = |x|.
a Find the rules for f ◦ g and g ◦ f .

b Sketch the graphs of y = f ◦ g(x) and y = g ◦ f (x) for x ∈ [−2π, 2π], and state the range

of each of these composite functions.

Example 17

Solution

f ◦ g(x) = f (g(x))

= f (|x|)
= sin(|x|)

a g ◦ f (x) = g( f (x))

= g(sin x)

= |sin x|

x

y

−1

1

Range = [−1, 1]

y = sin (|x |)

O

2π−2π

b

y = |sin x|

Range = [0, 1]

O

1

2π−2π

x

y

Let f (x) = ln x and g(x) = |x|.
a i State the natural domain for g such that f ◦ g exists.

ii State the natural domain for f such that g ◦ f exists.

b Find the rules for f ◦ g and g ◦ f .

c Sketch the graphs of y = f ◦ g(x) and y = g ◦ f (x).

Example 18

Solution

a i For f ◦ g to exist, the range of g must be a subset of the domain of f .

The natural domain of f is (0,∞), so f ◦ g(x) is defined for x , 0.

Hence, the natural domain of f ◦ g is (−∞, 0) ∪ (0,∞).

ii For g ◦ f to exist, the range of f must be a subset of the domain of g.

The natural domain of g is R, so g ◦ f (x) is defined for x > 0.

Hence, the natural domain of g ◦ f is (0,∞).
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2E Further composite and inverse functions 77

f ◦ g(x) = f (g(x)) = f (|x|) = ln |x|b g ◦ f (x) = g( f (x)) = g(ln x) = |ln x|

x

y

1

y = ln |x|

−1 O

c

x

y

O 1

y = |ln x|

It can sometimes be helpful to express a given function as the composition of two simpler

functions. This will be used for differentiation in Chapter 11.

Express each of the following as the composition of two functions:

h(x) = ex2

a h(x) = sin |x|b h(x) = (x2 − 2)n, n ∈ Nc

Example 19

Solution

h(x) = ex2

Choose f (x) = x2

and g(x) = ex.

Then h(x) = g ◦ f (x).

a h(x) = sin |x|
Choose f (x) = |x|
and g(x) = sin x.

Then h(x) = g ◦ f (x).

b h(x) = (x2 − 2)n, n ∈ N
Choose f (x) = x2 − 2

and g(x) = xn.

Then h(x) = g ◦ f (x).

c

Note: These are not the only possible answers, but the ‘natural’ choices have been made.

Let f (x) = e2x and let g(x) =
1
√

x
for x > 0. Find:

a f −1 b g−1 c f ◦ g d g ◦ f e ( f ◦ g)−1 f (g ◦ f )−1

Example 20

Solution

f −1(x) =
1

2
ln x, x > 0a g−1(x) =

1

x2
, x > 0b

f ◦ g(x) = f

(

1
√

x

)

= e
2√
x , x > 0c g ◦ f (x) = g(e2x) =

1

ex
, x ∈ Rd

For ( f ◦ g)−1, let x = e
2√
y . Then

ln x =
2
√

y

∴ y =

(

2

ln x

)2

( f ◦ g)−1(x) =

(

2

ln x

)2

, x ∈ (1,∞)

e For (g ◦ f )−1, let x =
1

ey
. Then

ey
=

1

x

∴ y = ln

(

1

x

)

= − ln x

(g ◦ f )−1(x) = − ln x, x > 0

f
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Exercise 2E

1Example 17

Example 18

Let g(x) = |x|. For each of the following functions f :

i Find the rules f ◦ g(x) and g ◦ f (x).

ii Find the range of y = f ◦ g(x) and y = g ◦ f (x) (and state the natural domain for each

of the composite functions to exist).

f (x) = 3 sin(2x)a f (x) = −2 cos(2x)b

f (x) = exc f (x) = e2x − 1d

f (x) = −2ex − 1e f (x) = ln(2x)f

f (x) = ln(x − 1)g f (x) = − ln xh

2Example 19 Express each of the following as the composition of two functions:

h(x) = ex3

a h(x) = cos |2x|b

h(x) = (x2 − 2x)n where n ∈ Nc h(x) = cos(x2)d

h(x) = cos2 xe h(x) = (x2 − 1)4f

h(x) = ln(x2)g h(x) = |cos(2x)|h

h(x) = (x2 − 2x)3 − 2(x2 − 2x)i

3Example 20 Let f (x) = 4e3x and let g(x) =
2

3
√

x
for x , 0. Find:

f −1a g−1b f ◦ gc

g ◦ fd ( f ◦ g)−1e (g ◦ f )−1f

4 The functions f and g are defined by f (x) = e4x, x ∈ R and g(x) = 2
√

x, x > 0. Find

each of the following:

g ◦ f (x)a (g ◦ f )−1(x)b f ◦ g−1(x)c

5 The functions f and g are defined by f (x) = e−2x, x ∈ R and g(x) = x3
+ 1, x ∈ R.

a Find the inverse function of each of these functions.

b Find the rules f ◦ g(x) and g ◦ f (x) and state the range of each of these composite

functions.

6 The function f is defined by f (x) =
1

x + 1
, x ∈ (−1,∞).

a Find f −1.

b Solve the equation f (x) = f −1(x) for x.

7 The functions f and g are defined by f (x) = ln(x + 1), x > −1 and g(x) = x2
+ 2x,

x > −1.

a Define f −1 and g−1, giving their rules and domains.

b Find the rule for f ◦ g.
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2E 2E Further composite and inverse functions 79

8 The functions f and g are defined by f (x) = ln x, x > 0 and g(x) =
1

x
, x > 0. Find

f ◦ g(x) and simplify f (x) + f ◦ g(x).

9 The functions g and h are defined by g(x) = 5x2
+ 3, x ∈ R and h(x) =

√

x − 3

5
, x ≥ 3.

Find h(g(x)).

10 For f (x) = 4 − x2, solve the equation f ( f (x)) = 0 for x.

11 For f (x) = ex − e−x, show that:

a f (−x) = − f (x)

b [ f (x)]3
= f (3x) − 3 f (x)

12 The inverse function of the linear function f (x) = ax + b is f −1(x) = 6x + 3. Find the

values of a and b.

13 Show that f = f −1 for f (x) =
x + 2

x − 1
.

14 Let g(x), x ∈ R be a function such that ln
(

g(x)
)

= ax + b. Given that g(0) = 1 and

g(1) = e6, find a and b and hence find g(x).

15 a Let f (x) =
ex
+ e−x

2
, x ≥ 0. Find f −1.

b Let g(x) =
ex − e−x

2
, x ∈ R. Find g−1.

16 Let f and g be functions such that the composite g ◦ f is defined.

a Prove that, if both f and g are one-to-one, then g ◦ f is one-to-one.

b Prove that, if g ◦ f is one-to-one, then f is one-to-one.

c Give an example of a pair of functions f and g such that the composite g ◦ f is

one-to-one, but g is not one-to-one.
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Chapter summary

The absolute value function

� The absolute value or modulus of a

real number x is

|x| =



















x if x ≥ 0

−x if x < 0

For example: |5| = 5 and |−5| = 5.

x

(−1, 1)

O

(1, 1)

y

� On the number line, the distance between two numbers a and b is given by |a − b| = |b − a|.
For example: |x − 2| < 5 can be read as ‘the distance of x from 2 is less than 5’.

Composition of functions

� The composition of function f followed by function g is denoted by g ◦ f . The rule is

given by

g ◦ f (x) = g( f (x))

The domain of g ◦ f is the domain of f . The composition g ◦ f is defined only if the range

of f is a subset of the domain of g.

Inverse functions

� A function f is said to be one-to-one if a , b implies f (a) , f (b), for all a, b ∈ dom f .

� If f is a one-to-one function, then a new function f −1, called the inverse of f , may be

defined by

f −1(x) = y if f (y) = x, for x ∈ ran f , y ∈ dom f

� For a one-to-one function f and its inverse f −1:

• dom f −1
= ran f

• ran f −1
= dom f

• f ◦ f −1(x) = x, for all x ∈ dom f −1

• f −1 ◦ f (x) = x, for all x ∈ dom f

• The graph of f −1 is the reflection of the graph of f in the line y = x.

Short-answer questions

1 State the value of each of the following without using the absolute value function in

your answer:

|−9|a

∣

∣

∣

∣

∣

− 1

400

∣

∣

∣

∣

∣

b |9 − 5|c |5 − 9|d |π − 3|e |π − 4|f

2 a Let f (x) =
1

x2
, x ∈ {x : |x| > 100}. State the range of f .

b Let f (x) =
1

x2
, x ∈ {x : |x| < 0.1}. State the range of f .
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Chapter 2 review 81

3 Let f (x) = |x2 − 3x|. Solve the equation f (x) = x.

4 For each of the following, sketch the graph of y = f (x) and state the range of f :

f (x) = 2|sin x|, 0 ≤ x ≤ 2πa f (x) = |x2 − 4x| − 3, x ∈ Rb

f (x) = 3 − |x2 − 4x|, x ∈ Rc

5 For f (x) = 2x − 3, find:

{ x : f (x) = 7 }a { x : f −1(x) = 7 }b

{

x :
1

f (x)
= 7

}

c

6 For f (x) = x2 − 1, x ≥ 3, find f −1.

7 Let f (x) = 3x − 4, x ≤ 2. On the one set of axes, sketch the graphs of y = f (x) and

y = f −1(x).

8 Find the inverse of each of the following functions:

f (x) = 8x3, x ∈ Ra f (x) = 32x5, x ∈ (−∞, 0]b

f (x) = 64x6, x ≥ 0c f (x) = 10 000x4, x > 1d

9 For f (x) = (x + 3)2 and g(x) = 2 − x3, find:

f ◦ g(x)a g ◦ f (x)b g ◦ g(x)c f ◦ f (x)d

10 If the function f has rule f (x) =
√

x2 − 9 and the function g has rule g(x) = x3 − 1, find

the largest domain for g such that f ◦ g is defined.

11 For the function h with rule h(x) = 2x5
+ 64, find the rule for the inverse function h−1.

12 Find the inverse of the function with the rule f (x) =
√

x − 2 + 4 and sketch both

functions on the one set of axes.

13 Find the inverse of the function with the rule f (x) =
x − 2

x + 1
.

14 Let g(x) = cos x. For each of the following, write down a rule for the function f :

f ◦ g(x) =
√

1 + cos xa

f ◦ g(x) = cos2 x − cos xb

f ◦ g(x) = 3 cos3 x + 2 sin2 x − cos xc

Extended-response questions

1 Consider the function with rule f (x) = |x2 − ax|, where a is a positive constant.

a State the coordinates of the x-axis intercepts.

b State the coordinates of the y-axis intercept.

c Find the maximum value of the function in the interval [0, a].

d Find the possible values of a for which the point (−1, 4) lies on the graph of y = f (x).
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82 Chapter 2: Composite and inverse functions

2 Let f (x) = x + 1, x ∈ R and g(x) = 2 + x3, x ∈ R.

a State why g ◦ f exists and find g ◦ f (x).

b State why (g ◦ f )−1 exists and find (g ◦ f )−1(10).

3 Consider the function with rule f (x) =
24

x + 2
− 6, x ∈ D, where D is the natural domain

for this rule.

a Find D.

b Describe a sequence of transformations which, when applied to the graph of y =
1

x
,

produces the graph of y = f (x). Specify the order in which these transformations are

to be applied.

c Find the coordinates of the points where the graph of f cuts the axes.

Let g(x) = f (x), x > −2.

d Find the rule for g−1, the inverse of g.

e Write down the domain of g−1.

f Sketch the graphs of y = g(x) and y = g−1(x) on the one set of axes.

g Find the value(s) of x for which g(x) = x and hence the value(s) of x for which

g(x) = g−1(x).

4 Consider the function with rule f (x) = 4 − 2
√

2x + 6, x ∈ D, where D is the natural

domain for this rule.

a Find D.

b Describe a sequence of transformations which, when applied to the graph of y =
√

x,

produces the graph of y = f (x). Specify the order in which these transformations are

to be applied.

c Find the coordinates of the points where the graph of f cuts the axes.

d Find the rule for f −1, the inverse of f .

e Find the domain of f −1.

f Sketch the graphs of y = f (x) and y = f −1(x) on the one set of axes.

g Find the value(s) of x for which f (x) = x and hence the value(s) of x for which

f (x) = f −1(x).

5 Consider the function with rule g(x) =
3

(3x − 4)2
+ 6, x ∈ D, where D is the natural

domain for this rule.

a Find D.

b Find the smallest value of a such that f (x) = g(x), x > a is a one-to-one function.

c Find the inverse function of f .

d Find the value of x for which f (x) = f −1(x).

e On the one set of axes, sketch the graphs of y = f (x) and y = f −1(x).
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6 a Sketch the curve with equation f (x) =
50

20 − x
, for x , 20.

b For g(x) =
50x

20 − x
:

i Show that g(x) =
1000

20 − x
− 50.

ii Sketch the graph of y = g(x).

iii Show that g(x) = 20 f (x) − 50.

c Find the rule for the function g−1.

7 Let f (x) =
ax + b

cx + d
, x , −d

c
.

a Find the inverse function f −1.

b Find the inverse function when:

a = 3, b = 2, c = 3, d = 1i a = 3, b = 2, c = 2, d = −3ii

a = 1, b = −1, c = −1, d = −1iii a = −1, b = 1, c = 1, d = 1iv

c Determine the possible values of a, b, c and d if f = f −1.

8 The transformation with rule (x, y)→ (y, x) is the reflection in the line y = x. When this

transformation is applied to the graph of a one-to-one function f , the image is the graph

of the inverse function f −1.

a For the graph of y = f (x), find the rule for the image of f , in terms of f −1(x), for

each of the following sequences of transformations:

i � a translation of 3 units in the positive direction of the x-axis

� a translation of 5 units in the positive direction of the y-axis

� a reflection in the line y = x

ii � a reflection in the line y = x

� a translation of 3 units in the positive direction of the x-axis

� a translation of 5 units in the positive direction of the y-axis

iii � a dilation of factor 3 parallel to the y-axis

� a dilation of factor 5 parallel to the x-axis

� a reflection in the line y = x

iv � a reflection in the line y = x

� a dilation of factor 5 parallel to the x-axis

� a dilation of factor 3 parallel to the y-axis.

b Find the image of the graph of y = f (x), in terms of f −1(x), under the transformation

with rule (x, y)→ (ay + b, cx + d), where a, b, c and d are positive constants, and

describe this transformation in words.
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3 Vectors

In this chapter

3A Introduction to vectors

3B Resolution of a vector into rectangular

components

3C Scalar product of vectors

3D Vector projections

3E Collinearity

3F Geometric proofs

Review of Chapter 3

Syllabus references

Topics: The algebra of vectors

in three dimensions; Vector and

Cartesian equations

Subtopics: 3.3.1 – 3.3.2

In scientific experiments, some of the things that are measured are completely determined by

their magnitude. Mass, length and time are determined by a number and an appropriate unit

of measurement.

length 30 cm is the length of the page of a particular book

time 10 s is the time for one athlete to run 100 m

More is required to describe velocity, displacement or force. The direction must be recorded

as well as the magnitude.

displacement 30 km in a direction north

velocity 60 km/h in a direction south-east

A quantity that has both a magnitude and a direction is called a vector.
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3A Introduction to vectors 85

3A Introduction to vectors

A quantity that has a direction as well as a magnitude can be represented by an arrow:

� the arrow points in the direction of the action

� the length of the arrow gives the magnitude of the quantity in terms of a suitably

chosen unit.

Arrows with the same length and direction are regarded as equivalent. These arrows are

directed line segments and the sets of equivalent segments are called vectors.

Directed line segments

The five directed line segments shown all have the same length

and direction, and so they are equivalent.

A directed line segment from a point A to a point B is denoted

by
−−→
AB.

For simplicity of language, this is also called vector
−−→
AB.

That is, the set of equivalent segments can be named through

one member of the set.

Note: The five directed line segments in the diagram all name

the same vector:
−−→
AB =

−−→
CD =

−−→
OP =

−−→
EF =

−−→
GH.

y

A

B D

C

O

P

x
F

E
G

H

Column vectors

An alternative way to represent a vector is as a column of

numbers. The column of numbers corresponds to a set of

equivalent directed line segments.

For example, the column













3

2













corresponds to the directed

line segments that go 3 across to the right and 2 up.
x

y

B

2 units

3 units
A

O

Vector notation

A vector is often denoted by a single bold lowercase letter. The vector from A to B can be

denoted by
−−→
AB or by a single letter v. That is, v =

−−→
AB.

When a vector is handwritten, the notation is v∼.

Magnitude of vectors

The magnitude of vector
−−→
AB is denoted by |−−→AB|. Likewise, the magnitude of vector v is

denoted by |v|. The magnitude of a vector is represented by the length of a directed line

segment corresponding to the vector.

For
−−→
AB in the diagram above, we have |−−→AB| =

√
32 + 22 =

√
13 using Pythagoras’ theorem.

In general, if
−−→
AB is represented by the column vector













x

y













, then its magnitude is given by

|−−→AB| =
√

x2 + y2
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Addition of vectors

Adding vectors geometrically

Two vectors u and v can be added geometrically by drawing

a line segment representing u from A to B and then a line

segment representing v from B to C.

The sum u + v is the vector from A to C. That is,

u + v =
−−→
AC

C

v

B

u

A

u + v

The same result is achieved if the order is reversed. This is

represented in the diagram on the right:

u + v =
−−→
AC

= v + u

C

v

B

u

u + v

u

D

v

A

Adding column vectors

Two vectors can be added using column-vector notation.

For example, if u =













4

1













and v =













−1

3













, then

u + v =













4

1













+













−1

3













=













3

4













3

v

u

1

4

4

1

3

u + v

Scalar multiplication

Multiplication by a real number (scalar) changes the length of

the vector. For example:

� 2u is twice the length of u

�

1

2
u is half the length of u

We have 2u = u + u and
1

2
u +

1

2
u = u.

In general, for k > 0, the vector ku has the same direction as u,

but its length is multiplied by a factor of k.

u

2u

u
1

2

When a vector is multiplied by −2, the vector’s direction is

reversed and the length is doubled.

When a vector is multiplied by −1, the vector’s direction is

reversed and the length remains the same.

If u =













3

2













, then −u =













−3

−2













, 2u =













6

4













and −2u =













−6

−4













.
u

−2u

If u =
−−→
AB, then −u = −−−→AB =

−−→
BA. The directed line segment −−−→AB goes from B to A.
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3A Introduction to vectors 87

Zero vector

The zero vector is denoted by 0 and represents a line segment of zero length. The zero vector

has no direction. The magnitude of the zero vector is 0. Note that 0a = 0 and a + (−a) = 0.

In two dimensions, the zero vector can be written as 0 =













0

0













.

Subtraction of vectors

To find u − v, we add −v to u.
u

v

−v

uu − v

Draw a directed line segment representing the vector













3

−2













and state the magnitude of

this vector.

Example 1

Solution Explanation

x

y

A

B

432O

−1

1

1

The magnitude is
√

32 + (−2)2 =
√

13

The vector













3

−2













is ‘3 across to the right and 2 down’.

Note: Here the segment starts at (1, 1) and goes to (4,−1).

It can start at any point.

The vector u is defined by the directed line segment from (2, 6) to (3, 1).

If u =













a

b













, find a and b.

Example 2

Solution

From the diagram:












2

6













+ u =













3

1













u =













3 − 2

1 − 6













=













1

−5













∴

Hence, a = 1 and b = −5. x

y

A

O

B (3, 1)

(2, 6)
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Polygons of vectors

For two vectors
−−→
AB and

−−→
BC, we have

−−→
AB +

−−→
BC =

−−→
AC

� For a polygon ABCDEF, we have

−−→
AB +

−−→
BC +

−−→
CD +

−−→
DE +

−−→
EF +

−−→
FA = 0

�

B

A

C B C

F E

DA

Illustrate the vector sum
−−→
AB +

−−→
BC +

−−→
CD, where A, B, C and D are points in the plane.

Example 3

Solution

−−→
AB +

−−→
BC +

−−→
CD =

−−→
AD B

C

A D

Parallel vectors

Two parallel vectors have the same direction or opposite directions.

Two non-zero vectors u and v are parallel if there is some k , 0 such that u = kv.

For example, if u =













−2

3













and v =













−6

9













, then the vectors u and v are parallel as v = 3u.

Position vectors

We can use a point O, the origin, as a starting point for a vector to indicate the position of a

point A in space relative to O.

For a point A, the position vector is
−−→
OA.

The two-dimensional vector

a =













a1

a2













is associated with the point (a1, a2). The vector a can be

represented by the directed line segment from the origin to

the point (a1, a2). x

y

O

a2

a

a1

(a1, a2)
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3A Introduction to vectors 89

Vectors in three dimensions

The definition of a vector is, of course, also valid in three dimensions. The properties that

hold in two dimensions also hold in three dimensions.

For vectors in three dimensions, we use a third axis, denoted by z. The third axis is at right

angles to the other two axes. The x-axis is drawn at an angle to indicate a direction out of

the page towards you.

Vectors in three dimensions can also be written using column

vector notation:

a =

























a1

a2

a3

























The vector a can be represented by the directed line segment

from the origin to the point A(a1, a2, a3).

y

x

z

O
Aa

a1

(0, a2, a3)

a2

a3

Properties of the basic operations on vectors

The following properties are stated assuming that the vectors are all in two dimensions or all

in three dimensions:

commutative law for vector addition a + b = b + a

associative law for vector addition (a + b) + c = a + (b + c)

zero vector a + 0 = a

additive inverse a + (−a) = 0

distributive law m(a + b) = ma + mb, for m ∈ R

Let V , A1, A2, . . . , An be points in space.

Then
−−−→
VA1 +

−−−−→
A1A2 +

−−−−→
A2A3 + · · · +

−−−−−→
An−1An =

−−−→
VAn.

V

A1 A2

An − 1

An

OABCDEFG is a cuboid as shown.

Let a =
−−→
OA, g =

−−→
OG and c =

−−→
OC.

Find the following vectors in terms of a, g and c:

a
−−→
OB b

−−→
OF c

−−→
GD d

−−→
GB e

−−→
FA

C

O

F

G

E

B

D

A

Example 4
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Solution
−−→
OB =

−−→
OA +

−−→
AB

= a + c (as
−−→
AB =

−−→
OC)

a
−−→
OF =

−−→
OC +

−−→
CF

= c + g (as
−−→
CF =

−−→
OG)

b

−−→
GD =

−−→
OA

= a

c
−−→
GB =

−−→
GO +

−−→
OA +

−−→
AB

= −g + a + c

d

−−→
FA =

−−→
FG +

−−→
GO +

−−→
OA

= −c − g + a

e

OABC is a tetrahedron.

M is the midpoint of AC,

N is the midpoint of OC,

P is the midpoint of OB.

Let a =
−−→
OA, b =

−−→
OB and c =

−−→
OC.

Find in terms of a, b and c:

a
−−→
AC b

−−→
OM c

−−→
CN d

−−−→
MN e

−−→
MP

A
M

C

B

N

P

OExample 5

Solution
−−→
AC =

−−→
AO +

−−→
OC

= −a + c

a
−−→
OM =

−−→
OA +

−−→
AM

=
−−→
OA +

1

2

−−→
AC

= a +
1

2
(−a + c)

=
1

2
(a + c)

b

−−→
CN =

1

2

−−→
CO

=
1

2
(−c)

= −1

2
c

c
−−−→
MN =

−−→
MO +

−−→
ON

= −1

2
(a + c) +

1

2
c

= −1

2
a − 1

2
c +

1

2
c

= −1

2
a

i.e. MN is parallel to AO

d

−−→
MP =

−−→
MO +

−−→
OP

= −
1

2
(a + c) +

1

2
b

=
1

2
(b − a − c)

e
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3A Introduction to vectors 91

Linear dependence and independence

A vector w is a linear combination of vectors v1, v2 and v3 if it can be expressed in the form

w = k1v1 + k2v2 + k3v3

where k1, k2 and k3 are real numbers. We have stated the definition for a linear combination of

three vectors, but it could be any number of vectors.

Definition of linear dependence and linear independence

A set of vectors is said to be linearly dependent if at least one of its members can be

expressed as a linear combination of other vectors in the set.

A set of vectors is said to be linearly independent if it is not linearly dependent. That is,

a set of vectors is linearly independent if no vector in the set is expressible as a linear

combination of other vectors in the set.

For example:

� Two vectors A set of two vectors a and b is linearly dependent if and only if there exist

real numbers k and ℓ, not both zero, such that ka + ℓb = 0.

A set of two non-zero vectors is linearly dependent if and only if the vectors are parallel.

� Three vectors A set of three vectors a, b and c is linearly dependent if and only if there

exist real numbers k, ℓ and m, not all zero, such that ka + ℓb + mc = 0.

Note: Any set that contains the zero vector is linearly dependent.

Any set of three or more two-dimensional vectors is linearly dependent.

Any set of four or more three-dimensional vectors is linearly dependent.

We will use the following method for checking whether three vectors are linearly dependent.

Linear dependence for three vectors

Let a and b be non-zero vectors that are not parallel. Then vectors a, b and c are linearly

dependent if and only if there exist real numbers m and n such that c = ma + nb.

This representation of a vector c in terms of two linearly independent vectors a and b is

unique, as demonstrated in the following important result.

Linear combinations of independent vectors

Let a and b be two linearly independent (i.e. not parallel) vectors. Then

ma + nb = pa + qb implies m = p and n = q

Proof Assume that ma + nb = pa + qb. Then (m − p)a + (n − q)b = 0. As vectors a and b

are linearly independent, it follows from the definition of linear independence that

m − p = 0 and n − q = 0. Hence, m = p and n = q.

Note: This result can be extended to any finite number of linearly independent vectors.
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Determine whether the following sets of vectors are linearly dependent:

a =













2

1













, b =













3

−1













and c =













5

6













a a =

























3

4

−1

























, b =

























2

1

3

























and c =

























−1

0

1

























b

Example 6

Solution

Note that a and b are not parallel.

c = ma + nbSuppose

5 = 2m + 3nThen

6 = m − n

Solving the simultaneous equations,

we have m =
23

5
and n = −

7

5
.

This set of vectors is linearly dependent.

Note: In general, any set of three

or more two-dimensional vectors is

linearly dependent.

a Note that a and b are not parallel.

c = ma + nbSuppose

−1 = 3m + 2nThen

0 = 4m + n

1 = −m + 3n

Solving the first two equations, we have

m =
1

5
and n = −

4

5
.

But these values do not satisfy the third

equation, as −m + 3n = −13

5
, 1.

The three equations have no solution, so

the vectors are linearly independent.

b

Points A and B have position vectors a and b respectively,

relative to an origin O.

The point D is such that
−−→
OD = k

−−→
OA and the point E is such that

−−→
AE = ℓ

−−→
AB. The line segments BD and OE intersect at X.

Assume that
−−→
OX =

2

5

−−→
OE and

−−→
XB =

4

5

−−→
DB.

O
D

X
E

A

B

Express
−−→
XB in terms of a, b and k.a Express

−−→
OX in terms of a, b and ℓ.b

Express
−−→
XB in terms of a, b and ℓ.c Find k and ℓ.d

Example 7

Solution

a
−−→
XB =

4

5

−−→
DB

=
4

5

(

−−−→OD +
−−→
OB
)

=
4

5

(

−k
−−→
OA +

−−→
OB
)

=
4

5
(−ka + b)

= −4k

5
a +

4

5
b

b
−−→
OX =

2

5

−−→
OE

=
2

5

(−−→
OA +

−−→
AE
)

=
2

5

(−−→
OA + ℓ

−−→
AB
)

=
2

5

(

a + ℓ(b − a)
)

=
2

5
(1 − ℓ)a +

2ℓ

5
b

c
−−→
XB =

−−→
XO +

−−→
OB

= −−−→OX +
−−→
OB

= −2

5
(1 − ℓ)a − 2ℓ

5
b + b

=
2

5
(ℓ − 1)a +

(

1 − 2ℓ

5

)

b
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3A 3A Introduction to vectors 93

d As a and b are linearly independent vectors, the vector
−−→
XB has a unique representation

in terms of a and b. From parts a and c, we have

−4k

5
a +

4

5
b =

2

5
(ℓ − 1)a +

(

1 − 2ℓ

5

)

b

Hence,

−4k

5
=

2

5
(ℓ − 1) (1) and

4

5
= 1 − 2ℓ

5
(2)

From equation (2), we have

2ℓ

5
=

1

5

ℓ =
1

2
∴

Substitute in (1):

−4k

5
=

2

5

(

1

2
− 1

)

k =
1

4
∴

Exercise 3A

1Example 1 Draw a directed line segment representing the vector













−2

1













and state the magnitude of

this vector.

2Example 2 The vector u is defined by the directed line segment from (−2, 4) to (1, 6).

If u =













a

b













, find a and b.

3Example 3 Illustrate the vector sum
−−→
OA +

−−→
AB +

−−→
BC +

−−→
CD +

−−→
DE.

4 In the diagram,
−−→
OA = a and

−−→
OB = b.

a Find in terms of a and b:

i
−−→
OC ii

−−→
OE iii

−−→
OD

iv
−−→
DC v

−−→
DE

b If |a| = 1 and |b| = 2, find:

i |−−→OC| ii |−−→OE| iii |−−→OD| O

A

E

B

D

C

5 Using a scale of 1 cm = 20 km/h, draw vectors to represent:

a a car travelling south at 60 km/h

b a car travelling north at 80 km/h.

6 If the vector a has magnitude 3, find the magnitude of:

a 2a b
3

2
a c −1

2
a
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94 Chapter 3: Vectors 3A

7 OA′ = A′A′′ = A′′A′′′ = A′′′A

OB′ = B′B′′ = B′′B′′′ = B′′′B

If a =
−−→
OA and b =

−−→
OB, find in terms of a and b:

a i
−−→
OA′ ii

−−→
OB′ iii

−−−→
A′B′ iv

−−→
AB

b i
−−−→
OA′′ ii

−−−→
OB′′ iii

−−−−→
A′′B′′

A

O

A′′′

A′′

A′ B ′

B′′′

B′′

B

8 Find in terms of a, b, c and d:

a
−−→
XW b

−−→
VX c

−−→
ZY

X a b

d
V

c

Y

W

Z

9 The position vectors of two points A and B are a and b.

The point M is the midpoint of AB. Find:

a
−−→
AB b

−−→
AM c

−−→
OM

A

a

B
M

O

b

10 ABCD is a trapezium with AB parallel to DC.

X and Y are the midpoints of AD and BC

respectively.

a Express
−−→
XY in terms of a and b, where

a =
−−→
AB and b =

−−→
DC.

b Show that XY is parallel to AB.

D

X

A

C

Y

B

11 ABCDEF is a regular hexagon with centre G.

The position vectors of A, B and C, relative to an origin O,

are a, b and c respectively.

a Express
−−→
OG in terms of a, b and c.

b Express
−−→
CD in terms of a, b and c.

C

B
G

D

A

E

F

12Example 4 For the cuboid shown, let a =
−−→
OA, c =

−−→
OC and g =

−−→
OG.

Let M be the midpoint of ED.

Find each of the following in terms of a, c and g:

a
−−→
EF b

−−→
AB c

−−→
EM d

−−→
OM e

−−→
AM

F

A

C
O

E M

G D

B
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13Example 5 OABCD is a right square pyramid.

Let a =
−−→
OA, b =

−−→
OB, c =

−−→
OC and d =

−−→
OD.

a i Find
−−→
AB in terms of a and b.

ii Find
−−→
DC in terms of c and d.

iii Use the fact that
−−→
AB =

−−→
DC to find a relationship

between a, b, c and d.

b i Find
−−→
BC in terms of b and c.

ii Let M be the midpoint of DC and N the midpoint

of OB. Find
−−−→
MN in terms of a, b and c.

O

N

A
B

CMD

14Example 6 Determine whether the following sets of vectors are linearly dependent:

a =

























4

1

3

























, b =

























2

−1

3

























and c =

























−4

2

6

























a a =

























3

1

2

























, b =

























4

2

1

























and c =

























6

3

4

























b

a =

























1

1

−1

























, b =

























3

−1

4

























and c =

























3

−5

11

























c

15 Let a and b be non-zero vectors that are not parallel.

a If ka + ℓb = 3a + (1 − ℓ)b, find the values of k and ℓ.

b If 2(ℓ − 1)a +

(

1 − ℓ
5

)

b = −
4k

5
a + 3b, find the values of k and ℓ.

16Example 7 Points P, Q and R have position vectors 2a − b, 3a + b and a + 4b respectively, relative

to an origin O, where a and b are non-zero, non-parallel vectors. The point S is on the

line OP with
−−→
OS = k

−−→
OP and

−−→
RS = m

−−→
RQ.

a Express
−−→
OS in terms of:

i k, a and b ii m, a and b

b Hence evaluate k and m.

17 The position vectors of points A and B, relative to an origin O, are a and b respectively,

where a and b are non-zero, non-parallel vectors. The point P is such that
−−→
OP = 4

−−→
OB.

The midpoint of AB is the point Q. The point R is such that
−−→
OR =

8

5

−−→
OQ.

a Find in terms of a and b:

i
−−→
OQ ii

−−→
OR iii

−−→
AR iv

−−→
RP

b Show that R lies on AP and state the ratio AR : RP.

c Given that the point S is such that
−−→
OS = λ

−−→
OQ, find the value of λ such that PS is

parallel to BA.

18 Let a =













2

1













and b =













1

−3













. Find the values of x and y for which:

a xa = (y − 1)b

b (2 − x)a = 3a + (7 − 3y)b

c (5 + 2x)(a + b) = y(3a + 2b)
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96 Chapter 3: Vectors

3B Resolution of a vector into rectangular components

A unit vector is a vector of magnitude 1. For a non-zero vector a, the unit vector with the

same direction as a is denoted by â and given by

â =
1

|a|
a

� The unit vector in the positive direction of the x-axis is i.

� The unit vector in the positive direction of the y-axis is j.

� The unit vector in the positive direction of the z-axis is k.

In two dimensions: i =













1

0













and j =













0

1













.

In three dimensions: i =

























1

0

0

























, j =

























0

1

0

























and k =

























0

0

1

























.

x

z

y

1

O

k
j

i 1

1

The vectors i, j and k are linearly independent. Every vector in two or three dimensions can

be expressed uniquely as a linear combination of i, j and k:

r =

























r1

r2

r3

























=

























r1

0

0

























+

























0

r2

0

























+

























0

0

r3

























= r1i + r2 j + r3 ke.g.

Two dimensions

For the point P(x, y):

−−→
OP = xi + y j

|−−→OP| =
√

x2 + y2

O

y

x

yj
r

P (x, y)

xi

Three dimensions

For the point P(x, y, z):

−−→
OP = xi + y j + zk

|−−→OP| =
√

x2 + y2 + z2

Basic operations in component form

Let a = a1i + a2 j + a3 k and b = b1i + b2 j + b3 k.

a + b = (a1 + b1)i + (a2 + b2) j + (a3 + b3)kThen

a − b = (a1 − b1)i + (a2 − b2) j + (a3 − b3)k

ma = ma1i + ma2 j + ma3 k for a scalar m.and

O

P
z

x

z

y

y

x

Equivalence Magnitude

If a = b, then a1 = b1, a2 = b2 and a3 = b3. |a| =
√

a2
1
+ a2

2
+ a2

3
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3B Resolution of a vector into rectangular components 97

a Using the vectors i and j, give the vectors:

i
−−→
OA ii

−−→
OB iii

−−→
OC iv

−−→
OD

b Using the vectors i and j, give the vectors:

i
−−→
AB ii

−−→
BC

c Find the magnitudes of the vectors:

i
−−→
AB ii

−−→
BC O

C

B

AD

i

j

Example 8

Solution

a
−−→
OA = 2i + 3 ji

−−→
OB = 4i + jii

−−→
OC = i − 2 jiii

−−→
OD = −2i + 3 jiv

b
−−→
AB =

−−→
AO +

−−→
OB

= −2i − 3 j + 4i + j

= 2i − 2 j

i
−−→
BC =

−−→
BO +

−−→
OC

= −4i − j + i − 2 j

= −3i − 3 j

ii

c |−−→AB| =
√

22 + (−2)2

=
√

8

= 2
√

2

i |−−→BC| =
√

(−3)2 + (−3)2

=
√

18

= 3
√

2

ii

Let a = i + 2 j − k, b = 3i − 2k and c = 2i + j + k. Find:

a a + b b a − 2b c a + b + c d |a|

Example 9

Solution

a a + b = (i + 2 j − k) + (3i − 2k)

= 4i + 2 j − 3k

b a − 2b = (i + 2 j − k) − 2(3i − 2k)

= −5i + 2 j + 3k

c a + b + c = (i + 2 j − k) + (3i − 2k) + (2i + j + k)

= 6i + 3 j − 2k

d |a| =
√

12 + 22 + (−1)2 =
√

6
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98 Chapter 3: Vectors

A cuboid is labelled as shown.

−−→
OA = 3i,

−−→
OB = 5 j,

−−→
OC = 4k

a Find in terms of i, j and k:

i
−−→
DB ii

−−→
OD iii

−−→
DF iv

−−→
OF

b Find |−−→OF|.
c If M is the midpoint of FG, find:

i
−−→
OM ii |−−→OM|

E

A D

B
O

F M

C G

Example 10

Solution

a
−−→
DB =

−−→
AO

= −−−→OA

= −3i

i
−−→
OD =

−−→
OB +

−−→
BD

= 5 j +
−−→
OA

= 5 j + 3i

= 3i + 5 j

ii

−−→
DF =

−−→
OC

= 4k

iii
−−→
OF =

−−→
OD +

−−→
DF

= 3i + 5 j + 4k

iv

b |−−→OF| =
√

9 + 25 + 16

=
√

50

= 5
√

2

c
−−→
OM =

−−→
OD +

−−→
DF +

−−→
FM

= 3i + 5 j + 4k +
1

2
(−−−→GF)

= 3i + 5 j + 4k +
1

2
(−3i)

=
3

2
i + 5 j + 4k

i |−−→OM| =
√

9

4
+ 25 + 16

=
1

2

√
9 + 100 + 64

=
1

2

√
173

ii

If a = xi + 3 j and b = 8i + 2y j such that a + b = −2i + 4 j, find the values of x and y.

Example 11

Solution

a + b = (x + 8)i + (2y + 3) j = −2i + 4 j

x + 8 = −2 and 2y + 3 = 4∴

x = −10 and y =
1

2
i.e.
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3B Resolution of a vector into rectangular components 99

Let A = (2,−3), B = (1, 4) and C = (−1,−3). The origin is O. Find:

a i
−−→
OA ii

−−→
AB iii

−−→
BC

b F such that
−−→
OF =

1

2

−−→
OA

c G such that
−−→
AG = 3

−−→
BC

Example 12

Solution

a i
−−→
OA = 2i − 3 j ii

−−→
AB =

−−→
AO +

−−→
OB

= −2i + 3 j + i + 4 j

= −i + 7 j

iii
−−→
BC =

−−→
BO +

−−→
OC

= −i − 4 j − i − 3 j

= −2i − 7 j

b
−−→
OF =

1

2

−−→
OA =

1

2
(2i − 3 j) = i − 3

2
j

Hence, F = (1,−1.5)

c
−−→
AG = 3

−−→
BC = 3(−2i − 7 j) = −6i − 21 j

Therefore

−−→
OG =

−−→
OA +

−−→
AG

= 2i − 3 j − 6i − 21 j

= −4i − 24 j

G = (−4,−24)Hence,

Let A = (2,−4, 5) and B = (5, 1, 7). Find M, the midpoint of AB.

Example 13

Solution

We have
−−→
OA = 2i − 4 j + 5k and

−−→
OB = 5i + j + 7k.

−−→
AB =

−−→
AO +

−−→
OBThus

= −2i + 4 j − 5k + 5i + j + 7k

= 3i + 5 j + 2k

−−→
AM =

1

2
(3i + 5 j + 2k)and so

−−→
OM =

−−→
OA +

−−→
AMNow

= 2i − 4 j + 5k +
3

2
i +

5

2
j + k

=
7

2
i − 3

2
j + 6k

M =

(

7

2
,
−3

2
, 6

)

Hence,
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a Show that the vectors a = 8i + 7 j + 3k, b = i − j + 3k and c = 2i + 3 j − k are linearly

dependent.

b Show that the vectors a = 8i + 7 j + 3k, b = i − j + 3k and c = 2i + 3 j + k are linearly

independent.

Example 14

Solution

a Vectors b and c are not parallel. We want to find constants m and n such that

a = mb + nc. Consider

8i + 7 j + 3k = m(i − j + 3k) + n(2i + 3 j − k)

This implies

8 = m + 2n (1) 7 = −m + 3n (2) 3 = 3m − n (3)

Adding (1) and (2) gives 15 = 5n, which implies n = 3.

Substitute in (1) to obtain m = 2.

The solution m = 2 and n = 3 must be verified for (3): 3m − n = 3 × 2 − 3 = 3.

Therefore

a = 2b + 3c or equivalently a − 2b − 3c = 0

Vectors a, b and c are linearly dependent.

b Equations (1) and (2) are unchanged, and equation (3) becomes

3 = 3m + n (3)

But substituting m = 2 and n = 3 gives 3m + n = 9 , 3.

The three equations have no solution, so the vectors are linearly independent.

Angle made by a vector with an axis

The direction of a vector can be given by

the angles that the vector makes with the i, j

and k directions.

If the vector a = a1i + a2 j + a3 k makes angles

α, β and γ with the positive directions of the

x-, y- and z-axes respectively, then

cosα =
a1

|a|
, cos β =

a2

|a|
, cos γ =

a3

|a|
The derivation of these results is left as an

exercise.

a1

a
3

a
2

a

O

x

z

y

α

β
γ
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3B Resolution of a vector into rectangular components 101

Let a = 2i − j and b = i + 4 j − 3k.

For each of these vectors, find:

a its magnitude

b the angle the vector makes with the y-axis.

Example 15

Solution

a |a| =
√

22 + (−1)2 =
√

5

|b| =
√

12 + 42 + (−3)2 =
√

26

b The angle that a makes with the y-axis is

cos−1
(−1
√

5

)

≈ 116.57◦

The angle that b makes with the y-axis is

cos−1
(

4
√

26

)

≈ 38.33◦

A position vector in two dimensions has magnitude 5 and its direction, measured

anticlockwise from the x-axis, is 150◦. Express this vector in terms of i and j.

Example 16

Solution

Let a = a1i + a2 j.

The vector a makes an angle of 150◦ with the x-axis

and an angle of 60◦ with the y-axis.

Therefore

cos 150◦ =
a1

|a|
and cos 60◦ =

a2

|a|
Since |a| = 5, this gives

a1 = |a| cos 150◦ =
−5
√

3

2

a2 = |a| cos 60◦ =
5

2

a =
−5
√

3

2
i +

5

2
j∴

x

y

O

a

60∞ 150∞
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Let i be a unit vector in the east direction and let j be a unit vector in the north direction,

with units in kilometres.

a Show that the unit vector in the direction N60◦W is −
√

3

2
i +

1

2
j.

b If a car drives 3 km in the direction N60◦W, find the position vector of the car with

respect to its starting point.

c The car then drives 6.5 km due north. Find:

i the position vector of the car

ii the distance of the car from the starting point

iii the bearing of the car from the starting point.

Example 17

Solution

a Let r denote the unit vector in the direction N60◦W.

r = − cos 30◦i + cos 60◦ jThen

= −
√

3

2
i +

1

2
j

Note: |r| = 1
x

y

O

r

30°
60°

b The position vector is

3r = 3

(

−
√

3

2
i +

1

2
j

)

= −3
√

3

2
i +

3

2
j

c Let r′ denote the new position vector.

r′ = 3r + 6.5 j

= −3
√

3

2
i +

3

2
j +

13

2
j

= −
3
√

3

2
i + 8 j

i

E

N

3r

θ

6.5j
r ′

|r′| =
√

9 × 3

4
+ 64

=

√

27 + 256

4

=
1

2

√
283

ii Since r′ = −
3
√

3

2
i + 8 j, we have

tan θ◦ =
3
√

3

16

∴ θ◦ = tan−1
(

3
√

3

16

)

≈ 18◦

The bearing is 342◦, correct to the

nearest degree.

iii

Cambridge Senior Maths for Western Australia ISBN 978-1-009-25972-9 c© Evans et al. 2023 Cambridge University Press

Mathematics Specialist 3&4 Photocopying is restricted under law and this material must not be transferred to another party.
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Exercise 3B

1Example 8 a Give each of the following vectors in

terms of i and j:

i
−−→
OA ii

−−→
OB iii

−−→
OC iv

−−→
OD

b Find each of the following:

i
−−→
AB ii

−−→
CD iii

−−→
DA

c Find the magnitude of each of the

following:

i
−−→
OA ii

−−→
AB iii

−−→
DA

j

O

A

B

i

C
D

2Example 9 Let a = 2i + 2 j − k, b = −i + 2 j + k and c = 4k. Find:

a a + b b 2a + c c a + 2b − c d c − 4a e |b| f |c|

3Example 10 OABCDEFG is a cuboid set on Cartesian axes

with
−−→
OA = 5i,

−−→
OC = 2 j and

−−→
OG = 3k.

a Find:

i
−−→
BC ii

−−→
CF iii

−−→
AB

iv
−−→
OD v

−−→
OE vi

−−→
GE

vii
−−→
EC viii

−−→
DB ix

−−→
DC

x
−−→
BG xi

−−→
GB xii

−−→
FA

b Evaluate:

i |−−→OD| ii |−−→OE| iii |−−→GE|
c Let M be the midpoint of CB. Find:

i
−−→
CM ii

−−→
OM iii

−−−→
DM

C

BA

D E

FG

O

x

z

y

d Let N be the point on FG such that
−−→
FN = 2

−−→
NG. Find:

i
−−→
FN ii

−−→
GN iii

−−→
ON iv

−−→
NA v

−−−→
NM

e Evaluate:

i |−−−→NM| ii |−−−→DM| iii |−−→AN |

4Example 11 Find the values of x and y if:

a a = 4i − j, b = xi + 3y j, a + b = 7i − 2 j

b a = xi + 3 j, b = −2i + 5y j, a − b = 6i + j

c a = 6i + y j, b = xi − 4 j, a + 2b = 3i − j
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5Example 12 Let A = (−2, 4), B = (1, 6) and C = (−1,−6). Let O be the origin. Find:

a i
−−→
OA ii

−−→
AB iii

−−→
BC

b F such that
−−→
OF =

1

2

−−→
OA

c G such that
−−→
AG = 3

−−→
BC

6Example 13 Let A = (1,−6, 7) and B = (5,−1, 9). Find M, the midpoint of AB.

7 Points A, B, C and D have position vectors a = i + 3 j − 2k, b = 5i + j − 6k, c = 5 j + 3k

and d = 2i + 4 j + k respectively.

a Find:

i
−−→
AB ii

−−→
BC iii

−−→
CD iv

−−→
DA

b Evaluate:

i |−−→AC| ii |−−→BD|
c Find the two parallel vectors in a.

8 Points A and B are defined by the position vectors a = i + j − 5k and b = 3i − 2 j − k

respectively. The point M is on the line segment AB such that AM : MB = 4 : 1.

a Find:

i
−−→
AB ii

−−→
AM iii

−−→
OM

b Find the coordinates of M.

9 aExample 14 Show that the vectors a = 8i + 5 j + 2k, b = 4i − 3 j + k and c = 2i − j +
1

2
k are

linearly dependent.

b Show that the vectors a = 8i + 5 j + 2k, b = 4i − 3 j + k and c = 2i − j + 2k are

linearly independent.

10 The vectors a = 2i−3 j+ k, b = 4i+3 j−2k and c = 2i−4 j+ xk are linearly dependent.

Find the value of x.

11 A = (2, 1), B = (1,−3), C = (−5, 2), D = (3, 5) and O is the origin.

a Find:

i
−−→
OA ii

−−→
AB iii

−−→
BC iv

−−→
BD

b Show that
−−→
AB and

−−→
BD are parallel.

c What can be said about the points A, B and D?

12 Let A = (1, 4,−4), B = (2, 3, 1), C = (0,−1, 4) and D = (4, 5, 6).

a Find:

i
−−→
OB ii

−−→
AC iii

−−→
BD iv

−−→
CD

b Show that
−−→
OB and

−−→
CD are parallel.
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13 Let A = (1, 4,−2), B = (3, 3, 0), C = (2, 5, 3) and D = (0, 6, 1).

a Find:

i
−−→
AB ii

−−→
BC iii

−−→
CD iv

−−→
DA

b Describe the quadrilateral ABCD.

14 Let A = (5, 1), B = (0, 4) and C = (−1, 0). Find:

a D such that
−−→
AB =

−−→
CD

b E such that
−−→
AE = −−−→BC

c G such that
−−→
AB = 2

−−→
GC

15 ABCD is a parallelogram, where A = (2, 1), B = (−5, 4), C = (1, 7) and D = (x, y).

a Find:

i
−−→
BC ii

−−→
AD (in terms of x and y)

b Hence, find the coordinates of D.

16 a Let A = (1, 4, 3) and B = (2,−1, 5). Find M, the midpoint of AB.

b Use a similar method to find M, the midpoint of XY , where X and Y have coordinates

(x1, y1, z1) and (x2, y2, z2) respectively.

17 Let A = (5, 4, 1) and B = (3, 1,−4). Find M on line segment AB such that AM = 4MB.

18 Let A = (4,−3) and B = (7, 1). Find N such that
−−→
AN = 3

−−→
BN.

19 Find the point P on the line x − 6y = 11 such that
−−→
OP is parallel to the vector 3i + j.

20 The points A, B, C and D have position vectors a, b, c and d respectively. Show that, if

ABCD is a parallelogram, then a + c = b + d.

21 Let a = 2i + 2 j, b = 3i − j and c = 4i + 5 j.

a Find:

i
1

2
a ii b − c iii 3b − a − 2c

b Find values for k and ℓ such that ka + ℓb = c.

22 Let a = 5i + j − 4k, b = 8i − 2 j + k and c = i − 7 j + 6k.

a Find:

i 2a − b ii a + b + c iii 0.5a + 0.4b

b Find values for k and ℓ such that ka + ℓb = c.

23Example 15 Let a = 5i + 2 j, b = 2i − 3 j, c = 2i + j + k and d = −i + 4 j + 2k.

a Find:

i |a| ii |b| iii |a + 2b| iv |c − d|
b Find, correct to two decimal places, the angle that each of the following vectors

makes with the positive direction of the x-axis:

i a ii a + 2b iii c − d
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24Example 16 The table gives the magnitudes of vectors in two

dimensions and the angle they each make with

the x-axis (measured anticlockwise).

Express each of the vectors in terms of i and j,

correct to two decimal places.

Magnitude Angle

a 10 110◦

b 8.5 250◦

c 6 40◦

d 5 300◦

25 The following table gives the magnitudes of vectors in three dimensions and the angles

they each make with the x-, y- and z-axes, correct to two decimal places. Express each

of the vectors in terms of i, j and k, correct to two decimal places.

Magnitude Angle with x-axis Angle with y-axis Angle with z-axis

a 10 130◦ 80◦ 41.75◦

b 8 50◦ 54.52◦ 120◦

c 7 28.93◦ 110◦ 110◦

d 12 121.43◦ 35.5◦ 75.2◦

26 Show that if a vector in three dimensions makes angles α, β and γ with the x-, y- and

z-axes respectively, then cos2 α + cos2 β + cos2 γ = 1.

27 Points A, B and C have position vectors a = −2i + j + 5k, b = 2 j + 3k and

c = −2i + 4 j + 5k respectively. Let M be the midpoint of BC.

Show that △ABC is isosceles.a Find
−−→
OM.b

Find
−−→
AM.c Find the area of △ABC.d

28 OABCV is a square-based right pyramid with V the vertex. The base diagonals OB

and AC intersect at the point M. If
−−→
OA = 5i,

−−→
OC = 5 j and

−−→
MV = 3k, find each of

the following:
−−→
OBa

−−→
OMb

−−→
OVc

−−→
BVd |−−→OV |e

29 Points A and B have position vectors a and b. Let M and N be the midpoints of OA

and OB respectively, where O is the origin.

a Show that
−−−→
MN =

1

2

−−→
AB.

b Hence, describe the geometric relationships between line segments MN and AB.

30Example 17 Let i be the unit vector in the east direction and let j be the unit vector in the north

direction, with units in kilometres. A runner sets off on a bearing of 120◦.

a Find a unit vector in this direction.

b The runner covers 3 km. Find the position of the runner with respect to her

starting point.

c The runner now turns and runs for 5 km in a northerly direction. Find the position of

the runner with respect to her original starting point.

d Find the distance of the runner from her starting point.
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3B 3B Resolution of a vector into rectangular components 107

31 A hang-glider jumps from a 50 m cliff.

a Give the position vector of point A with respect to O.

b After a short period of time, the hang-glider has position B

given by
−−→
OB = −80i + 20 j + 40k metres.

i Find the vector
−−→
AB. ii Find the magnitude of

−−→
AB.

c The hang-glider then moves 600 m in the j-direction and

60 m in the k-direction. Give the new position vector of the

hang-glider.

O

A

j

i

k
50

32 A light plane takes off (from a point that will be considered as the origin) so that its

position after a short period of time is given by r1 = 1.5i + 2 j + 0.9k, where i is a unit

vector in the east direction, j is a unit vector in the north direction and measurements

are in kilometres.

a Find the distance of the plane from the origin.

b The position of a second plane at the same time is given by r2 = 2i + 3 j + 0.8k.

i Find r1 − r2. ii Find the distance between the two aircraft.

c Give a unit vector that would describe the direction in which the first plane must fly

to pass over the origin at a height of 900 m.

33 Jan starts at a point O and walks on level ground 200 metres in a north-westerly

direction to P. She then walks 50 metres due north to Q, which is at the bottom of a

building. Jan then climbs to T , the top of the building, which is 30 metres vertically

above Q. Let i, j and k be unit vectors in the east, north and vertically upwards

directions respectively. Express each of the following in terms of i, j and k:

a
−−→
OP b

−−→
PQ c

−−→
OQ d

−−→
QT e

−−→
OT

34 A ship leaves a port and sails north-east for 100 km to a point P. Let i and j be the unit

vectors in the east and north directions respectively, with units in kilometres.

a Find the position vector of point P.

b If B is the point on the shore with position vector
−−→
OB = 100i, find:

i
−−→
BP ii the bearing of P from B.

35 Given that a = i − j + 2k, b = i + 2 j + mk and c = 3i + n j + k are linearly dependent,

express m in terms of n in simplest fraction form.

36 Let a = i − j + 2k and b = i + 2 j − 4k.

a Find 2a − 3b.

b Hence, find a value of m such that a, b and c are linearly dependent, where

c = mi + 6 j − 12k.

37 Let a = 4i − j − 2k, b = i − j + k and c = ma + (1 − m)b.

a Find c in terms of m.

b Hence, find p if c = 7i − j + pk.
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3C Scalar product of vectors

The scalar product is an operation that takes two vectors and gives a real number.

Definition of the scalar product

We define the scalar product of two vectors in three dimensions a = a1i + a2 j + a3 k and

b = b1i + b2 j + b3 k by

a · b = a1b1 + a2b2 + a3b3

The scalar product of two vectors in two dimensions is defined similarly.

Note: If a = 0 or b = 0, then a · b = 0.

The scalar product is often called the dot product.

Let a = i − 2 j + 3k and b = −2i + 3 j + 4k. Find:

a · ba a · ab

Example 18

Solution

a · b = 1 × (−2) + (−2) × 3 + 3 × 4 = 4a a · a = 12 + (−2)2 + 32 = 14b

Geometric description of the scalar product

For vectors a and b, we have

a · b = |a| |b| cos θ

where θ is the angle between a and b.

θ

b

a

Proof Let a = a1i + a2 j + a3 k and b = b1i + b2 j + b3 k. The cosine rule in △OAB gives

|a|2 + |b|2 − 2|a| |b| cos θ = |a − b|2

(a2
1 + a2

2 + a2
3) + (b2

1 + b2
2 + b2

3) − 2|a| |b| cos θ = (a1 − b1)2 + (a2 − b2)2 + (a3 − b3)2

2(a1b1 + a2b2 + a3b3) = 2|a| |b| cos θ

a1b1 + a2b2 + a3b3 = |a| |b| cos θ

∴ a · b = |a| |b| cos θ

O

B

b a − b

a
A

θ

Note: When two non-zero vectors a and b are placed so that their initial points coincide, the

angle θ between a and b is chosen as shown in the diagrams. Note that 0 ≤ θ ≤ π.

θ

b

a

θ

a

b
θ

ab
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3C Scalar product of vectors 109

a If |a| = 4, |b| = 5 and the angle between a and b is 30◦, find a · b.

b If |a| = 4, |b| = 5 and the angle between a and b is 150◦, find a · b.

Example 19

Solution

a · b = 4 × 5 × cos 30◦

= 20 ×
√

3

2

= 10
√

3

a a · b = 4 × 5 × cos 150◦

= 20 × −
√

3

2

= −10
√

3

b

b

a

30°

b

a
150°

Properties of the scalar product

� a · b = b · a � k(a · b) = (ka) · b = a · (kb) � a · 0 = 0

� a · (b + c) = a · b + a · c � a · a = |a|2

� If the vectors a and b are perpendicular, then a · b = 0.

� If a · b = 0 for non-zero vectors a and b, then the vectors a and b are perpendicular.

� For parallel vectors a and b, we have

a · b =



















|a| |b| if a and b are parallel and in the same direction

−|a| |b| if a and b are parallel and in opposite directions

� For the unit vectors i, j and k, we have i · i = j · j = k · k = 1 and i · j = i · k = j · k = 0.

a Simplify a · (b + c) − b · (a − c).

b Expand the following:

i (a + b) · (a + b) ii (a + b) · (a − b)

Example 20

Solution

a a · (b + c) − b · (a − c) = a · b + a · c − b · a + b · c
= a · c + b · c

b i (a + b) · (a + b) = a · a + a · b + b · a + b · b
= a · a + 2a · b + b · b

ii (a + b) · (a − b) = a · a − a · b + b · a − b · b
= a · a − b · b
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Solve the equation (i + j − k) · (3i − x j + 2k) = 4 for x.

Example 21

Solution

(i + j − k) · (3i − x j + 2k) = 4

3 − x − 2 = 4

1 − x = 4

∴ x = −3

Finding the magnitude of the angle between two vectors

The angle between two vectors can be found by using the two forms of the scalar product:

a · b = |a| |b| cos θ and a · b = a1b1 + a2b2 + a3b3

Therefore

cos θ =
a · b
|a| |b|

=
a1b1 + a2b2 + a3b3

|a| |b|

A, B and C are points defined by the position vectors a, b and c respectively, where

a = i + 3 j − k, b = 2i + j and c = i − 2 j − 2k

Find the magnitude of ∠ABC, correct to one decimal place.

Example 22

Solution

∠ABC is the angle between vectors
−−→
BA and

−−→
BC.

−−→
BA = a − b = −i + 2 j − k

−−→
BC = c − b = −i − 3 j − 2k

We will apply the scalar product:

−−→
BA · −−→BC = |−−→BA| |−−→BC| cos(∠ABC)

We have

−−→
BA · −−→BC = 1 − 6 + 2 = −3

|−−→BA| =
√

1 + 4 + 1 =
√

6

|−−→BC| =
√

1 + 9 + 4 =
√

14

Therefore

cos(∠ABC) =

−−→
BA · −−→BC

|−−→BA| |−−→BC|
=
−3
√

6
√

14

Hence, ∠ABC = 109.1◦, correct to one decimal place.

(Alternatively, we can write ∠ABC = 1.9c, correct to one decimal place.)
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Exercise 3C

1Example 18 Let a = i − 4 j + 7k, b = 2i + 3 j + 3k and c = −i − 2 j + k. Find:

a · aa b · bb c · cc a · bd

a · (b + c)e (a + b) · (a + c)f (a + 2b) · (3c − b)g

2 Let a = 2i − j + 3k, b = 3i − 2k and c = −i + 3 j − k. Find:

a · aa b · bb a · bc

a · cd a · (a + b)e

3 aExample 19 If |a| = 6, |b| = 7 and the angle between a and b is 60◦, find a · b.

b If |a| = 6, |b| = 7 and the angle between a and b is 120◦, find a · b.

4Example 20 Expand and simplify:

(a + 2b) · (a + 2b)a |a + b|2 − |a − b|2b

a · (a + b) − b · (a + b)c
a · (a + b) − a · b

|a|
d

5Example 21 Solve each of the following equations:

(i + 2 j − 3k) · (5i + x j + k) = −6a (xi + 7 j − k) · (−4i + x j + 5k) = 10b

(xi + 5k) · (−2i − 3 j + 3k) = xc x(2i + 3 j + k) · (i + j + xk) = 6d

6Example 22 If A and B are points defined by the position vectors a = i + 2 j − k and b = −i + j − 3k

respectively, find:

a
−−→
AB b |−−→AB| c the magnitude of the angle between vectors

−−→
AB and a.

7 Let C and D be points with position vectors c and d respectively. If |c| = 5, |d| = 7 and

c · d = 4, find |−−→CD|.

8 OABC is a rhombus with
−−→
OA = a and

−−→
OC = c.

a Express the following vectors in terms of a and c:

i
−−→
AB ii

−−→
OB iii

−−→
AC

b Find
−−→
OB · −−→AC.

c Prove that the diagonals of a rhombus intersect at right angles.

9 From the following list, find three pairs of perpendicular vectors:

a = i + 3 j − k

b = −4i + j + 2k

c = −2i − 2 j − 3k

d = −i + j + k

e = 2i − j − k

f = −i + 4 j − 5k
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112 Chapter 3: Vectors 3C

10 Points A and B are defined by the position vectors

a = i + 4 j − 4k and b = 2i + 5 j − k.

Let P be the point on OB such that AP is perpendicular to OB.

Then
−−→
OP = qb, for a constant q.

a Express
−−→
AP in terms of q, a and b.

b Use the fact that
−−→
AP · −−→OB = 0 to find the value of q.

c Find the coordinates of the point P.
O

P

A

B

11 If xi + 2 j + yk is perpendicular to vectors i + j + k and 4i + j + 2k, find x and y.

12 Find the angle, in radians, between each of the following pairs of vectors, correct to

three significant figures:

i + 2 j − k and i − 4 j + ka −2i + j + 3k and −2i − 2 j + kb

2i − j − 3k and 4i − 2kc 7i + k and −i + j − 3kd

13 Let a and b be non-zero vectors such that a · b = 0. Use the geometric description of the

scalar product to show that a and b are perpendicular vectors.

For Questions 14–17, find the angles in degrees correct to two decimal places.

14 Let A and B be the points defined by the position vectors a = i+ j+ k and b = 2i+ j− k

respectively. Let M be the midpoint of AB. Find:
−−→
OMa ∠AOMb ∠BMOc

15 OABCDEFG is a cuboid, set on axes at O, such that
−−→
OD = i,

−−→
OA = 3 j and

−−→
OC = 2k. Find:

a i
−−→
GB ii

−−→
GE

b ∠BGE

c the angle between diagonals
−−→
CE and

−−→
GA.

C

G

D

AO

F

B

E

16 Let A, B and C be the points defined by the position vectors 4i, 5 j and −2i + 7k

respectively. Let M and N be the midpoints of AB and AC respectively. Find:

i
−−→
OM ii

−−→
ONa ∠MONb ∠MOCc

17 A parallelepiped is an oblique prism that has a

parallelogram cross-section. It has three pairs of

parallel and congruent faces.

OABCDEFG is a parallelepiped with
−−→
OA = 3 j,

−−→
OC = −i + j + 2k and

−−→
OD = 2i − j.

Show that the diagonals DB and CE bisect each

other, and find the acute angle between them.
D E

A

F

BC

G

O
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3D Vector projections 113

3D Vector projections

It is often useful to decompose a vector a into a sum of two vectors, one parallel to a given

vector b and the other perpendicular to b.

From the diagram, it can be seen that

a = u + w

where u = kb and so w = a − u = a − kb.

For w to be perpendicular to b, we must have

w · b = 0

(a − kb) · b = 0

a · b − k(b · b) = 0

a

u

θ

b

w

Hence, k =
a · b
b · b

and therefore u =
a · b
b · b

b.

This vector u is called the vector projection (or vector resolute) of a in the direction of b.

Vector resolute

The vector resolute of a in the direction of b can be expressed in any one of the following

equivalent forms:

u =
a · b
b · b

b =
a · b
|b|2

b =

(

a ·
b

|b|

) (

b

|b|

)

= (a · b̂) b̂

Note: The quantity a · b̂ =
a · b
|b|

is the ‘signed length’ of the vector resolute u and is called

the scalar resolute of a in the direction of b.

Note that, from our previous calculation, we have w = a − u = a − a · b
b · b

b.

Expressing a as the sum of the two components, the first parallel to b and the second

perpendicular to b, gives

a =
a · b
b · b

b +

(

a − a · b
b · b

b

)

This is sometimes described as resolving the vector a into rectangular components.

Let a = i + 3 j − k and b = i − j + 2k. Find the vector resolute of:

a in the direction of ba b in the direction of a.b

Example 23

Solution

a a · b = 1 − 3 − 2 = −4, b · b = 1 + 1 + 4 = 6

The vector resolute of a in the direction of b is

a · b
b · b

b = −
4

6
(i − j + 2k) = −

2

3
(i − j + 2k)
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114 Chapter 3: Vectors

b b · a = a · b = −4, a · a = 1 + 9 + 1 = 11

The vector resolute of b in the direction of a is

b · a
a · a

a = − 4

11
(i + 3 j − k)

Find the scalar resolute of a = 2i + 2 j − k in the direction of b = −i + 3k.

Example 24

Solution

a · b = −2 − 3 = −5

|b| =
√

1 + 9 =
√

10

The scalar resolute of a in the direction of b is

a · b
|b|
=
−5
√

10
= −
√

10

2

Resolve i + 3 j − k into rectangular components, one of which is parallel to 2i − 2 j − k.

Example 25

Solution

Let a = i + 3 j − k and b = 2i − 2 j − k.

The vector resolute of a in the direction of b is given by
a · b
b · b

b.

We have

a · b = 2 − 6 + 1 = −3

b · b = 4 + 4 + 1 = 9

Therefore the vector resolute is

−3

9
(2i − 2 j − k) = −1

3
(2i − 2 j − k)

The perpendicular component is

a −
(

−
1

3
(2i − 2 j − k)

)

= (i + 3 j − k) +
1

3
(2i − 2 j − k)

=
5

3
i +

7

3
j − 4

3
k

=
1

3
(5i + 7 j − 4k)

Hence, we can write

i + 3 j − k = −
1

3
(2i − 2 j − k) +

1

3
(5i + 7 j − 4k)

Check: As a check, we verify that the second component is indeed perpendicular to b.

We have (5i + 7 j − 4k) · (2i − 2 j − k) = 10 − 14 + 4 = 0, as expected.
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3D 3D Vector projections 115

Exercise 3D

1 Points A and B are defined by the position vectors a = i + 3 j − k and b = i + 2 j + 2k.

Find â.a Find b̂.b Find ĉ, where c =
−−→
AB.c

2 Let a = 3i + 4 j − k and b = i − j − k.

a Find:

i â ii b̂

b Find the vector with the same magnitude as b and with the same direction as a.

3 Points A and B are defined by the position vectors a = 2i − 2 j − k and b = 3i + 4k.

a Find:

i â ii b̂

b Find the unit vector that bisects ∠AOB.

4Example 23 For each pair of vectors, find the vector resolute of a in the direction of b:

a a = i + 3 j and b = i − 4 j + k

b a = i − 3k and b = i − 4 j + k

c a = 4i − j + 3k and b = 4i − k

5Example 24 For each of the following pairs of vectors, find the scalar resolute of the first vector in

the direction of the second vector:

a = 2i + j and b = ia a = 3i + j − 3k and c = i − 2 jb

b = 2 j + k and a = 2i +
√

3 jc b = i −
√

5 j and c = −i + 4 jd

6Example 25 For each of the following pairs of vectors, find the resolution of the vector a into

rectangular components, one of which is parallel to b:

a a = 2i + j + k, b = 5i − k

b a = 3i + j, b = i + k

c a = −i + j + k, b = 2i + 2 j − k

7 Let A and B be the points defined by the position vectors a = i + 3 j − k and b = j + k

respectively. Find:

a the vector resolute of a in the direction of b

b a unit vector through A perpendicular to OB.

8 Let A and B be the points defined by the position vectors a = 4i + j and b = i − j − k

respectively. Find:

a the vector resolute of a in the direction of b

b the vector component of a perpendicular to b

c the shortest distance from A to line OB.
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116 Chapter 3: Vectors 3D

9 Points A, B and C have position vectors a = i+2 j+ k, b = 2i+ j− k and c = 2i−3 j+ k.

Find:

a i
−−→
AB ii

−−→
AC

b the vector resolute of
−−→
AB in the direction of

−−→
AC

c the shortest distance from B to line AC

d the area of triangle ABC.

10 a Verify that vectors a = i − 3 j − 2k and b = 5i + j + k are perpendicular to each other.

b If c = 2i − k, find:

i d, the vector resolute of c in the direction of a

ii e, the vector resolute of c in the direction of b.

c Find f such that c = d + e + f .

d Hence, show that f is perpendicular to both vectors a and b.

3E Collinearity

Three or more points are collinear if they all lie on a single line.

Three distinct points A, B and C are collinear if and only if there exists a non-zero real

number m such that
−−→
AC = m

−−→
AB (that is, if and only if

−−→
AB and

−−→
AC are parallel).

A property of collinearity

Let points A, B and C have position vectors a =
−−→
OA, b =

−−→
OB and c =

−−→
OC. Then

−−→
AC = m

−−→
AB if and only if c = (1 − m)a + mb

Proof If
−−→
AC = m

−−→
AB, then we have

c =
−−→
OA +

−−→
AC

=
−−→
OA + m

−−→
AB

= a + m(b − a)

= a + mb − ma

= (1 − m)a + mb

O

a
c

b

A
C

B

Similarly, we can show that if c = (1 − m)a + mb, then
−−→
AC = m

−−→
AB.

Note: It follows from this result that if distinct points A, B and C are collinear, then we can

write
−−→
OC = λ

−−→
OA + µ

−−→
OB, where λ + µ = 1. If C is between A and B, then 0 < µ < 1.
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3E Collinearity 117

For distinct points A and B, let a =
−−→
OA and b =

−−→
OB. Express

−−→
OC in terms of a and b,

where C is:

a the midpoint of AB

b the point of trisection of AB nearer to A

c the point C such that
−−→
AC = −2

−−→
AB.

Example 26

Solution

−−→
AC =

1

2

−−→
AB

−−→
OC =

−−→
OA +

−−→
AC

= a +
1

2

−−→
AB

= a +
1

2
(b − a)

=
1

2
(a + b)

a
−−→
AC =

1

3

−−→
AB

−−→
OC =

−−→
OA +

−−→
AC

= a +
1

3

−−→
AB

= a +
1

3
(b − a)

=
2

3
a +

1

3
b

b
−−→
AC = −2

−−→
AB

−−→
OC =

−−→
OA +

−−→
AC

= a − 2
−−→
AB

= a − 2(b − a)

= 3a − 2b

c

Note: Alternatively, we could have used the previous result in this example.

Let
−−→
OA = a and

−−→
OB = b, where vectors a and b are linearly independent.

Let M be the midpoint of OA, let C be the point such that
−−→
OC =

4

3

−−→
OB and let R be the

point of intersection of lines AB and MC.

a Find
−−→
OR in terms of a and b.

b Hence find AR : RB.

Example 27

Solution

a We have
−−→
OM =

1

2
a and

−−→
OC =

4

3
b.

Since M, R and C are collinear, there

exists m ∈ R with

−−→
MR = m

−−→
MC

= m
(−−→
MO +

−−→
OC
)

= m

(

−
1

2
a +

4

3
b

)

−−→
OR =

−−→
OM +

−−→
MRThus

=
1

2
a + m

(

−1

2
a +

4

3
b

)

=
1 − m

2
a +

4m

3
b

B

O

M

A

R
C
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118 Chapter 3: Vectors 3E

Since A, R and B are collinear, there exists n ∈ R with

−−→
AR = n

−−→
AB

= n
(−−→
AO +

−−→
OB
)

= n(−a + b)

−−→
OR =

−−→
OA +

−−→
ARThus

= a + n(−a + b)

= (1 − n)a + nb

Hence, since a and b are linearly independent, we have

1 − m

2
= 1 − n and

4m

3
= n

This gives m =
3

5
and n =

4

5
. Therefore

−−→
OR =

1

5
a +

4

5
b

b From part a, we have

−−→
AR =

−−→
AO +

−−→
OR

= −a +
1

5
a +

4

5
b

=
4

5
(b − a)

=
4

5

−−→
AB

Hence, AR : RB = 4 : 1.

Exercise 3E

1Example 26 Points A, B and R are collinear, with
−−→
OA = a and

−−→
OB = b. Express

−−→
OR in terms of a

and b, where R is the point:

a of trisection of AB nearer to B

b between A and B such that AR : AB = 3 : 2.

2 Let
−−→
OA = 3i + 4k and

−−→
OB = 2i − 2 j + k. Find

−−→
OR, where R is:

a the midpoint of line segment AB

b the point such that
−−→
AR =

4

3

−−→
AB

c the point such that
−−→
AR = −1

3

−−→
AB.
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3E 3F Geometric proofs 119

3 The position vectors of points P, Q and R are a, 3a − 4b and 4a − 6b respectively.

a Show that P, Q and R are collinear.

b Find PQ : QR.

4 In triangle OAB,
−−→
OA = ai and

−−→
OB = xi + y j. Let C be the midpoint of AB.

a Find
−−→
OC.

b Deduce, by vector method, the relationship between x, y and a if the vector
−−→
OC is

perpendicular to
−−→
AB.

5 In parallelogram OAUB,
−−→
OA = a and

−−→
OB = b. Let

−−→
OM =

1

5
a and MP : PB = 1 : 5,

where P is on the line segment MB.

a Prove that P is on the diagonal OU.

b Hence, find OP : PU.

6 OABC is a square with
−−→
OA = −4i + 3 j and

−−→
OC = 3i + 4 j.

a Find
−−→
OB.

b Given that D is the point on AB such that
−−→
BD =

1

3

−−→
BA, find

−−→
OD.

c Given that OD intersects AC at E and that
−−→
OE = (1 − λ)−−→OA + λ

−−→
OC, find λ.

7 In triangle OAB,
−−→
OA = 3i + 4k and

−−→
OB = i + 2 j − 2k.

a Use the scalar product to show that ∠AOB is an obtuse angle.

b Find
−−→
OP, where P is:

i the midpoint of AB

ii the point on AB such that OP is perpendicular to AB

iii the point where the bisector of ∠AOB intersects AB.

3F Geometric proofs

In this section we use vectors to prove geometric results. The following properties of vectors

will be useful:

� For k > 0, the vector ka is in the same direction as a and has magnitude k|a|, and

the vector −ka is in the opposite direction to a and has magnitude k|a|.
� If vectors a and b are parallel, then b = ka for some k , 0. Conversely, if a and b are

non-zero vectors such that b = ka for some k , 0, then a and b are parallel.

� If
−−→
AB = k

−−→
BC for some k , 0, then A, B and C are collinear.

� Two non-zero vectors a and b are perpendicular if and only if a · b = 0.

� a · a = |a|2
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Prove that the diagonals of a rhombus are perpendicular.

Example 28

Solution

OABC is a rhombus.

Let a =
−−→
OA and c =

−−→
OC.

The diagonals of the rhombus are OB and AC.

−−→
OB =

−−→
OC +

−−→
CBNow

=
−−→
OC +

−−→
OA

= c + a

−−→
AC =

−−→
AO +

−−→
OCand

= −a + c

O C

A B

Consider the scalar product of
−−→
OB and

−−→
AC:

−−→
OB · −−→AC = (c + a) · (c − a)

= c · c − a · a
= |c|2 − |a|2

A rhombus has all sides of equal length, and therefore |c| = |a|. Hence

−−→
OB · −−→AC = |c|2 − |a|2 = 0

This implies that AC is perpendicular to OB.

Prove that the angle subtended by a diameter in a circle is a right angle.

Example 29

Solution

Let O be the centre of the circle and let AB be a diameter.

Then |−−→OA| = |−−→OB| = |−−→OC| = r, where r is the radius.

Let a =
−−→
OA and c =

−−→
OC. Then

−−→
OB = −a.

We have
−−→
AC =

−−→
AO +

−−→
OC and

−−→
BC =

−−→
BO +

−−→
OC.

A
O

C

B

−−→
AC · −−→BC = (−a + c) · (a + c)Thus

= −a · a + c · c
= −|a|2 + |c|2

But |a| = |c| and therefore
−−→
AC · −−→BC = 0. Hence, AC ⊥ BC.
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Prove that the medians of a triangle are concurrent.

Example 30

Solution

Consider triangle OAB. Let A′, B′ and X be the

midpoints of OB, OA and AB respectively.

Let Y be the point of intersection of the medians

AA′ and BB′.

Let a =
−−→
OA and b =

−−→
OB.

B

X

Y

A

O
A′

B ′

We start by showing that AY : YA′ = BY : YB′ = 2 : 1.

We have
−−→
AY = λ

−−→
AA′ and

−−→
BY = µ

−−→
BB′, for some λ, µ ∈ R.

−−→
AA′ =

−−→
AO +

1

2

−−→
OB

= −a +
1

2
b

∴
−−→
AY = λ

(

−a +
1

2
b

)

and
−−→
BB′ =

−−→
BO +

1

2

−−→
OA

= −b +
1

2
a

∴
−−→
BY = µ

(

−b +
1

2
a

)

Now

But
−−→
BY can also be obtained as follows:

−−→
BY =

−−→
BA +

−−→
AY

=
−−→
BO +

−−→
OA +

−−→
AY

= −b + a + λ

(

−a +
1

2
b

)

−µb +
µ

2
a = (1 − λ)a +

(

λ

2
− 1

)

b∴

Since a and b are independent vectors, we now have

µ

2
= 1 − λ (1) and −µ =

λ

2
− 1 (2)

Multiply (1) by 2 and add to (2):

0 = 2 − 2λ +
λ

2
− 1

1 =
3λ

2

λ =
2

3
∴

Substitute in (1) to find µ =
2

3
.

We have shown that AY : YA′ = BY : YB′ = 2 : 1.

Now, by symmetry, the point of intersection of the medians AA′ and OX must also

divide AA′ in the ratio 2 : 1, and therefore must be Y .

Hence the three medians are concurrent at Y .

Cambridge Senior Maths for Western Australia ISBN 978-1-009-25972-9 c© Evans et al. 2023 Cambridge University Press

Mathematics Specialist 3&4 Photocopying is restricted under law and this material must not be transferred to another party.



122 Chapter 3: Vectors 3F

Exercise 3F

1 Prove that the diagonals of a parallelogram bisect each other.

2 Prove that if the midpoints of the sides of a square are joined, then another square

is formed.

3 Prove that if the diagonals of a parallelogram are of equal length, then the parallelogram

is a rectangle.

4 Prove that the sum of the squares of the lengths of the diagonals of any parallelogram is

equal to the sum of the squares of the lengths of the sides.

5 ABCD is a parallelogram, M is the midpoint of AB and P is the point of trisection

of MD nearer to M. Prove that A, P and C are collinear and that P is a point of

trisection of AC.

6 AB and CD are diameters of a circle with centre O. Prove that ACBD is a rectangle.

C

B

A

D

O

7 In the figure, O is the midpoint of AD and B is the midpoint of OC. Let a =
−−→
OA and

b =
−−→
OB.

A

C
B

D

O

Let P be the point such that
−−→
OP =

1

3
(a + 4b).

a Prove that A, P and C are collinear.

b Prove that D, B and P are collinear.

c Find DB : BP.
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8 ORST is a parallelogram, U is the midpoint of RS and V is the midpoint of ST . Relative

to the origin O, the position vectors of points R, S , T , U and V are r, s, t, u and v

respectively.

a Express s in terms of r and t.

b Express v in terms of s and t.

c Hence, or otherwise, show that 4(u + v) = 3(r + s + t).

9 Coplanar points A, B, C, D and E have position vectors a, b, c, d and e respectively,

relative to an origin O. The point A is the midpoint of OB and the point E divides AC in

the ratio 1 : 2. If e =
1

3
d, show that OCDB is a parallelogram.

10 OBCDEFGH is a parallelepiped. Let b =
−−→
OB, d =

−−→
OD and e =

−−→
OE.

B

O D

C

H

GF

E

a Express each of the vectors
−−→
OG,
−−→
DF,
−−→
BH and

−−→
CE in terms of b, d and e.

b Find |−−→OG|2, |−−→DF|2, |−−→BH|2 and |−−→CE|2 in terms of b, d and e.

c Show that |−−→OG|2 + |−−→DF|2 + |−−→BH|2 + |−−→CE|2 = 4
(

|b|2 + |d|2 + |e|2
)

.
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Chapter summary

� A vector is a set of equivalent directed line segments.

� A directed line segment from a point A to a point B is denoted by
−−→
AB.

� The position vector of a point A is the vector
−−→
OA, where O is the origin.

� A vector can be written as a column of numbers. The vector













2

3













is ‘2 across and 3 up’.

Basic operations on vectors

� Addition

• The sum u + v is obtained geometrically as shown.

• If u =













a

b













and v =













c

d













, then u + v =













a + c

b + d













.

� Scalar multiplication

• For k > 0, the vector ku has the same direction as u, but

its length is multiplied by a factor of k.
A

B

v

u

u + v

C

• The vector −v has the same length as v, but the opposite direction.

• Two non-zero vectors u and v are parallel if there exists k , 0 such that u = kv.

� Subtraction u − v = u + (−v)

Component form

� In two dimensions, each vector u can be written in the form

u = xi + y j, where

• i is the unit vector in the positive direction of the x-axis

• j is the unit vector in the positive direction of the y-axis.

� The magnitude of vector u = xi + y j is given by |u| =
√

x2 + y2.
O

x

y

u yj

xi

� In three dimensions, each

vector u can be written in

the form u = xi + y j + zk,

where i, j and k are unit

vectors as shown.

� If u = xi + y j + zk,

then |u| =
√

x2 + y2 + z2.

y

z

x

(x, y, z)

y

k

i

j

x

z

� If the vector a = a1i + a2 j + a3 k makes angles α, β and γ with the positive directions of

the x-, y- and z-axes respectively, then

cosα =
a1

|a|
, cos β =

a2

|a|
and cos γ =

a3

|a|
� The unit vector in the direction of vector a is given by

â =
1

|a|
a
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Scalar product and vector projections

� The scalar product of vectors a = a1i + a2 j + a3 k and b = b1i + b2 j + b3 k is given by

a · b = a1b1 + a2b2 + a3b3

� The scalar product is described geometrically by a · b = |a| |b| cos θ,

where θ is the angle between a and b.

� Therefore a · a = |a|2.

θ

b

a

� Two non-zero vectors a and b are perpendicular if and only if a · b = 0.

� Resolving a vector a into rectangular components is expressing the vector a as a sum of

two vectors, one parallel to a given vector b and the other perpendicular to b.

� The vector resolute of a in the direction of b is
a · b
b · b

b.

� The scalar resolute of a in the direction of b is
a · b
|b|

.

Linear dependence and independence

� A set of vectors is said to be linearly dependent if at least one of its members can be

expressed as a linear combination of other vectors in the set.

� A set of vectors is said to be linearly independent if it is not linearly dependent.

� Linear combinations of independent vectors: Let a and b be two linearly independent

(i.e. not parallel) vectors. Then ma + nb = pa + qb implies m = p and n = q.

Short-answer questions

1 ABCD is a parallelogram, where A, B and C have position vectors i + 2 j − k, 2i + j − 2k

and 4i − k respectively. Find:

a
−−→
AD b the cosine of ∠BAD

2 Points A, B and C are defined by position vectors 2i− j− 4k, −i+ j+ 2k and i− 3 j− 2k

respectively. Point M is on the line segment AB such that |−−→AM| = |−−→AC|.
a Find:

i
−−→
AM ii the position vector of N, the midpoint of CM.

b Hence, show that
−−→
AN ⊥ −−→CM.

3 Let a = 4i + 3 j − k, b = 2i − j + xk and c = yi + z j − 2k. Find:

a x such that a and b are perpendicular to each other

b y and z such that a, b and c are mutually perpendicular.

4 Let a = i − 2 j + 2k and let b be a vector such that the vector resolute of a in the

direction of b is b̂.

a Find the cosine of the angle between the directions of a and b.

b Find |b| if the vector resolute of b in the direction of a is 2â.
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5 Let a = 3i − 6 j + 4k and b = 2i + j − 2k.

a Find c, the vector component of a perpendicular to b.

b Find d, the vector resolute of c in the direction of a.

c Hence, show that |a| |d| = |c|2.

6 Points A and B have position vectors a = 2i + 3 j − 4k and b = 2i − j + 2k. Point C has

position vector c = 2i + (1 + 3t) j + (−1 + 2t)k.

a Find in terms of t:

i
−−→
CA ii

−−→
CB

b Find the values of t for which ∠BCA = 90◦.

7 OABC is a parallelogram, where A and C have position vectors a = 2i + 2 j − k and

c = 2i − 6 j − 3k respectively.

a Find:

i |a − c| ii |a + c| iii (a − c) · (a + c)

b Hence, find the magnitude of the acute angle between the diagonals of the

parallelogram.

8 OABC is a trapezium with
−−→
OC = 2

−−→
AB. If

−−→
OA = 2i − j − 3k and

−−→
OC = 6i − 3 j + 2k, find:

a
−−→
AB b

−−→
BC c the cosine of ∠BAC.

9 The position vectors of A and B, relative to an origin O, are 6i + 4 j and 3i + p j.

a Express
−−→
AO · −−→AB in terms of p.

b Find the value of p for which
−−→
AO is perpendicular to

−−→
AB.

c Find the cosine of ∠OAB when p = 6.

10 Points A, B and C have position vectors p+ q, 3p− 2q and 6p+ mq respectively, where

p and q are non-zero, non-parallel vectors. Find the value of m such that the points A, B

and C are collinear.

11 If r = 3i + 3 j − 6k, s = i − 7 j + 6k and t = −2i − 5 j + 2k, find the values of λ and µ

such that the vector r + λs + µt is parallel to the x-axis.

12 Show that the points A(4, 3, 0), B(5, 2, 3), C(4,−1, 3) and D(2, 1,−3) form a trapezium

and state the ratio of the parallel sides.

13 If a = 2i − j + 6k and b = i − j − k, show that a + b is perpendicular to b and find the

cosine of the angle between the vectors a + b and a − b.

14 O, A and B are the points with coordinates (0, 0), (3, 4) and (4,−6) respectively.

a Let C be the point such that
−−→
OA =

−−→
OC +

−−→
OB. Find the coordinates of C.

b Let D be the point (1, 24). If
−−→
OD = h

−−→
OA + k

−−→
OB, find the values of h and k.
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15 Relative to O, the position vectors of A, B and C

are a, b and c. Points B and C are the midpoints

of AD and OD respectively.

a Find
−−→
OD and

−−→
AD in terms of a and c.

b Find b in terms of a and c.

c Point E on the extension of OA is such that
−−→
OE = 4

−−→
AE. If

−−→
CB = k

−−→
AE, find the value of k.

DA

C

O

B

16
−−→
OP = p

−−→
OQ = q

−−→
OR =

1

3
p+ kq

−−→
OS = hp+

1

2
q

Given that R is the midpoint of QS , find h and k.

q

R

Q

p PO

S

17 ABC is a right-angled triangle with the right angle at B. If
−−→
AC = 2i + 4 j and

−−→
AB is

parallel to i + j, find
−−→
AB.

18 In this diagram, OABC is a parallelogram with
−−→
OA = 2

−−→
AD. Let a =

−−→
AD and c =

−−→
OC.

a Express
−−→
DB in terms of a and c.

b Use a vector method to prove that
−−→
OE = 3

−−→
OC.

C

E

O D

B

A

19 For a quadrilateral OABC, let D be the point of trisection of OC nearer O and let E be

the point of trisection of AB nearer A. Let a =
−−→
OA, b =

−−→
OB and c =

−−→
OC.

a Find:

i
−−→
OD ii

−−→
OE iii

−−→
DE

b Hence prove that 3
−−→
DE = 2

−−→
OA +

−−→
CB.

20 In triangle OAB, a =
−−→
OA, b =

−−→
OB and T is a point on AB

such that AT = 3T B.

a Find
−−→
OT in terms of a and b.

b If M is a point such that
−−→
OM = λ

−−→
OT , where λ > 1, find:

i
−−→
BM in terms of a, b and λ ii λ, if

−−→
BM is parallel to

−−→
OA.

A

O

T

B

21 Given that a = i + j + 3k, b = i − 2 j +mk and c = −2i + n j + 2k are linearly dependent,

express m in terms of n.

22 Let a = 2i + j + 2k and b = i + 3k.

a Find v, the vector resolute of a perpendicular to b.

b Prove that v, a and b are linearly dependent.
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Extended-response questions

1 A spider builds a web in a garden. Relative to an origin O, the position vectors of the

ends A and B of a strand of the web are
−−→
OA = 2i + 3 j + k and

−−→
OB = 3i + 4 j + 2k.

a i Find
−−→
AB. ii Find the length of the strand.

b A small insect is at point C, where
−−→
OC = 2.5i + 4 j + 1.5k. Unluckily, it flies in a

straight line and hits the strand of web between A and B. Let Q be the point at which

the insect hits the strand, where
−−→
AQ = λ

−−→
AB.

i Find
−−→
CQ in terms of λ.

ii If the insect hits the strand at right angles, find the value of λ and the vector
−−→
OQ.

c Another strand MN of the web has endpoints M and N with position vectors
−−→
OM = 4i + 2 j − k and

−−→
ON = 6i + 10 j + 9k. The spider decides to continue AB to

join MN. Find the position vector of the point of contact.

2 The position vectors of points A and B are 2i + 3 j + k and 3i − 2 j + k.

a i Find |−−→OA| and |−−→OB|. ii Find
−−→
AB.

b Let X be the midpoint of line segment AB.

i Find
−−→
OX. ii Show that

−−→
OX is perpendicular to

−−→
AB.

c Find the position vector of a point C such that OACB is a parallelogram.

d Show that the diagonal OC is perpendicular to the diagonal AB by considering the

scalar product
−−→
OC · −−→AB.

e i Find a vector of magnitude
√

195 that is perpendicular to both
−−→
OA and

−−→
OB.

ii Show that this vector is also perpendicular to
−−→
AB and

−−→
OC.

iii Comment on the relationship between the vector found in e i and the parallelo-

gram OACB.

3 Points A, B and C have position vectors

−−→
OA = 5i,

−−→
OB = i + 3k and

−−→
OC = i + 4 j

The parallelepiped has OA, OB and OC as three edges

and remaining vertices X, Y , Z and D as shown in the

diagram.
A D

B

YC

Z

O

X

a Write down the position vectors of X, Y , Z and D in terms of i, j and k and calculate

the lengths of OD and OY .

b Calculate the size of angle OZY .

c The point P divides CZ in the ratio λ : 1. That is, CP : PZ = λ : 1.

i Give the position vector of P.

ii Find λ if
−−→
OP is perpendicular to

−−→
CZ.
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4 ABC is a triangle as shown in the diagram.

The points P, Q and R are the midpoints of the

sides BC, CA and AB respectively. Point O is

the point of intersection of the perpendicular

bisectors of CA and AB.

Let a =
−−→
OA, b =

−−→
OB and c =

−−→
OC.

b

a

O
c

B

R

C

Q

A

P

a Express each of the following in terms of a, b and c:
−−→
ABi

−−→
BCii

−−→
CAiii

−−→
OPiv

−−→
OQv

−−→
ORvi

b Prove that OP is perpendicular to BC.

c Hence, prove that the perpendicular bisectors of the sides of a triangle are

concurrent.

d Prove that |a| = |b| = |c|.

5 The position vectors of two points B and C, relative to an origin O, are denoted by b and

c respectively.

a In terms of b and c, find the position vector of L, the point on BC between B and C

such that BL : LC = 2 : 1.

b Let a be the position vector of a point A such that O is the midpoint of AL. Prove that

3a + b + 2c = 0.

c Let M be the point on CA between C and A such that CM : MA = 3 : 2.

i Prove that B, O and M are collinear.

ii Find the ratio BO : OM.

d Let N be the point on AB such that C, O and N are collinear. Find the ratio AN : NB.

6 OAB is an isosceles triangle with OA = OB.

Let a =
−−→
OA and b =

−−→
OB.

a Let D be the midpoint of AB and let E be a point on OB.

Find in terms of a and b:

i
−−→
OD

ii
−−→
DE if

−−→
OE = λ

−−→
OB

b If DE is perpendicular to OB, show that

λ =
1

2

(a · b + b · b)

b · b
A

F
E

O

D B

c Now assume that DE is perpendicular to OB and that λ =
5

6
.

i Show that cos θ =
2

3
, where θ is the magnitude of ∠AOB.

ii Let F be the midpoint of DE. Show that OF is perpendicular to AE.
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7 A cuboid is positioned on level ground so that it rests on

one of its vertices, O. Vectors i and j are on the ground.

−−→
OA = 3i − 12 j + 3k

−−→
OB = 2i + a j + 2k

−−→
OC = xi + y j + 2k

a i Find
−−→
OA · −−→OB in terms of a.

ii Find a.

b i Use the fact that
−−→
OA is perpendicular to

−−→
OC to

write an equation relating x and y.

ii Find the values of x and y.

c Find the position vectors:

i
−−→
OD ii

−−→
OX iii

−−→
OY

d State the height of points X and Y above the ground.

A

O

B

D

Y

X
Z

Ck

i j

8 In the diagram, D is a point on BC with
BD

DC
= 3 and E is a point on AC with

AE

EC
=

3

2
.

Let P be the point of intersection of AD and BE. Let a =
−−→
BA and c =

−−→
BC.

a Find:

i
−−→
BD in terms of c

ii
−−→
BE in terms of a and c

iii
−−→
AD in terms of a and c

b Let
−−→
BP = µ

−−→
BE and

−−→
AP = λ

−−→
AD.

Find λ and µ.

CA

D
P

B

E

9 a Let a = pi + q j. The vector b is obtained by

rotating a clockwise through 90◦ about the

origin. The vector c is obtained by rotating a

anticlockwise through 90◦ about the origin.

Find b and c in terms of p, q, i and j. O
x

y

b

a

c

b In the diagram, ABGF and AEDC are squares

with OB = OC = 1. Let
−−→
OA = xi + y j.

i Find
−−→
AB and

−−→
AC in terms of x, y, i and j.

ii Use the results of a to find
−−→
AE and

−−→
AF in

terms of x, y, i and j.

c i Prove that
−−→
OA is perpendicular to

−−→
EF.

ii Prove that |−−→EF| = 2|−−→OA|.
x

B D

E
A

F

G

y

O C
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10 Triangle ABC is equilateral and AD = BE = CF.

a Let u, v and w be unit vectors in the directions

of
−−→
AB,
−−→
BC and

−−→
CA respectively.

Let
−−→
AB = mu and

−−→
AD = nu.

i Find
−−→
BC,
−−→
BE,
−−→
CA and

−−→
CF.

ii Find |−−→AE| and |−−→FB| in terms of m and n.

b Show that
−−→
AE · −−→FB =

1

2
(m2 − mn + n2).

c Show that triangle GHK is equilateral.

(G is the point of intersection of BF and AE.

H is the point of intersection of AE and CD.

K is the point of intersection of CD and BF.)

A

D H
K

G

E

B

F
C

11 AOC is a triangle. The medians CF

and OE intersect at X.

Let a =
−−→
OA and c =

−−→
OC.

a Find
−−→
CF and

−−→
OE in terms of a and c.

b i If
−−→
OE is perpendicular to

−−→
AC,

prove that △OAC is isosceles.

F

CA
E

O

X
K

H

ii If furthermore
−−→
CF is perpendicular to

−−→
OA, find the magnitude of angle AOC, and

hence prove that △AOC is equilateral.

c Let H and K be the midpoints of OE and CF respectively.

i Show that
−−→
HK = λc and

−−→
FE = µc, for some λ, µ , 0.

ii Give reasons why △HXK is similar to △EXF. (Vector method not required.)

iii Hence, prove that OX : XE = 2 : 1.

12 VABCD is a square-based pyramid:

� The origin O is the centre of the base.

� The unit vectors i, j and k are in the directions

of
−−→
AB,
−−→
BC and

−−→
OV respectively.

� AB = BC = CD = DA = 4 cm

� OV = 2h cm, where h is a positive real number.

� P, Q, M and N are the midpoints of AB, BC, VC

and VA respectively.

D

M

V

C

B

Q
O

P

k j

i

A

N

a Find the position vectors of A, B, C and D relative to O.

b Find vectors
−−→
PM and

−−→
QN in terms of h.

c Find the position vector
−−→
OX, where X is the point of intersection of QN and PM.
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132 Chapter 3: Vectors

d If OX is perpendicular to VB:

i find the value of h

ii find the acute angle between PM and QN, correct to the nearest degree.

e i Prove that NMQP is a rectangle.

ii Find h if NMQP is a square.

13 OACB is a square with
−−→
OA = a j and

−−→
OB = ai.

Point M is the midpoint of OA.

a Find in terms of a:

i
−−→
OM

ii
−−→
MC

b P is a point on MC such that
−−→
MP = λ

−−→
MC.

Find
−−→
MP,

−−→
BP and

−−→
OP in terms of λ and a.

c If BP is perpendicular to MC:

i find the values of λ, |−−→BP|, |−−→OP| and |−−→OB|
ii evaluate cos θ, where θ = ∠PBO.

d If |−−→OP| = |−−→OB|, find the possible values of λ and

illustrate these two cases carefully.

M

A C

BO

e In the diagram:

�

−−→
OA = a j and

−−→
OB = ai

� M is the midpoint of OA

� BP is perpendicular to MC

�

−−→
PX = ak

� Y is a point on XC such that PY is

perpendicular to XC.

Find
−−→
OY .

M

A

O

B

P

Y

C

X
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Chapters 1–3

4A Short-answer questions

1 Express each of the following sets as an interval or a union of intervals:
{

x : |x + 3| < 5
}

a
{

x : 2 − |x + 1| ≥ 0
}

b
{

x : |3 − x| ≥ 4
}

c

2 Let f (x) = 4x − 3 and g(x) = x2
+ 2x.

a i Find f ◦ g. ii Find g ◦ f .

b Find a transformation that takes the graph of y = g(x) to the graph of y = f (g(x)).

c Find a transformation that takes the graph of y = g(x) to the graph of y = g( f (x)).

3 Let f (x) = −(3x − 2)2
+ 3, x ≥ a where a is the smallest real number such that the

function f is one-to-one.

Find the value of a.a State the range of f .b

c Find f −1 and state the domain and range of f −1.

d Sketch the graphs of f and f −1 on the one set of axes.

4 The inverse function of the linear function f (x) = ax + b is f −1(x) = 4x − 6. Find the

values of a and b.

5 Find the inverse function of each of the following functions:

f (x) = 3x
1
3 + 1a f (x) = (3x − 2)3

+ 4b f (x) = −2x3
+ 3c

6 Consider the vectors a = −2i + 3 j − k, b = i − 3 j + 2k and c = mi + n j. Find
m

n
such

that a, b and c form a linearly independent set of vectors.

7 Find all solutions of z4 − z2 − 12 = 0 for z ∈ C.

8 Resolve the vector 3i + 2 j − k into two vector components, one of which is parallel to

the vector 2i + j + 2k and one of which is perpendicular to it.
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9 Consider z =

√
3 − i

1 − i
. Find Arg z.

10 Let P(z) = z5 − 6z3 − 2z2
+ 17z − 10. Given that P(1) = P(2) = 0, solve the equation

P(z) = 0 for z ∈ C.

11 Point A has coordinates (2, 2, 1) and point B has coordinates (1, 2, 1), relative to an

origin O.

a Find
−−→
AB.

b Find cos(∠AOB).

c Find the area of triangle AOB.

12 Consider the vectors a = −2i − 3 j + mk, b = i − 3

2
j + 2k and c = 2i + j − k.

a Find the values of m for which |a| =
√

38.

b Find the value of m such that a is perpendicular to b.

c Find −2b + 3c.

d Hence, find m such that a, b and c are linearly dependent.

13 a Solve the equation z3 − 2z2
+ 2z − 1 = 0 for z ∈ C.

b Write the solutions in polar form.

c Show the solutions on an Argand diagram.

14 Let z =
√

3 + i. Plot z, z2 and z3 on an Argand diagram.

15 a Show that z − 1 − i is a factor of f (z) = z3 − (5 + i)z2
+ (17 + 4i)z − 13 − 13i.

b Hence, factorise f (z).

16 Let f (z) = z2
+ aiz + b, where a and b are real numbers.

a Use the quadratic formula to show that the equation f (z) = 0 has imaginary solutions

only when b ≥ −
a2

4
.

b Hence, solve each of the following:

i z2
+ 2iz + 1 = 0 ii z2 − 2iz − 1 = 0 iii z2

+ 2iz − 2 = 0

17 a If the equation z3
+ az2

+ bz + c = 0 has solutions −1 + i, −1 and −1 − i, find the

values of a, b and c.

b If
√

3 + i and −2i are two of the solutions to the equation z3
= w, where w is a

complex number, find the third solution.

18 Points A, B and C are defined by position vectors a, b and c respectively.

a Let a = 2i − 2 j + 5k, b = −i + 2 j − 6k and c = −4i + 2 j − 3k. Show that the vectors

a, b and c are linearly dependent by finding values of m and n such that c = ma + nb.

b If P is a point on AB such that
−−→
OP = λc, find the value of λ.
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4B Extended-response questions

1 a For f (x) =
√

x − 3, x ≥ 5:

i Sketch the graph of y = f (x) for x ∈ [5,∞).

ii State the range of f .

iii Find f −1.

b For h(x) =
√

x − p, x ≥ 4, with inverse function h−1 that has domain [1,∞):

i Find p.

ii Find the rule for h−1.

iii Sketch the graphs of y = h(x) and y = h−1(x) on the one set of axes.

2 Let f (x) = sin x, x ∈ (0,π) and g(x) =
1

x
, x ≥ 1.

a Find the range of f .

b Find the range of g.

c Give a reason why f ◦ g is defined and find f ◦ g(x).

d State, with reason, whether g ◦ f is defined.

e Find g−1, giving its domain and range.

f Give a reason why g−1 ◦ f is defined and find g−1 ◦ f (x). Also state the domain and

range of this function.

3 a Let S1 =
{

z : |z| ≤ 2
}

and T1 =
{

z : Im(z) + Re(z) ≥ 4
}

.

i On the same diagram, sketch S1 and T1, clearly indicating which boundary points

are included.

ii Let d = |z1 − z2|, where z1 ∈ S1 and z2 ∈ T1. Find the minimum value of d.

b Let S2 =
{

z : |z − 1 − i| ≤ 1
}

and T2 =
{

z : |z − 2 − i| ≤ |z − i|
}

.

i On the same diagram, sketch S2 and T2, clearly indicating which boundaries

are included.

ii If z belongs to S2 ∩ T2, find the maximum and minimum values of |z|.

4 OACB is a trapezium with OB parallel to AC and AC = 2OB. Point D is the point of

trisection of OC nearer to O.

a If a =
−−→
OA and b =

−−→
OB, find in terms of a and b:

i
−−→
BC ii

−−→
BD iii

−−→
DA

b Hence, prove that A, D and B are collinear.

5 a If a = i − 2 j + 2k and b = 12 j − 5k, find:

i the magnitude of the angle between a and b to the nearest degree

ii the vector resolute of b perpendicular to a

iii real numbers x, y and z such that xa + yb = 3i − 30 j + zk.
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b In triangle OAB, a =
−−→
OA and b =

−−→
OB. Points P and Q are such that P is the point of

trisection of AB nearer to B and
−−→
OQ = 1.5

−−→
OP.

i Find an expression for
−−→
AQ in terms of a and b.

ii Show that
−−→
OA is parallel to

−−→
BQ.

6 Consider a triangle with vertices O, A and B, where
−−→
OA = a and

−−→
OB = b. Let θ be the

angle between vectors a and b.

a Express cos θ in terms of vectors a and b.

b Hence, express sin θ in terms of vectors a and b.

c Use the formula for the area of a triangle (area =
1

2
ab sin C) to show that the area of

triangle OAB is given by

1

2

√

(a · a)(b · b) − (a · b)2

7 In the quadrilateral ABCD, the points X and Y are the midpoints of the diagonals AC

and BD respectively.

a Show that
−−→
BA +

−−→
BC = 2

−−→
BX.

b Show that
−−→
BA +

−−→
BC +

−−→
DA +

−−→
DC = 4

−−→
YX.

8 The position vectors of the vertices A, B and C of a triangle, relative to an origin O,

are a, b and c respectively. The side BC is extended to D so that BC = CD. The point

X divides side AB in the ratio 2 : 1, and the point Y divides side AC in the ratio 4 : 1.

That is, AX : XB = 2 : 1 and AY : YC = 4 : 1.

a Express in terms of a, b and c:

i
−−→
OD ii

−−→
OX iii

−−→
OY

b Show that D, X and Y are collinear.

9 Points A, B, C and D have position vectors j + 2k, −i − j, 4i + k and 3i + j + 2k

respectively.

a Prove that the triangle ABC is right-angled.

b Prove that the triangle ABD is isosceles.

c Show that BD passes through the midpoint, E, of AC and find the ratio BE : ED.

10 a For α = 1 −
√

3i, write the product of z − α and z − α as a quadratic expression in z

with real coefficients, where α denotes the complex conjugate of α.

b i Express α in polar form.

ii Find α2 and α3.

iii Show that α is a solution of the equation z3 − z2
+ 2z + 4 = 0, and find all three

solutions of this equation.

c On an Argand diagram, plot the three points corresponding to the three solutions.

Let A be the point in the first quadrant, let B be the point on the real axis and let C be

the third point.

i Find the lengths AB and CB. ii Describe the triangle ABC.
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11 a If z = 1 +
√

2i, express p = z +
1

z
and q = z − 1

z
in the form a + bi.

b On an Argand diagram, let P and Q be the points representing p and q respectively.

Let O be the origin, let M be the midpoint of PQ and let G be the point on the line

segment OM with OG =
2

3
OM. Denote vectors

−−→
OP and

−−→
OQ by a and b respectively.

Find each of the following vectors in terms of a and b:

i
−−→
PQ ii

−−→
OM iii

−−→
OG iv

−−→
GP v

−−→
GQ

c Prove that angle PGQ is a right angle.

12 a Find the linear factors of z2
+ 4.

b Express z4
+ 4 as the product of two quadratic factors in C.

c Show that:

i (1 + i)2
= 2i ii (1 − i)2

= −2i

d Use the results of c to factorise z4
+ 4 into linear factors.

e Hence, factorise z4
+ 4 into two quadratic factors with real coefficients.

13 a Let z1 = 1 + 3i and z2 = 2 − i. Show that |z1 − z2| is the distance between the points z1

and z2 on an Argand diagram.

b Describe the locus of z on an Argand diagram such that |z − (2 − i)| =
√

5.

c Describe the locus of z such that |z − (1 + 3i)| = |z − (2 − i)|.

14 Let z = 2 + i.

a Express z3 in the form x + yi, where x and y are integers.

b Let the polar form of z = 2 + i be r(cosα + i sinα). Using the polar form of z3, but

without evaluating α, find the value of:

i cos(3α) ii sin(3α)

15 The cube roots of unity are often denoted by 1, w and w2, where w = −
1

2
+

√
3

2
i

and w2
= −

1

2
−
√

3

2
i.

a i Illustrate these three numbers on an Argand diagram.

ii Show that (w2)2
= w.

b By factorising z3 − 1, show that w2
+ w + 1 = 0.

c Evaluate:

i (1 + w)(1 + w2)

ii (1 + w2)3

d Form the quadratic equation whose solutions are:

i 2 + w and 2 + w2

ii 3w − w2 and 3w2 − w

e Find the possible values of the expression 1 + wn
+ w2n for n ∈ N.

Cambridge Senior Maths for Western Australia ISBN 978-1-009-25972-9 c© Evans et al. 2023 Cambridge University Press

Mathematics Specialist 3&4 Photocopying is restricted under law and this material must not be transferred to another party.



R
e
v
is
io
n

138 Chapter 4: Revision of Chapters 1–3

16 a Let z5 − 1 = (z − 1)P(z), where P(z) is a polynomial. Find P(z) by division.

b Show that z = cis

(

2π

5

)

is a solution of the equation z5 − 1 = 0.

c Hence, find another complex solution of the equation z5 − 1 = 0.

d Find all the complex solutions of z5 − 1 = 0.

e Hence, factorise P(z) as a product of two quadratic polynomials with real

coefficients.

17 a Two complex variables w and z are related by

w =
az + b

z + c

where a, b, c ∈ R. Given that w = 3i when z = −3i and that w = 1 − 4i when

z = 1 + 4i, find the values of a, b and c.

b Let z = x + yi. Show that if w = z, then z lies on a circle of centre (4, 0), and state the

radius of this circle.

18 a Use de Moivre’s theorem to show that (1 + i tan θ)5
=

cis(5θ)

cos5(θ)
.

b Hence, find expressions for cos(5θ) and sin(5θ) in terms of tan θ and cos θ.

c Show that tan(5θ) =
5t − 10t3

+ t5

1 − 10t2 + 5t4
where t = tan θ.

d Use the result of c and an appropriate substitution to show that tan

(

π

5

)

=
(

5 − 2
√

5
)

1
2 .

19 a Express, in terms of θ, the solutions α and β of the equation z + z−1
= 2 cos θ.

b If P and Q are points on the Argand diagram representing αn
+ βn and αn − βn

respectively, show that PQ is of constant length for n ∈ N.

20 Let S and T be the subsets of the complex plane given by

S =

{

z :
√

2 ≤ |z| ≤ 3 and
π

2
< Arg z ≤

3π

4

}

T =
{

z : zz + 2 Re(iz) ≤ 0
}

a Sketch S on an Argand diagram.

b Find
{

z : z ∈ S and z = x + yi where x and y are integers
}

.

c On a separate diagram, sketch S ∩ T .

21 a Let A =

{

z : Arg z =
π

4

}

and B =

{

z : Arg(z − 4) =
3π

4

}

.

Sketch A and B on the same Argand diagram, clearly labelling A ∩ B.

b Let C =

{

z :

∣

∣

∣

∣

∣

z − z

z + z

∣

∣

∣

∣

∣

≤ 1

}

and D =
{

z : z2
+ (z)2 ≤ 2

}

.

Sketch C ∩ D on an Argand diagram.
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22 In the tetrahedron shown,
−−→
OB = i,

−−→
OC = −i + 3 j and

−−→
BA =

√
λk.

C B

A

O

a Express
−−→
OA and

−−→
CA in terms of i, j, k and

√
λ.

b Find the magnitude of ∠CBO to the nearest degree.

c Find the value of λ, if the magnitude of ∠OAC is 30◦.

23 a ABCD is a tetrahedron in which AB is perpendicular to CD and AD is perpendicular

to BC. Prove that AC is perpendicular to BD. Let a, b, c and d be the position

vectors of the four vertices.

b Let ABCD be a regular tetrahedron. The intersection point of the perpendicular

bisectors of the edges of a triangle is called the circumcentre of the triangle. Let X,

Y , Z and W be the circumcentres of faces ABC, ACD, ABD and BCD respectively.

The vectors a, b, c and d are the position vectors of the four vertices.

i Find the position vectors of X, Y , Z and W.

ii Find the vectors
−−→
DX,
−−→
BY ,
−−→
CZ and

−−→
AW.

iii Let P be a point on DX such that
−−→
DP =

3

4

−−→
DX. Find the position vector of P.

iv Hence, find the position vectors of the points Q, R and S on BY , CZ and AW

respectively such that
−−→
BQ =

3

4

−−→
BY ,
−−→
CR =

3

4

−−→
CZ and

−−→
AS =

3

4

−−→
AW.

v Explain the geometric significance of results iii and iv.
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5 Vector equations of

lines and planes

In this chapter

5A Vector equations of lines

5B Intersection of lines and skew lines

5C Cross product

5D Vector equations of planes

5E Distances, angles and intersections

5F Equations of spheres

Review of Chapter 5

Syllabus references

Topics: Vector and Cartesian

equations

Subtopics: 3.3.3 – 3.3.8

In this chapter, we continue our study of vectors. We use them to investigate the geometric

properties of lines and planes in three dimensions.

We know that a line in two-dimensional space can be described very simply by a Cartesian

equation of the form ax + by = c. We will see that, in three-dimensional space, it is not

possible to describe a line via a single Cartesian equation. It is simpler to describe lines in

three dimensions using vector equations.

We will study vector equations more generally in Chapter 7.

Cambridge Senior Maths for Western Australia ISBN 978-1-009-25972-9 c© Evans et al. 2023 Cambridge University Press

Mathematics Specialist 3&4 Photocopying is restricted under law and this material must not be transferred to another party.



5A Vector equations of lines 141

5A Vector equations of lines

Vector equation of a line given by a point and a direction

A line ℓ in two- or three-dimensional space may be

described using two vectors:

� the position vector a of a point A on the line

� a vector d parallel to the line.

We can describe the line as

ℓ =
{

P :
−−→
OP = a + td for some t ∈ R

}

Usually we omit the set notation. We write r(t) for the

position vector of a point P on the line, and therefore

r(t) = a + td, t ∈ R

This is a vector equation of the line. The variable t is

called a parameter.

P

A

O

a
r(t)

d

Vector equation of a line given by two points

If the position vectors a =
−−→
OA and b =

−−→
OB of two

points on a line are known, then the line may be

described by the vector equation

r(t) =
−−→
OA + t

−−→
AB

= a + t(b − a), t ∈ R

Note: There is no unique vector equation of a given

line. Any point A on the line can be chosen as

the ‘starting point’.
O

A

a

b

r(t)

P

B

Verify that the point P(−7, 4,−14) lies on the line represented by the vector equation

r = 5i − 2 j + 4k + t(2i − j + 3k), t ∈ R

Example 1

Solution

The point P(−7, 4,−14) has position vector −7i + 4 j − 14k.

By equating coefficients of i, j and k, we can see that the point P lies on the line if there

exists t ∈ R such that

5 + 2t = −7

−2 − t = 4

4 + 3t = −14

A solution for each of these equations is t = −6. Hence, P lies on the line.
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142 Chapter 5: Vector equations of lines and planes

Find a vector equation of the line AB, where the points A and B have position vectors

−−→
OA = i + j − 2k and

−−→
OB = 2i − j − k

Example 2

Solution

−−→
AB =

−−→
AO +

−−→
OB

= −(i + j − 2k) + 2i − j − k

= i − 2 j + k

Therefore a vector equation of the line is

r =
−−→
OA + t

−−→
AB

= i + j − 2k + t(i − 2 j + k), t ∈ R

Note: This can also be written as r = (1 + t)i + (1 − 2t) j + (−2 + t)k, t ∈ R.

Find a vector equation for each of the following lines:

a the line passing through the points A(1, 2) and B(0,−3)

b the line through A(1, 2) that is parallel to 2i + 3 j

c the line passing through the points A(3,−5, 4) and B(−4, 3, 10).

Example 3

Solution

a
−−→
AB =

−−→
AO +

−−→
OB

= −(i + 2 j) − 3 j

= −i − 5 j

Therefore a vector equation of the line is

r =
−−→
OA + t

−−→
AB

= i + 2 j + t(−i − 5 j), t ∈ R

Note: This is equivalent to the equation r = i + 2 j + t(i + 5 j), t ∈ R.

b A vector equation of the line is

r = i + 2 j + t(2i + 3 j), t ∈ R

c
−−→
AB =

−−→
AO +

−−→
OB

= −(3i − 5 j + 4k) − 4i + 3 j + 10k

= −7i + 8 j + 6k

Therefore a vector equation of the line is

r =
−−→
OA + t

−−→
AB

= 3i − 5 j + 4k + t(−7i + 8 j + 6k), t ∈ R
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Cartesian equation of a line in two dimensions

From a vector equation to the Cartesian equation

� For example, start with the vector equation

r = i + 5 j + t(i + 2 j), t ∈ R

� Rearrange this equation as

r = (1 + t)i + (5 + 2t) j

Let P(x, y) be the point on the line with position vector r, so that r = xi + y j. Then, by

equating coefficients of i and j, we have

x = 1 + t and y = 5 + 2t

These are parametric equations for the line.

� Now eliminate t to find y in terms of x. We have t = x − 1, so y = 5 + 2(x − 1) = 2x + 3.

The Cartesian equation of the line is y = 2x + 3.

From the Cartesian equation to a vector equation

For example, start with the Cartesian equation y = 2x + 3.

A point on the line is (0, 3), with position vector 3 j. A vector

parallel to the line is i + 2 j (gradient 2). Therefore a vector

equation of the line is

r = 3 j + t(i + 2 j), t ∈ R

y

x
O

−1.5

3

y = 2x + 3

i + 2j

Cartesian form for a line in three dimensions

From a vector equation to Cartesian form

� For example, the line through the point (5,−2, 4) that is parallel to the vector 2i − j + 3k

can be described by the vector equation

r = 5i − 2 j + 4k + t(2i − j + 3k), t ∈ R

� Let P(x, y, z) be the point on the line with position vector r. Then we can write the vector

equation as

xi + y j + zk = (5 + 2t)i + (−2 − t) j + (4 + 3t)k

The corresponding parametric equations are

x = 5 + 2t, y = −2 − t and z = 4 + 3t

� Solving each of these equations for t, we have

x − 5

2
=

y + 2

−1
=

z − 4

3
= t

This is in Cartesian form. You cannot describe a line in three dimensions using a single

Cartesian equation.

From Cartesian form to a vector equation

To convert from Cartesian form to a vector equation, we can perform these steps in the

reverse order.
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We have seen that a straight line can be described by a vector equation, by parametric

equations or in Cartesian form.

Lines in three dimensions

A line in three-dimensional space can be described in the following three ways, where

a = a1i + a2 j + a3 k is the position vector of a point A on the line, and d = d1i + d2 j + d3 k

is a vector parallel to the line.

Vector equation Parametric equations Cartesian form

r = a + td, t ∈ R
x = a1 + d1t

y = a2 + d2t

z = a3 + d3t

x − a1

d1

=
y − a2

d2

=
z − a3

d3

Parallel and perpendicular lines

For two lines ℓ1 : r1 = a1 + td1, t ∈ R, and ℓ2 : r2 = a2 + sd2, s ∈ R:

� The lines ℓ1 and ℓ2 are parallel if and only if d1 is parallel to d2.

� The lines ℓ1 and ℓ2 are perpendicular if and only if d1 · d2 = 0.

Let ℓ be the line with vector equation

r = i + 2 j + 3k + t(−i − 3 j), t ∈ R

a Find a vector equation of the line through A(1, 3, 2) that is parallel to the line ℓ.

b Find a vector equation of the line through A(1, 3, 2) that is perpendicular to the line ℓ

and parallel to the x–y plane.

Example 4

Solution

a The position vector of A is i + 3 j + 2k, and a vector parallel to ℓ is −i − 3 j.

Therefore a vector equation of the line through A parallel to ℓ is

r = i + 3 j + 2k + s(−i − 3 j), s ∈ R

b If a vector is parallel to the x–y plane, then its k-component is zero. So we want to find

a vector d = d1i + d2 j that is perpendicular to −i − 3 j.

Therefore we require

(d1i + d2 j) · (−i − 3 j) = 0

−d1 − 3d2 = 0i.e.

We see that we can choose d1 = 3 and d2 = −1. So d = 3i − j.

Hence, a vector equation of the required line is

r = i + 3 j + 2k + s(3i − j), s ∈ R
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Distance between a point and a line

We can use the scalar product to find the distance from a point to a line.

Find the distance to the line r(t) = (1 − t)i + (2 − 3t) j + 2k, t ∈ R, from:

a the origin b the point A(1, 3, 2).

Example 5

Solution

The equation of the line can be written as

r(t) = i + 2 j + 2k + t(−i − 3 j), t ∈ R

So the vector d = −i − 3 j is parallel to the line.

a The required distance is |
−−→
OP′|, where P′ is the point

on the line such that OP′ is perpendicular to the line.

For a point P on the line with
−−→
OP = r(t), we have

−−→
OP · d =

(

(1 − t)i + (2 − 3t) j + 2k
)

·
(

−i − 3 j
)

= −(1 − t) − 3(2 − 3t)

= 10t − 7

If OP′ is perpendicular to the line, then

−−→
OP′ · d = 0 ⇒ 10t − 7 = 0 ⇒ t =

7

10

d = −i − 3j

r(t)

O

P′

P

Therefore
−−→
OP′ =

3

10
i − 1

10
j + 2k.

The distance from the origin to the line is |
−−→
OP′| =

√
410

10
.

b The required distance is |
−−→
AP′|, where P′ is the point

on the line such that AP′ is perpendicular to the line.

For a point P on the line with
−−→
OP = r(t), we have

−−→
AP =

−−→
AO +

−−→
OP

= −
(

i + 3 j + 2k
)

+ (1 − t)i + (2 − 3t) j + 2k

= −ti + (−1 − 3t) j

−−→
AP · d =

(

−ti + (−1 − 3t) j
)

·
(

−i − 3 j
)

∴

= t − 3(−1 − 3t)

= 10t + 3
O

a

A

P′

P

r(t)

If
−−→
AP′ · d = 0, then t = − 3

10
and so

−−→
AP′ =

3

10
i − 1

10
j.

The distance from the point A to the line is |
−−→
AP′| =

√
10

10
.
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146 Chapter 5: Vector equations of lines and planes 5A

Describing line segments

We can use a vector equation to describe a line segment by restricting the values of the

parameter.

Points A and B have position vectors a = i − 4 j and b = 2i − 3k respectively.

a Show that the vector equation r = i − 4 j + t(i + 4 j − 3k), t ∈ R, represents the line

through A and B.

b Find the set of values of t that, together with this vector equation, describes the line

segment AB.

c Find the set of values of t that, together with this vector equation, describes the line

segment AC, where C(4, 8,−9) is a point on the line AB.

Example 6

Solution

a
−−→
AB = b − a = i + 4 j − 3k

An equation of the line AB is r = i − 4 j + t(i + 4 j − 3k), t ∈ R.

b When t = 0, r = i − 4 j = a.

To find the value of t that gives b, consider

i − 4 j + t(i + 4 j − 3k) = 2i − 3k

(1 + t)i + 4(t − 1) j − 3tk = 2i − 3k

Therefore t = 1.

So the line segment AB is described by r = i − 4 j + t(i + 4 j − 3k), t ∈ [0, 1].

c To find the value of t that gives
−−→
OC, consider

i − 4 j + t(i + 4 j − 3k) = 4i + 8 j − 9k

(1 + t)i + 4(t − 1) j − 3tk = 4i + 8 j − 9k

Therefore t = 3.

So the line segment AC is described by r = i − 4 j + t(i + 4 j − 3k), t ∈ [0, 3].

Exercise 5A

1Example 1 For each of the following, determine whether the point lies on the line:

a (4, 2, 1), r = i + 3 j − k + t(−3i + j − 2k), t ∈ R
b (3,−3,−4), r = 6i + 3 j − k + t(i + 2 j + k), t ∈ R
c (3,−1,−1), r = −i + 2 j − 3k + t(−i + j − 2k), t ∈ R

2Example 2 For each of the following, find a vector equation of the line through the points A and B:
−−→
OA = i + j,

−−→
OB = i + 3 ja

−−→
OA = i − 3k,

−−→
OB = 2i + j − kb

−−→
OA = 2i − j + 2k,

−−→
OB = i + j + kc

−−→
OA = 2i − 2 j + k,

−−→
OB = −2i + j + kd
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3Example 3 For each of the following, find a vector equation of the line that passes through the

points A and B:

A(3, 1), B(−2, 2)a A(−1, 5), B(2,−1)b

A(1, 2, 3), B(2, 0,−1)c A(1,−4, 0), B(2, 3, 1)d

4Example 4 Find a vector equation of the line through the point A(2, 1, 0) that is:

a parallel to the line r = i + 3 j − k + t(−3i + j), t ∈ R
b perpendicular to the line r = i + 3 j − k + t(−3i + j), t ∈ R, and parallel to

the x–y plane.

5 Find a vector equation of the line through the origin that is:

a parallel to the vector a = 2 j − k

b perpendicular to the line r = 2i + j + t(2 j − k), t ∈ R, and in the y–z plane.

6 a Find a vector equation of the line AB, where points A and B are defined by the

position vectors a = 2i + j and b = −i + 3 j respectively.

b Determine which of the following points are on this line:

i (5, 0) ii (0, 7) iii (8,−3)

7 The line ℓ is given by the vector equation

r = i − 2 j − k + t(3i + j − k), t ∈ R

a Find a vector equation of the line that passes through the point (0, 1, 1) and is parallel

to the line ℓ.

b Verify that the two equations do not represent the same line ℓ.

c The point (2, m, n) lies on the line ℓ. Find the values of m and n.

8 a Let v = 3i − 4 j. Find a vector that is perpendicular to the vector v and has the same

magnitude as v.

b Points A and B are given by the position vectors a = 2i − 3 j and b = −i + j

respectively. Find a vector equation of the line that passes through B and is

perpendicular to
−−→
BA.

c Find the x- and y-axis intercepts of this line.

9 Find parametric equations and Cartesian equations for each line:

a r = 2i + 5 j + 4k + t(−3i + j − 2k), t ∈ R
b r = 2 j − k + t(2i + j + 4k), t ∈ R

10Example 5 For each of the following, find the distance from the point to the line:

a (0, 0, 0), r = 4i + j − 3k + t(−3i + 2 j + 5k), t ∈ R
b (1, 10,−2), r = 4i + j − 3k + t(−3i + 2 j + 5k), t ∈ R
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148 Chapter 5: Vector equations of lines and planes 5A

11Example 6 Points A, B and C are defined by the position vectors a = i − 4 j + k, b = 3i − k and

c = −2i − 10 j + 4k respectively.

a Show that the vector equation r = i − 4 j + k + t(i + 2 j − k), t ∈ R, represents the line

through the points A and B.

b Show that the point C is also on this line.

c Find the set of values of t that, together with the vector equation, describes the line

segment BC.

12 Find the coordinates of the point where the line through A(3, 4, 1) and B(5, 1, 6) crosses

the x–y plane.

13 The line ℓ passes through the points A(−1,−3,−3) and B(5, 0, 6). Find a vector equation

of the line ℓ, and find the distance from the origin to the line.

14 Find the distance from the point A(1, 2, 3) to the line represented by the vector equation

r = 3i + 4 j − 2k + t(i − 2 j + 2k), t ∈ R.

15 Find the distance from the point A(1, 1, 4) to the line represented by the vector equation

r = i − 2 j + k + t(−2i + j + 2k), t ∈ R.

16 Find the coordinates of the nearest point to (2, 1, 3) on the line given by the equation

r = i + 2 j + t(i − j + 2k), t ∈ R.

17 Find a vector equation to represent the line through the point (−2, 2, 1) that is parallel to

the x-axis.

18 Find the distance from the origin to the line that passes through the point (3, 1, 5) and is

parallel to the vector 2i − j + k.

19 Give the coordinates of the endpoints of the line segment described by

r = i − 2 j + k + t(−2i + j + 2k), t ∈ [1, 3]

20 Give the coordinates of the endpoints of the line segment described by

r = 3i + 4 j − 2k + t(i − 2 j + 2k), t ∈ [−1, 2]

21 A line is given by the vector equation r = i − 4 j + k + t(i + 2 j − k), t ∈ R.

a Find the vector
−−→
OB in terms of t, where B is a point on the line.

b Find |−−→OB| in terms of t.

c Hence, find the minimum value of |−−→OB|. That is, find the shortest distance from the

origin to a point on the line.

d Let A be the point (1, 3, 2). Find the shortest distance from A to a point on the line.
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5B Intersection of lines and skew lines

Lines in two-dimensional space

In Mathematics Methods, you have seen that there are two situations to consider for two

distinct straight lines in the plane:

the lines are parallel� the lines meet at a single point.�

In two-dimensional space, two straight lines are parallel, intersect or coincide.

For example, the two lines

ℓ1 : r1 = 2i + 2 j + λ(i − j), λ ∈ R and ℓ2 : r2 = 2i + 3 j + µ(2i − 2 j), µ ∈ R

are parallel, since the direction vectors i − j and 2i − 2 j are parallel.

We can check whether these lines coincide by asking if the point on line ℓ2 with position

vector 2i + 3 j also lies on line ℓ1. If it did, then we could find a value of λ such that

2 + λ = 2 and 2 − λ = 3

Clearly, no such λ exists, so the lines are parallel and distinct.

Find the position vector of the point of intersection of the lines

r1 = 2i + 2 j + λ(i − j), λ ∈ R and r2 = − j + µ(3i + 2 j), µ ∈ R

Example 7

Solution

At the point of intersection, we have r1 = r2 and so

2i + 2 j + λ(i − j) = − j + µ(3i + 2 j)

(2 + λ)i + (2 − λ) j = 3µi + (−1 + 2µ) j∴

Equate coefficients of i and j:

2 + λ = 3µ (1)

2 − λ = −1 + 2µ (2)

Solve simultaneously by adding (1) and (2):

4 = −1 + 5µ

Hence, µ = 1 and so λ = 1.

Substituting λ = 1 into the equation r1 = 2i + 2 j + λ(i − j) gives r1 = 3i + j.

The point of intersection has position vector 3i + j.
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150 Chapter 5: Vector equations of lines and planes

Lines in three-dimensional space

In three dimensions, two straight lines are parallel, intersect, coincide or are skew.

Skew lines

Two lines are skew lines if they do not intersect and are not parallel.

Two lines are skew if and only if they do not lie in the same plane.

The situation in three dimensions can be illustrated through

considering a cube ABCDEFGH as shown.

Lines AB and FG are skew. We can easily see that AB and FG do

not lie in the same plane.

Lines AD and BH are also skew.

A

D C

B

G

F

H

E

Parallel lines

Two lines r1 = a1 + λd1 and r2 = a2 + µd2 are parallel or coincide if d1 = kd2 for some k ∈ R.

Two parallel lines coincide if there is a point in common to both lines. To check this, we can

attempt to find a value of µ such that a1 = a2 + µd2. If such a µ exists, then the lines coincide.

If such a µ does not exist, then the lines are parallel and distinct.

Find the point of intersection of the lines

r1 = 5i + 2 j + λ(2i + j + k) and r2 = −3i + 4 j + 6k + µ(i − j − 2k)

Example 8

Solution

If r1 = r2, then

5i + 2 j + λ(2i + j + k) = −3i + 4 j + 6k + µ(i − j − 2k)

Equate coefficients of i, j and k:

5 + 2λ = −3 + µ (1)

2 + λ = 4 − µ (2)

λ = 6 − 2µ (3)

From (1) and (2), we have

7 + 3λ = 1

λ = −2∴

Substitute in (1) to find µ = 4.

Now we must check that these values also satisfy equation (3):

RHS = 6 − 2 × 4 = −2 = LHS

Hence, the lines intersect. The lines intersect at the point (1, 0,−2).
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Show that the following two lines are skew lines:

r1 = i + k + λ(i + 3 j + 4k), λ ∈ R
r2 = 2i + 3 j + µ(4i − j + k), µ ∈ R

Example 9

Solution

We first note that the lines are not parallel, since i + 3 j + 4k , m(4i − j + k), for all m ∈ R.

We now show that the lines do not meet. If they did meet, then equating coefficients of i, j

and k would give

1 + λ = 2 + 4µ (1)

3λ = 3 − µ (2)

1 + 4λ = µ (3)

From (1) and (2), we have λ = 1 and µ = 0. But this is not consistent with equation (3).

So there are no values of λ and µ such that r1 = r2.

The two lines are skew, as they are not parallel and do not intersect.

Concurrence of three lines

A point of concurrence is where three or more lines meet.

Find the point of concurrence of the following three lines:

ℓ1 : r1 = −2i + j + t(i + j), t ∈ R
ℓ2 : r2 = j + s(i + 2 j), s ∈ R
ℓ3 : r3 = 8i + 3 j + u(−3i + j), u ∈ R

Example 10

Solution

The point of intersection of lines ℓ1 and ℓ2 can be found from the values of s and t such

that r1 = r2. Equating coefficients of i and j, we obtain

−2 + t = s (1)

1 + t = 1 + 2s (2)

Solving simultaneously gives s = 2 and t = 4. Substituting in r1 gives 2i + 5 j.

Thus lines ℓ1 and ℓ2 intersect at the point (2, 5).

For this to be a point of concurrence, the point must also lie on ℓ3. We must find a value

of u such that

2i + 5 j = 8i + 3 j + u(−3i + j)

We see that u = 2 gives the result. The three lines are concurrent at the point (2, 5).
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152 Chapter 5: Vector equations of lines and planes 5B

Angle between two lines

If two lines have equations r1 = a1 + λd1 and r2 = a2 + µd2, then they are in the directions of

vectors d1 and d2 respectively. The angle θ between the two vectors d1 and d2 can be found

using the scalar product:

cos θ =
d1 · d2

|d1| |d2|

The angle between the two lines is θ or 180◦ − θ, whichever is in the interval [0◦, 90◦].

This applies to a pair of skew lines as well as to a pair of intersecting lines. The two lines are

perpendicular if and only if d1 · d2 = 0.

Find the acute angle between the following two straight lines:

r1 = i + 2 j + λ(5i + 3 j − 2k)

r2 = 2i − j + 3k + µ(−2i + 3 j + 5k)

Example 11

Solution

The vectors d1 = 5i + 3 j − 2k and d2 = −2i + 3 j + 5k give the directions of the two lines.

We have |d1| =
√

38, |d2| =
√

38 and d1 · d2 = −11.

Let θ be the angle between d1 and d2. Then cos θ = −
11

38
.

The acute angle between the lines is 73.17◦, correct to two decimal places.

Exercise 5B

1Example 7 Find the position vector of the point of intersection of the lines with equations

r1 = 3i + 5 j + λ(2i − j) and r2 = −2 j + µ(4i + 2 j).

2Example 8 Find the coordinates of the point of intersection of the lines with equations

r1 = i + 3 j + k + λ(−2i − j + 2k) and r2 = −3i + 4 j + 7k + µ(i − j − 2k).

3Example 9 Show that r1 = 3i + 2 j + k + λ(2i − 3 j + k) and r2 = i − 3 j + 2k + µ(i − 2 j + 3k) are

skew lines.

4 For each pair of lines, answer the following questions:

i Are the lines parallel?

ii Are the lines perpendicular?

iii Do the lines coincide?

iv If they intersect at a point, what is the point of intersection?

r1 = i + 2 j + t(i + j)

r2 = −i + 6 j + s(i + 2 j)

a r1 = −i + j + t(i + 2 j)

r2 = 3i − j + s(−2i + j)

b
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r1 = 5i + 9 j + t(−2i − 3 j)

r2 = i + 3 j + s(4i + 6 j)

c r1 = i − 4 j + t(2i − j)

r2 = 7i + 8 j + s(−2i + j)

d

r1 = 5i + 5 j − 4k + t(i + 2 j − k)

r2 = 4 j + k + s(i − j − k)

e r1 = 7i + 4 j + 5k + t(3i + j − k)

r2 = j − 3k + s(i + 4 j + 2k)

f

r1 = 6i − 6 j + 5k + t(i − 2 j + 2k)

r2 = i + 2 j − 5k + s(i − j + 2k)

g r1 = 4i − 5 j + k + t(2i − 4 j − 2k)

r2 = −i + 5 j + 6k + s(−i + 2 j + k)

h

r1 = −3i − j + t(3i + 2 j − 2k)

r2 = 4i + j − 6k + s(i − k)

i r1 = 7i − 6 j + t(2i − 2 j + k)

r2 = −3i + 4 j − 5k + s(2i − 2 j + k)

j

5Example 10 For each of the following, find the point of concurrence (if it exists) of the lines:

r1 = 3i + 2 j − 3k + t(i − k)

r2 = 2i + 3 j + s(i + j + k)

r3 = −i + 4 j + 3k + u(−i + j + 2k)

a r1 = 2i + j − 3k + t(i − j + k)

r2 = 25i + 6 j − 2k + s(i + 3 j)

r3 = 5i + j − k + u(2i + j + k)

b

r1 = 5i − j + t(i + k)

r2 = 10i + 5 j − k + s(i + 2 j − k)

r3 = 5i − 2 j − k + u(2i + j + 2k)

c r1 = −5i − 2 j + 8k + t(2i − k)

r2 = 2i − 3 j + 4k + s(i − j − k)

r3 = 5i + 8 j + u(2i + j + 2k)

d

6Example 11 Find the acute angle between each of the following pairs of lines:

r1 = 3i + 2 j − 4k + t(i + 2 j + 2k)

r2 = 5 j − 2k + s(3i + 2 j + 6k)

a r1 = 4i − j + t(i + 2 j − 2k)

r2 = i − j + 2k − s(2i + 4 j − 4k)

b

7 The lines ℓ1 and ℓ2 are given by the equations

ℓ1 : r1 = i + 6 j + 3k + t(2i − j + k)

ℓ2 : r2 = 3i + 3 j + 8k + s(i + k)

Find the acute angle between the lines.a Show that the lines are skew lines.b

8 The lines ℓ1 and ℓ2 are given by the equations

ℓ1 : r1 = 3i + j + t(2 j + k)

ℓ2 : r2 = 4k + s(i + j − k)

a Find the coordinates of the point of intersection of the lines.

b Find the cosine of the angle between the lines.

9 Three lines are represented by vector equations as follows:

ℓ1 : r1 = i − 2k + t1(i + 3 j + k), t1 ∈ R
ℓ2 : r2 = 2i − j + k + t2(−i + 2 j + k), t2 ∈ R
ℓ3 : r3 = 3i − j − k + t3(i − 4 j), t3 ∈ R

For each pair of lines, determine whether they intersect or not. If they intersect, then

find their point of intersection.
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5C Cross product

Cross product is an operation that takes two vectors and produces another vector.

Geometric definition of cross product

Definition of cross product

The cross product of a and b is denoted by a × b.

� The magnitude of a × b is equal to |a| |b| sin θ, where θ is

the angle between a and b.

� The direction of a × b is perpendicular to the plane

containing a and b, in the sense of a right-hand screw

turned from a to b. (This is explained below.)

a × b

a × bb

a

θ

Note: Cross product is often called vector product.

The magnitude of a × b

By definition, we have |a × b| = |a| |b| sin θ, where θ is

the angle between a and b.

From the diagram on the right, we see that |a × b|
is the area of the parallelogram ‘spanned’ by the

vectors a and b.
a

a

bb |b| sin θ

θ

The direction of a × b

To find the direction of the vector a × b, curl the fingers of your right hand from the direction

of a around to the direction of b. Your thumb will be pointing in the direction of a × b.

The following two diagrams show a × b and b × a.

a × b

a

b

θ

b × a

a

b

θ

The vector b × a has the same magnitude as a × b, but the opposite direction. We can see that

b × a = −(a × b)

Thus cross product is not commutative.

Note: Cross product is also not associative: in general, we have (a × b) × c , a × (b × c).
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Cross product of parallel vectors

If a and b are parallel vectors, then a × b = 0, since |a × b| = |a| |b| sin 0◦ = 0.

Cross product of perpendicular vectors

If a and b are perpendicular vectors, then

|a × b| = |a| |b| sin 90◦

= |a| |b|

The three vectors a, b and a × b form a right-handed system of

mutually perpendicular vectors, as shown in the diagram.

b

a

a × b

Cross product in component form

Using these observations about the cross product of parallel

and perpendicular vectors:

� i × i = 0 � j × j = 0 � k × k = 0

� i × j = k � j × k = i � k × i = j

� j × i = −k � k × j = −i � i × k = − j

i

j k

Cross product distributes over addition. That is:

a × (b + c) = a × b + a × c

These facts can be used to establish the following result.

Cross product in component form

If a = a1i + a2 j + a3 k and b = b1i + b2 j + b3 k, then

a × b = (a2b3 − a3b2)i − (a1b3 − a3b1) j + (a1b2 − a2b1)k

Note: A way of remembering this formula is to use the ‘determinant’ of the 3 × 3 matrix




























i j k

a1 a2 a3

b1 b2 b3





























This can be ‘evaluated’ as

a × b =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

i j k

a1 a2 a3

b1 b2 b3

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

a2 a3

b2 b3

∣

∣

∣

∣

∣

∣

∣

i −

∣

∣

∣

∣

∣

∣

∣

a1 a3

b1 b3

∣

∣

∣

∣

∣

∣

∣

j +

∣

∣

∣

∣

∣

∣

∣

a1 a2

b1 b2

∣

∣

∣

∣

∣

∣

∣

k

= (a2b3 − a3b2)i − (a1b3 − a3b1) j + (a1b2 − a2b1)k

To obtain the i-component, we ‘delete’ the i-row and the i-column of the 3 × 3 matrix.

Likewise for the j- and k-components.

The final step of this method uses the determinant of a 2 × 2 matrix, which may be

familiar to you from Mathematics Specialist Units 1 & 2. (Here we are using |A| to
denote the determinant of a square matrix A.)
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Find the cross product of a = 3i + 3 j + 8k and b = i − 3 j + 2k, and hence find a unit vector

that is perpendicular to both a and b.

Example 12

Solution

The cross product can be ‘evaluated’ as follows:

a × b =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

i j k

3 3 8

1 −3 2

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

3 8

−3 2

∣

∣

∣

∣

∣

∣

∣

i −

∣

∣

∣

∣

∣

∣

∣

3 8

1 2

∣

∣

∣

∣

∣

∣

∣

j +

∣

∣

∣

∣

∣

∣

∣

3 3

1 −3

∣

∣

∣

∣

∣

∣

∣

k

=
(

3 × 2 − 8 × (−3)
)

i −
(

3 × 2 − 8 × 1
)

j +
(

3 × (−3) − 3 × 1
)

k

= 30i + 2 j − 12k

The magnitude of a × b is
√

302 + 22 + 122 = 2
√

262.

Hence, a unit vector perpendicular to both a and b is
1

2
√

262
(30i + 2 j − 12k).

Using the TI-Nspire

� Define (assign) the vectors a = 3i + 3 j + 8k

and b = i − 3 j + 2k as shown.

� Find the cross product using menu >

Matrix&Vector > Vector > Cross Product.

The cross product is 30i + 2 j − 12k.

� The scalar product of two vectors can also

be found, using menu > Matrix&Vector >

Vector > Dot Product.

Note: You can enter the matrices directly into the vector commands if preferred.

Using the Casio ClassPad

To find the cross product of two vectors:

� In , go to Interactive > Vector > crossP.

� Tap the cursor in the first entry box.

� Select the vector icon [ ] from the Math3 keyboard.

� Enter the components of the first vector, separated

by commas.

� Tap the cursor in the second entry box, enter the

second vector and tap OK .

Note: The scalar product of two vectors can be found

similarly using Interactive > Vector > dotP.
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5C 5C Cross product 157

a Simplify:

i a × (a − b) ii (a × b) · a
b Given that a × b = c × a, with a , 0, show that b = −c or a = k(b + c) for some k ∈ R.

Example 13

Solution

a i a × (a − b) = a × a − a × b = −a × b

ii Since a × b is perpendicular to a, we have (a × b) · a = 0.

b By assumption, we have

a × b = c × a

a × b − c × a = 0

a × b + a × c = 0

a × (b + c) = 0∴

Since a , 0, it follows that either b + c = 0 or the vectors a and b + c are parallel.

Hence, we must have b = −c or a = k(b + c) for some k ∈ R.

Exercise 5C

1Example 12 Use the cross product to find a vector perpendicular to the two given vectors:

i − 4 j + k and 4i + 3 ja 3i + j − k and i − j + 2kb

i + j − k and kc 2i + 2 j − k and 2 jd

2 Use the cross product to find a vector perpendicular to the two given vectors:

2i − 3 j + 5k and −4i + 3ka 3i + j − 2k and −i − j + 2kb

−2i + j − 2k and ic −2i − k and 2 jd

3Example 13 Simplify:

(a + b) × ba (a + b) × (a + b)b (a − b) × (a + b)c
(

a × (b + c)
)

· bd a ·
(

(b + c) × a
)

e
(

(a × b) · a
)

+
(

b · (a × b)
)

f

4 Find a vector of magnitude 5 that is perpendicular to a = 2i+ 3 j− k and b = i− 2 j+ 2k.

5 The three vertices of a triangle have position vectors a, b and c. Show that the area of

the triangle is
1

2
|a × b + b × c + c × a|.

6 A parallelogram OABC has one vertex at the origin O and two other vertices at the

points A(0, 1, 3) and B(0, 2, 5). Find the area of OABC.

7 Find the area of the triangle PQR with vertices P(1, 5,−2), Q(0, 0, 0) and R(3, 5, 1).

8 Let v be a vector parallel to a line ℓ, and let u be a vector from any point on the line to a

point P not on the line. Show that the distance from the point P to the line ℓ is
|u × v|
|v|

.
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158 Chapter 5: Vector equations of lines and planes

5D Vector equations of planes

Normal vectors to planes

For any smooth surface, at each point on the surface there

is a line perpendicular to the surface. For a plane, these

perpendiculars are all in the same direction.

A vector that is perpendicular to a plane is called a normal to

the plane.

Note: There is not a unique normal vector for a given plane.

If the vector n is normal to the plane, then so are the

vectors kn and −kn, for all k > 0.

n

Equations of planes

A plane Π in three-dimensional space may be described

using two vectors:

� the position vector a of a point A on the plane

� a vector n that is normal to the plane.

Let r be the position vector of any other point P on the

plane. Then the vector
−−→
AP = r − a lies in the plane, and

is therefore perpendicular to n. Hence,

(r − a) · n = 0

This can be written as

r · n = a · n

This is a vector equation of the plane.

P

A

O

r

a

n

r − a

If we write the position vector of the point P as r = xi + y j + zk and write the normal vector

as n = n1i + n2 j + n3 k, then we obtain a Cartesian equation of the plane:

n1x + n2 y + n3z = a · n

This is often written as

n1x + n2 y + n3z = k

where k = a · n.

Planes in three dimensions

A plane in three-dimensional space can be described as follows, where a is the position

vector of a point A on the plane, the vector n = n1i + n2 j + n3 k is normal to the plane,

and k = a · n.

Vector equation Cartesian equation

r · n = a · n n1x + n2 y + n3z = k
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5D Vector equations of planes 159

Finding the plane determined by a point and a normal vector

The following example illustrates two methods for finding an equation of a plane.

For a plane Π, the vector −i + 5 j − 3k is normal to the plane and the point A with position

vector −3i + 4 j + 6k is on the plane. Find a vector equation and a Cartesian equation of

the plane.

Example 14

Solution

Method 1: Finding a vector equation first

Using the form r · n = a · n, a vector equation is

r · (−i + 5 j − 3k) = (−3i + 4 j + 6k) · (−i + 5 j − 3k)

r · (−i + 5 j − 3k) = 5i.e.

For a Cartesian equation, write r = xi + y j + zk. Then

(xi + y j + zk) · (−i + 5 j − 3k) = 5

−x + 5y − 3z = 5i.e.

Method 2: Finding a Cartesian equation first

The vector n = −i + 5 j − 3k is normal to the plane, so a Cartesian equation is

−x + 5y − 3z = k

for some k ∈ R. Since the point A(−3, 4, 6) is on the plane, we have

−(−3) + 5(4) − 3(6) = k

Therefore k = 5, and a Cartesian equation is −x + 5y − 3z = 5.

Hence, a vector equation is r · (−i + 5 j − 3k) = 5.

Finding the plane determined by three points

Three points determine a plane provided they are not collinear.

Consider the plane containing the points A(0, 1, 1), B(2, 1, 0) and C(−2, 0, 3).

a Find a Cartesian equation of the plane.

b Find the axis intercepts of the plane, and hence sketch a graph of the plane.

Example 15

Solution

a
−−→
AB = 2i − k and

−−→
AC = −2i − j + 2k

The cross product
−−→
AB × −−→AC is −i − 2 j − 2k.

Therefore the vector n = −i − 2 j − 2k is normal to the plane.

Using the point A and the normal n, we can use either of the two methods to find the

Cartesian equation −x − 2y − 2z = −4.
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160 Chapter 5: Vector equations of lines and planes

b We can write the Cartesian equation of the plane more

neatly as x + 2y + 2z = 4.

x-axis intercept: Let y = z = 0. Then x = 4.

y-axis intercept: Let x = z = 0. Then 2y = 4, so y = 2.

z-axis intercept: Let x = y = 0. Then 2z = 4, so z = 2.

The axis intercepts of the plane are (4, 0, 0), (0, 2, 0)

and (0, 0, 2).

x

4

2

2

z

y
0

Using the TI-Nspire

To find a Cartesian equation of the plane

containing A(0, 1, 1), B(2, 1, 0) and C(−2, 0, 3):

� Define (assign) the three matrices as shown.

� Find the cross product using menu >

Matrix&Vector > Vector > Cross Product.

� Display the Cartesian equation using the

Dot Product command as shown.

To plot the Cartesian equation as a plane:

� Solve the Cartesian equation for z.

� In a Graphs application, use menu > View

> 3D Graphing. Enter the expression for z

in z1(x, y), i.e. z1(x, y) =
−(x + 2(y − 2))

2

� To rotate the view of the plane, use menu >

Actions > Rotate (or press r ) and then use

the arrow keys.

� Use menu to change other attributes as

desired.

Using the Casio ClassPad

To find a Cartesian equation of the plane containing

A(0, 1, 1), B(2, 1, 0) and C(−2, 0, 3):

� Store the position vectors by assigning them to the

variables a, b and c as shown.

� Go to Interactive > Vector > crossP. Enter b − a

as the first vector, and c − a as the second vector.

Tap OK .

� Assign the cross product to the variable n

as shown.
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5D Vector equations of planes 161

� Go to Interactive > Vector > dotP. Enter n as the

first vector, and [x, y, z] − a as the second vector.

Tap OK .

� At the end of the dotP expression, type = 0.

Highlight and simplify to obtain the equation.

To plot the Cartesian equation as a plane:

� Solve the Cartesian equation for z.

� Copy the equation. Then open the menu and

select 3D Graph .

� Paste the equation in z1 and tap the circle.

� Tap to view the graph.

� Tap in the graph window; then tap to reveal

the axes or box.

� Tap on the diamond in the menu bar to select the

desired rotation option.

Finding the plane determined by two intersecting lines

Two lines that intersect at a single point can be used to determine a plane.

Find a vector equation and a Cartesian equation of the plane containing the lines

r1 = 5i + 2 j + λ(2i + j + k)

r2 = −3i + 4 j + 6k + µ(i − j − 2k)

Note: From Example 8, we know that these lines intersect at the point (1, 0,−2).

Example 16

Solution

We know that a = 5i + 2 j is the position vector of a point on the plane.

We want to find a normal vector. It must be perpendicular to both d1 = 2i + j + k and

d2 = i − j − 2k, so we can choose

n = d1 × d2 = −i + 5 j − 3k

Hence, a vector equation of the plane is

r · n = a · n
r · (−i + 5 j − 3k) = 5i.e.

The corresponding Cartesian equation is −x + 5y − 3z = 5.
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162 Chapter 5: Vector equations of lines and planes 5D

Exercise 5D

1Example 14 In each of the following, a vector n normal to the plane and a point A on the plane are

given. Find a vector equation and a Cartesian equation of each plane.

a n = i + j + k, A(1,−2, 4) b n = i − 2k, A(3, 1, 0)

c n = 2i + 3 j − k, A(2,−3,−5) d n = i + 3 j − k, A(1,−2, 3)

2Example 15 Points A = (2, 1,−1), B = (1, 3, 1) and C = (3,−2, 2) lie in a plane. Find a unit vector

normal to this plane and find a vector equation of this plane.

3Example 16 Find a vector equation and a Cartesian equation of the plane containing the lines

r1 = i − 10 j + 4k + λ(2i − j + k) and r2 = −3i − 2 j + µ(i − 2 j + k).

4 The point A = (−3, 1, 1) and the line ℓ lie in the same plane. The line ℓ is defined by the

equation r = i − 4 j + k + t(i + 2 j − k), t ∈ R.

a Find a vector normal to this plane.

b Find a vector equation of the line through A that is normal to this plane.

5 Points A = (1, 1, 3), B = (1, 5,−2) and C = (0, 3,−1) lie in a plane. Find a unit vector

normal to this plane and find a vector equation of this plane.

6 A plane is defined by the vector equation r · (2i − j − 3k) = 7. Show that each of the

following is the position vector of a point on this plane:

i − 2 j − ka 3i − 4 j + kb −i + 3 j − 4kc 2 j − 3kd

7 A plane is defined by the vector equation r · (3i + j − k) = 10. Show that each of the

following is a point on this plane:

(2, 2,−2)a (1, 5,−2)b (3, 4, 3)c (2, 0,−4)d

8 Find x in each of the following:

a The point (1, x, 2) lies on the plane given by the equation r · (−i + j + 3k) = 5.

b The point (2,−1, 0) lies on the plane given by the equation r · (3i + 2k) = x.

c The point (1,−3, 2) lies on the plane given by the equation r · (2i + xk) = 8.

d The point (x, 1,−2) lies on the plane given by the equation r · (i + 3 j + k) = 5.

9 Find a Cartesian equation of the plane containing the three points A(0, 3, 4), B(1, 2, 0)

and C(−1, 6, 4).

10 Find a Cartesian equation of the plane that is at right angles to the line given by

x = 4 + t, y = 1 − 2t, z = 8t and goes through the point P(3, 2, 1).

11 Find a Cartesian equation of the plane that is parallel to the plane with equation

5x − 3y + 2z = 6 and goes through the point P(4,−1, 2).

12 Find a Cartesian equation of the plane that contains the intersecting lines given by

x = 4 + t1, y = 2t1, z = 1 − 3t1 and x = 4 − 3t2, y = 3t2, z = 1 + 2t2.

13 Find a Cartesian equation of the plane that is at right angles to the plane with equation

3x + 2y − z = 4 and goes through the points P(1, 2, 4) and Q(−1, 3, 2).

Cambridge Senior Maths for Western Australia ISBN 978-1-009-25972-9 c© Evans et al. 2023 Cambridge University Press

Mathematics Specialist 3&4 Photocopying is restricted under law and this material must not be transferred to another party.



5E Distances, angles and intersections 163

5E Distances, angles and intersections

Distance from a point to a plane

The distance from a point P to a plane Π is given by

d = |−−→PQ · n̂|

where n̂ is a unit vector normal to the plane and Q is any point on the plane.

Proof For the situation shown in the diagram, we can see that

the distance from P to the plane is

d = |−−→PQ| cos θ

where θ is the angle between
−−→
PQ and n̂. Therefore

d = |−−→PQ| |n̂| cos θ =
−−→
PQ · n̂

The other situation is where the unit normal n̂ points

in the opposite direction. In this case, we will obtain

d = −−−→PQ · n̂. Hence, in general, the distance is the

absolute value of
−−→
PQ · n̂. P

d
θ

→

PQ

Q
n̂

Find the distance from the point P(1,−4,−3) to the plane Π : 2x − 3y + 6z = −1.

Example 17

Solution

A normal vector to the plane is n = 2i − 3 j + 6k. So a unit vector normal to the plane is

n̂ =
1

7
(2i − 3 j + 6k)

Let Q(x, y, z) be any point on the plane. Note that this implies 2x − 3y + 6z = −1.

We want to find the projection of
−−→
PQ onto n̂. We have

−−→
PQ =

−−→
OQ − −−→OP

= (x − 1)i + (y + 4) j + (z + 3)k

Therefore

−−→
PQ · n̂ = 1

7

(

2(x − 1) − 3(y + 4) + 6(z + 3)
)

=
1

7

(

2x − 3y + 6z − 2 − 12 + 18
)

=
1

7
(−1 + 4) (since 2x − 3y + 6z = −1)

=
3

7

The distance from the point P to the plane Π is
3

7
.
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164 Chapter 5: Vector equations of lines and planes

Distance of a plane from the origin

A plane that does not pass through the origin is described by a

vector equation of the form r · n = k, where k , 0.

The point M on the plane that is closest to the origin has a

position vector of the form
−−→
OM = mn̂, where |m| is the distance

of the plane from the origin.

If n points towards the plane from the origin, then m > 0, and

if n points away from the plane, then m < 0. So we can say that

m is the ‘signed distance’ of the plane from the origin (relative

to the normal vector n).

O

r

M

n̂

Since the point M lies on the plane, we know that (mn̂) · n = k. But (mn̂) · n = m(n̂ · n) = m|n|.
So we have m|n| = k and therefore m =

k

|n|
.

For a plane with vector equation r · n = k, where k , 0, the signed distance of the plane

from the origin (relative to the normal vector n) is given by
k

|n|
.

Distance between two parallel planes

To find the distance between parallel planes Π1 and Π2, we can choose any point P on Π1 and

then find the distance from the point P to the plane Π2.

In the following example, we use an alternative method.

Consider the parallel planes given by the equations

Π1 : 2x − y + 2z = 5 and Π2 : 2x − y + 2z = −2

a Find the distance of each plane from the origin.

b Find the distance between the two planes.

Example 18

Solution

The vector n = 2i − j + 2k is normal to both planes, with |n| = 3.

a Relative to n, the signed distance of plane Π1 from the origin is
5

|n|
=

5

3
.

So the distance of plane Π1 from the origin is
5

3
.

Relative to n, the signed distance of plane Π2 from the origin is
−2

|n|
= −

2

3
.

So the distance of plane Π2 from the origin is
2

3
.

b Relative to the normal vector n, the two planes are on different sides of the origin. So

the distance between them is
5

3
+

2

3
=

7

3
.
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Intersections and angles

Using normal vectors

� To find the angle between two planes, we first find the angle θ between two vectors n1

and n2 that are normal to the two planes. The angle between the planes is θ or 180◦ − θ,
whichever is in the interval [0◦, 90◦].

� Two planes are parallel if and only if the two normal vectors are parallel.

� Two planes are perpendicular if and only if the two normal vectors are perpendicular.

� The angle between a line and a plane is equal to 90◦ − θ, where θ is the angle between

the line and a normal to the plane.

Intersection of a line and a plane

A line and a plane that are not parallel will intersect at a single point.

Consider the line represented by the equation r = 3i − j − k + t(i + 2 j − k) and the plane

represented by the equation r · (i + j + 2k) = 2.

a Find the point of intersection of the line and the plane.

b Find the angle between the line and the plane.

Example 19

Solution

a To find the point of intersection, we want to find the value of t for which

r = 3i − j − k + t(i + 2 j − k)

represents a point on the plane. That is,

(

3i − j − k + t(i + 2 j − k)
)

·
(

i + j + 2k
)

= 2

(3 + t) + (−1 + 2t) + 2(−1 − t) = 2

t = 2∴

The point of intersection has position vector

r = 3i − j − k + 2(i + 2 j − k) = 5i + 3 j − 3k

The point of intersection is (5, 3,−3).

b We first find the angle between the line and the normal to the plane.

The vector d = i + 2 j − k is parallel to the line, and the vector n = i + j + 2k is normal

to the plane. Let θ be the angle between d and n. Then

d · n = |d| |n| cos θ

(i + 2 j − k) · (i + j + 2k) =
√

6
√

6 cos θ

1 = 6 cos θ∴

So θ = 80.4◦, correct to one decimal place.

Hence, the angle between the line and the plane is 90◦ − 80.4◦ = 9.6◦, correct to one

decimal place.
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166 Chapter 5: Vector equations of lines and planes

Intersection of two planes

Two planes that are not parallel will intersect in a line.

Let Π1 and Π2 be the planes represented by the vector equations

Π1 : r · (i + j − 3k) = 6 and Π2 : r · (2i − j + k) = 4

a Find the angle between the planes.

b Find a vector equation of the line of intersection of the planes.

Example 20

Solution

a The angle between the planes is equal to the angle between normals to the planes.

A normal to plane Π1 is n1 = i + j − 3k, and a normal to plane Π2 is n2 = 2i − j + k.

Let θ be the angle between n1 and n2. Then

n1 · n2 = |n1| |n2| cos θ

(i + j − 3k) · (2i − j + k) =
√

11
√

6 cos θ

−2 =
√

66 cos θ∴

Hence, θ ≈ 104.25◦. The acute angle between the planes is 180◦ − 104.25◦ = 75.75◦,

correct to two decimal places.

b Consider Cartesian equations for the two planes:

x + y − 3z = 6 (1)

2x − y + z = 4 (2)

Add (1) and (2):

3x − 2z = 10 (3)

Let x = λ. Then z =
3λ − 10

2
, from (3), and y =

7λ − 18

2
, from (2).

This gives us parametric equations for the line of intersection:

x = λ, y =
7λ − 18

2
, z =

3λ − 10

2

These convert to the vector equation

r = −9 j − 5k + λ

(

i +
7

2
j +

3

2
k

)

, λ ∈ R

Note: Alternatively, we can use the parametric equations to find a point A(0,−9,−5)

on the line. A vector d parallel to the line must be perpendicular to the two

normals n1 and n2. Hence we can use the cross product:

n1 × n2 = −2i − 7 j − 3k

We can choose d = 2i + 7 j + 3k, giving r = −9 j − 5k + λ(2i + 7 j + 3k), λ ∈ R.
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Distance between two skew lines

Given two skew lines, it can be shown that there is a

unique line segment PQ joining the two lines that is

perpendicular to both lines. The distance between the

two lines is the length PQ.

We can find the distance between a pair of skew lines

ℓ1 : r1 = a1 + λd1 and ℓ2 : r2 = a2 + µd2 as follows.

Q

P

A1

A2

ℓ1

ℓ2
n̂

Steps Explanation

1 Let P and Q be the points on ℓ1 and ℓ2 such

that PQ is the distance between ℓ1 and ℓ2.

2 A unit vector parallel to
−−→
PQ is

n̂ =
d1 × d2

|d1 × d2|

Vector
−−→
PQ is perpendicular to both lines

and thus parallel to d1 × d2.

3 The distance between the skew lines is

d = |(a2 − a1) · n̂|

The magnitude of the projection of
−−−→
PA2

onto n̂ will give the distance, and
−−−→
PA2 · n̂ =

(−−−→
PA1 +

−−−−→
A1A2

)

· n̂ = −−−−→A1A2 · n̂.

Find the distance between the two skew lines

ℓ1 : r1 = i + j + λ(2i − j + k) and ℓ2 : r2 = 2i + j − k + µ(3i − 5 j + 2k)

Example 21

Solution

Here we have

a1 = i + j d1 = 2i − j + k

a2 = 2i + j − k d2 = 3i − 5 j + 2k

Step 1 Let P and Q be the points on ℓ1 and ℓ2 such

that PQ is the distance between ℓ1 and ℓ2.

Q

P

A1

A2

ℓ1

ℓ2
n̂

Step 2 A unit vector parallel to
−−→
PQ is n̂ =

d1 × d2

|d1 × d2|
.

Here d1 × d2 = 3i − j − 7k and |d1 × d2| =
√

59, so

n̂ =
1
√

59
(3i − j − 7k)

Step 3 The distance between the skew lines is d = |(a2 − a1) · n̂|.
Since a2 − a1 = i − k, we have

d =
∣

∣

∣(i − k) · 1
√

59
(3i − j − 7k)

∣

∣

∣ =
10
√

59
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Exercise 5E

1Example 17 Find the distance from the point (1, 3, 2) to each of the following planes:

r · (7i + 4 j + 4k) = 9a 6x + 6y + 3z = 8b

2Example 18 Find the distance between the pair of parallel planes Π1 : x + 2y − 2z = 4 and

Π2 : x + 2y − 2z = 12.

3Example 19 Consider the line represented by the equation r = 3i − j − k + t(i + 2 j − 2k) and the

plane represented by the equation r · (i + j + 2k) = 4.

a Find the point of intersection of the line and the plane.

b Find the angle between the line and the plane.

4Example 20 Let Π1 and Π2 be the planes represented by the vector equations

Π1 : r · (2i + j − k) = 8 and Π2 : r · (i − j + 2k) = 6

a Find the angle between the planes.

b Find a vector equation of the line of intersection of the planes.

5 Let A = (2, 0,−1), B = (1,−3, 1), C = (0,−1, 2) and D = (3,−2, 2).

a Find a vector normal to the plane containing points A, B and C.

b Find a vector normal to the plane containing points B, C and D.

c Use the two normal vectors to find the angle between these two planes.

6 In each of the following, a pair of vector equations is given that represent a line and a

plane respectively. Find the point of intersection of the line and the plane and find the

angle between the line and the plane, correct to two decimal places.

r = i − 3 j + 2k + t(i + j − 3k)

r · (2i − j − k) = 7

a r = 3i − j − 2k + t(−i + j + k)

r · (i − 4 j + k) = 7

b

r = −i + 2 j − 4k + t(3i − j + k)

r · (−2i + j − k) = 4

c r = −i − 5 j + 3k + t(2i − 3 j + 2k)

r · (3i + 2 j − k) = −10

d

7 The vector i − 2 j + 6k is normal to a plane Π that contains the point A(5, 4,−1).

a Find a vector equation of the plane.

b Find the distance of the plane from the origin.

8 a Find the distance from the origin to the plane r · (2i − j − 2k) = 7.

b Find the vector projection of i + j − k in the direction of 2i − j − 2k.

c Find the magnitude of this vector projection.

d Hence, find the distance from the point (1, 1,−1) to the given plane.

9 Using the method of Question 8, find the distance from the point (2,−1, 3) to the plane

given by the equation r · (−i + 2 j + 2k) = −3.
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5E 5E Distances, angles and intersections 169

10 a Find the point of intersection of the line r = i − j + k + t(2i − k) and the plane

r · (3i + 2 j + 2k) = 11.

b Find the acute angle between the line and the plane, correct to one decimal place.

11 Points A, B and C have position vectors a = 3i − j + 2k, b = 3i − 3 j + 4k and

c = i − j + 4k respectively.

a Find a Cartesian equation of the plane containing A, B and C.

b Find the area of triangle ABC.

c Find the position vector of the foot of the perpendicular from the origin O to the

plane ABC.

12 Let Π1 and Π2 be the planes represented by the vector equations

Π1 : r · (3i + 6 j − 2k) = 3 and Π2 : r · (8i − 4 j + k) = 1

a Find the angle between the planes.

b Find a vector equation of the line of intersection of the planes.

13 Let A = (0, 2,−1), B = (1, 1, 1), C = (−1, 0, 2) and D = (2,−2, 2).

a Find a vector normal to the plane containing points A, B and C.

b Find a vector normal to the plane containing points B, C and D.

c Use the two normal vectors to find the angle between these two planes.

14 a Find a vector that is perpendicular to the two lines given by

r1 = 2i + j − 2k + t1(i − j + 2k), t1 ∈ R
r2 = 2i + j − 2k + t2(−i + 2 j + 2k), t2 ∈ R

b Find a vector equation of the line that is normal to the plane containing these two

lines and that passes through their point of intersection.

15Example 21 Find the distance between the two skew lines:

r1 = (1 + t)i + (1 + 6t) j + 2tk

r2 = (1 + 2s)i + (5 + 15s) j + (−2 + 6s)k

16 Find the distance between the two skew lines:

r1 = (1 + t)i + (2 − t) j + (1 + t)k

r2 = (2 + 2s)i + (−1 + s) j + (−1 + 2s)k

17 Find the distance between the two skew lines:

r1 = (1 − t)i + (t − 2) j + (3 − 2t)k

r2 = (1 + s)i + (−1 + 2s) j + (−1 + 2s)k
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5F Equations of spheres

In three-dimensional space, the unit sphere is the sphere with

centre the origin and radius 1.

Let P(x, y, z) be a point on the unit sphere. Then |−−→OP| = 1 and

therefore

x2
+ y2
+ z2
= 1

Conversely, any point P(x, y, z) that satisfies x2
+ y2
+ z2
= 1 lies

on the unit sphere.

O

y

x

z

Similarly, we can obtain the general Cartesian equation of a sphere.

Cartesian equation of a sphere

The sphere with centre C(h, k, ℓ) and radius a has Cartesian equation

(x − h)2
+ (y − k)2

+ (z − ℓ)2
= a2

We note that this again depends on the idea of a set of points that are equidistant from a given

point. The vector equation of a sphere is also derived from this observation.

Vector equation of a sphere

The sphere with centre C and radius a has vector equation

|r − −−→OC| = a

A point P lies on the sphere if and only if its position vector r satisfies this condition.

For the sphere with centre (1,−2, 3) and radius 6, find:

the Cartesian equationa the vector equation.b

Example 22

Solution

(x − 1)2
+ (y + 2)2

+ (z − 3)2
= 36a |r − (i − 2 j + 3k)| = 6b

Find the intersection of the line r = t(2i + j − 2k), t ∈ R, and the sphere x2
+ y2
+ z2
= 9.

Example 23

Solution

The line r = t(2i + j − 2k) is described by the parametric equations

x = 2t, y = t, z = −2t

Substituting in the equation of the sphere gives

4t2
+ t2
+ 4t2

= 9

Therefore t = ±1. The points of intersection are (2, 1,−2) and (−2,−1, 2).
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Exercise 5F

1Example 22 For the sphere with centre (−1, 3, 2) and radius 2, find:

a the Cartesian equation

b the vector equation.

2 For the sphere with centre (−1,−3, 1) and radius 4, find:

a the Cartesian equation

b the vector equation.

3Example 23 Find the intersection of the line x = 2t, y = 3t, z = −2t and the sphere x2
+ y2
+ z2
= 16.

4 Find the intersection of the line r = i + j + k + t(i + j − 2k), t ∈ R, and the sphere

x2
+ y2
+ z2
= 36.

5 Find the intersection of the line r = 2i + 3 j + 4k + t(i + j), t ∈ R, and the sphere

(x − 2)2
+ (y − 3)2

+ (z − 4)2
= 36.

6 For each of the following, give the coordinates of the centre and the radius of the circle

formed by the given plane cutting the sphere x2
+ y2
+ z2
= 36:

a z = 3

b x = 3

c y = x

7 The equation of a sphere is

x2
+ y2
+ z2 − 2x − 4y + 8z + 17 = 0

Find the coordinates of the centre and the radius of the sphere.

8 Find the Cartesian equation of each of the following spheres:

a centre (1, 0,−1) and radius 4

b centre (1,−3, 2) and passes through the origin

c centre (3,−2, 4) and passes through (7, 2, 3)

d centre the origin and passes through (1, 2, 2).

9 The equation of a sphere is (x − 2)2
+ (y − 3)2

+ (z − 4)2
= 29.

a Find the intercepts with each of the axes.

b Find a vector equation of the line that passes through the centre of the sphere and the

point X(4, 0, 0).

c Find a Cartesian equation of the plane which contains the point X(4, 0, 0) and is

perpendicular to the radius joining the centre of the sphere to X.
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172 Chapter 5: Vector equations of lines and planes

Chapter summary

Lines A line in three dimensions can be described as follows, where a = a1i + a2 j + a3 k is

the position vector of a point A on the line, and d = d1i + d2 j + d3 k is parallel to the line.

Vector equation Parametric equations Cartesian form

r = a + td, t ∈ R
x = a1 + d1t

y = a2 + d2t

z = a3 + d3t

x − a1

d1

=
y − a2

d2

=
z − a3

d3

Planes A plane in three dimensions can be described as follows, where a is the position

vector of a point A on the plane, n = n1i + n2 j + n3 k is normal to the plane, and k = a · n.

Vector equation Cartesian equation

r · n = a · n n1x + n2 y + n3z = k

Spheres A sphere in three dimensions can be described as follows, where

c = c1i + c2 j + c3 k is the position vector of the centre C, and a is the radius.

Vector equation Cartesian equation

|r − c| = a (x − c1)2
+ (y − c2)2

+ (z − c3)2
= a2

Cross product

� If a = a1i + a2 j + a3 k and b = b1i + b2 j + b3 k, then

a × b = (a2b3 − a3b2)i − (a1b3 − a3b1) j + (a1b2 − a2b1)k

� The magnitude of a × b is equal to |a| |b| sin θ, where θ is

the angle between a and b.

� The direction of a × b is perpendicular to both a and b

(provided a and b are non-zero vectors and not parallel).

a × b

a × bb

a

θ

Distances and angles

� Distance from a point to a line The distance from a point P to a line ℓ is given by |−−→PQ|,
where Q is the point on the line such that PQ is perpendicular to the line.

� Distance from a point to a plane The distance from a point P to a plane Π is given

by |−−→PQ · n̂|, where n̂ is a unit vector normal to the plane and Q is any point on the plane.

� Angle between two lines First find the angle θ between two vectors d1 and d2 that are

parallel to the two lines. The angle between the lines is θ or 180◦ − θ, whichever is in the

interval [0◦, 90◦].

� Angle between two planes First find the angle θ between two vectors n1 and n2 that are

normal to the two planes. The angle between the planes is θ or 180◦ − θ, whichever is in

the interval [0◦, 90◦].

� Angle between a line and a plane The angle between a line ℓ and a plane Π is 90◦ − θ,
where θ is the angle between the line and a normal to the plane.
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Short-answer questions

1 Find the position vector of the point of intersection of the lines r1 = i + j − k + λ(3i − j)

and r2 = 4i − k + µ(2i + 3k).

2 Show that the lines r1 = i − j + λ(2i + k) and r2 = 2i − j + µ(i + j − k) do not intersect.

3 Find a Cartesian equation of the plane through the point (1, 2, 3) with normal vector

4i + 5 j + 6k.

4 Find a vector equation of the line parallel to the x-axis that contains the point (−2, 2, 1).

5 Find the coordinates of the nearest point to (2, 1, 3) on the line r = i + 2 j + t(i − j + 2k).

6 Find the distance from the origin to the line passing through the point (3, 1, 5) parallel to

the vector 2i − j + k.

7 Find the coordinates of the point of intersection of the line r = i + k + t(2i + j − 3k),

t ∈ R, and the plane r · (i − 2 j + 3k) = 13.

8 Find a vector that is perpendicular to the vectors 8i − 3 j + k and 7i − 2 j.

9 The line ℓ passes through the points A(−1,−3,−3) and B(5, 0, 6). Find a vector equation

of the line ℓ. Find the point P on the line ℓ such that OP is perpendicular to the line,

where O is the origin.

10 Show that the lines r1 = 3i + 4 j + k + λ(2i − j + k) and r2 = i + 5 j + 7k + µ(i + k) are

skew lines. Find the cosine of the angle between the lines.

11 Determine a Cartesian equation of the plane that contains the points P(1,−2, 0),

Q(3, 1, 4) and R(0,−1, 2).

12 Determine a Cartesian equation of the plane that contains the points P(1,−2, 1),

Q(−2, 5, 0) and R(−4, 3, 2).

13 Find an equation of the plane through A(−1, 2, 0), B(3, 1, 1) and C(1, 0, 3) in:

vector forma Cartesian form.b

14 a Find a Cartesian equation of the plane passing through the origin O and the points

A(1, 1, 1) and B(0, 1, 2).

b Find the area of triangle OAB.

c Show that the point C(−2, 2, 6) lies on the plane and find the point of intersection of

the lines OB and AC.

15 The origin O and the point A(2,−1,−1) are two vertices of an equilateral triangle OAB

in the plane x + y + z = 0. Find the coordinates of the vertex B.

16 Show that the four points (1, 0, 0), (2, 1, 0), (3, 2, 1) and (4, 3, 2) are coplanar.

17 For vectors a, b and c such that a + b + c = 0, show that a × b = b × c = c × a.
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174 Chapter 5: Vector equations of lines and planes

Extended-response questions

1 Two lines are represented by vector equations r1 = i + j − 2k + t1(i − j + 2k), t1 ∈ R,

and r2 = 2i + j + 4k + t2(−i + 2 j + 2k), t2 ∈ R.

a Show that these lines intersect and find their point of intersection, P.

b The vector equation r3 = t3(i − j + 2k), t3 ∈ R, represents a line through the origin.

Find the distance from the point of intersection P to this line.

2 The points A, B and C have position vectors
−−→
OA = 5i + 3 j + k,

−−→
OB = −i + j + 3k and

−−→
OC = 3i + 4 j + 7k. The plane Π1 has vector equation r · (3i + j − k) = 6.

a Show that the point C is on the plane Π1.

b Show that the point B is the reflection in the plane Π1 of the point A.

c Find the length of the projection of
−−→
AC onto the plane Π1.

The plane Π2 has Cartesian equation 12x − 4y + 3z = k, where k is a positive constant.

d Find the acute angle between planes Π1 and Π2.

e Given that the distance from the point C to the plane Π2 is 3, find the value of k.

3 Consider the two lines given by

ℓ1 : r1 = 3i + 2 j + k + t(5i + 4 j + 3k), t ∈ R
ℓ2 : r2 = 16i − 10 j + 2k + s(3i + 2 j − k), s ∈ R

a Show that ℓ1 and ℓ2 are skew lines.

b Verify that both ℓ1 and ℓ2 are perpendicular to the vector n = 5i − 7 j + k.

c The point A(3, 2, 1) lies on line ℓ1. Write down a vector equation of the line ℓ3

through A in the direction of n.

d Find the point of intersection, B, of the lines ℓ2 and ℓ3, and find the length of the line

segment AB.

4 The point O is the origin and the points A, B, C and D have position vectors
−−→
OA = 4i + 3 j + 4k,

−−→
OB = 6i + j + 2k,

−−→
OC = 9 j − 6k,

−−→
OD = −i + j + k

Prove that:

a the triangle OAB is isosceles

b the point D lies in the plane OAB

c the line CD is perpendicular to the plane OAB

d the line AC is inclined at an angle of 60◦ to the plane OAB.

5 A Cartesian equation of the plane Π1 is y + z = 0 and a vector equation of the line ℓ is

r = 5i + 2 j + 2k + t(2i − j + 3k), where t ∈ R. Find:

a the position vector of the point of intersection of the line ℓ and the plane Π1

b the length of the perpendicular from the origin to the line ℓ

c a Cartesian equation of the plane Π2 that contains the line ℓ and the origin

d the acute angle between the planes Π1 and Π2, correct to one decimal place.
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6 Systems of

linear equations

In this chapter

6A Simultaneous linear equations with two

variables

6B Simultaneous linear equations with more

than two variables

6C Using augmented matrices for systems of

equations

Review of Chapter 6

Syllabus references

Topic: Systems of linear equations

Subtopics: 3.3.9 – 3.3.10

From the previous chapter, we know that:

� a line in two-dimensional space has a Cartesian equation of the form ax + by = c

� a plane in three-dimensional space has a Cartesian equation of the form ax + by + cz = d.

These are both called linear equations, since the power of each variable is 1.

In this chapter, we consider systems of simultaneous linear equations such as

a1x + b1y = c1

a2x + b2y = c2

a1x + b1y + c1z = d1

a2x + b2y + c2z = d2

a3x + b3y + c3z = d3

The system on the left represents two lines, and the system on the right represents three

planes. We will look at methods for solving such systems of equations, and the geometric

interpretation of the solutions.

Systems of linear equations have important applications in many different fields, including

economics, biology and physics.
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176 Chapter 6: Systems of linear equations

6A Simultaneous linear equations with two variables

In the plane, two distinct straight lines are either parallel or meet at a point.

There are three cases for a system of two linear equations in two variables.

Example Solutions Geometry

Case 1 2x + y = 5

x − y = 4

Unique solution:

x = 3, y = −1

Two lines meeting at a point

Case 2 2x + y = 5

2x + y = 7

No solutions Distinct parallel lines

Case 3 2x + y = 5

4x + 2y = 10

Infinitely many solutions Two copies of the same line

Explain why the simultaneous equations 2x + 3y = 6 and 4x + 6y = 24 have no solution.

Example 1

Solution

First write the two equations in the form

y = mx + c. They become

y = −
2

3
x + 2 and y = −

2

3
x + 4

Both lines have gradient −
2

3
. The y-axis

intercepts are 2 and 4 respectively.

The equations have no solution as they

correspond to distinct parallel lines.

x

y

4

2

4x + 6y = 24

2x + 3y = 6

O 63

The simultaneous equations 2x + 3y = 6 and 4x + 6y = 12 have infinitely many solutions.

Describe these solutions through the use of a parameter.

Example 2

Solution

The two lines coincide, and so the solutions are all points on this line.

We make use of a third variable λ as the parameter. If y = λ, then x =
6 − 3λ

2
.

We can write the solutions as x =
6 − 3λ

2
and y = λ, for λ ∈ R. (This gives a parametric

description of the line.)
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6A Simultaneous linear equations with two variables 177

Using the TI-Nspire

Simultaneous equations can be solved in a

Calculator application.

� Use menu > Algebra > Solve System of

Equations > Solve System of Equations.

� Complete the pop-up screen.

The solution to this system of equations is given by the calculator as shown. The variable

c1 takes the place of λ.

Using the Casio ClassPad

To solve the simultaneous equations 2x + 3y = 6 and

4x + 6y = 12:

� Open the Math1 keyboard.

� Select the simultaneous equations icon .

� Enter the two equations into the two lines and

type x, y in the bottom-right square to indicate

the variables. Select EXE .

Choose y = λ to obtain the solution x =
6 − 3λ

2
, y = λ where λ is any real number.

Consider the simultaneous linear equations (m − 2)x + y = 2 and mx + 2y = k.

Find the values of m and k such that the system of equations has:

a a unique solution b no solution c infinitely many solutions.

Example 3

Solution

(m − 2)x + y = 2 (1)

mx + 2y = k (2)

Multiply equation (1) by 2 and subtract from equation (2):

(

m − 2(m − 2)
)

x = k − 4

x =
4 − k

m − 4
(for m , 4)∴

Substitute in (1):

y = 2 − (m − 2)x

= 2 − (m − 2)
4 − k

m − 4

=
k(m − 2) − 2m

m − 4
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178 Chapter 6: Systems of linear equations 6A

For m , 4, we obtain the solution

x =
4 − k

m − 4
and y =

k(m − 2) − 2m

m − 4

a There is a unique solution if m , 4 and k is any real number.

b If m = 4, the equations become

2x + y = 2 and 4x + 2y = k

There is no solution if m = 4 and k , 4.

c If m = 4 and k = 4, there are infinitely many solutions as the equations are the same.

Exercise 6A

1 Solve each of the following pairs of simultaneous linear equations:

3x + 2y = 6

x − y = 7

a 2x + 6y = 0

y − x = 2

b 4x − 2y = 7

5x + 7y = 1

c 2x − y = 6

4x − 7y = 5

d

2 For each of the following, state whether the simultaneous equations have no solution,

one solution or infinitely many solutions:

3x + 2y = 6

3x − 2y = 12

a x + 2y = 6

2x + 4y = 12

b x − 2y = 3

2x − 4y = 12

c

3Example 1 Explain why the simultaneous equations 2x + 3y = 6 and 4x + 6y = 10 have no solution.

4Example 2 The simultaneous equations x − y = 6 and 2x − 2y = 12 have infinitely many solutions.

Describe these solutions through the use of a parameter.

5Example 3 Find the value of m for which the simultaneous equations

3x + my = 5

(m + 2)x + 5y = m

have infinitely many solutionsa have no solution.b

6 Find the value of m for which the following simultaneous equations have no solution:

(m + 3)x + my = 12

(m − 1)x + (m − 3)y = 7

7 Consider the simultaneous equations mx + 2y = 8 and 4x − (2 − m)y = 2m.

a Find the values of m for which there are:

i no solutions ii infinitely many solutions.

b Solve the equations in terms of m, for suitable values of m.

8 a Solve the simultaneous equations 2x − 3y = 4 and x + ky = 2, where k is a constant.

b Find the value of k for which there is not a unique solution.

Cambridge Senior Maths for Western Australia ISBN 978-1-009-25972-9 c© Evans et al. 2023 Cambridge University Press

Mathematics Specialist 3&4 Photocopying is restricted under law and this material must not be transferred to another party.



6A 6B Simultaneous linear equations with more than two variables 179

9 Find the values of b and c for which the equations x + 5y = 4 and 2x + by = c have:

a a unique solution b an infinite set of solutions c no solution.

10 For each of the following systems of equations:

i Find the values of b ∈ R for which there is a unique solution.

ii Find the values of b ∈ R for which there are infinitely many solutions.

iii Find the values of b ∈ R for which there are no solutions.

iv In the cases where solutions exist, express the solutions in terms of b.

x + y = 4

2x + 2y = b

a x + y = 4

2x + y = b

b x + y = 4

bx + y = 8

c

6B Simultaneous linear equations with

more than two variables

Linear equations in three variables

Consider the general system of three linear equations in three variables:

a1x + b1y + c1z = d1

a2x + b2y + c2z = d2

a3x + b3y + c3z = d3

In this section and the next, we look at how to solve such systems of simultaneous equations.

In some cases, this can be done easily by elimination, as shown in Examples 4 and 5. Other

cases require a more systematic method, which is introduced in the next section.

Solve the following system of three equations in three variables:

2x + y + z = −1 (1)

3y + 4z = −7 (2)

6x + z = 8 (3)

Example 4

Solution Explanation

Subtract (1) from (3):

4x − y = 9 (4)

Subtract (2) from 4 × (3):

24x − 3y = 39

8x − y = 13 (5)

Subtract (4) from (5) to obtain 4x = 4. Hence, x = 1.

Substitute in (4) to find y = −5, and substitute in (3)

to find z = 2.

The aim is first to eliminate z

and obtain two simultaneous

equations in x and y only.

Having obtained equations (4)

and (5), we solve for x and y.

Then substitute to find z.
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180 Chapter 6: Systems of linear equations

It should be noted that, just as for two linear equations in two variables, there is a geometric

interpretation for three linear equations in three variables. There is only a unique solution if

the three equations represent three planes intersecting at a point.

Solve the following simultaneous linear equations for x, y and z:

x − y + z = 6, 2x + z = 4, 3x + 2y − z = 6

Example 5

Solution

x − y + z = 6 (1)

2x + z = 4 (2)

3x + 2y − z = 6 (3)

Eliminate z to find two simultaneous equations in x and y:

x + y = −2 (4) subtracted (1) from (2)

5x + 2y = 10 (5) added (2) to (3)

Solve to find x =
14

3
, y = −

20

3
, z = −

16

3
.

A CAS calculator can be used to solve a system of three equations in the same way as for

solving two simultaneous equations.

Using the TI-Nspire

Use the simultaneous equations template ( menu > Algebra > Solve System of Equations

> Solve System of Equations) as shown.

Using the Casio ClassPad

� From the Math1 keyboard, tap twice to create

a template for three simultaneous equations.

� Enter the equations using the Var keyboard.
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6B Simultaneous linear equations with more than two variables 181

Geometric interpretation of linear equations in three variables

We have seen in Chapter 5 that an equation of the form

ax + by + cz = d

defines a plane in three-dimensional space (provided a, b and c are not all zero).

The solution of a system of three linear equations in three variables can correspond to:

� a point � a line � a plane.

There also may be no solution. The situations are as shown in the following diagrams.

Examples 4 and 5 provide examples of three planes intersecting at a point (Diagram 1).

Diagram 1:

Intersection at a point

Diagram 2:

Intersection in a line

Diagram 3:

No intersection

Diagram 4:

No common intersection

Diagram 5:

No common intersection

The simultaneous equations x + 2y + 3z = 13, −x − 3y + 2z = 2 and −x − 4y + 7z = 17

have infinitely many solutions.

a Describe these solutions through the use of a parameter. (Use a CAS calculator.)

b Give a geometric interpretation of the solution.

Example 6

Solution

a We can use a CAS calculator to find all the solutions in terms of a parameter λ.

The solutions are given by x = 43 − 13λ, y = 5λ − 15 and z = λ, for λ ∈ R.
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182 Chapter 6: Systems of linear equations 6B

b The system of equations represents three planes that intersect along a line. (This is the

situation shown in Diagram 2.)

The line of intersection has parametric equations x = 43 − 13λ, y = 5λ − 15, z = λ.

A vector equation of this line is r = 43i − 15 j + λ(−13i + 5 j + k), λ ∈ R.

We will investigate the geometric interpretation of systems of linear equations further in the

next section.

Linear equations in more than three variables

In general, we can consider a system of m linear equations in n variables:

a11x1 + a12x2 + · · · + a1nxn = b1

a21x1 + a22x2 + · · · + a2nxn = b2

...
...

. . .
...

...

am1x1 + am2x2 + · · · + amnxn = bm

Such a system of equations has a geometric interpretation involving the intersection of

‘hyperplanes’ in n-dimensional space.

A system of linear equations in several variables can be solved using a CAS calculator

or using the method introduced in the next section. Applications of linear equations in

economics and biology can involve hundreds or even thousands of variables.

Exercise 6B

1Example 4

Example 5

Solve each of the following systems of simultaneous equations:

2x + 3y − z = 12

2y + z = 7

2y − z = 5

a x + 2y + 3z = 13

−x − y + 2z = 2

−x + 3y + 4z = 26

b

x + y = 5

y + z = 7

z + x = 12

c x − y − z = 0

5x + 20z = 50

10y − 20z = 30

d

2Example 6 Consider the simultaneous equations x + 2y − 3z = 4 and x + y + z = 6.

a Subtract the second equation from the first to find y in terms of z.

b Let z = λ. Solve the equations to give the solution in terms of λ.

3 Solve each of the following pairs of simultaneous equations, giving your answer in

terms of a parameter λ. Use the technique introduced in Question 2.

x − y + z = 4

−x + y + z = 6

a 2x − y + z = 6

x − z = 3

b 4x − 2y + z = 6

x + y + z = 4

c

Cambridge Senior Maths for Western Australia ISBN 978-1-009-25972-9 c© Evans et al. 2023 Cambridge University Press

Mathematics Specialist 3&4 Photocopying is restricted under law and this material must not be transferred to another party.



6B 6C Using augmented matrices for systems of equations 183

4 Consider the simultaneous equations

x + 2y + 3z = 13 (1)

−x − 3y + 2z = 2 (2)

−x − 4y + 7z = 17 (3)

a Add equation (2) to equation (1) and subtract equation (2) from equation (3).

b Comment on the equations obtained in part a.

c Let z = λ and find y in terms of λ.

d Substitute for z and y in terms of λ in equation (1) to find x in terms of λ.

5 The system of equations

x + y + z + w = 4

x + 3y + 3z = 2

x + y + 2z − w = 6

has infinitely many solutions. Describe this family of solutions and give the unique

solution when w = 6.

6 Find all solutions for each of the following systems of equations:

3x − y + z = 4

x + 2y − z = 2

−x + y − z = −2

a x − y − z = 0

3y + 3z = −5

b 2x − y + z = 0

y + 2z = 2

c

6C Using augmented matrices for systems of equations

We now introduce a more systematic method for solving simultaneous equations. We focus

on the case where there are three variables, but the method applies in general.

We can represent a system of linear equations by what is called an augmented matrix. Here

is an example of an augmented matrix and the corresponding system of equations:




























1 1 2 9

2 4 −3 1

3 6 −5 0





























x + y + 2z = 9

2x + 4y − 3z = 1

3x + 6y − 5z = 0

Our aim is to form a new system of equations that is equivalent to this system but has a

simpler form, so that we can easily ‘read off’ the solutions.

We are allowed to use the following operations on the augmented matrix.

Elementary row operations

� Interchange two rows.

� Multiply a row by a non-zero number.

� Add a multiple of one row to another row.
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184 Chapter 6: Systems of linear equations

We apply the elementary row operations to form a new augmented matrix such that all the

entries below the main diagonal (top left to bottom right) are zero.

Step 1 Form the augmented matrix for the original equations:




























1 1 2 9

2 4 −3 1

3 6 −5 0





























x + y + 2z = 9

2x + 4y − 3z = 1

3x + 6y − 5z = 0

Step 2 Subtract 2 × row 1 from row 2:




























1 1 2 9

0 2 −7 −17

3 6 −5 0





























R′
2
= R2 − 2 × R1

x + y + 2z = 9

2y − 7z = −17

3x + 6y − 5z = 0

Step 3 Subtract 3 × row 1 from row 3:




























1 1 2 9

0 2 −7 −17

0 3 −11 −27





























R′
3
= R3 − 3 × R1

x + y + 2z = 9

2y − 7z = −17

3y − 11z = −27

Step 4 Multiply row 2 by 3 and multiply row 3 by 2:




























1 1 2 9

0 6 −21 −51

0 6 −22 −54





























R′
2
= 3 × R2

R′
3
= 2 × R3

x + y + 2z = 9

6y − 21z = −51

6y − 22z = −54

Step 5 Subtract row 2 from row 3:




























1 1 2 9

0 6 −21 −51

0 0 −1 −3





























R′
3
= R3 − R2

x + y + 2z = 9

6y − 21z = −51

−z = −3

(1)

(2)

(3)

We can now find the solution: z = 3 from equation (3), so y = 2 from (2) and x = 1 from (1).

Row-echelon form

The first non-zero entry of a row is called the row leader. In

our final augmented matrix, the row leaders are 1, 6 and −1.

This augmented matrix is said to be in row-echelon form:

each successive row leader is further to the right, and so each

row leader has only 0s below.





























1 1 2 9

0 6 −21 −51

0 0 −1 −3





























If we continue with elementary row operations, we can obtain an even simpler form:




























1 0 0 1

0 1 0 2

0 0 1 3





























x = 1

y = 2

z = 3

This augmented matrix is in reduced row-echelon form: each successive row leader is

further to the right, each row leader is 1, and each row leader has only 0s above and below.
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6C Using augmented matrices for systems of equations 185

Using row operations on augmented matrices provides us with a technique for solving

simultaneous linear equations that can be applied in all cases. We illustrate the method by

investigating some different cases for a system of three equations in three variables.

Three planes intersecting at a point

The simultaneous equations x + 2z = 6, −3x + 4y + 6z = 30 and −x − 2y + 3z = 8 have a

unique solution.

a Find this solution.

b Give a geometric interpretation of the solution.

Example 7

Solution

We will obtain an augmented matrix in row-echelon form.

Step 1 Form the augmented matrix for the original equations:




























1 0 2 6

−3 4 6 30

−1 −2 3 8





























x + 2z = 6

−3x + 4y + 6z = 30

−x − 2y + 3z = 8

Step 2 Add 3 × row 1 to row 2, and add row 1 to row 3:




























1 0 2 6

0 4 12 48

0 −2 5 14





























R′
2
= R2 + 3 × R1

R′
3
= R3 + R1

x + 2z = 6

4y + 12z = 48

−2y + 5z = 14

Step 3 Add
1

2
× row 2 to row 3:





























1 0 2 6

0 4 12 48

0 0 11 38





























R′
3
= R3 +

1

2
× R2

x + 2z = 6

4y + 12z = 48

11z = 38

a From the final system of equations, we obtain the solution

z =
38

11
, y =

18

11
, x = −

10

11

b The equations represent three planes that intersect at the

point

(

−
10

11
,

18

11
,

38

11

)

.

Note: If only one row operation is applied at each step, then the resulting system will be

equivalent to the original system (i.e. the solution set will be the same).

Applying two row operations in one step can sometimes change the system. However,

it is safe to use one row to modify two other rows. (In this example, we used row 1 to

modify both row 2 and row 3 in Step 2.)
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186 Chapter 6: Systems of linear equations

Three planes intersecting in a line

We now show how this method can be used when there are infinitely many solutions by

repeating Example 6.

The simultaneous equations x + 2y + 3z = 13, −x − 3y + 2z = 2 and −x − 4y + 7z = 17

have infinitely many solutions.

a Describe these solutions through the use of a parameter.

b Give a geometric interpretation of the solution.

Example 8

Solution

We will obtain an augmented matrix in reduced row-echelon form.

Step 1 Form the augmented matrix for the original equations:




























1 2 3 13

−1 −3 2 2

−1 −4 7 17





























x + 2y + 3z = 13

−x − 3y + 2z = 2

−x − 4y + 7z = 17

Step 2 Use row 1 to obtain 0s below the row leader of row 1:




























1 2 3 13

0 −1 5 15

0 −2 10 30





























R′
2
= R2 + R1

R′
3
= R3 + R1

Step 3 Obtain 1 as the row leader of row 2:




























1 2 3 13

0 1 −5 −15

0 −2 10 30





























R′
2
= −R2

Step 4 Use row 2 to obtain 0s above and below the row leader of row 2:




























1 0 13 43

0 1 −5 −15

0 0 0 0





























R′
1
= R1 − 2R2

R′
3
= R3 + 2R2

x + 13z = 43

y − 5z = −15

0 = 0

a We can find the solutions from the final system of equations.

Let z = λ. Then y = 5λ − 15 and x = 43 − 13λ.

b The equations represent three planes that intersect along

the line given by the parametric equations x = 43 − 13λ,

y = 5λ − 15, z = λ.

Note: To obtain the solutions from the final augmented matrix, we use a parameter for each

variable without a row leader in its column. We then use the final equations to express

the other variables in terms of these parameters.
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Three planes with no common intersection

Consider the system of equations 2x + y − z = 1, x − y + z = 3 and x + 5y − 5z = 2.

a Show that this system of equations has no solution.

b Give a geometric interpretation of these equations.

Example 9

Solution

a





























2 1 −1 1

1 −1 1 3

1 5 −5 2





























2x + y − z = 1

x − y + z = 3

x + 5y − 5z = 2





























1 1
2
− 1

2
1
2

1 −1 1 3

1 5 −5 2





























R′
1
=

1

2
R1





























1 1
2
− 1

2
1
2

0 − 3
2

3
2

5
2

0 9
2
− 9

2
3
2





























R′
2
= R2 − R1

R′
3
= R3 − R1





























1 1
2
− 1

2
1
2

0 1 −1 − 5
3

0 1 −1 1
3





























R′
2
= −

2

3
R2

R′
3
=

2

9
R3





























1 1
2
− 1

2
1
2

0 1 −1 − 5
3

0 0 0 2





























R′
3
= R3 − R2

x +
1

2
y −

1

2
z =

1

2

y − z = −
5

3

0 = 2

The final row corresponds to the equation 0x + 0y + 0z = 2. There are no values of x, y

and z that satisfy this equation, as 0 , 2. So the system of equations has no solutions.

b The equations represent three planes that do

not have any common intersection.

(Each pair of planes is non-parallel and

therefore intersects in a line, but there is no

point in common to the three planes.)

Further examples

So far we have seen three cases for a system of linear equations in three variables:

� unique solution (planes intersect at a point)

� infinitely many solutions with one parameter (planes intersect in a line)

� no solutions (planes have no common intersection).

Cambridge Senior Maths for Western Australia ISBN 978-1-009-25972-9 c© Evans et al. 2023 Cambridge University Press

Mathematics Specialist 3&4 Photocopying is restricted under law and this material must not be transferred to another party.



188 Chapter 6: Systems of linear equations

A system of linear equations in three variables can also represent multiple copies of the same

plane. For example:

x + 2y + 4z = 1

2x + 4y + 8z = 2

These two planes coincide, and the solution is the set of all points on the plane. We need to

use two parameters. A possible form of the solution is

x = λ, y = µ, z =
1

4
(1 − λ − 2µ)

for λ ∈ R and µ ∈ R.

Consider the system of equations

x + 2y − z = 2

2x + 5y − (a + 2)z = 3

−x + (a − 5)y + z = 1

a Represent the system of equations as an augmented matrix in row-echelon form.

b Find the values of a for which:

i there is a unique solution

ii there are infinitely many solutions

iii there are no solutions.

c i Find the solution, in terms of a, when a satisfies the conditions of b i.

ii Find the solutions when a satisfies the conditions of b ii.

Example 10

Solution

a





























1 2 −1 2

2 5 −(a + 2) 3

−1 a − 5 1 1





























→





























1 2 −1 2

0 1 −a −1

0 a − 3 0 3





























R′
2
= R2 − 2R1

R′
3
= R3 + R1

→





























1 2 −1 2

0 1 −a −1

0 0 a(a − 3) a





























R′
3
= R3 − (a − 3)R2

b From the last row of the augmented matrix, we have a(a − 3)z = a.

i There is a unique solution if a , 0 and a , 3.

ii There are infinitely many solutions if a = 0.

iii There are no solutions if a = 3. In this case, the last row tells us that 0 = 3.

c i If a , 0 and a , 3, then the solution is z =
1

a − 3
, y =

3

a − 3
, x =

2a − 11

a − 3
.

ii If a = 0, then we have y = −1. The first equation becomes x − z = 4. Let z = λ.

Then x = λ + 4. The solutions give the line defined by x = λ + 4, y = −1, z = λ.
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6C 6C Using augmented matrices for systems of equations 189

Exercise 6C

1Example 7 Solve each of the following systems of linear equations using augmented matrices:

2x − y + z = −7

x + 2y − 2z = 7

−2x + y + 3z = −1

a x + y − 3z = 6

2x + 3y + 2z = 2

x − 2y + z = −6

b x + y + z = 10

2x − y − 5z = 3

x + 2y − z = 1

c

2Example 8 Solve each of the following systems of linear equations using augmented matrices.

Express the solutions using a parameter.

x + 2y − 5z = 7

x + y − 2z = 5

2x − 3y + 11z = 0

a x + 2y = 10

3x + 2y − 4z = 18

y + z = 3

b 2x − y + z = 0

y + 2z = 2

c

3Example 9 Show that the system of equations

3x − y − 2z = 0

x − y − z = −1

2x + 8y + 3z = 10

has no solution.

4 For each of the following systems of equations:

i Determine whether the system has a unique solution, infinitely many solutions or

no solutions.

ii Find the solutions if they exist.

x + y + 2z = 11

2x + 4y − 3z = −2

3x + 6y − 5z = −5

a 2x − y + z = 4

x − 3y = 3

3x − 2y + z = 7

b

2x − 3y + 5z = 7

9x − y + z = −1

x + 5y + 4z = 0

c x + y + z = 7

2x − y + 3z = 15

x − 8y + 4z = 6

d

5 aExample 10 For which values of a will the following system have a unique solution, infinitely

many solutions or no solutions?

x + 2y − 3z = 4

3x − y + 5z = 2

4x + y + (a2
− 14)z = a + 2

b Find the solutions (if any) in terms of a in each case.
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190 Chapter 6: Systems of linear equations 6C

6 a For which values of a will the following system have a unique solution, infinitely

many solutions or no solutions?

x + y + z = 4

2x + 3y + 3z = 10

x + y + (a2
− 3)z = a + 2

b Find the solutions (if any) in terms of a in each case.

7 For each of the following pairs of planes, find a vector equation of the line of

intersection:

a 2x + 3y + 3z = 10, x + 3y + 2z = 4

b 2x − 5y − z = −3, x + 3y + z = 7

8 a For which value of a will the following system of equations, corresponding to three

planes, have solutions?

2x + y + 3z = 1

x − 3y − z = 5

3x − 2y + 2z = a

b For this value of a, explain how these planes intersect with each other.

c For all other values of a, explain geometrically why the third plane does not intersect

at the line of intersection of the other two planes.

9 Explain why the following planes do not have any common points of intersection:

x − 3y + 3z = 6

2x − 6y + 4z = 10

x − 3y + 2z = 4

10 Solve each of the following systems of linear equations using augmented matrices:

2x + 2y + 4z = 0

−y − 3z + w = 0

3x + y + z + 2w = 0

x + 3y − 2z − 2w = 0

a x + 2y + 4z + w = 0

2x + 3y + z + w = 0

3x − y + 2z + w = 0

b 5x + y + 4z + w = 0

2z − w = 0

z + w = 0

7w = 0

c

11 Find an equation of the form ax + by + cz + d = 0 to describe the plane containing

the three points (1, 2,−1), (2, 3, 1) and (3,−1, 2) by solving a system of three linear

equations in a, b, c and d.

12 Find an equation of the form ax + by + cz + d = 0 to describe the plane containing the

three points (5, 4, 3), (4, 3, 1) and (1, 5, 4) by solving a system of three linear equations

in a, b, c and d.
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Chapter summary

General system of linear equations

a11x1 + a12x2 + · · · + a1nxn = b1

a21x1 + a22x2 + · · · + a2nxn = b2

...
...

. . .
...

...

am1x1 + am2x2 + · · · + amnxn = bm

Linear equations in two variables

� A linear equation of the form ax + by = c represents a line in two-dimensional space

(provided a and b are not both zero).

� There are three cases for a system of two linear equations in two variables:

• unique solution (lines intersect at a point)

• infinitely many solutions (lines coincide)

• no solutions (lines are parallel).

Linear equations in three variables

� A linear equation of the form ax + by + cz = d represents a plane in three-dimensional

space (provided a, b and c are not all zero).

� There are four cases for a system of linear equations in three variables:

• unique solution (planes intersect at a point)

• infinitely many solutions with one parameter (planes intersect in a line)

• infinitely many solutions with two parameters (planes coincide)

• no solutions (planes have no common intersection).

Augmented matrices

� A system of three linear equations in three variables can be represented by an augmented

matrix as shown:

a1x + b1y + c1z = d1

a2x + b2y + c2z = d2

a3x + b3y + c3z = d3





























a1 b1 c1 d1

a2 b2 c2 d2

a3 b3 c3 d3





























� Each of the following row operations produces an equivalent system of equations (i.e. the

solution set is the same):

• Interchange two rows.

• Multiply a row by a non-zero number.

• Add a multiple of one row to another row.

� An augmented matrix is in row-echelon form if each successive row leader is further to

the right, and so each row leader has only 0s below.

� An augmented matrix is in reduced row-echelon form if each successive row leader is

further to the right, each row leader is 1, and each row leader has only 0s above and below.
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192 Chapter 6: Systems of linear equations

Short-answer questions

1 Find the values of k for which the following system of equations has a unique solution:

2x − 3y = 4

x + ky = 2

2 Find the values of a for which the following system of equations has a unique solution:

ax + 3y + z = 2

5x − y − z = 1

x + 4y + 2z = 3

3 The augmented matrix of a system of equations has been converted to row-echelon form

as follows.




























1 2 3 5

0 a − 2 0 a2 − 2a

0 0 a + 1 3





























Find the values of a for which:

a there are no solutions

b there are infinitely many solutions

c there is a unique solution.

4 Find the equation of the parabola y = ax2
+ bx + c that passes through the three points

(−2, 40), (1, 7) and (3, 15).

5 Show that the following system of equations has a solution if and only if a = 6.

2x + 3y + 4z = 3

x + y − 8z = 1

5x + 6y − 20z = a

6 Consider the system of equations

x + y − z = 1

x + 2y + az = 3

x + ay + 2z = 4

Find the values of a for which there is:

a a unique solution

b no solution

c more than one solution.

7 a Find a vector equation of the line of intersection of the planes with Cartesian

equations x − y + z = 1 and x + y − z = 3.

b Determine the points of intersection of this line with the sphere x2
+ y2
+ z2
= 9.
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Chapter 6 review 193

Extended-response questions

1 Bronwyn and Noel have a clothing warehouse

in Summerville. They are supplied by three

contractors: Brad, Flynn and Lina.

The matrix shows the number of dresses, pants

and shirts that one worker, for each of the

contractors, can produce in a week.

Dresses

Pants

Shirts





























Brad

5

Flynn

6

Lina

10

3 4 5

2 6 5





























The number produced varies because of the different equipment used by the contractors.

The warehouse requires 310 dresses, 175 pants and 175 shirts in a week.

a Write down a system of linear equations in three variables (the numbers x, y and z of

workers for the contractors Brad, Flynn and Lina respectively).

b Write this system as an augmented matrix.

c How many workers should each contractor employ to meet the requirement exactly?

2 A quadratic function f has a rule of the form f (x) = ax2
+ bx + c. It is known that the

points (2, 0) and (1, 1) are on the graph of f .

a Write down two linear equations satisfied by a, b and c.

b Find a and b in terms of c.

c Find the values of a, b and c if f (−1) = 4.

3 A quartic function f has a rule of the form f (x) = ax4
+ bx3

+ cx2
+ dx. The graph has a

stationary point at (1, 1) and passes through the point (−1, 4).

a Write down three linear equations satisfied by a, b, c and d.

b Find a, b and c in terms of d.

c Find the value of d for which the graph has a stationary point where x = 4.

4 a Solve the simultaneous linear equations x + 2y − z = 2 and 2x − y + 3z = −1.

b A third equation is 3x + p2y − z = p + 4. Find the values of p for which the system of

three equations has:

i no solution ii a unique solution iii infinitely many solutions.

5 a Find a vector equation of the line of intersection of the two planes given by the

equations x − y − z = 1 and 2x + 4y + z = 5.

b A third plane has equation 3x + p2y − z = p + 4.

i Find the values of p for which the three planes intersect at a point, and give the

coordinates of this point in terms of p.

ii Find the value of p for which the three planes intersect in a line.

iii Find the value of p for which the three planes intersect at the point (1, 1,−1).

c Find the axis intercepts of the sphere (x − 1)2
+ (y − 1)2

+ (z + 1)2
= 3.

d Find the coordinates of the points of intersection of the line found in part a with

the sphere.
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7 Vector functions

In this chapter

7A Vector functions

7B Position vectors as a function of time

7C Vector calculus

7D Velocity and acceleration for motion

along a curve

7E Projectile motion

7F Circular motion

Review of Chapter 7

Syllabus references

Topic: Vector calculus

Subtopics: 3.3.11 – 3.3.15

The motion of a particle in space can be described by giving its position vector with

respect to an origin in terms of a variable t. The variable in this situation is referred to as a

parameter.

In two dimensions, the position vector can be described through the use of two functions. The

position vector at time t is given by

r(t) = x(t)i + y(t) j

We say that r(t) is a vector function.
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7A Vector functions 195

7A Vector functions

Describing a particle’s path using a vector function

Consider the vector r = (3 + t)i + (1 − 2t) j, where t ∈ R.

Then r represents a family of vectors defined by different values of t.

If the variable t represents time, then r is a vector function of time. We write

r(t) = (3 + t)i + (1 − 2t) j, t ∈ R

Further, if r(t) represents the position of a particle with respect to time, then the graph of the

endpoints of r(t) will represent the path of the particle in the Cartesian plane.

A table of values for a range of values of t is given below. These position vectors can be

represented in the Cartesian plane as shown in Figure A.

t −3 −2 −1 0 1 2 3

r(t) 7 j i + 5 j 2i + 3 j 3i + j 4i − j 5i − 3 j 6i − 5 j

x
2 4 6 80

−4

−6

−2

4

2

6

8

y

x
2 4 6 8

0

−4

−6

−2

4

2

6

8

y

Figure A Figure B

The graph of the position vectors (Figure A) is not helpful. But when only the endpoints

are plotted (Figure B), the pattern of the path is more obvious. We can find the Cartesian

equation for the path as follows.

Let (x, y) be the point on the path at time t.

Then r(t) = xi + y j and therefore

xi + y j = (3 + t)i + (1 − 2t) j

This implies that

x = 3 + t (1) and y = 1 − 2t (2)

Now we eliminate the parameter t from the equations.

From (1), we have t = x − 3. Substituting in (2) gives y = 1 − 2(x − 3) = 7 − 2x.

The particle’s path is the straight line with equation y = 7 − 2x.
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196 Chapter 7: Vector functions

Describing curves in the plane using vector functions

Now consider the Cartesian equation y = x2. The graph can also be described by a vector

function using a parameter t, which does not necessarily represent time.

Define the vector function r(t) = t i + t2 j, t ∈ R.

Using similar reasoning as before, if xi + y j = t i + t2 j, then x = t and y = t2, so eliminating t

yields y = x2.

This representation is not unique. It is clear that r(t) = t3i + t6 j, t ∈ R, also represents the

graph with Cartesian equation y = x2. Note that if these two vector functions are used to

describe the motion of particles, then the paths are the same, but the particles are at different

locations at a given time (with the exception of t = 0 and t = 1).

Also note that r(t) = t2i + t4 j, t ∈ R, only represents the equation y = x2 for x ≥ 0.

In the rest of this section, we consider graphs defined by vector functions, but without

relating them to the motion of a particle. We view a vector function as a function from a

subset of the real numbers into the set of all two-dimensional vectors.

Find the Cartesian equation for the graph represented by each vector function:

r(t) = (2 − t)i + (3 + t2) j, t ∈ Ra r(t) = (1 − cos t) i + sin t j, t ∈ Rb

Example 1

Solution

Let (x, y) be any point on the curve.

x = 2 − t (1)Then

y = 3 + t2 (2)and

Equation (1) gives t = 2 − x.

Substitute in (2):

y = 3 + (2 − x)2

y = x2 − 4x + 7, x ∈ R∴

a Let (x, y) be any point on the curve.

x = 1 − cos t (3)Then

y = sin t (4)and

From (3): cos t = 1 − x.

From (4):

y2 = sin2 t = 1 − cos2 t

= 1 − (1 − x)2

= −x2 + 2x

The Cartesian equation is y2 = −x2 + 2x.

b

For a vector function r(t) = x(t)i + y(t) j:

� The domain of the Cartesian relation is given by the range of the function x(t).

� The range of the Cartesian relation is given by the range of the function y(t).

In Example 1b, the domain of the corresponding Cartesian relation is the range of the

function x(t) = 1 − cos t, which is [0, 2]. The range of the Cartesian relation is the range of

the function y(t) = sin t, which is [−1, 1].

Note that the Cartesian equation y2 = −x2 + 2x can be written as (x − 1)2 + y2 = 1; it is the

circle with centre (1, 0) and radius 1.
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7A Vector functions 197

Find the Cartesian equation of each of the following. State the domain and range and

sketch the graph of each of the relations.

r(t) = cos2(t) i + sin2(t) j, t ∈ Ra r(t) = t i + (1 − t) j, t ∈ Rb

Example 2

Solution

a Let (x, y) be any point on the curve defined by

r(t) = cos2(t) i + sin2(t) j, t ∈ R. Then

x = cos2(t) and y = sin2(t)

Therefore

y = sin2(t) = 1 − cos2(t) = 1 − x

Hence, y = 1 − x.

Note that 0 ≤ cos2(t) ≤ 1 and 0 ≤ sin2(t) ≤ 1,

for all t ∈ R. The domain of the relation

is [0, 1] and the range is [0, 1].

x
O 1

1

y

b Let (x, y) be any point on the curve defined by

r(t) = t i + (1 − t) j, t ∈ R. Then

x = t and y = 1 − t

Hence, y = 1 − x.

The domain is R and the range is R.
x

O 1

1

y

For each of the following, state the Cartesian equation, the domain and range of the

corresponding Cartesian relation and sketch the graph:

r(λ) =
(

1 − 2 cos(λ)
)

i + 3 sin(λ) ja r(λ) = 2 sec(λ) i + tan(λ) jb

Example 3

Solution

a Let x = 1 − 2 cos(λ) and y = 3 sin(λ). Then

x − 1

−2
= cos(λ) and

y

3
= sin(λ)

Squaring each and adding yields

(x − 1)2

4
+

y2

9
= cos2(λ) + sin2(λ) = 1

The graph is an ellipse with centre (1, 0).

The domain of the relation is [−1, 3] and

the range is [−3, 3].

x

y

(1, 3)

(1, 0)

(1, −

−

3)

3O1

Note: The entire ellipse is obtained by taking λ ∈ [0, 2π].
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198 Chapter 7: Vector functions 7A

b r(λ) = 2 sec(λ) i + tan(λ) j, for λ ∈
{

x ∈ R : x ,
(2n + 1)π

2
, for n ∈ Z

}

Let (x, y) be any point on the curve. Then

x = 2 sec(λ) and y = tan(λ)

x2 = 4 sec2(λ) and y2 = tan2(λ)∴

x2

4
= sec2(λ) and y2 = tan2(λ)∴

But sec2(λ) − tan2(λ) = 1 and therefore

x2

4
− y2 = 1

The domain of the relation is the range of x(λ) = 2 sec(λ), which is (−∞,−2] ∪ [2,∞).

The range of the relation is the range of y(λ) = tan(λ), which is R.

The graph is a hyperbola centred

at the origin with asymptotes

y = ± x

2
.

Note: The graph is produced for

λ ∈
(

−π
2

,
π

2

)

∪
(

π

2
,

3π

2

)

. x
2O−2

y

y =
y =

−

x

2
x
2

Exercise 7A

1Example 1

Example 2

For each of the following vector functions, find the corresponding Cartesian equation,

and state the domain and range of the Cartesian relation:

r(t) = t i + 2t j, t ∈ Ra r(t) = 2i + 5t j, t ∈ Rb

r(t) = −t i + 7 j, t ∈ Rc r(t) = (2 − t)i + (t + 7) j, t ∈ Rd

r(t) = t2i + (2 − 3t) j, t ∈ Re r(t) = (t − 3)i + (t3 + 1) j, t ∈ Rf

r(t) = (2t + 1)i + 3t j, t ∈ Rg r(t) =

(

t −
π

2

)

i + cos(2t) j, t ∈ Rh

r(t) =
1

t + 4
i + (t2 + 1) j, t , −4i r(t) =

1

t
i +

1

t + 1
j, t , 0,−1j

2Example 3 For each of the following vector functions, find the corresponding Cartesian relation,

state the domain and range of the relation and sketch the graph:

r(t) = 2 cos(t) i + 3 sin(t) j, t ∈ Ra r(t) = 2 cos2(t) i + 3 sin2(t) j, t ∈ Rb

r(t) = t i + 3t2 j, t ≥ 0c r(t) = t3i + 3t2 j, t ≥ 0d

e r(λ) = cos(λ) i + sin(λ) j, λ ∈
[

0,
π

2

]
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7A 7B Position vectors as a function of time 199

f r(λ) = 3 sec(λ) i + 2 tan(λ) j, λ ∈
(

0,
π

2

)

g r(t) = 4 cos(2t) i + 4 sin(2t) j, t ∈
[

0,
π

2

]

h r(λ) = 3 sec2(λ) i + 2 tan2(λ) j, λ ∈
(

−π
2

,
π

2

)

i r(t) = (3 − t)i + (5t2 + 6t) j, t ∈ R

3 Find a vector function that corresponds to each of the following. Note that the answers

given are the ‘natural choice’, but your answers could be different.

y = 3 − 2xa x2 + y2 = 4b (x − 1)2 + y2 = 4c

x2 − y2 = 4d y = (x − 3)2 + 2(x − 3)e 2x2 + 3y2 = 12f

4 A circle of radius 5 has its centre at the point C with position vector 2i + 6 j relative

to the origin O. A general point P on the circle has position r relative to O. The angle

between i and
−−→
CP, measured anticlockwise from i to

−−→
CP, is denoted by θ.

Give the vector function for P.a Give the Cartesian equation for P.b

7B Position vectors as a function of time

Consider a particle travelling at a constant speed along a circular path with radius length

1 unit and centre O. The path is represented in Cartesian form as
{

(x, y) : x2 + y2 = 1
}

If the particle starts at the point (1, 0) and travels anticlockwise, taking 2π units of time to

complete one circle, then its path is represented in parametric form as
{

(x, y) : x = cos t and y = sin t, for t ≥ 0
}

This is expressed in vector form as

r(t) = cos t i + sin t j

where r(t) is the position vector of the particle at time t.

The graph of a vector function is the set of points

determined by the function r(t) as t varies.

In two dimensions, the x- and y-axes are used. x

y

P(x, y)

r(t)

O

In three dimensions, three mutually perpendicular axes

are used. It is best to consider the x- and y-axes as in the

horizontal plane and the z-axis as vertical and through

the point of intersection of the x- and y-axes.

y

z

P(x, y, z)

r(t)

x

O
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200 Chapter 7: Vector functions

Information from the vector function

The vector function gives much more information about the motion of the particle than the

Cartesian equation of its path.

For example, the vector function r(t) = cos t i + sin t j, t ≥ 0, indicates that:

� At time t = 0, the particle has position vector r(0) = i. That is, the particle starts at (1, 0).

� The particle moves with constant speed on the curve with equation x2 + y2 = 1.

� The particle moves in an anticlockwise direction.

� The particle moves around the circle with a period of 2π, i.e. it takes 2π units of time to

complete one circle.

The vector function r(t) = cos(2πt) i + sin(2πt) j describes a particle moving anticlockwise

around the circle with equation x2 + y2 = 1, but this time the period is 1 unit of time.

The vector function r(t) = − cos(2πt) i + sin(2πt) j again describes a particle moving around

the unit circle, but the particle starts at (−1, 0) and moves clockwise.

Sketch the path of a particle where the position at time t is given by

r(t) = 2t i + t2 j, t ≥ 0

Example 4

Solution

Now x = 2t and y = t2.

This implies t =
x

2
and so y =

(

x

2

)2

.

The Cartesian form is y =
x2

4
, for x ≥ 0.

Since r(0) = 0 and r(1) = 2i + j, it can be seen

that the particle starts at the origin and moves

along the parabola y =
x2

4
with x ≥ 0. x

y

y 
x2

4

Pr(t)

O

=

Notes:

� The equation r(t) = t i +
1

4
t2 j, t ≥ 0, gives the

same Cartesian path, but the rate at which the

particle moves along the path is different.

� If r(t) = −t i +
1

4
t2 j, t ≥ 0, then again the

Cartesian equation is y =
x2

4
, but x ≤ 0.

Hence, the motion is along the curve shown

and in the direction indicated.
x

y

y 
x2

4

O

=
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7B Position vectors as a function of time 201

� Motion in two dimensions

When a particle moves along a curve in a plane, its position is specified by a vector

function of the form

r(t) = x(t)i + y(t) j

� Motion in three dimensions

When a particle moves along a curve in three-dimensional space, its position is

specified by a vector function of the form

r(t) = x(t)i + y(t) j + z(t)k

An object moves along a path where the position vector is given by

r(t) = cos t i + sin t j + 2k, t ≥ 0

Describe the motion of the object.

Example 5

Solution

Being unfamiliar with the graphs of relations in three dimensions, it is probably best to

determine a number of position vectors (points) and try to visualise joining the dots.

t r(t) Point

0 i + 2k (1, 0, 2)

π

2
j + 2k (0, 1, 2)

π −i + 2k (−1, 0, 2)

3π

2
− j + 2k (0,−1, 2)

2π i + 2k (1, 0, 2)

y

x

z

O
starting point

(−1, 0, 2)

(0, 1, 2)

(0, 0, 2)

(1, 0, 2)

(0, −1, 2)

The object is moving along a circular path, with centre (0, 0, 2) and radius length 1,

starting at (1, 0, 2) and moving anticlockwise when viewed from above, always at a

distance of 2 above the x–y plane (horizontal plane).
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202 Chapter 7: Vector functions

The motion of two particles is given by the vector functions r1(t) = (2t − 3)i + (t2 + 10) j

and r2(t) = (t + 2)i + 7t j, where t ≥ 0. Find:

a the point at which the particles collide

b the points at which the two paths cross

c the distance between the particles when t = 1.

Example 6

Solution

a The two particles collide when they share the same position at the same time:

r1(t) = r2(t)

(2t − 3)i + (t2 + 10) j = (t + 2)i + 7t j

Therefore

2t − 3 = t + 2 (1) and t2 + 10 = 7t (2)

From (1), we have t = 5.

Check in (2): t2 + 10 = 35 = 7t.

The particles are at the same point when t = 5, i.e. they collide at the point (7, 35).

b At the points where the paths cross, the two paths share common points that may occur

at different times for each particle. Therefore we need to distinguish between the two

time variables:

r1(t) = (2t − 3)i + (t2 + 10) j

r2(s) = (s + 2)i + 7s j

When the paths cross:

2t − 3 = s + 2 (3)

t2 + 10 = 7s (4)

We now solve these equations simultaneously.

Equation (3) becomes s = 2t − 5.

Substitute in (4):

t2 + 10 = 7(2t − 5)

t2 − 14t + 45 = 0

(t − 9)(t − 5) = 0

t = 5 or t = 9∴

The corresponding values for s are 5 and 13.

These values can be substituted back into the vector equations to obtain the points at

which the paths cross, i.e. (7, 35) and (15, 91).
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7B 7B Position vectors as a function of time 203

c When t = 1: r1(1) = −i + 11 j

r2(1) = 3i + 7 j

The vector representing the displacement between the two particles after 1 second is

r1(1) − r2(1) = −4i + 4 j

The distance between the two particles is
√

(−4)2 + 42 = 4
√

2 units.

Exercise 7B

1Example 4 The path of a particle with respect to an origin is described as a function of time, t, by

the vector equation r(t) = cos t i + sin t j, t ≥ 0.

a Find the Cartesian equation of the path.

b Sketch the path of the particle.

c Find the times at which the particle crosses the y-axis.

2 Repeat Question 1 for the paths described by the following vector functions:

r(t) = (t2 − 9)i + 8t j, t ≥ 0a r(t) = (t + 1)i +
1

t + 2
j, t > −2b

r(t) =
t − 1

t + 1
i +

2

t + 1
j, t > −1c

3Example 6 The paths of two particles with respect to time t are described by the vector equations

r1(t) = (3t − 5)i + (8 − t2) j and r2(t) = (3 − t)i + 2t j, where t ≥ 0. Find:

a the point at which the two particles collide

b the points at which the two paths cross

c the distance between the two particles when t = 3.

4 Repeat Question 3 for the paths described by the vector equations

r1(t) = (2t2 + 4)i + (t − 2) j and r2(t) = 9t i + 3(t − 1) j, where t ≥ 0.

5 The path of a particle defined as a function of time t is given by the vector equation

r(t) = (1 + t)i + (3t + 2) j. Find:

a the distance of the particle from the origin when t = 3

b the times at which the distance of the particle from the origin is 1 unit.

6 Let r(t) = t i + 2t j − 3k be the vector equation representing the motion of a particle with

respect to time t, where t ≥ 0. Find:

a the position, A, of the particle when t = 3

b the distance of the particle from the origin when t = 3

c the position, B, of the particle when t = 4

d the displacement of the particle in the fourth second in vector form.
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204 Chapter 7: Vector functions 7B

7 Let r(t) = (t + 1)i + (3 − t) j + 2tk be the vector equation representing the motion of a

particle with respect to time t, where t ≥ 0. Find:

a the position of the particle when t = 2

b the distance of the particle from the point (4,−1, 1) when t = 2.

8 Let r(t) = at2i + (b − t) j be the vector equation representing the motion of a particle

with respect to time t. When t = 3, the position of the particle is (6, 4). Find a and b.

9 A particle travels in a path such that the position vector, r(t), at time t is given by

r(t) = 3 cos(t) i + 2 sin(t) j, t ≥ 0.

a Express this vector function as a Cartesian relation.

b Find the initial position of the particle.

c The positive y-axis points north and the positive x-axis points east. Find, correct to

two decimal places, the bearing of the point P, the position of the particle at t =
3π

4
,

from:

i the origin ii the initial position.

10 An object moves so that the position vector at time t is given by r(t) = et i + e−t j, t ≥ 0.

a Express this vector function as a Cartesian relation.

b Find the initial position of the object.

c Sketch the graph of the path travelled by the object, indicating the direction

of motion.

11 An object is moving so that its position, r, at time t is given by

r(t) = (et + e−t)i + (et − e−t) j, t ≥ 0.

Find the initial position of the object.a Find the position at t = ln 2.b

Find the Cartesian equation of the path.c

12 An object is projected so that its position, r, at time t is given by

r(t) = 100t i +
(

100
√

3t − 5t2
)

j, for 0 ≤ t ≤ 20
√

3.

a Find the initial and final positions of the object.

b Find the Cartesian form of the path.

c Sketch the graph of the path, indicating the direction of motion.

13 Two particles A and B have position vectors rA(t) and rB(t) respectively at time t, given

by rA(t) = 6t2i + (2t3 − 18t) j and rB(t) = (13t − 6)i + (3t2 − 27) j, where t ≥ 0. Find

where and when the particles collide.

14Example 5 The motion of a particle is described by the vector equation r(t) = 3 cos t i + 3 sin t j + k,

t ≥ 0. Describe the motion of the particle.

15 The motion of a particle is described by the vector equation r(t) = t i + 3t j + tk, t ≥ 0.

Describe the motion of the particle.
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7B 7C Vector calculus 205

16 The motion of a particle is described by the vector equation

r(t) =
(

1 − 2 cos(2t)
)

i +
(

3 − 5 sin(2t)
)

j, for t ≥ 0. Find:

a the Cartesian equation of the path

b the position at:

i t = 0 ii t =
π

4
iii t =

π

2

c the time taken by the particle to return to its initial position

d the direction of motion along the curve.

17 For each of the following vector equations:

i find the Cartesian equation of the body’s path

ii sketch the path

iii describe the motion of the body.

a r(t) = cos2(3πt) i + 2 cos2(3πt) j, t ≥ 0

b r(t) = cos(2πt) i + cos(4πt) j, t ≥ 0

c r(t) = et i + e−2t j, t ≥ 0

7C Vector calculus

Consider the curve defined by r(t).

Let P and Q be points on the curve with position

vectors r(t) and r(t + h) respectively.

Then
−−→
PQ = r(t + h) − r(t).

It follows that

1

h

(

r(t + h) − r(t)
)

is a vector parallel to
−−→
PQ.

As h→ 0, the point Q approaches P along the curve.

x

y

r(t)

r(t + h)

O

Q

P

The derivative of r with respect to t is denoted by ṙ

and is defined by

ṙ(t) = lim
h→0

r(t + h) − r(t)

h

provided that this limit exists.

The vector ṙ(t) points along the tangent to the curve

at P, in the direction of increasing t.

Note: The derivative of a vector function r(t) is

also denoted by
dr

dt
or r′(t).

x

y

r(t)

ṙ(t)

O

P
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206 Chapter 7: Vector functions

Derivative of a vector function

Let r(t) = x(t)i + y(t) j. If both x(t) and y(t) are differentiable, then

ṙ(t) = ẋ(t)i + ẏ(t) j

Proof By the definition, we have

ṙ(t) = lim
h→0

r(t + h) − r(t)

h

= lim
h→0

(

x(t + h)i + y(t + h) j
)

−
(

x(t)i + y(t) j
)

h

= lim
h→0

x(t + h)i − x(t)i

h
+ lim

h→0

y(t + h) j − y(t) j

h

=

(

lim
h→0

x(t + h) − x(t)

h

)

i +

(

lim
h→0

y(t + h) − y(t)

h

)

j

ṙ(t) =
dx

dt
i +

dy

dt
j∴

The second derivative of r(t) is

r̈(t) =
d2x

dt2
i +

d2y

dt2
j = ẍ(t)i + ÿ(t) j

This can be extended to three-dimensional vector functions:

r(t) = x(t)i + y(t) j + z(t)k

ṙ(t) =
dx

dt
i +

dy

dt
j +

dz

dt
k

r̈(t) =
d2x

dt2
i +

d2y

dt2
j +

d2z

dt2
k

Find ṙ(t) and r̈(t) if r(t) = 20t i + (15t − 5t2) j.

Example 7

Solution

ṙ(t) = 20i + (15 − 10t) j

r̈(t) = −10 j

Find ṙ(t) and r̈(t) if r(t) = cos t i − sin t j + 5tk.

Example 8

Solution

ṙ(t) = − sin t i − cos t j + 5k

r̈(t) = − cos t i + sin t j
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7C Vector calculus 207

If r(t) = t i +
(

(t − 1)3 + 1
)

j, find ṙ(α) and r̈(α), where r(α) = i + j.

Example 9

Solution

r(t) = t i +
(

(t − 1)3 + 1
)

j

ṙ(t) = i + 3(t − 1)2 j

r̈(t) = 6(t − 1) j

We have

r(α) = αi +
(

(α − 1)3 + 1
)

j = i + j

Therefore α = 1, and ṙ(1) = i and r̈(1) = 0.

If r(t) = et i +
(

(et − 1)3 + 1
)

j, find ṙ(α) and r̈(α), where r(α) = i + j.

Example 10

Solution

r(t) = et i +
(

(et − 1)3 + 1
)

j

ṙ(t) = et i + 3et(et − 1)2 j

r̈(t) = et i +
(

6e2t(et − 1) + 3et(et − 1)2) j

We have

r(α) = eα i +
(

(eα − 1)3 + 1
)

j = i + j

Therefore α = 0, and ṙ(0) = i and r̈(0) = i.

A curve is described by the vector equation r(t) = 2 cos t i + 3 sin t j.

a Find:

i ṙ(t) ii r̈(t)

b Find the gradient of the curve at the point (x, y), where x = 2 cos t and y = 3 sin t.

Example 11

Solution

a i ṙ(t) = −2 sin t i + 3 cos t j

ii r̈(t) = −2 cos t i − 3 sin t j

b We can find
dy

dx
using related rates:

dy

dx
=

dy

dt

dt

dx
,

dx

dt
= −2 sin t,

dy

dt
= 3 cos t

dy

dx
= 3 cos t · 1

−2 sin t
= −3

2
cot t∴

Note that the gradient is undefined when sin t = 0.
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208 Chapter 7: Vector functions

A curve is described by the vector equation r(t) = sec(t) i + tan(t) j, with t ∈
(

−
π

2
,
π

2

)

.

a Find the gradient of the curve at the point (x, y), where x = sec(t) and y = tan(t).

b Find the gradient of the curve where t =
π

4
.

Example 12

Solution

a x = sec(t) =
1

cos(t)
= (cos t)−1 and y = tan(t)

dx

dt
= −(cos t)−2(− sin t)

dy

dt
= sec2(t)

=
sin(t)

cos2(t)

= tan(t) sec(t)

Hence,

dy

dx
=

dy

dt

dt

dx

= sec2(t) · 1

tan(t) sec(t)

= sec(t) cot(t)

=
1

sin(t)

b When t =
π

4
,

dy

dx
=

1

sin

(

π

4

) =
√

2.

We have the following results for differentiating vector functions.

Properties of the derivative of a vector function

�

d

dt

(

c
)

= 0, where c is a constant vector

�

d

dt

(

kr(t)
)

= k
d

dt

(

r(t)
)

, where k is a real number

�

d

dt

(

r1(t) + r2(t)
)

=
d

dt

(

r1(t)
)

+
d

dt

(

r2(t)
)

�

d

dt

(

f (t) r(t)
)

= f (t)
d

dt

(

r(t)
)

+
d

dt

(

f (t)
)

r(t), where f is a real-valued function
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7C Vector calculus 209

Antidifferentiation

Consider
∫

r(t) dt =
∫

x(t)i + y(t) j + z(t)k dt

=
(∫

x(t) dt
)

i +
(∫

y(t) dt
)

j +
(∫

z(t) dt
)

k

= X(t)i + Y(t) j + Z(t)k + c

where
dX

dt
= x(t),

dY

dt
= y(t),

dZ

dt
= z(t) and c is a constant vector. Note that

dc

dt
= 0.

Given that r̈(t) = 10i − 12k, find:

ṙ(t) if ṙ(0) = 30i − 20 j + 10ka r(t) if also r(0) = 0i + 0 j + 2kb

Example 13

Solution

a ṙ(t) = 10t i − 12tk + c1, where c1 is a constant vector

ṙ(0) = 30i − 20 j + 10k

c1 = 30i − 20 j + 10kThus

ṙ(t) = 10t i − 12tk + 30i − 20 j + 10kand

= (10t + 30)i − 20 j + (10 − 12t)k

b r(t) = (5t2 + 30t)i − 20t j + (10t − 6t2)k + c2, where c2 is a constant vector

r(0) = 0i + 0 j + 2k

c2 = 2kThus

r(t) = (5t2 + 30t)i − 20t j + (10t − 6t2 + 2)kand

Given r̈(t) = −9.8 j with r(0) = 0 and ṙ(0) = 30i + 40 j, find r(t).

Example 14

Solution

r̈(t) = −9.8 j

ṙ(t) =
(∫

0 dt
)

i +
(∫
−9.8 dt

)

j∴

= −9.8t j + c1

But ṙ(0) = 30i + 40 j, giving c1 = 30i + 40 j.

ṙ(t) = 30i + (40 − 9.8t) j∴

r(t) =
(∫

30 dt
)

i +
(∫

40 − 9.8t dt
)

jThus

= 30t i + (40t − 4.9t2) j + c2

Now r(0) = 0 and therefore c2 = 0.

Hence, r(t) = 30t i + (40t − 4.9t2) j.
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210 Chapter 7: Vector functions 7C

Exercise 7C

1Example 7

Example 8

Find ṙ(t) and r̈(t) for each of the following:

r(t) = et i + e−t ja r(t) = t i + t2 jb

r(t) =
1

2
t i + t2 jc r(t) = 16t i − 4(4t − 1)2 jd

r(t) = sin(t) i + cos(t) je r(t) = (3 + 2t)i + 5t jf

r(t) = 100t i +
(

100
√

3t − 4.9t2
)

jg r(t) = tan(t) i + cos2(t) jh

2Example 9

Example 10

Sketch graphs for each of the following, for t ≥ 0, and find r(t0), ṙ(t0) and r̈(t0) for the

given t0:

r(t) = et i + e−t j, t0 = 0a r(t) = t i + t2 j, t0 = 1b

r(t) = sin(t) i + cos(t) j, t0 =
π

6
c r(t) = 16t i − 4(4t − 1)2 j, t0 = 1d

r(t) =
1

t + 1
i + (t + 1)2 j, t0 = 1e

3Example 11

Example 12

Find the gradient at the point on the curve determined by the given value of t for each of

the following:

r(t) = cos(t) i + sin(t) j, t =
π

4
a r(t) = sin(t) i + cos(t) j, t =

π

2
b

r(t) = et i + e−2t j, t = 1c r(t) = 2t2i + 4t j, t = 2d

r(t) = (t + 2)i + (t2 − 2t) j, t = 3e r(t) = cos(πt) i + cos(2πt) j, t =
1

4
f

4Example 13

Example 14

Find r(t) for each of the following:

a ṙ(t) = 4i + 3 j, where r(0) = i − j

b ṙ(t) = 2t i + 2 j − 3t2 k, where r(0) = i − j

c ṙ(t) = e2t i + 2e0.5t j, where r(0) =
1

2
i

d r̈(t) = i + 2t j, where ṙ(0) = i and r(0) = 0

e r̈(t) = sin(2t) i − cos
(1

2
t
)

j, where ṙ(0) = −1

2
i and r(0) = 4 j

5 The position of a particle at time t is given by r(t) = sin(t) i + t j + cos(t) k, where t ≥ 0.

Prove that ṙ(t) and r̈(t) are always perpendicular.

6 The position of a particle at time t is given by r(t) = 2t i + 16t2(3 − t) j, where t ≥ 0.

Find:

a when ṙ(t) and r̈(t) are perpendicular

b the pairs of perpendicular vectors ṙ(t) and r̈(t).

7 A particle has position r(t) at time t determined by r(t) = at i +
a2t2

4
j, a > 0 and t ≥ 0.

a Sketch the graph of the path of the particle.

b Find when the magnitude of the angle between ṙ(t) and r̈(t) is 45◦.
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7C 7D Velocity and acceleration for motion along a curve 211

8 A particle has position r(t) at time t specified by r(t) = 2t i + (t2 − 4) j, where t ≥ 0.

a Sketch the graph of the path of the particle.

b Find the magnitude of the angle between ṙ(t) and r̈(t) at t = 1.

c Find when the magnitude of the angle between ṙ(t) and r̈(t) is 30◦.

9 Given r = 3t i +
1

3
t3 j + t3 k, find:

ṙa |ṙ|b r̈c

|r̈|d t when |r̈| = 16e

10 Given that r = (V cosα)t i +
(

(V sinα)t −
1

2
gt2

)

j specifies the position of an object at

time t ≥ 0, find:

a ṙ

b r̈

c when ṙ and r̈ are perpendicular

d the position of the object when ṙ and r̈ are perpendicular.

7D Velocity and acceleration for motion along a curve

Consider a particle moving along a curve in the plane, with position vector at time t given by

r(t) = x(t)i + y(t) j

We can find the particle’s velocity and acceleration at time t as follows.

Velocity

Velocity is the rate of change of position.

Therefore v(t), the velocity at time t, is given by

v(t) = ṙ(t) = ẋ(t)i + ẏ(t) j

The velocity vector gives the direction of motion at time t.

Acceleration

Acceleration is the rate of change of velocity.

Therefore a(t), the acceleration at time t, is given by

a(t) = v̇(t) = r̈(t) = ẍ(t)i + ÿ(t) j

Speed

Speed is the magnitude of velocity. At time t, the speed is |ṙ(t)|.

Distance between two points on the curve

The (shortest) distance between two points on the curve is found using |r(t1) − r(t0)|.
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212 Chapter 7: Vector functions

The position of an object is r(t) metres at time t seconds, where r(t) = et i +
2

9
e2t j, t ≥ 0.

Find at time t:

the velocity vectora the acceleration vectorb the speed.c

Example 15

Solution

a v(t) = ṙ(t) = et i +
4

9
e2t j

b a(t) = r̈(t) = et i +
8

9
e2t j

c Speed = |v(t)| =

√

(

et
)2
+

(

4

9
e2t

)2

=

√

e2t +
16

81
e4t m/s

The position vector of a particle at time t is given by r(t) = (2t − t2)i + (t2 − 3t) j + 2tk,

where t ≥ 0. Find:

the velocity of the particle at time ta the speed of the particle at time tb

the minimum speed of the particle.c

Example 16

Solution

a ṙ(t) = (2 − 2t)i + (2t − 3) j + 2k

b Speed = |ṙ(t)| =
√

4 − 8t + 4t2 + 4t2 − 12t + 9 + 4

=
√

8t2 − 20t + 17

c Minimum speed occurs when 8t2 − 20t + 17 is a minimum.

8t2 − 20t + 17 = 8

(

t2 − 5t

2
+

17

8

)

= 8

(

t2 − 5t

2
+

25

16
+

17

8
− 25

16

)

= 8

((

t − 5

4

)2

+
9

16

)

= 8

(

t −
5

4

)2

+
9

2

Hence, the minimum speed is

√

9

2
=

3
√

2
=

3
√

2

2
.

(

This occurs when t =
5

4
.

)
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7D Velocity and acceleration for motion along a curve 213

The position of a projectile at time t is given by r(t) = 400t i + (500t − 5t2) j, for t ≥ 0,

where i is a unit vector in a horizontal direction and j is a unit vector vertically up.

The projectile is fired from a point on the ground. Find:

a the time taken to reach the ground again

b the speed at which the projectile hits the ground

c the maximum height of the projectile

d the initial speed of the projectile.

Example 17

Solution

a The projectile is at ground level when the j-component of r is zero:

500t − 5t2 = 0

5t(100 − t) = 0

t = 0 or t = 100∴

The projectile reaches the ground again at t = 100.

b ṙ(t) = 400i + (500 − 10t) j

The velocity of the projectile when it hits the ground is

ṙ(100) = 400i − 500 j

Therefore the speed is

|ṙ(100)| =
√

4002 + 5002

= 100
√

41

The projectile hits the ground with speed 100
√

41.

c The projectile reaches its maximum height when the j-component of ṙ is zero:

500 − 10t = 0

t = 50∴

The maximum height is 500 × 50 − 5 × 502 = 12 500.

d The initial velocity is

ṙ(0) = 400i + 500 j

So the initial speed is

|ṙ(0)| =
√

4002 + 5002

= 100
√

41
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214 Chapter 7: Vector functions

The position vector of a particle at time t is given by r(t) = 2 sin(2t) i + cos(2t) j + 2tk,

where t ≥ 0. Find:

the velocity at time ta the speed of the particle at time tb

the maximum speedc the minimum speed.d

Example 18

Solution

a ṙ(t) = 4 cos(2t) i − 2 sin(2t) j + 2k

b Speed = |ṙ(t)| =
√

16 cos2(2t) + 4 sin2(2t) + 4

=
√

12 cos2(2t) + 8

c Maximum speed =
√

20 = 2
√

5, when cos(2t) = 1

d Minimum speed =
√

8 = 2
√

2, when cos(2t) = 0

The position vectors, at time t ≥ 0, of particles A and B are given by

rA(t) = (t3 − 9t + 8)i + t2 j

rB(t) = (2 − t2)i + (3t − 2) j

Prove that A and B collide while travelling at the same speed but at right angles to

each other.

Example 19

Solution

When the particles collide, they must be at the same position at the same time:

(t3 − 9t + 8)i + t2 j = (2 − t2)i + (3t − 2) j

t3 − 9t + 8 = 2 − t2 (1)Thus

t2 = 3t − 2 (2)and

t3 + t2 − 9t + 6 = 0 (3)From (1):

t2 − 3t + 2 = 0 (4)From (2):

Equation (4) is simpler to solve:

(t − 2)(t − 1) = 0

t = 2 or t = 1∴

Now check in (3):

t = 1 LHS = 1 + 1 − 9 + 6 = −1 , RHS

t = 2 LHS = 8 + 4 − 18 + 6 = 0 = RHS

The particles collide when t = 2.
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7D 7D Velocity and acceleration for motion along a curve 215

Now consider the speeds when t = 2.

ṙA(t) = (3t2 − 9)i + 2t j ṙB(t) = −2t i + 3 j

ṙA(2) = 3i + 4 j r̈B(2) = −4i + 3 j∴

The speed of particle A is
√

32 + 42 = 5.

The speed of particle B is
√

(−4)2 + 32 = 5.

The speeds of the particles are equal at the time of collision.

Consider the scalar product of the velocity vectors for A and B at time t = 2.

ṙA(2) · ṙB(2) = (3i + 4 j) · (−4i + 3 j)

= −12 + 12

= 0

Hence, the velocities are perpendicular at t = 2.

The particles are travelling at right angles at the time of collision.

Exercise 7D

All distances are measured in metres and time in seconds.

1Example 15 The position of a particle at time t is given by r(t) = t2i − (1 + 2t) j, for t ≥ 0. Find:

a the velocity at time t

b the acceleration at time t

c the average velocity for the first 2 seconds, i.e.
r(2) − r(0)

2
.

2 The acceleration of a particle at time t is given by r̈(t) = −g j, where g = 9.8. Find:

a the velocity at time t if ṙ(0) = 2i + 6 j

b the position at time t if r(0) = 0i + 6 j.

3Example 16 The velocity of a particle at time t is given by ṙ(t) = 3i + 2t j + (1 − 4t)k, for t ≥ 0.

a Find the acceleration of the particle at time t.

b Find the position of the particle at time t if initially the particle is at j + k.

c Find an expression for the speed at time t.

d i Find the time at which the minimum speed occurs.

ii Find this minimum speed.

4 The acceleration of a particle at time t is given by r̈(t) = 10i − gk, where g = 9.8. Find:

a the velocity of the particle at time t if ṙ(0) = 20i − 20 j + 40k

b the position of the particle at time t, given that r(0) = 0i + 0 j + 0k.

5 The position of an object at time t is given by r(t) = 5 cos(1 + t2) i + 5 sin(1 + t2) j. Find

the speed of the object at time t.
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216 Chapter 7: Vector functions 7D

6 The position of a particle, r(t), at time t seconds is given by r(t) = 2t i + (t2 − 4) j. Find

the magnitude of the angle between the velocity and acceleration vectors at t = 1.

7 The position vector of a particle is given by r(t) = 12
√

t i + t
3
2 j, for t ≥ 0. Find the

minimum speed of the particle and its position when it has this speed.

8Example 17 The position, r(t), of a projectile at time t is given by r(t) = 400t i + (300t − 4.9t2) j, for

t ≥ 0. If the projectile is initially at ground level, find:

a the time taken to return to the ground

b the speed at which the object hits the ground

c the maximum height reached

d the initial speed of the object

e the initial angle of projection from the horizontal.

9 The acceleration of a particle at time t is given by r̈(t) = −3
(

sin(3t) i + cos(3t) j
)

.

a Find the position vector r(t), given that ṙ(0) = i and r(0) = −3i + 3 j.

b Show that the path of the particle is circular and state the position of its centre.

c Show that the acceleration is always perpendicular to the velocity.

10Example 18 The position vector of a particle at time t is r(t) = 2 cos(t) i + 4 sin(t) j + 2tk. Find the

maximum and minimum speeds of the particle.

11 The velocity vector of a particle at time t seconds is given by

v(t) = (2t + 1)2i +
1

√
2t + 1

j

a Find the magnitude and direction of the acceleration after 1 second.

b Find the position vector at time t seconds if the particle is initially at O.

12Example 19 Particles A and B move in the x–y plane with constant velocities.

� ṙA(t) = i + 2 j and rA(2) = 3i + 4 j

� ṙB(t) = 2i + 3 j and rB(3) = i + 3 j

Prove that the particles collide, finding:

a the time of collision

b the position vector of the point of collision.

13 A body moves horizontally along a straight line in a direction Nα◦W with a constant

speed of 20 m/s. If i is a horizontal unit vector due east and j is a horizontal unit vector

due north and if tanα◦ =
4

3
, find:

a the velocity of the body at time t

b the position of the body after 5 seconds.

14 The position vector of a particle at time t is r(t) = 4 sin(2t) i + 4 cos(2t) j, t ≥ 0. Find:

a the velocity at time t b the speed at time t c the acceleration in terms of r.
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15 The velocity of a particle is given by ṙ(t) = (2t − 5)i, t ≥ 0. Initially, the position of the

particle relative to an origin O is −2i + 2 j.

a Find the position of the particle at time t.

b Find the position of the particle when it is instantaneously at rest.

c Find the Cartesian equation of the path followed by the particle.

16 A particle has path defined by r(t) = 6 sec(t) i + 4 tan(t) j, t ≥ 0. Find:

the Cartesian equation of the patha the particle’s velocity at time t.b

17 A particle moves such that its position vector, r(t), at time t is given by

r(t) = 4 cos(t) i + 3 sin(t) j, 0 ≤ t ≤ 2π.

a Find the Cartesian equation of the path of the particle and sketch the path.

b i Find when the velocity of the particle is perpendicular to its position vector.

ii Find the position vector of the particle at each of these times.

c i Find the speed of the particle at time t.

ii Write the speed in terms of cos2 t.

iii State the maximum and minimum speeds of the particle.

7E Projectile motion

Suppose that a particle is projected at an angle of θ◦ to the horizontal with initial velocity u.

O

u

B
θ

i

j

Let i and j be unit vectors in the horizontal and vertical directions as shown, and let r(t) be

the position vector of the particle at time t. Then we can write

ṙ(0) = u = u cos θ i + u sin θ j

where u is the magnitude of the initial velocity u.

We will assume that the only force acting on the particle is gravity. So we have

r̈(t) = −g j

where g is the acceleration due to gravity. Integrating with respect to t gives

ṙ(t) = −gt j + c

We see that c = ṙ(0) = u cos θ i + u sin θ j. So we obtain

ṙ(t) = u cos θ i +
(

u sin θ − gt
)

j

If we assume that r(0) = 0, then integrating again with respect to t gives

r(t) = ut cos θ i +

(

ut sin θ −
gt2

2

)

j
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218 Chapter 7: Vector functions

Equations of projectile motion

For an object projected from the origin with initial velocity ṙ(0) = u cos θ i + u sin θ j:

Acceleration r̈(t) = −g j

Velocity ṙ(t) = u cos θ i +
(

u sin θ − gt
)

j

Position r(t) = ut cos θ i +

(

ut sin θ − gt2

2

)

j

Note: Close to the Earth’s surface, we can take g ≈ 9.8 m/s2.

Cartesian equation of the projectile’s path

We can write the position function, r(t), as parametric equations:

x = ut cos θ (1) y = ut sin θ − gt2

2
(2)

Solve equation (1) for t and substitute into equation (2):

y = u

(

x

u cos θ

)

sin θ − g

2

(

x

u cos θ

)2

Hence, the Cartesian equation of the projectile’s path is

y = x tan θ − gx2

2u2
sec2
θ

Maximum height of the projectile

The maximum height is reached when the j-component of the velocity, ṙ(t), is zero. This

implies that u sin θ − gt = 0, and so

t =
u sin θ

g

Therefore the position vector of the particle at its maximum height is

r(t) = ut cos θ i +

(

ut sin θ − gt2

2

)

j

=
u2 sin θ cos θ

g
i +

(

u2 sin2
θ

g
−

gu2 sin2
θ

2g2

)

j

=
u2

2g

(

sin(2θ) i + sin2
θ j

)

Hence, the maximum height is
u2

2g
sin2
θ.

Range of the projectile

If the projectile returns to the same horizontal level as the point of projection, then the total

horizontal distance travelled (the projectile’s range) is twice the horizontal distance travelled

to reach the maximum height.

Hence, the range of the projectile is
u2

g
sin(2θ).
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7E 7E Projectile motion 219

A particle is projected from a point on horizontal ground with speed 50 m/s at an angle

of 30◦ to the horizontal. Let i and j be unit vectors in the horizontal (x) and vertical (y)

directions respectively. Neglecting air resistance, find:

the initial velocity vectora the velocity vector at time t secondsb

the position vector at time t secondsc the Cartesian equation of the path.d

Example 20

Solution

The initial velocity is

u = 50 cos 30◦ i + 50 sin 30◦ j

= 25
√

3 i + 25 j

a We have

r̈(t) = −g j

ṙ(t) = −gt j + c1∴

We see that c1 = ṙ(0) = 25
√

3 i + 25 j.

Hence,

ṙ(t) = 25
√

3 i + (25 − gt) j

b

We have

ṙ(t) = 25
√

3 i + (25 − gt) j

r(t) = 25
√

3t i +
(

25t − 1

2
gt2) j + c2∴

But r(0) = 0 implies that c2 = 0.

Hence,

r(t) = 25
√

3t i +
(

25t −
1

2
gt2) j

c From part c, we can write

x = 25
√

3t and y = 25t − 1

2
gt2

Eliminating t gives

y =
25x

25
√

3
−

1

2
g

(

x

25
√

3

)2

y =

√
3x

3
− gx2

3750
∴

d

Exercise 7E

1Example 20 A particle is projected from a point on horizontal ground with speed 98 m/s at an angle

of 30◦ to the horizontal. Let i and j be unit vectors in the horizontal (x) and vertical (y)

directions respectively. Neglecting air resistance, find:

the initial velocity vectora the velocity vector at time t secondsb

the position vector at time t secondsc the Cartesian equation of the path.d

2 A particle is projected from a height of 50 m at an angle of 30◦ to the horizontal, with

an initial speed of 10g m/s. After t seconds, the particle is at a height of y m above

ground level and at a horizontal distance of x m from the point of projection.

a Express y in terms of x.

b Hence find, in terms of g, the particle’s horizontal distance from the point of

projection when it is at a height of 25 m above ground level.

3 A ball is thrown horizontally at 15 m/s from the window of a tall building, and it hits the

ground after 2.5 seconds. Find the height above ground level of the point from which

the ball was thrown.
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220 Chapter 7: Vector functions 7E

4 An object slides down an inclined plane, which slopes downwards at an angle of 20◦

to the horizontal. The object reaches a speed of 40 m/s at the end of the slide, which is

15 m above the ground. Take the end of the slide as the origin, and let i and j be unit

vectors in the forwards and upwards directions respectively.

a Let r(t) be the position of the object at time t seconds after leaving the end of

the slide. Using r̈(t) = −g j, find r(t).

Hence find, correct to one decimal place:

b the horizontal distance, in metres, travelled by the object to reach the ground after it

leaves the end of the slide

c the angle upwards from the horizontal, in degrees, at which it hits the ground.

5 A stone is thrown to hit a small target, which is at a distance of 14 m horizontally and

5.5 m vertically upwards from the point of projection. The stone is thrown from a height

of 2 m above the horizontal ground with a speed of 42 m/s. Find, in degrees correct to

one decimal place, the angle from the horizontal at which the stone should be thrown to

hit the target. (Assume that there is no air resistance.)

6 An object is launched upwards at an angle of α◦ from the horizontal with an initial

speed of u m/s. The only force acting is gravity.

a Express ṙ, the velocity of the object (in m/s) at time t s, in terms of t, u, g and α.

b At time T s, the object is moving in a direction perpendicular to that of projection.

Find the relationship between T , u, g and α.

7 An object is projected with speed u m/s at an angle of θ◦ upwards from the horizontal.

The maximum height reached is H metres and the range is R metres (i.e. the horizontal

distance between the point of projection and the point of landing). Show that

u =

√

2g(H + R2)

16H

8 A ball is thrown at an angle of arctan

(

12

5

)

to the horizontal. If the ball hits a building

10 m away at a height of 14 m, find its initial velocity.

9 A ball is projected from ground level over a wall of height 5 m. The point of projection

is 20 m from the base of the wall. The initial speed of the ball is 40 m/s at an angle

of 30◦ to the horizontal. Assume that air resistance is negligible.

a How far above the top of the wall does the ball pass? (Give your answer in metres

correct to one decimal place.)

b What is the speed of the ball as it passes over the top of the wall? (Give your answer

in m/s correct to one decimal place.)

10 Particle X is projected from the origin with an initial velocity of 16i + 30 j m/s. At the

same time, particle Y is projected from a point 60 m to the right of the origin and 25 m

higher with an initial velocity of −8i + 20 j m/s.

a Find the position vector of particle X at time t seconds.

b Find the time and the point at which the two particles collide.
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7E 7F Circular motion 221

11 A particle is projected with initial velocity u from a point O.

a Write an expression for the velocity, v, of the particle at time t.

b Write an expression for the position, r, of the particle at time t.

c Prove that, at the time t when the vectors u and v are perpendicular, we have

|u|2 + |v|2 = 4|r|2

t2
and |r| = 1

2
gt2.

7F Circular motion

Suppose that a particle P is moving around the circle

centred at the origin with radius r. The position of

the particle is given by

r = r cos θ i + r sin θ j

where θ = f (t). That is, we consider the angle, θ,

to be a function of time, t.

We can find the velocity of the particle by first using

the chain rule to obtain

d

dt

(

cos θ
)

= − sin θ · dθ

dt
= −θ̇ sin θ

d

dt

(

sin θ
)

= cos θ ·
dθ

dt
= θ̇ cos θ

O

P(x, y)

θ

r

x

y

Hence,

ṙ = −rθ̇ sin θ i + rθ̇ cos θ j

= rθ̇
(

− sin θ i + cos θ j
)

It can be seen that − sin θ i + cos θ j is a unit vector,

and so r|θ̇| is the magnitude of ṙ.

We also observe that r · ṙ = 0. Therefore the velocity

vector is perpendicular to the position vector.

O

P(x, y)

θ

r

x

y

r·

Angular velocity

The angular velocity of the particle, denoted by ω, is the rate of change of the angle θ

with respect to time:

ω =
dθ

dt
= θ̇

Note: The standard unit for angular velocity is radians per second.

We have seen that the magnitude of the velocity is |ṙ| = r|θ̇|. So we can now write

v = r|ω|

where v is the speed of the particle.
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222 Chapter 7: Vector functions

Uniform circular motion

Throughout the rest of this section, we will consider circular motion where the angular

velocity ω is constant. This is called uniform circular motion.

If the particle starts at an angle of θ = 0 at time t = 0, then we have θ = ωt and the equations

of motion are

r = r
(

cos(ωt) i + sin(ωt) j
)

ṙ = rω
(

− sin(ωt) i + cos(ωt) j
)

r̈ = rω2(− cos(ωt) i − sin(ωt) j
)

We see that the acceleration is directed along a radius towards the centre of the circle.

Uniform circular motion

For a particle moving around a circle of radius r with constant angular velocity ω > 0:

� Speed The speed of the particle is v = rω.

� Period The time to complete one revolution is T =
2π

ω
.

A particle is moving around a circle of radius 3 m with a constant speed of 2 m/s. Given

that θ = 0 at time t = 0, find:

a the angular velocity of the particle

b the position of the particle at time t = π seconds

c the velocity of the particle at time t = π seconds

d the acceleration of the particle at time t = π seconds.

Example 21

Solution

a We are given that v = 2 m/s and r = 3 m.

Therefore the angular velocity is ω =
v

r
=

2

3
radians per second.

b When t = π, the particle is at an angle of θ = ωt =
2π

3
.

r = r
(

cos θ i + sin θ j
)

So

= 3

(

cos

(

2π

3

)

i + sin

(

2π

3

)

j

)

= −
3

2
i +

3
√

3

2
j

ṙ = rω
(

− sin θ i + cos θ j
)

= 3 × 2

3

(

− sin

(

2π

3

)

i + cos

(

2π

3

)

j

)

= −
√

3 i − j m/s

c r̈ = rω2(− cos θ i − sin θ j
)

= 3 ×
(

2

3

)2 (

− cos

(

2π

3

)

i − sin

(

2π

3

)

j

)

=
2

3
i −

2
√

3

3
j m/s2

d
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7F 7F Circular motion 223

A particle moves at a constant speed of 8 m/s around a circle with a radius of 4 m. Assume

that θ = 0 when t = 0.

a Find the position of the particle, relative to the centre of the circle, at time t seconds.

b Find the velocity of the particle at time t seconds.

c Find the acceleration of the particle at time t seconds.

Example 22

Solution

The angular velocity is ω =
v

r
= 2 radians per second.

At time t seconds, the angle is θ = 2t.

a r = 4 cos(2t)i + 4 sin(2t) j

b ṙ = −8 sin(2t)i + 8 cos(2t) j

c r̈ = −16 cos(2t)i − 16 sin(2t) j

Exercise 7F

1Example 21 A particle is moving around a circle of radius 2.5 m with a constant speed of 5 m/s.

Given that θ = 0 at time t = 0, find:

a the angular velocity of the particle

b the position of the particle at time t = π seconds

c the velocity of the particle at time t = π seconds

d the acceleration of the particle at time t = π seconds.

2 A particle is moving around a circle with a constant speed of 2 m/s. The radius of the

circle is 2 m. Given that θ = 0 at time t = 0, find:

a the angular velocity of the particle

b the position of the particle at time t =
π

2
seconds

c the velocity of the particle at time t =
π

2
seconds

d the acceleration of the particle at time t =
π

2
seconds.

3 An electric fan is spinning at 350 revolutions per minute. The fan’s diameter is 20 cm.

a Find the angular velocity of a point at the end of a fan blade.

b Find the speed of a point at the end of a fan blade.

4Example 22 A car is driving around a circular track with a radius of 25 m at a constant speed

of 10 m/s. Assume that θ = 0 when t = 0.

a Find the position of the car, relative to the centre of the circle, at time t seconds.

b Find the velocity of the car at time t seconds.

c Find the acceleration of the car at time t seconds.
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224 Chapter 7: Vector functions 7F

5 A tyre of radius 25 cm is rotating at a constant rate such that a point on its rim has

speed
25

3
m/s. Find the angular velocity of a point on its rim, in radians per second.

6 A particle moves in a circle of radius 2 m and completes 1.5 revolutions per second.

Find:

the angular velocitya the speedb

the magnitude of the accelerationc the period of the motion.d

7 A particle moves such that its position vector, r(t), at time t is given by

r(t) = 3 sin(4πt) i − 3 cos(4πt) j, t ≥ 0

All distances are in metres and time is in seconds.

a Find the speed of the particle in m/s.

b Find the magnitude of the acceleration in m/s2.

c Find the position, velocity and acceleration vectors at time t =
1

2
second.

d Find the angular velocity of the particle in radians per second.

8 A particle moves in a circle such that its position vector at time t is given by

r(t) = a cos(nt) i + a sin(nt) j, t ≥ 0

where a and n are positive constants. Given that the circle has a radius of length

2 metres and the particle completes 80 revolutions per minute, find:

a the constants a and n

b the particle’s speed in m/s

c the magnitude of the acceleration in m/s2.

9 A particle moves so that its position vector at time t is given by

r = 4 cos(t2) i + 4 sin(t2) j, t ≥ 0

a Show that the particle moves in a circle.

b Find ṙ and hence show that the particle does not move with constant speed.

c Find r̈ and express your answer in the form r̈ = f (t)r + g(t)ṙ.

10 A particle moves such that its position vector, r(t), is given by

r(t) =
(

4 + 3 cos(4πt)
)

i +
(

2 − 3 sin(4πt)
)

j, t ≥ 0

All distances are in metres and time is in seconds.

a Find the speed of the particle in m/s.

b Find the magnitude of the acceleration in m/s2.

c Find the position, velocity and acceleration vectors at time t = 1 second.

d Find the angular velocity of the particle relative to the centre of motion.

e Find the Cartesian equation of the particle’s path.
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Chapter summary

� We state the following results for motion in three dimensions. In this course, the focus is

on motion in the plane. The statements for two dimensions are analogous.

• The position of a particle at time t can be described by a vector function:

r(t) = f (t)i + g(t) j + h(t)k

• The velocity of the particle at time t is

ṙ(t) = f ′(t)i + g′(t) j + h′(t)k

• The acceleration of the particle at time t is

r̈(t) = f ′′(t)i + g′′(t) j + h′′(t)k

� The velocity vector ṙ(t) has the direction of the motion of the particle at time t.

� Speed is the magnitude of velocity. At time t, the speed is |ṙ(t)|.
� The (shortest) distance between the points on the path corresponding to t = t0 and t = t1 is

given by |r(t1) − r(t0)|.

� Circular motion

• For a particle moving around the origin in the x–y plane, let θ be the angle that its

position vector makes with the positive direction of the x-axis. The angular velocity of

the particle, ω, is the rate of change of θ with respect to time.

• For a particle moving around a circle of radius r with constant angular velocity ω > 0:

the speed of the particle is v = rω- the period of the motion is T =
2π

ω
.-

Short-answer questions

1 The position, r(t) metres, of a particle moving in a plane is given by r(t) = 2t i+ (t2 −4) j

at time t seconds.

a Find the velocity and acceleration when t = 2.

b Find the Cartesian equation of the path.

2 Find the velocity and acceleration vectors of the position vectors:

r = 2t2i + 4t j + 8ka r = 4 sin t i + 4 cos t j + t2 kb

3 At time t, a particle has coordinates (6t, t2 + 4). Find the unit vector along the tangent to

the path when t = 4.

4 The position vector of a particle is given by r(t) = 10 sin(2t) i + 5 cos(2t) j.

a Find its position vector when t =
π

6
.

b Find the cosine of the angle between its directions of motion at t = 0 and t =
π

6
.
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226 Chapter 7: Vector functions

5 Find the unit tangent vector of the curve r = (cos t + t sin t)i + (sin t − t cos t) j, t > 0.

6 A particle moves on a curve with equation r = 5(cos t i + sin t j). Find:

the velocity at time ta the speed at time tb

the acceleration at time tc ṙ · r̈, and comment.d

7 Particles A and B move with velocities VA = cos t i + sin t j and VB = sin t i + cos t j

respectively. At time t = 0, the position vectors of A and B are rA = i and rB = j. Prove

that the particles collide, finding the time of collision.

8 The position vector of a particle at any time t is given by r = (1 + sin t)i + (1 − cos t) j.

a Show that the magnitudes of the velocity and acceleration are constants.

b Find the Cartesian equation of the path described by the particle.

c Find the first instant that the position is perpendicular to the velocity.

9 The velocities of two particles A and B are given by VA = 2i + 3 j and VB = 3i − 4 j. The

initial position vector of particle A is rA = i − j. If the particles collide after 3 seconds,

find the initial position vector of particle B.

10 A particle starts from point i − 2 j and travels with a velocity given by t i + j, at time

t seconds from the start. A second particle travels in the same plane and its position

vector is given by r = (s − 4)i + 3 j, at time s seconds after it started.

a Find an expression for the position of the first particle.

b Find the point at which their paths cross.

c If the particles actually collide, find the time between the two starting times.

11 A particle travels with constant acceleration, given by r̈(t) = i + 2 j. Two seconds after

starting, the particle passes through the point i, travelling at a velocity of 2i − j. Find:

a an expression for the velocity of the particle at time t

b an expression for its position

c the initial position and velocity of the particle.

12 Two particles travel with constant acceleration given by r̈1(t) = i − j and r̈2(t) = 2i + j.

The initial velocity of the second particle is −4i and that of the first particle is k j.

a Find an expression for:

i the velocity of the second particle

ii the velocity of the first particle.

b At one instant both particles have the same velocity. Find:

i the time elapsed before that instant

ii the value of k

iii the common velocity.
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13 The position of an object is given by r(t) = et i + 4e2t j, t ≥ 0.

a Show that the path of the particle is the graph of f : [1,∞)→ R, f (x) = 4x2.

b Find:

i the velocity vector at time t

ii the initial velocity

iii the time at which the velocity is parallel to the vector i + 12 j.

14 The velocity of a particle is given by ṙ(t) = (t − 3) j, t ≥ 0.

a Show that the path of this particle is linear.

b Initially, the position of the particle is 2i + j.

i Find the Cartesian equation of the path followed by the particle.

ii Find the point at which the particle is momentarily at rest.

15 A particle is moving such that its position vector, r(t), is given by

r(t) = 3 sin(2πt) i + 3 cos(2πt) j, t ≥ 0

All distances are in metres and time is in seconds.

a Find the speed of the particle in m/s.

b Find the magnitude of the acceleration in m/s2.

c Find the position, velocity and acceleration vectors at time t = 1 second.

d Find the angular velocity of the particle in radians per second.

Extended-response questions

1 Two particles P and Q are moving in a horizontal plane. The particles are moving with

velocities 9i + 6 j m/s and 5i + 4 j m/s respectively.

a Determine the speeds of the particles.

b At time t = 4, particles P and Q have position vectors rP(4) = 96i + 44 j and

rQ(4) = 100i + 96 j. (Distances are measured in metres.)

i Find the position vectors of P and Q at time t = 0.

ii Find the vector
−−→
PQ at time t.

c Find the time at which P and Q are nearest to each other and the magnitude of
−−→
PQ at

this instant.

2 Two particles A and B move in the plane. The velocity of A is (−3i + 29 j) m/s while that

of B is v(i + 7 j) m/s, where v is a constant. (All distances are measured in metres.)

a Find the vector
−−→
AB at time t seconds, given that when t = 0,

−−→
AB = −56i + 8 j.

b Find the value of v such that the particles collide.

c If v = 3:

i Find
−−→
AB. ii Find the time when the particles are closest.
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3 A child is sitting still in some long grass watching a bee. The bee flies at a constant

speed in a straight line from its beehive to a flower and reaches the flower 3 seconds

later. The position vector of the beehive relative to the child is 10i + 2 j + 6k and the

position vector of the flower relative to the child is 7i + 8 j, where all the distances are

measured in metres.

a If B is the position of the beehive and F the position of the flower, find
−−→
BF.

b Find the distance BF.

c Find the speed of the bee.

d Find the velocity of the bee.

e Find the time when the bee is closest to the child and its distance from the child at

this time.

4 Initially, a motor boat is at a point J at the end of a jetty and a police boat is at a point P.

The position vector of P relative to J is 400i − 600 j. The motor boat leaves the point J

and travels with constant velocity 6i. At the same time, the police boat leaves its

position at P and travels with constant velocity u(8i + 6 j), where u is a real number. All

distances are measured in metres and all times are measured in seconds.

a If the police boat meets the motor boat after t seconds, find:

i the value of t

ii the value of u

iii the speed of the police boat

iv the position of the point where they meet.

b Find the time at which the police boat was closest to J and its distance from J at

this time.

5 A particle A is at rest on a smooth horizontal table at a point with position vector

−i + 2 j, relative to an origin O. Point B is on the table such that
−−→
OB = 2i + j. (All

distances are measured in metres and time in seconds.) At time t = 0, the particle is

projected along the table with velocity (6i + 3 j) m/s.

a Determine:

i
−−→
OA at time t

ii
−−→
BA at time t.

b Find the time when |−−→BA| = 5.

c Using the time found in b:

i Find a unit vector c along
−−→
BA.

ii Find a unit vector d perpendicular to
−−→
BA.

Hint: The vector yi − x j is perpendicular to xi + y j.

iii Express 6i + 3 j in the form pc + qd.
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6 a Sketch the graph of the Cartesian relation corresponding to the vector equation

r(θ) = cos(θ) i − sin(θ) j, 0 < θ <
π

2

b A particle P describes a circle of radius 16 cm about the origin. It completes

the circle every π seconds. At t = 0, P is at the point (16, 0) and is moving in a

clockwise direction. It can be shown that
−−→
OP = a cos(nt) i + b sin(nt) j.

Find the values of:

i a ii b iii n iv State the velocity and acceleration of P at time t.

c A second particle Q has position vector given by
−−→
OQ = 8 sin(t) i + 8 cos(t) j, where

measurements are in centimetres. Obtain an expression for:

i
−−→
PQ ii |−−→PQ|2

d Find the minimum distance between P and Q.

7 At time t, a particle has velocity v = (2 cos t)i − (4 sin t cos t) j, t ≥ 0. At time t = 0, it is

at the point with position vector 3 j.

a Find the position of the particle at time t.

b Find the position of the particle when it first comes to rest.

c i Find the Cartesian equation of the path of the particle.

ii Sketch the path of the particle.

d Express |v|2 in terms of cos t and, without using calculus, find the maximum speed of

the particle.

e Give the time at which the particle is at rest for the second time.

f i Show that the distance, d, of the particle from the origin at time t is given by

d2 = cos2(2t) + 2 cos(2t) + 6.

ii Find the time(s) at which the particle is closest to the origin.

8 A golfer hits a ball from a point referred to as the origin with a velocity of ai+ b j+ 20k,

where i, j and k are unit vectors horizontally forwards, horizontally to the right and

vertically upwards respectively. After being hit, the ball is subject to an acceleration

2 j − 10k. (All distances are measured in metres and all times in seconds.) Find:

a the velocity of the ball at time t

b the position vector of the ball at time t

c the time of flight of the ball

d the values of a and b if the golfer wishes to hit a direct hole-in-one, where the

position vector of the hole is 100i

e the angle of projection of the ball if a hole-in-one is achieved.
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9 Particles P and Q have variable position vectors p and q respectively, given by

p(t) = cos(t) i + sin(t) j − k

q(t) = cos(2t) i − sin(2t) j +
1

2
k

where 0 ≤ t ≤ 2π.

a i For p(t), describe the path.

ii Find the distance of particle P from the origin at time t.

iii Find the velocity of particle P at time t.

iv Show that the vector cos(t) i + sin(t) j is perpendicular to the velocity vector of P

for any value of t.

v Find the acceleration, p̈(t), at time t.

b i Find the vector
−−→
PQ at time t.

ii Show that the distance between P and Q at time t is

√

17

4
− 2 cos(3t).

iii Find the maximum distance between the particles.

iv Find the times at which this maximum occurs.

v Find the minimum distance between the particles.

vi Find the times at which this minimum occurs.

c i Show that p(t) · q(t) = cos(3t) − 1

2
.

ii Find an expression for cos(∠POQ).

iii Find the greatest magnitude of angle POQ.

10 A golfer hits a ball from an origin, O, aiming at a hole, H, which is 200 metres away at

the end of a horizontal fairway. The initial velocity of the ball is v(0) = 35i+ 5 j+ 24.5k,

where the unit vectors i, j and k are chosen such that i is in the direction of
−−→
OH and k is

in the upwards direction. The ball lands on the fairway at point L. While in the air, the

ball is subject only to gravity, so its acceleration is a(t) = −9.8k m/s2.

a Find the position vector of the ball at time t seconds after being hit.

b Find the length of time, in seconds, that the ball is in the air.

c Find the distance, to the nearest metre, along the fairway from L to H.

d Correct to one decimal place, find the speed of the ball in m/s when it lands.

11 Particles A and B move such that, at any time t ≥ 0, their position vectors are

rA = 2t i + t j and rB =
(

4 − 4 sin(αt)
)

i + 4 cos(αt) j, where α is a positive constant.

a Find the speed of B in terms of α.

b Find the Cartesian equations of the paths of A and B.

c On the same set of axes, sketch the paths of A and B, showing directions of travel.

d Find the coordinates of the points where the paths of A and B cross.

e Find the least value of α, correct to two decimal places, for which particles A and B

will collide.
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12 A bartender slides a glass along a bar for

a customer to collect. Unfortunately, the

customer has turned to speak to a friend.

The glass slides over the edge of the

bar with a horizontal velocity of 2 m/s.

Assume that air resistance is negligible

and that the acceleration due to gravity

is 9.8 m/s2 in a downwards direction.

0i + 0j
O

j

i

a i Give the acceleration of the glass as a vector expression.

ii Give the vector expression for the velocity of the glass at time t seconds, where

t is measured from when the glass leaves the bar.

iii Give the position of the glass with respect to the edge of the bar, O, at time

t seconds.

b It is 0.8 m from O to the floor directly below. Find:

i the time it takes for the glass to hit the floor

ii the horizontal distance from the bar where the glass hits the floor.

13 A yacht is returning to its marina at O.

At noon, the yacht is at Y . The yacht takes

a straight-line course to O. Point L is the

position of a navigation sign on the shore.

Coordinates represent distances east and

north of the marina, measured in kilometres.

a i Write down the position vector of the

navigation sign L.

ii Find the unit vector in the direction of
−−→
OL.

i

j Y(7, 4)

L(6, −3)

Land

O

b Find the vector resolute of
−−→
OY in the direction of

−−→
OL and hence find the coordinates

of the point on shore closest to the yacht at noon.

c The yacht sails towards O. The position vector at time t hours after 12 p.m. is given

by r(t) =

(

7 −
7

2
t

)

i + (4 − 2t) j.

i Find an expression for
−→
LP, where P is the position of the yacht at time t.

ii Find the time when the yacht is closest to the navigation sign.

iii Find the closest distance between the sign and the yacht.
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8 Revision of

Chapters 5–7

8A Short-answer questions

1 The coordinates of three points are A(2, 1, 2), B(−3, 2, 5) and C(4, 5,−2). The point D is

such that ABCD is a parallelogram.

a Find the position vector of D.

b Find the coordinates of the point at which the diagonals of the parallelogram ABCD

intersect.

c Find cos(∠BAC).

2 Solve the following system of linear equations:

2x − y + z = 0

y + 2z = 1

2x + 5z = 2

3 Points A and B have position vectors
−−→
OA = i +

√
3 j and

−−→
OB = 3i − 4k. Point P lies

on AB with
−−→
AP = λ

−−→
AB.

a Show that
−−→
OP = (1 + 2λ)i +

√
3(1 − λ) j − 4λk.

b Hence, find λ, if OP is the bisector of ∠AOB.

4 a Find a unit vector perpendicular to the line 2y + 3x = 6.

b Let A be the point (2,−5) and let P be the point on the line 2y + 3x = 6 such that AP

is perpendicular to the line. Find:

i
−−→
AP ii |−−→AP|

5 For each of the following, find a vector equation of the line through the two points:

(0, 0, 0), (3, 0, 4)a (0, 2, 1), (−1, 3, 4)b (3, 2, 4), (0, 4,−2)c
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6 For each of the following, find a vector equation of the plane that contains the

three points:

a (0, 0, 0), (1, 2, 3), (1, 3, 5)

b (2,−3, 5), (3,−2, 6), (1,−2, 4)

c (3, 2, 4), (0, 4,−2), (3, 6, 0)

7 a Find the perpendicular distance between the parallel planes with equations

2x + 2y + z = 6 and 2x + 2y + z = 10.

b Find the area of the triangle with vertices (2, 2, 2), (1, 1, 2) and (1,−1, 6).

8 Find the point of intersection of the lines ℓ1 and ℓ2 given by

ℓ1 : r = 2ti + (2 − 2t) j + (3 − 4t)k, t ∈ R
ℓ2 : r = (3 + s)i + (s − 1) j + (4s − 3)k, s ∈ R

9 Consider the following system of linear equations:

x + ay − z = 0

2x + y + z = k

x − y + z = 2

a Show that, if a , 5, then there is a unique solution. Find this solution in

terms of k.

b Given that a = 5, find the values of k for which there are no solutions.

c Given that a = 5, find the values of k for which there are infinitely many solutions.

10 Find the coordinates of the point where the line through (0, 1, 0) and (1, 0, 1) meets the

plane with equation x + y + z = 1.

11 Find the angle between each pair of planes:

a 2x + 3y − z = 0, x − y − z = 4

b 4x + 3y + 2z = 5, 2x − 4y + 3z = 6

12 Find the length of the perpendicular from the point with coordinates (4, 0, 1) to the plane

with equation 3x + 6y + 2z = −7.

13 a Find the value of a for which the three planes 2x − y + 5z = 7, 5x + 3y − z = 4 and

3x + 4y − 6z = a intersect in a line.

b Find a vector equation of this line.

14 For which value(s) of a will the following system of equations have no solutions?

ax + y + 2z = 4

x + 2y + z = −3

2x − y − 2z = 1
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15 Consider the following system of equations:

ax + y + 2z = 4

2x + 2y + 3z = 1

2x − y − 4z = b

Find the values of a and b such that this system has infinitely many solutions. Give the

solutions in this case.

16 Consider the simultaneous equations ax + by = 3 and bx + ay = 4, where a and b are

constants. If this pair of equations has no solutions, then how must a and b be related?

17 The position of a particle at time t seconds, relative to an origin O, is given by

r(t) = sin(t) i +
1

2
sin(2t) j, t ≥ 0

a Find the velocity of the particle at time t.

b Find the acceleration at time t.

c Find an expression for the distance of the particle from the origin at time t in terms

of sin(t).

d Find an expression for the speed of the particle at time t in terms of sin(t).

e Find the Cartesian equation of the path of the particle.

18 The position vector of a particle moving relative to the origin at time t seconds is given

by r(t) = 2 sec(t) i +
1

2
tan(t) j, for t ∈

[

0,
π

2

)

.

a Find the Cartesian equation of the path.

b Find the velocity of the particle at time t.

c Find the speed of the particle when t =
π

3
.

19 The acceleration of an object is inversely proportional to its velocity at any time

t seconds. The object is travelling at 1 m/s when its acceleration is 2 m/s2. The velocity

of the particle when t = 0 was 2 m/s to the left. Find its velocity at time t seconds.

20 A particle moves such that, at time t seconds, the velocity, v m/s, is given by

v = e2t i − e−2t k. Given that, at t = 0, the position of the particle is i + j − 2k, find the

position at t = ln 2.

21 A particle has acceleration, a m/s2, given by a = −g j, where j is a unit vector vertically

upwards. Let i be a horizontal unit vector in the plane of the particle’s motion. The

particle is projected from the origin with an initial speed of 20 m/s at an angle of 60◦ to

the horizontal.

a Prove that the velocity, in m/s, at t seconds is given by v = 10i +
(

10
√

3 − gt
)

j.

b Hence, find the Cartesian equation of the path of the particle.
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22 The velocity, v, of a particle at time t seconds is given by

v(t) = −2 sin(2t) i + 2 cos(2t) j, 0 ≤ t ≤ 2π

The particle moves in the horizontal plane. Let i be the unit vector in the easterly

direction and j be the unit vector in the northerly direction. Find:

a the position vector, r(t), given that r(0) = 2i − j

b the Cartesian equation of the path of the particle

c the time(s) when the particle is moving in the westerly direction.

23 A particle is projected from the origin so that the position vector, r(t) metres, at time

t seconds, t ≥ 0, is given by

r(t) = 14
√

3t i +

(

14t − g

2
t2
)

j

where i is the unit vector in the direction of the x-axis, horizontally, and j is the unit

vector in the direction of the y-axis, vertically. The x-axis represents ground level. Find:

a the time (in seconds) taken for the particle to reach the ground, in terms of g

b the Cartesian equation of the parabolic path

c the maximum height reached by the particle (in metres), in terms of g.

8B Extended-response questions

1 a Points A, B and P are collinear with B between A and P. The points A, B and P have

position vectors a, b and r respectively, relative to an origin O. If
−−→
AP =

3

2

−−→
AB:

i express
−−→
AP in terms of a and b

ii express r in terms of a and b.

b The points A, B and C have position vectors i, 2i + 2 j and 4i + j respectively.

i Find
−−→
AB and

−−→
BC.

ii Show that
−−→
AB and

−−→
BC have equal magnitudes.

iii Show that AB and BC are perpendicular.

iv Find the position vector of D such that ABCD is a square.

c The triangle OAB is such that O is the origin,
−−→
OA = 8i and

−−→
OB = 10 j. The point P

with position vector
−−→
OP = xi + y j + zk is equidistant from O, A and B and is at a

distance of 2 above the triangle. Find x, y and z.

2 a Show that if 2a + b − c = 0 and a − 4b − 2c = 0, then a : b : c = 2 : −1 : 3.

b Assume that the vector xi + y j + zk is perpendicular to both 2i + j − 3k and i − j − k.

Establish two equations in x, y and z, and find the ratio x : y : z.

c Hence, or otherwise, find any vector v that is perpendicular to both 2i + j − 3k

and i − j − k.

d Show that the vector 4i + 5 j − 7k is also perpendicular to vector v.

e Find the values of s and t such that 4i + 5 j − 7k can be expressed in the form

s(2i + j − 3k) + t(i − j − k).

f Show that any vector r = t(2i + j − 3k) + s(i − j − k) is perpendicular to vector v

(where t ∈ R and s ∈ R).
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3 The position vectors of the vertices of a triangle ABC, relative to a given origin O, are a,

b and c. Let P and Q be points on the line segments AB and AC respectively such that

AP : PB = 1 : 2 and AQ : QC = 2 : 1. Let R be the point on the line segment PQ such

that PR : RQ = 2 : 1.

a Prove that
−−→
OR =

4

9
a +

1

9
b +

4

9
c.

b Let M be the midpoint of AC. Prove that R lies on the median BM.

c Find BR : RM.

4 The points A and B have position vectors a and b respectively, relative to an origin O.

The point C lies on AB between A and B, and is such that AC : CB = 2 : 1, and D is the

midpoint of OC. The line AD meets OB at E.

a Find in terms of a and b:

i
−−→
OC ii

−−→
AD

b Find the ratios:

i OE : EB ii AE : ED

5 The line segment AB is the common perpendicular joining the two skew lines AP

and BQ. The midpoint of AB is C, and the midpoint of PQ is R. The position vectors of

the points A, B, P and Q are a, b, p and q respectively.

a Find each of the following in terms of a, b, p and q:

i
−−→
AB ii

−−→
PQ iii

−−→
CR

b Hence, show that CR is perpendicular to AB.

6 Let a, b and c be non-zero vectors in three dimensions such that

a × b = 3a × c

a Show that there exists k ∈ R such that b − 3c = ka.

b Given that |a| = |c| = 1, |b| = 3 and the angle between b and c is arccos

(

1

3

)

, find:

i b · c
ii |b − 3c|
iii the possible values of k.

c Hence, find the cosine of the angle between vectors a and c.

7 a Let A, B and C be points in three-dimensional space with position vectors a, b and c

respectively. Given that A, B and C are not collinear, prove that the plane ABC can

be represented by the vector equation

r = λa + µb + νc, where λ, µ, ν ∈ R with λ + µ + ν = 1

b For each of the following, write down a vector equation of the plane ABC in the form

established in part a:

i A(1, 1, 1), B(1,−1, 1), C(1, 1,−1)

ii A(1, 1, 1), B(−1,−2, 3), C(2, 1,−2)
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c Find a vector equation (using just one parameter t ∈ R) for the line of intersection of

the two planes given by

r1 = λ1i + 2µ1 j + 3ν1 k, where λ1, µ1, ν1 ∈ R with λ1 + µ1 + ν1 = 1

r2 = 2λ2i + µ2 j + 2ν2 k, where λ2, µ2, ν2 ∈ R with λ2 + µ2 + ν2 = 1

8 A vector equation of a plane Π is r · n = k.

a Let ℓ be a line with vector equation r = a + tb, t ∈ R. Given that b · n , 0, show that

the plane Π meets the line ℓ at the point with position vector

(b · n)a − (a · n)b + kb

b · n
b Let P be a point, with position vector p, such that P does not lie on the plane Π.

i Using part a, express the position vector of the point where the plane Π meets the

line through P perpendicular to Π in terms of p, n and k.

ii Express the distance from the point P to the plane Π in terms of p, n and k.

9 Consider the system of equations

x + y + 2z = a

x + z = b

2x + y + 3z = c

a Find the relationship between a, b and c if the system has at least one solution.

b Under the conditions found in part a, find a vector equation of the line of intersection

of the three planes defined by these three equations.

c Solve the equations if a = b.

10 The general equation of a circle in the Cartesian plane is x2 + y2 + ax + by + c = 0.

a The three points (3,−1), (−1,−2) and (4,−5) lie on a circle.

i Write down three linear equations in a, b and c.

ii Represent these three equations as an augmented matrix.

iii Find the centre and radius of the circle.

b Consider the three points (3,−1), (−1,−2) and (0, k).

i By substituting these values into the equation x2 + y2 + ax + by + c = 0, write

down three linear equations in a, b and c.

ii Represent these three equations as an augmented matrix.

iii Find the values of k for which these three points lie on a circle.

c Find the values of k for which the points (3,−1), (−1,−2) and (1, k) lie on a circle.
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11 Consider the two lines ℓ1 and ℓ2 defined as follows:

ℓ1 : r1 = a1 + λd1, λ ∈ R, where a1 = −i + 4 j + 4k and d1 = −4i + j + k

ℓ2 : r2 = a2 + µd2, µ ∈ R, where a2 = −4i + 2 j + 3k and d2 = 6i − j − 2k

a Show that the lines ℓ1 and ℓ2 do not intersect.

Since the lines ℓ1 and ℓ2 are not parallel, it now follows that they are skew lines.

There is a point P on ℓ1 and a point Q on ℓ2 such that PQ is perpendicular to both

lines ℓ1 and ℓ2. We have
−−→
OP = a1 + sd1 and

−−→
OQ = a2 + td2, for some s, t ∈ R.

b Express the vector
−−→
PQ in component form in terms of s and t.

Since PQ is perpendicular to both lines ℓ1 and ℓ2, we must have
−−→
PQ = m(d1 × d2),

for some m ∈ R.

c Find d1 × d2, and hence express the vector
−−→
PQ in component form in terms of m.

d Use parts b and c to obtain three linear equations in s, t and m.

e Solve this system of equations for s, t and m.

f Hence, find the coordinates of the points P and Q.

g The distance between the skew lines ℓ1 and ℓ2 is given by |−−→PQ|. Find this distance.

12 The position vector of a particle at time t seconds is given by r1(t) = 2t i − (t2 + 2) j,

where distances are measured in metres.

a What is the average velocity of the particle for the interval [0, 10]?

b By differentiation, find the velocity at time t.

c In what direction is the particle moving when t = 3?

d When is the particle moving with minimum speed?

e At what time is the particle moving at the average velocity for the first 10 seconds?

f A second particle has its position at time t given by r = (t3 − 4)i − 3t j. Are the two

particles coincident at any time t?

13 The acceleration vector, r̈(t) m/s2, of a particle at time t seconds is given by

r̈(t) = −16
(

cos(4t) i + sin(4t) j
)

.

a Find the position vector, r(t) m, given that ṙ(0) = 4 j and r(0) = j.

b Show that the path of the particle is a circle and state the position vector of its centre.

c Show that the acceleration is always perpendicular to the velocity.

14 An ice-skater describes an elliptic path.

His position at time t seconds is given by

r = 18 cos

(

t

3

)

i + 13.5 sin

(

t

3

)

j

When t = 0, r = 18i.

a How long does the skater take to go

around the path once?

18

13.5 18 cos , 13.5 sin

x

t

3

y

P
t

3

b i Find the velocity of the ice-skater at t = 2π.

ii Find the acceleration of the ice-skater at t = 2π.
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c i Find an expression for the speed of the ice-skater at time t.

ii At what time is his speed greatest?

d Prove that the acceleration satisfies r̈ = kr, and hence find when the acceleration has

a maximum magnitude.

15 a The velocity vector of a particle P at time t is ṙ1(t) = 3 cos(2t) i + 4 sin(2t) j, where

r1(t) is the position relative to O at time t. Find:

i r1(t), given that r1(0) = −2 j

ii the acceleration vector at time t

iii the times when the position and velocity vectors are perpendicular

iv the Cartesian equation of the path.

b At time t, a second particle Q has a position vector (relative to O) given by

r2(t) =
3

2
sin(2t) i + 2 cos(2t) j + (a − t)k. Find the possible values of a in order for

the particles to collide.

16 An aircraft takes off from the end of a runway in a southerly direction and climbs at an

angle of tan−1

(

1

2

)

to the horizontal at a speed of 225
√

5 km/h.

a Show that, t seconds after take-off, the position vector r of the aircraft with respect

to the end of the runway is given by r1 =
t

16
(2i + k), where i, j and k are vectors of

magnitude 1 km in the directions south, east and vertically upwards respectively.

b At time t = 0, a second aircraft, flying horizontally south-west at 720
√

2 km/h, has

position vector −1.2i + 3.2 j + k.

i Find its position vector r2 at time t in terms of i, j and k.

ii Show that there will be a collision and state the time at which it will occur.

17 A particle moves in a straight line, starting from point A. Its motion is assumed to be

with constant retardation. During the first, second and third seconds of its motion, it

covers distances of 70 m, 60 m and 50 m respectively, measured in the same sense.

a i Verify that these distances are consistent with the assumption that the particle is

moving with constant retardation.

ii Find the retardation and an expression for the displacement of the particle.

b If the particle comes instantaneously to rest at B, find distance AB.

c At the same instant that the first particle leaves A, a second particle leaves B with an

initial velocity of 75 m/s and travels with constant acceleration towards A. It meets

the first particle at a point C, 1
1

2
seconds after leaving B.

i Find distance BC.

ii Show that the acceleration of the second particle is 60 m/s2.
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18 A particle is fired from the top of a cliff h m above sea level with an initial velocity

of V m/s inclined at an angle α above the horizontal. Let i and j define the horizontal

and vertically upwards vectors in the plane of the particle’s path.

a Define:

i the initial position vector of the particle

ii the particle’s initial velocity.

b The acceleration vector of the particle under gravity is given by a = −g j. Find:

i the velocity vector of the particle t seconds after it is projected

ii the corresponding position vector.

c Use the velocity vector to find the time at which the particle reaches its highest point.

d Show that the time at which the particle hits the sea is given by

t =
V sinα +

√

(V sinα)2 + 2gh

g

19 A particle travels on a path given by the Cartesian equation y = x2 + 2x.

a Show that one possible vector representing the position of the particle is

r(t) = (t − 1)i + (t2 − 1) j.

b Show that r(t) = (e−t − 1)i + (e−2t − 1) j is also a possible representation of the

position of the particle.

c Two particles travel simultaneously. The positions of the particles are given by

r1(t) = (t − 1)i + (t2 − 1) j and r2(t) = (e−t − 1)i + (e−2t − 1) j respectively.

i Find the initial positions of the two particles.

ii Show that the two particles travel in opposite directions along the path with

equation y = x2 + 2x.

iii Find, correct to two decimal places, the coordinates of the point at which the two

particles collide.

20 Two trains, T1 and T2, are moving on perpendicular tracks that cross at the point O.

Relative to O, the position vectors of T1 and T2 at time t are given by r1 = Vt i and

r2 = 2V(t − t0) j respectively, where V and t0 are positive constants.

a i Which train goes through O first?

ii How much later does the other train go through O?

b i Show that the trains are closest together when t =
4t0

5
.

ii Calculate their distance apart at this time.

iii Draw a diagram to show the positions of the trains at this time. Also show the

directions in which they are moving.
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21 A ball is projected against a wall that rebounds the ball in its plane of flight. If the

ball has velocity ai + b j just before hitting the wall, its velocity of rebound is given

by −0.8ai + b j. The ball is projected from ground level, and its position vector before

hitting the wall is defined by r(t) = 10t i + t(10
√

3 − 4.9t) j, t ≥ 0.

a Find:

i the initial position vector of the ball

ii the initial velocity vector of the ball, and hence the magnitude of the velocity and

direction (to be stated as an angle of elevation)

iii an expression for the acceleration of the ball.

b The wall is at a horizontal distance x from the point of projection. Find in terms of x:

i the time taken by the ball to reach the wall

ii the position vector of the ball at impact

iii the velocity of the ball immediately before impact with the wall

iv the velocity of the ball immediately after impact.

c Let the second part of the flight of the ball be defined in terms of t1, a time variable,

where t1 = 0 at impact. Assuming that the ball is under the same acceleration vector,

find in terms of x and t1:

i a new velocity vector of the rebound

ii a new position vector of the rebound.

d Find the time taken for the ball to hit the ground after the rebound.

e Find the value of x (correct to two decimal places) for which the ball will return to its

initial position.

22 An aeroplane takes off from an airport and, with respect to a given frame of reference,

its path with respect to time t is described by the vector r(t) = (5 − 3t)i + 2t j + tk, for

t ≥ 0, where t = 0 seconds at the time of take-off.

a Find the position vector that represents the position of the plane at take-off.

b Find:

i the position of the plane at times t1 and t2

ii the vector that defines the displacement between these two positions in terms

of t1 and t2 (t2 > t1).

c Hence, show that the plane is travelling along a straight line and state a position

vector parallel to the flight.

d A road on the ground is defined by the vector r1(s) = si, s ≤ 0.

i Find the magnitude of the acute angle between the path of the plane and the road,

correct to two decimal places.

ii Hence, or otherwise, find the shortest distance from the plane to the road

6 seconds after take-off, correct to two decimal places.
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23 The vector r1(t) = (2 − t)i + (2t + 1) j represents the path of a particle with respect to

time t, measured in seconds.

a Find the Cartesian equation that describes the path of the particle. (Assume t ≥ 0.)

b i Rearrange the above function in the form r1(t) = a + tb, where a and b are

vectors.

ii Describe the vectors a and b geometrically with respect to the path of the

particle.

c A second particle, which started at the same time as the first particle, travels along

a path that is represented by r2(t) = c + t(2i + j), t ≥ 0. The particles collide after

5 seconds.

i Find c.

ii Find the distance between the two starting points.

24 The paths of two aeroplanes in an aerial display are simultaneously defined by the

vectors

r1(t) = (16 − 3t)i + t j + (3 + 2t)k

r2(t) = (3 + 2t)i + (1 + t) j + (11 − t)k

where t represents the time in minutes. Find:

a the position of the first plane after 1 minute

b the unit vectors parallel to the flights of each of the two planes

c the acute angle between their lines of flight, correct to two decimal places

d the point at which their two paths cross

e the vector that represents the displacement between the two planes after t seconds

f the shortest distance between the two planes during their flight.

25 A hiker starts from a point defined by the position vector −7i + 2 j and travels at the rate

of 6 km/h along a line parallel to the vector 4i + 3 j. The units in the frame of reference

are in kilometres.

a Find the vector that represents the displacement of the hiker in 1 hour.

b Find, in terms of position vectors, the position of the hiker after:

i 1 hour

ii 2 hours

iii t hours.

c The path of a cyclist along a straight road is defined simultaneously by the vector

equation b(t) = (7t − 4)i + (9t − 1) j.

i Find the position of the hiker when she reaches the road.

ii Find the time taken by the hiker to reach the road.

iii Find, in terms of t, the distance between the hiker and the cyclist t seconds after

the start.

iv Find the shortest distance between the hiker and the cyclist, correct to two

decimal places.
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9 Techniques of

integration

In this chapter

9A Antidifferentiation

9B Integration by substitution

9C Definite integrals by substitution

9D Use of trigonometric identities for

integration

9E Partial fractions

9F Miscellaneous exercises

Review of Chapter 9

Syllabus references

Topic: Integration techniques

Subtopics: 4.1.1 – 4.1.4

Integration is used in many areas of this course. In the next chapter, integration is used to find

areas and volumes. In Chapter 12, it is used to help solve differential equations, which are of

great importance in mathematical modelling.

We begin this chapter by reviewing the methods of integration developed in Mathematics

Methods Units 3 & 4.

In the remainder of the chapter, we introduce techniques for integrating many more functions.

We will use substitution, the trigonometric identities and partial fractions.
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244 Chapter 9: Techniques of integration

9A Antidifferentiation

The derivative of x2 with respect to x is 2x. Conversely, given that an unknown expression

has derivative 2x, it is clear that the unknown expression could be x2. The process of finding

a function from its derivative is called antidifferentiation.

Now consider the functions f (x) = x2
+ 1 and g(x) = x2 − 7.

We have f ′(x) = 2x and g′(x) = 2x. So the two different functions have the same derivative

function.

Both x2
+ 1 and x2 − 7 are said to be

antiderivatives of 2x.

If two functions have the same derivative

function, then they differ by a constant.

So the graphs of the two functions can be

obtained from each other by translation

parallel to the y-axis.

The diagram shows several antiderivatives

of 2x.

Each of the graphs is a translation of y = x2

parallel to the y-axis.

x

y = x2
+ 1

y = x2
− 1

y = x2
− 7

distance

7 units
distance

7 units

−7

0

−1

y = x2

1

y

Notation

The general antiderivative of 2x is x2
+ c, where c is an arbitrary real number. We use the

notation of Leibniz to state this with symbols:
∫

2x dx = x2
+ c

This is read as ‘the general antiderivative of 2x with respect to x is equal to x2
+ c’ or as

‘the indefinite integral of 2x with respect to x is x2
+ c’.

To be more precise, the indefinite integral is the set of all antiderivatives and to emphasise

this we could write:
∫

2x dx = { f (x) : f ′(x) = 2x } = { x2
+ c : c ∈ R }

This set notation is not commonly used, but it should be clearly understood that there is not a

unique antiderivative for a given function. We will not use this set notation, but it is advisable

to keep it in mind when considering further results.

In general:

If F′(x) = f (x), then
∫

f (x) dx = F(x) + c, where c is an arbitrary real number.
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9A Antidifferentiation 245

Basic antiderivatives

The following antiderivatives are covered in Mathematics Methods Units 3 & 4.

f (x)
∫

f (x) dx

xn
xn+1

n + 1
+ c where n , −1

(ax + b)n
1

a(n + 1)
(ax + b)n+1

+ c where n , −1

x−1 ln x + c for x > 0

1

ax + b

1

a
ln(ax + b) + c for ax + b > 0

eax+b
1

a
eax+b

+ c

sin(ax + b) −1

a
cos(ax + b) + c

cos(ax + b)
1

a
sin(ax + b) + c

The definite integral

For a continuous function f on an interval [a, b], the definite integral
∫ b

a
f (x) dx denotes

the signed area enclosed by the graph of y = f (x), the x-axis and the lines x = a and x = b.

By the fundamental theorem of calculus, we have
∫ b

a
f (x) dx = F(b) − F(a)

where F is any antiderivative of f .

Note: In the expression
∫ b

a
f (x) dx, the number a is called the lower limit of integration

and b the upper limit of integration. The function f is called the integrand.

We will review the fundamental theorem of calculus in Chapter 10. In this chapter, our focus

is on developing techniques for calculating definite integrals using antidifferentiation.

Find an antiderivative of each of the following:

sin

(

3x − π
4

)

a e3x+4b 6x3 − 2

x2
c

Example 1

Solution

sin

(

3x − π
4

)

is of the form sin(ax + b)

∫
sin(ax + b) dx = −1

a
cos(ax + b) + c

∫
sin

(

3x − π
4

)

dx = −1

3
cos

(

3x − π
4

)

+ c∴

a
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246 Chapter 9: Techniques of integration

e3x+4 is of the form eax+b

∫
eax+b dx =

1

a
eax+b

+ c

∫
e3x+4 dx =

1

3
e3x+4

+ c∴

b
∫

6x3 − 2

x2
dx =

∫
6x3 − 2x−2 dx

=
6x4

4
+ 2x−1

+ c

=
3

2
x4
+

2

x
+ c

c

Evaluate each of the following integrals:
∫ π

2

0
cos(3x) dxa

∫ 1

0
e2x − ex dxb

∫ 1

0

√
2x + 1 dxc

Example 2

Solution

∫ π
2

0
cos(3x) dx =

[

1

3
sin(3x)

]

π

2

0

=
1

3

(

sin

(

3π

2

)

− sin 0

)

=
1

3
(−1 − 0)

= −1

3

a
∫ 1

0
e2x − ex dx =

[

1

2
e2x − ex

]1

0

=
1

2
e2 − e1 −

(

1

2
e0 − e0

)

=
e2

2
− e −

(

1

2
− 1

)

=
e2

2
− e +

1

2

b

∫ 1

0

√
2x + 1 dx =

∫ 1

0
(2x + 1)

1
2 dx

=

[

1

2 × 3
2

(2x + 1)
3
2

]1

0

=
1

3

(

(2 + 1)
3
2 − 1

3
2

)

=
1

3

(

3
3
2 − 1

)

=
1

3
(3
√

3 − 1)

c

In the Mathematics Methods Units 3 & 4 course, you may have seen that the derivative of

ln |x| is 1

x
.

By the chain rule, the derivative of ln |ax + b| is a

ax + b
.

This gives the following antiderivative.

∫ 1

ax + b
dx =

1

a
ln |ax + b| + c for ax + b , 0
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9A Antidifferentiation 247

Find an antiderivative of
1

4x + 2
.a

Evaluate
∫ 1

0

1

4x + 2
dx.b Evaluate

∫ −1

−2

1

4x + 2
dx.c

Example 3

Solution

1

4x + 2
is of the form

1

ax + b

∫ 1

ax + b
dx =

1

a
ln |ax + b| + c

∫ 1

4x + 2
dx =

1

4
ln |4x + 2| + c∴

a

∫ 1

0

1

4x + 2
dx =

[

1

4
ln |4x + 2|

]1

0

=
1

4

(

ln 6 − ln 2
)

=
1

4
ln 3

b
∫ −1

−2

1

4x + 2
dx =

[

1

4
ln |4x + 2|

]−1

−2

=
1

4

(

ln |−2| − ln |−6|
)

=
1

4
ln

(

1

3

)

= −1

4
ln 3

c

Graphs of functions and their antiderivatives

In each of the following examples in this section, the functions F and f are such that

F′(x) = f (x). That is, the function F is an antiderivative of f .

Consider the graphs of y = f (x) and y = F(x) shown.

Find:

a f (x)

b F(x)

O
x

y

(1, 1)

y = f(x)

y = F(x)

O
x

y

(0, 1)

Example 4

Solution

f (x) = mx

Since f (1) = 1, we have m = 1.

Hence, f (x) = x.

a F(x) =
x2

2
+ c (by antidifferentiation)

But F(0) = 1 and therefore c = 1.

Hence, F(x) =
x2

2
+ 1.

b
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Note: The graph of y = f (x) is the gradient graph for the graph of y = F(x).

We have seen that there are infinitely many graphs defined by
∫

f (x) dx.

The graph of y = f (x) is as shown.

Sketch the graph of y = F(x), given that F(0) = 0.

O
x

y

(−1, 2)

y = f(x)

Example 5

Solution

The given graph y = f (x) is the gradient graph

of y = F(x).

Therefore the gradient of y = F(x) is always positive.

The minimum gradient is 2 and this occurs when x = −1.

There is a line of symmetry x = −1, which indicates

equal gradients for x-values equidistant from x = −1.

Also F(0) = 0.

A possible graph is shown.

O
x

y

−1

The graph of y = f (x) is as shown.

Sketch the graph of y = F(x), given that F(1) = 1.

O
x

y

2

Example 6

Solution

The given graph y = f (x) is the gradient graph of y = F(x).

Therefore the gradient of y = F(x) is positive for x > 2,

negative for x < 2 and zero for x = 2.

A possible graph is shown.

O
x

y

(1, 1)

2

Cambridge Senior Maths for Western Australia ISBN 978-1-009-25972-9 c© Evans et al. 2023 Cambridge University Press

Mathematics Specialist 3&4 Photocopying is restricted under law and this material must not be transferred to another party.



9A 9A Antidifferentiation 249

Exercise 9A

1Example 1 Find an antiderivative of each of the following:

sin

(

2x +
π

4

)

a cos(πx)b sin

(

2πx

3

)

c

e3x+1d e5(x+4)e
3

2x2
f

6x3 − 2x2
+ 4x + 1g

2Example 2 Evaluate each of the following integrals:
∫ 1

−1
ex − e−x dxa

∫ 2

0
3x2
+ 2x + 4 dxb

∫ π
2

0
sin(2x) dxc

∫ 3

2

3

x3
dxd

∫ π
4

0
cos(x) + 2x dxe

∫ 1

0
e3x
+ x dxf

∫ π
2

0
cos(4x) dxg

∫ π
2

−π
2

sin

(

x

2

)

dxh
∫ π

4

0
sec2 x dxi

3 aExample 3 Find an antiderivative of
1

2x − 5
.

b Evaluate
∫ 1

0

1

2x − 5
dx.

c Evaluate
∫ −1

−2

1

2x − 5
dx.

4 Evaluate each of the following integrals:
∫ 1

0

1

3x + 2
dxa

∫ −1

−3

1

3x − 2
dxb

∫ 0

−1

1

4 − 3x
dxc

5 Find an antiderivative of each of the following:

(3x + 2)5a
1

3x − 2
b

√
3x + 2c

1

(3x + 2)2
d

3x + 1

x + 1
e cos

(

3x

2

)

f (5x − 1)
1
3g

2x + 1

x + 3
h

6Example 4 For each of the following, find the rules for f (x) and F(x), where F′(x) = f (x):

O
x

y

(1, 2)

y = f(x)

a

O
x

y

y = F(x)(−1, 4)
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250 Chapter 9: Techniques of integration 9A

O
x

y
y = f(x)
a parabola

(1, 4)

b

O
x

y

y = F(x)

O
x

y

(2, 0)

(0, _8) 
y = f(x)

a parabola

c

O
x

y

y = F(x)
(2, 4)

O
x

y

(0, −1)

y = f(x)

(y = aebx)

(−ln 2, −2)

d

O

3
x

y

y = F(x)

O
x

y

y = f(x)

2

 3π

(2π, 0)(π, 0)

, −2 

2

π
, 2

e

O
x

y

y = F(x)

(2π, 0)

(π, 4)
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9A 9A Antidifferentiation 251

O
x

y

y = f(x)

(1, 0.4)

(0, 0.5)

f(x) =
a

b + x2

f

O
x

y

y = F(x)

y = π

2
0,

π

7Example 5

Example 6

For each of the following, use the given graph of y = f (x) and the given value of F(0) to

sketch the graph of y = F(x), where F′(x) = f (x):

O
x

y

F(0) = 0

y = f(x)

1

a

O
x

y

F(0) = 1

y = f(x)

−1

b

O
x

y

F(0) = 0

(1, 2)

y = f(x)

c

O x

y

F(0) = 0

−1−5

y = f(x)

(−3, 4)

d

O
x

y

1 2

F(0) = 0

e

O
x

y

y = f(x)

F(0) = 2

3

f
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252 Chapter 9: Techniques of integration

9B Integration by substitution

In this section, we introduce the technique of substitution. The substitution will result in one

of the forms for integrands covered in Sections 9A.

First consider the following example.

Differentiate each of the following with respect to x:

(2x2
+ 1)5a cos3 xb e3x2

c

Example 7

Solution

Let y = (2x2
+ 1)5 and u = 2x2

+ 1.

Then y = u5,
dy

du
= 5u4 and

du

dx
= 4x.

By the chain rule for differentiation:

dy

dx
=

dy

du

du

dx

= 5u4 · 4x

= 20u4x

= 20x(2x2
+ 1)4

a Let y = cos3 x and u = cos x.

Then y = u3,
dy

du
= 3u2 and

du

dx
= − sin x.

By the chain rule for differentiation:

dy

dx
=

dy

du

du

dx

= 3u2 · (− sin x)

= 3 cos2 x · (− sin x)

= −3 cos2 x sin x

b

Let y = e3x2

and u = 3x2.

Then y = eu,
dy

du
= eu and

du

dx
= 6x.

By the chain rule for differentiation:

dy

dx
=

dy

du

du

dx

= eu · 6x

= 6xe3x2

c

This example suggests that a ‘converse’ of the chain rule can be used to obtain a method for

antidifferentiating functions of a particular form.

� From Example 7a:
∫

20x(2x2
+ 1)4 dx = (2x2

+ 1)5
+ c

This is of the form:
∫

5h′(x)
(

h(x)
)4

dx =
(

h(x)
)5
+ c where h(x) = 2x2

+ 1

� From Example 7b:
∫
−3 cos2 x sin x dx = cos3 x + c

This is of the form:
∫

3h′(x)
(

h(x)
)2

dx =
(

h(x)
)3
+ c where h(x) = cos x

� From Example 7c:
∫

6xe3x2

dx = e3x2

+ c

This is of the form:
∫

h′(x) eh(x) dx = eh(x)
+ c where h(x) = 3x2
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9B Integration by substitution 253

This suggests a method that can be used for integration.

∫
2x(x2

+ 1)5 dx =
(x2
+ 1)6

6
+ c

[

h(x) = x2
+ 1

]

e.g.

∫
cos x sin x dx =

sin2 x

2
+ c

[

h(x) = sin x
]

A formalisation of this idea provides a method for integrating functions of this form.

Let y =
∫

f (u) du, where u = g(x).

By the chain rule for differentiation:

dy

dx
=

dy

du

du

dx

= f (u) · du

dx

y =
∫

f (u)
du

dx
dx∴

This gives the following technique for integration.

Integration by substitution

∫
f (u)

du

dx
dx =

∫
f (u) du

This is also called the change of variable rule.

Find an antiderivative of each of the following:

sin x cos2 xa 5x2(x3 − 1)
1
2b 3xex2

c

Example 8

Solution∫
sin x cos2 x dx

Let u = cos x. Then f (u) = u2 and
du

dx
= − sin x.

∫
sin x cos2 x dx = −

∫
cos2 x · (− sin x) dx∴

= −
∫

f (u)
du

dx
dx

= −
∫

f (u) du

= −
∫

u2 du

= −u3

3
+ c

= −cos3 x

3
+ c

a
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254 Chapter 9: Techniques of integration

∫
5x2(x3 − 1)

1
2 dx

Let u = x3 − 1.

Then f (u) = u
1
2 and

du

dx
= 3x2.

∫
5x2(x3 − 1)

1
2 dx∴

=
5

3

∫
(x3 − 1)

1
2 · 3x2 dx

=
5

3

∫
u

1
2

du

dx
dx

=
5

3

∫
u

1
2 du

=
5

3

(

2

3
u

3
2

)

+ c

=
10

9
u

3
2 + c

=
10

9
(x3 − 1)

3
2 + c

b
∫

3xex2

dx

Let u = x2.

Then f (u) = eu and
du

dx
= 2x.

∫
3xex2

dx∴

=
3

2

∫
eu · 2x dx

=
3

2

∫
eu

du

dx
dx

=
3

2

∫
eu du

=
3

2
eu
+ c

=
3

2
ex2

+ c

c

Linear substitutions

Antiderivatives of expressions such as

(2x + 3)
√

3x − 4,
2x + 5
√

3x − 4
,

2x + 5

(x + 2)2
, (2x + 4)(x + 3)20, x2

√
3x − 1

can be found using a linear substitution.

Find an antiderivative of each of the following:

(2x + 1)
√

x + 4a
2x + 1

(1 − 2x)2
b x2

√
3x − 1c

Example 9

Solution

a Let u = x + 4. Then
du

dx
= 1 and x = u − 4.

∫
(2x + 1)

√
x + 4 dx =

∫
(

2(u − 4) + 1
)

u
1
2 du∴

=

∫
(2u − 7)u

1
2 du

=

∫
2u

3
2 − 7u

1
2 du

= 2

(

2

5
u

5
2

)

− 7

(

2

3
u

3
2

)

+ c

=
4

5
(x + 4)

5
2 − 14

3
(x + 4)

3
2 + c
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9B Integration by substitution 255

b
∫ 2x + 1

(1 − 2x)2
dx

Let u = 1 − 2x. Then
du

dx
= −2 and 2x = 1 − u.

Therefore

∫ 2x + 1

(1 − 2x)2
dx = −1

2

∫ 2 − u

u2
(−2) dx

= −1

2

∫ 2 − u

u2

du

dx
dx

= −1

2

∫
2u−2 − u−1 du

= −1

2

(

−2u−1 − ln |u|
)

+ c

= u−1
+

1

2
ln |u| + c

=
1

1 − 2x
+

1

2
ln |1 − 2x| + c

c
∫

x2
√

3x − 1 dx

Let u = 3x − 1. Then
du

dx
= 3.

We have x =
u + 1

3
and so x2

=
(u + 1)2

9
.

Therefore

∫
x2
√

3x − 1 dx =
∫ (u + 1)2

9

√
u dx

=
1

27

∫
(u + 1)2 u

1
2 (3) dx

=
1

27

∫
(u2
+ 2u + 1) u

1
2

du

dx
dx

=
1

27

∫
u

5
2 + 2u

3
2 + u

1
2 du

=
1

27

(

2

7
u

7
2 +

4

5
u

5
2 +

2

3
u

3
2

)

+ c

=
2

27
u

3
2

(

1

7
u2
+

2

5
u +

1

3

)

+ c

=
2

2835
(3x − 1)

3
2

(

15(3x − 1)2
+ 42(3x − 1) + 35

)

+ c

=
2

2835
(3x − 1)

3
2 (135x2

+ 36x + 8) + c
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256 Chapter 9: Techniques of integration 9B

Using the TI-Nspire

� To find an antiderivative, use menu > Calculus > Integral.

� Use factor from the Algebra menu to obtain the required form.

Note: The integral template can also be obtained directly from the 2D-template

palette or by pressing shift + .

Using the Casio ClassPad

� Enter and highlight the expression x2
√

(3x − 1).

� Go to Interactive > Calculation > ∫ . Make sure

that Indefinite is selected and that x is the variable.

� Simplify the resulting expression.

Exercise 9B

1Example 8 Find each of the following:∫
2x(x2

+ 1)3 dxa
∫ x

(x2 + 1)2
dxb

∫
cos x sin3 x dxc

∫ cos x

sin2 x
dxd

∫
(2x + 1)5 dxe

∫
5x
√

9 + x2 dxf

∫
x(x2 − 3)5 dxg

∫ x + 1

(x2 + 2x)3
dxh

∫ 2

(3x + 1)3
dxi

∫ 1
√

1 + x
dxj

∫
(x2 − 2x)(x3 − 3x2

+ 1)4 dxk

∫ 3x

x2 + 1
dxl

∫ 3x

2 − x2
dxm
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9B 9C Definite integrals by substitution 257

2Example 9 Find an antiderivative of each of the following:

x
√

2x + 3a x
√

1 − xb

6x(3x − 7)
− 1

2c (2x + 1)
√

3x − 1d

2x − 1

(x − 1)2
e (x + 3)

√
3x + 1f

(x + 2)(x + 3)
1
3g

5x − 1

(2x + 1)2
h

x2
√

x − 1i
x2

√
x − 1

j

9C Definite integrals by substitution

Evaluate
∫ 4

0
3x
√

x2 + 9 dx.

Example 10

Solution

Let u = x2
+ 9. Then

du

dx
= 2x and so

∫
3x
√

x2 + 9 dx =
3

2

∫ √
x2 + 9 · 2x dx

=
3

2

∫
u

1
2

du

dx
dx

=
3

2

∫
u

1
2 du

=
3

2

(

2

3
u

3
2

)

+ c

= u
3
2 + c

= (x2
+ 9)

3
2 + c

∫ 4

0
3x
√

x2 + 9 dx =

[

(x2
+ 9)

3
2

]4

0

∴

= 25
3
2 − 9

3
2

= 125 − 27 = 98
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258 Chapter 9: Techniques of integration

In a definite integral that involves the change of variable rule, it is not necessary to return to

an expression in x if the values of u corresponding to each of the limits of x are found.

For the previous example:

� x = 0 implies u = 9

� x = 4 implies u = 25

Therefore the integral can be evaluated as

3

2

∫ 25

9
u

1
2 du =

3

2

[

2

3
u

3
2

]25

9

= 125 − 27 = 98

Evaluate the following:
∫ π

2

0
cos3 x dxa

∫ 1

0
2x2ex3

dxb

Example 11

Solution

a
∫ π

2

0
cos3 x dx =

∫ π
2

0
cos x (cos2 x) dx

=

∫ π
2

0
cos x (1 − sin2 x) dx

Let u = sin x. Then
du

dx
= cos x.

When x =
π

2
, u = 1 and when x = 0, u = 0.

Therefore the integral becomes

∫ 1

0
(1 − u2) du =

[

u − u3

3

]1

0

= 1 − 1

3
=

2

3

b
∫ 1

0
2x2ex3

dx

Let u = x3. Then
du

dx
= 3x2.

When x = 1, u = 1 and when x = 0, u = 0.

We have

2

3

∫ 1

0
ex3 · (3x2) dx =

2

3

∫ 1

0
eu du

=
2

3

[

eu]1
0

=
2

3
(e1 − e0)

=
2

3
(e − 1)
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9C 9D Use of trigonometric identities for integration 259

Exercise 9C

1Example 10

Example 11

Evaluate each of the following definite integrals:
∫ π

4

0
cos x sin3 x dxa

∫ π
2

0
sin x cos2 x dxb

∫ 4

3
x(x − 3)17 dxc

∫ 1

0
x
√

1 − x dxd
∫ e2

e

1

x ln x
dxe

∫ 4

0

1
√

3x + 4
dxf

∫ 1

−1

ex

ex + 1
dxg

∫ π
4

0

sin x

cos3 x
dxh

∫ 1

0

2x + 3

x2 + 3x + 4
dxi

∫ π
3
π

4

cos x

sin x
dxj

∫ −3

−4

2x

1 − x2
dxk

∫ −1

−2

ex

1 − ex
dxl

9D Use of trigonometric identities for integration

Products of sines and cosines

Integrals of the form
∫

sinm x cosn x dx, where m and n are non-negative integers, can be

considered in the following three cases.

Case A: the power of sine is odd

If m is odd, write m = 2k + 1. Then

sin2k+1 x = (sin2 x)k sin x

= (1 − cos2 x)k sin x

and the substitution u = cos x can now be made.

Case B: the power of cosine is odd

If m is even and n is odd, write n = 2k + 1. Then

cos2k+1 x = (cos2 x)k cos x

= (1 − sin2 x)k cos x

and the substitution u = sin x can now be made.

Case C: both powers are even

If both m and n are even, then the identity sin2 x =
1

2

(

1 − cos(2x)
)

, cos2 x =
1

2

(

1 + cos(2x)
)

or sin(2x) = 2 sin x cos x can be used.

Also note that
∫

sec2(kx) dx =
1

k
tan(kx) + c. The identity 1 + tan2 x = sec2 x is used in the

following example.
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260 Chapter 9: Techniques of integration

Find:∫
cos2 x dxa

∫
tan2 x dxb

∫
sin(2x) cos(2x) dxc

∫
cos4 x dxd

∫
sin3 x cos2 x dxe

Example 12

Solution

a Use the identity cos(2x) = 2 cos2 x − 1. Rearranging gives

cos2 x =
1

2

(

cos(2x) + 1
)

∫
cos2 x dx =

1

2

∫
cos(2x) + 1 dx∴

=
1

2

(

1

2
sin(2x) + x

)

+ c

=
1

4
sin(2x) +

x

2
+ c

b Use the identity 1 + tan2 x = sec2 x. This gives tan2 x = sec2 x − 1 and so
∫

tan2 x dx =
∫

sec2 x − 1 dx

= tan x − x + c

c Use the identity sin(2θ) = 2 sin θ cos θ.

Let θ = 2x. Then sin(4x) = 2 sin(2x) cos(2x) and so sin(2x) cos(2x) =
1

2
sin(4x).

∫
sin(2x) cos(2x) dx =

1

2

∫
sin(4x) dx∴

=
1

2

(

−1

4
cos(4x)

)

+ c

= −1

8
cos(4x) + c

d cos4 x = (cos2 x)2
=

(

cos(2x) + 1

2

)2

=
1

4

(

cos2(2x) + 2 cos(2x) + 1
)

As cos(4x) = 2 cos2(2x) − 1, this gives

cos4 x =
1

4

(

cos(4x) + 1

2
+ 2 cos(2x) + 1

)

=
1

8
cos(4x) +

1

2
cos(2x) +

3

8

∫
cos4 x dx =

∫ 1

8
cos(4x) +

1

2
cos(2x) +

3

8
dx∴

=
1

32
sin(4x) +

1

4
sin(2x) +

3

8
x + c
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9D 9D Use of trigonometric identities for integration 261

e
∫

sin3 x cos2 x dx =
∫

sin x (sin2 x) cos2 x dx

=

∫
sin x (1 − cos2 x) cos2 x dx

Now let u = cos x. Then
du

dx
= − sin x. We obtain

∫
sin3 x cos2 x dx = −

∫
(− sin x)(1 − u2)(u2) dx

= −
∫

(1 − u2) u2 du

dx
dx

= −
∫

u2 − u4 du

= −
(

u3

3
− u5

5

)

+ c

=
cos5 x

5
− cos3 x

3
+ c

Exercise 9D

1 Find an antiderivative of each of the following:

sin2 xa sin4 xb 2 tan2 xc

2 sin(3x) cos(3x)d sin2(2x)e tan2(2x)f

sin2 x cos2 xg cos2 x − sin2 xh cot2 xi

cos3(2x)j

2 Find an antiderivative of each of the following:

sec2 xa sec2(2x)b sec2

(

1

2
x

)

c

sec2(kx)d tan2(3x)e 1 − tan2 xf

tan2 x − sec2 xg cosec2

(

x − π
2

)

h

3 Evaluate each of the following definite integrals:
∫ π

2

0
sin2 x dxa

∫ π
4

0
tan3 x dxb

∫ π
2

0
sin2 x cos x dxc

∫ π
4

0
cos4 x dxd

∫
π

0
sin3 x dxe

∫ π
2

0
sin2(2x) dxf

∫ π
3

0
sin2 x cos2 x dxg

∫ 1

0
sin2 x + cos2 x dxh

4 Find an antiderivative of each of the following:

cos3 xa sin3
(

x

4

)

b cos2(4πx)c

7 cos7 td cos3(5x)e 8 sin4 xf

sin2 x cos4 xg cos5 xh
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262 Chapter 9: Techniques of integration

9E Partial fractions

If g(x) and h(x) are polynomials, then f (x) =
g(x)

h(x)
is a rational function;

f (x) =
4x + 2

x2 − 1
e.g.

� If the degree of g(x) is less than the degree of h(x), then f (x) is a proper fraction.

� If the degree of g(x) is greater than or equal to the degree of h(x), then f (x) is an

improper fraction.

A rational function may be expressed as a sum of simpler functions by resolving it into what

are called partial fractions. For example:

4x + 2

x2 − 1
=

3

x − 1
+

1

x + 1

We will see that this is a useful technique for integration.

Proper fractions

For proper fractions, the method used for obtaining partial fractions depends on the type of

factors in the denominator of the original algebraic fraction. We only consider examples

where the denominators have factors that are either degree 1 (linear) or degree 2 (quadratic).

� For every linear factor ax + b in the denominator, there will be a partial fraction of

the form
A

ax + b
.

� For every repeated linear factor (cx + d)2 in the denominator, there will be partial

fractions of the form
B

cx + d
and

C

(cx + d)2
.

� For every irreducible quadratic factor ax2
+ bx + c in the denominator, there will be a

partial fraction of the form
Dx + E

ax2 + bx + c
.

Note: A quadratic expression is said to be irreducible if it cannot be factorised over R.

For example, both x2
+ 1 and x2

+ 4x + 10 are irreducible.

To resolve an algebraic fraction into its partial fractions:

Step 1 Write a statement of identity between the original fraction and a sum of the

appropriate number of partial fractions.

Step 2 Express the sum of the partial fractions as a single fraction, and note that the

numerators of both sides are equivalent.

Step 3 Find the values of the introduced constants A, B, C, . . . by substituting appropriate

values for x or by equating coefficients.
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Resolve
3x + 5

(x − 1)(x + 3)
into partial fractions.

Example 13

Solution Explanation

Let

3x + 5

(x − 1)(x + 3)
=

A

x − 1
+

B

x + 3
(1)

for all x , 1 or −3. Then

3x + 5 = A(x + 3) + B(x − 1) (2)

Substitute x = 1 in equation (2):

8 = 4A

∴ A = 2

Substitute x = −3 in equation (2):

−4 = −4B

∴ B = 1

Hence,
3x + 5

(x − 1)(x + 3)
=

2

x − 1
+

1

x + 3
.

We know that equation (2) is true for

all x , 1 or −3.

But if this is the case, then it also has

to be true for x = 1 and x = −3.

Notes:

� You could substitute any values

of x to find A and B in this way,

but these values simplify the

calculations.

� The method of equating coefficients

could also be used here.

Resolve
2x + 10

(x + 1)(x − 1)2
into partial fractions.

Example 14

Solution

Since the denominator has a repeated linear factor and a single linear factor, there are three

partial fractions:

2x + 10

(x + 1)(x − 1)2
=

A

x + 1
+

B

x − 1
+

C

(x − 1)2

This gives the equation

2x + 10 = A(x − 1)2
+ B(x + 1)(x − 1) +C(x + 1)

12 = 2CLet x = 1:

∴ C = 6

8 = 4ALet x = −1:

∴ A = 2

10 = A − B +CLet x = 0:

∴ B = A +C − 10 = −2

Hence,
2x + 10

(x + 1)(x − 1)2
=

2

x + 1
− 2

x − 1
+

6

(x − 1)2
.
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264 Chapter 9: Techniques of integration

Resolve
x2
+ 6x + 5

(x − 2)(x2 + x + 1)
into partial fractions.

Example 15

Solution

Since the denominator has a single linear factor and an irreducible quadratic factor

(i.e. cannot be reduced to linear factors), there are two partial fractions:

x2
+ 6x + 5

(x − 2)(x2 + x + 1)
=

A

x − 2
+

Bx +C

x2 + x + 1

This gives the equation

x2
+ 6x + 5 = A(x2

+ x + 1) + (Bx +C)(x − 2) (1)

Subsituting x = 2:

22
+ 6(2) + 5 = A(22

+ 2 + 1)

21 = 7A

∴ A = 3

We can rewrite equation (1) as

x2
+ 6x + 5 = A(x2

+ x + 1) + (Bx +C)(x − 2)

= A(x2
+ x + 1) + Bx2 − 2Bx +Cx − 2C

= (A + B)x2
+ (A − 2B +C)x + A − 2C

Since A = 3, this gives

x2
+ 6x + 5 = (3 + B)x2

+ (3 − 2B +C)x + 3 − 2C

Equate coefficients:

3 + B = 1 and 3 − 2C = 5

∴ B = −2 ∴ C = −1

Check: 3 − 2B +C = 3 − 2(−2) + (−1) = 6

Therefore

x2
+ 6x + 5

(x − 2)(x2 + x + 1)
=

3

x − 2
+
−2x − 1

x2 + x + 1

=
3

x − 2
− 2x + 1

x2 + x + 1

Note: The values of B and C could also be found by substituting x = 0 and x = 1 in

equation (1).
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Improper fractions

Improper algebraic fractions can be expressed as a sum of partial fractions by first dividing

the denominator into the numerator to produce a quotient and a proper fraction. This proper

fraction can then be resolved into its partial fractions using the techniques just introduced.

Express
x5
+ 2

x2 − 1
as partial fractions.

Example 16

Solution

Dividing through:

x2 − 1

x3
+ x

)

x5
+ 2

x5 − x3

x3
+ 2

x3 − x

x + 2

Therefore

x5
+ 2

x2 − 1
= x3

+ x +
x + 2

x2 − 1

By expressing
x + 2

x2 − 1
=

x + 2

(x − 1)(x + 1)
as partial fractions, we obtain

x5
+ 2

x2 − 1
= x3

+ x − 1

2(x + 1)
+

3

2(x − 1)

Using the TI-Nspire

Use menu > Algebra > Expand as shown.

Note: The use of ‘, x’ is optional.

Using the Casio ClassPad

� In , enter and highlight
x5
+ 2

x2 − 1
.

� Go to Interactive > Transformation > expand and

choose the Partial Fraction option.

� Enter the variable and tap OK .
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Summary of partial fractions

� Examples of resolving a proper fraction into partial fractions:

• Distinct linear factors

3x − 4

(2x − 3)(x + 5)
=

A

2x − 3
+

B

x + 5

• Repeated linear factor

3x − 4

(2x − 3)(x + 5)2
=

A

2x − 3
+

B

x + 5
+

C

(x + 5)2

• Irreducible quadratic factor

3x − 4

(2x − 3)(x2 + 5)
=

A

2x − 3
+

Bx +C

x2 + 5

� If f (x) =
g(x)

h(x)
is an improper fraction, i.e. if the degree of g(x) is greater than or equal

to the degree of h(x), then the division must be performed first.

These techniques work with more than two factors in the denominator.

� Distinct linear factors:
p(x)

(x − a1)(x − a2) . . . (x − an)
=

A1

x − a1

+
A2

x − a2

+ · · · + An

x − an

� Repeated linear factor:
p(x)

(x − a)n
=

A1

(x − a)
+

A2

(x − a)2
+ · · · + An

(x − a)n

Using partial fractions for integration

We now use partial fractions to help perform integration.

Distinct linear factors

Find
∫ 3x + 5

(x − 1)(x + 3)
dx.

Example 17

Solution

In Example 13, we found that

3x + 5

(x − 1)(x + 3)
=

2

x − 1
+

1

x + 3

Therefore
∫ 3x + 5

(x − 1)(x + 3)
dx =

∫ 2

x − 1
dx +

∫ 1

x + 3
dx

= 2 ln |x − 1| + ln |x + 3| + c

Using the logarithm rules:

∫ 3x + 5

(x − 1)(x + 3)
dx = ln

(

(x − 1)2 |x + 3|
)

+ c
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Improper fractions

If the degree of the numerator is greater than or equal to the degree of the denominator, then

division must take place first.

Find
∫ x5

+ 2

x2 − 1
dx.

Example 18

Solution

In Example 16, we divided through to find that

x5
+ 2

x2 − 1
= x3

+ x +
x + 2

x2 − 1

Expressing as partial fractions:

x5
+ 2

x2 − 1
= x3

+ x − 1

2(x + 1)
+

3

2(x − 1)

Hence,

∫ x5
+ 2

x2 − 1
dx =

∫
x3
+ x − 1

2(x + 1)
+

3

2(x − 1)
dx

=
x4

4
+

x2

2
− 1

2
ln |x + 1| + 3

2
ln |x − 1| + c

=
x4

4
+

x2

2
+

1

2
ln

( |x − 1|3

|x + 1|

)

+ c

Repeated linear factor

Express
3x + 1

(x + 2)2
in partial fractions and hence find

∫ 3x + 1

(x + 2)2
dx.

Example 19

Solution

3x + 1

(x + 2)2
=

A

x + 2
+

B

(x + 2)2
Write

3x + 1 = A(x + 2) + BThen

Substituting x = −2 gives −5 = B.

Substituting x = 0 gives 1 = 2A + B and therefore A = 3.

3x + 1

(x + 2)2
=

3

x + 2
− 5

(x + 2)2
Thus

∫ 3x + 1

(x + 2)2
dx =

∫ 3

x + 2
− 5

(x + 2)2
dx∴

= 3 ln |x + 2| + 5

x + 2
+ c
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Irreducible quadratic factor

Find an antiderivative of
4

(x + 1)(x2 + 1)
by first expressing it as partial fractions.

Example 20

Solution

Write

4

(x + 1)(x2 + 1)
=

A

x + 1
+

Bx +C

x2 + 1

Then

4 = A(x2
+ 1) + (Bx +C)(x + 1)

4 = 2ALet x = −1:

∴ A = 2

4 = A +CLet x = 0:

∴ C = 2

4 = 2A + 2(B +C)Let x = 1:

∴ B = −2

Hence,

4

(x + 1)(x2 + 1)
=

2

x + 1
+

2 − 2x

x2 + 1

We now turn to the integration:

∫ 4

(x + 1)(x2 + 1)
dx =

∫ 2

x + 1
+

2 − 2x

x2 + 1
dx

=

∫ 2

x + 1
dx +

∫ 2

x2 + 1
dx −

∫ 2x

x2 + 1
dx

= 2 ln |x + 1| + 2 arctan x − ln(x2
+ 1) + c

= ln

(

(x + 1)2

x2 + 1

)

+ 2 arctan x + c

Exercise 9E

1Example 13 Resolve the following rational expressions into partial fractions:

5x + 1

(x − 1)(x + 2)
a

−1

(x + 1)(2x + 1)
b

3x − 2

x2 − 4
c

4x + 7

x2 + x − 6
d

7 − x

(x − 4)(x + 1)
e

2Example 14 Resolve the following rational expressions into partial fractions:

2x + 3

(x − 3)2
a

9

(1 + 2x)(1 − x)2
b

2x − 2

(x + 1)(x − 2)2
c
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3Example 15 Resolve the following rational expressions into partial fractions:

3x + 1

(x + 1)(x2 + x + 1)
a

3x2
+ 2x + 5

(x2 + 2)(x + 1)
b

x2
+ 2x − 13

2x3 + 6x2 + 2x + 6
c

4Example 16 Resolve
3x2 − 4x − 2

(x − 1)(x − 2)
into partial fractions.

5Example 17 Decompose
9

(x − 10)(x − 1)
into partial fractions and find its antiderivatives.

6Example 18 Decompose
x4
+ 1

(x + 2)2
into partial fractions and find its antiderivatives.

7Example 19 Decompose
7x + 1

(x + 2)2
into partial fractions and find its antiderivatives.

8Example 20 Decompose
5

(x2 + 2)(x − 4)
into partial fractions and find its antiderivatives.

9 Decompose each of the following into partial fractions and find their antiderivatives:

7

(x − 2)(x + 5)
a

x + 3

x2 − 3x + 2
b

2x + 1

(x + 1)(x − 1)
c

2x2

x2 − 1
d

2x + 1

x2 + 4x + 4
e

4x − 2

(x − 2)(x + 4)
f

10 Find an antiderivative of each of the following:

2x − 3

x2 − 5x + 6
a

5x + 1

(x − 1)(x + 2)
b

x3 − 2x2 − 3x + 9

x2 − 4
c

4x + 10

x2 + 5x + 4
d

x3
+ x2 − 3x + 3

x + 2
e

x3
+ 3

x2 − x
f

11 Find an antiderivative of each of the following:

3x

(x + 1)(x2 + 2)
a

2

(x + 1)2(x2 + 1)
b

5x3

(x − 1)(x2 + 4)
c

16(4x + 1)

(x − 2)2(x2 + 4)
d

24(x + 2)

(x + 2)2(x2 + 2)
e

8

(x + 1)3(x2 − 1)
f

12 Evaluate the following:
∫ 2

1

1

x(x + 1)
dxa

∫ 1

0

1

(x + 1)(x + 2)
dxb

∫ 3

2

x − 2

(x − 1)(x + 2)
dxc

∫ 1

0

x2

x2 + 3x + 2
dxd

∫ 3

2

x + 7

(x + 3)(x − 1)
dxe

∫ 3

2

2x + 6

(x − 1)2
dxf

∫ 3

2

x + 2

x(x + 4)
dxg

∫ 1

0

1 − 4x

3 + x − 2x2
dxh

∫ 2

1

1

x(x − 4)
dxi

∫ −2

−3

1 − 4x

(x + 6)(x + 1)
dxj
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270 Chapter 9: Techniques of integration 9F

13 Evaluate the following:
∫ 1

0

10x

(x + 1)(x2 + 1)
dxa

∫ √3

0

x3 − 8

(x − 2)(x2 + 1)
dxb

∫ 1

0

x2 − 1

x2 + 1
dxc

∫ 0

− 1
2

6

(x2 + x + 1)(x − 1)
dxd

14 Let f (x) =
x2
+ 6x + 5

(x − 2)(x2 + x + 1)
.

a Express f (x) as partial fractions.

b Hence, find an antiderivative of f (x).

c Hence, evaluate
∫ −1

−2
f (x) dx.

9F Miscellaneous exercises

In this section, the different techniques are arranged so that a choice must be made of the

most suitable one for a particular problem. Often there is more than one appropriate choice.

Exercise 9F

1 If
∫ 1

0

1

(x + 1)(x + 2)
dx = ln p, find p.

2 Evaluate
∫ π

6

0
sin2 x cos x dx.

3 Evaluate
∫ 1

0

e2x

1 + ex
dx.

4 Evaluate
∫ π

3

0
sin3 x cos x dx.

5 Evaluate
∫ 4

3

x

(x − 2)(x + 1)
dx.

6 Find c if
∫ π

6

0

cos x

1 + sin x
dx = ln c.

7 Find an antiderivative of sin(3x) cos5(3x).

8 If
∫ 6

4

2

x2 − 4
dx = ln p, find p.

9 If
∫ 6

5

3

x2 − 5x + 4
dx = ln p, find p.
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10 Find an antiderivative of each of the following:

a
cos x

sin3 x

b x(4x2
+ 1)

3
2

c sin2 x cos3 x

d
ex

e2x − 2ex + 1

11 Evaluate
∫ 3

0

x
√

25 − x2
dx.

12 For each of the following, use an appropriate substitution to find an expression for the

antiderivative in terms of f (x):
∫

f ′(x)
(

f (x)
)2

dxa
∫ f ′(x)

(

f (x)
)2

dxb

∫ f ′(x)

f (x)
dx, where f (x) > 0c

∫
f ′(x) sin

(

f (x)
)

dxd

13 If y = x
√

4 − x, find
dy

dx
and simplify. Hence, evaluate

∫ 2

0

8 − 3x
√

4 − x
dx.

14 Find a, b and c such that
2x3 − 11x2

+ 20x − 13

(x − 2)2
= ax + b +

c

(x − 2)2
for all x , 2.

Hence, find
∫ 2x3 − 11x2

+ 20x − 13

(x − 2)2
dx.

15 Evaluate each of the following:
∫ π

4

0
sin2(2x) dxa

∫ 0

−1
(14 − 2x)

√
x2 − 14x + 1 dxb

9
∫ π

3

−π
3

sin x
√

cos x
dxc

∫ e2

e

1

x ln x
dxd

∫ π
4

0
tan2 x dxe

∫ π
2

0

sin x

2 + cos x
dxf

16 Find
∫

sin x cos x dx using:

a the substitution u = sin x

b the identity sin(2x) = 2 sin x cos x.

17 a If y = ln(x +
√

x2 + 1), find
dy

dx
. Hence, find

∫ 1
√

x2 + 1
dx.

b If y = ln(x +
√

x2 − 1), find
dy

dx
. Hence, show that

∫ 7

2

1
√

x2 − 1
dx = ln(2 +

√
3).
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272 Chapter 9: Techniques of integration

Chapter summary

Integration by substitution

� The change of variable rule is

∫
f (u)

du

dx
dx =

∫
f (u) du where u is a function of x

� Linear substitution

A linear substitution can be used to find antiderivatives of expressions such as

(2x + 3)
√

3x − 4,
2x + 5
√

3x − 4
and

2x + 5

(x + 2)2

Consider
∫

f (x) g(ax + b) dx.

Let u = ax + b. Then x =
u − b

a
and so

∫
f (x) g(ax + b) dx =

∫
f

(

u − b

a

)

g(u) dx

=
1

a

∫
f

(

u − b

a

)

g(u) du

� Definite integration involving the change of variable rule:

Let u = g(x). Then

∫ b

a
f (u)

du

dx
dx =

∫ g(b)

g(a)
f (u) du

Trigonometric identities

sin(2x) = 2 sin x cos x

cos(2x) = 2 cos2 x − 1

= 1 − 2 sin2 x

= cos2 x − sin2 x

sec2 x = 1 + tan2 x

Partial fractions

� A rational function may be expressed as a sum of simpler functions by resolving it into

partial fractions.

� Examples of resolving a proper fraction into partial fractions:

• Distinct linear factors
3x − 4

(2x − 3)(x + 5)
=

A

2x − 3
+

B

x + 5

• Repeated linear factor

3x − 4

(2x − 3)(x + 5)2
=

A

2x − 3
+

B

x + 5
+

C

(x + 5)2

• Irreducible quadratic factor

3x − 4

(2x − 3)(x2 + 5)
=

A

2x − 3
+

Bx +C

x2 + 5
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Chapter 9 review 273

� A quadratic polynomial is irreducible if it cannot be factorised over R.

� If f (x) =
g(x)

h(x)
is an improper fraction, i.e. if the degree of g(x) is greater than or equal to

the degree of h(x), then the division must be performed first. Write f (x) in the form

g(x)

h(x)
= q(x) +

r(x)

h(x)

where the degree of r(x) is less than the degree of h(x).

Short-answer questions

1 Find an antiderivative of each of the following:

cos3(2x)a
2x + 3

4x2 + 1
b

1

1 − 4x2
c

x
√

1 − 4x2
d

x2

1 − 4x2
e x

√
1 − 2x2f sin2

(

x − π
3

)

g
x

√
x2 − 2

h

sin2(3x)i sin3(2x)j x
√

x + 1k
1

1 + cos(2x)
l

e3x
+ 1

e3x+1
m

x

x2 − 1
n sin2 x cos2 xo

x2

1 + x
p

2 Evaluate each of the following integrals:

∫ 1
2

0
x(1 − x2)

1
2 dxa

∫ 1
2

0
(1 − x2)−1 dxb

∫ 1
2

0
x(1 + x2)

1
2 dxc

∫ 2

1

1

6x + x2
dxd

∫ 1

0

2x2
+ 3x + 2

x2 + 3x + 2
dxe

∫ 1

0

1
√

4 − 3x
dxf

∫ π
2

0
sin2(2x) dxg

∫
π

−π sin2 x cos2 x dxh
∫ π

2

0
sin2(2x) cos2(2x) dxi

∫ π
4

0

2 cos x − sin x

2 sin x + cos x
dxj

∫ 2

−1
x2
√

x3 + 1 dxk

3 Show that
x

x2 + 2x + 3
=

1

2

(

2x + 2

x2 + 2x + 3

)

− 1

x2 + 2x + 3
. Hence, find

∫ x

x2 + 2x + 3
dx.

4 Find an antiderivative of each of the following:

sin(2x) cos(2x)a x2(x3
+ 1)2b

cos θ

(3 + 2 sin θ)2
c

xe1−x2

d tan2(x + 3)e
2x

√
6 + 2x2

f

tan2 x sec2 xg sec3 x tan xh tan2(3x)i
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274 Chapter 9: Techniques of integration

5 Evaluate the following:

a
∫ π

2

0
sin5 x dx

b
∫ 8

1
(13 − 5x)

1
3 dx

c
∫ π

8

0
sec2(2x) dx

d
∫ 2

1
(3 − y)

1
2 dy

e
∫
π

0
sin2 x dx

f
∫ −1

−3

x2
+ 1

x3 + 3x
dx

6 Find the derivative of

(

x2
+

1

x

)

1
2

and hence evaluate
∫ 2

−1
(2x − x−2)

(

x2
+

1

x

)− 1
2

dx.

7 Let f (x) =
4x2
+ 16x

(x − 2)2(x2 + 4)
.

a Given that f (x) =
a

x − 2
+

6

(x − 2)2
− bx + 4

x2 + 4
, find a and b.

b Given that
∫ 0

−2
f (x) dx =

c − π − ln d

2
, find c and d.
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10 Applications of

integration

In this chapter

10A The fundamental theorem of calculus

10B Area of a region between two curves

10C Integration using a CAS calculator

10D Volumes of solids of revolution

Review of Chapter 10

Syllabus references

Topic: Applications of integral

calculus

Subtopics: 4.1.5 – 4.1.7

In this chapter we revisit the fundamental theorem of calculus. We will apply the theorem

to the new functions introduced in this course, and use the integration techniques developed

in the previous chapter.

We then study a further application of integration.

Volume of a solid of revolution

The first application is finding the volume of a solid formed by revolving a bounded region

defined by a curve around one of the axes.

If the region bounded by the curve with equation y = f (x) and the lines x = a and x = b is

rotated about the x-axis, then the volume V of the solid is given by

V = π
∫ b

a

(

f (x)
)2

dx

You will see how to derive the formula for the volume of a sphere, which you have used for

several years.
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276 Chapter 10: Applications of integration

10A The fundamental theorem of calculus

In this section we review integration from Mathematics Methods Units 3 & 4. We consider

the graphs of some of the functions introduced in earlier chapters, and the areas of regions

defined through these functions. It may be desirable to use a graphing package or a CAS

calculator to help with the graphing in this section.

Signed area

Consider the graph of y = x + 1 shown to the right.

A1 =
1

2
× 3 × 3 = 4

1

2
(area of a triangle)

A2 =
1

2
× 1 × 1 =

1

2

The total area is A1 + A2 = 5.

The signed area is A1 − A2 = 4. x

A1

y = x + 1

y

1

−1

−1−2

1

2

3

2OA2

Regions above the x-axis have

positive signed area.

Regions below the x-axis have

negative signed area.

The total area of the shaded

region is A1 + A2 + A3 + A4.

The signed area of the shaded

region is A1 − A2 + A3 − A4.

A1 A3

A2 A4

x

y

O

The definite integral

Let f be a continuous function on a closed interval [a, b]. The signed area enclosed by the

graph of y = f (x) between x = a and x = b is denoted by
∫ b

a
f (x) dx

and is called the definite integral of f (x) from x = a to x = b.

Fundamental theorem of calculus

If f is a continuous function on an interval [a, b], then
∫ b

a
f (x) dx = F(b) − F(a)

where F is any antiderivative of f .

Notes:

� If f (x) ≥ 0 for all x ∈ [a, b], the area between x = a and x = b is given by
∫ b

a
f (x) dx.

� If f (x) ≤ 0 for all x ∈ [a, b], the area between x = a and x = b is given by −
∫ b

a
f (x) dx.
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10A The fundamental theorem of calculus 277

Sketch the graph of y =
1

4 − x2
. Shade the region for the area determined by

∫ 1

−1

1

4 − x2
dx

and find this area.

Example 1

Solution

Area =
∫ 1

−1

1

4 − x2
dx

=
1

4

∫ 1

−1

1

2 − x
+

1

2 + x
dx

By symmetry:

Area =
1

2

∫ 1

0

1

2 − x
+

1

2 + x
dx

=
1

2

[

ln

(

2 + x

2 − x

)]1

0

=
1

2

(

ln 3 − ln 1
)

=
1

2
ln 3

y

x
−2 −1 1 2O

The graph of y = cos3 x is shown.

Find the area of the shaded region.

y

x

1

O π

2

3π

2

−1

Example 2

Solution

Area = −
∫ 3π

2
π

2

cos3 x dx

= −
∫ 3π

2
π

2

cos x cos2 x dx

= −
∫ 3π

2
π

2

cos x (1 − sin2 x) dx

Let u = sin x. Then
du

dx
= cos x.
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278 Chapter 10: Applications of integration 10A

When x =
π

2
, u = 1. When x =

3π

2
, u = −1.

Area = −
∫ −1

1
(1 − u2) du∴

= −
[

u − u3

3

]−1

1

= −
(

−1 +
1

3
−

(

1 − 1

3

)

)

=
4

3

Properties of the definite integral

�

∫ b

a
f (x) dx =

∫ c

a
f (x) dx +

∫ b

c
f (x) dx

�

∫ a

a
f (x) dx = 0

�

∫ b

a
k f (x) dx = k

∫ b

a
f (x) dx

�

∫ b

a
f (x) ± g(x) dx =

∫ b

a
f (x) dx ±

∫ b

a
g(x) dx

�

∫ b

a
f (x) dx = −

∫ a

b
f (x) dx

Exercise 10A

1 The graph of f (x) = x +
1

x2
is as shown.

Find the area of the shaded region.

y

x
−1 2O 3

y = x

2 Sketch the graph of f (x) = x +
2

x
. Shade the region for which the area is determined by

the integral
∫ 2

1
f (x) dx and evaluate this integral.

3Example 1 Sketch the graph of g(x) =
4

9 − x2
and find the area of the region with −2 ≤ x ≤ 2 and

0 ≤ y ≤ g(x).
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10A 10A The fundamental theorem of calculus 279

4 Consider the graph of y = x − 4

x + 3
.

a Find the coordinates of the intercepts with the axes.

b Find the equations of all asymptotes.

c Sketch the graph.

d Find the area bounded by the curve, the x-axis and the line x = 8.

5 a State the implied domain of the function g with rule g(x) =
1

(1 − x)(x − 2)
.

b Sketch the graph of y = g(x), indicating the equation of any asymptotes and the

coordinates of the turning points.

c State the range of g.

d Find the area of the region bounded by the graph of y = g(x), the x-axis and the lines

x = 4 and x = 3.

6 Find the area between the curve y =
2 ln x

x
and the x-axis from x = 1 to x = e.

Example 2 The graph of y = sin3(2x) for x ∈ [0,π]

is as shown. Find the area of the shaded

region.

7 The graph of y = sin x cos2 x for

x ∈ [0,π] is as shown. Find the area

of the shaded region.

8

y

x

1

O π π

2

−1

y

x

0.5

O π π

2

9 Sketch the curve with equation y =
2x

x + 3
, showing clearly how the curve approaches

its asymptotes. On your diagram, shade the finite region bounded by the curve and the

lines x = 0, x = 3 and y = 2. Find the area of this region.

10 a Show that the curve y =
3

(2x + 1)(1 − x)
has only one turning point.

b Find the coordinates of this point and determine its nature.

c Sketch the curve.

d Find the area of the region enclosed by the curve and the line y = 3.
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10B Area of a region between two curves

Let f and g be continuous functions on the

interval [a, b] such that

f (x) ≥ g(x) for all x ∈ [a, b]

Then the area of the region bounded by the

two curves and the lines x = a and x = b can

be found by evaluating
∫ b

a
f (x) dx −

∫ b

a
g(x) dx =

∫ b

a
f (x) − g(x) dx

x

y

y = f(x)

y = g(x)

O a b

Find the area of the region bounded by the parabola y = x2 and the line y = 2x.

Example 3

Solution

We first find the coordinates of the point P:

x2 = 2x

x(x − 2) = 0

∴ x = 0 or x = 2

Therefore the coordinates of P are (2, 4).

Required area =
∫ 2

0
2x − x2 dx

=

[

x2 − x3

3

]2

0

= 4 − 8

3
=

4

3

The area is
4

3
square units.

y

x
O

P

Calculate the area of the region enclosed by the curves with equations y = x2 + 1 and

y = 4 − x2 and the lines x = −1 and x = 1.

Example 4

Solution

Required area =
∫ 1

−1
4 − x2 − (x2 + 1) dx

=
∫ 1

−1
3 − 2x2 dx

=

[

3x − 2x3

3

]1

−1

= 3 − 2

3
−

(

−3 +
2

3

)

=
14

3

y

x
−1 1O
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10B Area of a region between two curves 281

In the two examples considered so far in this

section, the graph of one function is ‘above’

the graph of the other for all of the interval

considered.

What happens when the graphs cross?

y

x
a Oc1 c2 bc3

f

g

To find the area of the shaded region, we must consider the intervals [a, c1], [c1, c2], [c2, c3]

and [c3, b] separately. Thus, the shaded area is given by
∫ c1

a
f (x) − g(x) dx +

∫ c2

c1

g(x) − f (x) dx +
∫ c3

c2

f (x) − g(x) dx +
∫ b

c3

g(x) − f (x) dx

The absolute value function could also be used here:
∣

∣

∣

∣

∫ c1

a
f (x) − g(x) dx

∣

∣

∣

∣

+

∣

∣

∣

∣

∫ c2

c1

f (x) − g(x) dx

∣

∣

∣

∣

+

∣

∣

∣

∣

∫ c3

c2

f (x) − g(x) dx

∣

∣

∣

∣

+

∣

∣

∣

∣

∫ b

c3

f (x) − g(x) dx

∣

∣

∣

∣

Find the area of the region enclosed by the graphs of f (x) = x3 and g(x) = x.

Example 5

Solution

The graphs intersect where f (x) = g(x):

x3 = x

x3 − x = 0

x(x2 − 1) = 0

∴ x = 0 or x = ±1

We see that:

� f (x) ≥ g(x) for −1 ≤ x ≤ 0

� f (x) ≤ g(x) for 0 ≤ x ≤ 1

x

y

−1
O

−1

1

1

Thus the area is given by
∫ 0

−1
f (x) − g(x) dx +

∫ 1

0
g(x) − f (x) dx =

∫ 0

−1
x3 − x dx +

∫ 1

0
x − x3 dx

=

[

x4

4
−

x2

2

]0

−1

+

[

x2

2
−

x4

4

]1

0

= −
(

−
1

4

)

+
1

4

=
1

2

Note: The result could also be obtained by observing the symmetry of the graphs, finding the

area of the region where both x and y are non-negative, and then multiplying by 2.
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282 Chapter 10: Applications of integration

Using the TI-Nspire

Method 1

In a Calculator page:

� Enter the integral as shown.

(Use the 2D-template palette for the

definite integral and the absolute value.)

Method 2

In a Graphs page:

� Enter the functions f 1(x) = x3 and f 2(x) = x

as shown.

� To find the area of the bounded region, use

menu > Analyze Graph > Bounded Area and

click on the lower and upper intersections of

the graphs.

Using the Casio ClassPad

Method 1

� In , solve the equation x3 = x to find the limits

for the integral.

� Enter and highlight |x3 − x|.
� Go to Interactive > Calculation > ∫ .

� Select Definite. Enter −1 for the lower limit and

1 for the upper limit. Then tap OK .

Method 2

� Graph the functions y1 = x3 and y2 = x.

� Go to Analysis > G-Solve > Integral >

∫ dx intersection.

� Press Execute at x = −1. Use the cursor key to go

to x = 1 and press Execute again.

Note: Here the absolute value function is used to simplify the process of finding areas with a

CAS calculator. This technique is not helpful when doing these problems by hand.
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10B Area of a region between two curves 283

Find the area of the shaded

region.

x

y = cos x y = sin x

y

O π

2

3π

2

π 2π

Example 6

Solution

First find the x-coordinates of the two points of intersection.

If sin x = cos x, then tan x = 1 and so x =
π

4
or x =

5π

4
.

Area =
∫ 5π

4
π

4

sin x − cos x dx

=
[

− cos x − sin x
]

5π
4
π

4

= − cos

(

5π

4

)

− sin

(

5π

4

)

−
(

− cos

(

π

4

)

− sin

(

π

4

))

=
1
√

2
+

1
√

2
+

1
√

2
+

1
√

2

=
4
√

2
= 2
√

2

The area is 2
√

2 square units.

Find the area of the shaded region. y

x
O

1
y = cos x

y = sin 2x

π

2

Example 7
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284 Chapter 10: Applications of integration 10B

Solution

First determine the points of intersection:

cos x = sin(2x)

cos x = 2 sin x cos x

0 = cos x
(

2 sin x − 1
)

cos x = 0 or sin x =
1

2
∴

Therefore x =
π

2
or x =

π

6
for x ∈

[

0,
π

2

]

.

Area =
∫ π

6

0
cos x − sin(2x) dx +

∫ π
2
π

6

sin(2x) − cos x dx

=

[

sin x +
1

2
cos(2x)

]

π

6

0

+

[

−1

2
cos(2x) − sin x

]

π

2

π

6

=

(

1

2
+

1

4
− 1

2

)

+

(

1

2
− 1 −

(

−1

4
− 1

2

))

=
1

4
−

1

2
+

1

4
+

1

2

=
1

2

Exercise 10B

1Example 3 Find the coordinates of the points of intersection of the two curves with equations

y = x2 − 2x and y = −x2 + 8x − 12. Find the area of the region enclosed between the

two curves.

2Example 4 Find the area of the region enclosed by the graphs of y = −x2 and y = x2 − 2x.

3 Find the area of:

a region A

b region B

y

x

y = x2

O 21

2
−

y = 
1

x2

A B

4 Let f (x) = x2 − 4. Sketch the graphs of y = f (x) and y =
16

f (x)
on the same set of axes.

Find the area of the region bounded by the two graphs and the lines x = 1 and x = −1.
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10B 10B Area of a region between two curves 285

5 The area of the region bounded by y =
12

x
, x = 1 and x = a is 24. Find the value of a.

6Example 5 Find the area of:

a region A

b region B

c region C

y

x

y = 4 − x2

x = 3

O 2

4

C

B

A

2

7Example 6

Example 7

For each of the following, find the area of the region enclosed by the lines and curves.

Draw a sketch graph and shade the appropriate region for each example.

a y = 2 sin x and y = sin(2x), for 0 ≤ x ≤ π

b y = sin(2x) and y = cos x, for
−π
2
≤ x ≤ π

2

c y =
√

x, y = 6 − x and y = 1

d y = cos(2x) and y = 1 − sin x, for 0 ≤ x ≤ π

8 Evaluate each of the following. (Draw the appropriate graph first.)∫ e

1
ln x dxa

∫ 1
1
2

ln(2x) dxb

Hint: You can use the inverse relationship y = ln x⇔ x = ey. First find the area between

the curve and the y-axis.

9 Let P be the point with coordinates (1, 1) on the curve with equation y = 1 + ln x.

a Find the equation of the normal to the curve at P.

b Find the area of the region enclosed by the normal, the curve and the x-axis.

10 a Find the coordinates of the points of intersection of the curves with equations

y = (x − 1)(x − 2) and y =
3(x − 1)

x
.

b Sketch the two curves on the one set of axes.

c Find the area of the region bounded by the two curves for 1 ≤ x ≤ 3.

11 Show that the area of the shaded region is 2. y

x

y = 4 sin x

y = 3 cos x

O

3

4

π

2
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286 Chapter 10: Applications of integration 10B

12 Find the area enclosed by the graphs of y = x2 and y = x + 2.

13 The graphs of y = cos2 x and y = sin2 x are shown for 0 ≤ x ≤ 2π. Find the total area of

the shaded regions.

y

x
O 2π

10C Integration using a CAS calculator

In Chapter 9, we discussed methods of integration by rule. In this section, we consider the

use of a CAS calculator in evaluating definite integrals. It is often not possible to determine

the antiderivative of a given function by rule, and so we will also look at numerical evaluation

of definite integrals.

Using a calculator to find exact values of definite integrals

Use a CAS calculator to evaluate
∫ 1

2

0

√
1 − x2 dx.

Example 8

Using the TI-Nspire

To find a definite integral, use menu > Calculus

> Integral.

Note: The integral template can also be

obtained directly from the 2D-template

palette or by pressing shift + .
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10C Integration using a CAS calculator 287

Using the Casio ClassPad

� Enter and highlight the expression
√

1 − x2.

� Go to Interactive > Calculation > ∫ .

� Select Definite. Enter 0 for the lower limit and
1

2
for the upper limit. Then tap OK .

Note: The integral template can also be found in

the Math2 keyboard.

Using the inverse function to find a definite integral

Find the area of the region bounded by the graph of y = ln x, the line x = 2 and the x-axis

by using the inverse function.

Example 9

Solution

From the graph, we see that
∫ 2

1
ln x dx = 2 ln 2 −

∫ ln 2

0
ey dy

= 2 ln 2 −
(

eln 2 − e0)

= 2 ln 2 − (2 − 1)

= 2 ln 2 − 1

The area is 2 ln 2 − 1 square units.

y

x
O (1, 0)

(2, ln 2) y = ln x

x = ey

2

This area can also be found using integration by parts or using a CAS calculator.

Using the TI-Nspire

To find a definite integral, use menu > Calculus

> Integral or select the integral template from

the 2D-template palette .

Using the Casio ClassPad

� Enter and highlight the expression ln(x).

� Go to Interactive > Calculation > ∫ .

� Select Definite, enter the lower and upper limits

and tap OK .
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Using a calculator to find approximate values of definite integrals

The graph of y = esin x − 2 is as shown. Using a

CAS calculator, find the area of the shaded regions.

y

x
O

a

π

2

3π

2

−1

Example 10

Solution

Using a CAS calculator, first find the value of a, which is approximately 2.37575.

Required area =
∫ a
π

2

(esin x − 2) dx −
∫ 3π

2

a
(esin x − 2) dx

= 0.369 213 . . . + 2.674 936 . . .

= 3.044 149 . . .

The area is approximately 3.044 square units.

Using the fundamental theorem of calculus

We have used the fundamental theorem of calculus to find areas using antiderivatives. We can

also use the theorem to define antiderivatives using area functions.

If F is an antiderivative of a continuous function f , then F(b) − F(a) =
∫ b

a
f (x) dx. Using a

dummy variable t, we can write F(x) − F(a) =
∫ x

a
f (t) dt, giving F(x) = F(a) +

∫ x

a
f (t) dt.

If we define a function by G(x) =
∫ x

a
f (t) dt, then F and G differ by a constant, and so G is

also an antiderivative of f .

Plot the graph of F(x) =
∫ x

1

1

t
dt for x > 1.

Example 11

Using the TI-Nspire

In a Graphs page, enter the function

f 1(x) =
∫ x

1

1

t
dt

Note: The integral template can be obtained

from the 2D-template palette .
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Using the Casio ClassPad

� Enter and define the function as shown.

� Graph the function with the restricted domain.

Note: The natural logarithm function can be defined by ln(x) =
∫ x

1

1

t
dt.

The number e can then be defined to be the unique real number a such that ln(a) = 1.

Use a CAS calculator to find an approximate value of
∫ π

3

0
cos(x2) dx and to plot the graph

of f (x) =
∫ x

0
cos(t2) dt for −π

4
≤ x ≤ π.

Example 12

Using the TI-Nspire

Method 1

� Use menu > Actions > Define to define the

function as shown and evaluate for x =
π

3
.

Method 2

� Plot the graph of f 1(x) = cos(x2) for −π
4
≤ x ≤ π.

� To find the required area, use the integral measurement tool from menu > Analyze

Graph > Integral. Type in the lower limit 0 and press enter . Move to the right, type in

the upper limit π/3 and press enter .
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Using the Casio ClassPad

� Enter and highlight the expression cos(x2).

� Go to Interactive > Calculation > ∫ .

� Select Definite and enter the lower and upper

limits as shown.

� Define the function f (x) =
∫ x

0
cos(t2) dt.

� Graph the function with the restricted domain.

� The approximate value of f

(

π

3

)

can now be found

graphically using Analysis > G-Solve > y-Cal.

Exercise 10C

1Example 8 For each of the following, evaluate the integral using a CAS calculator to obtain an

exact value:
∫ 3

0

√
9 − x2 dxa

∫ 3

0

√
9x2 − x3 dxb

∫ 3

0
ln(x2 + 1) dxc

2Example 10 Using a CAS calculator, evaluate each of the following correct to two decimal places:
∫ 2

0
esin x dxa

∫
π

0
x sin x dxb

∫ 3

1
(ln x)2 dxc

∫ 1

−1
cos(ex) dxd

∫ 2

−1

ex

ex + e−x
dxe

∫ 2

0

x

x4 + 1
dxf

∫ 2

1
x ln x dxg

∫ 1

−1
x2ex dxh

∫ 1

0

√
1 + x4 dxi

∫ π
2

0
sin(x2) dxj
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10C 10C Integration using a CAS calculator 291

3 In each of the following, the rule of the function is defined as an area function. Find

f (x) in each case.

f (x) =
∫ x

1

1

t
dt, for x > 1

y

t
O 1 t = x

y =
1

t

a f (x) =
∫ 1

x

1

t
dt, for 0 < x < 1

y

t
O x 1

y =
1

t

b

f (x) =
∫ x

0
et dt, for x ∈ R

y

t
O x

y = et

c f (x) =
∫ x

0
sin t dt, for x ∈ R

y

t
O x

y = sin t

d

4Example 11 Use a CAS calculator to plot the graph of each of the following:

f (x) =
∫ x

0
et2

dta

f (x) =
∫ x

0
sin(t2) dtb

f (x) =
∫ x

1

sin t

t
dt, x > 1c
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10D Volumes of solids of revolution

A large glass flask has a shape as illustrated in the figure below. In order to find its

approximate volume, consider the flask as a series of cylinders.

30 cm

50 cm

10 cm

10 cm

10 cm

10 cm

10 cm

10 cm

15 cm

Radius of cylinder

5 cm

9 cm

11 cm

13 cm

15 cm

Volume of flask ≈ π
(

152 + 132 + 112 + 92 + 52) × 10∴

≈ 19 509.29 cm3

≈ 19 litres

This estimate can be improved by taking more cylinders to obtain a better approximation.

In Mathematics Methods Units 3 & 4, it

was shown that areas defined by well-

behaved functions can be determined as

the limit of a sum.

This can also be done for volumes. The

volume of a typical thin slice is Aδx, and

the approximate total volume is

x=b
∑

x=a

Aδx

y

x
O ba

slice with thickness δx and

cross-sectional area A

Volume of a sphere

Consider the graph of f (x) =
√

4 − x2.

If the shaded region is rotated around the x-axis, it

will form a sphere of radius 2.

y

x
−2 O 2
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10D Volumes of solids of revolution 293

Divide the interval [−2, 2] into n subintervals

[xi−1, xi] with x0 = −2 and xn = 2.

The volume of a typical slice (a cylinder) is

approximately π
(

f (ci)
)2

(xi − xi−1), where

ci ∈ [xi−1, xi].

The total volume will be approximated by

the sum of the volumes of these slices. As the

number of slices n gets larger and larger:

V = lim
n→∞

n
∑

i=1

π
(

f (ci)
)2

(xi − xi−1)

It has been seen that the limit of such a sum is

an integral and therefore:

V =
∫ 2

−2
π
(

f (x)
)2

dx

=
∫ 2

−2
π(4 − x2) dx

= π

[

4x −
x3

3

]2

−2

= π

(

8 − 8

3
−

(

−8 +
8

3

))

= π

(

16 − 16

3

)

=
32π

3

y

x
−2 O 2

Volume of a cone

If the region between the line y =
1

2
x, the line x = 4

and the x-axis is rotated around the x-axis, then a solid

in the shape of a cone is produced.

The volume of the cone is given by:

V =
∫ 4

0
πy2 dx

=
∫ 4

0
π

(

1

2
x

)2

dx

=
π

4

[

x3

3

]4

0

=
π

4
× 64

3

=
16π

3

y

x
O

(4, 2)

x = 4

y = x1

2
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294 Chapter 10: Applications of integration

Solids of revolution

In general, the solid formed by rotating a region

about a line is called a solid of revolution.

For example, if the region between the graph of

y = x2, the line y = 20 and the y-axis is rotated

about the y-axis, then a solid in the shape of the

top of a wine glass is produced.

y

x
O

y = x2

y = 20

Volume of a solid of revolution

� Rotation about the x-axis

If the region to be rotated is bounded by the curve with equation y = f (x), the lines

x = a and x = b and the x-axis, then

V =
∫ x=b

x=a
πy2 dx

= π
∫ b

a

(

f (x)
)2

dx

� Rotation about the y-axis

If the region to be rotated is bounded by the curve with equation x = f (y), the lines

y = a and y = b and the y-axis, then

V =
∫ y=b

y=a
πx2 dy

= π
∫ b

a

(

f (y)
)2

dy

Find the volume of the solid of revolution formed by rotating the curve y = x3 about:

the x-axis for 0 ≤ x ≤ 1a the y-axis for 0 ≤ y ≤ 1b

Example 13

Solution

V = π
∫ 1

0
y2 dx

= π
∫ 1

0
x6 dx

= π

[

x7

7

]1

0

=
π

7

a V = π
∫ 1

0
x2 dy

= π
∫ 1

0
y

2
3 dy

= π

[

3

5
y

5
3

]1

0

=
3π

5

b
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Regions not bounded by the x-axis

If the shaded region is rotated about the x-axis, then the

volume V is given by

V = π
∫ b

a

(

f (x)
)2 −

(

g(x)
)2

dx

y

x
O a b

g

f

Find the volume of the solid of revolution when the region bounded by the graphs of

y = 2e2x, y = 1, x = 0 and x = 1 is rotated around the x-axis.

Example 14

Solution

The volume is given by

V = π
∫ 1

0
4e4x − 1 dx

= π
[

e4x − x
]1

0

= π
(

e4 − 1 − (1)
)

= π(e4 − 2)

Note: Here f (x) = 2e2x and g(x) = 1.

y

x

(0, 2)

O 1

y = 1

The shaded region is rotated around the x-axis.

Find the volume of the resulting solid.

y

x

f(x) = 2x

g(x) = x2

O

Example 15

Solution

The graphs meet where 2x = x2, i.e. at the points with coordinates (0, 0) and (2, 4).

Volume = π
∫ 2

0

(

f (x)
)2 −

(

g(x)
)2

dx

= π
∫ 2

0
4x2 − x4 dx

= π

[

4x3

3
− x5

5

]2

0

= π

(

32

3
− 32

5

)

=
64π

15
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296 Chapter 10: Applications of integration 10D

A solid is formed when the region bounded by the x-axis and the graph of y = 3 sin(2x),

0 ≤ x ≤
π

2
, is rotated around the x-axis. Find the volume of this solid.

Example 16

Solution

V = π
∫ π

2

0

(

3 sin(2x)
)2

dx

= π
∫ π

2

0
9 sin2(2x) dx

= 9π
∫ π

2

0
sin2(2x) dx

= 9π
∫ π

2

0

1

2

(

1 − cos(4x)
)

dx

=
9π

2

∫ π
2

0
1 − cos(4x) dx

=
9π

2

[

x − 1

4
sin(4x)

]

π

2

0

=
9π

2

(

π

2

)

=
9π2

4

y

x

3

O π

2

Exercise 10D

1Example 13 Find the area of the region bounded by the x-axis and the curve whose equation is

y = 4 − x2. Also find the volume of the solid formed when this region is rotated about

the y-axis.

2 Find the volume of the solid of revolution when the region bounded by the given curve,

the x-axis and the given lines is rotated about the x-axis:

f (x) =
√

x, x = 4a f (x) = 2x + 1, x = 0, x = 4b

f (x) = 2x − 1, x = 4c f (x) = sin x, 0 ≤ x ≤
π

2
d

f (x) = ex, x = 0, x = 2e f (x) =
√

9 − x2, −3 ≤ x ≤ 3f

3 The hyperbola x2 − y2 = 1 is rotated around the x-axis to form a surface of revolution.

Find the volume of the solid enclosed by this surface between x = 1 and x =
√

3.

4 Find the volumes of the solids generated by rotating about the x-axis each of the regions

bounded by the following curves and lines:

y =
1

x
, y = 0, x = 1, x = 4a y = x2 + 1, y = 0, x = 0, x = 1b

y =
√

x, y = 0, x = 2c y =
√

a2 − x2, y = 0d

y =
√

9 − x2, y = 0e y =
√

9 − x2, y = 0, x = 0, given x ≥ 0f
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10D 10D Volumes of solids of revolution 297

5Example 14

Example 15

The region bounded by the line y = 5 and the curve y = x2 + 1 is rotated about

the x-axis. Find the volume generated.

6Example 16 The region, for which x ≥ 0, bounded by the curves y = cos x and y = sin x and the

y-axis is rotated around the x-axis, forming a solid of revolution. By using the identity

cos(2x) = cos2 x − sin2 x, obtain a volume for this solid.

7 The region enclosed by y =
4

x2
, x = 4, x = 1 and the x-axis is rotated about the x-axis.

Find the volume generated.

8 The region enclosed by y = x2 and y2 = x is rotated about the x-axis. Find the volume

generated.

9 A region is bounded by the curve y =
√

6 − x, the straight line y = x and the positive

x-axis. Find the volume of the solid of revolution formed by rotating this figure about

the x-axis.

10 The region bounded by the x-axis, the line x =
π

2
and the curve y = tan

(

x

2

)

is rotated

about the x-axis. Prove that the volume of the solid of revolution is
π

2
(4 − π).

Hint: Use the result that tan2

(

x

2

)

= sec2

(

x

2

)

− 1.

11 Sketch the graphs of y = sin x and y = sin(2x) for 0 ≤ x ≤ π
2

. Show that the area of the

region bounded by these graphs is
1

4
square unit, and the volume formed by rotating this

region about the x-axis is
3

16
π
√

3 cubic units.

12 Let V be the volume of the solid formed when the region enclosed by y =
1

x
, y = 0,

x = 4 and x = b, where 0 < b < 4, is rotated about the x-axis. Find the value of b for

which V = 3π.

13 Find the volume of the solid generated when the region enclosed by y =
√

3x + 1,

y =
√

3x, y = 0 and x = 1 is rotated about the x-axis.

14 Find the volumes of the solids formed when the following regions are rotated around the

y-axis:

x2 = 4y2 + 4 for 0 ≤ y ≤ 1a y = ln(2 − x) for 0 ≤ y ≤ 2b

15 a Find the area of the region bounded by the curve y = ex, the tangent at the point (1, e)

and the y-axis.

b Find the volume of the solid formed by rotating this region through a complete

revolution about the x-axis.

16 The region defined by the inequalities y ≥ x2 − 2x + 4 and y ≤ 4 is rotated about the

line y = 4. Find the volume generated.
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298 Chapter 10: Applications of integration 10D

17 The region enclosed by y = cos

(

x

2

)

and the x-axis, for 0 ≤ x ≤ π, is rotated about

the x-axis. Find the volume generated.

18 Find the volume generated by revolving the region enclosed between the parabola

y = 3x − x2 and the line y = 2 about the x-axis.

19 The shaded region is rotated around the

x-axis to form a solid of revolution. Find

the volume of this solid.

y

x

x2 
+ y2 = 4

y2 
= 3x

−2

−2

2

2O

20 The region enclosed between the curve y = ex − 1, the x-axis and the line x = ln 2 is

rotated around the x-axis to form a solid of revolution. Find the volume of this solid.

21 Show that the volume of the solid of revolution formed by rotating about the x-axis the

region bounded by the curve y = e−2x and the lines x = 0, y = 0 and x = ln 2 is
15π

64
.

22 Find the volume of the solid generated by revolving about the x-axis the region bounded

by the graph of y = 2 tan x and the lines x = −π
4

, x =
π

4
and y = 0.

23 The region bounded by the parabola y2 = 4(1 − x) and the y-axis is rotated about:

a the x-axis

b the y-axis.

Prove that the volumes of the solids formed are in the ratio 15 : 16.

24 A bucket is defined by rotating the curve with equation

y = 40 ln

(

x − 20

10

)

, 0 ≤ y ≤ 40

about the y-axis. If x and y are measured in centimetres, find the maximum volume of

liquid that the bucket could hold. Give the answer to the nearest cm3.

25 An ellipse has equation
x2

a2
+

y2

b2
= 1. Find the volume of the solid generated when the

region bounded by the ellipse is rotated about:

a the x-axis

b the y-axis.
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10D 10D Volumes of solids of revolution 299

26 The diagram shows part of the curve y =
12

x
.

Points P(2, 6) and Q(6, 2) lie on the curve.

Find:

a the equation of the line PQ

b the volume obtained when the shaded region is

rotated about:

i the x-axis

ii the y-axis. x

y

O

P(2, 6)

Q(6, 2)

27 a Sketch the graph of y = 2x +
9

x
.

b Find the volume generated when the region bounded by the curve y = 2x +
9

x
and the

lines x = 1 and x = 3 is rotated about the x-axis.

28 The region shown is rotated about the x-axis to

form a solid of revolution. Find the volume of

the solid, correct to three decimal places.

x

y

O 1 2 3

y = ln x

29 The graphs of y = 2 sec x and y = 4 are shown

for 0 ≤ x ≤ π
3

.

The shaded region is rotated about the x-axis to

form a solid of revolution. Calculate the exact

volume of this solid.

O

y

x

4

2

, 

 
4

π

3

π

3
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300 Chapter 10: Applications of integration

Chapter summary

Fundamental theorem of calculus

� If f is a continuous function on an interval [a, b], then
∫ b

a
f (x) dx = F(b) − F(a), where

F is any antiderivative of f .

� If f is a continuous function and the function G is defined by G(x) =
∫ x

a
f (t) dt, then G is

an antiderivative of f .

Areas of regions between curves

� If f and g are continuous functions such that

f (x) ≥ g(x) for all x ∈ [a, b], then the area

of the region bounded by the curves and the

lines x = a and x = b is given by
∫ b

a
f (x) − g(x) dx x

y

O a

y = f(x)

y = g(x)

b

� For graphs that cross, consider intervals.

For example, the area of the shaded region

is given by
∫ c1

a
f (x) − g(x) dx +

∫ c2

c1

g(x) − f (x) dx

+
∫ c3

c2

f (x) − g(x) dx +
∫ b

c3

g(x) − f (x) dx

y

x
a Oc1 c2 bc3

f

g

Volumes of solids of revolution

� Region bounded by the x-axis If the region to be rotated about the x-axis is bounded

by the curve with equation y = f (x), the lines x = a and x = b and the x-axis, then the

volume V is given by

V =
∫ b

a
πy2 dx = π

∫ b

a

(

f (x)
)2

dx

� Region not bounded by the x-axis If the shaded

region is rotated about the x-axis, then the volume V is

given by

V = π
∫ b

a

(

f (x)
)2 −

(

g(x)
)2

dx

y

x

f

g

a b
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Short-answer questions

1 Calculate the area of the region enclosed by the graph of y =
x

√
x − 2

and the line y = 3.

2 a If y = 1 − cos x, find the value of
∫ π

2

0
y dx. On a sketch graph, indicate the region for

which the area is represented by this integral.

b Hence, find
∫ 1

0
x dy.

3 Find the volume of revolution of each of the following. (Rotation is about the x-axis.)

y = sec x between x = 0 and x =
π

4
a y = sin x between x = 0 and x =

π

4
b

y = cos x between x = 0 and x =
π

4
c the region between y = x2 and y = 4xd

y =
√

1 + x between x = 0 and x = 8e

4 Find the volume generated when the region bounded by the curve y = 1 +
√

x, the x-axis

and the lines x = 1 and x = 4 is rotated about the x-axis.

5 The region S in the first quadrant of the Cartesian plane is bounded by the axes, the

line x = 3 and the curve y =
√

1 + x2. Find the volume of the solid formed when S

is rotated:

a about the x-axis

b about the y-axis.

6 Sketch the graph of y = sec x for x ∈
(−π

2
,
π

2

)

. Find the volume of the solid of

revolution obtained by rotating this curve about the x-axis for x ∈
[−π

4
,
π

4

]

.

7 a Find the coordinates of the points of intersection of the graphs of y2 = 8x and y = 2x.

b Find the volume of the solid formed when the area enclosed by these graphs is

rotated about the x-axis.

8 a On the one set of axes, sketch the graphs of y = 1 − x2 and y = x − x3 = x(1 − x2).

(Turning points of the second graph do not have to be determined.)

b Find the area of the region enclosed between the two graphs.

9 The curves y = x2 and x2 + y2 = 2 meet at the points A

and B.

a Find the coordinates of A, B and C.

b Find the volume of the solid of revolution formed by

rotating the shaded region about the x-axis.

O

y

x

A B

C
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302 Chapter 10: Applications of integration

10 a Sketch the graph of y = 2x − x2 for y ≥ 0.

b Find the area of the region enclosed between this curve and the x-axis.

c Find the volume of the solid of revolution formed by rotating this region about

the x-axis.

11 a Let the curve f (x) = x2, 0 ≤ x ≤ b be rotated:

i around the x-axis to define a solid of revolution, and find the volume of this solid

in terms of b (where the region rotated is between the curve and the x-axis)

ii around the y-axis to define a solid of revolution, and find the volume of this solid

in terms of b (where the region rotated is between the curve and the y-axis).

b For what value of b are the two volumes equal?

12 Let f (x) = x and g(x) =
9

x
.

a Sketch, on the same set of axes, the graphs of f + g and f − g.

b Find the area of the region bounded by the two graphs sketched in a and the lines

x = 1 and x = 3.

13 Sketch the graph of

{

(x, y) : y = x − 5 +
4

x

}

. Find the area of the region bounded by

this curve and the x-axis.

14 Sketch the graph of

{

(x, y) : y =
1

2 + x − x2

}

. Find the area of the region bounded by

this graph and the line y =
1

2
.

Extended-response questions

1 a Sketch the curve with equation y = 1 − 1

x + 2
.

b Find the area of the region bounded by the x-axis, the curve and the lines x = 0

and x = 2.

c Find the volume of the solid of revolution formed when this region is rotated around

the x-axis.

2 a i Differentiate x ln x and hence find
∫

ln x dx.

ii Differentiate x(ln x)2 and hence find
∫

(ln x)2 dx.

b Sketch the graph of

f (x) =



















ex x ∈ [0, 2]

e−x x ∈ [−2, 0)

c The interior of a wine glass is formed by rotating the curve y = ex from x = 0 to

x = 2 about the y-axis. If the units are in centimetres find, correct to two significant

figures, the volume of liquid that the glass contains when full.
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3 A bowl is modelled by rotating the curve y = x2 for 0 ≤ x ≤ 1 around the y-axis.

a Find the volume of the bowl.

b If liquid is poured into the bowl at a rate of R units of volume per second, find the

rate of increase of the depth of liquid in the bowl when the depth is
1

4
.

Hint: Use the chain rule:
dv

dt
=

dv

dy

dy

dt
.

c i Find the volume of liquid in the bowl when the depth of liquid is
1

2
.

ii Find the depth of liquid in the bowl when it is half full.

4 The curves y = ax2 and y = 1 − x2

a
are shown, where a > 0.

a Show that the area enclosed by

the two curves is
4

3

√

a

a2 + 1
.

b i Find the value of a which

gives the maximum area.

ii Find the maximum area.
O

y

x

1

√
a

a2 + 1

a2

a2 + 1
,

c Find the volume of the solid formed when the region bounded by these curves is

rotated about the y-axis.

5 a On the same set of axes, sketch the graphs of y = 3 sec2 x and y = 16 sin2 x

for 0 ≤ x ≤ π
4

.

b Find the coordinates of the point of intersection of these two curves.

c Find the area of the region bounded by the two curves and the y-axis.

6 Let f (x), x ∈ (1,∞) be such that:

� f ′(x) =
1

x − a
, where a is a positive constant

� f (2) = 1

� f (1 + e−1) = 0

a Find a and use it to determine f (x).

b Sketch the graph of f .

c If f −1 is the inverse of f , show that f −1(x) = 1 + ex−1. Give the domain and range

of f −1.

d Find the area of the region enclosed by y = f −1(x), the x-axis, the y-axis and the

line x = 1.

e Find
∫ 2

1+e−1
f (x) dx.

7 The curves cy2 = x3 and y2 = ax (where a > 0 and c > 0) intersect at the origin, O, and

at a point P in the first quadrant. The areas of the regions enclosed by the curves OP,

the x-axis and the vertical line through P are A1 and A2 respectively for the two curves.

The volumes of the two solids formed by rotating these regions about the x-axis are V1

and V2 respectively. Show that A1 : A2 = 3 : 5 and V1 : V2 = 1 : 2.
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304 Chapter 10: Applications of integration

8 a Find the area of the circle formed when a sphere is cut

by a plane at a distance y from the centre, where y < r.

b By integration, prove that the volume of a ‘cap’ of

height
1

4
r cut from the top of the sphere, as shown in

the diagram, is
11πr3

192
.

O

_ r
1

4

9 Consider the section of a hyperbola with
x2

a2
− y2

b2
= 1 and a ≤ x ≤ 2a (where a > 0).

Find the volume of the solid formed when region bounded by the hyperbola and the line

with equation x = 2a is rotated about:

a the x-axis

b the y-axis.

10 a For 0 ≤ a ≤ 1, let Ta be the triangle whose vertices are

(0, 0), (1, 0) and (a, 1). Find the volume of the solid of

revolution when Ta is rotated about the x-axis.

b For 0 ≤ k ≤ 1, let Tk be the triangle whose vertices are

(0, 0), (k, 0) and (0,
√

1 − k2). The triangle Tk is rotated

about the x-axis. What value of k gives the maximum

volume? What is the maximum volume?
(0, 0) (1, 0)

(a, 1)

y

x

11 A model for a bowl is formed by rotating a section of the graph of a cubic function

f (x) = ax3 + bx2 + cx + d around the x-axis to form a solid of revolution. The cubic is

chosen to pass through the points with coordinates (0, 0), (5, 1), (10, 2.5) and (30, 10).

a i Write down the four simultaneous equations that can be used to determine the

coefficients a, b, c and d.

ii Using a CAS calculator, or otherwise, find the values of a, b, c and d. (Exact

values should be stated.)

b Find the area of the region enclosed by the curve and the line x = 30.

c i Write the expression that can be used to determine the volume of the solid of

revolution when the section of the curve 0 ≤ x ≤ 30 is rotated around the x-axis.

ii Use a CAS calculator to determine this volume.

d Using the initial design, the bowl is unstable.

The designer is very fond of the cubic y = f (x), and

modifies the design so that the base of the bowl has radius

5 units. Using a CAS calculator:

i find the value of w such that f (w) = 5

ii find the new volume, correct to four significant

figures.

O

y

x

y = f(x)

(w, 5)

w
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Chapter 10 review 305

e A mathematician looks at the design and suggests that it may be more pleasing to

the eye if the base is chosen to occur at a point where x = p and f ′′(p) = 0. Find the

values of coordinates of the point (p, f (p)).

12 A model of a bowl is formed by rotating the line segment AB about the y-axis to form a

solid of revolution.

x

y

O

B(b, H)

A(a, 0)

a Find the volume, V cm3, of the bowl in terms of a, b and H. (Units are centimetres.)

b If the bowl is filled with water to a height
H

2
, find the volume of water.

c Find an expression for the volume of water in

the bowl when the radius of the water surface is

r cm. (The constants a, b and H are to be used.)

d i Find
dV

dr
.

ii Find an expression for the depth of the water,

h cm, in terms of r.

 h cm

 r cm

e Now assume that a = 10, b = 20 and H = 20.

i Find
dV

dr
in terms of r.

ii If water is being poured into the bowl at 3 cm3/s, find
dr

dr
and

dh

dr
when r = 12.
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11 Differentiation and

rational functions

In this chapter

11A Differentiation

11B Derivatives of x = f(y)

11C Related rates

11D Rational functions

11E Implicit differentiation

Review of Chapter 11

Syllabus references

Topics: Sketching graphs;

Applications of differentiation

Subtopics: 3.2.7 – 3.2.8,

4.2.1 – 4.2.2

In this chapter we review the techniques of differentiation that you have met in Mathematics

Methods Units 3 & 4. We also introduce important new techniques that will be used

throughout the remainder of the book.

In Mathematics Methods Units 3 & 4, you have used the second derivative for graph

sketching. In this chapter we apply these techniques to sketch the graphs of rational functions

such as

f (x) =
x2 + 2x + 3

x2 + 4x − 1

In general, a rational function is the quotient of two polynomial functions.

We also investigate techniques for finding the gradient at a point on a curve that is not the

graph of a function:

� For a curve defined by parametric equations, we will use related rates.

� For a curve defined by a Cartesian equation, we will use implicit differentiation.
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11A Differentiation 307

11A Differentiation

The derivative of a function f is denoted by f ′ and is defined by

f ′(x) = lim
h→0

f (x + h) − f (x)

h

The derivative f ′ is also known as the gradient function.

If
(

a, f (a)
)

is a point on the graph of y = f (x), then the

gradient of the graph at that point is f ′(a).

If the line ℓ is the tangent to the graph of y = f (x) at the

point
(

a, f (a)
)

and ℓ makes an angle of θ with the positive

direction of the x-axis, as shown, then

f ′(a) = gradient of ℓ = tan θ

y = f(x)

(a, f (a))

x

y

O

θ

ℓ

Review of differentiation

Here we summarise basic derivatives

and rules for differentiation covered in

Mathematics Methods Units 3 & 4.

The use of a CAS calculator for

performing differentiation is also covered

in Mathematics Methods.

f (x) f ′(x)

a 0 where a is a constant

xn nxn−1 where n , 0

sin x cos x

cos x − sin x

ex ex

ln x
1

x
for x > 0

Product rule

If f (x) = g(x) h(x), then� If y = uv, then�

f ′(x) = g′(x) h(x) + g(x) h′(x)
dy

dx
= u

dv

dx
+ v

du

dx

Quotient rule

If f (x) =
g(x)

h(x)
, then� If y =

u

v
, then�

f ′(x) =
g′(x) h(x) − g(x) h′(x)

(

h(x)
)2

dy

dx
=

v
du

dx
− u

dv

dx

v2

Chain rule

If f (x) = h(g(x)), then� If y = h(u) and u = g(x), then�

f ′(x) = h′
(

g(x)
)

g′(x)
dy

dx
=

dy

du

du

dx
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308 Chapter 11: Differentiation and rational functions

Differentiate each of the following with respect to x:

√
x sin xa

x2

sin x
b cos(x2 + 1)c

Example 1

Solution

a Let f (x) =
√

x sin x.

Applying the product rule:

f ′(x) =
1

2
x
− 1

2 sin x + x
1
2 cos x

=

√
x sin x

2x
+
√

x cos x, x > 0

b Let h(x) =
x2

sin x
.

Applying the quotient rule:

h′(x) =
2x sin x − x2 cos x

sin2 x

c Let y = cos(x2 + 1).

Let u = x2 + 1. Then y = cos u.

By the chain rule:

dy

dx
=

dy

du

du

dx

= − sin u · 2x

= −2x sin(x2 + 1)

The derivative of tan(kx)

Let f (x) = tan(kx). Then f ′(x) = k sec2(kx).

Proof Let f (x) = tan(kx) =
sin(kx)

cos(kx)
.

The quotient rule yields

f ′(x) =
k cos(kx) cos(kx) + k sin(kx) sin(kx)

cos2(kx)

=
k
(

cos2(kx) + sin2(kx)
)

cos2(kx)

= k sec2(kx)
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11A Differentiation 309

Differentiate each of the following with respect to x:

tan(5x2 + 3)a tan3 xb sec2(3x)c

Example 2

Solution

Let f (x) = tan(5x2 + 3).

By the chain rule with g(x) = 5x2 + 3,

we have

f ′(x) = sec2(5x2 + 3) · 10x

= 10x sec2(5x2 + 3)

a Let f (x) = tan3 x = (tan x)3.

By the chain rule with g(x) = tan x,

we have

f ′(x) = 3(tan x)2 · sec2 x

= 3 tan2 x sec2 x

b

c Let y = sec2(3x)

= tan2(3x) + 1 (using the Pythagorean identity)

=
(

tan(3x)
)2
+ 1

Let u = tan(3x). Then y = u2 + 1 and the chain rule gives

dy

dx
=

dy

du

du

dx

= 2u · 3 sec2(3x)

= 6 tan(3x) sec2(3x)

Operator notation

Sometimes it is appropriate to use notation that emphasises that differentiation is an operation

on an expression. The derivative of f (x) can be denoted by
d

dx

(

f (x)
)

.

Find:

d

dx

(

x2 + 2x + 3
)

a
d

dx

(

ex2)

b
d

dz

(

sin2(z)
)

c

Example 3

Solution

d

dx

(

x2 + 2x + 3
)

= 2x + 2a

Let y = ex2

and u = x2. Then y = eu.

The chain rule gives

dy

dx
=

dy

du

du

dx

= eu · 2x

= 2xex2

i.e.
d

dx

(

ex2)

= 2xex2

b Let y = sin2(z) and u = sin z. Then y = u2.

The chain rule gives

dy

dz
=

dy

du

du

dz

= 2u cos z

= 2 sin z cos z

= sin(2z)

c
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310 Chapter 11: Differentiation and rational functions

The derivative of ln |x|
The function

f (x) = ln |x|, x , 0

is very important in this course.

The graph of the function is shown opposite.

The derivative of this function is determined in

the following example.

O 1−1
x

y

a Find
d

dx

(

ln |x|
)

for x , 0.

b Find
d

dx

(

ln |sec x|
)

for x <

{

(2k + 1)π

2
: k ∈ Z

}

.

Example 4

Solution

Let y = ln |x|.

If x > 0, then y = ln x, so

dy

dx
=

1

x

If x < 0, then y = ln(−x), so the

chain rule gives

dy

dx
=

1

−x
× (−1) =

1

x

Hence,

d

dx

(

ln |x|
)

=
1

x
for x , 0

a Let y = ln |sec x|

= ln

∣

∣

∣

∣

∣

1

cos x

∣

∣

∣

∣

∣

= ln

(

1

|cos x|

)

= − ln |cos x|
Let u = cos x. Then y = − ln |u|.
By the chain rule:

dy

dx
=

dy

du

du

dx

= −1

u
×

(

− sin x
)

=
sin x

cos x

= tan x

b

Derivative of ln |x|

Let f (x) = ln |x|, x , 0. Then f ′(x) =
1

x
.
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11A 11A Differentiation 311

Second derivatives

In Mathematics Methods Units 3 & 4, you have used the second derivative for graph

sketching. Recall that the second derivative of a function is just the derivative of the

derivative.

� The second derivative of a function f is denoted by f ′′.

� The second derivative of y with respect to x is denoted by
d2y

dx2
.

For the graph of a function y = f (x), the second derivative can tell us how the gradient of the

curve is changing over an interval (a, b):

� If f ′′(x) > 0 for all x ∈ (a, b), then the gradient of the curve is increasing over the

interval (a, b). The curve is said to be concave up.

� If f ′′(x) < 0 for all x ∈ (a, b), then the gradient of the curve is decreasing over the

interval (a, b). The curve is said to be concave down.

Point of inflection

A point where a curve changes from concave up to concave down or from concave down

to concave up is called a point of inflection. That is, a point of inflection occurs where the

sign of the second derivative changes.

For example, in the graph shown on the right, there

are points of inflection at x = c and x = d.

� The curve is concave up on the intervals (−∞, c)

and (d,∞).

� The curve is concave down on the interval (c, d). x
(c, f (c))

y

(d,  f (d ))

Note: At a point of inflection of a twice differentiable function f , we must have f ′′(x) = 0.

However, this condition does not necessarily guarantee a point of inflection. At a point

of inflection, there must also be a change of concavity.

Exercise 11A

1Example 1 Find the derivative of each of the following with respect to x:

x5 sin xa
√

x cos xb ex cos xc x3exd sin x cos xe

2Example 2 Find the derivative of each of the following with respect to x:

ex tan xa x4 tan xb tan x ln xc sin x tan xd
√

x tan xe

3 Find the derivative of each of the following using the quotient rule:

x

ln x
a

√
x

tan x
b

ex

tan x
c

tan x

ln x
d

sin x

x2
e

tan x

cos x
f

cos x

ex
g

cos x

sin x
(= cot x)h
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312 Chapter 11: Differentiation and rational functions 11A

4 Find the derivative of each of the following using the chain rule:

tan(x2 + 1)a sin2 xb etan xc tan5 xd

sin(
√

x)e
√

tan xf cos

(

1

x

)

g sec2 xh

tan

(

x

4

)

i cot x Hint: Use cot x = tan

(

π

2
− x

)

.j

5 Use appropriate techniques to find the derivative of each of the following:

tan(kx), k ∈ Ra etan(2x)b tan2(3x)c ln(x) esin xd

sin3(x2)e
e3x+1

cos x
f e3x tan(2x)g

√
x tan

(√
x
)

h

tan2 x

(x + 1)3
i sec2(5x2)j

6 Find
dy

dx
for each of the following:

y = (x − 1)5a y = ln(4x)b y = ex tan(3x)c y = ecos xd

y = cos3(4x)e y = (sin x + 1)4f y = sin(2x) cos xg y =
x2 + 1

x
h

y =
x3

sin x
i y =

1

x ln x
j

7Example 3 For each of the following, determine the derivative:

d

dx

(

x3
)

a
d

dy

(

2y2 + 10y
)

b
d

dz

(

cos2 z
)

c

d

dx

(

esin2 x
)

d
d

dz

(

1 − tan2 z
)

e
d

dy

(

cosec2 y
)

f

8Example 4 For each of the following, find the derivative with respect to x:

ln |2x + 1|a ln |−2x + 1|b ln |sin x|c

ln |sec x + tan x|d ln |cosec x + tan x|e ln

∣

∣

∣

∣

∣

∣

tan

(

1

2
x

)
∣

∣

∣

∣

∣

∣

f

ln |cosec x − cot x|g ln |x +
√

x2 − 4|h ln |x +
√

x2 + 4|i

9 Let f (x) = tan

(

x

2

)

. Find the gradient of the graph of y = f (x) at the point where:

x = 0a x =
π

3
b x =

π

2
c

10 Let f (x) = tan x,
−π
2
< x <

π

2
.

a Find the coordinates of the points on the graph where the gradient is 4.

b Find the equation of the tangent at each of these points.

11 Let f (x) = tan x − 8 sin x,
−π
2
< x <

π

2
.

a i Find the stationary points on the graph of y = f (x).

ii State the nature of each of the stationary points.

b Sketch the graph of y = f (x).
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11A 11B Derivatives of x = f(y) 313

12 Let f (x) = ex sin x,
−π
2
< x <

π

2
.

a Find the gradient of y = f (x) when x =
π

4
.

b Find the coordinates of the point where the gradient is zero.

13 Let f (x) = tan(2x),
−π
4
< x <

π

4
. The tangent to the graph of y = f (x) at x = a makes

an angle of 70◦ with the positive direction of the x-axis. Find the value(s) of a.

14 Let f (x) = sec

(

x

4

)

.

a Find f ′(x).

b Find f ′(π).

c Find the equation of the tangent to y = f (x) at the point where x = π.

15 Find the second derivative of each of the following:

(2x + 5)8a sin(2x)b cos

(

x

3

)

c tan xd e−4xe

ln(6x)f ln(sin x)g tan(1 − 3x)h sec

(

x

3

)

i cosec

(

x

4

)

j

16 Consider the graph of y =
1

1 + x + x2
.

a Find the coordinates of the points of inflection.

b Find the coordinates of the point of intersection of the tangents at the points

of inflection.

17 For each of the following functions, determine the coordinates of any points of

inflection and the gradient of the graph at these points:

y =
x + 1

x − 1
a y =

x − 2

(x + 2)2
b

11B Derivatives of x = f(y)

From the chain rule:

dy

dx
=

dy

du
×

du

dx

For the special case where y = x, this gives

dx

dx
=

dx

du
×

du

dx

1 =
dx

du
×

du

dx
∴

provided both derivatives exist.

This is restated in the standard form by replacing u with y in the formula:

dx

dy
× dy

dx
= 1

We obtain the following useful result.
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314 Chapter 11: Differentiation and rational functions

dy

dx
=

1

dx

dy

provided
dx

dy
, 0

Note: We are assuming that x = f (y) is a one-to-one function.

Given x = y3, find
dy

dx
.

Example 5

Solution Explanation

We have

dx

dy
= 3y2

Hence,

dy

dx
=

1

3y2
, y , 0

The power of this method can be appreciated by

comparing it with an alternative approach as follows.

Let x = y3. Then y = 3
√

x = x
1
3 .

Hence,

dy

dx
=

1

3
x
− 2

3

dy

dx
=

1

3
3
√

x2
, x , 0i.e.

Note that
1

3y2
=

1

3
3
√

x2
.

While the derivative expressed in terms of x is the

familiar form, it is no less powerful when it is found

in terms of y.

Note: Here x is a one-to-one function of y.

Find the gradient of the curve x = y2 − 4y at the point where y = 3.

Example 6

Solution

x = y2 − 4y

dx

dy
= 2y − 4

dy

dx
=

1

2y − 4
, y , 2∴

Hence, the gradient at y = 3 is
1

2
.

Note: Here x is not a one-to-one function of y, but it is for y ≥ 2, which is where we are

interested in the curve for this example. In the next example, we can consider two

one-to-one functions of y. One with domain y ≥ 2 and the other with domain y ≤ 2.
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11B Derivatives of x = f(y) 315

Find the gradient of the curve x = y2 − 4y at x = 5.

Example 7

Solution

x = y2 − 4y

dx

dy
= 2y − 4

dy

dx
=

1

2y − 4
, y , 2∴

Substituting x = 5 into x = y2 − 4y yields

y2 − 4y = 5

y2 − 4y − 5 = 0

(y − 5)(y + 1) = 0

y = 5 or y = −1∴

Substituting these two y-values into the derivative gives

dy

dx
=

1

6
or

dy

dx
= −1

6

Note: To explain the two answers here, we consider the graph of x = y2 − 4y, which is the

reflection of the graph of y = x2 − 4x in the line with equation y = x.

Graph of y = x2 − 4x Graph of x = y2 − 4y

y

x
O (4, 0)

(2, −4)

y

A

B

C

x
O

3

5

5

(0, 4)

(−4, 2)

−1

When x = 5, there are two points, B and C, on the graph of x = y2 − 4y.

At B, y = 5 and
dy

dx
=

1

6
.

At C, y = −1 and
dy

dx
= −

1

6
.
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316 Chapter 11: Differentiation and rational functions

Using the TI-Nspire

� First solve x = y2 − 4y for y.

� Differentiate each expression for y with

respect to x and then substitute x = 5,

as shown.

Note: Press to obtain the derivative

template d
d�
�.

Using the Casio ClassPad

� In , enter the equation x = y2 − 4y and

solve for y.

� Enter and highlight each expression for y

as shown.

� Go to Interactive > Calculation > diff.

� Substitute x = 5.
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11B 11B Derivatives of x = f(y) 317

Exercise 11B

1Example 5 Using
dy

dx
=

1

dx

dy

, find
dy

dx
for each of the following:

x = 2y + 6a x = y2b x = (2y − 1)2c x = eyd

x = sin(5y)e x = ln yf x = tan yg x = y3 + y − 2h

x =
y − 1

y
i x = yeyj

2Example 6

Example 7

For each of the following, find the gradient of the curve at the given value:

x = y3 at y =
1

8
a x = y3 at x =

1

8
b

x = e4y at y = 0c x = e4y at x =
1

4
d

x = (1 − 2y)2 at y = 1e x = (1 − 2y)2 at x = 4f

x = cos(2y) at y =
π

6
g x = cos(2y) at x = 0h

3 For each of the following, express
dy

dx
in terms of y:

x = (2y − 1)3a x = e2y+1b x = ln(2y − 1)c x = ln(2y) − 1d

4 For each relation in Question 3, by first making y the subject, express
dy

dx
in terms of x.

5 Find the equations of the tangents to the curve with equation x = 2 − 3y2 at the points

where x = −1.

6 a Find the coordinates of the points of intersection of the graphs of the relations

x = y2 − 4y and y = x − 6.

b Find the coordinates of the point at which the tangent to the graph of x = y2 − 4y is

parallel to the line y = x − 6.

c Find the coordinates of the point at which the tangent to the graph of x = y2 − 4y is

perpendicular to the line y = x − 6.

7 a Show that the graphs of x = y2 − y and y =
1

2
x + 1 intersect where x = 2 and find the

coordinates of this point.

b Find, correct to two decimal places, the angle between the line y =
1

2
x + 1 and the

tangent to the graph of x = y2 − y at the point of intersection found in a (that is, at the

point where x = 2).
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11C Related rates

Consider the situation of a right circular cone being

filled from a tap.

At time t seconds:

� the volume of water in the cone is V cm3

� the height of the water in the cone is h cm

� the radius of the circular water surface is r cm.

As the water flows in, the values of V , h and r change:

�

dV

dt
is the rate of change of volume with respect to time

30 cm

10 cm

h cm

r cm

�

dh

dt
is the rate of change of height with respect to time

�

dr

dt
is the rate of change of radius with respect to time.

It is clear that these rates are related to each other. The chain rule is used to establish these

relationships.

For example, if the height of the cone is 30 cm and the

radius of the cone is 10 cm, then similar triangles yield

r

h
=

10

30

h = 3r∴

Then the chain rule is used:

dh

dt
=

dh

dr
· dr

dt

= 3 · dr

dt

The volume of a cone is given in general by V =
1

3
πr2h.

Since h = 3r, we have

V = πr3

Therefore by using the chain rule again:

dV

dt
=

dV

dr
· dr

dt

= 3πr2 · dr

dt

The relationships between the rates have been established.

30 cm

10 cm

 h cm

r cm
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11C Related rates 319

A rectangular prism is being filled with water at a rate

of 0.00 042 m3/s. Find the rate at which the height of the

water is increasing.

2m

3m

hm

Example 8

Solution

Let t be the time in seconds after the prism begins to fill. Let V m3 be the volume of water

at time t, and let h m be the height of the water at time t.

We are given that
dV

dt
= 0.00 042 and V = 6h.

Using the chain rule, the rate at which the height is increasing is

dh

dt
=

dh

dV

dV

dt

Since V = 6h, we have
dV

dh
= 6 and so

dh

dV
=

1

6
.

dh

dt
=

1

6
× 0.00 042Thus

= 0.00 007 m/s

i.e. the height is increasing at a rate of 0.00 007 m/s.

As Steven’s ice block melts, it forms a circular puddle on the floor. The radius of the

puddle increases at a rate of 3 cm/min. When its radius is 2 cm, find the rate at which the

area of the puddle is increasing.

Example 9

Solution

The area, A, of a circle is given by A = πr2, where r is the radius of the circle.

The rate of increase of the radius is
dr

dt
= 3 cm/min.

Using the chain rule, the rate of increase of the area is

dA

dt
=

dA

dr

dr

dt

= 2πr × 3

= 6πr

When r = 2,
dA

dt
= 12π.

Hence, the area of the puddle is increasing at 12π cm2/min.
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A metal cube is being heated so that the side length is increasing at the rate of 0.02 cm per

hour. Calculate the rate at which the volume is increasing when the side length is 5 cm.

Example 10

Solution

Let x be the length of a side of the cube. Then the volume is V = x3.

We are given that
dx

dt
= 0.02 cm/h.

The rate of increase of volume is found using the chain rule:

dV

dt
=

dV

dx

dx

dt

= 3x2 × 0.02

= 0.06x2

When x = 5, the volume of the cube is increasing at a rate of 1.5 cm3/h.

The diagram shows a rectangular block of ice

that is x cm by x cm by 5x cm.

a Express the total surface area, A cm2,

in terms of x and then find
dA

dx
.

b If the ice is melting such that the total

surface area is decreasing at a constant

rate of 4 cm2/s, calculate the rate of

decrease of x when x = 2.

x cm

x cm 5x cm

Example 11

Solution

a A = 4 × 5x2 + 2 × x2

= 22x2

dA

dx
= 44x

b The surface area is decreasing, so
dA

dt
= −4.

By the chain rule:

dx

dt
=

dx

dA

dA

dt

=
1

44x
× (−4)

= − 1

11x

When x = 2,
dx

dt
= − 1

22
cm/s.

Note: The rates of change of the lengths of the edges are −
1

22
cm/s, −

1

22
cm/s and

− 5

22
cm/s. The negative signs indicate that the lengths are decreasing.
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Parametric equations

Parametric equations are another way to describe curves in the plane. In this form, the

coordinates (x, y) along a curve are described by a pair of equations involving a variable

called a parameter, which is usually denoted t. For example:

� The unit circle can be described by the parametric equations x = cos t and y = sin t.

� The parabola y2 = 4ax can be described by the parametric equations x = at2 and y = 2at.

In general, a parametric curve is specified by a pair of equations

x = f (t) and y = g(t)

For a point
(

f (t), g(t)
)

on the curve, we can consider the gradient of the tangent to the curve at
this point. By the chain rule, we have

dy

dt
=

dy

dx

dx

dt

This gives the following result.

Gradient at a point on a parametric curve

dy

dx
=

dy

dt
dx

dt

provided
dx

dt
, 0

Note: A curve defined by parametric equations is not necessarily the graph of a function.

However, each value of t determines a point on the curve, and we can use this

technique to find the gradient of the curve at this point (given the tangent exists).

A curve has parametric equations

x = 2t − ln(2t) and y = t2 − ln(t2)

Find:

dy

dt
and

dx

dt
a

dy

dx
b

Example 12

Solution

x = 2t − ln(2t)

∴

dx

dt
= 2 − 1

t

=
2t − 1

t

y = t2 − ln(t2)

∴

dy

dt
= 2t −

2

t

=
2t2 − 2

t

a
dy

dx
=

dy

dt
dx

dt

=
2t2 − 2

t
×

t

2t − 1

=
2t2 − 2

2t − 1

b
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322 Chapter 11: Differentiation and rational functions

For the curve defined by the given parametric equations, find the gradient of the tangent at

a point P(x, y) on the curve, in terms of the parameter t:

x = 16t2 and y = 32ta x = 2 sin(3t) and y = −2 cos(3t)b

Example 13

Solution

x = 16t2 and so
dx

dt
= 32t

y = 32t and so
dy

dt
= 32

a x = 2 sin(3t) and so
dx

dt
= 6 cos(3t)

y = −2 cos(3t) and so
dy

dt
= 6 sin(3t)

b

Therefore

dy

dx
=

dy

dt
dx

dt

=
32

32t
=

1

t

The gradient of the tangent at the point

P(16t2, 32t) is
1

t
, for t , 0.

Therefore

dy

dx
=

dy

dt
dx

dt

=
6 sin(3t)

6 cos(3t)
= tan(3t)

The gradient of the tangent at the point

P
(

2 sin(3t),−2 cos(3t)
)

is tan(3t).

The second derivative at a point on a parametric curve

If the parametric equations for a curve define a function for which the second derivative

exists, then
d2y

dx2
can be found as follows:

d2y

dx2
=

d(y′)

dx
=

dy′

dt
dx

dt

where y′ =
dy

dx

A curve is defined by the parametric equations x = t − t3 and y = t − t2. Find
d2y

dx2
.

Example 14

Solution

Let y′ =
dy

dx
. Then y′ =

dy

dt
÷

dx

dt
.

We have x = t − t3 and y = t − t2, giving
dx

dt
= 1 − 3t2 and

dy

dt
= 1 − 2t.

Therefore

y′ =
1 − 2t

1 − 3t2

Next differentiate y′ with respect to t, using the quotient rule:

dy′

dt
=
−2(3t2 − 3t + 1)

(3t2 − 1)2

Cambridge Senior Maths for Western Australia ISBN 978-1-009-25972-9 c© Evans et al. 2023 Cambridge University Press

Mathematics Specialist 3&4 Photocopying is restricted under law and this material must not be transferred to another party.



11C 11C Related rates 323

Hence,

d2y

dx2
=

dy′

dt
÷

dx

dt

=
−2(3t2 − 3t + 1)

(3t2 − 1)2
× 1

1 − 3t2

=
−2(3t2 − 3t + 1)

(1 − 3t2)3

=
−6t2 + 6t − 2

(1 − 3t2)3

Exercise 11C

1Example 8

Example 9

The radius of a spherical balloon is 2.5 m and its volume is increasing at a rate

of 0.1 m3/min.

a At what rate is the radius increasing?

b At what rate is the surface area increasing?

2Example 10 When a wine glass is filled to a depth of x cm, it contains V cm3 of wine, where

V = 4x
3
2 . If the depth is 9 cm and wine is being poured into the glass at 10 cm3/s,

at what rate is the depth changing?

3 Variables x and y are connected by the equation y = 2x2 + 5x + 2. Given that x is

increasing at the rate of 3 units per second, find the rate of increase of y with respect to

time when x = 2.

4Example 11 If a hemispherical bowl of radius 6 cm contains water to a depth of x cm, the volume,

V cm3, of the water is given by

V =
1

3
πx2(18 − x)

Water is poured into the bowl at a rate of 3 cm3/s. Find the rate at which the water level

is rising when the depth is 2 cm.

5 Variables p and v are linked by the equation pv = 1500. Given that p is increasing at the

rate of 2 units per minute, find the rate of decrease of v at the instant when p = 60.

6 A circular metal disc is being heated so that the radius is increasing at the rate of

0.01 cm per hour. Find the rate at which the area is increasing when the radius is 4 cm.

7 The area of a circle is increasing at the rate of 4 cm2 per second. At what rate is the

circumference increasing at the instant when the radius is 8 cm?
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324 Chapter 11: Differentiation and rational functions 11C

8Example 12 A curve has parametric equations x =
1

1 + t2
and y =

t

1 + t2
.

Find
dy

dt
and

dx

dt
.a Find

dy

dx
.b

9 A curve has parametric equations x = 2t + sin(2t) and y = cos(2t). Find
dy

dx
.

10Example 13 A curve has parametric equations x = t − cos t and y = sin t. Find the equation of the

tangent to the curve when t =
π

6
.

11 A point moves along the curve y = x2 such that its velocity parallel to the x-axis is a

constant 2 cm/s (i.e.
dx

dt
= 2). Find its velocity parallel to the y-axis (i.e.

dy

dt
) when:

x = 3a y = 16b

12 Variables x and y are related by y =
2x − 6

x
. They are given by x = f (t) and y = g(t),

where f and g are functions of time. Find f ′(t) when y = 1, given that g′(t) = 0.4.

13 The radius, r cm, of a sphere is increasing at a constant rate of 2 cm/s. Find, in

terms of π, the rate at which the volume is increasing at the instant when the volume

is 36π cm3.

14 Liquid is poured into a container at a rate of 12 cm3/s. The volume of liquid in the

container is V cm3, where V =
1

2
(h2 + 4h) and h is the height of the liquid in the

container. Find, when V = 16:

a the value of h

b the rate at which h is increasing

15 The area of an ink blot, which is always circular in shape, is increasing at a rate

of 3.5 cm2/s. Find the rate of increase of the radius when the radius is 3 cm.

16 A tank in the shape of a prism has constant cross-sectional area A cm2. The amount of

water in the tank at time t seconds is V cm3 and the height of the water is h cm. Find the

relationship between
dV

dt
and

dh

dt
.

17 A cylindrical tank 5 m high with base radius 2 m is

initially full of water. Water flows out through a hole

at the bottom of the tank at the rate of
√

h m3/h, where

h metres is the depth of the water remaining in the tank

after t hours. Find:

a
dh

dt

b i
dV

dt
when V = 10πm3

ii
dh

dt
when V = 10πm3

2m

hm

5m
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11C 11D Rational functions 325

18 For the curve defined by the parametric equations x = 2 cos t and y = sin t, find the

equation of the tangent to the curve at the point:
(√

2,

√
2

2

)

a (2 cos t, sin t), where t is any real number.b

19 For the curve defined by the parametric equations x = 2 sec θ and y = tan θ, find the

equation of:

the tangent at the point where θ =
π

4
a the normal at the point where θ =

π

4
b

the tangent at the point (2 sec θ, tan θ).c

20 For the curve with parametric equations x = 2 sec t − 3 and y = 4 tan t + 2, find:

dy

dx
a the equation of the tangent to the curve when t =

π

4
.b

21 A curve is defined by the parametric equations x = sec t and y = tan t.

a Find the equation of the normal to the curve at the point (sec t, tan t).

b Let A and B be the points of intersection of the normal to the curve with the x-axis

and y-axis respectively, and let O be the origin. Find the area of △OAB.

c Find the value of t for which the area of △OAB is 4
√

3.

22 A curve is specified by the parametric equations x = e2t + 1 and y = 2et + 1 for t ∈ R.

a Find the gradient of the curve at the point (e2t + 1, 2et + 1).

b State the domain of the relation.

c Sketch the graph of the relation.

d Find the equation of the tangent at the point where t = ln

(

1

2

)

.

23Example 14 For the parametric curve given by x = t2 + 1 and y = t(t − 3)2, for t ∈ R, find:

dy

dx
a the coordinates of the stationary pointsb

d2y

dx2
c the coordinates of the points of inflection.d

11D Rational functions

A rational function has a rule of the form

f (x) =
P(x)

Q(x)

where P(x) and Q(x) are polynomials. There is a huge variety of different types of curves in

this particular family of functions. An example of a rational function is

f (x) =
x2 + 2x + 3

x2 + 4x − 1
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326 Chapter 11: Differentiation and rational functions

The following are also rational functions, but are not given in the form used in the definition

of a rational function:

g(x) = 1 +
1

x
h(x) = x −

1

x2 + 2

Their rules can be rewritten as shown:

g(x) =
x

x
+

1

x
=

x + 1

x
h(x) =

x(x2 + 2)

x2 + 2
− 1

x2 + 2
=

x3 + 2x − 1

x2 + 2

Graphing rational functions

For sketching graphs, it is also useful to write rational functions in the alternative form,

that is, with a division performed if possible. For example:

f (x) =
8x2 − 3x + 2

x
=

8x2

x
− 3x

x
+

2

x
= 8x − 3 +

2

x

For this example, we can see that
2

x
→ 0 as x→ ±∞, so the graph of y = f (x) will approach

the line y = 8x − 3 as x→ ±∞.

We say that the line y = 8x − 3 is a non-vertical asymptote of the graph. This is a line that

the graph approaches as x→ ±∞.

Important features of a sketch graph are:

asymptotes� axis intercepts� stationary points� points of inflection.�

Methods for sketching graphs of rational functions include:

� adding the y-coordinates (ordinates) of two simple graphs

� taking the reciprocals of the y-coordinates (ordinates) of a simple graph.

Addition of ordinates

Key points for addition of ordinates

� When the two graphs have the same ordinate, the y-coordinate of the resultant graph

will be double this.

� When the two graphs have opposite ordinates, the y-coordinate of the resultant graph

will be zero (an x-axis intercept).

� When one of the two ordinates is zero, the resulting ordinate is equal to the other

ordinate.
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Sketch the graph of f (x) =
x2 + 1

x
, x , 0.

Example 15

Solution

Asymptotes The vertical asymptote has equation x = 0, i.e. the y-axis.

Dividing through gives

f (x) =
x2 + 1

x
=

x2

x
+

1

x
= x +

1

x

Note that
1

x
→ 0 as x→ ±∞. Therefore the graph of y = f (x) approaches the graph

of y = x as x→ ±∞. The non-vertical asymptote has equation y = x.

Addition of ordinates The graph of y = f (x) can be obtained by adding the y-coordinates

of the graphs of y = x and y =
1

x
.

x

y

y =

y = x

1

x

O
x

y

y = x + 
1
x

O

Intercepts There is no y-axis intercept, as x , 0. There are no x-axis intercepts, as the

equation
x2 + 1

x
= 0 has no solutions.

Stationary points

f (x) = x +
1

x

f ′(x) = 1 − 1

x2
∴

Thus f ′(x) = 0 implies x2 = 1,

i.e. x = ±1.

As f (1) = 2 and f (−1) = −2,

the stationary points are (1, 2)

and (−1,−2).

Points of inflection

f ′′(x) =
2

x3

O
x

y

y = x

x = 0

vertical asymptote

(1, 2)

(−1, −2)

Therefore f ′′(x) , 0, for all x in the domain of f , and so there are no points of inflection.
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Sketch the graph of f (x) =
x4 + 2

x2
, x , 0.

Example 16

Solution

Asymptotes The vertical asymptote has equation x = 0.

Dividing through gives

f (x) = x2 +
2

x2

Addition of ordinates

O
x

y

y =

y = x2

2

x2

x

y

y = f (x)

O

Intercepts There are no axis intercepts.

Stationary points

f (x) = x2 + 2x−2

f ′(x) = 2x − 4x−3
∴

When f ′(x) = 0,

2x −
4

x3
= 0

2x4 − 4 = 0

x = ±2
1
4∴

The stationary points have coordinates

(2
1
4 , 2
√

2) and (−2
1
4 , 2
√

2).

O

vertical asymptote

x = 0

x

y = x2

(−2 ,  2   2 )
1
4 (2 , 2   2 )

1
4

y

Points of inflection

Since f ′′(x) = 2 + 12x−4
> 0, there are no points of inflection.
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Sketch the graph of y =
x3 + 2

x
, x , 0.

Example 17

Solution

Asymptotes The vertical asymptote has equation x = 0.

Divide through to obtain

y = x2 +
2

x

Addition of ordinates

O
x

y

y = x2

y =
2
x

x

y

y = x2 +
2
x

O

Intercepts Consider y = 0, which implies x3 + 2 = 0, i.e. x = − 3
√

2.

Stationary points

y = x2 + 2x−1

dy

dx
= 2x − 2x−2

∴

Thus
dy

dx
= 0 implies x − 1

x2
= 0

x3 = 1

∴ x = 1

The turning point has coordinates (1, 3).

Points of inflection

d2y

dx2
= 2 + 4x−3

O
x

y

(1, 3)

y = f(x)

−2
1
3

Thus
d2y

dx2
= 0 implies x = − 3

√
2. There is a point of inflection at (− 3

√
2, 0).
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Reciprocal of ordinates

This is the second method for sketching graphs of rational functions. We will consider

functions of the form f (x) =
1

Q(x)
, where Q(x) is a quadratic function.

Sketch the graph of f (x) =
1

x2 − 4x
, x , 0 or 4.

Example 18

Solution

f (x) =
1

x2 − 4x
=

1

x(x − 4)

Asymptotes The vertical asymptotes have equations x = 0 and x = 4. The non-vertical

asymptote has equation y = 0, since f (x)→ 0 as x→ ±∞.

Reciprocal of ordinates To sketch the graph of y = f (x), first sketch the graph of

y = Q(x). In this case, we have Q(x) = x2 − 4x.

O 4
x

y

y = x2 − 4x

(2, −4)

O 4
x

y

(2, −4)

2, −

x = 4

y = 

1

4

1

x2 − 4x

Summary of properties of reciprocal functions

� The x-axis intercepts of the original function determine the equations of the asymptotes

for the reciprocal function.

� The reciprocal of a positive number is positive.

� The reciprocal of a negative number is negative.

� A graph and its reciprocal will intersect at a point if the y-coordinate is 1 or −1.

� Local maximums of the original function produce local minimums of the reciprocal.

� Local minimums of the original function produce local maximums of the reciprocal.

� If g(x) =
1

f (x)
, then g′(x) = − f ′(x)

( f (x))2
. Therefore, at any given point, the gradient of the

reciprocal function is opposite in sign to that of the original function.
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11D Rational functions 331

Further graphing

So far we have only started to consider the diversity of rational functions. Here we look at

some further rational functions and employ a variety of techniques.

Sketch the graph of y =
4x2 + 2

x2 + 1
.

Example 19

Solution

Axis intercepts

When x = 0, y = 2.

Since
4x2 + 2

x2 + 1
> 0 for all x, there are no x-axis intercepts.

Stationary points

Using the quotient rule:

dy

dx
=

4x

(x2 + 1)2

d2y

dx2
=

4(1 − 3x2)

(x2 + 1)3

Thus
dy

dx
= 0 implies x = 0.

When x = 0,
d2y

dx2
= 4 > 0. Hence, there is a local minimum at (0, 2).

Points of inflection
d2y

dx2
= 0 implies x = ±

√
3

3

Asymptotes

y =
4x2 + 2

x2 + 1
= 4 −

2

x2 + 1

The line y = 4 is a horizontal asymptote, since
2

x2 + 1
→ 0 as x→ ±∞.

O

y = 4

x

2

y
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332 Chapter 11: Differentiation and rational functions

Sketch the graph of y =
4x2 − 4x + 1

x2 − 1
.

Example 20

Solution

Axis intercepts

When x = 0, y = −1.

When y = 0, 4x2 − 4x + 1 = 0

(2x − 1)2 = 0

∴ x =
1

2

Stationary points

Using the quotient rule:

dy

dx
=

2(2x2 − 5x + 2)

(x2 − 1)2

Thus
dy

dx
= 0 implies x =

1

2
or x = 2.

There is a local maximum at

(

1

2
, 0

)

and a local minimum at (2, 3).

The nature of the stationary points can most easily be determined through using

dy

dx
=

2(2x − 1)(x − 2)

(x2 − 1)2
. (Observe that the denominator is always positive.)

Points of inflection

d2y

dx2
= −

2(4x3 − 15x2 + 12x − 5)

(x2 − 1)3

Thus
d2y

dx2
= 0 implies 4x3 − 15x2 + 12x − 5 = 0, and so x =

1

4

(

5 + 3
4
3 + 3

2
3
)

≈ 2.85171

Asymptotes

By solving x2 − 1 = 0, we find that the graph has vertical asymptotes x = 1 and x = −1.

Since
4x2 − 4x + 1

x2 − 1
= 4 − 4x − 5

x2 − 1
, there is a horizontal asymptote y = 4.

The graph crosses this asymptote at the point

(

5

4
, 4

)

.

O

x = 1

y = 4

x = −1
(2, 3)

1
x

y
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11D 11D Rational functions 333

While the next example is not a rational function, it can be graphed using similar techniques.

Let y =
x + 1
√

x − 1
.

a Find the natural domain.

b Find the coordinates and the nature of any stationary points of the graph.

c Find the equation of the vertical asymptote.

d Sketch the graph.

Example 21

Solution

a For
x + 1
√

x − 1
to be defined, we require

√
x − 1 > 0, i.e. x > 1.

The natural domain is (1,∞).

b Using the quotient and chain rules:
dy

dx
=

x − 3

2(x − 1)
3
2

and
d2y

dx2
=

7 − x

4(x − 1)
5
2

Thus
dy

dx
= 0 implies x = 3. When x = 3,

d2y

dx2
> 0.

There is a local minimum at (3, 2
√

2).

As x→ 1, y→ ∞. Hence, x = 1 is a

vertical asymptote.

As x→ ∞, y→ x
√

x
=
√

x.

c

O

x = 1
y = √x

1

(3, 2 √2)

x

yd

Exercise 11D

1Example 15

Example 16

Example 17

Example 18

Sketch the graph of each of the following, labelling all axis intercepts, turning points

and asymptotes:

y =
1

x2 − 2x
a y =

x4 + 1

x2
b y =

1

(x − 1)2 + 1
c

y =
x2 − 1

x
d y =

x3 − 1

x2
e y =

x2 + x + 1

x
f

y =
4x3 − 8

x
g y =

1

x2 + 1
h y =

1

x2 − 1
i

y =
x2

x2 + 1
= 1 −

1

x2 + 1
j y =

1

x2 − x − 2
k y =

1

4 + 3x − x2
l
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334 Chapter 11: Differentiation and rational functions 11D

2 Sketch the graph of each of the following, labelling all axis intercepts, turning points

and asymptotes:

f (x) =
1

9 − x2
a g(x) =

1

(x − 2)(3 − x)
b h(x) =

1

x2 + 2x + 4
c

f (x) =
1

x2 + 2x + 1
d g(x) = x2 +

1

x2
+ 2e

3 The equation of a curve is y = 4x +
1

x
. Find:

a the coordinates of the turning points

b the equation of the tangent to the curve at the point where x = 2.

4 Find the x-coordinates of the points on the curve y =
x2 − 1

x
at which the gradient is 5.

5 Find the gradient of the curve y =
2x − 4

x2
at the point where it crosses the x-axis.

6 Sketch the curve y = x − 5 +
4

x
by first finding the:

axis interceptsa equations of asymptotesb

coordinates of turning points.c

7 If x is positive, find the least value of x +
4

x2
.

8 For positive values of x, sketch the graph of y = x +
4

x
, and find the least value of y.

9 a Find the coordinates of the stationary points of the curve y =
(x − 3)2

x
and determine

the nature of each stationary point.

b Sketch the graph of y =
(x − 3)2

x
.

10 a Find the coordinates and nature of each turning point on the curve y = 8x +
1

2x2
.

b Sketch the graph of y = 8x +
1

2x2
.

11 Determine the asymptotes, intercepts and stationary points for the graph of the relation

y =
x3 + 3x2 − 4

x2
. Hence, sketch the graph.

12 Consider the relation y =
4x2 + 8

2x + 1
.

State the natural domain.a Find
dy

dx
.b

Hence, find the coordinates and nature of all stationary points.c

Find the equations of all asymptotes.d State the range of this relation.e

13Example 19 Consider the function with rule f (x) =
x2 + 4

x2 − 5x + 4
.

a Find the equations of all asymptotes.
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11D 11E Implicit differentiation 335

b Find the coordinates and nature of all stationary points.

c Sketch the graph of y = f (x). Include the coordinates of the points of intersection of

the graph with the horizontal asymptote.

14Example 20 Let y =
2x2 + 2x + 3

2x2 − 2x + 5
.

a Find the equations of all asymptotes.

b Find the coordinates and nature of all stationary points.

c Find the coordinates of all points of inflection.

d Sketch the graph of the relation, noting where the graph crosses any asymptotes.

15 Sketch the graph of each of the following, labelling all axis intercepts, turning points

and asymptotes:

y =
x3 − 3x

(x − 1)2
a y =

(x + 1)(x − 3)

x2 − 4
b y =

(x − 2)(x + 1)

x(x − 1)
c

y =
x2 − 2x − 8

x2 − 2x
d y =

8x2 + 7

4x2 − 4x − 3
e

16Example 21 Consider the function with rule f (x) =
x

√
x − 2

.

a Find the natural domain. b Find f ′(x).

c Hence, find the coordinates and nature of all stationary points.

d Find the equation of the vertical asymptote.

e Find the equation of the other asymptote.

17 Consider the function with rule f (x) =
x2 + x + 7
√

2x + 1
.

a Find the natural domain. b Find f (0). c Find f ′(x).

d Hence, find the coordinates and nature of all stationary points.

e Find the equation of the vertical asymptote.

11E Implicit differentiation

The rules for circles, ellipses and many other curves are not expressible in the form y = f (x)

or x = f (y). Equations such as

x2 + y2 = 1 and
x2

9
+

(y − 3)2

4
= 1

are said to be implicit equations. In this section, we introduce a technique for finding
dy

dx
for

such relations. The technique is called implicit differentiation.

If two algebraic expressions are always equal, then the value of each expression must

change in an identical way as one of the variables changes.

That is, if p and q are expressions in x and y such that p = q, for all x and y, then

dp

dx
=

dq

dx
and

dp

dy
=

dq

dy
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336 Chapter 11: Differentiation and rational functions

For example, consider the relation x = y3. In Example 5, we found that
dy

dx
=

1

3y2
.

We can also use implicit differentiation to obtain this result. Differentiate each side of the

equation x = y3 with respect to x:

d

dx

(

x
)

=
d

dx

(

y3) (1)

To simplify the right-hand side using the chain rule, we let u = y3. Then

d

dx

(

y3) =
du

dx
=

du

dy
×

dy

dx
= 3y2 ×

dy

dx

Hence, equation (1) becomes

1 = 3y2 ×
dy

dx

dy

dx
=

1

3y2
provided y , 0∴

For each of the following, find
dy

dx
by implicit differentiation:

x3 = y2a xy = 2x + 1b

Example 22

Solution

Differentiate both sides with

respect to x:

d

dx

(

x3) =
d

dx

(

y2)

3x2 = 2y
dy

dx

dy

dx
=

3x2

2y
∴

a Differentiate both sides with respect to x:

d

dx

(

xy
)

=
d

dx

(

2x + 1
)

d

dx

(

xy
)

= 2

Use the product rule on the left-hand side:

y + x
dy

dx
= 2

dy

dx
=

2 − y

x
∴

b

Find
dy

dx
if x2 + y2 = 1.

Example 23

Solution

Note that x2 + y2 = 1 leads to

y = ±
√

1 − x2 or x = ±
√

1 − y2

So y is not a function of x, and x is not a function of y. Implicit differentiation should be

used. Since x2 + y2 = 1 is the unit circle, we can also find the derivative geometrically.
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11E Implicit differentiation 337

Method 1 (geometric)

Let P(x, y) be a point on the unit circle

with x , 0.

The gradient of OP is
rise

run
=

y

x
.

Since the radius is perpendicular to the

tangent for a circle, the gradient of the

tangent is −
x

y
, provided y , 0.

That is,
dy

dx
= − x

y
.

From the graph, when y = 0 the tangents

are parallel to the y-axis, hence
dy

dx
is not defined.

O
x

y

x2 + y2 = 1 tangent at P

P(x, y)

Method 2 (implicit differentiation)

x2 + y2 = 1

2x + 2y
dy

dx
= 0 (differentiate both sides with respect to x)

2y
dy

dx
= −2x∴

dy

dx
= − x

y
for y , 0∴

Given xy − y − x2 = 0, find
dy

dx
.

Example 24

Solution

Method 1 (express y as a function of x)

xy − y − x2 = 0

y(x − 1) = x2

y =
x2

x − 1

y = x + 1 +
1

x − 1
for x , 1Therefore

dy

dx
= 1 − 1

(x − 1)2
Hence,

=
(x − 1)2 − 1

(x − 1)2

=
x2 − 2x

(x − 1)2
for x , 1
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338 Chapter 11: Differentiation and rational functions

Method 2 (implicit differentiation)

xy − y − x2 = 0

d

dx

(

xy
)

− dy

dx
− d

dx

(

x2) =
d

dx

(

0
)

(differentiate both sides with respect to x)∴

(

x ·
dy

dx
+ y · 1

)

−
dy

dx
− 2x = 0 (product rule)

x
dy

dx
−

dy

dx
= 2x − y

dy

dx

(

x − 1
)

= 2x − y

dy

dx
=

2x − y

x − 1
for x , 1∴

This can be checked, by substitution of y =
x2

x − 1
, to confirm that the results are identical.

Consider the curve with equation 2x2 − 2xy + y2 = 5.

a Find
dy

dx
.

b Find the gradient of the tangent to the curve at the point (1, 3).

Example 25

Solution

a Neither x nor y can be expressed as a function, so implicit differentiation must be used.

2x2 − 2xy + y2 = 5

d

dx

(

2x2) − d

dx

(

2xy
)

+
d

dx

(

y2) =
d

dx

(

5
)

4x −
(

2x · dy

dx
+ y · 2

)

+ 2y
dy

dx
= 0 (by the product and chain rules)

4x − 2x
dy

dx
− 2y + 2y

dy

dx
= 0

2y
dy

dx
− 2x

dy

dx
= 2y − 4x

dy

dx

(

2y − 2x
)

= 2y − 4x

dy

dx
=

2y − 4x

2y − 2x
∴

=
y − 2x

y − x
for x , y

b When x = 1 and y = 3, the gradient is
3 − 2

3 − 1
=

1

2
.
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11E 11E Implicit differentiation 339

Using the TI-Nspire

� For implicit differentiation, use menu >

Calculus > Implicit Differentiation or just

type impdif(.

� Complete as shown. This gives
dy

dx
in terms

of x and y.

� The gradient at the point (1, 3) is found by

substituting x = 1 and y = 3 as shown.

Note: If the positions of x and y are interchanged, then the result is
dx

dy
.

Using the Casio ClassPad

� Enter and highlight the equation

2x2 − 2xy + y2 = 5.

� Go to Interactive > Calculation > impDiff.

� Complete with x as the independent variable and

y as the dependent variable.

Exercise 11E

1Example 22

Example 23

For each of the following, find
dy

dx
using implicit differentiation:

x2 − 2y = 3a x2y = 1b x3 + y3 = 1c

y3 = x2d x − √y = 2e xy − 2x + 3y = 0f

y2 = 4axg 4x + y2 − 2y − 2 = 0h

2Example 24 Find
dy

dx
for each of the following:

(x + 2)2 − y2 = 4a
1

x
+

1

y
= 1b y = (x + y)2c

x2 − xy + y2 = 1d y = x2eye sin y = cos2 xf

sin(x − y) = sin x − sin yg y5 − x sin y + 3y2 = 1h

3Example 25 For each of the following, find the equation of the tangent at the indicated point:

y2 = 8x at (2,−4)a x2 − 9y2 = 9 at

(

5,
4

3

)

b

xy − y2 = 1 at

(

17

4
, 4

)

c
x2

16
+

y2

9
= 1 at (0,−3)d

4 Find
dy

dx
in terms of x and y, given that ln(y) = ln(x) + 1.
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340 Chapter 11: Differentiation and rational functions 11E

5 Find the gradient of the curve x3 + y3 = 9 at the point (1, 2).

6 A curve is defined by the equation x3 + y3 + 3xy − 1 = 0. Find the gradient of the curve

at the point (2,−1).

7 Given that tan x + tan y = 3, find the value of
dy

dx
when x =

π

4
.

8 Find the gradient at the point (1,−3) on the curve with equation y2 + xy − 2x2 = 4.

9 Consider the curve with equation x3 + y3 = 28.

a Obtain an expression for
dy

dx
.

b Show that
dy

dx
cannot be positive.

c Calculate the value of
dy

dx
when x = 1.

10 The equation of a curve is 2x2 + 8xy + 5y2 = −3. Find the equation of the two tangents

that are parallel to the x-axis.

11 The equation of a curve C is x3 + xy + 2y3 = k, where k is a constant.

a Find
dy

dx
in terms of x and y.

b The curve C has a tangent parallel to the y-axis. Show that the y-coordinate at the

point of contact satisfies 216y6 + 4y3 + k = 0.

c Hence, show that k ≤ 1

54
.

d Find the possible value(s) of k in the case where x = −6 is a tangent to C.

12 The equation of a curve is x2 − 2xy + 2y2 = 4.

a Find an expression for
dy

dx
in terms of x and y.

b Find the coordinates of each point on the curve at which the tangent is parallel to

the x-axis.

13 Consider the curve with equation y2 + x3 = 1.

a Find
dy

dx
in terms of x and y.

b Find the coordinates of the points where
dy

dx
= 0.

c Find the coordinates of the points where
dx

dy
= 0.

d Describe the behaviour as x→ −∞.

e Express y in terms of x.

f Find the coordinates of the points of inflection of the curve.

g Use a calculator to help you sketch the graph of y2 + x3 = 1.
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Chapter summary

Basic derivatives

f (x) f ′(x)

xn nxn−1

eax aeax

ln |ax|
1

x

f (x) f ′(x)

sin(ax) a cos(ax)

cos(ax) −a sin(ax)

tan(ax) a sec2(ax)

Rational functions

� A rational function has a rule of the form:

f (x) =
a(x)

b(x)
where a(x) and b(x) are polynomials

= q(x) +
r(x)

b(x)
(quotient–remainder form)

� Vertical asymptotes occur where b(x) = 0.

� The x-axis intercepts occur where a(x) = 0.

� The y-axis intercept is f (0) =
a(0)

b(0)
, provided b(0) , 0.

� The stationary points occur where f ′(x) = 0.

� If f (x) =
1

b(x)
, first sketch the graph of y = b(x) and then use reciprocals of ordinates to

sketch the graph of y = f (x).

� If f (x) = q(x) +
r(x)

b(x)
, use addition of ordinates of y = q(x) and y =

r(x)

b(x)
to sketch the

graph of y = f (x).

Reciprocal functions

� The x-axis intercepts of the original function determine the equations of the asymptotes

for the reciprocal function.

� The reciprocal of a positive number is positive.

� The reciprocal of a negative number is negative.

� A graph and its reciprocal will intersect at a point if the y-coordinate is 1 or −1.

� Local maximums of the original function produce local minimums of the reciprocal.

� Local minimums of the original function produce local maximums of the reciprocal.

� If g(x) =
1

f (x)
, then g′(x) = − f ′(x)

( f (x))2
. Therefore, at any given point, the gradient of the

reciprocal function is opposite in sign to that of the original function.
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Implicit differentiation

� Many curves are not defined by a rule of the form y = f (x) or x = f (y); for example, the

unit circle x2 + y2 = 1. Implicit differentiation is used to find the gradient at a point on

such a curve. To do this, we differentiate both sides of the equation with respect to x.

� Using operator notation:

d

dx

(

x2 + y2) = 2x + 2y
dy

dx
(use of chain rule)

d

dx

(

x2y) = 2xy + x2 dy

dx
(use of product rule)

Short-answer questions

1 Find
dy

dx
if:

y = ln |4 − 3x|a y = cos(ln |x|)b y = x tan xc

2 Find f ′′(x) if:

f (x) = tan xa f (x) = ln(tan x)b f (x) = sin(ex)c

3 For each of the following, state the coordinates of the point(s) of inflection:

y = x4 − 8x3a y = sin−1(x − 2)b y =
x2 + 2

x2 + 1
c

4 a If y = sin(2x) + 3 cos(2x), find:

i
dy

dx
ii

d2y

dx2

b Hence, show that
d2y

dx2
+ 4y = 0.

5 Find
dy

dx
for each of the following:

y =
ln x

x
a y = ln

(

ex

ex + 1

)

b x =
√

sin y + cos yc

y = ln
(

x +
√

1 + x2
)

d

6 This is the graph of y = f (x).

Sketch the graphs of:

a y =
1

f (x)

b y = f −1(x)

x

y

(−1, 0)
(0, 1)

O

x −2=
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7 These are the graphs of y = f (x) and

y = g(x), where f and g are quadratic

functions.

a Sketch the graphs of:

i y = f (x) + g(x)

ii y =
1

f (x) + g(x)

iii y =
1

f (x)
+

1

g(x)

x

y

(−1, 0)

(0, −1)

(0, 1)

(1, 0)O

y = f (x) y = g(x)

b Use the points given to determine the rules y = f (x) and y = g(x).

c Hence determine, in simplest form, the rules:

i y = f (x) + g(x) ii y =
1

f (x) + g(x)
iii y =

1

f (x)
+

1

g(x)

8 Find
dy

dx
by implicit differentiation:

x2 + 2xy + y2 = 1a x2 + 2x + y2 + 6y = 10b

2

x
+

1

y
= 4c (x + 1)2 + (y − 3)2 = 1d

9 A point moves along the curve y = x3 in such a way that its velocity parallel to the

x-axis is a constant 3 cm/s. Find its velocity parallel to the y-axis when:

x = 6a y = 8b

Extended-response questions

1 The radius, r cm, and the height, h cm, of a solid circular cylinder vary in such a way

that the volume of the cylinder is always 250π cm3.

a Show that the total surface area, A cm2, of the cylinder is given by A = 2πr2 +
500π

r
.

b i Sketch the graph of A against r for r > 0.

ii Give the equations of the asymptotes and the coordinates of the stationary points.

c What is the minimum total surface area?

2 A box with a volume of 1000 cm3 is to be made

in the shape of a rectangular prism. It has a

fixed height of 40 cm. The other dimensions are

x cm and y cm as shown. The total surface area

is A cm2.

a Express A in terms of x.

b Sketch the graph of A against x.

x cm

y cm

40 cm
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344 Chapter 11: Differentiation and rational functions

c Find the minimum surface area of the box and the dimensions of the box in

this situation.

d Find the minimum surface area of the box and the dimensions of the box if the height

of the box is k cm (for a constant k) while the volume remains 1000 cm3.

3 This diagram shows a solid triangular prism with

edge lengths as shown. All measurements are in cm.

The volume is 2000 cm3. The surface area is A cm2.

a Express A in terms of x and y.

b Establish a relationship between x and y.

c Hence, express A in terms of x.

d Sketch the graph of A against x.

e Hence, determine the minimum surface area of

the prism.

x

x

x

y

4 a Sketch the graph of g(x) = 4 −
8

2 + x2
, 0 ≤ x ≤ 5.

b i Find g′(x).

ii Find g′′(x).

c For what value of x is the gradient of the graph of y = g(x) a maximum?

d Sketch the graph of g(x) = 4 − 8

2 + x2
, −5 ≤ x ≤ 5.

5 The triangular prism as shown in the diagram has a

right-angled triangle as its cross-section. The right

angle is at C and C′ on the ends of the prism.

The volume of the prism is 3000 cm3. The dimensions

of the prism are shown on the diagram. Assume that the

volume remains constant and x varies.

a i Find y in terms of x.

ii Find the total surface area, S cm2, in terms of x.

iii Sketch the graph of S against x for x > 0. Clearly

label the asymptotes and the coordinates of the

turning point.

C

A

B′A′

C ′

B
13x cm

13x cm

5x cm 12x cm 

5x cm 12x cm  

y cm

b Given that x is increasing at a constant rate of 0.5 cm/s, find the rate at which S is

increasing when x = 9.

c Find the values of x for which the surface area is 2000 cm2, correct to two decimal

places.
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6 The diagram shows part of the curve x2 − y2 = 4.

The line segment PQ is parallel to the y-axis, and

R is the point (2, 0). The length of PQ is p.

a Find the area, A, of triangle PQR in terms of p.

b i Find
dA

dp
.

ii Use your CAS calculator to help sketch the

graph of A against p.

iii Find the value of p for which A = 50

(correct to two decimal places).

iv Prove that
dA

dp
≥ 0 for all p.

x

y

y = −x

y 
=
 x

(2, 0)O R P

p

Q

c Point Q moves along the curve and point P along the x-axis so that PQ is always

parallel to the y-axis and p is increasing at a rate of 0.2 units per second. Find the

rate at which A is increasing, correct to three decimal places, when:

i p = 2.5 ii p = 4 iii p = 50 iv p = 80

(Use calculus to obtain the rate.)

7 Consider the family of cubic functions, i.e. f (x) = ax3 + bx2 + cx + d.

a Find f ′(x).

b Find f ′′(x).

c Under what conditions does the graph of f have no turning points?

d i Find the x-coordinate of the point where y = f ′(x) has a local minimum or

maximum.

ii State the conditions for y = f ′(x) to have a local maximum.

e If a = 1, find the x-coordinate of the stationary point of y = f ′(x).

f For y = x3 + bx2 + cx, find:

i the relationship between b and c if there is only one x-axis intercept

ii the relationship between b and c if there are two turning points but only one

x-axis intercept.

8 A function is defined by the rule f (x) =
1 − x2

1 + x2
.

a i Show that f ′(x) =
−4x

(1 + x2)2
. ii Find f ′′(x).

b Sketch the graph of y = f (x). Label the turning point and give the equation of the

asymptote.

c With the aid of a CAS calculator, sketch the graphs of y = f (x), y = f ′(x) and

y = f ′′(x) for x ∈ [−2, 2].

d The graph of y = f (x) crosses the x-axis at A and B and crosses the y-axis at C.

i Find the equations of the tangents at A and B.

ii Show that they intersect at C.
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346 Chapter 11: Differentiation and rational functions

9 The volume, V litres, of water in a pool at time t minutes is given by the rule

V = −3000π
(

ln(1 − h) + h
)

where h metres is the depth of water in the pool at time t minutes.

a i Find
dV

dh
in terms of h.

ii Sketch the graph of
dV

dh
against h for 0 ≤ h ≤ 0.9.

b The maximum depth of the pool is 90 cm.

i Find the maximum volume of the pool to the nearest litre.

ii Sketch the graphs of y = −3000π ln(1 − x) and y = −3000πx. Use addition of

ordinates to sketch the graph of V against h for 0 ≤ h ≤ 0.9.

c If water is being poured into the pool at 15 litres/min, find the rate at which the depth

of the water is increasing when h = 0.2, correct to two significant figures.

10 Consider the function f (x) =
8

x2
− 32 + 16 ln(2x), x > 0.

Find f ′(x).a Find f ′′(x).b

c Find the exact coordinates of any stationary points of the graph of y = f (x).

d Find the exact value of x for which there is a point of inflection.

e State the interval for x for which f ′(x) > 0.

f Find, correct to two decimal places, any x-axis intercepts other than x = 0.5.

g Sketch the graph of y = f (x).

11 An ellipse is described by the parametric equations x = 3 cos θ and y = 2 sin θ.

a Show that the tangent to the ellipse at the point P(3 cos θ, 2 sin θ) has equation

2x cos θ + 3y sin θ = 6.

b The tangent to the ellipse at the point P(3 cos θ, 2 sin θ) meets the line with equation

x = 3 at a point T .

i Find the coordinates of the point T .

ii Let A be the point with coordinates (−3, 0) and let O be the origin. Prove that

OT is parallel to AP.

c The tangent to the ellipse at the point P(3 cos θ, 2 sin θ) meets the x-axis at Q and the

y-axis at R.

i Find the midpoint M of the line segment QR in terms of θ.

ii Find the locus of M as θ varies.

d W(−3 sin θ, 2 cos θ) and P(3 cos θ, 2 sin θ) are points on the ellipse.

i Find the equation of the tangent to the ellipse at W.

ii Find the coordinates of Z, the point of intersection of the tangents at P and W, in

terms of θ.

iii Find the locus of Z as θ varies.
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12 An ellipse has equation
x2

a2
+

y2

b2
= 1. The tangent at a point P(a cos θ, b sin θ) intersects

the axes at points M and N. The origin is O.

a Find the area of triangle OMN in terms of a, b and θ.

b Find the values of θ for which the area of triangle OMN is a minimum and state this

minimum area in terms of a and b.

13 A section of an ellipse is described by the parametric equations

x = 2 cos θ and y = sin θ for 0 < θ <
π

2

The normal to the ellipse at the point P(2 cos θ, sin θ) meets the x-axis at Q and

the y-axis at R.

a Find the area of triangle OQR, where O is the origin, in terms of θ.

b Find the maximum value of this area and the value of θ for which this occurs.

c Find the midpoint, M, of the line segment QR in terms of θ.

d Find the locus of the point M as θ varies.

14 An electronic game appears on a

flat screen, part of which is shown in

the diagram. Concentric circles of

radii one unit and two units appear

on the screen.

Points P and Q move around the

circles so that O, P and Q are

collinear and OP makes an angle

of θ with the x-axis.

A spaceship S moves around

between the two circles and a gun is

on the x-axis at G, which is 4 units

from O.

x

y

O 1 2 4

G

S
P

Q

θ

The spaceship moves so that at any time it is at a point (x, y), where x is equal to the

x-coordinate of Q and y is equal to the y-coordinate of P. The player turns the gun and

tries to hit the spaceship.

a Find the Cartesian equation of the path C of S .

b Show that the equation of the tangent to C at the point (u, v) on C is y =
−u

4v
x +

1

v
.

c Show that in order to aim at the spaceship at any point on its path, the player needs to

turn the gun through an angle of at most 2α, where tanα =
1

6

√
3.
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12 Differential equations

In this chapter

12A An introduction to differential equations

12B Differential equations involving a function

of the independent variable

12C Differential equations involving a function

of the dependent variable

12D Applications of differential equations

12E The logistic differential equation

12F Separation of variables

12G Differential equations with related rates

12H Applying the increments formula for

differential equations

12I Using a definite integral to solve a

differential equation

12J Slope field for a differential equation

Review of Chapter 12

Syllabus references

Topics: Applications of

differentiation

Subtopics: 4.2.3 – 4.2.6

Differential equations arise when we have information about the rate of change of a quantity,

rather than the quantity itself.

For example, we know that the rate of decay of a radioactive substance is proportional to the

mass m of substance remaining at time t. We can write this as a differential equation:

dm

dt
= −km

where k is a constant. What we would really like is an expression for the mass m at time t.

Using techniques developed in this chapter, we will find that the general solution to this

differential equation is m = Ae−kt.

Differential equations have many applications in science, engineering and economics, and

their study is a major branch of mathematics.
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12A An introduction to differential equations 349

12A An introduction to differential equations

A differential equation contains derivatives of a particular function or variable. The

following are examples of differential equations:

dy

dx
= cos x,

d2y

dx2
− 4

dy

dx
= 0,

dy

dx
=

y

y + 1

The solution of a differential equation is a clear definition of the function or relation, without

any derivatives involved.

For example, if
dy

dx
= cos x, then y =

∫
cos x dx and so y = sin x + c.

Here y = sin x + c is the general solution of the differential equation
dy

dx
= cos x.

This example displays the main features of such solutions. Solutions of differential equations

are the result of an integral, and therefore produce a family of functions.

To obtain a particular solution, we require further information, which is usually given as an

ordered pair belonging to the function or relation. (For equations with second derivatives, we

need two items of information.)

Verifying a solution of a differential equation

We can verify that a particular expression is a solution of a differential equation by

substitution. This is demonstrated in the following examples.

We will use the following notation to denote the y-value for a given x-value:

y(0) = 3 will mean that when x = 0, y = 3.

We consider y as a function of x. This notation is useful in differential equations.

a Verify that y = Aex − x − 1 is a solution of the differential equation
dy

dx
= x + y.

b Hence, find the particular solution of the differential equation given that y(0) = 3.

Example 1

Solution

a Let y = Aex − x − 1. We need to check that
dy

dx
= x + y.

LHS =
dy

dx

= Aex − 1

RHS = x + y

= x + Aex − x − 1

= Aex − 1

Hence, LHS = RHS and so y = Aex − x − 1 is a solution of
dy

dx
= x + y.
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350 Chapter 12: Differential equations 12A

b y(0) = 3 means that when x = 0, y = 3.

Substituting in the solution y = Aex − x − 1 verified in a:

3 = Ae0 − 0 − 1

3 = A − 1

A = 4∴

The particular solution is y = 4ex − x − 1.

Exercise 12A

1Example 1 For each of the following, verify that the given function or relation is a solution of the

differential equation. Hence, find the particular solution from the given information.

Differential equation Function or relation Added information

a
dy

dt
= 2y + 4 y = Ae2t − 2 y(0) = 2

b
dy

dx
= ln |x| y = x ln |x| − x + c y(1) = 3

c
dy

dx
=

1

y
y =
√

2x + c y(1) = 9

d
dy

dx
=

y + 1

y
y − ln |y + 1| = x + c y(3) = 0

2 For each of the following, verify that the given function is a solution of the differential

equation:

a
dy

dx
= 2y, y = 4e2x

b
dy

dx
= −4xy2, y =

1

2x2

c
dy

dx
= 1 +

y

x
, y = x ln |x| + x

d
dy

dx
=

2x

y2
, y =

3
√

3x2 + 27

e
dy

dx
=

1 + y2

1 + x2
, y =

x + 1

1 − x

3 Assume that
dx

dy
is inversely proportional to y. Given that when x = 0, y = 2 and when

x = 2, y = 4, find y when x = 3.
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12B Differential equations involving a function of the

independent variable

In this section we solve differential equations involving a function of the independent

variable.

Solving differential equations of the form
dy

dx
= f(x)

The simplest differential equations are those of the form

dy

dx
= f (x)

Such a differential equation can be solved provided an antiderivative of f (x) can be found.

If
dy

dx
= f (x), then y =

∫
f (x) dx.

Find the general solution of each of the following:

dy

dx
= x4 − 3x2 + 2a

dy

dt
= sin(2t)b

dx

dt
= e−3t +

1

t
c

Example 2

Solution

dy

dx
= x4 − 3x2 + 2

∴ y =
∫

x4 − 3x2 + 2 dx

∴ y =
x5

5
− x3 + 2x + c

a
dy

dt
= sin(2t)

∴ y =
∫

sin(2t) dt

∴ y = −1

2
cos(2t) + c

b

dx

dt
= e−3t +

1

t

∴ x =
∫

e−3t +
1

t
dt

∴ x = −1

3
e−3t + ln |t| + c

c
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Using the TI-Nspire

a Use menu > Calculus > Differential Equation

Solver and complete as shown.

Note: Access the differentiation symbol (′)

using ctrl or .

Using the Casio ClassPad

a � In , enter and highlight the differential equation y′ = x4 − 3x2 + 2.

Note: The differentiation symbol (′) is found in the Math3 keyboard.

� Select Interactive > Advanced > dSolve.

� Enter x for the Independent variable and y for the Dependent variable. Tap OK .

Families of solution curves

Solving a differential equation requires finding an equation that connects the variables, but

does not contain a derivative. There are no specific values for the variables. By solving

differential equations, it is possible to determine what function or functions might model a

particular situation or physical law.

If
dy

dx
= x, then it follows that y =

1

2
x2 + k, where k is a constant.

The general solution of the differential equation
dy

dx
= x can

be given as y =
1

2
x2 + k.

If different values of the constant k are taken, then a family of

curves is obtained. This differential equation represents the

family of curves y =
1

2
x2 + k, where k ∈ R.

x

−1

0

1

2

3

k = 3

k = 2

k = 1

k = 0

k = −1

y

For particular solutions of a differential equation, a particular curve from the family can be

distinguished by selecting a specific point of the plane through which the curve passes.
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12B Differential equations involving a function of the independent variable 353

For instance, the particular solution of
dy

dx
= x for which y = 2 when x = 4 can be thought of

as the solution curve of the differential equation that passes through the point (4, 2).

From above:

y =
1

2
x2 + k

2 =
1

2
× 16 + k∴

2 = 8 + k

k = −6∴

Thus the solution is y =
1

2
x2 − 6.

x
4O

2

(0, −6)

(4, 2)

y

y =    x2 − 6 
1
2

a Find the family of curves with gradient given by e2x. That is, find the general solution

of the differential equation
dy

dx
= e2x.

b Find the equation of the curve that has gradient e2x and passes through (0, 3).

Example 3

Solution

a
dy

dx
= e2x

∴ y =
∫

e2x dx

=
1

2
e2x + c

The general solution y =
1

2
e2x + c represents

a family of curves, since c can take any real

number value. The diagram shows some of

these curves.

b Substituting x = 0 and y = 3 in the general

equation y =
1

2
e2x + c, we have

3 =
1

2
e0 + c

c =
5

2
∴

The equation is y =
1

2
e2x +

5

2
.

x

y y =    e2x + 1
1

2

y =    e2x − 1
1

2

1

2

1

2

1

2

y =    e2x
1

21

−

O
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Exercise 12B

1Example 2 Find the general solution of each of the following differential equations:

dy

dx
= x2 − 3x + 2a

dy

dx
=

x2 + 3x − 1

x
b

dy

dx
= (2x + 1)3c

dy

dx
=

1
√

x
d

dy

dt
=

1

2t − 1
e

dy

dt
= sin(3t − 2)f

dy

dt
= tan(2t)g

dx

dy
= e−3yh

dx

dy
=

1
√

4 − y2
i

dx

dy
= − 1

(1 − y)2
j

2Example 3 Find the solution for each of the following differential equations:

a
dy

dx
=

1

x2
, given that y =

3

4
when x = 4

b
dy

dx
= e−x, given that y(0) = 0

c
dy

dx
=

x2 − 4

x
, given that y =

3

2
when x = 1

d
dy

dx
=

x

x2 − 4
, given that y(2

√
2) = ln 2

e
dy

dx
= x
√

x2 − 4, given that y =
1

4
√

3
when x = 4

f
dy

dx
=

1

4 − x2
, given that y = 2 when x = 0

g
dy

dx
= x
√

4 − x, given that y = − 8

15
when x = 0

h
dy

dx
=

ex

ex + 1
, given that y(0) = 0

3 Find the family of curves defined by each of the following differential equations:

a
dy

dx
= 3x + 4

b
dy

dx
=

1

x − 3

4 Find the equation of the curve defined by each of the following:

a
dy

dx
= 2 − e−x, y(0) = 1

b
dy

dx
= x + sin(2x), y(0) = 4

c
dy

dx
=

1

2 − x
, y(3) = 2
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12C Differential equations involving a function of the

dependent variable

In this section we solve differential equations of the form

dy

dx
= g(y)

Using the identity
dx

dy
=

1

dy

dx

, this becomes
dx

dy
=

1

g(y)
.

If
dy

dx
= g(y), then x =

∫ 1

g(y)
dy.

Find the general solution of each of the following differential equations:

dy

dx
= 2y + 1, for y > −

1

2
a

dy

dx
= e2yb

dy

dx
= 1 − y2, for −1 < y < 1c

Example 4

Solution

a
dy

dx
= 2y + 1 gives

dx

dy
=

1

2y + 1
.

x =
∫ 1

2y + 1
dyTherefore

=
1

2
ln |2y + 1| + k where k ∈ R

=
1

2
ln(2y + 1) + k as y > −1

2

2(x − k) = ln(2y + 1)So

2y + 1 = e2(x−k)

y =
1

2

(

e2(x−k) − 1
)

i.e.

This can also be written as y =
1

2

(

Ae2x − 1
)

, where A = e−2k.

Note: For y < −1

2
, the general solution is y = −1

2

(

Ae2x + 1
)

, where A = e−2k.
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b
dy

dx
= e2y gives

dx

dy
= e−2y

x =
∫

e−2y dyThus

x = −
1

2
e−2y + c

e−2y = −2(x − c)

−2y = ln
(

−2(x − c)
)

y = −1

2
ln

(

−2(x − c)
)

∴

= −
1

2
ln(2c − 2x), x < c

c
dy

dx
= 1 − y2 gives

dx

dy
=

1

1 − y2

x =
∫ 1

1 − y2
dyThus

=
∫ 1

2(1 − y)
+

1

2(1 + y)
dy

= −
1

2
ln(1 − y) +

1

2
ln(1 + y) + c (since −1 < y < 1)

x − c =
1

2
ln

(

1 + y

1 − y

)

So

e2(x−c) =
1 + y

1 − y

Let A = e−2c. Then

Ae2x =
1 + y

1 − y

Ae2x(1 − y) = 1 + y

Ae2x − 1 = y(1 + Ae2x)

y =
Ae2x − 1

Ae2x + 1
∴

Using the TI-Nspire

Use menu > Calculus > Differential Equation

Solver and complete as shown.
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Using the Casio ClassPad

� In , enter and highlight the differential equation.

� Go to Interactive >

Advanced > dSolve.

� Enter x for Inde var

and y for Depe var.

� Tap OK .

Exercise 12C

1Example 4 Find the general solution of each of the following differential equations:

dy

dx
= 3y − 5, y >

5

3
a

dy

dx
= 1 − 2y, y >

1

2
b

dy

dx
= e2y−1c

dy

dx
= cos2 y, |y| < π

2
d

dy

dx
= cot y, y ∈

(

0,
π

2

)

e
dy

dx
= y2 − 1, |y| < 1f

dy

dx
=

1

5y2 + 2y
g

dy

dx
=
√

y, y > 0h

2 Find the solution for each of the following differential equations:

dy

dx
= y, given that y = e when x = 0a

dy

dx
= y + 1, given that y(4) = 0b

dy

dx
= 2y, given that y = 1 when x = 1c

dy

dx
= 2y + 1, given that y(0) = −1d

dy

dx
=

ey

ey + 1
, if y = 0 when x = 0e

dy

dx
= 9 − y2, if y = 0 when x =

7

6
f

dy

dx
=

y2 + 2y

2
, given that y = −4 when x = 0g

3 For each of the following, find the equation for the family of curves:

dy

dx
=

1

y2
a

dy

dx
= 2y − 1, y >

1

2
b

12D Applications of differential equations

Many differential equations arise from scientific or business situations and are constructed

from observations and data obtained from experiment.

For example, the following two results from science are described by differential equations:

� Newton’s law of cooling The rate at which a body cools is proportional to the difference

between its temperature and the temperature of its immediate surroundings.

� Radioactive decay The rate at which a radioactive substance decays is proportional to

the mass of the substance remaining.

These two results will be investigated further in worked examples in this section.
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358 Chapter 12: Differential equations

The table gives the observed rate of change of a

variable x with respect to time t.

a Construct the differential equation that

applies to this situation.

t 0 1 2 3 4

dx

dt
0 2 8 18 32

b Solve the differential equation to find x in terms of t, given that x = 2 when t = 0.

Example 5

Solution

a From the table, it can be established that
dx

dt
= 2t2.

b Therefore x =
∫

2t2 dt =
2t3

3
+ c.

When t = 0, x = 2. This gives 2 = 0 + c and so c = 2. Hence, x =
2t3

3
+ 2.

Differential equations can also be constructed from statements, as shown in the following.

The population of a city is P at time t years from a certain date. The population increases

at a rate that is proportional to the square root of the population at that time. Construct and

solve the appropriate differential equation and sketch the population–time graph.

Example 6

Solution

Remembering that the derivative is a rate, we have
dP

dt
∝
√

P. Therefore
dP

dt
= k
√

P,

where k is the constant of variation. Since the population is increasing, we have k > 0.

The differential equation is

dP

dt
= k
√

P, k > 0

Since there are no initial conditions given here, only a general solution for this differential

equation can be found. Note that it is of the form
dy

dx
= g(y).

dt

dP
=

1

k
√

P
Now

t =
1

k

∫
P
− 1

2 dP∴

=
1

k
· 2P

1
2 + c

The general solution is

t =
2

k

√
P + c where c ∈ R
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Rearranging to make P the subject:

t =
2

k

√
P + c

√
P =

k

2
(t − c)

P =
k2

4
(t − c)2

∴

t

P

O

k2c2

4

The graph is a section of the parabola P =
k2

4
(t − c)2 with vertex at (c, 0).

In another city, with population P at time t years after a certain date, the population

increases at a rate proportional to the population at that time. Construct and solve the

appropriate differential equation and sketch the population–time graph.

Example 7

Solution

Here
dP

dt
∝ P.

The differential equation is

dP

dt
= kP, k > 0

dt

dP
=

1

kP
∴

t =
1

k

∫ 1

P
dP∴

t =
1

k
ln P + c∴

This is the general solution.

Rearranging to make P the subject:

k(t − c) = ln P

ek(t−c) = P

P = Aekt, where A = e−kc
∴

The graph is a section of the exponential curve P = Aekt. t
O

P

A
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Suppose that a tank containing liquid has a vent at the top and an outlet at the bottom

through which the liquid drains.

Torricelli’s law states that if, at time t seconds after opening the outlet, the depth of the

liquid is h m and the surface area of the liquid is A m2, then

dh

dt
=
−k
√

h

A
where k > 0

(The constant k depends on factors such as the viscosity of the liquid and the cross-

sectional area of the outlet.)

Apply Torricelli’s law to a cylindrical tank that is initially full, with a height of 1.6 m and

a radius length of 0.4 m. Use k = 0.025. Construct the appropriate differential equation,

solve it and find how many seconds it will take the tank to empty.

Example 8

Solution

We start by drawing a diagram.

Since the surface area is a circle with

constant area A = π × 0.42, we have

dh

dt
=
−0.025

√
h

π × 0.42

=
−0.025

√
h

0.16π

=
−5
√

h

32π

1.6 m

hm

0.8 m

Surface area is Am2

The appropriate differential equation is

dh

dt
=
−5
√

h

32π

dt

dh
=
−32π

5
· h−

1
2∴

t =
−32π

5

∫
h
− 1

2 dh∴

t =
−32π

5
· 2h

1
2 + c∴

t =
−64π

5

√
h + c∴

Now use the given condition that the tank is initially full: when t = 0, h = 1.6.

By substitution:

0 =
−64π

5

√
1.6 + c

c =
64π

5

√
1.6∴
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So the particular solution for this differential equation is

t =
−64π

5

√
h +

64π

5

√
1.6

t =
−64π

5

(

√
h −
√

1.6
)

∴

Now we find the time when the tank is empty. That is, we find t when h = 0.

By substitution:

t =
64π

5

(

√
1.6

)

t ≈ 50.9∴

It will take approximately 51 seconds to empty this tank.

The following example uses Newton’s law of cooling.

An iron bar is placed in a room that has a temperature of 20◦C. The iron bar initially has a

temperature of 80◦C. It cools to 70◦C in 5 minutes. Let T be the temperature of the bar at

time t minutes.

a Construct a differential equation.

b Solve this differential equation.

c Sketch the graph of T against t.

d How long does it take the bar to cool to 40◦C?

Example 9

Solution

a Newton’s law of cooling yields

dT

dt
= −k(T − 20) where k ∈ R+

(Note the use of the negative sign as the temperature is decreasing.)

b
dt

dT
=

−1

k(T − 20)

∴ t = −1

k
ln(T − 20) + c, T > 20

When t = 0, T = 80. This gives

0 = −
1

k
ln(80 − 20) + c

c =
1

k
ln 60

t =
1

k
ln

(

60

T − 20

)

∴
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When t = 5, T = 70. This gives

1

k
=

5

ln
( 6

5

)

t =
5

ln
( 6

5

)
ln

(

60

T − 20

)

∴

This equation can be rearranged to make T the subject:

t

5
· ln

(

6

5

)

= ln

(

60

T − 20

)

ln

(

(

6

5

)

t
5
)

= ln

(

60

T − 20

)

(

6

5

)

t
5
=

60

T − 20

Hence, T = 20 + 60

(

5

6

)

t
5

.

c

t

T = 20

T

80

O

d When T = 40, we have

t =
5

ln
( 6

5

)
ln

(

60

40 − 20

)

= 30.1284 . . .

The bar reaches a temperature of 40◦C after 30.1 minutes.

Difference of rates

Consider the following situations:

� An object is being heated, but at the same time is subject to cooling.

� A population is increasing due to births, but at the same time is diminishing due to deaths.

� A liquid is being poured into a container, while at the same time the liquid is flowing out.

In each of these situations:

rate of change = rate of increase − rate of decrease

For example, if water is flowing into a container at 8 litres per minute and at the same time

water is flowing out of the container at 6 litres per minute, then the overall rate of change is

dV

dt
= 8 − 6 = 2, where the volume of water in the container is V litres at time t minutes.
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A certain radioactive isotope decays at a rate that is proportional to the mass, m kg,

present at any time t years. The rate of decay is 2m kg per year. The isotope is formed as a

byproduct from a nuclear reactor at a constant rate of 0.5 kg per year. None of the isotope

was present initially.

a Construct a differential equation.

b Solve the differential equation.

c Sketch the graph of m against t.

d How much isotope is there after two years?

Example 10

Solution

dm

dt
= 0.5 − 2m =

1 − 4m

2
a

dt

dm
=

2

1 − 4m

t = −
2

4
ln |1 − 4m| + cThus

= −1

2
ln(1 − 4m) + c (since 0.5 − 2m > 0)

When t = 0, m = 0 and therefore c = 0.

−2t = ln(1 − 4m)So

e−2t = 1 − 4m

m =
1

4

(

1 − e−2t)
∴

b

m =
1

4

(

1 − e−2t
)

t

m

0.25

O

c

When t = 2,

m =
1

4

(

1 − e−4)

= 0.245 . . .

After two years, the mass of the isotope is 0.245 kg.

d
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Pure oxygen is pumped into a 50-litre tank of air at 5 litres per minute. The oxygen is well

mixed with the air in the tank. The mixture is removed at the same rate.

a Construct a differential equation, given that plain air contains 23% oxygen.

b After how many minutes does the mixture contain 50% oxygen?

Example 11

Solution

a Let Q litres be the volume of oxygen in the tank at time t minutes.

When t = 0, Q = 50 × 0.23 = 11.5.

dQ

dt
= rate of inflow − rate of outflow

= 5 −
Q

50
× 5

dQ

dt
=

50 − Q

10
i.e.

b
dt

dQ
=

10

50 − Q

t = −10 ln |50 − Q| + c∴

= −10 ln(50 − Q) + c (as Q < 50)

When t = 0, Q = 11.5. Therefore

c = 10 ln(38.5)

t = 10 ln

(

77

2(50 − Q)

)

∴

When the mixture is 50% oxygen, we have Q = 25 and so

t = 10 ln

(

77

2 × 25

)

= 10 ln

(

77

50

)

= 4.317 . . .

The tank contains 50% oxygen after 4 minutes and 19.07 seconds.
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Exercise 12D

1Example 5 Each of the following tables gives the results of an experiment where a rate of change

was found to be a linear function of time, i.e.
dx

dt
= at + b. For each table, set up a

differential equation and solve it using the additional information.

a t 0 1 2 3

dx

dt
1 3 5 7

and x(0) = 3

b t 0 1 2 3

dx

dt
−1 2 5 8

and x(1) = 1

c t 0 1 2 3

dx

dt
8 6 4 2

and x(2) = −3

2 For each of the following, construct (but do not attempt to solve) a differential equation:

a A family of curves is such that the gradient at any point (x, y) is the reciprocal of the

y-coordinate (for y , 0).

b A family of curves is such that the gradient at any point (x, y) is the square of the

reciprocal of the y-coordinate (for y , 0).

c The rate of increase of a population of size N at time t years is inversely proportional

to the square of the population.

d A particle moving in a straight line is x m from a fixed point O after t seconds. The

rate at which the particle is moving is inversely proportional to the distance from O.

e The rate of decay of a radioactive substance is proportional to the mass of substance

remaining. Let m kg be the mass of the substance at time t minutes.

f The gradient of the normal to a curve at any point (x, y) is three times the gradient of

the line joining the same point to the origin.

3Example 6

Example 7

A city, with population P at time t years after a certain date, has a population that

increases at a rate proportional to the population at that time.

a i Set up a differential equation to describe this situation.

ii Solve to obtain a general solution.

b If the initial population was 1000 and after two years the population had risen

to 1100:

i find the population after five years

ii sketch a graph of P against t.
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4Example 8 An island has a population of rabbits of size P at time t years after 1 January 2010.

Due to a virus, the population is decreasing at a rate proportional to the square root of

the population at that time.

a i Set up a differential equation to describe this situation.

ii Solve to obtain a general solution.

b If the population was initially 15 000 and decreased to 13 500 after five years:

i find the population after 10 years

ii sketch a graph of P against t.

5 A city has population P at time t years from a certain date. The population increases at a

rate inversely proportional to the population at that time.

a i Set up a differential equation to describe this situation.

ii Solve to obtain a general solution.

b Initially the population was 1 000 000, but after four years it had risen to 1 100 000.

i Find an expression for the population in terms of t.

ii Sketch the graph of P against t.

6 A curve has the property that its gradient at any point is one-tenth of the y-coordinate at

that point. It passes through the point (0, 10). Find the equation of the curve.

7Example 9 A body at a temperature of 80◦C is placed in a room that is kept at a constant

temperature of 20◦C. After 20 minutes, the temperature of the body is 60◦C. Assuming

Newton’s law of cooling, find the temperature after a further 20 minutes.

8 If the thermostat in an electric heater fails, the rate of increase in its temperature,
dθ

dt
,

is 0.01θK per minute, where the temperature θ is measured in kelvins (K) and the

time t in minutes. If the heater is switched on at a room temperature of 300 K and the

thermostat does not function, what is the temperature of the heater after 10 minutes?

9 The rate of decay of a radioactive substance is proportional to the amount Q of matter

present at any time t. The differential equation for this situation is
dQ

dt
= −kQ, where

k is a constant. Given that Q = 50 when t = 0 and that Q = 25 when t = 10, find the

time t at which Q = 10.

10 The rate of decay of a substance is km, where k is a positive constant and m is the mass

of the substance remaining. Show that the half-life (i.e. the time in which the amount of

the original substance remaining is halved) is given by
1

k
ln 2.

11 The concentration, x grams per litre, of salt in a solution at time t minutes is given by
dx

dt
=

20 − 3x

30
.

a If the initial concentration was 2 grams per litre, solve the differential equation,

giving x in terms of t.

b Find the time taken, to the nearest minute, for the salt concentration to rise to

6 grams per litre.
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12 If
dy

dx
= 10 − y

10
and y = 10 when x = 0, find y in terms of x. Sketch the graph of the

equation for x ≥ 0.

13 The number n of bacteria in a colony grows according to the law
dn

dt
= kn, where k is a

positive constant. If the number increases from 4000 to 8000 in four days, find, to the

nearest hundred, the number of bacteria after three days more.

14 A town had a population of 10 000 in 2000 and 12 000 in 2010. If the population is N at

a time t years after 2000, find the predicted population in the year 2020 assuming:

dN

dt
∝ Na

dN

dt
∝

1

N
b

dN

dt
∝
√

Nc

15 For each of the following, construct a differential equation, but do not solve it:

a Water is flowing into a tank at a rate of 0.3 m3 per hour. At the same time, water

is flowing out through a hole in the bottom of the tank at a rate of 0.2
√

V m3 per

hour, where V m3 is the volume of the water in the tank at time t hours. (Find an

expression for
dV

dt
.)

b A tank initially contains 200 litres of pure water. A salt solution containing 5 kg of

salt per litre is added at the rate of 10 litres per minute, and the mixed solution is

drained simultaneously at the rate of 12 litres per minute. There is m kg of salt in the

tank after t minutes. (Find an expression for
dm

dt
.)

c A partly filled tank contains 200 litres of water in which 1500 grams of salt have

been dissolved. Water is poured into the tank at a rate of 6 L/min. The mixture,

which is kept uniform by stirring, leaves the tank through a hole at a rate of 5 L/min.

There is x grams of salt in the tank after t minutes. (Find an expression for
dx

dt
.)

16Example 10 A certain radioactive isotope decays at a rate that is proportional to the mass, m kg,

present at any time t years. The rate of decay is m kg per year. The isotope is formed as

a byproduct from a nuclear reactor at a constant rate of 0.25 kg per year. None of the

isotope was present initially.

a Construct a differential equation.

b Solve the differential equation.

c Sketch the graph of m against t.

d How much isotope is there after two years?

17Example 11 A tank holds 100 litres of water in which 20 kg of sugar was dissolved. Water runs into

the tank at the rate of 1 litre per minute. The solution is continually stirred and, at the

same time, the solution is being pumped out at 1 litre per minute. At time t minutes,

there is m kg of sugar in the solution.

a At what rate is the sugar being removed at time t minutes?

b Set up a differential equation to represent this situation.

c Solve the differential equation.

d Sketch the graph of m against t.
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18 A tank holds 100 litres of pure water. A sugar solution containing 0.25 kg per litre

is being run into the tank at the rate of 1 litre per minute. The liquid in the tank is

continuously stirred and, at the same time, liquid from the tank is being pumped out

at the rate of 1 litre per minute. After t minutes, there is m kg of sugar dissolved in

the solution.

a At what rate is the sugar being added to the solution at time t?

b At what rate is the sugar being removed from the tank at time t?

c Construct a differential equation to represent this situation.

d Solve this differential equation.

e Find the time taken for the concentration in the tank to reach 0.1 kg per litre.

f Sketch the graph of m against t.

19 A laboratory tank contains 100 litres of a 20% serum solution (i.e. 20% of the contents

is pure serum and 80% is distilled water). A 10% serum solution is then pumped in at

the rate of 2 litres per minute, and an amount of the solution currently in the tank is

drawn off at the same rate.

a Set up a differential equation to show the relation between x and t, where x litres is

the amount of pure serum in the tank at time t minutes.

b How long will it take for there to be an 18% solution in the tank? (Assume that at all

times the contents of the tank form a uniform solution.)

20 A tank initially contains 400 litres of water in which is dissolved 10 kg of salt. A salt

solution of concentration 0.2 kg/L is poured into the tank at the rate of 2 L/min. The

mixture, which is kept uniform by stirring, flows out at the rate of 2 L/min.

a If the mass of salt in the tank is x kg after t minutes, set up and solve the differential

equation for x in terms of t.

b If instead the mixture flows out at 1 L/min, set up (but do not solve) the differential

equation for the mass of salt in the tank.

21 A tank contains 20 litres of water in which 10 kg of salt is dissolved. Pure water is

poured in at a rate of 2 litres per minute, mixing occurs uniformly (owing to stirring)

and the water is released at 2 litres per minute. The mass of salt in the tank is x kg at

time t minutes.

a Construct a differential equation representing this information, expressing
dx

dt
as a

function of x.

b Solve the differential equation.

c Sketch the mass–time graph.

d How long will it take the original mass of salt to be halved?

22 A country’s population N at time t years after 1 January 2010 changes according to the

differential equation
dN

dt
= 0.1N − 5000. (There is a 10% growth rate and 5000 people

leave the country every year.)

a Given that the population was 5 000 000 at the start of 2010, find N in terms of t.

b In which year will the country have a population of 10 million?
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12E The logistic differential equation 369

12E The logistic differential equation

In the previous section, we modelled the growth of a population, P, over time, t, using a

differential equation of the form

dP

dt
= kP

The solution is P = P0ekt, where P0 is the initial population.

This exponential growth model can be appropriate for a short time. However, it is not realistic

over a long period of time. This model implies that the population will grow without limit.

But the population will be limited by the available resources, such as food and space.

We need a model that acknowledges that there is an upper limit to growth.

A population grows according to the differential equation

dP

dt
= 0.025P

(

1 − P

1000

)

, 0 < P < 1000

where P is the population at time t. When t = 0, P = 20.

Find the population P at time t.a Sketch the graph of P against t.b

Find the population P when the rate of growth is at a maximum.c

Example 12

Solution

a Write
dP

dt
=

P(1000 − P)

40 000

Then t =
∫ 40 000

P(1000 − P)
dP

= 40
∫ 1

P
+

1

1000 − P
dP

= 40
(

ln |P| − ln |1000 − P|
)

+ c

= 40 ln

(

P

1000 − P

)

+ c since 0 < P < 1000

∴ e
t−c
40 =

P

1000 − P

Let A = e
− c

40 . Then we have

Ae
t

40 =
P

1000 − P

When t = 0, P = 20. This implies that A =
1

49
, and so

(1000 − P)e
t

40 = 49P

1000e
t

40 = 49P + Pe
t

40

Hence, P =
1000e

t
40

49 + e
t

40

.
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P =
1000e

t
40

49 + e
t

40

O
20 t

1000

P
b The maximum rate of increase occurs

at the point of inflection on the graph.

We have

dP

dt
=

1000P − P2

40 000

The chain rule gives

d2P

dt2
=

1000 − 2P

40 000
· dP

dt

Since 0 < P < 1000, we have
dP

dt
, 0.

Therefore
d2P

dt2
= 0 implies P = 500.

c

Note: Since
dP

dt
is a quadratic in P, the maximum rate of increase occurs at the vertex of

the parabola, which is midway between its intercepts at P = 0 and P = 1000.

Logistic differential equation

dP

dt
= rP

(

1 − P

K

)

, 0 < P < K

This differential equation can be used to model a population P at time t, where:

� the constant r is called the growth parameter

� the constant K is called the carrying capacity.

Notes:

� As in the example, we can show that the solution of this differential equation is

P(t) =
P0K

P0 + (K − P0)e−rt
=

P0Kert

P0ert + (K − P0)
where P0 = P(0)

� The carrying capacity K is the upper limit on the population: the rate of increase

approaches 0 as P approaches K; the population P approaches K as t → ∞.

� The maximum rate of increase occurs when P =
K

2
.

Exercise 12E

1 Solve the differential equation
dP

dt
= P(1 − P), where P(0) = 2.

2Example 12 A population grows according to the differential equation

dP

dt
= 0.02P

(

1 − P

500

)

, 0 < P < 500

where P is the population at time t. When t = 0, P = 100.

Find the population P at time t.a Sketch the graph of P against t.b

Find the population P when the rate of growth is at a maximum.c
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12E 12E The logistic differential equation 371

3 Let P(t) be the population of a species of fish in a lake after t years. Suppose that P(t) is

modelled by a logistic differential equation with a growth parameter of r = 0.3 and a

carrying capacity of K = 10 000.

a Write down the logistic differential equation for this situation.

b If P(0) = 2500, solve the differential equation for P(t).

c Sketch the graph of P(t) against t.

d Find the number of fish in the lake after 5 years.

e Find the time that it will take for there to be 5000 fish in the lake.

4 A population of wasps is growing according to the logistic differential equation, where

P is the number of wasps after t months. If the carrying capacity is 500 and the growth

parameter is 0.1, what is the maximum possible growth rate for the population?

5 A population of bacteria grows according to the differential equation

dP

dt
= 0.05P(1 − 0.001P), P0 = 300, 0 < P < 1000

Find the population P at time t.

6 Suppose that t weeks after the start of an epidemic in a certain community, the number

of people who have caught the disease, P(t), is given by the logistic function

P(t) =
2000

5 + 395e
− 4t

5

a How many people had the disease when the epidemic began?

b Approximately how many people in total will get the disease?

c When was the disease spreading most rapidly?

d How fast was the disease spreading at the peak of the epidemic?

e At what rate was the disease spreading when 300 people had caught the disease?

7 Consider the differential equation
dP

dt
= 0.01P

(

1 −
P

1000

)

. For each of the following

cases, solve the differential equation and sketch the graph of P against t:

a P0 = 1500 and P > 1000 b P0 = 200 and 0 < P < 1000 c P0 = 1000

8 A population of rabbits grows in a way described by the logistic differential equation

dP

dt
= 0.1P

(

1 −
P

25 000

)

where P is the number of rabbits after t months, and the initial population is P0 = 2000.

a Solve the differential equation for P.

b How many rabbits are there after:

i 6 months ii 5 years?

c After how many months is the population increasing most rapidly?

d How long does it take for the population to reach 20 000?

e Sketch the graph of P against t.
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9 Consider the differential equation

dy

dx
= −

(

1 −
y

K1

)(

1 −
y

K2

)

where K1 and K2 are positive constants. Taking K1 = 5 and K2 = 10, solve the

differential equation for each of the following cases:

y(0) = 20, y > 10a y(0) = 8, 5 < y < 10b y(0) = 3, 0 < y < 5c

12F Separation of variables

A first-order differential equation is separable if it can be written in the form

dy

dx
= f (x) g(y)

Divide both sides by g(y) (for g(y) , 0):

1

g(y)

dy

dx
= f (x)

Integrate both sides with respect to x:

∫
f (x) dx =

∫ 1

g(y)

dy

dx
dx

=
∫ 1

g(y)
dy

If
dy

dx
= f (x) g(y), then

∫
f (x) dx =

∫ 1

g(y)
dy.

Find the solution of the differential equation

dy

dx
=

sin2 x

y2

that also satisfies y(0) = 1.

Example 13

Solution

First we write the equation in the form

∫
f (x) dx =

∫ 1

g(y)
dy

∫
sin2 x dx =

∫
y2 dyi.e.

Left-hand side

We use the trigonometric identity cos(2x) = 1 − 2 sin2 x, which transforms to

sin2 x =
1

2

(

1 − cos(2x)
)

∫
sin2 x dx =

1

2

∫
1 − cos(2x) dx∴

=
1

2

(

x −
1

2
sin(2x)

)

+ c1
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Right-hand side

∫
y2 dy =

y3

3
+ c2

General solution

We now obtain

1

2

(

x − 1

2
sin(2x)

)

+ c1 =
y3

3
+ c2

1

2

(

x − 1

2
sin(2x)

)

=
y3

3
+ c (where c = c2 − c1)∴

Particular solution

By substituting y(0) = 1, we find that c = −1

3
. Hence

1

2

(

x − 1

2
sin(2x)

)

=
y3

3
− 1

3

Making y the subject:

y3 = 3
(1

2

(

x −
1

2
sin(2x)

)

+
1

3

)

y =
3

√

3

2

(

x − 1

2
sin(2x)

)

+ 1∴

A tank contains 30 litres of a solution of a chemical in water. The concentration of the

chemical is reduced by running pure water into the tank at a rate of 1 litre per minute

and allowing the solution to run out of the tank at a rate of 2 litres per minute. The tank

contains x litres of the chemical at time t minutes after the dilution starts.

a Show that
dx

dt
=
−2x

30 − t
.

b Find the general solution of this differential equation.

c Find the fraction of the original chemical still in the tank after 20 minutes.

Example 14

Solution

a At time t minutes, the volume of solution in the tank is 30 − t litres, since solution is

flowing out at 2 litres per minute and water is flowing in at 1 litre per minute.

At time t minutes, the fraction of the solution that is the chemical is
x

30 − t
.

Hence, the rate of flow of the chemical out of the tank is 2 · x

30 − t
.

Therefore
dx

dt
=
−2x

30 − t
.
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b Using separation of variables, we have

∫ 1

30 − t
dt =

∫ −1

2x
dx

− ln(30 − t) + c1 = −
1

2
ln x + c2∴

ln x = 2 ln(30 − t) + c (where c = 2c2 − 2c1)∴

Let A0 be the initial amount of chemical in the solution.

Thus x = A0 when t = 0, and therefore

c = ln(A0) − 2 ln(30) = ln

(

A0

900

)

Hence,

ln x = 2 ln(30 − t) + ln

(

A0

900

)

ln x = ln

(

A0

900
(30 − t)2

)

x =
A0

900
(30 − t)2

∴

c When t = 20, x =
1

9
A0. The amount of chemical is one-ninth of the original amount.

Notes:

� We observe that differential equations of the form
dy

dx
= g(y) can also be solved by

separation of variables if g(y) , 0. The solution will be given by
∫ 1

g(y)
dy =

∫
1 dx.

� When undertaking separation of variables, be careful that you do not lose solutions when

dividing. For example, the differential equation
dy

dx
= y − 2 has a constant solution y = 2.

Exercise 12F

1Example 13 Find the general solution of each of the following:

dy

dx
= yxa

dy

dx
=

x

y
b

4

x2

dy

dx
= yc

dy

dx
=

1

xy
d

2 a Solve the differential equation
dy

dx
= −

x

y
, given that y(1) = 1.

b Solve the differential equation
dy

dx
=

y

x
, given that y(1) = 1.

c Sketch the graphs of both solutions on the one set of axes.

3 Solve (1 + x2)
dy

dx
= 4xy if y = 2 when x = 1.

4 Find the equation of the curve that satisfies the differential equation
dy

dx
=

x

y
and passes

through the point (2, 3).
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5 Solve the differential equation
dy

dx
=

x + 1

3 − y
and describe the solution curves.

6 Find the general solution of the differential equation y2 dy

dx
=

1

x3
.

7 Find the general solution of the differential equation x3 dy

dx
= y2(x − 3), y , 0.

8 Find the general solution of each of the following:

dy

dx
= y(1 + ex)a

dy

dx
= 9x2yb

4

y3

dy

dx
=

1

x
c

9 Solve each of the following differential equations:

y
dy

dx
= 1 + x2, y(0) = 1a x2 dy

dx
= cos2 y, y(1) =

π

4
b

10 Find the general solution of the differential equation
dy

dx
=

x2 − x

y2 − y
.

11Example 14 A tank contains 50 litres of a solution of a chemical in water. The concentration of the

chemical is reduced by running pure water into the tank at a rate of 2 litres per minute

and allowing the solution to run out of the tank at a rate of 4 litres per minute. The tank

contains x litres of the chemical at time t minutes after the dilution starts.

a Show that
dx

dt
=
−4x

50 − 2t
.

b Find the general solution of this differential equation.

c Find the fraction of the original chemical still in the tank after 10 minutes.

12 Bacteria in a tank of water increase at a rate proportional to the number present. Water

is drained out of the tank, initially containing 100 litres, at a steady rate of 2 litres per

hour. Let N be the number of bacteria present at time t hours after the draining starts.

a Show that
dN

dt
= kN − 2N

100 − 2t
.

b If k = 0.6 and at t = 0, N = N0, find in terms of N0 the number of bacteria after

24 hours.

13 Solve the differential equation x
dy

dx
= y + x2y, given that y = 2

√
e when x = 1.

14 Find y in terms of x if
dy

dx
= (1 + y)2 sin2 x cos x and y = 2 when x = 0.
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12G Differential equations with related rates

In Chapter 11, the concept of related rates was introduced. This is a useful technique for

constructing and solving differential equations in a variety of situations.

For the variables x, y and t, it is known that
dx

dt
= tan t and y = 3x.

a Find
dy

dt
as a function of t.

b Find the solution of the resulting differential equation.

Example 15

Solution

We are given that y = 3x and

dx

dt
= tan t.

Using the chain rule:

dy

dt
=

dy

dx

dx

dt

dy

dt
= 3 tan t∴

a
dy

dt
=

3 sin t

cos t

Let u = cos t. Then
du

dt
= − sin t.

y = −3
∫ 1

u
du∴

= −3 ln |u| + c

y = −3 ln |cos t| + c∴

b

An inverted cone has height h cm and radius length r cm.

It is being filled with water, which is flowing from a tap

at k litres per minute. The depth of water in the cone is

x cm at time t minutes.

Construct an appropriate differential equation for
dx

dt
and

solve it, given that initially the cone was empty.

x cm

h cm

2r cm

Example 16

Solution

Let V cm3 be the volume of water at time t minutes.

Since k litres is equal to 1000k cm3, the given rate of change is
dV

dt
= 1000k, where k > 0.

To find an expression for
dx

dt
, we can use the chain rule:

dx

dt
=

dx

dV

dV

dt
(1)

To find
dx

dV
, we first need to establish the relationship between x and V .
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12G Differential equations with related rates 377

The formula for the volume of a cone gives

V =
1

3
πy2x (2)

where y cm is the radius length of the surface when the depth is x cm.

By similar triangles:

y

r
=

x

h

y =
rx

h
∴

V =
1

3
π · r2x2

h2
· x (substitution into (2))So

V =
πr2

3h2
· x3

∴

dV

dx
=
πr2

h2
· x2 (by differentiation)∴

dx

dV
=

h2

πr2
·

1

x2
∴

dx

dt
=

h2

πr2
·

1

x2
· 1000k (substitution into (1))So

dx

dt
=

1000kh2

πr2
·

1

x2
where k > 0∴

x

h

y

r

To solve this differential equation:

dt

dx
=

πr2

1000kh2
· x2

t =
πr2

1000kh2

∫
x2 dx∴

=
πr2

1000kh2
·

x3

3
+ c

t =
πr2x3

3000kh2
+ c∴

The cone was initially empty, so x = 0 when t = 0, and therefore c = 0.

t =
πr2x3

3000kh2
∴

x3 =
3000kh2t

πr2
∴

Hence, x =
3

√

3000kh2t

πr2
is the solution of the differential equation.
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Using the TI-Nspire

� Use menu > Calculus > Differential Equation Solver and complete as shown.

� Solve for x in terms of t.

Using the Casio ClassPad

� In , enter and highlight the differential

equation t′ =
πr2

1000kh2
× x2.

� Select Interactive > Advanced > dSolve.

� Tap Include condition.

� Enter x for Inde var and t for Depe var.

� Enter the condition t(0) = 0. (You must

select t from the abc keyboard.) Tap OK .

� Copy the answer to the next entry line and

solve for x.

Exercise 12G

1 Construct, but do not solve, a differential equation for each of the following:

a An inverted cone with depth 50 cm and radius 25 cm is initially full of water, which

drains out at 0.5 litres per minute. The depth of water in the cone is h cm at time

t minutes. (Find an expression for
dh

dt
.)

b A tank with a flat bottom and vertical sides has a constant horizontal cross-section

of A m2. The tank has a tap in the bottom through which water is leaving at a rate

of c
√

h m3 per minute, where h m is the height of the water in the tank and c is a

constant. Water is being poured into the tank at a rate of Q m3 per minute. (Find an

expression for
dh

dt
.)

c Water is flowing at a constant rate of 0.3 m3 per hour into a tank. At the same

time, water is flowing out through a hole in the bottom of the tank at the rate of

0.2
√

V m3 per hour, where V m3 is the volume of the water in the tank at time t hours.

It is known that V = 6πh, where h m is the height of the water at time t. (Find an

expression for
dh

dt
.)
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d A cylindrical tank 4 m high with base radius 1.5 m is initially full of water. The water

starts flowing out through a hole at the bottom of the tank at the rate of
√

h m3 per

hour, where h m is the depth of water remaining in the tank after t hours. (Find an

expression for
dh

dt
.)

2Example 15 For the variables x, y and t, it is known that
dx

dt
= sin t and y = 5x.

a Find
dy

dt
as a function of t.

b Find the solution of the resulting differential equation.

3Example 16 A conical tank has a radius length at the top equal to its height. Water, initially with a

depth of 25 cm, leaks out through a hole in the bottom of the tank at the rate of 5
√

h cm3

per minute, where the depth is h cm at time t minutes.

a Construct a differential equation expressing
dh

dt
as a

function of h, and solve it.

b Hence, find how long it will take for the tank to empty.

h cm

4 A cylindrical tank is lying on its side. The tank has a hole in the top, and another in

the bottom so that the water in the tank leaks out. The depth of water is x m at time

t minutes and

dx

dt
=
−0.025

√
x

A

where A m2 is the surface area of the

water at time t minutes.

6m

4m

xm

a Construct the differential equation expressing
dx

dt
as a function of x only.

b Solve the differential equation given that initially the tank was full.

c Find how long it will take to empty the tank.
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5 A spherical drop of water evaporates so that the volume remaining is V mm3 and the

surface area is A mm2 when the radius is r mm at time t seconds.

Given that
dV

dt
= −2A2:

a Construct the differential equation expressing
dr

dt
as a function of r.

b Solve the differential equation given that the initial radius was 2 mm.

6 A water tank of uniform cross-sectional area A cm2 is being filled by a pipe that supplies

Q litres of water every minute. The tank has a small hole in its base through which

water leaks at a rate of kh litres every minute, where h cm is the depth of water in the

tank at time t minutes. Initially the depth of the water is h0 cm.

a Construct the differential equation expressing
dh

dt
as a function of h.

b Solve the differential equation if Q > kh0.

c Find the time taken for the depth to reach
Q + kh0

2k
.

12H Applying the increments formula for differential

equations

In the graph, the line ℓ is the tangent to the

curve at the point P(x, f (x)).

The gradient of the tangent ℓ is f ′(x).

From the diagram, it can be seen that if

h is small, then f (x + h) ≈ f (x) + h f ′(x).

This can also be seen by considering the

definition of the derivative:

f ′(x) = lim
h→0

f (x + h) − f (x)

h

f ′(x) ≈
f (x + h) − f (x)

h
for small h

∴ f (x + h) ≈ f (x) + h f ′(x) for small h

x

y

x + h

y = f (x)

hf ′(x)P(x,  f (x))

(x + h,  f (x + h))

h

θ

O

ℓ

For a small number h, the change in the value of y = f (x) as x changes from a to a + h can be

approximated by

f (a + h) − f (a) ≈ h f ′(a)

We can express this using Leibniz notation by setting δx = h and δy = f (a + h) − f (a), so

that δx represents a small change in x and δy the corresponding change in y.

Then we have
δy

δx
≈

dy

dx
and so δy ≈

dy

dx
× δx. This is known as the increments formula.
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The increments formula uses the idea of linear approximation. The linear approximation of a

function may be regarded as using the tangent to the curve at a point to approximate the curve

in the immediate neighbourhood of this point.

Let f (x) = x4 − x3. Find the approximate change in f (x) as x changes from 2 to 2 + h,

where h is small.

Example 17

Solution Explanation

f (x) = x4 − x3

f ′(x) = 4x3 − 3x2

∴ f ′(2) = 4 × 23 − 3 × 22

= 20

The approximate change in f (x) is given by

f (2 + h) − f (2) ≈ h f ′(2)

= 20h

Alternatively, using the increments

formula we have

δy ≈ dy

dx
× δx

For x = 2 and δx = h, this gives

δy ≈ 20 × h = 20h

The following table of values indicates the accuracy of the approximation in Example 17.

Linear approximation of f(x) = x4 − x3 near x = 2

h 2 + h f (2 + h) f (2) + 20h

−0.01 1.99 7.8018 7.8

0 2 8 8

0.01 2.01 8.2018 8.2

0.02 2.02 8.4073 8.4

0.05 2.05 9.0459 9

0.1 2.1 10.1871 10

In practical problems, you may be required to find the percentage change in a quantity

resulting from a given change in another quantity.

The percentage change in f (x) between x = a and x = a + h is defined to be
(

f (a + h) − f (a)

f (a)
× 100

)

%

provided f (a) , 0. Using the approximation f (a + h) − f (a) ≈ h f ′(a), we obtain

percentage change ≈
(

100h f ′(a)

f (a)

)

%
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The time for a pendulum of length ℓ cm to complete one swing is given by the function

with rule f (ℓ) = c
√
ℓ, where c is a constant. If an error is made in the measurement of

the length so that the measured length is 2.5% greater than the actual length, find the

approximate percentage error if the function f is used to calculate the time of a swing.

Example 18

Solution

Let a cm be the actual length of the pendulum. Then

percentage error ≈
100h f ′(a)

f (a)

where f (a) = ca
1
2 , f ′(a) =

1

2
ca
− 1

2 and h =
2.5

100
× a =

a

40
. Therefore

percentage error ≈
(

100 × a

40
× 1

2
ca
− 1

2

)

÷
(

ca
1
2

)

=

(

5

4
ca

1
2

)

÷
(

ca
1
2

)

=
5

4

The estimated error is 1.25%.

By differentiating
1
√

x
with respect to x, use the increments formula to find an approximate

value for
1

√
100.5

.

Example 19

Solution

Let y = x
− 1

2 . Then
dy

dx
= −1

2
x
− 3

2 .

When x = 100,

y =
1

10
and

dy

dx
= −

1

2
(100)

− 3
2 = −

1

2000

Using the increments formula

δy ≈ dy

dx
× δxgives

= − 1

2000
× 0.5 (for x = 100 and δx = 0.5)

δy = − 1

4000

1
√

100.5
≈

1

10
−

1

4000
Hence,

=
399

4000

= 0.099 75
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Exercise 12H

1Example 17 If W = 5 p3, determine the approximate change in W if p changes from 5 to 5.01.

2 If f (x) = 2x7, determine the approximate change between f (11) & f (11.002).

3Example 18 Determine the approximate percentage change in the volume of a sphere where the

radius increases by 2%.

4 Consider the surface area of a sphere. If the surface area decreases by 3%, determine the

approximate percentage change of the diameter of the sphere.

5Example 19 Without the use of a calculator and given that ln(5) ≈ 0.61, use the increments formula

to find an approximate value for ln(5.02).

6 Without the use of a calculator, use the increments formula to find an approximate value

for
3

3
√

8.08
.

7 Determine the approximate change in the area of the

triangle shown in the diagram right, when the angle θ

increases from 1.1 radians to 1.1003 radians. Note that

the length of the adjacent sides remain unchanged.

5 cm

9cm

θ

8 Consider a hemisphere that carries

water to a height of h cm with the

radius of the hemisphere r cm. The

volume is given by V =
πh2

3
(3r − h).

Consider a hemisphere of radius

10 cm, determine an approximate

change in the volume of water when

the height increases from 3 cm to

3.01 cm.

h cm

r cm

9 Consider a safe made of steel where the inside cavity is a cube of 95 cm in length. If the

walls are 2 cm thick, determine the approximate volume of metal needed to make the

walls of the safe.
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12I Using a definite integral to solve a differential

equation

There are many situations in which an exact solution to a differential equation
dy

dx
= f (x) is

not required. Indeed, in some cases it may not even be possible to obtain an exact solution.

For such differential equations, an approximate solution can be found by numerically

evaluating a definite integral.

For the differential equation
dy

dx
= f (x), consider the problem of finding y when x = b,

given that y = d when x = a.

dy

dx
= f (x)

y = F(x) + c by antidifferentiating, where F′(x) = f (x)

d = F(a) + c since y = d when x = a

c = d − F(a)

y = F(x) − F(a) + d∴

When x = b:

y = F(b) − F(a) + d

y =
∫ b

a
f (x) dx + d∴

This idea is very useful for solving a differential equation that cannot be antidifferentiated.

For the differential equation
dy

dx
= x2 + 2, given that y = 7 when x = 1, find y when x = 3.

Example 20

Solution

Algebraic method

dy

dx
= x2 + 2

y =
x3

3
+ 2x + c∴

Since y = 7 when x = 1, we have

7 =
1

3
+ 2 + c

c =
14

3
∴

y =
x3

3
+ 2x +

14

3
∴

When x = 3:

y =
1

3
× 33 + 2 × 3 +

14

3

=
59

3

Using a definite integral

When x = 3:

y =
∫ 3

1
(x2 + 2) dx + 7

=

[

x3

3
+ 2x

]3

1

+ 7

=
1

3
× 33 + 2 × 3 −

(

1

3
+ 2

)

+ 7

=
59

3
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12I 12I Using a definite integral to solve a differential equation 385

Using a definite integral, solve the differential equation
dy

dx
= cos x at x =

π

4
, given that

y = 0 at x = 0.

Example 21

Solution

dy

dx
= cos x

y =
∫ π

4

0
cos t dt∴

=
[

sin t
]

π

4
0

= sin

(

π

4

)

=
1
√

2

Solve the differential equation f ′(x) =
1
√

2π
e
− 1

2
x2

at x = 1, given that f (0) = 0.5.

Give your answer correct to four decimal places.

Example 22

Solution

Calculus methods are not available for this differential equation and, since an approximate

answer is acceptable, the use of a CAS calculator is appropriate.

The fundamental theorem of calculus gives

f (x) =
∫ x

0

1
√

2π
e
− 1

2
t2

dt + 0.5

f (1) =
∫ 1

0

1
√

2π
e
− 1

2
t2

dt + 0.5So

The required answer is 0.8413, correct to four decimal places.

Exercise 12I

1Example 21

Example 22

For each of the following, use a calculator to find values correct to four decimal places:

a
dy

dx
=
√

cos x and y = 1 when x = 0. Find y when x =
π

4
.

b
dy

dx
=

1
√

cos x
and y = 1 when x = 0. Find y when x =

π

4
.

c
dy

dx
= ln(x2) and y = 2 when x = 1. Find y when x = e.

d
dy

dx
=
√

ln x and y = 2 when x = 1. Find y when x = e.
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12J Slope field for a differential equation

Consider a differential equation of the form
dy

dx
= f (x).

The slope field of this differential equation assigns to each point P(x, y) in the plane (for

which x is in the domain of f ) the number f (x), which is the gradient of the solution curve

through P.

For the differential equation
dy

dx
= 2x, a gradient value

is assigned for each point P(x, y).

� For (1, 3) and (1, 5), the gradient value is 2.

� For (−2, 5) and (−2,−2), the gradient value is −4.

A slope field can, of course, be represented in a graph.

The slope field for
dy

dx
= 2x is shown opposite.

When initial conditions are given, a particular solution

curve can be drawn.

Here the solution curve with y = 2 when x = 0 has been

superimposed on the slope field for
dy

dx
= 2x.

Changing the initial conditions changes the particular

solution.

A slope field is defined similarly for any differential

equation of the form
dy

dx
= f (x, y).

a Use a CAS calculator to plot the slope field for the differential equation
dy

dt
= y.

b On the plot of the slope field, plot the graphs of the particular solutions for:

i y = 2 when t = 0 ii y = −3 when t = 1.

Example 23

Using the TI-Nspire

a � In a Graphs application, select menu >

Graph Entry/Edit > Diff Eq.

� Enter the differential equation as y1′ = y1.

� Press enter to plot the slope field.

Note: The notation must match when

entering the differential equation.

(Here y1 is used for y.)
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12J Slope field for a differential equation 387

b In the graph entry line, you have the option of adding several initial conditions.

� To show the graph entry line, press tab or double click in an open area.

� Arrow up to y1′ and add the first set of initial conditions: x = 0 and y1 = 2.

� Click on the green ‘plus’ icon to add more initial conditions: x = 1 and y1 = −3.

� Select OK to plot the solution curves for the given initial conditions.

Note: You can grab the initial point and drag to show differing initial conditions.

Using the Casio ClassPad

a � Open the menu .

� Select DiffEqGraph .

� Tap on y′ and type y.

� Tap the slope field icon .

b � Tap the IC window.

� Enter the initial conditions as shown.

� Tap the slope field icon .

� Tap to adjust the window.

The differential equation
dy

dt
= y can be solved analytically in the usual manner.

Write
dt

dy
=

1

y
. Then t = ln |y| + c, which implies |y| = et−c = Aet.

� If y = 2 when t = 0, then A = 2 and therefore y = 2et, as y > 0.

� If y = −3 when t = 1, then A = 3e−1 and therefore y = −3et−1, as y < 0.
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Use a CAS calculator to plot the slope field for the differential equation
dy

dx
= −

x

2y
and

show the solution for the initial condition x = 0, y = 1.

Example 24

Using the TI-Nspire

� In a Graphs application, select menu > Graph

Entry/Edit > Diff Eq.

� Enter the differential equation as y1′ = − x

2y1
.

� Enter the initial conditions x = 0 and y1 = 1.

� Press enter .

Note: Set the window to −3 ≤ x ≤ 3 and

−2 ≤ y ≤ 2.

Exercise 12J

1 For each of the following differential equations, sketch a slope field graph and the

solution curve for the given initial conditions, using −3 ≤ x ≤ 3 and −3 ≤ y ≤ 3.

Use calculus to solve the differential equation in each case.

a
dy

dx
= 3x2, given y = 0 when x = 1

b
dy

dx
= sin x, given y = 0 when x = 0 (use radian mode)

c
dy

dx
= e−2x, given y = 1 when x = 0

d
dy

dx
= y2, given y = 1 when x = 1

e
dy

dx
= y2, given y = −1 when x = 1

f
dy

dx
= y(y − 1), given y = −1 when x = 0

g
dy

dx
= y(y − 1), given y = 2 when x = 0

h
dy

dx
= tan x, given y = 0 when x = 0

2 For each of the following differential equations, sketch a slope field graph and the

solution curve for the given initial conditions, using −3 ≤ x ≤ 3 and −3 ≤ y ≤ 3.

Do not attempt to solve the differential equations by calculus methods.

dy

dx
= − x

y
, where at x = 0, y = ±1a

dy

dx
= − x

y
where at x =

1

2
, y =

√
3

2
b
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Chapter summary

� A differential equation is an equation that contains at least one derivative.

� A solution of a differential equation is a function that satisfies the differential equation

when it and its derivatives are substituted. The general solution is the family of functions

that satisfy the differential equation.

Differential equation Method of solution

dy

dx
= f (x)

dy

dx
= f (x)

∴ y =
∫

f (x) dx

= F(x) + c, where F′(x) = f (x)

dy

dx
= g(y)

dy

dx
= g(y)

dx

dy
=

1

g(y)

∴ x =
∫ 1

g(y)
dy

= F(y) + c, where F′(y) =
1

g(y)

dy

dx
= f (x) g(y)

dy

dx
= f (x) g(y)

f (x) =
1

g(y)

dy

dx

∫
f (x) dx =

∫ 1

g(y)
dy

� Slope field

The slope field of a differential equation

dy

dx
= f (x, y)

assigns to each point P(x, y) in the plane (for which f (x, y) is defined) the number f (x, y),

which is the gradient of the solution curve through P.

Cambridge Senior Maths for Western Australia ISBN 978-1-009-25972-9 c© Evans et al. 2023 Cambridge University Press

Mathematics Specialist 3&4 Photocopying is restricted under law and this material must not be transferred to another party.



R
e
v
ie
w
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Short-answer questions

1 Find the general solution of each of the following differential equations:

a
dy

dx
=

x2 + 1

x2
, x > 0

b
1

y
· dy

dx
= 10, y > 0

c
dy

dx
=

3 − y

2
, y < 3

d
dy

dx
=

3 − x

2

2 Find the solution of the following differential equations under the stated conditions:

a
dy

dx
= π cos(2πx), if y = −1 when x =

5

2

b
dy

dx
= cot(2x), if y = 0 when x =

π

4

c
dy

dx
=

1 + x2

x
, if y = 0 when x = 1

d
dy

dx
=

x

1 + x2
, if y(0) = 1

e 6
dy

dx
= −3y, if y = e−1 when x = 2

3 A container of water is heated to boiling point (100◦C) and then placed in a room with a

constant temperature of 25◦C. After 10 minutes, the temperature of the water is 85◦C.

Newton’s law of cooling gives
dT

dt
= −k(T − 25), where T ◦C is the temperature of the

water at time t minutes after being placed in the room.

a Find the value of k.

b Find the temperature of the water 15 minutes after it was placed in the room.

4 Solve the differential equation
dy

dx
= 2x
√

25 − x2, for −5 ≤ x ≤ 5, given that y = 25

when x = 4.

5 If a hemispherical bowl of radius 6 cm contains water to a depth of x cm, the volume,

V cm3, is given by

V =
π

3
x2(18 − x)

If water is poured into the bowl at the rate of 3 cm3/s, construct the differential equation

expressing
dx

dt
as a function of x.

6 A circle has area A cm2 and circumference C cm at time t seconds. If the area is

increasing at a rate of 4 cm2/s, construct the differential equation expressing
dC

dt
as

a function of C.
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7 A population of size x is decreasing according to the law
dx

dt
= − x

100
, where t denotes

the time in days. If initially the population is of size x0, find to the nearest day how long

it takes for the size of the population to be halved.

8 Some students put 3 kilograms of soap powder into a water fountain. The soap powder

totally dissolved in the 1000 litres of water, thus forming a solution in the fountain.

When the soap solution was discovered, clean water was run into the fountain at the

rate of 40 litres per minute. The clean water and the solution in the fountain mixed

instantaneously and the excess mixture was removed immediately at a rate of 40 litres

per minute. If S kilograms was the amount of soap powder in the fountain t minutes

after the soap solution was discovered, construct and solve the differential equation to fit

this situation.

9 A metal rod that is initially at a temperature of 10◦C is placed in a warm room. After

t minutes, the temperature, θ◦C, of the rod is such that
dθ

dt
=

30 − θ
20

.

a Solve this differential equation, expressing θ in terms of t.

b Calculate the temperature of the rod after one hour has elapsed, giving the answer

correct to the nearest degree.

c Find the time taken for the temperature of the rod to rise to 20◦C, giving the answer

correct to the nearest minute.

10 A fire broke out in a forest and, at the moment of detection, covered an area of

0.5 hectares. From aerial surveillance, it was estimated that the fire was spreading at a

rate of increase in area of 2% per hour. If the area of the fire at time t hours is denoted

by A hectares:

a Write down the differential equation that relates
dA

dt
and A.

b What would be the area of the fire 10 hours after it is first detected?

c When would the fire cover an area of 3 hectares (to the nearest quarter hour)?

11 A vessel in the shape of a right circular cone has a

vertical axis and a semi-vertex angle of 30◦.

There is a small hole at the vertex so that liquid leaks

out at the rate of 0.05
√

h m3 per hour, where h m is the

depth of liquid in the vessel at time t hours.

Given that the liquid is poured into this vessel at a

constant rate of 2 m3 per hour, set up (but do not

attempt to solve) a differential equation for h.

h m30°
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Extended-response questions

1 The percentage of radioactive carbon-14 in living matter decays, from the time of death,

at a rate proportional to the percentage present.

a If x% is present t years after death:

i Construct an appropriate differential equation.

ii Solve the differential equation, given that carbon-14 has a half-life of 5760 years,

i.e. 50% of the original amount will remain after 5760 years.

b Carbon-14 was taken from a tree buried by volcanic ash and was found to contain

45.1% of the amount of carbon-14 present in living timber. How long ago did the

eruption occur?

c Sketch the graph of x against t.

2 Two chemicals, A and B, are put together in a solution, where they react to form a

compound, X. The rate of increase of the mass, x kg, of X is proportional to the product

of the masses of unreacted A and B present at time t minutes. It takes 1 kg of A and 3 kg

of B to form 4 kg of X. Initially, 2 kg of A and 3 kg of B are put together in solution, and

1 kg of X forms in 1 minute.

a Set up the appropriate differential equation expressing
dx

dt
as a function of x.

b Solve the differential equation.

c Find the time taken to form 2 kg of X.

d Find the mass of X formed after 2 minutes.

3 Newton’s law of cooling states that the rate of cooling of a body is proportional to the

excess of its temperature above that of its surroundings. The body has a temperature

of T ◦C at time t minutes, while the temperature of the surroundings is a constant TS
◦C.

a Construct a differential equation expressing
dT

dt
as a function of T .

b A teacher pours a cup of coffee at lunchtime. The lunchroom is at a constant

temperature of 22◦C, while the coffee is initially 72◦C. The coffee becomes

undrinkable (too cold) when its temperature drops below 50◦C. After 5 minutes, the

temperature of the coffee has fallen to 65◦C. Find correct to one decimal place:

i the length of time, after it was poured, that the coffee remains drinkable

ii the temperature of the coffee at the end of 30 minutes.

4 On a cattle station there were p head of cattle at time t years after 1 January 2005. The

population naturally increases at a rate proportional to p. Every year 1000 head of cattle

are withdrawn from the herd.

a Show that
dp

dt
= kp − 1000, where k is a constant.

b If the herd initially had 5000 head of cattle, find an expression for t in terms of k

and p.
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c The population increased to 6000 head of cattle after 5 years.

i Show that 5k = ln

(

6k − 1

5k − 1

)

.

ii Use a CAS calculator to find an approximation for the value of k.

d Sketch a graph of p against t.

5 In the main lake of a trout farm, the trout population is N at time t days after

1 January 2015. The number of trout harvested on a particular day is proportional to the

number of trout in the lake at that time. Every day 100 trout are added to the lake.

a Construct a differential equation with
dN

dt
in terms of N and k, where k is a constant.

b Initially the trout population was 1000. Find an expression for t in terms of k and N.

c The trout population decreases to 700 after 10 days. Use a CAS calculator to find an

approximation for the value of k.

d Sketch a graph of N against t.

e If the procedure at the farm remains unchanged, find the eventual trout population in

the lake.

6 The water in a hot-water tank cools at a rate that is proportional to T − T0, where T ◦C

is the temperature of the water at time t minutes and T0
◦C is the temperature of the

surrounding air. When T is 60, the water is cooling at 1◦C per minute. When switched

on, the heater supplies sufficient heat to raise the water temperature by 2◦C each minute

(neglecting heat loss by cooling). If T = 20 when the heater is switched on and T0 = 20:

a Construct a differential equation for
dT

dt
as a function of T (where both heating and

cooling are taking place).

b Solve the differential equation.

c Find the temperature of the water 30 minutes after turning on the heater.

d Sketch the graph of T against t.

7 a The rate of growth of a population of iguanas on an island is
dW

dt
= 0.04W, where

W is the number of iguanas alive after t years. Initially there were 350 iguanas.

i Solve the differential equation.

ii Sketch the graph of W against t.

iii Give the value of W to the nearest integer when t = 50.

b If
dW

dt
= kW and there are initially 350 iguanas, find the value of k for which the

population remains constant.

c A more realistic population model for the iguanas is determined by the logistic

differential equation
dW

dt
= (0.04 − 0.000 05W)W. Initially there were 350 iguanas.

i Solve the differential equation.

ii Sketch the graph of W against t.

iii Find the population after 50 years.
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394 Chapter 12: Differential equations

8 A hospital patient is receiving a drug at a constant rate of R mg per hour through a drip.

At time t hours, the amount of the drug in the patient is x mg. The rate of loss of the

drug from the patient is proportional to x.

a When t = 0, x = 0:

i Show that
dx

dt
= R − kx, where k is a positive constant.

ii Find an expression for x in terms of t, k and R.

b If R = 50 and k = 0.05:

i Sketch the graph of x against t.

ii Find the time taken for there to be 200 mg in the patient, correct to two decimal

places.

c When the patient contains 200 mg of the drug, the drip is disconnected.

i Assuming that the rate of loss remains the same, find the time taken for the

amount of the drug in the patient to fall to 100 mg, correct to two decimal places.

ii Sketch the graph of x against t, showing the rise to 200 mg and fall to 100 mg.

Cambridge Senior Maths for Western Australia ISBN 978-1-009-25972-9 c© Evans et al. 2023 Cambridge University Press

Mathematics Specialist 3&4 Photocopying is restricted under law and this material must not be transferred to another party.



13 Kinematics

In this chapter

13A Position, velocity and acceleration

13B Constant acceleration

13C Velocity–time graphs

13D Differential equations of the form

v = f(x) and a = f(v)

13E Other expressions for acceleration

13F Simple harmonic motion

Review of Chapter 13

Syllabus references

Topic: Modelling motion

Subtopic: 4.2.7

Kinematics is the study of motion without reference to the cause of motion.

In this chapter, we will consider the motion of a particle in a straight line. When referring to

the motion of a particle, we may in fact be referring to an object of any size. However, for the

purposes of studying its motion, we can assume that all forces acting on the object, causing

it to move, are acting through a single point. Hence we can consider the motion of a car or a

train in the same way as we would consider the motion of a dimensionless particle.

When studying motion, it is important to make a distinction between vector quantities and

scalar quantities:

Vector quantities Position, displacement, velocity and acceleration must be specified by

both magnitude and direction.

Scalar quantities Distance, speed and time are specified by their magnitude only.

Since we are considering movement in a straight line, the direction of each vector quantity is

simply specified by the sign of the numerical value.
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13A Position, velocity and acceleration

Position

The position of a particle moving in a straight line is determined by its distance from a

fixed point O on the line, called the origin, and whether it is to the right or left of O. By

convention, the direction to the right of the origin is considered to be positive.

PO

x

Consider a particle that starts at O and begins to move. The position of the particle at any

instant can be specified by a real number x. For example, if the unit is metres and if x = −3,

the position is 3 m to the left of O, while if x = 3, the position is 3 m to the right of O.

Sometimes there is a rule that enables the position at any instant to be calculated. In this case,

we can view x as being a function of t. Hence, x(t) is the position at time t.

For example, imagine that a stone is dropped from the top of a vertical cliff 45 metres

high. Assume that the stone is a particle travelling in a straight line. Let x(t) metres be the

downwards position of the particle from O, the top of the cliff, t seconds after the particle is

dropped. If air resistance is neglected, then an approximate model for the position is

x(t) = 5t2 for 0 ≤ t ≤ 3

A particle moves in a straight line so that its position, x cm, relative to O at time t seconds

is given by x = t2 − 7t + 6, t ≥ 0.

a Find its initial position. b Find its position at t = 4.

Example 1

Solution

a At t = 0, x = +6, i.e. the particle is 6 cm to the right of O.

b At t = 4, x = (4)2 − 7(4) + 6 = −6, i.e. the particle is 6 cm to the left of O.

Displacement and distance

The displacement of a particle is defined as the change in position of the particle.

It is important to distinguish between the scalar quantity distance and the vector quantity

displacement (which has a direction). For example, consider a particle that starts at O and

moves first 5 units to the right to point P, and then 7 units to the left to point Q.

1 2 3 4 5 60−1−2−3−4

POQ

The difference between its final position and its initial position is −2. So the displacement of

the particle is −2 units. However, the distance it has travelled is 12 units.
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13A Position, velocity and acceleration 397

Velocity and speed

You are already familiar with rates of change through your studies in Mathematics Methods.

Average velocity

The average rate of change of position with respect to time is average velocity.

A particle’s average velocity for a time interval [t1, t2] is given by

average velocity =
change in position

change in time
=

x2 − x1

t2 − t1

where x1 is the position at time t1 and x2 is the position at time t2.

Instantaneous velocity

The instantaneous rate of change of position with respect to time is instantaneous velocity.

We will refer to the instantaneous velocity as simply the velocity.

If a particle’s position, x, at time t is given as a function of t, then the velocity of the particle

at time t is determined by differentiating the rule for position with respect to time.

If x is the position of a particle at time t, then

velocity v =
dx

dt

Note: Velocity is also denoted by ẋ or ẋ(t).

Velocity is a vector quantity. For motion in a straight line, the direction is specified by the

sign of the numerical value.

If the velocity is positive, the particle is moving to the right, and if it is negative, the particle

is moving to the left. A velocity of zero means the particle is instantaneously at rest.

Speed and average speed

Speed is a scalar quantity; its value is always non-negative.

� Speed is the magnitude of the velocity.

� Average speed for a time interval [t1, t2] is given by
distance travelled

t2 − t1
.

Units of measurement

Common units for velocity (and speed) are:

1 metre per second = 1 m/s = 1 m s−1

1 centimetre per second = 1 cm/s = 1 cm s−1

1 kilometre per hour = 1 km/h = 1 km h−1
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The first and third units are connected in the following way:

1 km/h = 1000 m/h =
1000

60 × 60
m/s =

5

18
m/s

∴ 1 m/s =
18

5
km/h

A particle moves in a straight line so that its position, x cm, relative to O at time t seconds

is given by x = 3t − t3, for t ≥ 0. Find:

its initial positiona its position when t = 2b

its initial velocityc its velocity when t = 2d

its speed when t = 2e when and where the velocity is zero.f

Example 2

Solution

a When t = 0, x = 0. The particle is initially at O.

b When t = 2, x = 3 × 2 − 8 = −2. The particle is 2 cm to the left of O.

c Given x = 3t − t3, the velocity is

v =
dx

dt
= 3 − 3t2

When t = 0, v = 3 − 3 × 0 = 3.

The velocity is 3 cm/s. The particle is initially moving to the right.

d When t = 2, v = 3 − 3 × 4 = −9.

The velocity is −9 cm/s. The particle is moving to the left.

e When t = 2, the speed is 9 cm/s. (The speed is the magnitude of the velocity.)

f v = 0 implies 3 − 3t2 = 0

3(1 − t2) = 0

∴ t = 1 or t = −1

But t ≥ 0 and so t = 1. When t = 1, x = 3 × 1 − 1 = 2.

At time t = 1 second, the particle is at rest 2 cm to the right of O.

Note: The motion of the particle can now be shown on a number line.

x

−4−5 −3 −2 −1 0 1 2 3 4 5

t = 2 

x = −2

t = 1

x = 2
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13A Position, velocity and acceleration 399

The motion of a particle moving along a straight line is defined by x(t) = t2 − t, where x m

is the position of the particle relative to O at time t seconds (t ≥ 0). Find:

a the average velocity of the particle in the first 3 seconds

b the distance travelled by the particle in the first 3 seconds

c the average speed of the particle in the first 3 seconds.

Example 3

Solution

a Average velocity =
x(3) − x(0)

3

=
6 − 0

3

= 2 m/s

b To find the distance travelled in the first 3 seconds, it is useful to show the motion of the

particle on a number line. The critical points are where it starts and where and when it

changes direction.

The particle starts at the origin. The turning points occur when the velocity is zero.

We have v =
dx

dt
= 2t − 1. Therefore v = 0 when t =

1

2
.

The particle changes direction when t =
1

2
and x =

(

1

2

)2

− 1

2
= −1

4
.

When 0 ≤ t <
1

2
, v is negative and when t >

1

2
, v is positive.

x

-4-5-6 -3 -2 -1 0 1 2 3 4 5

t = 
1

2

1

4
x = - 

From the number line, the particle travels a distance of
1

4
m in the first

1

2
second.

It then changes direction. When t = 3, the particle’s position is x(3) = 6 m to the right

of O, so the particle has travelled a distance of 6 +
1

4
= 6

1

4
m from when it changed

direction.

The total distance travelled by the particle in the first 3 seconds is
1

4
+ 6

1

4
= 6

1

2
m.

c Average speed =
distance travelled

time taken

= 6
1

2
÷ 3

=
13

2
÷ 3

=
13

6
m/s
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Acceleration

The acceleration of a particle is the rate of change of its velocity with respect to time.

� Average acceleration for the time interval [t1, t2] is given by
v2 − v1

t2 − t1
, where v2 is the

velocity at time t2 and v1 is the velocity at time t1.

� Instantaneous acceleration a =
dv

dt
=

d

dt

(

dx

dt

)

=
d2x

dt2

Note: The second derivative
d2x

dt2
is also denoted by ẍ or ẍ(t).

Acceleration may be positive, negative or zero. Zero acceleration means the particle is

moving at a constant velocity.

The direction of motion and the acceleration need not coincide. For example, a particle

may have a positive velocity, indicating it is moving to the right, but a negative acceleration,

indicating it is slowing down.

Also, although a particle may be instantaneously at rest, its acceleration at that instant need

not be zero. If acceleration has the same sign as velocity, then the particle is ‘speeding up’. If

the sign is opposite, the particle is ‘slowing down’.

The most commonly used units for acceleration are cm/s2 and m/s2.

An object travelling in a horizontal line has position x metres, relative to an origin O, at

time t seconds, where x = −4t2 + 8t + 12, t ≥ 0.

a Sketch the position–time graph, showing key features.

b Find the velocity at time t seconds and sketch the velocity–time graph.

c Find the acceleration at time t seconds and sketch the acceleration–time graph.

d Represent the motion of the object on a number line.

e Find the displacement of the object in the third second.

f Find the distance travelled in the first 3 seconds.

Example 4

Solution

a x = −4t2 + 8t + 12, for t ≥ 0

(3, 0)

(1, 16)

(0, 12)

O

x

t
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13A Position, velocity and acceleration 401

b v =
dx

dt
= −8t + 8, for t ≥ 0

(1, 0)

(0, 8)

O

v

t

When t ∈ [0, 1), the velocity is positive.

When t > 1, the velocity is negative.

c a =
dv

dt
= −8, for t ≥ 0

(0, −8)

O

a

t

The acceleration is −8 m/s2.

The direction of the acceleration is

always to the left.

d Starting point: When t = 0, x = 12.

Turning point: When v = −8t + 8 = 0, t = 1 and x = 16.

When 0 ≤ t < 1, v > 0 and when t > 1, v < 0. That is, when 0 ≤ t < 1, the object is

moving to the right, and when t > 1, the object is moving to the left.

x

−24 −20 −16 −12 −8 −4 4 8 12 16 20 24 280

t = 1

x = 16

e The displacement of the object in the third second is given by

x(3) − x(2) = 0 − 12

= −12

The displacement is 12 metres to the left.

f From the position–time graph in a, the distance travelled in the first 3 seconds is

4 + 16 = 20 m.
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An object moves in a horizontal line such that its position, x m, relative to a fixed point at

time t seconds is given by x = −t3 + 3t + 2, t ≥ 0. Find:

a when the position is zero, and the velocity and acceleration at that time

b when the velocity is zero, and the position and acceleration at that time

c when the acceleration is zero, and the position and velocity at that time

d the distance travelled in the first 3 seconds.

Example 5

Solution

Now x = −t3 + 3t + 2

v = ẋ = −3t2 + 3

a = ẍ = −6t

(The acceleration is variable in this case.)

a x = 0 when −t3 + 3t + 2 = 0

t3 − 3t − 2 = 0

(t − 2)(t + 1)2 = 0

Therefore t = 2, since t ≥ 0.

At t = 2, v = −3 × 22 + 3 = −9.

At t = 2, a = −6 × 2 = −12.

When the position is zero, the velocity is −9 m/s and the acceleration is −12 m/s2.

b v = 0 when −3t2 + 3 = 0

t2 = 1

Therefore t = 1, since t ≥ 0.

At t = 1, x = −13 + 3 × 1 + 2 = 4.

At t = 1, a = −6 × 1 = −6.

When the object is at rest, the position is 4 m and the acceleration is −6 m/s2.

c a = 0 when −6t = 0

∴ t = 0

At t = 0, x = 2 and v = 3.

When the object has zero acceleration, the position is 2 m and the velocity is 3 m/s.

d

x

−16 −14 −12 −10 −8 −4 −2 2 4−6 0

t = 3

x = −16

t = 0 t = 1

x = 2 x = 4

The distance travelled is 2 + 4 + 16 = 22 metres.
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13A Position, velocity and acceleration 403

Using antidifferentiation

In the previous examples, we were given a rule for the position of a particle in terms of time,

and from it we derived rules for the velocity and the acceleration by differentiation.

We may be given a rule for the acceleration at time t and, by using antidifferentiation

with respect to t and some additional information, we can deduce rules for both velocity

and position.

The acceleration of a particle moving in a straight line, in m/s2, is given by

d2y

dt2
= cos(πt)

at time t seconds. The particle’s initial velocity is 3 m/s and its initial position is y = 6.

Find its position, y m, at time t seconds.

Example 6

Solution

Find the velocity by antidifferentiating the acceleration:

dy

dt
=
∫ d2y

dt2
dt

=
∫

cos(πt) dt

=
1

π

sin(πt) + c

When t = 0,
dy

dt
= 3, so c = 3.

dy

dt
=

1

π

sin(πt) + 3∴

Antidifferentiating again:

y =
∫ dy

dt
dt

=
∫ 1

π

sin(πt) + 3 dt

= −
1

π
2

cos(πt) + 3t + d

When t = 0, y = 6:

6 = − 1

π
2
+ d

d =
1

π
2
+ 6∴

y = − 1

π
2

cos(πt) + 3t +
1

π
2
+ 6Hence,
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A cricket ball projected vertically upwards from ground level experiences a gravitational

acceleration of 9.8 m/s2. If the initial speed of the cricket ball is 25 m/s, find:

a its speed after 2 seconds b its height after 2 seconds

c the greatest height d the time it takes to return to ground level.

Example 7

Solution

A frame of reference is required. The path of the cricket ball is considered as a vertical

straight line with origin O at ground level. Vertically up is taken as the positive direction.

We are given a = −9.8, v(0) = 25 and x(0) = 0.

a a =
dv

dt
= −9.8

v =
∫ dv

dt
dt =

∫
−9.8 dt = −9.8t + c

Since v(0) = 25, we have c = 25 and therefore

v = −9.8t + 25

When t = 2, v = −9.8 × 2 + 25 = 5.4.

The speed of the cricket ball is 5.4 m/s after 2 seconds.

O

positive

b v =
dx

dt
= −9.8t + 25

x =
∫
−9.8t + 25 dt = −4.9t2 + 25t + d

Since x(0) = 0, we have d = 0 and therefore

x = −4.9t2 + 25t

When t = 2, x = −19.6 + 50 = 30.4.

The ball is 30.4 m above the ground after 2 seconds.

c The greatest height is reached when the ball is instantaneously at rest,

i.e. when v = −9.8t + 25 = 0, which implies t =
25

9.8
.

When t =
25

9.8
, x = −4.9 ×

(

25

9.8

)2

+ 25 ×
25

9.8
≈ 31.89.

The greatest height reached is 31.89 m.

d The cricket ball reaches the ground again when x = 0.

x = 0 implies 25t − 4.9t2 = 0

t(25 − 4.9t) = 0

∴ t = 0 or t =
25

4.9

The ball returns to ground level after
25

4.9
≈ 5.1 seconds.
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13A Position, velocity and acceleration 405

A particle travels in a line such that its velocity, v m/s, at time t seconds is given by

v = 2 cos

(

1

2
t − π

4

)

, t ≥ 0

The initial position of the particle is −2
√

2 m, relative to O.

a i Find the particle’s initial velocity.

ii Find the particle’s maximum and minimum velocities.

iii For 0 ≤ t ≤ 4π, find the times when the particle is instantaneously at rest.

iv Determine the period of the motion.

Use this information to sketch the graph of velocity against time.

b i Find the particle’s position at time t.

ii Find the particle’s maximum and minimum position.

iii Find when the particle first passes through the origin.

iv Find the relation between the particle’s velocity and position.

c i Find the particle’s acceleration at time t.

ii Find the particle’s maximum and minimum acceleration.

iii Find the relation between the particle’s acceleration and position.

iv Find the relation between the particle’s acceleration and velocity.

d Use the information obtained in a–c to describe the motion of the particle.

Example 8

Solution

a i v = 2 cos

(

1

2
t −
π

4

)

At t = 0, v = 2 cos

(

−
π

4

)

=
2
√

2
=
√

2 m/s.

ii By inspection, vmax = 2 m/s and vmin = −2 m/s.

iii v = 0 implies

cos

(

1

2
t − π

4

)

= 0

1

2
t − π

4
=
π

2
,

3π

2
, . . .

1

2
t =

3π

4
,

7π

4
, . . .

t =
3π

2
,

7π

2
, . . .

For 0 ≤ t ≤ 4π, the velocity is zero at t =
3π

2
and t =

7π

2
.
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iv The period of v = 2 cos

(

1

2
t −
π

4

)

is 2π ÷
1

2
= 4π seconds.

v = 2 cos

(

1

2
t − π

4

)

v

O
t

7π

(0, √2)

2
, 0

5π

2
, −2

3π

2
, 0

π

2
, 2

2

−2

(4π, √2)

b i x =
∫

v dt =
∫

2 cos

(

1

2
t −
π

4

)

dt

Let u =
1

2
t − π

4
. Then

du

dt
=

1

2
and so

x = 2
∫

2 cos u
du

dt
dt

= 4
∫

cos u du

= 4 sin u + c

x = 4 sin

(

1

2
t −
π

4

)

+ c∴

Substituting x = −2
√

2 at t = 0:

−2
√

2 = 4 sin

(

−
π

4

)

+ c

−2
√

2 = 4 ×
(

− 1
√

2

)

+ c

c = 0∴

x = 4 sin

(

1

2
t −
π

4

)

Hence,

ii By inspection, xmax = 4 m and xmin = −4 m.

iii The particle passes through the origin when x = 0, which implies

sin

(

1

2
t −
π

4

)

= 0

1

2
t − π

4
= 0, π, 2π, . . .

1

2
t =
π

4
,

5π

4
,

9π

4
, . . .

t =
π

2
,

5π

2
,

9π

2
, . . .∴

Thus the particle first passes through the origin at t =
π

2
seconds.
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13A Position, velocity and acceleration 407

iv We have v = 2 cos

(

1

2
t − π

4

)

and x = 4 sin

(

1

2
t − π

4

)

.

Using the Pythagorean identity:

cos2
(

1

2
t − π

4

)

+ sin2
(

1

2
t − π

4

)

= 1

This gives
(

v

2

)2

+

(

x

4

)2

= 1

v

2
= ±

√

1 − x2

16

v

2
= ±

1

4

√
16 − x2

∴ v = ±
1

2

√
16 − x2

c i a =
dv

dt
=

d

dt

(

2 cos

(

1

2
t − π

4

)

)

∴ a = − sin

(

1

2
t − π

4

)

(using the chain rule)

ii By inspection, amax = 1 m/s2 and amin = −1 m/s2.

iii We have a = − sin

(

1

2
t − π

4

)

and x = 4 sin

(

1

2
t − π

4

)

.

Therefore a = − x

4
.

iv We have a = − sin

(

1

2
t − π

4

)

and v = 2 cos

(

1

2
t − π

4

)

.

Using the Pythagorean identity again:

a2 +

(

v

2

)2

= 1

a = ±
√

1 − v2

4

∴ a = ±1

2

√
4 − v2

d The particle oscillates between positions ±4 m, relative to O, taking 4π seconds for

each cycle. The particle’s velocity oscillates between ±2 m/s, and its acceleration

oscillates between ±1 m/s2.

Maximum and minimum acceleration occurs when the particle is at the maximum

distance from the origin; this is where the particle is instantaneously at rest.
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408 Chapter 13: Kinematics 13A

Exercise 13A

1Example 2

Example 3

The position of a particle travelling in a horizontal line, relative to a point O on the line,

is x metres at time t seconds. The position is described by x = 3t − t2, t ≥ 0.

a Find the position of the particle at times t = 0, 1, 2, 3, 4 and illustrate the motion of

the particle on a number line.

b Find the displacement of the particle in the fifth second.

c Find the average velocity in the first 4 seconds.

d Find the relation between velocity, v m/s, and time, t s.

e Find the velocity of the particle when t = 2.5.

f Find when and where the particle changes direction.

g Find the distance travelled in the first 4 seconds.

h Find the particle’s average speed for the first 4 seconds.

2Example 4 An object travelling in a horizontal line has position x metres, relative to an origin O, at

time t seconds, where x = −3t2 + 10t + 8, t ≥ 0.

a Sketch the position–time graph, showing key features.

b Find the velocity at time t seconds and sketch the velocity–time graph.

c Find the acceleration at time t seconds and sketch the acceleration–time graph.

d Represent the motion of the object on a number line for 0 ≤ t ≤ 6.

e Find the displacement of the object in the third second.

f Find the distance travelled in the first 3 seconds.

3Example 5 A particle travels in a straight line through a fixed point O. Its position, x metres,

relative to O is given by x = t3 − 9t2 + 24t, t ≥ 0, where t is the time in seconds after

passing O. Find:

a the values of t for which the velocity is instantaneously zero

b the acceleration when t = 5

c the average velocity of the particle during the first 2 seconds

d the average speed of the particle during the first 4 seconds.

4 A particle moves in a straight line. Relative to a fixed point O on the line, the particle’s

position, x m, at time t seconds is given by x = t(t − 3)2. Find:

a the velocity of the particle after 2 seconds

b the values of t for which the particle is instantaneously at rest

c the acceleration of the particle after 4 seconds.

5 A particle moving in a straight line has position given by x = 2t3 − 4t2 − 100. Find the

time(s) when the particle has zero velocity.

6 A particle moving in a straight line passes through a fixed point O. Its velocity, v m/s, at

time t seconds after passing O is given by v = 4 + 3t − t2. Find:

a the maximum value of v b the distance of the particle from O when t = 4.
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13A 13A Position, velocity and acceleration 409

7 A particle moves in a straight line such that, at time t seconds after passing through a

fixed point O, its velocity, v m/s, is given by v = 3t2 − 30t + 72. Find:

a the initial acceleration of the particle

b the two values of t for which the particle is instantaneously at rest

c the distance moved by the particle during the interval between these two values

d the total distance moved by the particle between t = 0 and t = 7.

8 A particle moving in a straight line passes through a fixed point O with velocity 8 m/s.

Its acceleration, a m/s2, at time t seconds after passing O is given by a = 12 − 6t. Find:

a the velocity of the particle when t = 2

b the displacement of the particle from O when t = 2.

9Example 6 A particle moving in a straight line passes through a fixed point O on the line with

a velocity of 30 m/s. The acceleration, a m/s2, of the particle at time t seconds after

passing O is given by a = 13 − 6t. Find:

a the velocity of the particle 3 seconds after passing O

b the time taken to reach the maximum distance from O in the initial direction

of motion

c the value of this maximum distance.

10Example 7 An object is dropped down a well. It takes 2 seconds to reach the bottom. During its

fall, the object travels under a gravitational acceleration of 9.8 m/s2.

a Find an expression in terms of t for:

the velocity, v m/si

the position, x m, measured from the top of the well.ii

b Find the depth of the well.

c At what speed does the object hit the bottom of the well?

11Example 8 An object travels in a line such that its velocity, v m/s, at time t seconds is given by

v = cos

(

t

2

)

, t ∈ [0, 4π]. The initial position of the object is 0.5 m, relative to O.

a Find an expression for the position, x m, of the object in terms of t.

b Sketch the position–time graph for the motion, indicating clearly the values of t at

which the object is instantaneously at rest.

c Find an expression for the acceleration, a m/s2, of the object in terms of t.

d Find a relation (not involving t) between:

position and accelerationi

position and velocityii

velocity and acceleration.iii
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410 Chapter 13: Kinematics 13A

12 A particle moves horizontally in a line such that its position, x m, relative to O at time

t seconds is given by x = t3 − 15

2
t2 + 12t + 10. Find:

a when and where the particle has zero velocity

b the average velocity during the third second

c the velocity at t = 2

d the distance travelled in the first 2 seconds

e the closest the particle comes to O.

13 An object moves in a line such that at time t seconds the acceleration, ẍ m/s2, is given

by ẍ = 2 sin

(

1

2
t

)

. The initial velocity is 1 m/s.

a Find the maximum velocity.

b Find the time taken for the object to first reach the maximum velocity.

14 From a balloon ascending with a velocity of 10 m/s, a stone was dropped and reached

the ground in 12 seconds. Given that the gravitational acceleration is 9.8 m/s2, find:

a the height of the balloon when the stone was dropped

b the greatest height reached by the stone.

15 An object moves in a line with acceleration, ẍ m/s2, given by ẍ =
1

(2t + 3)2
. If the object

starts from rest at the origin, find the position–time relationship.

16 A particle moves in a line with acceleration, ẍ m/s2, given by ẍ =
2t

(1 + t2)2
. If the initial

velocity is 0.5 m/s, find the distance travelled in the first
√

3 seconds.

17 An object moves in a line with velocity, ẋ m/s, given by ẋ =
t

1 + t2
. The object starts

from the origin. Find:

a the initial velocity b the maximum velocity

c the distance travelled in the third second d the position–time relationship

e the acceleration–time relationship

f the average acceleration over the third second g the minimum acceleration.

18 An object moves in a horizontal line such that its position, x m, at time t seconds is

given by x = 2 +
√

t + 1. Find when the acceleration is −0.016 m/s2.

19 A particle moves in a straight line such that the position, x metres, of the particle

relative to a fixed origin at time t seconds is given by x = 2 sin t + cos t, for t ≥ 0.

Find the first value of t for which the particle is instantaneously at rest.

20 The acceleration of a particle moving in a straight line, in m/s2, at time t seconds is

given by
d2x

dt2
= 8 − e−t. If the initial velocity is 3 m/s, find the velocity when t = 2.
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13B Constant acceleration 411

13B Constant acceleration

If an object is moving due to a constant force (for example, gravity), then its acceleration is

constant. There are several useful formulas that apply in this situation.

Formulas for constant acceleration

For a particle moving in a straight line with constant acceleration a, we can use the

following formulas, where u is the initial velocity, v is the final velocity, s is the

displacement and t is the time taken:

v = u + at1 s = ut +
1

2
at22 v2 = u2 + 2as3 s =

1

2
(u + v)t4

Proof 1 We can write

dv

dt
= a

where a is a constant and v is the velocity at time t. By antidifferentiating with

respect to t, we obtain

v = at + c

where the constant c is the initial velocity. We denote the initial velocity by u, and

therefore v = u + at.

2 We now write

dx

dt
= v = u + at

where x is the position at time t. By antidifferentiating again, we have

x = ut +
1

2
at2 + d

where the constant d is the initial position. The particle’s displacement (change in

position) is given by s = x − d, and so we obtain the second equation.

3 Transform the first equation v = u + at to make t the subject:

t =
v − u

a

Now substitute this into the second equation:

s = ut +
1

2
at2

s =
u(v − u)

a
+

a(v − u)2

2a2

2as = 2u(v − u) + (v − u)2

= 2uv − 2u2 + v2 − 2uv + u2

= v2 − u2

4 Similarly, the fourth equation can be derived from the first and second equations.
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412 Chapter 13: Kinematics

These four formulas are very useful, but it must be remembered that they only apply when

the acceleration is constant.

When approaching problems involving constant acceleration, it is a good idea to list the

quantities you are given, establish which quantity or quantities you require, and then use the

appropriate formula. Ensure that all quantities are converted to compatible units.

An object is moving in a straight line with uniform acceleration. Its initial velocity

is 12 m/s and after 5 seconds its velocity is 20 m/s. Find:

a the acceleration

b the distance travelled during the first 5 seconds

c the time taken to travel a distance of 200 m.

Example 9

Solution

We are given u = 12, v = 20 and t = 5.

Find a using

v = u + at

20 = 12 + 5a

a = 1.6

The acceleration is 1.6 m/s2.

a Find s using

s = ut +
1

2
at2

= 12(5) +
1

2
(1.6)52 = 80

The distance travelled is 80 m.

b

Note: Since the object is moving in one direction, the distance travelled is equal to

the displacement.

c We are now given a = 1.6, u = 12 and s = 200.

s = ut +
1

2
at2Find t using

200 = 12t +
1

2
× 1.6 × t2

200 = 12t +
4

5
t2

1000 = 60t + 4t2

250 = 15t + t2

t2 + 15t − 250 = 0

(t − 10)(t + 25) = 0

t = 10 or t = −25∴

As t ≥ 0, the only allowable solution is t = 10.

The object takes 10 s to travel a distance of 200 m.
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13B Constant acceleration 413

A body is moving in a straight line with uniform acceleration and an initial velocity

of 12 m/s. If the body stops after 20 metres, find the acceleration of the body.

Example 10

Solution

We are given u = 12, v = 0 and s = 20.

Find a using

v2 = u2 + 2as

0 = 144 + 2 × a × 20

0 = 144 + 40a

a = −144

40
∴

The acceleration is −18

5
m/s2.

A stone is thrown vertically upwards from the top of a cliff that is 25 m high. The velocity

of projection of the stone is 22 m/s. Find the time it takes to reach the base of the cliff.

(Give answer correct to two decimal places.)

Example 11

Solution

Take the origin at the top of the cliff and vertically

upwards as the positive direction.

We are given s = −25, u = 22 and a = −9.8.

Find t using

s = ut +
1

2
at2

−25 = 22t +
1

2
× (−9.8) × t2

−25 = 22t − 4.9t2

Therefore

4.9t2 − 22t − 25 = 0

By the quadratic formula:

t =
22 ±

√

222 − 4 × 4.9 × (−25)

2 × 4.9

t = 5.429 . . . or t = −0.9396 . . .∴

positive

25 m

Cliff

O

But t ≥ 0, so the only allowable solution is t = 5.429 . . . .

It takes 5.43 seconds for the stone to reach the base of the cliff.
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414 Chapter 13: Kinematics 13B

Exercise 13B

1 An object with constant acceleration starts with a velocity of 15 m/s. At the end of the

eleventh second, its velocity is 48 m/s. What is its acceleration?

2 A car accelerates uniformly from 5 km/h to 41 km/h in 10 seconds. Express this

acceleration in:

km/h2a m/s2b

3Example 9 An object is moving in a straight line with uniform acceleration. Its initial velocity

is 10 m/s and after 5 seconds its velocity is 25 m/s. Find:

a the acceleration

b the distance travelled during the first 5 seconds

c the time taken to travel a distance of 100 m.

4Example 10 A body moving in a straight line has uniform acceleration and an initial velocity

of 20 m/s. If the body stops after 40 metres, find the acceleration of the body.

5 A particle starts from a fixed point O with an initial velocity of −10 m/s and a uniform

acceleration of 4 m/s2. Find:

a the displacement of the particle from O after 6 seconds

b the velocity of the particle after 6 seconds

c the time when the velocity is zero

d the distance travelled in the first 6 seconds.

6 aExample 11 A stone is thrown vertically upwards from ground level at 21 m/s. The acceleration

due to gravity is 9.8 m/s2.

i What is its height above the ground after 2 seconds?

ii What is the maximum height reached by the stone?

b If the stone is thrown vertically upwards from a cliff 17.5 m high at 21 m/s:

i How long will it take to reach the ground at the base of the cliff?

ii What is the velocity of the stone when it hits the ground?

7 A basketball is thrown vertically upwards with a velocity of 14 m/s. The acceleration

due to gravity is 9.8 m/s2. Find:

a the time taken by the ball to reach its maximum height

b the greatest height reached by the ball

c the time taken for the ball to return to the point from which it is thrown.
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13B 13B Constant acceleration 415

8 A car sliding on ice is decelerating at the rate of 0.1 m/s2. Initially the car is travelling

at 20 m/s. Find:

a the time taken before it comes to rest

b the distance travelled before it comes to rest.

9 An object is dropped from a point 100 m above the ground. The acceleration due to

gravity is 9.8 m/s2. Find:

a the time taken by the object to reach the ground

b the velocity at which the object hits the ground.

10 An object is projected vertically upwards from a point 50 m above ground level.

(Acceleration due to gravity is 9.8 m/s2.) If the initial velocity is 10 m/s, find:

a the time the object takes to reach the ground (correct to two decimal places)

b the object’s velocity when it reaches the ground.

11 A book is pushed across a table and is subjected to a retardation of 0.8 m/s2 due to

friction. (Retardation is acceleration in the opposite direction to motion.) If the initial

speed of the book is 1 m/s, find:

a the time taken for the book to stop

b the distance over which the book slides.

12 A box is pushed across a bench and is subjected to a constant retardation, a m/s2, due

to friction. The initial speed of the box is 1.2 m/s and the box travels 3.2 m before

stopping. Find:

a the value of a

b the time taken for the box to come to rest.

13 A particle travels in a straight line with a constant velocity of 4 m/s for 12 seconds. It is

then subjected to a constant acceleration in the opposite direction for 20 seconds, which

returns the particle to its original position. Find the acceleration of the particle.

14 A child slides from rest down a slide 4 m long. The child undergoes constant

acceleration and reaches the end of the slide travelling at 2 m/s. Find:

a the time taken to go down the slide

b the acceleration that the child experiences.
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416 Chapter 13: Kinematics

13C Velocity–time graphs

Velocity–time graphs are valuable when considering motion in a straight line.

Information from a velocity–time graph

� Acceleration is given by the gradient.

� Displacement is given by the signed area bounded by the graph and the t-axis.

� Distance travelled is given by the total area bounded by the graph and the t-axis.

A person walks east for 8 seconds at 2 m/s and then west for 4 seconds at 1.5 m/s. Sketch

the velocity–time graph for this journey and find the displacement from the start of the

walk and the total distance travelled.

Example 12

Solution

The velocity–time graph is as shown.

Distance travelled to the east

= 8 × 2 = 16 m

Distance travelled to the west

= 4 × 1.5 = 6 m

Displacement (signed area)

= 8 × 2 + 4 × (−1.5) = 10 m

Distance travelled (total area)

= 8 × 2 + 4 × 1.5 = 22 m

t

v

0 2

2

1

4 6 8 10 12

−1.5

Consider a particle moving in a straight line

with its motion described by the velocity–time

graph shown opposite.

The shaded area represents the total distance

travelled by the particle from t = 0 to t = b.

The signed area represents the displacement

(change in position) of the particle for this

time interval.

t

v

b

aO

Using integral notation to describe the areas yields the following:

� Distance travelled over the time interval [0, a] =
∫ a

0
v(t) dt

� Distance travelled over the time interval [a, b] = −
∫ b

a
v(t) dt

� Total distance travelled over the time interval [0, b] =
∫ a

0
v(t) dt −

∫ b

a
v(t) dt

� Displacement over the time interval [0, b] =
∫ b

0
v(t) dt
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13C Velocity–time graphs 417

The graph shows the motion of a particle.

a Describe the motion.

b Find the distance travelled.

Velocity is measured in m/s and time

in seconds.
t

v

(0, 10)

(10, 0) (17, 0)

(16, −2)(12, −2)

O

Example 13

Solution

a The particle decelerates uniformly from an initial velocity of 10 m/s. After 10 seconds,

it is instantaneously at rest before it accelerates uniformly in the opposite direction for

2 seconds, until its velocity reaches −2 m/s. It continues to travel in this direction with

a constant velocity of −2 m/s for a further 4 seconds. Finally, it decelerates uniformly

until it comes to rest after 17 seconds.

b Distance travelled =

(

1

2
× 10 × 10

)

+

(

1

2
× 2 × 2

)

+
(

4 × 2
)

+

(

1

2
× 1 × 2

)

= 61 m

A car travels from rest for 10 seconds, with uniform acceleration, until it reaches a speed

of 90 km/h. It then travels with this constant speed for 15 seconds and finally decelerates at

a uniform 5 m/s2 until it stops. Calculate the distance travelled from start to finish.

Example 14

Solution

First convert the given speed to standard units:

90 km/h = 90 000 m/h =
90 000

3600
m/s = 25 m/s

Now sketch a velocity–time graph showing the given

information.

The gradient of BC is −5 (deceleration):

gradient =
25

25 − c
= −5

−5(25 − c) = 25

−125 + 5c = 25

c = 30∴

t

v

A(10, 25)
B(25, 25)

C(c, 0)

O

Now calculate the distance travelled using the area of trapezium OABC:

area =
1

2
(15 + 30) × 25 = 562.5

The total distance travelled is 562.5 metres.
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418 Chapter 13: Kinematics

A motorist is travelling at a constant speed of 120 km/h when he passes a stationary police

car. He continues at that speed for another 15 seconds before uniformly decelerating

to 100 km/h in 5 seconds. The police car takes off after the motorist the instant that he

passes. It accelerates uniformly for 25 seconds, by which time it has reached 130 km/h. It

continues at that speed until it catches up to the motorist. After how long does the police

car catch up to the motorist and how far has he travelled in that time?

Example 15

Solution

We start by representing the information on a

velocity–time graph.

The distances travelled by the motorist and the

police car will be the same, so the areas under

the two velocity–time graphs will be equal.

This fact can be used to find T , the time taken

for the police car to catch up to the motorist.

130

100

2015 25

120

t (s)

v (km/h)

police car

motorist

TO

Note: The factor
5

18
changes velocities from km/h to m/s.

The distances travelled (in metres) after T seconds are given by

Distance for motorist =
5

18

(

120 × 15 +
1

2
(120 + 100) × 5 + 100(T − 20)

)

=
5

18

(

1800 + 550 + 100T − 2000
)

=
5

18

(

100T + 350
)

Distance for police car =
5

18

(

1

2
× 25 × 130 + 130(T − 25)

)

=
5

18

(

130T − 1625
)

When the police car catches up to the motorist:

100T + 350 = 130T − 1625

30T = 1975

T =
395

6

The police car catches up to the motorist after 65.83 s.

Distance for motorist =
5

18

(

100T + 350
)

where T =
395

6
∴

=
52 000

27
m

= 1.926 km

The motorist has travelled 1.926 km when the police car catches up.
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13C Velocity–time graphs 419

An object travels in a line. Its acceleration decreases uniformly from 0 m/s2 to −5 m/s2 in

15 seconds. If the initial velocity was 24 m/s, find:

a the velocity at the end of the 15 seconds

b the distance travelled in the 15 seconds.

Example 16

Solution

a The acceleration–time graph shows the uniform change in acceleration from 0 m/s2 to

−5 m/s2 in 15 seconds.

From the graph, we can write a = mt + c.

But m =
−5

15
= −1

3
and c = 0, giving

a = −
1

3
t

v = −1

6
t2 + d∴

At t = 0, v = 24, so d = 24.

v = −1

6
t2 + 24∴

Now, at t = 15,

v = −1

6
× 152 + 24

= −13.5

The velocity at 15 seconds is −13.5 m/s.

t

a

O

(15, −5)

b To sketch the velocity–time graph, first find the t-axis

intercepts:

−
1

6
t2 + 24 = 0

t2 = 144∴

t = 12 (since t ≥ 0)∴

t

v

O

(0, 24)

12

The distance travelled is given by the area of the

shaded region.

Area =
∫ 12

0

(

−
1

6
t2 + 24

)

dt +

∣

∣

∣

∣

∫ 15

12

(

−
1

6
t2 + 24

)

dt

∣

∣

∣

∣

= 192 + |−19.5|
= 211.5

The distance travelled in 15 seconds is 211.5 metres.

t

v

O

t = 15

12
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420 Chapter 13: Kinematics 13C

Exercise 13C

1Example 13 Each of the following graphs shows the motion of a particle. For each graph:

describe the motioni find the distance travelled.ii

Velocity is measured in m/s and time in seconds.

t

v

10

6

O

a

t

v

O

(5, 8)

b

t

v

O 10

6

4

c

t

v

O 15

5

7

d

t

v

O

4

6 8

12

e

t

v

O

5

7

2.51

f

t

v

O

10

1 3

8

g

t

v

O 1063

−4

13

h
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13C 13C Velocity–time graphs 421

2 For each of the following velocity–time graphs, the object starts from the origin and

moves in a line. In each case, find the relationship between time and:

velocityi accelerationii position.iii

t

v

(0, 5)

(10, 0)

O

a

t

v

(0, 10)

(5, 0)
O

b

This is a curve of the form v = at2 + b

t

v

(5, 0)

(0, −10)

O

c

t

v

(0, 30)

(5, 0)(1, 0)
O

d

This is a curve of the form

v = at2 + bt + c

t

v

(5, 20)

(0, 10)

(15, 0)

(20, 10)

O

e

t

v

(0, 10)

(loge 2, 40)

O

f

This is a curve of the form

v = a sin(bt) + c

This is a curve of the form v = aebt

3Example 14 A car travels from rest for 15 seconds, with uniform acceleration, until it reaches a

speed of 100 km/h. It then travels at this constant speed for 120 seconds and finally

decelerates at a uniform 8 m/s2 until it stops. Calculate the total distance travelled.

4 A particle moves in a straight line with a constant velocity of 20 m/s for 10 seconds.

It is then subjected to a constant acceleration of 5 m/s2 in the opposite direction for

T seconds, at which time the particle is back to its original position.

a Sketch the velocity–time graph representing the motion.

b Find how long it takes the particle to return to its original position.
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422 Chapter 13: Kinematics 13C

5 An object travels in a line starting from rest. It accelerates uniformly for 3 seconds

until it reaches a speed of 14 m/s. It then travels at this speed for 10 seconds. Finally, it

decelerates uniformly to rest in 4 seconds. Sketch a velocity–time graph and find the

total distance travelled.

6 Two tram stops, A and B, are 500 metres apart. A tram starts from A and travels with

acceleration a m/s2 to a certain point. It then decelerates at 4a m/s2 until it stops at B.

The total time taken is 2 minutes. Sketch a velocity–time graph. Find the value of a and

the maximum speed reached by the tram.

7 The maximum rate at which a bus can accelerate or decelerate is 2 m/s2. It has a

maximum speed of 60 km/h. Find the shortest time the bus can take to travel between

two bus stops 1 km apart on a straight stretch of road.

8 A car being tested on a straight level road starts from rest and accelerates uniformly to

90 km/h. It travels at this speed for a time, then comes to rest with a uniform retardation

of 1.25 m/s2. The total distance travelled is 525 metres and the total time is 36 seconds.

Find the time taken in the acceleration phase and how far the car travels at 90 km/h.

9Example 15 Cars A and B are stationary on a straight road, side by side. Car A moves off with

acceleration 1 m/s2, which it maintains for 20 seconds, after which it moves at constant

speed. Car B starts 20 seconds after car A; it sets off with acceleration 2 m/s2, until it

draws level with A. Find the time taken and the distance travelled by B to catch A.

10Example 16 An object is travelling in a line with an initial velocity of 6 m/s. The deceleration

changes uniformly from 1 m/s2 to 3 m/s2 over 1 second. If this deceleration continues

until the object comes to rest, find:

the time takena the distance travelled.b

11 A stationary police motorcycle is passed by a car travelling at 72 km/h. The motorcycle

starts in pursuit 3 seconds later. Moving with constant acceleration for a distance of

300 metres, it reaches a speed of 108 km/h, which it maintains. Find the time, from

when the motorcycle starts pursuit, that it takes the motorcyclist to catch the car.

12 Two cars A and B, each moving with constant acceleration, are travelling in the same

direction along the parallel lanes of a divided road. When A passes B, the speeds

are 64 km/h and 48 km/h respectively. Three minutes later, B passes A, travelling

at 96 km/h. Find:

a the distance travelled by A and B at this instant (since they first passed) and the

speed of A

b the instant at which both are moving with the same speed, and the distance between

them at this time.

13 A particle, starting from rest, falls vertically with acceleration, ÿ m/s2, at time t seconds

given by ÿ = ke−t, where k < 0.

a Find the velocity–time relationship and sketch the velocity–time graph.

b Briefly describe the motion.
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13D Differential equations of the form v = f(x) and a = f(v) 423

13D Differential equations of the form v = f(x) and a = f(v)

When we are given information about the motion of an object in one of the forms

v = f (x) or a = f (v)

we can apply techniques for solving differential equations to obtain other information about

the motion.

The velocity of a particle moving along a straight line is inversely proportional to its

position. The particle is initially 1 m from point O and is 2 m from point O after 1 second.

a Find an expression for the particle’s position, x m, at time t seconds.

b Find an expression for the particle’s velocity, v m/s, at time t seconds.

Example 17

Solution

a The information can be written as

v =
k

x
for k > 0, x(0) = 1 and x(1) = 2

This gives

dx

dt
=

k

x

dt

dx
=

x

k
∴

t =
∫ x

k
dx∴

=
x2

2k
+ c

Since x(0) = 1: 0 =
1

2k
+ c (1)

Since x(1) = 2: 1 =
4

2k
+ c (2)

Subtracting (1) from (2) yields 1 =
3

2k
and therefore k =

3

2
.

Substituting in (1) yields c = − 1

2k
= −1

3
.

t =
x2

3
−

1

3
Now

x2 = 3t + 1

x = ±
√

3t + 1∴

But when t = 0, x = 1 and therefore

x =
√

3t + 1
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424 Chapter 13: Kinematics

b x =
√

3t + 1 implies

v =
dx

dt
= 3 ×

1

2
×

1
√

3t + 1

=
3

2
√

3t + 1

A body moving in a straight line has an initial velocity of 25 m/s and its acceleration,

a m/s2, is given by a = −k(50 − v), where k is a positive constant and v m/s is its velocity.

Find v in terms of t and sketch the velocity–time graph for the motion.

(The motion stops when the body is instantaneously at rest for the first time.)

Example 18

Solution

a = −k(50 − v)

dv

dt
= −k(50 − v)

dt

dv
=

1

−k(50 − v)

t = −1

k

∫ 1

50 − v
dv

= −1

k

(

− ln |50 − v|
)

+ c

t =
1

k
ln(50 − v) + c (Note that v ≤ 25 since a < 0.)∴

When t = 0, v = 25, and so c = −1

k
ln 25.

t =
1

k
ln

(

50 − v

25

)

Thus

ekt =
50 − v

25

v = 50 − 25ekt
∴

t

v

O

25

_ ln 2
1

k

The acceleration, a, of an object moving along a line is given by a = −(v + 1)2, where v is

the velocity of the object at time t. Also v(0) = 10 and x(0) = 0, where x is the position of

the object at time t. Find:

a an expression for the velocity of the object in terms of t

b an expression for the position of the object in terms of t.

Example 19
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Solution

a a = −(v + 1)2 gives

dv

dt
= −(v + 1)2

dt

dv
=

−1

(v + 1)2

t = −
∫ 1

(v + 1)2
dv

t =
1

v + 1
+ c∴

Since v(0) = 10, we obtain c = −
1

11
and so

t =
1

v + 1
− 1

11

This can be rearranged as

v =
11

11t + 1
− 1

b
dx

dt
= v =

11

11t + 1
− 1

∴ x =
∫ 11

11t + 1
− 1 dt

= ln |11t + 1| − t + c

Since x(0) = 0, c = 0 and therefore x = ln |11t + 1| − t.

Exercise 13D

1Example 17 A particle moves in a line such that the velocity, ẋ m/s, is given by ẋ =
1

2x − 4
, x > 2.

If x = 3 when t = 0, find:

a the position at 24 seconds

b the distance travelled in the first 24 seconds.

2 A particle moves in a straight line such that its velocity, v m/s, and position, x m, are

related by v = 1 + e−2x.

a Find x in terms of time t seconds (t ≥ 0), given that x = 0 when t = 0.

b Hence find the acceleration when t = ln 5.

3Example 18 An object moves in a straight line such that its acceleration, a m/s2, and velocity, v m/s,

are related by a = 3 + v. If the object is initially at rest at the origin, find:

v in term of ta a in terms of tb x in terms of t.c
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426 Chapter 13: Kinematics 13D

4 An object falls from rest with acceleration, a m/s2, given by a = g − kv, k > 0. Find:

a an expression for the velocity, v m/s, at time t seconds

b the terminal velocity, i.e. the limiting velocity as t → ∞.

5Example 19 A body is projected along a horizontal surface. Its deceleration is 0.3(v2 + 1), where

v m/s is the velocity of the body at time t seconds. If the initial velocity is
√

3 m/s, find:

a an expression for v in terms of t

b an expression for x m, the displacement of the body from its original position, in

terms of t.

6 The velocity, v m/s, and acceleration, a m/s2, of an object t seconds after it is dropped

from rest are related by a =
450 − v

50
for v < 450. Express v in terms of t.

7 The brakes are applied in a car travelling in a straight line. The acceleration, a m/s2, of

the car is given by a = −0.4
√

225 − v2. If the initial velocity of the car was 12 m/s, find

an expression for v, the velocity of the car, in terms of t, the time after the brakes were

first applied.

8 An object moves in a straight line such that its velocity is directly proportional to x m,

its position relative to a fixed point O on the line. The object starts 5 m to the right of O

with a velocity of 2 m/s.

a Express x in terms of t, where t is the time after the motion starts.

b Find the position of the object after 10 seconds.

9 The velocity, v m/s, and the acceleration, a m/s2, of an object t seconds after it is

dropped from rest are related by the equation a =
1

50
(500 − v), 0 ≤ v < 500.

a Express t in terms of v.

b Express v in terms of t.

10 A particle is travelling in a horizontal straight line. The initial velocity of the particle

is u and the acceleration is given by −k(2u − v), where v is the velocity of the particle

at any instant and k is a positive constant. Find the time taken for the particle to come

to rest.

11 A boat is moving at 8 m/s. When the boat’s engine stops, its acceleration is given by
dv

dt
= −

1

5
v. Express v in terms of t and find the velocity when t = 4.

12 A particle, initially at a point O, slows down under the influence of an acceleration,

a m/s2, such that a = −kv2, where v m/s is the velocity of the particle at any instant.

Its initial velocity is 30 m/s and its initial acceleration is −20 m/s2. Find:

a its velocity at time t seconds

b its position relative to the point O when t = 10.
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13E Other expressions for acceleration 427

13E Other expressions for acceleration

In the earlier sections of this chapter, we have written acceleration as
dv

dt
and

d2x

dt2
. In this

section, we use two further expressions for acceleration.

Expressions for acceleration

a = v
dv

dx
and a =

d

dx

(

1

2
v2

)

Proof Using the chain rule:

a =
dv

dt
=

dv

dx

dx

dt
=

dv

dx
v

Using the chain rule again:

d

dx

(

1

2
v2

)

=
d

dv

(

1

2
v2

)

dv

dx
= v

dv

dx
= a

The different expressions for acceleration are useful in different situations:

Given Initial conditions Useful form

a = f (t) in terms of t and v a =
dv

dt

a = f (v) in terms of t and v a =
dv

dt

a = f (v) in terms of x and v a = v
dv

dx

a = f (x) in terms of x and v a =
d

dx

(

1

2
v2

)

Note: In the last case, it is also possible to use a = v
dv

dx
and separation of variables.

An object travels in a line such that the velocity, v m/s, is given by v2 = 4 − x2. Find the

acceleration at x = 1.

Example 20

Solution

Given v2 = 4 − x2, we can use implicit differentiation to obtain:

d

dx

(

v2) =
d

dx

(

4 − x2)

2v
dv

dx
= −2x

a = −x∴

So, at x = 1, a = −1. The acceleration at x = 1 is −1 m/s2.
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An object moves in a line so that the acceleration, ẍ m/s2, is given by ẍ = 1+ v. Its velocity

at the origin is 1 m/s. Find the position of the object when its velocity is 2 m/s.

Example 21

Solution

Since we are given a as a function of v and initial conditions involving x and v, it is

appropriate to use the form a = v
dv

dx
.

ẍ = 1 + vNow

v
dv

dx
= 1 + v

dv

dx
=

1 + v

v

dx

dv
=

v

1 + v

x =
∫ v

1 + v
dv∴

=
∫

1 −
1

1 + v
dv

x = v − ln |1 + v| + c∴

Since v = 1 when x = 0, we have

0 = 1 − ln 2 + c

c = ln 2 − 1∴

x = v − ln |1 + v| + ln 2 − 1Hence,

= v + ln

(

2

1 + v

)

− 1 (as v > 0)

Now, when v = 2,

x = 2 + ln

(

2

3

)

− 1

= 1 + ln

(

2

3

)

≈ 0.59

So, when the velocity is 2 m/s, the position is 0.59 m.

A particle is moving in a straight line. Its acceleration, a m/s2, is described by a = −
√

x,

where x m is its position with respect to an origin O. Find a relation between v and x that

describes the motion, given that v = 2 m/s when the particle is at the origin.

Example 22
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Solution

a = −
√

xGiven

d

dx

(

1

2
v2

)

= −x
1
2

1

2
v2 = −2

3
x

3
2 + c

When x = 0, v = 2, and therefore c = 2.

1

2
v2 = 2 −

2

3
x

3
2Thus

v2 =
4

3

(

3 − x
3
2

)

∴

Note: This problem can also be solved using a = v
dv

dx
and separation of variables.

An object falls from a hovering helicopter over the ocean 1000 m above sea level. Find the

velocity of the object when it hits the water:

a neglecting air resistance b assuming air resistance is 0.2v2.

Example 23

Solution

a An appropriate starting point is ÿ = −9.8.

Since the initial conditions involve y and v, use ÿ =
d

dy

(

1

2
v2

)

.

d

dy

(

1

2
v2

)

= −9.8Now

1

2
v2 = −9.8y + c

Using v = 0 at y = 1000 gives

0 = −9.8 × 1000 + c

c = 9800∴

1

2
v2 = −9.8y + 9800Hence,

v2 = −19.6y + 19 600∴

The object is falling, so v < 0.

v = −
√

19 600 − 19.6y

At sea level, y = 0 and therefore

v = −
√

19 600 = −140

The object has a velocity of −140 m/s at sea level (504 km/h).
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430 Chapter 13: Kinematics

b In this case, we have

ÿ = −9.8 + 0.2v2

=
v2 − 49

5

Because of the initial conditions given, use ÿ = v
dv

dy
:

v
dv

dy
=

v2 − 49

5

dv

dy
=

v2 − 49

5v

y =
∫ 5v

v2 − 49
dv

=
5

2

∫ 2v

v2 − 49
dv

y =
5

2
ln |v2 − 49| + c∴

Now, when v = 0, y = 1000, and so c = 1000 −
5

2
ln 49.

y =
5

2
ln |49 − v2| + 1000 −

5

2
ln 49∴

=
5

2

(

ln |49 − v2| − ln 49
)

+ 1000

=
5

2
ln

∣

∣

∣

∣

∣

49 − v2

49

∣

∣

∣

∣

∣

+ 1000

Assume that −7 < v < 7. Then

y − 1000 =
5

2
ln

(

1 − v2

49

)

2

5
(y − 1000) = ln

(

1 −
v2

49

)

e
2
5

(y−1000)
= 1 −

v2

49

v2 = 49
(

1 − e
2
5

(y−1000)
)

∴

But the object is falling and thus v < 0. Therefore

v = −7

√

1 − e
2
5

(y−1000)

At sea level, y = 0 and therefore

v = −7
√

1 − e−400

The object has a velocity of approximately −7 m/s at sea level (25.2 km/h).

Note: If v < −7, then v2 = 49
(

1 + e
2
5

(y−1000)
)

and the initial conditions are not satisfied.
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Exercise 13E

1Example 20 An object travels in a line such that the velocity, v m/s, is given by v2 = 9 − x2. Find the

acceleration at x = 2.

2Example 21

Example 22

For each of the following, a particle moves in a horizontal line such that, at time

t seconds, the position is x m, the velocity is v m/s and the acceleration is a m/s2.

a If a = −x and v = 0 at x = 4, find v at x = 0.

b If a = 2 − v and v = 0 when t = 0, find t when v = −2.

c If a = 2 − v and v = 0 when x = 0, find x when v = −2.

3 The motion of a particle is in a horizontal line such that, at time t seconds, the position

is x m, the velocity is v m/s and the acceleration is a m/s2.

a If a = −v3 and v = 1 when x = 0, find v in terms of x.

b If v = x + 1 and x = 0 when t = 0, find:

i x in terms of t ii a in terms of t iii a in terms of v.

4 An object is projected vertically upwards from the ground with an initial velocity

of 100 m/s. Assuming that the acceleration, a m/s2, is given by a = −g − 0.2v2, find x in

terms of v. Hence, find the maximum height reached.

5 The velocity, v m/s, of a particle moving along a line is given by v = 2
√

1 − x2. Find:

a the position, x m, in terms of time t seconds, given that when t = 0, x = 1

b the acceleration, a m/s2, in terms of x.

6 Each of the following gives the acceleration, a m/s2, of an object travelling in a line.

Given that v = 0 and x = 0 when t = 0, solve for v in each case.

a =
1

1 + t
a a =

1

1 + x
, x > −1b a =

1

1 + v
c

7 A particle moves in a straight line from a position of rest at a fixed origin O. Its velocity

is v when its displacement from O is x. If its acceleration is (2 + x)−2, find v in terms

of x.

8 A particle moves in a straight line and, at time t, its position relative to a fixed origin is x

and its velocity is v.

a If its acceleration is 1 + 2x and v = 2 when x = 0, find v when x = 2.

b If its acceleration is 2 − v and v = 0 when x = 0, find the position at which v = 1.

9Example 23 A particle is projected vertically upwards. The speed of projection is 50 m/s. The

acceleration of the particle, a m/s2, is given by a = −
1

5
(v2 + 50), where v m/s is the

velocity of the particle when it is x m above the point of projection. Find:

a the height reached by the particle

b the time taken to reach this highest point.
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13F Simple harmonic motion

Simple harmonic motion occurs when a particle is moving along a straight line such that its

acceleration is always directed towards a fixed point O on the line and directly proportional to

its distance from O. The particle will oscillate about O between two points P and Q.

P O Q

x = Ax = −A

Situations that can be modelled using simple harmonic motion include the oscillation of a

spring, the motion of a simple pendulum and molecular vibration.

Equations of simple harmonic motion

For a particle in simple harmonic motion about the origin O, let x be its position with

respect to O at time t. The particle’s motion is described by the following equations,

where A, n and ε are constants with A > 0 and n > 0:

Acceleration ẍ = −n2x

Velocity v2 = n2(A2 − x2)

Position x = A sin(nt + ε)

We can easily verify that the position function x = A sin(nt + ε) is a solution of the differential

equation ẍ = −n2x, since we obtain

ẋ = nA cos(nt + ε)

ẍ = −n2A sin(nt + ε) = −n2x∴

Properties of simple harmonic motion

Consider a particle in simple harmonic motion, with its position x at time t given by

x = A sin(nt + ε), where A > 0 and n > 0.

Amplitude A
the particle’s maximum distance from

the centre of motion

Period T =
2π

n
the time taken for one complete cycle

Frequency f =
1

T
=

n

2π
the number of cycles per unit of time

� The phase constant ε depends on the initial position of the particle. If x = 0 when t = 0,

then we can take ε = 0.

� Since ẋ = nA cos(nt + ε), the maximum speed of the particle is nA.

� Since ẍ = −n2A sin(nt + ε), the maximum magnitude of the acceleration is n2A.
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13F Simple harmonic motion 433

P O Q

At point P At point O At point Q

Position x = −A x = 0 x = A

Velocity ẋ = 0 ẋ = ±nA ẋ = 0

Acceleration ẍ = n2A ẍ = 0 ẍ = −n2A

Note: From the velocity equation v2 = n2(A2 − x2), we can see that the speed of the particle

is determined by its position. But its velocity is not determined by its position (except

at the endpoints), as the particle may be travelling in either direction.

A particle is moving in a straight line with simple harmonic motion. Relative to an

origin O, its position, x cm, at time t seconds is given by

x = 4 sin

(

2πt

3

)

Find:

the particle’s velocity at time ta

the particle’s acceleration at time tb

the period of the motionc

the particle’s maximum speed.d

Example 24

Solution

v =
dx

dt
=

8π

3
cos

(

2πt

3

)

a a =
dv

dt
= −16π2

9
sin

(

2πt

3

)

b

T =
2π

n
= 2π × 3

2π
= 3

The period is 3 seconds.

c The maximum value of |v| is 8π

3
.

So the maximum speed is
8π

3
cm/s.

d

A particle moves in a straight line with acceleration given by ẍ = −9x, where x is the

position of the particle at time t. The particle’s initial position and velocity are x(0) = 0

and ẋ(0) = 4. Find:

a the period and amplitude of the motion

b the particle’s position, velocity and acceleration at time t.

Example 25
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434 Chapter 13: Kinematics

Solution

In this case, we have n2 = 9.

So n = 3 and the period is

T =
2π

n
=

2π

3

To find the amplitude, we use

v2 = n2(A2 − x2)

Since v(0) = 4 and x(0) = 0:

16 = 9(A2 − 0)

16

9
= A2

The amplitude is A =
4

3
.

a We know that

x = A sin(nt + ε)

=
4

3
sin(3t + ε)

Since x(0) = 0, we can take ε = 0. So

x =
4

3
sin(3t)

∴ ẋ = 4 cos(3t)

∴ ẍ = −12 sin(3t)

b

Simple harmonic motion about a point other than the origin

If the centre of motion is at x = c, then the equations of simple harmonic motion are:

ẍ = −n2(x − c)

v2 = n2(A2 − (x − c)2)

x = c + A sin(nt + ε)

If v2 = −(x2 − 6bx + 5b2), prove that the motion is simple harmonic and find the period,

amplitude and maximum speed.

Example 26

Solution

1

2
v2 = −

1

2
(x2 − 6bx + 5b2)

d

dx

(

1

2
v2

)

=
d

dx

(

−
1

2
(x2 − 6bx + 5b2)

)

ẍ = −1

2
(2x − 6b)

ẍ = −(x − 3b)∴

The motion is simple harmonic with n2 = 1 and c = 3b. The period is 2π.

When v = 0:

x2 − 6bx + 5b2 = 0

(x − 5b)(x − b) = 0

x = 5b or x = b∴

The motion takes place between x = b and x = 5b. The centre of motion is at x = 3b.

Therefore the amplitude is A = 2b and the maximum speed is nA = 2b.
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Exercise 13F

1Example 24 A particle is moving in a straight line such that its position, x metres, at time t seconds

is given by x = 0.5 sin(2πt). Find:

the amplitude of the motiona the period of oscillationb

the maximum speedc the maximum acceleration.d

2Example 25 A particle moves in a straight line with acceleration given by ẍ = −25x, where x is the

position of the particle at time t. The particle’s initial position and velocity are x(0) = 4

and ẋ(0) = 0. Find:

a the period and amplitude of the motion

b the particle’s position, velocity and acceleration at time t.

3 A body is oscillating in simple harmonic motion with a frequency of 15 cycles per

second. The maximum acceleration of the body is 20 m/s2. Find:

a the maximum speed

b the amplitude of the motion

c the average speed for one oscillation.

4 A body is oscillating in simple harmonic motion with an amplitude of 1.7 m. After

travelling 0.1 m from a position of rest, the body has a speed of 2 m/s. How much

further does the body travel before its speed first reaches 4 m/s? What is the greatest

speed that it achieves?

5 A particle moves in a straight line with acceleration given by ẍ = −n2x, where x is its

position relative to the origin O. The particle is initially moving towards O. When it

is 4 m from O, its speed is 20 m/s and the magnitude of its acceleration is
20

3
m/s2.

At what distance from O did it start from rest?

6 An object moves in simple harmonic motion with amplitude 2 m and period π seconds.

Give an expression to describe the position of the object, x m, relative to the origin at

time t seconds from the beginning of motion.

7 A particle is moving with simple harmonic motion such that its position, x metres, at

time t seconds is given by x = 0.2 cos(4πt). Calculate:

the amplitude of the motiona

the period of the motion.b
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8 A particle moving in simple harmonic motion completes 120 oscillations per minute. Its

greatest speed is 5 cm/s. Find the maximum magnitude of the acceleration.

9 A particle is moving in simple harmonic motion with a period of
π

12
s and an amplitude

of 5 cm. Find the speed of the particle when it is 3 cm from the centre of its motion.

10 A particle is moving along a straight line. Relative to an origin O, its position, x cm, at

time t seconds is given by x = 2 sin

(

πt

6

)

. Find:

a the amplitude of the motion

b the period of the motion

c the maximum speed of the particle

d the maximum magnitude of the acceleration.

11 A ride on a ferris wheel lasts for 5 minutes. The height, h m, of a particular passenger’s

foot above the centre is given by h = 15 sin(10t)◦ at time t seconds from the beginning

of the ride. On how many occasions is the passenger’s foot 10 metres above the centre

during the first minute of the ride? Find the corresponding values of t.

12 A particle moving in a straight line has acceleration given by ẍ = −9x, where x m is the

position of the particle at time t seconds. If x = 5 and v = 0 when t = 0, find:

the period of the motiona

the maximum speedb

the velocity at time tc

the position at time t.d

13 A body moving in simple harmonic motion has position, x cm, at time t seconds given

by x = 10 cos

(

πt

12

)

. Find:

the velocity at time ta

the acceleration at time tb

the period of the motionc

the maximum speedd

the maximum magnitude of the acceleration.e

14 A particle in simple harmonic motion has position, x cm, at time t seconds given by

x = 8 sin

(

πt

5

)

for 0 ≤ t ≤ 7

Find the values of t when:

a i x = 8 ii x = 0 iii x = −8 iv x = 4

b |ẋ| is a maximum

c i ẋ =
4π

5
ii ẋ = −4π

5
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15 Given that ẍ = −9x, find x as a function of t for each of the following cases:

a x = 5 and ẋ = 0 when t = 0

b x = 0 and ẋ = 10 when t = 0

c x = 5 and ẋ = 5 when t = 0.

16Example 26 For a particle moving in a straight line, the velocity v satisfies v2 = 36 − 6x − 2x2, where

x is the position of the particle relative to a fixed point O.

a Show that the motion is simple harmonic motion.

b i Find the period.

ii Find the amplitude.

iii Find the maximum speed.

17 A particle is moving in a straight line. At time t seconds, its position, x cm, relative to a

fixed point O is given by

x = 5 cos

(

π

4
t +
π

3

)

a Find the velocity and acceleration in terms of t.

b Find the velocity and acceleration in terms of x.

c Find:

the period of the motioni the amplitude of the motionii

the speed when x = −5

2
iii the acceleration when t = 0.iv

18 The position at time t of a particle moving in a straight line is given by x = 5 − 4 cos2 t.

a Show that the motion is simple harmonic motion.

b i Find the centre of motion.

ii Find the amplitude.

iii Find the period.

19 A particle is moving in simple harmonic motion with ẍ = −9x + 9.

a Find x at time t, given that x = 0 and ẋ = 3 when t = 0.

b Find the period and amplitude of the motion.

20 For a particle moving in a straight line, the velocity v satisfies v2 = 96 + 64x − 32x2,

where x is the position of the particle relative to a fixed point O.

a Show that the motion is simple harmonic motion.

b i Find the centre of motion.

ii Find the amplitude.

iii Find the period.
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Chapter summary

� The position of a particle moving in a straight line is determined by its distance from

a fixed point O on the line, called the origin, and whether it is to the right or left of O.

By convention, the direction to the right of the origin is considered to be positive.

� Displacement is the change in position (i.e. final position minus initial position).

� Average velocity =
change in position

change in time

� For a particle moving in a straight line with position x at time t:

• velocity (v) is the rate of change of position with respect to time

• acceleration (a) is the rate of change of velocity with respect to time

v =
dx

dt
, a =

dv

dt
=

d2x

dt2

• velocity at time t is also denoted by ẋ(t)

• acceleration at time t is also denoted by ẍ(t).

� Scalar quantities

• Distance travelled means the total distance travelled.

• Speed is the magnitude of the velocity.

• Average speed =
distance travelled

change in time

� Constant acceleration

If acceleration is constant, then the following formulas can be used (for acceleration a,

initial velocity u, final velocity v, displacement s and time taken t):

v = u + at1 s = ut +
1

2
at22 v2 = u2 + 2as3 s =

1

2
(u + v)t4

� Velocity–time graphs

• Acceleration is given by the gradient.

• Displacement is given by the signed area bounded by the graph and the t-axis.

• Distance travelled is given by the total area bounded by the graph and the t-axis.

� Acceleration
d2x

dt2
=

dv

dt
= v

dv

dx
=

d

dx

(

1

2
v2

)

� Simple harmonic motion

Simple harmonic motion is a special type of motion in a straight line where the particle is

oscillating about a centre point.

Centred at the origin:

ẍ = −n2x

v2 = n2(A2 − x2)

x = A sin(nt + ε)

• Centred at x = c:

ẍ = −n2(x − c)

v2 = n2(A2 − (x − c)2)

x = c + A sin(nt + ε)

•

Amplitude A• Period T =
2π

n
• Frequency f =

1

T
=

n

2π
•
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Short-answer questions

1 A particle is moving in a straight line with position, x metres, at time t seconds (t ≥ 0)

given by x = t2 − 7t + 10. Find:

a when its velocity equals zero

b its acceleration at this time

c the distance travelled in the first 5 seconds

d when and where its velocity is −2 m/s.

2 An object moves in a straight line so that its acceleration, a m/s2, at time t seconds

(t ≥ 0) is given by a = 2t − 3. Initially, the position of the object is 2 m to the right of a

point O and its velocity is 3 m/s. Find the position and velocity after 10 seconds.

3 Two tram stops are 800 m apart. A tram starts at rest from the first stop and accelerates

at a constant rate of a m/s2 for a certain time and then decelerates at a constant rate

of 2a m/s2, before coming to rest at the second stop. The time taken to travel between

the stops is 1 minute 40 seconds. Find:

a the maximum speed reached by the tram in km/h

b the time at which the brakes are applied

c the value of a.

4 The velocity–time graph shows the journey of a bullet fired into the wall of a practice

range made up of three successive layers of soil, wood and brick.

t (s)

v

O

Soil Wood Brick

0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01

150

125

100

75

50

(m/s)

Calculate:

a the deceleration of the bullet as it passes through the soil

b the thickness of the layer of soil

c the deceleration of the bullet as it passes through the wood

d the thickness of the layer of wood

e the deceleration of the bullet passing through the brick

f the depth penetrated by the bullet into the layer of brick.
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5 A helicopter climbs vertically from the top of a 110-metre tall building, so that its

height in metres above the ground after t seconds is given by h = 110 + 55t − 5.5t2.

Calculate:

a the average velocity of the helicopter from t = 0 to t = 2

b its instantaneous velocity at time t

c its instantaneous velocity at time t = 1

d the time at which the helicopter’s velocity is zero

e the maximum height reached above the ground.

6 A golf ball is putted across a level putting green with an initial velocity of 8 m/s. Owing

to friction, the velocity decreases at the rate of 2 m/s2. How far will the golf ball roll?

7 A particle moves in a straight line such that after t seconds its position, x metres,

relative to a point O on the line is given by x =
√

9 − t2, 0 ≤ t < 3.

a When is the position
√

5?

b Find expressions for the velocity and acceleration of the particle at time t.

c Find the particle’s maximum distance from O.

d When is the velocity zero?

8 A particle moving in a straight line passes through a fixed point O with velocity 8 m/s.

Its acceleration, a m/s2, at time t seconds after passing O is given by a = 12 − 6t. Find:

a the velocity of the particle when t = 2

b the displacement of the particle from O when t = 2.

9 A particle travels at 12 m/s for 5 seconds. It then accelerates uniformly for the next

8 seconds to a velocity of x m/s, and then decelerates uniformly to rest during the

next 3 seconds. Sketch a velocity–time graph. Given that the total distance travelled

is 218 m, calculate:

the value of xa the average velocity.b

10 A ball is thrown vertically upwards from ground level with an initial velocity of 35 m/s.

Let g m/s2 be the acceleration due to gravity. Find:

a the velocity, in terms of g, and the direction of motion of the ball after:

i 3 seconds ii 5 seconds

b the total distance travelled by the ball, in terms of g, when it reaches the

ground again

c the velocity with which the ball strikes the ground.

11 A car is uniformly accelerated from rest at a set of traffic lights until it reaches a speed

of 10 m/s in 5 seconds. It then continues to move at the same constant speed of 10 m/s

for 6 seconds before the car’s brakes uniformly retard it at 5 m/s2 until it comes to rest

at a second set of traffic lights. Draw a velocity–time graph of the car’s journey and

calculate the distance between the two sets of traffic lights.
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12 A missile is fired vertically upwards from a point on the ground, level with the base of a

tower 64 m high. The missile is level with the top of the tower 0.8 seconds after being

fired. Let g m/s2 be the acceleration due to gravity. Find in terms of g:

a the initial velocity of the missile

b the time taken to reach its greatest height

c the greatest height

d the length of time for which the missile is higher than the top of the tower.

13 For a particle moving in a straight line, the velocity v satisfies v2 = 128 − 32x − 16x2,

where x is the position of the particle relative to a fixed point O.

a Show that the motion is simple harmonic motion.

b i Find the period.

ii Find the amplitude.

iii Find the maximum speed.

Extended-response questions

1 A stone initially at rest is released and falls vertically. Its velocity, v m/s, at time

t seconds satisfies 5
dv

dt
+ v = 50.

a Find the acceleration of the stone when t = 0.

b Find v in terms of t.

c i Sketch the graph of v against t.

ii Find the value of t for which v = 47.5 (correct to two decimal places).

d Let x m be the distance fallen after t seconds.

i Find x in terms of t.

ii Sketch the graph of x against t (t ≥ 0).

iii How long does it take the stone to fall 8 metres (correct to two decimal places)?

2 A particle is moving along a straight line. At time t seconds after it passes a point O on

the line, its velocity is v m/s, where v = A − ln(t + B) for positive constants A and B.

a If A = 1 and B = 0.5:

i Sketch the graph of v against t.

ii Find the position of the particle when t = 3 (correct to two decimal places).

iii Find the distance travelled by the particle in the 3 seconds after passing O

(correct to two decimal places).

b If the acceleration of the particle is −
1

20
m/s2 when t = 10 and the particle comes to

rest when t = 100, find the exact value of B and the value of A correct to two decimal

places.
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3 The velocity, v km/h, of a train that moves along a straight track from station A, where it

starts at rest, to station B, where it next stops, is given by

v = kt
(

1 − sin(πt)
)

where t hours is the time measured from when the train left station A and k is a

positive constant.

a Find the time that the train takes to travel from A to B.

b i Find an expression for the acceleration at time t.

ii Find the interval of time for which the velocity is increasing. (Give your answer

correct to two decimal places.)

c Given that the distance from A to B is 20 km, find the value of k. (Give your answer

correct to three significant figures.)

4 A particle A moves along a horizontal line so that its position, x m, relative to a point O

is given by

x = 28 + 4t − 5t2 − t3

where t is the time in seconds after the motion starts.

a Find:

i the velocity of A in terms of t

ii the acceleration of A in terms of t

iii the value of t for which the velocity is zero (to two decimal places)

iv the times when the particle is 28 m to the right of O (to two decimal places)

v the time when the particle is 28 m to the left of O (to two decimal places).

b A second particle B moves along the same line as A. It starts from O at the same time

that A begins to move. The initial velocity of B is 2 m/s and its acceleration at time t

is (2 − 6t) m/s2.

i Find the position of B at time t.

ii Find the time at which A and B collide.

iii At the time of collision are they going in the same direction?

5 A particle moves in a straight line. At time t seconds its position, x cm, with respect to a

fixed point O on the line is given by x = 5 cos

(

π

4
t +
π

3

)

.

a Find:

i the velocity in terms of t

ii the acceleration in terms of t.

b Find:

i the velocity in terms of x

ii the acceleration in terms of x.

c Find the speed of the particle when x = −2.5, correct to one decimal place.
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d Find the acceleration when t = 0, correct to two decimal places.

e Find:

i the maximum distance of the particle from O

ii the maximum speed of the particle

iii the maximum magnitude of acceleration of the particle.

6 In a tall building, two lifts simultaneously pass the 40th floor, each travelling

downwards at 24 m/s. One lift immediately slows down with a constant retardation

of
6

7
m/s2. The other continues for 6 seconds at 24 m/s and then slows down with a

retardation of
1

3
(t − 6) m/s2, where t seconds is the time that has elapsed since passing

the 40th floor. Find the difference between the heights of the lifts when both have come

to rest.

7 The motion of a bullet through a special shield is modelled by the equation

a = −30(v + 110)2, v ≥ 0, where a m/s2 is its acceleration and v m/s its velocity

t seconds after impact. When t = 0, v = 300.

a Find v in terms of t.

b Sketch the graph of v against t.

c Let x m be the penetration into the shield at time t seconds.

i Find x in terms of t

ii Find x in terms of v.

iii Find how far the bullet penetrates the shield before coming to rest.

d Another model for the bullet’s motion is a = −30(v2 + 11 000), v ≥ 0. Given that

when t = 0, v = 300:

i Find t in terms of v.

ii Find v in terms of t.

iii Sketch the graph of v against t.

iv Find the distance travelled by the bullet in the first 0.0001 seconds after impact.

8 A motorist is travelling at 25 m/s along a straight road and passes a stationary police

officer on a motorcycle. Four seconds after the motorist passes, the police officer starts

in pursuit. The police officer’s motion for the first 6 seconds is described by

v(t) =
−3

10

(

t3 − 21t2 +
364

3
t −

1281

6

)

, 4 ≤ t ≤ 10

where v(t) m/s is his speed t seconds after the motorist has passed. After 6 seconds, he

reaches a speed of v1 m/s, which he maintains until he overtakes the motorist.

a Find the value of v1.

b i Find
dv

dt
for 4 ≤ t ≤ 10.

ii Find the time when the police officer’s acceleration is a maximum.

c On the same set of axes, sketch the velocity–time graphs for the motorist and the

police officer.
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d i How far has the police officer travelled when he reaches his maximum speed

at t = 10?

ii Write down an expression for the distance travelled by the police officer

for t ∈ [4, 10].

e For what value of t does the police officer draw level with the motorist? (Give your

answer correct to two decimal places.)

9 Two cyclists, A and B, pass a starting post together (but at different velocities) and race

along a straight road. They are able to pass each other. At time t hours after they pass

the post, their velocities (in km/h) are given by

VA =



















9 − t2 for 0 ≤ t ≤ 3

2t − 6 for t > 3
and VB = 8, for t ≥ 0

a On the one set of axes, draw the velocity–time graphs for the two cyclists.

b Find the times at which the two cyclists have the same velocity.

c Find the time in hours, correct to one decimal place, when:

i A passes B ii B passes A.

10 Two particles, P and Q, move along the same straight path and can overtake each other.

Their velocities are VP = 2 − t +
1

4
t2 and VQ =

3

4
+

1

2
t respectively at time t, for t ≥ 0.

a i Find the times when the velocities of P and Q are the same.

ii On the same diagram, sketch velocity–time graphs to represent the motion of P

and the motion of Q.

b If the particles start from the same point at time t = 0:

i Find the time when P and Q next meet again (correct to one decimal place).

ii State the times during which P is further than Q from the starting point (correct

to one decimal place).

11 Annabelle and Cuthbert are ants on a picnic table. Annabelle falls off the edge of the

table at point X. She falls 1.2 m to the ground. (Assume g = 9.8 for this question.)

a Assuming that Annabelle’s acceleration down is g m/s2, find:

i Annabelle’s velocity when she hits the ground, correct to two decimal places

ii the time it takes for Annabelle to hit the ground, correct to two decimal places.

b Assume now that Annabelle’s acceleration is slowed by air resistance and is given by

(g − t) m/s2, where t is the time in seconds after leaving the table.

i Find Annabelle’s velocity, v m/s, at time t.

ii Find Annabelle’s position, x m, relative to X at time t.

iii Find the time in seconds, correct to two decimal places, when Annabelle hits

the ground.
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c When Cuthbert reaches the edge of the table, he observes Annabelle groaning on the

ground below. He decides that action must be taken and fashions a parachute from a

small piece of potato chip. He jumps from the table and his acceleration is
g

2
m/s2

down.

i Find an expression for x, the distance in metres that Cuthbert is from the ground

at time t seconds.

ii Unfortunately, Annabelle is very dizzy and on seeing Cuthbert coming down

jumps vertically with joy. Her initial velocity is 1.4 m/s up and her acceleration is

g m/s2 down. She jumps 0.45 seconds after Cuthbert leaves the top of the table.

How far above the ground (to the nearest cm) do the two ants collide?

12 On a straight road, a car starts from rest with an acceleration of 2 m/s2 and travels until

it reaches a velocity of 6 m/s. The car then travels with constant velocity for 10 seconds

before the brakes cause a deceleration of (v + 2) m/s2 until it comes to rest, where v m/s

is the velocity of the car.

a For how long is the car accelerating?

b Find an expression for v, the velocity of the car, in terms of t, the time in seconds

after it starts.

c Find the total time taken for the motion of the car, to the nearest tenth of a second.

d Draw a velocity–time graph of the motion.

e Find the total distance travelled by the car to the nearest tenth of a metre.

13 A particle moves in a straight line such that its velocity at time t ≥ 0 is given by

v =



















3 − (t − 1)2 for 0 ≤ t ≤ 2

6 − 2t for t > 2

a Draw the velocity–time graph for t ≥ 0.

b Find the distance travelled by the particle from its initial position until it first comes

to rest.

c If the particle returns to its original position at t = T , calculate T correct to two

decimal places.
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14 Revision of

Chapters 9–13

14A Short-answer questions

1 Consider the relation 5x2 + 2xy + y2 = 13.

a Find the gradient of each of the tangents to the graph at the points where x = 1.

b Find the equation of the normal to the graph at the point in the first quadrant

where x = 1.

2 Sketch the graph of y =
4 − x3

3x2
. Give the coordinates of any turning points and axis

intercepts and state the equations of all asymptotes.

3 Let f (x) =
1 + x2

4 − x2
.

a Express f (x) as partial fractions.

b Find the area enclosed by the graph of y = f (x) and the lines x = 1 and x = −1.

4 Find y as a function of x given that
dy

dx
= e2y sin(2x) and that y = 0 when x = 0.

5 Find the solution of the differential equation (1 + x2)
dy

dx
= 2xy, given y = 2 when x = 0.

6 Sketch the graph of f (x) =
4x2 + 5

x2 + 1
.

7 For the curve defined by the parametric equations

x = 2 sin t + 1 and y = 2 cos t − 3

find
dy

dx
and its value at t =

π

4
.
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8 Evaluate:∫ 1

0
e2x cos(e2x) dxa

∫ 2

1
(x − 1)

√
2 − x dxb

∫ 1

0

x − 2

x2 − 7x + 12
dxc

9 Find the volume of the solid formed when the region bounded by the x-axis and the

curve with equation y = a −
x2

16a3
, where a > 0, is rotated about the y-axis.

10 A particle is moving in a straight line and is subject to a retardation of 1 + v2 m/s2,

where v m/s is the speed of the particle at time t seconds. The initial speed is u m/s.

Find an expression for the distance travelled, in metres, for the particle to come to rest.

11 A particle falls vertically from rest such that the acceleration, a m/s2, is given by

a = g − 0.4v, where v m/s is the speed at time t seconds. Find an expression for v in

terms of t in the form v = A(1 − e−Bt), where A and B are positive constants. Hence,

state the values of A and B.

12 A train, when braking, has an acceleration, a m/s2, given by a = −
(

1 +
v

100

)

, where

v m/s is the velocity. The brakes are applied when the train is moving at 20 m/s and it

travels x metres after the brakes are applied. Find the distance that the train travels to

come to rest in the form x = A ln(B) +C, where A, B and C are positive constants.

13 Consider the graph of f (x) =
2x

x2 + 1
.

a Show that
dy

dx
=
−2(x2 − 1)

(x2 + 1)2
.

b Find the coordinates of any points of inflection.

14 A particle is moving in a straight line such that its position, x metres, at time t seconds

is given by

x = a cos(ωt) + b sin(ωt)

for positive constants a, b and ω.

a Show that the motion of the particle is simple harmonic.

b If a = 3, b = 4 and ω = 2, find:

i the period of the motion

ii the amplitude of the motion

iii the maximum speed of the particle.
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14B Extended-response questions

1 A bowl can be described as the solid of revolution formed by rotating the graph of

y =
1

4
x2 around the y-axis for 0 ≤ y ≤ 25.

a Find the volume of the bowl.

b The bowl is filled with water and then, at time t = 0, the water begins to run out of

a small hole in the base. The rate at which the water runs out is proportional to the

depth, h, of the water at time t. Let V denote the volume of water at time t.

i Show that
dh

dt
=
−k

4π
, where k > 0.

ii Given that the bowl is empty after 30 seconds, find the value of k.

iii Find h in terms of t.

iv Find V in terms of t.

c Sketch the graph of:

i V against h ii V against t

2 a Sketch the curve with equation y + 3 =
6

x − 1
.

b Find the coordinates of the points where the line y + 3x = 9 intersects the curve.

c Find the area of the region enclosed between the curve and the line.

d Find the equations of two tangents to the curve that are parallel to the line.

3 Point O is the centre of a city with a population of 600 000.

All of the population lives within 6 km of the city centre. The

number of people who live within r km (0 ≤ r ≤ 6) of the city

centre is given by
∫ r

0
2πk(6 − x)

1
2 x2 dx.

a Find the value of k, correct to three significant figures.

b Find the number of people who live within 3 km of the

city centre, correct to three significant figures.

6km
O

4 The vertical cross-section of a bucket is shown in

this diagram. The sides are arcs of a parabola with

the y-axis as the central axis and the horizontal

cross-sections are circular. The depth is 36 cm, the

radius length of the base is 10 cm and the radius

length of the top is 20 cm.

a Prove that the parabolic sides are arcs of the

parabola y = 0.12x2 − 12.

b Prove that the bucket holds 9π litres when full.

O

y

x
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Water starts leaking from the bucket, initially full, at the rate given by
dv

dt
=
−
√

h

A
,

where at time t seconds the depth is h cm, the surface area is A cm2 and the volume

is v cm3.

c Prove that
dv

dt
=

−3
√

h

25π(h + 12)
.

d Show that v = π
∫ h

0

(25y

3
+ 100

)

dy.

e Hence, construct a differential equation expressing:

i
dv

dh
as a function of h ii

dh

dt
as a function of h

f Hence, find the time taken for the bucket to empty.

5 A hemispherical bowl can be described as the solid of revolution generated by rotating

x2 + y2 = a2 about the y-axis for −a ≤ y ≤ 0. The bowl is filled with water. At time

t = 0, water starts running out of a small hole in the bottom of the bowl, so that the

depth of water in the bowl at time t is h cm. The rate at which the volume is decreasing

is proportional to h. (All length units are centimetres.)

a i Show that, when the depth of water is h cm, the volume, V cm3, of water

remaining is V = π

(

ah2 −
1

3
h3

)

, where 0 < h ≤ a.

ii If a = 10, find the depth of water in the hemisphere if the volume is 1 litre.

b Show that π(2ah − h2)
dh

dt
= −kh, for a positive constant k.

c Given that the bowl is empty after time T , show that k =
3πa2

2T
.

d If a = 10 and T = 30, find k (correct to three significant figures).

e Sketch the graph of:

i
dV

dt
against h for 0 ≤ h ≤ a ii

dh

dt
against h for 0 ≤ h ≤ a

f Find the rate of change of the depth with respect to time when:

i h =
a

2
ii h =

a

4

g If a = 10 and T = 30, find the rate of change of depth with respect to time when

there is 1 litre of water in the hemisphere.

6 Consider the function with rule f (x) =
1

ax2 + bx + c
, where a , 0.

a Find f ′(x).

b State the coordinates of the turning point and state the nature of this turning point if:

i a > 0 ii a < 0

c Assume that b2 − 4ac < 0. Sketch the graph of y = f (x), stating the equations of

all asymptotes, if:

i a > 0 ii a < 0

d Now assume that b2 − 4ac = 0. Sketch the graph of y = f (x) if:

i a > 0 ii a < 0
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e Finally, assume that b2 − 4ac > 0 and a > 0. Sketch the graph of y = f (x), stating the

equations of all asymptotes.

7 Consider the family of curves with equations of the form y = ax2 +
b

x2
, where a, b > 0.

a Find
dy

dx
.

b State the coordinates of the turning points of a member of this family in terms of a

and b, and state the nature of each.

c Consider the family y = ax2 +
1

x2
. Show that the coordinates of the turning points are

(

1
4
√

a
, 2
√

a

)

and

(−1
4
√

a
, 2
√

a

)

.

8 a Evaluate
∫ π

4

0
tan4
θ sec2

θ dθ.

b Hence, show that
∫ π

4

0
tan6
θ dθ =

1

5
−
∫ π

4

0
tan4
θ dθ.

c Deduce that
∫ π

4

0
tan6
θ dθ =

13

15
−
π

4
.

9 A disease spreads through a population. Let p denote the proportion of the population

who have the disease at time t. The rate of change of p is proportional to the product

of p and the proportion 1 − p who do not have the disease.

When t = 0, p =
1

10
and when t = 2, p =

1

5
.

a i Show that t =
1

k
ln

(

9p

1 − p

)

, where k = ln

(

3

2

)

.

ii Hence, show that
9p

1 − p
=

(

3

2

)t

.

b Find p when t = 4.

c Find p in terms of t.

d Find the values of t for which p >
1

2
.

e Sketch the graph of p against t.

10 A car moves along a straight level road. Its speed, v, is related to its displacement, x, by

the differential equation v
dv

dx
=

p

v
− kv2, where p and k are constants.

a Given that v = 0 when x = 0, show that v3 =
1

k

(

p − pe−3x
)

.

b Find lim
x→∞

v.
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11 A projection screen is 6 metres in height and

has its lower edge 2 metres above the eye level

of an observer. The angle between the lines

of sight of the upper and lower edges of the

screen is θ. Let x m be the horizontal distance

from the observer to the screen.

θ

x m

2 m

6 m
screen

a Find θ in terms of x.

b Find
dθ

dx
.

c What values can θ take?

d Sketch the graph of θ against x.

e If 1 ≤ x ≤ 25, find the minimum value of θ.

12 A particle is oscillating between the points P and Q with simple harmonic motion. The

midpoint of PQ is O. The particle’s maximum acceleration is 16 m/s2 and its speed at

the midpoint of OP is 4
√

3 m/s. Find:

a the length of PQ

b the period of the motion

c the time taken for the particle to travel directly from the midpoint of OP to the

midpoint of OQ.

13 An open rectangular tank is to have a square base. The capacity of the tank is to

be 4000 m3. Let x m be the length of an edge of the square base and A m2 be the

amount of sheet metal used to construct the tank.

a Show that A = x2 +
16 000

x
.

b Sketch the graph of A against x.

c Find, correct to two decimal places, the value(s) of x for which 2500 m2 of sheet

metal is used.

d Find the value of x for which A is a minimum.

14 A closed rectangular box is made of very thin sheet metal and its length is three times

its width. If the volume of the box is 288 cm3, show that its surface area, A(x) cm2, is

given by A(x) =
768

x
+ 6x2, where x cm is the width of the box. Find the minimum

surface area of the box.
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15 This container has an open rectangular

horizontal top, PQSR, and parallel vertical

ends, PQO and RST . The ends are parabolic in

shape. The x-axis and y-axis intersect at O, with

the x-axis horizontal and the y-axis the line of

symmetry of the end PQO. The dimensions are

shown on the diagram.

a Find the equation of the parabolic arc QOP.
O

y

x

Q
S

R

P

20 cm

60 cm
40 cm

T

b If water is poured into the container to a depth of y cm, with a volume of V cm3, find

the relationship between V and y.

c Calculate the depth, to the nearest mm, when the container is half full.

d Water is poured into the empty container so that the depth is y cm at time t seconds.

If the water is poured in at the rate of 60 cm3/s, construct a differential equation

expressing
dy

dt
as a function of y and solve it.

e Calculate, to the nearest second:

i how long it will take the water to reach a depth of 20 cm

ii how much longer it will take for the container to be completely full.

16 Moving in the same direction along parallel tracks, objects A and B pass the point O

simultaneously with speeds of 20 m/s and 10 m/s respectively.

From then on, the deceleration of A is
v3

400
m/s2 and the deceleration of B is

v2

100
m/s2,

when the speeds are v m/s.

a Find the speeds of A and B at time t seconds after passing O.

b Find the positions of A and B at time t seconds after passing O.

c Use a CAS calculator to plot the graphs of the positions of objects A and B.

d Use a CAS calculator to find, to the nearest second, when the objects pass.

17 A stone, initially at rest, is released and falls vertically. Its velocity, v m/s, at time t s

after release is determined by the differential equation 5
dv

dt
+ v = 50.

a Find an expression for v in terms of t.

b Find v when t = 47.5.

c Sketch the graph of v against t.

d i Let x be the displacement from the point of release at time t. Find an expression

for x in terms of t.

ii Find x when t = 6.
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18 The rate of change of a population, y, is given by
dy

dt
=

2y(N − y)

N
, where N is a positive

constant. When t = 0, y =
N

4
.

a Find y in terms of t and find
dy

dt
in terms of t.

b What limiting value does the population size approach for large values of t?

c Explain why the population is always increasing.

d What is the population when the population is increasing most rapidly?

e For N = 106:

i Sketch the graph of
dy

dt
against y.

ii At what time is the population increasing most rapidly?

19 An object projected vertically upwards from the surface of the Earth experiences

an acceleration of a m/s2 at a point x m from the centre of the Earth (neglecting air

resistance). This acceleration is given by a =
−gR2

x2
, where g m/s2 is the acceleration

due to gravity and R m is the radius length of the Earth.

a Given that g = 9.8, R = 6.4 × 106 and the object has an upwards velocity of u m/s at

the Earth’s surface:

i Express v2 in terms of x, using a =
d

dx

(

1

2
v2

)

.

ii Use the result of part i to find the position of the object when it has zero velocity.

iii For what value of u does the result in part ii not exist?

b The minimum value of u for which the object does not fall back to Earth is called the

escape velocity. Determine the escape velocity in km/h.

20 Define f (x) =
ex − e−x

ex + e−x
.

a Find f (0).

b Find lim
x→∞

f (x).

c Find lim
x→−∞

f (x).

d Find f ′(x).

e Sketch the graph of f .

f Find f −1(x).

g If g(x) = f −1(x), find g′(x).

h Sketch the graph of g′ and prove that the area measure of the region bounded by the

graph of y = g′(x), the x-axis, the y-axis and the line x =
1

2
is ln

(

√
3
)

.
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21 The diagram shows a plane circular section through O, the

centre of the Earth (which is assumed to be stationary for the

purpose of this problem).

From the point A on the surface, a rocket is launched vertically

upwards. After t hours, the rocket is at B, which is h km

above A. Point C is on the horizon as seen from B, and the

length of the chord AC is y km. The angle AOC is θ radians.

The radius of the Earth is r km.

a i Express y in terms of r and θ.

ii Express cos θ in terms of r and h.

B

A
Cr

O

h

θ

b Suppose that after t hours the vertical velocity of the rocket is
dh

dt
= r sin t, t ∈ [0,π).

Assume that r = 6000.

i Find
dy

dθ
and

dy

dt
.

ii How high is the rocket when t =
π

2
?

iii Find
dy

dt
when t =

π

2
.

22 A large weather balloon is in the shape of a hemisphere on a cone, as

shown in this diagram. When inflated, the height of the cone is twice

the radius length of the hemisphere. The shapes and conditions are

true as long as the radius of the hemisphere is at least 2 metres.

At time t minutes, the radius length of the hemisphere is r metres and

the volume of the balloon is V m3, for r ≥ 2.

The balloon has been inflated so that the radius length is 10 m and it

is ready to be released, when a leak develops. The gas leaks out at

the rate of t2 m3 per minute.

a Find the relationship between V and r.

b Construct a differential equation of the form f (r)
dr

dt
= g(t).

c Solve the differential equation with respect to t, given that the initial radius length

is 10 m.

d Find how long it will take for the radius length to reduce to 2 metres.

Cambridge Senior Maths for Western Australia ISBN 978-1-009-25972-9 c© Evans et al. 2023 Cambridge University Press

Mathematics Specialist 3&4 Photocopying is restricted under law and this material must not be transferred to another party.



15
Linear combinations

of random variables

and distribution of

samplemeans

In this chapter

15A Simulating the distribution of sample

means

15B The distribution of the sample mean of a

normally distributed random variable

15C The central limit theorem

15D Confidence intervals for the population

mean

Review of Chapter 15

Syllabus references

Topics: Sample means; Confidence

intervals for means

Subtopics: 4.3.1 – 4.3.7

Some of the most interesting and useful applications of probability are concerned not with a

single random variable, but with combinations of random variables.

For example, the time that it takes to build a house (which is a random variable) is the sum of

the times taken for each of the component parts of the build, such as digging the foundations,

constructing the frame, installing the plumbing, and so on. Each component is a random

variable in its own right, and so has a distribution that can be examined and understood.

Note: The statistics material in Mathematics Specialist Units 3 & 4 requires a knowledge of

probability and statistics from Mathematics Methods Units 3 & 4.
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456 Chapter 15: Linear combinations of random variables

15A Simulating the distribution of sample means

Random sampling is studied in Mathematics Methods Units 3 & 4. In this section, we use

simulation to investigate sample means.

Summary of concepts

� A population is the set of all eligible members of a group that we intend to study.

A population does not have to be a group of people. For example, it could consist of all

apples produced in a particular area, or all components produced by a factory.

� A sample is a subset of the population that we select in order to make inferences about the

population. Generalising from the sample to the population will not be useful unless the

sample is representative of the population.

� The simplest way to obtain a valid sample is to choose a random sample, where every

member of the population has an equal chance of being included in the sample.

� The population mean µ is the mean of all values of a measure in the entire population;

the sample mean x̄ is the mean of these values in a particular sample.

� The population mean µ is a population parameter; its value is constant for a given

population. The sample mean x̄ is a sample statistic; its value is not constant, but varies

from sample to sample.

� The sample mean X̄ can be viewed as a random variable, and its distribution is called a

sampling distribution. The variation in the sampling distribution decreases as the size of

the sample increases.

When the population mean µ is not known, we can use the sample mean x̄ as an estimate

of this parameter. The larger the sample size, the more confident we can be that the sample

statistic gives a good estimate of the population parameter.

An example

Suppose that one million people live in a particular city and we know that the mean IQ for

this population is 100 and the standard deviation is 15. This example illustrates the ideas

listed in the summary:

� Population The population is the one million people living in the particular city.

� Sample We will take a random sample of 10 people from the population.

� Population mean µ We are considering IQ and the population mean µ is 100.

� Sample mean x̄ The sample mean x̄ is obtained by determining the mean IQ of the

10 people in the sample.

� Random variable X̄ If we take a number of samples of size 10 from the same population

and determine the mean IQ for each of these samples, we obtain a ‘distribution’ of sample

means. The means of these samples are the values of the random variable X̄.

Cambridge Senior Maths for Western Australia ISBN 978-1-009-25972-9 c© Evans et al. 2023 Cambridge University Press

Mathematics Specialist 3&4 Photocopying is restricted under law and this material must not be transferred to another party.



15A Simulating the distribution of sample means 457

To investigate the random variable IQ,

we use the normal distribution, which

is introduced in Mathematics Methods.

This histogram shows the distribution of

the IQ scores of 1000 people randomly

drawn from the population. You can see

that the distribution is symmetric and

bell-shaped, with its centre of symmetry

at the population mean. 50
0
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The sample mean as a random variable

We can use a calculator to simulate drawing a random sample of size 10 from this population.

Using the TI-Nspire

To generate a random sample of size 10 from a

normal population with mean 100 and standard

deviation 15:

� Start from a Lists&Spreadsheet page.

� Name the list ‘iq’ in Column A.

� In the formula cell of Column A, enter

the formula using Menu > Data >

Random > Normal and complete as:

= randnorm(100, 15, 10)

Note: The syntax is: randnorm(mean, standard deviation, sample size)

Using the Casio ClassPad

To generate a random sample of size 10 from a normal

population with mean 100 and standard deviation 15:

� In , press the Keyboard button.

� Find and then select Catalog by first tapping H at

the bottom of the left sidebar.

� Scroll across the alphabet to the letter R.

� Select randNorm( and type: 15, 100, 10)

� Tap ◮ to view all the values.

Notes:

� The syntax is: randNorm(standard deviation, mean,

sample size)

� Alternatively, the random sample can be generated

in the Statistics application.
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458 Chapter 15: Linear combinations of random variables

One random sample of 10 scores, obtained by simulation, is

105, 109, 104, 86, 118, 100, 81, 94, 70, 88

Recall that the sample mean is denoted by x̄ and that

x̄ =

∑

x

n

where
∑

means ‘sum’ and n is the size of the sample.

Here the sample mean is

x̄ =
105 + 109 + 104 + 86 + 118 + 100 + 81 + 94 + 70 + 88

10
= 95.5

A second sample, also obtained by simulation, is

114, 124, 128, 133, 95, 107, 117, 91, 115, 104

with sample mean

x̄ =
114 + 124 + 128 + 133 + 95 + 107 + 117 + 91 + 115 + 104

10
= 112.8

Since x̄ varies according to the contents of the random samples, we can consider the sample

means x̄ as being the values of a random variable, which we denote by X̄.

Since x̄ is a statistic that is calculated from a sample, the probability distribution of the

random variable X̄ is called a sampling distribution.

The sampling distribution of the sample mean

Generating random samples and then calculating the mean from the sample is quite a tedious

process if we wish to investigate the sampling distribution of X̄ empirically. Luckily, we can

also use technology to simulate values of the sample mean.

Using the TI-Nspire

To generate the sample means for 10 random

samples of size 25 from a normal population

with mean 100 and standard deviation 15:

� Start from a Lists&Spreadsheet page.

� Name the list ‘iq’ in Column A.

� In cell A1, enter the formula using Menu >

Data > Random > Normal and complete as:

= mean(randnorm(100, 15, 25))

� Fill down to obtain the sample means for

10 random samples.
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15A Simulating the distribution of sample means 459

For a large number of simulations, an alternative

method is easier.

To generate the sample means for 500 random

samples of size 25, enter the following formula

in the formula cell of Column A:

= seq(mean(randnorm(100, 15, 25)), k, 1, 500)

The dotplot on the right was created this way.

Using the Casio ClassPad

To generate the sample means for 10 random samples of size 25 from a normal

population with mean 100 and standard deviation 15:

� Open the Spreadsheet application .

� Tap in cell A1.

� Type: = mean(randNorm(15, 100, 25))

� Go to Edit > Fill > Fill Range.

� Type A1:A10 for the range and tap OK .

To sketch a histogram of these sample means:

� Go to Edit > Select > Select Range.

� Type A1:A10 for the range and tap OK .

� Select Graph and tap Histogram.

Suppose that 10 random samples (each of size 25) are selected from a population with

mean 100 and standard deviation 15. The values of x̄ obtained might look like those in the

following dotplot. The values look to be centred around 100, ranging from 97.3 to 109.2.

96 98 100 102 104 106 108 110

To better investigate the distribution requires more sample means. The following dotplot

summarises the values of x̄ observed for 100 samples (each of size 25).

92 94 96 98 100 102 104 106
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This histogram shows the distribution of

the sample mean when 1000 samples (each

of size 25) were selected from a population

with mean 100 and standard deviation 15.

We see from this plot that the distribution

of sample means is symmetric and

bell-shaped, suggesting that the sampling

distribution of the sample mean may also

be described by the normal distribution.
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The effect of sample size on the distribution of the

sample mean

We can also use simulation to explore how the distribution of the sample mean is affected

by the size of the sample chosen. The following dotplots show the sample means x̄ obtained

when 200 samples of size 25, then size 100 and then size 200 were chosen from a population.

92
n =200

n =100

n =25

94

Each symbol represents up to 2 observations.

96 98 100 102 104 106 108 110

We can see from the dotplots that all three sampling distributions appear to be centred at 100,

the value of the population mean µ. Furthermore, as the sample size increases, the values of

the sample mean x̄ are more tightly clustered around that value.

These observations are confirmed in following table, which gives the mean and standard

deviation for each of the three simulated sampling distributions shown in the dotplots.

Sample size 25 100 200

Population mean µ 100 100 100

Mean of the values of x̄ 99.24 100.24 100.03

Standard deviation of the values of x̄ 3.05 1.59 1.06
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15A Simulating the distribution of sample means 461

The sizes of kindergarten classes in a certain city are normally distributed, with a mean

size of µ = 24 children and a standard deviation of σ = 2.

a Use your calculator to generate the sample means for 100 samples, each of size 20.

Find the mean and standard deviation of these values of the sample mean.

b Use your calculator to generate the sample means for 100 samples, each of size 50.

Find the mean and standard deviation of these values of the sample mean.

c Compare the values of the mean and standard deviation calculated in a and b.

Example 1

Solution

a

b

c The means determined from the simulations are very similar, and close to the

population mean of 24, as expected. The standard deviation for the samples of size 50

is much smaller than the standard deviation for the samples of size 20.
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462 Chapter 15: Linear combinations of random variables 15A

Exercise 15A

1Example 1 The lengths of a species of fish are normally distributed with mean length µ = 40 cm

and standard deviation σ = 4 cm.

a Use your calculator to simulate 100 values of the sample mean calculated from a

sample of size 50 drawn from this population of fish.

b Summarise the values obtained in part a in a dotplot.

c Find the mean and standard deviation of these values of the sample mean.

2 The marks in a statistics examination at a certain university are normally distributed

with a mean of µ = 48 marks and a standard deviation of σ = 15 marks.

a Use your calculator to simulate 100 values of the sample mean calculated from a

sample of size 20 drawn from the students at this university.

b Summarise the values obtained in part a in a dotplot.

c Find the mean and standard deviation of these values of the sample mean.

15B The distribution of the sample mean of a

normally distributed random variable

A useful fact for this course is that the sum of two independent normal random variables is

also normal. This fact can be extended to more than two random variables, and is particularly

useful when considering the distribution of the sample mean.

We start by looking at the very simple case of a sample of size 2, before we consider the

general case of a sample of size n.

A sample of size 2

Suppose that IQ in a certain population is a normally distributed random variable, X, with

mean µ = 100 and standard deviation σ = 15.

Let X1 represent the IQ of a person selected at random from this population. Then X1 is

normally distributed with mean µ = 100 and standard deviation σ = 15.

Let X2 represent the IQ of another person selected at random from this population. Then X2 is

also normally distributed with mean µ = 100 and standard deviation σ = 15.

As long as both X1 and X2 are randomly selected, they are independent random variables.

Now consider the mean IQ of the two people:

X̄ =
X1 + X2

2
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15B The distribution of the sample mean of a normally distributed random variable 463

We can recognise this expression as a linear combination of X1 and X2, that is, as a linear

combination of two independent normal random variables. Therefore we know that X̄ is also

normally distributed, with

E(X̄) = E
(

X1 + X2

2

)

=
1

2
E(X1 + X2)

=
1

2
(µ + µ)

= µ

= 100

and Var(X̄) = Var
(

X1 + X2

2

)

=
1

4
Var(X1 + X2)

=
1

4

(

Var(X1) + Var(X2)
)

=
1

4
(σ2
+ σ2) =

σ2

2

Thus the standard deviation is sd(X̄) =

√

σ2

2
=
σ
√

2
=

15
√

2
.

Samples of size 2 from a normal distribution

Let X be a normal random variable, with mean µ and standard deviation σ, that represents

a particular measure on a population (for example, IQ scores or rope lengths).

Samples of size 2 from the population can be described by two independent random

variables, X1 and X2, which have identical distributions to X.

The sample mean is defined to be

X̄ =
X1 + X2

2

� The sample mean X̄ is normally distributed with mean µ and standard deviation
σ
√

2
.

� A particular value of X̄ is denoted by x̄ and is obtained from a particular sample.

We can write x̄ =
x1 + x2

2
.

Suppose that IQ in a certain population is a normally distributed random variable, X, with

mean µ = 100 and standard deviation σ = 15.

a Find the probability that a randomly selected individual has an IQ greater than 115.

b Find the probability that the mean IQ of two randomly selected individuals is greater

than 115.

c Compare the answers to parts a and b.

Example 2

Solution

a P(X > 115) = P
(

Z >
115 − 100

15

)

= P(Z > 1) = 0.1587
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464 Chapter 15: Linear combinations of random variables

b Since X̄ is normally distributed with mean µX̄ = 100 and standard deviation σX̄ =
15
√

2
,

we have

P(X̄ > 115) = P
(

Z >
115 − 100

15√
2

)

= P(Z > 1.414) = 0.0787

c The probability that the mean IQ of a sample of size 2 will be greater than 115 is much

smaller than the probability that an individual will have an IQ greater than 115.

A sample of size n

Of course, when we calculate a sample mean, we are generally working with a much larger

sample size than 2. We now consider a sample of size n, where X is a normal random

variable. Again, the sample mean X̄ can be considered to be a linear combination of

independent normal random variables, and X̄ is itself a normal random variable.

Samples of size n from a normal distribution

Let X be a normal random variable, with mean µ and standard deviation σ, that represents

a particular measure on a population (for example, IQ scores or rope lengths).

Samples of size n from the population can be described by n independent random

variables, X1, X2, . . . , Xn, which have identical distributions to X.

The sample mean is defined to be

X̄ =
X1 + X2 + · · · + Xn

n

� The sample mean X̄ is normally distributed with mean µ and standard deviation
σ
√

n
.

� A particular value of X̄ is denoted by x̄ and is obtained from a particular sample.

We can write x̄ =
x1 + x2 + · · · + xn

n
.

Note: The value x̄ is called a point estimate of the population mean µ.

The formulas for the mean and standard deviation of X̄ are obtained using analogous

calculations to those for size 2.

The mean of the sample mean X̄ is found as follows:

E(X̄) = E
(

X1 + X2 + · · · + Xn

n

)

=
1

n

(

E(X1) + E(X2) + · · · + E(Xn)
)

since E(aX + bY) = aE(X) + bE(Y)

=
1

n
× nµ

= µ
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15B The distribution of the sample mean of a normally distributed random variable 465

Similarly, we can find the variance of the sample mean X̄:

Var(X̄) = Var
(

X1 + X2 + · · · + Xn

n

)

=
1

n2
Var(X1 + X2 + · · · + Xn) as Var(aX) = a2Var(X)

=
1

n2

(

Var(X1) + Var(X2) + · · · + Var(Xn)
)

as Var(X + Y) = Var(X) + Var(Y)

for X and Y independent

=
1

n2
× nσ2

=
σ2

n

For example, when the sample mean X̄ is calculated from a random sample of size 25 from a

normally distributed population with mean µ = 100 and standard deviation σ = 15:

E(X̄) = µ = 100

Var(X̄) =
σ2

n
=

225

25
= 9

sd(X̄) =
√

9 = 3

We can summarise our results as follows.

Distribution of the sample mean

If X is a normally distributed random variable with mean µ and standard deviation σ,

then the distribution of the sample mean X̄ will also be normal, with mean E(X̄) = µ and

standard deviation sd(X̄) =
σ
√

n
, where n is the sample size.

If we know that a random variable has a normal distribution and know its mean and standard

deviation, then we know exactly the sampling distribution of the sample mean and can thus

make predictions about its behaviour.

Experience has shown that the heights of a certain population of women can be assumed to

be normally distributed with mean µ = 160 cm and standard deviation σ = 8 cm. What can

be said about the distribution of the sample mean for a sample of size 16?

Example 3

Solution

Let X be the height of a woman chosen at random from this population.

The distribution of the sample mean X̄ is normal with mean µX̄ = µ = 160 and standard

deviation σX̄ =
σ
√

n
=

8
√

16
= 2.
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Consider the population described in Example 3. What is the probability that:

a a woman chosen at random has a height greater than 168 cm

b a sample of four women chosen at random has an average height greater than 168 cm?

Example 4

Solution

a P(X > 168) = P
(

Z >
168 − 160

8

)

= P(Z > 1) = 0.1587

b The distribution of the sample mean X̄ is normal with mean µX̄ = µ = 160 and standard

deviation σX̄ =
σ
√

n
=

8
√

4
= 4.

Thus P(X̄ > 168) = P
(

Z >
168 − 160

4

)

= P(Z > 2) = 0.0228

Exercise 15B

1Example 2 The distribution of final marks in a statistics course is normal with a mean of 70 and a

standard deviation of 6.

a Find the probability that a randomly selected student has a final mark above 80.

b Find the probability that the mean final mark for two randomly selected students is

above 80.

c Compare the answers to parts a and b.

2Example 3 The distribution of final marks in an examination is normal with a mean of 74 and a

standard deviation of 8. A random sample of three students is selected and their mean

mark calculated. What are the mean and standard deviation of this sample mean?

3 A machine produces nails that have an intended diameter of µ = 25.025 mm, with a

standard deviation of σ = 0.003 mm. A sample of five nails is selected for inspection

each hour and their average diameter calculated. What are the mean and standard

deviation of this average diameter?

4Example 4 Suppose that IQ in a certain population is a normally distributed random variable, X,

with mean µ = 100 and standard deviation σ = 15.

a Find the probability that a randomly selected individual has an IQ greater than 120.

b Find the probability that the mean IQ of three randomly selected individuals is

greater than 120.

c Compare the answers to parts a and b.
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5 At the Fizzy Drinks Company, the volume of soft drink in a 1 litre bottle is normally

distributed with mean µ = 1 litre and standard deviation σ = 0.01 litres.

a Use your calculator to simulate 100 values of the sample mean calculated from a

sample of 25 bottles from this company. Determine the mean and standard deviation

of these values of the sample mean.

b Determine the theoretical mean and standard deviation of the sample mean, and

compare them with your answers from part a.

6 Gestation time for pregnancies without problems in humans is approximately normally

distributed, with a mean of µ = 266 days and a standard deviation of σ = 16 days. In the

maternity ward of a large hospital, a random sample of seven women who had just given

birth after pregnancies without problems was selected. What is the probability that the

average gestation period for these seven pregnancies exceeded 280 days?

7 Yearly income for those in the 18–25 age group living in a certain state is normally

distributed with mean µ = $32 500 and standard deviation σ = $6000. What is the

probability that 10 randomly chosen individuals in this age group have an average

income of less than $28 000?

8 The IQ scores of adults are known to be normally distributed with mean µ = 100

and standard deviation σ = 15. Find the probability that a randomly chosen group of

25 adults will have an average IQ of more than 105.

9 The actual weight of sugar in a 1 kg package produced by a food-processing company is

normally distributed with mean µ = 1.00 kg and standard deviation σ = 0.03 kg. What is

the probability that the average weight for a randomly chosen sample of 20 packages is

less than 0.98 kg?

10 The tar content of a certain brand of cigarettes is known to be normally distributed with

mean µ = 10 mg and standard deviation σ = 0.5 mg. A random sample of 50 cigarettes

is chosen and the average tar content determined. Find the probability that this average

is more than 10.1 mg.

11 The time for a customer to be served at a fast-food outlet is normally distributed with

a mean of 3.5 minutes and a standard deviation of 1.0 minutes. What is the probability

that 20 customers can be served in less than one hour?
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468 Chapter 15: Linear combinations of random variables

15C The central limit theorem

The sampling distribution of the sample mean X̄ is normal if the distribution of X is normal.

What can we say if X is not normally distributed? Using simulation, we can investigate

empirically the sampling distribution of the sample mean calculated from a variety of

different distributions.

An example of the distribution of sample means

Consider, for example, a random variable X with

the probability density function

f (x) =



















0.5 if 2 ≤ x ≤ 4

0 if x < 2 or x > 4

The graph of this probability density function

(shown on the right) is clearly not normal.

It can be readily verified that X has mean µ = 3

and standard deviation σ =
1
√

3
.

O 2 4
x

1

2

y

Suppose that we select a sample of size 100

from this distribution. The data arising from

simulating one such sample are summarised in

the histogram on the right.

From the theoretical probability distribution,

we would expect the sample values to be

reasonably evenly distributed between 2 and 4.

That is, we might expect all of the columns in

the histogram to be about the same height.
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The actual histogram of the data shows a reasonable amount of variation in the individual

values. The mean of the sample shown, x̄, is 2.9 and the sample standard deviation, s, is 0.56.

Consider now what the histogram might look like if each value represented was not an

individual data value, but the mean of five data values.

To investigate the distribution of the sample

mean, we select 100 samples, each of size 5.

The distribution of sample means x̄ is shown

in the histogram on the right.

We can see that now the histogram does not

show values evenly spread across the whole

range. Instead, even with quite small samples,

the sample means are clustering around the

population mean µ = 3.
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15C The central limit theorem 469

What would be the effect of increasing the

sample size from 5 to 100? To investigate

this, we now select 100 samples, each of

size 100. We can see from this histogram

that these sample means are distributed quite

symmetrically around the population mean

µ = 3 and that the sampling distribution can

be quite well described as approximately

normal. 2.85 2.95 3.00 3.05 3.10 3.152.90
0
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F
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cy
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So, while the distribution of X is clearly not normal, the sampling distribution of X̄ is quite

well approximated by a normal distribution. The following plots show how the sampling

distribution of the sample mean becomes increasingly normal and less variable as the sample

size increases.

0

5

10

15

20

2.4 2.8 3.0

n = 5

3.4 3.6 3.82.6 3.2 2.4 2.8 3.0

n = 50

3.4 3.6 3.82.62.2 3.2
0

2

4

6

8

10

12

14

16

18

2.4 2.8 3.0

n = 100

3.4 3.6 3.82.62.2 3.2
0

2

4

6

8

10

12

14

16

18

0

2

4

6

8

10

12

14

16

2.4 2.8 3.0

n = 500

3.4 3.6 3.82.62.2 3.2

Another example of the distribution of sample means

Let us consider another random variable X,

with probability density function given by

f (x) =























1

2
e
− x

2 if x ≥ 0

0 if x < 0

Thus X is the exponential random variable with

parameter λ =
1

2
, and so we know that X has

mean µ = 2 and standard deviation σ = 2.

O
x

1

2

y
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Suppose that we select a sample of 100 individual observations from this distribution. The

data from one such sample are summarised in the following histogram. The distribution is

quite similar to the theoretical distribution, as we would expect. The mean of the sample

shown, x̄, is 1.9 and the sample standard deviation, s, is 1.7.
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We now investigate the distribution of the sample mean by selecting 100 samples of size 5,

then size 50, then size 100 and then size 500. The distributions of sample means x̄ obtained

are shown in the following histograms.

We see that the sampling distribution of the sample mean becomes increasingly normal and

less variable as the sample size increases. Since the distribution is quite skewed to start with,

a larger sample size is required before the sampling distribution of the sample mean begins to

look normal.
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Again, the distribution of X is clearly not normal, but the sampling distribution of X̄ is quite

well approximated by a normal distribution when the sample size is large enough.
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15C The central limit theorem 471

The central limit theorem

From these two examples we have found that, for different underlying distributions, the

sampling distribution of the sample mean is approximately normal, provided the sample

size n is large enough. Furthermore, the approximation to the normal distribution improves as

the sample size increases. This fact is known as the central limit theorem.

Central limit theorem

Let X be any random variable, with mean µ and standard deviation σ. Then, provided that

the sample size n is large enough, the distribution of the sample mean X̄ is approximately

normal with mean E(X̄) = µ and standard deviation sd(X̄) =
σ
√

n
.

Note: For most distributions, a sample size of 30 is sufficient.

The central limit theorem may be used to solve problems associated with sample means, as

illustrated in the following example.

The amount of coffee, X mL, dispensed by a machine has a distribution with probability

density function f defined by

f (x) =























1

20
if 160 ≤ x ≤ 180

0 otherwise

Find the probability that the average amount of coffee contained in 25 randomly chosen

cups will be more than 173 mL.

Example 5

Solution

The central limit theorem tells us that the distribution of the sample mean is approximately

normal. To find the mean and standard deviation of the distribution, we first find the mean

and standard deviation of X:

E(X) =
∫ 180

160

x

20
dx =

[

x2

40

]180

160
= 170

E(X2) =
∫ 180

160

x2

20
dx =

[

x3

60

]180

160
= 28 933.33and

sd(X) =
√

28 933.33 − 1702 = 5.77So

By the central limit theorem, the sample mean X̄ is (approximately) normally distributed

with

E(X̄) = E(X) = 170 and sd(X̄) =
sd(X)
√

n
=

5.77

5
= 1.15

Therefore

P(X̄ > 173) = P
(

Z >
173 − 170

1.15

)

= P(Z > 2.61) = 1 − 0.9955 = 0.0045
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The normal approximation to the binomial distribution

The fact that the binomial distribution can be well approximated by the normal distribution

was discussed in Mathematics Methods Units 3 & 4.

If X is a binomial random variable with parameters n and p, then the distribution of X

is approximately normal, with mean µ = np and standard deviation σ =
√

np(1 − p),

provided np > 5 and n(1 − p) > 5.

This approximation can now be justified using the central limit theorem.

We know that a binomial random variable, X, is the number of successes in n independent

trials, each with probability of success p. We can express X as the sum of n independent

random variables Y1, Y2, . . . , Yn, called Bernoulli random variables.

Each Yi takes values 0 and 1, with P(Yi = 1) = p and P(Yi = 0) = 1 − p, where the value 1

corresponds to success and the value 0 corresponds to failure. We can write

X = Y1 + Y2 + · · · + Yn

and therefore

X

n
=

Y1 + Y2 + · · · + Yn

n
= Ȳ

By the central limit theorem, the sample mean Ȳ has an approximately normal distribution,

for large n. Since X = nȲ , we see that X also has an approximately normal distribution.

Note: For a binomial random variable X, we can consider the sample mean
X

n
, with

E
(

X

n

)

=
E(X)

n
=

np

n
= p

Var
(

X

n

)

=
Var(X)

n2
=

np(1 − p)

n2
=

p(1 − p)

n

This random variable is denoted by P̂ in Mathematics Methods Units 3 & 4.

The population in a particular state is known to be 50% female. What is the probability

that a random sample of 100 people will contain less than 45% females?

Example 6

Solution

Let X denote the number of females in the sample. Then X has a binomial distribution

with n = 100 and p = 0.5.

By the central limit theorem, the distribution of the sample mean
X

n
is approximately

normal, with

E
(

X

n

)

= p = 0.5 and Var
(

X

n

)

=
p(1 − p)

n
=

0.5 × 0.5

100
= 0.0025

Thus

P
(

X

n
< 0.45

)

= P
(

Z <
0.45 − 0.5

0.05

)

= P(Z < −1) = 0.1587
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Exercise 15C

1Example 5 The lengths of blocks of cheese, X cm, produced by a machine have a distribution with

probability density function

f (x) =



















5 if 10.0 ≤ x ≤ 10.2

0 otherwise

a Find the probability that a randomly selected block is more than 10.1 cm long.

b Find the probability that the average length of 30 randomly selected blocks is more

than 10.12 cm.

2 The mean number of accidents per week at an intersection is 3.2 and the standard

deviation is 1.6. The distribution is discrete, and so is not normal. What is the

probability that the average number of accidents per week at the intersection over a year

is less than 2.5?

3 The working life of a particular brand of electric light bulb has a mean of 1200 hours

and a standard deviation of 200 hours. What is the probability that the mean life of a

sample of 64 bulbs is less than 1150 hours?

4 The amount of pollutant emitted from a smokestack in a day, X kg, has probability

density function f defined by

f (x) =























4

9
x(5 − x2) if 0 ≤ x ≤ 1

0 if x > 1 or x < 0

a Find the probability that the amount of pollutant emitted on any one day is more than

0.5 kg.

b Find the probability that the average amount of pollutant emitted on a random

sample of 30 days is more than 0.5 kg.

5 The incubation period for a certain disease is between 5 and 11 days after contact. The

probability of showing the first symptoms at various times during the incubation period

is described by the probability density function

f (x) =























1

36
(t − 5)(11 − t) if 5 ≤ x ≤ 11

0 otherwise

Find the probability that the average time for the appearance of symptoms for a random

sample of 40 people with the disease was less than 7.5 days.

6Example 6 The manager of a car-hire company knows from experience that 55% of their customers

prefer automatic cars. If there are 50 automatic cars available on a particular day, use

the normal approximation to the binomial distribution to estimate the probability that

the company will not be able to meet the demand of the next 100 customers.
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7 If 15% of people are left-handed, use the normal approximation to the binomial

distribution to find the probability that at least 200 people in a randomly selected group

of 1000 people are left-handed.

8 The thickness of silicon wafers is normally distributed with mean 1 mm and standard

deviation 0.1 mm. A wafer is acceptable if it has a thickness between 0.85 and 1.1.

a What is the probability that a wafer is acceptable?

b If 200 wafers are selected, estimate the probability that between 140 and 160 wafers

are acceptable.

15D Confidence intervals for the population mean

The most important application of the central limit theorem is that it allows us to determine

confidence intervals for a population mean, even if the population is not normally distributed.

In practice, the reason we analyse samples is to further our understanding of the population

from which they are drawn. That is, we know what is in the sample, and from that knowledge

we would like to infer something about the population.

Point estimates

Suppose, for example, we are interested in the mean IQ score of all Year 12 mathematics

students in Australia. The value of the population mean µ is unknown. Collecting information

about the whole population is not feasible, and so a random sample must suffice.

What information can be obtained from a single sample? Certainly, the sample mean x̄ gives

some indication of the value of the population mean µ, and can be used when we have no

other information.

The value of the sample mean x̄ can be used to estimate the population mean µ. Since this

is a single-valued estimate, it is called a point estimate of µ.

Thus, if we select a random sample of 100 Year 12 mathematics students and find that their

mean IQ is 108.6, then the value x̄ = 108.6 serves as an estimate of the population mean µ.

Interval estimates

The value of the sample mean x̄ obtained from a single sample is going to change from

sample to sample, and while sometimes the value will be close to the population mean µ,

at other times it will not. To use a single value to estimate µ can be rather risky. What is

required is an interval that we are reasonably sure contains the parameter value µ.

An interval estimate for the population mean µ is called a confidence interval for µ.
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Calculating confidence intervals

We have seen in the previous section that, whatever the underlying distribution of the random

variable X, if the sample size n is large, then the sampling distribution of X̄ is approximately

normal with

E(X̄) = µ and sd(X̄) =
σ
√

n

By standardising, we can say that the distribution of the random variable

X̄ − µ
σ√
n

is approximated by that of the standard normal random variable Z.

For the standard normal random variable Z, we have

P(−1.96 < Z < 1.96) = 0.95

So we can state that, for large n:

P
(

−1.96 <
X̄ − µ
σ√
n

< 1.96
)

≈ 0.95

Multiplying through gives

P
(

−1.96
σ
√

n
< X̄ − µ < 1.96

σ
√

n

)

≈ 0.95

Further simplifying, we obtain

P
(

X̄ − 1.96
σ
√

n
< µ < X̄ + 1.96

σ
√

n

)

≈ 0.95

This final expression gives us an interval which, with 95% probability, will contain the value

of the population mean µ (which we do not know).

An approximate 95% confidence interval for µ is given by
(

x̄ − 1.96
σ
√

n
, x̄ + 1.96

σ
√

n

)

where:

� µ is the population mean (unknown)

� x̄ is a value of the sample mean

� σ is the value of the population standard deviation

� n is the size of the sample from which x̄ was calculated.

Note: Often when determining a confidence interval for the population mean, the population

standard deviation σ is unknown. If the sample size is large (say n ≥ 30), then we

can use the sample standard deviation s in this formula as an approximation to the

population standard deviation σ.
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Find an approximate 95% confidence interval for the mean IQ of Year 12 mathematics

students in Australia, if we select a random sample of 100 students and find the sample

mean x̄ to be 108.6. Assume that the standard deviation for this population is 15.

Example 7

Solution

The interval is found by substituting x̄ = 108.6, n = 100 and σ = 15 into the expression for

an approximate 95% confidence interval:
(

x̄ − 1.96
σ
√

n
, x̄ + 1.96

σ
√

n

)

=

(

108.6 − 1.96 ×
15
√

100
, 108.6 + 1.96 ×

15
√

100

)

= (105.66, 111.54)

Thus, based on a sample of size 100 and a sample estimate of 108.6, an approximate

95% confidence interval for the population mean µ is (105.66, 111.54).

Using the TI-Nspire

� In a Calculator page, use Menu > Statistics > Confidence Intervals > z Interval.

� If necessary, change the Data Input Method to Stats.

� Enter the given values and the confidence level as shown.

� The ‘CLower’ and ‘CUpper’ values give the 95% confidence interval (105.66, 111.54).

Note: ‘ME’ stands for margin of error, which is covered later in this section.

Using the Casio ClassPad

� In , go to Calc > Interval. Select One–Sample Z Int and Variable. Tap Next .

� Enter the confidence level and the given values as shown below. Tap Next .

� The ‘Lower’ and ‘Upper’ values give the 95% confidence interval (105.66, 111.54).
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Interpretation of confidence intervals

The confidence interval found in Example 7 should not be interpreted as meaning that

P(105.66 < µ < 111.54) = 0.95. Since µ is a constant, the value either does or does not lie in

the stated interval.

The particular confidence interval found is just one of any number of confidence intervals that

could be found for the population mean µ, each one depending on the particular value of the

sample mean x̄.

The correct interpretation of the confidence interval is that we expect approximately 95% of

such intervals to contain the population mean µ. Whether or not the particular confidence

interval obtained contains the population mean µ is generally not known.

If we were to repeat the process of taking a sample and calculating a

confidence interval many times, the result would be something like

that indicated in the diagram.

The diagram shows the confidence intervals obtained when

20 different samples were drawn from the same population. The

round dot indicates the value of the sample estimate in each case.

The intervals vary, because the samples themselves vary. The value

of the population mean µ is indicated by the vertical line.

It is quite easy to see from the diagram that none of the values of the

sample estimate is exactly the same as the population mean, but that

all the intervals except one (19 out of 20, or 95%) have captured the

value of the population mean, as would be expected in the case of a

95% confidence interval.

µ

Precision and margin of error

In Example 7, we found an approximate 95% confidence interval (105.66, 111.54) for the

mean IQ of Year 12 mathematics students, based on a sample of size 100.

Find an approximate 95% confidence interval for the mean IQ of Year 12 mathematics

students in Australia, if we select a random sample of 400 students and find the sample

mean x̄ to be 108.6. Assume that the standard deviation for this population is 15.

Example 8

Solution

The interval is found by substituting x̄ = 108.6, n = 400 and σ = 15 into the expression for

an approximate 95% confidence interval:
(

x̄ − 1.96
σ
√

n
, x̄ + 1.96

σ
√

n

)

=

(

108.6 − 1.96 ×
15
√

400
, 108.6 + 1.96 ×

15
√

400

)

= (107.13, 110.07)

Thus, based on a sample of size 400, a 95% confidence interval is (107.13, 110.07), which

is narrower than the interval determined in Example 7.
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In Example 8, by increasing the sample size, we obtained a narrower 95% confidence interval

and therefore a more precise estimate for the population mean µ.

The margin of error of a confidence interval is the distance between the sample estimate

and the endpoints of the interval.

For a 95% confidence interval for µ, the margin of error is given by

M = 1.96 ×
σ
√

n

We can use this expression to find the appropriate sample size n to use in order to ensure a

specified margin of error M.

A 95% confidence interval for a population mean µ will have margin of error equal to a

specified value of M when the sample size is

n =

(

1.96σ

M

)2

Consider again the problem of estimating the average IQ of Year 12 mathematics students

in Australia. What size sample is required to ensure a margin of error of 1.5 points or less

at the 95% confidence level? (Assume that σ = 15.)

Example 9

Solution

Substituting M = 1.5 and σ = 15 gives

n =

(

1.96 × 15

1.5

)2

= 384.16

Thus a minimum sample of 385 students is needed to achieve a margin of error of at most

1.5 points in a 95% confidence interval for the population mean.

Changing the level of confidence

So far we have only considered 95% confidence intervals, but in fact we can choose any

level of confidence for a confidence interval. What is the effect of changing the level

of confidence?

Consider again a 95% confidence interval:
(

x̄ − 1.96
σ
√

n
, x̄ + 1.96

σ
√

n

)

From our knowledge of the normal distribution, we can say that a 99% confidence interval

will be given by
(

x̄ − 2.58
σ
√

n
, x̄ + 2.58

σ
√

n

)
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In general, a C% confidence interval is given by
(

x̄ − k
σ
√

n
, x̄ + k

σ
√

n

)

where k is such that

P(−k < Z < k) =
C

100

Calculate and compare 90%, 95% and 99% confidence intervals for the mean IQ of

Year 12 mathematics students in Australia, if we select a random sample of 100 students

and find the sample mean x̄ to be 108.6. (Assume that σ = 15.)

Example 10

Solution

From Example 7, we know that the 95% confidence interval is (105.66, 111.54).

The 90% confidence interval is
(

108.6 −
1.65 × 15

10
, 108.6 +

1.65 × 15

10

)

= (106.13, 111.07)

The 99% confidence interval is
(

108.6 −
2.58 × 15

10
, 108.6 +

2.58 × 15

10

)

= (104.74, 112.46)

As we can see, increasing the level of confidence results in a wider confidence interval.

Exercise 15D

1Example 7 A university lecturer selects a sample of 40 of her first-year students to determine

how many hours per week they spend on study outside class time. She finds that their

average study time is 7.4 hours. If the standard deviation of study time, σ, is known to

be 1.8 hours, find a 95% confidence interval for the mean study time for the population

of first-year students.

2 The lengths of time (in seconds) for which each of a randomly selected sample of

12-year-old girls could hold their breath are as follows.

14 43 16 25 25 35 14 42 23 33 20 60

39 68 18 20 25 30 20 32 54 35 45 48

If breath-holding time is known to be normally distributed, with a standard deviation of

15 seconds, find a 95% confidence interval for the mean time for which a 12-year-old

girl can hold her breath.

3 A random sample of 49 of a certain brand of batteries was found to last an average of

14.6 hours. If the standard deviation of battery life is known to be 20 minutes, find a

95% confidence interval for the mean time that the batteries will last.
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4Example 8 A quality-control engineer in a factory needs to estimate the mean weight, µ grams, of

bags of potato chips that are packed by a machine. The engineer knows by experience

that σ = 2.0 grams for this machine.

a The engineer takes a random sample of 36 bags and finds the sample mean to be

25.4 grams. Find a 95% confidence interval for µ.

b Now suppose the mean of 25.4 grams was calculated from a sample of 100 bags.

Find a 95% confidence interval for µ.

c Compare your confidence intervals in parts a and b.

5 In an investigation of physical fitness of students, resting heart rates were recorded for

a sample of 15 female students. The sample had a mean of 71.1 beats per minute. The

investigator knows from experience that resting heart rates are normally distributed and

have a standard deviation of 6.4 beats per minute. Find a 95% confidence interval for

the mean resting heart rate of the relevant population of female students.

6 Fifty plots are planted with a new variety of corn. The average yield for these plots

is 130 bushels per acre. Assuming that the standard deviation is equal to 10, find a

95% confidence interval for the mean yield, µ, of this variety of corn.

7 The average amount of time (in hours per week) spent in physical exercise by a random

sample of 24 male Year 12 students is as follows.

4.0 3.3 4.5 0.0 8.0 2.0 3.3 2.5 7.0 2.0 12.0 4.0

8.0 3.0 6.0 2.5 1.0 0.5 5.0 6.0 4.0 1.0 0.0 7.0

Assuming that time spent in physical exercise by Year 12 males is normally distributed

with a standard deviation of 3 hours, find an approximate 95% confidence interval for

the mean time spent in physical exercise for the relevant population of Year 12 students.

8 A random sample of 100 males were asked to give the age at which they married.

The average age given by these men was 29.5 years, and the standard deviation was

10 years. Use this information to find a 95% confidence interval for the mean age of

marriage for males.

9 The following is a list of scores on a manual-dexterity test for children with a particular

learning disability.

20 30 19 21 33 20 21 17 25 25 32

26 31 22 23 26 26 23 25 17 27 21

23 27 24 28 21 33 22 23 17 26 24

Assuming these measurements to be a random sample from a normally distributed

population with standard deviation 4, construct an approximate 95% confidence interval

for the mean score on this test for children with this learning disability.
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10 Twenty-two air samples taken at the same place over a period of six months showed the

following amounts of suspended matter (in micrograms per cubic metre of air).

68 22 36 32 42 24 28 38 39 26 21

79 45 57 59 34 43 57 30 31 28 30

Assuming these measurements to be a random sample from a normally distributed

population with standard deviation 10, construct an approximate 95% confidence

interval for the mean amount of suspended matter during that time period.

11 The birth weights, in kilograms, of a random sample of 30 full-term babies with no

complications born at a hospital are as follows.

2.9 2.7 3.5 3.6 2.8 3.6 3.7 3.6 3.6 2.9

3.7 3.6 3.2 2.9 3.2 2.5 2.6 3.8 3.0 4.2

2.8 3.5 3.3 3.1 3.0 4.2 3.2 2.4 4.3 3.2

Find an approximate 95% confidence interval for the mean weight of full-term babies

with no complications, if the birth weights of full-term babies are normally distributed

with a standard deviation of 400 g.

12Example 9 For a population with a standard deviation of 100, how large a random sample is needed

in order to be 95% confident that the sample mean is within 20 of the population mean?

13 A quality-control engineer in a factory needs to estimate the mean weight, µ grams, of

bags of potato chips that are packed by a machine. The engineer knows by experience

that σ = 2.0 grams for this machine. What size sample is required to ensure that we can

be 95% confident that the estimate will be within 0.5 g of µ?

14 The number of customers per day at a fast-food outlet is known to have a standard

deviation of 50. What size sample is required so that the owner can be 95% confident

that the difference between the sample mean and the true mean is not more than 10?

15 A manufacturer knows that the standard deviation of the lifetimes of their light bulbs is

150 hours. What size sample is required so that the manufacturer can be 95% confident

that the sample mean, x̄, will be within 20 hours of the population mean?

16 Consider once again the problem of estimating the average IQ score, µ, of Year 12

mathematics students. (Assume that σ = 15.)

a What size sample is required to ensure with 95% confidence that the estimated

mean IQ will be within 2 points of µ?

b What size sample is required to ensure with 95% confidence that the estimated

mean IQ will be within 1 point of µ?

c In general, what is the effect on the sample size of halving the margin of error?
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17Example 10 Calculate and compare 90%, 95% and 99% confidence intervals for the mean battery

life for a certain brand of batteries, if the mean life of 25 batteries was found to be

35.7 hours. (Assume that σ = 15.)

18 It is known that IQ scores in the general population are normally distributed with mean

µ = 100 and standard deviation σ = 15.

a Use your calculator to generate 10 values of the sample mean x̄ for random samples

of size 20 drawn from this population.

b Use your calculator to find a 90% confidence interval for the population mean µ from

each of these values of the sample mean x̄.

c How many of these intervals contain the value of the population mean µ?

d How many of these intervals would you expect to contain the value of the population

mean µ?

e What is the probability that they will all contain the value of the population mean?

19 Suppose that marks on a mathematics test are normally distributed with mean µ = 30

and standard deviation σ = 7.

a Use your calculator to generate 10 values of the sample mean x̄ for random samples

of size 30 drawn from this population.

b Use your calculator to find an 80% confidence interval for the population mean µ

from each of these values of the sample mean x̄.

c How many of these intervals contain the value of the population mean µ?

d How many of these intervals would you expect to contain the value of the population

mean µ?

e What is the probability that they will all contain the value of the population mean?

20 In a new complex of rooms, 100 new light bulbs were installed. The mean length

of time that the light bulbs lasted was x̄ = 120 hours, with a standard deviation of

s = 75 hours. Calculate an approximate 95% confidence interval for the mean lifetime

of this type of light bulb.

21 Resting pulse rates were measured for a group of 90 randomly chosen 7-year-old

children from a city, giving a sample mean of x̄ = 82.6 beats per minute and a standard

deviation of s = 10.3 beats per minute. Calculate an approximate 90% confidence

interval for the mean resting pulse rate of all 7-year-old children in the city.

22 An investigation was conducted into the total distance travelled by cars currently in

use in a city. A random sample of 500 cars were stopped and the distances they had

travelled were recorded. The sample mean was 46 724 km and the sample standard

deviation was 15 172 km. Calculate an approximate 98% confidence interval for the

average distance travelled by cars in this city.
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Chapter summary

Distribution of sample means

� The population mean µ is the mean of all values of a measure in a population.

The sample mean x̄ is the mean of these values in a particular sample.

� The sample mean X̄ can be viewed as a random variable, and its distribution is called a

sampling distribution.

� If X is a normally distributed random variable with mean µ and standard deviation σ,

then the distribution of the sample mean X̄ will also be normal, with mean E(X̄) = µ and

standard deviation sd(X̄) =
σ
√

n
, where n is the sample size.

� Central limit theorem

Let X be any random variable, with mean µ and standard deviation σ. Then, provided that

the sample size n is large enough, the distribution of the sample mean X̄ is approximately

normal with mean E(X̄) = µ and standard deviation sd(X̄) =
σ
√

n
.

� If X is a binomial random variable with parameters n and p, then the distribution of X

is approximately normal, with mean µ = np and standard deviation σ =
√

np(1 − p),

provided np > 5 and n(1 − p) > 5.

� The value of the sample mean x̄ can be used to estimate the population mean µ. Since this

is a single-valued estimate, it is called a point estimate of µ.

� An interval estimate for the population mean µ is called a confidence interval for µ.

� An approximate 95% confidence interval for the population mean µ is given by
(

x̄ − 1.96
σ
√

n
, x̄ + 1.96

σ
√

n

)

where:

• µ is the population mean (unknown)

• x̄ is a value of the sample mean

• σ is the value of the population standard deviation

• n is the size of the sample from which x̄ was calculated.

� The margin of error of a confidence interval is the distance between the sample estimate

and the endpoints of the interval. For a 95% confidence interval for µ, the margin of error

is given by

M = 1.96 ×
σ
√

n

� A 95% confidence interval for a population mean µ will have margin of error equal to a

specified value of M when the sample size is

n =

(

1.96σ

M

)2
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484 Chapter 15: Linear combinations of random variables

� In general, a C% confidence interval is given by
(

x̄ − k
σ
√

n
, x̄ + k

σ
√

n

)

where k is such that

P(−k < Z < k) =
C

100

Short-answer questions

1 The final marks in a mathematics examination are normally distributed with mean 65

and standard deviation 7. A random sample of 10 students are selected and their mean

mark calculated. What are the mean and standard deviation of this sample mean?

2 The number of customers per day at a fast-food outlet is known to be normally

distributed with a standard deviation of 50. In a sample of 25 randomly chosen days, an

average of 155 customers were served.

a Give a point estimate for µ, the mean number of customers served per day.

b Write down an expression for a 95% confidence interval for µ.

3 A manufacturer knows that the lifetimes of their light bulbs are normally distributed

with a standard deviation of 150 hours.

a What size sample is required to ensure a margin of error of M = 20 hours at the

95% confidence level?

b If the number of light bulbs in the sample were doubled, what would be the effect on

the margin of error, M?

4 Suppose that 60 independent random samples are taken from a large population and a

95% confidence interval for the population mean is computed from each of them.

a How many of the 95% confidence intervals would you expect to contain the

population mean µ?

b Write down an expression for the probability that all 60 confidence intervals contain

the population mean µ.

Extended-response questions

1 Jan uses the lift in her multi-storey office building each day. She has noted that,

when she goes to her office each morning, the time she waits for the lift is normally

distributed with a mean of 60 seconds and a standard deviation of 20 seconds.

a What is the probability that Jan will wait less than 54 seconds on a particular day?

b Find a and b such that the probability that Jan waits between a seconds and

b seconds is 0.95.
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c During a five-day working week, find the probability that:

i Jan’s average waiting time is less than 54 seconds

ii Jan’s total waiting time is less than 270 seconds

iii she waits for less than 54 seconds on more than two days in the week.

d Find c and d such that there is a probability of 0.95 that her average waiting time

over a five-day period is between c seconds and d seconds.

2 The daily rainfall in Brisbourne is normally distributed with mean µmm and standard

deviation σmm. The rainfall on one day is independent of the rainfall on any other day.

On a randomly selected day, there is a 5% chance that the rainfall is more than 10.2 mm.

In a randomly selected seven-day week, there is a probability of 0.025 that the mean

daily rainfall is less than 6.1 mm. Find the values of µ and σ.

3 An aeroplane is licensed to carry 100 passengers.

a If the weights of passengers are normally distributed with a mean of 80 kg and

a standard deviation of 20 kg, find the probability that the combined weight of

100 passengers will exceed 8500 kg.

b The weight of the luggage that passengers check in before they travel is normally

distributed, with a mean of 27 kg and a standard deviation of 4 kg. Find the

probability that the combined weight of the checked luggage of 100 passengers is

more than 2850 kg.

c Passengers are also allowed to take hand luggage on the plane. The weight of the

hand luggage that they carry is normally distributed, with a mean of 8 kg and a

standard deviation of 2.5 kg. Find the probability that the combined weight of the

hand luggage for 100 passengers is more than 900 kg.

d What is the probability that the combined weight of the 100 passengers, their

checked luggage and their hand luggage is more than 12 000 kg?

4 a Researchers have established that the time it takes for a certain drug to cure a

headache is normally distributed, with a mean of 14.5 minutes and a standard

deviation of 2.4 minutes. Find the probability that:

i in a random sample of 20 patients, the mean time for the headache to be cured is

between 12 and 15 minutes

ii in a random sample of 50 patients, the mean time for the headache to be cured is

between 12 and 15 minutes.

b The researchers modify the formula for the drug, and carry out some trials to

determine the new mean time for a headache to be cured.

i Determine a 95% confidence interval for the mean time for a headache to be

cured, if the average time it took for the headache to be cured in a random sample

of 20 subjects was 12.5 minutes. (Assume that σ = 2.4.)
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486 Chapter 15: Linear combinations of random variables

ii Determine a 95% confidence interval for the mean time for a headache to be

cured, if the average time it took for the headache to be cured in a random sample

of 50 subjects was 13.5 minutes. (Assume that σ = 2.4.)

iii Determine a 95% confidence interval for the mean time for a headache to be

cured based on the combined data from the two studies in i and ii.

iv In order to ensure a margin of error of 0.5 minutes at the 95% confidence level,

what size sample should the researchers use to determine the mean time to cure a

headache for the new drug?

5 A sociologist asked randomly selected workers in two different industries to fill out a

questionnaire on job satisfaction. The answers were scored from 1 to 20, with higher

scores indicating greater job satisfaction.

� The scores on the questionnaire for industry A are known to be normally distributed

with a standard deviation of 2.2.

� The scores on the questionnaire for industry B are known to be normally distributed

with a standard deviation of 3.1.

This information, together with the sample sizes used and the means obtained from the

samples, is given in the following table.

Industry n σ Sample mean

A 30 2.2 15.3

B 35 3.1 12.1

a i Find a 95% confidence interval for µA, the mean satisfaction score in industry A.

ii Find a 95% confidence interval for µB, the mean satisfaction score in industry B.

iii Compare the two confidence intervals. Do they seem to indicate that there is a

difference in job satisfaction in the two industries?

b To properly compare the two industries, we should determine a confidence interval

for the difference in the means between the two industries, that is, for µA − µB.

i What is a point estimate of µA − µB?

ii Determine the standard deviation of XA − XB, the difference between a score from

industry A and a score from industry B.

iii Use this information to construct a 95% confidence interval for µA − µB.

iv Interpret this interval in the context of the random variables in this situation.
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Chapters 1–15

16A Short-answer questions

1 Let f (x) =
3

2x − 1
+ 3, x ,

1

2
. Find f −1, the inverse function of f .

2 Let g(x) = 3 − e2x, x ∈ R.

a Find the rule and domain of the function g−1.

b Sketch the graph of y = g
(

g−1(x)
)

for its natural domain.

3 Let ℓ be the line with vector equation r = −8i + 4 j + 10k + t(i + 7 j − 2k), t ∈ R, and

let Π be the plane with Cartesian equation 12x − 2y − z = 17. Show that the line ℓ and

the plane Π do not intersect.

4 The line given by r = 2i − 2 j + k + t(−3i + 9 j + k), t ∈ R, crosses the x–z plane and the

y–z plane at the points A and B respectively. What is the length of the line segment AB?

5 Find a vector equation that represents the line of intersection of the planes defined by

the equations 3x − y + 2z = 100 and x + 3y = 45.

6 Determine the distance between the two parallel lines 5x+ 5y− 11 = 0 and x+ y− 1 = 0

in the Cartesian plane.

7 Consider the following system of linear equations, where m is a constant:

x + 5y − 6z = 2

mx + y − z = 0

5x − my + 3z = 7

For what value of m does this system have a unique solution?

8 Find the gradient of the curve 2y2 − xy3 = 8 at the point where y = −1.

Cambridge Senior Maths for Western Australia ISBN 978-1-009-25972-9 c© Evans et al. 2023 Cambridge University Press

Mathematics Specialist 3&4 Photocopying is restricted under law and this material must not be transferred to another party.



R
e
v
is
io
n

488 Chapter 16: Revision of Chapters 1–15

9 A tank originally holds 40 litres of water, in which 10 grams of a chemical is dissolved.

Pure water is poured into the tank at 4 litres per minute. The mixture is well stirred and

flows out at 6 litres per minute until the tank is empty.

a State how long it takes the tank to empty.

b Set up a differential equation for the mass, m grams, of chemical in the tank at time

t minutes, including the initial condition.

c Express m in terms of t.

d Hence, determine how long it takes for the concentration of the solution to reach

0.2 grams per litre.

10 For the graph of f (x) =
x + 3

x2 + 3
, find:

a the equations of any asymptotes

b the coordinates of any stationary points

c the area bounded by the x-axis, the y-axis, the line x = 3 and the graph of y = f (x).

11 a Find:

i (5 + i)(4 + i) ii
(

√
3 + i
)(

−2
√

3 + i
)

iii

(

1

2
+ i

) (

−
3

4
+ i

)

iv (1.2 − i)(0.4 + i)

b Let z = a + i and w = b + i, where both a and b are integers.

i Find zw, in terms of a and b.

ii If Re(zw) = Im(zw), express b in terms of a.

iii Hence, sketch the graph of b against a.

12 The graph of y =
ln x

x
is shown.

Point P is the stationary point, and

Q is the point of intersection of the

graph with the x-axis.

a Find the coordinates of P and Q.

b Find the area of the region bounded

by the x-axis, the curve and the

line x = e.

O
x

y

13 a Solve the differential equation
dy

dx
= ex+y, y(1) = 1, expressing y as a function of x.

b State the natural domain of this function.

c Find the equation of the tangent to the curve at x = 0.

14 a Express
x

(1 − x)2
as partial fractions.

b Hence, find the area of the region defined by the graphs of y =
x

(1 − x)2
, x = 2, x = 4

and the x-axis.
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15 a Show that
x

√
x − 1

=
√

x − 1 +
1

√
x − 1

.

b The graph of f (x) =
x

√
x − 1

, for x ∈ [2, a], is rotated about the x-axis to form a solid

of revolution. Find the volume of this solid in terms of a.

16 Determine the asymptotes, intercepts and stationary points for the graph of the relation

y =
x3 + 3x2 − 4

x2
. Hence, sketch the graph.

17 Let P be a point on the line x + y = 1 and write
−−→
OP = mi + n j, where O is the origin

and m, n ∈ R.

a Find the unit vectors parallel to the line x + y = 1.

b Find a relation between m and n, and hence express
−−→
OP in terms of m only.

c Find the two values of m such that
−−→
OP makes an angle of 60◦ with the line x + y = 1.

18 Points A, B and C are represented by position vectors i + 2 j − k, 2i + m j + k and

3i + 3 j + k respectively.

a The position vector r =
−−→
OA + t

−−→
AC, t ∈ R, can be used to represent any point on the

line AC. Find the value of t for which r is perpendicular to
−−→
AC.

b Find the value of m such that ∠BAC is a right angle.

19 Let f (x) =
4x2 + 16x

(x − 2)2(x2 + 4)
.

a Given that f (x) =
a

x − 2
+

6

(x − 2)2
−

bx + 4

x2 + 4
, find a and b.

b Given that
∫ 0

−2
f (x) dx =

c − π − ln d

2
, find c and d.

20 Calculate the area of the triangle XYZ, where the three vertices have coordinates

X(1, 3, 2), Y(2,−1, 0) and Z(1, 10, 6).

21 Find the acute angle between the planes given by x − y + 3z = 2 and 3x + y − z = −5.

22 A particle is moving in a straight line such that its position, x metres, at time t seconds

is given by x = 3 − 2 cos2 t.

a Show that the motion of the particle is simple harmonic.

b i Find the period of the motion.

ii Find the amplitude of the motion.

iii Find the maximum speed of the particle.
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16B Extended-response questions

1 The points A, B and C have position vectors a = i + 2 j + 2k, b = 2i + j + 2k and

c = 2i + 2 j + k respectively, with respect to an origin O.

a Find a vector equation of the line BC.

b Find a vector equation of the plane Π that contains the point A and is perpendicular

to the line OA.

c Show that the line BC is parallel to the plane Π.

d A circle with centre O passes through A and B. Find the length of the minor arc AB.

e Verify that 2i + 2 j − 3k is perpendicular to the plane OAB. Write down a

vector perpendicular to the plane OAC. Hence, find the acute angle between the

planes OAB and OAC.

2 The plane Π1 is given by the Cartesian equation 3x + 2y − z = −1, and the line ℓ1 is

given by the vector equation r = (4 − t)i + (2t − 3) j + (t + 7)k, t ∈ R.

a Show that the line ℓ1 lies in the plane Π1.

The line ℓ2 is given by the vector equation r = 10 j + 7k + t(i + 3 j + 2k), t ∈ R, and the

line ℓ2 intersects the plane Π1 at the point A.

b Find the coordinates of the point A.

c Find a Cartesian equation of the plane Π2 that passes through the point A and is

perpendicular to the line ℓ1.

d Find the coordinates of the point where the line ℓ1 intersects the plane Π2.

e Find a vector equation of the line ℓ3 that lies in the plane Π1 and is perpendicular to

the line ℓ1.

3 A plane Π1 in three-dimensional space has vector equation r · (2i + 3 j) = −6.

a Find a vector equation of the line that is normal to Π1 and passes through P(2, 1, 4).

b Find the coordinates of Q, the foot of the perpendicular on Π1 from the point P.

c Find the sine of the angle between OQ and Π1.

d Planes Π2 and Π3 have vector equations r · (i + j + k) = 5 and r · i = 0 respectively.

Find the point of intersection of the three planes Π1, Π2 and Π3.

4 The volume of liquid in a 1 litre bottle is normally distributed with a mean of µ litres

and a standard deviation of σ litres. In a randomly selected bottle, there is a probability

of 0.057 that there is more than 1.02 litres. In a randomly selected six-pack of bottles,

there is a probability of 0.033 that the mean volume of liquid is more than 1.01 litres.

Find the values of µ and σ.

5 Suppose that people’s weights, X kg, are normally distributed with a mean of 80 kg and

a standard deviation of 20 kg.

a Find k1 and k2 such that, for a person chosen at random, P(k1 < X < k2) = 0.95.

b Suppose that we plan to take a random sample of 20 people and determine their

mean weight, X̄. Find c1 and c2 such that P(c1 < X̄ < c2) = 0.95.
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c Suppose that researchers are no longer sure that the mean weight of people is 80 kg.

They believe that it might have changed, due to changes in diet. To investigate

this possibility, they take a random sample of 20 people and determine a sample

mean of 85 kg. Based on this value (and a standard deviation of 20 kg), determine a

95% confidence interval for the mean.

6 Consider the function

f (x) =



















x ln x − 3x if x > 0

0 if x = 0

a Find the derivative for x > 0.

b One x-axis intercept is at (0, 0). Find the coordinates of the other x-axis intercept, A.

c Find the equation of the tangent at A.

d Find the ratio of the area of the region bounded by the tangent and the coordinate

axes to the area of the region bounded by the graph of y = f (x) and the x-axis.

7 a Consider y =
a + b sin x

b + a sin x
, where 0 < a < b.

i Find
dy

dx
.

ii Find the maximum and minimum values of y.

b For the graph of y =
1 + 2 sin x

2 + sin x
, −π ≤ x ≤ 2π:

i State the coordinates of the y-axis intercept.

ii Determine the coordinates of the x-axis intercepts.

iii Determine the coordinates of the stationary points.

iv Sketch the graph of y = f (x).

v Find the area of the region bounded by the graph and the line y = −1.

8 Consider the function

f (x) = cos x +
√

3 sin x, 0 ≤ x ≤ 2π

Given that f (x) can be expressed in the form r cos(x − a), where r > 0 and 0 < a <
π

2
:

a Find the values of r and a.

b Find the range of the function.

c Find the coordinates of the y-axis intercept.

d Find the coordinates of the x-axis intercepts.

e Find x, if f (x) =
√

2.

f If g(x) =
1

f (x)
, evaluate

∫ π
2

0
g(x) dx.

g Find the volume measure of the solid formed when the region bounded by the graph

of y = f (x), the x-axis and the y-axis is rotated about the x-axis.
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9 A particle moves in a line such that the velocity, v m/s, at time t seconds (t ≥ 0) satisfies

the differential equation
dv

dt
=
−v

50
(1 + v2). The particle starts from O with an initial

velocity of 10 m/s.

a i Express as an integral the time taken for the particle’s velocity to decrease from

10 m/s to 5 m/s.

ii Hence, calculate the time taken for this to occur.

b i Show that, for v ≥ 0, the motion of this particle is described by the differential

equation
dv

dx
=
−(1 + v2)

50
, where x metres is the displacement from O.

ii Given that v = 10 when x = 0, solve this differential equation, expressing x in

terms of v.

iii Hence, show that v =

10 − tan

(

x

50

)

1 + 10 tan

(

x

50

) .

iv Hence, find the displacement of the particle from O, to the nearest metre, when it

first comes to rest.

10 The complex number z1 =
√

3 − 3i is a solution of the equation z3 + a = 0.

a i Find the value of a.

ii Hence, find the other solutions z2 and z3, where z2 is real.

b Plot the solutions on an Argand diagram.

c A set of points on the Argand diagram is defined by the equation

|z − z1| + |z − z3| = b

i This set of points includes the point z2. Show that the value of b is 12.

ii Hence, find the two complex numbers on the line through z1 and z3 which belong

to this set of points.

iii Hence, or otherwise, and using z = x + yi, find the Cartesian equation of the set

of points.

11 Points A and B are represented by position vectors a = 2i − j + 2k and b = m(i + j − k)

respectively, relative to a point O, where m > 0.

a Find the value of m for which A and B are equidistant from O.

Points A and B lie on a circle with centre O. Point C is represented by the position

vector −a.

b i Give reasons why C also lies on the circle.

ii By using the scalar product, show that ∠ABC = 90◦.

Now assume that all points on this circle can be represented by the general position

vector d = ka + ℓb, for different values of k and ℓ.

c i Show that the relation between k and ℓ is given by 9k2 − 2
√

3kℓ + 9ℓ2 = 9.

ii When k = 1, find the two position vectors that represent points on the circle.

d Let P be a point on the circle such that OP bisects AB. Find the position vectors that

represent P. Do not attempt to simplify your answer.
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A particle is travelling such that its position at time t seconds is given by

r = (5 − t)i + (2 + t) j + (t − 3)k.

e Find the value of t when r can be expressed in the form ka + ℓb, and find the

corresponding values of k and ℓ.

f Hence, determine whether the particle lies inside, outside or on this circle at

this time.

12 A curve is defined by the parametric equations x = t2 and y =
1

3
t3 − t.

a The curve can be described by a Cartesian equation of the form y2 = g(x). Find g(x).

b Find the coordinates of the stationary points of the curve.

c Find the area of a region enclosed by the curve.

d Find the volume of the solid formed by rotating this region around the x-axis.

13 A curve is defined by the parametric equations

x = sin(t), y = sin(4t)

for 0 ≤ t ≤ 2π. The graph is shown.

y

x
1.00.5−0.5−1.0

−1.0

−0.5

0.5

1.0

a Find the Cartesian equation of the curve with y in terms of x.

b Find
dx

dt
,

dy

dt
and

dy

dx
in terms of t.

c i Find the values of t for which
dy

dx
= 0.

ii Find the values of x for which
dy

dx
= 0.

iii Find the coordinates of the stationary points of the graph.

iv Find the gradients of the graph at x =
1
√

2
, at x =

−1
√

2
and at the origin.

v Show that the gradient is undefined when x = −1 or x = 1.

d Find the total area of the regions enclosed by the curve.

e Find the volume of the solid of revolution formed by rotating the curve around

the x-axis.
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14 The position of a particle at time t is

given by

r(t) = 5 sin

(

πt

30

)

i + 20 sin

(

πt

15

)

j

for t ≥ 0.

a Find the Cartesian equation of the

path of the particle. The curve is

shown.

b Find the gradients of the curve when:

i x = 0

ii x = 3

−4 2−2

20

10

−10

−20

4

y

x

c i Find the velocity of the particle when t = 7.5.

ii Find the speed of the particle when t = 7.5.

d Find, using the method of substitution, the area of the regions enclosed by the curve.

e Find the greatest distance from the origin reached by the particle.

f Find the volume of the solid of revolution formed by rotating the curve around

the x-axis.

15 Let f (x) =
x3

x2 + a
, where a is a positive real constant.

a Find f ′(x) and f ′′(x).

b Find the coordinates of the stationary point and state its nature.

c Find the coordinates of the points of inflection (non-stationary).

d Find the equation of the asymptote of the graph of f .

e Sketch the graph of f .

f Find the value of a such that the area between the curve, the line y = x and the line

x = a is equal to
1

2
ln 2.

16 Let f (x) =
x3

x2 − a
, where a is a positive real constant.

a Find f ′(x) and f ′′(x).

b Find the coordinates of the stationary points of f in terms of a and state their nature.

c Find the coordinates of the point of inflection of f .

d Find the equations of the asymptotes of the graph of f .

e Sketch the graph of f .

f Find the value of a if a stationary point of f occurs where x = 4
√

3.
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17 The coordinates, P(x, y), of points on a curve satisfy the differential equations

dx

dt
= −3y and

dy

dt
= sin(2t)

and when t = 0, y = −
1

2
and x = 0.

a Find x and y in terms of t.

b Find the Cartesian equation of the curve.

c Find the gradient of the tangent to the curve at a point P(x, y) in terms of t.

d Find the axis intercepts of the tangent in terms of t.

e Let the x- and y-axis intercepts of the tangent be points A and B respectively, and

let O be the origin. Find an expression for the area of triangle AOB in terms of t,

and hence find the minimum area of this triangle and the values of t for which

this occurs.

f Give a pair of parametric equations in terms of t that describe the circle with centre

the origin and the same x-axis intercepts as the curve.

g Find the volume of the solid formed by rotating the region between the circle and the

curve about the x-axis.
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A
Absolute value [p. 54] The absolute value (or

modulus) of a real number x is defined by

|x| =














x if x ≥ 0

−x if x < 0

Acceleration [p. 400] the rate of change of

velocity with respect to time

Acceleration, average [p. 400]

average acceleration =
change in velocity

change in time

Acceleration, instantaneous [pp. 400, 427]

a =
dv

dt
=

d2 x

dt2
= v

dv

dx
=

d

dx

(

1

2
v2

)

Addition of complex numbers [p. 4]

If z1 = a + bi and z2 = c + di, then

z1 + z2 = (a + c) + (b + d)i.

Addition of vectors [p. 86]

If a = a1i + a2 j + a3 k and b = b1i + b2 j + b3 k,

then a + b = (a1 + b1)i + (a2 + b2) j + (a3 + b3)k.

Angle between two lines [p. 152] Let θ be

the angle between two vectors d1 and d2 that are

parallel to the two lines. The angle between the

lines is θ or 180◦ − θ, whichever is in [0◦, 90◦].

Angle between two planes [p. 165] Let θ be

the angle between two vectors n1 and n2 that are

normal to the two planes. The angle between the

planes is θ or 180◦ − θ, whichever is in [0◦, 90◦].

Angle between two vectors [p. 110] can be

found using the scalar product:

a · b = |a| |b| cos θ

where θ is the angle between a and b

Angular velocity, ω [p. 221] the rate of change

of angle with respect to time

Antiderivative [p. 244] To find the general

antiderivative of f (x): If F′(x) = f (x), then∫
f (x) dx = F(x) + c

where c is an arbitrary real number.

Antiderivative of a vector function [p. 209]

If r(t) = x(t)i + y(t) j + z(t)k, then∫
r(t) dt = X(t)i + Y(t) j + Z(t)k + c

where
dX

dt
= x(t),

dY

dt
= y(t),

dZ

dt
= z(t)

and c is a constant vector.

Area of a parallelogram [p. 154] The area of

the parallelogram spanned by two vectors a and b

is given by |a × b|.
Area of a region between two curves

[p. 280]
∫ b

a
f (x) dx −

∫ b

a
g(x) dx =

∫ b

a
f (x) − g(x) dx

where f (x) ≥ g(x) for all x ∈ [a, b]

y

x
O a b

y = g(x)

y = f (x)
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Argand diagram [p. 6] a geometric

representation of the set of complex numbers

Re(z)

Im(z)

0 a

b

θ

P
z = a + bi

Argument of a complex number [pp. 15, 16]

� An argument of a non-zero complex number z

is an angle θ from the positive direction of the

x-axis to the line joining the origin to z.

� The principal value of the argument, denoted by

Arg z, is the angle in the interval (−π,π].

Argument, properties [pp. 21, 22]

� Arg(z1z2) = Arg(z1) + Arg(z2) + 2kπ,

where k = 0, 1 or −1

� Arg

(

z1

z2

)

= Arg(z1) − Arg(z2) + 2kπ,

where k = 0, 1 or −1

� Arg

(

1

z

)

= −Arg(z),

provided z is not a negative real number

Augmented matrix [p. 183] represents a system

of linear equations. For example:






















1 1 2 9

2 4 −3 1

3 6 −5 0























x + y + 2z = 9

2x + 4y − 3z = 1

3x + 6y − 5z = 0

Augmented matrix, row leader [p. 184] the

first non-zero entry of a row

Augmented matrix, row operations [p. 183]

operations that produce an equivalent system of

equations (i.e. the solution set is the same):

� Interchange two rows.

� Multiply a row by a non-zero number.

� Add a multiple of one row to another row.

Augmented matrix, row-echelon form

[p. 184] Each successive row leader is further

to the right, and so each row leader has only

0s below.

Augmented matrix, reduced row-echelon

form [p. 184] Each successive row leader is

further to the right, each row leader is 1, and each

row leader has only 0s above and below.

B
Bernoulli random variable [p. 472] a random

variable that takes only the values 1 (indicating

success) and 0 (indicating failure)

C
C [p. 2] the set of complex numbers:

C = { a + bi : a, b ∈ R }

Cartesian equation [p. 158] An equation in

variables x and y describes a curve in the plane

by giving the relationship between the x- and

y-coordinates of the points on the curve; e.g.

y = x2
+ 1.

An equation in x, y and z describes a surface in

three-dimensional space; e.g. x2
+ y2
+ z2
= 1.

Cartesian form of a complex number [p. 6]

A complex number is expressed in Cartesian form

as z = a + bi, where a is the real part of z and b is

the imaginary part of z.

Central limit theorem [p. 471] Let X be

any random variable, with mean µ and standard

deviation σ. Then, provided that the sample size n

is large enough, the distribution of the sample

mean X̄ is approximately normal with mean

E(X̄) = µ and standard deviation sd(X̄) =
σ
√

n
.

Chain rule [p. 307]

� If f (x) = h(g(x)), then f ′(x) = h′
(

g(x)
)

g′(x).

� If y = h(u) and u = g(x), then
dy

dx
=

dy

du

du

dx
.

Change of variable rule [p. 253] see

integration by substitution

cis θ [p. 15] cos θ + i sin θ

Collinear points [p. 116] Three or more points

are collinear if they all lie on a single line.

Complex conjugate, z [pp. 10, 16]

� If z = a + bi, then z = a − bi.

� If z = r cis θ, then z = r cis(−θ).
Complex conjugate, properties [p. 11]

� z + z = 2 Re(z) � zz = |z|2

� z1 + z2 = z1 + z2 � z1z2 = z1 z2

Complex number [p. 2] an expression of the

form a + bi, where a and b are real numbers

Complex plane [p. 6] see Argand diagram

Composite function [p. 59] For functions f and

g such that ran f ⊆ dom g, the composite function

of g with f is defined by g ◦ f (x) = g( f (x)), where

dom(g ◦ f ) = dom f .

Concavity [p. 311]

� If f ′′(x) > 0 for all x ∈ (a, b), then the gradient

of the curve is increasing over the interval; the

curve is said to be concave up.

� If f ′′(x) < 0 for all x ∈ (a, b), then the gradient

of the curve is decreasing over the interval; the

curve is said to be concave down.
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Concurrent lines [p. 151] Three or more

lines are concurrent if they all pass through a

single point.

Confidence interval [p. 474] an interval

estimate for the population mean µ based on the

value of the sample mean x̄

Conjugate root theorem [p. 31]

If a polynomial has real coefficients, then the

complex roots occur in conjugate pairs.

Constant acceleration formulas [p. 411]

� v = u + at � s = ut +
1

2
at2

� v2
= u2

+ 2as � s =
1

2
(u + v)t

Cross product [p. 154] see vector product

Cross product, formula [p. 155]

For a = a1i + a2 j + a3 k and b = b1i + b2 j + b3 k,

the vector product a × b is given by

(a2b3 − a3b2)i − (a1b3 − a3b1) j + (a1b2 − a2b1)k

Cross product, geometric properties

[p. 154]

� Magnitude |a × b| = |a| |b| sin θ, where θ is the

angle between vectors a and b

� Direction a × b is perpendicular to both a

and b (if a and b are non-parallel non-zero

vectors)

Cross product, properties [pp. 154, 155]

� k(a × b) = (ka) × b = a × (kb)

� a × (b + c) = a × b + a × c

� b × a = −(a × b) � a × a = a × 0 = 0

D
DeMoivre’s theorem [p. 23]

(r cis θ)n
= rn cis(nθ), where n ∈ Z

Definite integral [pp. 245, 276]
∫ b

a
f (x) dx

denotes the signed area enclosed by the graph of

y = f (x) between x = a and x = b.

Derivative function [p. 307] also called the

gradient function. The derivative f ′ of a function f

is given by

f ′(x) = lim
h→0

f (x + h) − f (x)

h

Derivative of a vector function [p. 205]

r(t) = x(t)i + y(t) j + z(t)k

ṙ(t) =
dx

dt
i +

dy

dt
j +

dz

dt
k

r̈(t) =
d2 x

dt2
i +

d2y

dt2
j +

d2z

dt2
k

Derivatives, basic [p. 307]

f (x) f ′(x)

xn nxn−1

eax aeax

ln |ax| 1

x

f (x) f ′(x)

sin(ax) a cos(ax)

cos(ax) −a sin(ax)

tan(ax) a sec2(ax)

Differential equation [p. 349] an equation

involving derivatives of a particular function or

variable; e.g.

dy

dx
= cos x,

dy

dx
=

y

y + 1

Differential equation, general solution

[p. 349]

y = sin x + c is the general solution of the

differential equation
dy

dx
= cos x.

Differential equation, particular solution

[p. 349] y = sin x is the particular solution of the

differential equation
dy

dx
= cos x, given y(0) = 0.

Displacement [p. 396] The displacement of a

particle moving in a straight line is defined as the

change in position of the particle.

Distance [p. 396] the magnitude of displace-

ment

Distance from a point P to a line [p. 145]

given by |−−→PQ|, where Q is the point on the line

such that PQ is perpendicular to the line

Distance from a point P to a plane [p. 163]

given by |−−→PQ · n̂|, where n̂ is a unit vector normal

to the plane and Q is any point on the plane

Division of complex numbers [pp. 12, 22]

z1

z2

=
z1

z2

× z2

z2

=
z1z2

|z2|2
If z1 = r1 cis θ1 and z2 = r2 cis θ2, then

z1

z2

=
r1

r2

cis(θ1 − θ2)

Dot product [p. 108] see scalar product

E
Equality of complex numbers [p. 4]

a + bi = c + di if and only if a = c and b = d

Equivalence of vectors [p. 96]

Let a = a1i + a2 j + a3 k and b = b1i + b2 j + b3 k.

If a = b, then a1 = b1, a2 = b2 and a3 = b3.
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F
Factor theorem [p. 30] Let α ∈ C. Then z − α
is a factor of a polynomial P(z) if and only if

P(α) = 0.

Fundamental theorem of algebra [p. 34]

Every non-constant polynomial with complex

coefficients has at least one linear factor in the

complex number system.

Fundamental theorem of calculus [p. 276]

If f is a continuous function on an interval [a, b],

then∫ b

a
f (x) dx = F(b) − F(a)

where F is any antiderivative of f and
∫ b

a
f (x) dx

is the definite integral from a to b.

G
Gradient function see derivative function

H
Horizontal-line test [p. 64] If a horizontal line

can be drawn anywhere on the graph of a function

and it only ever intersects the graph a maximum of

once, then the function is one-to-one.

I
Imaginary number i [p. 2] i 2

= −1

Imaginary part of a complex number [p. 2]

If z = a + bi, then Im(z) = b.

Implicit differentiation [p. 335] used to

find the gradient at a point on a curve such as

x2
+ y2
= 1, which is not defined by a rule of the

form y = f (x) or x = f (y)

Integrals, standard [p. 245]

f (x)
∫

f (x) dx

(ax + b)n
1

a(n + 1)
(ax + b)n+1

+ c

1

ax + b

1

a
ln |ax + b| + c

eax+b
1

a
eax+b

+ c

sin(ax + b) −1

a
cos(ax + b) + c

cos(ax + b)
1

a
sin(ax + b) + c

Integration by substitution [p. 253]
∫

f (u)
du

dx
dx =

∫
f (u) du

Inverse function [p. 65] For a one-to-one

function f , the inverse function f −1 is defined by

f −1(x) = y if f (y) = x, for x ∈ ran f , y ∈ dom f .

L
Limits of integration [p. 245] In the expression∫ b

a
f (x) dx, the number a is called the lower limit

of integration and b the upper limit of integration.

Line in three dimensions [pp. 141, 143] can be

described as follows, where a = a1i + a2 j + a3 k

is the position vector of a point A on the line, and

d = d1i + d2 j + d3 k is parallel to the line:

Vector equation r = a + td, t ∈ R

Parametric
equations

x = a1 + d1t

y = a2 + d2t

z = a3 + d3t

Cartesian form
x − a1

d1

=
y − a2

d2

=
z − a3

d3

Linear combination of vectors [p. 91] A

vector w is a linear combination of vectors

v1, v2, . . . , vn if it can be expressed in the form

w = k1v1 + k2v2 + · · · + knvn

where k1, k2, . . . , kn are real numbers.

Linear dependence [p. 91]

� A set of vectors is linearly dependent if at least

one of its members can be expressed as a linear

combination of other vectors in the set.

� Vectors a, b and c are linearly dependent if

there exist real numbers k, ℓ and m, not all zero,

such that ka + ℓb + mc = 0.

Linear equation [p. 175] an equation of

the form a1 x1 + a2 x2 + · · · + an xn = b, where

x1, x2, . . . , xn are variables and a1, a2, . . . , an, b are

constants

� Two variables An equation ax + by = c

represents a line in two-dimensional space

(provided a and b are not both zero).

� Three variables An equation ax + by + cz = d

represents a plane in three-dimensional space

(provided a, b and c are not all zero).

Linear independence [p. 91]

� A set of vectors is linearly independent if

no vector in the set is expressible as a linear

combination of other vectors in the set.

� Vectors a, b and c are linearly independent if

ka + ℓb + mc = 0 implies k = ℓ = m = 0.
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Locus [p. 40] a set of points described by a

geometric condition; e.g. the locus of the equation

|z − 1 − i| = 2 is the circle with centre 1 + i and

radius 2.

Logistic differential equation [p. 370]

dP

dt
= rP

(

1 − P

K

)

, 0 < P < K

This differential equation can be used to model a

population P at time t, where:

� the constant r is called the growth parameter

� the constant K is called the carrying capacity.

M
Magnitude of a vector [p. 85] the length of a

directed line segment corresponding to the vector

� If u = xi + y j, then |u| =
√

x2 + y2.

� If u = xi + y j + zk, then |u| =
√

x2 + y2 + z2.

Many-to-one function [p. 64] a function that is

not one-to-one

Margin of error,M [p. 478] the distance

between the sample estimate and the endpoints of

the confidence interval

Modulus of a complex number, |z| [pp. 10,

15] the distance of the complex number from the

origin. If z = a + bi, then |z| =
√

a2 + b2.

Modulus, properties [p. 10]

For complex numbers z1 and z2:

� |z1z2| = |z1| |z2| (the modulus of a product is

the product of the moduli)

�

∣

∣

∣

∣

∣

z1

z2

∣

∣

∣

∣

∣

=
|z1|
|z2|

(the modulus of a quotient is

the quotient of the moduli)

Modulus–argument form of a complex

number [p. 15] see polar form of a complex

number

Multiplication of a complex number by a

real number [pp. 5, 20]

� If z = a + bi and k ∈ R, then kz = ka + kbi.

� If z = r cis θ and k > 0, then kz = kr cis θ.

� If z = r cis θ and k < 0, then kz = |k|r cis(θ + π).

Multiplication of a complex number by i

[pp. 8, 21] corresponds to a rotation about the

origin by 90◦ anticlockwise. If z = a + bi, then

iz = i(a + bi) = −b + ai.

Multiplication of a vector by a scalar

[p. 86] If a = a1i + a2 j + a3 k and m ∈ R, then

ma = ma1i + ma2 j + ma3 k.

Multiplication of complex numbers [pp. 8,

21] If z1 = a + bi and z2 = c + di, then

z1z2 = (ac − bd) + (ad + bc)i

If z1 = r1 cis θ1 and z2 = r2 cis θ2, then

z1z2 = r1r2 cis(θ1 + θ2)

N
Normal distribution [p. 457] a symmetric,

bell-shaped distribution that often occurs for a

measure in a population (e.g. height, weight, IQ);

its centre is determined by the mean, µ, and its

width by the standard deviation, σ.

Normal vector to a plane [p. 158] a vector that

is perpendicular to the plane

O
One-to-one function [p. 63] different x-values

map to different y-values. For example, the

function y = x + 1 is one-to-one. But y = x2 is

not one-to-one, as both 2 and −2 map to 4.

P
Parametric equations [p. 321] a pair of

equations x = f (t), y = g(t) describing a curve in

the plane, where t is called the parameter of the

curve

Partial fractions [p. 262] Some rational

functions may be expressed as a sum of partial

fractions; e.g.

A

ax + b
+

B

cx + d
+

C

(cx + d)2
+

Dx + E

ex2 + f x + g

Plane in three dimensions [p. 158] can be

described as follows, where a is the position vector

of a point A on the plane, n = n1i + n2 j + n3 k is

normal to the plane, and k = a · n:

Vector equation r · n = a · n
Cartesian equation n1 x + n2 y + n3z = k

Point estimate [p. 474] If the value of the

sample mean x̄ is used as an estimate of the

population mean µ, then it is called a point

estimate of µ.

Point of inflection [p. 311] a point where a

curve changes from concave up to concave down

or from concave down to concave up. That is, a

point of inflection occurs where the sign of the

second derivative changes.
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Polar form of a complex number [p. 15]

A complex number is expressed in polar form

as z = r cis θ, where r is the modulus of z

and θ is an argument of z. This is also called

modulus–argument form.

Re(z)

Im(z)

0 a

b
r

θ

P
z = a + bi

Population [p. 456] the set of all eligible

members of a group that we intend to study

Population mean, µ [p. 456] the mean of all

values of a measure in the entire population

Population parameter [p. 456] a statistical

measure that is based on the whole population;

the value is constant for a given population

Position [p. 396] For a particle moving in a

straight line, the position of the particle relative to

a point O on the line is determined by its distance

from O and whether it is to the right or left of O.

The direction to the right of O is positive.

Position vector [p. 88] A position vector,
−−→
OP,

indicates the position in space of the point P

relative to the origin O.

Principal value [p. 16] see argument of a

complex number.

Product rule [p. 307]

� If f (x) = g(x) h(x), then

f ′(x) = g′(x) h(x) + g(x) h′(x).

� If y = uv, then
dy

dx
= u

dv

dx
+ v

du

dx
.

Q
Quadratic formula [p. 28] An equation of the

form az2
+ bz + c = 0, with a , 0, may be solved

using the quadratic formula:

z =
−b ±

√
b2 − 4ac

2a

Quotient rule [p. 307]

� If f (x) =
g(x)

h(x)
, then

f ′(x) =
g′(x) h(x) − g(x) h′(x)

(

h(x)
)2

.

� If y =
u

v
, then

dy

dx
=

v
du

dx
− u

dv

dx

v2
.

R
Radioactive decay [p. 357] The rate at which a

radioactive substance decays is proportional to the

mass of the substance remaining.

Random sample [p. 456] a method of sampling

where every member of the population has an

equal chance of being selected

Rational function [p. 325] a function of

the form f (x) =
g(x)

h(x)
, where g(x) and h(x) are

polynomials

Real part of a complex number [p. 2]

If z = a + bi, then Re(z) = a.

Reciprocal function [p. 330] The reciprocal of

the function y = f (x) is defined by y =
1

f (x)
.

Reciprocal functions, properties [p. 330]

� The x-axis intercepts of the original function

determine the equations of the asymptotes for

the reciprocal function.

� The reciprocal of a positive number is positive.

� The reciprocal of a negative number is negative.

� A graph and its reciprocal will intersect at a

point if the y-coordinate is 1 or −1.

� Local maximums of the original function

produce local minimums of the reciprocal.

� Local minimums of the original function

produce local maximums of the reciprocal.

� If g(x) =
1

f (x)
, then g′(x) = − f ′(x)

(

f (x)
)2

.

Therefore, at any given point, the gradient of the

reciprocal function is opposite in sign to that of

the original function.

Remainder theorem [p. 30] Let α ∈ C. When a

polynomial P(z) is divided by z − α, the remainder

is P(α).

Roots of a complex number [p. 38]

The nth roots of a complex number a are the

solutions of the equation zn
= a. If a = 1, then the

solutions are called the nth roots of unity.

Roots of a polynomial [p. 34] The root or zero

of a polynomial P(z) is any complex number z ∈ C
that is a solution of the equation P(z) = 0.

S
Sample [p. 456] a subset of the population that

we select in order to make inferences about the

whole population
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Sample mean, x̄ [p. 456] the mean of all values

of a measure in a particular sample. The values x̄

are the values of a random variable X̄.

Sample statistic [p. 456] a statistical measure

that is based on a sample from the population;

the value varies from sample to sample

Sampling distribution [p. 456] the distribution

of a statistic that is calculated from a sample

Scalar product [p. 108] The scalar product

of two vectors a = a1i + a2 j + a3 k and

b = b1i + b2 j + b3 k is given by

a · b = a1b1 + a2b2 + a3b3

Scalar product, properties [p. 109]

� a · b = b · a � k(a · b) = (ka) · b = a · (kb)

� a · 0 = 0 � a · (b + c) = a · b + a · c
� a · a = |a|2

Scalar resolute [p. 113] The scalar resolute

of a in the direction of b is given by a · b̂ = a · b
|b|

.

Second derivative [p. 311]

� The second derivative of a function f with rule

f (x) is denoted by f ′′ and has rule f ′′(x).

� The second derivative of y with respect to x is

denoted by
d2y

dx2
.

Separation of variables [p. 372]

If
dy

dx
= f (x) g(y), then

∫
f (x) dx =

∫ 1

g(y)
dy.

Signed area [p. 276] The signed area of the

shaded region is A1 − A2 + A3 − A4.

y

x
O

A
1

A
3

A
2

A
4

Simple harmonic motion [p. 432] motion

in a straight line such that ẍ = −n2(x − c),

for constants n and c with n > 0. The particle

oscillates about the centre point x = c.

Simulation [p. 456] using technology (calcu-

lators or computers) to repeat a random process

many times; e.g. random sampling

Skew lines [p. 150] In three-dimensional space,

two lines are skew if they do not intersect and are

not parallel.

Slope field [p. 386]

The slope field of a

differential equation

dy

dx
= f (x, y)

y

x

assigns to each point P(x, y) in the plane the

number f (x, y), which is the gradient of the

solution curve through P.

Solid of revolution [p. 294] the solid formed by

rotating a region about a line

Speed [p. 397] the magnitude of velocity

Speed, average [p. 397]

average speed =
total distance travelled

total time taken

Sphere, general Cartesian equation [p. 170]

The sphere with radius a and centre (h, k, ℓ) has

equation (x − h)2
+ (y − k)2

+ (z − ℓ)2
= a2.

Sphere, general vector equation [p. 170]

The sphere with radius a and centre C has vector

equation |r − −−→OC| = a.

Sphere in three dimensions [p. 170] A sphere

in three dimensions can be described as follows,

where c = c1i + c2 j + c3 k is the position vector of

the centre C, and a is the radius.

Vector equation Cartesian equation

|r − c| = a (x − c1)2
+ (y − c2)2

+ (z − c3)2
= a2

Standard deviation of a random variable, σ

a measure of the spread or variability, given by

sd(X) =
√

Var(X)

Standard deviation of a sample, s

a measure of the spread or variability of a sample

about the sample mean x̄, given by

s =

√

√

1

n − 1

n
∑

i=1

(xi − x̄)2

Subtraction of complex numbers [p. 4]

If z1 = a + bi and z2 = c + di, then

z1 − z2 = (a − c) + (b − d)i.

Subtraction of vectors [p. 87]

If a = a1i + a2 j + a3 k and b = b1i + b2 j + b3 k,

then a − b = (a1 − b1)i + (a2 − b2) j + (a3 − b3)k.

System of linear equations [pp. 176, 179, 182]

a finite set of linear equations that are to be solved

simultaneously
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U
Uniform circular motion [p. 222] circular

motion with constant angular velocity

Unit vector [p. 96] a vector of magnitude 1.

The unit vectors in the positive directions of the

x-, y- and z-axes are i, j and k respectively. The

unit vector in the direction of a is given by

â =
1

|a|
a

V
Vector [p. 85] a set of equivalent directed line

segments

Vector function [p. 195] If r(t) = x(t)i + y(t) j,

then we say that r is a vector function of t.

Vector product [p.154] see cross product.

Vector resolute [p. 113] The vector resolute

of a in the direction of b is given by

a · b
b · b

b = (a · b̂) b̂

Vectors, parallel [p. 88] Two non-zero vectors

a and b are parallel if and only if a = kb for some

k , 0.

Vectors, perpendicular [p. 109] Two non-zero

vectors a and b are perpendicular if and only if

a · b = 0.

Vectors, properties [p. 89]

� a + b = b + a commutative law

� (a + b) + c = a + (b + c) associative law

� a + 0 = a zero vector

� a + (−a) = 0 additive inverse

� m(a + b) = ma + mb distributive law

Vectors, resolution [p. 113] A vector a is

resolved into rectangular components by writing

it as a sum of two vectors, one parallel to a given

vector b and the other perpendicular to b.

Velocity [p. 397] the rate of change of position

with respect to time

Velocity, average [p. 397]

average velocity =
change in position

change in time

Velocity, instantaneous [p. 397] v =
dx

dt

Velocity–time graph [p. 416]

� Acceleration is given by the gradient.

� Displacement is given by the signed area

bounded by the graph and the t-axis.

� Distance travelled is given by the total area

bounded by the graph and the t-axis.

Volume of a solid of revolution [p. 294]

� Rotation about the x-axis

If the region is bounded by the curve y = f (x),

the lines x = a and x = b and the x-axis, then

V =
∫ b

a
πy2 dx = π

∫ b

a

(

f (x)
)2

dx

� Rotation about the y-axis

If the region is bounded by the curve x = f (y),

the lines y = a and y = b and the y-axis, then

V =
∫ b

a
πx2 dy = π

∫ b

a

(

f (y)
)2

dy

� Region not bounded by the x-axis

If the shaded region is rotated about the x-axis,

then the volume V is given by

V = π
∫ b

a

(

f (x)
)2 −
(

g(x)
)2

dx

y

x
O a b

y = g(x)

y = f (x)

Z
Zero vector, 0 [p. 87] a line segment of zero

length with no direction
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Chapter 1

Exercise 1A

1 a 6 b −7 c 13

2 a 5i b 3
√

3i c −5i

d 13i e 5
√

2i f −2
√

3

g −1 + 2i h 4 i 0

3 a x = 5, y = 0 b x = 0, y = 2

c x = 0, y = 0 d x = 9, y = −4

e x = −2, y = −2 f x = 13, y = 6

4 a 5 + i b 4 + 4i c 5 − 5i

d 4 − 3i e −1 + i f 2

g 2 h 1 i 3 − 2i

5

−1
−1

1

2

3

0

−2

−3

−4

−2−3−4 4321
Re(z)

Im(z)

3 − i

2(1 + i)

−2 + 3i

−(3 + 2i)

(−4i)

6

−1
−1

1

2

3

4

0

−2

−3

−4

1 2 3 4−2−3−4
Re(z)

Im(z)

z1 − z2

z1

2z1 + z2

z2

7 a 11 + 3i b −23 + 41i c 13

d −8 + 6i e 3 − 4i f −2 + 2i

g 1 h 5 − 6i i −1

8 a x = 4, y = −3 b x = −2, y = 5

c x = −3 d x = 3, y = −3 or x = −3, y = 3

e x = 3, y = 2

9 a

−1
−1

1

2

0

−2

−3

−4

1 2 3 4−2−3−4
Re(z)

Im(z)

(1 + i)4

(1 + i)2

1 + i

(1 + i)3

b Anticlockwise turn by
π

4
about the origin;

distance from origin increases by factor
√

2

10 a
−−→
PQ =

[

−3

−1

]

=
−−→
OR b |−−→PQ| =

√
10

Exercise 1B

1 a
√

3 b −8i c 4 + 3i

d −1 + 2i e 4 − 2i f −3 + 2i

2 a i b
3

10
− 1

10
i c −3 + 4i

d
17

5
+

1

5
i e

−1 −
√

3

2
+

√
3 − 1

2
i

f 4 + i

4 a 5 − 5i b 6 + i c 2 + 3i

d
2 − i

5
e −8i f 8 + 6i

5 a a2 + b2 b
a

a2 + b2
+

b

a2 + b2
i

c 2a d 2bi e
a2 − b2

a2 + b2
+

2ab

a2 + b2
i

f
a2 − b2

a2 + b2
− 2ab

a2 + b2
i
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Exercise 1C

1 a 3; π b 5;
π

2
c
√

2;
3π

4

d 2;
π

6
e 4; −π

3
f 16; −2π

3
2 a 1.18 b 2.06 c −2.50

d −0.96 e 0.89 f −1.98

3 a
5π

3
b

3π

2
c

5π

6

d
π

4
e −11π

6
f −3π

2

4 a −3π

4
b

5π

6
c
π

8
d −π

2

5 a
√

2 cis

(

−3π

4

)

b cis

(

−π
3

)

c
√

6 cis

(

−π
4

)

d
2

3
cis

(

π

6

)

e 2
√

2 cis

(

−π
6

)

f 4 cis

(

5π

6

)

6 a −
√

2 +
√

2i b
5

2
− 5
√

3

2
i c 2 + 2i

d
−3
√

3

2
− 3

2
i e 6i f −4

8 a 2 cis

(

−3π

4

)

b 7 cis

(

2π

3

)

c 3 cis

(

π

3

)

d 5 cis

(

π

4

)

Exercise 1D

1 (2
√

3 − 3) + (3
√

3 + 2)i

2 a 12 cis

(

−7π

12

)

b
1

2
cis

(

−π
3

)

c
7

6
cis

(

− π
15

)

d 8 cis

(

−19π

20

)

e −1

8

3 a 8 cis

(

π

3

)

b
8

27
cis

(

π

8

)

c 27 cis

(

5π

6

)

d −32i e −216

f 1024 cis

(

− π
12

)

g
27

4
cis

(

− π
20

)

4 a Arg(z1z2) =
7π

12
; Arg(z1) + Arg(z2) =

7π

12
;

Arg(z1z2) = Arg(z1) + Arg(z2)

b Arg(z1z2) =
7π

12
; Arg(z1) + Arg(z2) =

−17π

12
;

Arg(z1z2) = Arg(z1) + Arg(z2) + 2π

c Arg(z1z2) =
−5π

6
; Arg(z1) + Arg(z2) =

7π

6
;

Arg(z1z2) = Arg(z1) + Arg(z2) − 2π

6 a
π

4
b
−3π

4
c
−π
4

7 b i cis

(

3π

2
− 7θ

)

ii i

iii cis(4θ) iv cis(π − θ − ϕ)

8 b i cis(−5θ) ii cis(3θ) iii 1

iv cis

(

π

2
− 2θ

)

9 b i cis(6θ − 3π) ii cis(π − 2θ)

iii cis(θ − π) iv −i

10 a i sec θ cis θ

ii cosec θ cis

(

π

2
− θ

)

iii
1

sin θ cos θ
cis θ = cosec θ sec θ cis θ

b i sec2 θ cis(2θ)

ii sin3 θ cis

(

3θ − 3π

2

)

iii cosec θ sec θ cis(−θ)

11 a 64 cis 0 = 64 b

√
2

8
cis

(−3π

4

)

c 128 cis

(−2π

3

)

d

√
3

72
cis

(−π
2

)

= −
√

3

72
i

e
√

2 cis

(−π
4

)

f
64
√

3

3
cis

(

3π

4

)

g

√
2

2
cis

(

π

2

)

=

√
2

2
i h

1

4
cis

(

−2π

15

)

i 8
√

2 cis

(

11π

12

)

Exercise 1E

1 a (z + 4i)(z − 4i)

b (z +
√

5i)(z −
√

5i)

c (z + 1 + 2i)(z + 1 − 2i)

d

(

z − 3

2
+

√
7

2
i

) (

z − 3

2
−
√

7

2
i

)

e 2

(

z − 2 +

√
2

2
i

) (

z − 2 −
√

2

2
i

)

f 3

(

z + 1 +

√
3

3
i

) (

z + 1 −
√

3

3
i

)

g 3

(

z +
1

3
+

√
5

3
i

) (

z +
1

3
−
√

5

3
i

)

h 2

(

z − 1

4
+

√
23

4
i

) (

z − 1

4
−
√

23

4
i

)

2 a 5i, −5i b 2
√

2i, −2
√

2i

c 2 + i, 2 − i

d −7

6
+

√
11

6
i, −7

6
−
√

11

6
i

e 1 −
√

2i, 1 +
√

2i

f
3

10
+

√
11

10
i,

3

10
−
√

11

10
i

g −i, −1 − i h i, −1 − i

Exercise 1F

1 a (z − 5)

(

z +
1

2
+

√
3

2
i

) (

z +
1

2
−
√

3

2
i

)

b (z + 2)

(

z − 3

2
+

√
11

2
i

) (

z − 3

2
−
√

11

2
i

)

c 3(z − 4)

(

z − 1

6
+

√
11

6
i

) (

z − 1

6
−
√

11

6
i

)
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d 2(z + 3)

(

z − 3

4
+

√
31

4
i

) (

z − 3

4
−
√

31

4
i

)

e (z + i)(z − i)(z − 2 + i)

2 b z − 1 + i

c (z + 6)(z − 1 + i)(z − 1 − i)

3 b z + 2 + i

c (2z + 1)(z + 2 + i)(z + 2 − i)

4 b z − 1 − 3i

c (z − 1 + 3i)(z − 1 − 3i)(z + 1 + i)(z + 1 − i)

5 a (z + 3)(z − 3)(z + 3i)(z − 3i)

b (z + 2)(z − 2)(z − 1 +
√

3i)(z − 1 −
√

3i)

(z + 1 +
√

3i)(z + 1 −
√

3i)

6 a (z − i)

(

z +
1

2
+

√
3

2
i

) (

z +
1

2
−
√

3

2
i

)

b (z + i)(z − 1 +
√

2)(z − 1 −
√

2)

c (z − 2i)(z − 3)(z + 1)

d 2(z − i)

(

z +
1

4
+

√
41

4

) (

z +
1

4
−
√

41

4

)

7 a 8 b −4 c −6

8 a 3, −2 ±
√

2i b 5,
1 ±
√

23i

2

c −1,
5 ±
√

7i

2
d −2, 3,

1 ±
√

23i

2
9 a a = 0, b = 4 b a = −6, b = 13

c a = 2, b = 10

10 a 1 − 3i,
1

3
b −2 + i, 2 ±

√
2i

11 P(x) = −2x3 + 10x2 − 18x + 10;

x = 1 or x = 2 ± i

12 a = 6, b = −8

13 a z2 − 4z + 5, a = −7, b = 6

b z = 2 ± i or z = −1

2
14 a P(1 + i) = (−4a + d − 2) + 2(a − 1)i

b a = 1, d = 6

c z = 1 ± i or z = −1 ±
√

2i

15 p = −(5 + 4i), q = 1 + 7i

16 z = 1 + i or z = 2

17 a 3 + i b 2i, ±
√

6

c 1, ±
√

6i d 2, −1

2
±
√

15

2
i

e

√
2

4
±
√

14

4
i f 0, −1 ± 2

√
2i

Exercise 1G

1 a z = i or z = −i

Re(z)

Im(z)

1

−1

−1

10

z = cis

z = cis 
−π

2

π

2

b z = 3

(

√
3

2
+

1

2
i

)

, z = 3

(−
√

3

2
+

1

2
i

)

or

z = −3i

Re(z)

Im(z)

3

−3

−3

30

z = 3 cis
5π

6
z = 3 cis

π

6

z = 3 cis 
−π

2

c z =
√

2

(

√
3

2
+

1

2
i

)

or z =
√

2

(

−
√

3

2
− 1

2
i

)

Re(z)

Im(z)

0

z = √2 cis

√2

√2−√2

−√2

π

6

−5π

6
z = √2 cis

d z =
√

2

(

√
3

2
− 1

2
i

)

or z =
√

2

(

−
√

3

2
+

1

2
i

)

Re(z)

Im(z)

0

5π

6

−π

6

z = √2 cis

z = √2 cis

−√2

−√2

√2

√2

e z =

√
3

2
+

1

2
i, z = −

√
3

2
+

1

2
i or z = −i

Re(z)

Im(z)

0

1

−1

−1

5π

6
z = cis π

6
z = cis 

1

−π

2
z = cis
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f z =

√
3

2
− 1

2
i, z = i or z = −

√
3

2
− 1

2
i

Re(z)

Im(z)

0

π

2
z = cis  

−π

6
z = cis  

−5π

6
z = cis 

−1

−1

1

1

2 a 2 cis

(−π
12

)

, 2 cis

(

7π

12

)

, 2 cis

(−3π

4

)

b 2 cis

(

π

4

)

, 2 cis

(

11π

12

)

, 2 cis

(−5π

12

)

c 2 cis

(−5π

18

)

, 2 cis

(

7π

18

)

, 2 cis

(−17π

18

)

d 2 cis

(−π
18

)

, 2 cis

(

11π

18

)

, 2 cis

(−13π

18

)

e 5 cis

(−π
6

)

, 5 cis

(

π

2

)

, 5 cis

(−5π

6

)

f 2
1
6 cis

(

π

4

)

, 2
1
6 cis

(

11π

12

)

, 2
1
6 cis

(−5π

12

)

3 a a2 − b2 = 3, 2ab = 4

b a = ±2, b = ±1;

square roots of 3 + 4i are ±(2 + i)

4 a ±(1 − 4i) b ±
√

2

2
(7 + i)

c ±(1 + 2i) d ±(3 + 4i)

5
√

2 cis

(

π

6

)

,
√

2 cis

(−5π

6

)

,
√

2 cis

(−π
6

)

,

√
2 cis

(

5π

6

)

6 z =

√
2

2
+

√
2

2
i or z =

−
√

2

2
−
√

2

2
i;

z2 − i =

(

z −
√

2

2
−
√

2

2
i

) (

z +

√
2

2
+

√
2

2
i

)

7 z = cis
π

8
, cis

3π

8
, cis

5π

8
, cis

7π

8
, cis

9π

8
,

cis
11π

8
, cis

13π

8
or cis

15π

8
;

z8 + 1 =

(

z − cis
π

8

) (

z − cis
3π

8

) (

z − cis
5π

8

)

(

z − cis
7π

8

) (

z − cis
9π

8

) (

z − cis
11π

8

)

(

z − cis
13π

8

) (

z − cis
15π

8

)

8 a i ±
(

√

1 +
√

2

2
+

√√
2 − 1

2
i

)

ii 2
1
4 cis

(

π

8

)

, 2
1
4 cis

(−7π

8

)

b cos

(

π

8

)

=
(2 +
√

2)
1
2

2
, sin

(

π

8

)

=
(2 −
√

2)
1
2

2

Exercise 1H

1 a

Re(z)

Im(z)

5

100

b

Re(z)

Im(z)

1

10

c

Re(z)

2 + 3i

Im(z)

2 50
−1

2 − 3i

d

Re(z)
4 + i

Im(z)

5

0

−3

−4 + i

e

Re(z)

Im(z)

0

3 + √3i

1 + (√3 + 2)i

1 + (√3 − 2)i

−1 + √3i
1 + √3i
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f

Re(z)

Im(z)

0−5 − i

1 + 5i

7 − i

1 − 7i

1 − i

2

Re(z)

Im(z)

0
1

1 1 + i

3 The imaginary axis, i.e. { z : Re(z) = 0 }
4 a

0
Re z

Im z

π

4

b

2

0
Re z

Im z

c

Re z

Im z

0

5 a

Re(z)

Im(z)

0

1 + 2i

1 − 2i

−1 3

S

b
Im(z)

3

2

2 30
Re(z)

3π

4
Arg z =

π

4
Arg z = 

6

Re(z)

Im(z)

0 2

S
2 + √3i 

2 + √3

2 − √3i

2 − √3

7 a Im(z)

Re(z)

2 + 2i2 + 2i 2

4

0

b

−2

0
Re(z)

Im(z)

c

0
Re(z)

Im(z)

5

2

d

Re(z)

Im(z)

0

√5

√5 −√5 

−√5
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e Im(z)

Re(z)

−1

0

1

2
−

1

2
y = − x −

1

2
y = x −

f Im(z)

Re(z)

1

0

π

3

8 a

Re(z)

Im(z)

0

2

√5

√5

2
3

2

−

2

−3

b

Re(z)

Im(z)

0

y = √15x

√15xy = − 3

2
− , 0

9 a

−1 + i 1 + i

2

0

1

Re(z)

Im(z)

b

−2 − i 2 − i

1

−1

−3

0
Re(z)

Im(z)

c

0
Re(z)

Im(z)

d

−1 0

2

Re(z)

Im(z)

e

0

1

2
Re(z)

Im(z)

f Im(z)

−

0−4 4
Re(z)

√7

√7
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10 Im(z)

Re(z)

3

0 1

11 Im(z)

0

−1

−2

−3

−1 − 2i 1 − 2i

Re(z)

12 Im(z)

0

−3

2 − i

2

2 − 5i

4 − 3i

Re(z)

2 − 3i

13 a

0 1

Im(z)

Re(z)

b

1

10

Im(z)

Re(z)

14 x2 + y2 = 1

15 Centre

(

8

3
,−2

)

; radius
4
√

10

3

16 |z|2 : 1

17 a Circle with centre (1, 1) and radius 1

b y = −x

c Im(z)

Re(z)
0 1

d Im(z)

Re(z)

π

4

1

0

−1

18 Circle with centre 2 + 4i and radius 6

19 a z = −1 ±
√

3i

c Im(z)

Re(z)
−2 1 2

2

0

1−   7√

|z| = 2
−1 −   3i√

−1 +   3i√

z + z = −2

1 +    7√

|z − 1| =    7√

Chapter 1 review

Short-answer questions

1 a 8 − 5i b −i c 29 + 11i

d 13 e
6

13
+

4

13
i f

9

5
− 7

5
i

g
3

5
+

6

5
i h −8 − 6i i

43

10
+

81

10
i

2 a 2 ± 3i b −6 + 2i c −3 ±
√

3i

d
3
√

2
(1 ± i),

3
√

2
(−1 ± i)

e 3,
3

2
(−1 ±

√
3i) or 3 cis

(

±2π

3

)

f −3

2
,

3

4
(1 ±
√

3i) or
3

2
cis

(

±π
3

)

3 a 2 − i, 2 + i, −2 b 3 − 2i, 3 + 2i, −1

c 1 + i, 1 − i, 2
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4 a 2

(

x +
3

4
+

√
7

4
i

) (

x +
3

4
−
√

7

4
i

)

b (x − 1)(x + i)(x − i)

c (x + 2)2(x − 2)

5 2 and −1; −2 and 1

6 a iv b ii c i d iii

7 −1 and 5; 1 and −5

8 a = 2, b = 5

9
1

2
cis

(

−π
3

)

10 a =
3

2
−
√

3

2
, b =

1

2
+

3
√

3

2

11 a 2 + 2i b
1

2
(1 + i) c 8

√
2 d

π

4

12 a i
√

2 ii 2 iii
π

4
iv −π

3

b

√
2

2
, − π

12

13 2 cis

(

π

6

)

, −64
√

3 − 64i

14 ±3, ±3i, 1 ± i

15 16 − 16i

16 −2i, i, −2, k = −2 or 1

17 a (z + 2)(z − 1 + i)(z − 1 − i) b 25

18 −1 + 2i, −1 − 1

2
i

19 a (x − 1)2 + (y − 1)2 ≤ 1

b Im(z)

Re(z)

1

0 1

S

20 The real axis, i.e. { z : Im(z) = 0 }
21 a

0

2

2

Im(z)

Re(z)

b Im(z)

Re(z)
0−4

4

4

c Im(z)

Re(z)
0

−1

1

22

(

5

6
,
−7

6

)

23 a 4 − 3i

b c = 12 + 3i, d = 9 − i or

c = 4 + 9i, d = 1 + 5i

24 a 2 cis

(

π

3

)

, 2 cisπ, 2 cis

(

−π
3

)

b 2 cis

(

π

6

)

, 2 cis

(

−5π

6

)

25 a x6 − 1 = (x+ 1)(x− 1)(x2 − x+ 1)(x2 + x+ 1)

b x6 − 1 = (x + 1)(x − 1)
(

x − 1

2
+

√
3

2
i

) (

x − 1

2
−
√

3

2
i

)

(

x +
1

2
+

√
3

2
i

) (

x +
1

2
−
√

3

2
i

)

c −1, 1,
1

2
±
√

3

2
i, −1

2
±
√

3

2
i

26 a 1 b 1 c 0

27
−π
4

28 a −2 + 2
√

3i

b −3 − 6i

29 a Im(z)

Re(z)

√3 )centre (−2, 2

radius 2

O

b i 2 ii
5π

6

Extended-response questions

1 a |z7| = 16 384; Arg(z7) =
−π
6

b Im(z)

Re(z)

z7

0 π

6

c 2
√

2 cis

(

7π

12

)
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d z = −2
√

3 + 2i, w = 1 + i,

z

w
= (1 −

√
3) + (1 +

√
3)i

e −2 −
√

3

f
1
√

3

2 b 3, 2 − i

d z5 − 9z4 + 36z3 − 84z2 + 115z − 75

3 a z =
√

3 ± i

b i Im(z)

1

−1

0
Re(z)

z = √3 − i

z = √3 + i

√3

ii x2 + y2 = 4

iii a = 2

iv P(z) = z2 + 2
√

3z + 4

The solutions to the equation z6 + 64 = 0

are equally spaced around the circle

x2 + y2 = 4, and represent the sixth roots

of −64. Three of the solutions are the

conjugates of the other three solutions.

Im(z)

Re(z)
0

−2i

2i

√3 − i− √3 − i

√3 + i√3 + i−

4 a 8 cis

(−5π

6

)

b 2 cis

(−5π

18

)

, 2 cis

(

7π

18

)

, 2 cis

(−17π

18

)

c Im(z)

Re(z)
0

−2

−2

2

2

2 cis
7π

18

2 cis
−17π

18
2 cis

−5π

18

d i (z −
√

3i)3 = −4
√

3 − 4i

ii 2 cos

(−5π

18

)

+

(

2 sin

(−5π

18

)

+
√

3

)

i,

2 cos

(

7π

18

)

+

(

2 sin

(

7π

18

)

+
√

3

)

i,

2 cos

(−17π

18

)

+

(

2 sin

(−17π

18

)

+
√

3

)

i

5 a
−−→
XY =

√
3i − j,

−−→
XZ = 2

√
3i + 2 j

b z3 = 1 +
√

3i

c z3 = 2 cis

(

π

3

)

; W corresponds to 6
√

3

d (4
√

3, 0)

6 a Im(z)

Re(z)

−2

−2 0

T

b T = { z : Re(z) > −2 } ∩ { z : Im(z) ≥ −2 }

∩
{

z :
−5π

6
< Arg(z) <

−2π

3

}

7 a k > −5

4
b k = −5

4
c −2 < k < −5

4

8 b Im(z)

Re(z)θ

sin θ
Z

A

1 1 + cosθ

P

Q

1
 −

 co
sθ

co
sθ

0

−sin θ

c cosec θ + cot θ = cot

(

θ

2

)

9 a Im(z)

Re(z)

N M

L

R

P

Q

−4 4−2 0 2

b |z − 4| = 4

c N is 4 cis

(

2π

3

)

; Q is 4 cis

(−2π

3

)

d New position of N is 4 cis

(

5π

12

)

;

new position of Q is 4 cis

(−11π

12

)
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10 b z3 =
√

2 cis(tan−1(2 −
√

3)) =
√

2 cis

(

π

12

)

c Im(z)

Re(z)

1

2

1

2

3 − 1√

2

3 + 1√

4

3 + 1√

24

√1 −  3

1

2
−

−1

1

3√

2
−

3√

2

z
1

z
2

z
3

z
4

0

11 a ii q = 2k3

b b = −1 − i, c = 2 + 2i

12 a i 6
√

2 ii 6

b ii Isosceles

13 a i 13 ii 157.38◦ = 2.75c

b i cosα =
−12

13
, sinα =

5

13

ii r =
√

13, cos(2θ) =
−12

13
, sin(2θ) =

5

13

iii sin θ = ±5
√

26

26
, cos θ = ±

√
26

26

iv w = ±
√

2

2
(1 + 5i)

d ±
√

2

2
(5 + i); a reflection of the square roots

of −12 + 5i in the line Re(z) = Im(z)

14 a

(

x +
3

2

)2

+ y2 =
29

4

b

(

x +
3

2

)2

+

(

y − 1

2

)2

=
15

2

c

(

x +
β

α

)2

+ y2 =
β2 − αγ
α2

d

(

x +
a

α

)2

+

(

y − b

α

)2

=
a2 + b2 − αγ

α2
,

where β = a + bi

15 a (cos5 θ − 10 cos3 θ sin2 θ + 5 cos θ sin4 θ) +

(5 cos4 θ sin θ − 10 cos2 θ sin3 θ + sin5 θ)i

16 a Im(z)

Re(z)

y = x + 1

−1

0

1

b i Im(z)

Re(z)
0

2
√

2
 −

2

2√2 − 2

2
√

2
 +

 2

2
√

2

S

2√2 + 2

2√2

ii max = 6; min = 2

iii max = 75◦ =
5π

12
; min = 15◦ =

π

12

17 a 2 cis

(

±2π

3

)

c z2 + (2 − 2
√

3i)z − 4
√

3i

or z2 + (2 + 2
√

3i)z + 4
√

3i

d −4

18 a i z = 2 cis θ +
1

2
cis(−θ)

b i z = 2i cis θ − 1

2
i cis(−θ)

Chapter 2

Exercise 2A

1 a 8 b 8 c 2 d −2 e −2 f 4

2 a 3, −1 b
7

2
, −1

2
c

12

5
, −6

5
d 12, −6

e −1, 7 f
4

3
, −4 g −2

5
, −4

3 a (−3, 3)

−5 −4 −3 −2 −1 0 1 2 3 4 5

b (−∞,−5] ∪ [5,∞)

−6 −5 −4 −3 −2 −1 0 1 2 3 4 5 6

c [1, 3]

0 1 2 3 4 5−5 −4 −3 −2 −1

d (−1, 5)

−5 −4 −3 −2 −1 0 1 2 3 4 5

e (−∞,−8] ∪ [2,∞)

−5−9 −8 −7 −6 −4 −3 −2 −1 0 1 2 3

f [−3,−1]

−5 −4 −3 −2 −1 0 1 2 3 4 5
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4 a

−2
−2

x

8

6

4

2 4

2

6 80

y Range [1,∞)

b

x

6

4

2

−2

−4

−6

−5−10 0

y Range (−∞, 2]

c

x

8

6

4

2−2−6−8
−2
0−4

2

y Range [−1,∞)

d

−2

−4

−6

x

6

4

2

2

60 4

y

−2

Range (−∞, 2]

5 a { x : −5 ≤ x ≤ 5 }
b { x : x ≤ −2 } ∪ { x : x ≥ 2 }
c { x : 1 ≤ x ≤ 2 }

d

{

x : −1

5
< x < 1

}

e { x : x ≤ −4 } ∪ { x : x ≥ 10 }
f { x : 1 ≤ x ≤ 3 }

6 a x ≤ −2 b x = −9 or x = 11

c x = −5

4
or x =

15

4

7 a

0 2 3 4−1 1−2−4 −3
x

2

4

6

8
9
10

y

b

0 2 3 4−1 1−2−4 −3
x

2

4

6

8

y

c

0 2 3 4−1 1−2−4 −3
x

2

4

6

8

10

12

y

d

0 2 3 4 5 6 7 8 9−1 1−2−3−4−5−6
x

10

20

30

40

y

e

0 2

2

4

6

8

10

6 84−2−4−6

y

x

f

0 2 64−2−4−6
x

y

2

3

4

6

8

10

8 a

0 2 64−2

−2

−4

4

−4−6

y

x

b

0 2 4−2

1

−4

y

x
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c

0 2

12

3 4 6−2−3−4−6

y

x

d

−12

0 2 4 6−2−4−6

y

x

e

0 2 43 6−2

−12

−4−3−6

y

x

f

O

y

x

9 a = 1, b = 1

Exercise 2B

1 a f (g(x)) = 4x − 1, g( f (x)) = 4x − 2

b f (g(x)) = 8x + 5, g( f (x)) = 8x + 3

c f (g(x)) = 4x − 7, g( f (x)) = 4x − 5

d f (g(x)) = 2x2 − 1, g( f (x)) = (2x − 1)2

e f (g(x)) = 2(x − 5)2 + 1, g( f (x)) = 2x2 − 4

f f (g(x)) = 2x2 + 1, g( f (x)) = (2x + 1)2

2 a f (h(x)) = 6x + 3

b h( f (x)) = 6x − 1 c 15

d 11 e 21 f −7

g 3

3 a 9x2 + 12x + 3 b 3x2 + 6x + 1

c 120 d 46 e 3

f 1

4 a h(g(x)) =
1

(3x + 2)2
, dom(h ◦ g) = (0,∞)

b g(h(x)) =
3

x2
+ 2, dom(g ◦ h) = {x ∈ R : x , 0}

c
1

25
d 5

5 a ran f = [−4,∞), ran g = [0,∞)

b f ◦ g(x) = x − 4, ran( f ◦ g) = [−4,∞)

c ran f * dom g

6 a f ◦ g(x) = x, dom =

{

x ∈ R : x ,
1

2

}

,

ran =

{

x ∈ R : x ,
1

2

}

b g ◦ f (x) = x, dom = {x ∈ R : x , 0},
ran = {x ∈ R : x , 0}

7 a ran f = [−2,∞) * dom g = [0,∞)

b f ◦ g(x) = x − 2, x ≥ 0

210

−1

−2

x

y

8 a ran g = [−1,∞) * dom f = (−∞, 3]

b g∗(x) = x2 − 1, −2 ≤ x ≤ 2

f ◦ g∗(x) = 4 − x2, −2 ≤ x ≤ 2

9 a ran g = R * dom f = (0,∞)

b g1(x) = 3 − x, x ∈ (−∞, 3)

10 Domain Range

f R [0,∞)

g (−∞, 3] [0,∞)

a ran g ⊆ dom f , so f ◦ g exists

b ran f * dom g, so g ◦ f does not exist

11 a S = [−2, 2]

b ran f = [0, 2], ran g = [1,∞)

c ran f ⊆ dom g, so g ◦ f is defined;

ran g * dom f , so f ◦ g is not defined

12 a ∈ [2, 3]

13 a f ◦ g(x) = 4 − |x|, g ◦ f (x) = |4 − x|

x

y

0
−4

4
f 
°
 g(x) = 4 − |x| 

4

0
4

4

g ° f (x) = |4 − x|
y

x
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b f ◦ g(x) = 9 − |x|2 = 9 − x2

g ◦ f (x) = |9 − x2|

f °g(x) = 9 − x2

−3 30

9

x

y

x

g ° f (x) = |9 − x2 |

−3
0

9

3

y

c f ◦ g(x) =
1

|x|
, g ◦ f (x) =

∣

∣

∣

∣

∣

1

x

∣

∣

∣

∣

∣

=
1

|x|

f  g(x) = 
1
|x|°

0
x

y

0

g 
°
 f(x) = 

1

|x|

x

y

Exercise 2C

1 One-to-one functions: b, c

2 One-to-one functions: b, d, f, h

3 One-to-one functions: b, e

4 a

2

0
x

y

b g1(x) = x2 + 2, x ≥ 0

g2(x) = x2 + 2, x < 0

Exercise 2D

1 a f −1(x) =
x − 3

2
b f −1(x) =

4 − x

3

c f −1(x) =
x − 3

4

2 a f −1(x) = x + 4 b f −1(x) =
x

2

c f −1(x) =
4x

3
d f −1(x) =

4x + 2

3

3 a f −1(x) =
1

2
(x + 4)

dom = [−8, 8]

ran = [−2, 6]

b g−1(x) = 9 − 1

x

dom = (−∞, 0)

ran = (9,∞)

c h−1(x) =
√

x − 2

dom = [2,∞)

ran = [0,∞)

d f −1(x) =
1

5
(x + 2)

dom = [−17, 28]

ran = [−3, 6]

e g−1(x) =
√

x + 1

dom = (0,∞)

ran = (1,∞)

f h−1(x) = x2

dom = (0,∞)

ran = (0,∞)

4 a g−1(x) =
√

x + 1 − 1

dom g−1 = [−1,∞), ran g−1 = [−1,∞)

b

−1 1 2 3

−1

1

0
x

y

5 f −1(x) =
1

x + 3
, x , −3

0−3

x

f

f −1

−3

y

Intersection points:

(−3 +
√

13

2
,
−3 +

√
13

2

)

(−3 −
√

13

2
,
−3 −

√
13

2

)

6 f −1(2) =
1

2
, dom f −1 = [−3, 3]

7 a f −1(x) =
x

2
,

dom f −1 = [−2, 6], ran f −1 = [−1, 3]

b f −1(x) =

√

x + 4

2
,

dom f −1 = [−4,∞), ran f −1 = [0,∞)

c {(6, 1), (4, 2), (8, 3), (11, 5)},
dom = {6, 4, 8, 11}, ran = {1, 2, 3, 5}

d h−1(x) = −x2, dom h−1 = (0,∞),

ran h−1 = (−∞, 0)
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e f −1(x) =
3
√

x − 1, dom f −1 = R, ran f −1 = R

f g−1(x) = −1 +
√

x,

dom g−1 = (0, 16), ran g−1 = (−1, 3)

g g−1(x) = x2 + 1,

dom g−1 = [0,∞), ran g−1 = [1,∞)

h h−1(x) =
√

4 − x2,

dom h−1 = [0, 2], ran h−1 = [0, 2]

8 a y =
x − 4

2

dom = R

ran = R

(−2, 0)

(4, 0)

(0, 4)

y = 2x + 4

0

(0, −2)

y =
2

(x − 4)

x

y

b f −1(x) = 3 − 2x

dom = R

ran = R

y = 3 − 2x

2

3

2

3

0 3

3

x

y =
2

3 − x

y

c f −1(x) =
√

x + 2

dom = [0,∞)

ran = [2,∞)

y = 2 +   x
y = (x − 2)2

(0, 2)

(2, 0)0
x

y

√

d f −1(x) =
√

x + 1

dom = [0,∞)

ran = [1,∞)

(1, 0)0

(0, 1)

x

y = x + 1

y = (x − 1)2

y

√

e f −1(x) = 2 −
√

x

dom = [0,∞)

ran = (−∞, 2] (0, 4)

(0, 2)

(2, 0)0

(4, 0)
x

y = − x + 2

y = (x − 1)2

y

√

f f −1(x) =
1

x

dom = (0,∞)

ran = (0,∞)

0

y =
x

1

x

y

g f −1(x) =
1
√

x

dom = (0,∞)

ran = (0,∞)
y =

x2

1

1

 x
y =

0

x

y

h h−1(x) = 2x + 4

dom = R

ran = R

y = 2x + 4

4

4

0−2

−2

1

2
y =  (x − 4)

x

y

9 a f −1(x) = (x − 2)2, x ≥ 2

0 2

x

y

b f −1(x) =
1

x
+ 3, x , 0

0

y = 3

, 01

3

x

−

y

c f −1(x) = (x − 4)2 + 2, x ≥ 4

0

(4, 2)

x

y

d f −1(x) =
3

x − 1
+ 2, x , 1

x = 1

(0, −1)
x

0 y = 2

y

1
2

, 0−

e f −1(x) =
5

x + 1
+ 1, x , 1

0

x

x = −1

y = 1

(−6, 0)

(0, 6)

y

f f −1(x) = 2 − (x − 1)2, x ≥ 1

0

(1, 2)

x

y

√2 1 + 
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10 a f −1(x) =
x + 1

x − 1
, x , 1

b f −1(x) = x2 + 2, x ≥ 0

c f −1(x) =
2x + 3

3x − 2
, x ,

2

3

11 a

(3, 3)

(0, 0)0
x

y b

(3, 4)

(4, 3)

(2, 1)

(1, 0)

(0, 1)

(1, 2)

0
x

y

c

3

3

2

20

x

y d

1

10−4

−4

x

y

e

0

3

3

−3

−3

x

y f

(1, 1)

(0, 0)

(−1, −1)

x

y

g

0

x

y h

y = −2

x

y

0

12 a C b B c D d A

13 a A = (−∞, 3]

b b = 0, g−1(x) =
√

1 − x, x ∈ [−3, 1]

14 b = −2, g−1(x) = −2 +
√

x + 4

15 a = 3, f −1(x) = 3 −
√

x + 9

16 a y =
3

x
domain = {x ∈ R : x , 0}

b y = (x + 4)3 − 2 domain = R

c y = (2 − x)2 domain = (−∞, 2]

d y =
3

x − 1
domain = {x ∈ R : x , 1}

e y =
3

√

2

5 − x
+ 6 domain = {x ∈ R : x , 5}

f y =
1

(x − 2)
4
3

+ 1 domain = (2,∞)

17 a Inverse is a

function
3

2

1

1 2 3
0−2−3

−2

−1
−1

−3

x

y

b Inverse is not

a function 4

3

2

1

−1 1 2 3 40−2−3

−2
−1

−3

x

y

c Inverse is not

a function
4

3

2

1

−1 1 2 3 40−2−3

−2

−3

x

−1

y

d Inverse is a

function

4

5

6

3

2

1

1 2 3 4 5 6
0

x

y

e Inverse is not

a function 4

3

2

1

−1 1 2 3 4
0−2−3−4

−2
−1

−3
−4

x

y

18 a dom f =

{

x ∈ R : x ,
1

2

}

,

ran f =

{

x ∈ R : x ,
1

2

}

,

f ◦ f is defined as ran f ⊆ dom f

b f ◦ f (x) = x, x ,
1

2

0

1

2

1

2

x

y

c f −1(x) =
x + 3

2x − 1
, x ,

1

2

Exercise 2E

1 a i f ◦ g(x) = 3 sin(2|x|), g ◦ f (x) = 3|sin(2x)|
ii ran( f ◦ g) = [−3, 3], dom( f ◦ g) = R,

ran(g ◦ f ) = [0, 3], dom(g ◦ f ) = R

b i f ◦ g(x) = −2 cos(2|x|),
g ◦ f (x) = 2|cos(2x)|

ii ran( f ◦ g) = [−2, 2], dom( f ◦ g) = R,

ran(g ◦ f ) = [0, 2], dom(g ◦ f ) = R
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c i f ◦ g(x) = e|x|, g ◦ f (x) = ex

ii ran( f ◦ g) = [1,∞), dom( f ◦ g) = R,

ran(g ◦ f ) = (0,∞), dom(g ◦ f ) = R

d i f ◦ g(x) = e2|x| − 1, g ◦ f (x) = |e2x − 1|
ii ran( f ◦ g) = [0,∞), dom( f ◦ g) = R,

ran(g ◦ f ) = [0,∞), dom(g ◦ f ) = R

e i f ◦ g(x) = −2e|x| − 1, g ◦ f (x) = 2ex + 1

ii ran( f ◦ g) = (−∞,−3], dom( f ◦ g) = R,

ran(g ◦ f ) = (1,∞), dom(g ◦ f ) = R

f i f ◦ g(x) = ln(2|x|), g ◦ f (x) = |ln(2x)|
ii ran( f ◦ g) = R,

dom( f ◦ g) = {x ∈ R : x , 0},
ran(g ◦ f ) = [0,∞), dom(g ◦ f ) = (0,∞)

g i f ◦ g(x) = ln(|x| − 1), g ◦ f (x) = |ln(x − 1)|
ii ran( f ◦ g) = R,

dom( f ◦ g) = {x ∈ R : x , −1 or 1},
ran(g ◦ f ) = [0,∞), dom(g ◦ f ) = (1,∞)

h i f ◦ g(x) = − ln |x|, g ◦ f (x) = |ln x|
ii ran( f ◦ g) = R,

dom( f ◦ g) = {x ∈ R : x , 0},
ran(g ◦ f ) = [0,∞), dom(g ◦ f ) = (0,∞)

2 a h(x) = f ◦ g(x), f (x) = ex, g(x) = x3

b h(x) = f ◦ g(x), f (x) = cos x, g(x) = |2x|
c h(x) = f ◦ g(x), f (x) = xn, g(x) = x2 − 2x

d h(x) = f ◦ g(x), f (x) = cos x, g(x) = x2

e h(x) = f ◦ g(x), f (x) = x2, g(x) = cos x

f h(x) = f ◦ g(x), f (x) = x4, g(x) = x2 − 1

g h(x) = f ◦ g(x), f (x) = ln x, g(x) = x2

h h(x) = f ◦ g(x), f (x) = |x|, g(x) = cos(2x)

i h(x) = f ◦ g(x), f (x) = x3 − 2x,

g(x) = x2 − 2x

3 a f −1(x) =
1

3
ln

(

x

4

)

, x > 0

b g−1(x) =
8

x3
, x , 0

c f ◦ g(x) = 4e

6
3√x , x , 0

d g ◦ f (x) =
2

3
√

4e3x

e ( f ◦ g)−1(x) =

(

6

ln( x
4
)

)3

, x > 0

f (g ◦ f )−1(x) =
1

3
ln

(

2

x3

)

, x > 0

4 a 2e2x b
1

2
ln

(

x

2

)

c ex2

5 a f −1(x) = −1

2
ln x, g−1(x) = (x − 1)

1
3

b f ◦ g(x) = e−2(x3+1), ran( f ◦ g) = (0,∞),

g ◦ f (x) = e−6x + 1, ran(g ◦ f ) = (1,∞)

6 a f −1(x) =
1

x
− 1 b x =

√
5 − 1

2

7 a f −1(x) = ex − 1, dom f −1 = R,

g−1(x) =
√

x + 1 − 1, dom g−1 = (−1,∞)

b ln(x2 + 2x + 1)

8 f ◦ g(x) = ln

(

1

x

)

, f (x) + f ◦ g(x) = 0

9 x

10 x = ±
√

6 or x = ±
√

2

12 a =
1

6
, b = −1

2

14 b = 0, a = 6, g(x) = e6x

15 a f −1(x) = ln(x +
√

x2 − 1), x ≥ 1

b g−1(x) = ln(x +
√

x2 + 1)

16 a g( f (a)) = g( f (b)) ⇒ f (a) = f (b) ⇒ a = b

b f (a) = f (b) ⇒ g( f (a)) = g( f (b)) ⇒ a = b

c f (x) = ex, g(x) = x2, g ◦ f (x) = e2x

Chapter 2 review

Short-answer questions

1 a 9 b
1

400
c 4 d 4

e π − 3 f 4 − π
2 a (0, 10−4) b (100,∞)

3 x = 0 or x = 2 or x = 4

4 a Range [0, 2]

ππ

2

3π

2

2π

x

1

2

0

y

b Range [−3,∞)

0 1 2 3 4 5

y

x
−2

−3

−1

c Range (−∞, 3]

0 1 2 3 4 5

y

x

−2

−3

3

−1

5 a {5} b {11} c

{

11

7

}

6 f −1(x) =
√

x + 1, x ≥ 8
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7

y = x

(2, 2)

(−4, 0) 0

4
3

0,

(0, −4)

x

y

4
3

, 0

8 a f −1(x) =
1

2
x

1
3

b f −1(x) =
1

2
x

1
5 , x ≤ 0

c f −1(x) =
1

2
x

1
6 , x ≥ 0

d f −1(x) =
1

10
x

1
4 , x > 10 000

9 a (5 − x3)2 b 2 − (x + 3)6

c 2 − (2 − x3)3 d (x2 + 6x + 12)2

10
(

−∞,− 3
√

2
]

∪
[ 3
√

4,∞
)

11 h−1(x) =

(

x − 64

2

)

1
5

12 f −1(x) = (x − 4)2 + 2, x ≥ 4

0
42 6

x

4

2

6
y = √x − 2 + 4

y = (x − 4)
2 + 2

y

13 f −1(x) =
x + 2

1 − x
, x , 1

14 a f (x) =
√

1 + x b f (x) = x2 − x

c f (x) = 3x3 − 2x2 − x + 2

Extended-response questions

1 a (0, 0), (a, 0) b (0, 0)

c
a2

4
d 3,−5

2 a ran f = R = dom g, so g ◦ f exists;

g ◦ f (x) = 2 + (1 + x)3

b g ◦ f is one-to-one, so (g ◦ f )−1 exists;

(g ◦ f )−1(10) = 1

3 a {x ∈ R : x , −2}
b Dilation of factor 24 parallel to the y-axis,

then translation 2 units to the left and

6 units down

c (0, 6), (2, 0)

d g−1(x) =
24

x + 6
− 2

e Domain of g−1 = range of g = (−6,∞)

f

x

y

6

2

2 6

x = −2

x = −6

y = −2

y = −6

0

y = x

y = g
−1
(x)

y = g(x)

g x = −4 + 2
√

7

4 a [−3,∞)

b Dilation of factor
1

2
parallel to the x-axis,

dilation of factor 2 parallel to the y-axis,

reflection in the x-axis, then translation

3 units to the left and 4 units up

c (0, 4 − 2
√

6), (−1, 0)

d f −1(x) =
(x − 4)2

8
− 3

e Domain of f −1 = range of f = (−∞, 4]

f

x

(−2√2, 2√2)

(2√2, −2√2)

(4, −3)

(−3, 4)
y = x

y = f −1
(x) y = f(x)

0

(8 − 6√2, 8 − 6√2)

y

g x = 8 − 6
√

2 or x = 2
√

2 or x = −2
√

2

5 a

{

x ∈ R : x ,
4

3

}

b
4

3

c f −1(x) =
4

3
+

1

3

√

3

x − 6
d x = 6.015

e

x

y

0

4

3
y =

4

3
x =

y = 6

x = 6

y = x

3
y =

(3x − 4)
2
 + 6

1 3

x − 6
+

3

4

3
y =

6 a

5

2

0 20

y

x

b

−50

20
x

0

y

c g−1(x) =
20x

50 + x

Cambridge Senior Maths for Western Australia ISBN 978-1-009-25972-9 c© Evans et al. 2023 Cambridge University Press

Mathematics Specialist 3&4 Photocopying is restricted under law and this material must not be transferred to another party.



A
n
s
w
e
r
s

3
A
→

3
B

Answers 521

7 a f −1(x) =
b − dx

cx − a
, x ,

a

c

b i f −1(x) =
2 − x

3x − 3
, x , 1

ii f −1(x) =
3x + 2

2x − 3
, x ,

3

2

iii f −1(x) =
1 − x

x + 1
, x , −1

iv f −1(x) =
1 − x

x + 1
, x , −1

c For a, b, c, d ∈ {x ∈ R : x , 0}, f = f −1 when

a = −d

8 a i y = f −1(x − 5) + 3 ii y = f −1(x − 3) + 5

iii y = 5 f −1

(

x

3

)

iv y = 3 f −1

(

x

5

)

b y = c f −1

(

x − b

a

)

+ d

Reflection in the line y = x, then dilation of

factor c parallel to the y-axis and factor a

parallel to the x-axis, and a translation

b units to the right and d units up

Chapter 3

Exercise 3A

1 Magnitude =
√

5

2 a = 3, b = 2

3

B

C

A

D

O

E

4 a i 2b ii 4a iii 2a +
3

2
b

iv
1

2
b − 2a v 2a − 3

2
b

b i 4 ii 4 iii
√

13

5 a (3 cm

long)

b (4 cm

long)

6 a 6 b
9

2
c

3

2

7 a i
1

4
a ii

1

4
b iii

1

4
(b − a)

iv b − a

b i
1

2
a ii

1

2
b iii

1

2
(b − a)

8 a a + b b −(a + b + c + d) c −(b + c)

9 a b − a b
1

2
(b − a) c

1

2
(a + b)

10 a
1

2
(a + b)

11 a a + c − b b a + c − 2b

12 a −c b c c −1

2
a

d c + g +
1

2
a e c + g − 1

2
a

13 a i b − a ii c − d iii b − a = c − d

b i c − b ii −1

2
a + b − c

14 a Not linearly dependent

b Not linearly dependent

c Linearly dependent

15 a k = 3, ℓ =
1

2
b k =

55

2
, ℓ = −10

16 a i k(2a − b) ii (2m + 1)a + (4 − 3m)b

b k =
11

4
, m =

9

4

17 a i
1

2
(a + b) ii

4

5
(a + b)

iii
1

5
(4b − a) iv

4

5
(4b − a)

b
−−→
RP = 4

−−→
AR, 1 : 4 c 4

18 a x = 0, y = 1 b x = −1, y =
7

3

c x = −5

2
, y = 0

Exercise 3B

1 a i 3i + j ii −2i + 3 j iii −3i − 2 j

iv 4i − 3 j

b i −5i + 2 j ii 7i − j iii −i + 4 j

c i
√

10 ii
√

29 iii
√

17

2 a i + 4 j b 4i + 4 j + 2k c 6 j − 3k

d −8i − 8 j + 8k e
√

6 f 4

3 a i −5i ii 3k iii 2 j iv 5i + 3k

v 5i + 2 j + 3k vi 5i + 2 j

vii −5i − 3k viii 2 j − 3k

ix −5i + 2 j − 3k x −5i − 2 j + 3k

xi 5i + 2 j − 3k xii 5i − 2 j − 3k

b i
√

34 ii
√

38 iii
√

29

c i
5

2
i ii

5

2
i + 2 j iii

−5

2
i + 2 j − 3k

d i
−4

3
j ii

2

3
j iii

2

3
j + 3k

iv 5i − 2

3
j − 3k v

5

2
i +

4

3
j − 3k

e i

√
613

6
ii

√
77

2
iii

√
310

3

4 a x = 3, y = −1

3
b x = 4, y =

2

5

c x = −3

2
, y = 7

5 a i −2i + 4 j ii 3i + 2 j

iii −2i − 12 j

b −i + 2 j c −8i − 32 j
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6 3i − 7

2
j + 8k

7 a i 4i − 2 j − 4k ii −5i + 4 j + 9k

iii 2i − j − 2k iv −i − j − 3k

b i
√

30 ii
√

67

c
−−→
AB,
−−→
CD

8 a i 2i − 3 j + 4k ii
4

5
(2i − 3 j + 4k)

iii
1

5
(13i − 7 j − 9k)

b

(

13

5
,
−7

5
,
−9

5

)

10
13

9

11 a i
−−→
OA = 2i + j ii

−−→
AB = −i − 4 j

iii
−−→
BC = −6i + 5 j iv

−−→
BD = 2i + 8 j

b
−−→
BD = −2

−−→
AB

c Points A, B and D are collinear

12 a i
−−→
OB = 2i + 3 j + k

ii
−−→
AC = −i − 5 j + 8k

iii
−−→
BD = 2i + 2 j + 5k

iv
−−→
CD = 4i + 6 j + 2k

b
−−→
CD = 2(2i + 3 j + k) = 2

−−→
OB

13 a i
−−→
AB = 2i − j + 2k

ii
−−→
BC = −i + 2 j + 3k

iii
−−→
CD = −2i + j − 2k

iv
−−→
DA = i − 2 j − 3k

b Parallelogram

14 a (−6, 3) b (6, 5) c

(

3

2
,
−3

2

)

15 a i
−−→
BC = 6i + 3 j

ii
−−→
AD = (x − 2)i + (y − 1) j

b (8, 4)

16 a (1.5, 1.5, 4)

b

(

x1 + x2

2
,

y1 + y2

2
,

z1 + z2

2

)

17

(

17

5
,

8

5
,−3

)

18

(

17

2
, 3

)

19

(

−11,
−11

3

)

21 a i i + j ii −i − 6 j iii −i − 15 j

b k =
19

8
, ℓ =

−1

4

22 a i 2i + 4 j − 9k ii 14i − 8 j + 3k

iii 5.7i − 0.3 j − 1.6k

b There are no values for k and ℓ such that

ka + ℓb = c

23 a i
√

29 ii
√

13 iii
√

97 iv
√

19

b i 21.80◦ anticlockwise

ii 23.96◦ clockwise iii 46.51◦

24 a −3.42i + 9.40 j b −2.91i − 7.99 j

c 4.60i + 3.86 j d 2.50i − 4.33 j

25 a −6.43i + 1.74 j + 7.46k

b 5.14i + 4.64 j − 4k

c 6.13i − 2.39 j − 2.39k

d −6.26i + 9.77 j + 3.07k

27 a |−−→AB| = |−−→AC| = 3 b
−−→
OM = −i + 3 j + 4k

c
−−→
AM = i + 2 j − k d 3

√
2

28 a 5i + 5 j b
1

2
(5i + 5 j)

c
5

2
i +

5

2
j + 3k d

−5

2
i − 5

2
j + 3k

e

√
86

2

29 a
−−−→
MN =

1

2
b − 1

2
a

b
−−−→
MN ‖ −−→AB, MN =

1

2
AB

30 a

√
3

2
i − 1

2
j b

3
√

3

2
i − 3

2
j

c
3
√

3

2
i +

7

2
j d

√
19 km

31 a
−−→
OA = 50k

b i −80i + 20 j − 10k ii 10
√

69 m

c −80i + 620 j + 100k

32 a 2.66 km

b i −0.5i − j + 0.1k ii 1.12 km

c −0.6i − 0.8 j

33 a −100
√

2i + 100
√

2 j b 50 j

c −100
√

2i + (50 + 100
√

2) j d 30k

e −100
√

2i + (50 + 100
√

2) j + 30k

34 a
−−→
OP = 50

√
2i + 50

√
2 j

b i (50
√

2 − 100)i + 50
√

2 j ii 337.5◦

35 m =
2n − 9

n + 3

36 a −i − 8 j + 16k b
3

4
37 a (3m + 1)i − j + (1 − 3m)k b −5

Exercise 3C

1 a 66 b 22 c 6 d 11 e 25

f 86 g −43

2 a 14 b 13 c 0 d −8 e 14

3 a 21 b −21

4 a a · a + 4a · b + 4b · b b 4a · b
c a · a − b · b d |a|

5 a −4 b 5 c 5 d −6 or 1

6 a
−−→
AB = −2i − j − 2k b |−−→AB| = 3

c 105.8◦

7
√

66

8 a i c ii a + c iii c − a

9 d and f ; a and e; b and c

10 a
−−→
AP = −a + qb b q =

13

15

c

(

26

15
,

13

3
,
−13

15

)
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11 x = 1, y = −3

12 a 2.45 b 1.11 c 0.580 d 2.01

14 a
−−→
OM =

3

2
i + j b 36.81◦ c 111.85◦

15 a i −i + 3 j ii 3 j − 2k

b 37.87◦ c 31.00◦

16 a i
−−→
OM =

1

2
(4i + 5 j) ii

−−→
ON =

1

2
(2i + 7k)

b 80.12◦ c 99.88◦

17 69.71◦

Exercise 3D

1 a

√
11

11
(i + 3 j − k) b

1

3
(i + 2 j + 2k)

c

√
10

10
(− j + 3k)

2 a i

√
26

26
(3i + 4 j − k) ii

√
3(i − j − k)

b

√
78

26
(3i + 4 j − k)

3 a i
1

3
(2i − 2 j − k) ii

1

5
(3i + 4k)

b

√
510

510
(19i − 10 j + 7k)

4 a
−11

18
(i − 4 j + k) b

−1

9
(i − 4 j + k)

c
13

17
(4i − k)

5 a 2 b

√
5

5
c

2
√

21

7
d
−(1 + 4

√
5)
√

17

17

6 a
9

26
(5i − k),

1

26
(7i + 26 j + 35k)

b
3

2
(i + k),

3

2
i + j − 3

2
k

c −1

9
(2i + 2 j − k),

−7

9
i +

11

9
j +

8

9
k

7 a j + k b
1

3
(i + 2 j − 2k)

8 a i − j − k b 3i + 2 j + k c
√

14

9 a i i − j − 2k ii i − 5 j

b
3

13
(i − 5 j) c

2

13

√
195 d

√
30

10 b i
2

7
(i − 3 j − 2k) ii

1

3
(5i + j + k)

c
1

21
(i + 11 j − 16k)

Exercise 3E

1 a
1

3
a +

2

3
b b

2

5
a +

3

5
b

2 a
5

2
i − j +

5

2
k b

5

3
i − 8

3
j

c
10

3
i +

2

3
j + 5k

3 b 2 : 1

4 a
a + x

2
i +

y

2
j b x2 + y2 = a2

5 b 1 : 5

6 a
−−→
OB = −i + 7 j b

−−→
OD = −2i +

17

3
j

c λ =
2

5

7 b i
−−→
OP = 2i + j + k

ii
−−→
OP =

18

11
i +

15

11
j − 1

11
k

iii
−−→
OP =

7

4
i +

5

4
j +

1

4
k

Exercise 3F

7 c 3 : 1

8 a s = r + t

b u =
1

2
(r + s), v =

1

2
(s + t)

10 a
−−→
OG = b + d + e,

−−→
DF = b − d + e,

−−→
BH = −b + d + e,

−−→
CE = −b − d + e

b |−−→OG|2 = |b|2 + |d|2 + |e|2

+ 2(b · d + b · e + d · e)

|−−→DF|2 = |b|2 + |d|2 + |e|2

+ 2(−b · d + b · e − d · e)

|−−→BH|2 = |b|2 + |d|2 + |e|2

+ 2(−b · d − b · e + d · e)

|−−→CE|2 = |b|2 + |d|2 + |e|2

+ 2(b · d − b · e − d · e)

Chapter 3 review

Short-answer questions

1 a 2i − j + k b

√
2

3

2 a i
3

7
(−3i + 2 j + 6k) ii

1

7
(6i − 11 j − 12k)

3 a x = 5 b y = 2.8, z = −4.4

4 a cos θ =
1

3
b 6

5 a
1

9
(43i − 46 j + 20k) b

485

549
(3i − 6 j + 4k)

6 a i (2 − 3t) j + (−3 − 2t)k

ii (−2 − 3t) j + (3 − 2t)k

b ±1

7 a i 2
√

17 ii 4
√

3 iii −40

b cos−1

(

5
√

51

51

)

8 a 3i − 3

2
j + k b i − 1

2
j + 4k c

8
√

5

21

9 a 34 − 4p b 8.5 c
5

13
10 −6.5

11 λ =
3

2
, µ = −3

2
12 AB ‖ DC, AB : CD = 1 : 2
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13

√
19

5
14 a (−1, 10) b h = 3, k = −2

15 a 2c, 2c − a b
1

2
a + c c 1.5

16 h =
2

3
, k =

3

4
17 3(i + j)

18 a c − a

19 a i
1

3
c ii

2

3
a +

1

3
b iii

2

3
a +

1

3
b − 1

3
c

20 a
1

4
a +

3

4
b

b i
λ

4
a +

(

3λ

4
− 1

)

b ii
4

3

21 m =
3(n − 6)

n + 2

22 a v =
6

5
i + j − 2

5
k

Extended-response questions

1 a i i + j + k ii
√

3

b i (λ − 0.5)i + (λ − 1) j + (λ − 0.5)k

ii λ =
2

3
,
−−→
OQ =

1

3
(8i + 11 j + 5k)

c 5i + 6 j + 4k

2 a i |−−→OA| =
√

14, |−−→OB| =
√

14 ii i − 5 j

b i
1

2
(5i + j + 2k)

c 5i + j + 2k

e i 5i + j − 13k or −5i − j + 13k

iii The vector is perpendicular to the plane

containing OACB

3 a
−−→
OX = 7i + 4 j + 3k,

−−→
OY = 2i + 4 j + 3k,

−−→
OZ = 6i + 4 j,

−−→
OD = 6i + 3k, |−−→OD| = 3

√
5,

|−−→OY | =
√

29

b 48.27◦

c i

(

5λ

λ + 1
+ 1

)

i + 4 j ii −1

6

4 a i b − a ii c − b iii a − c

iv
1

2
(b + c) v

1

2
(a + c) vi

1

2
(a + b)

5 a
1

3
b +

2

3
c

c ii 5 : 1

d 1 : 3

6 a i
1

2
(a + b) ii −1

2
a +

(

λ − 1

2

)

b

7 a i 12(1 − a) ii 1

b i x − 4y + 2 = 0 ii x = −2, y = 0

c i j + 4k ii i − 12 j + 5k

iii 3i − 11 j + 7k

d X has height 5 units; Y has height 7 units

8 a i
3

4
c ii

2

5
a +

3

5
c iii −a +

3

4
c

b µ =
5

6
, λ =

2

3

9 a b = qi − p j, c = −qi + p j

b i
−−→
AB = −(x + 1)i − y j,

−−→
AC = (1 − x)i − y j

ii
−−→
AE = yi + (1 − x) j,

−−→
AF = −yi + (x + 1) j

10 a i
−−→
BC = mv,

−−→
BE = nv,

−−→
CA = mw,

−−→
CF = nw

ii |−−→AE| =
√

m2 − mn + n2,

|−−→FB| =
√

m2 − mn + n2

11 a
−−→
CF =

1

2
a − c,

−−→
OE =

1

2
(a + c)

b ii 60◦

c ii HX is parallel to EX; KX is parallel

to FX; HK is parallel to EF

12 a
−−→
OA = −2(i + j),

−−→
OB = 2(i − j),

−−→
OC = 2(i + j),

−−→
OD = −2(i − j)

b
−−→
PM = i + 3 j + hk,

−−→
QN = −3i − j + hk

c
−−→
OX =

1

2
i − 1

2
j +

h

2
k

d i
√

2 ii 71◦

e ii
√

6

13 a i
−−→
OM =

a

2
j ii

−−→
MC = ai +

a

2
j

b
−−→
MP = aλi +

aλ

2
j,

−−→
BP = a(λ − 1)i +

a

2
(λ + 1) j,

−−→
OP = aλi +

a

2
(λ + 1) j

c i λ =
3

5
, |−−→BP| = 2

√
5a

5
, |−−→OP| = a, |−−→OB| = a

ii

√
5

5

d λ = −1 and λ =
3

5

P
O

B

A C

M

C

A

B

O

M

P

e
−−→
OY =

14

15
ai +

29

30
a j +

1

6
ak

Chapter 4

Short-answer questions

1 a (−8, 2) b [−3, 1] c (−∞,−1] ∪ [7,∞)

2 a i f ◦ g(x) = 4x2 + 8x − 3

ii g ◦ f (x) = 16x2 − 16x + 3

b Dilation of factor 4 parallel to the x-axis,

then translation 3 units down

c Dilation of factor
1

4
parallel to the x-axis,

then translation
3

4
units to the right

3 a a =
2

3
b ran f = (−∞, 3]

c f −1(x) =
2 +
√

3 − x

3
, dom( f −1) = (−∞, 3],

ran( f −1) =

[

2

3
,∞

)
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d

x

y

3

2 + √3

3

2 + √3 ,
2

3
3

0

,3
2

3

4 a =
1

4
, b =

3

2

5 a f −1(x) =

(

x − 1

3

)3

b f −1(x) =
1

3

(

(x − 4)
1
3 + 2

)

c f −1(x) =

(

3 − x

2

)

1
3

6 −1

7 z = ±2, z = ±
√

3i

8
2

3
(2i + j + 2k),

1

3
(5i + 4 j − 7k)

9
π

12
10 z = 1, 2,−2 + i,−2 − i

11 a −i b
7
√

6

18
c

√
5

2

12 a m = ±5 b m = −5

4
c 4i + 6 j − 7k

d m =
7

2

13 a z = 1,
1

2
±
√

3

2
i

b cis(0), cis

(

π

3

)

, cis

(

−π
3

)

c

cis 0

−1

−1

1

Re z

Im z

0

cis
π

3

cis
−π

3

14 z = 2 cis

(

π

6

)

, z2 = 4 cis

(

π

3

)

, z3 = 8 cis

(

π

2

)

= 8i

z
2

z
3

z

0−2−4−8 2 4 8
Re z

−2

−4

−8

2

4

Im z

15 b (z − 1 − i)(z − 2 + 3i)(z − 2 − 3i)

16 b i (−1 ±
√

2)i ii i iii ±1 − i

17 a a = 3, b = 4, c = 2 b −
√

3 + i

18 a m = −3, n = −2 b λ = −1

5

Extended-response questions

1 a i

x

y

0

(5, )√2 

ii [
√

2,∞)

iii f −1(x) = x2 + 3, x ∈ [
√

2,∞]

b i p = 3 ii h−1(x) = x2 + 3

iii

x

y

0

(1, 4)

(4, 1)

y = x

2 a ran( f ) = (0, 1]

b ran(g) = (0, 1]

c ran(g) ⊆ dom( f ), f ◦ g(x) = sin

(

1

x

)

d Not defined as ran( f ) * dom(g)

e g−1(x) =
1

x
, dom(g−1) = (0, 1],

ran(g−1) = [1,∞)

f ran( f ) = dom(g−1), g−1 ◦ f (x) =
1

sin x
,

dom(g−1 ◦ f ) = (0,π), ran(g−1 ◦ f ) = [1,∞)

3 a i Im(z)

Re(z)

T1

S1

−2

−2

2

2

4

4

0

ii 2
√

2 − 2

b i Im(z)

2

1

21
0

Re(z)

S2

T2

ii Maximum
√

2 + 1; minimum 1

4 a i a + b ii
1

3
(a − b) iii

2

3
(a − b)

b
−−→
DA = 2

−−→
BD
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5 a i 151◦ ii
1

9
(34i + 40 j + 23k)

iii x = 3, y = −2, z = 16

b i b − 1

2
a ii

−−→
OA = 2

−−→
BQ

6 a
a · b
|a| |b|

b

√

(a · a)(b · b) − (a · b)2

|a| |b|

8 a i 2c − b ii
1

3
(a + 2b) iii

1

5
(a + 4c)

9 c 3 : 1

10 a z2 − 2z + 4

b i 2 cis

(

−π
3

)

ii 4 cis

(

−2π

3

)

, −8

iii 1 ±
√

3i, −1

c i
√

7,
√

7 ii Isosceles

11 a p =
1

3
(4 + 2

√
2i), q =

1

3
(2 + 4

√
2i)

b i b − a ii
1

2
(a + b) iii

1

3
(a + b)

iv
1

3
(2a − b) v

1

3
(2b − a)

12 a (z + 2i)(z − 2i) b (z2 + 2i)(z2 − 2i)

d (z − 1 − i)(z + 1 + i)(z − 1 + i)(z + 1 − i)

e (z2 − 2z + 2)(z2 + 2z + 2)

13 b Circle centre 2 − i and radius
√

5

c Perpendicular bisector of line joining 1 + 3i

and 2 − i

14 a 2 + 11i

b i
2
√

5

25
ii

11
√

5

25
15 c i 1 ii −1

d i z2 − 3z + 3 = 0 ii z2 + 2z + 13 = 0

e 0, 3

16 a z4 + z3 + z2 + z + 1 c cis

(

−2π

5

)

d cis

(

±2π

5

)

, cis

(

±4π

5

)

, 1

e

(

z2 − 2 cos

(

2π

5

)

z + 1

) (

z2 − 2 cos

(

4π

5

)

z + 1

)

17 a 4, 9, −4 b 5

18 b cos(5θ) = cos5 θ (1 − 10 tan2 θ + 5 tan4 θ),

sin(5θ) = cos5 θ (5 tan θ − 10 tan3 θ + tan5 θ)

19 a cis(±θ)
20 a Im(z)

Re(z)

3

S

0

4
3π

√2

b {−1 + i, −1 + 2i, −2 + 2i}
c Im(z)

Re(z)

(−1, 1)

2

0

√2

21 a

Re(z)

Im(z)

0

B 4 A

(2, 2)

π

4 4

3π

A ∩ B

b Im(z)

−1 1

0

Re(z)

22 a
−−→
OA = i +

√
λk,

−−→
CA = 2i − 3 j +

√
λk

b 56◦ c 13 + 8
√

3 since λ > 0

23 b i
−−→
OX =

1

3
(a + b + c),

−−→
OY =

1

3
(a + c + d),

−−→
OZ =

1

3
(a + b + d),

−−→
OW =

1

3
(b + c + d)

ii
−−→
DX =

1

3
(a + b + c) − d,

−−→
BY =

1

3
(a + c + d) − b,

−−→
CZ =

1

3
(a + b + d) − c,

−−→
AW =

1

3
(b + c + d) − a

iii
−−→
OP =

1

4
(a + b + c + d)

iv
−−→
OQ =

−−→
OR =

−−→
OS =

1

4
(a + b + c + d)

v Q = R = S = P, which is the centre

of the sphere that circumscribes the

tetrahedron

Chapter 5

Exercise 5A

1 a Yes b Yes c No

2 a r = i + (1 + 2t) j

b r = i − 3k + t(i + j + 2k)

c r = 2i − j + 2k + t(−i + 2 j − k)

d r = 2i − 2 j + k + t(−4i + 3 j)

3 a r = 3i + j + t(−5i + j)

b r = −i + 5 j + t(3i − 6 j)

c r = i + 2 j + 3k + t(i − 2 j − 4k)

d r = i − 4 j + t(i + 7 j + k)
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4 a r = 2i + j + t(−3i + j)

b r = 2i + j + t(i + 3 j)

5 a r = t(2 j − k) b r = t( j + 2k)

6 a r = 2i + j + t(−3i + 2 j)

b i No ii No iii Yes

7 a r = j + k + t(3i + j − k)

c m =
−5

3
, n =

−4

3
8 a 4i + 3 j b r = −i + j + t(4i + 3 j)

c

(

−7

3
, 0

)

,

(

0,
7

4

)

9 a x = 2 − 3t, y = 5 + t, z = 4 − 2t;

2 − x

3
= y − 5 =

4 − z

2
b x = 2t, y = 2 + t, z = −1 + 4t;

x

2
= y − 2 =

z + 1

4

10 a
11
√

114

38
b

√
23 123

19

11 c t ∈ [−3, 2]

12

(

13

5
,

23

5
, 0

)

13 r = −i − 3 j − 3k + t(2i + j + 3k);
√

5

14
√

17 15 3

16

(

7

3
,

2

3
,

8

3

)

17 r = (t − 2)i + 2 j + k

18

√
165

3
19 (−1,−1, 3), (−5, 1, 7) 20 (2, 6,−4), (5, 0, 2)

21 a (1 + t)i + (−4 + 2t) j + (1 − t)k

b
√

18 − 16t + 6t2 c

√
66

3
d

√
786

6

Exercise 5B

1
17

2
i +

9

4
j

2 (−1, 2, 3)

4 a i No ii No iii No iv (−7,−6)

b i No ii Yes iii No iv (−1, 1)

c i Yes ii No iii Yes

d i Yes ii No iii No iv None

e i No ii Yes iii No iv (3, 1,−2)

f i No ii No iii No iv None

g i No ii No iii No iv (3, 0,−1)

h i Yes ii No iii Yes

i i No ii No iii No iv (0, 1,−2)

j i Yes ii No iii Yes

5 a (1, 2,−1) b None c None d None

6 a 25.21◦ b 0◦

7 a 30◦

8 a (3, 3, 1) b
1
√

15
9 � Lines ℓ1 and ℓ2 do not intersect

� Lines ℓ1 and ℓ3 intersect at (2, 3,−1)

� Lines ℓ2 and ℓ3 intersect at (4,−5,−1)

Exercise 5C

1 a −3i + 4 j + 19k b i − 7 j − 4k

c i − j d i + 2k

2 a −9i − 26 j − 12k b 2 j + k

c 2 j + k d i − 2k

3 a a × b b 0 c 2(a × b)

d (a × c) · b e 0 f 0

4

√
10

6
(4i − 5 j − 7k)

6 1

7

√
374

2

Exercise 5D

1 a r · (i + j + k) = 3, x + y + z = 3

b r · (i − 2k) = 3, x − 2z = 3

c r · (2i + 3 j − k) = 0, 2x + 3y − z = 0

d r · (i + 3 j − k) = −8, x + 3y − z = −8

2
1
√

170
(−12i + 5 j − k), r · (−12i + 5 j − k) = 2

3 r · (i − j − 3k) = −1, x − y − 3z = −1

4 a 5i + 4 j + 13k

b r = −3i + j + k + t(5i + 4 j + 13k)

5
1
√

77
(−6i + 5 j + 4k), r · (−6i + 5 j + 4k) = 11

8 a x = 0 b x = 6 c x = 3 d x = 4

9 6x + 2y + z = 10 10 x − 2y + 8z = 7

11 5x − 3y + 2z = 27 12 13x + 7y + 9z = 61

13 −3x + 8y + 7z = 41

Exercise 5E

1 a 2 b
22

9

2
8

3
3 a (−1,−9, 7) b 7.82◦

4 a 80.41◦ b r = 22 j + 14k + t(i − 5 j − 3k)

5 a 7i + j + 5k b i + 3 j − 5k

c 72.98◦

6 a (2,−2,−1), 29.50◦

b

(

7

2
,−3

2
,−5

2

)

, 32.98◦

c

(

1

2
,

3

2
,−7

2

)

, 79.98◦ d (−7, 4,−3), 7.45◦

7 a r · (i − 2 j + 6k) = −9 b
9
√

41

8 a
7

3
b

1

3
(2i − j − 2k) c 1 d

4

3

9
5

3
10 a (5,−1,−1) b 25.7◦

11 a x + y + z = 4 b 2
√

3

c
4

3
(i + j + k)
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12 a 88.18◦

b r = −5

2
j − 9k + t

(

i +
19

2
j + 30k

)

13 a i − 5 j − 3k b 2i + 3 j + 7k c 43.12◦

14 a −6i − 4 j + k

b r = 2i + j − 2k + t(−6i − 4 j + k)

15 2 16
3
√

2
17

4
√

5

Exercise 5F

1 a (x + 1)2 + (y − 3)2 + (z − 2)2 = 4

b |r − (−i + 3 j + 2k)| = 2

2 a (x + 1)2 + (y + 3)2 + (z − 1)2 = 16

b |r − (−i − 3 j + k)| = 4

3

(

8
√

17
,

12
√

17
,− 8
√

17

)

4

(

1 +

√
22

2
, 1 +

√
22

2
, 1 −
√

22

)

,

(

1 −
√

22

2
, 1 −

√
22

2
, 1 +
√

22

)

5 (2 + 3
√

2, 3 + 3
√

2, 4), (2 − 3
√

2, 3 − 3
√

2, 4)

6 a (0, 0, 3), 3
√

3 b (3, 0, 0), 3
√

3

c (0, 0, 0), 6

7 (1, 2,−4), 2

8 a (x − 1)2 + y2 + (z + 1)2 = 16

b (x − 1)2 + (y + 3)2 + (z − 2)2 = 14

c (x − 3)2 + (y + 2)2 + (z − 4)2 = 33

d x2 + y2 + z2 = 9

9 a (0, 0, 0), (4, 0, 0), (0, 6, 0), (0, 0, 8)

b r = 2i + 3 j + 4k + t(2i − 3 j − 4k)

c 2x − 3y − 4z = 8

Chapter 5 review

Short-answer questions

1 4i − k 3 4x + 5y + 6z = 32

4 r = (t − 2)i + 2 j + k 5

(

7

3
,

2

3
,

8

3

)

6

√
165

3
7 (−1,−1, 4)

8 2i + 7 j + 5k

9 r = 5i + 6k + t(6i + 3 j + 9k); (1,−2, 0)

10

√
3

2
11 2x − 8y + 5z = 18

12 12x + 8y + 20z = 16

13 a r · (i + 10 j + 6k) = 19

b x + 10y + 6z = 19

14 a x − 2y + z = 0 b

√
6

2
c

(

0,
4

3
,

8

3

)

15 (1,−2, 1) or (1, 1,−2)

Extended-response questions

1 a (3,−1, 2) b

√
30

3

2 c
√

30 d 47.73◦ e k = 2 or k = 80

3 c r = 3i + 2 j + k + t(5i − 7 j + k)

d (13,−12, 3), 10
√

3

5 a i + 4 j − 4k b
√

19

c 8x − 11y − 9z = 0 d 29.9◦

Chapter 6

Exercise 6A

1 a x = 4, y = −3 b x = −3

2
, y =

1

2

c x =
51

38
, y = −31

38
d x =

37

10
, y =

7

5
2 a One solution

b Infinitely many solutions c No solution

3 Their graphs are parallel straight lines that do

not coincide

4 x = 6 + λ, y = λ for λ ∈ R
5 a m = −5 b m = 3

6 m = 9

7 a i m = −2 ii m = 4

b x =
4

m + 2
, y =

2(m + 4)

m + 2

8 a x = 2, y = 0, k , −3

2
b k = −3

2
9 a b , 10 b b = 10, c = 8

c b = 10, c , 8

10 a ii Infinitely many solutions for b = 8

iii No solutions for b , 8

iv If b = 8, then the solutions are x = 4 − λ,
y = λ for λ ∈ R

b i Unique solution for all b ∈ R
iv Solution is x = b − 4, y = 8 − b

c i Unique solution for b , 1

iii No solution for b = 1

iv If b , 1, then x =
4

b − 1
, y =

4b − 8

b − 1

Exercise 6B

1 a x = 2, y = 3, z = 1 b x = −3, y = 5, z = 2

c x = 5, y = 0, z = 7 d x = 6, y = 5, z = 1

2 a y = 4z − 2

b x = 8 − 5λ, y = 4λ − 2, z = λ

3 a x = λ − 1, y = λ, z = 5

b x = λ + 3, y = 3λ, z = λ

c x =
14 − 3λ

6
, y =

10 − 3λ

6
, z = λ

4 a −y + 5z = 15, −y + 5z = 15

b The two equations are the same

c y = 5λ − 15 d x = 43 − 13λ

5 w =
λ − 2

2
, x =

26 − 3λ

4
, y =

−3(λ + 2)

4
, z = λ

for λ ∈ R; w = 6, x = −4, y = −12, z = 14

6 a x = 1, y = 2, z = 3

b x = −5

3
, y =

−5 + 3λ

3
, z = λ

c x =
2 − 3λ

2
, y = −2(λ − 1), z = λ
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Exercise 6C

1 a x = −7

5
, y =

11

5
, z = −2

b x = −1

2
, y = 2, z = −3

2

c x =
115

13
, y = −29

13
, z =

44

13

2 a























1 0 1 3

0 1 −3 2

0 0 0 0























x = 3 − λ, y = 2 + 3λ, z = λ for λ ∈ R

b























1 0 −2 4

0 1 1 3

0 0 0 0























x = 4 + 2λ, y = 3 − λ, z = λ for λ ∈ R

c























1 0 3
2

1

0 1 2 2

0 0 0 0























x = 1 − 3

2
λ, y = 2 − 2λ, z = λ for λ ∈ R

3























1 0 − 1
2

0

0 1 1
2

0

0 0 0 1























No solutions, as row 3 represents the equation

0x + 0y + 0z = 1

4 a x = 1, y = 2, z = 4

b x = 3, y = 0, z = −2

c x = −100

317
, y =

−248

317
, z =

335

317
d No solutions

5 a � Unique solution for a , −4, or 4

� Infinitely many solutions for a = 4

� No solutions for a = −4

b � If a , −4, or 4, then the solution is

x =
25 + 8a

28 + 7a
, y =

2(27 + 5a)

7(4 + a)
, z =

1

4 + a

� If a = 4, then the solutions are

x =
8 − 7λ

7
, y =

10 + 14λ

7
, z = λ, λ ∈ R

6 a � Unique solution for a , −2 or 2

� Infinitely many solutions for a = 2

� No solutions for a = −2

b � Unique solution

x = 2, y =
3 + 2a

2 + a
, z = λ, λ ∈ R

� Infinitely many solutions

x = 2, y = 2 − λ, z = λ

7 a r = (6 − λ)i − 1

3
(2 + λ) j + λk

b r =
1

11
(26 − 2λ)i +

1

11
(17 − 3λ) j + λk

8 a Infinitely many solutions for a = 6

b The three planes intersect along a line

c The first two planes intersect along a line in

the plane 3x − 2y + 2z = 6. (Add the first

two equations.) The third plane is parallel to

this plane, and coincides only if a = 6.

9























1 −3 0 0

0 0 1 0

0 0 0 1























No solutions, as row 3 represents the equation

0x + 0y + 0z = 1

10 a x = −λ, y = λ, z = 0, w = λ

b x = −11λ

39
, y = −4λ

39
, z = −5λ

39
, w = λ

c x = −λ
5

, y = λ, z = 0, w = 0

11 9x + y − 5z − 16 = 0

12 x + 9y − 5z − 26 = 0

Chapter 6 review

Short-answer questions

1 k , −3

2
2 a , 6

3 a a = −1 b a = 2 c a , −1 or 2

4 y = 3x2 − 8x + 12

6 a a , −2, 2 or 3 b a = −2 or 2

c a = 3

7 a r = 2i + j + λ( j + k)

b (2,−1,−2), (2, 1, 1)

Extended-response questions

1 a 5x + 6y + 10z = 310

3x + 4y + 5z = 175

2x + 6y + 5z = 175

b























5 6 10 310

3 4 5 175

2 6 5 175























c Brad 20; Flynn 10; Lina 15

2 a 4a + 2b + c = 0, a + b + c = 1

b a =
c − 2

2
, b =

4 − 3c

2

c a =
1

6
, b = −3

2
, c =

7

3
3 a a + b + c + d = 1, a − b + c − d = 4,

4a + 3b + 2c + d = 0

b a =
1

4
(4d − 1), b =

−2d − 3

2
,

c =
1

4
(11 − 4d)

c a =
9

40
, b = −3

2
, c =

9

5
, d =

38

67
4 a x = −λ, y = λ + 1, z = λ for λ ∈ R

b i p = 2 or p = −2 ii p , −2 or 2

iii No value of p

5 a r =
1

2
(3 + λ)i +

1

2
(1 − λ) j + λk

b i p , −1 or 1;

(

2p + 1

p + 1
,

1

p + 1
,

p − 1

p + 1

)

ii p = 1 iii p = 0
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c (0, 0, 0), (2, 0, 0), (0, 2, 0), (0, 0,−2)

d

(

1 −
√

2

2
, 1 +

√
2

2
,−1 −

√
2

)

,

(

1 +

√
2

2
, 1 −

√
2

2
,−1 +

√
2

)

Chapter 7

Exercise 7A

1 a y = 2x; dom = R; ran = R

b x = 2; dom = {2}; ran = R

c y = 7; dom = R; ran = {7}
d y = 9 − x; dom = R; ran = R

e x =
1

9
(2 − y)2; dom = [0,∞); ran = R

f y = (x + 3)3 + 1; dom = R; ran = R

g y = 3

( x−1
2

)

; dom = R; ran = (0,∞)

h y = cos(2x + π) = − cos(2x);

dom = R; ran = [−1, 1]

i y =

(

1

x
− 4

)2

+ 1;

dom = {x ∈ R : x , 0}; ran = [1,∞)

j y =
x

1 + x
;

dom = {x ∈ R : x , −1 or 0};

ran = {x ∈ R : x , 0 or 1}

2 a
x2

4
+

y2

9
= 1; dom = [−2, 2]; ran = [−3, 3]

y

x

3

−3

−2 2O

b 3x + 2y = 6; dom = [0, 2]; ran = [0, 3]

y

x

3

0 2

c y = 3x2; dom = [0,∞); ran = [0,∞)

y

x
O

(5, 75)

d y = 3x
2
3 ; dom = [0,∞); ran = [0,∞)

y

x
O

(1, 3)

e x2 + y2 = 1; dom = [0, 1]; ran = [0, 1]

y

x
O

1

1

f
x2

9
− y2

4
= 1; dom = (3,∞); ran = (0,∞)

y

x
O 3

2

3
y =    x

g x2 + y2 = 16; dom = [−4, 4]; ran = [0, 4]

y

x
O−4 4

4

h 3y = 2x − 6; dom = [3,∞); ran = [0,∞)

y

x
0

(6, 2)

3
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i y = 5x2 − 36x + 63;

dom = R; ran =

[

−9

5
,∞

)

y

x

63

0 3 21

5

18

5
, −

9

5

3 a r(t) = t i + (3 − 2t) j, t ∈ R
b r(t) = 2 cos t i + 2 sin t j, t ∈ R
c r(t) = (2 cos t + 1)i + 2 sin t j, t ∈ R

d r(t) = 2 sec t i + 2 tan t j, t ∈
(

−π
2

,
π

2

)

e r(t) = t i +
(

(t − 3)2 + 2(t − 3)
)

j, t ∈ R
f r(t) =

√
6 cos t i + 2 sin t j, t ∈ R

4 a r(θ) = (2 + 5 cos θ)i + (6 + 5 sin θ) j

b (x − 2)2 + (y − 6)2 = 25

Exercise 7B

1 a x2 + y2 = 1

b

x

1

1

−1

−1 O

y

c
π

2
,

3π

2
,

5π

2
, . . . i.e.

(2n − 1)π

2
, n ∈ N

2 a i x =
y2

64
− 9

ii y

x

24

−9

−24

O

iii 3

b i y =
1

1 + x
, x > −1

ii y

x

1

−1

O

iii t = −1

c i y = 1 − x, x < 1

ii y

x
O

1

1

iii t = 1

3 a Position vector i + 4 j; Coordinates (1, 4)

b (1, 4) and (7,−8) c
√

65

4 a
9

2
i − 3

2
j,

(

9

2
,
−3

2

)

b (6,−1) and

(

9

2
,
−3

2

)

c 5
√

2

5 a
√

137 b t =
−2

5
and t = −1

6 a 3i + 6 j − 3k b 3
√

6

c 4i + 8 j − 3k d i + 2 j

7 a 3i + j + 4k b
√

14

8 a =
2

3
, b = 7

9 a
x2

9
+

y2

4
= 1

b 3i

c i 303.69◦ ii 285.44◦

10 a y =
1

x
, for x ≥ 1 b i + j

c y

x

(1, 1)

O

11 a r(0) = 2i b
5

2
i +

3

2
j

c x2 − y2 = 4
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12 a r(0) = 0, r(20
√

3) = 2000
√

3i

b y =
√

3x − x2

2000
, 0 ≤ x ≤ 2000

√
3

c y

x
O

√3 (2000     , 0)

13 Collide when t =
3

2
; r

(

3

2

)

=
27

2
i − 81

4
j

14 Particle is moving along a circular path, with

centre (0, 0, 1) and radius 3, starting at (3, 0, 1)

and moving anticlockwise; always a distance

of 1 above the x–y plane. It takes 2π units of

time to complete one circle.

z

y

x

O

(0, 0, 1)

(0, −3, 1) (0, 3, 1)

(3, 0, 1)

(−3, 0, 1)

15 Particle is moving along a straight line, starting

at (0, 0, 0), and moving ‘forward 1’, ‘across 3’

and ‘up 1’ at each step.

z

y

x

0

1

1

2

2

3

3

3 6 9

16 a
(x − 1)2

4
+

(y − 3)2

25
= 1

b i (−1, 3) ii (1,−2) iii (3, 3)

c π units of time

d Anticlockwise

17 a i y = 2x, 0 ≤ x ≤ 1

ii y

x

0 1

2

iii Particle starts at (1, 2) and moves along

a linear path towards the origin. When

it reaches (0, 0), it reverses direction

and heads towards (1, 2). It continues

in this pattern, taking
1

3
units of time to

complete each cycle.

b i y = 2x2 − 1, −1 ≤ x ≤ 1

ii y

x
0−1

√2

1

√2

(−1, 1) (1, 1)

iii Particle is moving along a parabolic path,

starting at (1, 1) and reversing direction

at (−1, 1). It takes 1 unit of time for each

cycle.

c i y =
1

x2
, x ≥ 1

ii y

x

1

10

iii Particle is moving along a ‘truncus’ path,

starting at (1, 1) and moving to the ‘right’

indefinitely.

Exercise 7C

1 a ṙ(t) = et i − e−t j, r̈(t) = et i + e−t j

b ṙ(t) = i + 2t j, r̈(t) = 2 j

c ṙ(t) =
1

2
i + 2t j, r̈(t) = 2 j

d ṙ(t) = 16i − 32(4t − 1) j, r̈(t) = −128 j

e ṙ(t) = cos t i−sin t j, r̈(t) = − sin t i−cos t j

f ṙ(t) = 2i + 5 j, r̈(t) = 0
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g ṙ(t) = 100i + (100
√

3 − 9.8t) j, r̈(t) = −9.8 j

h ṙ(t) = sec2 t i − sin(2t) j,

r̈(t) = (2 sec2 t tan t)i − 2 cos(2t) j

2 a r(t) = et i + e−t j

y

x

1

(1, 1)

x
y = 

O

r(0) = i + j, ṙ(0) = i − j, r̈(0) = i + j

b r(t) = t i + t2 j

y

x

y = x2

O

r(1) = i + j, ṙ(1) = i + 2 j, r̈(1) = 2 j

c r(t) = sin t i + cos t j

y

x
O

1

1−1

−1

r

(

π

6

)

=
1

2
i +

√
3

2
j, ṙ

(

π

6

)

=

√
3

2
i − 1

2
j,

r̈

(

π

6

)

= −1

2
i −
√

3

2
j

d r(t) = 16t i − 4(4t − 1)2 j

y

x

−4

4

0

r(1) = 16i − 36 j, ṙ(1) = 16i − 96 j,

r̈(1) = −128 j

e r(t) =
1

t + 1
i + (t + 1)2 j

y

x

(1, 1)

O

r(1) =
1

2
i + 4 j, ṙ(1) = −1

4
i + 4 j,

r̈(1) =
1

4
i + 2 j

3 a −1 b Undefined c −2e−3

d
1

2
e 4 f 2

√
2

4 a r(t) = (4t + 1)i + (3t − 1) j

b r(t) = (t2 + 1)i + (2t − 1) j − t3 k

c r(t) =
1

2
e2t i + 4(e0.5t − 1) j

d r(t) =

(

t2 + 2t

2

)

i +
1

3
t3 j

e r(t) = −1

4
sin(2t) i + 4 cos

(

1

2
t

)

j

6 a t = 0, 2

b ṙ(0) = 2i and r̈(0) = 96 j;

ṙ(2) = 2i and r̈(2) = −96 j

7 a y

x
O

1

4
y = x2 ; t > 0

b t =
2

a

8 a y

x

t > 0

(4, 0)

(0, −4)

O

y = 
x2

4
− 4

b 45◦ c t =
√

3

9 a ṙ = 3i + t2 j + 3t2 k b |ṙ| =
√

9 + 10t4

c r̈ = 2t j + 6tk d |r̈| = 2
√

10 t

e t =
4
√

10

5
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10 a ṙ = V cosα i + (V sinα − gt) j b r̈ = −g j

c t =
V sinα

g

d r =
V2 sin(2α)

2g
i +

V2 sin2 α

2g
j

Exercise 7D

1 a 2t i − 2 j b 2i c 2i − 2 j

2 a 2i + (6 − 9.8t) j

b 2t i + (6t − 4.9t2 + 6) j

3 a 2 j − 4k

b 3t i + (t2 + 1) j + (t − 2t2 + 1)k

c
√

20t2 − 8t + 10

d i
1

5
seconds ii

1

5

√
230 m/s

4 a (10t + 20)i − 20 j + (40 − 9.8t)k

b (5t2 + 20t)i − 20t j + (40t − 4.9t2)k

5 Speed = 10t

6 45◦

7 Minimum speed = 3
√

2 m/s;

position = 24i + 8 j

8 a t = 61
11

49
s b 500 m/s c

225 000

49
m

d 500 m/s e θ = 36.87◦

9 a r(t) =

(

1

3
sin(3t) − 3

)

i +

(

1

3
cos(3t) +

8

3

)

j

b (x + 3)2 +

(

y − 8

3

)2

=
1

9
; centre

(

−3,
8

3

)

10 Max speed = 2
√

5 m/s; min speed = 2
√

2 m/s

11 a Magnitude

√
11667

9
m/s2;

direction
1

√
11667

(108i −
√

3 j)

b r(t) =

(

4

3
t3 + 2t2 + t

)

i + (
√

2t + 1 − 1) j

12 a t = 6 b 7i + 12 j

13 a −16i + 12 j b −80i + 60 j

14 a 8 cos(2t) i − 8 sin(2t) j, t ≥ 0

b 8 c −4r

15 a (t2 − 5t − 2)i + 2 j b −33

4
i + 2 j

c y = 2 with x ≥ −8.25

16 a
x2

36
− y2

16
= 1

b 6 tan t sec t i + 4 sec2 t j, t ≥ 0

17 a
x2

16
+

y2

9
= 1

y

3

4O
x

−4

−3

b i t = 0,
π

2
,π,

3π

2
, 2π

ii r(0) = 4i, r

(

π

2

)

= 3 j, r(π) = −4i,

r

(

3π

2

)

= −3 j, r(2π) = 4i

c i
√

9 + 7 sin2 t ii
√

16 − 7 cos2 t

iii Max speed 4 m/s; min speed 3 m/s

Exercise 7E

1 a ṙ(0) = 49
√

3 i + 49 j

b ṙ(t) = 49
√

3 i + (49 − 9.8t) j

c r(t) = 49
√

3t i + (49t − 4.9t2) j

d y =

√
3

3
x − 1

1470
x2

2 a y = − 1

150g
x2 +

√
3

3
x + 50

b 25
√

3
(

√

g2 + 2g + g
)

3
25g

8
m

4 a r(t) = 40 cos(20◦)t i −
(

40 sin(20◦)t +
gt2

2

)

j

b 31.7 m c 25.4◦

5 16.3◦ or 87.8◦

6 a ṙ = u cosα i + (u sinα − gt) j

b T =
u

g sinα

8 13

√

g

5
m/s

9 a 4.9 m b 37.5 m/s

10 a r = 16t i +

(

30t − gt2

2

)

j

b t = 2.5; r(2.5) = 40i +

(

75 − 25g

8

)

j

11 a v = u + tg b r = tu +
1

2
t2 g

Exercise 7F

1 a 2 radians per second b 2.5i

c 5 j d −10i

2 a 1 radian per second b 2 j

c 2i d −2 j

3 a
35π

3
radians per second b

7π

6
m/s

4 a r = 25

(

cos

(

2t

5

)

i + sin

(

2t

5

)

j

)

b ṙ = 10

(

− sin

(

2t

5

)

i + cos

(

2t

5

)

j

)

c r̈ = 4

(

− cos

(

2t

5

)

i − sin

(

2t

5

)

j

)

5
100

3
radians per second

6 a 3π radians per second b 6πm/s

c 18π2 m/s2 d
2

3
s
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7 a 12πm/s b 48π2 m/s2

c r

(

1

2

)

= −3 j; ṙ

(

1

2

)

= 12πi; r̈

(

1

2

)

= 48π2 j

d 4π radians per second

8 a a = 2, n =
8π

3
b

16π

3
m/s

c
128π2

9
m/s2

9 a Circle with centre (0, 0) and radius 4

b ṙ = −8t sin(t2) i + 8t cos(t2) j

c r̈ = −4t2 r +
1

t
ṙ

10 a 12πm/s

b 48π2 m/s2

c r(1) = 7i + 2 j; ṙ(1) = −12π j;

r̈(1) = −48π2i

d 4π radians per second

e (x − 4)2 + (y − 2)2 = 9

Chapter 7 review

Short-answer questions

1 a 2i + 4 j, 2 j b 4y = x2 − 16

2 a ṙ(t) = 4t i + 4 j, r̈(t) = 4i

b ṙ(t) = 4 cos t i − 4 sin t j + 2tk,

r̈(t) = −4 sin t i − 4 cos t j + 2k

3 0.6i + 0.8 j

4 a 5
√

3i +
5

2
j b

2
√

7

7
5 cos t i + sin t j

6 a 5(− sin t i + cos t j) b 5

c −5(cos t i + sin t j)

d 0, acceleration perpendicular to velocity

7
3π

4
8 a |ṙ| = 1, |r̈| = 1

b (x − 1)2 + (y − 1)2 = 1 c
3π

4
9 −2i + 20 j

10 a r =

(

t2

2
+ 1

)

i + (t − 2) j b (13.5, 3)

c 12.5 s

11 a ṙ = t i + (2t − 5) j

b r =

(

t2

2
− 1

)

i + (t2 − 5t + 6) j

c −i + 6 j, −5 j

12 a i ṙ2(t) = (2t − 4)i + t j

ii ṙ1(t) = t i + (k − t) j

b i 4 ii 8 iii 4(i + j)

13 b i ṙ(t) = et i + 8e2t j ii i + 8 j iii ln 1.5

14 b i x = 2 for y ≥ −3.5 ii (2,−3.5)

15 a 6πm/s b 12π2 m/s2

c r(1) = 3 j; ṙ(1) = 6πi; r̈(1) = −12π2 j

d 2π radians per second

Extended-response questions

1 a Speed of P is 3
√

13 m/s;

speed of Q is
√

41 m/s

b i Position of P is 60i + 20 j;

position of Q is 80i + 80 j

ii
−−→
PQ = (20 − 4t)i + (60 − 2t) j

c 10 seconds, 20
√

5 metres

2 a
−−→
AB =

(

(v + 3)t − 56
)

i +
(

(7v − 29)t + 8
)

j

b 4

c i
−−→
AB = (6t − 56)i + (8 − 8t) j

ii 4 seconds

3 a
−−→
BF = −3i + 6 j − 6k b 9 m

c 3 m/s d (−i + 2 j − 2k) m/s

e 2 seconds, 2
√

26 metres

4 a i 200 s ii
1

2
iii 5 m/s iv (1200, 0)

b 8 seconds, 720 metres

5 a i
−−→
OA = (6t − 1)i + (3t + 2) j

ii
−−→
BA = (6t − 3)i + (3t + 1) j

b 1 second

c i c =
1

5
(3i + 4 j) ii d =

1

5
(4i − 3 j)

iii 6c + 3d

6 a y

x
1O

−1

b i a = 16 ii b = −16 iii n = 2

iv v(t) = −32 sin(2t) i − 32 cos(2t) j

a(t) = −64 cos(2t) i + 64 sin(2t) j

c i
−−→
PQ = 8

(

(sin t − 2 cos(2t))i

+ (cos t + 2 sin(2t)) j
)

ii |−−→PQ|2 = 64(5 + 4 sin t)

d 8 cm

7 a 2 sin t i +
(

cos(2t) + 2
)

j, t ≥ 0

b 2i + j

c i y = 3 − x2

2
, −2 ≤ x ≤ 2

ii y

x

3

0 2

1

−2
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d |v|2 = −16 cos4 t + 20 cos2 t,

max speed is
5

2

e
3π

2

f ii t =
(2k − 1)π

2
, k ∈ N

8 a a i + (b + 2t) j + (20 − 10t)k

b at i + (bt + t2) j + (20t − 5t2)k c 4 s

d a = 25, b = −4 e 38.3◦

9 a i Particle P is moving on a circular path,

with centre (0, 0,−1) and radius 1,

starting at (1, 0,−1) and moving

‘anticlockwise’ a distance of 1 ‘below’

the x–y plane. The particle finishes at

(1, 0,−1) after one revolution.

z

y

x

(0, 0, −1)

(1, 0, −1)

O

ii
√

2

iii ṗ(t) = − sin t i + cos t j, 0 ≤ t ≤ 2π

v p̈(t) = − cos t i − sin t j, 0 ≤ t ≤ 2π

b i
−−→
PQ =

(

cos(2t) − cos t
)

i

+
(

− sin t − sin(2t)
)

j +
3

2
k

iii
5

2
iv
π

3
, π,

5π

3
v

3

2

vi 0,
2π

3
,

4π

3
, 2π

c ii

√
10

5

(

cos(3t) − 1

2

)

iii 162◦

10 a r(t) = 35t i + 5t j + (24.5t − 4.9t2)k

b 5 s c 35 m d 43.0 m/s

11 a 4α

b A: y =
x

2
, x ≥ 0;

B: (x − 4)2 + y2 = 16

c y

x

A’s
starting
point 

B’s starting
point path of A

path of B

0
4

(8, 4)

−4

4

 8

d (0, 0),

(

32

5
,

16

5

)

e 1.76

12 a i −9.8 j ii 2i − 9.8t j iii 2t i − 4.9t2 j

b i
2
√

2

7
seconds ii

4
√

2

7
metres

13 a i 6i − 3 j ii

√
5

5
(2i − j)

b 4i − 2 j, (4,−2)

c i
−→
LP =

(

1 − 7

2
t

)

i + (7 − 2t) j ii 1:05 p.m.

iii
9
√

65

13
km

Chapter 8

Short-answer questions

1 a −i + 6 j + k b (3, 3, 0) c −3
√

35

35

2 x = −1

4
, y = 0, z =

1

2

3 b λ =
2

7

4 a

√
13

13
(3i + 2 j)

b i −10

13
(3i + 2 j) ii

10
√

13

13
5 a r = λ(3i + 4k), λ ∈ R

b r = 2 j + k + λ(−i + j + 3k), λ ∈ R
c r = 3i + 2 j + 4k + λ(−3i + 2 j − 6k), λ ∈ R

6 a r · (i − 2 j + k) = 0 b r · (−2i + 2k) = 6

c r · (4i − 3 j − 3k) = −6

7 a
4

3
b 3

8 (3,−1,−3)

9 a x =
ak − 2a − k − 2

a − 5
, y =

−2(k − 3)

a − 5
,

z =
−(ak − 4a + k + 6)

a − 5
b k , 3 c k = 3

10 (0, 1, 0)

11 a 90◦ b 86.05◦

12 3

13 a a = −3

b r =
1

11
(25 − 14λ)i +

27

11
(λ − 1) j + λk

14 a = −2

15 a =
2

5
, b = −18;

x =
5(λ − 7)

6
, y =

19 − 7λ

3
, z = λ

16 a = ±b

17 a v(t) = cos t i + cos(2t) j

b a(t) = − sin t i − 2 sin(2t) j

c d(t) = |sin t|
√

2 − sin2 t

d s(t) =
√

2 − 5 sin2 t + 4 sin4 t

e y2 = x2(1 − x2)
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18 a
x2

4
− 4y2 = 1, x ≥ 2, y ≥ 0

b v(t) = 2 tan t sec t i + 0.5 sec2 t j

c 2
√

13 m/s

19 v = −2
√

t + 1

20 x(ln 2) =
5

2
i + j − 19

8
k

21 b y =
√

3x − g

200
x2

22 a r(t) = (cos(2t) + 1)i + (sin(2t) − 1) j

b (x − 1)2 + (y + 1)2 = 1

c t =
π

4
,

5π

4

23 a
28

g
seconds b y =

√
3

3
x − g

1176
x2

c
98

g
= 10 metres

Extended-response questions

1 a i
3

2
(b − a) ii

1

2
(3b − a)

b i
−−→
AB = i + 2 j,

−−→
BC = 2i − j iv 3i − j

c x = 4, y = 5, z = 2

2 b 4 : 1 : 3 c 4i + j + 3k

e s = 3, t = −2

3 c 8 : 1

4 a i
1

3
(a + 2b) ii

1

6
(2b − 5a)

b i 2 : 3 ii 6 : 1

5 a i b − a ii q − p

iii
1

2
(q + p− b − a) =

1

2
(
−−→
AP +

−−→
BQ)

6 a Since a × (b − 3c) = 0 and a , 0, we must

have b − 3c = ka for some k ∈ R
b i 1 ii 2

√
3 iii ±2

√
3

c
1
√

3

7 b i r = λ(i+ j+ k)+µ(i− j+ k)+ν(i+ j− k),

where λ + µ + ν = 1

ii r = λ(i+ j+ k)+ µ(−i− 2 j+ 3k)+ ν(2i+

j − 2k), where λ + µ + ν = 1

c r = ti + (4t − 2) j + (12 − 18t)k

8 b i p+
(k − p · n)n

n · n

ii

∣

∣

∣

∣

∣

(k − p · n)n

n · n

∣

∣

∣

∣

∣

=
|k − p · n|
|n|

9 a c = a + b

b x = b − λ, y = a − b − λ, z = λ for λ ∈ R
c If b = a and c = 2a, then the solutions are

x = a − λ, y = −λ, z = λ for λ ∈ R
10 a i 3a − b + c = −10, −a − 2b + c = −5,

4a − 5b + c = −41

ii























3 −1 1 −10

−1 −2 1 −5

4 −5 1 −41























iii Centre

(

3

2
,−7

2

)

; radius

√
34

2

b i 3a − b + c = −10, −a − 2b + c = −5,

kb + c = −k2

ii























3 −1 1 −10

−1 −2 1 −5

0 k 1 −k2























iii k , −7

4

c k , −3

2
11 b (−3+ 4s+ 6t)i+ (−2− s− t) j+ (−1− s− 2t)k

c −mi − 2m j − 2mk

d 4s + 6t + m = 3

−s − t + 2m = 2

−s − 2t + 2m = 1

e s = −1, t = 1, m = 1

f P(3, 3, 3), Q(2, 1, 1)

g 3

12 a 2i − 10 j m/s b ṙ1(t) = 2i − 2t j

c i − 3 j d t = 0 e 5 s

f Yes; t = 2

13 a r = (cos(4t) − 1)i + (sin(4t) + 1) j

b −i + j c ṙ · r̈ = 0

14 a 6π s

b i −(3
√

3i + 2.25 j) ii i − 3
√

3

4
j

c i 1.5

√

9 + 7 sin2
(

t

3

)

ii t = 3

(

π

2
+ nπ

)

, n ∈ N ∪ {0}

d r̈ = −1

9
r, t = 3nπ, n ∈ N ∪ {0}

15 a i
3

2
sin(2t) i − 2 cos(2t) j

ii −6 sin(2t) i + 8 cos(2t) j

iii t =
nπ

4
, n ∈ N ∪ {0}

iv 16x2 + 9y2 = 36

b a =
(2n + 1)π

4
, n ∈ N ∪ {0}

16 b i r2 = (0.2t − 1.2)i + (−0.2t + 3.2) j + k

ii t = 16 at 2i + k

17 a ii 10 m/s2, 75t − 5t2

b 281.25 m

c i 180 m

18 a i h j, for 0i + 0 j at the base of the cliff

ii V cosα i + V sinα j

b i V cosα i + (V sinα − gt) j

ii Vt cosα i +

(

h + Vt sinα − gt2

2

)

j

c
V sinα

g

19 c i −(i + j), 0 iii (−0.43,−0.68)

20 a i T1 ii t0

b ii
2
√

5

5
Vt0
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iii
O T

1

T
2

21 a i 0i + 0 j ii 10i + 10
√

3 j, 20, 60◦

iii −9.8 j

b i
x

10
ii xi + (x

√
3 − 0.049x2) j

iii 10i + (10
√

3 − 0.98x) j

iv −8i + (10
√

3 − 0.98x) j

c i −8i + (10
√

3 − 0.98x − 9.8t1) j

ii r = (x − 8t1) i +
(

x
√

3 − 0.049x2

+ t1

(

10
√

3 − 0.98x − 4.9t1

)

)

j

d
20
√

3 − 0.98x

9.8
e 15.71 m

22 a 5i

b i (5−3t1)i+2t1 j+ t1 k, (5−3t2)i+2t2 j+ t2 k

ii −3(t2 − t1)i + 2(t2 − t1) j + (t2 − t1)k

c −3i + 2 j + k

d i 36.70◦ ii 13.42

23 a y = 5 − 2x, x ≤ 2

b i r1(t) = 2i + j + t(−i + 2 j)

ii a = 2i + j is the starting position;

b = −i + 2 j is the velocity

c i −13i + 6 j ii 5
√

10

24 a 13i + j + 5k

b

√
14

14
(−3i + j + 2k),

√
6

6
(2i + j − k)

c 40.20◦ d 7i + 3 j + 9k

e 13i − j − 8k + t(−5i + 3k) f

√
1190

34

25 a
6

5
(4i + 3 j)

b i
1

5
(−11i + 28 j) ii

1

5
(13i + 46 j)

iii −7i + 2 j +
6

5
t(4i + 3 j)

c i
1

5
(29i + 58 j) ii

8

3
hours

iii
1

5

√

(15 + 11t)2 + (27t − 15)2

iv 3.91 km

Chapter 9

Exercise 9A

1 a −1

2
cos

(

2x +
π

4

)

b
1

π
sin(πx)

c − 3

2π
cos

(

2πx

3

)

d
1

3
e3x+1 e

1

5
e5(x+4)

f − 3

2x
g

3

2
x4 − 2

3
x3 + 2x2 + x

2 a 0 b 20 c 1

d
5

24
e

1
√

2
+
π2

16
f

e3

3
+

1

6
g 0 h 0 i 1

3 a
1

2
ln |2x − 5| b 1

2
ln

(

3

5

)

c
1

2
ln

(

7

9

)

4 a
1

3
ln

(

5

2

)

b
1

3
ln

(

5

11

)

c
1

3
ln

(

7

4

)

5 a
(3x + 2)6

18
b

1

3
ln |3x − 2|

c
2

9
(3x + 2)

3
2 d − 1

3(3x + 2)

e 3x − 2 ln |x + 1| f
2

3
sin

(

3x

2

)

g
3

20
(5x − 1)

4
3 h 2x − 5 ln |x + 3|

6 a f (x) = 2x, F(x) = x2 + 3

b f (x) = 4x2, F(x) =
4

3
x3

c f (x) = −2x2 + 8x − 8,

F(x) = −2

3
x3 + 4x2 − 8x +

28

3
d f (x) = e−x, F(x) = e−x + 3

e f (x) = 2 sin x, F(x) = 2 − 2 cos x

f f (x) =
2

4 + x2
, F(x) = tan−1

(

x

2

)

+
π

2

7 a y

y = F(x)

O

2
x

b y

0

y = F(x)

1

−1

x

c y

0

y = F(x)

1

x
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d y

x
0

−1−3−5

y = F(x)

e y

y = F(x)

x

1

0

2

f y

y = F(x)

x

30

2

Exercise 9B

1 a
(x2 + 1)4

4
+ c b − 1

2(x2 + 1)
+ c

c
1

4
sin4 x + c d − 1

sin x
+ c

e
1

12
(2x + 1)6 + c f

5

3
(9 + x2)

3
2 + c

g
1

12
(x2 − 3)6 + c h − 1

4(x2 + 2x)2
+ c

i − 1

3(3x + 1)2
+ c j 2

√
1 + x + c

k
1

15
(x3 − 3x2 + 1)5 + c

l
3

2
ln(x2 + 1) + c m −3

2
ln |2 − x2| + c

2 a −1

2
(2x + 3)

3
2 +

1

10
(2x + 3)

5
2 + c

b
2(1 − x)

5
2

5
− 2(1 − x)

3
2

3
+ c

c
4

9
(3x − 7)

3
2 +

28

3
(3x − 7)

1
2 + c

d
4

25
(3x − 1)

5
2 +

10

27
(3x − 1)

3
2 + c

e 2 ln |x − 1| − 1

x − 1
+ c

f
2

45
(3x + 1)

5
2 +

16

27
(3x + 1)

3
2 + c

g
3

7
(x + 3)

7
3 − 3(x + 3)

4
3

4
+ c

h
5

4
ln |2x + 1| + 7

4(2x + 1)
+ c

i
2

105
(x − 1)

3
2 (15x2 + 12x + 8)

j
2
√

x − 1

15
(3x2 + 4x + 8) + c

Exercise 9C

1 a
1

16
b

1

3
c

25

114
d

4

15

e ln 2 f
4

3
g 1 h

1

2

i ln 2 j ln

(

√
6

2

)

k ln

(

15

8

)

l ln

(

e + 1

e

)

= ln(e + 1) − 1

Exercise 9D

1 a
1

2
x − 1

4
sin(2x) + c

b
1

32
sin(4x) − 1

4
sin(2x) +

3

8
x + c

c 2 tan x − 2x + c d −1

6
cos(6x) + c

e
1

2
x − 1

8
sin(4x) + c f

1

2
tan(2x) − x + c

g
1

8
x − 1

32
sin(4x) + c

h
1

2
sin(2x) + c i − cot x − x + c

j
1

2
sin(2x) − 1

6
sin3(2x) + c

2 a tan x (c = 0) b
1

2
tan(2x) (c = 0)

c 2 tan

(

1

2
x

)

(c = 0) d
1

k
tan(kx) (c = 0)

e
1

3
tan(3x) − x (c = 0)

f 2x − tan x (c = 0) g −x (c = 0)

h tan x (c = 0)

3 a
π

4
b

1

2
+ ln

(

√
2

2

)

=
1

2
− 1

2
ln 2

c
1

3
d

1

4
+

3π

32
e

4

3
f
π

4

g
π

24
+

√
3

64
h 1

4 a sin x − sin3 x

3
+ c

b
4

3
cos3

(

x

4

)

− 4 cos

(

x

4

)

+ c

c
1

2
x +

1

16π
sin(8πx) + c

d 7 sin t

(

cos2 t +
3

5
sin4 t − 1

7
sin6 t

)

+ c
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e
1

5
sin(5x) − 1

15
sin3(5x) + c

f 3x − 2 sin(2x) +
1

4
sin(4x) + c

g
1

48
sin3(2x) − 1

64
sin(4x) +

x

16
+ c

h sin x − 2 sin3 x

3
+

sin5 x

5
+ c

Exercise 9E

1 a
2

x − 1
+

3

x + 2
b

1

x + 1
− 2

2x + 1

c
2

x + 2
+

1

x − 2
d

1

x + 3
+

3

x − 2

e
3

5(x − 4)
− 8

5(x + 1)

2 a
2

x − 3
+

9

(x − 3)2

b
4

1 + 2x
+

2

1 − x
+

3

(1 − x)2

c
−4

9(x + 1)
+

4

9(x − 2)
+

2

3(x − 2)2

3 a
−2

x + 1
+

2x + 3

x2 + x + 1
b

x + 1

x2 + 2
+

2

x + 1

c
x − 2

x2 + 1
− 1

2(x + 3)

4 3 +
3

x − 1
+

2

x − 2

5
1

x − 10
− 1

x − 1
; ln

∣

∣

∣

∣

∣

x − 10

x − 1

∣

∣

∣

∣

∣

+ c

6 x2 − 4x + 12 − 32

x + 2
+

17

(x + 2)2
;

x3

3
− 2x2 + 12x − 17

x + 2
− 32 ln |x + 2| + c

7
7

x + 2
− 13

(x + 2)2
; 7 ln |x + 2| + 13

x + 2
+ c

8
5

18(x − 4)
− 5x

18(x2 + 2)
− 10

9(x2 + 2)
;

1

36

(

5 ln

(

(x − 4)2

x2 + 2

)

− 20
√

2 arctan

(

√
2x

2

))

+ c

9 a ln

∣

∣

∣

∣

∣

x − 2

x + 5

∣

∣

∣

∣

∣

+ c b ln

∣

∣

∣

∣

∣

(x − 2)5

(x − 1)4

∣

∣

∣

∣

∣

+ c

c
1

2
ln |(x + 1)(x − 1)3| + c

d 2x + ln

∣

∣

∣

∣

∣

x − 1

x + 1

∣

∣

∣

∣

∣

+ c

e 2 ln |x + 2| + 3

x + 2
+ c

f ln |(x − 2)(x + 4)3| + c

10 a ln

∣

∣

∣

∣

∣

(x − 3)3

x − 2

∣

∣

∣

∣

∣

+ c

b ln |(x − 1)2(x + 2)3| + c

c
x2

2
− 2x + ln

∣

∣

∣(x + 2)
1
4 (x − 2)

3
4

∣

∣

∣ + c

d ln
(

(x + 1)2(x + 4)2
)

+ c

e
x3

3
− x2

2
− x + 5 ln |x + 2| + c

f
x2

2
+ x + ln

∣

∣

∣

∣

∣

(x − 1)4

x3

∣

∣

∣

∣

∣

+ c

11 a
1

2

(

ln

(

x2 + 2

(x + 1)2

)

+ 2
√

2 arctan

(

√
2x

2

))

b
1

2
ln

(

(x + 1)2

x2 + 1

)

− 1

x + 1

c
1

5
ln

(

(x2 +4)|x−1|13
)

+
16

5
arctan

(

x

5

)

− 1

x − 1

d
1

2
ln

(

x2 + 4

(x − 2)2

)

− 8 arctan

(

x

2

)

− 18

x − 2

e 2 ln

(

(x + 2)2

x2 + 2

)

+ 4
√

2 arctan

(

√
2x

2

)

f
1

2
ln

∣

∣

∣

∣

∣

x − 1

x + 1

∣

∣

∣

∣

∣

+
3x2 + 9x + 10

3(x + 1)3

12 a ln

(

4

3

)

b ln

(

4

3

)

c
1

3
ln

(

625

512

)

d 1 + ln

(

32

81

)

e ln

(

10

3

)

f ln 4 + 4

g
1

2
ln

(

7

4

)

h ln

(

2

3

)

i
1

4
ln

(

1

3

)

j 5 ln

(

3

4

)

− ln 2

13 a −5

4

(

2 ln(2) − π
)

b 2 ln(2) + π +
√

3

c 1 − π
2

d −1

3

(

3 ln(3) + π
√

3
)

14 a
3

x − 2
− 1 + 2x

x2 + x + 1
b ln

( |x − 2|3

x2 + x + 1

)

+ c

c 2 ln

(

9

8

)

Exercise 9F

1 p =
4

3
2

1

24

3 e − 1 − ln

(

1 + e

2

)

4
9

64

5
1

3
ln 5 6 c =

3

2

7 − 1

18
cos6(3x) + c 8 p =

(

3

2

)

1
2

9 p =
8

5

10 a − 1

2 sin2 x
+ c b

1

20
(4x2 + 1)

5
2 + c

c
1

3
sin3 x − 1

5
sin5 x + c

d
1

1 − ex
+ c

11 1

12 a
1

3
( f (x))3 + c b − 1

f (x)
+ c

c ln( f (x)) + c d − cos( f (x)) + c

13
dy

dx
=

8 − 3x

2
√

4 − x
; 4
√

2
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14 a = 2, b = −3, c = −1; x2 − 3x +
1

x − 2
+ c

15 a
π

8
b 42 c 0 d ln 2

e 1 − π
4

f ln

(

3

2

)

16 a
1

2
sin2 x + c b −1

4
cos(2x) + c

17 a
dy

dx
=

1
√

x2 + 1
;

∫ 1
√

x2 + 1
dx = ln |x +

√
x2 + 1| + c

b
dy

dx
=

1
√

x2 − 1

Chapter 9 review

Short-answer questions

1 a
1

6
sin(2x)

(

3 − sin2(2x)
)

b
1

4

(

ln(4x2 + 1) + 6 tan−1(2x)
)

c
1

4
ln

∣

∣

∣

∣

∣

1 + 2x

1 − 2x

∣

∣

∣

∣

∣

d −1

4

√
1 − 4x2

e −1

4
x +

1

16
ln

∣

∣

∣

∣

∣

1 + 2x

1 − 2x

∣

∣

∣

∣

∣

f −1

6
(1 − 2x2)

3
2

g
1

2
x − 1

4
sin

(

2x − 2π

3

)

h (x2 − 2)
1
2

i
1

2
x − 1

12
sin(6x)

j
1

6
cos(2x)

(

cos2(2x) − 3
)

k 2(x + 1)
3
2

(

1

5
(x + 1) − 1

3

)

l
1

2
tan x

m
x

e
− 1

3e3x+1
n

1

2
ln |x2 − 1| o

x

8
− sin 4x

32

p
1

2
x2 − x + ln |1 + x|

2 a
1

3
−
√

3

8
b

1

2
ln 3 c

1

3

(

5
√

5

8
− 1

)

d
1

6
ln

(

7

4

)

e 2 + ln

(

32

81

)

f
2

3

g
π

4
h
π

4
i
π

16

j ln

(

3
√

2

2

)

k 6

3
1

2
ln |x2 + 2x + 3| −

√
2

2
;

−
√

2

2
tan−1

(

√
2(x + 1)

2

)

+ c

4 a −1

8
cos(4x) b

1

9
(x3 + 1)3

c
−1

2(3 + 2 sin θ)
d −1

2
e1−x2

e tan(x + 3) − x f
√

6 + 2x2

g
1

3
tan3 x h

1

3 cos3 x

i
1

3
tan(3x) − x

5 a
8

15
b −39

4
c

1

2

d
2

3
(2
√

2 − 1) e
π

2
f

1

3
ln

(

1

9

)

6
1

2

(

x2 +
1

x

)− 1
2

(2x − x−2); 3
√

2

7 a 1, 1 b 3, 2

Chapter 10

Exercise 10A

1 Area = 2
2

3
square units

2 Area =
3

2
+ 2 ln 2 square units

0

1

y = x 

x

y

2

3 Area =
4

3
ln 5 square units

0−2−3

x = −3 x = 3

2 3

y

x

0, 4

9

4 a

(

0,−4

3

)

, (−4, 0), (1, 0)

b y = x, x = −3

c y

x

x = −3 y = x

0, −4

3

(−4, 0) (1, 0)O

−1

d Area = 31
1

2
+ 4 ln

4

11
square units
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5 a x , 1 or 2

b y

y = 0
x

O 1 2

, 43

2

0,
1

2
−

c (−∞, 0) ∪ [4,∞)

d Area = − ln

(

3

4

)

= ln

(

4

3

)

square units

6 1 square unit

7
2

3
square units

8
1

3
square units

9 Area = 6 ln 2 square units
y

x

x = −3 

y = 2

O 3

10 b

(

1

4
, 2

2

3

)

local minimum

c y

x

1
4

2
, 2

3

x = 1

(0, 3)

O

x =
−1
2

d
3

2
− ln 4 square units

Exercise 10B

1 (3, 3), (2, 0);
1

3
square units

2
1

3
square units

3 a
17

24
square units b

5

6
square units

4 Area = 8 ln 3 − 22

3
square units

y

x

y = f(x)

O

(0, −4)

x = 2x = −2 

5 a = e2

6 a 4
1

2
square units b

11

6
square units

c
11

6
square units

7 a Area = 4 square units
y

x

O

y = 2 sin x

y = sin 2x
–1

1

2

π

b Area = 2
1

2
square units

y

x
O

1

−1

y = sin 2xy = cos x

π

2
−

π

6
π

2

c Area = 2
1

6
square units

y

x

y = 6 – x

(4, 2)

(5, 1)(1, 1)

6

O 6

y = √x

d Area = 2 +
π

3
−
√

3 square units

x
O

y = cos 2x

y = 1 − sin x

(π, 1)

−1

1

1
2

π

6
5π

6
π

y
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8 a Area = 1 square unit

y

x

y = ln x

e1O

b Area = ln 2 − 1

2
square units

y

x

y = ln 2x

(1, ln 2)

1
2

1O

9 y

x

y = ln x + 1

(1, 1)

2

O

2

(e−1, 0)

a y = 2 − x

b Area =
1

2
+

1

e
square units

10 y

x

(−1, 6)

(0, 2)
(3, 2)

21O

y = 3 

Area =
16

3
− 3 ln 3 square units

12
9

2
13 4

Exercise 10C

1 a
9π

4
b

324 − 108
√

6

5

c 3 ln(10) − 2 arctan

(

1

3

)

+ π − 6

2 a 4.24 b 3.14 c 1.03 d 0.67 e 1.95

f 0.66 g 0.64 h 0.88 i 1.09 j 0.83

3 a ln x b − ln x c ex − 1

d 1 − cos x

4 a

x
O

y

b y

x
O

c y

x
O

(1, 0.84)

Exercise 10D

1 Area =
32

3
square units;

Volume = 8π cubic units

2 a 8π cubic units b
364π

3
cubic units

c
343π

6
cubic units d

π2

4
cubic units

e
π

2
(e4 − 1) cubic units

f 36π cubic units

3
2π

3
cubic units

4 a
3π

4
cubic units b

28π

15
cubic units

c 2π cubic units d
4πa3

3
cubic units

e 36π cubic units f 18π cubic units
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5
1088π

15
cubic units 6

π

2
cubic units

7
21π

4
cubic units 8

3π

10
cubic units

9
32π

3
cubic units

11

O
x

y = sin 2x

y = sin x

, 1π
4

, 1π
2

π
2

y

12 b =
4

13
13

7π

6
cubic units

14 a
16π

3
b π

(

e4

2
− 4e2 +

23

2

)

15 a
e

2
− 1 b

π

6
(e2 − 3)

16
16π

15
cubic units 17

π2

2
cubic units

18
7π

10
cubic units 19

19π

6
cubic units

20 π

(

ln 2 − 1

2

)

cubic units

22 2π(4 − π) cubic units

24 176 779 cm3

25 a
4πab2

3
b

4πa2b

3
26 a x + y = 8

b i
64π

3
ii

64π

3

27 a

x

3√2

2
,  −6 √2−

3√2

2
, 6√2

y = 2x

O

y

b
482π

3
cubic units

28 2.642 cubic units

29 4π

(

4π

3
−
√

3

)

cubic units

Chapter 10 review

Short-answer questions

1
1

3

2 a
π

2
− 1 b 1

3 a π b
π

8
(π − 2) c

π

8
(π + 2)

d
2048π

15
e 40π

4
119π

6

5 a 12π b
20
√

10π

3
− 2π

3
6 Volume = 2π

x

y

π
2

x =  
π
2

x = − 

(0, 1)

O

7 a (0, 0), (2, 4) b
16π

3

8 a y

x

(0, 1)

(1, 0)(−1, 0)

O

b
4

3

9 a A = (−1, 1), B = (1, 1), C = (0,
√

2)

b
44π

15

10 a y

x

O

(2, 0)

b
4

3
c

16π

15

11 a i
πb5

5
ii
πb4

2
b b = 2.5 or b = 0
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12 a y

x

y = x 

f + g 

O

y

x
(−3, 0)

O

(3, 0)

f  − g 

y = x 

b 18 ln 3

13 Area = 7.5 − 4 ln 4
y

x

y = x − 5

(1, 0) (4, 0)

O

14 Area =
1

2
− 1

3
ln 4

y

x

x = 2

O

x = −1

0, 1

2

Extended-response questions

1 a

x

y = 1

x = −2

2O−1

1

2

y

b 2 − ln 2 square units

c 2π

(

9

8
− ln 2

)

cubic units

2 a i ln x + 1; x ln x − x + c

ii (ln x)2 + 2 ln x;

x(ln x)2 − 2x ln x + 2x + c

b y

x
O

(0, 1)

(2, e2)(−2, e2)

y = e−x y = ex

c V = 2π(e2 − 1) cm3 ≈ 40 cm3

3 a
π

2
cubic units

b
4R

π
units per second

c i
π

8
cubic units ii

√
2

2
units

4 b i a = 1 ii
2
√

2

3

c
πa

2(a2 + 1)
cubic units

5 a y

x

y = 16 sin2 x

y = 3 sec2 x

, 6π

4

, 8π

4

π

4

O

3

8

b

(

π

6
, 4

)

c 3
√

3 − 4π

3
6 a a = 1; f (x) = ln(x − 1) + 1

b y

x
O 1 + e−1

x = 1

c dom f −1 = R; ran f −1 = (1,∞)

d 2 − e−1 e e−1

8 a Area = π(r2 − y2)

9 a
4πab2

3
b 4
√

3πa2b

10 a
π

3
b k =

√
3

3
;

2π
√

3

27
cubic units
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11 a i d = 0

125a + 25b + 5c = 1

1000a + 100b + 10c = 2.5

27 000a + 900b + 30c = 10

ii a =
−7

30 000
, b =

27

2000
, c =

83

600
, d = 0

b
273

2

c i V =
π

900 000 000

×
∫ 30

0
(−7x3 + 405x2 + 4150x)2 dx

ii
362 083π

400
d i w = 16.729 335

ii
197 881 099π

250 000
≈ 2487

e

(

135

7
,

1179

196

)

12 a
πH

3
(a2 + ab + b2) cm3

b
πH

24
(7a2 + 4ab + b2) cm3

c V =
πH(r3 − a3)

3(b − a)

d i
dV

dr
=
πHr2

b − a
ii h =

H(r − a)

b − a

e i
dV

dr
= 2πr2

ii
dr

dt
=

1

96π
;

dh

dt
=

1

48π

Chapter 11

Exercise 11A

1 a x4(5 sin x + x cos x) b
√

x

(

cos x

2x
− sin x

)

c ex(cos x − sin x) d x2ex(3 + x)

e cos2 x − sin2 x = cos(2x)

2 a ex(tan x + sec2 x) b x3(4 tan x + x sec2 x)

c sec2 x ln x +
tan x

x
d sin x (1 + sec2 x)

e
√

x

(

tan x

2x
+ sec2 x

)

3 a
ln x − 1

(ln x)2

b
√

x

(

cot x

2x
− cosec2 x

)

c ex(cot x − cosec2 x) d
sec2 x

ln x
− tan x

x(ln x)2

e
cos x

x2
− 2 sin x

x3

f sec x (sec2 x + tan2 x)

g
−(sin x + cos x)

ex
h − cosec2 x

4 a 2x sec2(x2 + 1) b sin(2x)

c etan x sec2 x d 5 tan4 x sec2 x

e

√
x cos(

√
x)

2x
f

1

2
sec2 x

√
cot x

g x−2 sin

(

1

x

)

h 2 tan x sec2 x

i
1

4
sec2

(

x

4

)

j − cosec2 x

5 a k sec2(kx) b 2 sec2(2x) etan(2x)

c 6 tan(3x) sec2(3x) d esin x

(

1

x
+ ln x cos x

)

e 6x sin2(x2) cos(x2)

f e3x+1 sec2 x (3 cos x + sin x)

g e3x(3 tan(2x) + 2 sec2(2x))

h

√
x tan(

√
x)

2x
+

sec2(
√

x)

2

i
2(x + 1) tan x sec2 x − 3 tan2 x

(x + 1)4

j 20x sec3(5x2) sin(5x2)

6 a 5(x − 1)4 b
1

x
c ex(3 sec2(3x) + tan(3x))

d − sin x ecos x e −12 cos2(4x) sin(4x)

f 4 cos x (sin x + 1)3

g − sin x sin(2x) + 2 cos(2x) cos x h 1 − 1

x2

i
x2(3 sin x − x cos x)

sin2 x
j
−(1 + ln x)

(x ln x)2

7 a 3x2 b 4y + 10

c − sin(2z) d sin(2x) esin2 x

e −2 tan z sec2 z f −2 cos y cosec3 y

8 a
2

2x + 1
b

2

2x − 1
c cot x d sec x

e
sin2 x − cos3 x

sin x cos x (cos x + sin2 x)
f cosec x

g cosec x h
1

√
x2 − 4

, x , ±2 i
1

√
x2 + 4

9 a
1

2
b

2

3
c 1

10 a

(

−π
3

,−
√

3

)

,

(

π

3
,
√

3

)

b y = 4x +
4π

3
−
√

3, y = 4x − 4π

3
+
√

3

11 a

(

−π
3

, 3
√

3

)

is a local maximum;
(

π

3
,−3
√

3

)

is a local minimum

b y

x

π

3
− , 3√3

π

2
−

π

3
−

π

3

π

2

π

3
, −3√3

1

8

1

8
cos−1

−cos−1

0
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12 a
√

2e
π
4 b

(

−π
4

,− 1
√

2
e
− π

4

)

13 ±1

2
cos−1

































√

2 tan

(

7π

18

)

tan

(

7π

18

)

































14 a
1

4
sin

(

x

4

)

sec2

(

x

4

)

b

√
2

4

c y =

√
2

4
(x − π + 4)

15 a 224(2x + 5)6 b −4 sin(2x)

c −1

9
cos

(

x

3

)

d 2 sin x sec3 x

e 16e−4x f
−1

x2
g − cosec2 x

h 18 sin(1 − 3x) sec3(1 − 3x)

i
1

9
sec

(

x

3

) (

2 tan2

(

x

3

)

+ 1

)

j

1 + cos2

(

x

4

)

16 sin3
(

x

4

)

16 a (−1, 1), (0, 1) b

(

−1

2
,

3

2

)

17 a No points of inflection

b

(

10,
1

18

)

,
−1

432

Exercise 11B

1 a
1

2
b

1

2y
c

1

4(2y − 1)

d e−y e
1

5 cos(5y)
f y

g cos2 y h
1

3y2 + 1
i y2

j
1

ey(y + 1)

2 a
64

3
b

4

3
c

1

4

d 1 e
1

4
f ±1

8

g −
√

3

3
h ±1

2

3 a
1

6(2y − 1)2
b

1

2e2y+1

c
1

2
(2y − 1) d y

4 a
1

6
3
√

x2
b

1

2x
c

1

2
ex d

1

2
ex+1

5 y =
1

6
x − 5

6
, y = −1

6
x +

5

6

6 a (5,−1), (12, 6) b

(

−15

4
,

5

2

)

c

(

−15

4
,

3

2

)

7 a (2, 2) b 8.13◦

Exercise 11C

1 a
dr

dt
≈ 0.00127 m/min

b
dA

dt
= 0.08 m2/min

2
dx

dt
≈ 0.56 cm/s

3
dy

dt
= 39 units/s

4
dx

dt
=

3

20π
≈ 0.048 cm/s

5
dv

dt
= −5

6
units/min

6
dA

dt
= 0.08π ≈ 0.25 cm2/h

7
dc

dt
=

1

2
cm/s

8 a
dy

dt
=

1 − t2

(1 + t2)2
,

dx

dt
=
−2t

(1 + t2)2

b
dy

dx
=

t2 − 1

2t

9
dy

dx
=
− sin(2t)

1 + cos(2t)
= − tan t

10 y =

√
3

3
x − π

√
3

18
+ 1

11 a
dy

dt
= 12 cm/s b

dy

dt
= ±16 cm/s

12 2.4

13 72π cm3/s

14 a 4 cm b 2 cm/s

15
7

12π
cm/s

16
dV

dt
= A

dh

dt

17 a
dh

dt
= −
√

h

4π

b i
dV

dt
= −
√

10

2
m3/h ii

dh

dt
= −
√

10

8π
m/h

18 a y = −1

2
x +
√

2 b y =
− cos t

2 sin t
x +

1

sin t

19 a y =

√
2

2
x − 1 b y = −

√
2x + 5

c y =
1

2 sin θ
x − cos θ

sin θ

20 a 2 cosec t b y = 2
√

2x + 6
√

2 − 2

21 a y = − sin(t)x + 2 tan(t)

b
2 sin t

cos2 t
c
π

3
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22 a e−t b (1,∞)

c

0 1
x

1

y

d 4x − 2y = 1

23 a
3(t − 3)(t − 1)

2t
, t , 0

b (2, 4), (10, 0) c
3(t2 − 3)

4t3
, t , 0

d (4, 12
√

3 − 18), (4,−12
√

3 − 18)

Exercise 11D

1 a y

x

x = 2

x = 0

(1, −1)O

b y

(1, 2)

O
x

(−1, 2)

x = 0

c y

O
x

(1, 1)

0,
1

2

y = 0

d y

x

y =  x

(−1, 0)

(1, 0)O

e y

x

y =  x

(1, 0)O
−3√2

2

3

−√2,
3

f y

x

(1, 3)
y = x + 1

x = 0

(−1, −1)

O

1

−1

g y

x

(−1, 12)

Ox = 0

(√2, 0)
3

h y

x

(0, 1)

O y = 0

i

x

y

x = −1 x = 1

O

(0, −1)

j y

x

y = 1

O
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k y

x
O

−1 2

, −
4

9

1

2

1

2
−

y = 0

l y

x
O 4−1

1

4

,
4

25

3

2 y = 0

2 a y

y =
(0, 9)

x = −3

y = 0

x = 3

−3 3O
x

1

9 − x2

0,
1

9

b

3−3 2

O

y

x

0,
−1

6

2    , 4
1

2
y = 0

c

O

y

x

−1,
1

3

0,
1

4

(−1, 3)
(0, 4)

y = 0

d y

x

x = −1

y = 0

(0, 1)

0−1

e y

x
O

(1, 4)

x = 0

(−1, 4)

3 a Min

(

1

2
, 4

)

; max

(

−1

2
,−4

)

b y =
15

4
x + 1

4 x = ±1

2

5 Gradient =
1

2
6 a (1, 0), (4, 0) b x = 0, y = x − 5

c Min (2,−1); max (−2,−9)

y

x

(2, −1)

(−2, −9)

y = x − 5

O 1

−5

4

5

x = 0

7 Least value = 3

8 Least value = 4
y

x

(2, 4)

O

y = x

x = 0

9 a Min (3, 0); max (−3,−12)

b y

x

(−3, −12)

0

y = x − 6

−6

3 6

x = 0
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10 a Min

(

1

2
, 6

)

b y

x
O

y = 8x

x = 0

, 6
1

2

, 0
1

16
−3

11 Asymptotes: y = x + 3, x = 0;

Axis intercepts: (−2, 0), (1, 0);

Stationary points: local max (−2, 0)

(1, 0)(−2, 0)

y = x + 3

1
x

3

y

O

12 a R \
{

−1

2

}

b
8(x2 + x − 2)

(2x + 1)2

c Local min (1, 4); local max (−2,−8)

d x = −1

2
, y = 2x − 1 e R \ (−8, 4)

13 a x = 4, x = 1, y = 1

b Local max (2,−4); local min

(

−2,
4

9

)

c

O
x

1
9

4
−2, )( x = 1

y = 1

x = 4(2, −4)

y

14 a y = 1

b Local min

(

−1,
1

3

)

; local max

(

2,
5

3

)

c Points of inflection

(

1

2
, 1

)

,

(

1 − 3
√

3

2
,

3 −
√

3

3

)

,

(

1 + 3
√

3

2
,

3 +
√

3

3

)

d

O
x

1

3
52, )(

2
1 , 1)(

3
1

−1,

y = 1

)(

y

15 a

1
x

2y = x + 2

(−√3, 0)

(√3, 0)

y

b

0 1
x

2

x = −2 x = 2

y = 1

(−1, 0)

(3, 0)

y

c

O

y = 1

x

x = 0 x = 1

(−1, 0) (2, 0)

2
1 9)( ,

y

d

O
x

y = 1x = 2x = 0

(1, 9)

(−2, 0) (4, 0)

y

e

O
x

y = 2

4
7

−
2
7 )( ,

−2
4
1 )( ,

x = −
2
1

x = 
2
3

y
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16 a x > 2 b
x − 4

2(x − 2)
3
2

c (4, 2
√

2), local minimum d x = 2

e f (x)→
√

x as x→ ∞

17 a x > −1

2
b 7

c
3x2 + 3x − 6

(2x + 1)
3
2

d (1, 3
√

3), local minimum e x = −1

2

Exercise 11E

1 a x b −2y

x
c
−x2

y2
d

2x

3y2

e 2
√

y f
2 − y

x + 3
g

2a

y
h

2

1 − y

2 a
x + 2

y
b
−y2

x2

c
2(x + y)

1 − 2(x + y)
d

y − 2x

2y − x

e
2xey

1 − x2ey
f
− sin(2x)

cos y

g
cos x − cos(x − y)

cos y − cos(x − y)
h

sin y

5y4 − x cos y + 6y

3 a x + y = −2 b 5x − 12y = 9

c 16x − 15y = 8 d y = −3

4
dy

dx
=

y

x
5
−1

4

6 −1 7
−2

5

8
−7

5

9 a
dy

dx
=
−x2

y2
c
−1

9

10 y = −1, y = 1

11 a
dy

dx
=
−(3x2 + y)

x + 6y2

d k = −220 or k = −212

12 a
dy

dx
=

y − x

2y − x
b (−2,−2), (2, 2)

13 a
dy

dx
=
−3x2

2y
b (0,−1), (0, 1)

c (1, 0) e y = ±
√

1 − x3

f (0,−1), (0, 1)

g y

x

O

1

1

−1

Chapter 11 review

Short-answer questions

1 a
3

3x − 4
b
− sin(ln |x|)

x

c tan x + x sec2 x

2 a 2 sec2 x tan x

b
sec2 x − 2

sin2 x
= − cosec2 x + sec2 x

c ex(cos ex − ex sin ex)

3 a (0, 0), (4,−256) b (2, 0)

c

(

√
3

3
,

7

4

)

,

(

−
√

3

3
,

7

4

)

4 a i 2 cos(2x) − 6 sin(2x)

ii −4 sin(2x) − 12 cos(2x)

5 a
1 − ln x

x2
b

1

x2 − 2x + 2

c
1

ex + 1
d

2
√

sin y + cos y

cos y − sin y

6 a y

x

(0, 1)

x = −1 

−2

b

(1, 0)

(0, −1)

y = −2

y

x

7 a i y

x
(1, 0)O

y = f(x) + g(x)

ii

O

x = 1

1

y

x

y =
 f(x) + g(x)

Cambridge Senior Maths for Western Australia ISBN 978-1-009-25972-9 c© Evans et al. 2023 Cambridge University Press

Mathematics Specialist 3&4 Photocopying is restricted under law and this material must not be transferred to another party.



A
n
s
w
e
r
s

1
1
r
e
v
ie
w

552 Answers

iii

O

x = 1x = −1

y

x

b f (x) = x2 − 1, g(x) = (x − 1)2

c i f (x) + g(x) = 2x2 − 2x

ii
1

f (x) + g(x)
=

1

2x2 − 2x

iii
1

f (x)
+

1

g(x)
=

2x

(x − 1)2(x + 1)

8 a −1 b
−(x + 1)

y + 3

c
−2y2

x2
d
−(x + 1)

y − 3

9 a 324 cm/s b 36 cm/s

Extended-response questions

1 b A

r
O

(5, 150π)

A = 2πr2r = 0

c 150π cm2

2 a A = 80x + 50 +
2000

x
b y

x
0

(5, 850)

y = 80x + 50 

50 

A = 80x + 50 +
2000

x

c Min surface area = 850 cm2, x = 5, y = 5

d Min surface area =
2000

k
+ 40
√

10k cm2,

x = y =
10
√

10k

k

3 a A =

√
3

2
x2 + 3xy b y =

8000
√

3

3x2

c A =

√
3

2
x2 +

8000
√

3

x

d A

x
O

y =      x2
√3

2

(20, 600√3)

e Min surface area = 600
√

3 cm2

4 a y

x
0

4
100

27
5,

b i
16x

(2 + x2)2
ii

16

(2 + x2)2

(

1 − 4x2

2 + x2

)

c

√
6

3
d y

x
0

4

5−5

100

27
5,

100

27
−5,

5 a i y =
100

x2

ii S = 60x2 +
3000

x
iii S (cm2)

(2.92, 1539)
S = 60x2

x (cm)
O

b 521
13

27
cm2/s

c 1.63 cm or 4.78 cm

6 a A =
p
√

p2 + 4

2
− p

b i
dA

dp
=

p2

2
√

p2 + 4
+

√

p2 + 4

2
− 1

ii

p

A

O

iii 10.95

c i 0.315 sq. units/s ii 0.605 sq. units/s

iii 9.800 sq. units/s iv 15.800 sq. units/s
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7 a 3ax2 + 2bx + c

b 6ax + 2b

c b2 ≤ 3ac

d i x = − b

3a
ii max a < 0, min a > 0

e −b

3

f i b2
< 4c ii 3c < b2

< 4c

8 a ii
4(3x2 − 1)

(1 + x2)3

b

x

1

1−1

−1

0

y

Horizontal asymptote at y = −1

c

10−1−2

−1

1

2

y

x

−2, 
−3

5
2, 
−3

5

y =
1 − x2

1 + x2

y

x
−1 1

2

1

0

−1

−2

8

25
−2,

−8

25
2,

3√3

4

−√3

3
,

−3√3

4

√3

3
,

dy

dx
=

−4x

(1 + x2)2

y

x

44

125
2,44

125
−2, (−1, 1)

−2

√3

3
, 0−

√3

3
, 0

−1

−4

0

1

1 2

(1, 1)

d2y

dx2
=

4(3x2 − 1)

(1 + x2)3

d i y = x + 1, y = −x + 1

9 a i
dV

dh
=

3000πh

1 − h

ii dV

dh
(m3/m)

(0.9, 84 823)

h(m)
0.90

b i 13 219 litres

ii y

x0

y = −3000π [ln(1 − x) + x]

(0.9, 13 219)

y = −3000π ln(1 − x)

(0.9, 21 701)

0.9
(0.9, −8482)

y = −3000πx

c 0.0064 m/min

10 a f ′(x) = −16

x3
+

16

x
b f ′′(x) =

48

x4
− 16

x2

c (1, 16 ln 2 − 24) d x =
√

3 e (1,∞)

f x = 3.55

g y

O

x
0.5

3.55

 √3, 8 ln(12) −

(1, 16 ln 2 − 24)

88
3

11 b i

(

3,
2 − 2 cos θ

sin θ

)

c i M =

(

3

2 cos θ
,

1

sin θ

)

ii
9

4x2
+

1

y2
= 1

d i y =
2 sin θ

3 cos θ
x +

6

3 cos θ
ii Z = (3(cos θ − sin θ), 2(cos θ + sin θ))

iii (2x + 3y)2 + (3y − 2x)2 = 144

12 a

∣

∣

∣

∣

∣

ab

sin(2θ)

∣

∣

∣

∣

∣

b θ = (2n + 1)
π

4
, n ∈ Z; minimum area = ab

13 a
9 sin θ cos θ

4

b Maximum area =
9

8
when θ =

π

4

c M =

(

3 cos θ

4
,
−3 sin θ

2

)

d
16x2

9
+

4y2

9
= 1

14 a
x2

4
+ y2 = 1
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Chapter 12

Exercise 12A

1 a y = 4e2t − 2 b y = x ln |x| − x + 4

c y =
√

2x + 79 d y − ln |y + 1| = x − 3

3 4
√

2

Exercise 12B

1 a y =
1

3
x3 − 3

2
x2 + 2x + c

b y =
1

2
x2 + 3x − ln |x| + c

c y = 2x4 + 4x3 + 3x2 + x + c

d y = 2
√

x + c

e y =
1

2
ln |2t − 1| + c

f y = −1

3
cos(3t − 2) + c

g y = −1

2
ln |cos(2t)| + c

h x = −1

3
e−3y + c

i x = sin−1
(

y

2

)

+ c

j x =
1

y − 1
+ c

2 a y =
x − 1

x
b y = 1 − e−x

c y =
1

2
x2 − 4 ln x + 1 d y =

1

2
ln |x2 − 4|

e y =
1

3
(x2 − 4)

3
2 − 95

√
3

12

f y =
1

4
ln

∣

∣

∣

∣

∣

2 + x

2 − x

∣

∣

∣

∣

∣

+ 2

g y =
2

5
(4 − x)

5
2 − 8

3
(4 − x)

3
2 + 8

h y = ln

(

ex + 1

2

)

3 a y =
3

2
x2 + 4x + c b y = −1

3
x3 + cx + d

4 a y = 2x + e−x

b y =
1

2
x2 − 1

2
cos(2x) +

9

2
c y = 2 − ln |2 − x|

Exercise 12C

1 a y =
1

3
(Ae3x + 5) b y =

1

2
(Ae−2x + 1)

c y =
1

2
− 1

2
ln |2c − 2x|

d y = tan−1(x − c) e y = cos−1(ec−x)

f y =
1 − Ae2x

1 + Ae2x
g x =

5

3
y3 + y2 + c

h y =
1

4
(x − c)2

2 a y = ex+1 b y = ex−4 − 1

c y = e2x−2 d y = −1

2
(e2x + 1)

e x = y − e−y + 1 f y =
3(e6x−7 − 1)

e6x−7 + 1

g y =
4

e−x − 2

3 a y =
(

3(x − c)
)

1
3 b y =

1

2
(Ae2x + 1)

Exercise 12D

1 a
dx

dt
= 2t + 1, x = t2 + t + 3

b
dx

dt
= 3t − 1, x =

3

2
t2 − t +

1

2

c
dx

dt
= −2t + 8, x = −t2 + 8t − 15

2 a
dy

dx
=

1

y
, y , 0 b

dy

dx
=

1

y2
, y , 0

c
dN

dt
=

k

N2
, N , 0, k > 0

d
dx

dt
=

k

x
, x , 0, k > 0

e
dm

dt
= km, k < 0 f

dy

dx
=
−x

3y
, y , 0

3 a i
dP

dt
= kP ii t =

1

k
ln P + c, P > 0

b i 1269 ii P = 1000(1.1)
t
2 , t ≥ 0

P

t

1000

O

4 a i
dP

dt
= k
√

P, k < 0, P > 0

ii t =
2
√

P

k
+ c, k < 0

b i 12 079

ii P

t

15 000

O

5√6 − √135

25 √6
15√10 + 50 =
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5 a i
dP

dt
=

k

P
, k > 0, P > 0

ii t =
1

2k
P2 + c

b i P = 50 000
√

21t + 400, t ≥ 0

ii

1000 000

O t

P

6 y = 10e
x

10

7
140◦

3
C

8 θ = 331.55 K

9 23.22

11 a x =
1

3

(

20 − 14e
− 1

10
t
)

b 19 minutes

12 y = 100 − 90e
−x
10

y

10

100

O
x

13 13 500

14 a 14 400 b 13 711 c 14 182

15 a
dV

dt
= 0.3 − 0.2

√
V , V > 0

b
dm

dt
= 50 − 6m

100 − t
, 0 ≤ t < 100

c
dx

dt
=
−5x

200 + t
, t ≥ 0

16 a
dm

dt
=

1

4
(1 − 4m)

b
1

4
(1 − e−t)

c

t

4

1

m

O

d
1

4
(1 − e−2) kg

17 a
m

100
kg/min

b
dm

dt
=
−m

100

c m = 20e
−t

100 , t ≥ 0

d m

t

20

O

18 a 0.25 kg/min b
m

100
kg/min

c
dm

dt
= 0.25 − m

100

d m = 25
(

1 − e
−t

100

)

, t ≥ 0

e 51 minutes

f m

t

25

O

19 a
dx

dt
=

10 − x

50
b 11.16 minutes

20 a
dx

dt
=

80 − x

200
, x = 80 − 70e

−t
200

b
dx

dt
= 0.4 − x

400 + t

21 a
dx

dt
= − x

10
b x = 10e

−t
10

c x

t

(0, 10)

O

d 10 ln 2 ≈ 6.93 mins

22 a N = 50 000
(

99e
t

10 + 1
)

, t ≥ 0

b At the end of 2016

Exercise 12E

1 P =
2et

2et − 1

2 a P =
500e0.02t

4 + e0.02t
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b

O
t

100

500

P

c 250

3 a P′(t) = 0.3P

(

1 − P

10 000

)

b P(t) =
10 000e0.3t

3 + e0.3t

c

O
t

10000

2500

P

d 5990

e
10

3
ln 3 ≈ 3.66 years

4 12.5 wasps per month

5 P =
3000e0.05t

7 + 3e0.05t

6 a 5 b 400 c t =
5

4
ln(79)

d 80 cases per week e 60 cases per week

7 a P =
3000e0.1t

3e0.1t − 1

O
t

1000

1500

P

b P =
1000e0.1t

e0.1t + 4

O
t

1000

200

P

c P = 1000

O
t

1000

P

8 a P =
50 000e0.1t

23 + 2e0.1t

b i 3419 ii 24 307

c 24 months d 38 months

e

O
t

25000

2000

P

9 a y =
30 − 10e−0.1x

3 − 2e−0.1x
, x ≥ 0

b y =
30 + 10e−0.1x

3 + 2e−0.1x
, x ≥ 0

c y =
20 − 35e−0.1x

2 − 7e−0.1x
, 0 ≤ x ≤ 10 ln

(

7

4

)

Exercise 12F

1 a y = Ae
x2

2 b y2 = x2 + c

c y = Ae
x3

12 d y2 = 2 ln |x| + c

2 a y2 + x2 = 2, y > 0 or y =
√

2 − x2

b y = x

c

x

y

−√2 √2

√2

0

3 y =
1

2
(x2 + 1)2 4 y2 − x2 = 5

5 Circles centre (−1, 3) 6 y3 = c − 3

2x2

7 y =
−2x2

2Ax2 − 2x + 3

8 a y = Aeex+x b y = Ae3x3

c y2 = − 2

ln(x)
+ c
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9 a y =

√

2x3

3
+ 2x + 1 b tan y = 2 − 1

x

10
y3

3
− y2

2
=

x3

3
− x2

2
+ c

11 b x = A(t − 25)2 c
9

25

12 b
13

25
e

72
5 N0

13 y = 2xe
x2

2

14 y =
−3

sin3 x − 1
− 1

Exercise 12G

1 a
dh

dt
=
−2000

πh2
, h > 0

b
dh

dt
=

1

A
(Q − c

√
h), h > 0

c
dh

dt
=

3 − 2
√

V

60π
, V > 0

d
dh

dt
=
−4
√

h

9π
, h > 0

2 a
dy

dt
= 5 sin t b y = −5 cos t + c

3 a t = −2π

25
h

5
2 + 250π b 13 hrs 5 mins

4 a
dx

dt
= − 1

480
√

4 − x
b t = 320(4 − x)

3
2

c 42 hrs 40 mins

5 a
dr

dt
= −8πr2 b r =

2

16πt + 1

6 a
dh

dt
=

1000

A
(Q − kh), h > 0

b t =
A

1000k
ln

(

Q − kh0

Q − kh

)

, Q > kh0

c
A ln 2

1000k
minutes

Exercise 12H

1 3.75

2 49 603.708

3 6%

4 1.5%

5 0.614

6 1.495

7 0.030618 cm2

8 1.602 cm3

9 54 150 cm3

Exercise 12I

1 a 1.7443

b 1.8309

c 4

d 3.2556

Exercise 12J

1 a

y = x3 − 1

b

y = 1 − cos x

c

y =
1

2
(3 − e−2x)

d

y =
1

2 − x
, x < 2

e

y = −1

x
, x > 0

f

y =
1

1 − 2ex
, x > − ln 2

g

y =
2

2 − ex
, x < ln 2

h

y = − ln(cos x), −π
2
< x <

π

2
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2 a

b

Chapter 12 review

Short-answer questions

1 a y = x − 1

x
+ c b y = e10x+c

c y = 3 − e
− x

2
+c

d y =
3x

2
− 1

4
x2 + c

2 a y =
1

2
sin(2πx) − 1 b y =

1

2
ln |sin(2x)|

c y = ln |x| + 1

2
x2 − 1

2
d y =

1

2
ln(1 + x2) + 1

e y = e
− x

2

3 a k =
1

10
ln

(

5

4

)

b 78.67◦C

4 y = 43 − 2(25 − x2)
3
2

3

5
dx

dt
=

3

πx(12 − x)
6

dC

dt
=

8π

C
7 100 ln 2 ≈ 69 days

8
dS

dt
= − S

25
, S = 3e

−t
25

9 a θ = 30 − 20e
−t
20 b 29◦C c 14 mins

10 a
dA

dt
= 0.02A b 0.5e0.2 ha c 89

1

2
h

11
dh

dt
=

6 − 0.15
√

h

πh2

Extended-response questions

1 a i
dx

dt
= −kx, k > 0

ii x = 100e
−t ln 2
5760 = 100 · 2

−t
5760 , t ≥ 0

b 6617 years

c x

t

100

0

2 a
dx

dt
=

3k

16
(8 − x)(4 − x)

b t =
1

ln( 7
6
)

ln

(

8 − x

8 − 2x

)

c 2 min 38 sec d
52

31
kg

3 a
dT

dt
= k(T − TS ), k < 0

b i 19.2 mins ii 42.2◦C

4 b t =
1

k
ln

(

kp − 1000

5000k − 1000

)

, kp > 1000

c ii 0.22

d p =
1

k

(

ekt(5000k − 1000) + 1000
)

t

5000

O

P

5 a
dN

dt
= 100 − kN, k > 0

b t =
1

k
ln

(

100 − 1000k

100 − kN

)

c 0.16

d N =
1

k

(

100 − e−kt(100 − 1000k)
)

N

t

1000

0

100

k

e
100

k

6 a
dT

dt
=

100 − T

40
b T = 100 − 80e

−t
40

c 62.2◦C d

0

20

100

t

T

7 a i t = 25 ln

(

W

350

)

, W > 0
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ii W = 350e
t

25

W

t

350

0

iii 2586

b 0

c i t = 25 ln

(

9W

7(800 −W)

)

, 0 < W < 800

ii W =
5600e

t
25

9 + 7e
t

25

W

t0

800

350

iii 681

8 a ii x =
R

k
(1 − e−kt)

b i x

t0

1000

ii 4.46 hours

c i 13.86 hours after drip is disconnected

ii x =























1000
(

1 − e
−t
20

)

0 ≤ t ≤ 20 ln

(

5

4

)

250e
− t

20 t > 20 ln

(

5

4

)

t0

100

200

5

x

20 ln

(

5

4

)

20 ln

(

5

2

)

Chapter 13

Exercise 13A

1 a t = 0, x = 0; t = 1, x = 2; t = 2, x = 2;

t = 3, x = 0; t = 4, x = −4

x

210−1−2−3−4

b −6 m c −1 m/s d v = 3 − 2t

e −2 m/s f x =
9

4
, t =

3

2

g
17

2
m h

17

8
m/s

2 a

0 4
t

8

x
5( ),
3

49
3

b v = −6t + 10

0 5

3

t

10

v

c a = −6

t

−6

a

O

d

2 4 6 8 10 12 14 16 18 20

t = 0, x = 8

t = 6, x = −40

t = , 5
3

49
3

x =

e −5 m

f
41

3
m

3 a 2, 4 b 12 m/s2 c 10 m/s d 6 m/s

4 a −3 m/s b 1, 3 c 12 m/s2

5 0,
4

3

6 a
25

4
m/s b

56

3
m

7 a −30 m/s2 b 4, 6 c 4 m d 120 m

8 a 20 m/s b 32 m

9 a 42 m/s b 6 s c 198 m
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10 a i v = 9.8t ii x = 4.9t2

b 19.6 m

c 19.6 m/s

11 a x = 2 sin

(

t

2

)

+ 0.5

b x

t

2.5

0.5

−1.5

0

π 2π 3π 4π

(4π, 0.5)

Object is stationary at t = π, 3π

c a = −1

2
sin

(

t

2

)

d i x = −4a + 0.5

ii (x − 0.5)2 = 4 − 4v2

iii v2 = 1 − 4a2

12 a l s and 15.5 m; 4 s and 2 m b −6.5 m/s

c −6 m/s d 9 m e 2 m

13 a 9 m/s b 2π s

14 a 585.6 m b 590.70 m

15 x =
1

6
t − 1

4
ln

(

2t + 3

3

)

16

(

3
√

3

2
− π

3

)

m

17 a 0 m/s b
1

2
m/s c

1

2
ln 2 m

d x =
1

2
ln(1 + t2) e ẍ =

1 − t2

(1 + t2)2

f −0.1 m/s2 g −1

8
m/s2

18 5.25 s

19 1.1

20 18.14 m/s

Exercise 13B

1 3 m/s2

2 a 12 960 km/h2 b 1 m/s2

3 a 3 m/s2 b
175

2
m c

10(
√

7 − 1)

3
seconds

4 −5 m/s2

5 a 12 m b 14 m/s c 2.5 s d 37 m

6 a i 22.4 m ii 22.5 m

b i 5 s ii −28 m/s

7 a
10

7
s b 10 m c

20

7
s

8 a 200 s b 2 km

9 a
10
√

10

7
s b 14

√
10 m/s

10 a 4.37 s b −6
√

30 m/s

11 a 1.25 s b 62.5 cm

12 a 0.23 b 5
1

3
s

13 −0.64 m/s2

14 a 4 s b
1

2
m/s2

Exercise 13C

1 a 60 m b 20 m c 30 m d 55 m

e 44 m f
70

3
m g

165

2
m h

49

2
m

2 a v = −1

2
t + 5; a = −1

2
; x = − t2

4
+ 5t

b v = −2

5
t2 + 10; a = −4

5
t; x = − 2

15
t3 + 10t

c v = 2t − 10; a = 2; x = t2 − 10t

d v = 6(t − 1)(t − 5); a = 12(t − 3);

x = 2(t3 − 9t2 + 15t)

e v = 10 sin

(

π

10
t

)

+ 10; a = π cos

(

π

10
t

)

;

x = 10

(

t +
10

π
− 10

π
cos

(

π

10
t

))

f v = 10e2t; a = 20e2t; x = 5e2t − 5

3 3589.89 m

4 a v (m/s)

t (s)

5(T − 4)

0

20

10 14 T + 10

b 23.80 s

5 189 m v

t

14

1330 17

6 v

t
12096O

8
1

3

a =
25

288
, ẋmax = 8

1

3
m/s

7 68
1

3
s

8 10 s, 150 m

9 10(3 +
√

3) s, 200(2 +
√

3) m

10 a 2 s b 7
1

3
m
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11 36 s

12 a 3600 m, 80 km/h

b 90 s after A passed B, 200 m

13 a ẏ = k(1 − e−t)

v

t

k

O

b Limiting velocity of k m/s

Exercise 13D

1 a 7 m b 4 m

2 a x =
1

2
ln(2e2t − 1) b − 100

2401
m/s2

3 a v = 3(et − 1) b a = 3et

c x = 3(et − t − 1)

4 a v =
g

k
(1 − e−kt) b

g

k

5 a v = tan

(

π

3
− 3t

10

)

b x =
10

3
ln

(

2 cos

(

π

3
− 3t

10

))

6 v = 450

(

1 − e
−t
50

)

7 v = 15 cos

(

cos−1

(

4

5

)

+
2t

5

)

8 a x = 5e
2t
5 b 273 m

9 a t = 50 ln

(

500

500 − v

)

b v = 500

(

1 − e
−t
50

)

10
1

k
ln 2

11 v = 8e
−t
5 ; 3.59 m/s

12 a v =
90

2t + 3
b 91.66 m

Exercise 13E

1 −2 m/s2

2 a v = ±4 b t = − ln 2

c x = 2(1 − ln 2)

3 a v =
1

x + 1
b i x = et − 1 ii a = et iii a = v

4 x =
−5

2
ln

(

g + 0.2v2

g + 2000

)

; xmax =
5

2
ln

(

g + 2000

g

)

5 a x = cos(2t) b a = −4x

6 a v = ln(1 + t) b v2 = 2 ln(1 + x)

c v =
√

2t + 1 − 1

7 v2 =
x

2 + x
8 a 4 b 2 ln 2 − 1

9 a 9.83 m b 1.01 s

Exercise 13F

1 a 0.5 m b 1 s c πm/s d 2π2 m/s2

2 a T =
2π

5
; A = 4

b x = 4 cos(5t), ẋ = −20 sin(5t),

ẍ = −100 cos(5t)

3 a
2

3π
m/s b

1

45π2
m c

4

3π2
m/s

4 0.347 m; 5.9186 m/s

5 16 m

6 x = 2 sin(2t + ε), where the initial position

is x = 2 sin ε

7 a 0.2 m b 0.5 s

8
π

20
m/s2

9 96 cm/s

10 a 2 cm b 12 s c
π

3
cm/s

d
π2

18
cm/s2

11 Four times: t = 4.18, 13.82, 40.18, 49.82

12 a
2π

3
s b 15 m/s c ẋ = −15 sin(3t)

d x = 5 cos(3t)

13 a ẋ = −5π

6
sin

(

πt

12

)

b ẍ = −5π2

72
cos

(

πt

12

)

c 24 s d
5π

6
cm/s e

5π2

72
cm/s2

14 a i t = 2.5 ii t = 0, t = 5

iii None iv t =
5

6
, t =

25

6
b t = 0, t = 5

c i t =
5

3
ii t =

10

3
, t =

20

3

15 a x = 5 cos(3t) b x =
10

3
sin(3t)

c x =
5
√

10

3
sin(3t + ε), where tan ε = 3

16 a v2 = 2

(

81

4
−

(

x +
3

2

)2)

; ẍ = −2

(

x +
3

2

)

b i π
√

2 ii
9

2
iii

9
√

2

2

17 a ẋ = −5π

4
sin

(

π

4
t +
π

3

)

;

ẍ = −5π2

16
cos

(

π

4
t +
π

3

)

b ẋ2 =
π2

16
(25 − x2); ẍ = −π

2 x

16

c i 8 s ii 5 cm iii
5π

8

√
3 cm/s

iv −5π2

32
cm/s2

18 a x = 3 − 2 cos(2t); ẍ = 8 cos(2t) = −4(x − 3)

b i 3 ii 2 iii π
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19 a x = 1 +
√

2 sin

(

3t − π
4

)

b T =
2π

3
; A =

√
2

20 a ẍ = −32(x − 1)

b i x = 1 ii 2 iii
π
√

2

4

Chapter 13 review

Short-answer questions

1 a After 3.5 seconds

b 2 m/s2

c 14.5 m

d When t = 2.5 s and the particle is 1.25 m to

the left of O

2 x = 215
1

3
, v = 73

3 a 57.6 km/h

b After 1 minute 6
2

3
seconds c 0.24

4 a
25 000

3
m/s2 b 0.4125 m

c 10 000 m/s2 d 0.5 m

e 37 500 m/s2 f 0.075 m

5 a 44 m/s b v = 55 − 11t m/s c 44 m/s

d 5 s e 247.5 m

6 16 m

7 a 2 s b v =
−t

√
9 − t2

, a =
−9

(9 − t2)
3
2

c 3 m d t = 0

8 a 20 m/s b 32 m

9 a x = 20 b
109

8
m/s

10 a i v = 35 − 3g up ii v = 5g − 35 down

b
352

g
m

c −35 m/s

11 v

t

(5, 10) (11, 10)

(13, 0)

Distance = 95 m

12 a 80 + 0.4g m/s b
80 + 0.4g

g
s

c
(80 + 0.4g)2

2g
m d

2(80 − 0.4g)

g
s

13 a v2 = 16
(

9 − (x + 1)2
)

; ẍ = −16(x + 1)

b i π
√

2 ii
9

2
iii

9
√

2

2

Extended-response questions

1 a 10 m/s2

b v = 50
(

1 − e
−t
5

)

c i v (m/s)

t (s)

50

0

ii 14.98

d i x = 50
(

t + 5e
−t
5 − 5

)

ii

x = 50(t − 5)

t (s)
5

O

x (m) iii 1.32 s

2 a i

e − 0.5
1 + ln 2

0 t (s)

v (m/s)

ii 1.27 m iii 1.47 m

b B = 10, A = 4.70

3 a 30 minutes

b i a = −k
(

sin(πt) + πt cos(πt) − 1
)

ii From 0 h to 0.18 h

c 845

4 a i v = 4 − 10t − 3t2 ii a = −10 − 6t

iii 0.36 iv t = 0 or t = 0.70

v t = 2.92

b i x = t2 − t3 + 2t ii
7

3
s iii Yes

5 a i v = −5π

4
sin

(

π

4
t +
π

3

)

ii a = −5π2

16
cos

(

π

4
t +
π

3

)

b i v = ±π
4

√
25 − x2 ii a = −π

2 x

16
c 3.4 cm/s

d −1.54 cm/s2

e i 5 cm ii
5π

4
cm/s iii

5π2

16
cm/s2

6 0 m

7 a v =
300(1 − 4510t)

12 300t + 1
, 0 ≤ t ≤ 1

4510
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b v (m/s)

t (s)0

300

4510

1

c i x = −110t +
1

30
ln(12 300t + 1)

ii x =
1

30

(

ln

(

410

v + 110

)

− 110

v + 110
+

11

41

)

iii 19 mm

d i t =

√
110

33 000
×

(

tan−1

(

3
√

110

11

)

− tan−1

(

v
√

110

1100

)

)

ii v = 10
√

110 ×

tan

(

tan−1

(

3
√

110

11

)

− 300
√

110t

)

,

for 0 ≤ t ≤

√
110 tan−1

(

3
√

110

11

)

33 000

iii v (m/s)

t (s)0

300

33000

√110tan−1

11
3√110

iv 20 mm

8 a 30.05 m/s

b i
dv

dt
=
−3

10

(

3t2 − 42t +
364

3

)

, 4 ≤ t ≤ 10

ii t = 7 (Chasing for 3 s)

c

t (s)0

30.05
25

4 10

Vp

Vm

v (m/s)

d i 90.3 m

ii xp = −
3

40
t4+

21

10
t3− 91

5
t2− 1281

20
t− 401

5
,

for t ∈ [4, 10]

e 41.62 s

9 a V (km/h)

t (h)0

9
8

31 7

V
B

V
A

b t = 1 or t = 7

c i 11.7 h ii 1.7 h

10 a i t = 1 or t = 5

ii

t

0

2

51

V
Q

V
P

3

4

V

b i 2.2

ii 0 < t < 2.2, t > 6.8

11 a i 4.85 m/s

ii 0.49 s

b i v = 9.8t − 1

2
t2

ii x = 4.9t2 − 1

6
t3

iii 0.50 s

c i x = 1.2 − 2.45t2

ii 6 cm

12 a 3 s

b v =



























2t, 0 ≤ t ≤ 3

6, 3 < t ≤ 13

8e13−t − 2, 13 < t ≤ 13 + ln 4

c 14.4 s

d v (m/s)

t (s)
0

6

3 13 13 + ln 4

e 72.2 m
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13 a v

t0

2

2 3

b
19

3
c 5.52

Chapter 14

Short-answer questions

1 a
1

3
, −7

3
b 3x − 7y = −11

2 Asymptotes y = − x

3
, x = 0;

Axis intercept (
3
√

4, 0); Stat point (−2, 1)

O 2
2/3

x

y

3 a −1 +
5

4(x + 2)
− 5

4(x − 2)

b
5 ln 3 − 4

2

4 y = −1

2
ln(cos(2x))

5 y = 2(1 + x2)

6 Asymptote y = 4; Stat point (0, 5)

O
x

4

5

y

7
dy

dx
= − tan t, −1

8 a
1

2

(

sin(e2) − sin(1)
)

b
4

15
c ln

(

27

32

)

9 8πa5 10
1

2
ln(1 + u2)

11
5g

2
,

2

5
12 10 000 ln

(

5

6

)

+ 2000

13 b (0, 0),

(√
3,

√
3

2

)

,

(

−
√

3,−
√

3

2

)

14 a ẍ = −aω2 cos(ωt) − bω2 sin(ωt) = −ω2 x

b i π s ii 5 m iii 10 m/s

Extended-response questions

1 a 1250π

b ii
10π

3
iii h = −5t

6
+ 25

iv V = 2π

(

25 − 5t

6

)2

c i V

h
O

(25,1250π)

ii V

t

(30, 0)

(0, 1250π)

O

2 a

O

y 

x 

(3, 0)

(0, −9)

x = 1

y = −3

b (2, 3), (3, 0) c 4.5 − ln 64

d y = −3x + 6
√

2, y = −3x − 6
√

2

3 a 1180 b 129 000

4 e i
dv

dh
= π

(

25h

3
+ 100

)

ii
dh

dt
=

−9
√

h

625π2(h + 12)2

f 65 days 19 hours
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5 a ii 6.355 cm

d 15.7

e i

h

dV

dt

O

a,
2T

−3π a
3

dV

dt
=
−3πa2

2T
h

ii

h

dh

dt

O

a, 
2T

−3a

0, 
4T

−3a

dh

dt
=

−3a2

2T (2a − h)

f i − a

T
ii − 6a

7T
g −0.37

6 a
−2ax − b

(ax2 + bx + c)2

b

(

− b

2a
,

4a

4ac − b2

)

i Maximum

ii Minimum

c i

O

,

4ac − b2

4a

2a

−b

0, 
c
1

y

x

y = 0 is only asymptote

ii y

x
O

0, 
c
1

,

4ac − b2

4a

2a

−b

y = 0 is only asymptote

d i

x
O

2a
bx = −

0, 
c
1

y

Asymptote at y = 0

ii y

x
O

2a

b
x = −

0, 
c
1

Asymptote at y = 0

e y

x
O

0, 
c
1

,

4ac − b2

4a

2a

−b

Asymptotes at y = 0, x =
−b ±

√
b2 − 4ac

2a

7 a
dy

dx
= 2ax − 2b

x3

b

(
4
√

a3b

a
, 2
√

ab

)

and

(− 4
√

a3b

a
, 2
√

ab

)

;

Both are minimum if a > 0, b > 0

8 a
1

5

9 b
9

25
c

1

9

(

2

3

)t

+ 1

d t > 5.419

e p

t
(0, 0.1)

O

p = 1 

10 b

3
√

k2 p

k
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11 a θ = tan−1

(

8

x

)

− tan−1

(

2

x

)

, x > 0

b
dθ

dx
=
−8

x2 + 64
+

2

x2 + 4

c 0 < θ ≤ tan−1

(

3

4

)

d

x (m)
O

4, tan−1 3
4

θ e 0.23

12 a 8 m b π s c
π

6
s

13 b

x (m)

A (m2) 

O

A = x2

c x = 6.51 or x = 46.43 d 20

14 288 cm2

15 a y =
2

5
x2

b V = 40
√

10y
3
2

c 252 mm

d
dy

dt
=

√

10y

10y
, t =

2
√

10

3
y

3
2

e i 3 min 9 s ii 5 min 45 s

16 a vA =
20

√
2t + 1

, vB =
100

t + 10

b xA = 20(
√

2t + 1 − 1), xB = 100 ln

(

t + 10

10

)

c

t (s)

x (m)

O 14 44

x
A

x
B

d 14 s and 44 s

17 a v = 50 − 50e
−t
5

b 49.9963

c

t
O

v = 50

v

d i x = 50
(

t + 5e
−t
5 − 5

)

ii 125.2986 m

18 a y =
Ne2t

3 + e2t
,

dy

dt
=

6Ne2t

(3 + e2t)2
b N

c
dy

dt
> 0 for all t d

N

2

e i

y
O

dy

dt

(N, 0)

N
2

N
2

,

N
4

3N
8

,

ii At t =
1

2
ln 3 ≈ 0.549306

19 a i v2 =
2gR2

x
+ u2 − 2gR

ii x =
2gR2

2gR − u2
iii u ≥

√

2gR

b 40 320 km/h

20 a 0 b 1 c −1 d
4

(ex + e−x)2

e

x

y = 1 

y = −1 

y

f f −1(x) =
1

2
ln

(

1 + x

1 − x

)

, −1 < x < 1

g
1

1 − x2

h g¢(x)

x

x = 1 x = −1

(0, 1)
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21 a i y = 2r sin

(

1

2
θ

)

ii cos θ =
r

r + h

b i
dy

dθ
= r cos

(

1

2
θ

)

;

dy

dt
=

r cos

(

1

2
θ

)

cos2 θ sin t

sin θ

ii 6000 km iii 1500 km/h

22 a V =
4

3
πr3 b 4πr2

dr

dt
= −t2

c r =
3

√

4000π − t3

4π
d 23.2 mins

Chapter 15

Exercise 15A

1 Answers will vary 2 Answers will vary

Exercise 15B

1 a 0.0478

b 0.0092

c Much smaller probability for the mean than

for an individual

2 Mean 74, sd 4.6188

3 Mean 25.025, sd 0.0013

4 a 0.0912

b 0.0105

c Much smaller probability for the mean than

for an individual

5 a Answers will vary

b Mean = 1, sd = 0.002

6 0.0103 7 0.0089

8 0.0478 9 0.0014

10 0.0786 11 0.0127

Exercise 15C

1 a 0.5 b 0.0288

2 0.0008

3 0.0228

4 a 0.7292 b 0.9998

5 0.0092 6 0.8426

7 0.000005

8 a 0.7745 b 0.7997

Exercise 15D

1 (6.84, 7.96) 2 (26.67, 38.67)

3 (14.51, 14.69)

4 a (24.75, 26.05) b (25.01, 25.79)

c Larger sample size gives narrower interval

5 (67.86, 74.34) 6 (127.23, 132.77)

7 (2.82, 5.23) 8 (27.54, 31.46)

9 (22.82, 25.55) 10 (35.32, 43.68)

11 (3.14, 3.43) 12 97

13 62 14 97

15 217

16 a 217 b 865 c Increased by a factor of 4

17 90%: (30.77, 40.63); 95%: (29.82, 41.58);

99%: (27.97, 43.43)

18 d 9 e 0.3487

19 d 8 e 0.1074

20 (105.3, 134.7)

21 (80.814, 84.386)

22 (45 146, 48 302)

Chapter 15 review

Short-answer questions

1 Mean 65, sd
7
√

10

2 a 155 b 155 ± 19.6

3 a 217

b Decrease margin of error by a factor of
√

2

4 a 57 b (0.95)60

Extended-response questions

1 a 0.3807

b a = 20.8, b = 99.2

c i 0.2512 ii 0.2512 iii 0.2847

d c = 42.47, d = 77.53

2 µ = 7.37, σ = 1.72

3 a 0.0062 b 0.000088

c 0.000032 d 0.0075

4 a i 0.8243 ii 0.9296

b i (11.45, 13.55) ii (12.84, 14.17)

iii (12.65, 13.78) iv 89

5 a i A: (14.51, 16.09)

ii B: (11.07, 13.13)

iii Yes, industry A seems more satisfied

b i 3.2

ii 0.6602

iii (1.91, 4.49)

iv On average, industry A workers score

from 1.9 to 4.5 points higher than

industry B workers

Chapter 16

Short-answer questions

1 f −1(x) =
x

2(x − 3)

2 a g−1(x) =
1

2
ln(3 − x), dom g−1 = (−∞, 3)

b

(3, 3)

0

y

x

4
4
√

91

9
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5 r = − 3

10
(2t − 115)i +

1

10
(2t + 35) j + tk

6
3
√

2

5
7 m ,

2

3
, 2 8

1

22

9 a 20 mins

b
dm

dt
= − 3m

20 − t
, m(0) = 10

c m =
(20 − t)3

800
d 20 − 8

√
5 mins

10 a y = 0

b

(

−3 − 2
√

3,
1

2
− 1
√

3

)

,

(

−3 + 2
√

3,
1

2
+

1
√

3

)

c
π
√

3
+ ln 2

11 a i 19 + 9i ii −7 −
√

3i

iii −11

8
− 1

4
i iv 1.48 + 0.8i

b i (ab − 1) + (a + b)i

ii b =
a + 1

a − 1
iii

−1 0
a

−1

b

12 a P

(

e,
1

e

)

, Q(1, 0) b
1

2

13 a y = − ln
(

e + e−1 − ex
)

b
(

−∞, ln(e + e−1)
)

c y =
x

e + e−1 − 1
− ln(e + e−1 − 1)

14 a
1

(1 − x)2
− 1

1 − x
b

2

3
+ ln 3

15 b π

(

a2

2
+ a + ln(a − 1) + 4

)

16 Axis intercepts (−2, 0), (1, 0);

Asymptotes x = 0, y = x + 3;

Local maximum (−2, 0)

0−1−3

x

3

y

17 a ± 1
√

2
(i − j)

b m + n = 1;
−−→
OP = mi + (1 − m) j

c m =
3 ±
√

3

6

18 a −2

9
b −4

19 a a = 1, b = 1 b c = 3, d = 2

20

√
69

2

21 arccos

(

1

11

)

22 a ẍ = −4(x − 2)

b i π s ii 1 m iii 2 m/s

Extended-response questions

1 a r = 2i + j + 2k + t( j − k)

b r · (i + 2 j + 2k) = 9 d 1.43

e 2i − 3 j + 2k; 61.9◦

2 b (−2, 4, 3) c −x + 2y + z = 13

d

(

4

3
,

7

3
,

29

3

)

e r = −2i + 4 j + 3k + t(2i − j + 4k)

3 a r = 2i + j + 4k + t(2i + 3 j) b (0,−2, 4)

c 21.85◦ d (0,−2, 7)

4 µ = 1.001, σ = 0.012

5 a k1 = 40.8, k2 = 119.2

b c1 = 71.2, c2 = 88.8

c (76.2, 93.8)

6 a f ′(x) = ln(x) − 2 b A(e3, 0)

c y = x − e3 d 2 : 1

7 a i
dy

dx
=

(b2 − a2) cos x

(b + a sin x)2
ii 1, −1

b i

(

0,
1

2

)

ii

(−5π

6
, 0

)

,

(−π
6

, 0

)

,

(

7π

6
, 0

)

,

(

11π

6
, 0

)

iii

(

−π
2

,−1

)

,

(

π

2
, 1

)

,

(

3π

2
,−1

)

iv

−π,

π

1
2

6

5π

6

1
2

0

2π,
1
2

π
2

−

−

−

, −1

π
2

, 1

3π
2

, −1

11π
6

7π
6

y 1 + 2 sin x
2 + sin x

x

y =

v 2π(3 −
√

3)

8 a r = 2, a =
π

3
b [−2, 2] c (0, 1)

d

(

5π

6
, 0

)

,

(

11π

6
, 0

)

e
π

12
,

7π

12

f
ln(21 + 12

√
3)

4
g (10π + 3

√
3)
π

6
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9 a i
∫ 5

10

−50

v(1 + v2)
dv ii 25 ln

(

104

101

)

seconds

b ii x = 50(tan−1(10) − tan−1 v) iv 74 m

10 a i 24
√

3

ii −2
√

3,
√

3 + 3i

b

−2√3

√3 − 3i

√3 + 3i

c ii
√

3 ± 6i

iii
(x −
√

3)2

27
+

y2

36
= 1

11 a m =
√

3

b i
−−→
OC = −−−→OA

c ii 2i − j + 2k and
8

3
i − 1

3
j +

4

3
k

d
3

√

18 − 2
√

3

(

(2 +
√

3)i + (−1 +
√

3) j

+ (2 −
√

3)k
)

e t =
3

4
, k =

1

2
, ℓ =

13
√

3

12
f Particle lies outside the circle

12 a y2 = x

(

x

3
− 1

)2

b

(

1,
2

3

)

,

(

1,−2

3

)

c
8
√

3

5
d

3π

4

13 a y2 = 16x2(1 − x2)(1 − 2x2)2

b
dx

dt
= cos t,

dy

dt
= 4 cos(4t),

dy

dx
=

4 cos(4t)

cos t

c i
π

8
,

3π

8
,

5π

8
,

7π

8
,

9π

8
,

11π

8
,

13π

8
,

15π

8

ii −1

2

√

2 −
√

2, −1

2

√

2 +
√

2,
1

2

√

2 −
√

2,

1

2

√

2 +
√

2

iii

(

−1

2

√

2 −
√

2, 1

)

,

(

−1

2

√

2 −
√

2,−1

)

,

(

−1

2

√

2 +
√

2, 1

)

,

(

−1

2

√

2 +
√

2,−1

)

,

(

1

2

√

2 −
√

2, 1

)

,

(

1

2

√

2 −
√

2,−1

)

,

(

1

2

√

2 +
√

2, 1

)

,

(

1

2

√

2 +
√

2,−1

)

iv
dy

dx
= ±4 when x = 0;

dy

dx
= ±4

√
2 when x = ± 1

√
2

d
16

15
(
√

2 + 1) e
64π

63

14 a y2 =
64x2(25 − x2)

25

b i ±8 ii ±14

5

c i
π
√

2

12
i ii

π
√

2

12

d
800

3
e

325

16
f

6400π

3

15 a f ′(x) =
x4 + 3ax2

(x2 + a)2
, f ′′(x) =

6a2 x − 2ax3

(x2 + a)3

b (0, 0) stationary point of inflection

c

(

−
√

3a,
−3
√

3a

4

)

,

(√
3a,

3
√

3a

4

)

d y = x

e y

x
O

y = x

y = f (x)

f a = 1

16 a f ′(x) =
x4 − 3ax2

(x2 − a)2
, f ′′(x) =

6a2 x + 2ax3

(x2 − a)3

b

(

−
√

3a,
−3
√

3a

2

)

local maximum,

(√
3a,

3
√

3a

2

)

local minimum,

(0, 0) stationary point of inflection

c (0, 0)

d y = x, x =
√

a, x = −
√

a

e

−5 5

−10

−20

10

20

y

x

f a = 16

17 a x =
3

4
sin(2t), y = −1

2
cos(2t)

b
16x2

9
+ 4y2 = 1 c

2

3
tan(2t)

d y = −1

2
sec(2t), x =

3

4
cosec(2t)

e
3

8
|cosec(4t)|, minimum area =

3

8
when

t = . . . ,−3π

8
, −π

8
,
π

8
,

3π

8
, . . .

f x =
3

4
sin(2t), y =

3

4
cos(2t)

(infinitely many possible answers)

g
5π

16
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A TI-Nspire CAS CX

with OS4.0

Keystroke actions and short cuts for the

TI-Nspire CAS CX
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2 Appendix A: TI-Nspire CAS CX with OS4.0

Mode Settings

How to set in Degree mode

For this subject it is necessary to set the calculator to Degree mode right from the start. This

is very important for the Trigonometry topic. The calculator will remain in this mode unless

you change the setting again or update the operating system.

Press and move to Settings>Document Settings, arrow down to the Angle field, press

and select Degree from the list then arrow down to the Make Default tab. Select OK to

accept the change.

Note that there is a separate settings menu for the Graphs and Geometry pages. These

settings are accessed from the relevant pages. For Mathematics it is not necessary for you to

change these settings.

Note: When you start your new document you will see DEG in the top status line.

How to set in Approximate (Decimal) mode

For this subject it is useful to set the calculator to Approximate (Decimal) mode right from

the start. The calculator will remain in this mode unless you change the setting again or

update the operating system.

Press and move to Settings>Document Settings, arrow down to the Calculation Mode

field, press and select Approximate from the list then arrow down to the Make Default

tab. Select OK to accept the change.

Note: You can make both the Degree and Approximate Mode selections at the same time if

desired.
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Appendix A: TI-Nspire CAS CX with OS4.0 3

The home screen is divided into two main areas – Scratchpad and Documents.

All instructions given in the text, and in the Appendix, are based on the Documents platform.

Documents

Documents can be used to access all the functionality required for this subject including all

calculations, graphing, statistics and geometry.

Starting a new document

1 To start a new document, press and select New

Document.

2 If prompted to save an existing document move the

cursor to No and press .

Note: Pressing + will also start a new

document.

A: Calculator page - this is a fully functional CAS

calculation platform that can be used for calculations

such as arithmetic, algebra, finance, trigonometry and

matrices. When you open a new document select Add

Calculator from the list.
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4 Appendix A: TI-Nspire CAS CX with OS4.0

1 You can enter fractions using the fraction template if

you prefer. Press to paste the fraction template

and enter the values. Use the key or arrows

to move between boxes. Press to display the

answer. Note that all answers will be either whole

numbers or decimals because the mode was set to

approximate (decimal).

2 For problems that involve angles (e.g. evaluate sin(26◦)) it is good practice to include the

degree symbol even if the mode is set to degree (DEG) as recommended.

Note: If the calculator is accidentally left in radian (RAD) mode the degree symbol will

override this and compute using degree values.

The degree symbol can be accessed using . Alternatively select from the Symbols

palette .To enter trigonometry functions such as sin, cos, press the key or just type

them in with an opening parenthesis.

Solving equations

Using the Solve command Solve 2y + 3 = 7 for y.

In a Calculator page press >Algebra>Solve and

complete the Solve command as shown opposite. You

must include the variable you are making the subject at

the end of the command line.

Hint: You can also type in solve( directly from the

keypad but make sure you include the opening

bracket.

Literal equations such as ax − by = c can be solved in a

similar way.

Note that you must use a multiplication sign between

two letters.
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Appendix A: TI-Nspire CAS CX with OS4.0 5

Clearing the history area

Once you have pressed the computation becomes

part of the History area. To clear a line from the

History area, press repeatedly until the expression

is highlighted and press . To completely clear the

History area, press >Actions>Clear History and

press again.

Alternatively press + to access the contextual

menu.

It is also useful occasionally to clear any previously

stored values. Clearing History does not clear stored

variables.

Pressing >Actions>Clear a-z. . . will clear any

stored values for single letter variables that have been

used.

Use >Actions>Delete Variable if the variable

name is more than one letter. For example, to delete the

variable perimeter, then use DelVar perimeter.

Note: When you start a new document any previously stored variables are deleted.

How to construct parallel boxplots from two data lists

Construct parallel boxplots to display the pulse rates of 23 adult females and 23 adult males.

Pulse rate (beats per minute)

Females Males

65 73 74 81 59 64 76 83 95 70 73 79 64 80 73 73 78 75 65 69 70 70 78 58 77 64

77 80 82 77 87 66 89 68 78 74 76 67 69 72 71 68 72 67 77 73
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6 Appendix A: TI-Nspire CAS CX with OS4.0

Steps

1 Start a new document: + .

2 Select Add Lists & Spreadsheet. Enter the data

into lists called females and males as shown.

3 Statistical graphing is done through the Data &

Statistics application.

Press + and select Add Data & Statistics

(or press and arrow to and press ).

Note: A random display of dots will appear – this is

to indicate list data is available for plotting. It

is not a statistical plot.

a Press , or navigate and click on the “Click to

add variable” box to show the list of variables.

Select the variable, females. Press or to

paste the variable to the x-axis. A dot plot is

displayed by default as shown.

b To add another variable to the x-axis press

>Plot Properties>Add X Variable, then

. Select the variable males. Parallel dot plots

are displayed by default.

c To change the plots to box plots press >Plot

Type>Box Plot, then press . Your screen

should now look like that shown below.

Use to trace the other plot.

Press to exit the Graph

Trace tool.
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4 Data analysis

Use >Analyze>Graph Trace and use the cursor arrows to navigate through the key

points. Alternatively just move the cursor over the key points. Starting at the far left of the

plots, we see that, for females, the

� minimum value is 59: MinX = 59

� first quartile is 68: Q1= 68

� median is 76: Median = 76

� third quartile is 81: Q3 = 81

� maximum value is 95: MaxX = 95

and for males, the

� minimum value is 58: MinX = 58

� first quartile is 68: Q1 = 68

� median is 72: Median = 72

� third quartile is 76: Q3 = 76

� maximum value is 80: MaxX = 80
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Casio ClassPad II

Operating system

Written for operating system 2.0 or above.

Terminology

Some of the common terms used with the ClassPad are:

The menu bar

The toolbar

The touch screen contains the work area

where the input is displayed on the left and

the output is displayed on the right. Use

your finger or stylus to tap and perform

calculations.

The icon panel contains seven permanent

icons that access settings, applications and

different view settings. Press escape to cancel

a calculation that causes the calculator to

freeze.

The cursor key works in a similar way to a

computer cursor keys.

The keypad refers to the hard keyboard.

touch screen 

icon panel 

cursor key 

menu bar

toolbar

entry line 

keypad

status bar
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Appendix B: Casio ClassPad II 9

Calculating

Tap from the icon panel to display the application menu if it is not already visible.

Tap to open the Main application.

Note: There are two application menus. Alternate between the two by tapping on the screen

selector at the bottom of the screen.

1 The main screen consists of an entry line which is recognised by a flashing vertical line

(cursor) inside a small square. The history area, showing previous calculations, is above

the entry line.

2 To calculate, enter the required expression in the entry line and

press . For example, if we wish to evaluate 5 + 3 × 6, type

the expression in the entry line and press .

You can move between the entry line and the history area by

tapping or using the cursor keys (i.e. , , , ).

3 The ClassPad gives answers in either exact form or as a

decimal approximation. Tapping settings in the status bar will

toggle between the available options.

status bar
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10 Appendix B: Casio ClassPad II

4 For example, if an exact answer is

required for the calculation 56 ÷ 6,

the Standard setting must be

selected.

5 If a decimal approximation is

required, change the Standard

setting to Decimal by tapping it and

press .

status bar
changed

Extremely large and extremely small numbers

When solving problems that involve large or small numbers the calculator’s default setting

will give answers in scientific form.

For example, one millionth, or 1/1000000, in scientific form is

written as 1 × 10−6 and the calculator will present this as 1E-6.

To change this setting, tap on the settings icon and select Basic

Format.

Under the Number Format select Normal 2 and tap SET.
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In the Main screen type 1/1000000 and press .

The answer will now be presented in decimal form 0.000001

This setting will remain until the calculator is reset.

Clearing the history screen

To clear the Main application screen,

select Edit from the menu bar and then

tap Clear All. Confirm your selection

by tapping OK. The entire screen

is now cleared. To clear the entry

line only, press on the front

calculator.

Clearing variables

To clear stored variable values, select

Edit from the menu bar and then tap

Clear All Variables. Confirm your

selection by tapping OK.

The variables are cleared but the

history created on the main screen is

kept.
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12 Appendix B: Casio ClassPad II

Degree mode

When solving problems in trigonometry, your calculator should be

kept in Degree mode. In the main screen, the status bar displays

the angle mode.

To change the angle mode, tap on the angle unit in the status bar

until Deg is displayed.

In addition, it is recommended that you always insert the degree

symbol after any angle. This overrides any mode changes and

reminds you that you should be entering an angle, not a length.

The degree symbol is found in the keyboard.
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